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Preface

This book is an outgrowth of material covered in a graduate course on
ionospheric radio propagation offered since 1959 by the Department of
Electrical Engineering, University of lllinois at Urbana-Champaign. Some
material was also used in a special problems course on propagation in
inhomogeneous media. The book is intended primarily as a graduate text
for students in radio science, plasma physics, wave propagation, ionospheric
physics, and atmospheric science. As such, theories and ideas are stressed
more than engineering practice. Problems have been included to illustrate
and amplify these theories and ideas. Some of these problems have been
taken from the published literature and are by no means trivial; some
others are fairly simple. We anticipate that the book may be of interest as
well to researchers in the field. For their benefit, a list of references are
attached at the end of each chapter; this list is far from being complete.
We wish to apologize to those authors upon whose work we may have
drawn but neglected to acknowledge because of oversight.

The reader is assumed to have background in elementary electro-
magnetic theory and complex analysis. Some understanding of matrix
theory is helpful. An understanding of time series is desirable for Chapter 6,
but not necessary.

In the process of writing this book we have received assistance from
many people. All the graduate students who took our course over the years
have been a constant source of inspiration to us. It is fair to say that we
have learned as much from them as they have from us. We would also like
to thank all of the researchers who have contributed to the field. At times,
keeping abreast of developments has been frustrating; there are always un-
expected turns before we are able to see the light at the end of the dark
tunnel. Many colleagues have provided us with encouragement. Special
mention should be made of Professors G. W. Swenson, Jr., and G. A.

xiii
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Deschamps of the University of Illinois at Urbana-Champaign, and Pro-
fessor O. G. Villard, Jr., of Stanford University. We would like to take
this opportunity to thank our wives who have provided us with their
loving support. Portions of the manuscript were typed by Mrs. Marilena
Stone, Audrey Owens, and Diana Poole.



1. Introduction

A wave can be broadly defined as a phenomenon whereby the spatial
distribution of energy travels from one point of the space to another point
of the space. As such, the wave can be thought of as a means by which energy
and information can be transmitted from a source to an observer and user.
This definition of wave is more restrictive than the usual concept of wave
since it excludes a class of waves known as the standing waves. The restric-
tion in definition does not necessarily indicate a handicap however since,
for example, standing waves can be decomposed into traveling waves in a
linear medium. Figuratively speaking, waves can be likened to “fingers”
since both can ‘“‘stretch out” and “feel” the environment. In this sense a
wave can be considered as a device which is capable of remote sensing.
Indeed, man’s knowledge about the ionosphere was derived almost ex-
clusively up to the 1950’s from probing with radio waves on the ground.
These wave-probing techniques are still being used not only in connection
with ionospheric studies but also in the laboratory plasma diagnosis.

According to the IEEE Standard (1969) the ionosphere is defined as
*“that part of a planetary atmosphere where ions and electrons are present
in quantities sufficient to affect the propagation of radio waves.” Therefore,
the ionosphere is defined from the viewpoint of its effect on radio waves.
This definition is quite adequate for this book and shall be adopted. How-
ever, the same standard defines the ionospheric wave as the sky wave. We
prefer to adopt a broader definition and define ionospheric waves as those
wave motions, natural or driven, that can be sustained in the ionosphere.
This broader definition would include waves that are reflected, refracted,
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scattered, and guided as well as those forced into oscillation by a source
such as excitation of traveling ionospheric disturbances by the propagating
internal acoustic-gravity waves.

1.1 Nature of the Ionosphere

The ionosphere is a part of the upper atmosphere. To discuss it, we
must start with a brief discussion of the properties of the upper atmosphere.
Workers in the atmospheric studies like to use words such as zones, belts,
spheres, and regions to classify the physical space of interest. This is neces-
sary because of the large variation of parameters involved. In terms of thermal
structure the atmosphere is classified into, in the order of increasing altitude,
troposphere, tropopause, stratosphere, stratopause, mesosphere, meso-
pause, and thermosphere. In terms of composition it is classified into
homosphere (up to 85 km height) in which the mean molecular mass is con-
stant due to mixing and heterosphere (above 85 km) in which the mean
molecular mass varies due to diffusive separation. In terms of the escape
properties of neutral particles, the atmosphere is called the exosphere.
A brief discussion on the structure of the atmosphere can be found in Sec-
tion 8.1. More detailed treatment can be found in Ratcliffe (1960) and
Hines et al. (1965).

The atmospheric mass density varies over large orders of magnitude.
For example, the mass density is 1.2 kg/m? at the ground level and this value
is reduced to 4.1 x 10~ kg/m? at a height of 10 km, to 5.0 x 10-7 kg/m?
at 100 km height, to 3.6 x 10-7 kg/m?® at 300 km height, and to 1.5 x 10-13
kg/m? at 700 km height. Therefore, in a height range of 700 km the density is
reduced by thirteen orders of magnitude. This reduction is caused mainly by
gravity. Its static distribution can be discussed by solving the hydrostatic
equation if the temperature profile is known.

When the solar radiation falls on the atmosphere, there may be creation of
electrons and ions through the photoionization process. The rate of produc-
tion of electron—ion pair per unit volume is given by

Q = onS (1.1.1)

where o is the effective ionization cross section of a given constituent gas,
n its number density, and S the local intensity of the ionizing solar radiation.
The solar radiation has the highest intensity when it is outside the atmos-
phere. When the radiation penetrates into the atmosphere, the rate of pro-
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duction increases due to increasing n. When the number density is increased
further the absorption of radiation by the overlaying atmosphere may
become appreciable and S starts to decrease. The rate of production, being
proportional to the product of #n and S, must therefore exhibit a peak. This
problem was first worked out in a classical paper by Chapman (1931) in
an isothermal atmosphere. If the atmosphere is a nonisothermal mixture,
and the radiation spectrum is not monochromatic, the computation of Q
can be very tedious and is usually carried out on an electronic computer.
Once created, the ionization is subjected to control by many physical and
chemical processes. The ionization may be transported due to collision with
other moving particles or due to the presence of electric field. Ioniza-
tion of a particular kind may appear or disappear through chemical pro-
cesses. In general, for each ionization species there is an equation of con-
tinuity of the form

ONJOt +V - (Nv) = Q — L (1.1.2)

where N is the ionization density, v its velocity, Q the rate of production
per unit volume, and L the rate of loss per unit volume through chemical
processes. Rishbeth and Garriott (1969) have discussed in detail the solution
of such an equation.

The terrestrial ionosphere is usually classified into three regions. The
lowest region is called the D region which extends in height from about
40 km to 90 km. This region is responsible for absorption of radio waves.
Its electron density is about 2.5 x 10°/m? by day and diminishes to negligible
value at night. The middle region is called the E region. It is the region of the
ionosphere between about 90 km and 160 km altitude. The electron density
in this region behaves regularly so far as its dependence on the solar zenith
angle and the solar activity are concerned. The density can have a value
2 x 10%/m?® in the daytime and this value is high enough to refiect radio
waves with a frequency of several megahertz. At night the E region electron
density is more than one order of magnitude lower. Above the E region
is the F region. The F region behavior is fairly irregular and is usually
classified into a number of anomalies such as equatorial anomaly and
seasonal anomaly. The electron density at the peak has an average value
2 x 10*/m® by day and 2 x 10%/m3 by night. This region is responsible
for reflection of radio waves. In some literature the F region stops at about
800 km above which is called either a protonosphere if classified according
to its composition or a magnetosphere if classified according to its dynamic
property. But according to the IEEE definition, the F region extends all
the way to the magnetospheric shock boundary at several earth radii away.
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Two idealized ionization profiles, one for daytime and one for nighttime,
are shown in Fig. 1.1-1.

The ionosphere is an extremely interesting medium for purposes of study-
ing wave propagation. As shown in Fig. 1.1-1, the electron density varies over
four orders of magnitude. In going from the D region to the upper Fregion,
the medium changes from a collision-dominated behavior (electron collision
frequency 8 X 107/sec) to a collisionless behavior so that the frozen-in
magnetic field concept is applicable. Additionally, the medium is inhomo-
geneous and anisotropic. Its nonlinear properties can also be revealed easily;
the outstanding example is the well-known cross-modulation or Luxem-
bourg effect. -

Historically, Heaviside and Kennelly postulated the existence of a “con-
ducting” layer in 1902 to explain the reflection of radio waves. Such a layer
was called, at that time, the Kennelly-Heaviside layer. The first demonstra-
tion that proved the existence of the ionosphere was carried out by Appleton

1000

500

200

Height, km

100

Electron density/m3

Fig. 1.1-1. Idealized ionization profiles of the terrestrial ionosphere at temperate lati-
tudes near sunspot maximum.
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and Barnett in 1925. They used the method of interference between the ground
wave and the sky wave. Their conclusion was verified the next year by Breit
and Tuve by measuring the time of flight of a radio pulse reflected vertically
from the ionosphere. This technique is in principle retained even at present
and becomes one of the most powerful tools in modern ionospheric in-
vestigation.

1.2 Progress in the Study of Ionospheric Waves

Like many fields, the progress in the study of ionospheric waves has been
uneven. As is often the case, a massive effort in one field speeds up the
progress in many related fields. Ionospheric research is no exception.

The chief interest in ionospheric research in the 1930’s was motivated by
the capability of the ionosphere to refiect radio waves. The existence of the
ionosphere extended the frequency to the short wave spectrum and changed
the mode of propagation from ground waves to sky waves. It was soon
realized that the earth’s magnetic field played an important role in in-
fluencing wave propagation and the magnetoionic theory was developed.
It is interesting to note that Appleton developed the theory by using
Lorentz’s results (1915) applicable to light propagation in solids, and
generalized it to arbitrary propagation angle with respect to the magnetic
field. Several other fields also helped. The work in electric discharges showed
how the transport coefficients can be computed (Loeb, 1961). The work in
astrophysics showed how the guiding center approach can be used to describe
the dynamic properties of an ionized gas (Alfvén and Félthammer, 1963).

In addition to electric discharges and astrophysics, the recent massive
efforts in space research and thermonuclear containment problems have
helped ionospheric research directly or indirectly. Through these efforts,
plasma physics has become a fullblown discipline. A chronology of plasma
physics has been prepared by Allis (1962) and he went back as early as
1733. As if to complete the circle started by Lorentz, these processes have
assisted and have now extended back to the solid-state plasma. A non-
mathematical review on this subject can be found in Chynoweth and
Buchsbaum (1965).

Steady progress has been made in the study of ionospheric waves since
the development of the magnetoionic theory. In addition to the obvious
interest in connection with the long range communication, research in
ionospheric waves has long been proven to be very fruitful in gaining in-
formation about the upper atmosphere. More sophisticated mathematical
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techniques in wave theory and better understanding of the properties of
waves in plasma from plasma research have helped in this area. In the
last decade or so, more and more evidence pointed to the fact that the
dynamics of the neutral atmosphere is coupled closely to that of the iono-
sphere. Ionospheric waves play an important role in this relationship both
as a participant in the coupling process and as a probing tool in the ob-
servation. This adds a new aspect to the study of ionospheric waves.

1.3 Scope of the Book

The book starts in Chapter 2 with a review on electromagnetics, especially
those aspects essential in a nonisotropic medium. The discussion is centered
on the dielectric constant, although parallel treatment on the permeability
can be done similarly. These discussions are approached from a fairly
general point of view and do not have any specific medium in mind. Several
concepts in temporal and spatial dispersion are brought out, dépending on
the time scale and spatial scale of the electromagnetic process. Restrictions
on the form of dielectric tensor due to symmetry properties, causality,
passitivity are elucidated next. It is then seen that in a uniform aniso-
tropic medium, there exist characteristic waves which can propagate without
change in their states of wave polarization. Energy considerations show
that wave energy propagates with the group velocity in a transparant me-
dium. This velocity can be interpreted geometrically by relating it to the
refractive index surface. Such an interpretation is useful in evaluating
asymptotic Green’s functions which have applications on radiation and
scattering problems. Even though the discussion in this chapter is centered
on the electromagnetic waves, the mathematical techniques and the in-
terpretations can be equally applied to other waves. As a matter of fact,
some of the points were first developed by fluid dynamists in studying
magnetohydrodynamic waves, ocean waves, and atmospheric waves.

In exploring the tonospheric waves in subsequent chapters, we can find
that there are essentially five areas: waves in plasmas, inhomogeneous
media, random media, nonlinear media, and interaction with atmospheric
waves. Because of the possible existence of many kinds of particles, a plasma
may have a large degree of freedom. Consequently, as a medium, the plasma
is extremely rich in sustaining wave motions. These are discussed in Chapters
3 and 4. When the medium becomes inhomogeneous, as in the iono-
sphere, the discussion on wave propagation depends on our ability to
solve the partial differential equations with variable coefficients. In the high
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frequency limit the ray concept can be used and the medium may be said
to be locally homogeneous. When this is not the case—the phenomena of
reflection—coupling can be treated most easily by choosing a horizontally
stratified model.

When the medium has many irregularities, the structure becomes ex-
tremely complicated. In this case it is convenient to introduce a statistical
approach and treat the medium as a random function of position. Phenom-
ena discussed include scattering, fluctuations of amplitude and phase,
and propagation of coherent waves. As is well known, the nonlinear
wave is extremely complicated to treat. Several problems discussed in Chap-
ter 7 are wave breaking, cross modulation, and wave-wave interaction. The
last chapter starts with the propagation of acoustic-gravity waves. The
interaction of these waves with the ionosphere is treated next.

Two appendixes are included at the end of the book. These appendixes
deal with techniques of asymptotic expansion. In Appendix A, the method
of steepest descents is discussed briefly. Appendix B is devoted to the topic
of asymptotic evaluation of radiation field due to localized source. The
results are used at various places throughout the book.

It should be remarked that throughout the book the boundary effect on
wave propagation is not emphasized. This is so because we wish to confine
our attention mainly to ionospheric applications. We also do not bring in
the propagation of discontinuity and shock since it seems to be more
properly a province of fluid dynamics.

1.4 Notations

In concluding this chapter we wish to say a few words about notations.

We have found it convenient to use dyadic notations for several
reasons. In the more elementary texts on electromagnetic theory vector
notation is almost universally adopted. It seems to us that dyad is a natural
extension of a vector. Fortunately, we usually stop at dyadics, since triadics
and tetradics are seldom needed. A dyad is nothing but a Cartesian tensor
of rank two. Let £;, i = 1, 2, 3, be three unit vectors, mutually orthogonal
so that £, X £, = £;. For any two vectors A = 4;%;, B = B;£; where
repeated indices are summed from 1 to 3, the scalar and vector products are
defined,

A B = AB;

(A X B); = &i34,4;
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where ¢, is 1 if i, j, k are in cyclic order 1, 2, 3; —1 if 4, j, k are in anti-
cyclic order 1, 2, 3; and 0 if 4, j, k are not all different. Let P be a dyad; then

P = Pi]-)'c'i)?]-
We note that a unit dyad is
| - aij.fifj

The dot product between two dyads or between a dyad and a vector can be
defined by natural extension of vector dot product. For example,

P-A=P4;%
A-P=AP5%

P - R = PR 5%
1-P=P-1=P

The cross product can be defined similarly. Note the parallel of dot products
with matrix multiplication. In matrix notation if P is a 3 X 3 matrix and A
a three-dimensional column vector, the post multiplication of P by A is
PA, but in order to make matrix multiplication conformable the premulti-
plication of P by A requires A to be transposed, i.e., ATP. In dyadic nota-
tion it is not necessary to take transposition. Operations involving dyad
can be defined by writing

P = Pi.fi
where P; = P;;%; and is a vector. Then

V'P:(V‘Pl)fb
VxP=( %xP)x

A full discussion of dyadic analysis can be found in Morse and Feshback
(1953).

In order to avoid flooding the text with an unnecessary number of notations,
we find it convenient to use the argument to distinguish the transform pair.
A Fourier transform pair is denoted by the same symbol but distinguished
by their arguments. For example, F(r, ) is the Fourier transform in time
of F(r, t) and F(k, w) is the Fourier transform in space of F(r, w). For an
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electromagnetic process starting at r = 0, we have

F(k, ) :J j F(r, )e @D gr gr
—oo J 0
and its inversion

Fr, 1) — _(27‘7 r J F(k, )¢’ ™% doy dk

The contour ¢ is sometimes referred to as the Laplace contour and is parallel
to the real w-axis and below all singularities of F(k, w) in w-space.
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2. Review of
Electromagnetic Theory

In this chapter we review electromagnetic theory, especially those as-
pects that deal with propagation in an anisotropic medium. The presence
of the electromagnetic field in the medium is to induce polarization charges
and magnetization currents. If the electromagnetic process is slow in time,
the medium can respond instantaneously. However, if the process is fast,
the response is no longer instantaneous and in such a case, the medium is
said to possess temporal (or frequency) dispersion. Similarly the absence or
presence of spatial dispersion depends on whether the thermal effects are of
importance. These different ways of classifying the medium are discussed in
fairly general terms in this chapter. We also note that the medium may
possess physical properties such as causality and passiveness. The presence of
these physical properties means that the Hermitian and anti-Hermitian part
of the dielectric tensor are not arbitrary, they must be related through the
Kramers-Kronig relations. Further, irreversible thermodynamic considera-
tions show that the dielectric tensor must possess certain symmetry prop-
erties known as the Onsager relation which implies that only six of the nine
elements in the dielectric tensor are independent.

The -propagation of plane waves in a general anisotropic medium is
discussed next. It is found that only those waves called characteristic waves
can propagate without change of wave polarization. Energy considerations
show that in a lossless medium the group velocity can be interpreted as the
velocity of energy flow. The group velocity is also seen geometrically related

1
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to the refractive index surface. The geometric relation is further amplified
when excitation of radiation field is considered.

No specific medium is discussed in this chapter. The emphasis is on the
general techniques. The basic idea in the approach adopted in this book is
that the medium is described macroscopically by the dielectric tensor. The
excitation and propagation of waves in this medium are then discussed
accordingly.

2.1 Maxwell’s Equations

We shall accept Maxwell’s equations as a set of physical laws which
govern the behavior of the macroscopic electromagnetic fields. Historically
these laws were established from a consistent induction of a vast wealth
of experiments with notable contribution from Coulomb, Ampere, Faraday,
and many others. The reader is supposed to be familiar with such an ap-
proach from a more elementary course.

The physical quantities dealt with in this macroscopic theory are smoothed
over a volume in which the density function is meaningful. This is necessary
because of the discrete nature of the charged particles.

Maxwell’s equations deal with the interdependence of four field vectors:
E (electric field vector), H (magnetic field vector), D (electric flux den-
sity), and B (magnetic flux density), and their dependence on the sources.
In the limit of static case the electric fields and the magnetic fields become
decoupled, the electric charge is the source only of the electric field, and the
current is the source only of the magnetic field. This is no longer the case
when the sources are time dependent. The time-dependent electric field and
magnetic field become coupled and it is more conventional to speak of
electromagnetic fields.

In the international system of units Maxwell’s equations are written as

VxXE=—B (2.1.12)
PxH=J4+D (2.1.1b)
V.-D=yp (2.1.1¢)
7-B=0 (2.1.1d)

where an overdot is used to denote the partial differentiation in time,
0/01. The first equation is the Faraday’s induction law which states that
electric field may be induced by the time-varying magnetic field. The second
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equation was originally due to Ampere but generalized to the time-varying
case by Maxwell by adding the displacement current, D; it expresses the
fact that the source of the magnetic field is current and that the magnetic
field is coupled back to the electric field. The third equation is known as
Gauss’s theorem and states that electric flux starts and ends on charges.
The fourth equation shows that magnetic flux lines are closed.

Since the current is manifested by the motion of charged particles it may
be expected that J and ¢ must be related in some way. In fact that this is so
may be seen by taking the divergence of Eq. (2.1.1b) and making the
substitution of Eq. (2.1.1c). The resulting equation is

oot +V - J =0 2.1.2)

which is known as the equation of continuity. The physical meaning of Eq.
(2.1.2) is quite clear. It says that the time rate of increase of charge density
at any point must be equal to the inward flow of current density to the same
point, which is consistent with the law of conservation of charge.

Actually the current and charge appearing in Eqs. (2.1.1) deserve some
comment. A more thorough discussion on them can be found in a later
section. For the moment it is sufficient to say that the current in Eq. (2.1.1b)
includes the externally applied current, the conduction current (if the me-
dium is a conductor), and the convection current. The charge in Eq. (2.1.1c)
includes the externally applied charge and the free charge. In a material
medium there may be other currents and charges.

Now, Maxwell’s equations (2.1.1a) through (2.1.1d) are equivalent (at
most) to eight equations for twelve scalar unknowns even if the current and
charge are assumed given quantities. Other relations between the fields are
needed if the system of equations is to be determinate. These subsidiary
relations are called material equations and they are supposed to describe
completely the behavior of the matter in the electromagnetic field. In free
space the material equations take the simplest forms

D=¢E  B=yuH (2.1.3)

where the dielectric constant and the permeability of free space are given,
respectively, by
& = (#ec®)™ F/m

2.14
o =4 X 1077 H/m ( )

The velocity of light in free space appearing in the first equation of (2.1.4)
has been measured to a high degree of accuracy. The most recent value
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adopted by URSI is
¢ =299,792.5 + 0.4 km/sec

(2.1.5)
~ 3 x 10® m/sec

Substituting the approximate value of ¢ into the first equation of (2.1.4)
gives
go =~ (1/367) x 10—° F/m (2.1.6)

to a high degree of approximation.

2.2 Vector and Scalar Potentials

As mentioned in the last section Maxwell’s equations alone are not enough
to solve for all the unknown quantities, and there is need of subsidiary
relations. In free space these relations are given by (2.1.3). The two vector
equations in (2.1.3) are equivalent to six scalar equations. When added to
the eight equations due to Maxwell we have a total of fourteen equations
for twelve scalar unknowns. Therefore, it seems that we may be over-
specifying our system. In order to resolve this question let us suppose that
the fields are excited by the given charge and current sources in free space.
For this case Maxwell’s equations take the form

VxE+B=0 (2.2.1a)
V) X B — gb =J (2.2.1b)
V-E = p/e (2.2.1c)

V-B=0 (2.2.1d)

By vector identity, the divergence of curl of a vector is identically zero.
If we take divergence of the entire equation (2 2.1a) and apply this vector
identity, we obtain

@/t - B =0 (2.2.2)

Integration of (2.2.2) with respect to time tells us that the divergence of
B is a temporal constant which, according to (2.2.1d), must be zero. There-
fore, Maxwell’s equation (2.2.1d) can be viewed as the initial condition on
div B, i.e., if the magnetic fields is initially solenoidal, it must be so for all
times as indicated by (2.2.2). Similarly, by taking the divergence of (2.2.1b)



2.2 Vector and Scalar Potentials 15

and applying the equation of continuity (2.1.2), we obtain
@)V - E— pleg) =0 (2.2.3)

In the same vein, Gauss’s theorem (2.2.1¢) can also be viewed as the initial
condition of (2.2.3).
Now we wish to relate the field directly to sources. The simplest approach
makes use of vector and scalar potentials. We proceed in the following.
The magnetic field is seen to be solenoidal by (2.2.1d). There then must
exist a vector potential A whose curl is B. That is

B=F x A (2.2.4)

Substitution of (2.2.4) in (2.2.1a) tells us that E 4 A is irrotational so that
we can define a potential function whose negative gradient is equal to this
vector, i.e.,

E=—-FV—A 2.2.5)

The fields when defined by potentials through (2.2.4) and (2.2.5) satisfy
the homogeneous equations (2.2.1a) and (2.2.1d) automatically. However,
we note that B and E are unchanged by the transformations

A—->A—VPyp

(2.2.6)
V— V + dy/ot

where y is an arbitrary function of coordinates and time. The transformation
(2.2.6) is known as the gauge transformation and the invariance of fields
under such a transformation is called gauge invariance. Evidently B and E
defined by (2.2.4) and (2.2.5) are gauge invariant.

So far we have made use only of the two homogeneous Maxwell’s equa-
tions (2.2.1a) and (2.2.1d). Substitution of (2.2.4) and (2.2.5) in the in-
homogeneous Maxwell’s equations (2.2.1b) and (2.2.1c) gives

VA — A/ — TP - A+ V/c*) = —pd 227
V2V — Vict + @/06)(7 - A + V/c®) = —o/e, (2.2.8)

where the vector identity V X 7 X A =P (¥ - A) — 72A has been used.
The velocity of light in free space is related to the dielectric constant and
the permeability through (2.1.4). According to Helmholtz’s theorem of
vector analysis any vector field which is finite, uniform, and continuous and
which vanishes at infinity, is uniquely specified only when both its curl and
its divergence are known. The curl of A is defined by (2.2.4). But the diver-
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gence of A is yet undefined. Inspection of (2.2.7) and (2.2.8) indicates that
it is convenient to define it by a relation known as the Lorentz condition

V-A+ V=0 (2.2.9)

Introduction of the Lorentz condition in (2.2.7) and (2.2.8) reduces the
equations for vector potential and scalar potential to a symmetric form

2A — A/c? = pod (2.2.10)
P2V — Vit = —ple, (2.2.11)

This condition also requires that the gauge in (2.2.6) satisfy the homogeneous
wave equation
Py — /et =0 (2.2.12)

The inhomogeneous wave equations (2.2.10) and (2.2.11) can be solved
by several different methods, among them the Fourier transform technique.
This is done in books on électromagnetic theory and the reader should con-
sult these books for detailed step-by-step derivation. The particular solu-
tions are expressed in terms of integrals over sources. They are

Jor,t £ r—r'/e) v’

5 el (2.2.132)

A@, 1) =10 J

V(e 1) = - JV' oyt £ =19 e (22.13b)

47e, |r—1r'|

where r = (x, y, z) are the coordinates of the observational point and
r' = (x, y', z') the coordinates of the source point. The integration is carried
out over the volume of all sources. Note that the potential at time ¢ depends
on the behavior of the source at times ¢ + #,(r, r') where f, is the time re-
quired for the wave to travel from the source point to the observation point.
Mathematically, both signs are valid. Physically, because of principle of
causality, we expect the cause to precede the effect. The study of waves in
free space has shown that perturbations in fields travel with a velocity c.
It is, therefore, reasonable to expect that the field measured at present is
caused by the behavior of the source at a time #,(r, ¥') = | r — r|/c earlier.
This means that we take the lower sign in (2.2.13a) and (2.2.13b). Solutions
with the minus (lower) sign are known as the retarded solutions and those
with the plus sign the advanced solutions. The advanced solution appears
to have no physical significance, except occasionally it is used as a mathe-
matical aid.
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If the source functions J and ¢ are known, the integrations (2.2.13a) and
(2.2.13b) give us the vector and scalar potentials. The electromagnetic fields
can be computed when these potentials are substituted into (2.2.4) and
(2.2.5).

2.3 Electric and Magnetic Polarizations

In free space the material equations take particularly simple forms given
by (2.1.3) and Maxwell’s equations simplify to (2.2.1). In a material medium
such simple relations are generally not valid. Under the influence of electro-
magnetic fields, microscopic charge distributions associated with molecules
and atoms are distorted, producing electric and magnetic dipole moments.
To describe the effects on the medium, we introduce the electric and magnetic
polarization vectors as quantities of departure from those given by (2.1.3)
i.e., :

P =D — ¢E, M=B/uy,— H (2.3.1)

In free space both P and M vanish. The presence of P and M must, therefore,
indicate the effect of medium.

Let us substitute (2.3.1) into Maxwell’s equations (2.1.1). By a slight
rearrangement, the equations can be put in a form

VXE+B=0
X B - E == J A
V/wo) €o 1 2.3.2)
V - E = or/e
VF-B=0

The form (2.3.2) for material media is identical to form (2.2.1) for free
space, except that total current and total charge have been used here instead
of free charge and free current in (2.2.1). The total current and total charge
are defined, respectively, by

Jr=J+V XM+P (2.3.3)
or=0—V-P (2.3.4)
Maxwell’s equations written in the form (2.3.2) is not useful in obtaining

solutions since the total current and charge given by (2.3.3) and (2.3.4)
involve the polarization and magnetization which depend on the unknown
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fields E and B. The form is useful to physically interpret the origin and
meaning of terms appearing in (2.3.3) and (2.3.4) in a material medium.
So far we only know that 7 X M and P have dimensions of a current
density and —V - P that of a charge density. We can also show by substitu-
tion that when defined this way the equation of continuity

Bor/ot +V « Jp =0 (2.3.5)

is satisfied. We must still show the physical significance of such a definition.
This is done in the following.

We note the similarity in form of Maxwell’s equations (2.3.2) in material
media and those equations (2.2.1) in free space. As before define a vector
and a scalar potential by

B=FVxA (2.3.6)

E=—-FV—A 2.3.7)
If again the Lorentz condition is prescribed, i.e.,

V-A+Vic=0 (2.3.8)

a set of inhomogeneous wave equations can be obtained in an identical
manner. They are

VA — Ajc® = —pgdy (2.3.9)
P2V — Vlct = —pq/eo (2.3.10)

The retarded solutions to these equations are, respectively,

g Ip(e',t—|r—1r'|fc) ,,
A1) = . TETd dv (2.3.11)

1 or(r, t—|r—1r'|fc) ,,
VD) = g JV’ e @ (23.12)

The expressions (2.3.11) and (2.3.12) show very clearly that equivalent
sources of the field in a material medium consist of not only free charges
and free currents but also other quantities arising from polarization of the
medium. Our purpose is to identify the physical meaning of these other
quantities. To do this we introduce the square brackets to indicate a quan-
tity at the source coordinates and evaluated at a retarded time. The po-
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tentials given by (2.3.11) and (2.3.12) in this new notation can be written as

_ Mo (J] V' x M] [P] ,
AG 1) =L w( XL B )du (2.3.13)
1 lo] v -PrPl\
Ve 1) = o Jv( g )dv (2.3.14)
where
R—r—r (2.3.15)

and V' operates on the source coordinates r'.
By using the chain rule in differential calculus we obtain

P’ % [M] = [’ x M] + R x [M]/cR
V'-[Pl=["-P]+ R [PJcR
Substituting these identities into expressions (2.3.13) and (2.3.14) results in

1

A, t) = o JV,{LRJ + %V’ X [M] — —— R x [M] +‘1IT[P]} v’

4n CR?
(2.3.16)
— 1 [Q] 1 [N J_ . » 7
Ve, 1) = o jw {T — V' P+ R [P]} dv 2.3.17)

The second term in the integrands of (2.3.16) and (2.3.17) can be reexpressed
through the use of vector identities

, My 1 _ (1
[7x<7>~—R—V X M MxV(R>
, (PY 1 o, A1

Integrate these equations and make use of Gauss’s theorems to change
volume integrals to surface integrals

. M _ (M
% "(7) d' — L = X dS (2.3.18)

V&

(BN [ B
v (T) dv _JS - dS (2.3.19)
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We obtain, after rearrangement of terms, the following relations

Vx™M , S 1 , M
JV,—R—~dV - V,MXV(-IT)dV —LTde

v.p ., RS P
IV/ R dv' = — JV,P v (—IT) dv + J‘S—_lz— dS

The surface integrals in these relations vanish if we choose the surface of the
integration so that the material substance lies inside of the region. Replace
the second terms of (2.3.16) and (2.3.17) by using these relations. The
result is

A(r, 1) = 42 VI{[J]Jr[M]xV( ) ;ZRX[M]+[P]}

(2.3.20)

v, z):_l_jw{ o} | (. 17'( )+%R- [P]}» @ (2321

4re, cR

The expressions (2.3.20) and (2.3.21) are in convenient forms for physical
identification. We shall do this first for the scalar potential.

The first term in the integrand of (2.3.21) is [o]/R. It represents the usual
Coloumb potential of free charges in vacuum given by (2.2.13b). The
next two terms show the effect of the material medium to the potential.
Their physical significance can be investigated by considering a dipole
arrangement of charges.

Let two point charges of equal magnitude but of opposite sign be placed
a small distance § apart as shown in Figure 2.3-1. The potential due to
this dipole arrangement can be written simply as

att—Rle)  q(t—|R +E|fc)

V ==
4neyR drey | R + § |

(2.3.22)

(x, 1, 2)

*q Fig. 2.3-1. A dipole arrangement of
R+§ two charges.
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Since E is small, we may expand the second term in Taylor series and obtain

qt—|R+E|/e)  q(t— Rlc)

dneo|R +E|  4meR
— [g]€ - V'(1/R) — ([4]/cR*R - §
-- higher order terms (2.3.23)

In the limit of vanishing &, we can define

lgif; [9]€ = [p] (2.3.24)

where p is the dipole moment. The potential arising from such a dipole
arrangement is then obtained from substituting (2.3.23) back to (2.3.22),
giving

V= {017 () + R 61} (2.3.25)

47, R cR? -

This is the potential due to a single dipole. Suppose such dipoles are dis-
tributed throughout the volume with a density P. We must then find the
resultant contribution by integrating over the volume, i.e.,

Vlr, 1) = % _[ {[P] . V’(%) + CLRZ R- [P]} dv'  (2.3.26)

TTE,

Comparing (2.3.26) with (2.3.21), we see that the last two terms of (2.3.21)
are identical to (2.3.26). Therefore, the scalar potential in material sub-
stances given by (2.3.21) is arising from two sources of contributions: the
free charge p as the case in free space and a distribution of dipole moments
of volume density P. Due to presence of the electric field, microscopic
charge arrangements are perturbed. These perturbations set up equivalent
dipole moments as shown in Figure 2.3-1. When the electric field is weak,
the dipole moment P is usually linearly dependent on E. When the field
is strong the relation may become nonlinear. Our purpose is to derive such
relations for plasmas under different conditions.

The terms appearing in {2.3.20) for the vector potential can be physically
identified in the same manner. The first term [J]/R is the usual contribution
from the free current and is the only term in free space. The remaining three
terms indicate contributions associated with the material medium. Micro-
scopically a molecule or an atom has electrons orbiting about a nucleus.
Effective current may result on a macroscopic scale if there exists imperfect
orbit cancellation on an atomic scale. Such a current is called the magne-
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tization current and is the origin of the second and third terms in the in-
tegrand of (2.3.20). In a plasma the magnetization effect is negligible and we
shall not choose to discuss this in detail here. The interested reader should
consult books on electromagnetic theory for a more complete discussion.
The last term in (2.3.20) is related to the time rate of change of the electric
polarization. Microscopically, it comes from the motion.of dipole moments.
We proceed to prove it in the following.
The microscopic dipole moment is given by

P =0k (2.3.27)

where g, is the microscopic polarization charge and g the separation between
the negative charge and the positive charge. Since (2.3.27) is a microscopic
expression it is highly irregular on an atomic scale. The time rate of change
of the microscopic dipole moment may be caused by the motion of these
dipoles or by changes in the separation distance. Hence,

dp/dt = Edg,[d1 + 0,8

where the equation of continuity has been applied to obtain the last ex-
pression in (2.3.28). The quantity u is the velocity of the polarization charge.
The vector identity

gV" (Qp“) =V- (Qp“g) — QU VE
=V- (Qp“E) — gpu

can be used to recast (2.3.28) into the following form:
Ip/ot = —T - (ouE) + opu + 0,8 (2.3.29)

The expression (2.3.29) is still for microscopic quantities. The macroscopic
expression can be obtained by integrating (2.3.29) over a volume A4V
which is large compared with the atomic scale but small compared with the
macroscopic scale. The integration of the divergence term vanishes since
there is no surface charge density in the medivm. The time rate of change of
the macroscopic polarization density is then given by this integral divided
by the volume AV, i.e.,

o 1 op , :
- Lva_tdu_@,,wgp@ (2:3.30)
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where the angular brackets are used to denote the averaging process. The
expression (2,3.30) states that the time rate of change of polarization density
arises from transport of polarization charges and change in the separation
of polarization charges.

In summary we see that Maxwell’s equations in a material medium can be
written in a form identical to that in free space, provided we take into
account all sources. These sources include true current, magnetization cur-
rent, and polarization current as current sources, and true charge and polar-
ization charge as charge sources. Comparing (2.1.1¢) with the third equation
of (2.3.2) we see that the source for the electric flux density is free charge
alone while that for the electric intensity is the total charge. For this reason
D is referred to as the partial field sometimes. However, it should be men-
tioned that the Maxwell’s equations in the form (2.3.2) are useful only to
provide physical insights and not convenient for problem solving purposes.
As a matter of fact (2.3.13) and (2.3.14) are not true solutions since P
and M are related to the unknown electromagnetic fields. What we need
are material equations. A genera!l discussion on these relations is carried
out in the next three sections.

2.4 Slow and Fast Processes

The material equations in free space are particularly simple. They are
given by

D(r, 1) = gE(r, 1), B(r, t) = uH(r, t) (2.4.1)

Such relations are linear, nondispersive, isotropic, and local. These adjec-
tives are used very often in describing material equations. We shall explain
their meaning more carefully in the following.

Consider a certain medium in which there exists a relation between D,
and E,. The relation may be that given by (2.4.1) or one that is more
complicated. Similarly for the same medium we find that there exists a
relation between D, and E,. The relation is said to be linear if D, 4 D,
and E, - E, satisfy the relation. The medium is defined as a linear medium
if linear relations exist between D, B and E, H. Obviously material equations
(2.4.1) are linear. The relations (2.4.1) are the simplest linear relations since
they are algebraic. A more complicated linear relation would be one in which
g in (2.4.1) is replaced, for example, by a linear operator. We shall have
occasion to discuss some of these cases later on in this section.
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In a material medium the relations (2.4.1) are in general no longer valid.
The difference is caused by the electric polarization and magnetization of the
medium. The presence of the electromagnetic fields distort the charge dis-
tribution on a molecular scale. This distortion is the origin of the electric
polarization charges, magnetization currents, etc. If the fields vary in time
sufficiently slowly the establishment of the polarization effect is nearly
instantaneous. This means that the electric polarization at time ¢ depends
only on the electromagnetic field at the same instant f. In this case the
medium is said to be nondispersive.

The material relations in a nondispersive medium (as well as linear,
isotropic, and local) are expected to be similar to {(2.4.1). Since the response
of the medium is instantaneous, we have

P(r, 1) = gx(DE(r, 1), M(r, t) = y,,(OH(, 1) (2.4.2)

where x and y,, are, respectively, electric and magnetic susceptibility. They
depend on the thermodynamic state of the medium. Substitution of (2.4.2)
into (2.3.1) gives

D = (1 + %)E = &KE, B = us(1 + gn)H = pK,H (2.4.3)

where K and K,, are, respectively, the relative dielectric constant and relative
permeability.

However, as the time variation of the electromagnetic fields increases
this instantaneous dependence is no longer expected. Due to finite mass of
these charges, there always exists at least one frequency, w,,, which charac-
terizes the speed of establishing the polarization state. As the frequency
of the fields approaches or exceeds w,, , the response of the medium cannot
keep up with the change in the fields. The instantaneous relations such as
those given by (2.4.1) are no longer valid. The medium is then said to be
time dispersive.

The material equations (2.4.1) are isotropic because they are invariant
under rotational transformations about any axis. This is no longer true,
for instance, in a magnetoplasma in which g, must be replaced by a tensor
and the medium is said to be anisotropic.

In most cases, material equations are derived by averaging over a volume
whose linear dimension is large when compared with the characteristic
length A, of the medium and small when compared with the wavelength
2 of the electromagnetic field in the medium. Suitable choices of charac-
teristic length are the atomic dimensions, lattice constant, and Debye length.
The wavelength in the medium is related to wavelength in free space, 4,,
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by the relation 4 = A¢/n = c/nf, where n is the refractive index, ¢ the velocity
of light in free space, and f the frequency. Therefore, our requirement
/A <€ 1 becomes

Anfle £ 1 (2.4.4)

When the inequality (2.4.4) is valid, the polarization of the medium is
expected to depend on the electromagnetic fields at the same location. The
resulting material equations must be local since D at r is related to E at the
same r and similarly between B and H. Inspection of (2.4.4) shows that there
are two cases in which (2.4.2) may be violated: (i) the frequency f is suf-
ficiently large or (ii) the refractive index becomes very large. The violation
of (2.4.2) means that the material equation cannot be a local one. The
vector D at r depends not only on E at r but also on E at points in the
neighborhood of r. If this is the case, the medium is said to be spatially
dispersive. The local and nonlocal relations can also be looked at from a
different point of view. When the medium is cold, the particles are essentially
stationary. The effect imparted by the fields is not likely to be carried to a
neighboring point. Therefore, the material equation is expected to be a
local relation. However, as the temperature of the medium increases thermal
agitation may start to carry the effect felt at a point to a neighboring point.
This is then the beginning of spatial dispersion.

The consideration of more and more general material media will be carried
out in steps. In plasma media the permeability is nearly always that of the
free space while the dielectric constant may take different forms. In order
to simplify our discussion in the following we shall consider the dielectric
constant only, although similar arguments and reasoning can be applied to
permeability. We proceed to consider the time dispersion first.

For sufficiently weak fields we may assume a linear relation between P
and E. As the time variation increases the instantaneous relation between P
-and E is no longer expected. The polarization of the medium will depend
on the value of the electric field at present as well as at previous times.
The principle of causality is a very basic physical principle and it states that
the effect must always come after the cause. This is essentially the basis for
adopting the retarded potentials in (2.2.13a) and (2.2.13b) as the solutions
of the inhomogeneous wave equations. The application of this principle in the
present case indicates that P at t must depend on E at all times previous to .
Let the field be applied at = 0; the most general such relation we can write is

P(r, 1) = ¢, -r x(r, t, DE, t) dr

+ (contribution related to initial conditions) (2.4.5)
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The polarization density depends on the value of the electric field from the
initial time 7 = O to the present z. The contribution is integrated over this
time interval with a weighting function x(r, ¢, 7). In general there is also a
contribution related to the initial state of polarization. For ¢ large the
initial conditions may have decayed sufficiently with time in a lossy medium.
We shall assume that this is the case and ignore the contribution due to
initial conditions.

If the property of the medium does not change with time the weighting
function y(r, ¢, ) should be invariant with respect to the time translation,
ie.,

gty =x@t+ 10,7+ 4) (2.4.6)

In particular if #;, = —7, the third argument reduces to 0 which can be
suppressed and we have

2@, t, 1) = y(r, t — 7) 2.4.7)

Substitute (2.4.7) into (2.4.5), giving
L
P(r, 1) — sOJ (5, 1 — DEG, 7) de (2.4.8)
[}

Here we have assumed that the electric field has been applied for a time of
sufficient length so that initial conditions do not contribute. When (2.4.8) is
substituted into the Maxwell’s equations, we have a set of integrodifferential
equations. To solve them, we note that (2.4.8) is in the form of a convolu-
tion integral and we shall therefore apply the convolution theorem in the
theory of Fourier transform. In order to avoid flooding the text with an
unnecessary number of notations we shall use the argument to distinguish
the transform pair. For example,

E(r, ) = r E(r, )e-* dt
¢ (2.4.9)
Er, 1) = (1/27) J E(r, w)e’* do

Therefore, E(r, t) and E(r,w) form a Fourier transform pair. Similar
notations are used for other quantities. The contour c¢ in the second equation
of (2.4.10) is sometimes referred to as the Laplace contour and is paraliel
to the real w-axis and below all singularities. In the transformed domain,
(2.4.8) can be written as

P(r, 0) = eoy(r, 0)E(T, w) (2.4.10)
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This in turn gives, through (2.3.1),
D(r, v) = &(r, 0)E(r, w) (2.4.11)
where the dielectric constant is given by

&(r, w) = g[l + x(r, )]
= g, K(r, @) (2.4.12)

where K(r, o) is the relative dielectric constant and is given by
K(r,w) = 1 + J 2(x, e-iet dr (2.4.13)
[

The integration is from zero to +oo because of the causality principle.
With the application of Fourier transform, the original set of Maxwell’s
equations becomes a set of partial differential equations which will be studied
in detail. But before we go into the discussion of the solution of the set of
equations, we shall first consider the properties of more general materials.
As mentioned above, the property of the medium may be anisotropic such
that the polarization is not in the same direction as the electric field, as in
most crystals as well as magnetoplasmas. Furthermore, if the condition
(2.4.4) is not satisfied, a nonlocal relation may exist between D and E.
Under these conditions, the most general linear relation between the com-
ponents of the polarization and electric field can be written as

t
P, 1) = e J dr J 2 ¥y b, DESC, ©) i’ (2.4.14)
0

where y;; is the ijth component of a tensor and summation must be carried
out over all subscripts that occur twice. Contributions from initial condi-
tions are neglected as before. If the medium is temporally stationary and
spatially homogeneous so that its property is invariant under translation in
time and space, then

Xij(r, r',t, 1) = Xij(r —r,t—1) (2.4.15)
and (2.4.14) becomes

(4
Py, ) = soj dr j 1@ — T, 1 — DE(, 0 dr' (2.4.16)
0

which is again in the form of a convolution integral. When time and space
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Fourier transform is applied to (2.4.16), we obtain
Pk, w) = gox;(k, w)E;(k, ) (2.4.17)

The Fourier transform pair is defined as

=) 400 )
Eik, w) = J dt'[ Ey(r, t)elerkerl gy
0 1 T e (2.4.18)
Er,t)= EE)TI deo Ei(k, w)el® %1 gk

—_—0

where the contour c is the same as that in (2.4.9). Similar expressions exist
for other quantities. From (2.4.17) and (2.3.1), we have

Di(k, w) = gk, w)E;(k, w)
= £K;;(k, 0)E;(k, w) (2.4.19)
where
£k, w) = &[d;; + xi;(k, w)]

=] +oo .
— eo[ai,. +I dtj 2is(x, Dedei-ien dr] (2.4.20)
(1] —o0

Here §,;; is the Kronecker delta. Equations (2.4.19) and (2.4.20) may be
thought of as the definition of the dielectric tensor ¢;;(k, @) and relative
dielectric tensor K;;(k, w). This is the general material equation relating the
two field quantities D and E in a linear, stationary, and homogeneous
medium. Similar consideration will lead to the corresponding relation
between B and H. We shall not discuss it here.

We note that in the limit £ — 0, K;;(w, k — 0) becomes the relative dielec-
tric tensor for a medium in the absence of spatial dispersion. If furthermore,
the medium is isotropic, then K;;(w) = J;;K(w). In general, for an isotropic
medium with spatial dispersion, the relative dielectric tensor should be
symmetric and invariant under rotational transformation about the vector
k. Under these conditions, it can be shown that (see problem at the end
of this chapter)

Kij(k, 0) = K, (K?, 0)(8;; — kik;/k®) + K\ (k?, w)kik;/k*  (2.4.21)

where K, and K| are functions of w and k2 only. They are referred to as the
transverse and longitudinal relative dielectric constants in an isotropic
medium. We will come back to this in a later section.
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2.5 Kramers-Kronig Relations

In this section we shall discuss some important general properties of the
relative dielectric tensor Kj;(k, w) based on its definition and certain very
general physical laws.

K;(k, w) by its definitions is, in general, a complex function of the two
independent variables k and w. The dependence on @ indicates the time
dispersion of the medium while the k dependence indicates the spatial
dispersion. From-the principal of causality we see that y;(r,¢) = 0 for
t << 0. Also y;;(r, t) is finite and approaches zero when ¢ — oco. This simply
means that the establishment of the polarization at present cannot be
appreciably affected by the electric field at the remote past. Further, for an
electric field given by E;(r, t) = E;, é(r — r,;) 6(t — t,), E;, a constant, the
polarization given by (2.4.16) is sggy;(r — 1y, t — 1;) E;.  Therefore,
%ij(r — ', t — ) can be interpreted as the response of the medium to an
impulse applied at time ¢ = 7 and position r = r'. In a passive medium on
physical ground, we expect this “impulse” response to decay with increasing
time for ¢+ > v and with increasing distance | r — r'|. Alternatively, we
expect x;(r, 1) to be a monotonically decreasing function of ¢ and | rj.
From the definition (2.4.20) it follows that y;;(k, w) and hence also K;;(k, w)
must be regular in the lower half-plane of the complex w = o’ 4 jo'
plane. This can be seen easily by letting '’ < 0 in the integrand in (2.4.20).
In the upper half-plane of w the definition of K;;(k, w) has to be extended
by analytical continuation and in general it does have singularities. As
| | — o0 in any manner in the lower half-plane, K;; tends to the unity
tensor d;; as can be seen easily from (2.4.20). For w — 0, Kj; is finite for
dielectric material but has a simple pole for a conducting medium.

K;;(k, w) is a regular function of k in the whole region of the complex
variable k since in general y;{(r — r’,t— t') approaches zero as r — r'
increases to infinite.

In Maxwell’s equations (2.1.1), the fields E(r, t), etc., are all physical
quantities and hence are all real. It follows from (2.3.1), and (2.4.14) and
(2.4.20) that £;(r, #) must also be real. However, its transform ¢;;(k, w)
is in general not real. The properties of ¢;;(k, w) can be found by noting
(2.4.20) which gives

Ki(k*, 0*) = K§(—k, —w) (2.5.1)

where * is used to denote complex conjugate. We denote the relative dielec-
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tric tensor by its Hermitian and anti-Hermitian parts as

Kk, 0) = Kj(k, ) — jKj(k, o) (2.5.2)

where
Ki(k, w) = ¥(K;; -+ K&

(2.5.3)
K (k, w) = 3(K;; — K}

are both Hermitian tensors (jK;; is anti-Hermitian). From (2.5.2), we have

Re Kij = Re K,; + Im Kiljl

(2.5.4)
Im K;; = Im Kj; — Re Kj
where Re denotes real part and Im denotes imaginary part.
If the medium is not spatially dispersive, i.e., K;; is independent of k,
it is easy to see from (2.5.1) that

Re Kij(w') = Re Kij(—w'), Im Kij(w/) = —Im Ki-j(—w') (2.5.5)

and
Im K;(jo'y = —Im Ki(jo") = 0 (2.5.6)

which means that the real part of K; is an even function while the imaginary
part of K;; is an odd function on the real axis of the complex w-plane and
K;; is real on the imaginary axis of the w-plane.

From the analytic properties of K;; discussed above, it is possible to derive
some general relations between the Hermitian and anti-Hermitian parts of
the tensor. To see this, let us consider the following integration in the
complex w-plane.

I= j Kl w) — 8y 4, 2.5.7)
4

W — wq

where the contour c¢ is shown in Fig. 2.5-1. Here we shall assume that Kj;
may have a simple pole at the origin but otherwise it is analytic on the
real axis and the lower half-plane. The simple pole at the origin is to take
care of the case where the medium may possess a dc conductivity. The integral
is zero since the integrand is regular inside the contour. The contour can be
broken into several parts: the principal part integrating from —oco to +o0
on real axis, the small indentation about the pole at w,, the small indenta-
tion about the pole at the origin, and the big semicircle. The contribution
from the big semicircle vanishes at the limit. The remaining contributions
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"
w
w,
0 ’
‘L % w

Fig. 2.5-1. The contour ¢ for the integral in (2.5.7).
can be evaluated by using the residue theorem in complex variables, giving

PJ U(k x) z] dx + TE_][K”(I( ® )_ 6,,']] 7!0'1']‘(](, f))

x— o & W

=0 (2.5.8)

where we have changed w, to w'. The symbol P in front of the integral sign
denotes the Cauchy principal value which means in our case

PJ+w Ku(k3 x) - 6‘5}' dx

x— o
— lim J ¥ j + j (K ) — 0] 40 (2.5.9)
£>0,7>0 +e w'+n X —w

0;i(k, 0) is the dc conductivity of the medium defined as
Gij(k’ 0) = jEO lim leij(k’ (0/) (2.5.10)
@’=>0

Equating real and imaginary parts of (2.5.8), we obtain

+° Im Kj;(k, x) dx

x—w

Re Kiy(k, ') — d;; — —PJ @.5.11)

Im Kk, o) — —— P rw [ Re Kk, x) — 0 _ 04k 0) ] dx (2.5.12)

b4 o X —w Eow
These relations are known as Kramers-Kronig relations first derived by
them in 1927 for an isotropic medium without spatial dispersion so that
Kij(w, k) = 0;;K(w). These relations follow directly from the analytic
property of Kj; that it is regular in the lower half-plane of w. Therefore
we can conclude that the Kramers-Kronig relations are the consequence of
the principle of causality.
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Since Ki; and Kjj given by (2.5.3) are both Hermitian, we have

Kjj = Re Kj; + j Im Kj; = (Kj;))* = Re Kj; — j ImKj; 2.5.13)
K,-’,!:ReK;,!JrjImK,-',-':(K,!i'*=Re1<,.',!—j1m1<,!; o

Therefore Re Kj; and Re Kjj are symmetric tensors while Im Kj; and
Im K;; are antisymmetric. Substituting (2.5.4) into (2.5.11) and making
use of the symmetric and antisymmetric properties of the tensors, the
Kramers—Kronig relations can be put into the form

400 i
ReKu(kw)—éu——PJ- Re—KU(_k’_Q

X — o'
g 1 +o0 . Y
Re Kii(k, ') — "”85)1:;,0) == PJ Re Kol ) % g

(2.5.14)

_ +o0
Im Ki(k, ') = TI PJ 1m Kk, ) Kisk, x)

e X—

Q

+o00 1t
i i) = L p [ MK D)

where o;;(k, 0) is taken as a real symmetric tensor. Equation (2.5.14) can
also be written as

too K1
Kii(k, ') — &;; = —71; P J %,wx,) dx
- (2.5.15)
3 +oo KT — 5
Kll(k’ ) - al](k’ 0) —— 1 P J‘ Kﬂ](k’ x) 61] dx

g’ E1 x— o

which relates the Hermitian and anti-Hermitian parts of the relative dielectric
tensor. For the special case of an isotropic medium without spatial disper-
sion so that K;; = ;;K(w), we have

Kif(@") = 16;[K(0') + K*(»")] = d;; Re K(o")

" (2.5.16)
Ki(o') = $j,;[K(0') — K*(0')] = —§;; Im K(w")
Equation (2.5.15) can then be written for K(w') as
’ _ -2 = xIm K(x)
Re K@) — 1 = — PJ R
(2.5.17)

dx

0 20’ > Re K(x)—1
Im k(@) + 20 = 2 p [* RHD T
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where ¢(0) is the corresponding dc conductivity and (2.5.5) has been used.
In an isotropic medium, the loss of electromagnetic energy is characterized
by the anti-Hermitian part of the dielectric tensor (this will be discussed in
detail in Section 10). Therefore, from absorption experiments, it is often
possible to obtain approximate values of Kjj for all frequencies. Then from
(2.8.15) Kj; can be computed. On the other hand, if Kj; is known K may
also be computed, but here care must be taken as it is possible that if K
is known only approximately, we may obtain a physically unstable condi-
tion in the computation of Kjj. We will come back to this point in a later
section.

If in addition to the principle of causality, we also take into account the
fact that all interactions are propagated at finite velocities, then for the
spatial dispersive medium, additional relations between the Hermitian and
anti-Hermitian parts of the dielectric tensor can be derived.

2.6 Onsager Relation

If an external magnetic field is applied to the medium, then the polariza-
tion and, hence, the dielectric property of the medium will depend on the
external field, as in the case of a plasma in a static magnetic field. From
the very general irreversible thermodynamic principle, the Onsager recip-
rocal relations, we can show that for any nonactive medium in an external
static magnetic field B,

eij(k, w, By) = &;;(—k, 0, —By) (2.6.1)

If in addition the medium also satisfies the relation (corresponding to the
so called nongyrotropic medium),

&;;(k, 0, By) = &;;(—Kk, o, By) (2.6.2)

then
&i;(k, 0, By) = &;;(k, w, —By) (2.6.3)

Suppose we first choose a Cartesian coordinate such that By is in the z-
direction and k in the xz-plane (Fig. 2.6-1a). According to the Onsager
relation (2.6.1) the dielectric tensor for the coordinates shown in Fig.
2.6-1a is the transpose of the dielectric tensor for the coordinates shown in
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(b)

Fig. 2.6-1. Coordinate system showing the relative directions of k and B,-

Fig. 2.6-1b in which both directions of B,and k have been reversed. Reversing
directions of B, and k is equivalent to reversing the x and z coordinates in
the original coordinates shown in Fig. 2.6-1a. The new coordinates are
shown in Figure 2.6-2 and the dielectric tensor expressed in them must be
the transposed dielectric tensor expressed in the coordinates shown in
Fig. 2.6-1a. Note that the new coordinate system Fig. 2.6-2 is still right-
handed. In each coordinate system (Figs. 2.6-1a and 2.6-2) we have

D =¢E

2.6.4
D'=¢: FE @64

where the primed system is related to the original system through the trans-
form A.

D'=A-D, E=A-E (2.6.5)
Xl
B
/A°
’
’
k
~N L,
| / Fig. 2.6-2. Transformed coordinate system.
by
13
/
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where
-1 0 0
A=| 0 1 0 (2.6.6a)
0 —1
and with an inverse
—1 0 0
Al= [ o1 (2.6.6b)
0 —1
Therefore,
Exz _szy Ezz
€ =A-€-Al= [—sw &y —syz] (2.6.7)
szy —szy €,

But € is obtained by reversing k and B,; therefore, from the Onsager
relation, we have

£k, o, By) = €T(k, w, B,) (2.6.8)

where €T denotes the transpose of the tensor €. From (2.6.7) and (2.6.3),
it follows

Ezy —ny
&, = —&, (2.6.9)
€z = &z

Hence, in general, the Onsager relation reduces € to six independent ele-
ments. For the original Cartesian coordinates (Fig. 2.6-1a), the dielectric
tensor must have the form

Exx Ezy 2
€= |—¢y &y &y (2.6.10)
Erz —E&y; &

If, in addition, the medium is lossless so that € is Hermitian, then ¢,,,
&> €z, and g, are purely real, ¢, and ¢, are purely imaginary. Also, since
ezy(Bo) = —eyz(B0)3 eyz(Bo) = _Ezy(BO) and Ezz(Bo) = £,(B,) from (2.6.9),
and according to the Onsager relation &;;(B,) = ¢;;(—B,), we may conclude
that e, ¢,, &, and ¢, are even in B, while ¢, and ¢, are odd in B,.

If the medium is not spatially dispersive the only axis of symmetry is the
z-axis along which is the external magnetic field B, (see Fig. 2.6-1a). For
such coordinates € must be rotationally symmetric about z-axis. This
requires that ¢, = ¢, = 0 and ¢,, = ¢, (see problem at the end of this
chapter).
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2.7 Plane Waves

In the above, we have discussed the material equations for a homogeneous,
stationary medium. With the help of these relations, we are ready to proceed
to solving the set of Maxwell’s equations for the case of unbounded region.
As mentioned earlier, because of the spatial homogeneity and temporal
stationarity in the medium, it makes it possible to apply the Fourier trans-
form to the problem. This actually is equivalent to the method of plane
wave solution. The Fourier components of the field quantities such as
E(k, w), D(k, w), etc., are the corresponding amplitudes of the different
plane waves, E(k, )@ 7 D(k, w)el“ kD,

Let us apply the Fourier transform of the type in (2.4.18) to (2.1.1a)
and (2.1.1b). We have

—jk X E(k, w) = —jwB(k, ®) (2.7.1a)
—jk X Hk, w) = J(k, @) + joD(k, ») (2.7.1b)
In this section, we shall study the system in the absence of external current

so that J = 01in (2.7.1b). We observe first the following relations between the
Fourier components of the field quantities. From (2.7.1a), (2.7.1b), we have

H(K, 0) = —w;‘—o k X E(k, o) (2.7.2a)
Dk, o) = — % k x H(k, o) (2.7.2b)

In general all vectors appearing in (2.7.2a) and (2.7.2b) are complex even
for a real angular frequency w. If the medium is unbounded and lossless,
the vector Kk is real in the propagating region (see proof in Section 10).
For this case these equations tell us that ReH J k, ReD | ReH,
Re D 1 k; and k, Re D and Re H form a right-handed rectangular coor-
dinate system. Similar relations also exist among k, Im D, and Im H. Also,
since Re H | k, ReH 1 ReD, ReH 1 ReE, the three vectors k, Re D
and Re E must be in the same plane, the plane perpendicular to Re H.
In Fig. 2.7-1, we demonstrate these relations graphically. Similar diagrams
can be drawn for k, ImE, etc. For a medium there may exist relations
between Re E and Im E. If such a relation exists, it describes completely
the state of polarization of the wave. Such a polarization is called the
characteristic polarization and is discussed in Section 9. Waves with the
characteristic polarization are called normal modes or characteristic waves.
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Fig. 2.7-1. Vector relation of plane waves in
the nonisotropic medium.

7ReH

In characteristic waves the energy flow is given by the Poynting vector

S=ReiEXH*=[ReEX ReH+ ImE x ImH]/2 (2.7.3)

We see that in general S is not in the same direction as k. In an isotropic
medium without spatial dispersion, D and E are in phase and in the same
direction and hence k and S must be parallel.

With the help of the material equations, we can eliminate H from (2.7.1a)
and (2.7.1b) and obtain

kX (kXE)+ (w¥c)K-E=0 2.74)
Or, in component form
[k2 6,-,- — (wZ/cz)Ki,- — kikj]Ej =0 (2.75)

This is a set of three homogeneous algebraic equations. We shall study them
in detail in the following. Define the index of refraction

n = k/k, = kc/ow = n§ (2.7.6)

where k, = w/c is the free-space wave number and § is a unit vector in the
direction of k. Since it is for an infinite medium, we shall consider only
homogeneous plane waves such that § is a real vector. Consider the equation

Lya; = [n*(d;; — s:5;) — Kijla; = 0 .17

Equation (2.7.7) has a nontrivial solution if and only if the determinant
| L;;| vanishes. This condition

| Lij| = | n®(8;; — s;8) — Kij| =0 (2.7.8)

is the dispersion relation which gives the relations between @ and n (or w
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and k) for which (2.7.7) has a nontrivial solution. More than one relation
between @ and n may exist which correspond to more than one solutions
of (2.7.7). Each of these solutions is defined as one normal mode or charac-
teristic mode. We have, for the solution of (2.7.8)

n,? = n3w), a=1,2,... (2.7.9)

where the subscript o denotes the different modes. The corresponding solu-
tion of (2.7.7) is then of the form a;,e/"**! Physically, this corresponds
to one particular mode of plane waves that can propagate in the medium.
A general wave in the medium can then be expanded in terms of these normal
plane waves. In the following we shall discuss some general properties of
these modes for arbitrary Kj;;. Let us consider (2.7.7) again for the ath
mode

[n.2(8:;; — s:5;) — Ki;(n,, w)]a;, =0 (2.7.10)

Since the determinant of LT is the same as that of L itself, we can
introduce the following system of equations for the conjugate vectors b*

[n2(3:; — si8) — Kilbfy = 0 2.7.11)

where the set of values n is obtained from equation | L”| =0 and is the
same as shown in (2.7.9). We note that if K is Hermitian, then a and b
are the same. Multiplying (2.7.10) by b} and (2.7.11) by a;,, we have

naz((s,-j — SiSj)b,?ﬁaja: — K,-jb}jgaja =0 (2.7.12)
nf(éij — sisj)b}jgam — Kjib}‘ﬂaia =0 (2.7.13)
Interchanging the indices i and j in (2.7.13) and subtracting it from (2.7.12),

we obtain
(12 — n?)(8y; — s:5;)bhaj, = 0 (2.7.14)

If (2.7.8) has distinct roots, then for « 7 f, n,2 7 ng?, the factor multiplying
(n,2 — ng%) in (2.7.14) must be zero. For ¢ = f, this factor can be any
arbitrary number since a and b are only determined within some constant
factor. We shall choose the constant factor by the following orthonormality
relation :

(84 — 8:55)b¥sa;, = O,p (2.7.15)

and from (2.7.12) it follows that

Kija; bl = n,® 0gp (2.7.16)
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Equations (2.7.15) and (2.7.16) are important relations between the dif-
ferent characteristic modes of (2.7.7). They will be used later on in the
computation of fields generated by external sources in an anisotropic me-
dium. These normalization relations are obtained on the assumption that
the dispersion equation has distinct roots. In an isotropic medium, multiple
roots do exist. Then, instead of the normalization procedure described
above, some other means must be used.

2.8 Refractive Indices

In order to study the characteristic modes of (2.7.7), we must first obtain
the relations n, of (2.7.8). When (2.7.8) is expanded, the following algebraic
equation results

K,-jsisjn‘i — [(Kijsisj)Kkk — KikKkjSiSj]nz + I K‘Ul =0 (2.8.1)

where | K;; | denotes the determinate for the tensor K;; and once again the
reader is reminded that repeated subscripts represent summation. From
(2.8.1), we note that if there is no spatial dispersion so that K;; does not
depend on n, then (2.8.1) is quadratic in n% and will yield two independent
solutions for #% in general which correspond to two characteristic modes in
the medium. If spatial dispersion is taken into account, however, (2.8.1)
will have more than two roots for n2.

Before we go into the solutions of (2.8.1) for some specific examples,
we want to point out one important general property of »% If the tensor
K is Hermitian which corresponds to a lossless medium (see Section 10)
so that K;; = K¥%, then from (2.7.7) we have

a;*[n*(0;; — 5:5;) — Kijla; = 0

or
n2(02 — Sisj'ai*aj) == Kijai*aj (2.8.2)

Also, taking the complex conjugate of (2.7.7), we have
(n*)*(0;; — sis5)a* = Kfa* = Kya* (2.8.3)

where the Hermitian property of K has been used. Multiplying (2.8.3)
by a;, we obtain

(n*)*(a® — sis;0:%a;) = Kjja:*a; (2.84)
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Comparing (2.8.2) with (2.8.4), we conclude that
n? = (n¥)* (2.8.5)

so that for a lossless medium, n® must be real. Consequently, n must be
purely real (propagating mode) or purely imaginary (evanescent mode).
The wave number being given by &k == ksn must be similarly purely real
(propagating mode) or purely imaginary (evanescent mode).

Now, let us consider some special cases for (2.8.1) which will be of in-
terest to us later on. First, for an isotropic medium without spatial dispersion
so that K;; = ;;K(w), Eq. (2.8.2) becomes

nt — 2K(w)n® + K2 =0 (2.8.6)
The equation has double roots:
n? = K(w) (2.8.7)

Second, for an isotropic medium with spatial dispersion, the relative dielec-
tric tensor can be written in the form given by (2.4.20a):

Kiitk, w) = K, (n?, 0)(d;; — 5;5;) + Ky(n®, w)s;s; (2.4.20a)
For this case, (2.8.1) reduces to
Kyn*—2Kn*4+ K2)=0 (2.8.8)
If K, does not depend on n?, (2.8.8) again yields two double roots:
n? = K (w) (2.8.9)

We will see in Section 9 that both (2.8.8) and (2.8.9) correspond to prop-
agation of waves with electric field perpendicular to the direction of
k(E | §), called the transverse waves, in an isotropic medium. The other
solution of (2.8.8) is

K% w) =10 (2.8.10)

which corresponds to longitudinal waves (E || §) in the medium. We shall
discuss this point again in Section 9.

Finally, let us study the anisotropic case. We shall orient the coordinates
such that the vector k is in the xz-plane and the external magnetic field is in
the z-direction. The angle between k and B, is 6 (Fig. 2.6-1a). The dielectric
tensor is given by (2.6.10). Substituting the components of (2.6.10) into
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(2.8.1), the following equation is obtained:
amnt + an® + a, =0 (2.8.11)
where
a, = K, sin?0 + 2K, cos 0 sin8 + K, cos®0
a, = —K,,K,, + K2, — (K,,K,, + KZ%) sin%8
+ 2(K,K,: — K,.K,,) cos 0sin 6 — (KZ, + K,,K..) cos? 0
a=|K|

(2.8.12)

and the relations s, = sin 8, s, = 0, 5; = cos 0 have been used.
For a medium without spatial dispersion, the components K;;’s are all
independent of n. The solutions to (2.8.11) can be written as

—a, + (a,” — 4a,a,)"*

2
ne =
2a,

(2.8.13)

or
2(ay + a, + ay)
2a, + a, + (a,® — 4a,a,)V?

(2.8.14)

n=1—

As discussed at the end of Section 6, for the spatially nondispersive case,
K, =K,.=0 and K,, = K,,. Inspection of the coefficients given by
(2.8.12) shows that the refractive index has the same value at 180° — 8
as at 0. Equations (2.8.13) and (2.8.14) represent two independent solutions
of the dispersion equation and correspond to two characteristic waves that
can propagate in the medium. For spatial dispersive media, as mentioned
earlier, there may exist more than two solutions for (2.8.11).

The condition for which n = 0 is called cutoff because it divides the pro-
pagating region from the attenuating region in the lossless case. The phase
velocity v, of the plane wave for this case becomes infinite. From (2.8.11)
we see that cutoff occurs when g, =| K| = 0. At cutoff, H=D = 0.
Since the determinant | K| is invariant under rotation of transformation
of the coordinates, the cutoff condition does not depend on the direction of
propagation.

The condition for which n* — oo is called resonance. It occurs whena, = 0
in (2.8.13). At resonance, v, = 0. Since a4, in (2.8.12) depends on 6, the
resonance condition depends on the direction of propagation. From (2.8.12),
we obtain, for resonance

K, . tan20, 4+ 2K, tan 6, + K,, = 0 (2.8.15)
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which represents in general two resonance cones. For angles near 0,, the

phase velocity is much below the velocity of light in free space and the
Cerenkov radiation is possible.

2.9 Characteristic Polarizations

We have seen that for plane waves, Maxwell’s equations can be written in
the form

Dk, ©) = —(n/c)§ x H(k, ») (2.9.1a)
H(k, ) = (e0/pe)"2n8 X E(k, @) (2.9.1b)
5+ Dk, ») =0 (2.9.1c)
§+ Bk, ») =0 (2.9.1d)
D(k, w) = n%,[E — 3@ - E)] (2.9.1¢)

Sometimes for specific media, for certain directions, it is possible to have
independent transverse modes or longitudinal modes propagating in the
media. For transverse modes, E | §, so that § - E = 0. From (2.9.1¢),
we have

D = n%gE (2.9.2)

Hence, D and E are in the same direction. For these modes to exist, D and E
must simultaneously satisfy the condition §+ E =0 and Eq. (2.9.2) as
well as the material equation D; = ¢;;E; which amounts to four equations
(8 - E =0, n%,E; = ¢;E;) for the three components E,, E,, and E,.
Therefore, in general there is no solution. Only for special cases, purely trans-

verse modes can occur.
For longitudinal modes, E || §, so that E = (E - §)§. From (2.9.1¢)

and (2.9.1b), we have
D=0, H=0 (2.9.3)

The condition D = 0 can be written as
D=¢K-E=90 (2.9.4)
Therefore in order to have nontrivial longitudinal modes, it is necessary to

require
| K| =0 (2.9.5)
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Note that (2.9.5) is also the condition for cutoff. It should be emphasized
that the condition (2.9.5) is only a necessary condition but not a sufficient
condition. When (2.9.5) is satisfied, it guarantees that D vanishes, but it
does not necessarily follow that E is longitudinal. In a nonisotropic, spatially
dispersive medium, strict longitudinal waves may not exist. In this case,
we can expect the waves to be, at best, approximately longitudinal. This is
discussed at the end of this section.

Now, let us study the characteristic modes for an isotropic medium. In
this case it is possible to decompose the field into transverse and longitudinal
components

a=a, }+ 2, (2.9.6)

Then for K;; given by (2.4.20a), (2.7.7) can be reduced to
(n*—K,)a, =0

2.9.7)
Kja, =0

We see that in an isotropic medium, it is possible to have independent
transverse and longitudinal modes. The dispersion relation for the transverse
modes is

n—K =0 (2.9.8)

and the dispersion relation for the longitudinal modes is
Kk, ) = 0 (2.9.9)

We note that (2.9.9) also satisfies the necessary condition (2.9.5). We now
turn to the case of anisotropic media.

In an anisotropic medium the normal modes are neither transverse nor
longitudinal in general. This can be seen by substituting (2.9.6) into (2.7.7)
for general K;;. It is no longer possible to separate a, and a, in this case.

Let us now find the characteristic modes for general anisotropic media.
A characteristic or normal mode is defined as a wave whose polarization
remains the same as propagating in the homogeneous medium. To derive
an expression for the wave polarization, it is more convenient to change to
a coordinate system in which k coincides with the z-axis. This is done by
rotating the coordinate system in Fig. 2.9-1a about the y-axis by an angle 0
in the clockwise sense. The transformation is represented by the matrix

T=| 0 1 0

sin@ 0 cos @

cosf 0 —siné
] (2.9.10)
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Fig. 2.9-1. Coordinate systems.

In the primed system the relative dielectric tensor is obtained by applying
the transformation to K in (2.6.10)

K=T-K-T! (2.9.11)
Its components are given by
K;; = Koy cos? 0 -+ K, sin?0 — 2K, sin 6 cos 6
Ky = —K,; = K, cosb + K, sin 9
Kz = K;; = (Kpp — K,) sinf cos 0 + K, (cos® 0 — sin26) (2.9.12)
K, = K,, Ky, = —K;, = K,,cos6 — K, sinf
K;, = K,,sin*8 + K, cos?0 + 2K,,sin 6 cos 0

Equations (2.8.11), (2.8.12), and the solutions for the refractive indices
are unchanged in the primed system. The wave equation (2.7.7) becomes

K., — n? Kz, K. 1a,
—K,, K,—n K,jz] a,,'] =0 (2.9.13)
KJ’:z '“Ky/z K:/.: az,

In the following we shall study the case without spatial dispersion. Let us
write the characteristic mode in the form

a’=a/(R/T +94 + R'Z) (2.9.14)

where
R, =a)/la,, R/ =a/[a/ (2.9.15)

Substituting (2.9.14) into (2.9.13), the third equation gives us
R = (—R/K;, + K},)/K;, (2.9.16)



2.9 Characteristic Polarizations 45

R, can be eliminated from the first two equations of (2.9.13) by using
(2.9.16). They give, respectively,
[n2 - (Ka,:z - K:l:g/Kz/z)]Rz’ - Ka,:y - Kal:zK;z/Kzlz =0

14 t gt 1 ’ ' 1 1 (2917)
n* + (Ka:y + Kuszz/Kzz)Rz - sz - Kyg/Kzz =0

Each of these two equations gives us a relation connecting the refractive
index to the transverse polarization of the wave. They are

14 KI ! t
o= Kt Rl | g ki,
X (2.9.18)

n® = Kl;v + ,22/ Kz’z - (Kaéy + KyIzK:éz/ Kz,z)Rz,

Setting the two expressions in (2.9.18) equal to each other, we obtain an

equation for R,

K., — K, — (K + K2)
K, + K K_|K,

2z

KI
R} + ZR' +1=0 (2.9.19)
The two roots of (2.9.19) for R, are referred to as characteristic polariza-

tions for the two normal modes. They also correspond to the two values
of n. From (2.9.19), it follows that

R, R, =1 (2.9.20)
The transverse part of the characteristic modes is
a, =a,/ (R +¥) (2.9.21)

Since for lossless medium, K;,, K,,, K, and K, are real and K, and K,
are imaginary, R, is purely imaginary, the vector a,’ is elliptically polarized
in the x'y’-plane. The sense of rotation and the ratio between the major
axis to minor axis of the ellipse depend on the value of R,'. Since R;,R;, = 1,
the two ellipses for the two characteristic modes are perpendicular to each
other, one with major axis aligned with the x’-axis, one with major axis
aligned with the y’-axis, and they have opposite senses of rotation. In
fact, the two polarization ellipses are mirror images about a line making 45°
with respect to the x'-axis.

Similar arguments show that R, must be purely imaginary for both
characteristic modes.

The two solutions of (2.9.19) can be expressed in terms of the components
of K;;. Since the medium is assumed to be without spatial dispersion, the
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tensor K;; in the unprimed system must be invariant under rotation about
the external magnetic field By, which is the z-axis. Therefore, K,, = K,
K., = K, = 0. Under these conditions

K,,K,, cos 8
n¥(K,, sin?0 + K,, cos®*f) — K., K,,
_ K,y sin 0(K,, — n%)
n¥(K,, sin*f + K,, cos? ) — K., K.,

R/ =

(2.9.22)

R/

(2.9.23)

It is interesting to note that in an isotropic medium, K,, = K, = K,
and all the off-diagonal components vanish; also n? = K,,. Then (2.9.22)
and (2.9.23) become indeterminant. Physically, this implies that any polar-
ization is a characteristic polarization in an isotropic medium which certainly
is what one would expect.

Next, we want to find the amplitude of the characteristic modes that
satisfy the orthonormal condition (2.7.15). To do this, we make use of the
orthonormal relations derived in Section 7. We first must find the conjugate
vectors b* in (2.7.11). This can be done in a manner similar to the case
for finding the vectors a. In the primed system, solutions of (2.7.11) can be
written in the form

b* =a/(—R/% + 7 — R/Z) (2.9.24)
where R, and R, are given in (2.9.22) and (2.9.23). Substituting (2.9.14)

and (2.9.24) into (2.7.15), and remembering that k is parallel to z'-axis
the following is obtained:

ay ayg(1 — Ry, Ryp) = Oy (2.9.25)
This orthonormal relation is automatically satisfied for & 7= § as it should be,
since Ry, R;s = 1. For @ = f, we have
a, = 1{(1 — RZ)"? (2.9.26)
Therefore, the normalized characteristic modes are given by

a, = (R 2 + 9 + RE)(1— REZWVE, a=1,2 (29.27)

This formula is valid for a lossy anisotropic medium in the absence of spatial
dispersion. In the original unprimed system, the characteristic modes can be
obtained from (2.9.27) by coordinate transformation.

a,=T"1.a/
= [(R,,cos B + R, sin®)% + $ + (R}, cos 0 — R}, sin0)2)/(1 — REZ)?
(2.9.28)
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In the following we demonstrate the utility of the expressions just derived,
by considering two special cases for a lossless medium.

(i) Parallel Case (k ||B,). In this case 6 = 0. The coefficients in the
dispersion relation are given by (2.8.12) and they simplify to

ay =K, a, = —2K,,K,,, ay = Kzz(szz + Kzz:y) (2929)
The solutions of the refractive index equation (2.8.11) become
my = Ky 4 jKyy (2.9.30)

where K, % 0 is assumed. If K,, = 0, the electric field is polarized in the
z-direction corresponding to the longitudinal mode.

Equations (2.9.22) and (2.9.23) yield the polarizations for the charac-
teristic modes in the primed system.

Ri=—j Run=j Ry=R,=0 (2.9.31)
In the unprimed system, we have

Ry =—J, R,=0

(2.9.32)
Rz2 = .j’ R:Z = 0
Therefore the two characteristic modes are
a, = (—jf + P2
(2.9.33)

a, = (jt + HN2

Both are circularly polarized. The first one is in the left-handed sense while
the second one is right-handed. The two modes are both pure transverse
waves.

(ii) Perpendicular Case (k | B,). The angle between the external mag-
netic field and the wave vector is 90°. The refractive indices are now

2 —
n _‘Kzz

(2.9.34)
nzz = K:cz + K:%y/ K:tz

For 2 = K,,, (2.9.22) shows that R, becomes indeterminant. Actually,
for this case the formulas derived are no longer valid. Since (2.9.14) assumed
that the y’-component of the wave does not vanish, while in this case, it
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does. To find the correct characteristic mode corresponding to n,2 = K,,,
we have to go back to (2.9.13). Under the present conditions, (2.9.13)
becomes

’

0 0 0 a,
[0 K.,.— K, —Kt,,] [a,,’] =0 (2.9.35)

0 K., K, a,

which implies @, and a, are zero and &, is arbitrary. The wave is linearly
polarized in the £'-direction (the direction of the external field B,). This
is sometimes referred to as the ordinary mode. The fact that the wave is
polarized along the magnetic field indicates that it is not affected by the
magnetic field so that the refractive index is just K,-

For the second mode given by (2.9.34) we have,

Rz,2 — Iz — 0
o p o Kn(Ke— Ko K3/K) Ky @930
22 z2 fo + KE,, — Kzszz Kzz

Therefore, the normalized expression is given by

Since this is a lossless medium, K, is purely imaginary, K, is purely real.
The second wave given by (2.9.37) is therefore elliptically polarized in the
xy-plane, rotating in a left-handed sense.

We summarize the discussion in this section as follows. In an isotropic
medium with spatial dispersion, there exist independent transverse and
longitudinal characteristic modes. While in an anisotropic medium, this is
not true in general. For anisotropic media in the absence of spatial dispersion
there are two independent characteristic modes. The transverse components
of these characteristic waves are in general elliptically polarized. These two
characteristic polarization ellipses form mirror images about a line making
a 45° angle with the magnetic meridian plane. Even though the exact longi-
tudinal wave may not be obtainable in a nonisotropic medium, it is possible
that the component of the electric field transverse to k is so small when
compared with the longitudinal component, the wave is then approximately
longitudinal. Let

E=E,+E (2.9.38)

where E, is parallel to k and E, is perpendicular to k. Substitute (2.9.38)
in (2.7.4) to obtain

kKE; = (w?/c)K - (B, + E)) (2.9.39)
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The wave is approximately longitudinal if
| Ey [ > | E] (2.9.40)
It follows from (2.9.39) that (2.9.40) can be so only if
k2> (o) | K| (2.5.41)

Equation (2.9.41) implies that approximate longitudinal waves are associated
with the large values of the refractive index for which the propagation ve-
locity is slow. When referenced with (2.9.39), the condition (2.9.40) also
implies that

k-K- k=0 or a,=0 (2.9.42)

where a, is given by (2.8.12). This condition is used in Section 4.20 where
longitudinal waves in a warm magnetoplasma are discussed.

2.10 Energy and Power

One of the most important topics in electrodynamics is the relation for
energy conservation. In order to discuss it, we shall first derive the fun-
damental Poynting’s theorem.

Let us take the scalar products of H with (2.1.1a) and E with (2.1.1b)
and subtract one from the other. Applying the vector identity 7 - (E X H)
=H+.VXE—E-V X H, we obtain

V-ExH=—-H-B+E-D)—E-J (2.10.1)

Integrating over the volume ¥V and applying the divergence theorem, we
have

J (H-B—}—E-D)dv:—J (ExH)-dS—J E-Jdv (2.10.2)
12 S v

We note that E X H = S is the instantaneous Poynting vector which defines
the flux of electromagnetic energy. Equation (2.10.2) is referred to as the
Poynting theorem which essentially is the statement of the principle of
conservation of energy. In the absence of loss, the two terms in the left-
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hand side represent the instantaneous rates of change of magnetic and
electric energies, respectively. And the two terms on the right-hand side
represent the power carried away by the wave and the power supplied
by the source, respectively. But in a time-varying field in the presence of
absorption, the meaning of each term in (2.10.2) is in general not clear.
Let us now first discuss (2.10.2) for monochromatic plane waves of the form

E(r, 1) = }[E, /@0 | E *gi@-kn]

H(r, ) = 3[Hoe/ @D | H¥e Ik @109
etc., where w and k are both assumed to be real. The plane waves are assumed
to be sustained by the external source. Let the volume in (2.10.2) increase
to infinity, then the surface integral in (2.10.2) can be neglected with respect
to the volume integrals. Averaging (2.10.2) over a time interval large com-
pared with the period of the wave (2n/w), the left-hand side of (2.10.2)
can be identified as the average heat dissipation of the fields in the medium
per unit time which is supplied by the average power — [ J - E dv of the
external source. If we define the average heat dissipation per unit time per
unit volume as Q, then

Q:<—1—J (H-B+E-D)dv>
Vi

= (—jw/4) [E;EO*J'EOi - sijE:;on]

= (—jo/4)[e}, — &;lEqEo;

= (—jw/4) [84';* + JS{,’* — & + jB;’;]E(;kjEOi

= (@/2)e{}EqEo; (2.10.4)
where the material relations and Hermitian properties of &; and ¢j; have
been used. On time averaging, terms involving e*/2¢f all vanish.

From (2.10.4), we see that the heat dissipation or energy loss for plane

waves in the medium is given by the anti-Hermitian part of the dielectric

tensor. For a stable medium from second law of thermodynamics, Q must
be greater then zero. Therefore,

e EgiEo; > 0 (2.10.4a)

or &;; must be positive definite. If the medium is isotropic (i.e., &} = &' d;;

and ¢ = ¢ — j¢'’, the condition (2.10.4a) reduces to ¢’ > 0. For a lossless
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medium, & = 0. In an unstable medium, Q may be less than zero and the
converse of (2.10.4a) is true. If the unstable medium is also isotropic, then
g’ < 0.

The discussion above for plane waves is in general not realistic in most
practical situations. Plane waves are infinite in time duration and spatial
extent while all observed waves are turned on for a finite time and exist in
finite spatial domain. Besides, the average energy in a plane wave is inde-
pendent of spatial coordinates and hence there is no way to follow its mo-
tion and measure, for example, its velocity. It is, therefore, necessary to
consider the propagation of a wave packet. Assuming the fields are of the
type

E(r, 1) = }[Eq(r, t)e? @t %o L cc]

= }[Eq(r, 1)/ @ *"D 1 cc.]
— [jem)Y j [E(k, o)/ @D 4 ccldodk  (2.10.5)

where
Eo(r’ t) = EOO(ra t)e‘ko "

ko = ko' — jkq (2.10.6)

and c.c. denotes complex conjugate of the preceding term. The Fourier
transform is used in writing the third line. If we assume that Ey(r, ¢) is a
slowly varying function both in time and space with respect to (27/w,)
and (1/k), (2.10.5) represents a real wave packet with the carrier frequency
wy. E(k, w) therefore has a sharp peak at w = &, and k = k. Similar
expressions can be written for other quantities. From (2.10.5) we have

Eo(r, 1) = [2/Qn)t] j E(k, w)ell@oot-tk>1l gy gk (2.10.7)

Applying the material relation, we have

1

D 1) = G

j [k, ©) + E(k, 0)e %D 4 cc.]dwdk (2.10.8)

We note that because of the fact that the signal is no longer monochromatic
we have to take into account the dispersive effects of the medium in (2.10.8).
For the wave packet we are now considering, since E(k, ) is highly peaked
at w = w, and k = kg, it is possible to expand any function of w and k
under the integral sign (integrals over w and k) about the values w, and ky.
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For instance
we;;(K, ©) =2 (we;;) + Ow £5/00)? + (WVig)e -4 (2.10.9)

where 2 = w — @y, q = k — kg, the subscript 0 indicates that values at
w = w,, k = Kk, are taken. We note that only first-order terms are retained.

Let us now consider (2.10.2) for this quasi-monochromatic wave packet.
We first examine the term

Ei(r, )@Dy(x, 1)/0t) = [1/(27)°] ,[ J [Eik,, w)el @™k 1 cc.)

X [jwqeii(Ke, wz)Ej(kzs wz)ej(w’t—kz.r) +cc.]
X deo, dw, dk, dk, (2.10.10)
Taking the average in time, the interval being large compared to (27/w,)

but small compared to the characteristic time for Eq(r, ¢), (2.10.10) can be
written approximately in the form

1 g
CE;ODifor) = (2—71)8 _[ et {jweii(qz, £2:)Ei*(qy, Ql)Ej(‘Q2 > q2)
x Q= t-ara®) 1l 1 ¢ e} dg, dq, d2, dQ, (2.10.11)
where the transformations 2, = &, — w,, & = w, — w,, q; = k; — kg,

¢, = k, — k, have been used. When (2.10.9) is substituted into (2.10.11),
we obtain

D,
<E‘ ot >

~

Q@n)y J e {i(we;)0E*(qy, 2,)E{qs, Q,)e (B Wi-(ag=a;*)er)
+ c.c.} dq, dq, d2, d2,
1 ontter | [ Oweg;
T Gy f e {’ (—aw” ) QuE @ QE . 2)
0
x P AWi-larat)er] + C’C'} dq, d(h d.Q1 sz

1 17
+ _(27)8— J. e o {J(V &)on2nEi* (@1 » 2)Ei(q,, 2,)

% el M)i-(ag-ay®)er) | c.c.} dq, dq, d@2, d2, (2.10.12)
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Using (2.10.7), it is easy to show the following relations:

Eoi("a t)EGj(rs t)
4

~ @aF

X d2, dQ, dy, dq,

[ 5 Eiar, Q0B (@, @u)eltor oo

aEﬁj(r, t)

Eoi(r, t) at

_ Y
~ @y

X dQ, d2, dq, dq,

J e 0,E(q, Q))E;*(qs, 2,)e[ O di-(ar-a®) r]

El)i(r’ t) E%(l‘,_t)
4 j _ok!’er . 1 - - *)er
= (2;)8 J ek (Gan + jkon)Ei(qy, Ql)Ej*(q2a Uz)e][(nl Aui~{aras”)r]
X df2, dQ, dq, dg, (2.10.13)

Using the first of (2.10.13), we see that the first term in (2.10.12) can be
written as

H—J(wed;)oEai(r, DEY(X, £) + j(we)oERi(r, )Ey,(r, 1)]
= (—Jwo/A)[ei} (ko, o) + jeij* (Ko, wo)1Ei(r, 1)EY,(x, 1)
+ (owo/4)[gji(Ko , wo) — jeji(ko, o) IES;(r, £)Eoi(r, 1)
= Hwel)oESiEy; (2.10.14)

The second term in (2.10.12) can be written as

1 ( aa)ei,- ) E’(!,' an; 1 (00}8’{,) Eo- 6E6,
1
1]

T\ a T a "o ), B
1 [ Owe;\ 0
=7 ("), 7 5

*L 6(1)8;-’,- ] aEO} _ ) 6E8‘)
4( o >O(E3, U Ey (2.10.15)
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and the third term becomes

1 681:' oE, "
(o g [ + ks

*
(o 0c Sh) [Em 9EY; k(’,,’,EmES,]

4
1 d¢;
B R —
L 881’ aE()] aEEz
N g ET] @101

Combining (2.10.12)-(2.10.16), we have the time averaged (E;dD,/dt).
Similar computation can be applied to the other terms in (2.10.2). The energy
relation, after time averaging for the wave packet of the form in (2.10.5),
can then be written as

1 9 [/ dwe, 1
T [(e) (B0 + b tiH] + 5 @)k 8

. —i_ aws,-j aEOJ . ) 8E31>

4 ( 30 )0(’53' Eoj =5
_j_ a&u aEO] _ ) aE&)

g (o) (B g~ B

:_<E.J>—TIV-(E3XHQ+EOXH5)

+‘}r( Z}Z)o{a (E$:Ey)) + 2k, EtiEo,-)] (2.10.17)

Recall that Ey(r, 1) = E,(r, t)e"“;"', we can reduce the last term on the
right-hand side of (2.10.17) to the form

—e~ki"5(9/9x,,) S

where
S = — (o Oely 0k, )o(EfuiEooy) (2.10.18)

We note that for a monochromatic plane wave where E,, = constant,
integration of (2.10.17) throughout the volume gives us the same result as
(2.10.4).

Equation (2.10.17) is the general equation for the conservation of energy
for electromagnetic waves in an anisotropic, dispersive medium. To see the
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physical significance of this equation, we first consider several special cases.
For alossless medium (&j; = 0) in the absence of external sources, (2.10.17)
may be put in the form

HWHor = — « (SO 4 (SW] (2.10.19)
where we have defined

(W) = }HE* + (Bwe [dw)y » Ey + uHe* - Hy]  (2.10.20)
(SO = }HE* x H, + E; X Hy*] (2.10.21)
Sy = —}E* - (wl,€') - E, (2.10.22)

W is the time average (with respect to 27/w,) of the energy density in the
medium. The first term in (W) contains the usual electric energy density and
the portion of the kinetic energy of the particles in the medium which is
associated with the coherent wave motion while the second term is the
magnetic energy density. (S is the usual Poynting vector which represents
the average energy flux of the electromagnetic field and (S} is the average
energy flux connected to the spatial dispersion of the medium. Physically
(S5 represents the energy flux transferred by the motion of the particles
in the medium. In a cold medium where there is no spatial dispersion, S
vanishes. For the case where the medium has no spatial nor temporal
dispersion, (2.10.19) reduces to the familiar form of Poynting’s theorem.

For a general medium with loss and dispersion, (2.10.17) is rewritten as

MW , [ Bwel; OF,; IES;
EY + 2(wel;)oE S Eg; — ](%‘—)0(5& = Eo; T)
. (962’,- anj aEﬁ@
+ilo g (B G — B )
— T . (S© £ (SWS] — (E - 5 (2.10.23)

where (W), (S and {S'V) are the same as defined in (2.10.20), (2.10.21)
and (2.10.22), respectively. However, it is no longer possible now to identify
(W) as the energy density, nor is it possible to define jwej;E§;E,; as the
heat dissipation in the medium. To see this we first show that (W) may be
negative in the case of lossy medium. Let us consider the simple case of
an isotropic plasma with collisional loss. The relative permittivity is given
by (see Chapter 4)

Wyt

=TS

(2.10.24)
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where w, is the plasma frequency and » is the collision frequency. Simple
calculation shows that for this medium

2, 2 _ 42
Wy = {[1 + %]Eﬁ + yoﬂoz} (2.10.25)
which can become negative for large collision frequencies.

Similar computation shows that fwe;ELE,; is not equal to the heat dis-
sipation caused by the collisions.

Thus, we see that in general we do not have distinct physical interpretation
attached to each of the terms appearing in (2.10.23), even though as a whole,
(2.10.23) is a general statement of conservation of energy.

2.11 Group and Energy Velocities

In Section 6 we have shown that for characteristic waves, the following
equation is valid

D.E=(kk— k2 + k;2K) -E=0 2.11.1)

For lossless medium and real values of w and k (transparent region), the
tensor D is Hermitian. Now consider the case in which small perturbations
take place in k (due to attenuation), in w (due to damping or because of
our consideration of a wave packet), and in K (due to loss or change of
parameters in the medium), then the tensor D becomes D, and the corre-
sponding electric field becomes E,, satisfying

D, -E =0 (2.11.2)
where D, can be written approximately as
aD
D,=D+ 6w%+ ok -+ VD + k2 6K (2.11.3)
From (2.11.1), since D is Hermitian, we have

E*-D=0 (2.11.4)

Multiply (2.11.2) on the left by E* and (2.11.4) on the right by E; and
subtract, we obtain
oD

E* - (aw-a-(; 4 0k - VD + ky? 6K> CE,—0  (21L5)
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Since only first-order terms are considered, we can approximate E, in
(2.11.5) by E. We shall discuss the individual terms of (2.11.5) in the
following.

The first term

2
E*-(éw 0D).E: ow E* - 0K \E

fw c? ow

dwe
ey * . » * . L)
,uodw[E we - E 4 wE 5% E]

= o 6w[E* . D+ E*- ‘Z,,Z‘ : E] 2.11.6)

But from Maxwell’s equations

1 1

H= k X E, D=——kXH
Wity o

Therefore
E*-D=—%E*-(kXH)z——(L—H-(Exk)=,u°H-H*

Substituting the last equation into (2.11.6), we obtain

E* - (660_82) - E
ow

Jdwe

~ 5wy0w[E* . VE + poH* - H] — 8 Swpw(W> (2.11.7)

where W is defined in (2.10.20). The second term in (2.11.5) is, in component
form,

E* ok, 220 B (8ide; 4 Syudes — 2k 043 + ko (Ko fOko) E*E; Ok,

ok,
= En*(akn)kJE] + En(ékn)kiEi* e 2kn (Skn E,'*Ei
+ ko*E*(8k,) (0K 510k ,)E;
= Oka[(E - K)E,* + (E* - K)E, — 2k,(E - E¥)]

+ wz/to 6kn Ei* —g%i‘ EJ

Put into vector form, the second term becomes

—dwp, 0k - (SO + (S)] (2.11.8)
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where (S and (S"") are defined in (2.10.21) and (2.10.22), respectively.
The third term in (2.11.5) can be written as

klE* - 6K - E = w?u,E* - de - E
= wiuE* » ¢’ -+ E — joPuE* . §¢” - E  (2.11.9)
where we have assumed that
0e = 0g' — j 6" (2.11.10)

The first term on the right-hand side of (2.11.9) is related to the change of the

average energy stored in the electric field due to change in € while the second

term is related to the change of heat dissipation in the medium, 8Q.
Combining (2.11.5), (2.11.7), (2.11.8) and (2.11.9), we have

Sl W) — 0k « [(S@) +- (SWY] — }j0Q + w &) =0 (2.11.11)
where
00 = }wE* . ¢ - E, 6K&)> = }E* . §¢ - E

We shall interpret the terms in (2.11.11) for different cases.

(i) Lossless Medium without Change of Parameters in the Medium,
ie., 60 = 8<&> =0. From (2.11.11)

(8 4- (SWy 5‘;’( — 7 ,00(k) (2.11.12)

Yw W =7

v is the energy velocity, the velocity that the energy propagates in the
medium. We now define a group velocity

v, = Vio(k) (2.11.13)

which is the velocity a wave packet propagates without distortion in the
medium. This can be seen by considering a characteristic wave packet with
“carrier” frequency w, and wave vector k,. The field can be expressed as

1

D = Gay

j E(k)elletker gy (2.11.14)

where the dispersion relation for the characteristic waves w = w(k) has
been used. For the wave packet, E(k) has a sharp peak at k,; therefore we
approximate (2.11.4) by expanding the exponential about w, and k, and
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take the first-order terms

= A(r — (7 4)ot)ei @t (2.11.15)

E(r, 1) ~ ef“d oD

where A is the amplitude of the wave packet; in (2.11.15) we see that this
packet propagates with velocity v, = ;@ without changing its shape. The
same result can be obtained by applying the stationary phase method to
(2.11.14). More about the geometrical interpretation of the group velocity
will be discussed in a later section.

From (2.11.12), we see that in a lossless medium for real values of w
and k (transparent medium), the energy velocity and group velocity coincide.

In a lossy or lossless but nontransparent medium, k is complex or purely
imaginary; the definition of group velocity looses its physical meaning. In
many practical cases, however, if the loss is small the definition may still
be used.

(ii) Lossy Medium with 3¢ = 0, Forced Monochromatic Oscillation
dw = 0. In this case (2.11.11) becomes

ok - [(S©) 4 (SWH] = — §j 6Q (2.11.16)
Equation (2.11.16) gives the spatial rate of decay of the signal for positive
0Q.

(iii) Lossy Medium with 6€' = 0, Initial Value Problem for Wave Prop-
agation, 6k = 0. Equation (2.11.11) becomes

S Wy =} 60 (2.11.17)

which gives the time rate of decay of oscillation for positive 6Q.

2.12 Geometric Interpretation of Group Velocity

In a lossless, transparent medium, we have seen that the energy propagates
along the direction of the group velocity v,. This direction is called the ray
direction. In general in an anisotropic medium the ray direction is different
from that of the wave vector k. To see this, let us recall the definition of the
group velocity

v, = Vo) (2.12.1)
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From this equation, it is obvious that v, is normal to the surface w(k)
= constant which is the solution of the dispersion relation for a fixed
frequency. This surface can be plotted in k-space by solving for k, = k,(k,,
k,, w). The surface then contains the endpoints of the wave vector k = | k |
and is called the wave vector surface, or the dispersion surface. Sometimes
it is more convenient to introduce the refractive index surface through
the definition
n=kc/w

which contains the same information as does the wave vector surface at a
fixed frequency.
Let us write the dispersion relation in the form

Sk, w) =k —nwjc=20 (2.12.2)
Applying the formula for differentiation of implicit functions we obtain
vy = Vo (k) = —V,fl(@f]dw) (2.12.3)

The expression for the refractive index n appearing in (2.12.2) can be
related to the dielectric tensor as discussed in Section 8. In the absence of
spatial dispersion the refractive index satisfies a certain biquadratic algebraic
equation (2.8.11) where the coefficients are expressed in terms of angles of
the wave vector with the coordinate axes and the angular frequency. Let
6 and ¢ be the polar and azimuthal angles, respectively; then n = n(6, 4, »).
Since 6 = arccos k,/(k,? + k,? + k,2)% and ¢ = arctan k,/k,, we can show
that

on on 96 on 0¢

ok, — 36 ok, T o ok,

- (ka—ge> cos 6 cos ¢ — (—k%)(fsll%g)

The x-component of the group velocity is obtained, by using the above
formula (2.12.2) and (2.12.3),

_ 0w Ok[Ok, — (w]c)(On|dk,)
Ve s ok, T T T [—d(w)dwllc
_ ¢ . [ (dn dn sin¢
= ) de [sm O cosdp — T(W cos 0 cos ¢ — 36 Snf )J

(2.12.42)
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Similarly, we can derive expressions for the y- and z-components of the
group velocity,

dw c . . 1 {dn dn cos¢
Vyy = 3%, = Bw)de [sm@smrﬁ p (60 cosfsing + —— ¢ Sn 0 )]
(2.12.4b)
and
ow c 1 on .
e = G = S [cosﬂ—i—TWsmB] (2.12.4¢)

The magnitude of the group velocity is just the square root of the sum of
the squares of (2.12.4a-c), giving

o= ayas ||+ (5) s (ag) | @1240)

Sometimes it is desirable to express the group velocity components in spher-
ical coordinates. We list the resulting expression in the following for later

reference.
c

Vop = W (2.12.53)
c 1 on
Vﬂﬁ = — W T —0 (2.12.5b)
c 1 on
Y = T Pw)dw nsnb 06 (2.12.5¢)
Z
Fig. 2.12-1. k
8
a Vg

We see from (2.12.5) that the group velocity is parallel to k if the medium is
isotropic. Further, the expression for group velocity along k is unaffected by
the fact the medium may be anisotropic. The anisotropy comes in through
the appearance of the 0- and ¢-components of the group velocity. Suppose
that there is an axial symmetry in the medium and we orient the z-axis
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to coincide with this axis. The refractive index for such a case is no longer
a function of ¢. Let a be the angle between k and v, as shown, then

Vo = 1V,C08 @, Voo = Vg sSin

The angle & can be related to the refractive index by taking the ratio of the
above two expressions and making use of (2.12.5a) and (2.12.5b)
Vo I on
=% — 2.12.6
tan v ol ( )
The magnitude of the group velocity as given by (2.12.4d) in this case
reduces to
¢

Vq = W (2.12.7)

The foregoing discussion shows that the group velocity and the wave vector
in general do not lie in the same direction unless both dn/d0 and On/d¢
vanish. When this happens, the refractive index does not have angular
dependence and the refractive index surface becomes the surface of a
sphere. This corresponds to the isotropic case.

For a transparent medium without spatial dispersion, we have seen that

(SO = Wy, (2.11.12)
But by definition [Eq. (2.10.21)]

(8 = }Eo* x Ho + Eq X Ho*]

1
= don [Eo* X (k X Eg) + Eg X (k X Eo*)]
0

Therefore

k- (SO = 1

dwpg

[2K2(E, - Eo*) — 2(Eo* - K)(E, - k)] >0 (2.12.8)

From (2.12.8) we see that the angle between k and (S} is acute. But in
(2.11.12), we have the relation that the group velocity in a transparent
medium without spatial dispersion is in the same direction as the average
Poynting vector {8°. Therefore, we can conclude that the angle « between
v, and k is acute for this medium, | | < #/2. Since v, in this medium
actually coincides with the energy velocity, it follows from the theory of
relativity that | v, | < ¢. From (2.12.7), we have

d(wn)jdw = 1jcos a > 1 (2.12.9)
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If there is spatial dispersion, however, the above conclusions are no longer
valid. Since for this case,

vy = (/WSO + (SW)] (2.11.12)

v, is no longer in the direction of {(S%°.
The geometrical relations between v, k and the refractive index surface for
a transparent medium without spatial dispersion are shown in Fig. 2.12-2.

\\ a

n(8)

Fig. 2.12-2, The refractive index surface 8
and its relation to the group velocity.

We see that depending on the shape of the refractive index surface, there
may be focusing or defocusing effect on the rays. Also, in some cases, the
normals to the surface at more than one point may lie in the same direc-
tion. In this case, the observer in the given direction will find waves with
different wave vector directions in a given mode.

The concept of group velocity can also be elucidated with a kinematic
approach. This approach is very general and can be used to study all types of
waves, including electromagnetic waves. As it turns out, insights gained in
such an approach are useful in understanding the asymptotic behavior
of waves, especially in radiation problems such as the evaluation of the
asymptotic dyadic Greens’ function to be discussed in Section 14 of this
chapter. The approach starts with the assumption that the wave function
can be written in the form

A exp jy (2.12.10)

where A is the amplitude assumed slowly varying, and y the phase. In a
uniform medium, the uniform plane wave solution is required to have a
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constant amplitude and a phase given by
py=vytowt—Kk-r (2.12.11)

where y, is a constant reference phase. Such a wave extends to all space
and exists for all time and hence is a highly idealized situation. An arbitrary
wave, of course, does not possess these properties. In many cases these
arbitrary waves may be described as locally plane, i.e., the plane wave
properties can be applied only locally. This is generally the case for any
arbitrary wave as ¢t — oo or the case of radiation field from a localized source.
When this is the case, we assume that the wave function still has the form
(2.12.10) except now both 4 and y are functions of the coordinates and
time with A varying very slowly as compared with y. The surface

w(r, t) = constant (2.12.12)

defines the surface of constant phase or phase front. Define the local (an-
gular) frequency w and wave number vector k by

w =0y, k=—Py (2.12.13)

The fact that k is expressible as a gradient implies that k is irrotational.
Consequently, by making use of Stokes’s theorem, we arrive at

$k-dl=0 (2.12.14)

where the integration is along an arbitrary closed path. Since k gives the
number of waves per unit length, the above relation is a statement of the
conservation of number of waves. It implies that if there exists a phase
function y to describe the wave, the total number of waves along any closed
stationary curve must be zero.

The wave front surface (2.12.12) is generally not stationary. In order for
an observer r(?) to stay on the same phase front, he must move with a velocity
dr/ds to satisfy the relation

dyldt = Bypjdt + i - Vyp =0 (2.12.15)

The phase velocity is defined as the velocity of travel of the phase front and
its direction is normal to the phase front. Hence (2.12.15) immediately
produces the well-known result for the velocity.

v, = Swjk (2.12.16)
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where § = k/k. A phase ray is a streamline obtained by integrating v, in
r-space. As seen in (2.12.16), the phase rays are straight lines only in a homo-
geneous medium but these rays are not necessarily parallel. When the
medium is inhomogeneous, phase rays are generally curved.

The definition (2.12.13) implies

ok/dt + Vw = 0 (2.12.17)

We shall discuss the implication of this relation first in a homogeneous
medium and later in an inhomogeneous medium.
In a homogeneous medium, the dispersion relation

w = w(k) (2.12.18)

is assumed to have been obtained for a certain wave in a given mode.
Substituting (2.12.18) in (2.12.17), we obtain

ok/ot + (7o) + (PK)T = 0 (2.12.19)

where the superscript T denotes a transposition. In our case, because of
(2.12.13) Pk is symmetric (i.e., (Fk)T =Fk) and (2.12.19) reduces to

oK/dt + v, - Pk =0 (2.12.20)

The group velocity v, = I, in the homogeneous medium is uniform. The
group rays in r-space obtained by integrating ¢ = v, are therefore straight
lines, but they are not necessarily parallel. According to (2.12.20) an
observer moving along the group ray with a speed v, sees waves with the
same wave number and consequently, through the dispersion relation
(2.12.8), the same frequency. Hence k and o propagate with v,, while the
phase front propagates with v,. As we have shown earlier in this section,
the two velocities do not in general have equal magnitude nor equal direc-
tion. These kinematic properties of group velocity are very important and
their usefulness can be demonstrated by looking at the following two
examples. In the first case we assume the initial wave perturbation or equiv-
alently, the initial distribution in k, is known. Then the future distribution
in k can be obtained by letting each value of k be displaced by a vector
v,t. In the second case let us consider a radiation problem. In this problem
waves of various k are continuously created by the source and they propa-
gate out with a velocity v,. These ideas are further amplified in Section 14.
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If the medium is inhomogeneous, we shall assume that a local dispersion
relation for each mode
o= wlk,r) (2.12.21)

still exists. In this case (2.12.17) reduces to
dk/dt = 0k/0t 4 v, - Vk = —0w/0r (2.12.22)

The group velocity in this case varies with r and the group rays are generally
curved. Along these group rays, values of k are not conserved as in the
homogeneous medium; its change is prescribed by (2.12.22). But it is
interesting to note that w is still constant along the group ray. This can be
proved by premultiplying (2.12.17) by v, and by noting v, - dk/dt = Ow/0t
to produce

Owlot + v, - Vo =0 (2.12.23)

Hence w is convected with the group velocity.

In concluding this section we wish to draw an analogy between the above
treatment of wave propagation and the study of mechanics. For this purpose
we note that (2.12.22) is

dkjdt = —dw[or,  drjdt = dw/dk (2.12.24)

which are just Hamilton’s equations with k analogous to momentum and
o to Hamilton’s function.

The kinematic approach to wave propagation problems will be discussed
in more detail in Chapter 5 when we introduce the method of geometric
optics.

2.13 Excitation of Fields

Up to this point, we have confined our discussions to the propagation of
characteristic plane waves in the absence of external sources. In this section
we shall take up the subject of excitation of the electromagnetic fields by
external sources. From Maxwell’s equations for a homogeneous medium,
after the application of the Fourier transform, we obtain the wave equation

(k21 — Kk — ko2K) - E(k, 0) = —juqnI (K, o) (2.13.1)

where J(k, w) is the Fourier component of the external current density.
Note that J must satisfy the charge continuity equation.
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Let us first consider the case for an isotropic medium in which
K = K, (I — kk/k*) + K Kkk/k?
Substituting into (2.13.1), we obtain
[(k2 — k2K ) + (K ko — ko2K, — kDKKk[k?] - E = juowJ (2.13.2)
We decompose E into

E=E, +E, (2.13.3)

where E; - k =0, E, - k = kE, are the transverse component and longi-
tudinal component, respectively. Substituting (2.13.3) into (2.13.2), we have

(k* — kK E| — k’K\E) = —jpewd (2.13.4)

Decomposing (2.12.4) to the two components, the electric field now
can be solved in terms of the current. We obtain

E, = —juewd (k, 0)/(k® — ko’K,) (2.13.5a)
E, = jJ(k, w)/weK, (2.13.5b)

where J = J, + J, has been used.

As we have mentioned earlier, in an isotropic medium, there exist inde-
pendent longitudinal and transverse modes. The electric field E(r, t) can then
be expressed as the inverse transform of (2.13.5).

1 iwixeny | JI(K, ®) juewd, (k, w)
E(r, t) = —— J el k r){ Il _ }dk oo
2n)t ek, (k, w k® — koK, (K, »
(27) ok, (k, ») 2K, (k, w) 2136)

The explicit form of the electric field depends on our ability to evaluate the
fourfold integral. We discuss certain asymptotic techniques in the next
section. Other field quantities such as H, D, B can be computed from
(2.13.6) through Maxwell’s equations.

Next, we consider a general anisotropic medium. In Section 6, we have
seen that in such a medium, there exist in general several characteristic
modes, a,, and we have derived an orthonormality relation among the
different modes in a coordinate system with k in the direction of the z-axis,
the primed system; i.e.,

(05 — 5i's;Ibi% aj5 = Oup (2.7.15)
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or
Kbl = n,2 8.4 (2.7.16)

Since in later calculation of the inverse transform, we will integrate over
k space, we must express the characteristic modes in a system with
B, in the fixed z-axis and the wave vector in an arbitrary direction (sin 6
X cos ¢, sin @ sin @, cos B).

I o m

Fig. 2.13-1. Three coordinate systems.

As shown in Fig. 2.13-1, the new coordinate system is obtained from the
primed system by two rotational transformations. First, for a rotation about
the y’-axis in a left-handed sense by 0, the transform is governed by

0 1 0
—sinf 0 cosf

Tl:

cosf 0 sind
‘ (2.13.7)

This transformation is followed by a rotation about the z,-axis in a right-
handed sense by an angle ¢, for which the transform is

T,=|sin¢ cos¢ O

0 0 1

cos¢ —sing O
} (2.13.8)

The characteristic mode in the new coordinates (shown as III) is given by

!

a,=cosdcosba,’ —singa, + cos¢sinba,
a,=sin¢cosba, 4 cos¢a, + singsinfa, (2.13.9)

a,=—sinfa,’ 4+ cosba,



2.13 Excitation of Fields 69

where the components a,’, a,/, and a,” are given in Section 6. The relative
dielectric tensor in the new system is given by

K=T,-T,-K - T T3t (2.13.10)

which will have the same form as K in a II-coordinate system if the medium
does not have spatial dispersion.

Since all the transformation is orthogonal, the characteristic values n,2
in the new system will not be changed. The orthonormal relations are also
valid for the new system, i.c.,

(8:5 — 8i8;)bajp = Oap (2.13.11)

or
Kija;6b% = n,? O4g (2.13.12)

Now, in the new coordinates, we expand the solution of (2.13.1) in terms
of the normal modes

Ek, ) =Y E,a, (2.13.13)

Substituting (2.13.13) into (2.13.1), the equation becomes in component
form
(k? 85 — kik; — ko®Kij) Y. E,aj, = — jugwJ; (2.13.14)

Multiplying (2.13.14) by b}; and applying the orthonormality conditions
(2.13.11) and (2.13.12), we have

(klko* — nE, = (—jlweg)(d + b,*) (2.13.15)

The total electric field in the transform domain is the sum of all the charac-
teristic modes as given by (2.13.13). Each of these characteristic modes
can be solved in (2.13.15). Our result is

_j(J ° ba*)aa

el =D (2.13.16)

Ek, w) =)

-4

The total electric field in the space-time domain is just the inverse transform
of (2.13.16) given by

b [ A v i
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where, for any spatially nondispersive medium, n,(k, ) is a function of w
and the direction of k but not | k |. For the case of forced monochromatic
sinusoidal oscillations, the current density is given by

J(, t) = J(r)elodt (2.13.18)
with transformed current
J(k, w) = 2n8(w — wy)I (k) (2.13.19)
where
J(k) — J M J(r) dr (2.13.20)

Substituting (2.13.20) into (2.13.6) results in

= _j_— i(gt—k-r) Jll(k) _ lquOJ_L(k) }
E(r, t) - (2ﬂ)3 J ej { EowK”(k, wo) k2 . kozK_L(k, wo) dk

(2.13.21)

for isotropic media. Similarly for the anisotropic case with force oscillations
we obtain from (2.13.17)

i e[ @) - b,*la,
B, 1) = (2n)® za: J‘ WoEq | K2k o*(wo) — n2(k, @)

e@dken gk (2.13.22)

We want to point out here that the method we used in deriving (2.13.21)
and (2.13.22) is equivalent to the Green’s function method. It can be
shown, for example, that the dyadic Green’s function F(r,r’) satisfying
the equation

PPV xF—k2K-T=1dc—71) (2.13.23)
is given by

aaba* ke (r-r)

N 1
F,r') = n)? ; _[ k? — kon 2(k, wy)

dk (2.13.24)

In (2.13.23) K is the relative dielectric tensor operator in the sense discussed
in Section 4. Therefore the solution for the original wave equation after
the Fourier transform in time

VXV XE— kK - E = —juweJ(r) (2.13.25)
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can be written as

E(r, wp) — J — ol (e, ¥') » I(&') dr’
_ = ZJ 1 ab.* - J(r')
- 2n)® 5 wogy  kEko® — nr(k, wg)

_ ] 1 a,[b,* - J(k))
-~ @np ;J woko  kPlko® — n,2(k, w,)

e—:ik-(r—r') dr' dk

ekr dk (2.13.26)

which combining with the time variation e/ is identical with (2.13.22).

The analytic computation of (2.13.6) and (2.13.22) in general is very
complicated if not impossible. Approximate methods developed for some
special cases are usually employed. One of the most important approxima-
tion procedures is the asymptotic evaluation of the fields at large distances,
or the far field computation. A general asymptotic technique is given in
Appendix B. In the next section we shall apply this technique to (2.13.22).

If the time variation is not monochromatic, then we have to go back to
(2.13.6) and (2.13.17) to include the inverse Fourier transform in time as
well as in space (see Appendix B).

2.14 Dyadic Green’s Functions

As mentioned in the last section, the normal mode expansion method of
computing the excitation of fields due to external sources is equivalent to the
technique of the Green’s functions. In many radiation and scattering prob-
lems it is useful to have explicit expressions of the Green’s function in an
infinite region. In the following, we shall discuss the general procedure of
evaluating these integrals asymptotically.

In general, the dyadic Green’s function for the wave equation in a medium
without spatial dispersion satisfies the equation (time variation e’f)

VXV XIEY)—kK-F@, )=+ 18—71) (2141

where T (r, r') is the dyadic Green’s function and for homogeneous medium
is a function of R =r—r'.

Let us first consider the case of the isotropic medium so that K = 1K(w).
Equation (2.14.1) then becomes

PV — 72 + k2K(@)]1} -F =16 — 1) (2.14.2)
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Equation (2.14.2) can be written in the form
P2+ k2K(@)lF = —16@c—1rx)+VP - T (2.14.3)
But from (2.14.1) for the present case, we have
V-T=—(1/k2K)V é(r—71) (2.14.4)
Equation (2.14.3) then becomes
% + k3K = — (1 + (1/k2K)VV) 0(r — 1) (2.14.5)
Now define a function G(r, r’') such that
T2 4 k2K)G, 1) = —d8(r— 1) (2.14.6)

Operate on both sides of (2.14.6) by (1 + (1/k,2K) PP7); since the operators
commute with each other, we have

7 + k*K) « (1 + (1/k?2K)VPYG(r, ') = —(1 + (1/ko*K) PP) 8(r — x')
(2.14.7)
Comparing with (2.14.5), we obtain

F(, r') = [I + FV/k2K)G(r, ¥') (2.14.8)

Therefore the procedure of obtaining the dyadic Green’s function in an
isotropic medium is to solve (2.14.6) for G(r,r’) first, then substitute it
into (2.14.8). Here we note that generalized functions have been used in
our derivation since G(r, r’) is singular at r = 1r’.

Equation (2.14.6) can be solved by many different methods. The method
of Fourier transform has proved to be a powerful method to deal with
equations more complex than (2.14.6). We shall use this method to dem-
onstrate its technique. The transformed equation of (2.14.6) is

(—k% + k32K)G(k) = —1 (2.14.9)
The Green’s function G(r, r') is obtained by taking the inverse transform,

e—jk ‘R

N
Ge ) = oy J k*— koK

dk (2.14.10)

The solution of (2.14.6) is defined uniquely only if we apply the radiation
condition which requires that for a localized source, the excited waves must
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be outgoing away from the source. If the medium is lossy, then radiation
condition requires that the wave decay away from the source region. In
evaluating (2.14.10) this condition must be used.

In the following we shall discuss two different approaches in this evalua-
tion. First, the integral will be computed in a spherical coordinate system.,
Let the coordinates be so directed that the polar axis is in the direction of R.
Equation (2.14.10) becomes

2n e—Jchoso
G(r, ¥') *W.[ kzdkj sm0d6f T
sin kR
2an f , k7K %
1 + psinp
=i Lo Ll i (2.14.11)

where the third line is obtained by substituting p = kR and o2 = k,2KR2.
The p-integration is carried out by contour integral method. The integral
can be written in the form

1 +o0 pe}p 1 4-c0 pe—jp
yl FrEe g ey e

In the integrand, there are two poles, ¢ = 4k RV K= +0,. For a
lossy medium K has a negative imaginary part. Choosing the branch such

that4/K also has a negative imaginary part, the positions of the two poles

Imp

Fig. 2.14-1. Location of poles
in the complex p-plane for the in-
tegrand of (2.14.12) when the me- o)
dium is lossy.

—<—><_§

Re p

Q > ——

of the integrand in (2.14.12) are shown in Fig. 2.14-1. They approach
the real axis as shown by arrows for the lossless case. The first integral can
now be integrated by completing the contour as shown in Fig. 2.14-2.

[T = §Od—f O
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Im p

Fig. 2.14-2. Contour for the
first integral (2.14.12).

P Re p

&
-q, o]

A

The second term on the right-hand side of the above equation vanishes as
the radius of the contour approaches infinity. The contribution from the
first term of (2.14.12) comes from the pole at —o,.

It gives us

_[ ) [pe’®)(p* — 0¥ dp = (2mjj2)e ™ = mje*VER  (2.14.13)
which is in a form of outgoing waves.

We note that either by including some loss in the medium as in Fig. 2.14-1
or by choosing the contour as in Fig. 2.14-2 for lossless case, the radiation
condition is satisfied. For the second term in (2.14.12), the contour is
shown in Fig. 2.14-3, and we obtain

+oo =
J [pe-i7(p? — o2)] dp = —(2mjj2)e ™ = —mjeVER  (2.14.14)

—

Fig. 2.14-3. Contour for the second
integral of (2.14.12).

Substituting (2.14.12), (2.14.13), and (2.14.14), into (2.14.11), we obtain
the well-known result,

G, 1) = g FoVER (2.14.15)

4nR

Next, we apply the technique discussed in Appendix B to obtain the
asymptotic form of the Green’s function in (2.14.10). The idea of the
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asymptotic technique is based on the fact that the major contribution to
the integral (2.14.10) at a large distance comes from those groups of plane
waves with group velocity in the direction of R (see discussion in Section
2.12). The asymptotic form of (2.14.10) is written as (see B.1.17)

1 €% exp(—jk® - R)
Gr, 1) ~ : 2.14.16
(r, 1) 7 g | K@ |V2 .|V D|cwR ( )
where
D=kt — k2K (2.14.17)

and D = 0 corresponds to the wave vector surface (or dispersion surface).
The summation is over those k% on the wave vector surface such that the
group velocities there are along the direction of R. K% is the Gaussian
curvature of the wave vector surface at k'’ (not to be confused with the
relative permittivity K). For the isotropic medium, a case of concern at
the moment, the wave vector surface is a sphere defined by k = ko\/E
Therefore the Gaussian curvature is just 1/k2, and

V.D = 2k (2.14.18)

which is also the direction of the group velocity for this case (see Section
12). This means that for a given R, only one group of waves contributes
to the far field, the group that centered around k where k || R. Hence k% -
R = kO\/ KR in (2.14.16). The constant C takes the value +1 since the
spherical surface is convex to the direction ;.D, or k (see Appendix B).
Substituting all these into (2.14.16), we obtain immediately

G(R) ~ 47111 exp(—jko\/KR) (2.14.19)

which happens to agree with the exact expression (2.14.15). Thus we see
that for this particular case the asymptotic evaluation yields an exact solu-
tion. This, of course, is not to be expected in general.

We can now substitute (2.14.15) or (2.14.19) into (2.14.7) to obtain the
dyadic Green’s function (r, r'). But we note that G(r, r') is singular at the
source point | R| = 0; any differentiation makes the resultant dyadic
Green’s function even more singular at the source point. Therefore if
F(r, ') is used to compute the field inside the source region, we have to be
careful about the operations. For this purpose let us define the principal
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value of a volume integral as

lim ') - F(r, r') dr’ (2.14.20)

&0 J |R|=e

where T is singular at | R| = 0. It can be proved that when defined this
way, the principal value is uniquely determined. It is now convenient to
separate the dyadic Green’s function into two parts: a regular part and a
singular part in the sense of generalized functions. Let us consider the
ikth component of the dyadic Green’s function I';;. In the sense of general-
ized functions the inner product is given by

Tier $) = j T4(R)$(R) dR

— lim {J I (R)(R) dR+J- T (R)$R) dR} (2.14.21)
iRi>e IR[<e

>0

where ¢ is in the space of the so-called test functions. The integral is sep-
arated into two parts. The first part involves integration outside of an
infinitesimal sphere centered at | R| = 0. The singularity of the Green’s
dyadic is not in the region of integration and the result is just the principal
value of the integral. The second part of the integral involves integration of
the singularity. We proceed to evaluate it by first defining a Fourier trans-
form:

Ty(R) = J Iy (k)e xR gk (2.14.22)

(2 »?

Substituting (2.14.22) into the second term of (2.14.21), we have

fim J I(k)e <R $(R)dk dR

e>0 J |R|<s (27‘)3

1 .
= lim ——— | I'y(k) dk ~R(R) dR
i (21:)‘*J (k) J riee &R

>0
. 1 dk (¢ .
= lim $(0) ¢ J (k) 55 J " Rsin kR dR
. sinke — kecoske  I(k)
= 5 im40) | 2 A

_ ) .. [ sinke—kecoske Iy(k)
= e lime | .

(2.14.23)
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Therefore, the inner product (2.14.21) becomes

i, ¢) = lim T';;,(R)$(R) dR
e>0 IR[>e
. i — Ik
+ lim ";(7?2) eZJ sin ke (k:‘;coske : ';C( )k (2.14.24)

In the sense of generalized functions, the dyadic Green’s function can be
expressed as

’Lk(R) - PF‘L’C

6(R) 1 J sinke — kecos ke I'y(k) dk

(ke (2.14.25)

where P denotes the principal value. Equation (2.14.25) is a general and
useful formula which separates the regular and singular parts of the dyadic
Green’s function.

We wish now to apply (2.14.25) to the case of isotropic media. From
(2.14.7) and (2.14.8), we have in the transformed domain

kik; 1
Tiyk) = (6“— ko2lj() k2 — koK

(2.14.26)

Substituting (2.14.26) into the integral in (2.14.25), it is easy to show
that all components except the diagonal ones of the second term in (2.14.25)
vanish due to integration over the angle. The diagonal components are

95 0(R) 4n j“’ sin v — ¢ cos v —4;;

I 3kgK ” dv = % 2K O0(R) (2.14.27)

Therefore, the Green’s dyadic in an isotropic medium is given by

4
rR) = (|+ sz)G(R) S 21< 5(R) (2.14.28)

When this dyadic Green’s function is applied outside the source region, it
yields the usual result. When it is applied to the source region, the singularity
at the origin is taken care of by the delta function part, and the principal
value defined by (2.14.20) must be used to all integrals involving the first
term of (2.14.28). Therefore by admitting the generalized functions in our
solution, (2.14.28) gives a standard procedure for taking care of the sin-
gularity.

We next consider the case for an isotropic medium with spatial dispersion.
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For this case, the relative dielectric tensor is given by

kk
k2

kk

K=KL(I— -

)+ &
Equation (2.14.1) may be solved by the Fourier transform technique, and
the dyadic Green’s function can be put in the form (2.14.22) with

) =-—L——{a. _ [1 _ Rk K)]ﬂ} (2.14.29)
i kt— k2K, | * k2 VL "1 k2K, o
Integration of (2.14.22) with (2.14.29) as its integrand depends on the

explicit forms of K, and K|,. Asymptotic technique may be used to compute

the far field.

On the other hand, from the discussion in Section 13, we know that for
the isotropic medium, it is possible to decompose the field into independent
transverse and longitudinal modes. Therefore, we can define independent
transverse and longitudinal Green’s functions. As a matter of fact, from
(2.13.6) and the definition of the Green’s function, it is obvious that

w1 exp(—jk » 1)

Gy(r, ') = 5 J KPR (k. ) dk (2.14.30)
N L exp(—Jjk - 1)

G, r) = ) J KR (K, ) — &2 dk (2.14.31)

where G, and G, are the longitudinal and transverse Green’s functions,
respectively. Again, the evaluation of these two integrals depend on the
functions K,(k, w) and K, (k, ). Such an evaluation for the warm plasma
is carried out in Chapter 3.

Finally we consider the problem of finding the dyadic Green’s function
for an anisotropic medium with no spatial dispersion. The dyadic Green’s
function is given by (2.13.24)

, 1 ab,* ekt
) J o K (2.14.32)

where a, and b, are the polarization vectors and n, is the refractive index
for the ath characteristic mode. For the lossless medium without spatial
dispersion b, = a, and n, depends only on the direction but not the mag-
nitude of the wave vector k. The exact evaluation of (2.14.32) in general is
not possible. In the following, the asymptotic technique discussed in Ap-
pendix B is applied to find the far field expression for the dyadic Green’s
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function. We have, for (2.14.32)

1 C(i)ag)b?) exp[_jk(i) . R]

F(r,x') ~ . 2.14.33
(r,x) b ; , Ka(zz) |1/2 | VkD |k;“R ( )

where
D = k? — ky2n? (2.14.34)

K¢ is the Gaussian curvature of the dispersion surface D = 0 at the point
k = ki, Again, the summation is over those points k(¥ on the dispersion
surface such that its corresponding group velocity is in the direction of R.
Only those groups of waves centered around k¢ will contribute to the far
field at R.

Since the medium is anisotropic, the group velocity at k(" is in general
not in the same direction as k). Let us assume that the angle between them
is b (Fig. 2.14-4).

Fig. 2.14-4. Angle a between the wave

vector and the group velocity. Port f ih
ortion of the
dispersion surface

0

For the case in which the medium has a symmetry axis along z-direction,
the angle « is given by (2.12-6)

1 dn
tanag = — T —6—0— (2.12.6)

for each mode. In general, it may be found once the refractive index is
given. Therefore, for a given R, k{¥ may be obtained by solving simulta-
neously the dispersion relation D = 0 and (2.12.6) or its equivalent.

The exponential in (2.14.33) now may be expressed in terms of ai? as

k( - R = k(PR cos o (2.14.35)

where k(' = | k.
The factor | 7, D |y can be evaluated in the following manner. Since
n, does not depend on k = | k|, the derivative of D with respect to k is
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just 2k. This is the component of I, D along the direction k. From Fig.
2.14-4 it is obvious that

| Py D| = 2kseca (2.14.36)
Therefore, when evaluated at k{, we have
| Vi D |ir = 2k§) sec afd (2.14.37)
Substituting (2.14.35) and (2.14.37) into (2.14.35), we obtain

5 CPaPa*? exp[—jk? R cos ']
4nR kS | K& |12 sec ¢t

T, r')~ (2.14.38)

The value of the constant C{ is determined in the following way. For
K{® > 0, it takes the values 41 where the dispersion surface D =0 is
convex to the direction 4+F; D. For K < 0, it takes the values 4j ac-
cording as the direction I, D is parallel or antiparallel to R.

Equation (2.14.38) gives the asymptotic expression for the dyadic Green’s
function for an anisotropic medium with no spatial dispersion. Further
reduction of the formula can be made only when the relative dielectric tensor
of the medium is given explicitly.

Thus, in this section, we have derived the dyadic Green’s functions for
three different media: the isotropic with no spatial dispersion (2.14.15);
the isotropic with spatial dispersion (2.14.29), (2.14.30), and (2.14.31);
and the anisotropic with no spatial dispersion given by (2.14.38). These
expressions will be used in later chapters for the discussion of various
different topics.

Problems

1. From (2.5.11) and (2.5.12), derive (2.5.15) and (2.5.17).

2. For the dielectric tensor € in (2.6.10), if it is invariant under rotational
transformation about the z-axis, prove that

Epe =8, =10 and Epr = &y

3. If a tensor K(k) is symmetric and invariant under rotational trans-
formation about the vector k, prove that
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(a) for k in the direction of the z-axis, the tensor can be written as

K2 0 0
Kk)=| 0 K(k) 0
0 0 K,k?)

(b) for k in any arbitrary direction, the tensor can be put into the form
Ki(k) = K, (K*)(0;; — kik;[k?) + K (k*)kik;/k*

where K| (k?) and K,(k?) are arbitrary functions of k2,

4. Given the relative dielectric constant for a cold, homogeneous, iso-
tropic plasma K(w) as

K(w) =1 — wo(w — i)
where w, and » are constants, verify that Kramers-Kronig relations [Eq.
(2.5.17)] are satisfied by this function K(w).

5. For a uniaxial medium, the dielectric tensor is given by

& (w) 0 0
g(w) :——[ 0 £ (w) 0 ]
0 0 &w)

(a) Find the refractive indices for plane wave propagation in this
medium.
(b) Find the normal modes and discuss their polarizations.

6. In the coordinate system shown, the dielectric tensor for a magneto-
plasma can be written as

€ Emy O
€= [—ezy & O }
0 0 e,

Zz

)
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(a) Find the principle axes for this tensor. (The principle axes are ob-
tained by solving the eigenvalue problem.

€+ A= 1A%, a=1,2,3

where A% is the eigenvalue for the ath eigen vector A% The A* are the principle
axes.)

(b) In the new coordinate system where the principle axes are the
new coordinate axes, what is the form of the dielectric tensor? Also find the
form of the wave equation [Eq. (2.7.5)] in the new system.

7. If A X K=K X A where K is symmetric and A is any given vector,
in what form must K be?

8. In a lossless anisotropic medium the relative dielectric tensor is given by

K=ReK+,;jImK

where Re denotes real part and Im denotes imaginary part.

{a) Show that Re K is symmetric and Im K is antisymmetric.

(b) Since the antisymmetric tensor is equivalent to some axial vector,
the relation between the electric displacement vector and the electric field
can be written in the form of

D = ¢[Re K - E + j(E X g))]

where g, is a real vector called a gyration vector. A medium in which D
and E are related this way is sometimes called a gyrotropic medium. How
is g, related to Im K?

(c) If the inverse of K exists and letting I = K-1. I' must have the
same properties as K. By a similar argument we can write

¢E=Rel - D + j(D X g,).

Now how is g, related to Im F'? And to Re K and g,? Also, how is Re
related to Re K and g,?

9. In an isotropic dispersive medium, the electric field for the longitudinal
mode can be expressed by a scalar potential

E(r,t) = —VV(, ).
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In the static limit, i.e., as w — 0, show that

(a) for a point source
o(r) = e 6(r — 1)

the potential is given by
el7ke(r-o)]

e
V) = Gy J dk kK, (k, 0)

where K (k, 0) is the zero frequency limit of the longitudinal relative
dielectric constant.

(b) For Kk, 0) of the form
Kk, 0) =1+ 1/k%Z,
and using the Fourier inverse transform, prove that

€ e_'f“"ollrscr

Vi) =

Aney [T — 1o |
where 7y is the screening distance.

10. Consider a lossy anisotropic medium. In the frequency region in which
the medium is transparent, the time-averaged electric energy stored in a
wave packet is

Uy = {E* - (dwt/dw) - E

Show that this energy is equal to or greater than the energy in free space of
a wave packet with the identical electric field.
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3. Waves in Fluid Plasma

3.1 Introduction

We have seen in Chapter 2 that because of principles of causality and
Onsager relation, the dielectric tensor must satisfy certain properties. These
properties are general and must be satisfied by almost all media. When we
come to derive a dielectric constant expression, it is necessary to know the
response of a given medium to electromagnetic fields. One of the tasks in
this chapter and the next is to obtain the dielectric tensor for various plasmas.

A plasma is a collection of free electrons and various ions. The spatial
distribution of electrons and ions may be homogeneous, inhomogeneous, or
irregular. A steady magnetic field may exist to influence the motion of
charged particles. There may be neutral molecules with which the electrons
and ions make collisions. In order for the plasma to exist without a strong
external force, it is necessary that the plasma be electrically neutral to a high
degree of approximation. When forced into an electrically nonneutral state,
the plasma has a tendency to recover the neutral state and consequently
may lead into oscillations.

There is a hierarchy of equations that can be used to describe plasma
kinetics. The choice of equations depends on the nature of the plasma and the
accuracy with which we wish to describe the plasma response. Because of the
long-range nature of Coulomb force, the plasma may be described as a col-
lection of noninteracting charged particles except through the self-consistent
electric field. Such a plasma may be referred to as being “cold” since the
pressure force is ignored. When thermal effects are important, hydrody-
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86 3. Waves in Fluid Plasma

namic equations can be used. The inclusion of the pressure force in hydro-
dynamic equations brings in plasma waves. The existence of plasma waves
implies that a “warm” plasma is in constant agitation, giving rise to density
as well as velocity fluctuations. The hydrodynamic description of a plasma
is adequate if the thermal speed is small in comparison with wave speed.
If this is not so, it is then necessary to use the distribution function approach.
The exact description of the many-particle system is given by the BBGKY
hierarchy or equivalently by the generalized stochastic equations. These
equations are extremely difficult to work with and besides they are not closed.
Generally, approximations can be used by ordering some parameters.
Equations such as the kinetic equation, Boltzmann equation, Fokker-
Planck equation, and Vlasov equation can be obtained, depending on ap-
proximations.

In this book, we assume that the hydrodynamic plasma model is good
enough for our purposes. As a result, phenomena such as wave—particle
interaction that lead to Landau damping are excluded. The hydrodynamic
model is adequate for wave studies except near the region of refractive index
poles. When the refractive index approaches the infinite value, the phase
velocity of the wave is reduced to zero and is hence comparable with the
thermal velocity. This is the condition for strong wave-particle interaction,
and the problem can be dealt with conveniently only by using the distribu-
tion functions.

3.2 Charge Neutrality

A plasma is a collection of charged particles. The forces involved are
Coulomb forces. We shall demonstrate that if charge neutrality is not
fullfilled macroscopically, potential energy due to Coulomb forces can be
enormous when compared with the thermal energy of the particle. Unless
there is a strong external force to maintain this potential, charged particles
will move in such a way as to reduce the potential difference and to restore
electrical neutrality. A semiquantitative estimate on this problem can be made
by considering a simple one-dimensional problem. Let there be a plasma
occupying the space z > 0. It is initially neutral, and we wish to compute
the energy required per particle to deplete all positive ions in a planar
region. In the depleted region we have just electrons of density N. The
electric potential produced by these electrons satisfies the Poisson’s equation

d*V|dz? = Nele, (3.2.1)
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Integrating (3.2.1) twice and making the simplifying assumptions V' = dV/dz
=0 at z = 0, we obtain

V = Nez%2¢, (3.2.2)

The potential given by (3.2.2) increases without limit like z2% The energy
required to move a positively charged particle through such a potential
hill is

U = eV = Ne®z%[2e, = $T(z%1p%) (3.2.3)

This energy can be compared with the thermal energy of each particle
4T as done in (3.2.3). In order to avoid confusion all temperatures will be
expressed in energy units since k is reserved as a symbol for wave number.
Equation (3.2.3) also defines the Debye length 4p given by

Ap = (e,T/Ne2)2 ~ 69.0(T/N)¥2 m (3.2.4)

Note that this quantity depends only on temperature and density but not
on the mass of particles.

The Debye length just defined has the meaning of a distance for which the
energy required to deplete the positive charge is equal to the thermal energy.
If external perturbations are not violent on the plasma, the energy per
particle associated with random motions in the z-direction must still be
approximately 7. This means that the perturbation on the plasma, such as
by introducing a boundary, cannot extend much beyond a distance of the
order of Debye length. Accordingly, near any boundary in a plasma, we
would expect a sheath region of the order of Debye length within which the
charge neutrality condition need not be maintained. Beyond the sheath
region is the plasma region where charge neutrality is maintained to a
good degree.

The tendency to maintain charge neutrality also gives rise to other inter-
esting properties in a plasma. We list them and discuss them very briefly
in the following.

(i) Oscillation. Suppose that an external force is applied and it produces
charge separation in some region. Then suddenly this external force is
removed. Immediately charged particles will be set into motion to restore
charge neutrality and convert all its potential energy into kinetic energy.
This kinetic energy will continue to drive particles away from charge neutral
condition even when restored. As a result oscillation about the charge neutral
condition occurs in the absence of any damping mechanism. We will discuss
this problem more fully with a concrete example in the next section.
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(ii) Screening. If we introduce a charged particle in the plasma, the
potential due to the charged particle will alter the distribution of plasma
particles. The result is that the potential will decay much faster than the
Coulomb potential and we say that the particle is screened. This problem is
discussed in Section 4.

(iii) Ambipolar Diffusion. For a plasma of equal electron and ion tem-
peratures electrons will diffuse faster than ions due to difference in mass.
As electrons diffuse away and leave ions behind, an electric field is set up
due to space charge. This electric field is so strong as to maintain quasi-
neutrality condition. As a result the plasma diffuse as a whole with an
effective mass equal to the average of electron and ion mass. We shall
not discuss this problem further since we are more concerned with waves.
Readers should consult some books on plasma physics on this subject.

(iv) Scattering. The screening idea advanced in (ii) also applies to
particles in the plasma. Since ions are very massive neutrality is maintained
by electrons forming shielding clouds about ions. As ions move so do the
shielding clouds. These shielding clouds have a radius of the order of
Debye length. If a strong electromagnetic wave is incident on the medium,
scattering will take place. The nature of the scattering depends on the
wavelength of the wave. If the wavelength is much larger than the Debye
length, the scattering is from the shielding cloud and the Doppler broadening
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Fig. 3.2-1. Density, temperature, and Debye length of a few sample plasmas.



3.3 Oscillation 89

corresponds to the ionic thermal speed. If the wavelength is much smaller
than the Debye length, the scattering is from individual electrons.

In Fig. 3.2-1 the dependence of Debye length on temperature and num-
ber density is shown. Also indicated are regions of typical plasmas.

3.3 Oscillation

We mentioned in Section 2 that the tendency to restore the charge neu-
trality condition is also the mechanism for producing oscillations. To illustrate
this let us consider a slab of plasma. When in equilibrium the plasma is
electrically neutral. Suppose we apply an external force which uniformly
displaces all electrons by a small distance &. The excess charge at two par-
allel faces sets up an electric field. Since £ is small, the excess surface charge
density is given approximately by Neé& where N is the charge density.
The uniform electric field so produced is then given by

E = Neélg, (3.3.1)
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Fig. 3.3-1. A slab of plasma. Oscillations |
are possible if all electrons are displaced by a +|
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The situation is illustrated by Fig. 3.3-1. Now let us suppose that this external
force is removed. Under the influence of the electric field charged particles
must begin to move. Since ions are so massive, we shall ignore entirely
their motion. The equation of motion for each electron is given by

_‘}“_

mé = —eE (3.3.2)

Substituting the expression for the electric field given by (3.3.1) into
(3.3.2), we obtain
= —w?t (3.3.3)
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Equation (3.3.3) is an equation describing a simple harmonic motion. It
predicts oscillations at an angular frequency

w, = (Ne?/mey)'/? 3.3.4)

Numerically the plasma frequency squared is proportional to the density
through a relation
St = 80.6N (3.3.5)

Plasma frequency is the characteristic frequency of the medium. The in-
verse of plasma frequency gives the rate at which the electrostatic restoring
forces in a plasma tend to eliminate deviations from neutrality. It is through
this restoring force that modifies transmission of electromagnetic energy from
the free-space condition and gives rise to frequency dispersion phenomenon.
Actually the frequency of oscillation depends on the geometric configura-
tion of the plasma as well as on the modes. For example, one of the oscilla-
tion modes of a cylindrical plasma column has an angular frequency
w,,/\/f (see problem at the end of the chapter).

We observe that there are several interesting properties in the plasma
oscillation just described. The electric field given by (3.3.1) is in the same
direction as the displacement of particles and hence the oscillation is
longitudinal. For longitudinal oscillations we obtained ¥ X E = 0 and so
it is often referred to as electrostatic oscillations even though the electric
field may be time dependent and not strictly static. The fact that the electric
field is irrotational also means that there is no associated magnetic field.
Consequently the Poynting’s vector vanishes for longitudinal waves. In a
medium which is not spatially dispersive this also means that the energy
velocity is zero. That is, that any perturbation introduced in the region will
not propagate away as waves but only oscillate locally. This is the case for
the present model since the dispersion relation obtained by taking the
Fourier transform of (3.3.3) is

w? = w,’ (3.3.6)
which is not k dependent. Studies in Chapter 2 showed that the dispersion
relation is obtained by setting the dielectric constant to zero. Therefore,
the dispersion relation (3.3.6) must be the condition of vanishing dielectric
constant for our simple model. Later as we allow for thermal effects the
dispersion relation (3.3.6) is modified and becomes k dependent. The
medium then is spatially dispersive. Even though the Poynting’s vector is
still zero, due to spatial dispersion, there is energy flux associated with the
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coherent motion of particles and hence perturbations on the plasma can
then propagate away as waves.
It is convenient to define v; by the relation

yT = myp* 3.3.7)

Here vq? differs from the usual definition of thermal velocity squared if
y is different from 3. The use of y in (3.3.7) is purely for later notational
convenience. When defined as (3.3.7), we find immediately from (3.2.4)
and (3.3.4) the useful relation

vp = Apw,4/7 (3.3.8)

Equation (3.3.8) states that a particle with a velocity vy (roughly thermal
velocity) travels one Debye length in 1 /w,,W sec,

3.4 Screening

Consider a plasma with different species of positive and negative ions.
The charge on ath species is Z,e. We shall use the convention that e is the
magnitude of charge on an electron and hence is a positive constant. The
sign of charge is carried by Z, so that Z, may take values +1, 42, etc.
When the plasma is unperturbed, the particle density of ath species is N .
The condition for charge neutrality is then given by

S NyZ, =0 (3.4.1)

Into this plasma we introduce a positive test charge of charge e at the origin.
As a result the distribution of charged particles will be changed slightly
and a cloud of electrons will form to effectively screen out the Coulomb
potential produced by the test charge. The particles are distributed ac-
cording to the Boltzmann distribution,

N, = N eZatV/Ts

= Nl —ZeV|T, + --+) (34.2)
where T, is the temperature, in energy units, of oth kind particles. In (3.4.2)
we have also assumed that the exponent is small so that we may expand as

shown. We shall ignore higher order terms. This is effectively equivalent
to linearization and is certainly convenient mathematically. The physical
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interpretation of such an approximation will be taken up later on in this
section.

Equation (3.4.2) gives us a relation showing the dependence of density
on potential. The dependence of potential on density is through the Poisson’s
equation

V2V = (—1/go)[ed(r) + e N, Z,] (3.4.3)

Substituting (3.4.2) in (3.4.3) and making use of the neutrality condition
(3.4.1), we obtain

P2V — kpV = —ed(r)/e, (3.4.4)

The Debye wave number appearing in (3.4.4) is defined by

2,2 1/2
ﬂ] (3.4.5)

kp = [z &T,

[+ 9

which simplifies to the inverse Debye length given by (3.2.4) if all ions are
ignored except electrons. Our interest is to solve (3.4.4). We note that
(3.4.4) is identical in form to the scalar wave equation satisfied by the
Green’s function discussed in Section 14 of the last chapter if —kp? is
replaced by k2K. As before, the transform method can be used to solve it.
However, because of spherical symmetry, (3.4.4) can also be solved more
simply as it reduces to

L dzrv
r dr?

— kY =0 (3.4.6)

for r X 0. Equation (3.4.6) can be integrated easily. The solution that is
finite at r — o0 is

V = (A/r)etor 3.4.7)
The constant 4 can be determined by substituting (3.4.7) back to the
original differential equation and integrating over an infinitesimal sphere

centered at the origin. Here V behaves like A/r and the left-hand side of
(3.4.4) integrates to

jdxvzvzfﬁw-dszfﬁvm/r) . dS

- —A-[d.Q = —4nd
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where dQ is a solid angle element. The integration of the right-hand side of
(3.4.4) gives —e/e, which determines the constant A. Finally the potential
is found to be

V= ekor (3.4.8)

We see that for an observer inside the Debye sphere (r << 1/kj) he sees a
potential of a unit positive charge. However, this Coulomb potential of a
unit charge is screened for distances larger than the Debye length. This
screening comes about from an electron cloud with charge density —eokp?V
= — (kp®e/dnr)e~*or as can be seen from (3.4.4).

We would like now to reexamine the linearization procedure in (3.4.2)
and interprete the physical meaning attached to such an approximation. In
the following we list these physical interpretations which seem to be different
on the surface but actually are all equivalent. They all refer to weak
interactions.

(i) eV <€T. In order to expand the exponentin (3.4.2), we require that
the potential energy be much less than the thermal energy of particles.
This means that motions connected with thermal fluctuations must dom-
inate. Such a requirement is certainly resonable, for otherwise electrons
would simply fall into ions and we no longer have a plasma left.

(ii)) (8N/Ny) <€ 1. As can be seen from (3.4.2), the fractional change
in density N/N, is just e¥/T which is small from (i). Therefore, we require
density fluctuations be small when compared with the background value.

(i) 47A3N,> 1. We take r = 4 in (3.4.8) as the value of potential.
The requirement (i) now becomes (e/4ne,dp) € T. Making use of the
expression (3.2.4) for Debye length, we obtain the desired expression
47A3N, > 1. Let us imagine a sphere of radius 1, as the Debye sphere.
Then approximately our requirement is that there be a large number of
particles in the Debye sphere. Stated in a different way, the approximation
involved requires that the interparticle distance be small as compared
with the Debye length.

The potential given by (3.4.8) is singular at r = 0. For r small the potential
may be so large that the linearization procedure is no longer valid. Examina-
tion of the potential behavior in this small region requires use of nonlinear
analysis,
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3.5 Electron and Ion Plasma Waves

The use of basic equations to describe the plasma depends on the degree
of accuracy and sophistication we wish to have. For example the individual
particle model used in Section 3 assumes that the particle—particle interac-
tion takes place only through the macroscopic electric field. Such a model is
valid only for extremely tenuous plasma. We wish now to improve our model
by adopting a fluid description. For many purposes a fluid model is satis-
factory because of its simplicity and ease of getting physical insights. But
we should be reminded that the fluid model is not valid for waves with phase
velocity near the thermal velocity of particles.

The basic equations in a fluid model can be interpreted as conservation
laws. They are particle conservation

AN, /ot + div(N,yv,) =0 (3.5.1)
and momentum conservation
m,N. v [0t + m, Ny, - gradv,= — gradp, + Z,eNE (3.5.2)

where N, is the number density of ath kind of particles with charge Z e,
fluid velocity v,, and pressure p,. These equations are supplemented by the
ideal gas law

pe=N,

@

T, (3.5.3)

the equation of state
D(p,Nz")/Dt =0 (3.5.9)

and the Maxwell equation el + Jp = (1/uy) curl B =0 or

ek + Y N, Z,ev, =0 (3.5.5)

The symbol D/Dt in (3.5.4) stands for convective derivative and is equal to
0/dt + v, - grad. The value of the specific heat ratio y in (3.5.4) has always
been a sore spot in the fluid theory. Physically we would expect the process
to be adiabatic if the phase velocity of the wave is much faster than the
thermal velocity of the particles and to be isothermal if the opposite is
true. This means y = 3 for fast one-dimensional plasma waves and y = 1
for slow ionic plasma waves. However, when in doubt, the more accurate
approach of distribution theory must be used.
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As mentioned earlier, for longitudinal waves there is no associated mag-
netic field and thus one of the Maxwell’s equations takes the particularly
simple form given by (3.5.5).

Consider a plasma which is spatially uniform, time stationary, and elec-
trically neutral. Each species is allowed to have its own temperature, but
each temperature is assumed to be constant throughout the space. This
plasma is perturbed so that

N,=N"+N), p.=p2+p.

(3.5.6)
v=0+4yv,, E=0+E

Our convention is that each of the first terms on the right of (3.5.6) represents
the unperturbed quantity and each of the second terms on the right represents
the perturbed quantity. According to our assumptions (uniform and sta-
tionary when unperturbed) N and p{® are constants. If the perturbations
are small, we may then linearize our equations about perturbed quantities.
Linearization of the equation of state (3.5.4) gives

p. = yT,N, 3.5.7

The linearized equations of (3.5.1), (3.5.2), and (3.5.5) are

dN,/[0t + N® divy, =0 (3.5.8)
m,N® 0v,/0t = —yT,grad N,' -+ Z,eNOE (3.5.9)
gk + Y NOZ,ev, =0 (3.5.10)

Equations (3.5.8)-(3.5.10) are our basic equations of interest. We shall
show in the following that they yield an expression for energy conservation.
Solve for E in (3.5.9) and dot with (3.5.10). We obtain

gk« E+ Y [NOmy, « ¥, + yT,v, - grad N/1=0 (3.5.11)

By vector identity and (3.5.8) the last term of (3.5.11) can be manipulated
to give
yTv, - grad N,/ = yT,[div(N,v,) — N,/ divv,]
= yT,div(N,'v,) + (T, N,/ IN®IN,/ [0t (3.5.12)
Substituting (3.5.12) back to (3.5.11), we get
di T N’ 9 ’}’aTa N2 N(O) Py E2| =0
Mg g [ (G 0 ) her] =0
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Equation (3.5.13) can be interpreted as energy conservation. The divergence
term represents the energy flux while the terms in the square bracket rep-
resent energy density.

We wish now to derive the longitudinal dielectric constant for our model.
Since our equations (3.5.8)-(3.5.10) are linear in perturbed quantities, we
may Fourier analyze and work in the transformed domain. This is equivalent
to assuming a dependence e/“**'? if initial conditions can be ignored.
Such an assumption reduces (3.5.8) and (3.5.9), respectively, to

joN, — jNOKk v, =0 (3.5.14)
jom NOv, = jyT,N,/k + Z,eNOE (3.5.15)

Inspection of these equations shows that both v, and E can be decomposed
into a component perpendicular to k and a component parallel to k. This
means that for our present model the longitudinal waves and transverse
waves can propagate independently. Later we shall see that this is no longer
true if there is a steady magnetic field. The component of v, perpendicular
to k can be used to drive an expression for the transverse dielectric constant.
Inspection of (3.5.14) also shows that for transverse waves there are no as-
sociated density fluctuations. Discussion of the transverse dielectric constant
and transverse waves is carried out in a separate section. We, therefore,
turn our attention to the longitudinal dielectric constant and longitudinal
waves.

For the longitudinal case v, and E are parallel to k. We can eliminate
N, in (3.5.14) and (3.5.15) to obtain

1 JZ.e E
1 — yT k3 mw* mw

Y = —

The electric polarization density can be obtained by using the above rela-
tion.
P =Y (ZNPe/jw)v,

Wy

= — g w—zw EOE (3516)

where the angular plasma frequency of the ath species, w,,, is defined by
the relation

w}, = N©OZ 2% m,e, (3.5.17)

We note that the plasma frequency squared is proportional to number den-
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sity and inversely proportional to the mass. Because of the light mass, the
electron plasma frequency is usually much larger than the ion plasma fre-
quency.

The factor multiplying ¢E on the right-hand side of (3.5.16) is by def-
inition, the longitudinal electric susceptibility of the medium, i.e.,

2
— Wpa
TR Ve o =T (3:5.18)

The longitudinal dielectric constant is &(1 + x,), or

2
£y(k, ) = 30[1 i (C;Zkz/ma) ] (3.5.19)

The dielectric constant (3.5.19) is both w-dependent and k-dependent.
This means that the medium is frequency dispersive as well as spatially
dispersive although the medium is isotropic. We have discussed in Chapter
2 that the dispersion relation for longitudinal waves can be obtained by
letting e, = 0. Setting (3.5.19) to zero, we obtain the dispersion relation

2
Dpy

S Ve v N

x

0 (3.5.20)

We note that in the limit of zero temperature, (3.5.20) reduces effectively
to w® = w}, which is no longer k-dependent. This simple case has been
discussed in Section 3. Taking thermal effects into account makes w k-
dependent. Inspection of (3.5.20) shows that there are as many modes as
there are species of particles. For simplicity let us concern ourselves with
the case of a two-component plasma in which there are electrons and
singly charged neutralizing positive ions. The dispersion relation in this
case is given by

wh, wh;

W' — Tk m) ~ wf— (yTikimy)

1 — 0 (3.5.21)

The dispersion relation (3.5.21) is a biquadratic equation in w and can be
solved easily. But the resulting expressions are rather complex. The ex-
pression can be simplified if we note that there is at least two orders of
magnitude difference between ionic mass and electronic mass. For the
electronic branch we may assume that m; is a large parameter. This is
equivalent to assuming that ions form a neutralizing background and are
inmobile. In this case the last term on the left-hand side of (3.5.21) can be
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ignored and we obtain the dispersion relation
w? = wk, + yTk3m, (3.5.22)
As before in (3.5.7) we may define a thermal velocity for electrons through
yT, = my%, (3.5.23)
The dispersion relation (3.5.22) can then be written in alternate forms

0? = wh, + vhk?
= w3 (1 + yApk?) (3.5.24)
The relation (3.5.22) or (3.5.24) with y = 3 is sometimes known as Vlasov

dispersion or Bohm and Gross dispersion. The dispersion relation (3.5.24)
can be reexpressed in terms of refractive index, giving

2 2
nt = S (1_ w,;e) (3.5.25)
VTe w

which shows that electron plasma waves are attenuated at w < w,,. We shall
prove later strong damping occurs when kAp < 1 which, from (3.5.24),
gives the upper propagation limit as w ~ 2w,,. Therefore, electronic plasma
waves can propagate only within a narrow frequency range wp, to 2wp,.
The group velocity can be obtained by differentiating (3.5.24) with respect

to k, yielding
v, = Ow[0k = v,[v, (3.5.26)

where v, = w/k is the phase velocity. From (3.5.25) the product of the
group velocity and phase velocity is related to the thermal velocity rather
simply,

vV, = Vi, (3.5.27)

The average coherent kinetic energy flux is given by (see 2.10.22)
| ¢SV | = —3wE?defok

We differentiate (3.5.19) with respect to k and take into account only the
electronic contribution. Then we substitute the dispersion relation (3.5.24)
into the resulting expression to obtain

| <S8 | = wEReokvhy/2w3,. (3.5.28)
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The internal energy in a wave packet is given by (see 2.10.20)
(W) = }E? d(we)/0w

Again by differentiation and use of the dispersion relation the energy
density can be computed to be

(W) == LEem?w}, (3.5.29)

The energy velocity is the ratio of | {S'>| to (W) and from (3.5.28) and
(3.5.29) it is
[ (SHKWD = kv = v, (3.5.30)

We have proven the equality of energy velocity to group velocity from very
general considerations in Chapter 2. Equation (3.5.30) merely demonstrates
that this is so for a specific model. We should note that for our longitudinal
waves the transport of energy is carried entirely by streaming motions of
charged particles.

The ionic branch of our dispersion relation for the two-component
plasma can be obtained by letting m,— 0 in (3.5.21). This is equivalent
to ignoring the electron inertia in its equation of motion. The dispersion
relation (3.5.21) simplifies to

yTk? + w;i
m, 1+ (w;eme/yTekz)

w? =

(3.5.31)

If the wavelength of interest is much larger than the Debye length, (3.5.31)
can be further simpilified to

w* = (Pk*m)(T; + T,) (3.5.32)

For this case there is no dispersive effect since both phase velocity and
group velocity are equal to [y(T; + T,)/m;]'/2. These waves are sometimes
known as ion sound waves. Using a distribution function approach, it is
found that these waves are heavily damped unless the electron temperature
is three times or larger than the ion temperature (Stix, 1964).

3.6 Plasma Density Fluctuations

We have seen that plasmas as fluids can sustain wave motions and these
plasma waves have associated density fluctuations. It is then of interest to
compute the spectrum of these fluctuations. As discussed earlier, the fluid
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approach is not entirely satisfactory, but since it affords simplicity and phys-
ical insights, we shall use it here. The derivation makes use of the theorem
of equipartition of energy which is strictly valid for a plasma in thermal
equilibrium and we shall assume this to be the case in this section.

Consider a large cube of side 2L of a plasma. Due to thermal agitations
there are set up standing waves of many modes. For simplicity we assume
that these standing waves are repeated outside of the cube so that Fourier
series representation can be used. For the ith mode the spatial variation is
given by the wave number k; = in/L,i=1,2,3, .... The corresponding time
variation is given by w,; which must be computed by the dispersion relation;
i.e., w; = w(k;). The standing wave for density fluctuations of ath species
corresponding to the ith mode can be written as

N, = 4,(k;) cos k; - rcos w;t + A,(k;) cos k; - rsin w;t
+ Ay(k;) sink; - rcos w;it + A,(k;)sink; - rsinw;t  (3.6.1)
Since the plasma is in thermal equilibrium, it must be statistically homo-
geneous in space and stationary in time, Further, as N’ is the fluctuating part

of the density it must have vanishing mean. The necessary and sufficient
conditions for (3.6.1) to satisfy all these requirements are

(Apk)) =0, m=1,2,3,4,alli
and
CAn(K) A, (K;)) = Oy 8:<A%K;)D,  myon=1,2,3,4,al i,j (3.6.2)
where angular brackets are used to denote statistical average. The total
density fluctuation for ath species is obtained by summing up all the modes,
N/, 1) =Y [4,(k;) cos k; - 1 cos w;t + Ay(k;) cosk; - rsinw;r
i
+ Agk;) sink; - rcos w;t + A,(k;) sink; - rsinw;r] (3.6.3)

Making use of (3.6.2), the correlation function of the density fluctuation
can be computed to be

By(E, 1) = (N,/(r + &, ¢t + )N,/ (r, 1))
= Z {A%k;)) cos k; - § cos w;T (3.6.4)

The spectral density of density fluctuations is just the Fourier transform of
the correlation function,

Sk, ) = j By(E, 7)e- w58 JE dr (3.6.5)
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Substituting (3.6.4) into (3.6.5), we find the spectral density
Sy(k, w) = 4n* y {A*(K;)) O(w + w;) Ok + k) (3.6.6)

In the interest of compactness the product of two J-functions in (3.6.6)
actually represents sum of four terms with all combination of signs. The
wave number of the ith modeis k; = in/L, i= 1,2, .... The change in wave
number between the adjacent mode is Ak; = /L. For alarge L, Ak is small.
We may therefore approximate the sum (3.6.6) by an integral as done in
the following.

Sy(k, w) = 4nd(Ljn)? j (AP S & @) 8K -+ ky) dk,
— 8L AR [B( + o) + 0w — w)]  (3.6.7)

The average “‘power” in the density fluctuation {A4%k)> in (3.6.7) is an
unknown quantity and it must be related to the thermodynamic parameters
of the plasma system. Since the system is in thermodynamic equilibrium,
the theorem of equipartition of energy tells us that the mean energy asso-
ciated with each mode is T. (Note that we express the temperature T in
energy units.) The energy associated with the wave has been derived and is
given by the quantity in the square bracket of (3.5.13). However, in order to
compute it we must specify our plasma and the region of interest.

For simplicity we again assume that we have a two-component plasma
with electrons and singly-charged positive ions both of density N,. We
shall be concerned first with fluctuations arising from electron plasma waves.
For this case, ions just form a neutralizing background and do not provide
density fluctuations while electron densities do fluctuate. If the electron
density fluctuation has the form (3.6.1) for the ith mode, the associated
velocity and electric field can be obtained by (3.5.8) and (3.5.10). They are

vl = (w/k;Ny)[A4,(k;) sin k; - rsin w;it — A,(k;) sink; - r cos w;t

— Az(k;) cos k; - rsinw;t + A,(k;) cos k; - rcos w;t] (3.6.8)
E® = (e/egk;)[— A, (k;) sin k; - ¥ cos w;t — A,(k;) sin k; « r sin w;t

+ As(k;) cos k; - rcos w;it + A,(k;) cos k; + rsin wi] (3.6.9)

Making use of conditions (3.6.2), the mean square values of velocity and
electric field can be obtained.

P = (2fk2NZ)XA*(K;)) (3.6.10)
CEDY = (e?/eg?k?) A K;)) (3.6.11)
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The mean energy density associated with density fluctuations of the ith
mode due to electron plasma waves is

v = 2L v + D @y + e B (36.12)
2N, 2 2

The total energy in a volume (2L)? corresponding to the ith electron plasma

waves is then

W ——

QLKA k) mel L D) ee)

D R F i
According to the theorem of equipartition, (3.6.13) is also equal to T, i.e.,

QLYK A%k)) mwd?

=T (3.6.14)

where the dispersion relation (3.5.22) has been used. The expression (3.6.14)
relates the average ‘“‘power” of density fluctuation to thermodynamic
parameters of the system,

Nok2:T N, T k?

2 — —
(A¥k)) = SDme? ~ 8L e, 1 yTRm) (3.6.15)

Substituting (3.6.15) into (3.6.7) we immediately get the spectral density
for fluctuation in electron density caused by electron plasma waves as

N, Tk?

SN(k, CU) = me(w%e + ka2/mc)

[0(w — w(k)) + 0w + w(k))] (3.6.16)

The result (3.6.16) indicates that for a given k the spectra are given by two
lines at w satisfying the dispersion relation (3.5.22). More accurate theory
derived from kinetic considerations shows that there is some spread in the
spectrum although rather sharp.

Similar considerations can also be applied in deriving density fluctuations
for the ionic branch. In this case the approximation is m, — 0. Since both
electrons and ions have velocities and density fluctuations, we must sum up
all contributions to the energy density. Again making use of equipartition
of energy, the electron density fluctuations corresponding to ionic plasma
waves have a spectral density given by

4
ANW3e

vtk @) = S T m, 2w, TR

[6(—w(k))+d(w+wo(k))]
(3.6.17)
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where w(k) is given by the dispersion relation for ionic plasma waves in
(3.5.31). We should note that because of the difference in oscillation fre-
quency the contribution of density fluctuation spectrum from electron
plasma waves given by (3.6.16) is near the electron plasma frequency
while that from ion plasma waves given by (3.6.17) is near the ion plasma
frequency.

3.7 Two-Stream Instability

In the derivation of plasma waves in Section 6 we have assumed that the
equilibrium plasma fluids are not in motion. This can be seen in (3.5.6)
where the unperturbed velocity is assumed to vanish. Now we wish to con-
sider the possibility that the equilibrium plasma fluids may be in motion.
Physically, this case is of interest because strong interaction is expected if
the fluid is moving with a velocity nearly that of the wave. As a matter of
fact if conditions are right, perturbations may grow in time. When this
condition occurs, the medium is said to be unstable. The instability mech-
anism can be explained by the charge bunching mechanism. Consider
the density variation N,” as shown in Fig. 3.7-1 at some instant. There is
an excess of electrons in the positive portion of the wave (points 1 to 3
and 5 to 7 in the figure) and an excess of positive ions in the negative por-
tion of the wave (points 3 to 5, etc.). If electrons are streaming in the
z-direction with a velocity nearly equal to the phase velocity of the wave,
strong interaction between electrons and the wave through the electric
potential is expected. The electrons see a retarding potential from 1 to 2, ac-
celerating potential from 2 to 4, retarding potential from 4 to 6, etc. As a
result they reach their minimum velocity at points 2, 6, etc., and maximum
velocity at points 4, etc. This has the effect of making electrons spend

Fig. 3.7-1. An example of electron density perturbation showing possibilities for
growth.
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more of their time in regions of negative charge excess, making them more
negative. Similarly the regions of positive charge excess is made more
positive. Therefore, the initial perturbation may grow with time, causing
instability.

To approach this problem mathematically, we may go back to our basic
equations (3.5.1) through (3.5.5) and replace the velocity assumption in
(3.5.6) by

v, =v® +v/ 3.7.1)

and repeat the manipulations carried out in Section 5. However, the prob-
lem can be more directly approached by noting that for nonrelativistic
motions the main effect is that of a Doppler shift in frequency. The con-
tribution of ath species to the longitudinal susceptibility in a frame in which
the ath fluid is stationary is given by (3.5.18) as

iz = — whe/w® (372

where for the moment we have ignored the thermal effect. Suppose in the
laboratory frame the ath fluid is moving with velocity v{ and the appro-
priate susceptibility is (3.7.2) with the Doppler shift taken into account.
Therefore, the longitudinal susceptibility in the laboratory frame is

e = —0pf(0 — k - v{0)? (3.7.3)

The corresponding dielectric constant is then

Eu(k, CO) = 80(1 —_ Z‘: @—_-—u;(p'f—v—io—)jg) (3.7.4)

The dispersion relation for longitudinal waves is obtained by setting
g,(k, ) = 0. For simplicity we shall assume that all beams are traveling
in the same direction and study the case with k parallel to the beam direc-
tion. The dispersion relation can be written in the form

k=Y w2 f(of/k — v = Fo/k) (3.7.5)

where we have denoted the right-hand side by F(w/k). A typical term in the
sum of F(w/k) has a behavior sketched in Fig. 3.7-2. The value of the
term decays toward zero continuously as w/k — 4-00 and the value ap-
proaches to infinity as the phase velocity approaches to the beam velocity.
A plot of F(w/k) for three beams is shown in Fig. 3.7-3. The dispersion
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Fig. 3.7-2. Diagram showing dependence of w}./(w/k — vi®*)* as a function of w/jk.

relation (3.7.5) has roots in ® twice as many as number of beams. There-
fore, for the three beam example shown in Fig. 3.7-3 we would expect
six roots. These roots are given by F(w/k) = k% We consider the follow-
ing two cases:

Flw/k)

w/k

Fig. 3.7-3. Diagram showing dependence of F(w/k) as a function of w/k for a three-
beam system.

(i) Stability. For sufficiently large values of k, e.g., k larger than k,
such as k = k, in Fig. 3.7-3, the line intersects F(w/k) at six points, indicating
there are six real roots in w. As k — 00, the roots w/k — v{®. The space-time
behavior of perturbations becomes e/ ., #@'=2) ywhich shows that
perturbations travel with the beam. This is the regime where all beams
behave individually and like free beams.

(i1) Instability. As the value of k decreases and reaches k, in Fig.
3.7-3, two real roots coalesce. For k smaller than k, such as k, there are only
four real roots, and the two remaining roots must be complex. For k = k,
there are two real roots and four complex roots. Since the dispersion rela-
tion (3.7.5) has real coeflicients, these complex roots must form complex
conjugate pairs. The time behavior e/ = ¢/“#=) shows that one of each
complex conjugate pair of roots must give rise to exponential growth and
the system is said to be unstable. Note that instability is caused by interac-
tions among beams and hence represents a collective effect.
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In the following let us consider the example of one streaming beam
through a stationary beam. This can be the case of a streaming electron
beam through stationary ions or of one streaming electron beam through
another electron beam at rest with ions considered as neutralizing back-
ground. Anyway, the dispersion relation for this example takes the form

2 2
Wy Wpa

w? (Ll) — kV(O))2

1 = = G(w, k) (3.7.6)
The function G(w, k) defined by (3.7.6) has a behavior represented by the
curve of Fig. 3.7-4. As seen the curve reaches a minimum G(w,, k) when
® = wy. According to the foregoing discussion, the plasma system under
consideration is stable if G(w,, k) < 1, marginally stable if G(w,,k)=1, and
unstable if G(w,, k) > 1. Therefore, it is crucial to find the value of G(w,, k).
To find the threshold of instability, we set (0G/dw),,, = 0 and obtain

wyy iy _

w03 (wO — kV(O))3

[

|

|

|

: Fig. 3.7-4. Dependence of
| G(w, k) on w. See Eq. (3.7.6).
|

|

|

|

|

({o)]
[¢] wy kv

The real root for w, can be found easily by solving the above equation,
2/3y (0
wpky
Ry St 3.7.7
Wy w%s s w;éa ( )
This is the value of w at which G(w, k) is a minimum. Substituting (3.7.7)
into (3.7.6), the resulting expression can be simplified to
(@3 + i)
G(w,, k) = (kv(o))z (3.7.8)
The condition for marginal instability is that (3.7.8) has a value 1 or

kv©® = (0¥ + 0¥ (3.7.9)
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which divides the region of instability from stability. In kv'® plane (3.7.9)
represents a hyperbolic curve shown in Fig. 3.7-5. The condition for stability
G(w,, k) < 1 corresponds to the region above the hyperbolic curve, and
the condition for instability G(w,, k) > | corresponds to the region below
the hyperbolic curve. These regions are clearly marked in Fig. 3.7-5. We

k
E Stable ———
Fig. 3.7-5. Region of stability and instability in F%
k— v plane. S
Unstable
o] (©

remark that these results are obtained by ignoring the thermal effects and
certainly need corrections when the beam velocity v is close to the thermal
velocity. Therefore, let us now include the thermal effects in our considera-
tion.

The longitudinal dielectric constant in a stationary plasma with thermal
effects taken into account by using fluid equations has been derived in
(3.5.19). When these plasma fluids are streaming with beam velocities vi®,
the resulting dielectric constant is just (3.5.19) with a Doppler shift correc-
tion, i.e.,

6021
ek, ) = 30[1 ~L TR kz] (3.7.10)

By setting (3.7.10) to zero, we obtain the dispersion relation

2
Wy

k* =
Lk = VO — 1

= F(wlk) (3.7.11)
in place of (3.7.5). In (3.7.11), for simplicity, we again let all beams travel
in the same direction as k. Comparing (3.7.11) with (3.7.5) we see that the
number of roots are unchanged but the thermal effects are important when
the phase velocity w/k is near the beam velocity v{®. Instead of Fig. 3.7-2

the contribution of each term in F(w/k) has a behavior sketched in Fig.
3.7-6.
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As an example let us return to the example considered earlier, remember-
ing that in this example one beam is stationary and one beam is streaming
with velocity v'®. Instead of (3.7.6) the dispersion relation is now,

%A
(wfk — VO — 12

Jk? — ¥,

k? -+ = Flw/k) (3.7.12)

Let us consider the effect of reducing the beam velocity v'? from a very large
value to a very small value through the thermal velocity v7. When v@ > vy,
F(w/k) has the behavior shown in Fig. 3.7-7. As far as the consideration

Fig. 3.7-7. F(w/k) as a function of w/k for a large beam velocity.

for instability is concerned, the thermal correction for this case is not large.
For a given value of k% = k2, there are four intersections with F(w/k),
indicating four real roots. The plasma system is stable for this value of k.
As the value of v, is reduced, the infinites are brought closer together as
shown in Fig. 3.7-8. The minimum of the curve C marked in Fig. 3.7-7
is raised until it is above k,% as shown in Fig. 3.7-8 in which case there are
two real roots and a pair of complex conjugate roots. The plasma is then
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Fig. 3.7-8. F(w/k) as a function of w/k for a moderate beam velocity.

unstable when perturbed by perturbations of wave number k,. As v, is
reduced further, the situation becomes that given by Fig. 3.7-9. There are
again four real roots and the plasma is stable. Therefore, the thermal
motion tends to stabilize the plasma for beam velocity near the thermal ve-
locity.
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Fig. 3.79. F(w/k) as a function of w/k for a small beam velocity.

3.8 Interaction of Charged Particles with Longitudinal Waves

We have seen in Section 5 that there is an electric field associated with
these longitudinal plasma waves. It is therefore possible for plasma particles
to interact with plasma waves. The interaction may be strong if there are
appreciable particles with thermal velocities approximating the phase
velocity of the wave. This is particularly evident in Section 7 where two
stream instability was discussed. In this section we shall discuss this inter-
action problem and derive the Landau damping formula by using the one-
dimensional equation of motion.
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In the absence of collisions and electric field a thermal electron will
move according to
Z = zy -+ vot (3.8.1)

where z, is its initial position and v, its initial velocity. Let us imagine
that we have an ensemble of such noninteracting electrons in a neutralizing
ion background. Consequently both z, and v, have certain probability
distributions. In a uniform plasma the initial position z, must then be uni-
formly distributed. For convenience we shall assume a velocity distribution
Sfwo).

Now let us assume that there exists an electric field

E(z, t) = E,cos{wt — kz) (3.8.2)

excited by a plasma wave and turned on for ¢ > 0. The presence of the
electric field (3.8.2) will modify the motion of electrons. The resulting
equation of motion under the combined influence of thermal motion and
the electric field is nonlinear and is difficult to solve. We approach it by
a perturbation technique by treating the amplitude of the electric field
E, as a small expansion parameter. The position of an electron is then given
by

z=2zy+ vt +2z,+2z,-+ -+ (3.8.3)

where vyt is the displacement induced by thermal motion and z;, + 2z, + -+
the displacement induced by the electric field (3.8.2) with z, proportional
to E,, z, proportional to Ey% etc. Our initial conditions z =z, at t =0
and z = v, at t = 0 become

Zl:Z2:”':01 at t=0
(3.8.4)
Zy=2y=---=0, at t=0
The equation of motion for an electron is
mZ = —eE, cos(wt — kz) (3.8.5)

Substitute (3.8.3) into (3.8.5) and expand to the second order in E,. The
result is

m(Z, + Z,) = —eEycos[(w — kvy)t — kz,] — eEokz, sin[(w — kvt — kz,)
+ O(E?) (3.8.6)

Equation (3.8.6) can be solved by equating terms of equal power in E,.
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For terms proportional to E,, we obtain from (3.8.6)
mz, = —eE, cos[(w — kvo)t — kz,] (3.8.7)

Integrating and applying the initial condition (3.8.4)

eE,

AT 7 Tnlw = kug)

{sin [(w — kvg)t — kzo] + sin kzo} (3.8.8)

Integrating again

_ eE, —cos [(w — kvy)t — kz,] + cos kz, .
AT T (e — kug) { w — kv, + £sin kzo}
(3.8.9)
For terms proportional to E, in (3.8.6), we obtain
#, = —(eEykz,/m) sin[(w — kvo)t — kz,) (3.8.10)

where z, has been found and given by (3.8.9). The time rate of increase of
kinetic energy for each electron is given by

d _d o
-5 (KE) = —- [3m(2)]
=mzi=my+ 2+ )& + Z+ -++)
= mvofy + mzZ; + mvoZ, + O(EyY) (3.8.11)

We substitute (3.8.8), (3.8.9), and (3.8.10) into (3.8.11) and take the
ensemble average over the initial position. Remember that z, is uniformly
distributed and hence terms periodic in z, vanishes on averaging.

d . e*E? .
<W (K.E.)>zo = m sm(w — kﬂo)t
e2E?ky, sin{w — kvo)t B
+ e — Jvg) [ g t cos(w kvo)t]
_ €Ef [owsin(w— kvg)t  kugt B
T 2m [ (w — kve)? w — kv, cos(w kuo)t]

(3.8.12)

We wish now to average (3.8.12) over the initial velocity distribution v,.
We note that by means of ’'Hopital’s rule that the right-hand side of (3.8.12)
is actually well behaved at w — kv, = 0. Hence in integrating over the
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velocity space we may take the principal part of the sum, which is just the
sum of the principal parts. Let the velocity distribution be so normalized
that

Svo) dvg = 1 (3.8.13)

-0

We proceed to find the velocity average of terms in the square bracket of
(3.8.12). For large ¢, sin(w — kvy)t and cos(w — kvg)t are rapidly varying
functions of vy or more conveniently of w — kv,. The integration of any
slowly varying function multiplied by these trigonometric functions has
contribution coming mainly from the point w/k = v,. Therefore, we expand

S(Wo).
Sfo) = flwfk) — [(& — kvo)/k]f (w]/k) + --- (3.8.14)

The average of the first term in square bracket of (3.8.12) is

< o sin(w — kvy)t . ® % sin{w — kvy)t
d J o (@ Ty S =f (%)r J (@ g

_iff<i>pr° sinto — kvo)t L

o W — kv

~_ k‘ﬁ l f(%) (3.8.15)

where P in front of the integral sign stands for principal part and f'(w/k) the
derivative of the distribution evaluated at v, = w/k. The average of the
second term in the square brackets of (3.8.12) can be approached in the same
manner. To the same accuracy as (2.8.15) it vanishes on averaging. Hence
the rate of increase of kinetic energy per particle becomes

<% (K.E.)>zo,% —— %f (%) (3.8.16)

Note that even though there is no collision, electrons gain energy from the
wave if the slope of the velocity distribution is negative at the phase velocity
of the wave and that electrons lose energy to the wave if the slope is positive
at the phase velocity of the wave. The dissipation of energy per unit volume
from the wave to the particles is just (3.8.16) multiplied by the electron
density N, i.e.,

80 — —

Nowme?Ey? f’( w ) (3.8.17)

k| k| T\ k
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The energy density in electron plasma waves has been found in (3.5.29) as
U = {5.E2w¥ w3, (3.8.18)

The change in frequency in the dispersion relation due to dissipation (3.8.17)
can be computed through dw = j Q/2U as shown in Chapter 2. Carrying
out the ratio, we obtain

. nw‘;,e [ @

The above formula indicates that by taking particle-wave interaction into
account the modification in the dispersion relation is the appearance of the
imaginary part of w. If the imaginary part of w is positive, the wave is
damped exponentially with time, This occurs when f'(w/k) is negative or
when there are more particles traveling at a velocity slightly slower than
the phase velocity of the wave than faster. On the other hand when there are
more particles traveling at a velocity faster than the phase velocity of the
wave than slower, the wave gains energy from the particles and its amplitude
grows exponentially with time. The formula (3.8.19) is often referred to as
the formula for Landau damping although it differs slightly from the original
formula.

3.9 Excitation of Fields by a Test Particle

It was shown in Section 5 that there exist longitudinal waves in a plasma.
The origin of these waves was not discussed although it was shown that such
waves exist in association with thermal fluctuations in Section 6. In this
section we shall consider the problem of exciting such waves by a test particle
of charge Ze moving through the plasma at a constant velocity v,. We have
seen in Section 4 that a stationary test particle is surrounded by a polariza-
tion cloud which acts to screen its interaction with other particles outside
of the Debye sphere. If the test particle is in motion, the shape of the polariza-
tion cloud is expected to be modified. We note from Section 3.5 that plasma
waves have phase velocity of the order of thermal velocity. The test particle
can therefore have a velocity larger than the phase velocity of the wave.
When this is the case Cerenkov radiation is possible.

The response of a plasma to a test charge is completely contained in the
dielectric constant. However, in the derivation of the dielectric constant,
certain approximations may have been made. For example, the formula
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(3.5.19) was derived by using fluid theory and hence is valid only for wave-
lengths much larger than Debye length. This should be kept in mind as
(3.5.19) is used in the following.

At present we are interested in the excitation of only the longitudinal part
of the fields. These fields are described by the electrostatic equations

V«Dir, t) = p(r, ) (3.9.1)
and

gV < E(r, 1) = o4r, t) + 0,(r, 1) (3.9.2)

Here g, is the polarization charge induced by the test charge g,. For the longi-
tudinal field the electric field is derivable from the gradient of a potential
function

E(, )= —VV(r,1) (3.9.3)

Substitute (3.9.3) into (3.9.1) and (3.9.2), respectively, and take the Fourier
transform with respect to r and ¢ on the resulting equations, giving

k2e.K (K, 0)V(k, w) = o,(k, o) (3.9.4)
k2eoV (K, ) = g,(k, 0) + g,(k, ») (3.9.5)

Take the ratio of these two equations and solve for the polarization charge,

ok 0) = 2k, ) [ — 1] (3.9.6)

For a test particle traveling at a constant velocity v, and with charge Ze,
oi(r, 1) = Ze o(r — vot) 3.9.7)

where we have assumed that the particle is at r = 0 when ¢ = 0. The
corresponding test charge density in the transformed domain is given by

0.k, w) = 2nZe d(w — K - v,) (3.9.8)

Substituting (3.9.8) into (3.9.6), we obtain
1

S ACO R (3.9.9)

0,(kK, w) = 2nZe d(w — K - v,) [

The induced polarization density due to passage of a test charge moving at a
constant velocity v, is obtained by an inverse transformation of (3.9.9).
The integration in w is helped by the presence of é-function in (3.9.9),
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giving

— Ze ! _ jke(vgt-1) 13
& 1) = “K“(k,k_vo) l]e’ &k (3.9.10)

Note that the relative dielectric constant K, in (3.9.10) is evaluated at
o = k - v,. The use of (3.9.4) and (3.9.5) can yield other physical quantities
of interest, such as the potential and electric field. We give them in the follow-
ing for later reference.

_ Ze 1 o Crgt=1) 73

V(r, £) = (2n)3soj PR T ek tvt=n) g (3.9.11)
— jZe k jke(vol-1) 73

E@, 1) = (2n)3soj TR T AR &k (3.9.12)

We note that the electric field in (3.9.12) may be obtained directly by using
(2.13.6) or the dyadic Green’s function (2.14.30). Equations (3.9.10),
(3.9.11), and (3.9.12) show that the response of the plasma depends on
the dielectric constant of the medium. The expression given by (3.5.19) is
valid only for small k (long wavelength). For large k, comparable to Debye
wave number, plasma waves in a thermal equilibrium plasma are damped
through particle-wave interactions as discussed in Section 8. Therefore, we
may introduce an arbitrary cutoff at k = kp for the upper limit if the in-
tegral is to diverge.

The approach used in arriving at (3.9.10), (3.9.11), and (3.9.12) make use
of the dielectric constant. It is equally valid if we start with the fluid equations
and Maxwell’s equations discussed in Section 5 with the appropriate inclusion
of sources to take into account the test charge. After the equation is
linearized about the perturbed quantities, the induced density perturbation
is found to satisfy the inhomogeneous Klein-Gordon equation. This equa-
tion can be solved by the transform method. The integrals involved in the
inversion are exactly identical to those considered here [see (3.9.14) below]
and the results are also identical.

In the following we shall treat two cases separately, depending on the
magnitude of the test particle velocity v, smaller or larger than the thermal
velocity vp. For convenience the test charge is assumed to be moving along
the z-axis for both cases. The relative dielectric constant is given by

Kk, 0) = 1 —w,(w? — K?vy?) (3.9.13)

where contributions from ions have been ignored.
Let us first treat the slow test particle case in which vy < vy. Substituting
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(3.9.13) into (3.9.10), the polarization charge density is found to be

Zek 2 j 1

jke(vyt-1) g3
Q) ) Tk + k7 + kA1 — B+ kp? © 4k

(3.9.14)

Qp(r, t) = -

where 8 = v/vy and is less than 1 for the present case and k,? = w,*/vy%
Let us make the following simultaneous substitutions in (3.9.14),

k:c’ — kxs kyr _ ky’ kz’ — (1 . ﬂ2)1/2k‘z

(3.9.15)
X'=x, Y=y =z )
We obtain
. Zekl)Z 1 —ik'er' j31.7
oult, 1) = — ity ey J g T P (39.16)

We note that the induced polarization charge is spherically symmetric in the
new coordinates. We note also that (3.9.16) is identical in form to the
transform of (3.4.4) for which a solution has been given in (3.4.8). Therefore,
we can immediately write down the expression. Since Fourier inversion can
be carried out rather easily, we shall proceed to evaluate the integral for the
purpose of illustrating the technique. (Also, see Chapter 2, Section 14.)
Rewrite (3.9.16) by using spherical polar coordinates in k-space with polar
axis aligned with r’. The integrations with respect to azimuthal angle ¢
with limits 0 and 27 and with respect to polar angle 6 with limits 0 and =
can be carried out easily.

_ Zekoz e—jk'r' cos 0 o ,
0ult 1) = — et j G K sin 0 dk db i
ZekD2

© K e
RGO R (e DR J , TR @ e 69T

The integrand in (3.9.17) is even in k’ and therefore can be written as

Zekpt J‘°° k'

. kT’ g1
e (e STl B ey

Qp(r’ t) =
which can be integrated by contour integration. For g, to remain bounded as
r’ — oo, we close the contour in the upper half-plane and pick up the con-
tribution from the simple pole at k' = jk,, yielding

2
ZEkD ~kpr’

~ A1 = gy © (3.9.18)

Qp(ra t) =
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We note that in the transformed coordinates (3.9.18) is identical to the
Debye screen cloud discussed in Section 4. When we transform it back to
the original coordinates, we obtain the result

Zekp® exp{ —kpl[x* + y* + (z — vot)*/(1 — B*)]"*}

& D) = = T [x2 + ¥ + (z — vot FI(1 — f*)]'
(3.9.19)

The induced polarization charge (3.9.19) is in the form of a screening cloud
that comoves with the test particle. From the point of view of fluid theory the
screening comes about because of Coulomb forces which displace the
fluid until the electrostatic force is balanced by the pressure force. The
screening cloud has an oblate spheroidal form centered at the test charge
and being compressed in the direction of motion by the ratio 1 to (1 — £2)V2.
For the case of a stationary test charge, (3.9.19) should reduce to the results
discussed in Section 4. These results are comparable if we set y = 1.

As we have seen, for vy << vy the perturbed fields are evanescent.
However, when the test particle is suprathermal, viz., v, > v, radiation fields
are expected due to Cerenkov radiation. This is the case we wish to consider
at present. The starting point is still (3.9.14) which is now written as

ZekD2

1 L
— —jker’ 13
o,(r, t) n) J D, ko) e ak (3.9.20)
where
Dk, w) = k? + kp? — w?/vp? (3.9.21)
r =r— vy (3.9.22)

The inversion in (3.9.20) can be carried out exactly, but it is long and tedious.
In the following this integral will be evaluated asymptotically by using the
method given in Appendix B. It so happens in this case that the asymptotic
expression is exact. The asymptotic evaluation of (3.9.20) produces the

following \
gy = — 20§ < e (3.9.23)

2ar’ |7, D, ko) | A/TK|

where r' = | r' | and K is the Gaussian curvature of the dispersion surface.
The summation is carried out over all values of k which has a corresponding
group velocity along r'.

We note from (3.9.21) that D(k, w) = 0 is the dispersion relation (3.5.25)
for electron plasma waves. The relation

Dk, ko) = kp? + b + k2 — k2B — 1) =0  (3.9.24)
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is just the Doppler shifted dispersion relation as seen by an observer moving
with the particle velocity v, along z-axis. The effect of motion is to distort
the otherwise spherical dispersion surface into the surface of hyperbolid of
two sheets when 8 > 1. The surface is axially symmetric with respect to
k.-axis and its intersection with k, = O plane is shown in Fig. 3.9-1. Since

K,y

P
ati kot

Fig. 3.9-1. The dispersion surface in a moving plasma as given by (3.9.24).

the group velocity is normal to the dispersion surface, it is now pointing in
a direction different from that of k. The normal to the dispersion surface is
in the same direction as

V. D(k, kvo) = 2[8k, + Pk, — 2k,(82 — 1)] (3.9.25)

The group velocity is either parallel or antiparallel to the vector given by
(3.9.25). A decision on the choice can be made by noting that v, = I,
and therefore, v, must be in the direction of increasing w. In applying this
method to the problem at hand, we need to examine the dispersion surface
with a small increase in w, that is the following surface.

DK, k,py & 8) = k2 + kp? — (kwo + 0)%vp? = (3.9.26)

where 4 is a small positive parameter. The dispersion surface (3.9.26) is
approximately the same as that given by (3.9.24) except that both surface
branches are shifted downward slightly. Consequently, the group velocity
for both branches of the surface has a negative z-component.

According to the asymptotic theory, the observer at r’ sees those waves
with those wave numbers whose corresponding group velocities all point
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toward the observer at r’. Suppose now a certain observer is at r’, which is
parallel to v, with a corresponding wave vector k; (See Fig. 3.9-1). Because
of the symmetry of the dispersion surface and the foregoing discussion in
regard to the correct choice of normal to the dispersion surface as the direc-
tion of v,, the observer also sees a wave with wave vector k, = —Kk, since
its corresponding group velocity v,, is parallel to v,, as shown in Fig. 3.9-1.
Therefore, for the dispersion surface the radiaton field at any point r’
has contributions coming from either two points on the surface or none
at all. An examination of Fig. 3.9-1 shows there is field only when the ob-
server is inside a cone which is identified as the Cerenkov cone later on in
this section.

Let the observer be at ' = (x/, y, z’). Based on these discussions and
(3.9.25), we must have

x :y' 1z = kz tkyt— kz(ﬂ2 -1 (3.9.27)
v

Making use of the Doppler shifted dispersion relation (3.9.24), Eq. (3.9.27)
can be solved to produce

_ kp i
k== @ — 1) — x2— yryn [(£x" + gy — 22'/(B2 — 1)] (3.9.28)

where the upper sign applies to the upper branch of the dispersion surface of
Fig. 3.9-1 and the lower sign to the lower branch. The Gaussian curvature
is found to be

K = kp2(B2 — 1)/[k,2 + k2 + k2(8? — 1) (3.9.29)

for both branches, where the Doppler shifted dispersion relation has been
used. We note that the Gaussian curvature is positive, the constant C of
(3.9.23) is 1 if the surface is convex to the direction of IV, D(k, k,v,) and is
—1 if convex to the opposite direction. For our case, C =1 for both
branches. Putting (3.9.25), (3.9.28), and (3.9.29) in (3.9.23) and using
(3.9.28) to reexpress k in terms of r’, we obtain
Zele? ] 1 (e_jk.,' + ejk-r')
2P| VIE]
. Zekp? cos kplz'3/(82 — 1) — x'2 — y'2]1/2

- 2n(f — 1)Vt [23(B: — 1) — x'2 — y2JV/2

Qp(l', t) = —

When transformed back to the original coordinates, the induced polarization
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density is therefore given by

Zekp® cos kpl(z — vt 2/ (B2 — 1) — x2 — y2]v/2

25T, ty=— 2 — 1) [z — v )P /(B2— 1) — x2 — 22
— Vol 2 2y1/2
X u(— ﬁ — (x® 4 AV ) (3.930)

where the unit step function u comes from the following considerations. The
dispersion surface (3.9.24) has asymptotes which make an angle § with the
horizontal axis so that

tanf = 1/(f% — 1)2 (3.9.31)

These asymptotes in kk, — plane are shown by dotted lines in Fig. 3.9-1,
The normals to these asymptotes form a cone with an apex angle equal
to 0. Within the cone a polarization charge density is induced; outside of
the cone the charge density is unperturbed. The cone of spherical cross
section with an apex angle 0 serves as the shock boundary and is sometimes
referred to as the Cerenkov cone. The coordinates of the cone are given by

o (x’2 + y’2)1/2 o (x2 + y2)1/2
z’ zZ — vot

tan 0 =

(3.9.32)

Eliminating tan 0 between (3.9.31) and (3.9.32), the Cerenkov cone is found
to be given by
Zz — vyt

T

A point (x, y, z) inside the cone must satisfy the inequality

+ (xz + y2)1/2 =0

—(z = vot) < [(B* — D + yH)2 (3.9.33)

which clearly shows that the argument of the unit step in (3.9.30) is correct.
From (3.9.31) the apex angle § also satisfies the following relation

sin@ = 1/8 = vpfv, (3.9.34)

The complimentary angle of 6 is then given by 8, = cos~!(vy/v,) and is
referred to as the Cerenkov angle. The field vanishes outside of the well-
known Cerenkov cone with the apex at the moving particle and the apex
angle 6. The faster the velocity of the test particle v, the smaller is the apex
angle 6. Far behind the Cerenkov cone and nearly on the axis, (3.9.30)
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can be approximated by

—Zek[)2 kD(Z — l/ot)
2z — val) O (B — DR

0,(r, t) = z Lyt (3.9.35)
Note that the field decays as inverse distance. The field given by (3.9.35)
is the radiation field brought about by the electrostatic interaction between
the test particle and the fluid plasma particles. This radiation is indicative
of energy transfer from test particle to plasma waves which then propagate
away. Unless there is external force to maintain the velocity, the test particle
must slow down and be stopped eventually. It is therefore of interest to
consider the energy loss through radiation per unit distance of travel of the
test particle. This energy loss is known as the stopping power.

For a test particle given by (3.9.7) moving with a velocity v,, the cor-
responding current density is

J(r, t) = Ze 8(r — vpt)v, (3.9.36)

The power dissipated per unit volume by the test particle is just J(r, f)
« E,(r, t) which when integrated over the volume gives the total power dis-
sipation. The use of (3.9.36) reduces the volume integral to

dW]dt = Zev, - Ey(vot, 1) (3.9.37)

The electric field E, in the power dissipation expression (3.9.37) is the field
generated by polarization charges and is evaluated at the position of the
test charge. Due to passage of the test charge, a polarization field is induced
and it reacts back on the test particle. The induced field can be obtained by
substracting the self-field from the total electric field given by (3.9.12).
The self-field is the electric field that exists in free space and can thus be
obtained from (3.9.12) by simply setting K to 1. These remarks enable us
to write explicitly the expression for the power dissipation as

AW jzern (* . i L
dr (2%)280 jo kJ_ ko_ J_w dkz kz?. + kJ_z [1<“(k, sz()) 1 (3938)

where we have assumed, as before, that the test particle is moving along z-
axis. Also the volume integral in k-space is written in cylindrical coordinates
and it is assumed that K, does not depend on the azimuthal angle. As dis-
cussed in Section 5 of Chapter 2, K (k, w) - 1 as w — o0. Hence the in-
tegrand in (3.9.38) vanishes as k, — 0o and we may close the integral with
a large semicircle. The question of interest here is whether the large semi-
circle is above or below the real axis. In Section 5 of Chapter 2 we have
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found that K(k, w) must be regular in the lower half w-plane if the medium
is stable. The argument makes use of the principal of causality with the elec-
tric field intensity viewed as the excitation and the electric displacement
viewed as the response of the system. If we switch their roles and view the
electric displacement as the excitation and the electric field intensity as the
response, we must similarly conclude that 1/X (k, w) must be regular in the
lower half w-plane in a stable and causal medium. As a matter of fact the
transform technique used here cannot be used to define functions in the
upper w-plane because the integral diverges and they can be defined in the
upper w-plane only as analytic continuation from the lower half w-plane.
In the integral (3.9.38) the argument w of K| is replaced by k,v,. If the
medium is not spatially dispersive, the foregoing remarks indicate that
1/K,(k.v,) must be regular in the lower half k,-plane. Of course there may be
poles in the upper half k,-plane, but they are outside of the contour and
shall make no contribution to the integral. In the limit of the lossless case
the poles of 1/K,(k,v,) move down from the upper k,-plane to the real axis.
The contour integral along the real k,-axis must be indented downward at
these poles. These poles are still outside the contour and hence still make no
contribution to the integral. For a spatially dispersive medium we can no
longer make such general statement about the regularity of 1/K,(k, k,v,)
in the lower half k,-plane because K, depends on k, through its dependence
on k and on  (in this case since we set w = k,v,). However we shall assume
that this is the case and it is certainly so for the longitudinal dielectric
constant of the plasma given by (3.9.13) which reduces to
wp?

Kol ko) = 1 = =0y = ko

(3.9.39)

Because of the assumed regularity of K in the lower half k,-plane and the
indentation of the integral in the lossless case, the only contribution to the
contour integral is from the pole at k, = —jk, in (3.9.38). Carry out the
contour integration with respect to k., yielding

dw  (Ze)w,’ J‘” k, dk,
dt  dnew, Jo k24 w,2fve?

(3.9.40)

* For the lossless case, the k, integration of (3.9.38) can also be carried out by writing
it as the sum of a principle part of the integral and the contributions from the small semi-
circle indentations at the two poles of 1/K, (%, k,v,) on the real k. -axis. The principle
part integration vanishes because the integrand is an odd function of k,. Therefore
the only contribution is from the two poles. The result is the same as (3.9.40). Here
we can see that the energy loss of the test particle is due to the excitation of the plasma
waves, corresponding to K = 0.
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where (3.9.39) has been used in simplifying the expression. The integral
(3.9.40) diverges logarithmically at the upper limit. We recall from the dis-
cussion in the beginning of this section that the dielectric constant expression
such as (3.9.34) is applicable only for k less than k,. Therefore, we arbi-
trarily introduce kp as the upper limit in the integral (3.9.40). This has the
effect of including the collective interactions between the test particle and the
wave but close collisions that have individual particle behavior are ignored.
The time rate of loss of energy by the test charge is then

2 2 2,, 2
dW: (Ze)w, lo(kpuo +1>

dt 8reg, wp?

(3.9.41)

We note that k; enters only logarithmically and hence its exact choice is
not very critical. The stopping power is defined as the energy loss by the
test particle per unit distance of travel and is just (3.9.41) divided by v,,
ie.,

aw ZeYw,? kpve?
ds - (87l2011012, log( :I))pzo + 1) (3'9.42)
The stopping power (3.9.42) can also be derived by integrating over the
surface of a large sphere of radiation energy per unit distance of travel of
the test particle (see problem at the end of the chapter). Therefore, all of
the energy computed in (3.9.42) is transferred from the test particle to the
wave and radiated away. We note that the slower suprathermal test charge is
more efficient in producing plasma waves than the faster one because of
the approximate inverse square dependence on v, in (3.9.42).

In the above discussion, the effect of ions in the plasma is neglected. If
in (3.9.39), we include the terms corresponding to the effect of ions, similar
computation can be carried out. One finds that in addition to the energy loss
due to the excitation of electron plasma waves, there will be contribution
from the excitation of ion plasma waves. But this contribution is small com-
pared to the electron contribution simply because of the large mass of the
ions.

Problems

1. Consider a sphere of radius R containing electrons with uniform density
N, and singly charged ions with uniform density N; not necessarily equal
to N,.
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(a) Find the expression of the electrostatic potential at the surface of the
sphere, assuming the potential at r = oo is zero.

(b) Solve for the potential inside the sphere. What is the potential at
r=207?

(c) Take R = 100 km, a dimension certainly small as compared with the
whole of the ionosphere. Take N, = 10!3/m?3, a typical value for the F
region of the ionosphere. Calculate the surface potential for a number of
percent departures of ion density.

2. It has been found that the natural frequency of oscillation of the
plasma parallel slab is just the plasma frequency. This is somewhat accidental
since the natural frequency of oscillation depends not only on the density
but also on the geometry of the problem. Consider an infinite circular cy-
lindrical column with radius @ and uniform electron density N, and singly
charged positive density N;. When unperturbed, the cylindrical column is
electrically neutral with N, = N,;. Displace all electrons by a small identical
distance & in a direction normal to the axis. Find the natural frequency
of oscillation [L. Tonks, Phys. Rev. 37, 1458 (1931); 38, 1219 (1932);
N. Herlofson, Ark. Fys. 3, 247-297, (1951)].

3. This problem is concerned with distribution of charged particles in
a uniform gravitational field in a highly idealized manner. When in thermo-
dynamic equilibrium the electrons and positive ions are distributed ac-
cording to the Boltzmann distribution

Ne — Neoe(—mengV)/T

N'i — Nioe(—mﬂz+eV)/T

where g is the constant gravitational acceleration, the coordinate z is pointed
vertically upward and the temperature of electron and ion are identical,
and both are T expressed in energy units. The electrical potential ¥ satisfies
the Poisson’s equation

d2V/dzt = —e(N; — N,)/e,

(a) Assume strict charge neutrality. Show that the electric field in the
medium must be uniform and has a value (m; — m,)g/2e. This electric
field arises from charges at the surface of the boundaries. Show that both
electron and ion densities are distributed exponentially with a scale height
H = 2T/(m, + m,)g, i.e., they are distributed as if the plasma has the
average mass of electron and ion.
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(b) In general the charge neutrality condition may not be tenable in
some regions of the atmosphere. The problem is prescribed by some as-
sociated boundary conditions. However, due to the nonlinear character of
the equations, they become very difficult to solve exactly. We must then
resort to asymptotic methods. Let

Ey = (mi - me)g/ze

be the electric field when there is strict charge neutrality. Define ¢ as the
potential departure (with a normalizing factor) from the case considered in

(a), i.e.,
¢ = (e/DIV + Ey(z — z,)]

where z, is the height at which electrons and ions would have equal density
if they were not influenced by the presence of electric potential, i.e.,

2o = [T/(m; — m.)g] In(n;0/ Neo)

The Poisson’s equation may be transformed into the following nonlinear
differential equation

d*p|dE* = a’e~* sin h¢
with the following substitutions:
Ny = N ™/T = Njemi#%/T
£ =z/H
Ap? = ;T2 Nye?
p = (m;— m,)/(m; + m,)
p = 21In(H/Ap)
In a® = (zo/H + p)

Let the associated boundary conditions be V(0) =0, E(0) = E(co) = 0.
Then they transform to

#(0) = u(p — Ina?)
dbldE = at &£ =0 and oo

The nonlinear equation given above is now appropriate for the discussion
of asymptotic solutions in the limit p > 1.
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(i) In the region ¢ <€ 1, we have the approximate solution
¢ ~ (—php/H)e ™

and the distribution found in (a) is approximately valid. Show this.
(ii) In the region ¢ > 1, the electrons and ions are distributed according
to their respective scale heights H, = T/m,g and H; = T/m;g. Show this.
(iii) Discuss the solution in the transition region [(J. E. Allen, S. E.
Segre, and A. Turrin, Nuovo Cimento 31, 402413 (1964)].

4. Generally there are two classes of problems of interest. The first class
of problems is the forced oscillation case in which the angular frequency
of oscillation w is given and is thus real while the wave vector k may be
complex showing absorption of the wave. The second class of problems is
the initial value problems in which an oscillation is set up with a definite
wavelength and hence k is given and real while the angular frequency w
is allowed to take complex values showing temporal damping of the oscilla-
tion. Show that in a slightly lossy isotropic medium the negative imaginary
part of k for a given real w is related to the imaginary part of w for a real k
by the relation
w’ =v, k"

where v, is the group velocity.

5. Suppose the electron-neutral collisions in the form of a frictional force
cannot be ignored entirely in the consideration of electron plasma waves
as done in Section 5. Derive the complex longitudinal dielectric constant
for this case. The appearance of the imaginary part of the dielectric constant
shows that plasma waves will be damped in time if initiated. Find the shift
in the frequency and the damping time constant in the limit of small colli-
sions.

6. Derive Eq. (3.7.4) in Chapter 3 from the fluid equations as carried out
in Section 5 of Chapter 3.

7. Show thdt the average force per particle in a uniform plasma with
initial distribution function f(v,) due to a longitudinal wave E, cos(wt — kz)
is .

dv —me?Ey? w

F=(m WL,.,,, = (%)

[T. H. Stix, Bull. Amer. Phys. Soc. [2], 5, 530 (1960)].
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8. For a Maxwellian distribution
. m 1z —mv,2/2T
fw) = (—Zn_T-) e

compute the Landau damping rate.

9. For a two-component plasma, electrons and ions, show that the disper-
sion relation for longitudinal waves can be expressed as

nt — [(1 — wp/0?)/62 + (1 — wii/w?)/6n?
+ [1 — (whe + @3)/w?]/8:20;* = O

where # is the refractive index and 8,2 = v&,/c?, 0,2 = v};/c?, ¢ is the velocity
of light.
For w,; > w,;, sketch the solution n* as a function of w.

10. Flow of a charged plasma in a metallic conductor of variable cross
section leads to the appearance of the so-called configuration emf. Consider
the flow of steady current through a conductor whose cross section decreases
abruptly at some point. Show that associated with the cross-section change
there must be a jump in electric potential given by (I?m/2Ne®)(S;2 — S72)
where I is the total current, S, and S, the cross-sectional areas of the con-
ductor. Note that in a conductor the charged carriers are conduction eiec-
trons which have constant density [configuration emf is discussed by
A. A. Vedenov, Sov. Phys. Usp. T, 809-822 (1965); M. Chester, Phys.
Rev. 4 133, 907 (1964)].

11. The interaction of a solid-state plasma particle with lattice vibrations
may lead to modification of velocity of sound. The propagation of sound
waves induces plasma motion which in turn modifies deformation force
and changes the velocity of sound. Let § be the deformation, s the velocity
of sound, M and N the mass and density of lattice atoms, g, the interac-
tion constants between the lattice and «th kind of plasma particles, and n,
the plasma particle density. Then the d’Alambert equation for the deforma-
tion is
(0°8/01*) — s* V'€ = —(1/MN )q. Vn,

The equation of motion of the ath kind plasma particles is coupled back
through

madvjdt = qV?% — (1/n)Vp + Z,eE — mv,y

Suppose the plasma is electrically neutral and composed of singly charged
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particles of electrons and holes at temperatures 7, and T, (in energy units).
Assume inertia and frictional forces are negligible and the unperturbed
plasma is homogeneous. Show that the modified velocity of sound is s’
and satisfies

(q: + q.)° n
T,+ T, NM

§'% =52+

[A. A. Vedenov, Solid state plasma, Sov. Phys. Usp. 1, 809-822 (1965);
G. Weinreich, Phys. Rev. 104, 321 (1956)].

12. The response of the plasma to a test charge can be treated by using
fluid equations (3.5.1) through (3.5.4) and the Poisson’s equation. Assume
that the plasma is composed of electrons and neutralizing background ions.
Into this plasma a test charge of density g, is introduced. Show that the
perturbed electron density must satisfy the linearized equation

2 0% 1 , .
( - v? 012 — YD ) N, = —o,fyeAp®.

An equation of this form is known as the inhomogeneous Klein-Gordon
equation in the quantum field theory. Show also that this equation is con-
sistent with (3.9.14) by taking the Fourier transform of the equation. The
test charge can be assumed to be moving along the z-axis with a constant
velocity as was done in (3.9.7) [M. H. Cohen, Radiation in a plasma I,
Cerenkov effect. Phys. Rev. 123, 711-721 (1966)].

13. Assume the electron distribution function satisfies the simplified
Boltzmann equation

ot +v -Vf+v -V f=—(f—for

where f, is the equilibrium distribution function and is independent of
position and time. Use the perturbation approach and let

f(l', v, 2) :fo(v) +f/(r7 v, t)
with " L f;.
(a) Assume a complete degeneracy so that

Vofo = —(/v) 8(| v — ¥ |).

Find the longitudinal dielectric constant.
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(b) Find the self-energy of the charged particle moving at a constant
velocity v, in this degenerate gas. Introduce a lower cutoff at the Debye
wave number to prevent the integral from diverging.

(c) Find the stopping power of this charged particle [J. Lindhard, Kgl.
Dan. Vidensk. Selsk. Mat. Fys. Medd. 28, No. 8 (1954)].
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4. Waves in Fluid Plasma
with a Steady Magnetic
Field

Chapter 3 was concerned exclusively with longitudinal waves in a plasma
in the absence of a steady magnetic field. But this is not the only possible
wave that can exist in the medium. Even in the absence of a steady magnetic
field, we may have transverse electromagnetic waves. When there is an
external magnetic field, the waves are in general neither strictly longitudinal
nor strictly transverse. We shall find that the medium is extremely rich in
sustaining many types of wave motions. Because the plasma state is described
by a large number of parameters and the parameters may vary over a wide
range, it has been found useful, convenient, and almost essential to define
a parameter space. The refractive index surfaces are classified in the param-
eter space. This is helpful in visualizing the transformation of refractive
index surfaces as a given parameter varies. Such a classification is first
done on cold plasmas and later extended to the warm plasma case.

4.1 Transverse Dielectric Constant and Index of Refraction

The fluid equations (3.5.1) through (3.5.4) used to describe longitudinal
plasma waves can still be used to describe transverse waves, but now the
particle velocity is perpendicular to the propagation vector. The equa-
tion of continuity immediately deduces that the associated particle density

130
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is not perturbed (see Eq. 3.5.14). Consequently, the pressure force in the
equation of motion does not come in (see Eq. 3.5.15) and we may speak
of force on an ‘“‘average” electron.

The equation of motion for an “average” electron is then

mg = —eE 4.1.1)

where E is the displacement of the electron from its equilibrium position due
to the presence of electric field and m the mass of an electron. Here the
Lorentz force, ¢€ % B, has been ignored because we are assuming in this
section the absence of external magnetic field and because we are linearizing
the equation of motion. For sinusoidal forced oscillations of dependence
exp jwt, the displacement can be solved in terms of the electric field,

€ = eE/o’m 4.1.2)

The dipole moment of a dipole arrangement of charges is given by (2.3.27).
In a volume of charge density N, the resulting electric polarization density is

P = —NeE = —(wy /w?)eE = yeE (4.1.3)
where w, is the angular plasma frequency given by (3.3.4); i.e,,
w,? = Ne*/ms, (4.1.4)

In the ionospheric literature it is conventional to adopt the notation X
for the normalized plasma frequency squared,

X = w,w? 4.1.5)
In this notation, the electric susceptibility is
x=—X (4.1.6)

Here we have ignored entirely the ionic contribution to the susceptibility
because of their large mass. The corresponding expressions for the dielectric
constant and the refractive index are

e(w) = &(1 — X) = &(1 — w,w?) “.1.7)
n = kf(w/c) = (1— X)V2 = (1 — w,?w?)V/? (4.1.8)

Here, the dielectric constant is real and w-dependent but not k-dependent.
Equation (4.1.8) shows that for > w, the propagation is nearly unaffected
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by the presence of the medium since the medium can not respond to such
a high frequency. As w is decreased, the polarization current density,
P = —joNe§ = — Jwp*eE/w, is increased. Since the polarization current
is 180° out of phase from the displacement current, the total current is ef-
fectively reduced. This shows the frequency dispersive nature of the medium.
When @ = w,, the polarization current and the displacement current have
equal magnitude and the resulting total current is zero. When o < w,,, the
total current is negative corresponding to the region of imaginary refractive
index. This is the region of evanescence where the wave is attenuated ex-
ponentially. The division of propagation and evanescence occurs at w = w,
at which n = 0. For convenience, the condition of vanishing refractive index
shall be called the cutoff condition.

From (4.1.8), we can obtain the expressions for the phase velocity and
group velocity as

v, = w/k = c/(1 — (wy/w)*)V2 = ¢c/n 4.1.9)

and
v, = dojdk = c(1 — (w,/w))V?* = cn (4.1.10)

It is interesting to note that the product of the phase velocity and the group
velocity is equal to the square of the velocity of light in free space, i.e.,

Vv, = C? 4.1.11)

In the ionospheric literature a group refractive index is occasionally used.
It is defined by

n, = clv, 4.1.12)
Substitution of (4.1.10) in (4.1.12) immediately gives
ng=1/n 4.1.13)

The time-averaged energy in a wave packet can be computed by using
(4.1.7) and (2.10.20).
(W) = }| E|?0(we)/0w + }u,| H|?
= Heol EI* + ol HID + HoploD)eo E[F (4.1.14)
The first term of Eq. (4.1.14) represents the energy stored in the correspond-

ing free space electromagnetic fields. The second term represents the addi-
tional energy stored in the material medium and in the present case it is



4.1 Transverse Dielectric Constant and Index of Refraction 133

actually the kinetic energy of the electrons. The time-averaged kinetic energy
per unit volume is given by

(T) = INmE - §* = }(w,"/w)e| E |2 (4.1.15)

where Eq. (4.1.2) has been used. We see that the average kinetic energy
density (4.1.15) is just the last term of Eq. (4.1.14).

In writing the equation of motion (4.1.1), the collisional effects are ignored
entirely. A rigorous consideration of the collisional dynamics is outside
the scope of this book. We shall only describe it by using a very simple
model. Collisions between two hard spheres of different masses will result
in a transfer of momentum from the light sphere (electron) to the heavy
sphere (molecule) of an amount

A(mv) = mv(l — cos x,) (4.1.16)

where y, is the scattering angle through which the electron is deflected.
(Note: yx = electric susceptibility and y, = scattering angle.) Average
(4.1.16) over all scattering angles and assume that all scattering angles are
equally probable; we obtain

{A(mv)) = mv 4.1.17)

Therefore, on the average each collision results in a transfer of electron
momentum equal to its initial momentum. We shall assume that such
collisions take place v times per second. The net rate of transfer of mo-
mentum from electrons to molecules is then myy. We note that this collisional
force, like frictional force, is proportional to velocity. In some literature
this force is referred to as the Langevin force. The collisional frequency is
related to the particle density, collisional cross section, and thermal velocity
through

v = Novy (4.1.18)

In a weakly ionized gas, collisions occur mainly between electrons and
neutral particles. In this case the particle density in (4.1.18) should be
neutral particle density and the cross section the neutral particle cross
section. For ionospheric studies we may adopt the electron neutral collisional
frequency as [Nicolet, 1959]

v = 3.3 x 1079/T[N(O,) -+ N(N,) + 2N(O)]sec!  (4.1.19)

where N(O,), N(N,) and N(O) are number densities in m~3, respectively,
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of O;, N;, and O in the atmosphere. The factor 2 is used to account for the
experimental observation that the scattering cross section of electrons by
atomic oxygen is 32 a.u., about twice the accepted cross section for air.

The effect of collisions is to introduce an additional frictionlike term in
the equation of motion (4.1.1). For forced oscillations, it becomes

—wm(l — jojw)E = —eE (4.1.20)

Comparison of (4.1.20) with (4.1.2) indicates that the collisional effect
can be taken into account simply by replacing m in the collision-free case
by m(1 — jv/w). This is equivalent to replacing w,? or X by w,?/(1 — jy/w)
or X/(1 — jv/w), respectively. Such replacements in (4.1.7) and (4.1.8) give
us the dielectric constant and refractive index, now with collisions taken
into account, as

e(w) = eo(l - %) = &y(1 — X/U) @.121)
n= (1 — X/Uy (4.1.22)

where
U=1— jyjo (4.1.23)

We note from (4.1.21) and (4.1.22) that both the dielectric constant and
the refractive index are in general complex. For a real frequency w, the
real part and the negative imaginary part of the dielectric constant are,
respectively,

&'(w) = eo(l _ Tﬁ%) (4.1.24)
. . w,v[w?
o' (@) — e(,(m) (4.1.25)

These formulas show that the £'(w) is even and & (w) is odd in (real) w, in
agreement with (2.5.1). Further, we can show that they satisfy the Kramers—
Kronig relations (2.5.15) (see problem at the end of the chapter). The
presence of the simple pole at w = 0 merely indicates that the medium has
a dc conductivity given by (2.5.10)

0(0) = jlim we(w) = Ne?/my (4.1.26)

w0

For a real frequency w, the real part and the negative imaginary part
of the refractive index can be obtained from Eq. (4.1.22). They are given
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by the following relations:
2(n')® =1— (XJUU*) + [1 — X2 — X)/UU*}"2  (4.1.27a)
2" =14+ (XJUU® + [1 — X(2 — X)/UU*V2  (4.1.27b)

These expressions are rather involved for hand computational purposes.
Graphical methods do exist if only moderate accuracy is needed (Deschamps
and Weeks, 1962).

It should be mentioned that for a time it was not certain whether the
Lorentz polarization term should be included. The inclusion of the Lorentz
term has very large effect if a propagation technique is used to measure the
electron density (see problem at the end of this chapter). However, the
refined theory [Darwin (1943); its modern version is given by Theimer
and Taylor (1961), Kadomtsev (1958)] indicates that the effective electric
field in a gaseous plasma with free electrons is just equal to the applied
electric field and thus the Lorentz polarization term should not be included.

4.2 Reflection of a Plane Transient Wave from the Plasma Half-Space

We have seen in Section 3.3 that a plasma has a natural frequency of
oscillation at the plasma frequency w,,. Therefore, it is reasonable to expect
that in some way this resonance effect will be revealed in transient behavior.
If so, it can be very useful in diagnostic applications to determine the
electron density in a plasma.

Let us consider a plane wave incident normally from free space on a
plasma half-space. Part of the incident energy is reflected and the remaining
part transmitted, but both signals are affected by the dispersive properties
of the medium. We shall postpone our discussion on transmitted signal
till the next section and only treat the reflected signal in this section.

The reflection of an incident sinusoidal plane wave by a plane boundary
is described by Fresnel formulas. For the case of normal incidence the
reflection coefficient reduces to

{0 — (@ — w2

{0) + (wz . wp2)l/2}

If the incident wave is E;(¢) with Fourier transform E;(w), the reflected wave
can be found by inverting R(w)E (). Since the reflected wave is propagat-
ing in free space which is not dispersive, we shall assume that both the inci-
dent and refiected waves are found at the interface. If these waves are at

R(w) =

@.2.1)
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some nonvanishing distance from the interface, we need only to take ap-
propriate time delays into account.

To be specific, let us assume that the incident wave (at the interface)
is an impulse whose transform is unity, ie.,

E(t) = 4(2), E(w) =1 (4.2.2)
The reflected wave (also at the interface) is then just the Fourier inverse of
E(») = R(0)E(w) = w,?/[w + (0 — 0,7 (4.2.3)

This expression has the exact inverse, giving
E(t) = —(2/t)Jy(w,t)u(t) 4.2.4)

where u(¢) is a unit step and J, is the Bessel function of the first kind of order
two. For a time large compared with the inverse plasma frequency, we
may use the asymptotic expression of the Bessel function for large argument.
It reduces (4.2.4) to

E.(t) = (8/mw,t?)2 cos(w,t — 7/4), wut > 1 (4.2.5)

We see that the reflected wave tends to oscillate with an angular frequency
equal to plasma frequency. The time behavior of (4.2.4) can be found in
Fig. 4.2-1. Analogous to system analysis we may speak of (4.2.4) as the
impulse response of the system. As is well known in system analysis, the

0.2
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Fig. 4.2-1. Time behavior of the reflected wave on a lossless plasma half-space for an
impulse incident wave. [After Wait (1969).]
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response of a general input can be obtained by convolving the impulse
response with the input, i.e.,

E(t) = — J: /) (w,T)Edt — T) dt (4.2.6)

For example, if the input wave is a unit step, E;(f) = u(?), the reflected
wave is then

E(f) = [J J: Q) w,7) dr]u(t)
= [Qlogt)] (wyt) — 1u(t) 4.2.7)

where the integration formula,
j x P (x) dx = —x P, (x)

with p = 2, has been used. We note again that the reflected wave has a
tendency to oscillate at w,. As w,t approaches infinity, the reflected wave
given by (4.2.7) tends to —1 asymptotically, showing that, for these long
times, the plasma is behaving like a perfect conductor.
As another example, it can be shown that if the incident field is a turned-
on sinusoidal wave
E,(t) = u(?) sin wy! 4.2.8)

the reflected wave is found to be (see Problem 5 at the end of chapter)

E(t)=—2 ZO (= 1)@ yn 43yt Ju(t) 4.2.9)
where
a, = cos(2n + 1)0, cos B = wyla, if w, <o,

and
a, = cosh(2n 4+ 1)6, cosh f = wy/w, if wy=>w, (4.2.10)

These results can be generalized to the case of square-wave-modulated
sinusoids by applying the principle of superposition.

4.3 Signal Propagation in Lossless, Isotropic Plasma

The problem of propagation of a time-dependent signal in a dispersive
medium interested Sommerfeld and many others [see Brillouin (1960)].
For the case of lossless plasma, an exact solution expressed as a series can
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be obtained by using the method similar to that used in the last section.
However, the series is found to converge extremely slowly if the observer
is far away from the interface (Knop, 1964). Therefore, we shall use the
method of saddle point to find the asymptotic behavior (Haskell and Case,
1967).

Let us now consider a uniform, lossless, isotropic plasma in an infinite
half-space for z > 0. An electromagnetic signal E(z, t) is assumed to prop-
agate in the plasma in the z-direction. From the discussion in Chapter 2
we can write the signal in terms of a superposition of plane waves in the
form of an inverse Fourier transform

EG, 1) — % JC E(0, w)elelt-ntexiel g, 4.3.1)

where E(0, w) is the Fourier transform of the signal at the plane z =10
and n(w) is the refractive index. For the lossless, isotropic plasma, n(w)
is given by (4.1.8) as

n(w) = (1 — wy?/w?)/? (4.3.2)

where w,, is the electron plasma frequency. Since only high frequency waves
will be considered, the effect of ions can be neglected. The contour C in
(4.3.1) is chosen such that it is parallel to the real w-axis and below all
singularities of the integrand. Let the applied signal at z = 0 be a turned-on
sinusoidal wave of frequency w,,

E(0, ) = u(t) sin wot (4.3.3)

which has the Fourier transform E(0, w) = wy/(w,2 — w?). The applied
signal at z = 0 given by (4.3.3) has a frequency spectrum which is peaked
at w = w,. Since the medium is dispersive, each frequency component of
this signal will propagate with a different velocity in the plasma; hence there
will be distortion to the signal. In the following, we shall study this transient
response of the signal.

Introducing the following dimensionless variables

T = wgl, { = wozfc = koz, Xy = wpz/woz

‘ ’ (4.3.4)
P:X«}”:wp/wo, £ = wjwy = & + jé&,
(4.3.1) can then be written in the form
_ 1 U jet-ta-xoen
E(G 1) = JCE — W g (4.3.5)
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\E,

Fig. 4.3-1. Locations of poles and zeros and path of integration for the integral given
by (4.3.5).

where C; is the contour shown in Fig. 4.3-1. The integrand has two poles at
& = 41 and two branch points at § = +P. A branch cut is drawn between
+P and —P.

We note first that by closing the contour with a large semicircle in the lower
half &-plane, we obtain from (4.3.5) E({, v) = 0 for 1 — { = we(t — z/c)
<< 0. This agrees with the principle of causality. At any position z in the
plasma, no signal arrives prior to the time ¢ = z/c which is the time it takes
for the signal to travel from the origin to z in free space. Physically this can
be explained by the fact that the dispersive property of the plasma is due to
the induced motion of charged particles. Therefore, prior to the arrival
of the signal, the medium is electromagnetically void like a vacuum. The
very first portion of the signal always sees a vacuum in front, hence it
always travels with the vacuum speed c.

For t — z/e > 0, the integral (4.3.5) has to be investigated in detail.
First, we consider the so-called Sommerfeld solution (Brillouin, 1960).
We deform the original path C; in Fig. 4.3-1 into a semicircle of very large
radius R in the lower half &-plane plus the segments of the real £-axis as
shown in Fig. 4.3-2.

On the real &-axis, the integrand of (4.3.5) goes to zero as 1/£%, while
on the semicircular path of radius R in the upper half £-plane it vanishes
exponentially as R— oo for v — { = wy(t — z/c) > 0. Therefore we can
add to the original path a path shown by the dotted line in Fig. 4.3-2 without
changing the value of the integral. The original path is then replaced by a
circle of very large radius R, and E({, t) is expressed by

E(C,7) = eIl E-XoEV ) g (4.3.6)

1 1
2 &R 1— &



140 4. Waves in Fluid Plasma with a Steady Magnetic Field

£,
//’-_\ \\

/7 AN

/ \
/ \
/ \

| VN PPV
RS- N 3

Fig. 4.3-2. Deformed path of integration for Eq. (4.3.5).

Since on this path | £| > 1, the integrand can be approximated by expand-
ing the exponent in Taylor’s series and keeping only terms up to the first
order, and by neglecting the unity in the denominator. We have then

E(¢, v~ —;ni SER (1)) eFtlrC+EXa28] gg (4.3.7)

Let
f = Rejo (4.3.8)

on the circle of radius R; then (4.3.7) becomes
7 2n . _ .
E(, t) = —ini J _11{_ SIR(=0eP+(e Xy 2R)e 10 (4.3.9)
0

This integral can be put into a standard form if we require
[(Xo2(x — D]V =R (4.3.10)

This is a special case whose corresponding physical condition shall be dis-
cussed shortly. Substitution of the special condition (4.3.10) in (4.3.9) gives

~ —] 2(7 _ C) )1/2 Jzn J2(LX(z-L)/2) 2 cos 6, j0 0
E¢, )= 3oy ( IX, . 7o e d

_ 12
_ ( 2('L'CX0 0 ) J20EXo(v — Y2172} 4.3.11)

where J;(x) is the Bessel function of order one.
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If we define
a=2X,l(r — {) = 20,2t — z/c)z/c 4.3.12)
then the Sommerfeld solution can be written as
E(L, 7) = (1/X,0n/a Jy(y/a)u(a) (4.3.13)

where u(a@) is the unit step function.

We note that to write the Sommerfeld solution in the form of (4.3.13),
(4.3.10) must be satisfied. Since R > 1, we can deduce the range of validity
of this solution from (4.3.10). The solution is valid for

EXo2> (— 0) (4.3.14)

At a fixed point z, if ¢ is large, this solution works well right after the
arrival of the signal, but becomes inapplicable as ¢ increases. This portion
of the transient signal is called ‘““the precursors™ by Sommerfeld (1914).

To study the signal after the arrival of the “precursor,” let us go back to
(4.3.5). The integral can be rewritten as the sum of two integrals,

E(C, 7) = (14m)I, + 1_] (4.3.15)

where
Iy = J O/ 4 &) dE (4.3.16)
Cs

with
S&) = LlT/E — (1 — X,/ 83V
= f1(&) + jfz(&) 4.3.17)

We note that although f(&) depends on ¢, the condition that 7 — ¢ > 0
indicates that 7/ can be taken as a time parameter which is equal to one
at the time of arrival of the signal and increases with time thereafter. We
can therefore consider f(£) to be independent of ¢ for the purpose in the
present computation. Equation (4.3.16) is of the standard form discussed
in Appendix A. It can be evaluated by the method of saddle point
integration.
The saddle points of f(&) can be found by setting (&) = 0 and are given
by
o = £ (z/OP/[(x/0)* — 1]'* (4.3.18)

Thus we have two saddle points lying symmetrically on the real axis with
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respect to the origin. They are functions of time. At ©/{ = 1, they are
at 4- co. As time increases, they move toward the origin and will approach
the branch points £ P for very large time. The saddle points will pass through
the poles of the integrand at & = 41 at the time v = 7, = {/(1 — P?)V2,
We shall see that this time corresponds to the time of arrival of the main
signal.

At the saddle points, the real and imaginary parts of the function f(£)
are given by

Si(€o) =0

4.3.19
fol&o) = +[(z/E)2 — 1]v2P ( )

The lines of steepest descent (or ascent) passing through saddle points are
given by
So(8) = fa(&) (4.3.20)

In the vicinity of the saddle points, the steepest descent path can be easily
found to be
0, = nn/2 4 /2, n=1,3 (4.3.21)

where 0, = arg(& — &,) and a = argf''(&,). These lines are shown in Fig.
4.3-3 where the corresponding valleys of f,(£) in the vicinity of the saddle
points are shown by hatched regions.

Several cases must be considered separately.

() | &) = @/DP/I(z/L)? — 1]¥2> 1. The saddle points are far away
from the poles at £ = 4-1. For this case, the original path of integration
C; can be deformed into SDP’s as shown by dashed lines in Fig. 4.3-3.

AS

Fig. 4.3-3. Lines of steepest descent (or ascent) in complex &-plane.
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The integrals I, can then be evaluated by the method of steepest descent as
discussed in Appendix A. We have

2P \12 ] e—ItPA—jn/s eIt PA+in/a
I+~( 3 ) A%? [ T—<Ptd + l+rP/CA]
2P \V? e—itPA—jnia TP A+in/a (4.3.22)
I‘N( z ) VED [1+1P/CA + l—TP/CA]
and
. ( 72:2 )1/2 . _A;;; 75 cos((PA — n/4)  (4.3.23)
where

A =[]0 — 1]z (4.3.24)

The amplitude of E(C, t) increases with increasing t/{ until 4 ~ TP/¢,
or t/{ ~ 1/(1 — P%)Y2, the time at which the saddle points move close to the
poles. At this time, the expression is no longer valid, since when the saddle
points are in the neighborhood of the poles, the method of saddle point
integration used above is no longer applicable; it requires the use of a
modified saddle point method by Van der Waerden (1950). This modified
method is discussed in Appendix A.2.

The range of validity for (4.3.23) is given by

| £(1 — TP[LAPA%P| > 1 (4.3.25)

(i) | & | ~ 1, Arrival of the Main Signal. This corresponds to T— 7,;
the saddle points are in the vicinity of the poles. In evaluating /., the
contribution from the saddle point in the right half-plane still is the same
asin (i) while that from the saddle point in the left half-plane must be treated
separately. Let us divide the integral I, into two parts: I, * and I,~, where
I, represents the contribution of the integral along that portion of the
path C; which is in the right half £-plane while I, is the contribution from
the remaining portion of the path. In the neighborhood of the saddle point

& = —(/OP/[(zr/£)? — 1]V%, the integral I~ along the SDP can be
written as
e SEU(EIEET)?
s LHED) € ___
I-~e j .
+e —aaz
— U € d, 4.3.26
¢ j-s —J(1 + &) e + g °© ( )

where a = {f"'(&,7)/2, a = arg f"'(&,7), and (4.3.21) has been used.
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For > 1, the limits of integration can be extended to 4- co without
introducing significant error. Therefore, we have

o [t e9e”
-~ oD J d
* -0 0 — IB ¢
with
B = j(1 4 &y )ei*/? (4.3.27)

Equation (4.3.27) can be transformed to the form

1o [T LD gy

e’

fov)
— BL&7) —1/2
= pe t
p J ( 4

0

= ﬁ) et (4.3.28)

where the transform ¢ = g? has been used.
Equation (4.3.28) is of the standard form discussed in Appendix A.2
and the result of the integration is [see Eq. (A.2.7)]

I~ ~ _jnecﬂeo_) e—8% erfc (—aﬂz)l/2 (4.3.29)
where

erfc(x) = ——g: r’ eV dy (4.3.30)

x
T
is the complementary error function.
In terms of the original variables, (4.3.29) can be written as

I, ~ —jmexp{—jACP[l + (42/2P*)(1 — TPILA)]}
X erfc [—j(A3L/2P)(1 — TP|CAP]V? (4.3.31)

where A4 is given by (4.3.24)

Equation (4.3.31) is the asymptotic expression for 7,~ when the saddle
point is near the pole. We note that it is finite when tP/{A4 = 1, correspond-
ing to | & | =1.

We can now write the asymptotic expression for the integral 7,. For
7 < 7, so that the saddle point has not yet crossed the pole, the integral is
equal to the contribution from the saddle point &,* plus that from &,~.
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From (4.3.22) and (4.3.31) we have

/ 2nP \V2 1 explj({PA + n/4)]
+ ""( z ) 4372 1 -+ ‘L’P/CA

—Jm exp{—jCPA[L + A*1 — TP[LA)Y2P?]}
X erfc[—jCA%(1 — TP[CAP2P]2  for T <7, (4.3.32)

For v > 7,, the saddle point &~ has already crossed the pole at — 1. There-
fore, in deforming the contour to SDP, the contribution from the pole must

3

Fig. 4.3-4. Deformed path for 7 > 7,-

be included (Fig. 4.3-4). This contribution is easily calculated by the residue
theorem. We have

L~ (I)zr, + 2njexp {—jC[t/C — (1 — XV} for T>7, (43.33)

I_ can be computed in exactly the same manner. We obtain

I 2P \V2 1 exp[—j({PA + n/4)]
—N( z ) A32 1 + tP/CA

+jm exp{jCPA[l + A*(1 — =P/LA)*2P?]}
X erfe[jCAY(1 — tP[CAP2PT2  for T<7, (4.3.34)

and

I~ (I_),S,” — 2njexp{jllr/{ — (I — Xp)V2]} for 7>1, (4.3.35)
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Substituting Eqs. (4.3.32)-(4.3.35) into (4.3.15), we have for the signal

P 1
2r A1 4+ tP[LA)

+ H{—jexp{—jLPA[1 + A*(1 — P/{A)/2P*]}

e

xerfc[ - j)(—;”—)wm/z(l—zp/m)]

+ c.c.}, <1, (4.3.36)

E(, 1) ~

cos(aPA + m/4)

and
E(C’ T) ~ [E(C, T)]rs:, + sin[r - (1 - XO)I/ZCL T Z Tg (4337)

where c.c. in (4.3.36) represents the complex conjugate of the first term in the
bracket.

Equations (4.3.36) and (4.3.37) are the asymptotic expressions for the
transient signal in the time range 7 ~ 7,. For large {, the first term in
(4.3.36) is very small and can be neglected. The quantity 1 — tP/{A4 vanishes
for v = 7, and is very small for v ~ 7,,. Therefore the term in the bracket
of (4.3.36) can be approximated using Taylor’s expansions for the expo-
nential and erfc functions. The amplitude of this term is approximately
3. Therefore as time increases, the signal is building up to about half its
steady state value and then, when 7 > 7, the main signal arrives, which is
represented by the last term in (4.3.37). (See Fig. 4.3-5).

(iit) | & | <€ 1. In this region, the saddle points are again far away
from the poles; hence the result of (4.3.23) is valid. In addition to that, the
contribution from the poles must also be included. Therefore, we have

1/2 1/2
2P ) 4 cos(CPA — m/4)

E(, 7) "’( nl A? — 2P 2
+ sin[r — (1 — X )V2{] (4.3.38)

The amplitude of the signal oscillates about the steady state value but as
time increases, the first term in (4.3.36) diminishes and the amplitude
approaches unity.

To summarize the above discussion, a numerical example is plotted in
Fig. 4.3-5. This is a plot of the envelope of the transient response of a
turned-on sinusoidal signal which has propagated in a lossless, isotropic
plasma under the condition { = kyz = 10* and P = X}"? = w,/w, = 0.8.
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Prior to the time t = z/c (r/{ = 1), no signal will arrive at the position
z. This is the consequence of the principle of causality. Right after t > z/c
(z/¢ > 1), the Sommerfeld solution is applicable. This solution is indicated
by the region S in the figure. The amplitude of the signal is very small. As /¢
increases, solution (4.3.23) must be used and is indicated by the Region I in
Fig. 4.3-5. Region II represents the main signal buildup solution of (4.3.36)

1.2r

1.0 = AVA'\%%::::

o8}

06

[E{z, )

04r
->-s'-<— fe—1>m—
0.21 o—

0.0 n T 1 L 1
1 1.2 1.4 1.6 1.8 2.0

t/C

Fig. 4.3-5. Envelope of the transient response of a turned-on sinusoidal signal. [After
Haskell and Case (1967).]

and (4.3.37). When 7 = 7, the saddle points cross the poles and the am-
plitude increases to about half the steady state value. Region III in Fig.
4.3-5 shows a small oscillation of the amplitude about its final value after
the arrival of the main signal. The oscillation decays as time increases.

The discussion in this section is for the special ‘“turn-on” sinusoidal
signal. The results can be used directly to study the response of a sinusoidal
pulse of duration 7. Since the pulse can be represented by

E(@©, t) = u(?) sin wot — u(t — T)sin wy(t — T) (4.3.39)

The results of this section can then be applied to the two terms of (4.3.39)
separately.

Finally, it is noted that the discussion in this section can be generalized
without much difficulty to include the effect of collisional loss in the plasma
on the signal transient response. Since the collisional effect is proportional
to v/w where v is the collision frequency, additional distortion as well as
damping of the signal is expected.
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4.4 Gyrofrequency in the Ionosphere

As discussed in Section 3.3, a plasma has a tendency to oscillate at its
plasma frequzncy. The presence of an external magnetic field introduces
additional characteristic frequencies. It is known that a charge particle
executes a spiral motion about the magnetic lines of force. For a particle
of charge Ze and of mass m moving perpendicular to the magnetic field B,
with velocity v, , the equation of motion is

my 2fr =| Z |ev, B, “4.4.1)

where the centrifugal force on the left-hand side of the equation is balanced
by the magnetic force of Lorentz on the right-hand side. The radius of
gyration about the magnetic lines of force is

r=mv,/| Z|eB, m (4.4.2)

The time required to complete a circular orbit about the magnetic field
line is called the gyration period T and is given by (2ar/v,) = 2nm/| Z |eB,.
The angular frequency of gyration can then be computed, i.e.,

wp = 27|T =| Z| eBy/m rad/sec (4.4.3)

For convenience, we shall always use the angular gyrofrequency (4.4.3)
as a positive number.

For ionospheric applications, the appropriate magnetic field is that of
the earth. In many cases, the earth’s field can be approximated by a dipole
with south pole at 78.6°N, 70.1°W and with north pole at 78.6°S, 109.9°E.
The magnetic moment of the earth’s equivalent dipole is

M =8.06 x 1022 A-m? (4.4.4)

from which we can compute the magnetic intensity in the magnetic north
direction X and in the vertically downward direction Z. For the dipole
approximation, the magnetic field does not have a component in the mag-
netic east direction which has the symbol Y. We shall note that X, ¥, Z
are standard notations used in the study of terrestrial geomagnetism and
they should not be confused with the X, Y, Z used in the theory of wave
propagation in plasmas. Let A be the geomagnetic latitude, positive in the
northern hemisphere, and r the distance from the center of the earth; the
components of magnetic field intensity are given by

X = Mcos Afdnr* A/m

_ (4.4.5)
Z = 2M sin A/4xr® A/m
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The angle between the total field and the local horizon is called the magnetic
dip I. In the dipole approximation, the dip is related to the geomagnetic
latitude through

I = tan~(Z/X) = tan~'(2 tan A) (4.4.6)

As expected, the magnetic dip is 0° at the magnetic equator and +90°,
at the geomagnetic poles. We also note that I is positive in the northern
hemisphere and negative in the southern hemisphere. The total magnetic
field strength is denoted by F and from (4.4.5) we obtain

— M in2 1/2
F=——g (L+3sin? A)2 A/m (4.4.7)

The total field (4.4.7) decays like 1/r® with r, characteristic for a dipole field.
The field is strongest at the magnetic pole (A = 90°) at which the field
is twice as strong as the field at the magnetic equator (A1 = 0°). Multiplying
(4.4.7) by u, we can compute the earth magnetic flux density on the surface
of the earth (r = 6371 km) to be 3-6 x 10-® Wb/m?. The corresponding
gyrofrequency for electrons varies from 0.85 MHz at the equator to 1.7
MHz at the pole and that for protons from 460 Hz to 920 Hz. The electron
gyrofrequency is right in the broadcast band and the propagation of broad-
cast radio signals is expected to be influenced by the earth magnetic field.
The proton gyrofrequency is very small and the ions can be ignored except
for propagation of lowest frequencies.

4.5 Dielectric Tensor of a Cold Magnetoplasma

We have seen in Section 4.1 that in an isotropic plasma there were no
associated density perturbations and consequently no associated pressure
perturbations with the propagation of electromagnetic waves. In other
words, the pressure force in the equation of motion contributes only to
longitudinal waves and not to transverse waves in our fluid model. This is
no longer the case when there is a steady external magnetic field in the
plasma. As we shall find in a later section, the pressure term introduces
complexities and intricacies that may not be easily untangled at the first
reading. Therefore, we choose to ignore the pressure term altogether in this
section. The neglect of the pressure term is justified if the thermal velocity
of the particle is small when compared with the phase velocity of the wave,
viz., v < v,. When this is the case, we speak of the plasma as being “cold.”
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The cold plasma model gives a satisfactory description except for waves
with extremely slow phase velocity.

The equation of motion for an average particle of ath kind with mass
m,, charge Z.,e is

mE, = Z.eE +E, X By) 4.5.1)

where B, is the externally applied steady magnetic field and E the electric
field of the wave. For the sinusoidal case of dependence e’ (4.5.1) can
be rewritten in the form

E = _(wzma/zae)gaz - ng:z X BO (4'5'2)

The electric polarization density due to ath kind of ions is related to its
displacement from the equilibrium position by

P, = N,Z,éE, (4.5.3)

where N, is the density of ath kind of ions. It follows from (4.5.2) that the
electric field and the polarization are related by

—eoX,E = (1 +jY, X)P, (4.5.4)

Before we proceed further we need to clarify the notations used. We define
angular plasma frequency and gyrofrequency by

wi, = NAZ e)[m,g, (4.5.5)
wg, = —(Zae/m,)B, (4.5.6)

Note that the plasma frequency is always a positive number while the
gyrofrequency given by (4.5.6) is a vector. Charges of opposite signs are
gyrating about the magnetic field in opposite directions. With the negative
sign in (4.5.6) the orbit of charged particles of either sign will gyrate about
wp, in the right-hand sense. This is clearly demonstrated in Fig. 4.5-1.
Again we define a set of normalized frequencies by

X, = o}, Jo?, proportional to N, (4.5.7)

Y, = wz, /o, proportional to B, (4.5.8)

To help to remind ourselves that (4.5.7) is the ratio of two frequencies
squared and (4.5.8) is the ratio of two frequencies, it is useful to remember
that X, is proportional to N, while Y, is proportional to B,.
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B,
o |
Fig. 4.5-1. Orbits of oppositely 8,
charged particles in a magnetic field T
and their relation to gyrofrequency
vector and the magnetic vector. (a)
Z,<0; (b) Z, > 0.

wy
(a) (b)
Equation (4.5.4) can be put in the form
sE=y'-P, (4.5.9)

with the inverse susceptibility tensor of the ath kind of charged particles
expressed as
1 1 _jYaz jYay
X;l:— X JY s 1 —JY e
¥ _./ Ya]/ jYaz 1

(4.5.10)

The determinant of (4.5.10) is found to be (1 — Y,2)/X 3. The inversion of
(4.5.10) gives the susceptibility tensor as

X

23

= To¥r
1_ Y:.t —YazYay+jYaz _Y.zZYaz—_anz?/
X _"Yazya:y-jsz I — Ya2z_n/ _Ya:yYaz + quI
YazYozz_"jYay ——Ya]/Yaz—jY:x:t [ — Y::

(4.5.11)

The total electric polarization density due to all kinds of particles is just
the sum of partial polarization densities, i.e.,

P=YP,—=¢Yx, E=¢X:E (4.5.12)

The total electric susceptibility due to all kinds of charged particles is there-
fore

X =Y X« (45.13)

with ¥, given by (4.5.11). The dielectric tensor of the medium follows from
(4.5.13) and is

£ — Ba(l + x) = €0K (4.5.14)
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where | is a unit tensor. We note that the susceptibility tensor (4.5.11) and,
consequently, also the dielectric tensor are Hermitian showing that the
medium is lossless. The Onsager relation as discussed in Section 2.6 is
also satisfied. In the limit of vanishing magnetic field, all Y’s — 0 and thus
X. — —X,. Correspondingly, the dielectric constant becomes isotropic and

reduces to
e = &1 —Y X,), B,—~0 (4.5.15)

This is just the dielectric constant (4.1.7) derived earlier with contributions
from all kinds of charged particles taken into account. Since ion plasma
frequencies are negligibly small when compared with electron plasma fre-
quency, (4.5.15) reduces to (4.1.7) for all practical purposes.

The dielectric tensor takes a simpler form when B, is along the positive
z-coordinate. In this case the nine elements of K are given by

K=Ky = 1— ¥ X.J(1 — ¥.2)

K,, = I—ZXz )

Ky = — Ky = —j 3 X,Y./(1 — Y,2)
KzzzK,,z=Kzz=Izzy=0

B, // £-axis (4.5.16)

Here K not only satisfies the Onsager relation but is also rotationally
symmetric about z-axis. A word of caution about the sign of Y, for the
element K, and K, in (4.5.16) is in order. As defined by (4.5.8) and (4.5.6)
Y, is positive for negatively charged particles and negative for positively
charged particles. It is helpful to remember that a negatively charged particle
has a gyration vector parallel to the magnetic field and hence Y, is positive,
while the gyration vector is antiparallel to the magnetic field for a positively
charged particle and hence Y, is negative. An occasional reference to Fig.
4.5-1 may be useful.

In the literature of plasma theory several other tensors are used. One
is the mobility tensor which for ath kind of particles is defined by the
relation

E,=p.-E 4.5.17)

Comparison of (4.5.17) with (4.5.12) shows that the mobility tensor and the
susceptibility tensor are related by

Jweg

B, = Nz X (4.5.18)
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For the lossless and cold magnetoplasma considered here, the mobility
tensor is found to be

Z e 1 i, 0

Be=——F"——5 /Y. 1 0 ) B, // Z-axis (4.5.19)

’wm\z(l Ya ) O 0 1 . Ya2

where the steady magnetic field is assumed to be in the z-direction.
Another tensor often used is the conductivity tensor. It can be related to

the dielectric tensor by considering the total current on the right-hand side

of the Maxwell equation

VxH=J+D

For the sinusoidal case with et dependence the effect of the medium
can be taken into account in the form of a polarization current as done
here and we obtain in this case jwe « E for the right-hand side. However,
the contribution to the total current may be equally treated by including
a conduction current, and the right-hand side becomes @ - E + jwe E. Both
methods give identical results and therefore

o = jou(e — gl)

= jweeX (4.5.20)

We note that for a lossless case x is Hermitian while o is not.

So far in this section we have ignored entirely the collisional effect.
Since collision is a loss process its inclusion will make the dielectric tensor
non-Hermitian. We shall now turn to this question in the next section.

4.6 Effect of Collisional Loss and DC Conductivity

The collisional effect can be taken into account simply if it is frictionlike.
Let », be the effective collisional frequency for momentum transfer of the
ath kind of ions with neutral particles. The equation of motion becomes

mE, = Z,e(E +§, X By) — mpE, (4.6.1)

Comparing this equation with (4.5.1) we conclude that the frictional loss can
be taken into account if we replace m, for the lossless case by m (1 — j» /w)
as we have done in Section 4.1 for the isotropic case. Equivalently if we re-
place X, in the lossless case by X,/U, and Y, by Y,/U, simultaneously,
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we obtain the case with collisional loss taken into account. Here U, is
defined by
U,=1— jyjw (4.6.2)

For example, for the case in which B, is oriented along z-axis, such simul-
taneous substitutions in (4.5.11) give the susceptibility tensor

Y U, JY, 0

K=y [N U0 L B
0 0 (U:z - Yaz )/Ua (4.6.3)

Similarly, the elements of the relative dielectric tensor are obtained from
(4.5.16) as

Koo e K= 1 — 3 XU — V)
K. =1—Y X.JU.

Koy = —Kpo = —j L XXJUE — 1)
K.,=K,=K,=K,, = 0

B, // Z-axis (4.6.4)

These formulas reduce to the corresponding lossless case if we let U, = 1.
We note that ¥, and K are not Hermitian. But they satisfy the Onsager
relation and they are rotationally symmetric with respect to z-axis. Further,
the elements (4.6.4) satisfy the Kramers—Kronig relation.

The susceptibility tensor given by (4.6.3) has a simple pole at the origin
of the complex w-plane. This indicates the presence of dc conductivity.
The conductivity tensor is related to the susceptibility tensor by (4.5.20).
In the limit of w — 0 we obtain

op og 0
o(w =0) = [—O‘H op O ], B, // Z-axis (4.6.5)
0 0 o
where
oy = Z Eow:a/”u
0p =Y. £opa¥al ¥," 4 W) (4.6.6)

Oy = Z 800);2,1&)3“/('9“2 + sza)
o

These conductivities are referred to as the parallel conductivity for o,
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Pederson conductivity for ¢p, and Hall conductivity for oy. The parallel
conductivity is the conductivity for the isotropic case [compare with
(4.1.26)]. The Pederson conductivity shows the effect of the magnetic field
and its associated current, called the Pederson current, flows in the same
direction as the electric field. The presence of Hall conductivity gives rise
to a current flowing in a direction perpendicular to the electric field. These
conductivities are quantities of central importance in the study of the
dynamo theory and ionospheric currents (Maeda and Kato, 1966).

We note that the dc conductivity tensor in (4.6.5) may also be obtained
from (4.6.4) by using the definition (2.5.10).

4.7 Longitudinal Oscillations

The electric field is parallel to the propagation vector for longitudinal
oscillations. We deduce from Maxwell’s equations, as we have done in Sec-
tion 2.9, that H =0 and D =0, i.e.,

eK-E =0 4.7.1)

Eq. (4.7.1) has a nontrivial solution for E only when the determinant of the
coefficient matrix vanishes, i.e., det| K| = 0. Let us orient our coordinate
axes so that B, // Z-axis. It follows that the elements given by (4.5.16)
may be used. To be explicit, the longitudinal waves are obtained in a cold
lossless magnetoplasma by requiring

Xy v XY,
SR SRV s °
. XzYa Xa p—
det'Kl— _];1—_)? l—;'l—_—}? 0 -—-0,
0 0 1— Y x,

(4.7.2)

where B, // Z-axis. For later convenience let us define three “‘relative”
dielectric constants by

&ﬁsp—zxfzmz (4.7.32)

X, Y, .
Ki=1-% = Y2—+z]_ YZ::Kn+JKW (4.7.3b)

Kp=1—Y 1__Y2 z 1 = Koo —/Kay (4.7.3¢)

-4
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When the determinant is multiplied out the condition (4.7.2) reduces to

K, =0 (4.7.42)
Ki=0 (4.7.4b)
Ku =0 (4740)

For positive frequencies these three conditions give us three different modes.
They are discussed in the following.

(i) K, =0 Mode. We deduce from (4.7.1) that
E,=E, =0, E,£0 “4.7.5)

for this mode. That is, the electric field is polarized in the same direction
as the external magnetic field. As the induced motion is uninfluenced by the
magnetic field, the resulting dispersion relation (4.7.4a) reduces to

=Y Wy, =~ 0, (4.7.6)

which is identical to the isotropic case. Because of the heavy mass of ions
when compared with electrons, the sum of the square of plasma frequencies
can be replaced by the square of electron plasma frequency with negligible
error. Properties of such waves have been discussed in Chapter 3 and shall
not be repeated here.

(i) Ki==0 Mode. The ratios of three components of electric field are
obtained from (4.7.1). If 1 — ¥, X, 7% 0, then

E,.E, . E
X, - XY,
e ey 0
- 0 1= X, T 0 1—Y X,
- XY,
LT ;1
; 0 0
Xy v XY, |

For our mode, Kj = 0, it simplifies (4.7.7) to
E E E,=—j:1:0 (4.7.8)
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The electric field (4.7.8) is in the plane transverse to the magnetic field. £, and
E, have equal magnitude and differ in phase by 90° with E, leading. The
electric field is therefore left circularly polarized in the plane transverse to
B,. The dispersion relation Kt = 0 can be rearranged in several ways since

K=1-YX/01+7,)
=1-— Zw;z/w(w + wBa)

=1+ Y o} Jwp(wp, + w) — Y wj./owg, (4.7.9)
In an electrically neutral plasma the last term vanishes and

2
. ]
; ——wafBa = (Z‘ Nazae)/SOwBo = 0

Therefore, the dispersion relation simplifies to

Dps _
1+ Xa‘, oplon. T 0) 0 (4.7.10)
We note here that the dispersion relation (4.7.10) is w-dependent but not
k-dependent. Consequently, the group velocity for the wave is zero. Any
perturbation introduced locally will not propagate away via this mode.
This comes about because the dielectric tensor used is that for a cold plasma.

The dispersion relation (4.7.10) yields as many roots for w as the number
of species of charged particles. However, some of the roots may be negative,
corresponding to the mode to be discussed in (iii). In general the total
number of modes in a cold magnetoplasma is equal to the number of species
plus the mode considered in (i).

As an example, let us consider a two-component plasma with electrons
and singly charged neutralizing ions. Remember that electron gyrofrequency
is positive while that of ion is negative. The relation (wZ,/wg,) = — (wE;/wp;)
can be used in (4.7.10) to give the dispersion relation

ws 1 1
1 e ( — ) =0 4.7.11
+ Wp, \ Wp, + @ wp; + @ ( )

When multiplied out, this is a quadratic equation in w. If we assume
| wge| > | wgi|, as is generally valid for gaseous plasmas, the positive root
is found to be

o = —(0g/2) + [wp, + (@p/2) (4.7.12)



158 4. Waves in Fluid Plasma with a Steady Magnetic Field

In the limit of vanishing magnetic field this mode degenerates to the ordinary
plasma oscillation considered in (i). When wp, > w,,, the oscillation occurs
at w = (w3,/wg,), i.e., a small fraction of electron plasma frequency.
The effect of collisional loss can be taken into account by replacing
wg, by wg/(1 — jr /o) and w}, by wd /(1 — jv,/w) in (4.7.12). For » L w,
we may expand and find that the real part of w is still given by (4.7.12)
to the first order in v,/ but now there exists an imaginary part of w given by

V(W + ®5/2)

o__ ’ 2 2
0" = —(wpy,/20") + Wye (wp/2) 2(0((0;3 ¥ sze/4)

(4.7.13)

In (4.7.13) &’ is given by (4.7.12). The presence of the imaginary part
of w shows damping of the oscillation.

(iii) Ky =0 Mode. Similar considerations as (ii) result in
E :E :E=j:1:0 4.7.14)

The electric field is right circularly polarized in a plane transverse to B,.
The dispersion relation in a neutral plasma is

2
1+yY—r _ ¢ (4.7.15)

2 szx(wBa:—‘ (1)) N

For the example of a two-component plasma considered in (ii), the dis-
persion relation yields one positive root,

w = (wp,/2) + [w}, + (wp/2)F"2 (4.7.16)

The oscillation frequency (4.7.16) is larger than that given by (4.7.12).
When wp, > w,,, the oscillation occurs at approximately the electron gyro-
frequency. The collisional effect can be considered similarly.

In case there are streaming motions of plasma particles along the magnetic
field, it is possible that the plasma may become unstable. The effect of
streaming motion will not change any of the polarization relations (4.7.5),
(4.7.8), and (4.7.14), but the dispersion relations will have to be modified
to take Doppler shift into account. These discussions have been made in
Section 3.7 for the isotropic plasma. Since so far our dispersion relations
are not yet k-dependent we shall delay our discussion until we have the
appropriate relations in a later section.
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4.8 Refractive Indices and Polarizations

One of the important properties of wave propagation in anisotropic media
is the occurrence of characteristic waves or normal modes. A characteristic
wave is a plane wave which can propagate in a given uniform medium
without changing its wave polarization. When defined in this way, a wave
with an arbitrary polarization is a characteristic wave in any isotropic
medium without spatial dispersion. This is no longer true for the anisotropic
case. As we have seen in Chapter 2, there exist two characteristic waves when
the anisotropic medium is not spatially dispersive. These two waves have
two generally distinct polarizations and refractive indices. In a homogeneous
and unbounded medium, the two waves propagate independently in the
linear limit. Mode conversion is therefore expected if either the medium is
inhomogeneous, or there exist boundaries or the nonlinear effects become
important.

Several forms for the expression of refractive index are in common use
in the literature; each has the advantage over other forms in discussing
certain properties of the wave. Some of these forms have been given in
Sections 2.7 and 2.8 for general anisotropic media. The reader may wish to
review these sections. We shall be more concerned with the cold magneto-
plasmas here.

The starting point of the derivation is the set of Maxwell’s equations.
For plane waves with dependence ¢/®™'®, where § is a unit vector in the
direction of the propagation vector, Maxwell’s equations reduce to

D=—(n/c)§s X H
H = (eo/tto)"*n$ X E
§-D=20

§-B=90

(4.8.1)

Eliminating H from the first two equations of (4.8.1) and making use of
the dielectric tensor, we obtain the wave equation

D-E=0 4.8.2)
with

D = k21 — kk — k2K (4.8.3)

The symbol I in (4.8.3) stands for the unit dyad and k, = w/c. By comparing
(4.8.3) with (2.7.8), D and L are found to be related through D = kL.
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The relative dielectric tensor, K, for the cold magnetoplasma has been
derived and is given by (4.5.16). The set of homogeneous equations (4.8.2)
has nontrivial solution if and only if D has a vanishing determinant. Let us
orient the coordinate axes so that By is along z-axis and k in the xz-plane
with a polar angle § as shown in Fig. 4.8-1. The vanishing of the determinant
in this coordinate system is then '

n*costf — K, —K,, —n?cos 0 sin 0
det D = K., n?— K,, 0 =0 4.8.4)
—n?cos P sin O 0 n?sin?f — K,

where we have used the polar coordinates with n = k/k,. The determinant
(4.8.4) can be multiplied out and rearranged into the form
(Kzz - nz)[Kzz(sz - n2) + Kgy] sin? 6 + Kzz[(Kzz - n2)2 + Ka%y] CO520
=0 (4.8.5)
The elements of the relative dielectric tensor are given by (4.5.16). They
can be expressed in terms of three relative dielectric constants defined
by (4.7.3) and their introduction simplifies our expression to
(n* — Ko)[n*(Ky + Ku)/2 — KiKpi) sin® 6 + Ko(n® — Kp)(n®* — Kip) cos? 0
=0 (4.8.6)
The form (4.8.6) was first used by Astrom (1950) and it is especially conve-
nient for studying the special cases of parallel propagation (6 = 0°) and
perpendicular propagation (0 = 90°). These special cases shall be considered
in a later section.
The equation for the refractive index may also be given in a different
form. For a cold plasma, K is not k-dependent and consequently is neither
a function of n nor 6. In this case (4.8.5) is a quadratic equation in »?,

representing two modes of propagation. As done in Section 2.8, the bi-
quadratic equation in n can be represented by

ant +an? +ag,=0 4.8.7)
with coefficients given by

a, = K, sin?0 + K,, cos? 6
a, = — K. K,,(1 4 cos*0) — (KZ, + K2,) sin*0 (4.8.8)
Ay = detl K I = (K:.gz =+ Kgy)Kzz
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When compared with (2.8.12) we find that (4.8.8) is simpler because certain
elements are zero in K. We note that the coefficients a,, a,, and g, are func-
tions only of the polar angle 6, showing the axial symmetry about the
magnetic field B,. Further, the coefficients (4.8.8) are unchanged when 0
is replaced by 180° — . This shows that the refractive index has a plane
symmetry about a plane perpendicular to the magnetic field B,. The two
solutions of (4.8.7) may be written in two forms:

—a, ¥ (a,2 — da,a,)"*
2a,

2a, + a, + ap)
2a, + a, £ (a,® — da,a,)V?

nt =

::1——

(4.8.9)

In the ionospheric literature the second form of (4.8.9) is usually used.
For the general multicomponent plasmas, (4.8.9) does not lead to any
simple forms when expressed in terms of plasma parameters except for the
special case of parallel and perpendicular propagation. If the frequency
is so high that we need to take only electrons into account, (4.8.9) simpli-
fies to the Appleton—Hartree equation which shall be discussed in a later

Fig. 4.8-1. Coordinates for the evaluation
of refractive indices.

section. The manipulation of (4.8.8) for the general case from one form to
another form is sometimes very laborious and requires considerable al-
gebraic dexterity. For this reason (4.8.9) is seldom used except for numerical
computations.

The characteristic polarizations for a general anisotropic medium have
been discussed in Section 2.9. In the following, we obtain these polariza-
tions for the magnetoplasma.

The state of polarization of a wave is described by the ratios of three
component fields. For the coordinate system of Fig. 4.8-1, these ratios can be
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obtained from (4.8.2) as ratios of determinants of certain cofactors of
D, ie.,

E,:E, . E,
| - Ky 0 _ _’ K., 0
0 n?sin20 — K, | ° —n?cosOsinf n?sin?0 — K,
. K., n?— K,
"| —n2cos 0 sin b 0
= (n* — Kp)(n*sin? 0 — K,,) : — K, ,(n?sin?0 — K,,)
1 (n® — Ky)n?cossin 6 (4.8.10)

However, the polarization of the wave is commonly not discussed in the
coordinates of Fig. 4.8-1 in which By is parallel to z-axis. The reason is
simple. As seen from the last two equations of (4.8.1), the fields B and D
are transverse fields even though E is not. In a coordinate system in which k
is parallel to z-axis we expect B and D to be confined in the xy-plane.
Therefore, let us rotate the coordinates shown in Fig. 4.8-1 about y-axis
through an angle 6 to obtain Fig. 4.8-2a. Subsequently, we rotate about
z'-axis through 90° to obtain Fig. 4.8-2b. We wish now to express all field

(a) (b)

Fig. 4.8-2. Coordinates in which the polarization of the wave is expressed.

components in the double primed coordinates. Note that the primed

system Fig. 4.8-2a is the same as the one used in Section 2.9 while the double

primed system is the one used more often in the ionosphere literature.
From the first two equations of (4.8.1) we obtain

D = n2%,(E — §3 - E) (4.8.11)

When expressed in the double primed coordinates of Fig. 4.8-2b, (4.8.11)
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becomes, in component form,

D = eyEl = ey + PJ
D)) = egnE) = gyE, - P (4.8.12)
D=0 = gk} + P}

Express the electric field of a given characteristic mode by
E=E/('R,/ +§' + 2'R,/Q) (4.8.13)

The state of polarization of the electric field is completely defined by the
complex ratios R, and Q. Therefore

R, = EJ|EY = DY|D = Py[PY (4.8.142)
Q = EVIEY = PU'(1 — n?)/PY (4.8.14b)

where (4.8.12) has been used. The state of polarization of the magnetic
field can be related to that of the electric field by using the second equation
of (4.8.1). Expressed in the double primed coordinates of Fig. 4.8-2,

H = (eo/po)*n(—%£"E, + §"E;’)
which gives the relation
H;|H) = —E/|E = —1/R} (4.8.15)

The relation (4.8.15) is general and is applicable to the lossless as well as lossy
case. It tells us that for a given characteristic wave the H-ellipse and the
E-ellipse when projected on the wavefront are similar and both polariza-
tion ellipses are rotating in the same sense but their major axes are perpen-
dicular. Actually, in a lossless medium # is real and hence from the second
equation of (4.8.1) E and H must be perpendicular instantaneously. But
if the medium is lossy, the instantaneous magnetic field and instantaneous
electric field need not be perpendicular since » is complex.

The double primed coordinates of Fig. 4.8-2b is obtained from the
coordinates of Fig. 4.8-1 through a coordinate transformation

0 1 0
T =|—cosf 0 sin 0] (4.8.16)

sinf 0 cosf

The dielectric tensor in the new coordinate system is related to that given by
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(4.5.16), i.e.,
K'=T-K-T (4.8.17)

As the transformation (4.8.16) is linear and preserves orthogonality, its
inverse T~ is equal to the transpose of T. Carrying out the matrix products
in (4.8.17), the elements of K"’ are expressed in terms of the elements (4.5.16)
and the angle 0 between the propagation vector and the steady magnetic
field :

Koz = Ky

Kz = —K,; = K, cos 0

Ky =—K;; = —K,,sinf

K, = K,y cos*0 4 K, sin*0 (4.8.18)
K, = K.y = (— K, + K;;) sinf cos 0

K, = K, sin?0 + K,, cos®0

The wave equation (4.8.2) in the new coordinates is

m— KL —Kjy —Ki [E
ky  w—Ky —ki| |E[=0 (4.8.19)
ki  —kKp —kK e

By a procedure similar to that used in Section 2.9, we obtain equations for
the polarization ratio as
=0 4.8,
Kzlyl i K”K”/Kz’z, R.L‘ + l ( 20)

2" 2

R:/;IZ +

Q0 = (KR! — K,))|K.,R (4.8.21)

These relations can also be reexpressed in terms of K in the coordinates
of Fig. 4.8-1 by using (4.8.18). The results are

R;? + [(K%, — K..K.: + K2,)sin?0/K,, K,,cos 6]R; +1=0 (4.8.22)
(— K R + Kpyco50 — K, cos B) sinf

Q= (K, sin? 6 + K, cos? O)R} (4.8.23)
We note that the two roots of (4.8.22) satisfy the relations
RZ R, =1 (4.8.24a)

and

Rl + Ry = —(K%— KK, + K)sin? /K K, cosf  (4.8.24b)
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Therefore, the two characteristic polarization E-ellipses when projected
on the wavefront must be mirror images about a line making a 45° angle
with respect to the x”’-axis and they are counterrotating. If the medium is loss-
less, K,,, K., are purely real and K, is purely imaginary, making the right-
hand side of (4.8.24b) and also R; and R;, purely imaginary. Thus the
polarization ellipses have major axes aligned either along the x'- or y"-axis
in a lossless medium. For the special case of propagation parallel to B,
(i.e., 8 = 0°), the middle coefficient of (4.8.22) and Q both vanish; both
characteristic waves are purely transverse and circularly polarized. For the
special case of perpendicular propagation (i.e., § = 90°), the middle co-
efficient of (4.8.22) approaches to infinity and the two roots of (4.8.22)
are zero which corresponds to a wave linearly polarized along the y'’-axis
and infinity which corresponds to a wave polarized in the x"'y"-plane. These
special cases are discussed more extensively in the next few sections.

4.9 Propagation Parallel to Steady Magnetic Field

The first special case we shall discuss is that when the propagation vector
is parallel to B;. Setting § = 0° in (4.8.6), one of the following conditions
must be satisfied,

K=1-YX,=0 (4.9.1)

an = K; =K, +]K11/
X, Wpe

=1-— ;——————1 T, =1+ ; ——_—wBa(wBa T o) (4.9.2a)
or
np? = Kjp = Koy — jKyy
~1-y—X__14¥ @k (4.9.2b)
a 11— Yaz ® wBa(wBa——w)

The first equation (4.9.1) corresponds to longitudinal oscillations and has
been discussed in Section 4.7. The remaining two equations, (4.9.2a) and
(4.9.2b), are the desired dispersion relations. They give the refractive index
for each characteristic mode of the medium. The corresponding polariza-
tions are given by the ratios of (4.8.10) which reduces, in the present case, to

E,:E, :E,=—K,(n*— K,) KK, :0 4.9.3)
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If K,, 7 0, substitution of (4.9.2a) and (4.9.2b) in (4.9.3) gives
E,:E,:E,=%Fj:1:0 4.94)

Both characteristic waves are therefore transverse and circularly polarized.
The upper sign of (4.9.4) is associated with (4.9.2a) and corresponds to a
left-handed polarization while the lower sign of (4.9.4) is associated with
(4.9.2b) and corresponds to a right-handed polarization. The subscripts
L and Rin (4.9.2a) and (4.9.2b) are used to denote left and right polariza-
tion, respectively. If K,, =0, we then deduce from (4.9.2) and (4.9.3)
the relations
P =n? = Ky,

E,:E E,=0:0:0 Ky =0 @93
i.e., both refractive indices are the same and the polarization of the wave is
indeterminant. For this rather special case, we may deduce from (4.8.6)
that one of the two modes actually becomes isotropic. The frequency at
which K,, = 0 is called a cross-over frequency. A wave propagating in a
slowly varying medium can change its sense of polarization when the wave
frequency becomes equal to the cross-over frequency. This interesting ob-
servation has been used as a diagnostic tool in measuring relative abundance
of heavy ions in ionospheric research. We shall have more to say about its
use and implication in Section 4.11.

Comparison of refractive indices (4.9.2a) and (4.9.2b) with (4.1.8) for
the isotropic case shows a marked difference in behavior, While the wave is
propagating above the plasma frequency but not below in the isotropic case,
the effect of a steady magnetic field opens up a series of “windows” in fre-
quency bands in which propagation is possible. The number of windows for
a left circularly polarized wave is in general equal to 1 + N, where N, is
the number of species of positively charged particles, and the number of
windows for a right circularly polarized wave is equal to 1 + N_ where
N_ is the number of species of negatively charged particles. Examination
of (4.9.2a) and (4.9.2b) shows that propagation is possible even in the
limit of @ — 0. When w < | g, | all «'s, both refractive indices are equal
and given by

ng =ng =143 (05.Jof,) =1+ (o/eBs) (4.9.6)

where the mass density is given by

o =Y Num, (4.9.7)

-3
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The meaning of the second term on the right-hand side of (4.9.6) can be
clarified by using some concepts used in magnetohydrodynamics. The study
of magnetohydrodynamics is concerned with the behavior of a conducting
fluid in an electromagnetic field. When the fluid is infinitely conducting, the
magnetic field lines are found frozen into the fluid, i.e., fluid particles co-
move with magnetic field lines. A magnetic tube may therefore be thought
of as possessing a mass of linear density equal to the mass density of the
fluid. Analogous to the case of a vibrating string, when the magnetic field
is perturbed, it tends to oscillate with a phase velocity equal to (tension/den-
sity)V’2, The tension associated with the magnetic field is By?/u, with an
associated hydrostatic pressure By%/2u, as given by the Maxwell’s stress
tensor. Putting the tension and density in the expression, we obtain the

Alfvén velocity as
tension \/2 B2 \V2
= (Gamty) (g @99

The use of Alfvén velocity reduces (4.9.6) to
nt=ngt=1+ v, o <L | wg,| (4.9.9)

In most cases the Alfvén velocity is much smaller than the velocity of light
in free space and thus the unity in (4.9.9) can be ignored. Actually the term
unity has its origin in the displacement current and the term ¢2/v % in the
polarization current. For slow time variations the displacement current
can be ignored as is usually done in magnetohydrodynamics. The ratio
c*/v4? can also be reinterpreted as

B,Hy2

c? 1 ( oc? )_ 1 rest energy (4.9.10)

V42 T2 "2 magnetic energy
Except in extremely tenuous plasmas and/or exceptionally strong magnetic
fields, the rest energy is usually much larger than the magnetic energy. All
these equivalent interpretations allow us to write (4.9.9) in most cases, as

N = no? = ctly,?
LU :y" Wa w < | wp,| 4.9.11)
? A
The phase velocity of the low frequency waves is then just equal to the
Alfvén velocity.
As frequency increases a series of resonances occur at gyrofrequencies
of each species of ions. The total number of resonant frequencies is equal to
the number of species of charged particles. These resonances are called
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gyroresonances or cyclotron resonances. The gyrofrequency of positively
charged particles is negative and hence contributes to poles of n;2 corre-
sponding to a left-hand polarized wave. Remember from Fig. 4.5-1 that
the positively charged particles themselves are also rotating in a left-handed
sense. Therefore, at resonance positively charged particles see a constant
electric field in their own coordinate frame and considerable acceleration
and transfer of energy between the wave and the resonant particles may re-
sult. The situation is not unlike that of Landau damping discussed in Sec-
tion 3.8. Similarly at the gyrofrequency of negatively charged particles, a
right circularly polarized wave interacts and exchanges energy with neg-
ative resonant particles. The study of resonant interaction requires the use
of distribution functions. The resulting damping of the wave is called the
cyclotron damping.

In a gaseous plasma, electrons are the lightest charged particles and hence
have the highest gyrofrequency, being 1836 times higher than that of protons,
the next lightest charged particles. It is therefore possible to find a frequency
range in which ionic contributions can be ignored all together. In a two-
component plasma consisting of electrons and singly charged neutralizing
positive ions, the ionic effect can be neglected if

Xe (4.9.12)
Let us assume that the required condition is
[ ;|1 or o> (4.9.13)

which must be checked for consistency as done in the following. The use
of the inequality (4.9.13) reduces (4.9.12) to

which is equivalent to (4.9.13). Therefore, in a two-component plasma the
ionic effects can be ignored if the frequency is much larger than the ionic
gyrofrequency. Similar conclusion can be reached in a general multicompo-
nent plasma as long as the electron concentration is of the same order as the
ionic concentration. When this is true, the dispersion relations (4.9.2a)
and (4.9.2b) reduce, respectively, to

=1—X/(1 +Y) (4.9.14a)

o> | wml
=1—X/(1—-7Y) (4.9.14b)
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where the subscripts e on X and Y are omitted for simplicity because only
electronic quantities remain and thus there is no danger for confusion.
These refractive index expressions indicate that in the high frequency region
there is only one resonance at w = wpg for the right circularly polarized
wave and there is a cutoff frequency for each of the two modes at

w = $(wp/2) + (wp? + (wp/2)*)"? (4.9.15)

The upper sign applies to the left circular wave and the lower sign to the
right circular wave. These expressions are identical to those given by
(4.7.12) and (4.7.16) as the cutoff condition is identical to the condition for
longitudinal oscillations.

When the wave frequency is much larger than the electronic gyrofre-
quency and the electronic plasma frequency the refractive index of both
waves approaches the free space value of 1.

To illustrate the behavior of the refractive index dependence on wave
frequency a concrete example is considered. Figure 4.9-1 shows »n? behavior
for a three-component plasma of electrons neutralized by 609, protons
and 409 singly charged oxygen ions. The refractive index is very large and
equal for both characteristic waves in the extremely low frequency region.
As frequency increases, the left circularly polarized wave goes through
resonances at the oxygen gyrofrequency | wg, | and the proton gyrofre-
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Fig. 4.9-1. Behavior of n? as a function of f when propagating parallel to the steady
magnetic field in a three-component plasma of electrons neutralized by 60% protons and
40%; atomic oxygen ions.
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quency | wp, | while the right circularly polarized wave has a resonance at
the electron gyrofrequency wg,. There are two cutoffs at which the refractive
index vanishes for the left circular wave and one cutoff for the right circular
wave. These resonances and cutoffs divide the frequency spectrum into a
series of windows within which propagation is possible. Inspection of Fig.
4.9-1 shows that there are three windows for the left circular wave and two
for the right circular wave. When the frequency is very large the refractive
index of both waves approaches to 1. Figure 4.9-1 also shows that thereis a
cross-over frequency w,, at which both refractive indices have the same value.

4.10 Faraday Effect

It was discovered by Faraday in 1845 that certain substances become
optically “active” when placed in a magnetic field parallel to the direction
of propagation of the light wave. By optically active is meant that the plane
of polarization undergoes a rotation that is found to be proportional to the
strength of the magnetic field and the distance traversed. This phenomenon
of the rotation of the polarization is known as the Faraday effect or Faraday
rotation. In a magnetoplasma a similar phenomenon also occurs and is also
known as the Faraday effect.

It is known that the resultant of two equiamplitude, oppositely rotating,
circularly polarized waves propagating in the same direction is a linearly
polarized wave. The plane of polarization depends on the phase relationship
between the two circular waves. As shown in Section 4.9, both characteristic
waves are circularly polarized when propagating parallel to the steady mag-
netic field. Let us assume that both waves are propagating in the z-direction
with equal amplitude and at z = 0 they are in phase. The resultant is then a
linearly polarized wave with an amplitude twice of that of each circular
wave and with the plane of polarization oriented as shown on the top of
Fig. 4.10-1. Next we examine what happens as the wave propagates a small
distance Az. We have seen in Section 4.9 that the refractive indices for
characteristic waves are in general different. This means that these waves
will be no longer in phase even if they are initially at z = 0. The phase
shift for the left circular wave is —kyny, Az and that for the right circular
wave is —kgnp Az, The resultant of these two equiamplitude circular waves is
still linearly polarized but the plane of polarization has been rotated through
an angle AQ given by

AQ = (ko/2)(ny, — ng) Az (4.10.1)
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GiC,

= *-— z=0
Left circular Right circular Resultont is linearly pofarized
ko Az ke B2,
g1
+ = /@/ z=0z
Left circular Right circular Resultant is still linearly

polarized but its plane of
polarization has been
rotated through an angle AQ

Fig. 4.10-1. Tllustration of the rotation of the plane of polarization of the resultant
wave as it propagates from z = 0 to z = Az along the magnetic field.

where a positive sign indicates a rotation in the right-handed sense. In a
homogeneous medium we may integrate (4.10.1) to obtain the total angle
of polarization rotation for a wave that has traveled a distance z,

Q = (ko/2)(n;, — ng)z tad (4.10.2)

For concreteness we have shown in Fig. 4.10-1 the case in which ny, > ng
so that the left circular wave undergoes a larger phase shift than the right
circular wave. This results in a polarization rotation that twists like a right-
handed screw as the wave propagates. The opposite case n;, < np is also
possible and the twist is in the left-hand sense. The regions in the frequency
spectrum in which the respective case applies can be found from plots such
as Fig. 4.9-1.

The proof of Faraday rotation can also be approached mathematically.
The equiamplitude left and right circularly polarized waves are given by

E; = Ey[£ cos(wt — konyz) + P cos(wt — kenpz + 7/2)]  (4.10.3a)
Egp = E,[£ cos(wt — kgnpz) + F cos(wt — kgngz — m/2)] (4.10.3b)

where the waves are assumed to be in phase at z = 0. The resultant electric
field is obtained by adding E; and Eg, giving

E=E; + Eg
= 2Eo{% cos[ko(nr — np)z/2] + § cos[ke(np — n)z/2 + 7/2]}
X cos[wt — ky(ng + ng)z/2] (4.10.4)
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The expression (4.10.4) shows that the x- and y-components of the wave are
in time phase and thus linearly polarized. The resultant electric vector
makes an angle £2 with respect to the x-axis and

E, coslko(np — ny)z/2 + =/2]
— -1 =Y __ -1 0
Q= tan™ = = tan = —— e Teolnn — n)272]
or
Q = —(ko/2)(ip — ng)z rad (4.10.5)

in an agreement with (4.10.2). The absolute value of the resultant wave is,
from (4.10.4),

‘ E‘ — (Ex2 + Eyz)llz
= 2E, cos[wt — ko(ng + nz)z/2] (4.10.6)

which shows a phase shift in an equivalent medium with the average re-
fractive index (ng + ng)/2.

There are several interesting properties connected with Faraday effect
that ought to be elucidated. First is that the polarization rotation is cumula-
tive. Therefore, even in the case of a very weak steady magnetic field the twist
of the electric vector may become appreciable provided the wave has traveled
a sufficiently long distance. Next we note that when the wave travels
parallel to B, the twist of the electric vector is right-handed if np << ng,
and left-handed if ny > n;,. On the other hand, if the wave travels antipar-
allel to By, the subscripts L and R in (4.9.2) must be interchanged. This
results in a reversal of twist on reversing the direction of propagation. For
a wave making a round trip in the medium the rotation on the return trip
is in the same direction as that in the first trip, making the total rotation
twice that of a one-way trip.

Because of the sensitivity of Faraday rotation on the presence of electrons,
the technique has been used in ionospheric rescarch. Most experiments
choose a frequency much higher than the electron plasma frequency and
electron gyrofrequency so that we may approximate (4.9.14) by a binomial
expansion,

npr=[1—X/[(1 £ V2 =1— X(1 F Y))2 (4.10.7)

Substituting (4.10.7), we obtain the Faraday rotation

Q = (ko XY/[2)z
= w,lwpz/2c0® Tad (4.10.8)
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The rotation is proportional to electron density, magnetic field intensity,
and distance of travel and is inversely proportional to the square of fre-
quency. The positive sign indicates a right-handed twist. Numerically,
(4.10.8) reduces to

£2 =297 X 10~2NHyz[f? rad (4.10.9)

where all quantities are expressed in the mks system. We note from the ap-
proximate expression (4.10.7) that the average refractive index is just 1 — X/2
which is equal to the refractive index of the medium in the absence of the
steady magnetic field. Therefore, we may describe propagation of a linearly
polarized wave as a right-handed twist in polarization given by (4.10.8)
combined with a phase shift equal to the equivalent isotropic case.

4.11 Electron and Ion Whistlers

We have seen that one of the effects of a steady magnetic field in the plasma
is that it opens up a series of windows in the frequency spectrum, in which
one or both characteristic waves may propagate. These waves, especially in
low frequency region, may be very slow and dispersive. This means that the
frequency components of an initial impulse may spread out in arrival time
after propagating through the medium. When such a signal is detected by a
radio it produces a whistling tone and therefore is called a whistler.

For frequencies much larger than all ionic gyrofrequencies, the effect
of ions can be ignored when compared with electrons. The refractive index
of a right circularly polarized wave is given by

n2=1—-X/1-7)
=14+L1(fs—f) (4.11.1)
The group velocity of the wave is given by

v, = dojdk = c[(n + fdn/df) (4.11.2)

Substitute (4.11.1) in (4.11.2) and carry out the differentiation. The following
expression is obtained.
cn

T LYl e — T

As is usually the case in ionospheric applications, the wave frequency is

v (4.11.3)
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much lower than the plasma frequency so that the inequalities £, > ffz,
J» > fare valid. These inequalities reduce the expression (4.11.3) for group
velocity to

vy = Ua — 1P @.11.4)
The corresponding phase velocity is
vp = (/) f(fg — /I (4.1L.5)
The ratio of group velocity to phase velocity can be found to be
v,lv, = 2(1 — flfp) (4.11.6)

which is a linear function of f/fz. In the frequency range 0 << f < f3/2,
the group velocity is greater than the phase velocity; and in the frequency
range fp/2 < f < f3, the phase velocity is greater. It is interesting to note
that the group velocity expression (4.11.4) has a maximum when f = fp/4
at which the group velocity is given by

_ 33 3 ¢ 4.11.7)

Vomax = 3 f;;

In a uniform plasma the signal at a frequency of one-fourth the gyrofre-
quency suffers a minimum time delay. Therefore, if the transmitting source
is an impulse, the received spectrum as a function of time delay has the
form shown in Fig. 4.11-1. The frequency that gives the minimum delay is
called the nose frequency. In a uniform plasma, the nose frequency is equal

to fB/4'
The expression (4.11.4) simplifies to

vy =2 Q2elfp) (/) (4.11.8)
0.6
) 0.4+
<
-~ i Nose frequency
0.2}
0 L L I
4 1 2 3
Impulse Time delay, sec

Fig. 4.11-1. Sketch showing group delay of a nose whistler.
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when f <€ fp. The corresponding time delay is

sz a1 J o dp (4.11.9)
path Vg 2C\/f path fB

which predicts a 1 /\/fdependence.

The impulses that generate naturally occurring whistlers are ordinary
lightning discharges. The history of the discovery of whistlers is very in-
teresting. This history and the methods used by ionospheric researchers in
obtaining electron density information in the magnetosphere can be found
in the comprehensive book of Helliwell (1965).

As the wave frequency is decreased the ions may become important so
that instead of (4.11.1) we must go back to (4.9.2a) and (4.9.2b) (also,
see discussion in Section 4.13). Of particular interest is the occurrence of
cross-over frequencies. At the cross-over frequency the wave polarizations
of both characteristic modes are indeterminant. A characteristic wave
propagating in a slowly varying medium may couple energy into the second
characteristic wave when the wave frequency becomes equal to the cross-

Electron whistier
right-circular polarization

~N
I Proton whistier
- left-circular polarization
Frul
f =4
H
g Proton gyrofrequency
- Cross-over frequency
1 1 1
o] 1 2 3

Time, sec

Fig. 4.11-2. Electron and proton whistlers observed on a satellite at 2950 km. The
calculated fractional abundance of H+ is 0.67 and O* is 0.33. [After McEwen and Bar-
rington (1968). By permission of North Holland Publishing Company.]

over frequency. For example, in the ionosphere it has been observed that
a right-handed circularly polarized electron whistler may couple part of
the energy into the left-handed circularly polarized ion whistler (Gurnett
et al., 1965). An example is shown in Fig. 4.11-2. The condition for cross-
over is K, =0 or

LA @a110)



176 4. Waves in Fluid Plasma with a Steady Magnetic Field

Let us consider a three-component plasma of electrons and two kinds of
singly charged positive ions of fractional ionization 4, and A4, with 4, + 4, =
1. Since the cross-over frequency is near the ion gyrofrequency, we may
let ¥,> 1 and (4.11.10) reduces to

1 4,
Ye2 N Yez— (millmc)z

4.
Ye2 - (miz/me)Z

+

Multiplying out all the factors, we obtain the cross-over frequency
f& = fEi,A4 + B, 4. (4.11.11)

It is clear from (4.11.11) that the measurement of cross-over frequency
can determine the fractional abundance of positive ions.

If there are more kinds of positive ions, a cross-over frequency occurs
between each ionic resonance. For example, in a three-ion plasma, there
are two cross-over frequencies. Measurements of these cross-over frequencies
can give the fractional abundance of all positive ions in the plasma.

4.12 Propagation Perpendicular to Steady Magnetic Field

The second special case we shall discuss is that when the propagation
vector is perpendicular to B,. Setting 0 = /2 reduces (4.8.6) to

nozzKozl—ZXa

4.12.1)
ne — 2KIKII _ [1 - Zz th/(l - Ya)][l - Za Xa/(l -+ Ya)]
Fut L= 2 K0 XD (4.12.2)

The use of (4.8.10) to find the polarization corresponding to the wave
with refractive index n, leads to indeterminacy and hence we must go
back to (4.8.2). In the coordinates of Fig. 4.8-1 with 6 = #/2, we find that
the electric field vector is entirely along z-axis, i.e., parallel to By. The
wave is purely transverse. Since the electric field is parallel to By, the
induced motion is not affected by the presence of a steady magnetic field.
Consequently, the refractive index expression (4.12.1) is identical to that
derived in the absence of a steady magnetic. Therefore, this characteristic
wave is called the ordinary wave and a subscript 0 is used to designate its
refractive index.
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The remaining wave with the refractive index given by (4.12.2) is definitely
affected by the steady magnetic field and is called the extraordinary wave.
We use a subscript x to denote it. The corresponding polarization is given
by

Ez : Ey : Ez = —_](KI — KH) : (KI + KH) :0 (4123)

which can be obtained from (4.8.10). The coordinate system is that given by
Fig. 4.8-1 with 0 = #/2, i.e., k along the x-axis, B, along the z-axis. The extra-
ordinary wave (4.12.2) is thus in general not transverse. It is polarized ellip-
tically in a plane perpendicular to B,. It is interesting to note that the
wave is purely longitudinal when K} +- Kj; = O for which the resonance for
n, occurs. As w — 0, ny? is large and negative, showing the evanescent
nature of the ordinary wave. The refractive index of the extraordinary
wave reduces to, as w — 0,

n? =14 c¥v,? 4.12.4)

where v, is the Alfvén velocity.

The ordinary wave has just one cutoff at w = (3, w,?)/* while the
extraordinary wave has all the cutoffs of n;, and ny discussed in Section 4.9.
The ordinary wave has a single resonance at w = 0. The resonant frequencies
of the extraordinary wave are given by the condition Kj + Kjy =0 or

2
14y 22— (4.12.5)

[ w%}(z — w?
which shows that there are as many positive resonant frequencies as number
of species of charged particles.

For concreteness let us consider a two-component plasma of electrons
neutralized by singly charged positive ions. The resonance frequencies are
given by the equation

2 2
(JJpe w])i
Wl

1+

4 ~0 (4.12.6)

w2__w2

2
w Bi

Be

This equation gives two resonant frequencies one of which is near the
electron characteristic frequencies. For the high resonant frequency we
may assume w? > w%;, w3; and thus (4.12.6) immediately yields a solution

Wiy = W}, + 02 (4.12.7)

This frequency is known as the upper hybrid resonant frequency and, as
seen from (4.12.7), is independent of the ionic gyrofrequency and ionic
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plasma frequency. Because of the smallness of the electron mass, the electrons
contribute almost all the polarizability of the medium at the upper hybrid
frequency. The remaining resonant frequency can be obtained by multiply-
ing out (4.12.6) and solving it by assuming the smallness of the electron
mass, obtaining

of, = ‘ Wp; [ wse(( Wp; | Wpe + w%e)/(w%e + wg,) (4.12.8)

This frequency is known as the lower hybrid resonant frequency. In the
low density limit the lower hybrid approaches the ionic gyrofrequency.
In the high density limit, the lower hybrid becomes the geometric mean of
the electron and ionic gyrofrequency,

wly = | wp; | wp,, Wi S>> W, (4.12.9)

At the lower hybrid resonance frequency, E, = E, = 0 as seen from (4.12.3),
i.e., the electric field vector is parallel to k. The corresponding polarization
density is given by P, = gX, « E with susceptibility tensor given by (4.5.11).
Since at the lower hybrid, X; = X,(m,/m;), Y;= — (m,/m;)V?, Y, = (m;/m,)"'?,
the polarization densities of electrons and ions are, respectively,

P, = EoXe(mg/mi)[f — jj}(mi/me)llz]Ez
Pi = —sze(me/mi)[f -+ jj}(me/mi)lm]Ez

We note that in the direction of the electric field, the displacements of the
electron cloud and ionic cloud are in phase at the lower hybrid resonance
so as to contribute vanishing total polarization density. In a direction per-
pendicular to both the electric field and the steady magnetic field, electron
and ion clouds are oscillating out of phase, giving rise to space charge effect.

The behavior of n% as a function of frequency in a three-component
plasma identical to that of Fig. 4.9-1 is depicted in Fig. 4.12-1. It shows
the presence of one upper hybrid and two lower hybrids. At the lowest
hybrid resonance the electrons remain relatively motionless while the oscil-
lations of two ion clouds perpendicular to the steady magnetic field is
180° out of phase with each other (see problem at the end of this chapter).

It is interesting to mention the topside sounding results in which some of
these resonances have been observed. An ionospheric sounder, or ionosonde
for short, is essentially a radar which measures the time delay of returned
echos at either a fixed frequency or as the frequency is swept over a wide
frequency band. Ground based sounders throughout the world have been
probing the ionosphere since 1926. More recently the sounder has been
placed on the satellite to sound the ionosphere from above. The purpose is

(4.12.10)
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104 y

10* 10f
Wave frequency, Hz

Fig. 4.12-1. Behavior of n? as a function of f for the extraordinary wave when propa-
gating perpendicular to B,. The plasma is identical to that of Fig. 4.9-1. The resonance
occurs at the upper hybrid frequency f,, and two lower hybrid frequencies fi5, and fin,.

to obtain an ionization profile above the peak of the layer. The data of swept-
frequency sounders are usually presented in the form of time delay or ap-
parent range as a function of frequency. Such data are commonly called
ionograms. Immediately after the launch of the satellite-borne sounder, it
was observed that many ionograms show vertical spikes at some discrete
frequencies. At these frequencies the energy transmitted by the sounder is
stored in the plasma in the form of a stationary disturbance or as waves
with group velocity comparable to that of the satellite. These spikes have
been observed at electron gyrofrequency and its harmonics, plasma fre-
quency, upper and lower hybrid frequencies, and many other cutoffs and
resonances. Note that the upper hybrid resonance gives a direct measure-
ment of electron density when the electron gyrofrequency is known. Some of
the satellite results have been summarized by Chapman and Warren (1968).

4.13 Hydromagnetic Waves—Low Frequency Approximation

In the low frequency limit, i.e., w < | wp, |, w,, all &, we may expand K;
and Ky given by (4.7.3b) and (4.7.3¢) to obtain

o . w2
= I S . : \
K= 143 oo Tay = T wg-—w%a + O(w?) (4.13.12)
2 2 2
= ___%— — —C_ Wpy 2
K= 1+ e = L o B2+ 0(@) (413.10)
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The harmonic mean of K; and Kjy accurate to the first order in w is therefore
just
2K Ky

—_— 2 2 2
kg ko = L+ 0@ (4.13.2)

When these relations are substituted, the dispersion relation (4.8.6) re-
duces to

[n* — (1 + */vs®)]

% {(n2 - Ky)sin?0 + ﬁl’g%? 12 — (1 + ¢/v,%)] cos? e} —0
(4.13.3)
which yields two roots for refractive index. They are given by
nt =1+ c?vy? (4.13.4)
and
Koy ey 4 cof;oﬁ/(l T o (4.13.5)

We note that the mode with refractive index given by n, is isotropic since it
does not depend on the angle 6. The mode corresponding to n, is aniso-
tropic. The resonance angle at which the refractive index approaches
infinity is given by the relation

_ —K, 1/2  wpy
tan 0, = ( — /UAZ) ~ Lt (4.13.6)
For § £9,, we may approximate (4.13.5) by
n? =~ (1 + c?v,?)/cos? 0 (4.13.7)

In most cases 8, departs only slightly from n/2; the approximate expression
(4.13.7) is valid for nearly all angles except for a small cone near the exact
perpendicular condition. The refractive index surface given by (4.13.7) is
a plane surface perpendicular to B, as sketched in Fig. 4.13-1. The group

8 Vg

-
— 6 .8 7 —
— ‘2 //

Fig. 4.13-1. Sketch showing n,(0). The refractive index surface is obtained by revolving
the solid line about B,. The symmetric lower portion of the curve is not shown.
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velocity is known to be perpendicular to the refractive index. Waves with
the refractive index terminated on the plane surface portion of the refractive
index surface have energy all channeled to the same direction, namely,
parallel to B,.

The characteristic wave polarization of these waves is given by the ratios
of (4.8.10) in the coordinates of Fig. 4.8-1. In the low frequency approxi-
mation

sz =1+ cz/VA27 l sz! = |jw2w,2,a/w%m| <sz

For 6 #£ 0, we deduce

0:E,:0 corresponding to mode 7,

E :0:0 corresponding to mode n, (4.13.8)

E,:E,:E ~ {
Hence the electric field for these two modes are approximately linearly
polarized for 6 not near 0°. The induced fluid velocity is related to the
electric field by the equation of motion (4.5.1) which in the low frequency
approximation reduces to

E+v,XB,=0 (4.13.9)

With the electric field given by (4.13.8), the fluid velocity, the electric field,
and the steady magnetic field are mutually orthogonal in the present ap-
proximation. The velocity corresponding to mode #, is

v, oc £ el(@i-kmk2) (4.13.10)
while that corresponding to mode #, is
v, oc Pell@i-kmkz) 4.13.11)

The velocity given by (4.13.10) is compressional and the mode is referred
to as a compressional mode which accounts for the subscript ¢ on the re-
fractive index. The velocity given by (4.13.11) has a zero divergence and the
corresponding mode is referred to as the torsional or shear mode. A sub-
script ¢ is used to denote it. We note that the compressional mode is
isotropic and it reduces to the extraordinary wave when 6 = =/2. The ani-
sotropic mode (4.13.5) becomes the nonpropagation ordinary wave when
6 = n/2. When 0 = 0, both modes are circularly polarized. The transition
from circular polarization to linear polarization as 6 departs from 0 can be
investigated by using a better approximation.

The dispersion relations (4.13.4) and (4.13.5) are essentially zero frequency
limits of the general dispersion relation. As the frequency is raised the
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approximations (4.13.1a) and (4.13.1b) are no longer valid especially when
the frequency is approaching the ionic gyrofrequency. In the neighborhood
of ion gyrofrequency, ions are expected to play an important role. Hence
these waves are called ion whistlers or ion cyclotron waves. In a moderately
dense magnetoplasma in which the electron plasma frequency and electron
gyrofrequency have the same order of magnitude, K, is expected to be very
large for ion whistlers because of the large ion-to-electron mass ratio, namely,

IKOI :| I—ZXalﬁXe>1

We may also assume | Ko | > | K1 |, | Kur| if the frequency is not exactly
equal to the ion gyrofrequency. These approximations reduce the dispersion
relation (4.8.6) to

ntcos? 0 — nz(l + cos? 6)(](1 + KH)/Z + KKy = 0 (41312)

if 6 is not too close to /2. In the neighborhood of any ionic gyrofrequency
| K1| or | Kir| may be very large, depending on the sign of the charge.
For definiteness, let us assume the ion is positive and hence | K1 | > | K1 | .
The approximate roots of (4.13.12) are then

n? = 2Kp/(1 + cos?0) (4.13.13)
n%, = Ki(1 + cos?0)/2 cos? 6 (4.13.14)

These refractive indices are dependent on Ki and Ki; whose properties
have been discussed in Section 4.9 and on f. The refractive index s, given by
(4.13.13) is for the compressional wave in the neighborhood of an ion
gyrofrequency of positive ion. It is now anisotropic by its dependence on 6.
The compressional wave becomes a wave with right-handed circular polari-
zation when 6 = 0. The wave satisfying the dispersion relation (4.13.14)
is called the ion whistler wave or ion cyclotron wave. In the neighborhood
of the gyrofrequency of the ith ion, we may approximate K; by

2
Wp;

Ko~ —2p
T wpgi(wp; + o)

which has a pole at w = —wp;. The ion whistler is polarized circularly
with left-hand sense near the gyrofrequency of a positive ion when 6 = 0.

Similar expressions can be obtained for frequencies in the neighborhood
of a negative ion gyrofrequency. The refractive index expressions are still



4.14 Appleton-Hartree Formula—High Frequency Approximation 183

given by (4.13.3) and (4.13.14) except that K1 and Ky; must be interchanged.
We note now Kj; has a pole at the gyrofrequency. In the limit of § = 0,
both waves are still circularly polarized, but the compressional wave is
left-handed and ion whistler right-handed.

The angular dependence of the refractive index of ion whistler as given by
(4.13.14) constrains wave energy to propagate along a small cone centered
about the steady magnetic field. It can be shown (see problem at the end of
this chapter) that the angle p between the group ray and B, is given by

tan p = sin 0 cos® 6/(1 + cos?8) (4.13.15)

The largest value of y is 12.3°. Hence, the ray path of ion whistlers near the
ion gyrofrequency is not more than 12.3° from along the steady magnetic
field.

When the frequency is above all the ion gyrofrequency no simplification
of the dispersion relation (4.8.6) or its equivalent is possible since all the
ion terms as well as the electron term contribute to the dispersion relation.
However, in the frequency range w > | wp; | of all ions, only electrons con-
tribute to the polarizability of the medium. When this is the case we shall
refer to it as the high frequency approximation. The dispersion relation in
the high frequency approximation is called the Appleton-Hartree formula
which is discussed in the next section.

4.14 Appleton-Hartree Formula—High Frequency Approximation

When the frequency is much larger than all ionic gyrofrequencies, induced
ionic motions are negligible because of their mass. Ions can therefore be
viewed as forming a stationary neutralizing background. Only electrons
contribute to the polarizability of the medium, i.e., the relative dielectric
tensor with elements given by (4.5.16) has only the electron component.
The wave propagation in such a medium can be studied, in principle, by
simplifying the dispersion relations (4.8.6) or (4.8.7) or (4.8.9) and the
wave polarization relations (4.8.10) or (4.8.22) and (4.8.23). But, in practice,
the algebra involved to put the results in commonly used forms is very
tedious (see problem at the end of this chapter). We choose to start our
derivation from the beginning with the two Maxwell’s curl equations. The
derivation is very much simplified if the inverse susceptibility tensor is made
use of.
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Maxwell’s curl equations for plane waves with dependence ¢/™7¢) are
D=—({(nfc)§s xH (4.14.1)
H = (so/pto)"* 18 X E (4.14.2)

The vector § is a unit vector in the direction of the propagation vector.
When (4.14.2) is substituted into (4.14.1), we obtain

D = n2,[E — $(3 - E)] (4.14.3)

Orient the coordinates so that § // z-axis and B, in the yz-plane as shown in
Fig. 4.14-1. This is identical to the doubled primed coordinates of Fig.

Fig. 4.14-1. Coordinate system.

4.8-2b. Here, for simplicity, we shall denote our coordinates without primes.
In this coordinate system, we can write (4.14.3) in component form

D, = e¢nE, = ¢,E, + P, (4.14.4a)
D, = en*E, = &, + P, (4.14.4b)
D,=0 = gE, + P, (4.14.4c)

The first two equations of (4.14.4) and (4.14.2) yield
R =E,/E, = P,/P, = D,/D, = — H//H, (4.14.5)

This is a relation obtained before [see (4.8.14a) and (4.8.15)]. Its implica-
tions on the state of polarization have been discussed in Section 4.8 and
shall not be repeated here. The electric field is also related to the polariza-
tion density by

eE=y1-P,=x1-P (4.14.6)

where the last equality comes from the fact that only electrons contribute
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to the polarizability in the high frequency approximation. Let us denote the
elements of the inverse susceptibility tensor as I';;, i.e., X~* = [I';]. In the
coordinates of Fig. 4.14-1, these elements are, from (4.5.10),

Iy=TI,=I,=—1/X
sz: _FyszYz/X
Fzz = _Fzz: '_.]Yy/X

r,=1r,=0

(4.14.7)

Since all quantities are referring to electrons, the subscript e is ignored
on X and Y as donein (4.14.7) and elsewhere in this section. The symmetry of
x~! as indicated by (4.14.7) can be used to good advantage to simplify our
derivation. In component form, (4.14.6) can be written as

&k, = [Py + IpyPy + P, (4.14.8a)
g0, = — Iy P, + I P, (4.14.8b)
gk, = —I,,P, 4+ I, P, (4.14.8¢)

From (4.14.4¢) and (4.14.8¢c) we eliminate E, to obtain

I

P=—
1+ I,

P, (4.14.9)

Substitute P, as given by (4.14.9) into (4.14.8a) and make use of (4.14.5);
we can then rewrite (4.14.8a) and (4.14.8b), respectively, as

ek, = [l + I'E/(1 + I,)IRP, + I, P, (4.14.10a)
&k, = —I',,RP, + I,,P, (4.14.10b)
Take the ratio of above two equations and again make use of (4.14.5).
The resulting equation is a quadratic equation in R and it simplifies to
Iz,

2
Rt a1

R+1=0 (4.14.11)

This equation has two roots, R, and R,. The two roots are related by
RR,=1 (4.14.12)

= jY,AY,(1— X) (4.14.13)
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where the elements (4.14.7) have been substituted. The polarization ellipses
of the two characteristic waves in a plane transverse to § are similar, counter-
rotating, and with the major axis aligned with either the x-axis or y-axis. These
results are identical to those discussed in Section 4.8. The roots of (4.14.11)
can be written down easily:

_ —1- sz Yy4 . 1/2:'

R“nhnwﬁ%m—w+n)

J [ Ysin20 ( YZsin?0
20— x) T\ s =xp

" cosf

1/2
+cos26) ] (4.14.14)

We note that in the literature there is always confusion in determining
the sign of Y,, depending on the conventions used. In the present case, ¥
is always positive in the second form of (4.14.14) as it refers to electrons.

In the magnetoplasma there is, in general, a nonvanishing longitudinal
electric field component. Hence in addition to R, we need a second complex
ratio to express the full state of wave polarization. This ratio is defined by
Q = E,/E, and is obtained by first rewriting (4.14.4a) as

1+ T,

T — 80(1+F1z)
n, T

eo(n? — 1)E, = P, = k
xz

E, (4.14.15)
where the second equality and third equality come from (4.14.9) and

(4.14.4c), respectively. The equality of the first and last expressions of
(4.14.15) gives

Q = Ez/Ez = 1’14152(1 - nz)/(l + an:)
— jYsin6(1 — n?)/(1 — X) (4.14.16)

This ratio is expressed in terms of the refractive index.
Now let us derive the Appleton-Hartree formula. From (4.14.4b) we
obtain

nt =1 + P,JsE, (4.14.17)

The ratio P,/¢,E, is given by (4.14.10b), and when it is substituted into
(4.14.17) we get

1
2
LA S
X
— R (4.14.18)

The refractive index (4.14.8) is still expressed in terms of R. The expression
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is useful in determining the corresponding » and R for a given characteristic
wave. When the polarization ratio (4.14.14) is substituted into (4.14.18)
we obtain the Appleton-Hartree formula

X
2 — I
n=1 L Y2sin20 ( Yisint 0 + 7% cos? 0)1/2 (4.14.19)
2(l— X) 401 — X)?

The upper sign of (4.14.14) and the upper sign of (4.14.19) refer to the same
characteristic wave, similarly for the lower signs. In our convention Y is
positive. It is also convenient to take the positive value of the square root
in both (4.14.14) and (4.14.19).

All expressions derived so far in this section are for the lossless case.
If collisions cannot be ignored modifications are needed. When the collision
is frictionlike with an effective collision frequency » for electrons, simulta-
neous substitutions of X by X/U and Y by Y/U in (4.14.14), (4.14.16),
and (4.14.19) give us the desired results. Here U is given by

U=1-— o (4.14.20)

For completeness we list the expressions in the following.

] Ysin?6 ( Y2sint 0 \ )1/2]
" cos@ [ 2(U — X) 4(U — X)? + cos? 0 (4.14.21)
Q = J¥sinf1 = mH(U = X) (4.14.22)
nte=1— s (4.14.23)

y_ _Yesinid Y'sin'6
2(U— X) (4(U—X)2

1/2
-+ Y2cos? 0)

Since U is complex, all above quantities are in general complex. The com-
putations of these quantities are very tedious but very essential in under-
standing the behavior of waves. We shall study some simple cases in the
next section.

The field components when referred to, for example, the amplitude £,
in the coordinates of Fig. 4.14-1, can be found by using (4.14.4), (4.14.5),
and (4.14.16). They are given by

E = E(% + J/R + 2Q)

D = eg®Eq, (£ + J/R)

H = (nEo/cpo)(—X/R + 9)

P = —gEo[£(1 — n®) + §(1 — n*)/R + 20]

(4.14.24)
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where the multiplying factor e?@*-7/9) common to all has not been written
out explicitly and E,, is the amplitude of E,. These expressions are appli-
cable even when the medium is lossy since they are expressed in terms of
R, 0, and n. If the medium is lossless, R and Q are imaginary and n is
real. If the medium is lossy, all are complex in general.

4.15 Some Properties of the Appleton-Hartree Formula

The understanding of Appleton-Hartree formula and its associated polar-
ization relations are very crucial to studies of wave propagation in the iono-
sphere. There exist in the literature many papers that discuss properties of
these equations. We shall discuss some of these.

(i) Parallel Propagation. 1In this case the wave vector and the steady
magnetic field are parallel and thus § = 0. Both waves are purely transverse
as Q given by (4.14.16) vanishes. The refractive index (4.14.19) and the
polarization relation (4.14.14) reduce to

X

2 __ o -

W=l } 6—0 (4.15.1a)
R=Tj (4.15.1b)

Both waves are circularly polarized; the wave corresponding to the upper
sign is left-handed and the lower sign wave is right-handed. The square of
refractive index depends linearly on X which is proportional to electron den-
sity. The cutoffs at which n = 0 occur at X =1 4 Y and 1 — Y, These
properties are shown in Fig. 4.15-1. We see from Fig. 4.15.1b that when
the frequency is less than the electronic gyrofrequency, the refractive index

n? 2/
/
| 1
AN
0 . X o — X
1 y\i 7 1 1+y\
N\
-1t AN -1t
(a) {b)

Fig. 4.15-1. Square of refractive index as a function of X,0 = 0. (@) Y < l or f > f3.
(b) Y>1or f< fg.
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of the right circular mode stays real for any positive X. This mode is just
the electron whistler mode discussed in Section 4.11 and it can propagate
in a plasma with any density.

When the wave vector and the steady magnetic field are antiparallel,
i.e., § = n, the wave with the refractive index given by the upper sign of
(4.15.1a) becomes right-handed and the lower sign becomes left-handed.
That is,

R = 4j, 0==n 4.15.1¢)

where the right-handed wave corresponding to the upper sign has the
refractive index given by the upper sign of (4.15.1a) and similarly the lower
sign of (4.15.1c) corresponds to the lower sign of (4.15.1a).

When the frequency is lowered to the ion gyrofrequency we must include
ionic contributions. The effect of ions has been discussed in Section 4.9.

(i) Perpendicular Propagation. When 0 = m/2, the refractive index
(4.14.19) and the polarization relations (4.14.14) and (4.14.16) reduce to

nt=1—X, Ry=0, Q,=jXY/(1—X) (4.15.22)

X(1—X)

Tl —_x_7r R, = oo, Q, =JjXY|l—X—1?

(4.15.2b)

The formulas (4.15.2a) are referred to a wave which is polarized linearly
along B, (see Fig. 4.14-1 with 6 = z2/2) and whose refractive index is not
influenced by the steady magnetic field. This wave is called the ordinary
wave. The extraordinary wave given by (4.15.2b) is polarized in a plane per-
pendicular to B, and in general is not a transverse wave like the ordinary
wave. The cutoffs occur at X = 1 for the ordinary wave andat X =14 Y
for the extraordinary wave. The ordinary wave has no resonance and the
extraordinary wave has a resonance at X = 1 — ¥? when Y << 1 but not
when Y > 1. These properties are evident in Fig. 4.15-2.

(iii) General Case. For a general angle 0, we must use the full Ap-
pleton-Hartree formula (4.14.19). Typical curves for a given ¢ are shown
in Fig. 4.15-3. Dotted boundaries show regions in which the refractive index
curves for any general 0 must lie. It is obvious that curves for the special
cases of parallel and perpendicular propagation serve as boundaries. As
expected, curves for any 6 pass through zero at the same three points.
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(a) (b)

Fig. 4.15-2. Square of refractive index as a function of X,0 ==/2. (a) Y < 1 or
> Y>1o0r f<f3.

Fig. 4.15-3. Square of refractive index as a function of Y, arbitrary 0. (a) Y < 1,
f> fg, plotted for Y = }; (b) Y > 1, f < f3, plotted for ¥ = 2. [After Ratcliffe (1959),
“The Magnetoionic Theory and its Application to the Ionosphere,” Cambridge Univ.
Press. Reproduced by permission.]
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This is because the cutoff condition is independent of 6. The three cutoffs
are given by

() X=1—-Y, o= (0p2)+ [0+ (wp/2)% Lt == 1

(4.15.3a)
(i) X=1, W =w,, A=

(4.15.3b)
(i) X=1+7Y, o=—(0p2)+ o+ (2P S =1+ /15

(4.15.3¢)

We note that the conditions of cutoff in the second form of (4.15.3a—)
are just the dispersion relations of longitudinal oscillations (4.7.16), (4.7.6),
and (4.7.12), respectively. The third form of (4.15.3) is sometimes useful
in ionospheric investigations. The single resonance condition occurs when

X = (1 — ¥2)/(1 — Y*cos?6) (4.15.4)

which depends on 0.

We note that the general case is much more complicated than the special
case of perpendicular or parallel propagation. Under certain conditions
the propagation can be described as quasi-perpendicular or quasi-parallel
depending on the magnitude of the first term in relation to the second term
of the two terms under the square root sign of (4.14.19). If it is smaller,
the propagation is quasi-parallel. These conditions can be restated mathe-
matically as

f3f?sint 0 . . ..

2 _ -

cos?f <L WA quasi-perpendicular condition (4.15.5)
2£ 2 qind

cos? 8 > Jfy* sin’ 6 quasi-parallel condition (4.15.6)

4P =1

Roughly, the quasi-perpendicular condition is expected to be valid for a

large range of § when fis close to f;, or when both fand f, are small when

compared with fz. On the other hand, the quasi-parallel condition is ex-

pected to be valid for a large range of 6 when f'is larger than both f5 and

Jp or when f, is larger than both fand f5. Under these special conditions,

the refractive index and polarization expressions can be simplified.
Quasi-perpendicular condition:

n02 = —_— X, Ro = 0 (4.15.73)

X1 — X)

21 _
v =l Ty —vesnig’

R, = jYsin?0/(1 — X)cos0, large
(4.15.7b)
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Quasi-parallel condition:

X
: _1___ X _ .
e I A Fj|cosb|/cosf  (4.15.8)

In the transverse plane, the quasi-perpendicular waves are still approximately
linearly polarized, the quasi-parallel waves are still circularly polarized.
With the exception of the ordinary wave, the refractive indices {(4.15.7b)
and (4.15.8) have important modifications when compared with their cor-
responding expressions for § = =/2 or § = 0. These modifications are im-
portant in studying several phenomena. For example, the propagation of
electron whistlers discussed in Section 4.11 can be studied in terms of the

refractive index
ngt=1—X/(1 — Ycos9) (4.15.9)

when the quasi-parallel condition (4.15.8) is met. This formula has the
interesting property that the group ray must be within 19.5° of the direc-
tion of the magnetic field (see problem at the end of chapter). Like ion
whistlers, there is therefore considerable channeling of energy along the
steady magnetic field. As another example, the Faraday rotation discussed
in Section 4.10 must be modified by introducing the factor cos 0 in (4.10.8)
when the propagation is quasi-parallel. The total twist of the electric vector
of a linearly polarized wave in a uniform magnetoplasma is now

2 = wy’wpz cos /2cw? rad (4.15.10)

Let us now turn our attention to the Poynting vector. The time-averaged
Poynting vector shows the direction of energy flow and is given by

¢(S> = } Re(E x H*) (4.15.11)

In the coordinates of Fig. 4.14-1, we have H, = 0. The three components
of the average Poynting vector therefore simplifies to, for the lossless case,
(8> = —3 Re(E,H,*) = —(Ep,E&:/2cpo) Re Qn* = 0
(Sy> = ¥ Re(E,H,*) = —(Eo Eg:/2cuo) Re(Qn*[R*)

= —Eo E5On/2cu,R* 4.15.12)
(8> = ¥ Re(EH,* — E,H,*) = (Eo,E&/2cpo) Re n*(1 + 1/RR¥)

= (Eg E3n/2cuy)(1 4+ 1/RR*)

where the field components given by (4.14.24) have been used. In the lossless
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case the x-component of the Poynting vector vanishes. Therefore, the prop-
agation of waves in a lossless magnetoplasma is accompanied by a lateral
deviation of energy in the magnetic meridian and by an oscillation of
energy perpendicular to the magnetic meridian. Let the angle between the
wave vector and Poynting vector be a. The lateral deviation of energy is
then given by

OR

tan a@ = — (SPKS) = T+ RR*

(4.15.13)

The quantity tan « is the lateral deviation of energy in the magnetic meridian
plane away from k per unit distance of propagation along k. The reason
for introducing the minus sign in (4.15.13) is that we wish to define « as
positive if k and B, are on the same side of the group velocity. This definition
is identical to that used in Section 2.12 in which

1 0On

tanag = — T a—e (4.15.14)

is obtained. It can be shown that (4.15.14) is equal to (4.15.13) by differ-
entiating the Appleton—Hartree formula (see Problem 19 at the end of the
chapter). The algebra is rather involved.

When the medium is lossy, n, R, and @ are all in general complex. The
Poynting vector is given by the next to the last expression of (4.15.12)
times the amplitude attenuation factor e—2dmn/e)z. A|l three components of
the Poynting vector in general exist. The energy can therefore deviate out
of the magnetic meridian plane as well as in the plane.

4.16 Cutoffs and Resonances in Parameter Space

We have seen that a characteristic wave in a cold anisotropic medium
must have a specific polarization and a specific wave vector. The extremity
of the wave vector must be on the dispersion surface

det D(w, k) = 0 (4.16.1)

where D is given by (4.8.3). In spherical coordinates the surface (4.16.1)
for a given w is a plot of k versus the azimuthal and polar angles of k. When
the plot is made for the refractive index n = k/fk,, the surface is referred to
as the refractive index surface or simply index surface. As pointed out in
Chapter 2 the index surface not only depicts the magnitude of the refractive
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index in a given direction including the possibilities of cutoffs and resonances,
but more. For a given refractive index »n terminated on the index surface,
the normal to the index surface at the terminal is parallel to the group
velocity vector corresponding to the given n. Further, the Gaussian curvature
of the index surface plays an important role in radiation problems. It is
thus of interest to find the nature of these surfaces when parameters of the
medium are varied. In this connection it has been found convenient to define
a parameter space by using X, and Y,? as coordinate axes. A point in the
parameter space corresponds to a definite plasma whose parameters are
specified by the location of the point. As the point moves about in the space
the set of plasma parameters are changing continuously in some fashion.
Since both X, and Y2 are positive, only the first quadrant of the space is
physically meaningful. For a fixed frequency, X, is proportional to electron
density and Y,? proportional to By2. For a fixed plasma, the change in fre-
quency is equivalent to a radial motion on the parameter space. The infinite
frequency is at the origin. As the frequency is lowered from infinity, the
parameters (X,, Y,2) move out radially. Therefore, the high frequency
approximation in which only electrons contribute to the polarizability of the
medium is expected to apply for the portion of the parameter space near the
origin. As the frequency is lowered further, the ions begin to participate.
The ions are expected to be important for the portion of the parameter
space far away from the origin. The low frequency approximation of
hydromagnetic waves occupies the space very far from the origin. We shall
demonstrate these points with concrete examples in the following.

The cutoff condition (i.e., k == 0) is the vanishing of det K and is in-
dependent of the direction of k. It is also the condition for longitudinal
oscillations discussed in Section 4.7. The condition is given by

Ko = 0, KI = 0, or KII =0 (416.2)

In the high frequency approximation in which only electrons need to be
taken into account, (4.16.2) reduces to

X=1 X=14Y, o X=1—Y (4.16.3)

respectively, These curves are shown in Fig. 4.16-1 as dotied lines. When
the frequency is reduced enough the ions may begin to contribute. For
concreteness let us consider a three-component plasma of electrons neutral-
ized by 60% protons and 40% singly charged atomic oxygen ions. The
portion of the parameter space in which ions are important is very far
away from the origin. It is therefore convenient to use logarithmic scale
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Fig. 4.16-1. Contours of 6, in the parameter space for an electronic plasma are shown
as solid lines. Dotted lines show conditions of cutoff.
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Fig. 4.16-2. Regions in which resonances may occur are shown shaded. The plasma
is composed of electrons neutralized by 60% protons and 40% atomic oxygen ions. Dotted
lines show conditions of cutoff.
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for both X, and Y,2. The cutoffs given by (4.16.2) are shown as dotted
lines in Fig. 4.16-2.

The condition for resonance is n -— co which requires, as seen in (4.8.7),
a, = 0. Setting a, equal to zero in (4.8.8), it leads to an expression for
the resonance angle 6,,

tan® 67 = —K../Kzx
=—(1 =Y X)/ =) X/(0 ~ Y. )] (4.16.4)

The high frequency approximation of (4.16.4) is

_0—x001-—1y

tan? 0, = =% y3

(4.16.5)

Since both X and Y2 are positive, the real resonance angle given by (4.16.5)
can occur only in two regions. They are

O X1, Y2< 1, and 1 —X<Y?
(i) X>1 and Y2 > 1.

In the parameter space the two regions in which resonance occurs can be
found easily. Contours of 6, have been computed by using (4.16.5). The
results are shown in Fig. 4.16-1. The curves in the region X, Y2 > 1 ap-
proach asymptotically to X = sec?8, when Y? is very large. Similarly,
when X is very large, the curves approach to Y? = sec?6,. The bounding
curves of resonance regions are given by either 0, = 0 or 6, = /2. In Fig.
4.16-1 we have

0, ==n/2 on l—X=7Y?

(4.16.6)
6,=0 on X=1, or Y2=1

For large values of X, and Y,, ion effects must be included. They introduce
additional resonance regions. For the example considered earlier, regions
in which resonance may occur are shown shaded in Fig. 4.16-2. The res-
onance angles on the bounding curves are

0, = n/2 on KI + KII = 2Kzz =0

(4.16.7)
0,=0 on K,=0 or Yi=1

They are marked on the curves of Fig. 4.16-2.
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4.17 Index Circle and Index Surface

Systematic classification of index surfaces was first carried out by Clem-
mow and Mullaly (1955) and Allis [see Allis er al. (1962)]. Hence, plots
of index surfaces on the parameter space are called CMA diagrams by
Stix (1962).* The construction of the index surface can be done graphically
as shown by Deschamps (1965). The method also assists in visualizing the
transition of topological genera of the index surface in the parameter space.
The method makes use of the index circle. Therefore, we shall first discuss
the construction of index circle.

An index circle is a circle of unit diameter, on which scales for the re-
fractive index are calibrated. Since the medium is lossless, n is either purely
real or purely imaginary. The real » going from O to oo are calibrated on
the right-hand half of the circle and the negative imaginary » going from 0
to oo on the left-hand half. At the point n = 0 a tangent is drawn with linear
scale in #% The refractive index scale on the circle is then obtained by
projecting any point on the tangent line to a point on the circle with the
top point of the circle (i.e., n = oo point) as the center of projection. The
whole process is shown in Fig. 4.17-1. For illustration, a line is drawn be-

Linear in n?

Fig. 4.17-1. Graduation of index circle.

tween the point 0.25 = (0.5)? on the tangent and the point n = co on the
circle. The line intersects the circle at n = 0.5. We note that the points for
two reciprocal values of n are on the same vertical as the points 0.5 and 2.
A fully calibrated index circle is shown in Fig. 4.17-2.

The index circle can be used to construct index surfaces. The method is
based on the special form of the dispersion relation (4.8.6) or

Ko(n? — Kp)(n? — Ky1) cos? 0 + K (n®— K)(n* — K,)sin20 =0 (4.17.1)

t Stix actually plotted the phase velocity of the wave on the CMA diagrams.
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Fig. 4.17-2. Index circle. [Courtesy of G. A. Deschamps. ]

where K, = (K1 + Kn)/2, K, = KiK11/K,,. Equation (4.17.1) can also be
written in the form

Ky(n2 — KD)(n? — Kp) + (K — Kon*(n® — K. ))sin? 6 =0 (4.17.2)

where
Koo = (KIKII - KzzKo)/(sz_ Ko) (4173)

There are two basic rules that must be followed in order to construct
the index surface. The two rules are:

(1) For any given 6 = arcsin\/T, the two roots of (4.17.1) for n can
be located on the index circle. A line L, joining these two points can be
drawn. The first rule is that all the lines L, for arbitrary real values of
t = sin®§ must pass through a fixed point J. This applies for real values
of 6 for which ¢ << 1 as well as for imaginary values of § for which ¢ > 1.

(2) A special line that can be drawn is L_,. This line is drawn for ¢ = co.
As seen from (4.17.2), the line L, must pass throughn = 0 and n = \/K_oo
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The rule (1) must also apply to L, so that it passes through the point J.
Draw a line parallel to L_,. The second rule is that the intersection of L,
with this parallel line describes a linear scale in 7 = sin® 0.

These two rules can be used to construct the index surface. The method
is as follows. Mark on the index circle n;, =4/K; and ng =4/Ky1. The
line joining these two points is L,. Similarly, draw a line L, through the
points n, = 4/K, and n, = 4/K,. The lines L, and L, meet at a fixed point
J. The line L, is obtained by drawing through the point n = 0 and J. The
line L, intersects the index circle at n =4/K_,. A scale linear in sin?6 is
placed parallel to L, with points ¢ = 0 (or §# == 0) and 1 = 1 (or 0 = 7/2)
on lines Ly and L,, respectively. The desired values of refractive index for
any given ¢ (or 0) can be found by joining the value ¢ on the scale and J
and then reading off the intersected values of the index circle with the line
L,. As ¢ varies, the line L, sweeps through the shaded region as shown in
Fig. 4.17-3. For convenience the scale linear in ¢ = sin?6 can be recali-

Fig. 4.17-3. The use of index circle in constructing the index surface. The index sur-
face is axially symmetric with respect to B,. Because of the symmetry of the dispersion
surface only one quarter of its meridional section is given. The solid curves show the
real refractive index and dotted curve shows the negative imaginary refractive index.
[After Deschamps (1965).]

brated in terms of 0 as shown in Fig. 4.17-2. The example of Fig. 4.17-3
shows one closed sheet of the index surface and one open sheet with the
resonance phenomenon.
In the high frequency approximation for which only electron terms remain,
(4.17.3) reduces to
K,.=1 4.17.4)

The line L., in this case is a fixed line passing through the points n = 0
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and n = 1 on the index circle. The line L, is a useful line because the sweep
of L, for any real angle 6 from L, to L, must not contain L. The index
circle representation of dispersion properties of electronic plasmas in the
parameter space is shown in Fig. 4.17-4. The resulting meridional sections
of the index surface at different points in the parameter space are shown in

2

2/ w

= “‘5

YZ

X = wpz/ w?

Fig. 4.17-4. Index-circle representation of dispersion properties in the parameter
space. The dot on the circle indicates the position of n,. [After Deschamps (1965).]

Fig. 4.17-5. The circle n = 1 is shown merely for reference purposes. The
solid curve is used when the refractive index is real and dotted curve when
it is negative imaginary. The steady magnetic field is in the vertical direction.
To explain certain properties of the medium and the wave that propagates
in the medium we divide the parameter space into eight regions by using
bounding curves corresponding to cutoffs and resonances at 6, = 0 and
n/2. These eight regions are numbered in Fig. 4.17-6. In discussing these
regions, it is useful to refer to Figs. 4.17-4 through 4.17-6.

Region I. This is the region in which the frequency is high, the electron
density low, the magnetic field weak. Both characteristic waves can propagate
in all directions. Near the origin of the parameter space, both refractive
indices are close to 1. As the cutoff X = 1 — Y is approached, both refrac-
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X= mp2/w2

Fig. 4.17-5. The refractive index surfaces in the parameter space. The unit circles are
drawn to indicate the scale of the index surfaces. [Courtesy of G. A. Deschamps.]

tive indices are reduced from 1, showing phase velocities larger than the
free space velocity of light. The refractive index corresponding to the extra-
ordinary wave is reduced at a faster rate than the ordinary wave and at the
cutoff X =1 — Y the ordinary wave can still propagate but the extra-
ordinary wave has zero refractive index and stops propagating.

Region II. Only the ordinary wave can propagate in this region. The
extraordinary wave is evanescent. The bounding curve between Regions I
and II is the cutoff condition X = 1 — Y. In passing through the curve, the
refractive index surface of the extraordinary wave becomes imaginary
and is “destroyed” and therefore the transition is called a destructive
transition for the extraordinary wave. The index surface for the ordinary
wave deforms continuously from Region I to Region II. The transition for
the ordinary wave is an intact transition.

Region III. Both characteristic waves can propagate, but the extra-
ordinary wave has a resonance angle within which it can not propagate.
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The resonance angle decreases as the gyroresonance or plasma cutoff is
approached. The transition at X = 1 — Y2 between Regions II and III is
a destructive transition for the extraordinary wave and intact transition
for the ordinary wave.

Region IV. Only the extraordinary wave can propagate in this region. In
going through the bounding surface X = 1, the resonance angle is reduced
to zero so that the extraordinary refractive index surface is now closed.
Because of this change in the surface, the transition from Region III to
Region IV is called a reshaping transition for the extraordinary wave. The
ordinary wave goes through a destructive transition on crossing X = 1.

Region V. The value of the extraordinary refractive index in Region IV
is continuously decreased as the cutoff X =1 -+ Y is approached. On
crossing X = 1 + Y the extraordinary wave no longer propagates. In Region
V both characteristic waves are evanescent. The ordinary wave has the
larger attenuation than the ordinary wave.

Region VI. 1In going from Region III to VI, the resonance angle of the
extraordinary is reduced to zero at Y = 1. Therefore, the extraordinary
wave has now a closed index surface. It is a reshaping transition for the
extraordinary wave at ¥ = 1. The transition for the ordinary wave is intact.

Region VII. On crossing the bounding curve X = 1 from Region VI
to Region VII, the refractive index for the ordinary wave disappears at the
origin but reappears at infinity. The shape of the ordinary index surface is
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Fig. 4.17-6. The eight regions in the parameter space for an electronic plasma.
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now changed; only waves within the resonance cone can propagate. The
transition is a reshaping transition for the ordinary wave. The index surface
of the extraordinary wave is intact. We note that the transition at ¥ =1
from Region VII to Region IV is destructive for the ordinary wave and
intact for the ordinary wave.

Region VIII. Only ordinary waves propagate in this region. The transi-
tionat X = 1 4 Y from Region VII to Region VIII is intact for the ordinary
wave and destructive for the extraordinary wave. The transition at ¥ = 1
from Regions VIII to V is destructive for the ordinary wave.

In summary, we see that both characteristic waves can propagate in
Regions I, III, VI, and VII of Fig. 4.17-6. In Regions II and VIII only
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Fig. 4.17-7. Parameter space for a plasma containing electrons neutralized by 60%
protons and 40%; atomic oxygen ions. Representative index surfaces in each region are
shown on the top. The right and left circular polarizations when propagating along the
steady magnetic field are marked by R and L, respectively. Similarly, the ordinary (O) and
extraordinary (X) indices are marked when propagating perpendicular to magnetic field.
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ordinary waves can propagate, and in Region IV only extraordinary waves
can propagate. Both waves do not propagate in Region V. In going from
one region to another region, three types of transitions on the index surface
may occur for a given characteristic wave. They are intact transition, re-
shaping transition, and destructive transition.

Complications arise for large values of X, and Y, due to presence of ions.
The ions may give rise to hybrid resonances, ion gyroresonances, additional
cutoffs, and a phenomenon called cross-overs. The cross-over occurs when
K., = 0 as discussed in Sections 4.9 and 4.11. In passing through the
cross-over condition the index surfaces maintain their topological genera
except that the right and left circular polarizations are interchanged. Such
a transition is called a cross-over transition. Typical index surfaces in all
regions of an example plasma are shown in Figure 4.17-7. A cross-over
transition occurs in going from Region Xa and Region VIIb. The propaga-
tion characteristics in each region and the type of transition in going from
one region to the next can also be found by studying Fig. 4.17-7.

4.18 Dielectric Tensor of a Warm Magnetoplasma

We have so far in this chapter ignored the effects associated with plasma
temperatures. The resulting theory is applicable to the cold plasma, i.e.,
a plasma in which the thermal velocity of plasma particles is negligibly small
when compared with the phase velocity of the wave. This condition is violated
in two cases: (i) The plasma waves discussed in Chapter 3 have velocities
of the order of the thermal velocities. (ii) Near resonance the phase velocity
of the electromagnetic wave is very small. To extend the cold plasma model,
a pressure term in the equation of motion can be included. The plasma is
still treated with a fluid model, commonly referred to as the warm plasma
model because effects such as Landau damping arising from the velocity
distribution of particles are not taken into account.

The fluid equations are essentially a set of conservation equations. They
have been used in Section 3.5 to study the electron and ion plasma waves.
The equations are generalized here by inclusion of a Lorentz force term due
to the presence of a steady magnetic field. The set of equations starts with
the equation of continuity for the ath species of particles

N [0t + div(N v, ) =0 (4.18.1)
Then we have the equation of motion

m,N,Dv /Dt = —grad p, + ZeN (E + v, X By) (4.18.2)
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the ideal gas law
p.= N.T, (4.18.3)

and the equation of state

D(p,N;7)[Dt =0 (4.18.4)

The symbol D/Dt = 0/3t + v, - grad is just the convective derivative.
The temperature T, is expressed in energy units. As explained in Section 3.5,
the adiabatic condition with ¥ = 3 is predicted by the more exact calcula-
tions for high frequency electron plasma waves. It is not expected to be
valid for low frequency waves such as ion acoustic waves in which the
electron thermal velocity may exceed the phase velocity of the wave. In
this latter case we would expect any variation in temperature to be thermal-
ized by the speedy electrons. Therefore, an isothermal condition with y = 1
may exist for low frequency waves. For our purposes here, we shall not be
too concerned with the exact value of y and let it take up whatever values
demanded by the more exact theory. Experimentally, propagation studies
have been carried out in the laboratory and y found to be close to 1 for ion
sound waves in several plasmas (Alexeff and Jones, 1965).
Let the homogeneous plasma be perturbed so that

(0} ’ (0) ’

N, =N, +Na’, P =Pz t Pu 4.18.5)

v,=0+4v,, E=0+4+E
The first terms on the right-hand side of (4.18.5) denote the unperturbed
quantities and they are constant in a homogeneous plasma. The second
terms on the right-hand side of (4.18.5) denote perturbations. The impli-
cation here is that under equilibrium the plasma is not in motion and is
electrically neutral. For small perturbations, we may linearize all equations
of concern. The linearization of the equation of state (4.18.4) with the help
of the ideal gas law gives

p. = yT N, (4.18.6)
Consequently, the linearized equations of continuity and motion are, re-

spectively,
ON,/ [0t + NO divv, =0 (4.18.7)

m,N,Ov,j0t = —yT,grad N/ + NOZ e(E + v, X B,) (4.18.8)

For plane waves with dependence e/*'? the linear equations (4.18.7)
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and (4.18.8) reduce to
wN, — NPk - v, =0 (4.18.9)
Jjom, Ny, = jyT N,k + NPZ,e(E + v, X By) (4.18.10)
The electric polarization density is given by
P, = N®Z. ek, = NPZ ev,/jw (4.18.11)

Eliminating N, from (4.18.9) and (4.18.10) and expressing v, in terms of the
polarization density through the use of (4.18.11), we may obtain

gE = —(/X )P, +jY, X P,— é,nn - P,] (4.18.12)
where by definition
on = wiz’a/wz = Na(zO)(Zae)z/massz
Y, = wg, /o = —Z eB,/mw
« = W of (4.18.13)
6(1 = yTu/macz = Vzg’a/cz
n = k/ky = kc/ow
Since this is a nonrelativistic theory we implicitly assume é <€ 1. Equation
(4.18.12) is of the form
gE =yt - P, (4.18.14)
where the inverse susceptibility can be identified. Without loss of generality,
choose a coordinate system in which B, is along the z-axis and n is in the
xz-plane such as Fig. 4.8-1. That is, in this coordinate system B, = 2B,

and n = £nsin 0 4+ Zn cos O where 0 is the angle between n and B,. The
inverse susceptibility tensor is then

) 1 —n%d,sin20 —jY, —n? d,sinf cos
= — = JY. 1 0 }
* l—n?d,sinfcosl 0 1 — n?d,cos?f

(4.18.15)

The susceptibility tensor is obtained from (4.18.15) by a matrix inversion
and is found to be

X,
X: = T T V7 no l — Yicosh)
1 — n%d,cos?b JY, (1 — n? 4, cos? ) n% 48, sinfcosf
X | —jY (1l — n? d,cos?0) 1 — n24, —jY n%d,sin0cosl ]
n® 9, sinf cos b jYn? o, sinffcosf 1 — Y2 — n2d, sin%0

(4.18.16)
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The dielectric tensor for a warm plasma is then just

£ = el + 5 %) = &K (4.18.17)

In the limit #® 6, — 0, the dielectric tensor (4.18.17) reduces to the cold
plasma expression of (4.5.14) as expected. But this reduction is not possible
near a resonance for which n — co, even though 4, is very small. The dielec-
tric tensor (4.18.17) is w-dependent as well as k-dependent through its
dependence on n. The medium is therefore both temporally and spatially
dispersive. The form of the dielectric tensor is identical to that of (2.6.10)
which was derived from the Onsager relation. The propagation of plane
waves is governed by the wave equation

D-E=0 (4.18.18)
with
D = k%l — kk — k2K (4.18.19)

The system of equations (4.18.18) has a unique nontrivial solution (outside
of a multiplying constant) only if

detD =0 (4.18.20)

The dispersion relation (4.18.20) is an algebraic equation of order three in
n®. The finding of these roots does not present any difficulties in principle.
However, because of the large number of parameters the systematic study
of the behavior of these roots when the parameters are varied is more
tedious than the cold plasma case. We shall only discuss the high frequency
case and one special example of ion-acoustic waves in the following two
sections.

4.19 Warm Plasma Correction to the High Frequency Waves

In the high frequency approximation only electrons contribute to the
dielectric constant of (4.18.17). The dispersion relation (4.18.20) reduces
to, after long and tedious algebra,

(n* — K){(8/X)(K, — Dn* + [K, — (8/X)(KiKiy — K,)In* — KiKyy} sin® 0
+ (n* — K)(n®* — Ku)[(8/X)(Ky — n® + K] cos20 =0  (4.19.1)
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where

Ki=1—X/(1 +7), Ky=1—X/(1—-Y

I (1 +Y) o /( ) @.19.2)
Ky=1—X, K, = (K1 + Kp)/2 =1— X/(1 — Y?)

With the help of (4.19.2) the dispersion relation (4.19.1) can also be written
in the form

6(1 — Y2 cos? O)n®
+ (=14 X+ Y2— XY?%cos20) 4 28(—1 + X + YZcos: )t
+ [2—4X + 2X2 — 2Y2 + XY*(1 + cos?6)
4 8(1 — 2X 4+ X2 — YtcostB)n2 + (1 — X)[Y2— (1 — X)*] =0
(4.19.3)

The form (4.19.1) is useful for studying special cases of § = 0 or 6 = x/2.
When 6 = 0, the propagation vector is parallel to the steady magnetic
field. In this case, (4.19.1) reduces to

K;
n =Ky when 6 =0 (4.19.4)
(1—X)/é

The first two modes are the characteristic electromagnetic waves discussed
in Section 4.9 and the last mode is just the electron plasma waves of Section
3.5. We see that all three modes can propagate independently.

When the propagation vector is perpendicular to the steady magnetic
field, i.e., 6 = =/2, the dispersion relation (4.19.1) reduces to

n=1—-X%X (4.19.5a)

ot +[(X—DA+)+ Y224+ (1 —XP2—Y2=0 (419.5b)

The refractive index given by (4.19.5a) is just that for the ordinary wave.
But the extraordinary wave and the plasma wave are now coupled as

clearly shown by (4.19.5b). The biquadratic equation (4.19.5b) has the
form

an* +bn? 4+ ¢c=0 (4.19.6)

with @ = 6 <€ 1. Since the discriminant is positive,

b — dac = [(X — 1)(1 — 8) + Y22 + 4 6XY >0
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The wave either propagates (n? > 0) or attenuates (n? << 0). The roots of
(4.19.6) are given by

—b + (b* — 4ac)?

2
n =
2a ?

b>0 (4.19.7)

We shall explain the reason for giving the condition » > 0. If the inequality
b?> 4ac holds, the solutions (4.19.7) can be approximated as follows.

Nt — { —(c/b)(1 + acfb + --+)
—(b/a) + (c/b) + (ac?/b®) + ---

L (X t+au—x
R

(1 — X — Y?)/8 + XY¥(1 — X — Y?) + O(8)  plasma (4.19.8b)

¥z + 0(d) extraordinary (4.19.8a)

In the limit 6 — 0, (4.19.8a) reduces to that for the extraordinary wave
in the cold plasma theory. Therefore, (4.19.8a) is defined as the expression
for the extraordinary wave and (4.19.8b) as the expression for the plasma
wave. When defined in this way, the upper sign in (4.19.7) corresponds to the
extraordinary wave and the lower sign in (4.19.7) corresponds to the
plasma wave only when b is positive. When b is negative the signs must be
switched, i.e.,

o Lb]F (b]— dacy
B 2a

, b<0 (4.19.9)

in which the upper sign refers to the extraordinary wave and the lower
sign the plasma wave. The switch of expressions from (4.19.7) to (4.19.9)
occurs when b passes from positive values through zero to negative values.
Let us therefore examine the neighborhood of b = 0. We note that the
condition b = 0 corresponds to

(1—X)1 + 6) =712 (4.19.10)
which shows

1—-X>0

Since 8 €1, (4.19.10) is near 1 — X = Y2 which is just the upper hybrid
resonance of the cold plasma and is shown in Fig. 4.16-1. When b =0,
we have

c=1—XRP—-TY:=—((1—X)X+d6) <0
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and the refractive indices at this point are given by
n? = 4(—c¢/0)V* = +[(1 — X)(X + 9)/d]V%, b=0 (4.19.11)

The behavior of »? as a function of b is depicted in Fig. 4.19-1. As seen
from this figure coupling from the extraordinary to the plasma wave occurs
when | — X — Y2 = 6(X — 1) ~ 0 which can be called the quasi-resonance
condition. This coupling of the extraordinary wave with the plasma wave
is expected to modify the dispersion surfaces in Region III of the parameter
space given by Fig. 4.17-6. Mathematically, »* varies smoothly with b.
The switch in designation occurs at & = 0 because we wish to identify the
modes by using limiting expressions (4.19.8).

\

Lower sign {4. 19.8)}
ploasma wave

Upper sign {4.19.7)
extraordinary

\
\

0
Sl =1
Upper sig_n (4.19. 8)} \( ope=-1/8
extroordinory AE Lower sign (4.19.7)

{plusmo wave

Fig. 4.19-1. Coupling of the extraordinary wave with the plasma wave at 1 — X — Y?
=d(X—1) and 8 = x/2.

When 0 is arbitrary, we must go back to (4.19.1) or (4.19.3). The following
several properties can be deduced from (4.19.3). The only resonance occurs
when

cosf, =1/Y or tan®6,, = Y*— 1 (4.19.12)

which is for the plasma wave. When —1 + X 4+ Y2 — XY2co0s20 540 or
when
(1—X)(01 — Y?

tan? 0 £ — .

(4.19.13)

the refractive index for the plasma wave which has the largest index is
given by

n?=(1— X— Y*+ XY?cos?0)/6(1 — Y2 cos? ) (4.19.14)
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We note that the right-hand side of (4.19.13) is just tan?#8, predicted by
the cold plasma theory as indicated (4.16.5). Therefore, the plasma ex-
pression (4.19.14) is valid when 0 is not equal to the resonance angle of
the cold plasma theory. In the parameter space of Fig. 4.17-6, only Regions
III, VII, and VHI have resonances. The coupling of the plasma wave to
the electromagnetic waves is expected to occur in these regions at the cold
plasma resonance angle.

With the foregoing discussions we can go back to the parameter space
and show the warm plasma modifications. Referring to Fig. 4.17-6 we
make the following comments.

Regions I and II. The electromagnetic waves have refractive indices less
than 1 while those of plasma waves are much larger than 1. Hence, there is
very little coupling between them. In Fig. 4.19-2, only the index surface for
the plasma wave is shown.

Region III. The extraordinary wave of the cold plasma theory has a
resonance at 6, given by (4.16.5), and at 6, the coupling to plasma waves is
expected from the warm plasma theory. The warm plasma resonance is
given by (4.19.12). Since in this region Y2 < 1, the surface must be closed
as shown in Fig. 4.19-2.

2} 8.
(-
hua
o
3
u\m /\ Y1 and VI
31
NII
N
Mand X
m
land O )
6] i 2
X=wllot

Fig. 4.19-2. Warm plasma additions and corrections of the dispersion surfaces in the
parameter space. Surfaces unaffected are not shown. Coupling from the electromagnetic
wave to the plasma occurs at the resonance angle 6,- The resonance angle 8,, is that for
the plasma wave.
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Regions IV and V. The plasma wave attenuates as indicated by (4.19.14).

Region VI. Except near bounding curves of this region, the refractive
indices of both electromagnetic characteristic waves are finite according
to the cold plasma theory. There is therefore very little coupling with the
plasma wave except near Y = 1. The refractive index for the plasma wave is
(4.19.14) and has a resonance given by (4.19.12) as shown in Fig. 4.19-2.

Regions VII and VIII. The ordinary wave has a resonance and according
to the cold plasma theory the resonance angle is [see (4.16.5)]

tan (Y2 — DX — D/(X + Y2 — D2 <0,  (4.19.15)

Therefore, the ordinary wave is coupled to the plasma wave which has a
larger resonance angle. The effect can be seen in Fig. 4.19-2.

4.20 Plasma Waves and Two-Stream Instabilities

The warm plasma corrections including the effects of ions are rather
complicated and they also depend on the composition of the plasma. We
shall not discuss the general case, but only concern ourselves with the plasma
waves. The refractive index for the plasma wave is very large. When the
dispersion relation (4.18.20) is written in the form

an* + an®+a, =0 (4.20.1)

the approximate dispersion relation for the plasma wave is given by setting
(See Section 2.9)

a, =90
or
K., sin?0 + 2K,,cos0sinf + K,,cos?f =0 (4.20.2)

The expression (4.20.2) for a, has been found in (2.8.12). Because this is
a warm plasma theory, the elements of the dielectric tensor are n-dependent
as well as w-dependent. Substituting these elements as given by (4.18.17)
into (4.20.2), we obtain the following dispersion relation for plasma waves

-y X, (1 — Y 2cos?0) -
~ 1 - Y2 —n2§,(1 — Y2cos2h)

0 (4.20.3)
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In the following, for simplicity, let us assume that the plasma is composed
of electrons and singly charged positive ions.
When 6 = 0, the dispersion relation (4.20.3) reduces to

X, X;

1—1—ﬁ¢_1—ﬁm:

0 (4.20.4)

The dispersion relation (4.20.4) is identical to (3.5.21) from which we de-
duced expressions for electron plasma waves and ion sound waves. The
reader is referred to Section 3.5 for details.

When 0 = #/2, (4.20.3) reduces to

X, B X, 3
1——Y32—-n2<5e I—Yiz—nzéi_

I — 0 (4.20.5)
The dispersion relation (4.20.5) is a biquadratic equation in n? and can
be solved easily. Because of the large ion-to-electron mass ratio, we can
get approximate expressions by letting m; — co for electron plasma waves
and m, — 0 ionic sound waves. The refractive indices in these limits are

n=0—X,— Y2)/é, for electron plasma waves (4.20.6)

and
Ye2(1 _' Yi2 _ Xi) + Xe
612(Ye2 + Xe)

n? = for ionic sound waves (4.20.7)

We note that the electron plasma wave has a cutoff at the upper hybrid
resonance and the ionic sound wave has a cutoff at the lower hybrid res-
onance. The hybrid resonances were discussed in Section 4.12.

In ionospheric applications, one problem of special interest is the excita-
tion of ion sound waves. We have already seen in Section 3.7 that the energy
in the streaming motion may be fed to the growth of plasma waves. These
waves have associated density perturbations. In radio science these density
fluctuations are called irregularities because they scatter radio waves and
they also cause radio signals to scintillate. These irregularities have been
observed throughout the ionosphere for all latitudes and longitudes. But
one type of irregularities which occur at a height 100 km near the equator
in daytime has been convincingly proved experimentally as caused by
two stream instabilities.

Near the equator a strong current known as the equatorial electroject
flows in a height range of 5 to 10 km centered about a height of 105 km and
within 2-3° in latitude from the magnetic dip equator. The current in
the electroject is driven by the electric field which is believed to be generated
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by the tidal motion of the earth’s atmosphere. Because of the large ion mass
we may assume ions are stationary. The electroject current is then entirely
caused by drifting electrons. Let the electron streaming velocity be v®.
In the nonrelativistic theory, the effect of motion is a Doppler shift in @
and invariance in k when transformed from the rest frame to the moving
frame of reference with respect to the medium. The electrons see a wave
whose frequency is Doppler shifted to w — k - v/®. At the height of interest,
typical parameters of interest are of the following orders.

Vou ~ 105, wp, ~ 107, @y ~ 107

o (4.20.8)

4 2
Vin ~ 104, wp; ~ 102, Wy

As seen the collisional effects are not negligible. The inclusion of frictionlike
collisional effects in the equation of motion (4.18.2) is equivalent to replacing
X,, Y,, and §, in the collisionless theory by X,/U,, Y, /U,, and 6,/U,,
respectively. The inclusion of collisions and a Doppler shift for electrons
but not for ions and the neglect of wg; in comparison with »;, and w modify
the dispersion relation (4.20.3) which can be put in the following form.

W
sze + (ij + ven)z
w%e cos? + (ij + ven)z

1+

ij(ij + ven) : + kzvae
w;i

T Gole T ) T KR

(4.20.9)

where wp is the Doppler shifted frequency, ie., wp=w —k - v, In
general w is complex for a real k in (4.20.9). Remember that the assumed
time dependence is ¢!, When w has a positive imaginary part the wave is
damped exponentially with time. But when w has a negative imaginary
part, the wave will grow in time. The transition between damping and
growth occurs when w is real for real k. This condition is known as the
condition for marginal stability. In the following, we shall find this condi-
tion.

The parameters of interest have the magnitudes given by (4.20.8). We
may assume wp? <12, € w%, but for generality we allow 0 to take any
values. The factor that appears in (4.20.9) may be then approximated.

(ij + ven)[wlzie + (ij + "’en)zl
w}, cos? b + (jo, + v, )?

2 2, 2 2 2
WpReVen . wpwp(wp, COS? 0 — v7,)

= +J
2 2 2 2 2 2 )2
w}, cos?§ 4 2 (w}, cos? O + 22)
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We substitute this approximation into (4.20.9), and the imaginary part of
the equation at the marginal stability, for which @ and hence w, are real.
The following equation results

v

2
wp _ (“’Z_” c0s 0 -+ L_n) (4.20.10)
w

piven WRiMWR,

Because of the presence of collisions the Doppler shifted frequency per
frequency for marginal stability must be negative. Equation (4.20.10) can
also be reexpressed as
o 2 el 26 (4.20.11

‘m =1 + (v'inven” (8774 [ wﬁe) + (wpevin/w'piven) cos ( ] )
which states that the marginal stability occurs only when the streaming
velocity of electrons is larger than the phase velocity of the wave. Because
of the occurrence of the large factor w}./w;, the required streaming velocity
is extremely large unless the angle 0 is very close to n/2. For moderate values
of the streaming velocity, excitation of ion sound waves occurs only for §
near /2. The phase velocity of the wave at the marginal stability can be
found by substituting (4.20.10) back to the dispersion relation. After re-
arrangement, we obtain

(w/k)* = 208/ [1 + (Whvh/wlivs,) cos? 0 — vh/wl; — v, Jwg, | wp;]|]
(4.20.12)

Roughly, the phase velocity is of the order of ion thermal velocity for
0 = n/2. As the angle 6 departs from /2, the phase velocity is reduced.

The fact that the instability is most easily achieved when k is perpendicular
to B, means that the irregularities associated with the longitudinal ion sound
waves are magnetic field aligned. The experimental verification of these
theoretical predictions has been quite successful [see Buneman (1963);
Farley (1963); Cohen and Bowles (1963)].

Problems

1. In the absence of a steady magnetic field, the relative dielectric constant
for a cold plasma is (4.1.14) which has the real part given by (4.1.17), the
negative imaginary part by (4.1.18). Show by actually carrying out the im-
proper integrals that they satisfy the Kramers—Kronig relations (2.5.15).



216 4. Waves in Fluid Plasma with a Steady Magnetic Field

2. Forsometime there was a question whether the Lorentz polarization term
should be included for the plasma case. The Lorentz polarization term comes
about because the effective electric field at any point in the medium is the
sum of the applied electric field and the electric field radiated by other
dipoles in the medium. The inclusion of the Lorentz term is the addition on
the right-hand side of the equation of motion (4.1.1) of a term —eP/3¢,.
Show that if this is done, the refractive index must now satisfy

n? =1 — 3w,/ (3w? 4 w,?)

which has a corresponding cutoff condition at w,? = 3w?/2. Discuss its
consequence on measuring electron density (viz., w,) by using the propaga-
tion technique.

3. Let a uniform plane wave with electric field E = £E, e’(«t~*o2) strike
normally on a slab of lossless isotropic plasma of thickness Az” at z'. Find
the scattered electric and magnetic fields from such a slab.

4. Now let us assume that electrons are distributed uniformly throughout
the space. Imagine that the space is made up of many thin slabs, each of
which will scatter waves like that shown in the previous problem. We
require that these infinitely many thin slabs scatter coherently in a self-
consistent manner so that the sum of all these scattered waves just makes
up the originally assumed plane wave. Show that the condition of self-
consistency requires the refractive index to satisfy n® = 1 — w,%w.

5. Consider the normal incidence of a turned-on sinusoidal wave at the
lossless, isotropic plasma half-space of the form given by (4.2.8), i.e.,

E;(¢) = u(?) sin wqt

Show that the reflected wave at the interface is given by (4.2.9). The follow-
ing identity will be helpful

sin(z cos 0) = 2 i (—1)J,,11(2) cos[(2n + 1)0]
n=0

in putting E;(¢) into a convenient form [C. M. Knop, Further comments on
“The transient phenomenon in an isotropic plasma without collisional
loss.” Proc. IEEE 53, 751-752 (1965)].

6. Verify the expressions (4.3.22) and (4.3.23) by applying the method of
steepest descent.
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7. Show that the equation of magnetic lines of force is given by
r/sin? A = constant

for a dipole field. The lines orthogonal to the magnetic lines of force are
constant potential lines. (Note that if the small contribution to the earth
field from ionospheric currents is ignored, the magnetic field exterior to
earth is irrotational and we may define a scalar potential whose negative
gradiant is the magnetic field.) Show that the constant potential lines are
given by

r2/sin A = constant

8. Find the expression for the dc conductivity tensor from (4.6.5) by a
transformation of coordinates so that B, is in the xz-plane.

In the study of dynamo theory, it is sometimes assumed that the vertical
current is zero, i.e., i, = 0. This assumption comes from the vague inference
that currents flow mainly in the E region of the ionosphere when conduc-
tivity is appreciable and any vertical current is inhibited by the polarization
field. Show that if this is the case we then have

i): = 61:1Ez + EzyEz/

i, = 6,E, + d,E,
Express the elements &,,., G,,/, d,,, and &, in terms of a,, op, oy, and the
polar angle of the magnetic field.

9. Flow of a neutral plasma in a semiconductor in the presence of an
external magnetic field can lead to the appearance of the magnetic moment
of the plasma. Consider a cylindrical sample of radius R in which radial
diffusion takes place such that the neutrality condition is maintained under
the steady-state condition but an azimuthal current may be produced by
unequal azimuthal velocities of electrons and holes. Suppose the cylindrical
sample is situated in an axial external magnetic field. Find the average axial
magnetic moment density [A. A. Vedenov, Solid state plasma. Sov. Phys.
Usp. 1, 809-822 (1965); A. R. Moore and J. O. Kessler, Phys. Rev. 132,
1494 (1963)].

10. Consider a multicomponent cold magnetoplasma in which B,, k, and
v® are all in the same direction. Here v{’ is the streaming velocity of ath
kind of particles. Find the dispersion relations for all three longitudinal
modes. Consider the special example of electrons streaming through positive
ions at rest. What is the condition for marginal instability?
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11. In Section 4.10 we discussed the Faraday effect for characteristic waves
propagating parallel to the magnetic field. Suppose there are equiamplitude
ordinary and extraordinary waves propagating across the steady magnetic
field. What happens to the transverse wave polarization of the resultant
along the direction of propagation? Draw polarization ellipses to illustrate
their change.

12. In most of ionospheric experiments the total Faraday rotation from
the transmitter to the receiver is not measured but only its time rate of
change. Consider a transmitter (a beacon satellite) which moves parallel
to the plane earth at a constant velocity ». The plasma density between the
transmitter and ground may be assumed homogeneous in a constant steady
magnetic field. Show that the time rate of change of Faraday rotatlon of a
high frequency signal is constant and is given by

dQJdt = 2.97 X 10-2NvHoa/f* rad/sec

where Hp,u is the component of the steady magnetic field resolved in the
direction parallel to the path of the satellite. In the high frequency approxi-
mation the refractive index is given by the quasi-parallel expression for almost
all directions [S. A. Bowhill, The Faraday rotation rate of a satellite radio
signal. J. Atmos. Terr. Phys. 13, 175 (1956)].

13. Consider a slab of plasma in a steady magnetic field as shown. Suppose
that we displace all electrons by a small distance &, from their equilibrium

y Electron slab
A
I £
| I
| I
| I
I |
| I
lon slab
x
0 Bo=Z &,

positions. Show that the system will have a resonant frequency w satisfying
0 = wjh, + ke
This is just the upper hybrid resonance.

14. Consider resonances for the special case of perpendicular propaga-
tion in a three-component plasma consisting of electrons and two neutraliz-
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ing positive ion species with masses M, and M, (M, > M,) and fractional
concentrations A4; and A4, (4; + A, = 1).

(a) Show that in the limit of low densities, resonances occur at each of
the gyroresonances. In the limit of high densities, the square of the angular
resonant frequencies are

i,  wp(A; | wpy| + A;| ©pi2])
and
l wBileizl (4, l WRi2 | + A4, | 2): 51 ])/(Al l wBill + Az] WpRi2 l)

Note that the third new resonance involves only the ion gyrofrequencies.

(b) At the new resonance, the oscillations of two ion clouds perpendicular
to the steady magnetic field are 180° out of phase, while electrons remain
relatively motionless. Show that this is the case [S. J. Buchsbaum, Phys.
Fluids 3, 418-420 (1960)].

15. Consider a two-component plasma with electrons and neutralizing
positive ions. In the high density limit we find, in Section 4.12, a resonance
w, at the geometric mean of electron and ion gyrofrequency when k is
perpendicular to B, and when collisions are all ignored.

(a) Take collisional damping in a form of a frictional force into account.
Find the shift in resonance frequency from w, when »/w, is much smaller
than 1 and much greater than 1.

(b) Neglecting shift due to damping, find the real part and the imaginary
part of the refractive index near o = w, still for k perpendicular to B,.

{c) Neglecting damping entirely, discuss the dependence of resonant fre-
quency on the direction of propagation which departs from the exact per-
pendicular condition by a small angle [H. Schlitter and C. J. Ransom,
Ann. Phys. (New York) 33, 360-380 (1965)].

16. The dispersion relation for ion whistlers near the ion gyrofrequency
is given by (4.13.14).

(a) Show that the angle y between the group ray and B, of an ion whistler
is given by
tan y = sin 6 cos® 6/(1 + cos? 0)

(b) From (a) show that the largest value of y is 12.3°

(c) Find the group velocity of an ion whistler propagating along B,
[D. A. Gurnett and S. D. Shawhan, Determination of hydrogen ion con-
centration, electron density, and proton gyrofrequency from the dispersion
of proton whistlers. J. Geophys. Res. 71, 741-754 (1966)].
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17. A special case which is sometimes of interest is the strong magnetic
field case. When the steady magnetic field is strong, it is convenient to expand
the expression in powers of 1/Y,.

(a) Expand the polarization density P, in a cold magnetoplasma to the
second order in 1/Y,. Show that P, has contributions from three terms.
The first term comes from the electric field induced motion along the steady
magnetic field. The second term has the origin of E X B, drift and does
not contribute to the total polarization since the drift is the same for charged
particles of different masses. The third term comes from the polarization
drift. In the orbit theory the polarization drift is given by (m,/Z eB,2)JE/0t.

(b) Show that the dielectric constant accurate to the second order in
1/Y is diagonal and is given by

1+ c?v,? 0 0 1
€ =g 0 1 + CZ/VAZ 0 + O(F)
0 0 1Y X,

(c) Find the refractive indices in this medium.

18. Show that (4.8.9) reduces to the Appleton-Hartree formula (4.15.19)
in the high frequency approximation in which only electrons contribute
to the polarizability of the medium.

19. Show by actually differentiating the Appleton-Hartree formula that
(4.15.13) and (4.15.14) are identical.

20. The propagation of electron whistlers under the quasi-parallel condi-
tion is described by the refractive index (4.15.9). Show that the group ray
must be within 19.5° of'the direction of the magnetic field [L. R. O. Storey,
An investigation of whistling atmospherics. Phil. Trans. Roy. Soc. London
Ser. A 246, 113 (1953)].

21. Consider a wave incident normally on a stratified lossless magneto-
plasma such as vertical sounding of an ionosphere. In this case the direc-
tion of the wave vector is known as the wave penetrates into the plasma.
Hence knowing tan ¢ would be sufficient to trace the group ray in the
medium. Show that the reflecting ray at X = 1 is perpendicular to the steady
magnetic field. Also find the direction of a ray at the point of reflection when
X=1—Yand X=1+Y.

22. Consider a medium in which the constitutive relations are given by

D = ¢E + cH, B-=fE + uH
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Find the polarization and the dispersion relation of a characteristic wave that
can propagate in the medium. In this medium it is also possible to have
Faraday rotation. How does the Faraday rotation in this medium differ
from that in the magnetoplasma? Especially for waves making a round trip
through the medium?

23. The force acting on a moving charge by an electromagnetic wave can
be written as
F(r, t) = e[E(r, t) + v(r, t) X B(r, 1)]

where E and B are the wave fields and v is the velocity of the charge. To the
linear approximation, v can be taken as the unperturbed trajectory of the
particle. The fields are plane waves of the form e/ %,

(a) For the case without static magnetic field, the unperturbed trajectory
of the charge particle is r = ry, + vo¢, where r, and v, are the initial
position and velocity of the charge, respectively. Find the condition such
that the force acting on the charge remains constant in time. This is the
resonance condition. Is it physically possible to have resonance under the
present situation?

(b) With a static magnetic field B, in the z-direction and the k vector in
the xz-plane, find the resonance conditions. (The formula e#sins —
> o Jul@)e will be found useful.)
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5. Wave Propagation
in Inhomogeneous Media

5.1 Introduction

In previous chapters our discussion on wave propagation in dispersive
media in general and in plasmas in particular has been limited to homo-
geneous structures. In reality, however, the phenomenon of wave propaga-
tion in inhomogeneous media occurs quite often; in fact it occurs much more
frequently than the phenomenon of propagation in homogeneous media.
To name just a few examples, we list the following natural phenomena:

(1) underwater propagation of acoustic waves;

(2) acoustic-gravity waves in the ocean and the atmosphere;
(3) multilayer optics;

(4) seismic waves;

(5) radio waves in the ionosphere.

Therefore the problem of wave propagation in inhomogeneous media is
indeed a very important one both theoretically and experimentally. As is
the case for most real physical problems, the wave propagation problems
under the most general inhomogeneous conditions are hopelessly compli-
cated and usually no meaningful solutions (analytic or numerical) can be
obtained. Therefore the first task in treating these problems is to isolate
different classes of problems and to study various limiting conditions of
real physical situations. The hope is that by setting up different models,

223
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physical situations that are responsible for different behavior of the waves
may be studied independently, and meaningful conclusions may be drawn
from these investigations. In setting up these models, one has to be very
careful, since in many cases oversimplifications may hide clues to solution
of the real physical problem (Karbowiak, 1967).

One of the limiting conditions for wave propagation in inhomogeneous
medium is the geometrical optics approximation, the limit of zero wave-
length. In Sections 5.2 to 5.7, we shall discuss various aspects of this partic-
ular limiting case. A set of ray equations, which are suitable for numerical
computations, will be derived for general inhomogeneous, anisotropic
media.

In many real physical situations, the properties of the medium may be
taken as varying in only one particular direction. This type of media is
called stratified media. Sections 5.8-5.20 are devoted to problems of wave
propagation in such a medium. The WKB approximation technique which
is valid for high frequency waves is discussed in Sections 5.9-5.11 and is
applied to the stratified isotropic media in Sections 5.12 and 5.13. Another
approximation method which is valid for the other extreme of very low
frequency waves is discussed in Section 5.14. In Sections 5.15 and 5.16,
the signal propagation problem is considered. In Sections 5.17-5.20, strati-
fied anisotropic media are discussed. Although we have the application of
ionospheric propagation in mind, the discussions are kept in fairly general
terms so that the techniques are applicable to other problems of a similar
mathematical nature but of entirely different physical situations.

Since the problem of wave propagation in inhomogeneous media is
already very complex, we shall not make the discussion even more difficult
by introducing spatial dispersion. Throughout this chapter the relations
between D and E fields will be assumed to be local.

Finally, we mention in passing that there is another set of problems
belonging to the general problems of wave propagation in inhomogeneous
media, namely, wave propagation in random media. For these media, the
inhomogeneities vary randomly. This problem will be considered in the
next chapter.

5.2 Foundations of Geometrical Optics—Isotropic Media

One of the most successful ways of treating the problem of wave propaga-
tion in an inhomogeneous medium is the method of geometrical optics.
It is the branch of optics which is characterized by taking the limit of



5.2 Foundations of Geometrical Optics—Isotropic Media 225

zero wavelength in investigating propagation of electromagnetic waves.
Physically, this amounts to neglecting the diffractional effects. The historical
development of geometrical optics goes back to the nineteenth century
and its relation to wave optics is analogous to the relation between classical
mechanics and quantum mechanics. Recent advances of the theory have
generalized the method a great deal and linked it closely to the technique
of asymptotic expansions [see for example, Kline and Kay (1965)]. In this
-section we shall derive the fundamental equations of geometrical optics
from Maxwell’s equations and indicate the limitations and implications of
the results.

Let us consider a lossless, isotropic, spatially inhomogeneous medium.
The medium is assumed to be frequency dispersive but with no spatial
dispersion. For monochromatic harmonic time variation e/, the Maxwell
equations for a source free region become

7 %X E(r, ) = —jou(r, o) H(r, ©) (5.2.1a)
V %X H(r, v) = jowe(r, 0)E(r, ) (5.2.1b)
7« [elr, w)E(r,w)] =0 (5.2.1¢)
7« [u(r, o)H(r, ©)] = 0 (5.2.1d)

where &(r, w) and u(r, w) are functions of spatial coordinates indicating the
inhomogeneous properties of the medium.
In the homogeneous medium, the plane wave solution of (5.2.1) is of the

form
E=e e‘jko”§"

. 5.2.2
H = he7tomé'r ( )
where k, = w/c and n is the refractive index defined by

n = c(eu)'? (5.2.3)

and § is the direction of propagation. e and h are two constant vectors.
For the inhomogeneous medium, we can still define the refractive index as
in (5.2.3) and write the solution of (5.2.1) as

E = e(r)e v

H = h(r)e o 624)

where the function w(r) is a real scalar function of position and e(r) and
h(r) are vector functions of position and may be complex. Note that the
 dependence has been dropped to save unnecessary writing.
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Substituting (5.2.4) into (5.2.1), we obtain

Py X e — cuh = (V' X e)/(jk,) (5.2.5)
Vyp X h 4 cce = (7 % h)/(jko) (5.2.6)
e-Pypy=(-Vine +V - e)/(ko) (5.2.7)
h-Vy=h-Vinp+V-h)/(ko) (5.2.8)

The r dependence of the functions has been omitted in writing (5.2.5)-
(5.2.8). Up to this point, no approximation has been made. For geometrical
optics, we are interested in the case where the wavelength is approaching
zero so that k, is approaching infinity. We can therefore neglect the right-
hand side of (5.2.5)-(5.2.8) since they are of the order (1/k,). These equa-
tions then reduce to

PpxXe—cuh=0 (5.2.5a)
Py Xh+cee =0 (5.2.6a)
e-Pp=0 (5.2.7a)
h-Vy=0 (5.2.8a)

We note that (5.2.7a) and (5.2.8a) can be derived from (5.2.5a) and
(5.2.6a), respectively. Therefore we shall only concentrate on the two equa-
tions (5.2.5a) and (5.2.6a). Substituting h from (5.2.5a) into (5.2.6a), we
have

(/ew)lWyp X Ty X €)] + cee =0
or
(e - Vy)l7y — eFy)? + cuse =0 (5.29)

But the first term is zero from (5.2.7a). Since e is not identically zero, we
obtain finally
WVy)? =n? (5.2.10)

where (5.2.3) has been used for the definition of n.

The function (r) is called the eikonal and (5.2.10) is called the eikonal
equation. It is a fundamental equation in the discussion of geometrical
optics.

From (2.10.21), the time-averaged Poynting vector under the present
approximation can be written as

(S = }[E x H* - E* x H] = }(e X h* - e* x h) (5.2.11)
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Using (5.2.5a), we can reduce (5.2.11) to
(SO = c(ee? + uh?®) Vy/4n? (5.2.12)

Therefore the average power flows in the direction of y. Since Py is
normal to the wavefront surfaces w(r) = constant, we may now define
the rays as the orthogonal trajectories to the geometrical wave-fronts p(r) =
constant, If r(s) denotes the position vector of a point P on a ray, con-
sidered. as a function of the arc length s, along the ray path, then the unit
tangential vector, 7, along the ray is defined by

f=drlds =Vy/|Vy| =Vy/n (5.2.13)

We note that according to our definition, the ray direction 7 is the same
as the wave normal direction. This is because the medium is assumed iso-
tropic.

With the definition (5.2.13), (5.2.12) can be put in the form

(S% = Y(ee? + ph?)(c/n)f = {W(c/n)i (5.2.12a)

where {W> = (ee? + uh?)/4 is the average energy density for the monochro-
matic wave [see (2.10.20)]. ¢/n can be taken as the velocity at which the ray
propagates. {W)(c/n) is defined as the intensity of the ray, 7.

In a lossless medium without spatial dispersion, the average energy
density (W) is independent of time. From (2.10.19), we have

V.so=0
or
V.i)=0 (5.2.14)

Geometrically, the significance of (5.2.14) can be interpreted by using Fig.
5.2-1. Let us take a narrow tube formed by all the rays proceeding from an
element dS; of a wave point surface y = a. These rays intercept any other
wave front in an element dS, as shown. This tube is defined as a tube of
rays.

Integrating (5.2.14) over the volume of the tube we find that the energy

/2

as,

s,
Fig. 5.2-1. Tube of rays.
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flux flows into and out of the tube only through dS; and 4S,. This implies
that the product 7dS along the tube of rays remains constant. As dS in-
creases along the tube, 7 must decrease and vice versa. This is the intensity
law of geometric optics.

From (5.2.10) and (5.2.13), it is possible to eliminate "y and obtain an
equation for the rays. Differentiating (5.2.13) with respect to s, we have

—dd; (n %) = —;;— V)
_ e
ds
= (n)Vy -VWyp)  (by 5.2.13)
= (12n) V[Vy)?]
= (12n)V (n?) (by 5.2.10)

-V Uy)

Therefore,
(d/ds)(n dr/ds) = Vn (5.2.15)

This is a vector equation for the ray. It is the basis for tracing rays in an
isotropic, inhomogeneous medium. As an example, let us consider the rays
in a homogeneous medium. Then (5.2.15) becomes

d¥r/ds* =0 (5.2.16)
which has a solution
r=as+b (5.2.17)

where a and b are two constant vectors. The rays in a homogeneous, iso-
tropic medium are straight lines, not a surprising result.

5.3 Amplitude Variation along the Ray

From (5.2.1), we can also derive a wave equation for the inhomogeneous
medium. We have
VE +wluE+ lnpg) X W XEY+V(E - -FIne)=0 (53.1)

and

VFPPH+ o?cquH+ Plne) X X H)+-PH-Vlnpg) =0 (53.2)
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These are wave equations for electric and magnetic fields in an inhomo-
geneous medium and will be studied in detail in later sections for some
special cases.

If we substitute (5.2.4) into (5.3.1), we obtain the following equation:

[* — Wyp)le — T—L(e’ Y, 1, @) + o M(e, p,m,0) =0 (5.3.3)

(Jk )?
where
Lee,ynu)=Cy-Viny—VPyle—2e-Vinm)Vyp— 2y - Ve
(5.3.4)
Me,p,n )= Xe) XVInu—Ve—VE: -Vine) (5.3.5)

A similar equation can be obtained from (5.3.2) for h. The geometrical
optics approximation is obtained by neglecting terms of the order (1/k,)
and (1/k2) in (5.3.3). We note that the eikonal equation n? = (Fy)? is
recovered immediately.

If now we solve the eikonal equation for y and substitute it back into
(5.3.3), we obtain an equation relating e and ¢. We can use this equation
to derive the amplitude of the wave along the ray. The equation now
becomes

M

L— —
Jko

=0 (5.3.6)

Under the present approximation, the second term can be neglected, and
we obtain L = 0 or

de 1 | dlnp
FE+T(TV"’— %

)e +(@€-Vinn)i=0 (5.3.7)

where 7 == (Py/n) given by (5.2.13) has been used.
Equation (5.3.7) is the transport equation for the variation of e along the
ray. A similar equation can be derived for h which is

oh L (1 . dlne
(-Gt @ nni—0 (38

Next, we take the scalar product of (5.3.7) by e* and add the resulting
equation to its complex conjugate equation; we obtain

61n,u

9
a5 (e - e*)+ (% Viy — )(e e*) =0 (5.3.9)

where (5.2.7a) has been used.
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Dividing (5.3.9) by (e - e*) and combining the first and third term, we
obtain

. o*
ais [m (e : )] - %Vzw (5.3.10)

which yields a solution

(=)~ (5
Hu B o
after it is integrated along the ray from a point 4 to a point B. Equation
(5.3.11) gives the variation of the magnitude of the vector e along the ray.
The next logical step would be to find the variation of the direction of the

vector e. This actually will indicate the variation of the polarization of
the wave along the ray. Let us consider the complex unit vector defined by

4 =¢e/(e - e*)V/? (5.3.12)

) exp{— K [(@2p)/n] ds}» (5.3.11)

Dividing (5.3.7) by (e - e*)'/? and using the definition (5.3.12), we obtain

i 1 [ dln(e - e*) 1, dlnul, ., -
W_’_T[—__as —|——”——l71p— 75 ]ﬂ+(ﬂ Vinn)i=0

The second term vanishes on account of (5.3.9). Therefore we obtain the
equation
0ijds = — (4 - V In n)i (5.3.13)

which governs the variation of the polarization of the wave along the
ray. We note that for the homogeneous medium, VInn =0, 4 remains
a constant along the ray.

Let us now consider a particularly simple situation as an example. Let
the medium be horizontally stratified and nonmagnetic so that n = n(z)
and u is a constant. For a vertically incident ray, the ray path will remain
vertical. Therefore everything varies as a function of only z and hence
ds = dz. Equation (5.3.11) now reduces to

(e - e¥)p = (e - e*),[n(4)/n(B)] (5.3.14)

Therefore, we conclude from (5.3.14) that in a horizontally stratified
medium, at any point along the vertically incident ray, the magnitude of the
vector e is proportional to the inverse square root of the refractive index
at that point, i.e.,

le| =CVn (5.3.15)

where C is a constant of proportionality.



5.4 Fermat’s Principle 231

For this particular case, the eikonal equation also yields a simple solution

r4

p(z) — p(4) = L ndég (5.3.16)

where z is an arbitrary point along the path. Combining (5.3.15) and (5.3.16),
we see that under the geometrical optics approximation, the electric field
can be written as

E(z) = [Eo/(n(2))"?] exp[—jk0 L n(é) d&] (5.3.17)

where E, is a constant vector. In later sections, we will see that (5.3.17)
is also called the WKB solution of the wave equation.

The discussion of this example can also be extended to the case of an
obliquely incident wave; i.e., the wave propagates in directions other than
vertical.

We note that so far the computations are made by neglecting terms of
the order (1/k,) and higher. An asymptotic series in ascending powers of
(1/k,) can be obtained by considering the problem in more detail [see, for
example, Kline and Kay (1965)].

Now, let us say a few words about the range of validity of the geometrical
optics. Since the approximation is made by dropping the right-hand sides
of (5.2.5)-(5.2.8), the method is valid only when the variations of the
inhomogeneities of the medium and the changes in e and h are small in one
wavelength. More exact conditions can be obtained by deriving higher
order approximations to the wave equation.

5.4 Fermat’s Principle

The fundamental equations in geometric optics can also be derived from
the Fermat’s principle of classical mechanics. For our purpose, the principle
can be stated in the following manner.

The time ¢ it takes for the ray to travel from a point 4 to a point B can be
expressed as

f = F ds/(c/n) (5.4.1)
A

where integration is along a certain ray path.
The distance a wave will travel in free space in this time period is called
the optical path length L.

B
L=ct= j nds (5.4.2)
4
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Fermat’s principle for our problem can be now stated as follows: When
a ray travels from a point A4 to a point B, it travels along a path for which
the optical path length L has a stationary value.

Mathematically, this principle can be stated as

B
5 j nds —0 (5.4.3)
A

where the symbol § represents the variation of the integral.
If we express the path C from A to B by a set of parametric equations

x=x@), y=yW), z=zu) (5.4.4)

where v is some parameter along the path, then the element of the arc
length along the path is given by
ds = [(dx)* + (dy)* + (dz)*]'*
= [(dx/du)* + (dy/du)* + (dz/du)*]'/* du
= (X2 + 2 4+ 22)V%du (5.4.5)

where an overdot is used to denote differentiation with respect to u. In
terms of the parameter u, (5.4.3) becomes

B
5 j n(x, 3, 2) - (% + 5 + 22 du — 0 (5.4.6)
A

From calculus of variation [see, for example, Courant and Hilbert (1953)],
the Euler equations for the variation

B
5 I Fx, 3,2, %, 9, 2) du — 0 (5.4.7)
A

can be derived in the following way. Let us suppose that there is some
neighboring curve C’ connecting A and B which is also defined by the same
parameter u. The variation in F(r, f) in passing from a point P on the path
C to a corresponding point P’ on C’ can be written as
OF =VF .ot +VF - oF (5.4.8)

where

Vi = (0/0%)% + (0/09)9 + (0/02)z

or=0x%+ dyp+ 6z%

O =0xR+0yp+ 0622 (5.4.9)
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The variation in (5.4.7) can be now written as
B B
5 J F, t) du =j SF(r, ) du
A A
B B
:j vF- 6rdu+J Vi« O du
A4 A

= JB VF. ordu+ JB V.F - (d/du)(0r) du  (5.4.10)
A

A

where 8F = d(dr/du) = (d/du)(dr) has been used.
The second integral in (5.4.10) can be integrated by parts to yield

BV-F- d (Or)du = [V F - ol — B—d—(V-F ordu (5.4.11
JA' -J;r)u—r AJAdu iF) < ordu (5.4.11)

Remember that dr is the variation of r from C to C’. Since the two
curves have common fixed end points 4 and B, the variations dr must
vanish. Therefore the boundary term in (5.4.11) is zero and (5.4.10) becomes

B B
é J. F(r, 1) du = J WF— (djdu)V:F)] - ordu (5.4.12)
A A
Substituting (5.4.12) into (5.4.7), we have
Ju F — (dJdu)¥F)] - Or du — 0 (5.4.13)
A

Since dr is any arbitrary variation, (5.4.13) can be satisfied only when
the intergrand vanishes or

(d/du)(V:F) — VF =0 (5.4.14)

This is the Euler equation for the variation integral (5.4.7).
For the present case, from (5.4.6), we have F = n(r)(x2 2 4+ z3)V2 =
n(r) | £|, and the corresponding Euler equation now becomes

d [n(r)i-

du | | t]

If we choose du = ds such that (X2 + 32 4 2)V2 = k| =1, (53.9)
becomes

] | £|Vn@) =0 (5.4.15)

(d/ds)(n dr[ds) =Vn (5.4.16)
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This is exactly the same equation for rays (5.2.15) derived from the
eikonal equation in Section 2. Thus we see that the geometrical optics can
be formulated from the Fermat’s principle. In fact, for anisotropic media,
it is more convenient to discuss the fundamentals of the geometrical optics
starting from the Fermat’s principle rather than from Maxwell’s equations.
The next section is devoted to this problem.

5.5 Ray Equations in Anisotropic Media

In Chapter 2 we have discussed the refractive indices for different modes
in a homogeneous, anisotropic medium. In general, for a spatially nondisper-
sive medium, the refractive index is a function of the direction of the wave
normal. As a consequence, the ray and wave normal have different directions
in general. The angle between the two directions, a, is given by (2.12.5).
Just as in the case for the isotropic medium, we can extend the definition
of the refractive index to the inhomogeneous, anisotropic medium. The
refractive index » will now be a function of position. At each point, the
wave normal direction is orthogonal to the wave front passing through
that point and the ray direction is the direction of energy flow at that point.
We wish to find, for a particular mode, the trajectory of a ray in such a
medium.

Let the direction of the wave normal be § = (s, s,, ;) and that of the
ray be f = (t,, t,, 1,). Both § and 7 are unit vectors. We define two vectors:

6 = nf (5.5.1a)
E=1ilncosa (5.5.1b)

Equation (5.5.1b) can also be written as
g = i/n, (5.5.1¢)

where n, = ncos « is the ray refractive index. The ray velocity is then
defined as v, = c¢/n,. Following the discussion in Section 5.3, the Fermat’s
principle for the ray in an anisotropic medium is just

B
4 J n,ds=20 ‘ (5.4.2)
4

Before we discuss this principle any further, let us consider first some
important relations between the wave normals and rays.
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At any point P(r), »(r) is given. If we trace the endpoint of the vector o
for all possible directions of §, we obtain a refractive index surface about
P (Section 2.12). Since & depends on the direction § in an anisotropic me-
dium, the surface in general is not spherical. In Fig. 5.5-1, we draw a portion
of the cross section of_this surface in the (s.s,)-plane about P(r).

St

Refractive index surface

-0

T

(]

3 Ray surface

Plr)

Fig. 5.5-1. Construction of ray surface from refractive index surface.

From the discussion in Section 2.12, we know that for each wave normal
direction 3, the corresponding ray direction is normal to the refractive index
surface at that point. For example, in Fig. 5.5-1 for the point P, on the
refractive index surface, we can obtain the corresponding ray direction by
taking the normal to the refractive index surface at P,. If from the point P,
we draw a perpendicular line to the plane which is tangent to the refractive
index surface at P;, we obtain the line PP," which is in the ray direction.
The angle between PP, and PP, is @ by our definition. If we now take
PP, = 1/ncos a, we obtain the vector § = PP,f. Corresponding to every
point on the refractive index surface, we can construct the vector § in this
manner. The end points of § then trace out a new surface. This is known as
the ray surface. In Fig. 5.5-1, a portion of the ray surface is also drawn.
Therefore at each point P(r), we can construct the refractive index surface
and the ray surface.

We note that the two vectors e and ¥ are reciprocal vectors since

c-E=§.ilcosa=1 (5.5.3)

Therefore, the refractive index surface and ray surface are called reciprocal
surfaces.

At any point P(r), let us now define the ray surface by the relation

Fr,g)=|E|n =1 (5.54)
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This is the right surface, since it implies that the magnitude of the vector
is equal to 1/n cos @ which is (5.5.1c), the ray surface.
Similarly we define the refractive index surface by

Gr,6)=|a|/n=1 (5.5.5)

The reciprocal properties of these two surfaces will be shown in the
following.

The ray refractive index n, is a function of position as well as the direction
of the ray. Since we are interested in spatially nondispersive media, n,
depends only on the direction of § but not on its magnitude. Similarly, the
refractive index n is a function of position and direction of the wave normal
§ but not the magnitude of 6. We have

n,(r, lg) = n,(r, E)

n(r, Ae) = n(r, o) (5:36)

Mathematically, any function satisfying the relation (5.5.6) is a homo-
geneous function of degree zero. The function F(r, §), however, is a homo-
geneous function of degree one in the variable § since from (5.5.4) and
(5.5.6), we have

F(r, 28) = AF(r, &) (5.5.7)

From the theory of homogeneous functions (Goursat and Hedrick,
1959), we have the following theorem: For a function ¢(x) such that

&(Ax) = Amd(x) (5.5.8)
then the following relation holds:
mp(x) = x » V $(x) (5.5.9)
Applying this result to the fraction F(r,§), we have
F(r,8) =% - V.F(r, %) (5.5.10)

Similarly, G(r, &) is a homogeneous function of degree one for the
variable o. Therefore, we have

G(r,e) =0 - V G(r, o) (5.5.11)

Using the general theorem of homogeneous functions, it is possible to
derive certain relations among the derivatives of the functions F and G



5.5 Ray Equations in Anisotropic Media 237

and the vectors @ and E. Let us consider the refractive index surface G = 1.
Referring to Fig. 5.5-1, the normal to the tangent plane passing through
P, on this surface is given by I7,G(r, 6) at P,. But since this is also the direc-
tion of the ray, we can write

€ = 2V,G(r, o) (5.5.12)

where 4, is a proportionality constant. Similarly, for the ray surface F =1,
we have
o = AV:F@,E) (5.5.13)

where 4, is also a proportionality constant. Since 6 and § are reciprocal

vectors, we have
c-£E=4o5-V,G=1

o AE- VPl (5.5.14)

But since G and F are homogeneous functions, (5.5.10) and (5.5.11) may
be applied. We can then determine the two constants 4, and 2, from (5.5.14):

MG =1 or A =1/G

(5.5.15)
AF =1 or Ay =1/F
Therefore, we obtain the relations
= (1/&V,G
&= (1/6) (5.5.16)

Equation (5.5.16) indicates the reciprocal property of the two surfaces
F(@r,8) =1 and G(r,0) = 1.
From (5.5.16) and (5.5.1), it is easy to prove the following relations:

F(,E)G(r,§) = F(r,0)G(r,0) =1 (5.5.17)

which is an alternative way of expressing the reciprocal relations of the
two surfaces F=1 and G = 1.

Up to this point, we have discussed the geometrical relationships between
the wave normal vector and the ray as well as the reciprocal properties
between the corresponding surfaces. Let us now go back to the Fermat’s
principle to discuss the equations of the ray. The mathematical statement of
the problem is

B
5 J n,ds — 0 (5.5.18)
p:
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Fig. 5.5-2, Relation between the
wave front, the wave normal, and the
ray.

We first introduce the time parameter ¢ which is a function of the path
length s. In Fig. 5.5-2, we see that in a time dt the wavefront 44" has ad-
vanced a distance ds along the ray direction f and the ray now is at P'.
The corresponding distance along the wave normal direction § is d/==ds cos a.
But dl = v, dt, where v, is the phase velocity v, = c/n. Therefore

ds = dlfcos @ = c dt/n cos a = (c/n,) dt (5.5.19)

From (5.5.1c) we have
ds=c|E|dt (5.5.20)

Substituting (5.5.20) into (5.5.18), we obtain

aJB n | E| dv = aJB F(r,E) dv = 0 (5.5.21)
A A4

where 7 = ct.
The corresponding Euler’s equation is

(djdo):F) —VF =0 (5.5.22)
where

p= = S =B = (5.5.23)

Equation (5.5.22) is the ray equation in an anisotropic medium. From
the definition of F, we see that the ray refractive index n, and the direction
of the ray f are involved in this form of the ray equation. It can be put
into a more convenient form for computation. From (5.5.16) and (5.5.17),
we have

ViF =V.F = Fo = o/G

Therefore (5.5.22) can be written as

(d/dr)(e/G) — V(1/G) =0 (5.5.24)
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The first term can be expanded:

d o 1 do c dG

dr G G dr G dr

Since G = 1 along the ray, the total derivative dG/dr must then vanish.
However the partial derivatives with respect to r, §, and o are not neces-
sarily zero. Therefore (5.5.24) reduces to

do/dr = —FPG(r, o) (5.5.25)
Next, combining (5.5.16) and (5.5.23), we have
drjdr =V ,G(r, o) (5.5.26)

Note that the pair of equations (5.5.25) and (5.5.26) are equivalent to
those given by (2.12.24) derived by using a kinematic approach. They are
two first-order equations which describe the trajectory of the ray. They
have the form of Hamilton’s canonical equations in mechanics with o
playing the role of the generalized momenta. The integration of this set
of equations determines the ray path in the parametric form r = r(z).

While (5.5.22) is equivalent to the sets (5.5.25) and (5.5.26), the latter set
is much more convenient for numerical computation, since only the phase
refractive index n(r, o) is involved, while F depends on the ray refractive
index n,.

For an isotropic medium such that n = n, and is independent of o or §,
(5.5.22) becomes

(d/dv)En/|E]) — [E|Vn=0
But §/| £ | = 7 = dr/ds and dv = c dt = ds/| §|. Therefore we obtain

(d/ds)(n dr/ds) = Vn

which is exactly the same as (5.4.16).

The Hamilton’s equations for the ray, (5.5.25) and (5.5.26), were derived
for Cartesian coordinates. It is possible, starting from (5.5.21), to derive
the ray equations for any generalized coordinate system (Haselegrove,
1954). For example, in a spherical coordinate system a point on the ray is
given by P(r, 0, v). The direction of the wave normal at the point P can be
expressed by its components in the local spherical coordinate system as
o(a,, 0y, 04) where the magnitude of o is again n given by (5.5.1a). The
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Hamilton’s equations for rays in the spherical coordinates can be written
as (Haselegrove, 1957)

W n? ao'r

B

e \%° dag

9 1 (o’ — na—")

dv  rsinfn? \? do,

) o B » (5.5.27)
o, 1 dn da a9

= r+a6 dr+sm0¢1¢ g

do'¢ _ 1 1 on dr ad

7= (o a5 o H 0o )

do, I (1 0n dr 9
7= (g 0o st o )

where the relation G = | 6|/n = 1 has been used.
This set of equations has been used to trace the rays in the ionosphere
on high speed computers by various authors.

5.6 Effect of Boundary on the Ray and Generalized Snell’s Law

Up to this point, we have assumed that the ray propagates in a continuous
medium without any boundary. It is of interest to see what will happen to
the rays when they cross the sharp boundary between two different media.
From elementary optics, we known that reflection and refraction will occur
when rays meet the sharp boundary. Our problem now is to determine the
ray path when reflection or refraction occurs in general anisotropic media.
The answer can be obtained from the Fermat’s principle.

Suppose now two different anisotropic media M, and M, are separated
by a boundary surface S. We want to find the ray path for a ray which starts
from a point 4 in M, and ends at a point B in M,. The integral in the
Fermat’s principle of (5.5.2) can be written in a slightly different form:

B B
J n,ds='[ o.dr, with G(re)=1 (5.6.1)
A A

The direction @ at any point r on the ray must be found from the constrain-
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ing condition G(r, 6) = 1. We note that G(r, 6) = | o |/n(r, 6) is discon-
tinuous at the boundary S since » is different for the two media.
The variation of the integral in (5.6.1) can be expressed as

B B
aj c-dr:J (3 - dr + & - 8 dr) (5.6.2)
A A

The second integral in (5.6.2) may be integrated by parts to yield

B B
j c-édrzj G -dér

A A
P—g

B P—¢ B
:o-ar] +6-6rJ —j 6r-dc——J or-ds  (5.6.3)
P+e A P4e

4
where P is a point on the surface S and ¢ is a small parameter to be set
equal to zero in the limit. The reason that the integral is divided into parts
is that G(r, o) is different for the two media. At the end points 4 and B,
dr vanishes. Therefore, combining (5.6.2) and (5.6.3), we obtain

Pie

B P—¢
6J c-dr:—c-ér] —§—j (6e « dr — or + do)
4 A

P—g

B
+ J (53 - dr — O - do) (5.6.4)
P+e

Taking the limit ¢ — 0 in (5.6.4) and substituting it into (5.6.1) after
the Fermat’s principle is applied, we obtain

B
(@, — ay) + Or + J (5 - dr — or - da) = 0 (5.6.5)
A

8G =VG-or +V,G-86=0 (5.6.6)

where o, and &, correspond to the wave normal directions at the boundary
in M, and M,, respectively, and (5.6.6) is obtained by taking the variation
of the equation G = 1.

Equation (5.6.5) must hold for all variations dr with de given by (5.6.6).
If we now define the so-called natural boundary condition

(6,—0,) - r=20 (5.6.7)
then (5.6.5) and (5.6.6) yield

dojdv = —VG(r,6), dr/dr = V,G(r, o) (5.6.8)
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in both M, and M,. Thus the rays in M, and M, satisfy the Hamilton’s
equations separately. At the boundary, the direction of the ray is determined
by the natural boundary condition. Since ¢ — 0, dr is an arbitrary variation
of r on the boundary surface S, (5.6.7) states that the vector 6, — o, is in
the direction of the normal to the surface S. If we denote this normal direc-
tion by the unit vector A, then (5.6.7) may be expressed as

G, — 6, = afi (5.6.9)

where « is a proportionality constant.

From (5.6.9) it follows that the components of & tangential to the surface
S are continuous across the boundary.

For a given incident ray in medium one, it is easy to get the vector o,
from (5.6.4). Then using the Hamilton equation (dr/dtr) = V,G, for the
second medium we can find dr/dr. The unit vector along dr/dz is the ray
direction { for the refracted ray. To obtain the reflected ray, the function
G, for the first medium should be used instead of G,. Therefore we can find
both the refracted and reflected rays at the boundary surface.

This method of finding the refracted and reflected rays is best carried
out graphically. For a point P on the boundary surface S, let us draw two
refractive index surfaces G; = 1 and G, = 1 as shown in Fig. 5.6-1. The

Fig. 5.6-1. Graphical construction of re-
flected and refracted rays at a boundary
surface.

direction of the normal to S, #, is also drawn schematically in the same
figure, Construct from P the vector o, for the incident ray. The endpoint

—

of o, must lie on the surface G, = 1 by definition. Therefore we have P4, =
o, in Fig. 5.6-1. The vector o, is found by constructing a line through A4,
parallel to 7 and finding its intersection with the surface G, = 1, since the
endpoint o, must lie on G, = 1. In the figure, we see that there is no inter-
section with G, = 1, hence there is no refraction for this case. Instead,

reflection can occur since the line intersects G; = 1 at A4,. The vector P4, =
6, is the direction of the wave front normal for the reflected ray. The
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vector 1_42—,4: is equal to aA. To insure that reflection does occur, it must be
shown that the reflected ray actually does emerge back in medium one. If
this is the case, there is total reflection, since no refraction occurs. Other-
wise neither reflection nor refraction occurs.

For the other case shown in Fig. 5.6-1, the incident ray has the vector

c, =ﬁ;. The line from B, which is parallel to 7 intersects G, = 1 at C,
and C, and G, =1 at B,. Hence we have two possible refracted rays and
one reflected ray. The three possibilities must be considered separately to
see if the refracted rays emerge in medium two and if the reflected ray
emerges in medium one. We note that the ray direction can be obtained from
the figure very easily. For example at point A4, , the ray direction is the direc-
tion of the normal to the surface G = 1 at 4,.

The above discussion on the ray equation and the boundary condition
between two media can be easily generalized to the cases where more than
two media are present.

In many practical cases where the medium is stratified, instead of solving
the ray equation, it is possible to divide the medium into many layers and
apply the graphical method described above to trace the ray in each layer.
Poeverlein (1948) used the technique to trace the rays in the ionosphere.
In the following, we shall discuss a simple example to indicate the procedure
of this technique (Forsgren, 1951).

Let us consider the earth’s ionosphere. The electron density is assumed to
be a function of height only. The refractive indices are therefore functions
of height also. In Fig. 5.6-2, cross sections of the refractive index surfaces
for the ordinary mode are drawn for different values of X, each representing
the index surface at certain level of the ionosphere. The inclination of the
external magnetic field is also shown. The outmost curve is a circle of
unit radius representing the free space below the ionosphere. A vertical line

AA’ is drawn a distance sin §; away from the vertical axis where 6, is the
incidence angle for a ray incident on the ionosphere from below. The direc-

tion P4 is the direction of the wave normal as well as the direction of the
ray since the medium is the free space at this point. At the point B, the

magnitude | PB| of the vector PB is equal to the refractive index n at a
certain level in the ionosphere. From the figure, we have

| PB| sin & PBA' = sin 0,

This is just Snell’s law. Therefore, the direction of the wave normal at the

level corresponding to point B is PB. Similarly we have the directions of the
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Direction of magnetic field

X=0 098,

Fig. 5.6-2. Ray tracing in a stratified magnetoplasma. [After Forsgren (1961).]

wave normal at levels corresponding to points C, D, etc. At these points,
the normals to the respective surfaces of refractive index are shown by small
arrows. From our earlier discussion, we note that these are the directions
of the rays at the respective levels. We see that energy propagates upward
until the ray reaches the level corresponding to the point E at which the
cross section of the refractive index surface is tangential to the vertical
line AA’. At this point, the normal to the surface is in the horizontal direc-
tion. Beyond this level, the ray directions point downward as shown in the
figure. The level corresponding to the point E is called the reflection level.
Energy begins to be reflected downward at this level. Thus we have seen the
graphical way of tracing the ray in an anisotropic medium. Better approxi-
mations can be obtained if more refractive index surfaces are used, corre-
sponding to finer division of the stratified medium.

The above discussion is also closely related to the generalized Snell’s
law. If we substitute G = | & |/n into (5.5.24), we obtain

d (s \__' p, (5.6.10)
" 7er) = T

dr \" o
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If we define a vector v} which is parallel to Pn, then (5.6.10) yields

d n
E(W“)’”‘_O

This is the generalized differential form of Snell’s law. In particular, if the
medium is stratified horizontally so that n does not depend on x or y co-
ordinates, then w is in the vertical direction and (5.6.10) reduces to the
expression

% (nsin6) = 0 (5.6.11)

where 0 is the angle the wave normal makes with the z-axis. Equation (5.6.11)
states that along the ray path, the quantity » sin 6 at any point is a constant.
This indeed is the ordinary form of Snell’s law.

Thus far we have discussed the propagation of a monochromatic ray in
an anisotropic medium. Since in general the medium is frequency dispersive,
it is of interest to consider the propagation of a pulsed signal in the medium.
From (2.12.6), the magnitude of the group velocity is given by

v, = ¢/[0(nw)/dw] cos « (5.6.12)

The time it takes for the pulse to travel along the ray path from 4 to B
is equal to

B
' — J dsjv, (5.6.13)
A

Now if we define a “group path” P’ as the distance traveled by the pulse
in free space in the time period 7, we have

B
P =ct= J cos a d(nw)/0w ds (5.6.14)
4

But
d(nw)/dew = n + w(@njdw) = n + f(On/of) (5.6.15)

Therefore we can define a “group index of refraction” n’ by
n' = n -+ f(On/of) (5.6.16)

and (5.6.14) becomes

B
P — j i’ cos a ds (5.6.17)
A
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But from (5.5.19), ds = (¢/n cos @) dt. Thus (5.6.17) becomes
B B
P = cJ (n'/n) dt = cj [1 4 (fin)@n/df)]dt  (5.6.18)
4 4

Or, putting it in the form of a differential equation, we have

dP’

—di‘:[l +% ﬁ’l]c (5.6.19)

of

The group path is a quantity which is relatively easy to measure in many
experimental situations. It plays an important role in ionosphere studies
since a knowledge of variations of the group path yields a great amount
of information concerning the medium in which the ray propagates (see
Sections 5.15 and 5.16).

5.7 Reflection and Transmission of Waves at Sharp Boundaries

In the previous sections we have discussed the geometric optics in a general
inhomogeneous medium. The discussion is based on the approximation of a
zero wavelength limit. This approximation breaks down in situations where
the diffractional effects are no longer negligible, e.g., near a caustic. For
these cases, one must go back to the exact wave equation. However, solu-
tions of the exact wave equation for a general inhomogeneous medium
are not obtainable in general. Only asymptotic solutions for short wave-
length waves have been discussed as generalizations of geometric optics
(Kline and Kay, 1965). Fortunately, in many natural situations in which
wave propagation phenomena occur, the properties of the medium can be
assumed to be constant throughout each plane perpendicular to certain
fixed directions. This kind of media is called “stratified media.” The theory
of wave propagation in stratified media has been well developed. Many
situations in applied physics, such as optics of multilayers and underwater
acoustics as well as ionospheric propagation, can be approximated by as-
suming a stratification. In the remaining part of this chapter, we shall con-
centrate on the study of the particular type of inhomogeneous media.

The simplest kind of stratified medium is a system of two isotropic
homogeneous media separated by a sharp plane boundary. Let us now
consider wave propagation in such a system. Assuming the sharp boundary
is at z = 0, the medium for z < 0 is characterized by ¢, and y,, the medium
for z > 0 is characterized by &, and y, (Fig. 5.7-1).
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In a homogeneous, isotropic medium, it can be shown easily from the
Maxwell equations that waves with two different polarizations propagate
independently in the medium. One is called the horizontal polarized wave
for which E, = E, = H, = 0, and the other is called the vertical polarized
wave for which H, = H, = E, = 0 (Fig. 5.7-1).

Let us first consider a horizontally polarized wave with unit amplitude in
medium I incident upon medium II with an incident angle 6;. Since the two
media are homogeneous, the solutions of the wave equations (5.3.1) and
(5.3.2) for the two media for horizontal polarization are easily obtained.
They are

E, = Eyi + E/
= exp[—jkon,(x sin 0; + z cos 8,)]
+ R, exp[—jkom(xsin6, + zcos6,)], z<O (5.7.1)
E, = E}! =T, exp[—jkon,(x sin 0, 4+ z cos 0,)], z>0 (5.7.2)
H,= H} + H;
= (& /pu,)V*[— cos 0,E} + cos 0,E,], z<0 (5.7.3)
H, = H,! = (&,/us)"*[— cos 6,E}], z>0 (5.7.4)

where n; = c(e;,u,)2 and n, = c(e,p,)V2; 0, and 6, indicate the directions
of the reflected and transmitted wave normals, respectively; and R, and T
are the reflection and transmission coefficients, respectively. The subscript
L indicates the horizontal polarization.

At the boundary z = 0, the tangential components of the electric and
magnetic fields are continuous for all values of x. This can be true only if

n, sin 0; = n, sin 6, = n, sin 6, (5.7.5)
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Therefore
0, =TT — 01'
and
n, sin 0; = n, sin 6, (5.7.6)

which is just the Snell’s law.
Next, matching the fields at the boundary, we have

14+R =T,
(&1/p)V? cos 0; (1 — R,) = (/) cos 6, T, (5.1.71)
Solving for R, and T,, we obtain

_ {&a]y)* cos B; — (£ofu15)''* cos B,
N (&1/u1)? cos 8; + (£2/ps)"? cos 0,

R, (5.7.8)

and
2(ey/p1)"* cos B,

s = Gl cos 0, + (ealpia) 7 cos 6,

(5.7.9)

For most cases, u, = u, = yo, (5.7.8) and (5.7.9) can be written as

n, cos 0; — nycos 6,

R =
L7 ncosB; + nycos B,

(5.7.10)

2n, cos 0;

T =
+ n,cos; + nycos 0,

(5.7.11)

We note that Ry = E,"/E;} given by (5.7.8) and T, = E/}/E;} given by
(5.7.9) are referred to as the Fresnel formulas.

Similarly, for vertical polarization, the Fresnel formulas can be obtained
by matching the boundary condition at z = 0 (see problem at the end of
the chapter). We have

H n,cos @, — n, cos 0
R =L =22 L1 d 5.7.12
" Hj  nycosf; + nycosb, ( )
nH} 2n, cos 0,
T, =Y — ! : 5.7.13
" nH) nycos 8; + n, cos 6, ( )

Note that the definitions for reflection and transmission coefficients for the
vertically polarized wave are different from those for the horizontally po-
larized wave. Also, we note that because of the boundary condition, there
is no coupling between the two polarizations at the boundary.

Suppose now that in the previous two media system, we let medium two
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be anisotropic. This situation occurs quite often in practice. From the
discussion in Chapter 2, we know that in general in an anisotropic medium
without spatial dispersion two characteristic modes can propagate. The
polarization of these two modes is in general elliptical. Therefore, a linearly
polarized incident wave may become elliptically polarized after reflection
in order to satisfy the boundary conditions at z = 0. Hence it is convenient
to define four coefficients, R, , R, R, R, to indicate the ratios of the
various components of the reflected and incident electric fields. The first
subscript denotes whether the incident electric vector is parallel (||) or
perpendicular ( ) to the plane of incidence, and the second subscript refers
in the same way to the reflected electric vector. In exactly the same manner,
we can define four transmission coefficients ,7,, ,T,, T, and ,T,.

As a sample illustration for dealing with the problem of reflection and
transmission of waves of this nature, let us consider a system where medium
one is the free space and medium two is a magnetoplasma, with the external
magnetic field perpendicular to the boundary surface as shown in Fig. 5.7-2.

A linearly polarized wave in the x-direction in the free space is incident
normally on the magnetoplasma from below. In the magnetoplasma, in
general, the refracted wave will consist of two waves corresponding to the
two characteristic modes in the medium. From (4.14.14), the polarization
for the two modes are +j, respectively. Therefore, just above z = 0, the
field components may be written as

E,=E;+ Ey

E, = —jE, + JEu

H, = (eo/pt0)"*(NaErg + NoEsp)
H, = (eo/120)"*(jNoErg — JnyEzp)

=

(5.7.14)

=
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where
=1—X/(1—Y)

X1 Y) (5.7.15)

E,, and E,, are, respectively, the x-components of the two modes.
Just below z = 0, the field components are

E, =(1+ ||R1|)Ez(i)

= IIRLE:;i)

H,= (eo/ﬂo)llzuRLErfi)

H, = (so/ﬂo)m(l — ”R”)Ef)

(5.7.16)

where E{” is the incident wave and R, R, are the two reflection coeffi-
cients.

Matching the four field components at z = 0, we obtain four equations
for the four unknowns E,,, E,, (R, and R, in terms of E{’ and n,, n,.
Solving them, we obtain

E(i) E(i)
= E, —
Eza 1 + zh 1 +
Il [1—n 1—n
Ry =— a 2 ] R = (
Iy 5 1+ n, 1+ n, L =7

(5.7.17)

ny
1
1+n 1+na

Thus we see the splitting of the incident wave E{’ into the two charac-
teristic modes E, and E, of the magnetoplasma at the boundary. Also, the
reflected wave consists of two polarizations, one (R E{’ in the x-direction
and one (R, E¥ in the y-direction. The resultant reflected wave mode is
in general elliptically polarized.

More general cases may be treated in the similar manner and results have
been given by Budden (1961).

5.8 Wave Propagation in Stratified Media—Isotropic Case

We now turn to the more general case of stratified media, where the
properties of the medium vary smoothly as functions of z. Let the medium
be characterized by the permittivity and permeability

e = &(2), no= u(z) (5.8.1)
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Consider now a plane, time-harmonic wave propagating through such a
medium. Since the coefficients in the Maxwell’s equations are functions of
z only, the fields can be expressed as

E = E(z)e/l k]

. 5.8.2

H = H(z)ell®t %2 -k] (5:82)

respectively. Furthermore, without loss of generality, we can rotate the
coordinate system about z-axis such that the wave normal vector is in the
xz-plane, i.e., k, = 0. Substituting (5.8.2) into Maxwell equations, we have

(@) dE,/dz = jouH, (d) —dH,/dz = jweE,
(b) dE,/dz + jk,E, = —jouH, (¢) dH,/dz+ jkH,= jweE, (5.8.3)
(C) jszy = jout, ) "jkay = jwek,

where the unknown fields E and H are functions of z only. As in the case
of homogeneous medium, these equations can also be separated into two
independent sets. One set involves (a), (c), and (e) of (5.8.3) for E,, H,,
and H, and is called the horizontally polarized wave (or transverse electric
wave). The other set involves (b), (d), and (f) of (5.8.3) for E,, E,, and H,
and is called the vertically polarized wave (or transverse magnetic wave).
Since Maxwell equations remain unchanged when E and H and simultane-
ously ¢ and —u are interchanged, it is sufficient to study the horizontally
polarized wave in detail in our general discussion. Any theorem relating
to vertically polarized waves may be deduced from the corresponding
result for the horizontally polarized wave by making the above-mentioned
change.

From (a), (c), and (e) of (5.8.3), we obtain, for the horizontally polarized
wave, the following equations:

dH,Jdz = jo(e — k2[w*w)E, (5.8.42)
dE,|dz = jouH, (5.8.4b)
kE, — opH, =0 (5.8.4c)

We note here the close resemblance of (5.8.4a,b) to the transmission line
equations. From (5.8.4) we can derive equations for H, and E,:

d°E,  d(nu) dE,

2,2 _ L2 —
— T o (knt — kD)E, =0 (5.8.52)
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and

d*H, . dlIn(e — k2w?u)] dH,
dz dz dz

+ (kotn® — k2)H, =0 (5.8.5b)

where k, = w/c and n = c(eu)"%
According to symmetry of the Maxwell equations, the equations for the
vertically polarized wave can be obtained easily.

dE jdz = —jo(u — k2lw?e)H, (5.8.6a)
dH,|dz = —jweE, (5.8.6b)
k. H,+ weE, =0 (5.8.6¢c)

and

d?H, d(lng) dH, os 1o
T4 e + (ko2n k.H,=0 (58.7a)

d?E, . dlIn(u — k2lw?e)] dE,
dz? dz dz

+ (k2n® — k2)E, =0 (5.8.7b)

Equations (5.8.4)-(5.8.7) form the basis of our discussion in the next
few sections on wave propagation in stratified media.

5.9 The WKB Solution

For a given &(z) and u(z), (5.8.5) and (5.8.7) can be transformed into the
standard form

d?uldz? + h*q*(2)u =0 (5.9.1)

where u is related to the components of the unknown fields E or H, ¢(z)
is related to the refractive index of the stratified medium, and 4?2 is related
to k2, the free space wave number.

In general, the second-order ordinary differential equation (5.9.1) does
not have closed form solutions in terms of known functions. Although
series solutions can be obtained and numerical computation of the solution
can be made, usually the slow convergence of the series prohibits these
approaches. For the case where the parameter 4 is a large number, approxi-
mation techniques have been developed to treat this equation in order to
yield simple solutions. One of the techniques is the WKB method which
we are going to discuss in some detail in the following. But before we go
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into the discussion of solving (5.9.1) analytically, let us consider a simple
example which will reveal certain interesting aspects of the WKB technique.
Let us assume that a stratified medium characterized by n(z) occupies the
half-space z > 0. A horizontally polarized wave is incident normally from
the free space z << 0. Assuming n(z) =1 at z =0, we wish to find the
transmitted wave in the stratified region z > 0. Let us first replace the strati-
fied region by a set of homogeneous layers 0 < z << z;, z; << z < z,,
z, < z < z4, ..., etc., with the successive refractive indices n,, n,, 1y, ...
as shown in Fig. 5.9-1. This discrete medium can be made to approach the
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Fig. 5.9-1. Waves in multilayer medium.

continuous one by making the layers infinitely thin. For z < 0, the incident
wave is given by

Ej = Eje¥ (5.9.2)

The reflected and transmitted waves at the boundary z = O are given,
respectively, by

Ef=R= % E, et (5.9.3)
0 1
and
Ef =T = ——"— 2—ﬁ°n Ege e (5.9.4)
0 1

where the reflection coefficient (5.7.10) and the transmission coefficient
(5.7.11) have been used.



254 5. Wave Propagation in Inhomogeneous Media

The wave T, propagates upward to z = z,. At this boundary, it will be
split into a reflected wave R, and a transmitted wave T,. These waves are
proportional to e*om? and e—/konz respectively. This procedure is repeated
at each boundary. At any arbitrary level z = z,, we have the relation

Ts+l(za)/Ts(Za) = 2"3/(”3 + ns+1) (5‘95)

The sequence of the transmitted waves 7y, T,, T, ... may be termed the
principal wave. They are the upward traveling waves due to the transmission
at each level of the primary incident wave. There are other contributions
to the overall up-going wave. For example, in layer 4z,, when R, reaches
z = 0 it will be split into reflected and transmitted waves. The reflected wave
of R, is actually up-going and contributes to the total up-going wave in
layer Az,. As can be seen from Fig. 5.9-1, this wave is produced after two
successive reflections. Similiar argument shows that there are contributions
to the up-going wave from waves that have undergone multiple reflections.
At this point, however, let us just concentrate on the principal wave. From
(5.9.5) and the fact that T, is proportional to e 7o in the sth layer, it is
easy to show that just below the level z = z, the principal wave has the form

2’10 e—jl::,,nl./‘izl 2)11 e-jlt:,,nzziz2 I 271,,,_1

Eo——F—
ng + my ny + ny Ny + 1y

eFmdz  (59.6)
This expression can be put in the following form
n-1 n
T(z,”) = E, exp{— S In(1 + An/2n) — j Y kon, Azs} (5.9.7)
§=0 8=1

where An, = n,,; — n, has been used.

Passing to the limit of Az, — 0, the second sum in the exponential is
transformed into the integral —jk, [i* n(s) ds and the first sum is trans-
formed to

— jm” dn,/2n, = — % In n(z,)/n(0) (5.9.8)

3=0

Thus, by taking the limit of Az, — 0, the principal wave T at z is given by
T(:) = Eoexp{— 4 In{n@)n(@)} —jty | n(s) ds}
0

— Ey[ng/n(z)]? exp[— ko J:n(s) ds] (5.9.9)
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Comparing (5.9.9) with (5.3.17), we see that the principal wave is identical
to the wave we obtained by applying the geometrical optics. This is called the
WKB solution of the wave propagation problem we posed in Fig. 5.9-1.
From the discussion above, we see that physically the WKB solution can be
interpreted as the principal wave which does not include any multiple
reflected waves. By taking into account the contributions from the multiple
reflections, higher order terms in the approximate solution can be obtained
(Bremmer, 1951). Although our discussion here is for normally incident
horizontally polarized waves only, similar investigation can be carried
out for waves propagating in arbitrary directions and also for vertically
polarized waves.

5.10 The Matrix Method

Having in mind the physical picture of the WKB approximation discussed
in the previous section, let us now turn to the analytic aspects of the tech-
nique. Historically, the mathematical technique known as the WK B method
can be traced back to the nineteenth century [see Froman and Froman
(1965) for a discussion on the historical development of the WKB method].
Modern developments of the theory started in 1915 (Gans, 1915; Jeffreys,
1923; Kramers, 1926). In 1926, Brillouin, Wentzel, and Kramers introduced
the method in quantum mechanics to treat Schrodinger’s wave equation.
Since then, the name WKB method has been adopted by most authors
(sometimes the name JWKB is also used to acknowledge the contribution
by Jeffreys). Extensions of the theory have been developed in many respects
and are closely related to the higher order geometrical optics. There are
several different approaches in discussing this technique, each having its
specific advantage. In what follows we shall adopt the so-called matrix
method in our discussion.

The second-order differential equation (5.9.1) can be put into a system
of two simultaneous first-order differential equations by defining a column
vector x

= [50] = lateye) 101

Equation (5.9.1) can be written as

dx/dz = A(z) - x (5.10.2)
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where the matrix A is given by

0o 1
A@) = [ R o ] (5.10.3)

We now change the dependent variable x by the transformation
x=®() -y (5.10.4)

where y is the new dependent vector and ®(z) is the transformation matrix
yet to be determined. Substituting (5.10.4) into (5.10.2), we have

d®jdz -y + ® - dyj/dz=RA - P -y
Multiplying through by ®-, provided ® is nonsingular, we obtain
dyldz=(P1-A-®).-y—-d1.4dd/dz .y (5.10.5)
The idea here is to introduce a transform @ such that the matrix
D=¢'!-A-0 (5.10.6)

becomes diagonal. If this is achieved, (5.10.5) becomes two uncoupled
equations when the second term on the right-hand side is neglected. Solu-
tions can then be obtained by direct integration. From matrix theory, we
know that the diagonalization of the matrix A is achieved by choosing ®
such that the columns in the matrix @ are the eigenvectors of the eigenvalue
problem

A-v=1v (5.10.7)

For A given by (5.10.3), the eigenvalues are obtained easily to be
A, = —jhgq, A, = jhq (5.10.8)

The corresponding eigenvectors are

e [ —Jl'hq ] Y= [jliq ] (5.109)

Therefore the transform matrix has the form

i i
P — ) ) ] 5.10.10
[ —jhq  jhq ( )
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Substituting (5.10.10) into (5.10.6), we obtain the diagonal matrix D:

D—®1.A.0®— [_g’q jsh] (5.10.11)
where

o1 [th _1] (5.10.12)

~ 2jhq |jhg 1

has been used.
The transformed equation (5.10.5) now has the form

ﬂ:i[yl]:[-th 0] [yl]_ 1 dg*) [ 1 — ] [yl]
dz dz |y, 0 Jjhgql |y, 442 dz |—1 1] Ly,

(5.10.13)

Equation (5.10.13) is still a set of two coupled equations. But if under
the condition that the off-diagonal terms on the right-hand side of (5.10.13)
can be neglected (the exact condition will be shown in the following),
then we obtain two uncoupled equations for y, and y,:

dy, o1 dq]
dz_[ = 5o G

(5.10.14)
be g - 1),
dz | 2 @ [
The solutions can be obtained immediately by integration:
Y1 = ¢y gV ok (5.10.15a)
Vo = cyq V2 I 088 (5.10.15b)

where ¢; and ¢, are constants and the lower limit of the integration depends
on the phase reference level that one chooses. y; and y, may be termed the
two independent characteristic waves in the stratified medium. Comparing
(5.10.15a) with (5.9.9), we note that they are identical if g/ and A are set
equal to n and k,, respectively, and the phase reference level in (5.10.15) is
chosen at z = 0. Thus y, represents the principal wave propagating in the
positive z-direction. Similarly, y, represents the principal wave propagating
in the direction of decreasing z. Substituting (5.10.15) into (5.10.4), using
(5.10.10), we obtain the general solution for the original equation (5.9.1)

u(z) = x,(2) = y,(2) + y:(2) (5.10.16)
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y, and y, are the WKB solutions of (5.9.1). If we form the Wronskian of
» and y,, we have

w1 dy,/dz — y, dy,/dz = 2ihc,c, (5.10.17)

provided the same lower limit is chosen for the integrals in both y, and y,.
Therefore, the WKB solutions are independent solutions for the equation
(5.9.1).

To see the exact condition for the validity of the WKB solution, let us
assume that ¢; = | and ¢, = 0 in (5.10.15). This is legitimate since in the
framework of WKB approximation y; and y, are uncoupled. Differentiating
u(z) with respect to z twice, we have

d*u - qa/z[i 1 ( dq* )2 . L L( d*q? ) _ hz]e—jhquds
dz? 16 g% \ dz 4 q* \ dz?

Substituting this and (5.10.16) into (5.9.1), we have

3/2 5 1 dg? \2 1 1 d2q? e
{qhz [K —qﬁ_(_ch) Y ?<%)] + ¢ — qm}e il — o

(5.10.18)
This equation is approximately satisfied only if
3 1 [dg\? 1 d%q
‘ 4h? —(F(E) - 2h*q®  dz® <1 (5.10.19)

which shows that A must be large and ¢ must not be too close to zero.
Thus (5.10.19) gives the necessary condition for the WKB solution to be
valid. Only when (5.10.19) is satisfied, can we write the general solution for
(5.9.1) as the sum of the two independent solutions y, and y,. The error
that one makes in using the WKB solution can be roughly estimated from
(5.10.19).

From (5.10.13), an iterative procedure can be used to compute the higher
order terms in the solution. Keeping all the terms in (5.10.13), we have

dy, . 1 dg 1 dq
T (f"q T2 E)yl =g @
; o oy (5.10.20)
Yo _ 1 a9 _ qaq
dz + ( th + 2q dZ )y2 2q dZ B2l

The equations can be put into dimensionless form by letting z' = hz.
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We have
dy, . 12 1 dg 1 dq
p + (]q + 27 7))’1 =2 a4z 5.1020
dy, . e dq) 1 dq o
dz’+( 19 +2—qw}’z-—%— P!

Let us now consider an example for which an up-going (increasing z')
wave is incident vertically upon a stratified medium occupying the half-
space z' > 0 at z’ = 0. g is assumed to be continuous at z’ = 0 and ¢ = 1
for z < 0. This is the same problem we have studied in Section 5.9. The
formal solutions for (5.10.21) can be obtained in a straightforward manner
to yield

5@) =@ + | s L D@ @b ds (5.10.220)

5@) = vl + | i Do) s (5:10.220)

where
Y1(2’) = clq—llze—:ifﬁ'qu

Yool2') = c,g7V2 I8’ ads (5.10.23)

The lower limit of integration in (5.10.22a) is obtained by using the con-
dition that at z’ = 0, the up-going wave is the incident wave y,,. The lower
limit of integration in (5.10.22b) is obtained by using the condition that as
z' — oo there is no reflected (down-coming) wave. In addition, since the
incident wave is upgoing, there is no original down-coming wave. There-
fore ¢, in (5.10.23) must be zero.

Equation (5.10.21) is now formally transformed into a set of coupled
integral equations by substituting (5.10.23) into (5.10.22). We have

1 z 1 dq(s)

2[g(2)]* J o [g()1"*  ds

x el “ry, (5) ds (5.10.24a)
1 +eo ] dq(s)

2[g(z")]v2 L' [gs)I*  ds

x e adry (5 ds (5.10.24b)

(@) = »o(2) +

ya(z') = —

This set of integral equations can be used as the basis for an interative
procedure to find a higher order solution for the problem. For | (1/q)dg/ds |
< 1, the zeroth-order solution is y,,(z’), up-going wave. There is no coupling
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to the down-coming wave. It is the WKB solution or the principal wave
discussed in the last section. The second-order solution can be obtained
by substituting y,, into (5.10.24b):

S N — 0
2[gz)1V2 ). [g)* ds
x &Iy, (s) ds (5.10.25)

Yo(z') = —

This represents the contribution from partial reflections of the principal
incident wave at each level along the path of the wave. The third-order
solution for y, is obtained by substituting (5.10.25) into the integral of
(5.10.24a). Each iterative step adds the contribution from multiple reflec-
tions to the total solution. This is exactly the mechanism we discussed in the
last section in regard to the physical picture depicted in Fig. 5.9-1. It can
be shown that the iterative procedure will generate a series in ascending
powers of (1/k). The first term of this series is the WKB solution. Thus,
we have an analytic procedure of obtaining the WKB solution and higher
order approximations. However, there are still certain important topics
remaining to be considered in the theory of the WKB technique. First, let
us turn back to (5.10.19) to take a closer look at the condition of validity
for WKB solutions. Obviously, in the neighborhood of ¢ = 0, the solution
is not valid. In this neighborhood, the off-diagonal coupling terms in
(5.10.13) are no longer negligible; y, and y, are no longer independent.
The points at which ¢ = 0 are called transition points or reflection points,
or turning points. The behavior of a WKB solution when it passes through
a transition point is one of the most important topics in the development
of the WKB technique. Furthermore, if we extend the domain for the solu-
tion to the complex z-plane, then from (5.9.1), the solution should be
single valued in a domain where g(z) is free from singularities. But the WKB
solutions y; and y, clearly are not single valued due to the presence of the
roots of ¢ in the expression. Therefore y, and y, obviously can only be
valid in some restricted domain of the complex z-plane. In the following
section, we shall consider these questions via an example.

5.11 The Stokes Phenomenon

To study the behavior of the solution to (5.9.1) near a turning point we
may expand g about this point. In the neighborhood of the turning point
we may discard all higher order terms except the linear term provided it
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does not vanish, i.e., the turning point is of first order (see definition on
order of turning point given in Section 5.13). This leads directly to considera-
tion of the Airy equation (or the Stokes equation)

d?ufdz? — zu = 0 (5.1.1)

The series solutions of (5.11.1) may be obtained by the standard method
to yield

z3 z8 z9
“(Z):""[“r:;.zJr 6 5-3.2 " 9.8.6.5.3.2 +]

4 z7

Z
+"1[2’4r4-3Jr 10-9-7-6-4-3

+ ] (5.11.2)

where g, and a, are two arbitrary constants. The standard Airy functions
are defined by setting (Jeffreys and Jeffreys, 1956)

ay = 3"¥¥IQ23), a =-—3Y34I1/3) for Ai(z) S11s
a, = 3-V8/I'(2/3),  a, = 3V8/T'(1/3) for Bi(z) -113)

Ai(z) and Bi(z) are the two standard solutions for the Airy equation (5.11.1).
The behavior of 4i and Bi is plotted in Fig. 5.11-1.
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Fig. 5.11-1. The behavior of Airy functions.

For large values of z, instead of the series solution (5.11.2), WKB solu-
tions are much more useful. The two WKB solutions that are valid for | z |
> 1 are readily obtained from (5.10.15).

yy = 2 Vg I3 (5.11.4a)

Py = Va3 (5.11.4b)
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Let us now extend the solution into the complex z-plane. To do this, we
have to know the behavior of y, and y, in various regions of the z-plane.
Since z = 0 is a branch point for both y, and y,, we take a branch cut OF
as shown in Fig. 5.11-2 in the complex z-plane such that y; and y, become
single-valued functions in the proper manner. In addition we drawn the
lines OB, OD, and OG which correspond to

Re[z%2] =0 or arg z = /3, n, —nf3 (5.11.5)
e\ (]
\
\
\ 2
\
30\ 1
NO_ Fig. 5.11-2. The Stokes and anti-
o /. Stokes Lines for Airy equation in the
4 // 7 complex z-plane.
// 5 6
/
£ // G
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respectively. These are called anti-Stokes lines along which the magnitude
of the exponential function in (5.11.4) is unity. In Regions 1 and 7 where
—m/3 < arg z < m/3, y, is much greater than y, for large values of | z|.
Therefore in this region y, is termed dominant and denoted by v, while y,
is a subdominant and denoted by y,,. These notations are also used in the
other regions to indicate a dominant or subdominant solution. Along an
anti-Stokes line, it is not possible to distinguish which one of y; and y,
is dominant. The lines 04, OC, and OF correspond to

Im[z*2] =0 or argz =0, 4+2n/3 (5.11.6)

respectively. They are the Stokes lines along which a subdominant solu-
tion has its minimum and a dominant solution has its maximum.

The branch cut from z = 0 may be drawn anywhere as long as proper care
is taken to assign values to the functions. If a WKB solution y,, is continued
across the branch cut in the counterclockwise sense, just before it crosses
the branch cut at arg z = §, we have z = re®® such that

V2a = rV4 exp[—jd/4] exp[2r¥2 exp(3/8/2)/3] (5-1L.7)

In order that this solution is continuous across the branch cut it must be
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changed to — jy,4 since across the branch cut z = re 7?9 — re—427 i 3nd

—Jy1a = —jr* exp(jn/2) exp(—jd/4) exp[—2r*2 exp(3//2) exp(— j37)/3]
= r—V4 exp(—jd/4) exp[2r32 exp(3j6/2)/3] (5.11.8)

which is exactly the same as (5.11.7). Therefore, we have the rules of con-

tinuing the two WKB solutions across the branch cut counterclockwise as
follows

Yo —> —js N> —J). (5.11.9)

The property of dominancy or subdominancy of the solution is pre-
served in the process. If the branch cut is crossed clockwise, —j is replaced
by jin (5.11.9). When a solution crosses the anti-Stokes line, dominant
solution becomes subdominant and vice versa.

The WKB approximation for the most general solution of the Airy
equation may be written as the linear combination of y, and y, given by
(5.11.4). We have

u(z) = Ay,(2) + Bys(2)
= Az-Vig %3 | pz-1/4g%""13 (5.11.10)

where 4 and B are two arbitrary constants. In any region of the complex
z-plane, except along anti-Stokes lines, one of the two WKB solutions in
(5.11.10) is dominant and the other is subdominant. When the solution
u(z) is traced about z = 0 in the complex z-plane, the dominancy and sub-
dominancy of y, and y, will change according to the rules discussed above.
In general, it can be shown that different values of 4 or B must be used in
representing u(z) in different regions of the complex z-plane (Budden,
1961; Heading, 1962; Jeffreys and Jeffreys, 1956). This is known in the
asymptotic theory as “the Stokes phenomenon of the discontinuity of the
arbitrary constants.” It is obvious that in a particular region, the change
should occur on the coefficient of the term which is subdominant in this
region so that the accuracy of the solution is not affected. The most logical
place for this discontinuous change of subdominant coefficient to occur is
on the Stokes line where the subdominant term is minimum. Stokes (1858)
has shown that for maximum accuracy in the summation of an asymptotic
series, the change of coefficients must take place on the Stokes lines. A
formula may be written for this coefficient change when a solution is traced
across a Stokes line in the counterclockwise sense. We write

new subdominant coefficient = old subdominant coefficient
+ A X dominant coefficient (5.11.11)
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A is called the Stokes constant associated with the particular Stokes line.
To determine the Stokes constants, let us trace a WKB solution around the
origin. In Fig. 5.11-2, let us assume that a solution is given on the anti-
Stokes line OB by the expression

u(z) = Ay,(2) + By,(2)

where the dominancy and subdominancy of y, and y, are not determined.
In Region 2, the solution is

Ayia + By, (5.11.12)

From Regions 2 to 3, a Stokes line is crossed in a counterclockwise sense.
Applying (5.11.11), we have in Region 3

Ayia + (B + AoA)yss (5.11.13)

where 1. is the Stokes constant for the Stokes line OC.
In Region 1, the solution is

Ay + By, (5.11.14)
In Region 7, we have

(A — 24B)y15 + Byyg (5.11.15)

where 4, is the Stokes constant for the Stokes line OA4; the negative sign is
due to the fact that the Stokes line is crossed in the clockwise sense.
In Region 6, the solution is

(A — A4B)y1a + By, (5.11.16)

From Regions 6 to 5, the branch cut OF is crossed in clockwise sense.
Applying (5.11.9), we have in Region 5

HA — 24B)ysa + jByis (5-1L17)
In Region 4, the solution is
HA + 24B)yzq + jIB — Ag(4 — A4B)]y, (5.11.18)

where Ay is the Stokes constant for the Stokes line OF.
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When this solution is traced across the anti-Stokes line OD, it should
agree with the solution in Region 3 given by (5.11.13). Therefore we have
A = j[B— Ag(4 — 2,4B)] (5.11.19)

B 4 1pA = j(4 — 1,4B) (5.11.20)

These relations should be valid for arbitrary values of 4 and B. Therefore
we may equate the coefficients of 4 and B in the two equations, respectively.
From (5.11.19), we obtain

1 =—jlg, 1+ Aghy =0
From (5.11.20), we have
Ao =J, 1 = —ju
Therefore the Stokes constants are given by
Ay=Ao=2g=] (5.11.21)

With the Stokes constants given, we can trace any WKB solution of
(5.11.1) in the complex z-plane by applying rules (5.11.9) and (5.11.11).
For example, a solution y; in the Region 1 and 7 of Fig. 5.11-2 is subdomi-
nant. When it is traced counterclockwise to the anti-Stokes line, we have

Regions 7, 1: y,
Region 2: yy4
Region 3: yi4 -+ jyz

Therefore on OD, the solution is y, and jy,. The same result is obtained
if the solution is traced clockwise. Thus we have the procedure of extending
the WKB solution to the whole complex z-plane.

The asymptotic expressions for the two standard solutions A4i(z) and
Bi(z) of the Airy equation can be related to the two WKB solutions y,
and y, by applying the above procedure. From the behavior of Ai(z), it
can be shown that the WKB approximation for Ai(z) is given by

Ai(z) ~ 1,(2) (5.11.22)

20/n
in Regions 1 and 7 of Fig. 5.11-2.

On the positive real axis where arg z = 0, y, is subdominant and decreases
exponentially. On the negative real axis where arg z = 180°, from the dis-
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cussion above, we see that

Ai(— | z]) ~—

1+ Jy2)
Ve

=g V2| z|"Vicos(2| z|¥%z — =/d)  (5.11.23)

We could have started from (5.11.23) and continued it around z =0
and obtained (5.11.22) for the right asymptotic behavior of Ai(z) along
positive z-axis.

For Bi(z), however, we cannot start from the positive z-axis since Bi
is unbounded for large positive z, corresponding to a dominant WKB
solution. But in the limit of WKB approximation, there could also be a
subdominant WKB term in this region and the constant multiplier in front
of this subdominant term must be chosen in such a way that when continued
around the origin, the WKB solution gives the correct asymptotic behavior
of Bi(z). There is no way of determining this constant a priori; therefore
we start from the negative z-axis. Along the negative z-axis, the WKB
approximation for Bi(z) can be written as

Region 3: Bi(z) ~

[jyld + yzs]
2\/n

Region 2: Bi(z) ~ [y1a -+ 2]

2V/n

Region 1 Bi(z) ~ [Y1s + 2V24l

2v/n

Region 7 Bi(z) ~

[—jvis + 2p24] (5.11.24)
/7

Region 6: Bi(z) ~

[—Jyia + 2ys]
2\/7_1

i
2¢/n
1
2v/n

Region 5: Bi(z) ~

D2a + j2y1]

Region 4: Bi(z) ~ Dea + j¥1s]

Along the positive real axis, the subdominant term can be neglected as
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compared to the dominant term. Therefore

Bi(| z]) ~ 1 Vo = L | z|-12edl=ls (5.11.25)

T T

Bi is exponentially large along the positive real axis.
From (5.11.24) and (5.11.25) we can write

z_1/4[je—223’2/3 + ezzW/a] —> 2714023 (5.11.26)

to indicate the connection of the WKB solution on the negative real axis
to that on the positive real axis. This is called the connection formula. We
note that the arrow in (5.11.26) is one way indicating the fact that to go
from 4z to —z, a subdominant term should be added to (5.11.26), a fact
we discussed above. Similarly, for 4i(z), the connection formula is given by

2_1/4[9—22”213 + jeu”’/al(_, 71423 (5.11.27)

A two-way arrow is used here since the connections in both directions are
permissible.

The asymptotic behavior of A7 and Bi on the real axis as given by (5.11.22),
(5.11.23), (5.11.24), and (5.11.25) are evident in Fig. 5.11-2.

Summarizing the essentials of this section, we note that we have shown
a procedure to trace the WKB solutions of the Airy equation about z = 0,
the turning point in the complex z-plane, such that when a WKB solution
is known in certain domains in the z-plane, the form of this WKB solution
in other regions of the z-plane can be obtained. The detailed behavior of the
solution in the neighborhood of the turning point can not be obtained from
the WKB solution. However after it has passed through the turning point
and reaches a region where the WKB solution is again applicable, the solu-
tion in this region is predicted by the connection formulas.

The discussion on the Stokes phenomenon and connection formulas can
be extended to asymptotic solutions of differential equations of other types
where g(z) is an arbitrary function of z with higher order turning points
(see Section 5.13 for definition). Some such general cases will be discussed
in the following sections.

5.12 An Example

We now apply the results derived in the last section to study an example.
Let us consider a horizontally polarized wave incident from free space
upon a plasma. The electron density of the plasma is assumed to vary linearly
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with z. From the discussion in Chapter 4, we have the refractive index
for z > 0.

nt=1—wljw:=1—az n= (5.12.1)

where the electron density is assumed to vary as ¢z and where a = e?a/meyw?
is a constant.

Substituting (5.12.1) into (5.6.5a), we have
& E” + (ko? — k2 — ko*az)E, =0, z>0
(5.12.2)

dE” + (ko — k)E, =0, z<0

The generalized Snell’s law gives k, = k, sin 0; where ; is the incident
angle of the wave. Therefore, (5.12.2) can be written as

d?E,[dz? 4 ky*(cos? 0; — az)E, = 0, z>0

(5.12.3)
d*E[ldz? + k¢? cos? 6,E, = 0, z<<0

Comparing (5.12.3) with (5.9.1), we see that E,, k, correspond to u
and A, respectively, and
cos? 0, — az, z>0
ORS vy

o5t 220 (5.12.4)

The equation for z >0 can be transformed into the standard Airy
equation by the following transformation:

& = (k2a)V3(z — cos? 0;/a) (5.12.5)
We have
@E,JdE* — EE, =0, £ > —(ko/a)¥® cos? 6 (5.12.6)

Hence the general solution of E, for z > 0 is a linear combination of
Ai(&€) and Bi(&). As z becomes very large, & also is large and positive. From
our discussion in the previous section on the asymptotic behavior of Ai
and Bi, we know that for £ large and positive Bi(£) is exponentially large
while 4i(&) is exponentially small. Physical argument shows that for z —co
we can not have infinite amplitude for the wave. Therefore, in the expression
for E,, the term Bi(&) should not be included. Thus, we write

E,=TA4i(§), z=0 (5.12.7a)
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The corresponding horizontal magnetic field H, can be obtained from the
Maxwell equation (5.8.3a):

1 dE,
He=— wu  dz

= —jlko?a)?lwplTAI'(§), z=0  (5.12.7b)

where Ai’'(§) = dAi(&)/dE.
For z < 0, the solution for (5.12.3) is easily found to be
E]/ — e—jlco cos 0z -+ Rejko cos Oiz’ z<<0

) ) 5.12.8
Hx — (l/w,u)(—ko cos 6,) [e—;ko cos Oz Re”“’ cos 8‘2] ( )

At the boundary z = 0, E, and H, must be continuous. Thus we obtain
the relations
TAi(&)=1+R

JT(k2a)"3A4i(&,) = kycos 6,(1 — R) (5.12.9)
where

& = &(z = 0) = — (ko/a)*® cos? b; (5.12.10)

Eliminating T in (5.12.9), we obtain the reflection coefficient R

_cos b; Ai(&o) — jlalke)*Ai’ (&)

= = 5.12.11
cos 0; Ai(Es) + Jalko) AT (&) G121

The transmission coefficient T is obtained from (5.12.9)
2 cos b; (5.12.12)

= Tcos 6; Ai(&) + Jlalko) AP’ (&)

We note first that in the region £ > 0, or z > z, = cos? §;/a, the waves
are evanescent. No power propagates into the region z > z,. This can
be seen by forming the complex Poynting vector E X H* for z > z, and
noting that Re(E %X H*) = 0. Therefore, all the incident power is reflected.
This is evident from the fact that | R| = [ in (5.12.11), since the numerator
and denominator are complex conjugates in the expression for R.

The expressions (5.12.11) and (5.12.12) are exact. If | &, |=(ko/a)** cos®0);
> 1, then the WKB approximation for 4i [(5.11.23) for arg &£ = 7)] can be
used in (5.12.11). The WKB approximation for Ai’(&¢) is obtained by a
direct differentiation of the expression for 4i. We have

Ai'(— | &) ~a V2] & |Ysin2] & Y23 — a/d)  (5.12.13)
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Substituting (5.11.23) and (5.12.13) into (5.12.11) we obtain
~ cos(2| & [¥3/3 — nf4) — jsin(2| & [¥%/3 — =/4)
cos2 | & [7*/3 — m/4) + j sin2 | & |3 — =/4)
= exp jln/2 — 4| &|*¥*/3]
= jexp[—j4| &[*%3]
= jexp[— jdk, cos® 0;/3a] (5.12.14)

The condition | & | > 1 implies that cos? 6; should not be too small and
| ko/a|> 1. This latter condition indicates that in order that the WKB
approximation may be used, the electron density should vary slowly as com-
pared to the wavelength of the wave. Or, in other words, in one wavelength,
the electron density should not change much. Equation (5.12.14) indicates
that the reflected wave has the same amplitude as the incident wave with
a phase difference n/2 — 4k, cos® 6;/3a. We obtain this WK B approximation
for the reflection coefficient by applying the WKB approximation to the
exact expression of R. In the next section, we shall show that it is possible
to obtain the WKB approximation for the reflection coefficient directly
without knowing its exact expression. The technique is based on the connec-
tion formula for the WKB solutions.

We note that in the exact formula for the reflection coefficient R [(5.12.11)]
partial reflections from z = 0 to z = z, are included. In the approximate ex-
pression (5.12.14), however, when WK B approximation is used, these partial
reflections are neglected.

5.13 Reflection Coefficients for Stratified Media—High Frequency
Approximation

In the following, we shall discuss the technique of obtaining the WKB
approximation for the reflection coefficient directly without knowing its
exact expression.

As an illustrative example of the technique, let us consider the propagation
of a horizontally polarized wave in a stratified plasma. This time, the elec-
tron density varies arbitrarily as a function of z. The wave equation can be
written in general as

d*E,[dz? 4 k*q*(2)E, = 0 (5.13.1)

g(z) is assumed to possess the following properties:
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(i) q(z) is real on the real z-axis and approaches the value 1 as z — —co
along the real axis.

(ii) The point z = z, is a turning point of order unity for g(z). By that
we mean ¢%(z) can be expanded about z = z, by

7*(2) = ay(z — zo) + ay(z — zp + ag(z — z)* + - - - (5.13.2)

where a, = 0. [If (z — z,)" is the first nonvanishing term in the expansion,
the turning point is defined to be of order n.]

(ili) Consistent with the consideration of wave reflections the point
z =z, is assumed to be the only turning point. Consequently we may
assume ¢%(z) < 0 for z > z,, which requires @, < 0. Actually the technique
to be discussed can be easily extended to cases of isolated turning points
in the sense that between two neighboring turning points there exists a
region in which WKB solutions are valid.

If k,? is large, the two WKB solutions of (5.13.1) are given by
y, = q—1/2e—jko.[zqd‘ (5.13.3)
Py == g~V2giko[" ads (5.13.4)

where y, represents a wave propagating in the direction of increasing z
(see Section 5.10) and y, a wave propagating in the direction of decreasing
z. The branch of ¢ is chosen such that when ¢ < 0, ¢ is negative imaginary.
Therefore y, becomes a decaying wave as z increases. These solutions are
not valid near the turning point z = z,.

Just as in the discussion of the Airy equation, we can define the anti-
Stokes lines radiating from the turning point z = z, by

Re[j r g ds] —0 (5.13.5)

2

and the Stokes lines by

Im[j J q ds] =0 (5.13.6)

2o

In the neighborhood of z = z,, ¢® = a,(z — z,), @, < 0; therefore the
Stokes and anti-Stokes lines are the same as those shown in Fig. 5.11-2
for the Airy function. In Fig. 5.13-1, we draw the circle b about the tur-
ning point z = z,. Within this circle, the linear approximation of ¢ is
assumed to be valid; hence the Stokes and anti-Stokes lines are drawn
exactly the same way as in Fig. 5.11-2,
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Fig. §.13-1, The Stokes and anti-
Stokes lines in complex z-plane.

—A

The circle a is drawn to indicate the region in which the WKB solutions
are not applicable. We assume that the region b (in which g can be assumed
linear) is large enough such that at the boundary of the b circle the WKB
solutions of (5.13.15) can be used. The exact requirements on g and k,
for this assumption to hold may be obtained analytically but will not be
considered here [see, for example, Buddin (1961); Heading (1962)].

Physically, the solution of (5.13.1) for the electric field should be an out-
going or decaying wave as z — -+-co. Therefore, the WKB solution for
(5.13.1) should be y, in Regions 1 and 7 and is subdominant. When this
solution is traced about z = z, in the complex z-plane, the same technique
discussed in the Section 5.11 can be used. We note that the Stokes constants
derived in Section 5.11 are for WKB solutions with the “phase-reference”
(the lower limit of the integral in WKB solution) taken at the turning point.
Therefore, in tracing the solution, we should write, in different regions, the
following expressions.

In Regions 1 and 7,

Vis = [q—llze*jkofﬁ qu]s
— e—jko 20 qds [q71/2€>jk“ Igo qds ]8
The term in the bracket has the phase reference level at the turning point

z = z,. It is this term that we shall trace in the complex z-plane about z,.
Following the rules explained in Section 5.11, we obtain in Region 2,

Vg = e ko J5° ads [q~1/2e—jk0 5. qu]d
In Region 3,
Vg + jy28 = e"jku 5 qdﬂ{[q~1/2e—jkoj§n qu]d

+ jlgretto i o),
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Therefore on the anti-Stokes line OD, the WKB solution is

gV2eTRoShads y gmizke [E ads [ —1/205k0 [§ 0ds ) (5.13.7)

Hence, on the real z-axis for z << z,, the WKB solution of the wave equa-
tion (5.13.1) is given by (5.13.7). This expression satisfies the boundary
condition that as z —co the WKB solution is an outgoing wave. The
first term in (5.13.7) is the incident wave and the second term is the reflected
wave. The reflection coefticient is given by the coefficient of this second term.
Thus,

R = je It ]i ads (5.13.8)

This is the WKB approximation for the reflection coefficient. This tech-
nique of computing the reflection coefficient is sometimes referred to as the
“phase integral” method. The technique can be extended to cases where lossy
media are considered. For those cases, g becomes complex. The phase
integral method is still applicable provided a suitable contour path from
0 to z, in the complex s-plane is chosen. Details of this method can be found
in Heading’s monograph (1962).

As an example, let us use (5.13.8) to compute the approximate reflection
coefficient for the case of plasma with linear electron density. ¢(z) is given
by (5.12.4); therefore.

R=j CXp[-jZkOJ ° (cos? B, — as)V? ds]
’ (5.13.9)
= j exp[—jdk, cos® 0;/3a]

where z, = cos?0,/a has been used. Equation (5.13.9) is identical with
(5.12.14) which is obtained from the exact expression.

In general, we see from (5.9.22) that for lossless media such that g/
is real for z < zy, | R| is unity. The incident energy is totally reflected.
Equation (5.13.8) may be used to compute the reflection coefficient for
any arbitrary stratified medium, the refractive index of which has an isolated
turning point of first order provided the wavelength is short as compared
to the typical dimension characterizing the inhomogeneity of the medium.
For media having turning points of higher order, the formula (5.13.8)
may no longer be applied. To study these more complicated cases, the
starting point is the investigation of the Stokes phenomena about the higher
order turning points. Some results are given by Heading (1962).

Finally, we note that the above discussion for horizontally polarized
waves may be easily extended to the case for vertically polarized waves.
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Physically, as mentioned in the previous section, the WKB approximate
expression for the reflection coefficient R [(5.13.8)] is the result of neglecting
all partial reflections in the medium. For high frequency waves, this is a
a good approximation in general. However, for the case where no turning
point exists, there is no total reflection and according to WKB approxima-
tion, the reflection coefficient is zero. In this case, partial reflections become
important since they are the only contributions to the reflection coefficient.
The iterative procedure discussed in Section 5.10 may be used to find the
contributions from the partial reflections. Instead of treating the problem
this way, however, an alternative technique is introduced in the following and
explicit expression for the reflection coefficient will be found.

Let us consider again

d*E,|dz* 4 ko*q*(2)E, = 0 (5.13.1)

where g% > 0 always and approaches one for z < 0, and some positive
constant g,% as z-—» +oo.
In view of the partial reflections, the boundary conditions for E, at
Z— —00 IS
E, ~ e | Reiw (5.13.10)

and at z— 4o is
E, ~ Te ot (5.13.11)

Now, define a new variable

£(2) = ko J q(7) dv (5.13.12)

and construct a Green’s function

(12)e 7, F < E< too
G(¢, 5’)={ 2 (5.13.13)
(e, —co<E<E
which satisfies the equation
d*G(&, £)/dE + G(§, &) = 6(£ — &) (5.13.14)
In the variable z, (5.13.13) becomes
i[2 e—jkuj’ir q(‘!)dr’ 2 <z S +
Gz, 2') = {U/ e < (5.13.15)
(12)eola a0 oo <z <7
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and (5.3.14) becomes
d*G(z, z') o s N , 1 dg dG(z,2')
dz° +k0qG(Z,a)—k04(2)5(2—2)+—q—'ET
(5.13.16)

Multiplying (5.13.1) by G(z, z’) and (5.3.16) by E,(z) and subtracting
one from the other, we obtain

Gz 2) LEr £ 2 LICE) kB () o — )
_ 717 kG )—dG(z Z) (5.13.17)

Integrating (5.13.17) with respect to z from —oo to 400, we have

[ ~ AEy, dG(z, z') ]+°°
b d oo

2) ————

teo ] dg dG(z, z')
e q(2) dz /() dz

= —kog(z)E,(z') — J dz {5.13.18)

Using the boundary conditions (5.13.10) and (5.13.11), we obtain from
(5.13.18)

| R 1 to { dg  dG(z,2')
E(2') = ——r eThoJ8 T _ ; J E/(z) dz
@ =2 ¢ @) ) 4@ & & (51'(13)19)

Substituting (5.13.15) into (5.13.19), we have

Ey(zl) — q(IZ,) et [% a(n)de
e Tk I8 adT 2t dqg
ko [3 a()dT
52 J_m et E\z)dz
eiko 3 g0t oo dg .
_ S ik [Fa(n)dT 2
T J e E()dz  (5.13.20)

This is an integral equation for E, which is equivalent to the coupled
integration (5.10.22) we derived in Section 5.10. The first term on the right-
hand side is proportional to the WKB approximation for the incident
wave. The additional two terms are due to multiple reflections in the medium.
As z'— —o0o0, the second integral on the right-hand side vanishes and
(5.13.20) has the form given by (5.13.10). Comparing the two equations,



276 5. Wave Propagation in Inhomogeneous Media

we conclude that
—1 dq
R=—~ dz

. ekaJfa(nar E/(z) dz (5.13.21)

—o0

This is an exact formal expression for the reflection coefficient. For the
first-order approximation, we can substitute the WKB solution for E, in
(5.13.21) and obtain

Re _ gtk JiandT g, (5.13.22)

2 —oo q(Z) dz

This is the contribution from the waves that have undergone partial
reflection once in the medium.

5.14 Reflection Coefficients for Stratified Media—Very Low Frequency
Approximation

Up to this point, the discussion has been concentrated on the WKB so-
lutions of the wave equation for which the properties of the medium vary
slowly as compared to the wavelength. In some practical situations, however,
the properties of the medium may change significantly in one wavelength. A
typical example in radio wave propagation problems is the propagation of
very low frequency (VLF) radio waves around the earth. The frequency is
so low that the wavelength is comparable to the typical dimension of the
ionosphere. For these cases the WKB solution is no longer a good approxi-
mation. In particular, the phase integral method of calculating the reflection
coefficient is no longer applicable. In the following we shall introduce
another approximation technique based on the very fact that the properties
of the medium vary rapidly as compared to the wavelength (Brekhovskikh,
1960; Wait, 1962).

Let us consider a stratified medium characterized by £(z), and u(z).
As z— —c0, &(z) — ¢y and u(z) = yo. As z— +oo, &(z) — ¢, and u(z) —
U1, a horizontally polarized wave is incident from z = —oo with an
incident angle ;. The electric field can be written as

E, = [A(2) + B(z)]e P sin® (5.14.1)

where A4(z) is the wave going upward and B(z) is the reflected wave. Since
the medium varies rapidly, reflection takes place continuously in the medium.
The Snell’s law nsinf = sin 0; determines the angle 0. n? = euc? is the
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refractive index. The associated magnetic field components can be written
in the following forms:

H,= —(e(z)/‘u(z))l/Z cos 0 [A(Z) - B(Z)]e-jkormsine

.14,
H, = [ky sin 0,/ou(z)][4(z) + B(z)]eFonsin® (5.14.2)

Equations (5.14.1) and (5.14.2) should satisfy the Maxwell equations.
Substituting them into (6.8.3a) and (5.8.3¢), we obtain

——‘fg + % = —jkon cos 0(4 — B) (5.14.3)
dA dB . 7 1/2 1 d e \1/2
dz  dz R(T) cosB dz ((7) cos 0)(A — B)
7 ve 1 ko sin? 0,
—J“’(%) cos b (”" o ’)(A + B) (5.14.4)

Defining two functions,

B(z) = w(ep)? cos O (5.14.5)
and
8(z) = % % (%) (5.14.6)
Equations (5.14.3) and (5.14.4) may be put into the form
dAldz + jBA 4 6(A— B) =0 (5.14.7)
dBjdz — jB + 6(B— A) =0 (5.14.8)

If now we define the reflection coefficient as
R(z) = B(2)/A(2) (5.14.9)
(5.14.7) and (5.14.8) are readily combined to yield an equation for R:
dR/dz = 2j8R + 6(1 — R?) (5.14.10)

This is a general equation for the reflection coefficient. Up to this point,
it is exact. For different physical situations, it may be used to derive the
reflection coefficients under different approximations. For example, the
WKB approximation (5.13.22) derived in the last section may also be ob-
tained from (5.14.10) if high frequency approximation is made. In the
following, we shall consider the case of very low frequency. To obtain a
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solution, let us write
_ 8@w(@) — &

o e (5.14.11)
where

g(z) = (e/en®)(n? — sin? §,)V/2 (5.14.12)

g = lim g(2) = (g,/ggn;*)(n,2 — sin2 ;)12 (5.14.13)

iz ool

Since for z — 00, the reflection coefficient must vanish, it follows that
lim, ., v(z) = 1. A differential equation for v(z) can be obtained by substi-
tuting (5.14.11) into (5.14.10). We have, after some algebraic manipulation

7 2 2
ﬂ_f_’%"ﬁ(l_g_zuz) (5.14.14)

dz € g,
An iterative solution of (5.14.14) may be obtained in an ascending series

in powers of k,. The nth term has the form

oo 2 2
v, =1 +jk0glj " %o (1 ——%—uf,_l) dr (5.14.15)
z & &
where the limit of integration corresponds to the boundary condition.
The zeroth-order solution is v, = 1. Substituting this into (5.14.11),
we have
g— & _ cosf;— (&/eon,®)(n,® — sin®6;)'2

R= e ™ <osh, T aufeqiDnt —simtgyre O1416)

This is the Fresnel reflection coeflicient for the horizontal polarization at a
sharp boundary [see (5.7.10) for comparison]. Therefore we see that in this
iterative procedure, the zeroth-order approximation is the reflection coeffi-
cient for a sharp boundary. This is to be expected in our formulation, since
at the sharp boundary, the medium varies fastest; in fact, the properties
have discontinuities there. The higher order terms in the ascending series
in powers of k, account for the ‘“‘gradualness” of the boundary. For a
given medium, the properties of the medium vary more rapidly for lower
frequency waves (waves with smaller values of k,); thus the iterative pro-
cedure works better for these cases. This is exactly the opposite situation to
that of the WKB method.

The same technique can be generalized to vertically polarized waves by
applying the duality between E and H and e and u. The reflection coefficient
written in the form of (5.14.11) has been applied to the theory of normal
modes propagation of VLF waves in the earth~ionosphere waveguide (Wait,
1962).
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5.15 Signal Propagation and Reflection in Stratified Media

In the previous sections, we have only considered the propagation of
monochromatic plane waves in a stratified medium. In practice, however,
time-dependent signals in the form of pulses are often found in many
experimental situations. In this section we shall discuss this problem by
following essentially the same technique used in Sections 4.2 and 4.3 in
the discussion of transient waves in homogeneous plasma. We shall only
consider the high frequency signals so that WKB solutions are applicable.

Let us consider a stratified medium occupying the half-space z > 0.
Again, let us assume that a horizontally polarized signal is incident vertically
on the medium. The Fourier transform of the incident signal at z =0 is
given by E (0, w). The WKB approximation for the signal propagating
upward into the stratified medium is given by [see (4.3.1) and (5.10.15);
Budden (1961); Ginzberg (1964)]

E(z,t) = —217 Jc EQ, w)[n(z, w)} 1/ exp{jw[t — Lc J: n(s, w) ds]} dw
(5.15.1)

where the contour C is the Laplace contour discussed in Chapters 2 and 4.
Equation (5.15.1) may be considered as the summation of all the WKB
solutions; each corresponds to one frequency component of the original
signal.

If zy(w) is the turning point (of order one) for n(z, w) at frequency w,
then the WKB approximation for the reflection coefficient is given by
(5.13.8)

R(@) = j exp[—jZ — j:"(w) n(s, ) ds] (5.15.2)

Therefore, the WKB approximation for the reflected signal may be
written as

Ez, ) = % JC E(0, )[n(z, 0)]""2R(w)
X exp{jw[t -+ % J-: n(s, ) ds] dw}
- zf—n JO E(0, 0)[n(z, ©)]* exp{ jw[t n % j ,, n(s, w) ds

_ _i_ ﬂ”‘“” n(s, ) ds]} do (5.15.3)
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We note that in general the turning point z, depends on the frequency.
Therefore, each harmonic component of the signal is reflected at a different
level.

To carry out the Laplace inversions in (5.15.1) and (5.15.3) for a given
refractive index function n(z, w), the technique described in Section 4.3
may, in principle, be applied. Transient behavior of the transmitted and
reflected signals may then be obtained. In the following, instead of studying
the detailed transient behavior of the signals for some particular cases, we
shall discuss certain general features of the transmitted and reflected signals
which are found useful in many experimental situations.

For a pulsed signal, E(0, w) is peaked at the carrier frequency w,. For
large values of w,, the major contributions to the integrals (5.15.1) and
(5.15.3) come from the region where the phase in the integrand is stationary
at w = w, such that the harmonic components of the signal near w = o,
all have the same phase. For (5.15.1), this requires

a

r
— [m _ %J n(s, ©)o ds] —0  for w—w, (5.15.4)
0

Hence the position of the pulse at time ¢ is given by

I—J—JZ[—%(nw)] ds =0

4 o=my
and the upward velocity is
vy, = dz]dt = ¢/[(8/0w)(nw))v=uw, (5.15.5)

This is the upward group velocity for the pulse. Comparing (5.15.5)
with (2.12.4a) we see that the same expression for the group velocity applies
for both homogeneous and stratified media. The quantity c/v,, is defined
as the “group refractive Index” (5.7.5)

n' = ¢fvy, = (0jdw)(nw) = n + o dnjdw (5.15.6)

From (5.15.3), the reflected signal that reaches the level z = 0 is given by
E/0.1) = (27) | B, 0)[n(0, )]
c
2 Zglw)
% exp{ j[wt— TJ wn(s, ) ds]} do  (5.15.7)
0

The major contribution of this integral again comes from the neighbor-
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hood where the phase in the integral is stationary at w = w,. Therefore,
we have
Zpl{w)
TB—[wt— ijo wn(s,w)ds] =0
w 4 0 wg
or
Zo( w)
‘= % [i J " on(s, ) ds] (5.15.8)

do ), 0o

If at time ¢ = 0 the incident pulse is at z = 0, (5.15.8) gives the time delay
for the signal to travel up to the reflection level z = z4(w,) and come back
to the level z = 0. Carrying out the differentiation of (5.15.8) and applying
the relation n(z,) = 0, we obtain

2 Zo(w)
1= J n'(z, wg) dz (5.15.9)
0

Half of this quantity is the time it takes the pulse to travel up to z = z,(w,).
During this length of time, if the signal is propagating in the free space,
it will travel a distance ct/2. Thus we have

() = ctf2 — r"(w) W (z, wp) dz (5.15.10)
]

h'(w) defined by (5.15.10) is called the equivalent distance of reflection, or

virtual height in ionospheric terminology. The true distance of reflection

is zy(w,) and is called the true height.

Given a refractive index n(z, ), zo(w) may be found and (5.15.10) yields
the virtual height by integration. If, instead, the virtual height #'(w) is given
as a function of frequency, is it possible from (5.15.10) to determine the
refractive index uniquely? In general this problem belongs to a class of very
difficult ““inverse scattering” problems. Analytical solutions are possible
only for very few special cases. In this following section, one such case shall
be considered.

5.16 The True Height Problem—Ionosonde

Let us consider an isotropic, stratified plasma with electron density
varying as a function of z. The refractive index is n = (1 — w,?/w*)"/* where
w, is the angular electron plasma frequency. The group refractive index
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can be obtained from (5.15.6) and is found to be
1= 1/(1 — 0} w?)/? (5.16.1)

For this medium, the virtual height given by the formula (5.15.10)
becomes
, 2Zo(w) dz Zo(w) w dz
W (w) = L o J ey (162)
We shall assume that w,(z) is a monotonic function of z. Therefore there is
a unique inverse z(w,). For a given signal frequency «,, the reflection level
Z, is obtained by setting w, = w, in the expression z(w,) as shown in Fig.
5.16-1.

ol 4

w

Fig. 5.16-1. Plasma frequency as a monotonic function of z.

In (5.16.2), we change variables by letting

u@) = [wy(2), v=0o? (5.16.3)
and we have

V—1/2h1(01/2) — J‘zo dz

s T uTE (5.16.4)

This is known as the Abel’s integral equation. It can be solved by the follow-
ing procedure. Multiplying both sides by (I/z)}(w — v)~V2 where w is a
positive constant, and integrating in » from 0 to w, we obtain

(1/7) J: v=12(w — p)-V2R (VV/2) dy

= (1) I: dv L dzl(w — D)2 [y — u(z)]V2 (5.16.5)
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Changing the order of integration in (5.16.5), we obtain

w 4
(1)) J & J " Azl (v — wpe(w — vy
0 0
Zolw) w
= (1/n) J dz J dvf(w — v)V2(v — u)V/? (5.16.6)
0 u
where zo(w) is the value of z at which u(z) = w. We note that on the curve
in Fig. 5.16-1, v = u.
The v-integration in (5.16.6) may be carried out by first changing the
variable:
v=wcos20 + usin?0 (5.16.7)

Therefore

w n/2
j dv/(w — v)V3(v — u)V2 = 2J == (5.16.8)
u 0
and (5.16.6) becomes z,(w). Substituting this into (5.16.5), we have
zo{w) = (1/7) J v~ 120w — vy V2 (vV2) dy (5.16.9)
0
Changing the variable v = wsin? e, (5.16.9) becomes
n/2
zo(w) = (2/7) j A (wW'2 sin a) da (5.16.10)
0

where A'(w=V2sin @) means that the argument w in the known function
' (w) is replaced by w'/2sin a.

This is the solution for the Abel’s equation. Given a value w, the height
at which the plasma frequency is w, = w'/? is given by (5.16.10). This in
turn yields the electron density as a function of height.

If the electron density is not a monotonic function of z, then the analytical
method just described cannot be applied. In general, for more complicated
media, (5.16.2) can only be solved numerically.

We have just described a technique to use electromagnetic waves as a
probing tool to measure the electron density in a plasma. A device known
as “ionosonde” has been used since the 1920’s (Breit and Tuve, 1926) to
obtain worldwide electron density in the ionosphere. Simply described, an
ionosonde is a device that consists of an automatically sweeping pulse
transmitter and receiver. Pulses in the frequency band from about 1 to 20
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MHz are sent to the ionosphere (vertically or obliquely) and the time delay of
the reflected signal is recorded as a function of the pulse frequency. The
graphical display of such a record with frequency as one axis and the
equivalent height as the other axis is called the ionogram. This essentially

—/ Fig. 5.16-2. Typical ionogram.

f

is the function A'(w) in (5.16.2). Electron density as a function of height
can then be determined, usually by numerical methods. A typical iono-
gram is shown in Fig. 5.16-2. The two traces correspond to ordinary mode
and extraordinary mode, respectively.

5.17 Wave Propagation in Stratified Magnetoplasma—Forsterling’s Coupled
Equations

In the remaining part of this chapter, we shall extend our discussion on
wave propagation in stratified media to anisotropic cases. An immediate
example of this type is the earth ionosphere where the medium is a stratified
magnetoplasma. The general problem of propagation in such a medium is
a fairly complicated one and will be discussed in a later section. In this sec-
tion we shall first consider a special case, namely, the vertical incidence
case.

Let us consider a stratified plasma in a constant static magnetic field.
The plasma density varies as a function of z. For vertical incidence, the wave
propagate in the z-direction. Without loss of generality, the static magnetic
field is assumed to be in the yz-plane. For high frequency waves, at any
level z the Appleton-Hartree formula (4.14.9) yields two values, n,® and
n,2, corresponding to the two characteristic modes, ordinary and extraordi-
nary, respectively, For a homogeneous medium, the polarization of the
wave is defined by

R = E,JE, = D,/D, = —H,/H, (4.14.5)
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and (4.14.14) gives the two characteristic polarizations R, and R,, respec-
tively:

] [ Y sin2 6 ( Y2sint 0

1/2
"~ cosf [2(1— X) a1 — Xy +00s20) ] (4.14.14)

where 6 is the angle the static magnetic field makes with the z-axis.

Equations (4.14.5) and (4.14.14) are used to define the characteristic
polarizations for a stratified medium at any level z. From (4.14.12), we
know that RyR, = 1. Therefore, from the definitions, we can write the
components of the electric field for the characteristic modes, in the stratified
magnetoplasma in the following way:

E® = RE® = EP|R,, E® = REP = E®|R, (517.1)

where the superscripts “0” and “x™ indicate the two modes, respectively.
Any wave may be expressed as the linear combination of the two charac-
teristic modes. We have

E:z —_ ES)) + E:gz) - E:(co) 4+ RzEz(IZ)

Ey = El(IO) + E{lz) — RzE;(CO) + E](lz) (5-17.2)

For the two characteristic modes at any level z, the displacement vector
is related to the electric field by (Chapter 2)

DO = gn 2EQ, D;}” = ggly? Ez(/m

and
D® = gn,2E@, Dgf) = eonzzE;f) (5.17.3)

Therefore, the total displacement vector is written as

Dz — EO(HOZE;O) + nszéz))

= &o(n*EYY + n*R.E(") (5.17.4)
D, = &(n*E® + n2E{®)
= go(n’REP + n2E{™) (5.17.5)

Starting from Maxwell equations

Vx E=—jouH

(5.17.6)
V x H= jwD

and noting that for vertical incidence d/dx = d/dy = 0, (5.17.6) yields
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immediately H, = D, = 0. Eliminating H, and H, from the remaining four
component equations, we obtain

d’E, kot
dz? + £

a’E

D,=0
(5.17.7)

The quantities defined in (5.17.3) and (5.17.5) should satisfy the Maxwell
equations and hence (5.17.7). Therefore, substituting (5.17.3)-(5.17.5) into
(5.17.7), we obtain

d2Ez(0) dZE;.Z) dR dE(Z)
dz® TR dz? +2 dz
+ ‘2’} E® + kgngE, + kiRn2E® =0  (5.17.82)
dE;” | B dR dE;”
Re—gpe+t—g 12 iz
+ ddlfj E® + k@n2RE® + k&n2E@® =0  (5.17.8b)

Thus by defining the characteristic modes in the stratified magnetoplasma
as in (5.17.1), we obtain from the Maxwell equations the two coupled
equations. They may be simplified if we define new dependent variables in
the following manner:

F, = (R2?— D2E®,  F_= (R2— 1)V2E® (5.17.9)

where F, and F_ may be considered as the two characteristic modes. Further,
let

1 dR 1 d, (R —1
- 2 _ 1)-12 r - In—E— A7.
v R s & l“( Rz+]) (3.17:10)
Then (5.17.8) becomes
d F
ot ko¥ne? + vA)F, =k, I R VL LS XY AT)
Tdz dz
d*F_ dy dF.
I + k(n? + vA)F_ = ko—— e F,+ 2k o (5.17.12)

These are the Forsterling’s (1942) coupled equations for vertical incidence.
The terms on the right-hand side are coupling terms. The variable v is
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called the coupling parameter. We note that in general y 7= 0 and conse-
quently the two characteristic modes are coupled. Equations (5.17.11) and
(5.17.12) may be used as the basis for an iterative procedure to obtain
approximate solutions in cases where coupling is not too strong.

A special case for the Forsterling’s coupled equations is for 8 = 0 in
(4.14.14). For this case, the static magnetic field is also vertical. Equation
(4.14.14) yields

Ro=—j, R,=j (5.17.13)

which are constants throughout the stratified region. From (5.17.10), the
coupling parameter y for this case vanishes. Therefore (5.17.11) and
(5.17.12) reduce to

d*F,|dz? + kong*F, = 0 (5.17.14)
d*F_Jdz* + kgn2F_ =0 (5.17.15)

where, from (5.17.9) and (5.17.2),

F, = jV2EP = (jIV2)(E, + JE,) (5.17.16)
F_= j\2EP = IV 2)(E, — JE,) (.17.17)
Also, from (4.14.19), we have
X X
=l =] — 17.18
=l gy, mM=l- 1Ty (5.17.18)

Thus, we see that for this special case, the two characteristic modes are
circularly polarized and propagate independently of each other. In the
next section, an example will be considered for this special case.

Finally, we note that the discussion in this section has been for lossless
magnetoplasma. Collisional loss in the plasma may be taken into account
in exactly the same manner as was done in Chapter 4. Instead of (4.14.14)
and (4.14.19) in our discussion, (4.14.21) and (4.14.23) should be used,
respectively. The rest of our discussion then follows.

5.18 An Application of Forsterling’s Coupled Equations

As an example, let us consider a plasma with an exponential electron
density profile. The magnetic field is vertical; the collision frequency is
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assumed to be constant. Therefore
X = exp(az)
Y = constant (5.18.1)

U =1 — jyv/wo = constant

A wave is incident vertically upon this plasma. For this case, {5.7.14) and
(5.7.15) may be used.

dZF @z

b koz[l - -U‘:L—Y]a —0 (5.18.2)
2
dd;- + koz[l _ Uef Y]F_ —0 (5.18.3)

For later convenience, we redefine F, = E, + jE,, F_ = E, — jE,. This
does not affect (5.18.2) and (5.18.3) since they are homogeneous equations.
Define a new variable

{=az2 +c (5.18.4)
where ¢ is a constant to be determined.
In the new variable, (5.18.2) and (5.18.3) become
d?F, [_ atkl? e %
dace 4 U+Y

d*F_
dit

2
e 4 %koz]n —0  (5.18.5)

az koz e—2¢
4 U—Y

2
n [_ o "Tkoz]p_ —0  (518.6)

Equations (5.18.5) and (5.18.6) may be put into a standard form of
Bessel’s equation (Watson, 1944),

dy[dE? + (e — pY)y =0 (5.18.7)
by letting
azkoz e—2¢
and
(@®/4)ke? = —p* (5.18.9)

where the upper sign is for F, and lower sign for £_. From (5.18.8) and

(5.18.9) we have
2k0 ’_1

1/2
¢=ln—> (Ui Y) (5.18.10)
P = 2jkola
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The general solutions of (5.18.5) and (5.18.6) are (Watson, 1944)

_ 12

F, — z,,[sz"( U+1Y> eﬂ/z] (5.18.11)
- 1/2

F= zp[-:f—"( U_l Y) eam] (5.18.12)

where Z, is the Bessel’s function of any kind of order p.

To choose the right kind of Bessel’s function for our solution, let us
consider the boundary conditions. The wave should be a decaying solution
for z —co. From the theory of Bessel’s function, we know

lim H"(re’®) -0
r¥>oc0

lim Hy?(re %) — 0
r—roo

for 0<<6<=m (5.18.13)

where H§" and H{' are Hankel functions of the first and second kind, re-
spectively. The phase angles of the arguments of Z,,in (5.18.11) and (5.18.12)
are given by

_1 1/2 __1 1/2

where Z = v/w.
For low frequency propagation such that Y > 1, (5.8.14) may be ap-

proximated by
0~ }[n + tan—! Z/Y] (5.18.15)

By convention, we can choose
O<tan'Z/Y <=
for either Y positive or Y negative. Therefore
0<t<n= (5.18.16)

Hence for z — oo, the decaying solution is given by the Hankel function
of the first kind. Therefore

Fy= Hz‘}i/a(—zfzﬁ Vi e“m) (5.18.17)

where [, = 1/(U 4+ Y).
We note that at the level z = z, such that

e = U4 Y
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where z, is complex, the incident F, wave is reflected. To find the reflection
coefficient, we compute the field at z — —oco. For this case, the argument of
the Hankel function approaches zero. We can use the approximate expres-
sion for small arguments for Hankel functions. By definition (Watson,
1944)

HP(x) = jese(pr)[e= 7T (x) — J_p(x)] (5.18.18)

For x—»O,

J5(x) = (/27T (p + 1) (5.18.19)

where I'(z) is the gamma function.
Substituting (5.18.19) into (5.18.20) and applying the result to (5.18.17),
we obtain after some manipulation

R — L p(1— (]

sin(——zjtic ¢ n) 4 a
ejkoz

_ . F(l -
X [eoke — e(2nk0/a)][ﬂ1 /1, ]mk”/ : _%
“ (i)

a

)(2jko/a)

(5.18.20)

The first term in the bracket represents the incident wave, the second term
represents the reflected wave. We can define the reflection coefficient as

2jko
(4dkqla) F<1 - T)

R, = —et2nko/a) [_k}i4 /li ]

a
F(l — ———21;“’ )
= —(Ip) %o/ (kp/a)Ptk/®) ——— (5.18.21)
F(l + 2k
)
The magnitude of reflection coefficient is
|R, | =] [(g2kora) | (5.18.22)
If the medium is lossless, i.e., ¥ =0, /. = 1/(1 4 Y), then
|R, | =1 (5.18.23)

F, is totally reflected. For F_, we have I_ = 1/(1 — Y) = (1/Y)e’* for
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Y > 1; then
| R_| = | [(1]Y)ein]\i2ko/a) | — g—2nkola (5.18.24)

for a slowly varying medium (2zko/a)> 1. Hence | R_| is very small.

Most parts of F_ propagate through the plasma. This corresponds to the

whistler mode discussed in Section 4.11. This can also be seen from (5.18.3).

The guantity 1 — e®?/(U — Y) does not vanish for any values of z for

Y > l1—hence no total reflection for F_. '
As z— —oo, from (5.18.20), we have

E,= ¥F. + F.) = A[e7 + (R, + R_)e"*]

= Ale 7 4 R &%) (5.18.25)
1 A .
E,= 2—] (Fr—F)= 2__] (Ry — R_)ette
= A R e (5.18.26)
where
Ry = (Ry + R)/2, Ry = (Ry — R)[2j (5.18.27)

The presubscript in the reflection coefficient denotes whether the incident
electric vector is parallel or perpendicular to the x-axis, and the post-
subscript refers in the same way to the reflected electric field (see Section
5.7).

It can be shown from (5.18.21) and (5.18.27) that for ¥> 1

Rl = 3| R, + R_| = e-konia cosh[—kai (n — 2 tan! %)] (5.18.28)

and

| \Ri| = 3| R, — R_| = e-Foa sinh[—kal (n — 2 tan! %)] (5.18.29)

Equation (5.18.28) gives the magnitude of the reflected wave having
the same polarization of the incident wave while (5.12.52) gives the mag-
nitude of the reflected wave having a polarization perpendicular to that of
the incident wave. Equations (5.18.28) and (5.18.29) have been used to
interpret experimental data of absorption measurements at long and very
long wavelengths reflected by the ionosphere. Information about the elec-
tron density profile and collision frequency in the D region of the ionosphere
can be obtained (Stanley, 1950).
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5.19 Wave Propagation in Stratified Anisotropic Media—General Coupled
Equations

In the last two sections, wave propagation in stratified magnetoplasma
under certain special conditions was studied. In this section, we shall treat
the problem of propagation in general stratified anisotropic media. The
technique we shall introduce is the so-called coupled equation method.
This method may be applied to many other practical problems in addition
to propagation in the ionosphere (see Chapter 8).

Let us assume that for electromagnetic waves the medium is characterized
by a dielectric tensor

£(2) = ¢, K(2) (5.19.1)
The medium is nonmagnetic so that 4 = p,. Maxwell equations become
(for e/t dependence)
Vx E=—jouH

(5.19.2)
V X H=jwe - E

Since the coefficients are functions for z only, we can assume plane
wave solution of the form

eIk piot (5.19.3)

for the unknown components of the fields. Substituting (5.19.3) into
(5.19.2) and putting it into component form, we have

— jk,E, — dE,ldz = — jou,H, (5.19.42)
dE,|dz + jk,E, = —jou.H, (5.19.4b)
—jk E, 4 jk,E, = —jouH, (5.19.4c)

—jk,H, — dH,|dz = joeo(KyE; + KioE, + KiE)  (5.19.4d)
dH,jdz + jk H, = joeo(KynE, + KuE, + KyE)  (5.19.4¢)
—jkH, + jk,H, = joto(KyEy + KyE, + KyE;)  (5.19.4f)

where the K;;’s are the elements of the relative dielectric tensor.

It is now possible to eliminate E, and H, from (5.19.4) and obtain a set
of four first-order differential equations. In matrix form, this set may be
written as

dejdz = —jk,T - e (5.19.5)
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where e is a column vector defined by

E,

E,
e=1, ;{ (5.19.6)
[k ]

ntHy

and T is a 4 X 4 matrix defined by Eq. (5.19.7). 7, = (uo/€,)"/? is the free
space intrinsic impedance.
To solve (5.19.5), we introduce a transformation

e=R-f (5.19.8)

Substituting (5.19.8) into (5.19.5) and assuming that R is nonsingular,
we obtain

dfjdz + jk(R1+T-R)-f=—R . dR/dz - f (5.19.9)

where R-! is the inverse of R.

The idea here is to choose the transformation matrix R such that the
matrix R~! « T - R becomes diagonal. From the matrix theory, this can
be done for any particular value of z, if the roots g; (i = 1, 2, 3, 4) of the
quartic eigenvalue equation

det[T —gl] =0 (5.19.10)
are distinct. In that case,
: 0 0 O
0 g 0 O
-1.T.R= =A 5.19.11
R T-R 0 0 g3 O ( )
0O 0 0 g,

In a homogeneous medium, the right-hand side of (5.19.9) vanishes; there-
fore (5.19.9) becomes uncoupled and yields four solutions of the form
€% each propagating independently. For a stratified medium, the equa-
tions are in general coupled. If, under certain conditions, | R™! - dR/dz |
is small, then (5.19.9) serves as the basis for an interative procedure to
obtain approximate solutions.

From the matrix theory, the condition (5.19.11) does not determine the
matrix R uniquely. R is constructed by taking its ith column as the ith
eigenvector v, of the eigenvalue problem

(T—g)-v,=0 (5.19.12)



1474

ek, k]
k02K33 k02K33
kP kK
k02K33 k02K33
. ksza sz23
k0K33 kDK33
kyK1s . k.Kis
FoKas koKss |

(5.19.7)
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The normalization of the v, is still arbitrary. One way to define them unique-
ly is to require that the diagonal terms of the matrix R~1. dR/dz on the right-
hand side vanish. This additional condition on R will make the choice of R
unique. Equation (5.19.9) now becomes

dfjdz + jk,A - f=—R1-dR/dz - f (5.19.13)

where A is the diagonal matrix given by (5.19.11). The right-hand side
involves the coupling terms. The matrix —R~! - dR/dz is sometimes re-
ferred to as the coupling matrix. Its elements indicate the strength of coupling
between any two modes. The vanishing of the diagonal terms indicates that
there is no self-coupling term. Without going into details, we shall indicate
a way to solve (5.19.13) in successive approximation. Following the same
technique as used in Section 5.10, (5.19.13) can be transformed into an
integral equation

f(z) = fo(2) — F1(2) - f [F(z)] - [R!: dR/dr - f(z)] dv (5.19.14)

where
i Z
foi=¢€ ko [% qy(D)dx

Fopp = +5k 2 gl )dT if m=n (5.19.15)
=0 if m#n

f, may be considered as the independent characteristic mode in the medium.
Equation (5.19.14) may be used as the basis for the iterative procedure to
obtain higher order solutions corresponding to coupled wave equations
provided R~ dR/dz is small. In the regions where R~! - dR/dz is not
small, this procedure breaks down. Such regions exist in the neighborhood
of those values of z (usually complex) for which the matrix R is singular.
This happens, in particular, when two of the eigenvalues g; are equal. These
points in the complex z-plane are called “reflection” or “‘coupling” points.
The solution of the coupled equation in the neighborhood of these points
requires more detailed analysis and will not be considered here (Clemmow
and Heading, 1954; Budden and Clemmow, 1957).

If, under certain conditions in the quartic equation for ¢ [(5.19.10)] the
coefficients of ¢ and ¢® terms vanish, then (5.19.10) becomes quadratic in g%
Therefore at any level there exist two characteristic waves associated with
two values of ¢ which differ only in sign, corresponding to a pair of up-going
and down-going characteristic waves. For this case, the four first-order
equations in (5.19.5) can be combined to yield two second-order coupled
equations.
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Let us suppose for this case that
9y = —4,, gy = —4qs (5.19.16)

From (5.19.14) and (5.19.15), we see that f; and f; correspond to up-going
and down-going waves, respectively and so do f; and f;. Let us now introduce
new variables k; which are linear combinations of f;, fyand f;, f, , respectively.
They can be written as, in particular,

h=S.f (5.19.17)
where
1 1 0 0
1 —1 0 0
S = 0 0 1 1 (5.19.18)
0 01 —1
with §1=1}8.

Substituting f = S§-1 - h into (5.19.13), we obtain

dhjdz + jk(S - A-S 1) -h=—(S-R'-dR/dz- S -h (5.19.19)

where
0 ¢ 0 O
g, 0 0 O
.A.S§ 1 — 5.19.20
s s 0 0 0 g ( )
0 0 g, O
To save some writing, let us define
S‘R!-dR/dz- S1=W (5.19.21)
and partition the matrices in (5.19.19) in the following manner
h h q O
v=lpl v=[nl e=[7 4]
hs hy Q 0 g
A= [ Wu Wi ] B — [ Wiz Wia ] (5.19.22)
Wi Wag Wze Wgy
cz[sz Wzs]’ D:[sz W24]
Wy Wy Wae Wyy

where w;/’s are the elements of the matrix W.
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Equation (5.19.19) can then be separated into two pairs:
dujdz + jk@Q +v=—A-u—B-v (5.19.23)
dujdz 4 jkQ u=—C-u—D-v (5.19.24)
Solving (5.19.23) for v, we have

v=—G"'.(du/dz + A - u) (5.19.25)

where, for brevity, we have written
G=jkQ+ B (5.19.26)

Substituting (5.19.25) into (5.19.24), we obtain finally the second-order
coupled equations

dzu/d22+kon-Q-u:—[A—%-G—1+G-D-G—1]-du/dz
dA(d6 . o o\
—[—dz _<Tz G'—G-D-G ) A
—G-C— jk,B - Q] - (5.19.27)

Similar equations can be derived for v. For homogeneous medium, the
right-hand side vanishes. We have

d*hy|dz® 4 ke2q,2hy, = 0
(5.19.28)
d?hy)dz? + keqth, = 0

The equations become uncoupled.

The coupled equation method discussed in this section is quite general.
It can be used to solve many physical problems whenever the field equations
can be put into the form (5.19.5). It is especially useful when solutions are
being computed numerically. It also forms the basis for the analytical
discussion on techniques of obtaining approximate solutions. In the next
section, the coupled equation technique will be applied to the problem of
wave propagation in a magnetoplasma under general conditions.
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5.20 Application of the Coupled Equations Method to Wave Propagation
in a Stratified Magnetoplasma

In this section, we shall consider wave propagation in a cold magneto-
plasma; the electron density is a function of z. The dielectric tensor for
this medium can be obtained in the same manner as was done in Sec-
tion 4.5 for homogeneous cold plasma by considering the motion of mutually
noninteracting charged particles. The susceptibility tensor is given by
(4.5.11) where now the X’s are functions of z.

X=X
: X 1— Y:z - Yaz Yay + jYaz - Yaz Yaz - jYzy
= Z 1_*0}2 _YalYay —JYe 1— Yazzy _YayYo:z + 7Y
* e YzzYaz + jYzz}/ - Yzszaz - jYaz 1— Y:z
(4.5.11)

X, and Y are defined in Section 4.5.
For high frequency waves, only the contribution from electrons is im-
portant. Therefore, the relative dielectric tensor may be written as

K=1+x (5.20.1)

where the subscript ¢ = e on Y is omitted.
Substituting (5.20.1) into (5.19.7) and for waves propagating in the
xz-plane, the elements of the matrix T are obtained:
Ty = —(ko/ko)AX(Y,Y, — jY,)
Ty = — (ko /ko)AX(Y, Y, + jY)
Ty =1 — (k2lkeH)A(1 — Y?)
Ty = —1
T, = —AX[Y, Y, + jY,(1 — X)]
Typ=—A[1 + X2 — Y2 — X(2— Y2 — Y, B)] + k1 ke® (5.202)
T,y = (ko fko)AX(Y, Y, — jY,)
Ty=A0+Xx2—Y2— X2 — Y,2— Y,?)]
T, = AX[Y, Y, — jY,(1 — X)]
Ty= —(kzko)AX(YzYz + jYy)
Ti3=Ty =Ty =Ty, =T33 =Ty =0
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where A is defined as
A=[1—Y*— X1 — YH]?
Substituting (5.20.2) into the quartic equation (5.19.10), we obtain

¢+ a4+ bg®+cq+d=0 (5.20.3)

where
a=—(Ty + Ty)

b=TyTs — TiaTss + Tas

¢ = T3 Tay + TarTss — Tao(Tiy + Taa)

d = TysTsTss + TuTeeTia + ToaTi1Taa
— TI4T32T41 - T11T34T32 - T31T12T44

(5.20.4)

Equation (5.20.3) is known as the Booker quartic equation (Booker, 1938).
In general (5.20.3) yields four distinct roots for q. At any level, (5.20.3)
gives the four characteristic waves in the stratified magnetoplasma of which
two are up-going waves and two are down-going waves. When these waves
propagate in the stratified magnetoplasma, they are coupled through
(5.19.14). The elements R~ « dR/dz in (5.19.14) may be obtained by solv-
ing the eigenvalue problem (5.19.12). They are given by Budden and Clem-
mow (1957) and Budden (1961). Various numerical methods have been
developed to solve the coupled integral equation (5.19.14) for wave propaga-
tion in the ionosphere (Budden, 1969).

As an illustrative example, let us consider the case of vertical incidence
again, using the coupled equation method. For vertical incidence, k, = 0,
and the magnetic field may be assumed to be in the yz-plane. Therefore
in (5202) T\, =Ty, =T3 =Ty =0 and Ty, = 1.

Equation (5.20.3) becomes

gt + (Toy — Ty1)q® + (T Tyy — T5eTy) =0 (5.20.5)

which yields two roots for g2 Using (5.20.2), it is not difficult to show that
these two roots coincide with the two refractive indices 7,2 and n,* obtained
from the Appleton-Hartree formula (4.14.19). For this case, (5.19.11)
becomes

Rg 0 0 0
0 —n, O 0

A= .20.6
0 0 n, 0 S )

0 0 0 —n,
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The solution of the eigenvalue problem (5.19.12) yields the eigenvectors v,

Vi = (A F) 2 [—Tye, ng? — Ty, no(ne® — Tyy), —Tyeh)
Vo = (AoFy) 2 [—Ty2, ng? — Tyy, —no(ng* — Tyy), Tayny]

(5.20.7)
V3 = (A3F3) V3 [—Tyo, n2 — Ty, ng(n2 — Tyy), —Tyen,)
V4= (A4F4)_1/2 [— sz s nzz - T41 ’ _'nz(nzz - T41)s T42nz]
where
A=A, =n2—T,, Ay = A, =n2— T,
1 2 o 41 3 4 'z 11 (5.20.8)

F, =—F,= 2n0(n02 - nzz): Fs =—F, = ——2’1,;(",,2 - nzg)
The matrix R is obtained by taking v;’s as its columns. Therefore,
R = (v, V2, V3, V) (5.20.9)

Substituting (5.20.9) into (5.19.8) and (5.19.13), we obtain
fl = [ZnO(R12 - 1)]—1/2[n0Ex - nORz:Ey - Rznon ‘+’ 770Hy]
f2 = _j[znO(Rz2 - 1)]—1/2 [noEx - noRzEy + RznOHz - nOHy]

. (5.20.10)
f.:i = _.][znz(l - ROZ)]_UZ[_”IEJ: + anOEy + RznOHz - nOHy]
Ji = 2n(1 — RP)7V2[—n.E; + n RoE, — RunoH, + noH, ]
and
N Jkoofy = — (g [2jn0)f; + (j12)koy(ng + nz)(nony) V21,
+ bkap(ng — n,)(nonz) %,
fo = jkanofe = (n5'[2jno)fy + Ykgp(ng — ng)(none)~%f;
—(le)kOW(nO + ”z)(nonz)_llzfrl (5.20'11)

Is' + jkonafs = (—J[2)kep(ng + n)(nonz) V2, — bkoy(ne — no)(nona) ™,
+ (7' [2jn2)fy

Ji — Jkonofs = — tkop(no — n)(non,) V%,
'JT‘(j/z)koV’(no + nz)(nonz)—l/zfz — (15 [2jn)f5

where prime indicates d/dz.
These are the coupled first-order equations for the new variable f. The
function y is the coupling parameter defined in (5.17.10). The normalization

of the v;’s is such that there are no self-coupling terms on the right-hand
side of (5.20.11).
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When the coupling is weak, the right-hand side of (5.20.11) may be ne-
glected and (5.20.12) becomes uncoupled. The solutions of this set of un-
coupled equations gives the four independent characteristic waves and are
sometimes referred to as the WKB solutions for the vertically incident
waves (Budden, 1961).

We note from (5.20.5) that for the vertical incidence case, the eigenvalue
equation becomes quadratic in g2 For this case, from the discussion in the
last section, it is possible to derive a set of second-order coupled equations.
In fact, in Section 5.17 we have already derived the Férsterling coupled
equations from the Maxwell equation directly. As an example, let us now
apply the general technique discussed in the last section to derive the
Forsterling equations from the set of coupled first-order equations (5.20.11).

To do this, we first define a set of new variables
& = ng'? & = jn"*f,

— —1/2
&= —n; f4

e (5.20.12)

g = —Jn;\’fy,

Substituting (5.20.12) into (5.20.11), we obtain an equation for g(g,,
825 835 84)°

dgldz + jkoA -g=T - g (5.20.13)

where A is given by (5.20.6) and

=Y o' _ (k¥ ) _ k_w)( _ fz)‘
2, 2n, ) (5 -5
v (0w (30 %)
2n0 2}10 2 ny 2 Mg
koy My koy Mo —n; n;
-5 G0 -2 2, 2,
ko?# Ho kotf’ o nz, _nzl
Fo-2) -0+ % e
(5.20.14)
Following the method discussed in Section 5.19, we define
h=S-.g (5.20.15)

where S is defined by (5.19.18). The matrix W in (5.19.21) is then given by

0 0 koy 0
0 ny'[n 0 kgynying
W=--S8.Tr.s1— 0 = 5.20.16
S S kow 0 0 0 ( )
0  koyno/n, O n'[ng
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The matrices defined in (5.19.22) now become

A — [ 0 ko#’]’ B — c — 0, D — [ hy /n ko‘/’”x/”o

ko’/’ 0 ko’/’”o/’lz nz’/nx
6 , , (5.20.17)
__ I — v _ 2
QH[O nz], " [h:;]’ Y [’h]
The matrix G in (5.19.26) now has a simple form
. L [ O
G = jkQ + B = jko[o ; ] (5.20.18)
Using (5.20.17) and (5.20.18), we can compute
[N -1 "01/”0 0 ]
¢-6 —[ 0 n'[ng
G . D . G_1 — [no'/”o ko’l’ }
koy  n;/n,
- (5.20.19)
_ @G .G .D-G' — o¥
A—G-G'+G-D-G [Zkow 0]
ko*w® koy'
r_ . -1 _ . . -1y . . . ) R — oY 0'(/) ]
A~ (6G-6'—G-D-G)-A—G-C— jkB-Q [kow’ s

Substituting (5.20.19) into (5.19.27), we obtain the matrix equation
[h{'] 1k 2[?;02 0 ] [hl] - _[ 0 2k01p hl'] . [k02w2 kow' ] hl]
hy' 1o n2f LAl [2kep O A key ko' [ha

(5.20.20)
where
hy = g + g = ng 2 (fy + Jf2)
=V/2(R2 — 1)"V*(E, — R,E,) (5.20.21)
hy = g3 + gy = nzV3(—ifs — f2)
=12(1 — R2)Y*(E, — R.E,) (5.20.22)
h, and h, may be related to the two characteristic modes F, and F_ defined
in (5.17.9) by substituting (5.17.2) into (5.20.21) and (5.20.22). We have
B, =V2(R2 — 1)2E® =4/2 F, (5.20.23)

hy =V 2(R2 — 1)V2E® =4/2 F._ (5.20.24)
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Therefore (5.20.20) may now be written as
d?F,[dz® + k2(n? + v2)F, = ko(dy/dz) F_ + 2kgp dF_[dz (5.20.25)
d*F_|dz® + ko (n,2 + vB)F_ = ko(dy/dz) F, + 2koy dF./dz (5.20.26)

which are exactly the Forsterling’s equations defined in Section 5.17.

Problems

1. Find the equation of rays for an isotropic medium whose refractive
index is spherically symmetric, i.e., n = n(r).

2, The curvature vector of a ray is defined by

ds

K==

v

1
p
where p is the radius of curvature and # is the unit principal normal at a
typical point of the ray. From the ray equation (5.2.15), prove that

[K|=1/p=%-VInn
What does this relation imply in regard to the ray path?

3. Derive the Fresnel’s formulas for reﬂectlon and transmission coefficients
for vertically polarized waves.

4. In Fig. 5.7-1, if medium 2 is a uniaxial medium characterized by

g 0 O
£=[O £ 0]

0 0 g

a vertically polarized wave in free space is incident upon the sharp boundary
at z = 0 with an incident angle 6; (Fig. 5.7-1). Find the reflection and trans-
mission coefficients for this case.

5. In a horizontally stratified ionosphere without the magnetic field, if
an obliquely incident wave and a vertically incident wave are reflected at the
same level, prove

Jon = fy sec by
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where f, and f, are respectively the frequency of the oblique wave and
vertical wave and §, is the incident angle of the oblique wave. This is known
as the secant law (Fig. 5A-1).

B
SN T T T T’
T 1, Fig. SA-1. Geometry of an
A obliquely reflected ray in a plane
l stratified isotropic ionosphere.

6. In Fig. 5A-1 we assume the ionosphere is horizontally stratified. Ne-
glecting the earth magnetic field, a ray propagates from the transmitter T
to the receiver R via the ionosphere. The actual ray path is TABCR where
the reflection occurs at B. However, if one observes only the angle o of the
ray above the horizontal at T and R, the ray appears to follow the path
TAB'CR.

Prove: the length TAB'CR of the apparent path is equal to the group path
TABCR, or TABCR = D/sin8,. This is known as the theorem of Breit

and Tuve. Therefore, one only needs to know the ground range D = TR
and the angle of incidence 0, to determine the group path.

7. Again referring to Fig. 5A-1, prove that the height 4" of the equivalent
triangular vertex is the same as the virtual height measured at the equivalent
vertical incidence frequency. The equivalent vertical incidence frequency is
defined as the frequency that is related to the frequency of an oblique
ray through secant law. This is known as the equivalence theorem.

8. The problem of wave propagation in isotropic stratified media in general
can be reduced to the equation of the standard form

duldz® + h*q*u =0
For a lossless medium ¢ is real. Starting from this equation, prove the follow-
ing relation:

Im[(du/dz) u*] = constant

where Im indicates imaginary part and * indicates complex conjugate.
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9. In a lossless isotropic plasma, the electron density varies as a function
of z. For a horizontally polarized wave propagating in the direction of z,
use the result of Problem 8 to prove

Re(E x H*) = constant

which indicates that the power flow is constant in the lossless medium.

10. If the WKB solution of the equation
d?uldz® + h*q*u = 0
is given by
u= Ay, + By,

where
— ,—1/2,-jh [Zqds
¥ = q et

Py = q—l/zeihjﬁqdc

(a) within the accuracy of the WKB solution, does the law of the
conservation of energy hold if ¢ is real and positive (hint: compute
Im(u* du/dz)?

{(b) what will happen if 4 = +B?

(c) discuss the results of (a) and (b) for the horizontally polarized wave
in Problem 9.

11. Discuss the same questions as in Problem 10 for the case of real and
negative gq.

12. In the ionosphere, the electron density distribution as a function of
height is given by

N = ah? h>=0

where a is a constant. For a pulse with carrier frequency f; transmitted ver-
tically from the ground (2 = 0) at ¢ = 0, find

(a) the true height;
(b) the phase height;
(c) the virtual height.

13. The study of oblique ionospheric propagation invariably leads us to
the study of the Booker quartic (5.20.3). The Booker quartic may also be
derived by assuming in each homogeneous slab the wave function depen-
dence of the form e7®***:2) Here the wave is assumed to be propagating in
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xz-plane and its incident angle from free space is 0. Due to Snell’s law
k, = ko sin 8. Let k, = kyq. Then the Booker quartic can be derived by
noting k%= k2 + k.2 or n? =sin*6 + ¢* where n is the fractive index
given by the Appleton-Hartree formula [H. G. Booker, Propagation of
wave-packets incident obliquely upon a stratified refracting ionosphere.
Phil. Trans. Roy. Soc. London, Ser. A 237, 411, (1938)].

14. Show, for the special case of propagation perpendicular to the magnetic
meridian, that the Booker quartic results in the solution

7= ct— X[U— Y,? -+ s2Y,2 ((Yzz + sV 2 N Y2(c2U — X) )1/2]_1

20— X) U — Xy U—x

where ¢ = cos 8, s = sin 8, and § = incident angle. The wave is propagat-
ing in xz-plane. Note that the above relation reduces to the Appleton-
Hartree formula for the special case of vertical incidence.
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6. Wave Propagation
in Random Media

6.1 Mathematical Background

In order to study wave propagation phenomena in a random medium,
some knowledge of the theory of stochastic process is required. In this sec-
tion, a brief introduction of the theory will be given. The discussion will be
illustrative rather than mathematically rigorous. For more detailed dis-
cussion, refer to the books by Papoulis (1965) and Yaglom (1962).

Let us now consider the experiment of tossing a die. There are six dif-
ferent outcomes from this experiment, namely, a “one” showing, a “two”
showing, etc. Each experimental outcome is called an event. We denote the
set of events by £2. To every event we assign a number £(£2). This number
£(£2) is called a random variable. The probability for the occurrence of one
event, say £2,, is denoted by P(2,). This probability can be obtained ex-
perimentally by repeating the experiment many times. For a discussion
on the various definitions and developments of probability theory, the reader
is referred to, for example, the book by Papoulis (1965). In each experi-
ment, the random variable takes a particular value &(£2;) which we call a
realization of the random variable & The repeated experiments then yield
an “ensemble” of realizations. From this ensemble, the statistical charac-
teristics of the random variable can be determined. For example, the
simplest statistical characteristic of a random variable is the mean value.

308
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This is obtained by .
&= Zl £(R2:)P(L2:) (6.1.1)

In the experiment of tossing the die, if we let £(2,) = i, then for a fair die
such that P(2;) = 1/6, we have

(&) =35 6.1.2)
We next define the distribution function of the random variable & by
Fi(x) =P{& <x} (6.1.3)

where P{£ < x} means the probability such that the random variable &
is not greater than the number x. x is a real number and P{§ < x}is a
positive number depending on x. In the above-mentioned example, we see
that

0 x <1

1/6 1<x<2

1/3 2=x<3

Fy(x) =41/2 3I<x<4 6.1.4)
2/3 4<x<5

5/6 5<x<6

1 6 <x

The derivative
Je(x) = dFy(x)/dx (6.1.5)

of the distribution function F.(x) is defined as the density function of the
random variable £ We note that in general the density function may
contain Dirac delta functions.

The following are certain important properties of the distribution and
density functions:

(i) F(—o0)=0, F(+o0)=1.
(ii) F(x) is monotonically increasing, and f(x) is nonnegative.

(iii) Jim f(x) dx — F(oo) — F(—o0) — 1
) Fe) = [ foya,  Fop— Fe) = [ ar

and

Pl < E<x}= r” ft) dt
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where in F(x) and f(x) the subscript £ has been dropped. These properties
can be proved from the definitions and the probability theory.

We next introduce the conditional distribution and density. For an event
£, such that the probability P(£2,) 5~ 0, the conditional probability of
another event £2, assuming £,, is given by

P(2,/2,) = P(Q2,2,)/P(Q,) (6.1.6)

where P(2,0Q,,) is the joint probability for the events 2, and £,, to occur.
The conditional distribution function for the random variable & assuming
£, is defined by

Fx| Q) = P{£ <x|Q,) = P{E< 0@, YP2,)  (61.7)
The conditional density function for & assuming £2,, is
filx| 2,,) = dFi(x| 2,,)/dx (6.1.8)

Given a random variable £, then any function of this random variable is
also a random variable. For example,

n = g(é) (6.1.9)
is a new random variable with distribution

F,(») =P{n <y} = P{g(¢) <y} (6.1.10)

and density
£:(3) = dF,(y)/dy (6.1.11)

The mean value of g(£) can be obtained in terms of the density function
of the random variable &.

= <@ = | st dx (6.1.12)
In particular, if 5 = £, we have
400
& — J_ xf(x) dx (6.1.13)

We note that (6.1.13) reduces to (6.1.1) for the case of the die tossing experi-
ment because of the Dirac delta functions in the density function fi(x).
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Conditional mean value is defined in the similar manner. We have

+o0
@] 2> = <8O 2> = [ x| Qs (61.14)
as the conditional mean value of g(£) assuming £,,.

If instead of one random variable, we are given two, then any function,
of these two random variables is also a random variable. The joint distribu-
tion of the two random variables & and % is defined by

Fe(x, ) =P{E<x,n < y} (6.1.15)
and the joint density function is
Jen(x, ¥) = 0*F(x, y)[0x Oy (6.1.16)

Then the mean value of a function

L=g(&m (6.1.17)

is given by

@ =@y = | st dedy  @119)

Similar definitions hold for cases where we have functions of more than
two random variables.

Next, let us consider the notion of random functions. In an experiment,
to every outcome £2 we assign, according to a certain rule, a function &(t, 2),
real or complex, which depends on the parameter . We have thus created
a family of functions, one for each 2. These functions are random functions
of the parameter ¢. The family is called a “stochastic process.” A simple
example is provided by considering the die tossing experiment. If we assign
E(t) = sin ¢ for 2 = odd and &(t) = 2 for £2 = even, we have a stochastic
process.

For a specific ¢, £(¢, £2) is a random variable. The distribution function is
given by

F(x,t) = P{&@) < x} (6.1.19)
and the density function is
flx, 1) = 3Fg;;’) (6.1.20)

which are, obviously, dependent on . These are the first-order distribution
and density of the process &(¢).
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For two different values ¢, and ¢,, let us consider the two random variables
&(t)) and £&(t,). Their joint distribution is

F(xy, x93 81, 1) = P{&(1) < x15 &(t2) < x5} (6.1.21)

and density is

SCxyy Xa; 81, 8) = O%F(xy, Xa3 1y, 1,)]0%, 0x, 6.1.22)

These are the second-order distribution and density of the process, respec-
tively.

In the similar manner, higher order distribution and density functions
of the process £(¢) can be defined. We see that the process is characterized
by an infinite sequence of distribution and density functions. The determina-
tion of these higher order functions is in general very difficult. In most
part of what follows, we shall instead concentrate on the first two charac-
teristics f(x, 1) and f{x,, x,; t;, ¢;) of the process.

The most important statistical property of the random process is its
mean value

() = rw fCe; 1) dx (6.1.23)

—C0

The next simplest quantity is the autocorrelation function
+00 (400
0:(ty, 1) = E(1)E(L,)) = I J. XX f(%15 Xp 1y, 85) dxy dxy (6.1.24)

which is a function of ¢, and ¢,.
The autocovariance of the random variable &(¢) is defined by

Ce(ty, 1) = <[&(t)) — CEOPIE(1) — E@LHD (6.1.25)
From (6.1.24) and (6.1.25), we see that
Ce(tl s 1) = 95(11 s 1) — LE()DYCE(L)) (6.1.26)

In the above definitions, the random process is assumed to be real.
A process £(t) is said to be stationary if its mean value is a constant and
its autocorrelation function depends on ¢, — t,:
{&(t)> = constant

ee(t1, o) = (1) () = ee(ty — 1) = 0¢(7) (6.1.27)
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For a complex stationary process, we have in a slightly different form
e¢(r) = &t + 1)&*(1)) = o(2) (6.1.28)

where the subscript & has been dropped.
Clearly

0:(—7) = :*(7) (6.1.29)
for the complex process, and

0:(—7) = () (6.1.30)

for the real process.
The autocovariance for a stationary process is

Ci(z) = [&@t + 1) — LOIE*() — 5D
= gi(r) — | (O (6.1.31)

The power spectrum (or spectral density) Ss(w) of a stationary process
&(r) is the Fourier transform of its autocorrelation

Si(w) = rm e-ioro,(7) dr (6.1.32)

—0C

From the Fourier inversion formula, we have
+oo .
0:(r) = (1/2x) Se(w)e?*® dw (6.1.33)
With 7 = 0, (6.1.33) yields
+o0
ei0) = (1121) | Si(@) dw = | EO D >0 (6134)

Thus the integral [*%° S,(w) dw is nonnegative and is proportional to the
average “power” of the random process &(¢); hence the name power spec-
trum.

The stationary random process &(¢) itself can be represented in the form
of a random Fourier-Stieltjes integral with random amplitude dé(w):

E(r) = jm oot d(w) (6.1.35)

—o0
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Substituting (6.1.35) into (6.1.28), we have
oo freo .
o:(t) = J J elortto~iont {dd(,) dp*(0,))

= J‘+°° J-+°° eitwi—m¥t gjuyT <d¢(wl) d9§*(w2)> (6.1.36)

Comparing (6.1.36) with (6.1.33), we can write
dd(w,) dp*(w,)) = (1/27) §{w; — 0,)S:(w;) dw, dw, (6.1.37)

which relates the random amplitude d¢(w) to the power spectrum of the
process.

One important topic in the theory of random process is the ergodicity
of the process, A process is said to be ergodic if time averages are equal to
ensemble averages. In our discussion, we shall always assume that the
processes are ergodic.

On later occasions, we shall make use of the following theorem of auto-
correlation functions for the stationary process. The theorem was formulated
by Khinchin {1938). Let us define a random process by

Ep(t) = &(¢) for — T<it<T
Er()=0 for other values of ¢ (6.1.38)

The Fourier transform of £p(2) is
T

+oo .
Ep(w) = J Ep(D)e ot dt =

—o0 —

E()e It dt 6.1.39)
T

Then the theorem states that the power spectrum of the process &(¢) can be
written as
Se(w) :;im 1/27) | ép(w) |? (6.1.40)
00
To prove (6.1.40), let us introduce the function

or(x) = (1/27) j: Ep(0)En(t - 7) dt (6.1.41)

We note that due to ergodicity of the process, limyp, ., or(7) is the auto-
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correlation function of the process &(¢). The Fourier transform of g4(z) is

+oo . +o0 ) +oo
j_ or(v)eior dr — (12T) J_ - er- Er(D)En(t + 7) dt

—0Q

400 oo
= (1/21) J Ep(t)elt dt'[ Ep(t + v)edot+o gp
= (121)ér*(w)ép(w) = (1/2T) | ép(w) |2 (6.1.42)

Now taking the limit T — co on both sides of (6.1.42), we have proved
(6.1.40).

Up to now, our implication in the discussion of stochastic process is
that the parameter ¢ is taken as time. However, the results discussed above
are equally applicable to the random functions where the parameter is the
spatial coordinate. More generally, if the random function depends not
only on one but on several parameters, such as the three spatial coordinates,
we define the random function as a random field. The definitions discussed
above still hold. But instead of a stationary process, we define a homoge-
neous field for which the mean value of the field is still constant and
the autocorrelation

0¢(ry, rp) = {&(r)*(ry)> = gty — 1) (6.1.43)
is only a function of r;, — r, where r, and r, are two arbitrary spatial points.
Moreover, if the autocorrelation is a function of the distance between
r;and r,, | r;, — r, |, then the field is said to be homogeneous and isotropic.

The power spectrum is defined again by the Fourier transform of the
autocorrelation,

+oo
Se(k) = ”J e™ R o.(R) dR (6.1.44)
where R =r, —r,, and its inverse transform

es®) = {1/} [ [ [ set0e7® a (6.1.45)
Again we have

00 = | EO > = (eap} [[[ s ax (6146)
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We note that in our discussion above we have used Greek letters such as
& and &(r) to represent random variables and random functions. When
they take specific values in some realization, they are represented by Roman
letters such as x and x(z). However, to simplify our notation, such distinc-
tions are not followed in our later discussions.

This concludes our brief introduction to the theory of random processes.
In the following discussion on wave propagation in random media, we shall
make use of the definitions and theorems frequently.

6.2 Wave Propagation in Random Media

By random medium, we mean a medium whose properties are random
functions of time and position. The randomness may be due to the fluctua-
tions of the thermodynamic quantities of the medium, or due to the presence
of the irregular scatterers in the medium. The medium is characterized by
its statistical properties. When a wave propagates through this medium, ran-
dom scatterings take place and the scattered fields interfere with each other
in a very complex way. The resultant field also becomes random. The
problem of wave propagation in a random medium is the study of the statis-
tical characteristics of the wave. Many physical problems such as scattering
of sound waves by turbulent gas, underwater acoustic wave propagation,
scattering of radio waves by tropospheric turbulence and by ionospheric
irregularities, radio star scintillations, twinkling of stellar images, molecular
scattering of light, radiative transfer, and fluctuations of energy levels in a
semiconductor all belong to this category. Our discussion will concentrate
on the radio waves. However, the same techniques used in our discussion
can be applied immediately to other physical problems.

There are two different aspects in the investigation of wave propagation in
a random medium. One is to consider the medium as a continuum. The
properties of the medium are characterized by their dielectric permittivity.
The other is concerned with the scattering of waves by randomly distributed
discrete scatterers. Our discussion will be mainly on the first aspect. In most
cases, we shall only talk about high frequency electromagnetic waves such
that the period of the wave is much shorter than the typical time constant
of the random variation of the medium. Therefore, we shall take the per-
mittivity of the medium as a random function of position only.

The major task we shall be concerned with is to solve a partial differential
equation with random coefficients. This indeed is a difficult problem. For-
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tunately in practice in most situations the randomness of the medium can be
considered as weak, i.e., the random part of the dielectric permittivity is
small compared with its average value. For those cases, we can apply some
perturbation techniques to obtain approximate solutions for the problem.
In the following sections, we shall first study the “Born approximation”
solution for the various aspects of the problem. This approximation is also
called the single scattering approximation because it only takes into account
the effect of waves being scattered once. In this context, we shall discuss the
power scattered by irregularities, fluctuations, and correlations of phase and
amplitudes of the waves in random media. Some applications will also be
discussed. Higher order approximations correspond to taking multiple
scattering into consideration. We shall discuss certain techniques in dealing
with multiple scatterings. In particular, a diagram technique borrowed
from field theory will be used to study the propagation of coherent waves
in the random medium. The technique is still in its developing stage. Lots
of unanswered questions still exist. We shall keep our discussion to the
well-developed elementary part of the theory.

6.3 Scattering of Electromagnetic Waves by Irregularities

Suppose in a uniform medium, irregular scatterers are randomly distrib-
uted in a localized region. Due to the presence of irregularities, the dielectric
permittivity of the medium in the irregular region is expressed as

&(r) = e(KD + Ae(r) (6.3.1)

where &, (K> is the average dielectric permittivity and Ae(r) is the fluctuating
part, and is a random field of position. Note that the quantities in general
will depend on the frequency w for dispersive medium. Ae(r) will be assumed
to be a homogeneous random field with zero mean value. We also assume
throughout our discussion that | de| <€ g(K), corresponding to weak
random irregularities. The susceptibility for this region is given by

2(r) = (1/g0)[e(r) — &] = (KK> — 1) + de(r)/z, (6.3.2)

The dielectric polarization is related to the electric field through y. We
have (Chapter 2)

P(r) = & (r)E(r)
[eo(KK> — 1) + de(r)IE(r) (6.3.3)



318 6. Wave Propagation in Random Media

The average and fluctuating parts of the polarization are, respectively,

(P(r)) = &(KK> — 1)E(r)

(6.3.4)
AP(r) = Ae(r)E(r)

AP(r) is due to the presence of the irregularities. In (6.3.4) we have taken the
electric field E as the incident field in the absence of the irregularities since
the scattering due to the fluctuating part of the electric field is of second
order and is neglected. This corresponds to the so-called Born approxima-
tion.

fid

Fig. 6.3-1. Geometry showing transmitter at 7, receiver at R and scatterer at S
in a volume v'.

Let us now consider the geometry shown in Fig. 6.3-1. A linearly polarized
spherical wave radiated from the transmitter 7 falls on the localized region
of irregularities, volume . We like to calculate the scattered power received
at a point R. To do this, we first need to know the scattered field generated
by the polarization AP(r). The incident field at a scatterer S(r') is given by

E = (Eo/r)e*n (6.3.5)

where k =\/ <7>k0 is the propagation constant of the medium in the
absence of the irregularities and r, is the distance between the transmitter T
and the scatterer S. The fluctuating part of the polarization is obtained by
substituting (6.3.5) into (6.3.4)

AP(r) = Ae(Eyfr,)e (6.3.6)

The corresponding polarization current is jwAP. Hence the vector potential
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at the receiving point R due to this fluctuating polarization current is given
by the integral (Chapter 2);
jopey [ As®) Eetown

) —
A(r,”) 4 ey . dv (6.3.7)

where (&) = ¢(K) and r, is the distance between the scatterer and the
receiver. The integral is over the volume v'.

We shall assume that r,° and r,%, the distances of T"and R from the origin
O, respectively, are much greater than the dimension of the region where
irregularities exist. From Fig. 6.3-1, we can make the following approxima-
tions for the distances.

(D Yryry =1/rr
Gyrn=r+¢—r=r*—#"-r (6.3.8)
ra=r+ (= n)=r’— . r
where 7,° and #,° are the unit vectors along the direction OT and OS, respec-

tively.
Using (ii) of (6.3.8), we have

r1+r2=r1°+r2°—(f2°+?1°)'r' (639)

where 7,° 4+ 7,° is the vector that bisects the angle TOR.
Substituting (6.3.9) into (6.3.7), we obtain

—]k(r1°+1'2°)

JwEq
47 c? r0r,°

A(ry%) =

J‘ AS(r) kD g (6.3.10)

where k; and k, are the wave vectors of the incident wave and the scattered
wave propagating in the direction 70 and OR, respectively. This is

k;=—kf® and Kk, = kP,® (6.3.11)

The corresponding magnetic field and electric field of the scattered wave
can be obtained through the relation B =V X A and the Maxwell’s equa-
tions. Since the time-averaged scattered power at the receiver is due to the
far field components of B and E, we only need these expressions. We
have, for far field, the electric field in the f-direction (with z-axis taken
along E,),

k2E Ik 410
E = — 9 sin
o= — L2 sing

(6.3.12)

rory°



320 6. Wave Propagation in Random Media

where
[= J (Ae(¥))(e>) e dv' (6.3.13)

and f is the angle between E, and the unit vector &, and b = k, — k;.
The scattered power density at R is

|E8|2 _ KAE,? sin? B |I|2 (6.3.14)
2y N (4m)22n (r°ry%)?

where 1 = (u,/{e>)"? is the intrinsic impedance of the medium in the
absence of the irregularities. The power scattered per unit solid angle in the
direction of R is therefore

k*Ey?

(r")? 1 sin? 8
2 27 (4n)22y

1]
(n°)?

The power density of the incident field is

(ﬂ)g 1o (&)2 e

ry 2n ~\r°) 29

Therefore the power scattered per unit solid angle, per unit incident power
density, per unit volume is

4 2 qin2
a=(—4—::)275in2ﬂ|1|2=—n%—ﬂ—[1|2 (6.3.15)
where 4 is the wavelength in the medium.

The quantity o is called the scattering cross section and is a measure of
the strength of the scattered power in the direction of R.

We note from (6.3.13) that the integral [ is the Fourier transform of the
homogeneous random field Ae(r)/{e> in the limit of v — co. Applying
Khinchin’s theorem, we have

S,(b) = lim % | 1(b) |2 (6.3.16)

where S,(b) is the power spectrum for the random field d&(r)/<e), evaluated
at b.

Therefore, (6.3.15) becomes approximately
o = {n?%sin? §/A4}S,(b) (6.3.17)

The direction b is called the mirror vector since it reflects the incident
direction to the receiving direction. We see then from (6.3.17) that the
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power scattered in a particular direction depends on the components of the
spectrum of the irregularities in the associated mirror direction.

In the particular case of back-scattering such that § = #/2 and k, = —k;,
(6.3.17) reduces to

op = (2%)S,(2k,) (6.3.18)

If we assume an autocorrelation function of the form

0.(x, y,2) = ﬁ%‘;)zi ex { ! (iz + —Z:— + ;—:)} (6.3.19)

a2

2

where ((4¢)*> is a constant. The power spectrum is
Ae
<&
where (k,, k,, k,) = k,. Substituting (6.3.20) into (6.3.18), the back-
scattering cross section for this case is given by

e
<&

S.2K,) = Qmy¥ <

2
> abd exp[—2(k,%a? + k,2b® + k.2 d?)] (6.3.20)

2 2
op = (2m)¥2 % < ’ > abd exp[—2(k,%a® + k,2b® + k2 d?)]  (6.3.21)

Let us now apply (6.3.21) to a homogeneous, isotropic plasma of density
N, the dielectric permittivity is

e = gl — wp?fw?)

If the plasma density has a fluctuating part due to the presence of the
irregularities, N = N, + AN(r), then the dielectric permittivity is given by

£ = go(1 — wio/w?) — eo(wdo/w*)(AN/Ny) (6.3.22)

where w,, is the plasma frequency corresponding to N,. Comparing (6.3.22)
with (6.3.1), we have

(K> =1— wijw? Ae(r) = —eg(wio/w?)(AN/N,)  (6.3.23)

Therefore, (6.3.21) can be written for this plasma medium

op = (271)3/2”_2 (wpo/@)* < AN

2 (1 — wlo/w?)? N,
X exp[—2(k,2a® -+ k,2b® + k2 d?)]
wpo < AN

4\/27 ¢t No

2
> abd

2
> abd exp[—2(k2a® + k2 b® + k2 d?)]  (6.3.24)
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We note that (6.3.24) is valid for o 7 wy,.
For the special case in which the irregularities are of spherical shapes,
a=b=d=L, (6.3.24) reduces to

a
op = 0 < L;VN
/27 ¢t 0

This is the back-scattering cross section which is the back-scattered energy
flux per unit solid angle, per unit incident power density, per unit volume,
from an isotropic plasma having isotropic irregularities whose correla-
tion function is given by (6.3.19) with a = b = d = L.

Hence, in this section, using Born’s approximation, we have derived the
scattering cross section of electromagnetic waves due to random irregulari-
ties. The back-scattering cross-section formula has been used in the inter-
pretation of radar reflection data from the aurora (Booker, 1956) and many
other experiments.

Next, as an example of applying (6.3.17), let us calculate the scattering
cross section for electromagnetic waves scattered by the thermal fluctuations
in an isotropic plasma. For the plasma, (6.3.17) can be written as

2
> L? exp(—2k 2L?) (6.3.25)

_ 7?sin? f(wpefw)*
o1 — w3o/w?)?

Sx(b) (6.3.26)

where Sy(b) is the power spectrum for the plasma density fluctuation
(AN/N,). In Chapter 3, we have computed the plasma density fluctuation
due to plasma waves using some simple model. The power spectral for the
density fluctuation due to electron plasma wave alone is given by

aTp*N,
my(w}, + yTp*m,)

Sn(p, 0) = [0(w — @(p)) + 6(w + w(p))]  (3.6.16)

where w(p) is the dispersion relation for the plasma wave. For high fre-
quency incident waves, we can neglect the time variation of the density
fluctuation. Hence, we take the inverse Fourier transform of (3.6.16), and
setting the time interval equal to zero, we have

NoTp?/m,

- % 6.3.27
@k, T, (6.3.27)

SN(ps 0) =

When the motions of ions are included, the total electron density fluctuation
is the sum of the fluctuation due to electron plasma wave and that due to
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ion plasma wave. The total power spectrum can be obtained by adding
(3.6.16) and (3.6.17). We have

1 + 1D2P2

Sy(p) = T A e

(6.3.28)

where 4, is the Debye length defined by Ap = (g,7/Nee?)V2 In deriving
(6.3.28), we have taken y = 1 to make our formula coincide with that
derived from kinetic theory.

Substituting (6.3.28) into (6.3.26), we obtain the scattering cross section
for electromagnetic waves due to the density fluctuation of the plasma

_ a?sin? flwg/w)t 1+ Ap%| b2

A1 — wﬁoi/wﬂz 2+ ZD2 ‘ b ‘2 N, (6.3.29)

Since | b | = 4nA-1sin(f/2) where 0 is the angle between the incident direc-
tion and scattered direction, and 4 = 27/ [ko(1 — whe/w?*)*/?], (6.3.29) can be
put in the form

[47Ap sin(0/2)]* + A2

[47dp sin(6/2) P + 242 (6.3.30)

o = o,N,

where

0, = (oe? sin afdnm,)? = 8 x 10-%sin2a (m)?  (6.3.31)

is the classical scattering coefficient for a single free electron.

For A <€ 4nl; sin(8/2), (6.3.30) reduces to ¢ = Nyo,. Since the wave-
length is very small compared to the Debye length, the wave sees individual
electrons in the plasma as if they are independent scatterers; hence the
cross section is the sum of individual free electron cross sections. For
sufficiently large values of A, (6.3.30) reduces to ¢ = 4¢,N. Due to the col-
lective action of the electrons in the plasma, the cross section is thus reduced.

An experiment that takes advantages of the above scattering process is
called the “incoherent scattering” experiment. Essentially the experiment
involves the following procedure. A strong electromagnetic wave is sent
into the plasma; then the scattered signal in certain directions is received.
From the power spectrum of the received signal, certain parameters of the
plasma such as density, temperature, velocity, etc., can be determined. The
technique has been used successfully in probing the ionosphere. The theory
behind the experiment is essentially described in the preceding paragraph,
although one important modification must be made. In deriving a scattering
cross-section formula, the time variation of the fluctuating density must
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be taken into account. We shall not go further into this subject here and
interested readers are referred to various papers (Farley and Dougherty,
1960; Fejer, 1960; Sitenko, 1967).

In previous discussions of this section, the background medium was
assumed to be isotropic. It is now of interest to generalize the results to
include the case of anisotropic background. The mathematical technique
to be used is fairly general and can be used to study scattering from ir-
regularities imbedded in any anisotropic medium. However, in order to be
specific, the background is supposed to be a homogeneous magnetoplasma.
This is the case of interest in ionospheric studies and laboratory plasma
experiments. Due to the presence of irregularities, the dielectric tensor devi-
ates from the mean value and becomes a random function of position; i.e.,

£ = {g> + A (6.3.32)

where in a weakly random medium | g | is small when compared with
| <€) |. The dielectric tensor in a cold, lossless, electronic plasma is given by
(4.5.14). The ionic contributions can be ignored if the radio frequency is
high when compared with ionic plasma frequencies. Let us also assume that
the perturbations in € are caused entirely by fluctuations in electron density.
Then

Ae(r) = g, Ax(r) = &M AX(r) (6.3.33)

According to (6.3.32), A€ and consequently Ax and AX have zero mean.
The deterministic tensor M is given by

. 1—¥2 —Y,Y, +jY, —Y,Y,—jY,
M=— ——|-LY,— Y, 1— Y2 —Y,Y, + jY,
—Y,Y,+jY, —Y,Y,—jY, 1— Y2
(6.3.34)

With reference to Fig. 6.3-1, let a spherical wave be transmitted at T with a
given characteristic polarization propagating toward the scattering volume
v'. At the scatterer S, the electric field of the incident wave is given by

E(r') = (do/r))a;e (6.3.35)

where a; is the normalized characteristic vector of mode i. It should be
cautioned that k; is the propagation vector of ith mode and its corresponding
energy propagation is along r,. The angle between k; and v, (|| r,) is denoted
by «; which is zero in any isotropic medium but not necessarily zero in an
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anisotropic medium. The phase factor of (6.3.35) can be alternately written
as
k; + 1, = k;ry cos o (6.3.36)

The incident electric field (6.3.35) at S induces a polarization density due to
electron density fluctuations.

AP(') = ¢, AX(') - E;(r') (6.3.37)
The associated polarization current density is jw AP, or

AJ(') = jowe, AX(') + Eir)
= jowegdy AX(T' )M - a;/r;,)e Tk (6.3.38)

The induced current {6.3.38) in the volume »' radiates and gives rise to a
scattered field at R. The scattered field, like the incident field, is assumed to
propagate in the background homogeneous medium. Such an assumption
is identical to the first scatter or Born solution to be discussed later on and
is valid when the medium is weakly random. The problem of excitation of
fields in an anisotropic medium was discussed in Section 2.13. Making
use of these results, the scattered field at R can be expressed as

Es(r,%) = —jops J Mo, ') - AJ() dr’ (6.3.39)

where the dyadic Green’s function in a lossless magnetoplasma is given by

*

’ 1 a,a, jkeo(rg0—r’
Fl’r) = 2n)® ZJ k2 —kp? e gk (6.3.40)

The evaluation of the integral in (6.3.40) in general is very difficult. Since in
our case the receiver R is very far away from the scattering volume o', the
inversion in k-space may be carried out asymptotically. The result is, ac-
cording to Section 2.14,

1 C,a,a*

Flr') =
1) 4| r —r'| ‘-’; k(| K, )2 sec a,

e ') (6.34])

The summation is carried out over all characteristic modes and those
saddle points of the dispersion surface whose normal is in the direction
r, — r'. In a cold magnetoplasma, there are only two modes, but there
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may be as many as three saddle points on the dispersion surface whose
corresponding group velocities are parallel. The exponential phase factor
in (6.3.41) must be interpreted in the same manner as that of (6.3.35),
ie, k,’s of (6.3.41) must be those values of the propagation vector whose
corresponding group velocities are all parallel to the vector r,® — r’. There-
fore, k, as well as a,, K, and «, all depend on r'. If the angle subtended by
the scattering volume v’ is small at 7 and R, we may assume k,, a,, K,
a,, a;, and k; to take constant value. Making such an assumption, the
scattered electric field (6.3.39) now becomes

koA, z Ca,(a*-M-a) AX(x")
47 k(K |)Wseca, Jp r|r®—1'|

a

e Tha (- )k g

E,(r,%) =

The approximations (6.3.8), (6.3.9) can be used again in the above expres-
sion to produce

E,(r,°) = ko4, Z Cafa*-M-a) g I kaTotc08u gy Pcosary)
s\e 4rrOrd 5 k(| K, |)V2 sec a,

X j AX(r') ei*a k0 gy (6.3.42)
For later convenience, we write (6.3.42) as
E(r;") =) a,E,(ry0) (6.3.43)
The associated scattered magnetic field is

1
H,(ry%) = — m V % E,(r,°)

where the symbol IV operates on r,? coordinates. Carrying out the operation,

1

(1]

H, (l'20) =

>k, X 2,E,(r;%) (6.3.44)

The scattered time-averaged power flow density at R is just the Poynting
vector. Let the process AX be stationary with the correlation function B,
ie.,

B(r, — 1)) = {A4X(r,) 4X(x,"))/<(4X)* (6.3.45)
Let the difference of two propagation vectors of two scattered modes be h:

h =k, — kg (6.3.46)
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Then, the statistically averaged Poynting vector involves a double volume
integral of the form

JJ B(rl’ . rz’) ef(ka’ki)'("l'_rzl) . ejh'&‘ drl’ drz'
= [[ By s mug an

where coordinate transformations § =r,' —r,’,  =r,’ have been in-
troduced. If the dimension of the scattering volume is much larger than
1/h, the integral with respect to v vanishes unless h = 0, i.e., k, = k;.
Physically then if the differential phase shift of the two scattered modes is
large over the scattering volume, the total scattered energy flow is equal to
the sum of the partial energy flows in the individual ordinary and extraordi-
nary modes. When this is the case, the statistically averaged Poynting vector
reduces to

(S = ¥Re E, x H,*)

kgt AP (AX)) |a,* - M- a;|% %
T RAPwu Y 5 k2| K, | sec? a, Refa, x (k, X a,")]
X Sg(k, — ki) (6.3.47)

where Sy is the power spectrum of the process AX defined by
Sg(k) = j B(E) e dE (6.3.48)
The power density of the incident field is
Re[A4¢*20p0(r,°)*1| a; X (k; X a;*) |

The scattered power density per unit solid angle is just (r,°)2S. The scattering
cross section is defined as the scattered power density in ath mode per unit
solid angle per unit incident power in the ith mode per unit volume, or

kst Reja, X (k, Xa,")| |a*-M-al
(4m)? Re|a; x (k; X a,*)| k2| K,|sec?q,

i% Sxk, — k)
(6.3.49)

We note that the vector
Refa, X (k, X a,")] = (a, - a,*)k, — Re(a, - k,)a,*  (6.3.50)

is parallel to the ath mode Poynting vector. We wish now to evaluate
this vector. The characteristic vector a, is normalized so that its magnitude
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transverse to k, is unity. In a coordinate system in which k, is along the
z-axis and B, is the steady magnetic field vector in the yz-plane (see Fig.
4.14-1), it is given by

a, = (1/[1 + | R, [?]V*)[£R, + § + ZR,0.] (6.3.51)

where R and Q are both pure imaginary and are given by (4.14.14) and
(4.14.16), respectively. The second term on the right-hand side of (6.3.50)
is then computed to be

Re(a, - k)a* = [k,/(1 + | RIDIIQ.R. + 2| Q. |* | R.|*]
Using this expression, (6.3.50) can be reduced to

Re|a, X (k, X 2,*)| = [ —JQ.RA, /(1 + | R, |?) + Zk,|
=k, sec a, (6.3.52)

The last equality is obtained because the angle between k, and the Poynting
vector is «,. Similar computations for the incident wave yield

Re|a; X (k; X a;*)| = k;seca; (6.3.53)
Substituting (6.3.52) and (6.3.53) in (6.3.49), we obtain finally

ko* |a,*-M - a;|%cosa;cos a

T« = gy ki, | K|

= Sy(k, — k;) (6.3.54)

This is the scattering cross section for an ith incident mode scattered into the
ath mode. The quantity a,* - M - a, can be viewed as the projection of the
scattered mode on the induced polarization and is in general complex,
but it becomes real if scattering takes place in the magnetic meridian
plane. It should be remembered that k; is the wave vector of the incident
wave whose energy propagates from T to 0 of Fig. 6.3-1 and Kk, is the
wave vector of the scattered wave whose energy propagates from 0 to R.
However, the direction k, — k; can still be identified as the mirror direc-
tion since a perfect reflector normal to this vector will reflect energy incident
from the transmitter at 7 to the receiver at R. Consequently, the scattering
is still dependent on the Fourier content in the spectrum of N in the mirror
direction. The scattering process effectively picks out those irregularities
in the fluctuation Fourier spectrum that are in the mirror direction; all other
irregularities are ineffective as far as the scattering is concerned. The ex-
pression (6.3.54) is rather involved and has been studied numerically in
detail by Simonich and Yeh (1971).
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6.4 Fluctuation of Electromagnetic Waves in Random Media—Geometrical
Optics

In the previous section, the power scattered by localized random irreg-
ularities has been calculated in the limit of Born’s approximation. In many
cases, the fluctuations of the other propagation parameters of the wave
such as amplitude, phase, direction of arrival, and frequency are of prac-
tical importance. On the one hand, these are pertinent parameters in de-
signing a transmitting or a receiving device; on the other hand, they may
yield valuable information about the statistical characteristics of the me-
dium. Therefore, a large portion of the literature of wave propagation in
random media has been devoted to this area. In the next three sections, we
shall discuss the theory as well as some applications of this topic.

Let us consider a random medium occupying the infinite half space
z> 0. Again we assume the medium is characterized by the dielectric
permittivity given by (6.3.1). Starting from the Maxwell’s equations, as-
suming time dependence e’*!, we can write the wave equation for the
electric field in the form

P?E + ko2(e/eo)E + V[E - ¥ In(efee)] = 0 (6.4.1)

Before we go into the discussion of fluctuations of waves, we note that (6.4.1)
can be taken as the starting equation in the discussion of scattering from
irregularities instead of the procedure described in the last section. From
(6.4.1), scattered electric field can be obtained directly.

We now come back to the problem of this section. Let us assume that the
wavelength A is small compared to the typical dimensions of the irregularities,
L. In this case we can neglect the last term of (6.4.1) and we obtain instead of
the vector wave equation three scalar wave equations,

V2u -+ koX(e/egyu = 0 (6.4.2)

where u is any one of the components of E. This assumption is equivalent to
neglecting the effect of depolarization.
Setting
u(r) = A(r)e#5m 6.4.3)

and substituting it into (6.4.2) under the assumptions of geometrical optics
(Chapter 5) we obtain
VS) = kole(r)/eo

(6.4.4)
PeS + WS -Vind=0
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Again we assume in & = g{K) + Ae(r), | de | < e k). We then set
S=58,+5,

(6.4.5)
InA=InA4d,+ g

where S; and y are of the order of Ae.
Substituting (6.4.5) into (6.4.1) and equating terms of the same order of
smallness, we obtain for the zeroth order

S,)? = kXK = k*

(6.4.6)
725, + W In Ay - V'Sy =0

and for the first order

WS, - VS, = k2[de(r)/eo]

6.4.7)
V28, + W In Ay - VS, + Wy - VS, =0

where | 7S, | <|VS,| or | VS, | < k has been assumed. This implies that
the change of phase in one wavelength is very small.

We now consider a plane incident wave in the z-direction. Thus the so-
lutions of (6.4.6) are S; = kz and 4, = constant. Equation (6.4.7) becomes

08,0z = tk[Ae(r)/{e>]

(6.4.8)
72S, + 2k 0y/0z = 0
where (&) = g,({K>)? as before. Integrating (6.4.8), we have
L
Si66 3, L) = (172K [ | [dex, 5, 6] do
° (6.4.9)

L
2G6 v, L) = —(1/2k) j 7S, (x, y, 2) dz
0
L [[OS,\E (Bl aes, o8,
“”27{( 5 ) +H o T oy )dz} (6.4.10)

38, -tk
(5] = oy Mex, 3, D) — de(5, 3,01 64.11)

z2=0

where

Equations (6.4.9) and (6.4.10) relate the fluctuations of the phase and
amplitudes of the wave to the fluctuating part of the dielectric permittivity.
Obviously, (S;> = (3> = 0 since {A4&) = 0. In the following we shall com-
pute the mean square fluctuation of the phase. To do this, we first derive the
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expression for the autocorrelation of S| in the plane z = L. We have,
from (6.4.9)

0s(x1 — Xz, 1 — Ya3 L) = {8:(x1, ¥15 L)S1(x2, ¥ss L))
kt (L (L
= || ety m) A, pa i
0 o0
X dz, dz, (6.4.12)

The notation gg(x, — x,, ¥; — y.; L) indicates that the correlation is com-
puted at the plane z = L. For the case Ae(r) is a homogeneous field, the
autocorrelation is a function of r, — r,, (6.4.12) can be written as

os(6, 75 L) = "(] H j 0 & m O dzdz,  (64.13)

where § =x, — X3, P =y, — ¥,; and { =z, — z,, and
[Ae(r)/Ke>][Ae(r)/<eX]> = | Ae[{e> |2 0.(R) (6.4.14)

Changing the variables of integration in (6.4.13)

2=+ z,, Zy = Z, (6.4.15)
we have
k2 A 2 L 212y
estemi ) = (| oo | )| dn [ et n ar @46

Changing the order of integration and carrying out the z,-integration, we
obtain after some algebra

os(&,m; L) = k2< é*; 2>
[ @+ veten e+ [ @—vetenval
-~ <‘ S H (L — o n, ) dC (6.4.17)

where g¢.(£, 1, {) = o,(&, 15, — ) has been used.
Since p,.(&, n, {) becomes very small as { increases beyond the correla-
tion length, (6.4.17) can be approximately written for large value of L as

Ae

esté, i 1= (| 2=

Ve[Ta@noa 64
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If the power spectrum of g, (&, 1, {) is S(X|, K,, K;), then
+oo
S.(Ky, Ky, K3) = J” 0.(&, m, )t EST Bt EsD ge dp db (6.4.19)
We can define a two-dimensional spectral density in the plane z = { by
+oo
Rk K 0) = ([0t n DS aedy  6.420)

Therefore, from (6.4.19) and (6.4.20), we have

+o0 .
SE(K]. > K2s K3) = '[ Fs(Kl > K2’ c)eJK,,C dC (6.421)
and
400
Sk K0 = [ FK K D de (6.4.22)

Applying this definition to (6.4.18), the two-dimensional spectral density
of g4(X, Y, L) becomes

k2 A 2 +00
K D= (| 2= L[ Rk k0 a
k? Ade |2
= — (] — K 4.
| |) sk K, 0) (6423)

Equations (6.4.18) and (6.4.23) relate the autocorrelation and two-
dimensional power spectrum of the phase fluctuation of the wave in the
plane z = L to the autocorrelation and power spectrum of the dielectric
permittivity, respectively.

Now, a few words about the range of validity for the geometric optics.
First of all, in order to apply this method, we should have

A<l (6.4.24)

where / is the dimension of the irregularities. This length is closely related to
the correlation length of g,(r). In addition, we should be able to neglect
the diffraction effects. For an obstacle of dimension /, the angle of divergence
of the diffracted wave is of the order of § ~ A/l. At a distance L from the
obstacle the size of the diffracted image will be of the order of 6L ~ LA/l
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In order for the geometrical shadow of the irregularity not to be appreciably
changed, we require

Ll <1

or
aLyz<Li (6.4.25)

Equations (6.4.24) and (6.4.25) give the range of validity of the applica-
tion of geometric optics.

The mean square fluctuation of the phase is obtained by setting & = n = 0
in (6.4.18):
Ae

k2
=7 (|

2> L J:’ 0.(0,0, £) d¢ (6.4.26)

We note that this fluctuation increases with the distance the wave has trav-
eled in the medium.
Similar computation can be made for the amplitude function .

6.5 Fluctuation of Electromagnetic Waves in Random Media—Wave Theory
We now turn to the wave theory of propagation in random media. The
starting point of this section is again the scalar wave equation
V2u + ko (g/eg)u = 0 (6.4.2)
Let us define a new function »(r) by
u(r) = uy(r)e¥™” 6.5.1)
where uy(r) satisfies (6.4.2) with k.2 ¢/e, replaced by
k% = ko XKe)feg (6.5.2)

It is the solution of the wave equation in the absence of the random ir-
regularities.
We note by comparing (6.4.3) and (6.5.1) that
Re p(r) = x(r)

Im p(r) = S,(r) ©33)

where x(r) and S,(r) are the fluctuations of the logarithmic amplitude and
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phase of u(r), respectively. Substituting (6.5.2) into (6.4.2), we obtain for y

Vu, , de
2Ty R =0 (6.5.4)

Ve + Vy)? + 2

Setting
Y= vw (6.5.5)

and substituting it in (6.5.4), we obtain

v 2w + (T)w + (Fv)2w? + 2V uefue) - V(vw)
4 RPw + 20wy + 270) - Pw 4+ KX (def(ed) = 0 (6.5.6)

Since now instead of p, we have two functions » and w, we have an
additional freedom in choosing v and w. In particular if we require

vlPw + wlv + 2(0v/v) + 20 up/uy) = 0 6.5.7)
then (6.5.6) becomes
2w+ 2Inv — V Inv)*lw + k2(de/{eD)v =0 (6.5.8)
which is void of the term Vw. Equation (6.5.7) yields after integration

2Iny +vw = — 21n y, (6.5.9)

Equations (6.5.8) and (6.5.9) are equivalent to (6.5.4). They are two
coupled nonlinear partial differential equations. The first-order approxima-
tion gives the so-called Rytov’s solution. To derive it, we neglect the non-
linear term vw in (6.5.9) and obtain

Iny = — Iny, or = 1/u, (6.5.10)
Substituting (6.5.10) into (6.5.8), we have
V2w + k*w = —k2(de/{e>)u, (6.5.11)

where (6.5.2) has been used. The solution of (6.5.11) can be written in
terms of the Green’s function (2.14.15)

w(r) = k2 j [Ae(r')/<ed Juo(r' )G, ') dr’ (6.5.12)

where
1

o —jk’r—r"
T (6:5.13)

G(r, r') =



6.5 Fluctuation of Electromagnetic Waves in Random Media 335

Combining (6.5.5), (6.5.10), and (6.5.12), we obtain for the Rytov’s ap-
proximation

p(r) = (k*/4n) '[ dr [uo(x ) uo(0) [ Ae (@) <eDJe* Il x — x| (6.5.14)

Higher order approximation can be obtained by integrating (6.5.8) and
(6.5.9). The function uy(r) is the incident wave. It can be a plane wave, a
spherical wave, or even a beam wave, depending on the source and boundary
conditions of the problem. In this section, we shall discuss the amplitude
and phase fluctuations of a plane wave propagating in the positive z-direc-
tion. For this case

Uy(r) = Age™7* (6.5.15)

and (6.5.14) becomes

p(r) = (k*/4n) J. dr[Ae(r')[(ed]e M2l e — | (6.5.16)

where the x’ and ' integration extend to -+oo while the z’ integration is
from O to z.

In the case we are interested in, A <€ /. As discussed in the last section, the
angle of scattering by the irregularities is of the order of A// which is very
small. Therefore we can make the so-called “forward scattering” assumption
under which the contribution of the scattered field at an observation point r
comes mainly from the scattering from irregularities in a small cone with
vertex at r, with axis directed towards the scatterer, and with aperture
0, = A/ly <€ 1. Therefore, in the integrand of (6.5.16), we can approximate

[r—r'|~z—2
in the denominator and

[r—r[=(C— 21+ [(x—x)V+ @ —y)le— )P
=(z—2)+ [x— XY+ 0—y)l2e—2)

in the exponential. With these approximations, (6.5.16) becomes
p(r) ~ (k?/4m) j dr' [Ae(r))/(eD e M@=y P22 21y (6.5.17)

To study the fluctuations of the phase and amplitudes of the plane wave,
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we take the real and imaginary parts of (6.5.17). We have
2(®) = Re y(r)
= (am) [ d’ costhl(x — %) + O/ — ¥ V2 — 20}
X [4e()eH)/(z — 2) (6.5.18)
S$1(r) = Im u(r)
= (k*/4n) J dr’sin{k[(x — x')* + (y — ¥')*)2(z — 2)}
X [Ae(®)Ked]/(z — 2') (6.5.19)

The autocorrelations for y and S, are then easily formed from (6.5.18)
and (6.5.19):

2y 2y {+oo
0,1, 1) = <| Aefiey |2 j j j dry’ dr,’ 0,(r — 1))

X Dyo1, 21 — 2,) P02, 22 — 25') (6.5.20)
2y (25 ([+o0
ester 1) = | defey 1> [ [ [y dry et — )
X Di(ers 2 — 2, )Pi(ge, 22 — 25) (6.5.21)
where
Yy = L : 2 ot
D0,z —2') = P sin[p%/2(z — z')]
N 1 2 o (6.5.22)
Dy(0,z— z') = T T cos[p?/2(z — z')]
e=x—xP+ -y
and

< defle) Dot — 1) = {[Ae(r)/<eD[Ae®’)/{e>]>

In (6.5.20) and (6.5.21) we have normalized distance with respect to the
wavelength such that kx — x, ky —y, kz— z, and k® dx dy dz — dx dy d=.
To evaluate (6.5.20) and (6.5.21), let us introduce relative coordinates

&= xl' — xz', n = y1' — yz', = zl' — Zz, (6523)
and center of mass coordinates

X=0"4+x)2 Y=0"+x»)2 Z=G +2z)2 (6524
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Then
01 = [(3¢ + X — x)2 4+ (3 + Y — y,)2]2

(6.5.25)
0= [(3¢ — X+ %+ (In — Y + )

For the case where the observation pointis at (0, 0, L) such that x, = y, =0
and z; = L, (6.5.20) and (6.5.21) become the mean square fluctuations of
amplitudes and phase of the wave at z = L, respectively. We have

> = (| defle> %
% LL J: ﬁo dE dy dX dY dz,’ dz,

X D {[(X + §/2)* + (Y + /2?12, L — 2"}
X D {[(X— &2 + (Y —n/2P1% L — z'} - o[ 1/ — ')
(6.5.26)

(82> = | del<ed | j: Jf ﬂ? de dn dX dY dz,’ dz,

X Py {[(X + &/2)* + (¥ + 5/2)*]% L — 2/}
X @ {[(X — &2 + (Y — n/2P°]"%, L — 2,/ }o (| 1/ — 1,/ |)
(6.5.27)

Since p, is not a function of X and Y, the X, Y integration of (6.5.26) and
(6.5.27) can be integrated immediately to yield

> = K| deKe> DU — ) (6.5.28)
(8% = K| def{e> (L + 1) (6.5.29)

where

+oo
L rL
=[] e dor ag an dutce + apy = e n = v
0 0
- (6.5.30)

400
L (L
I =f j j dz, dz,' d& dn D,[(& + n*)V3, 2L — (2" + z,')]
[} 0

X o (lry —r'|) (6.5.31)
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In deriving (6.5.28) and (6.5.29), the formula

+oo

” B,[((X + /20 + (Y + nf2)% L — z,']

X Dy [((X — &2 + (Y — /253, L — 2, ]1dX dY
= HO[(& + )2, 2 — 2,1 + By[(& + V%, 2L — (z/ + z,)]}
(6.5.32)

and

oo
H B,[((X + &2 + (Y + n/220 L— /']

X Bo[((X — &/2)* + (Y — /293, L — 2z, ] dX dY
= H{D[(& + 92 2/ — z,'] — D,[(&* + )V 2L — (z/ + z)]}
(6.5.33)

have been used.
I, and I, can be simplified further by changing the variables z," and z,’
to ¢ and Z. Since g, is not a function of Z, we have

I = LL dZ ﬁ] D, ((& + n*)2, Lle(&, m, §) dE dn dl

—0Q

= % ”J % sin[(&% 4 7*)/2C1o.(&, 7, §) d& dy dl  (6.5.34)

—00

and
L g
L= dz e+ w2 2) ”j 0 &, O dEdndl  (6.535)
° —oco
But
L
| e 2w — 210z

L

in J, 20— 2) 2Q2L — 22)
1 (= sin ¢ 1

= dt = — ——Si[(&2 4 n?)/4L 6.5.36
= j(wm : —— Sil(E + AL]  (6:5.36)
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where

Si(z) = — Jw - !t (6.5.37)

is the sine integral.
Therefore (6.5.35) becomes

+oo
1 rrpz 5
= j _j j Si[(&2 + y®)/4L1e(&, 7, O dE dndl  (6.5.38)

For the random medium with an isotropic random field, o,(&, #, ) is a
function of r' = (&2 + n* -+ £%)V/2 only. Therefore (6.5.34) and (6.5.38) can be
integrated over the angular dependence in a cylindrical coordinate system
(o, 6, ¢). We obtain

L=13L f dc J:—;_ sin(e¥/28)o.(r") o do (6.5.39)

h=—1 | d [ sieane e de (6.5.40)

The inner integral of (6.5.39) can be approximated further in the following
manner. Let g = p%2(; then by integration by parts,

jw (1/2) sin@¥/28)e.(r Yo do

=J:° (sin 9)o.(r') dg = —(cos q)o.(r' ] +J Cos g —z—— @‘( )

_ P 9%0.(r) ,
=0,00,0, {) + sing 7 ]0 —Jo sing ——— e

= 0.(0,0, ) — JO sin ¢ a( ) dq (6.5.41)

The integrand is proportional to (1//%)p, where [ is the correlation length.
Since the size of the irregularities is assumed to be much greater than the
wavelength, the normalized correlation length /> 1. Therefore the integral
in (6.5.41) can be neglected as compared to o,(0, 0, {). With this approxi-
mation, (6.5.39) becomes

L~3}L '[w dz 0,00, 0, &) (6.5.42)

Substituting (6.5.40) and (6.5.42) into (6.5.28) and (6.5.29), we have the
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fluctuations in amplitudes and phase at the point (0, 0, L):

> = K| deiey > L[~ e 0.0,0, ) + 5 [ Sicerane. e de]
(6.5.43)

(s> = Kl aekey > L[ " atfe0.0,0) = - [ sitetanier e de
(6.5.44)

If we change back to the original length, we have
G = K| deied | kzL{jm dC[ge(O, 0,¢) + Jw Si()o.(r") dt]} (6.5.45)
0 0

(8% = K| Ae)e> |2 m{f at[e.0,0,0) r Si()o.(r") dt]} (6.5.46)

where
t = ko*4L (6.5.47)

We now introduce a wave parameter defined by
D =4L[kl? (6.5.48)

where [ is the correlation length of g.(r').
First, let us consider the case for which D >> 1; this is called the Fraun-
hofer diffraction region. Since the major contribution to the integral

= r’ Si(t)o,(r") dt

comes from g << ! (since the correlation will decrease rapidly for distance
greater than [), the corresponding value of ¢ is ¢t << kl?/4L = 1/D £ 1.
Therefore Si(¢) in the integrand can be approximated by

Si(t) ~ —m/2 for <1
The integral becomes

— @) j °° 0u(r") dt ~ (1/D)e,(0, 0, £) < 0,(0,0, &)

which can be neglected as compared to the first term in (6.5.45) and (6.5.46).
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Hence for this case, (6.5.45) and (6.5.46) reduce to
Gy = 8% =~ K| deked % kzL'[ dle.(0,0,0), D>1  (6.549)
0

For a Gaussian correlation g,(0, 0, {) = e~t*/#,
> = (S = A/af8| Aef<ed DRLL,  D>1  (6.5.50)

The amplitude and phase fluctuations are the same and both increase with
the distance the wave has traversed in the medium.

Next, we consider the other extreme case for which D < 1. This is the
case where (4L/k) < I* which corresponds to the range of applicability
of geometrical optics. For this case, the diffractional effect is not important.
We integrate the integral I by parts

oo

1= {[: Si(t) + cos t]ge(r')} _ J:’ [¢ Si(t) + cos 1] (B, (r')/d1) dt

0

= —2.0,0,0)— [ i) + cos 1] Ge.¢")/o0) i
0
The derivative dg,/0¢ is of the order Dp,(0, 0, {); therefore the integral

r’ [¢ Si(f) + cos 1] Bo,(r')/6r) dt
~ J”D [¢ Si(t) + cos £] (Bo,(')/d¢) dt

1/D
< Do,(0,0, £) J [ Si(¢) + cos 7] dt

= Dg,(0,0, ) $[£>Si(t) + ¢ cos t + sin ¢]}/P
= (D/2)e.(0, 0, £)[(1/D?) Si(1/D) + (1/D) cos(1/D) + sin(1/D)]
(6.5.51)
Since (1/D) > 1, the asymptotic expansion for Si(x) can be used. We have
cosx  sinx

x x2? + 0(%)

\

Si(x) = —
Therefore (6.5.51) becomes

r [t Si(t) 4 cos ¢] Bo.(r')/0t) dt < D%,(0,0,7)  (6.5.52)
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Hence we have
I~—p,0,0,0) for D<L1 (6.5.53)

The fluctuation in phase can now be written as
(8% =~ K| de/ied |® kzLJ~ dte. (0,0, 0), DLl (6.5.54)
0

Comparing (6.5.54) with (6.4.26), we see that they are identical. Thus the
result agrees with that derived from geometric optics. This is expected since
the diffractional effect is neglected in deriving (6.5.54).

As for the amplitude fluctuation, we see that if (6.5.53) is substituted into
(6.5.45), {x®> = 0. We must then compute the integral / to a higher order
to obtain a nontrivial expression. This can be done in a manner similar to
that outlined above. We will only write the result

> = 4 (| Aefed |2 I? j°° Vi2Vi0)ieyodl  (6.5.55)

where V% = 02/0&% - 02/0n? is the transverse Laplacian.

For the intermediate range of the wave parameter, no general expressions
can be obtained for {S,2> and (32> other than those shown in (6.5.45) and
(6.5.46). However, for a Gaussian correlation function

0i(& n, £) = 7@ (6.5.56)
we can evaluate (2> and {S%) explicitly. They are

(2> =A/a| As/<ed |DRULIL — (1/D) tant D] (6.5.57)
(8% = /78| de[<ey |DRUIL[L + (1/D) tan"' D] (6.5.58)

Thus, we have derived the amplitude and phase fluctuations of a plane
wave propagating in a homogeneous, isotropic random medium. The
fluctuations are expressed in terms of the autocorrelation of the dielectric
permittivity function of the medium. Similar computations can be made for
the case where the medium is statistically homogeneous but anisotropic.
Furthermore, the derivation can be extended to cover the cases for spherical
incident wave or beam wave propagations. The comparison of the amplitude
fluctuations for the three cases are shown in Fig. 6.5-1.

From (6.5.50), (6.5.54), (6.5.55), (6.5.57), and (6.5.58), we see that the
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{(x*)

—»Distance the wave traveled

Fig. 6.5-1. Comparison of the mean square amplitude fluctuations for plane, spherical,
and beam waves.

fluctuations of the wave increase without limit as the distance the wave has
traveled in the medium, L, increases. From experiment, however, the
fluctuations always seem to level off to some saturation value for some
finite value of L. This apparent discrepancy between theory and experiment
comes about because of the inadequacy of our model. The computations
we have made are still based on just a single-scattering model. Since satura-
tion occurs mainly because of the interference between multiple scattered
waves, our model can not explain this phenomenon. Some recent work in
which multiple scattering is taken into account shows good agreement be-
tween theory and experiment (DeWolf, 1968; Tatarskii, 1966).

One way of approaching the problem is to start from (6.5.58) and (6.5.59)
and iterate them to the next higher order. The computation becomes very
involved and is beyond the scope of this book.

6.6 Correlations of Fluctuations and Application to the Ionosphere

In the last section, we derived the mean square fluctuvations of the phase
and amplitude of an electromagnetic wave propagating in a random medium.
The next step in our plan to understand the statistical characteristics of the
wave field is to study the various correlation functions of the amplitudes
and the phase. By studying the dependence of these correlation functions
on the properties of the medium, more information about the medium
itself can be obtained. There are many possible correlations between the
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phase and amplitudes, and phase or amplitudes themselves. Only some of
them will be discussed here. The main purpose is to show the general method
of approach, as well as to make use of the results in discussing some prac-
tical problems.

Instead of treating the problem for a plane wave, we shall assume a
spherical incident wave. This on the one hand is closer to real experimental
situations and on the other hand illustrates some new techniques in the
computation. The starting point is (6.5.14) of the last section. The geometry
of the problem is depicted in Fig. 6.6-1. The origin of the coordinates is at
the transmitter 7, which emits a spherical wave

uy = Age *Ir (6.6.1)
.
1 \
a
o o 0O
o o O O 0 o Fig. 6.6-1. Geometry showing

propagation through a slab of ir-
regularities.

e O Oy I
B

The receiver is at B. From (6.5.14), the scattered field at B is

_k? , Ae(r) r' _ikR+r'-p
p(r) = —der & We (6.6.2)

where the integration is over the whole region where the random irregulari-
ties exist. Note that the factor k(R 4+ r’ — r) in the exponential is the
_phase difference between the direct path 7B and the scattering path 7SB.
The phase and amplitude of the scattered wave are then given by

K2 Ae(r’ .
Sy(r) = :m jdr’ fi;) er, sinfk(R+r' —r)]  (6.6.3)

x2(r) = ;];: J-dr’ Azg,) er, cos[k(R +r' —r)] (6.6.4)
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The autocorrelations at two points r; and r, are easily formed from (6.6.3)

and (6.6.4)

rr.k? .
0s(ry, Ip) = {Sy(r)S)(rp)) = — > <l <£> > '[J dr) dry o (r,/) — 1,)
sin[k(R, +r," — r)]  sinfk(Ry + ry’ — ry)]

(4n)?
r'R, ryR,
ryrokt < ) ars

iy | )] v e et =m0

cos[k(R, +ry' — r)] cos[k(Ry, + ry — ry)]
X
r'R, ry'R,

(6.6.5)

Qx(rl’ ry) = {y(r)x(r)> =

(6.6.6)

Let us consider the case r, = (—d/2,0, L), r, = (d/2,0, L). For I> A,
the forward-scattering approximation can be applied. Under this approxima-
tion, in the denominator r' ~z', R = z — 2’ while in the phase

R +r' —r =D+ (4 — dz/[2L))/2g, (6.6.7)
Ry +r —ry= [y + (%2 + dz,[2L)*)/2q, (6.6.8)

where ¢ = z/(L — z;)/L, i=1,2.
Define two integrals:

4n

"= Zeces s lestr ) + o )l (6.6.9)
4

= ([ defley |2 los(ry, T2) — €,(ry, T2)] (6.6.10)

Substituting (6.5.5) and (6.6.6) into (6.6.9) and (6.6.10), and normalizing
distance with respect to the wavelength, we obtain

:_” es(zlql—rz)

2 _ ; 2 /3 7 ’ 2
« COS[ i + (o' — dz)[2L) oyt (x2 +/ dz,'[2L) ]drll dr,’
2q, 2g,
(6.6.11)
I, = —1 J-J 0.(ry — )
o4 4q,'q;
’2 I ’ 2 ro ' ! 2
% COS[ »: -+ (x Idzl /2L) + Y2+ (x +’d22 /2L) ]dl’l' dr,’
2q, 2q,

(6.6.12)
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Using the relative coordinates defined in (6.5.23) and center of mass coor-
dinates defined in (6.5.24), the X and Y integration can be carried out first
without any difficulty.

Z=a t=—0o 2(q/ — 45) 2(q," — q5")
X dédndtdZ (6.6.13)
I,— J“*" j J' J 0.(r, — 15’) sin[ n® + (& + dZ/L)? ]
t=b J gemoo J tm—0o 241" + @) 2(q)" + 95
X d& dndt dZ (6.6.14)

where the limits of integration correspond to the configuration shown in
Fig. 6.6-1.

Further integration of I, and I, depends on the explicit expression of the
autocorrelation g,(R). In the following, we shall assume a Gaussian correla-
tion of the form shown in (6.5.56):

0u(r) — 1p)) = emWHm/E (6.5.56)

Substituting (6.5.56) into (6.6.13) and (6.6.14) and carrying out the £ and
integration, we obtain

exp{—— (dZ/L)y: — }i}
a+b b 2+ j20Q2Z/L — 1) 2
I = .6.
o=t [ Tz [ o — ©61)
(dZ/L) ¢?
a+b b exp{— (D — LI — ) _2'}
- JED — PILE—j) 1
—Iman L iz f_b dt I (6.6.16)
where Im indicates imaginary part and
D =4Z(L— Z)/LI* (6.6.17)

is the equivalent wave parameter.

The limits for the { integration can be extended to 400 since b> I
Also since /> 1, terms like 20(2Z/L — 1)/I? and {?/LI* in the integrand
can be neglected compared to unity. With these simplifications, we have

I = ”72 LTF {erf[(d/IL)(a + b)] — erf[(d/IL)a]}  (6.6.18)
a+b exp{—d2Z?/L**(1 4+ jD)]} iz

(D—)

I, = 3 ImJ (6.6.19)
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If now we assume that the slab of irregularities is thin such that a > b,
then D in (6.6.19) can be taken as a constant average value D. In this
approximation, I, can be integrated.

I, = (n2PLJ2d)
% Im{ J(+ jﬁ)-lfz[erf(%> - °’f<ﬁﬁﬁ")]}
(6.6.20)

The correlations for phase and amplitudes can now be calculated from
(6.6.9), (6.6.10), (6.6.18), and (6.6.20). We have

QS(rl ’ 1‘2) = "<|A£8/+|2> (11 + Iz) (6621)
0,(r, ry) = ﬁA—z/—ff—& (Lh— 1) (6.6.22)

Two limiting cases will now be considered.

(i) D> 1. Expending (6.20) and keeping only the leading terms, we
have for d < IL/a,

0s(T1, 1) = 0,1, 1) = (@] Aef<e) |DIb[8)e " (6.6.23)

Both the phase and amplitude are initially Gaussian; the “scale” of the
random waves is a factor (L/a) times the “scale” of the fluctuations in the
dielectric permittivity.

(i) D<1. Again keeping only leading terms, we have

os(ry, 1) = (VK| Aef<ed |2Hlbja)e @ ML (6.6.24)
and
0,(r1, 1) = (V| Aef{e) |2IbD?B) - [I — (2a® d2/L2I?) + (a* d4/2L41%)]
X e PN (6.6.25)

The correlation in phase is Gaussian while the correlation in amplitude is
not. However, for (ad/Ll) <1, g, also approaches the Gaussian. For inter-
mediate values of D, gg and g, must be computed numerically.

We see immediately that from gg and g, , we can obtain information about
the correlation length / about the medium which is closely related to the
size of the irregularities.
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os and g, calculated above are sometimes called the transverse correla-
tions since they are correlations between two points in the plane z = con-
stant. Longitudinal correlations for two points (0, 0, z,) and (0, 0, z,) can
be computed in a similar manner. In addition, correlations between phase
and amplitudes sometimes are also computed. The basic procedure for all
these computations are the same. We shall not discuss them in detail.
Also, the derivation we made was based on isotropic irregularities. The
results can be generalized to cases where the irregularities are anisotropic
(Yeh, 1962).

We now turn to the problem of application of the theory to various
experimental situations. Specifically, let us consider the application to the
ionosphere. In the ionosphere, at certain periods of time, there exist ir-
regularities in electron density. Hey et al. (1946) first discovered that the
intensity of the radiation from radio stars fluctuate on certain occasions in
the VHF band. At first it was thought that this was due to the variation of
the power output of the source. Subsequent spaced-receiver experiments by
Smith (1950) and by Little and Lovell (1950) gave convincing proof that the
cause of these fluctuations is in the ionosphere. With artificial satellites,
more and more data have been recorded for the scintillation of radio signals
passing through the ionosphere. It is now generally believed that there exist
in the ionosphere blobs with excesses or deficiencies of electrons which
scatter waves randomly. These irregularities in electron density are elongated
along the earth’s magnetic field lines. The mechanism for generating them is
still uncertain. By studying the statistics of the fluctuating radio signals,
it is hoped that we may obtain critical information about these irregularities
and eventually understand the mechanism behind the phenomenon.

The first important statistical quantity is the mean square value. We shall
define (<5,2>)"2 and ({¥®>)"? as the scintillation indices of the phase and
amplitudes, respectively. Measurements of scintillation index may yield
information about the seasonal, diurnal, and regional variations of the ir-
regularities. Furthermore, by measuring the scintillation index when the
transmitter (satellite) is at different heights, it is possible to determine the
height and the thickness of the irregularity slabs (Yeh, 1962).

Figure 6.6-2 indicates the configuration of an idealized satellite —spaced-
receiver experiment. Signals received at station B; when the satellite is at
position A4, are correlated with signals received at station B, when the
satellite is at position A4,. It has been shown (Liu, 1965) by a similar pro-
cedure discussed earlier in this section that the correlations for both the
amplitude and phase of the signals at B, and B, are maximum when the
two paths 4, B, and A4,B, cross each other at the center of the irregular slab.
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The correlation length of the wave is a factor (L/a) times that of the ir-
regularities as discussed earlier. Therefore by properly choosing the satellite
path, it is possible from this experiment to determine the height and the
thickness of the slab as well as the size of the irregularities (McClure and
Swenson, 1964).

A0 Ay

Fig. 6.6-2. Geometry showing
receivers at B, and B, . The idealized
transmitting satellite moves along Irreqularity slob
the dotted line. A maximum cor-
relation is obtained when A,B, and L
A,B, crosses at the center of the
slab of irregularities.

B,(-a/2,0,0)  B,(a/2,0, 1)

The formulas we derived are based on the assumption that the irregular-
ities are imbedded in a homogeneous isotropic medium. In the ionosphere,
however, the background electron density is not homogeneous and the
Earth’s magnetic field makes the medium anisotropic. Therefore, strictly
speaking, the formulas derived are not applicable. Nevertheless, for high
frequency signals, they are very good approximations. It has been shown
that when the Earth magnetic field is taken into account, there will be some
modifications to the formulas for mean square fluctuations and correlations.
The new feature is that there will be depolarization in the scattered field.
When the background electron density is taken as a function of height,
it has been shown that the fluctuations of the waves are maxima when the
irregular slab is at the height of maximum electron density.

6.7 Higher Order Approximations—Perturbation Techniques

In this section, we shall introduce some perturbation techniques to in-
vestigate the problem of electromagnetic waves propagating in random
media beyond the scope of the single scattering model of Born’s approxi-
mation. The main interest will be on the average wave itself, sometimes
referred to as the theory of the propagation of coherent waves.
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We start with a more general random medium characterized by a dielectric
tensor £(r):

£(r) = &[K, + Ki(r)] (6.7.1)

where K, is a constant tensor and K, is a tensor with elements which are
random functions of position. In particular, for the isotropic medium in
the last four sections, K, = (K>l and K(r) = [de(r)/e,]l where | is the
identity matrix.

For the general medium, the wave equation can be written as

L - E@) = {1 - PV + k’[Ko + Ki(D)]} - E@) = joud) (6.7.2)

where k, = w(eouy)?? is the free space wave number and J(r) is the external
current source. In an infinite medium, (6.7.2) plus the radiation condition
determine the fields uniquely. We note that here we are treating the full
vector wave equation. Equation (6.7.2) can be put into component form

(Loij + Lip)E; = joped; (6.7.3)

where
Lyi; = 0V — UV )y + ko¥Kyi;

(6.7.4)
Ly; = kozKuj(l' )

L, is a deterministic operator while L, is a random one.
With the help of dyadic Green’s function (Chapter 2), (6.7.3) can be
written as an integral equation

E(0) = Eof®) + | Tt 1) Lun®)EE") d (6.1.5)

where I is the dyadic Green’s function for L, (2.14.2) satisfying Ly - T =
—Fd(@—1r') and

E,— — jwﬂoj (e, vy« J() dr’ (6.7.6)
Equation (6.7.5) is the starting point in most calculations for wave propaga-
tion in random media. For example, (6.3.7) and (6.5.14) are of this type.

Let us consider first for a moment the scalar wave equation in a random
medium. For this case, (6.7.2) and (6.7.5) become, respectively,

WV + koPu(r) + kK, (D)u(r) = q (6.7.2a)

u(r) = uo(r) + I Golr, ¥')L, (¢ Yu(’) dr’ (6.7.52)
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where u(r) is the scalar wave function, g is the source, and G(r, r') =
exp[—jko|r — v’ |]/(4n | r —r'|) is the free space Green’s function. In
(6.7.5a)

uo(r) = — J Go(r, r')q(r’) dr’ 6.7.7)

L) = k’K,(r') = ko?*[Ae(r)/e,]

Equation (6.7.5a) can be solved by iteration and we obtain

u@) = @) + [ Gt ) Y, 40 dir (6.7.8)

where

$1(r) = Li(r)u(r)
(6.7.9)

Baa(®) = Ly(¥) j Go(T, T')ga(r') dr’

It can be shown that if | L, | < M where M is some large positive number,
then a sufficient condition for the convergence of the series solution (6.7.8) is

IMd2 < 1 (6.7.10)

where d is the upper bound of the dimension of the random region (Frisch,
1968).

We see that if $Md? < 1, the series (6.7.8) will converge rapidly and only
the first term in the series will be needed to describe the field, the well-
known Born’s approximation, and is exactly the formula we used in the
previous sections. However, in an infinite random medium, even if M £ 1,
(6.7.10) will never be satisfied and the series becomes divergent. This di-
vergence difficulty is intrinsic in this perturbation procedure and the series
solution (6.7.8) breaks down when the wave is far away from the source.
This is the reason why (¥ and <{S,%) increase without limit with L in the
last two sections. Similar difficulty arises for the case of vector waves. To
avoid this difficulty, we discuss next an alternate perturbation procedure,
the so-called diagram technique.

The diagram method was first developed in quantum field theory and has
been used successfully in nonequilibrium statistical mechanics. It was first
introduced to the study of wave propagation in random media by Bourret
followed by Tatarskii. [See reference list in the paper by Frisch (1968).]
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We shall develop this method for the vector wave equation for an isotropic
background medium. For this case, the dyadic Green’s function is given
by (2.14.28)

e~TkoR |
4nR 3k

rﬁ,ﬂ)==PV[I+-kL VV] Sc—r) (6.7.11)

where R = | r — r’ | and PV means principle values will be taken in integrals
involving that term. For simplicity, we have taken (K> = 1. Also L, =
142K (r). We shall assume K (r) to be statistically homogeneous and
isotropic with zero mean. Therefore

Kp =0, por—r|)=<K@OKE)) = {[de(r)/e,]{de(r')/e]>
(6.7.12)

Equation (6.7.5) can still be solved formally by iteration. We have
E(®) = Ey® + | Tale, DLin(DEn() d1
+ ” T3 2) Liin@) (L, 2) Ly (D Egy(1) d1 2

+ m T30, 3)LusnB) o3, 2) Ly @2, 1Ly (1) Egy(1)

X d1d2d3 + .- (6.7.13)

where the vectors 1,2, ... represent r,, r,, ..., respectively. Substituting
the expression L, = ky2K;(r)l into (6.7.13), we obtain

Ef(r) = Eoi(r) + ko j Tiue, DK, (1)Ena(1) d1
¥ kgt j T, 20Ky (2) (2 1K, (1) Eop(1) d1 42

ki [ Tl KO3, DK@ DKW E)
X dld2d3 + --- (6.7.14)
We now introduce the p-point correlation function for the centered random

function K;(r) by means of the cluster expansion as the following. From
(6.7.12), we have the two-point correlation function o(r;, r,) = g,(1, 2).
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The higher-order correlation functions are defined through the moments

CKI(MK (2K (3)) = ps(1, 2, 3)
CK(DK2)K (3K (4)) = 02(1, 2)04(3, 4)
+ 04(1, 3)05(2, 4)
+ 02(1, 4)2(2, 3)
+ 04(1,2, 3, 4)
K1) - Ki(p)> = 2wy - -, idomlins -+ 5 Jm)

(6.7.15)

where the summation in the last equation is extended over all possible
partitions of the set 1,2, ..., p into clusters of at least two points and
03, 04, - . - » 0p are the higher order correlation functions. For a centered
Gaussian random function, only the two-point correlation function g, is
different from zero.

The general property of the correlation function g,(1, 2, ..., p) is that it
vanishes whenever the points 1, 2, . . ., p are not inside a common sphere of
diameter /, the correlation distance,

Let us now take the average of (6.7.14). With the definitions in (6.7.15),
we obtain

CE(R) = Eog(r) + kgt j Tt )T (2, a1, 2)Enp(1) d1 d2

ki | T 3 DL DL, 2, ) Eu D) dL d23 -
(6.7.16)

Equation (6.7.16) can be represented by diagrams defined by the following
conventions:

(i) The dyadic Green’s function I",,(2, 1) is represented by a solid line
whose end points correspond to points 2, 1 and indices n, p, respectively.

(ii) Points belonging to a given cluster (same correlation function) are
connected by dotted lines.

(iii) The factor kg2 is represented by a vertex point at which a single
dotted line and two solid lines meet.

(iv) Eyfr) is represented by double solid lines.

(v) Integrations are performed over the coordinates of all internal ver-
tices of the diagram. Summations are performed over the indices of all
internal vertices.
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With these conventions, (6.7.16) can be written as

GIDE Ly
roor 2 1
7 / n p
-
/// | \\\——-
+ — & o ——
r 3 2 1
J n o s
+ N L e
r 4 3 2 1
/ n p s ’
TN

r 3 2 1
/ n P s 14
//// TN, \\\\ //////ﬂ:\\\\

+ / SN N + 0N N
—_—— o —— ———o—9o ——
4 4 3 2 i r 2 3 4
/ n P s I4 / n P s 4

I (6.7.17)

Next we introduce the following definitions.

(i) A diagram is said to be weakly connected if it can be divided into
two or more diagrams without cutting through any dotted lines. Diagrams
of the type

can be divided into

and are therefore weakly connected.
(ii) The remaining diagrams are strongly connected. Diagrams of the

type

are strongly connected.
(iii) The mass operator is the sum of all possible strongly connected
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diagrams in (6.7.17). It is denoted by M or the symbol X). Its first few
terms are

,_— e e el T T T

NS A U SN Al G
*r—® r—o—¢ ——e—o—0

(6.7.18)

(iv) The average field is represented by a broad solid line e
Let us now consider the Dyson equation defined as follows

- + ® (6.7.19)

This equation can be expanded into

= + ® —
+ ® ® —
+ e (6.7.20)

Substituting (6.7.18) into (6.7.20), it is easy to show that (6.7.19) is
equivalent to (6.7.17). Therefore, by resuming the terms in the perturbation
series (6.7.16), we derive a new integral equation for the average field where
the mass operator M is the kernel. Explicitly (6.7.19) is written as

CEn)) = Eqy(r) + j Ty, DM@, IKED)> d1d2 (6.7.21)
where

Mia(2, 1) = ko* I'py(2, 1)04(2, 1)

+ ks j T2, ) a(3, Des(1, 2, 3) d3

+ ko J J T2 ) (4, 3) (3, 1g(2, 3)05(4, 1) dd d3+ - - -
- (6.7.22)

The Dyson’s equation is first introduced in the study of quantum field
theory. For the isotropic homogeneous random medium we are discussing
the mass operator and the dyadic Green’s function are both convolution
operators. Equation (6.7.21) can then be solved by the Fourier transform
technique. Taking the Fourier transform of (6.7.21), we have

CE;(p)> = Eoj(p) + I'in(@)Min(pXEn(p)> (6.7.23)
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where

1
Iy(p) = kg [958 — pipilko’] (6.7.24)

To avoid new symbols, the transformed functions are represented by the
same original functions with argument replaced by p. Equation (6.7.23)
can be put in the form

[605 — Tj(PIM 4 (P)KEL(P)> = Eo;(p) (6.7.25)

The set of algebraic equations (6.7.25) can be solved if M,,(p) is known.
Then the average field may be obtained from the inverse Fourier transform.
If we set the determinant of the matrix | — I < M to zero, the roots of the
equation

det[l —F-M]=0 (6.7.26)

determine the behavior of the average field (E;(r)) as | r | — co. Equation
(6.7.26) may be defined as the dispersion relation for the average field and
the roots are the effective wave numbers, or effective propagation constants,
for the different modes of the average field in the random medium.

From (6.7.22) we see that the exact computation of the mass operator
M is just as difficult as the computation of the original perturbation series
(6.7.16). The convergence of the series is not assured in this case either.
However, finite order approximations for M correspond to partial summa-
tions of the complete perturbation series up to terms of any order in | L; |,
and may therefore be considered as better approximations than the Born’s
solution. A necessary condition for convergence of the series for the mass
operator is given by

| L |I<1 (6.7.27)

where | L, | is the norm of the random operator L, and / is the correlation
length.

The simplest approximation of the Dyson equation is to take only the
first term in the mass operator. Therefore in diagram form (6.7.19) becomes

- + TN (6.7.28)

Or, explicitly

CE(0)> = Eqy() + kit j j Tj(r, )T (2, D2, 1XE,(1)y d1d2 (6.7.29)
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Now apply the operator L,;; on both sides of (6.7.29). Since I is the in-
verse of L,, we have

LOi}'<Ej(r)> + kot j Fin(r’ 1)92("’ 1)<En(1)> dl = jwlu'o']i (6730)

where (6.7.6) has been used.

Equation (6.7.30) is an equation for the averaged field and was also derived
by Keller using a nondiagrammatic approach.

Although we have derived the Dyson equation for the vector wave equa-
tion in a homogeneous, isotropic background, the resuits can be used for
scalar wave equations just by changing the dyadic Green’s function I;’s
to G, and using the corresponding L, and L, for scalar wave equations.
The results can also be generalized to describe the more complicated
case where the background is anisotropic.

As an example, let us consider (6.7.30) for a scalar wave u(r). From (6.7.2a),
L, = V? + k. Taking the Fourier transform on both sides, we have

[Lo(P) + kot J Go(@e:(p — @) dQ]<u(P)> = joulJ(p)  (6.7.31)

where Lo(p) = ko — p* and Gy(p) = — (ko? — p2) ™.
The dispersion relation for (6.7.31) is obtained by setting the quantity
in the bracket equal to zero. We have,

ko2 — p* — ko 972::’_—;% dq =0 (6.7.32)
This is in general a transcendental equation for the wave number p. Further
computation depends on the explicit form of the correlation function g,.
The value p obtained from (6.7.32) is called the effective propagation con-
stant (or wave number). It is the propagation constant for a plane average
wave (u(r)) of the form e Pes*** propagating in the A-direction in this
random medium. Let us consider a special case for which

0:(R) = (K ®De R/ (6.7.33)

where (K,?> = (| 4¢/{e>|?> in our early notations. The dispersion rela-
tion (6.7.32) now becomes

ko2 — p? + kXK D/[p? — (ke — ji?]1 =0 (6.7.34)
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The simplest way of solving (6.7.34) for p is by iteration. Since {K;?> <€ 1,
we can write

kKD
2 k 2 + 0 1 -
P e T = (kg — I
koK%
~ P 0 1
=kt = e — TP
Pley*{ K2
— L 2
ko* + T+ j2kd (6.7.35)
Therefore
Petr = ko + 32k CK 2D/ (1 + j2kol) (6.7.36)

The real part of the effective propagation constant is greater than k, and
there is a negative imaginary part. This indicates a decrease of phase velocity
for the coherent wave and damping of the coherent wave as it propagates
into the random medium. Although these results are derived from a specific
correlation function g,(R), they are also true for general cases. Physically
a wave propagating in a random medium is continually scattered by the
random inhomogeneities. A fluctuating component of the field is generated
by incoherent scattering. Energy is continually transferred from the coherent
to the incoherent wave via the scattering process. Hence the coherent wave
will be damped. The damping constant is given by the imaginary part of
Perr- The reciprocal of Im pegy sometimes is defined as ““coherent distance”
for the field. The decrease of the phase velocity of the coherent wave is
also reasonable since the wave has gone through multiple scattering.

In the Born’s approximation, the averaged plane wave is proportional to
ekt Comparing the solution e #Pes*r with the Born’s solution, we see
the effects of multiple scattering on the wave.

6.8 Effective Dielectric Tensor for Coherent Waves

We shall now make use of the results derived in the last section to discuss
some general features of coherent vector waves in random media with
isotropic background. For this purpose, it is convenient to introduce two
new functions as follows

K@) — K,

K(r) + 2K,
K(r) + 2K,’

) =3 3K,

F(r) = E(r) (6.8.1)

where K(r) = &(r)/e, is the relative dielectric permittivity of the medium
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and K, is a quantity to be defined below. For the isotropic, homogeneous
background medium, (6.7.2) can be written as

V2 — PV + kK(I)]E = joudd (6.7.2a)
Let us now define a field E, satisfying the equation
P2 — PV + kPKoJE, = joud (6.7.2b)
Subtracting (6.7.2b) from (6.7.2a) we have
V2 — PV + k3K J(E — Ey) = —k2[K() — K JE (6.8.2)

which can be put into an integral equation

Ej(r) = Eg(r) + k¢? II‘,k(r, r')(k — ko)Ex(r') dr’ (6.8.3)
where
1 8 @ ] etoVEeR 8
L. ’k(R)_PV[éf” kK, 0x; Oxk] 4R 3k.K, S(R)
I a7 6_7'1:
— I'(R) — IR, 4(R) (6.7.11a)

Note that I'; in (6.7.11a) is the same as thatin (6.7.11) except for the wave
number kyy/K,. Substituting (6.7.11a) into (6.8.3) and using the definition
(6.8.1) it is easy to show that

FO) = Es(®) + kiKy | ThEmEEEFRE) & (684)
Taking the average of (6.8.4), we obtain
O = Elt) + kKo | T OXEREED ' (685)
Let us now define an operator E¢ff by
EOR@> = | 65 6. KRE) (68.6)
Equation (6.8.4) becomes

CFi(r)) = Eo(r) + koK, ” i, e (', O KE, @) dr dr”’ - (6.8.7)
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which is an integral equation for {F;(r)>. To complete our derivation, we

need to derive £0(r,r’) and define K,. This can be done by applying

the diagram technique to (6.8.4) in the same manner as in the last section.
We obtain an integral equation similar to (6.7.21)

CFE))> = Ey(X) + j Tjpe, ¥ a6, X XKE(E)) d b’ (6.8.8)
where
Mlm(ly 2)= k04K02F;:,,(1, 2)952(1’ 2)

+ k®K? J T2, )HTT,3, o1, 2, 3) d3

F kK j T2, T4, 3T (3, D2 30w, 1)

X d4d3+ --- (6.8.9)
and
(& = {K(r) — K,}/{K(r) + 2K,} =0 (6.8.10)

The condition (6.8.10) is required in our derivation of (6.8.8) and can be

taken as the defining equation for the quantity K, The functions gg,,

Qg3 ctc. are the correlation functions for the random function &(r).
Comparing (6.8.8) with (6.8.7), we have

B0, ) = M, v'")k2K, (6.8.11)
From (6.8.1), it follows easily that

CFD = {K(E)E(r))/3K, + 2{ED[3
and

CEF) = <K()E(x)>/ Ky — <E (6.8.12)
If we now define the relative effective dielectric tensor Kef by

(K(ME(r)) = KHE(F)) = J. Kefi(r, r') - CE(r')) dr’  (6.8.13)

where K¢ is a tensor integral operator defined by the second equality of
(6.8.13), then (6.8.12) can be written as

CF = [K§3Ky + 2 85/3KED

6.8.14)
CEF) = EGXEY = [KGY Ky — 35KE (
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For a statistically homogeneous medium, both E*f and K are convolution
operators. Therefore, taking the Fourier transform of (6.8.14), we obtain

CFp)y = [KF()/3K, + 2 0,/31KE;(p))

6.8.15
ES@XF(P) = (K5 @)/ Ko — 65 KE;(B)> (6813

From (6.8.15) it follows that
35 ORTE) — K—l Kp) = —05 — = £5p)  (6.8.16)

Since the medium is assumed to be also statistically isotropic, K;ff(p) and

eff(p) must be rotational symmetric with respect to p. From the discussion
in Chapter 2 [(2.4.20a)], we can write Keff(p) and §°ff(p) in the following
forms:

K’le]ﬁ‘(P) _ (6 PzP] )Keﬁ‘( ) ‘I‘ p’lp] Keﬂ"(p)

(6.8.17)
£ — (0, — 28 ) + ”;’;f &"(p)
Substituting (6.8.17) into (6.8.16), we obtain the relations
1+ 28" (p)/3
Keff — K l
I (p) 0 1 fﬁff(P)/3
(6.8.18)

oy 1+ 287(p)3
Kip) = K Ty

The Fourier transform E?ff(p) can be obtained in principle from (6.8.11).
Hence we note that once again, we return to the problem of computing the
mass operator. In the following, we shall discuss the simplest case of re-
taining only the first term in (6.8.9). This approximation is valid if

| €] k2Kol2 < 1 (6.8.19)

where [/ is the correlation length for & and | &| is the upper bound of the
magnitude of & Under this approximation, we have

S, 1) = k2K EE T, )C(r, ¥'") (6.8.20)

where g (r, ¥') = (&2 C:(r, r') has been used and Cy(r, r') is the normalized
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correlation function. The Fourier transform of (6.8.20) is
E0) = kKCE [ THRICRI™ dR (6.8.21)

From (6.8.17), we see that the longitudinal and transverse components of
E°T are given by

£ (p) = (pip;lP*) €5 (D) 6322)
T(0) = (6 — pipslP®)E5' @)

respectively.
Substituting (6.8.21) into (6.8.22) with I";;(R) given by (6.7.11a), we can
carry out the angular integration to give

M(p) = 2(E50(p, keV' Ko) (6.8.23)
£5(p) = — (EQ(p, keV/Ky) — (kozKo/p)<£2>j Ci(x)e 7V EE sin px dx
° (6.8.24)
where
(-] _ 2
0, kV/Ky) = PVJ Ce(x)e—fkoﬂ/xo“[ ko KOp cospx ;Ko VpK° sin px
1]
_ k'K sin px — 1 sin
p? S
. kev/ Ky cos px cOoSs px
— 3j —3
P px p°x*
. ke\/ Ky sin px sinpx | __,
Tyt S s ]x dx (6.8.25)

Equations (6.8.23), (6.8.24), and (6.8.25) permit us to compute £ for a
given correlation function of the random medium; (6.8.18) then gives us
the effective dielectric tensor K, But we must first find K, from the defini-
tion (6.8.10). For the case | K, | <€ {K) where K is the fluctuating part of
the relative permittivity, we have from (6.8.10)

1 <K% 4 (KK»)

Also, under the same approximation,

&% =LK BHIKK? (6.8.27)
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Equation (6.8.18) then becomes

Kﬁ“@)z<K>——;— <<I§f>> — 2<<11(<1>> O(p, ks\/Ky) (6.8.28)
K(p) 2 <Ky — - S+ E (ke [ Coope R sin i
<K

Substituting (6.8.28) and (6.8.29) into (6.8.17), we obtain the effective dielec-
tric tensor K¢ for this medium under the present approximation.
Therefore, as far as the average field is concerned, we can treat the random
medium as a dispersive medium with an effective dielectric tensor given
by (6.8.17), (6.8.28), and (6.8.29). The discussions in Chapter 2 on dispersive
media can be applied directly to the present problem. For example, from
the discussion in Section 2.6 we obtain the dispersion relations for transverse
mode
Kt(p) — plk2 =0 (6.8.30)

and longitudinal mode
Kf(p)=0 (6.8.31)

Also the average dyadic Green’s function for the dyadic Green’s func-
tion for the average field is expressed by

@) = (O — pipelP®)GL(p) + (Pipi/P®)Gy(p)  (6.8.32)

where
Gi(p) = 1/ko*K™(p) (6.8.33)

is proportional to the Green’s function for the longitudinal mode and
G (p) = 1/p* — k*K™(p) (6.8.34)

is proportional to the Green’s function for the transverse mode as can be
seen by comparison with (2.13.6).

The dyadic Green’s function is obtained by taking the inverse Fourier
transform of (6.8.32).

It has been shown (Ryzhov et al., 1965) that in general if the background
medium in the absence of irregularities does not admit a longitudinal mode
(for example, a cold plasma), then the longitudinal mode for the average
field generated by the random scattering will not be a propagating mode.
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The method we discussed above can be used to find the effective static
dielectric constant for a mixture (Finkelberg, 1964).

There are many unsolved problems concerning the propagation of wave
in random media. For example, the convergence of the perturbation series,
especially for large correlation length; how to go beyond the first term in the
mass operator ; the formulation for a finite random medium or a medium with
inhomogeneous background; and so forth—these are all outstanding prob-
lems yet to be attacked. As far as the application of the theory is concerned,
a variety of problems are of both theoretical and practical interests. To
name just a few, we have the problem of finding the radiation pattern and
radiation resistance of an antenna imbedded in a random medium, the
energy loss and radiation of energetic particles passing through a turbulent
plasma, the propagation of waves in interplanetary medium and their effects
on outer space probing via electromagnetic waves.

Problems

1. For a real stochastic process &(¢),
(a) derive
C[E@ + 7) £ E(OF) = 2[0:(0) % 0¢(7)]

(b) prove that
| 06(x) | < 04(0)

i.e., 0¢(7) has a maximum at the origin.

2. In Section 6.3 we discussed the back-scattering cross section. For
axially symmetrical irregularities in which the axis of symmetry is the
z-axis, we put a == b = L, and d = L; in (6.3.24).

Prove that the back-scattering cross section can be written as

w3 AN \2 8nL 2 872 L2
op = 0 << 5 ) >Lt2Ll exp{—- - t -2 1 wz}
427 ¢t 0

provided that the direction of incidence (/, m, n) is almost perpendicular
to the axis of symmetry. Where n? = sin? y, I2 + m? = cos® p.

3. Prove the relations (6.5.32) and (6.5.33).
4. Derive (6.6.15) and (6.6.16) from (6.6.11) and (6.6.12).
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5. Using the definitions (6.8.1), prove that the wave equation can be put
into an integral equation of the form shown in (6.8.4).

6. Prove (6.8.22).
7. Derive (6.8.23), (6.8.24), and (6.8.25).
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7. Nonlinear Wave
Propagation

7.1 Introduction

In the last two chapters we extended our discussion on wave propa-
gation to inhomogeneous and random media. In the discussion we assumed
that the amplitude of the waves are small so that the properties of the
media are not affected by the passage of the waves. When the amplitude
of the waves increases, we may find in many situations that this is no longer
true. Properties of the medium may become dependent on the wave am-
plitude and the propagation problem becomes nonlinear. In the ionosphere,
for example, nonlinear phenomena such as cross-modulation are observed
even for waves of moderate strength. Other nonlinear phenomena such as
self-interaction, detuning, mixing, harmonic generation, wave-wave inter-
action, wave breaking, and shock formation have been observed and studied
in one form or another in various material media. In this chapter we shall
address ourselves to some of these problems. The main purpose is to
introduce the different physical ideas behind these phenomena and to demon-
strate the techniques to deal with them. Therefore instead of treating specific
examples, we shall use simple models in our discussion.

The first step in the study of nonlinear wave propagation is to find in a
self-consistent way the effects of the medium due to the waves. This in gen-
eral involves the investigation of the various microscopic processes, classi-
cally or quantum mechanically. Many of the useful results, however, may

367
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be obtained from some nonrigorous elementary considerations. This is the
route we shall follow in our discussion.

One of the most significant features in linear wave propagation is the fact
that arbitrary perturbation can be expressed as a superposition of inde-
pendent normal modes. When the medium becomes weakly nonlinear one
would expect that any arbitrary perturbation may still be expressed as a super-
position of the linear normal modes. But now due to the nonlinearity, inter-
actions among these modes occur. Energy exchange takes place among the
waves. The amplitudes of these modes will vary slowly in time and eventually
assume values quite different from those predicated by the linear theory.
This essentially is what happens in the wave—wave interaction process. We
shall study this in detail via a simple example.

When the nonlinearity is strong, the superposition picture becomes in-
valid. The waveform changes rapidly and discontinuities in the wave profile
may occur. One example of these types of phenomena is the breaking of the
wave, and this is the first topic in our discussion.

7.2 Breaking of Waves

One of the important features of nonlinear wave propagation is the
breaking of wave profiles. A ready example of this phenomenon is the
“breakers” of water waves on a sloping beach. Another example occurs
when the finite amplitude sound wave in a gas propagates in the direction of
decreasing density of the gas: discontinuity of the wave profile will occur
and the wave breaks. Essentially, wave breaking is a nonlinear phenomenon.
The cause can be traced to redistribution of the wave energy spectrum
through nonlinear effects. What starts out as a signal consisting of the
superposition of a few waves, feeds energy into waves with higher and
higher wave numbers. The wave profile will change and eventually result in
the breaking of the wave. In this section, we shall discuss this phenomenon by
considering the problem of the breaking of finite amplitude plasma waves.
The main purpose is to demonstrate the idea of wave breaking rather than a
rigorous pursuit of the theory. Therefore, our model will be a very simple one.

Let us consider a homogeneous cold plasma of infinite extent with density
N. In Chapter 3 we have studied the one-dimensional longitudinal electron
oscillation of small amplitude for this model. As was done in Chapter 3,
we consider the electrons in a plane with equilibrium position denoted by
Xo. Suppose we displace this plane by a finite distance & = £(x,), say, to
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the right of x, such that £(x,) > 0. &(x,) will in general be a single-valued
continuous function of the equilibrium position x,. In moving this plane
by a distance &(x,), we pass over an amount of positive charge eNZ(x,)
per unit area. If the ordering of the electrons is maintained, i.e., electrons
to the right of x, at equilibrium are still to the right of the plane after the
displacement, then there will be an excess positive charge of eN&(x,) per
unit area to the left of this plane and a negative charge of —eN&(x,) per
unit area to the right of this plane. Applying Gauss’s law across this plane,
we have for the electric field

E = eN&(x,)/ e, (7.2.1)
The equation of motion for the electrons becomes
&(xo) = (—e2N/meg)E(xo) (72.2)
which has the solution
E(xo) = &1(x0) sin wyt + &,(x,) cos wyt (7.2.3)

where w, = (Ne?/me,)/? is the plasma frequency defined in Section 3.3
and &,(x,), &(x,) are initial conditions for the displacement.

Let us now consider an initial disturbance in the plasma of the type
characterized by &,(x,) = 0 and &,(x,) = 4 sin kx,. That is, at time t = 0,
the electrons are displaced from their equilibrium planes sinusoidally with
amplitude 4 and wave number k. The corresponding electric field generated
by this disturbance is given by (7.2.1).

E = (eN/gy)A sin kx, cos wyt (7.2.4)

To find the field £ as a function of spectral coordinate x, we may use
the relation

x = xo + &(x0)
= X, + A sin kx, (7.2.5)

For small amplitude (4 <€ 1/k), x is approximately equal to x, and the
field E will behave approximately as sin kx with the maximum occurring
at kx =2 n/2 (mod 2x). As the amplitude A4 increases, the field E as a func-
tion of x will change its shape. The maximum of the field occurs at kx =
/2 + A and is displaced towards kx = n. When the amplitude becomes
larger than 1/k, there is a crossover as shown in Fig. 7.2-1. The E field is
double valued here and the wave profile begins to break. At this point, the
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Fig. 7.2-1. The breaking of waves.

electron planes begin to cross each other, violating the original assumption
of no crossover. The analysis beyond this point becomes impossible and
further discussion must resort to numerical techniques. We shall not go
into the details of the numerical results. Interested readers are referred to
the paper by Dawson (1959).

Thus, by considering this simple model of plasma longitudinal oscilla-
tion, we have seen how the shape of the electric field changes when the
amplitude of oscillation increases. Eventually, when the amplitude is greater
than some critical value, the wave profile begins to break. Fourier analysis
of the power spectrum of the wave shows that energy is being fed to modes
of higher wave numbers from the initial mode in the process of wave
breaking.

7.3 Nonlinear Effects in a Plasma in an Electromagnetic Field

Another important aspect of nonlinear wave propagation in a material
medium is the phenomenon of wave interaction. This includes self-inter-
action, mixing, harmonic generation, and cross-modulation of the waves.
Basically what happens is that when the amplitude of the wave becomes
large, the properties of the medium are changed by the presence of the
wave. The propagation parameters of the wave therefore depend on the
amplitude of the wave and nonlinear interactions occur. In order to discuss
these phenomena, the first step is to calculate the changes of the properties
of the medium due to the field. In this section, such a calculation will be made
for a plasma in an electromagnetic field. In a plasma, due to slowness of



7.3 Nonlinear Effects in Plasma in Electromagnetic Field 37N

energy transfer from electrons to heavy particles, electrons may acquire
considerable amounts of energy from the wave field even for relatively small
amplitude waves. Consequently the electrons are heated and the complex
dielectric tensor € becomes dependent on the field strength. To obtain this
dependence we use an elementary model for computation in the following.

The equation of motion for electrons in an electromagnetic field is
[see (4.6.1)]

mi = —e(E 4+ u X B)) — my(T,)u (7.3.1)

where u is the directed velocity of the electrons due to the presence of the
field; B,, the external dc magnetic field; E, the electric field of the wave;
and », the effective collision frequency for the electrons. ¥ depends on the
electron temperature 7,, hence, on the electric field if it is strong. In writing
(7.3.1), the magnetic field associated with the wave is neglected. This is a
good approximation for nonrelativistic electrons. The total velocity of the
electrons is the sum of the directed velocity u and the random thermal
velocity v,. The random velocity is related to the temperature through the
relation

3T, = Imv®> (7.3.2)

where the angular brackets indicate an averaging process and the tem-
perature is expressed in energy units. (Note the difference in definition of the
velocity v, and the thermal velocity v, defined in Section 3.3.)

The energy balance for the electrons in the presence of the field may be
considered as follows. The electric field induces an electron current J =
—eNu in the plasma. Therefore the field does an amount of work J + E =
—eNu « E on the plasma per unit time, where N is the electron density.
On the other hand, an electron loses an average energy 3 6v(T, — T) per
unit time in collisions with heavy particles. Here T is the temperature of the
electrons in the absence of the field and & is the mean fraction of energy
transferred by the electron in a collision with heavy particles. In elastic
collisions, the fractional energy transfer is 8 = 2m/M, where M is the
mass of the heavy particle. Since M > m, d is very small and electrons keep
most of the energy at each collision with heavy neutral particles. The
energy balance equation for electrons can therefore be written as

(d|dt)(3 NT,) = —eNu - E — 3 8vN(T, — T)

or
dT,jdt = —%en - E — ow(T, — T) (7.3.3)
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Equations (7.3.1) and (7.3.3) are the basic equations to solve for u and
T, as functions of the field E. Before we proceed, however, let us consider the
solutions of (7.3.1) and (7.3.3) in the absence of the fields. In this case,
solutions are simply given by

u(f) = u(0)et (7.3.4)
T, — T = (T, — T)ge= (7.3.5)

In obtaining (7.3.5), dv = constant has been assumed. We see from (7.3.4)
and (7.3.5) that the momentum relaxation time 1/» is much shorter than the
temperature relaxation time 1/d» since § <1 in general.

Let us now solve (7.3.1) and (7.3.3) with the electric field given by E = E,
X cos wt. For simplicity, we first assume that B, = 0. Both » and ¢ may
depend on T, but are assumed to be independent of time. Under these
conditions, (7.3.1) yields after straightforward integration

—eE 1
u(t) = m : »? +

e (v cos wt + w sin wt) + ce™ (7.3.6)

where the last term is the initial transient and becomes negligible for ¢
greater than the relaxation time 1/v.
Substituting (7.3.6) into (7.3.3), we have the equation for the temperature

dT, e2Ey?
dt 3m(»® + w?)

+ T, = (» + vcos 2wt + wsin 2wt) + T (7.3.7)
This equation is difficult to solve in general since » and & are functions of
the unknown T,. In the following, we shall consider a limiting case of prac-
tical interest. We shall seek the first-order solution of (7.3.7) under the
assumption that w > dv and ¢ < 1.
The formal solution of (7.3.7) can be written as

e2E?

— p—Oul S
T.=e [ 3m(»? + w?)

t
X J (v 4 v cos 2wt + w sin 2wt + MWT) dr + cl} (7.3.8)

where ¢, is constant.

For w > v, the first order-solution is obtained from (7.3.8) by straight-
forward integration
e?E?

S 7T o

(7.3.9)

where the transient has been neglected.
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Therefore, to the first order, for w 3> év and 4 > 1, the electron tempera-
ture is independent of time and is proportional to E,2. Physically, this result
is what one would expect, since the temperature relaxation time 1/ is
much greater than the period of the wave 2z/w. Under our assumption,
w > v, the temperature just simply cannot keep up with the fast variation
of the field. Instead, it takes some constant mean value given by (7.3.9).

Equation (7.3.9) may be written in another form

T, e*E? . EZ\ w? 4+ v
T I+ 3ImT 6(»2 + w?) L+ ( E, ) w? + ¥* (7.3.10)
where
E, = (3Tm 6(»,® 4 w?)/e)'® (7.3.11)

is called the plasma field and », is the effective collision frequency in the
absence of the field.

We see from (7.3.10) that the plasma field E, is a measure of the im-
portance of nonlinear effects of the field E,. The quantity E, depends on
the properties of the medium and the frequency of the wave. When E,> E,,
we get T, > T; the electrons are intensely heated. Therefore changes in col-
lisional frequency and hence the conductivity and dielectric constant are
important. Nonlinear effects are profound. If the converse is true, the
nonlinear effects are unimportant.

In the presence of an external dc magnetic field we can proceed in a
similar manner and obtain

T, . (E
7=t (e
« cos? f§ sin? 4 sin® 8 }
{ w? + 12 2[(w — wp)? + 2] 2[(w + wp)? + +*]

(7.3.12)

where f is the angle between the field E and B,.

The dependence of the effective collision frequency on the temperature
may be obtained by considering the collision processes between various
particles. For example, for collision between electrons and molecules, the
effective collision frequency is given by

w(T,) = »(T,/T)2 (7.3.13)
For collisions with ions,

w(T,) = vo(TIT,)¥? (1.3.14)
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Substituting (7.3.10) or (7.3.12) into (7.3.13) and (7.3.14), we obtain the
dependence of the effective collision frequency on the field E,. Since the
temperature does not depend on time, in the absence of the dc magnetic
field, the dielectric constant is given by (4.1.24) and (4.1.25).

&#w) = ¢'(w) — je'(w) (7.3.15)

where
&'(w) = 50[1 - %] (4.1.24)
e'(w) = 30‘%7—(}2‘ (4.1.25)

The dependence of the dielectric constant on the field is obvious through
(7.3.13), (7.3.14), and (7.3.10).

If external dc magnetic field is included, the dielectric tensor derived in
Section 4.6 should be used.

7.4 Self-Interaction of Waves

From the discussion of the previous section, we have seen that when the
condition o >> d» holds, the electron temperature in a field of any strength
is constant in time to the first order of approximation. Consequently the
polarization current J varies with the same frequency as the field E. There-
fore, the dielectric constant discussed in Chapter 4 may be used directly
to study wave propagation under this approximation. Two related non-
linear phenomena may be discussed under the present assumption. One is
the self-interaction effect and the other is the cross-modulation of waves.
In this and the next section, we shall discuss these two topics with the
ionospheric propagation condition in mind.

Let us consider a plane monochromatic electromagnetic wave propagating
in a horizontally stratified isotropic plasma medium. For simplicity, we
assume the wave to be normally incident. At the boundary of the plasma,
say, z = 0, the electric field is given by E(0) cos wt. From the discussions
in Chapter 5 and the previous section, we know that under the assumption
® > oOw, the electric field inside the plasma is governed by the scalar wave
equation

PEjdz2 + kee(w, z, E)E = 0 (7.4.1)



7.4 Self-Interaction of Waves 375

where £(w, z, E;) is given by (7.3.15). For a weak field, ¢ does not depend on
Ey and (7.4.1) reduces to the wave equation that has been studied extensively
in Chapter 5. For a strong field, ¢ depends on the amplitude E, of the field
and (7.4.1) is nonlinear. If the properties of the medium are slowly varying,
we may write the formal WKB solution of (7.4.1) in the form

E = CeFholtnazgko[§xdx (7.4.2)
where to the first order C is a constant and
e(w, z, Ey) = (n — jx)? (7.4.3)

nand x are the real and imaginary parts of the refractive index, respectively,
and both depend on w, z, and E,. Note that in writing (7.4.2) we have
neglected factor [e(0)/e(z)]¥4 in the amplitude. For our present purpose
this factor is not essential.

From (7.4.2) we note that the amplitude of the field is

E, = CetoJidomEoi (7.4.4)
Or, in another form
dE,/dz + kye(w, z, E))E, = 0 (7.4.5)

This is a nonlinear differential equation for the amplitude of the field in
the plasma. For a given it will yield the amplitude as a function of z.

To obtain the explicit expression for », we substitute (4.1.24) and (4.1.25)
into (7.4.3) and solve for n and x. Under the condition that | &' | > | ¢ |
(this condition is satisfied in most cases for high frequency waves except
at the reflection level where £ = 0), we obtain

(¥/v)(1 + w?/vo%)
/7)* + (@?/7%)
where v and v, are the effective collision frequencies with and without

strong field, respectively, and x4(z) is the absorption coefficient in a weak
field and is given by

#(z, Ey) = xo(2) (7.4.6)

%0(2) = w,2e/20(w? + B[l — w2 (w? + »,%)]M? (7.4.7)

In the following we also assume that », and the equilibrium electron tem-
perature 7T are independent of z. We first consider the solution of (7.4.5)
for the case where the dominant role is played by the electron-molecule
collision. For this case v/v, = [T,(E,)/T]"? as given by (7.3.13).
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Defining a new variable

T = [T(Eo)/ T (7.4.8)
we may write (7.3.10) as
EO 2 o . w2 + ,‘,02.[2
(fp—) BT (742

Using (7.4.9), we may combined Eqgs. (7.4.5) and (7.4.6) to yield an
equation for 7:

dr 1 2vy2
& ( +

72— 1 w? + v,?

) + kgxo(z) = O (7.4.10)

Its solution is

T—1 4vy? _ To— 1 4vy? _
T exp( 1) = p( ro) exp[—2K(z)]

w? 4 2 o+ 1 & w? 4 2
(7.4.11)
where
70 = 7(0) = (M)m (7.4.12)
v = (2) = (LE;(Z)]—)M (7.4.13)
and
K(z) = k, J xo(t) d (7.4.14)

is the total absorption at the level z.

It is seen from (7.4.11) that 7, is the maximum value of 7. With increasing
z, hence K(z), T diminishes monotonically. Deep into the plasma where
K(z) > 1, 7 tends to unity. From (7.4.9), this means the amplitude of the
wave becomes very small.

With the solution for = given by (7.4.11), the amplitude of the field may be
obtained from (7.4.9). It is best represented in the form

Eo(2) = Ey(0)e K@P[EL0)/E,, w[vy, K(2)] (7.4.15)

where P is called the self-interaction factor and in general is a function of
Ey(0)/E,, w/vy, and K(z). Obviously, P is very close to unity for a weak
field so that the wave is attenuated in the plasma according to the ordinary
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absorption law. Deep into the plasma where K(z) > 1, we obtain a simple
expression for P

- E, To— 1 \1/2 29,2
P=2 Ey(0) ( 7o+ 1 ) e"p{——o (to— 1)} (7.4.16)

For high frequency strong waves such that w? > vy, and 7,>> 1 the factor
P is independent of 1, and the amplitude deep in the plasma becomes

Ey(z) = 2E,e %@ (7.4.17)

which is independent of Ey(0), the amplitude at the boundary.
If the opposite condition w? € v,%1, is satisfied, then for a very strong field
such that 7,> 1, the amplitude deep in the plasma becomes

,‘,02 )3/2 Eo(o)
W + vg? E,

1
Eo(z) = 2E, exp[z{( }/2]exp[—K(z)] (7.4.18)
which increases exponentially as Ey(0) increases. Thus we see that for the
low frequency waves, deep into the plasma, the absorption of the wave is
very much reduced for a strong field. This is due to the effects of self-inter-
action. At low frequencies, the absorption coefficient of the wave in a
plasma decreases as the electrons are heated.

The general expression for the self-interaction factor P for arbitrary
values of z may be obtained from (7.4.9) and (7.4.11), but is very com-
plicated. A simple expression may be derived for the high frequency case
for which w? > v,2r. We have

2E, ( 70— 1 )1/2 1

P= Ef0) \ v+ 1 T — [(to— D)/(zo + 1)]e %K@

(7.4.19)

We see that for a very weak field, v, =~ 1 + 3[Ey(0)/Ep]? and P==1 as
expected.

The above discussion is for electron-molecule collisions. For the case
where electron-ion collisions are dominant, similar types of analysis can
be made and will not be discussed here.

Up to this point, we have assumed that the incident wave is monochro-
matic. If instead the wave is amplitude-modulated at a low frequency £,
then the self-interaction effect in the plasma may change substantially the
modulation of the wave. If the modulation frequency & is very low (much
less than dv,), the problem of propagation of an amplitude-modulated
wave in a plasma is essentially identical with the one considered above,
that of propagation of an unmodulated wave. At the boundary z =0,
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the modulated wave is Ey(0, 1) = E,(0)(1 + M cos £2¢), where M is the
modulation index. All expressions derived above will be valid with the
substitution of Ey(0, ¢) for Ey(0). In particular, the amplitude of the wave
in the plasma may be written as
E(0,1) o
Ey(z, 1) = Ey(0, f)e-k® P[———, L K(z)] (7.4.20)
E, Vo
Because of the nonlinear interaction, not only the modulation index is
changed but also harmonics with frequencies 2£2, 30, ... are introduced.
The wave shape is hence changed. An example showing the form of strong
waves deep in the plasma is shown in Fig. 7.4-1.
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If the modulation frequency is not small compared with dv,, then the
discussion given is not valid. One has to go back to (7.3.3) and (7.4.5)
to solve the problem over again.

To summarize the results of this section, we note that for very strong
waves, with amplitudes much greater than the plasma field, the absorption
of the wave in the plasma differs from that of a weak field even qualitatively.
This is due to the self-interaction of the strong wave. For an amplitude-
modulated wave, the modulation form can be affected tremendously.
Finally, our discussion has been on the amplitude of the wave only. The
effects of self-interaction on the phase of the wave may also be discussed
in a similar manner.
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1.5 Cross-Modulation Phenomenon

In the last section we have seen that when a strong electromagnetic
wave propagates through a plasma, the perturbation it causes in the plasma
affects the propagation of the wave itself. Obviously, if other waves prop-
agate at the same time through the perturbed region, they will also be
affected. If the intense wave is amplitude-modulated with a low frequency
£, the perturbation in the plasma is also modulated as discussed in the
previous section. When a second wave propagates through this perturbed
region, it will also be modulated. This is the well-known Luxembourg
effect in the ionosphere, also called the cross-modulation phenomenon.
In this section, we shall treat this problem in an elementary fashion.

Let us assume that an amplitude-modulated wave is propagating in the
z-direction. In the approximation of geometric optics (Chapter 5), the
field may be written as

(0)
&:(2)

X cos[a)lt — klj

1/4
E(z,t)= [ ] Ey(0)(1 + M, cos Q1)e K@

", dr] P (1.5.1)

0

where &k, = w,/c, K (z) is the absorption at z for w;, and P is the self-
interaction factor. The amplitude of the wave is given by

£,(0)
&(2)

14
Ey(z, 1) = [ ] E, (O)[1 + M, cos Qt]leX:2 . P (1.5.2)

For simplicity, in the following computation of the perturbation of the
plasma we shall neglect the self-interaction effect and set P = 1. At first
glance, this seems to be contradictory, since the wave is assumed to be
strong and the self-interaction certainly is important. But it so happens
that in a plasma cross-modulation can be easily observed even for (7, — T)/
T < 1. Therefore the case we shall consider is the one in which the wave is
strong enough to cause perturbation in the plasma—yet at the same time
weak enough so that self-interaction may be neglected. This case includes
many practically observable situations, especially in the ionosphere.

For a very small modulation frequency £2, the amplitude of (7.5.1) may be
considered as quasi-steady. Since the momentum relaxation time is very
short, in computing the velocity u(f) (7.3.6) may be used directly
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with the substitutions of E, by the amplitude in (7.5.1) and wt by w,?
— ky ff) n, dr, respectively. For the temperature T,, a better approximation
must be made since T, relaxes much more slowly. For w > Q, (7.3.7)
may be written as

dr,
dT

e*Ey(z, 1)
3m(ve: + w?)

+ v T, = vy + Oy, T (7.5.3)

where v, is used since self-interaction is neglected and Ey(z, t) is given
by (7.5.2).

Solving (7.5.3), we see that the part of the temperature perturbation
AT, = T, — T which varies with frequencies £2 and 2Q is given by

AT, _ 2C ( e1(0) )”2 2Ky
T w? + ve? \ &(2)
X (A, cos(t — ¢,) + A, cos(2Qt — ¢,)] (71.5.4)

where
C = M,e*E%(0)/3Tmd

A, = Ovy/(8%,® + £22)12, Ay, = M, 8v,/4(5%,2 + 40Q2%)V2  (7.5.5)
¢, = tan—1(£2/dv,), ¢y = tan—1(202/dv,)
The change in temperature in turn causes a change in the collision fre-

quency. Again, let us consider the case where electron-molecule collisions
are dominant. For this case v = »,(T,/T)V2 Therefore

Ay = y, AT,J2T (7.5.6)

Now suppose a weak, unmodulated plane wave with frequency w, propa-
gates through the perturbed region. The amplitude of this wave in the
geometric approximation is given by

£,(0)
&5(2)

1/4
Enlz, 1) — [ ] Ey(0)e-Kat® (1.5.7)

where the absorption is given by

Ky(z) = (w,fc) L wo(7) d (1.5.8)

As is shown in (7.4.7), the absorption coefficient », depends on the colli-
sion frequency. Therefore in the perturbed region x, is modified. For small



7.5 Cross-Modulation Phenomenon 381

Av, we may write
%o =2 #a(¥e) + (O3,/0v,) Av (7.5.9)

The amplitude of the second wave may now be written as

Enpz, 1) = [ ‘Z((S; ]MEM(O) exp[— — jo %%, T) dt]
x [1— = J: Yo a";ﬁ:") AIT‘ dt] (1.5.10)

Substituting (7.5.4) into (7.5.10), we obtain

Ey(z, t) = constant X [1 — M, cos(2t — ¢,) — M,, cos(QQt — ¢,)]
(7.5.11)

where

_ B2 0%45(vo) 4, &(0)
Ma = ¢ .[o Yo v, ® + %? [ £(7)

. wy (? 025(vo) A, [£,(0)]"/2
Mao = MIC—C— .[o & vy © + vt (1)

1/2
] et gy (1.5.12)

e gy (7.5.13)

We see that due to the modulation of the collision frequency caused
by the passing of the first modulated wave, the second wave is also ampli-
tude-modulated at frequencies 2 and 2. The modulation indices are given
by Mg and M, for the two frequencies, respectively. The depth of modula-
tion (indicated by M, and M,,) and also the phase depend on the param-
eters of the plasma as well as the geometry of the problem. Here we just
note that both A4, and A4, decrease as 2 increase. Since M, and M, are
proportional to 4, and A,, respectively, the depth of the cross-modulation
decreases as {2 increases. Also, in general the modulation of the second
harmonic is smaller than that of the first harmonic. This is evident by
examining the following relation obtained from (7.5.12) and (7.5.13).

o My [Gn) o+ @
Mea = Mo =3 {Guy + a7

(7.5.14)

In our computation, we have assumed normal incidence for both waves.
The case of oblique incidence can be treated in the similar manner. When
the external dc magnetic fields are present, the computation becomes more
complicated. However results similar to those obtained above for isotropic
plasma may also be obtained.
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7.6 Wave-Wave Interaction

In the previous two sections we have discussed the nonlinear effects of
wave propagation in a plasma where collisions play a significant role.
The dependence of the effective collision frequency on the electromagnetic
fields causes the self-interaction as well as cross-modulation of waves.
Other phenomena such as harmonic generation, demodulation, etc., may
also occur due to a similar mechanism. In this section we shall discuss
another aspect of the problem of nonlinear wave propagation. We shall study
in general the nonlinear phenomena that arise independent of the collisional
effects. The physical processes underlying this type of nonlinear phenomena
may be divided into two catagories. The first one is the resonant interaction
of waves in which the energy and momentum of the interacting waves are
conserved. The second is the resonant interaction between waves and par-
ticles in which the total energy and total momentum of waves and particles
are conserved. In the following we shall concentrate on the discussion of the
first class. Since our purpose is mainly to indicate the ideas and demonstrate
the techniques rather than to study a specific physical problem, we choose to
investigate the following dimensionless nonlinear partial differential equa-
tion

oy 0%
or? ox*

oy o,
+ 7% +y=c¢p (7.6.1)

This equation may represent a dispersive wave system with the nonlinear
term given on the right-hand side. We shall assume in the following that ¢
is a small parameter corresponding to weak interactions. Using (7.6.1),
we shall first indicate qualitatively the physical processes underlying the
wave-wave interaction phenomenon; then we shall introduce one of the
mathematical techniques that are used to study such problems. The main
reason for choosing (7.6.1) is just because it represents one of the simplest
nonlinear dispersive wave systems for which three-wave resonant interaction
is possible. Armed with ideas and results obtained from considering (7.6.1)
we can then go on to discuss some wave-wave interaction phenomena that
may occur in the real physical world.

Let us first consider (7.6.1) without the nonlinear term on the right-
hand side. This is a one-dimensional linear dispersive wave system and from
the discussion in Chapter 2 we know that for plane waves of the form

(x, 1) oc eflat—kz (7.6.2)
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to exist, w and k must satisfy the dispersion relation
wik) =1— k% + k* (7.6.3)

In the linear system, plane waves satisfying the dispersion relation will
propagate in the medium independently with constant amplitudes; there is
no energy exchange between the modes. When the nonlinear term on the
right-hand side is included, however, interaction among the waves occurs.
Energy exchange between the modes does exist. Therefore the amplitudes
of the waves will change as time goes on. For weak nonlinearity one would
expect to see a slow change in the amplitudes as compared with the fast
changing phase. The interaction becomes most important when two waves
beat together such that their sum or difference frequency and wave number
just match the frequency and wave number of a third wave. We shall call this
case resonant wave-wave interaction. Mathematically the resonant condi-
tion may be written as

wy(ky) + wy(ksy) + wy(ks) =0

(1.6.4)
kl+k2+k3:0

If one interprets w and k as the energy and momentum of a quantum
associated with the wave, (7.6.4) may be regarded as the principles of
conservation of energy and momentum in the process involving the three
quanta.

Let us now consider the case of three-wave interaction for the system
(7.6.1). Assume a solution of the form

ML0=iM@JVmeFhﬁMﬂ (1.6.5)

where a*(k,,t) = a(—k,, t) for real y(x, ). This is a combination of
three interacting waves with wave numbers satisfying the condition

ky+ ks + ks =0 (1.6.6)

Substituting (7.6.5) into (7.6.1) and equating the terms on both sides
with the same exponential factor, we obtain

dPa(k,, )/dt* + w2alk,, ) =€ ). a*(ky, a*(—k, — ky, 1),
L2 n=1,2,3 (1.6.7)

where
w2 = wik,) =1—k,2+ k! n=1273 (7.6.8)
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A similar set of equations may be obtained for a(—k,, 1).

We note that for ¢ = 0, there is no nonlinear interaction and the a(k,, t)’s
are independent of each other. The solutions are exp(<4jw, ) for this case
and (7.6.5) represents three independent waves.

For £ 7£ 0, (7.6.7) represents three coupled nonlinear equations. In general
they are difficult to solve. For weak nonlinearity such that ¢ < 1, approxi-
mate solutions can be obtained by several different techniques. The central
idea behind all these techniques is that for weak nonlinearity, the function
a(k;, t) can be expressed as the product of a slowly time-varying amplitude
function and the exponential exp(d- jow, t). Therefore two different time scales
exist, a slow one on which the amplitude varies and a fast one on which
the phase changes. In the following we shall introduce one of the techniques,
the so-called “method of averaging,” to solve (7.6.7).

To apply the method of averaging we first transform (7.6.7) into the so-
called “standard form™ (to be defined later) by defining a vector

0 alkat) 1 [k D)
800 = [ gt jar] = Lence 1 (7.6.9)

Then (7.6.7) can be put into the form

dE/dt + A - € = eX(k,, 1, E) (7.6.10)
where
A(k,) = [w02 —(1)] (7.6.11)
and
0
X(ky, 1, E) = [ S bk D6k — ko t)] (7.6.12)

m#£n,m=1,2,3

In order to transform (7.6.10) into the standard form, we introduce the
transformation

E(kns t) = &k, 1) - n(kna 1) (7.6.13)

where ®(k,,, t) is a 2 X 2 matrix and % is a column vector. If we choose
® to be

Jawrat —jwpt
e ¢ ] (7.6.14)

J wnejwnt —J wne_jw"i

®(k,, 1) — [

then by substituting (7.6.13) and (7.6.14) into (7.6.10) we have

dn(k,, ldt = e®1(k,, 1) - X(k,, t, ® - q), n=1273 (7.6.15)
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which is the standard form of the equation. ®~! is the inverse of @® and is
given by

°_](kn , 1) =

3 —Jopt  __ p—jout
! [ J e ¢ ] (7.6.16)

—2jw, |—jw,eiont efont
® is called the fundamental matrix for the homogeneous equation
dg/dt + A -E=0

and we note that the columns of ® are vector solutions of this equation.
Using (7.6.12), (7.6.14), and (7.6.16), we can write (7.6.15) explicitly in
its component form. For example, for n = 1, we have

dny(ky, )de = (efjo,) {n* (s, 1), * (ky, et ortos)
+ ¥ kg, )Me* (ks , t)eH@ortor et
+ m*(ky, ) *(ky, e @rrer et
A GG Sy (7.6.17)

dny(key, 0)/dt = —(efjw,){m,* ks, D *(ky, e T @rtos ot
+ p* kg, Dp* (ky, 1)eH @ rent
+ ¥ kg, ONp*(ky, t)eF@res et
+ my*(ky, a* (g, e Oront e} (7.6.18)

Similar equations for 7,(k,, t), n.(k,, t), n,(ks, t), and #,(k,, t) can be
derived. They all have the same form. The subscripts on k and w are cyclicly
symmetric. Thus we have six coupled nonlinear equations in the standard
form for the vector n(k,, ). Once % is solved, the solution a(k,, t) is
obtained through (7.6.13). We have

a(kns t) = El(kna t) = nl(kru t)ejwnt + ﬂz(kn, t)e—jw”t (76'19)

For small ¢, from (7.6.17) and (7.6.18) we see that 5, and 5, vary slowly
with respect to time. The expression of a(k,, ?) is then in the form of the
product of a slowly varying amplitude and a fast varying exponential as
previously mentioned. To obtain the solution # from the set of nonlinear
differential equations, the method of averaging will be used. This method
essentially is based on the fact that n varies on a much slower time scale
than the time scale of the exponential function. It can be shown that the
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asymptotic solutions for (7.6.17) and (7.6.18) to the first order of the
small parameter ¢ satisfy the equations obtained by taking the average of
the original equations over the fast time scale. In taking this average,
7, and 7, are kept constant. When this averaging method is applied to
(7.6.17) and (7.6.18), we note that the terms on the right-hand side vanish
identically except for the various resonant conditions w; 4+ w, + w3 = 0,
o+ w;— w, =0, 0, + vy — w; =0, or w, + w;— w; = 0. Each con-
dition corresponds to one particular physical situation. In the following we
shall study in detail the case where three traveling waves interact with
each other such that all #,’s are absent. For this case, the equations after
averaging become

dn,(ky, 1)/dt = (gljew)yn* (ke s O *(ks, 1)
dny(ks, O)/dt = (efjw)m*(ky, Omy*(ks, 1) (7.6.20)
dn,(ks, )ldt = (el jwg)n,*(ky, O *(ks, 1)

with the resonant conditions
ky+ ks + ky =0, W, + w, +w;=20

Two possible resonant trios for the dispersion equation w, =1 — k,?
+ k,* are shown in Fig. 7.6-1. Before we solve (7.6.20) in detail, let us first

w
3/
o2 Fig. 7.6-1. Two possible resonant
X trios for w?(k) =1—Kk* + k*. Waves
P traveling in positive x-direction are
} } represented by dots; waves traveling
—1 L 0 ; % in negative x-direction are represented

by crosses. [From F. P. Bretherton
(1964). Resonant interaction between
waves. J. Fluid Mech. 20, 457-479. By
permission of Cambridge Univ. Press].
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combine them with their respective complex conjugate equations. We can
write

w(djdr) | mky, 1) |2 = wy(dldt) | ni(ky, 1) [?
= wy(d/dt) | ny(ks, 1) |?
= —2Im{en,(ky, Om(ksy, Omlks, 1} (7.6.21)

where Im indicates the imaginary part.

For w, and w, both positive, w; must be negative according to the resonant
condition. (7.6.21) then indicates that when the amplitudes of waves 1 and 2
increase with time, that of wave 3 must decrease with time. In general, if
one amplitude is increasing with time, then at least one of the other am-
plitudes must be decreasing.

To solve (7.6.20), we write

MKy, 1) = e,  n=123 (1.6.22)

where a, and ¢, are real functions of k, and .
Substitute (7.6.22) into (7.6.20) and equating the real and imaginary
parts, we obtain

dajdt = —(g/w,)aya, sin 0
dayjdt = (efwy)o,a5 sin 6 (7.6.23)
da,/dt = (glwy)a,a, sin

and
dd,jdt = —(eay05/w,0) cos 0
dd,/dt = — (eayaz/wqay) cos O (7.6.24)
dbsldt = — (eayatsfwgos) cos O

where

0=¢ + ¢+ ¢s (7.6.25)
From (7.6.24), we obtain immediately
d0/dt = cos 0(d/dt) In(a,a,a;) (7.6.26)
which yields a relation after integration

o004 cos 8 = I' = constant (7.6.27)
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From (7.6.23), we have
w, do?/dt — w, day?/dt = 0
o, da?/dt — wg dag?/dt =0 (7.6.28)
W, da,?/dt — w, da?/dt = 0

Integrating (7.6.28) with respect to ¢, the following can be obtained

W02 — Wyt =my
w,0,% — Wyt = m, (7.6.29)

Wty — waty? = my

where m,, m,, and m, are constants.
Let us now consider the first equation of (7.6.23). Using (7.6.27) and
(7.6.29), we can write

da2ldt = —(2¢/w,)aaya, sin
= —(2¢/w,)[a,2a%x,2(1 — cos? §)]2
= —~(2¢/w) [} (w00, —my[w,) (0% wy — myfwg) — T7?]V2
(7.6.30)
Defining

a,®=n,, a2 = n,, a2 = ny, (7.6.31)

(7.6.30) may be put in the form
dnjdt = —Q2ejw)[(n, — ma)(ny — np)(n, — n)V2 (7.6.32)
where n,,, n,;, and n,, are the roots for the equation
ny(wn/w, — myjwy)(whfwy — mylwg) — 12 =0 (7.6.33)
and are arranged in the following manner
Me = Myp = Mg =0

Equation (7.6.32) may be integrated formally to give

244}
2e J dny (7.6.34)

o OO T = mdn — r)os — m
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This equation can be transformed into the standard elliptic integral by
the following change of variable. Let

(1) = [—"r‘;f—:)_—T:':']m (7.6.35)
= [ ;’1’: — e ]m (7.6.36)

Substituting the new variable y into (7.6.34), we may reduce it to an el-
liptic integral,

£ _ 12 v dy
o= 00— mo) = [ o (1637

where y(f,) = 0 has been assumed. This relation may be taken as the
definition for ¢,.

The solution of (7.6.37) is given by the so-called Jacobian elliptic func-
tion sn(u, f) (Gradshteyn and Ryzhik, 1965).

(€)= sn] = (e — m)**to — 1, (7.6.38)
1
and, by the definition of y, the solution for n,(¢), hence «,%(¢), is given by
€
a}(t) = m(t) = nyg + (M — ny,) 802[7 (e — )t — 1), B ] (7.6.39)
1

The amplitude functions «, and a; may be obtained from (7.6.29). Once
a;, ¢, and a, are known, (7.6.27) determines 0 and (7.6.24) may be used to
to calculate ¢, , ¢,, and ¢;. The general solutions #,(k,,, t) are then obtained
through (7.6.22). The elliptic function sn(w, §) is a tabulated special func-
tion. It reduces to the common trigonometric function sin u when g8 = 0.

To visualize the physical significance of our derivation we consider
the following example. At ¢ = 0, let us assume that the amplitude of the
first wave a,(0) = 0. Also, we assume that «,%(0) > a,%(0); the second wave
has dominating amplitude at ¢ = 0. Without loss of generality, we can
put I'=0 in (7.6.27). From (7.6.29), we have

m; = —w,n,(0), my = —wgyny(0) (7.6.40)
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Substituting (7.6.40) into (7.6.33), for I' = 0, we have

ny, = (Z—:)nz(O) ~n(0)

g +
ny = ( )ns( )= ot + ~n(0) (1.6.41)
a — 0

For this case, since n,(0) > n5(0), # is very small. Therefore the elliptic
function sn(u, ) may be approximated by sin ». The solutions are therefore
given by

Wy + Wy -+ W,

a2(0) = (1) = 1s0) — 22y s =1 =2t n,0)) |

/2
@2(t) = ny(t) = ny(0) cosz[wil t(ﬁ n2(0)>1 ] (7.6.42)

In Fig. 7.6-2, the functions «,%, a,?, and «,® are plotted against time.
We see that although initially the wave with frequency w, has zero amplitude,
through the interaction of waves 2 and 3, the wave with frequency w, is
generated.

a (#)

a;? (0)

aZ(n aZ ()

Fig. 7.6-2. Amplitudes of the three interacting waves.

asz O) -

Thus, using the relatively simple equation (7.6.1), we have demonstrated
one of the techniques in treating the problem of wave-wave interaction.
The example is for one-dimensional waves but it can be extended im-
mediately for the case of three-dimensional waves. The resonant conditions
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then become
k, +k;+k;=0

(7.6.43)
w,(K,) + wy(Ky) + wyks) =0

and the rest of the above discussion applies. Furthermore, our discussion
has been on the simplest case of a three-wave system. Similar consideration
may be made for multiwave systems. In some media where more than one
type of wave can exist, then w,, w,, and w; in (7.6.43) may satisfy the dif-
ferent dispersion relations corresponding to the different modes, respectively.

The technique we discussed above can be used to study various wave-
wave interaction phenomena that occur in real physical systems. For instance,
in a plasma there may exist many types of waves as discussed in Chapters 3
and 4. The technique may be used to study the resonant interactions among
these waves. It is possible under certain conditions that two transverse
waves will interact to generate a longitudinal plasma wave or ion acoustic
wave; or two transverse waves may generate another transverse wave propa-
gating in different direction with the beat frequency. It has been suggested
(Harker and Crawford, 1969) that resonant interaction among the whistler
modes may be the source of low frequency noise in the magnetosphere.
The technique has also been used successfully in the study of weak turbulence
in a plasma as well as surface waves in the ocean. In both cases, large
numbers of waves interact with each other resonantly in a random fashion.

A special case in the resonant interaction phenomenon is when one wave
has very low frequency as compared with the other two waves. For this
case, in some physical systems, the resonant interaction may serve as a
mechanism in trapping the waves. The low frequency wave does not par-
ticipate in the energy exchanging process; rather it acts as some sort of cat-
alyst to promote the interaction of the two high frequency waves. They
interact in such a way that the energy is exchanged from one wave to
another continuously and the propagation is confined in a spatial duct.
This type of interaction may occur in the ocean for internal gravity waves
(Phillips, 1968), or in the atmosphere for acoustic-gravity waves (Yeh and
Liu, 1970).

We mentioned in the beginning of this section that another type of
nonlinear phenomenon involves the resonant interaction among both waves
and particles. This type of interaction occurs quite often in plasma. The
well-known Landau damping is a linear example of the phenomenon.
Techniques such as the kinetic equations for waves have been developed
to study these problems. Interested readers are referred to the book by
Sagdeev and Galeev (1969).
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7.7 An Averaged Variational Principle

In closing this chapter, we wish to discuss briefly one of the recently
developed techniques in treating nonlinear wave propagation problems.
The technique was developed by Whitham (1965) for studying changes of
a wave train governed by nonlinear partial differential equations. It cor-
responds to the Krylov-Bogliubov method of averaging for the ordinary
differential equations as discussed in the previous section. The key to this
approach is to realize that for many nonlinear problems the governing
nonlinear equations admit elementary ‘“wave train” solutions given by

w(r,t) = acos(wt — k - 1) (7.7.1)

where a, k, and w = w(k) are slowly varying functions of r and ¢. The
averaged variational method indicates a way to obtain equations that de-
scribes the variations of these quantities.

Let us consider a system for which the dynamic equations can be derived
from a variational principle such as the Fermat’s principle discussed in
Chapter 5. We shall assume that the system admits wave train solutions as
given by (7.7.1). The simplest case occurs when there is only one single
dependent variable y(r, ¢) and the system is described by the Lagrangian
L(y,, $., ) where

o= 0pjot, Y,="Vyp (7.7.2)

The variational principle takes the form

5 ” L(we, Py, v) drdr — 0 (7.7.3)

Following the discussion in Section 5.4, we derive the Euler equation for the
system as

oL,jot 4V -L,— L, =0 (1.7.4)
where

L, =3Ljdy, L,=V,L,  Ly=0dLjdy (7.7.5)

Equation (7.7.4) in general is a nonlinear partial differential equation for
the unknown function y. Since we have assumed that a wave train solution
for the system exists, we may write the solution in the form

v = v,(0, a) (7.7.6)
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where
0 =wt—k-r (7.7.7)

and a is the amplitude and vy, is periodic in 0.
The three slowly varying parameters w, k, a are not independent. In
order that (7.7.6) satisfy (7.7.4), a dispersion relation must exist such that

D, »,a) =0 (1.1.8)

We note that for linear problems the dispersion relation does not involve
the amplitude a. Such linear examples were amply discussed in earlier chap-
ters. When the problem is nonlinear, the dispersion relation becomes
dependent on the amplitude as shown in (7.7.8).

The wave number k and the frequency w may be written, for the general
case, as

w=00/0t, k= —Vb (1.7.9)

as defined in Section 2.12. The aim now is to derive equations for the
slowly varying parameters k, w, and a. To achieve this, let us assume that
the period of the wave train solution y = ,(0, a) is normalized to 2n.
We define the averaged Lagrangian of the system by

F&, , a) = (1/27) f" Ldb (7.7.10)

The calculation of (7.7.10) is carried out in the following manner. We '
first substitute y = y,(0, a) in the expression for L; then the integration in
(7.7.10) with respect to 0 is carried out holding k, w, and a constant. The
dependence of % on k and w arises from the substitution of yp, = wyy’,
Vy = —ky,’ into L; the prime indicates differentiation with respect to 0.
The average variation principle states that the equations for (k, w, a) follow
from

5 ” Pk, w, a) di dr = 0 (1.7.11)

The quantities k and w are related to the phase function 0. Therefore the
variation of . comes from variation of 6 and variation of a. Hence, we
must derive the Euler equations for (7.7.11) for independent variations 46
and da. Again, following Section 5.4, we have, from variation da

Z(k, »,a) =0 (7.7.12)
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from variation 480

@)L —V VP =0 (1.7.13)

where the subscripts indicate differentiations as defined earlier.

Equation (7.7.12) is a functional relation between (k, w, @) which is just
a nonlinear dispersion relation (7.7.8). Equation (7.7.13) together with the
consistency equations

describe the variation of k and w. The consistency equations are derived
from (7.7.9). Thus, we see that by applying the averaged variational prin-
ciple, we obtain the equations for k,w, and a. Whitham (1970) has shown that
this averaged variational principle may be derived as the first term in a formal
perturbation expansion. In the following we shall show this for the one-
dimensional case; extension to higher dimensional case is straightforward.
The derivation makes use of the so-called “two-timing” technique which
recognizes explicitly the fact that the solution of the problem varies on two
different scales: the fast oscillation of the wave train and the slow variations
of the parameters (k, w, ). The main idea is to express the solution in the
form
w(x, ) =W, X,T,¢) (7.7.15)
where

8 = 10X, T), X = ex, T=c¢t (7.7.16)

and ¢ is a small parameter that indicates the ratio between the fast and
slow scales. The wave number and the frequency are now expressed by

oX,T)=0,=0p, k(X,T)=—0,=-0; (1.7.17)

The independent variables x, ¢ represent the fast scale variation and X, T
represent the slow scale variation of the solution. The ¢ and x derivatives
now can be written as

0 _og 0 0 _ 0 0
o "%t Ttar TYa YT
; 5 5 ; ) (7.7.18)
w =%t =" T eax

where the notation » = —k has been used.
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When we apply (7.7.18), Eq. (7.7.4) becomes

7} oL, aL,
'a?(wlq”*"‘lfa)—lda’f‘sﬁr‘i—eW:O (7.7.19)
This equation combining with the relation
oL a¥, 0¥,
ae - Ll 61 + L2 ax + Lagla
== L0 0W4)00 + €L, 0W,/0T + Ly 0W,/00 + eL, 0%,/0X + L, P,
(7.7.20)

yields a conservation equation

(@0/00)[(wLy + xLy)¥y — L] + e(@/0T)(¥sLy) + £(0/0X)(¥sLy) = O

(7.7.21)
For later convenience, the conservation equation is re written as
OR/00 4 ¢ OP[OT + £0Q[0X = O (7.7.22)
where
R = (wL; + xL,)¥y— L
P =YL, (7.2.23)

Q= TeLz

We now formally expand the solution ¥ in a power series in ¢,
V=Y ¥, (7.7.24)
0

and substitute it into the expressions for R, P, and Q. Each of them will
also have a power series expansion of the form

R=Y e"RW,  etc, (1.7.25)
(1]

Equating the terms of equal powers in ¢ in (7.7.22), the first two terms
are
OR9/36 =0 (7.7.26)

ORV[30 = — GP©)AT — QW /AX (7.1.27)
Equation (7.7.26) may be integrated once to yield
R® = (wL{® + %L W — L = A(X, T) (7.7.28)
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where A is the integration constant (with respect to 8). This equation can be
solved for ¥,. The next order equation, (7.7.27), has to be solved for ¥,.
A solution uniformly valid in 6 requires ¥, and hence each ¥,, to be pe-
riodic in 6 with period 2z. This is only possible in (7.7.27) if the integral
of the right-hand side with respect to  over one period is zero. That is,
to avoid secular terms in %], we must demand

i<_1_ r” po dg) 1 i<_1_ Jzn oo d@) =0 (71.7.29)
aT \ 27 J, X \ 27 J, :
From (7.7.23), Eq. (7.7.29) becomes

a 1 2 (0) 0 1 2 (0)
TT(T _[0 TOOLl de) + —67(7 J‘o WOBLZ do) == 0 (7.7.30)

Using the definition of the averaged Lagrangian (7.7.10), the secular
condition (7.7.30) can be written as

0L, 0T +- 0 Z,j0X =0 (7.7.31)
Or, going back to the original wave number k,
02, J0T — 0.4/0X =0 (7.7.32)

which is just the one-dimensional equivalent of (7.7.13) derived from the
averaged Lagrangian principle. Thus, we have shown that the averaged
Lagrangian principle may be derived as the first term in a formal perturba-
tion expansion. Higher order terms may be formally obtained from the
expansion of (7.7.22).

From (7.7.28), we can solve for L® in terms of other variables and obtain

LO = (@L{® + %L — A
= (OLY/OW ) ¥op — A (7.7.33)

The averaged Lagrangian can now be written as

2n [{1}]
[P j (aL lpoe—A)de

2 Jo \ 0%y
1 oL

- 4w 7.34
7 T d¥,— 4 (7.7.34)

where the integration is over one complete period of ¥,.
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Using this form of % in the variational principle, the Euler equations
are
<, =0, 8L, /0T + 0.Z,/0X =0 (7.7.35)

Whitham (1970) has shown that for many nonlinear problems, (7.7.34)
and (7.7.35) are most effective to use to obtain the dispersion relation
D(k, w, A) as well as the equation for w and k. We note that 4 in (7.7.35)
is related to the amplitude as defined in (7.7.1).

We conclude this section by applying the averaged variational principle
to a simple nonlinear problem. The equation is the general nonlinear Klein-
Gordon equation

Yo=Y+ V'(@)=0 (7.7.36)
The Lagrangian is
L=ty — 3y — V(y) (7.1.37)

where V(y) is a function of w.
The lowest order approximation yields

LO = (o — kB)FL — V(F,) (7.7.38)

Therefore
L0y = (w® — k*)¥ye (7.7.39)

Substituting (7.7.39) into (7.7.33), we obtain
LY = (w? — k?)Y(OLO)0Wy)* — A (7.7.40)
Comparing (7.7.38) with (7.7.40), we have
A = $(w? — k) L@LQ0¥ ) + V() (7.7.41)

We note that the purpose of this manipulation is to eliminate ¥y in favor
of L /3Y¥,. Solving (7.7.41) for 3L [0¥,,, we obtain

ALOIIW oy =\ 2w? — KB4 — V(P2 (1.7.42)

Substituting (7.7.42) into (7.7.34), we obtain the averaged Lagrangian

@z 7177 [2(w? — k2)]v2 § [A— V)2 d¥,— A (1.7.43)
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The Euler equations (7.7.35) become

2n = [t — K2 §dWyld — VPP (17.44)
and
a I 1 ® 1/2
0T | 2n  (w® — k212 fﬁ [4— V(¥)Y d?’o}
a {1 k

0X | 2n  (w® — k2)2 é [4 — V(P2 d‘]’o} =0 (7.7.45)

Equation (7.7.44) gives the dispersion relation between w, k, and A while
(7.7.45) together with the consistency equations (7.7.14) describe their slow
variations.

For the linear case such that V(%) = y?/2, the integral in (7.7.43) may be
evaluated explicitly. We have

§A— yppyeap, =2 [ (A~ yaynav, — Qayn

Equation (7.7.43) then becomes
Z = [(w®*— k?)V2 — 114 (7.7.46)
Similarly, (7.7.44) and (7.7.45) may be evaluated to yield, respectively,
(w? — k)2 =1 (7.7.47)
0(Aw)/0T + 3(A4k)/dX = 0 (7.7.48)
The consistency equation (7.7.14) becomes
0k[0T + O0w[0X = 0 (7.7.49)
Combining (7.7.47), (7.7.48), and (7.7.49), we obtain
0k[OT + v (k) 0k[/0X = 0 (7.7.50)
OA[OT + vy (k) 0A/0X + Av,/ (k) Ok[0X = O (7.1.51)
where v,(k) is the group velocity defined by

v, (k) = dw/dk (7.7.52)
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For a periodic solution of the form
Y(0)=acosb (7.7.53)
we see from (7.7.28) that the amplitude a is related to A through
A=a*2 (7.7.54)

Therefore A is proportional to the energy density of the wave.
We note that the curve

dX/dT = dx/dt = v (k) (1.1.55)

is a double characteristic for the two equations (7.7.50) and (7.7.51).
Along this characteristic,

dk|dT = 0, dA[dT = —v; (0k/0X)A on dx/dt = vy (k) (7.7.56)

That is, the wave number remains constant for an observer moving
with group velocity v (k). This is the same result as in Chapter 2 when we
discussed the kinematics of the waves. Equations (7.7.50) and (7.7.51) give
the slow variations for the amplitude and the wave number of the wave
train. The solutions depend on the initial and boundary conditions cor-
responding to the physical situations.

Thus, in this section we have introduced the averaged variational prin-
ciple for treating general problems of dispersive waves. The main results
are included in the three equations (7.7.12)-(7.7.14). These equations have
been used by many authors to study a wide variety of problems, including
the extension of the concept of group velocity to nonlinear problems,
nonlinear instability, resonant wave interaction, dispersive waves in in-
homogeneous media, in moving media, etc. Interested readers may consult
the paper by Whitham (1970) for the references on the various topics.

Problems

1. In Section 7.3 we have derived the expression for the electron tempera-
ture 7, in the limit of w 3> dv, and found it to be independent of time. In
the opposite extreme of low frequencies such that w <€ d, find the electron
temperature 7, (assuming 4 and » are constants).
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2. In the high frequency approximation (w > #,), assuming the incident
wave to be amplitude-modulated with the amplitude given by E,(1 + M
X cos £2t), 2 € vy, find the absorption coefficient for the wave. The
dominant collisional process is between electrons and molecules.

3. In the resonant wave system (7.6.20) if one of the waves, say wave
1 (k,, w,), is excited initially with an amplitude much greater than that
of waves 2 and 3, (7.6.20) may be solved by the usual linearization procedure.
We start by linearizing (7.6.20) with respect to #,(k,, #) and %,(k,, ) but
not with respect to 7,(k,, t).

(a) Prove that to this order 7, remains constant in time.
(b) Prove that the conditions for effective transfer of energy from wave
I to waves 2 and 3 are

| )] > | @] and | o] > | w,].

4. The internal gravity waves of the form e/@%0 in a uniformly stratified
fluid satisfy the dispersion relation

= wycos 0

where w, is the Brunt-Vaisala frequency and is a constant and 0 is the
angle between the wave vector k and the horizontal plane. The resonant
conditions for wave-wave interaction are written in the form equivalent
to but slightly different from the ones in the text:

kK, — k, =k,

Wy — Wy = Wy

For the case in which w,; = 0, find k,, k,, k,, w,, and w, that satisfy the
resonant conditions,
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8. Interaction of
Atmospheric Waves
with the Ionosphere

The previous chapters were concerned exclusively with the propagation
of electromagnetic waves in plasmas although the mathematical techniques
developed in studying such waves can be equally applied to studies of other
waves. We have seen that in response to the incident electromagnetic energy
the plasma particles irradiate in such a manner that propagation of the
total electromagnetic energy can be described in terms of characteristic
waves.

The terrestrial ionosphere is known to be a weakly ionized plasma. The
plasma-neutral-density ratio is at most 1 : 100. If the neutral atmosphere is
capable of wave motions of its own, the plasma must respond to it through
collisions. One outstanding example of wave motions in the neutral gas is
the propagation of sound. In the atmosphere, the gravitational force causes
the density to be vertically nonuniformly distributed. For waves of suf-
ficiently low frequency the buoyancy force plays an important role in mak-
ing otherwise ordinary sound waves anisotropic. In fact, the modification
is so drastic that the resulting wave is called the acoustic-gravity wave.
This chapter is concerned with the propagation of acoustic-gravity waves
and their interaction with the ionosphere. Because of space limitation, we
will discuss propagation in the unbounded atmosphere only. Most experi-
mental observations at ionospheric heights tend to support free waves and

402
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not guided waves. It should be pointed out that many observed acoustic-
gravity waves in the troposphere are guided.

The earth rotational effects are ignored as tides form a special topic of
their own.

8.1 Structure of the Atmosphere

The primary properties of the atmosphere are its density, pressure, tem-
perature, composition, and motion. Conventional meteorology deals mainly
with these properties in the lower ten to twenty kilometers. These regions
are accessible by kites (as first used in about 1900), balloons, and aircrafts.
As experimental techniques improved, the probing of the atmosphere also
extended in height. Recently, rockets and satellites have been making direct
in situ measurements in addition to observing, at a distance, naturally
occurring events such as meteors, noctilucent clouds, etc. One of the most
striking features of the earth’s atmosphere is its vertical diminution of
density with height. Therefore, to the first order, the atmosphere may be
assumed to be horizontally stratified. The cause of this stratification is the
strong gravitational force. The balance of the gravitational force by the
pressure gradient force is given by the hydrostatic equation

dp = —godz 8.1.1)

Here p is the pressure, g the gravity, o the mass density, and z the height.
For an ideal gas, the pressure is related to the number density N and tem-
perature 7 through

p=NT 8.1.2)

For convenience, T is expressed in energy units. Divide (8.1.1) by (8.1.2);
the following equation is obtained.

dplp = —dz|H (8.1.3)
where H is called the scale height and is given by
H = T/mg (8.1.4)

In (8.1.4), m is the mean molecular mass at a given height. Integrating (8.1.3)
from a reference height z, at which p = p, to an arbitrary height z, we obtain

p = poe i %lH (8.1.5)
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The distribution of number density with height can be obtained from (8.1.5)
and the ideal gas law (8.1.2) yielding

N = (N To/T)e % %/2 (8.1.6)

where N, and T, are, respectively, the number density and temperature at z,.
It is clear by examining (8.1.5) and (8.1.6) that a knowledge of the scale
height variation with height is very crucial in understanding the pressure
and density distributions. In the following, we will consider two highly
idealized cases, i.e., the isothermal case and the adiabatic case.

We first discuss the isothermal case. If the atmosphere is allowed to reach
a thermal equilibrium, the atmospheric temperature eventually will reach a
constant value for all heights. Such an atmosphere is called an isothermal
atmosphere. Of course, isothermality nearly never happens in the real
atmosphere. But in the region of the upper thermosphere above about
300 km the temperature profile shows very little height variation. This is
because of the large thermal conductivity which tends to smooth out any
temperature gradient. At these heights, there is very little mixing. The
atmosphere, being a mixture of gases, is then distributed with partial
pressure given by its constituent gas. Let the scale height of the ith gas be

H,' = T/ng (8.1.7)

Over a limited region of the atmosphere, the gravity can be assumed to be
constant. The height distribution of partial pressures in an isothermal
atmosphere is therefore given by

Pi = Pose T (8.1.8)
Similarly, the density distribution is
N; = Nye~\z—%H: (8.1.9)

In an isothermal atmosphere the meaning of scale height is very clear: It is
the e-folding distance for pressure and density. A light gas has a large scale
height. It is therefore expected that the light gas will predominate at suf-
ficiently great heights.

Next, we wish to discuss the adiabatic case. In the lower atmosphere the
thermal conduction is extremely slow. Convective motions are set up when
the atmosphere is heated from below. These motions also mix the gas suf-
ficiently so that the average mass m is nearly unchanged with height. Be-
cause of the slow conduction, the gas, when transported from one place to
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another, expands and contracts nearly adiabatically, The pressure and mass
density in an adiabatic atmosphere must then satisfy

p = Ao (8.1.10)

or
dp = Aypr~1dp 8.1.11)

where A is a constant and y the ratio of the specific heats. Eliminate p
from the hydrostatic equation (8.1.1) and the adiabatic equation (8.1.11)
and integrate the resulting equation to find

0 = [0 — (g(y — 1)/Ay)(z — zo)]V¥V (8.1.12)

The mass density (8.1.12) decreases continuously as height increases and it
is reduced to zero when

z — zo = poy/eeg(y — 1) (8.1.13)

where we have made the substitution 4 = py/e,”. This means that an adia-
batic atmosphere must have a limited height. As an example, let us take
Po = 1.01 X 155 N/m? g, = 1.23kg/m?, y = 1.4 and g = 9.80 m/sec?. We
get 29.4 km as the limit of the adiabatic atmosphere. The corresponding
temperature profile can be obtained by using the ideal gas law (8.1.2) and
the adiabatic law (8.1.10).

T = Amg¥~! = Amgy™t — (mg(y — )y~ 'fy)z — z)  (8.1.14)

where the density profile (8.1.12) has been used. The temperature gradient
is easily obtained from (8.1.14),

dT|dz = —mg(y — 1)/y (8.1.15)

The temperature given by (8.1.15) decreases with height at a constant rate.
The magnitude of the gradient is often referred to as the lapse rate. If we
take the mean molecular weight to be 29, g = 9.80 m/sec?, y = 1.4, the
lapse rate comes out to be 136 x 10-24 J/km or 9.84°K/km. Except for the
first two kilometers above the earth’s surface, the troposphere lapses at an
average rate of 6.5°K/km. Consequently, the troposphere is not in perfect
adiabatic equilibrium,

The behavior of the average temperature profile in the atmosphere is
shown in Fig. 8.1-1. Also shown are main names for different atmospheric
regions classified according to the temperature behavior. It is obvious that
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the real atmosphere is much more complicated than the highly idealized
cases discussed here. The reader should consult specialized books for a
detailed discussion [see, for example, Ratcliffe (1960)]. Our interest here
is to study the wave propagation in the atmosphere. The background ma-
terial discussed so far will serve to remind us that the real atmosphere is
quite complicated.

500+
400} Nighttime, minimum Average Daytime, maximum
of sunspot cycle atmosphere | of sunspot cycle
€ 300
-~
=
o
@
T 200t
100+ Thermosphere
————————— Mesopause
Mesophere
———————— Stratopouse
Stratosphere T
0 PR ., Troposphere rop‘opclfse P [ .
o] 500 1000 1500

Temperature, °K

Fig. 8.1-1. Average temperature profiles in the atmosphere.

It is well known that any sufficiently rapid perturbation in the homoge-
neous atmosphere will propagate away as a sound or acoustic wave. Being
an adiabatic process, the speed of sound ¢ is given by the formula

= (dp/dQ)adiabatic (8.1.16)

The pressure and density variations for an adiabatic process are related
through (8.1.11). The use of (8.1.11) and (8.1.10) reduces (8.1.16) to

2 = yplo = yT/m (8.1.17)

The speed of sound is seen proportional to the square root of temperature.
Corresponding to the average temperature profile of Fig. 8.1-1, the speed
of sound varies in a manner shown in Fig. 8.1-2. Because of its dependence
on the temperature, the speed of sound will vary diurnally over a wide
range in the thermosphere. It is interesting to note that there are two sound
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ducts where the speed of sound is a minimum. The possibilities of such
ducts to serve as wave guides have been studied by several authors [e.g.,
Pfeffer and Zarichny (1962)]. In most cases, these studies make use of
numerical techniques. We will limit ourselves to analytic studies of simple
and idealized problems in order to gain an understanding of the physical
processes involved.

8.2 Buoyancy Oscillations

We have seen in Section 8.1 that the gravitational field is responsible,
to a large extent, for making the atmosphere inhomogeneous. We will see
now that the gravitational field is also responsible for making propagation
of atmospheric waves anisotropic. In an ideal fluid, the motion of a small
parcel of fluid along the equipotential surface does not require any energy.
There is no restoring force involved as long as the parcel is displaced along
the equipotential surface. This is no longer true when the displacement is
away from the equipotential surface. A vertically displaced fluid parcel ex-
periences a buoyancy force which tends to restore the original equilibrium.
The rapidity with which the equilibrium is restored characterizes the atmo-
spheric oscillation frequency. If the frequency of the wave motion is large
compared with the characteristic frequency, the propagation is expected to
be nearly isotropic and the gravity effect is minimized. Conversely, the wave
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motion is expected to be anisotropic and the gravity plays an important
role if the frequency is low.

Consider a horizontally stratified fluid in hydrostatic equilibrium. An
external force is applied to displace an element of fluid vertically upward by
a small distance £ Now remove the external force. In this position, this
element of fluid experiences a force and starts to move according to the
equation of motion

of =—gde (8.2.1)

The right hand of (8.2.1) is just the buoyancy force. The quantity Ap is the
difference in density of the displaced fluid element from that of the new
environment and is composed of two terms. The first term comes about
because of the inhomogeneous nature of the atmosphere and its contribu-
tion to Ap is

— & dp/dz (8.2.2)

The second term comes from the change in pressure. If we assume that the
change is taking place adiabatically, then the contribution to Ap is, ac-
cording to (8.1.16),

e S A PR (8.2.3)

where the hydrostatic equation (8.1.1) has been used in obtaining the last
expression. Substitution of (8.2.2) and (8.2.3) into (8.2.1) results in the
equation of motion

£ = —w2k (8.2.4)

with the angular buoyancy frequency (alternately called Vaisala frequency,
Brunt frequency, or Brunt-Vaisala frequency) given by

ot = —gldIn o/dz + g/c*] = (y — 1)g¥/c® + (g/c)(dct/dz)  (8.2.5)

The fluid element therefore executes a simple harmonic motion about the
equilibrium position with an angular frequency w, provided that w,? given
by (8.2.5) is positive. If w,? is negative, the initial perturbation will grow
exponentially with time and the fluid is unstable. The condition of marginal
stability occurs when w, = 0 or when

dT|dz = —mg(y — 1)y (8.2.6)

This is just the lapse rate of an adiabatic atmosphere given by (8.1.15).
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Therefore, the atmosphere is unstable if its temperature lapses at a rate
faster than the lapse rate of an adiatabic atmosphere.

In an isothermal atmosphere with a constant mean molecular mass, the
buoyancy frequency reduces to

wy? = (y — 1)g%/c? (8.2.7)

which is a constant, at least over the region within which g may be assumed
constant.

In the atmosphere, the buoyancy frequency is less than 1 Hz and it is
therefore more convenient to speak of the period of the wave. The buoyancy
period in the stratosphere is roughly 6 min; it increases to 12 min in the
thermosphere.

8.3 Acoustic Gravity Waves in an Isothermal Atmosphere

The appearance of the buoyancy frequency brings in an entirely new
mode of wave motion which does not have its counterpart in the study of
ordinary sound in the homogeneous medium. This characteristic frequency is
very small as the period is several minutes to ten minutes in the real atmo-
sphere. Only comparably low frequency waves would be affected by the
buoyancy force. It is for this reason that such waves are sometimes re-
ferred to as infrasonic waves. We will call them acoustic gravity waves.

In discussing the propagation of acoustic gravity waves, we will assume
that the process is adiabatic. Its justification can be obtained by the follow-
ing order of magnitude estimation. For our present purpose, the one-
dimensional equation of heat conduction may be taken as

pc, dT|dt = » 0°T)3z* (8.3.1)

where ¢, is the specific heat at constant volume and has a numerical value
7.2 X 10% erg/gm-deg in cgs units. The coefficient of heat conductivity x
is proportional to the square root of temperature and is found to be given by

x = (3, A;N;/N)T"* erg/cm-sec-deg (8.3.2)
where A4; = 360 for O, and 4; = 180 for O, and N,. Let the characteristic

time of heat conduction be 7 and the characteristic length be the scale height
H. The velocity of heat conduction has the order of magnitude, estimated
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from (8.3.1),
Vheat = H|t = n/oc,H (8.3.3)

On the surface of the earth, this velocity of heat conduction has a numerical
value 4 x 10~ m/sec which is negligibly small when compared with the
corresponding speed of sound, roughly 300 m/sec as seen from Fig. 8.1-2.
Therefore, the adiabatic assumption is very good. Even at a height of 200
km, the speed of heat conduction is estimated to be 8 m/sec which is still
small when compared with the corresponding speed of sound at 800 m/sec.
For purposes of studying the propagation of acoustic gravity waves, the
adiabatic assumption can be justifiably used up to a height of about 300 km.
The effect of heat conduction in this height range is of the second order and
it serves as a damping mechanism.

The equations of concern are the fluid equations. For simplicity, the atmo-
sphere is assumed to be nonrotating and stationary. The equations are
the equation of continuity, the equation of motion, and the adiabatic equa-
tion given, respectively, by

dpfot +V - gv=10 (8.3.4a)
o Dv/Dt = —Vp + og (8.3.4b)
Dp/Dt = ¢* Do/Dt (8.3.4¢)

where the convective derivative is D/Dt = 8/dt + v - V. The gravity is
directed downward, i.e., g = (0,0, —g). The last equation of (8.3.4) is
applicable only to an adiabatic process and its justification has just been
examined. For a static, motionless, isothermal atmosphere the mass density
must be distributed exponentially as a function of height,

00 = Qoo “H (8.3.5)
where gy, is the density at z = 0. The corresponding pressure distribution is
Po = Poce " (8.3.6)

with pg, = pgT/m. Let the isothermal atmosphere be perturbed according to
the following scheme:

Q(l', t) = Qo(z) =+ Q’(l', t)

p(r, 1) = po(z) + p'(x, 1) (8.3.7)
v(r,t) =0 + v(r, t)
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The first terms on the right-hand side of (8.3.7) are the equilibrium quantities
and the second terms are the perturbations. Inserting (8.3.7) into (8.3.4)
and linearizing the resulting equations, we obtain the following equations:
90'[0t + ooV - v+ v V=0
0o Ovj0t = —Pp" + ¢ (8.3.8)
Op'[0t + v - Vp, = *(0¢0'[0t + v - Vo)

Now assume the perturbed quantities to vary like
(function of z)eitwi-kz2) (8.3.9)

By the judicious choice of coordinate axes, we have restricted ourselves to
studying those waves that are not functions of y. In such a case, the y-compo-
nent of the equation of motion shows that v, = 0. The remaining equations
of (8.3.8) reduce to

Jjw(o'loe) — jkovy + Ov,/0z — H7'v, =0

Jovy = jkx(P,/Qo)

Jjewv, = —(0/0z)(p'[e0) + H'(P'[00) — 8(e'/00)

JomT='(p'[ge) — H'v, = y[jw(e’[e0) — H'v,]

(8.3.10)

The advantage of the isothermal condition is now clear. As seen in (8.3.10),
the four differential equations for p’/g,, v,, and v, have constant coefficients
in an isothermal atmosphere. This permits us to seek a solution with z
dependence proportional to e+, In matrix form, the set of equations can
be written as

D-F=0 (8.3.11)

where F is the vector (o'/gq, p'/00, V2, v.). The symbol D stands for a dyadic
differential operator which reduces to an algebraic expression for plane
waves in an isothermal atmosphere. In matrix form, it is given by

jw 0 —jkz —]kz — H7
0 —jk, Jjo 0
= 8.3.12
o g —Jjk,—H*' 0 Jo ( )
— joc* Jjo 0 r— 1k

The set of homogeneous algebraic equations (8.3.11) has a unique solution
(outside of a multiplying constant) when the determinant of the coefficient
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matrix vanishes identically, i.e.,
det| D| =0 (8.3.13)

Expand the determinant (8.3.13), and the following algebraic equation is
obtained.

ot — wic(k,? + kB + g2ty — 1)k, + jwiygk, =0 (8.3.14)

Equation (8.3.14) is known as the dispersion relation. It is complex even
for the lossless medium. The choice of real or complex w, k., and k, depends
on the problem at hand. For example, if the problem of interest is concerned
with imperfect horizontal ducting, k, may become complex to show leakage
of energy from the duct. Let us consider the forced oscillation case for which
w is real. The wave is supposed to be incident on a horizontally stratified
medium. Due to the kinematic boundary conditions at interfaces, k, must be
invariant from stratification to stratification and is therefore real. Since w
and k, are real, k, must then be complex. Let

k, =k, — jk; (8.3.15)

The real part and the imaginary part of (8.3.14) can be easily separated to
give the following two equations.

w* — wic(k,? + kit — k') + gy — 1)k, + wPygk) = 0 (8.3.16a)
w’k; (2c%k; + yg) =0 (8.3.16b)

There are three possibilities resulting from (8.3.16b). We discuss them in
turn.

(i) Vertical Wind Shear Case. The first case we wish to discuss is when
w = 0 for which k, = 0 and k, is arbitrary. For this time independent case,
the perturbations in pressure and density, if any, must satisfy the hydro-
static equilibrium, the vertical component of the velocity must be zero (i.e.,
v, = 0), while the horizontal component v, is asbitrary. These properties
can be easily obtained by examining (8.3.10). This is the case of steady hori-
zontal winds sheared in the vertical direction.

(ii) Surface Wave Case. The second case of interest is when k,” = 0.
The wave number k, is purely imaginary, indicating that the wave has no
phase variation along z. The amplitude varies exponentially in the vertical
direction, and it may become very large for some values of z. Such waves
obviously have difficulty to exist in an unbounded region and they must
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be confined to sharp boundaries on which properties of the atmosphere
change drastically. There is some experimental evidence for the existence of
such waves in the real atmosphere. The sharp boundary is thought to be the
large temperature gradient in the lower thermosphere and the ground.
These waves are occasionally referred to as the Lamb waves.

(i) Internal Wave Case. 1If k,’ =0 so that there is a phase variation
along z, then, from (8.3.16b), k,’ must be a constant given by

ky = —vyg/2c? = —12H 8.3.17)
The dependence on z of field quantities has the form
e*/2H g—iks' (8.3.18)

which grows exponentially with height. We note that the kinetic energy in
a wave is proportional to gov*. Since g, varies like e~#H while | v | varies
like e¥/2H, the energy is kept constant as required in a lossless medium.
The growth of the amplitude of internal waves shown by (8.3.18) accounts
for the importance of such waves in the ionospheric height. Insertion of
(8.3.17) in (8.3.16a) yields

key? n k2 _
{1 — o/ }{l oo} ' (1—wlw?)

ket (8.3.19)

where k, = w/c, w, = yg/2c = ¢/2H (acoustic cutoff frequency), and
wy = (y — 1)"%g/c (buoyancy frequency). Equation (8.3.19) is the desired
dispersion relation. Its properties as well as other relevant information of
internal waves are discussed in the next section. For simplicity the prime on
k,in (8.3.19) has been ignored so that k, in (8.3.19) is real. The exponentially
growing factor shown in (8.3.18) must be remembered to apply to all com-
ponents of F.

8.4 Properties of Internal Waves

We found in the last section that the wave components of the internal
waves grow exponentially with height like %2, The dispersion relation is
given by (8.3.19) which is reproduced in the following:

nt n?

1= odory{l —odlo?} T A= ogled | (8.4.1)
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where n, = k,fk,

and ne = kko
In an isothermal atmosphere, we have w, > w, since y is less than 2. In the
atmosphere, we may take y = 1.4 for which w, = 0.904w,. As mentioned
earlier, these frequencies are in the infrasonic range and we frequently
use periods rather than frequencies. Typical values in the E region heights
(about 100 km) are 4.5 min for the acoustic cutoff period and 5 min for
the buoyancy period. The corresponding values in the F region (about
250 km) are 13 min and 14.4 min, respectively.

We now wish to discuss the properties of the dispersion relation (8.4.1)
in different frequency ranges.

7z

4 L
er Fig. 8.4-1. The refractive index
G, curve for an internal gravity wave.
I T,=13min, T, = 145min, T =
) N \ \ . \ L, 30 min. The resonance angle 6, is
-4 B © 2 4 " found to be 28.9°, The index surface
3 is obtained by revolving the curve

vy about the n,-axis.
-2t n
-4}

(i) Gravity Wave Branch. This is the low frequency branch in which
0 <w < wy or T> T,. The curve given by (8.4.1) in the s n,-plane is a
hyperbolic curve. An example is shown in Fig. 8.4-1. Since the vertical gravity
provides the only axis of symmetry, the index surface can be obtained by
revolving the hyperbola about the n, axis. The surface intersects the horizontal
axis at {(w,*w? — 1)/(wp?/w* — 1)}'/2 The resonance at which #n,, n,— oo
occurs when the propagation has a polar angle 8, given by

sinf, = w/w, (8.4.2)

In the gravity branch, the refractive index is always greater than 1, showing
that the phase velocity of the wave is always less than the velocity of sound.
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(ii)) Cutoff Region. When w, < w < w,, either n, or n, has to be
imaginary, contrary to initial assumption. Therefore, the internal waves
cannot exist in this frequency range. It does not mean that other wave types
cannot exist either. For example, the surface wave can certainly propagate
in this frequency region since it has imaginary k,. In a nonisothermal atmo-
sphere the buoyancy frequency defined by (8.2.5) may become larger than
the acoustic cutoff frequency and the cutoff region of the form discussed for
the isothermed atmosphere no longer exists.

(iii) Acoustic Branch. In the high frequency branch for which w > w,,
the internal wave again can propagate. The curve given by (8.4.1) in the
n.n,-plane is an ellipse. The index surface obtained by revolving the ellipse
about the n,-axis is then the surface of an ellipsoid whose major axis is
along the n,-axis with a radius {(1 — w?/w?)/(1 — w,?/w?)}/* and whose
minor axis is along the n,-axis with a radius (1 — w,?/w?)"2. Since the surface
is closed, there is no resonance. In the high frequency limit when o > «,,
the dispersion relation (8.4.1) reduces to

nt =1 (8.4.3)

which is isotropic. The wave becomes just the ordinary sound except that the
exponential growth with height of the form (8.3.18) is still present to assure
continuity of energy flow.

The regions of propagation of the gravity branch and acoustic branch
are distinct in the wk space as shown by the shaded regions in Fig. 8.4-2.

usti
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£l§

Normalized frequency, w/w,

i /é&uvity branch———

7 —
A —
Y 4
P
Va

— —T— —r == —r—
1

2 3
Normatized horizontal wave number, k, c/wy

Fig. 8.4-2. Regions of propagation of the gravity branch and the acoustic branch in
an isothermal atmosphere.
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These two propagatbon branches are bounded by curves along which
k,=0. As k,— oo, these bounding curves approach asymptotically to
o = wy for the gravity wave branch and k, = w/c for the acoustic branch.
Curves corresponding to k, 7= 0 appear in the interior of the shaded regions.
The remaining parts of this section are concerned with the group velocity
and the polarization relations. We will take up the group velocity first.
As discussed in Section 2.12, the group velocity has a direction normal
to the index surface. For the gravity branch, the index surface has a cross-
section shown in Fig. 8.4-1. An example is drawn for the refractive index
vector and its corresponding group velocity in Fig. 8.4-1. It is interesting
to note that even though the phase progression of this wave has a downward
component, the energy propagation has an upward component. In general,
the vertical components of the phase progression and energy progression
have opposite signs for the gravity branch and the same signs for the acoustic
branch. This can be seen by examining the character of the dispersion sur-
face or By examining the analytic expression for the group velocity. The
dispersion relation for the internal wave is (8.3.19) which can also be written
as
o — wic?(k? + k.2 + wg/c?) + w2kt =0 (8.4.4)

Differentiating (8.4.4), we can obtain the horizontal and vertical components
of the group velocity as

V4 = O[O0k, = wctk,(w? — wp?)/(w* — wyk,2c?) (8.4.5a)
vy = Ow|0k, = wic?k,[(w* — wyk,2c?) (8.4.5b)

For the gravity branch, the factors (w? — w;?), (w? — wyk,%c?) are both
negative so that v, has the same sign as k, while v,, has the opposite sign
as k,. But these two factors are both positive in the acoustic branch so that
v, and v, both have the same sign as k, and k,, respectively. Of course, the
waves are still anisotropic even in the acoustic branch except when w > wy,.

The system of linear equations (8.3.11) has a unique solution except for a
constant multiplier. Therefore, we may solve three components of F in
terms of the remaining component. The four equations are not linearly
independent because of the dispersion relation. Let us eliminate the third
equation of (8.3.11) and solve the field components in terms of v,. The
resulting equations of interest can be expressed in matrix form as

Jo 0 —Jjkz] 10'/00 (ik; + 1/2H)v,
[ 0 —Jjk, Jo ] [Q'/Qo] =[ 0 l (8.4.6)

_jwc2 jw 0 Vz - (}’ - l)gv:
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The above set of equations can be solved by a matrix inversion. The de-
terminant of the coefficient matrix is found to be jw(w? — k,%c®). The in-
verted set of equations shows that the four components of the vector F
must have the ratios

©@'/00) : (P']eo0) : vz 1 v, = [Pk, — jI2H) + j(y — 1)gk,*]
t 0k e + j(y/2 — 1)g]
t wk [k, + jy/2 — 1)g] : o[w? — k2c¢?] (8.4.7)

The relations (8.4.7) are sometimes called the polarization relations for the
internal waves. We note that the ratio v, /v, gives the orbits of the air parcels
under the influence of internal waves. The air parcels move in the plane of
the propagation vector. In general, the ratio v,/v, is complex, indicating
that the orbit is elliptical. There are two limiting cases for which the air
parcels oscillate linearly. In the high frequency limit, w > w,, we find
that v,/v, = k,/k,. Therefore the air parcels oscillate along the propagation
vector K, i.e., the wave is longitudinal. Near the resonance condition of the
gravity branch, both k_, k, approach to infinity and we find v,/v, = —k,/k,,
i.e., air parcels oscillate in a direction perpendicular to k. For other condi-
tions, the orbit of an air parcel describes an ellipse. Define the right-handed
and left-handed rotating vectors by

P=E—jo), I=(@EF+jb) (8.4.8)

The velocity of the air parcel can be expressed in terms of these unit rotating
vectors,

v = {fk,[k,c® + j(p/2 — 1)g] + £(w? — k,2c?)}Ae?/?H el @i kzak)

= {Plkk.c® + jh(y/2 — 1)g + j(@? — k)] + Ik k.c* + jk,(y/2— 1)g
— jw? — k2®)](A4 /2)ez/2Hei(wt—ktz—kzz)

= (Pv, + In)(A[2)e /el ket (8.4.9)

where A4 denotes the arbitrary amplitude and v,, v; are the relative complex
amplitudes of the right-handed and left-handed rotating components, respec-
tively. Their phase angles are denoted by §, and 8,. The elliptical orbit of
the air parcel is generally characterized by (1) the tilt angle of the ellipse,
(2) the sense of rotation, and (3) the axial ratio. They are all determined by
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v, and v; and are given by
tilt angle = (6, — 6,)/2
| vl + 0]

axial ratio = | ———7——
| orl = | o

right-handed if |v,| > | v|

sense of rotation: {1eft-handed if || <|ul (8.4.10)

As an example, let us inquire when is the air-parcel orbit circular. This
requires that either v, = 0 or v, = 0. We can find that air parcels describe a
right-handed circle when k, = 0 and w = (y/2)"2w, (see problem at the
end of this chapter). A few example orbits are shown in Fig. 8.4-3 in the
k.k,plane.

Fig. 8.4-3. Sample air-parcel orbits associated with the propagation of internal waves
(gravity branch) in an ideal gas. The plot is superimposed on the wave-number plane to
show the relation between the orbits and the propagation vector. R = axial ratio, y = tilt
angle, Y = w,/w, and ¢ = tan—%,/k,. [After Chang (1969).]
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8.5 Propagation in a Wind-Stratified Isothermal Atmosphere

Winds of high magnitudes have been observed in the upper atmosphere.
Measurements indicate that the F region winds can be reduced to a steady
component, a tidal component, and a component that varies in a few hours
(Spizzichino, 1968). In the F region the solar heating sets up a diurnal
bulge, a few hours trailing the subsolar point. As a result, pressure gradients
are induced and they together with other forces drive the neutral air to
produce winds. These winds are mainly in the horizontal directions. Their
magnitudes may be as high as 200 m/sec which is a large fraction of the ve-
locity of sound. Consequently, the winds are expected to modify the propa-
gation of acoustic gravity waves in a profound way.

The effect of a constant horizontal background wind can be taken into
account relatively simply by introducing a co-moving coordinate in which the
background atmosphere is stationary. The wave properties are assumed
known in the stationary atmosphere. The effect of wind can then be taken
into account by an appropriate transformation.

Let S be a stationary frame in which the observer is situated. Let S’ be
a frame moving with the medium with a constant horizontal velocity v,.
All quantities dependent on the motion and expressed in S are unprimed
and those expressed in S’ are primed. For a nonrelativistic velocity v,,
the space-time transformation is given by the Galilean transformation

r' =r— vy, K=k

t' =1, o =w—k-v, (8.5.1)

Such a transformation is applicable to acoustic gravity waves when v, is
strictly horizontal since the isothermal atmosphere is inhomogeneous in the
vertical direction. Note the invariance

o't —K ' =0t—k-r (8.5.2)

which shows that if a wave is a plane wave in S’ then it must be so in S
and vice versa. Let us suppose that the dispersion relation in S’ is given by

o' = fk) (8.5.3)
with a corresponding group velocity

vy = V' (8.5.4)



420 8. Interaction of Atmospheric Waves with the Ionosphere

Through Galilean transformation (8.5.1), we find that the dispersion rela-
tion in S becomes

o =w—k-v=fk) (8.5.5)
and the corresponding group velocity becomes
Vy=Vw=vs+ v, (8.5.6)

The quantity o’ is sometimes called the intrinsic frequency. It is the fre-
quency Doppler shifted due to the relative motion and is observed in S’.
Comparing {8.5.3) with (8.5.5) shows that the effect of a background wind
on the dispersion relation can be easily taken into account by allowing
for a Doppler shift in frequency. The wind also carries the wavepacket
bodily with it as indicated by (8.5.6). Actually (8.5.6) is a direct consequence
of the Galilean transformation (8.5.1). If we let r be the position of the
wavepacket in S, its position in S’ is then r'. According to the first equation
of (8.5.1), the wavepacket must move such that dr/dt = v, -+ dr'/dt, which is
identical to (8.5.6). The formulas (8.5.5) and (8.5.6) can be directly applied
to acoustic gravity waves whose dispersion relation has been derived in
Section 8.3.

When the background horizontal wind has a vertical shear, a multilayer
model is often assumed. The whole region of interest is divided into hori-
zontal layers and within each layer the wind is assumed constant. Such a
procedure is valid if the wind shear is not too large. The foregoing results
can then be applied to each layer. Appropriate boundary conditions must
be applied at the interface of each layer. In the following, let us consider
the effect of horizontal winds on the propagation of internal waves in an
isothermal atmosphere by using a multilayer model.

Let us suppose that a plane internal wave of gravity branch is incident
on a wind-stratified isothermal atmosphere. The effect of wind is to introduce
a Doppler shift as indicated by (8.5.5). The dispersion curves plotted in
k.k.-plane for gravity waves are shown in Fig. 8.5-1. Different curves cor-
respond to different frequencies of the wave. Suppose the incident wave has
a propagation vector indicated by the point 4. The corresponding energy
ray is normal to the curve at A and is shown by an arrow. When the wave
penetrates into the first layer, the Doppler shift given by (8.5.5) indicates
that the dispersion curve corresponding to a Doppler shifted frequency
must be used. Since the kinematic boundary condition requires that the
horizontal propagation vector be the same for all layers, the propagation
vector k can change from layer to layer only along a vertical path through
A as shown by the dotted line in Fig. 8.5-1. If the wind has a positive com-
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Fig. 8.5-1. Dispersion curves in an isothermal atmosphere with ¢ = 850 m/sec,
y = 1.4, g = 9.7 m/sec. The path of the k vector in a wind stratified isothermal atmosphere
is along the vertical line through 4 which corresponds to the incident wave vector. If the
horizontal wind is blowing with the wave, the path of k moves downward along the
vertical line; while if the wind is blowing against the wave, the path of the k vector moves
upward. [After Cowling, Webb, and Yeh (1971).]

ponent along the propagation vector, the Doppler shifted frequency de-
creases and the tip of the k vector moves downward along the dotted line.
This downward motion continues if the wind is assumed to increase contin-
uously in intensity with height. Eventually, the frequency is Doppler shifted
to zero for which k — co. The layer at which @’ = 0 is known as the critical
layer. At the critical layer the horizontal phase shows that the wave is
severely damped if there is present ever so small a loss mechanism. As the
operating point is moved downward along the dotted line through A, the
slope of the group velocity and hence also the slope of the ray decreases
until the ray becomes entirely horizontal at the critical layer. A sample
ray path is shown in Fig. 8.5-2.
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Fig. 8.5-2. Group path of an internal gravity wave showing the effect of a critical
layer. {After Cowling, Webb, and Yeh (1971).]

Let us now consider the opposite case for which the wind has a negative
component along the propagation vector and the magnitude of the wind
increases steadily with height. The incident wave has k corresponding to
point A in Fig. 8.5-1. As the wave penetrates into the atmosphere, the tip
of the k vector moves upward along the vertical dotted line through A.
The direction of the group velocity in S’ steepens until the operating point
reaches near the k,-axis at which the group velocity in S’ is entirely horizontal
and the wave is reflected. To an observer in S, the ray direction is given
by the vector sum of the group velocity in .S” and the horizontal wind vector
as given by (8.5.6). For the present case, v,/ and v, have opposite horizontal
components. Near the reflection point, the horizontal component of v,/
is very small and the ray bends backward and makes a characteristic loop
as shown in Fig. 8.5-3. After reflection, the direction of the ray is still given

200+

o
o
;

Height, km

% 400 800 1200 1600
Horizontal distance, km
Fig. 8.5-3. Group path of an internal gravity wave showing reflection in a wind strati-
fied atmosphere. [After Cowling, Webb, and Yeh (1971).]



8.6 Effect of Ion Drag 423

by v, + v,/ where v, continues to be determined by the vertical operating
line extending to the first quadrant of the k k,-plane. The situation is similar
to the incident case and is not shown in Fig. 8.5-1.

If the background wind is not sufficiently strong to give rise to either
the critical layer condition or the reflection, the ray must then penetrate
the atmosphere. An example is shown in Fig. 8.5-4.

It is therefore clear that background winds in an isothermal atmosphere
have a very pronounced effect on the propagation of internal gravity waves.
As a result we may classify rays into the following three types: critical trap-
ping, reflection, and penetration. Examples are shown in Fig. 8.5-2 through
Fig. 8.5-4 on the vertical plane. If there are present horizontal cross winds,
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Fig. 8.54. Group path of an internal gravity wave showing penetration in a wind
stratified atmosphere. [After Cowling, Webb, and Yeh (1971).]

these rays may deviate out of the vertical plane. Horizontal deviations are
not shown in these figures.

The theory of ray tracing of internal waves in a general, slowly varying
medium can be developed along the line discussed in Chapter 5. Such a
theory is available in the literature (Jones, 1969).

8.6 Effect of Ion Drag

So far in this chapter, our consideration of the propagation of acoustic
gravity waves is restricted to the isothermal and ideal atmosphere in which
all damping mechanisms have been ignored. We wish now to examine the
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effect produced by the presence of ions. This case is of interest in the real
upper atmosphere because of the presence of the ionosphere.

The propagation of acoustic gravity waves in a coupled neutral atmo-
sphere and ionosphere is rather complex because of the large number of
equations. The mathematical problem can be simplified if we view the iono-
sphere as responding to the propagation of such waves. As a result, the iono-
sphere is set into motion and therefore the wave is damped. The damping of
the wave due to the presence of the ionosphere is not the only effect on the
wave. Since the ionosphere is inhomogeneous, there is also the possibility
for partial reflection. The partial reflection problem requires solving a dif-
ferential equation with variable coefficients. We will treat one such casein
this section.

In the F region heights, we have the following inequalities:

Wp; > Vip > @ (8.6.1)

The angular frequency of acoustic gravity waves is very small when com-
pared with the ion-neutral collision frequency », (approximately 1/sec).
The process is quasi-equilibrium and therefore ions and neutrals must
move with the same velocity. However, since the angular gyrofrequency
of atomic oxygen ions wy; is approximately 300 rad/sec which is much larger
than »;,, the ions essentially spiral about magnetic lines of force. The com-
bined effect of inequalities (1) is that the wave-induced ionic velocity is
along the magnetic field and its magnitude is equal to the component
of the neutral velocity in the same direction. Mathematically, the ionic
velocity is related to the neutral velocity through

vi= (v BB, (8.6.2)

where B, is a unit vector in the direction of the steady magnetic field. In
a coordinate system in which B, is in the xz-plane with z-axis vertically
upward and with a dip angle I, the ionic velocity given by (8.6.2) can be
written in component form as

v; = (vycos I — v, sin (£ cos I — Zsin I) (8.6.3)

The basic equations are still those given by (8.3.4) except for the addition
of a frictionlike ion drag term on the left-hand side of the equation of
motion. The equation of motion now reads

0 Dv/|Dt = —Vp + 08 — vin@,(V — Vy) (8.6.4)
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where g, is the plasma mass density. The continuity equation and the
adiabatic equation of (8.3.4) are still unchanged. It should be pointed out
that strictly speaking, the wave motions are no longer adiabatic in the
presence of loss. If the loss is small, the motions are approximately adiabatic
and this we assume here. Going through the analysis similar to that carried
out in Section 8.3 by linearizing perturbations about a windless, nonrotating
isothermal atmosphere, we find that the following matrix equation results.

D-F=0 (8.6.5)

for wave solutions of the form f(z)e/'»*—*z2—kw) The field vector F and the
coefficient matrix operator are given, respectively, by

[0'/eo
p'leo
F=] v,
Yy
UZ
Jjo 0 —Jjk, —jk, 08/0z— H™!
0 —jk, Jjo + vsin?/ 0 v sin I cos |
D= 0 —Jjk, 0 Jo 4+ v 0
g 0/0z — H* wvsinlIcosl 0 Jo + vcost!
[ —jooe? Jo 0 0 (y— g

(8.6.6)

where ¥ = v;,0,0/0, is the effective neutral-ion collision frequency. Note the
obvious generalization of (8.6.6) when compared with (8.3.12). In general,
in the ionosphere, » is height dependent. The operator D then has variable
coefficients. We will consider one such case later on in this section. Let us
first consider the simple case in which » is constant. For this case, the opera-
tor D has constant coefficient and therefore we may seek solutions with z
dependence given by e~7K:2. For such solutions we may replace 8/3z by — jK,
and the matrix D becomes algebraic. The necessary and sufficient condi-
tion to have nontrivial solution of (8.6.5) is the vanishing of the determinant
of D. Setting

det D(k,, k,, K,, ) =0 (8.6.7)

we obtain the desired dispersion relation. Since P is a 5 X 5 matrix, the
algebra involved is rather lengthy and is left as a problem at the end of this
chapter. For the special case I = 0, k, = 0, corresponding to propagation
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. in the magnetic meridian plane at the magnetic equator, the dispersion
relation reduces to

K2 = k2 (1 — jvfo — wH0?) — kYl — jylo — wffw?)  (8.6.8)

where K, = k, 4+ j/2H. In the absence of collisions, (8.6.8) reduces to
(8.3.19). The presence of collisions is to make k, complex since for a given
incident wave, k, is real.

When » is a function of height, we must go back to (8.6.5). For the special
case of propagation in the magnetic meridian plane at the magnetic equator,
a single equation for the z component of the velocity can be obtained, viz.,

v dzt — (1[H) dvJdz + [ke? — k(1 — wfo?) — j@lo)ke — kH)]p.=0

(8.6.9)
Let
v, = ue¥?! (8.6.10)
The differential equation (8.6.9) can be transformed into
d?uldz? + k2(2u =0 (8.6.11)

Here, the vertical wave number k,(z) is given by (8.6.8) and is a function
of z through the dependence of v on height. To proceed further analytically,
we must assume an appropriate model for » that can lead to a solution in
terms of known functions. One convenient form is the exponential function

¥ = pe™e) (8.6.12)

Let us define a new height variable { by
¢ = Qko/a)[j(1 — n2)/w]V2ei2 =22 (8.6.13)

The differential equation (8.6.11) can be transformed to the standard
Bessel’s equation
d?u 1 du Vo — m?

=+

S+ =0 (8.6.14)

where the order of the Bessel’s equation is given by
m = (jla)[ko(l — o /w?) — k(1 — w/w?)]2 = (jla) | k(—oc0)| (8.6.15)

Compare (8.6.15) with (8.3.19) and note that the expression in the square
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bracket is just the vertical wave number in the absence of collisional loss;
it occurs for our model collision frequency (8.6.12) when z — —co. The
two solutions of (8.6.14) are Hankel functions of the mth order of the
first kind HP'(»52L) and of the second kind H{(v¥2¢). The complete de-
termination of the solution depends on the boundary conditions. As men-
tioned earlier, we are concerned with the incidence of an internal wave from
below and the wave propagates upward. At ground level, v is negligibly
small and the internal wave propagates with little loss. When the wave
penetrates into the ionosphere, the collisions become more frequent, and
because of the inhomogeneous nature of the collision frequency, there is
partial reflection along the way. Therefore, at the ground, there is a reflected
wave in addition to an incident wave. When z becomes very large, we require
that v be finite on physical grounds. These boundary conditions are now
applied to the following two cases:

(1) Acoustic Branch. We found in Section 8.4 that when 1 — n,2 > 0,
the wave belongs to the acoustic branch. The boundary conditions are

z— —00, u — gLz | Retki-ook
. (8.6.16)
z— o, u must be finite

where R is the reflection coefficient and k,(—oco) is the vertical wave number
of the incident wave. In this case, from (8.6.13), arg { = 37/4. As z — co,
The asymptotic expressions for large arguments are

HP(x) = (z/nx)l/zei(z-mulz—n/4)’ —m<argy<2n
HP(x) = (2/7tx)1/2e'j(“"m"/2'”/4), —n<argy<m

For finite u as z — co, only H{ can be taken as our solution. When z — —o0
| £| — 0 and we may use the approximate expression of HS for small argu-
ment,

Wy 1/25y 1 (y3¢j2)™ ima (vy2L/2)m
H (o C)_jsinmn[ (—m)! —¢ T]

Transforming the expression above back to variable z, we note that the
first term is proportional to

~mg{2-20)/2 __ ik, (—0)z
e = e
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and the second term is proportional to

emu(z—z,,)/z — ef"z('°°)"
The reflection coefficient can be easily obtained as

R= Mt (_ki)m Gvof)(1 — n2yme ko2 (8.6.17)
m! a
Since k,(—oco0) is real if the incident wave is a propagating mode, m is
therefore purely imaginary. The magnitude of the reflection coefficient is
then
| R]| = (jym = e ta (8.6.18)

The collision frequency is constant when a = 0 for which the reflection
coefficient vanishes. The upgoing and downgoing waves propagate in-
dependently. This is the case studied earlier in this section. When v is not
a constant, the reflection takes place because of the inhomogeneous nature
of the medium. The magnitude of the reflection coefficient depends on the
ratio k,(—oco)/a. If k,(—0o0) < a, the collision frequency varies considerably
in one vertical wavelength of the gravity wave, and the reflection is appre-
ciable as expected.

(ii) Gravity Branch. When 1 — n,2 < 0, the wave belongs to the
gravity branch. The boundary conditions are now

z—>—00, u-—> el 4 Re kA=)
) (8.6.19)
z — 00, u must be finite

Here R is the reflection coefficient. As discussed in Section 8.4, a gravity
wave with energy propagating upward has a negative vertical wave number.
This accounts for the sign difference in the exponent between (8.6.16) for the
acoustic branch and (8.6.19) for the gravity branch. In this case, arg { =
5n/4 and the upper boundary condition requires that the solution be
given by H@(#¥2(). The magnitude of the reflection coefficient can be
similarly found to be

| R| = e k=olfa (8.6.20)
Details are assigned as a homework problem. Again, the refiection is appre-

ciable if the effect of neutral-ion collision frequency varies appreciably
over one vertical wavelength.
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8.7 Attenuation due to Thermal Conduction and Viscosity

In the last section we saw that the effect of ion drag is to attenuate the
wave. Additional loss processes such as thermal conduction and viscosity
further attenuate the wave. To discuss these effects fully requires consider-
able exposition. This is because (1) the wave motions are no longer adiabatic
and (2) there exist additional modes. As shown in thermodynamics, the
effect of a loss process is to increase the total entropy with time. This means
that the adiabatic equation (8.3.4c) is no longer valid and that it must be
replaced by the conservation of energy equation. The presence of loss pro-
cesses also increases the order of equation, and as a result, a total of four
modes may appear. They are acoustic gravity mode, thermal condition
mode, ordinary viscosity mode, and extraordinary viscosity mode. In gen-
eral, these modes are coupled and can be studied by the coupled mode
technique discussed in Chapter 5. Such a formulation can be found in the
literature, and interested readers should consult, for example, Volland
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Fig. 8.7-1. The attenuation of internal gravity wave amplitude in the upper atmo-
sphere k = horizontal wavelength, 7 = period, ¢ = azimuth angle of the wave measured
from magnetic north. The ionization profile is as shown. [After Clark ez al. (1970).]
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(1969). The results are invariably very complicated, involving a large number
of parameters. Interpretation of the results are difficult except through
extensive numerical computations. In general, it has been found that the
loss processes begin to have an effect at a height of about 250 km. Figure
8.7-1 is an example which shows the effect of loss to an otherwise exponen-
tially growing amplitude.

8.8 Effect of Internal Waves in the Ionospheric F Region

We have seen that the presence of internal waves introduces perturbations
in the neutral density, pressure, and velocity. These perturbations in the
neutral atmosphere at ionospheric heights will further excite changes in
the ionization density due to modifications in atmospheric processes. To
discuss fully all effects requires a careful examination of these processes
and is beyond the scope of this book. Fortunately, the inequality (8.6.1)
is valid in the F region and thus the approximation (8.6.2) can be made.

Let the electron density be given by

N = No(z) + N'(r, ) (8.8.1)

where the unperturbed density N, is horizontally stratified. The perturbed
density N’ satisfies the linearized equation

N[Ot +V - (Novy) =0 (8.8.2)

Equation (8.8.2) is drastically simplified since the only process that has been
taken into account is the effect of induced ionization velocity which is as-
sumed to be given by (8.6.2). In a lossless isothermal atmosphere, the per-
turbed neutral velocity must grow exponentially. In the actual atmosphere,
this growth is approximately balanced by the loss processes as seen in Sec-
tion 8.7. We will assume, for simplicity, that this is the case, i.e.,

v oc efletken (8.8.3)
Under these conditions, (8.8.2) can be solved for N’ to produce
N’ = (1w)(v - By)(k ¢ B, -+ jB, - £8/3z)N, (8.8.4)

We see from (8.8.4) that the ionization perturbation is proportional to the
component of neutral velocity along the magnetic field. At the peak of
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jonization where dN,/0z = 0 or above the magnetic equator where B, - £ =
0, the perturbed ionization density and the neutral velocity are in phase.
In general, however, N’ and v are out of phase and the phase lag depends on
the scale of vertical gradient in background ionization relative to the vertical
wavelength of the wave.

More careful analysis shows that a term N’v,; may be important. Here,
v; is the diffusion velocity of the ionization. The inclusion of such a term
introduces additional phase shift. It has also been discovered that on oc-
casion, a wave of perturbation magnitude may induce large ionization
changes not of perturbation magnitude. Figure 8.8-1 shows iso-ionic con-
tours computed by using (8.8.4) and more careful numerical technique.
The phase difference is very apparent.

Wave motions in the ionosphere have been studied fairly extensively
by Munro (1950). These waves have been named as traveling disturbances.
Evidence is strong that these traveling disturbances are actually driven by
the passing internal waves in the manner discussed in this section.
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Fig. 8.8-1. Iso-ionic density contour in the presence of an internal gravity wave. The
dotted curves are computed by using (8.8.4) and the full curves are computed by
numerically solving the equation of continuity. [After Clark e al. (1970).]
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8.9 Impulse Response of an Isothermal Atmosphere

The discussion of acoustic-gravity waves has been so far concerned with
free waves. No attempt has been made to connect these waves with the
source or to see the modification of the waves by the presence of boundaries.
In the real atmosphere, sources of acoustic-gravity waves are many. In-
terested readers are referred to papers in the literature [e.g., the Symposium
Proceedings on Acoustic-Gravity Waves in the Atmosphere, edited by
Georges (1968)]. In this book, we will be concerned only with the impulse
response. The reasons for discussing the impulse response are: (1) The
impulse response is the Green’s function which is the starting point in treat-
ing more complicated sources. (2) Violent events that occur in the atmo-
sphere may be approximated by impulses. One outstanding example is
nuclear detonations in the atmosphere. (3) Some approximate expressions
for the Green’s function in fairly simple analytic forms can be obtained,
and remarkable confirmations with experimental data have been found.

Processes involved in a nuclear detonation in the atmosphere are very
involved and certainly nonlinear in the vicinity of the explosion. Associated
with these processes, equivalent sources of mass, momentum, and energy
may be present. Effects of these processes are felt at a distance as waves
diverging from the region of explosion. If the distance is large, we may
approximate the small source as a point source.

The relevant linearized equations have been given by (8.3.8) except that
now we must add source terms. Addition of source terms modifies (8.3.11)
to the following set.

D(7,d/0t) - F=S (8.9.1)
where
d/ot 0 a/or 08/0z — 1/H
0 0]d djo 0
DW, 9/o1) = 8/dz /—rl IH /ot 9/t (8.9:2)
— 200t ajot 0 y— g
e’'leo
¥ — |Ple (8.9.3)
43
v,

The coordinate r is the horizontal distance in cylindrical coordinates. For
plane solutions, the matrix operator (8.9.2) reduces to the algebraic matrix
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given by (8.3.12). Let D be the adjoint matrix operator of D. The elements
of D are formed by the transposed cofactor of D. Let det D be the deter-
minants of D and it is a differential operator. Then from (8.9.1) we have

det D(V,0/0)F = D - S (8.9.4)

The response to any source S is obtained by solving (8.9.4). The differential
operator det D is found from (8.9.2) to be

9
det D(V, 7)

e ey e 19 L, O
= ¢ e <8r2 T % —76_z>—“’"" or?

(8.9.5)

It reduces to the left-hand side of the dispersion relation (8.3.14) for plane
wave solutions for which we replace 7 by —jk and d/0¢ by jo.

For concreteness, let us assume that the source is caused by the produc-
tion of mass at a rate of kg/m3/sec. For this case, the source function is
S = (g/00, 0, 0, 0). The equation for »,(r, ¢) is then, from (8.9.4),

2
2 -37 (_a_ + w,,z) 4 (8.9.6)

detDv, = — ¢ FTe o

Equation (8.9.6) is the equation of concern; it can be solved by first taking
the Fourier transform with respect to it. In the transformed domain, (8.9.6)
reduces to

0? 02 1 0 0%
4 2 2,2
[w + w?c? ( 55 + 27 i 9 ) WpCE —s ]v,(r, )
¢, o 0q(r, w)
— E (w? — w, )T (8.9.7)

The term involving the first derivative with respect to z can be eliminated if
we multiply both sides of (8.9.7) by ¢!/2 and write the equation for v,0}/2. In
an isothermal atmosphere, g, is exponentially distributed and is given by
(8.3.5). The relations such as

ol 9u,/0z = B(v, 040z +- (vel®)/2H

can be derived easily. The use of such relations reduces the resulting equa-
tion to

_12 94(r, ©)
]93/2",(& w) = g\ ——

(8.9.8)

[( 02 w? 02 ) w? w?— wg?

or? w? — w2 022 W — wy?
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The operator on the left-hand side of (8.9.8) looks somewhat like the
Helmholtz wave operator except for its cylindrical symmetry rather than the
spherical symmetry. The operator can be made spherically symmetric by a
scale change in z. Let us introduce the coordinate transformation

r=r, 2" = z(1 — wp?/w?)'/? (8.9.9)
In the primed coordinates, the differential equation (8.9.8) transforms to

w?

, w? — w,? , dq(r', )
The operator is now reduced to the Helmholtz wave operator whose in-
version in terms of Green’s function is known. Define a Green’s function
to satisfy

2 w? 0 — w? _ 8(2) 6(r)
(V T oo w2 )G(r, @) = 2nr
= — (1 — wfw?®)V2 8(z') 8(r')2nr’ (8.9.11)

The source on the right of (8.9.11) is an impulse point source at the origin.
Equation (8.9.11) has the well-known retarded solution

(1 _ wa/w2)1/2 . 0)((02 — wa2)1/2

G, w) = o exp| ey

R’] (8.9.12)

The spherical radial distance R’ in the transformed coordinates is given by
R = [+ (1 — 0f0?)2]"* = (Rlo)(@* — o)

where
R = (r2 4 22)2, w, = wpz/R < wy (8.9.13)

The Green’s function in the original coordinates is then

1 w2 — wb2 1/2 . R ((D2 — 2)(6()2 — 2) 1/2
Gr, w) = 4nR ( w? — w2 ) exp[—] ¢ ( w;—— Wy’ : ) ]

(8.9.14)

As discussed earlier, w, << w, for y < 2. An examination of the exponential
factor in (8.9.14) shows that the free propagation is permitted if either
® > wg OF w, << w < wy. For the special case of a homogeneous atmosphere
in a zero gravity, w, = wp = w, = 0, and (8.9.14) reduces to

G(r, w) = (1/4nR)e-i /O (8.9.15)
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which has the Fourier image in time domain
G(r, t) = (1/4=nR) 6(t — R/c) (8.9.16)

There is no distortion of the pulse as the medium is not dispersive. The
causal nature of (8.9.16) is clear since the response is delayed by R/c¢ which
is the time required by the ordinary sound to reach the observer. Causality
is still expected to be valid when there is finite gravity. The initial arrival of
the signal is called the precursor and its contribution comes mainly from
the high frequency components of (8.9.14). Since (8.9.14) reduces to (8.9.15)
in the high frequency limit, the arrival of the precursor is still expected to be
delayed by a time R/c. The long time behavior of the impulse response de-
pends on the lowest frequency that can propagate in the medium. For
(8.9.14), the lowest propagation frequency is w, and so the response tends
to oscillate with a frequency w, as ¢ — co. This is significant as the behavior
can be checked experimentally. In some experiments, the probing of the
atmosphere is confined to a fairly narrow height region. This means that
the farther the observer is from the source, the lower is the oscillation fre-
quency in the decay portion of the response. [See (8.9.13) for the definition
of w,.] This has been found to be true experimentally.

The inversion of the Green’s function (8.9.14) is difficult in general. One
special case that can be evaluated exactly is when the observer is directly
over the source, i.e., r = 0 and thus w, = w,. The Green’s function is now

G(O, z, ) = (Z:lz—z> exp[— j% (@ — w;)w] (8.9.17)

This expression has an exact inverse; it is

1 z 2wyt [w (12 — 23/c?)V2] z
GO, 2,0) =5 a(: - 7) — e o u(t - ?> (8.9.18)

In addition to an impulse which propagates with the velocity of sound, there
is an additional term in (8.9.18). For t > z/c, this additional term oscillates
with a frequency w,. The plane wave analysis of Section 8.4 has shown that
for vertical propagation, only the acoustic branch can propagate. The acous-
tic branch has a lower cutoff frequency w, which dictates the long time
behavior.

The exact inversion of (8.9.14) is difficult. Therefore, we will consider the
following approximate case. Let us consider the long-time behavior for
which the contribution comes mainly from integration for small . Further,
for observers far away from ground zero, the height of the atmosphere
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(roughly 300 km) may be small compared to the ground distance (several
thousand kilometers), i.e., z/R <€ 1. Hence w, <€ w,. This means that as
far as the integration around the branch cut from —w, to w, is concerned,
we may approximately write w, = w,. Making such approximations re-
duces (8.9.14) to

1 jco . R
6 0) ~ exp[—jT(wz— w;)w] (8.9.19)
c

This approximate expression (8.9.19) has known Fourier inverse

21\1/2
G(r,1) ~ 2 Jo(wc(tz— %) Mr-%) (8.9.20)

where u is the unit step function. The zeroth-order Bessel function J, oscil-
lates about the origin and zero crossings become periodic for large argument.
Equation (8.9.20) shows that at a fixed height z, the farther is the observer,
the slower is the oscillation. The expression (8.9.20) is not valid for ¢ near
R/c. An improvement of (8.9.20) can be made so that the acoustic branch
contribution is taken into account [see Row (1967) and the problem at the
end of this chapter].

A very general consideration of the source problem in an isothermal
atmosphere can be carried out by using asymptotic methods. Interested
readers may wish to consult Pierce and Posey (1970) or Liu and Yeh
(1971).

8.10 Effect of a Wind Shear in the Ionospheric £ Region

Experimental observations have indicated that on occasions there exist
in the E region very thin (several kilometers) and intense ionization layers.
These layers are called sporadic E layers or E, layers. A certain type of
E, layers in the temperate latitudes seems to correlate very well with the
existence of wind shears. A critical review of experimental observations and
theories can be found in Whitehead (1970).

It was originally proposed that a shear in horizontal wind may push
ionization along the field line which results in accumulation or diminution
of ionization at the node. If this is so, the north-south wind would be most
effective in producting E,. A full analysis shows that shears of east-west
winds also produce polarization electric field which, through Lorentz force,
is more effective in redistributing ionization than the north-south winds.
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The origin of the wind shear is presumed to come from propagating internal
waves.

Let us orient our coordinate axes so that x-, y-, z-directions are given re-
spectively by northward, westward, and upward directions. The xz-plane
thus contains the geomagnetic field vector B,. For simplicity, we assume
steady state condition and horizontal stratification (i.e., 9/0t = d/dx
= 0/dy = 0). Then by Faraday’s law, 7 X E = —B = 0, we conclude that
both E, and E, are constant. The starting point is the equation of motion
which for ath species of charged particles is given by

0=ZeE+ v, X By + mpy, (v, — v,) (8.10.1)

Here the pressure gradient term has been ignored; its inclusion leads to
diffusion effect later and has control on the distribution of ionization
density. The neutral wind is assumed to blow in the east-west direction but
sheared vertically, i.e., v, = (0, ¥(2), 0). Such an assumption is not entirely
consistent with properties of internal waves and is made to simplify analysis.
The three component equations of (8.10.1) can be used to solve for v,.
The resulting equation for v,. is

Ve (V2 + 0%,) = —Z wpv,Vsin b + (Z ,wk,e/m )E, sin 0 cos 0
—(ewp,/m,)E, sin 0 + (Z e/m,y, ) (»,2 4+ wh, cos? O)E,
(8.10.2)

where wp, is the angular gyrofrequency and 0, the polar angle of the steady
magnetic field. Equation (8.10.2) actually represents two equations, the
electron equation when o = e and the ion equation when « =:i. For
convenience, ions are assumed to be singly charged. The parameters ap-
plicable to E region heights have orders of magnitudes given by (4.20.8).
For electrons, we have wg, cos? 6 > »,2 and thus (8.10.2) can be used to
solve for E,, yielding

E, = —(my,je cos? O)y,, + (mev,? sin O/wg.e cos® H)V
— tan 6 E, — (v, sin O/wp, cos? H)E, (8.10.3)

For ions, the inequality w;* < »;2 is valid and (8.10.2) reduces to
v ¥E = —wgy;Vsinv + (ev/m;)E, (8.10.4)

Now we assume that the process does not introduce appreciable charge
separation and vertical current. Charge neutrality requires N; = N, = N.
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Absence of vertical current and charge neutrality results in v, = v,, = v,.
Substitute (8.10.3) into (8.10.4) and make use of these approximate rela-
tions; we obtain

w; . esinf ev,sin 0
v,=——Vsinf — :

Vi m;v; COs [/ o WpMY; cos2 f Ey (8-105)

As a result of winds, the ionization must move vertically according to
(8.10.5).
The ionization in the E region in the absence of wind shear satisfies the
equation
q = aNy? (8.10.6)

where g is the production function and «, the recombination coefficient.
In the presence of wind shear, the continuity equation takes the form

-0(w,N))0z = q — aN? (8.10.7)

where the production function is assumed to be unchanged. The difference
of (8.10.6) and (8.10.7) is therefore

d(v,N)[8z = a(Ns: — N?) (8.10.8)

The ionization profile can be obtained only by solving (8.10.8) and the
solution depends on the nature of v,(z). In the following, we will be con-
cerned only with the stationary value of N.

Let z, be used to denote the height at which the ionization is either a
maximum or a minimum. Then at z,, dN/dz vanishes and (8.10.8) reduces
to an algebraic equation

[N(zo)/Nol? — 5IN(z)/N) ] — 1 =0 (8.10.9)
which has solutions
N(zo)/ Ny = ¥ -+ (p* 4 4)V2] (8.10.10)
The dimensionless parameter
n = —[dv,/dz], JaN, (8.10.11)

represents the ratio of the rate of accumulation of charge by transport
process through wind shear to the rate of loss due to recombination. When
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dv,/dz is large and negative at z,, the transport process dominates over the
recombination process. When this happens, (8.10.10) simplifies to

N(zo)/Ny = {’7 at maximum (8.10.12)

1/n at minimum

and the ionization is very large at the maximum, and very small at the
minimum.

The observed range of N(z,)/N, varies from 1 to 10. With the use of E
region data and observed horizontal wind shears, | dv,/dz | has an order of
magnitude 0.01 sec. If N, is taken to be 10%/cm3, it will require o to be
10~8 cm?/sec. This value is lower by one order of magnitude than that inferred
by the E region eclipse measurement. It is speculated that the discrepancy
may be due to the presence of multiple ions with different reaction rates.

Problems

1. Find the height distribution in pressure in an atmosphere whose scale
height increases linearly with height.

2. Consider a thick isothermal atmosphere in which the gravity is given
by g = goa®/(a + z)? Find the height distribution of pressure and density
in this atmosphere. Note that the density and pressure are both finite even
at infinite height. How can this difficulty be overcome? [See E. A. Milne,
Trans. Cambridge Phil. Soc. 22, 483 (1922-1923).]

3. Show that the Galilean transformation (8.5.1) is valid by deriving it
from fluid equations (8.3.4) in an isothermal atmosphere. Can such a trans-
formation be applied if there is a constant vertical wind in the isothermal
atmosphere?

4. Let the atmosphere be horizontally stratified and have a constant lapse
rate y, i.e., T = Ty — yz where T, is the temperature at ground level and
z is the height. Consider now the propagation of sound in such an atmo-
sphere.

(a) Show that the ray that makes a grazing incidence at ground is given
by dx = (T/yz)"2 dz.

(b) Apply the result to ray paths of sound generated by a thunder at a
height A. Show that the “critical” ray that strikes the earth at grazing inci-
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dence is approximately given by a parabolic curve. Note that because of
refraction, observers beyond the critical ray cannot hear the thunder.

(c) For a lapse rate of 7.5°C/km, temperature of 300°K, and height of
thunder of 4 km, show that thunder should not be audible beyond about
25 km.

5. The orbits of air parcels perturbed by the propagation of internal
waves in an ideal gas have been discussed in Section 8.4. The orbits can
be circular only when k, = 0 and when w has some special values. Find the
value of w when the orbit is right-circular and left-circular, respectively.
Express answers in w, and w,.

6. Derive the dispersion relation for an acoustic gravity wave in the
presence of ion drag. This can be obtained by expending (8.6.7). Show that
for the special case of propagation in the magnetic meridian plane at the
magnetic equator, the dispersion relation reduces to (8.6.8).

7. The effect of ion drag on the propagation of internal waves has been
discussed in Section 8.6. Let the effective neutral-ion collision frequency be
exponential given by (8.6.12). Find the reflection coefficient for an internal
gravity wave incident at z = —oo. Show that the magnitude of the reflec-
tion coefficient is given by (8.6.20).

8. Equation (8.8.4) is an approximate formula that gives the gravity wave
induced ionization density perturbation. Suppose in a Faraday rotation
experiment in which integrated ionization density along the path from, for
example, a transmitting satellite to the ground station is observed, the
satellite can be assumed to be outside the ionosphere. Compute the per-
turbed integrated density along the ray path. Show that if the background
ionization density is given by an «-Chapman model, i.e.,

Z—Zy

Ny(z) = N, exp{% {1 - exp<_ %)H .

then the fractional perturbation in the integrated ionization density is given
by

| I'/1] = (kpfew cos® y) | v - BOI [(F %X B) % 2 - k][cosh(nkH cos n/cos y)]~V/2

where kj is the horizontal wave number, y the zenith angle of the ray, 7 a
unit vector along the ray from the transmitter to the receiver, and # the
angle between 7 and k.
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9. This problem is concerned with the impulse response of an isothermal
atmosphere. A better approximation of (8.5.14) than that given by (8.5.19)
is

2 _ 2
G(r, ) = 1 (w Wy,

1/2 i R
e (522 o] ]

w?—w

This Green’s function is composed of two factors f; and f, defined by

(@) = @ — o)

1 . R
Sfolw) = 47 R(0® — w2)? CXP[_J e (? — wc2)1/2]

Both have known Fourier inversion. Therefore, the Fourier inversion can be
achieved by applying the convolution theorem to f(¢) and f,(¢). Find
G(r, 1) [R. V. Row, Acoustic-gravity waves in the upper atmosphere due to
a nuclear detonation and an earthquake. J. Geophys. Res. 72, 1599-1610
(1967)].

10. In Section 8.10 we discussed the formation of E, due to vertical shear
of EW wind. If, in addition, there exists NS wind, how should (8.10.5)
be modified? Show that at temperature latitudes, the NS wind is a factor
wg;/v; smaller when compared with the EW wind.
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Appendix A. The Method of Steepest
Descents

A.1 The Method of Steepest Descents

In this appendix we shall discuss briefly the essential practical aspects of
what is known as the method of steepest descents in the asymptotic evalua-
tion of integrals.

Consider the integral

I= j HOF(E) dE (A.L1)
C

in the complex &-plane, where f(£) and F(£&) are arbitrary analytic functions
of & and A is a large positive real parameter. There is no loss of generality
in assuming that A is positive, since the sign may always be included in the
function f(&). We shall assume that the path of integration C goes from
—o00 to + 00. The basic idea of this technique of asymptotic evaluation is to
change the path C to a so-called “steepest descent” path such that along
this new path the value of the integral is determined mainly by the contribu-
tion from a short portion of the path. We should keep in mind that from the
theory of complex variables the value of the original integral is not changed
after the deformation of the path if there are no singularities between the
two paths. Let us write

S&) = £1(&) + Jifu() (A.1.2)
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Hence, the exponential factor in the integrand of (A.1.1) becomes
et (A.1.3)

The steepest descent path is a path along which the function f; has a maxi-
mum at some point on the path and decreases as fast as possible away from
this point.

Since f; and f; are the real and imaginary parts of the analytic function f
they have the property that in the complex &-plane, the lines of most rapid
decrease or increase of f; are the lines of constant values of f, and vice versa.
This can be seen by considering the rate of change of f along any path S
which makes an angle a with the &, axis (§ = &, + j&,).

o 9 ofi

chosoca—fl—l—smoza—é2 (A.1.4)

This rate will be stationary with respect to « if

9 (Oh\ . oh
%(‘as)‘ SN 5E

ofh _,

—|—cosaa—§2:

(A.1.5)

But since £ and f, are the real and imaginary parts of the analytic function £,
hence, according to the Riemann—Cauchy relations,

0f,/0&, = 0f,)0,,  0f,J0E, = —0f,/0¢, (A.1.6)
Therefore in (A.1.5) we have
e O o, _ 9
0——s1naa§2—cosa 9, ~ o5 (A.1.7)

which is satisfied on a path of constant f,. Along this path, the stationary
point of f, is at df,/0S = 0. Since 9f,/dS also is zero on the path, from
the Cauchy-Riemann relations, df,/dn = df,/0n = 0 at this stationary point
for f,, where dn is the element normal to the path. Therefore this point can
be found by setting

dfjde = 0 (A.1.8)

and is called the saddle point of f. For a first-order saddle point &,, we have
f"(&,) #0; then in general the equation f3(§) = f,(&,) corresponds to two
curves. Along one of them f; has a maximum at &, and decreases most
rapidly away from it while along the other f; has a minimum at &, and
increases most rapidly away from the saddle point. Therefore for this case
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there are two steepest descent directions and two steepest ascent direc-
tions from &,. In Fig. A-1 we have shown the two constant phase lines
(f, = constant) and the two constant amplitude lines (f; = constant) pass-
ing through &,. The height of this saddle point is f,(&,). The hatched re-
gions are called the valleys since the f;(£) in these regions are smaller than
£1(&,). The two adjacent unhatched regions are called hills since f,(£) there is
greater than f,(&;). &4 and &,B are the two steepest descent directions;
&y C and &,D, two steepest ascent directions.

62 c {1(5):fi(£0)

. & HE) = £,(€Q)
Fig. A-1. Constant phase lines and

constant amplitude lines through a
first-order saddle point.

In general, for a saddle point &, of order m — 1 such that ™ (&) is the
lowest nonzero derivative of f(£) at &,, there are 2m steepest directions from
&, m directions of steepest ascent, and m directions of steepest descent.
In the following, we shall concentrate first on the case where &, is a first-
order saddle point.

Let us now return to the integral (A.1.1). The most desirable path in our
integration will be the one passing through the saddle point along which,
for large A, the magnitude of the integrand decreases rapidly with distance
from the saddle point; hence the value of the integral is determined ap-
proximately by the portion of the path near the saddle point. The larger the
value of 1, the faster the decrease of magnitude away from the saddle point.
For Fig. A-1, this corresponds to the path 4&,B. This is the steepest descent
path (SDP). Let us suppose that a saddle point is obtained from (A.1.8)
as £, and the path of integration C can be changed to the steepest descent
path through &, without crossing any singularities. Define the new variable
of integration along the SDP by

S(&) = f(&) — ¢ (A.1.9)

where { is the new variable and varies from —oo to +co. The saddle point
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corresponds to { = 0. The integral (A.1.1) is now written in the new variable

00
[ = errteo J e B(2) dt (A.1.10)
where
() = F(E) x)de (A.1.11)

Since A is large, it is convenient to expand @({) in the integrand of (A.1.10)
in a power series of {

D(L) = D(0) + P'(0)C + 3D (0) L2 + - -- (A.1.12)

Equation (A.1.10, now can be evaluated as a series with terms involving
inverse powers of 4

1= ezf(e(,)(n//l)l/z[q)(O) + ‘% D7) + -- ] (A.1.13)

The series (A.1.13) is generally not convergent but is asymptotic. For
sufficiently large A the first term alone usually serves as a good approxima-
tion of the integral (A.1.1), and is called the asymptotic expression of I in A.

The expression (A.1.11) in general does not have a closed form. The
difficulty involved is to find & as a function of { from (A.1.9). In the follow-
ing we shall indicate a method to obtain @({) in a power series of {. Dif-
ferentiating (A.1.9) with respect to £, we have

f1(&) = —20dl)dé
or f'(£) d&jdt = —2¢. Therefore

D(8) = —2L F(&)[f'(8) (A.1.14)
Expanding f(£) and F(£) in powers of 7 = & — &

J(&) = f(&) + 2/ (En® + /" Gon® + - -
F(§) = F(§o)[1 + nF'(£0)/F(&o) + 3n°F""(£o)/F(&o) + -]

Then in (A.1.9)
(GRS G =0 (A.1.16)

(A.1.15)

Inverting this series, we can represent # in terms of a power series in C.
Let us set

n = [Z/(=4/" (I + al + al* + -+ +) (A.1.17)
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and substitute it into (A.1.16). Equating the coefficients of like powers of
{, we obtain

a, = " (L) 12[—3 1" (&) P2 (A.1.18)

etc.
Substituting (A.1.15) into (A.1.14), we have

1 + nF'(£0)/F(&) + n°F"(£)[F(§0) + ---
WA CYL Mol 7 A ()1 e

When (A.1.17) is substituted in this expression, we can write () in a
power series of { after some manipulation. The result is

F(&)
(— 3" (E))V?

F(&,) £(E) N
X {1 + i[ FEI— 8/ G | G 3G ] + }
(A.1.19)

¢(C) = —2£F(§o)

D(0) =

The expressions we need in (A.1.13) are

2 1/2

&(0) = (—m)—> F(&,) A120)
., B fl/l F' 1 f]V 5 (flll)2 F ot

'O = 200{ i 5 Gy T G

Higher order terms can be obtained in the similar manner. The asymptotic
expression for the integral I now can be written as

Af (&g .__._.ﬁt_ Ve _1_.
[ ~ M >( f”(fo)) F(s(,)\/z (A.1.21)

If there are more than one saddle point at the same height, then the contri-
bution from each of them should be taken provided that the contour can be
deformed to pass through each one of them without crossing any sin-
gularity. When poles are crossed in deforming the path, their contributions
must be taken into account by the usual residue method.

We see that the method of steepest descents is often cumbersome because
of the difficulty in expressing & as a function of {. A simpler procedure
known as the saddle point method will be discussed briefly in the following.

Instead of (A.1.9), let us expand the function (&) by a Taylor series about
the saddle point

f(&) = f&) + f(E) (& — &2 + - (A.1.22)
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We now choose the path of integration near &, to be a straight line on which
the second term of (A.1.22) is real and negative. The direction of this line
is tangent at &, to the two directions of steepest descent from &,. For large
A, we can expand F(&) in (A.1.1) about &, and the first term of the integral
becomes

F(&)eV® f M et ar - g (A.1.23)
P

where P is any path passing through the saddle point (assuming of course the
original path C may be changed to P). Let us assume that near £, the desired
path is given by

E= & + pe® (A.1.24)

Therefore

S (ENE— &) = lf”(so) | Qzej(26+a)

where « is the phase angle of f"'(&,). The requirement that (A.1.24) be
real and negative results in # = —4}a + 4x. Therefore in the neighborhood
of &,, along this desired path, (A.1.23) may be written as

F(&g)eM o Jﬂ oA etz gy (A.1.25)

-

But for large A, along the steepest descent path, the major contribution
to (A.1.23) comes from the neighborhood of &,. Therefore, we can ap-
proximate (A.1.23) by (A.1.25), which, after change of variable, becomes

M (Eo)+Ei(n—a) 2 R —u?
F(&)e (——“ f”($o)l) J_”e du (A.1.26)
where
= e(A] f"(&) |/2)12 (A.1.27)

For large 4, # is large and the limits of integration in {(A.1.16) may be
extended to +o0o, and we have

e -2 1/2 ;+4oo " . ks — 27 1/2
F(fo)e 1 )( 2 |f”(§0) lej1> J‘ e du = F(fo)e fi& )( zf”(fo) )
(A.1.28)

—00

This is just the asymptotic expression for the integral I as given by (A.1.21)
Higher-order terms may be obtained by the same procedure.
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For the case where the saddle point &, is of the order m, the asymptotic
expression for the integral / may be obtained easily by the saddle point
method

1
1
I ~e1f<eo)—jn/(m+1>[ I'(M +2) ]””"“) O ( m+1 )

fTH’(E—o) (m + DAV (A.1.29)

where I'(x) is the Gamma function and w, is the ath roots of unity. The
proper choice of w, in (A.1.29) depends on the direction of the steepest
descent path through the saddle point.

A.2 Modified Method of Saddle Point

In some cases, the saddle point of f(&) is close to a pole of the function
F(&). For these cases the Taylor series expansion of F(£) about £, will no
longer be valid in a sufficiently large region, and we cannot transform the
integral as we have done in (A.1.28). Instead we must use the Laurent-
series expansion for F(£). Assuming that &, is a first-order saddle point,
then along the steepest descent path defined by (A.1.24) the integral (A.1.1)
may be transformed into the following form, except for a multiplying factor,

I = r reg(t)e® dt (A.2.1)

0

where t = 0 corresponds to the saddle point & and Rea > —1. g(¢) is
analytic at t = 0 but has a pole of order p at ¢ = ¢, in the complex ¢-plane.
Therefore g(¢) is analytic in some sector ¢, << arg t << ¢,. We can expand
g(t) by a Laurent series

g(t) = 2 boy(t — 1) + &(2) (A22)

where g,(#) is analytic for | #| < | t,| and ¢, is the next singular point of
g(t). The function g,(f) may then be expanded about the origin in a Taylor
series

&) = f Cpt" (A.2.3)

where

G G [g0-$o—0] @29

1
n! 8=1
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Substituting (A.2.2) and (A.2.3) into (A.2.1) and integrating term by
term, we have

I=Y Cul(a + n+ 1)(—ay =

n=0

+ f b_y I(a + 1)(— 1) (—p)e-=D2Ml2yy  (21,)  (A.2.5)
p=—(@+9)2 v=(@—s+1)2 (A.2.6)

where W, ,({) is Whittaker’s confluent hypergeometric function (Erdelyi,
1953).
In particular,

W_iia,-v4(0) = '\/; §M4et® erfe \/E (A.2.7)

where
erfe x = (2/\/7) j et dr (A.2.8)
xz
is the complementary error function.

Equations (A.2.5) to (A.2.8) are used in Chapter 4 in the computation of
transient waves in a plasma.

In certain situations the saddle point is close to a branch point or a zero
of the integrand, or two or more saddle points are very close to each other.
For all these cases the original saddle point method does not apply. Modified
methods have been derived for the various cases. Interested readers are
referred to the references.
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Appendix B. The Distant Radiation
Field from a Localized
Source

In this section we shall discuss a fairly general technique for asymptotically
evaluating the radiation field from a localized source. The discussion es-
sentially follows that by Lighthill (1965).

Let us consider a system in which small disturbances to the undisturbed
state are governed by a linear partial differential equation with constant
coefficients, such as

DW, 8/t)y(r, £) = 0 (B.1.1)

where D is a polynomial in the partial differential operators I and 9/0;
y(r, t) is some function specifying the disturbance. For this system, a
plane wave

Y(r, t) = ped@ kD (B.1.2)

can exist if the dispersion relation
Dk,w)=0 (B.1.3)

is satisfied. We shall assume that the undisturbed state is stable such that
no solution of (B.1.3) exists with k real and the imaginary part of w negative.
Equation (B.1.3) may be solved to yield

® = wy(K) (B.1.4)

451
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where the subscript indicates the different characteristic modes in the system.
For a given w, (B.14) represents a surface in the three-dimensional k-space.
This is the dispersion surface. The group velocity is I w(k) and is normal
to the surface.

Our problem is to find the expression for the disturbance, (r, ¢), when
the system is under the influence of a localized source. In particular, we
first consider the case where the source is harmonic in time for which the
right-hand side of (B.1.1) is replaced by

elolf(r) (B.1.5)

where f(r) vanishes outside a limited spatial region around, say, the origin.
We shall present a technique to determine the form of ¢ at distances from
the source region large compared with its size.

Since f(r) is localized, it can be written as a Fourier integral

1) = (1)) ﬁ] FR)e ™ dk (B.1.6)
where - -
FK) = j” FE)er di (B.1.7)

is the Fourier transform of f(r) and is a regular function of k., k,, and k,.
The equation

DV, 8/8t)p = eroif(r) (B.1.8)

with the substitution of (B.1.6) on the right-hand side, then has the formal
solution

p(r, 1) = e79P(r, w,) (B.1.9)
where
__1 F(k)e7xr
B(r, ) = Gy J” D, ) dk (B.1.10)

The problem is to find the asymptotic expression for ¢ for large values
of | r|. Physically, what we want is to determine the wave numbers and
amplitudes of the plane waves at large distances along a given direction
away from the source region. However (B.1.10) as it stands, does not yield
a unique solution that tends to zero at large distances, because in our
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system plane wave solutions satisfying (B.1.3) exist for the homogeneous
equation (B.1.1) and the denominator in (B.1.10) can vanish for real values
of k,, k,, and k,. For this case, many determinations of the integral (B.1.10)
are possible. Out of all these, only one is of physical interest, the one com-
monly described as satisfying the ‘“‘radiation condition.” Physically, this
corresponds the the requirement that at any observation point the steady-
state wave solution must be “arrivable at by switching on (the source)
and waiting” [see Lighthill (1960)]. One way to derive this is to replace
the right-hand side of (B.1.8) by ef‘woe¥ f(r) where ¢ is very small so that
the source has been built up from zero to its present strength gradually
during all the time from ¢ = —oo0. We then try to find a solution y also
proportional to ef‘@oJet, Therefore in (B.1.10), D(k, w,) is replaced by
D(k, wy — je). To facilitate the discussion let us first rotate the coor-
dinates such that the observation point is in the direction of one of the axis,
say k.. Then, (B.1.10) becomes

oy ] b oo ©  F(k,, ky, k,)e "
60— 0 = e |l [k |, gy
(B.L.11)

where we have dropped the subscript on w.

The integration in k, may be carried out by contour integration in the
complex k_ -plane. As shown in Fig. B-1, let us displace the original path of
integration to a new one on which the imaginary part of k, has a negative
value —h.

For large values of x, the integrand in (B.1.11) is vanishingly small on
this new path (of the order e~*). Therefore the original integral may be

Im &,

"

Path of | integration
[¢]

ek,

]

Displaced path|of integration

Fig. B-1. Displacement of path of integration.
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estimated by the residues at those poles of the integrand that lie between
the two paths. Since F(Kk) is regular for a localized source, the poles of the
integrand come from the zeros of D alone. Hence, for given values of
w, k, and k,, we need to find those solutions k, of D(k,, k,, k,, w — je) = 0
that have imaginary part with values between 0 and —h. We know from the
discussion below (B.1.3) that for our system there are solutions of D(k, w) =
0 with real k, for given values of k,, k,, and w. By giving & a small nega-
tive imaginary part k, for which D = 0 will acquire a negative imagi-
nary part if

dwlok, > 0 (B.1.12)

where dw/dk, may be computed from (B.1.3) or (B.1.4) and is just the
component of the group velocity along the observation direction.

Although D = 0 may have zeros with negative imaginary parts of &,
even when ¢ is zero, we can take /4 to be so small that the contribution to
the integral (B.1.11) comes only from those zeros that have been displaced
to the lower half-plane from the real axis. Therefore we may conclude
that the integral (B.1.11) is nonzero only if the condition (B.1.12) is sat-
isfied. This means that wave energy will be found along a particular ob-
servation direction only if the component of the group velocity along that
direction is positive. This is the physical significance of the radiation
condition.

In the limit of £ — 0, the contribution to the k,-integration of (B.1.11)
from each pole may be written as

Flky, ky, k)e 7
Dikz, ky kz, )[0ks

—2nj 3 (B.1.13)
where k, satisfies D(k,, k,, k,, ) = 0 and dw/dk, > 0. The asymptotic
expression for (B.1.11) is then given by

_.] j F(kz’ ky > kz)e_jkzx

P60) ~ Gay || 3Dtk Ky k., 00K
S

dk,dk, (B.1.14)

for each normal model, where the integration surface S is the portion of the
dispersion surface on which dw/dk, > 0. The double integral in (B.1.14)
may be estimated by the method of stationary phase for large values of x.
The stationary points may be found by solving 2k.(k,, k., )/0k, = 0 and
Ok, (k,, k,, )0k, = 0, or equivalently, dD/dk, — 0 and dD/0k, = 0. This
means that the phase k,x of (B.1.14) is stationary on the surface .S at those
points k‘ where the normal to S is parallel to the k,-axis. The major
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contributions to the integral then come from the neighborhood of these
stationary points. At each of these points, if we temporarily choose the
k, and k, axes along the principal directions of curvature of the surface,
then locally, the surface may be represented approximately by

k, = ki + 3KP(k, — kP)? + BKO(k, — k@) (B.1.15)

where K = 0%,/dk,? and K = 8%,/0k,* are the two associated curva-
tures at the point k‘”. The curvatures are taken as positive where the
surface is concave to the positive k,-direction and negative when it is
convex.

Substituting (B.1.15) into (B.1.14), the integral may be approximated by

406, ) —1 Fk™)exp[—jkx + j(sgn K" + sgn K{")n/4)
’ 2nx Z ([ K& K9 [}/ [0D (K, )]0k Jceco (B.1.16)

where sgn x means the sign of x.
Equation (B.1.16) may be put into the form that is invariant under the
rotation of axes, viz,

1 C(i)F(k(i)) exp[_jk('i) R l']
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is the Gaussian curvature. The summation is cyclic over the three coordinate
axes denoted by «, 8, and y. The factor C*¥) comes from the additional phase
factor. For K'® > 0, it takes the values -1 where the dispersion surface is
convex to the direction +F,D. For K < 0, it takes the values +j according
as the direction 4-I7;D is parallel or antiparallel to r.

To use (B.1.17), let us refer to Fig. B-2. We first draw the dispersion
surface D(k,, k,, k,, w) = 0. At each point on this surface, we draw (or
imagine) an arrow normal to the surface, choosing for its direction from
the two normal directions the one pointing towards the surface

Dk, ky kyy 0 + 8) =0 (B.1.20)

Then for a given observation point r, we find the wave vectors k'"’s in
(B.1.17) by taking those points on the dispersion surface D(k, w) = 0 where
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Fig. B-2. Dispersion surface in k.k-plane. The procedure to determine the wave
vectors that contribute to the far field is demonstrated.

the arrows are in the direction of r. This way the condition that (F,w) « r > 0
and the stationary phase requirement are satisfied. Using these values of
k9, Eq. (B.1.17) gives the asymptotic expression for the field ¢ at a distance
far away from the source region. Physically, we may interpret this result in
the following way. Since the observation point is very far away from the
localized source, we may consider the source to be concentrated at the
origin. The contribution to the far field only comes from those groups of
waves in the source spectrum that have group velocity in the direction of the
observation point. On the dispersion surface the normals from a small area
dS around a point k' fill a cone whose cross-sectional area increases with
distance like | K| r® dS (Fig. B-3). In the physical space, this is a cone of
rays. The number of rays is conserved in the cone; hence the intensity is
diminished by a factor | K |~1r~2 as the rays propagate to the observation
point. This accounts for the factor | K |[~/2r~1 in the amplitude.

The expression (B.1.17) is valid if the Gaussian curvature K == 0. For
the case K? = 0, the technique may be modified to yield results that fall

Fig. B-3. Physical interpretation of the amplitude factor in the asymptotic expression
(B.1.17).
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off less rapidly than r—'. Details of the modification may be found in
Lighthill (1960).

Substituting (B.1.17) into (B.1.9), we obtain the steady-state far field
expression due to a localized source. Using this result, we can also compute
the asymptotic transient field for arbitrary time variation of the source.
The transient field is given by

w(r, 1) = '2‘1{ r eiot §(x, w) dew (B.1.21)

Substituting (B.1.17) into (B.1.21), %(r, ) may be put in the form

v, )~ r AO(r, )5 diy — g (B.1.22)
where
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g(r, w) = wt — ré(w) (B.1.24)
réw) = k' w) - r (B.1.25)

In general, £ (w) — w/v as w — co, where v is a characteristic speed for
the system (e.g., light speed in vacuum, sound speed in the gas, etc). We
shall assume that the system is quiescent for time ¢ << 0. This requires that
the path of integration in (B.1.22) be below all singularities in the integrand.
If the source is turned on at 7 = 0, then it is easy to show that at a distance r
from the source, the field y is zero for t < r/v, in accordance with the cau-
sality principle. To show this, we only need to change the path of integration
in (B.1.22) to one on which Im w goes to —oco.

For ¢ > r/v, the field at r for large r may be computed using the saddle
point technique discussed in Appendix A.l. The saddle point w, is deter-
mined by

8q(i)/aw = or aé(i)/aw = t/r (B.1.26)

Applying (A.1.21) to (B.1.22), we obtain the contribution from one saddle
point
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If there are more than one saddle points at the same height, we can compute
the contribution in the same manner. Equation (B.1.27) then gives the
asymptotic expression for the transient field for £ > r/v. It is possible, using
modified saddle point techniques, to find the asymptotic expression for the
transient signal at most observation times starting from the first arrival of the

signal when ¢ — r/v. Details of these computations may be found in Felsen
(1969).
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