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PREFACE

Longer ago than we care to recall, the idea of writing this book was conceived.
Indeed, its genesis goes back to the time of the first satellite launches when special-
ists in applied physics, analytical dynamics, structures, fluid mechanics, and
mathematics recognized challenging problems beyond the initial “space age”
publicity. Originally, this book was based on the thought of sharing, with colleagues
who, like ourselves, are without academic training in dynamical astronomy, the
application and extension of celestial mechanics techniques. Today, the dearth of
treatises on that subject has disappeared. Still, none of the available works seems
to aim explicitly toward the objective we set for ourselves, namely, not only to
derive and display the pertinent relations, but also to put them into the perspective
of the present. Since celestial mechanics is a speciality with one of the longest
histories in science, few modern claims to originality can be made in this field. The
emphasis in this work is rather on evaluating the pertinent mathematical tradition
in the light of current applications.

Attaining this end has not been undertaken lightly. Nearly a decade has passed
since the first outline of the book was written; concepts and evaluations have
changed and matured, not only because of our own efforts but with the aid of
analysis and applications by numerous colleagues. Many aspects of the subject
were studied—more than can be included here—and many considerations weighed
before we decided on the presentation given in this text.

The driving forces behind this process of reappraisal have their origins in two
events of fundamental significance to dynamical astronomy, especially perturba-
tion theory: the appearance of the high-speed automatic computer and the avail-
ability of “man-made” orbits. So deeply do these two developments affect the
subject that to apply the classical name of Celestial Mechanics is not appropriate—
hence, the title and the spirit of this book.

As to the computer, its ability to relieve the theorist of straightforward
calculation and analysis has yet to be fully developed. Its use in preparation of
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viii Preface

ephemerides appears obvious, but its effect, as we shall endeavor to show, is more
subtle than the casual spectator might imagine. The same is true of the application
of rocketry, which has been both rewardingand frustrating to the orbit mechanician.
For the first time he can do more than passively observe the orbits nature provides,
but, on the other hand, he can no longer limit his analysis to nearly circular and
co-planar orbits or toforcesyielding non-Keplerian effects of a strictly gravitational
nature. Thus, the methodology developed over the last three centuries is not com-
pletely applicable to present problems; yet, to appreciate the full impact of the
computer and space program, this earlier methodology must be understood first.

The central task of dynamical astronomy has always been to obtain the solution
of the equations of motion of the heavenly bodies. Since this cannot be done in
closed form, approximational methods are used. Two fundamentally different
alternatives are available: numerical integration or analytic representation by
series. The former is not discussed directly in this volume; suffice it to say that in
certain cases it can be made reasonably accurate, but it never givesmuch physical or
mathematical understanding of the problem. On the other hand, the analytic
approach often yields considerable insight but, to achieve accuracy, a great deal of
algebraic labor is involved.

The analytic methodology almost invariably employs Keplerian motion, i.e.,
an elliptic orbit, as a first approximation to the motion of a celestial body around a
central mass; improvements are then sought by various perturbation schemes. In
calculating successive positions of a body along its Keplerian reference trajectory,
we find that the choice of independent variable is of greatimportance. The geometry
of conic sections and hence the position of a body in such an orbit expressed in
terms of angular coordinates measured from the focus or the center of the figure are
simple, but the relations between these angular variables and the time are tran-
scendental; this rules out closed expressions for the position as a function of time.
Nevertheless, astronomers of thepast, withthe major aim of preparing ephemerides
having uniform time increments, chose time as the independent variable. Thus,
first the aforementioned angles, known in astronomical parlance as the true and
eccentric anomalies, were developed by time series. Then the gravitational perturb-
ing forces, superposed on the Keplerian model, were expanded in terms of the
angular anomalies. This became necessary since the closed trigonometric ex-
pressions associated withmutual attractions in an n-body system make the required
quadratures rather intractable otherwise. Working the two kinds of series expan-
sions into each other, one could arrive at expressions of the so-called ““disturbing
functions” in terms of time, to be used for numerous analyses of the solar system.
Because of the labor involved, this part of the work became a focal point of
attention for the classicists. They brought many ingenious devices to bear on its
reduction, particularly capitalizing on the specific characteristics of the gravitation-
al force itself and on the orbit geometries provided by nature.

We can now see more specifically where modern conditions have wrought a
change. The literal expansions of classical disturbing functions are inapplicable
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to many of the perturbing forces encountered with artificial celestial bodies and
to their orbit geometries as well. Moreover, the trahscendental relations between
the angular variables and time are no more awkward to handle by automatic
computers than the “direct” relations sought by classical astronomers. Hence,
both the choice between alternative formulations of the perturbing force and the
resulting perturbation methods, as well as the choice of independent variable have
become open questions once more. These are the basic issues we discuss in this text.

We have tried to make this book useful to those engineers and scientists who,
for various reasons, have more than a passing interest in orbital mechanics. The
material should be accessible to anyone with a senior or first-year graduate-school
background in physics or engineering who desires to understand the astronomical
terminology and the working details of various perturbation techniques. Thus,
the mathematical developments are straightforward (albeit laborious) and formal
in nature. Since many problems of “‘space age” astronomy occur in several
alternative forms, and since many of the techniques are somewhat involved,
numerous illustrative examples are provided. In the spirit of “‘evaluation,” we
have inserted occasional comparisons between different formulations. Considering
the multiplicity of publications in this field, even readers with some specialist
background may find these comments helpful, if only to stimulate independent
thought on such comparisons. In addition, an effort has been made to interpret
the main features of several perturbation theories in terms of fundamental prin-
ciples of mechanics. This revives the physical insight which has often been lost in
classical accounts under the burden of routine astronomical calculations.

The thought that this work might serve as a textbook has occurred to the
authors, and consideration has been given to practice problems. As the reader
must be aware by now, extensive labor is connected with nontrivial examples of
perturbation analysis; indeed, typical ones would serve as term projects rather than
homework assignments. For this reason, the idea of exercises for the student has
been abandoned. As a partial substitute, some detailed developments which
parallel earlier demonstrations have been omitted. The reader should be able to
single these out for his own practice.* By the same token, a few tutorial sections
areincluded to assist the reader who is still developing his background in dynamics.

The book contains a set of methods selected and evaluated by the authors
during several years on the basis of their own aerospace experience. This selection
differs from the traditional scope of celestial mechanics texts by omissions to be
discussed presently. First, however, a brief sketch of each chapter may be helpful.

Chapters 1 and 2 cover the integrals of particle motion, formulas for Keplerian
orbits, definitions of elements, and series expansions for various limiting cases.
This is standard material; on the other hand, its omission would have resulted in a
serious lack of completeness.

* We also refer to the careful selection of basic exercises in J. M. A. Danby, Fundamentals of
Celestial Mechanics, Macmillan, New York, 1962.
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Chapter 3 gives an introduction to astronomical reference frames and
ephemerides, their adjustment for various effects, and a discussion of astronomical
chronometry. While this material contains no analytic challenge it summarizes
the basic facts required by anyone involved in computing orbits, and is included
because the rationale behind astronomical terminology is not always self-evident.

In Chapter 4 we examine the algebraic relations pertinent to orbit determina-
tion from various sorts of measurements, such as sight angles, ranges, and range
rates. The governing (deterministic) equations are derived, and their relation to the
classical formulations of Laplace, Lambert, and Gauss is considered. Statistical
data processing and application of numerical methods are not treated; however,
the concept of orbit determination is extended to include first-order “‘sensitivities™
needed for orbit selection and trajectory design.

Chapter 5 begins with a discussion of various physical disturbances encounter-
ed by space vehicles and illustrates their fundamental effects in terms of elementary
particle dynamics. The basic perturbation approach to solving dynamic equations
is presented and specific formulations are discussed. These include the Encke
method and several formulations in spherical coordinates, some of them from
recent years.

The classical method of variation of parameters is treated in Chapter 6. Its
derivation is given in terms of a disturbing function as well as a disturbing force,
i.e., by way of Lagrange brackets and infinitesimal impulses. The discussion treats
orbits with low eccentricity and inclination as a special case; the choice of indepen-
dent variable and the merits of rectification are examined; first-order results are
given for a variety of physical effects.

The groundwork for canonic perturbation methods is developed in Chapter 7,
where Lagrange’s and Hamilton’s equations are derived by a direct method, as
well as by variational arguments. The use of Hill-type equations is illustrated in
deriving first-order coordinate perturbations for motion in the neighborhood
of an unperturbed orbit.

In Chapter 8 we approach the theory of canonic transformations by variational
arguments. Separability of the Hamilton-Jacobi equation is illustrated for the
Kepler problem and for oblateness perturbations in spheroidal coordinates.
Thereafter, iterative approaches to the nonseparable Hamilton-Jacobi equation
areconsidered, leading to perturbationsin the generating function according to the
von Zeipel procedure.

Finally, in Chapter 9, we give an introduction to Hansen’s method. Since this
technique uses a combination of orbit elements and position coordinates as
dependent variables, it occupies a somewhat special position among perturbation
methods. Its manipulations are discussed in some detail and are illustrated with
partially explicit results for oblateness perturbations.

Several topics are patently missing from this outline. Each would require at
least a chapter for proper coverage, but a cursory treatment would be only a
useless gesture toward a broader scope. One such area is the use of canonic methods
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in deriving perturbations of the coordinates, where some interesting results are on
record. Another is the set of asymptotic methods which have been used so effectively
in recent years for orbit-stability studies. Next, there is the summarizing of results
from systematic and detailed numerical and analytic comparisons of the better-
known perturbation methods. Beyond the province of satellite motion lie the
multibody problems, including modern efforts in topological dynamics. Here one
may confidently point to several recent and definitive publications.* Another
subject of importance is the representation of powered flight and of atmospheric
reentry; these naturally lead into the area of trajectory optimization, which is well
documented elsewhere. Similarly, the statistical treatment of orbit determination
is receiving ample attention in the current literature, although the varied, practical
experiences with real-time trajectory computations still await comprehensive
documentation. In addition to these topics in particle dynamics, the subject of
attitude stabilization is due for definitive documentation.

Let this array of subjects outside the scope of this book put its contents into
proper perspective. Several of these areas are being explored by the authors’
colleagues, whose interaction with our writing effort has proved valuable in many
ways. It is hoped that their own work may be published and that they find this book
a useful foundation.

Whippany, New Jersey F.T.G.
November 1970 ‘ HR.W.

* For example, V. Szebehely, Theory of Orbits; The Restricted Problem of Three Bodies,
Academic Press, New York, 1967.
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Chapter one

THE CENTRAL FORCE PROBLEM

1. INTRODUCTION

This chapter provides an introduction to the Newtonian particle dynamics of n
bodies with gravitational fields. After establishing the equations of motion and their
well-known integrals we specialize the problem to that of two bodies. This can be
solved analytically and, since it so frequently approximates the real state of affairs
in orbital mechanics, it is the conceptual basis for most mathematical formulations
of interest. We examine several approaches to this problem and derive the relations
between constants of the motion and the initial position and velocity of one body
with respect to the other.

2. THE MANY-BODY PROBLEM: FORMULATION

Classically, one of the most interesting and long-standing problems of celestial
mechanics is that of the individual motion of several bodies, each under the
influence of the others’ gravitational fields. No complete analytic solution, except
for certain special cases, has been found, even under the simplest assumptions.
Nevertheless, sufficient progress has been made so that the results, though incom-
plete, are sufficiently illuminating to be of importance.

According to potential theory, any spherical body of finite radius having a mass
density which is a function only of distance from its center presents a gravitational
field, at points beyond its own radius, which is the same as if all its mass were
concentrated at that center. If, then, we consider in this analysis only such bodies,
we may treat them as mathematical points at positions occupied by the centers of
the bodies. This allows for considerable simplification in the statement of the
problem. In addition, such a formulation corresponds closely to the-actual situation
in the solar system, since the sun, planets, and natural satellites are all very nearly
spherical. The question of anindividual body’s spin is not accounted for and will not
be treated since it generally does not affect its gross motions.

1



2 The central force problem » [3

Let us consider n bodies, the ith of these (in a rectangular coordinate frame with
arbitrary origin) being at coordinates X;, y;, z; and possessing mass m;,. The potential
in which this body finds itself is given by

= ’ Gm,-m :
Vi= =2 —, (1.2.1)

j=1 Tij

where G is the universal gravitation constant, r;; is the distance to the jth mass
point, and the prime on the summation sign indicates that the term i = j is to be
excluded. The quantity r;; is given by

ry = [(xi_xj)2 +( —Yj)2 +(z;— Zj)z] 172, (1.2.2)

Assuming that no other forces are acting, we find that the equations of motion

are
rGmm{(x;—X;
mx; = _2 mlmjfa j)a (1.2.3)
J ij
) ' Gmm(y;— y;)
my = =2 5, (1.2.4)
J 4]
,Gmm (z;—z;
mE; = —, ———m‘m’(f =2) (1.2.5)

J rij

Since there are n bodies, there exist 3n equations of the form (1.2.3) through (1:2.5)
for which, as mentioned earlier, no complete solution in closed form exists.
However, certain general properties of the n-body motion can be stated and are of

interest. These partial solutions of the problem are known as the integrals of motion.

3. THE MANY-BODY PROBLEM: INTEGRALS

Ten independent integrals of the equations of motion can be found and it can be
shown that any others obtained can be expressed in terms of these. Let

o EmX;
_ Xmyy;
= =, s (1.3.2)
_ Xmyz;
zZ= S, (1.3.3)

Then (X, y,Z)are the coordinates of the centroid or center of mass of the total system.
Now if we sum (1.2.4) over all i, we get

Gmym;
3 (x;—x;). (1.3.4)
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The right-hand side of(1.3.4) can be shown to be zero, since for each i,j combination
we get terms involving [(x;—x;)+(x;—x;)] ; hence, since Y m; = constant, we have

X =0, ‘ (1.3.5)
and, similarly,
y=0, (1.3.6)
z=0. (1.3.7)
These lead immediately to six integrals:
X=a;; j=ay;, ZI=a,; (1.3.8)
and
X = at+by; j = axt+b,; Z = ast+b,. (1.3.9)

These equations establish the fact that the center of mass of the system travels
with uniform linear motion.

If we multiply (1.2.4) by (— y;) and (1.2.5) by (x;), add, and sum over all i, we
obtain

(xjyl lyj)' (1310)

Eml(xlyl YiX 1)_ _ZZ
U
We note that the left-hand side of (1.3.10) is equal to
S (e
I Vi— YiXy)

and that the right-hand side, like that of (1.3.4), vanishes because of its anti-
symmetric properties; integrating the result, we obtain

2m(xpi—yik;) = ¢y, (1.3.11)
and, similarly,

Zm Vizi—z0) = ¢, (1.3.12)

Zml(z X; — = c;. (1.3.13)

These three 1ntegrals express the constancy of total angular momentum of the
system.
The final integral is obtained most simply by noting that (1.2.4) through (1.2.6)
can be written
v, i ;. . ov;

& = 2. Gi= —t omg = 2 13.14
m;X; o, m;j %, m;z oz, ( )
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If we multiply the first of these by x;, the second by y,, the third by z;, add the results,
and sum over i, then

. - - oV,dx; oV;dy; 0V,dz;
;(mixixi+miyi))i+mizizi) = _IZ(EC—IE+5—)QE+6—Z,E> (1.3.15)

But the left-hand side can be written as

" d

and the right-hand side, since V] is not an explicit function of time, is simply
dV)dt. Hence

(% + 2 +2D),

2%()&3 + 2+ %)+ V= constant = &, (1.3.16)
expressing the conservation of energy for the n-particle system.

4. THE TWO-BODY PROBLEM: VECTORIAL REPRESENTATION

Except for certain qualitative aspects and for cases with rather specialized initial
conditions, the only additional progress which has been made toward the complete
solution of Egs. (1.2.4) through (1.2.6) is for the case n = 2. This case is of consider-
ableinterest, however,since,as hinted earlier,in many situationseither the distances
to other bodies are so great or the masses of the other bodies are so small that the
two-body problem is a useful approximation to the real state of affairs.

We now examine this case in more detail. In so doing we employ vector
notation, which illustrates a compact treatment that is possible not only for the
two-body problem but also for certain aspects of many-body problems [1, 2, 3].*

For the two-body problem we may write (1.2.4) as

- Gm,(x1 —X,) _ Gm,(x, —x4)

and )‘62 =

5(’1 =
3 3
rlz r12

Since for the relative motion, x = x; — x,, we have

. G x ,
X = rT[mz(xz—xl)+m1(x2“‘x1)] = ",:_3, (1.4.1)
12

where u = G(m; +m,) and we have dropped the subscripts from r;,. The three
equations of motion, corresponding to (1.4.1), are given in vector notation by

F= —ur/r’ (14.2)

with the bold letters indicating vector quantities. Forming the vector product with
r on both sides, we have

rxi=0; (1.4.3)

*Numbers in brackets are keyed to the list of references at the end of each chapter.
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by integration this becomes
rxi=h. (1.4.4)

The invariant vector h represents the angular momentum, and the plane of motion
is defined by

rh=0 | (1.4.5)

Since h is equivalent to three constants of integration, three more must be
determined. From (1.4.2), we get

hx¥ = —%hxr: —ﬁa(rxf)xr.
r r

Following the expansion rule for triple vector products, this becomes

B s . Ko . . d(r s
r—s[(r-r)r—(r-r)r] = r—3[(rr)r—r2r] = —yzl;<;) = —uf, (1.4.6)
where f is the unit vector in the direction of r. Since
hxt = —puf,
we have the first integral
hxt= —uf—P, (1.4.7)

where P lies in the plane of motion and would appear to furnish the desired three
additional constants of integration. However, the scalar product of h and (1.4.7)
yields

h-P =0, (1.4.8)

indicating that the six constants we have found so far are not linearly independent.
The additional constant required can be found from a geometric interpretation of
(1.4.4) and (1.4.5): since r = rf, we have

i = Fi4rf. (1.4.9)

But £ is merely the change of orientation of r within the plane given by (1.4.5).
Thus, let

[#]=1,
where f is an angle to be defined later. Then (1.4.4) yields, in view of (1.4.9),
h = r?f. (1.4.10)

Consequently, dt = (r*/h)df or
)
t= ﬂﬂdfﬂ, (1.4.11)
0



6 The central force problem [5

where 7 is the sixth constant of integration. Its meaning and that of f become clear
when we develop the explicit equation of the conic orbit from the vector representa-
tion (1.4.7). Forming the scalar product of that equation with r, we have

r(hxi) = —pr—Pr = —h(r xi), (1.4.12)

where the last equality follows from the transposition rules for triple scalar
products. In view of (1.4.4) this becomes '

2 P."
Wik _ HTr' (1.4.13]

r

Since P is a fixed vector in the orbit plane, the dot product in (1.4.13) gives an
indication of the (time-dependent) orientation of r. If we denote the angle between
it and P as f, we have

h*/u

T T cos T (L4.14)

From this it is obvious that P points to the position on the trajectory where the
orbiting body has its closest approach to the center of attraction and 7 in (1.4.11)
marks the time of passage of the body through that point. Equation (1.4.14) is the
general equation of a conic section.

More will be said about this subject in Chapter 2. The purpose of this section
was to indicate how the vector treatment of particle dynamics brings out the
essential features of the motion in very compact form. This accounts for its pop-
ularity in the discussion of n-body problems, where, in the absence of explicit
solutions, much of the theory concerns conditions for collision, escape to infinity,
and stability in general (for example, [2]).

5. THE TWO-BODY PROBLEM: POLAR COORDINATES

Let us now consider the two-body problem in terms of polar coordinates, which
turn out to be convenient for numerous applications.

We take the position of the center of mass of the two bodies as the origin of
our coordinate system so that x = y = z = 0, and further set the frame of reference
in motion with the same velocity as that of the centroid; then, relative to this
system, X = j = z = 0 or, in other words, we shall be investigating the relative
motion of the two bodies. From (1.3.1) we find

X, = — My, (1.5.1)

2

with similar equations for y and z. Equation (1.2.4) then becomes

Xy = —Gm3x,/(m;+my)*r3, (1.5.2)
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where r, is the distance from the centroid to the first body. Also
ji = —Gm3y,/(m, +m2)ir?, (1.5.3)
£ = — Gm3z,/(m;+my)*ri. (1.5.4)

Likewise Eqgs. (1.3.11) through (1.3.13) yield
X1Y1—Y1%1 = €13 ViZ1—2Z1Y1 = C3; Z1X1—X1Z1 = C3. (1.5.5)

Now let us choose the orientation of the axes so that initially both z; and 2, are
zero. Equation (1.5.4) yields Z; = 0;and since Z, is already zero, both z, and 2, will
remain so. Thus, the motion is in a plane, ¢, = ¢; = 0, and we need consider only

the x, y equations.
Converting to polar coordinates, we let

Xy =rycosfy; Y1 = 7y sin 60,. (1.5.6)
Equations (1.5.6) applied to the first of (1.5.5) give
rif = ¢y, (15.7)
and applied to (1.5.2) and (1.5.3) yield

. LA ; i Gm3  cosf

#,cos0, —2/0,sin0; —r0} cosO;—r,f;sinf, = —mf,
(1.5.8)

Gm3 sinf,

Bl (my+ m2)2 ry

#,sin 0, + 27,0, cos 0, —r,0% sin0, +r.0; cos 6, =

If we multiply the first of these by cos ; and the second by sin 6, and add, we get
Gm3 1

2

2
E— +7r,6%, (1.5.9)

i;1=_

or, using (1.5.7), we have

Gmd 1 c?
iPl= —— =+ 1.5.10
& (my+my)*r3 * r ( )

But (1.5.7) also gives
d ¢ d

T (1.5.11)

and applying this to (1.5.10) yields

vy 2 (dry)? Gm3 5
) = -2 . 1.5.12
ag? r, (d@l (m, -!—mz)chr1 t ( )
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With the help of the well-known substitution »; = 1/u; this equation yields the
solution ‘
_ (m, +m,)? 1
'™ Gmd 1+cscos(0;,—w)

(1.5.13)

where ¢, and w are constants of integration. Now (1.5.13) is the equation of a conic
section, representingacircleifc, = 0;anellipseif0 < ¢, < 1;aparabolaifc, = 1;
and a hyperbola if ¢, >1. We shall see something of the physical significance of
¢, and ¢, in Section 6.

Equation (1.5.13) gives the behavior of the body m, with respect to the center of
mass of the system composed of m; and m,. The curve followed by m, is obtained
by application of Eq. (1.5.1) and its y-counterpart to Eqgs. (1.5.6). This leads to

ml ml .
X, = ——7r;c080,; = ——r;8inf,; 1.5.14
2 m, 1 1 Y2 m, ! 1 ( )
that is, as expected, the position of m, is always diametrically across the centroid
from that of m;. The behavior of m, with respect to m, is obtained by noting that

Fia = \/(x1“x2)2+(,\’1_)’2)2> (1.5.15)
or, using (1.5.6) and (1.5.14),
+m
Py =AM, (1.5.16)
my

This is a very important result: it states that not only does each body individually
move around the center of mass in a conic, but the motion of either with respect to
the other is again a conic of the same type and shape with only the dimensions
altered. Further, in most problems encountered in missile and satellite work, the
mass of one object is very much less than the mass of the other. In this case, if we take
my <m,, we find r,, ~r; so that even the dimensions of the conic followed by the
first body are very close to those derived for the conic taken with respect to the
center of mass. For example, for a missile with a weight of 10° kg orbiting the earth,
the mass factorin (1.5.16) becomes (1 x 10°+6 x 10?4)/6 x 10** = 1 + 1.7 x 10720,
which is as close an approximation to unity as one may see in a long time. In
addition, (1.5.14) shows that, for this example, the displacements of x, and y, from
the centroid are about a factor of 10729 less than those for x; and y, ; thus, even
when r, has a value of 1017 km, the displacement of x, and y, is barely more than
1 meter! It is most convenient to be able to establish the position of one body with
respect to the other, rather than to the center of mass.* These remarks apply
equally well to the situation prevailing between the sun and planets, which

*Similarly, for m; <m,, the constant Gm3/(m;+m,)* of Egs. (1.5.8) through (1.5.10), etc.,
becomes essentially Gm,; for the earth, Gm, = p = 3.98602:10'* m3/sec? A list of useful
astrophysical quantities is given at the end of this volume.



6] The two-body problem: constants of integration 9

corroborates Kepler’s observation that planetary orbits can be represented by
essentially two-body motion. Hence conic sections are often referred to as
Keplerian orbits.

6. THE TWO-BODY PROBLEM: PHYSICAL

MEANING OF THE CONSTANTS OF INTEGRATION

Consider a polar coordinate system centered at the body M with the position of the
second body, m (m< M), given by (r, 6). Since r = r;, of the preceding section,
we note—in view of the statement following (1.5.16)—that equations corresponding
to (1.5.7) and (1.5.9) become

F—r0? = —pu/r?, (1.6.1)
i(r"é) =0 (1.6.2)
o \ 6.
where p = GM.
Yo
G
\
\
1"\ ///;0
m
M
Figure 1.1

Suppose that the position and velocity of m are known at some time, say t = 0.

Let us choose the line from the center of M to the position of m at t = 0 to be

the reference axis (0 = 0) and measure 6 in the direction of motion of m. Then at
t = 0 (see Fig. 1.1),

Fo = Vg SINYg, - (1.6.3)

() = vy cos Yo, (1.6.4)

where y, is the complement of the angle between the velocity vector and the radius
vector. Equation (1.6.2) yields

20 = constant = ryv, COS Yo, (1.6.5)

and we may also write
d _ ,d _revgcosy, d
dd~ do r*  df
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Then, as was done in Section 5, we transform (1.6.1) to an equation whose indepen-
dent variable is 0 and whose dependent variable u = 1/r, yielding the ultimate
solution
r2v3 cos? y, 1
r= L 1+ccos (0—6)

(1.6.6)

where the constants of integration ¢ and 6 correspond to c, and w in (1.5.13).
We shall use the latter notation henceforth. The time derivative of (1.6.6) is

. rgpgcos’y,  c48in 0 —w)b

B U [1+c, cos (0—w)]?

or, using (1.6.5), we have

. ey sin (0—ow)
f=—

(1.6.7)
Folg COS Vg
Evaluation of (1.6.6) at t = 0 gives
| ! S S (1.6.8)
14+c4cos(Bp—w)  ToUp COS™ g
which can be rearranged to
2 2
¢4 cos (Bp—w) = w —1. (1.6.9)
Likewise, from (1.6.7) and (1.6.3) we obtain
2
ca sin (0—w) = 20 Sm:" €08 Jo (1.6.10)
so that, by squaring and adding, we find
= p? —2ur v cos? y20+r§,u‘$ cos? yo’ (L6.1)

U

which serves to define one of the integration constants in terms of initial conditions.

Now o is obviously just a reference angle entering into the argument of
(1.6.6). To examine its geometric meaning, we consider the special initial condition
0o = @ in (1.6.9) and (1.6.10). Barring the exceptional orbits resulting from
ro =0,v9 = 0,0rcos y, = 0(radial motion only), we see that thisimplies sin y, = 0,
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which means that w marks the points on the orbit where the velocity vector is
perpendicular to the radius vector (see Fig. 1.1). Equation (1.6.6) also shows that r
reaches its minimum value at § = » and its maximum at = w+ 7.
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Chapter two

THE CONIC SECTIONS

1. INTRODUCTION

In the preceding chapter we established that the motion of one spherical mass
around another can be described by a conic section. In this chapter, we discuss the
characteristics of the conic sections and examine their relations to observed
position and velocity in further detail. We discuss Kepler’s laws, describe the
eccentric anomaly, derive Kepler’s equation, and give the other time relations for
conic-section orbits. We also introduce the parameters that locate a conic trajectory
in a three-dimensional reference frame and discuss various special cases for which
some of the orbit parameters have to be redefined. Thus, time equations are
derived for orbits of low and high eccentricity and methods are discussed for series
developments of the anomalies and the radial distance in terms of time. This
subject is important for many formal manipulations in celestial mechanics and
furnishes the basis for accuracy estimates required in the numerical evaluation of
conic-section orbits.

2. THE ELLIPTIC ORBIT
The polar equation of an ellipse with the origin at one focus (Fig. 2.1) is

_a(l—é?)

r= m, (2.2.1)

where the angle f is measured from the line joining the occupied focus and the
curve’s closest point of approach to that focus. The semi-major axis is normally
denoted by a and the eccentricity by e. If the semi-minor axis is b, the eccentricity is
defined by

e? = (a®*—b?)/a*. (2.2.2)
The angle f, which takes the place of § —8 in Eq. (1.6.6), is called the true anomaly.

The point of closest approach to the origin (f = 0) is designated by the prefix
12
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“peri-,” the suffix denoting the body at the focus. The point farthest away is
given the prefix “apo-" (the letter “o” sometimes being dropped for euphony).
Thus, for the sun, we have perihelion and aphelion; for the earth, perigee and
apogee; for the moon, periselene and aposelene ; for an unspecified central body,
pericenter and apocenter.

) Figure 2.1
Comparison of (2.2.2) with (1.6.6) and (1.6.11) leads to
2 P2 —2urgvd cos? yo+rave cos? y,
- 2
u
_ 1 (68— 2rovs cos? 7y (223)
U
and
a = uro/Qu—ryv}). (2.2.4)
For an elliptic orbit, where e < 1, we require that
032 —pfro = £ <0, (2.2.5)

where & is the energy per unit mass of the moving body. The minimum possible
eccentricity, e = 0, is obtained with a circular orbit. According to (2.2.3) this
requires that v3 = u/ry and y, = 0.

Since the energy of the moving body is conserved, we may generalize (2.2.5) to

la P_g (22.6)
2 r
Then substitution into (2.2.4) yields
a= —p/2€ = ur/Qu—rv?). (2.2.7)

The angular momentum per unit mass of the body in orbit (see 1.4.10 and 1.5.7) is
given by

h = rqvo cos y,. (2.2.8)
Using (2.2.3) and (2.2.4), we see that
a(l—e?) = h*/u = r*f?/u, (229
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where the latter equality holds for any point of the orbit, since angular momentum is
conserved. Finally, from (2.2.3), we obtain

e? = 1426h?/u. (2.2.10)

These physical interpretations of the constants in (2.2.1) will be useful later on.
When 0 of (1.6.6) is zero, f = —08. By convention, f is always taken to be

positive and is measured in the direction of motion of the orbiting body. If we

denote the value of r at f = 0 (closest approach) by g and that at f = = by O, then

g=a(l—e); Q=a(l+e). (2.2.11)
Further
@+9Q)2=a (2.2.12)

For this reason the semi-major axis is sometimes called the mean distance.
Equation (2.2.1) yields

a(l—e?) .
"= (1+ecosf)2efSln f

or
. r’fesin f
- (2.2.13)

Using (2.2.9), we have
7= /p/a(l—e?)esin f. (2.2.14)
This can also be expressed as a function of r: from Eq. (2.2.1)

al=e?) | (2.2.15)

ecos f=
.

and hence

¢? sin? f= e?— [“(1 —<)_ 1} ” (2.2.16)

7

then the radial velocity component is

1/2 _ 12
;= [m%%] {ez—[“(l . ez)—l]z} . (2.2.17)

The tangential velocity component £ follows from (2.2.9), in a straightforward
fashion, as a function of r or f. Finally, solving (2.2.7) for v, we have

v? = 2u/r—p/a. (2.2.18)

The three elementary laws of celestial mechanics are referred to as Kepler’s
laws. They were deduced over three centuries ago from observations on the
planets and proved to be effective approximations to the true motions. They con-
tinue to be not only of historical interest, but also useful guides in cases where the
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idealized conditions required for the two-body problem are nearly fulfilled.
In fact, most of the more refined theories known to us now take the two-body
model as a point of departure. We have already derived two of Kepler’s laws,
and the third follows from an extension of the second.

Kepler’s first law states that the orbit of a planet around the sun is an ellipse
with the sun situated at one focus. We have already seen that the ellipse is a per-
missible orbit. It need only be pointed out that the other two orbit shapes would
soon cause the planets to vanish to infinity, in order to establish the first law. In
actuality, the fact that there are nine planets revolving around the sun, rather than
one, means that no orbit is a perfect ellipse. However, since the distances between
planets are so great and their masses so small in comparison to that of the sun,
the departures from pure ellipses are quite small.

Kepler’s second law states that the areas swept out by the radius vector from
the sun to a planet in equal time intervals are constant. Consider an area element,
AA, formed by two radii vectors r and »+ Ar separated by the angle Af. These form
a triangle and, passing to the limit, yield dA = 1r2df, or

dA/dt = Lr?f, (2.2.19)

which is obviously constant by conservation of angular momentum.

Kepler’s third law states that the ratio of the cube of the semi-major axis and
the square of the period for any planet is equal to that for any other. To prove this,
we can either calculate the period as

S2n df
o f°
where fis expressed in terms of fby (2.2.9) and (2.2.1), or we may use the following
geometrical argument. The area of an ellipse is nab = nazx/ 1—e? If T is the

anomalistic period (time required for one complete revolution in terms of f),
then (2.2.19) yields

2 2

. 1—e
2
14 =
Y T
Frequently, it is convenient to speak of the mean angular motion, i.e., the rate at
which the true anomaly is “swept out” by the radius vector, averaged over the

whole orbit. If we denote this quantity by n, then

2rna
(2.2.20)

n=2n/T (2221)
and
r*f = na* /1—e> (2.222)
But comparison with (2.2.9) leads to
n?a® = p, (2.2.23)
or
T = 2n/a®/u (2.2.29)
and

a®/T? = pj/an?. (2.2.25)
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Since the right-hand side of (2.2.25) is a universal constant, it is obvious that
a}/T} = a3/T3 = -, (2.2.26)

which is a statement of the third law. In fact, since the orbiting body must have a
finite mass, we should write (2.2.25) as a3/T? = (u+ Gm)/4n2, where m is that mass.
However, as we have seen in Chapter 1, this effect is quite small and can usually
be ignored. Moreover, we are again ignoring the effects of the planets upon each
other in stating this law.

It is frequently convenient to express the equation of the ellipse in terms of an
angle subtended at its geometric center. If we measure this angle from the same line
as we do the true anomaly and construct it in a particular way, the statement of
elliptic motion becomes very simple. Its construction is performed as follows
(Fig. 2.2). Given an ellipse of semi-major axis a and eccentricity e, we draw a circle
of radius a from the center of the ellipse. For a particular value f of the true
anomaly, we then construct a perpendicular to the major axis through the corre-
sponding point on the ellipse and extend it to the circle. The angle E, subtended at
the geometric center and measured from the line to the pericenter, is known asthe
eccentric anomaly.

E f
\ a ae
Figure 2.2
From Fig 2.2 it can be seen that
acos E—ae = rcosf. (2.2.27)

It can also be seen from the figure that

rsinf= a./1—e?sinE, (2.2.28)

if we remember that the ellipse is derivable from the circle by an affine trans-
formation reducing all the ordinate values by the same scale factor. The factor is

/1—¢? in this case, since that leads to b = a,/1—e* for the semi-minor axis.
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Expressing cos E and cos fin (2.2.27) in terms of tan E/2 and tan f/2, we find

tan ff2 = , /1*’ ° tan E/2. (2229

Elimination of f from (2.2.27) and (2.2.28) by squaring and adding leads to the
equation of the ellipse

r = a(l—ecos E). (2.2.30)
If we differentiate this with respect to ¢, we have
7 = aeEsin E, (2.2.31)

which corresponds to (2.2.14) in terms of the eccentric anomaly. Using (2.2.14),

we get
. U sinf
E=,/——— - 2.
\ a3(1—e?)sin E’ (22.32)

from which we eliminate sin f/sin E by (2.2.28) to find

. ul’
E=,/5=. 2.
\/;r (2.2.33)

Substituting for » from (2.2.30), we obtain

E(1—ecosE) = \/u/a®,

which may be integrated at once to
E—esinE = /u/a® (t—1), (2.2.34)

where 7 is a constant of integration. Equation (2.2.34) is known as Kepler’s equation.
Since t = 7 for E = 0 it follows that t represents the time of pericenter passage.
We may note here a few alternative forms in which Kepler’s equation is sometimes
written. Using (2.2.23), Eq. (2.2.34) becomes

E—esinE = n(t—1),

where n is the mean angular motion. The quantity n(t — ) is frequently written M
and called the mean anomaly. The product of nt is often written as a single constant
(=), which has certain advantages. In this case, Kepler’s equation becomes

E—esinE = nt+y. (2.2.35)

Kepler’s equation affords an example of the relations of position angle (true or
eccentric anomaly) to time. Generally, these relations involve mixed transcendental
functions (angle argument and trigonometric function of the angle) for f or E.
Dependence of r on t exhibits the same awkwardness. In most cases it is much
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simpler to express time as a function of the position coordinate. For dependence on
f we utilize (2.2.9) in the form

7'2

dt = ————df.

/ pa(l—e?)

Employing (2.2.1), we find

f
2(1 _ ,2\2
imr= | 2U=€) Ly (2.2.36)

 ua(l—e?) (1+ecosf)?
0

f
/a® f N—e.  f sinf
=,/— - ——tan> |—e/1—e*———| . 2.
ﬂ[2tan (H_etan2 e e T ecoss (2.2.37)
0

Equation (2.2.37) is merely an alternative statement of Kepler’s equation, from
which it could have been derived (without integration) by judicious substitution
of (2.2.1), (2.2.28), and (2.2.29).*

An expression for the time in terms of radial distance follows from (2.2.17),
which can be written as

. 2 _21_2_21/2
f=+\/%[ar A== (2238)

- r

introducing a sign indeterminacy which has yet to be resolved. Thus

¥2 d -
ty—t, = +,/% T (2.2.39)
u), [ar—a*(1-e*)—r]

which can be evaluated in the form

y (2.2.40)

r2
t,—t; = + g{acos'1 a-r_ [2ar—a*(1 —ez)—rz]”z} )

ae i
The + sign has the following significance: when the true anomalies f; and f,
(corresponding to the values r; and r,) lie in the first or the second quadrant (#> 0),
the positive sign is to be used ; when f; and f, lie in the third or the fourth quadrant
(7<0), the negative sign is used. When the radius vector r; lies on one side of the

— 2 1 s —
*An alternative form of (2.2.37)employssin ™ 1(____V1esmf> instead of 2 tan ! <\ / 1=e tan i)

14+ecosf 1+e 2,
in the brackets.
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major axis of the ellipse and r, on the other, it is simplest to compute the time of
flight from r, to g or Q and then separately from g or Q to r,. A variety of computing
algorithms may be introduced here to guard against sign errors.

An alternative to (2.2.40) can be found by changing the arc-cosine term to an
arc-tangent:

—a(l— 129"
t,—t, = J_r\/g{zatan—l,/M—[zar—az(l—eﬂ—ﬂ]’} . (241

ri

For circular orbits (r = a, e = 0), Eq. (2.2.39) reduces to

t—1 = \/E 7, (2.2.42)
U

while both'(2.2.40) and (2.2.41) become indeterminate. More will be said about time
equations for e approaching zero in Section 6.

Figure 2.3

¥

3. THE PARABOLIC ORBIT
The polar equation of a parabola with the origin at the focus (Fig. 2.3) is
r = 2p/(1 + cosf), (2.3.1)

which we recognize as the limiting form of (2.2.1) as e approaches unity and the
semi-major axis approaches infinity in such a way that a(l —e?) remains deter-
minate and has the value of 2p. Equation (2.3.1) may also be written

r = psec? (f/2). (23.2)
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In view of (2.2.3) and (2.2.5) we have

Lt _ s, (233)
2 To .

which distinguishes the parabolic trajectory as the zero-energy case among Kepler-
ian orbits. Noting from (2.2.8) and (2.2.9) that

r2v3 cos?
2p = a(l —e?) = L,O__#_yo,

we have, in view of (2.3.3),
p = 1o cos? y,. (2.3.4)

We may note that (2.3.4) is an alternative form of the equation of the parabola when
written as p = r cos? y; using (2.3.2), we find a third representation,

y = f/2. (2_.3.5)

From (2.3.1) it is obvious that the closest point of approach is obtained at f = 0
(where g = p) and that Q is infinite. Transition of (2.2.9) from the elliptic to the
parabolic case follows immediately and we have

r*f = ./2pp. (2.3.6)

Similarly, the expressions (2.2.14) and (2.2.17) for #(f) and #(r) can be rewritten
without difficulty by letting a(l —e*)—2p and e—1. From the conservation of
& = 0, according to (2.2.6), it follows that

vt = 2ufr (2.3.7)

for parabolic trajectories. _
Combining (2.3.2) and (2.3.6), we obtain p?sec*(f/2)df = \/2pudt, which
may be written as

d
sec? ! + sec? ! tan? N = J/u/2p3 dt.
2 2 2/2
This can be integrated at once to

tan%—!—%taﬁ% = /u2p? (t—1). (2.3.8)

One can also derive statements analogous to Kepler’s laws. The first of these
would read: a possible orbit around the sun is a parabola with the sun situated at
the focus. (Certain comets come very close to fulfilling this law.) Kepler’s second law
carries over directly, since it merely states the conservation of angular momentum.
The third law must be reinterpreted since the motion here is not periodic. Consider
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the time of flight of the body asit travels from point (r,, f;) to (5, f5). This interval is
obtained by differencing two equations of the type (2.3.8), thus

1 :
t,—t; = «/2p3/,u[tan&+—tan3é— tanﬁ—ltan3£j|.

273772 23 2 (2.3.9)

If, for all parabolas, we take particular values of f, and f;, the term in the brackets
in the equation above has some fixed number. For convenience we take f; = 37/2
and f, = ©/2, i.e,, the points on the parabola where it is intersected by the latus
rectum.

Then, t,—t, = T, = /2p*/u(1.64992),0r p*/T? = 0.18367y; that is, the
ratio of the cube of the pericenter distance and the square of the time of flight
between particular values of the true anomaly is a constant for all parabolic orbits.
This is the analog to Kepler’s third law.

We have already derived the time-angle relation in (2.3.9). The time-distance
relation can be obtained directly from this by substitution of (2.3.2). The result is

73 2y 3/2]"?
t—t, = + [P (E=1) +5(L=1) | (2.3.10)
©|\p 3\p

where the same conditions apply to the use of the + sign as for the ellipse. Since
(2.3.9) and (2.3.10) express the same cubic equation, the inverse relations for f(t)
and r(t) follow readily from the solution of the equation. We find

—1/3

P 1/2
f =2tan"! 3 L(tz—t1)+ 2l~[t2—t1]2+1
2\ 2p3 8p*

E p ou 12}
+ 2\ lz—ps(tz— ty)— <8_p3[t2 —t; 1%+ 1)

= 2tan" 'F(t) (2.3.11)
and
r = p[F*t)+1]. (2.3.12)

4. THE HYPERBOLIC ORBIT

The polar equation of a hyperbola with the origin at one focus (Fig. 24) may be
written as
a(e? —1)

= 7 24.1
’ l+ecosf’ 24.0)

where now e>1. We see from (2.2.3) that we require v?/2—pu/r>0; ie., the total
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Figure 2.4

energy of motion is positive. Solving a(e? —1) = r3v3 cos? y,/u with the help of
(2.2.3), we have

a = pro/(rovg —24). (24.2)
From (2.4.1) we deduce that
q = ale—1). (2.4.3)

If we ask the value of r atf: 7, (2.4.1) yields r = —a(e+ 1), which brings us to
the other branch of the hyperbola ; on any one branch we have Q = co.
The angular momentum equation (2.2.9) exhibits (e* —1) in place of (1 —e?),

namely,
r*f = /ua(e® —1). (2.4.4)

Similarly (2.2.14) becomes

ﬁe sinf; (2.4.5)

and (2.2.17) can be rewritten in an analogous way. The combination of (2.4.4) and
(2.4.5) yields, after elimination of sin f by (2.4.1),

02 = 2u/r+p/a. (2.4.6)

An angle that plays the role of the eccentric anomaly can be found by con-

structing a “standard” hyperbola with e?—1 = 1 ore = ﬁ; this curve fulfills the
mission that the circle does for the ellipse. The construction is as follows (Fig. 2.5).
Given a hyperbola with a semi-major axis a and eccentricity e, we draw a standard

hyperbola (e = \/5) with the same semi-major axis. For a particular value f of the
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true anomaly, we then construct a perpendicular to the major axis from the
intersection of the radius vector and the hyperbola of eccentricity e. A line joining
the center to the intersection of the perpendicular and the standard hyperbola
encloses the shaded area A4 of Fig. 2.5. ‘

e=v2

ae - Figure 2.5

It can be seen that r cosf = ae—Xx, where x is the value of the abscissa at the
intersection point. This may be written as r cos f = a(e — x/a), but the quantity x/a
has the value defined by the hyperbolic cosine of the argument F = 24/a”.
Consequently,

r cos f = a(e—cosh F). (2.4.7)
It can also be shown that
rsinf=a./e*?—1sinh F (2.4.8)
and
1 F
tand = /< annE (24.9)

2 e—1 2
From (2.4.7) and (2.4.8) we get the alternative expression for the hyperbola:
r = a(e cosh F—1). (2.4.10)

Differentiating this with respect to t, we get r = ae F sinh F and, using (2.4.5) and
then (2.4.8) again, we get (e cosh F—1)F = . /pu/a®, or

esinh F—F = /(u/a®)t—1), (2.4.11)

where 7 is again the time of passage through the closest point of approach to the
focus. Equation (2.4.11) is analogous to Kepler’s equation for the ellipse.
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Statements analogous to Kepler’s laws can also be made with respect to the
hyperbola. However, since they are quite similar to those derived for the parabola,
they will not be given here.

Use of (2.4.1) in (2.4.4) allows us to find

!
la® 5 sin f e—1_ f
—r=/le P11 —"L -1 /2 —tan
t—1 #{e e 11+ecosf tanh e+1tan2 . (24.12)
0

or the equivalent form

a _|rt+al—=e)|*? ;
tz—tl = i\/;{[27'(1-,'72—612(62—1)]1/2’*261 tanh 1|:Ta£1-i—7;:| }r . (2413)

5. ORIENTATION OF CONIC-SECTION ORBITS IN SPACE

So far, we have considered the plane geometry of conic-section orbits and the time
equations giving instantaneous positions along these trajectories in the form
t = t(E), t(f), or t(r). To specify the position of a moving body completely in a
three-dimensional reference frame, we must give the orientation of the conic
trajectory in space. This is accomplished by describing, relative to some Cartesian
frame, the plane of the orbit and the orientation of the line to pericenter within that
plane. Figure 2.6 illustrates the three quantities required, which correspond to the
classical Euler angles:

/
/ r
//
q
f
© / y
\ ///
\ i
a \ L —
s
s
s
X - Figure 2.6

1. Q, the nodal angle, measured from the x axis to the intersection between the
orbit plane and the xy plane. We usually refer to that half of the line of nodes
where the moving body goes from z <0 to z>0 as the ascending node;
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2. i, the inclination of the orbit plane to the xy plane;
3. w, the argument of pericenter, which locates that point in the orbit plane
relative to the node.

Together with a, e, and t these parameters represent one of the most frequently
used sets of orbit elements; all are constants for Keplerian (conic-section) orbits.
Along with fand E, one often uses 6 = f+ w, the argument of latitude, to mark an
instantaneous position. Note that the exact nature of the x, y, z system need not be
discussed at this point; this is treated at length in Chapter 3. The same set of
elements is applicable to hyperbolic trajectories, while parabolic ones require us to
replace a(1 —e?) by 2p.

Certain forms of geometric degeneracy must now be considered which require
a redefinition of some elements. Clearly w and t become ill-determined as e
approaches zero. We may then use the set 4,1, Q, i = esin(w+Q), v = ecos(w+Q),
and ¥ = —nt+w = y+ w. For additional brevity one sometimes uses @ = w -+,
the longitude of pericenter. One encounters no difficulty with this set for small
eccentricities. Note that 6, the argument of latitude, can be used with an ill-defined
pericenter.

When the inclination angle approaches zero, the node becomes ill-determined.
It is then appropriate to adopt the elements a, e, v = sin i sin Q, § = sin i cos Q,
» = w+Q, and 7. Now we should also use the modified argument of latitude
§ = 0+Q = f+®, known as the true orbital longitude.

For the case of low-eccentricity, low-inclination orbits a suitable set of elements
is the union of the previous two: a, u = e sin @, v = e cos @, L = sin i sin Q,
3 =sin i cos Q and € = y+ @, the last quantity being referred to as the longitude
at epoch.

6. SPECIAL TIME EQUATIONS; EXPANSIONS FOR CONIC TRAJECTORIES

We have seen that the time equations for conic trajectories are generally transcen-
dental and cannot be inverted to obtain expressions for #(¢), f(t), E(t) or (what
amounts to the same thing) #(M), f(M), E(M), where M is the mean anomaly.
The traditional approach has resorted to approximations obtainable by more or
less elaborate expansions. They take the form of Fourier series whose independent
variable is M and whose coefficients are of ascending order in the small quantities
e or (1—e). For the reader who requires a complete treatment of this subject, the
- literature is rich in detailed explanations [1 through 5]. Some of these series are
particularly useful when e lies near zero or unity and they will be needed for the
perturbation methods of Chapter 8. We therefore consider briefly a few formal
manipulations required for these purposes.
Let us consider the time equation (2.2.37) as the elliptic orbit approaches
circularity. The most elementary and strictly formal approach consists of develop-
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ing the integrand of (2.2.36) as a binomial series in powers of e and integrating term
by term. We find

M =n(t—1)=f—2e sinf+(%ez+%e‘> sin 2f

5 . ‘ :
+ %e"‘ sin 3+ ﬁe“ sin 4f+0(e”). (2.6.1)

A more useful result, since it provides position in terms of time rather than vice
versa,is an expansion for Eintermsof M. Welet E— M = u. Then Kepler’sequation
becomes

u = esin(M + u). (2.6.2)
Now we assume that u can be found in the form
u=uet+ue’+ - +u,e", (2.6.3)

where the coefficients u, are expressible in terms of trigonometric functions of M.
They are determined in a straightforward manner by substituting (2.6.3) into
(2.6.2), so that

ue+u,e’+ - -=esin Mcosu + ecos M sinu
1

1 \
= esinM[1~5(u1e+u2e2+~--)2+E(ule+u2e2+-~)4—--]

1
+ ecosM[(u1e+u2e2+- . -)—a(u1e+uze2 +-)3 4. :|

Equating powers of e, we obtain a set of algebraic equations in u, whose solutions
are

. 1. 3. 1 .
u, =sin M; u2=§sm2M; u3=§sm3M—§smM;

Substituting this into the defining equation for u, we ultimately find

e et . e? 2 et .
E—M+e<1—§+@>smM+?<l—?+ﬁ>sm2M

3 27 .
+ e3<§ - ﬂﬁ) sin 3M + - - (2.6.4)

It is interesting to note that the general term of this expansion is of the form
0(¢¥) sin kM ; i.e., the order of magnitude of each coefficient corresponds to the
order of the Fourier component to which it belongs. Astronomers call this d’ 4lem-
bert’s principle; it holds for many series expansions in celestial mechanics.
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Now we can use (2.6.4) to derive an expansion for f(M). From (2.2.65 we have
(1 _ 62)3/2 '

M = (1+ecosf)2df'

Since from (2.2.1) and (2.2.30), (1 —e?)/(14e cos f) = 1 —e cos E, we obtain

~ il _62)1/2
df = {—ccos Ef (2.6.5)
But differentiation of (2.2.34) yields dE/dM = 1/(1—e cos E),so that (2.6.5) becomes
df = (1—e)Y*(dE/dM)*dM. (2.6.6)

Developing the square root by the binomial theorem, substituting for dE/dM from
(2.6.4), and integrating (2.6.6), we eventually find

2 4
f= M+e<2—e—+5916)s1nM+e <5—Ee"+1—7e4> sin 2M

+e3<———e> sin3M + - (2.6.7)

The trigonometric terms in (2.6.7), representing f— M, are known as the equation
of the center. This result can also be derived by inverting the expression (2.6.1) for
M(f). A well-known theorem due to Lagrange was developed to facilitate such
series inversions [3 p. 161; 4 through 8]. In its simplified form, it states that if

{=z+ep()), (2.6.8)
where e< 1, then
dm 1
z+ Z b LG (2.6.9)

The reader may care to verify for himself that these manipulations will reduce
(2.6.1) to (2.6.7). When ¢ (z) consists of trigonometric terms, as in this case, the use
of (2.6.8) leads to powers of trigonometric functions which must subsequently
be converted to multiple arguments. We can circumvent some of the tedium by
taking

sin kM = %[exp (tkM) — exp (—ikM)],

cos kM = %[exp (kM) + exp (—ikM)],

where i = ./ —1, and performing the manipulations in terms of the exponentials.
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Besides expressing the anomalies as functions of time, we should also be able
to do this for 7. We already noted in connection with (2.2.40) and (2.2.41) that these
expressions become ill-defined as e approaches zero and are awkward to invert
into #(M). One might think of starting with (2.2.30), introducing a power series for
cos E, and expressing each term with the help of(2.6.4); while thisis straightforward,
itis certainly laborious. An alternative would be to start from the basic equations of
motion in polar coordinates [ 3, p. 172], assume a series solution for r in terms of M,
and solve for its coefficients. Since there is likely to be need for series expansions of

quantities of the form
r\ fsin r "{sin
Z i - iE
(a) {cos}(]f) and (a) cos GE)

in terms of M, any technique restricted to very special cases does not seem particul-
arly attractive; instead, we examine a general procedure which copes with a
variety of series developments encountered in celestial mechanics.

Consider, for example, k = —1 and j = 0. The Fourier series for this case is

1 2
gz_J .L.l.dM+_
r T Or T

3" cos IM J % cos IM dM, (2.6.10)
=1 0

1

where sin IM terms are absent due to the symmetry of » about M = 0. Noting from
(2.2.34) that dE = (a/r)dM and using Kepler’s equation in the second integrand of
(2.6.10), we have

g = % J dE + % 3 cos IM J cos (IE— le sin E)dE. 2.6.11)

=1

0 0

It is convenient to define the second integral as the special function

1 T
J(le) = - j cos (IE—lesin E)dE. (2.6.12)
0

Historically speaking, it was precisely for this astronomical application that the
Bessel functions of the first kind, with integer orders ! and real arguments le, had
been defined. Equation (2.6.11) becomes

2 _ 1423 Jy(le) cos IM. (2.6.13)

r =1

We do not need to develop here the theory of Bessel functions; the reader will find
further information relative to their application to orbits in the references [1, 4, 5].
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Suffice it to record a few explicit expressions for some low-order J, and typical
Fourier expansions obtainable with Bessel coefficients:

e s
PO=1=F g ma
é[ ST }
J(@&=21-24+> — .
Ay L e T R T
:2[ S ]
J =21 —-24r>= ...
2(8) 3 3 3% ,
R
J3(£)_EI_B+%_ .
For exaniple, (2.6.4) can now be recast in the form
E= M+22 J, le) sin IM. (2.6.14)
Furthermore
cosE = ——+2Z J(le cos IM, (2.6.15)
and
5 =1—ecosE = 1+— 2e2 lJ(le) cos IM, (2.6.16)
=1

where J'(&) = dJ/d¢. Also,

3
T osf=cosE—e= —¢+23 L 1) cos i, (2.6.17)
a 2 o1l
A discussion of convergence properties for these expansions will be found in
Plummer [5, p. 46] and elaborate explicit tabulations for geometric quantities like

Y\ (sin) . ¥ *(sin) .
(o feador e (G=1) foafon

may be found in Cayley’s and Newcomb’s tables [9, 10].

Before closing this section we consider the time relation for near-parabolic
trajectories, i.e., for e approaching unity. When e becomes large there is a loss of
accuracy in expressions like (2.2.37). Furthermore, in practical applications one
would like to use a time equation that holds for all near-parabolic trajectories,
be they elliptic or hyperbolic. An obvious approach consists of rearranging (2.2.37)
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in such a way that it can be expanded in terms of the small quantity (1 —e). Thus we
find

_sinf fll+e ) _ 2tanf)2 2 i
1+ecosf tanE[T+Tt 2:| T l+e [ ,;( tan 2>]

by binomial expansion. Furthermore, a Taylor series for the arctangent term yields

L 1= f) 1 1\" tan2"*+ 1f)2
1

——tan— .
tan ( T1e 2 1+ez<e+1> o+l

Combining these results and giving the first two terms of the resulting series
explicitly, we have

2p® 1 f 1 f
t2—t1 =4 —ll—mli(1+6)tan2—+ (e—§>tan35

2n —1\"! .
B e ]
ne2 2n+1 e+1 Zf, (2618)

This converges for tan® f/2 <|(e+1)/(e —1)|. Thus the formula is useful for a signifi-
cant portion of the trajectory near pericenter. It is arranged so that the first two
terms tend to (2.3.9) as e—1.

One common drawback of the time relations involving the true anomaly on
near-parabolic orbits is their inherent loss of accuracy for the remote parts of the
trajectory, where f changes very little with the passage of time and the vehicle
performs a near-asymptotic motion. Clearly r is a more appropriate independent
variable for these cases, but the necessary formal manipulations are again quite
obvious and will not be developed here.
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Chapter three

POSITION IN SPACE

1. INTRODUCTION

In this chapter, we develop more fully the concepts, nomenclature, and notation
describing the position of an orbiting body, deal with traditional astronomic
conventions for coordinate systems and time, and discuss the interpretation of
standard ephemerides. Methods of converting one coordinate system to another
and one time system to another are explained in detail, with illustrative examples.
The reader may find it helpful to consult references 1 and 10 for numerous points
beyond the scope of the chapter and for an introduction to the specialized literature.

Although the subject matter is not analytically profound at the level adopted
here, it sometimes proves confusing to the professional without an astronomical
background. Definitions, computational procedures, and terminologies that are
perfectly consistent and logical at the time of their inception may lose these
qualities in subsequent refinement. Thus certain interpretations and adjustments
of ephemeris data, as well as various details connected with the time scales, can be
rendered plausible only by appealing to history. However, rather than use history
as a logical outline for this chapter, we have attempted to arrange the material on a
conceptual basis.

2. INERTIAL SYSTEMS

In the first two chapters we introduced various coordinate systems without asking
how any such frame might be established in practice, i.e., to what it should be
referred geometrically and what precision do the equations of motion that we
formulate provide. Let us obtain a preliminary view of the difficulties involved by
reexamining the two-body problem. When we wrote the equations of motion for
this case, we tacitly assumed that the universe consisted of nothing but these two
bodies. We then introduced a nonrotating coordinate frame whose origin was at
the center of mass of the system. In this reference frame the acceleration of the
32
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particle m, due to attraction by the particle m,; was Gm,/r* and we found that the
two particles described conic-section paths about the origin and also about each
other. _

Alternatively, we could have put the origin of coordinates at the center of m;.
To arrive at the same result, we would have had to write the acceleration of m,
as (Gm, + Gm,)/r*. This disagrees with the form of the acceleration term as derived
by Newton’s second law and inverse-square attraction and is due to the fact that
our new origin of coordinates, at body m,, is being accelerated by the action of m,.
We speak of such a coordinate system as noninertial.

However, even choosing the center of mass of the two-body system (or of any
n-body system) as our origin of coordinates, we must admit that this cannot be
considered a strictly inertial reference so long as we cannot deny the existence of
other masses in the universe. There are two ways of observing the noninertial
qualities of a coordinate frame : first, we may observe that the motion of its originis
not unaccelerated within the universe or, second, we may note the apparent
departures from Newton’s law of gravitation as we have done in the two-body
example above.

So far, we have not mentioned the nonrotational quality of inertial coordinate
systems. Now, on the one hand, an angular velocity of the reference frame would
introduce centrifugal and Coriolis forces into the equations of motion but, on
the other hand, there is no sure way of establishing the angular rates of a co-
ordinate frame, since all visible references, like the stars, are themselves moving.
The only fact we can state is that in a coordinate frame considered as “inertial” (and
hence nonrotating) the inverse-square law of attraction is encountered empirically
and what ultimately matters is that motion in a system rotating relative to what we
consider an inertial reference may be successfully explained by our notions of
centrifugal and Coriolis forces.

With our earlier remark that a strictly inertial origin of coordinates could be
established only by taking into account all the mass particles in the universe, we
have already implied that the practical analyst and the purist will be parting ways
in their recognition of inertial systems. In practice we are forced to adopt what we
may call pseudo-inertial systems. In so doing, we ignore certain noninertial and
rotational manifestations of our reference frame because (1) they may be too small
to be noticeable with present-day instruments or (2) they may be negligible for the
required accuracy of our analysis. Thus, the flight of a bullet is usually so short
that we may neglect the rotation of the earth in studying its trajectory; i.e., even
though we know the earth rotates on its axis, thereby giving rise to Coriolis and
centrifugal forces, the accuracy by which we can measure or care to measure the
trajectory of the bullet is not affected by these forces. However, when the time of
flight is so long that the integrated accelerations from these forces amount to
(relatively) substantial displacements, they must be accounted for. Hence, in
ballistic-missile flight, we must include the effect of earth’s rotation in the equations
of motion ; we can, however, neglect the accelerations exerted by the missile on the
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earth (see Chapter 1) and ignore the relatively slow rate of the earth’s motion
round the sun. This may also be the case for near satellites when we compare
positions in successive revolutions. The earth’s orbital motion must be taken into
account for flights to the moon and the planets, but in these we can still ignore
the motion of the solar system in the galaxy. Thus, until man journeys beyond the
solar system, two coordinate systems will suffice for our purposes: a geocentric
frame and a heliocentric one. '

When the origin of a coordinate system has been selected, one still needs to
specify the directions of coordinate axes about this point. That is usually done by
taking a fundamental plane and an angular reference in it which constitutes the
first coordinate axis. The second lies in the plane and is perpendicular to the first,
while the third is normal to both and follows the right-hand rule. Two natural
choices exist for the fundamental plane, that of the earth’s equator, and that of the
earth’s orbit about the sun, known as the ecliptic. Since these two planes are
inclined to one another at an angle of 23.5°, their intersection forms a convenient
choice for the angular reference in either plane. This intersection is called the
line of equinoxes, and passes through the sun only twice a year (Fig. 3.1). We
may take a line parallel to it, intercepting the sun, as the reference direction in the
heliocentric system.

Firstpoint of Aries//T

“—Ecliptic plane “—Ecliptic plane
(a) (b) Figure 3.1

When the line of equinoxes does pass through the sun, that body also lies in
the earth’s equator, thus making day and night of equal length. This occurs on
or about March 21 and September 23 each year. The positive sense of the axis,
for angular reference, is taken from earth to sun during the March equinox.*
The position of the line of equinoxes on a sphere of infinite radius centered on the
earth, the celestial sphere, is called the first point of Aries and has the symbol .

*Also called the vernal equinox. Since observers in the southern hemisphere are then welcoming
autumn, we prefer the designation used in the text.
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This point marks the extension of the line of equinoxes beyond the sun (Fig. 3.1b)
to the “fixed” stars. '

Since the distance to the stars is extremely great, the same point located
amongst them may serve as a directional reference for the line of equinoxes in both
the geocentric and heliocentric systems. The position of < is not invariant, however.
Both the equatorial and the ecliptic planes are continually shifting their orientations
and the stars exhibit some motion of their own. As a result, in the course of time the
first point of Aries has separated by nearly 30° from the constellation from which it
originally took its name. This rate of angular displacement (in the order of one
minute of arc per year) requires the introduction of a specified equinox (identified
by a certain epoch or instant in time) for the tabulation of celestial positions in a
geo- or heliocentric reference frame. This will be discussed later in this chapter.

3. ORBIT ELEMENTS

In Chapter 2 we introduced the elements Q, i, w to give the orientation of a
Keplerian orbit in space. We shall briefly reexamine these elements to relate them
more specifically to the notions introduced in the previous section. They are
defined as follows (Fig. 3.2). We draw a perpendicular to the fundamental plane
(which can be the ecliptic or the equator) at the origin and call north that segment
which coincides most closely with the earth’s north pole. Considering the nodal line
between the orbit and the fundamental plane, we call the point of intersection at
which the object passes from south to north the ascending node. The inclination,
i, is the angle between these planes, and is taken counterclockwise when standing
at the ascending node and looking toward the origin. Obviously, 0°<i<180°.
The longitude of the node™ or, simply, node angle, Q, is measured eastward along

N
Projection of orbit
on celestial sphere
To pericenter
4
/
QN Y
J Fundamental plane
s (ecliptic or equator)
d
P
Node

T Figure 3.2

*The adjective ascending is frequently dropped and used only when ambiguity is possible.
Here, when we use node we mean ascending node.
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the arc of the fundamental plane from the invariant line (the first point of Aries)
to the node; it varies from 0° to 360°. The argument of pericenter, , is the angle
subtended at the origin by the line to the node and the line to pericenter (this last
forming one branch of what is often called the line of apsides). It is measured in the
direction of motion of the orbiting object and varies from 0° to 360°.

In the present context it is also possible to introduce different definitions for
the orbital period. In Chapter 2 we used the symbol T for the time interval between
successive pericenter passages; this is known as the anomalistic period. If nodal
crossings are used as a reference, we speak of the draconitic period, whereas
successive crossings of the meridian of < define the sidereal period. For Keplerian
orbits, these three intervals are identical ; only when perturbations act do they differ
numerically.

4. THE ORBIT IN RECTANGULAR AND SPHERICAL
COORDINATES; HELIOCENTRIC AND GEOCENTRIC SYSTEMS

In Section 2 of this chapter we considered various matters concerning the origin
and the fundamental plane of a coordinate system and in Section 3 we discussed
classical orbit elements, which might be called an orbital reference frame. In the
present section, we shall show the connection of this system to the more convention-
al Cartesian and spherical ones.

In the plane of the orbit the calculation of rectangular coordinates is simple
enough. Let the origin be at the occupied focus, which implies that it is at or very
near the center of the most massive body. Let the ¢ axis point toward pericenter
and the # axis be perpendicular to it, positive when taken in the same direction as
the motion of the object at pericenter (Fig. 3.3). Obviously,

E=rcosf; n=rsinf. (3.4.1)
Using Eqgs. (2.2.27) and (2.2.28), we may also write
{=a(cosE—e); n=a/1—e’sinE. (3.4.2)

Figure 3.3
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For the connection of these coordinates to a three-dimensional frame, consider
a rectangular system at the same origin. Let the x axis be in the direction of <r
(and consequently in the fundamental plane); let the z axis be taken perpendicular
to the fundamental plane, positive in the northward sense (Fig. 3.4). When the
object is at a distance r from the origin and an angle f from the ¢ axis, we may
write z = r sin @. But sin ¢ = sin i sin (w+f) or, from (3.4.1), z = ¢ sin w sin i +
n cos w sin i. Similarly, the application of spherical trigonometry leads to expressions
for x and y in terms of &, , w, i, Q. The complete array of transformations is most
simply written as

x=0L¢+0Ln;, y=mlimym;  z=nl+nym, (34.3)
where
l; = cos Q cos w — sin Q sin w cos I,
m; = sinQ cos w + cos Qsin w cos i, (3.44)
n, = sin wsin i,
and
I, = — cos Qsin w — sin Q cos w cos i,
m, = — sin Qsin w +,cos Q cos w cos i, (3.4.5)

n, = COS w sin i

The orbit elements being given, the position of a body may be found for any value
of for E. Tabulation against time is somewhat more difficult since it involves the
application of Kepler’s equation or its equivalents (2.2.34, 2.2.37, 2.2.40). We noted
in Chapter 2 that the orbit elements had to be redefined for special cases, such as
e—0and i—0, in order to retain accuracy in numerical computations. Correspond-
ing modifications can then be made in (3.4.4) and (3.4.5) for the calculation of
Cartesian coordinates.

z(N)

x(T)
Figure 3.4
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In a spherical coordinate system, the notation and customary terminology
depend on the fundamental plane used. When using the equator, we speak of a
declination angle, 6 (+ for north or south of the equator) and right ascension, o,
positive eastward from the o axis, usually measured in hours, minutes, and seconds
along the equator (24" = 360°). (For some uses it is convenient to refer celestial
objects to the observer’s meridian by a longitude-like angle, the local hour angle
of the object. This is measured westward from the local meridian and ranges between
0° to 360°. The connection between this angular coordinate and the o axis is
given by the observer’s right ascension.) In reference to the ecliptic, the angle ¢
is called the celestial latitude and A the celestial longitude, taken positive eastward
from the <r axis.* For illustrative purposes, it suffices to demonstrate the relations
between one of these spherical systems and the corresponding Cartesian frame.

Obviously
sing = z/r;  cos ¢ = ./x*+y*r (3.4.6)

sin A = y//x*+y%;  cosd = x//x*+ > (3.4.7)

The reader will find occasional references to the so-called astrometric right
ascension and declination. This is essentially a spherical system, but the numerical
coordinate values are adjusted for certain physical effects, as explained later, which
make them similar to the information given in star catalogs.

and

5. RELATIONS BETWEEN THE HELIOCENTRIC
ECLIPTIC AND THE GEOCENTRIC EQUATORIAL SYSTEMS

As the reader may suspect, certain combinations of fundamental planes and origins
of coordinates have become preferred choices in the astronomical tradition.
Thus, in a heliocentric frame, one frequently takes the ecliptic as a fundamental
plane, whereas in a geocentric system the equatorial plane is preferred. In this
section we will discuss some of the relations between these systems.

In the ephemerides [2, 3,4 ] one may find the positions of the planets tabulated
in terms of Cartesian or spherical sets of heliocentric coordinates where, in the
latter case, the heliocentric distance may be given in terms of the astronomical
unit, T which is essentially the mean distance from earth to sun. This quantity is
called the radius vector in astronomic terminology. We have already indicated
that the orientations of any of the customary fundamental planes and the < axis
are not exactly invariant relative to a truly inertial set of axes; hence most co-
ordinate values are subject to certain corrections to be discussed in Section 8.

*This notation should not be confused with terrestrial latitude and longitude. There is a
tendency to describe the positions of low-altitude satellites in terms of the geocentric latitude
and longitude; these are discussed in Section 6.

1The subject of physical units in dynamical astronomy warrants a separate discussion. We
shall comment on it in Sections 7.2 and 8. '
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If the position of a planet is tabulated by means of the heliocentric ecliptic
system in terms of celestial longitude, celestial latitude, and radius vector, the con-
version to a rectangular frame follows from the inverse of (3.4.6) and (3.4.7), that is,

X = ¥ Cos (¢ COS A; Yy =TrCcos ¢pCcosi; z = rsin @. (3.5.1)

In general, the heliocentric ephemerides do not include positions of the earth;
instead, the geocentric ephemerides include positions of the sun, which constitutes
equivalent information. Thus, for example, the heliocentric latitude and longitude
of the earth may be obtained from the corresponding geocentric coordinates of the
sun as

og= —¢@s and Ay = Ag+180°, (35.2)

where, for the sake of convenience, we have replaced the traditional astronomic
subscripts @ for the earth by E and © for the sun by S.*

As stated, in the geocentric equatorial system we refer to the latitude type
angle as declination, symbol 6, and the longitude-like angle as right ascension,
symbol o. This last is also measured from the line of equinoxes eastward, but along
the equator. Right ascension is ordinarily expressed in units of time; tables for
conversion of time to arc and vice versa are given in the American Ephemeris and
Nautical Almanac [2] here abbreviated as AENA. For the planets, AENA also
lists distances from earth at convenient time intervals. If we designate, according to
astronomic tradition, the Cartesian coordinates of a body relative to the earth’s
center by X, Y, Z, we have (compare Egs. 3.5.1)

X = réosécosoc; Y= rcosdsina; Z = rsiné. (3.5.3)

The solar ephemeris in geocentric coordinates is given in AENA not only in
the equatorial spherical and Cartesian systems but also with reference to the
ecliptic, as we have mentioned. The sun’s distance from the earth is tabulated in
two ways. The more direct consists of giving the ratio of the instantaneous earth-sun
distance to the mean value of this dimension, the astronomical unit. The second
method consists of giving the so-called equatorial horizontal parallax of the sun,
pr- This is the angle subtended by the earth’s equatorial radius at the center of the
sun. From the geometry of Fig. 3.5 it follows that Rgg = R/sin p,. Since p, amounts
to less than 9" of arc, we can usually replace sin p, by its argument without causing

r ;
. Res

Figure 3.5

*Similarly, we propose to use M instead of ( for the moon.
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noticeable error. The tables of the moon, finally, are also given in both equatorial
and ecliptic geocentric spherical systems. Lunar distance is represented by the
equatorial horizontal parallax in complete analogy to the definition of this quantity
for the solar tables.

Conversion of coordinates from the heliocentric ecliptic frame to the geocentric
equatorial one is most easily accomplished in the Cartesian systems (Fig. 3.6).
Let us first perform a rotation about the x axis by the obliquity . We have

’

X' =x; y = ycose — zsing; Z=ysinée + z Cos ¢, (3.5.4)

where X', y', z’ are now parallel to the X, Y, Z axes. Then, by a simple translation,

X =x"+Xg; Y=)y+Y; Z=7+Z, (3.5.9)

we complete the transformation. As mentioned, the coordinates of the sun are
tabulated directly in AENA ; the obliquity of the ecliptic is also given there.

z
z V4
Ecliptic-
E
Y
s y
%
&
5% Celestial equator
x,x

Figure 3.6

6. OBSERVER’S POSITION ON EARTH; THE TOPOCENTRIC SYSTEM

Since most observations of an object are made from the surface of the earth,:
conversions to and from a system with origin there are required. Thus, some
specification of the observer’s position in relation to the equator and line of
equinoxes is necessary. Because the earth is nonspherical and is rotating relative
to °r, such a specification is not trivial. We need for this not only some knowledge
of the shape of the earth but also a means of obtaining the angular departure of the
observer’s meridian from the line of equinoxes. Since the latter involves certain
definitions of time, we choose to relegate it to the next section.

The shape of the earth can be closely approximated by that of an oblate
spheroid, i.e., by an ellipse rotated about its minor axis. The means by which the
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dimensions of the spheroid are found are beyond the scope of this discussion and
the reader is referred to treatises on surveying geodesy for details [ 5-8]. Much of
the current literature in this field concerns the geodetic uses of artificial satellites.
As aresult, the numerical constants for the figure of the earth are updated almost on
a monthly basis and considerable detail on the processing of satellite observations
may befound in the appropriate periodicals. Suffice it here to give a brief exposition
on concepts and nomenclature.

6.1. The Geopotential, the Geoid, and the Co-geoid

Suppose we select some place on the surface of the earth and measure the direction
and magnitude of the force exerted on a unit mass there, this force being the
resultant of that of gravity and of the earth’s rotation and arising from what is
known as the geopotential. At any other place both the direction and magnitude
of the force due to the geopotential will differ from those of the first selected site,
partly because we have moved relative to the center of attraction and partly because
the local distribution of mass density immediately below the earth’s surface is not
the same in each spot. We may move (up or down) along the local force vector
until we reach a point where the geopotential has the same magnitude as at the
initial place.

It is customary to choose this initial place to coincide in elevation with mean
sea level, since the mean surfaces of the oceans, in the absence of winds and
abnormal mass distributions beneath, would conform to those described by equal
values of the geopotential. With such a choice, we would, for a point on land,
generally have to proceed down along the local force vector, i.e., below the surface,
to reach the point of equi-geopotential. If, in so proceeding, we take account of the
fact that the mass of earth above (between us and the actual surface of the earth)
has a gravitational effect, the point reached where the (resultant) geopotential is
the same as that at mean sea level lies on a surface called the geoid to which the
local force vector is normal; if we do not account for this diminution of gravity,
the point lies on a surface called the co-geoid.

It isevident that the geoid and co-geoid are much more regular surfaces than is
the actual profile of the earth. This is because neighboring force vectors cannot
differ appreciably from one another due to local mass distributions, since these
local masses play only a small role (in determining the normals to the geopotential)
relative to the mass of the rest of the earth. As might be suspected, both the geoid
and co-geoid coincide with the surface of the (mean) ocean reasonably far from land.
Otherwise, they generally lie below ground level, with the geoid closer to the actual
surface. The distinction between these two imaginary surfaces need not concern us
further ; indeed, Jeffreys [8, p. 192] claims that since the gravitational compensation
required for finding the geoid can never actually be accomplished, the concept of
geoid “leads only to many needless complications.” However, less pragmatic
geodesists do use the word, although they may, in the final analysis, settle for the
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physically realizable [8, p. 131] co-geoid in any actual case. We shall follow their
practice here.

The geoid itself is the surface which can be approximated quite well by an
oblate spheroid, i.e., an ellipse rotated about its minor axis. The “best” figure is
chosen by selecting the major and minor axes in such a way that the average
excursions of the geoid are minimized in some sense. Naturally, these values may
vary from land mass (continent) to land mass ; the one adopted by astronomers for
the whole earth is the so-called International Ellipsoid, defined by a semi-major
axis, a = 6,378,388 m, and a flattening or ellipticity, f* = 1/297.0. From

f* = (a—b)a, (3.6.1)

we find the semi-minor axis b = 6,356,912 m. The semi-minor axis of this figure
coincides with the rotational axis of the earth; the so-called wandering of the
pole is of such a small magnitude as to be of no significance [6, p. 384]. Thus
the plane perpendicular to the minor axis can be taken as the earth’s equator.

Recent work using satellites as geodetic tools has resulted in the values
a = 6,378,166 m and f* = 1/298.3. While these have not been accepted by astro-
nomers yet, one may find them used more and more in the aerospace sciences.
Additional detail on current activity in this field is available [7].

6.2. Geodetic and Geocentric Coordinates

Any point on a meridianf may be specified uniquely by identifying it with the
normal (to the ellipsoid) which passes through it. This normal will not, generally,
coincide with the local force vector, owing to the undulations of the geoid. The
difference between these two is called the deflection of the vertical ; we will discuss
this in more detail later.

Because of the ellipticity of the spheroid, the normal will, in general, not
intersect the center of the earth. It will strike the equatorial plane at an angle ¢,
the geodetic (or geographic) latitude (Fig. 3.7). The geodetic latitude of a place is
the latitude actually recorded on a map; it is reckoned from 0° to 90° and is
positive if north. The corresponding angle to the equator made by a line from a
point on the surface of the ellipsoid to its center is called the geocentric latitude,
¢.. The relation between @; and ¢ is most simply found by writing the equation
of a meridional cross section of the earth as

x?/a®>+y*/b* = 1, (3.6.2)

where the x axis lies in the equatorial plane and the y and polar axes are colinear.
Then the slope at (x, y) is dy/dx = —b?x/a’y and the slope of the normal is
tan ¢ = a’y/b*x. But y/x = tan ¢, and, using (3.6.1), b/a = 1—f*. Thus,

tan @, = (1—*)? tan o. (3.6.3)

tSince the ellipsoid has a circular cross-section through its equator, corrections for ellipticity
are restricted to latitude type angles.
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N. pole

@ ¢

Equator

Figure 3.7

Similar considerations lead to the distance of the point on the surface from the
center as

%

R = al—f*) . (3.6.4)
JA—f* cos? gl +sin’ ¢ -
Since height is always measured perpendicular to the surface, a point at an
altitude h has the same geodetic latitude as a position on the surface directly under
it (Fig. 3.8). However, this is not true of its geocentric angle. We find that the
geocentric distance of a point above the surface at an altitude &, say the eye level

of an observer, is given by

r? = h*+ R? 4+ 2hR, cos (¢ — ) (3.6.5)
and the latitude of such a point by
. h .
¢ = @y+sin~! [; sin (@ — q;;)] . (3.6.6)
N. pole
!
-9
R
9 9
Equator

Figure 3.8
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6.3. Topocentric-Geodetic Coordinates

Anticipating the material of the next section, let us assume that we have a way of
establishing the instantaneous right ascension «, of the observer’s meridian.
Then we are in a position to specify the coordinates of a heavenly body relative to
an observer using a topocentric, i.e. local, coordinate system. The most common
of these is the so-called horizon system, which takes, as its fundamental plane, one
which is tangent* to the ellipsoid at the observer’s position. Since the point directly
overhead (the zenith) lies on the normal to the ellipsoid, i.e. along the line which
defines the geodetic latitude, the horizon plane is also normal to this line.

If we extend the plane of the local meridian until it intersects the horizon plane,
we can take that segment of the intersection line which proceeds from the observer’s
position toward local north as the primary coordinate axis in the horizon system.
Now let us pass a plane, perpendicular to that of the horizon, through the observer’s
position and the body being observed (Fig. 3.9). We call the angle between the
primary (north) axis and the intersection of these last two planes the azimuth, 4, of
the body. We shall take azimuth as being measured clockwise from north (looking
down from the zenith) from zero through 360°.

In the vertical plane, we shall define the distance from the observer to the body
as the slant range, D, and the angle between the horizon to the line joining observer
and body as the elevation angle, E. This last we take as positive when measured
from the horizon toward the zenith from zero to 90°. The elevation angle is called
the altitude in astronomical terminology; the complement of elevation angle is
called zenith distance. ‘

Zenith

Observer

(N)

(E)
Figure 3.9
*This cannot easily be accomplished due to the presence of deflections of the vertical or local

anomalies due to the variations of the true earth relative to the approximating ellipsoid. These
are normally very small and can be accounted for; see Sections 8.3 and 8.4.
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For conversion from the body’s geocentric equatorial coordinates (X, ¥, Z) to
those in the horizon system, we may first rotate the coordinate frame about the Z
axis by the angle o, between the observer’s meridian and the line of equinoxes.
If we designate this system by the subscript 1, we find that

X, =Xcosag+ Ysinag; Y= —Xsinog+ Ycosay; Zy=2Z (367

Translating the origin of this system from the earth’s center to the observer’s
position, we have

X, = X{—rqcos @p; Y, =Y; Z, = Z,—rysin @y, (3.6.8)

where ¢ and r, are the geocentric latitude and distance of the observer. Finally,
a rotation-about the Y, axis by n/2— ¢, results in

X;=X,s8inp,—Z,co8 ¢y; Ys=Y,; Z3=X,cos py+Z,sin ¢, (3.6.9)

where @, is the geodetic latitude of the observer. We note that X ; points south,
Y, east, and Z5 toward the zenith. Conversion to polar coordinates is accomplished
by using ‘

D* = X3+Y3+Z3,
E = tan" NZ,/ /X2 + Y?), (3.6.10)
A = sin™ 1 (Yy/\/X2+ Y2)= cos™(— X3/ /X3 +Y3).

If the object for which we wish to compute these coordinates is extremely
far from earth’s center, so that the parallax in the transition from a geocentric to a
topocentric origin becomes negligible, or if we wish to allow for parallax by one
of the standard formulas to be given later, then the transformation we have just
discussed may be formulated entirely in terms of the right ascension and declination
of the object. Imagine that the position of this object is given by a unit vector in the
direction of «, 6. Then the rotation from the X, Y, Z system through the observer’s
right ascension, a,, yields

X{ = cos 0 cos (x—0); Y; = cos 6 sin (e« —0); Z,=sino. (3.6.11)
Next, the rotation about the Y; axis through /2 — ¢, results in
X,y = X,sin gu—Z; cos ¢o; Y3 =Yy, Zy= X, 08 ¢o+Z; sin @, (3.6.12)
Thus, finally
E =sin"'Z,
and (3.6.13)
A= sin" [ H(X3+ Y1) = cos™ [~ X,(X3+ ¥3) 7]
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7. TIME

As the reader knows, astrodynamic theories endeavor to give the positions of
celestial bodies as functions of time. The quantity ¢, measured on a suitable
chronometric scale, constitutes the independent variable for the resulting expres-
sions. In the present section we undertake a description of the time systems most
commonly employed in astronomy. As an introduction, we review some elementary
features of time scales and illustrate these by executing a standard computation for.
the instantaneous hour angle (or right ascension) of an earthbound observer, which
we temporarily postponed in the preceding section.

7.1. Elementary Notions of Time

The earth rotates to the eastward about its polar axis, completing a cycle in a time
unit we may call, rather vaguely, a day. At the same time, the earth is traveling in its
orbit about the sun and the geocentric line of equinoxes translates with it. For this
reason, one rotation relative to < is completed before the corresponding one
relative to the sun. The situation is depicted in Fig. 3.10. At (a) the upper branch of
the Greenwich meridian happens to coincide with <, thus marking O hours
relative to the line of equinoxes.*

Sun \

Figure 3.10

At (b) the earth has moved in its orbit while completing one revolution of the
Greenwich meridian relative to . On the other hand, the position of the sun, as
seen from the earth, has moved ahead by the angle A f due to the earth’s displace-
ment along its orbit. Relative to the sun, the earth has yet to rotate through Af

*Astronomers take a meridian to be bisected by the earth’s axis into an upper and a lower
branch, the upper branch containing the station in question. While 0 hours relative to <y
is marked by the crossing of the upper branch, 0 hours relative to the sun is given by lower-
branch crossings to avoid a change of date during daylight hours.
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to complete a revolution. We call complete revolutions relative to the sun solar
days and relative to the stars sidereal days.

As will be explained later in this chapter, we find it convenient to replace the
apparent (real) sun by a fictitious body, the mean sun; we also speak of the mean
and true line of equinoxes. The word “mean” signifies a suitably averaged value
which keeps the orbital and diurnal motions reasonably uniform. We designate a
certain kind of mean solar time as Universal Time (U.T.).

If we take roughly 365} mean solar days as one year, then in one day the earth
moves through an average central angle of about 360/365.25 degrees. But this is
also the angle through which the earth must turn to complete a mean solar day after
completing a mean sidereal day. The fractional angle amounts to about 4 minutes
of time; i.e., the mean solar day is about 4 minutes longer than the mean sidereal
day. However, by convention, we choose to retain the equality : 24® = 360°, so that
both solar and sidereal time run from zero to 24 hr. The difference is compensated
for by making the solar unit somewhat longer than the sidereal one.

Thus, if both solar midnight and sidereal O were to occur at the same instant on
a given day, a clock keeping mean sidereal time would soon be ahead of one
keeping mean solar time (U.T.). In one mean solar year, the two clocks would again
agree, since during that interval the sidereal clock would have gained exactly one
day over the solar one; i.e., a mean sidereal year contains one more day than the
mean solar year. Between the beginning and end of such a year, we must prorate
the gain in sidereal time over solar time. In AENA [2], the sidereal time at Green-
wich at the instant of mean solar midnight (O® U.T.) is tabulated for each day of
the year. Thus, some of this prorating is done for us ; we must account only for that
portion of the day elapsed since midnight. For this we also find a table in AENA.

Since we wish ultimately to relate the observer’s meridian to the constellations
as they actually appear for a given time (e.g., for observations in the topocentric
system) we must convert from mean sidereal to apparent sidereal time ; the physical
implications of this conversion are discussed in some detail later. This adjustment

z,N
Greenwich meridian

Local meridian

A
y
G.Si.T.
. I .
Local sidereal time or
T observer’s right ascension, a,

Figure 3.11
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is found in AENA as the Equation of Equinoxes and is defined as apparent sidereal
time minus mean sidereal time.

Since we reckon local sidereal time from transit of <> over the upper branch of
our meridian, it is the local sidereal time which gives us the angle westward from
the observer’s meridian to the equinox, which is, as it were, the observer’s right
ascension, a, (Fig. 3.11). For conversion of time to angular measure and vice versa
another set of tables is given in AENA.

The foregoing is somewhat involved ; in addition, the references to tables in
AENA should be clarified. For this purpose, we shall attempt a more detailed
illustrative example, listing the tables to be used. In referring to AENA, we restrict
ourselves to editions embracing the format introduced in 1960. Suppose we wish
to find the angle «, (Fig. 3.11) of a specific longitude 4, say 74° 11’ 13.42” west, at a
particular time expressed in U.T., say 09743™125700 on July 7, 1961. The procedure
is as follows.

a) Find the Greenwich mean sidereal time (G.M.SL.T.)at 0" U.T. of date. This is
tabulated in AENA under Universal and Sidereal Times. For the present case
we find that 0" U.T. July 7, 1961 = 18758™53%433 G.M.SL.T.

b) Convert the time elapsed since 0" U.T. from mean solar to mean sidereal units.
This isdone by adding to the U.T. of observation the corrections to be found in
AENA, Table IX, Conversion of Mean Solar into Sidereal Time. We have the
following corrections. For 09"43™: 1™355772; for 125700 : 05035.

Thus, time elapsed at Greenwich since 0" U.T. in sidereal units is

09"43™125700
1™355772
0%035
09"44m485507
c¢) Add the sidereal time elapsed since 0" U.T. to the Greenwich mean sidereal time
for O" U.T. This yields the Greenwich mean sidereal time at the moment of
observation:
18758m535433
+09844™485507
04743™415940 (modulo 24 hr).

d) Convert the G.M.SL.T. to apparent sidereal time to find the true angle between
the Greenwich meridian and <. We accomplish this by applying the Equation
of Equinoxes from the table on Universal and Sidereal Times. We find

Equation of Equinoxes, July 7, 0" = —0516
Equation of Equinoxes, July 8, 0® = —03515.

In situations where linear interpolation for the fractional day since midnight
would affect the last digit of the tabular values, one first converts U.T. of
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observation to the decimal fraction of a day by using AENA, Table X, Conversion
of Hours, Minutes, and Seconds to Decimals of a Day. Thus

09243™ = 07404861
12700 = 0000147
09743™125700 = 04405008

In our example, this fraction of a day will not change the Equation of the
Equinoxes from its value of —0516. Adding this to the result of (c), we get

G.M.SLT. of observation =  (04743™415940
Equation of Equinoxes = — 03516
G.ASILT. of observation = 04"43™415424

e) Convert the result of (d) to units of arc (24" = 360°) by means of AENA,
Table XI, Conversion of Time to Arc. We have

04h43m = 70° 45’
413 = 107 15”
0%424 = 6736
04P43™m41%424 = 70° 55’ 21736
This is the angle between the true line of equinoxes and the Greenwich meridian
at the time of observation.

f) The value of the observer’s apparent sidereal hour angle differs from the result of
(e) only by the longitude of his local meridian. Conventionally, we designate
longitudes east as positive and west as negative. Thus, the local apparent
sidereal time (in units of arc) is found by

G.ASLT. of observation =  70° 55" 21736(+ 360°)

Local longitude = —74°11" 13742
L.A.SLT. of observation = 356° 44’ 07794

Thisis theanglemeasured westward from the local meridian to the true equinox.
Of course, it is also the value of the angle «,, the observer’s right ascension
(Fig. 3.11), measured eastward from < to the local meridian.

As the reader may imagine, for actual observations one can establish the time
by a chronometer or by observations of those celestial bodies whose local hour
angles can be correlated with local apparent sidereal time. Thus, one might pre-
compute a set of lunar positions to mark instants of time during an interval of
observation. (The same kind of computation is involved in calibrating telescopes
and antennas for boresight errors. In this case we test the instrument settings from
such calculations against actual lunar or stellar positions at specified chronometer
readings.) As an example, let us compute the moon’s local hour angle for the
instant of time considered above.
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The apparent lunar right ascension at 09"43™125700 of July 7, 1961, is obtained
from the lunar tables in AENA.* The entries in these tables are given for every
hour and the adjustments for fractional hours must be computed from the first
differences that are listed in these tables in seconds. At 9%0™05, oy, = 028246™445803.
Byinterpolation for 0°43™125700, Aay, = 1275173 x (25925700/36005000) = 1™445307.
Thus, &, = 02"48™29:110. With the help of AENA, Table XI, the value of a, in
units of arc becomes ’

02"48™ 42° 00’
29¢ 07" 15"
011 = 1765
0284829511 = 42° 07’ 16765

Ii

Since the local hour angle of a celestial body is measured westward from the
observer’s meridian to the object, it follows that the moon’s local hour angle is the
local apparent sidereal time (L.A.SI.T.) minus o, :

L.ASLT. 356° 447 07794
g 42° 077 16765
Moon’s local hour angle = 314° 36" 51729

7.2. Limitations of Chronometric Systems

Having reviewed some elementary notions regarding timekeeping, we now examine
some difficulties encountered in establishing a precise chronometric system.

First, the reader will observe that the distinctions between solar and sidereal
time and mean and apparent time reflect the search for a suitable reference mark
on the celestial sphere. We need this reference to measure the progress of any timing
mechanism, which in the last section was the earth’s diurnal motion. Preferably,
such a reference mark should yield a nonrotating line in space, and we recall the
problematic nature of this undertaking from earlier remarks.

A second consideration in defining a time scale is the question of validity of our
model of the universe. In particular, we must ask ourselves whether the physical
phenomena to be timed, as well as the timing mechanism, are adequately described
by their mathematical representation in terms of not only the gravitational forces
involved, but also such phenomena as electromagnetic effects, changes in the
figures of celestial bodies, and whatever non-Newtonian features may be of im-
portance. As we shall see, some very basic distinctions between time systems rest
on this question of physical validity.

Closely related to the mathematical models of different motions is the need for
employing their fundamental constants to the same accuracy or, rather, the

*We note that the lunar tables list their entries against what is called Ephemeris Time (E.T.)
rather than Universal Time. This distinction will be explained later and a method will be given
for making the necessary corrections. At present, let us consider ET. = U.T.
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uncertainties within their units should be allocated in exactly parallel fashion for
the different motions. To be more specific, let us consider two planets whose mean
rates are given by the relations

G(mg ‘3" my) and n? = G(mg + m,)

i
ai ag

n

>

wheren, m, and a are the mean motion, mass, and semi-major axis of each planetand
mg is the sun’s mass. Certainly, the anomalistic period and hence n of a celestial
body may be established with greater accuracy than any of the quantities on the
right-hand sides of the above expressions. For convenience, astronomers have
chosen not to change the value of the universal gravitational constant G since the
days of Gauss; and if we also adopt a standard value for the solar mass, we are
left with trying to distinguish between the probable errors of m and a in each of the
right-hand sides. This inquiry would be unnecessary if we never wanted to calculate
anything but n, and n, from tabulated values for G, mg, a,, m,, a,, and m,. However,
as soon as we strive to correlate the detailed motions of planets 1 and 2 in the course
of establishing a time scale, we must consider their mutual perturbations. For
planet 1 this effect is proportional to m,/mg and vice versa. In order to make an
effective comparison between the theories of the motion of 1 and 2, one requires a
statistical “error allocation” between the constants m,, m,, and mg that makes them
mutually consistent in some sense.

Finally, there is the question whether a time scale which serves as independent
variable in several related astrodynamic theories is “uniform.” This turns out to lack
meaning. Uniformity implies an invariant phase relation between the time scale in
question and some independent master standard. It is not clear what this standard
might be and it would not matter if it did prove our time scale “nonuniform.”
All we really need is that our chronometric variable, if inserted into the astro-
dynamic theories, furnishes predictions that agree with observations. In other
words, the physical mechanism from which this variable is derived must be
theoretically understood to the same level as the phenomena to be timed. In fact,
our chronometric reference is often a physical motion belonging to the same group
as the ones to be clocked, with the sole distinction that its progress may be more
easily and continually observed than that of the others. As the reader might gather,
the selection of a chronometric standard cannot be done once and considered valid
for eternity, for, in the course of scientific progress, measurements as well as
mathematical theories are constantly being refined. Hence, we may expect that
our time standard will have to be revised whenever such refinement occurs.

A survey of the historical sequence in which astronomers have moved from one
chronometric system to another, always in search of an improvement but never
finding one that was universally and forever applicable, would serve no useful
purpose here. Instead, we shall merely examine existing time systems, first giving a
preliminary description of each; later we shall introduce more formal definitions.
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7.3. Ephemeris Time

We begin with a description of the time system which at present appears to fulfill
the prerequisites of the preceding section to the greatest extent. It is currently
adopted by dynamical astronomers but is not well suited for observations. In fact,
to anticipate a little, it is the need for observational accessibility that generates our
interest in the connection between this “dynamical time” and the less accurate
systems that we have already touched upon, based on the earth’s diurnal rotation.

In recent years, it has become apparent that the earth’s rotation rate is not quite
constant. For some trends a promising theory is beginning to emerge but others
remain essentially unexplained and unpredictable. It is for this reason that
astronomers have been forced to use a system which is less desirable from the
point of view of simplicity.

Most quantitative astrodynamic theories deal with the orbital motions of the
planets and their satellites. Our present model of this system considers solar and
interplanetary gravitation, and includes relativistic effects where significant, but
neglects features such as gravitational interference from the rest of the galaxy, etc.
Thus, our mathematical theories assume the center of mass of the solar system to
be an inertial origin and, under the specifications given, they describe planetary
motion which matches the accuracy of our measurements. We shall not attempt to
document the strong evidence in favor of this statement, but merely observe that
much has accumulated from study of past data. As a result, it is orbital motion, not
diurnal motion, that we look upon as more completely understood, and the
independent variable in our planetary theories, which is also the argument of the
planetary tables, is the presently accepted time standard called Ephemeris Time
(E.T.). More specifically, the orbital motion of the earth has been adopted as the
primary timekeeper in this system. The fundamental unit of Ephemeris Time is the
tropical year, to be defined presently.

It is evident, considering that the earth’s annual motion is now the “clock,”
that it is not possible to make a precise determination of E.T. at any one moment.
Many observations must be made and elaborate statistics must be employed in
their reduction to find the instant when the observed configuration of planets
agrees with that computed in the ephemerides. Although the earth’s orbital motion
serves as a basis for the definition of E.T., lunar motion with its shorter period is
more conveniently used for actual measurements of E.T. It can be related to the
earth’s motion with the necessary accuracy. Other auxiliary timekeepers must also
be employed; it may require several years of observational data to derive the
relations betweenthemand E.T. accurately. It is convenient to use mean solar time
as one of these auxiliaries.

7.4. Solar Time

As we have seen, it seems natural to measure the diurnal rotation in relation to the
sun. However, if we really were to observe the solar disc in order to clock this
motion, the solar positions, as seen by an observer on earth, would be subject to a
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variety of optical effects. These will be explained more fully later ; suffice it to say
that it is difficult to observe accurately any sizeable, luminous object such as the
sun. We prefer to define the apparent solar positions as coordinates from which all
optical effects have been excluded. This time scale is known as apparent solar time.

In spite of these idealizations, which divorce apparent solar time from direct
observation, this time scale is highly nonuniform in comparison with other existing
systems. Fortunately, most of the nonuniformities can be explained by our theory
of the solar system. Major contributions come from the eccentricity of the earth’s
orbit and the inclination (obliquity) between the ecliptic and equatorial planes.
Furthermore, planetary interference perturbs the earth’s anomalistic motion and
causes the ecliptic to change its attitude. Finally, the earth’s equatorial plane is
perturbed because of solar and lunar attractions on the equatorial bulge.

- We may account for most of the nonoptical effects mentioned above by planet-
ary theory, and find a more uniform time scale than apparent solar time. This is
known as mean solar time and, in essence, may be visualized as representing a
dynamic system consisting of a spherical uniformly rotating earth, whose equatorial
and ecliptic planes are coincident and which is moving in a circular orbit about
the sun. It is also thought of as describing the motion of a fictitious mean sun about
the earth. The difference between apparent, and mean solar time is called the
Equation of Time ; it is defined as the former minus the latter.

Ashas been mentioned, the change of date on the (mean or apparent) solar time
scale occurs when the sun crosses the lower branch of the meridian in question.
When referring to elapsed mean solar timereckoned from the crossings of the lower
branch of the Greenwich meridian (180° longitude), we have universal time (U.T.).
It is occasionally also referred to as Greenwich mean time (G.M.T.), Greenwich
civil time (G.C.T.), or Weltzeit. To mark a daily 24-hour cycle everywhere through-
out the world, the globe has been subdivided by meridians, 15° apart, which
establish a system of local standard times with one-hour phase differences. The
one-hour zones extend generally 74° in longitude to either side of the standard
meridians. In some cases, e.g., parts of the International Date Line (180° longitude),
the zone limits depart from their precise longitude for local administrative reasons.
The reader may also be aware of summer or daylight saving times, defined as one
hour ahead of local standard time.

The drawback of mean solar time relative to ephemeris time is that vagaries in
the earth’s rate of rotation and some related geophysical effects have not been
accounted for ; these have become measurable in the last few decades but cannot
be fully explained at present. In an attempt to compensate partially for geophysical
effects, some modifications have been applied to universal time, which in its
unmodified form is designated U.T.0. Thus, U.T.1 is defined as U.T.0 compensated
for the wandering of the earth’s geographic poles relative to the astronomic ones.
A second refinement includes the effects of seasonal and tidal variations in the
earth’s diurnal rate. This modification is known as U.T.2 and represents the current
form of mean solar time used in international civil timekeeping.



54 Position in space ' : [7

7.5. Sidereal Time

When using the earth’s rotation for chronometric purposes, astronomers find it
more convenient, in terms of observations, to take the stars as a reference. However,
every star has a motion of its own, and some difficulties in establishing nonrotating
lines of reference for geocentric coordinates have already been mentioned. A natural
choice is, of course, . The line of equinoxes is subject to the attitude changes of the
ecliptic and equatorial planes caused by the various gravitational effects described
earlier.

If the earth’s rotation is measured relative to the true, i.e., actual, line of equin-
oxes, thereby is established what is known as apparent sidereal time. Again, as in the
case of the apparent sun, the definition of the true equinox excludes all optical
effects of observation but includes all perturbations acting on the ecliptic and
equatorial planes. These are of two kinds ; those that grow monotonically as time
goes on, and those periodic in nature. Although physically their causes cannot be
distinguished, it is tradition to call the periodic motion a nutation and the cumula-
tive or secular motion a precession. In the long run, the effects of precession
predominate since nutation averages out. Hence, if we omit the periodic terms from
the definition of <r, we go from the true equinox to the so-called mean equinox.
If we refer our time scale to the mean equinox, we speak of mean sidereal time. In
particular, the successive passages of the mean equinox across the upper branch of
the Greenwich meridian mark Greenwich mean sidereal time (G.M.SLT.). The
difference between apparent and mean sidereal time is called the Equation of
Equinoxes and, as stated earlier (Section 7.1), is defined as the former minus the
latter.

In conclusion, we note that both kinds of sidereal time are subject to vagaries in
the diurnal rate of rotation which again constitutes a disadvantage relative to
Ephemeris Time.

7.6. Calendars and Years

Before proceeding to formal definitions of time systems, it is convenient to introduce
some notions of calendars and years. This is essential for the subsequent definitions
and some of the conversions between time scales. Moreover, it is needed for some
corrective formulas that must be applied to ephemeris data as described in the
final section of this chapter.

The two basic Western calendars are the Julian and the Gregorian. The former
allows for successive transits of the sun through the equinox requiring approximately
3651 days, by giving the standard year 365 days and making every fourth year a
leap year of 366 days. Additional precision was obtained in the Gregorian calendar
when no year ending in two zeros was counted as a leap year unless it was integrally
divisible by 400. Thus, a Julian century has exactly 36525 days, while a Gregorian
century has 36524.25 days.

For record keeping, astronomers often use a Julian day (which has no relation
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tothe Julian calendar). The Julian day is reckoned from Greenwich mean noon and
a continuous count of Julian days is kept from Greenwich mean noon of January 1,
4713 B.C. (which is Julian date zero) to yield the Julian dates found in the ephemer-
ides opposite conventional dates. It is also common to designate the timeelapsed
since the start of a day by decimal notation. As already pointed out, this conversion
is simplified by use of AENA, Table X. When conventional dates are used, the part
of the day elapsed is added to the date expressed in the usual way. Thus 18 hours,
May 4 = May4.75; 12 hours, April 30 = April30.5 = May 0.5. When Julian dates
are used, it must be remembered that the Julian day starts at mean noon ; thus 18
hours, May 4, 1961 = 2437423.25.

We conclude this discussion with a brief series of definitions of the sorts of
years in common use. We have already indicated the fact that the Julian and
Gregorian years are specified without direct reference to a real physical period. On
the other hand, the tropical year is taken as the period between successive passages
of the mean sun through the mean equinox ; the sidereal year marks the return of
the earth to the same position among the stars, as seen from the sun; the anomalistic
year is the period between successive passages of the earth through perihelion. If T
represents the number of Julian ephemeris centuries since the epoch January 0.5,
1900 (also known as Julian epoch 1900.0), we have:

tropical year = 3659242,198,/9 —(04000,006,14T
sidereal year = 365%256,360,42 + 0%000,000,11T
anomalistic year = 3659259,641,34 4+ 0%000,003,04T

where d is measured in ephemeris days. Additional definitions such as the Besselian
year and the eclipse year may be found in the literature [9, 10]. There also exist
several definitions of the month involving different reference marks on the lunar
orbit.

7.7. Formal Definitions of the Time Systems; Computation of Time; Atomic Clocks

In the preceding sections we surveyed the astronomical time scales for their
general characteristics and the consistency with which they represent the dynamics
ofthe solar system. At the outset we stated that the formal definitions of astronomic-
al time were to be left to the last, as thisis the information on which the computation
of a particular instant (or epoch) on a time scale is based. In essence, this process
amounts to obtaining a “fix” on the time in a given chronometric system. We
have already seen some of these computationsin Section 7.1. To make the transition
from one chronometric system to another, we must have the value for a certain
epoch in terms of each of the time scales. We also need to know the relations be-
tween their units in order to proceed to other points on either scale.

From earlier sections, it should have become clear to the reader that a listing
of the chronometric systems in order of their accessibility to observations would
run: sidereal, solar, ephemeris time. In fact, the only computations (other than
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elimination of optical effects) required for deduction of sidereal time from telescopic
observations concern the location of the true or mean equinox among the fixed
stars. The slow changes of the equator and the equinox, as predicted from our
theories of the equator and the ecliptic, may be expressed in terms of changes of
stellar right ascensions and declinations of the form

0 =at+bt?+ -+
+ XS, sin jot + Y Cy cos kft, (3.7.1)
3 %

where a, b, S; C,, o, and f are constants; the first line represents the precession
and the second line the nutation. Knowing the values of the constants in (3.7.1) and
assuming that the proper motion of the stars can be allowed for, one succeeds in
locating oy relative to the stars. In particular, the annual rate of precession in right
ascension is

m=a+bT
= 4670850+ 07000279T
= 3507234 + 030000186 T, (3.7.2)

where Tis measured in tropical years from 1900.0. Equation (3.7.2) describes the
motion of the mean equinox relative to its right ascension at 1900.0 and defines the
point whose transit over alocal meridian provides a daily fix for local mean sidereal
time. The mean sidereal day, which is marked by these transits, is equipartitioned
into 86400 seconds. As already shown, the corresponding observations on the true
equinox, yielding apparent sidereal time, are related to mean sidereal time by the
Equation of Equinoxes. This quantity, defined as apparent minus mean sidereal
time, is computed from the nutational terms in (3.7.1) and given in the table of
Universal and Sidereal Times in AENA.

Sidereal time bears the closest relation to observable meridian transits;
mean solar time is one step further removed by way of computations. A quantitative
representation relating mean solar and mean sidereal times is derived from
Newcomb’s expression for the right ascension of the mean sun [11]; we obtain
for the mean sidereal time at 0"U.T.:

638455836 + 8,640,184:542T + 050929 T2, (3.7.3)

where T'is measured in Julian ephemeris centuries from January 0.5, 1900. This
gives the practical correlation between the two time scales and is presented for
each day in the table Universal and Sidereal Times of AENA. A division of the
mean solar day by 86400 yields a standard for the mean solar second. Knowing the
ratio of the mean solar to the mean sidereal unit, we may generate Tables VIII
and IX in AENA, which provide for the conversion between the two systems at
any time of day. Finally, it should be recalled that the relation between apparent
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and mean solar time is given by the Equation of Time. This takes into account the
idealizations that went into computing mean solar time and is given in the solar
tables of AENA. _

Separating ourselves by another step from the observations of meridian
crossings, we proceed from mean solar time to Ephemeris Time, and here the
correlation is at present empirical.

As an independent concept and based solely on our theory of the earth’s orbital
motion, Ephemeris Time appears as the independent variable in Newcomb’s
formula [11] for the geocentric mean longitude of the sun:

L = 279° 41’ 48704 + 129602768713 T + 17089T?2, (3.7.4)

where T is measured in Julian ephemeris centuries from January 0.5, 1900. In fact,
at the epoch T'= 0, we have E.T. = 12 hours, January 0, 1900. Since the basic unit
of Ephemeris Time is the year, it is convenient to derive an ephemeris second for
computation of smaller time intervals. To this end, we adopt the tropical year
(the time elapsed between two successive passages of the mean sun through the
mean equinox) based on the solar mean motion given by (3.7.4) for T= 0. The
ephemeris second is then defined as 1/31556925.9747 of the tropical year and, in
effect, is the average of the mean solar second over the last 200 years.

While (3.7.4) yields a formal definition of Ephemeris Time, auxiliary devices
are needed for the practical determination of E-T. As was mentioned, Universal
Time is one such auxiliary—though the relation between it and Ephemeris Time is
empiricalin thelast analysis. Curves have been fitted to the datafor AT = ET. — U.T.
and yearly corrections of this kind are tabulated on one of the first pages in AENA.
The accuracy of this information decreases as we extrapolate AT toward the
present.

Since the curve fitting for AT is strictly empirical [ 12, 13], the search continues
for more satisfactory means of obtaining an up-to-date value for AT. From our
current understanding of physics it is felt that the time provided by a device like the
cesium clock should correlate with Ephemeris Time to the extent that it can provide
acceptable extrapolations for ET. over a longer range than is presently possible.

This device consists of a quartz crystal which keeps a cumulative cycle count
and an atomized cesium beam for intermittent calibration of the crystal frequency.
The time scale established is known as Al and has the fiducial epoch 0" 0™ 0°A1 =
0" 0™ 0° U.T.2 on January 1, 1958. The standard frequency, to current precision,
is 9 192 631 770 + 20 cycles per ephemeris second. On the grounds of general
relativity theory one seems to expect a difference between Al and E.T. of 0.001
sec/yr?. Experimental verification of this point is under way to establish the
relation between atomic and gravitational time.

The results of high-precision timekeeping by means of frequency standards
and observations of meridian transits are made available to the general public by
time signals from various radio stations of the National Bureau of Standards and
the U.S. Navy. The proper use of these signals requires that certain precautions
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be taken, particularly in allowing for transmission delays and tuning errors. For
further details, the reader is referred to the literature [14].

8. ADJUSTMENT OF EPHEMERIDES

We have seen that various effects, both astronomical and geophysical, enter into
discussions of coordinate and time systems. In this section, we provide a description
of these effects and the means by which they may be taken into account. We may
establish three groups, according to their physical causes:

a) Astrodynamical. Perturbations of the fundamental planes by precession and
nutation, and difficulties in establishing inertial references due to proper
motion of the stars

b) Observational. Variations between observed and predicted position due to
parallax, aberration, refraction, and irradiation

¢) Geophysical. Variations in time and observer’s position due to the recently
discovered changes in the earth’s figure and rotation ; these include wandering
of the poles, variations of the vertical, and vagaries of the diurnal rotation.

Before proceeding to a detailed discussion, we should clarify the distinction
between mean, true, and apparent place as used in astronomical terminology with
regard to these perturbations. The true coordinates of a celestial object are given
with respect to the true equator and equinox (including precession and nutation)
at a standard epoch ; i.e., they include the effects of group (a) (except for proper
motion), but none of (b) or (c), and constitute the object’s actual, instantaneous
geometric position. The mean place eliminates the effects of nutation but resembles
the true coordinates in all other respects. The apparent place is referred to the true
equator and equinox of date and is subject to geocentric aberration (i.e., all
aberration except that due to the earth’sdiurnal motion, whichis station-dependent.
For the same reason it does not include parallax or refraction). It should be noted
that the definitions of apparent solar and sidereal times, in contrast to the apparent
place, do not include aberration (or other optical effects).

At this point it is also appropriate to comment on the basic purpose of an
ephemeris and its fundamental system of units. Clearly, the astronomical tables
have been traditionally provided for use with optical instruments and achieve their
highest accuracy in the angular coordinates. For aerospace applications one would
like to know the geocentric or heliocentric position and velocity of an object with
about equal accuracy in all components. With this in mind, the general perturbation
theories of major interest, namely, Brown’s lunar and Newcomb’s planetary
theories, were reexamined and reevaluated [15, 16]. In so doing, the residual in-
accuracies from the theories, the numerical computations, and the reference obser-
vations were redistributed in afashion that differed from the traditional astronomic-
al procedure. This matter has been touched upon in the specific context of chrono-
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metry (Section 7.2). It involves a reallocation of the uncertainties in the basic units
of length and mass and in the ratios of the masses and semi-major axes of the
planets. A thorough discussion of this subject is beyond the scope of this chapter.
Suffice it here to repeat that the updating of error allocations in the fundamental
constants is a never-ending process, as documented in the literature [2, 9, 17-21].

8.1. Astrodynamical Effects

As mentioned, rather elaborate theories exist for the slight changes in orientation
of the equatorial and ecliptic planes. For the equator we distinguish between
secular terms known as precession and periodic terms known as nutations.
Changesin the equatorial plane are due to the earth’s asphericity which gives rise to
gravitational torques because of the moon’s and the sun’s attraction. The earth’s
orbital plane, the ecliptic, is subject to perturbations from planetary influence.
The reader is referred to the literature for derivations of the following equations
[9, 10].

Precession. To convert the mean position of an object in terms of the coordinate
frame at one epoch to that at another epoch, we must account for the luni-solar
precession, ¥, due to attraction of the sun and of the moon on the figure of the
earth and planetary precession, A', reflecting the perturbation of the ecliptic plane.
If we define

m= Wcose — A'; n=WY¥sineg, (3.8.1)

where ¢ is the angle of obliquity, then, in geocentric equatorial coordinates,

0y = dg+m+nsinagtandy, (382)
01 = dp+ncos ag.
Here o, and é, are the right ascension and declination of the object at the initial
epoch; m and n are tabulated in AENA for conversions between integral years.
Fractional years may be accommodated by linear interpolation. Analogous
formulas to (3.8.2) exist for updating ecliptic spherical coordinates subject to
precession.
Conversion of Cartesian equatorial coordinates from one mean reference
frame to another may be performed by use of the matrix elements [4]:

X, Y.Z,

x5 =X

X,Y,Z,

y Lty
X Vo2,

For reduction to a standard epoch such as 1950.0, we have
x1 = X xo— Yoyo—Z. 20,

yl = _ny0+};yO+ZyZOa (383)
Z1 = _sz0+ ),zy0+ZzZO'
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The conversion from a standard epoch to some other is given by
x; = XyXo+ Yoyo+Z. 2o,
V1 =X X0+ Yyo+Z,z, (3.84)
7y = XX+ Yyo+Z.20,

using again the established meaning for the subscripts 1 and 0.

Nutation. To establish the true position of an object at any epoch within a particular
year, we start with o; and J, relative to the mean equator at the nearest integral
year. If we designate Ay and Ae as the nutation in longitude and obliquity,
respectively, we find

o, = oy +(t+Ay/¥)(m+nsina, tan d;)+ A'AYy/¥ —Agcosa, tan o,

. (3.8.9)
0, =06, +(t+Ay/¥)ncosa; +Aesina,,

where o, and J, are the required true right ascension and declination, and 7 is
the fraction of a year from the epoch of a{, ,. For convenience, the functions

A=(+AYy/¥)n; = B= —Ae; E = YAy/15Y, (3.8.6)
are tabulated at daily intervals in AENA, as Besselian day numbers.

Proper Motion. The proper motion of a star is its angular rate of displacement, as
seen from the sun. This phenomenon plays an important role in efforts to establish
truly invariant directional references on the celestial sphere. In an attempt to
clarify understanding of the motions of the equatorial and eclipticplanes, precession,
nutation,and proper motion are examined by a statistical treatment of the observed
movement of < against the background stars. This work is closely connected with
the construction of star catalogs and a current effort aims at including a large
group of stars as near-inertial references, choosing those whose proper motion is
considerably less than that of some large-magnitude stars previously included
in such catalogs. Data on the proper motion are listed with each star in the catalogs
and their use in deriving the up-to-date coordinates of a star is described in the
literature [9].

8.2. Observational Effects

Parallax. Parallax is known as the difference between the coordinates of an
object given in a heliocentric or geocentric frame and those apparent to an observer
who is not located at the origin of the reference frame. Relative to positions given
in heliocentric coordinates the observer finds himself “off-center” by the dimensions
of the earth’s orbit and relative to positions given in a geocentric frame by those of
the earth’s figure. In the former case we speak of annual or stellar, and in the latter,
of diurnal parallax. Adjustments for annual parallax amount to a change from
heliocentric to geocentric coordinates and their magnitudes depend on the time
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of the year. If, on the other hand, the distance to a stellar object is unknown, one
may compute it, in terms of the astronomical unit, from observations of annual
parallactic effects. The method is similar to that already illustrated for computation
of distances between the earth and the sun or the moon. In this case, the procedure
may be useful for distances within our own galaxy.

Diurnal parallax is dependent on the time of day and the observer’s geographic
location and, as has been shown, may be used to compute distances within the
solar system. Let ¢’ be the observer’s geocentric latitude and H the local hour angle
of the object, i.e., the geocentric angle between the observer’s meridian and that of
the body (its hour circle) measured westward from the former along the equator.*
Then

sin H cos ¢’
AH = — tan Az = -
tan tan Ax Qcosé — QCOSH COS (P, (3 8 7)
and
tand +S _ cos H(sind — Qsin ¢ (3.8.8)

1—Stand cosdcosH — Qcos¢'’

where Q is the ratio of the earth’s local radius and the geocentric distance to the
object and § = tan Ad [9]. If we denote &’ = a+ Ao and & = d+ AJ, the “primed”
quantities include parallactic effects and represent coordinates as they appear to an
observer.

Aberration. The effects of aberration stem from the fact that light travels with
finite velocity. First, a remote object will move a certain distance during the time it
takes the optical signal to reach an observer. The latter must update all observed
coordinates for such an object to their values corresponding to the time of light
reception. Since this correction is necessitated by motion of the observed object,
which can be computed for planets but not for stars, one speaks of planetary
aberration in this case. A second kind, the stellar aberration, is caused by motion
of the observer himself. Here the vector addition of the velocity of the incoming
light and that of the observer results in an incident light ray, as seen by the observer,
whose direction differs from the geometrically correct orientation of the body. The
terrestrial observer’s total motion in the solar system may be looked upon as
consisting of annual and diurnal components.

The customary procedure is to perform the reduction for the annual and
diurnal parts of stellar aberration first, and then to apply corrections for the
planetary aberration [9]. If the primed symbol for a coordinate be its observed
value, subject to aberration, and the unprimed symbol be its value after eliminating
the aberration, we have the following relations.

*Wemayfindthelocalhourangle by H = A+ G.A.SLT.—a, where A isthe observer’s longitude
positive eastward), G.A.SL.T. is the Greenwich apparent sidereal time of observation, and a
is the body’s true right ascension at that time.



62 Position in space : - [8

For the annual aberration in equatorial coordinates, neglecting the earth’s
orbital eccentricity,

o =o' + ksecd (cos o cos Agcos ¢ + sin o sin Ag)

0 =0 + Kk cos Ag cos g(tan € cos & — sin o’ sin §') + x cos & sin & sin A, (3.8.9)

where A is the sun’s longitude and ¢ the obliquity of the ecliptic. The quantity  is
the aberrational constant with a value of 20747.
For the diurnal aberration in equatorial coordinates we have

H = H' 4+ 0732 cos ¢’ cos H' sec ¢,

) ) (3.8.10)
6 =08 — 0732 cos ¢’ sin H' sin ¢,

where H' and H are the observed and actual hour angle and ¢’, as before, is the
geocentric latitude.

Having corrected the observation for stellar aberration, we may adjust for the
planetary effect if the distance between the object and earth is known. This is
tabulated in AENA for the major bodies in the solar system (or can be derived, as
for the moon); also given are the daily rates of change of right ascension and
declination, say & and 4. Thus, this correction takes the simple form

o =o' +ar/c¥); 6= & +(r/c*), (3.8.11)

where ris the distance in question (usually given in astronomic units) and c*is the
velocity of light in corresponding units of length per day.

At this point, we may introduce, for completeness, the so-called astrometric
coordinates. These coordinates are applied to the minor planets and to Pluto and
constitute apparent coordinates minus the annual (stellar) aberration. They are
also the coordinates used in the star catalogs.

Refraction. The reader may be familiar with the refraction caused by the atmo-
sphere on incoming light rays. This causes a deviation of the light ray toward the
earth’s center. In a topocentric coordinate system, involving azimuth and elevation,
we expect no influence on the azimuth. The actual elevation, E, is to be computed
from the optically observed value E’ by the relation

E =E' —58"2cotE'. (3.8.12)

This formula has to be abandoned in favor of empirical refraction measurements
for E< 15° and when electromagnetic radiation of frequency less than that in the
visible band is used, the constant in (3.8.12) no longer holds. In a topocentric
equatorial system we have

6 = 6 —58"2k* cot E', (3.8.13)
where
k* = (sin ¢’ — sin ¢’ sin E’)/cos &' cos E/, (3.8.14)
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@' is the observer’s geocentric latitude, and ¢’ is the declination calculated from E’,
A, and ¢'. Also '

o= o +5872 cot E'sec &' /1 —k*2, (3.8.15)

where o is calculated from E’, 4, and ¢'. The minus sign in (3.8.15) is chosen if the
observer, when facing the object, finds the north pole (at a zenith distance <)
toward his right and the plus sign if it is on his left [9].

Irradiation. While refraction is a physical effect of the atmosphere, irradiation
seems to be a subjective effect on the human observer. The results are an apparent
enlargement of luminous objects such as the sun, the moon, and the higher-
magnitude stars; this makes an accurate determination of eclipses and meridian
crossings of these objects impossible but does not affect any observations concerned
with the center of a visible disc. Since we have no exact understanding of the
phenomenon, no fully satisfactory method of compensation for irradiation exists.

8.3. Geophysical Effects

We close this discussion with a brief consideration of the slow changes in the earth’s
figure and the vagaries of its rigid body motion. The three effects, wandering of the
poles, deflections of the vertical, and diurnal vagaries, cannot be easily separated
from each other in the observational material, nor from a few other effects such as
proper motion of the stars and instrumentation errors. Most of the raw data are
generated from the work on star catalogs and chronometric observations.

Polar Wandering. Wandering of the poles consists of a slow shift of the earth’s
figure, i.e., the geographic poles, relative to its axis of rotation, the astronomic
poles [22, 23]. Plots of this motion show a secular trend, but also a strong cyclic
component known as the Chandler term, whose period is approximately 14
months, and another component with an annual period.

The geographic (or geodetic) pole has been taken to coincide with the mean
astronomic pole of the period from 1900 to 1905; i.e., the mean position of the
astronomic pole during that period has been defined as a reference on the earth’s
surface; its separation from the astronomic pole at any other time constitutes the
wandering. The instantaneous displacement of the latter is usually given in two
components: x along the Greenwich meridian and y along the meridian 90°W. The
secular trend just mentioned is estimated at 070032 /year along the meridian 60°W.

To convert the displacement of the pole to corrections for the longitude and
latitude so as to obtain these angles relative to the astronomic axis, one may show
that

Ap = xcosA—ysin A (3.8.16)
and
AZ = (x sin A+ cos A) tan o. (3.8.17)
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Since it is convenient to maintain the Greenwich longitude as the zero-meridian,
we must write
AL = Al—y tan ¢g (3.8.18)

for the net correction in longitude due to polar wandering. The basic data (x and y)
are usually made available by the International Time Service with a delay of
about one year (due to data smoothing).

Deflections of the Vertical. Deflections of the vertical are the local differences
between the normal to the true equipotential surface of the earth (see Section 6.1)
and the normal to the approximating ellipsoid. Thus they are the differences
between the direction of the actual gravitational force and the geographic (or
geodetic) vertical. These deflections are usually specified in terms of two com-
ponents: the deflection in the meridian, £*, and the deflection in the prime vertical,
n*, i.e., along the circle of latitude.

If we imagine that the direction of the actual gravity vector marks a point on
the celestial sphere (the zenith), we may associate with this point the so-called
astronomic longitude A1, and astronomic latitude ¢,. The astronomic zenith
direction at the geodetic point of observation does not in general pass through the
earth’s axis. In order to retain the geometric significance of 1, and ¢, on the surface
of the ellipsoid, one must imagine that an appropriate offset is applied to the
location of the point at which 1, and ¢, were observed. This brings us to the
astronomic position of the observer on the ellipsoid; defined as the point where ¢
and A of the latter agree with ¢, and 4. On the other hand, let us identify the actual
observer’s position on the ellipsoid by A; and ¢4. (Note that ¢ is the angle that
was denoted up to this point by ¢.) The components of the deflection are then
defined as

& = g,—0g;  n* = (ly—Ag)cos @g. (3.8.19)

For most applications one treats the deflections of the vertical as time-
invariant. Whatever trends exist essentially reflect changes in the earth’s figure, its
internal density distribution, and glaciation on a geological time scale. These
trends are currently estimated to be much less than one second of arc per century.
Additional information on gravitational anomalies may be found in the literature
[5, 24, 25, 26].

Changes in Rotation Rate. Finally, the vagaries in the earth’s rotation are perhaps
the most intriguing effect in this group and, as pointed out, are responsible for the
introduction of Ephemeris Time in preference to Universal Time. Modern data on
this phenomenon have accumulated since the turn of the century and have been
interpreted by numerous workers. It is possible to recognize periodic terms due to
tidal action and the effects of seasonal surface changes on atmospheric drag.
The former is correlated with a corresponding perturbation in the moon’s orbital
motion, as expected. The remaining diurnal vagaries consist of secular terms due to
tidal dissipation and changes in the earth’s moment of inertia as well as apparently
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random terms. The latter two phenomena are the result of currently inex'plicable
changes of global structure. A surprising aspect about the random variations is
that they consist of a succession of approximately linear trends with sudden breaks
between. These symptoms point toward a sequence of cumulative processes, such
as the drift of continents, and sudden releasing mechanisms like stress relief along
surface faults. The corroboration of this hypothesis by correlating seismic events
with the sudden breaks in AT = E.T.—U.T. has scarcely begun. The complete
explanation of AT by means of geophysical theories is an undertaking of the first
magnitude and will require many years of fundamental work [27, 28]. In the
meanwhile, only empirical expressions for AT exist (see 7.7).

8.4. Example

Toillustrate the use of the corrective equations given in this section, we set ourselves
the task of reducing the coordinates of the moon, as found in the illustrative
example of Section 7.1, to azimuth-elevation information at the location
A=74° 11" 13742 W and ¢ = 40° 18’ 16747 N. To distinguish between these
pointing angles, which allow for all effects discussed, and the apparent coordinates,
as defined by astronomers, we might refer to the former as actual apparent co-
ordinates.

a) Apparent right-ascension, hour angle, and declination of the moon at
09843™125700 U.T. on July 7, 1961
From our previous computations we have, for the moon’s right ascension and
hour angle at the given time, oy, = 42° 07’ 16765 and H,, = 314° 36’ 51729.
From the lunar tables in AENA we obtain the corresponding declination as
Oy = 11° 00’ 13718. These coordinates allow for precession and nutation and
contain the effects of planetary and annual aberration but not those of diurnal
aberration, nor do they allow for diurnal parallax.

b) Correction for diurnal aberration
Using Egs. (3.8.10) for the present case, we obtain a sufficiently accurate
inversion in the form H;, = H,,— 0732 cos ¢ cos H,, sec §,,and 6;,and d;, = Sy,
+0732 cos ¢ sin H,, sin J,. Substituting the values for H,, and J,, we have
H,, = 314° 36’ 51”11 and 6, = 11° 00’ 13714.

¢) Correction for diurnal parallax
The parallactic corrections in Hy, and J,, follow from (3.8.7) and (3.8.8) as
AH,, = —327”57 and Ad, = —23744. Hence, H,, = 314° 36’ 18754 and
Oy = 10°59749770. Applying the corrections of H,, from (b) and (c) with reversed
sign to the moon’s right ascension, we have oy, = 42° 07’ 49740.

d) Correction for AT
At this point we must allow for the difference between ephemeris time and
universal time in using the lunar table. As we have seen, the tabular data are
listed against E.T. Until now, we have treated these tables as if they were based
on U.T. To be asrigorous as possible, we use o, y, for theinstant ET. = U.T. +
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AT, taking AT for July 1961 as AT~ 34 seconds. Thus we may find the correc-
tion to the right ascension and declination by multiplying AT by the hourly
change of a,, or 8, divided by 3600. We obtain Aa,, = 17793 and Ad,, = 5”02
Hence, o, = 42° 08' 07733 and §,, = 10° 59" 54".72.

Perturbations of the topocentric axes

In order to locate the observer’s reference frame accurately in geocentric space,
we should consider the remaining geophysical factors and include their effects
on the observer’s longitude and latitude.

For the location in question, a special survey, conducted in 1903, yielded
P4— P = —2792 and A,—A; = +1754. Strictly speaking, these data are
validfor the time the survey of the position was made. For the sake of illustration
let us update them for wandering of the poles. We find the displacement of the
astronomic pole at the required time as x = —07091, y = +07220 [23].
With the help of (3.8.16), (3.8.17), and (3.8.18), we get AL = +0706 and
Ap = +0719. These corrections are now used to obtain the actual latitude
and right ascension that orient the observer’s topocentric axes. Thus

40° 48’ 16747
+ 0 0 0719
- 0 0 2792
@, = 40° 48’ 13774
and ‘
356° 44’ 07794  (observer’s right ascension)
+ 0 0 0706
+ 0 0 .54
oy = 356° 44’ 9754
Transformation to azimuth-elevation coordinates

With the help of (3.6.11) through (3.6.13) we convert the right ascension and
declination of the moon to azimuth and elevation angles. In so doing, we use
the results of (e) for the observer’s latitude and right ascension. We obtain
A = 113° 38’ 44773 and E = 40° 16" 2790.

g) Allowance for refraction

At this point we must introduce the modifications caused by atmospheric
refraction in the topocentric coordinates.

An adequate inversion of (3.8.12) is E' = E+5872cot E, which yields
E’' = 40° 17’ 11761. The azimuth angle, as stated earlier, is unaffected.

h) Irradiation and proper motion

As a final adjustment, one would have to allow for irradiation, if a precise
compensation were knownand ifan observation of the lunar limb were intended.
For the purpose of pointing at the center of the lunar disc, however, this effect
may be ignored. In closing, we also observe that the proper motion of the stars
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never entered our computations explicitly. Since, however, the measurements of
mean sidereal time from stellar observations and the position of < used in the
lunar tables allow for this phenomenon, its contribution has already been
included.

To summarize, the final and actual values of the pointing angles from the

ground observer tothe moon’scenterare 4 = 113°38744773and E = 40°1711”61.
We must emphasize again that several corrections used in arriving at these results
are of no practical importance if one considers the accuracy of most present-day
instruments. Their inclusion in these calculations was only for illustrative purposes.
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Chapter four

THE DETERMINATION OF ORBITS

1. GENERAL CONSIDERATIONS

Classically, the problem of orbit determination requires us to find the orbit
elements valid at some specific time, given certain observations of the orbiting
body. We choose here to extend the problem beyond this definition. In particular,
we shall examine means for finding subsequent effects of inaccuracies in our
observations of position and velocity or of small but known variations of these
quantities at the moment of injection into orbit.

Asfor treatment of observations, there are at least as many methods for finding
some representation of the orbit as there are means of observing it. The classical
problem, utilizing only (telescopic) angle measurements of the body, has received
extensive study over the last century and at least two main methods (each with
several variations) have been recorded [1-6]. With the advent of pulse radar,
techniques have been derived which utilize both range and angle observations.
Other methods, devised recently, have been based on the availability of range-
only data, range-rate data, and on various types of measurements from instruments
carried on the orbiting body. In each case, the observations must be corrected for
various physical effects (as discussed in Chapter 3) and transformed to the proper
coordinates. The relations between the observed quantities and the characteristics
of the orbit constitute a separate problem for each type of data. Thus, if a guidance
record furnishes us with vehicle position and velocity at the start of ballistic flight,
we can consider these as the initial conditions and determine the orbit elements
accordingly. If, on the other hand, measurements are made at different points along
the orbit, both the number of observations required and the relations used to com-
pute a set of elements depend on the nature of the quantities being measured. We
assume here that just the minimumnumber of observationsis available to determine
a set of orbit parameters, a situation referred to by the astronomers as preliminary

69
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orbit determination. We concentrate on cases where the measurements are made by
terrestrial observers and are used to determine the orbit of a body in geocentric or
heliocentric coordinates. The extension of these methods to cases where measure-
ments are made elsewhere, such as on board a space vehicle, is reasonably
straightforward.

Once a set of algebraic equations for the elements has been formulated for a
situation, the techniques employed in the solution form a subject in their own right.
Since some of these equations are transcendental and nonlinear, we are forced to
use numerical iterations and suitable auxiliary variables. In Chapter 2 we indicated
how some orbit parameters have to be redefined for low- or high-eccentricity
orbits to offset certain geometric degeneracies; special attention also had to be
given to the time equations for these cases. The numerous conditions of measure-
ment encountered in orbit-determination problems leave much room for ingenuity
in manipulating the governing algebraic equations ; we shall not elaborate on that
here.

Another subject omitted from the present discussion is the statistical processing
of redundant sets of data for refinement of preliminary orbits. Since no single piece
of tracking data is ever given with ideal accuracy, we always need a certain amount
of “excess” information to establish the orbit with some confidence in the statistical
sense. The validity of the resulting elements depends not only on the accuracy of
the observing equipment, the amount of data, and the time sequence in which the
data were acquired, but also on the way in which the observations are combined.
The classical technique for this purpose involves differential corrections; descrip-
tions of this method are to be found in the available literature [see especially
references 3 and 4]. In its usual form it entails the employment, and consequently
the storage, of a large amount of past observations. To avoid this in “real-time”
operations, especially with earth satellites, several investigators have developed
techniques for the combination of observational data, sometimes in the form
of more or less statistically independent sets of orbit elements, which do not require
extensive computer storage.* Once the elements have been established to sufficient
accuracy by any of these methods, they are taken to represent the refined or
definitive orbit.

In this chapter we shall not discuss the extensive subject of statistical estimates
for orbitdeterminationand recursive filtering of tracking data. We restrict ourselves
to a discussion of the purely geometric relations between observables and orbit
elements leading to minimum data methods in that they do not provide any more
equations than are required algebraically.

Now as to various definitions of orbit elements, we note that while position
and velocity do in principle determine the orbit, in themselves they fail to tell us
much about the geometry of the orbit. We cannot decide at a glarice whether the

*See references 7 through 10 for some early literature on batch processing of orbital tracking
data.
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trajectory is elliptical, parabolic, or hyperbolic. The conic-section parameters of
Chapter 2 indicate this in a more satisfactory way. It should be kept in mind that
these orbit elements are constants only when we consider the classical two-body
problem with a central-gravity force; the effect of any other force is to cause
departures from Keplerian motion. We have noted that the additional forces
are often quite small and techniques exist that account for these effects; we may
choose to express the elements themselves as (slowly varying) functions of time
(Chapter 6). Consequently, a determination of the elements, valid at some instant,
provides us with the first step necessary for evaluation of the orbit and for pre-
dictions of future positions (to be used for later observations, studies, etc.).

Our knowledge of the orbit elements is affected not only by random errors
but also by systematic errors (e.g., instrument bias) introduced at the time of
determination. Thus, a study of the relations between such errorsin the observations
and the orbit elements is a very necessary adjunct to the problem of orbit determina-
tion. Again, we will not in this chapter pursue the statistical approach, but content
ourselves with an examination of the geometric effects induced by errors of a given
type and magnitude. These relations are also known as orbit sensitivities and have a
further significance. Since there is no way of distinguishing mathematically between
apparent deviations in position and velocity due to measurement error and those
actually introduced in the vehicle’s motion (intentionally or otherwise), the latter
interpretation of these relations is of great help in the synthesis of man-made orbits.
They indicate what changes must be effected in the position and the velocity at the
end of powered flight of a rocket to alter the orbit in some desired way. Manipula-
tions of this kind are encountered in designing a trajectory for a satellite orbit,
for a rendezvous, or transfer between two orbits, as well as in “splicing” or
“targeting” the segments of a trajectory for impact on or circumnavigation of a
celestial body. Such computations usually consist of numerical iterations based
on the orbit sensitivities to be derived here.

2. COMPUTATION OF THE ORBIT ELEMENTS
FROM INERTIAL POSITION AND VELOCITY

In the preceding section we indicated that we can often think of the orbit as being
determined by the position and velocity vector taken at a known time. Indeed,
several orbit-determination techniques follow this approach. In this section we
examine detailed computations leading from a known position, velocity, and time
to a set of orbit parameters. Here we restrict ourselves to elliptic orbits, but the
calculations for parabolic and hyperbolic orbits may be accomplished with no
essential changes in methodology. The basic relations we are about to derive may
be used in any “pseudo-inertial” reference frame with a central mass at its origin.
However, to make the following discussion specific, we concern ourselves with
earth-centered flight. Adaptation of the method to a heliocentric frame will be
obvious.
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2.1. Orbit Elements from Spherical Coordinates

We use the equator as the invariant plane and the intersection of the meridian
plane of the observer and the equator, at the time of observation, as the invariant
line. We consider this frame to be fixed or “locked” in space and assume that the
position and velocity of the object have been determined relative to it. (The
observer is moving with respect to this system since he is rotating with the earth.)
We choose to “lock” this frame at the moment ¢ = t,, at which time the following
have been determined (Fig. 4.1):

Reference
meridian

19

Ao 90 y

Equator

Figure 4.1

ro, the distance from earth’s center to the object;
@p, the latitude of the object;
Ao, the inertial longitude of the object relative to the meridian of observation;
vy, the magnitude of the inertial velocity of the object ;
Yo, the angle of the velocity vector above the local horizontal (the flight path anglej ;
Vo the angle between the horizontal projection of the velocity vector and the
local north, i.e., the course of the object at ¢t = t, (the flight path azimuth).
We have already seen how to compute two of the orbit elements. Equation
(2.24) is
Hro

a=—-
2u—rov3’

(4.2.1)

where u is the product of the universal gravitational constant and the mass of the
earth. Equation (2.2.3) yields

1
e = p(uz—zprovﬁ cos? yo+13vg cos? y,)/2. 4.2.2)
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From the equation of the ellipse, (2.2.30), we have
ecosEg = 1—ro/a, (4.2.3)

where E, is the value of the eccentric anomaly at t = t,. If we eliminate E in
(2.2.32) by using (2.2.33) we obtain

rolo/~/1a = esin Eg, (4.2.4)
but, by definition, 7y = v, sin y,, thus
' e Sin EO = ToVg Sin '})o/s / Ua. (425)

Since the eccentricity, e, is always positive, we can determine the quadrant in which
E lies, and its magnitude is

o= tan-t (/2 oo | 426

Using Kepler’s equation (2.2.34), we get
T = ty—/aJU(Eq—esin Eo). 427)

We note that the time of perigee passage, 7, is given in terms of t,. Equation (4.2.7)
will yield a © which may be positive or negative and refers to the time of next
or last perigee passage, respectively. In this case, t = t, is referred to as the epoch.

The calculations leading to angular position and time of perigee passage
relative to the epoch may also be carried out in terms of the true anomaly. If we
substitute (4.2.1) and (4.2.2) into the equation of the conic-section orbit and solve
for cos f, we obtain

[rov3 cos? po—u]

cos fo = . 428
fo (12 —2urov3 cos? yo +r3vs cos? po)t/? (428)
From this we may write formally
) .
sin fo = 1—cos® fo = 7% SR Yo B2 To (4.2.9)

(U —2ur v} cos? yo+rgvg cos? y)t/?’

where a little consideration shows that sin f, must have the same algebraic sign
as sin y,.

To compute the time of perigee passage in terms of f or r, one may use Egs.
(2.2.37) or (2.2.40) with the lower limits being f = 0 or r = a(1—e). Even before e
approaches unity close enough to necessitate the use of (2.2.41) one gains numerical
accuracy by using (2.2.40) instead of (2.2.37) if f,, is in the second or third quadrant.
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5}

Yo

Ao
x Figure 4.2

To compute the other three orbit elements, it is simplest to examine the track
of the orbit on a nonrotating earth (Fig. 4.2). From the laws for right spherical
triangles, we get

COS [ = COS @ sin ¥/, (4.2.10)
and, since by definition i is never greater than 180°,
sin i = \/1—cos? ¢}, sin? . (4.2.11)
Then
sin (4o — Q) = tan ¢ cot i; cos (g —Q) = cos Y/sin i, (4.2.12)
and

sin (w +f,) = sin @g/sin i; cos (w+fy) = cos (Ag—Q) cos @y, (4.2.13)

Since Ay is known,* the node angle, Q, can be determined from (4.2.12) and,
assuming that f, has been found from (4.2.8) and (4.2.9) or by (4.2.6) and (2.2.29),
we can obtain  from (4.2.13).

2.2. Orbit Elements from Rectangular Coordinates

It is sometimes more convenient to express the position and velocity of the orbiting
object in terms of the (x, y, z) coordinate frame. The computation of the orbit
elements can be performed as follows, if we are given X, yo, 2o, X0, Vo, Zo. WE
assume that these are taken with respect to an inertial frame which may be oriented
as shown in Figs. 4.1 and 4.2, although this is not necessary.It is standard (Chapter
3) to consider the x-y plane as coincident with the equator and the x axis as

*Because A, is measured relative to the observer’s position, it follows that the Q obtained from
(4.2.12) is also. We simply add the geographic longitude of the observer to find Q relative to
Greenwich at t,, or the right ascension of the observer at ¢, to obtain Q relative to .
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containing the inertial meridian of observation or pointing toward <. We have, of
course, '

ro = (xg+ys+z3)'%; 0 = X5+y5+23, (42.14)

from which we may obtain the semi-major axis by use of (4.2.1). Equation (4.2.4)
may be written as ‘

. 1 , . .
esin Eg = ——(XoXo+ YoVo+ Z020); (4.2.15)
N

if, now, we find e cos E by (4.2.3), the eccentricity can be determined, using (4.2.3)
and (4.2.15), by

e? = (esin Eq)? +(e cos Eg)*. (4.2.16)
The eccentric anomaly E, is obtained by again applying (4.2.3) and (4.2.15):
E, = tan™[e sin Ey/e cos E, ], (4.2.17)

where its quadrant is determined by the algebraic signs of e sin E and e cos E. The
time of perigee passage can now be computed, as before, by (4.2.7).
If we set up unit vectors a,, a, a, along the x, y, z axes, respectively, we may
write
Iy = a,Xo+a,y9+a,z,
and (4.2.18)
Vo = a,Xo+a,)0+a,2,.

Now (roxvy) is a vector perpendicular to the orbit plane and of magnitude

oo COS Vg ; thus
_ o _ Iroxvo| _ /ua(l—e?) (42.19)

Vo ToUg Tolg

COS Y,

and, if we wish at this point to compute the time of perigee passage in terms of true
anomaly, we may proceed by way of Egs. (4.2.8) and (4.2.9) as before, where we
must remember that the sign of y, is that of ryv,. Further

(ro X Vo)a, = ryvy COS o COS i, (4.2.20)
and, performing the vector multiplication indicated, we obtain
XoYo—YoXo

Jna(l —e?)

where we have used (4.2.18) and (4.2.20). Again, sin i = +./1—cos? i. Now the
vector a, x (ry X v¢) lies in both equatorial and orbit planes, i.e., along the line of
nodes; a little consideration indicates that it points toward the ascending node.

cosi= (4.2.21)
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Then [a, x (ro X vo)]a, = rovo cOs 7, sin i sin Q, or

sinQ = — 20— ZoYo (4.2.22)
Jua(l—e?*)sini
and, similarly,
cos Q = —x0%o— Zo¥o (4.2.23)

pa(l—e?)sini

Finally, we may use the first equation of (4.2.13) to find sin (w+f;) since sin ¢y =
Zo/Fo, that is,
sin (w+f,) = zo/r sin i. 4.2.24)

To find cos (w+f;) we note, as an alternative for the second equation of (4.2.13),
that [a, x (ry x vo)] Ty = rdv, COS 7, sin i cos (w+fo), or

) = Yo(YoZo—20Y0) = Xo(ZoXo — XoZ0)

7o sin i /ua(l—e?)

3. ORBIT DETERMINATION FROM CLOSELY SPACED OBSERVATIONS

cos (w+f, (4.2.25)

3.1. Observations Include Range and Two Angles

The calculations of the preceding section suggest orbit-determination techniques
that rely on the actual knowledge of vehicle position and velocity at some instant,
or on ready inference of them from tracking data. In practice, this will be the case
with various ascent guidance “packages” which monitor the powered flight of a
rocket by the use of ground-based and on-board sensors and a suitable computer
so as to yield the dynamic state variables of the vehicle at engine cutoff.

As another example, we might obtain closely spaced vehicle positions from
successive measurements of radar angles and slant range so that finite-difference
schemes applied to the position data might produce an acceptable estimate of the
velocity vector. The most elementary scheme of this sort would run as follows.
Let the observer’s geographic position be given by h, ¢4, 46, i.e., height above the
spheroid, geodetic latitude, and geodetic longitude, respectively. His geocentric
distance and latitude can then be found by using Egs. (3.6.3) through (3.6.6).
If ¢, represents the time of the first measurement, and ¢, that of the second, and
the corresponding observables are slant range (D;,D,), elevation angle (E,,E,),
and azimuth (4,,4,), the crudest form of combination yields

D = (D,+D,)/2; E = (E,+E,)/2; A= (A;+A4,)2, (4.3.1)

D = (D —Dy)/(t,—ty); E = (E,—E)/t,—1ty); A= (A,— A/t —1y),
(4.3.2)
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which are presumed valid at t = (t; +¢,)/2. An obvious combination of these
quantities with the observer’s position and his diurnal velocity (according to
Chapter 3) yields the geocentric inertial position and velocity of the vehicle at ¢.
In practice many more than two sets of tracking data are usually available, so that
the position and velocity of the vehicle can be deduced more reliably by “smooth-
ing” techniques. The resulting information can serve as the starting point for an
orbit determination according to Section 2.

3.2. Observations Include Angles Only. The Method of Laplace

If the observing instruments cannot provide range measurements, we can devise a
method involving finite-difference schemes to estimate r and v, but this requires
a minimum of three closely spaced “angle-only” observations. Naturally, this
case has been thoroughly examined by astronomers; we restrict our discussion
to its essentials*

Suppose we operate in a geocentric or heliocentric cartesian frame where the
instantaneous position of the objectisgivenbyr = R + D, the vector R representing
the observer’s position (assumed calculable) and D that of the object relative to the
observer. Further, let us write the components of these vectors asR:(X, Y, Z) and
D :(Da, Db, Dc), where a, b, ¢ are the direction cosines of the line of sight, i.e., com-
binations of trigonometric functions of the azimuth, the elevation angle, the right
ascension, and the declination of the body (see Chapter 3). D is the magnitude of D.
Hence,

x=Da+7Y,; y=Db+7; z=Dc+Z. (4.3.3)

Nowwe assume thatthedata a, b, c have been obtained at three instants of time
ty, by B3 sufficiently close together to permit reliable numerical estimates of
a, b, ¢, d, b, ¢ at the time t, by finite-difference schemes. If t;—t, = t,—t,, we
obtain such expressions as

a,—a 4(ay;—2a,+a
t3 tl and ‘-1-2: ( 3( 2 5 1)
31l (t3—1t1)

4, =~

For unequal spacings of ¢4, t,, t; similar expressions are available; we shall not
proceed further into the subject of numerical differentiation at this point.

If we are operating in a heliocentric frame, then that part of the observer’s
position (X, Y, Z) which depends on the location of the earth’s center is read from
the tables of the sun in AENA and the time derivatives we need must also be
obtained from finite-difference expressions. The additional part of R (or, if we are
working in a geocentric frame, the sole part of X, Y, Z and their derivatives) is
given by the obvious expressions for the observer’s position relative to the center of
the earth and must include diurnal rotation.

If we knew D and D at t, we would have the necessary information to compute

*For additional detail, see, for example, reference 1, p. 195.
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the orbit elements since Eq. (4.3.3) gives us the position of the object, and its
velocity follows from

% =Da+Da+X; y=Db+Db+7; i=Dc+Dé+Z. (4.34)

To determine D and D, we have recourse to the differential equations of the
two-body problem:

= —px/r’s  y=—pyfrt; E=—pzr,

Substitution of (4.3.3) on both sides of these equations leads to
aD+2dD+<ii+ ﬁ—?)D = - <X+ ‘i—f)
§D+2BD+<B+ f—f)D = —<Y+ ”r—z’> (4.3.5)
cD+2c'D'+<é+ ’:—:f)D = —<Z+ ‘:—32>

The unknowns in this system are the four quantities D, D, D, and r. The problem
becomes determinate if we remember the cosine law which must prevail in the
triangle of observation between the vectors R and D:

r? = R*+D?—2DR cos v, (4.3.6)
where the angle v (= E+m/2) is given by R and the known direction of D, that is,

- (a5 ba C)R

cos v =
R

We eliminate D and D from (4.3.5) to obtain a second equation in the two
unknowns » and D. The left-hand sides lead to the determinant
a o a+le
: r

o w
A=2bbb+’r‘—3,

. . HC
c ¢ i+
,

which immediately reduces to

(4.3.7)

o O Q
a. S Q.
o O Q:
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Thus, we find

1 1 '
D= K|:A1 +—r3A2:| . (4.3.8)
where
a 6:1 X a a X
A,=-21b b Y and A, = —2ul|b b Y|. (4.3.9)
c ¢ Z c ¢ Z

If, in a heliocentric frame, the motion of the terrestrial observer about the sun be
taken as given by the two-body approximation, one may substitute X = — uX/R?,
etc., in (4.3.9). The simultaneous solution of (4.3.6) and (4.3.8) may be obtained by
numerical iteration.

Eliminating D and D from (4.3.5), one finds

1[0 1
D= X[A3+FA4], (4.3.10)

where

Ay = — and A, = —u (4.3.11)

o o Q
N = D
o o Q.

o o Q
N~
o: O Q:

Having obtained D, the velocity vector follows from (4.3.4) and the determination
of the orbit elements proceeds as in (4.2.14) to (4.2.25).

Thus, the procedure of orbit determination according to Laplace is rather
straightforward. Its weakest point is the numerical estimation of 4, b, ¢, d, b, ¢, at
least if we restrict ourselves to three observations and use the most primitive finite-
difference expressions. Another consideration is the possibility of a vanishingly
small determinant A. This occurs whenever the observer is located near the orbital
plane; we shall see more of this later.

4. ORBIT DETERMINATION FROM WIDELY SPACED OBSERVATIONS

In many situations we do not enjoy the advantage of having closely spaced
observations from which the position and the velocity of the vehicle can be reliably
deduced for an epoch. Rather, we may obtain data from widely separated points
of the orbit. Indeed, in astronomical orbit determination we may deal with
telescopic angle readings separated in time by several years. In the case of satellites
or space probes, individual observations may have been gathered from different
sections of the orbit or even during different anomalistic periods. The data may
consist of angles, ranges, range rates, or any combination of these, depending on
the instruments used. In the light of such possibilities it is helpful to summarize
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the basic relations that connect the measured quantities with the orbit elements in
each case.
We begin our summary by fixing the notation. The equation for a conic can

be written as
r =r(p, e, 0, 0), (4.4.1)

where p = 1a(1—e?) and 0 = f+w. We adopt p to circumvent the singularity
in the semi-major axis for parabolic orbits. The vector components of r(x,y,z) are

X L1,
_ _(rcos (0—w)
yl={m my <r sin (9_0))>5 (442)
z ny
where
I =L i,Q),...,n, = nyw,i), (4.4.3)

are the direction cosines of the major and minor axes. They are functions of w, i,
and Q defined in (3.4.4) and (3.4.5). Thus we may write x = x(p, e, , i, Q, 0), etc..
and also

x=%(p, e, o,i,Q,0), etc. (4.4.4)

Finally, we can represent the time relations for any conic, e.g. (2.2.37) or (2.2.40),
in the form

t=tlp,e1,w,0) or t=tper,r). (44.5)
Let the observer’s position be denoted by
R:X,Y Z, (4.4.6)
and the information from a radar be
D:D,D,D, 4.4.7)

in the event azimuth and elevation angles and slant range are measured and
converted into components in the x, y, z frame. If range alone is measured we -
designate it

D=|D]|, (4.4.8)

and if only angles are furnished we use
p=alc and o= b/, (4.4.9)
where a, b, c are the unit vector components of D introduced in Section 3. Finally,

if range rate is measured (by the Doppler effect), we shall use

. d
D=— D] . (4.4.10)
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It is assumed that time will be recorded with every observation. With the help of
these definitions, let us find out how to determine the six orbit elements from various
combinations of tracking data. '

If angles and range are furnished we need to observe two points on the orbit
and the associated times; the governing algebraic system turns out to be

R;+D; =r1p, e, 0,1, Q,0)), ji=1,2, (4.4.11)
t;=tip, e w1, 0)), j=12, (4.4.12)

where, for the case of elliptic orbits, the time equations are (2.2.37) evaluated
between the limits w and 6;. Equations (4.4.11) and (4.4.12) are merely of symbolic
significance in that they exhibit a system of eight conditions (six components of
Eq. 4.4.11 and two time equations) for the eight unknowns (six orbit elements,
01, and 0,). In practice we rely on geometric insight and the specific structure of the
right-hand sides to suggest an effective procedure for solving these equations.

Starting from the given vector quantities R;+D; = r;, we compute the normal
to the orbit plane

ry Xr,
[ry x| 7

and then
X1Y2—=X2)1

cosi = Na, = ,
I Xr, |

(4.4.13)

where a, is the unit vector along the earth’s polar axis and i lies in the first or
second quadrant. As with (4.2.22) and (4.2.23)

. Y1Z22— Y221
sin Q = ,
|r; xr,|/1—cos?i
(4.4.14)
X12p— X2,
cos Q = .
|ryxr, | /1—cos?i
Now from
Inxrl _Gne,—0) and 2o cos(0,-0)  (@44.15)
Fifs 2
we find 6, —6,. We also obtain
sinf, = — L (4.4.16)

bl
Fin/1—cos? i

_ V1y122—21y2) = x (2%, — X, 2,)

cosf, =
! r Il‘ Xr ’./1—COSZi
1 1 2

and
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Next we can write

_ 2p

" 1+ecos (0, —w)
_ 2p

" 1+4ecos (0,—w)

" (4.4.17)

T, (4.4.18)
and t, —t, by (2.2.37) taken between the limits 6, —wand 6, — . Here an allowance
may have to be made for the number of integral periods elapsed between ¢; and ¢,.
One approach to the numerical solution of the last three equations might start
from a combination of (4.4.17) and (4.4.18) yielding

r2—r1

¢= rycos (0, —w)—r, cos (0, —w) o) (44.19)
For any trial value of w one can find e(w) and p(w) from (4.4.19) and (4.4.17).
Iterations in w are used to satisfy the expression for t, —¢,. After that, 7 is found
from (2.2.37) written for ¢, or t,. )

An iterative numerical solution of the above equations accomplishes the same
as Lambert’s theorem. The latter represents a standard approach in the astronom-
ical literature to the efficient computation of an orbit from two positions relative
to the central mass and the associated times [2(a) p.50; 2(b) p.141]. Since modern
high-speed computers render the differences between equivalent formulations of
secondary importance (barring cases with pathological convergence) we shall not
pursue this matter further in the present discussion. Instead, we briefly review
several other combinations of observational data and the geometric arguments by
which they yield orbit elements.*

If only angle data are observed we find in general that three sightings suffice
to determine a set of elements; i.e., the data

R; pj, 0}, j=123 (4.4.20)

determine three lines of sight in space. To utilize this information one notes that
the orbit plane can be written as

z = tan i(—x sin Q+y cos Q), (4.4.21)

in terms of the (yet unknown) parameters i and Q. The intersections between this
plane and the lines of sight will mark positions on the conic. They can be found in a
straightforward manner as follows.

*Throughout this section we assume that full use is being made of the information contained
in every set of observations. Departing from that principle, we might have added to (4.4.11),
for example, the partial condition |R3+ D3 | = | rs(p, e, @, i, Q, 65) | from a third observation
and retained only one equation (4.4.12). There is practically no limit to the possibilities one
might consider. The use of such “partial” observations arises most naturally in recursive
statistical orbit refinement and will not be pursued further in this section.
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Let the equations of the sight line from an observer be denoted

c+gx =y; d+hx = z. (4.4.22)

For an earth-centered orbit the coefficients c, d, g, h are expressible in terms of the
observer’s latitude, instantaneous right ascension, and the azimuth and elevation
angles at which the object appeared to him at the time. This may be done by means
of the coordinate transformations given in Chapter 3. By inverting (3.6.7) through
(3.6.10), we find

g = {sin op[sin ¢, sin E — cos ¢, cos E cos A] + cos a, cos E sin A}

x {cos ap[sin @q sin E — cos ¢, cos E cos A] — sin a, cos E sin 4} 1, (4.4.23)
h = {sin ¢, cos E cos A + cos ¢, sin E}

x {cos ay[sin @, sin E — cos ¢, cos E cos A] — sin g cos Esin A} ™1, (4.4.24)
¢ = R cos @g(sin oy — g cos ayg), (4.4.25)
d = R(sin ¢y — h cos ¢ cos ay). (4.4.26)

(If Eq. 4.4.22 ismeant to represent heliocentric coordinates, the appropriate expres-
sions in place of Eqs. 4.4.23 through 4.4.26 are easily found.)

Manipulation of (4.4.21) and (4.4.22) yields the cartesian coordinates of the
point of intersection of a line of sight with the orbit plane as

d— ccosQtani

(gcosQtani — sinQtani — h)

dg — csin Qsini — ch

y (4.4.27)

T (goosQtani — sinQtani — h)

_dgcosQtani —dsinQtani — chcos Qtani
- (gcosQtani — sinQtani — h)

In order to refer these cartesian coordinates to the geometry of the conic
section, let us define the unit vectors

ag :(cos Q, sin Q, 0),
and (4.4.28)
ag :(—cos i sin Q, cos i cos Q, sin i),

where ag points to the node and ag lies in the orbit plane—separated from ap by 7/2
in the direction of anomalistic motion. If we denote the position of a point of
intersection (4.4.27) as r :(x,y,z), the central angle between it and the node is, as
we have seen before,

-1 (rag) A (rag)

sin
7] |7

0 = cos

= 0(€, ), (4.4.29)
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and of course
|r| = [¥*+y*+22]'* = r(@, ). (4.4.30)

Considering the r, 6 associated with the three sightings and the corresponding
clock readings, we may now use the following relations for Keplerian orbits,

2p .
r= TFecos(0—a) j=123, (4.4.31)
and the corresponding three versions of (2.2.37).

Equation (4.4.31)and the three time conditions constitute six equationsin terms
of the orbit parameters ; these must be solved by iteration. An effective means of
accomplishing this consists of using two of the radial distances, say r; and rj,
as trial variables and solving for tentative values of i and Q from (4.4.30). From the
same equations r, follows immediately and the 6;’s are found from (4.4.29). Using
these values, we can obtain p,e,w (by algebraicelimination)from (4.4.37). Thereafter
a value for 7 is calculated from one of the time conditions in a straightforward
manner ; this completes a tentative set of elements. The residuals found in the other
two time conditions, after substitution of these elements, are the criteria for a
revision of r; and r; and the start of the next iteration.

If it should happen that all values of R; and D; lie in or near the same plane,
i.e., the orbit plane, any assumed values for r; and r; will lead to an indeterminate
(or at least very inaccurate) result for r, via (4.4.30). This is because (4.4.30) is
based on the intersections between the sight lines and the orbit plane.

Oncesuch anin-plane caseisrecognized, a different approach hasto beadopted ;
four sight lines are required for an orbit determination. Figure 4.3 illustrates typical
triangles of observation, which lie entirely in the orbit plane. The notation is as

Figure 4.3
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before, except that «; is introduced as an observer’s coordinate. Of the sight lines
and the observer’s position angles, any two will suffice for a determination of i
and Q by existing formulas. (We could, for example, use two R;’s in place of ry
and r, in Egs. 4.4.13 and 4.4.14.) To establish the remaining four elements, we note
that, for each triangle of observation,

cos E; 2p
r. = . = .
J 7cos (0;—a;+E;) 1+ecos(h;—w)

(4.432)

The time of each observation is again given by (2.2.37). This is our system of eight
equations in the unknowns p,e,w,t, and the 6’s. It still would be very awkward to
solve such a system as it stands, but, in line with the preceding case, we can adopt
two of the r;s, say r; and r,, as trial variables. This leads to tentative results for
p.e,w,t by a procedure analogous to (4.4.15) through (4.4.19). With these we can
compute 6, and 65 from (4.4.32) which, if substituted into the time conditions,
yield a pair of residuals that serve to initiate the next iteration in r, and 7.

One might observe about angle-only observations in generalthat if two stations
make simultaneous sightings of the orbiting body they establish a complete
“fix.” Two such fixes permit a solution analogous to (4.4.13) through (4.4.19).
In situations where terrestrial base lines between stations are adequate such
triangulation seems very appealing; but since most often one cannot rely on
simultaneous sightings entirely, it is preferable to retain a general formulation of
the angle-only case which takes advantage of simultaneous observations implicitly
when they do occur, without being based explicitly on triangulation.

In situations where R;/r; < 1, i.e,, where the observer’s parallax is negligible,
Egs. (4.4.32) degenerate. Actually, they are unnecessary, since we are, in effect,
measuring the 0;s directly. Thus, only the time equations remain to determine
the four orbit elements.

Observational data consisting of six range measurements with their correspon-
ding times represent, at least conceptually, another fundamental situation for
orbit determination. As an exercise in analytic geometry, one can write down the
equation for the orbit plane (with as yet unknown coefficients), the six circles
representing its intersections with the six given “ranging spheres,” and proceed with
a six-point iteration to find the intersections of a conic trajectory with the six circles
that satisfy the six time equations. In its most general form, this analysis does not
lead to an algorithm that is attractive for preliminary orbit determination, nor is
it relevant from a practical point of view, since every known ranging device also
yields at least some crude angle measurements. These lead to a tentative orbit
more rapidly than the strict “range-only” case. However, the special situation invol-
ving two simultaneous triplets of ranges from different observers is convenient
to use and of some practical significance. Each simultaneous triplet of range
measurements results in three equations of the form
D;=|r;—R;| =[(x;}— X)*+(y;— Y)?*+(z;—Z)*]", (4.4.33)

J
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and can be solved for x,y,z. Thus two positions and times on the orbit are obtained,
from which the orbit parameters can be determined according to (4.4.13) through
(4.4.19).

It remains to consider the use of range-rate information, D ;» derivable from
Doppler measurements. As in the case of range readings, one needs, in principle,
six Doppler observations for an orbit determination. The formal exercise of
writing the dot products between the velocities at six positions in orbit, given by
0;G=1...,6), and the corresponding sight lines is straightforward. These
expressions, together with the time equations, constitute the determining equations
for the orbit parameters and 0;’s. Again, the twelve-dimensional iterative algorithm
leading to the numerical solution turns out to be quite awkward and of limited
practical significance since Doppler measuring equipment also yields some
angular data in most instances. _

The preliminary orbit determinations encountered in practice often involve
a heterogeneous collection of partial observations, e.g., a cutoff velocity measure-
ment, the crossing of a radar fence, and a few Doppler data from Minitrack-type
stations. Another typical situation is the determination of remote satellite orbits,
e.g., around the moon or a planet, from earth-based trackers. Here the angle data
are practically worthless while range and range-rate data are usually available.
In that event the above approaches based on observations of D; and D; must be
combined in a suitable ad hoc manner.

5. THE METHOD OF GAUSS

In the preceding section we showed the governing conditions for several types of
orbit-determination problems. They give an indication of the approaches one might
implement on modern computers. We also indicated that a special effort was
made by classical astronomers toreduce the orbit determination from two positions
to an efficient computing algorithm by virtue of Lambert’s theorem. For complete-
ness, we outline a similar effort on behalf of the “angle-only” case, known as
Gauss’ method.* It has been the prototype of numerous ingenious procedures
for calculating orbits from telescopic sightings. Since the available literature on this
method is extensive, we content ourselves with a survey of its essentials.

Gauss utilized the geometry of conics as well as the dynamics of motion in a
central force field to obtain the solution. First, the planar character of the orbit
leads us to relations among the unknown distances D,, D,, D, i.e., the ranges
of the object from the observer, at times t,, ¢,, t3. Next, the equations of motion
provide us with approximations allowing an estimate of D, and thence of D, and
Dj;. Then, knowing two points on the orbit in terms of any two of the ranges D,
associated sight angles and times, we have access to all the orbit elements. Gauss
performed this calculation by using the relations between the orbit sectors de-

*Cf. especially reference 5, p. 121, and reference 1, p. 199.
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limited by r,, r,, 75 and Kepler’s equation. His entire formulation was designed for
hand computations but retains some general interest.
Since the orbit lies in a plane passing through the origin, we require that

1;N=r1,N=ryN=0, 4.5.1)

where N: A4, B, C is the unit normal to the orbit. For a nontrivial solution of the
algebraic system (4.5.1) we must have

X1 V1 2
x2 y2 22 = 0 (4.5.2)
X3 Y3 2z3

Arranging the expression for this determinant in three alternate forms we obtain
x1[¥223—22y3] —Xo[ V123 —21y3] +X3[y122—21y,] = 0,

yilz2X3—X323] = yalz1x3—x123]+ y3[21%, —X12,] = 0, (4.5.3)
z1[X2y3—yax3] = za[X1y3—y1X3]+23[ X1y, —y1x2] = 0.

Theseequations will become independentifwecanacquireindependent information
onthevarious bracketed terms. Wenoteforexamplethaty,z; —z,y; = a.[r, xr;] =
[r,r3]cos (N, x), where a_ is a unit vector along the x axis, [r,r;] denotes twice the
area of the triangle delineated by r, and rj, and cos (N, x) is the direction cosine
between the x axis and the normal to the orbit plane. Reinterpreting all the
bracketed terms of (4.5.3) in this fashion and noting that each equation may be
divided through by cos (N, x), cos (N, y), or cos (N, z) respectively, we find

nix;—Xx,+n3x; =0; ny1—y,+nsy; = 0; nizy—z,+n3z; =0, (4.54)

wheren; = [r,r3]/[ri73] and ny = [ryr,]/[r1r3]. Now, no matter what coordinate
system an observer uses, his sightings may be represented (by the standard

transformations of Chapter 3) as D; = D/(a;, b, c;) where a;, b, c; are the direction

cosines of his sight lines in the x, y, z system. At the times of observation, let us
denote the position of the observer with respect to the origin by X, Y, Z;. Then

x;=a;D;+X;; y;=bD;+Y;;  z;=c¢D;+Z, (4.5.5)
and substitution into (4.5.4) yields
an;D—a,D,+asn;Dy; = —n X+ X, —n3 X5,
bnD{—b,Dy+bsnDy = —n Y+ Y, —n,Ys, (4.5.6)
cinyDy—c,Dy+c3n3Dy = —nyZ +Z,—n3Z,.
This may be solved for D, in the form

AD, = d = nyd, —d, +nsds. (4.5.7)
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In this expression we have

a; a4, 4as
A = b1 b2 b3 5
€1 C3 C3

and
a;, mX{—X,+n3X; as
d= b1 nIYI_}/vz+n3Y3 b3
¢y mZi—Z,+nZy; c3

b

a X, a; a; X, a; a; X5 a,
di=|b, Y, bs|l; dy=|b Y, by|; dy= by Y5 bs.
¢y Zy c; ¢y Z, c3 ¢i Zy c4

Were n; and n; known quantities, we could solve (4.5.7) for D,, if A # 0. This last
means that the three sight lines D, D,, D, taken as vectors in X, y, z space, must
not lie in one plane, i.e., that the observer must not be situated in the orbit plane.
The case with A = 0 requires special attention and we shall return to it later.
Assuming for the moment that (4.5.7) is not degenerate, we must determine the
independent means by which »; and n; are to be computed.

For this purpose we use the time relations between ry, r,, r5. As a first step one
writes series expansions of the type

. L.,
X3 = x2+x2T1+-é—‘x2T%+ Ty (4.5.8)
where T; = t;—t,. Next, we make use of the differential equations of motion
%= —pux/rd, j = —puy/r}, and # = — uz/r3, to eliminate all but the first-order

derivatives from the expansions (4.5.8). Substitution of these results, for example,
into the expression for [r,73] cos (N,x) yields

uT? uT% | . .
X2Y3—YaX3 = [— T3+’r—3+—'_3 Fato| | X2Va—VaXa |,

where Ty = t, —t;. Further manipulations of such expressions lead to the results

_[rars] T LT+ T,) uT(T2+ T, T,—T3) .
1_[rr]'—F 1+ 6r3 + 4r4 r2+... ,
13 2 > 5

(4.5.9)

Na = [r172] _ T 1 ,UT1(Tz+T3)__ﬂTx(T%+T1T3—T§)f g
]l T 6r3 4r3 S

where T, = t;—t;.
Inspection of (4.5.9) reveals that the terms in 7, are obviously inconvenient.
Any procedure for estimating this derivative by finite differences would introduce
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the weaknesses of Laplace’s method. Fortunately one can neglect the 7, terms
without excessive loss of accuracy in many applications of Gauss’ method. Let us,
therefore, proceed to use (4.5.9) with only two terms in each bracket and refine it
later, if necessary. Substitution into (4.5.7) yields

1
D, =% [dl(Tl/Tz)_dZ +d3(T3/T2):| +(NT/6T,4) [di(T2 + Th) +dy(To + Ta)]rl—3,
2

(4.5.10)

which now contains the unknowns D, and r,. From the triangle of observation
at t, we remember that there also exists the geometric relation

r2 = RZ2—2R,D, cos v,+ D2, (4.5.11)

where the angle v,(= E, + n/2) is a known quantity and determined by the vectors
R, andD,. After solution of (4.5.10) and (4.5.11) for r, and D, we can evaluate
n, and ny by (4.5.9). Thereupon, D, and D5 follow from (4.5.6) and r;, r,, r3 from
(4.5.5).

To eliminate the approximations introduced in truncating (4.5.9), Gauss
showed that since a conic section is defined by three vectors from the focus, one
can also give the relations between the areas of the triangles [r,7,], [,73], [r173]
and the corresponding sectors of the Kepler orbit in closed form. Since the areas
of the latter are related to time by Kepler’s law of areas, this ultimately permits
one to relate n; and n; to Ty, T,, T in a precise fashion and without such errors
as we introduced in (4.5.9). Thus, a refinement of our first set of results for ry, r,,
r5 is possible.

There is nothing in the preceding discussion that implies a restriction to a
particular type of orbit. One would expect that special precautions are necessary
with observations in the remote parts of highly eccentric orbits (e.g., cometary
orbits or earth-escape trajectories in a geocentric frame) and we remember that
the case A = 0 requires special treatment. Gauss and his successors have devoted
considerable attention to the existence, accuracy, and checks of solutions for
(4.5.10) and (4.5.11) under various conditions. Thereupon, the final task of calcula-
ting orbit elements from any two of ry, r,, r; was based essentially on Lambert’s
theorem.

6. A SELF-ADAPTIVE METHOD

We have seen in Section 4 that the standard angle-only methods fail when the
observer is situated in the orbit plane, i.e., if all three lines of sight are contained in
that plane. We also demonstrated how an extension to four observations suffices
for orbit determinations in that case. The same geometric degeneracy manifests
itself in the Gauss method by a vanishing of the determinant A; in practice, this
determinant will become very small if all the sight lines are close to the orbit plane.
Indeed, astronomers have had every reason to be concerned with near-degenerate



90 The determination of orbits : [6

cases since a terrestrial observer of the planets spends most of his time near their
orbit planes. Consequently, there exists a modification of Gauss’ method to cope
with this condition.

In modern practice it turns out that the lines of sight to artificial celestial
bodies, especially satellites, swing in and out of the orbit plane rather frequently.
With automatic computing routines it is awkward to switch between various
formulations and computing algorithms as a consequence of varying geometric
conditions. In an effort to avoid this, a method has been devised which always
utilizes four sightings, but which makes only partial use of the information obtain-
able from two of these for the out-of-plane case. It does this in such a way that the
procedure automatically reduces to that explained in conjunction with Fig. 4.3
if all lines of sight coincide with the orbit plane*

As in that earlier discussion, we adopt two of the ranges, say D, and D,, as
intermediate variables. These establish a tentative orbit according to the two-point
method of orbit determination. Now let us find the normal projections of the other
two lines of sight on the orbit plane and their intersections with this tentative
orbit (Fig. 4.4). They will mark the two radii r, and r; whose angles relative to r,
(and r,) must be compatible with the observed time differentials t; —t, and t, —¢;.
To the extent that they are not, the assumed values of r, and r, (i.e., D; and D,)
must be revised until, by a process of repeated trials, this compatibility is established.
At this stage the points of intersection between the orbit and the projections D,

Orbit

Figure 4.4

*To the writers’ knowledge this is a novel (or at least independent) approach, published in
reference 11. The formulation in that publication differs slightly from the one given here; the.
reader may imagine numerous variants of the basic idea.
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D, of D, and D5 on the orbit plane should also be the intersections of the vectors
D, and D; themselves with the orbit plane. This assumes that the observational data
are strictly self-consistent. If all the lines of sight approach coincidence with the
orbital plane, it is obvious that D, and D5 tend to merge with their projections on
this plane and the task of orbit determination passes continuously to the “in-plane”
procedure of Section 3 without any change of computational procedure.

The detailed calculations are as follows. With the assumed values of D, and
D, we find

r :(X,+Day, Y1 +Dby, Z;+Dicy); r, (X4+Dyaq, Yo+ Dyby, Zo+ Dycy),
(4.6.1)

where the quantities X, Y}, Z;, a;, b;, c; follow as usual from the observations.
With this information on r;, r,, and t;, t, we can determine a tentative orbit
according to Egs. (4.4.13) through (4.4.19). This results in preliminary values for
the orbit elements.
Next we find the normal to this orbit
r;Xr
=174 (4.6.2)

|ryxr, |
Now let I, be the unit vector corresponding to r; and form I, = N xI;. In the
orthogonal orbital reference frame (I;, I,, N), the equation of the projection of
D, on the orbit reads

D2'I2

i2 = RZ.IZ "I"(ll _RZ.II) m (463)

where i; and i, are coordinate values along I, and I,. To obtain the intersection
between this line and the orbit, we use the angle 8, as an independent variable for
the iteration. Thus
. a(l—e®)cos (0,—06,)
"7 1+4ecos(0,—w)

, (4.6.4)

and, using this expression with (4.6.3), the quantity

|:i2 _a(l—e?)sin (6, — 91)] (4.6.5)

1+ecos(0,—w)

must be driven to zero by successive trials in 6, —6,. This establishes the desired
intersection. Having repeated this procedure for D; we now possess tentative
values for the two angles 6, and 65 which are to be associated with our current
results for the elements. However, these angles must also yield the times of observa-
tion t, and t; upon substitution into (2.2.37) or other appropriate time expressions.
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In general this will not be the case in a first trial and the quantities

ad 0,
Azt = tz_'c—\/;‘ [2.2.37](0
and (4.6.6)

a3 05
A3t = t3—T— 7 [2.2.37](0

must be driven to zero by successive corrections in D; and D,. In these equations,
[2.2.37]¢ stands for the corresponding bracketed term in (2.2.37).

This then is the “outer loop” of this iterative method—the “inner” one having
been the determination of a tentative orbit according to (4.4.13) through (4.4.19)
from assumed values for D; and D,. (In both operations the numerical search
procedure must be designed with some care to result in a practical implementation.)
These iterations become more significant when one realizes that no quadruplet of
actual observations is exactly self-consistent with respect to the geometric con-
ditions of the orbit. Measurements are always subject to errors from the various
causes discussed in Chapter 3 (and from a great variety of instrument errors) so that
after (4.6.6) has been made to vanish, the sight lines D, and D; do not intersect the
orbital plane exactly on the orbit path.* It is characteristic of this method that it
throws all of this inconsistency into D, and D, but none of it into D, and D,.
More could be said about this aspect from a data-processing point of view but we
will not discuss it further here.

7. ORBIT ELEMENT SENSITIVITY: SERIES EXPANSIONS OF PARAMETERS

Up to this point we have treated the observed values of a position and the velocity
vector as if they had been determined with absolute accuracy, though of course
this is never the case. As noted earlier, data-reduction routines must be applied
to the information obtained from tracking apparatus or to the orbital elements
derived from actual observations, which are always contaminated by errors. In
this section and the next we shall consider the case where a position and velocity
vector of the vehicle are established at time ¢, and where we would like to know
the effects on the orbit elements of small changes in these quantities. In other
words, we would like to know how sensitive an orbit parameter is to the conditions
at ty. Such a study is referred to as sensitivity analysis.

This technique is of value from several points of view. First, it gives the variation
to be expected in the orbit when observational errors at ¢, can be estimated ; thus,
the effect of instrument bias on the orbit elements resulting from some of the

*In practice, one may not care to restrict these inconsistencies entirely to an out-of-plane
component by permitting the projections D, and D, to intersect the orbit at points whose times
are slightly different from ¢, and t;. The successive trials with D; and D, could then aim at
minimizing the sum of the squares of the tangential and transverse residuals at points 2 and 3.
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methods in Section 4 through Section 6 can be judged. Second, sensitivity analysis
tells us how guidance errors during the powered flight portion of a trajectory and
the resulting small changes in the injection conditions will affect the final orbit;
e.g., in a “targeting” or “splice” problem, as mentioned in Section 1, one might
be concerned with the displacements of the terminal point or changes at the
splice points resulting from changes of the injection conditions. Third, we can
use the sensitivities for “trajectory shaping” during the planning phase of a project ;
a preliminary orbit can be based on accurate computations from tentative values
of the controlling parameters, and the significance of small changes can be roughly
gauged by a sensitivity analysis. As regards the last, this approach avoids a full-scale,
time-consuming, parameter study—i.e., a numerical optimization—and the conse-
quent differencing of large numbers to obtain small changes. A typical example is
the compromise between the perigeealtitude, orbit inclination, and spin orientation
for a satellite with given payload, all of which can be controlled by the magnitude
and direction of its injection velocity.

We restrict our analysis to elliptic orbits and begin by establishing the sensi-
tivities of the six basic orbit parameters. Assume that we have established the
“smoothed” radius vector r, the velocity v,, and the flight path angle y, for an
orbiting object. Assume further that these quantities are subject to errors Ar, Av,
and Ay which are very small compared to the gross values of 7, vy, and y,. If we
denote the true values by a prime, then ' = r,+Ar, or if we absorb the sign in
Ar, we have ¥ = ro(1+Ar/ry) where Ar/ro < 1, and corresponding forms for
v" and y'. One way of establishing orbit sensitivities makes use of the expressions
for orbit parameters in terms of the position and velocity at the initial point,
which were derived in Section 2. In the present section we use these to form
Taylor series expansions in powers of Ar, Av, Ay, etc., and truncate these series
as needed for a satisfactory estimate of the sensitivities.

Let us simplify the notation by dropping the subscript zero from the initial
values for r, v, y, etc. From (4.2.1) we find for the first-order sensitivities of the
semi-major axis

da/or = 2a*/r?,

da/ov = 2a*v/u,

and

so that
A
a—a = Aa~24> (_Zr + 2Av) . 4.7.1)
o

The next terms in the Taylor series expansion are of order (Ar/r)? and (Av/v)? and
will be neglected here. The absence of y in the expression for the semi-major axis is
worthy of note. A family of elliptic orbits with equal major axes may be generated
by launching from a radial distance r with a fixed velocity but firing at different
angles. The complete family of orbit shapes will range from an ellipse with minimum
eccentricity (horizontal injection) to a straight line through the center of the earth
and of length 2a.
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For the sensitivities of e, we find from (4.2.2)

1 Ar 1Av ) 1
Ae = e, cos®’y = — +2e; cos2y~——e, siny cos y— Ay
er e v e

[ v4r? 11 1| [Ar\?
+ 22c:os y——ielcos ye3 -

[ 1 1] (Av)?
+ | e5 cos? y = —2e, cos*y —3-:' (——)
e e v

1 1 1
+F 2e2cos y— -|~2(ezsmycosy)2 J(Ay)

Ar Av

1 2
+ | e4 cos? y——(e cos? y) ]r >

1 ) 1 1 s .. L1|Ar
+ _Eel s1n2yz+§e1ezcos ysmye—3 —r—Ay

[ 1 , . 1
+ e sm2yg+ele2cos ysmye—3 7Ay+"- (4.7.2)

Here we included second-order terms for reasons that will appear presently.
In (4.7.2) we have

ey = [P —wr 0P ey = [0 = 2ur )P sd);

es = [307—wrlWrwd);  eq = [20°— u/rl@*r/ud).
If injection occurs at perigee, as is frequently the case, we have y = 0; hence
e = 1—rv*/u and the above expression simplifies considerably:

vir Ar 2v%r Av

Ae = ——+

uor T

N v'r 1 vu 1 (Ar>2
2u l:vz_ﬁ] 2r Eﬂ_ﬁ]z r
L g 1
_ _ o

3v? 2_ =

N w0 T r u 1 <Av>2 v’r r (B2
— - — 5 ¥
Hopr K r [vz—ﬁ]z ' 2”02 #
L r r| r
Lk
vr rovtr 1 Ar\[Av

+ = -2t 22+ - (473)
H 02_5 u Uz*ﬁ r v
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While no difficulty arises in applying (4.7.2) to orbits of high, or even moderate,
eccentricity, one observes that for given errors Ar, Av, Ay we might easily have a
value of e small enough to render the expansion (4.7.2) inaccurate (no matter how
many terms we include in the series). This indicates that for near-circular orbits a
power series expansion for Ae is not a suitable approach. This difficulty is not
peculiar to the way in which we approach the limit e = 0 and cannot be avoided
by taking [™4%, with y(v) a function that vanishes only as e—0. We shall see
a way around this obstacle in the next section.

A similar situation exists with regard to the sensitivities of f,,, the true anomaly

at t,, where 0 <f, <27. From (4.2.8) and (4.2.9) we deduce
rv? sin 2y

=tan ! —————.
fo 2rv* cos® y— p)

(4.7.4)

The leading term of the Taylor series for Af, reads

2 4 2u .
Afoz{4<cos2 y— 22 y)A — < i sin 2y> Av — <—2—#2 sin 2y>Ar}
rv? rv v
2 -1
X [4 (cos2 y— ;’t‘;) + sin® 2})] . (4.7.5)

If 0<(v?—u/r)<1 and } 7| < 7/2, the higher-order terms of the series expansion
become appreciable and, as v>—u/r and y—0 (the circular case), all coefficients of
the expansion exhibit singularities; one must establish a suitable asymptotic
expansion for this case or use the closed forms of the next section.

We now consider the time of perigee passage. From Chapter 2 we recall that
T =t, — /a*/u[2.2.37]4°, where [2.2.37] stands for the corresponding bracketed
term in (2.2.37). If we formally generate a series expansion for this to first-order
terms, we find

3 Jaley/1—e?sinf, _ < 1- fo
_ 2 4 Te o, 1 ‘/ 1 A
At At0+2\/l:|: [T ecosf, tan 4o an a

a3/ 1—e?sinf, (2+e cos fo) a® (1—e?)?*?
— Ae —y/——-—"—=A 4.7.6
+ m (1 +e cos f,)? ¢ p (14e cos fy)? fo,  (47.6)

where Aa, Ae, and Af, are given by (4.7.1), (4.7.2), and (4.7.5) respectively. Needless
to say, this expression for At exhibits the same difficulties that we have already
noted with Ae and Af, as e—0.

We can investigate Q, i, and w by the spherical trlgonometry of Fig. 4.2. Since
cosi = sin ¥ cos ¢, we find

Ai~ si—:”_[(sin W sin ') Ag’ — (cos i cos ¢') Ayr]. (4.7.7)
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Similarly, we obtain from the second part of (4.2.12)

-1
= Snismu_g Gn¥A t HA] + AL
sin i sin (A—Q) [(sin ) AY + (cos ¥ cot i)Ai]
= m [(cos i cos?  cos ¢’ — sin? i sig VAY |
—1 (sin 2y sin ¢’ cos i) Ap'] + AL 478)

From the first part of (4.2.13) we write
1

A = — - ) Ag’ — (cot VAT — A
@ cos (w+/o) smz[( @' — (cot isin ¢') Ai] \f,
1
= cos (w+f,) sin® [(sm icos ¢ — cosisin? ¢ siny)Ae
1 (sin 2¢’ cos i cos ¥) Ay — Afy, (4.7.9)

which gives the sensitivity of the argument of perigee. Since this expression contains
Af,, it diverges for e—0. Moreover, we note that (4.7.7), (4.7.8), and (4.7.9) diverge
as i tends to zero. In such cases the longitude of the node becomes poorly defined
and this manifests itself in these sensitivities. One alternative is to utilize suitable
redefined elements, as discussed in Chapter 2, but we will not pursue this here.

Error estimates for a few derived parameters follow quite simply from the
sensitivities already calculated. Since the pericenter and apocenter distances are
q = a(l—e) and Q = a(l +e¢), we have

Aq = Aa(1 —e)—ale, (4.7.10)
and
AQ = Aa(l+e)+ale, (4.7.11)

where (4.7.1) and (4.7.2) are to be substituted into these equations. From (2.2.24) we
have, for the anomalistic period of the orbit, T = 2n(a’/u)*/?, and thus

AT = 3n(a/n)'’*Aa. (4.7.12)

To demonstrate the utility of some of the foregoing expressions for the orbit
sensitivities, consider the following example .

Suppose that in an attempt to launch a satellite, we have obtained, with the
flight path angle y = 5.0403°, a velocity v = 7.714 x 10® m/sec in the nonrotating
geocentric frame and a burnout altitude of h = 1.2995x 10° m. We ask the
following. Is this asatellite orbit? If so, what will be the effect on the apogee distance,
the eccentricity, and the period if an error of 0.3 m/sec in velocity and a 30 m error
in altitude had been made at burnout? If no errors occurred in v and h, but the
flight path angle was off by 0.05°, what effect would this have on the eccentricity
and on altitude, location, and passage of perigee?
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Assuming a value of 6.3795 x 10 m for the earth’s radius, we have r = 7.6790 x
10° m. From (4.2.1) and (4.2.2), we find a = 8.998 x 10° m, e = 0.1744, and, from
(2.2.11), ¢ = 7.418 x 10° m. Thus, we have an elliptic orbit which does not intersect
the earth. From (4.2.8) and (4.2.9) we obtain f, = 38.22°. Considering first the
possible errors in h and v, we compute from (4.7.1) that the error in altitude induces
a change of 73.8 m in the semi-major axis; similarly, the effect due to Avis 955.2 m.
Thus, if we had underestimated h and v (Ar>0, Av>0), the total adjustment in a
would have to be Aa = 1029 m; an underestimate of A and an overestimate of v
yields Aa = —881.4 m, etc. Further, (4.7.2) yields Ae = 3.795 x 10~ ¢ due to Ah and
Ae = 7.554 x 107 for Av; in this case the second-order terms in Ae can be ignored.
If both measurements had been underestimated, then, according to (4.7.11), the
change in apogee could amount to AQ = 1936 m, and from (4.7.12) AT = 1.471 sec.

If the cutoff errors consisted only of Ay = (+)0.05° we would find that
Ae = 4.591 x 10~ *#, where this time the third term of (4.7.2) made the chief contribu-
tion. With Aa = 0 we find from (4.7.10) that Aqg = —4176 m. Finally, one obtains
from (4.7.5) and (4.7.6), Afy = 0.293° and At = —11.11 sec.

It is worth pointing out that expressions of this type may be used for certain
orbit refinement schemes. In fact, they form the basis for the method of differential
corrections mentioned in Section 1. We give here a much simplified application.
We assume that a satellite has been launched into orbit and we have only very
crude injection data for an estimate of the orbit parameters. Before the regular
tracking operation gets under way from which we can collect “smoothed data,”
it may be expected that some post-launch observations, not too precise in character,
become available. We would like to know what use can be made of such information
to effect a preliminary improvement of the orbit parameters.

Suppose a station registers a meridian crossing of the vehicle at the time ¢,.
On the basis of launch parameters this would correspond to the value f; in true
anomaly. Suppose a second observing station possesses a low-grade instrument
whose readings can be reduced to another pair of data f,, t,. Now the observed
time difference ot = t, —t,; will usually disagree with that interval computed from
the injection parameters and corresponding to f, —f;. We would like to know
the extent to which this discrepancy A(dt) reflects the inaccuracies in the various
orbit parameters and how it should be used to rectify them.

In analogy to (4.7.6) we may derive

fa
1- J/1—e?si
A(ét):g\[E 2tan'1<\/——etan£ Vi Aa
2\ l+e 2 1+ecosf ;

\//F/ —e s1nf(2+ecosf:| Ae
f1

(1+ecosf)?

@ (1—e? @ (=" @713)
1 (1+ecosf,)? 72 i (14+ecosfy)? 7" o
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Here Aa and Ae represent errors in the orbit parameters due to inaccuracies of the
injection conditions, Af; and Af, represent errors in the anomalies at ¢, and t,,
which are partly due to Af, at injection (since f, enters into the computation of f;
and f, from the sight angles at ¢, and t,) and are partly due to observational errors
in the sight angles themselves. The expression (4.7.13) shows us immediately that
if we can select observations such that f, —f; is large, the secular term in the first
brackets magnifies the contribution from Aa beyond all others. Therefore such a’
pair of observations, where each consists essentially of a single angle and time,
lends itself to a revision of the semi-major axis or, what amounts to the same thing,
of the period.

8. ORBIT ELEMENT SENSITIVITY. MOTION RELATIVE TO THE NOMINAL ORBIT

In the preceding section we noticed that the truncated series for orbit sensitivities
became inaccurate as the eccentricity approached zero. On the other hand, an
extension to higher-order terms soon makes these expressions excessively awkward.
As an alternate approach we introduce the idea of using the nominal (i.e., the
planned or desired) orbit of the satellite as a locus of reference for the variations.
With respect to this reference one may express the actual motion of the satellite as a
function of its velocity and position errors at .. Since we shall discuss this approach
more fully in Chapters 5 and 7, in relation to several perturbation methods, we
merely state the equations of motion in this section by inspection and intuition.
They will be specialized to nominally circular orbits. In Fig. 4.5, point O" marks
the nominal satellite position in the nominal orbit. It is located by the distance
r from E and by the central angle 6 measured from the node, whose initial value
is 0,. The point O’ serves as an origin for the &, #, { coordinates where & is
positive in the radially outward direction, # is normal thereto in the nominal orbit
plane, positive in the direction of increasing 6, and { is perpendicular to the orbit
plane, completing a right-handed system. We assume that the departures (&, #, {)

Nominal orbit

Line of nodes Figure 4.5



8] Motion relative to the nominal orbit 99

from nominality are small compared to r, hence we ignore terms of order (&/r)3,
(n/r)%, (¢/r)?, and the equations of motion of the satellite about O’ may be written
as follows:

— i+ &)+ m(r + OO+ mnl+ 2mid — pm/r + &) = 0, 4.8.1)
— mij + 2 — m(r + E — 2m(F-+ E — pmn/(r+ &) = 0, (482)
—ml —uml/(r+&)* = 0. (4.8.3)

Wherever the distance from E to m occurred it was simplified from [(r+ &)? 442
+ 2] to (r+¢).

The significance of the terms in (4.8.1) through (4.8.3) becomes evident if we
examine their physical interpretation. Foilowing the term-by-term sequence in
which they are written, we have in the first (second) equation:

inertial reaction against rectilinear acceleration along the £(4) axis;

inertial reaction against centripetal acceleration along the &() axis;

inertial reaction against the £(1) component of rotary acceleration of the &, , {

system;

inertial reaction against the £(n) component of Coriolis acceleration;

£(n) component of gravitational attraction;

and in (4.8.3): '

inertial reaction against rectilinear acceleration along { axis;

{ component of gravitational attraction.

This last equation describes the satellite’s rectilinear motion normal to the orbit
plane.

We now expand (r+¢)~2 and (r+¢)” 3, retaining terms of 0(¢/r), etc.; we
observe that all terms containing r or its derivatives in the numerator describe the
motion in the nominal orbit and therefore equilibrate among themselves. Thus
we have

E—200—n0—CQur*+0%) = 05 §j+2E0+E0+n(u/r*—6%) = 0;
{+Lur =0 (4.8.4)
For the circular case, 0% = n? = u/r® and d( )/dt = W d( )/d6. Hence
E'=2n'=3¢=0;, p'+2&=0; "+ =0, (4.8.5)
where the “primes” denote derivatives with respect to 6. The solution of (4.8.5) is
& = jo/n+4E—[2h/n+3&y] cos f+ &, sin fin,
n = no—2&/n—3[Re/n+2&f+2[21/n+3¢,] sin f+2&, cos fin,
{ = ¢, sin fln+{, cosf, (4.8.6)

where f = 0—0, and the subscript 0 denotes the values of &, #, { at t,. The values
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Emax and &min from this result mark the apogee and perigee of the orbit. One easily
finds that these points are located at

e o =6

fpo=tan™! ——=_——
e (270 +3n&o)
A brief inspection of the geometry of an ellipse in polar coordinates will determine

how to assign quadrants to f; and f, and reveals the following behavior of the line
of apsides.

where f,=w—0, and f,=w—0,+n.  (48.7)

200+ 3né,>0 200+ 3né, =0 2h0+3né,<0
£,>0 f‘z in 4" quad. f,=3n/2 Jil in 3" quad.
foin 2™ quad. fo =12 fo in 1% quad.
£y<0 | [ in 1% quad. fo=m/2 J,in 2™ quad.
fo in 3 quad. fo=3m/2 fo in 4™ quad.

If we use (4.8.7) and (4.8.6), the maximum and minimum excursions from the
circular orbit turn out to be

2. 1. 5 22|12
iﬁ?ﬁ( = ;’70+450i; (20 +3ngo)"+ &5 - (4.8.8)
Now, of course, Ag= &, and AQ = &,,,, hence
2.
Aa = %(ﬁmax—‘i_ﬁmin) = ;’10"'450, (489)
and
1 17 ... I L
e = 5(€max_émin) = ﬁ; (2’10+3n60) +€0 . (4810)

To find the sensitivities of various characteristic times of the orbit, we must examine
the expression for # in (4.8.6). We note that #, represents an error in the original
observation of the satellite’s central angle which is carried along unchanged in all
predicted positions; #, enters into no other term of (4.8.6) and merely causes the
constant error —#,/rn for all future times of observation at positions specified
in terms of f. Now let us examine the variations that the secular term of # produces
in the period, and in the times of nodal and perigee passage. In general, the quantity
n(f) at any point represents a circumferential lead in the actual motion of m over
the nominal anomalistic motion so that the time correction for passage through the
point takes the form At = —#(f)/rn. Setting f = 27 as the argument in #, we get
n2n) 61

= = i+ 2nc) (4.8.11)

AT =
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Similarly, we observe the following sensitivity of the nodal passage

n 1 . .
Aty = _I:E:I_ = ‘———n2r|:m70—250_3-(’70'*‘2”60)(2]7[—90)
f=2jn—8,)

— 22410+ 3né,) sin 0, +2¢, cos 90], (4.8.12)

where j is the number of the revolutions for which the passage is to be predicted.
We note that (4.8.7), (4.8.10), and (4.8.12) constitute simple and useful expressions
for sensitivity analyses of orbits with vanishingly small nominal eccentricity,
the case which caused us trouble in the preceding section. When expressing the
present results in the notation of that section, one observes that, due to the rotation
of the frame (&, #, {), we have

Av = fjo+né, and Ay = (,—nn,)/rn. (4.8.13)
In this notation* we find, for the case where all deviations except ¢, vanish, that
—_ _ 7‘3 1/2
Jpo=+m/2, e=Ay, and Aty = 2(;) [1—cos 6,]Ay.
Finally, we observe that sensitivities for Qand i may also be calculated from
(4.8.6):

¢ 1 .
AQ = — [r = ll: . = sini[zo sin 8, —n{, cos 6,] (4.8.14)
and
T 1, .
Ai = = = ;[(0 cos 0o+ nl, sin 6,]. (4.8.15)
T=2n—-6,

In order to show an application of the equations in this section, assume that
we wish to establish a satellite in a circular orbit of altitude & = 1.300 x 10 m.
The nominal orbit is to have an inclination of 50° to the equatorial plane. A typical
rocket engine cutoff point within the capabilities of the ascent vehicle might be at
the latitude @y = 38° and the right ascension o, = 105°. We ask : what azimuth y,,

*Note that, in terms of these deviations in an inertial coordinate system, we obtain
& = 2Av/n+2Ar— (2Av/n+ Ar) cos f+rAy sin f.
Such an expression for the circular orbit may also be obtained by the simple expansion

b Cim
1+ecos (f+£o)

where C; = (v+ Av)(r+ Ar) and, from (4.2.8) and (4.2.9), cos fo = [(r+ Ar)(v+ Av)* —p]/pe, and
sin fy = (r+ Ar)(v + Av)nrAy/pe.

C2 — R~
:71[1 —e cos fcos fo+e sin fsin fo ],
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will be required to establish this orbit and where will the ascending node be located?
If an error of (+)0.05° is committed in the flight-path angle at burnout and of
(+)0.30 m/sec in the cutoff velocity, what will be the apogee and perigee distances
of the resulting orbit and its eccentricity, where will perigee be located, and when
will the first nodal passage occur? If the reading for y, was accurate to 0.05° and
@, t0 0.01°, what are the maximum uncertainties in i, Q, and w? .

Equation (4.2.10) yields ¢, = 54.66° and, from (4.2.12),

Q = ay—sin~ ! (tan @, cot i) = 64.04°.

The circular velocity is v = (u/ry)'/? = 7.193 x 10° m/sec and the nominal angular
velocity is n = 9.367 x 10~ * rad/sec. If an error of Ay = 0.05° is made at burnout,
this, according to (4.8.13), corresponds to a radial velocity component of
¢, = 6.276 m/sec. Substituting this, together with #, = 0.30 m/sec into (4.8.9),
we obtain q =ro+Aq = 7671x10° m; Q =r,+AQ = 7.685x10° m. Also
from (4.8.10), e = 8.337 x 1073 and from (4.8.7),fq = —84%45.

We find with an obvious change of notation in (4.2.13) that 6, = 53.49°
and with the help of (4.8.12), the time to the first nodal passage is ty = (2 —0,)/n
—n(2r—0y)/rn = 5711+ 2.6 ~5714 sec. If the uncertainty in the launch azimuth is
Ao = +0°05 = +8.72x10™* rad, {, = vAY, = +6.276 m/sec and if A, =
+0.01°, then {, = roA@, sin Yo = +1093 m. Thus, with the help of (4.8.14) and
(4.8.15), the maximum uncertainties in node and inclination are found to be
AQ = 9.214x 10~ * rad, and Ai = 2,603 x 10~ * rad. Finally, from (4.7.9), Aw =
2.707 x 1073 rad.

There are other uses for (4.8.6) besides computation of simple orbit sensitivities.
For example, we may apply these equations to study the release of objects from a
satellite already in orbit. The path of every ejected particle may be expressed in
terms of &, %, { as a motion relative to the nominal orbit, which in this case is the
trajectory of the container from which the particle was released. Let us assume that
there are no other perturbations than those due to the conditions at injection.
Since all particles start from the same point, we have &, = no = {, = 0, but
&0, flo» Lo will have various values depending on the mechanism of expulsion from
the capsule.

Let us examine the case of a single container explosion by which a cloud of
particles is to be distributed around the orbit. Then the instantaneous position
of the jth particle may be written as

& = —x;sin o;+x; sin (o;+f),
n; = —2k; cos o;+(3x; sin ;) f —2x; cos (o; +), (4.8.16)
{;=4;sinf

where

o= 210 1 NG <g
OC=tan 1 —_— ; ‘=-—4.2+ 2 ; A—_— _2 .
J < & )j Kj n|:’10 ‘fo:lj i n),
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The distribution of these amplitude and phase parameters is a function of the
distribution of the ejection velocities from the dispenser.

The most effective term for spreading the particles around the orbit is the
nonperiodic part of n;. Since its coefficient is proportional to sin o, gradual spread-
ing does not occur if 4, = 0. As one should expect, the particles ejected at right
angles to the orbital velocity do not contribute to a spreading of the cloud in a
circumferential direction. We also note that {; and {; will vanish periodically for all
particles. This means that the width and depth of the belt of particles will show a
null twice during each orbital period. Such a null can be avoided only by ejecting
the total mass of particles continuously around the orbit.

Another application of (4.8.6) is in design of corrective maneuvers to achieve
satellite rendezvous. Let us consider the following rudimentary example. Suppose
onespace vehicle has been broughtintothe vicinity of another. Two measurements,
at different times, of the position vector y(&, #, {) between the vehicles will, in
principle, suffice to yield the constants in (4.8.6). Then the auxiliary rockets of the
ship may be caused to deliver one velocity impulse — y, /At at a time ¢, and another
one, (x,/At)—x1, at t; + At, where At is to be a small interval in terms of the period
so that the space ship can be assumed to follow a straightline path in the &, #, {
frame. This double-impulse maneuver will then improve the agreement between
the orbits. It will not, in general, bring about a perfect rendezvous. A more general
solution of this problem would consist of a succession of impulse corrections with
some constraint imposed, e.g. minimizing the propellant consumption.

Of course one could say more about trajectory sensitivities and their applica-
tion to guidance and control procedures. An extension of(4.8.6) to elliptic, parabolic,
or hyperbolic orbits is given in Chapter 7. Rather elaborate ad hoc schemes have
been developed for various situations where the form of the required sensitivities
depends on the specific mission and the geometry at terminus. Such calculations
usually involve numerical iterations based on the equations derived for conic-
section orbits in this chapter. Since the detailed procedures may lean on the theory
of trajectory optimization and usually reflect the structure of the necessary
computer simulations, it seems appropriate to withhold further comments here.
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Chapter five

FUNDAMENTALS OF
PERTURBATION THEORY

1. INTRODUCTION

We have seen that the classical two-body problem has solutions which can be
written in closed form when either the true or the eccentric anomaly is used as the
independent variable.* The solutions provide us with planar motion in a conic
section; we generally refer to such behavior as Keplerian.

If an additional force acting on either of the two bodies is introduced, the
resulting equations of motion usually no longer have closed-form solutions.
When the magnitude of such a force is small compared to the central gravity term,
the force is called a perturbation. Then, as might be expected, the resulting orbit
does not depart appreciably from its Keplerian counterpart, at least at first;
these departurest are also termed perturbations. The terms disturbing force,
disturbed motion, etc., are also used.

Under certain circumstances, it is possible to make analytic approximations
to the effects of the perturbing forces, though a precise solution cannot be obtained.
Means of obtaining these approximations will form the subject of this and the next
few chapters. Generally, the methods consist in determining the exact equations of
motion and then assuming that their solution does not depart appreciably from
that which would be valid if the extraneous small forces were not present. We can,
in any practical case, obtain only an indication of the actual motion of the body.
“Precise” solutions can be found for specific initial conditions by numerical integra-
tion techniques, but these afford little insight on the dependence of the motion

*Weremind thereader thatiftimeis selected astheindependent variable these solutions cannot,
in general, be expressed in closed form but must be written as infinite series.

tWe note that these arise from a force which acts continuously along the orbit; this is in
distinction to the departures we considered in the preceding chapter which were due to
(virtual) deviations induced at one point in the path.

105
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on the parameters of the disturbing force. An understanding of these dependencies
is frequently far more important than a precise set of numbers and, for this reason,
we restrict ourselves here to the analytic approach. However, it can be shown that
in many cases the approximations are quite good and may exceed the precision of
numerical methods if we wish to predict the effects for a reasonably long time into
the future.* :

In this chapter we begin by examining some fundamental physical effects in
order to familiarize ourselves with the basic phenomena and geometric relations
characterizing each situation. For concreteness, we will discuss several significant
disturbing forces and their gross effects on orbits. Thereafter we will proceed to a
more systematic treatment of perturbation theory.

2. ELEMENTARY ANALYSIS OF PERTURBATIONS

As a first attempt to understand disturbed orbital behavior, we recall two basic
physical principles: (1) The rate of change of angular momentum is equal to the
torque exerted by the perturbative forces on the body in the orbit; and (2) the
change in kineticenergy of the orbiting body is equal to the work done on it by the
external forces.

These provide the means for an illuminating, though elementary, analysis of
(1) the effect of the disturbing force on the plane of motion, and (2)the effect in the
undisturbed orbit plane. For this initial examination, we restrict ourselves to
studying orbits which, in the absence of perturbations, would have been circular.
Other illustrative or qualitative discussions of satellite perturbations may be found
in the literature, such as the graphical treatment in Chapter 9 of reference 1.

2.1. Perturbative Effects on the Orbit Plane
Let us consider first the motion of the orbit plane itself. The angular momentum
vector, L, of the orbit is normal to the instantaneous plane of the motion, and is
given by
L =rxmy, (5.2.1)

where m is the satellite’s mass, and r, v are its instantaneous radius and velocity
vectors, respectively. Now the torque is

dL/dt = r xF, (5.2.2)

where F is the force applied; obviously if F lies along r there is no change in L.
When F does not coincide with r, the change in angular momentum is

AL =j (r xF)dt, (5.2.3)

*For cases where there is no clear dominance of any one force, there often is no substitute for
numerical integration to produce acceptable results.
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where the integral will be evaluated over some appropriate time interval. Now we
may write ‘

where 6 is the angular rate of motion in the unperturbed orbit, that is,
0% = wrs,

with r, being the radius of the assumed circular undisturbed orbit. Hence (5.2.3)
becomes
1
AL = gJ(r x F)d6. (5.24)
Equation (5.2.4) suggests that, as a first approximation, we express r and F in
terms of the unperturbed position angle of the orbit; the errors so committed are

obviously small relative to the effects we are calculating, as long as those effects
themselves remain within bounds.

x, X
Figure 5.1

The components of AL indicate the change in the orientation of the orbit.
Let us set, in this case, the x axis along the unperturbed line of nodes. (See Fig. 5.1.)
Then it is easy to show that

Lcosi=a,L; LsinisinQ=|(a,xL)xa.|; LsinicosQ = a,xLa,,
(5.2.5)

where a,, a, a, are unit vectors along the inertial axes. For a given AL we can write

L = a(AL,) + a,(—L, sin io+AL,) + a,(L, cos ig+AL,).
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Carrying out the operations indicated in (5.2.5), setting i = io+Ai, L = Lo+ AL,
Q = AQ, and assuming Ai, AL, AQ are small,* we obtain

AL = AL, cos iy—AL, sin iy,

B AL, cos iy+ AL, sin i,
L, ’

Ai (5.2.6)

AL,
" Lysini,

AQ (5.2.7)

Equations (5.2.6) and (5.2.7) relate the changes in angular momentum to the
changes in orientation of the orbit plane. The AL may be found by (5.2.4), where,
for example, we may integrate over one revolutionf, i.e., from 8 = 0 to 0 = 2x.

2.2. Perturbative Effects in the Undisturbed Orbit Plane

Now let us look at the motion of the satellite as projected on its initial orbit plane.
Since we are interested in the departures from circularity, it is convenient to
employ the relative coordinate system &, n, { we introduced in Chapter 4. We
have (see Figs. 5.1 and 5.2),

X = (ro+&)cos 0 —#sin 6, Y= (ro+&)sin 6+# cos 6,

Y
Pt 1
-~ ~ m
7 YN
/ N\
/ g
// 5 \
! 0 |
T I
| | X
\ /
\ /
\ /
\ %
N v
\\\ ///

Figure 5.2

*As mentioned, if the perturbing forces are small, the changes in these elements over a reason-
able period should also be small.

1By calculating ALfor one revolution and dividing the results for Ai and AQ by the period
T we obtain mean rates of change in i and Q. The notion of averaging perturbations over one
period is intuitively obvious; a more formal treatment of this idea, leading to so-called aver-
aging methods, is a separate subject.
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and, thus, in the X,Y plane, the kinetic energy of the satellite is

W = %(X 247?)
= %{92 [(ro +O’+ nz}r E 42+ 20[(ro+ Ei —né] (5.2.8)

where m is the satellite’s mass, r, is the radius of the unperturbed orbit, and 6 is
the (mean) motion in the unperturbed orbit.

Now the work done by a force over some arc of the orbit is AW = J‘F-ds,
where ds is the linear displacement of the satellite. This relation can also be written

W= Fv. (5.2.9)

The total force F may be resolved into that arising from central gravity and that
arising from other causes. We have

+ F Fy = pmY + F
o N (R e R

umX
[ro+ &> +n

Fy=—

where F is the perturbation; in place of Fy and F, it is better to use
F,= Fycos 0+ F,sinf, F,= —Fysin@+F,cosé, (5.2.10)

where F, is the radial component of the perturbing force, and F, is the tangential
component. Utilizing (5.2.8) and (5.2.9) yields

m{02[(ro+E)E+n] + E& + i + O[(ro+ )i —né]}

_ umf(ro+&)E+ni]
[(ro+&)* +n*]"

+ F,[E—0n] + F[(ro+8)0+7], (5.2.11)

remembering that 7, = § = 0,and 62 = u/r3. We again change to 6 as the indepen-
dent variable by virtue of

d/dt = 0 d/do, (5.2.12)
and further note the expansion
1 pm ST
— =1-3= > -1
O e T S ¥

=1+ A
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where A is a small quantity as long as the departures (&, #) from circularity are small
compared to r,. Then (5.2.11) becomes

R
where a prime denotes differentiation with respect to 6.
Now, from (5.2.1),

(ro+&+1) [n” i é/(2+A)] = (1-¢) [f” S n'<z+A)], (52.13)

Ly = m[(ro+&)(rof+E0+1) — n€—nb)]; (5.2.14)
from this, using (5.2.2) and (5.2.12), we obtain
(ro+&)(n" — F /6> +2&) = n(&" —F, /6> —27). (5.2.15)

Considering (5.2.13) and (5.2.15) as simultaneous equations in £”, ", we find

g =2 = FJ0* = —(ro+ A, 5" +2¢ — F /6> = —yA.

Now —(ro+&)A = 38 — 3&(¢/rg) + 3/2n(n/ry) — - - - ; the second and succeeding
terms on the right-hand side, being quite small compared to ¢, may be ignored in
this elementary analysis. Further, —yA = 3y(¢/ro) — -+ yields terms similarly
negligible. Thus,

& — 2 — 3¢ = rgF,/um, (5.2.16)
0"’ + 2¢ = r3F Jum. (5.2.17)

We note that if F, = F, = 0, these become the first two of (4.8.5). In terms of
the x, y, z components of the perturbing force, we have

F,=F,cos 0 + (F, cos i+ F, sin i)sin 0;
(5.2.18)
F,= —F,sin 0 + (F,cos i+ F, sin i)cos 0.

3. AN EXAMINATION OF VARIOUS PERTURBING FORCES

To illustrate the use of the method outlined in Section 2, we now turn to some
concrete examples of disturbing forces. Since we shall use these forces repeatedly
in examples of perturbation techniques, we discuss each in some detail, applying
the results of Section 2.

3.1. Perturbation by Third Ponderable Body

The Force. The most celebrated of perturbing forces, at least in classical astronomy,
is that due to the gravitational effect of bodies other than the central mass. If we
consider an artificial earth satellite, then the third body could be the moon, sun,
or any of the other planets. Corresponding problems of classical astronomy



3] An examination of various perturbing forces 111

involve the theory of lunar motion, subject to solar and planetary perturbations,

and the theoriesfor each of the planets subject to perturbations from all the others.
We have derived the equations of motion for the n-body problem in Chapter 1,

and repeat one of these here with a slight change in notation, for convenience.

mX, = — ) Gmimj(;Xi_Xj)

> (53.1)
j#i Fij

where m; is the mass of the ith body, X is one of its coordinates, G is the universal

gravitational constant, and

rizj = (Xi_Xj)Z + (YL“YJ)Z + (Zi“Zj)2~ (5.3.2)

Now if m; is a particular body of interest in the system, we may choose to express
the motions of the other bodies in reference to its position.* Thus, let

X; = Xi - XJ,
=Y =Y (i#))- (53.3)
z;=2; —Z,

Equation (5.3.1) can be written in the form

., X, - X, X, - X
X =-6m~—=5~ -G T m-"5"F
Tij k#i,j Tik
and, similarly,
., X.— X, X.— X
X, =-6m~25~-G T m—_L5-"
Tij k+i,j Tk
Using (5.3.3)
. X; X; — X . X;
Xi=_ij_3_szk 3 ka X,=Gml~3—+Gkax—;
. i k+i,j T i k#i,j Tk

If we subtract the second of these equations from the first, and note that X; =
X, - X,
JJ

3
ij k#i,j Tk Tk,

%+ Gm+m) = -G 3 mk<x"_3x" + ﬁ) (53.4)

*Wehavealready seen that if m ;> m,, the center of mass willlie very close to the position of the
jth body and this body is a preferred choice for the origin of coordinates.
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Equation (5.3.4) with its y and z counterparts represents the equations of motion of
the ith body referred to the position of the jth.

In order to express the perturbation due to other masses in the preferred
classical form we note that r2 = (x;—x)* + (y;—yu)? + (z;—2z)% and thus,

K3 <i> - %(xi—xk)- | (53.5)

0x; \Fix ik

0 <xixk> X
3 - 3>
0x; \ " ik

J <xixk+yiyk+zizk> _ Xk

Further,

or, more generally,

o 2 X (5.3.6)

jte T
Equation (5.3.4) may then be cast into the form
X + G(mi+mj)xi/ri3j = 0R/ox, (5.3.7)

where the corresponding equations in y; and z; are analogous and

R=GY mk(i _ w) (5.38)
k#i,j Vik Tk

R is known as the disturbing function since it contributes the terms in (5.3.4) that
are not present in the two-body problem. Note that R/dx; plays the role of the
x component of the perturbing force (per unit mass); we may thus interpret R
as the negative of the perturbing potential (per unit mass).

Now the magnitude of the partial derivatives of R is of the order Gmr/r3
(where we have simplified the notation so that » denotes the distance of the perturbed
body from the primary mass and r, the distance of the perturbing body from the
primary). The ratio of the perturbing force to the central gravity term is then

Gmyr/ry  m,

7’3
35

2
Gmg/r mg Tp

where my is the mass of the primary. Considering the case of an artificial earth
satellite, let us assume that r is of the order 3.7 x 10* km (approximately the value
for a 24-hour satellite). The relative importance of all extraterrestrial attractions
on such a satellite is shown in the following table.
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Perturbing body m,/mg r,(km); [min] myr3mgr; [max]
Moon 12x1072 39x10° 11x1075
Sun 3.3x10° 1.5x 108 29x107°¢
Mercury 54x1072 9.3x107 34x10712
Venus 8.1x107! 43 x107 55x 1071
Mars 1.1x107? 7.2x107 1.8x 107!
Jupiter 3.2x 102 6.3x108 6.4x 10~ 11
Saturn 9.5x 10 1.3x10° 22x10712
Uranus 14x10 2.8x10° 33x10714
Neptune 1.7x10 43x10° 1.1x 10714
Pluto 8.3x1071 5.6x10° 24x10716

The values of these ratios become smaller as the satellite is taken nearer the earth.
(The figures given in this table are approximate and intended only to exhibit
order-of-magnitude relations.)

The Effect on a Nominally Circular Orbit. In view of the simplifications used in
Section 2, we will restrict ourselves here to investigation of the effect of the per-
turbing mass over a time interval equivalent to a few revolutions of an earth
satellite. In such a case, we may consider the disturbing body as stationary in its
orbit. Taking its mass as m,, we have from (5.3.8)

R = Gmp{[(x__xp)z + (y_yp)Z + (Z_Zp)Z]l/Z - rz

where x, y, z are the coordinates of the satellite and r2 = x? + y2 + zZ. Then

1 xxp+yyp+zzp}

p

F —maﬁ— Gmm X7% +x
x ox PA? =2(xx,+ yy, +zz,) + r2]**

with similar expressions for F, and F,. Now, r <r, so that we obtain

G
Fo~ W"{_s_ﬂy;} (539
rp rp

Itisevidentthatperturbingeffects depend only ontherelative positions of disturbed
and disturbing bodies; thus, to simplify the analysis, let us choose z, = 0. We
can then consider different initial inclinations of the satellite orbit in order to
investigate various relative geometries. Thus we set (Fig. 5.3)

Xp = Tp COS & Vp =T, sina. (5.3.10)
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Figure 5.3

Further, we have

x = (ro+¢&) cos 6 — ysin 0;
y =[(ro+&) sin 0+n cos 6] cos iy — { sin iy; (5.3.11)
z = [(ro+&) sin 8+# cos 6] sin iy + { cos io,

where &, n, { express the departure from circularity due to the perturbation.
However, over the interval of investigation we expect these deviations to be so
small that they do not truly affect the magnitude of the perturbing force, which is
itself small. For the coordinates as they enter the force expression we may use

X =~ rycos 6; y =~ 1o sin 6 cos iy; z~rysinfsiniy  (5.3.12)

Equation (5.3.9) then becomes, to good approximation,

Gmm .o .
F,= — —52ro{(1-3 cos’a) cos —3 cos i, sin a cos a sin 0}.
r
p
Similarly,
Gmm,, . 2 o .
F,=— 3 ro{(1—3 sin®a) cos i; sin 0 —3 sin a cos & cos 0},
p
and
Gmm oL
F,=— 3 P ro{sin i sin 6}.
p
As a result
3Gmm % . . : :
rxF),=— —3L3 sin i, sin & {cos i, sin®0+ cos a sin 6 cos 6}.

p
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From (5.2.4), integrating from 6 = 6, to 8 = 6, + 2,

3Gmm,r: . . .
AL, = — ~——9—3"——9n sin i, cos i, sina.
rP
Likewise
3Gmm 2 . .
AL, = ——P%sin i, cos i, sin & cos a,
Y or3 0
p
and
3Gmm r?
0 2. .
AL, = ——9+ 7 sin%i, sin o cos o.
r
p

Since L, = m0r2, we obtain from (5.2.6)

L 3mgry .
Ai=iy, —ig = — 3 T sin o sin o cos o, (5.3.13)
E'p

where my, is the mass of the earth. From (5.2.7)

3 3
AQ = — 27270 1 cos iy sinZa (5.3.14)
mErp

We will pause here to examine these results, which express the change in the
orientation of the orbit plane after one complete revolution of the satellite. As
might have been expected, (5.3.13) predicts no change in inclination if the per-
turbing body lies in the plane of the orbit (i, = 0); moreover, when i, # 0, we
see that the inclination decreases if o lies in the first and third quadrants but
increases otherwise. Since, in fact, the perturbing body is in motion and o will, in
time, take on all values between zero and 2w, we can expect that the changes in i
will largely cancel over long intervals of time.

On the other hand, (5.3.14) shows that the longitude of the node changes
without limit as time goes on unless, of course, i, = 90°. Indeed, averaging sin’o
over the range o = 0 to « = 27 yields

3
3m,ry .
3 T COS ig;

p

AQ,, =

av

2mgr

and thus the mean rate of this precession is* Q,, = AQ, /T = — 3./ur3 cos io/4rimg.
As an example, let us consider a synchronous satellite (7= 24 h) at an inclination
of 20° to the equator ; if we take the perturbing body to be the moon at declination

*One can visualize this regression easily by considering a simple geometry like & = 7/2 and
observing that the net torque exerted by the body P on the satellite orbit is counterclockwise
about the (positive) x axis. Thence, the counterclockwise precession of the momentum vector L
about the (positive) y axis, and hence the regression of the nodes, follows immediately.
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zero, then AQ . = — 1.4 x 1073 radian per revolution, while Q,, = —4.2x 10710
rad/sec. The effect of the sun is somewhat less and that of the planets still smaller.

Turning now to the effect in the initial orbit plane, (5.2.16) and (5.2.17) yield,
using (5.2.18),

4
3
&= :Z":g {A cos 20 — EBsin 20—-C} + 2K, + K, cos 0 + K5 sin 6, (5.3.15)
E'p
myre 1 11 . 9
=—"2{ A4 - — 20) — =B 20+2C60
n P {4 (30 5 sin 6) 7 Beos 0+ }
—3K,0 — 2K, sin 0 + 2K5 cos 6 + K, (5.3.16)
where
A = cos?i, sin®o — cos?a; B =cosigsinacosa; C=1— 3cos?,sin’a;

(5.3.17)

and K,, K,, K;, K, are constants of integration. The terms involving these
constants are recognized as the complementary solution discussed in Chapter 4
and represent the effects of the initial conditions. We may imagine these are chosen
suchthat K; = K, = K; = K, = 0 and that we have only the particular solution
in (5.3.15) and (5.3.16) to consider. To appreciate the geometric features of this
solution, let i = 0 and a = 7/2. Then

4 4
myrg myro 13 11
= 2042 = — — 0 — —sin 26}.
¢ mgry {cos 20+2}, 1 mErf,{ 4 8 }

The ¢ equation shows that the perturbing body, which is located on the y axis
(see Fig. 5.3), causes the satellite orbit to be elongated in the x direction, i.e., normal
to the direction to m,, and foreshortened in the y direction. The radial response of
the orbiting body is reminiscent of a linear oscillator, since the maximum outward
acceleration experienced by the body on the y axis is coincident with the maximum
inward displacement there, etc. For a synchronous satellite, the periodic per-
turbations due to the moon have amplitudes in the order of 2 km.

In the tangential direction, # has a cumulative term which grows without limit.
These same effects also arise if we let i # 0 and permit the perturbing body to move,
but such refinements take us beyond the scope of the present discussion. We
must also keep in mind that our entire approach is based on the conditions
¢/ro< 1, n/ro< 1, and that as soon as either of these no longer holds, our lineariza-
tions cease to be valid.

3.2. Perturbation by Primary Body’s Asphericity

The Force. Most natural celestial bodies are not precisely spherical. As a con-
sequence, further terms appear in the gravitational potential of such bodies, in
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addition to the fundamental term representing spherically symmetric attraction.
For example, if we consider the earth, which is approximated reasonably well by
an oblate spheroid, the gravitational potential can be expressed as

_ _H J, R? 2 J3 R® S -
V= —r[l-f 2r—2(1 3 sin (p)+—2 3 (3 sin @' —5 sin’¢")
J,R* .o, .4
+~—8 3 (3—30sin%¢’'+35sin*p’) + - - - |, (5.3.18)

where r and ¢’ are the radial distance and geocentric latitude, respectively, of the
point in question and R, J,, J,, J, are constants. A good survey of research con-
cerning the earth’s figure and potential field, including an extensive bibliography, is
givenin [2]. A set of values for the governing constants widely accepted at this time
is the following:

R = 6.3381778 x 10° m (equatorial radius of earth),

J, = 1.08260 x 10~ 3,

J3 = —2.500x 1078,

J, = 1800x 107"

The force (per unit mass) is given by the appropriate derivative of (5.3.18);
the first term leads to p/r?. The next yields an additional force of order J,uR?/2r%.
The ratio of these terms is J,R?/2r2, which always has a value less than J,, since
r> R. Corresponding ratios of terms involving J5 and J, are smaller still.

The Effect on a Nominally Circular Orbit. The predominant gravitational term
arising from the nonspherical character of the earth gives rise to the following
perturbing force:

Ty
I
|

3
[

wv_ 3J211R2mx<1 B 522>

* ox 2r° r?
3J,uR?*my 5z%
F,=— ZzT 1— =) (5.3.19)
P 3J2uR2mz< 522>
= 2r3 r2)

where we have used sin ¢’ = z/r. Substituting (5.3.12) and efnploying (5.2.4), we
find, integrating from 6 = 6, to 6, + 2,

AL, = — 3nJ,uR*msin ij cos ig/0ry, ~ AL, = AL, = 0.

x

Then (5.2.6) and (5.2.7) yield

_ 3nJ,R%cos i
rd ’

Ai=0, AQ= (5.3.20)
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This last expresses the well-known regression of the nodes; the mean rate of this
negative precession is given by

AQ 3J,R* (1
Q, =— = ——2—1/Lcosi,
T 2 e °

and we shall see later that this is indeed the dominating term in nodal perturbations -
obtained from more elaborate analyses.*

As an example, let us consider the effects on orbits with r, = R+185and R+
1850 km bothinclined at45° to theequator. For the former wefindQ = —1.4x107°
rad/sec, and for the latter Q = —5.9x 10”7 rad/sec. The time for a complete
revolution of the nodes amounts to 54 days for the lower orbit and to 123 days for
the other case.

The in-plane perturbations for this case may be found in a straightforward
manner by (5.2.16) through (5.2.18). Since they apply to nominally-circular orbits,
no apsidal precession is exhibited ; we shall not display the results here.

3.3. Perturbation by Atmospheric Resistance

The Force. The force (per unit mass) due to the resistance of the air to the passage
of a vehicle of mass m can be written as

Fp = —CpApvZ/2m. (5.3.21)

Here, Cp, is the nondimensional drag coefficient, A is the cross-sectional area of
the vehicle in the direction of motion, p is the atmospheric density, and v, is the
speed of the vehicle relative to the atmosphere.

At satellite speeds and altitudes, a recommended value of Cj, is about 2; for a
tumbling, nonspherical vehicle 4 may be approximated by A;/4, where Ay is
the total surface area[3]. A more recent study is reported in [4].

The quantity p may be expressed as an exponential function of the altitude, h,
in question. A reasonable form is

| h |
=D —B——— 5.3.22
p = p exp B1 R | ( )

where p and B are constants in a given altitude band and R is the earth’s equatorial
radius. Various density profiles exist; a reasonable but by no means most recent
one has been compiled by the Air Research and Development Command of the
U.S. Air Force [5] into what has become known as the “ARDC 1959 Atmosphere”
for which a fit of the form (5.3.22) leads to the values of p and B given in the table
below. For an alternative, consult [6].

*Once again the geometric interpretation of this effect follows from the counterclockwise
torque about the x axis resulting from the integral of (5.2.4) over one period. L precesses about
the z axis in a counterclockwise direction, giving rise to the nodal regression.
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Altitude Band (m) p (kg/m® B(m™1)
3x10*—12x10° 22 : 1.6x 1074
12x10°—1.8 x 10° 43x107¢ 53x1073
1.8x10°— 3x10° 22x1078 21x1073
3%x10°—7.5x10° 41x107° 1.5x 1073
7.5x10°— 23x10711 79%107¢

The representation of atmospheric density by a time-invariant, spherically
symmetric form such as (5.3.22) is admittedly an idealization, especially since we
recognize such effects as the oblateness of the atmosphere, the effects of solar
heating and of convective currents, as well as transient phenomena due to solar
activity. However, quantitative information on these features is yet quite frag-
mentary [7]; moreover, the motion of a satellite carries it through the day and
night sides of the earth, and the summer and winter hemispheres (if the orbit is
inclined) each period. If (5.3.22) represents an “average” over such conditions, it
tends to provide a useful estimate; at this stage, our ignorance of the dynamics of
the atmosphere precludes asking for more.

The quantity v, of (5.3.21), as noted, denotes the speed of the vehicle relative to
the atmosphere, presumed rotating with the earth. If we indicate the earth’s
rotational rate by o, the velocity of the atmosphere, always directed eastward,
is given by

V=rocos ¢, (5.3.23)

where r and ¢’ are the geocentric distance and latitude of the point in question.
Here we ignore the possibility that the atmosphere at higher altitudes may “fall
behind” the earth’s rotation. In fact, one may often neglect the atmospheric
rotation altogether, in which case v, represents the satellite’s inertial velocity.
By so doing, we rarely cause errors in Fj, exceeding 10 9.

It should also be noted that the second-power drag law used in (5.3.21) is not
beyond criticism. Some investigators believe that the drag force, in the highly
rarefied strata of the atmosphere, may be more nearly proportional to the first
power of v,. At present general consensus favors (5.3.21).

If the inertial velocity of the satellite is denoted by v, then v, = v—V and the
unit vector in a sense opposite v, is (V —v)/| V—v|, which indicates the direction of
the drag force in inertial space. To express (5.3.21) as a vector, we write

CpA
Fp, = 2[r)n plV=v[(V-v)
CpA
~ —2Z py(V—v), (5.3.24)
2m

where the latter form is a reasonable approximation, since usually | V| < ] v }
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For purposes of numerical evaluation, let us take a satellite in a circular orbit
at 160 km altitude. We find p~7.7 x 107 1° kg/m3. The satellite velocity is of
the order of 7.9 x 10® m/sec and the maximum value of the speed of the air (¢’ = 0)
is about 4.9 x 10> m/sec, using ¢ = 7.29212 x 10~ > rad/sec. For an aluminized
balloon of the type used in Project Echo, which has about the greatest area-to-mass
ratio obtainable, we find Cp4/2m~13 m?/kg. Thus F,~0.53 m/sec’, whereas
u/r*~8.8 m/sec?. The ratio of forces is about 0.06 ; this will be even less for satellites
with smaller A/m or for those at greater altitudes.

The Effect on a Nominally Circular Orbit. In terms of the geometry of Fig. 5.4,
the relative velocity is given by v2 = (x—X)? + (— Y)? + 22, where %, y, z may be
determined from Egq. (5.3.12) and X and Y are the components of V, that is,
X = —ry0 cos iy sin 6, Y = ry0 cos 6. We then have

v2 = 1302 — 2r30o cos iy + ria? (cos?iy sin20 + cos20).
However, as we have pointed out, the ratio /0 is normally very small, and thus

v, =~ 1o0(1 — & cos iy/h), (5.3.25)

where 0 = /u/r3.

Equation (5.3.24) thus leads to

F, = C;A pri? <1—2gcos i0> sin 0,
CpA .
F,= — 12) praf? |E:os ip — %(1 + cos2i0>:l cos 0, (5.3.26)
A
F,=— C12> pr%é%ini(l - %cos i0>cos 6.

z

X Figure 5.4
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The atmospheric density may, in this case, be treated as constant since, foir (5.3.22),
we have h =r—R = ro+{—R~r,—R = hy. Equations (5.2.6) and (5.2.7) then
yield

. CpA o . . ‘
Ai = — —2’;; prro g sinio, AQ =0, (5.3.27)

as the changes per revolution. We see that the tendency is to reduce the inclination
of the orbit,* although this is a very small effect since it depends on /6.
The solutions of (5.2.16) and (5.2.17) provide us with

CpA
£ = — 222 2122 cos iy)h,
m 0
CpA o . 3
n= r’; pr%<1—2500810><192—2>,

where again we have set the constants of integration to zero. It is easy to see the
significance of the equation for £: the radial departure grows (negatively) as time
goes on. This is the well-known “spiral decay” of orbits acted on by drag. The term
involving 62 in the # equation is also interesting ; the rapid increase in 7 indicates
that, although atmospheric resistance acts to retard the satellite, the result is a
“speeding up” of the body. This seeming paradox is also well known.

3.4. Perturbation by Solar Radiation Pressure

The Force. When photons impinge on a surface they impart a pressure, or force
per unit area, on the surface. A simple way to compute this force is as follows.
The solar constant, defined as the amount of radiant energy intercepted by a unit
area per unit time at the earth’s distance from the sun, has a value of about two
calories per square centimeter per minute, or about 1.4 x 103 joules m~2?sec™ .
Since the radiation travels outward from the sun with (essentially) spherical
symmetry, we may write the expression for the energy per unit area per second as
E, = K/4nr, where rg is the distance from the sun and K is chosen so that E,

has the proper value at one astronomic unit. We find
E, = 4 x10*°/4nr} joules/m?sec.

Now the momentum carried per unit area per unit time in such a case is
simply E,/c, where c is the velocity of light. When photons strike a surface, some
may be absorbed and the remaining fraction reflected ; if we represent that fraction
by B, then the total momentum per second received by a unit surface placed
normal to the radiation is (14 f)E,/c, where f is called the reflectivity. The time

*This time the “net torque” resulting from (5.2.4) is clockwise about the (positive) z axis,
tending to align L with that axis and thus decreasing the inclination.
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rate of change of momentum being the force, this is also the radiation pressure.
The total force acting on a given body must, strictly speaking, follow from the
appropriate surface integral. However, for a simple approximation, one may use

F /A = (1+B)E,/c, (5.3.28)

where A is the total area of the surface normal to the direction of radiation and F,
the resultant pressure force. The latter is, finally, ‘ ‘

F, = 4x10%%(1+p)A/4ncr: = 4.7x 107 '¥(1+ B)A Newtons,  (5.3.29)
if A is in m2.
For a perfectly reflecting surface § = 1. We find the pressure of radiation on
such a surface, placed at one astronomical unit from the sun, to be about 1 x 1071
atmosphere; thus, radiation effects are indeed small.

The value of the gradient of the radiation force, at the earth’s orbit, is dF ,/drs =
—2F /rs. While not truly linear, we may write this as

AFP/FP = — 2Ars/rs, (5330)

from which we can derive thata change of 1 )] in F,(about the accuracy with which
we know the solar constant) requires a displacement radially of approximately
7.5 x 10® m—i.e., about twice the distance from earth to moon.

If the reflecting surface were displaced tangentially to the earth’s orbit by this
7.5% 108 m, the component of force in the direction of sun-to-earth would be
diminished by a factor of less than 10~ 5. The component perpendicular to the line
from sun-to-earth would have a magnitude of about 5x 107°F,.

Thus, we may treat this force as constant in both magnitude and direction for
satellites in orbits between the earth and moon. We shall do this, taking the
magnitude as that to be obtained at one astronomic unit and the direction as that
pointing from sun’s to earth’s center.

Although we may treat the radiation force as constant wherever the object
intercepts sunlight, we must take account of the fact that the satellite may pass
through the earth’s shadow. If we treat the sun’s rays as if they were perfectly
collimated, the geometric conditions stating that the satellite is in the shadow zone
are

|rxrs| < Rr,

and (5.3.31)
rrg <0,

where r signifies the geocentric position vector of the satellite and rg that of the sun.
R is the earth’s radius.

The Effect on a Nominally-Circular Orbit. As with the gravitational effect of an
extraterrestrial mass, let us select our “geometry” so the sun lies in the xy plane at
an angle o from the x axis (Fig. 5.3). We thenhave F, = —F,cos o, F, = —Fsina,
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and F, = 0, where F, is given by (5.3.29) or (5.3.30). To allow for the shadow
effect we will assume quite generally the satellite is eclipsed at § = 6, and emerges
into sunlight again at § = 0,. Then we find
Ai= = Tpsmesihio o Gingy),
0*mr
(5.3.32)

AQ — F,sina

= (cos 6, — cos B,).

0
Examining the case in which the sun and satellite lie in the same plane, we find
Ai = 0; further (Fig. 5.5) 0, = a + /2 + cos™! R/ro, 0, = o + @ + sin™ ! R/r,.
Then cos 0, — cos 0; = 2(R/ro)sin a, or AQ = 2F R sin’a/0*mr. For an Echo
type satellite in an 1850 km high orbit, we would find AQ = 3.1 x 10~ ®sin%a rad/sec.

Figure 5.5

The effect in the undisturbed orbit plane is given by

3F 3
&= _fu{f;osoc<20059 + —9sin0>
pm 2

3 3 .
+ sin o cos i0<§sin 0 — EOCOS 6>}+ 2K, + K, cos 8 + K5 sin 6,

and

3
n=— rlf—ri"{cos o(36 cos 0 — 6 sin 0) + sin a cos iy(36 sin O+ 5 cos 0)}

— 3K;0 — 2K, sin 0 + 2K5cos 6 + K,,

where the need for retaining the complementary solution arises as follows. We note
that this solution is to be used only when the satellite is illuminated by the sun.
In fact, obtaining a clear idea of the behavior over one complete cycle entails
“patching” three sets of such equations: the first with F, # 0 being applicable from
0 = 6, to 8 = 0. These results should then be used as initial conditions for the
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interval 0, <0 <6, with F, = 0; finally the complete solution should be used again,
this time with initial conditions as obtained at 8 = 6,. The details would carry us
too far beyond our present discussion.

The really significant thing about the behavior of ¢ and # is the appearance of
the periodic terms which have 0 as a coefficient, i.e., have increasing amplitudes.
These terms allow the departures to return to zero periodically, but cause the
maximum inward and outward amplitudes of ¢ to increase without limit as time
goes on. For a simple geometry such as o = 7/2 and i = 0 one finds that the entire
(circular) orbit is shifted at right angles to the earth-sun line. Again we must
remind the reader that when 6 grows to such size that ¢ and # are no longer small
compared with r(, the present approach loses its validity.

3.5. Perturbation by Geomagnetic Deflection

The Force. We finally consider, very crudely, a force which is of occasional

interest. It arises from the interaction of the earth’s magnetic field and any electric

charge an orbiting body may acquire [4, 8]. We approximate the former by

assuming it stems from a magnetic dipole oriented along the earth’s axis, positive

south. In fact, this model is a very poor one [9], but the elaboration necessary to

form a better representation is not commensurate with this preliminary discussion.
We may take the force to be given by

F, = q,vxB, (5.3.33)
where g, is the charge acquired by the satellite, v is its velocity, and B is the magnetic
induction of the earth’s field. In MKS units,

B = VXA, (5.3.34)

where the vector potential [10] is
A = Bonixvym. (5.3.35)
4n

M is the magnetic moment of the earth, and p, is the permeability of free space.
Carrying out the operations indicated in (5.3.33) through (5.3.35), we obtain

F.| _qepoMv
| mI = 477:1’:;7’2 r (3:3.36)

and the ratio of this to u/r? is
(geptoM [Ammpyv/r.

Now the magnitude of M is about 8.1 x 1022 amp-m? [11] and u, has the value
4 x 10~ 7. Moreover, if the satellite is spherical, its capacitanceis (R,/9) x 10~ ° farads
where R; is the satellite radius. Thus g uoM/4nm~9 x 10° R,V,/m,where V, is the
voltage on the satellite (relative to infinity). It has been deduced [8] that, at an
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altitude of about 500 km, a satellite may obtain an electric potential of about 60 V.
Thus, at this altitude, (g.uoM/4nmuyv/r~3 x 10~ 1% R /m. Again R /m has, taking a
practical maximum for the Echo satellite, a value of less than about 0.3 m/kg, so
that the ratio of disturbing to central gravity force is of the order of 10~1°. This will,
of course, be smaller still for most satellites.

The Effect on a Nominally-Circular Orbit. Utilizing (5.3.12), we find

F,= Fycosfcosiy; F,= Fysinf(1-3sin%,); F,= Fy(3sinfsini,cos i),

(5.3.37)
where
gehoM [ p
Fp=—2—"— /- 5.3.38
M 477: 7(5) ( )
From this we obtain ‘
Ai=0;  AQ= — TFoM i (5.3.39)

2/ urd

thus, to this approximation, there is a regression of the node, except when i = 0,
for which the node is undefined.

We also obtain

£ = geloM cosiy _ peboM
4nm \/urg ’ dmm /prg

M
oM cOSlo (5.3.40)

again setting the constants of the complementary solution to zero. The effect
under these circumstances is rather interesting: a fixed decrement in the radial
component and a cumulative advance in the tangential direction.

4. FORMAL ASPECTS OF PERTURBATION THEORY

Having established some preliminary notions of the effects that various physical
disturbances have on an orbit, we may note that, inasmuch as we started from
fundamental principles, there is no inherent limitation which could keep this
approach from being carried to greater accuracy. Before embarking upon an
elaborate effort with the type of formulation such as in Section 2, however, we must
make some remarks about perturbation techniques in general.

4.1. Orders of the Solution

We have noted that the entire problem of perturbations in a satellite orbit hinges
on the appearance of small forces other than the central gravity term. If, then,
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we have such an additional force per unit mass, @, acting on the body in question,
the equations of motion are

X=—px/r* + @, j=-—wrP+0, i=—pzr*+0, (54.1)
where @, @, @, are the components of ®. If we rewrite (5.4.1) as

X : :
5C'=—¢—3+KFX, y:—%qthy, f=—%+KFz, (54.2)

where F expresses only the functional form of @ and x represents it magnitude,
we see that the solutions of (5.4.2) must be dependent on « in such a way that as it
becomes smaller and smaller, the solutions approach nearer and nearer to the
Keplerian (i.e., elliptic) coordinates x, y, z. At some specific time, say 7, we can
expand the true solutions of (5.4.2) in power series of x, that is

x(T) = X + X1K + Xok% + X3k + -0,
WT) = Yo + yik + yorZ + yard + 0, (5.43)
27) = 2o + 21K + z,k% + z3K> + 00, ,

where xo, X1, X5, . . .5 Yo, V1> - - - » Zo» - - . are constants. Obviously, from (5.4.2),
when k = 0, the x,, y,, z, must be the Keplerian values of x, y, z at time <.

We can ask further, considering now a specific value of k, if we cannot obtain
solutions of (5.4.2) such that

x(t) = xOe) + 1x () + K2xD(0) +

¥(t) = yOr) + iy D)+ 12y @) + - - - (5.4.4)
2(t) = 29) + kzV(e) + K*2P() + -+,
where the x(@, x*), .. ., are here functions of the independent variable, and, particu-

larly, the x@, y®, z(® are those obtained in Keplerian motion. If (5.4.4) holds,
then the time derivatives of (5.4.4) must also, that is,

X(1t) = %O(%) + kx D) 4+ -+, %) = XO®t) + kX V(t) + - - -, etc.
Now,
r?=x*+y*+ 2?
= (x4 x4 YO+ y D ) (@O 2D )
= 1O} 2[xOx(D 4 OPD 4 O]
T S CLupe Ch IO, I

2 x(o)x(l) + (0),,(1) + Z(O)Z(l)
= r(o) I:].+2K 4 (0.112
r

+ K

2 2 2
zx(l) + y(l) + 71 + -
r(O)Z + B R

(5.4.5)
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Then

1 1 xOx® 4 Oy 4 20,1
— =g |1—3x T + 2. (5.4.6)
r r r

If (5.4.6) and the first of (5.4.4) be substituted in the first of (5.4.1), we find each side
yields a power series in k. Since x can take any conceivable value, the coefficients of
like powers on each side of the resulting equation must be equal. Thus for terms
independent of x, we find

5O - _ Hx(O)/,,(O)a, (5.4.7)

with similar expressions in y* and z(?. These obviously are precisely the Keplerian
equations of motion; hence, x(?, y@, z(® are known.
The coefficients of x to the first power provide us with

©)

X
c0 _ __H )y _ = (0)
e (OF {x 3,.(0)2 “}"‘ FY7,

(1 U 1 y(O) 0
(0)
z
F = — r(f)‘)3 {Z(l) ~ 3o 5}+ FO,
where
E = xOx® 4 @)1 4 0,1 (5.4.9)

and F©isthe part of F(x, y, z, X, ¥, 2) which is independent of , i.e., depends only on
x(@, ), 2 or their derivatives. We note that (5.4.8) contain only x*), y), z(1) as
unknown functions and are independent of x), y, 2z etc.

For the coefficients of x2,

(1) (0)
@ U {(2) 315X,

- r(o)a - r(o)z =+ r(0)4 =

3x(©
T 2707

2 2 2
|:x<1) £y AT g 2x(0y(2)

+ 2y 4 2z(°)z(zi| }+ FO,
with similar expressions for 7 and :®. Here F("), F{, F(!) are the terms of the
disturbing force involving x); y and z" to the first power. Again, having
previously obtained x©, etc., x'V), etc., the equations of this last type can, in
principle, be solved for x®, etc. This process can be carried on indefinitely, or at
least until patience is exhausted.
In grouping these “coefficients” of powers of x, we call those independent of it
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the zero-order equations, those involving x the first-order equations, those related
to k2 the second-order equations, etc.

Obviously, the tedium involved both in isolating each higher-order part of the
equations of motion and in solving them is a monotonic function of the order of
perturbation desired. To be able to stop the procedure at a reasonable order in a
practical case the perturbing force must be smaller than the central gravity term.
Then succeeding orders of solution, since each enters (5.4.4) with a higher power
of k, tend to play a less and less significant role.* In many cases, x is so small that
only first-order terms need be found. Thisis indeed the position we took in Section
2, when we ignored terms of type (¢/rg)?, etc.

4.2. Separation of Perturbing Effects

In any real situation, there is never only one perturbing force acting. We must
account for several simultaneously, i.e., we would expect the displacement (from
Keplerian motion) due to one perturbing force to change the magnitudes of any
other forces acting, since these are dependent on the position and velocity of the
perturbed body. Strictly speaking, this is true; however, if the individual per-
turbations are so small that a first-order method is sufficient, we can consider the
effects separately. Their influence on each other can be shown to be of second or
higher order and may be neglected.

In particular, suppose we have two such forces, F, and F,. Thus, in place of the
first of (5.4.3), we would have, say,

x = x4 1 x® + x2x® 4 ...
+ 1l + k3D + -
g ® oo (5.4.10)

where x; is the perturbation parameter for F,, k, is that for F,, and the terms
involving the product of parameters express the dependence of one force on the
effect of the other. It is clear that the product of the parameters has a magnitude
less than either separately (if both x; and k, are less than unity) and its effect may
be considered to be of second order. If we restrict ourselves to a first-order analysis,
(5.4.10) leads to one set of equations of zero order as before, but two sets of first-
order equations, one from equating coefficients of x, and not containing any
terms due to F,, the other from equating coefficients of ¥, and not containing any
terms due to F,. In this sense, perturbing forces are separable, and we may find
x and &1 independently, writing for the coordinate x = x@ +x, x4 1, D),
Indeed, this result is exactly what one might expect intuitively in such a case.

*There is, of course, the possibility of encountering a higher-order solution possessing a
singularity. However, we usually expect equations reflecting behavior in the physical world
(in distinction to the purely mathematical one) to be well-behaved. The question of uniform
convergence of the present development will not be treated here.
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The effect of the small force F, is to cause small departures from Kepleriaﬁ motion,
but these deviations can hardly give rise to large-scale changes in the effects of F,.
Similarly, the perturbations due to F,, being small, cannot significantly alter the
magnitude of F, or the geometry according to which it acts on the orbit* From
this point of view it should also be clear why we made an explicit distinction
between the particular and the complementary solutions in the examples of
Section 3. The particular solutions satisfy the nonvanishing right-hand sides of the
first-order equations, where several such solutions may be necessary to reflect
several perturbations. On the other hand, the complementary solution, which
satisfies the homogeneous system, reflects only the effects of the initial conditions
and is not connected intrinsically with any of the physical disturbances represented
by the particular solutions. Though we may seem to belabor the obvious, this point
is often missed when interpreting analytic results for practical applications.

5. PERTURBATION IN CARTESIAN COORDINATES

If we attempt to work directly with the effects of the disturbing force as they
appear in x, y, z or any other direct representation of position, the method is called
perturbation in the coordinates. This is in distinction to techniques based on varia-
tion of the elliptic elements or canonic constants discussed in later chapters.
In addition, there are methods employing hybrid sets of variables, i.e., com-
binations of position coordinates and orbit parameters; a classical example in this
category is Hansen’s method. Again we must defer discussion of these. In this
introductory chapter, we shall restrict our attention to obtaining the perturbations
in the coordinates directly.

5.1. Rectangular Coordinates

If we wish to obtain the effects in terms of x, y, z we are led to Egs. (5.4.8), which
present difficulties at once due to the mixture of terms in x), y*), and z) as given
by (5.4.9). In general, it is not possible to separate these terms and also retain the
basic rectangular coordinates.

A method due to Encke [ 13] circumvents this difficulty but only at the cost of
additional labor. Instead of the development leading to (5.4.6), let us take the
term x/r> of (5.4.2) and write

x x4 x4

PO 1D Y (35.1)
where we have introduced the expansion
r=r0 4D 4 x2@ 4 (5.5.2)

* Notethatinallcases considered in this work, the effect of the perturbed body on the perturbing
body is ignored. This can also be shown to be a higher-order effect.
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But then

or

x  x© ; OWE . X .
p— — 3K K ce
37 08 04 03 ’

which allows us to write the first-order part of (5.4.2) as

(1) (0),.(1)
x xr”
prel FO

(1) (0),.(1)
. y yr
y“’+ur(o)3 3=y + FP, (5.5.3)

(1) (0)(1)
z z%r
=(1 0
4 b = 3p—5a— pOL + FO.

We note that each of (5.5.3) contains the unknown function V), for which we must
find an appropriate expression.

Now
1 d* )
2dtz(r)—xx+yy+zz-|—x + y? + 22, (5.5.4)
and
d .2 ) 22 . o .o e
a(x +y*2+25) = 2(X X+y y+232),
or

t
(X2 +y2+2%) = 2& (X X4y j+22)dt + v}, (5.5.5)

to

where v, is the velocity at t = t,. Using this last and (5.4.2) and (5.5.4), we find

2dt2(r ) = K(xF,+yF,+zF,) ——

t t
+ 2KJ (XF,+F, + 2F,)dt + v} — 2[ r—l;r' &, (556)

to to
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where we have employed the fact that r# = xx + yy + zz. But

t N
;
W7 oo,
Thus
' u
2 dt2 (r ) = k(xF.+yF,+zF,) + -
t
+ 2x( (XF.+ yF,+F,)dt + v — 2 £ (5.5.7)
o o
Since 1> = 1O 4 2ier O 4 .. , (5.5.7) becomes
2 d2
%572(,(0)>+ Ko Oy 4.
t
= k(xF,+yF,+zF,) + 2KS (XF, +F,+ F)dt + v? — 2rﬂ + ’—: (5.5.8)
0

to

However, (5.5.4) and (5.5.5) also yield, when the perturbing force vanishes,

1d? 2u  u
o) _ 2
2dt2< > ST, e
Subtracting this from (5.5.8) and retaining only first-order terms, we obtain

dz
K__Z(r(o)r(l)) =K x(O)FSCO) + y(O)ngo) + Z(O)F(ZO)

dt
t
+ ZKS [xw)F;O) + JOFO 4 z‘<°>F;°)] e+ 5 & (559)
r r
to
But

1 1 P
P} @z T

so that we finally get from (5.5.9)

‘ur(O)r(l)
(0)3

d2
?(r(O)r(l)) + — x(O)F'(tO) + y(O)F;O) + Z(O)F(ZO)

t
+2 j [x(mF;‘” + JOFO 4+ z'(O)F(zO{] dt,  (55.10)

to
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which we have written in this way to emphasize that (5.5.10) and each of (5.5.3)
are all of the form

i + ;70—? = R(x®, y©, 2©). (5.5.11)

We note that (5.5.10) involves only the unknown function r‘“, which, when
found, can then be used in (5.5.3). It is the additional labor of solving (5.5.10)
which is the cost of simplifying equations (5.4.8). One must exercise care that the
relation

[0 4+ @ -2 = [x© 4 xx® 4 -+ ]?
+ O+ ey P 20+ k2P ]2, (5.5.12)

and its derivative with respect to time are satisfied to the necessary order of
approximation. Thus the two additional constraints of integration arising for r(t)
from the solution of (5.5.10) will be tied to those in x(t), y(¢), z(t) through (5.5.12)
and their derivatives at each level of approximation. '

5.2. Ilustrative Example. Effect of Atmospheric Resistance on a Circular Orbit

We illustrate the method of the preceding section by investigating the perturbative
effect of drag on an initially circular satellite orbit. We adopt the geometry of Fig.
5.6, in which 6, is the geocentric angle between the unperturbed line of nodes and
the point at which the satellite is injected into its orbit. Utilizing (5.3.26) with
0 = nyand 0 = 0,4+ n,t, we choose

CpA

K = —j—nl—po, (5513)

not r
6o

[)

Figure 5.6



5] Perturbation in cartesian coordinates 133

and, thus,

g S\ '
FO = rind <1 — 2—cos zo> sin(f, + net),

no :

g .
FQ® = —r3nd l:cos fo =+ (1 + COSZI()] cos(0y + not),
0
ag .

FO© = —r2nk <1 — —cos i0>sm ig cos(0y + not).

Mo

From these, we have immediately xXOF) + yOF® 4+ zOF© = 0, since
x© = r, cos(0y+not);
YO = 14 cos iy sin(f,+ not); (5.5.14)

2 = r, sin i, sin(0, + not).
Further

o
X(O)F_(YO) + )}(O)F;O) + Z'(O)F(ZO) — —7‘811(3) (1 _2;_ cos i0>,
0
so that (5.5.10) becomes

2

d o
— D+ Vg = —2r3nd(1—2 — cos i),
dt no

where we have set t, = 0. This equation has the solution

r = —2r§(1—2ni cos ig)ngt + K, cos(8y + not) + K, sin(fy + not). (5.5.15)
0

We note the correspondence of k" obtained here and our earlier result (Section
3.3) for the radial perturbation due to drag. As an example let us choose the
complementary solution in (5.5.15) such that the initial conditions, at ¢t = 0,
would yield a circular orbit in the absence of perturbations, ie., # = #1 = 0.
Then

CpA

P =1y — 22 pord(1—2 ni c08 ig)(1tot — sin nt). (5.5.16)

0

Utilizing (5.5.16), equations (5.5.3) lead to

o A\ ~
x = —r§<1—2n—cos l(> A,

0

1) 2 . 1_21 . 'Bv ﬁ . 2.6
ro{como< " cos 10> +nOSIH 1oC 0, (5.5.17)

0

Z(l)

. ¢ Ns o . . .
ré<sin ig (1 —2 — cos i | B — —sin iy cosiyCy,
N Ho
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where .
A = 3n2t? sin(0, +net) + 2n0t cos (0, +not)
— 4sin(@, +net) + 2sin O, + 2 cos net sin (6 + net),

B = 3 n3t? cos(0y+not) — 2not sin(@ + not) (5.5.18)
— 4.¢0s(0g +not) + 2 cos 0y + 2 cos not cos(f, + net),
C = 1 [not sin(0y+net) — sin 0, sin net].

We have, of course, x = x@ + xx*), etc,, to first order, where x@ is given by

(5.5.14) and x by (5.5.13); also, . /x% + y? + z? yields, to within the order of approx-
imation, the same right-hand side as (5.5.16). The velocity components are obtained
by differentiation.

For noncircular orbits the solution of the general equation (5.5.11) is not
easily effected when utilizing time as the independent variable. The basic reason is
the difficulty in solving Kepler’s equation. If we insist on retaining ¢, the only
alternative is to expand x(©, y@, 29 #© in some kind of series, e.g., as shown in
Eq. (2.6.7). This inevitably leads to a very long awkward process ; such methods are
used in classical texts on celestial mechanics. More recently, some efforts have
been made by Brouwer et al [ 12a] to facilitate this procedure by various changes of
coordinates and by Danby et al. in a formulation using matrizants [12b].

Instead of using ¢ asindependent variable, it is often more convenient to change
to the unperturbed true or eccentric anomaly since the expressions for x(?, y(@, z(®
and the disturbing function can then usually be given in closed form. We shall
discuss this later in detail and make extensive use of such a transformation through-
out the remainder of this work. It enables one to execute at least some low-order
perturbation analyses entirely in closed form.

6. NONRECTANGULAR COORDINATE SYSTEMS

It is clear that there is nothing to restrict perturbation theory to rectangular
coordinates. Indeed, adoption of a frame which utilizes the radial distance as a
fundamental coordinate can lead us back to the case in which we need solve only
three second-order equations of motion, rather than four as illustrated above.
Encke [13, p. 393] proposed such an approach, which is one* of the several we
discuss in the remainder of this chapter. Since all these formulations employ some
form of spherical coordinate system, there is first the problem of selecting the
fundamental plane for such an analysis. For most planetary theories the plane of
the ecliptic is a natural choice. In lunar and earth satellite studies one might be

*Neither this nor the scheme already discussed is the well-known Encke method, which
involves numerical integration and not analytic solution.
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inclined to select the equatorial plane, as was done in the previous section. How-
ever, thisis not always the most convenient approach.

Consider the spherical coordinates r, ¢, 4 (Fig. 5.7), where the longitude is
measured in the equatorial (x, y) plane. The perturbations due to the oblateness
of the earth lead to differential equations which suggest the transformations
u=1/r,v=tan A, w = 1/(r cos ¢). The details will not be given here but can be
found in [14]. The important point (and the reason why we do not dwell on this)
is that the results prove quite awkward, even for the relatively trivial first-order
effects on a nominally circular orbit. This is because we are trying to refer the
motion in a nonequatorial orbit to the equator as fundamental plane. The obvious
remedy is to use the unperturbed orbit as fundamental plane. That will be done
throughout the remainder of this chapter.

Having decided this, there is still some opportunity to define and manipulate
spherical coordinates. In the next section we shall work directly with the co-
ordinates r, 6 (or f), and § (Fig. 5.7)-but thereafter we treat some cases where
quotients or products of these coordinates (like the angular momentum) are taken
as dependent variables. As stated, we may also want to use the true anomaly,
rather than time, as independent variable. Often judicious changes like this yield
perturbation equations which otherwise cannot be solved.

Figure 5.7

6.1. Transformation from Rectangular to Spherical Coordinates

We choose the X Yplane to coincide with that of the unperturbed orbit. Further,
let the X axis pass through pericenter at the time ¢t = 0 (Fig. 5.8). The new force
components are related to the old by

Fy i my n F,

FY = lz mz n2 Fy N (5.6.1)

F, I3 my ny F,
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Figure 5.8

where I, my, ny, 1, m,, n, are given by (3.4.4) and (3.4.5) using the values of Q, w,
and i pertaining at t = 0, and

I; =sinQsin i, my = — cos Qsin i, ns = cosi. (5.6.2)
Now (Fig. 5.9),
X = rcosfcos f, Y = rsinfcos B, Z =rsinf. (5.6.3)
However, due to our choice of coordinate orientation,
XO =D cos @ YO =¢Oginf@  ZO =0, (5.6.4)

Thus B is a quantity of at least first order, thatis, f = k") + k2@ + ---. Wealso
use

f=f(0) + Kf(l) 4o, (5.6.5)

Figure 5.9
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We easily find XY — YX = r?fcos?p, or, by up to first-order terms,
XY— YX = r(0>2f'<0) + K(rw)zf(l) + 20O 0If O
where we have used (5.5.2). However, the equatioris of motion may be written as
X + uX/r3 = «Fy, Y+ uY/r® =«xFy, Z 4 pZr® = kF, (5.6.6)

Multiplying the second of these by X, the first by ¥, subtracting and integrating, we

obtain
t

to

We thus have, to first order,

t

d 1 . rt)

Ef‘” = —r‘o’zg r® I:F‘,?’ cos f O —F{ smf(oil dt—2—r(0)f‘°’, (5.6.7)
to .

where we have recognized that C = #©’f®, The quantity #*) is obtained by means
of (5.5.10), with appropriate change of notation (x becoming X, etc.). The solution
to Eq. (5.6.7) provides us with the perturbation to the anomaly, and (5.6.5) gives
us what may be called the disturbed true anomaly.

The equation for f is obtained most simply by substituting the third of (5.6.3)
into thelast of (5.6.6). We have, again going only to first order,

d? u
72 (OB + 5 (OBY) = Fy (5.6.8)
which is of the same form as (5.5.11).

Illustrative Example. Effect of Atmospheric Resistance on a Circular Orbit

The results of Section 5.2 are sufficiently complicated to warrant further examina-
tion in a different coordinate frame, namely, that discussed immediately above.*
Since we are dealing with a nominally-circular orbit, we may take w = 6, at
t = 0 in (5.6.1) with no loss in generality; further, to conform to the geometry
used in Section 5.2, we have Q = 0 (Fig. 5.8). Then

o . .
Fy = r3nd [1—2 — cos iy sin not ;
no
22 o .
Fy = —rgng(1—2— cos i, Jcos nyt;
No
F, = —r3nyo sin iy cos(0, + not).

*The fact that spherical coordinates are more natural than Cartesian ones for this example
seems fairly obvious and has been used in several publications [15].
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Of course
X© = 7, cos not, YO = 7, sin nyt, Z9 = 0, and f© = n,t.

Equation (5.5.10), rewritten as,

2

d ,ur(o)r(l)
0),.(1
Zi?(r( ) )) +

p(0)3

- X(O)F()?) + Y(O)F(}?) + Z(O)Fg))

t
+ 2§ [X(O)Fg?) + YOFO 4 Z'(O)F(Zoil dt,
11

0o

has the same solution as we found in Section 5.2, namely,

rO = _22(1-2 ni €08 ig)(1ot — Sin 7yt). (5.6.9)
0
Then (5.6.7) yields
5 .
fO =, (1 -2 nicos i0> <§ ngt* +4 cos not—4>, (5.6.10)
0

and (5.6.8) provides us with

1 . . .
By = — 370 ni sin ig[not sin(@, + net) — sin 6, sin nyt]. (5.6.11)
0

The spiral decay and the circumferential acceleration are evident from the secular
terms in (5.6.9) and (5.6.10). The secular term in S can be shown to yield the
decrease in i due to atmospheric rotation. The reader may verify the equivalence
of these results and those obtained in Section 5.2 by utilizing

X = rcos ff cos(8,+ngt),
y = r[cos B sin(f, + nyt)cos i, — sin fsin iy ], (5.6.12)
z = r[cos Bsin(, +nyt)sin i, + sin fcosiy],
remembering that, to first order,
0 = 6O + x0M = 90 +f(0) + Kf(l),
(see also Fig. 5.7) and
sin 6 = sin 0@ + k0™ cos 0,  cos 6 = cos 0 — k8P sin 0. (5.6.13)

As a further exercise, the reader may treat the perturbation due to a third ponder-
able body in the present coordinate system and compare the results with those
of Section 3.1.
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6.2. Another Approach Using Spherical Coordinates

In order to write the equations of motion directly for spherical coordinates we may
apply the formal procedure of Lagrangian mechanics.* Following this approach,
we discuss some examples where the unperturbed orbit is noncircular.

With the coordinates of Fig. 5.7 the Lagrangian becomes

L= (m/2)#*+7r*p? + r*0* cos*p) + umjr — V, (5.6.14)

where ¥ is the perturbing potential. If nonconservative forces are present the
equations of motion become

d|{ oL oL
E[a(fﬁ,l?)] T aop - Lo (5.6.15)

where the meaning of the multiple symbols should be evident; Q represents a
nonconservative force. Using (5.6.14) we have

¥ —rp? — r6? cos?f + ﬁz __ Lo + lQ, = xR, (r0,p), (5.6.16)
r mor m
d, ,. 24 1 v o1 o
E(r B) + r*6* sin fcos f = 30 + - Qp = kRy(r,0,p), (5.6.17)
tov 1

ﬁ(rzé cos?B) = 0, = kR,(r,0,p), (5.6.18)

it mag " m
where x represents the small parameter characterizing the perturbations.

In principle, we could substitute perturbation series for r, 6, f and proceed in a
straightforward fashion. However, as pointed out, this often leads to intractable
first-order equations. Frequently, we can extricate ourselves by making the well-
known change of variables

1/r=u and 7% = p. (5.6.19)
From the second of these we also have
d , d
i u“p 70 (5.6.20)

which permits us to adopt 6, the central angle (Fig. 5.7), as the independent variable
in place of the time. Two comments are appropriate. First, such a change turns ¢
into a dependent variable for which a relation #(8) must be found. Second, the 6

*A more detailed review of the Lagrangian procedure is given in Chapter 7 by way of intro-
duction to Hamiltonian mechanics.
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used here, related as it is to the disturbed values of » and p, is necessarily the per-
turbed value of the central angle, similar to the true anomaly defined in (5.6.5).
We shall elaborate on both these points in Section 7.

With (5.6.19) and (5.6.20) the equations of motion become

d ( du dp\? 2 -
4 (p %) +up (d_9> +upcos’ — wlp = kRupf).  (5621)

d o
7 (p cos*B) = kRy(u,p,p), (5.6.22)

dd—g <p %) + psin B cos B = kRy(u,p,p). (5.6.23)
We note that the system (5.6.21)-(5.6.23) has been reduced by one order by
introducing the quantity p and adopting 6 as independent variable. The sixth
constant of integration is recovered in relating 6 to t, as we shall see shortly.
Now let :

u=u® 4+ xu® + ..., p=p® 4 xp® 4., B =B+ xkp 4.,
From the zero-order equations the obvious results follow:
dB©
po=0, P00 == S, (5.6.24)
U0 = 1+e COS(G—CL)) (5625)
a(l—e?) °

which represent Keplerian motion. The unsubscripted quantities a, e, and w
represent parameters of the unperturbed orbit. The first-order equations then
become

d*u® 2 e sin(0 — w) dp ~
W _ W= g, 5.6.26
307 " pai—ed? T peall—e?) db ' (5.6.26)
v
Z =R, (5.6.27)
dzﬁ(l) -
g B =F, (5.6.28)

It remains to find a relation between 6 and ¢t. From (5.6.20) we have dt = d0/pu?.
Expanding p and u in terms of x, we find

6
1 2y ph
t=t, + — K + do
0 L l:p()u(o)2 (POM(O)s p%u(o)2

=ty + At® 4+ kAt (5.6.29)
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where t, represents the sixth integration constant of the original system (5.6.16)—
(5.6.18). The zero-order time differential At” has the Keplerian form when worked
outin detail, but in terms of the perturbed angle . The first-order time perturbation
At™) represents the departure of the actual motion from Kepler’s law, as given by
(2.2.37) for the nominal orbit parameters a, e, .

Illustrative Example. Effect of the Geomagnetic Field on a Charged Satellite

If we use the perturbing function for the geomagnetic field as given in Section 3.5
we find

cosi

R = - W[l+2e cos(—w) + e* cos*(0—w)],
~ ecosi
7 in(0—o), 5.6.30
0 poa(l _62) Sln( w) ( )
R, = ﬂ—l—— {2sin 6[1+ecos(0 —w)] + e cos O sin(6—w)}
e poa(l —é?) ’

where i is the unperturbed value of the inclination ; the perturbation parameter
turns out to be
K = q,uoM/dmm.
Then (5.6.27) yields
ecosi

pH = I [cos(0—w) — 1], (5.6.31)

where we have chosen the integration constant so that p® = dp/dh = 0 at
0 = o, representing perfect injection at perigee. Equation (5.6.26) leads to

a*u® cos i
d92 = — m [(1 —8)2 +4e COS(G—CU)],

which has the solution

(1—e)*cos i 2e cos i

u® = cos(@—w) — 1] — 5 (0—ow)sin(@—w), (5.6.32)

B poa’(1—e?)? Poa’(1—e?)
with the conditions that u¥ = du®/df = 0 at 6 = w, again, for injection at
perigee. Finally (5.6.28) yields

sin i

1y — >
4 poa(l —é?)

{[sin 0 cos(0 —w) — sin w — (8 — w)cos w]cos(f — w)
+ [sin 0 sin(0 — w) + (0 — w)sin w]sin(f — w)
— e[cos § — cos w]sin(0 —w)}, (5.6.33)

with B0 = dgM/do = 0 at 6 = o.
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We can see the effect of the geomagnetic field on the orbit plane immediately
from (5.6.33). At 8 = 2rj + w, i.e., after j complete revolutions,

q.ioM sinicos o |

AB,.; — : 634
ﬁZnJ 2m poa(l_ez)] (563 )

Thus, to first order, the satellite departs more and more from the initial orbit plane
as time goes on, except when i = 0 or when perigee lies 90° away from the plane of
the magnetic equator and the perturbations consequently act symmetrically on the
orbit.

The perturbation in radius can be found by

1 1
r=-=-0 5y}
u u’+ Ku
1 ey

=50 T Ko

d 1 du 1( ,du
@’ T T d T u2<pu d@)
du© D du®
- - = e+ ),

Examination of these expressions in the light of (5.6.32) shows that r and 7 experi-
ence oscillations of increasing amplitude. Likewise

while for 7

0= up = u®p, + K(um)zpm n 2u(0)u(1)p0),

and, here too, u*) introduces a term of the form (0 — w)sin(f — w). The perturbation
in the angle-time relation follows from (5.6.29) as

Al = €08 i [ (1—e)sin(0—w) (1—e’)sin(—w) 2(0 — )
= p |[1+ecos(@—w)]* 1+ecos(@—w) [1+ecos(0—w)]?|’
(5.6.35)

where again we observe a secular term.

In principle, analyses like this one could be carried to higher order in a way
that corresponds to Section 4.1. However, the algebra soon becomes unwieldy, al-
though this example has been carried to third order under the simplifying
assumptions e = 0,i = 0 [reference 16].

We note again the importance of the change of independent variables, from ¢ to
0,1llustrated in this section. It simplifies the differential equations butdoes so at the
cost of leading to an inverse time relation t = t, + At9(0) + kAt)(@). This is
little or no inconvenience for practical applications since we are used to inverse
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relations like (2.2.38) for simple Keplerian motion anyway. In effect, 6 serves as an
intermediary between u, p, f on the one hand and time on the other ; this approach
has been generally useful in analyses such as illustrated here [17, 18].

6.3. The Lindstedt Transformation

In reviewing the previous examples we note that attention is invariably drawn to
nonperiodic terms such as the ones in (5.6.10), (5.6.11), (5.6.33), and (5.6.35). Since
these exhibit ever-increasing amplitudes or monotonic growth they quickly
dominate the calculations of future positions in orbit and tend to limit the time
interval over which the results of the theory are valid. Needless to say, considerable
effort has been invested in the treatment of these terms. Typically, the attempt is to
absorb these effects by suitable transformations so that they do not appear in the
ultimate expressions for the perturbed motion. In this section we consider one
device in this category which is commonly attributed to Lindstedt [19].
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Figure 5.10

The rationale consists of anticipating a secular trend in some coordinate from
simple physical considerations such as the ones displayed at the beginning of this
chapter. One then provides the coordinate frame of reference with a motion to
match this phenomenon, so that the remaining perturbations of the orbiting body
relative to this reference frame are purely cyclic and of a relatively short period.
In general, one may provide the coordinate system with the maximum number of
independent angular rates, i.e., three, for matching secular trends and discard
whichever motions are not needed for a particular problem.

Let us generalize the coordinate system of Fig. 5.8 to that of Fig. 5.10. X, Y,
Z are now replaced by %, j, Z; the nodal angle Q and the inclination i are taken
as slowly varying quantities which can grow with time but obviously retain
geometric meaning. Similarly the X axis does not coincide with the node but
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gradually shifts away from it in the plane defined by Q and i. These three slow
changes correspond to variations of the three Euler angles by which a system like
X, y, Z can be located relative to the inertial x, y, z coordinates ; such monotonic
changes are the new features of this approach. They have to be expressed in terms
of the orbit geometry and the perturbing function under consideration to fulfill
the ultimate purpose of eliminating secular trends. Generally, we could conceive
them as polynomial functions of the time (or some other independent variable)
but for a first-order analysis it turns out that linear expressions suffice.

To start from the beginning, the instantaneous satellite coordinates in the
%, 7, Z frame will be taken to be 8, B, r (Fig. 5.10). In relating these to the funda-
mental x, y, z frame, we must introduce the angle 6, which is measured in the same
plane as § but reckoned from the instantaneous line of nodes; it differs from 6
by a quantity of at least first order which we will designate k"), that is,

0 — 0 = ko', (5.6.36)

Analogously, let
8= Q + QW
and (5.6.37)

i= iy + i,

where Q, and i, designate the pertinent initial values, and o™, Q), i!) are as yet
undetermined. Using

% =rcosfcosb;
J = rcos fsin6; (5.6.38)

Z = rsin §,
we find
x = rcos f(cos O cos @ — sin O cosisin Q) + sin fsinisin O,
y = rcos f(cos 0 sin & + sin O cosicos Q) — rsin fsinicos Q, (5.6.39)

z=rcos fsinf@sini+ rsinfcosi.
From these we may derive the expression for the kinetic energy, namely,
T= 1{i? + r?[f—Qsinicos 6 + sin 0-di/dt]?

+ r2[0 cos B — sin B cos 0 di/dt + {cos B cos i — sin B sin i sin 1%}
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The equations of motion become

\ ! ov
P— rfcoszﬁ[f-l— 2K<(b(1) + QW cos i0>]+ ﬁz == (5.6.40)

r

ov
%{% cosﬁ?[f—i—x(cb(” + QM cos i0>] }= o (5.6.41)
425 o sy o0 - )|
E{r I:B—K(Q sin i, cos 0 7 sin

ditV ov
+ r2|:f2 sin f cos f+xf cos?B <Q(1) sin i, sin O + —;t—cos 9)} =% (5.6.42)

where we have retained only first powers of x, treated ff and sin f8 as O(x), and used
0 = f+ kD). This last implies 0 = f+ (wo+KxwV), with f representing the
perturbed true anomaly. ,

Let us now adopt f'as the independent variable and, as in the preceding section,
employ u = 1/r, p = r?f, together with

u=u® + ku®,  p=pO 4 p® B =kpD

Further, we will restrict ourselves to values of w®), Q) and i¥) which vary linearly
with f'; in particular, let

oM =af QU=0f =if (5.6.43)

These conditions provide us with new expressions for the equations of motion,
the zero-order set again representing Keplerian motion in the plane f© = 0,

with constant elements g, e, . . . . The first-order system turns out to be
d2u® 2p1 inf- dpM/d 2(1 .
Y + esing dp /f+ ( +ecosf)(c?)+Qcosi0)
df?  pa’(l—e?)3 a(l—e?)
al—e?) 10V
" u(l+ecosf)?x or’ (5.6.44)
dp (1—e?)? 1 10V
AR L A (5.6.45)
df u (I+ecosf)* x of
apw ) A al—e?) 10V
2(icos O+ Q )= ——————. (5646
T + B + 2(i cos 0+ Qsin iy sin 6) it ecos P x 3p ( )

The additional degrees of freedom introduced by the Lindstedt functions &f; Qf, if
are now at our disposal and, in keeping with our original purpose, may be exploited
to compensate for terms in (5.6.44)—(5.6.46) which give rise to the monotonic
factors which motivated this approach. This compensation is obviously dependent
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on the exact form of ¥ ; hence, it is best to pursue this further by example. Before
we do so, we remind the reader that the proper expression for time (see 5.6.29)
must not be neglected ; the Lindstedt device offers nothing new here so this question

will not be considered at this point.

Dlustrative Example. Effect of Earth’s Oblateness on a Satellite*

From (5.3.18) we have, to first order (J, = k),

1 - uR? ,
~ e P 1 23sin2g),
7, 55 (1=3sin%¢)

so that, with the aid of some spherical trigonometry,

1 oF  3uR? .
A (1—3 sinZi, sm20>,

J,or  2r*

1 0V  3uR2

J_a—f - l:3 sinZi, sin 6 cos 6,
2

10V  3uR?

08 1°

sin iy cos i, sin 6.
Equation (5.6.45) becomes

dpV 3R? sin?i U .
d—f - — 5 0 TR (1+e cos f)sin 0 cos 6,

where we may now interpret 6 as

We then have d/df = d/df, and

2 H
p = —3R° S111210\/113(1—e2)3

2 3

(5.6.47)

1 - _ _
~l}sin29 + sin g sin0 — ; cos W, cos39J +C,, (5.648)

where p = \/ua(1—e?) + J,p™", and C, is determined by the initial conditions,

say p = 0at 0 = 0,.

*Note also [20] for a treatment of first-order oblateness effects involving Lindstedt’s technique.
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Next, again using (5.6.47), (5.6.46) becomes

d? /;(1)
do?

+ BD + 2(1 cos H+Q sin i, sin 6)

3R? sin i cos i
a2(1 _ eZ)Z

<s1n 6+ e sin w, s1n20+e cos w, sin 6 cos 0) (5.6.49)

Inspection of the right-hand side shows a “resonance” term, sin 0, which would
result in the form 68 cos 6 in f. It may be suppressed by choosing

A 3R?cos i
O= - -"0
2a%(1—e?)%
or, ‘
3J,R?cos i
Q=0 2 0 5.6.50
(. 2612(1 2)2f ( )

This last, interestingly enough, corresponds to the result obtained earlier (5.3.20)
forthe change in longitude of the node of a circular orbit (e = 0) over one revolution,
ie., f= 27n. As we shall see in the next chapter, this regression of the nodes is a
well-known effect and can also be calculated through the application of Lagrange’s
planetary equations.

Since the right-hand side of (5.6.49) does not contain a term cos f (which would
generate another secular contribution to f), the Lindstedt parameter % is not needed
for this problem and we set it equal to zero. We thus obtain, finally,

3J,R? sin i COS ig
a2(1 _ 82)2

. | = 1 -
B=— e: [sm a)0<§ sin*6 + cos?60 — 3 cos40>

ST B
— cos my (5 sin 0 cos®0 + 3 sin0 cos 0>

— C,c08 § + Cysin 9}, 1 (5.6.51)

where again C, and C; are to be chosen by appropriate initial conditions, for
example, § = d,B/dH =0 at 6=0,
Equation (5.6.44), after substituting 67/dr and equations (5.6.48) and (5.6.50),
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now can be solved. Again, terms in 6 sin 8 and 6 cos § may be avoided in its solution
by choosing

3R? .
o = WG—S sm2i0> ; (5.6.52)

we have
R? = ~ _ _
u) = TR sin?i, |:% + $sin%0 — sin*d + 3 e sin w, sin30(3 — 3 sin?0)

+ 2ecosmgsin?fcosf — Le?sin?wqy(4 —2sinh — sin*h)
— e? cos?my(1 — % sin?0 — 3 sin*0)
+ e? sin wq cos w, sin O cos 0]

— 3 + 1 e? cos?wy(l + sin?0)

+ €2 sin?wq(1 — 1 sin?0) — €? sin w, cos wy, sin O cos 9}

2C _ _
————2— 4 C,sin 0 + C;s cos . (5.6.53)

< pa(l—e?)

Note that the expression (5.6.52) leads to

. 3J,R? .
w = Wy + 4—612(_12_—7)26 COSZIO— 1>f (5654)

which is also a well-known effect, the precession of the apsides.

The value of r is easily obtained by r = 1/u ~ r© — J,u®/u©®?  but this
result displays no behavior worth describing in detail. The constants C, and Cs
are also determined from initial conditions. The sixth constant will be obtained
from the time equation as discussed earlier.

This completes our sketch of the Lindstedt approach. Observe that relative
to the moving frame, the perturbed coordinates, as functions of f, exhibit purely
periodic behavior. However, if the time equation (5.6.29) were executed in detail
for this example, it would exhibit a secular term which cannot be avoided by the
Lindstedt device as used here. More will be said about this “drift in epoch” in the
next chapter.

In principle, the Lindstedt technique can be extended to eliminate a variety of
effects, e.g., the spiral decay in r due to atmospheric drag could be “removed” by
introducing a time dependent reference altitude. We also note that if several
disturbing functions are to be treated simultaneously, their Lindstedt parameters
are simply additive to first order; moreover, the Lindstedt procedure can be
carried to higher orders by replacing equations such as (5.6.43) by nonlinear
expressions. We may also remark that the moving reference frame X, y, Z and
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the Lindstedt variables themselves are conceptually related to such devices as
Hansen’s auxiliary ellipse (Chapter 9) and the “mean” variables or “averaged
motions” encountered in several other astrodynamical techniques.

7. CHANGE OF INDEPENDENT VARIABLE

In this section we examine more closely the one transformation used in all the
examples for noncircular orbits given above, namely, the change of independent
variable from time to the true anomaly. In the foregoing, we used the actual, i.e.,
perturbed, value of the central angle. In general, we can also use the unperturbed
true anomaly of the zero-order (Keplerian) orbit; we could even use the eccentric
anomaly. In any case, the basic idea is to interpose a new independent variable
between the time and the other coordinates like §, p, u, or r. The reason for this is
the difficulty in solving Kepler’s equation for noncircular orbits. If we insist on
retaining ¢t when the eccentricity is not zero, the only alternative is to expand the
(unperturbed) coordinates in some kind of series, e.g., as shown in (2.6.17); then
we are inevitably led to a long awkward process. As noted, such methods are used in
classical celestial mechanics, but will not be followed in this chapter.

In transforming to one of the anomalies, care must be exercised to avoid losing
the significance of time, which is now to be considered as a dependent variable.
Indeed, the relation of time to angle is affected strongly by the choice of the new
independent variable, i.e., not only whether we select true or eccentric anomaly,
but also whether we wish to utilize the perturbed or unperturbed representation of
that angle. This is sufficiently important to warrant illustration in some detail.

Use of the Unperturbed Anomaly. We return to the equations of motion for spherical
coordinates derived in Section 6.1 and introduce the argument of latitude 6 (Fig.

5.7) as in-plane angle. Using r = r@ + xr® + -+ 0 =09 4 x6D + -,
B = kB + - - -, the zero-order equations are
FO) — pOGO2 02 — %[r‘(”29‘°’] =0, (5.7.1)

The last leads to
0 = po/r®”; (5.7.2)

it is this which allows us to make the transformation

iz.(o)d po d

i do 1O ggor

and thus to solve the first of (5.7.1) in the form

2
’ 1+ Cycos(0® —C,)° (57:3)
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We recognize (5.7.2) and (5.7.3) immediately as representing Keplerian motion.
Further, the former provides us with

02
dt = — a6,
Do

= pe 2 tan~ ! 1-C tan -G
21— /1-C2 Vi+c, 2

C, sin (0 — C,)
- C,. 574
1+ C, cos (0@ — C,) + s (5-74)

or

Thus we have time as a function of 8©; moreover, it is easily seen that (5.7.4) is no
more than Kepler’s equation (2.2.37).

The first-order equations, after transformation to 0*) as independent variable,
are

20 2 O dow 2 FO
e — W‘%% — 2O ) “Hpopm - Iy
467 79 36 gg do P2 2
o 240 C
200 = ~ S0 + ?jFﬁ‘”r“’)’de“” + ;f, (5.7.5)
0
24(1) (02
d '?0)2 po="_F,
do 2

Use of the Perturbed Anomaly. If we wish to transform the independent variable
directly to 6, we use

d_,d 1 d
At~ d0 " (de/d6) do

dr dt 1 dr ) (dﬁ p (dt\? ar\?

&~ ae* @janyan ~ <P ~"\ag) *\as) = *ae) I
d[ r? ) dt
Eé[(dt/de) o ﬂ} Ak

d[ »» dp r2sinﬁcosﬂ d &y
%[(dt/de) Eé] (dt/d6) ~ a6

(5.7.6)

Then,
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This, of course, is familiar from Section 6.
Now, if we set
r=r(°)+xr(”+---; ﬁzKﬂ(l)-i-"';- t:t(o)—}-;ct(l)-i----,

we obtain, as a zero-order set,

A S L po 4 K dt—(O)\lz =0

o> do* (dr)d6) do Ko )
(5.7.7)

dT or
Ez—é[(dt(—’/d@)} 0
This last gives us
1 2

at/dg = 1, (78)

where primes distinguish the integration constants belonging to the perturbed
anomaly from those for the unperturbed anomaly. When substituted into the
first of (5.7.7), this provides us with

2,(0) ©
dr? 2 dr oL M oLon g
a* ~ ¥ g P2 ’

which has the solution

#0) — P(JZ/# .
1+ Cicos(0—C5)°
compare (5.7.3). Then (5.7.8) yields

0 — 3 2 tan~1! 1/1—C’1tan0—C’2
/,LZ(I—C'Z) J/1=C? 1+C; 2

C;sin(0—C5) .
[+C, cos(0—Cy) (T & (57.10)

(5.7.9)

compare (5.7.4).
The first-order equations are

dlr(l) Pb [dr(o)dzt(l) dr(l)d2t(0)
a2 77| g0 do7 T ag ae

r (0
+ r(0)4 40 dez do pIO p() 40 r . (5711)

pg drO PO dr 2u[,,(0>r(1) dr“)] FO
==
Do
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(1) (0)2 '
a_ 3{ HO(1) _ ”_73_JF§0)¢(0)2 do— =20,
do  po Po Po
d2po #0)?
+ g0 =" po 57.12
02 TP o2 ( )

Comparison of Results. Itis worthwhile emphasizing that the choice of independent.
variable does not affect the results, only the means of obtaining them. Thatisto say,
whether we select ¢, f or £, E or E©, the final equations will be quantitatively
identical, to the order desired.

To illustrate this, let us turn to our study of the effect of drag on a circular
orbit, this time analyzing the motion by means of Egs. (5.7.1) to (5.7.12). If the
circular initial conditions » = ro, 7 = 0,0 = /u/rd, apply at 0 = 0,, (5.7.2), (5.7.3),
and (5.7.4) provide us with p, = . /ur,, C; = 0,C, = 6, C5 = 0, so that, of course,

_ 09 — ¢
O =r,, 00 = JupO =pn, t=— 2 (5.7.13)

)

Equations (5.3.26) then allow us to solve (5.7.5). We find

r) = 272 (1—2n—gcos i0> [@‘0) — 00> —sin (9(0) — 6(>:| ,
0
o \ |3 (a0 2 (0) (5.7.14)
o 1—2n—cos10 50 —60y) +4cos(0® —0,)— 4|, -/
0
B = — %roisin i [(9‘0) - 9(> sin 0 — sin 6, sin(@‘o’ - 6°>]
no

Substitution of the last of (5.7.13) and subsequent comparison with (5.6.9)-(5.6.11)
indicates the equivalence of these approaches.
Turning now to the case where we used the perturbed true anomaly, (5.7.8)-

(5.7.10) yield C) = /uro, Cy =0, Cj = 6, C; =0 and

JiTe)

Il

HO =y, 1@ =20 (5.7.15)

Equations (5.7.11) and (5.7.12) then provide us with
) = —2pk <1 —2% cos i0> [0—0,—sin(0—0,)],
0
3
W = — /rd/u (1 -2 ni €os i0> [5 (0—0,)* + 4cos(0—0,) — 4], (5.7.16)
0

1 ‘
B = — =1 ni sin io[(0— B)sin 0 — sin 0 sin(0— 0,)]-
0
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Of course, to first order
t = t© 4wt
0 - 90

= + ra®
Ro

or
0 — 0, = not — kngt®, (5.7.17)

Now. the first of (5.7.16) leads to
r=ro — 2xr3(1—=2 ni cos ig)[(0—0,) — sin(0—0)];
' 0
substituting (5.7.17) and retaining only first-order terms yields

O- .
r=ry— 2xrg(l—2 - cos io)[not — sin ngt].
0

The first-order part of this agrees with (5.6.9); similarly, the equivalence of f*)
and (5.6.11) can be shown. Taking (5.7.17) and the second of (5.7.16) we get

3
6 — 0y = ngt + xr0<1—2—3—cos i% |:§ (0—0,)* + 4 cos(0—06,) — 4:|. (5.7.18)
0

Now
0=0,+fO+xf®  and [ =n,t,

so that again substituting (5.7.17) on the right-hand side of (5.7.18) and retaining
first-order terms,

3
fO = r0<1—2n£cos i0>|:§n§t2+4cos not—4],
0

which agrees with (5.6.10).
We have belabored this point of equivalence, perhaps, but its significance
cannot be overemphasized ; it is fundamental to all perturbation methods.

8. SECULAR AND PERIODIC EFFECTS; RECTIFICATION

In the discussions of the examples given in this chapter, we noted several times that
the perturbed solutions have terms of two types, those which contain the indepen-
dent variable directly, and those which contain it only as an argument of a trig-
onometric function. The first grow without limit as time increases and are called
secular. Members of the second class return to their original values after one
revolution or a fraction thereof and are called periodic. We had already seen
something of this in Chapter 3, where we distinguished between precession (of the
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equinoxes) which is a secular effect, and nutation which is a periodic effect. It is
obvious that, over a long time, secular terms predominate and, since they limit the
accuracy and the prediction range of a perturbation theory they often receive more
attention than do the periodic effects. One may expect that higher-order secular
terms are generally nonlinear and the whole sequence may tend toward the power
series representation of a periodic term of very long period and, possibly, large
amplitude [22]. ’ '

It is worth distinguishing among three aspects of the secular terms: limiting
applicability as discussed above, convergence of the series representation, and
physical instability of the orbital system described by the theory. Of the last two,
Sterne [22, pp. 112-113] makes the following remarks. “The convergence of the
resulting series has been the subject of many studies, for some of which the reader
is referred to Poincaré [ 23, 24]. Past concern . . . is thought by the author possibly
to have been the result of confusing the mathematical question of convergence with
the dynamical question of what the long-time behavior of the .. . system really would
be. ... [The] presence of . .. secular terms . . . cannot possibly show whether the
series converge or whether the. . . systemis destined to undergo drastic changes... .
Thus each term in the infinite series of secular terms t — t3/3! + ¢5/5! — -
increases without limit and approaches infinity as ¢ approaches infinity. Yet the
series converges for all values of ¢, and in fact represents merely the bounded
and gently varying function sin ¢.... [ Some] writers have argued that purely secular
terms, that increase without limit, and even mixed terms that involve oscillations
of increasing ‘violence’, imply divergence or ‘instability.” It seems clear to the author
that the existence of secular or mixed terms implies nothing at all about either
convergence or long-time ‘stability’.”

The confusion Sterne mentions may stem, in part, from the normal reverence
accorded the founders of a discipline and the belief that they must have had rational,
well-considered, reasons for everything they did. As Dziobek [25, p. 280] observes,
“Every device was employed by Euler, Lagrange, and Laplace to get rid of these
[secular] terms. Anyone who studies their works must feel that, aside from
mathematical considerations, a sort of metaphysical idea directed these earliest
explorations which bridged the gap between entire ignorance and complete
clearness.”

As a final item in this chapter we must mention rectification, a practical and
effective device for enhancing the accuracy of any given analytical perturbation
solution. As applied to a first-order scheme, calculations of the perturbations,
based on the disturbing forces evaluated with the unperturbed coordinates, are
stepped forward in time until the perturbations amount to a (relatively) substantial
fraction of the coordinates. At this point, the first-order results are combined with
the Keplerian coordinates, and a new set of zero-order starting values is found.
The first-order calculation is then carried forward another step, etc., etc. Using
any of the finite-order solutions discussed in this text, we can subdivide a long
prediction interval into subintervals and, at the beginning of each, absorb the
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accumulated perturbations by a redefinition (or rectification) of the unperturbed
orbit. This strategy applies whether secular terms appear explicitly in our finite-
order solution or are made implicit by devices such as the Lindstedt parameters.
Its application is equally straightforward for cases with more than one perturbative
effect. The convergence of this procedure, as the step size goes to zero, follows from
the same rationale as the convergence proof for equations of the form dy/dx =
F(x,y), by the method of Picard iterants [26], where we rely on the fact that a set of
higher-order differential equations can be transformed to first-order ones.

In the theoretical limit, as we take smaller and smaller steps, rectification
allows us to obtain any accuracy desired. In practice, however, we always have
some residuals from the higher-order terms, and accumulated roundoff.

It is unfortunate that rectification has been virtually ignored in the past.
However, this methodology lends itself so well to the application of electronic
computers that such a state of affairs cannot persistin our day, particularly since the
economics (considering man-hours spent on algebraic manipulations and their
verification) favors the machine.
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Chapter six

PERTURBATION IN THE ELEMENTS

1. THE OSCULATING ELLIPSE AND LAGRANGE’S PLANETARY EQUATIONS

We have shown several ways in which we can calculate the position and the
velocity of an orbiting body subject to perturbations. In so doing, we may find it
convenient to adopt the true or the eccentric anomaly as independent variable
but since these can be related to time we have, in essence, found the position and
velocity as functions of time.

We recall from Chapter 4 that the position and the velocity of a moving body,
at a specified instant, define a Keplerian orbit. Thus, if at a moment ¢t we were
to compute the orbit elements by the means outlined, they would define the path
the body would follow if all perturbations were suddenly removed. This curve is
tangent to the actual trajectory at time t and is called the osculating orbit for that
instant. For the sake of argument, let us assume that this orbit is always elliptic.
Now, in general, the orbit elements for this ellipse differ from those we would find
at t—At or t+ At. We may think of the body as passing continuously from one
osculating ellipse to another.

This concept is extremely useful for two reasons. First, the orbit elements do
not exhibit the normal variability of anomalistic motion as do the coordinates;
hence any variation can be ascribed directly to the perturbing forces. Secondly,
the elements possess a geometric significance clearer than that which can be
deduced from the coordinates ; hence the effect of the perturbation on the orbit can
be seen immediately.

Since there are six elements, it is desirable that we should write the three
second-order differential equations of motion expressed in the coordinates as six
first-order differential equations expressed in the elements. This provides us with
direct means of obtaining the variationsand yields, to first order in the perturbations,
differential equations which reduce to quadratures.

157
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Let us first restrict ourselves to perturbative forces which can be derived from a
potential function, say — R, the negative of which is the disturbing function. Then
the equations of motion can be written

d*x ux OR d? oR d*z pz OR
Exp et Y B 5 2 E_T 61
dt r o0x dt r dy dt r 0z
If the right-hand sides of (6.1.1) were zero, we could write the solutions as
x = x(t, a, e, i, v, Q, 1), etc., or more briefly

x =x(to); y=yta); 2= z0), (6.1.2)
where i = 1, ..., 6 and o; is any of the orbit elements. The equations of motion
which (6.1.2) satisfy are

0*x  ux 0%y uy 0%z uz
—_— —_ = : _— _= N ey 3 = O, 1.
ot? + r3 ’ ot? o o ot? T (6.1.3)

since, in Keplerian motion, only the coordinates contain ¢; i.e., the elements are
constant.

It would be convenient if the coordinates were precisely the same functions of
the elements in perturbed as in unperturbed motion, i.e., if (6.1.2) were valid at all
times. To obtain this, we must allow the elements, a;, to be variable in time so that
(6.1.2) holds even when the perturbing force does not vanish. Likewise, it is desirable
to find the perturbed velocities by the same technique as used in Keplerian motion,
ie., simply by differentiating the coordinates with respect to time explicitly,
without regard to the dependence of the elements on time. Thus we desire

dx/dt = 0x/ot. (6.1.4)
But actually, from (6.1.2)
dx 0Ox 0x du,
& w X dr

so that we must then demand that*

ox dy 0z
=S =Y 6 =0 6.1.5
izao‘i % zl: aaid, izaai H ( )
The three conditions (6.1.2) and the three conditions (6.1.5) are just sufficient to
allow a unique solution of (6.1.1) after introduction of the six new variables a(t).
Now from (6.1.4), we obtain
d*x  0%x 0*x

=t Laa

(6.1.6)

*This is known as the condition of osculation. It assures that the osculating ellipse is tangent to
theactual orbit, since it assures that the velocity in the osculating ellipse, treated as a Keplerian
orbit, is identical with the actual velocity (at the point for which the osculating ellipse is defined).
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so that the first of (6.1.1) becomes

0*x %x ,uxv oR
Wt Xaam T (617

But §%x/0t* is, at any instant, the same as that which would be obtained in un-
perturbed motion if we had chosen the values of the «; at that instant and treated

them as constants; similarly for the coordinates x, y, z as they appear in ux/r>.
Thus these are related by (6.1.3), so that (6.1.7) becomes

0*x . OR
X oan = o (©19)
and also
2y . R 0%z . OR
Yaew "o aamt T a (©19)

Now if we multiply Z[(0x/da;)d;] of (6.1.5) by 0x/0a;, multiply (6.1.8) by 0x/du;,
and subtract, we get, noting that 6%x/(t do;) = 0%/0u;,

(6.1.10)

z

i

0% 0x _ 0x 0x\ ~_ OR ox
do; 0, 0o 0a))™ T 0x O

Adding corresponding equations in y and z to (6.1.10) and remembering that

dRox oRay 0Rdz _ oR

F™ da; By oa Eaaj = aj, (6.1.11)
we find
0% 0x _ox 0%\, (oy oy oy
Zi: Oa; o; Ot ot Oa; Oo; O, Ouj
0z 0z 0z 0z oR
— = 112
* <6oci Oo; Oy 6aj>]a’ ou; (6.1.12)
For brevity we write this equation as
. OR
2lapuls =, (6.1.13)

i j
where the quantity [a;0;] is called a Lagrangian bracket.
There are three important properties of Lagrangian brackets. Two can be

derived by inspection of the left-hand side of (6.1.12), namely,
[ai,ai] =0, [O‘j,“i] = _[“iﬂj]- (6.1.14)
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The third requires a bit more investigation. We will abbreviate the first two terms
of the summand on the left-hand side of (6.1.12) as [x]; then
0% 0*x %% O0x 0x 0%*% 0*x 0%

0
2 [x] = da; Ot 0o + 0t do; Ot;  Oat; Ot Oox; Ot Oax; Oot;

Now the first and fourth terms in this expression are identical, since 0x/0x; =
0°x/0t 0a; and 0%x/0t do; = 0%/0u;, and they cancel each other. Then we may write

i[x]— %% ox  0x %%
ot 0t 0o 00; O Ot Oorj

e x_afi)_ v
o2 - T HE T\ T ax

oL ooV e o (o
ot o \0x)00; oty 0or;\0x)

which may be cast into the form

a[]_ o (oV ox _i<5_V§£
o = Go\ox ;) Ga;\ox )

If now, we add similar expressions for

Now from (6.1.3)

Thus

aly] dz]
ot’ ot’
we find
0 0 [oV 0 (oV
o (o] = 507(37) - é;}(%) =0, (6.1.15)

which is the desired property. This last considerably simplifies the work of evaluat-
ing the Lagrange brackets because, as will appear, the brackets can be written
as explicit functions of the eccentric anomaly E. Since, by (6.1.15), they are in-
dependent of time, we may evaluate them particularly at ¢t = 7, i.e.,, at E = 0,
which reduces them to quite tractable expressions.

The process of evaluation is straightforward. We have from (3.4.2) and (3.4.3)

x=l,a(cosE—e)+ l,a,/1—e*sinE,
y=m a(cosE—e)+ m,a./1—e?sinE, (6.1.16)
z =ny a(cos E—e) + nya,/1—e*sinE,

where I, I,, my, m,, ny, n, are given by (3.4.4) and (3.4.5). We may then perform the
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required differentiations, etc., remembering that the dependence of E on the
elements a, e, 7(x) is given by Kepler’s equation (2.2.35) or (2.2.36):

—esinE = \/u/a®(t—1) = /ua’t + . (6.1.17)

We find
: 3
[ae] =0, [aQ] = N )cosz
2 a
_ 1 jui-e?
[az] = 2 2, [a,0] = -3 o
[ai] =0, [ex] =0,
[ei] =0, [-.Q] =0,

[e,Q2] = \/%ecos i, ' [t0] =0,

[e,0] = lﬁa 5 € [,Q] = /pa(l—e?)sini,

e

[ti] =0, [i,w]
[Qw] = 0.

Of course we also have from (6.1.14) [a;0;] = 0, where «; is any element. If we
wish to use y in place of 7, we get

fo] = = 3% e

[e;X] =0, [X’Q] =0,
[X,CU] = 0.

If these values are inserted in Eq. (6.1.13), we get

lu u(l 2) M(l 2)

\/:ﬂaezeCOSlQ-i— \/

#, _0R
2¢ ot’

1
2a
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. OR

pa(l—e?) sini-Q = T

2) oR
cosza— 2ecosze—«/ua(l—e smz— FToy

1\//7(1~e)d_ wa . _0R
2 a 1-2%°~ 5

The alternative expressions in terms of x can also be obtained. These six equations
can be solved simultaneously for 4, é, etc., the results being
2a oR

4= — o (6.1.18)

5o a(l—ez)a_R lll—eZ@ 6.1.19
B pue o0t e\ ua o’ (6.1.19)

_ 24*0R N a(l—ez)é’_ﬁ

(6.1.20)

u oa ue oe’
di 1 l}os oR aﬁ} (6120)
—=—F————|COsi— — — 1.
dt  J/pa(l—e*)sini o 0Q
1 oR
Q= — (6.1.22)

pa(l—e?)sini oi
[1—e?1|0R ecotidR
D= — | -] 6.1.23
@ ua e[@e 1—e? ai] ( )
g=2q/2R (6.1.24)

~ — AR
_ = )a—R_l\/l e R (6.1.25)
e/pa 0y eV pa Ow

1—-e?dR 5 g_@
pa de ,uaa.

= - (6.1.26)

We have thus completed the task we set for ourselves earlier: Eqs. (6.1.18)
through (6.1.23) or (6.1.24) through (6.1.26) and (6.1.21) through (6.1.23) provide
us with the relations which express the effect of a perturbation on the osculating
elements. This set is known as Lagrange’s planetary equations.
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2. ON THE APPLICATION OF LAGRANGE’'S PLANETARY EQUATIONS

The analytic solution of the six simultaneous first-order differential equations
(6.1.18) through (6.1.23), or of the alternative set, presents formidable difficulties in
most cases. The foremost of these are that, except under rather unusual circum-
stances, none of the equations allow us to separate variables, and the right-hand
sides are nonlinear in the elements. Of course, numerical means may be used;
while some investigatorst have pursued this, we will not discuss it here.

2.1. The Perturbation Approach

If the perturbing force is small compared to u/r?, we again expect that its effect
will also be small, i.e., we will not find large changes in the osculating elements
over a reasonable period of time. Once more let us employ the perturbation
parameter k as a measure of the magnitude of the disturbing force ; thus we write
its components as :

R 0R* oR  oR* 0R  oR*

— =k , —=K——, - =K—.

0x ox 0y oy’ Oz 0z
Then (6.1.11) provides us with aﬁ/aaj = x@ﬁ*/&aj, and (6.1.18), for example,
becomes

22 0 -
i= —ZL LRt a6 i, Q). 6.2.1)
u ot

Now suppose we expand each element as
o; = o + o) + 12a® -, (6.2.2)

where the o are functions to be determined. Substituting (6.2.2) into (6.2.1) and
equating coefficients of like powers of x, we find, to zero order, a¥ = 0 or a© =
constant = a,. The first-order equation is then

2a3 8 R%

(1)
a - —,
u ot

(6.2.3)

where 0R¥/dt is the zero-order part of the disturbing force.

To be clear on this last point, let us specify how 0R%/dx; may be formed. We
have demanded that, even in perturbed motion, the coordinates be expressed in
terms of the elements and time exactly as they would be if unperturbed. Thus
x = x(t, a, e, i, w, Q, 7), where we use the osculating values of elements at each
instant. Hence, it is a simple matter to find 0x/0x;, where «; is any osculating
element, since the dependence of x on o; is the same as in Keplerian motion.
Similarly, since R = R(x, y, z, X, J, Z, t), it is easy to find 0R*/0x, etc. Then, by (6.1.11),

tSee, for example, reference 1 for numerical variation of parameters methods due to S. Herrick
et al.
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we can write dR*/da ;in terms of the osculating elements and time, and expanding
each «; by (6.2.2) we obtain, as the term independent of k, what we have called
OR%/00;.

It is not difficult to see how to extend this iterative process to any order.
In fact, its basic rationale parallels that of classical convergence proofs by Picard
iterants. If we stop at the first level of approximation we have, for example,

2¢%2 OR¥
_ (1) _ |00
a=ay+ Ka ag u K W
or
2a3%(0R
a—ay=Aa=— ﬂj—‘) dt, (6.2.4)
u)or

where we absorb « in dR /0.

2.2. On the Form of Kepler’s Equation

As we have noted, to find expressions for the partial derivatives of R we must
differentiate the coordinates with respect to the elements. For this we use Egs.
(3.4.1)to (3.4.5). Now the dependence of x, y, z on i, w, Q is explicitin (3.4.3) to (3.4.5);
however, their dependence on a, e, and especially 7 (or y) is expressed partly through
Kepler’s equation, (2.2.34), (2.2.35) or (2.2.37). Because the first two forms are so
much more compact, it is usually more convenient to find 0E/da, 0E/de, OE /0t
(or AE/dy); if R is to be written in terms* of £, we may use

0ff00; = (0E/Ocu;)(df/dE),

where df/dE is obtained from (2.2.27) through (2.2.29).

Now we have E — e sin E = n(t—1) = nt + y, where n = /u/a®; either
form gives us simple expressions for 0E/de, 0E/0t, or 0E/0y. However, from the
form of Kepler’s equation containing 7, we obtain

3
0E(1)/0a = > (e sin E—E), (6.2.5)
while from the form containing y, we find

0E(y)/da = 23 (x+e sin E— E). (6.2.6)

5
There are two points of interest in connection with these equations. First, they
imply a relation between 0R(t)/0a and OR(y)/0a which deserves clarification.

*We haveseeninthe preceding chapter that the use of for E rather than time as the independent
variable may prove convenient. Whether we choose one or the other depends largely on the
form of R, as will be shown below.
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Second, they both contain the factor E as well as trigonometric functions of E
and this is worthy of some discussion. As regards the first item, we bring this up to
point out the relation between (6.1.20) and (6.1.26), the only two equations con-
taining AR /0a. If accepted at their face value, it would appear that

1= —ni(= —wa’),

7= —nt — nr, (6.2.7)

rather than

which is obtained from the definition
X =—nmt=—.J/ulat (6.2.8)
However, the point is that in (6.1.20) we naturally mean to use R(z), since we are
computing %, while in (6.1.26) we have R(y). Now
oR() _ 0R(x) , OR(0)ox
oa da Oy o0a

and thus, using (6.2.8),

oR(7) _ oR(y) X oR(x)
oa Oa 2a Oy

Then (6.1.20) may be rewritten as
s a1=¢)OoRG)  2470R(x) _3ayoR()

ue de u Oa u oy’
which, inserted into (6.2.7), yields
1-¢* 0R(p) _, \/E oRG) , 31 0R(x) , 3t0R()
u

e\/ﬁ de da * \/;:a ox a® oy’
where we have used i = —(3n/2a)a,and (6.1.24). By virtue of (6.2.8), (6.2.9) reduces
to (6.1.26).

As regards our second point, we find, however we write out 0R/da, that the
angle E, or its equivalent form (2.2.30), appears as we noted above. Ultimately,
this will bring into dR/da forms of the type

E sin’E cos*E
(1—ecos Ey™

(6.2.9)

Such terms give rise to considerable labor in evaluation of the integrals resulting
from Lagrange’s planetary equations; in many cases no closed-form solution
exists. Hence, direct integration of the equation for 7 or y presents a much more
formidable problem than does that of the other elements. Let us examine the case
for .
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Appreciable simplification results if we make the substitution
M=nt+y (6.2.10)
that is, if we use the mean anomaly. In terms of the mean motion, n, we may rewrite
(6.1.26) as
2 an ~ ~
e ) an ©211)

where (AR /0a) signifies that the derivative is to be taken with respect to the semi-
major axis without considering the dependence of n on that variable. Now

oR _oR oM _ oR

o oM 9y oM’
and

on oM am oM’

since n is independent of y. Thus dR/on = t 6R/dy. But M = n + ti + 7, and

Thus (6.2.11) becomes

A — t3n 1-¢?0R 2 (0R\ 2 0Rdn
=T 5% T e de  na\da na 0y Oa
By (6.1.24)
2 R _ .
- —— = a’
na oy
but also dn/da = — 3n/2a, so that
. 1—e?0R 2 [0R
= - " _ | 2.12
M=n na’e oe na(ﬁa)’ (62.12)

this avoids completion of the difficult integrals but ultimately requires an evalua-

tion of
ndt = j\/Edt= j /—“—dt,
J @ <a0 +fd d%3
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where a, is the value at the epoch and a is given by (6.1.24). For first-order énalysis,

when gd dt) Jag <1,

t

J ndt = nOJ <1 3 ddt>dt

» ” 2a,
3n, ("

= ny(t—to) — —"j Ga dt)dt. (6.2.13)
2a, o

Having found M by (6.2.12) with the help of (6.2.13), we then use (6.2.10) in the form
M —My=nt+ x—noto — Xo (6.2.14)

to obtain y. The element T may be treated similarly.

2.3. Choice of Independent Variable

In Chapter 5 we explained why, for noncircular orbits, it was convenient to utilize
one of the angular anomalies as the independent variable of the equations of
motion ; we also introduced the notions of perturbed and unperturbed anomaly.
These considerations are equally important for Lagrange’s planetary equations.

Before becoming involved in details of the transformation, it is worthwhile
to examine again the meaning of perturbed and unperturbed representations
of the anomaly. For this purpose let us address ourselves first to the true anomaly.
In Keplerian motion this angle is defined in relation to the elements and time by
Eq. (2.2.37), namely,

2tan—1< ?tang—f————vl_‘?zsm’: \/g(r—r). (6.2.15)

+e 2 l+ecosf

We can take this as a definition of true anomaly in disturbed motion also, providing
the elements a, e, t are understood to have their time-dependent values. This
specification of perturbed true anomaly is consistent with all the notions of osculat-
ing elements we have introduced in this chapter.

The magnitude of f(¢) obtained as above is not the same as would be found
had each of the elements a constant value. Naturally, we may choose some epoch
at which to specify these values; the true anomaly obtained by utilizing these
constants, say a,, ey, T, is identical to that defined in Keplerian motion. Because of
this, we designate it by f(© and refer to it as the unperturbed true anomaly. Its
relation to time is

l1—e f(°)> eon/1— €3 sinf©
2tan~!(y/—tan*—) — =2 \/ - 6.2.16
tan < 1+e, ) 1+ey cosf@ (t v )

compare (6.2.15).




168 Perturbation in the elements . 2

For reasons which will appear presently, it is generally more convenient to use
f© rather than f as the independent variable in Lagrange’s planetary equations.
Consequently, it is important to understand its significance. Mathematically, it
simply represents a connection among convenient expressions for the variations
of the elements and the (ultimately) preferred independent variable, time.
Physically, f(9 has no real counterpart ; however, it may be useful to think of it in the
following way. Assume we have two bodies in orbit : one subject to perturbations
and the other not. Both start at the same point in space and time with identical
elements a,, e, ip, g, 20, To- We find we can follow the progress of the disturbed
body most easily by reference to the angular position of the unperturbed, i.e.,
by reference to f©. The orbit of the latter body thus plays the role of a useful
auxiliary, especially since its progress in time is marked by a relatively simple
equation, namely (6.2.16) in which all elements are constant. This auxiliary orbit
corresponds to the concept of the nominal orbit of Chapters 4 and 5.

Turning now to the means of performing the transformation of independent
variable, this is accomplished by dividing (6.1.18) through (6.1.26) by the time
derivative of the true anomaly since a; = (do;/d)(d¢/dt), where o, is any element
and ¢ is either the unperturbed or perturbed representation of the true anomaly.
Equation (6.2.16) yields

df(O) U (on2
el \,ag(l—e%)3(1+e0 cos [, (6.2.17)

o m (6.2.18)

@~ O

or

Needless to say, these are simply statements of the constancy of the unperturbed
angular momentum. Applying (6.2.18) to, say, (6.1.18) we obtain

da 242072 a_ﬁ
e [Pa1—ed) o

(6.2.19)

The derivation of this equation has been completely rigorous. If, however, we now
utilize the perturbation method and Eq. (6.2.2), then (6.2.19) becomes, to first order,

da al(1—ed)? 1 oR,
7o = —24 S T rereos O 5 (62.20)

note that the right-hand side of (6.2.20) contains only zero-order elements and
functions of f (®). We may treat Egs. (6.1.19) through (6.1.26) similarly ; each provides
us with a simple quadrature in f©.
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If we wish to use the perturbed true anomaly, we differentiate (6.2.15) to find
df/dt. We obtain :

d / 2
-%: a3(1ie2)3 (I1+ecosf)

Ji_s a3l —e?)sinf(2+ecosf) .
-t U (1+ecosf)?

3 |a _f 1—e.  f\ eJ1—é*sinf],
—5\/%|:2tan 1( 1Tetan§)_ l4+ecosf- :Ia}, (6.2.21)

where 1 is given by (6.1.20), é by (6.1.19) or (6.1.25), and a by (6.1.18) or (6.1.24).
For convenience, let us rewrite (6.2.21) as

% - Wﬁ_??(l +ecosf)(1+T); (6.2.22)

note that since I" contains the time derivatives of the elements it is a quantity of O(x).
Equations (6.2.22) and (6.1.18) provide us with

da | [a'(1=¢?)’ 1 oR
df w3 (1+TD)1+ecosf)? o’

(6.2.23)

compare (6.2.19). Equation (6.2.23) is exact; applying (6.2.2) and writing only the
first-order term yields

da al(1—e?)? 1 oR,

af 2 p? (I4+egcosf) ot (62.24)
This result is formally the same as (6.2.20) ; the solution of it in terms of fis identical
to that of (6.2.20) in terms of f©. However, it is important to remember that f'is
related to time by (6.2.15) and f(? is related to t by (6.2.16). Thus f and £ differ
by first-order terms and this results in the solutions of (6.2.20) and of (6.2.24)
differing by second-order terms if both are solved for the same instant of time.
Since, by design, both (6.2.20) and (6.2.24) are valid only to first order, this difference
cannot be treated as significant.* Only in the time equation (6.2.12) does the differ-
ence between the perturbed and unperturbed anomalies result in a first-order
contribution. Keeping these considerations in mind, it is often found simpler, in
practice, to use the undisturbed representation of the anomaly as the independent
variable.

*However, in computing first-order perturbations of x, y, z from the orbit elements, a con-
tribution from the perturbation in f must be accounted for, as discussed later. Of course, if a
second-order analysis is intended, a contribution from (1 + I') in (6.2.23) must be retained.
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All that we have said about the true anomaly holds also for the eccentric
anomaly. Here the governing equation is, of course,

E—esin E= \/%(t—f),

which is the counterpart of (6.2.15). We obtain, for instance,

da aj O0R
5 = —2\/%(1—% cos E<O>a—:. (6.2.25)

The choice of true or eccentric anomaly as independent variable depends
ultimately on the form of the perturbation. Consider (6.2.20); if 6R,/dt should be
proportional to 1/7%™ with m > 2, completion of the integral is quite easy. On
the other hand, under the same circumstances, (6.2.25) leads to a quadrature
involving (1—eq cos E@)~™~1 Such a form usually can be integrated, but
frequently requires great labor. In general, it is better to find a factor (x4 f cos ¢)™
in the numerator than in the denominator, and having the choice of E or fallows
us this latitude.

Q

3. ILLUSTRATIVE EXAMPLE. EFFECT OF
EARTH’S OBLATENESS ON AN ORBITING BODY

We illustrate the method outlined above in the f ollowing example. Let us approx-
imate the earth’s gravitational potential by the first two terms of (5.3.18). We
find equations of motion of the form

L k0|3 R?(1 22>
x+r3x‘ax[2J2“ P32

where we have set z/r = sin ¢’. The term in the square brackets is the disturbing
force (to order J,).
Now for, say, 0R/0t we obtain

D 2_ .2 2
oR _3 [SZ ror_ —Z%] (6.3.1)

Since (6.3.1) contains terms proportional to 1/r*, we should select the true anomaly
as our new independent variable; further we intend to use the unperturbed
representation. For a first-order analysis let us write

r(O) = r(a076031:0’t) = aO(l - e%)/(l +eO COSf(O)).
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However, as we pointed out earlier, it is more convenient to obtain 8r®/dt, by
way of E©®. Now 1% = aq(1 —e, cos E‘©),whence

or® R i
—— = agye, sin E©@ ,
0to To
where
(0)72(0)
e sin E(© = rr
Hao
and
9O _ _ . [p 1
01, ag 1%
Thus
(0)
o _ o
Oty

We develop z® and 8z%/dt, with the help of (3.4.3) through (3.4.5), using

@ sin f©

sin E@ =
aOQ / 1 - e%
and (6.32)
1
cos E® = a—[r(o) cos [P +aye,],

0

as necessary.
Integrating the explicit form of (6.2.20) we obtain

2 f(O)
__ 3R {[Heo cosf<°ﬂ3 B—sinzio sin? (wo+f‘°’)]} . (633)

_.a =
° ao(1 — ep)’ fo©

Here the expression is to be evaluated between the limits f® and £, where
the former is the initial value (at to) and f(? is some later value. The quantity a
is the value of the semimajor axis, perturbed to first order, at . If, for simplicity,
we drop the superscript zero, we obtain, in a similar manner,

l1—e2a—a, 3J,R?sin?i,
2e, ag | azel(l—e?)

e =¢ey+

{ sin w, €os w, sinf[cosf+ % sinf(coszf+2—sin2f):|

1 s
— (sin?mwq — cos?w,) [5 sinzf—%o cos?]} . (6.3.4)

fo
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Equation (6.1.21) yields*

3J,R?

——=——8in iy COS i
2 2\2 0 0
as(1—ep)

i=lo

cos?f
6

-{(sinzwO —cos?myg) (3+2e, cos f)

S

2
+sin wq cos w, sin f l:cosf+e—;+§ ey coszjil} (6.3.5)
Sfo

and (6.1.22) and (6.1.23) give

3J,R?

Q=Qp— 2y
° af(l-ep)’

COS iy
1 2
.{f/2+sin2a)0 sinf|:§ COSf+_e:JTO COSZf+§ e(J

2
—sin w, cos wg, cos*f (1 +§ eq COs f)

f

1
+cos?w, sin f [—5 cosf+e—3O coszf]} (6.3.6)
Jo

3J,R?

W = Wy—COS i°(9_90)+m

5 2
.{e0f+sinf<1+e0 cosf_k%coszf_‘_3 e§>
s 2. 3 . . 7 5 2 s 3
—sin“i, zeof—l-sm , sin f 3 ©08 f+§+ 3e, cos f+§e0 cos f
2 4 2 2 2 4 2
+e5 cosf+§eo cosf+§e0 +

*The contents of the braces in (6.3.4) and (6.3.5) are identical, as must be expected from (6.1.19)
and (6.1.21), if we observe that the rotationally symmetric geopotential used here yields
oR/0Q = 0.
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. 4
+sin wy cos wg cos f (44 3e, cosf—,?cos f
. 3 2 4 2 2 2
—6e, cos>f—2eg cos*f+ 3¢o cos f

. 7 7 3
+cos?w, s1nf<§ -3 cos?f+ 3¢ cos f—3e, cos’f

s
1 2
+ §e§ cos?f + ge?, —ef cos4f>]} ) (6.3.7)

fo
In solving for y, we obtain from (6.2.13) and (6.3.3),

2
2

t
9J,R 1 T
f ndt = no(t— tO) —+ m (1 +reo COSfO)3 [§ - Sln210 Slnz((l)o +foi|

to
Y
{2 tan"( —i_eo tanj:>—*—-#e°v 1—ep s1nf}

+e, 2 1+eqcosf
Jo

9J,R? { S, eosinf

T 243(1-€2)*? )3 3
P sin f cos e .
—sin?i, |—smzwo(]%+f—2]:+ 30 smfcos2f>

. 2e
—sin @, cos w, (cos2f+T° cos3f>

!
sin fcosf eq .
ol =t

Now considering the second term on the right, we recognize the factor to be
evaluated at f'and f,, as ny(t—t,). Equation (6.2.12) then leads to

9J,R?

1 ST
M—M, = ny(t—t,) {1 + 261(2)(?(2))—3(1 + e, cos fo)? [§ — sin?i, sin*(w, +foi|}

—J/1I—e} Ew—w0)+cos io(Q—QO)]-%-
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3J,R?
2a3(1 —e?)3?

{f—i— e, sin f+ 3 sin?i,
1 T 1 eo L, 4
|: 2f—l—sm wosmf( Ecosf ?cosf 3 0

. 2
+sin wq cos @, cos?f (1 + % cosf)

cosf e !
+cos?m, sinf( 7~ 39 sinﬂ’)]} .

So

Now, from (6.2.14), x — xo = M — M, — nt + ngt,. But here we can write, to
first order, n = ny — (3nq/2a0)(a— ay), so that finally,

S

9J,R? 1 . .
L—Xo ————2————{n0t(1 +e, cosf)? [5_ sin?i, sin?(w, +fi|}

© 2a3(1-e?)? i

—/1=e3[(@—wp) + cos ig(Q—Qp)]

3J,R? .
é‘a(z)(T_z_eg)—:,/z {f+ eo sin f
2 g
— 3sin?j, g + sin?w, sin/fozsf + &;’Sf + %

— sin wg cos @, cos?f <1 + 2603L5f>

s
— cos’w, sin? f < cozsf + e—; sin2f>]}

fo,

(6.3.8)

where, in evaluation of the first term on the right-hand side, t is to be taken as ¢ at
f=/f© and as t, at f = f,. Thus, the changes in the elements of a body in orbit
over an oblate earth are given by equations (6.3.3) through (6.3.8), to first order.
They apply equally well to satellites and to ballistic missiles and are related to the
time through (6.2.16) since we are using the unperturbed true anomaly as the
independent variable.
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Of particular interest is the case when we substitute f = f, + 2, i.e., when a
satellite has completed one revolution. The results are

a = ay, o (6.3.9)
e = e, (6.3.10)
i =i, : (6.3.11)
3J,R? .
VQ =Q, — 5320 P 12_ 7 27 €Os i, (6.3.12)
3J,R? ,
w=w, + Mnﬁ cos?i — 1), (6.3.13)
3J,R?

X =0 + 55l + eqc08fp)’[1 — 3sin?iy sin*(wo + fo)].  (6.3.14)
ag(1—eg)

Hence, to first order, the size, shape, and inclination of the orbit are not changed
from cycle to cycle.

Equation (6.3.12) shows that the line of nodes precesses to the east if i is in the
second quadrant and that the motion of this line is retrograde if i, lies in the first
quadrant. The plane of the orbit stays fixed (in inertial space) if its initial inclination
is 90° (polar orbit).

The motion of the line of apsides is given by (6.3.13); it can be seen that the
argument of perigee advances in the direction of motion if i, is less than 63° 26’ or
greater than 116° 34’, and regresses when the inclination is between these values.
The secular effects in these results are well-known phenomena and were mentioned
in Chapter 5.

4. FURTHER COMMENTS ON LAGRANGE’S PLANETARY EQUATIONS

The application of Lagrange’s planetary equations is quite widespread and has
been treated in numerous texts [1-6]. The calculations required are generally
direct, and the results, as expressed in terms of the elements, are simple to interpret.
We present here some further discussion of this approach to perturbation theory.

The results of Section 3 were given mainly in terms of the unperturbed anomaly,
with mixed expressions in ¢t and f occurring in (6.3.8). These solutions containing
both anomalies and/or time often allow for some compactness which, as the
reader is by now aware, is to be greatly desired. Another formulation sometimes
allowing simpler expressions utilizes functions of multiple arguments of the
angular variable rather than powers of trigonometric functions. The reader may
find it instructive to convert (6.3.3)—(6.3.8) accordingly, resulting in generally less
lengthy expressions.

There is no way of shortening certain results to the point where we can have
complete faith in the algebra required to obtain them. Independent calculations



176 Perturbation in the elements _ [4

can be a great help here, and it is frequently useful to employ separate formulations
in terms of E and of fand then check the results by means of the relations (2.2.27)—
(2.2.29). We illustrate this in Appendix A which at the same time presents the
application of Lagrange’s planetary equations to perturbations from extra-
terrestrial gravity.

Whatever the description of the perturbed orbit, it is possible to generate from
it an ephemeris. Let us briefly consider this task. Suppose we wish to establish the
satellite position in geocentric cartesian coordinates x, y, z at the time ¢,. We do
this by means of (3.4.1)—(3.4.5) where the elements to be used are a,, e, iy, W, Q4, T4
corresponding to that time. The computation involves an integration of Lagrange’s
equations between the limits f, and f; or E, and E; where these anomalies are
defined for the osculating orbit of t,. For the transformations (3.4.1)-(3.4.5)
which are valid at ¢;, we must use the anomalies, say, for E, valid for the osculating
orbit at that time. These differ from f; and E, since the orbit elements have changed,
Le., the osculating orbit at ¢, is connected to the time scale in a slightly different
way from that defined at ¢,. E follows readily from Kepler'sequation £ — e, sin E =
n,(t; — ;) and f may be obtained by (2.2.29). These manipulations are equivalent
to the integration of (6.2.21), or the corresponding equation for dE/dt, in order to
find the perturbed anomalies. Once the anomalies are known, the positions x, y, z
and the velocity vector

Codx . . dx
,\—dEE,... or xX=-—f...
follow from the appropriate relations in Chapter 3.

A set of expressions such as those under discussion is useful not only for
ephemeris computations but also for so-called orbit stability studies. In this case
one allows for the progressive changes in the orbit elements by replacing a,, e, . . . ,
in the right-hand sides with the new values for a, ¢, . . . , after the completion of each
integrationintervalfrom f; to f. This techniqueis a form of rectification as discussed
in Chapter 5 and seems intuitively obvious. Combining it with the multiperiod
algorithm of Mace and Thomas, et al. [ 9] resultsin a very effective computing device
for long-range prediction and stability studies of nearly periodic orbits. This
multiperiod technique bears a conceptual relation to numerical integration
procedures.

As a final point we mention the iterative procedure by which higher-order
termsin the osculating parameters are sometimes obtained. [8]. Instead of using the
perturbation series (6.2.2) for the orbit elements to develop a hierarchy of per-
turbation equations from (6.1.18)-(6.1.26) in analogy to Chapter 5, we substitute
first-order results for the elements, as obtained in Section 3, into the right-hand
sides of the planetary equations for another quadrature. The resulting expressions -
for a, e, . .. will now be good to second order. (If the perturbed anomaly fis used as
independent variable, a contribution from I"' must be included, as observed in
Section 2. This application of Picard iterants to Lagrange’s planetary equations
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is referred to by astronomers as the Poisson technique.) Let us also note that those
first-order steps producing secular terms which are linear functions of the independ-
ent variable will, upon resubstitution (and another quadrature of the planetary
equations), lead to quadratic secular terms in the second-order solution, and so
forth. As pointed out in Chapter 5, this sequence of secular terms may develop into
a power series in (xf') or (xE) which ultimately represents a long-period, cyclic term.
Its period is of 0(27/kn). As we shall see later, these long-period terms also arise in
the canonical formulations of Chapter &, though in a somewhat different way.

5. APPLICATION TO ORBITS WITH SMALL ECCENTRICITIES AND INCLINATIONS

If we examine (6.1.19), (6.1.20), (6.1.23), (6.1.25), (6.1.26), and (6.2.12), we see that
for orbits with very low eccentricities these equations yield very large changes in the
elements unless 0R/dw, dR/de, dR/0t, or 6R/dy should fortuitously contain a
multiplicative factor e. For circular orbits, the changes in e, 7, (), and w are ill
defined unless this condition is fulfilled. However, we also noted (Chapter 2) that
in such a case the time of pericenter passage and the argument of pericenter are
meaningless. Consequently, any change in eccentricity is bound to cause difficulty
in defining changes in t and w. Similarly, we observe that when the inclination
angle is small, Egs. (6.1.21) and (6.1.22) are badly behaved. Again this has a geo-
metric reason: the node is undefinable if the inclination is zero.

Such difficulties lie with the elements used, and not with Lagrange’s equations
per se. One can form equations which avoid these difficulties only by altering the
elements themselves. If this is done only with an eye to simplicity of presentation,
one may avoid the combining of normal anomalistic motion and the effects of
perturbations. In going to another set of elements, it is rarely possible to preserve
the second desideratum of Lagrange’s method: ease of geometric interpretation.
Let us turn to some examples based on special elements introduced in Chapter 2.

For the near-circular case, we may take

1=w+y (6.5.1)
and let
I = esinw; v = e cos w. (6.5.2)

If we now employ 7, ¥, ¥ in place of e, w, y in Lagrange’s equations we will obtain
right-hand sides which are well behaved. Writing

R(a, e, y, i, w, Q) = R'[a, ile, w), %(w, %), i, ¥e, @), Q],
i.e., expressing the disturbing function in terms of the new elements, we find
oy oy oy Ox’
using (6.5.1), and
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oR . aﬁ'+c oR'
de awm

oR _GOR __OR OR
o 'om M T

using (6.5.2). Obviously ji = e & cos @ + ¢ sin w, etc. Also
ycosw + fsinw = e,
B2+ v = €2,
tan w = p/v.

Substituting in the pertinent equations, and dropping the prime, we find

i = 2\/E R (6.5.3)
n 0x

N oR v cot i oR

H= \/;E el ua(l — @2 — 3?) £l

/1 —p? -9 oR
N — - (6.5.4)
Vual + /1 — g2 —3%) oy
B 1—p2—vza_ﬁ+ I cot i R
Jua ol pa(l — g2 — v%) oi
- Nl el R (6.5.5)
Jua(l + /1 =2 =% oy -
1= p? =72 <_6ﬁ _6ﬁ>
b=+ V—
i ov

V:

? —3
pa(l + /1 — p* —v?)
a O0R cot i oR
- 2= —- —, (6.5.6)
u oa  Jua(l — p? —v?) o
1 oR
Q=— — —, (6.5.7)
sin iy/ua(l — g* — v?) 8i
di ! cot i <§ R R + 8§> cosec i or (6.5.8)
—= ——a—+— - i—> 5.
dt pa(l — @ — 2) o . o Oy oQ

The parameters ji, v, ¥ can now be evaluated without difficulty atlow eccentricities.
However, their interpretation isanother matter (except for perfectly circular orbits).
If we try to find e, w, T from them, we encounter the same difficulties as before.



5] Orbits with small eccentricities and inclinations 179

Moreover, we note that some of these equations now exhibit singularities for
e? = 2 + 72 — 1. The main thing is that the variations of the parameters, to be
computed in terms of such special elements, may be translated into a position
ephemeris in a convenient way. This will be discussed later.

Applying (6.5.3)-(6.5.8) to the problem of oblateness, we get the following
results, where we show only the changes during one complete revolution:

a = do, (6.5.9)
o 3J,R? . -

o=l + 2 = % P (5 cos?iy — 1)1 ¥y, (6.5.10)
o 3J,R? . _

V=Vo~ 5 ;% s (5 cos?iy — 1)7 fig, (6.5.11)
_ 3J,R?

X=17

+ s T
° " 2a3(1 — 1§ ~ Vo)

2(1 + figsin 0, + V4 cos 8,)3
35 cos?iy — 1 + 2L Fasin o T Tocosty)
Ko — Vo

(1 — 3 sin? i, sin? 90)}, (6.5.12)

37,R2
=Q, — 2 05 6.5.13
R (R L (634
i = i, (6.5.14)

where 6, is the value of the geocentric angle between the node and the position of the
satellite at the epoch. The results for equations (6.5.10), (6.5.11), and (6.5.12) are, as
remarked, somewhat difficult to interpret. However, we note that they can be used
to prove that oblateness does not alter eccentricity even for the circular case (to first
order, at least). That is, for e, = 0 we must have

Io=Vo=0, andhence p=v=0, or e=0.

Similar constructs, made of the more usual elements, can be formed for cases
with smalleccentricity and inclination angle. Traditionally,astronomers have been
faced with this very problem: planets nearly all have orbits of low e and low i. A
set which has proved of some use is

a, v = sinisin Q,
L =esin(w + Q), 9 = sin i cos Q,
v =-ecos(w+ Q), e=w+Q+y

where w + Q and w + Q + y are known as the longitude of pericenter and the
longitude at epoch, as mentioned in Chapter 2. Another alters v and 9 to v' =
tanisin Q, 3 = tan i cos Q. The latter are useless for near-polar orbits: a case not
normally considered by astronomers. In addition, either set leads to difficulty in
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choosing the independent variable. Time is always the most obnoxious in terms of
compactness while true or eccentric anomaly, well defined for orbits with.e # 0,
are meaningless for the circular case (and reckoning the angle from node is imposs-
ible for i = 0). Further these sets do not admit to ease of transformation to (and
from) the coordinates (x, y, z, X, J, Z).

These difficulties can be avoided by using the following set:

a; D =sin 4sin Q;
I = esin (o0 + Q); 3 = sin £ cos Q; (6.5.15)
v =-ecos (o + Q); e=w+Q+y,

with the true orbital longitude 0 = f + w + Q as the independent variable.*
The latter always has meaning except for nearly retrograde orbits (i ~ 180°).
Needless to say, there are many other sets of elements that may be invented for
various applications [ 10, 11, 12], introducing parameters valid for the entire family
of conics, from circle to straight line, albeit at a further sacrifice of geometric trans-
parency. Reference 13 employs the anomalistic period instead of the semi-major
axis as an orbit element; this helps alleviate some of the nonlinearities in orbit-
determination equations.

We have already seen that most of these special elements are not introduced
as an aid to physical or geometric understanding of the perturbation effects. Nor is
it simplicity of mathematics, except for elimination of singularities. We must
conclude that the prime purpose is ease of handling, especially by computing
machine. By the use of such quantities we can avoid exceeding “the range” of a
calculator or the loss of significant digits. This is especially true if a general-purpose
program is to handle all kinds of orbits including those that are, or become after
some time, of low (or high) eccentricity, low (or high) inclination angle, or a
combination of these.

6. THE GAUSS FORM OF LAGRANGE’S EQUATIONS

The derivation given in the first section of this chapter is restricted to use with
perturbing forces which can be derived from a potential function. If we interpret
the right-hand sides of (6.1.1) simply as components of a force per unit mass,
whatever its origin, we can rewrite Lagrange’s planetary equations so that they are
applicable in all cases.

We start by reinterpreting the partial derivatives as

oR/ox = F /jm;  0R/dy = F,/m;  0R/oz = F,/m, (6.6.1)
where F,, F,, F, are the x, y, z components of a force vector and m is the mass of

the body. Now let us resolve this vector as follows (see Fig. 6.1):

*Paralleling the difficulty with y that we faced in Section 2.2, we have the same situation with ¢
in this set. The substitution of a new variable, L= nt + ¢, the mean orbital longitude, circum-
vents the problem, as did M = nt + y earlier.
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: along the instantaneous radius vector

: perpendicular to the instantaneous radius vector in the direction of
motion A

N :normal to the osculating plane of the orbit (positive in the right-hand sense,

i.e,, colinear with the angular momentum vector).

~_N W

z

O\

Q @Xﬁ
i

Figure 6.1
X
We can express the X, y, z components in terms of S, T, N by straightforward
means. For example,
F,/m = Ssin ¢ + T cosy cosp + N sin y cos ¢.
However, by spherical trigonometry,
sin ¢ = sin(w + f)sin i, cos Yy cos @ = cos (w + f)sin i,
sin i cos @ = cos i.
Thus we can express the components in terms of the orbit elements and the true
anomaly. In final form we may write
F/m=8(, cos f+ lsinf) — T(;sinf—1,cosf) + Nls, (6.6.2)
F,/m = S(m; cos f + m, sin f) — T(m, sin f — m, cos ) + Nm3, = (6.6.3)
F,/m = S(n, cos f + nysin f) — T(n, sin f — n, cos f) + Nns, (6.6.4)
where [y, 1,, my, m,, ny, n, have been defined in Egs. (3.4.4) through (3.4.5) and
I3, m3, ny in (5.6.2). We may note here that
Birm+ni=0B+mi+nd=0+mi+ni=1, (6.6.5)
and
Lil, + mm, + nn, =Ll + mymy + nyng
= 1213 + m2m3 + n2n3 = 0. (6.6.6)
Now from (6.1.11) and (6.6.1) we have
OR _F,ox F, 0y F, 0z

m Ou; m Ou; m %j' (6.6.7)
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Then we obtain, for example,

OR\ F.(ox\ F,(oy\ F,[foz
— === +2(=)+== 6.8
<6a> m <0a> *om (@a) o <6a>’ (6.68)

where the parentheses indicate, as before, that the derivative is to be taken with
respect to a only as it occurs explicitly in x, y, z and disregarding the fact that E and
f are functions of a by virtue of Kepler’s equation and (2.2.37). In the manner
outlined earlier, we may find

(@x/6a) = I, 2 cosf+ L, 2 sin f;

with similar expressions for (0y/da) and (0z/da). Substituting into (6.6.8) and using
(6.6.2) through (6.6.6), we obtain

(0R/da) = S r/a. (6.6.9)

Sinlilarly, one can obtain the equivalent expressions for other partial derivatives
of R; then Egs. (6.1.21) through (6.1.25) become

3 ) 1 — 2
= 2\/l7(1£l_—e2)|:8e51nf+(l(—ref)T], (6.6.10)
. a(1l — e?) )
é= \/#— [Ssinf+ T(cos E + cosf)], (6.6.11)

di 1

- N 6.6.12

. \/,ua(l——ez) r cos (w + f), ( )

Q= L N rsin (o + f) (6.6.13)
sini./ua(l — e?) ’ o

d) = — Qcosi — é g(.l;—ez){s cosf— T|:]_ =+ Jl—%e—z)]sin } (6614)

Finally, Eq. (6.2.12) yields

M=n- 2'Sr—dp/l—eZ—Q«/l—ezcosi. (6.6.15)
Jha
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We will find it useful to write here the complete expression for dR/da, i.e.,
the one obtained after taking account of the dependence of #n on semi-major axis:

@ _ S{Z(l — %) +3esin’f . 3e sinfE}

oa 2(1 + ecosf) 2/1 —¢?
_ T{3(1 + ecosf)E_ 3esmf};
21— & 2

compare (6.6.9). Equation (6.1.20) then yields
a? {S [2(1 — %) +3e’sin®f  3esinf 1—e¢? cos ]

E —

1+ ecosf J1-=é e
/ — e 1
— T[ME— 3esinf — 1-e sinf(l +~—————>:|}
J1—é? e 1+ ecosf

(6.6.16)

As discussed in Section 2.3, we have a choice of independent variables. The
arguments here are identical to those given earlier: for the first-order case, it is
immaterial whether we choose the perturbed or unperturbed representation of
anomaly since the transformation of independent variable uses (6.2.22) where the
quantity I"is O(x). In second- and higher-order analyses, where I" must be retained in
all planetary equations, we must rewrite I in terms of S, T, and N rather than, as
implied earlier, in terms of the partial derivatives of R. We obtain

U

r-s” cos f yaa [ [ - (6.6.17)
=5 luesm = 6.

where we have used (6.6.16).

As an alternate derivation of Gauss’ form of the planetary equations, it is
interesting to note that the perturbation equations (6.6.10)—(6.6.14) and (6.6.16)
can be written down from fundamental principles by considering the small changes
Aa . .. At caused by small impulses SAt, TAt, NAt at any point of the orbit. First of
all we have

. At N
Av = (Ssiny + T cos y)At, Ay = (Scosy — Tsiny) —, Ay = — At,
v v COS Y

(6.6.18)

where v, y, and  were defined in Chapter 4, Section 7. We take Ar = Ap = AL =
Aty = 0, of course, since they are not influenced at ¢t = 0 by an impulse. Equations
(6.6.18) can now be used with the linear orbit sensitivities (4.7.1), (4.7.2), (4.7.5)-
(4.7.9)and (4.2.12), (4.2.13), (4.2.19) to obtain expressions for Aa(S, N, T, At, a, e, . . .),
Ae(S,N, T, At, a, e, . . . ), etc,, where (4.2.12), (4.2.13), and (4.2.19) serve to express



184 Perturbation in the elements _ [7

all trigonometric functions in terms of orbit parameters. Summarizing the result,
we have

(6a 0o da]
Aa S 8T ©oN
S
=] - : Cx |T|AL (6.6.19)
N

At ot ot ot
| 0S oT ON |

Dividing by At and letting At — 0 we arrive at Gauss’ form of Lagrange’s
planetary equations for 4 . . . . Executing the quadratures for the elements we
develop, in effect, the Duhamel (or convolution) integrals for the infinitesimal
impulses S dt, T dt, N dt, yielding the perturbations of the path as a function of time.

This approach is not restricted to conservative perturbations, nor does it
involve the laborious manipulation of Lagrange brackets. Derivations of the
planetary equations along these lines have also been indicated in references 5 (p.
238) and 14.

7. ILLUSTRATIVE EXAMPLE. THE EFFECT OF
SOLAR RADIATION PRESSURE ON AN EARTH SATELLITE

Let us take a satellite spherically symmetric in shape and reflectivity so that
and 4 of Eq. (5.3.29) are constants. Then the total force of radiation is also constant;
we shall designate it by F,.

If the sun’s position is given by «, 6 the components of the force are

F,= —F,cosécosua; F,= —F,cosdsina; F,=—F,sino, (6.7.1)
assuming the rays are collimated. Now if we multiply (6.6.2) by I;, (6.6.3) by m;,
(6.6.4) by n,, add and utilize (6.6.5) and (6.6.6) we have

F F F
— Tsinf=1 = b hik-3
Scosf—Tsinf=1,—+m—+ ny

Similarly, we may obtain

. F, F :
Ssinf+ Tcosf=1,—=+my,—=2+ n,—,
m m m

from which we have
S = —ZF”—(h1 cos f + h, sin f),

Tp

(6.7.2)
F .
T=—2 (h, sinf— h,cosf),
mr,
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where we have used

hy = lix, + myy, + nyz,

(6.7.3)
hy = Lx, + myy, + nyz, J
and r, represents the earth-to-sun distance. Further,
F
N=——Lh,, (6.7.4)
mr,
where
h3 = l3xp + M3yp + n3Zp. (675)

If an orbit study is to be extended over considerable time, one must allow for the
apparent annual motion of the sun in a geocentric frame. This may be accomplished
by periodically updating the solar coordinates x,, y,, z, as part of the rectifications
of Lagrange’s equations, discussed before. We have also considered (in Chapter 5)
the means by which the earth’s shadow may be introduced into the perturbation
analysis. In each anomalistic period, the expressions for the perturbations of the
orbital elements must be evaluated between the limits of the illuminated part of the
orbit.

Transforming the independent variable to the unperturbed true anomaly
(which we hereafter denote by f), (6.6.10) becomes, to first order,

da a1 — €% esinf 1
—=2= S s+ T )
df U (1 + ecosf) 1+ ecosf

where we have suppressed the subscript zero on the right-hand side. Then, with the
aid of (6.7.2),

da _2a%(1 — éYF, [hl sinf — hyle + cos f)]
af myr, (1 + ecosf)? ’

and

a—a,=

2a(1 — €*)F, {h1/e —h, Sinf}f (6.7.6)

mpr, 1 +ecosf |,
where all elements on the right are understood to have their initial magnitudes,
those valid at f,,, and where the expression is to be evaluated between the limits

shown.
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Similarly, we obtain expressions for the other . elements. Let £ = sin f,
Y = cosf, 9> = 1 — €2 Then

oo =a3qo4Fp hije —hZ  hio?
0 mur e 1+ ey 2e(1 + ey)?

2 3 I .
2+et+(e+2W  3e E]} , 677)

h, | X R ——
" [ 200+ 297

fo

i— i,

a’*@*F, [dh, 1
mur, | di 2e(l + ey)?

p

_d_hz|:2+ez+(e+2e3)lﬁ 3e ]

f
i 5= } , (6.7.8)

200 + e 29 |f

0
I
e}
o

[

_ a**F, [dh, Z2+ e’ + (e + 2% _3_eE
mur, sin i | di 2041 + ey)? 2¢3

dh, 1 d
+ I m}fo s (6.7.9)

CO—G)O+COSi0(Q—QO)=—

a?@*F 3e +(1+2%y 3
Y R
myr e 20%(1 + ey) 2¢

, (6.7.10)

L L 2ey 4
22eX(1 + ey)?

'fo
(Y . No
0. _ T —_ _ (1 ==
T % n[(a) o) + (Q — Qo) cos i] ( n>t

_ 3a2(P2Fp no(t — to) hio + hyZg _ 5a*¢°F,
mur, n 1+ ey, mur,n

) 2+ e*+ele+ 2% 3e ] 1 }f
{hl [E 20*(1 + ey)? T 2¢° + hZW fo' (6.7.11)

It is worthwhile to pause and examine these results briefly. We note, generally,
that for fully illuminated orbits (f' = f, + 2n), there is no change expected in
semi-major axis; the radiation energy imparted to the satellite during one half its
orbit is just necessary to overcome the retarding solar pressure during the other
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half. When the earth’s shadow is to be accounted for, however, changes in a will
occur; total energy can be raised or lowered according to the geometry of the
orbit and the earth-sun line. In the absence of other effects, the annual “motion”
of the sun will then force a yearly cycle on the semimajor axis : first increasing and
then decreasing, or vice versa, with a net change, to first order, of zero.
Eccentricity always has a secular term:
2
Ao, = — 2 9Fy g _ g
2mypyr,

However, this too may be a cyclic effect when examined over long-time intervals.
Changes in inclination and Q are similar: it is interesting to note their secular
terms contain e as a multiplicative factor and consequently these terms are absent
from our-analysis given in Section 3.4, Chapter 5.

The argument of perigee has a secular term which varies inversely with e;
rapid changes in the location of perigee are bound to occur for low-eccentricity
orbits, except when perigee is located at one of two stable points on the orbit.
For the special case where the sun lies in the orbit plane and other effects due to
the earth’s shadow, oblateness, etc., are neglected, these stable points form a line
of apsides normal to the earth-sun line. This is also mentioned in Chapters 5 and 7
and the change of eccentricity given there agrees with the above formula. A more
complete discussion of radiation effects as a function of orbit geometry and inter-
action with other perturbations is beyond the scope of this chapter. A very com-
prehensive study, and possibly the first of its kind, was made by Shapiro and Jones
using the variation of parameters technique ; it was partially documented in [15].
Another early contribution in this area is due to Musen [ 16].

8. CONCLUDING REMARKS

As mentioned in Chapter 5, there is no guarantee that solutions to the perturbation
equations can be found conveniently even after the effects have been separated into
their respective orders. Thus, extension of the satellite drag analysis of Section
5.5.2 to eccentric orbits by methods of this chapter encounters considerable formal
difficulty. We could try a new form of the equations of motion, but the method of
variation of the elements still has great appeal. This is so not only because of ease of
interpretation but also because the quadratures required can often be approximated
so much more simply than can other forms. We provide one example of this in
Appendix B: an approximation to the first-order equations describing the effect
of atmospheric drag on an earth satellite [see reference 17 for more detail .

Reviewing the rather extensive literature pertaining generally to perturbations
in the elements, one should also note some approaches not identical to those
we have given but which appear to be related to the classical Variation of Para-
meters.

Applications of the planetary equations to earth satellites began to appear
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before and during the early Sputnik era (see references 18-22). Eventually, some
higher-order analyses were published [9, 13, 23, 24, 25] as a contribution toward
stability studies of satellite orbits and refinement of the geopotential by means of
satellite observations*

For the purpose of carrying out long-range predictions and representing the
secular perturbations as effectively as possible, some authors employed modified or
“mean” elements. Merson [26] points out that the classical elements a, e, . . ., x
appearing in an oblateness analysis may be redefined to minimize the amplitude
of periodic terms. This may constitute an advantage for the computation of
position ephemerides. However, the new elements do not satisfy the condition of
osculation, and any requirement for velocity translates into an awkward evaluation
of time derivatives. In a similar vein, Sterne and Garfinkel conducted studies of
intermediary orbits. These are given in terms of modified elements which absorb
some of the oblateness effects in closed form [27,28]. Thelatter reference introduces
some canonic notation and represents a transition to the subject of Chapter 7
of this work. Similarly, the work of Petty and Breakwell [29], in which mean
elements are derived by applying an “averaging” process of the equations of motion,
leads to a class of techniques deserving a separate discussion.

In closing this chapter, we should mention the analysis which was often
referred to in the early Sputnik era [30, 31] and formed the basis for a series of
ramifications elicited by King-Hele and his associates. This approach employed a
“hybrid” method that is formulated neither strictly in terms of orbit parameters
nor entirely in coordinates. To start with, the equations of motion are written for
the position coordinates, but subsequently are rearranged, where convenient, in

Figure 6.2

*Reference 19 distinguishes itself by giving perturbation formulae for a general term in the
Legendre series for the geopotential. It is a contribution toward satellite theories involving
rather elaborate representations of the earth’s gravity field.
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terms of specially chosen modifications of the classical orbit elements, all the while
anticipating the well-known secular effects due to oblateness perturbations.
King-Hele introduced an orbit plane whose inclination is strictly constant
and whose initial node defines an inertial cartesian system x, y,, z. The orbit plane
isallowed to rotate about the z axis, its instantaneous nodal angle Q being measured
from the x, axis. This angle defines the rotating axes x, y in the equatorial plane
(Fig. 6.2); the y, z plane contains the point of maximum latitude, A, of the orbit
plane. The instantaneous satellite position is given by the angle 6, measured in the
orbit plane from A, which also serves as reference for the argument of perigee
. One further introduces the longitude 4 of the satellite m relative to the x, axis,
and its co-latitude a. Note that, for convenience, we have used the symbols i, Q, 6, w,
A here, though they do not correspond strictly to the definitions employed earlier
in this chapter. As the reader will observe, we use e in a slightly different way also.
The basic structure of the solution assumed by King-Hele is

1/r = L[1 + ecos (0 — w) + J,g(0) + J,eh(6) + 0(J3)], (6.8.1)
where
dw/df = k. (6.8.2)
Also
aQ/df = v + 0(J ,e). (6.8.3)

Land e can be considered strictly constant since the undetermined functions
g(0) and h(0) will be used to represent the periodic perturbations expected in the
semi-major axis and eccentricity due to oblateness. The quantities x and v are
constants of 0(J,) and thus anticipate the correct secular effects for w and Q.
The most severe restriction of this theory is the constant angle i. This, in itself,
suffices to destroy the condition of osculation (since the instantaneous velocity
vector cannot lie in the orbit plane with this constraint) and it also limits the
accuracy of predicted positions from this analysis. The constant maximum latitude
of the satellite enforced by this device does not allow for the known periodic
perturbations in the inclination of the osculating orbit. Finally, the detailed
formulation employs power series expansions in terms of e and restricts itself to
small eccentricities.

The equations of motion in terms of the spherical coordinates r, o, 4 follow
immediately from those of Chapter 5 for r, ¢, A since ¢ = /2 — a:

o 3J,uR?
i —rd? — rsin?ai? = — % - ;54 (1 — 3cos?a), (6.84)
1d . ; 3J,uR* .
-5 (r?@) — rsina cos ad® = i’g sin o cos o, (6.8.5)
d .,
—(r* sin“ad) = 0. (6.8.6)

dt
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Here we have only retained terms of 0(J,). (Note that the fundamental plane in this
system is the equator, rather than the unperturbed orbit, as with most analyses
in Chapter 5.) As usual, one takes advantage of the momentum equation

r?1sin%0 = p = const,, (6.8.7)
to adopt A as independent variable. Then (6.8.5) becomes
(d?/dA?) cot o + cot oo = — 3J,uR?/p?r sin3a cos a. (6.8.8)

Now the left-hand side of this equation may be rearranged by means of various
trigonometric identities and with the help of (6.8.3) for dQ/d6. Then

d? sin’o
W(cot o) + coto = — 2v i Ccos a. (6.8.9)
As a by-product of this derivation one finds
df sin’a sin’o
1= cosi <1 +v - i> + 0(J,e). (6.8.10)
Equating (6.8.8) and (6.8.9) yields
v =3J,I?R? cos i, (6.8.11)

where we note from (6.8.1) that 1/r = u ~ Lis a sufficient approximation in
(6.8.8). Ultimately one finds that the identity cot a = tan i sin (4 + Q) yields the
solution of (6.8.8) if one takes

Q = 3J,I?R?cosi-0 + 0(J,e). (6.8.12)
To solve (6.8.4) we find an expression for 6 from (6.8.10) and (6.8.6) and transform

the equation of motion to 6 as independent variable. In terms of u = 1/r this yields

sin?i

u' 4+ u= L+ 3J,LR*u*(1 — 3 cos’a) — 2vu

sin20 + 0(J,e), (6.8.13)

COS 1

where primes denote d/df. Utilizing the form (6.8.1) and noting that perturbations
in w make a negligible contribution, of order J,e, we have

W = L[ —ecos(d — w) + 329" + 0(J,e)]. (6.8.14)
With the help of (6.8.1) and (6.8.14) we get from (6.8.13)
g" + g = 3L*R*(5 cos?i — 3 — sin?i cos 26) + 0(e),
and the solution
5cos?i —3  sin%i
— LZRZ
g [ 2 "%

where K; and K, are integration constants. Since the geometric significance of
the complementary solution in (6.8.15) is simply to modify the e and w of (6.8.1),

cos 20 + K, cosf + K, sin 9] , (6.8.15)
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weset K; = K, = 0onthe assumption that the nominal orbit parameters L, e, w, i
will be selected to satisfy the initial conditions for:(6.8.4) and (6.8.5). As usual, it
remains to develop the “time relation” 6(t) by way of (6.8.6). King-Hele does this
in detail and also shows that an extension of the analysis to 0(J,e), thus admitting
o' into the perturbation equations, yields the well-known advance of pericenter.
In fact, his work was subsequently developed to progressively higher orders, in-
cluding a variety of physical effects.

The work of Brenner and Latta [31] improved King-Hele’s original analysis
by abandoning the condition of constant orbit inclination (as was also done in
one of King-Hele’s later papers) and by retaining e in closed-form expressions.
This avoids some of the very elaborateseries manipulations in King-Hele’s original
approach.

Several mixed formulations of this kind may be found in the literature, where
coordinafe perturbations or vector equations of motion are related to (mean)
orbit elements. Sometimes this yields a concise analysis [32]; sometimes it is
motivated by computational advantages. A classical method in this category
is that due to Hansen. It has yielded some very effective computing procedures [33].
Since its general derivation requires a detailed explanation, we shall save it for
Chapter 9.

In surveying the literature, one cannot fail to be impressed by the variety
and number of contributions on satellite orbit prediction. Some are classical
approaches; others proceed from what we may call an engineering point of view.
Some manifest originality ; many are redundant. Chapters 5 and 6 have introduced
a fair number of formulations ; more are to be discussed. There is then the inevitable
question: What are the relative merits of these techniques? A complete answer
would probably require a term-by-term comparison of the various methods,
which lies well beyond our present capacity for patience, and numerous computer
runs. Possibly the eventual automation of symbol manipulations by computers
may remedy this. For the time being, one finds only partial comparisons, some
analytic and some numerical. We shall return to this point at the end of this volume.
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Chapter seven

LAGRANGE’S AND
HAMILTON’S EQUATIONS.
APPLICATION TO MOVING COORDINATES

1. INTRODUCTION

In Chapter 5 we introduced the fundamental concepts of perturbation theory and
illustrated some approaches in terms of geocentric Cartesian and spherical reference -
frames. We started from a statement of the satellite problem in a Newtonian
formulation, for example,

mX = X(x,y,2,%,0,2t);  my = Y(xp,zXpzt);  mi=Z(xyzxp5t), (7.1.1)

where X, ¥, Z denoted the force components in the corresponding directions
and we transformed these equations on a more or less ad hoc basis. As was pointed
out, some mathematical difficulties in orbit analysis are often alleviated by
appropriate choice of a coordinate system. This raises the question as to how we
might discover preferred sets of coordinates for a given problem. In Chapter 6
we furnished one answer to this question, a classical one due to Lagrange.
The motion of the satellite was expressed in terms of the characteristic parameters
of its osculating ellipse. These, in contrast to the space coordinates, x, y, z or
r, B, 0 of Chapter 5, are relatively slowly varying functions of time, well suited to
describing the changes in orbit geometry.

In the following two chapters our search for more general ways of effecting
such transformations leads us to Hamilton’s canonical set of equations. Lagrangian
theoryisreviewed in the process. We illustrate the latter by describing the perturbed
motion of a satellite, to first order, in terms of the &, #, { coordinates of Chapter 4,
Section 8, thus providing a more complete treatment of these particular equations
of motion. Much of the remainder of this chapter is devoted to various examples.
Finally, we discuss some modifications of the &, #, { system, which returns us to the
quest for appropriate coordinate transformations, leading to the canonical
methods of Chapter 8.

194
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2. LAGRANGE’S AND HAMILTON’S EQUATIONS

The reader is aware of the ease with which the equations of motion of a satellite
can be written in terms of a variety of coordinate systems by means of the
Lagrangian formulation. The procedure has the advantage of being purely formal
and automatic in contrast to the Newtonian formulation which relies strictly on
inspection. With unusual coordinate systems the latter process becomes laborious
(though it has the advantage of forcing the analyst to appreciate the physical
significance of each term in the equations). It may be helpful to review briefly the
derivation of Lagrange’s dynamical equations and the formal procedure involved
in their application before proceeding to Hamilton’s equations.

Let us assume that (7.1.1) describes the motion of a particle in a system con-
sisting of s bodies where the coordinates of each particle are denoted: x,, y,, z,.
Now suppose that we wish to express the motion of this system in some other set of
coordinates q;,, wherei = 1,...,nand n<3s, the equality sign being valid if each of
the 3s Cartesian coordinates represent an independent degree of freedom.
The Cartesian coordinates can be expressed in terms of the g; according to

xr = xr(ql, oo :qmt); yr = yr(qh e ,qmt); Zr = Zr(qh R sqmt)' (721)
We may then write
0x 0x 0x
. — r r . . r . , t ) 2.
%, =+ 50 1 + o+ 70, s €tC (7.2.2)

from which we observe that

0%, _0x, O, _dy, 0, 0z

= = = 7.2.3
33, da; o4’ 84 0d 723
With the help of (7.2.3) and (7.1.1) we find that
i lm o(x?) _mi xax,
de[277 0g; | Tde\ " ag,
0x, , 0X,
=X, % mx, 20, (7.2.4)

(where we assume that the sequence of differentiations with respect to ¢ and g; is
reversible). Summing (7.2.4) over all x,, y,, z, in the system, we find

d o Lo, s 0x, oy, 62,
dtaq,- szr(xr +yr +Zr)_ Z( a ra raqi

r r

1
_ v2 "2 52 2
+ 24, Zr 2m,(x, + y7F + Z;). (7.2.5)

To interpret the first summation on the right-hand side, we observe that the work



196 Lagrange’s and Hamilton’s equations , [2

done by external forces over a small displacement of the rth particle is
X,dx, + Ydy, +Z,dz, = (X, + X )dx, + (Y, + L)dy, +(Z,+ Z )z,
= —dv+ X,dx,+ Ydy,+ Z dz,. (7.2.6)

The representation of X,dx,+ Y.dy,+Z,dz, = —dV as an exact differential is
true only if the forces X, Y,, Z, originate from a conservative field. This means that
they can only be functions of particle position and not velocity. Hence 0X,/0%, =
0X,/0y, = ...0Z,/0z, = 0, for all values of r. From this it follows that ¥, the poten-
tial function of this field, does not depend on the velocities. It also follows that
we may write

. 0x, <0y, =0z\ OV
Z<Xr 0q; * Y’aqi + Z’ﬂ) T T oq, (7.2.7)

r

Now X,, ¥, Z, arethe nonconservative forces (in the x, y, z system) acting on the rth

r r

particle and in analogy to (7.2.7) we may write

L 0% o0y, A 02 |
Z(Xra’; T2, Z—>=Qi, (7.28)

r i i

1

which is recognized as the generalized nonconservative force corresponding to g;.
The second summation on the right-hand side of (7.2.5)

$EImE+yI ) =T, (7.2.9)

is the kinetic energy of the system. It will be useful to note that, while this is a
positive definite quadratic form* in x,, y,, Z,, the same can (but need not necessarily)
be the case in terms of the g,’s. It will be so if (7.2.1) does not involve the time
explicitly (i.e., if, in (7.2.2), 0x,/0t = dy,/0t = 0z,/0t = 0). This rules out such
features as time-dependent constraints in the relations between the g;’s and

xr’ yr’ ZY'
Using (7.2.7) and (7.2.9), we may write (7.2.5) as
d|oT 0
—|= = —(T-V i 7.2.10
dt |:8q1:| aCIi( )+ ( )
On the grounds that 0V/dq; = 0 we may now introduce the functional L = T— V' in
(7.2.10), and obtain
d|oL oL
—|—=|-==0, i=1....n 7.2.11
dt[@c];l aq; 2 l " ( )

*Any system of coordinates in which the kinetic energy can be written down by inspection
(usually an inertial one) will result explicitly in a sum of squared velocity terms which make the
positive definiteness of this quantity obvious. Such coordinate systems are sometimes referred
to as “natural” ones.
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This is a system of n equations corresponding to the n degrees of freedom that
the g; represent. L is referred to as the kinetic potential or the Lagrangian and
(7.2.11) is known as Lagrange’s equations of motion. The procedure involved in
their use consists of the following steps:

a) Write down

T=$Zm(%}+y} +27),
V(xnynzr)’

andX,, ¥, Z, by inspection (where one does not necessarily have to work in a
Cartesian system).

b) Express these quantities in terms of any desired set of coordinates g; by use of
(7.2.1) and find the Lagrangian and the nonconservative forces Q;.

¢) Generate the equations of motion according to (7.2.11).

Thus, we see how the introduction of the functional L reduces the process of
writing the equations of motion to a standard procedure. Much of advanced
classical dynamics is a generalized pursuit of this aim and several techniques
for reducing the equations of motion to as simple a form as possible have resulted
from it. Various functionals were introduced in addition to L, the best-known
among them being the Hamiltonian .

Many of these additional techniques share the common feature that they
convert the equations of motion from a system of n second-order differential
equations to 2n first-order equations. For this purpose one introduces the n
additional dependent variables

p;=0L/dg, i=1...n (7.2.12)

which are known as the generalized momenta. Recalling that Lis quadratic in
g, we see that the expressions (7.2.12) are linear in ¢; and hence may be easily
inverted (assuming a nonvanishing Jacobian) to yield

4i = 41>+ - GuP1s - - - sPwb)s i=1...n (72.13)

Such expressions could be used to eliminate §; wherever it occurs ; thus a functional
such as L, which involves g;, §;, and t, may be expressed as L(q;,p;t). In such a case,
the p; are descriptors of the motion on a level equal with the g;.

Hamilton’s functional, the Hamiltonian, may now be introduced according
to the definition,

H =3 qig—; - L (7.2.14)

where it is understood that we may employ (7.2.13) to write #°(q,,p;;t). Sometimes
the mixed representation

H = 2 4ipi—L(q14sD) (7.2.15)
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proves useful. In fact, we use it to establish the differential equations for g; and p; in
terms of s#. On the basis of (7.2.15) we may write .

oL ,. 0L oL
dA = 3 4dpi+ 3 piddi— Zadqi— Zadqi— 5 d, (7.2.16)

i i i i

where a relation between dg; and dp;, dg;, dt is implicit by virtue of (7.2.13). If we now
remember the definition (7.2.12) for p,, the terms in dg; drop out of (7.2.16).

Observing further from Lagrange’s equations (7.2.11) that 8L/dq; = p,— Q,, we
finally have

oL
From this it follows that
oK oH oL oKX
'. — .. — ) | = 1 “ . - = - T . . ..
ql 6pl b pl aql + Ql’ (l > ’n’) at 6t (7 2 18)

These represent Hamilton’s form of the equations of motion, also known as the
canonical equations.

Let us note from the third equation in (7.2.18) that if L does not contain t
explicitly, neither does #. Further, if the nonconservative forces Q; vanish, # is an
invariant of the motion, as can be shown by the following argument.

Since under these circumstances L = L(qy, - - qn 1 - - - >d,), We have
dL oL oL
— =2 =—4q;:+=4:) 7.2.1
dt Zi<aqi it aqu'q) (7:2.19)
By virtue of Lagrange’s equations (7.2.11) this becomes, with the Q; = 0,
d (0L oL d oL
— i+ =G| = =2.4i=— 7.2.20
;[dt(aq.i>ql+ aqil],] dtzqua% ( )
From the left-hand side of (7.2.19) and the right-hand side of (7.2.20) we find that
d oL
—¥4¢=——-L)=0. 7.2.21
7 (;ql oa > ( )

But by virtue of the definition (7.2.14) of the Hamiltonian this last is ds#/dt = 0,
which establishes the invariance of 5.

Now a little consideration of the definition of L and the transformations
(7.2.1) shows that 0L/0t = 0 does not necessarily imply 0x,/0t = 0y,/0t = 0z,/0t =
0; i.e., the transformation (7.2.1) need not necessarily avoid an explicit appearance
of t. But if it does, and if Q; = 0, then J#, in addition to being an invariant of the
motion, represents the total energy of the system. This can be shown as follows.
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We recall from our earlier remarks about the kinetic energy T that we may
write in this case '

1 .. :
L=T-V= EZZ Cuuquqv_ V(qh s 3qn): (7222)

whereu=1,....n,v=1,...,nand

0x,0x, 0y, 0y, 0z, 0z,
C. = _r _rJr
”” 2m’<6qu 60, 24,2q, " oa, 5(11)

r

= Cuv(qla e :qn)'

Obviously C,, = C,,. Applying (7.2.22) to (7.2.14), we thus find that
H =2T—(T-V)=T+V. (7.2.23)

3. RELATIONS BETWEEN LAGRANGE’S' AND
HAMILTON’S EQUATIONS OF MOTION AND HAMILTON’S PRINCIPLE
Before illustrating the use of (7.2.18) in the solution of specific orbital problems it is
illuminating, as well as useful for later reference, to examine the equations of
Section 2 as they derive from Hamilton’s principle. The latter may be regarded as a
fundamental premise underlying classical mechanics, on a par with Newton’s
laws. The two are equivalent bases for all formulations of analytical dynamics and
are reducible to each other. Both originated from abstractions of physical observa-
tions, though Hamilton’s principle suggested itself from somewhat less common-
place phenomena as, for example, certain features of geometric optics.

The Hamilton principle states that if a dynamic system passes from one
configuration (4,45, - - - ,4,);, at t; to another (q;,q,, - . . ,9,),, at t, the motion must
be such that the integral

j Ldt, (7.3.1)

31

is an extremum. This means that if we were to change the actual path or the time
history of the natural motion between fixed ¢, and ¢, the value of the integral would
not change to first order; in other words, the first variation of the integral vanishes.
In vector notation

t2
5[ L(g,4,t)dt = 0, (7.3.2)
t

1

where q= [‘11@)»‘12(0, L) qn(t)] andq. = [QI(t)an(t)a e aQn(t)] are the dynamic
state vectors. At the trajectory endpoints

5q(t,) = q(t,) = 0. (7.3.3)
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Since the Lagrangian L involves the variables ¢; and ¢,, it is plausible that the
properties(7.3.2)and (7.3.3) of the motion impose local conditions on these variables
everywhere along the trajectory. These are just the Euler-Lagrange equations,
and yield the equations of motion in the form (7.2.11) or (7.2.18).*

Now, in the foregoing, we stated the Hamilton principle for conservative
dynamic systems, i.e., where all external forces are expressible as the gradient of a
potential which is a function only of the configuration g of the system. However,
the variational principle expressed by (7.3.2) can be generalized to include other
forces as well. In order to see this we retrace the connection between Hamilton’s
principle and Newton’s equations and arrive at the canonical equations in their
most general form [1, Chapter 9]

Assume that we have written the Newtonian equations of motion for the
dynamical system in terms of some natural set of coordinates x, (i.e., a set in terms of

which the kinetic energy can be written down by inspection). Here r = 0,1,...,s
identifies a particle in the system. Then, in vector notation,
mX, = £, (7.34)

wheref, contains, in general, conservative and dissipative forces. Now we may write

ZJ (m,i,~f,> 5%,dt = 0, (13.5)

rvita

where the 5_))(, represent a variation of the trajectory. This means that instead of
finding itself at x,(t,), at any instant ¢, of the motion, the system is forced to take the
slightly different configuration x,(t;)+ 0x,(t;). The integral in (7.3.5) vanishes
because its integrand, expressing the dynamic equilibrium (7.3.4) at every point of
the trajectory, vanishes throughout the motion. For convenience in the later
discussion we also stipulate that the terminal configurations shall not be varied,
that is,

5x,(t;) = 6x,(t,) = O. (7.3.6)

Now let us consider the different parts of (7.3.5) separately. We integrate the first
term on the left-hand side by parts

ta t2 t2
Zj m,ii;éx,dt:Zm,{l:X,-éx,ZI —j Xr'é)'(,dt}.
t r 11 |3

F Vi

t2
*Due to (7.2.12) and (7.2.14) we can also write (7.3.2) as & J [pra—#(qpit)]dt = 0.

t1
We noted in the preceding section and we shall also see in the next chapter that such hybrid
forms, instead of a representation in terms of solely (g, g) or (g,p),can often prove quite useful.
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Then with the help of (7.3.6), we find

t2 t2 t2
Z§ m i -ox,dt = —Z%J 5<>'cf)dt= —5j T dt, (7.3.7)
31 t

roJditg ¥ 1

that is, the first part of (7.3.5) is reduced to the variation of the integral of the kinetic
energy between the limits ¢, and t,. (Note that the final form of (7.3.7) is not
restricted to any particular set of coordinates.) Next we imagine that the second
part of (7.3.5) is subjected to a coordinate transformation from x, to g;, where
i=12,...,n Then the virtual work done by the forces f, can be written

e, 0%, = 22( r(sq, ‘;’; q[.), (73.8)

where g, represents the nonconservative part of f, and V, V the gradient of a potential
function representing the conservative force field. Now we let

0x,
I .= 2 (7.3.9)

denote the dissipative forces resulting from the covariant transformation. (Note
that the subscript i is reserved for scalar quantities.) Similarly the conservative
forces become

0X, 6V

A 3.
2V o0~ (7310
Substitution of (7.3.9) and (7.3.10) into (7.3.5) yields
ta 12
5j (T— V)dt—l—'[ Y 0:6q,dt = 0, (7.3.11)

11 ty

which we recognize as an extension of Hamilton’s principle to include non-
conservative forces. Again the integral which makes up the first part of (7.3.11) is
not restricted to any particular coordinate system. If we use the g; coordinates,
implying that L = L(q;,4;t), we may interpret the geometric variations of the
first integrand in (7.3.11) as

SL = 2( 8q; + gééq) (7.3.12)

i

t2
oL oL oL
. Sa.l — og,dt,
Realizing that j; 6q5 g dt = l:aqi qzltI L dt(@q,) &

1
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where the first term vanishes because dg; = 0 at t; and ¢,, we have

2 _[6L d/oL
2[__—(—_>+Q;| 5q,dt = 0. (7.3.13)
J, dq; dt\0g;

1 1

In view of the arbitrariness of the dq;, each bracket in the integrand has to vanish
independently. This leads to Lagrange’s equations of motion (7.2.11).*

As in the preceding section we reduce these second-order equations to first-
order ones by Eq. (7.2.12). The latter are linear in ¢; since T'is at most of second
degree in ¢;. With their help we could obtain from Lagrange’s equations

p:i—0L/dq; = Q,, i=12,...n (7.3.14)

Now (7.3.14) and (7.2.12) provide a system of 2n first-order equations, due to the
change from Lagrangian to Hamiltonian variables, but this system does not possess
the degree of symmetry to be found in Hamilton’s equations.

To acquire complete generality in the canonical formulation, we start back at
the transformation introduced in (7.3.8). Instead of assuming x, = x,(g;t), which
restricts us to the point transformations that come naturally in a Lagrangian
formulation, we write

X, = Xr(qi> Di t) (7315)

Using this in (7.3.8) we have, in addition to (7.3.9) and (7.3.10),

ngr'%“_‘ P,
and (7.3.16)
ox, JV
;VrV.a_Pi N ap;’
Thus (7.3.11) becomes
t2 ta
5§ Ldt—i—j 22(Q:6g;+ P;op)dt = 0. (7.3.17)
" o 1

Now we may again introduce the Hamiltonian through its definition

L=Ypdi—H; (7.3.18)

*See references 2,p. 115, 3, p. 155, and 4 for standard derivations of this kind, originally due to
Euler and Lagrange.
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by manipulations similar to those leading from (7.3.12) to (7.3.13) we reduce
(7.3.17) to

t2 B
oH A
j [Z(‘Ji_a—p+P>5pi+Z(_pi—%—q+Q)aqi:ldt =0. (7.3.19)

Individual vanishing of the coefficients for each* dq; and Jp; then leads to the
canonic system in its general form, involving nonconservative forces in each
equation:

4; = 0 /0p;— P;
i=12,....n (7.3.20)
pi= —0A/0q;+Q;

Equation (7.3.17), written as

ta t2
5[ [zpiq,-—m,p,t)}mj S[Qbgi+Popldt =0, (13.21)
t i t i

1 1

represents the Hamilton principle in its most general form. It may be considered
the mathematical equivalent of the canonical equations (7.3.20).}

As one might expect, the first-order system (7.3.20) may be derived in many
forms for any specific problem, depending on the transformation (7.3.15) or the
sequence of such transformations. Systematic procedures exist for taking advantage
of the opportunities afforded and these we shall examine in the next chapter. In the
rest of this chapter we adopt the &, #, { system introduced in Chapter 4, derive its
generalized momenta p,, p,, p, and the corresponding canonical equations. These
are treated for both near-circular and general orbits and explicit results for some
perturbation effects are discussed.

4. THE EQUATIONS OF MOTION IN MOVING COORDINATES, &, 5, {

The reader will recall the &, #n, { coordinate system, shown in Fig. 7.1. It uses a
Keplerian orbit as a reference, the path which would be followed in the absence of
perturbations. We refer to this as the nominal, or reference, orbit; its elements will
be designated a,e,,.... We further denote the instantaneous position of the un-
perturbed body on it by O’; this is the nominal position of the orbiting body and
is located by the argument of latitude 6 from the nominal ascending node. This
angle may be written as 0 = w,+f where w, is the argument of the nominal perigee
and f represents the nominal true anomaly. If the reference orbit is circular, w,

*Note that the equal treatment given to dqg; and dp; is justified at this point by the structure of
7.3.20, where they appear as dependent variables on a par with each other. (Discussions related
to this aspect can be found, for instance, in references 2, p. 168, 4, p. 109, and 5, p. 217.)
tAnother derivation of this nonconservative principle can be found in reference 1 (p. 248);
a more thorough discussion of its mathematical interpretations is given in reference 6.
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does not mark any point of geometric significance but will be retained to preserve
the notation. :

Using O’ as the origin of coordinates, we erect the orthogonal triad &,1,{ on it.
The ¢ axis pointsin the direction of the nominal radius vector #®, % in the direction
of anomalistic motion, and { normal to the nominal orbit plane. The &n,{ com-
ponents of displacement are due solely to the perturbations on the path and
determine the actual satellite position relative to O'. Thus, since ¥ is the radial
distance to O', the actual geocentric distance of the satellite is

r =[O+ P+ + ]

As Fig. 7.1 indicates, we choose to place the node on the positive x axis. This is
merely a convenience and does not constitute a loss of generality in any subsequent
examples. We follow the standard procedure of Section 2 in writing the equations
of motion.

The Cartesian coordinates of the satellite are

x = (9 +¢)cos 6 — nsin 6,
y = (1 +&)sin 0 cos i, + 7 cos O cos i, — { sin i,, (74.0)
z = (194 ¢&)sin Osini, + ncos Osini, + { cos i,

The Lagrangian

L= %(x2+y'2+z'2)—%"— 7 (7.4.2)
where ¥ is the perturbing potential, together with (7.2.12), provides us with the
momenta. That is, taking the g, as &, , {, we have

oL 0x 0y .02
p‘: = -0—6' =m Xézﬂ'ya—é‘-{-za—é ,etc.

or
pe = mFO+&—nd), p,=mA+r0+E0), p=ml (743
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Using (7.2.14), the Hamiltonian becomes

1 . g . -

Substituting this into (7.2.18), the canonical equations take the form

um(r®+¢&) v

be =P, — [(O+ e+ + P —ﬁ‘*‘ Qe (74.5)
. ov
by = —peb — [(r(0)+é)2u_:n22+cz]3/2 ~ 5y O (7.4.6)
L pml ov
by = [0+ &2+ 02+ (7P - a—c + Qu (7.4.7)
.1
- __#0).
4 mp¢+n9 HO, (7.4.8)
= lp —&0—r% (7.4.9)
m n > “.
{= ! 7.4.10
= P (7.4.10)

Since we expect the departures &, #, { from undisturbed motion to be small
compared to r®, we may employ the approximation

[0+ &)% + 2 +{2] 312 = 1O 3[1 — 3¢/,

Now, retaining only terms linear in &/r9, etc., (7.4.5)—(7.4.7) become

. . um 14 ~

. . um ~

Dy = _Pée A0 n—="V,+Qp (7.4.12)
m ~

po= — :(‘0)3 =T+ 0, (7.4.13)

where we have used V; = dV]0¢, etc. For an unperturbed system (¥ = 0:=0,=
Q;=0and ¢ =y ={ = 0), we see that (7.4.13) and (7.4.10) are trivially satisfied
while (7.4.11), (7.4.12) and (7.4.8), (7.4.9) may be combined into

#O = rO02 — /r O and 2Hf+rOF = 0. (7.4.14)

These we recognize as the equations of a conic section orbit : the nominal orbit, of
course. Thus, "% represents the zero-order solution, as defined in Chapter 5, while
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(7.4.8)—(7.4.13), linearized in &, #, {, describe these quantities as first-order per-
turbations. Unfortunately, these last equations are badly coupled and, in general,
cannot be solved in their present form. We shall see, in Chapter 8, that the
Hamiltonian representation often lends itself to the selectiorn of coordinates which
permit uncoupling of the equations of motion. However, at this point, we content
ourselves with merely one advantage of Hamilton’s method: the ease of finding
the explicit form of such equations when employing unfamiliar coordinates.
To proceed further, we eliminate p,, p,, and p, from (7.4.8)~(7.4.13).

Taking cognizance of (7.4.14), we can obtain equations only in &, #, { and their
derivatives. Transforming to f as the independent variable, using

f=Vuao(1—e)/r®”,
we have

" —2n'—E=2[{+e (&' —nsinf]/[1+e, cosf]

3 1_ 2\3 -
- _g‘i(#—me”)_Vé/[l+eo cos f 1%, (7.4.15)

n'+2& —n+[n—2e,n'+&sinf ]/[1+e, cosf]

ad(1—e?

= a0 o e cosfT, (T416)
um

, . ‘ ad(1—e2)® .
("+[{—2e,sinf]/[1+e,cosf] = — —"»um——VC/[l +e, cosf 4, (7.4.17)
where primes designate derivatives with respect to 6 (or f) and terms involving
0, on the right-hand side, not shown in (7.4.15)-(7.4.17), would have quite an
analogous form to the ones in 175, 17,,, 174 We note that the only possible non-
linearities for &, #, { remaining in these equations would be due to the perturbing
function, though many of the coefficients are rather awkward functions of f.
As they stand, these relations are very close to the classical Hill equations for
“variational orbits.” '

5. SOLUTIONS FOR NEAR-CIRCULAR ORBITS

In order to simplify the system (7.4.15)-(7.4.17), let us consider only small
eccentricities and reduce the coefficients to O(e,). Then the system becomes

3

"2 — 3¢+ 2eol cos f— 2eq(E —n)sin f = —-;%(1—4% cosf)7,  (151)

3

a -
7' +2& —egh cos f—2eq(n +E)sinf = — ;% (1—4eq cos )V, (7.5.2)

3
C"+{—eol cos f—2eol sinf= — % (1—4e, cos /). (7.5.3)

Hm
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Now ¢&, n, { are due entirely to the perturbations and are of order x due to the
linearizations we carried out in the process of simplifying the original (exact)
equations of motion.* In the same way, we can consider the terms which contain
eo in (7.5.1)—(7.5.3) as “corrections” to a circular orbit, corrections of order ey,
which we also assume to be small. It is therefore conceivable to treat these terms
as we do perturbations, invoking separability as discussed in Chapter S.

In following this procedure, we write the solutions of (7.5.1) to (7.5.3) ast

é = E+60£ey n= 77+9077e: C = z+ eOCw (754)

where the &, etc., are of order «. Extracting these terms from Egs. (7.5.1) to (7.5.3),
we obtain

& —2p—38 = — Z_:;l [7<’ (7.5.5)
. a3y ~

n'+2 = m Vs (7.5.6)
—_— ay -

"+{=— m v, (7.5.7)

where, to be consistent to O(k), ¥ is evaluated using positions in the nominal
circular orbit. If we denote the complementary and particular solutions of (7.5.5)-
(7.5.7) by ¢, 1., {c and &, 17, {, respectively, we find

&, = 2 +4&,— 2o+ 3&) cos [+, sin f, (7.5.8)
e = Mo —2&6— 3(o +2&0) f+ 2(25 + 3,) sin f+2&, cos f, (7.5.9)
L. = {osinf+{, cos f. (7.5.10)

Here &, 7o, o and &, 7o, {;, are constants of integration. By setting f = 0, we observe
that they are the values of £, . . ., {'. at nominal perigee.
Next, we find (by the method of variation of constants)

g, = ;l—i I:— ZJV,,df+ 2 cqsij,, cos fdf + 2 sinij,, sin fdf
+ cosfjﬁ; sin fdf — sinij§ cosfdf:|, (7.5.11)

*Had we carried the expansion of 1/r to terms in &2, etc., we would have provided the basis for a
second-order theory. For a discussion of the nonlinear problem see, for instance, references 7
and 8.

+Strictly speaking, (7.5.4) requires that e,>0(x); otherwise ¢,, 1, {, would be 0(x2) and the
entire analysis would have to be extended to second order. An analysis somewhat akin to this
formulation, and valid for small e, is given in reference 9 (p. 94).
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3 F - _ ~
M, = P 3ij,,dfdf+ ZJng— 4 sin f|V, cos fdf
+ 4 cos fJV,, sin fdf — 2 sin fJ@ sin fdf — 2 cos fj@ cos fdf], (7.5.12)
— costV'g sin fdf — sianV; cosfdf], (7.5.13)

=#m_

where the lower limit of the integrals is taken at the epoch (/= f;) and the upper
limit is taken at the instant for which the actual satellite position is to be calculated.
The terms of O(e,) from (7.5.1)—-(7.5.3) yield the following differential equations

for &, 1., L.
&8 — 21, — 3¢, = 2(2&, 7o) sin f — 4(7io +2&) cos f
+6(71o + 2Z0) f sin f+ 2(277y + 3&,) cos 2f
3
—2&, sin 2f+2(&,—7,) sin f—2&, cos f + % V. cosf, (7.5.14)
n, + 28, = —2(7o+2¢&,) sinf + (7o—2&) cos f — 3(7o+2¢o) f cos f
+2(270 + 3&,) sin 2f + 2&, cos 2f + 2(,+¢&,) sin f

_ 4a3 -
+17,cos f + m V, cos f, (7.5.15)
4 o= =2+ Losinor 4 Locos o7+ 2y sing
da}
+ {,cosf+ m V, cos f. (7.5.16)

Since the differential operators in these equations are the same as in (7.5.5)-
(7.5.7), their complementary solution may be absorbed in (7.5.8)—(7.5.10) without
explicit distinction. A particular solution of (7.5.14)-(7.5.16) will be written as
o0 Eep Eas ELC. correspondmg to the components of the right-hand sides involving
Eor oo os Lo, Eproon o1 Vé, V,,, VC, respectively. Thus,

Euo = (7lo—28p) sin f — 3 +2&,) cos f — (o +2&,) fsin £, (7.5.17)
Meo = 1o +2&o0) sin f + (7o —2&p) cos f — (o +2&) f cos f

— 529 cos 2f — (i + 3 &,) sin 2f; (7.5.18)

Lo Go

. {
{oo=— 5 — 5 sin 2f — ?0 cos 2f. (7.5.19)
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For &,,, e, (o, We replace —(ad/um) 7, etc, in (7.5.11) to (7.5.13) by
28, —7,)sinf—2&,cosf; 2, +&)sinf+f,cosf; 20, sinf+ {,cosf,

and fOI' éeV’ Hevs ceV by

4a3 - 4a3 4a3 -
—@Vécosf; —2 P cosf; ﬂVgcosf.
um um um

In examining this formulation we. note that the complementary solution
&, 7., {, was already obtained in Chapter 4 (and, by a different approach, in
Chapter 5). We recall that these expressions could be used to describe departures
from a desired orbit due to injection errors or the relative motion of two neighbor-
ing orbital bodies if their separation vector and its time derivative were known at
some instant. More general expressions for these “orbit sensitivities,” valid on any
kind of conic-section orbit, are given in Section 6. In the remainder of this section
we willillustrate the particular solutions obtained using various physical perturba-
tions.

5.1. Perturbations from the Geopotential

Although we have devoted considerable attention to the problem of oblateness
effects, some additional information can be obtained with the formulation under
consideration. In order to point out these features of the perturbed motion, it
suffices to assume that the nominal orbit be circular with radius a,.

We consider the perturbing potential due only to the first oblateness term,
ie., from (5.3.18),

3J,R2um {1 22

V= — 2[(610-}-6)2-1-,12_,_{2]3/215 - [(a0+€)2+’72+52]} (7.5.20)

When writing the derivatives of this potential with respect to &, #, { we use the
necessary linearizations and observe that z/r = sin ¢’ ~ sin 6 sin i, Then

g
Ve= %1—‘3& (1—3sin? 0 sin%i);
~ R?

7 = 3_']% sin? sin%i, ;

7 3J,R*um

P = 2 sin 2i, sin 6. (7.5.21)
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Substitution of (7.5.21) into (7.5.11)—(7.5.13) yields

_ R? 3 1
ép = 3J2 l:—l + Sinzio (E + E cos 29> :l:

2a,
3J,R? 1 . .
M, = ';Z [(2_3 sin?i,) f + Esmzio sin 20], (7.5.22)
0 - :
_ 3R . . 1. ]
(= 20 sin 2i, [fcos@—ism() ,

where these expressions are to be evaluated between f, and f. The nonperiodic
terms in &, and 7, reflect the difference in attractive force due to the equatorial
bulge, while the periodic terms, containing the double argument 20, represent an
elliptic distortion of the orbit due to the asphericity of the perturbing potential.
We further note that conservation of angular momentum would require that the

radial decrement
2 3
3J,R <_ ) +_Sin2i0>
2a, 2

contained in Ep be accompanied by an increase of
3J,R*n 3.
1 — = sin?%
2a, 27 °
in the average circumferential velocity, where n is the angular rate in the nominal

circular orbit. Actually, the secular term in#, amounts to twice that effect; thus,
the periodic excursions described by the satellite during two successive revolutions

T 2 <| 2 >

ag

This is precisely the “inertial” advance of perigee, Aw+cos i, AQ, as can be
obtained from the results of Chapter 6. In a similar way the single argument 0 in {, »
gives rise to changes in the orientation of the orbit plane. Thus, the term sin 6
signifies a constant perturbation of the inclination whereas the term f'cos 6 may be
interpreted as a precession. Indeed, one can observe from the geometry of the node

that
6=2n(j+1) 1 [L]e=2mG+1)
[Q] = — — |:Co:| , (7.5.23)
0=2nj s i, 6=2nj

where j is the revolution number. Evaluating (7.5.23) for the secular term of Ep
and dividing by the anomalistic period, we find

3 12
Q=-= <ﬁ> J,R? cos iy,

-
2\af

which agrees with the results found earlier.
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The equations (7.5.22) naturally do not give a full description of the perturbed
motion but must be accompanied by terms of the form (7.5.8)-(7.5.10) resulting
from initial conditions. Thus,

E=¢ +¢,
2 2. _ 1. .
= -1, + 4&, —<—ﬁ0+3éo>cosf+~£0 sin f
n n n
3J,R? .. (31
- iol =+ = 2 5.
24, [ 1 + sin 10<2+6cos 9>:|, (7.5.24)

where n = . /u/a3. This representation allows us to select initial conditions so as
to minimize perturbation effects, e.g., to preserve circularity on the average by sup-

pressing all but periodic terms in ¢ or by keeping v as near as possible to \/u/a,.
For this last we need the time derivative of

7, = ﬁc + ﬁp’
namely .
7 =—23(7 o+ 2n&,) + 2(24,+ 3né,) cos f — 2&, sin f

3J,R?
+
2a,

1
n [(2—3 sin%iy) + ¢ sinZi, cos 29] ) (7.5.25)

Since w, has no special significance for a nominally circular orbit, let us assume that
att = to, 0y = w, and hence f, = 0. Then the total initial values are

- - 3J,R? ., (3 1 ‘

At =to) = & + ﬁo[}l+wm%<5+gmmw9], (7.5.26)
J,R?

7t = to) = fo + ——— sinZi, sin 26,, (7.5.27)
8a,

- - J,R? _

m=m=g—i;mﬁWM% (7.5.28)

0

2

. . 3J,R 1
nit=ty) =1y + 22 n [2 + sin?i, <— 3+ 13 cos 290>] . (7.5.29)

0

Now let us denote the constant terms in & and # as

- —  3J,R? 3., 2.
Aa = 2ag [— 1+ 3 sin lO:I + . No + 4o, (7.5.30)
and
—  3J,R? . -
Av = 22 n [2 -3 sinzio} — 3 (o + 2n&y). (7.5.31)
0
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Since neither 7, nor &, occur in these last, we could set them equal to zero in (7.5.27)
and (7.5.28), leaving us free to manipulate ¢, and #,. Unfortunately, (7.5.30) and
(7.5.31) are not linearly independent in these two quantities; let us impose the
“conditions that for Aa = 0 we inject at the nominal radius, i.e., with &(t = t,) =
0, or for Av = 0, we inject with the nominal velocity, i.e., 7ot = t,) = O.
Thus, in the first case, the vanishing of (7.5.26) and (7.5.30) represents the
governing conditions. Solving these for &, and #, and substituting into (7.5.25)
and (7.5.31) yields what may be called the anomalistic residuals

- R |1 3 .
Av = 3‘;2 n [5 b smzio] , (7.5.32)
0

. 2 3 5
nt =ty = 3JR n [sin?i, | = + = cos 20,) —1|. (7.5.33)
2a 2 6

0

The last is the value of the additional velocity to be provided at injection so as to
fix Aa at zero. We note that Av vanishes here if i, = sin™',/2/3. The vanishing of
(7.5.33) results in a transcendental condition between i, and the argument of
latitude at the point of insertion 6,

In the second case, where Av = #(t = t,) = 0, the vanishing of (7.5.29) and
(7.5.31) furnish the relevant conditions. By virtue of (7.5.26) and (7.5.30) this results
in the following radial residuals:

— 3J,R*[1 1
Ad = 22 [3 -3 s1n2i0], : (7.5.34)
(0]

3J,R? 1
Et =ty = 2, [3 + sin?i, <2 cos 26, — 1>:| ,  (7.535)

where (7.5.35) provides the insertion condition on the radial component. Again,
(7.5.34) vanishes at i, = sin~ 1\/% and a transcendental condition between i, and
0, arises if we demand that &(t = t,) = O.

In a fashion similar to the above, one may derive values for {, and {; such
that the average inclination of the actual orbit has a specified value.

5.2. Perturbations Due to Atmospheric Drag

We now employ the formulation of Section 4 to study the case of drag perturbations.
We have from Section 3, Chapter 5, that

Ap Ap P
Fx = - CD—Z—V%vaxa’ FY == CDZ—n;vaya, Fz = - CD_— VaZgs

and using (7.2.8),
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Using (7.4.1) to zero order (after differentiation), we find

_Codp o)

Q{ = 2m a'

and, if we were to take a nominally circular orbit, we would have Q. = 0. Similarly,
we obtain ‘

Cp4d .
Q,=— —21% 0, [190 — 61 cos iy ],
and
' CpA .
0, = — Iz)—mp v,0r%%sin i, cos 6.

Without loss of generality, let us take v, = v (the absolute geocentric velocity) for
convenience. For perfectly circular orbits, then

Q== ’C'z’# (/ao)* [(w/ro)''* — oag cosig] = F,  (1.5.36)
CpA
Q= — gmp (4 ag)*q sin iy cos O = G cos 6, (7.5.37)

where F and G are contractions for the constant factors. We may now formally
use Q, and Q, in place of — ¥, and — ¥, with (7.5.11)~(7.5.13), while ¥, = 0.
The results of this calculation are

_ 2a3

¢ = 0 Ff, (7.5.38)
um

3

7, = %f [4 _3 f{l , (7.5.39)
um 2

f 0

{,= Zum [2fsin O — cos 6], (7.5.40)

the lower limit in these expressions again being f;, or 6,. They manifest the by now
recognized behavior of near-circular orbits in the presence of drag, namely, a
spiral decay given by the linear dependence of ¢ on f (remembering that F is
negative) and the attendant anomalistic perturbation given by the quadratic term
in 1. We note that with the inclusion of £, and 7, from initial conditions, the
radial and circumferential perturbations may exhibit periodic behavior. In {,,

finally, the secular term is again of interest since it describes a linear decrease
e . L 1| .
of orbit inclination with time. We note that [— C’z} gives the change in
do 0=0
orbit inclination at the completion of the jth revolution. Division by 2xj yields the
rate of change of inclination of the mean orbit. This is found from (7.5.40) to be

dijdf = a2G/2um, (7.5.41)
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where we recall that G <0. The physical interpretation of this result as a precession
caused by the perturbing torque from the rotating atmosphere was given in
Chapter 5.

We now turn to a rather straightforward extension of these results incor-
porating the time-dependence of drag forces. In Chapter 5 we observed that such
conditions might arise from diurnal solar effects, atmospheric heating connected
with phenomena of other than daily periods, and from satellite tumbling,. Many
of these effects might be represented as trigonometric series in f, at least for an
a posteriori analysis. If such a series is written for each of the three types of time-
dependent effects mentioned, the perturbations due to all of them may be obtained
from a termwise triple product.

Suppose that we multiply the factor F of (7.5.36) by the “time function”

[1 + Hsin(o; + A, )][1 + Hysin(e, +4,f)][1 + Hj sin(os + 45 f)], (7.5.42)

where
H,, H,, H; are the amplitude parameters,
oy, o, o3 are the phase angles,
A1, A, Az are the frequency ratios of the periodic perturbations relative to
the anomalistic motion.
When we simplify this notation to ; = «; + 4, £, etc., and insert this time function
into (7.5.36), (7.5.11), and (7.5.12), we obtain

2a3F
$p = IU(’)” { f— A, — A, — A3 + 5(B12+ B33+ By3)
H,H,H, cos(f;+6,+065)
+ -I,-1,-T 5.
4 [(11+/12+13)[1—(11+,12+13)2] r— =Ty (75.43)
where for (i, j, k) = (1, 2, 3),
H,; cos 6,
A= -y
sin(f;—0) sin(0;+0))
B, = H.H, J - o :
! J[(ii—ij)fl—(li—ij)z] (Lt 21— (4 +2)%]
cos(—0;+6,+6,) T
ri = : ! 5 k:
(it by a—(— At A (7R
and
- aF 3,2 1
p = _IE 4—3f*+Ci+Cy+ C3+3(Dy5+Dy3+Dy5)
H1H2H3[ 34+ (A +Ay+23)% sin(0; +6,+0,)
+———Z, + %, + %5 — 2
4 ! 2 3 A+, +43)% 1 — (4 +/12+/13)2j|}’

(7.5.44)
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with
C - H,(3+ A%sin 0,
I
b _HH[3+(1,.—/1,.)2 cos(f;—6) 3 + (hi+43)* cos(0;+0)
) B B e Y e (4> 1= (Q+4)*]
l2~_3+(—/1,.+,1j+,1k)2 sin(—0,+6,+6,) P4tk

N R ) e G Y ey R

The relation for {, may be found in an analogous manner through the proper
modification of (7.5.37).

Rather than pursue this further, let us return to the case of the “static”
atmosphere and investigate the refinements to be added to (7.5.38)-(7.5.40)
for an extension of our calculations to O(eyk); such a solution would then be
applicable to slightly eccentric nominal orbits. (The nominal eccentricity impresses
periodic perturbations on the relative velocity components in the &, #, and (
directions and since these effects can be allowed for in the form of (7.5.43) and
(7.5.44)—with appropriate modifications for the fact that Q. # 0—we do not stop
to exhibit the results.) Following the procedure outlined previously for the calcu-
lation of

éep) e ;(eV
we obtain
a3F 2 29 o
Eop = 2 [— 3f%sinf— 9fcosf+ £ sinf], (7.5.45)
a3dF 2 .
Nep = 2um [— 3f%cosf+ 22fsinf+ 41 cosf], (7.5.46)
ayF . 1 . .
{op = Jum [3 cos wy — 5 cos(wg + 2f) — fsin wy — f sin(w, + 2f)], (7.5.47)
and
4alF
o ==y Lfcosf = Fsin ], (7.5.48)
8a3F .
Mo = — —2 [2 cos f+sin f], (7.549)
um
2a3G
Ly = Z:" [ —cos wy + 5 cos(wo+2f)]. (7.5.50)
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5.3. Perturbations Due to Luni-Solar Gravitation

In Chapters 5 and 6 some of our examples have considered the effects of a stationary
extraterrestrial mass on a satellite orbit. We now re-examine this problem to
"0(x) when the mean motion of the extraterrestrial center of gravitation is nonzero.

Let the perturbing body P be situated in the x,y plane, where the latter does
not, in general, have to contain the equator. The central angle = 6, + Aflocates
P in this plane on a circular orbit analogous to the way in which O’ was located in
the satellite orbit plane (Fig. 7.2). 8 is measured from the node, which lies on the
positive x axis in our case, and the initial position of P is given by 0, + Af;. A is the
ratio between the angular rate of P and that of the satellite and is less than unity
in all practical cases. Note that in this example the independent variable fappears
in the disturbing function ¥7*

y P
ST 7= 7
0
Iy
—————— P
Figure 7.2
X
The perturbing potential is
~ ~ 1 XXp+
7= —R= —Gmpm [ _ P—Zyy”] (7.5.51)
Tpm rp
where xp and y are the coordinates of P, r2 = x%+ y3, and
i = (xp—%)* + (yp—))* + 2%
With the appropriate linearizations this yields
1oV Gmp[3xp
el Fl:?)(xxp-i-yyp) — x]. (7.5.52)

Then, taking x ~ a, cos 0, y ~ a, sin 0 cos iy, and z ~ g, sin 0 sin i,, we obtain

*The parlance of analyticaldynamicsrefers to systems where the independent variable appears
in the disturbing function as rheonomic in contrast to systems where it does not, which are called
scleronomic.



5]

~

éz

U

_ 3a,Gmpm [4 2

3aqGmpm

Solutions for near-circular orbits 217

Pox Py oV
Ox 0¢ 9y 0¢& 0z ¢

2 ., Y . .
3 ¢os iy — 3 siniy + 2 sin®i, cos 26 + 2 sini, cos 26

81y |
+ (1 —cos ig)cos 2(B+6) + (1 +cos io)? cos?(F+ 9):| ,

G [—2sino sin 20 + (1 +cos ig)? sin 2(0—6)
P

—(1—cos io)? sin 2(0+6)],

= 29 in 2ig sin O + (1— cos io)sin i sin(20+0)

+(1+cos ig)sin iy sin(20—6)]. (7.5.53)

If we substitute these expressions into (7.5.11)—(7.5.13) we find the particular
solutions :

€p =

Mp

=

2 . 4 |
g E <2 cos?iy — sm2i0> —3 sinZi, cos 20

(A+2)(1 —cos ig)*

- sin?i, cos 20 — G121 D2it)) cos 2(6+0)
- e cona-0)|. 7939

4
7 [— 3 <2 cosZig —sin2i0> f+ % sin%i sin 20

2 sin?i, ¢in 27 + (422 + 1224 11)(1 —cos io)?
@ —n 40+ D22+ 121 3)

sin 2(0+0)

@22 —122+11)(1 +cos ip)* . | =
~ A= 1)P@i-1)2i=3) sin 2(6 0)], (7.5.55)

(1— cos ip)sin iy

_ . .. . . a7
g [— 5 sin 2i, sin 0 + f'sin 2i, cos 6 + 220 +1) sin(260 +0)
(I+cosig)siniy . .-
2G—1) sin(26 —0) |, (7.5.56)

where g = 3Gm,ag/8ur.
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The solution given by (7.5.54)—(7.5.56) obviously ceases to be valid for A = 0,
+1, +1/2, +3/2. These are the commensurability conditions so often encountered
in such problems. As the reader may know, there exists considerable literature on
the asymptotic solutions of differential equations, especially designed to deal with
resonance problems. We can do no more than acknowledge that fact here.

Clearly, we could execute the calculations for each of the special values of A.
However, for all but A = 0 the results would be meaningless since these particular
nonzero values for 4 imply that a, and r, must be of the same order of magnitude;
hence, the approximations used in obtaining (7.5.52) would no longer hold.
Treating the case A = 0, we now find

&, = g[3(2 cos?iy —sin%iy) — % sin?i, cos 26+ 2 sin?i, cos 26,

—4(1—cos ig)? cos 2(0+ Bo) —2(1 +cos iy)* cos 2(0 —0o)], (7.5.57)
M, = gL —%(2 cos?iy—sin?iy+3 sin?iy cos 26,) f+ %" sini, sin 260
+15(1 = cos ip)2sin 20 + 0,) +15(1 +cos io)? sin 2(8—0,)], (7.5.58)

Zp = G{[ — (14 cos ig)sin ig cos(6—20,)+ (1 —cos i) sin iy cos (6+26,)
+ sin 2i, cos 6] f—1 sin 2i, sin 6 — (1 —cos iy)sin i, sin(0+ 20,)
+4(1+cos ig)sin iy sin(@—20,)}. (7.5.59)

This example, with a stationary perturbing body P, lends itself especially well to
the simple interpretations we demonstrated in Chapter 5. Note that if we take
xP=zP=0,)5, =1, and ip = 0, we find

&, =g[4+8cos20]; 7, =g —%0—%sin20]; [,=0, (7.5.60)

which agrees with the results of Chapter 5*. Now we recall that the periodic terms
in this result from Chapter 5 represent an elongation of the orbit at right angles
to the line EP. To see what comes of this perturbation when we consider P to be a
moving body, let us take the same geometric model, but with A # 0. Expression
(7.5.54) yields

- _ |4 (2—A)4
&= g{g + ((1_1)(1_21)(3_2/9 cos[2(1—i)f+2wo]}. (7.5.61)

From this we observe that successive minima or maxima of &, are separated by
the angle /(1 — 1), which means that the line of apsides of this orbit moves in phase
with P, as might have been suspected. At the same time, the periodic term in 7,

*The nonperiodic differences relative to the expressions following from Egs. (5.3.15) to (5.3.17),
namely, ¢ = 4g and # = —6g0, simply represent a change in the radius of the circular reference
orbit with an attendant change of the mean angular rate. They can be compensated for by the
complementary solution in the present formulation.
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namely,

_ (42 -124+11) '
— g(l A 1—20)3-27) sin[2(1 —A) f+ 2w, ],

shows us that the points of maximum tangential perturbations remain 45° out of
phase with respect to the orbit axes. For the lunar perturbations on a 24 hour
satellite, where A~ 1/28, we find that 7, is in the order of one mile.

Returning now to the case where A = 0, keeping 0, = n/2, but taking i, #0, we
investigate the precessional motion of the orbit. From (7.5.59) we find

¢, = g sin 2io[ —sin 6+ 26 cos 6], (7.5.62)

where we can interpret the secular term as a rotation of the orbit plane about the
y axis, which was demonstrated in Chapter 5 for this model. To complete the
comparison, let Al » be the change in Zp at the node over one anomalistic period.
Then Q@ = —A,n/2na, sin i = —3 cos iy Gmpag/?/2riu*/?. Finally, let AL/, denote
the change of d{,/df at the node over one period; this is zero in the present case. It
follows from di,/dt = A{,n/2n that there is no change of inclination, as should be
expected for small angles of rotation of the orbit plane about the y axis.

5.4. Perturbations from Radiation Pressure

As the final example of this formulation for near-circular orbits we examine in
some detail the effects of radiation pressure. When the satellite is fully illuminated
by the sun, the total radiation force on the satellite, F,, is computed according to
(5.3.29). As opposed to the way this force was resolved into components in Chapter
5, we take here a slightly more accurate form: X = —F (xp —X)/7p,, €tc, where
"pm 18 the distance from the sun to the satellite. We then enter (7.2.8) with these
expressions to calculate Q,, etc.

As we have stated, the illumination of a low-altitude satellite orbit will in
general be nonuniform due to the earth’s shadow, albedo, and atmospheric
absorption. In Chapter 5 we briefly discussed the determination of the shadow
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limits, which would entail an abrupt change in the radiation force every time the
satellite crossed one of these boundaries. For the present discussion we use a
continuous approximation to the shadow effect as follows. Assume that the
orthogonal projection of the line EP on the nominal orbit plane marks the angle
o from the node (Fig. 7.3); the angle from this projected line to the nominal satellite
positionis § = f+w,—a = f+ & We will use the first two terms of a Fourier cosine
series in this angle as an elementary approximation for the light-intensity distri-
bution around the orbit. Thus

F ~
— 7.5.63
F 1+"b(1+¢cos€), ( )

where  is the amplitude parameter attached to the first harmonic in the series,
and F, is the projection of the pressure force on the orbit plane. With the usual
simplifications we get:

Q= rpﬁpiolﬁ) [1 +1 cos —X cos —(J cos ip+Z sin ig)sin
— 2 W(J cos i+ Z sin iy)[sin(f+ 0) +sin o]
—3 yx[cos(0+ )+ cos oc]] , (7.5.64)
F ~
0, = ;ﬁ—) |:>? sin 60— (y cos iy +Z sin ig)cos 6 +3 yx[sin(6+ 6) +sin o]
— (3 cos io+sin ig)[cos(d+ )+ cos oc]:l, (7.5.65)
Q0 =— rpflpj-o 7 (Z cos iy — ¥ sin ip)(1+y cos b), (7.5.66)

where X = xp/ay, y = yp/ado, Z = zp/ay, and, as usual  marks the position of the
satellite itself. Substitution of these expressions into (7.5.11)—(7.5.13) yields

&, =g |1—3Xy cos a—L(¥ cos io+Z sin i)y sin «
+£[WX sin o — (7 cos i+ Z sin ig)cos o+ sin O
—3 X sin 0+3(y cos iy +Z sin ig)cos 0]
+4 cos —2% cos —Xy cos i+ Z sin ig)sin O
+1x cos(0+ 0)+3y(F cos iy+ Z sin ig)sin(0+ 67):' , (7.5.67)
, =g | 2yX sin a+y(y cos ip+Z sin ig)cos o
+f[X(y cos a—3 cos 0) +(J cos iy +Z sin ip)( sin o —3 sin ) — 2+ cos 0]
+12 2[5 cos iy+Z sin ig)cos a—X sin o]
— 3 sin B +11x sin 6 — 347 cos i+ Z sin ig)cos 0

— 1Ly % sin(0 4 0) +1Ly(F cos io+Z sin ig)cos(0+0) |, (7.5.68)



Solutions for near-circular orbits 221

{, = §(F sin ig—Z cos ip)(1+4¥ cos O+3 fi sin f), " (7.5.69)

where § = F ag/urp(1+).

In order to extract some simple interpretations from these results, let us first
set xp = yp= 0,1, = 0, ¥ = 0, and z, = rp so that the orbit lies in the x,y plane
and is fully illuminated from the positive z axis. Then &, = g, 7, = —2/g, and
{, = —Zz§. The meaning of these results is obvious. {, represents a uniform down-
ward translation of the orbit plane due to the radiation pressure from above.
The divergence of this radiation from point P generates a radial outward com-
ponent of thrust on the satellite giving a constant value for £, and the negative
secular term in. 7, as necessitated by the conservation of angular momentum.
These results must be combined with (7.5.8)-(7.5.10) to obtain the actual motion.

Another simple case illustrates the precession of the orbit plane when it is not
normal to the line EP. Take xp = z, = 0, yp = 7p, iy # 0, and ¥ # 0. Then the
secular term in Zp, according to (7.5.69), causes the value of this perturbation at
the node to increase during each anomalistic period by the amount

[ ]2u+D nF ,ady sin iy
R T
This leads to
o _ —:fp— 0=2n(j+1) n __ Fy (@)1/2 (7.5.70)
[ lo=2e;  2msinip 200+ Y)\p

As in the preceding example, one can show that di,/dt = 0.

We turn to the hypothetical case of an orbit uniformly illuminated by a source
in its own plane, i.e., xp = zp = 0, yp = rp, iy = 0, and Y = 0. Admittedly, a close
earth satellite orbit will always be subjected to non-negligible shadow effects but
our simplified model is a useful stepping stone to a more realistic model involving
earth shadow. With the above simplifications we get

&, = go[3y cos 0—%y sin 6+1], (7.5.71)

M, =4§ [— 6[3y sin 6+2]—%4'y cos 9:'. (7.5.72)

This result is somewhat different from that obtained by elementary means in
Chapter 5 for the case of perfectly collimated sunlight. Due to our assumption of a
point source of radiation at a finite distance the additional terms § and —264
appear in &, and 7,. The results (7.5.71) and (7.5.72) are discussed in more detail
in Appendix C. Summarizing the observations made there, we find from d¢,/df = 0
that the points of maximum departure from the nominal orbit are located by the
transcendental equation 6 = —(1/6)ctnf. Perigee and apogee during each
anomalistic period tend to occur near 6, = (2j+1)n and 6, = 2nj respectively.
The size of the orbit remains unchanged (to order ) but departure from circularity
grows monotonically with time. This secular behavior of £, and £_,, can be
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understood by interpreting the satellite motion as analogous to that of a linear
oscillator which happens to resonate with the excitation from the radiation force.
Aswerelax thelinearizationsleading to (7.4.12)—(7.4.14), the nonlinear gravitational
restoring forces come into play ; these (and other physical effects)might be expected
to bound the perturbations of the orbit. We also discuss this in Appendix C.

6. ORBITS WITH ARBITRARY ECCENTRICITY

Considerable attention has been devoted recently to equations similar to (7.5.1)-
(7.5.3) (particularly their homogeneous form) Their extension to arbitrary
nominal orbits is of obvious value for many practical applications, in particular
orbit determination and guidance studies. We now consider solutions of the linear-
ized perturbation equations (7.4.15)-(7.4.17) for any value of e,. Even for the
homogeneous case a direct approach is discouraged by the awkward variable
coefficients in these equations. However, the motion which (7.4.15)-(7.4.17)
represent is also one which follows a conic trajectory, but one whose parameters
differ somewhat from ay, €y, @y, To, io, Qo by virtue of the initial conditions encoun-
tered at f,,. Consequently our problem reduces to a geometric one,namely, to express
¢ e, (. as the first-order differences between neighboring conics.

Let a coordinate system be defined by the nominal orbit: the x axis passes
through pericenter and the positive y axis is given by f = n/2. Now we need to
formulate x and dy in terms of the variations da, de, dw, and dt. The variation in
o implies that the axes of the perturbed orbit have a slightly different orientation
from those of the nominal orbit, which define the x,y system.

Omitting the zero subscript from a and e for simplicity, we write
r=a(l—ecosE), x=a(cosE—e), y=a(l—e*)'?sinE, (7.6.1)

and from Kepler’s equation

0E _ 3 E—esinkE, 0E  sinE OE _ (u/a®)*? 762
da 2a 1—ecosE’ de 1—ecosE’ 9t l—ecosE (7.6.2)
With the help of these expressions one finds
ox = ?55a + a—xée + a—xér — (bw+6Qcosi)rsinf,
oa Oe ot
(7.6.3)
_ Oy dy dy .
oy = —6-5&1 + 5e~5e + —a—rér + (dw + 6Q cos i)r cosf,
which are transformed to the &, 5 system according to
& =0xcosf+ oysinf; n = —oxsinf+ dycosf. (7.6.4)

In executing (7.6.4) we denote E—e sin E (or its counterpart in terms of f; see
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(2.2.37)) as M, the mean anomaly. The result is

o 1—¢? 3esinf ' L 12

&= 0a[1+ecosf - 2(1—e2)1/2M]_ deacosf — 5re(a(1_ez)> sinf, (7.6.5)
3(14+ecosf) 24+ecosf
=—-0a———:53M+ dea——"-
= = Ay Mt oea o sinS
1/2 2
2 . a(l—e’)
—si—E ) L E)
| 57:(6’(1_‘22)) (1+ecosf) + (5 + 6Q cos i) P (7.6.6)

where we have retained the form (dw + 5Q cos i) of the last coefficient to exhibit its
kinematic origin. One may verify in a straightforward manner that these express-
ions satisfy (7.4.15) and (7.4.16). The constants of integration da, de, (dw + 6Q cos i),
and o7 follow from the initial conditions & = &,, n = n,, dé/df = &, dn/df = n, at
f=fo M = M. If we denote

&o 4 oa

Mo _ n\_ de|

é::) - pOa é/ - p: 5(}) - 50‘:
Mo " ot

the determining equations read
po = Agyoa, (7.6.7)

where the matrix 4, is derivable from (7.6.5) and (7.6.6). The perturbed motion is
represented by

p = AA;! p,. (7.6.8)
For the special case f, = M, = 0 one finds, for instance,
2 —e? 3esinf
=——[&(2 o(1 —
¢ = Toepleo@ratml +e)]{1+ecosf 21— )7 }
1
- 5[35#2;@ cosf + Exsinf] (7.6.9)
-3 1+ecosf 1+e 2+ecosf
=T / 3 2no| ————
n (l_e)2[60(2+e)+’70(1+e)] (1—62)1/2 M + 1_e|:50+ W(J 1+€COSf smf
(1+e) 5’0[ (1+e)2]
—— + =1 - .6.
’7°1+ecosf+ A +ecosf Ttecoss (7.6.10)

For the general case f, # 0 one may find Ay 'p, = du either by direct inversion
of A, or by developing da in terms of &, . . . , 7 from the orbit sensitivities given in
Chapter 4. The rationale of this approach was described in Chapter 6, Section 6,
as an alternative derivation of Gauss’form of the planetary equations. The reader
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may find the development of this generalization of (7.6.9) and (7.6.10) a useful
€XErcise. '

The solution of (7.4.17) is found in a corresponding fashion by considering
variations di and 6Q, or directly in terms of {, and {j, from the following kinematic
considerations. If r, is the initial radius at f;, a displacement {, normal to the orbit
plane implies a rotation of the actual plane of motion by an angle {,/r, about the
line f, — /2. If the total velocity vector v, at f, is to remain parallel to itself, as the -
condition {, # 0, (d{/dt),;, = {, = 0 implies, it can be shown that a simultaneous
rotation — [e{, sinf,/(1 + e cos fo) ] must be applied about r,. Finally, aninitial value
of {,, different from zero, implies a rotation o/ foro = Lo/ro of the orbit plane
about r,. Developing {(f) from a superposition of these small-angle rotatlons
one finds

1

(= 1+Wy{(o[cos(f—fowe cosf ]+, sin(f—fo)(1+e cosfo)}, (7.6.11)

which can be shown to satisfy (7.4.17). This result is valid for any conic trajectory

since the nature of the orbit did not enter its derivation. The corresponding
expression in terms of orbit elements turns out to be

2p

m [51 sin 0 —6Q sin i cos 9] (7612)

{ =

where p is the semi-latus rectum of the particular conic involved. Equations (7.6.5),
(7.6.6), and (7.6.11) reduce to (7.5.8)-(7.5.10), as they should, if e approaches zero.

The counterparts of (7.6.5) and (7.6.6) for hyperbolic orbits may be found in a
perfectly analogous way

1 3esinf L vz
= da|—% _ s .
¢ a[1+ecosf 2(e2—1)1/2M] + deacosf — dte (a(ez——l) sin f; (7.6.13)
_ 3(1+ecosf) (2+ecosf) .
= aWM dea 1+ecosf sinf
-9 - - a1+ sf) + (6w +6Q cos ) ( ) (7.6.14)
t a(ez_l) eco @ cost OSf 0.

When dealing with parabolic or near-parabolic orbits the preceding formulas
break down due to the small divisors 1 —e? or e —1; moreover, in these cases,
a—co. However, as before, the latus rectum 2p = a(1—e*) or a(e*—1) remains
bounded and is a useful parameter. Thus, if we approach the neighborhood e~1
from an elliptic orbit, da(l —e?) = 25p+2aede. Letting e = 1+ e = 1+¢ we have

da(l —e?) = 26p—2p(1 +¢). (7.6.15)

By means of this expression we may rewrite the terms of 0(da) and 0(de) in (7.6.5)
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and (7.6.6) as terms of 0(6p) and 0O(e):

{2—%sin2f —%sinzf(l—cosf)} ’

¢=9 1+cosf (1+cosf)?

L 2(1+2cosf)  3(1—cosf)’
+ep {_ g(l cosf) + (1-|-cosf)2 + 10(1+cosf)2}

h 1/2
—5r<5> sin f, (7.6.16)

1—cosf }

— _ 6p3sinfil 4 L2C08)
" 5””‘”{ * 31T cos/)

3. cosf—1% _ 2+4cosf 1(1—cosf 2
+ szsmf{(l+cosf)2 1+cosf + S\1+cosf
1/2 .
7 (6w + 69 cos i)2p
ot (2p> (I+cosf) + 1Tcos/ . (7.6.17)

It is clear that ¢>0 represents a perturbation toward hyperbolic orbits and
¢ <0 toward elliptic ones.

The expressions given here represent a generalization of the orbit sensitivities
discussed in Chapter 4 and Section 5. This type of first-order analysis has been
quite popular in guidance work, since expressions like (7.6.5)-(7.6.17) estimate
the departures of the actual motion from a reference trajectory due to errors in
the dynamic state at f,. These errors could be introduced at injection, or by a
correction maneuver, or may be considered as the residuals from an orbit-
determination procedure. Thus, the various expressions given in this chapter may
be used to exhibit the error propagation through different phases of aerospace
missions, such as near-circular parking orbits, near-parabolic transfer trajectories,
hyperbolic flyby and re-entry trajectories. The literature abounds with similar
formulations in terms of various coordinate systems [ 11 to 20]. Some of these are
not restricted by the linearizations contained in Egs. (7.4.15) to (7.4.17) and are
therefore valid also for large departures from the nominal orbit [7, 8]. This
extends the range of applicability for the resulting expressions and decreases the
frequency with which the nominal orbit has to be rectified in a study of error
propagation.

REFERENCES

1. E. T. Whittaker, Analytical Dynamics, Cambridge Univ. Press, 1959.
2. C.Lanczos, T he Variational Principles of Mechanics, Univ. of Toronto Press, 1962.

3. F.B. Hildebrand, Methods of Applied M athematics, Prentice-Hall, Englewood Cliffs, N.J.,
1952.



226 Lagrange’s and Hamilton’s equations

N »

10.

11.
12.
13.

14.

15.

16.

17.

18.

19.

20

. P. Funk, Variationsrechnung und ihre Anwendung in Physik und Technik, Springer, Berlin,
1962.

A. Sommerfeld, Mechanics, Academic Press, New York, 1952.

G. Leitmann, “Some Remarks on Hamilton’s Principle,” J. Appl. Mech. 30, 623, 1963.
M. L. Anthony and F. T. Sasaki, “The Rendezvous Problem for Nearly Circular Orbits,”
AIAA Journal, 3, 1666, 1965. ‘ .
H. S. London, “Second Approximation to the Solution of the Rendezvous Equations,”
AIAA Journal, 1, 1691, 1963.

. D. Brouwer and G. M. Clemence, Methods of Celestial Mechanics, Academic Press, New
York, 1961. .

E. Levin, “Solar Radiation Pressure Perturbations of Earth Satellite Orbits,” AIAA
Journal, 6, 120, 1968.

M. L. Wisneski, “Error Matrix for Flight on a Circular Orbit,” ARS Journal, 32,1416, 1962.
K. C.Kochi, “Exact Two-Body Error Sensitivity Coefficients,” AI A4 Journal,2,1502, 1964.
R. G. Stern, “Analytic Solution of the Equations of Motion of an Interplanetary Space
Vehicle in the Midcourse Phase of Its Flight,” Fourteenth Congress of the International
Astronautical Federation, Paris, Sept. 1963.

J. M. A. Danby, “The Matrizant of Keplerian Motion,” AIAA Journal, 2, 16, 1964.

W. H. Clohessy and R. S. Wiltshire, “Terminal Guidance Systemfor Satellite Rendezvous,”
Journal of Aerospace Science, 27, No. 9, Sept. 1960.

W. H. Tempelman, ‘“New Investigations in the Field of Error Propagation,” in Guidance
and Control, Vol. II, R. C. Langford and C. J. Mundo (eds.), p. 727, (Progress in Astro-
nautics and Aeronautics, Vol. 13), Academic Press, 1964.

F. T. Geyling, “Coordinate Perturbations from Kepler Orbits,” AIAA Journal, 1, 1899,
1963.

W. H. Goodyear, “Completely General Closed-Form Solution for Coordinates and
Partial Derivatives of the Two-Body Problem,” Astron. Journal, 70, 189, 1965.
V.V.Beletskiy and V. A. Yegorov, “Interplanetary Flights with Constant Output Engines,”
Cosmic Research, 2, 34, 1964 (Translated from the Russian by the Foreign Technology
Division of the USAF as Astia Document AD 603012).

. J. Tschauner, “The Elliptic Orbit Rendezvous,” AIAA Journal, 5, 1110, 1967.



Chapter eight

THE METHOD OF
CANONICAL TRANSFORMATIONS

1. INTRODUCTION

The analyses of Chapter 7 in terms of the coordinates &, #, {, had rather immediate
geometric significance. However, writing the general equations of motion ab initio
in these coordinates is hardly possible by inspection. The formalistic dynamics
outlined in Chapter 7 (Sections 2 and 3) reduces this to a recipe. Its usefulness
becomes apparent in many cases where we wish to try new coordinates that appeal
to intuition as being appropriate for the problem at hand; i.e., when we are faced
with differential equations insoluble in one coordinate system and we seek to
transform them to more tractable expressions.

As a particular feature of this approach, we may capitalize on transformations
that eliminate some variables from the Hamiltonian. Such variables are referred to
as ignorable coordinates. They do not participate in the solution of the transformed
equations of motion but can be recovered once the solution has been found.
This often turns out to simplify the actual process of solution.

Pursuing the notion of ignorable coordinates, most working procedures based
on Hamiltonian dynamics endeavor to eliminate entire classes of variables from
the original system of differential equations. Here the formal procedure of writing
the original equations and generating suitable transformations in an organized
fashion would have the greatest value. The form of Hamilton’s equations must be
preserved at all stages, and this imposes constraints on the selection of variables.
For this reason, the transformations are called canonical.

If several stages must be gone through, the successive transformations will
tend to produce an increasing amount of symmetrization, i.e., the coordinates and
the momenta will become less and less distinguishable on physical grounds and
more difficult to relate to the set of natural coordinates, which was used to write

227
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down the original set of differential equations. Even the time may lose its privileged
role and be absorbed in an augmented system of coordinates.*

While the ultimate form of the governing equations may thus be trivially
simple to solve, there remains the labor of obtaining explicit results in terms of some
physically meaningful coordinates. In general this requires the inversion of several
canonic transformations and becomes a tedious undertaking. Consequently, the
merits of Hamiltonian procedures in celestial mechanics have been subject to some
debate. Certain schools of thought in dynamic astronomy and theoretical physics
support the loyal, if not dogmatic, use of Hamiltonian mechanics, while others take
a more independent point of view [3]. On the one hand, there is the appealing
simplicity of general, symbolic developments by the Hamiltonian formalism.
On the other hand, this formal elegance is not necessarily commensurate with easy
execution, physical insight, or efficient computing algorithms. All aspects must
enter a total evaluation of the Hamiltonian method and its meaningful comparison
with others. Such an exhaustive comparison is beyond the scope of this chapter.
We observe that much of the present value of canonic formulations derives from
their utility as a basis for convergence studies, stability criteria, and asymptotic
representations in general perturbation theories.

In the following pages we approach the canonic transformation theory from
Hamilton’s principle (7.3.21). While our derivations are formal in character, we
attempt to motivate each crucial step. Where a more careful discussion of mathe-
matical points seems advisable we refer to the literature. Along these lines, [1 and
2] are comprehensive treatises on analytical dynamics in various phase spaces and
reference 4 provides good coverage of variational arguments. As implied, applica-
tions of Hamiltonian techniques to orbital mechanics are extensive and will be
noted in the appropriate places.

2. CANONICAL TRANSFORMATIONS AND THE HAMILTON-JACOBI EQUATION

A canonical transformation has been defined as one which preserves the form of
Hamilton’s equations, namely, (7.3.20)

4; = 04 /op; — P,
i=1,2,...,n, (8.2.1)
pi= — 0#/0q; + Qs

where ¢; and p; are the coordinates and momenta, respectively, which deal with
the dynamical problem in # dimensions. 5#(g;, p;, t) is the Hamiltonian given by
(7.2.14) or (7.2.15) and P(q;, p), Q{q; p;) are the generalized nonconservative
forces defined in (7.3.9) and (7.3.16).

*The description of dynamical systems in various phase spaces brings us to the field of geometric
dynamics. Though the Lagrangian and Hamiltonian play an important role in this subject,
other functionals can be introduced and give rise to additional representations. [1, 2].
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In this section, we discuss the conditions necessary for a transformation to
new variables, say ¢, p;, to be canonic. These variables might provide a simplified
Hamiltonian, i.e., one not explicitly dependent on some of the coordinates and thus
making solution of the equations of motion simpler. Indeed, we may wish to
prescribe the form of the new Hamiltonian beforehand and find the g;, p; which,
with it, satisfy a system of canonical equations.

2.1. Canonical Transformations

The governing conditions for canonical transformations may be derived from
Hamilton’s principle, as we do in this section. We have already pointed out that this
principle may be considered a basic premise of analytic dynamics; it represents a
necessary and sufficient condition for the validity of canonic equations in the
chosen coordinate system [1, p.110]. Thus, if a transformation preserves the form
of (7.3.21), it also preserves (7.3.20) and we have in terms of the new coordinates
ql and pl’

q; = 04*/op; — P;, p; = — 04°*/0q; + Q.. (8.22)

Here s##* = #*(q', p, t), the new Hamiltonian, is a function of the new variables;
its relation to J#(g, p, t) needs to be determined.
Let the canonic transformation be written as

a=4q{q,p51); pi=pdq,p50 i=1L2...n (8.2.3)
. . . 0(g, .
Now, as shown in Appendix D, the Jacobian 3 ((;I, P ?) of a canonical transforma-
> P
tion does not vanish, so that we may also use the inverse form
4 = 4944, p,1);  pi=pig, p, 1), (8.24)
and the mixed forms
pi=pd4,4,1);  pi="piaq1), (8.25)

or
;=4 0,1; q=4qpp,t), etc

Hamilton’s principle (7.3.21), in terms of the new variables and the new Hamilton-
ian, takes the form

ta ta
5j [Zp;q':-—%*(q',p', t)] dr+j Z[Qzaq;wzép;} d=0. (826
t1 i

i
t1

Substituting (8.2.3) into the second integral of (7.3.21) and comparing with
(8.2.6) we find

0 = Z[Q,ap Piyp ap{] and Z[ ,5‘11 8p{|- (8.2.7)

I 0q; op; ' op;
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Thus the second integral in (8.2.6) develops in a straightforward fashion without
imposing any conditions on the transformation. In so doing, the nonconservative
forces transform according to (8.2.7).

The first integral in (8.2.6) places the restrictions on (8.2.3) that are peculiar to
canonic transformations. Imagine that we use (8.2.3) in the first part of (7.3.21) to
obtain

0q;

" oq; ., 0q; dq;
5 pi(q/5 p,) t) <_l q" + :p/ + —l>
| {2 T

- #[q(q, P, 0);pd, P 1); t]}dt =0. (8.2.8)

Now suppose that we rearrange the double summation in this integrand to read
Y pdi + (4,4, P 0)

where fwould involve a variety of forms depending on (8.2.3) to (8.2.5). If (8.2.8) is to
achieve the structure of the first integral in (8.2.6) it is necessary that freduce to an
exact differential of some function S(q, p, ¢, p’, t) in terms of the dynamic variables
and time. The quantity J[S]? can be shown to vanish since we do not allow
terminal variations in the coordinates or the time; so S makes no contribution to
(8.2.6). This concept plays a crucialroleinthe Hamilton-Jacobi theory and we shall
return to it presently.

In general, the f we get from (8.2.8) will not represent an exact differential but
must be augmented by adding some function, say, g(q, p’, ¢, D', t). Thus (8.2.8)
becomes

ta
o J {Zpéé’i +f+g9g—H— g} dt = 0. (8.2.9)
ty !

Now, we said that #* takes the place of the old Hamiltonian 4, but we have
yetto say what #* turns out to be. Note first that a Hamiltonian does not in general
represent a physical entity,in contrast to the Lagrangian ;nor does the Hamiltonian
always represent an integral of the motion, which would be expected to remain
invariant under a transformation. Since (f + g) has been arranged to become an
ignorable term in (8.2.9), we are obliged to define the new Hamiltonian as,

H* = H + g, (8.2.10)

to achieve the form of (8.2.6). This includes the rather obvious choiceg = — f, where
no exact differential occurs explicitly in the transformed variational integral and
we let the Hamiltonian be augmented by —f. Whether the choice of g is unique for
particular cases must remain open at this point.
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A simple example may be illustrative here. Consider the case of planar motion
about a single center of attraction. In terms of cartesian coordinates we have the
Lagrangian A

L=im(%* + y*) — V(x, y), (8.2.11)

where the potential ¥ need not be specified for our present purpose. By (7.2.12)
- p,=mx and  p, = my. (8.2.12)

Now suppose we transform to polar coordinates r, # where the line 8 = 0 rotates
at a uniform rate o. Then

x =rcos (0 + ot) and y =rsin (0 + at). (8.2.13)

The relation between the old and new momenta has yet to be found to complete
the transformation. This may be done by deriving the new momenta from their
definitions in terms of the Lagrangian. Since the Lagrangian is a physical invariant
we need express it only in terms of the new variables. Substituting expressions for
x and y from (8.2.13) into (8.2.11), we obtain

L=3m[#* + r*(0 + 0)*] — V'(r, 0). (8.2.14)
Again by (7.2.12)
p,=mi and  p, = mr?*@ + o). (8.2.15)

Referring to (8.2.12) we see the geometrically evident relations

ps = p,cos (0 + of) — p—:sin(é) + ob);
(82.16)
+ Do

p, = p,sin (6 + ot) —r—cos @ + ot).

Since (8.2.15) was derived from (8.2.14) we know that (8.2.16) completes a canonic
transformation. Writing the old Hamiltonian we have

) ) 1
H (%, ¥ Do Py) = DX + pyy — L= — (p_i + pi) + V(x,y);

in terms of the new coordinates, using (8.2.16)

7‘2

_ L, Ps
%(r’ 9’ Dy pG) =_—\Dr + =+ V(V, 0)
2m

However, the new Hamiltonian is

2 2
%*(T’, 0: Dy pﬂ) = prr + p86 - L= |:p" + p_ez - apﬂ] + V(r: 0)7
2m  2mr

so that _
H* = H — op,. (8.2.17)
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The reader can easily verify that the canonic equations for r, 0, p,, ps in terms of
H#* correspond to the original equations of the problem (in terms of x, y, and ).

In this elementary example we did not require recourse to the variational
integral to construct the canonic transformation but let us see now what happened
to this integral. Using (8.2.13) and (8.2.16) to write Y ;p,d; in terms of the new
variables we obtain, following our treatment of (8.2.8),

f=2pidi — pig) = ops, : (8.2.18)

which is not an exact differential. If we take g = —fin (8.2.10) we find
%(7’, 9, Drs Do» t) — 0Py = '}f*(r: 95 Dr> Pe> t))

which confirms (8.2.17). While the variational integral was used in this example
only to corroborate the direct calculation of #*, it leads to a rather more “auto-
matic” procedure for sufficiently complicated problems. This approach involves
the function S which we now consider.

' Suppose that the extra terms denoted by f had been augmented by g (as in
8.2.9) to form the exact differential of S, that is,

(f+ g)dt = dS(q, p', 4, P, ¥). (8.2.19)

Since S serves to connect the new form of Hamilton’s principle, (8.2.6), with the old
one (7.3.21), it is appropriately represented by a combination of the old and new
variables. Furthermore, it turns out to be useful to write dS not as a function of all
four kinds of canonic variables and their derivatives but only two, say g; and g;. This
implies a canonic transformation (as yet unknown) of the form (8.2.5) and we may
imagine that the explicit occurrences of p;, pi, p;, and p; in dS have been eliminated
with the help of it. Thus S = S(g, ¢, t) and

oS oS oS
ds = [2(561— q; + a—q,}jé) + E] dt. (8.2.20)

Integrating dS as part of (8.2.6) we find

. as s .\ os_]?
o[S(a, 4, ]"* = [; <a—q,. 5, + (—azéq,) + Eatll |
This expression vanishes since we are permitting no variations in the terminal
values of new or old coordinates or the time. Since p = p(q, ¢, t)and p’ = p'(q, ¢, t)
this means that also the terminal variations of the momenta vanish. (A discussion
of the permissible variations, especially at the boundaries, is relevant to all these
arguments, and the reader is referred to reference 4 for an adequate treatment).
Suppose now we examine S to see if it permits useful observations to be made
relating the old and new forms of the variational integral. Equating the integrands



2] The Hamilton-Jacobi equation 233

of (7.3.21) and (8.2.9), with the help of (8.2.10) and (8.2.19), we have

oS oS N
g, — H = i —q; — g; — — H* 8.2.21
Eijplql ;plq, + Z ( 500t ag q,> + = (8.2.21)
By virtue of the form S = S(g, ¢', t) the only time derivativesin (8.2.21) are ¢; and ¢;.
Since g; and ¢; are the independent variables of the transformation (8.2.5) and
capable of independent arbitrary variations, the coefficients of §; and ¢; must vanish
individually, namely,

p; = 95/0q;, (8.2.22)
and
pi= —088/dq;; i=1,2,...,n (8.2.23)

The remaining terms of (8.2.21) yield
H* = H + 0S/ot, (8.2.24)

which indicates the way the Hamiltonian has to be augmented in terms of S.

Assuming the function S can be found for any particular case (though, in
general, its existence and uniqueness may require a rigorous examination),
Egs. (8.2.22) to (8.2.24) are necessary conditions for the transformation to be
canonic (their sufficiency must as yet be proven). In fact, they describe a trans-
formation of the type (8.2.5) by giving relations between the g, ¢, which are con-
tained in S, and p,, p;, which are not. S is called the generating function of the
transformation.

The conditions (8.2.22) to (8.2.24) may be considered from several different
points of view. First, we could choose any function of g;, g;, and t which is at least
once differentiable with respect to each variable and employ (8.2.22) and (8.2.23) to
yield information equivalent to (8.2.5). With the transformed Hamiltonian being
given by (8.2.24), we could find the equations of motion in the new representation
to seeifthe g; can be solved for. Such an intuitive approach can be treated adaptively
and may be of use in some cases.

Alternatively, we could assume a specific transformation law (8.2.5) and
calculate S from (8.2.22) to (8.2.24). If a solution for S exists, the transformation is
shown to be canonic. Sometimes a combination of these two points of view
is useful. There are problems where an existing form of the equations of motion
suggests improvements if some of the coordinates or momenta were redefined in a
certain way. Assuming a suitable form for S, one can then determine the changes
in the conjugate variables and the Hamiltonian by means of (8.2.22) to (8.2.24).
We shall return to this notion in Section 4.

As onemore approach to (8.2.22) to (8.2.24), we may start from a preconceived
form of the new Hamiltonian #*. Now the transformation is to be calculated so
that it yields this Hamiltonian. Then (8.2.24) becomes the governing equation for S,
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which in turn determines the transformation through (8.2.22) and (8.2.23). Here the
name generating function for S is particularly appropriate.

In connection with this last viewpoint, we discuss below the Hamilton-Jacobi
equation, separation of variables, and iterative perturbation techniques that lead
to progressively simpler Hamiltonians. However, let us first describe S in somewhat
greater generality. Up to this point we considered generating functions of the
form S(g, ¢/, t) because ¢; and §; appeared in the old and new forms (7.3.21) and
(8.2.6) of the variational integral. Clearly, other types of generating functions,
containing different combinations of old and new variables, may also be suitable.
Thus, for example, the generating function needed to represent a transformation
of the form

qg=4(,t); p=p{p,t), (8.2.25)

would have to be of the type S(g, p’, t) or S(q/, p, t) but not S(g, ¢, t) or S(p, p', t).
Transformations of this kind are known as point transformations.

To obtain the counterparts of (8.2.22) to (8.2.24) for other generating functions
we consider other forms of the variational integral. In (7.3.21) we can replace
any term p,q; by d(p,q;)/dt — qp;. Integrating the derivative of the product term as
part of the variational integral yields

t
olpiail, = 0. (8.2.26)

(The vanishing of this variation prescribes 6q; = 0 and ép; = Oatt, andt,. Asinall

variational arguments [4] a clear and consistent distinction must be made between

“independent” and “dependent” variables in describing variations of the path.)
Accepting (8.2.26), Eq. (7.3.21) can assume any of the forms

i=

2 g n
5J [ pdi — Y, 45— #4,p, t)] dt = 0. (8.2.27)
1 1

» j=k+

An analogous expression to (8.2.27) may be written for (8.2.6). One can see that a
juxtaposition of these hybrid forms of the Hamilton principle, analogous to (8.2.21),
leads to transformation conditions in terms of the most general function

S =S4 Py qus Po» 1)s (8.2.28)
where
r=1...k
s—k+1..n 0Sksn
u=1...1,
=141 .. .m 0<i<n,
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and we observe for later use that ) .. ;x; = 0 for any n and x. Thus

N oS oS as
@ =2 =y g = 22
=g L= Tos A= oan =g (8229)

and
H* = H + dS/ot.

In many problems several choices are open among the different possible kinds
of generating functions: S(q, 4/, t), S(q, p', t), S(p, ¢, t), S(p, P', t). They merely imply
different forms of the transformation being undertaken, i.e., Egs. (8.2.3) to (8.2.5).
Aslong as it is the same transformation, the augmented Hamiltonian must be the
same. Hence

05(¢,4,t) _ 08(g,p’ 1) _ 0S(p. 4, t) _ 9S(p, p', 1)

ot ot ot ot

(8.2.30)

Let us see how our earlier example, involving a transformation to rotating
coordinates, can be handled in terms of a generating function ; say

S(p, q',t) = —rp_ cos (0 + ot) — rp,sin (6 + at). (8.2.31)

Now (8.2.13) follows from
X = — 0S/0p, y = — 0S/op,.
Furthermore

p, = — 0S/or, pe = — 0S5/00.
Inversion of the latter pair of equations yields (8.2.16). Finally
0S/0t = or[p, sin (0 + ot) — p, cos (60 + at)] = —ap,, (8.2.32)

which confirms the augmentation of the Hamiltonian calculated in (8.2.17).
In this example the generating function served as a convenient means for
finding the new Hamiltonian. We now deal with the inverse situation.

2.2. The Hamilton-Jacobi Equation

Let us establish a technique for finding generating functions that lead to a specified
new Hamiltonian for an especially simple form of the canonic equations. Obviously
the most desirable set of equations would be

0A*[op; = q; = 0, (8.2.33)
OH*/oq, = —p, = 0, (8.2.34)
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implying that ¢; and p; are constants and that #* vanishes identically, or is a
constant, or is a function of the time alone. Since these alternatives do not give rise
to significant differences in what follows we take, for simplicity,

H*=0=H + 0S/ot. (8.2.35)

Let us consider a generating function of the form S = S(q, p', t). With the help of
(8.2.29) (k = n, 1 = 0), Eq. (8.2.35) becomes

o Es s N, aS_
qi, s dns as 5 aqn: ot -

This partial differential equation for S is known as the Hamilton-Jactobi equation.
Alternative forms involving S(q, ¢, t), etc. can be written down immediately but
do not give rise to essentially different procedures of solution. The form (8.2.36)
seems to have gained wide acceptance in astronomical practice.

Now, on the one hand we know from (8.2.34) that the p; are constants; on the
other hand we know from the theory of partial differential equations that a com-
plete integral of (8.2.36) must contain (n + 1) constants.™ One of these must be
purely additive since, if S is a solution of (8.2.36), S + o is one too. But this additive
constant does not affect (8.2.29) and we cease to consider it. Thus we let S =
S(g;, o;, t) where the n non-additive constants «; may be taken as the new momentat
p;. Assuming that p; = «;, we obtain from (8.2.29) (with k = n, [ = 0)

0. (8.2.36)

0S(g, o, t)
R s A 2.3
i g (8.2.37)
and
, 05(q, o, )
g =P = —w (8.2.38)

where the g; are constants because §; = 0#*/0a; = 0. From the initial conditions
we find g,(t = t,), p/t = to) and then (8.2.37), evaluated at ¢, leads to the «; (i.e., the
pi)- Similarly, (8.2.38) with ¢t = t, may then be solved for 5, Finally, we again use
(8.2.38), with general t, and invert it to obtain g; = g, B, t), which constitutes the
solution of our problem.}

From a conceptual point of view (8.2.36) to (8.2.38) provide a rather straight-

*Reference 5, §§ 42 and 50.

TIn a completely general approach one might represent the new momenta as linearly indepen-
dent functions of these constants, ie., p; = y{®); in practice this generality has scarcely any
significance.

IAs with (8.2.22)-(8.2.24), one notes that (8.2.37) and (8.2.38) are the ultimate outcome of the
premise that g;, p;, and o, §; satisfy Hamilton’s principle in each coordinate system and hence
the canonic equations (albeit with #* = 0). They therefore constitute a set of necessary
conditions for canonic transformations; but their sufficiency remains to be demonstrated.
We do this in Appendix E by the Jacobi theorem.
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forward representation for the solutions of dynamic problems.* However, it must
be emphasized that most of the manipulations required for nontrivial problems
arise from the operations described in the last few sentences of the preceding
paragraph. Several facts should be recognized in working with these equations. As
stated, it is immaterial whether the constants o; themselves or some functions y;(«)
thereof are recognized as the new momenta. In fact, there is no fundamental need
forassociating the «; with the transformed momenta (especially since the distinction
between momenta and coordinates is frequently lost in the transformation). Since
the o; and f; are merely constants of integration, the working procedure associated
with (8.2.37) and (8.2.38) is unaffected if we interpret these equations in terms of
S(g, q', t) rather than S(q, p', t).

We close this section with some remarks about special cases when the time or
any one of the variables g; do not appear explicitly in the Hamiltonian. For
conservative systems # is independent of time; then 05/0t =0 and # =
constant. Thus (8.2.36) reduces to

0S/0t = —const. (8.2.39)

In this case the total number of integration constants in S is still n and we can
express the right-hand side of (8.2.39) in terms of one of them, say o«,, which is,
according to (8.2.36), also the Hamiltonian. Then the generating function must have
the form

S = —ayt + S(g; o, 1). (8.2.40)

Equations (8.2.37) and (8.2.38) remain unaffected for i # 1; but for i = 1, (8.2.38)
reads

aS(qi’ Oj t)

v+ b= Oa
1

(8.241)

Next, consider another special situation where any one of the g,, say g,, does
not appear in the Hamiltonian, ie., it happens to be an “ignorable” coordinate.
From Hamilton’s equations

0H#[0g, = p, =0,
and hence p, = const. = a,. Therefore
08/0q, = ay, (8.2.42)
and hence

S = oyq, + §(‘11, Q35+ o> s Oy ). (8.2.43)

*In fact, being a special case of (8.2.29) where the new coordinates and momenta are all con-
stants of integration, Egs. (8.2.36) through (8.2.38) supply a complete integral of the problem.
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Equations (8.2.37) and (8.2.38) remain unaffected for i # 2, but for i = 2 the latter
becomes

a§(qls q3s- - >qn % t)
doiy '

Br—a:= (8.2.44)
Obviously (8.2.41) and (8.2.44) could occur simultaneously in the same problem
and, in general, any combination of 0 #/dt = 0, 0#/0q; = 0,i=1---n can be
accommodated in this fashion. In practice these special forms develop anyway
from a standard application of (8.2.37) and (8.2.38), as can be easily demonstrated.
Sometimes, however, the recognition of ignorable coordinates will ease thechore of
developing explicit expressions for the solution g« B;, t) of a specific problem.

3. SEPARATION OF VARIABLES

As shown in the preceding section, one may reduce the solution of a dynamic
problem to that of the Hamilton-Jacobi equation. In general this partial differential
equation is tractable onlyif the variables g; and ¢ are separable within the generating
function and the Hamiltonian. In the simplest case, involving explicit separability,
(8.2.36) admits a solution consisting of additive terms, each of which is a function of
only one coordinate or the time. The basic rationale for the separation of variables
is well known. In all applications success in separating the variables depends
largely on the choice of a suitable system of coordinates, g;, to begin with. Existing
theory includes several general tests for separability of the Hamilton-Jacobi
equation but, in practice, the trial substitution of a separable form of S into (8.2.36)
turns out to be the usual expedient.* If we let :

S = Esi(qii Qi o v v s an) + Sn+1(t> Oy v v vy O‘n)s (831)
then (8.2.36) becomes

E‘%i (qi: aSi/aqia 0(1, ) OC") +‘%n+ 1(t9 al, L} Qtn) + aS,,+1/6t = O
(8.3.2)

Recognizing the functional independence of various parts of this equation we can
stipulate that

Hopr1(t) + 0S,41/0t = Cyy1, (8.3.3)

and
c%i(‘b) =Cp i = 1, BRI (3 (834)

*Much more can be said about separability in general, for which we refer the reader to the
literature, e.g., references 1, p. 128; 5, 7; 8, p. 240; 9, and notably 10, which contains a good
review of work by Liouville, Staeckel, Burgatti, Denim et al.
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The ¢; are the constants of separation. In order to satisfy (8.3.2) one requifes that
n+1 !

Y=o _. (8.3.5)

On account of the last condition we have, in effect, introduced »n arbitrary constants
and, since the explicit appearance of the «; and S; and #; is as yet undetermined,
we are free to identify the ¢; with the o; in some convenient fashion. For example

c;, =0 i=1...,n,

i

n
Chv1 = — Zai'
i

A special case of separability arises if 05#/0t = 0 and 0#/0g; = Ofori # 1;i.e., all
coordinates are ignorable except one. Then

i

aSI aSnﬂl'l
H — —— = 3.
(Ch, 6q1> + ot 0, (8.3.7)
which leads to
08,
08,41/0t = —ay, and H ql,é-cr = 0. (8.3.8)
1

Since we know from (8.2.42) that for the ignorable coordinates
08,/0q; =0y,  iF 1, (8.3.9)

the solution (8.3.1) then takes the form

n

S=S,+ Y ug — ot (8.3.10)
i=2
In the following subsections we demonstrate (1) the separation of variables
approach for the Kepler problem in spherical coordinates and (2) the separability
for certain nonspherical potential functions in spheroidal coordinates. In the latter
case, as with many nontrivial problems, separability does not imply closed form
solutions.

3.1. Ilustrative Example. The Hamilton-Jacobi Equation and the Two-Body Problem

We select the Keplerian problem not because it affords any new insight into conic
motion but rather just the opposite. Its familiarity is such that the physics of the
solution will not be masked by the methodology in question ; in particular, the task
of relating the new “variables” to the original coordinates is more easily assessed in
this simple case. This selection also serves to introduce the reader to those co-
ordinates and momenta which have found rather widespread use in classical
celestial mechanics, namely, the Delaunay variables.
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It is easily seen that a statement of the Kepler problem in cartesian coordinates
leads to an inseparable Hamiltonian. Spherical coordinates are a more appropriate
choice, and an obvious one because of the spherical symmetry of the potential
function. We note that they are not the only ones yielding a separable Hamiltonian
in this case. The parabolic coordinates

x = ﬁ cos A, y = ﬂ sin A, z = Hu—v),

may serve the same purpose [8, p. 242]; however, here we shall remain with the

spherical system.
Consider two masses m and M, and suppose we describe their motion in the

spherical coordinate system (r, ¢, A) centered on M, where

X =7 COS ¢ COS A; y = rcos ¢ sin A; z = rsin @.

The Lagrangian (per unit mass of the smaller body m) is

1 X
L=3 [ + r?¢* + r*A*cos’ o] + é (8.3.11)
Taking
q1 =7, q2 = ¢, qs = }" (8312)
we obtain
P1 =41, D2 = Q%qz, D3 = Q§430052‘12, (8.3.13)
and
2 2
D2 D3 u
%=i|:2+_+__:|—v, 8.3.14)
2T 2T Peos’s] 4 (

where the latter represents the total energy and is time-invariant. Hamilton’s
equations of motion are then

2 2

. , D2 D3 U

=Py, =2, B O
h=h TR deosa, 4

2 q;’ 2 g3 cos? q,’

. D3 .

=7 = 0-
b= sty P

Of course these can be solved and the equation p; = 0 suggests an obvious place
to start. However, let us show how to accomplish this by using the Hamilton-
Jacobi equation (8.2.36).
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We obtain

1765\ 1 as)z 1 (as)z] u s
)+ (2 o () AR L2 0, (8315
2[(6«11) . (aqz foos’ g, \0as) |0 T (8:3.13)

and then proceed as in (8.3.1):

S'= S1(g1) + S2(q2) + Ss(g3) + S4(2).
The function S,(¢) is by (8.3.8) equal to —u,¢, and thus (8.3.15) can be written

aSN\? 1 [0S, 2u 25\
ot () + i) o) = - (5
% 2\6q,) T \6eas,) " q ! 0q5

The left-hand side being, by supposition, independent of g5 and the right-hand side
independent of ¢, and q,, either can only be a constant, say — a2, so that S3 = a3q3.
The final separation constant we call o and then find

qg(ds1/d‘h)2 - 20‘1‘1% —2uq, = —OC%; (dsz/d%)z + “% sec” q> = “%- (8.3.16)

The generating function of the transformation can thus be written (neglecting
the arbitrary additive constant)

2 2 2
P — +J1\/ %G1 + 2uq; — o dq,
q:

+ j« Job — o3 sec? q, dq, + a3q;. (8.3.17)

Now we employ (8.2.37), set the old momenta p; equal to the appropriate initial
conditions in terms of r, 7, etc., and invert the equations to find the values for the
o; in these terms. We find

u

oy = 3[F3 + r¥(¢p% + ik cos? @,)] — = (8.3.18)
0

Uy = ron/ @3 + A3 cos? @, (8.3.19)

oy = rilcos? @,. (8.3.20)

Before proceeding further in identifying these quantities geometrically, let us also
obtain the new coordinates, gi(= f)).

To do this, we do not have first to complete the integrals of (8.3.17), since
according to (8.2.38) the new coordinates are given by the partial derivatives of S
with respect to the a;. Thus

N d
ﬁl = — = —t+ J‘ > ql ql -,
doty \/2051‘11 + 2uq, — o3
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or
V20,03 + 2uq; — o3 u o 2oqy +p
(4 = _ cos™! (2L TR\ (83.21)
1 20, 200,/ — 20t < /20,05 + u2>
Also

oS [ wa—d (/ a >
= — = cos — T 2 \+sin ——=—sin , 8.3.22
Pa ooy (qh /20,05 + ,uz> o — o 2 ( )

and

oS . o
Bs =g, —sin~! ( o> 2 p tan q2>. (8.3.23)

3063 2 7 43

It remains to relate thea;, f; to quantities we recognize and thus provide a meaning-
ful solution. (As is always the case, knowing the answer in advance is rather helpful
even to the intellectually honest.)

We first identify the «; as physical quantities which are invariants in a con-
servative system. Thus a;, is recognized from (8.3.18) as the total energy (per unit
mass) and hence

ay = #(gyp) = 30° — wr = — p2a, (8.3.24)

where the last follows from (2.2.18). Similarly, (8.3.19) makes it obvious that a,
represents the total angular momentum; thus, utilizing (2.2.9), we have

a, = r*f = Jupa(l — é?). (8.3.25)

Finally, (8.3.20) represents the polar angular momentum. Since r4 cos ¢ = rfsin i,
where i is the course angle defined in Chapter 4, we find

a3 = r2l cos? @ = r’fsin y cos @ = r*fcosi = \/pa(l — e?) cosi, (8.3.26)

using (4.2.10)
Now (8.3.21) has the structure of well-known conic-section time equations and
we let the factor in parentheses be expressed in terms of a new variable E, that is,

2009, + 1
2003 + u?

This then provides ¢,(=r) = a(l — ecos E), using (8.3.24) and (8.3.25). The .
equation (8.3.21) can be rewritten E — e sin E = ./u/a’ (t + B,), which serves to
relate f; to a more familiar element,

By = —1. (8.3.27)

= cos E.
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If we take (8.3.22), and here let

pq; — o3 _ -
— = —cos f,
g1/ 20105 + p
we obtain from this
a(l — e?)
q, =1 = T+ ecosr
+ ecosf
Then (8.3.22) with g, = ¢ yields
sin )
~% _ sin(f+ Bo).
sin i

This we recognize as the relation (4.2.13) between angles describing the motion
in an inclined plane through the origin ; which leads to

B, = w. (8.3.28)

Finally, we can rewrite (8.3.23) with g3 = A as cot i tan ¢ = sin (41— f85), which,
employing (4.2.12), allows us to identify f; as

B, = Q. (8.3.29)

We have thus established the new coordinates, f; and the new momenta, o,
by (8.2.37) and (8.2.38). Note that a good portion of the labor lay in relating the
new to the old variables and that, indeed, much of this was short-circuited because
of our familiarity with Keplerian motion. Now let us see how things work out in a
nontrivial problem.

3.2. Illustrative Example. The Hamilton-Jacobi Equation and Motion about an Oblate Planet

In the preceding example, we were led by separability arguments to try a spherical
coordinate system. This idea grew out of a consideration of the symmetry of the
potential. In this section, the analogous reasoning is applied to a class of spheroidal
potentials and we find ourselves welcoming the capability of Hamiltonian formula-
tions to cope with unusual or complex coordinate systems.

Since, to a first approximation, the earth acts as an oblate spheroid, it occurred
to Vinti [11] that the Hamiltonian might be separable when expressed in oblate
spheroidal coordinates. This Hamiltonian would contain terms which express the
gravitational potential due to an equatorial bulge. (This approach has also been
taken more recently [10, 12, 13] by several other authors.)
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Let us first provide a short description of oblate spheroidal coordinates. The
simplest way of relating them to more familiar ones is given by (8.3.30) below. We
have

x=c[(g? + 1)1 —qg3)]tcosqs; y=c[lg?+ D1 —q3)]*sings; z=cqiq,.
(8.3.30)

Here g, is the right ascension and c is a constant to be chosen subsequently.
For a given value of q,, we obtain a surface in the shape of an oblate spheroid,
i.e., a figure whose meridians (formed by planes passing through the z axis) are
ellipses; e.g., for g3 = 0,

x? 72

e 1. (8.3.31)

Planes perpendicular to the z axis cut the figure in circles. For a given value of g,,
we obtain a hyperboloid of revolution; thus for g; = 0,

x? z?

- =1 8.3.32
T R (8332

Note that g, can take on any (real) value but that | g, | < 1 if the coordinates are
not to become imaginary.

This brief discussion indicates that the approach taken here departs from the
methods presented in earlier chapters. We are not going to solve the Kepler
problem first and then, retaining spherical coordinates, append additional terms
to the potential to amend our initial results. Rather, we are going to look at the
total problem in specially chosen spheroidal coordinates, hoping to include as
many nonspherical effects as possible in a separable Hamiltonian before resorting
to higher-order perturbations.

The Hamiltonian statement of the problem can be set up simply enough. The
relations (8.3.30) allow us to find the Lagrangian (7.2.22), whereupon (7.2.12)
provides

2 2 2 2
@+ 42\, 7 + 43\, :
pi = mcz(;z - f)ql; Py = mcz(f - q22>q2; ps = mcX(g? + 1)1 — g3)ds.
1

2

(8.3.33)

If we absorb the factor 1/m in each component of the momentum and also in the
Hamiltonian, then (7.2.15) gives

_i{‘13+1 2. 1—a , r3

= Prt+ 3¢t V41,92, 93)
222 |\ +3E G+t (q§+1)(1—q%)} 1:42:43)

(8.3.34)
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As in the Kepler problem, we have a time-invariant Hamiltonian representing the
total energy. The Hamilton-Jacobi equation we hopée to solve is

(@ + (1 = g (ﬁ) L @+ 10— g (gs_> N (ﬁ)
9 + g5 dq, 9 + 43 q, 94

+2¢2V(qy, 42, 43)(q + D — q3) = 2c%a(q3 + DL — g3), (8.3.35)

where o, istheenergy constant. We now postulate a generating function of the form
S = 81(q1) + S2(q2) + Si(qs) — a4t (8.3.36)

Substitution of this expression into (8.3.35) shows that the equation becomes
separable if the potential takes the form

h(gs)
2¢3(qi + 1)(1 — q3)

We would require h(q;) = —(dS;/dq;)* if h(gs) does not vanish. Restricting
ourselves to the rotationally symmetric potentials requires h(gq;) to be constant;
thus

1
V= P [f(q1) +‘g(qz)] + (8.3.37)

dS;/dq; = const. = as. (8.3.38)

Since therotational symmetry ensures an invariant component of angular momen-
tum about the polar axis, we may interpret o5 as that quantity.

We must now choose f(q;) and g(q,) in the first part of (8.3.37) to satisfy
Laplace’s equation in spheroidal coordinates. Such a solution is developed in
reference 11, and after selecting some of its coefficients to avoid singularities on the
polar axis and at infinity, one finds*

y— D14y = bady (8.3.39)
(91 + q2)
where b, and b, are not yet determined. Comparison of this with series expansions
for the geopotential in terms of Legendre functions shows that

__hj2z
bi=-% 3J,

2J
b2=—ﬁ——1

R 3J,

*At this point it is interesting to note the connection with another mathematical model for
spheroidal potentials. While gravity from a prolate spheroid is representable by a pair of
supplementary point masses at +¢ on the polar axis, an oblate spheroid can be represented
formally by placing these mass points at +je, where j = \/ — 1. This fact was utilized in [12],
resulting in the potential function V = b,q,/(q? + q2), which is slightly less general than (8.3.39).
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SRE + ) |2, T 0\3n (8.3.40)

J,,the coefficient of P,,represents the governing oblateness term. J, is the coefficient
of P,, representing an asymmetry about the equatorial plane. It does not usually
appear in expressions for the geopotential but was retained by Vinti as a partial
(empirical) compensation for the absence of P,, the “pear shape,” from (8.3.39).
Further details on his selection of numerical values for the coefficients of V are
given in [11].

Wemay now proceed to separate the Hamilton-Jacobi equation. Using (8.3.38)
and (8.3.40) in (8.3.35), we may reduce the latter to

and thus

das, o2
+ 1)( ) —— — — uR./6J,q, — 3a;R*J,q}
(‘11 dq, (41 0 y 2q1 1 291

2 2
o3 27 .2 2 ;
= + ——— — 2uRJ + 3a,R*J = —oj3, 8.3.41
(@G — 1 (dq) (q% ) URJ 1G> £31 293 oz ( )

where a, is the constant of separation. Developing the quadratures for S; and S,
and substituting into (8.3.36) we ultimately get

1/2 d
S=+ Hag + (@ + ) (—cx% + uR6J, q; + 3a1R212q§>] 42%
1
2 1/2 qu
+ —OC3 + (1 - ‘b) — 2/,LRJ1q2 + 3(X R J2q2 '1——_—‘?
2
+ a3q; — oyt. (8.3.42)

By virtue of (8.2.37) and (8.3.33) the algebraic signs in front of the quadratures in
(8.3.42) must follow from the signs of 4, and 4, encountered in the interval of
integration. Limits have been omitted from the integral signs for simplicity,
though it is implied in each case that the lower and upper limits in terms of g, and
q, would correspond to the initial and terminal points of the trajectory under
consideration.

As in Section 3.1 we obtain the new coordinates through §; = §; = 4S/dx;,

or
24 24
B = —t i%R%J‘hQ‘h + 3R, jquqz, (8.343)
1 2
—  |da dq,
B,= T « j_ + « Jv__, 8.3.44
2 + &3 0, 2 0, ( )'

= g, o, | 42
b= J( gt + 1)Q, R j(l — 490, + 4, (8.3.45).
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where, for convenience, we have written
0, = I:O‘g + (g1 + (=0 + uR/6J,q; + 30‘1R2J2‘I%):|1/2a

2=[—} + (1 — g3)03 — 2uR J, g, + 3a,R*J,43)]'"%, (8.3.46)

and the limits of integration are implied as before.

To evaluate the constants of motion, we can proceed as in Section 3.1. In this
case, the a; can be related to initial conditions through (8.2.37),(8.3.33), and (8.3.42);
we would most likely have first to find the connection between g;, ¢; and the more
familiar variables using (8.3.30). The constants f; would follow from (8.3.43) to
(8.3.45) with g;'set to their initial values. Then the inversion of these equations to
obtain, in terms of «;, §;, and ¢, the coordinates g;, and hence x, y, z would complete
the solution.

Recalling that o, and a5 represent the constant energy and polar angular
momentum respectively, as in the Kepler problem, we must expect that o, would
have no such simple interpretation since the total angular momentum undergoes
periodic variations for inclined orbits in the oblate potential field. However, the
invariant o, does bear a relation to the momentum vector—one which is approp-
riate to the spheroidal coordinate system. Its exact nature and connection with
the Kepler problem (if J, and J, are allowed to approach zero) becomes evident
from a detailed treatment of the initial conditions. The same is true for the ..
The interpretation of these constants of motion hinges on the fact that Q; and Q,
must permit factorization for (8.3.43) to (8.3.45) to admit closed-form solutions, by
elliptic integrals. For actual ephemeris calculations this approach may be pre-
ferable to the ad hoc series expansions and changes of variables employed in
reference [11].

When it comes to examining the merits of Vinti’s method, one should keep in
mind that it provides a solution incorporating somewhat more than first-order
effects and may serve as basis for higher-order perturbations. Thus, its overall
effectiveness should really be judged in the context of a second- or third-order
analysis. Of course, there are other approaches to the satellite problem which
aim for higher-order separable Hamiltonians. Sterne and Garfinkel have sought
geopotentials leading to modifications of the Kepler problem that allow for the
governing secular effects of the earth’s asphericity [ 14, 15]. While proceeding in a
way that preserves separability of the Hamiltonian, they seek closed-form solutions
that may serve as “intermediary” orbits for further analysis. These solutions
represent elliptic motion in a slowly-moving coordinate frame and are equivalent
to the Lindstedt approach mentioned in Chapter 5. Since the resulting orbits are
described by mean elements rather than osculating elements they do not yield
instantaneous satellite position and velocity as conveniently as the variation-of-
parameters solutions of Chapter 6. But, if used as the basis for a more complete
theory, they lead to periodic terms of smaller amplitudes than does a set of osculat-
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ing elements. Another analysis in this category is that by Mersman [16]; it is
written in terms of the radius, argument of latitude, nodal angle, radial velocity,
total angular momentum, and polar angular momentum, which can be shown to
constitute a canonic set of variables.

4. THE PERTURBATION APPROACH AND THE HAMILTON-JACOBI METHOD

In Section 3 we gave examples of cases where all variables could be made cyclic.
This does not happen often; in most cases, the forces acting do not allow us to
choose a coordinate system in which the Hamilton-Jacobi equation is separable.
However, it may be possible to proceed by a succession of canonical transforma-
tions, each taking a progressively higher-order effect into account. Suppose one
has a Hamiltonian divisible as follows,

%(qb Dis t) = ”o(qz& Pi t) + ji(qia Di t)’ (841)

where #, is that part whose coordinates can be made ignorable by a suitable
transformation. In such a case, Eq. (8.2.24) may be written '

- oS
Let this be divided into
oS 0
'%O <QD aqi’l> + @t S(Qn Di ) (8 4 3)

which is of the Hamilton-Jacobi type for the desired transformation, and
A, i 1) = .

Thus, the new Hamiltonian is now not zero but ##, expressed in the new variables.
Of course, Hamilton’s equations still apply, so that here

i = 0#,/0p,,  pi= — 0H/0q;; (8.4.4)

where, in general, we shall not find g; and p; to be constants. In practice, it is, how-
ever, convenient to solve (8.4.3), treating g; and p; as if they were constants f3;, a;,
which they would be if #, vanished. Then, turning to (8.4.4), one considers the qis
p; as time dependent functions §,(t) and «(f) that must satisfy these perturbation
equations. This rationale is somewhat analogous to the variation-of-parameters
method of Chapter 6 and is explained more fully in Appendix F. As far as solving
(8.4.4) is concerned, the idea is that s, can lead to still another transformation,
perhaps by dividing it: #, = #, + #,, etc, until an adequate solution is
obtained.

The applicability of this approach to perturbation problems should now be
obvious: 5, #,, # ...can be considered to represent non-Keplerian effects (of
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progressively longer periods) to successively higher orders of accuracy. In orbital
mechanics, ##, may be represented by (8.3.14), or (8.3.34) with (8.3.40), and 57,
by some perturbing potential. If #, is the Hamiltonian of the Kepler problem,
one would be tempted to use '

gi= -1 Pi=—p2a, g=0, ph=/ual - ),

g5 =Q, py=.Jual — e*)cosi,

as in Section 3.1. These coordinates have seen some use in celestial mechanics;
we shall consider them and a few related ones in the following section.

(8.4.5)

4.1. The Delaunay Variables

In the first place, the coordinate-momentum set given by (8.4.5) is not without
drawbacks. The situation here for ¢ is similar to that found with t in Lagrange’s
planetary equations (cf. Chapter 6) and the remedy is the same, to change variables
to the mean anomaly. (In regard to this quantity, it has been traditional to designate
it by the letter [ when dealing with canonic trarisformations ; since little confusion
can result from this shift of notation, let us do so). Thus we seek to modify one of the
variables in a specified way and need to find the complementary changes in the
others, as well as in the Hamiltonian itself. This is indeed typical employment for
generating functions, as discussed with (8.2.22) to (8.2.24). A reasonable form to
assume for S is

3
S= -2 pids (8.4.6)
i=1

with ¢; and p; as given in (8.4.5), but where we let the g; be expressed in terms of the
new coordinates §; to achieve a mixed form. Let us denote the latter by 1, g, h and
define them by suitable relations with the old set. Thus,

m\2
I=nt—-—1)=nt+q)= (;) (t + qY). (8.4.7)

Utilizing the expression for p} from (8.4.5), this yields
gy = ul(—2p}) ¥ — ¢, (84.3)
Since there is no compelling reason to change the other two coordinates, we let
Gh=9g=0 and qs =h=Q. (8.4.9)

We are now in a position to write (8.4.6) in the desired mixed form, but we observe
that the relations (8.2.29) must apply (note that the primed quantities are here the
“old” variables). Consequently, we obtain

S = —u(—2py)""*1 + pit — phg — pih, (8.4.10)
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where a factor of —2 was applied to the first term in order to satisfy ¢) = —dS/dp].
The existence of this generating function indicates that we have found a canonic
transformation incorporating (8.4.7). We can use it now to find the new momenta,
which we designate L, G, H, and the new Hamiltonian. Thus,

L= —08/0l = y(—=2py) = Jua, G = —0S/og =p), H = —0S/oh = ph,
" (8.4.11)

and
H* = A + 0S)ot = H + py = H — 12212 (8.4.12)

The new set defined by (8.4.7), (8.4.9), and (8.4.11), where only [, L differ from g, p;,
is known as the Delaunay variables. To summarize :

l=\/§(r—r>, L =/na,
g= o, G = ./ua(l — &) (8.4.13)

h=Q, ‘ H = /ua(l — e*) cos i,
where the equations of motion are
i = 0H*0Z, Z = —oH*oz; (8.4.14)

z being any of the coordinates (I, g, h) and Z the conjugate momentum.
Several combinations and variations of the Delaunay set have also been used.
The more popular ones are: the modified Delaunay set

Li=14g+h, L, =1L,
gi=g+h, G,=G-1L, (8.4.15)
h, =h, H, =H - G;
the Poincaré variables
L=14+g+h, L,=1L,
g, =/2AL— G)cos(g + h), G, =./2L— G)sin(g + h), (84.16)
h2=\/MCosh, H2=\/2_(G——H)sinh;

and what we may call the Brouwer set

g3 =g +1, Gy;=G—H, (8.4.17)
h3=h+l+g, H3=
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They are obtained by manipulations similar to that shown above.

The various sets of canonic variables we have listed are those most frequently
employed in astronomical perturbation methods. They can be used to express the
zero-order Hamiltonian in a simple form and the higher-order effects in an iterative
fashion. One fact stands out: every one of the systems (8.4.13) to (8.4.17) contains
the mean anomaly, and hence the time, in one of its variables. Any connection
between these systems and various angular arguments appearing in a typical
disturbing function involves Kepler’s equation. The formal difficulties raised by
this transcendental relation were circumvented in Chapters 5 and 6 by shifting to
one of the anomalies as independent variable. To a limited extent this can also be
done in canonic perturbation methods, but by and large, if the time is retained as
independent variable, one is forced to introduce, for # and S, series expansions
over and above those already necessary to accommodate various higher-order
perturbation effects. This raises serious questions regarding the interpretation
and the computing efficiency of such schemes, particularly in comparison with
those of Chapters 5 and 6. More will be said about this later.

Besides the complications caused by appearance of the mean anomaly in the
coordinates, we must take account of the fact that the time may appear explicitly in
the Hamiltonian, through the perturbing potential. This can be due, for example,
to motion of a perturbing body or to seasonal changes in solar and atmospheric
conditions. It means that the Hamiltonian is # = #(g;, p;, vt), Where v represents
some scale factor or frequency assigned to the time by the physical model. A
simple way to recover the autonomous form of a canonic system under these
circumstances is to count the quantity vt as if it were another canonic variable,
say k. We thus augment the original set of variables—for example, the three pairs
(, L), (g, G), (h, H), by a fourth pair (k, K), and we wish all to satisfy equations like
(8.4.14). Obviously, we must also augment the Hamiltonian 4 in some way so that,
for the new Hamiltonian 2,

k=0#0K, K= —0d#/ok. (8.4.18)
Now if
k =, (8.4.19)
then k = v. Thus, we desire 0 f/@K = v; this can be obtained if
H=H + VK, (8.4.20)

since # does not, by assumption, depend on K. Hence
k=0#/0K = v, (8.4.21)

as stipulated. It remains to identify K, and we can use the second of (8.4.18) for
this purpose. From it we can find K and then 2. Thus, a small amount of additional
work allows us to treat Hamiltonians containing the time without further distinc-
tion.
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4.2. The Method of Delaunay

We have stated that, because of the appearance of the mean anomaly in every one
of the classical sets of canonic variables, we are forced to expansions, not only to
accommodate powers of the perturbation parameter, but also to allow for the
transcendental nature of the coordinate-time relation. As we have seen in Chapter
2, the classical way to accomplish this is to expand about the eccentricity, or, in
Delaunay variable terms, the quantity 1 — G?/I?. The ability to divide the Hamil-
tonian as discussed earlier in this section, treating each term, one at a time, by a
succession of canonic transformations, is thus an asset in handling the resulting
series.

A systematic procedure for isolating the parts of # and generating the
suitable transformation at each step was introduced by Delaunay. Since this
technique is adequately covered in the literature [16, 17, 18], involves unwieldy
expansions, and can be thought of as a special case of the von Zeipel method
explained in the next section, we will not treat it here in detail. Suffice it to say that
the starting point is a Hamiltonian expressed in the variables (8.4.13), or a corre-
sponding set, and expanded into a trigonometric series whose arguments are linear
combinations of the angle variables and whose coefficients may be classified by
some order O(x7%, x% . . . €°) where k,, k, . . . are perturbation parameters and e is
some other small quantity, such as the eccentricity. The method then involves a
sequence of canonic transformations such that each new Hamiltonian lacks one of
the terms (presumably the most significant one) in its predecessor. After any one
of these transformations we could choose to accept the degree of approximation
that has been accomplished and neglect the remaining higher-order periodic terms
in the Hamiltonian. The latter would be a function only of the latest set of action
variables and these would be constants with their conjugate angle variables linear
functions of time. This procedure follows the general rationale outlined in the
previous section and the ultimate goal is to produce a Hamiltonian which contains
no terms to a specified order of approximation. As must be expected, the real
difficulty arises in finding the formal relation between the last set of variables and
the first one. We will see something of this in Section 5.

5. THE METHOD OF VON ZEIPEL

While Delaunay used a procedure that eliminated one term at a time from the
Hamiltonian, the technique devised by von Zeipel [ 19] can cope with several terms
in one transformation. In some cases, it will eliminate all relevant terms in one
operation; in others, it is more appropriate to distinguish between terms whose
periods are of different lengths and to treat them separately. This will be discussed
here in some detail (even though the method involves the lengthy periodic expan-
sions we have so far avoided). We do this not only for the sake of the method itself,
but also because its thorough appreciation is necessary for understanding the
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formal genesis of “small divisors” connected with various resonance conditions and
what has come to be known as the “critical inclination” [20].

5.1. The Basic von Zeipel Technique

We consider first the fundamental rationale of the von Zeipel method ; later some
special situations will be examined in detail. We shall use the notation L, [,

(i=1,...,4)for the action and angle variables, presuming their augmentation by
the time and its conjugate. The method proceeds from the expanded Hamiltonian

H = Z{ ! [2 Cif(Ly) cos (2 pkjili>] } (8.5.1)

where the C,(L;) are the coefficients of the elliptic expansion, usually equivalent to
powers of the eccentricity, and the p,; are integers introduced by the appropriate
trigonometric identities relating f, w, Q, and vt to [, [,, I, I, and also arising in the
conversion of powers of trigonometric functions to multiple arguments in the
derivation of 5. For the sake of compactness we shall write (8.5.1) as

where the subscript indicates the order j of each term.
The Hamilton-Jacobi equation in the present circumstance is

H (1, 0S/0L) = #*, (8.5.3)

since any additional term of the form 0S/dt is absorbed in # when using the aug-
mented system of variables. As regards the form of #* in (8.5.3), clearly setting
#* = 0 is too ambitious; von Zeipel settles for

H* = H*L), (8.5.4)

where the L; are the new action variables, to be determined by the transformation.
Equation (8.5.4) leads immediately to I'; = const (I'; = —8#*/0l; = 0) and thus to
H* also being constant. Then, from

I; = 0#*/0L; = const, (8.5.5)
we have the [; as simple linear functions of time.
Equation (8.5.3) implies that

S = S(L, 1), (8.5.6)
and
L, = aS/al, I; = dS/0L,. (8.5.7)

Now we assume that the generating function can be written as a trigonometric
series arranged according to O(x’) corresponding to (8.5.2):

S=S,+S8, +5,++85, (8.5.8)
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This assumption is plausible from an inspection of (8.5.3) where S must have the
facility to compensate at each O(x/) for the periodic terms introduced into the
equation by s but which are not to propagate into the new Hamiltonian #*.
(This equation also shows that we would have to provide for time dependence in S
only if 0/t + 0.) It must be emphasized that the series form of S is being assumed
pragmatically; its justification usually derives from the perturbation procedure
that it makes possible. However, the existence and uniqueness of S, and its con-
vergence properties for various classes of problems, are by no means beyond
doubt [21].

In order to put (8.5.3) into a useful form, we note that (8.5.8) and the first of
(8.5.7) yield

08 ([, 0S0 08, 8S2 6S,,
L, = 5[: ( ; ll) @l + 'a—l— al + - ali . (859)
If we take
So(L, 1) ZL L, (8.5.10)
this becomes
, 08, 08, B oS,
Li_Li+—(i+a-li_+ +a—li,
similarly, (8.5.11)
ARG L S

or, Tor, T Tar

In view of these, the proposed transformation reduces to the identity transformation
for k = 0, as it should, and then J#* = #,. For k # 0, we must have

HHLy) = HHL) + AL + L) + - (85.12)

The basic concept of the von Zeipel method can now be explained. The Hamilton-
Jacobi equation (8.5.3) is to be expanded in powers of k which arise not only from
the perturbing potential itself but also from the series (8.5.9), which represents the
0S/0l;. Utilizing (8.5.12), the Hamilton-Jacobi equation can be separated by 0O(x)
and the choice of the #¥ becomes obvious when L; is substituted for 4S,/dl; since
H* can, by hypothesis, contain only the ;. Then, if the S; can be found, the exact
forms of the /; and the L, follow from (8.5.11). Finally the values of the L, and the
integration constants arising in [; according to (8.5.5) are determined by applying
initial conditions to (8.5.11) in a fashion similar to the procedure connected with
(8.2.37) and (8.2.38).
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To carry this out in detail, we utilize a Taylor expansion about 8S,/dl, of
H(l;, 0S/0l;) in (8.5.3). Selecting a term of order j to begin with, we obtain

Hy= %,(l,,L)+E[(5L>(Q(%‘—+a£?+~->]
22[(&L3L><8S1+W> (%Jr)] Fo @51

where we have used 0S,/0l; = L; and the partial derivatives of 5#; are understood
to mean (04 ;/0L;) | Note that the first term on the right-hand side of

(8.5.13) is O(x’), but that the leading product in the first sum is O(x/*!) since S,
is of order x. Likewise, succeeding terms of higher orders can be recognized. Thus,

to second order, (8.5.3) becomes
0#,\ (0S; 0S, *H o\ [0S, 8S,
O(L)+Z<8L> <az az) Z}(aun) (ﬁa—lj

ooty + 3 (50 () +

13

MD—‘

= HEL) + AL + HAL, (8.5.14)

where we have assumed s, does not contain the [, as is the case with Keplerian
motion.
Equating terms, as usual, of equal orders, we have immediately

Ho(Ly) = A YL, (8.5.15)

which serves to define the zero-order term of the new Hamiltonian. The first order
parts of (8.5.14) yield

0H o\ (0S
Z (ﬁ) (—0?1) + #1(l L) = HT(L), (8.5.16)

and, finally, the remaining terms lead to
0 ,\ [0S, 0*Hy\ ([0S, 0S,
;(8&) (azi> 22(@L8L al, ol

0H 1\ (0S; « 8.5.17
+;<0L’i> <az> Ho(l, L) = AHK(L). ( )
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To obtain the solution of (8.5.16) let us assume that we write the secular part of #,
(which is independent of the I,) as #,(L;); the periodic part will be given as

21, L = L) = x T.C(L) cos <2pkil.~>: (8.5.18)
k i

according to (8.5.1), where we have omitted the subscript j = 1 for simplicity.
Since % contains only the L;, we can take

HHL) = H(L), (8.5.19)

0H# 5\ (08, 5
—_ = —#,(, L. 5.2
(G () = -#om (8:520)
Using (8.5.18), we see that this has a solution of the form,
Cy(L;) sin <zpkili>
= —K
Z Zpki(a%p o/OLy)

and thus S; must satisfy

+ 5y (8.5.21)

where s, is an undetermined function which arises if partial derivatives of §; with
respect to some of the [; do not appear in (8.5.20). Such a condition usually arises
in orbital mechanics because #, is only a function of L(= \/ﬁ see Eq. (8.4.13)),
or Land K, and hence the terms on the left-hand side of (8.5.20) do not involve .
08,/0g and 0S,/0h. The appearance of s; as an arbitrary quantity offers a degree
of freedom to the solution, since we could have, e.g., in G = G’ + 0S/dg, a term
0s,/0g. This is utilized in several more recent extensions of the method but is
avoided in the standard von Zeipel application by arbitrarily setting s, equal to
zero. We notice in passing that representing the right-hand side of (8.5.20) entirely
by trigonometric terms makes it very simple to accommodate more than one
partial derivative of S, on the left. Thus, the series expansion of the Hamiltonian
offers a practicable approach to the solution of partial differential equations such
as (8.5.20), which could otherwise be rather difficult.

Turning now to (8.5.17), we observe that the last three terms on the left-hand
side are known and, in general, contain both secular and periodic components.
Let us define two functions, » and ®, by

02 H 0S; 0S
P(L) + ¢, L) = 2Z<8L5£> (al.l a—ll>
i J

6%1 aS1 1
> (hT) (7) + #0, L, (8522)

i
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where ¢ is independent of the angle variables [, and ¢ consists of terms of the form
given on the right-hand side of (8.5.18), but of 0(x2). With (8.5.22), (8.5.17) becomes

Z <59f0) (asz> + @ (L) + &, L’l) = #3(L); (8.523)

. \OL; ol;
obviously, we select
HI(L) = ¢ (L), (8.5.24)
and then S, has the form of (8.5.21), except being of 0(x2):

®,(L) sin <2pm,-l,~>
.2 '
S: = ~K D S

+ s, (8.5.25)

Again s, is taken as zero in this application of the method.

This constitutes the basic set of operations with a second-order von Zeipel
technique. Reiterating the means of extracting the solution : the first of (8.5.11) used
with (8.5.21) and (8.5.25) provides the L, = L{(l;, ;) from which the values for
L; may be obtained by substituting the proper initial conditions for /; and L;. Next
we combine (8.5.15), (8.5.19), and (8.5.24) to form #°*(L;) and obtain [; from (8.5.5).
Integrating this and equating it to the second of (8.5.11) we have

OH* 08, 0S5,

I' = o -t =1
=Pt gt =it e T e

(8.5.26)

where the L; are now known and the integration constants p; follow, once more;
from the initial values of [;. In principle, the first of (8.5.11) and (8.5.26) may be
solved for [; = I(l}, ;) and L; = LI}, L;) as an explicit solution in the original
canonic variables and these, in turn, can be related to the common orbit elements
or x, y, z, X, J, Z, t. In practice, such manipulations usually require numerical and
iterative procedures [22].

5.2. Further Considerations of the von Zeipel Method

The technique outlined above constitutes a working procedure for some problems
[cf. e.g. 19]. However, certain observations are in order here, and one in particular
leads us to a frequently-employed extension of the method.

First, we note that higher-order contributions to J##* will occur even though
no such terms are present in the original Hamiltonian as, for example, with a
geopotential truncated beyond J,. This is not a drawback but a fact to be kept in
mind in selecting the order of the analysis and matching it to that of the perturbing
force to be considered.

Secondly, we observe that the denominators in (8.5.21) and (8.5.25) may
approach zero for certain combinations of p,; and 0 ,/0L;. These are the so-called
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small divisors that result from resonance conditions arising out of (nearly) com-
mensurate periods of the perturbed and perturbing bodies. The so-called critical
inclination for the oblateness problem, though related to this phenomenon,
involves a small divisor arising in a somewhat different manner.

Our third point requires a distinction to be made between the different I,
whichappear in #°(l;, L;). For preciseness, let us again specify these (together Wlth
their conjugates), essentially repeating (8.4.13):

llzl=\/§(t—r), L,

leg:wg L2

lh=h=Q, Ly =H = /pa(l — €*) cosi,

where, for the moment, we deal with a nonaugmented set of variables. Now [/, and
Iy are to be considered as slowly varying quantities compared to [, ; for thisreason
a trigonometric term whose argument contains [/, with or without the other
angular variables is known as a short-period term; if the argument does not
contain I/, the name long-period term is applied. The reason we discriminate here is
that frequently conditions develop, in the approach under discussion, that give rise
to solutions in which [, is a multiplicative factor; these are, of course, simply
secular terms, and they should no longer trouble us. However, as we have seen,
there are means to avoid their explicit appearance, and the classicists have always
taken advantage of such approaches. Since a full appreciation of the von Zeipel
technique is impossible without discussing such an extension, we will treat it.

The conditions mentioned could arise first in dealing with (8.5.20). Suppose
we divide the periodic part of # ,,namely #, (I, L;) of the equation referred to, into
two series, one containing all short-period terms and denoted by

L = /ua,
G = Jua(l — &3,

#,o=H(,..., L),

and the other containing only the long-period terms and denoted by
H=H(,,...,L) Now recalling that # is a function of L, only (for the case
being considered), (8.5.20) takes the form

1

1= = Gy aLy

J‘ E}?l(ll; LEEREEEY E,) + 9‘{71(12, Ceay Ll)] dll

This equation shows two things: If #, = 0 we may use the original closed-form
expression for 5, instead of its series expansion. Assuming the quadrature for S,
is tractable in that form, it leads to a more compact result. If, on the other hand
A, + 0 a secular term in S, seems unavoidable. This gives terms of similar
character in L,(= 0S/0l,) and L,(= 0S/0l5), and in relating these to a, e, and i.
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Furthermore, if S; contains explicit secular terms, we may expect (8.5.23) to become
much more difficult to handle. Even without this, we would encounter the same
sort of difficulty with secular terms if the periodic function ¢ manifests short and
long-period components and if, in addition, 6#,/0L; = 0 for i > 1. To avoid this
predicament, a new approach is needed.

Let us assume that indeed 57 ,(l,,. . ., I;)) vanishes but that $(l,, .. ., I;}) does not.
Then the option usually taken is to forego the elimination of the long-period terms
in the transformation of 5# to s#* and seek a second transformation which treats
only those variables left over, i.e., we first use S to go from

H = H o(Ly) + #,(L) + '7?1(11, oo L) + AL
+ Byl L)+ Aol ., L)
to
H* = HHL) + AKL) + HAYL) + 4. .., L),
where #§(L,) = #o(L; = L;) as in (8.5.15), #¥(L) is given by (8.5.19), and
H%+ #% =0+ @; & would be absorbed in S, according to (8.5.25). Then,
another generating function, say S*, would lead us from s#* to
AR = L) + YLD + AL,

Note that since neither s#* nor #** involve [}, S* should not either. However,
otherwise all proceeds as before: we take

= S L+ S+ S5+, (8.5.27)
i=2
and
5% oSt oS
, _0S*_ o, oSt esy 8.5.28
Li=Zr=Litart5 * (8:3:28)

Then, the expansion of J#* about L; provides the Hamilton-Jacobi equation (to
second order):

0%\ (oSt  0S% *AHE\ (oSt oS}
k(T __ 1 - - =
HYLY) + Z (611’ ) (61; + ol; > 22 (aﬂ’aﬂ’> <az; ol;

+ %*(L’)+2<§9§>%+% (L) + 50y, ..., L)

= HEHLY) + ALY + AL, (8.5.29)
where again the partial derivatives of #* are understood to mean
(03P%/0L) 1,
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Now the zeroth order part of (8.5.29) yields
ALY = AL (8.5.30)

The first-order equation is
oA%\0Sx  — . — i
Z<5L”-o> 5 T L) = AL (8.5.31)

But (8.5.15) indicates that 0 #%/0L; = (0 o/0L;) L =1 while one of the circum-

stances which led to this approach is that 5, be a function of L, only; hence
(0#%/0L) = 0,i > 1. However, as noted, S* does not contain [}, i.e., 3S%/dl; = 0.
Thus, (8.5.31) leads to

HHLY) = ALY, (8.5.32)
which defines the first-order part of #**. Finally, the second-order part of (8.5.29) is

0AF\ 0S¥ > — ‘
) ( aLf) S THL) + Yl L) = L), (3533)
i=2 i 1

where all other terms vanish for the reasons given immediately above ; note that
S% is not involved in (8.5.33). As might be expected, we take

HEHLY) = ALY, (8.5.34)

and obtain a solution for S% similar to (8.5.21) from

081\ oSt .
Z <0L/1> al/l = —%3( 25 Li . (8535)
i=2 i i

Here again small divisors may arise.

This technique may be developed to higher-order terms, though the algebraic
labor soon becomes formidable. In principle one can execute manipulations
analogous to those described at the end of Section 5.1 and arrive at I; = [}(L;, I{, t)
and L; = L(L}, I, t). Substitution of these results into I; = I(L;, I, t) and L; =
L{(L,;, I/, t) finally leads to [; = I(L;, I/, t) and L; = Ly(L;, I{, t), etc. To summarize
this approach: we employ two consecutive transformations. In the first, the
short-period terms are eliminated by calculating each component S; of the generat-
ing function from the jth order perturbation equation. In the second transformation,
the long-period termsare eliminated by calculating each S* from the (j 4+ 1)th order
perturbation equation. This approach will be useful in the analysis of oblateness
effects [23, 24, 25] and has been extended to situations involving more than one
perturbation parameter. As a reminder of its restrictive conditions: it applies in
cases where #, = 0 and 0 ,/0L; = 0for i > 1 (0#,/dl; = 0 always being taken
for granted). These conditions may be avoided in some cases by using a separable
Hamiltonian, other than the Keplerian one, as a zero-order solution, yielding a
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more convenient intermediary orbit [11, 20, 25]. In cases where £, % 0 but
04 o/0L; = 0 for i > 1 secular terms in S; become unavoidable by any of the
techniques discussed so far and a totally different approach seems necessary. We
also note that no remedies have been suggested here for the small divisors that
may arise in (8.5.21), (8.5.29), etc.

In the remainder of this chapter we illustrate the techniques discussed in this
section with two examples. One is the two-dimensional analysis ofradiation pressure
effects from a moving source; it demonstrates the case 5, # 0, 0.#,/0L; # 0 for
i > 1. The other examines oblateness effects and exhibits the case #, =0,
0# o/OL, = O for i > 1.

5.3. Illustrative Example. Radiation Pressure Effects on a Satellite Orbit*

Our intent here is to demonstrate some of the manipulations involved in applying
the von Zeipel method. As stated, this treatment requires rather lengthy algebraic
expressions which tend to obscure the rationale of the technique. To limit this
as much as possible we shall take certain liberties with the problem statement and
with the harmonic series involved ; it is hoped, however, that these will not destroy
the utility of the example.

Figure 8.1

We consider a two-dimensional space with the satellite moving around a mass
point, in the x, y coordinate system (see Fig. 8.1). The sun is at an angular position
given by n't where »’ is the solar mean motion. Now the Hamiltonian for the
unperturbed satellite in x, y, p.(= mx), p,(= my) coordinates is easily seen to be

um .
N
*By way of historical interest, this problem is equivalent to an analysis of the Stark effect, which

served as the first occasion for an application of Hamiltonian methods in mathematical
physics. The present development is somewhat related to [26].

1
Ho=—0:+p))—
2m
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from Section 4, this becomes
Ho = —u2I4, (8.5.36)
where we use the canonic set defined in Section 5.2. Note that for the planar case

under consideration I3(= Q) and Ly(= /ua(l — e?)cos i) need be of no further
concern. '

Taking the sun at virtually infinite distance, the forces due to radiation pressure
are

F.= —F,cosn't; F,= —F,sinn't, (8.5.37)

where F, is a constant defined in Section 3.4 of Chapter 5. According to (7.3.9) and
(7.3.16), the generalized forms of (8.5.37) are

0x Oy 0x dy

;= F,.— == P=F.,—+F,—,

Q=Fo +hgs Pi=hepthap

which then give rise to Hamilton’s equations as expressed in (7.3.20) with the ¢,

there being our present /;and the p; being our L;. The immediate problem is that of
finding the perturbed Hamiltonian. A little consideration suggests

H = —p?)2I% + F (xcosn't + ysinn't), (8.5.39)

(8.5.38)

where the last term has the formal appearance of a disturbing potential V, such that
F.= —0V/ox and F, = —07)dy. Since this contains time explicitly we adopt the
approach of Section 4.1 by letting [, = n't and obtain finally*

H = —u*2I%, + w'L, + Fy(xcosl, + ysinl,). (8.5.40)

We recall that the pertinent equation for L, is derived from the unperturbed,
augmented Hamiltonian, ie. the first two terms on the right of (8.5.40): L, =
—0#/ol, = 0. L,isan arbitrary constant and for our present discussion we assume
the value of n'L, to be such that this product is of order unity rather than O(F ,);
this assumption is crucial to the subsequent treatment of long-period terms.

Note that we have yet to express x and y in terms of [, L, We take x =
rcos (f+ w); y = rsin (f + w); the third term in (8.5.40) can then be written as

R = F,a(r/a)[cosfcos (I, — I,) + sinfsin (I — I,)]. (8.5.41)

It remains to express (r/a)cos fand (r/a) sin fin terms of I, L;; this is done with the
aid of Cayley’s tables [27] designed for applications such as this. The tables
employ various techniques for series expansions (Chapter 2 or [18]) providing, as

*In most texts on dynamical astronomy a sign change is applied to s before entering the
series manipulations of von Zeipel’s technique. Presumably, this is done to avoid carrying a
minus sign in front of the Keplerian term through all that follows. We do not adopt that
convention since it may cause confusion when reference is made to formulas in earlier sections.
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coefficients of each harmonic term, a polynomial in e, reflecting the classic pre-
occupation with near-circular orbits. Cayley gives the coefficients up to e” ; we will
content ourselves with carrying results to the second power of the eccentricity,
sufficient to provide the reader with an inkling of the pattern and of the operosity
of the method. Since certain required operations are tantamount to differentiation
by e, we will start by retaining terms in e® where appropriate. Thus

Icosf = —3e+ (1 —32e*cosl; + (ke — Le®)cos2l, + 3e? cos 31, + Ledcosdl,,
a

and

r . . . .

asinf = (1 —3e?)sinl; + (3e — €% sin 21, + 3e? sin 31, + e’ sin 4l;.

The application of some simple trigonometric identities then allows us to write
(8.5.41) as

R = Foa i C, cos b, (8.5.42)
k=-2
where
O =kl +1, — g, (8.5.43)
and
C_, = &3/24, C_, = &%/8, Co = —3e/2, C,=1-—¢%*2,
C, =e/2 — 38, C; = 36%/8, C, = e%/3. (8.5.44)

The reader will observe we have retained the custom of writing a and e in (8.5.42)
and (8.5.44); in the present context they are merely symbols representing

a=I e =1-L5/A. (8.5.45)

We also note that all terms in (8.5.42) fall into the short-period class exceptfor that
with the coefficient C,.
The operations described in Section 5.1 can now be executed. We have

Ho = —u?2I4 + n'Ly, (8.5.46)
LZ 3 2 3 2
H, = ij{gzcos 0_, + %cos 0_, — Eecos 0, + <1 — %)cos 0,
3 3 3
+ <§ - §e3> cos 6, + gez cos 03 + %—cos 94}, (8.5.47)

with #, = 0. The partial derivatives of (8.5.14) are
0AHo u? 0o 0*H 3u?

’

1 - 3 / =n, " - T T3>
oL, [ oL, oLz I%;
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with all other partials of s, vanishing, and

e 2L, |e e’2 3¢ e'?
= F —_— —_— _ —— —_—
<6lﬁl> P{ . [24 cosf_, 8 —cosf0_, 5 cosfy+ |1 5 | cos 0,

e 3813 3 ) e/3
+<E — —8->COS 02 + geZCOS 63 + _'3_00894]

B o [e? / 3
+71 812 [%cos 9_2+%COS 04 — 5008 0o — €' cos 6,

1 e’2 3 2
5 - cos 6, + 4e’ cosfs + e*cosf,|p, (8.548)

0, L? 8¢ e’ 3
] = F _ =z _
(815) u oL, [8 cosf_, 4 cos 0_, 5 008 0, — € cos 0,

1 9e? 3
+ <§ - %) cos 0, + 3 ¢ cos 03 + €' cos 04:| ,  (8.549)

where we must use the second of (8.5.45) to obtain

g’  1—e? o  \J1—e?

oL, ~ €L, ’> oL, eL,

it is because of the form of these that we retained terms in e in (8.5.47).
Now, if we drop the primes on L, and e, (8.5.14) gives

2
P 2s, @S\ [0S, &S,
'L i e
Top Thhe [ (azl +a) Gt

3u? (25,\2 o) 08, (o)) as,
2 (a_z) TG ), Y \en)

8(Ly) + ALy + ALY, (8.5.50)

where (8.5.47) to (8.5.49) are to be substituted, as appropriate.
Obviously, we choose

HHL) = — p*20; + n'Ly. (8.5.51)
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The first-order part of (8.5.50) is

,u 08, 08, r b 2 [e3 e2

€ cos b
5 5, ", cosf-2+3

3e
2 cos9_1—zcos90

+ 1 —2 cos 0 + |z —- €3> cos +—€2C089 +‘e30089 = %*L)
2 1 2 8 2 ] 3 3 4 1( i

The secular part of 5, is nonexistent; hence
HA1(Ly) = 0, (8.5.53)
and then By (8.5.20) and (8.5.21),

F L_21 {(e3/24) sinf_, (e*/8)sinf_, (3¢/2)sin b, N (1 — e*/2)sin 6,

S, = —
! —2p2/, — + - - —n W —n
(/2 — 3¢3/8)sin 0, (3¢%/8)sinf,  (¢2/3)sin b,
573 - 53 ; 573 ->, (8.5.54)
2u*/Ey —n 3Ly —n 4u/Ly —n

where, as stated, we set s; to zero.

Proceeding now to the second-order part of (8.5.50), we obtain, with some
patience and after repeated application of the trigonometric identity cos o cos f =
1 cos (a + B) + % cos (@ — B), the form given in (8.5.23), namely,

Ww0S; 08, .
22 4 B(L) + 3, L) = #% 8.5.55

In the present case

p= —F? {2 [1_/2_—_6_/_ + 32/_2:| L [62/32 . 9/8 —9e?/16 1 —e*/4

2
vi V2 vV Vo Vi

_ 2
18— Y32 % /32]}’ (5556

V2 V3

where we have set

U ,
Vi = kza: —-n, (8557)
and

3
= —F? {Z (L)) cos jl; + 2 By(L;) cos cxk} (8.5.58)

k=-2
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Here we have taken

o, =kl + 21, — 2l,. (8.5.59)
The coefficients of (8.5.58) are
_ 3e/2 L_31<3e/32 _ 9e/16 N 29¢/32 N 1—e?—/1—¢?

ViVa #2 Vi Vo Vi evy

A,

15¢/16 3e/16>

V2 V3

2

_27¢%/16  3¢?/16 N L <3e2/192 L 38— 15¢2/16 1A

2
ViV3 V_1V1 u Vo2 Vo Vi

V3 Vy

+

3e2/4 &P /4>

I’ 16  9¢/16 16 9e/16
A3=_21<_i_+i+i+i>,
Vi Vo V2 V3

4 = L_321 (_ e?/576  3¢*/32 N 3e2/4 N e?/16 N 3¢2/32 N 3e2/4>,

Vo2 Vi Vo V2 V3 Vq

B, 5 (3e2/192 3 N 3e2/32>’

u V-2 Vo1 Yo
B, = L_321 (_ 3/32 _3e/16 3e/32>’
14 Vi Vo Vi

By - — 3¢%/16 I (7@2/576 L 98 =516 e/16 e2/32>’

2
V_1iVr M V-2 Yo Vi V2

Blzﬁl(_@+3e/4_15e/8+31—ez—,/l—e2+ﬂ>,

V_1 Vo vy 4ev, Vv,

B — 3/4 — 328 L <3e2/64 3/8 —33e%/32 1 — 19¢2/64
2= r T2 - -

Vi u Vo1 Vo Vy

3/8 — 33¢%/16 3e2/32)

V2 V3

B,

3e/2 I (9e/16 e/2 1 —e*— . /1—¢€* 3e/d 9e/16
= + S5/ +=+ +——+ =,
ViV, U Vo vy 4ev, Vv, V3
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B,

2 3
V2 ViV3 u Vo Vi Vs

214 27e*/16 I3, [(3e2/4 2/16 2
=3e/+2e/ +5(3e/+3e/% +1/8+e/32

+

3e?2/4  3e?/4
e?/ N e/))

V3 V4

B, (3¢/16  3e/16
B5 = - —

I Va V3

B6=L_31(62i+262/£+%>.

2\ v, V3 Va

U

We display these only to demonstrate their form.
From (8.5.55), we obviously choose

HHL) = b, (8.5.60)
which leaves us with
2 08 oS
l% 242 =F2Y A cosjl, + X By cos (kl; + 21, — 21,) 3.
Ly ol ol i .

Note that we have one long-period term (k = 0) on the right-hand side of this
expression ; nonetheless, it integrates in a straightforward manner because of the
presence of 0S,/0l, on the left-hand side. Thus,

3

A;sin jl & Bysin(kl; + 21, — 21
Szng{z&_i_ Z "Sln( 1 2 4)}

; ] ; ; 8.5.61
o B 700 5 St ku?/E3 — 2n ( )

At this point, we remind the reader that the coefficients 4; and B, are functions of
the primed coordinates.

In principle, the problem we set out to solve has been completed ; it remains
only to clear away the details. Equations (8.5.51), (8.5.53), and (8.5.60) (suitably
primed) provide us with the transformed Hamiltonian, #* ; and the combination
of (8.5.10), (8.5.54), and (8.5.61) yields the complete generating function. Using
these expressions, we must now execute the process described in connection with
(8.5.26). However, since a first-order rendition of this is trivial, while the second-
order version involves a disproportionate amount of labor for its illustrative value,
we forego the exercise here. When this aspect of the method is projected toward
higher-order terms in e and F,, the reader will agree that physical insight becomes
marginal at best. In viewing this approach as a routine procedure for developing
general perturbation theories of radiation-pressure effects, we stress again that
the series inversions required to obtain I(L, t) and L,(L,, I, t) explicitly constitute a
prime issue. Here is where symbolic manipulations by computer could have a
decisive effect.

In closing, we make a few remarks on small divisors. First, the augmentation
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of the variables by I,, L, so as to include »n’ explicitly has a marked effect on the
solution. From (8.5.54) it becomes obvious that the case described by n' = 0 can
no longer be considered as part of the results derivable from that formula but must
be handled by executing the analysis without augmentation of the variables.
Secondly, terms with higher powers of e introduce large multiples of /; in the cosine
terms of (8.5.42), (8.5.54), (8.5.56), and (8.5.58) which admit denominators of the
form ku?/I3 — n', where k is an integer. Since the mean motion of an earth satellite
is bound to be significantly larger than that of the sun, this combination of quantities
causes no trouble. Small divisors, however, may arise in this problem with higher-
order iterations of the von Zeipel procedure, where multiples of n’ arise in the
trigonometric terms. Then, in principle, the combination u?/I3, — mn’, with m an
integer, could produce a resonance condition.

5.4. Illustrative Example. Oblateness Effects on a Satellite Orbit

We complete our discussion of the von Zeipel technique by examining the other
case mentioned at the end of Section 5.2, namely, the one in which both the first-
order, long period part of the disturbed Hamiltonian, 57, and the partial derivat-
ives of #, with respect to L(i > 1) vanish. As the reader will remember, these
conditions lead to the desire for a second transformation if secular terms in the
solution are to be avoided, and the following illustration should contribute toward
an understanding of this technique. As in the previous example, we will avoid
some of the algebraic manipulations and sketch only the highlights.

The disturbing potential derived from the oblate earth is familiar to us by now

V=—(uJ,R?/2r*) (1 — 3 sin? ¢). (8.5.62)

Using sin ¢’ = sin i sin (w + f) and the specific canonic variables adopted in
Section 5.2, we have

47 p2 2\ ,3 2\ ,3
~ u*J,R L\ a L5\ a
V= — 4;2 [(— 1+ 3£>F+ 3 <1 —L—22>r—3cos (2, + 2f):|. (8.5.63)

The Hamiltonian is

H o= —p2RI4 + T, (8.5.64)

which we need not augment with L, since time is not explicitly involved. If we
proceed now with the usual series expansions in terms of I;, [27] allows us to write
a I
-5t Z 2P; cos jl;, (8.5.65)
and
3

—cos(2l, + 2f) = Z 20, cos (kl; + 21,), (8.5.66)
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where, to 0(e?),

27,3 _ 9,2 _ 533" _ 1 1.3 _ 5.2
P, =3e + 3, P,=2e* Py=33°, Q;=—3e+1ge’, Q,=1-3¢%

This yields
Ho = —p*2I%, (8.5.67)

4 2 2 3
©,R B\ (L,
#, = — 1432
1 418 [( + L22> <L3 + Zl 2P; cosﬂ)

+3 < - 12—) Z 20, cos (kl; + 2!2)] (8.5.68)

and

On the basis of these expansions we could execute the first-order transformation
according to (8.5.20) and (8.5.21); but, as pointed out in Section 5.2, a case with
A, = 0and 0#,/0l; = Ofori > 1, such as this example, may permit a closed-form
quadrature for S,. This warrants a slight digression.

To retain &, in closed form, we simply take (8.5.63) with

- 1+ (1 —-= cos f|.
r L2 Z

Next, the Hamilton-Jacobi equation (8.5.14) yields

2 2 2
22 T3 <al1 ) Ta\a,) TR Z L
= HYL) + H4(L,) + A3 (8.5.69)

Since a closed expression for #, is possible only in terms of f, we anticipate that
the result for S; will also contain this angle variable. Thus freplaces I, as short-
period variable in this particular transformation. We must therefore represent
084/0l, as

a8, af _ a’L, 98y

of o, r°L, of

Now the zeroth order part of (8.5.69) is

HHL) = — /213, (8.5.70)
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which serves to define % ; the first-order part yields

4 2 2 3
w1y = P J2R 1 — 35 & 57
”1(-[41) 4L61 132 L32’ (8 . 1)
and
2 27 4 2 2 3 3
—u*a*L, 08, = u*J,R LY\ (a L
_— = . ') = 1 —_ 3 —_ _ = —
rrr op =~ L= 2)\# 5
3u*J,R?

23 a3
S i <1 — —>F cos 2(I, + f), (8.5.72)

where we have dropped the primes on the right-hand sides. From (8.5.72) we obtain

2 2 2
_ kIR E .
S, = iL (1 3L22>(f I, + esin f)
3 ) i3 . . e . '
-3 1 - Z sin 2(f + 1,) + esin (f + 21,) + §s1n(3f+ 21,) |.
2
(8.5.73)
We are now in a position to write out the second-order part of (8.5.69)
2 2 2 3
u* 0S, 3u* (oS, 04\ 0S4
x=EC_ 222 OF (P01 991
2D A, o (az1 + 2\ ) 4
2 08 = - '
=55 224 (L) + B, b, L) + Iy, L) (8.574)

Here we must realize that the partial derivatives 05 {/0L; are to be formed with I,
appearing as conjugate variable of L, rather than f. Thus we are forced to use the
expansion (8.5.68) for this part of the Hamiltonian, which means that the entire
treatment of (8.5.74) must now resort to a series development. At the end of all
manipulations, we shall see that the relevant first-order terms still provide a
relatively compact solution for this case, though all higher-order results emerge in
greatly expanded form.

Substituting (8.5.73) in (8.5.74), executing the rather laborious manipulations,
and distinguishing between the various parts of ¢, we arrive at

6 12 R4
-7 lu J2R 2 aPJ 9 2
[)= — -2 op 3 _ 2 p2
oL 162, {A Z.( oL, L’
00 4, 0% 9
2 - _ 2
+ B E<2QkaL1+kaaL2 L

k

Lz 2
+ B-241§Zk‘,%}, (8.5.75)
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and
6 124 ‘
u’J5R OP; 2Q; 3
-, N — 2AB J J i
@y, Ly 16Lgl { 2<QJ6L +PJaL L, PQ; + - QJ@LZ
I? 1
— B24 L;’ - PO ,} cos 21,, (8.5.76)
2 j ]

where the definitions to O(e®) of P; and Q; were given earlier. The quantities 4 and
B are

A=—-1+31/1, B = 3(1 — I4/I3). (8.5.77)
The short-period part of (8.5.74) has the form
< 6J2R*
F=- “1629 {Z |:Cj cos jl; + C,; cos 2jl; + Cj, cos (jl; + 21,)
1 j=1
+ Cyjz cos (2jl; + 21,) + C, 4 cos (271, + 4l2)]
+3 ¥ [Cj+kcos G+ k)l + C;_ycos (G — k),
j=1k#j
+ Ciansacos (G + R +21,)
+ Cj—k—z CcOS <(] - k)ll - 212>
here + Cj 4 s COS <(j + k)l + 4, H|p. (85.78)
I?
C;= —6L—3;A2Pj,
[ oP;, 9
CZJ A i JaL1 L1PJ:|’
C o I B o
C,, = AB _47_1— L—22Q,. — B24 2623 =,
2Q; oP; 6 Q; 0P,
C,,=AB 2P “Zii. i _ T po. . +4%J
2j2 JaL + QJ aLl Ll JQJ + ] aLz

+B‘24—Q»<Q~——.’>,
L22 J J j

2, 9 Q; 89,
C,., = B2 120.-% _ Z_0? = =)
2j4 I:QJaLl LIQJ 4] 6[2]9

. P, 9
Cjop = A2 [2P,5L—’1‘ — LIPP,,],
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Cj_y= A? [210]21;’1‘ ZPP ]+ B4Q, &
+ B? [2QJ ng L%Q;Qk + 4% g—g—;‘]
Cjerss=AB [2Q, P | 2p, Zg’l‘ 21 PQ,+ 4 Qk" S%] — B4 Pj%,
Cioiez = Chrnea
Cjirse =B [2Q1 ng 91 0,0, + 4% an] + B40, % 3

We now come to the decisive step that distinguishes this example from the
previous one. Suppose, in developing the second-order transformation, we were
to split (8.5.74) into

H 3 = @(Ly),
and
2
s S =~ 1 L) = 30 L. 8579)
Itisclear that we obtain anew Hamiltonian which is a function of L; only ; however,
the second of (8.5.79) provides us with an S, which is a direct linear function of /,,
because of the form of §. Since L; = L; + 8S,/0l; + 8S,/0l; + - - -, the second-order
termsof L, and L obtained by this option are secular in nature and, eventually, will
dominate.
Toavoid these explicit terms, we adopt the alternative described in Section 5.2,
which completes the transformation by splitting (8.5.74) differently. Since the long-
period terms are the source of trouble, let us select

H3 = p(L;) + @(l,, L)), (8.5.80)
and

2
'ZT:; %% = —@(ly, I, Ly.
This last leads to an S which is purely periodic so that the L(= 8S/dl,) are also.
The resulting manipulation may therefore be termed a short-period transforma-
tion in that it absorbs only (8.5.78). The details may be found in [20, 24]. The new
Hamiltonian is now not a function of the L; only, but rather J#* = #%(L,) +
HE(L,) + #%(,, L), where #§ is given by (8.5.70) and s#% by (8.5.71).
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To eliminate the I,-dependence in % we must go through another cycle, i.e.,
a so-called long-period transformation. So we try a new generating function,

S* =TIl + 8%+ St +

to take us to the desired form of the Hamiltonian, #** (L). The procedure is that
given in Section 5.2 following (8.5.28) and it serves no purpose to develop it again.

However, for the case at hand, some details are worthy of notice. While we
retain #3*(L) = @(L}), Eq. (8.5.35) becomes

3utJ,R? (_ . 5E§>dS’f B

VD1 50, 1. 8.5.81
A3L3 I2)al, ol L) (8.5.81)

A term involving 8S%/0l; plays no role in the solution. Equation (8.5.81) yields

2 271112 12 L/32 LH34 : i
uw*J,RA(LYE — L )» 1 - 16L”22 + 15L,—,24)s1n 20,
"2
2L <1 -5 %)
)
We note that this represents a first-order contribution to the solution of the
oblateness problem, though it was extracted from the second-order perturbation
equation. It is fortuitous with this particular disturbing function that the long-
period contribution consists of a single term, which, together with the closed-form
expression for short-period effects, makes for a relatively compact first-order
solution. As noted, this lucky circumstance ceases to prevail with higher-order
effects and the reader may get an idea of the ensuing series expansions from the
literature [28].

A fundamental concern with (8.5.82) is the denominator, which becomes a
“small divisor” when 5L5/L’? approaches unity or cos? i — 1/5 (see also (6.3.13)).
This is the well-known “critical inclination”. The reader will note the different
ways by which the vanishing denominators arise in (8.5.82) and (8.5.54), though
mathematicians would recognize the critical inclination as well as the bona-fide
resonance conditions of the earlier example as typical of situations where uniform
convergence is lost. More powerful, asymptotic techniques must be applied to cope
with these cases. Being more general, such representations can yield someinsight as
towhichfeatures of the formal result represent physical phenomena near the critical
conditions and which are due merely to a degeneracy of the mathematical
formulation.

S¥ = (8.5.82)

6. CONCLUSION

In this rather summary treatment of canonical transformations, much has been
left out. A variety of interesting issues, including applications of and connections
between Lagrange and Poisson brackets, the structure of Jacobi’s reciprocal
relations, and notions of infinitesimal transformations, have been omitted.
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Insofar as orbital equations are concerned, we have seen that the bulk of
activity in this line has consisted of iterative perturbation procedures, outside of
the relatively limited applications of Hamilton-Jacobi techniques to problems with
separable Hamiltonians. The canonical perturbation procedures require a series
expansion of the disturbing function before it is usable in the Delaunay or von
Zeipel techniques. But that does not discriminate solely against these methods since
no other approach can handle such problems in closed form either. A point in their
favor is that once the Hamiltonian has been expanded, they reduce essentially to
series manipulations (multiplications, inversions, and contractions) as encountered
in writing out the integrands for higher-order generating functions and inverting
the results of successive transformations toward the ultimate, explicit solution.
The quadraturesleadingto S, S,, ... S, are trivial since they involve only sums of
trigonometric functions, which is often the only form in which the governing partial
differential equations can be solved. This state of affairs does not change if the
original Hamiltonian consists of terms representing several interacting physical
perturbations, e.g., a sum of the disturbing functions for oblateness and radiation
pressure. The algebraic manipulations are straightforward (in fact extremely
monotonous) and offer a natural opportunity for symbol manipulation on com-
puters.* Thus, given a problem that requires series expansion, these procedures
may be good contenders for highly mechanized “production” methods. When it
comes to generating ephemerides by canonical procedures, one should bear in
mind that the prevailing sets of canonic variables, such as (8.4.13) through (8.4.17)
do not represent osculating parameters. Thus, the calculation of velocities from
I(I;, L;, t) and LI}, L;, t), as obtained by Hamilton-Jacobi techniques, cannot take
advantage of the condition of osculation (unless the canonical variables are first
transformed back to an osculating set). In addition, there are two more aspects
deserving comment. One is treatment of secular effects, and the other is the question
of physical insight derivable from the structure of Hamiltonian solutions. '

It is frequently argued that the confinement of secular terms to expressions for
the coordinate transformations, such as (8.5.26) or the Lindstedt parameters of
Chapter 5, is preferable to their explicit appearance as in some results of Chapter 6.
To be sure, the purely periodic nature of S in the canonic formulation has some
esthetic appeal, but from a computational point of view the need for rectification
seems to be essentially the same in the different formulations, whether or not
secular terms appear explicitly. This notion is based on the fact that all formulations
have the ultimate purpose of producing position ephemeridesininertial coordinates
which approach the unique exact solution of the dynamical problem to the same
0(xc™.

With regard to physical insight, there seems to be little debate over such well-
known secular trends as the precession of the nodes and the apsides for oblateness
perturbations and similar effects. The governing short- and long-period terms

*Note the recent work of A. Deprit in this area [29].
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require more interpretive effort (and corroboration from observational data).
Whether such features of orbital motion are rendered more translucent by the
necessarily lengthy canonical representations seems hardly resolvable in general
terms. What is true, however, is that canonic formulations have often proved
especially effective in dealing with fundamental matters, such as convergence of the
perturbation series, asymptotic behavior, resonance, and stability problems of
orbital motion, rather than as computing algorithms in competition with other
ways of generating ephemerides.
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Chapter nine

HANSEN’S METHOD

1. INTRODUCTION

Although the method of Hansen possesses features reminiscent of techniques
discussed in earlier chapters, it deserves a separate treatment. At first glance it
aboundsin changes of variables and transformationsinvolving position coordinates
and orbit elements, though none is canonic. The method is unique in that the motive
behind some of its manipulations has baffled many, while its reputation as one of
the most effective computing algorithms for (planetary) ephemerides [1] has
remained virtually unchallenged. Our interest is to pursue the reasons behind this
seeming contradiction and to expose the pertinent background so that others may
be helped in their evaluation of the method.

In addition to several discussions of Hansen’s method in the literature [2-9],
the present authors have found it helpful to pursue Hansen’s rationale in his
original publications [ 10]. He deliberately sought representations which minimize
the magnitudes of the perturbations relative to a reference orbit. In succeeding, he
introduced transformations which allow some second-order terms to be included
in the nominal first-order calculation if desired, but which lead to a rather involved
solution. Unfortunately he makes no attempt to impress the reader with concise-
ness. The first article of reference 10 runs to 175 pages, the second to 145, and the
third to 252 pages. A superficial observer might suspect that some of this material
contains ad hoc manipulations in the guise of an erudite development ; but Hansen’s
work is based on 30 years of insight which he uses to minimize the computational
labor and maximize the convergence of his ultimate series expansions. The
substance of his approach can be found in forty pages (64—103) of reference 10. The
rest of his treatise contains discussions of the disturbing function, examples,
praises of Gauss, and general polemics, with Encke singled out for somewhat
special treatment.

277
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2. TRANSFORMATION OF COORDINATES

In order to understand Hansen’s ideal coordinates which play a key role in his
development, we review some standard reference frames used in earlier chapters
and the relations between them. Let us write the equations of motion for the
perturbed central force problem in cartesian coordinates as

Xy 4 uxy/rd = poR/ox,; X, + ux,/rd = uoR/0x,; X3+ pxs/r’ = poR/ox,.
(9.2.1)

We recall that these equations can be transformed to the six first-order ones,
(6.1.21) through (6.1.26), by utilizing the osculating elements a, e, y, @, Q, i of which
thelatter three yield the position of the osculating plane. Figure 9.1 serves to remind
the reader of the geometry relating these Euler angles to the x;x,x; frame. Of
course, the inertial cartesian system is connected with a spherical one by the
elementary relations

Xy =7COS ¢ COS 4; X, =71 cos ¢ sin 4; X3 = rsin @ 9.2.2)

where ¢ and A are latitude and longitude of the moving body.

X3

X2

*1 Figure 9.1

Now consider a moving rectangular system X ; X, X ; whose origin coincides
with that of the inertial frame x, x,x5, but which rotates with respect to the latter.
The moving frame is characterized by the instantaneous axis of rotation, @, and its
orientation about this axis (tantamount to a specification of three Euler angles).
The vector w will generally change its magnitude and direction with time and may
trace out any path in inertial space, subject only to continuity conditions typical
of most physical problems. The actual motion of the perturbed body m can be
described relative to the moving frame, and the simplicity of that description will
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depend on the time history of rotations chosen for X, X, X ;. This idea was already
encountered in our discussion of the Lindstedt parameters in Chapter 5 where the
coordinate rotations were selected to eliminate secular terms from the explicit
solution.

Hansen demands that the X, X, planealways contains the position vector r of
m, and that this be the instantaneous axis of rotation for X, X,X ;. Clearly the
instantaneous velocity vector v cannot have a component orthogonal to X,X,,
since the axis of rotation for this plane is defined to pass through the point of
application of v. This corresponds to the “out-of-plane” part of the classical
conditions of osculation. It simplifies numerous algebraic developments, especially
the expressions for velocity components, thus prompting Hansen to refer to his
system as “ideal” coordinates.*

Since X, X, has been defined to coincide with the osculating plane it follows
that X5 = 0 for all time in Hansen’s formulation (though the converse is not
necessarily true). The orientation of this plane is given in the usual way by the
osculating elements Q and i (Fig. 9.2). The X, axis lies at an angle o back from the
node, so that the osculating value of the argument of latitude is denoted by 6 — o.
Hansen chooses the initial value of o at t = 0 to be Q, thus bringing the X, and x,
axes close to each other, a natural arrangement for the planetary problems inspiring
his original efforts. Eventually, as we shall see, he also relates o to w and y, utilizing

the “inplane” condition of osculation.
X3

X,

~

X2

X1 X
X, Figure 9.2
The fact that r is the instantaneous axis of rotation, i.e., is colinear with the
rotation vector w, may be stated succinctly in terms of the components of this
vector
wy, =|w|cosb, oy, =|w|sing, oy, =0, (9.2.3)

*The simple kinematic interpretation of r as instantaneous axis of rotation for the osculating
orbit has been used to advantage also by some modern authors [11].
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where 6 is the angle from the X, axis to r. But since these components may also be
expressed in terms of the time derivatives of the Euler angles Q, i, ¢

wy, = —Qsinisin o + (di/dt) cos 0;  wy, = Qsinicos ¢ + (di/de) sin o;
wy, = Qcosi — 6. (9.2.4)
The equations (9.2.3) impose a kinematic relation on €, i, o. Thus,
¢ = Q cos i, (9.2.5)
and
di/dt = Q cot (§ — o)sin i, (9.2.6)

which merely expresses the out-of-plane part of the condition of osculation.
Now the conversion from the x;, x,, x3 frame to the X, X,, X5 system is
obtained by a matrix o

X, 2381 L3P O3 X1
X, = |d21 L7%) Ga3 X2 ] 9.2.7)
X, ®31 O3z O33 X3

where

oy; = cos o cos Q + sin g sin Q cos i,
oy, = cos ¢ sin Q — sin g cos Q cos i,

®;3 = —sin ¢ sin i,
®y; = sin g cos Q — cos o sin Q cos i,
0, =sinosinQ + cosagcosQcosi, . (9.2.8)

0,3 = COS 0 Sin i,

031 = sin Q sin i,

03, = —cos Qsin i,

033 = COS L J

Here o;; is the instantaneous value of the cosine of the angle between X; and x;.
Equation (9.2.7) represents an orthonormal transformation, i.e., it preserves unit
vectors, as becomes obvious from the fact that a3 = 1. If we write the unit
vectors along the x;, x,, X5 axes as a, a,, a3, and those along the X, X,, X5 axes
as A, A,, A; we have

Ay %11 012 %13\ (A
Ay = o %22 %23 ) {ay| - (9.2.9)
A LES O3z 033 a3

In subsequent manipulations the standard features of this transformation, ex-
pressed in terms of Q, o, i, will be of frequent use:

AyA; = aza; = 0y (9.2.10)
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where §;; is the Kronecker delta, and
A xA,=Ay,, Ay x A=A, A,xAs=A,
a; x a, = ay, a; xa; =a,  a,Xxa;=aj. (9.2.11)
We also note the fundamental property of orthonormal transformations
of = a7t (9.2.12)

where o stands for the 3 x 3 matrix in (9.2.7) or (9.2.9), and the superscripts Tand
— 1 signify the transposed and inverse matrix. Let us abbreviate the 3 x 1 vector
on the left-hand side of (9.2.7) as X and that on the right by x. Then (9.2.7) reads

- X =oax (9.2.13)
and, as a consequence of (9.2.12),
' x = o'X. (9.2.19)
The (X, X,, X3) system constitutes for Hansen ideal coordinates since due to its

osculating properties,* it yields a simplified form of the perturbed equations of
motion ; these relations will be developed in the next two sections.

3. MOTION IN THE OSCULATING PLANE (RECTANGULAR FRAME)
If we differentiate (9.2.14) with respect to the time, we have
%X =X + "X, (9.3.1)

where the matrix &7 is composed of the time derivatives of a”. If we use the relations
(9.2.8) and write

r cos 6
X=|rsin 6|, 9.3.2)
0
we find, with the aid of (9.2.5) and (9.2.6) that
aTX =0, (9.3.3)
or, in other words, _
x = a’X. 9.34)

This result is immediately obvious from the fact that w and r are always colinear,
i.e., the rotation of the orbit plane produces no linear velocity over and above X
at the instantaneous satellite position. Thus we merely transform the vector X
like any position vector in the X,, X, system according to (9.2.14).

Multiplying (9.3.4) by « from the left, we obtain

X = ox, (9.3.5)
*Ideal coordinates differ from the ordinary osculating ones largely by the fact that with the

former set the quantity 0 also has the same form in perturbed and unperturbed motion (by the
introduction of o).
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which implies, of course, that
ax = 0. (9.3.6)

The consequences of (9.3.3) and (9.3.6), in terms of the simplicity they provide in
handling perturbations, pervade all of Hansen’s method.
One of the relations that can be obtained from (9.2.9) and (9.2.10) is

Oy10p1 + 00, + dy30p3 = 0.
Differentiating this with respect to time, we set
A=y 0,1 + 030, + 0gabpy = — (101 + %200, + 0p3d43). (9.3.7)
Similarly, we define
B = oty 1031 4 a55035 + 033033 = — (231011 + 32015 + 0t33d13),
C = 031057 + 033055 + 033053 = — (021031 + 0228035 + Ap3833).
We have, also, as a consequence of (9.2.9) and (9.2.10),
Ogq8yy + %04 + Oy30y3 = 0. (9.3.8)

Then, substituting (9.2.14) in (9.3.6), we find
AX, + BX; =0; AX; + CX;=0; BX; - CX, =0.

But X3 = 0,hence A = 0, which is a further relation between the o;; and the 4;;.
Differentiating (9.3.4) once more, we obtain, in terms of components,

5‘:1 = 0‘11‘)?1 + 0421):(?2 + dll):(l + O'C21X2,

Xy = 01,X ;1 + a2 X, + d‘qu + 622X,
Xy = 013Xy + ap3X, + G13X; + 43X,

Multiplying the first of these by a; ;, the second by « ,, the third by «, 5, and adding,
we find

Xy = g% + a5 + ay3%s, (9.3.9)

where we have used some orthonormal relations derived from (9.2.9) and (9.2.10)
and the fact that A = 0. (This is another extension of (9.2.13), beyond (9.3.5), to the
acceleration vectors, as a further consequence of the kinematic condition (9.2.3).)
Similarly,

X, = ap0%; + ap0%; + 3% (9.3.10)

and
(031811 + 03201, + 0t33843) X, . ) .
+ (31621 + 3205, + 0‘33‘5‘23)_X2 = BXI - CX,
= 0(31551 + 0632552 + 0633)'(53 = CX2 —_ BXI‘ (9.3.11)
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If we substitute (9.2.1) into (9.3.9) and (9.3.10) and interpret o;; with the help of
(9.2.7) and (9.2.12) as a;; = 0X,;/0x; = 0x;/0X;, we find
X, +Wr)X, = poR/ox,, X, +r)X, = ndR/0X, (9312

These are the equations of motion in the osculating plane. The direct correspond-
ence of this system to that for inertial coordinates (9.2.1) is noteworthy.

4. MOTION OF OSCULATING PLANE (DIRECTION COSINES)

Taking the right-hand side of the expression for 4, Eq. (9.3.7), which we have
shown to be equal to zero, and Eq. (9.3.8), we can eliminate ¢, , and find
. OQiala3 — Xy30py
%y3%p2 — O120027
From an explicit development of A; x A, = A3 with the help of (9.2.9) we simplify
the fraction in the above expression to obtain

Gy =(°<31/°‘33)d13- (9.4.1)
Similarly,
b1y =(32/%33)%1 3 (9.4.2a)
Ga1 =(031/%33)d23, (9.4.2b)
Gap =(32/033)d23. (9.4.2c)
If these are substituted in (9.3.11), remembering that X; = 0, we obtain
613X + 03X, = az3 w OR/OX 5. (9.4.3)

From the third component of (9.2.3),
Gy Xy + 83X, =0,
and combining this with (9.4.3),

O3 = —hoaz3X, ;TR:,’
(9.4.4)
Op3 = hog3 X4 ;5?—3,
where we have put
h=u/(X,X, — X,X,). (9.4.5)

(The reader should note that contrary to some other standard notations, the letter &
stands here for the reciprocal of the angular momentum.)
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Simultaneous integration of equations (9.3.12), (9.4.4), (9.4.1), and (9.4.2) solves
the problem, since together they give all the elements required from (9.2.14), that is,

xq =01 Xy + 031X,
X, = 0‘12X1 + aszZ, (946)

X3 = a13X1 + 0623X2.

Thus, by referring his analysis to a system based on the osculating orbit plane (as
expressed in Egs. (9.2.3), Hansen was able to separate the motion in the osculating
orbit plane from the perturbations of that plane itself, a common feature with
numerous formulations since his day.

5. POLAR COORDINATES FOR MOTION IN THE OSCULATING PLANE

We now examine the equations of motion in the X ;, X, plane in polar coordinates.
Using (9.3.2), Egs. (9.3.12) yield, after some manipulation,
P )
S S il
r—ro” + ) u ar
9.5.1)

. . OR
20 4+ 21710 = u—.
ret + 2rr u 20

Asin (9.3.12), these equafions were derived for the osculating plane, but have the

same form asforinertial coordinates. Since we are dealing with the osculating orbit,

it follows that# and 6, in perturbed motion, are expressed by the standard equations
P esing (9.5.2)

J1=é?

4 a*n /1 — e?

=
7'2

(9.5.3)

where n = ./ u/a®, and the elements are understood to have their osculating values.
We also note for later reference that (9.4.5),in polar coordinates, yields the angular

momentum
u/h = 6, (9.5.4)

u
h= ,/;(1—_72). (9.5.5)

Though (9.5.1) is a standard description of the motion for many applications,
Hansen proceeds to reformulate these equations, presumably for computational
convenience.

or, using (9.5.3),
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If there were no perturbations after time t = t,, we would have the usual
relations, k

o _ gl — eg) -

r = W, (956)
O =g _ 11, (9.5.7)

(0) 1 E©
tan% = 1 i ZO tan T, (958)

0
E© — ¢, sin E© = \Aﬁ:(t — To), (9.5.9)
0

where the subscripted elements are constants. Suppose, with Hansen, that we take
the motion in the perturbed case to be described by a corresponding set, which
still uses the elements oy, e,, I1,, T given at t:

_p2
7o ol — &) (9.5.10)
1 +egcosf
f=06-1II, 9.5.11)
f /1+e E

tan = = — 512
an2 1—e0tan2’ (9.5.12)

_ = U
E —¢eysinE = F(z - T), (9.5.13)

0

and add to these

r=7l+v). (9.5.14)

Here 0 represents the argument of latitude based on the instantaneous osculat-
ing orbit. By virtue of Eq. (9.5.11), which retains I1, in the role of argument of
perigee, (though not measured from the node) the angle 6 defines a “quasi-true”
anomaly f. This differs from the unperturbed and perturbed true anomalies, f®
and f, defined in Chapter 6 through Kepler’s equation for the osculating orbit at ¢,
and the instantaneous osculating orbit. This second set of conic equations defines
7 and f through E and “localizes” the in-plane perturbations in terms of z and v.
Hence, rather than solve (9.5.1) directly for the polar coordinates, Hansen conducts
his analysis in terms of the variables z(t) and v(¢) or further transformations of these.
Once zand vhave been determined for a particular value oftime, the computational
process is clear: z allows us to compute E by (9.5.13), and then fby (9.5.12). From
this we find 8 by (9.5.11) and 7 by (9.5.10). Using the value of v, we obtain r by (9.5.14),
and then X, and X, from (9.3.2).
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In the remainder of this section we derive differential equations for z and v.
The reader interested in the essentials of Hansen’s method may want to bypass these
in favor of Section 8, where the standard formulation for inplane perturbations
in terms of Hansen’s W function is taken up.

We obtain a useful differential equation for v as follows. From (9.5.14),

i | |
j="T ”—2”73 . (9.5.15)

72

Then we rewrite (9.5.10) as
hZ  h%eycosf

_ o, o€ 08/ | 9.5.16)
7 7

|
he = = 9.5.17)

Differentiating (9.5.16) with respect to time once, we obtain

F/r? =(h§ eq sin f), (9.5.18)
since 0 = f Differentiating (9.5.18) leads to

S =

where, from (9.5.5),

i 72 2 inf . 1 K2\,
Tof sy, (— - —°> 02 9.5.19)
F 7 I Foou
If we multiply (9.5.18) by 27, and (9.5.19) by r, and add, we get
# FF—rF, heysinf d . I A
— = — (r*6 - — = )ro> 5.
rEtl2——71 o R = p r6 (9.5.20)
Introducing (9.5.20) in (9.5.15) gives
. 1{0R u h3eysinf OR  h3 .
= |luy—-5)-—"L — +—rb* S
v ?(’u@r r2> r 69+ur ’ ©.3.21)
where we have used (9.5.1). Now we can also write the second of (9.5.1) as
2 K oR
r*0 = h + “jae dt, (9.5.22)

reflecting the perturbation of angular momentum. From this

g (21
r9_3{h2 hojaadJ“ Tk
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Denoting
oR |
S=hy|— :
Oj %0 dt, (9.5.23)
and using (9.5.14), we can write (9.5.21) as

OR  heysinf oR
v+%v=ﬁ——w—+2r—3$+r—3$2, 9.5.24)

which is the desired equation.
To derive a corresponding equation for z, we note from (9.5.11) that

0 = (dfjdz)z. (9.5.25)
But (9.5.12) and (9.5.13) lead to \
df_/dz = #/hofz,
which, when used with (9.5.25), gives
ho_z . ho 729
i=—3t0=— —.
7 b1 +v)
However, (9.5.22) and (9.5.23) give

r0=H 4 Ly}
o ho
and so,
1+S

which is an equation relating z and t.

The right-hand side of (9.5.24) is of the same order as the perturbing force,
but it also includes some terms of higher order. Thus v = O(R). Knowing this,
we can rewrite (9.5.26) as 2~ 1 — 2v+ S + O(R?); thus z — ¢ is also of order
of the perturbing force.* '

*The reader may justly question the merits of the transformed equations (9.5.24) and (9.5.26),
whose right-hand sides still contain the original coordinates r, 6, both explicitly and within S.
In practice their unperturbed values would serve to yield first-order results for v and z, etc.
But then, similar iterations could be used in solving (9.5.1) directly. The vindication of the new
formulation comes from its computational merits; this is discussed further in Section 7. As
pointed out earlier, the equations for v and z are not used as a prime computing algorithm in
Hansen’s standard procedure. Rather, another set of manipulations is given which leads to the
so-called W function, whose computational advantages will be the subject of a still later dis-
cussion.



288 Hansen’s method )

6. EULER ANGLES FOR MOTION OF THE OSCULATING PLANE

Turning to the orientation of the X ;, X, plane, equations (9.2.8) and (9.4.4) lead
directly to

di/dt = hr cos (0 — o) dR/0X,
6 = hrsin (0 — o) coti OR/0X ;. (9.6.1)

We have, of course, from (9.2.5), that Q = (1/cos i)6. These can be integrated direct-
ly and introduced into

cos ¢ sin (A — Q) = cos i sin (6 — o), (9.6.2a)
cos ¢ cos (A — Q) = cos (6 — o), (9.6.2b)
sin ¢ = sin i sin (6 — o), (9.6.2¢)

which can be derived from elementary spherical trigonometry. Thus, ¢ and A can

be found, and using r obtained from (9.5.14), we can solve for x;, x,, x5 by (9.2.2).
Again, Hansen chooses another approach. Since x5 differs fromits unperturbed

counterpart by a quantity of at least first order we may write for (9.6.2c)

sin ¢ = sin i, sin (0 — Qo) + s, (9.6.3c)

where s is that first-order quantity, and we have used the initial condition ¢, = Q,.
Now it may seem natural to introduce the corresponding structure into (9.6.2 a & b),
but Hansen chooses to write

cos @ sin (A — Qg — I') = cos iy sin (0 — Qo) — s (tan ip + ), (9.6.3a)

K COS ig
cos @ cos (A — Qy —T') = cos (0 — Q) + sp/k. (9.6.3b)

By introducing the perturbed variables s, p, ¢, I', x, Hansen has given himself more
freedom than is necessary. Characteristically, this makes the formal manipulations
more involved but ultimately results in certain advantages.

Theexact relations between these variables and the osculating elements, which
serve as defining equations, can be obtained by somewhat tedious manipulations.
They are:

p = sinisin (6 — Qy),
o } (9.6.4)
q = sinicos (6 — Qo) — sin io,
s =sinisin (0 — o) — sin iy sin (0 — Qy), (9.6.5)
. _0 . .
§in(Q — Q, — ) = sin (o 0)(:;osz + cos 10)’
(9.6.6)

cos (6 — Qo)(1 + cosicosiy) — sinisin i
b
K

cos(Q—-—Qy—1)=

Kk =14 cos i cos ip — sin i sin iy cos (6 — Q). 9.6.7)
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These equations can be verified by substitution 1nto (9.6.3) to obtain (9 6.2), a
straightforward exercise which we omit.
If we take the time derivative of p and g and use (9.6.1), we find

p = hrsin (0 — Q) coszga)%,

(9.6.8)

~

O0R
j = hrcos (0 — Q) cos ia_)g‘

Thus p and g are of the order of the perturbing force. We note that (9.6.5) can also
be written as

‘ s=gqsin (0 — Qy) — pcos (@ — Qp); (9.6.9)
hence, s is also of the first order. Further,

K = cos i, (cos i0\+ cos i) — g sin ig, (9.6.10)
so that x is a quantity of O(1). Now differentiating one of the equations (9.6.6) and
employing the other leads to

I =(hr/i)s 0R/0X 5; (9.6.11)
thus I is of second order. We can write
h=hy+OR); x=2cos?i,+ O(R),

and so we can represent I with sufficient accuracy by

__ho rsﬁdt 9.6.12
T 2cos?iy | T 0X5 (©.612)

Even if we take r = 9, this consists of second-order and higher terms.

In a similar vein, we can also find expressions for p and ¢ in terms of s and its
de_rivative. If we differentiate (9.6.9) with respect to time and utilize (9.6.8), we find
5/0 = g cos (8 — Q) + p sin (0 — Q). Combining this with (9.6.9) leads to

p = —scos(d — Q) + gsin((? — Qo),
(9.6.13)
q = ssin(@ — Q) + = cos( Qo)

where 6 is obtainable from (9.5.3) as

. uay(l — e?) <
6 = % + O(R).
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Thus, if s and § can be found, we can derive very reasonable approximations to T,
sp, and sgq, all second-order terms.

In the historical development of reference 10 Hansen proceeds at this point to
derive a differential equation for the quantity

u=rs. (9.6.14)

We include that here for completeness though it is not essential to his standard
method for out-of-plane perturbations, which is resumed in Section 11 with the
introduction of a U-function.

One defines

&L =rcos(f — Q), &, =rsin(f — Q). (9.6.15)
Then using (9.6.9), we find
u=qé, —péy, (9.6.16)
and from this,
u = qé, — pé,, 9.6.17)
since g¢, — pé, vanishes.* Further differentiation leads to
it = &, — p&; + &, — pes. (9.6.18)

Now if we solve (9.6.15) for r and 0, differentiate these twice with respect to time,
and use (9.5.1) we obtain

. 51 aﬁ " 52 aR

which is just a restatement of (9.3.12) for ¢ = Q,. Similarly, we find, employing
(9.4.5), that

&8y — &6 = p/h (9.6.20)
Substituting (9.6.19), (9.6.20), and (9.6.8) in (9.6.18), we obtain
o R R _OR
= =3 u+#COSl@X3+”<652 561 , (9.6.21)

from which p and ¢ must be eliminated.
Combining (9.6.16) and (9.6.17), we find, with the aid of (9.6.20),

up = h(é,u — 52“), uq = h(éu — élu)'

From these, .
oR oR dR , OR oR oR .
( 3z, p%l) h (a—éléz %, 51) u+ h(ag & - 6—61€2>u. (9.6.22)

*This fact was also encountered in the derivation of /6 above.
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Now
R __oRe R
o, a0 r* orr
and
R _oRé R&
o, 90 r* or r’
Also
1d
Ed_(2)—fél+ézfz,

so that (9.6.22) becomes

oR  oR\ [uoR n oR d® R
< oE, paz) [r e ar YTt ©62

Using (9.5.14)

jt( H=0+ v)2 G 72) + 2(1 + ). (9.6.24)

But d(7?)/dt = 0d(F*)/d6 and

ao(l — ej)
1 4 ey cos (0 — I1,)

A

Further, as we have seen,

N I

r? hr?’

where h is defined by (9.5.5). With the aid of these expressions, (9.6.24) becomes
d(r?)/dt = 27 (h/h)e, sin f + 273(1 + v)v, (9.6.25)

and then (9.6.21), by use of (9.6.23) and (9.6.25), reads

L u OR [poR R 71, ]
il = ru+,ucosz +|:r e 80rh°eosmf

oR r* O0R
> —_ * 9.6.26
hagr(-l—v)vu-i-hagu ( )
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We can cast this into the form ‘
6R h2 inf7 oR
u+u [u Oeosmf_] u

o r 11 +v
oR oR uv
+ u cos i —— X + h% [ m:l 5 (9627)

which bears some resemblance to (9.5.24). As in the case of (9.5.24) and (9.5.26),
we note that the right-hand side of (9.6.27) contains r and 6.

7. USE OF DIFFERENTIAL EQUATIONS FOR v, z, AND «

Although Hansen ultimately settles on an approach that lies beyond the differential
equations for v, z, and u, it is worthwhile to halt at this point and evaluate the
situation. Indeed, Perigaud [8] goes no further, pointing out that the application
of Hansen’s method as developed up to now already has certain advantages over
the usual (Cowell) method of integrating three second-order differential equations
simultaneously. The technique is as follows. Since v is a quantity of first order, we
can ignore the last term on the right-hand side of (9.5.24), and also replace, in the
resulting equation, all the perturbed quantities by the values derived from the
osculating orbit at the epoch t = t,. This serves to prescribe the partial derivatives
of the disturbing function as well. Equation (9.5.23) then determines S, and (9.5.24)
yields v, where we choose v, = Vg = 0 at t = t,. Integration of (9.5.26) gives us z,
where z, = t,. At this point, we can find r by (9.5.14) and 0 by (9.5.13), (9.5.12), and
(9.5.11). Then, if desired, the actual values of » and 6 can be used in (9.5.23), (9.5.24),
and (9.5.26) to give improved values of v and z ; however, in many cases the increased
accuracy is not worth the effort.

In equation (9.6.27), the first and third terms on the right-hand side are of
second order and usually may be ignored ; again, we replace the perturbed quantit-
ies by their osculating values at epoch. Solution of (9.6.27) thus yields u (and, of
course, tt), where u, = 11, = 0. The quantities s and § can be found from (9.6.14) and
its derivative. Then p and g are obtained from (9.6.13) and I from (9.6.12). In many
cases, sp, sq, and I' are too small to be of importance. Equations (9.6.3) give ¢
and A, which with r, yield the rectangular coordinates by application of (9.2.2).

We should note how cumbersome are the forms of (9.6.3a) and (9.6.3b) when
we try to obtain cos ¢ sin 4 and cos ¢ cos A explicitly; in addition, there is the
awkwardness of passing from z to fand 7 analytically.

8. THE W FUNCTION

We have seen how Hansen represents perturbed motion in the osculating plane by
the quantities 7, E, v, and z in Egs. (9.5.10) through (9.5.14). We now show the
additional manipulations leading to the so-called W function, which is related to v
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and z, and whose series expansion provides the algorlthm that has galned a

reputation of numerical efficiency.

We begin by writing the counterparts of (9.5.10) to (9.5.14) in terms of the

osculating elements:

_all —é?)
1+ ecosf’
f=0-1
1 E
tani— +etan—

2 Vl—e 27

E—esinE=\/%t+c;
a

As already demonstrated in Eq. (9.5.3)

But (9.5.11) leads to
0 = (dfjdz)z,
and, by using (9.5.12), (9.5.13), and (9.5.10), we obtain

d&F _Juaol — e
dz 72 '
Eliminating 6 from (9.8.5) and (9.8.6), and employing (9.8.7) yields

_ 72 /a(l — e?)
r/ao(l — €2)
Now (9.8.2) and (9.5.11) lead to
f= 7_ X + H07
and this in (9.8.1) gives

a _ 1+ cosf-ecos (x — o) + sinf-esin (x — Iy)
r 2

1—¢2
whence

Fa _ T+ TFcosfecos (x —Ilo) + rsinfesin (y — IT

5

rao ag(l — e?)

(9.8.1)
(9.8.2)

(9.8.3)

(9.84)

(9.8.5)

(9.8.6)

9.8.7)

(9.8.8)

9.8.9)
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Let us define

_ecos (x — IIp) — ey

&=

>

1—¢é
(9.8.10)

_esin(x — I1,)

T 1-—e
It is obvious, since y differs from I, and e from ey, by quantities of order of the
perturbing force, that ¢ and # are also quantities of O(R). From (9.8.10) we obtain

1—e*=(01— e[l —2e5¢ — (1 —ed)e* — (1 — egim*] (9.8.11)

Utilizing (9.8.10) and (9.8.11), (9.8.9) becomes

ra _ 74 rcosf[&(1 — ed) + eo] + Fsin[n(l — )]

rag  ao(l — e3)[1 — 2e0¢ — (1 — eg)e* — (1 — egy*]’

Equation (9.5.10) can be written as

F= ao(l — ef) — egTcos

so that

I - . =
1 — cos f+ n—sin
ra +< ao S ao f

ray T2~ (- @ — (1~ o812
Let us introduce the abbreviations
A =1+ (&F/a,) cos f + (7 Jao) sin f
(9.8.13)

B=1-2¢¢ — (1 — e — (1 — edym?;

then (9.8.12) becomes 7/r = (ao/a)A/B. Using this and (9.8.11) in (9.8.8),

3 2
) lag A

Some other relationships of this type can also be found. Equation (9.5.14) gives
1 4+ v= r/F, from which

1 + v = (a/ao)B/A. (9.8.15)
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Also .
_h__ Jao(1 — ) :
ho B a(l - 32) ?
or
h a, 1
Squaring (9.8.15) and employing (9.8.14) and (9.8.16) yields
' . ohy 1
Also from (9.8.15), we obtain
v \? aa A [ag\* A?

(1+v> _1.'2Z'§+<Z B

Multiplying both sides of this by hy/h, using (9.8.14) and (9.8.16),
hO v 2 ho h .
7(1 +v> _W_ZEA+Z’
or
. ho [ v \?
=14+ W+ ” (1 T v> , (9.8.18)
where
— h  h h 7 - h 7. -
=2———=—14+2—¢— 2—n— . 8.
w 2h0 p + hoiaocosf+ honaosmf (9.8.19)

This is the W function which plays a central role in Hansen’s method. Before
proceeding, we will develop other forms for (9.8.18) and (9.8.19). As Hill* points out,
(9.8.17) allows us to rewrite (9.8.18) as z = (1 + W)/(1 — v?) or

=1+ W+ )1 =) (9.8.20)
In addition, we can eliminate Z from (9.8.17) and (9.8.18), and find
— ho 1 -V
W=—
h 1+v
or
— hy 1 ho
W=2— - — -1 .8.21
h 1+4v h ! (©.8.21)

This last allows us to find W, hy/h, or v if the other two are known.

*G. W. Hill, Amer. J. of Math,4, 256, 1881, or Coll. Math Works, 1, p. 348.
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9. EXPANSION OF THE W FUNCTION

Now let us consider the W function as given by (9.8.19). The factors A, £, and #
are direct functions of ¢; however, 7 and f are functions of time only through the
Hansen variable z. As we have seen in the development immediately following
(9.5.26), we can write z = t + 0z, where Jz includes all the results of the perturba-
tions and is of O(R). We may write

W h(v), &), 1(2), 7(2),./(2)] = WLh(e), £@), (), 7t + 52) f St + 0z)].

In regard to W, Hansen distinguishes those variables which are functions of time
only through z by new symbols. He writes p for 7, @ for f ; he uses  for zand t for t,
so that now z = t + dz becomes { = t + 6{. For emphasis, he also removes the
bar over W when he uses these replacements. Then (9.8.19) becomes

h  hy h  p _ h p . _
_ _°_ 2 ¢ + 2—n—sin @, 99.1
W=23--7 1+ hoéaocosco ne gy (99.1)
The Taylor expansion of Wwith respect to {, then, is
ow(t, 1 *w(t,
Wit z) = Wit 1) + ( 9 of + 3 o (2 il 60>+ -+, (9.9.2)

where W(t, 7) indicates that p and @ are to be considered as functions of = only.
Thus 7 enters the motion only through the Kepler-type equation (9.5.13), involving
z(= {), while the direct time dependence of the osculating parameters h, &, 1 is
expressed with t. This distinction is known as Hansen’s device and its computational
advantages will appear in the next section.

We write the expressions p and &, which are the same as (9.5.10) through
(9.5.13) with appropriate symbol changes, as:

_ ao(l—eé) _ » 1+ e €
= — =0 — II,, tan — = 2
P= 1+ e, cos @ o B \T T, B
€— eo Sin e= ﬁj(c - To),

Vap

where we have used € for E. Now since { = t + 6¢ where §{ contains all the terms
dependent on the disturbing function, the quantities p and @ become, when &{ is
suppressed, the same as their unperturbed counterparts, #® and /). Since we
still need the distinction between quantities associated with ¢ and 7, we denote
them by p and w, which we take to mean the Keplerian r and f, dependent on the
constant elements ay, ey, and Tp. W(t, ) then becomes

o

h  h h
h_O_W 1+ 2h—oé cosw+2h017—osma) (9.9.3)

S

Wit 1) = Wy =2
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The terms in W, are at least of the first order since, as has been shown, h = hy +
0(R), and ¢ and #, too, are both of the order of the pérturbing force. We have also
seen that 8( (6z) is of the order of R. Thus in (9.9.2), the first term on the right-hand
side is of first order, the second is of second order, etc. We may then turn our
attention to W, and first-order terms, with the realization that higher-order terms,
if desired, can be introduced by including the derivatives of W, as indicated by
(9.9.2). Thus, a systematic procedure evolves which hinges on one quantity,
namely, the W function.

10. EVALUATION OF W,

Now the values of &, and g, are fixed, and those of p and w can be generated at any
time from Keplerian motion. The change of W, with t, as ¢ influences the osculating
elements A, £, and n, must thus be investigated. Utilizing (9.8.10) yields

h  hy h p
Wo =2 e + he all — &) {e cos (x — I,) cos w

+ esin (y — IIp) sinw — ¢, cos w}.

But we may write f = f— o — (x — I, — w), and p e, cos @ = ao(1 — e3) — p,
so that, then,

2p

2p hy
=— " _h — I, — ——h-———1_ (9.101
o= e cos ot~ Tl — ) (9.10.1)

Wo gl —ed) " h

Use of (9.5.2), (9.5.3), and (9.5.5) leads to

70 — h = he[cos (f— w) cos (x — Iy — w) + sin (f— w) sin (y — Iy — w)],
and

7 = he[sin (f — w) cos (x — Iy — w) — cos (f — w)sin (x — Iy — w)],
whence he cos (x — I, — w) = 7 sin (f— w) + (r§ — h) cos (f— w).

Further, (9.5.17) can be written as
1 ho

hoao(l — e3) B .
These last two expressions in (9.10.1) yield

_ 2hop

2h _
W, = 0P . . h

0 2phoh
sin(f— w)f ———1+
p (/= o) =~ 4

cos (f— w)rf +

[1 - cos(f— w)].

(9.10.2)
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Since higher-order effects in the t-dependence of W have already been allowed for
in (9.9.2), we may treat (9.10.2) as if t were constant; only the t-dependence of W,
must be studied, and the latest manipulations have simply changed from the
osculating parameters i, &, tor, 0, h, f(both groups being equivalenttoa, e, y — I1,).
The calculation of Wy(t) now proceeds most conveniently by forming its derivative
with respect to ¢ (ignoring t !). This will be the basis for iterative quadratures, where
nth order approximations for r, 6, h, fin the integrand yield the (n + 1)th approx-
imation for W, in the familiar manner. Thus, from (9.10.2)

oWy 2hgp _ . Lo L df .
a—to = o {cos (f— w)rb + i6) — sin (f— w)r 252
, ) — L df - .
+ sin (f — w)F + cos (f— w)raz — [cos (f— w) — 1]
. df | . ho
+ sin (f— o)h EZ} +52 h. (9.10.3)
From (9.5.4)
c_ K 25 s
h= —(rz By (7“6 + 2rr0),

and utilizing the second of (9.5.1),
h = —h? 0R/06. (9.10.4)

If we substitute this, along with both of (9.5.1), (9.5.2), (9.5.3), and (9.8.7) and (9.8.8),
in (9.10.3), we obtain, after some simplification,

Wy o h*p - OR . oR
_h0{2;cos(f—w)—1+27 cos(f—w)—1 %+2h0psm(f—a))§.

(9.10.5)

For some applications a simplification in this expression results if one treats the
term —h, OR/00 separately. Anticipating (9.10.6), one recognizes this factor as
—(d/di)(ho/h). ) )

The appearance of dR/0r and 0R/08 in the right-hand side of (9.10.5) opens
the way for the usual order-of-magnitude arguments. Since we are interested in W,
only to first order, and the components of the disturbing force are already multi-
plicative factors, we can replace r by r(o),]_’by £©,and h by ho, and, further, evaluate
the partial derivatives of R in terms of these. Since f —  is O(R) we see that dW,/dt
contains some terms of O(R?).

The complete procedure now becomes clear. We integrate 0W,/0t with respect
to t, W,(t = to) = 0 being the initial condition for departure from the osculating
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orbit at t,. We then evaluate p and w at © = ¢, to obtain W,. Now we can cast

(9.10.4) into the form
d(h R -
E(f) = ho - (9.10.6)

Thus, we can also find h,/h, which, with W, gives us v to first order by using(9.8.21).
Higher-order terms follow from the derivative of W, with respect to 7, as given in
(9.9.2), where & (0z) is found by integrating the second term on the right-hand side
of (9.8.20). We recognize that in the formalism of Hansen, the bar appears again
over Was soon as 7 is changed to t. We also note that z, as given by the integral of
(9.8.20), involves terms of second order; so did W, according to (9.10.5). As a
consequence, the accuracy of Hansen’s “first-order” perturbations is higher than
that normally obtained.

11. THE U FUNCTION

To complete Hansen’s method, we can also introduce a function U into the per-
turbations of the osculating plane, which plays a role analogous to W. Repeating
(9.6.9), we have s = g sin (0 — Qy) — p cos (6 — Q). To establish an analogy with
the in-plane case, we write

Ut z) =s. (9.11.1)
As with W, we expand U in a Taylor series,
Ut 2) = UG, 1) + aU;t’ D st 4 (9.11.2)
T

where
Ut,7) = Uy = gsin (@ + Iy — Qy) — pcos (@ + [Ty — Qp), (9.11.3)

and we have used § = f + II, with f being rewritten as @. Thus,

0U,/0t = gsin (@ + IT, — Qp) — p cos (@ + IT, — Q).
But with the aid of (9.6.8), where 6 = f — II,, this becomes
oU /ot = hr cos i sin (@ — f) dR/0X ;. (9.11.4)

Since @ — fis O(R), dU,/0t = O(R?) and we may replace h by ho, by, ibyi,, etc.,
also in dR/8X . Iterative quadratures of (9.11.4) with respect to t may be executed
as we did for oW, /ot. Since @ is a function of t it is treated like a constant in these
manipulations.*

*Referring to our discussion of (9.6.1) and (9.6.2), we see that direct integration of the time
derivatives of i, o, Q, as practised by some authors for the out-of-plane motion, fails to introduce
higher-order terms to the first approximation, as Hansen does by his series development for U.
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Having obtained s, we still need $ to compute p and g by (9.6.13). This follows
to the same order of approximation from the obvious relation § = d Up/dt, calling
for the total time derivative of U, (with all time dependencies taken into account).
One way of accomplishing this is by writing

dﬁo(t, Z) _ an(t, T) i %
| C PSR (AT E)

Here the first term on the right denotes (9.11.4), with 7 replaced by ¢, and the second
represents the result of integrating (9.11.4), then differentiating with respect to ,
where® = @(t)and p = p(t),and replacing 7 by t. Thus sand shavebeen calculated
to the first level of approximation. Further refinements may be obtained, once
d( is known from the in-plane solution, by going to the next term in the expansion
(9.11.2) for U(t, z).

The remaining procedure is evident: p and g, of O(R), follow from (9.6.13),
x = 2 cos? iy from (9.6.10) as 0(1), then I" by quadrature of (9.6.11) as O(R?). Finally
(9.6.3¢) yields sin ¢ and (9.6.3a), (9.6.3b) can, with effort, be rearranged to yield
cos ¢ cos A and cos ¢ sin 4. This completes the necessary trigonometric terms to
compute x;, X,, X3 by (9.2.2) with the help of » from the in-plane solution.

12. A SURVEY AND EVALUATION OF HANSEN’S METHOD

In the preceding sections we have covered the essential development of Hansen’s
method in considerable detail. We chose to carry the successive manipulations for
in-plane and out-of-plane motions in parallel: first in terms of polar and cartesian
coordinates, then in terms of z, v, u, and finally in terms of Wand U. At the risk of
some redundancy, it may be helpful to summarize the governing relations in direct
sequence from r, 6 to W for the in-plane motion and from Euler angles to U for the
out-of-plane motion.

12.1. Relations for the In-Plane Motion

The quasi-conic relations (9.5.10)-(9.5.14) represent relations between r, 6, and a
specially defined set of orbit elements. Here a key role is played by the quantities
v and z, also known as the perturbations in the radius and time. Their relation to W
is crucial. Comparing (9.5.11), in terms of the quasi-true anomaly, with the corre-
sponding equation for the osculating orbit (9.8.2) we obtain f — f = IT, — ¥,
that is, the difference between angular elements rests in the perturbation of the
argument of perigee. This quantity pervades equation (9.8.9), the definitions
(9.8.10), and (9.8.11) through (9.8.13). We are then led to expressions (9.8.14) for z,
(9.8.15) for (1 + v), and (9.8.16) for the ratio between perturbed and unperturbed
angular momenta. A straightforward combination of these results yields (9.8.18)
and (9.8.19); in (9.8.18) the first-order effects of Zz are restricted to those due to



12] Survey and evaluation of Hansen’s method 301

W, and thus the importance of this quantity begins to emerge. It is important to
note that in W, according to (9.8.19), only 7 and f are dependent on z, so that

oW 2
9z ay(l — ed)

A similar expression may be found for V. Starting with (9.5.14) we have

1), dr,
V—;[r—d—ZZ(l-FV)],

where we substitute # = he sin f,

[eo sinf(1 + ecosf) — esinf(1 + e, cosf)]. (9.12.1)

dF _ pegsin f
dz  hoao(l — €3)
and _ ho
Wl + v)?

from (9.8.17). Comparison of the resulting equation with (9.12.1) yields

) = —0 7oz (0.122)

This relation offers an alternative means for calculating v from W instead of
proceeding by (9.10.6) and (9.8.21). Equations (9.12.2) and (9.8.18) provide z and v
once W has been calculated to a given order of approximation. The latter becomes
the central operation in Hansen’s procedure, especially since it provides a built-in
capability for successive refinements. Equation (9.9.2) provides the basic series
development for W in terms of { (an alternate notation for z) the perturbation
of the time. This enters the Kepler-type equation (9.5.13) for Hansen’s coordinates
and thus p and @ (alternate notations for ¥ and f) while the coefficients of (9.9.2)
are also functions of time, through the osculating elements. The distinction
between these two time-dependences, denoted by 7 and ¢, is the basic device for
Hansen’s computational approach to W.

The coefficients of (9.9.2) are evaluated by recursive quadratures of their
derivatives with respect to t, in terms of the disturbing function R, for successive
levels of approximation, as in the solution of Lagrange’s planetary equations.
Thus, the integrand for the first term in (9.9.2) is given by (9.10.5), yielding an
approximation to O(R) with the inclusion of some higher-order terms. Quadratures
0f(9.12.2)and (9.8.20) then yield v and z to the same accuracy, where weusev = z = 0
at t = t, if starting from true elements. Using the result for z (as {) in (9.9.2), we
may include the 0W/dt term for a better approximation, etc. Having obtained
W, v, and z to the desired accuracy, we obtain E from (9.5.13), f from (9.5.12), and
7 from (9.5.10). Thereupon 8 and r follow from (9.5.11) and (9.5.14) to complete the
in-plane solution.
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12.2. Relations for the Out-of-Plane Motion

The well-known trigonometric relations (9.6.2), in terms of perturbed angular
variables, are the point of departure. Hansen rewrites this right-hand side in terms
of the osculating parameters i, and Q, at t, and the additional variables s, p, ¢, T, x.
The relations (9.6.4)—(9.6.7) between these variables and the perturbed geocentric
angles i, o, 0 are manipulated to yield s = s(p, g, 0) in (9.6.9), p = p(s, 3, 0, 0), and
q = q(s, $, 0, 0) in (9.6.13); furthermore p = p(OR/0X 5, 0, h, 1, i), § = 4(OR/0X 5,
0,h,r,i)in (9.6.8) as well asI" = I"(OR/0X 3, s, h, 7,i)in (9.6.11). Now one denotes s =
U(t, z) and distinguishes between the t-dependence of p, g in (9.6.9) and the t-
dependence of 6 to obtain a series development for U in (9.11.2) analogous to (9.9.2)
for W, Its leading term is obtained by quadrature of 0U o(0R/0X 5, @)/ot, as given in
(9.11.4), with the help of (9.6.8) and renders a first approximation to s. Similarly, $
follows from d U,/dt according to (9.11.5). With the help of s, § one calculates p, g
from (9.6.13) and T from (9.6.11). The quantity « is obtainable to 0(1) from (9.6.7).
Thereupon (9.6.3) leads to sin ¢, cos ¢ sin 4, and cos ¢ cos 4 needed to compute
X1, X5, X3 from (9.2.2). Note that the calculations are greatly simplified for a first
approximation because p, ¢, I', and x may be ignored in (9.6.3), since they belong to
higher-order terms.

12.3. Application. Oblateness Perturbation

We will follow the sequence of operations outlined above, executing some of the
quadratures analytically, to illustrate an approach to a “first approximation” to
oblateness perturbations by Hansen’s method. We will also indicate where, and
why, numerical evaluation should supplement the analytic approach.

The initial conditions will be taken in terms of osculating elements a,, e, i,
Q,, Ty, po at time t,,, where p,, stands for the argument of perigee, a departure from
the usual nomenclature to avoid confusion with other uses of w in Hansen’s
notation.

The question of an independent variable must be settled next. If time itself is
chosen we have, obviously, no recourse except to expand the disturbing function,
etc. in the way discussed in Chapter 8. For reasons that must be clear to the
reader by now, we shall not follow that approach. Rather we adopt the true anomaly
as the independent variable. We take f ~ f(®, the unperturbed anomaly for the
orbit at t,, in a first-order analysis ; for simplicity we will drop the superscript zero.
The initial value of f will be denoted by f,,. The independent variable for the inte-
gration is changed from time to true anomaly by the usual relation

df /dt = h3(1 + eq cos f)*/p.

We need explicit expressions for 0 R/06 and 6R/dr in (9.10.5). These follow in a
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straightforward manner from the first-order oblateness potential
0R  —3J,R*(1 + e, cos f)*

[1 -3 sin? iy sin® (f + po)]s

o 2a3(1 — ed)*

0R  —3J,R*1 + eqcosf)* . . . .

=5 = 22a8(1 - e%)a sin? i, sin 2 (f + po), (9.12.3)
OR  —3J,R?*sin 2iy(1 + e cos /)* .
0X, i 2a4(1 = ed)* : in (/4 po)

To calculate W,, we set all the orbit elements in (9.10.5), including those in
0R/20 and 6R/dr, equal to their values at the epoch, and remember that p and w
do not participate in the integration. Now we may write 0W,/0t = (0W,/of )(df /dt)
where the partial derivatives are to be interpreted in the spirit of Hansen’s device.
Thus,

Wo 3J,R%p(1+ e, cosf)
of a(1—e)’

d h0>
-5 (%)

Integrating this expression between the limits f, and f and, thereafter, setting

{[(2-9—e0 cosf)cos (f—w)—2] sin? iy sin 2(f+ p,)

+ [1 = 3sin?igsin(f+ po)](1 + ey cosf)sin(f — co)}

w=fp= ao(l——eé)_
P T eq cos [~
we find
W, = A B 2c
o) = BT 221 £ egoosg) LA T 0B T
+ sin? ig(A’' + eoB’ + €3C')]
1 f‘}?o (9.12.4)

where

A =1—cos(f—fo)
B=(f~—fo)sinf+zcosf—zcos(2fy — f),
C = 3[1 — cos (f = fo)] + Zcos (fo + f) — & cos 2f — 15 cos (3fy — f),
A" = 3[cos (f — fo) — 1] + 3 cos 2(fo + po) + 5 cos (2f + 2po)
—%¢0s (fo + f + 2po) — 12 cos (3 fo — f + 2po),
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B =3(fo — f)sinf + 3{cos (2fy — f) — cosf]
+73 cos (fo + 2po) + & cos (3fo + 2po) + 3 cos (f + 2po)
—3cos (2fo — [+ 2po) — § cos (4fy — f + 2po) + 5z cos (3f + 2po),

C" = 3[cos (f — fo) — 1] — 3 cos (fo + f) + % cos 2f + 5 cos (3f, — f)
+ 3 os 2po + 1 €08 (2f + 2po) + % 08 (fo + f + 2Po)
— Fe cos (fo — f + 2po) — 75 cos (fo — f — 2po) — 35 cos (3fo — f + 2po)
+ 25 cos 3fy + f+ 2po) — 5 cos (5o — f + 2po) + 3% cos (4f + 2po).

In performing these quadratures we have taken into account the initial conditions
W, = 0and hy/h = 1atf = f,. To find the explicit expression for the last two terms
in (9.12.4), we recall from (9.10.6) that

ho " oR
1—7— —hOJ; %dt.

(o]

Changing to f as independent variable and substituting from (9.12.3) we find

ho . —3J,R*sin? i, .
1— " (f)= T 4ad(1 = &) cos 2(f + po) + 3€o cos (3f + 2p,)
i
-wwmu+%ﬁ. (9.12.5)
A

0]

We next consider the different ways of calculating v and z from W,. Indeed,
the simplest-looking expression for ¥ is (9.12.2). Here the quantity 8 W/dz represents
the derivative of W (or, to first order W,) with respect to z wherever this variable
enters that function through the Kepler-type equation (9.5.13). It is specifically
contained in 7and f. But these quantities were treated as constants, p and w, during
the integration of (9.10.5) by Hansen’s device. An intermediate result of that
calculation was

—3J,R?
Wy = ﬁ {@ sin” ip — 1)[ feo sin @ + (1 + $ef) cos (f — o)
a’(l —eg
—%ed cos (f + w) + 3¢, cos (2f — w)
+ 5e§ cos (3f — w)]

+ sin? ig[% cos 2(f + po) + 2eo cos (3f + 2po) +
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+3eo cos (f + 2po) — #(1 — ed) cos (f + o + 2p,)
— g€ cos (f — w + 2po) — 1e€d cos (f — » — 2p,)
—32eqcos (2f — o + 2po)

—5(7 + 3ed) cos 3f — » + 2p,)

+45e3 cos (3f + @ + 2p,) — e, cos (4f — o + 2po)
s

—+ke3 cos (5f — o + 2p0)]}
fo

= F(aOa €0, i0>j;f0’ P> (D)
Equation ,(9.12.2) suggests that we form

6j_ 0_F0p+6F o W,
o \dp dw ' dw) A~ o’

thereafter substitute » for p, f for w, and integrate with respect to t to obtain v.
In the established notation this reads

_1(7 (%
V_ZJ, ( 5 >dt. (9.12.6)

An alternative approach, which does not require another involvement of W, in a
quadrature, originates from (9.8.21), which may be written in the form

2hy/h
v W+ 1+ hoh) 1. (9.12.7)
After substitution of (9.12.4) and (9.12.5) into this equation it can be evaluated in a
straightforward, albeit laborious, manner.

We follow neither of the paths sketched above, but choose to solve for v
numerically. The reason is that having v, one must next find z, then use (9.5.12)
and (9.5.13) to obtain fand ultimately 7, and none of these steps is accomplished
analytically with a small effort. (Furthermore, we must face up to contending with
(9.6.3) and converting to the trigonometric parts of (9.2.2) before the final answer
is in hand.) Thus we intend to exploit the dominant role played by the W-function
for in-plane perturbations, but capitalize on numerical evaluation of it where
appropriate.
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We obtain z from (9.8.20), noting that v> = O(R?); the required first-order
result is simply dz/dt = 1 + W,, or in terms of f,

a3/2(1 _ 62)3/2 S Wdf
(f)=t+——— e
P | @+ eocos])

(9.12.8)

Since the form of (9.12.4) also does not encourage a literal development of this
quadrature, the computation of z will be done numerically. Substitution of the
results from (9.12.7) and (9.12.8) into (9.5.10)—(9.5.14) provides us with r and 6.

We now proceed to the out-of-plane perturbations and calculate Uy(f)in a
manner quite analogous to Wo(f). Substituting R/0X 5 from (9.12.3) into (9.11.4),
we obtain

0U, 3J,R? cos i, sin 2i, )
afo - 223(1 — eo(;z sin (f + po) sin (f — @)1 + eg cos f).  (9.12.9)

Integration between the limits f; and f with subsequent substitution of f for w yields

— 3J,R? cos i, sin 2i
U — 2 0 0
olf) 8a2(1 — e3)*(1 + e, cosf)

x {2(f_f0) cos (f + po) — sin (f + po) — sin(f — 2fo — po) — 2e,sin py

—2e, sin f cos (f + po) +2e, sin fcos (f — po)
+3eo sin (2f + po) —3eo sin (f — 3fo — Po)
—eosin (f — fo — po)}. - (9.12.10)

This represents s according to (9.11.1). With the help of this result we can calculate
sin ¢, cos ¢ sin A, and cos ¢ cos A to first order (numerically) by means of (9.6.3),
where we employ the previously computed value for §. Combining these results
with r, as calculated above, in equations (9.2.2), brings us to xy, x,, X3.

For a full evaluation of (9.6.3) we also need p, g, , I', all of which enter only
through higher-order contributions. They require the calculation of s, which we
consider as a matter of general interest. In the expression (9.11.5)

S = —dt

__dUO_aUO+6 oU,
dt ~ ot ot

we observe that
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A first-order evaluation of this term is to be obtained with the help of (9.12.9), but as

we let w approach fit vanishes. To calculate the second term in (9.11.5) we need the
intermediate result Uy(f), which is found in the process of deriving (9.12.10):

3J,R? cos ig sin 2ig

Vo= T8an - o
X {2fcos (0 + po) — sin (2f + po — w) + 2eq sin fcos (@ + po)
n
—degsin (3f + po — w) — egsin (f + po — w)}
fo
Hence
oU, U, do h} oU,
Yo _Z¥o %™ "o 4, 27~0
ot ow dt u (1 + € cos ) 0w
_ 3J,R*u!" cos iy sin 2iy (1 + e, cos )’
- 8all*(1 — e3)"*
x {— 2f sin (@ + po) + cos 2f + po — w) — 2eq sin f'sin (w + po)
!
+ Jeq 008 (3 + po — ) + € <05 (f + po — w)} ,
fo
and

U, _ 3J,R*u'? cos iy sin 2ig(1 + e, cos f)?
. 8a17(1 — e2) ‘

X{2(fo — f)sin (f + po) + cos (f + po) — cos (f — 2fo — Po)

—3eqcos(f— 3fy — o) + egcos (f+ po — fo) — eo cos(f+po+/o)

— eg cos (f — po — fo) + e, cos (2f + Po)}: (9.12.11)
which checks with a direct differentiation of (9.12.10) according to
a0y _ d0, df
d — df dt

Since actual ephemeris computations require periodic rectification of the
orbit, we next consider that operation. Instead of executing a cumbersome numer-
ical differentiation to estimate the velocity vector, and hence orbit elements, the
present case offers a more direct way of calculating orbit parameters, based on the
conservation of energy and polar angular momentum.
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Since the semi-major axis of the osculating orbit represents the total energy
for unperturbed Keplerian motion according to u/a = u/r — (1/2)v?, the law of
energy conservation in the presence of the perturbing potential becomes

2a 2r3

R? ‘
[,u JoR u (1 — 3 sin? (p):l =0,
t

0

where a = a(t) and r* = x? + x2 + x3. This yields
1 -1
a= {a_ + JLR?[(1 — 3sin? @,)/rd — (1 — 3 sin? qo)/r3]} .
0

From the definition h3 = p/ay(1 — e2), etc., one also finds

2172
e=[l —%(1 —e%)(%)] .

Next, we utilize the elementary conic-section equations e sin E = +(ri)/a
e cos E = rv? — 1, where

v? = u(g — %),(rﬁ)z =r?? —a(l — e?) and a(l — e?) = ay(l — e3)(ho/h)*

r

12 and

Thus, E = tan~ ' (e sin E/e cos E), the correct quadrant being identifiable by
comparison with the unperturbed case. Then T follows from Kepler’s equation.

From the definition of #and conservation of polar angular momentum we have
[(u/h) cos i]%, = 0 and hence cos i = (h/h,) cos i,. Finally, the usual anomaly con-

version yields
1/2
f=2tan"! <1+e tan—E— ,
1—e 2

where fnow denotes the perturbed true anomaly at the new epoch. Thereupon the
well-known trigonometric relations sin (p + f) = sin ¢/sin i and sin (1 — Q) =
tan ¢/tan i yield p, the new argument of perigee, and Q, to complete the set of
rectified elements.

The characteristics of this example were investigated by A. G. Lubowe as part
of a detailed comparison of several perturbation methods. To mention a few
highlights, the standard to which the method was compared was a purely numerical
integration programmed in double precision and taking 25 sec of electronic
calculator time for a little over nine satellite periods (24 hours of “real time” in this
case). The “step size” giving the most accurate values for the Hansen method was
about 125 sec; the total computation required 12-2 sec, and gave a root-mean-
square error of about 350 ft, with a maximum error of 530 ft. By contrast, a first-
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order variation of parameters method gave its smallest root-mean-square error
(1550 ft) with a step size of 25 sec and total computation time of 46.2 sec; the maxi-
mum error was about 2200 ft.

13. COMMENTS ON THE METHOD

Hansen’s method has some rather distinctive features. First there are the ideal
coordinates based on an orbit plane containing the instantaneous radius vector
and thus introducing the condition of osculation. A second aspect consists of
transforming the z, v, s equations to those for W, U, which reduces the key variables
to one for in-plane and one for out-of-plane perturbations. Third, there is Hansen’s
device distinguishing between time dependence through the anomalistic motion
and in the changing orbit geometry. This idea is akin to the recognition of “fast”
and “slow” variables in modern averaging methods.

It is significant that Hansen’s first approximation can be made to contain quite
a few higher-order terms, in contrast with most other techniques, and thus offers
greater latitude in choosing between accuracy and step size for numerical work.
In addition, the method is arranged to yield cartesian position coordinates quite
conveniently. However, the calculation of velocity components as needed for
rectification, for example, will require a return to osculating elements (or their
equivalent), either by sacrificing the formulation in terms of W, U, or by retroactive
computations from z, v, s. Only for perturbations that conserve energy and the
polar angular momentum can one calculate the osculating elements in a more
convenient way. As an alternative to obtaining these elements, one can resort only
to numerical differentiation of the computed position data to evaluate the velocity
vector. This approach adds a significant number of manipulations to the basic
method and detracts from its efficiency.

Another important characteristic, which the classical applications of Hansen’s
method share with other traditional astronomical techniques, is the expansion of
the disturbing function. We have touched on this subject in Chapters 2, 6, and 8.
Such a harmonic analysis is usually conducted in terms of the mean anomaly of the
disturbed body or of the time itself. The traditional claims for this procedure are
twofold : in the first place, time represents an independent variable which is univer-
sally applicable. Once a series expansion has been derived for the disturbing terms
acting on a body, it can be used in a variety of applications without ad hoc transfor-
mations ; moreover, solutions of the Keplerian time equations and the calculation of
positions at equal time intervals are a straightforward matter. The other reason for
classical expansions of the disturbing functions has to do with the literal develop-
ment of various perturbation theories. Solutions avoiding series expansion may be
possible to first order, as illustrated in various examples of this and earlier chapters.
However, for higher orders the integrands tend to assume intractable transcenden-
tal forms. These difficulties are avoided by introducing the disturbing function as a
(trigonometric) series in ascending powers of the perturbation parameter.
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In assessing the value of Hansen’s method today, we must remember that its
acclaim generally predates the age of electronic computers. The ease of incorporat-
ing higher-order terms, the number of quadratures, coordinate transformations,
and numerical iterations required to establish each point in an ephemeris was then
of great importance, the significance of which has been somewhat reduced by the
automatic calculator. Theadvantages of Hansen’smethod, however, persist in some
cases. For example, if one manages to establish a first approximation for a specific
case in closed form, some higher-order terms are generally included without extra
effort. Whether or not this feature offsets the drawbacks encountered in calculating
velocity terms, as required for some perturbations, must be settled in each particular
case. This and other considerations have been examined in some of Musen’s
recent work [12, 13].
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Envoy

This to attain: whether heav’n move or earth,
Imports not if thou reckon right.

Paradise Lost: 7, 70-71

The question of comparing the perturbation methods presented in this work
must inevitably arise. “Which is best?” can only be answered by “Best in what sense?
Most advantageous how? The ultimate for what set of problems?” We can place
two objectives into partial opposition: the quest for solutions of the dynamical
equations of motion, and the need for production of ephemerides. However,
these objectives are not completely orthogonal; insight without accuracy is
meaningless, while accuracy alone lacks inspiration.

With this in mind, we may try to summarize the impressions gained from the
detailed discussions in various chapters, although an element of subjectivity is
unavoidable in such a survey. We note that one type of perturbation method
extends over Chapters 5, 7, and 9; its common characteristic being an effort to
express the perturbative effects as far as possible in the position coordinates. While
the classical Encke method and several modern formulations do this in a straight-
forward manner, some ad hoc combinations of position coordinates and other
elements, as well as special manipulatory devices, were introduced in the method of
Hansen, as well as those of Brouwer, Strémgren, and Oppolzer (not treated in
this text). These modifications were generally designed for special classes of
problems and to minimize the computational load in each case. The latter does not
represent the vitalconcernit used to in the past, although circumstances could arise
in which it could be of crucial importance, e.g., with certain space-vehicle guidance
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schemes where onboard calculations are involved. Turning to the other side of the
coin, we note that the physical insight obtainable from expressions for perturbations
in the position coordinates frequently proves to be considerable, although corre-
sponding results for the velocity perturbations are sometimes difficult to achieve,
as in Hansen’s method. Perhaps this group of techniques is best characterized
as a set of formulations tailored to miscellaneous specific problems, where they can
become highly effective. , '

The other two categories, namely, Lagrange’s variation of the elements and
canonic perturbation techniques, present a more homogeneous appearance. The
wide range of applications given in Chapter 6 for the variation of elements speaks
well for the universality of this method. It has proved an effective means for
exhibiting changes in orbit geometry, secular trends, and the (semi-analytic)
evolution of orbital motion over long periods. As applied to numerous classical
studies, as well as various aerospace applications, it probably takes top honors as a
reliable working technique satisfying both objectives of the analyst.

Finally we come to the canonic techniques. Here the treatment of intermediary
orbits provides room for ingenuity in each case. However, once into the per-
turbation procedure, most of the analytic work reduces to highly standardized
algebraic manipulations. This is largely due to the series expansions introduced
for the disturbing function and the generating function. In fact, the monotony
of this labor, as exhibited in several lunar theories, has discouraged some potential
users from the manual application of this method; on the other hand, this very
feature can make it a prime candidate for implementation by automatic symbol
manipulators. This approach to orbit computation by canonic methods has
recently come into its own.* Obviously, the very length of the expressions involved
makes ready interpretation of a specific dynamic situation quite difficult; the
approach’s present acclaim is based largely on the asymptotic formulations and
stability theories, i.e., the study of bounds of the motion it has provided. In addition,
the very active field of trajectory optimization relies heavily on Hamiltonian
formalism.

So much for a broad-brush comparison of the leading perturbation methods in
orbital mechanics. When it comes to details, most specialists in this field probably
reflect the preferences of the school that introduced them to the subject. The
significant amount of algebraic labor, which is characteristic of all methods in
orbital mechanics, restricts the exposure a single individual can attain. Indeed, a
parallel execution of several nontrivial examples by the methods presented in this
text alone would overtax the endurance of most, though it is probably the only way
of making a conclusive comparison. It would require that all approaches be carried
at least to second order and be compared with regard to the algebraic labor
involved, programming convenience, computing speed, and numerical accuracy

*A. Deprit, “Canonical Transformations Depending on a Small Parameter,” Celestial
Mechanics, (International Journal of Space Dynamics), 1, 1, 1969.
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(with the same application of rectification and multiperiod steps).* It is the authors’
hope that over the coming years some readers of this volume may be spurred on in
these directions.

*Some impressive efforts along these lines have been made; e.g. J. L. Arsenault, J. D. Enright,
and C. Purcell, “General Perturbation Techniques for Satellite Orbit Prediction Study,”
ASTIA, pp. 437-475 and 437-476, 1964; A. H. Cook, “The Contribution of Observations of
Satellites to the Determination of the Earth’s Gravitational Potential,” Space Science Reviews,
2,355,1963; N. L. Bonavito, S. Watson, and H. Walden, “An Accuracy and Speed Comparison
of the Vinti and Brouwer Orbit Prediction Methods,” NASA TN D-5203, May 1969. However,
more remains to be done. .
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Appendix A

INDEPENDENT CALCULATIONS AS
VERIFICATION. LAGRANGE’S PLANETARY
EQUATIONS AND PERTURBATIONS FROM
EXTRATERRESTRIAL GRAVITY

(Chapter 6, p. 176)

We consider here the problem of the effect of a stationary gravitating body of mass
m, on an earth satellite. Equation (5.3.8) reduces to

R = Gm, (i XXt yg)p + Zzp>

¥ om r

for the disturbing function per unit mass~of the gatellite, where rim =(x — xp)z +
(y — y,)* + (z — z,)*. Forming 0R/0x, 0R/dy, OR/dz, and linearizing these in terms
of x, y, z, we find

oR  Gm
= rs" l:x <3xﬁ — r§> + 3yy,x, + 3zszp], etc.

p

Let us use the following abbreviations:
hy = lix, + myy, + nyz,; hy = Lx, + myy, + nyz,, (A1)

T=sinf®  W=cosf@  ¢r=1-¢2 (A2)

A straightforward application of the methods discussed in Chapter 6, Sections 1
and 2, results in the following expressions.

_ a*m 4{(3/e2)(h§ — W31 + 2e¥P) N (3% — 12) + 6h1h22‘~1‘}f “y

(1 + e¥)? (1 + e¥)? -
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@*(a — ap)
2ae

_ 3a’mye ® W2 P5(1 + 3e¥)
romg | 6e(l + e¥)? e?

—hh,E <e(8 + 9¢2 — 2¢%)
—3(2 — 9% — 3¢4)P
~3(2 - 9¢* — 8e*)w?) ]

f .
+%eh1h2E} , (A.49)

i—i=a3m" 1 3(1+3e‘1’)dh2_h
O 2rSmg |1 + e¥)? 2¢? di

e— ey =

&
3 dh an, 1Y
+=[hy(l + 4e®) =2 ~ hp*> =1 |E} | (A.5)
[0} di di
fo
a’m, 1
Q-q, =2
° ramg 2 sin i
6
05(1 + 3e¥) d 5 4, .d
{ v ¥y @i MM T g awyp A+ B’ G
3 (04 s 2 L]l A6
20 ] (A.6)

® — g + cos iy(Q — Q)

a3mp @2 2 2> 2
—rng{m rp, — 3h <2+e +e(1-|—2e)‘1‘>———hh]

2

¢ 2 _ 32 2 2 2 2
* 2ui e I:(hz h1>2 (2+ ¢ + 3l + ¥ (56" — 27

2¢* 2 292
+h1h2?(2 — e + 6e¥ + 6e“¥ )

3 S
+ 7(() (4h% — h: - r;) E} , (A7)
fo
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X — Xo + @ol(Q — Qo) cos iy + (0 — wy)] + (n — nvo)t

3a - 3(h ‘{’0+h20)2_2a3ml,
T2

X
(1 + e¥,)? 2 my ?

z e(18 = 5e% +2e*)+3e%(9 + )P + e?(11 + 4e?)¥?
2 + eP) 3

h2 2h2
-5 A4~ ZZBJ
r

T

p p
6 2 S
o1 + 3¢%) hih, 1 .3,
— |2 _ .
(1 +e¥?)? 12 20 + 3¢ r (1 +4e%) - r2 7 ¢ |E o » (A8)

where

A = e(13 + 2e?) — 3(1 — 9¢* — 2e")¥ — e(1 — 10e? — 6e*)P?,
(A9)
B =¢e(5 — 2e%) + 3(1 + A + e(1 + 2e*)¥?,

and we have dropped the zero subscript on all elements on the right-hand sides.
As before, t and E are the values of time and eccentric anomaly, respectively, that
pertain to the appropriate value of f.

Now these equations are sufficiently complex algebraically to demand
verification. Accordingly, by repeating the mathematics in terms of E as the
independent variable, we obtain a term-by-term check. In addition, the alternative
form may offer other advantages. We find, for

s =sin E, ¢ =cosE, (A.10)
a* 2
a——a0—23m” ec + 52— +ec)
Mg 2
+ hih,psle — h2¢p? 2]} (A.11)

2 3 2
_cp(a—ao)_3amp(p 5 5 14+e* , e ,
e—ey= a6 rnge hs — hi] @ 5 5“4+ ec + 3c

o2 2 7 4 2 3
+h1h2|:§e2E+ _;e sc—<§e+§e3>s—<§e—%>sc{|

} : (A.12)
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= e[ 0 de—e)

romg @sini | 1dQ | 2

3a’m, 1 {dhE+%2

1
E—-(3+¢&)s + +

+ e?

d(h,hs) E
T ¢

thig ?

Q—Qo=

3a°m, 1 L dhy [1 + 4e?
ramg @sini| ' di 2

2

dh, 2|:E sc e

d(hh 14 €2
+(12)[ e

di
dh, ,[E
+MW¢&
W — 0y + cosin(Q — Q)
_amy ¢ 1+ e?)s — —%eE —
T rimg e 2 2

2

3253 2 \
—EP1<?+U+eb—kE/

+ hah, <(3e2 - 2c —
¢

2

e+ el
c+

52+ec+§c3:|

1
E—(Be+ s+ +

e
52+ec+§c3}

e
sc+=s?
f}

e
sc + =53
3 :l

(A13)

(A.14)

(A.15)
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X~ Xo+ @o[cosig@Q — Qp) + (0 — wg)] + (n — ny)t

3
am
= 3m" {(2 + 132 + 3ecy + 3e%s5o)E + Le3s® —(9e + 23 + 3e*s§ + 3e’cy)e
p'"'E

r

7 + 14e?

11,03
sc+ges
2 6

3
+ Ztetsc — ;z—[hf <(% + S + 353 + 3ec)E +
p

— (9e + 2¢3 + 3esy + 3e300)s>
+hihy <3s0(e — Co)E + 31 + €*)s* + Fec?

+3esg(co — e)s + 7ec>

7 — 652 7 7Te 3 E
+h2p* { ——2E — —sc — —s* + = ess ]} .
< 4 4 6 2 °> £o

(A.16)

The reader may verify the identity of (A.3) to (A.8) and (A.11) to (A.16).

A rather interesting feature in these equations s the secular term in eccentricity.
Sinceitis of O(e), it does not manifestitselfin (5.3.15)and (5.3.16), which are restricted
to nominally-circular orbits. This secular perturbation of eccentric orbits due to
luni-solar gravitation has been observed on some of the existing satellites. Turning
next to Q, we see that it approaches a singularity as i, — 0, but the same singularity,
with opposite sign appears in w. These two singularities are due to the difficulty in
defining the node at i = 0. For the simplifying conditions x, = z, = Q, = 0,
Yp = T'p € = 0, the secular term in Q becomes AQ = — (3m,a3 cos io/2mer2)(f—fo)
which agrees with the results of Chapter 5, Section 3.1. Under the same conditions
we find the secular term in inclination vanishes, which was also predicted in Chapter
5. In conclusion, we note again that these results apply only for a fixed position
Xp» Vps Zps the coordinates of the perturbing body must be updated from time to
time to allow forits anomalistic motion, and this can bedoneas part of the rectifica-
tion procedure discussed in Chapter 6, Section 4.
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THE EFFECT OF ATMOSPHERIC DRAG
ON AN EARTH SATELLITE
(Chapter 6, p. 187)

The components of velocity of a satellite, relative to the air (see Chapter 5), are, in

spherical coordinates L
p ’ radial: 7

tangential: rf — ro cos i
normal: 7o sin i cos (@ + f)

The components of the drag force per unit mass are thus
= —(CpA/2m)pv i; T= —(CpA/2m)pv,(rf — ra cos i);
= —(CpA/2m)pv,ro sin i cos (w + f).
Using (5.3.22), and writing h = r — R,
p = pyexp [—B:R] exp [BiR?/r],

or, employing the true anomaly,
_ B;R?
P = proxp [‘Bf" T ey U HecosS )]'
Equation (5.16.10) thus leads to

. CpA a ad(1 — e?)?
a = — —_— 2 —_ —_—_— 7
- pval_e2[1+e + 2ecosf p gcosi|,

where
_J_* 2 _ — 2 .
v, {a(l ez)(l +e* +2ecosf) —2 [ua(l — e*) o cosi

21_ 2\2 .2 12
le(Tfos)Jgg[coszi+sin2icosz(w +f)]} :
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(B.1)

(B.2)

(B.3)

(B4)
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The attempt to solve (B.3), even after transforming to f as the independent
variable and resigning ourselves to a first-order solution, is thwarted by itsawkward
form; further approximations are necessary before progress can be made. These
simplifications need not be objectionable if they are kept within bounds and,
indeed, such a bound is provided by our inability to express the actual variations of
atmospheric density in a precise mathematical way (see Chapter 5). Extreme
circumspection would dictate that any approximation which remained accurate to
a few per cent could be considered more than adequate. In addition, in the light of
the probable short-term variations in Cp, 4, and o, as well as in p, elaborate efforts
to find the periodic parts of the osculatingelements should undoubtedly be avoided.

On the basis of these considerations, one is tempted to expand (B.3) in powers
of the eccentricity, thus obtaining quadratures of the type

exp (z cos f) cos mf df,

and (for some of the other elements) also

Sexp (z cos f) cos mf'sin f df,

where m is a positive integer, and
B;R?
zZ = m €o. (BS)
The secular changes being given by these integrals evaluated between the limits
f=0and f = 2n, we then obtain terms involving Bessel functions of imaginary
argument,* since

521: exp (z cos f) cos mf df = 2nl,(z), Jzn exp (z cos f) cos mf sin fdf = 0.
0 0
(B.6)

However, such an expansion in terms of e invariably results in quite lengthy
expressions if the theory is to be extended to orbits with high eccentricities at the
required accuracy.}

Now we note that the drag force acts more and more like an impulse as e
approaches unity, i.e., the effects near apogee become less and less important as
eccentricity increases. This suggests, for large e, that of the integrals encountered,
the significant part of each lies near f = 0, i.e., when cos fis close to unity. In this
case, one is tempted to expand (B.3) in powers of 1 — cos f. The termination of the
resulting series would depend on the value of the true anomaly at which p(f)falls to
a magnitude which is negligible with respect to p(f = 0). Here, higher and higher
powers of fwould have to be included as more nearly circular orbits were examined.

*E. Jahnke and F. Emde, Tables of Functions, Dover, New York, 1945; H. E. H. Wrinch
and D. Wrinch, “Tables of Bessel Functions I,(x),” Phil. Mag., 45, 846, 1923 and 47, 62, 1924.

tSeel. G.Izsak, ‘“Periodic Drag Perturbations of Artificial Satellites,” Astron. J., 65, 355, 1960,
for an application of conventional expansion procedures.
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Consider, then, the function
x = e(l — cosf), (B.7)

where we intend to substitute e — x for e cos fas it occurs in equations of the type
(B.3). For small e, higher powers of x rapidly become insignificant ; in fact for e <
0.2, terms in x> amount to less than 0.008. We may thus ignore these with respect to
unity and never commit errors of more than one per cent. Now for larger values
of the eccentricity, the carrying of terms up to only x> must provide us with a
value of f, say £, beyond™ which we may not proceed without violating our
restrictions on accuracy of approximation. We find, for x> = 0.01,

e f
0.2 94°
0.4 63°
0.6 50°
0.8 43°
1.0 38°

The quantity z, Eq. (B.5), takes on rather large values for e > 0.2; so large,
that exp (z cos f) is a violent function of the true anomaly. For example, taking an
orbit with a perigee altitude of 7.5 x 10° m and an eccentricity of 0.2, exp (z cos f)
has a value of about 8 x 103 at f = 0. However, for f = 64°, the same parameters
yield exp (z cos f) ~ 80; i.e., this factor has become one one-hundredth of its
perigee value. Thus the entire integrand (B.3), evaluated between f = 64° and
360°-64° cannot contribute more than a few per cent to its total value between
zero and 2. Since the f,,, for this case is greater than 64°, we conclude that an
expansion of (B.3) in terms of x, and truncated beyond x?, is justified.

Wemay estimate therange of validity of this approach by finding the magnitude
of z such that exp (z cos f,,,,) is just one one-hundredth of exp (z). By so doing,
we will find the smallest z (and consequently the largest h,) at which, for a given
value of e, the exponential function falls fast enough to keep the proposed approx-
imation within bounds. We find then

e h,(max): m
0.2 8.5 x 10°
0.4 6.4 x 10°
0.6 4.9 x 108
0.8 3.7 x 108
1.0 2.9 x 108

Each of these values of perigee altitude far exceeds those at which we have any
knowledge of atmospheric characteristics. As our ignorance of these diminishes,
we may be forced to include terms beyond x2, but at present this is not indicated.

*By symmetry, the proposed expansion is also valid in the range f = 360° — f

2 tOf = 360°.
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Turning next to (B.4), we note that the maximum difference between v, and
the satellite’s inertial velocity, v, occurs at i = 0. For equatorial orbits, then

24 2 2 1/2
a=v|:1_2rfa+r_a_] .

U2 02

In this extreme case, v, is most poorly represented by v at apogee ; however, for
orbits with e > 0.2, we need only calculate v at f_,, . In these circumstances, and
for orbits at altitudes where the atmospheric density can be estimated with any
accuracy, the second term in the brackets above never exceeds 0.4 and the third
term is smaller still. If we now expand this expression, we obtain

r*fo  r*e? 1 (r*fo\?
l)a=1.7|:1——52—"+31‘]7—z(? + 0.

Here the second term remains less than 0.2, the third and fourth terms together
amount to no more than 0.01, and succeeding terms total even less.

As a consequence, we may ignore terms of second and higher powers of o
in the expansion of (B.4) and obtain

_ o Hlt+e) A+ yx x?2
= Vad — o) [1 YT U rer 20+ e)4]’ B3

_[a’(1 —€*)?® ocosi

and have ignored terms of order x3, y?, and yx2.
Transforming to the true anomaly as the independent variable, Eq. (B.3) leads

where we have set

to
da/df = —aa*(1 + e) exp (z cos f)
1 —2e+ (2 + 4de)y 3 — 6e?
1 —2p— _ 2 B.10
X{ Y C+e? 2 +tef [ (B.10)
where
CpA B,R?
= 0. —B. ! . B.11
o = D; €Xp [ B.R + al— 62] ( )

Now the restriction f < f,_,, is tantamount to limiting the altitude range through
which the satellite can move. Thus, single values of p; and B; can be selected for the
specific case under investigation and we may treat o as a constant throughout one
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revolution. Utilizing (B.7) and taking the orbit elements on the right-hand side of
(B.10) as invariant, we obtain, as a first-order solution, integrals of the type (B.6).
Hence :

Aa 2noa?

Kj = - m' {(A10 — 2yA4,0)Io(2) + (A11 + 2y45)]14(2) + A1212(Z)}, (B.12)

where j is the revolution number, and

Ajo = 14 + 12¢ + 15¢* + 28¢3 + 30e%),
Azo =1 + 5e + 10e? + 9¢3 + 3¢,

Ay = el + 3e — 3e* — 8e?),

Ay = e(l + de + 5¢% + 2¢°),

A, = —32e%(1 — 26%).

The equations for changes in e, i, ©, and w can be treated similarly. We find

Ae  2noa(l —e) _
A—j = = —(l—i-—e)“{(E%O + YE0)o(2) + (E11 — YE;)I41(2)

—(E12 — YE,)5(2) + (Ei3 + YE33)5(2)}, (B.13)
where

Ejo = (e/2)(1 + Se + 17¢/2 + 226 + 15¢3),

Eqo = (e/4)5 — 13¢ — 68¢2 — 77¢® — 27¢%),

Eii =1+ 5e + 79¢%/8 + 11e* — 19¢*/4 — 8e,

E,, =2+ lde + 195¢2/8 + 37¢%/4 — 69¢%/8 — 11¢%/2,
Ei; = (e/2)A + 5e + 25e¢2/2 + 4e® — 3e*),

E;; = (e/4)11 4 29¢ + 20e* — 3e3 — Se*),
E13 = (92/8)(1 + 8e + 662),
Ey3 = (€/8)(3 + 10e + 11e? + 4¢é3).

A 2moa(l — e) tan i

NT T Td+er

x{(Byo — yBjo + €08 2w'B3)(2)
—e(1 4+ % cos2w)(By; — yB21)I1(2)
+[cos 2w(B1, — ¥B,o) + 2B30]1,(2)
—cos 2w[3e(By; — yB,1)3(2) — Bsola(2)]}, (B.14)
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where

Bio = X1 + e + 97¢2/4 + 39¢3 + 20¢%),
= H1 + 9e + 20e? 4 17 + 5e%),
Byo = (€%/32)(11 + 32e + 20e?),

13 + 2le + 43e2 + 24¢3),
B,y = (5 + 14e + 13¢% + 4¢3),
By, = 3(1 + 7e + 97¢%/4 + 39¢3 — 10e*).

AQ  2maa(l —e) ; c0S (/cos i
T],.__Tﬁ)j—ysnw ) i

o]
(8]
IS

|

x{2B3olo(z) — e(By; — yB,1)I1(2)

+2(B1o — yB20)2(2) — e(B11 — yBy1)I5(z) + 2B3ol,4(2)}. (B.15)
Aw CAQ
i —cos lA—j' (B.16)

Note that the factors y tan i of (B.14) and y/cos i of (B.15) are well behaved for all
values of i.

In the generation of the effect on perigee passage we cannot employ the relation
involving the mean anomaly since we have only the secular part of Aa, which does
not allow us to evaluate [n dt. For this reason, we use (6.6.16). Now, the eccentric
anomaly can be written

E=f+2 jj‘,l(—nn %[1_— Vl_ez] sin nf.

e

However, sin nfcan always be expressed in the form sin /%, cos If, thus giving rise to
integrals similar to the second of (B.6). This leaves us with quadratures involving
the true anomaly itself. By symmetry properties of the integrands and recursion
relations among Bessel functions it can be shown that

Szn fcos mf exp(z cos f)df = 2n21 (z). (B.17)
0

We then find, after some simplification,

fe_ _3m fadae (B.18)

Aj 2 Vu Aj
To estimate the accuracy of the formulas given in the preceding section, we
have had the exact equations of motion (in Cowell’s form) integrated numerically.
From the resulting position and velocity components the osculating elements
were obtained, paying careful attention to truncation and roundoff errors. The
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atmospheric density used was then approximated in the form of (B.2), and the
changes in elements computed by the equations given here.

Initial values of the elements for a few of the cases investigated are presented
in Table 1. A comparison of results is afforded by Table 2. The agreement can be
seen generally to be within a few per cent as hoped.

TABLE 1
INITIAL CONDITIONS
CaseNo. ay(m) e io (deg) Q, (deg) , (deg) To (sec)
I 6.55 x 108 0 30 0 — —
II 7.28 x 108 0.1 30 0 0 0
III 7.28 x 108 0.1 135 60 60 0
v 8.20 x 10° 0.2 30 0 0 0
\Y 1.09 x 107 0.4 30 0 0 0
VI 1.64 x 107 0.6 150 210 150 0
TABLE 2
CHANGES IN ELEMENTS (Cpd/m = 1, Aj = 1)

Case —Aa —Ae —Ai AQ Aw At
(km) (x107%) | (10~%deg) | (107 deg) | (10~°deg) (sec)

I N* 1.37 15.0 83.5 0 — —
A* 1.33 0 95.4 0 — —
II N 0.189 227 17.7 0 0 0.123
A 0.183 2.20 17.2 0 0 0.117

III N 0.228 2.74 8.45 —14.8 —1.50 0.151
A 0.220 2.66 8.05 —152 —1.15 0.140
IV N 0.193 1.85 191 0 0 0.133
A 0.187 1.80 12.4 0 0 0.126
VN 0.305 1.66 6.15 —0.520 0 0.237
A 0.298 1.63 8.10 0 0 0.233

VI N 0.835 2.04 6.32 5.66 5.74 0.751
A 0.798 1.94 497 6.89 597 0.762

*N = numerical integration, A = analytic approximation.

In closing, we note that, elaborate as this treatment may seem, it assumes a

very simple physical model, namely, a rotationally symmetric atmosphere. As
stated, high-altitude density data are uncertain and subject to fluctuations not
completely understood. Thus, it is difficult to refine the model used here, although
attempts have been made to account for some irregularities.*

*See, e.g., H. K. Kalman-Bijl, “Daytime and Night-time Atmospheric Properties Derived from
Rockets and Satellite Observations,” J. Geophys. Res., 66, 787, 1961.
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COMMENTS ON THE EFFECT OF
RADIATION PRESSURE
(Chapter 7, p. 221)

The most significant features about Egs. (7.5.71) and (7.5.72) are the secular terms
in both displacements. The effect on the unperturbed circular orbit is best exhibited
by observing the amplitude and location of the maximum inward and outward
deviation, ¢ . and & ., noting that these occur when d&/d6 = 0. With the help

max min?

of (7.5.71) this is equivalent to
0 = —(1/6) cot 6. (C1)

Inspection of this transcendental equation shows that in each interval of 27,
representing one revolution of the satellite in its orbit, there exist two roots, one in
the neighborhood of an odd multiple value of = and the other near an even multiple
value of n. If the former be designated 6, it is seen from (7.5.71) that it marks the
instant when “perigee” occurs. The actual anomalistic position of the satellite at
such a time is however 0, = 6, + n(6,)/r'®. The sequence of numerical values for 6,
in radians runs approximately as follows

n(3.08) n(2m + 3.13)

, = 3.08 + T,zn + 3.13 +—r(0)—,
11F r©? :

s @+ D+ il LA (for j large),

where j identifies the number of the orbital periods elapsed since launch. A corre-
sponding series can be written for successive apogee locations, which approach the
limit 6, = 2nj — 11F ,#®°/2um for large values of j. These results show that
¢, and & . never occur exactly opposite each other. However, for the sake of a

329
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simplified discussion, let us assume that they occur at 6, = (2j + 1)mand 6, = 2jn.
Then the distance between extreme excursions of the perturbed path is

2a =21 + &0, + &Bg) = 2r'Y + 3nF 1O/ 2um. (C2)

Since this is a constant, we conclude that, in this sense, the size of the orbit is not
changing. However the degree of deformation from circularity can be expressed as

e = [40,) — &0)]/2r'” = 3F,r'( — Dn/um. (C3)

This indeed contains the index j and shows that the orbit becomes increasingly
more eccentric with time. The average rate at which eccentricity accumulates,
according to this approximate analysis, is

Ae/2n = @ = 3F 1" /2um, (C4)

where Ae is the increment of e over one period.

A physical interpretation of the way in which the apsides are formed by radia-
tion pressure is as follows. The satellite is being accelerated tangentially by F,
over the interval 2j + 1/2)n < 6 < (2j + 3/2)n and, to balance the additional
centrifugal force resulting from the increased circumferential speed, a decrease in r
is required to enhance the gravitational attraction. Thus, ¢, occurs in the neigh-
borhood of § = (2j + 1)n. The mechanism actsin the opposite way to generate & _
near § = 2jn. Thefactthat | ¢ . | and | £, | continue to increase from one revolu-
tion to the next is plausible if we consider, as the analog of the satellite, a linear
oscillator in its motion about the neutral position r® whose excitation is in
resonance with the free oscillations. An unlimited build-up of the response in
terms of £ and ¢, is to be expected for this linearized model. One is led to seek
refinements of this model yielding a more realistic picture of the perturbed motion
for large values of ¢ and #. The first occasion for revisions arises from the linear-
izations of the gravitational forces, leading to (7.4.15) to (7.4.17). A more complete
representation of these forces would be of the type

0 um wm 286 3¢ 3 ., N 278
S (R kel O gl e S S L&
65( r) a%[ a0+a(2) 2a§(n+€)+2a3

4

+ S+ +o (—)] ©5)
ao o

etc.,if the nominal orbit is circular. Since i, = xp = zp = 0, yp = rpand we assume

the radiation field to be perfectly collimated, the perturbing forces are Q, =

—Fsin 0, Q, = —F, cos 0, and Q, = 0. Substituting this together with (C.5)

into (7.4.5)-(7.4.7) we arrive at the nonlinear equations of motion

&' — 20" — 3E + by E2 4 byn? 4 byEd + buén* + ysin § = 0,
(C.6)
n" 4+ 2& — by&n + by + byn® + ycos § =0,
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and, of course, { = 0. The coefficients b4, . .., etc., represent the following abbrevia-
tions: b, = 3/ao, b, = —3/2a0, by = 27/2a}, b, = 6/a3, and y = — F,n®/u*. Our
question now is whether the nonlinear components of the gravitational force
(C.5) suffice to eliminate the singular response of the linear model. If we stipulate
that such a bounded solution be of the form

& = ¢, sin O+ ¢, cos O and fip=d;sin 6 + d, cos 6, (C.7)

(which cannot, of course, be expected to satisfy (C.6) except in an “average” sense)
then our question reduces to finding bounded values for ¢4, ¢,, d;, d,. The values
Ep, #i, of (C.7) can be calculated as an approximate solution of (C.6) by the Ritz-
Galerkin method.* The so-called Ritz conditions by which one finds the undeter-

mined coefficients are

2n 2n

E,sin6df = O,J E, cos 8df = 0,

(o]

2n 2n
j E,sin9df = O,J E, cos 0d0 = 0,j

0 0 0

where E; and E, represent the left-hand sides of the first and second equation,
respectively, of (C.6). These conditions ultimately reduce to the algebraic equations

dcy — 2d, — Hbsct + bycid}) — H3bseic2 + bycid? + 2bycyd dy) = 7,
dc, + 2d, — ¥(3bscic, + 2bscididy + byc,dl) — 3(bscd + bycyd3) = 0,
20, + d; — 3bacidy + byd?) — Mbulc2d; + 2¢,¢5dy) + 3byd,d2] = O,
—2¢y + dy — 3[bs(2cicd; + cidy) + 3bycic,] — Hbacdd, + byd3) =7y. (C.8)

As was to be expected, the linear terms of the left-hand sides of (C.8) possess a
vanishing determinant, which simply reflects the resonance that we have already
discovered for the linearized dynamic model. Unfortunately, substitution of typical
values for y and b, b,, bs, b, into (C.8) shows that the values of the bounded
solutions for ¢y, . . . , d, in the nonlinear system are so large that they are of no
practical interest. This indicates that the nonlinearities of the gravitational field
are too weak to impose a bound on the singular response indicated by (7.5.71)
and (7.5.72). On the other hand, experience tells us that such a simple secular
response does not occur in reality. The number of physical effects which could
interfere with this secular perturbation is quite large; we discuss some below.
One question that comes to mind immediately is whether the actual nonuni-
form light intensity distribution around the orbit might not affect the situation in a
significant way. However, considering the same linearized model as in Chapter 7,
Section 5, but using ¥ # 0 we note that the secular response should persist as long
as a constant component in the intensity distribution around the orbit underlies
the cyclic one. This will of course always be the case, no matter how elaborate a

*See, for example, F. R. Arnold, Steady State Oscillations in Non-linear Systems of Two
Degrees of Freedom, Ph.D. Dissertation, Stanford Univ. (Div. of Eng. Mech.), 1954.
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trigonometric series we envision for the intensity distribution, since the radiation
pressure cannot reverse its sense on any portion of an orbit that does not enclose
the sun. Hence its average value around the orbit must differ from zero.

Next, one might argue, since the coordinates X;, yp, zp change with time, that
the apparent solar motion might affect the perturbations. But if one substitutes
typical numerical values for the constants in (7.5.71) and (7.5.72)—e.g., pertaining
to Echo I—one finds that the predicted secular response is so rapid that annual
motions can hardly be expected to exert a significant influence on it.

Another physical effect that comes to mind is the possible interference from
the earth’s oblateness. In the remainder of this appendix we give this matter some
attention. Consider again the satellite orbit in the x, y plane, where P is located
on the y axis, and also assume that this plane contains the earth’s equator. The
crucial feature of this model is that the apsidal precession from the equatorial
bulge acts to distribute the instantaneous perturbations from radiation pressure
around the orbit (in a loose manner of speaking) so that they do not accumulate
on top of each other but combine in such a way that their cumulative perturbation
is bounded. '

For the present discussion, we pursue a heuristic argument which might
serve as a first look at this problem. (In a very informal way, the rationale to be
developed here corresponds to that of the “averaging” techniques used for certain
advanced perturbation studies.) Let us recall what we know about the oblateness
and radiation effects individually. We note from (6.3.12) and (6.3.13) that the line
of apsides of an eccentric osculating orbit in the equatorial plane precesses at the
following rate relative to an inertial reference & = & + Q = 3J,R?n/2a3. On the
other hand, the secular perturbation impressed on the £ component of the osculat-
ing orbit by radiation pressure at any instant can be written in the form 3F ,a3n

x cos 6/2u, according to (7.5.71). Now we may apply the superposition theorem for
first-order perturbations to this case and state that the ¢ components of two
osculating orbits at the times ¢, and t,, which are At apart, shall be related by

28(0) = 140 — dAr) + BF ,agn/2wcos 0 At, (C9)

where the presubscripts identify ¢ at ¢; and t,. Pursuing this argument backward
to the initial instant ¢, and changing the independent variable to &, we find that

&0, @) = —cj‘w cos (0 — @)dd + &6, &)

@)] + &(0, @)

= —c[sin (6 — &,) — sin (0 —
= —2c sin (& — @) cos (0 —
where

¢ = 3F ,a3n/2ud, (C.11)
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and @ is really a fictitious angle, namely, the location of perigee if oblateness were
acting alone. Noting that in our model the first appearance of a perigee is caused by
radiation pressure at @, = 7, (C.10) becomes

&0, ®) = —2c cos 1@ sin (0 — 1®) + &0, &). (C.12)

Remembering further that the initial conditions call for a circular orbit, we set
&6, dy) = 0. The final expression for £(6, @) lends itself to a simple geometric
interpretation. The perigee of the actual orbit first appears at @ = = and precesses
toward w = 3n/2 where it reaches a maximum depression equal to — 2¢. Thereafter
it moves to w = 27 where it returns to zero amplitude only to reappear immediately
at @ = w. From (C.12) we observe that the rate of this precession is @ = @&/2.

In an expression like (C.12), the question arises of the magnitudes which the
amplitude 2c may reach before the results of this linearized analysis cease to be
valid. If the estimates resulting from a nonlinear system such as (C.8) can be trusted
at all, these would indicate that 2c may be a sizable fraction of a, before nonlinear
restoring forces come into play. Similarly, an extension of (7.5.71) and (7.5.72)
to cases involving nonuniform illumination of the orbit (¥ # 0) leads us to believe
that an allowance for the actual intensity distribution around the orbit would affect
the amplitude parameter 2c somewhat but would not alter the form of (C.12).

So far we have considered only a model with stationary P but it seems clear
that our entire argument regarding the simultaneous perturbations of the osculating
orbit due to oblateness and radiation pressure can be reproduced in a slowly
moving reference frame which is governed by the angular rate o, of the line EP
in the equatorial plane. We merely replace the apsidal precession rate ¢, which is
valid in an inertial frame, by the precession relative to EP: &, = & — 0,. Thus,
the amplitude parameter becomes

3F,a3 2
2¢ = —;a" / BZ? - %} (C.13)

and the rate of apsidal precession in an inertial frame is now o = 1/2(& + gp).
We see that the denominator in (C.13) vanishes if & = g, i.e., if the motion of P is
in resonance with the apsidal precession (in inertial coordinates) due to oblateness.
In that event, the perturbing mechanism (in the rotating coordinate system) is
entirely analogous to the model which led to (7.5.71) and (7.5.72) and hence the
orbit deteriorates without bound. This condition obtains for a satellite orbit with
the critical radius a, ~ 12200 km. For an Echo-type orbit with a, = 8000 km one
finds a maximum depression of perigee in the order of 56 km. However this
simplified calculation assumes an equatorial satellite orbit with the sun also
located in that plane. If an allowance is made for the effects of a 50° inclination
on the apsidal precession and the resolution of pressure forces acting on the satellite,
the calculation would yield approximately 560 km for the maximum depression
of perigee. This can be considered fair agreement with the observed value of 640 km,
after taking into account the approximations still contained in this approach.
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To summarize, the secular effect from the equatorial bulge modifies the geomet-
ry that controls the accumulation of secular effects from the radiation pressure. The
most satisfactory approach to this situation would be the inclusion of higher-order
coupling terms between the two physical effects, which one could get by extending
the formulations of Chapters 6 and 7 beyond the first order. The reader is referred
to the work of Shapiro and Jones, and of Levin* for more dlscussmn of solar
pressure phenomena.

*See reference 15 of Chapter 6 and reference 18 of Chapter 5.



Appendix D

REVERSIBILITY OF CANONICAL
TRANSFORMATIONS
(Chapter 8, p. 229)

We prove here that for variables connected by a canonical transformation, one
can write the new in terms of the old, that is,

4; = G{a; py); p: = p{q; p)); Lj=1,...,n+1, (D.1)

(where we have an n-dimensional problem and deal with an augmented set of
variables) as well as the old in terms of the new, namely,

q; = qi(qj: ﬁj)ﬁ pi = pi(qj’ ﬁj)a (D2)

or mixed representations, i.e., the canonic nature of the transformation makes it
fully reversible or to any intermediate degree. We demonstrate this by proving
that the Jacobian determinant of the transformation does not vanish.

For this purpose, let us temporarily designate the g; by x; (i=1,...,n+ 1)
andthe p;by x;(i = n + 2,...,2n + 2). Then Hamilton’s equations can be written
vectorially as

x = Co#/0x, (D.3)
where x has the components x,(i = 1,...,2n + 2)and 5 /dx hasthe components
0H#[0q4,...,0H#/0p, . The quantity C is a square 2n + 2 by 2n + 2 matrix of the
form

0 I
C= (_ I 0), (D.4)

where 0 and I are the null and unit matrices, respectively, each of dimension
n+1lbyn+ L
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Now consider a new set of variables

X;=Xix1,.- s Xon12) i=1...,2n+ 2 (D.5)
We have immediately
X =Jx, (D.6)
where J is the Jacobian matrix of the transformation with the elements
Ji; = % (D.7)
Further
oH_ 50X 0K,
0x; 70X, 0x;
or
% = T%i—f : (D.8)

where JT is the transpose of J. From (D.3), (D.6), and (D.8) we have
X = JCJT 0¢/0X.

Since the old and new coordinate systems are both augmented, the time does
not appear explicitly in either Hamiltonian and, according to Chapter 7, Section 2,
both are constants. Moreover, the transformation itself, written in the form (8.2.3),
does not contain time explicitly; in addition, an examination of (8.2.22)-(8.2.24)
reveals that the old and new Hamiltonians are identical. Hence for the trans-
formation (D.5) to be canonical we must have

JCJT = C. (D.9)

Since the determinant of the product of matrices is equal to the product of the
determinants of each, and further, the determinant of the transpose of a matrix is
equal to the determinant of the matrix, (D.9) leads to

|J|= +1. (D.10)

This is enough to prove the reversibility of canonical transformations.

A heuristic argument makes it plausible that only the plus sign of (D.10)
applies in this case. Suppose we generate the identity transformation; then | J | =
+1. But, of course, we can carry out any other transformation by a series of
infinitesimal changes in the “new” coordinates. In each of these | J | is constrained
to have only the values +1. Since a discrete change in | J | seems unreasonable
for an infinitesimal departure from the identity transformation, the plus sign must
always apply:

17| = +1. (D.11)
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THE JACOBI THEOREM
(Chapter 8, p. 236)

Equations (8.2.37) and (8.2.38) constitute necessary conditions that g;, p;, and
o;, and f; be related by a contact transformation. It remains to establish the
sufficiency of these conditions. This is accomplished by the Jacobi theorem
(Chapter 8 [1, p. 125] or [6, p. 133]). The theorem states that if S(g, o, ) satisfies

the Hamilton-Jacobi equation
0S/dt + #(q, 0S/0q, t) = 0 = H*,
and the variables

qi = Qi(a: )89 t)a
Di = pi(a’ ﬂ’ t)9
are related to the canonic constants «; and f3; by virtue of
0S8(q, o, t)
Bi - aai ]
_ 08(g, 2, 1)
i 5(], 5

then g; and p; satisfy the canonic equations with .
From (E4) and (ES5) it follows that

Bi_op ., B PSax

oq; Oy ot 9o, 0t
Using this in
0p; _ 0B, 9B
dt gﬁqjqj * ot 9
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(E.5)
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we find

0%s p;
Pig =0, E.
Gt T o 1= 0 (E)

Noting from (E.5) that p; = p,(q, «, t), we can differentiate (E.1) with respect to «;
and obtain

9*S 0H Op; _ ,
Eyryi E.
Otda, Zapj Oo; (E.7)
Subtracting (E.7) from (E.6) we have
. 0\ 0p; .
; (qi - 6 aaj 0 for i=1...,n (E.8)

Since the functions p; must be linearly independent of each other to represent
independent degrees of freedom for the dynamical system, the determinant

op1p2---Dn)
| ooy ... 0) (E9)
will not vanish and hence
' 4; = 04 /0p; for all j. (E.10)
If we now differentiate (E.5) with respect to time and use (E.10) there results
0%S 0:S oH
(E.11)

= 00 |y 00 0
P 0tdq; 7 0q,09; Op;

Furthermore, differentiating (E.1) with respect to g; while noting again that
p; = piq, a, t) according to (E.S), we find

S  oH oA 0°S

LI ) E.12
5@a, " a T 25p, dapd, (E12)
(E.11) and (E.12) yield

p; = —0#]0q;. (E.13)

Since a; and pf; satisfy a canonical system with s#* = 0, we recall from Appendix
D that

a(q, p)
(o, B)
and hence (E.4) and (E.5) may be interpreted as ¢; = q,(o, B, t) and p; = pi(a, B, t).
Since there are 2n constants, ; and f;, these expressions encompass all the solutions
of (E.10) and (E.13). Thus a complete integral of (E.1) amounts to a general solution
of the 2nth order dynamical system.
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VARIATION OF CANONIC CONSTANTS
(Chapter 8, p. 248)

In Section 4 of Chapter 8§ we mentioned that either the usual Keplerian solution
or an intermediary orbit, such as the one suggested by Vinti, may serve as starting
point for a perturbation analysis. This initial approximation is the solution of the
Hamilton-Jacobi equation (8.4.3). We must now show that a “variation-of-
constants” procedure can be applied to the «; and §; from that solution* to satisfy
higher-order effects according to (8.4.4).

The solution of (8.4.3) satisfies

q.i = 6.%”0/@p, and Iii = —0%0/5(113 (Fl)

with ¢; = gi(o, ,t)and p; = py(o, B,t). If wenowleta; = aft)and B; = Bt),soasto
accommodate the perturbations, (F.1) takes the form

0q;/0t = 054 4/0p; and Op;/0t = — 0K /0q;. (F.2)

Then (F.2) must still be satisfied, while the perturbed system as a whole obeys the
equations
dg; . 0K dp; oH

o = 4= o, and 5 = b= T (F.3)
If we write (F.3) out:
aqz aql aQI _ 6%0 69?1
+;< 6[3 B)— o, + o (F.4)
apl apl apl o) _ ar}fo 5%71 .
- Z(@a *o5,” ) =% g (£

*Cf. W. M. Smart, Celestial Mechanics, Longmans, Green and Co., New York, 1953, pp. 136,
158.

339



340 Appendix F

the first terms on each side may be equated to each other by virtue of (F.2). Multiply-
ing (F.4) by dp,/0x; and (F.5) by —0dq;/0u;, adding them and summing over i, we find

869:1 =Y a[o, o] + X BB o] (F.6)
Similarly
= Sifa. B + T B )

Now it sohappensamong two sets of canonic variables, such as p;, ¢;and a;, 5, that
all their Lagrange brackets vanish, except for*

[Bja “j] = _[o‘js Bi]l =1L
Therefore (F.6) and (F.7) reduce to

0, .

B; = ou, and & = o8 (F.8)
which is the Hamiltonian system governing the variation of canonic constants
and corresponding to (8.4.4). In comparing this approach with Lagrange’s variation
of parameters, one notes that, in the latter case, Keplerian motion was characterized
by parameters o;, f; that generally differed from (8.4.5). Thus, when converted to
time-dependent osculating elements for the perturbed motion, they are not
necessarily a canonic set and the planetary equations, which take the place of (F.8),
have a non-Hamiltonian form. Hence, canonic transformations are not used in
their solution but rather recursive quadratures, leading to Picard iterants.

~

0,

*Ibid.



SOME USEFUL CONSTANTS*

G = (6.668 + .005) x 107! Newtons m/kg?

M = (5977 + .004) x 10** kg

4= GM, = (3.986 032 + .000 030) x 10'* m?/sec?
0 = 729211508 x 107 ° rad/sec
R=6378165+25m

Mg/My = 332700

AU. = 149 598 845 + 250 km

Body a(AU) e M/Mg R (km)
Mercury 0.387099 0.206 0.054 2420
Venus 0.723332 0.00682 0.815 6100
Earth 1.00 0.0168 1.00 6.378
Mars 1.52369 0.0933 0.108 3380
Jupiter 5.2028 0.0483 317.8 71350
Saturn 9.540 0.0559 95.2 60400
Uranus 19.18 0.0471 14.5 23800
Neptune 30.07 0.0085 17.2 22000
Pluto 39.44 0.2494 0.8 (?) 3000
Moon 384,404 0.0549 1/81.33 1738

*Mostly from C. W. Allen, Astrophysical Quantities, University of London Press, 2nd ed.,

1963.

11In kilometers.
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INDEX

Al (atomic time), 57 axis

aberration major, 12
geocentric, 58 minor, 12
planetary, 61 azimuth, 44, 62
stellar, 61 flight path, 72

AENA (American Ephemeris and Nautical
Almanac), 39
altitude, 43, 44
angle
flight path, 72
local hour, 38, 61

Bessel functions, 28
Besselian day numbers, 60
branch, upper, 46
Brouwer’s variables, 250
Brown’s lunar theory, 58

anﬁg;f;?;sz bulge, equatorial, 53
disturbed (perturbed), 137, 145, 167
eccentric, 16, 22 calendars, 54
gravitational, 64 canonical, 227, 299
local, 44 Cayley’s tables, 29, 262
mean, 17 center
perturbation in, 137 equation of, 27
true, 12 of mass, see centroid
unperturbed, 134, 149 centroid, 2, 33
apo-(ap-), definition of, 13 motion of, 3
apparent, 47, 51, 54, 58 century, 54
apsides Chandler term, 63
line of, 36 circle
precession of, 148 - hour, 61
Aries, first point of, 34 orbit, 8
Astronomical Unit, 39 clock, cesium, 57
atmosphere, 118 co-geoid, 41
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commensurability, 217
conic-section orbit, 6, 8, 24
constant(s)

aberrational, 62

fundamental, 50

of separation, 239

solar, 121

table of, 314

universal gravitational, 2, 8n, 51

variation of, 337
coordinates

astrometric, 38, 62

geocentric, 34, 43

heliocentric, 34

“ideal”, 278, 281

ignorable, 227, 237

inertial, 33

natural, 196

oblate spheroidal, 243

topocentric, 40, 62
corrections, differential, 70, 97

d’Alembert’s principle, 26
day, 46
Julian, 55
sidereal, 47
solar, 47
decay, spiral, 121
declination, 38
Delaunay variables, 239, 249, 250
density, atmospheric, 118
distance
lunar, 40
mean, 14, 38
zenith, 44
divisors, small, 254, 258, 267, 273
Doppler, 80, 86
drag
atmospheric, 132, 212, 320
coefficient of, 118

earth
figure of, 58
rotational axis of, 42
rotation rate of, 52, 53
shape of, 40

eccentricity, 12
low, 25
Echo (balloon satellite), 120, 123
ecliptic, see plane
elements of orbit, 25, 35, 72
definitive, 70
determination, 69-92
mean, 188, 247
preliminary, 69
refined, 70
elevation (angle), 42, 62
ellipse
auxiliary, 149
elliptic orbit, 8, 12
osculating, 157
ellipsoid, International, 42
ellipticity, 42
Encke, 129, 134
energy, 4, 13, 106, 307
ephemeris (ephemerides), 38, 176
adjustment of, 58

Ephemeris, American, and Nautical Almanac

(AENA), 39
Ephemeris Time, 50n, 52, 53
epoch, 35, 55, 73

drift in, 148
longitude at, 25
equation(s)
canonical, 198
Hamilton’s, 195, 198
Hamilton-Jacobi, 236
Kepler’s, 17, 164
Lagrange’s, 197
Equation
of Equinoxes, 48, 54
of Time, 53
equator, 34, 58
equinox
March, 34
mean, 54
true, 54
vernal, 34n
Equinoxes
Equation of, 48, 54
line of, 34
Euler angles, 24, 278
Euler-Lagrange equations, 200



field, earth’s magnetic, 124

flight, time of, 19

force
centrifugal, 33
Coriolis, 33
disturbing, 105
nonconservative, 139, 196, 201
perturbing, 110

Fourier series, 25

function
disturbing, 112, 158
generating, 233
Hansen’s U, 299
Hansen’s W, 286, 292

Gauss

form of Lagrange’s equations, 180—187

method of, 86—-89
geodesy, 41
geoid, 41
geopotential, 41
gravity, extraterrestrial, 112, 214, 315
Greenwich
civil time (G.C.T.), 53
mean sidereal time (G.M.SI.T.), 54
mean time (G.M.T.), 53
meridian, 46

Hamilton’s equations, 195, 198

Hamilton’s principle, 199, 203, 229

Hamiltonian, 197, 227
augmented, 251, 262

Hamilton-Jacobi theory, 230
equation, 236, 240, 245

Hansen’s device, 296

Hansen’s method, 129, 149, 191

height, 43

Hill equations, 206

horizon, 44

hour angle, local, 38, 49

hyperbolic orbit, 8, 21

inclination
angle, 25, 35
critical, 254, 258, 273
integral
of motion, 2
variational, 232

Index

International Date Line, 53
International Ellipsoid, 42
International Time Service, 64
irradiation, 58, 63

Jacobi theorem, 335
Jacobian, 229, 333
Julian

date, 54, 55

day, 54

Keplerian orbit, 9, 25
Kepler’s equation, 17, 164
Kepler’s laws, 14ff, 20, 21, 24

Lagrange’s equations

dynamical, 195, 202

of motion, 197

planetary, 147, 162, 177

planetary, Gauss form, 180
Lagrangian, 2, 139, 197

bracket, 159
Lambert’s theorem, 82
Laplace, method of, 77-79
latitude

argument of, 25

astronomic, 64

celestial, 38

geocentric, 42

geodetic (geographic), 42
latus rectum, 21
Lindstedt transformation, 143
long-period terms, 177, 258, 260, 267
longitude, 38

astrometric, 64

celestial, 38

at epoch, 179

mean orbital, 180

of pericenter, 179

true orbital, 25, 180

magnetic field, earth’s, 124
many-body problem, 1
mass, center of, 8
mean (adj.), 47, 58, 149
meridian, 38

deflection in, 64
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method of
Delaunay, 253
Encke, 129, 134, 134n
Hansen, 129, 277
multiperiod steps, 176
von Zeipel, 253
momentum
angular, 3, 106, 307
generalized, 197
motion
averaged, 149
disturbed, 105
diurnal, 50
integrals of, 2
mean angular, 15
proper, 56, 57, 60

National Bureau of Standards, 57
Newcomb

planetary theory, 58

tables, 29
node

ascending, 24

longitude of, 35

regression of, 118, 147
nutation, 54, 56, 57, 58, 60, 154

in longitude, 60

in obliquity, 60

oblateness, effect of, 170, 209, 268, 302
obliquity, 40, 62
orbit
definitive, 70
elements of, 25, 35, 71
elliptic, 8, 12
hyperbolic, 21
intermediary, 188
Keplerian, 9, 25
nominal, 98
parabolic, 19
preliminary, 70
sensitivities, 71, 92, 225
variational, 206
zero-energy, 20
osculating (adj.), 157
osculation, condition of, 158, 188

parabola, and parabolic orbit, 8, 19ff
parallax, 58, 60
annual, 60
diurnal, 60
equatorial horizontal, 39
stellar, 60
patching, 123
peri, definition of, 13
pericenter
argument of, 25, 36
longitude of, 25, 179
passage, time of, 17
period
anomalistic, 15
draconitic, 36
sidereal, 36
periodic (adj.), 153
perturbation, 105
in anomaly, 137, 150
averaged, 108, 188
in coordinates, 129
order of, 128
parameter, 128, 163
in radius, 300
in time, 141, 300
Picard iterants, 155, 164, 176, 338
place (mean, true, apparent), 58
plane
ecliptic, 34
equatorial, 42
fundamental, 34
horizon, 44
Poisson technique, 177
poles
astronomic, 63
geographic, 63
wandering of, 42, 58, 63
position, astronomic, 64
potential
gravitational, 116
kinetic, 197
precession
of the apsides, 148, 275
of the equinoxes, 54, 153
luni-solar, 59
of the nodes, 275
planetary, 59



in right ascension, 56

pressure, solar radiation, 121, 183, 219, 260,

327 .
prime vertical, deflection in, 64
proper motion, 60

radius vector, 38

range, slant, 76

rate, of earth’s rotation, 52, 64
rectification, 153, 176, 184
reflectivity, 121

refraction, 58, 62

resistance, atmospheric, 118, 132
resonance, 1‘47, 218

right ascension, 38

rotation, diurnal, 58

satellite, synchronous (24-hour), 112, 115

second
emphemeris, 57
mean solar, 56

secular (adj.), 54, 59, 143, 153, 177

sensitivity, orbit, 71, 92—103
shadow, earth’s, 122
short-period terms, 258, 260
sphere, celestial, 34
spheroid, oblate, 40, 117
sun

apparent, 47

mean, 47, 53, 56

mean longitude of, 57

terms
long-period, 177, 260, 275
secular, 153, 177
short-period, 260, 275
time, 46-57
atomic, 57
daylight saving, 53
dynamical, 52
Ephemeris (E.T.), 50n, 52, 54
Equation of, 53
equations, 25, 169
of flight, 19
gravitational, 57
local standard, 53
perturbation, 141

ABCDE7987654321

sidereal, 47, 54

signals, 57

solar, 47, 52, 53

Summer, 53

Universal (U.T.), 47, 53
trajectories, near-parabolic, 28
transformation

canonic, 227

long-period, 273

point, 202, 234

short-period, 272
triangulation, 85
true (adj.), 12, 54, 58, 180
two-bodies, problem of, 4, 6, 9
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universal gravitational constant, see constant,

universal gravitational

Universal Time (U.T.0, U.T.1, U.T.2), 47, 53

U.S. Navy, 57

vagaries, diurnal, 58, 64
variables
Brouwer, 250
Delaunay, 250
fast and, slow, 309
mean, 149
Poincaré, 250
separation of, 239

Variation of the Elements, method of, 187

vertical
deflection of, 42, 64
variation of, 58

Weltzeit, 53

year, 47, 54
anomalistic, 55
Besselian, 55
eclipse, 55
leap, 54
sidereal, 47, 55
solar, 47
tropical, 55, 57

zenith, 44
zenith distance, 44
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