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PREFACE 
 
As I mention in the Preface to the previous book (Dorman, M2004), after 

graduation in December 1950 Moscow Lomonosov State University (Nuclear and 
Elementary Particle Physics Division, the Team of Theoretical Physics), my 
supervisor Professor Dmitry Ivanovich Blokhintsev planned for me, as a winner of 
a Red Diploma, to continue my education as an aspirant (a graduate student) to 
prepare for Ph.D. in his very secret Object in the framework of what was in those 
time called the Atomic Problem. To my regret the KGB withheld permission, and I, 
together with other Jewish students who had graduated Nuclear Divisions of 
Moscow and Leningrad Universities and Institutes, were faced with a real prospect 
of being without any work. It was our good fortune that at that time there was being 
brought into being the new Cosmic Ray Project (what at that time was also very 
secret, but not as secret as the Atomic Problem), and after some time we were 
directed to work on this Project. It was organized and headed by Prof. Sergey 
Nikolaevich Vernov (President of All-Union Section of Cosmic Rays) and Prof. 
Nikolay Vasiljevich Pushkov (Director of IZMIRAN); Prof. Evgeny Lvovich 
Feinberg headed the theoretical part of the Project. Within the framework of this 
Project there was organized in former Soviet Union in 19511952 a wide network of 
CR stations equipped with a Compton type of large ASC-1 and ASC-2 ionization 
chambers developed in USSR (see Sections 1.2.7 and 4.2 in Dorman, M2004).  

At that time many experimental results on CR time variations were obtained, 
but they were very considerably affected by meteorological effects and by meson-
nuclear cascade in the atmosphere. Therefore it was not possible to make reasonable 
transformation from observed CR time variations in the atmosphere and 
underground to the variations expected in space. To solve this problem, it became 
necessary to develop a full theory of cosmic ray meteorological effects and a special 
method of coupling functions between primary and secondary CR variations (this 
work was finished at the end of 1951 and was described in the IZMIRAN’s 
Instructions on CR Data Processing, see References to Chapter 1 of Dorman, 
M2004: Dorman, 1951a,b). Only from 1954 it becomes possible for our work on 
CR variations to appear in the open scientific literature, and from 1955 – to take 
part (by presentation of papers) in International Cosmic Ray Conferences. Mainly 
our results of that time were described in my first book (Dorman, M1957, which 
was translated very soon into English in the USA, thanks to the help of Professor 
John Simpson, at those time President of International CR Commission). Soon after 
this, in 1958, under the auspices of the International CR Commission the 
Committee of CR Meteorological Effects was organized, and I became its 
Chairman. Under the auspices of this Committee a special Instruction for CR Data 
Processing was developed which took into account corrections on meteorological 
effects. 

  

xxi 



xxii CONTENTS  

 

In 1957 I was invited to work on special problems in Magnetic Laboratory of the 
Academy of Sciences of USSR as a Head of Department of Magnetic 
Hydrodynamics. In few years this Laboratory was transfered into the I.V. 
Kurchatov Institute of Atomic Energy, and I continued to work in this Institute up 
to 1965. In parallel I also worked at Moscow State University as Professor in the 
CR and Space Research Team. I also gave lectures in Irkutsk, Alma-Ata, Nalchik, 
Tbilisi, Erevan, Samarkand, and others places. Over about 40 years of teaching 
under my supervision more than hundred graduate students and scientists in USSR 
and some other countries gained their Ph.D. and several tenths became Doctors of 
Science. As my hobby I continued to work in CR research, and as Vice-President of 
All-Union Section of Cosmic Rays and Radiation Belts, took an active part in 
preparing the Soviet net of CR stations to the IGY (International Geophysical Year, 
1957-1958): we equipped all soviet stations in USSR and in Antarctica with 
standard cubic and semi-cubic muon telescopes and with neutron monitors of IGY 
(or Simpson’s) type. In connection with preparing for the IQSY (the International 
Quiet Sun Year, 1964-1965), the soviet net of CR stations was extended about two 
fold and they were equipped with neutron super-monitors of IQSY type (with an 
effective surface about 10 times bigger than the previous monitor of IGY type). 

In 1965 I returned to IZMIRAN, and founded the Cosmic Ray Department 
(thanks to help of Professor N.V. Pushkov and Academicians M.D. 
Millionshchikov, L.A. Artsymovich, and V.I. Veksler). For the next 30 years, I was 
a Head of this Department, which became the center in the Soviet Union of 
scientific CR research in geophysical and astrophysical aspects. Our Department 
supported the work of all Soviet CR stations in the USSR and undertook the entire 
work of Soviet CR stations in Antarctica. We organized many CR expeditions 
inside USSR and in the Arctic Ocean, as well as in Pacific, Atlantic, Indian, and 
Southern Oceans on the ships “Academician Kurchatov”, “Kislovodsk” and others 
(expeditions were equipped with a neutron super-monitor of IQSY type, with a 
multi-directional muon telescope, with radio-balloon CR measurements in the 
troposphere and stratosphere). Much very important data were obtained about 
coupling functions, integral multiplicities, and on the planetary distribution of cutoff 
rigidities. 

From 1955 I took part in all International Cosmic Ray Conferences by 
presenting of original papers, as well as Invited Papers (in 1959 and 1965), 
Rapporteur Papers (in 1969 and 1987), Highlight Paper (in 1999), but I was able to 
go abroad only in 1966-1969 (thanks to N.V. Pushkov and M.D. Millionshchikov) 
and then from 1988, after “perestroika”. The first country I traveled to was Bulgaria 
(the International School on Space Physics), then Yugoslavia (the International 
Symposium on Solar-Terrestrial Relations) in 1966. In 1967-1968 I headed the CR 
expedition to South America on the ship “Kislovodsk”, went to Czechoslovakia in 
1968, and to the International CR Conference in Budapest in 1969. Then up to 1988 
I had no permission to go abroad. After ‘perestroika’, thanks to invitations: from K. 
Nagashima I went to Japan, from C.J. Cesarsky to France, from A.W. Wolfendale 
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and J.J. Quenby to England, from K. Otaola and J.F. Valdes-Galicia to Mexico, 
from D. Venkatesan to Canada, from J.A. Simpson and H. Ahluwalia to USA, from 
W.I. Axford and H.J. Völk to Germany, from A. Bishara to Egypt, from L.O’C. 
Drury to Ireland, from N. Iucci, G. Villoresi, and M. Parisi to Italy, from P.J. 
Tanskanen to Finland, from M. Duldig to Australia.  

In October of 1989 in Paris I met for the first time with my eldest brother 
Abraham Argov. In 1925 with our great grand parents Globman (from the mother 
side) he went from Ukraine to Palestine, were in those time been Akiva, Pinhas, and 
Shlomo Globman (Govrin after 1948), three youngest brothers of my mother (they 
came to Palestine at the beginning of 1920-th). In Palestine Abraham took active 
part in the foundation and governing of the prominent kibbutz Beit-Hashita in the 
Yizreel Valley. As an officer, he took part in the War of Independence in 1948 
(when his family name was changed to Hebrew, Argov). Abraham, together with 
my cousin Michal Govrin-Brezis, organized my first visit to Israel in 1990 and 
arranged my meeting with Prof. Yuval Ne'eman. Ne'eman, who soon became the 
Minister of Science, played an important role in the formation of the Israel Cosmic 
Ray and Space Weather Centre and the Emilio Segre' Observatory. In 1991 I was 
invited by Prof. Yuval Ne'eman, as Minister of Science, to visit Israel with family 
for one year (the Institute of Advance Study at Tel Aviv University) to give lectures 
and organize a Cosmic Ray Research Center. Step by step, thanks to great help of 
Prof. Yuval Ne’eman, Dr. Abraham Sternlieb, Mr. Aby Har-Even, Major of Qazrin 
Sami Bar Lev, and of three Italian colleagues, Prof. Nunzio Iucci, Dr. Giorgio 
Villoresi, and Prof. Mario Parisi, there was founded the Israel Cosmic Ray & Space 
Weather Center with the Israeli-Italian Emilio Segre’ Observatory on Mt. Hermon 
(now 2055 m above sea level, cut-off rigidity 10.8 GV; see description in Dorman, 
M2004, Section 4.8), and I became a Head of this Center and Observatory (up to 
present I continue also to work as a volunteer in IZMIRAN as Chief Scientist of the 
Cosmic Ray Department, which has been headed since 1995 by my former student, 
Dr. Victor G. Yanke). 

About four years ago I was invited by Dr. Harry Bloom to prepare monographs 
on geophysical and space aspects of CR research and possible applications of them. 
The monograph Cosmic Rays in the Earth's Atmosphere and Underground was 
published in 2004. Now is ready the monograph Cosmic Ray Interactions, 
Propagation and Acceleration in Space Plasmas, and the next Cosmic Rays in the 
Magnetospheres of the Earth and other Planets will be ready after about one year. 

With the problems of CR interactions, propagation and acceleration (or 
deceleration) in space plasmas I meet at the first time at the beginning of 1950-th 
when considered the nature of solar and galactic CR variations in the interplanetary 
space (great solar flare events, 11-year CR variations connected with solar activity 
cycle, Forbush decreases of CR intensity caused by geomagnetic storms, CR solar 
diurnal and semi-diurnal variations caused by CR anisotropy and the Earth's 
rotation, 27-day variations caused by the sun rotation, and so on). These problems 
became especially actually when we start to understand the nature of giant solar CR 
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event at February 23, 1956: how particles were accelerated for very short time up to 
energies more than 10 GeV in conditions of solar chromosphere and corona; how 
these energetic particles propagate in the interplanetary space; why at the beginning 
of event was observed a big anisotropy, but after 20-30 minutes the distribution of 
solar CR became about isotropic? Many scientists tried to give answers on these 
questions.  

The next great CR event was magnetic storm at 29 August 1957, when we at the 
first time observed CR particle acceleration by the interplanetary shock wave, so 
called pre-increase effect (this shock wave caused also geomagnetic storm and 
Forbush decrease in CR intensity). Investigation of the pre-increase effect 
stimulated developing of the drift mechanism of charged particle acceleration at 
single interaction with the shock wave. After about 20 years this mechanism was 
extended by taken into account scattering and multi-interaction of accelerated 
particles with shock wave (so called diffusion or regular mechanism of particle 
acceleration by shock waves). 

The detailed Contents gave information on the problems considered and 
discussed in the monograph. The Chapter 1 shortly describes main properties of 
space plasmas and main properties of primary CR, considered in details different 
types of CR interactions: with space plasmas matter with generation many 
secondary particles, ionization and other energy looses, interactions with photons 
and electromagnetic radiation, interactions with frozen in space plasmas stationary 
and moving magnetic fields of different configurations (including magnetic traps). 
In this Chapter we consider also the interaction of extremely high energy CR with 
relict 2.7° K and extremely high energy gamma-rays with magnetic fields of the 
Sun and planets. We consider here also gamma-ray generation in solar and stellar 
winds by interactions of galactic and flare energetic particle with space plasma 
matter. 

In Chapter 2 we consider the problem of CR propagation in space plasmas 
describing by kinetic equation and different types of diffusion approximation. 
Especially are considered the kinetics of CR in a large scale magnetic fields, 
diffusion in the momentum space and in pitch-angle space, anisotropic diffusion. In 
details are considered balance of CR energy in multiple scattering in expanding 
magnetic fields, anomaly CR diffusion and mean free path in the Alfven wave 
heated space plasma, bulk speeds of CR resonant with parallel plasma waves, the 
CR cross-field diffusion in the presence of highly perturbed magnetic fields, 
dispersion relations for CR particle diffusive propagation and path integral solution 
to the stochastic differential equation of the Markov process for CR transport, the 
compound diffusion, the influence of magnetic clouds on the CR propagation, non-
diffusive CR particle pulse transport, and so on. 

Chapter 3 devoted to CR non-linear effects in space plasma caused by CR 
pressure CR kinetic stream instabilities. These effects are important in our Galaxy 
and other galaxies (galactic wind driven by CR and influence on CR propagation, 
chemical composition and energy spectrum formation), in the Heliosphere 
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(dynamics effects of galactic CR pressure on solar wind propagation, on the 
formation of terminal shock wave and the boundary of the Heliosphere, Alfven 
turbulence generation by kinetic stream instability of non isotropic CR fluxes and 
its influence on CR propagation and modulation), in CR and gamma-ray sources 
(influence of CR pressure and CR stream instability of escaping energetic particles 
on acceleration efficiency and formation of energy spectrum and chemical 
composition of escaping particles, influence of nonlinear effects on gamma-ray 
emissivity distribution), in the processes of CR acceleration by shock waves and in 
other acceleration processes (inverse influence of pressure and stream instability of 
accelerated particles on the structure and propagation of shock waves, on processes 
of reconnection, on formation of accelerated particles energy spectrum and 
chemical composition). 

In Chapter 4 we consider different processes of CR acceleration in space 
plasma. In the first, we show that the particles acceleration in space plasma is an 
universal phenomenon in the Universe, realized in about all astrophysical objects. 
In details are considered the Fermi statistical mechanism of particle acceleration 
and its developing, formation of particle energy spectrum during statistical 
acceleration by taking into account the dependence of main parameters of 
mechanism (transport path, velocities of scatterers, escaping parameters) with 
increasing of particle energy, determining of injection energy and the portion of the 
accelerated particles in the statistical mechanism. Especially are considered 
statistical acceleration in the turbulent plasma and by electromagnetic radiation, by 
the Alfven mechanism of magnetic pumping, and so on. Critically are considered 
possibility of induction acceleration mechanisms. We consider mechanisms of 
particle acceleration by shock waves and other moving magneto-hydrodynamic 
discontinuities during single interaction, particle acceleration in case of magnetic 
collapse and compression, the cumulative acceleration mechanism near the zero 
lines of magnetic field, particle acceleration in shear flows of space plasma, and 
additional regular particle acceleration in space plasma with two types of scatters 
moving with different velocities. In details we consider also quickly developed in 
the last 30 years mechanisms of shock-wave diffusion (regular) acceleration 
without and with accounting non-linear processes, particle acceleration by 
relativistic shock waves and by the electrostatic shock waves.  

At the beginning of monograph, there is Frequently used Abbreviations and 
Notations. At the end of book, in the Conclusion and Problems we summarize 
main results and consider some unsolved key problems, important for development 
of the considered branch of CR Astrophysics and Geophysics. In the References 
there are separately references for Monographs and Books as well as for each 
Chapter. For the convenience of the reader, at the end of book we also put Object 
Index and Author Index.  

We shall be grateful for any comments, suggestions, preprints and reprints 
which can be useful in our future research, and can make the next Edition of the 
book better and clearer; they may be sent directly to me by e-mail 
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(lid@physics.technion.ac.il), by fax [+972] 4 696 4952, and by surface or air-mail 
to the address: Prof. Lev I. Dorman, Head of ICR&SWC and ESO, P.O. Box 2217, 
Qazrin 12900, ISRAEL.  
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Chapter 1  
Cosmic Ray Interactions in Space 
Plasmas  
 
1.1. Main properties of space plasma 
 
1.1.1. Neutrality of space plasma and Debye radius  

Space plasma is mostly very highly ionized gas where the main interactions 
between particles are Colon interactions. One of the main characteristics of space 
plasma (as in any plasma) is the value of the Debye radius:   
 

( ) ( ) 21212 9.64 NTNekTrD ≈= π  cm,                            (1.1.1) 
 
where the temperature of plasma T is in °K, and concentration of plasma particles N 
is in 3cm− . It is important that the Debye radius for space plasma be much smaller 
than the dimension of the system. For example, in solar wind near the Earth’s orbit 
( 35 cm1,10 −≥≤ NKT ) we obtain cm102 3×≤Dr ; in the solar corona 

cm10≤Dr ; in the interstellar space cm103≤Dr . In all space processes with 
characteristic dimensions bigger than Dr  plasma must be considered as neutral: in 
any volume bigger than Dr  the number of negative particles (mostly electrons) and 
positive particles (mostly ions) is equal. 
 
1.1.2. Conductivity and magnetic viscosity of space plasma 

Space plasma is mainly fully ionized hydrogen. In this case, the conductivity σ 
and magnetic viscosity mν  are determined only by the plasma temperature: 
 

237102 T×=σ ,                                          (1.1.2) 
 

23122 1044 −×== Tcm πσν .                             (1.1.3) 
 
1.1.3. The time of magnetic fields dissipation; frozen magnetic fields 

The time (in sec) of ohm’s dissipation of a magnetic field characterized by the 
dimension L will be 
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232132 105.2 TLLt mm
−×== ν .                               (1.1.4) 

 
This gives: for magnetic inhomogeneities in the interplanetary space 
( 95 10,10 ≥≈ LKT cm) 512 102sec107 ×≈×≥mt years; for processes near solar 

spots ( cm103,106 93 ×≈×≈ LKT ) 412 103sec10 ×≈≈mt years; for processes in 

interstellar space ( cmLKT 153 10,10 ≥≈ ) 1220 103sec10 ×≈≥mt years; in 

supernova remnants ( cmLKT 124 10,10 ≥≥ ) 1017 10sec103 ≈×≥mt years. These 
times are several orders bigger than characteristic times of processes in 
corresponding space conditions, and in some cases are bigger than the age of 
Universe. It means that magnetic fields in space plasmas can be considered as 
frozen in plasmas and moving together with moving matter. 
 
1.1.4. Transport path of ions in space plasma and dissipative processes 

Space plasma can be mainly considered as un-collisions. In actuality the 
transport path of ions iΛ  (in cm) in the fully ionized hydrogen plasma is 
 

124102 −×=Λ NTi .                                          (1.1.5) 
 
According to Eq. 1.1.5 we obtain for space plasma a very long transport path for 
collisions: for example, in solar wind ( 35 cm10,10 −≤≈ NKT ) cm102 13×≥Λi . 
It means that with all dissipative processes caused by plasma, particle collisions can 
be neglected. 
 
1.1.5. Space plasma as excited magneto-turbulent plasma 

Space plasma, as a rule, can be considered as highly excited magneto-turbulent 
plasma with intensive macroscopic, collective movements. Sources of space plasma 
excitation are the following: thermal convection leads to the generation of magnetic 
fields and their floating to the Sun’s surface as sunspots (on the Sun); great 
discharging processes in solar flares; flowing of the inhomogeneous solar wind 
with frozen in magnetic field around the Earth’s magnetic field and formation of 
the Earth’s magnetosphere with radiation belts and very exiting plasma; explosions 
of Novae and Supernovae stars in our Galaxy; explosions of galactic nucleuses and 
collisions of galaxies in the Universe, etc..  

Large scale movements in space plasma generate in plasma currents and 
electro-magnetic fields that lead finally to charged particle acceleration.  
 
1.1.6. Main channels of energy transformation in space plasma 

According to Syrovatsky (1968) the first main channel of the space plasma 
kinetic energy transformation is generation and amplification of a magnetic field up 
to the equilibrium value H determined by the relation 
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28 22 uH ρπ ≈ ,                                           (1.1.6) 
 

where ρ is the plasma density, and u represents the characteristic velocities of 
macroscopic movements. Then the movements of magnetic fields frozen in space 
plasma lead to the generation of electric fields, and by them the generation of non-
thermal particles, which give electromagnetic radiation, thermal heating of plasma 
and runaway accelerated particles (internal CR). Let us note that in fact the 
situation is much more complicated, because usually there are also external CR 
which together with internal CR influence space plasma through the non-linear 
processes: CR pressure and (in the case of existing of CR anisotropy) kinetic stream 
instability effects. The channels of energy transformation in space plasma, 
according to Syrovatsky (1968), taking into account non-linear CR processes 
(Section 1.7, and in more details Chapter 3) are shown in Fig. 1.1.1.  
 

 
 
Fig. 1.1.1. Main channels of energy transformation in space plasma according to Syrovatsky 
(1968), expanded and taking into account non-linear CR processes (described in detail 
below in Chapter 3). 
 
1.1.7. Particle acceleration in space plasma and the second fundamental 
law of thermodynamics 

The phenomenon of particle acceleration in space plasma is, at first sight, in 
sharp contradiction with the second fundamental law of thermodynamics. Namely, 
by particle acceleration processes plasma transforms, one would think, into an 
evidently non-equilibrium state: thermal plasma + very small number of accelerated 
particles with energy density of the same order or much higher than energy density 
of the thermal plasma. However, as was emphasized by Syrovatsky (1968), there is 
no contradiction. The matter is that the particle acceleration proceeds during a time 
that is much smaller than the time of thermal relaxation of space plasma. In fact, the 
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system of space plasma is very far from the state of thermodynamically 
equilibrium. As it was shown in Dorman (M2004, Section 1.1.2), for space plasma 
it is statistically advantageous to have particle distribution with a raising ‘tile’ in the 
high energy range. So the acceleration processes transform the space plasma into a 
more advantageous state (i.e., in full agreement with the second fundamental law of 
thermodynamics), into a state of bigger entropy.  
 
1.2. Main properties and origin of CR  
 
1.2.1. Internal and external CR of different origin 

As was considered in Dorman (M2004, Section 1.1.1), it is natural to define CR 
as particles and photons with energies at least several orders of magnitude higher 
than the average energy of thermal particles of background plasma. There are 
internal CR, generated inside the background plasma of some object, and external 
CR, generated in other objects and propagated into the object considered. For 
example, metagalactic (or extragalactic) CR of very high energy (up to eV1021 ), 
are generated in radio galaxies, quasars and other powerful objects in the Universe, 
and come through intergalactic space to our Galaxy, to the Heliosphere, and into 
the Earth’s atmosphere. Therefore they are internal CR relative to the Metagalaxy 
and external CR relative to the Galaxy. Galactic CR with energy at least up to 

eV1010 1615 ÷ , generated mainly in supernova explosions and supernova remnants, 
in magnetospheres of pulsars and double stars, by shock waves in the interstellar 
space and other objects in the Galaxy, are internal relative to the Galaxy and 
external for Heliosphere and the Earth’s magnetosphere. Solar CR with energy up 
to GeV3015 ÷ , generated in the solar corona in periods of powerful solar flares, are 
internal for the Sun’s corona and external for interplanetary space and the Earth’s 
magnetosphere. Interplanetary CR with energy up to MeV10010 ÷ , generated by 
terminal shock wave on the boundary of the Heliosphere and by powerful 
interplanetary shock waves, are internal for the Heliosphere and external for the 
Earth’s magnetosphere. Magnetospheric (or planetary) CR with energy up to 10 
MeV for Jupiter and Saturn, and up to 0.030 MeV for the Earth, generated inside 
the magnetospheres of rotated magnetic planets, are internal in magnetospheres of 
planets and external in the interplanetary space. 
 
1.2.2. On the main properties of primary and secondary CR 

The main properties of primary CR, according to measurements by balloons in 
the upper atmosphere and by satellites outside the atmosphere and magnetosphere 
(protons and nuclei with different charge Ze, electrons and positrons, anti-protons 
and gamma rays) were considered in detail in Dorman (M2004, Section 1.4). Below 
in Sections 1.2.3−1.2.13 we will consider shortly main properties of observed 
energy spectrum, anisotropy, transport paths, and chemical composition of galactic 
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CR and show that they are in close relationships caused by peculiarities of CR 
interactions and propagation in space plasmas which will be considered in the 
remaining part of Chapter 1 and in Chapter 2.  

Properties of secondary CR (neutrons, protons, pions, muons, electrons, 
positrons, gamma rays, neutrinos, etc.) generated in nuclear meson and 
electromagnetic cascades in the Earth’s atmosphere as a result of interactions of 
primary CR with the nucleus of atmospheric atoms (and for neutrinos also as 
generated in the solar interior) were considered in detail in Chapter 2 of the book 
Dorman (M2004). Below, in Section 1.3 we will consider CR interactions with the 
matter of space plasma, nuclear reactions, fragmentations, and generation of 
secondary elementary particles and daughter nuclei in the space plasma.  

 
1.2.3. Five intervals in the observed CR energy spectrum 

According to Dorman (1977a,b,c), the observed CR spectrum near the Earth’s 
orbit can be broken into five intervals (see Fig. 1.2.l): 1 − kinetic energy interval 

eV103eV10 1521 ×≥≥ kE , 2 − eV103eV103 1115 ×≥≥× kE , 3 − kE≥× eV103 11  
nucleonMeV30≥ , 4 − nucleonMeV1nucleonMeV30 ≥≥ kE , 5 − ≤kE  1 

MeV/nucleon. Such a division in Fig. 1.2.1 is based on some physical 
considerations and observation data.  

 

 
 
Fig. 1.2.1. The observed CR spectrum broken into five energy ranges. The shaded area 
shows the region subjected to solar modulation. According to Dorman (1977a). 

 
The upper boundary of interval 1 should be determined by CR interactions with 

the 2.7 °K relict microwave radiation in case of meta-galactic origin of the highest 
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energy CR; the numerous available EAS experimental data are indicative of the 
existence of the particles with energies more than 1020 eV in the primary CR, but 
not more than 1021 − 1022 eV.  

The boundary between intervals 1 and 2 is characterized by the jump change in 
the power exponent of the CR differential spectrum from 3.2−3.5 to 2.7 from 
interval 1 to interval 2 (this fact was first established on the basis of EAS 
measurements (e.g., Khristiansen, M1974). 

The boundary between intervals 2 and 3 has particular meaning in the case of 
observations inside the solar system and corresponds to the upper energy boundary 
of CR modulation in the interplanetary space established on the basis of the data of 
many years of underground and ground based observations (Bishara and Dorman, 
1973a,b,c, 1974a,b, 1975). 

The chemical and isotopic composition and the regularities of the CR 
modulation by solar wind in the energy range 3 have been sufficiently studied and it 
is undoubted that interval 3 is completely of galactic origin. 

The boundary between intervals 3 and 4 corresponds to the minimum of the CR 
spectrum in kinetic energy/nucleon and is probably somewhat variable with solar 
activity. This boundary separates the energy range of explicitly galactic origin 
(interval 3) from range 4 whose origin is being extensively discussed and has not 
become clear as yet. The problem of CR origin for interval 4 is discussed in detail 
in Dorman (1974, 1977d,e) where the following possible alternatives are treated: 
the solar (generated in solar flare acceleration processes and trapped for some time 
in the solar corona and in the Heliosphere), anomalous CR formed by ionization of 
interstellar atoms penetrating into interplanetary space and then accelerated in the 
vicinity of terminal shock wave, and galactic origin (small energy galactic CR so 
called sub-CR, penetrating from interstellar space into Heliosphere along the 
magnetic channels). 

The boundary between energy ranges 4 and 5 is somewhat artificial, though it 
was assumed in Dorman (1977a) to be about 1 MeV/ nucleon. As the solar activity 
changes, this boundary may shift to both sides and the displacement may be from 
several tenths of an MeV/nucleon to several MeV/nucleon. The physical meaning of 
this boundary is that interval 5 is markedly different in the chemical composition, 
form of energy spectrum, and mode of temporal variations from interval 4. This fact 
is undoubtedly indicative of the different origin of CR in intervals 4 and 5. It is not 
excluded that the relative importance of various sources of interval 5 (low energy 
CR generation in solar corona in connection with chromospheric flares and during 
the quiet Sun; acceleration by the interplanetary shock waves and other 
disturbances in solar wind; generation and escaping from magnetospheres of 
rotating planets with a large magnetic field such as Jupiter, Saturn, and even the 
Earth; low energy particle generation in the transient layer between the solar wind 
and galactic magnetic field) varies markedly in time thereby resulting in the shift of 
the boundary between intervals 4 and 5.  
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The lower boundary of interval 5 extends, according to numerous works up to 
energies of ~ 0.01 MeV/nucleon and, perhaps, even lower, essentially coinciding 
with the upper energy boundary of the solar wind particles (let us note that these 
very low energy CR particles may have their origin from acceleration of 
background plasma particles in planetary magnetospheres and in the interplanetary 
space). Thus the observed CR spectrum is extended from ~ 104 eV/nucleon to ~ 
1021 eV (since the super-high energy particles are exclusively detected with EAS 
arrays, only the total energy can be determined), within ~ 17 orders.  
 
1.2.4. Main CR properties and origin of CR in the interval 1  

In various years, and up to recently, many researchers were of the opinion that 
the CR particles in the super-high energy interval 1 ( eV103eV10 1521 ×≥≥ kE  
according to the classification in Section 1.2.3) were mainly of metagalactic origin 
(Cocconi, 1960; Oda, 1961; Fichtel, 1963; Laster, 1964; Johnson, 1970; Berezinsky 
et al., 1974; Hillas, 1975; Colgate, 1975a). This hypothesis was critically analyzed 
by Ginzburg and Syrovatsky (M1963). The following arguments favoring the 
metagalactic origin of the interval 1 (or its highest energy side) were considered: (i) 
the absence of the known sources of such high energies (up to aboutҏ1021 eV) in the 
Galaxy, (ii) the serious difficulties associated with the retention of the particles of 
very high energies in the Galaxy. The discovery and the study of the pulsars, 
however, have made it possible to suggest highly probable mechanisms of particle 
acceleration in the Galaxy up to ~ 1020 eV (Ginzburg, 1969; Gunn and Ostriker, 
1969; Silvestro, 1969; Colgate, 1975b,c). In particular, it was argued in Silvestro 
(1969) that the pulsars were capable of accelerating also the very heavy nuclei up to 
super-high energies. It is not excluded, either, that the particles of such high 
energies are generated in powerful processes taking place in the vicinities of the 
galactic center (Dorman, 1969). A serious argument favoring the galactic origin of 
the super-high energy CR is the absence of the spectrum cut-off at the high-energy 
side up to ∼ 1020 eV. Such cut-off should necessarily take place in the case of 
metagalactic (or extragalactic) origin owed to interactions with the 2.7 °K relict 
microwave radiation (Zatsepin and Kuzmin, 1966; Greisen, 1966; Hillas, 1968; 
Prilutsky and Rozental, 1969). Ginzburg (1968) presents a number of additional 
arguments against the hypothesis of the metagalactic origin of main part of 
observed CR, and Syrovatsky (1971) argues that the CR up to the highest 
observable energies may be of galactic origin.  
 
1.2.5. The anisotropy in energy intervals 1 and 2  

The anisotropy and mode of propagation in the Galaxy of super-high energy 
CR are of special interest in connection with the examined problem of their origin. 
The published data of the measurements of 84 largest size of EAS with four EAS 
arrays at Sydney, Volcano Ranch, Haverah Park, and Yakutsk have been used by 
Hillas and Ouldridge (1975) to study the distribution of the arrival of the ≥ 
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19102 × eV CR particles to the Earth. The search for sidereal anisotropy on the basis 
of the above data has given a value of ∼ 60% for the amplitudes of the first and 
second harmonics. The possibility was analyzed in Hillas and Ouldridge (1975) that 
the obtained results were owed to the particles’ arrival from the galactic clusters or 
super-clusters. The estimates of Hillas and Ouldridge (1975), show however, that, if 
the galactic super-clusters contain from 3105×  to 410  galaxies of the type of our 
Galaxy, the flux of the super-high energy particles expected from such super-
clusters proves to be at least 400 times as small as the flux observed on the basis of 
EAS measurements. The data of measurements in the lower energy range also 
analyzed in Hillas and Ouldridge (1975) show that the amplitude of the sidereal 
anisotropy (see Fig. 1.2.2) in the eV10eV103 1115 ≥≥× kE  energy range (interval 2 
according to the classification given in Section 1.2.3) varies very little with energy 
and remains constant (~ 0.1%) with the peak near 19h of sidereal time, which 
corresponds to an inconsiderable flux of CR along the force lines of the galactic 
spiral field.  

 

 
 
Fig. 1.2.2. The amplitude of the sidereal CR anisotropy sidA  as a function of energy kE  in 

the range eV1010 2014 −  (the points with the vertical bars denoting the measurement 
errors). The solid line shows the dependence of sidA  from kE  according to Eq. 1.2.1 and 

the dependence ( )kk EDE 5.2−  by taking into account of Eq. 1.2.2.  
 
The data of the various observations displayed in Fig. l.2.2 show that the best 

agreement with the experimental data can be obtained on the assumption that the 
amplitude of the sidereal anisotropy sidA  in the energy range 

eV10eV103 1115 ≥≥× kE  is not constant but increases approximately as 
2.0

sid kEA ∝ . This corresponds to an increase of sidA  approximately an order (from 
∼ 0.02% to ∼ 0.2%) as energy increases from 1011 eV to 15103× eV. Such regularity 
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in the variations of sidA  agrees with the mode of variations of the content of the 
daughter nuclei depending on the particle energies in the 109 ÷1011 eV (see below, 
Section 1.2.6). The time of the maximum is shifted with increasing the particle 
energies to 13h of sidereal time, which corresponds to the appearance of the drift 
flux of CR with energies ≥ 15103× eV from the Galaxy across the magnetic force 
lines. In this case the anisotropy amplitude increases rather rapidly with energy and 
reaches several tens of percent at 1019÷1020 eV. The results on the anisotropy 
discussed may be approximated by the expression 
 

( )
( )

( )⎪
⎪
⎩

⎪⎪
⎨

⎧

≤≤×××

×≤≤××
≈

eV,10eV103if%,eV1032.0

eV,103eV10if%,eV1032.0

20156.015

15112.015

sid

kk

kk

k

EE

EE
EA           (1.2.1) 

 

which gives sidA  ≈ 0.03% at eV103 11×=kE ; sidA  ≈ 0.2% at eV103 15×=kE  

and sidA  ≈ 35% at eV102 19×≈kE .   
 
1.2.6. Relationships between the observed CR spectrum, the anisotropy, the 
relative content of the daughter nuclei, and the transport scattering path  

It can be easily shown (see in Ginzburg and Syrovatsky, M1963; Dorman, 
1969) that any diffusion model of CR propagation in the Galaxy involves a certain 
relationship between the observed CR spectrum ( )kED  and the total spectrum of 
generation in all sources ( ),kEF the mean penetrable amount of the interstellar 
matter ( )kEX  (determining the relative content of the daughter nuclei of the type 
of Li, Be, B and some secondary isotopes which are explicitly absent from the 
sources), the anisotropy amplitude ( )kEAsid , and the transport scattering path in the 
Galaxy ( )kEGΛ :    
 

( ) ( ) ( )kkk EEFED 1
G
−Λ∝ ,                                      (1.2.2) 

 

( ) ( )kk EEX 1
G
−Λ∝ ,                                          (1.2.3) 

 
( ) ( )kk EEA Glocsid Λ∝ ,                                      (1.2.4) 

 
where ( )kEGΛ  is the transport path averaged over the entire region of particle 
propagation; ( )kEGlocΛ  is the local transport path in the region of the measurements 
of the anisotropy. It follows from the comparison between Eq. 1.2.1 and Eq. 1.2.4, 
that 
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kk
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EE

EE
E                       (1.2.5) 

 
It should be expected that, although ( )kEGΛ  and ( )kEGlocΛ  may be qualitatively 
different, the mode of their dependence on kE  is most probably the same. Then it 
follows from Eq. 1.2.2) that if the total spectrum of CR generation ( ) 5.2−∝ kk EEF  
the observed spectrum ( ) 7.2−∝ kk EED  in the interval eV103eV10 1511 ×≤≤ kE , and 

( ) 1.3−∝ kk EED  in the interval eV10eV103 2015 ≤≤× kE . Thus the data presented 
above on the anisotropy are in agreement with the assumption of the unified 
spectrum of CR generation in the Galaxy of the form ( ) 5.2−∝ kk EEF  (the solid curve 
in Fig. l.2.2) in the entire energy range of eV10eV10 2011 ≤≤ kE . This result is 
definitely indicative of the galactic origin of CR up to ∼ eV1020 . In this case, 
according to the estimates of Hillas and Ouldridge (1975), if the CR of such high 
energies are protons or not too heavy nuclei, it is necessary for them to be retained 
and that the galactic magnetic field GH  of ∼ Gs102 6−×  intensity would extend to 
the distances of at least 1 kps on either side of the galactic plane (this conclusion 
agrees with the measurements by Davies et al. (1974) of the Faraday rotation of the 
pulsar radiation, according to which ( ) Gs104.02.2 6

G
−×±=H  on the average in the 

said region). It should be noted that if ( )kEGΛ  is described by the dependence of 
the type Eq. 1.2.5, the following important conclusion may be drawn from Eq. 
1.2.3: the penetrable amount of interstellar medium ( )kEX  at eV103 15×≈kE  
should be an order smaller than that at eV1011≈kE . Such mode of variations in 

( )kEX  depending on kE  is confirmed by the data of the direct measurements of the 
chemical composition of the CR in the energy range eV103 11×≤kE  (where it was 
found that 2.0−∝ kEX ). Of course, it would be extremely important to verify 
whether such trend also takes place at higher energies (the available data on the 
chemical composition in the high- and super-high energy ranges are not reliable 
yet). Thus if Eq. 1.2.5 is valid this means that the relative portion of the daughter 
nuclei and secondary isotopes should rapidly decrease with increasing energy and 
already between intervals 1 and 2 the observed CR composition should be close to 
the composition of the accelerated particles in the sources.  
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1.2.7. Chemical composition in the 119 103nucleoneV10 ×≤≤ kE  
nucleoneV  range and the expected dependence of ( )kEGΛ  and ( )kEAsid  

on kE . 
According to numerous experimental data on the chemical composition of CR, 

the relative content of the daughter nuclei in the range 119 10310 ×≤≤ kE eV/nucleon 
decreases with increasing energy as .2.0−

kE  Therefore the penetrable amount of 
interstellar matter GX  will also similarly decrease with increasing .kE  Since, 

according to Eq. 1.2.3, 1
GG
−Λ∝X  then 2.0

G kE∝Λ in the above mentioned energy 
range. At the same time it follows from Eq. 1.2.4 that the sidereal anisotropy 
amplitude sidA  is (if other conditions being equal) GΛ∝ , whence 2.0

sid kEA ∝ , as 
the particle energy decreases, sidA  should also decrease and reach ∼ 0.01%, which 
agrees with the measurement data (Jacklin, 1965; Dorman et al., 1967, 1969). Let 
us note that in the above mentioned energy range the ground based measurements 
of the sidereal anisotropy are difficult owing to the additional scattering of particles 
and distortion of their trajectories in the Heliosphere which give rise to the problem 
of correct interpretation of the observation results. Therefore, the available data on 
the sidereal anisotropy in the low energy range should be treated as rough 
estimates.  
 
1.2.8. Chemical composition in the energy range ≤× nucleoneV103 7  

kE ≤ 910 eV/nucleon and the nature of the scattering elements in the 
Galaxy  

Since, the content of the daughter nuclei and secondary isotopes is practically 
invariants, as the particle energy decreases further down to the lower boundary of 
interval 3, it should be expected that constG ≈X  in the range 

nucleoneV10nucleoneV103 97 ≤≤× kE  and hence, according to Eq. 1.2.4 
constG ≈Λ  too. Therefore, from the analysis of Fig. 1.9.4−1.9.8 in Section 1.9.7, 

when the particle scattering in the Galaxy is determined by the inhomogeneities 
with field structure of various complexities, the smallest scale of the 
inhomogeneities should be at least smaller than oHR 300min . Since 

7
min 103×=kE eV/nucleon corresponds to 8

min 102×=R V, this gives 
11

1 103×≤λ cm at 6102 −×≈oH Gs (otherwise, as follows from Fig. 1.9.4−1.9.8 in 
Section 1.9.7 GΛ should abruptly increase with decreasing minkE , which would 
result in a pronounced decrease of the relative content of the daughter nuclei at very 
low energies).  



12 CHAPTER 1    

 

If, however, the particles are scattered in the Galaxy by the magnetic clouds 1λ  
may be many orders larger, since according to Fig. 1.9.1 from Section 1.9.3 in this 
case constG ≈Λ  with decreasing kE  (even though minkk EE << ). Of course, the real 
situation may be more complex, namely, the variations in λ may be accompanied 
not only by the variations in the parameters α and β characterizing the spectrum of 
the scattering elements, but also by a change of the relative importance of the 
scattering of particles of various energies by the magnetic clouds and the 
inhomogeneities of the form j = l, 2, 5 (see below in Section 1.9). 
 
1.2.9. The nature of the energy boundary between intervals 3 and 2  

According to the analysis of Bishara and Dorman (1973a,b,c, 1974a,b, 1975) 
carried out on the basis of many years underground measurements of the CR muon 
component, the energy boundary between intervals 3 and 2 (the upper energy 
boundary of CR modulation in the interplanetary space) is 150-300 GeV (this 
boundary varies markedly throughout the 11-year solar activity cycle). Let us note 
that the CR modulation in the Heliosphere is very significant in the energy range 
studied (the particle flux is modulated by a factor of from ~ 2−5 to several 
thousands). In accordance with the numerous theoretical and experimental data, 
however, the amplitude of the spectral modulation is determined only by the 
rigidity R and velocity v of the particles. Therefore the modulation amplitude for all 
particles with the same ratios A/Z and the same energy/nucleon (the same R and v) 
is also the same, i.e. CR relative chemical composition inside the Heliosphere will 
be the same as that in the interstellar space.  

At higher energies the modulation spectrum falls with increasing particle 
rigidity R as 2−R or even more rapidly, whereas at lower energies the spectrum 
modulation depth ( ) ( ) ( ).0.18.0 ÷−∝ RRDRD oδ  The upper energy boundary of the 
CR heliospheric modulation is owed to the magnetic inhomogeneities spectrum in 
interplanetary space being limited at the side of λ by certain 2λ , the largest scale of 
the inhomogeneities. According to Bishara and Dorman (1974b) the elements of the 
sector structure are most probably such largest scale of inhomogeneities. Therefore 
at a velocity of the solar wind ~ 400 km/sec, the complete revolution of a force line 
of the regular component of the interplanetary magnetic field (in the form of the 
Archimedes spiral) is in each about 6 A.U., for four sectors ≈2λ 1.5 A.U. whence 

the upper boundary ≈minkE 270 GeV at 5104 −×≈H Gs. When moving away 
from the Sun (at distances more than 6 A.U. from the Sun), 2λ  is almost invariant, 
but H decreases (approximately inversely to the distance r from the Sun) and, 
therefore, ( ) ( ) GeV270 1

max
−≈ ek rrrE , the size of the effective modulation region 

decreases with increasing the particle energy. According to Fig. 1.9.4−1.9.8 at j = l 
in Section 1.9.7 and Fig. 1.9.1 in Section 1.9.3, at maxkk EE ≥  the transport path in 
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interplanetary space 2
kE∝Λ , and since the modulation depth 1−Λ∝  at the 

ultrarelativistic energies it will be 2−∝ kE , which explains the results of Bishara and 
Dorman (1973a,b,c, 1974a,b, 1975).  

At maxkk EE <  the dependence of Λ on kE  is determined by the parameters 

21 λλ , α and β, and (as can be seen from Fig. 1.9.4−1.9.8 at j = l in Section 1.9.7 
and Fig. 1.9.1 in Section 1.9.3) the appropriate selection of these parameters may 
ensure that 8.0

kE∝Λ  in a broad energy range from maxkE  to ∼ 3 GeV.   
 
1.2.10. The mode of the dependence of Λ on particle rigidity R from solar 
modulation data of protons, electrons, and nuclei with various Z  

A vast amount of experimental material has been accumulated at present for the 
spectrum modulation and the radial gradient of protons, electrons, and various 
nuclei during a period of about one solar activity cycle (and during almost four 11-
year cycles for moderate energies from ground based observations). Analysis of 
these data on the basis of the modern theory of modulation including the diffusion, 
convection, and adiabatic cooling makes it possible to obtain fairly complete 
information on the mode of the dependence of Λ on R in the interplanetary space 
for a broad energy range. The results of the theoretical calculations (both analytical 
and numerical, see in Dorman, M1975a,b) for the spectrum modulation may be 
presented, as a first approximation, in the form  
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for the protons, electrons, and nuclei Z respectively. The parameter a in Eq. 1.2.6 is 
determined by the solar wind velocity, the size and geometry of the modulation 
region, whilst the particle velocities for CR particles are interrelated as 
 

( ) ( ) 212221214221 , ⎟
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⎞

⎜
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⎛ +=+= −− ZcAmRR

v
vcmRR

v
v

p
Z

e
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e .                 (1.2.7) 

 
Using the results of determination of the interstellar electron spectrum eoD  on the 
basis of the data on the nonthermal galactic radio emission, the interstellar spectra 
of protons and nuclei Z may be determined from Eq. 1.2.6 without knowing the 
modulation parameters: 
 

( ) ( ) Zepe vv
eeoZZo

vv
eeoppo DDDDDDDD obs,obs,obs,obs, , == ,    (1.2.8) 
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where pe vv  and Ze vv  are determined by the Eq. 1.2.8. The parameter Λa  may 
be determined from the comparison between the observed spectra on the basis of 
Eq. 1.2.6: 
 

( ) ( ) ( ) ( )( ) ( ) ( ) ( )( )RDRDRvRDRDRv
R

a
poppeoee obs,obs, lnln −=−=

Λ
.   (1.2.9) 

 
Such analysis was carried out in many works (see, for example, Dorman and 
Dorman, 1965, 1967; Earl, 1972; Cummings et al., 1973; Cechini et al., 1974; 
Lezniak and Webber, 1974). It was found by Lezniak and Webber (1974), in 
particular, that the coordination of numerous experiments can be achieved on the 
assumption that Λ should markedly increase with decreasing kE  (see Fig. l.2.3) in 
the low energy range ( kE < 100 MeV for electrons and kE < 10 MeV for protons). 
 

 
 
Fig. 1.2.3. The behavior of Λ as a function of rigidity and kinetic energy for galactic CR at 
low solar activity in 1965 and at high solar activity in 1969. According to Lezniak and 
Webber (1974).  
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Results shown in Fig. 1.2.3 are in accordance with Fig. 1.9.4-1.9.8 in Section 
1.9.7. This means that the main role in the low energy particle scattering in the 
interplanetary space should be played not by the magnetic clouds but by the 
inhomogeneities with the field structure of various complexities. The maximum 
size of the inhomogeneities may be estimated on the basis of comparison between 
Fig. 1.2.3 with Fig. 1.9.4-1.9.8 in Section 1.9.7. Since it follows from this 
comparison that 7

min 103×≈R  V in 1965 and 7
min 107 ×≈R  V in 1969, we obtain 

10
1 105.2 ×≈λ cm in 1965 and 10

1 106 ×≈λ cm in 1969 near the Earth orbit at 
5104 −×≈oH  Gs. 

 
1.2.11. The dependence of Λ on kE  from data of solar CR propagation  

The numerous data on the time dependence of the solar CR (see in Dorman and 
Miroshnichenko, M1968; Dorman, M1978; Miroshnichenko, M2001) show that the 
transport scattering path 0.18.0 ÷∝Λ kE  in the high energy range (≥ several hundreds 
of MeV), whereas the dependence of Λ on kE  approaches the form Λ ∼ const with 
decreasing energy. The Gorchakov et al. (1975) analysis of the observations of the 
time dependence of the flux and anisotropy of solar CR from some chromospheric 
flares has shown that in this case the protons exhibit a trend of the increase in Λ 
with decreasing kE  at kE ≤ 10÷30 MeV (see Fig. 1.2.4) in an agreement with Fig. 
1.2.3.  
 

 
 
Fig. 1.2.4. The behaviour of Λ as a function of kE  for solar CR from the flares of 
November 18, 1968, September 1, 1971 and September 7, 1973. According to Gorchakov et 
al. (1975).  
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Some qualitative difference in Λ between Fig. 1.2.3 and Fig. 1.2.4 is because Λ 
in the first case is the effective value for galactic CR averaged over the entire 
modulation region, whereas Λ for solar CR reflects the local conditions in a near-
Sun region of size of only several AU. 
 
1.2.12. The features of the solar modulation of the CR spectrum and the 
measurements of the radial gradient  

The numerous measurements of the radial CR gradient have given values 
several times smaller than those predicted by the modulation theory in terms of the 
spherically symmetrical model. This seems to place doubt on the correctness of the 
interpretation of the features of the solar modulation of the CR spectrum presented 
above. As was shown in Alania et al. (1977), however, the inclusion of the helio-
latitude dependence of the solar wind parameters completely eliminates this 
difficulty (the CR penetrate through the high helio-latitude region and leak 
convectively near the helio-equator resulting in a pronounced decrease of the radial 
gradient compared with the value expected in terms of the spherically symmetrical 
model, which agrees with the experimental data). In this case, according to Alania 
et al. (1977), the spectrum modulation mode proves to be practically the same as in 
the spherically-symmetrical model. 
 
1.2.13. The nature of the CR in energy intervals 3 - 5 

It follows from the above analysis that the data on the chemical and isotopic 
composition, the energy spectrum, and the solar modulation prove without any 
doubt the galactic origin of interval 3 (30 MeV÷300 GeV). The problem is, 
however, much more complicated for intervals 4 and 5 and requires a special and 
comprehensive analysis including the diversity of the data on the chemical 
composition, the solar modulation, the temporal variations at different energies, the 
data on CR generation on the Sun, Jupiter, and in interplanetary space, and the 
indirect data on the possible existence of such particles in interstellar space (see in 
Dorman, 1977a,b). However, the result obtained above that Λ increases rapidly 
with decreasing kE  is indicative of the possibility of penetration of the particles of 
such low energies from the Galaxy to the inside of the Heliosphere.   
 
1.3. Nuclear interactions of CR with space plasma matter 
 
1.3.1. Cross sections, paths for absorption, and life time of CR particles 
relative to nuclear interactions in space plasma  

Nuclear interactions of CR particles take place during processes of CR 
generation (in supernova remnants, stellar coronas, in the interstellar space and so 
on) and propagation in space plasma. These interactions lead to fragmentation of 
CR nuclei and absorption. Cross sections iσ  and transport paths iλ  for absorption 
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of different nuclei of CR in the interstellar plasma (93% of hydrogen and 7% of 
helium) according to Ginzburg and Syrovatsky (1966) is shown in Table 1.3.1.  
 
Table 1.3.1. Cross sections iσ  and transport paths iλ  for absorption of different nuclei of 
CR. 
 

CR nuclei 
Values p 

(Z = 1) 
α  

(Z = 2) 
L  

(3≤ Z ≤5) 
M 

(6≤ Z ≤9) 
H 

(Z ≥ 10) 
VH 

(Z ≥ 20) 
iσ , 

226 cm10−  
2.8 11.2 20.7 29.7 50.5 74.3 

iλ , 2cmg  72 18 9.8 8.0 6.0 2.7 
 

From these data can be very easy determined the time life iT  of CR particles 
relative to nuclear interactions in space plasma with density ρ: 

 
iii vT ρλ= ,                                        (1.3.1) 

 
where iv  is the velocity of CR particles of type i. 
 
1.3.2. CR fragmentation in space plasma 

Nuclear interactions of CR particles of type j with the matter of space plasma 
lead to their fragmentation and formation of nuclei of type i, where ji ≤  (we 
assume that i and j increase with increasing of Z). The contents in  of CR in space 
plasma will be determined by following equation: 

 

( ) ( )
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,rκ ,                     (1.3.2) 

 
where κ is the diffusion coefficient of CR in space plasma (determined by the 
distribution of magnetic fields in space), ( )tQi ,r  is the source function, iT  is the 
time life of CR particles relative to nuclear interactions (determined by Eq. 1.3.1), 

jiP  is the coefficient of fragmentation (i.e. average number of nuclei of type i 
formatted from one more heavy nuclei of type j ≥ i). The approximate values of jiP  

for α particles and groups of nuclei L, M, and H are shown in Table 1.3.2, and more 
detailed data for relativistic nuclei from Li to Fe in Table 1.3.3. 
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Table 1.3.2. Approximate values of jiP  for α particles and groups of nuclei L, M, and H. 
According to Fowler et al. (1957). 
 

Generated daughter nuclei Primary 
nuclei  
of CR H (Z ≥ 10) M (6 ≤ Z ≤ 9) L (3 ≤ Z ≤ 5) α (Z = 2) 

H (Z ≥ 10) 0.31±0.07 0.36±0.07 0.12±0.04 1.35±0.18 
M (6 ≤ Z ≤ 9)  0.11±0.02 0.28±0.04 1.22±0.11 
L (3 ≤ Z ≤ 5)   0.15±0.05 1.09±0.17 

α (Z = 2)    0.41±0.03 
 
Table 1.3.3. Values of jiP  for relativistic nuclei from Li to Fe. According to Verschuur 
(1979).  
 

Primary nuclei of CR Daugh- 
ter 
nuclei Li Be B C N O F Ne Na Mg Al Si P-

Cr Fe 

Li .16 .13 .16 .10 .08 .07 .07 .07 .07 .07 .06 .06 .07 .09 
Be  .05 .15 .07 .06 .05 .07 .09 .08 .07 .07 .07 .06 .05 
B   .08 .07 .06 .05 .10 .11 .09 .08 .07 .07 .05 .04 
C    .28 .16 .11 .12 .10 .09 .07 .05 .04 .03 .02 
N     .29 .17 .19 .13 .10 .08 .07 .06 .04 .02 
O      .29 .28 .21 .17 .15 .12 .10 .06 .03 
F       .00 .14 .10 .05 .04 .04 .02 .01 
Ne        .00 .23 .20 .16 .13 .08 .03 
Na         .00 .14 .10 .05 .03 .01 
Mg          .00 .23 .19 .11 .04 
Al           .00 .14 .07 .03 
Si            .00 .15 .07 
P-Cr             .30 .64 
Fe              .21 

 
As we mentioned above, the Eq. 1.3.2 is valid for diffusion propagation of CR in 
space plasma (see Chapter 2 in more detail). In another case, when the propagation 
of CR is along magnetic field lines from some stationary source and there are no 
other CR sources in space, the contents of CR on the matter depth s from the 
stationary source (in units )cmg 2  whilst taking into account fragmentation of 
nuclei will be determined by the following equation 
 

( ) ( ) ( )
j

j

ij
ji

i

ii sn
Psn

s
sn

λλ
∑=+

∂
∂

≥
,                                  (1.3.3) 

 
with the boundary condition 
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( ) iosi nsn ==0 ,                                           (1.3.4) 
 
where ion  is the CR contents at the exit from the source. 
 
1.3.3. Expected fluxes of secondary electrons, positrons, γ–quanta, and 
neutrinos  

The nuclear interactions of CR with the space plasma matter in sources and 
during CR propagation also produce unstable secondary particles (K mesons, oπ  
mesons, ±π  mesons, neutrons) whose decay eventually gives γ−quanta, electrons, 
and neutrinos. Since in this case the processes of generation and the kinematics of 
decay ( ,γγπ +→o  ,±±± →→ eµπ  −+→ epn , etc) are absolutely the same 
as those in the Earth’s atmosphere, it is possible to use the result of (Greisen, 1960) 
and write, as a first approximation, in accordance with (Ginzburg and Syrovatsky, 
M1963) that the secondary particle generation by, for example, galactic CR will 
give the fluxes (in 112 secstercm −−− ): 
 

( ) ,10 64.24 KXdEEdEEI −−≈                                (1.3.5)  
 
where K = 3.27 for γ−quanta, 3.05 for neutrinos, 1.11 for electrons. In Eq. 1.3.5 the 
energy of secondary particles and gamma rays E is measured in GeV; X is the 
thickness of matter in g/cm2 at the beam along the line of sight in the region filled 
with CR. In the Galaxy the > 1 GeV secondary particle fluxes prove to be 
inconsiderable; even the largest expected flux (from the galactic center at X ∼ 0.1 
g/cm2) is about 5102 −× 112 secstercm −−−  for γ−quanta and neutrinos. According to 
Eq. 1.3.1, the estimate of generation rate for secondary electrons with E ≥ 1 GeV in 
the halo (at a 210−≈ atom/cm3 concentration) gives an emissivity 
∼ 29102 −× electron.cm-3sec-1, the value two orders smaller than that required to 
explain the observed flux of synchrotron radiation and the galactic electron flux 
observed on the Earth (Ginzburg and Syrovatsky, M1963). It can be seen below, 
however, that the inclusion of secondary particle generation is sometimes absolutely 
necessary in the problems of the study of CR generation and propagation. A lot of 
calculations of expected fluxes of secondary electrons, positrons, γ-quanta and 
neutrinos in space and in the atmosphere (including comparison with experimental 
data) were made by Daniel and Stephens (1974), Orth and Buffington (1974), Ling 
(1975), Verma (1977a,b), Badhwar and Stephens (1977). 

In particular, Daniel and Stephens (1974) made calculations of the expected 
intensity of electrons, positrons and γ−quanta of various energies depending on the 
thickness of the atmosphere passed from 0 to 1000 g/cm2; the data on nucleus-
meson cascade of cosmic radiation in the Earth’s atmosphere and energy  
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transmission from the hadron component to the electron-photon component were 
included in the calculations. The differential energy spectra of secondary electrons, 
positrons, γ−quanta and their variation with a depth of the atmosphere obtained are 
of primary importance in determining the respective corrections to the 
measurements of the fluxes of these particles from space. To estimate the effect of 
geomagnetic latitude the calculations were carried out for several values of 
geomagnetic cutoff rigidity: 0; 2; 4.5; 10 and 17 GV. To include approximately a 
chemical composition of primary CR for the free path to absorption, the following 
values were fixed: 120; 52; 33; 33, 32, 29 and 20 g/cm2, respectively, for protons, 
α−particles, and nuclear groups L, M, H1, H2, H3. A comparison of calculated 
results with available experimental data made it possible to refine the general 
parameters of elementary acts, which are included in a theory. The results of 
calculations from (Daniel and Stephens, 1974) for space-energy distribution of 
electrons, positrons and γ−quanta in the Earth’s atmosphere are presented in the 
form of three-dimensional diagrams, shown in Dorman, M2004 (Fig. 2.11.1–2.11.6 
in Chapter 2).  

Orth and Buffington (1974) computed by the Monte-Carlo method a meson-
nucleus cascade of primary CR in the Earth's atmosphere and interstellar space at 
the depth ≤ 10 g/cm2; the expected fluxes and energy spectra of secondary electrons 
and positrons were found in the interval of energies 1÷100 GeV, arising as a result 
of the processes of decay of pions and muons: a development of subsequent 
electromagnetic cascades was also included. An approximate analytical expression 
was presented which makes it possible to determine easily the fluxes of secondary 
electrons and positrons with various energies, medium parameters and spectra of 
CR. The calculations were based on the following data: differential spectrum of 
primary protons of galactic CR depending on the proton energy pE  (in interstellar 

space: 111275.24 GeVsecsterm100.2 −−−−−× pE ; the spectrum at the boundary of the 
Earth's atmosphere, including solar modulation, was taken in the form 

111255.23 GeVsecsterm106.8 −−−−−× pE ); the proton path with respect to inelastic 
interaction was taken to be 53.6; 57.3 and 100 g/cm2 in hydrogen, interstellar 
medium and the air, respectively; the ratios of a number of electron and positrons, 
generated by all of CR nuclei, to their number, generated by the protons only: 1.36, 
1.34 and 1.20 in hydrogen, interstellar medium, and in the air; the conversion path 
of γ−rays in the air, 48 g/cm2; the path lengths of ±µ  and ±π  mesons to decay, 
6.24 µE  km and 0.0559 πE  km (where µE  and πE  are the energies of muons and 
pions, in GeV). It was shown that to account for the recent measurements of 
positron flux with the energy > 4 GeV, one has to assume that primary CR pass, on 
average, ( )8.1

2.13.4 +
−  g/cm2 of the interstellar medium from the moment of their 

generation.  
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It is of especial interest to study high energy neutrinos. Silberberg and Shapiro 
(1977) studied a diffusion background of neutrinos which is caused by the three 
sources: a) generated by CR in the Earth's atmosphere; b) generated in our Galaxy; 
c) generated out of the Galaxy. The flux of atmospheric neutrinos formed as a result 
of a decay of ±π  and ±k -mesons generated in interaction of CR with the Earth’s 
atmosphere, exceeds the flux of neutrinos of extra-terrestrial origin up to the 
energies ∼1014 eV. At E > 1015 eV the direct generation of lepton pairs could be a 
prevailing source of atmospheric neutrinos. At higher energies (≥ 1016 eV) a 
considerable uncertainty and a strong sensitivity to a model of neutrino source were 
observed in the value of diffusion flux. At these energies the following processes of 
neutrino generation take place: a) direct production of neutrino in the atmosphere; d) 
neutrinos from radio galaxies; c) neutrinos from galaxies; d) neutrinos from pulsars. 
To determine what of the mechanisms gives a prevailing contribution to neutrino 
fluxes, the direct observations are necessary. According to Margolis and Schramm 
(1977), a study of super high energy neutrinos gives important information about CR 
in the Universe, about physics of high energies, and about the physics of weak 
interactions. Measurements of neutrino flux from point sources make it possible to 
study acceleration of CR by such astrophysical objects as pulsars, Supernovas, and 
radio galaxies. In Margolis and. Schramm (1977), an estimate was made of the flux 
value of neutrinos with the energies E >1011 eV from several types of astronomical 
sources. Berezinsky (1977) considered some possible sources of neutrinos of super-
high energies: Supernovae and interactions of CR protons with atomic nuclei and 
microwave photons in interstellar and inter galactic space. The author presented 
energy spectra of neutrinos calculated for various mechanisms of their generation. 
Beresinsky (1977) emphasized the following important aspects of astrophysics of 
neutrinos of super-high energies (E ≥ 1015 eV): a search for bursts of CR in remote 
cosmological epochs; a search for point sources of high-energy neutrinos; a study 
of interaction of neutrinos at the energies, unattainable for accelerators, a search for 
the W-bosons with a mass 30÷100 GeV, and the measurement of a cross-section of 
neutrino interaction at the energy E ≥ 1015 eV. Berezinsky and Zatsepin (1977) 
assumed that in the epoch of galactic and early-class stars formation, a burst took 
place with an energy output ~ 60105×  erg in CR for our Galaxy. It is considered 
that the observed diffusion X- and γ−radiation in the range 1 keV÷30 MeV is 
caused by high energy CR from this burst. Neutrinos with the energy E 15103×≥  
eV should be produced as a result of interaction of high energy protons with 
microwave photons. The estimate was obtained for the flux value of these 
neutrinos. This estimate, as well as the assumption that neutrinos generated in early 
cosmological epoch did not undergo interactions in later stages of the Universe’s 
expansion, makes it possible to register such neutrinos by means of a detector with 
the volume ∼ 109 m3.  
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1.3.4. Expected fluxes of secondary protons and antiprotons  
The problem of low energy secondary protons generated in nuclear reactions 

of CR with interstellar medium, was studied in the work of Wang (1973). The 
refined cross sections of (pH) and (pHe) interactions were used to obtain the 
intensities of secondary protons with an energy lower than 100 MeV, non-included 
processes were estimated. The rates of producing secondary protons were 
calculated and then a solution of the equation for the stationary density of 
secondary particles in the Galaxy was found. The intensity obtained of protons in 
interstellar medium for the energy range 10÷100 MeV appeared to be by 3÷5 times 
higher than the observed proton intensity near the Earth (this weakening is related 
to particle interaction with solar wind in interplanetary space. The value of intensity 
of protons obtained, born in nuclear interactions of high energy components of CR, 
is the lower limit of the actual intensity of protons near these energies in interstellar 
medium. Ganguli and Sreekantan (1976) calculated the expected fluxes of various 
secondary particles with the energy ≥ 10 GeV produced in nuclear interactions of 
CR with interstellar medium in the Galaxy, based on accelerator data on the 
effective cross-sections of the generation of ±π  mesons, antiprotons, and deuterons 
in proton-proton interactions up to the energies ∼ 1500 GeV in nuclear interactions 
of CR with interstellar medium in the Galaxy. It was found that of γ−quanta with E 
≥ 10 GeV from the Galactic center on the boundary of the Earth’s atmosphere 
should be 410−≈  and the flux of antiprotons ( ) 41032 −×÷  of the proton flux in CR; 
the expected deuterium flux appeared to be negligibly small compared to the flux 
arising as a result of fragmentation of α−particles in their interaction with 
interstellar hydrogen.   
 
1.4. CR absorption by solid state matter (stars, planets, asteroids, 
meteorites, dust) and secondary CR albedo  

Because, when passing through a grain of dust, a particle traverses 
24g.cm10 −−≤  of matter (the mean size of grains of dust is cm104 5−×≈ ), 

significantly below its interaction path, the dust grains will not in practice absorb 
CR and will give only some additional contribution to the fragmentation and 
production of secondary particles by the gaseous and ionized material in the space. 
In most cases, however, such a contribution is negligible (some 1% for interstellar 
space). The rest solids in the space (stars, planets, asteroids, meteorites), whose 
sizes (in g/cm2) are as a rule much in excess of the nuclear interaction path, will be 
the CR absorbers and the generators of secondary albedo CR. If the bodies of type i 
with cross section 24 ii rS π=  (where ir  is a radius of body) are spatially distributed 

with concentration 3−= ii dN (where id  is an average distance between bodies of 
type i), the mean lifetime T of a CR particle (with velocity v) relative to absorption 
by all the above mentioned types of celestial bodies will be  
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In some cases, the importance of CR absorption by the bodies is negligible. 
According to (Ginzburg and Syrovatsky, M1963), for example, the life-time of a 
relativistic CR particles in the Galaxy before the particle arrives at any star 
( )354222 cm10,cm103 −−≈×≈ NS  is ∼ 13103×  years, the value which is many orders 
greater than the mean lifetime relative to nuclear interaction in the interstellar 
medium and CR diffusion from the Galaxy (∼ 7103×  years). The absorption, 
however, should be taken into account in the problems of propagation of galactic 
and solar CR in vicinities of stars and planets (for example, in interplanetary space) 
the absorption is always of decisive importance to some modulation models 
(Dorman, M1963a)  
 
1.5. CR interactions with electrons of space plasma and ionization 
losses 
 
1.5.1. Ionization energy losses by CR nuclei during propagation in space  

The ionization losses (energy losses for excitation and ionization of atoms of 
medium and for generation of Cherenkov radiation and δ−electron production) by a 
proton or nucleus with total energy E, rest mass M, and charge Z is in eV/sec 
(according to Ginzburg and Syrovatsky, M1963):  
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where v and kE  are the particle velocity and kinetic energy; eN  is the 
concentration of the medium electrons; m is the electron mass, J is the ionization 
potential. The Eq. 1.5.1 is also valid within a sufficient accuracy for a medium 
comprising, apart from hydrogen, helium and other light elements. In a completely 
ionized medium with electron concentration eN  the loss for production of 
δ−electrons (close collisions) and Cherenkov radiation of plasma waves (remote 
collisions) is significant. Such a loss has been totaled (in eV/sec): 
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The Eq. 1.5.1 and Eq. 1.5.2 are valid only for the particles whose velocities v are 
much in excess of the mean velocities ev  of electron motion in medium (in 

atomic hydrogen 82 102×≈= heve  cm/sec, in ionized hydrogen 
215108.63 eee TmkTv ×≈=  cm/sec, where eT  is the electron temperature in °K). 

However, the region v ≤ ev  is of great interest to studying the mechanisms of CR 
acceleration in magnetized completely or incompletely ionized plasma (especially 
for the problem of injection into an acceleration process under the conditions of 
chromospheric flares, in active solar regions, in shock waves, in supernova 
explosions, etc.). In this energy range the loss (in eV/sec) is  
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in a gas with concentration of N atoms with atomic number gZ . In Eq. 1.5.3 *Z  is 
the effective charge of particle, which is according to (Bohr, M1960) at 

311 Zvv e <<  approximately  
 

( ) 31* ZvvZ e≈ .                                            (1.5.4)  
 
This relation reflects the simple fact that the loss of a subsequent electron takes 
place when the velocity of particle equalizes the orbital velocity of this electron. At 

Zvv e>  and sufficiently frequent collisions, the ionization proves to be practically 

complete, ZZ ≈* . It should be borne in mind when studying the particle motion in 
rarified gas that the ionization cross section iσ  of shell i with ionization potential 

iJ  is maximum at in energy ( ) imi JmME 3≈  while the dependence of iσ  on kE  is 
determined by the relation  
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where K is the coefficient of the order of unity (see in Post, M1959). According to 
Eq. 1.5.5, the characteristic cross section of the loss of the first electron is of the 
order of gas-kinetic cross section (∼ 216cm10− ), whereas the cross section of the 
electron loss from inner shells is significantly smaller (for example, the cross 
section of the loss of the last electron from the K shell of Fe is only 221cm10− ). 

In an ionized gas with concentration of eN  electrons and temperature eT  the 
energy loss (in eV/sec) is  
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where A is the atomic number and *Z  is the effective charge of the particle.  
 
1.5.2. Ionization and bremsstrahlung losses for CR electrons 

The formulas for the ionization losses of relativistic electrons (in eV/sec) are 
somewhat different from Eq. 1.5.1 and Eq. 1.5.2 (the difference is mainly 
associated with the fact that the maximum energy transferred to electron in 
collisions with electron is ∼ E/2): 
 

( )[ ]
( )[ ]⎪

⎩

⎪
⎨

⎧

+−

+
××−=⎟

⎠
⎞

⎜
⎝
⎛ −

plasma.inlnln4.73

hydrogen,atomicinln38.18
1062.7

2

2

9

ion
mcEN

mcE
N

dt
dE

e

e   (1.5.7) 

 
Besides that, owing to their collisions with nuclei and electrons of medium, the 
electrons lose their energy by production of bremsstrahlung γ–quanta (Ginzburg 
and Syrovatsky, M1963): 
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Since the bremsstrahlung γ–quanta’s energy is of the order of the electron energy, 
the continuous low-portion energy loss is substituted by discrete loss of electrons; it 
may be assumed in this case that the probability P(s) for an electron to traverse a 
path s (in g/cm2) is, according to Eq. 1.5.8:  
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1.6. CR interactions with photons in space  
 
1.6.1. CR nuclei interactions with space photons  

When propagating in space, the CR nuclei interact with photons of various 
energies, first of all with the universal microwave radiation at a temperature of 
about 2.7 °K (with very high density about 200 3cm−  in galactic and intergalactic 
space), and the infrared and light quanta of radiation from stars. In this case the 
photon energy phE  in the center of mass system CR particle – background photon 
will be  
 

( )( )αβ cos12
phoph −= McEEE ,                                  (1.6.1) 

 
where phoE  and E are the energies of photon and particle in the laboratory 

coordinate system, M is the rest mass of particle, cv=β , and α is the angle 
between the directions of the photon and particle motion in laboratory coordinate 
system. These interactions are most significant for the high energy particles and 
give rise to the following two important effects. First, the interactions with the 
universal microwave radiation may be the main reason for constraining the primary 
CR spectrum at the high energy side; second, the interactions of high energy heavy 
nuclei with photon emission from the Sun will result in photodisintegration of 
nuclei (into a photo-nucleon and residual nucleus), in generation of correlated 
cascades when observed on the Earth (Gerasimova and Zatsepin, 1960). The energy 
loss in interactions with the microwave universal radiation at T ∼ 2.7 °K becomes 
significant only at 2019 1010 ÷≥E  eV.  

Puget et al. (1976) studied the following effects of interactions of CR nuclei of 
high energy with photons: 1. Compton interaction; 2. Pair production in a field of a 
nucleus (generally, electron-positron pairs); 3. Photo-splitting of nuclei; 4. Photo-
production of hadrons. In the system of the rest of a nuclei of CR the process 1 
takes place at every energy phE ; the process 2 occurs at the minimum energy 

phE ≈= 22mc  1 MeV; for the process 3 the resonance increase of a cross section 
takes place at the photon energy phE  from 15 to 25 MeV, and the process 4 occurs 
with the minimum energy phE  ∼ 145 MeV. The data were presented for the 
effective cross sections for the listed processes in a relation to CR nuclei from 
deuterium to iron. The analysis and estimates of expected density of photons of 
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various energies phoE  in the Galaxy and in intergalactic space were made. Based 
on these data the calculations of the efficiency of these processes depending on the 
energy of various CR nuclei and their importance in forming the energy spectrum 
and chemical composition of primary CR in the range of super-high energies were 
carried out. Puget et al.(1976) draw the conclusion that as no cut-off of the 
spectrum up to the energies ( ) 201021 ×÷  eV was revealed, this undoubtedly gave the 
evidence against the model of uniform filling of Metagalaxy by CR of high energy 
(independently of a nature of high-energy CR, whether they are nuclei or protons). 
The obtained results give evidences in favor of local origin of super high-energy 
CR (in the Galaxy or in a local group of galaxies). New result was obtained 
concerning protons: it was shown that in the case of meta-galactic origin of CR, a 
cutoff must take place not only for nuclei but as well for protons (at the energy ∼ 

19105×  eV owed to photo-producing mesons). The discussed effects are of 
substantial importance in a propagation of super-high energy CR, in forming their 
spectrum and chemical composition.  
 
1.6.2. CR electron interactions with the photon field  

In contrast to the loss of nucleus energy the electron energy loss (in eV/sec) in 
interactions with photon emission may be very significant (Ginzburg and 
Syrovatsky, M1963): 
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where phophph ENW =  is the mean density of the photon emission energy. The 
effects of the interaction of electrons with the photon field must be taken into 
account both in the processes of propagation of electrons of CR and in the problem 
of their origin. In particular, including of these effects and bremsstrahlung losses 
(see above, Section 1.8.2) results in the conclusion that high energy electrons, 
observed near the Earth, certainly cannot be of extragalactic origin and cannot 
come from such remote distances as the region of the center of the Galaxy.  
 
1.7. Energy variations of CR particles in their interactions with 
magnetic fields   
 
1.7.1. Synchrotron losses of energy by CR particles in magnetic fields  

In the relativistic case the synchrotron loss (in eV/sec) by a particle with rest 
mass M and charge Z moving in a magnetic field of strength ⊥H  in a direction 
perpendicular to the particle velocity will be determined by the expression 



28 CHAPTER 1    

 

( )
( ) ( )

( )
⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

×

≈×

×

×−=

=⎟
⎠

⎞
⎜
⎝

⎛
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−=⎟

⎠
⎞

⎜
⎝
⎛

−

−

−

⊥

⊥

(1.7.1)electrons.for1098.0

,2nucleifor108.1

protons,for109.2

3
2

223

2210

2210

2

2

2
2

22

2

2

syn

mcE

ZAcME

cME

H

Mc
EH

M
mZ

mc
ec

dt
dE

p

p  

 
It follows from Eq. 1.7.1 that the synchrotron loss for protons and nuclei is many 
orders (13÷14) lower than that for electrons at the same energies E. The electron 
synchrotron losses proves in many cases to be significant. A relativistic electron 
with energy E moving in a magnetic field with component ⊥H  (which is 
perpendicular to the electron’s velocity) emits electromagnetic waves 
predominantly in the direction of its instantaneous velocity within a narrow cone of 
angle 12 <<≈ Emcθ . In each direction in the orbital plane within a time ⊥ceHEπ2  
the radiation bursts will arise, each of duration  
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where the factor ( )22 Emc arises owing to the Doppler effect. Therefore the 
frequencies 
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will be presented most intensively. According to Ginzburg and Syrovatsky (1965) 
the energy emitted by the electron within 1 sec is  
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where the emission spectrum ( )mP ωω  is shown in Fig. 6 in (Ginzburg and 
Syrovatsky, 1965). If the CR electron concentration is 
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( ) dEEKdEEn ee
γ−= ,                                       (1.7.5) 

 
the intensity νI  extended alone the sight line L will be 
 

( ) ( ) ( ) 2121 −−+
⊥= γγ

ν νγ LHKfI e ,                               (1.7.6) 
 

where ( )γf  is some function of γ (at ( ) ≈= γγ f,3 l70); νI  is measured in 
1112 Hzsec.stererg.cm −−−− . In determining experimentally the radio emission 

spectrum we find the dependence on ν, hence the power exponent (γ−1)/2 and then 
γ in the electron spectrum (for example for the total radio emission from the Galaxy 
(γ−1)/2 = 0.7 whence γ = 2.4). As shown in (Dorman and Miroshnichenko, M1968) 
the above-mentioned processes of radio emission are also of great importance to the 
fast particle generation on the Sun. As a result of bremsstrahlung generation of 
relativistic electrons of CR, non-thermal radiation from various objects in 
Metagalaxy (radio galaxies, Seifert galaxies, quasars etc.) and the disc and halo of 
the Galaxy, of remnants of Supernovae and of the other objects in our Galaxy is 
formed.  
 
1.7.2. Acceleration and deceleration of particles in their interactions with 
moving magnetic fields  

The charged particle motion in plasma with magnetic fields is accompanied, 
apart from the various energy losses, by particle acceleration and deceleration by 
various mechanisms based on one or another mode of the transfer of the magnetic 
field energy and the energy of plasma kinetic motion to a comparatively small 
number of particles. In this case the particle acceleration up to comparatively low 
energies is owed to the first-order mechanisms, namely, the betatron acceleration in 
enhanced magnetic field, the acceleration in magnetic traps or, in general, in some 
region between two mutually approaching magnetic plasma formation, the particle 
acceleration owing to magnetic field dissipation during collapse of oppositely 
directed fields, etc. These mechanisms are probably realized under the conditions of 
chromospheric flares and, in general, in the active regions of the solar corona. They 
may also be the injectors during supernova explosions and explosions in quasars, 
with subsequent particle acceleration up to higher energies by the second-order 
mechanisms including the Fermi statistical acceleration mechanism (CR particle 
collisions with chaotically moving magnetic clouds). In the latter mechanism the 
particles gain energy in head on collisions and lose energy in overtaking collisions; 
since, however, the head on collisions are somewhat more probable, the particle 
energy, on the average, gradually increases. The statistical mechanisms also include 
the mechanisms of acceleration by various types of waves, namely, plasma waves, 
radio waves, Alfvén waves, magneto-sonic and shock waves. The energy gain is 
accompanied by energy loss owed to the various effects considered above. The 
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energy loss depends on particle energy, and in many cases, starting with some 
energy called the injection energy the loss becomes smaller than the gain due to 
some acceleration mechanism. Therefore, only a small portion of the plasma 
particles satisfying definite conditions, and not all of them, are accelerated. As a 
result the composition of the accelerated particles may be significantly different 
from the composition in the source. There may probably also exist injection-less 
mechanisms when practically all plasma particles are accelerated in a small region 
of the space within a comparatively short period (it is natural that in this case the 
chemical composition of the accelerated particles will resemble the composition in 
the source). An example of an injection-less mechanism may be the acceleration 
daring dissipation of oppositely directed magnetic fields collapsing at a sufficiently 
high velocity. The energy spectrum constraint at the low energy side is most 
probably owed to the increase of the loss with decreasing of the particle energy. At 
the high energy side the spectrum is constrained by the finite time of acceleration 
owed to either a limited period of the acceleration mechanism action or to the 
ejection of fast particles from the acceleration zones. Since the probability of 
ejection increases with particle energy, the generated particle flux decreases 
pronouncedly with increase of the particle energy. We shall limit ourselves to the 
above brief pattern, the more that the problem of particle acceleration mechanisms 
and formation of nuclear composition and energy spectrum of CR in their sources is 
one of the fundamental problems in the astrophysical aspect of CR studies and will 
be quantitatively studied and analyzed in details in Chapter 4.   
 
1.8. CR particle motion in magnetic fields; scattering by magnetic 
inhomogeneities  
 
1.8.1. CR particle motion in the regular magnetic fields frozen into moving 
plasma formations  

The magnetized plasma moving at high velocities is an important constituent of 
the space. The electric fields are known to be practically absent under the 
conditions of a high conductivity (the time of their neutralization 1−∝ σ ,where 

1412 1010 ÷≥σ  CGSE units), so that only magnetic fields H may exist in a 
coordinate system related to the moving plasma (and, correspondingly, to the 
moving frozen magnetic field). The magnetic and induced electric fields in a 
coordinate system with respect to which a plasma formation moves at velocity u 
(here the case where c<<u  is of practical interest) are determined on the basis of 
Lorentz transformations by the relations 

 

[ ]uHE'H,H'
c
1−== .                                     (1.8.1) 
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When affected by these fields the motion of a particle with momentum p, velocity v 
and charge Ze will be defined by the equation 
 

[ ] [ ]uHvHp
c

Ze
c

Ze
dt
d −= .                             (1.8.2) 

 
Since v >> u the motion in homogeneous field may be treated as that along a spiral 
line with the curvature (Larmor) radius 
 

ZeHcprL ⊥= .                                      (1.8.3) 
 
In this case the energy of a particle traversing a region of size l in the direction 
perpendicular to u and H changes by 
 

( )uHcZelE =∆ .                                   (1.8.4) 
 
If the size of the region l is such that Lrl ≥ , such a region will significantly change 
the particle motion direction. If lrL <<  the particle will move practically along 
magnetic force lines and, if the force lines are closed such plasma formation may be 
a magnetic trap for particles with given Lr  (see below, Section l.10). Many 
publications have been devoted to the problems of charged particle motion in 
regular magnetic fields; we shall dwell on these problems below in connection with 
specific problems of CR propagation in space plasma (interplanetary space, the 
Earth’s and other planets magnetospheres, interstellar and intergalactic space). Here 
we shall only refer the reader to the monographs (Boguslavsky, M1929; Alfvén, 
M1950; Störmer, M1955; Spitzer, M1956; Pikelner, M1961) and to the general 
works (Hayakava and Obayashi, 1963a,b), in which these problems are formulated 
and solved to various approximations (analytical finding of trajectories, the drift 
approximation, numerical integration of the motion equations).  
 
1.8.2. CR particle moving in essentially inhomogeneous magnetized 
plasma  

Strictly speaking, the propagation of the CR particles in essentially 
inhomogeneous magnetized plasma should be studied by solving the Bolzman 
kinetic equation for the function of CR distribution ( )pr,tf , :  
 

[ ] col, Af
c

Zef
t
f =−
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∂+

∂
∂+

∂
∂ Huv

p
v

r
,                              (1.8.5) 

 
where colA  is the term reflecting the role of elastic and inelastic collisions of CR 
particles with plasma particles (this term also reflects the fragmentation and energy 
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losses according to Sections 1.1–1.4). The structure of the real fields is, however, 
fairly complex, and therefore the Eq. 1.8.5 can be successfully solved as yet only 
for the simplest cases and by reducing to the diffusion approximation. However, to 
understand the basic features of CR interactions with magnetic fields the 
elementary approach is sufficient in many cases. In this approach at first the 
features of an isolated particle interaction with various types of magnetic field 
inhomogeneities is considered and then one or another statistical set of 
inhomogeneities is treated and the transport scattering path of particles and the 
diffusion coefficient are estimated.  
 
1.8.3. Two-dimensional model of CR particle scattering by magnetic 
inhomogeneities of type ( )H,0,0=H  

Dorman and Nosov (1965) studied the scattering properties of the magnetic 
fields of the simplest configurations in a plane perpendicular to magnetic field 

( )H,0,0=H . For the two-dimensional case the differential effective cross section is 
( ) θθσ dddrd = ,                                            (1.8.6) 

 
where r is the impact parameter, θ is the scattering angle (in the two-dimensional 
case σ is of dimensionality of length).   
 
1.8.4. Scattering by cylindrical fibers with a homogeneous field  

If or  is the radius of a cylinder inside which H = const, then 
 

( )⎟
⎠
⎞

⎜
⎝
⎛ −−= rrrr Lo

22arctg2θ ,                          (1.8.7) 

 
where ZeHcprL =  is the curvature radius of particle inside the cylinder (see Figs 
1.8.1 and 1.8.2).  
 

 
 

Fig 1.8.1. Geometry of scattering, and the notations 
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Fig. 1.8.2. The cases of scattering for various values of oL rr=α  
 
After calculating θddr  by Eq. 1.8.7 and substituting in Eq. 1.8.6, we find that 
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where we have denoted: 
 

( )( ) 21
22

2
tg11 ⎥⎦

⎤
⎢⎣
⎡ −+= θ

oL rra .                                    (1.8.9) 

 
It follows from Eq. 1.8.8, in particular, that at 1≤oL rr  any scattering angle θ is 
possible (depending on the impact parameter r), and at 1>oL rr  the angle θ is 
limited by the value  

( )( ) 212
max 1arctg2

−
−= oL rrθ .                           (1.8.10) 

 
It can be easily seen that at 1<<oL rr  the Eq. 1.8.8 gives the classical cross section 
of scattering by a solid sphere of radius or : 
 

θθσ drd o
2

sin
2

= .                                               (1.8.10a) 

 

1.8.5. Scattering by cylindrical fibers with field of type nrMh =  
The law of conservation of the angular momentum gives for 2≠n  the 

following equation for the particle trajectory in the field nrMh = : 
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pcrn
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21
2

2

2
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+ −

θ ,                              (1.8.11) 

 
where θ,r  are the cylindrical coordinates of particle motion; ds is the element of 
the trajectory length; 1C  and 2C  are constants. Inserting the new unit length 
 

( ) 11 −= npcZeMl                                      (1.8.12) 
we obtain 

( )
const

2
1

2
11

2
1 =

−
+ − pcrnds

dr n
θ ,                         (1.8.13) 

 
where lsslrr == 11 , . At n = 3 the Eq. 1.8.12 determines the Stőrmer unit (see in 
Dorman et al., M1971). Fig. 1.8.3 shows the dependence of the scattering angle θ 
on the impact parameter 1r  (in units l) for dipolar field (n = 3). 
 

 
 
Fig.1.8.3. Dependence of the angle of scattering θ on the collision parameter 1r  (in terms of 
l) for a dipole field at various values of parameter α. 
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The dependence of θ on 1r for a value of θ smaller than some small oθ  may be 
approximated by the expression ( )2

1
2

1 rr ooθθ = , where or1  is the value of the impact 
parameter at small deflection oθ . From this we get for 11 >>r : 
 

θθθσ dlrd oo
2321

12
1 −= .                                   (1.8.14) 

 
For other 1r  the value of dσ is determined from Eq. 1.8.6 using the plot shown in 
Fig. 1.8.3.  
 
1.8.6. Three-dimensional model of scattering by inhomogeneities of the 
type ( )( )0,,0 xh=h  against the background of general field ( )0,0,oH=oH   

Parker (1964) considered the scattering of a particle moving along the basic 
field ( )0,0,oH=oH  in the x direction from −∞  to +∞  by an inhomogeneity 

( )( )0,,0 xh=h , where ( )xh  was set in the form ( ) dxdFxh =  (i.e. F(x) is the field flux 
from −∞  to x). The equations of particle motion in such field will be written in the 
form 
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where McZeHoL =ω  is the cyclotron frequency. Integration of Eq. 1.8.15 gives 
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where v is the particle velocity. It follows from Eq. 1.8.15 and Eq. 1.8.16 that  
 

( )yF
dt
dz
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yd

LL −== 2
2

2
ωω ,                           (1.8.17)  

 
the solution of which is   
 

( ) ( ) ( )( ) ττωω dtxFty L
t

L −∫=
∞−

sin .                         (1.8.18) 
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Assuming that the scattering is inconsiderable, we may set tvx //≈ . Then the 

scattering angle //vv⊥≈θ  at ∞→t , where ( ) ( )( ) 2122 dtdzdtdyv +=⊥  will be for 
the three types of inhomogeneities (j = 1, 2, 3 respectively; see Fig. 1.8.4) 1:    
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where ZepcR =  is the particle rigidity, λ and oh  are the effective size and the 
characteristic field strength of inhomogeneities, the values oHR  and ohR  in Eq. 
1.8.19 are the Larmor radii of particles in the basic field oH  and inhomogeneities 
field oh . Strictly speaking, the above presented results are valid when ⊥>> vv// , i.e. 
when 1<<θ . This is realized when λ>>oHR . In this case the exponential 

multiplier approaches 1 and 321 or,, −−−∝ RRRθ , depending on the type of 
magnetic inhomogeneities. It should be noted that the obtained results are to some 
extend analogous to (Dorman and Nosov, 1965).  

The first type of inhomogeneities (j = 1) corresponds to the pronouncedly 
limited field in the region λ≤x  where approximately ohh ≈ , and beyond this 
region 0≈h  (see Fig.1.8.4). In this case, as in (Dorman and Nosov, 1965), the 
angle 1−∝ Rθ  at great R.  

The second type of inhomogeneities (j = 2) corresponds to the case where the 
field h is absent in the inhomogeneity center, increases gradually when moving 
away from the center and runs through its maximum but with opposite directions, 
so that the effective size of the inhomogeneity is as if it is dependent on particle 
rigidity according to the law ( )( )oHRλλλ =eff  (see Fig.1.8.4), decreases inversely 
to the rigidity.  

For the third type of inhomogeneities (j = 3), the field is of even more complex 
nature and reaches 0 at x = ± 2λ ; here h < 0 in the regions x > 2λ  and x < 
− 2λ , and h > 0 in the region − 2λ  < x < 2λ . In this case 

( )( )2eff oHRλλλ = .  
 
 
1 These results are presented here in the form (Dorman, 1969b) which is somewhat different 
from (Parker, 1964) and seems to us to be more convenient for interpretation. 
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Fig.1.8.4. The character of a dependence of ohh  on λx (a) and the shape of magnetic 
lines of force in inhomogeneities of the types: j = 1 (b), j = 2 (c), j = 3 (d) according to Eq. 
1.8.19. 

 
Thus the main result of Eq. 1.8.19 for great R may be written in the form 

( )oHReffλθ = , i.e. it is determined by the ratio of the effective size of magnetic 
inhomogeneity to the Larmor radius in the inhomogeneity field. At small R, when 
the Larmor radius is comparable with the inhomogeneity’s size, the approximation 
used above is invalid since the condition ⊥>> vv//  is violated (in this case //v ∼ ⊥v ). 
However, the qualitative conclusion following from Eq. 1.8.19 that the 
inhomogeneities are again transparent for the particles with very small R seems to 
be correct since the assumption of adiabatic invariant conservation is valid for such 
particles, and the particles, when winding up the force lines, will freely penetrate 
through the inhomogeneities. Thus it should be expected that the most considerable 
scattering will be observed for the particles whose Larmor radius is of the effective 
size of magnetic inhomogeneity (in accordance with Dorman, 1959; Dorman and 
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Nosov, 1965). Thus it can be probably considered that the Eq. 1.8.19 is 
approximately valid throughout the range of variations of R. The maximum values 
of θ for the various types of inhomogeneities can be reached at the following values 
of jRmax, : 
 

( ) ( ) ( ) 21
max,

21
max, 2at2exp2 jHRjj

H
h

oj
o

j λπθ =−= ,          (1.8.20) 

 
where j = 1, 2, 3 is the type of inhomogeneity. Table 1.8.1 presents the variations of 
θ with R.  
 

Table 1.8.1. Values of jmax,θθ  for various jRR max,  

jRR max,  
j 

0.2 0.4 0.6 1.0 1.5 3 10 30 
1 5103 −×  0.16 0.68 1.0 0.88 0.52 0.16 2105.5 −×  
2 10109 −×  2102.3 −×  0.47 1.0 0.78 0.27 2107.2 −×  3100.3 −×  
3 14109 −×  3109.5 −×  0.32 1.0 0.69 0.14 3104.4 −×  4106.1 −×  

 
It can be seen from Table 1.8.1.that the particles with maxmax 35.0 RRR ≤≤  are 
scattered through the largest angles and that the scattering by inhomogeneities of 
the first type is in the largest rigidity interval, whilst that by the third type of 
inhomogeneities is in the smallest rigidity interval (Dorman, 1969). The 
inhomogeneities may also be in the form of condensations and rarefactions of 
magnetic force lines, the magneto-hydrodynamic and shock waves, the strengthens 
magnetic formation etc. We shall not dwell here on these cases and only note that 
the abovementioned formations may also be characterized by the size λ (for the 
condensations and rarefactions of the field and for the strengthens closed 
formations this is merely their effective size; for the magneto-hydrodynamic or 
magneto-sonic wave this is the wavelength; for the shock wave this is the width of 
the front) and field h. The scattering by such formations will be determined, as a 
first approximation, by the Eq. 1.8.8, 1.8.14, 1.8.19.  
 
1.9. The transport path of CR particles in space magnetic fields 
 
1.9.1. The transport path of scattering by magnetic inhomogeneities of the 
type of isolated magnetic clouds of the same scale  

Let N be the concentration of magnetic inhomogeneities of size λ; the mean 
path of particle interaction with inhomogeneity is then 
 

2321 −−− == λλ lNL ,                                        (1.9.1)  
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where 31−= Nl  is the mean distance between inhomogeneities. If the scattering 
through an angle oθθ ≤  and 1<<oθ  is on the average of equal probability in each 
interaction, the particle after n interactions will be scattered with equal probability 
through an angle noθθ ≤ . Thus after ( )22 on θ=  collisions the scattering will be 
practically isotropic and the transport path will be 
 

( ) 2322 −≈≈Λ λθ lnl o .                                   (1.9.2) 
 
Examine first the inhomogeneities of the same scale of the type of isolated 
magnetic clouds. It was shown above that in such case ≈oθ 2 if λ<<= LrhR  and 

Lo rλθ 2≈  if λ≥Lr . Taking account of Eq. 1.9.2 we shall obtain 
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The Eq. 1.9.3 may be rewritten, accurate to within a factor of ∼ 2, in the form 
 

( )2243 λλ +≈Λ −
Lrl .                                       (1.9.4) 

 
1.9.2. Transport scattering path in case of several scales of magnetic 
inhomogeneities  

Let it now be assumed that the space contains some spectrum of magnetic 
inhomogeneities filling the entire space, l ∼ λ. If the field strength in 
inhomogeneities of all scales is approximately the same, the following simple 
observations (Dorman, 1959) will make it possible to estimate the dependence of 
Λ  on R. Consider the motion of particles whose curvature radius in a field H is Lr . 
The scattering by inhomogeneities for which Lr ∼ λ will be determined by the path 

1Λ ∼ Lr ∼ λ. At the same time, the scattering by big inhomogeneities of size 
>>bλ Lr  will be determined by the path 2Λ ∼ >>bλ 1Λ , and that by small 

inhomogeneities of size <<sλ Lr  by the path 3Λ ∼ ( ) >>ssLr λλ 2
1Λ , in both last 

cases the scattering proves to be much less effective and may be neglected as 
compared with the scattering by inhomogeneities with λ ∼ Lr  (resonance 
scattering).  

If we have a set of inhomogeneities within 21 λλ ÷ , then, in compliance with the 
above simple observations, the diffusion path will be 



40 CHAPTER 1    

 

( )
( )⎪

⎩

⎪
⎨

⎧

≥

≤≤
≤

≈Λ

.if

,if
,if

22
22222

21

11

eff

λλ

λλ
λλ

ZeHcpHeZpc

ZeHcpZeHcp
HZecp

                 (1.9.5) 

 
It follows from Eq. 1.9.5 that at 21 λλ << Lr  the particles are effectively scattered 
by the inhomogeneities whose sizes are of the order of Larmor radius. In the 
general case, however, at an arbitrary dependence of l and h on λ this may be not 
the fact. Indeed, let it be assumed that the space contains only three basic scales of 
inhomogeneities 321 ,, λλλ  and the intensities of their magnetic fields and the 
distance between them are the following functions of the size of the 
inhomogeneities:  
 

( ) ( ) ( ) ( )αβ λλλλλλ 2222 , llhh == .                      (1.9.6) 
 
It follows from Eq. 1.9.6 that 
 

( ) ( ) ( ) ( ) ββ λλλλλλ −− ==== 2222222 ;; kLLkLLLL rrZehcprrrr ,    (1.9.6a) 
 
where k = 1, 2, 3. Since the times between collisions are the additive values, then 
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where, according to Eq. 1.9.4 ( )2243

kLkkkk rl λλ +=Λ − is the transport path in 
inhomogeneities of the scale kλ  (k = 1, 2, 3). From this,  
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Examine the importance of individual terms (the scales of inhomogeneities 1, 2, 3) 
in the right part of Eq. 1.9.8 for the particles of rigidity 22300 λhR =  (i.e. 22 λ=Lr ) 
when the inhomogeneity scales differ by an order, =321 :: λλλ 0.1:1:10. Table 1.9.1 
presents the ratios 321 :: ΛΛΛ  for the various power exponents α and β in Eq. 1.9.6.  
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Table 1.9.1. Ratios 321 :: ΛΛΛ  for the various values of α and β at =321 :: λλλ  
0.1:1:10 for particles with 22 λ=Lr . 
 

β α = 1 α = 4/3 α = 5/3 α = 2 
0 5:1:5 0.5:1:50 0.05:1:500 0.005:1:5000 

0.5 50:1:5 5:1:50 0.5:1:500 0.05:1:5000 
1 500:1:5 50:1:50 5:1:500 0.5:1:5000 

1.5 5000:1:5 500:1:50 50:1:500 5:1:5000 
2 50000:1:5 5000:1:50 500:1:500 50:1:5000 

 
It can be seen from Table 1.9.1 that the conclusion of Dorman (1959) that the 
particles are effectively scattered mainly by inhomogeneities whose sizes are of the 
order of a Larmor radius is valid in mainly the cases for all β at α = 1, for β ≥ 0.5 at 
α = 4/3, and so on, but at some values of β and α is not valid. In more probable 
case when β = 0 (if the field strength is the same in all the inhomogeneities scales), 
and α = 1 (when the distances between the inhomogeneities are proportional to 
their sizes) the particles are most effectively scattered by the inhomogeneities 
whose sizes are of the order of Larmor radius (the transport path 2Λ  is five times 
smaller than 1Λ  and 3Λ ). Thus in this case (probably realizable most frequently) 
the conclusion of Dorman (1959) is valid to a high precision. At the same β = 0 
with increasing α to 4/3, 5/3 or 2 more importance became smaller scale of 
inhomogeneities. In the case of β = 1 (when the field strength in inhomogeneities is 
proportional to their size) the conclusion of Dorman (1959) is valid for 1 ≤ α ≤ 5/3, 
but at α = 2 (when the distances between the inhomogeneities are proportional to 
the square of their sizes) the importance of inhomogeneities changes, namely the 
inhomogeneities with scale smaller than 2Lr  are of major importance.   
 
1.9.3 The transport scattering path in the presence of a continuous 
spectrum of the cloud type of magnetic inhomogeneities  

Realized most probably in the nature is some continuous spectrum of magnetic 
inhomogeneities with the density ( ) ( )λλ 3−= lN  in the interval of the scales 

21 λλλ ≤≤  and a definite dependences of l and h on λ according to Eq. 1.9.6 (it 

means that ( ) ( )αλλλ 22ll =  and ( ) ( ) βλλλ −= 22LL rr , where 22 ZehcprL = (see Eq. 
1.9.6a). Using these denominations, we shall find according to Dorman (1969) that  
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where ( )βα ,F  are presented below for β = −1, 0, 1/2, and 1 at any values of α:  
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The results of calculations of effΛ  performed by Dorman and Sergeev (1976) 
according to Eq. 1.9.9−Eq. 1.9.15, are presented in Fig. 1.9.1 for the values of the 
parameters =α  0.25, 0.5, 1 and 1.5; −=β 0.5, 0, 0.5, 1 and 1.5; 

531
21 10,10,10 −−−=λλ . Along the ordinate axis GeffΛ  is shown with 

( ) ( )12
3

22 λλλ −= lG .  
 

 
 
Fig. 1.9.1. Dependence of GeffΛ  (where ( ) ( )12

3
22 λλλ −= lG ) on 22300 λhR  

(where rigidity R in V, 2h  in Gs, 2λ  in cm) for the model of inhomogeneities of a type of 

"magnetic clouds" for α = 0.25, 0.5, 1.0 and 1.5 at 321
21 10,10,10 −−−=λλ . The thick, 

dashed, dotted, dash-dotted, and thin lines correspond to β =1.5, 1.0, 0.5, 0, and -0.5 
respectively. 
 
Analysis of the above presented expressions (see also Fig. 1.9.1) shows that:  

(1) If 22 λ>>Lr  then 2
2eff Lr∝Λ  irrespective of the character of the 

inhomogeneity spectrum (at any α and β). Thus if the particle’s radius of curvature 
is in excess of the size of the largest inhomogeneity scale, then 2

eff R∝Λ .  

(2) If ( ) 11221 λλλ β <<= LL rr , i.e. ( )βλλλ 2112 <<Lr , then in all cases effΛ  
approaches a constant value independent of particle rigidity R.  

(3) In the region 22 λ≤Lr  (but 11 λ≥Lr ) the mode of the dependence of effΛ  
on R is determined by the parameters α and β. For example, at β = −1 for any α the 
dependence of effΛ  on R is very weak (as 2Lr  varies from 2λ  to zero the path 
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effΛ  decreases by a factor of only 2). At β = 0 (which is probably the most realistic 

case), R∝Λeff  when α = 4/3. If, however, α ≥ 5/3 then 2
eff R∝Λ , and at α ≤ 1 

the path effΛ  has not in practice to be dependent on R. At β = 0.5 a dependence 
close to R∝Λeff  will take place at 4/3 ≤ α ≤ 5/3 (approximately, at α = 4/3 

32
eff R∝Λ , and at α = 5/3 34

eff R∝Λ ). At β = 1 (when the field strength in 
inhomogeneities is proportional to the inhomogeneity size, which is probably a 
fairly realistic case) 2

eff R∝Λ  for α ≥ 7/3, 23
eff R∝Λ  for α = 2, R∝Λeff  for α 

= 5/3, 21
eff R∝Λ  for α = 4/3, and, finally, is practically independent of R at α ≤ 

1.  
It should be again emphasized that the results obtained are valid for the 

isotropic scattering of particles by inhomogeneities which is determined by the Eq. 
1.9.3 (or, approximately, by Eq. 1.9.4).  
 
1.9.4. Transport path in a plane perpendicular to cylindrical fibers with a 
homogeneous field 

Let us estimate the transport path for particle scattering by an ensemble of 
inhomogeneities of the type of the simplest two-dimensional and three-dimensional 
models considered above (see Section 1.8.4). In the general case for non-isotropic 
scattering 
 

( )[ ] 1
eff cos1 −−=Λ θσN ,                               (1.9.16) 

 
where N is the density of scatters, σ is the effective cross section of scatters, θ is the 
scattering angle. If the mean distance between the axes of the scattering cylinders is 
l, then 2−≈ lN . Let θcos  and then θcos  be found. Considering that χcosorr =  
(where χ  is the particle incidence angle varying from 0 to π ) and after 
trigonometric transformations of the Eq. 1.8.7 we obtain 
 

( ) ( )[ ] 122 1cos2sin21cos
−

+−−= χχθ oLoL rrrr .                (1.9.17) 
 
Integrating Eq. 1.9.17 over χcosorr =  from or−  to or+ , we shall find that  
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The Eq. 1.9.18 gives the following asymptotic representations: 
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Substituting Eq. 1.9.18 in Eq. 1.9.16 we find that 
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Fig. 1.9.2 shows the dependence of Λ  on oL rr . Plotted as the ordinate in the Fig. 
1.9.2 is minΛΛ , where ( ) orr rl

oL
83 2

0min =Λ=Λ → , and as the abscissa is 

( )ooL ZeHrcprr = . In the extreme cases the Eq. 1.9.19 gives 

⎪
⎩

⎪
⎨

⎧

<<

>>⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=Λ

.if1

,if
8
3

2
2

o

o
o

o
ZeHrpc

ZeHrpc
ZeHr

pc

r
l                       (1.9.21) 

 
 

 
 

Fig. 1.9.2. The dependence of minΛΛ  on oL rr  according to Eq. 1.9.20. 
 
It can be seen from Fig.1.9.2 that at 1,3.0 min ≈ΛΛ≤oL rr ; in the region 

min,1 ΛΛ≈oL rr  increases with rigidity R∝ , whilst in the region 
2

min,2 Rrr oL ∝ΛΛ≥ .  
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1.9.5. Transport path of scattering by cylindrical fibers with field nrMh =  
in the two-dimensional case 

Consider first the case n = 3 (scattering by magnetic dipoles). Then the Eq. 
1.8.14 will be used for the impact parameters orr ≥1 (considering that oθ << 1, see 
Section 1.8.5) and numerical averaging will be carried out for orr ≤1  using the plot 
of Fig. 1.8.3. The resultant expression is 
 

( ) 21236.0 ZeMpcl≈Λ .                                    (1.9.22) 
 

Similarly, it can be easily shown that at an arbitrary n  
 

( ) ( )112 −≈Λ nZeMpcl .                                    (1.9.23) 
 

This result follows physically from the simple observation. If the field nrMh =  
the effective size of the scatter λ are as if dependent on pc. The value of λ may be 
estimated as the distance at which the Lorentz force equals the centrifugal force:  
 

λλ
pv

c
ZeMv

n = ,                                                    (1.9.24) 

whence  
 

( ) ( )11 −= npcZeMλ .                                     (1.9.25)  
 
Since in the two-dimensional case λ2l≈Λ , it is the Eq. 1.9.23 that follows from 
Eq. 1.9.25. 
 
1.9.6. The transport path in the three-dimensional case of scattering by 
fields of the type nrMh =  

Since in the three-dimensional case λ is also determined by the Eq. 1.9.25 and 
the mean path of collisions with inhomogeneities of effective size λ is determined 
by the Eq. 1.9.1, then approximately 
 

( ) ( )123 −≈Λ nZeMpcl .                                     (1.9.26)  
 

Thus it should be expected in the three-dimensional case of CR scattering by 
the dipole type of fields that Λ will be proportional to particle rigidity R. For the 
field of the type of quadruple (n = 4) 32R∝Λ , at n = 5 21R∝Λ , etc., i.e. the 
dependence of Λ on R weakens as the field becomes more complicated.  
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1.9.7. Transport path of scattering by inhomogeneities of the type 
( )( )0,,0 xhh =  against the background of the regular field ( )0,0,oo HH =  

Let us now find the transport path for the inhomogeneities the elementary 
scattering by which is set by the Eq. 1.8.19. According to Eq. 1.9.1 and considering 
Eq. 1.9.4, we shall obtain for inhomogeneities of type j (j = 1, 2, 3):  
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Assuming that we have a spectrum of inhomogeneities in the range between 1λ  

and 2λ  with the dependence of l and h on λ in the form described by Eq. 1.9.6. In 
this case we shall obtain similarly to Eq. 1.9.9: 
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The functions ( )Rk,Φ  forming part of Eq. 1.9.28 are presented below for the odd 
values k for which ( )Rk,Φ  are expressed through the elementary functions 
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It can be easily seen that at oHR 2λ>>  the asymptotic expression for function 
( )Rk,Φ  will be 

 

( )
1231
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+
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λλλλλλ
λ ,   (1.9.31) 

 
so the asymptotic expression for j,effΛ  will take the form 
 

( )
( ) ( )( )( )

( )( )1
1

1
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λλ
βαλ .         (1.9.32) 

 
Analysis of the expressions presented above shows the following:  

(1) If 2λ>>oHR  then at j = 1, 2
1,eff R∝Λ  for any k (the dependence is the 

same as in the case of magnetic clouds treated above). At j = 2, 4
2,eff R∝Λ ; and at 

j = 3, 6
3,eff R∝Λ .  

(2) If 1λ<<oHR  then in all cases j,effΛ → ∞, i.e. the examined set of 
inhomogeneities proves, in contrast to magnetic clouds, to be transparent for low 
energy CR particles.  

(3) A significant difference from the case of scattering by magnetic clouds will 
be also observed for the interval 21 λλ ≤≤ oHR  when an appreciable scattering 
takes place only for a comparatively narrow interval of R near oR  which, for 
example for j = 1 and k = 1, is determined by the relation 
 

( )⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −=
12

2
1

2
2

ln22 λλ
λλo

o
HR .                                    (1.9.33) 

 
Shown as an example in Fig. 1.9.3 is the dependence of 1,effΛ  on 2λoHR  at α 

= 1, β = 0 and 1.021 =λλ .  
It can be seen from Fig. 1.9.3 that 1,effΛ   in the interval 21 λλ ≤≤ oHR  varies 

comparatively little (by less than a factor of 2) and reaches its minimum (i.e. the 
scattering is most effective) at ≈2λoHR 0.3 in accordance with Eq. 1.9.33. 
Beyond the above mentioned limits 1,effΛ  increases rapidly, namely in proportion 

to 2R  at large R and even more rapidly (exponentially) at small R.  
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Fig. 1.9.3. Dependence of 1,effΛ  on 2λoHR ; the quantity a1,effΛ (where 

( )22
2

3
2

226.3 oo hlHea πλ= ) is counted along the ordinate axis. 
 
The results of calculations of j,effΛ , made by Dorman and Sergeev (1975, 

1976), according to Eq. 1.9.30 including Eq. 1.9.31–1.9.33, are presented in Fig. 
1.9.4–1.9.8 for j = 1, 2, 3, and the values of parameters ( )βα +++−= jk 123  

which are equal to −1, 0, 1, 2, 3, 4 and 531
21 10,10,10 −−−=λλ . Here the values 

jj G,effΛ  are put along the ordinate axis, where  
 

( ) ( )( )2221
2

2
3
2

21 12 hHljG oj λλλπ −= −− .                     (1.9.34) 
 

 
 
Fig. 1.9.4. Dependence of jj G,effΛ  (where jG  is determined by Eq. 1.9.34) on 

2λoHR  (or on 2300 λoHR , if R in V, oH  in Gs, and 2λ  in cm) for a model of 
magnetic inhomogeneities of the type ( )( )0,,0 xh=h  existing on a background of the 
general field ( )0,0,oH=oH  for k = −1, 0, 1, 2, 3 and 4. Left panel for j = 1 and 

1
21 10−=λλ , right panel for j = 1 and 3

21 10−=λλ .   
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Fig. 1.9.5. The same as in Fig. 1.9.4, but for j = 1 and 5

21 10−=λλ  (left panel),  and for j 

= 2 and 1
21 10−=λλ  (right panel).  

 
 
 
 

 
 
Fig. 1.9.6. The same as in Fig. 1.9.4, but for j = 2 and 3

21 10−=λλ  (left panel),  and for j 

= 2 and 5
21 10−=λλ  (right panel).  
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Fig. 1.9.7. The same as in Fig. 1.9.4, but for j = 3 and 1
21 10−=λλ  (left panel),  and for j 

= 3 and 3
21 10−=λλ  (right panel).  

 

 
 

Fig. 1.9.8. The same as in Fig. 1.9.4, but for j = 3 and 5
21 10−=λλ . 

 
1.9.8. The transport scattering path including the drift in inhomogeneous 
fields  

Consideration will be given now to the CR propagation as a result of drift in 
inhomogeneous magnetic fields. In this case a particle trajectory will be a 
trochoidal with curvature radius ( )ZeHcprL ⊥=  and the center of curvature will 
drift at the velocity 
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( ) H⊥⊥ ∇= Hvrv Ldr 2 .                                            (1.9.35)  
 
If the inhomogeneous sectors of the field fill the entire space at a certain 
distribution ( )λN , the particle propagation will be diffusive with the transport path 

effΛ  determined by the Eq. 1.9.4 and Eq. 1.9.9; the diffusion coefficient, however, 
will contain not the particle velocity v, but the velocity of the drift in 
inhomogeneous sectors of the field drv : 
 

3eff drvΛ=κ .                                                   (1.9.36)  
 
Such diffusion may be treated as particle propagation at velocity ⊥v , but with 
transport path  
 

( ) H⊥⊥ ∇Λ≈Λ=Λ Hvvrvv Ldrdr 2effeff .                               (1.9.37)  
 

Obviously such modes of propagation will take place only for particles with 
λ≤Lr  for which each interaction with inhomogeneity will be effective. If the field 

inhomogeneities fail to fill the entire space and are spaced apart on the average by a 
distance l, the particle will traverse the field inhomogeneities within time 

drvt λ=∆ 1  and pass the space between the inhomogeneities within a time 
( )vlt 23

2 λ=∆ ; hence the mean effective velocity of particle motion will be  
 

( )
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lv 33

33
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+=

λ
λ

λλ
λλ ,                               (1.9.38)  

 
and the diffusion coefficient will be 
 

3effeff vΛ=κ .                                    (1.9.39)  
 
where effv  is determined by the Eq. 1.9.38.    
 
1.9.9. The transport scattering path in the presence of the regular 
background field  

It should be noted that the particles are scattered in reality by magnetic 
inhomogeneities practically always against a background of some regular magnetic 
field (which may be the field of larger inhomogeneities). In this case the scattering, 
and hence the diffusion coefficient, along the field is practically the same while the 
diffusion across the field will be significantly hampered. Let a homogeneous 
magnetic field exist in the space. Then in the absence of inhomogeneities the 
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diffusion coefficient will be zero. An increase in the number of inhomogeneities 
will result in an increase of the diffusion coefficient, whereas, in the case of 
absence of the regular field, the same increase would, on the contrary, result in a 
decrease of the diffusion coefficient (see above the Eq. 1.9.4 and Eq. 1.9.9 which 
show that effΛ  should decrease pronouncedly with decreasing l). Thus the regular 
field give qualitatively different results for the diffusion coefficient. In the general 
case of presence of the regular field oH  the particle motion will be an anisotropic 
diffusion with the diffusion coefficient along the field //κ  being as a first 
approximation, the same as that in the absence of the field, whilst the diffusion 
coefficient across the field will be determined by the expression   
 

( ) 122
// 1

−
⊥ += τωκκ L ,                                (1.9.40) 

 
where the Larmor frequency is   
 

cpvZeHoL =ω ,                                     (1.9.41) 
 

and the time τ between the ‘effective’ particle collisions with field inhomogeneities 
(when the motion direction is significantly changed) is   
 

effeff vΛ≈τ .                                        (1.9.42) 
 
If 22τωL << 1 the conventional isotropic diffusion takes place. If, however, 22τωL >> 
1 the anisotropy in the particle’s motion should be taken into account.  

Consider now at greater length the mechanism of particle scattering in a plane 
perpendicular to the regular field which will be assumed, for the sake of simplicity, 
to be homogeneous with intensity oH  (if the field is inhomogeneous this will 
additionally give rise to a systematic drift). Let the size of inhomogeneities be 

oHR⊥≤λ  and the field intensity in them be h. It can be easily seen that, during 
the time of the particle’s motion within an inhomogeneity, the center of curvature 
will shift by ξ  determined from the relation  
 

( ) ( )hRhRHR o ⊥⊥⊥ −=λξ ,                             (1.9.43) 
 
i.e. by  
 

oo HhH −≈ λξ .                                     (1.9.44) 
 



COSMIC RAY INTERACTIONS IN SPACE  PLASMAS  55 

 

If the distance between inhomogeneities is l, the mean time between two collisions 
is ⊥

−= vl 23λτ , and the diffusion coefficient of the curvature center is   
 

( )
2

2

3

42

33 o

o

H

hH

l
v −

== ⊥
⊥

λ
τ

ξ
κ ,                                    (1.9.45) 

 
and the transport scattering path   
 

( )234 1−=Λ −
⊥ oHhlλ ,                                    (1.9.46) 

 
i.e. it should be practically independent of a particle’s rigidity (it will be reminded 
that this result is valid subject that oHR λ≥⊥ ). If, however, oHR λ≤⊥ , or hR λ≤⊥ , 
then oHR⊥=ξ  at hHo ≤  and   hR⊥=ξ  at hHo ≥  which may approximately be 
written in the form  
 

( ) oo hHHhR +≈ ⊥ξ ,                                     (1.9.47) 
whence  
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i.e. 2

⊥⊥ ∝ Rκ  and 2
⊥⊥ ∝Λ R . The Eq. 1.9.46 and Eq. 1.9.48 for ⊥Λ  may be combined 

to within a factor of ∼2:  
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where   

( ) .
2122

oo HHh −=δ                              (1.9.50) 

 
Let δ << 1 (the field in inhomogeneities are little different from the basic field); 

then  
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δλ ,                                 (1.9.51) 
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and at λδ oHR ≥⊥ it will be ,234 δλ −
⊥ →Λ l whereas at λδ oHR <⊥  it will be 

( )3222 lHR oλ⊥⊥ →Λ .  
If δ ≈ 1 then 

222

342

λ
λ

hR
lR

+
≈Λ

⊥

−
⊥

⊥ ,                                              (1.9.52) 

 
i.e. 34 −

⊥ ≈Λ lλ  at λhR >>⊥  and ( )2322 hlR λ⊥⊥ ≈Λ  at λhR <<⊥ . Thus, the 
measurements of the transport scattering path on the basis of data on CR variations 
are of extreme interest since this parameter is a sensitive characteristic of the 
magnetic inhomogeneities in space.  
 
1.9.10. The transport path for scattering with anisotropic distribution of 
magnetic inhomogeneities in space  

Many of the diffusion models of a propagation of CR in interplanetary space 
are based on the concep of the scattering centers in solar wind. These scattering 
centers are magnetic inhomogeneities frozen in interplanetary plasma which 
radially move away from the Sun together with solar wind (Belov and Dorman, 
1972). In a region remote from the Sun at the distance r, let the average distance 
between inhomogeneities along the radius is ( )rlr  and transverse to the radius (over 
θ and φ, where θ is polar, φ is azimuthal angles) is ( )rlθ  and ( )rlϕ . Suppose that at 
some distance or  from the Sun ( ) ( ) ( )ooor rlrlrl ϕθ == , i.e. the scattering centers are 
isotropically distributed. If a diffusion picture does not vary with time, then  

 
( ) ( ) ( ) ( ) oooorr rrlrlrllrlrl ==== ϕθ, .                          (1.9.53) 

 
Then at orr ≠  the isotropy in a distribution of inhomogeneities is conserved 

only in the plane, normal to the radius. The natural question arises of whether the 
anisotropic distribution of scattering centers will result in anisotropic diffusion. To 
verify this assumption let us consider the following spatial structure in the location 
of inhomogeneities: let the neighboring inhomogeneities be located at the same 
distances which are equal to a in radial direction, and in the directions, perpendicular 
(over θ and φ) to a radius, they equal b. Let us consider as well that every scattering 
occurs isotropically and all of inhomogeneities has the same dimension λ. A 
probability that a particle, moving initially along the radius, will be scattered at the 
distance a is ;22 bλ the probability ( )( )2222 1 bb λλ −  corresponds to the distance 2a, 
etc. A probability of a free path ka in the radial direction will be 

( )( ) 12222 1
−

−
k

bb λλ . Summing with the respective weight all possible free paths, we 
obtain the average free path   
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( )( ) 2212222
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1 −−∞
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r .                      (1.9.54) 

 
Similarly 

( )( ) ( )( ) 22122

1
1 −−∞
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=−∑=Λ=Λ λλλϕθ abababkb

k

k
.                (1.9.55) 

 
Therefore   

( )σλϕθ Nabr 122 ==Λ=Λ=Λ − ,                          (1.9.56) 
 

where ( )21 abN =  is a density of inhomogeneities; 2λσ =  is the differential cross-
section of scattering. Thus in the absence of a regular magnetic field the diffusion 
remains isotropic, in spite of anisotropy in scattering centers.  

Consider now a large-scale regular magnetic field. For particles with Larmor 
radius { }barL ,max>>  the isotropy of diffusion is not violated, but for particles with 
Larmor radius { }barL ,min<<  diffusion will be essentially anisotropic. These 
particles will be bound to the lines of force of a regular magnetic field, and a free 
path in the direction of the field will be 22

// λdr=Λ , where d is the average 
distance between inhomogeneities along the lines of force. In particular, if the 
regular field has a spiral structure then 
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Ω+=
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urrrad o

o ,                         (1.9.57) 

 
where u is the solar wind velocity, and Ω is the angular velocity of solar rotation. 
We see that the distance d is essentially dependent on the distance from the Sun. 
Near the Sun oad ≈ , and at great distances (near the ecliptic plane) oo rrad ≈ . A 
free path Λ varies together with a distance r. Thus in the presence of a regular 
magnetic field an additional radial dependence of the diffusion coefficient arises in 
interplanetary space which is related to a divergent character of a motion of 
scattering centers (resulting in an anisotropic distribution in space). A similar 
situation may occur in expanding shells of Supernovae, in spiral branches of 
galaxies, in Metagalaxy.  
 
1.10. Magnetic traps of CR in space  
 
1.10.1. Types of CR magnetic traps and main properties 

CR in space are essentially confined within magnetic traps of one or another 
scale and fail to propagate freely (excluding for CR γ-quanta and neutrinos which 
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cannot be trapped by magnetic fields). Enormous CR traps are very diverse in their 
properties and the charged particle behavior in such traps is essentially energy-
dependent. The trap in the Earth’s environment formed by the near-dipolar 
magnetic field exhibits a high degree of stability and considerable lifetime of 
particles in the trap. At the same time the traps in the vicinities of chromospheric 
flares or in solar corpuscular streams of magnetized plasma are much more 
transparent for particles and the mode of particle ejection from such traps resembles 
the diffusion in irregular magnetic fields. Traps of various kinds are also formed in 
the vicinities of normal stars, in particular in the solar system and supernova shells. 
On the other hand, the Galaxy (the galactic disc and halo) also forms a peculiar trap 
of dimensions of many thousand of parsecs which can safely (with a ~ 107 years life 
time) retain the particles of moderate and high energies and is very transparent for 
the super-high energy particles. It is quite possible that the clusters of galaxies form 
even more enormous traps of the super-high energy particles.  

What formation in the space should be considered as a magnetic trap? Perhaps 
they are the formation with regular magnetic fields of peculiar configuration where 
the charged particle lifetime is very great and the accumulation effect is significant, 
or should the term be much extended? It seems to be expedient from the viewpoint 
of the study of the general regularities of the temporal variations of CR intensity to 
consider the CR traps as any magnetic formations in which the motion and time of 
residence of charged particles is substantially different from those in the free space 
of the same volume (it should be emphasized that the properties of the traps are 
essentially dependent on particle energy and that the same magnetic formation may 
be an excellent trap for particles with energies lower than some critical energy and, 
at the same time, may be practically transparent for particles of higher energies). 
The CR intensity inside a trap is determined by the powers of both internal and 
external source of particles, the absorption, nuclear conversions, loss owed 
interactions with magnetic fields (the latter is of importance to electrons) inside a 
trap, and the extent of the exchange with the outer space particles. The temporal 
variations of the above said factors will in their turn result in the temporal 
variations of the trapped radiation. Such an approach will permit the diverse types 
of CR to be uniquely considered and understood. The cosmic traps are 
characterized, first of all, by the structure of the magnetic fields that determine the 
charged particle’s motion, the exchange with the outer space (ejection from a trap 
and the possibility of being trapped) and, to a great extent, by the particle 
absorption inside a trap. An extremely important characteristic of the traps is their 
dynamism; the traps can be static, moving, expanding, compressed, and, besides 
that, can exhibit their internal dynamics.  

Many works devoted to the theoretical development and experimental study of 
traps with regular magnetic fields for containing hot plasma appeared in connection 
with the recent research into controllable thermonuclear reactions (see, for example, 
in Artsymovich, M1961). These problems have been also sufficiently elaborated in 
connection with the development of space electrodynamics (Pikelner, M1961; 
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Spitzer, M1956) and intensive exploration of the magnetic trap and the properties 
of trapped radiation in the Earth’s environments.  
 
1.10.2. Traps of cylindrical geometry with a homogeneous field  

The simplest traps of cylindrical type with regular magnetic fields resembling 
homogeneous fields may be formed, for example, in the galactic arms, in solar 
corpuscular streams, and in extended magnetic formations in interplanetary space. 
In this case CR particles move along a spiral with radius of curvature 

( )ZeHcprL ⊥= , where θsinpp =⊥ ; θ is the angle between the particle motion 
direction and a magnetic force line. The particles will move along the field at a 

velocity EpcEcpv θcos22
//// ==  where ( ) 214222 cmcpE o+=  is the total energy of 

particle. Thus if the width of the regular field region is L, the particles with LrL <<  
cannot be ejected through the side walls across the field, excluding for the surface 
layer of thickness Lr2 . If LrL ≈  such a region will only scatter the particle and 
change the direction of its motion by an angle determined by Eq. 1.8.7 (see Section 
1.8.4). 
 
1.10.3. Traps with strength-less structure of the field  

Willis (1966) has studied the motion of an individual charged particle in a 
relatively simple strength-less field ( )xHxH oo αα cos,sin,0=H , where oH  and α are 
constants. In such field the equations of particle motion can be exactly solved 
without assuming a leading center. One of the components of the equation of 
particle motion is formally reduced to the general equation of pendulum motion. It 
has been shown that under some conditions a particle may move predominantly 
across the lines of force and thus be ejected from magnetic trap. The criterion of 
realization of such possibility is the condition 2LrL < , where L is the characteristic 
scale of the field; Lr  is the maximum gyration radius of particle in homogeneous 
magnetic field oH . It should be noted that examination of the traps of such kind is 
of great interest in analyzing the possibility of solar CR trapping by sunspot 
magnetic fields and in studying the propagation of galactic CR through the 
interstellar and interplanetary space.  

 
1.10.4. The effect of magnetic field inhomogeneities  

If the trap field comprises magnetic field irregularities which can scatter the 
particles, the diffusion across the field will also take place. Let the field 
inhomogeneities be characterized by size λ and the mean distance between them l; 
let also the field in the inhomogeneities differ from the regular part by, on the 
average, H∆±  and the field direction in inhomogeneities be the same as in the main 
part of the trap. Within the time of particle motion through an inhomogeneity, the 
curvature center will shift by 
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Since within 1 sec a particle will encounter 32 −lvλ  inhomogeneities, the mean 
velocity of the displacement of the center of curvature will be 
 

32 −
⊥⊥ Λ= lvu λ ,                                      (1.10.2) 

 
whence, including Eq. 1.10.1, we shall obtain for the diffusion coefficient of the 
curvature center across the magnetic field: 
 

234
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⎜
⎝
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−
⊥⊥

⊥ H
Hvlu λκ .                                (1.10.3) 

 
It follows from Eq. 1.10.3 that if the inhomogeneities fill the entire trap (if λ ~ l), 
then 
 

2

3
⎟
⎠
⎞

⎜
⎝
⎛ ∆=⊥ H

Hvλκ .                                          (1.10.4) 

 
CR particle diffusion across the magnetic field is also possible owing to elastic 

and inelastic scattering by plasma particles, which is of significant importance for 
the low energy particle behavior in the high density matter traps.  
 
1.10.5. Traps with an inhomogeneous regular field  

Consider first an inhomogeneous field with parallel magnetic force lines. In 
this case a drift should take place since the radius of curvature decreases with 
increasing the field intensity; the drift will be perpendicular to the field gradient. 
The drift velocity may be found using the perturbation method if the field intensity 
varies little at a distance of the radius of curvature, if ( ) HHrL <<∇ . The radius of 
curvature in the vector form (directed as Lω ) is 

[ ]pHrL 2ZeH
c= ,                                               (1.10.5) 

 
and the shift of the center of curvature is 
 

[ ]pHds 3ZeH
cdH−= ,                                               (1.10.6) 
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whence, after averaging over the period of particle gyration, we shall find that  
 

[ ]Hfdsv mdr 2
0

1
ZeH

c
T

T
−=∫= .                              (1.10.7) 

 
Here mf  is the force of interaction of elementary magnet M (formed by the current 

π2LωI Ze=  as a result of particle gyration) with the field H:  
 

Hfm ∇= M ,  
HE
pc

c
IrM L

2

232
⊥== π ,                             (1.10.8) 

 
where E is the total energy of particle; I is the current. Substituting Eq. 1.10.8 in 
Eq. 1.10.7 we obtain 

( )[ ]HHvdr ∇−= ⊥
EZeH

pc
3

24

2
.                                   (1.10.9) 

 
In the ultra-relativistic case, we get 
 

( )[ ]HHvdr ∇−= ⊥
3

3

2ZeH
pc ,                                (1.10.10) 

 
and in the non-relativistic case we have 
 

( )[ ]HHvdr ∇−= ⊥⊥
3

2

2ZeH
pcv .                               (1.10.11) 

 
1.10.6. Traps with a curved magnetic field 

Examine now the particle motion in curved magnetic field. If a particle moves 
along a curved line or spirals around a force line, the centrifugal force 
 

HEH
cp HHfc ∇=

22
//                                       (1.10.12) 

 
arises. The force will result in a drift in the direction perpendicular to the plane 
comprising the given section of the force line: 
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1.10.7. Traps with a magnetic field varying along the force lines  
The case is of great interest where the field intensity varies along the force lines 

(in this case the force lines are not parallel) and the Lorentz force component 
parallel to //v  appears. In connection with this, the field-aligned particle energy 
varies and, since the total particle energy remains constant in stationary magnetic 
field, the transverse component of momentum should also vary. Since in the case of 
motion towards a stronger field the Lorentz force component is directed opposite to 
the motion, the longitudinal momentum decreases and may even vanish. In this case 
the particle will move with acceleration in opposite direction, reflection from the 
sector with stronger field will occur. It can be easily shown (see, for example, in 
Pikelner, M1961) that if the field inhomogeneity is weak, magnetic moment M is 
conserved. From this, it follows from Eq. 1.10.8 that the value 

 
constsin2 =Hθ                                         (1.10.14) 

 
is conserved during the particle motion. A particle with angle θ to the field at point 
with intensity H will be reflected at a point where 2' πθ = , and the field intensity 

θ2sin' HH = . It can be seen from the above that the smaller the initial value of θ 
the more intense a field the particle will penetrate. Such reflection region is 
essentially a magnetic mirror. The particles, in moving between the magnetic 
mirrors, will be confined within the trap.  
 
1.10.8. Traps with a magnetic field varying with time  

It is of great interest to examine the case of particle motion in a magnetic field 
whose intensity varies with time. Consider a small region of the space where the 
field may be treated as homogeneous. Under the influence of the induced electric 
field and as the magnetic field intensity increases, the particles will drift towards 
the OZ axis at velocity 
 

( ) Hdtdr rH21−= ,                                   (1.10.15) 
whence 
 

21−∝ Hr .                                         (1.10.16) 
 
In this case 21−∝ HrL  and  
 

21HHrcp L ∝∝ .                                    (1.10.17) 
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The existence of the regions with magnetic field inhomogeneities and the 
collisions of CR particles with plasma particles will result in particle scattering, 
diffusion across the field, and, ejection from the traps.  

 
1.11. Cosmic ray interactions with electromagnetic radiation in 
space plasma 
 
1.11.1. Effects of Compton scattering of photons by acce1erated particles  

The Compton effect on relativistic electrons (or, as it is called, the ‘inverse’ 
Compton effect) has been studied in many works. The first efforts in this direction 
were made by Feenberg and Primakoff (1948) in connection with the problem of 
whether the CR may have the electronic component. It has been shown in (Felten 
and Morrison, 1963; Ginzburg and Syrovatsky, M1963) that the Compton effect of 
thermal photons by electrons of CR of galactic origin may make certain 
contribution to the isotropic γ-ray background. Gordon (I960), Shklovsky (1964a), 
Zheleznyakov (1965), Korchak (1965a,b) studied the possible importance of the 
inverse Compton effect of thermal photons on the electron component of solar CR 
to generation of X-rays and γ-rays in solar flares. Ginzburg (1964) and Shklovsky 
(1964b) estimate the possible contribution from the inverse Compton effect to the 
generation of electromagnetic radiation from various radio objects. Korchak and 
Ponomarenko (1966) have calculated the expected spectrum of photon emission 
generated by the inverse Compton effect in interactions between accelerated 
electrons and isotropic background of thermal photons. In this case Korchak and 
Ponomarenko (1966) proceed from the formula for Compton cross section 
(Akhiezer and Berestetsky, M1959): 
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Here 1phE  and E are the photon and electron energy before scattering;  
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E
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is the photon energy after scattering; 22 cmer ee =  is the classical radius of 
electron; θβνθβν cos1;cos1 2,12,1 −=−=  ( cv=β  is the electron velocity relative to 
the velocity of light; θ is the angle between the photon momentum 1k  and 2k  
before and after scattering; 1θ  and 2θ  are the angles between these momentums and 
the initial electron momentum p). Assume that the thermal photons are isotropic in 
space with the Planck distribution of the photon energy at a temperature phT  in 
energetic units):  
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where pha = 2.404. If the electrons are also isotropic, the effective cross section 

( )EE ,2phσ  of generation of the photons with energy E during scattering of thermal 
photons with temperature phT  by electrons with energy E will be obtained by 
integrating Eq. 1.11.1 and taking into account Eq. 1.11.4:  
 

( ) ( ) ( )∑=
∞

=

−

1
ph

2

ph

22

ph

2
2ph 4

,
k

ee kTIk
T

Ecm
a
rEEσ ,                    (1.11.5) 

 
where 
 

( ) ( )

( )
( )

( ) )6.11.1(.exp

sinsin

2ph1

ph2ph2

2ph1

2ph2

2
ph

1
221

2

0
21ph

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
×

∫ ∫ ∫= −−

EE
kTE

EE
E

kTAdddkTI

νν
ν

νν
ν

νθθθθϕ
π

 

 
Here the value A is determined from Eq. 1.11.2; the range of integration over 1θ  
and 2θ  is πθ 20 2,1 ≤≤  when the condition ( )( ) 02ph12ph2 >− EEE ννν  which is 
equivalent to the condition νν EE 12ph <  is satisfied.  

The Eq. 1.11.6 can be significantly simplified if the energy of the scattered 
photons is examined in the range 

 
( ) ββ ph2ph1 TEE >>>>+ .                         (1.11.7)  

 
In this case  
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where ( ) ( )ββ +−= 11 ph2ph TEy . For relativistic electrons at 2cmE e>> (i.e. 1≈β ), 
we shall obtain by substituting Eq. 1.11.8 at 1=β  in Eq. 1.11.5: 
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where ( ) 2252 cm1065.638 −×== eT rπσ  is the Thompson cross-section, and  
 

( ) ( ) ( ) ( ) ( )( )22
ph2ph 4;Eiexp1221 EcmTEzzzzzzzG e=−+++= .   (1.11.10)  

 
The function ( )zG  depends little on z in the interval ( )∞,0 : the values of this 
function are within 0.7-1.0 (see Fig. 1.11.1).  
 

 
 
Fig. 1.11.1. Special functions functions W and G versus z, and G* versus z  for determining 
the expected spectrum of photon emission generated by the inverse Compton effect in 
interactions between accelerated electrons and isotropic background of thermal photons. 
The dimensionless variables z and z  are determined by Eq. 1.11.10 and Eq. 1.11.22, 
respectively. According to Korchak and Ponomarenko (1966). 
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The spectral power of radiation per a single electron with energy E 
 

( ) ( )EEEcnEEW pho ,, 2ph2ph2ph σ=                    (1.11.11)  
 

has a maximum value at ( )( ) 14 2
ph2ph ≈EcmTE e  (see Fig. 1.11.1).  

If the differential energy spectrum of electrons is of the power form  
 

( ) ( ) γγγ −−−= EEnEn oo
11 ,                              (1.11.12) 

 
(where oE  is the boundary of the spectrum on the low energy side, on  is the total 
concentration of electrons with energy oEE ≥ ), the total spectral power of radiation 
is  
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and the function G is determined by the Eq. 1.11.10. According to Korchak and 
Ponomarenko (1966), in the extreme case of low 2phE  when oz << 1, then  
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i.e. at low 2phE  the spectral power ( ) 2ph2ph EEW ∝ . In the opposite extreme case of 
high 2phE , when 1>>oz , then 
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and ξ is t he Riemannian zeta-function. At γ = 1.5, 2, 3, 4, and 5, the function ( )γf  
takes the values 0.216, 0.410, 0.90, 1.79, and 3.62 respectively. Thus at high 2phE  

the spectral power ( ) ( ) 21
2ph2ph
γ−∝ EEW  (similarly to the synchrotron radiation). The 

maximum of power is reached at 
 

( )( )22
ph

max
2ph 4 cmETE eoγϕ= ,                          (1.11.19) 

 
where ( ) =γϕ  0.6, 0.71, 0.94, 1.16, and 1.38 at γ = 1.5, 2, 3, 4 and 5 respectively.  

It is of great interest to consider the case where all the thermal photons move 
isotropic (Korchak and Ponomarenko, 1966). In this case, the angle θ between the 
radially moving primary photons and the scattered photons (moving along the sight 
line) is fixed. The cross section σd  of generation of photons with energy 2phE  and 
direction of the momentum within the solid angle 2phΩd  will then be 
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where kσ  is determined from Eq. 1.11.1; EdΩ  is the solid angle characterized the 
direction of the initial electron momentum; the rest designations are as above. After 
integrating Eq. 1.11.20 over 1phE  and 2θ  we shall obtain for relativistic electrons 
( )1≈β :   
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where  

( ) ( ) ( ) ( )
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The plot of the function ( )zG*  is also shown in Fig. 1.11.1. The maximum value of 
σd  is at 2πθ =  and decreases down to 0 at θ = 0; this is quite understandable 
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since in this case the observer receives only the photon from the Planck 
distribution, but not the scattered photons. If the electron spectrum is of the power 
form described by Eq. 1.11.12, we shall obtain taking account of Eq. 1.11.21: 
 

( ) ( )( )( )( )

( ) ( )
)23.11.1(,

2

cos11
16

3

21

ph

2ph
1

2

21
ph

ph

2ph
2ph

γγ

γθγ
π

σ

−−

+

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
×

−−
Ω

=

T
E

cm
E

zIncn
a
d

EdW

e

o

ooo
T

 

 
where 

( ) ( )[ ] 1
ph

22
2ph cos12 −−= θTEcmEz oeo .                          (1.11.24)  

 
It follows from Eq. 1.11.23, including Eq. 1.11.22, that at ph2ph1 TEdWzo ∝<<  

and at ( )( ) ( )( ) 21
ph2ph

21cos11 γγθ −+−∝>> TEdWzo . In this case the energy 
max

2phE , at which dW is a maximum, will be proportional to ( ) ( )2
phcos1 cmET eoθ− . 

It also follows from Eq. 1.11.23 that in the high enrgy photon range (when 
( )( ) 14 2

ph2ph >>oe EcmTE ) the emitted power depends on angle θ as ( ) 12sin +γθ , 

where θ is the angular distance between the emitting region and the central 
meridian (for solar flares), i.e. the most considerable flux of hard X-rays generated 
by accelerated relativistic electrons will be from the flares at the edge of the solar 
limb. The probability of Compton scattering ( )2ph1ph ,, ννEW  of isotropic radiation 
by relativistic electron with energy E is generalized in (Charugin and Ochelkov, 
1974) for the case where the frequency 2phν  of the scattered quantum is smaller 
than the frequency 1phν . It has been shown that the intensity of the scattered 

radiation 2phν∝  at 2phν > 1phν  and is proportional to 2
2phν  at 2phν < 1phν  for a 

mono-energetic electron beam. In case of induced Compton scattering the 
relativistic electrons always gains energy. If the brightness temperature of radiation 

phT  is such that 2
ph cmkT e>>  in some range of frequencies, the rate of heating 

( )( ) ρσTee cEcmcmkT
522

ph≈ . Since the cooling owed to spontaneous Compton 

loss 2E∝ , the electrons even in intense sources may be heated only up to energy 

( ) 712
ph

2 cmkTcmE ee≈ . Despite the fact that the effectiveness of the electron 
heating owing to induced Compton scattering in real sources is small, considerable 
distortions of the spectra are expected in quasars if the density of electrons with 
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energies 210 cmE e≤  exceeds 36 cm10 − . Sweeney and Stewart (1974) have studied 
the nonlinear Compton radiative group deceleration. The equations of electron 
motion in a strong, plane, and circularly polarized electromagnetic wave have been 
numerically integrated by taking account of radiative deceleration. The principal 
attention was paid to the electron interactions with the electromagnetic wave whose 
phase velocity αc  (where 0 < α ≤ 1) exceeds the velocity of light in vacuum. It 
has been shown that the radiative deceleration accounts for the rapid evolution of 
charged particles. Irrespectively of the initial energy, the evolution of charged 
particles is rapid and their energies approach the asymptotic value 

22 1 dfcmE e −≈  at which the energy loss for radiative deceleration and the 
energy gain under the effect of the electric field of the strong wave are equalized. 
For the pulsar in the Crab nebula, the parameter of wave force 610≈f  and the 
electrons acquire their asymptotic energies already at distances of ∼ 13102×  cm 
from neutron star.  

Milton et al. (1974), Hari Dass et al. (1975) have studied the Compton 
scattering of photons by charged particles in the presence of homogeneous 
magnetic field whose value is comparable with critical (for electrons, Gs104 13× ). 
In this case the effect of such a field of all orders should be taken into account or 
else the charge should be considered as bound. The calculation scheme and the 
expression for the cross-section are presented. The extreme cases are examined. 
Ochelkov and Prilutsky (1974) study the effect of the energy loss for the Compton 
radiation on the electron spectrum in the ‘plasma kettles’, i.e. the regions with high 
density of electromagnetic radiations, which may probably exist in the galactic 
nuclei and quasars. It was shown earlier that a power spectrum of electrons with 
exponent γ = 3 which is universal, independent of specific size of a kettle, was 
generated in turbulent plasma in homogeneous magnetic field. It is emphasized, 
however, that the results obtained are inapplicable at sufficiently high densities of 
electromagnetic radiation in a kettle when the Compton scattering of the radiation 
by relativistic electrons becomes to be of importance. It has been shown that the 
power spectra of electrons with exponent 3≠γ  are generated in the kettles with 
high density of radiation (of the order of the energy density of plasmons or 
magnetic field); the value of γ is already dependent on specific parameter of a 
kettle, for example the size, the relativistic electron density, etc. It is indicated that 
the value may be unambiguously determined from observations on the basis of the 
slope of the spectrum of X-rays from a kettle of Compton nature. For practical 
determination of γ, however, the spectrum of X-rays from galactic nuclei 
(supposedly the Compton X-rays) has been insufficiently studied as yet. Similar 
results in the study of the comptonization and the generation of the relativistic 
electron spectrum in the plasma kettles have been obtained in (Nikolaev and 
Tsytovich, 1976; see Section 4.10.1) taking account of the Compton scattering of 
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reabsorbed radiation. The universality of the plasma turbulent kettle as a source of 
relativistic electrons with a power spectrum under the conditions close to the real 
situation in the space in the presence of magnetic fields and magnetic turbulent 
modes of pulsations has been demonstrated. The dependence of the spectrum 
exponent γ on the parameters characterizing the plasma of the turbulent reactor has 
been studied for various types of turbulence. The found γ ≤ 3 correspond to the 
range of the most probable values obtained in the studies of cosmic radio sources.  
 
1.11.2. The influence of nuclear photo effects on accelerated particles 

Gerasimova and Rozental (1961) have estimated the variations of the CR 
spectrum in case of a nuclear photo effect on stellar photons. The values have been 
obtained for iron nuclei which undergo a photo-effect on the photons whose 
spectrum is determined by the Planck function of black body radiation at T = 5800 
°K. The nuclei of galactic origin fail to disintegrate completely; only their isotopic 
composition changes, since the (γ,n) and (γ,2n) photo-neutron reactions are 
predominant. The change of the exponent of the integral spectrum of galactic CR 
has been estimated. The nuclei of intergalactic origin produced more than 1010 
years ago underwent the photo-effect completely. The nuclei that are being 
produced may enter the Galaxy from a region of 25105×  cm size which fails to give 
any significant contribution from CR to the spectrum observed on the Earth.  

Pollack and Shen (1969a,b) have noted that, because of the Doppler effect, the 
photons of moderate energy in the coordinate system of their sources are shifted to 
the γ-ray region in the coordinate system of highly energetic CR. Therefore such 
photons may knock out individual nucleons from compound nuclei and decrease 
the proton energy. The calculations show that the photon density during supernova 
explosions, in quasars, and in some pulsar models is sufficiently high to ensure a 
splitting of α−particles with total energies above 15104×  eV when they are ejected 
from these potential sources of CR. The corresponding value of energy for nuclei of 
group VH is some 17102×  eV (see Table 1.11.1).  
 
Table 1.11.1. Critical energies (in eV) of various nuclei for an essential energy loss in 
photon field. According to Pollack and Shen (1969a,b).   
 

Total photodisintegration Significant energy 
loss 

Source 

α−particles very heavy nuclei,  
A ≥ 50 

protons 

Supernova, type II 4×1015 9×1016 7×1016 
Quasars 2×1015 8×1016 8×1016 

Pulsars, r = 10 km 2×1015 1.2×1017 2×1017 
Pulsars, r = 1000 

km 
7×1018 5×1020 2×1022 
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It follows from the results presented in Table 1.11.1 that the 1017÷1019 eV CR 
must be almost completely protons. Besides that, the order of magnitude of the 
photon field is sufficient to result in a significant energy loss at E > 1016 eV. This is 
a probable reason for the decrease in the number of such high energy particles as 
observed in the spectrum. 

Attention is paid in (Rengarajan, 1973) to the fact that during the early stage of 
a pulsar when an appreciable portion of the energy of neutron star rotation may be 
converted into high-energy CR and γ-quanta, the surface of the star is very hot 
(with T ∼ 107 °K), and therefore it is necessary to take account of the CR and γ -
quantum interactions with the photons of this radiation. Considering the photon 
emission to be black dark with T = 107 °K, the author has calculated the γ -quantum 
absorption as a result of γ−γ collisions and the heavy nucleus photo-disintegration. 
It has been found that during the initial stage of a pulsar, when T ∼ 107 °K on its 
surface, all the γ -quanta with energy 108 - 1012 eV are completely absorbed and all 
the nuclei of the iron group with energy 1013 - 1015 eV/nucleon disintegrate almost 
completely. The calculations has been also carried out for T = 2×106 °K and T = 
5×106 °K. At T = 5×106 °K, the γ - quantum absorption is still significant, the 
optical thickness γγτ ∼ 10 (for the 109÷1010 eV energy range), whereas at T = 2×106 
°K γγτ  ≤ 1. The iron nucleus photo-disintegration decreases pronouncedly with 
decreasing T, so that at already T = 5×106 °K the optical thickness Feγτ ∼ 1 only at 
E ∼ 5×1013 eV/nucleon and decreases abruptly at either side of this value of energy.  
 
1.11.3. Effect of the universal microwave radiation on accelerated 
particles  

Daniel and Stephens (1966) studied the effect of the isotropic thermal 
radiations of the Universe at T = 2.7 °K on the energy spectrum of high energy 
electrons by measuring the differential energy spectrum of electrons with energies 
E > 12 GeV in primary CR. Analysis of 28 detected electrons has shown that the 
total flux of primary electrons with effective energy E > 12 GeV is 0.51 ± 0.10 
(m2sec.ster)-1. The differential energy spectrum of the 12÷350 GeV electrons is of 
the form ( ) dEEdEEn γ−= 7.12 , where E is the electron energy in GeV; γ = 2.1 ± 0.2. 
The positron share in the total number of electrons and positrons is 0.70 ± 0.20, 
which is indicative of a positron excess at E > 12 GeV in contrast to a negative 
excess of electrons at lower energies. The measured spectrum of the 12÷350 GeV 
electrons and the 1÷10 GeV electron spectrum obtained from other experiments 
were compared with the calculated spectrum obtained on the assumption of electron 
equilibrium in the galactic halo and including the Compton backscattering of 
electrons by the luminescence photons and by the photons of black-body radiation 
at T = 2.7 °K. The comparison has shown that at E < 2 GeV the experimental and 
theoretical spectra fail to be in agreement, which may be explained by the solar  



72 CHAPTER 1    

 

modulation effect on the low-energy electron fluxes. On the other hand, at E ≤ 12 
GeV the observed appreciable excess of the experimental spectrum over the 
theoretical one is far beyond the possible errors. In this energy range the exponent 
of the theoretical spectrum γ = 3.4 in comparison with the experimental γ = 2.1 ± 
0.2. The observed discord indicates that either the black-body radiation at T = 2.7 
°K does not exist in the Universe or the adopted model of galactic halo is invalid. 
However, the theoretical spectrum calculated in terms of the extragalactic model for 
electrons gives even larger disagreement with the experimental data. For the 
subsequent experiments have confirmed existence of the Planck radiation in the 
Universe, the extragalactic model have been completely rejected. In this case a dual 
explanation may be given to the available experimental data on the electron 
spectrum at E > 12 GeV, namely (1) the electrons are probably not in the 
equilibrium state in the halo and (2) the entire observed spectrum of the 1-350 GeV 
electrons consists of two different components in the galactic halo model. One of 
the components, which accounts for the existence of the electrons with energies of 
up to ∼ 10 GeV and has the spectrum ( ) dEEdEEn 4.250 −= , comprises the directly 
accelerated electrons and the secondary electrons produced in nuclear interactions 
of CR when traversing a 2.5 g/cm2 path in the interstellar hydrogen. The second 
component accounts for the existence of the 10÷350 GeV electrons and has the 
spectrum ( ) dEEdEEn 1.154.0 −= . Because of the Planck radiation this spectrum 
begins to fall more steeply at E ≥ 20 GeV and reaches the exponent γ = 2.1 at high 
energies.  

Cowsik et al. (1966) emphasize that the universal radiation at T = 2.7 °K makes 
it possible to estimate the upper limit of the leakage lifetime of the primary CR 
electrons. For this purpose the equilibrium differential energy spectrum of electrons 
was calculated for various electron leakage lifetimes τ and the results were 
compared with the corresponding experimental spectrum in the 1÷350 GeV energy 
range. The exponent of the power energy spectrum of electron injection calculated 
disregarding the energy loss was assumed to be γ = 2.4. The comparison showed 
that the spectrum calculated for τ = 107 years was in a good agreement with 
experimental data if the possible errors are included, whereas the spectrum with τ ≥ 
108 years gives too low an electron flux at energies of 100 GeV and higher. Thus, 
the leakage lifetime of electrons cannot exceed 107 years if the universal T = 3°K 
radiation exists and if the electrons with energies of up to several hundreds of GeV 
are generated in but a single source.  
 
1.11.4. Effect of infrared radiation on accelerated particles  

Shen (1970) notes that if the recently discovered (Shivanandan et al. 1968), IR 
radiation exists actually in the Galaxy, Vela X is probably the sole source of the 
very high energy CR electrons measured on the Earth (Shivanandan et al., 1968).  
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An abrupt cutoff of the energy spectrum of CR electrons is predicted at E ∼  
2×103 GeV.  
 
1.12. CR interaction with matter of space plasma as the main 
source of cosmic gamma radiation 
 
1.12.1. The matter of the problem 

The interaction of CR particles (protons, nuclei, and electrons) with matter 
determine the main processes of high energy gamma ray generation through neutral 
pions decay and bremsstrahlung emission. In Dorman (1996) there was estimated 
the expected gamma ray intensity generated by local and outer CR in different 
astrophysical objects for outer and inner observers. Any astrophysical object 
containing CR (of local and outer origin), magnetic fields and matter must generate 
gamma rays by neutral pion’s decay (generated in interactions of CR protons and 
nuclei with matter), and by the generation of bremsstrahlung, synchrotron and 
curvature radiation of relativistic electrons, and by inverse Compton scattering of 
relativistic electrons on optical, infrared and relict 2.7 °K photons. The intensity 
and spectrum of gamma radiation depend on the CR spectrum, on the CR 
space−time distribution function, as well as on the spacial distribution of matter, 
magnetic fields and small energy background photons. Below we shall consider 
general formulas for gamma ray generation through neutral pion’s decay (generated 
in nuclear interactions of proton-nuclear CR component with the matter of space 
plasma; see below Section 1.12.2), and gamma ray generation through interactions 
of CR electrons with matter and low energy photons in space plasmas 
(bremsstrahlung and inverse Compton radiation, respectively; see Section 1.12.3). 
On the basis of these formulas we shall make several estimations of expected 
gamma ray generation by flare CR from the Sun by their interactions with the 
matter of solar corona and solar wind as well as gamma ray generation by flare CR 
from other stars by interactions with the matter of stellar winds (Section 1.13). The 
same will be made for gamma ray generation by galactic CR interactions with 
matter of solar and stellar winds (Section 1.14).  
 
1.12.2. Gamma rays from neutral pions generated in nuclear interactions 
of CR with space plasma matter 

Let the distribution of space plasma matter in the spherical system of 
coordinates φθ ,,r  be determined by ( )φθ ,,rn in units of atom.cm−3. Let us suppose 
that ( )φθ ,,,rEN pn  is the space distribution of the differential intensity of the proton-
nuclear component of CR, where E is the total CR particle energy in GeV/nucleon. 
The gamma ray intensity from some space plasma volume boundared by the surface 

( )φθ ,or  from neutral pions decay in this volume at the distance ( )φθ ,oobs rr >>  will 
then be 
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where, according to Stecker (M1971), Dermer (1986a,b),  
 

( ) ( )
( )

( ) 21422
pn

min,

2,
−∞

−∫= cmEEdEEE
EE

ππππγ
γπ

σσ .                (1.12.2) 

 
In Eq. 1.12.2  
 

( ) γπγγπ EcmEEE 42
min, += ,                      (1.12.3) 

 
and the cross-section of pion generation ( )Eπσ  can be approximated by (the 
momentum p of protons is in GeV/c):  
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In Eq. 1.12.4 there was used the notation 
 

( ) ( )( ) 121222
21

8222422 222162
−

⎥⎦
⎤

⎢⎣
⎡ +⎥⎦

⎤
⎢⎣
⎡ −−= cmEcmcmcmmcmEcm pkppkp πππη ,   (1.12.5) 

 
and kE  is the kinetic energy of protons. The dependence of ( )Eπσ  from kinetic 
energy of protons kE  (calculated according to Eq. 1.12.4) is shown in Fig. 1.12.1. 

For some rough estimates let us use the demodulated differential CR proton 
spectrum in the interstellar space as in Dermer (1986a,b):  
 

( ) ( )srGeVseccmprotons2.2 275.2 ⋅⋅⋅= −EEN p .               (1.12.5a) 
 
For α-particles the differential energy spectrum will be the same, but the coefficient 
will be 0.7 instead of 2.2 and E will denote the energy/nucleon. According to 
Dermer (1986a,b) the inclusion of additional channels of nuclear interactions p−He, 
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α−H, and α−He gives an increase in gamma ray emissivity of 28%, 9%, and about 
2% relative to p−H channel considered above. 
 

 
 
Fig. 1.12.1. The inclusive cross-section ( )kEπσ  for reactions anything+→+ opp π  as 
a dependence upon the kinetic energy of protons kE . Calculated according to Eq. 1.12.4. 
 
Therefore for rough estimations we can consider only the channel p−H and then 
multiply the result by a factor 1.39; if we also take into account heavier nuclei this 
factor will be 1.45. For the demodulated differential energy CR proton spectrum 
(Eq. 1.12.5) with factor 1.45, the expected gamma ray emissivity per l atom H in 
cm3 was found by Dermer (1986a,b) as ( )γEQpn  in units photons/(cm3 sec GeV), 
which can be approximated in the energy interval from 10−3 GeV up to 103 GeV by 
 

( )( ) ( )( )[ ] 212
max,pn lg14.21lg γγγ γ EEEQ +−−≈ ,                   (1.12.6)  

 
where γ = 2.75 and max,γE  denotes the position where ( )γEQpn  attains the 
maximum: 
 

( ) 17.1lg max, −=γE .                                           (1.12.7) 
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1.12.3. Gamma ray generation by CR electrons in space plasma 
(bremsstrahlung and inverse Compton effect) 

By using results of Cesarsky et al. (1978) on the bremsstrahlung gamma ray 
generation by electrons of galactic CR in the interstellar medium, we obtain for the 
expected bremsstrahlung gamma ray flux from some volume of space plasma at 
some distance obsr  from this volume the following formula:  
 

( ) ( ) ( ) ( ) ( )φθφθσφθθ
π

π

π
γ
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γγ
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,,,,,,cos,
2

2

2

0
bs

,

0

2
obsobsbs, rnrENEEdEddrdrErF

E
eee

ro
∫ ∫ ∫∫=

−

∞− ,(1.12.8) 

 
where the definitions are the same as for Eq. 1.12.1, but eE  is the energy of 
electrons and ( )φθ ,,,rEN ee  is the space distribution of the differential intensity of 
the electron component of CR. In Eq. 1.12.8 ( )γσ EEe ,bs  is the cross-section of 
bremsstrahlung gamma ray generation with energy γE  by electrons with energy 

eE , which according to Cesarsky et al. (1978) can be approximated by the 
following equation: 
 

( ) ( ) ( ){ }2
1

1
2222

bs 22, ϕϕασ γγγγγ
−− −−+−= eeeee EEEEEEEErEE ,   (1.12.9) 

 
where 1371≈α  is the fine structure constant, er  is the classical electron radius, 1ϕ  
and 2ϕ  are functions from variable  
 

( )( ) ( )( )γγχξ EEEEcmZ eee −= 2 ,                      (1.12.10) 
 

( )1=Zχ = 34.259, ( )2=Zχ = 20.302. The functions 1ϕ  and 2ϕ  are tabulated in 
Blumental and Gould (1970). According to Pohl (1994) for the standard He-to-H 
ratio of 0.1 for space plasma matter roughly 1ϕ  ≈ 2ϕ ≈ 58 and  
 

( ) ( ) ( ) ( )( )22
bs 3442.0, eeee EEEErEE γγγσ −−≈ ,          (1.12.11) 

 
For the demodulated differential energy spectrum of electrons in the interstellar 

space ( )ee EN  by Cesarsky et al. (1978) was used spectrum of CR electrons 
measured on == 1rr 1AU from the Sun in the minimum of solar activity:  
 

( ) ( ) 8.12
1 10, −−≈= eeeee ErENEN  electron/(cm3.sec.GeV).     (1.12.12) 

 
The expected bremsstrahlung gamma ray emissivity per l atom H in cm3 for this 
spectrum was found by Cesarsky et al. (1978) in the form  



COSMIC RAY INTERACTIONS IN SPACE  PLASMAS  77 

 

( ) 8.14.26
bs 10 −−≈ γγ EEQ  photons/(cm3.sec.GeV).             (1.12.13) 

 
For the total inverse Compton gamma ray emissivity (for starlight and 2.7 °K 

photons) was found  
 

( ) 8.13.27
IC 10 −−≈ γγ EEQ  photons/(cm3.sec.GeV),             (1.12.14) 

 
about 10 times smaller than expected from bremsstrahlung gamma ray emissivity. 
Obtained in Cesarsky et al. (1978) gamma ray spectrum is too hard and contradicts 
to measurements by COMPTEL (Strong et al., 1994) and to theoretical models of 
Skibo and Ramaty (1993), Pohl (1993, 1994). On the basis of investigation of the 
CR hysteresis effect relative to solar activity (Dorman and Dorman 1967a,b), is 
possible to determine the modulation of CR in the interplanetary space in the 
minimum of solar activity and to restore the demodulated spectrum of galactic CR 
out of the Heliosphere (Dorman M1975a,b; Zusmanovich, M1986; Belov et al., 
1990). For galactic CR electrons the demodulated differential spectrum ( )ee EN  
according to Webber (1987) can be described by power law γ−∝ eE  with graduelly 
increasing γ with increasing of eE  from γ ≈ 2.3 for eE  ≈ l÷2 GeV to γ ≈ 3.2 for eE  
≈ 30÷100 GeV:  
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where ( )ee EN  is in units of electron/(cm2.sec.sr.GeV). The demodulated 
differential energy spectrum of CR electrons described by Eq. 1.12.15 will give the 
expected gamma ray emissivity in accordance with measurements by COMPTEL 
(Strong et al. 1994) and with theoretical models Skibo and Ramaty (1993); Pohl 
(1993, 1994).  
 
1.13. Gamma ray generation in space plasma by interactions of 
flare energetic particles with solar and stellar winds 
 
1.13.1. The matter of problem and the main three factors 

The generation of gamma rays by interaction of flare energetic particles (FEP) 
with solar and stellar wind matter shortly was considered in Dorman (1996, 1997). 
In Dorman (2001a) was given a development of this research with much more 
details. As an example we consider the first the situation with gamma ray 
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generation in the interplanetary space by solar FEP in periods of great events, 
determined mainly by three factors:  
The 1st factor − by the space-time distribution of solar FEP in the Heliosphere, 
their energetic spectrum and chemical composition (see review in Dorman, M1957, 
M1963a,b, M1978; Dorman and Miroshnichenko, M1968; Dorman and 
Venkatesan, 1993; Stoker, 1995; Miroshnichenko, M2001). For this distribution 
can be important nonlinear collective effects (especially for great events) of FEP 
pressure and kinetic stream instability (Berezinsky et al., M1990; Dorman, Ptuskin, 
and Zirakashvili, 1990, Zirakashvili et al., 1991; see in more details below, Chapter 
3).  
The 2nd factor − by the solar wind matter distribution in space and its change 
during solar activity cycle; nonlinear effects will also be important for this 
distribution: pressure and kinetic stream instability of galactic CR as well as of 
solar FEP (especially in periods of very great events) − see references above and in 
more details below, in Chapter 3.  
The 3rd factor − by properties of solar FEP interaction with the solar corona and 
solar wind matter accompanied with gamma ray generation through decay of 
neutral pions (Stecker, M1971; Dermer, 1986a,b; see above Section 1.12.2).  

After consideration of these 3 factors we calculate the expected space-time 
distribution of gamma ray emissivity, and expected fluxes of gamma rays for 
measurements on the Earth’s orbit of a dependence upon time after the moment of 
FEP generation, for different directions of gamma ray observations. We calculate 
expected fluxes also for different distances from the Sun inside and outside the 
Heliosphere. We expect that the same 3 factors will be important for gamma ray 
generation by stellar FEP in stellar winds, but for some types of stars the total 
energy in FEP is several orders higher than in solar flares and the speed of lost 
matter is several orders higher than from the Sun (Gershberg and Shakhovskaya, 
1983; Korotin and Krasnobaev, 1985; Gershberg et al., 1987; Kurochka, 1987).  

According to Dorman (2001a), observations of gamma rays generated in 
interactions of solar FEP with solar wind matter can give during the periods of great 
events valuable information about the 3D-distribution of solar wind matter as well 
as about properties of solar FEP and its propagation parameters. Especially 
important will be observations of gamma rays generated in interactions of stellar 
FEP with stellar wind matter. In this case information can be obtained about total 
energy and energetic spectrum in stellar FEP, about the mode of FEP propagation, 
as well as information about stellar wind matter distribution. 
1.13.2. The 1st factor: solar FEP space-time distribution  

The problem of solar FEP generation and propagation through the solar corona 
and in the interplanetary space as well as its energetic spectrum and chemical and 
isotopic composition was reviewed in Dorman (M1957, M1963a,b, M1978), 
Dorman and Miroshnichenko (M1968), Dorman and Venkatesan (1993), Stoker 
(1995), Miroshnichenko (M2001). In the first approximation, according to numeral 
data from observations of many events for about 5 solar cycles the time change of 
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solar FEP and energy spectrum change can be described by the solution of isotropic 
diffusion (characterized by the diffusion coefficient ( )ki Eκ ) from some pointing 
instantaneous source ( ) ( ) ( )tNtEQ oiki δδ rr =,,  of solar FEP of type i (protons, 

−α particles and heavier particles, electrons) by  

( ) ( ) ( )( )[ ] ( )( )( )tEtEENtEN kikikoiki  4exp 2,, 212/32/1 κκπ rr −×=
−

,   (1.13.1) 
 
where ( )koi EN  is the energetic spectrum of total number of solar FEP in the source. 
At the distance 1rr =  the maximum of solar FEP density 
 

( ) ( ) ( ) 3
1

3
1

212321
1max  925.0 23exp32, −−− =−= rrENErN koiki π     (1.13.2) 

 
will be reached according to Eq. 1.13.1 at the moment 
 

( ) ( )kErkErt κ62
1,1max = ,                                (1.13.3) 

 
and the space distribution of solar FEP density at this moment will be 
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EN
tErN

koi
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According to numerical experimental data the energetic spectrum of generated 

solar energetic particles in the source can be described approximately as (see the 
review in Dorman and Venkatesan, 1993): 

 
( ) ( ) γ−≈ maxkkoikoi EENEN ,                             (1.13.5) 

where γ  increases with increasing of energy from about 0÷1 at 1≤kE  GeV/nucleon 
to about 6÷7 at 1510 ÷≈kE  GeV/nucleon. Parameters oiN  and γ  are changing 
sufficiently from one event to other: for example, for the greatest observed event of 
February 23, 1956 3534 1010 ÷≈oiN , in the event of November 15, 1960 

32103×≈oiN , in the event of July 18, 1961 31104×≈oiN , in the event of  May 23, 

1967 3110≈oiN . For the greatest observed event of February 23, 1956 parameter γ  
had values ≈ 1.2 at 3.0≈kE  GeV/nucleon, γ ≈ 2.2 at 1≈kE  GeV/nucleon , γ ≈ 4 at 

75 ÷≈kE  GeV/nucleon, and γ ≈ 6÷7 at 1510 ÷≈kE  GeV/nucleon. This change of γ 
is typical for many great solar energetic particle events: see in Dorman (M1957, 
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M1963a,b) about event of February 23, 1956, and review about many events in 
Dorman (M1963a,b, M1978), Dorman and Miroshnichenko (M1968), Dorman and 
Venkatesan (1993), Stoker (1995), Miroshnichenko (M2001). Approximately the 
behavior of value γ in Eq. 1.13.5 can be described as  
 

( )koEkEo ln+= γγ ,                                   (1.13.6) 
 
where parameters oγ  and koE  are different for individual events , but typically they 
are in intervals 52 ≤≤ oγ  and 102 ≤≤ koE  GeV/nucleon. The position of maximum 
in Eq. 1.13.5 taking into account Eq. 1.13.6 is determined by 
 

( ) ( ) oikoiokok NENEE =−= maxmax   ,exp γ  .                 (1.13.7) 
 

The total energy contained in FEP will be according to Eq. 1.13.5-1.13.7: 
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( ) maxmax

ln

0
maxtot koikk

EE
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where  

∫ ==
∞ −

0

ln1 82.4dxxb x .                                        (1.13.9) 

 

For great solar FEP events erg1010 3231
tot ÷≈E , and more (see in Dorman, 

M1957, M1963a,b, M1978; Dorman and Miroshnichenko, M1968; Dorman and 
Venkatesan, 1993; Stoker, 1995; Miroshnichenko, M2001), for great stellar FEP 
events erg1010 3735 ÷≈totE  (see in Gershberg and Shakhovskaya, 1983; Korotin 
and Krasnobaev, 1985; Gershberg et al., 1987; Kurochka, 1987).  

In Eq. 1.13.1  
 

( ) ( ) ( ) 3kkiki EvEE Λ=κ                                        (1.13.10) 
 
is the diffusion coefficient, ( )ki EΛ  is the transport path for particle scattering in the 
interplanetary space, ( )kEv  is the particle velocity as a dependence on the kinetic 
energy per nucleon kE : 
 

( ) ( ) 212211 ⎟
⎠
⎞

⎜
⎝
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−
cmEcEv nkk ,                            (1.13.11) 
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where 2cmn  is the rest energy of the nucleon. According to numeral experimental 
data and theoretical investigations ( )ki EΛ  have a bride minimum in the region 0.1-
0.5 GeV/nucleon and increases with energy decreasing lower than this region at 
about 1−∝ kE  (caused by ‘tunnel’ effect for particles with curvature radius in the 
interplanetary magnetic field smaller than the smallest scale of hydromagnetic 
turbulence, see in Dorman, M1975a) as well as with energy increasing over this 
interval as β

kE∝ , where β  depends from the spectrum of turbulence and usually 
increases from 0 up to about 1 for high energy particles of few GeV/nucleon and 
then up to about 2 for very high energy particles with curvature radius in IMF 
bigger than biggest scale of magnetic inhomogeneities in IMF (according to 
investigations of galactic cosmic ray modulation in the Heliosphere it will be at 

3020 ÷≥kE  GeV/nucleon). For calculations of expected space-time distribution of 
gamma ray emissivity we try to describe this dependence for the most part of 
spectrum what is important for gamma ray emission (from about 0.01 GeV/nucleon 
up to about 20 GeV/nucleon) approximately as 
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To determine the parameters 321 ,, EEE  we use observations of solar CR 
events as well as observations of galactic CR modulation in interplanetary space. 
The time dependences of galactic CR primary fluxes for effective rigidities R =2, 5, 
10 and 25 GV were found in Belov et al. (1990) on the basis of ground 
measurements of muon and neutron components as well as measurements in 
stratosphere on balloons and in space on satellites and spacecrafts. The residual 
modulation (relative to the flux out of the Heliosphere) for GVR  10≈ in the 
minimum and maximum of solar activity was determined as 6 and 24 % (what is in 
good agreement with results on CR-SA hysteresis effects according to Dorman and 
Dorman, 1967a,b, 1968; Dorman, M1975b; Dorman et al., 1997a,b). According to 
convection-diffusion model of CR solar cycle modulation (Parker, M1963; 
Dorman, 1959, M1975b), the slope of the residual spectrum ( ) ( ) β−∝∆ RRDRD 0  

reflects the dependence ( ) ( ) ( )( ) βRRDRDR ∝∆∝Λ −1
0 . In Belov et al. (1990) the 

spectral index β  was determined as GV 52at    4.0 −≈β , at  1.1≈β  5−10 GV, and 
at  6.1≈β  10−25 GV. Eq. 1.13.12 will be in agreement with these results and with 

data on FEP events in smaller energy region if we choose 05.01 ≈E  GeV/nucleon, 
22 ≈E  GeV/nucleon, and 53 ≈E  GeV/nucleon. 

The dependence of the transport path from the level of solar activity is 
characterized by ( )WiΛ . This parameter can be determined from investigations of 
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galactic CR modulation in the interplanetary space on the basis of observations by 
neutron monitors and muon telescopes for several solar cycles. According to 
Dorman and Dorman (1967a,b, 1968), Dorman (M1975b), Dorman et al. (1997a,b), 

( ) 31−∝Λ WWi  for the period of high solar activity and ( ) 1−∝Λ WWi  for the period 
of low solar activity. According to Dorman et al. (1997a,b), the hysteresis 
phenomenon in the connection of long term CR intensity variation with solar 
activity cycle can be explained well by the analytical approximation of this 
dependence, taking into account the time lag of processes in the interplanetary 
space relative to caused processes on the Sun: 
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where maxW  is the sunspot number in maximum of solar activity and 

( ) cm1012
max ≈Λ Wi .  

 
1.13.3. The 2nd factor: space time distribution of solar wind matter 

The detail information on the 2-nd factor for distances smaller than 5 AU from 
the Sun was obtained by the mission of Ulysses. Important information for bigger 
distances (up to about 100 AU) was obtained from missions Pioneer 10, 11, 
Voyager 3, 4, but only not far from the ecliptic plane. If we assume for the first 
approximation the model of Parker (M1963) of radial solar wind expanding into the 
interplanetary space which is in good accord with all available data of direct 
measurements in the Heliosphere, then the behavior of the matter density of solar 
wind will be described by the relation 

 
( ) ( ) ( ) ( )( )θθθθ ,, 22

111 rurrunrn = ,                            (1.13.14) 
 
where ( )θ1n  and ( )θ1u  are the matter density and solar wind speed at the helio-
latitude θ  on the distance 1rr =  from the Sun ( ).AU11 =r The dependence ( )θ,ru  is 
determined by the interaction of solar wind with galactic CR and anomaly 
component of CR, with interstellar matter and interstellar magnetic field, by 
interaction with neutral atoms penetrating from interstellar space inside the 
Heliosphere, by the nonlinear processes caused by these interactions (Dorman, 
1995a,b; Le Roux and Fichtner, 1997; see also below, Chapter 3). According to 
calculations of Le Roux and Fichtner (1997) the change of solar wind velocity can 
be described approximately as 
 

( ) ( )( )orrburu −≈ 11 ,                                          (1.13.15) 
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where the distance to the terminal shock wave AU 74≈or  and parameter 
45.013.0 ÷≈b  in dependence of subshock compression ratio (from 3.5 to 1.5) and 

from injection efficiency of pickup protons (from 0 to 0.9). From our investigations 
of CR-SA hysteresis phenomenon (Dorman and Dorman, 1967a,b, 1968; Dorman, 
M1975b; Dorman et al., 1997a,b), we estimate AU 100≈or . 
 
1.13.4. The 3rd factor: gamma ray generation by FEP in the Heliosphere 

Let us consider in the first generation of neutral pions. According to Stecker 
(M1971), Dermer (1986a,b), the neutral pion generation caused by nuclear 
interactions of energetic protons with hydrogen atoms through reaction 

opp π→+ + anything will be determined by 
 

( ) ( )
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∫
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= (1.13.16) 

 
where ( )trn ,,θ  is determined by Eq. 1.13.14, ( )πEkE min  is the threshold energy 

for pion generation, ( )trEN kp ,,  is determined by Eq. (1.13.1), ( )kEπςσ  is the 

inclusive cross section for reactions anything+→+ opp π , and  
 

( )( )∫ =
∞

0
1, πππ dEdEEEdN k .                         (1.13.16a) 

 
Gamma ray emissivity caused by nuclear interactions of FEP protons with solar 

wind matter will be determined according to Stecker (M1971), Dermer (1986a,b), 
by 
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where ( ) γπγγπ EcmEEE 442

min += . Let us introduce Eq. 1.13.1 in Eq. 1.13.16 and 
Eq. 1.13.17 by taking into account Eq. 1.13.14: 
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( ) ( ) ( ) ( )trurtutnrtrB ,,,,23,, 2
11

2
1

2/12/72/3 θθθπθ =                 (1.13.19) 
 
and  

( )kp Ert κ62
11 =                                            (1.13.20) 

 
is the time in which the density of FEP at a distance of 1 AU reaches the maximum 
value. The space distribution of gamma ray emissivity for different 1tt will be 
determined mainly by function  
 

( ) ( ) ( )trtrttrttf 2
11

223
1

2
1 23exp, −= −− ,                    (1.13.21) 

 
where 1t , determined by Eq. 1.13.20, corresponds to some effective value of kE  in 
dependence of γE , according to Eq. 1.13.16 and Eq. 1.13.17. The biggest gamma 
ray emission is expected in the inner region  
 

( ) 21
11 32 ttrrr i =≤ ,                                (1.13.22) 

 
where the level of emission ( ) 23

1
2 −−∝ ttr . Outside this region gamma ray 

emissivity decreases very quickly with r as ( )( )22 exp irrr −∝ − . For an event with 
total energy 3210 ergs at 3

1 10== tt sec, 1310=ir cm, ( ) 3
1 cm 5, −≈tn θ , 

( ) seccm 104 222×≈kp Eκ , we obtain for emissivity of gamma rays with energy > 
100 MeV:  
 

 ( ) 2810,GeV1.0 −≈> rrEFpp γ
γ  photon.cm 13sec−− .           (1.13.23) 

 
Let us note that at the distance of 5 solar radius it gives 1510 −  photon.cm 13sec−− ). 
Eq. 1.13.18 describes the space-time variations of gamma ray emissivity 
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distribution from interaction of solar energetic protons with solar wind matter (see 
Fig. 1.13.1).  
 

 
 
Fig. 1.13.1. Expected for the event with energy 1032 ergs space-time emissivity distribution 
of gamma rays with energy > 100 MeV for different time t after FEP generation in units of 
time maximum 1t  on 1 AU, determined by Eq. (1.13.20). The curves are from 1tt = 0.001 
up to 1tt = 100. From Dorman (2001a). 
 
1.13.5. Expected angle distribution and time variations of gamma ray 
fluxes for observations inside the Heliosphere during FEP events 

Let us assume that the observer is inside the Heliosphere at the distance 
orr ≤obs  from the Sun and helio-latitude obsθ  (here or  is the radius of Heliosphere). 

The sight line of observation we can determine by the angle slθ , computed from the 
equatorial plane from direction to the Sun to the North. In this case the expected 
angle distribution and time variations of gamma ray fluxes will be 

 

( ) ( )
( )( )dLtrLEFtrE pH

L

pH ,,,,,, slobs
0

slobs
slmax

θθ γ
γθ

γ
γ

∫=Φ .         (1.13.24) 

 
In Eq. 1.13.24 gamma ray emissivity 
 

( )( ) ( )trEFtrLEF pHpH ,,,,,, slobs θθ γ
γ

γ
γ =                       (1.13.25) 
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is determined by Eq. 1.13.18 taking into account that 
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where obssl θθθ −=∆ . In Eq. 1.13.24  
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According to Eq. 1.13.18 and Eq. 1.13.24–1.13.27 the expected angle distribution 
and time variations of gamma ray fluxes for local observer ( oobs rr ≤ ) from 
interaction of solar energetic protons with solar wind matter will be determined by 
the energy spectrum of proton generation on the Sun ( ),kop EN  by the diffusion 
coefficient ( )kp Eκ , and parameters of solar wind in the period of event near the 
Earth orbit ( )tn ~,1 θ  and ( )tu ~,1 θ . 

In the case of spherical symmetry we obtain 
 

( ) ( )( ) ϕθθϕϕ γ
γ

γ
γ sin,sin,,,, obsminmaxobsobs rtrrEFtrE pHpH −=≈Φ ,      (1.13.28) 

 
where ϕ  is the angle between direction on the Sun and direction of observation, 
 

( )irr ϕθ sinarccos obsmax = ,                                 (1.13.29) 
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For the great solar FEP event with the total energy in FEP about 3210 ergs Eq. 
1.13.28 for AU1obs =r  gives 
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Expected fluxes of gamma rays with energy GeV1.0>γE  during a large FEP 

event with total energy 3210 ergs for different directions of observation 
characterized by an angle φ from 2° up to 179° as a dependence upon 1tt  are 
shown in Fig. 1.13.2−1.13.5.  
 

 
 
Fig. 1.13.2. Expected fluxes of gamma rays with energy more than 100 MeV during FEP 
event with total energy 1032 ergs for directions from φ = 2° to φ = 10° from the Sun as a 
dependence on 1tt , where 1t  was determined by Eq. (1.13.20).  
 

 
 

Fig. 1.13.3. The same as in Fig. 1.13.2, but for φ = 12° to φ = 26°. 
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Fig. 1.13.4. The same as in Fig. 1.13.2, but for φ = 28° to φ = 70°. 
 

 
 

Fig. 1.13.5. The same as in Fig. 1.13.2, but for φ = 75° to φ = 179°.  
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1.13.6. Gamma rays from interaction of FEP with stellar wind matter 
Let us suppose that some observer is at the distance orr >>obs , where or  is 

radius of a stellar-sphere. In this case 
 

( ) ( )trEFdrrdrtrE pH

r

pH
o

,,,cos2,,
0

2
2

2

2
obsobs θθθπ γ

γπ

π
γ

γ
∫∫=Φ

−

− ,         (1.13.32) 

 
where ( )trEFpH ,,, θγ

γ  was determined by Eq. (1.13.18). For spherical symmetrical 

modes of FEP propagation and stellar wind matter distribution, we obtain 
 

( ) ( )( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Φ=Φ −− 21

1
1

3
1

1
111

2
obsobs 3,,4,, tt

r
rrtttrEFrtrE o

pHpH γ
γ

γ
γ π  ph.cm-2sec-1, (1.13.33) 

 
where ( )xΦ  is the probability function. For a flare star with total energy in an FEP 
event of 3610 ergs and ( ) 3

1  500, −≈ cmtn θ  the expected emissivity at 3
1 10== tt sec 

will be  
 

( ) 13214 sec.photon.cm10,1.0 −−−≈> rrGeVEFpp γ
γ .            (1.13.34) 

 
For this case Eq. (1.13.33) gives 
 

( ) ( ) ( ) ⎟⎟
⎠

⎞
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⎝

⎛
Φ×=>Φ −− 21

1
1

1
1

2
obs

28
obs 3102,,1.0 tt

r
rttrtrGeVE o

pH γ
γ  ph.cm-2sec-1.   (1.13.35) 

 
According to Eq. 1.13.35 for 3

1 10=t sec at t =10 sec and 100 sec the value 

( ) 13 21
1

1
>>tt

r
ro  and ( ) ,1≈Φ x  then at the distance cm1019

obs =r (about 3 pc) the 

expected gamma ray flux ( )trEpH ,,GeV1.0 obs>Φ γ
γ  will be 8102 −×  and 9102 −×  

ph.cm-2sec-1, respectively. Eq. 1.13.35 shows that the total flux of gamma rays from 
stellar wind generated by FEP interaction with wind matter must fall inverse 
proportional with time and does not depend upon the details of the event. It is 
important for the separation of gamma ray generation in stellar wind from the direct 
generation in stellar flare.   
 
1.13.7. Expected gamma ray fluxes from great FEP events 

Estimates according to Eq. 1.13.31 show that in periods of great solar FEP 
events with total energy 3210≈  ergs the expected flux of gamma rays with energy > 
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100 MeV in the direction 2° from the Sun at 1tt =1/3 reaches 
1123 sec..srphoton.cm10 −−−−≈ . It means that according to Fig. 1.13.2 the expected 

flux in the same direction at 1tt = 1/30 reaches 1122 sec..srphoton.cm102 −−−−×≈ . In 
the direction 30° from the Sun (see Fig. 1.13.4) expected gamma ray fluxes are 
much smaller: the maximum will be at 1tt = 1/3 and reaches value only 

1125 sec..srphoton.cm10 −−−−≈ . Expected gamma ray fluxes are characterized by great 
specific time variations, which depend from direction of observations relative to the 
Sun, total FEP flux from the source, parameters of FEP propagation (summarized in 
value of 1t ), and properties of solar wind (see Fig. 1.13.1 for expected space time 
distribution of gamma ray emissivity and Fig. 1.13.2−1.13.5 for expected gamma 
ray fluxes).  
 
1.13.8. On the possibility of monitoring gamma rays generated by FEP 
interactions with solar wind matter; using for forecasting of great 
radiation hazard  

At energies above about 30 MeV pair production is the dominant photon 
interaction in most materials. In gamma ray Pair Telescopes this process is used to 
detect the arrival of a gamma ray photon through the electron-positron pair created 
in the detector. The space-telescopes COS-B and EGRET are well known 
(collection area of the latter about 1600 cm2 ), which gave well energy and spatial 
resolution (see review in Weekes, 2000). These telescopes can detect objects with 
gamma ray fluxes of an energy bigger than 100 MeV at the detection limit of 
present day gamma ray telescopes of order 10−6−10−7 photon.cm-2.sec-1; these fluxes 
are several orders lower than expected from FEP interactions with solar wind 
matter (see Fig. 1.13.2–1.13.5). According to Gehrels and Michelson (1999) a 
further advance in the energy and spatial resolution is expected from the Gamma 
ray Large Area Space Telescope (GLAST). In this telescope solid state detectors 
will be use as the tracking material instead of a gas filled chamber. It is planned to 
be launched in 2006. This telescope will allow for improved energy resolution 
(10% resolution) and spatial location (0.5-5.0 arc minutes). Figures 1.13.2–1.13.5 
show that present gamma ray telescopes might measure expected gamma ray fluxes 
in periods of great FEP events. These observations of gamma rays generated in 
interactions of FEP with solar wind matter can give important information about 
3D-distribution of the solar wind as well as about properties of solar FEP 
generation and propagation parameters. Let us note that the model of isotropic 
diffusion may be used only after about 15–30 minutes after an FEP event starting 
on the Earth, when the expected gamma ray fluxes are not so big, but measurable 
with present gamma ray telescopes and those available/planned in the near future. 
To obtain more exact information about solar wind properties as well as about the 
mode of FEP generation and propagation during the beginning stage, in the first 
several minutes after an FEP event starting on the Earth and starting even before 
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this (when it is expected the biggest fluxes of gamma rays in directions of a few 
degrees from the Sun), − it is necessary to recalculate the expected space-time 
distribution of gamma ray emissivity and gamma ray fluxes in the frame of more 
real and more complicated model of solar CR propagation based on the theory of 
anisotropic diffusion and kinetic equation. Let us note that these observations can 
be used for forecasting of great radiation hazard in the Earth’s environment 
(Dorman, 2001f). 
 
1.14. Gamma ray generation in space plasma by interactions of 
galactic CR with solar and stellar winds 
 
1.14.1. The matter of problem and the main three factors 

The generation of gamma rays by the interaction of galactic CR with solar and 
stellar winds matter was considered in Dorman (1996, 1997b, 2001b). These was 
considered the situation with gamma ray generation in the interplanetary space by 
galactic CR and expected time variations of gamma ray fluxes dependent on the 
direction of the observations and in connection with solar activity (SA) cycle (about 
11 years from minimum to minimum of SA) and with the solar magnetic cycle 
(with a period of about 22 years including odd and even SA cycles, and periods of 
reversal general solar magnetic field near both maximums of SA). By data obtained 
from investigations of the hysteresis phenomenon in dependence of galactic CR 
intensity from solar activity level it was determined the change of CR density 
distribution in the Heliosphere during solar cycle as a dependence on particle 
energy. On the basis of observational data and investigations of CR nonlinear 
processes in the Heliosphere we also determined the space-time distribution of solar 
wind matter. Then we calculate the generation of gamma rays by the decay of 
neutral pions generated in the nuclear interactions of modulated galactic CR with 
solar wind matter and determine the expected space-time distribution of gamma-ray 
emissivity. On the basis of these results we calculate the expected time variation of 
the angle distribution and spectra of gamma ray fluxes generated by interaction of 
modulated galactic CR with solar wind matter for local (inside the Heliosphere) and 
distant observers (for stellar winds).  

The space-time distribution of gamma ray emissivity will be determined mainly 
by 3 factors:  
The 1st factor − space-time distribution of galactic CR in the Heliosphere, their 
energetic spectrum and chemical composition; for this distribution nonlinear 
collective effects of galactic CR pressure and kinetic stream instability can be 
important (Berezinsky et al., M1990; Dorman, Ptuskin, and Zirakashvili, 1990; 
Zirakashvili et al., 1991; Dorman, 1995b; Le Roux and Fichtner, 1997; see also 
below, Chapter 3).  
The 2nd factor − the solar wind matter distribution in space and its change during 
the solar activity cycle; for this distribution pressure and kinetic stream instability 
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of galactic CR also be important will (Dorman, 1995b; Le Roux and Fichtner, 
1997; see also below, Chapter 3).  
The 3rd factor − properties of galactic CR interaction with solar wind matter 
accompanied with gamma ray generation through the decay of neutral pions 
(Stecker, M1971; Dermer, 1986a,b; see above, Section 1.12.2).  

After consideration of these 3 factors we calculate the expected space-time 
distribution of gamma ray emissivity, and the expected fluxes of gamma rays for 
measurements on the Earth’s orbit as a dependence on the level of solar activity for 
different directions of gamma ray observations. We also calculate the expected 
gamma ray fluxes for different distances from the Sun inside the Heliosphere (local 
observations) and outside (distant observations). We expect that the same 3 factors 
will play an important role for gamma ray generation by galactic CR in stellar 
winds, but for some types of stars the speed of lost matter is several orders higher 
than from the Sun. 

Observations of gamma rays generated in interactions of galactic CR with solar 
wind matter can give valuable information about the 3D-distribution of solar wind 
matter as well as on properties of galactic CR global modulation and its 
propagation parameters. Especially important will be observations of gamma rays 
generated in interactions of galactic CR with stellar wind matter. It will be shown 
that in this case important information on galactic CR modulation in the stellar-
sphere can be obtained as well as information about stellar activity and stellar wind.  
 
1.14.2. The 1st factor: galactic CR space-time distribution in the 
Heliosphere 

The problem of galactic CR propagation through interplanetary space as well 
as modulation of its intensity and energetic spectrum in the Heliosphere (the 1st 
factor) was reviewed in Dorman (M1957, M1963a,b, M1975b), and taking into 
account CR nonlinear processes in Dorman (1995b). According to this research the 
convection-diffusion modulation of energy spectra of proton component of galactic 
CR can be described in the quasy-stationary approximation of the spherical 
symmetrical geometry (Parker, 1958, M1963; Dorman, 1959) as 
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where according to Simpson (1983) 
 

( ) ( ) 11212 GeV.s.cm.srproton.2.2 −−−−−
+×=

γ
cmEEN pkkp          (1.14.2) 

 

is the differential energy spectrum of proton component of galactic CR outside the 
Heliosphere, the slope of the primary spectrum γ = 2.75, ( )tru ,  is the solar wind 
velocity, and  
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( ) ( ) ( ) 3,,,, kkpkp EvtErtEr Λ=κ                          (1.14.3) 
 
is the diffusion coefficient, ( )tEr kp ,,Λ  is the transport path for particle scattering, 

( )kEv  is the particle velocity in dependence of kinetic energy per nucleon kE :  
 

( ) ( ) 212211 ⎟
⎠
⎞

⎜
⎝
⎛ +−=

−
cmEcEv nkk .                            (1.14.4) 

 
According to numeral experimental data and theoretical investigations ( )ki EΛ  

has a wide minimum in the region 0.1−0.5 GeV/nucleon and increases with energy 
decreasing lower than this region as about 1−∝ kE  (caused by the ‘tunnel’ effect for 
particles with curvature radius in the interplanetary magnetic field smaller than the 
smallest scale of hydromagnetic turbulence, see in Dorman, M1975a, and above in 
Section 1.9) as well as with energy increasing over this interval as γ

kE∝ , where γ  
depends from the spectrum of the turbulence, and usually increases from 0 up to 
about 1 for high energy particles of a few GeV/nucleon and then up to about 2 for 
very high energy particles with radius of curvature in the IMF larger than the 
biggest scale of magnetic inhomogeneities in the IMF (according to investigations 
of galactic CR modulation in the Heliosphere it happens at 2015 ÷≥kE  
GeV/nucleon). For calculations of expected space-time distribution of gamma ray 
emissivity we try to describe this dependence approximately as 
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To determine the parameters 321 ,, EEE  in Eq. 1.14.5 we used observations of solar 
CR events as well as observations of galactic CR modulation in interplanetary 
space. The time-dependence of galactic CR primary fluxes for effective rigidities 
R =2, 5, 10 and 25 GV were found in Belov et al. (1988, 1990) on the basis of 
ground measurements (muon and neutron components) as well as measurements in 
the stratosphere by balloons and in space by satellites and spacecrafts. The residual 
modulation (relative to the flux out of the Heliosphere) for 10≈R  GV in the 
minimum and maximum of solar activity was determined as 6 and 24 % (what is in 
good agreement with results from hysteresis effect obtained on the basis of neutron 
monitor data (Dorman and Dorman, 1967a,b, 1968; Dorman, M1975b; Alania and 
Dorman, M1981; Alania et al., M1989; Dorman, Villoresi et al., 1997a,b). 
According to convection-diffusion model of CR cycle modulation, the slope of the 
residual spectrum ( ) ( ) γ−∝∆ RRDRD 0  reflects the dependence  
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( ) ( ) ( )( ) γRRDRDR ∝∆∝Λ −1
0 .                            (1.14.6) 

 
In Belov et al. (1988, 1990) the spectral index γ was determined as γ ≈ 0.4 at 

2−5 GV, γ ≈ 1.1 at 5−10 GV, and γ ≈ 1.6 at 10−25 GV. Eq. 1.14.5 will be in 
agreement with these results and with data on FEP events in smaller energy range if 
we choose 05.01 ≈E  GeV/nucleon, 22 ≈E  GeV/nucleon, and 53 ≈E  GeV/nucleon.  

The dependence of the transport path from the level of solar activity is 
characterized by ( )WiΛ . This parameter can be determined from investigations of 
galactic CR modulation in interplanetary space on the basis of observations by 
neutron monitors and muon telescopes for several solar cycles. According to 
Dorman and Dorman (1967a,b, 1968) ( ) 31−∝Λ WWi  for the period of high solar 
activity and ( ) 1−∝Λ WWi  for the period of low solar activity. According to Dorman 
and Dorman (1967a,b, 1968), Dorman (M1975b), Dorman, Villoresi et al. 
(1997a,b), the hysteresis phenomenon in the connection of long-term CR intensity 
variation with solar activity cycle can be explained well by the analytical 
approximation of this dependence, taking into account the time lag r/u of electro-
magnetic processes in the interplanetary space relative to solar activity phenomena 
on the Sun caused these processes: 
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where 200max ≈W  and  ( ) 1210max≈Λ Wi  cm.  

In the some rough approximation the convection-diffusion global modulation 
described by Eq. 1.14.1 can be determined as  
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where or  is the size of the modulation region, the parameter γ determines the 
dependence ( ) γRR ∝Λ ,  
 

( ) ZecmEEZecpR pkk
2122 2+==                          (1.14.9) 

 
is the particle rigidity (in GV), and 
 



COSMIC RAY INTERACTIONS IN SPACE  PLASMAS  95 

 

( ) ( )22122 2 cmEcmEEcv pkpkk ++==β                             (1.14.10) 
 
is the particle velocity for protons in units of light speed c, and ( )tB  is the 
parameter of modulation. According to Dorman and Dorman (1967a,b, 1968), 
Dorman (M1975b), Zusmanovich (M1986), Dorman, Villoresi et al. (1997a,b), the 
parameter ( )tB  changes with solar activity in the first approximation inverse 
proportional to iΛ . Near the minimum of solar activity ( ) GV 4.03.0min ÷≈B . In 
the maximum of solar activity the modulation became higher and 

( ) GV 5.26.1max ÷≈B  for different solar cycles in dependence of direction of 
solar general magnetic field and sign of CR particles charge (taking into account 
drift effects). For −α particles in galactic CR the space distribution of the 
modulated spectrum will be  
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where ( ) βγ and,,, RtB  are the same as in Eq. 1.14.8 for protons, and ( )kg EN α  
is the particle-α  spectrum outside of the Heliosphere, which according to Simpson 
(1983) is 
  

( ) ( ) ( ) 112175.22 nucleonGeV.s.cmsr.particle07.0 −−−−−
+= cmEEN pkkgα , 

(1.14.12) 
 
and kE  is the kinetic energy of α-particles per nucleon. For heavier particles with 
A~2Z we have an equation, similar to Eq. 1.14.11, but  
 

( )( ) 2122 2 cmEEZeAZecpR pkk +== .                    (1.14.13) 
 

Described above is the modulation of galactic CR caused by convection-
diffusion processes. To this modulation it is necessary to add modulation caused by 
drift effects which can be determined mainly by the value of the tilt angle between 
the neutral current sheet and the solar equatorial plane (Burger and Potgieter, 1999; 
Dorman, 2001c; Dorman, Dorman et al., 2001). This type of modulation changes 
the sign in periods of solar magnetic field reversal (near maxima of solar activity). 
The amplitude of drift modulation drA  as well as dimension of the modulation 
region or  where determined in Dorman (2001c) as average for even and odd cycles 
on the basis of data for four solar cycles 19−22 (see Fig. 1.14.1). 
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Fig. 1.14.1. Observed long term modulation of galactic CR in 1953−2000 according to 
Climax NM data (effective rigidity GV10ef ≈R , curve LN(CL11M)) in comparison with 
that expected (curve EXPTOT14) at ≈×= avo ur monthav.14 108 AU (for this period 

≈avu 7.7 AU/av.month). Convection-diffusion modulation (curve ECDTOT14) and drift 
modulation (curve DRIFT) are also shown. Left, Y-scale for natural logarithm of Climax 
NM counting rate; right, Y-scale for drift modulation. Interval between two horizontal lines 
corresponds to 5% variation. According to Dorman (2001c). 
 

In Dorman, Dorman et al. (2001) the drift modulation was determined for cycle 
22 as a dependence on effective particle rigidity efR . For galactic electrons the 
modulation in the Heliosphere will be determined also by Eq. 1.14.1 or Eq. 1.14.8, 
but the drift effects will be opposite in comparison with protons and particles-α . 
 
1.14.3. The 2nd factor: space-time distribution of solar wind matter 

The detail information on this factor we considered above, in Section 1.13.3 
(see Eq. 1.13.14 and Eq. 1.13.15).  
 
1.14.4. The 3rd factor: gamma ray generation by galactic CR in the 
Heliosphere 

According to Stecker (M1971), Dermer (1986a,b) the neutral pion generation 
by nuclear interactions of energetic protons with hydrogen atoms (reactions 

opp π→+ + anything) will be determined by 
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∫
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= (1.14.14) 

 
where ( )trn ,,θ  is determined by Eq. 1.13.14, ( )πEkE min  is the threshold energy for 
pion generation, ( )trEN kp ,,  is determined by Eq. 1.14.1, ( )kEπςσ  is the inclusive 

cross section for reactions anything+→+ opp π  (see Section 1.12.2), and 

( )( )∫ =
∞

0
1, πππ dEdEEEdN k .  

Gamma ray emissivity caused by nuclear interactions of galactic CR protons 
with solar wind matter will be determined according to Stecker (M1971), Dermer 
(1986a,b) by 
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where ( ) γπγγπ EcmEEE 442

min += .  
Let us introduce Eq. 1.14.2, Eq. 1.14.8-1.14.10 and Eq. 1.13.15 in Eq. 1.14.14 

and then the result obtained in Eq. 1.14.15: 
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The expected gamma ray emissivity distribution from the interaction of particles-α  
with solar wind matter will be determined by introducing Eq. 1.14.9-1.14.12, Eq. 
1.13.15 in Eq. 1.14.14 and then in Eq. 1.14.15: 
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For the radial extended of solar or stellar wind the space-time distributions of 
gamma ray emissivity according to Eq. 1.14.16 will be mainly determined by the 
function 
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where ( )γ

γ EFpH  is the emissivity spectrum from galactic CR protons in the 

interstellar space (as background emissivity from interstellar matter with density 
on  according to Dermer, 1986a,b), and ( )tn ,1 θ  is the density of solar or stellar 

wind on the latitude θ  on the distance =1r 1 AU from the star. In Eq. 1.14.18  
 

( ) ( ) ( ) ( )γ
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γ β ERtBtEA ef, =                              (1.14.19) 
 
and ( ) ( )γ

γ β ER ef  is some effective value of βγR  for particles responsible for 
gamma ray generation with energy γE . According to Dermer (1986a,b) the 

expected gamma ray emissivity from all particles in galactic CR ( )trEF ,,γ
γ  will 

increase in about 1.45 times if we take into account also −α particles and heavier 
particles in galactic CR: 
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1.14.5. Expected angular distribution of gamma ray fluxes from solar wind 

Let us assume that the observer is inside the Heliosphere, at a distance oobs rr ≤  
from the Sun and at a helio-latitude obsθ . We can determine the line of sight of 
observation by the angle lsθ , computed from the equatorial plane from the anti-Sun 
direction to the North. In this case the expected angular distribution and time 
variations of gamma ray fluxes for a local observer from interaction of galactic CR 
with solar wind matter will be 

 

( ) ( )
( )( )trLEFdLtrE pH

L
,,,45.1,,, lsobs

0
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θθ γ

γθ
γ

γ ∫×=Φ .       (1.14.21) 

 
In Eq. 1.14.21  
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γ =                    (1.14.22) 

 
determined by Eq. 1.14.16, and  
 

( ) ( )  ,-,2 obsls
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Let us consider the spherically symmetric case. For the spherically symmetric 

problem for observation at a distance obsr  in the direction determined by the angle 
ϕ  between direction of observation and the direction to the Sun, on the basis of Eq. 
1.14.21−1.14.25 we obtain  
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where ( )tEA ,γ  is determined by Eq. 1.14.19, and 
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where 
 

( ) ( )  2   ,sinarccos minobsmax ϕπθϕθ +−== orr .                    (1.14.28) 
 
We calculate Eq. 1.14.27 numerically for cm101.5AU 1 13

1obs ×=== rr , b = 0.13, 
0.30, 0.45, ϕ =2°, 10°, 45°, 90°, and 178°, and ( )=tEA ,γ 0 (no modulation), and 

( )=tEA ,γ  0.2, 0.4, 0.8, 1.6, 3.2, 6.4 and 12.8. The case MeV100≥γE  
corresponds to GV2≥βγR  which means ( ) 2.0, ≤tEA γ  at the minimum of solar 
activity and ( ) 2.1, ≤tEA γ  at the maximum of solar activity. The dependence on b 
is sufficient only for ( ) 4.6, ≥tEA γ ; in other cases G is about the same for b = 0.13, 
0.30, and 0.45. In Table 1.14.1 we show values ( )AkrG ,,,obs ϕ , sufficient for cases  
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of generation gamma rays with MeV100≥γE  (corresponds to )2.1≤A and for 
MeV100<γE  ( )2.1>A . 

 
Table 1.14.1. The parameter ( )AbrG ,,,obs ϕ  (in cm) according to Eq. 1.14.27 for 

AU1obs =r , b = 0.3 as a dependence on ϕ  and of ( )tEA ,γ  (characterize both the 

effective γE  and the level of solar activity). 
 

φ A = 0 A = 0.2 A = 0.4 A = 0.8 A = 1.6 A = 3.2 
2° 1.3E+15 1.1E+15 9.0E+14 6.0E+14 2.7E+14 5.5E+13 

10° 2.6E+14 2.1E+14 1.7E+14 1.2E+14 5.3E+13 1.1E+13 
45° 5.0E+13 4.1E+13 3.4E+13 2.3E+13 1.1E+13 2.3E+12 
90° 2.4E+13 2.0E+13 1.6E+13 1.1E+13 5.3E+12 1.2E+12 

178° 1.5E+13 1.2E+13 1.0E+13 7.2E+12 3.5E+12 8.7E+11 
 
1.14.6. Gamma ray fluxes from stellar winds 

In this case orr >>obs , and the expected gamma ray fluxes will be  
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Values of ( )AbJ ,  for MeV100≥γE are shown in Table 1.14.2. 
 
Table 1.14.2. Parameter ( )AbJ ,  in dependence of b and A. 
 

b A = 0 A = 
0.1 

A = 
0.2 

A = 
0.3 

A = 
0.4 

A = 
0.6 

A = 
0.8 

0.13 1.07 1.02 0.97 0.93 0.88 0.80 0.73 
0.30 1.18 1.13 1.08 1.03 0.98 0.89 0.81 
0.45 1.29 1.24 1.18 1.13 1.08 0.98 0.90 

 
1.14.7. Summary of main results and discussion 

The results obtained allowed the estimate of the expected distribution of 
gamma ray emissivity in the Heliosphere or in some stellar-sphere, to estimate the 
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expected fluxes of gamma rays and their time variations for observations of gamma 
rays from the solar wind or from the nearest stellar winds. According to Eq. 1.14.20 
gamma ray emissivity in the interplanetary space will be bigger than in the 
interstellar space only in the inner part of the Heliosphere at r < 3 AU and with 
decreasing of r gamma ray emissivity will increase as about 2−∝ r . In the main part 
of the Heliosphere gamma ray emissivity will be many times smaller than in the 
interstellar space. This means that the Heliosphere, as well as many stellar-spheres, 
can be considered as holes in the galactic background gamma ray emissivity 
distribution.  

According to Eq. 1.14.26 and Table 1.14.1 the biggest expected gamma ray 
flux from the solar wind ( 3

1 cm5 −≈n ) in the direction 2° from the Sun and near 
the minimum of solar activity will be about the same as from interstellar matter 
( 3cm1.0 −≈on ) with a size 1710≈ cm (at about two orders more than the size of 
the Heliosphere). This expected gamma ray flux decreases by time several times 
during maximum of solar activity and decreases by about two orders with 
increasing angle ϕ  up to the opposite direction from the Sun (see Table 1.14.2). 
Let us compare this variable gamma ray flux with the background gamma ray flux 
from galactic CR interactions with interstellar matter. In the direction perpendicular 
to the disc plane background gamma ray flux is formatted on the distance about 200 
pc cm,106 20×≈  therefore this background gamma ray flux will be about 3106 ×  
times more than the largest expected from solar wind gamma ray flux in the 
direction 2° from the Sun. From this, it follows that it is now not possible to 
measure gamma rays from the solar wind generated by galactic CR modulated by 
the solar activity cycle. But in the future, with the increasing of accuracy of gamma 
ray telescopes and by using the big variability of this very weak gamma ray source, 
it will be possible to investigate this phenomenon and obtain some additional 
information about the solar wind’s matter distribution and galactic CR modulation 
in the Heliosphere.  

If measurements of gamma rays from the solar wind generated by galactic CR 
are made outside the Heliosphere, the following effect can be observed: in 
directions not far from the Sun this gamma ray flux will be about two orders larger 
than from interstellar matter of the same size as the Heliosphere, but in 
measurements at large angles from the Sun gamma ray flux much smaller than 
expected from interstellar matter of the same size as the Heliosphere will be 
observed. According to Eq. 1.14.29 the ratio of total gamma ray flux from the solar 
wind or from stellar wind γ

SWΦ  to the gamma ray flux from the same volume of 

interstellar medium γ
IMΦ  will be  
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( )( ) ( )22
11 ,,5.1 ooIMSW rntEAbJrn γ

γγ ≈ΦΦ  ,                (1.14.31) 

 
which will be changed in time according to Table 1.14.2 with the solar or stellar 
cycle and depends on γE . Table 1.14.2 shows that ( )AbJ ,  for the Heliosphere 
increases from 0.73 to 1.29 with decreasing ( )tEA ,γ  from 0.8 to 0, and with 

increasing b from 0.13 to 0.45, so that for the rough estimates we can put 
( )AbJ , ≈1. In this case Eq. 1.14.31 for the solar wind ( ,AU100,AU11 ≈= orr  

33
1 cm1.0,cm5 −− ≈≈ onn ) gives 3105.7 −×≈ . It means that the Heliosphere can 

be considered as a deep variable hole in the background gamma ray emissivity 
distribution.  

The value of ratio (Eq. 1.14.31), stellar wind density St1n  at the distance 1 AU 
from the star and dimension of the hole Stor  are determined mainly by the value of 

mass loosing rate by star StM  (for the Sun year10 Sun
14

Sun MM −−≈ ) and speed 
of wind St1u  on the distance 1 AU from the star: 
 

( ) ( ) ,, 21
Sun1StSt1StSunSt1St11St1 MuMurrMuMunn oo ==        (1.14.32) 

 
from which it follows that 
 

2
St1

2
1St uuSWW =ΦΦ γγ .                              (1.14.33) 

 
Here we assume that conditions around the star (CR and magnetic field pressure) 
are the same as near the Sun. Eq. 1.14.32 shows that the dimension of holes in 
gamma ray emissivity increases with increasing of stellar wind speed and the rate 
of mass loosing in degree ½. The depths of the gamma ray hole according to Eq. 
1.14.33 increases with stellar wind velocity in square. For example, for a star with 

year10 Sun
8

St MM −≈  and ,seccm108
St1 ≈u we obtain 36

St1 cm102 −×≈n , 

AU105.1 5
St ×≈or , and 61St ≈ΦΦ γγ

SWW . Let us note that in this case 
observation along a line near the star (see Table 1.14.1) will give a gamma ray flux 
corresponding to the background gamma rays from about cm103 22×  of interstellar 
medium, which is much bigger than the gamma ray background in all directions 
from the galactic disc; this variable gamma ray flux can be measured by present day 
gamma ray telescopes (described in Gehrels and Michelson, 1999; Weekes, 2000). 
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1.15. On the interaction of extra high energy gamma rays with the 
magnetic fields of the Sun and the planets 
 
1.15.1. The matter of the problem 

In the last 10−15 years several CR events with energies above the predicted 
Greisen-Zatsepin-Kuzmin cutoff at ~ 4 × 1019 eV have been detected (Efimov et al., 
1991, Bird et al., 1994, Hayashida et al. 1994). It is not excluded that some of these 
events are initiated by extra high energy (EHE) photons which content in CR above 
~ 1019 eV (McBreen and Lambert, 1981; Aharonian et al., 1991; Karakuła et al., 
1994; Karakuła and Tubek, 1995; Karakuła and Bednarek, 1995; Karakuła, 1996; 
Stanev and Vankov, 1996; Kasahara, 1997; Bednarek, 1999); they also may be 
owed to the interaction of CR hadrons with the microwave background radiation 
(Wdowczyk and Wolfendale, 1990; Halzen et al., 1990), or by the decay of massive 
particles, such as Higgs and Gauge bosons predicted by some more exotic theories 
(Bhattacharjee et al., 1998). Gamma rays with energies above 1019 eV may develop 
magnetic e± pair cascades in the dipole magnetic field of compact objects in the 
Solar system: the Earth, the Sun, Jupiter, and others. The cascades initiated by EHE 
photons in the Earth’s dipole magnetic field have been considered by McBreen and 
Lambert (1981) and Aharonian et al. (1991). The EHE CR events with energies > 
1020 eV were analyzed under the hypothesis of their photonic origin by Karakuła et 
al. (1994), Karakuła and Tubek (1995), Karakuła and Bednarek (1995), Karakuła 
(1996), Stanev and Vankov (1996), Kasahara (1997), Bednarek (1999). In 
Bednarek (1999) there are discussed the observational consequences of the 
cascading of EHE gamma rays in the magnetic field of the Sun. The magnetic field 
of the Sun is about an order of magnitude stronger than that of the Earth, for which 
photons have to have energies above ~ 5×1019 eV in order to cascade efficiently. 
Therefore detection of secondary photons from cascades initiated in the magnetic 
field of the Sun may allow investigation of the photon content in the EHE CR 
spectrum at energies about an order of magnitude lower, provided that a large 
enough detector of CR showers is available. According to Bednarek (1999) the 
content of EHE gamma rays in the highest energy CR can be investigated by 
observations of high energy CR showers from the direction of the Sun. If photons 
are numerous at the highest energies then a deficit of showers with energies > 1019 
eV, and multiple synchronous showers at lower energies might be detected from the 
certain circle around the Sun. Bednarek (1999) investigates these processes by 
performing Monte Carlo simulations of cascades initiated by EHE photons in the 
magnetic field of the Sun. Based on simulations he predict that the Auger array (see 
the short description in Section 4.5 in Dorman, M2004) may detect multiple, 
synchronous showers initiated by photons with energies above ∼ 1016 eV at a rate 
about one per year if photons are common above 1019 eV in CR. 
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1.15.2. Magnetic e± pair cascades in the magnetosphere of the Sun  
According to Erber (1966), an EHE photon with energy E can convert into e± 

pair in the magnetic field B if the dimensionless parameter  
 

( ) ( )crBBmcE 2
γγχ =                                       (1.15.1) 

 
is high enough ( 05.0, ≈≥ thγγ χχ ), where  

 
1310414.4 ×=crB  Gs,                                         (1.15.2)  

 
and mc2 is the electron’s rest energy. The secondary e± pairs can then produce 
synchrotron photons in the magnetic field, which energies are high enough to 
produce the next generation of e± pairs. Bednarek (1999) simulates the development 
of such a type of cascade by using the Monte Carlo method and applying the rates 
of e± pair production by a gamma ray photon and synchrotron emission by 
secondary e± pairs are given by Baring (1988). Bednarek (1999) notes that except 
Kasahara (1997), all previous simulations of such a type of cascade based on the 
approximate rates of pair production and synchrotron emission given by Erber 
(1966). The magnetic field of the Sun during the minimum of solar activity can be 
well approximated as a dipole with a magnetic moment  
 

321087.6 ×≈sM  Gs.cm3.                              (1.15.3) 
 
In Bednarek (1999) the influence of the active regions on the Sun with strong 
magnetic fields was neglected, since they dominate only in the solar phosphere and 
chromosphere. CR EHE photons may initiate cascades in the dipole magnetic field 
of the Sun if their energies are 
 

⎟
⎠
⎞

⎜
⎝
⎛ +=> ϕχγγγ
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,min cos31sscrth MrBmcEE  MeV,              (1.15.4) 

 
where 05.0, ≈thγχ . Taking into account Eq. 1.15.1-1.15.3, the threshold for which 

photons have chance of cascading efficiently, will be 
 

⎟
⎠
⎞

⎜
⎝
⎛ +×≈> ϕγγ

2
,

12
min cos311013.1 sursBEE  MeV.              (1.15.5) 

 
In Eq. 1.15.5 sursB ,  is the magnetic field at the surface of the Sun, and ϕ is the 
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zenith angle of the photon at the moment of its closest approach to the Sun.  
It is assumed that photons are injected randomly within the circle with radius 

cr  around the Sun. The number of secondary photons from cascades initiated by 
primary photons with energy 1019 and 1020 eV, within a circle cr  = 1.5; 2 and 3 sr  
around the Sun (where sr  is the radius of the Sun) are shown in Fig. 1.15.1.  

 

 
 
Fig. 1.15.1. The average number of secondary gamma rays (within ∆logEγ = 0.1) from 
cascades initiated by one hundred primary EHE photons with energies 1019 eV (panel a), 
and ten photons with energy 1020 eV (panel b) which are injected within the circle cr  = 
1.5 sr  (the thickest full curve), 2 sr , and 3 sr  (the thinnest two full curves) around the Sun. 
According to Bednarek (1999). 

 
In Fig. 1.15.1 the secondary photons are grouped into bins ( ) 1.0log =∆ γE , and 

the results are averaged over 100 simulations in the case of 1019 eV primary 
photons, and 10 simulations in the case of 1020 eV photons. Note that all primary 
photons with energy 1019 eV injected within the circle cr  = 1.5 sr  from the Sun 
cascade, but only part of such photons interact if injected within a larger circle 
(61% for cr  = 2 sr , and 33% for cr  = 3 sr ). All primary photons with energy 1020 
eV cascade if injected within the range considered of parameter cr .  
 
1.15.3. The possibility that extra high energy CR spectrum at > 1019 eV 
contains significant proportion of photons 

Next, in Bednarek (1999) the possibility was considered that the extra high 
energy CR spectrum at > 1019 eV contains significant proportion of photons. He 
computes the spectra of secondary cascade gamma rays assuming that the primary 



106 CHAPTER 1    

 

photons, which enter the magnetosphere of the Sun at certain circle cr , have a 
power law spectrum with the spectral index −2.7 and a cutoff at different energies. 
In Fig. 1.15.2 (panel a) are shown the spectra of secondary photons (multiplied by 
the photon energy square) from cascades initiated by primary extra high energy 
photons injected within cr  = 1.5, 2, and 3 sr . The primary photon spectrum extends 

up to 20
max 103×=E  eV and is normalized to the observed CR spectrum at 1019 

eV.  
 

 
 
Fig. 1.15.2. Panel a: the spectra of secondary gamma rays (multiplied by the square of the 
photon energy) from the cascades initiated by the primary photons with the power law 
spectrum and spectral index −2.7 above 1018 eV and the cutoff at 3×1020 eV (marked by the 
dotted curve); the spectra emerging from the Sun’s magnetosphere are shown for primary 
photons injected within the circle cr  = 1.5 sr  around the Sun (the thickest full curve), 2 sr , 
and 3 sr  (the thinnest curves). Panel b: as in panel a but for the primary gamma ray 
spectrum injected within cr  = 2 sr  and extending up to 3×1020 eV (thin curve) and 3×1021 
eV (thick curve). The observed CR spectrum is schematically marked by the dashed curve. 
According to Bednarek (1999). 
 
The observed CR spectrum is indicated in Fig. 1.15.2 schematically by the dashed 
curve. The primary photon spectrum which extends above 1018 eV is shown by the 
dotted curve. In Fig. 1.15.2 (panel b) are shown that the spectrum of secondary 
gamma rays, produced by the primary gamma ray spectrum with a cut off at 3×1021 
eV, is almost the same as in the case of its cut off at 3×1020 eV.  
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1.15.4. Summering of main results and discussion  
Simulations of Bednarek (1999) show that a significant part of extra high 

energy photons with energies above 1019 eV should cascade if injected within the 
circle of cr  = 2 sr  around the Sun. However, the solid angle corresponding to such a 
circle on the sky is relatively small (~ 2.2×10−5 sr). The Auger experiment is 
expected to detect about 50−100 particles with energy > 1020 eV per year (Boratav, 
1997; see also the short description of Auger experiment in Section 4.5 in Dorman, 
M2004) and about 2×104 particles with energy > 1019 eV per year. Some showers 
initiated by particles with energy > 1019 eV should be detected from the circle of 
2 sr  around the Sun within a few years of operation. Let us assume that all these 
particles with an energy above 1019 eV are photons. Bednarek’s (1999)  simulations 
show that these photons should cascade in the Sun’s magnetic field, and as a result 
of cascading about 12 secondary photons with energy > 1017 eV and 50 secondary 
photons with energy > 1016 eV should arrive at the Earth’s surface synchronously 
with a rate corresponding to the number of events with energy > 1019 eV expected 
from the direction of the Sun. Bednarek (1999) estimates the energy weighted 
perpendicular spread of secondary photons (its half thickness) based on the 
simulations described above. It is found that secondary photons from a cascade 
initiated by a primary photon with energy 1019 eV should fall on the Earth’s surface 
within the circle with average radius ~ 19 km (an estimate based on ten 
simulations). If the primary photons have an energy 1020 eV, then the secondary 
photons should be contained within the circle with radius ~ 51 km.  

If such synchronous multiple showers initiated by photons with energies above 
1017 eV can be observed by the Auger experiment, then a bunch containing half of 
the number of these secondary photons should fall on the Auger array with a 
frequency of about one per year. Note that for such photon bunches the effective 
detection area of the Auger array becomes larger by a factor close to two for 
geometrical reasons. Observation of such multiple showers from the direction of the 
Sun should make possible the estimate of the content of the photons in CR with 
energy above 1019 eV at a level of 10 percent during several years of operation.  

The spectra of secondary photons produced within the circle cr  around the Sun 
by primary photons with the spectrum observed in CR with energy above 1019 eV 
(and with normalization to the observed CR spectrum) are shown in Fig. 1.15.2 
(panels a and b). Based on these computations Bednarek (1999) estimated the ratio 
of CR photons to CR particles at lower energies (see Table 1.15.1).  
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Table 1.15.1. The ratios of CR photons to CR particles at energy E from the direction of the 
Sun at primary CR energy 3×1020 eV. According to Bednarek (1999). 
 

sc rr  
E, eV 

1.5 2 3 
1015 5×10−6 ~ 2×10−6 ~ 8×10−7 
1016 1.5×10−3 ~ 6×10−4 ~ 2×10−4 
1017 3×10−3 ~ 2×10−3 ~ 8×10−4 

 
From the Table 1.15.1 it can be seen that the expected ratios of CR photons to CR 
particles are of the order of ~ 10−3 in the energy range 1016−1017 eV if primary 
photons are injected within the circle of less than 2 sr  around the Sun. However, in 
order to detect one shower initiated in the atmosphere by photon with energy 1016 
eV from the direction of the Sun, the statistics of showers of the order of ~ 108 is 
needed because of small solid angle of the Sun.  
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Chapter 2  
 
Cosmic Ray Propagation in Space 
Plasmas 
 
2.1. The problem of CR propagation and a short review of a 
development of the basically concepts  

Propagation of charged particles of CR in space plasmas (interstellar and 
interplanetary media, intergalactic space, various types of CR sources) is one of the 
actual problems of CR astrophysics and geophysics. The foundations of the theory 
of CR interaction with magnetized space plasma where developed more than fifty 
years ago: Fermi (1949) showed that charged particles of CR in a ‘collision’ with 
‘clouds’ of magnetized plasma moving in the inverse direction should be 
accelerated, and in the opposite case - decelerated. Detailed studies of the processes 
of CR propagation in space began, however, after giant solar flare event at 23 
February 1956 and International Geophysical Year (IGY) in 1957-1958. These 
studies were stimulated by extensive development of experimental methods 
connected with the formation of the world-wide network of ground based neutron 
monitors (NM) and muon telescopes (MT), and with direct observations in the 
magnetosphere and in space by satellites and spacecrafts.  

The initial attempts at forming a statistical theory of CR propagation were 
based on a simple model of isotropic diffusion (Meyer et al., 1956; Dorman, 
M1957, 1958, M1963a,b; Parker, M1963; Ginzburg and Syrovatsky, M1963; 
Dorman and Miroshnichenko, M1968; Dorman, M1975a,b; Berezinsky et al., 
M1990). This theory was complicated later on the basis of phenomenological 
considerations and experimental data. A detail description of the theory  
of propagation of CR and a detailed analysis of various effects in the framework  
of the isotropic diffusion model has been presented in a series of monographs 
(Parker, M1963; Ginzburg and Syrovatsky, M1963; Dorman, M1963a,b). The 
theory of anisotropic diffusion, including the case of expanding space plasma,  
was developed for the first time in papers of Parker (1965), Dorman (1965, 1967). 
A treatment and development of the theory of CR propagation on the basis of 
kinetic approach were presented in (Shishov, 1966; Dolginov and Toptygin, 
1966a,b, l967, 1968a,b; Tverskoy, 1967a,b, 1969; Galperin et al., 1971; Toptygin, 
1972, 1973a,b; Dorman and Katz, 1972a,b, 1973, 1974a,b, 1977a,b,c; Klimas and 
Sandri, 1973, 1975; Scudder and Klimas, 1975; Jokipii et al., 1995; Earl et al., 
1995; Kόta, 1995, 2000; Otsuka and Hada, 2003). The corresponding reviews of 
the kinetic theory of CR propagation were presented in (Jokipii, 1971; Völk, 1975;  
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Dorman and Katz, 1977d; Dröge, 2000). In De Koning and Bieber (2001) there are 
analyzed the particle-field correlation in a flowing plasma. The case of small pitch-
angle scattering was considered by Shakhov and Stehlik (2001), and in Dorman, 
Shakhov, and Stehlik (2003) the second order pitch-angle approximation for the 
CR Fokker-Planck kinetic equation was considered. Burgoa (2003) proposed a 
Lagrangian density for obtaining the Fokker-Planck CR transport equation and 
determining the energy-momentum tensor and CR currents.  

In the work of Dolginov and Toptygin (1966a) a consistent theory of CR 
propagation in an inhomogeneous medium (where on a background of a regular 
magnetic field the stochastic inhomogeneities of magnetic field are present which 
are transferred by the cosmic plasma with a certain velocity) was developed basing 
on the collisionless Boltzman equation. The kinetic equation obtained, Dolginov 
and Toptygin (1966a,b) made a transformation to the diffusion approximation, and 
found the expression for the flux density of particles including the variations of 
particle energy, and considered some special problems of the theory of CR 
propagation.  

A substation progress in a study of the processes of CR propagation is 
connected with the exploration of propagation of the solar CR. The analysis of the 
data on the tremendous flare of CR on February 23, 1956 has already shown that 
propagation of high energy particles from the Sun is well described by the diffusion 
theory (Meyer et al., 1956; Dorman, M1957, l958). The interaction of galactic CR 
with the front of solar corpuscular streams (or as it is now called, with the front of 
the ‘coronal mass ejection’) leads to CR particles acceleration and increasing of CR 
intensity on the Earth (Dorman, 1959b). The analysis of the observational data of 
the flare on May 1959 has shown that a transfer of low energy solar CR in a trap 
formed in the frontal part of the solar corpuscular stream is possible (Dorman, 
1959a). 

Tverskoy (1967a,b, 1969) has formed the hypothesis of a transfer of fast 
particles behind the front of a shock wave where a developed hydromagnetic 
turbulence arises. It was assumed there that the Larmor radius of particles is far less 
than the main scale of turbulence. In this case the kinetic coefficients describing the 
process of particle propagation are determined by a detailed form of the spectrum 
function of a stochastic magnetic field. Note that a developed hydromagnetic 
turbulence (Alfvén waves) was recognized as a result of numerous direct 
measurements in interplanetary space (see, for example, Belcher and Davis, 1969, 
1971). 

In recent years, as a result of the progress in the experimental technology,  
the new class of CR variation, CR pulsations, i.e. more or less regular variations  
of CR intensity with the period of several minutes or less is studied. When studying 
CR pulsations the most informative is a comparison of the theory with 
experimental data on the variation of correlation function of fluctuations or  
the function of particle distribution. The theory of pulsation effects in CR  
was developed in (Shishov, 1968; Dorman and Katz, 1973, 1974a,b, 1977d; Jokipii 
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and Owens, 1976; Vasilyev and Toptygin, 1976a,b; Dorman, Katz, Stehlik, 1976, 
1977; Dorman, Katz, Yukhimuk, 1977).  

A substational progress in the development of the theory of CR propagation in 
interplanetary space is undoubtedly connected with wide application of computers 
for a solution of problems of CR propagation in the conditions close to the actual 
ones (Urch and Gleeson, 1972; Dorman and Kobylinski, 1968, 1972a,b,c, 1973; 
Dorman, Kobylinski, and Khadakhanova, 1973; Fisk et al., 1973; Barnden, 1973 
a,b; Cecchini and Quenby, 1975; Dorman and Milovidova, 1973, 1974, 1975a,b, 
1976a,b,c,d, 1977, 1978; Alaniya and Dorman, 1977, 1978, 1979, M1981; Alania 
et al., 1976, 1977a,b, 1978, 1979, M1987). A sufficient success was achieved in the 
solution of the problems of CR propagation at the presence of moving 
hydromagnetic discontinuities in interplanetary space (Dorman, 1959c, M1963a,b, 
1969, 1973a,b, 1975; Parker, M1963; Blokh et al., 1964; Bagdasariyan et al., 1971; 
Belov et al., 1973, 1975, 1976; Dorman and Shogenov, 1973a,b, 1974a,b, 1975 a,b, 
1977, 1979; Dorman, Babayan et al., 1978a), in the problems of distortion of the 
external anisotropy during propagation of particles in interplanetary space (Parker, 
1967; Belov and Dorman, 1969, 1972, 1977), in the self-consistent problems of 
propagation of CR including their non-linear interaction with the solar wind 
(Dorman and Dorman, 1968a,b, 1969; Babayan and Dorman, 1976; 1977a,b, 
1979a,b,d; see below, Chapter 3).  
 
2.2. The method of the characteristic functional and a deduction 
of kinetic equation for CR propagation in space in the presence of 
magnetic field fluctuations 

CR moving in interplanetary space can be considered as a flow of non-
interacting charged particles in a magnetic field 

 
( ) ( ) ( )ttt o ,,, 1 rHrHrH += ,                                         (2.2.1)  

 
which has a regular ( )to ,rH  and a random ( )t,1 rH  components; in this case 

0, == 1o HHH . The oblique brackets denote an averaging over random fields. 
Since a magnetic field in interplanetary space is transferred by the magnetized 
plasma of the solar wind, we should take into account the field motion with  
respect to an observer. The velocity which should be assigned to the field  
depends on a degree of freezing of the magnetic field in plasma. We intend to 
consider the case when the field is completely frozen in plasma and is involved by 
plasma into a motion with the velocity ( )ruo . In the general case this velocity has 
various values in different points of a space and cuo << . The most complete 
description of the propagation of CR in the interplanetary space with the magnetic 
field, which is determined by Eq. 2.2.1, is given by the collisionless kinetic  
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equation for a CR distribution function ( )tf ,,pr  (Dolginov and Toptygin, 1966a,b; 
Dorman and Katz, I972a): 
 

0=−
∂
∂+

∂
∂ ff

t
f HD

r
v ,                                   (2.2.2) 

where 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂−=
p

uvD o ,
c
e                                          (2.2.3) 

 
is the operator of particle momentum, p is the momentum, Ecpv =  is the 
velocity and E is the total energy of a particle. The distribution function ( )tf ,,pr  
varies fast following a random field variation. Averaged over a stochastic field the 
distribution function ( ) ( )tftF p,r,p,r, =  is of interest. To obtain the equation for 
F we shall apply the method which has been developed in the quantum theory of 
fields (Schwinger, 1951; Fradkin, 1965) and statistical fluid mechanics (Hopf, 
1952; see also Monin and Yaglom, M1965; M1967). This method was intensively 
developed in the problems of wave propagation in the medium with stochastic 
inhomogeneities (Tatarsky, M1967; Klyatskin and Tatarsky, 1973). 

As is known (Hopf, 1952; Tatarsky, Ml967), the statistical properties of a 
stochastic function ( ) ( )tFtF x,p,r, 11 =  (in further consideration we shall frequently 
denote a set of variables { }pr,  by a single letter { }x ) are completely determined if 
its characteristic functional is settled: 
 

( )[ ] ( )1ηFxηΦ it exp, = ,                                   (2.2.4) 
where 
 

( ) ( )tFtdtd ,, 1 xxxηF1 ααη∫=                                (2.2.5) 
 

is the ‘scalar product’ in the functional space and summation over the repeated 
indices is assumed here and below. All moments of a stochastic field can be 
derived from Eq. 2.2.4 as the functional derivatives at zero-valued functional 
argument ( )t,xη : 
 

[ ]
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and so on. In particular, the statistical properties of a magnetic field are completely 
determined if its characteristic functional is set: 
 

( )[ ] ( ) ( )( )∫= dtdttit rrHrηrηΦ 1 ,,exp, .                          (2.2.8) 
 
According to the above considerations, all the moments of a stochastic magnetic 
field can be obtained from Eq. 2.2.8 as variation derivatives at the functional 
argument equal to zero. For instance, the value 
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is the correlation tensor of a random magnetic field of the second rank which, in 
general, can be determined from experimental data.  

Multiplying Eq. 2.2.2 by ( ) ( )( )∫ dtdtti rrHrη 1 ,,exp  and averaging the equation 
obtained over possible realizations of a random magnetic field, we have the 
equation in the variance derivatives (Dorman and Katz, 1972a) 
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where  

DH
r

v o−
∂
∂=oL ,                                                (2.2.11) 

And 
 

[ ] ( ) ( )[ ]∫=Ψ dtditft rηHprprη 1exp,,,,;                        (2.2.12) 
 
is the functional with the value at 0=η  to be a distribution function averaged over a 
random field 
 

[ ] ( ) ( )tFtft ,,,,,,;0 prprpr ==Ψ .                       (2.2.13) 
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It is assumed that summing over repeated indices is carried out in Eq. 2.2.10. A 
common method of solving the Eq. 2.2.10 is to represent the functionals [ ]t,,; prηΨ  
and [ ] ( )t,ln rη αδηδ Φ  as the functional power series 
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where αβα 21 ,, FFF  are the functionals of the zero, the first and the second power, 
respectively; αβB  is the correlation tensor of a random magnetic field of the second 
rank which is determined by the Eq. 2.2.9, and αβγB  is the correlation tensor of the 
third rank.  

Substituting these expressions into Eq. 2.2.10 and equating the functionals of 
equal power on the left and right hand sides of Eq. 2.2.10, as a result we obtain an 
infinite set of related equations. The simplest method of solving of these equations 
is to equate one of the functionals nF  to zero. Let 02 =F , then 
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To solve the set of Eq. 2.2.16 let us introduce the functions ( )prr ;,;, 11 ttαϕ  

according to the relation 
 

( ) ( ) ( )prrprr ;,;,exp;,;, 11111 tttLttF o αα ϕ−= .                  (2.2.17) 
 

The action of the operator ( )tLo−exp  on an arbitrary function of the 
coordinates and moments is the replacement r by ( )trr ∆−  and p by ( )tpp ∆− , 
where ( )tr∆  and ( )tp∆  is the variance of the radius-vector and the momentum of a 
particle in a regular field. Substituting the expression for α1F  into the second 
equation of the set Eq. 2.2.16, we obtain 
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111 dttFDttBttLittF
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o prrrprr βαβα ∫ −−−= .     (2.2.18) 

 
Substituting this relation into the first equation of the set Eq. 2.2.16 we find 

the equation for the function ( )tF ,,pr : 
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On the right hand side of this equation tt =1  was set, according to the first equation 
of the set Eq. 2.2.16, and it is necessary to keep in mind that we should put rr1 =  
after the action of the operator ( )[ ]'exp ttLo −− . For further analysis Eq. 2.2.19 it is 
necessary to concretize a dependence of the correlation tensor ( )11,;, ttB rrαβ  on the 
coordinates and time. The most general form of the correlation tensor αβB  fitting 
the experiment and the Maxwell equation is  
 

( ) ( )( )',',;, 111 ttuBttB o −−−= rrrrr αβαβ .                       (2.2.20) 
 
Setting τ=− 'tt , we obtain from Eq. 2.2.19: 
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The right hand side of the Eq. 2.2.21 differs from zero in time intervals of the order 
of the correlation time of a random field. If the correlation time of a random field is 
small compared to the characteristic time of the distribution function variation, i.e, 

τ>>t , then it is possible to write 
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2.3. Kinetic equation in the case of weak regular and isotropic 
random fields 

If the momentum of a particle is varied weakly at distances of the order of the 
correlation radius of a random field, one can set the variation of a particle 
momentum as ( ) 0=∆ τp  and the variation of its radius-vector as ( ) ττ vr =∆  for the 
action of the operator ( )τoL−exp . Then 
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where 
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If a random magnetic field is statistically isotropic the correlation tensor ( )xr,αβB  
has the following form: 
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Here αβδ  is the unit tensor and ( )clxΨ  is a dimensionless function, which is 

assumed to be known from observations. Usually it is suitable to choose the 
function ( )clxΨ  in the form 
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Here ( )xKµ  is the McDonald function, ν  is the index of the inhomogeneities 

spectrum of the interplanetary magnetic field (usually ν > 1). Direct measurements 
of the magnetic field in the interplanetary space give for ν  the values 8.31 ≤≤ν . 
Fourier-image of the function ( )clxΨ  corresponds to a power spectrum decreasing 
in the region of small scales of inhomogeneities 
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Substituting Eq. 2.3.3 - 2.3.6 into Eq. 2.3.1, we obtain  
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where  
( ) ( )21242 −ΓΓ= νννπγ .                            (2.3.8) 

 
In the case in which the regular field is strong enough the approximation 

( ) 0=∆ τp  is not valid, and one should include a spiral character of particle motion 
at the distances of the order of the correlation radius of a stochastic field. 
 
2.4. Kinetic equation for CR propagation including fluctuations of 
plasma velocity  

Fluctuations of plasma velocity 
 

( ) ( ) ( ) ( ) ( ) ( ) 0,;,;,, 11 ==+= tttt oo rurururururu                   (2.4.1) 
 

were taken into account in (Dorman and Katz, 1972a) besides the fluctuations of a 
magnetic field. In this case, one should take into account the action of the induced 
electric field 
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on a particle. Because of the non-stationary character of the processes on the Sun, as 
well as a development of turbulence immediately in the interplanetary space, a 
widespread spectrum of turbulent pulsations (Alfvén, magneto-sonic waves, etc.) is 
generated in the solar wind plasma parallel with stochastic inhomogeneities frozen 
in it. The stochastic electromagnetic fields of these pulsations sufficiently affect the 
motion of charged particles. The distribution function ( )tf ,,pr  of non-interacting 
charged particles moving in the magnetic and electric fields which are determined 
by the Eq. 2.2.1 and Eq. 2.4.1 satisfy the collisionless kinetic equation 
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where Ec pv 2=  is the velocity, ( ) 21222 cmpcE +=  is the total energy of a 
particle with the momentum p and rest mass m. The term F is the force acting on a 
particle: 
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Let us present F in the form of the sum of regular 
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and a stochastic 
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component. If the magnetic field is completely frozen in plasma, the regular 
component of the electric field oE  has a form 
 

[ ]ooo c
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and a stochastic component will be 
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According to Eq. 2.4.3 - 2.4.7 we write the kinetic Eq. 2.4.2b in the form 
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where 
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is the operator related to the regular component oF  of the force F and 
p

L
∂
∂= . As 

for the case of fluctuations of a magnetic field alone, the distribution function 
( )tf ,,pr  varies irregularly in space and time following the variations of a stochastic 

field, so that the actual meaning is proper to the distribution function < ( )tf ,,pr > 
which is averaged over a statistical ensemble corresponding to a stochastic field. To 
deduce the equation which the function < ( )tf ,,pr > satisfies, let us use the method 
of characteristic functional considered in Section 2.2. Then in a general case the 
correlation tensor of electromagnetic field (in contrast to Eq.  
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2.2.9 for pure magnetic fluctuations) will be determined by a more complicated 
relation 
 

( )
⎭
⎬
⎫

⎩
⎨
⎧ +Π+Π+= γνµβλµναβγναµλµνγλβαβγαλαλ εεεε BVVVV

c
TeD 12 ,  (2.4.10) 

 
where αβγε  is the united anti-symmetrical tensor of the third rank; λααλ 11 EET =  

and νγγν 11 HHB =  are the correlation tensors of the electric and magnetic fields, 

respectively, βααβ 11 EH=Π  is the crossed correlation tensor of electric and 

magnetic fields. If the magnetic field is completely frozen into the plasma then αλD  
will have a form 
 

{ }βµνγβνγµµγνβγνµβλµναβγαλ εε QHHSHWSHWBWW
c
eD oooo +−−⎟
⎠
⎞

⎜
⎝
⎛=

2
,  (2.4.11) 

 
where ouVW −=  and γµµγ 11 HuS =  is the crossed correlation tensor of the 

magnetic and velocity fields; µββµ 11 uuQ =  is the correlation tensor of the 

velocity field. When writing Eq. 2.4.11 we neglected the term 
( ) [ ] [ ]λα 1111

2 HuHu ××ce  assuming them to be small. 

Let us multiply Eq. 2.4.8 by ( )( )1exp ηFi , where 1F  is determined by Eq. 2.4.5 
and average the derived equation over the statistical ensemble corresponding to a 
stochastic field. As a result, we obtain the equation in the functional derivatives 
 

( ) [ ]
( ) ( ) ( )tF

tt
iLtFL

t o ,;
,,

ln,; xη
xx

ηxη
⎭
⎬
⎫

⎩
⎨
⎧

+Φ=⎟
⎠
⎞

⎜
⎝
⎛ +

∂
∂

αα
α δη

δ
δη
δ         (2.4.12) 

 
with respect to the functional 
 

[ ] ( ) ( )( )
[ ]η

ηFx
xη

Φ
= 1exp,

,;
itf

tF ,                          (2.4.13) 

 
the value of which at the functional argument 0=η  coincides with the distribution 
function averaged over a statistical ensemble corresponding to a stochastic field  
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[ ] ( )tftF ,,;0 xx = .                                   (2.4.14) 
 

To obtain the equation for the averaged distribution function (see below, Eq. 
2.4.15) from Eq. 2.4.12, we present, similar to Eq. 2.4.14 the functional 

( )[ ]ttF ,;, xxη  in the form of a functional power series: 
 

[ ] ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) (2.4.15),,;,;,;,,

,,,;,;,,
,,;,,,,;η
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where ....,,,, 321 αβγαβα FFFFo  are the power functionals of the zero, first, second, 
third, etc. powers, respectively. 

The expansion [ ] ( )t,ln xη αδηδ Φ  is the functional power series, the n-th term 
of which is determined by the form of the correlation tensor of (n +1)-th rank: 
 

[ ] ( ) ( ) ( )
( ) ( ) ( ) (2.4.16)...,;,;,,,
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Substituting Eq. 2.4.15 and Eq. 2.4.16 in Eq. 2.4.12 we equate the functionals of the 
same power in the left and right hand parts of Eq. 2.4.12 to each other. The resultant 
infinite chain of connected equations is 
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In writing Eq. 2.4.16 we took into account that it was necessary to carry out  
a symmetrization over the arguments and indices of the factors ( )t,xαη  in the 
highest terms of the expansions described by Eq. 2.4.15 and Eq. 2.4.16. Assuming 
that one of the functionals nF  is equal to zero we shall obtain a closed set of  
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equations. In particular, assuming 02 =F we obtain from Eq. 2.4.17 the following 
set of equations: 
 

( ) ( )ttFiLtFL
t oo ,;,, 1 xxx αα=⎟

⎠
⎞

⎜
⎝
⎛ +

∂
∂ ,                         (2.4.18) 

 

( ) ( ) ( )tFLttiDttFL
t oo ,,;,,;, 11111 xxxxx βαβα −=⎟

⎠
⎞

⎜
⎝
⎛ +

∂
∂ .           (2.4.19) 

 
To solve the set of Eq. 2.4.18 and Eq. 2.4.19, we introduce the functions 

( )11,;, tt xxαϕ  according to the relation 
 

( ) ( ) ( )11111 ,;,exp,;, tttLttF o xxxx αα ϕ−= .                 (2.4.20) 
 

The action of the operator ( )tLo−exp  on an arbitrary function of coordinates and 
moments is, as it known, the substitution of ( )trr ∆−  for r and ( )tpp ∆−  for p, where 

( )tr∆  and ( )tp∆  are the variations of the radius-vector and momentum of a particle 
in the regular field during the time t. Substituting Eq. 2.4.20 in Eq. 2.4.13, we shall 
obtain 
 

( ) ( )( ) ( ) ( )tFLttDttLdtittF oo
t

,,;,'exp',;, 11
0

111 xxxxx λαλα −−∫−= .       (2.4.21) 

 
Using Eq. 2.4.21 we derive from Eq. 2.4.20 the equation for the function 

( )tFo ,x : 
 

( ) ( )( ) ( ) ( )tFLttrDttLdtLtFL
t o

t
o ,,,;,'exp',,

0
prp,rp,pr 11 λαλα −−∫=⎟

⎠
⎞

⎜
⎝
⎛ +

∂
∂ .(2.4.22) 

 
We have returned here to the previous notations { } { }pr,x →  and have omitted 

the index o in oF . On the right hand side of Eq. 2.4.22 according to Eq. 2.4.20 and 
Eq. 2.4.21 tt =1  was set and one should keep in mind that after the action of the 
operator ( )( )'exp ttLo −−  it is necessary to set rr =1  and pp =1 . 

For further analysis of Eq. 2.4.22 one should concretize a dependence of the 
correlation tensor on the coordinate axes and time. If a magnetic field is completely 
frozen in plasma the most general form of the correlation tensor αλD  compatible 
with the experimental data and satisfying Maxwell's equations will be as follows 
 



122 CHAPTER 2  

 

( ) ( )TDttD ourρrr −= ,,;, 2211 αλαλ ,                         (2.4.23) 
 
where ( ) 121221 ,,2 ttT −=−=+= rrrrrρ . 

A stochastic magnetic field which is described by the tensor Eq. 2.4.23 
corresponds to the case in which turbulence presents an aggregate of regions with 
the scales of the order of the correlation radius of the stochastic field. Inside every 
one of these regions the turbulence is uniform; however, the total intensity of 
turbulent pulsations of magnetic field varies slowly at a transition from one to 
another of turbulent regions. Corresponding to this the first argument in the right 
hand side of Eq. 2.4.23 describes a smooth variation of the intensity of turbulent 
pulsations at a transition from one turbulent region to another and reflects the fact 
that the pulsation intensity varies considerably only with the variation of ρ  by the 
value of the order of the correlation radius cl  of a stochastic field. The second 
argument describes a local structure of turbulence which is a universal parameter 
inside a region with the characteristic scales of the order of cl . Notation of the 
second argument in the form of Tour −  implies that one can neglect the proper 
motion of magnetic field inhomogeneities and consider that all space time 
variations of a stochastic magnetic field are connected with a transfer of stochastic 
inhomogeneities with the velocity ou . If turbulence is not only uniform but also 
statistically isotropic, the correlation tensor of the second rank of a stochastic 
magnetic field will have the following form (Monin and Yaglom, M1965, M1967; 
Dolginov and Toptygin, 1968): 

 

( ) ( ) ( ) ( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧ Ψ−Ψ== 21

2
13

1
r
rrlrlrHBD cc
λα

αλαλαλ δρrρ,rρ, ,  (2.4.24) 

 
where 
 

( ) ( ) ( )dyyy
r
llrlr

clr
c

cc ∫ Ψ−Ψ=Ψ
0

2

2

1
2 ,                         (2.4.25) 

 
and ( )clrΨ  is a scalar function, which is assumed to be known from observation; 

( )ρ2
1H  is the mean square of a stochastic magnetic field. 

Including Eq. 2.4.23 and setting τ=− 'tt  we shall write Eq. 2.4.22 in the form 
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The right hand side of Eq. 2.4.26 differs from zero in the time intervals of the 

order of the correlation periods of a stochastic field. Assuming that the correlation 
period is small as compared with the characteristic time of variation of the average 
distribution function F we can write 
 

( ) ( ) ( ).,,,;
2

exp,, 1
1

0
tFLBLdLtFL

t oo prpurrp,rrpr o1 λαλα τττ ⎟
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⎜
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⎛ +

∂
∂ ∞

(2.4.27) 

 
If the momentum of a particle in the regular magnetic field oH  varies weakly at 
distances of the order of the correlation radius of a stochastic field one will be able 
to set ( ) ( ) ττ vr =∆  and ( )τp∆  at the action of operator ( )τoL−exp . Then 
 

( ) ( ) ( )tFLBLtFL
t o ,,,,, prprpr λαλα=⎟

⎠
⎞

⎜
⎝
⎛ +

∂
∂ ,                  (2.4.28) 

 
where 
 

( ) ( )puvrpr o ;,,
0

τττ αλαλ −∫=
∞

BdB .                      (2.4.29) 

 
In Eq. 2.4.28 it was included that the first argument in αλB  describes a slow 
variation of mean square of a stochastic field with a distance (see Eq. 2.4.23), and 
therefore one can neglect the action of the operator ( )τoL−exp  on this argument. At 
stochastic velocities 01 =u  Eq. 2.4.27−2.4.29 transform into the equations which 
have been derived for the first time by Dolginov and Toptygin (1966a) using the 
diagrams technique. 

Let us elucidate the character of the approximations which were made in 
deducing the kinetic equation. Deducing Eq. 2.4.26−2.4.29, we have closed the 
chain of equations postulating 02 =F . This assumption holds true in the case in 
which the corrections to the distribution function F connected with including the 
subsequent terms of the functional series Eq. 2.4.15 are small. In the case under 
consideration, however, it is not necessary to calculate the subsequent vanishing 
approximation but is possible to use the known quantum mechanical analogy (see, 
for example, Bonch-Bruevich and Tyablikov, M1961) according to which the 
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approximation based on the assumption 02 =F  corresponds to Born's approximation 
for perturbation theory. If a magnetic field is stationary in time the conditions of 
applicability of Born's approximation in the case under consideration mean that 
variations of a particle momentum pδ  in a stochastic field 1H  are small compared to 
the particle momentum p. The ratio of these quantities 
 

1
1

2
1

<<=≈
L

cc

r
l

cp

Hel

p
pδ ,                                   (2.4.30) 

 
determines the condition of applicability of the considered approximation. As is 
seen, the condition reduces to a small value of the ratio of the correlation radius of a 

stochastic field to a particle Larmor radius ⎟
⎠
⎞

⎜
⎝
⎛= 2

11 HecprL  in the stochastic 

field. This condition means that a particle is scattered at a small angle 1Lc rl≈θ  by 
every inhomogeneity. Thus an application of the diagram technique with a Gaussian 
distribution of inhomogeneities (Dolginov and Toptygin, 1966a, 1968a,b) and 
approximation 02 =F  in the functional method (Dorman and Katz, 1972a,b; 
1974a,b) resulted in the kinetic equation with a collisional term which is determined 
by the correlation tensor of the second rank of the stochastic magnetic field. As was 
noted, in this case particles are scattered at a small angle by every inhomogeneity. 
To consider the cases when particles are scattered at large angles, one should take 
into account the correlators of the higher ranks in the kinetic equation. According to 
(Katz, 1973) the functional method makes it possible to exceed the limits of Born's 
approximation and to take into account the triple correlation, i.e. to consider the 
cases when a particle in interaction with a separate inhomogeneity of magnetic field 
is scattered at large angles. 
 
2.5. Kinetic equation for propagation of CR including electric fields 
in plasma 

In actual conditions, a turbulent motion is not obliged to be a set of some 
separate inhomogeneities of a magnetic field. Very often it can be represented as a 
set of weakly interacting collective oscillations of a medium. These oscillations in 
the solar wind have the most frequently a form of Alfvén waves. One should take 
into account the presence of the random electric fields of oscillations in plasma in 
addition to the turbulent magnetic fields, considering the interaction of charged 
particles of cosmic radiation with the magnetized plasma of the solar wind (Dorman 
and Katz, 1972b). In this case the kinetic equation has the following form: 
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where 
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and E are the random electric fields of oscillations and the dashed symbols 
correspond to the field components depending on 'r . If the regular magnetic field 
can be considered as homogeneous in space at distances of the order of the 
correlation radius of a stochastic field, the variations of the radius-vector and of the 
momentum of a particle are determined by the expressions: 
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( ) ( ) ( ) [ ][ ] [ ] τωτωττ LL sincos,,0 hphphhhppPp +−==∆ ,           (2.5.4) 

 
where oo HHh =  and EecHoL =ω  is the Larmor frequency of a particle with 
total energy E. In this case Eq. 2.5.1 takes a form 
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2 .(2.5.5) 

 
The Eq. 2.5.1−2.5.5 at the given components of corresponding correlation tensors, 
completely describe the process of a propagation of CR in the random 
electromagnetic fields. The collisional terms of these equations include both elastic 
and inelastic particle interactions with magnetic field inhomogeneities (or with 
turbulent pulsations of electromagnetic fields of oscillations). These equations give 
the most complete description of the spatial and angular distribution and also  
of variation of energy spectrum of galactic and solar CR in their interaction with 
space plasma. 
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2.6. Kinetic equation for the propagation of CR in the presence of a 
strong regular field in low-turbulence magnetized plasma in which 
the Alfvén waves are excited 
 
2.6.1. Formulation of the problem and deduction of the basic equation 

Experimental studies of CR of low energies (1−10 MeV) showed that the free 
path of these particles in interplanetary space exceeds 1 AU (see, for example, 
Vernov et al., 1968a). As a result of this fact there was found a presence of the 
pronounced anisotropy in the angular distribution of particles moving from the Sun. 
To study a propagation of such particles one should directly use the kinetic equation. 
The first theoretical treatment of the processes of propagation of low energy CR 
were carried out by Tverskoy (1967b, 1969) who paid his greatest attention to an 
analysis of the effects of particle acceleration in the interplanetary space. The 
formulation of the problem proposed by B. A. Tverskoy was used, however, as the 
basis in a majority of the subsequent studies where a propagation of charged 
particles in cosmic conditions was investigated. The most detailed consideration of 
the process of multiple scattering of low energy charged particles by stochastic 
inhomogeneities of a magnetic field has been carried out by Galperin et al. (1971) 
and Toptygin (1973a,b). In this Section, basing on the kinetic equation we consider a 
motion of low energy charged particles through weakly turbulent magnetized solar 
wind plasma in which Alfvén oscillations are induced. Note that the presence of 
Alfvén waves in the solar wind plasma is confirmed by direct measurements (see, 
for example, Belcher and Davis, 1969, 1971). When analyzing the motion of 
charged particles, together with particle scattering on the turbulent pulsations of the 
magnetic field we consider also the energy exchange between turbulent pulsations 
and charged particles owed to particle interaction with stochastic electric fields of 
Alfvén waves. 

A propagation of CR in low turbulent magnetized plasma in which the Alfvén 
waves are excited has been studied in Toptygin (1971), Dorman and Katz (1972b). 
The process was considered of a propagation of particles the Larmor radius of which 
is far less than the correlation radius of a random magnetic field. 

The particles of relatively small energy satisfy this condition and the magnetic 
field should be strong enough. The particles with energies up to ~ 1000 MeV satisfy 
this condition ( co leHcp << ) when CR propagate in the interplanetary field. The 
collision term of the kinetic equation in the case under consideration is determined 
by the right hand side of Eq. 2.5.4: 
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where R and P are determined by the Eq. 2.5.3 and Eq. 2.5.4 and αλT  is determined 
by Eq. 2.5.2. If the Alfvén waves are excited with the frequency 
 

( ) ( )kk γω ikv za −= ,                                       (2.6.2) 
 
where av  is the Alfvén velocity, ( )kγ  is the fading coefficient of the Alfvén   waves 
with the wave vector k, then the electric and magnetic fields of the oscillation in 
these wave are connected by the relation 
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If these waves are isotropically distributed over a space and are statistically 

independent, the correlation tensor of the second rank corresponding to a stochastic 
magnetic field, has the following form: 
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Substituting the Eq. 2.6.3 and Eq. 2.6.4 into Eq. 2.6.1, we obtain 
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and in this case 
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where 
 

( ) [ ] [ ] 2kPpN λαλααλαλ δ kPkppP −−= ,                     (2.6.7) 
 

[ ] ( )( )λααλλααλ δ aaa vPbaQ −−= PvPv ,                     (2.6.8) 



128 CHAPTER 2  

 

[ ] ( )( )λαααλαλαλ δ pvba aa −−=Π pvpv ,                     (2.6.9) 
 

( )λααλλααλ δ hhbaaT −+= 2 ,                          (2.6.10) 
 

[ ] ( ) ωω cbc aa kvkva == , .                             (2.6.11) 
 
In obtaining of the Eq. 2.6.5 the assumption was made that ( ) ( )zppff ,⊥=p  and 
then ( ) ( )Pp ff = . Including this circumstance, let us write the kinetic equation in 
cylindrical coordinates in the momentum space with the Z axis directed along the 
regular field: 
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with the coefficients 
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where ϕ  and ψ  are the azimuthally angles of the vectors p and k, respectively. For 
a further consideration it is necessary to set the form of the function B(k). As was 
shown in Toptygin (1971), Galperin et al. (1971) B(k) has a form corresponding to 
the power  spectrum decreasing for large k: 
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where lko =−1  is the external scale of the turbulence, and ( )rH 2

1  is the mean 

square of a stochastic field. According to the experimental data for the 
interplanetary field in the various regions the power index ν  of the spectrum has 
the values from 1 to 3.8. Substituting Eq. 2.6.14 into Eq. 2.6.13 we obtain for the 
coefficients 321 ,, DDD  the following expressions 
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where ( )αnJ  are the Bessel functions, and 
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2.6.2. The case of large wave lengths  
Since 1<<α  for the large wave lengths, it is possible to put ( ) !2 nJ nn

n αα ≈ . 
In this case the expressions for the coefficients 321 ,, DDD  have the form: 
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It is seen from Eq. 2.6.21 for 3D  that 3D  is divergent at the value 2=ν  of the index 
of the spectral function of turbulence. This is connected with the circumstance that at 

2=ν  a particle interacts with the waves of vanishing amplitudes, and when there is 
a sufficiently weak dependence of the amplitude on the scale of pulsations, the 
effective time of a particle interaction with a wave tends to zero. 

Actually integrating over k, one should cut off the integral at the wave length 
corresponding to a particle Larmor radius. At 2=ν  this results in a logarithmic 
dependence of the diffusion coefficient on the momentum in the momentum space 
(Tverskoy, 1967a). 
 
2.6.3. The case of small wave lengths 

In this case 1>>α , and the expressions for 321 ,, DDD  are 
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where ( )1+νζ  is the Riemann −ζ function. To obtain the Eq. 2.6.22−2.6.24, the 

asymptotic behavior of the Bessel function was used and x2cos  replaced by its 

mean value 21cos2 =x . The item β  describes the particles which are in 
Cherenkov resonance with the waves (Galperin et al., 1971). 

Generally speaking, as we consider the particles with a velocity far more than 
the Alfvén velocity ( ≈av 60 km/sec in the solar wind plasma), it could appear that 
the Cherenkov resonance is of no importance but the interaction is caused by 
cyclotron resonances of all orders. However, the Cherenkov resonance must be 
included when evaluating the time of isotropization and acceleration of particles. 

The limiting transition 0→γ  was carried out in all of the items’ cyclotron 
summands (in all items except for β ) when calculating 321 ,, DDD  (Galperin et al., 
1971). This approximation is not applicable for calculation of β  as the limit 
condition 0→γ  means that the effective time particle interaction with the waves 
appears to be infinitely large. In fact, the presence of an imaginary part of a 
frequency gives a finite width to the region of interaction of a separate Fourier 
harmonic of the wave with moving particles. This property results in the occurrence 
of a finite interaction time between a wave and moving particles. As is known 
(Braginsky, 1963), the Alfvén waves fade out with the decrement of fading 
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where ⊥σ is the coefficient of the transverse conductivity of plasma. Substituting 
the Eq. 2.6.25 for ( )kγ  in Eq. 2.6.18 we obtain the following expression for β  (at 
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The importance of the Cherenkov resonance was emphasized by Galperin et 

al., 1971 (see also Vedenov et al., 1962). The Eq. 2.6.17−2.6.27 together with Eq. 
2.6.12 describe completely a particle motion in low-turbulent magnetized plasma. 
The Eq. 2.6.12 at 032 == DD  represents the process of particle diffusion in the 
angular space with the energy conservation. This case was studied in detail by 
Tverskoy (1967b). The equation of the type of Eq. 2.6.12 at 0=β  was minutely 
investigated also in the works of Tverskoy (1967a,b). Another possible cause of 
broadening of the Cherenkov resonance is the scattering of particles which was 
studied in details by Galperin et al. (1971). 
 
2.7. Green's function of the kinetic equation and the features of 
propagation of low energy particles 

Let us write Eq. 2.6.12 in the spherical coordinates in the momentum space 
( )θθ sin,cos ppppz == ⊥ : 
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The coefficients 321 ,, DDD  are determined by Eq. 2.6.13−2.6.24 with the 

corresponding substitution of variables. At 0=== pppp DDD θθ  the Eq. 2.7.1 
describes a diffusion process in the angular space taking place with energy 
conservation. Let us consider the Eq. 2.7.1 for this case. In the general case  
with arbitrary values θ  of a particle’s pitch-angle it was not possible to obtain a 
solution of the Eq. 2.7.1; however for the angles 1<<θ  there is the analytical 
solution of the Eq. 2.7.1. At 1<<θ  the diffusion coefficient in the angular space is 
determined by the Eq. 2.6.22−2.6.24 where θcosvvz = . Using Eq. 2.6.22−2.6.24  
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and Eq. 2.7.2 we write the Eq. 2.7.1 for the stationary case including in the right-
hand part of the equation a point source with the coordinates oz  and oθ , i.e. 
consider the equation for the Green's function ( )zG//  

 
of the kinetic equation: 
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where ( )oozzGG θθ ,;,//// =  is Green's function of the kinetic equation and the 
quantity ( )z//Λ  according to Galperin et al. (1971) is determined by the relation 
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and presents a particle free path along the lines of force of the regular magnetic 
field. For solving the Eq. 2.7.3, it is convenient to make a substitution of variables: 

( )( ) ( )''exp,ln
2
1' ξρθρ −→→ zHo . As a result we obtain the equation 
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The solution of the Eq. 2.7.5 has the following form (in a detail see Dorman 

and Katz, 1974a): 
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where 
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Here ( )xJo  is a modified Bessel function. We returned to the variables θ,z  in Eq. 
2.7.7 and Eq. 2.7.8. 

At 00 =θ  the expression for the Green's function Eq. 2.7.7 transforms to the 
expression derived for the first time in (Galperin et al., 1971) where it was used to 
explain the cases of anisotropic propagation of particles with the energy 1−5 MeV 
observed by direct measurements in the interplanetary space  (see below, Section 
2.10). 

The Green's function Eq. 2.7.7 describes a distribution of particles ejected by 
a point source. When considering the concrete cases one should know the actual 
source function (it is possible that the conditions in a process of particle propagation 
which are constrained by conservation of the adiabatic invariant Hθ2sin  result in 
an insignificant of the character of the angular distribution of particles in a source). 
We should note that it is necessary to know Green's function of the kinetic equation 
when we analyze the finer questions of a kinetic of CR pertaining to fluctuation 
effects arising in their motion in the interplanetary space (see below, Section 2.8).  

The Green's function of the kinetic equation can be derived in a non-stationary 
case as well as in the case when the particles propagate in a diffusion way across the 
regular magnetic field. We now write the resulting expression 
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where ooo zyx ,,  are the source coordinates, //G  is the Green's function of the field-
aligned particle motion determined by Eq. 2.7.7, and 
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is the Green's function of the transversal motion of particles, ⊥Λ  is the free path of 
a particle across the lines of force of regular field (Toptygin, 1973a,b). 

Now we consider particle scattering in the range of angles in which the 
inequality 1cos <<= xθ  is satisfied (Galperin et al., 1971). The coefficient of 
diffusion θθD  in angular space as a function of θ  is somewhat decreased as θ   
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grows of owing to a decreasing contribution of the cyclotron resonances of higher 
orders. At the same time the presence of the second summand β  (see Eq. 2.7.2) 
including Eq. 2.6.22–2.6.23 related to Cherenkov resonance starting from some θ   
value in θθD  results in the increase of θθD . This behavior of the diffusion 
coefficient is repeated at 2πθ > , so that ( ) ( )θπθ θθθθ −= DD . Thus there are two 
maxima on the curve of the dependence of ( )θθθD  at ooxx θcos==  on the location 
and depth, depending on the relation between Cherenkov's and cyclotron 
summands. It can be shown (Toptygin, 1973a,b) that the value of ox  is determined 
by the expression 
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It appeared that the values of free path and isotropization time are substantially 
different for the cases in which 1≈ox  and when 1<<ox . In the former of these 
cases the minimum is not deep or is even absent and it does not affect considerably 
the scattering of particles. As in the region of Cherenkov resonance the scattering is 
rapid, the isotropization time is generally determined by the range of angles 

10 ≤< θ , i.e. by the range where the expression for 1D  determined by Eq. 2.6.23 is 
applicable (or, in other words, the field-aligned free path is determined by the Eq. 
2.7.4). In this case the isotropization time is determined by the relation v//Λ=τ . 
We shall emphasize the characteristic dependence of a free path on the momentum 
of a particle (Galperin et al.,1971). At 2>ν  the free path is decreased with the 
growth of a particle momentum. This is related to the fact that with a growth of 
Larmor radius, the particles will be scattered by inhomogeneities of a more scale of 
increasing number. At 2=ν  the free path stops being dependent on the momentum. 
This circumstance was emphasized by Dorman and Miroshnichenko (1965) when 
analyzing the data on a propagation of CR from solar flares. 

In the case of a narrow Cherenkov resonance, the pitch-angle scattering of 
particles in the range ox≈θcos  is abruptly weakened; this results in a considerable 
increase of isotropization time and free path of particles. The analytical solution of 
the Eq. 2.7.1 in this case can be obtained with the conditions 

const,1 =<<≤ oo Hxx : 
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The signs ± corresponds to 0cos >θ  or 0cos <θ , respectively, and the quantity 
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differs from //Λ  in Eq. 2.7.4 by a factor of the order of unity We shall consider the 
case 2=ν . We neglect a spatial inhomogeneity of the system 
( const,0 ==∂∂ lzF ) and follow a population of the range of angles between 

oxx =  and 1xx =  ( 1<<<< xxo ). The Eq. 2.7.13 takes the form  
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where a dimensionless time lvt='τ . Constrain the distribution functions by the 

boundary conditions ( ) ( ) 0,11 == oxFFxF . The constant ( ) 1
1 2 −= πF  if the region 

1xx >  is occupied by particles and the distribution function is normalized to unit. 
The second condition corresponds to the assumption that the particles coming 

onto the boundary oxx =  are immediately removed into the backward hemisphere 
of the angular space. This approximation is sufficient for evaluation of the order of 
the isotropization time. Solution of the Eq. 2.7.14 with the boundary conditions 
described has the form  
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where ( )on xxn 1lnπλ = ; the factors nλ  and the coefficients nA  are determined by 
the initial condition. The dimensionless time of filling of the zone 1xxxo <<  as it 
results from Eq. 2.7.15 is of the order of 
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This time is varied from zero in the case of a broad resonance 11 ≈≈ xxo  to the 

value 41 =τ  at 0→ox . The time oτ  for the particle to scatter through an angle 1≈θ  
is of the order of unity according to the previous results. If the initial  
distribution function of particles is such that their number is approximately equal  
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at 2πθ <  and at 2πθ > , the isotropization period 1τττ +≈ os  If, however, the 
distribution function is pronouncedly anisotropic in the initial instant of time, the 
time of isotropization will be considerably more. These result from the fact that the 
penetration of particles from the frontal to backward hemisphere is slower at  
small ox . We shall obtain the velocity of the particle passing to a backward 
hemisphere is found by integrating Eq. 2.7.14 over x: 
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This results in the following order of the value: 
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If 1+>> os ττ  then at 1τττ >>>>s  a single term remains in the right-hand part of 
Eq. 2.7.15 which describes the quasi-stationary distribution of particles in the 
frontal hemisphere. Using this value of F from Eq. 2.7.18, we obtain 
 

11 >>= −
os xτ .                                (2.7.19) 

 
As results from the estimates, during the time interval os vxlt =  a stream of CR has 
a specific structure: the frontal hemisphere is completely filled by particles and in 
the backward hemisphere there are few particles and abrupt gradient in the angular 
distribution exists near oxx = .  

At 2≠ν  qualitative features of the isotropization process remain the same as in 
the case 2=ν . For the isotropization time the estimate is ντ −≈ 1

os x , which holds true 
for 11 >>−ν

ox . A path for scattering at the angle π  according to this estimate and Eq. 
2.7.11 and Eq. 2.7.13 has the order of value 
 

( )( ) ( )21 +−≈=Λ ννγωτ oLs ll .                           (2.7.20) 
 

An additional increase of the free path Λ  occurs if the regular field oH  is 
inhomogeneous and particles move in the direction of its decrease. Focusing of 
particles arising as a result of the conservation of the adiabatic invariant oHθ2sin  
prevents particle penetration into backward of the angular space. An estimate of  
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sτ  can be obtained in this case in a following way. In a weakly inhomogeneous 
field the Eq. 2.7.1 for a stationary case takes a form ( )1<<< xxo : 
 

( ) 01
1

2

2
=−+ −

dx
dFx

dx
Fdx θν νν ,                                (2.7.21) 

 
where ( ) constdiv21 == hlθ ; 01 >θ  if the particles move towards the decrease in 

oH . The solution of Eq. 2.7.21 with the same boundary conditions as for Eq. 2.7.12 

at 1
1

−<< ννθ ox  then gives the same result as in the case const=oH , and at 
1

1
−>> ννθ ox  we obtain 

 

( ) ( )
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⎥
⎥
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⎤
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−
−−= −−

−−

11

11
1

1
1

exp1 νν

νν

ν
θ

xx
xxFxF

o

o .                        (2.7.22) 

 
Estimating the isotropization time we obtain  
 

( ) ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−
= −

−

1
1

1

2

1
exp ν

ν

ν
θ

θ
τ

o

o
s

x
x

.                                (2.7.23) 

 
Therefore an additional factor ( ) ( )( )1

1 1exp −− ννθ oo xvx  will appear in the 
expression for the free path Λ  in Eq. 2.7.20. Basing on the obtained relations and 
using observational data on the spectrum of magnetic field inhomogeneities, one 
can estimate a free path of low energy particles in the interplanetary space. 
However, the experimental data obtained by various authors in different time, are 
considerably different. Using, for example, the data from (Jokipii and Coleman, 
1968) and estimating the collision width of the Cherenkov resonance, we find 

9.0=ox  for protons with the energy ∼ 1 MeV. This means that a weakening of 
scattering at oxx ≈  is small. The estimate of a free path according to Eq. 2.7.4 gives 
the value of the order of 1 AU This value of //Λ  is in agreement with the 
observational data presented in (Vernov et al., 1968a). On the other hand, a free 
path calculated from the data of (Sari and Ness, 1969, 1970) appears to be more 
than 1 AU. It should be emphasized that if the main contribution in the observed 
spectrum of magnetic field inhomogeneities is caused by hydromagnetic 
discontinuities (as was assumed by Sari and Ness, 1969), the developed theory can 
appear to be in applicable since a particle can be scattered at a large angle 
immediately when passing through a discontinuity. 
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2.8. Kinetics of CR in a large scale magnetic field 
 
2.8.1. The kinetic equation deriving on the basis of the functional method 

The problem of propagation of CR in a large scale magnetic field has been 
discussed in Toptygin (1973a, M1983) on the basis of the drift kinetic equation. The 
quasi-linear approximation, which permits describing in unique way  
processes of CR scattering and their diffusion across the lines of force of a regular 
magnetic field, was used by Toptygin (1973a, M1983) to derive the kinetic equation 
for the average distribution function of CR. The problem of the diffusion of CR in a 
large scale field has been discussed by other methods in Ptuskin (1985) and Zybin 
and Istomin (1985). A kinetic equation describing the propagation of CR in a large 
scale field was derived by Dorman, Katz and Stehlik (1988) on the basis of the 
functional method (Klyatskin, M1975; Rytov et al., M1977; see also above, Section 
2.2).  

In order to describing the motion of CR particles in a strong magnetic field we 
shall use the equations of motion in the drift approximation (Sivukhin, 1963) 
 

hPVPdhVdtdR ∇−== ⊥⊥
2

//
2

// , ,                                  (2.8.1) 
 

( ) ( ) hPVdtdPPdtdP ∇=−= ⊥⊥⊥
− 2121 21
//// ,                         (2.8.2) 

 
where R(t) is the radius vector of the guiding center, ⊥P  and //P  are the transverse 
and longitudinal components of the particle's momentum with respect to the 
direction of the magnetic field H(r,t), HHh = , and ⊥V  and //V  are the components 
of the particle's velocity perpendicular and parallel to the magnetic field. The large 
scale field H(r,t) has regular oH  and random ( )t,1 rH  components: 
 

0,, 11 ==+= HHHHHH oo .                             (2.8.3) 
 

If the random component is much larger than the regular one, then expanding Eq. 
2.8.1 and Eq. 2.8.2 into series in powers of the random field to within the accuracy 
of second-order terms and averaging the equations obtained over the directions of 
the particle's momentum in the plane perpendicular to the regular field oH , we 
obtain: 
 

( )γβαβγααα ξ 111// HHHnVdtdr ++= ⊥ ,                      (2.8.4) 
 

( )γβαβγαα ξ 111
2

//
2 HHHpVdtdp r +∇−= ⊥⊥⊥ ,                  (2.8.5) 
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( ) ( ) ( ) ( )dtdppHHHpVdtdp r
21

//111// 2121 ⊥
−

⊥⊥⊥ −=+∇= γβαβγαα ξ ,   (2.8.6) 
 
where 
 

( ) ( ) ( ) ( )
( ) ( ) )7.8.2(,,

,,21

111 γαγβαβα

γααγαγβγααγβαβγ δξ

HHH

nnnn

oo nnHHn

nnn

∆=∆==

−=∆∆−∆−=

⊥
 

 
and r(t) is the radius vector of the guiding center of the particle averaged over the 
directions of the particle's momentum vector in the plane perpendicular to the field 

oH , which is assumed to be uniform in space and constant in time, and ⊥p  and //p  
are the components of the particle's momentum vector across and along the 
direction of the magnetic field oH .  The random field ( )t,1 rH  in Eq. 2.8.4–2.8.7 is 
measured below in units of oH . 

The system of Eq. 2.8.4–2.8.6 satisfies the condition (Sivukhin, 1963) 
 

0//

//

2

2 =
∂

∂+
∂

∂+∇ ⊥

⊥ dt
dp

pdt
dp

pdt
d

r
r                              (2.8.8) 

 
a consequence of which is the Liouville theorem 
 

0//

//

2

2 =
∂

∂+
∂

∂+∇
∂
∂= ⊥

⊥
f

dt
dp

p
f

dt
dp

p
f

dt
d

t
f

dt
df

r
r ,                  (2.8.9) 

 
i.e., the equality to zero of the total derivative of the distribution function 

( )tppf ,,, //⊥r , calculated along the drift trajectory of motion of the particles. If 
particles moving in a large scale field interact with very small scale 
inhomogeneities of the magnetic field, it is necessary to supplement the Eq. 2.8.9 
with a collision integral, which determines the variations of the distribution function 
as a consequence of the scattering of particles in the very small scale random 
magnetic field: 
 

ff
dt

dp
p

f
dt

dp
p

f
dt
d

t
f

r St//

//

2

2 =
∂

∂+
∂

∂+∇
∂
∂ ⊥

⊥

r .                (2.8.10) 

 
It is necessary to average Eq. 2.8.10 over the ensemble of realizations of the large 

scale random field: 
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ff
dt

dp
p

f
dt

dp
p

f
dt
d

t
F

r St//

//

2

2 =
∂

∂+
∂

∂+∇+
∂
∂ ⊥

⊥

r ,       (2.8.11) 

 
where fF =  is the average distribution function. We shall make use of the 
functional method of Klyatskin (M1975) and Rytov et al. (M1977) to carry out the 
averaging. We shall write the average which figures in the second term in Eq. 
2.8.11 in the form  
 

( ) ( ) ( ) ftHtHVftHVFnVf
dt

dr ,,, 11//1//// rrr γβαβγαα
α ξ++= ⊥ .    (2.8.12) 

 
For the averaging of the second and third terms on the right hand side of Eq. 2.8.12 
we shall make use of the well known formula (Klyatskin, M1975; Rytov et al., 
M1977): 
 

( ) [ ] ( ) [ ]
( )111

1
11

0
1111 ,

,;,,
tH

fttBddtftH
t

r
HrrrHr

µ
βµβ δ

δ
∫ ∫= ,         (2.8.13) 

 
which is valid for any Gaussian field ( )t,1 rH  with zero average value and 
correlation tensor 
 

( ) ( ) ( )111111 ,,,;, tHtHttB rrrr µββµ = .                      (2.8.14) 
 

It is necessary for performing the averaging to calculate the functional 
derivative [ ] ( )1111 ,tHf rH µδδ . We shall make use for its calculation of Eq. 2.8.10 
 

[ ]
( )

( ) ( ) ( )( ){ } [ ] )15.8.2(,

,

1
2

111//

111

1
//

Hrrrr

r
H

fpOttV

tH
fStV

t

rr ⊥⊥⊥ −∇−−∇−−=

⎟
⎠
⎞

⎜
⎝
⎛ −∇+

∂
∂

�
δδδ

δ
δ

µµ

µ  

 

where 2
//

2 ppO ∂∂−∂∂= ⊥
�

. 
The formal solution of Eq. 2.8.15 is of the form 
 
[ ]
( )

( ) ( )( ){ } [ ] )16.8.2(,,,,,;,,;,

,

1111
2

1111//11

111

1

11 tfpOttGttGVd

tH
f

rr prHrrrrp

r
H
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�

µµ

µδ
δ

 



142 CHAPTER 2  

 

where ( )11,;,1 ttG rrpp  is the Green’s function of Eq. 2.8.15, { }//, pp⊥=p , and 

⊥⊥= dppdp . Taking Eq. 2.8.16 into account we obtain from Eq. 2.8.13: 
 

( ) [ ] ( )

( ) ( )( ){ } ( ) )17.8.2(,,,,;,,;,

,;,,

111
2

11111

11//1111
0

11 1

tFpOttBttB

ttGVddtdftH

rr

t

prrrrr

rrprHr pp

⊥⊥⊥ ∇−∇×

∫∫−=

�
βµµµβµ

β
 

 
Averaging of the third term of the right hand side of Eq. 2.8.12 to within the 
accuracy of second-order terms in the random field leads to the relationship 
 

( ) ( ) [ ] ( ) ( )tFttBftHtH ,,,;,,, 111 prrrHrr βγγβ = .                    (2.8.18) 

 
Taking Eq. 2.8.17 and Eq. 2.8.14 into account we obtain: 
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,;,,,
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111111

//111111
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////1
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rrprnprH

rr
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�
βµµµβµ
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α η

 

 
where  
 

( )ttBn ,;, rrβγαβγαα ξη += .                               (2.8.19a) 
 

Averaging of the third and fourth terms on the left side of Eq. 2.8.11 is 
performed similarly: 
 

[ ] ( )

( ) ( )( ){ } ( )
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1
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⊥
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�

 

 
We shall make use of the simplest model of scattering of particles by statistical 
inhomogeneities of the magnetic field (Dolginov and Toptygin, 1966a), in which  
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one can neglect the influence of the large scale field on scattering of particles at 
scales of the order of the correlation radius cL  of the very small scale field, to 
average the collision integral Stf. In this case 
 

( )tFOppVOpf ,,2St //
2

// pr
��

⊥Λ
= ,                            (2.8.21) 

 
where Λ(p) is the transport mean free path of a particle with respect to scattering by 
very small scale inhomogeneities of the magnetic field. Taking Eq. 2.8.19−2.8.21 
into account, we write the kinetic Eq. 2.8.11 averaged over the large-scale random 
field: 
 

( ) ( )

( ) )22.8.2(,,,ρ

,,ρ,,η

11
2

//

1//

τ

τκ λαλα

−−+
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⎝
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∂
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tFODpOV

tFtFStV
t

pr

prpr rrr

���

�
 

 
where the operators αλκ⊥

�  and D
�

 are defined by the relationships 
 

( ) ( )τττκ αλαλ ρ,ρ,ρ //1
0

1// 1 BVGdddV
t

ppp∫ ∫=⊥
� ,                    (2.8.23) 

 

( ) ( )τττ αλλα ρ,ρ,ρ ρρ
0

1 1 BGdddD
t

⊥⊥ ∇∇∫ ∫= ppp
�

.                   (2.8.24) 

 
If the random field described by the tensor ( )ταλ ρ,B  is delta-correlated in time, Eq. 
2.8.22 takes the form corresponding to the Fokker-Planck kinetic equation: 
 

( ) ( ) ( ),,,,,,,η 2
//// tFODpOVtFtFStV

t
prprpr rrr

��
⊥⊥⊥⊥ +∇∇=⎟

⎠
⎞

⎜
⎝
⎛ −∇+

∂
∂

λαλακ    (2.8.25) 

 
where 
 

( ) ( ) 0ρρρ
2
// 0ρ,,0,0 →⊥⊥⊥ ∇∇== αλλααλαλκ BDBV .             (2.8.26) 

 
In many cases the average distribution function and its derivatives with respect to 
the momentum vary slowly at the characteristic spatial and temporal scales of 
variation of the random field, one consequently can remove the distribution  
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function from under the integral sign on the right hand side of Eq. 2.8.22 and switch 
to the Fokker-Planck Eq. 2.8.25. In this case 
 

( ) ( )τττκ αλαλ ρ,ρ,ρ //1
0

1// 1 BVGdddV ppp∫ ∫=
∞

⊥ ,                          (2.8.27) 

 

( ) ( )τττ αλλα ρ,ρ,ρ ρρ
0

1 1 BGdddD ⊥⊥
∞

∇∇∫ ∫= ppp .                        (2.8.28) 

 
It is necessary for subsequent analysis of the kinetic equation to specify an explicit 
form of the tensor ( )ταλ ρ,B . The experimental data of Matthaeus and Smith (1981) 
show that fluctuations of the magnetic field are statistically anisotropic; the 
spectrum of the fluctuations is axe-symmetric with respect to the direction n of the 
regular field, so that the spectral tensor 
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where B, 1B , and 3B , are even and 2B  is an odd function of the wave vector k, 

( ) 2kkk λααλαλ δ −=∆ k , kx nk= , and αλγε  is a unit vector of the third rank. 
Using Eq. 2.8.29 we obtain from Eq. 2.8.28: 
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1 1 kkkpk pp B

k
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k
kk

GdddHD ,    (2.8.30) 

 
where ( )τ,1 kppG  is the Fourier transform of the Green's function, and ,// nk=k  

[ ][ ]knn=⊥k . It is evident from Eq. 2.8.30 that D = 0 in cases of one-dimensional 
and two-dimensional turbulence. If the regular field is uniform in space then the 
Green's function (at x << 1) is 

( ) ( ) ( ) ( ) ( ) ( )1
0

//12 2
11expρ1,1 ngngVρpp ll

l s
PPlllpp
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G ⎟
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⎞
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⎝

⎛ +−−−=
∞

=
τ

τ
τδδτ , (2.8.31) 

 
where Vs 4Λ=τ  is the scattering time of particles by very small scale 
inhomogeneities of the field, ng = np/p, 111 pnpng = , and ( )xPl  is the Legendre  
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polynomial. Taking account of Eq. 2.8.31, we obtain from Eq. 2.8.27 and Eq. 
2.8.28: 
 

( ) ( )∫ ∇∇=∫ ⎟⎟
⎠
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⎛
−=
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2
// //ρ,,,exp τραλλααλαλ ττττ
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ττπκ V
s

BdDVBdV . (2.8.32) 

 
If the spectral tensor ( )ταλ ,kB  is defined by Eq. 2.8.29, then the coefficient 
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k
kkidkdHD ,               (2.8.33) 

 
and it vanishes in the case in which the tensor ( )ταλ ,kB  does not explicitly depend 
on time or in the case of frozen turbulence. 
 
2.8.2. Diffusion approximation 

We shall write Eq. 2.8.22, in which we shall set 0=D
�

, in the form 
 

StFtF =∇+∂∂ J ,                                           (2.8.34) 
 

( ) ( ) ( )tFtFVtpJ ,,,,,, // prprr rλαλαα κη ⊥⊥ ∇−= � ,                      (2.8.35) 
 
where ( )tpJ ,,rα  is the particle flux in space. It is assumed in writing Eq. 2.8.34 and 
Eq. 2.8.35 that the distribution function varies weakly at spatial scales of the order 
of the correlation radius of the large scale field. The particle flux with the specified 
magnitude of the momentum is 
 

( )tVxFJJ ,,,η //// prJJ =+= ⊥ ,                              (2.8.36) 
 

( )τκ λαλα −∇−= ⊥⊥⊥ tFJ ,,prr
� ,                               (2.8.37) 

 
where //J  is the particle flux along the direction of the regular field and α⊥J  is the 
particle flux across the direction of the regular field. The bar in Eq. 2.8.36 and Eq. 
2.8.37 denotes averaging over pitch-angle, and θcos== ngx . 

Representing the distribution function in the form of a series of Legandre 
polynomials and restricting ourselves to two terms of the expansion 
 

( ) ( ) ( )( )//321,, xJVNtF +=pr ,                          (2.8.38) 
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where ( )tFN ,,pr=  is the particle density, we obtain from Eq. 2.8.34 a system of 
equations of the diffusion approximation 
 

( ) ( ) ( ) ( ) ( )τττττπ λαλα −∇∫ −∇=∇+
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,              (2.8.40) 

 
whence 

( ) ( )( ) ( )ττττ −∇∫ −−= tNdVtJ
t

s ,exp
3
1,

0

2
//// rηr r .            (2.8.41) 

 
Substituting Eq. 2.8.41 into Eq. 2.8.39, we obtain the transport equation 
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where 
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22 ηη
3
1 VBxV .                        (2.8.43) 

 
If the scattering time sτ  is small then small τ makes the main contribution to the 
integrated term in Eq. 2.8.42. In the region of small τ the tensor αλB  can be 
replaced by its value at zero. As a result we obtain 
 

( ) ( ) ( ) ( ),,exp0,
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rr           (2.8.44) 

 
which reduces to the telegraph equation (for example, see Earl, 1976; Dorman, 
Fedorov et al., 1983): 
 

( ) ( ) ( ) ( )tN
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tN
t

tN
ss ,0,,

2

2
rrr

rr λαλα τκτ ∇∇=
∂
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∂
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For large τ Eq. 2.8.45 changes into the diffusion equation (Toptygin, 1973, M1983). 
As follows from Eq. 2.8.45, the diffusion coefficient is 
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( ) ( ) ss VV τκκκτκτκ αλλααλαλ =ΛΛ=+== ⊥ //////// ,
3
1,ηη0 ,     (2.8.46) 

 
and 

( ) sBxV τπκ αλαλ 022
⊥⊥ = .                          (2.8.47) 

 
If the tensor αλB  is defined by the Eq. 2.8.29, the diffusion coefficient across the 
lines of force of the regular field is  
 

( )nαλαλκ ∆Λ= ⊥⊥ V
3
1 ,                               (2.8.48) 

 
where the mean free path across the lines of force of the regular field is 
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The vector η which enters into the Eq. 2.8.46 coincides in this case with the vector 
n (see Eq. 2.8.19a). The Eq. 2.8.48 for the anisotropic random field changes into the 
expression for ⊥Λ  calculated in Toptygin (1973, M1983).  

In the case in which the scattering time sτ  is large, Eq. 2.8.42 reduces to the 
diffusion equation (Toptygin, 1973, M1983): 
 

( ) ( ) ( )tNttN ,, // rr rr λαλλαα κηηκ ∇+∇=∂∂ ⊥ .                  (2.8.50) 
 
where //κ  is defined by the Eq. 2.8.46 and 
 

( ) ( )ττττπκ αλαλ //
2

0

2 exp VBxdV s ⊥
∞

⊥ ∫ −= .                      (2.8.51) 

 
Let us note again that in this Section we have used the model of particle scattering 
by very small scale inhomogeneities, in which the large scale field has no influence 
on the nature of the motion of particles at scales of the order of the correlation 
radius of the very small-scale field. A more general model which takes account  
of the spiral motion of particles at scales of the order of cL  has been discussed  
in Toptygin (1973, M1983). It follows from Toptygin (1973, M1983) that all  
the relationships obtained above keep their form when the influence of the large 
scale field at scales of the order of cL  is taken into account. It is only  
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necessary to use an expression for //Λ  which takes account of' particle motion 
within the confines of the correlation region of the very small-scale field when 
doing specific calculations. 
 
2.8.3. Diffusion of CR in a large scale random field 

If the scattering frequency of particles by very small scale inhomogeneities 
significantly exceeds the characteristic frequencies of fluctuations of the large scale 
field, then the process of propagation of CR is diffusion of CR along the direction 
of the large-scale field: 
 

NhhtN o λλαακ rr ∇∇=∂∂ .                         (2.8.52) 
 
Taking account of fluctuations of the large scale field and their influence on the 
propagation of CR on the basis of Eq. 2.8.52 was discussed by Ptuskin (1985) and 
by Zybin and Istomin (1985). Another approach to the calculation of the CR 
diffusion coefficient in a large scale field has been proposed by Berezhko (1985). 
This problem we discuss here using the functional method of averaging. Expanding 
the unit vector h(r, t) into a series in powers of the random field ( )trH ,1  and 
restricting ourselves to second-order terms, we shall average the expression 
obtained over the ensemble of realizations of the random field. As a result we obtain 
 

NHHNHNL
t o λγβαλβγλλβαλβα γ rrrr ∇∇+∇Γ∇=⎟

⎠
⎞

⎜
⎝
⎛ +

∂
∂ ,     (2.8.53) 

 
where <N> is the average CR density, and  
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We shall make use of the Eq. 6.8.13 for averaging the terms on the right hand 

side of Eq. 2.8.53: 
 

( ) [ ] ( ) [ ]
( )111

1
111111 ,

,;,,
tH

NttBdtdNtH
r
HrrrHr rr

γ
λβγλβ δ

δ∇∫=∇ .      (2.8.55) 

 
We shall determine the functional derivative, which enters into Eq. 2.8.55 based 

on perturbation theory: 
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where G is the Green's function of the operator oLt +∂∂ . From Eq. 2.8.55 we have: 
 

 

( ) [ ] ( ) ( ){ } ( )tNBGddNtH ,,ρ,ρρ, ρρ
0

11 rHr rr µβγλςςµγλβ τττ ∇∇∇∫∫Γ=∇
∞

.  (2.8.57) 

 
Averaging of the second term on the right hand side of Eq. 2.8.53 leads to the 
relationship 
 

( ) ( ) [ ] ( ) ( )tNttBNtHtH ,,;,,, 111 rrrHrr rr λβγλγβ ∇=∇ .        (2.8.58) 

 
Substituting Eq. 2.8.57 and Eq. 2.8.58 into Eq. 2.8.53, we obtain the equation: 
 

NtN λαλακ rr ∇∇=∂∂ ,                       (2.8.59) 
where 
 

( ) ( ) ( )∫ ∇∇ΓΓ++=
∞

0
ρρ ,ρ,ρ,;, τττγκκ βγµςςλγαµββγαλβγλααλ BGdttBnno rr .    (2.8.60) 

 
If the regular field is uniform in space, then having made use of the well known 
Green's function of the operator oLt +∂∂ , we obtain from Eq. 2.8.60: 
 

λααλ κκ nnH o⎟
⎠
⎞⎜

⎝
⎛ −= 2

11 .                          (2.8.61) 

 
Consequently small fluctuations of a large scale field do not lead to diffusion of 

CR across the direction of the regular component of the large scale magnetic field, 
in accordance with Ptuskin (1985). As is evident from the results of Dorman, Katz, 
and Stehlik (1988) described in Sections 2.8.1–2.8.3, if the characteristic time  
of fluctuations of the large scale magnetic field significantly exceeds the scattering 
time of particles by very small scale inhomogeneities of the magnetic field, 
diffusion of the CR is described by the telegraph equation, in accordance with  
Earl (1976) and Dorman et al. (1983), which takes account of the presence of 
diffusion of CR across the lines of force of the regular field. The mean free path  
of particles across lines of force is related by the Eq. 2.8.49 to their mean free  
path with respect to scattering by very small scale inhomogeneities and is  
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determined in the case of anisotropic turbulence of the large scale field (see Eq. 
2.8.29) by the two spectral functions B and B1. 
 
2.8.4. CR transport in the random girotropic magnetic field  

The problem of propagation of CR in the random girotropic magnetic field has 
been discussed by Fedorov et al. (1992) and Dolginov and Katz (1994). These 
examinations are a major preoccupation to the investigation of particles motion in 
the small-scale random girotropic magnetic field. Katz and Yacobi (1997) 
considered the effects are owed to existence of the large scale magnetic field. The 
influence of small-scale magnetic field provides the effective particles scattering 
whereas the nonzero helicity of the turbulence leads to the particles acceleration. 
Katz and Yacobi (1997) obtained the drift kinetic equation including these effects 
and derive the kinetic coefficients describing the particles propagation at these 
conditions.  

The distribution function ( )tf p,r,  of the ensemble of non-interacting particles 
moving in the small scale random girotropic magnetic field obeys the equation 
(Fedorov, et al., 1992; Dolginov and Katz, 1994): 
 

( ) ( )tStftf
t

p,rrp,F
p

V r ,, =⎟⎟
⎠
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∂
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∂
∂ ,                   (2.8.62) 

 
where 

( ) HHuVF α−×−=
c
e                                   (2.8.63) 

 
is the force acting on the particle with charge e and momentum p corresponding to 
the velocity EcpV =  and energy E; u is plasma velocity which transfers the large 
scale magnetic field H frozen into it. The second term in Eq. 2.8.63 is owed to 
particles acceleration in the small scale random girotropic magnetic field. The 
coefficient α is expressed in helicity terms of the turbulence. The collision integral 

( )tStf p,r,  in Eq. 2.8.62 has Fokker-Planck form: 
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where Λ is particle transport path respectively its scattering on the random 
inhomogeneities of the small scale magnetic field. If the magnetic field H is 
sufficiently strong, it is conveniently to use the drift approximation (Toptygin, 
M1983). In the drift approximation Eq. 2.8.62 reads 
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where 
 

( )hHhhHhuhR rr α−∇=∇−==+= ⊥⊥⊥
⊥

⊥ pV
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dppV
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dpHV 2//2
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2
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1,,,� ,  (2.8.66) 

 
and where ( )tppf ,, // ⊥,r  is the drift distribution function and indices ⊥  and //  
mark particle momentum components across and along the direction of the 
magnetic field H. The symbol h...  denotes averaging over directions of the 
momentum vector in the plane normal to vector h. If the large scale magnetic field 
H is random function of the coordinates and time we have to average the Eq. 2.8.65 
over the fluctuations of the large-scale magnetic field. This may be performed if the 
random component of the large scale magnetic field is small: 1o HHH += , where 

oH  is the regular component and 1H  is the random component. Along with this we 
have to change the variables in Eq. 2.8.62 on the other that are related to the 
direction of the large scale regular magnetic field oH . In this case the Eq. 2.8.62 
will have the following form 
 

nr
r ff

dt
dp

p
f

dt
dp

p
f

dt
d

t
f St//

//

2

2 =
∂

∂+
∂

∂+∇+
∂
∂ ⊥

⊥
,                     (2.8.67) 

 
where 
 

( ) ( ){ } ( ) ( ) ⊥⊥⊥⊥⊥ −−+−+−= 111//1
2
1// 11 HHHHHV

dt
d unnuunr ,            (2.8.68) 
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2
1 HHHpV
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In Eq. 2.8.67–2.8.70 the indices ⊥  and // mark the components associated with  
the direction oHoHn =  of the regular magnetic field oH . The Eq. 2.8.67 is 
described with accuracy of terms second order relative to the random magnetic field 

1H . The last is measured in the units of oH . The next step according to Katz  
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and Yacobi (1997) is averaging Eq. 2.8.67 over the ensemble of realization of the 
random magnetic field, 
and velocity u: Ff = . Assuming the Gaussian distribution for random fields we 
obtain 
 

FFF
p

F
t
F St

//
+∇∇=

∂
∂−∇+

∂
∂

⊥ λαλακα rrrw ,                  (2.8.71) 
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Components of tensor D are as following: 
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In Eq. 2.8.73 and Eq. 2.8.76 
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( ) ( ) ( ) ( )ττττ ,,,,, 11 //111 xpxxpx pppppp GVdGdG ∫=Γ∫= ,             (2.8.77) 
 
and ( )τ,1 xppG  is the Green’s function of the equation describing particles scattering 
in the small scale random magnetic field, ( )ταλ ,xB , ( )ταλ ,xQ  and ( )ταλ ,xS  are 
correlation tensors of the large scale magnetic field 1H , of the velocity field u, and 
their cross-correlation tensor, respectively. 

Representing the distribution function in the form  
 
 

FNF δ+= ,                                       (2.8.78) 
 
Katz and Yacobi (1997) obtain from Eq. 2.8.71 the set of equations for the density 

( )tpN ,,r  and a small anisotropic addition ( )tpF ,,rδ : 
 

( ) NFp
pp

FV
t
N

λµαλαµµ κµδαµδ rrrn ∇∇=
∂
∂−∇+

∂
∂

⊥
2

2
1 ,    (2.8.79) 

 

( ) ( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧

∂
∂−∇=

⎭
⎬
⎫

⎩
⎨
⎧

+
∂
∂−

∂
∂

p
N

V
NVF

p
D αµδα

µ
µµ

µ
nr

21 ,            (2.8.80) 

 
where symbol µ  denotes the averaging over the particle pitch-angle pnp=µ , 

and ( )µD  is the pitch-angle diffusion coefficient, determined by expression 
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The solution of Eq. 2.8.79–2.8.80 has the form 
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where 
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If the particles are highly scattered then  
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where ( )pq ,r  is determined by Eq. 2.8.83, and  
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Substituting Eq. 2.8.81 into Eq. 2.8.78 Katz and Yacobi (1997) obtain the transport 
equation 
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According to Katz and Yacobi (1997), Eq. 2.8.86 may be re-written in the form of 
the continuity equation in the coordinate space and in the space of the absolute 
values of the momentum (Fedorov et al., 1992; Dolginov and Katz, 1994): 
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where 

p
NDnNJ p ∂

∂+∇−= rr αααλα κ                                (2.8.89) 

 
is the vector of the particles flow in the coordinate space, and 
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p
NpDNDJ pp ∂

∂−∇+= nrr                                (2.8.90) 

 
is the particles flow in the space of absolute values of the particles momentum.  
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2.9. CR diffusion in the momentum space 
Consider the collision integral in the kinetic Eq. 2.7.1 written in the spherical 

coordinates in the momentum space ( θθ sin,cos ppppz == ⊥ ): 
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where pppp DDDD ,,, θθθθ  are determined by Eq. 2.7.2, and 321 ,, DDD  are 

determined by Eq. 2.6.13−2.6.24 with respective substitution for the variables. The 
terms of the collision integral including the components θθD  of the tensor αλD  
describe an elastic scattering of charged particles on turbulent pulsations of the 
magnetic field and the rest terms include the energy interchange between turbulent 
pulsations and charged particles resulting in the acceleration of the latter. Note the 
following property. If we compare the value of various terms in the collision 
integral, we obtain that the term with θθD  is the main term. The effective frequency 
of scattering of charged particles in the collisions with the magnetic field 
inhomogeneities θθν Dp 2−=  is far higher than the frequency of inelastic collisions, 
which is represented by the coefficients θpD  and ppD . Otherwise the particles are 
very quickly got into a chaotic state owing to scattering on turbulent pulsations of a 
magnetic field and their further diffusion in momentum space is described by an 
isotropic distribution function. According to this we shall search for the solution of 
Eq. 2.7.1 in the form (Ryutov, 1969): 
 

fff δθ += ,                                           (2.9.2) 
 
where the second term is far less than the first, and  
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means averaging over θ . By averaging the kinetic Eq. 2.7.1 over θ  angle we obtain 
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The equation for a correction fδ  to a distribution function has the following form: 
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which results in 
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Substituting the latter equation in Eq. 2.9.4 we obtain 
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and the sign θ  around the function θf  in Eq. 2.9.7 is omitted for brevity. 

Substituting the expressions for θppp DD ,  and θθD  in Eq. 2.9.8 we get the 
equation describing a particle diffusion in the momentum space (Tverskoy, 1967b): 
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The Eq. 2.9.9 is written in dimensionless variables: a momentum is measured in 
units of mc and energy in units of 2mc . The solution of the Eq. 2.9.9 can be  
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obtained for non-relativistic ( 1=E ) and for relativistic ( pE = ) cases. Appling the 
Fourier-Bessel transformation to the Eq. 2.9.9 we obtain for 3≠ν  as follows, 
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Here ( ) ( )0, =≡ τpfpfo  and ( )xIµ  is the modified Bessel function. If the initial 
distribution function ( )pfo  differs from zero in some region 1<<≤ opp , the 
asymptotic behavior of ( )τ,pf  at large τ  and opp >>  has the following form: 
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where  
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As is seen from Eq. 2.9.12 the exponential spectrum of accelerated particles is 
asymptotically formed at 2=ν  (Tverskoy, 1967a,b). 

The value νN  has the meaning of the total particle number injected in 1 cm3 
and is not changed in the process. At 3=ν , the solution of Eq. 2.9.9 in the case of a 
point source has the following form 
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where op  is the particle momentum in the source. As we have noted, the Eq. 2.9.11 
describes the particle distribution in the super-relativistic case ( pE = ). For this 
purpose one should make the substitution 1+→νν . As consistent with this, Eq. 
2.9.13 represents the distribution function in the super-relativistic case for 2=ν  
(Tverskoy,l967b). 

Let us compare the cases considered of particle acceleration by a wave 
turbulence with a pure Fermi acceleration of particles (particle collisions with 
stochastically moving clouds). Fermi acceleration can be obtained from the  
Eq. 2.9.9 if we set in it formally 1=ν  (non-relativistic case) or 2=ν  (super-
relativistic case). As is seen from the above Eq. 2.9.11−2.9.13 the shape of the  
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accelerated particles is sufficiently dependent on the index in the power spectrum of 
turbulent pulsations.  
 
2.10. CR diffusion in the pitch-angle space 

If we neglect the action of electric fields of oscillations on the particles in the 
initial kinetic Eq. 2.6.13 (or if we equate to zero the coefficients 2D  and 3D  in the 
collision integral of Eq. 2.6.13), we shall obtain the equation describing the process 
of particle diffusion in angular space which passes with energy conservation. In this 
case one should solve directly the kinetic Eq. 2.5.1 because the diffusion 
approximation with respect to coordinates certainly is not applicable. In the general 
case this problem presents serious mathematical complications; however, if the 
regular magnetic field is sufficiently strong so that a perturbation of particle 
movement by a stochastic field during the time of the order of cyclotron rotation is 
small, one can average the Eq. 2.5.1 over the angle of particle rotation, pass to the 
drift approximation (Sivukhin, 1963). The collisional term of the kinetic Eq. 2.5.1 is 
determined in this case by the Eq. 2.9.1 at 032 == DD  and the averaging of the right 
side of Eq. 2.5.1 is known from the drift theory (Sivukhin, 1963; Galperin et. al., 
1971): 
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An analytical solution of Eq. 2.10.1 can be obtained for the angles fitting the 
condition 1<<θ . In this case Eq. 2.5.1 takes the form: 
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The Eq. 2.10.2 is written for a stationary case and the point source (with the 
coordinates ooz θ, ) is added in the right side. The value ( )z//Λ  is determined by 
means of Eq. 2.6.19–Eq. 2.6.21 and has the meaning of a particle transport path 
(Galperin et al., 1971): 
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The transport path ( )z//Λ  depends on a particle momentum and on the field 

intensities 2
1H and 2

oH  according to the law ( ) 2
1

22
// HHpz o

ν−∝Λ . At 2>ν  the 

transport path decreases with the growth of particle energy. This is explained  
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by the fact that the particles are scattered by the inhomogeneities of a higher scale 
the greater is a particle Larmor radius, and the number of inhomogeneities in this 
case is increased with their scale. To solve the Eq. 2.10.2 let us introduce the new 
variable ( ) oHln21=ρ . Then Eq. 2.10.2 takes the form 
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It is suitable to make the substitution of variables ( )ξρθρρ −→→ exp, . As a 
result we obtain the equation 
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where 

( ) ( ) ( )( ) 12exp −= ρϕρρα .                                         (2.10.7) 
 
The Eq. 2.10.6 is equivalent to the equation 
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with the additional condition 
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The Eq. 2.10.8 has the special solution of the type 
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where   
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In Eq. 2.10.10 we have returned to the initial variables, oJ  is the Bessel function. 
The general solution of Eq. 2.10.10 can be presented in the form 
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which results in  
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Appling the Fourier-Bessel theorem we obtain 
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Using Eq. 2.10.14 we obtain finally (Galperin et al., 1971; Dorman and Katz, 
1974b): 
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where oI  is the modified Bessel function. A quantity ( )z2θ  has the meaning of a 
mean square angle of a particle’s scattering (Galperin et al., 1971). 

If we can neglect the dependence of oH  and //Λ  on z, then a mean square 
angle of a scattering increases proportionally to a distance from the source. If oH  
and 1H  vary at distance according to the same law 
 

( )βzzHH oo ∝∝ 1                                 (2.10.16) 
 

and the spectrum shape (the values cl  and ν ) remains unchanged, then at ozz >>  
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Let us apply these results to a scattering of the low energy solar particles. 

According to the Parker’s model in a region inside the Earth’s orbit 2≈β  for a 
regular field oH . The spectrum index 2.05.1 ±=ν . If magnetic inhomogeneities are 
generated near the Sun and then transferred into interplanetary space by the solar 
wind, the intensity 1H  should be varied proportionally to oH . This assumption is 
founded by measurements for a region outside the Earth’s orbit. Thus according to 
the data of Jokipii and Coleman (1968) the value 2

1H  was decreased by 2.4 times 

and 2
oH  was decreased by 2.5 times when the distance from the Sun was increased 

from 1 AU to 1.44 AU Substituting 5.1,2 == νβ  in Eq. 2.10.17 we find that 2θ  is 

independent of z. If in this case 2θ < 1, the particles generated on the Sun should 
come to the Earth in the form of a flux with a pronounced anisotropy. These 
anisotropic fluxes of protons with the energies of 1−10 MeV and a duration of 
several hours were recurrently registered in the experiments of Vernov et al. 
(1968a). 

Earl (1976) also paid his attention to the effect of adiabatic focusing in the 
propagation of charged particles of CR in stochastic magnetic fields on the 
background of a regular field with divergent magnetic lines of force in the direction 
of the field weakening. In this paper the kinetic equation is obtained for which the 
proper functions of scattering are found (these functions appeared to be symmetric 
with respect to θcos  where θ  is a pitch-angle) and the proper functions of focusing 
(which appeared to be asymmetric with respect to θcos ). Numerical calculations 
which were carried out by means of these functions show that in the case of a weak 
divergent field there is obtained a diffusion approximation in the pitch-angle space 
where the effect of adiabatic focusing can be neglected; in the case of a strong field 
there appeared to be a mode of coherent propagation of particles which is 
completely determined by the effect of adiabatic focusing.  

Morfill et al. (1976) presented the arguments against the model of a 
superposition of the averaged over extensive time intervals of a regular spiral 
magnetic field with small scale inhomogeneities causing a resonance scattering of 
particles with Larmor radius close to inhomogeneity’s dimensions, which is 
generally applied to calculations of a transfer of galactic CR in interplanetary space. 
There is proposed a model of an irregular spiral field taking into account the 
middle-scale variations of the interplanetary field owed to the presence of sector 
structure, of tangential discontinuities, of jet streams in the solar wind etc. which  
are statistically described by a frequency distribution of the field direction.  
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The averaged Fokker-Plank equation is obtained for a pitch-angle diffusion of 
galactic CR (the effects of direct reflection of particles and their large scale drift are 
not included). Basing on this equation the spatial coefficients of diffusion were 
derived and the expected radial gradients were estimated. The obtained values 
appeared to be in good agreement with the results of radial gradient measurements 
from the data of synchronous observations from various spacecrafts. Calculations 
have also been carried out of the expected temporal variations of the diffusion 
coefficient during a solar activity cycle including the data of corresponding 
variations of the parameters characterizing the spectra of magnetic inhomogeneities 
in the range of small and moderate scales. 

Alpers et al. (1975) carried out a study consisting of charged particles diffusion 
in the magnetic field which is a superposition of the regular constant magnetic field 

oH  and a rapidly varying in space stochastic field ( )rH1 . It was shown that a 
contribution to the diffusion coefficient in the form of a δ−function for particles 
with the pitch-angles θ  (with respect to the force lines of the field oH ) close to 90° 
is not caused neither by pitch-angle θ  scattering nor peculiarities of particle 
propagation along the force lines of the average field oH . Alpers et al. (1975) have 
drawn the conclusion that abnormal behavior of the coefficient of pitch-angle 
diffusion at ≈θ 90° is caused by the fact that generally used to determine coefficient 
of diffusion theory of a weak interaction of particles with magnetic inhomogeneities 
in the same point has a singularity. This singularity, however, has no physical sense. 
A detailed analysis shows that if in the initial state the ensemble of charged particles 
has =θ 90°, its broadening over pitch-angle occurs considerably longer than in the 
case when ≠θ 90° is the initial state. The matter is that at =θ 90° a particle is in the 
situation as if it was frozen in a magnetic inhomogeneity and a variation of its state 
is owed only to the extremely slow regular acceleration, whereas the particles with 

≠θ 90° very rapidly change their energy in a stochastic way due to the action of the 
statistic acceleration mechanism. 

Lee and Völk (1975a,b) have solved in a quasi-linear approximation the 
equations of diffusion of CR particles in the space of pitch-angles and energies. 
There is considered an interaction of particles with a field of hydromagnetic waves 
in the presence of a regular field oH . The commonly used assumption of an 
isotropic tensor of the spectrum of power of magnetic inhomogeneities require in 
the given case the equality of spectra of Alfvén and magneto-sonic waves. For the 
solar wind plasma this assumption is not considerably realistic. It is shown that the 
coefficient of pitch-angle diffusion in the case under consideration, as well as in the 
other quasi-linear approximations, vanishes at the pitchangles ∼ 90°. Thus in quasi-
linear theory there is no reflection of CR particles. This difficulty can be overcome 
by non-linear treatment of particle dynamics. 

Basing on the kinetic Vlasov equation Goldstein (1976) has derived a  
diffusion approximation for the function of distribution over the pitch-angle  
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variable θµ cos=  (where θ  is a pitch-angle) for a propagation of CR in strongly 
turbulent magneto-active plasma in which the bonds are considered to be weak, 
according to Kadomtsev’s hypothesis. With the assumption that the correlation 
function of a stochastic magnetic field has the exponential character, the detailed 
calculations of the diffusion coefficient µD  over the pitch-angle variable have been 
carried out. Special attention is paid to the behavior of µD  at 2πθ →  (i.e. at 

0→µ ). It was shown that ( )0=µµD  has a finite value in a good agreement with 
the results of Monte Carlo numerical calculations, in contrast to the works of the 
other authors based on the linear theory when it was assumed that ( ) 00 ==µµD  or 

( ) ( )µδµµ ∝= 0D , where ( )µδ  is the Dirac δ−function. 
Goldstein (1977) has presented a critical analysis of theoretical models of pitch-

angle scattering and spatial diffusion of particles based on a quasi-linear 
approximation of the kinetic theory which were developed in the literature. 
Goldstein (1977) gives also a generalization of the resonance theory of disturbed 
trajectories of particle pitch-angle diffusion in a model of magneto-static 
turbulence; the results obtained are used for numerical calculations of the spatial 
coefficient of the field-aligned diffusion. In this case it is possible to eliminate the 
all divergences which are proper to a quasi-linear formalism for a spectrum of 
magnetic field fluctuations of the type ν−k  at 2≥ν  (here k is the wave number). It 
was found that different methods give, in the first approximation, for 21 <<ν  close 
values for the spatial diffusion coefficient; the method of disturbed trajectories 
which is used in the paper only gives systematically slightly lower values of the 
diffusion coefficients than the models of quasi-linear theory. 

In the works of Jones et al. (1973), Jones (1975) the expression for the 
coefficient of a diffusion over pitch-angles has been obtained on the basis of a kinetic 
equation for a distribution function averaged over fluctuations. It was  shown that the 
developed theory gives the values of the diffusion coefficient coincident with those 
which are expected in quasi-linear theory at 16.0 ≤≤ µ  (where θµ cos=  and θ  is a 
pitch-angle); at lower values of µ  the new theory gives the values for the diffusion 
coefficient which are considerably higher than the values expected in the usual theory. 

Jones et al. (1978) obtained the kinetic equation describing particle interaction 
with turbulent fluctuations of a magnetic field, using the non-linear theory which 
has been developed in Jones et al. (1973), Jones (1975), and made it possible  
to overcome correctly the difficulties proper to quasi-linear theory. The effect  
of fluctuations in the method developed by Jones et al. (1978) is determined  
from particle orbits which, in their turn, include a statistical averaging over a series 
of possible configuration of turbulence. In the method of a partially averaged  
field the averaging procedure is made from a sample of all realizations for which  
the field intensity takes a fixed value in a given point. Using the new  
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method, the calculations of the coefficient µµD  of a diffusion over pitch-angles for 
particles interacting with a ‘stratified’ model of magnetic turbulence in which the 
fluctuations of magnetic field are linearly polarized transverse to the direction of  
the average magnetic field H . The results obtained are compared with the data of 
quasi-linear theory and of Monte Carlo a numerical model experiment. The 
conclusion was drawn that the main result of quasi-linear theory consists  
in determining µµD  in the pitch-angle range near 90° where quasi-linear 
pproximation is violated. Using µµD  value, the coefficient //κ  of the spatial 
diffusion along the direction of magnetic field H  has been estimated. It was noted 
that the method of partially averaged field is not restricted by a criterion of 
smallness of the amplitudes of fluctuating fields, and therefore it is not a 
perturbation theory. 

Developing this study, Kaiser (1975), Kaiser et al. (1978) presented the results 
of numerical Monte Carlo simulating the process of charged particles diffusion over 
the velocities in a stochastic turbulent magnetic field. The coefficient of diffusion 
over pitch-angles was determined by means of exact calculation of the orbits of 
particles moving in a great ensemble of realizations of a stochastic magnetic field 
with the statistic properties which are selected in a certain way. The calculations 
were carried out for a wide range of particle rigidities and of mean square intensities 
of a magnetic field. A comparison has been made of the results given by standard 
quasi-linear theory with the conclusions of non-linear theory which uses partially 
averaged fields. 

Moussas et al. (1975), Moussas and Quenby (1977) have carried out numerical 
calculations of the diffusion coefficient ( )µD  of CR in the pitch-angle space 
( vHvH=µ , where v is the particle velocity and H is the interplanetary magnetic 
field) basing on the data of the three-dimensional structure of interplanetary 
magnetic field. A comparison was made with ( )µD  which is expected according to 
the usual quasi-linear kinetic theory of CR propagation. It was found that at 0→µ  
the numerical calculations basing on the interplanetary magnetic field data of 
HEOS-2 give the values 5.1−≈  for ( )µDlg , whereas quasi-linear theory gives 

( ) 3lg −<µD , i.e. there is a discrepancy of almost two orders. At µ  from 0.3 to 0.8 a 
discrepancy is also about 3-4 times. Analytical corrections for quasi-linear theory 
providing determination of correct results at 0→µ  in the case of very weak 
stochastic perturbations of a regular component of interplanetary field have been 
obtained. The problem of a rotational discontinuity effect on the pitch-angle 
distribution of solar CR has been solved numerically assuming in this case that  
the distribution in a stream of CR before passing through a discontinuity was 
axially-symmetric. The results were presented for numerical calculations of  
the expected particle distribution over the phases ϕ  and over µ  values depending 
on a distance from the discontinuity. It was predicted that there arises a two- 
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directed pitch-angle distribution after passing through a rotational discontinuity. It 
was observed that arising of this peculiarity in the pitch-angle distribution of solar 
CR is not connected with acceleration of particles.  
 
2.11. Fokker-Planck CR transport equation for diffusion 
approximation 
 
2.11.1. Diffusion approximation including the first spherical mode 

At distances exceeding the free large angle scattering path of particles the 
distribution function is close to the isotropic distribution. In this case the CR 
propagation may be described by using the diffusion approximation equation 
(Dolginov and Toptygin, 1966a,b). After series expanding the function in spherical 
harmonics we obtain 
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where ( )tpn ,,r  is the particle concentration; ( )tp,,rJ  is the density of the particle 
flux. Substituting Eq. 2.11.1 in Eq. 2.3.7 and multiplying Eq. 2.3.7 by 1 and by p, 
we shall integrate the obtained expressions over vector angles p taking account of 
the first non-vanishing terms in powers vuo . The resultant set of equations for 

( )tpn ,,r  and ( )tp,,rJ  is 
 

[ ] (2.11.2),11

3
1

9
div

2

2

2

2

2

2

2

2
2

2

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
++

∂
∂×−

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+

∂
∂+

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

∂
∂

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
++

∂
∂=+

∂
∂

JJhu

JJuJ

o

o

c
v

p
p

vr

c
v

p
p

p
np

c
v

p
npu

t
n

L

oo

o
κκ

 

 

[ ] [ ]Jhuhu
r

JJ ×Λ−
∂
∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
×Λ+−

∂
∂−=+

∂
∂Λ

L
o

L
oo rp

np
r

n
tv 3

κ ,             (2.11.3) 

 
where 
 

( )( )
( ) ( ) o

Lo
c eH

cprv

Hl

pc =Λ=
Γ

−Γ=Λ ,
3

,
2

2112
2
1

22
κ

νπ
νν

r
.                 (2.11.4) 



166 CHAPTER 2  

 

When writing Eq. 2.11.2−2.11.4 it was included that the correlation tensor of a 
stochastic magnetic field αβB  has a form determined by Eq. 2.3.3 and that ( )clrΨ  
in Eq. 2.3.3 is determined by the Eq. 2.3.5. If the time for a marked change in the 
particle flux density ( )tp,,rJ  is long compared with the characteristic time of 

particle diffusion, the term 
tv ∂

∂Λ J
 in Eq. 2.11.3 may be neglected. After solving the 

equation obtained relative to ( )tp,,rJ  we obtain (Dolginov and Toptygin, 1966a,b):  
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where the tensor diffusion coefficient is of the form 
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In the coordinate axes directed along the vectors 
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the diffusion tensor is of the form 
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similar to the form of the electro-conduction tensor for a collision plasma in a 
magnetic field. 

The first term in Eq. 2.11.5 is the conventional diffusion flux proportional to 
the concentration gradient. In the absence of the regular magnetic field ( ∞→Lr ) 

 
αβαβ δκκ o= ,                                            (2.11.9) 
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which corresponds to the isotropic diffusion, and the expression Eq. 2.11.5 takes the 
form 
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In this case Λ  has the meaning of the transport free path of particles and oκ  is the 
scalar diffusion coefficient. The second term in Eq. 2.11.5 describes the convective 
flux owed to the motion of magnetic field inhomogeneities frozen into  
the solar wind plasma. Substituting Eq. 2.11.5 in Eq. 2.11.2 we obtain the equation 
of anisotropic diffusion for the particle concentration ( )tpn ,,r : 
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The last term in the right hand part of Eq. 2.11.11 describes the adiabatic cooling of 
charged particles associated with radial divergence of solar wind plasma with the 
frozen in magnetic field inhomogeneities. A consistent derivation of the Eq. 
2.11.11, on the basis of the kinetic equation was first considered by Dolginov and 
Toptygin (1966a,b). 
 
2.11.2. Including of magnetic inhomogeneities velocity fluctuations  

The Eq. 2.11.11 is obtained with the assumption that a proper motion of 
magnetic inhomogeneities is neglected, i.e. 01 =u . Including a stochastic velocity of 
magnetic inhomogeneities is equivalent to appearance of stochastic electric fields 
resulting in acceleration of particles (Fermi mechanism of acceleration). Owing to 
general properties of the Fermi acceleration mechanism (see Chapter 4) the 
necessary condition for the efficiency of this mechanism is a high degree of isotropy 
of particle distribution in the momentum space. Therefore the acceleration of 
particles can be considered in a diffusion approximation. The procedure similar to 
that used in deducing equation Eq. 2.11.11 results in the equation of anisotropic 
diffusion including the effect of particle acceleration (Dolginov and Toptygin, 
1967): 
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where 
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is the coefficient of particle diffusion in the momentum space; 2

1u  is the mean-

square velocity fluctuation. 
 
2.11.3. Diffusion approximation including the second spherical harmonic 

Dorman, Katz and Fedorov (1977, 1978a,b), basing on the kinetic equation 
which includes an interaction of charged particles with stochastic magnetic fields in 
space, have obtained a set of equations for the diffusion approximation taking into 
account the second spherical harmonic. Let us start from the kinetic equation 
describing a propagation of CR in magnetized moving plasma 
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where ( )tF ,,pr  is the distribution function of CR; 
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is the operator describing a motion of charged particles in the regular magnetic 
field; 
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is the operator describing a variation of a particle momentum in magnetized plasma 
moving with the velocity v,cu <<  is the velocity of a particle with a momentum p 
and a charge e, c is the velocity of light;  
 

( ) ( ) ( )',',',';, tHtHttB rrrr λααλ =                  (2.11.17) 
 
is the correlation tensor of a stochastic field ( )t,rH . The angular brackets in Eq. 
2.11.17 mean the averaging over a statistic ensemble which corresponds to a 
stochastic magnetic field. The action of the operator ( )τoL−exp  in the collision 
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integral StF of the kinetic Eq. 2.11.14 reduces to a substitution of a radius-vector r 
of the particle by ( )τδrr −  and its momentum p by ( )τδpp − , where ( )τδr  and 

( )τδp  are variations of the radius-vector and momentum of a particle in the regular 
magnetic field after a time interval τ .  

Let us consider a stochastic magnetic field to be statistically isotropic. Then, 
according to Section 2.3 we shall have 
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where ( )clxΨ  and ( )clx1Ψ  are some scalar functions and their interrelation is 
determined by the equation 0div =H  so that it is always possible to determine the 
function 1Ψ  from a given function Ψ ; cl  is the correlation radius of a stochastic 
magnetic field. Let us represent the distribution function ( )tF ,,pr  in the form of a 
series of expansion over spherical harmonics limiting it by the three terms of the 
expansion: 
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where ( )tpn ,,r  and ( )tp,,rJ  are the density of particles and the flux density of 
particles with a given value of momentum, respectively, ( )tf ,,prαβ  is the symmetric 
tensor of the second rank, the components of which determine a contribution of the 
second spherical harmonic into a distribution of CR. The quantities J and αβf  
characterize the anisotropy distribution of the CR. Observe that the trace of the 
tensor αβf  is equal to zero, i.e. 0=ααf  as a consequence of the identity 

( )pn pn == 12
α . Using Eq. 2.11.19 for the collision integral in Eq. 2.11.14, we 

obtain 
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where m is mass of the particle and the quantity 
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has the significance of the transport length of a particle free path; 
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Multiplying successively the kinetic Eq. 2.11.14 with the collision integral (Eq. 
2.11.20) by 1, components of n vector, components of the tensor ( ) ikkinn δ31− , and 
integrating over the angular variables in the momentum space, we obtain a set of 
equations for the quantities αβfn ,, J : 
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where 

ooo Hv Hh =Λ= ,3κ                                   (2.11.27) 
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represent the scalar coefficient of diffusion and the unit vector in the direction of the 
regular component of magnetic field. In Eq. 2.11.26 ( )j

ikT αβ  (j = 1,2,3…9) are the 

tensors of the fourth rank which are symmetric with respect to the first and the 
second pairs of indices: 
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where αβγε  is the unit anti-symmetric tensor of the third rank. Tensors ( )j

ikA αβ  (j = 

1,2,3,4, and 5) in Eq. 2.11.27 are symmetric relative to the first pair of indices and 
anti-symmetric with respect to the second pair: 
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When deducing the set of Eq. 2.11.24−2.11.26, the terms of order of ( ) ,22 nvu  
( ) ,2 Jvu  and αβf  were hold and the terms of higher orders were omitted, taking 
into account that 1<<vu . After solving the Eq. 2.11.25 relative to I, we have the 
relation obtained in Section 2.11.1:  
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is the tensor coefficient of diffusion. The first term on the right hand side of Eq. 
2.11.31 corresponds to isotropic diffusion in absence of the regular magnetic field 
( ∞→Lr ). The second term is related to a diffusion stream of particles along the 
direction of the regular field. The third term determines the presence of a stream of 
particles normal to the regular magnetic field and the gradient of particle density. 
Using Eq. 2.11.30 we obtain from Eq. 2.11.24 the equation of anisotropic diffusion 
for particle density ( )tpn ,,r : 
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Let us solve the Eq. 2.11.26 relative to the tensor αβL . For this purpose determine 
the tensor ikGµν  satisfying the relation 
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From Eq. 2.11.33 we find 
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Using the tensor ikGµν  we obtain for the tensor µνf  from Eq. 2.11.26: 
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In this case ( )jAµναβ  and ( )jTµναβ  are determined by Eq. 2.11.29 and Eq. 2.11.28, and 

the factors jjjjj gqca ,,,, ρ  are determined by: 
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Consider first the case of a weak regular magnetic field when a particle’s 

Larmor radius Lr  is much large compared to the transport length Λ  of a particle 
free path, i.e. LrΛ <<1. In this case the expression for µνf  is considerably 
simplified: 
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In the opposite extreme case of a strong field, when LrΛ << 1, the expression for 

µνf  takes the form 
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The Eq. 2.11.26, or its extreme cases Eq. 2.11.39 and Eq. 2.11.40, together with 

the equation of anisotropic diffusion Eq. 2.11.32 and the expression for the vector 
of particle flux density Eq. 2.11.30 solve the problem of deducing the set of 
equations in the diffusion approximation including the second spherical harmonic. 
Observe that this equation set has a remarkable feature: the tensor µνf  does not 
give a contribution either in the equation of anisotropic diffusion Eq. 2.11.32 or in 
the expression for the particle flux density Eq. 2.11.30. The circumstance mentioned 
simplifies substantially the analysis of propagation of CR particles when it is 
necessary to take into account the third spherical harmonic. 

 
2.11.4. Drift effects in a diffusion propagation of CR  

With the assumption that the regular magnetic field component, with lines of 
force in the form of Archimedean spirals, consists of several sectors with  
alternating field direction (anti-Sunward and Sunward), Barnden and Bercovitch 
(1975) have carried out Monte Carlo calculations of trajectories of test particles of 
cosmic radiation in their stochastic wandering in the solar system. The  
calculations were carried out including parallel with diffusion, a convective  
transfer of particles by the solar wind, as well as their energy losses owing to 
adiabatic deceleration caused by radially divergent inhomogeneities. It was shown  
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that for a transfer of CR in interplanetary space the latitude drift of a particle is of 
substantial significance, which arises owing to a curvature of lines of force of the 
regular component of the magnetic field and to the presence of the field gradients in 
a vicinity of the sector boundaries. It was found that particles coming to the Earth 
with energy lower than 100 GeV have a wide distribution of the energy losses and 
of the duration of their wandering in the solar system, and that they come from the 
Galaxy in a wide ranges of helio-latitudes.  

Forman (1975) considered the general expression, which describes a formation 
of CR anisotropy in interplanetary space and includes four terms. The first term 
represents a convective transfer of CR in a radial direction from the Sun by the solar 
wind (the Compton-Getting effect). The second term reflects a diffusion along 
magnetic lines of force (inverse to the gradient of CR density). The third term is 
owed to diffusion across the field lines of force, and the fourth term is caused by a 
transverse gradient drift that is directed normally to the field lines of force and 
normally to the gradient of CR density. To account for the experimental data 
obtained by means of the neutron super-monitors, according to which the anisotropy 
vector of CR in interplanetary space in 20-35% of observations occurs to be 
directed at the angle above 30° to the direction of the magnetic field projection onto 
the ecliptic plane (averaged over 24 hours), the following two possibilities are 
analyzed: either the expression stated for CR anisotropy in interplanetary space is 
not valid, or CR diffusion across magnetic lines of force and (or) a transverse 
gradient drift are of substantially greater importance sometimes than is usually 
considered. Forman (1975) draws the conclusions that the second possibility is, 
rather, realized. In this case the important role must be played by the transverse 
gradient drift whereas the case 1// ≈⊥ κκ  (where ⊥κ  and //κ  are the components of 
the coefficient of diffusion across and along the field) is realized in rare days.  

Jokipii and Levy (1977), Jokipii et al. (1977) have shown that a drift of CR 
particles in twisted in the Archimedean spirals interplanetary magnetic field which 
is related to the gradient of magnetic field and the curvature of the lines of force, 
affects considerably diffusion propagation and the effect of modulation of galactic 
CR by the solar wind. The case is that the drift velocities of CR particles (the 
rigidities R > 0.3 GV) appear to be higher than the solar wind velocity, and the 
value of the radial component of drift velocity is comparable to or higher than the 
wind’s velocity. Preliminary results of Monte Carlo calculations are presented for 
CR modulation in a spherically symmetric solar wind carrying magnetic field in the 
form of Archimedean spiral. The calculations show that including particle drift can 
result in a considerable decrease of modulation, heliocentric gradient, and energy 
variation (for particles with R ∼ 1 GV) inside the solar system. It was observed that, 
though the calculations have been carried out for a magnetic field of certain 
configuration, the drift effect should act as well in a more general case.  
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Therefore, always when the drift velocity is comparable to or higher than the 
velocity of the solar wind, it easier for galactic CR to penetrate inside the solar 
system, and this results in a decrease of energy variation and in a decrease of the 
radial gradient of CR. 

In the paper of Dorman, Dremukhina and Okulov (1977a,b) the component of 
CR current was considered which is caused to gradient drift of high energy charge 
particles of CR in a stationary non-uniform interplanetary magnetic field. As charge 
particles with the energy E in the field H have the magnetic moment 
 

HE θµ 2sin= ,                                   (2.11.42) 
 
where θ  is a particle pitch angle, there will arise in a non-uniform field the force  
 

( )HF µ∇−= ,                                    (2.11.43) 
 
under the action of which the particles will drift with the velocity 
 

HFv ×∝dr .                                     (2.11.44) 
 
To determine from Liouville’s theorem the CR current arising in the stationary case, 
the equation was obtained for the distribution function of particles in the six-
dimensional phase space pr,  (where r  are the spatial coordinates, p  is the particle 
momentum) through Poissonian brackets with the Hamiltonian of the system in 
which the gradient drift is included. Parker’s model of interplanetary field in the 
form of Archimedean spirals was considered as an example. It was shown that if the 
transverse coefficient of diffusion is seccm105 220×≈ , the radial gradient of CR 
density is AU%10≈ , then with a solar wind velocity ∼ 400 km/sec the anisotropy 
of CR owing to gradient drift will have the value of about 0.2% which is 
comparable with the components of solar anisotropy owing to the other causes. It is 
shown that in the presence of sector structure of the interplanetary field under the 
action of gradient drift there will also arise abruptly changing on the sector 
boundaries North-South asymmetry of CR which is comparable in amplitude with 
that observed by means of the global net of neutron monitors and muon telescopes. 

It is necessary to take into account the gradient and centrifugal drifts when 
considering a process of CR transfer in interplanetary space was also proved by 
Isenberg and Jokipii (1978). If the radial diffusion coefficient rrκ  is independent of 
particle energy and is proportional to the radial distance from the Sun, it will be 
possible to obtain a solution of the Fokker-Plank equation including convective and 
drift transfer, anisotropic diffusion and adiabatic cooling. For this purpose a 
transformation was made to the pitch-angle variable θµ cos= , where θ  is the  
pitch-angle of CR particles relative to a line of force of the regular component of  
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interplanetary magnetic field (which is chosen, according to Parker’s model, in the 
form of spiral field, with a neutral sheet in the equatorial plane). The authors 
presented graphs of the expected modulation depth, radial gradient and radial flux 
of CR including the reversal of interplanetary field direction in a 22-year cycle of 
the solar activity as the functions of r and θ  with the solar wind velocity 7104×  
cm/sec, 211068.1 ×=rrκ  and 201025.1 × cm2/sec (corresponding to protons with a 
rigidity of 1 GV and an energy 10 MeV). It was shown that including the drift 
affects substantially the results of calculations of the expected modulation of 
galactic CR (for example, for particles with a rigidity ∼ 1 GV, including the drift 
results in a decrease of the relative radial gradient almost by 5 times).  

 
 

2.11.5. General poloidal magnetic field effects in a diffusion propagation 
of CR 

Gall et al. (1977) considered Störmer’s theory for a model of interplanetary 
magnetic field in the form of an Archimedean spiral: 
 

( ) ( )[ ]λsin12 rrrrHH ooor += ,                         (2.11.45) 

roo urHH λϕ cos2Ω= ,                              (2.11.46) 
 
where r is the distance from the solar center, so rr ×= 5.2 ( sr  is the solar radius), λ  is 
the helio-latitude, Ω  is the angular velocity of solar rotation, u is the solar wind 
velocity. The field values were given in this case, according to Altschuler et al. 
(1974). Störmer’s constant of motion Stγ  is derived from a Lagrangian of the 
equation set of motion of a charged particle in a similar way as it is made for a 
dipole magnetic field (see Dorman et al., M1971). As a result, Störmer’s cut-off 
rigidity of interplanetary CR was determined as 
 

( )( ) GV,cossincos1cos1cos1068.1
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where =θ  0°, 90° and − 90° correspond to a particle coming along a vertical, from 
the East and the West (with respect to the ecliptic plane). The results of the 
calculation are presented for the expected values of ciR  as a function of λ  for =θ  
0°, 90°, and − 90° for observations at 25.0=r AU and 1 AU (see Fig. 2.11.1). At 

o90=λ  the value ciR =0; the maximum ciR  should be at λ = 0° (in the equatorial 
plane). It was found that ciR =1.1 GV and 0.07 GV in the case r = 0.25 and 1 AU  
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at λ  = 0°; the values of ciR  are 1.7 GV and 0.11 GV at θ  = + 90°; ciR  = 6.6 GV 
and 0.41 GV at θ  = - 90° respective for r = 0.25 and 1 AU. 
 

 
 
Fig. 2.11.1. Variation of interplanetary magnetic cut-off rigidity with latitude and directions 
of incidence at two distances from the Sun. Curves a, b, c correspond to the 0, 90, and − 90° 
respectively. According to Gall et al. (1977). 
 
From Fig. 2.11.1 can be seen the presence of the East-West asymmetry in ciR , 
which results in appearance of CR anisotropy with the direction to the maximum at 
18 hours of the local solar time (i.e. with the same phase as it results from the 
convection-diffusion theory); in this case the amplitude of anisotropy should be 
increased approaching the Sun. As ciR  is substantially dependent on r ( 3−∝ r  
according to Eq. 2.11.47), this will result in the appearance of an additional positive 
gradient, i.e. again of the same sign as expected from diffusion theory. The 
importance was emphasized of the experimental test of the predicted effects the 
relative significance of which should pronouncedly increase approaching the Sun.  

With the assumption that the sector structure of the interplanetary magnetic 
field is a separating boundary between the magnetic field of the opposite polarities 
in the northern and southern hemispheres of the Sun, Svalgaard and Wilcox  
(1976) studied a connection between the extent of these field and the 11-year 
variation of CR. The sector magnetic field in the photosphere with the intensity  
0.5 Gauss near the minimum of the solar activity is extended in the latitude range  
± 40° and its extent at the distance of 1 AU is only ± 15°. This field compression 
may be caused of an excess magnetic pressure in the polar regions of the Sun.  
Near the maximum of solar activity when the sign of the general field changes, the 
field intensity in the polar region is decreased and a compression of the structure  
of the equatorial field will also be decreased. An increase of the volume occupied  
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by the sector field with a complicated structure should result in an increase of 
scattering of galactic CR in their diffusion into the solar system. This geometrical 
effect may be the main cause of the 11-year variation of CR. To test this hypothesis, 
Svalgaard and Wilcox (1976) determined the 11-year variation of helio-latitude 
extent of sector structure of magnetic field. It was shown that this parameter is in a 
good correlation with the inverse wave of the 11-year variation of CR intensity 
measured in the stratosphere above Murmansk and Mirny (Antarctica). 

Humble and Pelechaty (1977) have made calculations of trajectories of CR 
with a rigidity from 150 to 9000 GV in interplanetary space, including the sector 
structure of the magnetic field at low helio-latitudes, and that the field is 
unidirectional in the high latitude region. The calculations were carried out for 
particles coming to Hobart (Australia) in various seasons of a year. A possibility of 
change the field polarity in the high latitude region owed to inversion of the solar 
general magnetic field has also been taken into account.  

Krainev and Stozhkov (1977) reported their theoretical model of a magnetic 
field in interplanetary space based on the data on large scale photospheric magnetic 
field which have a dipole character. The presence of general magnetic field of the 
Sun and their variations with the 22-year period will result in the corresponding 
variations of intensity and anisotropy of galactic CR. The model was developed in 
the paper (Krainev, 1978) in which the equation of CR diffusion in interplanetary 
field was solved including a dipole character of the high latitude magnetic field of 
the Sun stretched out by the solar wind. To simplify the calculations, variations of 
particle energy in the process of CR propagation in interplanetary space were 
neglected. It was found that the depth of modulation depends substantially on a 
direction of the solar magnetic dipole SM  and on the sign of the charge of CR 
particles: near the ecliptic plane the depth of modulation is considerable (by 2−4 
times) larger at sign ( qH ,⊥ ) < 0 than at sign ( qH ,⊥ ) > 0 (here q is a charge of 
particles, ⊥H  is the interplanetary magnetic field component normal to the ecliptic 
plane); when moving away from the ecliptic plane both the depth of modulation and 
the ratio value described are decreased. It is assumed that SM  changes its direction 
to the opposite near the epoch of the maximum of solar activity every ∼ 11 years. 
The spectrum over total energy E per nucleon of the type of 6.2−∝ E  was chose as 
the non-modulated interstellar spectrum. The considered model results in the 
appearance of 22-year harmonic in the variation of intensity of galactic CR in 
interplanetary space which is superposed in the 11-year harmonics caused by the 
11-year cycle of the solar activity.  
 
2.11.6. Derivation of the Fokker-Planck CR transport equation from 
variational principle  

Burgoa (2003) proposed a Lagrangian density for obtaining the Fokker- 
Planck CR transport equation and determining the energy-momentum tensor and  
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CR currents of a single CR source by applying the Noether’s theorem (see in 
Sokolov et al., M1989).  

According to Burgoa (2003), the Fokker-Planck CR transport field is possible 
define by ψ = ψ(xµ) and the complex conjugate ψ+(xµ) with parameters xµ = x0, x1, 
x2, x3, x4, where x0 = ct ; x1, x2, x3 = x, y, z and x4 = bp, where p is the momentum 
modulus, b a dimensional constant and x, y, z the position coordinates. So here, the 
Latin index i, j from 1 to 3 and the Greek index µ, ν, ρ from 0 to 4 in analogy of the 
relativity theory. In this model the diffusion tensor ( )4, xxiν

µκ  is defined by: 
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where ( )zyxi

j
i
j ,,κκ =  is the spatial diffusion coefficient, ( )pKακ =4

4  with α a 
dimensional constant and K(p) is the momentum-space diffusion coefficient and the 
product ψ(xµ)+ ψ(xµ) is the density per unit of total particle momentum. 

The Lagrangian LFP of Fokker-Planck equation proposed is:  
 

LFP = LDIFF + LSOURCE + LCONV                             (2.11.49) 
 
where  
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LCONV = ( )++ ∂−∂ ψψψψ µµ
µgai
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,                           (2.11.52) 

 
In Eq. 2.11.50-2.11.52 g is a dimensional constant and i the imaginary unit,  
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where v is the convection velocity, and the source term: 
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Qµ = [Q(t),Q(x, y, z),Q(p)].                            (2.11.53a) 
 

Now, using the Euler-Lagrange equations we obtain the motion equations: 
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By introducing Eq. 2.11.49 into the expression of Noether’s theorem for complex 
fields given by  
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with the momentum-energy spectrum 
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Burgoa (2003) obtain: 
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where W = ψ+ψ. By introducing Eq. 2.11.53 in Eq. 2.11.58, Burgoa (2003) find the 
Fokker-Planck equation: 
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where  
4
4κ=ppD ,  ( )
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and fτ  is the time scale for fragmentation and rτ  is the time scale for the 
radioactivity decay. The Eq. 2.11.58 for index ρ = 4 gives: 
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which in the case when the convection velocity v is a constant and N → 0, has 
solution 
 

( )
( ) dpp
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ψψ .                          (2.11.62) 

 
If the CR source has an exponential dependence of the form ( ) ∫∝ − dpppQ γ , the 
solution for differential energy spectrum of CR density according to Eq. 2.11.62 
will be  
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2.I2. Phenomenological description of CR anisotropic diffusion  
 
2.12.1. Deduction of general equation 

In some cases, the approximation of anisotropic diffusion is sufficient for the 
study of CR propagation and their energy variations (CR propagation in the galactic 
arms, interaction of CR of moderate energy with solar wind etc.). The matter is that 
CR distribution is isotropic in the first approximation, a relative variance from 
isotropy (so called anisotropy) is very small; as a rule it is ≤ 1%, and in this case a 
distribution of CR in space can be described, with good accuracy, by a particle 
density ( )tpn ,,r  instead of a distribution function ( )tf ,,pr  (Dorman, 1965, 1967). 
Thus a density of CR in space is ( )tZeRn ,,,r , where r is the spherical coordinates 
with the center in the Sun, R and Ze are the particle rigidity and charge, t is the time. 
Then in the approximation of anisotropic diffusion n will be determined by a 
continuity equation 
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including the initial and boundary conditions determined by a particular problem of 
CR propagation. In Eq. 2.12.1 ( )tZeR ,,,rΦ  is the source function; αJ  are the 
components of particle flux in terms of r and R. It will be taken into account that in 
the case of anisotropic diffusion the spatial flux is 
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where ikκ  is the tensor diffusion coefficient and idru ,  is the drift velocity of CR in 
space arising from regular motions of magnetized plasma and from the presence of 
inhomogeneous magnetic fields and CR density gradients. Substituting Eq. 2.I2.2 in 
Eq. 2.12.1 we obtain the general equation describing a propagation of CR in the 
approximation of anisotropic diffusion. 
 
2.12.2. The case of propagation in a galactic arm 

For the first approximation the regular magnetic field component in an arm of 
the Galaxy can be considered as uniform field oH . Let the x-axis is directed along 

oH . Then in a rectangular coordinate system x, y, z we obtain 
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where 3Λ= voκ  is the coefficient of particle diffusion in the absence of a regular 
magnetic field (Λ is the transport path for scattering). Here vΛ=τ  is the mean time 
between collisions, McZeHoL =ω  is the Larmor frequency of the motion of a 

particle with a charge Ze and a relativistic mass ( ) 21222 1
−

−= cvAmcM  in a large 
scale field oH . Including that Λ  depends on a particle rigidity ZecpR =  and 
curvature-radius in the magnetic field oH  is oL HRr 300=  (if R is expressed in 
volts, oH  is in gauss, then Lr  is expressed in cm), and we obtain 
 

( ) RHRr oLL Λ=Λ= 300τω ,                             (2.12.4) 
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i.e. τωL  is a function only of R and is independent of a particle charge Ze and of its 
velocity v. Substituting Eq. 2.12.4 in Eq. 2.12.3 we have 
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If we consider that in a galactic arm the regular component of plasma motion 

velocity is u = 0, then 0=dru , and 0=RJ . In this case 
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Substituting Eq. 2.12.7 in Eq. 2.12.1 we find the searched equation of anisotropic 

diffusion for the case under consideration: 
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where 1α  and 2α  in general are dependent of r and determined by Eq. 2.12.6. 

 
2.12.3. The case of CR propagation in interplanetary space 

Moving in this case to a spherical coordinate system centered in the Sun, we 
can rewrite Eq. 2.12.2 in the form 
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Let us now determine the flux dtndRJR =  relative to the rigidity axis caused, 

by the fact that in the case of radial divergence of magnetic inhomogeneities from  
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the Sun, there is a systematic loss of particle energy owing to prevailing scattering 
at the overtaking collisions (in the directions θ  and ϕ ) (Ginzburg et al., 1955). 
Since the particle energy E is decreased in average by 2cuEvE ∆−=∆  in an 
elementary collision act ( ruu Λ=∆ ), the time between two collision is vt Λ=∆ , 
and the energy decrease takes place only for the directions normal to r (in the 
directions θ  and ϕ ), we shall have 
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we obtain 

ruRdtdR 32−= .                                  (2.12.12) 
 

Substituting Eq. 2.12.9 and Eq. 2.12.12 in Eq. 2.l2.1, we find a general equation in 
anisotropic diffusion approximation for a study of modulation effects of galactic CR 
in interplanetary space and of solar CR propagation: 
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To determine ikκ  one should pay attention to the following circumstances: 

1. Electromagnetic conditions in interplanetary space for CR propagation and 
modulation (which are eventually determined by anisotropic diffusion tensor ikκ  
and by the velocity u of plasma’s motion) do not remain uniform but vary in time. 
These variations are detailed relative to the processes on the Sun generating  
plasma streams, and this time delay is urtd ≈ . Let S be a factor controlling  
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plasma outbursts from the Sun (number of solar spots, chromospheres flares, 
calcium flocculates etc.), then at a distance r from the Sun ikκ  will be  
 

( )( )urtSrikik −= ,κκ .                              (2.12.14) 
 

2. The kinetic energy density of plasma released by the Sun is far higher than the 
magnetic field related to the plasma. This relation (which holds true, according to 
direct measurements near the Earth’s orbit) should be valid also at the larger 
distances from the Sun (since the kinetic energy density decreases 2−∝ r , the 
magnetic energy density decreases in the same ways). Then the geometrical place of 
plasma portions, released from the same region of the Sun, is, according to Parker 
(M1963), an Archimedes spiral owing to the solar rotation with the angular 
frequency Tπ2=Ω  ( 27≈T  days is weakly dependent on the polar angle θ ): 
 

( )
( ) ( ),,

s
s

ss
s

urr ϕϕ
θ
ϕθ −

Ω
−=−                         (2.12.15) 

 
where sθ  and sϕ  are a polar angle and helio-longitude, respectively, of a plasma 
generation region on the solar surface. The large scale magnetic field will tend to be 
stretched along these spirals. Since, however, ( ) ( )sssu θϕθ Ω,  in Eq. 2.12.15 can 
vary considerably from region to region on the solar surface, it will result in a 
complicated interaction between solar plasma and magnetic field which can be a 
possible cause of generation of magnetic field inhomogeneities radial moving from 
the Sun. 
3. The angle between magnetic force lines and a direction of the radial motion of 
magnetic inhomogeneities,  
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ss

ss
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r
ϕθ

θθ
,
sinarctg ,                            (2.12.16) 

 
determines a transformation of the anisotropic diffusion tensor ikκ . 
4. In the coordinate system in which the direction of the force line of  
the interplanetary magnetic field is chosen as the x - axis in any point r,  
the anisotropic diffusion tensor will have a form determined by Eq. 2.12.5. Note 
that the term 222 −∝Λ rH  decreases rapidly with the distance from the Sun at 

const≈Λ (i.e. at Λ , independent of r), since ( )rrHH EE≈ , for Err >  (here Er = 1 
AU is the radius of the Earth’s orbit). Therefore it may be assumed that, from  
a certain r onwards, RH <<Λ300 , and, according to Eq. 2.12.5, 0,1 21 →→ αα ,  
i.e. the diffusion gets strong anisotropic. If, however, Λ  increases directly  
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proportional to r, then const≈ΛH  and the anisotropy will also be significant at 
large r.  
5. One can show that the determinant of a transformation ika  from the system 
related to magnetic lines of force to the system of ϕθ ,,r  has the form (the upper 
sign corresponds to force lines coming out of the Sun, the lower sign corresponds to 
those coming into the Sun): 
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ika .                               (2.12.17) 

 
In the system of coordinates ( )ϕθ ,,r , the anisotropic diffusion tensor will be 

determined by 
 

mnnk
nm

miik aa κκ ∑=
,

,                                      (2.12.18) 

 
where mnκ  is determined by Eq. 2.12.5. From Eq. 2.12.18 taking into account Eq. 
2.12.17 there follows 
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where 1α  and 2α  are determined by Eq. 2.12.6. One should keep in mind that 
according to Eq. 2.12.16, Ψ  is a function of ssr ϕθ ,, , and 3Λ= voκ  is a function of 

,,, ϕθr  and of some parameter of solar activity with definite time delay ( )urtS − . 
Let us now determine the drift velocities dru  of CR particles. The drift can be 

caused by many factors: electromagnetic drift caused by the moving of solar wind 
plasma with frozen in magnetic fields, density drift in magnetic field, curvature 
drift. Here we will consider electromagnetic drift caused the convection of CR 
particles. When plasma with magnetic field H moves with a velocity ruru =  an 
electric field Ε  arises in the Sun-stars coordinate system. Charged particles will 
drift under action of Ε  and H in this system with the velocity 
 

[ ][ ] ( )
22 rH

u
r

u
H

dr
HrHrHuHu −=××= .                        (2.12.20) 



188 CHAPTER 2  

 

Consider first the drift velocity under action of regular spiral interplanetary 
magnetic field. Since the angle between r and H is determined by Eq. 2.12.16, we 
shall obtain basing on Eq. 2.12.20 (irrespective of the magnetic field direction to the 
Sun or away from it): 
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Ω= . (2.12.21) 

 
Consider now the second extreme case. Let us assume that the interplanetary 

field is only a set of inhomogeneities in which the direction of the magnetic field H 
may be arbitrary with equal probability (a turbulent field). Let the angle between r 
and H be ξ . Then averaging Eq. 2.12.20 over all possible directions of H we obtain 
 

( ) ( ) ( ) 0,
3
2

turb,turb,turb, === ϕθ drdrrdr uuuu .               (2.12.22) 

 
In the presence of the field inhomogeneities on the background of a regular 

magnetic field, including Eq. 2.12.21 and Eq. 2.I2.22 and designating a relative 
share of the large-scale field by  

 
( )1HHH oo +=β ,                               (2.12.23) 

we have 
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It is easy to see that with →β 1 Eq. 2.I2.24 transforms to Eq. 2.12.21, and with 
→β 0 it transforms to Eq. 2.12.22. 

 
2.12.4. On rotation of CR gas in the interplanetary space 

The assumption is of common use in the literature that a gas of CR co-rotates 
with the Sun with the same angular velocity Ω . In particular, a mean solar 
anisotropy of galactic CR is usually explained by this phenomenon. It should be 
emphasized that this concept holds, to a certain degree, true for a region near the 
Earth's orbit, whilst this concept is completely wrong with removal from the Sun. 
First of all, Eq. 2.12.21 and Eq. 2.12.22 show that the rotation of CR gas ( ϕ,dru  
component) is provided by a drift in a regular field with spiral force lines, whilst a 
turbulent field component gives a sufficient contribution to rdru , . Since the radial  
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component of drift velocity is balanced mainly by a diffusion flow, the real average 
motion of the CR gas is provided by ϕ,dru . 

Let us suppose that →β 1 (the field is purely regular). Consider the region near 
the plane of the helio-equator ( 2πθ ≈ ). Since the average solar wind velocity u ∼ 

400 km/sec, we have Eru Ω≈ , where 13105.1 ×=Er cm is the distance from the Earth 
to the Sun. The Eq. 2.12.21 results in ( ) ( ) urrru Eregrdr <<Ω≈,  and 

( ) Eregdr rrru <<Ω≈ at,ϕ . Near the Earth’s orbit ( Err ≈ ), we have ( ) 2, uu regrdr ≈ , 

( ) 2, Eregdr ru Ω≈ϕ  (about half of the Sun angle rotation). Far behind the Earth’s orbit 

at Err >>  we have ( ) ( ) ( ) rrrruuu Eregdrregrdr Ω<<Ω≈≈ 2
,, , ϕ (much smaller than the 

Sun angle rotation). 
Thus, the radial component of the drift velocity near the Sun where the field is 

radial, is sufficiently less than the wind’s velocity; however, CR gas in this region 
must co-rotate synchronously together with the Sun. Near the Earth’s orbit the 
radial drift increases to one half of the wind velocity and the rotation of CR gas is 
decelerated to half of the velocity of solar rotation. Finally, at distances more than 
several AU, where the field is practically azimuthally, the rotation of CR gas is 

( ) 2−∝ Err  from the solar rotation. The above considerations result in there being a 
differentional rotation of CR gas in the interplanetary space and its angular velocity 
near the Sun coincides with the solar rotation, and this velocity is sharply decreased 
with the distance from the Sun. 

 
2.12.5. Temporal variations and spatial anisotropy of CR in the 
interplanetary space 

Substituting Eq. 2.12.19 and Eq. 2.12.24 in Eq. 2.12.13 we obtain the equation 
determining the spatial-temporal variation of CR density. Using the boundary and 
initial conditions it is possible to determine the sought function ( )tZRrn ,,,,, ϕθ  by 
means of this equation. Substituting the ( )tZRrn ,,,,, ϕθ  obtained and Eq. 2.12.19 
and Eq. 2.12.24 in Eq. 2.12.9 we shall then find the spatial particle fluxes which 
determine CR anisotropy: in the radial direction it is the so called 12- and 24-hour 
anisotropy ( nvJr ); in the direction normal to the helio-equatorial plane it is the so 
called North-South asymmetry ( nvJθ ); in the direction along the Earth’s orbit it is 
6- and 18-hour anisotropy ( nvJϕ ). When comparing theoretical results with 
experimental data it is necessary to keep in mind that Eq. 2.12.13 gives the results, 
which are related to the coordinate system connected with the helio-equator. 
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2.12.6. The region where the CR anisotropic diffusion approximation is 
applicable 

Let us now discuss the question concerning the region where the Eq. 2.12.1 is 
applicable. It is known that the anisotropic diffusion approximation is the are better 
applicable to a description of a process the slower are the processes of variations of 
density and fluxes within the distances of the order of free path. For the estimates 
one can use the following criteria:  
 

11,11 <<Λ
∂
∂<<Λ

∂
∂

αα x
J

Jx
n

n
.                            (2.12.25) 

 
In all cases of galactic CR modulation, which are of practical interest, the criteria 
determined by Eq. 2.12.25 hold true. In fact, after the measurements Neher and 
Anderson (1964) the value of the relative radial intensity gradient of CR was in 

1962 ( ) AU%4121 ±≈
∂
∂

r
n

n
 in the interplanetary space near the Earth's orbit for 

particles with the energy ≥ 10 MeV. However, at this distance from the Sun for such 
soft particles, according to the study of solar CR propagation (Dorman and 

Miroshnichenko, M1968), 1210≈Λ cm; therefore in this case 01.01 ≤Λ
∂
∂

r
n

n
.  

For the energetic particles Λ  increases approximately R∝  but (according to 
Dorman, M1963a) the relative gradient should decrease 1−∝ R , so that the above 
estimate should not in practice be strongly dependent on particle energy. In the 
maximum of solar activity, the value of relative gradient should be increased several 
times (this results from the experimental data on the 11-year CR variation) but in 
this case Λ  slightly decreases so that the criterion 2.12.25 is still satisfied. 

It is easy to show that the criterion 2.12.25 is equivalent to the condition 
1<<nvJ . But according to numerous investigations of diurnal variations, 
01.0≤nvJ  in the whole range of the studied rigidities except for some occasional 

periods of large Forbush effects when nvJ  reaches 0.03-0.05. 
However, in all cases when it is necessary to determine the distribution function 

of CR (numerous problems of solar CR propagation, the effects of CR interaction 
with interplanetary shock waves, a distortion of the external anisotropy of CR in the 
interplanetary space and so on), one carries out the study based on the kinetic 
equation. 
 
2.13. On a relation between different forms of the equation of 
anisotropic diffusion of CR 

In the theory of CR propagation different forms of the equation of anisotropic 
diffusion are used, depending on the choice of variables: the momentum p 
(Dolginov and Toptygin, 1966), rigidity R (Dorman, 1965), total energy E and 
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kinetic energy kE  (Parker, 1965; Jokipii, 1971). When applying these equations the 
necessity arises of inter-relating the quantities included in these equations. In the 
papers (Dorman, Katz and Shakhov, 1976, 1977) the various forms of the 
anisotropic diffusion equations were analyzed, their identity was proved and the 
relation was found between the phase density of particles and the flux density of 
particles, expressed in different variables. 

We shall start from the anisotropic diffusion equation for the phase density 
( )tpn ,,r  and the expression for the flux density ( )tp,,rJ  of particles (which were 

obtained in Dolginov and Toptygin, 1966a,b): 
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where ( )p,rαλκ  is the tensor diffusion coefficient, ( )ru  is the solar wind velocity, 
and summation over the repeated indices is assumed in Eq. 2.13.1 and Eq. 2.13.2. 
After obvious transformation, the Eq. 2.13.1 and Eq. 2.13.2 can be written in the 
form: 
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If one selects the particle rigidity ZecpR =  as the variable, Eq. 2.13.3 will take the 
form (Dorman, 1965): 
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and the expression for the flux density of particles will be 
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When writing Eq. 2.13.5 and Eq. 2.13.6 we used the relation, connecting the 
particle density ( )tn ,r  with differential particle density ( )tpn ,,r  in the phase space, 
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,,, 2 rr ∫=
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,                                 (2.13.7) 

 
which gives the relations 
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Selecting the total energy ( ) 21222 pcmcE o +=  (where om  is the rest mass of a 
particle) as the variable, one can write Eq. 2.13.1 and Eq. 2.13.2 in the form 
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In this case the particle density ( )tn ,r  is determined by the expression 
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and the phase density is related by the expression 
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Let us pass now to the kinetic energy 
 

2cmEE ok −= .                                  (2.13.14) 
 
Then the Eq. 2.13.1 and Eq. 2.13.2 will take the form which is often used in 
literature: 
 

( ) ( ) ( ) ( )

( ) ( ) ( ) (2.13.15),,,
3
1

,,,,,

tEnEE
Er

u

tEnu
r

E
rt

tEn

kkk
k

kk
k

rr

rrrr

α

κ

α

α

α
λ

αλ
α

∂
∂

∂
∂+

⎭
⎬
⎫

⎩
⎨
⎧

−
∂
∂

∂
∂=

∂
∂

 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) (2.13.16),,,
3

,,,,,

tEnEE
E

u

tEnu
r

EtEJ

kkk
k

kkk

rr

rrrr

α

κ

α

α
λ

αλα

∂
∂−

⎭
⎬
⎫

⎩
⎨
⎧

−
∂
∂−=

 

 
where 
 

( ) 2

22
cmE
cmEE

ok

ok
k

+
+=α .                                     (2.13.17) 

 
The expression for the flux density of particles (Eq. 2.13.16) can be written in the 
form (Parker, 1965; Jokipii, 1971): 
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where 
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is the so called Compton-Getting’s factor which was called after the paper 
(Compton and Getting, 1935). 
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2.14. Spectral representations of Green's function of non-
stationary equation of CR diffusion 
 
2.14.1. Formulation of the problem 

In studying CR propagation in interplanetary space, the model of isotropic 
diffusion including convection and adiabatic deceleration of particles is successfully 
applied. In recent years a substantial result was achieved in this direction, and first 
of all in this Section we should notice the solution used above (see Section 2.7) of 
the equation for the Green's function of the stationary equation of isotropic transfer 
with arbitrary dependence of the diffusion coefficient on the particle momentum 
and with the power dependence on the distance (Toptygin, 1973a,b). As to solutions 
of non-stationary problems which are of primary importance in studying a great 
number of aspects of the propagation theory (propagation of the solar CR, Forbush 
effect, the 11-year variation including the hysteresis phenomena, etc), the situation 
is more complicated in this case. Mathematical difficulties arising in the solution of 
non-stationary problems are very substantial and it is extremely difficult to obtain 
closed expressions for a solution of non-stationary equations describing the actual 
physical situations. Having no claim on a complete solution of the problem 
described, Dorman and Katz (1977a,b,c) considered some simplest models of non-
stationary propagation of CR in a medium with the constant diffusion coefficient. 
As will be shown below, it is possible in these models to find a spectral expression 
for the Green’s function of the equation of a transfer of CR. The assumption of 
constancy of the diffusion coefficient is, of course, an idealization, but we hope that 
in future it will be possible to generalize the considered class of non-stationary 
solutions for the Green's function taking into account a dependence of the diffusion 
coefficient on a distance and from particle momentum. 
 
2.14.2. Determining of the radial Green’s function for a non-stationary 
diffusion including convection 

Consider initially a non-stationary diffusion of CR including their convective 
transfer by radially expanding plasma of solar wind. If we neglect the process of 
adiabatic variation of particle energy, the particle density ( )tn ,r  satisfies the 
equation of a non-stationary diffusion including convection: 
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κ ,                        (2.14.1) 

 
where κ  is the coefficient of particle diffusion, ou  is the solar wind velocity  
which is assumed to be directed along a radius away from the Sun, i.e. ruo ruo = ,  
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( )tQo ,r  is the source function. Including the radial dependence of solar wind 
velocity ou , we write the Eq. 2.14.1 in the spherical coordinates 
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where the notations 
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are used. In Eq. 2.14.2 
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represents the radial and angular parts of Laplacian. Writing Eq. 2.14.2 in the form 
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where 
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and making a substitution the unknown function according the relation1 
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we obtain the equation for ( )τ,rΨ  function 
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1 In the integral in the exponent, the lower limit of integration is not shown because its 
concrete value is inessential; in the inverse transition from ( )τ,rΨ  to the function ( )τ,rn  
the lower limit of integration disappears (a similar method was used in Vasilyev and 
Toptygin, 1976). 
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where 
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and the expression for 1Q  is given in Eq. 2.14.3. We shall start below from the 
equation for the Green’s function of the Eq. 2.14.8: 
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now consider a general method of composing the Green’s function which satisfies 
the Eq. 2.14.10. For this purpose note that the function G depends only on the 
difference oττ −  owing to the invariance of the Eq. 2.14.10 and of the initial 
conditions with respect to the onset of the time scale. Therefore it is possible to 
write a formal expansion of this function into the Fourier integral 
 

( ) ( ) ( )( ) ωττωω
π

ττ diGG oooo −−∫=
∞

∞−
exp;,

2
1,;, rrrr ,         (2.14.11) 

 
where the spectral representation of the Green’s function ( )ω;, oG rr  satisfies the 
equation 
 

( ) ( ) ( ) ( )oooo GkG
r
uG rrrrrrrr −=++∆ δωωω ;,;,2;, 2 ,          (2.14.12) 

 
where 

22 uik −= ω .                                         (2.14.13) 
 
As usual, in the integral Eq. 2.14.11, a substitution is assumed of the quantity ω  in 
the argument of the function ( )ω;, oG rr  by ( )0>+ εεω i with conservation of 
integration along the real axis. This is connected with the fact that the multi-leafed 
function ( )ω;, oG rr  at a certain place of a complex variable ω  at 0Im >ω  being to 
have no discontinuities, according to the general theory (Morse and Feshbach, 
Ml953). Including this property, let us start to compose the Green’s function for  
the Eq. 2.14.12. Note first of all that Eq. 2.14.12 coincides formally with 
Schrödinger’s equation for a particle in a Coulomb field. Therefore the methods 
which were developed for solving Schrödinger’s equation with a Coulomb  
potential (Bahrah and Vetchinkin, 1971), can be applied to the problem under 
consideration. Using a similarity of the Eq. 2.14.12 to Schrödinger’s equation, we  
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separate the variables in Eq. 2.14.12, presenting the Green's function ( )ω;, oG rr  in 
the form of an expansion over proper functions of the angular part of the Laplacian 
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rr ,              (2.14.14) 

 
where θ  is the angle between r and or ; l = 0, 1, 2, …; ( )θcoslP  are Legendre’s 
polynomials; ( )ω;, ol rrG  are Green’s function for the radial equation corresponding 
to Eq. 2.14.12:  
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To obtain the Green’s function ( )ω;, ol rrG  consider the solutions ( )rfl  and ( )rlϕ  of 
the equation 
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where ( )rfl  is regular at 0→r  and the function ( )rlϕ  is regular at ∞→r . If the 
functions ( )rfl  and ( )rlϕ  are known, the Green's function will be determined, 
according to Titchmarsh (M1958), by the relation 
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where 
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xθ                                       (2.14.18) 

and 
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is Wronskian of the Eq. 2.14.16. Now, we start to solve the Eq. 2.14.16,  
i.e. to determine directly the functions ( )rfl  and ( )rlϕ . The substitution  
of the independent variable kr 2ξ=  and the unknown function  
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( ) ( ) ( ) ( )( )rrkf llll
−+⇒ χχξϕ ,2,  reduces the Eq. 2.14.16 to the canonic form of 

equation for Whittaker’s function: 
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2 444 ,                            (2.14.20) 

 
where ( )1, 2 +== llku λµ . The condition of regularity at a zero point is satisfied by 
the solution of the Eq. 2.14.20 in the form of the Whittaker’s function ( )ξµ 21, +lM  
and the regularity at infinity is satisfied by the Whittaker’s function ( )ξµ 21, +lW . 
Using the corresponding asymptotic expression for these functions, we calculate the 
Wronskian of Eq. 2.14.19 and obtain the Green’s function ( )ω;, ol rrG  by means of 
Eq. 2.14.17: 
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where ( )xΓ  is Euler’s Γ  - function. The Eq. 2.14.21 completely solves the 
formulated problem of determining the radial Green’s function of the Eq. 2.14.12. It 
is convenient for further considerations to represent the Green's function (Eq. 
2.14.21) in the form of contour integral (Hostleger, 1964). For this purpose we shall 
use the integral representation (Ryzhik and Gradstein, M1971) for the product of 
Whittaker’s functions included in Eq. 2.14.21: 
 

( ) ( ) ( )
( )

( ) (2.14.22),sh
2

ch
2

exp
21

21

2

2

0

22
,,

xyyJxcth

xyydxyyyWyM

o

o
oo

µ

ν

νµνµ νµ
µ

⎟
⎠
⎞

⎜
⎝
⎛×

∫ ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +−
+−Γ

+Γ=
∞

 

 
where µ2J  is the modified Bessel’s function and the conditions take place: 
 

( ) 0Re,021Re >>+− µνµ .                          (2.14.23) 
 

The latter condition may occur and be too restrictive in actual physical problems. 
To eliminate the restriction determined by Eq. 2.14.23 we use the analytical 
continuation to the complex plane by setting xch=ζ . As a result we have 
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where the contour of integration goes round the point 1+=ζ  in the positive 
direction and tends to infinity along the real semi-axis 0>ζ . 

Using Eq. 2.14.24 we obtain the expression for the Green’s function 
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of the radial part of Eq. 2.14.12.  

Notice that the Green’s function determined by Eq. 2.14.25 is symmetric 
relative to its arguments. At l = 0, Eq. 2.14.21 and Eq. 2.14.25 represent the Green’s 
functions of the equation for the spherically symmetric isotropic diffusion including 
convection. 
 
2.14.3. Green’s function of the three-dimensional transfer equation 
including convection 

In the three-dimensional case the Green’s function of the transfer equation is 
determined by Eq. 2.14.14. The problem is to find a closed expression for 

( )ω;, oG rr . Using the integral representation for the Green’s function ( )ω;, ol rrG  
(Eq. 2.14.25), we obtain 
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where 
 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )βθµπµµθβζ 12
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and the quantity 
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( )12 2 −= ζβ orrk .                                      (2.14.28) 
 

Thus the problem reduces to a summation of the series in Eq. 2.14.27. To do 
this we use the following method from the paper (Hostleger, 1964). Representing 
the series in Eq. 2.14.27 in the form of the sum over odd and even indices and 
summarizing the corresponding terms, we obtain 
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Then using the expression for Legendre’s polynomials in terms of the hyper-
geometric function (Bateman and Erdelyi, M1953) 
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and representing the series in Eq. 2.14.29 in the form of Neumann’s expansion (see 
Watson, M1949) we obtain the closed expression for the function ( )θβζ ,,Ψ : 
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Substituting Eq. 2.14.31 in Eq. 2.14.26 we derive the expression for the Green’s 
function ( )ω;, oG rr  in the form of contour integral 
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Then in the integral in Eq. 2.14.32 we make the substitution of variables according 
to the relations 
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Using Eq. 2.14.33 and the known relation ( ) ( )zJ
zz

zJ 10
1

∂
∂=  we write the Eq. 

2.14.32 in the form 
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Comparing this expression with the integral representation of the product of 
Whittaker’s functions (Eq. 2.14.24) we obtain the expression for the Green’s 
function of the three-dimensional equation in the form which does not include the 
integration operation 
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The variables 1ρ  and 2ρ  are related with the variables r and or  by the expressions 
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Writing the differential operator in Eq. 2.14.35 in terms of these variables, we 
finally obtain 
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where 21, ρρ kykx == . Let us write the solution of the transfer Eq. 2.14.1 through 
the Green’s function described by Eq. 2.14.37. Taking into account Eq. 2.14.3, Eq. 
2.14.6 and Eq. 2.14.9, we obtain for the particle density ( )ω,rN : 
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As results from Eq. 2.14.38, the Green’s function of Eq. 2.14.1 has the following 
form 
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2.14.4. Possible inclusion of the variations of particle energy 
Now we show the way in which it is possible to take into account the process 

of particle energy variations in the framework of the considered formalism. In this 
case, instead of the equation Eq. 2.14.1, one should consider the equation 
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where p is the particle’s momentum. Using the Mellin transform 
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we write the Eq. 2.14.40 in the form 
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The substitution of the unknown function according to the Eq. 2.14.7 transforms the 
Eq. 2.14.32 to the form 
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i.e. the Eq. 2.14.40 is actually transformed to Eq. 2.14.18 with inessential (in the 
framework of the considered method) variation of Coulomb’s potential which is 
represented by the coefficient in the square brackets on the right-hand side of the 
Eq. 2.14.43. Thus, to determine ( )ts,,rΨ , the developed above formalism can be 
completely applied (one should observe that making of the inverse Mailing 
transformation to determine the unknown Green’s function may produce 
considerable mathematical difficulties). 
 
2.14.5. The Green’s function for the stationary isotropic diffusion in the 
case of power dependence of the diffusion coefficient on the distance 

Basing on the non-stationary diffusive-convective transfer of CR in 
interplanetary space and taking into account adiabatic cooling of particles, Webb 
and Gleeson (1977) composed the equation with the source in the form of a five-
dimensional δ-function (time, particle rigidity, and 3 spatial coordinates) to 
determine the Green’s function. The further integration over five-dimensional 
volume made it possible to represent the Green’s function in the form of solution  
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of a multi-integral equation. In the special case of the stationary spherically 
symmetric model of isotropic diffusion the Green’s function is written in analytical 
form through Bessel’s function of the first kind. If the coefficient of isotropic 
diffusion ( ) ,b

o rpκκ =  where p is a particle momentum, r is the distance from the 
Sun, ( )poκ  is an arbitrary scalar function of p, then the Green’s function 
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where u is the radial velocity of the solar wind, βI  is the modified Bessel’s 

function of the first kind. To abbreviate writing, the following notations are used in 
Eq. 2.14.44: 
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2.15. On a relation between the correlation function of particle 
velocities and pitch-angle and spatial coefficients of diffusion 
 
2.15.1. Correlation function of particle velocities 

Forman (1977a,b) developed the concept of the correlation function of particle 
velocities ( ) ( )'tvtv ji  which was proposed by Kubo (1957). If iµ  is the 

corresponding cosine of the angle between the velocity direction and the i-axis of 
coordinates, then 
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1
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' ttddvtvtv jijjiiji µµµµµµ ,             (2.15.1) 

 
where ( ) iji dtt µµµ ';', −Ω  is a number of particles between iµ  and ii dµµ +  in the 
time instant t which had in the instant 't  the direction cosine j'µ . The function Ω  is 
a solution of the equation 
 

0=Ω+∂Ω∂ Dt
�

,                                             (2.15.2) 
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where D
�

 is the operator of the equation of a transfer in the pitch-angle space with 
the initial condition 
 

( ) ( )'0;', µµδµµ −=Ω                                 (2.15.3) 
 
and can be expanded in the series 
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Here ( )µkR  and kτ  are the eigen-functions and eigen-values of the operator D

�
 (i.e. 

kkk RRD τ=
�

). In a special case of isotropic scattering and injection the functions 
( )µkR  at 1=µ  transform into Legendre’s polynomials ( )µkP  and kτ  transforms 

into ( )12 1 +kkτ ; in this case 1τv  is the transport path of particles for scattering. The 
method developed of the correlation function of particle velocities makes it possible 
to apply the theory of CR diffusion to the actual cases when a scattering is not 
isotropic, but, for example, takes place mainly along the field. 
 
2.15.2. Connection between the correlation function of particle velocities, 
pitch-angle and spatial coefficients of diffusion 

In general form, a connection between the correlation function of particle 
velocities ( ) ( )'tvtv ji  and the spatial coefficient of anisotropic diffusion ijD  is 

determined by the relation 
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t
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To determine a relation with the pitch-angle diffusion coefficient, Forman (1977b) 
starts from the diffusion equation in the pitch-angle space for the distribution 
function ( )zvf ,,µ : 
 

µµ
µ µµ ∂

∂
∂
∂=

∂
∂+

∂
∂ fD

z
fv

t
f ,                          (2.15.6) 

 
where θµ cos=  (θ  is a pitch-angle between a particle velocity v and the direction 
of a magnetic line of force); v is the absolute value of a particle velocity; z is a 
coordinate along of a line of force of the regular component of magnetic field; µµD  
is the diffusion coefficient in the pitch-angle space. In the case of the  
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scattering inhomogeneities being able to be represented in the form of solid spheres, 
we then have 
 

( ) 21 2µνµµ −=D ,                                   (2.15.7) 
 

where ν  is the collision frequency. The spatial field-aligned coefficient of diffusion 
zzD  is related to µµD  by the expression 
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On the other hand,  
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where ( ) ( )tvv zz 0  is the correlation function of the velocities along the field; this 
results in 
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For the correlation function of transverse velocities ( ) ( )tvv xx 0  the relation with the 
transverse spatial coefficient of diffusion is determined by the expression 
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If the transport path for scattering Λ is far more than the correlation length cl , then  
 

( ) 20 oxx HW
u
v=⊥κ ,                                      (2.15.12) 

 
where ( )0xxW  is the spectrum of the field fluctuation power at zero frequency, oH  
is the intensity of the regular magnetic field component. If cl<<Λ , then 
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22
// ox HHδκκ =⊥ .                                  (2.15.13) 

 
It was shown that including the effects of moderate-scale turbulence on the particle 
transfer results in a decrease of the parallel diffusion coefficient; the decrease is 
determined by the additional factor 
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2.16. On a balance of CR energy in multiple scattering in 
expanding magnetic fields 

The problem of the balance of CR energy in expanding magnetic fields is of 
greatest importance, because without its solution it is impossible to study the 
features of the propagation of CR of internal and external origin in expanding shells 
of a Supernova in galaxies in the presence of galactic wind, in the expanding 
Metagalaxy, in stellar winds, in particular, a propagation of CR of solar and galactic 
origin in the solar wind. The most carefully studied problem is the problem of 
propagation of CR in interplanetary space when there is energy exchange between 
charged particles and stochastic inhomogeneities of interplanetary field which are 
frozen in solar wind plasma. The prevailing concept when considering energy 
dissipation in the system of CR-solar wind, is the assumption of adiabatic 
deceleration of charged particles of cosmic radiation. This concept is related to the 
prevailing probability of overtaking collisions with radially moving 
inhomogeneities of magnetic field. Dorman, Katz, Fedorov and Shakhov (1978c, 
1979) showed that these concepts are restricted owing to ignoring the concrete 
character of particle spatial distribution and, as a result, owing to ignoring the 
necessity of revising the notion of the character of CR propagation in interplanetary 
space. Furthermore, pronouncedly inhomogeneous character of expansion of the 
solar wind plasma results in the presence of a specific mechanism of CR 
acceleration caused by the spatial inhomogeneity of the distribution function of 
particles. 

We start from the equation of CR transfer (Dolginov and Toptygin, 1966a): 
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where ( )tpn ,,r  is the density of particles with given value of momentum p, 

( )tp,,rαλκ  is the tensor of particle diffusion in space, ( )ru  is the solar wind 
velocity. 

The energy density ( )tW ,r  of CR is determined by the equation  
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( ) ( )tpnEdpptW k ,,,
0

2 rr ∫=
∞

,                             (2.16.2) 

 
where kE  is the kinetic energy of particles. The continuity equation for ( )tW ,r  
results from Eq. 2.16.1 and has the following form: 
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where 

( ) ( )tpEdppt k ,,,
0
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                               (2.16.4) 

 
is the flux density of CR energy and 
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is the flux density of CR. On the other hand, the low of conservation of particle 
number corresponds to the Eq. 2.16.1: 
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where 

( ) ( )tpndpptn ,,,
0

2 rr ∫=
∞

                                  (2.16.7) 

 
is the density of particles, and 
 

( ) ( )tpdppt ,,,
0

2 rJrI ∫=
∞

                                 (2.16.8) 

 
is the flux density of CR with all energies. 

The Eq. 2.16.3 has the form of the continuity equation with a source on the 
right-hand side the sign of which determines just the character of the variations of 
energy density of CR. As results from Eq. 2.16.3, a sign of the term,  
corresponding to the source in the case of radial outflow of solar wind plasma, is 
determined of a direction of the radial gradient of CR and with the positive  
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gradient of CR (taking place for galactic CR) this term represents the amount of 
energy which is accumulated by particles in unit volume per unit time-interval in 
their interaction with moving inhomogeneities of the magnetic field. Thus, the total 
number of particles in this case is conserved, according to Eq. 2.16.6, and the 
energy density of particles is increased; it is the typical situation for the presence of 
a process of particle acceleration. If the radial gradient of CR is negative, the 
inverse process takes place, i.e. particles transfer their energy to inhomogeneities of 
the magnetic field and are decelerated. The same conclusion concerning the 
character of energy exchange between CR and moving inhomogeneities of magnetic 
field results from the Eq. 2.16.1. The Eq. 2.16.1 is an equation of Fokker-Plank 
type, and to estimate the physical meaning of the terms in this equation, one should 
write it in the canonical form, i.e. in the form of conservation of particle number in 
phase space: 
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where ( )tpp ,,rJ  is the flux density of particles in the momentum space and the 
subscript index p of the operator pdiv  implies that in the case under consideration 
one should take into account only the part of divergence operator in the momentum 
space which depends on the absolute value of the momentum. Including Eq. 2.16.9 
we write Eq. 2.16.1 in the form 
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Where 
 

3ααα puDD pp −=−=                            (2.16.11) 
 

are the components of the crossed tensor of particle diffusion which describe the 
process of the energy exchange between CR and magnetic field inhomogeneities 
frozen in the solar wind plasma. In agreement with the general theory the quantities 

αα pp DD , (as well as αλκ ) satisfy the principle of the symmetry of kinetic 
coefficients. As results from Eq. 2.16.10, the value of the vector of particle density 
in the momentum space is determined by the expression 
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α

α r
tpnDJ pp ∂

∂= ,,r .                                           (2.16.12) 

 
It should be noted that in the initial formulation of the problem of CR propagation 
(Krymsky, 1964; Dorman, 1965; Parker, 1965), a form of Fokker-Planck equation 
was postulated, basing on the concept of a systematic energy losses of particles in 
their interaction with the radially-divergent inhomogeneities of magnetic field (in 
contrast to the paper Dolginov and Toptygin (1966a,b) where a consistent deduction 
of this equation was carried out for the first time). In this case, the exact expression 
was used for the particle flux ( )tp,,rJ  in space and the particle flux in the 
momentum space was determined by the expression 
 

( )tpn
t
pJ p ,,r

∂
∂= ,                                  (2.16.13) 

 
where the kinetic coefficient tp ∂∂  has the meaning of variation of particle 
momentum per unit time, and for calculation of this coefficient some intuitive 
considerations were involved using the assumption of systematic losses of particle 
energy. In spite of the fact that the equation (obtained from these not completely 
exact assumption) having been a quite correct equation of the transfer, a canonical 
form ascribed to it does not correspond to reality2 and based on the interpretation of 
physical phenomena taking place in the CR propagation in interplanetary space 
appears to be incorrect. Moreover, in a consistent phenomenological treatment there 
does not arise the problem of calculation of the kinetic coefficient tp ∂∂ , but, as 
seen from Eq. 2.16.10, it is necessary to determine the crossed coefficient of 
diffusion αpD  characterizing the process of energy exchange between CR and 
magnetic inhomogeneities which is caused by spatial inhomogeneity of the particle 
distribution function, in accordance with the general conclusion resulting from the 
Eq. 2.16.3. Therefore, the concept of adiabatic deceleration of particles does not 
have a global character and the process of energy exchange in the system CR-solar 
wind is determined by a concrete form of the distribution function of particles. In 
this case, galactic CR when propagating in the solar wind, appear to be in an 
acceleration regime, accumulating energy in the process of scattering on the radially 
moving inhomogeneities of the magnetic field.  

In the  conclusion of this problem we present the relations resulting from Eq. 
2.l6.10, which determine a variation of momentum and energy of a particle per unit 
time: 

 
2 In a later publication (see, for example, Jokipii, 1971) the correct expression for the flux J 
of particles was used (see Eq. 2.16.5) corresponding to the expression obtained in (Dolginov 
and Toptygin, 1966a,b).  
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where 
 

( ) ( )222 mcEmcEa kk ++=                           (2.16.15) 
 

and m is a particle rest mass. 
These relations show as well that a variation of particle momentum and energy 

is determined by a sign of the radial gradient of CR, and with the positive radial 
gradient, an increase of particle energy takes place. The specific feature of the 
quoted relation consists in the fact that mean variation of particle energy being 
determined by the value of the relative gradient of CR, which is the parameter 
characterizing the collective properties of the particle ensemble under consideration. 
Similar results was obtained some later also by Gleeson and Webb (1978). 
 
2.17. The second order pitch-angle approximation for the CR 
Fokker-Planck kinetic equation 
 
2.17.1. The matter of the problem 

The study of multiple charged particle scattering in magnetic field with random 
inhomogeneities as scattering centers is important in turbulent plasma theory (e.g., 
Shkarofsky et al., M1966), in problems of cosmic ray particle propagation through 
cosmic media (e.g., Jokipii, 1966; Dorman and Katz, 1977), and many other 
problems of particle transport (e.g., Case and Zweifel, M1967). If the magnetic field 
is sufficiently strong that the Larmor radius of particle Lr << λ ̓(λ̓ being the particle 
mean free path with respect to its scattering by inhomogeneities of the magnetic 
field), the averaging over a particle’s spiral motion around the magnetic field can be 
performed, and one can restrict oneself to a simple rectilinear system.  

The paper of Dorman, Shakhov and Stehlik (2003) deals with solution of the 
equation for the particle distribution function in the second order approximation in 
the pitch-angle. The exact analytical solution is obtained in an integral form. The 
well known solution in the first order pitch-angle approximation can be restored by 
performing the small time limit in the result. Unlike the first order solution the 
solution obtained in the second approximation rightly shows that the pitch-angle 
diffusion is closely connected with the particle transport along the mean magnetic 
field.  

The diffusive particle propagation and its angular scattering along the mean 
magnetic field is governed by kinetic equation of the Fokker - Planck form, and  
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the particle distribution function f depends only on location x, the pitch-angle,  
and the time t. Note that the Fokker-Planck scattering represents the scattering of  
particles in continuously fluctuating fields. Introducing the dimensionless variables, 
y ̓= x/λ, τ̓ = vt/λ, (v ̓is the particle velocity) and µ ̓= cosθ, the kinetic equation for 

( ), ,f y τ µ  reduces to the well known form (Gleeson and Axford, 1967; Galperin et 
al., 1971):  

 

( ) ( ) ( ) ( )2 11 o
f f f y

y
µ µ δ δ τ δ µ µ

τ µ µ λ
∂ ∂ ∂ ∂+ = − + −
∂ ∂ ∂ ∂

.           (2.17.1)  

 
Note that cross-field transport (i.e. perpendicular diffusion and drift, energy change, 
or adiabatic focusing) is not included into the model.  
 
2.17.2. The first order approximation  

Using the Fourier transform in the space variable y, and the Laplace transform 
in the time τ , Eq. 2.17.1 gives the ordinary differential equation that does not lead 
to known special functions (Komarov et al., M1976); therefore some approximation 
of Eq. 2.17.1 is necessary. The simplest approximation corresponds to very small 
pitch-angle θ, when one can put sinθ → θ̓ and cosθ → 1. In this case the function 

( )1 , , , of y τ θ θ  in the first order approximation is well known (e.g., Dorman and 
Katz, 1977d):  
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where ( )oI x  is the zero order Bessel function with an imaginary argument.  
 
2.17.3. The second order approximation  

In the second order pitch-angle approximation one must also hold the term of 

( )2O θ . This means that θθ →sin ̓ and 21cos 2θθ −→  and Eq. 2.17.1 for f2 in the 

second order approximation reads  
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The resulting solution takes the form: 
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where C.C. denotes the complex conjugate term. This function is shown in Fig. 
2.17.1.  
 

 
 
Fig. 2.17.1. The space distribution f2(y,ѽҏτ) in the second approximation in the interval τ = 
0.3−1.3 for θ = 0.1, θo = 0. According to Dorman, Shakhov and Stehlik (2003). 
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Let us consider the Eq. 2.17.5 in the non-zero but small time limit t ̓→ 0. Then 
the expression for ( )otxf θθ ,,,

~
2  acquires the form analogous to Eq. 2.17.2 obtained 

in the first order approximation: 
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One can see from the Eq. 2.17.6 that both processes of the pitch-angle diffusion and 
the particle transport are connected to each other here. Unlike the first 
approximation 1f  there is not ‘free’ propagation in the small time limit solution as 
well as in the second approximation 2f . So the first approximation is suitable only 
in a very small time interval, 1<<τ .  
 
2.17.4. Peculiarities of the second pitch-angle approximation 

Unlike the first approximation, the function 2f (θ) describes the initially 
anisotropic stream during a longer time after the particle injection, and one has a 
low level at τ≈y  especially for y >> 1. The space distribution 2f (y) has been 
depicted in Fig. 2.17.1, where the pitch- angle θ ̓is fixed. The picture is similar for 
non-zero θ. The space distribution possess rather wide ’tail’ behind the front of the 
first particles at y ̓= τ̓. Its width increase with increasing time, and the maximum 
decreases in amplitude and becomes later with increasing time. Temporal 
development of ( )τ,2 yf  is shown in Fig. 2.17.2. We conclude that unlike the first 
approximation in pitch-angle the derived expressions for the particle distribution 
function in the second approximation as well as the particle density gives a more 
realistic picture of the pitch-angle distribution after an immediately unidirectional 
particle injection. 
 

 
 
Fig. 2.17.2. The space distribution f2(y) at time τ = 1, 1.5, 2, 2.5, and 3 for θҏ = θo = 0. 
According to Dorman, Shakhov and Stehlik (2003) 
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2.18. Anomalous diffusion: modes of CR diffusion propagation 
 
2.18.1. Three modes of particle propagation: classical diffusion, super-
diffusion and sub-diffusion 

According to Otsuka and Hada (2003), anomalous diffusion is observed in 
many branches of science, e.g., anomalous diffusion in rotating flows (Solomon et 
al., 1993), particle motion in nonlinear dynamical systems (Klafter et al., 1993), 
chaotic phase diffusion in Josephson junctions (Geisel et al., 1985), field line 
diffusion in solar wind magnetic turbulence (Pommois et al., 2001), and transport in 
turbulent plasmas (Balescu, 1995). The term ’anomalous’ is used to emphasize 
deviation from classical (normal) diffusion, in which the mean squared 
displacement of particles increases proportional with time. Namely, if we define the 
diffusion coefficient κ as 
 

( ) βττκ ∝∆= 2r ,                                        (2.18.1) 

 
where r∆  is the particle displacement within the time scale τ, and the bracket 
denotes an ensemble average, then β = 0 for the classical diffusion. This is a 
consequence of the well-known central limit theorem, which states that in the long 
time limit the p.d.f. of r∆  approaches a normal (Gaussian) distribution with its 
variance ∝ τ. On the other hand, when a particle can travel long distances 
ballistically, the so-called Levy flights or Levy walks can arise, and the resultant 
diffusion process of the ensemble of particles becomes super-diffusive (β > 0). 
When a particle can be trapped within a certain bounded region for a long time, 
then the sub-diffusion (β < 0) emerges. 
 
2.18.2. Simulation of particle propagation in a two-dimensional static 
magnetic field turbulence 

Otsuka and Hada (2003) compute numerically orbits of CR particles in a two-
dimensional static magnetic field turbulence, and show that anomalous diffusion 
can appear in general. The result may have an important implication for plasma 
astrophysics, since, up to now, various diffusion processes (including the cross-field 
diffusion) are almost always discussed within the framework of the quasi-linear 
theory, which in principle is a combination of the classical diffusion equation for 
particles and an evolution equation for the energy of the turbulence, which in turn 
determines the diffusion coefficient. The spatial diffusion problem, in particular, is 
important for the shock acceleration of CR charged particles (see Chapter 4). 

Although the cross-field diffusion in reality is a three-dimensional problem, 
Otsuka and Hada (2003) limit their discussion to the case where all the physical 
variables depend only on two spatial coordinates (x and y), and the magnetic field  
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lines are perpendicular to the x–y plane. By taking such geometry, the effective 
cross-field diffusion resulting from parallel motion along the twisted field lines 
(field-line random walk (Jokipii, 1966)) will be excluded. In general, in a model 
with only two spatial dimensions, particles are tied to the magnetic field lines since 
the canonical momentum associated with the ignorable coordinate becomes an 
invariant of the motion (Jokipii et al., 1993). Since the energetic particle velocities 
considered are much larger than the MHD velocities it may be assumed that the 
field turbulence is time stationary (fossil turbulence). The particle energy is then 
conserved, and the position r = (x, y) and the velocity V ( )yx VV ,=  obey the equations 
of motion 
 

( ) VrzVV =+×= �� ;1 b ,                             (2.18.2) 
 
where z is a unit vector in the z direction, b is the fluctuation part of the normalized 
magnetic field, and time is normalized to the reciprocal of the average particle gyro-
frequency. The turbulence field is given by 
 

( ) ( ) ( )( )nmnymxkAyxb
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,cos, φ++∑∑= ,                (2.18.3) 

 
where λπ2=k  is the wave number, and  
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In Eq. 2.18.3 and 2.18.4 there are 
 

( ) Lknmk π2, sys
2122 =+= ,                         (2.18.5) 

 
and L is the system size. Boundary conditions are periodic, and phases ( )nm,φ  are 
random. The magnetic field correlation length cL  was defined as  
 

( ) ( ) ( )kAkAkLc
22 2π= .                        (2.18.6) 

 

There were chosen γ = 1.5, L = 512, and 
212b = 0.01, then cL ≈ 61. By giving 

different velocities to the particles, it was running with different cL Lr , where Lr  is 
the Larmor radius.  
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The results are summarized in Fig. 2.18.1. The upper panels show the expected 
diffusion coefficient κ defined in Eq. 2.18.1 versus τ in logarithmic scales for three 
different regimes of cL Lr , and the lower panels are the y component of the guiding 
center zVrr ×+=g  versus time τ, plotted for some particles. The orbits look quite 
different for the three runs. When cL Lr = 10 the orbits look more or less similar to 
a Brownian motion, whilst for cL Lr = 1 and cL Lr = 0.1 they are composed of 
segments with different characters – sometimes almost ballistic, sometimes trapped 
at a certain locations, and sometimes like a Brownian motion. This diversity of the 
types of the orbits is a reflection of the presence of multi-scales in the magnetic 
field turbulence. Namely, if a particle is guided by a large scale inhomogeneity of 
the magnetic field for a longer time period than the ‘observation’ time scale τ, then 
its orbit will appear to be almost ballistic, while a particle trapped by a small scale 
inhomogeneity will appear as trapped if it makes many rotations around the 
inhomogeneity within τ.  
 

 

 
Fig. 2.18.1. Diffusion coefficients κ (upper panels) and typical guiding center trajectories 
(lower panels) for (a) cL Lr = 0.1, (b) cL Lr = 1, and (c) cL Lr = 10. According to Otsuka 
and Hada (2003). 
 

The diffusion coefficients represent the different characteristics of the orbits. 
Let us first look at the case c in Fig. 2.18.1, cL Lr = 10. When (i) τ < 103, the value 
of κ is still influenced by Larmor rotations (large amplitude oscillations in the 
figure), and so there is no sense in discussing statistics in this regime. For longer 
time scale (ii) τ > 103, the value of κ became almost constant, suggesting that the 
diffusion is almost classical and the orbits are essentially Brownian. This is 
reasonable, since when cL Lr = 10, a particle traverses many inhomogeneities of  
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the magnetic field during one gyration, and the force acting on the particle, which 
will be a sum of many fluctuations, will be random and incoherent.  

When cL Lr = 0.1 (case a), the gyration regime (i) is followed by two distinct 
regimes (ii) and (iii) as τ is increased. In (ii) the process is slightly super-diffusive 
(β > 0 in Eq. 2.18.1) since within this time scale the majority of the particles 
gradient-H drift around the field inhomogeneities without making a complete 
rotation. For longer time scales many particles are trapped (as seen in the lower 
panel), resulting in the sub-diffusion (β < 0 in Eq. 2.18.1). The values of β and the 
transition time scale which separates regimes (ii) and (iii) depend on the parameters 
for the turbulence.  

The case b, cL Lr = 1, illustrates the possibility that even more distinct types of 
orbits can exist. In the super-diffusive regime (iii) some particles ‘percolate’ along 
infinitely long open paths, which result from the assumed periodicity of the 
simulation system. At longer time scales the percolation orbits start to mix 
(percolation random walk), and thus the diffusion becomes classical again. 

Otsuka and Hada (2003) came to the conclusion that in two-dimensional static 
magnetic field turbulence different types of cross-field diffusion of energetic 
particles are observed for different regimes of cL Lr , and for a finite observation 
time scale τ. When cL Lr > 1 the diffusion is classical asymptotically (τ → ∞), 
whilst at super- and sub-diffusion can be realized when cL Lr < 1 and when 

cL Lr ∼1.  
 
2.19. Energetic particle mean free path in the Alfvén wave heated 
space plasma 
 
2.19.1. Space plasma heated by Alfvén waves and how it influences particle 
propagation and acceleration 

Vainio et al. (2003a) present a simple analytical expressions for the power 
spectrum of cascading Alfvén waves and the resulting CR energetic particle mean 
free path in the solar wind. The model can reproduce the short coronal mean free 
path required for efficient acceleration of charged particles in coronal shock  
waves (see Chapter 4, Section 4.20) as well as a longer interplanetary mean free 
path required for a rapid propagation of the accelerated particles to a distance 1  
AU from the Sun. Recent observations of high and anisotropic ion temperatures  
in the solar corona (Kohl et al., 1998) give observational support to models 
employing the cyclotron heating mechanism to heat the plasma on open magnetic 
field lines. In these models the energy input for heating the plasma comes from 
Alfvén waves created at the solar surface. The waves propagate until their 
frequency is comparable to the local ion-cyclotron frequency, and the wave  
energy is absorbed by the plasma ions via the cyclotron-resonance. Energetic 
particles interact strongly with the waves responsible for heating the corona  
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(Vainio et al., 2003b). The same waves that heat the solar corona can help to rapidly 
accelerate charged particles in coronal shock waves, and thus explain particle 
acceleration in small SEP events, where self-generated waves (see Chapter 3) can 
not explain the rapid acceleration. On the other hand, observed parameters of SEP 
transport in the solar wind give constraints on the wave-heating models, limiting the 
magnitude and spatial extent of wave heating in the solar wind. 
 
2.19.2. Determining of the Alfvén wave power spectrum  

Vainio et al. (2003a) considered Alfvén waves propagating in the solar corona 
and solar wind in the framework of the model developed in Hu et al. (1999). An 
equation governing the power spectrum ( )rfP ,  of outward propagating Alfvén 
waves in the solar wind in the steady state, is given according to Tu et al. (1984) by  
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where f ̓ is the wave frequency, avuV +=  is the inertial-frame speed (u is the solar 
wind plasma velocity, and av  − the Alfvén velocity), r − the heliocentric distance. 
The given form of the spectral flux function ( )rfF ,  corresponds to the Kolmogorov 
cascade phenomenology. It is proportional to the cascade constant 25.1=α  and to 
the square root of the ratio of the inward and outward wave intensity, 1α , which is a 
model parameter taken to depend on r, only. The flux-tube cross-sectional area A ̓is 
inversely proportional to the magnetic field B, which is taken to point in the radial 
direction.  

According to Vainio et al. (2003a) the Alfvén wave power spectrum can be 
solved in an analytic form if 1α  is a given function of position. In this case the 
spectrum can be given as  
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where the dimensionless function ( )τ,xI  fulfils the equation 
 

( ) ( ) ( )( )τττ ,0,, 21 xIxxIxI += .                           (2.19.3) 
 
In Eq. 2.19.2 and Eq. 2.19.3 
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Here of  is an arbitrary normalization frequency, en is the electron density, and 

( ) 1, 2 <<≡ ssoop BrfPfε  is a dimensionless constant. All quantities indexed by s 
refer to the values at the solar surface. When deriving the spectrum, conservation of 
mass and quasi-neutrality in an electron–proton plasma are used, i.e., const=uAne .  

In the special case, considered by Vainio et al. (2003a), when 
( ) fBrfP sps

2, ε= , the initial dimensionless spectrum becomes ( ) xxI =0, . In this 
case the power spectrum of the Alfvén waves can approximate by  
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where the spectral break point frequency ( ) ( )rfrf oc τ=  decreases with heliocentric 
distance (the spectrum is a broken power law with a spectral index of −1 and −5/3 
below and above ( )rfc ; such a form of the power spectrum is supported by 
observations in the solar wind according to Horbury, 1999).  
 
2.19.3. Determining of the energetic particle mean free path  

Vainio et al. (2003a) show that in the case of a wave-heated solar wind the 
power spectrum of the Alfvén waves determines the mean free path ( )rv,λ  of 
energetic particles with velocity v (excluding electrons). Taking the Alfvén waves 
to be linearly polarized quasi-parallel propagating waves, the mean free path will 
be:  
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where µµD  is the pitch-angle diffusion coefficient over pitch-angle cosine µ:  
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Here Ω and rf  are the (angular) particle cyclotron and resonant wave frequency, 
respectively. Substituting the form of the power spectrum described by Eq. 2.19.5 
gives 
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Assuming a constant value of V = 400 km/s, the magnetic field 

( ) ( )( )62 9.113.1 rrrrB ss +=  Gs, and the electron density of 10 cm−3 at 1 AU gives 
the density, flow speed, and Alfvén speed profiles depicted in Fig. 2.19.1.  
 

 
 
Fig. 2.19.1. Solar wind electron density (solid), Alfvén speed (dashed), and flow speed (dot-
dashed). By crosses are shown results of Bird and Edenhofer (1990) of semi-empirical 
electron densities. From Vainio et al. (2003a). 
 

In Fig. 2.19.2 the resulting 10 MeV proton mean free path is plotted for wave 
parameters 5105 −×=pε  and 1α  which has a constant value at srr 10>  and 
increases linearly from 0 to this value at ss rrr 10<<  (such values of pε  are needed 
to produce a solar wind fulfilling observational criteria of mass flux and speed 
according to Laitinen et al., 2003; the values for 1α  are taken from papers modeling 
the solar wind expansion: Hu et al., 1999; Laitinen et al., 2003).  
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Fig. 2.19.2 10-MeV proton mean free path for the solar wind model depicted in Fig. 2.19.1. 
Results for α1 = 0.05 (solid) and α1 = 0 (dashed) at r > 10 rs are shown. According to Vainio 
et al. (2003a). 

 
The solid curve in Fig. 2.19.2 representing cascading Alfvén waves connects a 

very short mean free path close to the solar surface ( srr 2< ) with a larger, spatially 
almost constant, value at larger distances from the Sun. Thus the model may offer a 
consistent explanation of both efficient SEP acceleration at coronal shocks 
(requiring small λ) in small SEP events, where efficient generation of the Alfvén 
waves by the energetic protons themselves is not possible, and of the subsequent 
rapid interplanetary propagation from the acceleration site to the observer. As was 
shown by Laitinen et al. (2003), the self-consistent modeling of the Alfvén wave 
propagation and the solar wind expansion in case of no cascade term in the wave 
transport equation ( 1α  = 0) produces too small SEP mean free paths in the solar 
wind. From the other hand, Vainio et al. (2003a) have demonstrated that cascading 
can dramatically increase the values of the mean free path in the solar wind (in 
accordance with observations).  
 
2.20. Bulk speeds of CR resonant with parallel plasma waves 
 
2.20.1. Formation of the bulk speeds that are dependent on CR 
charge/mass and momentum 

According to Vainio and Schlickeiser (1999) the quasi-linear interaction of CR 
particles with transverse parallel propagating plasma waves occurs via gyro 
resonance. To interact efficiently with a circularly polarized wave the particle must 
gyrate around the mean magnetic field in the same sense and with the same 
frequency as the electric field of the wave when viewed in the rest frame of the 
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particle’s guiding center (GC frame). Augmented with the dispersion relations of 
the relevant wave modes, this condition determines the wave numbers and 
frequencies of the waves resonant with particles of a given type (charge/mass) and 
velocity. The intensity of the waves at these wave numbers, in turn, determines how 
fast the given particle is diffusing in momentum space. If the particle’s guiding 
center moves much faster than the waves relative to the plasma, one may neglect 
the plasma-frame wave frequency in the (Doppler-shifted) GC-frame wave 
frequency and make the so called magneto-static approximation (e.g., Jokipii, 
1966). This approximation, however, does not give correct results for particles with 
pitch-angles close to 90°. Since the description of particle scattering in this region 
determines the fundamental CR transport parameter, the spatial diffusion coefficient 
(Schlickeiser and Miller, 1998), one has to abandon the magneto-static 
approximation at least when computing this parameter from the assumed/observed 
spectrum of magnetic fluctuations. Vainio and Schlickeiser (1999) studied the effect 
of finite phase speeds of the waves on another transport coefficient, the bulk speed 
of the CR, which is the effective speed of the waves that scatter the CR particles. 
Dispersive waves, therefore, can give rise to bulk speeds that are dependent on CR 
charge/mass and momentum. It was also studied how this affects the scattering-
center compression ratio in low Mach number parallel shock waves.  
 
2.20.2. Dispersion relation and resonance condition  

The dispersion relations of parallel transverse waves in a cold electron–proton 
plasma can be described according to Vainio and Schlickeiser (1999) with the 
equation (e.g., Steinacker and Miller, 1992): 
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where k is the wave number and ω is the wave frequency,  
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are non-relativistic electron and proton gyro-frequencies ( eq  and em  are the 
electron charge and mass; pq  and pm  are the proton charge and mass; B is the 
background magnetic field magnitude), c is the speed of light, and  
 

( )( ) 214 −+= epea mmnBv π                             (2.20.3) 
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is the non-relativistic Alfvén speed, and en  is the electron density of the plasma. 
Negative (positive) frequencies denote right (left) handed polarization and the sign 
of kω  fixes the propagation direction of the wave relative to the background 
magnetic field direction. Assuming that ( ) epa cv ΩΩ<< 42  = 0.00218, Vainio and 
Schlickeiser (1999a) write the dispersion relation described by Eq. 2.20.1 in the 
dimensionless form 
 

( )( )ff
f
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p
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Φ
±≈

1
κ ,                                     (2.20.4) 

 
where 
 

18361;, =ΩΩ=ΦΩ=Ω= eppeea fkv ωκ .                  (2.20.5) 
 
The wave frequency f takes values between pf Φ≤≤−1 ; and the sign fixes the 
wave propagation direction relative to the background magnetic field. When 

pf Φ<<  the dispersion relation Eq. 2.20.4 describes Alfvén waves. At positive 
frequencies the Alfvén waves are converted to proton-cyclotron waves as pf Φ→ . 
At negative frequencies they are first converted to whistlers at pf Φ−≈ and finally 
to electron-cyclotron waves as 1−→f .  

Finally, the gyro-resonance condition between the CR and the parallel/anti-
parallel waves is 
 

Φ=− avvf //'' κ ,                                    (2.20.6) 
 
where 'κ  and 'f  are the dimensionless resonant wave number and wave frequency, 
v is the CR particle speed and //v  is the particle velocity parallel to the background 
magnetic field, ( )emcqB Ω=Φ γ  is the (signed) dimensionless gyro-frequency, q is 
the charge, γ is the Lorenz factor, and m is the mass of the CR particle. 
 
2.20.3. Effective wave speed  

Vainio and Schlickeiser (1999) treat ( )eeo qmqm=Φ=Φ γ  as constant. The 
combining Eq. 2.20.4 and Eq. 2.20.6 allows the writing down of an equation for the 
phase speed '' κfvw a=  of the waves resonant with CR particles of fixed v as a 
function of //v  in a parametric form 
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from which an implicit form, i.e., ( )wvv //// = , may be derived straightforwardly. In 
Fig. 2.20.1 and Fig. 2.20.2 are plotted the solutions of Eq. 2.20.7 for two values of 
Φ corresponding to non-relativistic protons and mildly relativistic electrons.  
 

 
 
Fig. 2.20.1. Phase speed w, as a function of parallel particle velocity, of parallel-propagating 
transverse waves resonant with CR particles having constant dimensionless gyro-frequency 
of pΦ=Φ (left) and 31−=Φ  (right). According to Vainio and Schlickeiser (1999). 
 
In Fig. 2.20.1 and Fig. 2.20.2 there are indicated what values the wave frequency 'f  
takes in each branch of the curves. The curves are plotted for parallel-propagating 
waves; for anti-parallel waves, both //v  and w change signs for constant 'f , and a 
complete figures would include the negative w axes with curves obtained by 
rotating the plots in Fig. 2.20.1 and Fig. 2.20.2 about their origins by 180°.  
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Fig. 2.20.2. The same as in Fig. 2.20.1 but for 31−=Φ . According to Vainio and 
Schlickeiser (1999). 
 
2.20.4. Bulk motion of the CR in space plasma 

The scattering by waves which all move with the same phase speed, e.g., 
parallel Alfvén waves, tends to make the CR particle distribution isotropic in the 
wave frame, i.e., the coordinate system moving with the phase speed of the waves 
relative to the plasma. This results in a plasma-frame bulk motion of the CR with 
the phase speed of the waves. If waves with several speeds are present the situation 
is a bit more involved, but the use of quasi-linear theory with the diffusion 
approximation for CR propagation gives the plasma-frame bulk speed of the 
particles in form (Schlickeiser, 1989) 
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where p and vv//=µ  are particle momentum and pitch-angle cosine, and 

( )( ) tpD p ∆∆∆= µµ 21  and ( )( ) tD ∆∆= 221 µµµ  are components of the momentum 
diffusion tensor in the CR kinetic equation. In general, the diffusion tensor 
components ( )pD ,µµµ  and ( )pD p ,µµ  are obtained by taking ensemble averages of 
the first-order corrections owed to wave fields to the helical particle orbit. For 
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parallel cold-plasma waves, they have been calculated by Steinacker and Miller 
(1992). Vainio et al. (2003a), however, show that the bulk speed ( )pV  in Eq. 2.20.8 
may be estimated without knowing the detailed form of these coefficients. They 
study the interaction of the CR particle with a single resonant wave mode with 
phase speed w. The interaction between the particle and the wave component can 
be viewed in the wave frame, where the wave’s magnetic field is static making the 
scattering elastic. Thus we may write the equation 0'=∆p  for the wave-frame 
momentum,  
 

( )( ) 21221' vwvwpp +−= µ ,                            (2.20.9) 
 
which leads to 
 

( )wvwpp µµ −∆=∆                                  (2.20.10) 
 
if terms of the order (w/c) are neglected. Thus in this case we may write for the ratio 
of the momentum-diffusion-tensor components  
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If several waves, numbered by α, are scattering the particle with given µ and p, we 
may write  
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and  
 

( )( ) ααα
α
µµ µµµ ,

221 gwvwvAD −−−=                (2.20.14) 

 
is the pitch-angle diffusion coefficient related to the wave α; αw  and α,gw  are the 
phase and group speeds of the wave α. In Eq. 2.20.14 coefficient ( )pAα  is 
proportional to the power in the magnetic field fluctuations of the wave α. Vainio 
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and Schlickeiser (1999a) note that this result agrees with Steinacker and Miller 
(1992), where both coefficients were calculated using quasi-linear theory directly. 
The combining of Eq. 2.20.11 and Eq. 2.20.12 with Eq. 2.20.7 allows one to 
calculate the CR bulk speed V(p) determined by Eq. 2.20.8, if the scattering 
frequencies as a function of wave frequency are specified. In particular, if the 
spectrum of waves as a function of wave number is steep enough, we may 
approximate αa  as unity for the resonant wave with the lowest wave number and 
zero for the others.  
 
2.21. Non-resonant pitch-angle scattering and parallel mean-free-
path 
 
2.21.1. The problem of the non-resonant pitch-angle scattering 

According to Ragot (1999) the scattering of charged particles through the zero 
pitch-angle cosine, µ, has long remained a challenging problem in the theory of CR 
particle transport, in a magnetic turbulence composed of plasma waves 
superimposed on a larger-scale regular magnetic field (see e.g., Bieber et al. 1994; 
Ragot, 1999 and references therein). The quasilinear theory (Vedenov et al., 1962; 
Jokipii 1966), which usually describes this problem of particle transport only 
includes the resonant interactions between the waves and the particles and, when 
the real spectral shape of the turbulence is taken into account, can fail to produce 
any significant scattering through µ = 0 at low particle’s rigidities. More 
sophisticated, nonlinear theories (see references in Ragot, 1999) require enhanced 
levels of fluctuations to achieve this scattering through µ = 0, which are not 
necessarily observed each time the particles are efficiently scattered. The 
occurrence of this problem of pitch-angle scattering at precisely µ = 0 is, however, 
somewhat surprising. Indeed, why should the point where µ = 0 always be the 
critical point, when µ is defined with respect to the main magnetic field oB , while 
locally the real field lines are not along oB ? The answer to this problem according 
to Ragot (1999) can be formulated in a quite simple form. In order to correctly 
describe the pitch-angle scattering through µ = 0, one must take into account the 
lower-frequency waves even if they are not in resonance with the particles,  
because they determine the local variations of the field line direction. The 
frequencies at which resonant interactions can take place between waves  
and particles depend on the particles’ rigidity and the dispersion relation of the 
waves. It appears that the most dramatic effect − extremely weak scattering and 
resulting divergence of the parallel mean free path − occurs when the resonant 
frequencies fall in the dissipation range of the turbulence, leaving the waves of the 
inertial range out of the wave-particle interaction description, despite the fact that 
these later lower-frequency waves are responsible for the local variations of the 
field line direction. This is the case, in particular, for low-rigidity CR in the solar 
wind. They cannot gyro-resonate with MHD waves in the inertial range of the  
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turbulence, below a few hundreds of MV when their pitch-angle cosine µ 
approaches 0, and below ≈ 1 MV for any µ. Gyro-resonance between waves of 
frequency ω (parallel wavenumber //k ) and particles of gyro-frequency 

 
( ) ( )( )γγ pop mmmcBq Ω==Ω                            (2.21.1) 

 
occurs when the condition 
 

0// =Ω±− tntzk jω                                  (2.21.2) 
 
is satisfied for some integer 1,0 ±=≠ jn  denoting forward and backward 
propagating waves. At small µ, less than the ratio Alfvén speed av  over particle 
speed v, no transit-time damping (TTD) interaction (n = 0 resonance) is possible 
either, with the fast magneto-sonic component of the spectrum. As a consequence 
the quasi-linear theory, which only takes into account the resonant interactions 
(gyro-resonant and TTD), predicts a very low pitch-angle scattering and a very long 
mean-free-path along the direction of the magnetic field lines. The original quasi-
linear prediction (Jokipii, 1966) gave a short parallel mean-free-path, but this was 
owing to the absence of cutoff in the turbulence spectrum. Latter measurements in 
the solar wind (Coroniti et al., 1982; Denskat et al., 1983) showed a strong 
steepening of the spectrum above the ion gyro-frequency ≈Ω po 1 Hz, with a 

spectral index γ going from γ ≈ −1.7 to γ ≈ −2.9, which is responsible for the 
‘divergence’ of the mean-free-path below about 100 MV. Besides this problem of 
cutoff and divergence the original quasi-linear mean-free-path in fact never gave the 
right dependence of λ as a function of rigidity R: λ kept decreasing with decreasing 
R, whereas the observational data show little dependence of λ on R for rigidities 
between 10−1 and 103 MV, which is known as the ‘flatness problem’. 

If it seems relatively clear that the problem of scattering through µ = 0 arises 
from the exclusion of the lower-frequency waves, the precise, quantitative 
prediction of the parallel mean free path for solar CR or small energy galactic CR, 
and the solution of the ‘flatness problem’, require a more detailed description of the 
process of wave-particle interaction, and of the turbulence. We do not know for sure 
what the real composition of the turbulence is. However, it is likely that the wave 
turbulence is made of Alfvén and fast magneto-sonic waves, because in a 
magnetized, low but finite β plasma ( 222 as vc=β , sc  being the sound speed) like 
the solar wind, these two types of waves are the less heavily damped. As for the 
distributions of k -vectors for these waves, Ragot (1999a) make following 
assumptions: as in the papers by Schlickeiser and Miller (1998), Ragot and 
Schlickeiser (1998a,b) and Ragot (1999b), a slab Alfvén turbulence (parallel  
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propagating, with k along oB ) and isotropic fast magneto-sonic waves. Ragot 
(1999a) presents the main lines of the derivation of the non-resonant pitch-angle 
scattering process with these waves, and shows that it very efficiently scatters the 
particles through µ = 0. Detailed calculations for this process can be found in the 
paper by Ragot (1999b), and fits of the parallel mean free path as a function of the 
rigidity, deduced from measurements for solar CR, are presented in Ragot, 1999c 
(see below, Section 2.21.5). The case of oblique Alfvén waves is also briefly 
considered in Ragot (1999c). In Ragot (1999a) the slab Alfvén waves, for reasons 
of symmetry, do not contribute to the non-resonant interaction process. Ragot 
(1999a) thus ignores them in the evaluation of this effect. 
 
2.21.2. Derivation of the non-resonant scattering process 

According to Ragot (1999a) gyro-resonance is very inefficient at scattering low 
rigidity CR, because most of the energy is in the waves that have much too low 
frequencies to be in gyro-resonance with these particles. The limit between gyro-
resonant and non gyro-resonant waves is given, for a linear dispersion relation of 
the waves aj jkv=ω , valid well below apoc vk Ω= , by: 
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which can be easily shown, for vva<µ , to be larger than 1 as soon as 
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Consequently, the equation of motion for a particle of momentum p, Lorentz factor 
γ, mass m, and charge q,  
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can be averaged on the short timescale 1−Ω (Ragot, 1999b) and for fast magneto-
sonic waves turbulence: 
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with kkk kx αωψ +−= t , k the norm of the wave-vector, η the cosine of the angle 
between k and oB , and kφ  the angle between k and the plane ( )zx, , the z-axis 
being along oB . Once averaged, the equation for the pitch-angle cosine, 
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becomes  
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in terms of the ‘constant’ speed v and Lorentz factor γ (φ denotes the gyro-phase of 
the particle, and p and oΩ , the norm of its momentum and non-relativistic gyro-
frequency, respectively). Integrating the time-averaged Eq. 2.21.8 on a time-scale 
short enough to keep the particles rigidity constant, and in the range of pitch-angles 

vva<µ  where the scattering by resonant processes is known to be the most 
deficient, it can be shown that the particles are in fact linearly pushed out of the 
small µ range by the low-frequency waves. Indeed, 
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with ( )( ) oaa

j tkvjvv −+= ηµαα kk'  constant on the time interval [ ]tto , , if we only 
keep in the spectrum the wave numbers smaller than ( )FM kKK ∆= ,min , K being 
the largest wave-number satisfying the condition: ( )( )( )poco Kktt Ω<<− 12π , and 

Fk∆  the actual width of the FMW spectrum. The contribution to the variation of µ 
from the wave-numbers larger than K is negligibly small, because it is given by the 
integral of an oscillating sine function of time and k. It was checked that there exists 
a time interval ott −  such that K is larger than the lower boundary of the spectrum, 
and vvao ≈− µµ , i.e., that the Eq. 2.21.9 holds until the particles leave the small-µ 
range. Once they have reached the boundary vva , they are efficiently scattered 
away by the transit-time damping interaction with the fast magneto-sound waves (in 
accordance with Schlickeiser and Miller, 1998; Ragot, 1999b). 

Averaging on many successive passages through this small-µ region, i.e., over 
the phases k'α , one can estimate the average exit time τ, and an equivalent 
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‘diffusion’ coefficient ( ) ( )τµµ 22vvD anr = . Assuming that the spectrum is a simple 

power law, i.e., qk −∝  above mk , one can write: 
 

( ) ( ) ( )
( ) 21

21

1
−

−

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

−Ω
≈ mM

q

m

cpa

o

a II
mk

kmvv

qb
vv

γδ
γτ                 (2.21.10) 

 
with  
 

( )( ) ( )∫ ∫−=
−

−−1

0

1

0

2
1

2212
,

2
,

1
η

ηηη
MmZ

qq
Mm ZJdZZdI ,             (2.21.11) 

 
where 
 

( ) ( ) ( ) ca

M

p
M

ca

m

pcpa

m
m kcv

K
cm

RZeZ
kcv

k
cm

RZe
kmvv

mkZ 22 ; === γ .             (2.21.12) 

 
The corresponding parallel mean-free-path will be 
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where it was assumed that the slowest scattering process still occurs at small µ. 
Ragot (1999) notes that despite the apparent dependence of the average exit time τ 
on the lowest wave number mk , which is very badly known, there is no problem of 
lower cut-off value. As was shown in Fig. 2.21.1, the lowest wavenumbers only 
give a negligible contribution at low rigidities, and the scattering process is 
dominated by higher and higher frequencies as the rigidity of the particles 
decreases. 
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Fig. 2.21.1. Logarithm of the non-resonant mean free path nrλ  for cF kk =∆ . The 
contribution from each ‘decade’ of the spectrum is given in dashed line starting, in the top of 
the figure, with the wavenumber interval ck610−  to ck510− . According to Ragot (1999a). 
 
2.21.3. Resulting mean free path and comparison with gyro-resonant 
model  

By the comparison of the found mean-free-path nrλ  with the one resulting from 
gyro-resonance with slab Alfvén waves (see Fig. 2.21.2), Ragot (1999a) shows that 
the non-resonant scattering process becomes much more efficient than the gyro-
resonant one below about 100 MV, even in the absence of spectral cut-off.  

 

 
Fig. 2.21.2. Mean free path λ, for 100cF kk =∆  and ca kk ≤∆ . Continuous line: nrλ ; thick 
dashed line: effective λ. Above a few 100 MV, λ results from gyro-resonance at vva<µ  
with Alfvén waves. Below 1 MV, for electrons, it is determined by TTD at vva≥µ . From 
Ragot (1999a). 
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Further comparison with the mean-free path derived from the smaller pitch-
angles indicates that the slowest scattering process does not occur around µ = 0 any 
longer for rigidities less than ≈ 1 MV. This again results from the upper steepening 
of the spectrum. Indeed, when the particles’ rigidity is really low, gyro-resonance 
also becomes impossible around 1=µ . As the transit-time damping interaction, 
which is owed to the compressive component of the magnetic field − along oB  − is 
very inefficient at these large µ , it produces a relatively large mean-free-path. 
Note that this mean-free-path is constant below ≈ 0.1 MV. Ragot (1999a) notes also 
that the developed theory can reproduce the main features of the parallel mean free 
path as a function of the particles rigidity − for electrons, down to 1 keV, and for 
protons, down to 1 or 10 MV. The flatness of the curve between 1 MV and 103 MV 
seems to require a steepening of the fast mode component of the turbulence 
spectrum above about ck210− . This is, in the presence of low-energy CR, plausible, 
given that the fast magneto-sonic waves in the range [ ]cc kk ,10 2−  give the main 
contribution to the transit-time damping acceleration process. 
 
2.21.4. Contribution from slab and oblique Alfvén waves to the non-
resonant pitch-angle scattering 

In Ragot (1999c) was shown that the slab Alfvén component of the spectrum, 
for reasons of symmetry, does not contribute to the non-resonant scattering and also 
oblique Alfvén waves do not produce any significant scattering by the non-resonant 
scattering process. In a turbulence of slab Alfvén waves the fluctuating fields 
consist of transversal left- and right-hand polarized waves propagating parallel and 
anti-parallel to the homogeneous magnetic field oB . The polarization of the waves 
is circular. It follows that the integral (over k) describing the variations of µ has an 
oscillatory integrand in ( )( )ϕψ +± kiexp , where kkk kx αωψ +−= t  and φ is the gyro-
phase of the particle. As a consequence, averaging over the particle gyro-period − 
the shortest timescale of the problem, see Ragot (1999a,b) − will just reduce the µ 
variation to a negligible contribution. The case of oblique Alfvén waves is close to 
the one of the oblique fast magneto-sonic waves presented by Ragot (1999a,b). 
When k is not along the main magnetic field oB , the Alfvén waves are linearly 
polarized waves with, if the inertia of the electrons is neglected, an electric field δE 
normal to oB , in the plane of k and oB . The magnetic field δB is normal to δE and 

oB . The different configuration of the magnetic field perturbation results here in an 
equation for the pitch-angle cosine µ of a form similar to Eq. 2.21.7, but where 

( )kk ϕϕψ −coscos j substitutes for ( )kk ϕϕψ −sincos j , kϕ  being the angle between k 
and the plane ( )zx, , with a z -axis along oB . The averaging of this equation over  
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the particle gyro-period will not permit to extract any constant term of significant 
amplitude, on the expected timescale of pitch-angle variation. Indeed, an expansion 
of ( )kk ϕϕψ −sincos j  in Bessel functions only displays oscillatory terms in 

( )kϕϕ −cos  or ( )kϕϕ −sin  with n a strictly positive integer. This, according to Ragot 
(1999c), shows that the contribution from oblique Alfvén waves to the non-resonant 
pitch-angle scattering is also negligible. 
 
2.21.5. Parallel mean free path: comparison of the theoretical predictions 
with the measurements 

If the Alfvén waves, as argued in the Section 2.21.4, do not produce any 
significant contribution to the pitch-angle scattering by the non-resonant effect, it 
means that the result obtained by Ragot (1999a,b) might already provide with a 
reasonable description of the CR scattering in the solar wind. Ragot (1999c) tried to 
compare her theoretical predictions with the measurements. The sensitivity of the 
mean free path to the characteristics of the fast magneto-sonic waves spectrum (in 
particular, spectral index and cutoff wave number) and the fact that the data 
obtained from different solar events are often presented together, without reference 
to the distinct events, makes this comparison difficult (see Fig. 2.21.3). 
 

 

 
 
Fig. 2.21.3. Parallel mean free path versus particle rigidity, in logarithm, for various solar 
events. The dots represent parallel mean free paths derived above 10 MV from proton 
observations, and below from electron observations, as published by Bieber et al. (1994). 
The theoretical curve, in the dashed line, has been obtained with cutoff of the Alfvén and 
fast magneto-sonic waves spectra at 0.4kc and 0.003kc, respectively; δba = 0.1, δbF = 0.13, 
and va = 10−4c . The extension of the plateau at very low rigidities is directly related to the 
cut-off wavenumber of the Alfvén spectrum. This cut-off value is observed in the solar wind 
at about kc. A value of 0.4kc to produce the best fit presented here is reasonable, since the 
precise characteristics of the turbulence spectra might vary during a solar event from those 
of the ‘quiet’ solar wind. From Ragot (1999c). 

 
From Fig. 2.21.3 it can be seen that the theoretical curve globally fits the data 

points. The dispersion of the points around the theoretical curve presented on Fig. 
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2.21.3 should not be interpreted as uncertainty of the measurements, or 
inappropriateness of the theory to fit all the data. The data shown on Fig. 2.21.3 
have been obtained from many different solar events. Their dispersion only 
indicates that the turbulence spectrum in the solar wind varies from one event to 
another. Ragot (1999c) has studied how the theoretical prediction is modified by 
variations of the turbulence spectrum, both fast magneto-sonic and Alfvén 
component. There was found a rather strong sensitivity of the theoretical prediction 
on the precise shape of the spectra. Even if the main features of the curve in Fig. 
2.21.3 are preserved (e.g., separation in three domains where the transit-time 
damping, non-resonant and gyro-resonant interactions successively determine the 
parallel mean free path), it is always possible to find a curve which will fit one 
subset of data points, keeping reasonable turbulence spectra. Ragot (1999c) fits in 
Fig. 2.21.4 one particular event, namely Nov 22, 1977, which looks very similar to 
Dec 27, 1977, and Apr 11, 1978 (see Beeck et al., 1987; Valdes-Galicia et al., 1988; 
Dröge et al., 1993). All the measurements, for this particular event, appear to be in 
the range where the non-resonant interaction with the fast magneto-sonic waves 
dominates. It would be necessary, in order to validate the theory and obtain the 
whole information on the turbulence spectra, to have data for single events over a 
broader range of rigidities, spanning the intervals where the transit-time damping 
(below 1 MV) and gyro-resonant (above 310  MV) interactions determine the 
parallel mean free path. 

 

 
 
Fig. 2.21.4. Parallel mean free path versus particle rigidity for the solar event of Nov 22, 
1977 measured by Helios-1 (Beeck et al., 1987; Valdes-Galicia et al., 1988; Dröge et al., 
1993). From Ragot (1999c). 
 
The circles represent measurements for electrons, and the disks for protons. The 
theoretical curve remains valid on the whole range of rigidities for electrons. It  
only holds above about 10 MV for protons, but all the data for protons are  
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obtained above 20 MV, so the theory is consistent with the observations presented 
in this figure and Fig. 2.21.3. The measurements for this particular event appear to 
be in the range where the non-resonant interaction with the fast magneto-sonic 
waves dominates. The theoretical curve in thick dashed line is calculated with an 
Alfvén spectrum of Kolmogorov type up to kc, and a fast mode wave spectrum 
damped above 3.2×10−3kc, with a spectral index of 1.35 below. The continuous line 
plots the mean free path resulting from the non-resonant interaction alone, assuming 
that the slowest scattering process occurs at small µ. From Ragot (1999c). 
 
2.22. On the cosmic ray cross-field diffusion in the presence of 
highly perturbed magnetic fields 
 
2.22.1. The matter of the problem 

According to Michałek and Ostrowski (1999), the investigation of CR transport 
in highly perturbed magnetic fields raises a number of issues which are poorly 
understood. In particular, an analytic theory enabling derivation of particle diffusion 
across the magnetic field is still not available. The quantitative analytical 
derivations of the cross-field diffusion coefficient ⊥κ  in turbulent magnetic fields 
are limited to small perturbation amplitudes, oBB <<δ  (e.g. Jokipii, 1971; 
Achterberg and Ball, 1994). A significant result in this respect was achieved by 
Giacalone and Jokipii (1994), Jones et al. (1998). They provided a proof that the 
cross-field diffusion requires a three-dimensional nature of the turbulent field. A 
process of particle cross-field diffusion in high amplitude Alfvénic turbulence is 
considered in Michałek and Ostrowski (1997, 1998, 1999) using the Monte Carlo 
particle simulations. They derive the cross-field diffusion coefficient ⊥κ  in the 
presence of different 1-D, 2-D and 3-D turbulent wave field models. Vanishing of 

⊥κ  in 1-D turbulence models is used as an accuracy check for the numerical 
computations. They found substantial differences in the cross-field diffusion 
efficiency at the same perturbation amplitude, depending on the detailed form of the 
turbulent field considered. Michałek and Ostrowski (1997, 1998, 1999) reproduced 
the expected increase of ⊥κ  with the growing power of waves propagating 
perpendicular to oB . Substantially larger values of ⊥κ  appear in the presence of 
long compressive fast-mode waves in comparison with the Alfvén waves. This 
result was interpreted in terms of particle drifts in non-uniform magnetic fields. In 
some cases an initial regime of sub-diffusive transport appears in the simulations.   
 
2.22.2. Description of Monte Carlo particle simulations 

Michałek and Ostrowski (1997, 1998, 1999) considered an infinite region of 
tenuous plasma with a uniform mean magnetic field along the z-axis. It is  
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perturbed by propagating MHD waves (described below in Section 2.22.3 for 
different turbulence models). Test particles are injected at random positions into 
this turbulent magnetized plasma and their trajectories are followed by integrating 
particle equations of motion in space and momentum. By averaging over a large 
number of trajectories one derives the required diffusion coefficients for turbulent 
wave fields. In the simulations 500 relativistic particles were used with the same 
initial velocity inv = 0.99c in an individual run.   
 
2.22.3. Wave field models  

For high amplitude waves there are no analytic models available reproducing 
the turbulent field structure. Because of that, in Michałek and Ostrowski (1997, 
1998, 1999) approximate models representing such fields are considered, with 
turbulence represented as a superposition of Alfven or fast-mode waves. The wave 
parameters (wave vectors k, wave amplitudes oBδ  and initial phases φ) are drawn in 

a random manner from the flat ( ( ) 1−∝ kkF ) or the Kolmogorov ( ( ) 35−∝ kkF ) wave 
spectra. The wave vectors are expressed in units of the ‘resonance’ wave vector 

 
( )ogres pBrk ,2π=                                   (2.22.1) 

 
for the injected particle with momentum opp = in the mean magnetic field 
 

( ) 2122 BBB o δ+= .                                 (2.22.2) 
 
The wave vectors are selected from the range 0.08 resk  < k < 8.0 resk . Integration 
time is expressed in units of mceBoo γ=Ω . The magnetic field fluctuation vector 
related to the wave ‘i’, ( )iBδ , is given in the form: 
 

( ) ( ) ( ) ( ) ( )( )iiii
o

i tk φωδδ −−= rBB sin .                         (2.22.3) 
 

In Michałek and Ostrowski (1997, 1998, 1999) are considered the following 
turbulence models: 

(i) Linearly polarized plane waves  (model A) 
In this model are considered superposition of plane Alfven waves propagating with 
the same intensity along the z-axis, in the positive (forward) and the negative 
(backward) direction. 

(ii) ‘Wave-packets’ models (two models B1 and B2) 
It was proposed a simple extension of the above model A to three dimensions by 
considering wave packets, involving wave modulation in one direction  
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perpendicular to the propagation direction by using Eq. 2.22.3 for ( )iBδ , where the 
phase parameter is subject to sinusoidal modulation. Two types of modulation 
(presented for the x-components in Eq. 2.22.3) are considered: model B1 with the 
‘smooth’ sinusoidal modulation characterized by 
 

( )( ) ( )( )yky i
y

i
x sin=φ ,                                 (2.22.4) 

 
and model B2 with the ‘sharp-edged’ modulation characterized by 
 

( )( ) ( )( )i
y

i
x kyy 1mod=φ .                              (2.22.5) 

 
The y-components can be obtained from Eq. 2.22.4 and Eq. 2.22.5 by interchanging 
x and y. Vectors ( )i

xk  and ( )i
yk  are drawn in a random manner from the respective 

wave-vector range for ( )ik . 
(iii) Oblique MHD waves (four models C-AF, C-AK, C-MF, and C-MK) 

There was considered a superposition of plane MHD waves propagating obliquely 
to the average magnetic zoo B eB ≡ . The wave propagation angle with respect to oB  
is randomly chosen from a uniform distribution within a cone (‘wave-cone’) along 
the mean field. For a given simulation two symmetric cones are considered centered 
along oB , with the opening angle 2α, directed parallel and anti-parallel to the mean 
field direction. The same number of waves is selected from each cone in order to 
model the symmetric wave field. For the model (iii) four different turbulent fields 
were considered characterized with parameters α and δB and labeled as follows:  
• Alfven waves with the flat wave spectrum (model C-AF),  
• Alfven waves with the Kolmogorov spectrum (model C-AK),  
• Fast-mode magneto-sonic waves with the flat spectrum (model C-MF),  
• Fast-mode magneto-sonic waves with the Kolmogorov spectrum (model C-

MK).  
 
2.22.4. Simulations for Alfvenic turbulence models A, B1, B2  

Examples of the derived formal (e.i., the derived particle dispersion squared and 
divided by the integration time multiplied by two) cross-field diffusion coefficients 
versus the integration time are presented for the considered Alfvénic turbulence 
models A, B1, and B2 in Fig. 2.22.1.  
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Fig. 2.22.1. Examples of simulated ⊥κ  versus the integration time t. The power-law fits of 
the cross-field  particle dispersion 2x∆  are presented for the model A and for the initial 

part of the curve for the model B2 (A, B and C are constants). A constant fit is provided for 
the model B1. From Michałek and Ostrowski (1999).  

 
For the one dimensional plane wave model A one can note that (as required by 

Giacalone and Jokipii, 1994) the cross-field diffusion coefficient falls off as 1−∝ t , 
as  expected for a particle dispersion constant in time. An important feature seen in 
Fig. 2.22.1 is that the value of ⊥κ  depends substantially on the assumed shape of 
the magnetic field perturbations. For the same amplitude and a ‘similar’ form of 
modulation applied in models B1 and B2 the diffusion coefficient values can differ 
by more than an order of magnitude. For the model B2 (sharp-edge modulated 
waves), the regime of sub-diffusive transport across the mean magnetic field is 
discovered on a short time scale, with ⊥κ  slowly decreasing in the beginning and it 
approaches a constant value at large t. This time evolution of particle spatial cross-
field dispersion differs from the one expected for the ordinary diffusion, with a 
short initial free-streaming followed by the phase with ⊥κ  fluctuating near some 
constant value. The observed behavior reflects the restraining influence of 
stochastic particle trapping by large amplitude magnetic waves. When inspecting 
the initial part of the curve for the model B1, one observes in a narrow time range 
an analogous sub-diffusive evolution of particle distribution. In this case the 
ordinary particle cross-field diffusion is much larger than in the case B2 and 
particles decorelate from any given ‘trap’ much earlier. Numerical experiments 
performed by Michałek and Ostrowski (1997, 1998, 1999) proved that  
the phenomenon is caused by the long distance correlations introduced  
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by the longest waves. In Fig. 2.22.2 are presented the simulated values of ⊥κ  versus 
the wave amplitude δB.  
 

 

 
 
Fig. 2.22.2. The simulated values of ⊥κ  versus δB for the wave models B1 and B2. Solid 
lines join the results obtained using fitting procedure. The adjacent dashed lines provide 
information about errors as they join the maximum (or respectively minimum) values of the 
quantity measured within the range used for fitting. From Michałek and Ostrowski (1999).  

 
For the 3-D turbulence models considered Michałek and Ostrowski (1997, 

1998, 1999) proved the possibility of substantial (by more than one order of 
magnitude at the same δB) difference in ⊥κ  between at first glance similar 
turbulence models. Such a difference does not disappear for δB ≥ 1. The reason for 
this difference is a more uniform modulation pattern in model B2 with respect to 
B1. The value of ⊥κ  is closely related to the value of the magnetic field line 
diffusion coefficient mD  (Michałek and Ostrowski, 1997), but the growth of the 
wave amplitude is accompanied by a slight increase in the ratio of mD⊥κ . This 
corresponds to the relative increase of the particle cross-field scattering owed to 
particle-wave interactions relative to the diffusion caused by magnetic field line 
wandering.  

 
2.22.5. Simulations for oblique MHD waves models C-AF, C-AK, C-MF, 
and C-MK 

The derived values of ⊥κ  for different wave-cone opening angles and for 
different turbulence amplitudes are presented in Fig. 2.22.3. For the flat spectrum 
turbulence a systematic increase of ⊥κ  with amplitude occurs and the rate of this 

increase roughly scales as 2Bδ . The value of ⊥κ  at any given δB is a factor ~ 10  
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larger for the fast-mode waves in comparison to the Alfven waves. It grows 
substantially with the increasing wave cone opening α, i.e. with increasing power of 
waves perpendicular to the mean magnetic field. For the Kolmogorov spectrum a 
dependence of ⊥κ  on the perturbation amplitude is flatter, the values of the cross-
field diffusion coefficient at small δB are larger and there is a smaller difference 
between the fast-mode waves and the Alfven waves. 
 

 

 
 
Fig. 2.22.3. Variation of the cross-field diffusion coefficient ⊥κ  versus the perturbation 
amplitude δB and the wave propagation anisotropy (angle α) for the flat spectrum and the 
Kolmogorov spectrum. Results for the Alfven turbulence (thin lines) and the fast-mode 
turbulence (thick lines with indicated simulation points) are superimposed on the same 
panels. From Michałek and Ostrowski (1999). 
 

The characteristic features seen in Fig. 2.22.3 can be qualitatively explained 
with the use of simple physical arguments discussed by Michałek and Ostrowski 
(1998). Results presented there show much larger increases of respective mD  than 

⊥κ . It proves that in the range of δB considered here ⊥κ  is in a substantial degree 
controlled by the cross-field drifts and the resonance cyclotron scattering, and not 
by the field line diffusion. Michałek and Ostrowski (1999) stressed that the 
substantial cross-field shifts accompany wave particle interaction involving the so 
called ‘transit time damping resonance’, where for the effective cross-field drift, the 
particle velocity //v  and the wave phase velocity //V  along the mean field are 
approximately equal ( avV =//  for the Alfven waves and ( )//// kkvV a=  for the 

magneto-sonic fast-mode waves). For cva
310−=  and v = 0.99c considered in the 

described simulations a noted difference between ⊥κ  for the Alfven and the fast-
mode waves occurs as a result of satisfying the resonance condition in a wider 
range of //v  by oblique fast-mode waves. Another difference arises from the linear 
compressive terms occur only in fast-mode waves. It enables for gradient drifts at 
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small perturbation amplitudes and enables particle cross-field transport when 
interacting with long waves.   
 
2.23. Dispersion relations for CR particle diffusive propagation 
 
2.23.1. The matter of the problem and denominations 

Kόta (1999) introduced and evaluated the dispersion relations for CR particles 
diffusive propagation. He presented illustrative examples for cases including 
dominant helicity, focusing, and hemispherical scattering. It was shown that the 
dispersion relations can be quickly computed and can be a useful diagnostic tool for 
exploring the validity range of various approximations. The matter of the problem is 
as following. 

The evolution of the distribution function ( )tzf ,,µ  for CR particle diffusive 
propagation in time t, space z, and cosine of pitch-angle µ is governed in the 
simplest rectilinear geometry by the equation 
 

µµ
µ µµ ∂

∂
∂
∂=

∂
∂+

∂
∂ fD

z
fv

t
f ,                               (2.23.1)  

 
where µµD  is the pitch-angle scattering coefficient. Eq. 2.23.1 is often 
approximated by the diffusion equation which operates with the omni-directional 
density ( ) ( )tzftzfo ,,, µ= only (< > indicates average over µ). The diffusion model 
is inaccurate for short times and fails to describe the early phase of SEP events. 
Several efforts have been made to improve the diffusion model. Fisk and Axford 
(1969) introduced the telegrapher’s equation. According to Kόta (1999), the 
modified equations can be written in the general form of  
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where α = 0, Λ = 0 corresponds to the standard diffusion equation, α = 1, Λ = 0 
yields the telegrapher’s equation. Pauls et al (1993) suggested a cross-derivative 
term (Λ ≠ 0) to account for a possible dominant helicity in the random component 
of the Heliospheric magnetic field. Gombosi et al (1993) pointed out that a 
modified α, which depends on the actual form of µµD  gives better approximation. 
The right hand side of Eq. 2.23.2 includes adiabatic focusing owed to the possible 
divergence of field lines (A(z) is the area element, and L is the focusing length, with 

zAL ∂∂= ln1 ).  
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One way to explore these approximations is to look at the dispersion relations 
they yield. Kόta (1999) supposes to consider the solution for ( )tzf ,, µ  as a sum of 
eigenfunctions ( ) ( )vtikzkF −exp,µ . Eq. 2.23.2 then transforms into  

 
( ) 3222 Likkvvkviv −−=−Λ+ τα .                         (2.23.3)  

 
2.23.2. Dispersion relations for diffusion and telegrapher’s equations  

The resulting dispersion relations v(k), evaluated in Kόta (1999) from Eq. 
2.23.3, are shown in Fig. 2.23.1. Here there is covered only the half plane, 
obviously Re(v) is an even and Im(v) is an odd function of k. To use dimensionless 
quantities, Kόta (1999) takes the particle speed, v, and the scattering time, τ, to be 
unity (v = τ = 1). These dispersion relations of the approximations can then be 
compared to those obtained from the full Eq. 2.23.1. In general, the full equation 
has an infinite number of eigenfunctions and eigenvalues (see Earl, 1974). In Kόta 
(1999) it was focused on the two lowest eigenvalues which are the most important 
in determining the evolution of the particle density and anisotropy. Clearly the 
value of α appears in 1v (k = 0), whilst a non-zero Λ would appear as a non-zero 
(imaginary) value of dkdv1 at k = 0. The dispersion relations for the ‘billiard-ball’ 
scattering were first given by Fedorov and Shakhov (1993). ‘Hemispherical’ 
scattering was considered by Kόta (1994).  
 

 

 
 
Fig. 2.23.1. Dispersion relations for the diffusion (dotted line) and the telegrapher’s 
equation (solid lines). From Kόta (1999). 
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2.23.3. Dispersion relations in general case 
For the sake of simplicity Kόta (1999) assume that both µµD  and the focusing 

length L are independent of location, which corresponds to an exponentially 
diverging geometry (according to Earl, 1981). The pitch-angle scattering coefficient 

µµD  is allowed to be arbitrary function of µ, so it was assumed that 
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In this formulation σ accounts for helicity (Bieber et al., 1987) and τ represents the 
effective scattering time so that the resulting spatial diffusion coefficient along the 
magnetic field lines will be  

32
// τκ v=                                            (2.23.5) 

 
according to Hasselman and Wibberenz (1970). The Fokker-Planck equation 
including focusing can then be rewritten as  
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where ( ) LG µλµ =∂∂  (Kunstmann, 1979). In terms of the eigenfunctions ( )µ,kF  
reads as  
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The eigenvalues ( )kvv j=  (j = 0,1,2,…) are complex in general. Slow spatial 

variation corresponds to k ≈ 0. At k = 0 the lowest eigenvalue is always ov  = 0, 
corresponding to the completely homogeneous and isotropic solution, and all the 
other eigenvalues are real and the eigenfunctions are identical with the 
eigenfunctions of the scattering operator (Earl, 1974). Moving from k to k + δk the 
eigenfunctions and eigenvalues change to F + δF and v + δv, yielding  
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Multiplying Eq. 2.23.8 by ( )µ,kF  and integrating over µ, the left hand side should 
vanish  
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+
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2 0µµδδ µ deFkvivF G ,                   (2.23.9)  

 
hence the variation of v(k) is given by  
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.                                    (2.23.10)  

 
The derivative dv/dk is the group velocity, which can be associated with the 

coherent propagation speeds while the second derivative 
22 dkvd is characteristic of 

the dispersion and can be associated with the diffusion coefficients. It can be shown 

that for the rectilinear case 
22 dkvd  at k = 0 exactly returns the diffusion coefficient 

derived by Hasselman and Wibberenz (1970). Kόta (1999) presents some examples 
to illustrate the method for various kinds of scattering. It was assumed that the 
dependence of µµD  was as given in Eq. 2.23.6. Clearly, q = 0, σ = 0 describes 
isotropic scattering, σ ≠ 0 implies dominant helicity, whilst q ≈ 1 represents 
hemispherical scattering. Kόta (1999) consider both rectilinear and focusing 
geometries with a constant focusing length L. 
 
2.23.4. Dispersion relations for isotropic pitch-angle scattering  

The simplest scattering is isotropic pitch-angle scattering. Then the 
eigenfunctions at k = 0 are the spherical harmonics, whilst the eigenvalues are 

( ) τ21+= jjv j  (j = 0, 1, 2, …). The variations of ( )kvo  and ( )kv1  as function of k 
are shown in Fig. 2.23.2.  
 

 
Fig. 2.23.2. ( )kvo  (solid line) and ( )kv1  (dashed line) for isotropic pitch-angle scattering 
without a dominant helicity (σ = 0, left) and with a dominant helicity (σ = 0.5, right). From 
Kόta (1999). 
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From Fig. 2.23.2 can be seen that for isotropic pitch-angle scattering the general 
pattern is similar to that of the telegrapher’s equation (compare with Fig. 2.23.1), 
but there are noticeable differences at the same time.  
 
2.23.5. Dispersion relations for the cases with dominant helicity  

Bieber et al. (1987) called attention to the possible role of a dominant helicity, 
which introduces an asymmetry into µµD . Fig. 2.23.3 shows the dispersion 
relations for a dominant helicity characterized by σ = 0.5.  
 

 
 
Fig. 2.23.3. Dispersion relations for a focusing geometry (L = 1), with σ = + 0.5 (+) and σ = 
− 0.5 (−) helicities. According to Kόta (1999).  
 

Kόta (1999) notes that the imaginary part of the derivative dkdv1  becomes 
finite at k = 0 in accord with the predictions of Eq. 2.23.2 for a non-zero value of Λ 
(Pauls et al., 1993).  
 
2.23.6. Dispersion relations for focusing scattering   

Adiabatic focusing becomes important when field lines diverge on a scale 
comparable with or smaller than the scattering mean free path. According to Kόta 
(1999) focusing appears in Eq. 2.23.8 through the function G(µ). In a focusing 
geometry, Eq. 2.23.3 suggests that κ can be obtained as dkiLdvo−=κ at k = 0. 
Since the zeroes eigenfunction oF  is always constant at k = 0, Eq. 2.23.10 
immediately leads to 

GG eevL −−−= µκ .                                 (2.23.11)  

 
which is identical to the expression inferred by Bieber and Burger (1990) using a 
Born approximation. Bieber et al. (1987) pointed out that the combined effect of 
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focusing and dominant helicity leads to charge dependence in κ. This effect is 
clearly demonstrated in the dispersion relations shown in Fig. 2.23.3 for a focusing 
length L = 1, and helicities σ = 0.5 and σ = − 0.5. Both the curvature of ( )ovRe  and 
the slopes of ( )ovIm  at k = 0 indicate different effective diffusion coefficients for 
the two different signs of helicity.  
 
2.23.7. Dispersion relations for hemispherical scattering   

A case of particular importance is the hemispherical scattering when particles 
are strongly scattered both in the µ < 0 and µ > 0 hemispheres but scattering through 
µ = 0 is restricted. Such a case is described, for instance, by q ≈ 1 or, in another 
formulation, by the introduction of two distinct levels +f  and −f  for the two 
hemispheres. The equations for ±f  have been developed and discussed in detail by 
Isenberg (1997) and Schwadron (1998). Fig. 2.23.4 shows the dispersion relations 
for q = 0.9 for a rectilinear case, without focusing (left panels), and for a focusing 
scenario (L = 1).  
 

 
 
Fig. 2.23.4. Hemispherical scattering (q = 0.9) for rectilinear (left) and focusing (L = 1, 
right) geometries. According to Kόta (1999). 
 
From Fig. 2.23.4 it can be seen that for the rectilinear case the dispersion relations 
are quite similar to those of the telegrapher’s equation (see Fig. 2.23.1). Moreover, 
the higher eigenvalues jv  (j = 2,3,…) are remarkably large. For instance, the 

second eigenvalue is already 2v  ≈ 23, thus the contributions from the higher 
eigenfunctions vanish quickly and can be neglected. This also reaffirms that the use 
of the two distinct levels, −f  and +f  is a good approximation. For the evolution of 

+f  and −f , Kόta (1999) suggest the coupled equations 
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which, in the focusing term, are somewhat different from the equations of 
Schwadron (1998) and Isenberg (1997). Combining Eq. 2.23.12 and Eq. 2.23.13 
leads to  
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implying a modification of ( )kvo  owed to the effect of focusing. The right panels of 

Fig. 2.23.4 show that, as expected from Eq. 2.23.14, the dispersion 22 dkvd  does 
indeed decrease in the presence of focusing.  
 
2.24. The dynamics of dissipation range fluctuations with 
application to CR propagation theory  
 
2.24.1. The matter of the problem 

According to Leamon et al. (1999a), relatively few studies of the dissipation 
range of interplanetary magnetic turbulence exist when compared to the inertial 
range at lower frequencies. Fig. 2.24.1 shows an example of a high-resolution 
spectrum taken by the WIND spacecraft in near-Earth orbit and its associated 
reduced magnetic helicity spectrum.  

From Fig. 2.24.1 can be seen that the inertial range spectrum terminates at 0.44 
Hz in a spectral break to a steeper spectral index. This break marks the onset of the 
dissipation range. The possible involvement of ion cyclotron activity in the 
observed onset of steepening has been discussed by Behannon (1976) and Denskat 
et al. (1983). In all events observed by Leamon et al. (1999a) this steepening of the 
dissipation range sets in at π2pscf Ω> , where pΩ  is the proton cyclotron 
frequency, but the SWVk ⋅  Doppler shift makes it likely that pΩ<ω . In the 
spacecraft’s frame it may be found that as a reasonable first approximation, the 
break frequency scf  is about 4 times the gyro-frequency π2pΩ .  

Although the dissipation range contains very little energy, it is important 
because low rigidity particles and all particles at large pitch-angles become  
resonant with fluctuations at those scales. Magneto-static quasi-linear scattering  
by the 'slab' geometry which omits consideration of the dissipation range gives too 
much scattering, especially at low rigidity. To counter this Bieber et al. (1988) and 
Smith et al. (1990) argue that incorporation of a dissipation range in magneto- 
static scattering significantly alters the mean-free-paths of energetic particles. 
Bieber et al. (1994) employ the dissipation range, together with magneto-dynamic  
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effects, to produce mass-dependent mean-free-paths that are distinct from the usual 
rigidity-dependent forms. This leads to differing mean-free-paths for protons and 
electrons of equal rigidity, in general agreement with a large class of solar energetic 
particle observations. Understanding supra thermal particle scattering therefore 
requires better determination of the turbulence geometry, i.e., the direction of k. 

 

 
 
Fig. 2.24.1. Typical interplanetary power spectrum showing the inertial and dissipation 
ranges: (a) Trace of the spectral matrix with a break at ≈ 0.4 Hz where the dissipation range 
sets in; (b) The corresponding magnetic helicity spectrum. According to Leamon et al. 
(1999a). 
 

Traditionally the reported observation of magnetic fluctuations perpendicular 
to the mean magnetic field (Belcher and Davis, 1971) has been used to motivate 
k B. However, the possibility that an energetically significant fraction of the  
wave vectors could be nearly at k ⊥ B was shown by Matthaeus et al. (1990). Bieber 
et al. (1996) assumed a composite two-dimensional (2D)/slab model for  
the magnetic turbulence and determined that in the inertial range there is a  
dominant (≈ 85% by energy) 2D component. The 2D component does not 
contribute to resonant scattering of very energetic particles (CR) and can explain  
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the observed problem of ‘too small’ CR mean free paths (Bieber et al., 1994). 
Whereas Bieber et al. (1996) considered solar particle events, we shall extend their 
methods to the undisturbed solar wind and in frequency to the high-frequency end 
of the inertial range (∼ 0.02 to ∼ 0.2 Hz) and the low-frequency end of the 
dissipation range (∼ 0.5 to ≤ 2 Hz).  
 
2.24.2. Magnetic helicity according to WIND spacecraft measurements 

The results presented by Leamon et al. (1999a) are based on the analysis of 33 
one-hour intervals of quiet solar wind data from the magnetic field and thermal 
plasma instruments of the WIND spacecraft. This data set and the method of 
analysis is described in detail by Leamon et al. (1998). For the 33 quiet solar wind 
intervals the spectral indices of the inertial range were between −1.46 and −1.93, 
with an average of −1.67. The dissipation range indices range from −1.93 to −4.43, 
with the average being −3.01. No clear correlation between the fitted indices of the 
two ranges is observed. The panel b in Fig. 2.24.1 shows the reduced magnetic 
helicity spectrum for that interval. Note the negative signature at dissipation 
frequencies, averaging −0.275 over those frequencies used to compute the 
dissipation range spectral slope. If there is finite magnetic helicity, the sign of the 
particle's charge can enter into the rigidity dependence of the mean free path as a 
second order effect (Goldstein and Matthaeus, 1981; Bieber et al., 1987, 1994). This 
is accomplished by changing the amount of energy available for resonant scattering 
by adjusting the net polarization of the power spectrum within any given range. 
Perhaps more importantly, nonzero magnetic helicity can lead to resonant scattering 
dependent on the sign of the particle’s charge. The apparent depletion of outward 
propagating Alfvén waves at frequencies comparable to the proton gyro-frequency 
naturally suggests resonant cyclotron damping of such Alfven waves as the leading 
candidate for the formation of the dissipation range.  
 
2.24.3. Anisotropy according to WIND spacecraft measurements 

The classic study of inertial range magnetic fluctuations is that of Belcher and 
Davis (1971). They defined a coordinate system relative to the mean magnetic  
field direction B̂ , and radial direction R̂ , according to ( ){ }B,RBB,RB ˆˆˆˆˆˆ ×××  and 
showed that the average variances for these three components are in the ratio  
5:4:1. Leamon et al. (1999) note that this implies a ratio for the total variance 
transverse to aligned with the mean field of 9 : 1. This high level of anisotropy is  
in accordance with the fluctuations consisting of Alfvén waves. Leamon et al. 
(1999a) define //P  to be the power in fluctuations parallel to B̂  and ⊥P  to be the 
total power in both components perpendicular to the mean field. For the high-
frequency end of the inertial range it was find a mean //PP⊥  ratio of 14 : 1, with a 
range 3.0 ≤ //PP⊥ ≤ 53.2. For the dissipation range there was found a mean ratio of 
5.4:1 with a range 2.36 ≤ //PP⊥ ≤ 12.8. The dissipation range ratios //PP⊥  are  
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consistently less than inertial range ratios, implying a decreased importance of 
transverse fluctuations in the dissipation range and an increase in the compression 
of the plasma at these scales.  
 
2.24.4. Slab waves and 2D turbulence according to WIND spacecraft 
measurements 

The Belcher and Davis (1971) anisotropy is usually taken as evidence of slab 
waves, even though it is consistent with 2D turbulence. By 2D turbulence is meant 
fluctuations which have wave-vectors that are nearly transverse to B. Most people 
interpret Belcher and Davis (1971) 5:4:1 anisotropy as a //PP⊥ = 9:1 ratio; the 5:4 
part is considered physically unimportant. However, there is physical meaning to 
the ratio of the power in the two perpendicular directions (i.e., x̂  and ŷ  in the 
mean-field coordinate system outlined in Section 2.24.3), and reason to expect that 
they should not be equal. Following Bieber et al. (1996), in a test based on the 
analysis of Oughton (1993) this ratio was used as a direct link to the percentage of 
slab waves and 2D modes in the fluctuations. Bieber et al. (1996) use a coordinate 
system that is a 90° right-handed rotation away from Belcher and Davis (1971) 
around the ẑ  or B̂  axis). In the analysis that follows Bieber's conventions were 
used such that RBy ˆˆˆ ×= . It was assumed that the magnetic fluctuations consist of a 
mixture of slab and 2D geometries and compute their relative strengths from the 
ratio of transverse spectral powers: SC  and DC2  are the amplitudes of the slab and 
2D components, respectively; i.e., the slab spectrum in the range of interest is 
parameterized by q

SkC −  and the 2D spectrum by q
DkC −

2 . It was further assumed 
that the two components obey the same power law (that is, they have the same 
spectral index −q). This is equivalent to the statement that xxP  and yyP  obey the 
same power law, which is not strictly obeyed, at least not within data set, but is 
approximately true. The ‘slab fraction’  

 
( )DSS CCCr 2+= ,                                   (2.24.1) 

 
is the contribution of the slab component to the energy spectrum, relative to the 
total energy. From Bieber et al. (1996) and the above definition leads to the 
following formula for the ratio of power between components:  
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The ratio xxyy PP  (which becomes independent of frequency in the relevant range) 
and the parameters SWV , θ, the angle between the magnetic field and solar wind’s 
velocity, and q are derivable from observations by a single spacecraft. Thus the only 
unknown in Eq. 2.24.2 is ratio SD CC2 , which, in turn, gives the slab fraction r 
determined by Eq. 2.24.1. For the ‘middle’ of the inertial range, Bieber et al. (1996) 
conclude that IMF geometry is ∼ 85% 2D and only ∼ 15% slab waves. Results of 
Leamon et al. (1999a,b) provide an essentially identical result for the high-
frequency end of the inertial range, with ∼ 89% of the energy in 2D fluctuations. In 
the dissipation range, on the other hand, the 2D component falls to ∼ 55%, which it 
may explain by preferential dissipation of 2D structures. In terms of application to 
scattering theory, the large 2D component reduces the overall scattering rate by the 
same percentage. Perpendicular wavevectors are inefficient scatterers of particles, 
essentially making their percentage of the total energy unavailable for particles. In 
Leamon et al. (1998, 1999a,b) have shown that there is both observational and 
theoretical evidence to support the claim that the dissipation range forms as the 
result of dissipating energy associated with wave vectors at large angles to the mean 
magnetic field. This is consistent with inertial range studies (Matthaeus et al., 1990; 
Bieber et al., 1996) that indicate the same geometry at these larger scales and CR 
mean-free-path analyses (Bieber et al., 1994). The results described above are 
expected to aid in the refinement of ongoing CR propagation analyses. Also 
important is to examine the possible role of magnetic helicity within the dissipation 
range in determining CR propagation. Since resonant scattering of large pitch-angle 
particles by the dissipation range is balanced against magneto-dynamic effects and 
other considerations, the possible role of helicity at the small scales is unclear.  
 
2.25. A path integral solution to the stochastic differential equation 
of the Markov process for CR transport 
 
2.25.1. The matter of the problem 

CR transport in interplanetary or interstellar magnetic fields is often studied in 
the framework of diffusion models (e.g., Parker, 1965; Ginzburg and Ptuskin, 
1975). For interplanetary transport a Fokker-Planck diffusion equation for the 
isotropic part of the CR distribution function can be derived from the collisionless 
Boltzmann equation with the help of observations of interplanetary magnetic  
fields (Skilling, 1976). The mechanism for motion of CR in the interstellar  
medium is not yet clear simply because of insufficient information on the 
interstellar medium and the galactic magnetic field. But on the overall scale size  
of the galaxy and on the time scale of CR life time (∼ 107 years) the diffusion 
approximation seems to be a suitable approach because it is consistent with the 
observation of small CR flux anisotropy and large amount of secondly produced  
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nuclei in CR relative to the interstellar medium composition. In addition, 
acceleration of CR by astrophysical shocks may also be studied in the framework of 
diffusion models (Drury, 1983). According to Zhang (1999a,b,c), CR transport in 
interplanetary or interstellar magnetic fields can be viewed as a Markov stochastic 
process and the transport equation has therefore been reformulated with a set of 
stochastic differential equations that describe the guiding center and the momentum 
of individual charged particles. The Fokker-Planck diffusion equation for the CR 
flux can be derived from these stochastic differential equations. Alternatively, the 
Fokker-Planck equation, like the Schrödinger equation in quantum mechanics, can 
be solved with a path integral method. Both new methods enable one to solve 
modulation, propagation and acceleration problems for CR spectra. In addition, 
both can reveal insights into the physical processes behind the solutions to these 
problems since they follow the trajectory and the momentum of individual particles. 
In papers of Zhang (1999a,b,c) stochastic differential equations were used that 
describe Markov stochastic processes to replace the diffusion equation as the 
fundamental transport equation of CR. From the stochastic differential equation, the 
stochastic process was discretized to obtain a path integral solution for the transition 
probability, which is consistent with the Green's function of the diffusion equation. 
A Lagrangian was found which, if minimized, describes the most probable 
trajectory of particles in diffusion process. The path integral derived from the 
Markov stochastic process is consistent with the path integral derived from the 
diffusion equation with quantum mechanics method (Zhang, 1999a). In Zhang 
(1999a,b,c) was shown that both the stochastic process method and path integral 
approach give excellent results for CR spectrum calculation (see below, Section 
2.25.4). 
 
2.25.2. Diffusion and Markov stochastic processes; using definitions  

In diffusion models for CR studies, the distribution function or flux obeys a 
second-order d-dimensional partial differential equation, which can be in general 
written as: 
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where the coordinate µq  (µ = 1,2,… d) is composed of spatial coordinates and 
particle momentum or energy, and Q is the source term. Table 2.25.1 lists the 
variables and parameters for studying solar modulation, interstellar propagation and 
diffusive particle acceleration.  

In Section 2.25, and particularly in the Table 2.25.1, the following definitions 
are used: f – the isotropic distribution function; iN  − the flux per energy range for 
nuclei; eN  − the flux per energy range for the electrons; x – the guiding center 
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position; p – the momentum; E – the energy; µνκ  − the diffusion coefficient tensor; 

κ − the diffusion coefficient scalar; pD  − the Fermi acceleration coefficient; V – the 

convection speed of plasma; dV  − the drift speed in magnetic fields; ib  − the 
ionization energy loss rate; eb  − the synchrotron energy loss rate; n – the interstellar 
medium density; v − the particle speed; iσ  − the total cross scalar section for specie 
i; ikσ  − the cross section matrix from species k to i; iτ  − the radioactive decay time 
for specie i; ikτ  − the radioactive decay time matrix from species k to i.  
 
Table 2.25.1. Parameters in the diffusion equation for applications to CR modulation, 
propagation and acceleration studies. According to Zhang (1999c). 
 

Interstellar propagation Parameters Heliospheric 
modulation Nuclei Electrons 

Shock 
acceleration 

u f iN (i - 
species) 

eN  f 

x x x x q-space p E/amu E p 
µνκ  κ κ µνκ  

( ) µνa21  
pD  pD  pD  pD  

dVV +  usually 0 0 dVV +  
µb  

( ) V⋅∇− p31  ib  eb  ( ) V⋅∇− p31  

Q boundary problem continues continues injection at 
shock 

 
 
The motion of individual particles in diffusion models has always been viewed 

as a random walk since the beginning of theoretical efforts (e.g. Parker, 1965). 
However, it is only a recent development that the CR transport equation can be 
reformulated with stochastic differential equations (Zhang, 1999b). In this approach 
the guiding center position of the particle and its momentum (energy) follow a set 
of Itô stochastic differential equations  

 
( )∑+=

σ
σσµµµ αβ tdwdtdq , ,                           (2.25.2)  

 
where ( )twσ  is a Wiener process (see below) and the sum of σ runs over all 
required independent random noises. The probability density for the particle in the 
Markov process determined by Eq. 2.25.2 to appear in a unit volume at a  
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particular location in q-space at time t, ( )qtP , , follows the same Fokker- Planck 
diffusion equation as Eq. 2.25.1 (Zhang, 1999b) if we let  
 

( )∑ ∂∂∑ +==
ν

νµν
σ

µµσνσµµν ββαα qaa 21,,, ,                 (2.25.3)  

 
and let the process be created at an exponential rate of c as a function of time, i.e. 

( ) cdtPd =ln . The probability density in q-space can be made proportional to the 
CR flux or distribution function. If the probability density starts with a δ-function 
initially, i.e., the stochastic process starts from a single location point, the solution 
is the Green's function to the diffusion Eq. 2.25.1 (thus, the Green's function is often 
called the transition probability density or propagator). Therefore the stochastic 
differential Eq. 2.25.2 with an additional creation term can be used to describe 
diffusion.  

Zhang (1999b) applied the Itô stochastic differential equation to studies of 
modulation, and the results from Monte Carlo simulation of the stochastic process 
completely agree with those by directly solving the diffusion equation. One obvious 
advantage of using the stochastic process approach is that it can reveal the physics 
of particle diffusion in more detail. For example, we can investigate the trajectory 
of simulated particles traveling through heliospheric or interstellar magnetic fields 
and when an ensemble of particles is simulated, we can find the distributions of 
source particles in terms of entry location at the boundary, initial momentum and 
propagation time (which is approximately proportional to path length). The path 
length distribution is particularly useful for studies of nuclear fragmentation during 
interstellar propagation.  
 
2.25.3. Path integral representation for the transition probability of 
Markov processes  

For simplicity Zhang (1999a) considers only a 1-dimensional stochastic 
diffusion process governed by an Ito stochastic differential equation 
 

( ) ( ) ( )tdwqtdtqtdq ,, αβ += ,                           (2.25.4)  
 
with a creation rate ( )qtc , . The Wiener process has an associated probability for the 
process ( )tw  to transit from ow at time ot  to an interval ( ) 1111 dwwtww +<<  at 1t  
( 1t > ot ):  
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The Wiener process can be understood as the simplest diffusion with a coefficient 
of 1/2 and no convection. To calculate the transition probability density for the 
process described by Eq. 2.25.4 to get from oq  at time ot  to q at t, we normally 
divide the time interval { }tto ,  into N small segments { }NNo ttttt ,,...,, 121 − , where 

ttN = . This method is often called discretization. The probability for the process to 
go through a path 
 

( ) ( ) ( ){ }NNNNo dqqtqqdqqtqqdqqtqqq +<<+<<+<< ,....,, 22221111 ,    (2.25.6) 
 
during which the driving Wiener process goes through 
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where 1−−=∆ iii ttt  and 1−−=∆ iii www . When 0→∆ it , iw∆  must be ( )it∆Ο  
in order to have non-vanishing probability. The transition probability density from 
the initial point ( )oo qt ,  and the end point ( )qt,  can be obtained by integrating all 
the intermediate points, 121 ,...., −Nwww . However, the probability density, as 
obtained directly from Eq. 2.25.8, is for the w-space. To calculate the probability 
density in the q-space, we need to find the Jacobean for the transformation to q-
coordinates, which can be obtained by finite expansion of the Ito stochastic 
differential Eq. 2.25.4 to the 6th order (Langouche et al., 1982). Replacing also the 
argument iw  in the exponential of Eq. 2.25.8, we obtain a path integral 
representation for the transition probability density:  
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where ( ) ( ) 2

1111 ,,,, αββ =≡≡ −−−− aqtccqt iiii . When we take the limit ∞→N , 
Eq. 2.25.9 may be written in a continuous path integral:  
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( ) ( )( )∫ ∫−= dtqqtLqDqtqtG oo �,,expˆ,;, ,               (2.25.10)  
 
where  
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and the Lagrangian, ( )qqtL �,, , where tqq ∆∆=� , is: 
 

( ) ( )( ) c
aq

aqtq
a

qqtL −
∂
∂+−= ββ

2
,

2
1,, 2�� .              (2.25.12) 

 
The path integral in Eq. 2.25.10 is consistent with the path integral directly 

derived from the Fokker-Planck equation (Drozdov, 1993). For higher dimensions 
the derivation of the path integral from stochastic differential equations is much 
more complicated. Interested readers may find rigorous calculations by Langouche 
et al. (M1982). When the functional integral ( )∫ dtqqtL �,,  is minimized, it yields an 
Euler-Lagrange equation. Thus the Lagrangian in Eq. 2.25.12 may be used to find 
the most probable trajectory for particles.  
 
2.25.4. Main results and method's of checking  

Zhang (1999a,b,c) have presented a Markov stochastic process approach to the 
diffusion theory of CR modulation, propagation and acceleration. The CR transport 
equation is reformulated with the Itô stochastic differential equation. From the 
stochastic differential equation a Fokker-Planck equation can be derived for the 
probability density, which is proportional to the CR flux. The transition probability 
density of the Markov process is obtained as a path integral consistent with that 
derived in quantum mechanics. Fig. 2.25.1 shows an example of computer 
calculations of modulated CR spectra.  

From Fig. 2.25.1 it can be seen that the three different methods − the path 
integral approach, stochastic process simulation and numerical method to solve the 
diffusion equation (‘SolMod’ according to Fisk, 1971) − all agree with each other. 
In addition to the ability to solve the CR diffusive transport equation, the two new 
methods provide the detailed physical processes behind their solutions  
(Zhang, 1999a,b). 
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Fig. 2.25.1. Three different calculations of modulated CR spectra at 5 AU with an input ISM 
spectrum. According to Zhang (1999c). 
 
2.26. Velocity correlation functions and CR transport (compound 
diffusion) 
 
2.26.1. The matter of problem 

The transport of energetic charged particles in a turbulent magnetic field is often 
diffusive, where the time evolution of the omnidirectional particle density ( )txf io ,  
is described by a diffusion equation with diffusion tensor ijκ . Jokipii and Kόta 
(1999) consider some consequences of a particular way of looking at the diffusion. 
For a random, diffusive motion, the spatial diffusion tensor ijκ  can be related, under 
very broad conditions, to the velocity correlation function Kubo (1957) 
 

( ) ( ) ''
0

dtttvtv ijij ∫ +=
τ

κ                                 (2.26.1)  
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in the limit that ∞→τ . Here ( ) ( )txttxx iii −+=∆ '  is the spatial displacement of 
particle positions between times t and t + t'; the brackets < > denote averages over 
an ensemble. It was assumed that the fluctuating velocities are statistically 
homogeneous over the time and length scales of interest, so the velocity correlation 
function ( ) ( )'ttvtv ij +  depends only on the time difference t'. For any physical 

random velocity ( ) ( )'0 tvv ij  must go to zero at large t', and the integral in Eq. 2.26.1 

approaches a constant value for ∞→'t . The virtue of this method is that only the 
particle velocity needs to be considered. Forman (1977a) was the first to apply 
Kubo’s formalism to the transport of CR. It has recently been invoked by Bieber 
and Matthaeus (1997), who postulated a simple exponential form for the correlation 
tensor ( ) ( )'0 tvv ij  to infer the corresponding perpendicular diffusion coefficient ⊥κ  

and effective drift, which is related to the anti-symmetric component of ijκ . Jokipii 
and Kόta (1999) consider the special case of the perpendicular diffusion of particles 
tied to the turbulent magnetic field lines, which is important in understanding the 
transport of energetic charged particles in the Heliosphere, and for which the 
application of Kubo’s formalism is not obvious.  
 
2.26.2. Compound CR diffusion  

According to Jokipii and Kόta (1999) the most poorly-understood area of CR 
transport at present is the transport of particles perpendicular to the direction of the 
average magnetic field. This motion is owed to at least two distinct effects. Particles 
may scatter across field lines and the field lines may depart from the mean field 
owing to the random walk and mixing of field lines (Jokipii and Parker, 1969). This 
random walk of the field lines plays an important role in the perpendicular diffusion 
(see, e.g. Jokipii, 1966; Forman et al., 1974; Giacalone and Jokipii, 1999). Low 
rigidity particles in certain cases may be effectively tied to magnetic field lines, so it 
is useful to consider an idealized, but physically consistent, approximation, in 
which particles are assumed to be strictly tied to the field lines. The particles are 
assumed scatter back and forth along the field lines, in which case the particle 
perpendicular transports arises solely from the random walk of field lines. This can 
then serve as a starting point for understanding the more general problem of particle 
transport. This approximation has been termed compound diffusion, and has been 
used to discuss transport of CR in the Galaxy (e.g. Getmantsev, 1963; Lingenfelter 
et al., 1971; Allan, 1972).  

Compound diffusion may be written as the convolution of two diffusive 
processes. Particles scatter back and forth and spread strictly along the field lines 
with a diffusion coefficient //κ , and the field lines, in turn, diffuse perpendicular  
to the mean field’s in z-direction with a diffusion coefficient LD . The mean  
square displacement in a perpendicular direction, say x, is then proportional to the  
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length traveled along the field line, which, from simple scaling properties, is 
proportional to t∆ . A quantitative calculation evaluating the convolution of the x 
and t motions yields  
 

πκξ tDDx LL ∆==∆ //
2 42                          (2.26.2)  

 
which is slower than the standard diffusion, where tx ⊥=∆ κ22 , and so is 

fundamentally non-Markovian.  
 
2.26.3. The Kubo formulation applied to compound diffusion  

Kubo’s (1957) formalism states essentially that the mean square displacement 
2x∆  in a time t∆  can be obtained from very general principles as  
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2 ''0'2'' ,             (2.26.3)  

 
which for t∆  large compared with the coherence time of ( )tvx  yields diffusive 
motion with a diffusion coefficient given by  
 

( ) ( )∫=∆∆=
∞

0

2 ''0 dttvvtx xxxxκ .                         (2.26.4)  

 
The only requirement, in addition to statistically homogeneous conditions, is 

that the velocity correlation function ( ) ( )tvv xx 0  should vanish sufficiently fast as the 
time lag τ increases. Under these conditions the Kubo model would always give a 
diffusion t∆∝ , and could not yield compound diffusion, which results in a slower 
transport 21t∆∝ . There is clearly a problem with the application of Kubo’s 
formulation to this problem. To explore this more deeply, to see where the  
problem lies, Jokipii and Kόta (1999) have considered a simple, transparent model 
in which the particles propagate either forward or backward along a magnetic field 
line, which executes random walk about the main field direction in z. The z axis 
points in the direction of the mean background field; ξ denotes the position, 
measured along the field line, and ( )ξx  stands for the departure of the field line 
from the mean field. They consider particles released, in random directions, at ξ = 0 
(x = 0) at time t = 0. The variation of the number of forward ( +n ) and backward  
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( −n ) moving particles as a function of time t, and position along the field line ξ is 
governed by the pair of equations:  
 

( ) ( )ξδδ
τξ

tqnnnv
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n
+
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2
,                   (2.26.5)  

 

( ) ( )ξδδ
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tqnnnv
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n
−

+−−− +−−=
∂
∂+

∂
∂

2
,                   (2.26.6)  

 
where τ represents the average time of scattering, +q  and −q  are the number of 
particles released in positive and negative directions, respectively.  

Obviously, the velocity in the x direction is ( )ξddxv±  depending on whether 
the particle happens to move forward or backward along the field line. Thus to 
obtain the velocity correlation ( ) ( )tvv xx 0 , the mean velocity ( −+ − vnvn ) along the 
field is to be averaged over position, with the inclusion of the actual orientation of 
the field line ξ  
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20 ,                 (2.26.7)  

 
where subscripts imply the position in ξ. Since the source +q  accounts for positive 
initial speed, whilst −q  corresponds to negative intial speed, +n  and −n  can be 
taken as the solutions for sources +q  = 1/2 and −q  = −1/2. This ensures that the 
initial speed ( )0xv  is properly taken into account. Instead of considering the directly 
the velocity correlation ( ) ( )tvv xx 0  Jokipii and Kόta (1999) consider its Laplace 
transform  
 

( ) ( ) ( )∫=
∞ −

0
0 dtetvvsL st

xxxx .                               (2.26.8) 

 
They note that ( )0=sLxx  yields exactly the corresponding perpendicular diffusion 
coefficient xxκ , whilst the behavior of xxL  at small s values brings information on 
the behavior of ( ) ( )tvv xx 0  for large times (t >> τ).  

Jokipii and Kόta (1999) adopt the technique of Fourier and Laplace transforms 
(Fedorov and Shakhov, 1993; Kόta, 1994). First, taking the Fourier transform of Eq. 
2.26.5 and Eq. 2.26.6, and Laplace transforming the resulting pair of equations 
yields a solution for ( )sLxx :  
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Inspection of Eq. 2.26.9 shows that ( ) 00 =xxL , unless the integral over ξ, which is 
related to the random walk of field lines, is infinite (this would be the case only if 
the field had a nonzero regular component in the x direction). Since the Laplace 
transform at s = 0 is identical to xxκ , the derivation above demonstrates that Kubo’s 
theorem yields precisely zero perpendicular diffusion coefficient xxκ  for compound 
diffusion. By the opinion of Jokipii and Kόta (1999) this result could intuitively be 
anticipated, since compound diffusion produces slower than x-t diffusion.  

A further study of Eq. 2.26.9 reveals the character of ( ) ( )tvv xx 0  in more detail. 
First Jokipii and Kόta (1999) notice that, for small values of s, 0≈ok , and the 
integral over ξ in Eq. 2.26.9 gives the power of field fluctuations at zero 
wavenumber, which is equivalent to 2 LD , where LD  is the diffusion coefficient of 

field line random walk (Jokipii, 1966). For small values of s, ( ) 21stvDL Lxx ≈ , and 
Eq. 2.26.9 implies that for large values of t  
 

( ) ( ) 23
2

0 −−≈ tvDtvv L
xx π

τ .                          (2.26.10)  

 
The velocity correlation function has a long negative tail to balance the positive 

values at smaller t, and to give an exactly vanishing integral in Eq. 2.26.4. This long 
term behavior could be obtained directly from considering the solutions for +n  and 

−n  of Fisk and Axford (1969) in the τ>>t  limit, when the exact solutions can be 
approximated by diffusive time profiles.  

Thus Jokipii and Kόta (1999) find that, in a broader sense, compound diffusion 
fits into Kubo’s theory. The velocity correlation function ( ) ( )tvv xx 0  exhibits a 
long-term anticorrelation, causing the diffusion coefficient xxκ  (i.e. the integral in 
Eq. 2.26.4) to vanish. This is connected with the non-Markov nature of the 
compound diffusion. At this point it is of interest to establish the connection 
between the present discussion and some current ideas in time-series analysis. The 
fact that the mean square displacement 2x∆  increases as 5t∆  means that the 

motion is non-Markov. According to opinion of Jokipii and Kόta (1999), the case in 
which ( )1022 <<∆∝∆ Htx H  has been given the name fractional Brownian 

motion, where H is the Hurst exponent (Mandelbrot and Van Ness, 1968). The case 
of compound diffusion corresponds to a Hurst exponent H = 0.25. It may be  
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shown (see Section 9.4 in Feder, M1988), that if H > 0.5 the process exhibits long-
term positive correlation and conversely, if H < 0.5 corresponds to long-term anti-
correlation of the process. Clearly, then, the case of no correlation requires H = 0.5. 
This agrees with the determination using Laplace transforms, described previously. 
Now, physically, it is expected that particles in a turbulent magnetic field will loose 
correlation and it will be retrieve the standard form tx ∝∆ 2 . But this cannot occur 

if particles are strictly tied to field lines.  
 
2.26.4. Main results 

Jokipii and Kόta (1999) considered compound diffusion, which is a non-Marko 
diffusion leading to 212 tx ∆∝∆ . This idealized but valid motion is seemingly in 
contradiction with Kubo’s theory, which yields tx ∆∝∆ 2 . They have shown that 
compound diffusion fits into the general theory in a broader sense and determined 
the Laplace transform of the velocity correlation, and showed that the diffusion 
coefficient, as defined by Eq. 2.26.1, turns out to vanish. A study of the Laplace 
transform revealed, furthermore, that the velocity correlation has a negative non-
exponential tail, ( ) ( ) 230 −−∝ ttvv xx  indicating a long-term anticorrelation. The 

212 tx ∆∝∆  behavior of the compound diffusion could also be recovered from 
Kubo’s formalism. The compound diffusion may serve as a starting point for 
understanding the perpendicular transport of low rigidity particles. The question is 
how to proceed from this picture to a model including some scattering across field 
lines. A small amount of cross-field scattering can be amplified by the subsequent 
mixing of field lines; originally nearby field lines may separate to great distances. 
The time scales of these processes may be large for low rigidity particles. In this 
case the long non-exponential tail of the velocity correlation, which is a result of the 
long-term anticorrelation, may be of importance; the velocity correlation function 
may considerably differ from the simple exponential decay postulated by Bieber 
and Matthaeus, (1997). These questions, in the opinion of Jokipii and Kόta (1999), 
need further exploration. They also point out that consideration of temporally 
varying magnetic fields suggests that the conclusions derived here apply also to this 
situation.  
 
2.27. The BGK Boltzmann equation and anisotropic diffusion 
 
2.27.1. The matter of problem 

Early work by Parker (1965) and Axford (1965) derived the form of the 
diffusion tensor for CR in a random magnetic field for the case of isotropic 
scattering. Forman et al. (1974) used quasi-linear theory in slab turbulence to 
determine the diffusion coefficients parallel //κ  and perpendicular ⊥κ  to the  
mean magnetic field oB , as well as the anti-symmetric component of the diffusion  
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tensor Aκ , associated with particle drifts, for the case where the distribution 
function could be expanded in spherical harmonics. Jokipii (1971) and Hasselmann 
and Wibberenz (1970), pointed out that the detailed dependence of the pitch-angle 
diffusion coefficient µµD on µ is important in determining //κ . Webb et al. (2001) 
study a model of CR diffusion based on a gyro-phase, and pitch-angle dependent 
BGK Boltzmann model, involving two collision time scales ⊥τ  and //τ  associated 
with scattering perpendicular and parallel to the background magnetic field oB . The 
time scale //τ  describes the ironing out of gyro-phase anisotropies, and the 
relaxation of the full gyro-phase distribution f to the gyroaveraged distribution of . 
The time scale ⊥τ  determines the diffusion coefficient ⊥κ , perpendicular to the 
mean magnetic field, and the corresponding anti-symmetric diffusion coefficient 

Aκ  associated with particle drifts. The time scale //τ  describes the relaxation of the 
pitch-angle distribution of  to the isotropic distribution oF , and determines the 
parallel diffusion coefficient //κ . The Green’s function solution of the model 
equation is obtained, for the case of delta function initial data in position, pitch-
angle, and gyro-phase, in terms of Fourier-Laplace transforms. The solutions are 
used to discuss non-diffusive and diffusive particle transport. The gyro-phase 
dependent solutions exhibit cyclotron resonant behavior, modified by resonance 
broadening due to ⊥τ . Below, in Sections 2.27.2−2.27.7, the model of Webb et al. 
(2001) will be considered in details. 
 
2.27.2. Description of the model  

According to Webb et al. (2001) the BGK Boltzmann equation for the 
momentum-space distribution function ( )tf ,,pr , for particles with momentum p, 
(or velocity v), at position r at time t, in a uniform background magnetic field 

{ }oo B,0,0=B  along the z-axis, may be written in the form: 
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ooo Ffffff
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∂
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v ,                    (2.27.1) 

 
where  
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−

1
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0 2
1,

2
1 µφ
π

π
dfFfdf ooo .                           (2.27.2) 

 
denote the gyro-phase averaged distribution function ( of ), and the isotropic 
component of the distribution function ( oF ) in momentum space, and θµ cos=  is  
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the pitch-angle cosine. The gyro-phase derivative term ( )φ∂∂Ω− f , on the left hand 
side of Eq. 2.27.1, is the Lorentz force term, where mcqBo=Ω  is the particle gyro-
frequency, and m is the relativistic particle mass. Note that (v, θ,φ) are spherical 
polar coordinates for the velocity, where the polar axis is along oB . Kόta (1993) 
used a model similar to Eq. 2.27.1, except that he used a pitch-angle and gyro-phase 
diffusion term for the collision term.  
 
2.27.3. The diffusion approximation  

Following the approach of Kόta (1993), Webb et al. (2001) expand the 
distribution function in the series:  
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n inff φexp ,                                          (2.27.3)  

 
where *

nn ff =− . Multiplying the Boltzmann Eq. 2.27.1 by ( )φimexp , and integrating 
over the gyro-phase φ from φ = 0 to φ = 2π, yields the moment equations:  
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where m = 0, ±1, ±2, …, and j

iδ is the Kronecker delta symbol. In particular, for m 

= 0, Eq. 2.27.4 multiplied by θπ sin2 2p , and integrated over θ from θ = 0 to θ = π, 
yields the number density conservation equation:  
 

0=⋅∇+ S
G

N ,                                          (2.27.5)  
 
where N = ∫ Ωfdp2  and S = ∫ Ωfdp v2  are the particle number density and current, 
and the integrations over Ωd  are over solid angle in momentum space. In the 
diffusion approximation one uses the approximate moment balance equations for m 
= 0 and 1:  
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to determine the diffusive current S. The diffusion approximation assumes that the 
scattering is strong enough to drive the distribution function to a near isotropic 
state, and that the effective scattering time is much shorter than the time scale for 
the evolution of oF . Using Eq. 2.27.6 and Eq. 2.27.7 it follows that the diffusive 
current has the form:  
 

BABz NNN eeS ×∇−∇−−= ⊥⊥ κκκ // ,                        (2.27.8)  
 
where zB ee ≡  is the unit vector along oB , and  
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The expressions in Eq. 2.27.9 for //κ , ⊥κ  and Aκ  have the same form as in Forman 
et al. (1974).  
 
2.27.4. Evaluation of the Green function  

Introducing the Laplace-Fourier transform:  
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the BGK Boltzmann Eq. 2.27.1 reduces to the ordinary differential equation: 
 

( ) ( ) ( )[ ]oo Fvfvvffvisf ~~0,,ˆ~~
//// −−+−=+⋅+−Ω ⊥⊥ pkvkφ ,     (2.27.11)  

 
where ⊥⊥ == ττ 1,1 //// vv and ( )0,,ˆ pkf  is the Fourier transform of the initial 
data ( )0,,prf . For Dirac-delta function for initial data, with  
 

( ) ( ) ( ) ( )oooAf φφδµµδδ −−−= rrpr 0,,               (2.27.12) 
 
it will be 
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Using Eq. 2.27.13 as the source term in Eq. 2.27.11, and integrating Eq. 2.27.11 
yields the solution:  
 

( )( ) ( )( ) ( ) ( )( )[ ] QLLfvvFvIf oo +−−−Ω= ⊥
− θφςθπθφ ,,2~~,~

////
1 ,         (2.27.14)  

 
where  
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is the source term associated with the initial data described by Eq. 2.27.13. In 
deriving Eq. 2.27.14 and Eq. 2.27.15, the angles φ and oφ  are restricted to the range 

[0, 2π], and the condition ( ) ( )πφφ 2~0~ === ff  is used to determine the integration 
constant. In Eq. 2.27.14 and Eq. 2.27.15 
 

( ) ( )( ) ( )( )Φ−−Φ−++−= ⊥⊥ φθφθθφ sinsincosexp, // gg rikrikvsI      (2.27.16)  

 
is the integrating factor for Eq. 2.27.11 where used the notations =Ω= ⊥vss ,  

Ω=Ω⊥ ////, vvv , and  
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In Eq. 2.27.15−2.27.17 ( )ΦΘ,,k  are spherical polar coordinates for k, with polar 
axis along oB ; Θ=Θ= ⊥ sin,cos// kkkk , and H(x) is the Heaviside step function. 
Eq. 2.27.14 can be regarded as an integral equation for f

~ , and is a central result in 
the analysis.  

By using the standard generating function identity for Bessel functions (e.g. 
Abramowitz and Stegun, M1965, p. 361, formula 9.1.41), Webb et al. (2001) 
obtained  
 
 
 
 
 



268 CHAPTER 2  

 

( ) ( )
( ) ( )[ ]

( )[ ]{ } )18.27.2(,cosexp1

cosexp
cos

sin
,

//

//
//

φθ

φθ
θ

θ
θφ

inrikvs

inrikvs
nrkivs

rkJ
L

g

g
n g

gn

+++−−×

+++∑
+++

=

⊥

⊥
∞

−∞= ⊥

⊥

  

 
where ( )og qBpcr =  is the particle gyro-radius and ( )xJn  is the Bessel function of 
the first kind of order n and argument x. By noting that ,Ω= ss and setting ωis −=  
one finds that the denominator of the n-th term in Eq. 2.27.18 
 

0cos// =+++ ⊥ nrikvs g θ  when ⊥−Ω=− ivnvk µω //  (n integer),    (2.27.19)  
 
where θµ cos= . Thus the role for the term indexed by n in the series of Eq. 
2.27.18 corresponds to the cyclotron resonance condition Ω=− nvk µω //  broadened 
by scattering owed to ⊥v . Averaging Eq. 2.27.14 over gyro-phase φ yields the 
integral equation  
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relating of
~  and oF~  where ( )∫=

π
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0
2QdQ . The function a in Eq. 2.27.20 can be 

expressed in the form:  
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The source term Q  in Eq. 2.27.20 can be expressed in the form  
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Again note the singularities in Eq. 2.27.21 and Eq. 2.27.23 at the cyclotron 
resonances described by Eq. 2.27.19. By using the Newberger sum rule 
(Newberger, 1982)  
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in Eq. 2.27.21, one can obtain 
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( )πχ

θθ χχ
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as an alternative, more compact expression for a, where  
 

( ) Ω+−= ⊥ivvk µωχ //                             (2.27.26)  
 
is the normalized Doppler shifted frequency ω relative to the particle, taking into 
account perpendicular scattering.  

Averaging of Eq. 2.27.20 over µ (the pitch-angle cosine), yields a simple 
algebraic equation for oF~ with solution  
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where the angular brackets in Eq. 2.27.27 denote an average over µ. For the case of 
isotropic scattering ( )⊥=ττ // , Eq. 2.27.27 simplifies to  
 

( )aQFo −= 1~ .                                 (2.27.28)  

 
2.27.5. Long-scale, large-time asymptotes  

From Fedorov et al. (1995), Kota (1994) and Webb et al. (2000), the long time 
asymptotes for oF  can be obtained by investigating the dispersion equation  
 

( ) ( )[ ]aasD ⊥−+−= ττ //111,k ,                           (2.27.29)  
 
associated with the singular eigen-solutions of Eq. 2.27.27. In particular, the 
diffusive behavior of the solution follows from the large space-scale ( 0→k ) and 
long time ( 0→s ) behavior of Eq. 2.27.29). For example, consider the case of  
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isotropic scattering ( ⊥= ττ // ) for which ( ) 01, =−= asD k  is the singular manifold. 

Using the expansion of the Bessel functions in Eq. 2.27.25 for θsingrk⊥ << 1, 

Webb et al. (2001) obtain  
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Using Eq. 2.27.30 Webb et al. (2001) find  
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for the approximate value of a over pitch-angle at long wavelengths, where  
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From Eq. 2.27.31 and Eq. 2.27.32 the dispersion equation ( ) 01, =−= asD k  for 

τs << 1 and gkr << 1 has the approximate solution  
 

( ) ( )422
//// kOkks ++−= ⊥⊥κκ ,                      (2.27.33)  

 
where //κ  and ⊥κ  are the parallel and perpendicular diffusion coefficients in Eq. 
2.27.9 for τττ == ⊥// . Eq.. 2.27.33 is the dispersion equation for the diffusion 
equation obtained from Eq-s 2.27.5, 2.27.8 and 2.27.9, but with no drift terms, since 
the background state is uniform.  

On the other hand, if 2
//

2 kk⊥ << 1 the term 2I  can be dropped in Eq. 2.27.31, 
and the dispersion Eq. 2.27.29 has the approximate solution:  
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The latter dispersion equation is equivalent to the equation:  
 

0
5
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2 ≈++ kss κτ .                                  (2.27.35)  

 
In the space-time domain, Eq. 2.27.35 becomes the telegraph equation of Gombosi 
et al. (1993). Clearly, to obtain an equivalent telegraph equation including 
perpendicular diffusion, one needs to retain terms ( )4

⊥kO  in Eq. 2.27.30.  
 
2.27.6. Pitch-angle evolution and perpendicular diffusion  

It is instructive to consider the integral Eq. 2.27.20 under the assumption that 
grk⊥ << 1, so that the approximation described by Eq. 2.27.30 applies for a. Eq. 

2.27.30 can be re-written in the form:  
 

( ) ( ) aQvfFvfvav ooo
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Using the usual Fourier space map  
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and using the approximation described by Eq. 2.27.30 for a, Eq. 2.27.36 reduces to 
the approximate, integro-differential evolution equation  
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where 222

yx ∂+∂=∇⊥  is the Laplacian operator transverse to the magnetic field, 

which is assumed to lie along the z-axis, and 1−S  is the inverse Laplace and Fourier 
transform operator. Assuming that of  evolves on much longer time scales than 

//, ττ⊥  and the gyro-period Ωπ2  (i.e. Ω<< ⊥ ,, //vvff oot ) and on space scales 
much larger than the mean free paths //τv  and ⊥τv , then Eq. 2.27.38 can be 
approximated by the equation:  
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which is the pitch-angle evolution equation for of  incorporating the effects of 
cross-field diffusion (the of

2
⊥∇  term). Multiplying Eq. 2.27.39 by 22 pπ  and 

integrating Eq. 2.27.39 over µ from µ = −1 to µ = 1, using the diffusion 
approximation, and neglecting the source, or initial value term in Eq. 2.27.39 results 
in the usual diffusion Eq. 2.27.5 in the form:  
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where ⊥κ  and //κ  are given by Eq. 2.27.9. In the derivation of Eq. 2.27.40 it is also 
necessary to take the first moment of Eq. 2.27.39 (i.e. multiply Eq. 2.27.39 by 

µπ vp22  and integrate over µ from µ = −1 to µ = 1, and use the diffusion 
approximation to find the diffusive streaming parallel to the field). It is clear that 
accurate approximate solutions of Eq. 2.27.39 can be obtained by expanding the 
distribution function in terms of Legendre’s polynomials, and taking moments of 
Eq. 2.27.39 (e.g., Gombosi et al. 1993; Lu et al., 2001).  
 
2.27.7. Summary of main results  

Summarizing the results discussed above, Webb et al. (2001) note that from the 
explicit solution for oF~  in Eq. 2.27.27, the complete solution for f(r, p, t) for the 
case of Dirac-delta initial data in position, pitch-angle, and gyro-phase, can be 
constructed by Laplace-Fourier inversion. By the first determining oF~  from Eq. 
2.27.27, and using the result to determine of

~  from Eq. 2.27.20, and then obtain f
~  

from Eq. 2.27.14, followed by Laplace and Fourier inversion − to determine f. A 
multiple scattering analysis (e.g. Webb et al., 2000) and eigenfunction/moment 
equation methods should reveal further aspects of the solution. There are several 
outstanding issues raised by the above analysis. For example, in a non-uniform 
background magnetic field there is a non-zero contribution to the divergence of  
the particle current owed to curvature and gradient drifts associated with the anti-
symmetric diffusion coefficient Aκ . It is of interest to determine whether the  
effects of these drifts can be included in a pitch-angle evolution equation  
analogous to Eq. 2.27.39 in this case. It is also of interest to investigate higher  
order transport effects in the model, e.g. the incorporation of CR inertial effects in 
telegraph type equations for CR transport including cross-field diffusion, that 
generalize the telegraph equation obtained by Gombosi et al. (1993). Other  
aspects of CR transport theory that are raised by the analysis, concern the form of  
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the pitch-angle evolution equation obtained by Skilling (1975) for particle transport 
in the solar wind, or its relativistic generalization (e.g. Webb, 1985) when cross 
field transport is included, and the role of cross-field transport effects on CR 
viscosity, and non-inertial acceleration effects.  
 
2.28. Influence of magnetic clouds on the CR propagation  
 
2.28.1. The matter of the problem 

The propagation of energetic charged particles through interplanetary space is 
normally described by a transport equation which considers the effects of 
propagation parallel to the field, pitch-angle scattering at magnetic field 
irregularities, and focusing in the diverging interplanetary magnetic field (Roelof, 
1969) or, in addition to the above effects, also convection with the solar wind and 
adiabatic deceleration (Ruffolo, 1995). Focusing is always considered for simple 
geometries, in general the Archimedean spiral field, although variations in the large 
scale magnetic field structure, in particular propagating magnetic flux ropes (ejects 
following coronal mass ejections, CMEs, also called magnetic clouds; for a review 
see e.g. Burlaga, M1995), modify the local focusing length and therefore also 
particle propagation.  

In their detail investigation Kallenrode (2001a) takes into account that magnetic 
clouds modify the structure of the interplanetary magnetic field on spatial scales of 
tenth of AU. Their influence on the transport of energetic charged particles is 
studied with a numerical model that treats the magnetic cloud as an outward 
propagating modification of the focusing length. As a rule of thumb the influence of 
the magnetic cloud on particle intensity and anisotropy profiles increases with 
decreasing particle mean free path and decreasing particle speed. Special attention 
is paid to energetic particles running into a magnetic cloud released at an earlier 
time: here the cloud acts as a barrier storing the bulk of the particles in its 
downstream medium.  
 
2.28.2. The numerical model  

Since Kallenrode (2001a) is concerned with particles with energies in the MeV 
and tens of MeV range, solar wind effects such as convection and adiabatic 
deceleration are of minor importance (Ruffolo, 1995), in particular, if there are 
concerned with a long-lasting injection from a propagating interplanetary shock 
(Lario et al., 1998; Kallenrode, 2001b). For a first approach on the influence of a 
magnetic cloud, they started from the model of focused transport (Roelof, 1969): 
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where ( )µ,,stf  being the distribution function, t time, s distance along the 
Archimedian magnetic field spiral, pv  particle speed, µ pitch-cosine, ( )µκ ,s  pitch-
angle diffusion coefficient, and  
 

( ) ( ) ( )sBsBs ∂∂−=ς                                  (2.28.2) 
 
the focusing length. The terms in the transport Eq. 2.28.1 from left to right describe 
the field parallel propagation, focusing in a magnetic field with focusing length ( )sς  
depending on distance, and pitch-angle scattering. The source term is allowed to 
propagate along the field line, simulating the long lasting injection of energetic 
particles from a shock as described in Kallenrode and Wibberenz (1997), the 
transport of energetic particles through the shock front is treated as described in 
Kallenrode (2001b). The magnetic cloud is assumed to be of spherical cross section 
with the interplanetary magnetic field draped symmetrically around it (see Fig. 
2.28.1).  
 

 
 
Fig. 2.28.1. Cross-section (perpendicular to the plane of ecliptic) for the undisturbed 
expanding magnetic field (top) and a field disturbed by a magnetic cloud (bottom). The field 
converges at the flanks of the cloud. Acording to Kallenrode (2001a). 
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Kallenrode (2001a) note that the main change is a compression of the 
interplanetary magnetic field at the flanks of the cloud. The magnetic cloud is 
characterized by its diameter cd  as a certain fraction of the distance sr  of the shock 
from the Sun, the distance csr  of its leading edge from the shock, also expressed as 
a certain fraction of sr , and its magnetic compression Br  at the flanks. For 
applications these data can be inferred from the observations; for the numerical 
study below Kallenrode (2001a) used cd = 0.2 and csr = 0.1 (Bothmer, 1993). With  
 

( )( )cscs rdrss +−=1   and  ( )css rrss −=2                        (2.28.3) 
 
this configuration than is translated into a sinusoidal variation of the focusing length  
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and a corresponding elongation of the interplanetary magnetic field line. The ± 
allows for the consideration of the magnetic cloud or a void in the field instead of 
the cloud. Asymmetric draping of field lines (Vandas et al., 1996) can be 
considered by assuming a stronger (or weaker) compression of the magnetic field 
with a more (or less) pronounced elongation of the field line. Kallenrode (2001a) 
note that this approach allows to describe the particle propagation in a flux tube 
draped around the magnetic cloud but not the features of energetic particles directly 
inside the cloud. It also does not consider the cross-field transport of energetic 
particles from the ambient medium into the magnetic cloud.  
 
2.28.3. Numerical results  

Fig. 2.28.2 shows intensity and anisotropy profiles for a solar energetic  
particle event (lower set of curves; observer at 1 AU, particle speed pv = 1 AU/h 

corresponding to ∼ 10 MeV protons, radial mean free path rλ = 0.1 AU,  
δ−injection on the Sun) followed by a magnetic cloud with a constant speed of  
800 km/s (no shock with particle acceleration considered here). The upper set of 
curves is for particles accelerated at a shock with constant speed of 800 km/s and 
constant acceleration efficiency, followed by a magnetic cloud. All other  
parameters are the same as for the solar event. The shock arrives at the drop in 
particle intensity around 50 h. The solid line gives the particle event without  
ejecta, the dotted lines are for a cloud geometry with a magnetic compressions at  
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its flank of 1.3 (lower amplitude) and 2. The latter value is in agreement the values 
inferred from numerical simulations (Vandas and Romashets, 2001).  
 

 
 
Fig. 2.28.2. Solar energetic particle event (lower set of curves) and shock accelerated 
particles (upper set of curves) followed by a magnetic cloud. The upper panel gives 
intensities for the two scenarios, the lower ones anisotropies (shifted with respect to each 
other). According to Kallenrode (2001a). 
 
The presence of the magnetic cloud leads to: (1) a slight increase in intensities 
upstream of the cloud by a few percent, (2) a strong drop in intensities downstream 
of the cloud by about an order of magnitude, depending on the strength of the 
magnetic compression, and (3) a sharp drop of intensity at the time of cloud passage 
(remember, this is at the flanks not inside the cloud) combined with a strong 
anisotropy indicating a net-streaming of particles from the cloud’s upstream 
medium (where intensities are high) into its downstream medium (where  
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intensities are low). Note that these effects are very similar for a simple solar 
injection as well as for the continuous particle injection from a propagating 
interplanetary shock. Quantitatively the influence of the magnetic cloud depends on 
particle speed and strength of the interplanetary scattering. With increasing 
scattering the increase in upstream intensities increases while the drop in 
downstream intensities decreases. The intensity drop at the time of cloud passage is 
independent of scattering while the anisotropy decreases with increasing scattering. 
With decreasing particle speed both upstream intensity increases and downstream 
intensity drops increase and the negative anisotropy inside the cloud becomes more 
pronounced. Thus faster particles are less influenced by the presence of the 
magnetic cloud than are slower ones. Fig. 2.28.3 gives the same set of curves as 
Fig. 2.28.2 except that the ejection has started 24 hours prior to the release of the 
energetic particles in a different solar event. In this case the ejection is running 
ahead of the particles and is at a radial distance of about 0.5 AU at the start of the 
particle injection. Again, solid lines are calculated without ejects, dotted ones with.  
 

 
 
Fig. 2.28.3. The same as in Fig. 2.28.2, but the magnetic cloud is running ahead of a solar 
energetic particle event (lower set of curves) and a shock accelerated particle event (upper). 
According to Kallenrode (2001a). 
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According to Kallenrode (2001a), the most important results are (1) a 
pronounced decrease in intensities upstream of the magnetic cloud combined with 
(2) a pronounced increase in intensities downstream of the cloud, and (3) a strong 
drop in intensity at the time of passage of the cloud combined with a pronounced 
positive anisotropy, indicating a net-streaming of particles from the cloud’s 
downstream into its upstream medium (again following the gradient in particle 
intensities). Again, effects are very similar for a solar injection and a continuous 
injection from a propagating shock. These results strongly point to a barrier effect 
of the magnetic cloud for the propagation of energetic particles.  
 
2.28.4. Comparison with observations 

Fig. 2.28.4 shows a comparison between a model run and the Helios 
observations in the 27 May 1981 event (for a detailed description see Kallenrode, 
1997).  

 

 
 
Fig. 2.28.4. Comparison between model (dashed) and observations, see text. According to 
Kallenrode (2001a). 
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In Fig. 2.28.4 the passage of the magnetic cloud is marked by a filled rectangle; 
interplanetary field lines draped around the cloud are represented by the adjacent 
open rectangles. These latter field lines are the ones which can be approximated in 
this model while the field lines inside the cloud are not considered. For modeling, 
this event is a challenge in so far as it shows a rather strong increase in intensity 
towards the shock combined with a drop in intensity short before the arrival of the 
magnetic cloud. This is impossible to model in a simple transport model because 
particles cannot be removed fast enough to get a significant decrease in intensity. If 
the magnetic cloud is considered, however, not only intensities upstream of the 
cloud can be fitted but also the fast decrease of intensity associated with the arrival 
of the field lines draped around the cloud and the reduced intensity in the cloud’s 
downstream medium can be described properly. The description fails, by definition, 
right inside the cloud since the model only gives intensities along the field lines 
draped around the cloud but not inside the cloud; the satellite, on the other hand, 
cuts right through the cloud. Kallenrode (2001a) came to following conclusions:  

(1) If the cloud follows the particle source, the upstream intensity is increased 
by a few percent for 10 MeV protons under average scattering conditions (λ = 0.1 
AU);  

(2) This increase increases with decreasing energy and increasing scattering;  
(3) The downstream intensities are reduced by about an order of magnitude;  
(4) If the cloud is ahead of the particle source, it is an effective barrier for 

particle propagation;  
(5) The model allows the fitting of observations, although by definition 

intensities and anisotropies inside the cloud are not described correctly.  
All these properties can be understood from the modified focusing: viewed 

from the outside, the bottleneck configuration shows a converging field and thus 
reflects part of the particles. Consequently, the cloud is a barrier that separates the 
upstream and downstream medium and allows for markedly different intensities in 
both of them. Intensities are higher on that side of the cloud where the source is 
located (upstream in case of a traveling shock, downstream in case of a magnetic 
cloud from an earlier event). At the bottleneck, intensities are reduced because only 
the relatively small number of particles just in transit can propagate through.  
In addition, anisotropies are relatively high because only particles with small  
pitch-angle can propagate into the bottleneck. Changes in intensity and anisotropy 
related to the presence of the cloud increase with decreasing energy and mean free 
path because in these cases particles stay longer in the vicinity of the cloud and  
thus can perform multiple interactions. For weak scattering and high energies, on 
the other hand, once a particle has passed the cloud it has only a small return 
probability. The enhancement of the barrier function of the cloud with increasing 
scattering also had been proposed by Lario et al. (1999). A relatively unexpected 
effect was the strong barrier action of a cloud ahead of the particle source. Since 
SOHO observations show a large number of CMEs during solar maximum (about  
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2 per day, see in St.Cyr et al., 2000), magnetic clouds in interplanetary space ahead 
of a particle source might be a relatively common feature. Fits of a transport 
equation on particle events neglecting the influence of a magnetic cloud might be 
faulty. This might explain part of the discrepancy between particle mean free paths 
determined from fits and particle mean free paths determined from the analysis of 
magnetic field fluctuations (Wanner and Wibberenz, 1993). In addition, the barrier 
properties of the magnetic cloud as demonstrated in Fig. 2.28.3 can be used to 
simulate rogue events where converging shocks lead to unusual high particle 
intensities as described for the August 1972 event by Levy et al. (1976). First 
examples are described in Kallenrode and Cliver (2001). 
 
2.29. Non-diffusive CR particle pulse transport 
 
2.29.1. The matter of the problem 

In Fedorov et al. (2002) there are developed a theory of the transport of an 
anisotropic pulse of CR charged particles injected into moved space plasma with 
frozen in magnetic field (with applications to the anisotropic ground level solar CR 
events). For these events the kinetic regime is considered when the mean free path 
is comparable with the distance from particle source to detector. The problem is that 
in many cases the ground-level neutron monitors network detects complicated 
temporal solar CR intensity profiles, when the profile starts with narrow peak of 
‘direct particles’ with a following diffusion tail of many times scattered particles 
(Fisk and Axford, 1969; Lupton and Stone, 1973; see reviews in Dorman and 
Miroshnichenko, M1968; Dorman, M1978; Dorman and Venkatesan, 1993, 
Miroshnichenko, M2001). In these cases a strong anisotropic pitch-angle 
distribution of particles in the interplanetary magnetic field is observed which 
implies a need to consider non-diffusive particle transport (Earl, 1994; Fedorov and 
Shakhov, 1994; Fedorov et al., 2002), because the mean free path determined by the 
collision integral is comparable with the distance from the source to the detector. 
Some of the ground level events are characterized by an impulse peak, which has 
been observed by the ground-based neutron monitors at Kerguelen and Apatity 
during the solar proton event on 7–8 December 1982, and at Deep River and 
Apatity during the event of 16 February 1984 (Borovkov et al., 1987; Smart et al., 
1987; Smart and Shea, 1990; Perez-Pereza et al., 1992). Unlike these events, during 
the event on 22 October 1989 neutron monitors at the South Pole and Calgary  
have registered a short intensive peak after which a basic enhancement followed 
(Bieber et al., 1990; Flückiger and Köbel, 1993). A similar event, which  
was observed on 24 May 1990, is also characterized by a strong anisotropy  
of particle angular distribution as well as by very complicated temporal structure 
(Morishita et al., 1995; Torsti et al., 1996; Debrunner et al., 1992, 1997). Fedorov  
et al. (2002) attempt to give simplified model of these events on the basis of  
the kinetic theory approach of Fedorov and Shakhov (1994), Fedorov and Stehlik 
(1997), Fedorov et al. (1995). Their solution includes both the angle  
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distribution of injected particles and the angular response function of NM as well as 
a finite time of the particle injection in the source.  
 
2.29.2. Kinetic equation  

According to Fedorov et al. (2002), in the theoretical consideration the regular 
IMF is taken to be homogeneous. Nevertheless, the formation of an initial angle 
distribution of particles into narrow stream along the regular IMF (Lumme et al., 
1986) owed to the magnetic focusing of force-lines near the Sun is included, see 
below. Thus, evolution of the particle distribution function ( )µτ ,,yf  follows from 
the kinetic equation written in the drift approximation, in which the particle 
scattering on stable magnetic inhomogeneities is supposed to be isotropic (Fedorov 
et al., 1995): 
 

( ) ( ) ( )µϕτδδνµµτ y
v

fdfff s
y ∫ =−+∂+∂

−

1

12
1 ,                (2.29.1) 

 
where y and τ are the coordinate along regular IMF and the time, respectively (in 
the dimensionless units tvzy ss ντν == , ; sν  is the collision frequency of 
particles with the magnetic clouds; z is the coordinate along the IMF), µ = cos θ, θ 
is the particle pitch-angle. The right-hand side of Eq. 2.29.1 describes an 
instantaneous injection of CR particles with an initial angular distribution  
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where µ ∈ (−1, 1). The value of the constant µa , which depends on a maximal 
value direction of oµ  and a width µ∆ , can be found from the normalization 
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Owing to the focusing effect in the IMF mentioned, oµ  and µ∆  have values equal 
to 1 and 0.01, respectively (see numerical estimations by Fedorov and Stehlik, 
1997). 
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2.29.3. Pitch-angle response function for neutron monitors  
Fedorov et al. (2002) used the pitch-angle response function for neutron 

monitors ψ(λ) which is similar to ( )µϕ  in which µ has to be replaced by λ (λ is the 
pitch-angle of an asymptotic NM direction related to the regular IMF direction). 
The value of oλ  corresponds to the angle of a maximal sensitivity of detector, the 
parameter λ∆  characterizes a width of directional diagram of the neutron monitors. 
 
2.29.4. Time-finite injection 

According to Fedorov et al. (2002), an intensity enhancement of the registered 
by neutron monitors solar energetic particles arises suddenly at τ = y for a δ-like 
particle injection, and a width of the impulse peak connected with arriving of the 
first particles is very short. Usually one needs to suppose, based on the description 
of measured temporal profiles of past solar proton events, that the injection of high 
energy particles into the interplanetary medium has a finite duration, which is 
caused mainly by the propagation of accelerated particles in the solar corona 
(Lumme et al., 1986; Borovkov et al., 1987). 

The injection of accelerated particles from the source into the IMF during a 
finite time can be represented by the following time injection function:  
 

( ) ( )τντντχ oo −= exp2 ,                                (2.29.4) 
 
where the dimensionless quantity 1−

oν  is an unique parameter, which characterizes 

the mean duration of the injection as well as the instant of maximum at 1−= om ντ . It 
was assumed that τ is measured in the dimensionless quantity Λ== vtt sντ , 
where Λ  is the particle mean path. It is also reasonable to suppose that the duration 
of the emission by that ‘particle source’ of the lower energy particles is longer, so 
the quantity oν  will be dependent on the particle rigidity. Building all these 
‘weight’ functions above into the consideration, a detector will register 
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2.29.5. Three parts of resulting solution 

The solution ( )τ,yG , described by Eq. 2.29.5, has been obtained by Fedorov 
and Stehlik (1997) using the method of the direct and inverse Fourier–Laplace 
transform and it consists of three terms: 
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s
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The first component describes a contribution of the unscattered particles which 
exponentially decreases with time τ:  
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A contribution of the scattered particles can be divided into two parts. One, the non-
diffusive term ( )τ,yGo

s , also exponentially decreases with time, and another term, 
( )τ,yGd

s , has a leading meaning in the diffusive limit of τ >> 1. Namely, the non-
diffusive term reads 
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In Eq. 2.29.9 and 2.29.10 the following denominations are used: 
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The last (diffusive non-vanishing) term in Eq. 2.29.6 has a sense only for |y| < τ  
and reads as 
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where 1cot −≡ kkκ , and 
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( ) ( )[ ] kkkD oo
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The expressions for similar quantities λλλλλλ α,,,,, aDB ΠΓ  follow from the 
above expressions by substituting λµλµλµ ∆→∆→→ ,, oo . Fedorov et al. 

(2002) note that both terms ( )τ,yGus  and ( )τ,yGo
s  vanish in the diffusive limit 

owed to the remaining factor of ( )τνo−exp ; so only ( )τ,yGd
s  gives the main 

contribution in this limit. 
 
2.29.6. Expected temporal profiles for neutron monitors and comparison 
with observations 

According to Fedorov et al. (2002), the main peculiarity of the solar CR events 
is connected with some neutron monitors (Hobart – HO, Mt. Wellington – WE, 
Lomnický Štít – LS) having the narrow peak of the anisotropic stream of the first 
fast particles, other neutron monitors (Oulu – OU, Apatity – AP, Thule – TH, 
Durham – DU, Mt. Washington – WA) show a diffusive tail with a wide  
maximum at a later time, or, show both – the first narrow peak with a second 
diffusion maximum (South Pole – SP). For example, some selected NM data for  
the 24 May 1990 are demonstrated in Fig. 2.29.1. The time (in min) is measured 
from the onset of particle injection taken as 20.50 UT of May 24, 1990.  
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Fig. 2.29.1. Two groups of NM records of the event on 24 May 1990. Left - have the narrow 
peak of the anisotropic stream of the first fast particles (HO – Hobart, WE– Mt.Wellington, 
LS – Lomnický Štít); right - show a diffusive tail with a wide maximum at a later time (OU 
– Oulu, DU – Durham, WA– Mt.Washington). According to Fedorov et al. (2002). 
 

Comparison of the NM data with the theoretical prediction based on the kinetic 
equation solution requires a choice of a ‘normalizing NM station’ and consequent 
rigidity-dependent re-calculation of input parameters entering into the theoretical 
profile calculation. The NM station HO was chosen to be that station because it 
allows to determine the starting parameters at its mean rigidity R (HO) = 2.3 GV. 
This value, as well as the others, have been calculated by assumption of a particle 
rigidity spectrum roughly 5−∝ R  in the initial phase. For other NMs was taken the 
following calculated values of the mean rigidity: WER  = 2.3 GV, LSR  = 2.3 GV, 

OUR  = 1.0 GV, DUR  = 2.0 GV, WAR  = 1.8 GV, and SPR  = 0.8 GV. The mean 
rigidity R  was obtained from trajectory computations for R < 10 GV with a step of 
0.01 GV by a technique owed to Kassovicova and Kudela (1998). Each allowed 
trajectory was assigned by the weight corresponding to the solar proton spectra 

5−∝ R  and the coupling function according to Dorman (M1975a). The geomagnetic 
field model for trajectory calculations included the IGRF plus the Tsyganenko 89 
model (Tsyganenko, 1989) for Kp > 5. 

The asymptotic directions oλ  for NMs have been obtained by numerical 
integration of particle motion in the geomagnetic field (by the method described in 
Kassovicova and Kudela, 1998; see in details in the Chapter 3 of Dorman,  
M2006) for the given epoch at 21:00 hours, and then they were averaged over  
both the rigidity-dependent response function of NM and the particle rigidity 
spectrum. For each allowed trajectory the pitch-angle was assigned and the mean  
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value oλ  as well as dispersion λ∆  were obtained from the histogram of the 
expected pitch-angle distribution (for the computations are used vertically incident 
particles). This simplification is used because: 

 (a) the contribution to NM count rate is in the geometric approach inversely 
proportional to cosine of zenith angle,  

(b) the main limitation for the trajectory computations is the magnetic field 
model (Smart et al., 2000),  

(c) these computed results (Kassovicova and Kudela, 1998) can be compared 
with the vertical cutoff rigidities obtained by other methods (Shea and Smart, 
2001). 

The mean transport path Λ in IMF is supposed to be independent of rigidity for 
the considered interval of NM sensitivity rigidity. Elementary calculation shows that 
 

( )( ) ( )mmo ytzt 8.108.10 =Λ=ν ,                           (2.29.17) 
 
where z and y = z/Λ is the distance of the detector (the Earth) from the source (the 
Sun) and the dimensionless one, respectively. Therefore the fit of the theoretical 
curve to experimental data of HO determines ( )moo tνν =  for given HOy . The best 
fit gives mt  = 12.4 min for HOy  = 0.6. Values of oν  for the other NMs are 

calculated assuming the rigidity dependence of β−∝ Rtm  using the given value 
HOy . The spectrum index β characterizes shape of a low energy particle delay in the 

corona. Fedorov et al. (2002) have used the value of β = 1. 
For comparison of theoretical dependences with the experimental data the 

dependence of GCR intensity on particle rigidity also has been taken into 
consideration. Let this dependence be gRIg

γ−∝ , where gγ  is GCR spectrum 
index, and the SCR rigidity dependence at the instant of its injection into IMF is 

sRIs
γ−∝ . All theoretical curves are standardized to a maximum relative to the 

mean rigidity of HO, i.e., the curve HO has the value 1 in maximum. The 
multipliers ( ) gs

iHO RR γγ −  (where i = OU, WE, WA, etc.) which take into account 
the rigidity spectra of GCR and SCR, must be used in calculation of the rigidity 
dependence of the i - th NM. The values of the maxima of the theoretical curves of 
the i - th NM are conditioned by the difference of gs γγγ −=∆ .  

The experimental records of temporal profiles can be divided roughly into  
two groups, one of NMs which in the initial phase (about the first hour after the 
particle onset) have asymptotic direction near the regular IMF direction (Fig. 
2.29.1, left panel), and the others whose the asymptotic direction differs from it 
(Fig. 2.29.1, right panel). The theoretically predicted temporal profiles for the 
selected NMs in the model described in Section 2.29.5 are demonstrated in Fig.  
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2.29.2, left and right panels, respectively, using the calculated asymptotic direction 
for each NM station. This calculation shows that HO and WE have very similar 
characteristics, oλ  is 0.9 and 0.86, respectively, with ∆λ = −0.26. Station LS has oλ  
= 0.34, ∆λ = 0.4. In the second group of NM’s, OU, DU, and WA have oλ  = 
−0.94,−0.9, −0.85 and ∆λ = 0.06, 0.1, 0.3, respectively. Note that Oulu and Apatity 
give absolutely the same theoretical curves resulting from their similar 
characteristics and very similar temporal profiles of the event. The last two NMs 
(DU and WA) experienced small increases at 1–2 hours after onset, as the theory 
predicts, see Fig. 2.29.2 (right panel), owing to smaller oλ  and larger ∆λ and larger 
mean R .  
 

 
 
Fig. 2.29.2. Theoretical prediction of temporal profiles for the selected NMs using 
calculated parameters oλ , ∆λ and mean R  for each NM. On the ordinate axis are shown 
expected intensity relative to HO in maximum. According to Fedorov et al. (2002). 
 
Especially interesting are data of the South Pole (SP) station (see Fig. 2.29.3).  
 

 
 
Fig. 2.29.3. The NM record and theoretical prediction for South Pole (SP) station, which 
detected both the high-energy stream and the diffusive tail. The northern Thule (TH) station 
detected only the diffusive tail. Left panel – observations; right panel – predicted temporal 
curves for different values of R  (in GV) and oλ . According to Fedorov et al. (2002). 
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From Fig. 2.29.3 (left panel) it can be seen that South Pole records indicate a 
more complicated structure being probably a mixture of the anisotropic stream of 
fast particles and a diffusive tail of lower energy particles. In the initial phase SP 
looked at the source with very narrow width ∆λ = 0.1 and registered the anisotropic 
stream of particle rigidity up to 10 GV. The double peak structure is probably 
caused by very fast irregular changes in latitude as well as longitude of the apparent 
source direction (IMF direction). Thus the SP asymptotic direction could jump from 
one force-line to another and, therefore, it could repeatedly see the source. The 
model (right panel in Fig. 2.29.3) predicts the two types of time profile as a function 
of R . In contrast to the South Pole the Thule station in the north (both with zero 
vertical cutoff rigidities and with the same receipt parameters) shows only the 
second, diffusive-like tail (see in Fig. 2.29.3, left panel). Probably the North−South 
anisotropy of lower energy particles which is not described in the present model 
and/or the latitudinal component of IMF direction can cause such difference. 
Therefore it is not possible to consider SP in the simple model with one 
characteristic (mean rigidity R  of a NM station), especially in the initial phase of 
the event. Thus the real picture of registered profile on Fig. 2.29.3 (left panel) is 
some mixing of these theoretical curves (presented in the right panel of Fig. 2.29.3). 
 
2.30. Pitch-angle diffusion of energetic particles by large amplitude 
MHD waves 
 
2.30.1. The matter of the problem 

Hada et al. (2003a) consider some fundamental properties of pitch-angle 
diffusion of charged particles by MHD waves by performing test particle 
simulations. Even at a moderate normalized turbulence level (turbulence magnetic 
field energy density normalized to the background field energy density ∼ 0.1), both 
the mirroring and the resonance broadening effects become important, and the 
diffusion starts to deviate substantially from the standard quasi-linear diffusion 
model. Generally speaking, the transport of CR charged particles by MHD 
turbulence is one of the key issues in space and astro-plasma physics. Pitch-angle 
diffusion is fundamental to other transport processes such as the energy and the 
parallel diffusion (Jokipii, 1966; Terasawa, 1991; Michałek and Ostrovski, 1996;  
Tsurutani et al., 2002). For the discussion of the various transport processes of CR 
in space plasma the quasi-linear theory is frequently used, in which two 
assumptions are fundamental. First, the turbulence amplitude is sufficiently small, 
so that truncation at the second power of the turbulence is guaranteed. Second, the 
wave phases are random (random phase approximation), so that any effect of mode-
mode coherence is destroyed by phase mixing. However, the MHD  
turbulence in space does not necessarily satisfy these assumptions: in particular,  
the waves excited near collisionless shocks have the wave magnetic field  
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amplitude comparable to or even larger than the background field. In addition, their 
waveforms show consequences of strong nonlinear evolution (e.g., the shocklets 
found in the Earth’s foreshock region − according to Hoppe et al., 1981), suggesting 
the presence of the phase coherence (Hada et al., 2003b). It is a main cause why 
Hada et al. (2003a) investigate the pitch-angle diffusion of energetic particles by 
MHD waves, which are not necessarily small amplitude, and their phases not 
necessarily random, by numerically integrating in time the equations of motion of 
charged particles under influence of given MHD turbulence.  
 
2.30.2. The model used 

Hada et al. (2003a) employ the so called slab model for the MHD turbulence, 
although this is probably an over-simplification for the turbulence in reality (e.g., in 
the solar wind according to Matthaeus et al., 1990). Within this model the 
fluctuation electromagnetic field is given as a superposition of parallel propagating, 
circularly polarized finite amplitude Alfvén waves, with different wave numbers 
and different polarizations. Since the typical particle velocity far exceeds the Alfvén 
wave’s speed, it was assumed that the waves to be non-propagating: within this 
system, particle energy is conserved. For both groups of waves with different 
polarizations it was assumed that the wave spectrum is given by a power law (with 
an index γ), and their phases be related by the iteration formula defined in Eq. 4 of 
Kuramitsu and Hada (2000). 
 
2.30.3. Main results of simulation 

Fig. 2.30.1 shows the time evolution of distribution of particle pitch-angle 
cosine, µ, defined as an inner product of the unit vectors parallel to the particle 
velocity and the local magnetic field.  

 

 
 

Fig. 2.30.1. Time evolution of µ for δB = 0.01. According to Hada et al. (2003a). 
 

For each panel in Fig 2.30.1 the horizontal axis represents the initial 
distribution, µ(0), and the vertical axis denotes the distribution at some later times, 
µ(τ ). Each dot represents a single test particle. Important parameters used here  
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are: γ = 1.5, φc  = 0 (random phase), and the variance of the normalized 
perpendicular magnetic field fluctuations, δB = 0.01. At τ = 1 the distribution of µ 
has not evolved much, and so the dots are almost aligned along the diagonal line. 
Later at τ = 16 pitch-angle diffusion is more evident, but is still absent around µ ∼ 0 
and |µ| ∼ 1. The former is owed to the lack of waves which resonate with near 90° 
pitch-angle, and the latter is simply owing to geometry. At an even later time at τ = 
256, substantially longer than the pitch-angle diffusion time scale, it is clear that the 
majority of particles stay within the hemisphere they belonged to initially. Three 
panels from the left in Fig. 2.30.2 show the same plots as before except that the 
turbulence level is increased to δB = 0.1, keeping other parameters unchanged.  

 

 
 
Fig. 2.30.2. Time evolution of µ for δB = 0.1. Non-compressional turbulence is used for the 
run shown in the right bottom panel. According to Hada et al. (2003a). 
 

From the comparison of the two runs it is clear that not only the diffusion 
occurs on a faster time scale but also that many particles traverse the 90° pitch-
angle. This is mainly owed to the mirroring and the resonance broadening, both of 
which are the consequences of finite amplitude waves. These two effects can be 
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separate by making the turbulence non-compression, b'(x) = δB b(x)/|b(x)|, where 
b(x) is the given compression turbulence (the power spectrum and the phase 
distribution of b(x) and b'(x) are not exactly the same). The distribution of µ as 
diffused by such a non-compression turbulence is shown in the right bottom panel 
of Fig. 2.30.2. Although the number of particles crossing the 90° pitch-angle is less 
compared with the compression case, it is shown that the resonance broadening 
alone can mix the particles across µ = 0. Fig. 2.30.3 as well as Fig. 2.30.4 
summarizes the numerically evaluated pitch-angle diffusion coefficient D, 
compared with the value QLD  obtained from the quasi-linear theory,  

( ) ( )rQL kP
vcm

eD 2
22

2
1

2
µ

µ
π −= ,                                (2.30.1)  

 
where rk  = −Ω/vµ is the resonance wave number, P(k) is the wave power 
spectrum, Ω is the particle gyro-frequency, and other notations are standard (Gary 
and Feldman, 1978; Kennel and Engelmann, 1966; Lee, 1971).  
 

 
 

Fig. 2.30.3. D versus µ. According to Hada et al. (2003a). 
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Four panels of Fig. 2.30.3 show D versus µ for various values of δB. The 
turbulence is compression, and the wave phases are random. When δB is small, D is 
doubly peaked, as it vanishes at µ = 0, −1, and 1. However, as the turbulence 
amplitude is increased, the diffusion at µ = 0 becomes drastically enhanced. At δB ∼ 
0.3, D is of the same order with respect to µ. This is also apparent in Fig. 2.30.4, in 
which D is plotted against δB. When 0 < µ < 1, numerically computed D matches 
well with QLD  (thick broken line), whilst they start to deviate around δB ∼ 0.1. 
From the numerical results discussed above, Hada et al. (2003a) are tempted to 
model the pitch-angle diffusion process by a simple equation,  
 

( ) ( ) ( ) ( )
( )µτ

µµ
µ
µ

µ
µ −−−

∂
∂

∂
∂=

∂
∂ fffD

t
f * ,                     (2.30.2)  

 
where f(µ) is the distribution function, *D (µ) is the modified pitch-angle diffusion 
coefficient including the resonance broadening effect (and thus *D (0) ≠ 0), and τ 
(µ) is the time scale for the mirror reflection, which may be determined by statistics 
of compression magnetic field (one should note, however, that the mirror reflection 
is not always adiabatic as assumed in Eq. 2.30.2). If there is a finite coherence in 
the MHD turbulence, as evidenced by recent spacecraft data analysis (Hada et al., 
2003b), it strongly influences τ(µ), which in turn modifies the pitch-angle diffusion. 

 
 

Fig. 2.30.4. D versus δB. According to Hada et al. (2003a). 
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2.31. Particle diffusion across the magnetic field and the 
anomalous transport of magnetic field lines  
 
2.31.1. On the anomalous transport of magnetic field lines in the quasi-
linear regime  

The transport of CR particles across the regular component of the magnetic 
field in space is for a large part induced by the transport of the magnetic field lines 
themselves (so called compound diffusion, see in Jokipii, 1966; Schlickeiser, 1994). 
At the shock fronts of supernovae like SN1987A the observed acceleration time of 
GeV electrons suggests a transport also dominated by the wandering of the 
magnetic field lines, as the inferred diffusion coefficient of the electrons by far 
exceeds the Bohm value of this coefficient (Ball and Kirk, 1992; Ragot, 2001a,b). 
Understanding the behavior of magnetic field lines in a turbulence composed  
of random fluctuations δB superimposed on a regular magnetic field oB  is thus of 
prime importance to model the propagation of charged particles in space plasma. 
The case of small magnetic field perturbation is treated by the quasi-linear  
theory (Jokipii and Parker, 1968) for weak magnetic turbulence. This theory,  
which neglects the perpendicular displacement of the field lines in the derivation  
of their spreading (first order derivation in oBBb δδ ≡ ), predicts a diffusion of  
the field lines beyond the parallel correlation length, //cL , defined as the 
characteristic scale of the two-point correlation function. There is a strong belief 
amongst astrophysicists and physicists in general that, as long as the quasi-linear 
approximation holds, i.e., as long as the perpendicular displacement can be 
neglected, the quasi-linear theory does predict a diffusion of the magnetic  
field lines or, more accurately, their linear spreading across the direction of oB   
with the distance ∆z along oB . However, this diffusive result is conditioned by the 
existence of a finite correlation length, //cL , small enough to consider the  
transport of the field lines on much longer scales. In the papers by Jokipii  
and Parker (1968), Jokipii and Coleman (1968), this correlation length was 
estimated as the inverse of the upper wave-number in the low, flat part of the 
turbulence spectrum. A power spectrum flat below 1−= cLk  produces indeed a 
correlation function of the magnetic field perturbation with an exponential cutoff  
of characteristic scale cL . Ragot (2001c) note that yet a flattening of the spectrum  
at sufficiently high frequency is not guaranteed. For instance, in the solar wind  
the early observations apparently indicating a flattening at 510−  Hz, which would 
have given a quasi-linear correlation just short enough, have not been confirmed by 
more recent measurements which show power-law spectra down to lower 
frequencies (Goldstein et al., 1995). In general the presence of such extended, 
projected spectra, relatively smooth but not flat, is expected for an anisotropic 
turbulence (e.g., Ragot, 1999a), and as the damping rates of many plasma waves  
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depend on the propagation angle of the waves, anisotropic turbulence is likely to be 
a quite common feature of plasmas. Clearly, in those cases of extended projected 
spectra a study of the transport of field lines is still needed even in the quasi-linear 
regime of magnetic field perturbation, as the spreading of the field lines on any 
relevant scale will be determined by a part of the spectrum that is not flat, hence 
neglected in the original quasi-linear theory.  

In Ragot (2001c) is introduced the assumption concerning the existence of a 
short correlation length and express the spreading of the field lines along the axis x 
normal to the average magnetic field as a function of the projected power spectrum 
of turbulence. In the case when this projected spectrum can be described as a power 
law on an interval of wave-numbers around z∆1 , which is generally assumed in 
any study of turbulence, it can be then establish a new asymptotic expansion for the 
variance ( 2x∆ ). With this expansion it may be analytically proved that whenever 
the spectral index of the turbulence does not vanish exactly on an interval of wave-
numbers at least two or three decades broad around z∆1 , the transport of the field 

lines is non-diffusive, or anomalous: ( 2x∆ ) increases as ( )αz∆ with α different from 
1. This confirms the numerical result obtained by Ragot (1999a,b) for similar 
power-law spectra. Then can be established simple expressions for the transport 
exponent α, as well as the transport coefficient αD , defined by ( 2x∆ ) = αD ( )αz∆ . 
These expressions are particularly important for a quantitative comparison with the 
spreading predicted by the original quasi-linear theory.  

Ragot (2001c) consider (as in the paper by Ragot, 1999a) a three-dimensional 
turbulence in quasi-linear regime with a continuous spectrum; hence unlike 
Pommois et al. (1999), he always keep the length scale ∆z much shorter than the 
inverse of the minimum wave-number, which is an absolute requisite to model a 
continuous spectrum. Below by drawing by Ragot (2001c) the main lines of the 
classical quasi-linear derivation.  
 
2.31.2. Quasi-linear theory for magnetic lines diffusion 

In the quasi-linear approximation, i.e., if the perpendicular deviation is 
neglected, the displacement along the axis x of the field line that goes through the 
point ( )ooo zyx ,,=or  can be written as  

 

( ) ( ) '',,, dzzyxbxzxx oo
z

z
xo

o
∫=−=∆ or ,                           (2.31.1)  

 
where b stands for oBBδ , and the variance 2x∆  can be expressed as:  

 



COSMIC RAY PROPAGATION IN SPACE PLASMAS 295 

 

( ) ( ) ( )sR
z

sdszzyxbzyxbdzdzx xx
z

ooxoox
z

z

z

z oo
∫ ⎟

⎠
⎞

⎜
⎝
⎛

∆
−∆=∫∫=∆

∆

0

2 12'',,',,''' , (2.31.2)  

 
where ozzz −=∆ . The brackets  denote an average over a statistical ensemble 
of systems and ( )sRxx  = ( ) ( )'',,',, zyxbzyxb ooxoox  stands for the two-point 
correlation function of the magnetic field along x. In the usual quasi-linear theory 

xxR  is assumed to cut off on the length scale //cL , known as the parallel correlation 
length, and the limit ∆z >> //cL  is taken so that  
 

( ) DsRds
z

x
xx ≡∫≈

∆

∆ ∞+

0

2

2
.                            (2.31.3)  

 
It shows that the magnetic field lines diffuse with the diffusion coefficient D on 
length scales much longer than //cL . However, it does not prove that //cL  exists 
and is very much smaller than the size of the system, which happens to be necessary 
to observe a diffusion in the system. In the following, Ragot (2001c) introduce the 
assumption concerning the existence of a finite correlation length and derive a 
general expression for the spreading of magnetic field lines in the quasi-linear 
regime of turbulence.  
 
2.31.3. Quasi-linear spreading of magnetic field lines  

If mk  and Mk  denote the lowest and highest wave-numbers in the spectrum, 
the spreading of the field lines:  
 

( ) ( )[ ]'''cos'''2 //
232 zzkbddzdzkx x

z

z

z

z
m

oo

−∫∫∫=∆ kk ,              (2.31.4)  

 
can be deduced from  
 

( ) ( ) ( )krkkkr φ++⋅∫ ∫= ⊥⊥ zkbdkdb Mk
x

x
//

0
// cos~

2
,            (2.31.5)  

 
where ( ) ( )kk φibx exp~  is the Fourier transform of ( )rxb~  with ( )kxb~ > 0. The 
derivation of Eq. 2.31.4 assumes, as in the quasi-linear theory, that the phases kφ  
décorrelate on the scale mk  but this assumption of no spectral structuring could of 
course be given up by introducing a different phase-correlation scale and 
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substituting for the factor 3
mk . Integrating now over z' and z'', we obtain in the 

quasi-linear regime of magnetic field perturbation:  
 

( )[ ] ( )
2
//

////
////

0

32 cos14
k

kPzkkdkx x
k

m
M

−∫=∆ ,              (2.31.6)  

 
where  
 

( ) ( )
( )

( )
∫ ∫= ⊥⊥⊥
π

φφ
2

0
//

2
////

//max

//min

,,
kk

kk
xx kkbkdkdkP           (2.31.7)  

 
is the x-component of the power spectrum projected along oB , and  
 

( ) ( )[ ] ( ) ( ) 212
//

2
//max

212
//

2
//min ;,0max kkkkkkkk Mm −=−= .   (2.31.8) 

 
When the spectrum is smooth enough to be represented as a series of power laws, 
the right-hand side of Eq. 2.31.6 can be integrated over the parallel wave-numbers 
to obtain an explicit form of the field lines spreading. For a power-law spectrum  
 

( ) ( )( ) a
xx kkkPkP −= 1//1////                          (2.31.9) 

 
from 1k  to +∞, it was found for the quasi-linear regime:  
 

( ) ( )

( ) )10.31.2(,
4

;
2

1,
2
1,

2
1

1
1

2
sin1

1
14

2
1

,

1
1

1
11//

32

⎪⎭

⎪
⎬
⎫

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ ∆−
⎭
⎬
⎫

⎩
⎨
⎧ −

⎭
⎬
⎫

⎩
⎨
⎧ −−

+
−

−−Γ∆+
⎩
⎨
⎧

+
=∆ +−

zkaaF
a

aazk
a

kkPkx

QP

a
xm

π

 

 
where QPF ,  denotes the hyper-geometric function and a > −1. When a > −1 and 

zk ∆1 << 1, an expansion of the hyper-geometric function gives:  
 

( ) ( ) ( )
( ) ( )( )

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∆+
−

∆−−−Γ∆=∆ +− 4
1

2
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1
1

11//
32

122
sin14 zkO

a
zkaazkkkPkx a

xm
π .   (2.31.11) 
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Eq. 2.31.11 shows that the spreading of the field lines is not linear unless a = 0. 
Moreover, since ( ) ( ) 22sin1 ππ →−−Γ aa  as →a 0, the usual quasi-linear 

diffusion coefficient ( )1//
32 kPk xmπ  is recovered in this limit of a flat spectrum. For a 

finite upper wave-number 2k  one has to subtract 

( ) ( )[ ] a

k

a
xm kzkkdkkPk −−+∞

−∫ 2
//////11//

3 cos14
2

 from the right-hand side of Eq. 2.31.10, 

which can be estimated in a way similar to that as the integral from 1k  to +∞. 

However, the first term resulting from the integration of ak −−2
//  is small compared 

to the part in 1k  as soon as ( ) <<+akk 1
21 1. As for the other term, it is negligible 

for 12 >>∆zk  and 1−>a  because of the Riemann-Lebesgue lemma (Bender and 

Orszag, M1978), since a

k
kkd −−+∞

∫
2

////
2

 exists. Consequently if 1
1

1
2

−− <<∆<< kzk  

and 1−>a , the Eq. 2.31.10 and 2.31.11 still apply for a power-law spectrum on a 
finite interval [ 1k , 2k ]. 
 
2.31.4. The transport exponent and transport coefficient for magnetic field 
lines 

In accordance with Ragot (2001c) the transport exponent α and transport 
coefficient αmD , defined by  

 
( )αα zDx m ∆≈∆ 2                                          (2.31.12)  

 
can be expressed in analytical form on the basis of results in Section 2.31.3. From 

( )zdxd ∆⎟
⎠
⎞⎜

⎝
⎛ ∆= loglog 2α  there follows for spectral indexes 1−>a  or 5.0−>a  

(depending on how small zk ∆1  is)  
 

( ) ( )
( ) ( )212

1
11

2
12

1
111

zkAzkA
zkAzkaA

a

a

∆+∆
∆+∆+= +

+
α                            (2.31.13)  

 
with  

( ) ( ) ( )aAaaA 221,2sin1 21 −−=−−Γ= π .                  (2.31.14) 
 

In the limit of small a , namely, a  < 0.5 for 1
1 10−≈∆zk  and a  < 1 for 

01 →∆zk , it gives 
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( ) 111//
34 AkkPkD a

xmm =α ,                           (2.31.15)  
 
whereas in the limit of larger a  ( a  > 2 for 1

1 10−≈∆zk  and a  > 1 for 
01 →∆zk ), 

 
( ) 211//

34 AkkPkD a
xmm =α ,                           (2.31.16)  

 
where coefficients 1A  and 2A  are determined by Eq. 2.31.14. Fig. 2.31.1 shows the 
transport exponent α as a function of the spectral index a.  
 

 
 
Fig. 2.31.1. Transport exponent α as a function of the spectral index a for 2

1 10−=∆zk . 
From Ragot (2001c). 
 
The spreading of magnetic field lines in the quasi-linear regime of turbulence is 
only linear for a flat spectrum. For all decreasing power laws (a > 0) the field lines 
supra-diffuse (α > 1), whereas for inverted power laws the field lines sub-diffuse (α 
< 1) as long as a > − 2. For a < − 0.5, α is averaged over a broad range of ∆z.  
From Fig. 2.31.1 it can be seen that the transport of the magnetic field lines is 
supra-diffusive (α > 1) for any positive spectral index of turbulence and sub-
diffusive (α < 1) for any inverted spectrum, which confirms the results of Ragot 
(1999a,b). As the spectral index a approaches 1 from below, the term in 

( ) ( )azk 222
1 −∆−  has a growing weight in Eq. 2.31.11, owing to the factor 

( ) 122 −− a . It is dominant for a > 1, therefore its sum with 

( ) ( ) ( )2sin11
1 πaazk a −−Γ∆ + , which is then negative, remains always positive. In 

the limit of very small zk ∆1  the other term becomes completely negligible and α 
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converges to 2 as soon as a > 1. For 2
1 10−=∆zk  as in Fig. 2.31.1, the first term still 

has a significant weight up to a = 1.5 − 2.0, but for all spectral indexes steeper than 
2 the transport exponent α is practically equal to 2.  

For a  < 0.5 – 0.8, 2x∆  is accurately determined by the first term. In this 

range of spectral indexes the transport exponent simply reduces to α = 1 + a. This 
case is of particular interest since it corresponds to a spectrum that would tend to 
flatten at low frequency, but not perfectly, as is observed for instance in the solar 
wind (Goldstein et al., 1995).  

Ragot (2001c) note that ( ) ( ) a
x

a
x kkPkkP //////11// =  for any //k  in the interval 

[ 1k , 2k ] so that the value of αmD  does not depend on the lower limit 1k  of the 

interval on which //xP  is in ak−
//  but solely on the level of turbulence in this 

interval of parallel wave-numbers. The range of validity in a for α = 1 + a, 
however, does depend on the value of zk ∆1 . If 01 →∆zk  , it extends from −1 to 1.  

The condition established by Ragot (1999a) to observe, in the quasi-linear 
regime of turbulence, a diffusive spreading of the field lines on at least one decade 
is confirmed; namely, the spectrum should be flat on at least three decades around 

z∆1  (2 decades for 1
1

1
2

−− <<∆<< kzk  plus 1 decade for the variation of ∆z). This 
means that even a flattening at 510−  Hz in the solar wind would not have guaranteed 
a diffusive spreading of the field lines on a scale of length shorter than the typical 
distance between strong inhomogeneities, since the sun rotates at a frequency of 
( ) 7106.42.3 −×−  Hz less than 100 times smaller. This conclusion of no quasi-linear 
diffusion of magnetic field lines in the inner Heliosphere is not contradicted by the 
observation of fluctuating field line directions and could account for the lack of 
mixing of charged particles propagating through the turbulent solar wind 
(Zurbuchen et al., 2000) recently observed with the SWICS instrument on ACE. A 
supra-diffusion is indeed characterized by a lower dispersion and ordered fields on 
many scales, as is considered below in Section 2.31.5. 
 
2.31.5. Comparison with the original quasi-linear prediction  

A quantitative comparison of Ragot (2001c) prediction for the magnetic field 
line spreading with the prediction of the original quasi-linear theory now is 
relatively straightforward. For a level of turbulence to be the same at the lower 
wave-number 1k , the ratio of the two predicted variances can be written as  
 

( ) ( ) ( )( )3
1

1
1

2

1
11

1

2

12 zkOzk
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x
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m
∆+⎥

⎦

⎤
⎢
⎣

⎡
∆+∆=

∆

∆
−

π
.        (2.31.17)  
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This ratio is plotted in Fig. 2.31.2 for various values of zk ∆1 .  
 

 

 
 
Fig. 2.31.2. Ratio of the quasi-linear field line spreading over the original diffusive quasi-
linear prediction for a given value of ( )1// kPx . Continuous line: zk ∆1 = 0.01. Long-dashed 
line: zk ∆1 = 0.1. Short-dashed line: zk ∆1 = 0.3. From Ragot (2001c). 
 

What strikes at once is that the supra-diffusion (a > 0) seems to give a much 
slower spreading of the field lines than would be expected for the diffusion of the 
original quasi-linear theory, whereas the sub-diffusion apparently gives a much 
faster transport. Whilst this might not be entirely accurate (one chooses a lower 
turbulence amplitude for larger a by taking the same value of ( )1// kPx , it serves the 
purpose of Ragot (2001c) pretty well here. He emphasizes the following. A supra-
diffusion does not necessarily mean that the transport is faster, nor does a sub-
diffusion imply a slower transport. This very much depends on the value of the 
transport coefficient. Supra-diffusion is characterized by a lesser dispersion of the 
field lines which tend to behave in a more orderly manner. Whilst the small-scale 
irregularities still exist and might give the impression that the field lines are 
‘diffusing’ in an erratic and uncorrelated way, the large-scale transport is 
significantly influenced by the lower part of the spectrum and ordered behavior 
occurs on all scales, even the largest ones. The propagator derived by Ragot and 
Kirk (1997) illustrates this property with a peaked shape shifted away from zero. 
For comparison the propagator of diffusion is the well known Gaussian centered 
around the origin. In the sub-diffusive case (a < 0) the propagator is more 
widespread and peaks at the origin. The transport is dominated by the small scales 
and long ordered ‘flights’ are extremely rare. A greater dispersion might still  
result, though, from some field lines being able to wander relatively quickly in  
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some part of the space while others (the majority) are trapped in smaller-scale 
domains on longer length scales.  
 
2.31.6. Summary of main results and discussion 

Ragot (2001c) have shown analytically that in the quasi-linear regime of 
turbulence the transport of magnetic field lines is anomalous on the length scale ∆z 
whenever the projected spectrum of turbulence is not perfectly flat below the 
parallel wave-number 10/∆z. The field line spreading 2x∆  varies as ( )αz∆  with 

20,1 ≤≤≠ αα . A decreasing spectrum results in a supra-diffusion of the field lines 
(α > 1), whereas an inverted spectrum implies a sub-diffusion (α < 1). For a 
spectrum that takes the form of a power-law on an interval of parallel wave-
numbers around ( ) 1−∆z , there were established new, simple expressions for the 
transport exponent and coefficient (Eq. 2.31.13–2.31.15). These expressions 
generalize the quasi-linear prediction for the spreading of magnetic field lines.  
 
2.32. CR transport in the fractal-like medium 
 
2.32.1. The matter of problem and main relations 

In papers Lagutin et al. (2001b,d, 2005), Erlykin et al. (2003), Lagutin and 
Uchaikin (2003) a model of phenomenological anomalous diffusion, in which the 
high energy CR propagation in the galactic medium is simulated as fractal walks, 
has been developed. The anomalous diffusion results from large free paths (‘Lévy 
flights’) of particles between magnetic domains-traps of the returned type. These 
paths are distributed according to power law  
 

( ) ( ) ∞→<≈ −− rrRARrP at2;,, 1 αα α                    (2.32.1) 
 
being an intrinsic property of fractal structures. Here R is the particle’s magnetic 
rigidity. It is also assumed that the particle can spend a long time in the trap. A long 
time means that the distribution of the particles staying in traps, ( )Rq ,τ , has a tail of 
power-law type  
 

( ) ( ) 1,, −−≈ βτβτ RBRq                               (2.32.2) 
 
with 1<β  at ∞→τ  (Lévy trapping time).  

Without energy losses and nuclear interactions, the propagator ( )oRRtG ;,,r , 
describing such a process, obeys the equation (Lagutin and Tyumentsev, 2004): 
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( ) ( ) ( ) ( ) ( ) ( )oo RRtRRtGDR
t
G −+∆−−=

∂
∂ −

+ δδδβακ αβ rr ;,,,, 21
0 .        (2.32.3) 

 
Here, ( )βακ ,,R  is the anomaly diffusion coefficient, µ

+0D  denotes the Riemann-

Liouville fractional derivative, and ( ) 2α∆−  is the fractional Laplacian, so called 
‘Riss’ operator (see in Samko et al., M1987). 

In the case of punctual impulse source of duration T with inverse power 
spectrum  
 

( ) ( ) ( ) ( )ttTRSRtS p
o Θ−Θ≈ − rr δ,, ,                              (2.32.4) 

 
where ( )tΘ  is the Heviside function, CR concentration is 
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p
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⎝
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3

3 ,,
,,

,, ,   (2.32.5) 

 
where the scaling function ( )( )rβα ,

3Ψ ,  
 

( )( ) ( )( ) ( )( )∫=Ψ
∞

0

31,
13

,
3 ττττ αβββαβα dqrqr ,                     (2.32.6) 

 
is determined by three-dimensional spherically-symmetrical stable distribution ( )α

3q  

at 2≤α , and one-sided stable distribution ( )( )tq 1,
1
β  with characteristic exponent β 

(Zolotarev, M1983; Uchaikin and Zolotarev, M1999). The diffusion coefficient 
( )βακ ,,R  is determined by the positive constants ( )α,RA  and ( )β,RB  (in the 

asymptotic behavior) for the ‘Lévy flight’ (A) and the ‘Lévy waiting time’ (B) 
distributions:  
 

( ) ( ) ( )βαβακ ,,,, RBRAR ∝ .                              (2.32.7) 
 
Taking into account that both the free path and the probability to stay in trap during 
the time interval τ for particle with charge Z and mass number A depend on particle 
magnetic rigidity R, we accept  
 

( ) ( ) ( ) δβακβακ RcvR o ,,, = .                              (2.32.8) 
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2.32.2. Formation of CR spectrum in the frame of anomaly diffusion in the 
fractal-like medium 

It has been shown (Lagutin et al., 2001b,d; Lagutin and Uchaikin, 2003; 
Erlykin et al., 2003) that in the framework of anomaly diffusion model it is possible 
to explain the locally observed basic features of the CR in the wide energy range. 
This model was proposed with the aim to understand the nature of the knee in 
primary CR spectrum and explain why the spectral exponent of protons and other 
nuclei at 52 1010 −≈E  GeV/nucleon has different values. 

The physical arguments and the calculations indicate that the bulk of observed 
CR with energy 108 1010 −  eV is formed by numerous distant sources. It means that 
the contribution of these sources to the observed flux may be evaluated in the 
framework of the steady-state approach. Using results of Lagutin et al. (2001a), in 
paper Lagutin et al. (2005), the total flux i

DJ  of the particles of type i from all 
distant ( )kpc1>r  sources have been presented in the form  

 
( ) βδ−−=> p

ii
i
D ECvrEJ 0kpc1, ,                      (2.32.9) 

 
where iv  is a particle velocity, iC0  is a constant evaluated via fitting of 
experimental data.  

The contribution ( )kpc1, ≤rEJ i
L  of the nearby or local ( )kpc1≤r  relatively 

young ( years105≤t ) sources defines the spectrum in the high energy region and, 
as it was shown in papers Lagutin et al. (2001d), Lagutin and Uchaikin (2003), 
provides the knee in the spectrum of galactic CR observed on the Earth:  

 

( ) ( )∑=≤
j

jji
ii

L EtnvrEJ ,,
4

kpc1, r
π

,                      (2.32.10) 

 
where jj t,r  are the coordinate and the age of the source j, ( )Etn jji ,,r  is the CR 
concentration from this source. 

The similar separation of the flux into two components with significantly 
different properties is frequently used in the CR studies. However, the presence of 
the large free paths of the particles (the ‘Lévy flights’) in considered model leads to 
the introduction of the third component. This third component is formed by the 
particles, which pass a distance between an acceleration site of a source and solar 
system without scattering. The flux of non-scattered particles i

NSJ  is determined by 

the injected flux p
iES −∝ 0  and the ‘Lévy flight’ probability ( )ErP ,> . Taking into 

account that for the particle with energy E the probability  
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( ) ( ) LErEAErP δαα ∝≈> ,, .                          (2.32.11) 
 
we have  
 

Lp
i

i
NS ECJ δ+−= 0

1 .                                 (2.32.12) 
 
Lagutin et al. (2005) assumed that this component defines the spectrum in the 
ultrahigh energy region 1810≥E  eV and provides the flattening of the spectrum. In 
other words, in this model the ‘ankle’ in primary CR spectrum is also due to the 
‘Lévy flights’ of the CR particles.  

Thus, the differential flux ( )EJi  of the particles of the type i from all Galactic 
sources may be presented in the form:  
 

( ) ( ) ( ) ( )EJEJEJEJ i
NS

i
L

i
Di ++= .                         (2.32.13) 

 
2.32.3. Parameters of the model and numerical calculations 

The first free path distribution of CR particle traveling through highly 
inhomogeneous medium of fractal type was investigated by Lagutin et al. (2005) 
numerically. It was obtained that first free path distribution in the medium with 
mass fractal dimension 20 << Md  has power-law asymptotic ( ) 1−−∝ αrrP . The 
index α dependence on fractal dimension of the medium under different 
assumptions on cross-section of particle interaction with elementary structures of 
the medium (parameter oxρ ) is shown in Fig. 2.32.1. In case of small cross-
sections the relation, obtained in Isliker and Vlahos (2003), 

 
Md−=+ 31α ,                                         (2.32.14) 

 
is confirmed by calculations of Lagutin et al. (2005). The violation of linear 
dependence of ( )Mdα  appears with increasing cross-section as a consequence of 
finiteness of medium and also overlapping inhomogeneities of the medium. Thus, 
assuming fractal dimension of the Galaxy as ≈Md 1.7 (according to Combes, 
2000), from Eq. 2.32.14 follows 3.0≈α  (Lagutin et al., 2004). The other parameters 
of the model ( op κβδ ,,, ) were evaluated from experimental data. There were 
found as follows (in accordance with Lagutin and Tyumentsev, 2004): 
 

8.03.06 yrpc103,27.0,85.2 −−×≈≈≈ op κδ .                (2.32.15) 
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Fig. 2.32.1. Dependence of α on fractal dimension of the medium Md under different 
assumptions on cross-section of CR particle interaction oxρ  from 0.01 up to 10. 
According to Lagutin et al. (2005). 
 
2.32.4. Application to the problem of galactic CR spectrum formation 

Possible candidates of the CR sources, located within 1 kpc from the Sun, with 
ages less than 5104 × years, and the contribution of each source to total proton flux, 
are presented in Fig. 2.32.2. This Figure illustrates the contribution of each source 
to proton flux observed near the Sun, assuming that the output of protons from each 
supernova is the same and equal to 

 
50104)GeV1( ×=>EQp erg/SN.                           (2.32.16) 

 
From Fig. 2.32.2 follows, that only two SNRs give significant contribution to 

observed proton flux in the high energy region: Loop-I gives from 60% to 70% and 
Loop-II from 12% to 7% (in dependence of energy). Lagutin et al. (2005) note that 
this result contradicts with observed very small amplitude of CR anisotropy, what 
can be owed either to not correctness of assuming about equal output of SN in CR 
protons (Eq. 2.32.16) or there are some other main sources of high energy CR (see 
the discussion also in Ptuskin, 1997; Cronin, 2001; Olinto, 2001; Hoerandel, 2004). 
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Fig. 2.32.2. Relative contribution of each nearby SNRs to proton flux near the solar system. 
According to Lagutin et al. (2005). 
 
2.33. CR propagation in large-scale anisotropic random and 
regular magnetic fields 

In series of papers of Mel’nikov (1996, 2000, 2005a,b,c) kinetic coefficients 
and parallel (to the mean field) mean free paths of CR particles in large-scale 
anisotropic random magnetic field are obtained with using nonlinear collision 
integral, i.e., by taking into account the strong random scattering.  
 
2.33.1. The matter of problem  

It follows from the analysis of experimental data performed by Matthaeus et al. 
(1990) and Bieber et al. (1996) that the distribution of interplanetary magnetic field 
fluctuations is anisotropic. In the weakly disturbed inner Heliosphere, the 
preferential direction of the magnetic field fluctuations is perpendicular to the 
regular magnetic field. The wave vectors of the fluctuations are also mainly 
perpendicular to the regular magnetic field, which gives rise to two-dimensional 
fluctuations. In the interplanetary medium the energy of the two-dimensional 
fluctuations can reach 85% of the energy of the random magnetic field. The  
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parallel transport mean free paths of high energy particles in the interplanetary 
magnetic field, including the anisotropy of random fluctuations, were calculated 
numerically by Bieber et al. (1994), Teufel and Schlickeiser (2002, 2003), Teufel et 
al. (2003), Shalchi and Schlickeiser (2004) and analytically by Dröge (2003). These 
authors used a quasi-linear random magnetic field approximation and introduced 
the cyclotron resonance broadening using a de-correlation in the correlation tensor 
of the random magnetic field. They showed that CR particles are scattered weakly 
by two-dimensional fluctuations. The calculated transport mean free paths of solar 
CR protons exceed their observed values by several tens or hundreds of times. 
Mel’nikov (2005a) shows that for nonlinear broadening of two-dimensional 
perturbations the random scattering frequency increases significantly, and the 
transport mean free path decreases.  
 
2.33.2. Main equations and transforming of collision integral  

Mel’nikov (2005a) has considered the kinetic coefficients and particle transport 
mean free paths over a wide energy range from 1 MeV to several GeV in the inner 
Heliosphere and at energies above 10 GeV in the outer Heliosphere, including those 
at the energies at which ⊥≈ LLrg ,// where gr  is the gyro-radius in the random 
magnetic field, and ⊥L  and //L  are the perpendicular and parallel (relative to the 
regular magnetic field) correlation lengths, respectively. It was used the following 
kinetic equation for the average particle distribution function ( )tF ,,pr  with the 
nonlinear collision integral (Mel’nikov, 1996, 2000): 
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where  
 

( ) ( ) ( ) ( ) ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂×−=∫=
p

uvDrr
c
exxFDxxGttBdxDF ,,,,;,St 01111111 βαβα ,(2.33.2) 

and tx ,,pr≡ ; r is the coordinate, p is the momentum, v is the particle velocity; t is 
the time; oH  is the strength of the regular magnetic field, e is the particle charge, c 
is the speed of light, u is the velocity of the magnetic field, and ( )11 , xxG  is the one-
particle Green function that is the solution of the linear kinetic equation. Mel’nikov 
(2005a) choused the correlation tensor of the random anisotropic magnetic field 1H  
for a power-law spectrum in the form (Matthaeus et al. 1990; Toptygin 1985; 
Chuvilgin and Ptuskin 1993):  
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and k is the wave vector, ν is the spectral index,  
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Γ is the Gamma function. Passing to the drift approximation, we obtain: 
 

ϕθ
θννµ F

zt o Stsindiv
2
1 =Φ

⎭
⎬
⎫

⎩
⎨
⎧

∂
∂−

∂
∂+

∂
∂ h ,                  (2.33.7)  

 
where the coordinate z is along the vector oh , ϕF=Φ , θ  is the angle between p 

and oh , θµ cos= , φ is the azimuthally angle between p and oh .  
The nonlinear average collision integral is 
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where the kinetic coefficient is 
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m is the particle mass, kϕ  is the azimuthally angle of the vector k, Ω is the gyro-
frequency in the regular magnetic field, ω is the gyro-frequency in the random 
magnetic field, ( )τr∆  is the change in the radius vector of the particle in the  
regular magnetic field, ( )ω0Γ  is a factor that is related to the additional Green  
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function of the particle in the nonlinear collision integral and that yields the 
damping of the resonant wave–particle interaction: 
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2.33.4. Kinetic coefficients and transport mean free paths  

Let us first consider the limiting case of the absence of resonance broadening, ω 
= 0 and ( )ω0Γ  = 1. In the kinetic coefficient (2.33.9), we expand the corresponding 
functions in terms of Bessel functions. We transform the series of Bessel functions 
and add the series using the addition formula for the Bessel functions  
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where ( ) ( )ρβρ nJz ,2sin2= , is the Bessel function of order n. The integrations 
in Eq. 2.33.9 yield a kinetic coefficient in the form 
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Let us now turn to the diffusion approximation using the formulae 
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In this case   
 

( ) ( ) ( )( ) ( )( ) 11
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22
0 2/224RR3 −−− −−Ω=Λ νννω ν
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In the case of strong random scattering at 2

//
222

// qvqv ⊥⊥ >>  following factor makes 
a major contribution to the resonance damping:  
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The integrations in Eq. 2.33.9 yield a kinetic coefficient in the form 
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In the opposite case 2

//
222

// qvqv ⊥⊥ << , the following integrand factor makes a major 
contribution to the damping function :  
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Substituting it into Eq. 2.33.9, we obtain after transformations and integrations 
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where   
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It is convenient to combine Eq. 2.33.12, Eq. 2.33.17, and Eq. 2.33.20 into a 
general interpolation formula for b(µ) that is valid at any pitch angle; as result, 
Mel’nikov (2005a) obtain 
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Using the interpolation formula for the integral in Eq. 2.33.14, he obtained the final 
formula for the parallel transport mean free path, including strong random 
scattering:  
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where 
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In this case, ν−∝Λ 2

// p . The contribution of strong random scattering is significant 
at any strengths of the random magnetic field. The momentum dependence of //Λ  
in this case is similar to that numerically calculated by Teufel and Schlickeiser 
(2002, 2003) and Shalchi and Schlickeiser (2004).  
 
2.33.5. Comparison with experimental data 

For protons with energy of 200 MeV scattered in a weakly disturbed 
interplanetary medium, substituting R = 10104 × cm, 12

// 102 ×== ⊥LL cm, ν = 1.67, 

and 822 =Ω ω  yields ≈Λ // 0.25 AU. This value of //Λ  is close to the mean 
experimental values from Palmer (1982). The values of //Λ  are close to those from 
Shalchi and Schlickeiser (2004), in which, however, slab turbulence produces the 
main scattering. Thus, the weak momentum dependence of //Λ  for solar CR over a 
wide energy range from several MeV to several GeV can be explained in terms of 
strong (moderate) random scattering by two-dimensional turbulence in the solar 
wind.  

In the case of the very strong turbulence in co-rotating interaction region of the 
outer Heliosphere  
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Calculations using Eq. 2.33.25 for ω ≈ 0.7Ω yield //Λ ≈1 AU for galactic CR with 
an energy of 10 GeV. The numerical value and rigidity dependence of R∝Λ //  is 
in agreement with experimental data on galactic CR modulation in the outer 
Heliosphere (Fujii and McDonald, 1995).  

For galactic CR with energies above 4 GeV scattered in the interstellar 
medium, when the random magnetic field has a Kolmogorov spectrum with ν ≈ 1.7, 
we obtain the following order-of-magnitude estimate from Eq. 2.33.23: 

 
( ) ( ) 12

//
1

//// R6.1 +−− Ω=Λ νν ωqq .                          (2.33.26) 
 
Assuming that ω ≈1.8Ω, //L  ≈ 100 pc, and 3.01 ≈H  nT, we obtain for relativistic 
protons  

ν−×≈Λ 218
// 108.1 E  cm,                               (2.33.27) 

 
where E is the particle energy in GeV. Calculated value of //Λ  is close to the 
experimental mean free path (Ptuskin, 2001).  
 
2.34. CR perpendicular diffusion calculations on the basis of MHD 
transport models 
 
2.34.1. The matter of problem 

As it is mention in le Roux et al. (1999a), quasi-linear theory (QLT) for the 
parallel diffusion (diffusion coefficient //κ ) of CR appears to be understood 
reasonably well, unlike perpendicular diffusion ( ⊥κ ). This hampers our 
understanding of CR modulation in the context of well-established CR transport 
theory. le Roux et al. (1999a) present calculations of the radial cosmic ray diffusion 
coefficient in the ecliptic plane on the basis of three different theories for 
perpendicular diffusion assuming that large-scale field line random walk dominates 
resonant perpendicular diffusion. The radial dependence of rrκ  is determined 
completely theoretically using a promising recent model for the combined transport 
of a predominantly 2D component (80%), and a minor slab component (20%) of 
MHD turbulence in the solar wind.  
 
2.34.2 Three models for perpendicular diffusion coefficient  

On the basis of standard QLT for the cyclotron resonant interaction of CR with 
random Heliospheric magnetic field (HMF) slab fluctuations le Roux et al. (1999a) 
derived the CR parallel mean free path  
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where gr  is the particle gyro-radius, bl  is the wavelength for slab turbulence at the 
break point in the power spectrum of HMF fluctuations, A is the normalized 
amplitude of the x-component of the slab fluctuations ( BBA xδ= , where B is the 

magnitude of the mean HMF; ( )2BBxδ = 0.05 and B = 5 nT at 1 AU).  
The first model for ⊥κ  is given by  
 

( ) 241 Avlc=⊥κ ,                                     (2.34.2)  
 
where v is CR particle speed, cl  is the correlation length of slab turbulence, and the 
amplitude ( cl = 0.79256 bl  where bl = 0.03 AU at 1 AU), A is the sum of slab and 
2D turbulence amplitudes. Eq. 2.34.2 corresponds to the QLT of Jokipii (1971) for 
slab turbulence and implies that CR are tied to and moving along a large-scale 
random-walking field line without experiencing resonant spatial diffusion. The only 
modification is that A denotes the sum of slab and 2D turbulence instead of just the 
slab component. This theory is tied to the condition //λ >> cl  indicating 
applicability for rigidities R >> 2×10−4 GV at 1 AU. Thereby, all R-values of 
relevance for CR modulation are covered. This model is referred to as the modified 
QLT (MQLT) model (see also Zank et al., 1998).  

In the limit //λ << cl  or R << 2×10−4 GV at 1 AU, ⊥κ  is given by 
 

//
25.0 κκ A=⊥ ,                                       (2.34.3) 

 
where A is the sum of the amplitudes of slab and 2D turbulence. This expression is 
an outflow of the QLT by Chuvilgin and Ptuskin (1993) on anomalous 
perpendicular diffusion. It means that CRs are resonantly diffusing primarily along 
and weakly across large-scale random walking field lines, so allowing CR to change 
field lines. It implies that the rate at which large-scale neighboring field lines 
separate then plays a major role in determining the effective ⊥κ  of CR across B 
(see large ratio of //κκ⊥  in Eq. 2.34.3). Unfortunately, this model applies at R 
below that of interest for CR modulation. However, test particle simulations by 
Giacalone (1998) suggest that large-scale field line separation effects also occur at 
energies relevant for CR modulation, but at a reduced level. Using their work as a 
guide, le Roux et al. (1999) assume for the 2nd model of ⊥κ  that 
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( ) //
202.0 κκ oAA=⊥ ,                                (2.34.4)  

 
where oA  is the amplitude of the turbulence at 1 AU. This model is referred to as 
the modified anomalous diffusion (MAD) model.  

The 3rd model makes use of the well-known basic expression for ⊥κ  given by 
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where ω is the particle gyro-frequency, and τ is the scattering or relaxation time. 
Bieber and Matthaeus (1997) suggest that ωτ can be expressed as  
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where ⊥BD  describes large-scale field line wandering across B. The expression for 

⊥BD  is given by  
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where  
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1 == .                                  (2.34.8)  

In Eq. 2.34.8, slD  describes the magnetic field wandering for slab turbulence, 

slA  is the amplitude of this turbulence, and sll  is its correlation length along B, 
while DD2  describes the magnetic field wandering for 2D turbulence, DA2  is 
the amplitude of this turbulence, and Dl2  is its correlation length across B 
(Matthaeus et al., 1995). The advantage of this approach is that there is a clear 
distinction between cl  along and across B tied to the 2 components of solar 
wind turbulence. The MQLT model allows just for cl  parallel to B. In addition, 
the approach is not limited to small amplitudes as QLT. Assuming tω >> 1, and 

DD2 = 0, ⊥κ  in Eq. 2.34.5 is the same as ⊥κ  in Eq. 2.34.2 for slab turbulence. 
Although not well known, the expectation is that Dl2 >> sll  so that ⊥κ  is larger 
compared to the MQLT model in the limit tω >> 1 and smaller when tω << 1. 
Le Roux et al. 
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(1999a) use Dl2 = 100 sll  and for reference they call this model the nonperturbative 
(NP) model (see also Zank et al., 1998).  

The dependence of the diffusion coefficients on radial distance r is theoretically 
determined with the MHD model for HMF turbulence transport in the solar wind 
according to Zank et al. (1996). The model gives a good reproduction of the 
observed r-dependence in the energy density of HMF fluctuations and also specifies 
the r-dependence of cl . Key elements in its success are the generation of turbulence 
by corotating interaction regions close to the Sun, and by isotropizing pickup ion 
(PI) ring distributions beyond the ionization cavity (r > 6 AU). In an extended 
version of the model (le Roux et al., 1999b), it is shown that near isotropic PI 
distributions can also damp turbulence for r > 30 AU, but that turbulence generation 
by PI still dominates. The increase in the energy density of the turbulence and the 
decrease in cl  across the termination shock is estimated simply with the extended 
model.  
 
2.34.3. The main results for diffusion coefficients 

In Fig. 2.34.1 are shown theoretically calculated mean free paths for 930 MV 
CR He+ with the MQLT model for ⊥κ  in the ecliptic plane as a function of 
increasing r from the Sun.  
 

 
 
Fig. 2.34.1. Mean free paths in the ecliptic plane for the modified quasi-linear (MQLT) 
model of ⊥κ . The curves denote for anomalous CR He+ with R = 930 MV ( =kE 28 
MeV/nucleon). From le Roux et al. (1999a).  
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The radial mean free path rrλ  in Fig. 2.34.1 is calculated according to  
 

ψλψλλ 22
// sincos ⊥+=rr ,                            (2.34.9) 

 
where ψ is the Parker field spiral angle, and v⊥⊥ = κλ 3  is the perpendicular mean 
free path. The three important results to emerge from the MQLT model are as 
follows (see Fig. 2.34.1):  
(1.1) rrλ  is determined solely by //λ  without any contribution from ⊥λ  so that 
large negative radial gradients in rrλ  exist for R << 1 GV.  
(1.2) There is a big decrease in the magnitude of //λ  across the termination shock at 

85 AU ( 22cos u∝ψ  where u is the solar wind speed) implying that a strong 
modulation barrier to galactic CR exists downstream.  
(1.3) Close to 1 AU 31

// Rrr ∝∝ λλ  because CR interact resonantly with the 

inertial range of the power spectra; at larger distances 2
// Rrr ∝∝ λλ  because of 

resonant interaction of CR with the energy range.  
In Figure 2.34.2 are shown calculations that consider the MAD model for ⊥κ .  

 

 
 
Fig. 2.34.2. The same as in Fig. 2.34.1, but for the modified anomalous diffusion (MAD) 
model of ⊥κ . From le Roux et al. (1999a). 
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The main results are (see Fig. 2.34.2):  
(2.1) 2−

⊥ ∝ grλ  contributes mainly to rrλ  beyond ~ 20 AU so that rrλ  has a strong 
r-dependence upstream beyond ~ 30 AU.  
(2.2) The drop in rrλ  across the termination shock is reduced ( ψ2sin  is less 

sensitive to the shock jump than ψ2cos ).  
(2.3) The R-dependence of rrλ  is determined by //λ , giving it the same dependence 
as for the MQLT model.  
(2.4) The negative r-dependence of rrλ  below R < 1 GV is weakened by the 
important contribution of ⊥λ  to rrλ .  

In Fig. 2.34.3 and Fig. 2.34.4 calculations of mean free paths are presented on 
the basis of the NP model.  
 

 
 
Fig. 2.34.3. As in Fig. 2.34.1, but for the non-perturbative (NP) model of ⊥κ . From 
le Roux et al. (1999a). 
 

The key results produced by the NP model are the following:  
(3.1) ⊥λ  contributes significantly to rrλ  beyond ~ 20 AU from the Sun below ~ 3 
GV so that the r-dependence of rrλ  upstream is reduced compared to the MAD 
case for intermediate R-values (Fig. 2.34.3). This is because ⊥λ  is independent of 

gr  (ωτ >> 1 in Eq. 2.34.5).  
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(3.2) For R << 3 GV beyond ~ 20 AU, ⊥λ  and therefore rrλ  is strongly dependent 
on r (ωτ << 1 in Eq. 2.34.5).  
(3.3) Above ~ 3 GV beyond ~ 20 AU //λ  contributes the most to rrλ .  
(3.4) Consequently, rrλ  features a three interval R-dependence in the outer 
Heliosphere with the weakest dependence ∝rrλ R for intermediate values of R < 3 

GV in the middle interval, and 2Rrr ∝λ  for R > 3 GV and R << 3 GV in the other 
two intervals (Fig. 2.34.4). It was proposed and demonstrated first by Moraal et al. 
(1999), in an empirical approach to the CR diffusion tensor, that a similar three 
interval R-dependence for rrλ , with the weakest R-dependence in the center 
interval, is necessary for the simulation of both observed galactic and anomalous 
CR spectra.  
 

 
 
Fig. 2.34.4. The rigidity dependence of the radial mean free path rrλ  in the ecliptic plane 
for the NP model of ⊥κ . From le Roux et al. (1999a). 
 
2.34.4. Summarizing and comparison of used three models 

Le Roux et al. (1999a) summarized main results as following. The parallel, 
perpendicular and radial mean free paths for CR were determined theoretically on 
the basis of three plausible theories for ⊥κ  assuming that field line random walk is  
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more important than resonant perpendicular diffusion. A MHD model for field 
turbulence transport in the solar wind (Zank et al., 1996, 1998) was used to 
calculate the spatial dependence of the mean free paths. Concerning the MQLT 
model for //, λλ⊥  contributes solely to rrλ , and consequently a big drop in rrλ  
across the termination shock implying a strong galactic CR modulation barrier, is 
predicted. For the MAD model of //, λλ⊥  produces a strong contribution to rrλ  for 
r > 20 AU from the Sun resulting in a large r-dependence for rrλ  for r > 30 AU 

upstream. For both models, 2Rrr ∝λ  at large r due to the resonant interaction of 
CRwith the energy range of the power spectra. Regarding the NP model for 

//, λλ⊥  contributes significantly to rrλ  for R < 3 GV at large r but //λ  dominates 
in rrλ  for R > 3 GV. This leads to a complex three interval R-dependence for rrλ , 

with the weakest R-dependence ∝rrλ R given by the middle interval, and 2Rrr ∝λ  
in the other two intervals. A similar R-dependence was first proposed empirically 
by Moraal et al. (1999) as a necessary condition for the simulation of both observed 
galactic and anomalous CR spectra. The NP model tentatively provides a theoretical 
basis for the work of Moraal et al. (1999).  
 
2.35. On the role of drifts and perpendicular diffusion in CR 
propagation 
 
2.35.1. Main equations for CR gradient and curvature drifts in the 
interplanetary magnetic field 

Jokipii and Levy (1977) show that the CR gradient and curvature drifts in an 
Archimedean-spiral magnetic field produce a significant effect in the galactic CR 
propagation and modulation in the Heliosphere. The effects of drifts are due to the 
fact that CR small energy particles for which the drift velocity is comparable to the 
solar wind velocity have more rapid access (in case when the drift velocity directed 
to the Sun) to the inner Heliosphere than in the absence of drifts; in the opposite 
case, when the drift velocity directed from the Sun, the result could be inverse. 
Although drifts are explicitly contained in standard transport theories (e.g., Parker, 
1965; Dorman, 1965; Axford, 1965a,b; Jokipii and Parker, 1970) they have been 
neglected in all models of galactic CR or SEP propagation in the interplanetary 
space. Jokipii and Levy (1977) note that Jokipii (1971), Levy (1975, 1976a,b), 
Barnden and Bercovitch (1975) pointed out some consequences of drifts, but did 
not construct complete models. Jokipii and Levy (1977) suggest using the term 
‘drift’ to refer to gradient and curvature drifts, and not to the convection with the 
solar wind. Jokipii and Levy (1977), Jokipii et al. (1977) use the general 
formulation of CR transport written down by Jokipii and Parker (1970) and start 
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from decompose the CR diffusion tensor ijκ  into its symmetric and anti-symmetric 
parts Sij,κ  and Aij,κ . Then the average particle drifts may be written as 
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v ,, κ

∂
∂= .                                     (2.35.1) 

 
Noting that according to Levy (1976a) 
 

 ( ) 0div =drv ,                                      (2.35.2) 
 

One may write the equation for the CR density n as a function of position r, time t, 
and kinetic energy kE  as 
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where 
 

( ) ( )koko EcmEcm ++= 222α .                                (2.35.4) 
 
For simplicity Jokipii and Levy (1977), Jokipii et al. (1977) assume that the 
electromagnetic conditions in the interplanetary space are symmetric about the 
Sun’s rotation axis, and that θθκκ ,rr  are independent of r and θ, and define the 
new function  
 

θsin2nrf = .                                             (2.35. 5) 
 
The resulting equation for f is 
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Eq. 2.35.6 is a Fokker-plank equation (Chandrasekhar, 1943) with transition 
moments  
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Jokipii and Levy (1977) consider the steady-state solution to Eq. 2.35.7 with outer 
boundary condition ( )ko Enn =  at orr = ; it is presumed that the inner boundary at 

arr =  is an absorber of CR (because the inner absorbs boundary occupies relatively 
very small region of space, the its nature makes very little impact on the solution). 
The solution for f is obtained by introducing particles at orr = , distributed in θ as 

θsin . Each particle random walks in r and θ according to the prescription 
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where the time step t∆  is chosen to be some convenient value, and the plus or 
minus signs are chosen randomly. Each particle is followed for successive time 
steps until 1+ir  is either greater than or  or less than ar , at which point it is regarded 
as having escaped from the system and a new particle is introduced at orr = . The 
space in kEr ,,θ  is divided into bins, and at each step the bin in which the particle is 
located is incremented by 1; the resulting kEr ,,θ  histogram corresponds to the time 
independent solution for f. The corresponding solution for n is obtained by dividing 
on θsin2r  (corresponding to Eq. 2.35.5).  
 
2.35.2. The using of Archimedean-spiral model of interplanetary magnetic 
field 

The used in Jokipii and Levy (1977) the model of interplanetary magnetic field 
corresponds to the classical Parker’s (M1963) Archimedean-spiral magnetic field 
for constant radial solar wind velocity, but in which the field changes sign at the 
solar equator. The field may be written as 
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where ( )θS  is the Heaviside step function and A is a constant; the sign of A changes 
with successive 11-year solar cycles and is positive for positive CR particles 
between general solar magnetic field reversals from even to odd cycle (as in 1950-
1960, 1970-1980), and negative from odd to even cycle (as in 1960-1970, 1980-
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1990, and so on). For negative CR particles the situation is inversely. On the 
opinion of Jokipii and Levy (1977) this is a very good approximation to that 
magnetic field which was shown by Levy (1975, 1976a,b) to provide a natural 
interpretation of interplanetary sector-structure observations. The corresponding 
particle velocity drift for positive CR particles is given by (Jokipii et al., 1977): 
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p is the momentum of CR particle, v is its speed, and q its charge; swu  is the 
velocity of the solar wind, oΩ  is the angular velocity of the Sun; r, θ, and φ are the 
usual spherical polar coordinate centered in the Sun. To simplify the calculations 
Jokipii and Levy (1977) assume that drrr v,, θθκκ  are independent of energy. 

They ran simulations using 60,000 to 200,000 particles with: 7104 ×=swu  cm2s−1, 
21105×=rrκ  cm2s−3, rrκκθθ 1.0= , 21107.4 ×±=A  cm2Gs (corresponding to 

|B| 5105 −×= Gs at 1 AU), pc = 1 GeV, 1210=ar  cm, 10=or  AU, ( ) 5.2−∝ kko EEn . 
The solution is symmetric about 2πθ = , so it was considered the range 

20 πθ ≤≤ .  
 
2.35.3. The illustration results on the nature of CR drift modulation 

Results shown in Fig. 2.35.1 and Fig. 2.35.2 are histograms of the number 
density of CR particles within 27° of the equatorial plane, averaged over 0.5 AU, 
with the density normalized to 1 at the outer boundary 10=or  AU (really, as it is 
considered in Chapter 3, 100≈or  AU, but results shown in Fig. 2.35.1 and Fig. 
2.35.2 are interested as illustration of drifts influence on CR propagation and 
modulation). In Fig. 2.35.1, A is positive, and in Fig. 2.35.2, A is negative. The 
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dashed lines in each case correspond to the modulation solution with the drifts set 
equal to zero.  

 

 
 
Fig. 2.35.1. Histograms of the number of CR particles within ± 27° of the solar equatorial 
plane, as a function of heliocentric radius r, for positive A. The solid line is the solution with 
drifts; the dashed line is the solution in the absence of drifts. The statistical uncertainties 
scale as r−2 and are about ± 15% for the innermost bin shown. From Jokipii and Levy 
(1977). 
 

 
 
Fig. 2.35.2. Same as in Fig. 2.35.1, but for A negative. The bump at ~ 3 AU is a statistical 
deviation. From Jokipii and Levy (1977). 
 
From Fig. 2.35.1 and Fig. 2.35.2 may be clear seen that for both positive and 
negative A, the drifts considerably change the modulated CR density. An item of 
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major interest is that the CR radial gradient may be substantially reduced by the 
inclusion of realistic drifts. According to Jokipii et al. (1977), since the divergence 
of the average drift velocity is zero, the drift by itself cannot cause CR modulation; 
however, in the presence of a CR particle gradient produced by the usual 
convection-diffusion modulation, the drifts can have a substantial effect.  
 
2.36. Drifts, perpendicular diffusion, and rigidity dependence of 
near-Earth latitudinal proton density gradients 
 
2.36.1. The matter of the problem 

Burger et al. (1999) note that from September 1994 to July 1995, the Ulysses 
spacecraft executed a fast latitude scan by moving from 80° South to 80° North at 
solar distances between 1.3 and 2.2 AU. During this first comprehensive 
exploration of the latitudinal dependence of modulation, a number of discoveries 
were made (see Simpson, 1998 and McKibben, 1998 for recent overviews). It was 
observed the unexpected small latitudinal CR proton density gradients, and its 
rigidity dependence (Heber et al., 1996.) These authors also attempted to model the 
observed gradients. They found that the discrepancy between measurements and 
model results increased as rigidity is decreased. The magnitude problem was 
subsequently solved (Potgieter et al, 1997, 1999; Hattingh et al., 1997) by using 
anisotropic perpendicular diffusion (Jokipii and Kóta, 1995). Burger et al. (1999) 
show that it is the rigidity dependence of the perpendicular diffusion coefficient in 
the polar direction that controls that of the latitudinal gradient, and that this 
coefficient's rigidity dependence cannot be the same as that of parallel diffusion.   
 
2.36.2 The propagation and modulation model, and diffusion tensor  

According to Burger et al. (1999) the modulation of galactic CR is described by 
Parker's transport equation (Parker, 1965) for the omni-directional distribution 
function ( )pfo ,r  for particles with rigidity p at position r, which can be written in 
the steady state as  
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Here r and θ are heliocentric radial distance and colatitude (polar angle) 
respectively, swu  is the solar wind speed, and drv  is the drift velocity. The 
coefficient θθκ  describes diffusion perpendicular to the mean magnetic field in the 
polar direction, while the radial coefficient is 
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ψκψκκ φ 22
// sincos r

rr ⊥+= ,                              (2.36.2) 
 
where //κ  is the diffusion coefficient parallel to the mean magnetic field, φκ r

⊥  is 
the diffusion  coefficient perpendicular to the field in the radial/azimuthal direction 
and ψ is the spiral angle. In the two-dimensional model this coefficient acts only in 
the radial direction. In Eq. 2.36.1 the first 4 terms described diffusion, 5th and 6th – 
drifts, 7th – convection, and the last, 8th – adiabatic energy loss. Burger et al. (1999) 
used a steady-state two-dimensional model that simulate the effect of a wavy 
current sheet (Burger and Hattingh, 1995, Hattingh and Burger 1995) by using for 
the three-dimensional drift pattern in the region swept out by the wavy current 
sheet, an averaged field with only an r-and a θ-component. The Heliospheric 
boundary is assumed at 100 AU while the solar wind speed is 400 km/s within ~30° 
of the ecliptic plane and increases within ~10° to 800 km/s in the polar regions. A 
modified Heliospheric magnetic field (HMF) is used (Jokipii and Kóta 1989). The 
tilt angle of the wavy current sheet is 15°. The diffusion tensor on which the current 
one is based, is described in detail in Burger and Hattingh (1998). For diffusion 
parallel to the magnetic field, Burger et al. (1999) used   
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if the quantity ( ) solBRcD =  is greater than 1, while if it is less than one   
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In Eq. 2.36.3 and Eq. 2.36.4 v is the particle speed, oB  is the magnitude of the 
background magnetic field, sl  is the correlation length of the magnetic field, s is 
the fraction of slab turbulence, sC is the level of the turbulence, c is the speed of 
light, and R is the particle rigidity. The quantity b determines the transition from 

Rv ∝//κ  to 2
// Rv ∝κ  for particles resonant with fluctuations in the energy 

range of the magnetic field power spectrum: if b is equal to 1, only 2
// Rv ∝κ  

occurs, while if it is greater than one both occur. In Eq. 2.36.4 the terms in square 
brackets ensure a smooth transition from one rigidity dependence to the next. To 
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describe the anisotropic diffusion perpendicular to the field, and drift, Burger et al. 
(1999) used  
 

⎪⎩

⎪
⎨
⎧

=
+

==⊥
polarR

eclipticR

R
R

cB
vRR

o
R

r
η

η

θθ
γφ

κ

κ
κκκκ

//

//
2

2
//

1.0

007.0
,

101
10

3
,007.0     (2.36.5) 

 
The ecliptic region spans the solar equatorial plane with a half-angle of 35°. 

4.0−==ηγ . Fig. 2.36.1, panels (a) and (b) show the spatial dependence of the 
radial and polar mean free paths, and the drift scale, while panels (c) and (d) show 
their rigidity dependence at 4.0−==ηγ . Burger et al. (1999) note that the spatial 
and the rigidity dependence of the diffusion coefficients cannot be separated and 
this leads to the different behavior of these quantities in different regions in space.  

 
Fig.2.36.1. Radial dependence of the radial and polar mean free paths, and the drift scale for 
1 GV protons in the ecliptic and at 10° colatitude (upper panels). The two lower panels 
show the rigidity dependence of the same variables at a radial distance of 3 AU. In all cases 

4.0−==ηγ . From Burger et al. (1999).  
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From the panel (a) in Fig. 2.36.1 can be seen that in the ecliptic region rrλ  

approaches θθλ  beyond 30 AU. Radial diffusion is dominated by φκ r
⊥  at large 

radial distances where the field becomes azimuthal, and in the ecliptic region 

θθ
φ κκ =⊥

r . In the polar region (see panel (b) in Fig. 2.36.1), θθλ  exceeds rrλ  at 

large radial distances where φκ r
⊥  again begins to dominate radial diffusion; but here 

θθ
φ κκ <⊥

r . The panels (c) and (d) in Fig. 2.36.1 show that the polar mean free path 
has a flatter rigidity dependence than the radial mean free path. Drifts are slightly 
reduced (below about 1 GV) with respect to the weak scattering case which is 
proportional to R at all rigidities.  

The parameters 4.0−==ηγ  in Eq. 2.36.5 are chosen to fit solar minimum data 
at Earth for both solar polarity epochs, by changing only the sign of the magnetic 
field. Although optimized for protons, good fits to galactic helium and high energy 
electrons are also obtained.   
 
2.36.3. Latitudinal gradients for CR protons 
The central result of paper Burger et al. (1999) is Fig. 2.36.2, which shows a 
comparison of the latitudinal gradient for CR protons calculated at 2 AU between 
the ecliptic and 10° colatitude, and Ulysses data.  
 

 
 
Fig. 2.36.2. The calculated latitudinal CR protons gradients at radial distance 2 AU from the 
Sun for different values γ and η in Eq. 2.36.5 for perpendicular diffusion, and comparison 
with Ulysses data (open circles, according to Heber et al., 1996). From Burger et al. (1999).   
 
Comparing panels (a), (b), and (c) in Fig. 2.36.2 it is evident that changing the 
rigidity dependence of φκ r

⊥  has little effect on the latitudinal gradient as γ changes 
from – 0.4 to + 0.4. It reduces the gradient somewhat at high rigidity, but is does not 
shift the maximum. In contrast, changing the rigidity dependence of θθκ  changes 
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both the magnitude and the position of the maximum as η changes from –0.8 to 0 in 
each panel. The best values are 4.0−== ηγ .  
 
2.36.4. Discussion on the nature of CR latitudinal transport 

Burger et al. (1999) came to conclusion that to obtain the correct magnitude of 
the observed near-Earth latitudinal gradient, enhanced latitudinal transport is 
required. In the described above model, this is accomplished by increasing the 
cross-field diffusion in the polar direction with respect to that in the other direction 
perpendicular to the HMF. To obtain the observed rigidity dependence of this 
gradient, the cross-field diffusion in the polar direction must have a flatter rigidity 
dependence than parallel diffusion; at rigidities below about 10 GV v⊥κ  should 
be almost independent of rigidity. Before coming to this conclusion, numerous 
other options were tried. However, looking at the transport Eq. 2.36.1, it is obvious 
that θθκ , which appears as a coefficient of tfo ∂∂ , should play a dominant role in 
governing latitudinal transport. At least two other studies support this conclusion. 
Comparing Ulysses high-latitude data on the rate of change of integral CR 
intensities with IMP-8 data, Simpson (1998) concludes that if cross-field diffusion 
(as opposed to direct magnetic field "channeling"; see Fisk, 1996) occurs, it should 
be independent of rigidity. In an independent study, Potgieter et al. (1999) came to a 
similar conclusion studying CR electron modulation and using Ulysses electron 
data (see below, Section 2.40).  

There are however other studies that at a first glance appear to contradict the 
above conclusion. A numerical simulation of Giacalone (1998) predicts 

21Rv ∝⊥κ  in the range 40 MV < R < 2 GV. A second  different conclusion 
follows from the interpretation of Voyager anomalous nuclear component data 
(Cummings and Stone, 1998 and references therein) which suggests that the 
perpendicular mean free path is proportional to 2R  below about 1 GV, in 
agreement with quasi-linear theory (e.g., Bieber et al., 1995).  

Can all these different results be reconciled? The answer of Burger et al. (1999) 
is a guarded yes, but only if those that appear to have observational support are 
considered, i.e. if the numerical simulations reported by Giacalone (1998) is 
neglected for the moment. One possibility is that perpendicular transport in the 
ecliptic and in the polar region is different. In the ecliptic region, QLT may apply – 
this will explain the result reported in Cummings and Stone (1998). The relative 
insensitivity of the rigidity dependence of perpendicular gradient θG on φκ r

⊥  near 
Earth, is an indication (albeit not a strong one) that the results of the discussed study 
will not necessarily be invalidated if φκ r

⊥  from QLT is used. More problematic is 

θθκ . The enhanced latitudinal transport may also be due to direct magnetic field 
"channeling" in the HMF model of Fisk (1996). The question in this case is, if the 
transport is parallel to the field, should this process not have the same rigidity 
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dependence as parallel diffusion? The first implementation of the Fisk field in a 
numerical modulation model (Kóta and Jokipii, 1997) unfortunately did not address 
this issue.   
 
2.37. CR drifts in dependence of Heliospheric current sheet tilt 
angle 
 
2.37.1. The matter of the problem 

According to Burger and Potgieter (1999), the effect of particle drifts, and in 
particular drift along the wavy current sheet, has long being thought to be 
responsible for the characteristic shape of the CR intensity profile observed near 
Earth around times of minimum solar activity (e.g., Jokipii and Thomas, 1981). 
Positively charged particles, during a positive solar polarity cycle (when the field in 
the northern hemisphere of the Sun points outward; denoted by A > 0) exhibit a 
rather flat response to the changing tilt near solar minimum. During alternate 
cycles, denoted by A < 0, and for the same range of tilt angles, the intensity profile 
shows a peak around solar minimum. It is by now well-established that drift-
dominated models can readily explain these different profiles (e.g., Jokipii and 
Thomas, 1981). While the role of drifts during periods of minimum solar activity 
appear to be well understood, the same cannot be said for periods when the Sun 
approaches maximum  activity, and the tilt angle becomes large. Previous studies 
(Potgieter and Burger, 1990; Webber et al., 1990) with steady-state two-
dimensional models that simulate the effect of a wavy current sheet, suggest that the 
flat response of positively charged particles during A > 0 cycles would persist for 
large values of the tilt angle. Using a newer version of such a two-dimensional 
simulated wavy current sheet  model, Burger and Hattingh (1998) show that the 
intensity of CR protons during an A > 0 cycle does  respond markedly when the tilt 
becomes larger than about 40°, approaching the intensity for an A < 0 cycle. In the 
described below study Burger and Potgieter (1999) extend the analysis of Burger 
and Hattingh (1998) to show what happens when the tilt angle approaches ~ 90° 
near maximums of solar activity.   
 
2.37.2 CR propagation and modulation model; solar minimum spectra 

The two-dimensional, steady-state numerical modulation model that is used in 
the study of Burger and Potgieter (1999) was described in detail by Burger and 
Hattingh (1995). A comparison of CR electron spectra from this model and those 
from a three-dimensional model was considered in Ferreira et al. (1999); it was 
found good agreement between the two models (see below, in Section 2.41). 
Therefore, as Burger and Potgieter (1999) note, from a modeling point of view there 
is no reason to doubt the validity of the results from the two-dimensional model.  

In Fig. 2.37.1 are shown resulting solar minimum spectra (tilt angle is taken 
15°) for CR electrons, protons and helium at Earth for the two polarity cycles of the 
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solar magnetic field: A > 0 (e.g., 1996) and A < 0 (e.g., 1987). The modulated CR 
spectra are shown in comparison with corresponding spectra out of the Heliosphere. 
 

 
 
Fig. 2.37.1. Solar minimum spectra for CR electrons, protons and helium at Earth for the 
two polarity cycles of the solar magnetic field: A > 0 (e.g., 1996) and A < 0 (e.g., 1987). 
The tilt angle is 15°. By thick curves are shown corresponding spectra out of the 
Heliosphere. From Burger and Potgieter (1999). 
 
2.37.3. Tilt angle dependence of CR protons at Earth 

Fig. 2.37.2 shows how the intensity of CR protons, relative to the 
corresponding interstellar value, varies as function of tilt angle. From Fig. 2.37.2 
can be seen that at all three energies the classic drift behavior, with the intensity-tilt 
profiles for an A > 0 cycle flatter than for an A < 0 cycle, is evident only for tilt 
angles up to about 45°. From 45° to about 60°, the intensity-tilt profiles for both 
cycles have similar slopes. Beyond about 60°, the A > 0 intensity-tilt profile drops, 
while the A < 0 intensity-tilt profile flattens, both approaching the no-drift value, 
indicated with a filled circle. The fact that this approach to the no-drift value 
becomes more evident as the energy decreases is due to numerical boundary effects, 
which in these cases diminishes as the particle's gyro-radius decreases. Note that 
Webber et al. (1990) used such intensity-tilt profiles to deduce that drift effects 
need to be reduced in a rigidity dependent manner, as is done in the study of Burger 
et al., 1999 (see above, Section 2.36, Eq. 2.36.5). 
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Fig. 2.37.2. Intensity-tilt profiles for CR protons at Earth relative to intensity out of the 
Heliosphere. The filled circles denote no-drift values, and the dotted lines are straight-line 
interpolations. From Burger and Potgieter (1999). 
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A comparison between the two-dimensional model and a three-dimensional 
model (Hattingh, 1998) is shown in Fig. 2.37.3  
 

 
 
Fig. 2.37.3. Comparison of intensity-tilt profiles from a two-dimensional and a three-
dimensional models for 1.9 GeV protons at the Earth’s orbit. From Burger and Potgieter 
(1999). 
 

In Fig 2.37.3 a different diffusion tensor is used, and the boundary is set at 40 
AU. The convergence of the intensity-tilt profiles in the three-dimensional model to 
a common value is somewhat faster than in the two-dimensional model. Note, 
however, that the difference between the A > 0 intensities at a tilt angle of 70° is 
less than 5%. Clearly the two models show the same qualitative behavior, and to a 
large extent the same quantitative behavior, as the tilt angle increases (Ferreira et 
al., 1999a; see also below, Section 2.39).   
 
2.37.4. Tilt angle dependence of CR intensity ratios at Earth orbit 

The tilt angle and solar polarity-sign dependence of the ratios e–/He++ and e–/p 
are shown in Fig. 2.37.4, normalized with respect to the minimum value for each 
ratio. Although there are some quantitative differences between the two ratios, their 
qualitative behavior is the same. During an A > 0 cycle, the ratio has a ‘w’ shape, 
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and shows smaller changes when the tilt angle changes than during an A < 0 cycle, 
when the ratio has an ‘m’ shape.  
 

 
 
Fig. 2.37.4. The tilt angle and solar polarity-sign dependence of the ratios e–/He++ and e–/p, 
normalized with respect to the minimum value for each ratio. "ND (90)" denotes a no-drift 
value at a hypothetical tilt angle of 90°. From Burger and Potgieter (1999). 
 
From Fig 2.37.4 can be seen that the changes in the ratio becomes larger as the 
rigidity becomes smaller. In earlier studies (e.g., Potgieter and Burger 1990; 
Webber et al., 1990) the smooth transition from one polarity cycle to the next does 
not occur. The reason for this is that at large tilt angles, predecessors of the current 
two-dimensional model predicted a much flatter intensity-tilt response of positively 
charged particles during an A > 0 cycle, and therefore of negatively charged 
particles during an A < 0 cycle.   
 
2.37.5 Discussion of main results 
Apart from magnetic polarity, only the tilt angle is changed to obtain the present 
results. Since the tilt angle is a proxy for solar activity, we therefore employ drifts 
to construct a simplified solar-activity cycle. In Burger and Potgieter (1999) model, 
intensity-tilt profiles (Fig. 2.37.2) show three distinct regimes. During periods when 
the tilt is small, the well-known peaked profile for protons occurs when A < 0, and 
the "flat" profile (actually only flatter than the peaked profile) when A < 0. For 
larger tilt angles, a second regime occurs when the two profiles more-or-less track 
each other. Cane et al. (1999) find observational evidence for both regimes at 
neutron-monitor energies, but conclude that the second is not due to drift effects, in 
contrast to the results presented here. The third regime is when the A > 0 profile 
drops while the A < 0 profile flattens to converge to the no-drift intensity. Clearly, 
drifts are phased out as the tilt angle increases for both polarities.  
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The ratio of differently charged particle intensities throughout hypothetical 
solar activity cycle, where only the tilt angle changes, shows that during A > 0 
cycles, the largest changes occur around solar  minimum modulation, and the local 
maximum occurs at solar minimum. At other times, little change in the ratio occurs, 
but there is an sharp increase in the ratio going from an A > 0 to an A < 0 cycle, 
which decreases as the rigidity of the particles decreases. During an A < 0 cycle, 
changes in the ratio is typically larger than during the alternate cycle, especially at 
lower rigidities. At solar minimum modulation the ratio is at a local minimum. 
Burger and Potgieter (1999) note that the qualitative features of the ratio-tilt angle 
profiles for the electron/helium ratio agrees remarkably well with observations 
(Bieber et al., 1999a, b).  

According to Burger and Potgieter (1999), before attempting a detailed 
comparison of the described results with observations, one should bear in mind the 
following:  
(i) In a dynamical model, the symmetry with respect to solar minimum modulation 
is broken (le Roux and Potgieter, 1990).  
(ii) Modulation caused by ‘barriers’ cannot be neglected during non solar minimum 
modulation periods (e.g., Potgieter and le Roux, 1992a,b).  
(iii) The electron measurement may contain a sizable fraction of positrons (e.g., 
Evenson, 1998).  
(iv) The state of the Heliosphere during the approach to solar maximum, is certainly 
different from that in the considered model (e.g., review by Jokipii and Wibberenz, 
1998).  
(v) The sign of the solar magnetic field does not change abruptly through solar 
maximum, and as a rule, this does not occur at a tilt angle of 90°.  
 
2.38. CR drifts in a fluctuating magnetic fields 
 
2.38.1. The matter of problem 

Giacalone et al. (1999) examine the drifts of CR particles in a fluctuating 
magnetic fields using direct numerical simulation of particle trajectories. They 
superimpose a randomly fluctuating magnetic field upon a background uniform 
field. Particle drifts in a magnetic field which has a mean which varies with position 
are a basic aspect of the motion of CR energetic particles. In general, the motion of 
CR is composed of the diffusive motion caused by the scattering of the particles due 
to the fluctuating part of magnetic field and the drift motions resulting from large-
scale gradient and curvature of the average magnetic field. The nature of the 
diffusive transport, and the relation of the diffusion coefficients to the turbulent 
structure of the magnetic field has been extensively studied over the years. In 
particular, the diffusion parallel to the average magnetic field seems to be fairly 
well understood, whereas the perpendicular diffusion with coefficient ⊥κ  is less so 
(Fisk et al., M1998). In addition to the perpendicular and parallel diffusion,  
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determined by the symmetric part of the diffusion tensor, a mean magnetic field 
produces in general an anti-symmetric part to the diffusion tensor, usually termed 

Aκ . In general the diffusion tensor may be write as 
 

( )
B
k

ijkA
ji

ijij
B

B

BB
εκκκδκκ +−−= ⊥⊥ 2// ,                       (2.38.1) 

 
where ijkε  is the unit totally anti-symmetric tensor. The drift velocity drv  
(averaged over the nearly-isotropic distribution) may be shown to be precisely the 
divergence of the anti-symmetric part of the diffusion tensor (Jokipii et al., 1977). 
Depending on the situation, one may work in terms of either the drift velocity itself 
or the anti-symmetric diffusion tensor. In the following Giacalone et al. (1999) will 
use the term drift velocity or anti-symmetric diffusion tensor inter-changeably. 

Giacalone et al. (1999) examine the nature of the gradient and curvature drifts 
in the presence of turbulent fluctuations. The standard expression for the drift 
velocity of a charged particle of mass m, charge q, momentum p, and speed v in a 
magnetic field B, in the limit that the scattering mean free path is much larger than 
the gyro-radius gr , is  

 
( ) ( )2B3v Bqpcvdr ×∇= ,                              (2.38.2) 

 
where c is the speed of light. The corresponding 3gA vr=κ . This is the limit most-
frequently used, since Giacalone et al. (1999) expect that the mean free path is 
generally somewhat larger than the gyro-radius. A finite amount of scattering 
should reduce this somewhat. A simple analysis based on the venerable billiard ball 
scattering picture suggests that scattering by fluctuating magnetic field might 
reduce the drifts by a noticeable amount for CR in the Heliosphere (Burger and 
Moraal, 1990; Jokipii, 1993). Similarly some analyses of the modulation of galactic 
CR by the solar wind suggest that the drift motions in the Heliospheric magnetic 
field are significantly reduced from the classical value given above (e.g., Potgieter 
et al., 1989). In this special case the expressions for ⊥κ  and Aκ  become, in terms 
of the ratio η of the mean free path λ to the gyro-radius gr , 
 

( ) ( )2
//

2
// 1,1 ηηκκηκκ +=+=⊥ A ,                   (2.38.3) 

 
where //κ  is the parallel diffusion coefficient. Again drv  is the divergence of the 
anti-symmetric part of the diffusion tensor. Giacalone et al. (1999) utilize direct 
numerical simulations of particle motions in the turbulent magnetic field to analyze 
the effects of fluctuations on the drifts.  
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2.38.2. Analytical result and numerical simulations for CR particle drifts 
Before proceeding to the results of the numerical simulations, Giacalone et al. 

(1999) first present an analytical result which enables to simplify and make more 
precise the numerical analysis. For simplicity in notation, Giacalone et al. (1999) 
assume without loss of generality that the average magnetic field, at least locally, is 
in the z direction, so that the perpendicular direc tions are x and y. In determining 
the transport coefficients from numerical simulations it is usual to work in terms of 
the Fokker-Planck transition moments tx ∆∆ 2 , etc (e.g., Giacalone and Jokipii, 

1999). In this case the drift term appears in one or more of the first-order 
coefficients, for example tx ∆∆ . However, this will only be non-zero when the 
magnetic field has spatial variation, and this is more complicated to compute 
numerically. Hence it is usually more convenient to work with the anti-symmetric 
diffusion coefficient, which is non-zero even if there are no gradients, and whose 
divergence is the drift velocity. But the obvious Fokker-Planck coefficient  
( ) tyx ∆∆∆  is obviously symmetric. The reason is that the divergence of the anti-
symmetric tensor is zero if the field does not vary, and in this case the anti-
symmetric coefficient does not appear in the diffusion equation. But it does appear 
in the equation for the streaming flux, or anisotropy. It must proceed differently.  

It may be shown that, in general, the equation for the streaming flux in a simple 
system with no convection, may be written as 

 

j
iji x

fF
∂
∂−= κ ,                                        (2.38.4) 

 
where the diffusion tensor ijκ  can be written as jiij xv ∆=κ . It is easily seen that 

this also gives the anti-symmetric part of ijκ . Furthermore, this form is much 
simpler to compute in a simulation. 

According to Giacalone et al. (1999) the above result can be demonstrated as 
follows. At some time t, we may express the value of the distribution function 

( )tpxf ii ,,  in terms of the values of the ii pp '=  and ii xx '=  corresponding to the 

ii px , at some other time t’ (following the actual particle trajectories) by the exact 
relation 

 
( ) ( )tpxftpxf iiii ,',',, = ,                                     (2.38.5) 

 
which is simply a restatement of Liouville’s theorem. Now consider the situation 
where the time ttt −=∆ '  is many scattering times, but where the corresponding 

iii xxx −=∆ '  is much smaller than the scale of spatial variation of f (this is 
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equivalent to the usual diffusion approximation). Then, since f is nearly isotropic 
and the momentum magnitude of a particle is constant, the spatial gradient ixf ∂∂  
is approximately the same for all directions (all particles at a given p) and it may be 
write 

( ) ( ) ( )( )iiiiiiii xtpxfxtpxftpxf ∂∂∆+≈ ,,,,,',' .                    (2.38.6) 
 

Therefore, since the ip'  at ix'  are scrambled relative to the ip , so that  
 

( )∫ =Ω 0,',' dtpxvf ii ,                                     (2.38.7) 
 
the diffusive flux at txi , ,  
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which is the desired result Eq. 2.38.4. Here it was used of the fact that the diffusion 
coefficient ijκ  depends on the magnitude of p as well as ix  and t, so the integral 

over Ω sums over all the particles at a given p and the ixf ∂∂  properly weights the 
sum over particles. Below Giacalone et al. (1999) compute Aκ  from the 

relationship jiij xv ∆=κ . 

 
2.38.3. Numerical simulations by integration of particle trajectories  

Giacalone et al. (1999) integrate the trajectories of particles moving under the 
influence of a time-independent magnetic field of the form  

 
B(r) = zBo ˆ + δB(r).                                   (2.38.9) 

 
The fluctuating component, δB(r), is determined in a manner similar to that which 
was described previously in Giacalone and Jokipii, 1994, 1996, 1999). They are 
characterized by a discrete sum of individual stationary plane waves with random 
wave vectors, phases, and polarizations. The amplitudes are given by a 
Kolmogorov-like power spectrum which is described mathematically in terms of 
three parameters: the total integrated power 2σ , the correlation length cl , and the 
spectral index γ (for all simulations considered in Giacalone et al. (1999) it was set 

35=γ ). It were considered fluctuations which are approximately spatially 
homogeneous and isotropic.  

Particles are injected at a given energy (which remains constant since the field 
is time stationary) chosen in such a way that the particle gyro-radius is 0.1 cl . For 
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the interplanetary magnetic field with a typical correlation length of 0.01 AU and 
mean field strength at 1 AU of 5 nT, this would correspond to proton with an 
energy of 31.6 MeV. The particles are released isotropically in velocity space at a 
point in space which it was arbitrarily take to be the origin. They are followed for 
1000 gyro-periods, which is larger than the scattering time for all runs that it was 
report here. The numerical scheme is described in detail in Giacalone and Jokipii 
(1996, 1999). The diffusion coefficients are compute in the following manner: the 
cross-field and parallel diffusion coefficients are determined by computing the 
averages over all particles of ( )tx ∆∆ 22  and ( )tz ∆∆ 22 , respectively.  

The anti-symmetric diffusion coefficients are determined from 2.38.8 as the 
average over all particles of yxy xv∆=κ , and xyx yv∆=κ , respectively. 

In order to compare the numerical results with Eq. 2.38.3 it must vary the 
particle mean free path. To accomplish this, Giacalone et al. (1999) vary the power 
in the random fluctuations, 2σ . According to the standard quasilinear theory (e.g. 
Jokipii, 1966) the mean free path varies as the inverse of 2σ . Giacalone et al. 
(1999) emphasize, however, that here they compute the mean free path directly 
from the simulations from the relationship v//// 3κλ =  (which was divide by the 
particle gyro-radius to get η). 

Shown in Fig. 2.38.1 are the ratios //κκ⊥  and //κκ A  as a function of η. The 

corresponding values of the turbulence variance range from 0.03 < 22
oBσ  < 30. 

The curves in Fig. 2.38.1 are from Eq. 2.38.3.  
 

 
 
Fig. 2.38.1. Comparison of numerical simulations (solid circles), and analytic theory based 
on classical scattering (curves, determined by Eq. 2.38.3). From Giacalone et al. (1999). 
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Fig. 2.38.1 shows that the cross-field diffusion coefficient is considerably larger 
than the classical scattering result of Eq. 2.38.3. This is due to the fact the ⊥κ  is 
enhanced by the field-line random walk. This result is consistent with obtained in 
Giacalone and Jokipii (1999). On the other hand, the simulated values of Aκ  agree 
nicely with the classical scattering result of Eq. 2.38.3 for large values of η. In order 
to obtain the smaller values of Aκ  Giacalone et al. (1999) had to set the power in 
the random fluctuations considerably larger than the power in the mean field. 
Consequently, the field becomes almost completely random with no preferential 
direction. There should be no drifts under such a situation. This is the reason why 
the simulation results deviate noticeably from the curve. Giacalone et al. (1999) 
point out however that the statistics were very poor in determining these points and 
that additional simulations are needed to verify these findings.  
 
2.38.4. Summary of main results  

Giacalone et al. (1999) have performed numerical simulations of charged-
particles moving in turbulent magnetic fields and compared these with analytic 
theory. They have concentrated primarily on the drifts associated with these 
motions and have derived expressions for determining the anti-symmetric diffusion 
coefficients. Giacalone et al. (1999) have found that the computed anti-symmetric 
diffusion coefficient agrees well with the classical theory when mean-free path 
largely exceeds the particle gyro-radius. On the other hand, Aκ  is significantly 
smaller than the predicted value when the mean-free path is less than several 
particle gyro-radiuses, which occurs when the power in the random fluctuations 
exceeds that in the mean field. These conclusions regarding Aκ  are restricted to a 
small range of parameters. Future work will extend this to a more comprehensive 
range of parameters. The small value of Aκ  at η < 5 is potentially of significance 
for models of CR transport in the Heliosphere, where drifts play an important role. 
 
2.39. Increased perpendicular diffusion and tilt angle dependence 
of CR electron propagation and modulation in the Heliosphere 
 
2.39.1. The matter of the problem 

It is well-known that the wavy Heliospheric current sheet (HCS) is a very 
important modulation parameter as were predicted by drift models (Jokipii and 
Thomas, 1981; le Roux and Potgieter, 1990). The computed effects of the HCS “tilt 
angle” α which represents the extend to which it is warped is however dependent of 
other modulation parameters, in particular the parallel //κ  and perpendicular ⊥κ  
diffusion coefficients. Concerning ⊥κ  it was argued by Kóta and Jokipii (1995) that 
it is not isotropic but seems enhanced in the polar directions. This enhancement has 
been studied intensively in modulation models (e.g., Potgieter, 1997) and it was 
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illustrated that the enhancement is necessary to make these models compatible with 
the small latitude effects observed for protons onboard the Ulysses spacecraft. 

Ferreira et al. (1999b) note that for numerical solutions of Parker’s CR 
transport equation to be compatible with the small latitudinal gradients observed for 
protons by Ulysses, enhanced perpendicular diffusion seems needed in the polar 
regions of the Heliosphere. The role of enhanced perpendicular diffusion was 
further investigated by examining electron modulation as a function of the tilt angle 
α of the wavy current sheet, using a comprehensive modulation model including 
convection, diffusion, gradient, curvature and neutral sheet drifts. Ferreira et al. 
(1999b) found that by increasing perpendicular diffusion in the polar direction, a 
general reduction occurs between the modulation differences caused by drifts 
effects for galactic CR electrons as a function of α for the A > 0 (e.g. ~1990 to 
~2000) and A < 0 (e.g. ~1980 to ~1990) solar magnetic polarity cycles. This aspect 
is also pursued in Potgieter, 1996 (detailed description of the importance of the 
various parameters in electron modulation) and in Ferreira and Potgieter, 1999 
(where the effects are illustrated for spectra and differential intensities as a function 
of radial distance and polar angle).  
 
2.39.2 The propagation and modulation model  

The model for the study of Ferreira et al. (1999b) is based on the numerical 
solution of the Parker's (1965) transport equation:  

 

( ) ( ) ( )
R
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Sdr ln3
1ˆ

∂
∂⋅∇+∇⋅⋅∇+∇⋅+−=

∂
∂ uvu κ ,         (2.39.1)  

 
where ( )tRf ,,r  is the CR distribution function, R is rigidity, r is position, and t is 
time. Terms on the right-hand side represent convection, gradient and curvature 
drifts, diffusion and adiabatic energy changes respectively, with u the solar wind 
velocity. The symmetric part of the tensor Sκ̂  consists of a parallel diffusion 
coefficient //κ  and a perpendicular diffusion coefficient ⊥κ . The anti-symmetric 
part Aκ̂  describes gradient and curvature drifts in the large scale Heliospheric 
magnetic field (HMF) with the pitch angle averaged guiding center drift velocity for 
a near isotropic CR distribution is given by  
 

BAdr eκ̂×∇=v ,                                    (2.39.2) 
 
where Be  = B/B, with B the magnitude of the background HMF. Eq. 2.39.1 was 
solved in a spherical coordinate system assuming azimuthal symmetry, and for a 
steady-state, that is tf ∂∂ = 0.  

The HMF was modified according to Jokipii and Kóta (1989). Qualitatively, 
this modification is supported by measurements made of the HMF in the polar 
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regions of the Heliosphere by Ulysses (Balogh et al., 1995). The solar wind speed u 
was assumed to change from 450 km/s in the equatorial plane (θ = 90°) to a 
maximum of 850 km/s when θ < 60°, with θ the polar angle. The outer boundary of 
the simulated Heliosphere was assumed at 100 AU which is a reasonable consensus 
value. The galactic electron spectrum published from the COMPTEL results 
(Strong et al., 1994) was used as the local interstellar spectrum; see also Potgieter 
(1996). Solutions for tilt angle α up to 70° were computed for both A > 0 and A < 0 
polarity epochs. For the parallel and perpendicular diffusion coefficients, and the 
‘drift’ coefficient, the following general forms were assumed respectively: 

 

( ) ( ) ( )
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βκκκκκκβκκ θ ==== ⊥⊥ .     (2.39.3)  

 
Here β is the ratio of the speed of the CR particles to the speed of light; ( )Rf1  gives 
the rigidity dependence in GV; oκ  is a constant in units of 6.0×1020 cm2 s−1 with 

oκ = 25; a = 0.05 is a constant which determines the value of r⊥κ  which 
contributes to perpendicular diffusion in the radial direction, and b is a constant 
determining the value of θκ⊥  which contributes to perpendicular diffusion in the 
polar direction. Diffusion perpendicular to the HMF was therefore enhanced in the 
polar direction by assuming //κκκ θθθ b== ⊥  with b = 0.05 and 0.15 respectively. 
(see also Kóta and Jokipii, 1995; Potgieter, 1996). The coefficient ( )oAκ  specifies 
the amount of drifts allowed, with ( )oAκ = 1.0 a maximum. The effective radial 
diffusion coefficient is given by  
 

ψκψκκ 22
// sincos ⊥+=rr ,                               (2.39.4) 

 
with ψ the angle between the radial direction and the averaged HMF direction. Note 
that ψ → 90° when r ≥ 10 AU with the polar angle θ → 90°, and ψ → 0° when θ → 
0°, which means that //κ  dominates rrκ  in the inner and polar regions and ⊥κ  
dominates in the outer equatorial regions of the Heliosphere. Differential intensities, 

fRJ 2∝ , are calculated as particles m−2sr−1s−1MeV−1.  
Solutions were computed in Ferreira et al. (1999b) with a simple rigidity 

dependence for //κ  and ⊥κ  (meaning both r⊥κ  and θκ⊥ ) given by  
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where oR = 1 GV. This simple approach has proven to be most useful (Potgieter, 
1996). For the spatial dependence, 
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( ) 12 1, rrrf +=θ                                            (2.39.6) 
 
was assumed, with 1r  = 1 AU. Note that //κ  and ⊥κ  have the same rigidity 
dependence that becomes flat and constant below 0.4 GV. This feature causes the 
electron modulation at a given position in the Heliosphere to become almost 
constant at energies ≤ 50 MeV. At energies ≤ 10 MeV Jovian electrons may 
contribute to the computed spectra (Haasbroek et al., 1996) but is neglected in 
Ferreira et al. (1999b) study. Different assumptions for ( )Rf1  may change the slope 
of the spectra at low energies as was illustrated in detail by Potgieter (1996) but this 
is not important for the results and conclusions of the Ferreira et al. (1999b) study.  

Modeling the modulation of electrons in the Heliosphere, a 2D model with an 
emulated wavy current sheet was used as developed by Hattingh and Burger 
(1995a). Obviously, the 2D model differs from a 3D model in the way the HCS is 
handled. However, using a 2D model is well justified and for a comparison between 
this 2D model and the 3D model developed by Hattingh (1998) - see also Hattingh 
and Burger (1995b); it will be considered below in detail in Section 2.41 on the 
basis of paper Ferreira et al. (1999a). For an additional description of the ‘tilt angle’ 
dependence of the model see Section 2.37 on the basis of paper Burger and 
Potgieter (1999).  
 
2.39.3. Main results and discussion  

The electron differential intensities as a function of tilt angle α are shown in 
Fig. 2.39.1 for 1.94 GeV electrons at θ = 90° (equatorial plane) for both polarity 
cycles. Solutions are shown at three radial distances and for two different values of 

θκ⊥ . Panels (a) and (b) show solutions at 1 AU; panels (c) and (d) for 5 AU and 
panels (e) and (f) for 80 AU for b = 0.05 and b = 0.15 respectively.  

From Fig. 2.39.1 follows that at 1 AU the intensity for the A < 0 polarity cycle 
is higher than for the A > 0 cycle. As θκ⊥  was enhanced by increasing b from 0.05 
to 0.15, a reduction occurs in the differences between the two epochs. The 
intensities for both epochs are lower for the increased value of θκ⊥  and do not 
have such a strong a dependence as for a smaller θκ⊥ . For A > 0 this diminished 
dependence on α is especially evident for a < 40°. At 5 AU the intensities for the A 
> 0 and A < 0 cycles cross at α ~ 15° with the A < 0 intensities lower than those for 
the A > 0 for α < 15°. As for 1 AU, the increase in θκ⊥  led to a decrease of the α 
dependence, especially with α < 40°. The spectra shown no longer cross, but it still 
occurs at a slightly larger radial distance. For 80 AU, the intensities for the A > 0 
are consistently higher than for the A < 0 epoch and the increase in θκ⊥  had little 
or no effect on the differential intensities as a function of α. This indicates that the 
increase in θκ⊥  is more important in the inner and middle Heliosphere (compare 
also Ferreira and Potgieter, 1999).  
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Fig. 2.39.1. Electron differential intensity at 1.94 GeV as a function of tilt angle α, shown in 
the equatorial plane (θ = 90°) for A > 0 and A < 0 polarity epochs. Solutions are shown at 1 
AU, 5 AU and 80 AU for different values of θκ⊥ : panels (a), (c) and (e) with b = 0.05 and 
panels (b), (d) and (f) with b = 0.15 in Eq. 2.39.3. From Ferreira et al. (1999b).  

 
The process was repeated for 0.30 GeV electrons and the results are shown in 

Fig. 2.39.2.  
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Fig. 2.39.2. As in Fig. 2.39.1, but for 0.30 GeV electrons. From Ferreira et al. (1999b). 
 
Qualitatively, Fig. 2.39.2 shows a similar response to changes in θκ⊥  and no 
significant deviations occur with the changing a compared to Fig. 2.39.1. The cross-
over shown in Fig. 2.39.1 now occurs at r > 5 AU. Quantitatively, the α dependence 
of the A > 0 intensities is less linear and the differences between the two epoch 
solutions are evidently larger than for the higher electron energies shown in Fig. 
2.39.1.  
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Fig. 2.39.3 shows solutions as in Fig. 2.39.2 except that they were obtained at θ 
= 5° to illustrate what happens to the α dependence of the solutions in the polar 
regions of the Heliosphere.  

 
Fig. 2.39.3. As in Fig. 2.39.2, but at a polar angle of θ = 5°. From Ferreira et al. (1999b). 

 
The α dependence is clearly negligible compared to the equatorial regions as 

follows from comparing panels (a) to (f) in Fig. 2.39.3 with those in Fig. 2.39.2. 
The only significant α dependence is when α > 60°. This is understandable, because 
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when the tilt angles become very large the modulation of intensities must respond to 
the presence of the wavy HCS in these high latitude regions of the simulated 
Heliosphere. The increase in θκ⊥  from 5% to 15% of //κ  gives the largest effect 
on the level of modulation in the polar regions as a comparison of panels (b), (d) 
and (f) in Fig. 2.39.3 with those in Fig. 2.39.2 illustrates. This is due to the fact that 
the enhancement of θκ⊥  in the polar directions becomes more effective with 
decreasing polar angles. The significant reduction of the latitude dependence of the 
electron intensities due to the enhancement of θκ⊥  also follows clearly from 
comparing panels (b),(d) and (f) in Fig. 2.39.3 with those in Fig. 2.39.2.  
 
2.39.4. Summary and conclusions  

According to Ferreira et al. (1999b) studying the effects on electron modulation 
of enhancing θκ⊥  in the polar directions, from 5% to 15% of //κ , it was found that 
this increase reduced the differences between the modulated intensities as a function 
of tilt angle α for the two magnetic polarity cycles. This is especially strong for the 
inner Heliosphere in the equatorial regions and most of the Heliosphere in the polar 
regions. The increase in θκ⊥  also led to a decrease in the α dependence of the 
differential intensities for α < 40° for the inner Heliosphere in the equatorial regions 
as shown in Fig. 2.39.1 and Fig. 2.39.2. For the polar regions, shown in Fig. 2.39.3, 
the increase in θκ⊥  had little or no change in the α dependence of the intensities 
for α < 60°, but it caused a significant reduction in the global latitude dependence 
of electron modulation.  
 
2.40. Rigidity dependence of the perpendicular diffusion 
coefficient and the Heliospheric modulation of CR electrons  
 
2.40.1. The matter of problem 

Potgieter et al. (1999) note that the diffusion perpendicular to the Heliospheric 
magnetic field (HMF) plays an important role in the modeling of the Heliospheric 
propagation and modulation of galactic CR. This followed directly from the 
simulation of latitude dependent modulation, first studied about 30 years ago with a 
two-dimensional model by Fisk (1976). Even with the introduction of global and 
neutral sheet drifts in models of increasing complexity (Kóta and Jokipii, 1983; 
Potgieter and Moraal, 1985; le Roux and Potgieter, 1991; Burger and Hattingh, 
1998) the importance of the perpendicular diffusion coefficient has remained and is 
arguably the most important element of the diffusion tensor. But because no 
comprehensive theory exists for it, the best that can be done at this stage is to make 
reasonable assumptions about its value, spatial and rigidity dependence. 
Fortunately, the modulation of CR electrons in the Heliosphere provides a useful 
tool in understanding and in determining the diffusion coefficients. Computed  
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electron modulation responds directly to what is assumed for the energy 
dependence of the diffusion coefficients below 500 MeV, in contrast to protons 
which experience large adiabatic energy changes below this energy and which 
consequently obscure the effects of changing the energy dependence of any of the 
diffusion coefficients. Another aspect is that drifts become progressively less 
important with decreasing electron energy, to have almost no effect on electron 
modulation below 100−200 MeV. For the work of Potgieter et al. (1999), electron 
modulation was used to illustrate how important perpendicular diffusion is, in 
particular its rigidity dependence, to the Heliospheric modulation of CR electrons.  

According to Potgieter et al. (1999), the modulation of CR electrons in the 
Heliosphere provides a useful tool in understanding and estimating the diffusion 
tensor applicable to Heliospheric modulation. Using a comprehensive modulation 
model including all major mechanisms to study electron modulation, especially at 
energies below 500 MeV, Potgieter et al. (1999) found that perpendicular diffusion 
is very important to electron modulation at these energies. Electrons respond 
directly to the energy dependence of the diffusion coefficients below 500 MeV, in 
contrast to protons which experience large adiabatic energy losses below this 
energy. As a result of this and because drifts become unimportant for electrons at 
these low energies, important conclusions can be made about the absolute values, 
spatial and especially the rigidity dependence of the diffusion coefficients.  
 
2.40.2. The propagation and modulation model, main results, and 
discussion  

The propagation and modulation model that was used in Potgieter et al. (1999) 
is the same which was used in Ferreira et al. (1999b) and was described above, in 
Section 2.39.2 (see Eq. 2.39.1 up to Eq. 2.39.6). The results are shown in Fig. 
2.40.1 and illustrate in general that when the rigidity dependence of ⊥κ  (that is 
both r⊥κ  and θκ⊥  in Eq. 2.39.3) is taken independently from that for //κ  at 
energies below ~ 500 MeV, it clearly dominates modulation at these lower energies. 
Potgieter et al. (1999) assumed for these results that function ( )rf ,2 θ  in Eq. 2.39.3 
is described by Eq. 2.39.6, with 1r = 1 AU, oκ = 25, a = 0.05 and b = 0.15. The 
HMF magnetic cycle was chosen to be A > 0 (e.g. the solar polarity cycle in 1999). 
The different rigidity dependencies for //κ  and ⊥κ  are shown in the inserted graph 
where ⊥κ  was multiplied by 10 for illustrative purposes. In this case the rigidity 
dependence for //κ  was according to the damping model - composite slab - 2D 
geometry of Bieber et al. (1994); see also Potgieter (1996). It is evident that the 
computed spectra in the inner Heliosphere are still compatible to data at higher 
energies but below ~ 100 MeV the modulation becomes unreasonably large which 
is apparently not supported by measurements. However, these results illustrate that 
although r⊥κ  and θκ⊥  is only 5% and 15% of the value of //κ  respectively, 
perpendicular diffusion, especially in the polar direction, dominates electron 
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modulation below ~ 100 MeV and that it is as such a very important parameter that 
should be studied in detail. If the increase in the low energy part of observed 
electron spectra with decreasing energy was taken as a characteristic of modulated 
electron spectra then Rβκ ∝⊥ , as shown in Fig. 2.40.1, is not a workable option. 
 

 
 
Fig. 2.40.1. Computed electron modulation at 1, 5, and 60 AU in the equatorial plane with 
the LIS at 100 AU for an A > 0 epoch. Insert shows the values of //κ  and r⊥κ  in units of 
6×1020 cm2s−1; note that θκ⊥ = 3× r⊥κ . From Potgieter et al. (1999). 
 

As it was argued by Kóta and Jokipii (1995) that θκ⊥  plays a crucial role in 
CR modulation which is the assumption for work of Potgieter et al. (1999), because 
perpendicular diffusion enhanced in the polar direction seems a necessity for getting 
computed latitude dependencies compatible to the Ulysses observations. Because 

θκ⊥  may be considerably larger than r⊥κ  in the Heliospheric polar regions, Fig. 
2.40.2 illustrates whether a further enhancement of θκ⊥  may change the features 
shown in Fig. 2.40.1 by taking b = 0.40 instead of 0.15 in Eq. 2.39.3. This increase 
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caused additional low energy electrons to reach the equatorial plane, compared to 
Fig. 2.40.1. A further increase in b had little additional effect at these low energies, 
so that there is clearly a limit to what his approach can do.  
 

 
 
Fig. 2.40.2. Similar to Fig. 2.40.1 but with θκ⊥ = 8× r⊥κ . Note how the situation changed 
at the low energies, especially in the inner Heliosphere. From Potgieter et al. (1999). 
 

To extend the study on the modulation aspects shown in Fig. 2.40.1 and Fig. 
2.40.2, Ferreira (1999) constructed an analytical expression for //κ , applicable to 
electrons, using the theoretical work of Hattingh (1998) and Burger and Hattingh 
(1998) where they on their part used the formalism of Bieber et al. (1994), 
especially the random sweeping model for dynamical turbulence with pure slab 
geometry (see also Zank et al., 1998). This expression is depicted in Fig. 2.40.3 as a 
function of kinetic energy for 1 AU, 10 AU, 50 AU and 100 AU in the equatorial 
plane. No explicit latitude dependence was assumed.  
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Fig. 2.40.3. The parallel diffusion coefficient //κ  for CR electrons in units of 6×1020 cm2s−1 
at 1 AU, 10AU, 50AU and 100AU in the equatorial plane as a function of kinetic energy. 
Note the changes from 1 AU to 100 AU. From Potgieter et al. (1999). 
 

It is evident from Fig. 2.40.3 that the radial dependence of //κ  is much more 
sophisticated with main feature the changing slopes of the function and that //κ  is 
much larger in the outer Heliosphere at high energies than at low energies, with the 
opposite at 1 AU.  

The corresponding computed spectra are shown in Fig. 2.40.4. In this case a = 
0.05 and b = 0.15 in Eq. 2.39.3. The electron data from the Ulysses/KET 
experiment for 1997 are shown to provide a reference for inner Heliospheric 
electron intensities during minimum modulation. The compatibility between the 
data and the model is reasonable at energies > 400 MeV, but not at energies < 100  
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MeV. Although Potgieter et al. (1999) used a very sophisticated function for //κ  
and ⊥κ  it does not give electron modulation compatible to Ulysses data at low 
energies. In this case the only way to assure compatibility is to make ⊥κ  almost 
independent of kinetic energy at low energies because it dominates electron 
modulation at these low energies – see also Ferreira (1999), Ferreira and Potgieter 
(1999). It should be kept in mind, however, that measured low energy electrons 
might contain a Jovian contribution.  
 

 
Fig. 2.40.4. Computed electron spectra in the equatorial plane at 1, 5, 10, 50, 70, 80, and 90 
AU, corresponding to the function shown for //κ  in Fig. 2.40.3 and based on the 
assumption that //κκ ∝⊥ . Data are at ~5AU for 1997 from the Ulysses/KET experiment. 
From Potgieter et al. (1999). 
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Potgieter et al. (1999) came to conclusion that the analysis of electron 
modulation illustrates how important r⊥κ , but especially θκ⊥  and its rigidity 
dependence is to electron modulation below 100 - 300 MeV. It was illustrated that 
although r⊥κ  and θκ⊥  was only 5% and 15% of the value of //κ  respectively, 
perpendicular diffusion dominates electron modulation below ~ 100 MeV. It was 
argued that if the increasing intensity with decreasing energy below ~ 100 MeV in 
the observed electron spectra in the inner Heliosphere were taken as a characteristic 
of modulated CR electron spectra, as in Fig. 2.40.4, then, to assure reasonable 
compatibility with data below ~ 100 MeV, r⊥κ  and certainly θκ⊥  must be nearly 
independent of kinetic energy below ~ 100 MeV.  
 
2.41. Comparison of 2D and 3D drift models for galactic CR 
propagation and modulation in the Heliosphere 
 
2.41.1. The matter of problem 

Ferreira et al. (1999a) note that the propagation and modulation of galactic CR 
in the Heliosphere is described successfully by Parker’s (1965) transport equation 
(see Eq. 2.39.1 in Section 2.39). This equation has been solved with increasing 
complexity over the years. However, to solve it numerically for three spatial 
dimensions (3D), a rigidity and a time-dependence is rather complex and has not 
yet been done successfully. By assuming an axisymmetric CR distribution one can 
neglect the equation’s azimuthal dependence which leads to 2D models which have 
been used widely for modulation studies (le Roux and Potgieter, 1990). The main 
difficulty in 2D models is how to emulate the effect of the wavy Heliospheric 
current sheet (HCS) because it cannot be done directly. This was done successfully 
for the first time by Potgieter and Moraal (1985). The technique was improved by 
Burger and Potgieter (1989). Hattingh (1993) developed a refined 2D model, which 
was called the WCS model, and after several years also a 3D model which includes 
an actual wavy HCS (Burger and Hattingh, 1995; Hattingh 1998). This 3D model 
was compared carefully to the first 3D model developed by Kóta and Jokipii (1983) 
with excellent results. For a review and detail of the different models, see le Roux 
and Potgieter (1990), Hattingh and Burger (1995a,b), Burger and Hattingh (1995) 
and for an application of the 3D model, see Burger and Hattingh (1998). An 
obvious next step was to compare the 2D and 3D models to establish how reliable 
the 2D models are, and to establish to what extent they can be used for modulation 
studies. This was done by Hattingh (1998) for CR protons and it was found that the 
agreement between the 3D and the 2D WCS model varied between good to 
excellent. At Earth, the largest variation of ~16% in the ratio of the two sets of 
solutions was found at low rigidities for a tilt angle α = 20° during an A < 0 (e.g. 
~1980 to ~1990) solar polarity cycle. At 60 AU, the largest variation was ~26% at 
low energies during the A < 0 cycle. This comparative study was continued by 
Ferreira (1999) who concentrated on the modulation of CR electrons in the 
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Heliosphere because electrons may have a different diffusion tensor than protons, 
experience less adiabatic energy losses than protons at energies of interest to 
modulation, and for which drifts become less significant with decreasing energy.  

The paper of Ferreira et al. (1999a) reports on the comparative study of the 2D 
and 3D models using electron modulation, with emphasis on the tilt angle 
dependence because the computation of the wavy HCS and its effects on 
modulation are the important difference between the 2D and 3D numerical models. 
In Ferreira et al. (1999a) the modulation of galactic CR electrons in the Heliosphere 
was used to compare solutions of a 2D and 3D drift model, both developed by the 
Potchefstroom Modulation Group. These steady-state models are based on the 
numerical solution of Parker’s transport equation and include the main modulation 
mechanisms: convection, diffusion, gradient, curvature and neutral sheet drifts. 
Examining computed electron spectra, with identical modulation parameters in both 
models, as a function of the Heliospheric neutral sheet tilt angle yielded no 
qualitative differences and insignificant quantitative differences between the 
solutions of the 2D and 3D models. Taking into account the large amount of 
resources needed for the 3D model, the use of a 2D model for modulation studies is 
well justified.  
 
2.41.2. The propagation and modulation models  

A short description of the 2D WCS model is given by Ferreira et al., 1999b (see 
Section 2.39) with detail given by Burger and Hattingh (1995). The 3D model is 
based on the numerical solution of Parker’s (1965) equation:  

 

( ) ( ) ( )
R

fff
t
f

Sdr ln3
1

∂
∂⋅∇+∇⋅⋅∇+∇⋅+−=

∂
∂ uvu κ ,         (2.41.1)  

 
where u is the solar wind velocity and ( )tpf ,,r  is the CR distribution function 
where p is rigidity, r is position, and t is time. The symmetric part of the diffusion 
tensor Sκ  consists of a parallel diffusion coefficient //κ  and a perpendicular 
diffusion coefficient ⊥κ .The antisymmetric part Aκ  describes gradient and 
curvature drifts in the large scale Heliospheric magnetic field (HMF). The pitch 
angle averaged guiding centre drift velocity for a near isotropic CR distribution is 
given by  
 

( )[ ]BAdr rh ev κ×∇=                             (2.41.2) 
 
with Be = B/B, where B is the magnitude of the background HMF and h(r) is a 
transition function which varies from 1 to –1 across the HCS and is zero in the 
HCS. This transition function modifies Aκ  across the wavy HCS which is 
positioned at  



354 CHAPTER 2  

 

⎟
⎠
⎞

⎜
⎝
⎛ Ω++=

u
rφαπθ sin

2
'                                (2.41.3) 

 
with Ω the angular velocity of the Sun and θ, φ, and r the heliocentric spatial 
coordinates. The solar wind speed u was assumed to change from 450 km.s−1 in the 
equatorial plane (θ = 90°) to a maximum of 850 km.s−1 when θ ≤ 60°. The HMF 
was modified according to Jokipii and Kóta (1989) and the outer boundary of the 
simulated Heliosphere was assumed at 100 AU. The galactic electron spectrum 
based on COMPTEL results (Strong et al., 1994) was assumed as the local 
interstellar spectrum. To produce spectra compatible to both Ulysses and Voyager 1 
measurements (Potgieter et al., 1999), the following parallel diffusion coefficient 
was used:  
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where =op 1 GV and =1r 1 AU, and 
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Assuming Eq. 2.41.4, and apart from the inherent azimuthal dependence of the 
HCS, no additional azimuthal dependence was incorporated in the 3D model. For 
the perpendicular diffusion and the ‘drift’ coefficient the following general forms 
were assumed respectively:  
 

( )
m

oAAr B
pba

3
,, ////

βκκκκκκ θ === ⊥⊥ .                 (2.41.6)  

 
Here β is the ratio of the speed of the CR particles to the speed of light, mB  is the 
magnitude of the modified HMF, a = 0.05 is a constant determining the value of 

r⊥κ  which contributes to perpendicular diffusion in the radial direction, b = 0.15 is 
a constant determining the value of θκ⊥  which contributes to perpendicular 
diffusion in the polar direction. Diffusion perpendicular to the HMF was therefore 
enhanced in the polar direction by assuming b > a (Kóta and Jokipii, 1995; 
Potgieter, 1996). The coefficient ( )oAκ  in Eq. 2.41.6 specifies the amount of drifts 
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allowed. According to Ferreira et al. (1999a) it was necessary to take ( )oAκ = 0.5 
which corresponds to medium drift effects.  

The effective radial diffusion coefficient is given by  
 

ψκψκκ 22
// sincos ⊥+=rr ,                              (2.41.7) 

 
with ψ the angle between the radial direction and the averaged HMF direction. Note 
that ψ → 90° when r ≥ 10 AU with the polar angle θ → 90°, and ψ → 0° when θ → 
0°, which means that //κ  dominates rrκ  in the inner and polar regions and r⊥κ  
dominates in the outer equatorial regions of the Heliosphere. The differential 
intensity, fpJ 2∝ , is calculated in units of particles m−2sr−1s−1MeV−1.  
 
2.41.3. Main results on comparison and discussion  

To compare the results of the 3D model with the 2D WCS model, the average 
of the 3D solutions had to be calculated in Ferreira et al. (1999a) over one solar 
rotation, i.e. for azimuthal angles φ = 0 → 2π. As a first comparison the modulated 
electron spectra computed with both models are shown in Fig. 2.41.1 for the polar 
regions, θ = 30° (panel a), and for the equatorial regions, θ = 90° (panel b), at 
radial distances of 1 AU and 60 AU with tilt angle α = 20°.  
 

 
 
Fig. 2.41.1. Panel a: Computed electron spectra produced by the 2D and 3D drift model. 
Differential intensities are shown for 1 AU and 60 AU at a polar angle of θ = 30° and a tilt 
angle α = 20° in units of m−2sr−1s−1MeV−1for the A > 0 polarity cycle. Panel b: Similar to 
panel a, but for a polar angle of θ = 90°. Note that the spectra for the two models essentially 
coincide. From Ferreira et al. (1999a). 
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Solutions in Fig. 2.41.1 are shown for the A > 0 polarity epoch (e.g. ~1990 to 
~2000) only, because during this cycle when electrons are drifting in along the HCS 
the largest difference between the two models occurs (see discussion below). These 
spectra can be considered as typical for minimum modulation periods. Evidently, 
the electron spectra produced by the two models as shown in Fig. 2.41.1 essentially 
coincide despite the use of a rather complex rigidity dependence for //κ  and ⊥κ . 

The two models obviously differ in the way the HCS is treated. Therefore, an 
appropriate way to compare the two models is by examining the α dependence of 
the differential intensities. In Fig. 2.41.2 the ratio of the computed 2D and 3D 
differential intensities is shown as a function of tilt angle α for both the A > 0 and A 
< 0 magnetic polarity cycles.  

 
Fig. 2.41.2. The ratio of electron differential intensities computed with the 2D and 3D drift 
models as a function of tilt angle α. Panel a shows the ratio for 1.94 GeV electrons for both 
the A > 0 and A < 0 polarity cycles at 1 AU and panel b shows the situation at 60 AU. 
Panels c and d display the situation for 0.30 GeV electrons at 1 AU and 60 AU respectively. 
From Ferreira et al. (1999a).  



COSMIC RAY PROPAGATION IN SPACE PLASMAS  357 

 

The modulation parameters in Fig. 2.41.2 are the same as for Fig. 2.41.1. 
Values are shown for 1.94 GeV electrons at 1 AU in panel a and at 60 AU in panel 
b. Panels c and d show the same situation but for 0.30 GeV electrons. From Fig. 
2.41.2 follows that for 1.94 GeV electrons the ratio varies with ≤ 1 % for both 
polarity cycles, at 1 AU and at 60 AU, for all tilt angles α. At 0.30 GeV, the A < 0 
polarity cycle exhibits again a very small deviation from unity in the ratio, not more 
than ~5 %. For the A > 0 cycle, however, the ratio is > 1.0 at 1 AU, increasing with 
increasing α, with a maximum of 1.25. At 60 AU the ratio has a peculiar a 
dependence varying between 1.15 and 1.25 which is larger than at 1 AU, especially 
for α ≤ 30º. The differences between the model solutions are obviously the largest 
for the intermediate to lower energies during the A > 0 cycle when the electrons 
drift in along the HCS. At energies below ~ 0.05 GeV the differences between the 
intensities dissipate quickly because electrons experience less and less drift effects 
with decreasing energy. The largest variation in the ratio between the two sets of 
solutions as a function of energy occurs at ~ 0.2 GeV and varies between 12% at 1 
AU and 24% at 60 AU, with no difference at kinetic energies ≥ 1 GeV. No 
qualitative differences were found between the solutions of the two models despite 
the difference in spatial dimensions and the different way the HCS was handled in 
the numerical schemes.  

Hattingh (1998) indicated that the difference in the solutions of the 2D and 3D 
models using the same set of modulation parameters was somewhat dependent on 
the parameter values. The values used above correspond to solar minimum 
modulation conditions for which the steady-state models were develop. When more 
extreme variations were used the differences between the two models increased, 
indicating that some caution is required during periods of large modulation. 
Investigating this aspect further using electron modulation it was found that by 
increasing θκ⊥ , which has become a very important parameter in modulation 
models, a reduction in the differences between the 2D and 3D model solutions 
followed: see also Section 2.39 (Ferreira et al., 1999b) and Ferreira and Potgieter, 
1999). This is expected because an increasing θκ⊥  causes less pronounced drift 
effects. It is worthwhile to mention that when no-drifts were used the two models 
produce identical solutions under all circumstances. Reducing the azimuthal, radial, 
polar and rigidity grid intervals, that is increasing the number of total grid points in 
the numerical scheme, resulted in only a slight reduction in the difference between 
the two models while the runtime in computing one solution increased considerably 
for the 3D model (Ferreira, 1999).  

According to Ferreira et al. (1999a), comparing the solutions produced by the 
2D and 3D numerical modulation models that were both developed by the 
Modulation Group in Potchefstroom, it was found that when examining electron 
spectra as a function of the HCS tilt angle α, no qualitative differences occurred 
between the two sets of solutions when using identical parameters. Quantitatively, 
in the inner Heliosphere the ratio between the two sets of solutions increased with 
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increasing α, with 25% the largest difference at intermediate energies (~ 0.30 GeV) 
for α > 30° during the A > 0 cycle; at 60 AU the ratio varied with 15% to 25% with 
no clear trend in the α dependence of the intensities. At energies below ~ 0.05 GeV 
the differences between the intensities dissipate quickly because electrons 
experience diminishing drift effects with decreasing energy. For the A < 0 cycle, the 
solutions were essentially identical. Thus, with no qualitative differences and 
insignificant quantitative differences between the solutions of the 2D and 3D 
models, and taking into account the amount of computing time and resources 
needed for the 3D model, the use of the 2D drift model for modulation studies is 
still well justified.   
 
2.41.4. General comments to the Sections 2.34-2.41 

In Sections 2.34-2.41 we considered in detail very important principal problems 
on galactic CR charged particles diffusion (especially enhanced perpendicular 
diffusion), convection, and drifts (gradient, curvature, and especially along 
Heliospheric current sheet) during their propagation and modulation in the 
Heliosphere as well as comparison with CR observation data (especially are 
important data near the Earth’s orbit, on different distances from the Sun and 
Ulysses data on different helio-latitudes). In all these Sections it was not taken into 
account the time-lag of processes in the Heliosphere relative to corresponding 
causes processes on the Sun. The second what is also does not accounted in 
Sections 2.34-2.41 is the time lag caused by galactic CR particles penetrating into 
the inner Heliosphere. Below, in Sections 2.45 and 2.46 we will try to account these 
two points when we solve the inverse problems for CR propagation and modulation 
in the Heliosphere. 
 
2.42. The inverse problem for solar CR propagation 
 
2.42.1. Observation data and inverse problems for isotropic diffusion, for 
anisotropic diffusion, and for kinetic description of solar CR propagation 

It is well known that Solar Energetic Particle (SEP) events in the beginning 
stage are very anisotropic, especially during great events as in February 1956, July 
1959, August 1972, September-October 1989, July 2000, January 2005, and many 
others (Dorman, M1957, M1963a,b, M1978; Dorman and Miroshnichenko, M1968; 
Miroshnichenko, M2001). To determine on the basis of experimental data the 
properties of the SEP source and parameters of propagation, i.e. to solve the inverse 
problem, is very difficult, and it needs data from many CR stations. By the 
procedure developed in Dorman and Zukerman (2003), Dorman, Pustil’nik, 
Zukerman and Sternlieb, 2005; see review in Chapter 3 in Dorman, M2004), for 
each CR station the starting moment of SEP event can be automatically determined 
and then for different moments of time by the method of coupling functions to 
determine the energy spectrum of SEP out of the atmosphere above the individual 
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CR station. As result we may obtain the planetary distribution of SEP intensity out 
of the atmosphere and then by taking into account the influence of geomagnetic 
field on particles trajectories – the SEP angle distribution out of the Earth’s 
magnetosphere. By this way by using of the planetary net of CR stations with on-
line registration in real time scale can be organized the continue on-line monitoring 
of great ground observed SEP events (Dorman, Pustil’nik, Sternlieb et al., 2004; 
Mavromichalaki, Yanke, Dorman et al., 2004). 

In paper Dorman (2005) we practically base on the two well established facts:  
(i) the time of particle acceleration on the Sun and injection into solar wind is very 
short in comparison with time of propagation, so it can be considered as delta-
function from time;  
(ii) the very anisotropic distribution of SEP with developing of the event in time 
after few scattering of energetic particles became near isotropic (well known 
examples of February 1956, September 1989 and many others).  

The paper of Dorman (2005), described below, is the first step for solution of 
inverse problem in the theory of solar CR propagation by using only one on-line 
detector on the ground for high energy particles and one on-line detector on satellite 
for small energies. Therefore we will base here on the simplest model of generation 
(delta function in time and in space) and on the simplest model of propagation 
(isotropic diffusion). The second step will be based on anisotropic diffusion, and the 
third – on kinetic description of SEP propagation in the interplanetary space.  

The observed energy spectrum of SEP and its change with time are determined 
by the energy spectrum in the source, by the time of SEP ejection into the solar 
wind and by the parameters of SEP propagation in the interplanetary space in 
dependence of particle energy. Here we will try to solve the inverse problem on the 
basis of CR observations by the ground base detectors and detectors in the space to 
determine the energy spectrum of SEP in the source, the time of SEP ejection into 
the solar wind and the parameters of SEP propagation in the interplanetary space in 
dependence of particle energy. In general, this inverse problem is very complicated, 
and we suppose to solve it approximately step by step. In this Section we present 
the solution of the inverse problem in the frame of the simple model of isotropic 
diffusion of solar CR (the first step). We suppose that after start of SEP event, the 
energy spectrum of SEP at different moments in time is determined with good 
accuracy in a broad interval of energies by the method of coupling functions (see in 
detail in Chapter 3 in Dorman, M2004). We show then that after this the time of 
ejection, diffusion coefficient in the interplanetary space and energy spectrum in 
source of SEP can be determined. This information, obtained on line on the basis of 
real-time scale data, may be useful also for radiation hazard forecasting.  
 
2.42.2. The inverse problem for the case when diffusion coefficient 
depends only from particle rigidity  

In this case the solution of isotropic diffusion for the pointing instantaneous 
source described by function  
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( ) ( ) ( ) ( )trRNtrRQ o δδ=,,                                   (2.42.1) 
 
will be 
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where r is the distance from the Sun, t is the time after ejection, ( )RNo  is the 
rigidity spectrum of total number of SEP at the source, and ( )Rκ  is the diffusion 
coefficient in the interplanetary space during SEP event. Let us suppose that at 
distance from the Sun 11 == rr AU and at several moments of time ,...)3,2,1( =iti  
after SEP ejection into solar wind the observed rigidity spectrum out of the Earth’s 
atmosphere ( ) ( )RNtrRN ii ≡,, 1  are determined in high energy range on the basis of 
ground CR measurements by neutron monitors and muon telescopes (by using 
method of coupling functions, spectrographic and global spectrographic methods, 
see review in Dorman, M2004)) as well as determined directly in low energy range 
on the basis of satellite CR measurements. Let us suppose also that the UT time of 
ejection eT  as well as the diffusion coefficient ( )Rκ  and the SEP rigidity spectrum 
in source ( )RNo  are unknown. To solve the inverse problem, i.e. to determine these 
three unknown parameters, we need information on SEP rigidity spectrum ( )RNi  at 
least at three different moments of time 1T , 2T  and 3T  (in UT). In this case for these 
three moments of time after SEP ejection into solar wind we obtain: 
 

xTTTTtxTTTTtxTTt eee +−=−=+−=−==−= 1333122211 ,, ,       (2.42.3) 
 

where 2T - 1T  and 3T - 1T  are known values and eTTx −= 1  is unknown value to be 
determined (because eT  is unknown). From three equations for 1t , 2t  and 3t  of the 
type of Eq. 2.42.2 by taking into account Eq. 2.42.3 and dividing one equation on 
other for excluding unknown parameter ( )RNo , we obtain two equations for 
determining unknown two parameters x and ( )Rκ :  
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To exclude unknown parameter ( )Rκ  let us divide Eq. 2.42.4 by Eq. 2.42.5; in this 
case we obtain equation for determining unknown eTTx −= 1 : 
 

( ) ( )[ ] ( )Ψ−−−Ψ−= 11312 TTTTx ,                               (2.42.6) 
 

 
where 
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2
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Eq. 2.42.6 can be solved by the iteration method: as a first approximation, we can 
use sec50011 ≈−= eTTx  which is the minimum time propagation of relativistic 
particles from the Sun to the Earth’s orbit. Then, by Eq. 2.42.7 we determine ( )1xΨ  
and by Eq. 2.42.6 we determine the second approximation 2x . To put 2x  in Eq. 
2.42.7 we compute ( )2xΨ , and then by Eq. 2.42.6 we determine the third 
approximation 3x , and so on. After solving Eq. 2.42.6 and determining the time of 
ejection, we can compute very easily diffusion coefficient from Eq. 2.42.4 or Eq. 
2.42.5: 
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After determining the time of ejection and diffusion coefficient, it is easy to 
determine the SEP source spectrum:  
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2.42.3. The inverse problem for the case when diffusion coefficient 
depends from particle rigidity and from the distance to the Sun 

Let us suppose, according to Parker (M1963), that the diffusion coefficient  
 

( ) ( ) ( )βκκ 11, rrRrR ×= .                             (2.42.10) 
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In this case the solution of diffusion equation will be 
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where t is the time after SEP ejection into solar wind. So now we have four 
unknown parameters: time of SEP ejection into solar wind eT , β , ( )R1κ , and 

( )RNo . Let us assume that according to ground and satellite measurements at the 
distance 11 == rr  AU from the Sun we know ( ) ( ) ( ) ( )RNRNRNRN 4321 ,,,  at UT 
times ,, 21 TT  43, TT . In this case 
 

xTTtxTTtxTTtxTTt e +−=+−=+−==−= 14413312211 ,,, ,   (2.42.12) 
 
For each ( )ii TrrRN ,, 1=  we obtain from Eq. 2.42.11 and Eq. 2.42.12: 
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where i = 1, 2, 3, and 4. To determine x let us step by step exclude unknown 
parameters ( )RNo , ( )R1κ , and then β . In the first we exclude ( )RNo  by forming 
from four Eq. 2.42.13 for different i three equations for ratios 
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where i = 2, 3, and 4. To exclude ( )R1κ  let us take logarithm from both parts of Eq. 
2.42.14 and then divide one equation on another; as result we obtain following two 
equations:  
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After excluding from Eq. 2.42.15 and Eq. 2.42.16 unknown parameter β , we 
obtain equation for determining x:  
 

( ) ( ) ( ) 04321
2

434321214321
2 =−+−−++− bbbbdabbaabbaxdaaaax ,  (2.42.17) 

 
where 
 

( )( )( ),141312 TTTTTTd −−−=                             (2.42.18) 
 

( )( ) ( ) ( )( ) ( ),lnln 2114133114121 NNTTTTNNTTTTa −−−−−=      (2.42.19) 
 

( )( ) ( )( ) ( )( ) ( )( ),lnln 1413121214132 xTTxTTTTxTTxTTTTa +−−−−+−−−=  (2.42.20) 
 

( )( ) ( ) ( )( ) ( ),lnln 2114134113123 NNTTTTNNTTTTa −−−−−=     (2.42.21) 
 

( )( ) ( )( ) ( )( ) ( )( ),lnln 1314121214134 xTTxTTTTxTTxTTTTa +−−−−+−−−=  (2.42.22) 
 

( ) ( ) ( )( ) ( )( ),lnln,lnln 1412221311 xTTxxTTxbNNNNb +−−+−=−=   (2.42.23) 
 

( ) ( ) ( )( ) ( )( ).lnln,lnln 1312421413 xTTxxTTxbNNNNb +−−+−=−=  (2.42.24) 
 
As it can be seen from Eq. 2.42.20 and Eq. 2.42.22-2.42.24, coefficients 

4242 ,,, bbaa  very weekly (as logarithm) depend from x. Therefore Eq. 2.42.17 we 
solve by iteration method, as above we solved Eq. 2.42.6: as a first approximation, 
we use sec50011 ≈−= eTTx  (which is the minimum time propagation of relativistic 
particles from the Sun to the Earth’s orbit). Then by Eq. 2.42.20 and Eq. 2.42.22-
2.42.2 we determine ( ) ( ) ( ) ( )14121412 ,,, xbxbxaxa  and by Eq. 2.42.17 we determine 
the second approximation 2x , and so on. After determining x, i.e. according Eq. 
2.42.12 determining 4321 ,,, tttt , the final solutions for β , ( )R1κ , and ( )RNo  can 
be found. Unknown parameter β  in Eq. 2.42.10 we determine from Eq. 2.42.15 
and Eq. 2.42.16: 
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Then we determine unknown parameter ( )R1κ  in Eq. 2.42.10 from Eq. 2.42.14: 
 

( ) ( )
( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( )

)26.34.2(.
ln2ln23

ln2ln23

31
2

13

1
3

1
1

2
1

21
2

12

1
2

1
1

2
1

1

NNtt
ttr

NNtt
ttrR

ββ

ββ
κ

−−−
−

=

−−−
−=

−−

−−

. 

 
After determining parameters β  and ( )R1κ  we can determine the last parameter 

( )RNo  from Eq. 2.42.13: 
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where index i = 1, 2 or 3. 

Above we show that for some simple model of SEP propagation is possible to 
solve inverse problem on the basis of ground and satellite measurements at the 
beginning of the event. Obtained results we used in the method of great radiation 
hazard forecasting based on on-line CR one-minute ground and satellite data 
(Dorman et al., 2005b).  

Let us note that described solutions of inverse problem may be partly useful for 
solving more complicated inverse problems in case of SEP propagation described 
by anisotropic diffusion and by kinetic equation.  
 
2.43. The checking of solution for SEP inverse problem by 
comparison of predictions with observations 
 
2.43.1. The checking of the model when diffusion coefficient does not 
depend from the distance from the Sun 

Let us in the first checking the model of SEP propagation in the interplanetary 
space, described in Section 2.42.2 (when the value of the diffusion coefficient does 
not depend from the distance from the Sun). We will use the data obtained during 
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the great SEP event in September 1989 by NM on the top of Gran-Sasso in Italy 
(Dorman et al., 2005a,b). This NM detects one-minute data not only of total neutron 
intensity, but also many of neutron multiplicities (≥ 1, ≥ 2, ≥ 3, up to ≥ 8), what 
gave possibility by using method of coupling functions to determine the energy 
spectrum in high energy range (≥ 6 GV) for each minute. On the basis of these data 
we determine at first the values of diffusion coefficient ( )Rκ . These calculations 
have been done according to the procedure described above, by supposing that 

( )RK  does not depend on the distance to the Sun (see Eq. 2.42.8). Results are 
shown in Fig. 2.43.1.  
 

 
 
Fig. 2.43.1. The time behavior of ( )Rκ  for R ∼ 10 GV for the SEP event 29 September, 
1989. According to Dorman et al. (2005a,b). 
 

From Fig. 2.43.1 can be seen that at the beginning of the event the obtained 
results are not stable, due to large relative statistical errors. After several minutes 
the amplitude of CR intensity increase becomes many times bigger than statistical 
error for one minute data σ (about 1%), and we can see a systematical increase of 
the diffusion coefficient ( )Rκ  with time. This result contradicts the conditions at 
which was solved the inverse problem in Section 2.42.2. Really the systematical 
increase of the diffusion coefficient with time reflects the increasing of ( )Rκ  with 
the diffusion propagation of solar CR from the Sun, i.e. reflects the increasing of 
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( )Rκ  with the distance from the Sun. It means that for the considered SEP event we 
need to apply the inverse problem described in Section 2.42.3, where it was 
assumed increasing of diffusion coefficient with the distance from the Sun 
according to Eq. 2.42.10.  
 
2.43.2. The checking of the model when diffusion coefficient depends from 
the distance to the Sun 

On the basis of the inverse problem solution described in Section 2.42.3, by 
using the first few minutes NM data of the SEP event we can determine the 
effective parameters β  by Eq. 2.42.25, ( )R1κ  by Eq. 2.42.26, and ( )RNo  by Eq. 
2.42.27, corresponding to high rigidity, about 10 GV. In Fig. 2.43.2 the values of 
parameter ( )R1κ  are shown.  
 

 
 
Fig. 2.43.2. Diffusion coefficient ( )R1κ  near the Earth’s orbit (in units 1223 sec10 −cm ) 
in dependence of time (in minutes after 11.40 UT of September 29, 1989). 
 

From Fig. 2.43.2 it can be seen that at the very beginning of event (the 
first point) the result is unstable: in this period the amplitude of increase is 
relatively small, so the relative accuracy is too low, and we obtain very big 
diffusion coefficient. Let us note, that at the very beginning of the event the 
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diffusion model can be very hardly applied (more correct would be the 
application of kinetic model of SEP propagation). After the first point we 
have about stable result with accuracy ± 20 % (let us compare with Fig. 
2.43.1, where the diffusion coefficient was found as effectively increasing 
with time). In Fig. 2.43.3 are shown values of parameter β .  
 

 
 
Fig. 2.43.3. Values of parameter β  in dependence of time (in minutes after 11.40 UT of 
September 29, 1989). 
 

It can be seen from Fig. 2.43.3 that again the first point is anomalously big, but 
after the first point the result become almost stable with average value β  ≈ 0.6 
(with accuracy about ± 20%). Therefore, we can hope that the model of the inverse 
problem solution, described in Section 2.42.3 (the set of Eq. 2.42.10−2.42.27) 
reflects adequately SEP propagation in the interplanetary space.  
 
2.43.3. The checking of the model by comparison of predicted SEP 
intensity time variation with NM observations 

More accurate and exact checking of the solution of the inverse problem can be 
made by comparison of predicted SEP intensity time variation with NM 
observations. For this aim after determining of the effective parameters β , ( )R1κ , 
and ( )RNo  we may determine by Eq. 2.42.11 the forecasting curve of expected 
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SEP flux behavior for total neutron intensity. With each new minute of observations 
we can determine parameters β , ( )R1κ , and ( )RNo  more and more exactly. It 
means that with each new minute of observations we can determine more and more 
exactly the forecasting curve of expected SEP flux behavior. We compare this 
forecasting curve with time variation of observed total neutron intensity (see Fig. 
2.43.4 which contains 8 panels for time moments t = 10 min up to t = 120 min after 
11.40 UT of 29 September, 1989).  
 

 
 
Fig. 2.43.4. Calculation for each new minute of SEP intensity observations parameters β , 

( )R1κ , ( )RNo  and forecasting of total neutron intensity (time t is in minutes after 11.40 
UT of September 29, 1989; curves – forecasting, circles – observed total neutron intensity). 
From Dorman et al. (2005a,b). 
 

From Fig. 2.43.4 it can be seen that it is not enough to use only the first few 
minutes of NM data (t = 10 min): the obtained curve forecasts too low intensity. For 
t = 15 min the forecast shows some bigger intensity, but also not enough. Only for t 
= 20 min (15 minutes of increase after beginning) and later (up to t = 40 min and 
more) we obtain about stable forecast with good agreement with observed CR 
intensity.  
 
2.43.4. The checking of the model by comparison of predicted SEP 
intensity time variation with NM and satellite observations 

The results described above, based only on NM on data, reflect the situation in 
SEP behavior in the high energy (more than 6 GeV) region. For extrapolation of 
these results to the low energy interval (dangerous for space-probes and satellites), 
we use satellite on-line data available through the Internet. The problem is how to 
extrapolate the SEP energy spectrum from high NM energies to very low energies 
detected by GOES satellite. The main idea of this extrapolation is the following: 1) 
the time of ejection for high and small energy ranges (detected by NM and by 
satellite) is the same, so it can be determined by using only NM data; 2) the source 
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function relative to time is a δ−function, and relative to energy is a power function 
with an energy-dependent index ( )koko EEln+= γγ  with maximum at 

( )okok EE γ−= expmax : 
 

( ) ( ) ( )( )koko EE
eoo RTTNTRN ln, +−−= γδ .                     (2.43.1) 

 
Fig. 2.43.5 shows results based on the NM and satellite data of forecasting of 

expected SEP fluxes also in small energy intervals and comparison with observation 
satellite data. 
 

 
 
Fig. 2.43.5. Predicted SEP integral fluxes for =≥ minEEk  0.1, 1.0, and 3.0 GeV. The 
forecasted integral flux for =≥ minEEk  0.1 GeV is compared with the observed fluxes 
for 100≥kE  MeV on GOES satellite. The ordinate is log10 of the SEP integral flux (in cm-

2sec-1sr-1), and the abscissa is time in minutes from 11.40 UT of September 29, 1989. From 
Dorman et al. (2005a,b). 
 

Results of comparison presented in Fig. 2.43.4 and Fig. 2.43.5 show that by 
using on-line data from ground NM in the high energy range and from satellite in 
the low energy range during the first 30-40 minutes after the start of the SEP event, 
it is possible by using only CR data to solve the inverse problem by formulas in 
Sections 2.42.2 and 2.42.3: to determine the properties of SEP source on the Sun 
(time of ejection into solar wind, source SEP energy spectrum, and total flux of 
accelerated particles) and parameters of SEP propagation in the interplanetary space 
(diffusion coefficient and its dependence from particle energy and from the distance 
from the Sun).  
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2.43.5. The inverse problems for great SEP events and space weather 
Let us note that the solving of inverse problems for great SEP events has 

important practical sense: to predict the expected SEP differential energy spectrum 
on the Earth’s orbit and integral fluxes for different threshold energies up to many 
hours (and even up to few days) ahead. The total (event-integrated) fluency of the 
SEP event, and the expected radiation hazards can also be estimated on the basis of 
the first 30-40 minutes after the start of the SEP event and corresponding Alerts to 
experts operating different objects in space, in magnetosphere, and in atmosphere at 
different altitudes and at different cut-off rigidities can be sent automatically. These 
experts should decide what to do operationally (for example, for space-probes in 
space and satellites in the magnetosphere to switch-off the electric power for few 
hours to save the memory of computers and high level electronics; for jets to 
decrease their altitudes from 10 km to 4-5 km to protect crew and passengers from 
great radiation hazard, and so on). From this point of view especially important are 
the solving of inverse problems for great SEP by using on-line data of many NM 
and several satellites in the frame of models in which CR propagation described by 
the theory of anisotropic diffusion or by kinetic theory. The solving of these inverse 
problems will made possible on the basis of world-wide CR Observatories and 
satellite data (in real scale time, applicable from Internet) to made forecasting on 
radiation hazard for much shorter time after SEP event beginning. These important 
problems are formulated below, in Section “Conclusions and Problems” at the end 
of monograph.  

 
2.44. The inverse problems for CR propagation in the Galaxy 

The main parameters of CR propagation in the Galaxy can be determined by the 
solving the inverse problem for the some model of CR propagation (boxes model, 
diffusion model in disc or/and in halo, model with galactic wind, model of rotating 
Galaxy with galactic wind driven by pressure of CR, and so on). Partly these 
models we consider in Chapter 3 with account nonlinear effects (which are 
sufficient in case of CR propagation in the Galaxy) and experimental data on 
relative content of radioactive nuclei in CR 10Be and others (what determines the 
average time-life of CR in the Galaxy), contents of elements Li, Be, B in CR 
(determined the grammar of matter transferred by CR before they escape from the 
Galaxy), and data on gamma ray distribution (determined the distribution of CR 
sources). The paper of Bloemen et al. (1993) can be considered as a classical 
example of using these data for solving inverse problem of CR propagation in the 
disc and halo of Galaxy with account galactic wind (see in detail Chapter 3, Section 
3.13). As result it was determined the diffusion coefficient and the velocity of 
galactic wind.  

In Sections 3.14-3.16 we consider in detail other important inverse problems for 
CR propagation and distribution in the Galaxy with taking into account non-linear 
phenomena: CR pressure and kinetic stream instabilities; galactic wind driving by 
CR and generation of Alfvén turbulence by CR and its influence on CR 
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propagation; self-consistent problem for dynamic halo in rotating Galaxy for CR 
propagation and space-distribution, for formation of galactic wind and magnetic 
field; transport of random magnetic fields from the disc by galactic wind driven by 
CR and its influence on CR propagation; nonlinear Alfvén waves generated by CR 
streaming instability and their influence on CR propagation in the Galaxy; the 
balance of Alfvén wave generation by CR with damping mechanisms, and others. 
 
2.45. The inverse problem for high energy galactic CR 
propagation and modulation in the Heliosphere on the basis of NM 
data 
 
2.45.1. Hysteresis phenomenon and the inverse problem for galactic CR 
propagation and modulation in the Heliosphere 

By the solving of the inverse problem for galactic CR propagation and 
modulation in the interplanetary space on the basis of observation data of CR-SA 
(solar activity) hysteresis phenomenon can be obtained important information on 
the main properties of the Heliosphere. The investigation of the hysteresis 
phenomenon in the connection between long-term variations in CR intensity 
observed at the Earth and SA, started about 50 years ago (Dorman, M1957; 
Forbush, 1958; Neher and Anderson, 1962; Simpson, 1963; Dorman, M1963a, 
M1963b). In the middle of 60-th many scientists came to conclusion that the 
dimension of modulation region (or Heliosphere) is about 5 AU, and not more than 
10-15 AU (Quenby, 1965; Kudo and Wada, 1968; Charakhchyan and 
Charakhchyan, 1968, 1971; Stozhkov and Charakhchyan, 1969; Pathak and 
Sarabhai, 1970). It was found that the radius or  of the CR modulation region is 
very small either by analysis of the intensity of coronal green line in some helio-
latitude regions (as controlled solar activity factor; in this case was obtain ≈or 5 
AU), or by investigation the CR modulation as caused by sudden jumps in solar 
activity ( ≈or 10-15 AU). In Dorman and Dorman (1965, 1967a,b,c), Dorman 
(M1975b) the hysteresis phenomenon was investigated on the basis of neutron 
monitor (NM) data for about one solar cycle in the frame of convection-diffusion 
model of CR global modulation in the Heliosphere with taking into account time lag 
of processes in the interplanetary space relative to processes on the Sun. It was 
shown that the dimension of the modulation region should be about 100 AU (much 
bigger than accepted in those time in literature, 5−15 AU). These investigations 
were continued on the basis of CR and SA monthly average data for about four 
solar cycles in Dorman et al. (1997, 1999). Let us note that many authors worked on 
this problem, used sunspot numbers or other parameters of solar activity for 
investigations of CR long-term variations, but they did not take into account time lag 
of processes in the interplanetary space relative to processes on the Sun as integral 
action (see review in Belov, 2000). The method, described below, takes into  
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account that CR intensity observed on the Earth at moment t is caused by solar 
processes summarized for the long period started many months before t. In recent 
paper Dorman (2001) was considered again by this method CR and SA data for 
solar cycles 19-22, but with taking into account drift effects according to Burger 
and Potgieter (1999). It was shown that including in the consideration drift effects 
(as depending from the sign of solar polar magnetic field (sign of parameter A) and 
determined by difference of total CR modulation at A > 0 and A < 0, and with 
amplitude proportional to the value of tilt angle between interplanetary neutral 
current sheet and equatorial plane) is very important: it became possible to explain 
the great difference in time-lags between CR and SA in hysteresis phenomenon for 
even and odd solar cycles.  
 
2.45.2. Hysteresis phenomenon and the model of CR global modulation in 
the frame of convection-diffusion mechanism  

It was shown in Dorman and Dorman (1965) that the time of propagation 
through the Heliosphere of particles with rigidity bigger than 10 GV (to which NM 
are sensitive) is not longer than one month. This time is at least about one order of 
magnitude smaller than the observed time-lag in the hysteresis phenomenon. It 
means that the hysteresis phenomenon on the basis of NM data can be considered as 
quasi-stationary problem with parameters of CR propagation changing in time. In 
this case according to Parker (1958, M1963), Dorman (1959c): 
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where ( )trRn obs ,,  is the differential rigidity CR density, ( )Rno  is the differential 
rigidity density spectrum in the local interstellar medium out of the Heliosphere, 

5.1≈a , ( )tru ,  is the effective solar wind velocity (taking into account also shock 
waves and high speed solar wind streams), and ( )trRr ,,κ  is the radial diffusion 
coefficient in dependence of the distance r from the Sun of particles with rigidity R  
at the time t . According to Dorman and Dorman (1967a,b), Dorman (M1975b) the 
connection between ( )trRr ,,κ  and solar activity can be described by the relation 
 

( ) ( )( ) αβκ −−∝ urtWrtrRr ,, ,                                      (2.45.2) 
 

where ( )urtW − is the sunspot number in the time urt − . By the comparison with 
observation data it was determined in Dorman and Dorman (1967a,b), Dorman 
(M1975b) that parameter 10 ≤≤ β  and 31≈α  in the period of high solar activity 

( )( )maxWtW ≈  and 1≈α  near solar minimum ( )( )maxWtW << . Here we suppose, 
in accordance with Dorman et al. (1997), that  
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( ) ( ) ( )( )max13231 WtWt −+=α ,                            (2.45.3) 

 

where maxW  is the sunspot number in the maximum of solar activity cycle.  
According to Eq. 2.45.1 the value of the natural logarithm of observed CR 

intensity global modulation at the Earth’s orbit, taking into account Eq. 2.45.2 and 
Eq. 2.45.3, will be 
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  ,1 , urXuAUXurX ooE ===  ( EX  and oX  are in units of average month = 

(365.25/12) days = 2.628 610× sec). Let us note that the solving of Eq. 2.45.4 on the 
basis of experimental data will give solution also for the inverse problem because 
the regression coefficient ( )β,, oXRA  determines the CR intensity out of the 
Heliosphere, regression coefficient ( )β,, oXRB  characterized the effective diffusion 
coefficient of CR in the interplanetary space, and urX oo =  characterized the 
dimension of modulation region. These three coefficients can be determined by 
correlation between observed values ( )( )obsE trRn ,,ln  and the values of F, calculated 
according to Eq. 2.45.5 for different values of oX  and β . In Dorman et al. (1997) 
three values of 1 ;5.0 ;0=β  have been considered; it was shown that 1=β  strongly 
contradicts CR and SA observation data, and that 0=β  is the most reliable value. 
Therefore, we will consider here only this value. 
 
2.45.3. Even-odd cycle effect in CR and role of drifts for NM energies 

To determine maxoX , corresponding to the maximum value of the correlation 
coefficient for regression Eq. 2.45.4, we compare 11 months moving averages of 
the Climax NM (H = 3400 m, cut-off rigidity  99.2=cR GV) for solar cycles 19-22 
and onset of cycle 23 (Dorman, 2001). For each time-lag, urX oo = =1, 2, 3, … 60 
av. months, we determined the correlation between observed and expected CR 
intensities. The Climax NM data correspond to an effective rigidity of primary CR  
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of about 10-15 GV. For higher energy particles (about 30-40 GV) we used 
Huancayo ( =cR 12.92 GV, H = 3400 m)/Haleakala ( =cR 12.91 GV, H = 3030 m) 
NM data from January 1953 to August 2000. Results are summarized below in 
Table 2.45.1 in columns drA =0%. It can be seen a big difference in maxoX  for odd 
and even solar cycles. 

We assume that observed long-term CR modulation is caused by two processes: 
the convection-diffusion mechanism (e.g. Parker, 1958, M1963; Dorman, 1959c, 
1965), which is independent of the sign of the solar magnetic field, and the drift 
mechanism (e.g., Jokipii and Davila, 1981; Burger and Potgieter, 1999; Ferreira et 
al., 1999), what gave opposite effects with changing sign of solar magnetic field. 
For the convection-diffusion mechanism we use the model described in detail in 
Dorman (2001), shortly given above by Eqs. 2.45.1− 2.45.5. For drift effects we use 
results of Burger and Potgieter, 1999 (see also above, Section 2.37), and assume 
that the drift effect is proportional to the value of the tilt angle α with negative sign 
at A > 0 and positive sign at A < 0, and in the period of reversal we again suppose 
linear transition through 0 from one polarity cycle to other (see Fig. 2.37.1-2.37.4 in 
Section 2.37; we assume that average of curves for A > 0 and A < 0 in these figures 
characterized convection-diffusion modulation, and difference of these curves – 
double drift modulation). Data on tilt-angles for solar cycles 19 and 20 are not 
available. We used relation between sunspot numbers W and α to made 
homogeneous analysis of the period 1953-2000. Based on data for 18 years (May 
1976- September 1993), we found that there are very good relation between α and 
W; for 11 months smoothed data  
 

α = 0.349W + 13.5°                                   (2.45.6) 
 
with correlation coefficient 0.955. An example for correction of observed CR 
intensity on the drift effects (to obtain only convection-diffusion modulation) is 
shown for period January 1953-November 2000 in Fig. 2.45.1. 
We used 11 months smoothed data of W (shown in Fig. 2.45.1) and determined the 
amplitude drA  of drift effects as drift modulation at W11M = 75 (average value of 
W11M for 1953-1999). The reversal periods were determined as: August 1949 ± 9 
months, December 1958 ± 12 months, December 1969 ± 8 months, March 1981 ± 5 
months, and June 1991 ± 7 months. We determined correlation coefficients between 
the expected integrals F according to Eq. 2.45.5 for different values of oX  = 1, 2, 3, 
… 60 av months with the observed LN(CL11M) and LN(HU/HAL11M), as well as 
with corrected for the drift effects according to drA  from 0.15% up to 4%. 

In Table 2.45.1 are shown results of the determination of maxoX  for solar cycles 
19, 20, 21, and 22 without corrections on drift effect, and with corrections owed to 
the drift effects in dependence of the value of drA  (from 0.5% to 4% for Climax 
NM and from 0.15% to 1.0% for Huancayo/Haleakala NM). 
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Fig. 2.45.1. An example of CR data correction on drift effects in 1953-2000 (19-22 cycles 
and onset of 23 cycle): LN(CL11M) – observed natural logarithm of Climax NM counting 
rate smoothed for 11 months, LN(CLCOR3_DR2%) – corrected on assumed drA =2% at 
W11M=75. Interval between two horizontal lines corresponds 5% of CR intensity variation. 

 
Table 2.45.1. Values of maxoX  (in av. months) for observed data ( drA = 0%) and 

corrected on drift effects with different amplitudes drA .  
 

CLIMAX NM, LN(CL11M) 
CY 0% 0.5% 1% 1.5% 2% 2.5% 3% 4% 
19 21 18.5 16.5 14.5 12.5 11 9 6 
20 6.5 8 9.5 12 16.5 20 27 34 
21 31 27 23 20 16.5 15 12 9 
22 8 10 11 12 14 16.5 18 24 

HUANCAYO/HALEAKALA NM, LN(HU/HAL11M) 
CY 0% 0.15% 0.25% 0.35% 0.5% 0.75% 1.0% 
19 20 18 16.5 14 12 9 6 
20 10.5 15 18 25 31 39 46 
21 32 23 18 15 12 9 7 
22 9 12 11 12 14 16.5 22 
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In Fig. 2.45.2 the dependences of maxoX  on drA  are shown for Climax NM. 
From Fig. 2.45.2 can be seen that the region of crossings of ( )dro AX max  for odd 
and even cycles is: 5.1613 max ≤≤ oX , %3.2%7.1 ≤≤ drA . For Huancayo/Haleakala 
NM this region is: %43.0%23.0,1813 max ≤≤≤≤ dro AX . Thus we came to 
conclusion that the amplitude of the drift effect is about 2.0% for Climax NM and 
about 0.33% for Huancayo/Haleakala NM. It means that for primary CR with 
rigidity 10-15 GV a relative contribution of drift effects is about 20-25%. For CR 
with rigidity 35-40 GV a relative role of drift effects is about 2-3 times smaller. For 

maxoX  we obtained for both 10-15 and 35-40 GV about 15 av. months, what 
corresponds ≈or 100 AU (at average solar wind speed 400 km/s). 
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Fig. 2.45.2. Dependences ( )dro AX max  for Climax NM. 

 
2.45.4. The inverse problem for CR propagation and modulation during 
solar cycle 22 on the basis of NM data 

In the Section 2.45.4 was considered the relative role of convection-diffusion 
and drifts in the long-term CR modulation on the basis of a comparison of 
observations in odd and even cycles of SA: it was shown that the time–lag maxoX  
between CR and SA in the odd cycles 19, 21 decreases with increasing of the 
amplitude of the drift effect drA , but in the even cycles 20, 22, maxoX  increases 
with increasing drA . To determine maxoX  and drA  separately, in the Section 2.45.4 
was assumed that for a first approximation maxoX  and drA  are about the same in 
odd and even solar cycles. In this case the crossing of dependences ( )dro AX max  for 
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odd and even cycles determines the expected values of maxoX  and drA . In this 
Section we try to solve the inverse problem of determining drA  and maxoX  only on 
the basis of data during solar cycle 22 (Dorman, 2003a,b). We will therefore correct 
the observed CR long-term variation in cycle 22 for drift effects with different 
values of the amplitude drA ; for each drA  we determine the correlation coefficient 

( )dro AXR ,  of corrected CR long-term variation according to a convection-diffusion 
model for different values of the time-lag oX  (from 0 to 60 av. months with 
monthly steps). Then we determine the value of ( )dro AX max  when ( )dro AXR ,  
reaches the maximum value ( )dro AXR ,maxmax . For each drA  we will determine 

maxR  and maxoX . It is natural to assume that the most reliable value of drA  will 
correspond to the biggest ( )dro AXR ,maxmax  value, i.e. when the correction for drift 
effects is the best (in the frame of the model used for drift effects for long-term CR 
variations). By this way will be also possible to determine the most reliable value 
for maxoX  characterizing the dimension of the CR modulation region in the 
Heliosphere. We will base on the convection-diffusion quasi-stationary model of 
CR-SA hysteresis phenomenon which was described in detail in Section 2.45.3 
(Eqs. 2.45.1-2.45.5), and on drift model (both these models were used in Section 
2.45.4). According to the main idea of the drift mechanism (see Jokipii and Davila, 
1981; Jokipii and Thomas, 1981; Lee and Fisk, 1981; Kota and Jokipii, 1999; 
Burger and Potgieter, 1999; Ferreira et al., 1999) we assume that the drift’s CR 
amplitude are proportional to the value of tilt angle T and changed sign during 
periods of the SMF polarity reversal. Important for the cycle 22 reversal periods 
are: March 1981±5 months and June 1991±7 months. The expected drift effect 
according to this model for the period January 1985-December 1996 is shown in 
Fig. 2.45.3 for the 11-month-smoothed data of W and drA =1% at W=75.  
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Fig. 2.45.3. An example of assumed drift modulation in cycle 22 for drA =1% at W=75. 
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Results for Climax NM data. According to the procedure described in Section 
2.45.4 we correct the 11-month-smoothed data on the drift effect for different 
values of drA  from 0% (no drift effect) up to 4% at W=75. The dependence of the 
correlation coefficient on the value of the expected time-lags is shown in Fig. 
2.45.4. For each value of drA  in Fig. 2.45.4 can be easy determined the value of 

( )dro AX max  at which the correlation coefficient reaches a maximum value maxR . 
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Fig. 2.45.4. Correlation coefficient ( )dro AXR ,  according to 11-month-smoothed data of 
Climax NM (N39,W106; height 3400 m, 2.99 GV) in Cycle 22 for different drA  from 0% 
up to 4% at W=75. 

 
The functions ( )drARmax  and maxoX ( drA ) are shown in Fig. 2.45.5. The 

function ( )drARmax  can be approximated with correlation coefficient 
0.9985±0.0007 by parabola 

 
( ) cbAaAAR drdrdr ++= 2

max ,                             (2.45.7) 
 
where a = 0.004065 ± 0.000079, b = −0.01253 ± 0.00024, and c = −0.9551 ± 
0.0185. 



COSMIC RAY PROPAGATION IN SPACE PLASMAS  379 

 

7

9

11

13

15

17

19

21

23

25

0 0.5 1 1.5 2 2.5 3 3.5 4

Adr, %

Xo
m

ax
, a

v.
 m

on
th

s

-0.97

-0.965

-0.96

-0.955

-0.95

-0.945

-0.94

-0.935

 R
m

ax
(A

dr
)

Xomax(Adr) Rmax(Adr)

 
Fig. 2.45.5. Functions ( )drARmax  and maxoX ( drA ) for Climax NM data in cycle 22. 

 
From Eq. 2.45.7 we can determine maxdrA  at which maxR  reaches the biggest value: 
 

abAdr 2max −= ,                                              (2.45.8) 
 

what gives maxdrA .= 1.54 ± 0.04%. With this information, we can now correct the 
Climax NM data of cycle 22 for drifts, with the most reliable amplitude maxdrA  
according to Eq. 2.45.8 and the function ( )max, dro AXR  is shown in Fig. 2.45.6.  

From Fig. 2.45.6 can be seen that the function ( )max, dro AXR  can be 
approximated with a correlation coefficient 0.99994 ± 0.00003 by a parabola: 

 
( ) feXdXAXR oodro ++= 2

max, ,                                (2.45.9) 
 

where d = 0.000377 ± 0.000002, e = −0.00942 ± 0.00004, and f = −0.906 ± 0.004. 
By Eq. 2.45.9 we can determine the most reliable value of maxoX  corresponding to 

maxdrA : 
deX o 2max −= ,                                              (2.45.10) 

 
what gives maxoX  = 12.5 ± 0.1 av. month. At obtained values of maxdrA  and 

maxoX  the connection between expected and observed CR intensity is characterized 
by correlation coefficient ( ) =maxmaxmax , dro AXR 0.9652 (see Fig. 2.45.6). 



380 CHAPTER 2  

 

 
 

Fig. 2.45.6. The function ( )max, dro AXR  for Climax NM data in cycle 22. 
 
Results for Kiel NM data. The function ( )drARmax  for Kiel NM data (sea level; 

=cR 2.32 GV) can be approximated with a correlation coefficient 0.9992 ± 0.0004 
by Eq. 2.45.7 with regression coefficients a = 0.0095 ± 0.0001, b = − 0.0250 ± 
0.0004, c = − 0.960 ± 0.014, what gives, according to Eq. 2.45.8, maxdrA = 1.32 ± 
0.04%. Next, we determine ( )max, dro AXR  that can be approximated with a 
correlation coefficient 0.99988 ± 0.00006 by Eq. 2.45.9 with a regression 
coefficients d = 0.000466 ± 0.000003, e = −0.01191 ± 0.00007, f = −0.897 ± 0.005, 
that gives, according to Eq. 2.45.10, maxoX = 13.4 ± 0.2 av. months. The obtained 
values for maxdrA  and for maxoX  are about the same as for the Climax NM. In this 
case the correlation between the predicted and observed CR intensity is 
characterized by a coefficient of ( ) =maxmaxmax , dro AXR 0.977. 
 
Results for Tyan-Shan NM data. The Tyan-Shan NM (43N, 77E, near Alma-Ata; 
3.34 km above sea level, =cR 6.72 GV) is sensitive to more energetic particles than 
the Climax NM and the Kiel NM. For the Alma-Ata NM the function ( )drARmax  can 
be approximated with correlation coefficient of 0.9996 ± 0.0002 by Eq. 2.45.7, with 
regression coefficients a = 0.0149 ± 0.0015, b = −0.019 ± 0.002, c = −0.957 ± 0.009, 
that gives maxdrA = 0.634 ± 0.012% according to Eq. 2.45.8. Next, we determined 

( )max, dro AXR  that can be approximated with a correlation coefficient of 0.9997 ± 
0.0002 by Eq. 2.45.9 with a regression coefficients d = 0.000388 ± 0.000004, e = 
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−0.00845 ± 0.00005, f = −0.917 ± 0.008, that gives, according to Eq. 2.45.10, 
maxoX = 10.9 ± 0.2 av. months. In this case the correlation between the predicted 

and observed CR intensity is characterized by a coefficient of 
( ) =maxmaxmax , dro AXR 0.963.  

 
Results for Huancayo/Haleakala NM data. The Huancayo NM (12S, 75W; 3.4 km 
above sea level, =cR 12.92 GV)/ Haleakala NM (20N, 156W; 3.03 km above sea 
level, =cR 12.91 GV) is sensitive to primary CR particles of 35−40 GV which is 
about 2−3 times larger than for the Climax and Kiel NM. For Huancayo/ Haleakala 
NM the function ( )drARmax  can be approximated with a correlation coefficient of 
0.9998 ± 0.0001 by Eq. 2.45.7, with regression coefficients a = 0.0621 ± 0.0004, b = 
−0.0165 ± 0.0001, c = −0.978 ± 0.007, which gives maxdrA = 0.133 ± 0.002% 
according to Eq. 2.45.8. Next, we determined ( )max, dro AXR  that can be 
approximated with a correlation coefficient 0.99998 ± 0.00001 by Eq. 2.45.9 with 
regression coefficients d = 0.000406 ± 0.000001, e = −0.00842 ± 0.00002, f = 
−0.935 ± 0.002, that gives maxoX =10.38 ± 0.05 av. months according to Eq. 
2.45.10. In this case the correlation between the predicted and observed CR intensity 
is characterized by ( ) =maxmaxmax , dro AXR 0.979. 
 
Main results for the inverse problem for the solar cycle 22 on the basis of NM 
data. The taking into account drift effects (see Fig. 2.45.4) gives an important 
possibility, using data only for solar cycle 22, to determine the most reliable 
amplitude maxdrA  (at W=75) and the time-lag maxoX  (the effective time of the 
solar wind moving with frozen magnetic fields from the Sun to the boundary of the 
modulation region on the distance maxoo uXr ≈ ). We found that with an increasing 
effective CR primary particle rigidity from 10−15 GV (Climax NM and Kiel NM) 
up to 35−40 GV (Huancayo/Haleakala NM) are decreased both the amplitude of 
drift effect maxdrA  (from about 1.5% to about 0.15%) and time-lag maxoX  (from 
about 13 av. months to about 10 av. months). It means that in cycle 22, for the total 
long term modulation of CR with rigidity 10−15 GV, the relative role of the drift 
mechanism was %25%5.14×  ≈ 1/4 and the convection-diffusion mechanism about 
3/4 (we take into account that observed total 11-year variation in Climax and Kiel 
NM is 25%, and according to Fig. 2.45.3 the total change of CR intensity owed to 
drift effects is about 4 times more than the amplitude drA ); for rigidity 35-40 GV 
these values were %7%15.04 ×  ≈ 1/10 for the drift mechanism, and about 9/10 for 
the convection-diffusion mechanism. If we assume that the average velocity of the 
solar wind in the modulation region was about the same as the observed average 
velocity near the Earth’s orbit in 1965-1990: scmu 71041.4 ×=  = 7.73 AU/(average 
month), the estimated dimension of modulation region in cycle 22 will be ~ 100 AU  
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for CR with rigidity of 10−15 GV and about 80 AU for CR with rigidity of 35−40 
GV. It means that at distances more than 80 AU the magnetic fields in solar wind 
and in inhomogeneities are too weak to influence intensity of 35−40 GV particles. 
 
2.46. The inverse problem for small energy galactic CR 
propagation and modulation in the Heliosphere on the basis of 
satellite data 

2.46.1. Diffusion time lag for small energy particles 
As it was shown by Dorman and Dorman (1965), the time of diffusion 

propagation through the Heliosphere of particles with rigidity greater than 10 GV 
(to whom NM are sensitive) should be shorter than one month. This time is at least 
one order of magnitude smaller than the observed time-lag in the hysteresis 
phenomenon. It means that the CR long-term variation on the basis of NM data can 
be considered as a quasi-stationary problem with parameters of CR propagation 
changing with time. In this case, according to Parker (1958), Dorman (1959) 
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,exp,, ,                         (2.46.1) 

 
where ( )trRn obs ,,  is the measured differential rigidity CR density at the time t, at 
the distance obsr  from the Sun; ( )Rno  is the differential rigidity density spectrum 
in the local interstellar medium out of the Heliosphere; 5.1≈a ; ( )tru ,  is the 
effective solar wind velocity (taking into account also shock waves and high speed 
solar wind streams); and ( )trRDr ,,  is the radial diffusion coefficient, in 
dependence of the distance r from the Sun, of particles with rigidity R  at the same 
time t of observations (if we neglect the time of diffusion through the Heliosphere). 
In Dorman (2003a,b) it was taken into account the time lag of processes in the 
interplanetary space relative to processes on the Sun, determined by the value ur .  

For small energy particles measured on satellites and balloons, it is necessary to 
take into account the additional time-lag ( )oobsdif rrrRT ,,,  caused by the particle 

diffusion through the Heliosphere from r to obsr . This diffusion time-lag can be 
approximately estimated. In Dorman et al. (1997) it was shown that in a first 
approximation the value rDu  in Eq. 2.46.1 can be considered as not dependent 
from r, and some effective values of solar wind speed ( )tuef  and of diffusion 
coefficient ( )tRD efr ,,  can be used. In this case, instead of Eq. 2.46.1, we obtain 
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The diffusion propagation time of CR particles with rigidity R from the distance 

r to the distance of observations obsr  can be approximately estimated as 
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where  
 

( ) ( ) ( )( )
a

RntrRntRC oobs
6

,,ln, −= .                          (2.46.4) 

 
and ( )tRD efr ,,  was determined by Eq. 2.46.2. Instead of the distances from the Sun 
it is possible to introduce the variables used by Dorman (2003a,b): 
 

efooefefobsobs urXurXurX === ,, ;                    (2.46.5) 
 

these variables and difT  are in units of av. month = (365.25/12) days =30.44 days = 

2.628 610× sec. By combining Eq. 2.46.5 and Eq. 2.46.3 we obtain 
 

( ) ( ) ( )( )2
, , , , , obs o obs

dif obs o
o obs

X X X X X
T R t X X X C R t

X X
− − −

≈ ×
−

 .                  (2.46.6) 

 
From Eq. (6) it follows that ( )oobsdif XXXtRT ,,,,  reaches the maximum value at 

oXX = , and the coefficient ( )tRC ,  reaches the maximum value, according to Eq. 
2.46.4, at the minimum of CR intensity (near the maximum of solar activity; then 
 

( ) ( )tRC
XX

XXXtRT

obso

oobsdif ,
,,,,

≤
−

 .                            (2.46.7) 

 
For high and middle latitude NM data (effective particle rigidity 10-15 GV) the 

amplitude of 11-year modulation is about 25% and according to Eq. 2.46.4 we 
obtain for solar maximum ( )tRC , ≈0.028. It means that 

( ) ( ) 028.0,,,, ≤− obsooobsdif XXXXXtRT  according to Eq. 2.46.7, i.e. the 
diffusion time-lag is negligible in comparison with the time propagation of solar 
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wind from the Earth’s orbit to the boundary of Heliosphere. On the basis of Burger 
and Potgieter (1999) we estimate ( )tRC ,  for smaller rigidities, observed on 
satellites. Results are shown in Table 2.46.1. 
 
Table 2.46.1. Coefficient ( )tRC ,  for different rigidities, for periods of maximum and 
minimum solar activity 

 

solar activity particle rigidity and kinetic 
energy 

MAX MIN 

3 GV (protons, 2.2 GeV) 0.107 0.067 

1.0 GV (protons, 430 MeV) 0.30 0.20 

0.3 GV (protons, 43 MeV) 0.55 0.41 

 

2.46.2. Convection-diffusion modulation for small energy galactic CR 
particles  

According to Eq. 2.46.7 and Table 2.46.1, for small energy galactic CR particles 
it is necessary to take into account the additional time-lag caused by the particle 
diffusion in the interplanetary space. In a first approximation we use the quasi-
stationary model of convection-diffusion modulation described by Dorman (2003a), 
and here developed by taking into account the diffusion time-lag:  
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where  
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and   , , oobs XXX are determined by Eq. 2.46.5, and 
 

( ) ( )( )
obso

obsoobs
XX

XXXXXtRCXX
−

−−−×+= 2,* .            (2.46.10) 
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Different Approaches can be considered for small energy convection-diffusion 
modulation:  
1-st Approach: ( ) 0, =tRC  - no diffusion time-lag. This Approach was used by 
Dorman (2003a,b) for NM energies; for small energies this Approach will be used 
for comparison. 
2-nd Approach: ( ) ( ) ( ) 2, minmax CCRCtRC av +≈= , where maxC  and minC  are 
listed in Table 1, and ( )avRC ≈ 0.087 for 3 GV, 0.15 for 1 GV, and 0.48 for 0.3 GV 
are obtained. 
3-rd Approach: ( )tRC ,  is determined by Eq. (2.46.4). In Fig. 2.46.1 the 
dependences of C from tilt angle α, calculated on the basis of results obtained in 
Burger and Potgieter, 1999; see also Section 2.37), are shown. 
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Fig. 2.46.1. The dependences of coefficient C(R, α) from tilt angle α for CR particles with 
rigidities 3, 1, and 0.3 GV. From Dorman et al. (2005c). 
 
The dependences shown in Fig. 2.46.1 can be approximated for R = 3 GV by 
 

C(3 GV, T) = 0.000464α + 0.0685                         (2.46.11a) 
 

with correlation coefficient 0.978. On the basis of Eq. 2.45.6 (in Section 2.45.3), the 
Eq. 2.46.11 can be presented through sunspot number W as 
 

 C(3 GV, W) = 0.000162 W + 0.0747.                      (2.46.11b)  
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For 1 GV we obtain 
 
C(1 GV, α) = 0.00116 α + 0.190, C(1 GV,W) = 0.000407 W + 0.206,       (2.46.12) 

 
with correlation coefficient 0.997. For 0.3 GV it will be  
 
C(0.3 GV, α)  = 0.00156 α + 0.394, C(0.3 GV,W) = 0.000545 W + 0.415, (2.46.13) 

 
with correlation coefficient 0.980. Eq. 2.46.11a – 2.46.11b and Eq. 2.46.12 – 2.46.13 
can be combined approximately as (here particles rigidity R is in GV) 
 

C(R, α) ≈ (−3.94R+1.63)10-3α − 0.142ln(R) + 0.213,                    (2.46.14) 
 

C(R,W) ≈ (−1.38R+5.68)10-4W − 0.148ln(R) + 0.227.                  (2.46.15) 
 

2.46.3. Small energy CR long-term variation caused by drifts 
According to the main idea of the drift mechanism (see Jokipii and Davila, 1981; 

Jokipii and Thomas, 1981; Lee and Fisk, 1981; Kóta and Jokipii, 1999; Burger and 
Potgieter, 1999; Ferreira et al., 1999), we assume that the drifts depend on the value 
of tilt angle α and change sign during periods of the SMF polarity reversal (see drift 
approach 3 according to Dorman, 2003a). We used data of tilt-angles for the period 
May 1976-September 1993. On the basis of these data we determined the correlation 
between α and W for 11 month-smoothed data as determined by Eq. 2.45.6 (in 
Section 2.45.3) with correlation coefficient 0.955±0.013. We assume that the drift 
effect is proportional to the theoretical value in dependence on tilt-angle α (or in 
dependence on the sunspot number W through Eq. 2.45.6) with negative sign for 
general solar magnetic field A > 0 and positive sign for A < 0, and in the period of 
reversal we suppose linear transition through 0 from one polarity cycle to another. 
The theoretical expected values of convection-diffusion modulation cdA  and drift 
modulation drA  have been determined from Fig. 2.37.1 – 2.37.4 in Section 2.37 
(from Burger and Potgieter, 1999); we assume that in these figures the average of 
curves for A > 0 and A < 0 characterizes the convection-diffusion modulation 
(which does not depend on the sign of general solar magnetic field), and the 
difference between these curves represents the double drift modulation (which 
depends on the sign of general solar magnetic field). Fig. 2.46.2 shows the drift 
modulation drA  (relative to the intensity out of Heliosphere) for R = 3, 1, and 0.3 
GV derived from theoretical results of Burger and Potgieter (1999) by taking into 
account Eq. 2.45.6 (in Section 2.45.3). 
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Fig. 2.46.2. Expected drift modulations for R = 3, 1, and 0.3 GV relative to the intensity out 
of the Heliosphere, in dependence of sunspot number W and derived from Burger and 
Potgieter (1999) by taking into account Eq. 2.45.6 (in Section 2.45.3). According to Dorman 
et al. (2005c). 
 
The dependences shown in Fig. 2.46.2 can be approximated as: 
 

( ) 6 2 4 23 2.399 10 6.116 10 1.834 10drA R GV W W− − −= = − × + × − × ,          (2.46.16) 
 

with correlation coefficient 0.9993; 
 

( ) 6 2 4 31.0 2.464 10 5.379 10 1.414 10drA R GV W W− − −= = − × + × + × ,     (2.46.17) 
 

with correlation coefficient 0.9993; 
 

( ) 7 2 5 30.3 4.826 10 9.606 10 2.434 10drA R GV W W− − −= = − × + × + ×        (2.46.18) 
 

with correlation coefficient 0.9975. In Fig. 2.46.3 are shown ratios of cddr AA  for 
R = 3, 1, and 0.3 GV, also derived from theoretical results Burger and Potgieter 
(1999) with account Eq. 2.45.6 (in Section 2.45.3). 
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Fig. 2.46.3. The expected ratios cddr AA , for R=3, 1, and 0.3 GV in dependence of 
sunspot number W and derived from Burger and Potgieter (1999) by taking into account Eq. 
2.45.6 (in Section 2.45.3). According to Dorman et al. (2005c). 
 
The dependences shown in Fig. 2.46.3 can be approximated as (here cdA  is the 
amplitude of convection-diffusion modulation relative to the intensity out of the 
Heliosphere): 
 

( )
( )

6 2 3 23
5.161 10 1.314 10 3.591 10

3
dr
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A R GV
W W
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− − −=

= − × + × − ×
=

,       (2.46.19) 

 
with correlation coefficient 0.996; 
 

( )
( )

5 2 3 41.0
2.231 10 5.104 10 2.602 10
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with correlation coefficient 0.975; 
 

( )
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with correlation coefficient 0.950. 
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2.46.4. The satellite proton data and their corrections on solar CR 
increases and jump in December 1995  

We analyze the following data: IMP-8 monthly data of proton fluxes with 
kinetic energy ≥kE 106 MeV ( ≥R 0.458 GV) from October 1973 to December 
1999 (http://data.ftecs.com/archive/imp_cpme/) and GOES daily data of proton 
fluxes from January 1986 to December 1999 (http://spidr.ngdc.noaa.gov/spidr/) 
with kinetic energies ≥kE 100 MeV ( ≥R 0.444 GV), ≥kE 60 MeV ( ≥R 0.341 
GV), ≥kE 30 MeV ( ≥R 0.239 GV), ≥kE 10 MeV ( ≥R 0.137 GV), ≥kE 5 MeV 
( ≥R 0.097 GV), as well as fluxes in intervals 60-100, 30-60, 10-30, and 5-10 MeV.  

The first problem is that the original GOES data contain many increases caused 
by SEP events. To exclude these days we sorted daily data for each month and 
determined the averages from ten minimal, ten middle, and ten maximal daily 
values. In the present paper we used averages from ten minimal daily values for 
each month. Even by this method the influence of great solar energetic particle 
events was not totally eliminated (e.g., as in September 1989). These months have 
been excluded from our analysis. Then, we determined 11-months moving 
averages.  

The second problem is that the original GOES data contain a jump in December 
1995. To exclude this jump we compared GOES data for MeV100≥kE  with 
IMP-8 monthly data for 106≥kE  MeV and estimated the value of jump as 0.006 
proton.cm−2.sec−1.ster−1. For kE  ≥ 60, ≥ 30, ≥ 10, and ≥ 5 MeV, the value of the 
jump is 0.012, 0.025, 0.035, 0.040 proton.cm−2.sec−1.ster−1, respectively. 

In Fig. 2.46.4 the corrected data of IMP-8 data of proton intensities with energy 
106≥kE  MeV are shown. 
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Fig. 2.46.4. Natural logarithm of monthly and 11-month moving averages IMP-8 data of 
proton intensities with energy 106≥kE  MeV, corrected by excluding days with increases 
mainly causes by SEP events. According to Dorman et al. (2005c). 



390 CHAPTER 2  

 

In Fig. 2.46.5-2.46.7 results for GOES monthly data (averages from ten minimal 
daily values for each month) are shown for 30and,60,100 ≥≥≥kE  MeV, 
respectively. Corrections have been applied by excluding few months with solar 
cosmic ray increases, and for the jump of December 1995; 11-month moving 
averages of obtained monthly data are also shown (to exclude big fluctuations in 
monthly data).  
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Fig. 2.46.5. Natural logarithm of monthly and 11-month moving averages obtained from 
GOES daily data of proton intensities with energy 100≥kE  MeV (ten minimal daily 
values for each month). Some months with solar CR increases are excluded. The jump of 
December 1995 is corrected. From Dorman et al. (2005c). 
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Fig. 2.46.6. The same as in Fig. 2.46.5, but for 60≥kE  MeV. 
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Fig. 2.46.7. The same as in Fig. 2.46.5, but for 30≥kE  MeV. 

 
A more complicated situation is found for GOES data in narrow energy 

intervals: 60-100 MeV, 30-60 MeV, 10-30 MeV and 5-10 MeV. In these cases the 
number of months contaminated by solar CR increases is so large that it was 
necessary to do frequent data interpolation for excluding defect months. Moreover, 
after December 1995 all data have jumps, different for different energy intervals. 
We determined the values of jumps and applied correction on monthly data. Then, 
we computed 11- month moving averages and natural logarithms of monthly and 
11-month moving averages of proton fluxes in different energy intervals. In Fig. 
2.46.8 and 2.46.9 examples of this analysis for 60-100 MeV energy interval are 
shown. 
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Fig. 2.46.8. Non-corrected GOES MeV100MeV60 ≤≤ kE  monthly data (on the basis 
of 10 minimal daily values for each month). A great number of increases caused by solar 
CR, and a big jump in December 1995, are visible. From Dorman et al. (2005c). 



392 CHAPTER 2  

 

-5
-4.9
-4.8
-4.7
-4.6
-4.5
-4.4
-4.3
-4.2
-4.1

-4
-3.9
-3.8
-3.7
-3.6

1986 1988 1990 1992 1994 1996 1998 2000

LN(1MCOR)

LN(11MCOR)

 
 
Fig. 2.46.9. Natural logarithms of corrected GOES monthly data for 

MeV100MeV60 ≤≤ kE : full circles – LN(1MCOR). Months largely affected by solar 
CR increases are excluded; the missing values have been calculated by linear interpolation. 
Monthly data after December 1995 are corrected for the jump with amplitude 0.007. Also 
11-month moving averages are shown: thick curve – LN(11MCOR). From Dorman et al. 
(2005c). 
 
2.46.5. Convection-diffusion modulation and correction for drift 
modulation of the satellite proton data 

For determining the diffusion time-lag difT  we use the 2-nd Approach, in which 
all quantities are defined (see Section 2.46.2):  

 

( ) ( )( )
obso

obsoobs
efavdif XX

XXXXXRCT
−

−−−×≈ 2 .                      (2.46.22) 

 
For observations near Earth’s orbit ( AUrobs 1≈ ) the value of 

monthav.1<<= efobsobs urX , and in Eq. 2.46.22 we can neglect obsX  in 

comparison with droo urX =  and with drurX = .  
The dependence ( )efav RC , estimated for several values of efR  (0.3, 1, 3 and 

12.5 GV), can be approximated as (with correlation coefficient 0.988):  
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( ) 9.017.0 −×≈ efefav RRC .                                 (2.46.23) 
 

The drift modulation expected for different values of drA  can be estimated 
according to procedure described in Section 2.46.3.  

 
2.46.6. Results for ≥106 and ≥100 MeV protons (IMP-8 and GOES data) 

In Fig. 2.46.10 we show dependences of correlation coefficient ( )dro AX ,Ψ  
between natural logarithm of 11-month moving averages IMP-8 data of proton 
intensities with energy MeV106≥kE  (corrected by excluding months affected by 
SEP events (as shown in Fig. 2.46.4), and corrected also for drift effects with 
different amplitudes according to the procedure described in Section 2.46.5), with 
the value expected from convection-diffusion mechanism, by taking into account 
the diffusion time-lag (important for small energy particles observed on satellites).  
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Fig. 2.46.10. Correlation coefficient ( )dro AX ,Ψ  for 11-month moving averages of IMP-8 
data of proton intensities with energy 106≥kE  MeV from October 1973 to December 
1999, corrected for drift modulation with different amplitudes drA  from 0 to 0.7. From 
Dorman et al. (2005c). 
 

From Fig. 2.46.10 it can be seen that ( )dro AX ,Ψ  reaches the greatest values 
for 1.0≈drA  (i.e. 10%) with maximum value 0.9128 at 17max ≈oX  av. months, a 



394 CHAPTER 2  

 

little bigger than the value obtained for NM data by Dorman (2001), and Dorman et 
al. (2001a,b). About the same result was obtained for monthly data, but with smaller 
values of correlation coefficient (maximum value 0.8993 at 18max ≈oX  av. 
months). In Fig. 2.46.11 is shown one result for GOES satellites. It can be seen that 
GOES data give about the same result as IMP-8 data, but with much bigger 
correlation coefficient.  
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Figure 2.46.11. The same as in Fig. 2.46.10, but for GOES data of protons with energy 

100≥kE  MeV from January 1986 to December 1999. From Dorman et al. (2005c). 
 

The best correlation is found again at 1.0≈drA , but with maximum value 
0.9793 at 15max ≈oX  av. months, and regression equation  
 

FIcor ×−−= 0525.0226.3)ln( ,                        (2.46.24) 
 
where F is determined by Eq. 2.46.9. From Eq. 2.46.24 it follows that the intensity 
out of Heliosphere 226.3ln −=oI  (for GOES data of protons with energy 

100≥kE  MeV). From the obtained results, according to Le Roux and Fichtner 
(1997) and Dorman et al. (2001b), we can estimate the dimension of modulation 
region  
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( ) AUAUuXuXr oefoo 4.97184.0 maxmax ≈≈≈ ,         (2.46.25) 

 
and the effective radial diffusion coefficient 
 

( ) ( )
sec

1003.1
.

1
0525.0

2
23

22 cm
monthav
AUau

RD ef
efr ×≈= .              (2.46.26) 

 
2.46.7. The satellite alpha-particle data and their main properties 

According to the procedure described in Sections 2.46.1−2.46.3 for the 
hysteresis analysis of small energy galactic CR fluxes, the following information is 
needed: kinetic energy interval, rigidity interval and effective rigidity efR . These 
parameters are necessary for determining the coefficient ( )efav RC , according to 
Eq. 2.46.23, and diffusion time lag, difT  according to Eq. 2.46.22, for evaluating 

v/c interval and effective value ( )efcv  (for estimating the effective transport path 

of particles in the Heliosphere after the determination of diffusion coefficient). We 
used 5-minute GOES data of small energy alpha-particle fluxes (in units 

1112 sec −−−− ⋅⋅⋅⋅ MeVsrcmparticles ) from January 1986 to May 2000 in three 
energy intervals with parameters listed in Table 2.46.2 
(http://spidr.ngdc.noaa.gov/spidr/).  
 

Table 2.46.2. Parameters for three used alpha-particles energy intervals. 

 

kE  interval, MeV R interval, GV efR , GV ( )efav RC  ( )efcv  

60−160 0.337−0.554 0.45 0.347 0.23 

160−260 0.554−0.710 0.63 0.257 0.32 

330−500 0.804−1.000 0.90 0.186 0.43 

 
2.46.8. Results for alpha-particles in the energy interval 330−500 MeV 

This energy interval is expected to have the lower influence from solar CR 
events. Therefore, the corrected GOES data (by excluding sudden increases caused 
by solar energetic particle effects) reflect better the long-term modulation of 
galactic CR. In Fig. 2.46.12 the monthly and 11-month running averages of 
corrected data are shown.  
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Fig. 2.46.12. Natural logarithm of monthly (as LN(1MCOR)) and 11-month moving 
averages (as LN(11MCOR)) of corrected GOES data of alpha-particle fluxes in the energy 
interval 330-500 MeV, during January 1986-May 2000. From Dorman et al. (2005c). 
 

Then, we calculate the expected drift modulation for different drA  from 0 (no 
drift modulation) up to 0.4 (i.e., 40%) on the basis of monthly data on tilt-angles T 
and sunspot numbers W, according to the procedure described by Dorman (2003a), 
and already used in Sections 2.46.4-2.46.6 for satellite proton data. In Fig. 2.46.13 
the expected drift modulation for 2.0=drA  is shown as an example. 
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Fig. 2.46.13. Expected drift modulation for drA = 0.2. From Dorman et al. (2005c). 
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The next step is the correction of observed data for drift modulation at different 
values of drA  (an example is shown in Fig. 2.46.14).  
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Fig. 2.46.14. Natural logarithm of 11-months running averages of alpha-particle fluxes for 
the energy interval 330-500 MeV (as LN(11MCOR), derived from Fig. 2.46.12) and 
corrected for drift at drA = 0.2 (expected clean convection-diffusion modulation, plotted as 
LN(11MCOR-DRIFT)). From Dorman et al. (2005c). 
 

We compare the alpha-particle fluxes corrected for drift at different drA  
(expected clean convection-diffusion modulation) with values  

 

( ) ( ) ( )( )
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o
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3
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3
1

max

*
,,

−−+

∫ ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −= ,         (2.46.27) 

 
where   , , oobs XXX are determined by Eq. 2.46.5, and, in the frame of the 2-nd 
Approach, 
 

( ) ( )oefav XXXRCXX −+= 2* ,                          (2.46.28) 
 
where coefficients ( )efav RC  are given in Table 2.46.2. The Eq. 2.46.27 accounts 
for the time lag of interplanetary processes relative to processes on the Sun, and for 
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the diffusion time lag difT  (which is especially important for small energy galactic 
alpha-particles detected on satellites). This comparison has been done for different 
values of oX  (characterizing the time propagation of solar wind from the Sun to the 
boundary of Heliosphere, in units av. month = 365.25/12 = 30.44 days), in the 
frame of linear regression 
 

( ) ( )( ) ( ) ( ) ( )efoodrefodrefdrdrMCOR RXtFXARBXARAtAItI ,,,,,,,ln 11 −=− ,  (2.46.29) 
 
and evaluating the correlation coefficients ( )odref XAR ,,Ψ , and corresponding 
regression coefficients ( )odref XARA ,,  which determine the CR intensity out of the 
Heliosphere, and ( )odref XARB ,,  characterizing the effective diffusion coefficient 
in the interplanetary space. The values of correlation coefficient ( )odref XAR ,,Ψ  
are shown in Fig. 2.46.15 for different values of drA  obtained for the period of 
solar cycle 22 which is totally covered by the used GOES data on alpha-particle 
fluxes.  
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Fig. 2.46.15. Correlation coefficient ( )odref XAR ,,Ψ  in dependence from oX  at different 

values of drift modulation amplitude drA  from 0 (no drift correction) to 0.40 for alpha-
particle fluxes in energy interval 330-500 MeV during solar cycle 22. From Dorman et al. 
(2005c). 
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From Fig. 2.46.15 it can be seen that with increasing of drA  from 0 to 0.40 the 
maximum of correlation coefficient changes from about 8 av. months to 35 av. 
months. The value of maximum of correlation coefficients ( )odref XAR ,,Ψ  
increases with increasing drA  up to drA = 0.10, then it decreases. The curves of 
Fig. 2.46.15 can be approximated by parabolas with correlation coefficients higher 
than 0.999:  

 
( ) ( ) ( ) ( )drefodrefodrefodref ARcXARbXARaXAR ,,,,, 2 ++=Ψ ,         (2.46.30) 

 
where coefficients a, b, and c are given in Table 2.46.3 together with 

( ) ( )drefdrefo ARaARbX ,,2max −=  and maxΨ  determined on the basis of Eq. 
2.46.30 at maxoo XX = :  
 

( ) ( ) ( ) ( )drefdrefdrefdref ARcARaARbAR ,,,2, 2
max +=Ψ .         (2.46.31) 

 
Table 2.46.3. Coefficients a, b, and c, and values of maxoX  (in av. months) and maximal 
correlation coefficient maxΨ  for different values of drA  from 0 (no drift corrections) up to 
0.40. From Dorman et al. (2005c). 
 

drA  a b c maxoX  maxΨ  

0 0.000821 −0.0137 −0.914 8.35 −0.972 

0.05 0.000828 −0.0187 −0.875 11.30 −0.981 

0.10 0.000707 −0.0207 −0.830 14.66 −0.982 

0.15 0.000604 −0.0228 −0.764 18.84 −0.979 

0.20 0.000604 −0.0282 −0.645 23.38 −0.975 

0.25 0.000710 −0.0387 −0.447 27.24 −0.973 

0.30 0.000788 −0.0478 −0.247 30.33 −0.972 

0.40 0.000758 −0.0528 −0.046 34.81 −0.964 
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In Fig. 2.46.16 the dependences of maxoX  and maxΨ  from drA  in the vicinity of 
the highest maxΨ  values are shown. 
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Fig. 2.46.16. The dependences of correlation coefficient maxΨ  (circles, left scale)) and 

maxoX  (triangles, right scale) from drift amplitude drA . From From Dorman et al. (2005c). 
 

The dependences shown in Fig. 2.46.16 can be approximated as 
 

972.0282.0081.2486.3 23
max −−+−=Ψ drdrdr AAA ,               (2.46.32) 

 

367.823.5113.123 2
max ++= drdro AAX .                  (2.46.33) 

 
From Eq. 2.46.32 and Eq. 2.46.33 we can determine the optimal values of drA  and 

maxoX  for which the correlation coefficient is the highest (−0.98275):  
 

( ) ( ) months av.76.13,087.0 max == optooptdr XA .              (2.46.34) 

 
2.46.9. Main results of the inverse problem solution for satellite alpha-
particles 

According to direct measurements on space probes the average solar wind speed 
for the period 1965-1990 near the Earth’s orbit at AU1=r  was 

seccm1041.4 7
1 ×=u  = 7.73 AU/av. month. The function ( )ru  is determined by 

solar wind interactions with galactic CR and anomalous CR component, with neutral 
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atoms penetrating from interstellar space and others. According to calculations of Le 
Roux and Fichtner (1997), the change of solar wind speed with the distance r from 
the Sun can be described approximately as 

 
( ) ( )( )tsw1 1 rrburu −≈ ,                                            (2.46.35) 

 
where tswr  is the distance to the terminal shock wave and parameter 

45.013.0 ÷≈b  depends on sub-shock compression ratio and on injection efficiency 
of pickup protons. On the basis of Eq. 2.46.35 we can determine the radius of CR 
modulation region modr  from equation: 
 

( ) ( )( ) ( ) ( )1tswmodtsw
0

1
tsw1m ln1

mod
burrbrdrrbruX

r

optaxo +−−=∫ −= − ,(2.46.36) 

 
which gives: 
 

( )( )( )tsw1mtswmod exp rbuXbrr optaxo−+= .                (2.46.37) 

 
By assuming that the radius of modulation region modr  for alpha-particle GOES 
data (effective rigidity 0.9 GV according to Table 2.46.2) is about the same as the 
radius of the Heliosphere tswr , we obtain from Eq. 2.46.37 for orrr == tswmod  the 
following result: 
 

( ) ( )bXbur optaxoo −−= 1lnm1 .                        (2.46.38) 

 
For the most reliable value of 3.0≈b  we obtain from Eq. 2.46.34 and Eq. 2.46.38  
 

AU9084.073.776.13 ≈××≈or .                              (2.46.39) 
 
We can compute regression coefficients A (indicating the natural logarithm of CR 
alpha-particle intensity out of the Heliosphere) and B (indicating the diffusion 
coefficient) in Eq. 2.46.29 for the values obtained by Eq. 2.46.34:  
 

( ) 1month av.03483.0,3531.6 −−=−= BA .                     (2.46.40) 
 
Since 

( ) ( )efavm RDrauXB rooptaxo = ,                             (2.46.41) 
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and according to Eq. 2.46.38 
 

 ( ) 11 84.01ln ubbuuav ≈−−= ,                        (2.46.42) 
 
we obtain for the radial effective diffusion coefficient  
 

( )
)43.38.2(seccm1031.1

month av.1530707.0
223

22
1

2
avef

×≈

≈≈= AUBauBauRDr   

 
and for the effective transport path (by using Table 2.46.2) 
 

( ) 13
ef 1005.3 ×≈Λ Rr  cm.                                     (2.46.44) 

 
It should be noted that if the diffusion time lag is not taken into account, the 

result ( )  months av.19max ≈optoX  for alpha-particles in the energy interval 330-

500 MeV will be obtained instead of the value described by Eq. 2.46.34, in 
contradiction with results based on satellite proton data and on NM data (Dorman, 
2001; Dorman et al., 2001a,b).  

Preliminary results, obtained for satellite alpha-particles data for other energy 
intervals 160-260 MeV and 60-160 MeV (values of ( )optdrA  and ( )optoX max ) 

show that in these cases the influence of SEP events was not totally excluded, and 
that there is a necessity of additional data cleaning.  
 
2.46.10. Peculiarities in the solution of the inverse problem for small 
energy CR particles 

The specific aspects in the solution of the inverse problem for small energy CR 
particles for long-term variations caused by propagation and modulation in the 
Heliosphere (convection-diffusion and drift processes) are the following:  

• remarkable diffusion time-lag, increasing with decreasing particle energy, 
and  

• remarkable drift modulation, whose relative role is also increasing with 
decreasing particle energy.  

The obtained results for convection-diffusion and drift modulations have been 
used for the analysis of proton and alpha-particle satellite data. The results shown in 
Fig. 2.46.7 and Fig. 2.46.8 lead to the following conclusions:  

• The procedure described here to obtain the expected convection-diffusion 
modulation, by taking into account the additional diffusion time lag in 
Heliosphere for small energy particles observed on satellites, and also by 
taking into account drift modulation based on Burger and Potgieter (1999), 
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can be used to describe the long-term variation of galactic CR intensity at 
small energies;  

• The procedure described above for excluding solar energetic particle events 
from satellite data for particles with energies MeV106≥kE  and 

MeV100≥kE  – made it possible to obtain from satellite data information 
on real long-term variation of galactic small-energy CR intensity, which can 
be compared with theoretical expectations;  

• The maxoX  values obtained from this comparison, maxdrA , the dimension 
of modulation region and the effective radial diffusion coefficient are in 
good agreement with those obtained by Dorman (2001), Dorman et al. 
(2001a,b) on the basis of NM data, and with those expected by Burger and 
Potgieter (1999). This means that the dimension of modulation region is 
very close to the dimension of the Heliosphere.  

• GOES data for small energy intervals 60-100 MeV, 30-60 MeV, and others, 
have been also analyzed. A contradictory dependence of the determined 

maxoX  and maxdrA  on the energy has been obtained. 
We think that the applied procedure for excluding events of CR increases for 

narrow small energy intervals is not enough accurate: these data still reflect an 
appreciable contribution of solar CR (without time-delay and with about opposite 
phase to variation of galactic CR) which leads to an appreciable decrease in the 
observed modulation and even to a change in phase. This could be the main reason 
for the contradictory determination of maxoX  and drA . It is necessary to develop 
more effective procedure for excluding the local CR influence on small energy 
particle intensity variation observed by satellites. To do that it will be important to 
use also satellite data of isotopes which are not contaminated by small energy solar 
CR.  
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Chapter 3  
 
Nonlinear Cosmic Ray Effects in 
Space Plasmas  
 
 
3.1. The important role of nonlinear CR effects in many processes 
and objects in space 

At the foundation of nonlinear CR effects in space plasma are two phenomena:  
1) influence of CR pressure on plasma dynamics; this was first considered by 

Axford and Newman (1965) for solar wind propagation, and then by Dorman and 
Dorman (1968a,b, 1969), Dorman (M1975a,b), Babayan and Dorman (1977a,b, 
1979a,b,c, 1981, 1990), Dorman (1995a,b, 1996);  

2) kinetic stream instability of anisotropic CR and generation of Alfvén 
turbulence; this was first considered by Ginzburg (1965) for CR propagation in the 
interstellar medium, and then by Wentzel (1974), Cesarsky (1980), Babayan et al. 
(1987), Zirakashvili et al. (1991, 1993), Dorman (1995a,b, 1996).  

 
The nonlinear CR effects are important (see the review in Dorman, 1995a,b; 

Dorman, 1996):  
1. in our Galaxy and other galaxies (galactic wind driven by CR and its influence 
on CR propagation, chemical composition, and energy spectrum formation);  
2. in the outer Heliosphere (dynamic effects of galactic CR pressure on solar wind 
and interplanetary shock waves propagation, on the formation of the terminal shock 
wave and the boundary of the Heliosphere, Alfvén turbulence generation by kinetic 
stream instability of non-isotropic CR fluxes and its influence on CR propagation 
and modulation);  
3. in CR and gamma ray sources (influence of CR pressure and stream instability 
of escaping particles on acceleration efficiency and formation of energy spectrum 
and chemical composition of escaping particles, influence of nonlinear effects on 
gamma-ray emissivity distribution);  
4. in the processes of CR acceleration by shock waves and in regions of 
magnetic field reconnection (inverse influence of pressure and stream instability 
of accelerated particles on the structure and propagation of shock waves, on 
processes of reconnection, on formation of accelerated particles energy spectrum 
and chemical composition). 
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3.2. Effects of CR pressure 
The approximation of CR motion in electro-magnetic fields generally used is 

not valid in general. In many cases when CR density energy is comparable to the 
energy density of magnetic fields and kinetic energy of moving plasma, the inverse 
influence of CR on space plasma dynamics and electro-magnetic field structure are 
important. As was shown by Ptuskin (1984) on the basis of CR kinetic equation that 
in the diffusion approximation the ponderomotive force from CR particles on 
plasma with a stochastic magnetic field is determined by the pressure of these 
particles (Berezinsky et al., M1990): 
 

( )∫= dppfvpP oc
3

3
4π ,                                     (3.2.1) 

 
where v and p are the velocity and momentum of CR particles and ( )pfo  is the CR 
distribution function. The CR pressure  cP is connected with CR total energy 
density  
 

( ) ( )pfpEpdpW oc     4 2∫= π ,                       (3.2.2)  
 
where ( )pE  is the kinetic energy of particle with momentum p. As was shown by 
Ptuskin (1984), 
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where  

( ) ( ) ( )pfvpEN o
24π=                                         (3.2.4) 

 
is the differential energy spectrum and index i shows the sort of CR particles. For  
 

( ) γ−∝ EEN ,                                         (3.2.5) 
 
Eq. 3.2.1−3.2.3 give 
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For 7.2=γ  this gives   25.0 cc WP ≈  and .27.0  ≈cc WP ∂∂  For ultra-relativistic gas 
( )2cmE i>>  it will be ( )   31 cc WP = and .31 =cc WP ∂∂  Let us note that if the 
gradient of CR pressure is zero then the ponderomotive forces on the elemental 
volume of space plasma from all directions will be the same and therefore the 
resultant ponderomotive force acting on the elemental volume will be zero. CR 
pressure gradient influenced on the dynamic of space plasma according to the set of 
hydrodynamic equations: 
 

( ) 0=∇+ uρ
∂
∂ρ

t
,                                           (3.2.7) 

 

( ) [ ]HHuuu  ,  
 4
1  ×∇+∇−−∇=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∇+

π∂
∂ρ cg PP

t
,                      (3.2.8)  

[ ]HuH  ,×∇=
t∂

∂ ,                                                  (3.2.9) 

 
0      =∇H ,                                                    (3.2.10) 

 
where u is the velocity of matter ( )  <<  cu and gP  is the gas-dynamical pressure of 
plasma.    
 
3.3. Effects of CR kinetic stream instability 

The importance of CR kinetic stream instability effects for CR acceleration and 
propagation was first noted by Ginzburg (1965), and then by Wentzel (1974) and 
Cesarsky (1980). This type of instability is well known in plasma physics 
(Tsytovich, M1971; Vedenov and Rjutov, 1972; Akhiezer et al., M1974; 
Artsimovich and Sagdeev, M1979). The CR kinetic stream instability generates a 
broad spectrum of waves in space plasma, but generation of high-frequency waves 
(Langmuir and whistler types) is not effective because of a big damping of these 
waves; moreover, these waves are not effective for CR particle scattering. Another 
situation is for magneto-hydrodynamic waves that are effective for CR scattering. 
The growth rate is the largest for waves propagated along magnetic field. The main 
interaction between CR particles and these waves is based on cyclotron resonant on 
the first harmonic; the growth rate ( )kcΓ  will be determined by equation 
(Berezinsky et al., M1990): 

 



408 CHAPTER 3  

 

( ) ( )
( )

( )
( ) )1.3.3(.      ,1+ ,

 -1  
 2

 22
2

2222

⎟
⎠
⎞

⎜
⎝
⎛ −⎟

⎠
⎞

⎜
⎝
⎛ +

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−×

∫∫=Γ

E
ZeHckv

E
ZeHckv

p
pf

pk
kv

p
pf

vddpp
c

VepZk

a

a
c

µδµδ
∂
µ∂µ

ω∂
µ∂

µµ

 

Here µ is the cosine of particle’s pitch-angle, ( )kaω  is the frequency of an Alfvén 
wave with wave number λπ2=k . Let us suppose that the CR distribution function 
is characterized by isotropic part ( )pfo  and some small anisotropy with amplitude 
A which implies: 
 

( ) ( )( ) ( ) ( ) µ
∂

∂µµ   1,
p

pf
p

v
U

pfApfpf oo
oo −=+= .               (3.3.2) 

 
In Eq. 3.3.2 the value  
 

( )( ) ( )( )ppfpApvfU ooo ∂∂ // −=                                 (3.3.3) 
 
is the effective velocity of the observer relative to the system of coordinate with CR 
isotropic distribution function ( )pfo  to obtain anisotropy with amplitude A. If we 
take into account only resonance scattering with 
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where iZ  and Hiω  are the charge and ion gyro-frequency of background plasma. 
Then according to Eq. 3.3.1 and Eq. 3.3.2 it will be 
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is integral CR momentum spectrum and ni  is the plasma density. Eq. 3.3.5 shows 
that ( ) aoc VUk   for  0  >>Γ . This condition is necessary for the development of CR 
stream instability and the generation of Alfvén turbulence.  

For the spectrum described by Eq. 3.3.6 the increment ( ) 1 −∝Γ γkkc , but if the 
spectrum has a maximum at p = p* then for p < p* (i.e. for k > k*) the increment 

( ) 1 −∝Γ kkc . Here it is assumed that ( ) ( )kkc ω<<Γ  , i.e. that π4 2
oc HAW << . 

Usually this condition is valid because the amplitude of the anisotropy 1.0≤A  and 
CR energy density π4 2

oc HW ≤  (in the Galaxy, in the main part of Heliosphere, in 
the processes of particle acceleration by shock waves, and in regions of magnetic 
field reconnection). Perhaps only in very powerful compact sources of CR can the 
accelerated particle anisotropy and energy density be so high that it becomes 
necessary to consider a stronger approximation. 
 
3.4. On the structure and evolution of nonlinear CR-space plasma 
systems  
 
3.4.1. Principles of hydrodynamic approach to the CR-space plasma 
nonlinear system 

As was considered in Chapters 1 and 2, and in the previous Sections 3.2 and 
3.3, CR interact with thermal plasma via magnetic clouds, hydromagnetic 
irregularities, and hydromagnetic waves in the plasma. Scattered by the magnetic 
irregularities (mostly by gyro-resonant scattering), CR propagate and diffuse 
through the plasma. CR acquire energy from the plasma if the plasma flow is 
systematically converging. This process is called the first order Fermi acceleration. 
Because CR are anisotropic their interaction with the plasma excite hydromagnetic 
waves via streaming instability. When waves of different phase velocities are 
present, CR diffuse in the momentum space also. This is called the second order 
Fermi acceleration, or stochastic acceleration. The system is self-consistent and is 
called a CR-plasma system (Ko, 1999). 

As one can imagine solving the system in distribution function approach is  
very difficult (see e.g., Malkov, 1997a,b). On other hand, basing on the papers of 
Drury and Völk (1981), Axford, Leer, and McKenzie (1982), McKenzie and Völk 
(1982), Ko (1992), authors Jiang et al. (1996), Ko et al. (1997), Ko (1998, 1999) 
came to conclusion that the hydrodynamic approach is a fairly good  
approximation for studying the structure and evolution of any CR-plasma system. 
In this approach every component is considered as a fluid. For instance, CR and 
waves are treated as massless fluids but with significant energy density and 
pressure. For example, Ko (1999) consider a four-fluid model which comprises the 
thermal plasma, CR, and two oppositely propagating Alfvén waves. It was  
shown that in general there are three energy exchange mechanisms: 1) work done 
by plasma flow, 2) CR streaming instability, and 3) stochastic acceleration. In Ko  
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(1999) are presented several steady state profiles of the CR-plasma system which 
demonstrate the interplay between these three energy exchange mechanisms. 
 
3.4.2. Four-fluid model for description CR-plasma system 

Ko (1992) proposed a fairly comprehensive version of the hydrodynamic 
approach. That is a four-fluid model which comprises thermal plasma, CR and two 
oppositely propagating Alfvén waves. The governing equations are the total mass 
and momentum equations, and energy equations of various components (i.e., kinetic 
energy and thermal energy of plasma, CR energy and wave energies). In the one 
dimensional approximation with magnetic field parallel to the plasma flow, these 
equations will be 
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where ρ and u are the density and velocity of the plasma; the indexes k, th, c and w 
denote the kinetic part of the plasma, the thermal part of the plasma, CR and wave 
parts, respectively; and ± denote forward and backward propagating waves. The 
energy densities and energy fluxes are given by: 
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The Alfvén speed is given by  
 

( ) 21−= ρµoa BV ,                                     (3.4.8) 
 
and B is constant in the one dimensional problem. 

Ko (1992) gave a simple model of the coupling between plasma, CR and 
waves. The diffusion coefficient κ, the stochastic acceleration rate τ1  and ±e  
(which are related to streaming instability) are given by  
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where c is the speed of light, and α indicates the strength of coupling.  
 
3.4.3. Steady state profiles of the CR-plasma system 

According to Ko (1999), in steady state there are six integration constants:  
1) magnetic flux  

B=Φ ,                                                (3.4.10) 
2) mass flux  

ρuFm = ,                                              (3.4.11) 
3) entropy constant  

g
thP γρ −=Θ ,                                       (3.4.12) 

4) total energy flux  
−+ ++++= wwcthk FFFFFFtot ,                           (3.4.13) 

5) total momentum  
−+ ++++= wwcthk PPPPPPtot ,                            (3.4.14) 

and 6) wave-action  
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In CR-plasma systems without waves, or in systems where the thermal plasma 

is dominant (the so called nonlinear test particle picture) physical solutions can be 
classified completely (Drury and Völk, 1982; Axford, Leer, and McKenzie, 1982; 
Jiang, Chan, and Ko, 1996; Ko, Chan, and Webb, 1997; Ko, 1998). Unfortunately 
the mathematics of the full system is too complicated to sort out every physical 
solution.  

Ko (1999) works out several typical solutions numerically. A solution of 
structure is deemed physical if its pressures are non-negative, and it approaches 
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uniform states both far upstream ( −∞→x ) and far downstream ( +∞→x ). 
Moreover, owing to stochastic acceleration at least one of the three pressures 

−+
wwc PPP ,,  must be zero as ±∞→x  (see Eqs. 3.4.5 and 3.4.6).  

Recall that in CR-plasma systems without waves there are two generic steady 
state structures. The flow profile is monotonically decreasing and it is either 
continuous or have one discontinuity (i.e., a sub-shock): Drury and Völk (1981), 
Axford, Leer and McKenzie (1982), Ko, Chan and Webb (1997). For systems with 
a unidirectional wave it is possible to consider only continuous flow, because a sub-
shock generates both waves downstream. In this case the flow profile is also 
monotonically decreasing (McKenzie and Völk, 1982). It is necessary to point out 
that uniform states are physically allowable solutions in the simplified systems 
mentioned above but not in the full system. Ko (1999) concentrates only on the 
continuous flow profile of the full system (i.e., with both forward and backward 
waves). Furthermore, in paper of Ko (1999) has super-Alfvénic flows were 
considered only (i.e., 1>aVu  everywhere). In all these calculations the magnetic 
field, velocity, density, pressures, and length are nominated as following: 

ooooo LPuB ,,,, ρ , where ooooo PuB == 22 ρµ  and ( ) 12 −= ooo uPcL α . To integrate 
the set of equations, besides assigning values to gγ  and cγ , eight constants are 
required, e.g., three integration constants tot,, FFmΦ , and five initial values of 

−+
wwcth PPPPu ,,,,  at x = 0. Results of numerical calculations for 34,35 == cg γγ  

are shown in Fig. 3.4.1−3.4.4. 
 

 
 
Fig. 3.4.1. Profiles of CR-plasma systems in the hydrodynamic approach. The parameters 
are the following: 26.31,6.1,0.1 tot ===Φ FFm  and ,4.0,0.4 == thPu  ,8.0=cP  

,1.0=+
wP  25.0=−

wP  at 0=x ; moreover Θ = 1.842, =totP 7.95, =AW 12.82. According 
to Ko (1999). 
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Fig. 3.4.2. Profiles of CR-plasma systems in the hydrodynamic approach. The parameters 
are the following: 30.26,6.1,0.1 tot ===Φ FFm  and ,4.0,0.4 == thPu  ,8.0=cP  

,10 6−+ =wP  2.0=−
wP  at 0=x ; moreover Θ = 1.842, =totP 7.80, =AW 6.25. According to 

Ko (1999). 
 

 
 
Fig. 3.4.3. Profiles of CR-plasma systems in the hydrodynamic approach. The parameters 
are the following: 53.63,0.4,0.1 tot ===Φ FFm  and ,0.1,0.4 == thPu  ,8.0=cP  

,4.0=+
wP  01.0=−

wP  at 0=x ; moreover Θ = 1.0, =totP 18.21, =AW 35.65. According to 
Ko (1999). 
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Fig. 3.4.4. Profiles of CR-plasma systems in the hydrodynamic approach. The parameters 
are the following: 4.70,0.1,5.1 tot ===Φ FFm  and ,02.0,0.10 == thPu  ,10 8−=cP  

,4.0=+
wP  2.0=−

wP  at 0=x ; moreover Θ = 0.9283, =totP 10.62, =AW 34.33. According 
to Ko (1999). 
 

The most significant features in Fig. 3.4.1−3.4.4 are the flow and pressure 
profiles which can be non-monotonic, and are in sharp contrast with systems 
without waves or systems with a unidirectional wave. Fig. 3.4.1 is a reminiscence of 
the non-linear test particle picture of Jiang, Chan and Ko (1996), where the CR 
pressure can be increasing non-monotonically. In Fig. 3.4.2 the downstream state 
closely resembles a system without forward wave ( 0=+

wP ), but the upstream state 
is totally different. Fig. 3.4.3 shows a prominent peak in velocity and a valley in 
backward wave pressure, while Fig. 3.4.4 shows the opposite. In these examples the 
CR pressure far downstream is always larger than the CR pressure far upstream, 
i.e., CR are always accelerated.  

According to Ko (1999) the rich morphology of structures is the result of the 
interplay between the three basic energy transfer mechanisms (see Eqs. 3.4.3-3.4.6): 
(i) work done by plasma flow; (ii) CR streaming instability; and (iii) stochastic 
acceleration. Thus (i) and (ii) are facilitated by pressure gradients, (ii) and (iii) 
involve energy exchange between CR and waves. Ko (1999) notes that (i)  
and (ii) can accelerate or decelerate CR, while (iii) can only accelerate. As shown  
in the non-linear test particle picture, work done by plasma flow is, in general, the  
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major accelerating mechanism for CR. The relative contributions of the three 
mechanisms along x produce the fine details of the profiles. 

Let us note also that according to Ko (1999) the other class of CR-plasma 
systems with a sub-shock is rather complicated mathematically, but one thing is 
clear: the profile structure ought to be qualitatively different from the structure of 
systems without waves. Besides being non-monotonic, the downstream state will 
not be uniform (recall that the uniform state is the only physically allowable 
downstream state available to systems without waves). As far as the upstream state 
has a wave, both forward and backward waves are generated downstream by the 
shock. When CR and both waves are present, no uniform state is possible because 
of the stochastic acceleration. 
 
3.5. Nonlinear Alfvén waves generated by CR streaming instability 
 
3.5.1. Possible damping mechanisms for Alfvén turbulence generated by 
CR streaming instability 

In Sections 3.1 and 3.3 there was mention that the CR streaming instability can 
play an important role in processes of CR particles’ diffusive propagation through 
space plasma and in diffusive shock acceleration since it can supply Alfvén waves 
which scatter the particles on different pitch angles (see also Lerche,1967; Kulsrud 
and Pearce,1969; Wentzel, 1969). In order to balance Alfvén wave generation some 
damping mechanism is usually considered. As Alfvén waves are weakly linearly 
damped, various nonlinear effects are currently used. CR streaming generates 
waves in one hemisphere of wave vectors. It is well known that such waves are not 
subject to any damping in incompressible magneto-hydrodynamics. Using 
compressibility results in a ponder-motive force that gives a second order plasma 
velocities and electric field perturbations along the mean magnetic field. These 
perturbations can yield wave steepening as well as nonlinear damping, if kinetic 
effects of thermal particles are included. Those effects were taken into account in 
order to obtain nonlinear damping rates of parallel propagating Alfvén waves (Lee 
and Völk, 1973; Kulsrud, 1978; Achterberg, 1981). The importance of trapping of 
thermal particles for nonlinear dissipation of sufficiently strong waves that results in 
the saturation of wave damping was also understood many years ago (Kulsrud, 
1978; Völk and Cesarsky, 1982). Corresponding saturated damping rates which 
take into account dispersive effects were calculated. Nevertheless dispersive effects 
can be rather small for Alfvén waves that are in resonance with galactic CR nuclei. 
Hence the effect of Coulomb collisions can be important. Zirakashvili et al. (1999) 
derived the nonlinear Alfvén wave damping rate in presence of thermal collisions. 
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3.5.2 Basic equations described the nonlinear Alfvén wave damping rate in 
presence of thermal collisions 

Zirakashvili et al. (1999) consider Alfvén waves propagating in one direction 
along the ambient magnetic field. It is convenient to write the equations in the 
frame of coordinates moving with the waves. In such a frame there are only quasi-
static magnetic and electric fields slowly varying in time owed to wave dispersion 
and nonlinear effects. The case of a high-β Maxwellian plasma is considered. 
Electric fields are negligible for nonlinear damping in such a plasma. Zirakashvili et 
al. (1999) investigated waves with wavelengths much greater thermal particles 
gyro-radii and used drift equations for distribution function of those particles 
(Chandrasekhar, M1960): 

 

( ) FFvFv
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F St

2
1 2

=∇
∂
∂−+∇+

∂
∂ bb

µ
µµ ,                 (3.5.1) 

 
were F is the velocity distribution of thermal particles that is averaged on gyro-
period, v is particle velocity, b = B/B is the unit vector along the magnetic field B, µ 
= pB/B is the cosine of the pitch angle of the particle. The right hand side of Eq. 
3.5.1 describes collisions of particles. For the Maxwell equations it is necessary to 
know the flux of particles. It is given by drift theory (Chandrasekhar, M1960): 
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were Ω is particle gyro-frequency in local field. The last term on the left hand side 
of Eq. 3.5.1 describes the mirroring of particles. Because the field is static in this 
frame, the particle energy is constant, and in a time asymptotic state wave 
dissipation is absent without collisions. In the presence of wave excitation it will 
only deal with the time asymptotic state in the following. It will be used for the 
collision operator a simplified form  
 

( )Mv FFvF −∆= ν2St ,                                        (3.5.3) 
 
where MF  is the Maxwellian distribution function shifted by the Alfvén velocity 

aV ; v∆  is the Laplace operator in velocity space and ν is the collision frequency. 
This operator tends to make the particle distribution function Maxwellian. 
Introducing the coordinate s along the magnetic field, and the distribution function 

MFFf −=  one obtains the following equation for f: 
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For sufficiently small magnetic field perturbations (conditions for that case will be 
derived later) one can neglect the mirroring term on the left hand side of Eq. 3.5.4. 
Without collisions this leads to the well known nonlinear damping mentioned 
above. Zirakashvili et al. (1999) take into account the mirroring term here and use 
standard quasilinear theory (Galeev and Sagdeev, 1979). The function f can be 
written in the form fff o δ+= , where ffo =  is the ensemble averaged 
distribution function f. They are interested in the case of a small magnetic field 
amplitude A << 1, where ( ) .oBoBBA −=  Taking also into account that mirroring 
is sufficient for small µ << 1 of particles they leave in the collision operator the 
second derivative on µ only and come to the equation: 
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Taking into account that average distribution function is s independent one can 
obtain equation for Fourier transform ( ) ( )isksfdsfk −∫= expδδ : 
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The functions of  and kfδ are peaked near µ = 0. It is convenient to introduce the 
Fourier transform on  
 

( ) ( ) ( )ξµµµξµ ifdf oo −∫= exp~  and ( ) ( ) ( )ξµµµδξδ ifdf kk −∫= exp~ .    (3.5.6a) 
 
Then Eq. 3.5.6 will transmit into 
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This equation has a solution 
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After ensemble averaging of Eq. 3.5.5 and using Eq. 3.5.8 one obtains an equation 
for ( )ξof

~ : 
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Here I(k) is the spectrum of Alfvén waves normalized to the magnetic energy of the 
mean field:  
 

( )∫= kdkIBB o
22δ .                                        (3.5.9a) 

 
Wave numbers k with +(-) sign correspond to right(left) hand circularly polarized 
wave. The equation obtained describes the influence of waves on the mean 
distribution function of thermal particles, in particular, well known in plasma theory 
quasilinear ‘plateau’ formation breaking by thermal collisions (Galeev and 
Sagdeev, 1979). The solution of this equation should be substituted into Eq. 3.5.8. 
This expression, together with the Eq. 3.5.2 for the flux determines the nonlinear 
electric current density (the input of thermal protons is taken into account only): 
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Substituting this current into the Maxwell equations and ensemble averaging one 
can derive an equation for the Alfvén wave spectrum  
 

( ) ( )kIdtkdI NLΓ−= 2                                 (3.5.11) 
 
with the nonlinear Alfvén wave damping rate: 
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where M is the ion mass and 
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Here n is the plasma density and Tv  is the thermal velocity. 

It is useful to transform Eq. 3.5.9 to a form more convenient for applications. It 
is possible to invert the integral operator and obtain the following equation: 
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One should solve Eq. 3.5.14 in order to use Eq. 3.5.12, except in the case in which 
the collision frequency is large enough and a ‘plateau’ is absent. In this case one 
can neglect of  in Eq. 3.5.12 and obtain the well known unsaturated nonlinear 
damping rate (Lee and Völk, 1973; Kulsrud, 1978; Achterberg, 1981): 
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In the opposite case of small ν one should use Eq. 3.5.14 and put ν = 0: 
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where 
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Substituting the solution of Eq. 3.5.16 into Eq. 3.5.12 and expanding the exponent 
one can obtain the saturated non-linear damping rate: 
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3.5.3. On the possible role of nonlinear damping saturation in the CR-
plasma systems 

According to Zirakashvili et al. (1999), the trapping of thermal particles is 
essential for the damping of Alfvén waves if the frequency of collisions is small 
enough. For trapped particles *µµ < , where BBδµ ≈* for Alfvén waves. Hence 
the escape time is  

 
νµ2

*esc ≈t .                                               (3.5.20) 
 
It should be compared with the period of particle oscillations inside the trap,  
 

( ) 1
*
−≈ µTkvT .                                           (3.5.21) 

 
This gives the condition for saturation of nonlinear damping: 
 

( )3BBkvT δν << .                                     (3.5.22) 
 
The saturated damping rate can be estimated as the unsaturated damping rate 
multiplied by the ratio esctT . It is easy to see that such an estimate is in 
accordance with Eq. 3.5.18.  

In the self-consistent model of galactic wind flow developed by Zirakashvili et 
al. (1996), Ptuskin et al. (1997) where the unsaturated damping rate was used, 
( ) 210−≈BBδ  and is determined by the power of CR sources in the Galactic disk. 
For this case the critical value for the collision frequency is 112 sec10 −− for a 
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wavenumber 11310 −−≈ cmk  that is in resonance with 1 GeV CR protons. This 
value is close to the value of the collision frequency of a hot rarefied plasma with 
number density 3310 −− cm  and temperature K610 . Therefore in the absence of 
other scattering processes, trapping effects might be relevant for Alfvén wave 
damping in our Galaxy (see in more details below Sections 3.13−3.14).  

Another important feature of saturated damping according to Zirakashvili et al. 
(1999) is the possibility of not only damping but also energy transfer to smaller 
wavenumbers. This property is absent for unsaturated damping of unpolarized 
( ) ( )( )kIkI −=  waves. Such energy transfer can be important for diffusive shock 

acceleration because it permits small energy particles to generate Alfvén waves that 
are in resonance with particles of greater energies and, hence determines the rate of 
acceleration. 
 
3.6. Interplanetary CR modulation, possible structure of the 
Heliosphere and expected CR nonlinear effects 
 
3.6.1. CR hysteresis effects and dimension of the modulation region; 
importance of CR nonlinear effects in the outer Heliosphere 

The studies of the neutron component data have made it possible to find the 
hysteresis character of the relationships between the variations in solar activity (SA) 
and in CR intensity (Simpson, 1963; Dorman and Dorman, 1967a,b,c,d; Dorman, 
M1974, M1975a). This effect arises from the delay of the interplanetary processes 
(responsible for CR modulation) with respect to the initiating solar processes which 
correspond to some effective velocity of solar wind propagation (see Fig. 3.6.1 for 

uro  = 10 months and Fig. 3.6.2 for uro  = 20 months, where or  is an effective 
radius of modulation region and u is an effective radial velocity of solar wind). 
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Fig. 3.6.1. Expected modulation in period July 1952 – July 1962 (curve, left scale) for uro  

= 10 months (which corresponds to or  = 67 AU at u = 7104×  cm/s) as function of sunspot 
number W flattened over the 12 month period and comparison with observation data of the 
neutron component in Chicago, also flattened over the 12 month period (circles connected 
with the corresponding theoretical values by the dashed vertical lines, the right hand scale). 

 
 
Fig. 3.6.2. The same as in Fig. 3.6.1 but for uro  = 20 months (which corresponds to or  = 
133 AU). 
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This hysteresis effect in Fig. 3.6.1 and 3.6.2 shows that the size of region of CR 
effective modulation for energy of few GeV is expected about 100 AU. On these 
great distances the energy density of IMF and moving solar wind became 
comparable with CR pressure, so the CR nonlinear effects are sufficient (see 
Sections 3.2 and 3.3)  
 
3.6.2. Long - term CR spectrum modulation in the Heliosphere 

The investigation of long-term CR modulation in the interplanetary space gives 
important information on dimensions of the Heliosphere (from hysteresis effect, see 
Section 3.6.1) as well as on the dependence of transport path Λ versus particle 
rigidity R (from long term CR rigidity spectrum of modulation). The time-
dependence of the primary variations of CR with effective rigidities R = 2, 5, 10 and 
25 GV was found by Belov, Dorman et al. (1988, 1990) on the basis of ground 
measurements (muon and neutron components) as well as measurements in 
stratosphere on balloons and in space on satellites and spacecrafts. Results are 
shown in Fig. 3.6.3.  

 

 
 
Fig. 3.6.3. Time dependence of primary CR with effective rigidity R = 2, 5, 10 and 25 GV 
(on the basis of ground level registration of muon and neutron components and 
measurements on balloons and satellites).  
 

The smaller modulation in the 1965−1975 solar activity cycle reflects the 
influence of the reversal o the general magnetic field of the Sun (drift effects). Fig. 
3.6.4 shows the observed rigidity spectrum of long-term modulation relative to the 
minimum of solar activity in 1965 as well as the residual modulation spectrum in 
1965:  
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where ( )RD65  is the observed spectrum in the minimum of SA in 1965, and ( )RDo  
is the CR spectrum out of the Heliosphere, in the interstellar space. 
 

 
 
Fig.3.6.4. Rigidity spectra: of observed long term CR variations (a), of residual modulation 
(b) and of total CR modulation (c) during the various time intervals indicated on the curves. 
 

The residual modulation was found ( )Roδ  = 6.0 ±1.2 % at an effective rigidity 
R ≈ 10 GV (which is in good agreement with results in Fig. 3.6.2 for the hysteresis 
effect in Chicago neutron monitor data). The slope of the total spectrum modulation 
(the panel c in Fig. 3.6.4) gets steeper with increasing rigidity and the spectral index 
increases: 
 

( )
)2.6.3(.GV2510at6.1

;GV105at1.1;GV52at4.0;tot
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R
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γγδ γ

 

 
In the first approximation the effective transport path in the interplanetary space 
will be 
 

( ) ( )( ) γRRDRD o ∝∆∝Λ −1
tot  ,                            (3.6.3) 
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where γ is determined by Eq. 3.6.2. The tendency of increasing γ with increasing 
rigidity R is seen also for CR propagation in the interstellar space for much higher 
energies 1014−1017 eV (Berezinsky at al., M1990) and for solar CR in the solar 
atmosphere and in interplanetary space for the much lower energy region 106−1010 
eV (Dorman and Miroshnichenko, M1968; Dorman, M1978; Dorman and 
Venkatesan, 1993; Miroshnichenko, M2001). These intervals in the first 
approximation correspond to the product of magnetic field strength on the 
characteristic scale of turbulence in the space where CR propagate. 
 
3.6.3. CR anisotropy in the Heliosphere 

The information on possible types of galactic CR anisotropy in the 
interplanetary space and on their dependence on helio-latitude and radial distance as 
well as on the level of solar activity is very important for the problem of kinetic 
stream instability in the Heliosphere (in details see below Section 3.12). CR 
penetrate inside the Heliosphere and propagate in extended solar wind with frozen 
in regular spiral magnetic field with inhomogeneities. Fig. 3.6.5 (from Moraal, 
1993) shows several mechanisms of CR anisotropy formation in the meridian plane: 
convection−diffusion, CR density gradient drift, terminal shock wave drift, polar 
drift and neutral current sheet drift.  

 

 
 
Fig. 3.6.5. Meridian projection of a quarter Heliosphere showing the major galactic CR 
transport processes and mechanisms of anisotropy formation (according to Moraal, 1993). 
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The convection anisotropy is determined by the velocity of the solar wind and 
directed radially from the Sun; diffusion anisotropy is mainly along spiral magnetic 
field and directed towards the Sun. Resulting anisotropy increased with the radial 
distance (proportionally in the first approximation) and does not depend on the 
direction of the spiral interplanetary magnetic field. The direction and the value of 
the gradient density drift anisotropy depends on the directions of gradient and 
magnetic field and is proportional to the product of their particle Larmor radius and 
CR density gradient. The drift along the terminal shock wave gives important 
particle acceleration (formation of so called anomaly CR in low energy range). The 
neutral current sheet drift is very important for CR long term modulation; its 
direction changed every 11 years with changing of the sign of the Sun's general 
magnetic field: it is a main cause of the 22-year CR variation. In the vicinity of 
equatorial plane there is also a very important density drift mechanism cased by CR 
density gradient perpendicular to the ecliptic plane that gives some average 
anisotropy perpendicular to IMF and CR gradient. There are also North-South CR 
anisotropy caused by the some asymmetry in latitudinal distribution of solar activity 
and IMF (see review in Dorman, 2000). Ahluwalia and Dorman (1995a,b), Dorman 
and Ahluwalia (1995) show that observed anisotropy is mixed, produced by several 
mechanisms with different properties and different rigidity spectra. The observed 
galactic CR anisotropies reflect real CR fluxes and are determined by complicate 
CR density distribution in space and energy balance caused by many processes: CR 
convection, anisotropy diffusion, neutral sheet drift, curvature drift, drift in 
inhomogeneous magnetic field, drift along shock wave front with energy change 
and so on. Let us note that the main galactic CR anisotropy caused by the 
convection-diffusion mechanism is expected to increase with increasing radial 
distance, which is important for CR kinetic stream instability. 
 
3.6.4. Possible structure of the Heliosphere and expected nonlinear effects 

A possible structure of the Heliosphere according to Dorman (1991) is shown 
on Fig. 3.6.6. 
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Fig. 3.6.6. Expected structure of the Heliosphere. According to Dorman (1991). 
 
In the region of the inner planets the dynamic pressure of the solar wind is 

much larger than the CR pressure but at larger distances these pressures became of 
about the same order and the nonlinear effects then became important. The problem 
is what is the size of the Heliosphere. About 40 years ago many scientists came to 
the conclusion that the radius of the Heliosphere is not more than 10-15 AU, but 
from investigations of CR hysteresis phenomena we determine that this size must 
be not smaller than the size of effective modulation region for small energy 
particles, i. e. not smaller about 100 AU (see Section 3.6.1). If the size of the 
Heliosphere is as big as shown in Fig. 3.6.6, then the dynamical pressure of solar 
wind in the outer part of the Heliosphere becomes comparable with the CR pressure 
and it is necessary to take into account the influence of galactic CR pressure on the 
solar wind’s propagation. This was first done by Axford and Newman (1965), and 
then by Dorman and Dorman (1968a,b,c, 1969), Babayan and Dorman (1977, 
1979a,b, 1981, 1990). It was shown that the solar wind’s radial deceleration by the 
pressure of galactic CR becomes important in the outer Heliosphere. The CR 
modulation in the interplanetary space is not spherically symmetric; the modulation 
is expected to be stronger in the low helio-latitude region. Therefore one expects 
that CR pressure in the high helio-latitude region will be higher than in the low 
helio-latitude region. If it is so, we shell expect the transverse compression of solar 
wind streams by CR pressure caused by the transverse CR density gradient 
(Dorman and Dorman, 1969; Babayan and Dorman, 1977).  
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3.6.5. Studies of the termination shock and heliosheath at > 92 AU: 
Voyager 1 magnetic field measurements 

Now, about 40 years after our prediction (on the basis of investigation of the 
nature of CR−SA hysteresis effect) that the dimension of the Heliosphere is about 
100 AU (Dorman and Dorman, 1967a-e), was obtained experimental evidence. 
According to Ness et al. (2005), the Heliospheric Magnetic Field (HMF) has been 
measured by twin Voyager spacecrafts, Voyager 1 and Voyager 2, which were 
launched in 1977. After encounters with the 4 giant outer planets, they have more or 
less continuously measured the Heliospheric Magnetic Field (HMF) from 1 to ~96 
AU (at June 2005). Thus, magnetic field observations now cover well over a full 22 
years long solar magnetic cycle. The temporal and spatial variations of the 
magnitude of the HMF have been found to be well described by Parker's 
Archimedean spiral structure (Parker, M1963) when due account is made for time 
variations of the source field strength and solar wind velocity. The HMF generally 
had the expected properties at these distances and epochs through several solar 
activity cycles until late in 2004 when Voyager 1 was at 94 AU and heliographic 
latitude of 35° N. The paper of Ness et al. (2005), summarizes HMF observations 
which demonstrate clearly that the theorized and long-sought Termination Shock 
(TS) associated with the interaction of the solar wind with the local interstellar 
medium was detected in mid-December 2004 by Voyager 1 at 94.0 AU at 35º N 
heliographic latitude: the magnitude of HMF increased by a factor of ~3-4 and 
fluctuations were enhanced significantly, it has been observing in-situ a new 
astrophysical plasma regime referred to as the Heliosheath (HS). It was note  
that observations of the HMF in 2002–2003 did not provide evidence for any 
crossings of the termination shock near 85 AU as earlier was proposed  
(Burlaga et al., 2003; Krimigis et al., 2003). Main results of Ness et al. (2005) are 
shown in Fig. 3.6.7-3.6.9.  
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Fig. 3.6.7. Comparison of Voyager 1 annual averaged HMF magnitudes (black cyrcles) with 
estimated value (curve) according to Parker’s model (Parker, M1963). From Ness et al. 
(2005). 
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Fig. 3.6.8. Statistical distributions of observed by Voyager 1 (V1) HMF in Heliosheath (A) 
in 2005 and in Solar Wind (B) in 2003. From Ness et al. (2005). 

 
The hourly averaged Heliospheric magnetic field observations by Voyager 1 

during 2004-2005, 61 days before and 76 days after the Terminal shock crossing on 
day 351, 2004 are shown in Fig. 3.6.9.  
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Fig. 3.6.9. V1 Hourly average Heliospheric Magnetic Field (HMF) in heliographic 
coordinates observed by Voyager 1. Crossing of Terminal Shock (TS) occurs at day 351 of 
2004. Sector boundaries, crossings of the Heliospheric Current Sheet (HCS), readily evident 
in 2004 but not yet seen in 2005. According to Ness et al. (2005). 
 

In Fig. 3.6.9 the field vector is represented by the magnitude, B, and the 
direction by the heliographic longitude and latitude angles λ and δ. Readily evident 
in the longitude angle plot is that it displays a well defined bi-modal distribution, 
characteristically near 270º or 90º. These correspond to Parker’s Archimedean 
spiral angles at this distance for fields with a sense pointing outward from or inward 
toward the Sun. Sudden changes in λ correspond to crossings of the well known and 
long studied sector boundaries between Heliospheric magnetic field regions of 
uniform but opposite polarity in the solar wind: a manifestation of the Heliospheric 
current sheet. The large field values from day 352 onward are accompanied by large 
fluctuations of the magnitude while the longitude angle remains fixed near 270º. 
These field orientations and the sudden large increase in the average field 
magnitude indicate that the observed Terminal shock is, as expected, classified as a 
perpendicular shock. 

There appear to be a few sector boundaries observed shortly after the  
Terminal shock crossing but for most of the time that Voyager 1 is in the 
Heliosheath, the polarity of the field remains the same. Since polarities of the fields 
across sector boundaries or the Heliospheric current sheet are expected to be 
transmitted through the Terminal shock without any field polarity reversal, this  
long duration of a fixed polarity is somewhat of a puzzle at the present time. One  
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suggested explanation is that the Terminal shock may be in motion relative to 
Voyager 1. 

An expanded time scale of field magnitude and fluctuations across the Terminal 
shock crossing are shown in Fig. 3.6.10. The horizontal bars on either side of the 
Terminal shock represent the average values during the periods indicated and show 
a field jump by a factor of ~3. The sudden large and sustained increase in this SD 
parameter, coincident with the field magnitude increase, suggests that the 
Heliosheath is a different astrophysical plasma regime than observed in earlier 
studies of the Heliospheric magnetic field. Throughout the many years prior to the 
Terminal shock crossing, the typical value of this SD parameter was 0.012-0.014 nT 
except during passage of a propagating Merged interaction regions (Burlaga et al., 
2001). 

 
Fig. 3.6.10. 48 second averaged Heliospheric magnetic field magnitude observed by 
Voyager 1 (upper panel) near crossing of Termination shock on day 351 of 2004. Lower 
panel presents measurement of daily averaged higher frequency fluctuations up to 0.25 HZ 
over 16 min intervals. According to Ness et al. (2005). 
 

Ness et al. (2005) came to conclusion that the Termination shock was observed 
by the Voyager 1 Magnetic Field Experiment in late 2004 when Voyager 1 crossed 
or was crossed by the Terminal shock at 94.0 AU and 35ºN and entered the 
Heliosheath. 
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3.7. Radial CR pressure effects in the Heliosphere 
 
3.7.1. On a necessity of including non-linear large-scale effects in studies 
of propagation of solar and galactic CR in interplanetary space. 

In studies of a modulation of galactic CR and a propagation of solar CR, the 
solar wind is usually considered to be set, independent of intensity and gradients of 
CR whereas the effects of galactic CR is comparable, or even more than effects of 
the other factors also limiting solar wind propagation (re-charging, pressure of 
galactic magnetic field etc.). Therefore, it is necessary to take into account the 
inverse action of CR on the solar wind, i.e. to solve a self-consistent problem. 
Estimates of this action were obtained in Axford and Newman (1965), Dorman and 
Dorman (1968a,b,c, 1969, 1971), Sousk and Lenchek (1969), Dorman (1971b, 
1972b), Holzer (1972), Belov et al. (1972), Dorman and Babayan (1975), Babayan 
and Dorman (1976, 1977a,b, 1979), Babayan et al. (1976), Dorman, Babayan et al. 
(1978a,b). In particular, in the work of Holzer (1972), there was considered the 
interaction of solar wind with neutral gas, galactic CR, thermal plasma and galactic 
magnetic field. The first two causes result in a volume force braking a supersonic 
flow. The second two causes provide the action of surface force and may result in 
arising of shock wave. The surface force has the normal and tangential components; 
therefore the shape of a heliospheric cavity, occupied by supersonic solar wind, will 
be stretched. A density of interstellar atomic hydrogen is, apparently, insufficient 
for the braking action to solar wind without forming a shock wave. It is expected 
that the penetration of interstellar neutral hydrogen into the Heliosphere result in a 
heating of solar wind at great distances from the Sun. This effect may however be at 
least partially, masked by dissipation processes and by a presence of jets in solar 
wind. It was noticed that penetration of interstellar gas into solar system can 
noticeably vary a state of ionization, for example, of helium. 

The boundary of the Heliosphere, of the helio-pause, determined by the balance 
of pressure of radially outflowing solar wind plasma and interstellar magnetic field 
may be noticeably different from a spherical surface owing to anisotropy of a 
pressure of interstellar magnetic field along the surface. The Heliosphere has a 
tendency to be stretched along a local galactic magnetic field; the exact shapes and 
its dimension depend on the intensity of the interstellar magnetic field, the ion 
pressure in interstellar space, the density of interstellar hydrogen, and on the flux of 
the solar wind. Possible observable results of non-sphericity of Heliosphere are an 
additional contribution to anisotropy of galactic CR and anisotropic αL  distribution 
of a background radiation owed to scattering on ‘hot’ hydrogen atoms arising in the 
process of re-charging outside helio-pause (it is expected that the maximum 
intensity of this radiation will be observed along the direction of local galactic 
magnetic field). 
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3.7.2. Radial braking of solar wind and CR modulation: effect of galactic 
CR pressure 

Babayan and Dorman (1976) obtained integer-differential equation describing 
non-linear interaction of galactic CR with solar wind for a spherically symmetric 
model of solar wind with assumption of isotropic diffusion. The equation was 
numerically solved by the Runge-Kutt method for interstellar spectrum of CR in the 
form of a power law on kinetic energy and the character of solar wind braking was 
determined in the minimum and maximum of solar activity depending on the value 
of min,kE  which determines the lower boundary of energy spectrum of primary CR 
in interstellar space. A solution was obtained for the case in which the transport 
path for scattering Λ is independent of the distance to the Sun. It was noticed that 
the same method could be applied to solve the integro-differential equation for the 
solar wind velocity also in the case in which Λ is presented in the form of a product 
of two functions, one of which depends only on a distance to the Sun and the 
second depends only on the energy of cosmic radiation particles. 

For a spherically symmetric model of solar wind with assumption of isotropic 
diffusion, Babayan and Dorman (1977a) obtained a self-consistent integro-
differential equation describing action of galactic CR on the solar wind. The 
equations, describing solar wind propagation and including the effect of CR in 
spherically symmetric case, have the following form: 
 

( ) 02 =drurd ρ ,                                      (3.7.1) 
 

drdPdrudu c−=ρ ,                                      (3.7.2) 
 
where r is a distance to the Sun; u,ρ  are a density and velocity of solar wind; cP  is 
a pressure of CR. Gravitation plays a substantial role only up to the distances at 
which a transition of solar wind from subsonic to supersonic flow takes place 
(Parker, M1963). As this occurs at the distances of several solar radii, and we 
consider distances greater than 1 AU, on the right-hand side of Eq. 3.7.2 the terms 
are absent which describe the gravitational effect and a gradient of solar wind. The 
pressure of CR with isotropic distribution is  
 

( ) kkc pvdErEnP ∫=
∞

0
,

3
1 ,                             (3.7.3) 

 
where ( )rEn k ,  is the energy spectrum of CR density at the distance r from the 
Sun; p and v are a momentum and velocity of particles. Substituting Eq. 3.7.3 in Eq. 
3.7.2 and using Eq. 3.7.1, we obtain 
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where =1r  1 AU; 11, ρu  are respectivly the velocity and the density of the solar 
wind on the Earth’s orbit. The factor drdn , in its turn, is determined by the 
character of the modulation of galactic CR in interplanetary space, i.e. is 
determined, finally, by the solar wind’s velocity ( )ru  and by the transport path for 
particle scattering ( )rΛ . As was shown in Dorman (1967), the exact analytical 
solution of the problem of modulation in the two simplest cases when const=Λ  and 

r∝Λ  may be represented (with the relative accuracy to 10%) in the form: 
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where ( )ko En  is the energy spectrum of CR density outside solar wind, or  is the 
wind’s dimension. Substituting Eq. 2.21.5 in Eq. 3.7.4 we have 
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,                    (3.7.6) 

 
In the exponent in Eq. 3.7.6, integrating over r is carried out not from r to or , as in 
Eq. 3.7.5, but from r to ∞  since we consider here that a limiting of the solar wind is 
provided automatically by its non-linear interaction with CR. Therefore in the non-
linear theory, in contrast to the linear theory, it is not necessary to introduce any 
assumptions about the dimension or  of the region of solar wind propagation. This 
fact is one of the essential advances of non-linear theory as compared to the linear 
theory. 

In the papers Dorman and Dorman (1968a,b), Dorman and Babayan (1975), 
Babayan et al. (1976), a similar equation with some simplifying assumptions was 
transformed to a non-linear differential equation of the second order, for which it 
appeared to be possible to obtain the analytical solution only for the regions not 
very distant from the Sun, i.e. for the regions where the effect of non-linear 
interaction is small. 

In the work Babayan and Dorman (1977a) Eq. 3.7.6 was solved numerically by 
iteration method. The expression 
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was taken as on , where γ = 1.5 and 2, and min,kE = 0.1, 0.01 and 0.001 GeV. The 
calculations were also carried out for the spectrum described by Eq. 3.7.7 but over 
rigidity R with the index γ + 1 = 2.5. The coefficient a was determined from the 
condition that a density of kinetic energy of CR CRW  is 1 eV/cm3 at min,kE = 0.1 
GeV. A dependence of Λ on R was taken as in Dorman and Dorman (1968 a,b) and 
on a distance r, according to power law βr∝Λ  with the power index β = 0 and 1, 
i.e., 
 

( ) ( )β1
212 57.163.0 rrRo +Λ=Λ ,                           (3.7.8) 

 
where 12105.1 ×=Λo cm is the transport path for scattering of particles with R = 1 
GV at the distance from the Sun 1rr = , where 1r  = 1 AU is the radius of the Earths 
orbit. 

In Fig.3.7.1 the dependence is shown of the value of 1uu  on the distance 1rr  
at 7

1 103×=u  cm/sec and the density of solar wind particles 3
1 cm5 −=N  at the 

Earth's orbit for a spectrum described by Eq. 3.7.7 with γ = 1.5. Curves 1, 2, 3 
correspond to the values of min,kE = 0.1, 0.01, and 0.001 GeV, and β = 0.  

 

 
 

Fig. 3.7.1. Dependence of 1uu  on 1rr  for the case 7
1 103×=u  cm/sec, 3

1 cm5 −=N , β = 

0, γ= 1.5, 5.2−∝ ko En . Curve 1 for =minkE 0.1 GeV; 2 – for =minkE 0.01 GeV, 3 – for 
=minkE 0.001 GeV.  
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Fig. 3.7.2 presents the same as Fig. 3.7.1 but for β = 1.  
 

 
 

Fig. 3.7.2. The same , as in Fig. 3.7.1, but at β = 1. 
 

A comparison of Fig. 3.7.1 and Fig. 3.7.2 shows that a variation of solar wind 
velocity is strongly dependent on how Λ depends on 1rr . In the first case the 
velocity falls by an order at the distances 85, 32, 9 AU, whereas in the second case 
this occurs at the distances 140 and 22 AU for min,kE = 0.01 and 0.001 GeV, and at 

min,kE = 0.1 GeV even at the distance 400 AU, the velocity falls down only by 3 
times. 

Fig. 3.7.3 presents the results of calculations for spectrum described by Eq. 
3.7.7 with γ = 2 and β = 0. It easy to see that in this case a braking takes place at 
substantially less distances than with γ = 1.5. In particular, curve 3 shows that the 
wind velocity falls down by ten times yet at the distances ∼ 5 AU at min,kE = 0.001 
GeV. This is connected with that a density of kinetic energy of CR in this case is of 
the order of several ten eV/cm3, but it is not real. 

 
Fig. 3.7.3. Dependence of 1uu  on 1rr  for the case 7

1 103×=u  cm/sec, 3
1 cm5 −=N , β 

= 0, γ = 2, 0.3−∝ ko En . Curve 1 for =minkE  0.1 GeV; 2 – for =minkE  0.01 GeV, 3 – for 
=minkE  0.001 GeV.  
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In Fig.3.7.4 the same is shown as in Fig. 3.7.1 but at 7
1 104×=u cm/sec and 

3
1 cm10 −=N . In this case the wind’s deceleration is substantially weaker than for 

the variants shown in Fig. 3.7.1. This means that a deceleration of the solar wind is 
essentially dependent on the parameter characterizing the solar activity (a velocity 
of the wind and its density near the Earth's orbit). 
 

 
Fig. 3.7.4. Dependence of 1uu  on 1rr  for the case 7

1 104×=u  cm/sec, 3
1 cm10 −=N , β 

= 0, 5.2−∝ ko En . Curve 1 for =minkE  0.1 GeV; 2 – for =minkE  0.01 GeV, 3 – for 
=minkE  0.001 GeV.  

 
The results of calculations for the rigidity spectrum are presented in Fig. 3.7.5. 

The dependence on minR  is weaker that for spectra over kE . It is connected with 
that in the case of rigidity spectrum, CRW  is weakly dependent on minR . 

 

 

Fig. 3.7.5. Dependence of 1uu  on 1rr  for the case 7
1 103×=u  cm/sec, 3

1 cm5 −=N , β = 

0, 5.2−∝ Rno . Curve 1 for =minR  0.1 GV; 2 – for =minR  0.01 GV, 3 – for =minR  0.001 
GV.  
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The expected modulation of galactic CR including the solar wind braking by 
CR pressure was found in Babayan and Dorman (1977a). As an example, in Fig. 
3.7.6 the results of calculations are shown for a relative modulation with the 
primary spectrum described by Eq. 3.7.7 at min,kE = 0.01 GeV, including non-
linear interaction of solar wind with CR, i.e. taking into account the obtained 
dependence ( )ru . Curves 1, 2, 3, 4, 5 were obtained for the rigidities 0.5, 1, 5, 10, 
and 100 GV, respectively. 
 

 
 
Fig. 3.7.6. Modulation depth onn  at various distances from the Sun 1rr  including non-

linear interaction of CR with solar wind at 7
1 103×=u  cm/sec, 3

1 cm5 −=N , β = 0, 
5.2−∝ ko En , =minkE  0.01 GeV. Curves 1 − 5 are respective to particles with the rigidities 

0.5, 1.0, 5.0, 10, and 100 GV. 
 
3.7.3. Radial braking of solar wind and CR modulation: effects of galactic 
CR pressure and re-exchange processes with interstellar neutral hydrogen 
atoms  

The importance of including the effect of the re-charging of neutral hydrogen 
for a deceleration of solar wind was emphasized by Parker (M1963). A relative 
contribution of this effect depends on a number of factors and, first of all, on the 
density of neutral hydrogen in the vicinity of the solar system. The effect under 
consideration was taken into account in the papers Axford and Newman (1965), 
Sousk and Lenchek (1969), Semar (1970), etc. The complete equation set 
determining a propagation of solar wind in a spherically symmetric model, 
including a modulation of galactic CR and the phenomenon of re-charging of 
neutral hydrogen was obtained and solved by means of computer in the work 
Babayan and Dorman (1979).  

The set of hydrodynamical equations that determines the solar wind 
propagation, taking into account the CR pressure cP  and re-exchange between solar 
wind protons and atoms of interstellar neutral hydrogen is given below: 
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where gPu,,ρ  are solar wind density, velocity, and gas dynamic pressure, the gas 
constant γ = 5/3 , and 
 

( ) ( ) ( ) .,31,
0

kkcHex pvdErENPruNQS ∫==
∞

ρ                 (3.7.10) 

 
In Eq. 3.7.10 exQ  is the cross-section for re-exchange processes of interstellar 
neutral hydrogen atoms and protons of the solar wind, ( )rNH  is the density 
distribution of neutral hydrogen in the interplanetary space which is proportional to 
the neutral hydrogen density HoN  in the vicinity of the solar system, ( )rEN k ,  is 
the CR density distribution inside the Heliosphere as a function of the particle 
kinetic energy kE and distance to the Sun r. The modulation of galactic CR in 
interplanetary space in the convection-diffusion approximation can be described by 
equation: 
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where  
 

( ) ( ) ( )222 cmEcmEE okokk ++=α .                          (3.7.12) 
 
From Eq. 3.7.9–3.7.12 we obtain the integro–differential equation for determining 
the behavior of solar wind velocity  
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where  

2
111 ruρ=ℑ ,                                          (3.7.14) 
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and the subscript 1 denotes that these values are taken at == 1rr  1 AU.  
In the work Babayan and Dorman (1979) it was assumed, according to the 

results of Fite et al. (1962), that a cross-section for the process of re-charging 
protons of solar wind is independent of energy and equal to  
 

215 cm1004.3 −×=exQ .                                 (3.7.15) 
 
As to the density HoN  of interstellar neutral hydrogen in a vicinity of the solar 
system, there is still a great uncertainty: in various works, the values of HoN  from 
10 to 0.05 cm-3 are presented (Baranov and Kransnobaev, M1977; Holzer, 1972). 
Therefore, the calculations were made for the values HoN = 0.1, 0.5 and 1 cm-3. The 
interstellar spectrum of galactic CR was taken as well as above in Section 3.7.2, in 
the form of a power spectrum on kinetic energy and rigidity of particles, and the 
transport path Λ for scattering of particles in interplanetary space was taken which 
respect to Eq. 3.7.8 at β = 0, 0.5 and 1. Fig. 3.7.7 shows, as an example, the 
expected variation of solar wind velocity with a distance from the Sun r for HoN = 

0.1, 0.5 and 1 cm-3, β = 0, solar wind velocity 7
1 103×=u  cm/sec and its density 

=1N  5 cm-3 near the Earth’s orbit.  
 



442 CHAPTER 3  

 

 
 
Fig. 3.7.7. The character of a decrease of solar wind velocity u with a distance from the Sun 
r including the process of re-charging at 7

1 103×=u  cm/sec, 3
1 cm5 −=N , β = 0, 

3cm1.0 −=HoN  (a), 3cm5.0 −=HoN  (b), and 3cm0.1 −=HoN  (c); curves: 1 − 
5.2−∝ ko En , 3cmeV1=cW ; 2 − 5.2−∝ ko En , 3cmeV67.2=cW ; 3 − 0.3−∝ ko En , 

3cmeV1=cW ; 4 − 0.3−∝ ko En , 3cmeV11.7=cW ; 5 − 5.2−∝ Rno , 3cmeV1=cW . 
 

The calculations for Fig. 3.7.7 were made for various values of the interstellar 
density of energy of CR: curves 1, 3 and 5 correspond to =cW  1 eV/cm-3, and 
curves 2 and 4 are related to the values =cW  2.67 and 7.11 eV/cm-3. A character of 
dependence of 1uu  on r is substantially dependent on cW , HoN  and on a form of 
interstellar energy spectrum. In Fig. 3.7.8 the dependences of 1uu  on r are 

presented for HoN  = 0.5 cm-3 at =cW  1 eV/cm-3 and the spectrum form 3−∝ kE  for 
β = 0, 0.5 and 1.  
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Fig.3.7.8. The character of a decrease of solar wind velocity u with distance from the Sun r, 

including re-charging process depending on parameters β at 7
1 103×=u cm/sec, 

3
1 cm5 −=N , 3cm5.0 −=HoN , 0.3−∝ ko En , 3cmeV1=cW . Curves 1, 2 and 3 

correspond to β = 0, 0.5 and 1. 
 

It is seen from Fig. 3.7.8 that with a growth of parameter β in Eq. 3.7.8, the 
dimension of the region occupied by solar wind should be somehow increased: the 
distance where 1uu  is decreased by an order, equals 72, 100, and 112 AU, 
respectively, at β = 0, 0.5, and 1.  

The character of CR modulation at HoN  = 0.5 cm-3 is seen from Fig. 3.7.9 for 
particles with the rigidity R from 0.5 to 100 GV.  

A comparison with the results of Section 3.7.2 (where it was assumed HoN  = 
0) shows that including of the process of re-charging results in some weakening of 
the modulation depth; it is caused by more rapid deceleration of solar wind with a 
growth of HoN . 
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Fig. 3.7.9. Modulation depth of CR onn  depending on a distance to the Sun r for particles 
with the rigidity R = 0.5, 1, 5, 10, and 100 GV (Curves 1−5, respectively) at 

3cm5.0 −=HN , β = 0, 7
1 103×=u  cm/sec, 3

1 cm5 −=N , 5.2−∝ ko En , 3cmeV1=cW . 
 

 
3.8. Expected change of solar wind Mach number accounting the 
effects of radial CR pressure and re-charging with neutral 
interstellar atoms  

If we introduce the Mach number sVuM = , where  
 

( ) 21ργ gs PV =                                               (3.8.1) 
 
is the sound velocity, then on the basis of Eq. 3.7.13, taking into account the 
analytical solution of Eq. 3.7.11 for CR isotropic diffusion, we obtain: 
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where ℑ  is determined by Eq. 3.7.14. The behavior of ( )rM  for several cases is 
shown in Fig. 3.8.1. 
 

 
 
Fig. 3.8.1. Expected change of Mach number M versus radial distance r for 5.2−∝ ko EN  

(curves 1 and 2) and for 0.3−∝ ko EN  (curves 3 and 4) for different CR energy density. 
According to Babayan and Dorman (1979a). 
 
3.9. On the type of transition layer from supersonic to subsonic 
fluid of the solar wind 

The especially important problem is the behavior of ( )rM  and ( )ru  near 

critical point 12 =M : what type of transition layer from supersonic regime to 
subsonic regime is realized – of gradual type or of shock wave type? To solve this 
problem Babayan and Dorman (1990) considered the behavior of the Eq. 3.8.2  
near 12 =M . Let us suppose that near the critical point crr =  (where 12 =M ) 
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jc Kr
udr
dP ≈ ,                                            (3.9.1) 

 
where K and j are some constants. Then from Eq. 3.8.2 we obtain: 
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where j was determined by Eq. 3.9.1, and ℑ  − by Eq. 3.7.14, Hoexex NQL = , and L 
is the distance at which ( )rNH  decreases by a factor of e. The behavior of integral 
curves of Eq. 3.9.2 near the critical point crr =  will be determined by the 
characteristic equation 
 

02 =+− CBXX ,                                                 (3.9.3) 
 
where 
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The position of the critical point crr =  is determined by the equation which follows 
from Eq. 3.9.2: 
 

( ) 02113 =−−ℑ+ −−+
exexc

j
c LLLrKr .                           (3.9.5) 

 
According to the characteristic Eq. 3.9.3, the main Eq. 3.9.2 has critical point crr =  
(which is determined by Eq. 3.9.5) of the type knot (gradual transition) if 

042 ≥− CB  and of type focus (shock wave transition) if 042 <− CB . It means that 
if cjj ≤  we obtain near the critical point crr =  gradual transition from supersonic 
flow to subsonic flow, but if cjj >  we expect near the critical point crr =  shock 
wave transition from supersonic flow to subsonic flow. The value of cj  is 

determined from the condition 042 =− CB : 
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According to Semar (1970) and McDonough and Brice (1971) the probable value of 
( ) cm105.75.453 13×÷≈÷≈ AUL  and cm105 15×≈exL  (at 3cm1.0 −=HoN ), 

so ( ) 21 100.38.12 −− ×÷≈exLL . We expect that ≈cr 100 AU, so ≈−1
excLr 0.3, and 

−≈cj (2.29−2.30). The value cj  depends very weakly on parameters exLL,  and 

cr . For example, if cr = 150 AU, then −≈cj (2.32−2.33). From data on the radial 
CR gradient obtained for the inner Heliosphere by space probes Pioneer, Voyager, 
and others, it is expected that the value 2−>j  (therefore we expect a shock wave 
transition), but what will be the situation near the critical point crr = , is not exactly 
clear. It needs a special investigation, including consideration of kinetic stream 
instability in the outer Heliosphere, which can change the diffusion coefficient and 
therefore the dependence determined by Eq. 3.9.1. 
 
3.10. Non-linear influence of pickup ions, anomalous and galactic 
CR on the Heliosphere’s termination shock structure  
 
3.10.1. Why are investigations of the Heliosphere’s termination shock 
important? 

According to Le Roux and Fichtner (1997a,b) the shock transition terminating 
the supersonic solar wind, the so-called heliospheric shock, has received increasing 
attention for several reasons:  

First, the deep space probes Pioneer and Voyager are entering the outer 
heliospheric region where the heliospheric shock is supposedly located, and it is of 
importance to have some expectation of how it might show up in the data (e.g., 
Barnes, 1993; Suess, 1993; Paularena et al., 1996). An indication that Pioneer 10 
and Voyager 1, both located beyond a heliocentric distance of ∼ 60 AU, might, in 
fact, be relatively close to the heliospheric shock is given by the detection of 
anomalous hydrogen by these spacecrafts (Christian et al., 1995; McDonald et al., 
1995; Stone et al., 1996).  

Second, the heliospheric shock is a key element in structuring the global 
Heliosphere, which is currently the subject of extensive numerical modeling (e.g., 
Baranov and Malama 1993; Karmesin et al., 1995; Linde et al., 1996; Pauls and 
Zank, 1996; Ratkiewicz et al., 1996).  

Third, the notion that beyond 120 AU the pressure of pickup ions might be 
much larger than the thermal pressure of the solar wind (Isenberg, 1986) or than  
the magnetic field pressure (Whang et al., 1995) drives some interest in its  
influence on the dynamics of the outer Heliosphere (e.g., Fahr and Fichtner, 1995) 
concerning the location and modification of the heliospheric shock (Zank et al., 
1993; Lee, 1997).  
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Fourth, the properties of anomalous CR, probably produced at the heliospheric 
shock, give rise to the question of how the heliospheric shock structure, determining 
the diffusive shock acceleration process, looks in detail (e.g., Lee, 1997; Le Roux et 
al., 1996). 

Previously the influence of pickup ions, anomalous CR, and galactic CR on the 
structure of the heliospheric shock have been studied separately (e.g., Ko et al., 
1988; Lee and Axford 1988; le Roux and Ptuskin 1995a,b) or, in a simplified 
approach, for combinations of some or all of the energetic particle populations 
(Zank et al., 1993; Lee et al., 1996; Le Roux et al., 1996). Le Roux and Fichtner 
(1997a,b) studied the simultaneous influence of all energetic particle populations on 
the structure of the heliospheric shock and developed a self-consistent time-
dependent model on the non-linear influence of pickup ions, anomalous and 
galactic CR on the Heliosphere’s termination shock structure. They demonstrate 
that on the basis of the currently available data the heliospheric shock structure 
cannot be clarified unambiguously, but that there are at least two different 
alternatives consistent with observations obtained so far. 
 
3.10.2. Description of the self-consistent model and main equations 

Le Roux and Fichtner (1997a,b) developed a self-consistent time-dependent 
model of the non-linear influence of pickup ions, anomalous and galactic CR on the 
Heliosphere’s termination shock structure. This model generalized earlier 
approaches of Ko et al. (1988) and Donohue and Zank (1993) by taking into 
account the self-consistent interaction of the thermal plasma of solar wind 
(including pickup ions) with anomalous and galactic CR which propagation is 
described by the transport equation (Parker, 1965): 
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In the transport Eq. 3.10.1 ( )tru ,  is the solar wind velocity, ( )tprf ,,  is the 
omnidirectional CR distribution function, and  
 

ψκψκκ 22
// sincos ⊥+=                                (3.10.2) 

 
is the radial diffusion coefficient ( //κ  and ⊥κ  are the parallel and perpendicular 
components of CR diffusion coefficient relative to the regular component of 
interplanetary magnetic field B, and ( )urΩ= −1tanψ  is the winding angle  
between B and radial direction, Ω is the angular speed of the Sun). In numerical 
calculations of propagation of anomalous and galactic CR in Le Roux and  
Fichtner (1997a,b) were used 
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Let us note that in Le Roux and Fichtner (1997a,b) Eq. 3.10.1 was used also for 
describing the propagation of pickup ions with mup >  as well as with mup <  (for 
the last case in Eq. 3.10.1 was assumed diffusion coefficient 0=κ ).  

Let us consider the right hand part of Eq. 3.10.1. According to Le Roux and 
Fichtner (1997a,b) the calculation of piQ  based on standard values for the 

interstellar neutral density of hydrogen H ( ∞n = 0.077 cm-3, where ∞n  is the 
interstellar neutral density of H at large distances r from the Sun), and the ionisation 
frequency ( 17 sec105 −−×=eν , where eν  is the ionisation frequency at the Earth’s 
orbit). The injection efficiency η in the right hand of Eq. 3.10.1 represents the 
fraction of those pickup ions that, by adiabatic heating across the Heliosphere’s 
terminal shock, attain momentum mup > .  

The solar wind speed is self-consistently calculated in Le Roux and Fichtner 
(1997a,b) from a system of time-dependent equations describing a spherically 
symmetric one-fluid solar wind propagation (including pickup ions) in the presence 
of anomalues and galactic CR: 
 

( ) phmQur
rrt

=
∂
∂+

∂
∂ ρρ 2

2
1 ,                                (3.10.4) 

 

( ) ( )
ce

c muQ
r

PPur
rrt

u −
∂
+∂−=

∂
∂+

∂
∂ 22

2
1 ρρ ,                  (3.10.5) 

 

( ) ( ) ( )[ ] )6.10.3(,
2
11

12
11

12
1

222
2

22
2

2

ceshrmsshpi

c

QrrHrrHumur
rr

r
PuPuur

rr
Pu

t

−+−−
∂
∂+

∂
∂−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛

−
+

∂
∂+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

+
∂
∂

να

λ
λρ

γ
ρ

 

 
where ρ and P are the mass density and thermal pressure of the solar wind gas 
including pickup ions, γ = 5/3 is the polytropic index for the thermal gas, 

( )∫= vfdppPc
334π  is the CR pressure. In Eq. 3.10.4−3.10.6 the source and loss 

terms are determined by the production rates of pickup ions resulting from 
photoionisation phQ  of and charge exchange ceQ  with, interstellar hydrogen. 
Following Lee (1997), the terms were derived under the assumption that upstream 
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of the heliospheric shock, the energy density loss of the solar wind, and ceQ  depend 
mainly on solar wind velocity u, but downstream of the heliospheric shock depends 
mainly on the root mean square velocity rmsν  of solar wind protons. In Eq. 3.10.6 
( )rrH sh −  and ( )shrrH −  are the Heaviside function with shr  the heliospheric 

shock radius. The coefficient piα  in Eq. 3.10.6 results from the transfer of pickup 
ions with mup <  across the threshold mup =  from the thermal to the supra-thermal 
population by adiabatic heating (according to Zank et al, 1993).  
 
3.10.3. Using methods of numerical calculations 

According to Le Roux and Fichtner (1997a,b), the parabolic transport Eq. 
3.10.1 describes both anomalous CR resulting from the injection and diffusive 
shock acceleration of pickup ions at the heliospheric shock and galactic CR 
incorporated by prescribing an interstellar spectrum (see, e.g., McDonald et al., 
1995) at the outer boundary at 120 AU. This equation was solved by using a 
combination of the implicit Crank-Nicholson method for spatial diffusion and the 
explicit monotonic transport scheme for convection and adiabatic energy changes. 
For the system of hyperbolic fluid Eq. 3.10.4−3.10.6 describing the thermal gas 
mixture, solved with a Riemann algorithm (LeVeque, 1994), standard solar wind 
conditions at the inner boundary =ir  1 AU are used ( =iu  400 km s-1, =iρ  5 mp 
cm-3, =iT 105 K). At the outer boundary =or 120 AU, a constant downstream 

density (i.e. 0=∂∂ = orrrρ ), a mass flux decreasing proportional to 21 r  (i.e. 

02 =∂∂ = orrrmr ), and a thermal pressure equal to the local interstellar pressure 

(i.e. 3cmeV1== thLISMpp ) are assumed.  
 
3.10.4. Expected differential CR intensities on various heliocentric 
distances 

For η, the injection efficiency of pickup protons into the process of diffusive 
acceleration at the heliospheric shock, Le Roux and Fichtner (1997a,b) found one 
high and one low value of the free parameter η resulting in CR flux levels 
consistent with Pioneer and Voyager observations during 1987. Fig. 3.10.1 shows 
the differential intensity ( ) fpEJ k

2=  of combined pickup ions, anomalous and 
galactic CR as a function of kinetic energy kE  for various heliocentric distances  
for these solutions: (a) η = 0.0003 and (b) η = 0.9. Since the injection efficiency  
as defined above denotes only a fraction of those pickup ions with velocities w > u, 
the actual number of injected particles represents a smaller fraction of the total 
pickup ions population than is indicated by η. The percentage of pickup protons at 
the heliospheric shock having velocities greater than u as a consequence of  
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adiabatic heating is found to be 98% and 92% for (a) and (b), respectively. For η = 
0.0003 and η = 0.9, Le Roux and Fichtner (1997a,b) found that 0.03% and 83% of 
all pickup ions are diffusively accelerated for (a) and (b), respectively. From an 
analytical estimate employing an upstream pickup ions distribution derived by 
Vasyliunas and Siscoe (1976) in combination with the self-consistently determined 
solar wind deceleration, one obtains (a) 0.02% and (b) 15% for the actual injection 
rate. These numbers demonstrate not only that the values obtained numerically 
represent a tendency of the algorithm to accelerate particles too efficiently (Hawley 
et al., 1984), but also that, in order to reproduce the observed spectrum with a high-
injection case, the actual injection fraction has to be increased. Such an increase 
could be achieved by the inclusion of a pre-acceleration mechanism for pickup ions 
(e.g., Chalov and Fahr, 1996; Fichtner et al., 1996; Lee et al., 1996; Zank et al., 
1996).  

 

 
 

Fig. 3.10.1. The combined pickup ions, anomalues and galactic CR differential intensities in 
particles m-2s-1 srad-1MeV-1 as a function of kinetic energy in GeV in the upwind direction. 
From bottom to top the spectra are shown at 2, 23, 42, 61, 72, and 75 AU, respectively, with 
75 AU just downstream of the heliospheric shock. The top panel for η = 0.0003, the bottom 
panel for η = 0.9. The filled circles represent proton data in 1987 from Voyager 2 and 
Pioneer 10 at 23 and 42 AU, respectively (McDonald et al., 1996). According to Le Roux 
and Fichtner (1997a,b). 
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3.10.5. Different cases of heliospheric shock structure and solar wind 
expansion 

From Fig. 3.10.1 it can be seen that the modulated spectra for distances smaller 
than 60 AU are basically identical; it means that there are differences farther out 
owing to the different heliospheric shock structure. The parameters describing this 
structure are listed in Table 3.10.1 for both injection cases (a) and (b) along with 
those for three non-injection cases (1–3) serving as reference solutions.  
 
Table 3.10.1. Heliospheric shock parameters for different cases. According to Le Roux and 
Fichtner (1997b) 

 

case energetic particles η rsh, 
AU s L, 

(AU) 
∆u/ui, 

% 
1 no pickup ions or CR 0 80.8 4.0 0 0 
2 pickup ions, but no CR 0 73.7 3.5 0 -12.8 
3 pickup ions and galactic CR 0 71.8 3.5 37 -17.3 

(a) pickup ions, galactic and 
anomalous CR 0.0003 74.3 3.4 34 -19.8 

(b) pickup ions, galactic and 
anomalous CR 0.9 73.8 1.5 12 -45.0 

 
Notes to Table 3.10.1: η is the pickup ions injection efficiency, rsh is the 
heliocentric distance to the heliospheric shock, s is the sub-shock compression ratio, 
L – the extent of precursor, ∆u/ui - the total solar wind deceleration (ui = 400 km/s). 
 

According to Le Roux and Fichtner (1997a,b), case 1 in Table 3.10.1 
corresponds to a solar wind expansion unaffected by the presence of pickup ions 
and CR. Consequently the heliospheric shock is strong, with a compression ratio s = 
4.0, and there is no deceleration upstream. The mere presence of neutral particles 
and, subsequently, pickup ions, i.e., case 2 (dashed lines in Fig. 3.10.2a and Fig. 
3.10.2b), decelerates the solar wind on 12.8% according to Table 3.10.1. A higher 
temperature of the gas mixture in the outer Heliosphere causes its Mach number to 
decrease from 141 to 4.3; thus the compression ratio decreases to s = 3.5. Because 
of the lower solar wind ram pressure the heliospheric shock moves in from 80.8 to 
73.7 AU. Reference case 3 also includes galactic CR. The effect is twofold: besides 
further reducing the heliocentric distance of the heliospheric shock to 71.8 AU  
as a consequence of the increased external pressure (pth,LISM + pGCR), galactic  
CR enhance the solar wind deceleration. Compared with case 2 the deceleration  
is increased in a region of ∼ 37 AU upstream by 14.5%, resulting in a total  
increase in deceleration of 17.3%. In the following, Le Roux and Fichtner  
(1997a,b) refer to this region of deceleration in excess of that owed to pickup ions  
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(case 2) as the ‘precursor’. If such a precursor exists, the shock transition is referred 
to as a sub-shock. The extended precursor of case 3 can be attributed to the high 
effective diffusion length (k/u) of galactic CR. The results obtained for these 
reference cases correspond to those reported by Ko et al. (1988), Lee and Axford 
(1988), Lee (1997).  

Let us now turn to the situation where all three energetic particle populations 
are present simultaneously, i.e. cases (a) and (b) in Table 3.10.1. Fig. 3.10.2 shows 
the heliospheric shock structure resulting from (a) low and (b) high injection. 
According to Grzedzielski and Ziemkiewicz (1990) and Lee (1997), the anomalous 
CR should push the heliospheric shock away from the Sun. Results of Le Roux and 
Fichtner (1997a,b) confirm this finding (see Table 3.10.1). While the effects of 
galactic CR and anomalous CR on the sub-shock location nearly compensate each 
other, so that the location is close to that of the pure pickup ions (case 2 in Table 
3.10.1), the other parameters defining the heliospheric shock structure are distinctly 
different. For the low injection (case (a) in Table 3.10.1) the compression ratio is 
slightly lower than for case 3, the extent of the precursor is somewhat shorter (∼ 34 
AU), and the deceleration of the solar wind is more pronounced (19.8%). Even so, 
the precursor is determined mainly by galactic CR and the sub-shock by pickup 
ions. For case (b) the solar wind deceleration is 45.0% and both the compression 
ratio (s = 1.5) and the precursor extent (∼ 12 AU) are significantly reduced, 
indicating that anomalous CR with a relatively small effective diffusion length 
dominate the overall structure of the heliospheric shock.  
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Fig. 3.10.2. Calculated solar wind speed normalised to 400 km/sec as a function of the radial 
distance to the Sun (in AU units) in the upwind direction. The dashed curve is the solution 
which includes the dynamic effects of pickup ions, but not anomalous and galactic CR. The 
solid curve inclines in addition the dynamic effects of anomalous and galactic CR. Top 
panel for η = 0.0003; bottom panel for η = 0.9. The solid triangles indicate the subshock. 
According to Le Roux and Fichtner (1997a,b). 

 
The difference between the two cases (a) and (b) can be further illustrated with 

a comparison of the combined anomalous CR and galactic CR pressure with the 
solar wind ram and thermal pressure (Fig. 3.10.3).  
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Fig. 3.10.3. CR pressure (solid line) compared to the ram (dashed line) and the thermal 
pressure (dash-dotted line) for (a) η = 0.0003 and (b) η = 0.9. All pressures are in eV cm-3. 
According to Le Roux and Fichtner (1997b). 

 
From Fig. 3.10.3 it can be seen that for η = 0.0003, the contribution from 
anomalous CR is negligible and the CR pressure profile is rather flat. Also the CR 
pressure is everywhere smaller than that of the thermal plasma; its ram pressure 
dominates upstream, its thermal pressure downstream. For η = 0.9, however, the 
acceleration of anomalous CR results in a significant CR pressure at and 
downstream of the heliospheric shock.  

According to Le Roux and Fichtner (1997a,b) the strong modification of the 
heliospheric shock shown in Fig. 3.10.2b and given in Table 3.10.1 can be 
understood in view of the large CR pressure gradient close to the heliospheric  
shock seen in Fig. 3.10.3b. This gradient forces the solar wind to decelerate 
strongly. It is also evident why both the high- and the low-injection case result in  
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similar flux levels for distances smaller than ∼ 60 AU: the production of anomalous 
CR leads to a pressure buildup close to, at, and beyond the heliospheric shock, but 
not very far upstream. If only a small fraction of the pickup ion population is 
injected, the sub-shock strength remains relatively high (s = 3.4) and the 
acceleration remains sufficiently efficient to produce the observed flux levels. If, on 
the other hand, a larger fraction of pickup ions becomes injected, the heliospheric 
shock is strongly modified (s = 1.5) and its acceleration is efficiency reduced, 
accompanied by stronger modulation, i.e., larger radial gradients κCugr = , 
particularly beyond ∼ 60 AU. These effects occur because the steeper spectral 
gradient ( ) kk EEJ ∂∂  at the heliospheric shock (see Fig. 3.10.1) implies a larger 
Compton-Getting factor 
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As a consequence of both effects, case (b) gives flux levels similar to those of case 
(a) inside ∼ 60 AU. At distances smaller than ∼ 60 AU it is difficult to distinguish 
between the low- and the high-injection case (see Fig. 3.10.1−3.10.3). Thus, an 
observational discrimination between the two alternatives (before a spacecraft 
encounters the heliospheric shock) can only be made in that part of the precursor 
that is close to the heliospheric shock.  

 
3.10.6. The summary of obtained results 

From Fig. 3.10.1−3.10.3 and Table 3.10.1 it can be seen how the heliospheric 
shock is modified by the simultaneous presence of pickup ions, anomalous and 
galactic CR for the low (η = 0.0003) and high (η = 0.9) injection efficiency cases. 
The presence of pickup ions in the solar wind according to Le Roux and Fichtner 
(1997a,b) results in:  
1. The solar wind decelerates upstream of the heliospheric shock by about 12.8%, 
because of the charge exchange between solar wind protons and interstellar 
hydrogen; 2. Consequently the solar wind ram pressure is lower and the 
heliospheric shock moves inward from 80.8 AU (the initial position without pickup 
ions or CR) to 73.7 AU;  
3. The heliospheric shock compression ratio is reduced from s = 4 to s = 3.5, 
because the mixture of solar wind protons with the hot pickup ions decreased the 
upstream Mach number from ≈ 14.1 to ≈ 4.3.  

According to Le Roux and Fichtner (1997a,b), for very small injection 
efficiency (η = 0.0003) the heliospheric shock moves outward from 73.7 to 74.3 
AU. Because anomalous CR move the heliospheric shock outward and galactic CR 
move it inwards, it means that anomalous CR protons are more important than 
galactic CR protons in determining the heliospheric shock position. The outward  
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movement of the heliospheric shock is caused by the loss of internal energy of the 
solar wind (including pickup ions) across the heliospheric shock owed to the 
transfer of pickup ions across the threshold to the anomalous CR population by 
adiabatic heating. The inward movement of the heliospheric shock by galactic CR is 
owed to the positive galactic CR gradient which decelerates the solar wind and 
reduces the ram pressure. The compression ratio is reduced slightly by the 
anomalous CR to s = 3.4. Mainly oing to galactic CR, a precursor to the 
heliospheric shock’s subshock is formed with a scale length of ≈ 34 AU which 
increases the total deceleration of the solar wind to ≈ 19.8%. Despite the combined 
presence of both anomalues CR and galactic CR, the heliospheric shock position 
and compression ratio are still dominated by pickup ions.  

In the case of a big injection efficiency (η = 0.9) the heliospheric shock 
according to Le Roux and Fichtner (1997a,b) also moves outward, but to a lesser 
degree. The heliospheric shock is strongly modified by mainly anomalous CR 
protons from s = 3.5 to 1.5. Largely owing to anomalous CR, a precursor to the 
heliospheric shock’s subshock is formed with a shorter scale length of ≈ 15 AU 
which increases the total solar wind deceleration dramatically to ≈ 45%. In this case 
the heliospheric shock is predominantly modified by anomalous CR protons, while 
its position is still mainly determined by pickup ions. Galactic CR protons 
contribute the least in modifying the heliospheric shock.  

In Fig. 3.10.1 the combined spectra of pickup ions, anomalous and galactic CR 
protons are shown as solid curves at different radial distances r. The pickup ions 
spectra are noticeable at kinetic energies 610−<kE GeV, whilst for 610−>kE GeV, 
anomalous CR proton intensities dominate the galactic CR proton intensities, except 
for r < 23 AU, and >kE 200 MeV where the reverse is true. Let us consider two 
cases: 

1. For η = 0.0003 the spectrum at the heliospheric shock is a power law except 
at the highest energies where it rolls over because shru >κ . This implies that the 
galactic CR induced heliospheric shock precursor is too small so that anomalous 
CR at all energies see the same effective s = 3.4 value. The dynamical influence of 
CR on the heliospheric shock is small, and a test particle approach would have 
given a similar result.  

2. For η = 0.9 the spectral slope of anomalous CR at the heliospheric shock is 
steeper overall and has a clear energy dependence. At low energies the spectrum has 
a steep slope because the anomalous CR see only the subshock with s = 1.5, while 
undergoing diffusive shock acceleration. At higher energies the particles have  
a larger effective diffusion length and see additionally the CR induced precursor  
in crossing the heliospheric shock (effectively seeing a larger s-value), leading  
to a decreasing slope. Despite these large differences in the spectral slopes of 
anomalues CR at the heliospheric shock, the roll over portion of the spectrum 
basically occurs at the same energies, because uκ  is the same for both η-values.  
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Consequently from Fig. 3.10.2 can be seen that the modulated intensity levels for 
energies close to the roll over energy are similar for the two injection efficiencies η 
= 0.0003 and 0.9. They are also nearly the same at lower energies except close to 
the heliospheric shock beyond ≈ 60 AU and below ≈ 200 MeV, where the spectra 
have different radial gradients (this is owing to the Compton-Getting factor C 
because the CR radial gradient κCu≈  which is determined by the spectral slope at 
the heliospheric shock, see Eq. 3.10.7).  
 
3.11. Expected CR pressure effects in transverse directions in 
Heliosphere 
 
3.11.1. CR transverse gradients in the Heliosphere and its possible 
influence on solar wind moving 

The data on annual and semi-annual variations of CR show a presence of 
transverse CR gradients in the Heliosphere. A presence of these gradients results 
also from an assumption that a part of the observed hysteresis of CR (Dorman and 
Dorman, 1967a,b,c) is caused by a shift of a zone of solar activity toward low 
latitudes during a cycle of solar activity (Stozhkov and Charakchyan, 1969). The 
existing of CR transverse gradients follows also from the analysis of NM data and 
muon telescopes underground data for about 25 years on CR drift and convection 
diffusion anisotropies (Ahluwalia and Dorman, 1995a,b; Dorman and Ahluwalia, 
1995; see also Chapter 16). Whereas solar activity is concentrated generally in the 
latitude band ± 30°, one should expect that CR density be to decrease with 
approaching helio-equator. Therefore a compression of solar wind will take place. 
A focusing action of CR over helio-latitude is produced in this way. Approximate 
estimation of this focusing action was performed by Dorman and Dorman (1969) 
with assumption that CR density in interplanetary space is a power function 
depending on a distance r to the Sun. Babayan and Dorman (1977b) carried out 
more accurate calculations of a transverse interaction of CR with solar wind 
including a solution of the problem of non-linear interaction of CR with solar wind 
in the radial direction (Babayan and Dorman, 1977a) which made it possible to find 
actually the dependence of density and pressure of CR on r.  
 
3.11.2. The simple model for estimation of upper limit of CR transverse 
effects on solar wind 

Let us consider the following idealized simple model. Let solar wind be 
distributed uniformly over longitude and concentrated on the both sides from the 
helio-equator in the helio-latitude zone oo θθθ +≤≤− . Outside this helio-latitude 
band let the density of CR be equal to its interstellar value ( )ko En  and the pressure 
of CR on the latitude boundaries 
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( ) kkoco pvdEEnP ∫=
∞

03
1                                      (3.11.1) 

 
(here p and v are a momentum and velocity of particles). To simplify the problem 
we shall consider that a distribution of CR density ( )kErn ,  in the helio-equatorial 
plane is determined by a solution of the problem of non-linear modulation in a 
spherically symmetric case (see Sections 3.7−3.9). Respectively, the pressure of CR 
in the plane of the helio-equator will be 
 

( ) ( ) kkc pvdEErnrP ∫=
∞

0
,

3
1 .                                      (3.11.2) 

 
Let the CR pressure at oθθ ±=  be equal to the pressure in the interstellar space 

coP . In this case the average value of the gradient of CR across the plane of the 
helio-equator at a distance r from the Sun will be 
 

( ) ( )( ) occo rrPPrG θ−≈⊥ .                                (3.11.3) 
 
The energy spectrum of CR in the plane of the helio-equator at a distance r from the 
Sun, according to diffusion-convection theory, is determined by the expression 
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where ( )ko En  is the spectrum outside of solar wind, ( )rΛ  is transport path for 
scattering of particles, ( )ru  is the radial velocity of solar wind, determined 
including an inverse action of CR onto solar wind, respective to Section 3.7.2. 

Whereas the problem is symmetric relative to the plane of the helio-equator, 
consider then a motion of solar plasma above the helio-equator. For a motion of 
solar plasma under the action of CR across the plane of the helio-equator, we have 
the equation 

( ) ( ) ( )( ) occo rrPPru θρ −≈∇ ⊥u ,                        (3.11.5) 
 
where ρ is solar wind density and ( )ru⊥  is the velocity of solar wind plasma in the 
transverse direction. In Eq. 3.11.5 the terms are absent which take into account  
the gas kinetic pressure and the pressure of magnetic field, because we can  
assume for the first approximation that the transverse gradients of these pressures 
are equal to zero. It should be noted that with a strong compression of solar wind  
by CR there must arise a difference in gas kinetic and magnetic pressures inside  
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and outside the modulation zone of CR; in this case the respective terms will appear 
in Eq. 3.11.5, which will result in a decrease of the compression effect. Moreover, 
in the case of strong compression of the solar wind one must take into account that 
there will occur a rapprochement of magnetic inhomogeneities, and therefore a 
decrease of transport path for scattering Λ, i.e. intensification of CR modulation 
which, in its turn, should result in an increase of the transverse gradient of CR 
pressure and, finally, in an increase of the effect of solar wind compression. A 
variation of CR modulation will result in a respective variation of the dependence 
( )ru . Therefore in the general case, we have a considerably complicated self-

consistent non-linear problem, the solving of which is difficult. Therefore Babayan 
and Dorman (1977b) presented only estimates obtained on the basis of Eq. 3.7.12 
including Eq. 3.7.8, Eq. 3.7.9 and Eq. 3.7.11 of a solution for ( )ru  which was 
presented in Section 3.7.2, to determine what is the expected effect of solar wind 
compression by CR and when the effect of non-linear interaction of CR with solar 
wind in the transverse direction is substantial. Let us add to Eq. 3.7.12 the equation 
of continuity for the solar wind 
 

( ) ( ) 1
2

11
2 urrurr ρρ = ,                                     (3.11.6) 

 
where 1ρ  and 1u  are, respectively, a density and velocity of the wind at the distance 
of the radius of the Earth’s orbit from the Sun ..11 uar =  Substituting Eq. 3.11.6 in 
Eq. 3.11.5 we obtain 
 

( ) ( )( )
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Let us follow an element of solar wind that had, in the instant of ejection from the 
Sun ( )0=r  only the radial component of its velocity, i.e., ( ) ==⊥ 0ru 0, and find a 
transverse velocity at a distance r. Eq. 3.11.7 results in 
 

( ) ( ) ( )( )∫ −=
−
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r
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12
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The transverse displacement of an element of solar wind is 
 

( ) ( ) ( )( )∫= ⊥⊥
r

drrururx
0

.                                       (3.11.9) 

 



NONLINEAR COSMIC RAY EFFECTS IN SPACE PLASMAS  461 

 

It is obvious that a focusing action of CR onto solar wind will be substantial if 
( )rx⊥  is comparable to orθ . The numerical calculations were made by Babayan 

and Dorman (1977b) with respect to Eq. 3.11.8 and Eq. 3.11.9 including Eq. 3.7.8, 
Eq. 3.7.9, and Eq. 3.7.11 for CR interstellar spectrum of the form described by Eq. 
3.7.7 for the values of γ = 1.5 and 2.0; min,kE = 0.1 and 0.01 GeV. The values of Λ 
were taken as the same as in Section 3.7. The velocity and density of solar wind on 
the Earth’s orbit were set to be 7

1 103×=u  and 7104×  cm/sec, =1N  5 and 10 cm-3. 
In Fig. 3.11.1 the expected values of ( )ru⊥  and ( ) orrx θ⊥  are presented at γ = 1.5, 

7
1 103×=u  cm/sec and =1N  5 cm-3. It is seen that ( )ru⊥  is initially increased, then 

it starts to diminish with distance. It is connected with ( )rPc  tending to coP  at great 
distances. The calculations were made up to the distances where the radial velocity 
of solar wind falls by an order compared to its initial value, owing to non-linear 
interaction with CR in the radial direction, with respect to the results of Sect. 3.7. 
 

 
 
Fig. 3.11.1. Expected ( )ru⊥  and ( ) orrx θ⊥ (a and b, respectively), for γ = 1.5; 7

1 103×=u  

cm/sec, 3
1 cm5 −=N . Curve 1 for =minkE  0.1 GeV, =oθ 30°; 2 - for =minkE  0.1 GeV. 

=oθ 25°; 3 - for =minkE  0.01 GeV, =oθ 30°, 4 - for =minkE  0.01 GeV, =oθ 25°. 
 

In Fig. 3.11.2 the results of calculations are presented for γ = 1.5, 7
1 104×=u  

cm/sec and =1N  10 cm-3., and in Fig. 3.11.3 − the results are presented for γ = 2.0, 
7

1 103×=u  cm/sec and =1N  5 cm-3.  
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Fig. 3.11.2. Expected ( )ru⊥  and ( ) orrx θ⊥  for γ = 1.5; 7

1 104×=u  cm/sec, and 
3

1 cm10 −=N . Notations are the same as in Fig. 3.11.1. 
 

A comparison of Fig. 3.11.1 with Fig. 3.11.2 shows that with growth of 1u  and 
1N  the effect of non-linear interaction of CR with solar wind is substantially 

decreased. This results from a comparison of Fig. 3.11.1 and Fig. 3.11.3 that with 
increasing γ the effect of non-linear interaction under consideration is increased. 

 

 
 
Fig. 3.11.3. Expected ( )ru⊥  and ( ) orrx θ⊥  for γ = 2.0; 7

1 103×=u  cm/sec, and 
3

1 cm5 −=N . Notations are the same as in Fig. 3.11.1. 
 
The obtained results show that the effect of non-linear interaction of CR with 

solar wind in the direction normal to ecliptic plane, becomes substantial (i.e., 
( ) orrx θ⊥ ≥ 0.1–0.2) and it must be taken into account at the distances r ≥ 15−20 

AU with min,kE = 0.01 GeV and at r ≥ 30−40 AU with min,kE  = 0.1 GeV if γ  
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=1.5, 7
1 103×=u  cm/sec, =1N  5 cm−3. At the same time, if 7

1 104×=u  cm/sec 
and 1N  = 10 cm-3, the above distances are extended to 20−25 AU and 50−60 AU, 
respectively, for min,kE = 0.01 GeV and min,kE  = 0.1 GeV. If, however, in the low 

energy range the power index in interstellar spectrum γ = 2, then at 7
1 103×=u  

cm/sec, =1N  5 cm−3, the effect of non-linear transverse interaction becomes 
substantial at r ≥ 7−10 AU if min,kE = 0.01 GeV and at r ≥ 25−30 AU if min,kE  = 
0.1 GeV. In all of the mentioned cases, when non-linear effects of a transverse 
interaction of CR with solar wind become considerable, one must solve the self-
consistent problem of CR modulation which was mention above when discussing 
Eq. 3.5.12.  
 
3.11.3. The effect of the galactic CR gradients on propagation of solar 
wind in meridianal plane 

Babayan and Dorman (1981) considered a self-consistent set of equations 
describing the hydrodynamic flow of solar wind in the medirional plane including 
the pressure of galactic CR. The hydrodynamic equations are linearized assuming a 
small difference of the solar wind parameters from the spherically symmetric case. 
The differential equations have been obtained which describe the variations of the 
solar wind parameters in the meridional plane depending on the galactic cosmic ray 
gradients. We shall treat the stationary one-fluid polytropic model wlthout magnetic 
fteld, i.e. we shall assume that the solar wind can be described by the following set 
of hydro-dynamic equations including equation of state: 
 

( ) ( ) ;;0 cg PPu ∇−−∇=∇=∇ uu ρρ                      (3.11.10) 
 
and that the equation of state is 
 

const=− g
gP γρ .                              (3.11.11) 

 
Here gP,, uρ  are the density, velocity, and gas kinetic pressure of solar wind; r is 
the helio-centric distance; cP  is the pressure of galactic CR determined from the 
equation of anisotropic diffusion or by the Fokker-Planck equation including the 
diffusion, convection, drift, and energy change of CR particles. Gravitation is 
neglected since it is of significant importance only at the distances comparable with 
the distances at which the subsonic flow turns into supersonic flow. We are 
interested, however, in the distances much in excess of 1 AU. 

Let the solution for the set determined by Eq. 3.11.10 be presented as 
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'' ,',', ccocooggog PPPuuuPPP +=+=+=+= ρρρ ,               (3.11.12) 
 

where the parameters with a dash will be assumed to be small compared with the 
parameters labelled by the index ‘o’, i.e. with non-disturbed parameters. Treated as 
the zero approximation will be the solution of the spherically symmetric model of 
solar wind including the effect of the radial gradient of galactic CR and the charge 
exchange of the solar wind protons with interstellar neutral hydrogen (Babayan and 
Dorman, 1979a,b; see also Section 3.7), i.e. we shall assume that 
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where n, p, v, and kE  are the differential energy spectrum, momentum, velocity, 
and kinetic energy of CR particles. It will be noted that, in turn, the factor ( )rEn k ,  
is determined from the condition of equality between the diffusive and convective 
fluxes of gaiactic CR is a function of ou . 

After substituting Eq. 3.11.12 in Eq. 3.11.10 and linearizing the set of Eq. 
3.11.10 for the solar wind propagation in medirional plane, the set of Eq. 3.11.10 
will take the following forms: for the r component 

 

01'' '

2
2' =

∂
∂+−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

∂
∂

r
Pcuu

r
c

ooo
oro ρρ

ρ
ρ
ρ ;                            (3.11.14) 

 
for the θ component 
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for the continuity condition 
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Let us introduce the dimensionless variable AU1rs = . The variables in the the set 
of Eq. 3.11.15−3.11.17 can be separated if the solution is presented as 
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and it is assumed that 
 

( ) ( ) ( )θθθ 222 cPGE == .                          (3.11.19) 
 
Then the Eq. 3.11.14 takes the form 
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and the Eq. 3.11.15, considering the condition described by Eq. 3.11.19, will be 
transformed into 
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After separating the variables with due account of the condition described by Eq. 
3.11.19, the continuity Eq. 3.11.16 will be  
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Here 1K  in Eq. 3.11.21 and 2K  in Eq. 3.11.22 are separation constants. Thus, 
knowing the angular dependence of galactic CR pressure (for example, on the basis 
of the solution for the anisotropic diffusion equation) we may find the angular 
dependence of the θ -component of the velocity of inhomogeneous solar wind. 

It will be noted that we may obtain for 2cP  by combining the Eq. 3.11.21 and 
Eq. 3.11.22 the following equation: 
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the solution for which is the Legendre polynomials of the order of n at 21KK = 
−n(n+1). The Eq. 3.11.20–3.11.23 may be used to obtain the differential equation 
for determining the radial dependence of the angular component of the solar wind 
velocity determaining the meridional motion 
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3.12. Effects of CR kinetic stream instability in the Heliosphere 
 
3.12.1. Rough estimation of stream instability effect at constant solar wind 
speed 

First let us consider (Dorman et al., 1990) only the effects of CR kinetic stream 
instability in the outer Heliosphere without taking into account effects of CR 
pressure on the movement of the solar wind. Therefore we assume that the velocity 
of the solar wind constseckm400 ==u , the radius of the Heliosphere or = 60 AU, 
the spiral interplanetary magnetic field has components 

 

( ) ( ) 0,sin,
122 =Ω==
−−

θϕ θ HHrurHHrrH SSSSSr ,            (3.12.1) 
 

where cm107 10×=Sr  is the radius of the Sun, Gs2≈SH  is the strength of the 

Sun's general magnetic field on the surface, 16 sec107.2 −−×=ΩS  is the angular 
velocity of solar rotation, θ is the polar angle ( 2πθ =  is the solar equator). At 
large distances from the Sun the full spiral interplanetary magnetic field H and the 
angle Ψ between magnetic field and radial direction will be 
 

( ) ( ) ,sincos,sin 1
111

−≈Ψ≈≈ θθϕ rrrrHHH               (3.12.2) 
 
where AUr 11 =  is the radius of the Earth’s orbit, and ( ) Gs105 5

11
−×≈= rHH  is 

the strength of IMF at the distance of 1 AU from the Sun. The galactic CR 
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anisotropy generated in the interplanetary space is determined by the spiral 
magnetic field, particle scattering, and CR gradients and convection. Near the 
Earth's orbit the average anisotropy has an amplitude of about 0.5 % and is 
perpendicular to the radial direction. In the first approximation the amplitude of 
average anisotropy must be ( ) θsincos 1 r∝Ψ∝ − , and at large distances from the 
Sun we expect a large amplitude of CR anisotropy. Therefore we expect that the 
effects of stream instability in the outer Heliosphere must be very important. 

According to the Section 3.3 we consider the generation by CR stream 
instability of MHD waves propagated along the magnetic field (axis Z). the growth 
rate ( )zkΓ  determines the evolution of spectral energy density of MHD waves with 
wave number zk  in Z - direction and with accidental phases ( )zkW  will be 
determined by: 
 

( ) ( ) ( ) ( ) ( ) zzzzz kdkWHkWkdtkdW ∫=Γ= πδ 4,2 2 .                 (3.12.3) 

 
Resonance interaction of particles with momentum p and cosines of pitch angle 

( ) ( )pHpH=µ  will be with waves numbers ( )µpcZeHkz ±= . We consider here 

only particles with velocity ( ) seccm1054 65.0 ×≈=>>≈ πρHVcv a  for 
conditions in the interplanetary space. On the basis of Eq. 3.3.1 we obtain:  
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Here ( ) AzzA Vkk =ω . The connection between MHD waves and CR propagation is 
determined by the effective frequency of particle scattering on waves:  
 

( ) ( ) ( ) 112 ,where,2 −−±± === pcZeHvpcZeHkkWk HresresresH ωµωπν .(3.12.5) 
 
Let us consider the isotropic part of the CR distribution function 

( ) πµ 4, Ω∫= dpffo . For times 1−>>∆ νt  and distances 1−>>∆ νvr  the transport 
equation in the diffusion approximation will be 
 

( ) 0
3

=
∂
∂∇−∇∇−

∂
∂

p
fpuf

t
f o

iiojiji
o κ ,                                    (3.12.6) 

where  
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+

−== −+ ,1
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22
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νν
µµκκκ .                      (3.12.7) 

 
CR particles penetrating into the Heliosphere generate MHD waves along the spiral 
magnetic field in direction to the Sun ( )0<zk ; therefore we will use sign ‘−’, i.e. 

−− W,ν . Because we shell consider only this case, we do not use the index ‘z’ and 
the sign ‘−’ any further. Let us introduce the function ( ) ( )kkWkF = . Then we 
obtain: 
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For approximate calculations we replace in the integral of Eq. 3.12.8 ( )µpcZeHF  
by ( )pcZeHF  and introduce functions ( ) ( )pcZeHkFpF ==  and 
( ) ( )pcZeHkp =Γ=Γ . Then from Eq. 3.12.8 and Eq. 3.12.9 we obtain 
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For the boundary condition ( ) ( )pfprrf eoo == , , where ( )pfe  is the CR 
distribution function out of the Heliosphere, the approximate solution of Eq. 3.12.10 
and Eq. 3.12.11 will be 
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The expected anisotropy ( )prA ,  along interplanetary spiral magnetic field and 
radial diffusion coefficient ( )prrr ,κ  are as follows: 
 

( ) ,sin3,
1vr

urprA θ=                                  (3.12.14) 
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oeA
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For 2,,AU60 πθ ==== cvrr o  we obtain ≈A  20%. The expected dependence 
of rrκ  from kinetic energy of particles is shown in Fig. 3.12.1, the expected depth 
of modulation in the outer Heliosphere eo ff  in the interval 40−60 AU is in Fig. 
3.12.2. 

 
 
Fig. 3.12.1. CR radial diffusion coefficient ( )krr Eκ  in units seccm10 221  at heliocentric 
distances 40 AU (assumed according to spaceprobe measurements) and as expected at 60 
AU (as developed from CR kinetic stream instability calculated in Dorman et al., 1990). 
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Fig. 3.12.2. CR modulation in the outer Heliosphere at distances 40−60 AU for particles 
with kinetic energy 1 GeV, expected according to Dorman et al. (1990).  
 
3.12.2. Self-consistent problem including effects of CR pressure and 
kinetic stream instability in the Heliosphere 

In Section 3.12.1 it was assumed that the solar wind velocity is constant up to 
the boundary of the Heliosphere and we did not take into account the influence of 
CR pressure on the solar wind moving, although it was shown in Sections 3.5–3.8 
that this influence is very important in the outer Heliosphere. To take into account 
both effects (stream instability and CR pressure) Zirakashvili et al. (1991) 
considered self-consistent problem on the basis of the following set of equations in 
the hydrodynamic approximation (Drury and Völk, 1981; McKenzie and Webb, 
1984): 
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Here the value ( ) ( )∫= ωω dWPw 21  is the pressure of MHD turbulence, and mP  is 
the magnetic pressure. We will consider an inner boundary problem at 

AUrr o 1>>= , where 0=wP  and the boundary of Heliosphere (the transition  
from supersonic to subsonic flow) will be determined on the basis of solution of  
the self-consistent problem described by the set of Eq. 3.12.15. To obtain some 
rough analytical solution of the problem Eq. 3.12.15 we assume that the dimension 
of layer between or  and the transition layer is small relative to the radial distance r 
(i.e. rrr o <<− ), so we can consider it as one-dimensional problem. In this case in 

the set of Eq. 3.12.15 we can consider ( ) ( )22 2 2o o o or r r r r r r= + − + − ≈  

( )( )2 1 2o o or r r r+ − to be a slow function of r, and take it outside the 
differentiation r∂∂  and the set of Eq. 3.12.15 will transform to: 
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 (3.12.16) 

 
Because the magnetic field is frozen in moving plasma, we obtain from the first 
equation of the set described by Eq. 3.12.16 that (subscript ‘o’ means the values at 

orr = ) for the magnetic field 
 

( )ruurHH ooo= ,                                      (3.12.17) 
 
for the magnetic pressure  
 

( )22 8 uuPHP omom == π ,                               (3.12.18) 
 
for the Alfvén velocity  
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uuoaoa VV = ,                                       (3.12.19) 
 
and for  
 

( ) oouu Ψ=Ψ coscos .                                  (3.12.20) 
 
Then on the basis of the set described by Eq. 3.12.16 we obtain 
 

( ) ( )( )21, uuPuuuPPuu omoooococoo −+−+== ρρρ ,       (3.12.21) 
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We can find the pressure of Alfvén turbulence wP  from the equation  
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with the boundary condition ( ) 0== ow uuP : 
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Because 45012 ≈oomo uP ρ , and according to Eq. 3.12.23 7<uuo  for 34=cγ , 
we obtain approximately 
 

( ) ( )( ) ( ) 212 1cos41 ooooAow uuuuVP −Ψ= ρ .            (3.12.26) 
 
Then CR diffusion coefficient will be determined by 
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where  
 

( ) ( ) ( ) ( ) HARmRRHH vVPWppFZeHc ωωωωπωνω === ;4; .   (3.12.28) 
 
Approximately ( ) wRR PW 2≈ωω , and for ≈kE 2 GeV ( cv ≈ ), AUro 60=  we find 
the expected dependence of ( )krr Eκ  on r (see Fig. 3.12.3).  
 

 
 
Fig. 3.12.3. Expected CR radial diffusion coefficient ( )krr Eκ  for CR particles with kinetic 

energy 2 GeV in units seccm10 221  as function of heliocentric distance r. According to 
Zirakashvili et al. (1991). 
 
In Fig 3.12.4 is shown the expected dependence of 2

ooc uP ρ  and ouu  from r at 
=≥ orr 60 AU 
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Fig. 3.12.4. Ratio of CR pressure to initial dynamic pressure of the solar wind and ratio of 
the solar wind speed u to initial speed ou  = 400 km/s as functions of distance r. According 
to Zirakashvili et al. (1991). 
 
It follows from Eq. 3.12.22 that the terminal transition will be of shock wave type 
only in the case when 
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When Eq. 3.12.29 can not be satisfied, the terminal transition must be of a gradual 
type (without formation of terminal shock wave). For 45012 ≈oomo uP ρ  the value 
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 becomes equal to 0 at ≈uuo 6.1. Therefore if ∞uuo > 6.1 we 

obtain shock wave transition. The value ∞uuo  is determined by Eq. 3.12.23. If we 
consider CR as a relativistic gas ( 34=cγ ) then 7≈∞uuo  and we expect a shock 
wave transition. The problem is that non relativistic CR also contribute to CR 
pressure and stream instability and in this case the value ∞uuo  becomes smaller 
and for final solution we need some additional analyses. 
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3.12.3. Main results for Heliosphere; possible nonlinear effects for stellar 
winds 

It is shown that CR nonlinear effects (pressure and stream instability) 
considered here play a vital role in the Heliosphere: influence on solar wind 
propagation; a role in the formation of terminal shock wave and a boundary 
between solar plasma and the interstellar medium; in the generation of MHD waves 
and formation of CR diffusion coefficient and anisotropy; significant influence on 
CR propagation and modulation in interplanetary space, especially in the outer 
Heliosphere. It is expected that these nonlinear effects can play an important role in 
dynamics of other stellar winds. CR nonlinear effects are expected to be especially 
important for stellar winds from quickly rotated stars with frozen in big magnetic 
fields (in this case both effects of CR pressure and kinetic stream instabilities 
effects will be important for limiting and formation of the stellar-sphere). 
 
3.13. CR nonlinear effects in the dynamic Galaxy 
 
3.13.1. CR propagation in the dynamic model of the Galaxy 

CR can give important information on galactic wind. The extended dynamical 
halo (galactic wind) was first taken into account in CR propagation in the 
convection-diffusion model by Bulanov et al. (1972). Dogiel et al. (1980) extended 
this model, taking into account the adiabatic losses. Bloemen et al. (1993) 
investigated in detail CR propagation in the Galaxy, taking into account the galactic 
wind (diffusion - convection processes and adiabatic energy losses in extended 
halo). It was assumed that the velocity of galactic wind u increased proportionally 
to the distance z from the equatorial plane of the disk: zVu o= . The problem is  
that we do not know exactly the coefficient oV  and effective diffusion coefficient  
in the halo hκ . In the framework of this model there was calculated the expected 

depth X of CR crossing of matter (in 2cmg ) for the average time of CR living  
in the Galaxy, and relative contents f of radioactive isotope 10Be. Fig. 3.13.1  
shows the results of calculations of Bloemen et al. (1993) of expected relations 

hoV κ−  for X = 6−8 g cm-2 (which fits experimental data on CR chemical 
composition) and for f = 0.2−0.3 (that fits experimental data on relative contents of 
radioactive isotope 10Be). 
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Fig. 3.13.1. Constraints on the relation between oV  and hκ  in a convection-diffusion model 
from the observed CR grammage X and the observed abundance f of radioactive isotope 
10Be. Results are shown for different extent of the halo hz . According to Bloemen et al. 
(1993). 
 
Fig. 3.13.1 shows that the best fit of oV  and hκ  that can explain simultaneously X 

= 6−8 g cm-2 and f = 0.2−0.3 are 1228 seccm10 −≈hκ  and 11 kpcsec.km10 −−≈oV  

At a distance 30 kpc from the disk the velocity of galactic wind is expected to be 
300 km/sec. This result shows that the galactic wind plays an important role for CR 
propagation and formation of the chemical composition. Moreover, this result can 
be considered as some additional evidence of existence of galactic wind. 
 
3.13.2. The geometry of galactic wind and possible role of CR 

The model of galactic wind driven by CR was proposed by Ipavich (1975). 
Recently we have had some radio-astronomical evidence for the existence of 
galactic wind (Reich and Reich, 1988; Hummel et al., 1988; Hummel and Dettmar, 
1990; Pohl et al., 1991). In Section 3.13.1 we considered the importance of the 
existence of galactic wind for CR propagation and formation of chemical 
composition. One-dimensional Cartesian geometry of galactic wind (which is valid 
near the center and for distances ≤z 10 kpc from the disk) was considered by 
Breitschwerdt et al.(1991) and Fichtner et al. (1991). On the other hand, one-
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dimensional spherical symmetric geometry, considered by Ipavich (1975) and Zank 
(1989), is applicable only for very large galacto-centric distances >15 kpc. A multi-
dimensional model for ellipsoidal geometry (contains planar and spherical regimes 
as asymptotic cases) was considered by Fichtner et al. (1991), Vormbrock and 
Fichtner (1993). 
 
3.13.3. Expected distribution of galactic wind velocity and CR density in 
the halo (ellipsoidal geometry model) 

Vormbrock and Fichtner (1993) considered ellipsoidal geometry for the model 
of galactic wind driving by CR for our Galaxy and for NGC 4631 with about the 
same mass Sun

111075.2 M×  and about the same dimensions of disk dr = 15 kpc, 
dh = 1 kpc. The basic set of hydrodynamic equations is: 
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where f is the gravitational force, 1Λ  reflects the heating processes (Coulomb 
interaction, ionization by CR), 2Λ  takes into account cooling processes 
(bremsstrahlung, recombination, collision induced line emission). Fig. 3.13.2 shows 
the expected distribution of directions and values of galactic wind velocity in 
assuming that it has only one cause: driving by CR. The expected full mass loss rate 
is year8.0 SunM≈ , in good agreement with observations. 

Let us note that the calculated values for galactic wind must be considered as a 
lower limit because there are at least several additional sources (supernova 
explosions, stellar winds etc.). In Fig. 3.13.3 the expected distribution of CR 
pressure cP  in the dynamical halo is shown (according to Vormbrock and  
Fichtner, 1993). 
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Fig. 3.13.2. Expected galactic wind velocity field: 1 - 25, 2 - 75, 3 -150, 4 - 225, 5 - 300 and 
6 - 350 km/s. According to Vormbrock and Fichtner (1993). 
 
 

 
 
Fig. 3.13.3. Expected distribution of CR pressure: 1 - 0.001, 2 - 0.003, 3 - 0.015, 4 - 0.075, 
and 5-0.2 eV/cm3. According to Vormbrock and Fichtner (1993). 
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3.14. Self-consistent problem for dynamic halo in rotating Galaxy 
 
3.14.1. Solution for galactic wind and magnetic field  

The self-consistent problem of CR propagation in the expanded halo, taking 
into account the rotation of the Galaxy, was considered by Zirakashvili et al. 
(1993), Ptuskin and Zirakashvili (1993). In the frame of axisymmetrical model it 
was supposed that plasma moved along some surface of rotation S (according to 
Weber and Davis, 1967; Yeh, 1976). The vectors u (galactic wind velocity) and H 
(frozen magnetic field) are coplanar to S. It is assumed that s∂∂ is the derivative in 
meridian direction (symbolized by ' ) and the cross section of the tube is ( )orsB , . 
The basic steady state MHD equations which include CR pressure cP  (and under 
the assumption of the smooth transition of the solution through the possible critical 
points) will be:  
 

( ) ( ) ( ) ,'f8',const,const 2'22'2 ρπρρ +−+−=−== ΦΦ rHrPPuruuuBHuB cgr (3.14.1) 
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Here the gravitational potential f is taken as  
 

( ) 1
11 −+= ssoff ,                                    (3.14.4) 

 
where =×= 1

2215 ,seccm109.1 sof  45 kpc . The shape of flux tube is taken in 
the form 
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where 2s = 15 kpc. The calculations are made at 6.1=gγ  for the boundary 

condition at oz  = 3 kpc as follows: 
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It was found that the meridional initial wind velocity =ou  28.4 km/sec. The results 
of expected changes of the magnetic field H, temperature T, meridional u and 
azimuthal Φu  components of the galactic wind velocity with distance from the 
disco-equator z up to z = 75 kpc are shown on the Fig. 3.14.1 (the critical points 
with smooth transition are located at 5.3 kpc – the slow magnetosonic, at 8.1 kpc – 
the Alfvénic, and at 30 kpc – the fast magnetosonic; it was found also that 
generated by Galaxy rotation azimuthal magnetic field falls as 1−s ). 
 

 
 
Fig. 3.14.1. Expected distribution of magnetic field H , meridional u and azimuthal Φu  
galactic wind velocities and gas temperature T in the rotating Galaxy. According to 
Zirakashvili et al. (1993). 
 
3.14.2. Solution for CR propagation in the rotating Galaxy  

On the basis of the solution shown in Fig. 3.14.1 Ptuskin and Zirakashvili 
(1993) investigated CR propagation in the Galaxy governed by the diffusion-
convection processes:  

 

( ) ( ) ( )( ) ( ) ( )spQ
p
fpVuBBfVufBB aa δκ 2

3
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∂
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where ( )spf ,  is the CR distribution function and CR sources concentrated in disk 

are assumed to have a power law spectrum spQ γ−∝ . The diffusion coefficient is 
determined by the expression 
 

( )( )resresL kWkHvr 22
//

2
// 6;cos πκακκ == ,                       (3.14.8) 

 
where Lres rk 1=  and Lr  is the Larmor radius. The growth rate of CR streaming 
instability for Alfvén waves generation 
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where resres ckep H= . The non-saturated Landau damping of Alfvén waves will 
be (according to Völk and Cesarsky, 1982; see also above, Section 3.5): 
 

( )∫=Γ 22122 HkWdkkVaNL βπ ,                            (3.14.10) 
 
where  
 

24 HnTπβ = .                                             (3.14.11) 
 

The diffusion coefficient will be 
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where E is the particle’s full energy. This model is in a good agreement with data 
on mean matter thickness < X > = 10(v/c) g/cm2 for pc/Ze < 5 GV and < X > 

55.0−∝ p  for pc/Ze > 5 GV, but predicts too large stellar anisotropy  
 

( ) ( ) 55.04'1 10ln3 mcpfvAst
−− ≈−= κ ,                    (3.14.13) 

 
which gives 5% at energy 1410 eV (measured amplitude is about 0.05 % at 1012–l014 
eV and about 3% at 1017 eV). Ptuskin and Zirakashvili (1993) note that this 
discrepancy can be caused by peculiarities of local conditions near the Sun that do 
not affect the energy spectrum and chemical composition, but are very important for 
the observed CR anisotropy.  
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3.15. On the transport of random magnetic fields by a galactic 
wind driven by CR; influence on CR propagation 
 
3.15.1. Random magnetic fields in the galactic disc and its expanding to 
the dynamic halo 

Zirakashvili et al. (2001) considered the transport of random magnetic fields by 
galactic wind driven by CR and their influence on CR propagation in the Galaxy. 
As was considered in previous Sections 3.11 and 3.12, the galactic wind driven by 
CR is a prominent example of the dynamical importance of energetic particle 
nonlinear effects in our Galaxy (Ipavich, 1975; Breitschwerdt et al., 1987, 1991; 
Zirakashvili et al., 1996). The main matter is that CR sources in the galactic disk 
generate energetic particles which can not freely escape from the Galaxy but rather 
generate Alfvén waves through kinetic stream instability (see Section 3.3). In spite 
of strong nonlinear Landau damping (Livshits and Tsytovich, 1970; Lee and Völk, 
1973; Kulsrud, 1978; Achterberg, 1981; Achterberg and Blandford, 1986; 
Fedorenko et al., 1990; Zirakashvili, 2000) such waves lead to an efficient coupling 
of thermal gas and energetic particles (Ptuskin et al., 1997) and CR drive galactic 
wind flow owing to their pressure gradient. In the simplest approximation one can 
assume that a frozen-in magnetic field is adverted from near the galactic disk region 
to the galactic halo. Such a field and its tension were taken into account by 
Zirakashvili et al. (1996) for calculations of the galactic wind flow. An idealized 
regular magnetic field configuration was considered. Zirakashvili et al. (2001) 
develop these ideas further and take into account the random magnetic field 
component that exists in the galactic disk and dynamically dominates over the 
regular component. 
 
3.15.2. Basic equations described the transport of the random magnetic 
fields 

According to Zirakashvili et al. (2001), magneto-hydrodynamic (MHD) 
turbulence is created in the galactic disk mainly by the numerous supernovae; it 
seems that turbulent diffusion and helicity really provide dynamo action in the disk 
of our Galaxy (Parker, 1992). Those effects can be less important in the galactic 
halo, especially if galactic wind flow exists. The approximation used by 
Zirakashvili et al. (2001) is that at heights of several hundred pc the magnetic 
inhomogeneities created in the upper part of the disk are picked up by the wind flow 
and transported into the galactic halo. They neglect turbulent magnetic diffusion 
and reconnection here. The magnetic field B is frozen into the galactic wind gas and 
evolves according to equation 
 

[ ][ ]BuB ××∇=
∂
∂

t
.                                         (3.15.1) 
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It was assumed that gas velocity u and density ρ are non random quantities and are 
described by the steady state equations 
 

( ) 0=∇ uρ ,                                             (3.15.2) 
 

( ) ( ) [ ][ ]BBΦuu ×∇×−∇++−∇=∇
π

ρρ
4
1

cg PP .              (3.15.3) 

 
Here gP  and cP  are the pressures of gas and CR respectively, Φ  is the 
gravitational potential. Angular brackets mean averaging over volume. It is easy to 
see from Eq. 3.15.3 that dynamical effects of the magnetic field can be described if 
one knows the mean tensor jiij BBB = . The equation for this tensor can be 

derived from Eq. 3.15.1: 
 

jkikikkjkkijijkk
ij uBuBuBBu
t

B
∇+∇+∇−∇−=

∂
∂

2 .                     (3.15.4) 

 
Then Zirakashvili et al. (2001) consider steady state solutions of Eq. 3.15.4 
corresponding to the steady state Eq. 3.15.2 and Eq. 3.15.3. This is a development 
of previous results of Zirakashvili et al. (1996) (where the steady state Eq. 3.15.1 
for the regular magnetic field was used) to the case including random magnetic 
fields. 
 
3.15.3. The random magnetic field effects in the galactic wind flow with 
azimuthal symmetry 

Assuming azimuthal symmetry of the galactic wind flow it is convenient to 
introduce the coordinate s in meridional direction and the azimuthal angle φ. The 
tensor components ijB  should be written in terms of those coordinates. The gas 
velocity has the meridional and azimuthal components su  and φu , respectively. For 
the sake of simplicity it was assumed that the magnetic field is tangent to the 
surface S along which the galactic wind streams. Therefore there are only three 
independent components: ssB , φsB  and φφB . Introducing the flux-tube cross-
section A(s) one can obtain: 

 
( ) ,const2 =sABss                                          (3.15.5) 
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Using the φ-component of Eq. (3.15.3) one finds angular momentum conservation 
along the surface S: 
 

C
u

rB
ru

s

s =−
πρ

φ
φ 4

.                                   (3.15.8) 

 
Here the quantities Ω and C are constant along the surface S, and r is the distance 
from the axis of rotation. Expressions for φu  and φsB  can be found using Eq. 

3.15.6 and 3.15.7. They contain the denominator 21 aM− , where  
 

sssa BuM 24πρ=                                        (3.15.9) 
 
is the meridional Alfvén Mach number. Assuming acceleration of the wind flow 
from sub-Alfvénic to super-Alfvénic velocities one can find a relation between C 
and Ω which leads to finite values of φu  and φsB : 
 

2
arC Ω= ,                                          (3.15.10) 

 
were ar  is the distance from the Alfvénic point 1=aM  to the axis of rotation. As a 
result 
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It is easy to see that these expressions are similar to those for the azimuthal 
components of gas velocity and magnetic field in the previous investigation of 
Zirakashvili et al. (1996) and in the theory of azimuthal symmetric MHD flows 
(Weber and Davis, 1969; Yeh, 1976; Sakurai, 1985). The only difference is the 
definition of the Alfvén Mach number. In Zirakashvili et al. (2001) it contains ssB  
instead of the square of the meridional regular magnetic field component. Eq. 
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3.15.7 shows that φφB  is not reduced to the square of the azimuthal field 
component in Zirakashvili et al. (1996) but rather contains an additional term. 
Nevertheless, this term is inversely proportional to the square of the meridional 
velocity and hence quickly drops with height over the disk. Therefore at large 
heights above the disk φφB  is given by 

( )
( )2222

22242

1 as

aa
ss

Mur

rrMBB
−

−Ω=φφ .                                (3.15.13) 

 
In the general case in which magnetic field components perpendicular to the surface 
S are present, Eq. 3.15.4 also describes the generation of a random magnetic field 
owed to differential rotation of neighboring surfaces. Nevertheless, all ijB  
components except determined by Eq. 3.15.5, 3.15.12 and 3.15.13 tend to zero as 
the wind accelerates. Hence expressions determined by Eq. 3.15.5, 3.15.11, 3.15.12 
and 3.15.13 are valid in the general case for large heights above the disk. It is easy 
to picture the magnetic field geometry in the galactic halo (see Fig. 3.15.1).  

 
 
Fig. 3.15.1. Flux-tube geometry characterized by the surface S which contains the wind 
stream lines. The flux-tubes of cross section A(s) have axial symmetry around z-axis. In the 
disk (z = 0) the gas rotates with angular velocity Ω(r). Magnetic field disturbances, near 
isotropic in the galactic disk, become strongly elongated in the galactic halo. According to 
Zirakashvili et al. (2001). 
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From Fig. 3.15.1 can be seen that magnetic field lines are strongly elongated in one 
direction owing to wind acceleration and bend away from the meridional direction 
because of the rotation of the Galaxy. This picture is similar to the one obtained in 
our previous investigation for the regular magnetic field. The presence of the 
magnetic field gives some properties of an elastic body to the surface S, which can 
now resist to velocity shear. This feature allows magnetic connection and 
corresponding transport of angular momentum along this surface even for the zero 
regular magnetic field case. 
 
3.15.4. Results of numerical calculations 

Galactic wind numerical calculations were performed by Zirakashvili et al. 
(2001) for the same parameters of our Galaxy as described in Zirakashvili et al. 
(1996). They include the gravitational potential of Miyamoto and Nagai (1975) and 
take into account a dark matter halo of the Galaxy (Innanen, 1973). The geometry 
of the flow is prescribed. The surface S is chosen to have a hyperbolic form 

122
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2

2
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−

ooo rz
z

r
r ,                                            (3.15.14) 

 
where oz = 15 kpc is the galactic halo radius, and or  is that galacto-centric radius 
where the flux-tube under consideration originates. Energy conservation along the 
surface S was assumed (as in Zirakashvili et al., 1996): 
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where cγ  and gγ  are the adiabatic indices of CR and gas respectively. The values 

cγ  = 1.2, and gγ  = 1.6 were used. The only difference in comparison with the 
previous consideration of Zirakashvili et al. (1996) is the substitution of the z-

component of the regular magnetic field zB  by 
21

zzB . These components coincide 
with the meridional component at small heights above the disk. Observations of the 
regular magnetic field in the galactic disk show a regular field of about 2 µGs which 
is parallel to the galactic disk (Rand and Kulkarni, 1989). This means that the 
vertical component of the regular field in the galactic halo is small and hardly 
exceeds 1 µGs. On the other hand, a random field of about 6µGs exists in the disk. 

Assuming it to be isotropic one finds 
21

zzB ∼ 3.5 µGs. The corresponding 
component can be smaller in the galactic halo, say ≈1.0 µGs. In that case the  
results of the calculations of Zirakashvili et al. (1996) with 1.0 µG regular  
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magnetic field can be used. On the other hand, larger values of magnetic field 

strength are also possible. Zirakashvili et al. (2001) take the value 
21

zzB ∼ 3.0 µGs 
for the calculations described here. In addition it was used a smaller value of CR 
pressure 313 cmerg100.1 −×=coP  at the base level 3 kpc over the disk in order to 
maintain approximately the same cosmic ray energy flux in comparison with 
calculations of Zirakashvili et al. (1996). A gas number density 33 cm10 −−=on  at 
this base level was assumed. Radiative cooling losses are relevant for denser gas at 
smaller heights above the disk. Numerical results for the flux tube originating at 
galacto-centric distance or = 8.5 kpc (Sun’s position) are shown in Fig. 3.15.2 and 
Fig. 3.15.3.  
 

 
 
Fig. 3.15.2. Variation of the meridional and azimuthal velocities su and φu , azimuthal and 

meridional magnetic field strength 21
φφB  and 21

ssB , and gas temperature T, with distance 

from the disk. The resulting initial velocity is ou  = 31.5 km/sec, and the critical points 
positions are sz = 7.1 kpc, az = 21.6 kpc, and fz = 84.8 kpc. The terminal velocity is fu = 
698 km/sec. According to Zirakashvili et al. (2001). 
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Fig. 3.15.3. Variation of dynamic pressure 2

suρ , CR pressure cP , gas pressure gP , and 

magnetic pressure π82B with distance z from the disk. According to Zirakashvili et al. 
(2001). 

 
The height of the slow magneto-sonic point is practically the same sz = 7.1 kpc 

above the disk. The Alfvén point az = 21.6 kpc and the fast magneto-sonic point 

fz = 84.8 kpc move further out into the flow. The initial wind velocity at the base 
level is ou = 31.5 km/sec, and the terminal velocity is fu = 698 km/sec. The 
magnetic pressure dominates gas and CR pressures practically everywhere. 
Nevertheless, this is a CR driven wind because CR givs approximately half of the 
kinetic energy flux, the second half given by rotational effects (see Eq. 3.15.15). 

On the basis of the results described, Zirakashvili et al. (2001) conclude that  
the inclusion of the random field component in the galactic wind model results in 
the possibility that our Galaxy is surrounded by a large wind halo with a rather 
strong magnetic field even though this field strength is probably an upper limit.  
The field geometry is rather simple. The magnetic field disturbances are nearly 
isotropic in the galactic disk and have a size of about 100 pc. They are strongly 
elongated in the galactic halo. The elongation estimated is 1:10−1:100. This 
magnetic field leads to an effective angular momentum transport and a 
correspondent additional centrifugal acceleration of the flow, which then results in 
larger terminal velocity of the wind. At large distances the field is practically  
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azimuthal and sign dependent with fluctuating direction. One can expect that CR 
diffusion in such a field is highly anisotropic, enhanced diffusion being in direction 
of the elongation. It can be also expected that high energy protons with energies 
larger than 17103× eV are hardly held by such a sign dependent field. The gas 
heating owed to damping of Alfvén waves generated by the CR streaming 
instability is rather effective, the wind halo being filled by a hot rarefied gas with a 
temperature of about one million degrees. The angular momentum loss rate of the 
Galaxy is mainly owing to magnetic torque and is about 50% in 1010  years. 
 
3.16. Nonlinear Alfvén waves generated by CR streaming 
instability and their influence on CR propagation in the Galaxy 
 
3.16.1. On the balance of Alfvén wave generation by CR streaming 
instability with damping mechanisms 

Zirakashvili et al. (1999) consider Alfvén wave generation by CR streaming 
instability and nonlinear damping of parallel propagating Alfvén waves in high-β 
plasma. There was also taken into account trapping of thermal ions and Coulomb 
collisions, saturated damping rate be calculated, and applications was made for CR 
propagation in the Galaxy. As it was considered above, the CR streaming instability 
can play an important role in processes of diffusive shock acceleration and CR 
propagation in the Heliosphere and in Galaxy since it can supply Alfvén waves that 
scatter the particles on pitch angle (Lerche, 1967; Kulsrud and Pearce, 1969; 
Wentzel, 1969). In order to balance wave generation some damping mechanism is 
usually considered. As Alfvén waves are weakly linearly damped, various nonlinear 
effects are currently used. CR streaming generates waves in one hemisphere of 
wave-vectors. Such waves are not subject to any damping in incompressible 
magneto-hydrodynamics. The use of compressibility results in a pondermotive 
force gives a second order plasma velocity and electric field perturbations along the 
mean magnetic field. These perturbations can yield wave steepening as well as 
nonlinear damping, if kinetic effects of thermal particles are included. Those effects 
were taken into account in order to obtain nonlinear damping rates of parallel 
propagating Alfvén waves (Lee and Völk, 1973; Kulsrud, 1978; Achterberg, 1981). 
The importance of trapping of thermal particles for nonlinear dissipation of 
sufficiently strong waves that results in saturation of wave damping was also 
understood many years ago (Kulsrud, 1978; Völk and Cesarsky, 1982). 
Corresponding saturated damping rates that take into account dispersive effects 
were calculated. Nevertheless dispersive effects can be rather small for Alfvén 
waves that are in resonance with galactic CR nuclei. Hence the effect of Coulomb 
collisions can be important. Zirakashvili et al. (1999) derive the nonlinear Alfvén 
wave damping rate in the presence of thermal collisions. 
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3.16.2. Basic equations and their solutions 
Zirakashvili et al. (1999) consider Alfvén waves propagating in one direction 

along the ambient magnetic field. It is convenient to write the equations in the 
frame moving with the waves. In such a frame there are only quasi-static magnetic 
and electric fields slowly varying in time owing to wave dispersion and nonlinear 
effects. The case of a high-β Maxwellian plasma was considered. Electric fields are 
negligible for nonlinear damping in such plasma. Zirakashvili et al. (1999) 
investigate waves with wavelengths much greater thermal particles gyro-radii and 
use drift equations for distribution function of those particles (Chandrasekhar, 
M1960): 
 

( ) FFvFv
t
F St

2
1 2

=∇
∂
∂−+∇+

∂
∂ bb

µ
µµ .                      (3.16.1)   

 
Here F is the velocity distribution of thermal particles that is averaged over the 
gyro-period, v is the particle velocity, b=B/B is the unit vector along the magnetic 
field B, µ = pB/Bp is the cosine of the pitch angle of the particle. The right hand 
side of Eq. 3.16.1 describes collisions of particles. For Maxwell’s equations it is 
necessary to know the flux of particles. It is given by drift theory (Chandrasekhar, 
M1960): 
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where Ω is the particle gyro-frequency in the local field. The last term on the left 
hand side of Eq. 3.16.1 describes mirroring of particles. Because the field is static in 
this frame the particle energy is constant, and in a time asymptotic state wave 
dissipation is absent without collisions. In the presence of wave excitation we shall 
deal only with the time asymptotic state in the following. We shall use for the 
collision operator a simplified form  
 

( )Mv FFvF −∆= ν2St ,                           (3.16.3) 
 
where MF  is the Maxwellian distribution function shifted by the Alfvén velocity 

av ; v∆  is the Laplace operator in velocity space, and ν is the collision frequency. 
This operator tends to make the particle distribution function Maxwellian. 
Introducing the coordinate s along the magnetic field, and the distribution function 

MFFf −=  one obtains the following equation for f :  
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For sufficiently small magnetic field perturbations (conditions for that case will be 
derived later) one can neglect the mirroring term on the left hand side of Eq. 3.16.4. 
Without collisions this leads to the well known nonlinear damping mentioned 
above. Zirakashvili et al. (1999) take into account the mirroring term here and use 
the standard quasi-linear theory according to Galeev and Sagdeev (1979). The 
function f can be written in the form fff o δ+= , where ffo =  is the ensemble 
averaged distribution function f. We are interested in the case of a small magnetic 
field amplitude A << 1, where ( ) oo BBBA −= . Taking also into account that 
mirroring is sufficient for small µ << 1 particles we leave in the collision operator 
the second derivative on µ only and come to the equation: 
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Taking into account that the average distribution function is independent of s one 
can obtain the equation for the Fourier transform ( ) ( )isksfdsfk −∫= expδδ :  
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The functions of  and kfδ  are peaked near µ = 0. It is convenient to introduce the Fourier 
transform on ( ) ( ) ( )ξµµµξµ ifdf oo −∫= exp  and ( ) ( ) ( )ξµµµδξδ ifdfk −∫= exp . Then 
from Eq. 3.16.6 will be 
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This equation has a solution  
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After ensemble averaging of Eq. 3.16.5 and using Eq. 3.16.8 one obtains an 
equation for ( )ξof

~ : 
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Here ( )kI  is the spectrum of Alfvén waves normalized to the magnetic energy of 

the mean field: ( )∫= kdkIBB o
22δ . Wave-numbers with + or − sign correspond to 

right or left hand circularly polarized wave. Eq. 3.16.9 describes the influence of 
waves on the mean distribution function of thermal particles, in particular, well 
known in plasma theory quasi-linear ‘plateau’ formation breaking by thermal 
collisions (Galeev and Sagdeev, 1979). The solution of this equation should be 
substituted into Eq. 3.16.8. This equation, together with the Eq. 3.16.2 for the flux, 
determines the nonlinear electric current density (the input of thermal protons is 
taken into account only)  
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Substituting this current into Maxwell’s equations and ensemble averaging one can 
derive an equation for the Alfvén wave spectrum  
 

( ) ( )kIdtkdI NLΓ−= 2                                 (3.16.11) 
 
with the nonlinear Alfvén wave damping rate:   
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where M is the ion mass and 
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Here n is the plasma density and Tv  is the thermal velocity. It is useful to transform 
Eq. 3.16.9 to a form more convenient for applications. It is possible to invert the 
integral operator and obtain the following equation: 
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One should solve Eq. 3.16.14 in order to use Eq. 3.16.12 except in the case 

when the collision frequency is large enough and a ‘plateau’ is absent. In this case 
one can neglect of

~  in Eq. 3.16.12 and obtain the well known unsaturated nonlinear 
damping rate (Lee and Völk, 1973; Kulsrud, 1978; Achterberg, 1981): 
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In the opposite case of small ν one should use Eq. 3.16.14 and put ν = 0: 
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where ( )∫=
+∞

∞−
kdkIA

22 . Substituting the solution of Eq. 3.16.16 into Eq. 3.16.12 

and expanding the exponent one can obtain the saturated damping rate: 
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where 
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3.16.3. Summary of main results 

Zirakashvili et al. (1999) came to the conclusion that the trapping of thermal 
particles is essential for the damping of Alfvén waves if the frequency of collisions 
is small enough. For trapped particles *µµ < , where BBδµ ≈*  for Alfvén waves. 

Hence the escape time is νµ2
*≈esct . It should be compared with the period of 

particle oscillations inside the trap ( ) 1
*
−≈ µTkvT . This gives the condition for 

saturation of nonlinear damping:   
 

( )3BBkvT δν << .                                     (3.16.19)   
 
The saturated damping rate can be estimated as the unsaturated damping rate 
multiplied by the ratio esctT . It is easy to see that such an estimate is in accordance 
with Eq. 3.16.17. In the self-consistent model of galactic wind flow (Zirakashvili et 
al., 1996; Ptuskin et al., 1997) where the unsaturated damping rate was used, 

210−≈BBδ  and is determined by the power of CR sources in the Galactic disk. For 

this case the critical value for the collision frequency is 112 sec10 −−  for a 
wavenumber 113cm10 −−≈k  that is in resonance with 1 GeV CR protons. This 
value is close to the value of the collision frequency of a hot rarefied plasma with 
number density 3310 −− cm  and temperature K610 . Therefore in the absence of 
other scattering processes, trapping effects might be relevant for Alfvén wave 
damping in our Galaxy. According to Zirakashvili et al. (1999) another important 
feature of saturated damping is the possibility of not only damping but also energy 
transfer to smaller wavenumbers. This property is absent for unsaturated damping 
of unpolarized ( ) ( )( )kIkI −=  waves. Such energy transfer can be important for 
diffusive shock acceleration because it permits small energy particles to generate 
Alfvén waves that are in resonance with particles of greater energies and, hence 
determines the rate of acceleration.   
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Chapter 4  
 

Cosmic Ray Acceleration  
in Space Plasmas 
 
 
4.1. Acceleration particles in space plasmas as universal 
phenomenon in the Universe 

Understanding the generation of CR (or acceleration of energetic charged 
particles) is one of the most fundamental goals of Astrophysics. As we note in 
Section 1.1 of Dorman (M2004), the basis of any mechanisms of charged particles 
acceleration in space plasma up to very high energies observed in CR is the 
interaction of individual particles with huge moving ensembles of particles through 
frozen in magnetic fields and induced electric fields. These moving ensembles 
(mass ejections, clouds, shock waves, magneto-hydrodynamic waves, etc.) have a 
huge kinetic energy many orders higher than energy of an individual particle. 
Therefore the energy of moving ensembles will lead to the gain of the energy of 
individual particles, and their energy become many orders higher than the energy of 
background plasma particles, so these individual particles became CR particles. The 
acceleration of an individual particle is possible only if the gain of energy per unit 
of time is bigger than the loss of energy. The loss of energy depends upon the mass 

acm , charge Ze, and total energy E (or kinetic energy kE ) of the accelerated 
particle, as well as upon properties of background plasma, magnetic field intensity, 
and electromagnetic radiation. The energy loss is especially important at small 
kinetic energies kE  of an accelerated particle (mostly ionization losses), and it 
become smaller than the energy gain only at kik EE ≥ , where kiE  is the minimal 
energy of ejection to the accelerated process. The value of kiE  which depends upon 
the mass acm  and effective charge Z*e of accelerated particles (where Z* ≤ Z), and 
properties of the background plasma will be determine the chemical and isotopic 
contents of accelerated particles. In the middle energy region the energy loss per 
unit of time becomes much smaller than the energy gain, and the energy spectrum 
of accelerated particles will be formatted mainly by the rate of energy gain and 
probability of accelerated particles escaping from the acceleration volume. In the 
very high, super-relativistic energy region, the loses of energy again becomes 
important (for CR electrons, − synchrotron radiation in the magnetic fields and 
interactions with photons; for CR protons and nuclei, − interactions with photons). 
These energy loses and CR escaping from the acceleration volume lead to sufficient 
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deformation of the power energy spectrum γ−∝ E  with gradual increase of the 
power index γ with the particle energy increasing and to a sharp cutting of CR 
spectrum from the high energy side.  

First we shall consider the statistical mechanism of charged particle 
acceleration when the energy of a particle increases and decreases in collisions with 
magnetic clouds, but increases are bigger and more often than decreases. This 
mechanism originally was proposed more than 50 years ago by Fermi (1949). 
According to Fermi (1949) the frequency of collisions with increasing energy is 
higher than the frequency of collisions with decreasing energy. This gives a gradual 
increase of particle energy with the time up to the moment when the acceleration 
mechanism finishes affecting particle’s energy (e.g., the particle escaping from the 
acceleration volume). We shall show that there is also another cause of particle 
energy increasing: the energy increasing and decreasing in collisions are not equal, 
but systematically increasing energy is little bigger than decreasing. As result, we 
show that the statistical mechanism of acceleration is about two times more 
effective than was considered originally by Fermi (1949). We shall consider the 
description of this mechanism and its development including the problem of 
ejection and changing of effective parameters of the mechanism during particle 
acceleration in Sections 4.2−4.8.  

Statistical acceleration by plasma turbulence and by electromagnetic radiation 
will be considered in Sections 4.9−4.10. We consider statistical acceleration of 
particles by the Alfvén mechanism of magnetic pumping and scattering in Section 
4.11. The problem of the formation of accelerated particle flux escaped from CR 
source we consider in Section 4.12 (in general this flux is proportional to the CR 
intensity inside the source and to the probability of particles run away from the 
source, which depends from particle energy and other parameters). 

The induction acceleration mechanisms, mostly by rotating magnetic stars we 
consider in Section 4.13, and particle acceleration by moving magnetic piston or 
magnetic cloud as result of single interaction and reflection we shortly consider in 
Section 4.14. Mechanisms of particle acceleration by shock waves and other 
moving magneto-hydrodynamic discontinuities during a single interaction are 
considered in Section 4.15. We consider the acceleration of particles in the case of 
magnetic collapse and the cumulative acceleration mechanism near the zero lines of 
magnetic field in Sections 4.16−4.17. The problem of tearing instability in neutral 
sheet region and triggering mechanisms of formatting fractals, percolation, and 
particle acceleration we consider in Section 4.18. Particle acceleration in sheer 
space plasma flows we consider in Section 4.19. Additional regular particle 
acceleration in space plasmas with two or more types of scatters moving with 
different velocities is considered in Section 4.20. 

Very important universal shock-wave diffusion (regular) acceleration of charged 
particles, which is intensively developed during about last 30 years, we consider in 
details in Sections 4.21−4.31.  
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Different CR acceleration mechanisms in space plasmas were partly reviewed 
in the books Alfvén (M1950), Dorman (M1957, M1963a,b, M1972b, M1975a, 
M1978), Ginzburg and Syrovatsky (M1963), Parker (M1963), Pikelner (M1966), 
Rossi (M1966), Dorman and Miroshnichenko (M1968), Hayakawa (M1969), 
Tsytovich (M1971), Khristiansen (M1974), Arons et al., eds. (M1979), Melrose 
(M1980a,b), Priest (M1982), Toptygin (M1983), Berezhko et al. (M1988), 
Berezinsky et al. (M1990), Zank and Gaisser, eds. (M1992), Benz (M1993), 
Sturrock (M1994), Ramaty et al., eds. (M1996), Priest and Forbes (M2000), 
Miroshnichenko (M2001), Schlickeiser (M2001), and in review papers Dorman and 
Katz (1977), Syrovatsky (1981), Axford (1987), Debrunner (1987), De Jager 
(1987), Galeev et al. (1987), Ginzburg (1987), Ramaty (1987), Völk (1987), 
Dorman and Venkatesan (1993), Biermann (1993), Mandzhavidze (1993), 
Berezhko (1997, 2001), Cane (1997), Baring (1999), Cliver (1999), Kirk and Duffy 
(1999), Akasofu (2001), Malkov and Drury (2001), Mazur (2001), Ostrowski 
(2001), Aschwanden (2002), Cohen (2003), Lin (2003), Moskalenko (2003), Ryan 
(2005), Kahler et al. (2005), Ptuskin (2005). 
 
4.2. The Fermi mechanism of statistical acceleration 

According to Fermi (1949) at each collision of a charged particle moving with 
velocity v, with magnetic cloud moves with velocity u, changes its energy 
according to the relation 
 

( ) 22 cuvEE ±=∆ ± ,                                              (4.2.1) 
 
where the upper sign is for head-on collisions and bottom sign for overtaking 
collisions (see Fig. 4.2.1).  
 

 
Fig. 4.2.1. Charged particle interaction with a moving magnetic cloud: a – the case in which 
the cloud moves against the particle (head-on collision), b – the case in which the cloud 
moves in the same direction as the particle (overtaking collision). According to Fermi (1949).  
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Therefore, according to Fermi (1949), in a head-on collision we shall have a relative 
gain energy of ,2 2cuv  and in an overtaking collision the same relative loss energy 

of 22 cuv . If λ is the mean free path for particle collisions with magnetic clouds, 
the corresponding frequencies ±ν  for collisions will be 
 

( ) λννλν vuv =+±= −+± ;2 .                                    (4.2.2) 
 

The average change energy per unit of time will be (including Eq. 4.2.1 and Eq. 
4.2.2) 
 

( ) ( ) EEEdtdE ανν =∆+∆= −−++ ,                                    (4.2.3) 
where  

222 cvu λα =                                                       (4.2.4) 
 

is the so called parameter of acceleration. From Eq. 4.2.3 it follows that if particle 
start to accelerate at t = 0 from the initial energy iE , their energy at moment t will 
be (if we neglect by energy losses on ionization and other processes): 
 

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∫=
t

i dtEtE
0

exp α ,                                          (4.2.5) 

 
and in case const=α  it will be 
 

( ) ( )tEtE i αexp= .                                          (4.2.6) 
 

Let us suppose (following to Fermi, 1949), that the process of particle acceleration 
in some volume is stationary, at least for a time much larger than the average time 
of particles time life τ in the acceleration volume and that particles start to 
accelerate with the same probability in any time between 0 and τ. In this case the 
particle distribution over the total time t of acceleration will be  
 

( ) ( ) ( )∫ =−= − τ
ττ

0

1 1;exp dttDdttdttD .                           (4.2.7) 

 
In the case const=α  it follows from Eq. 4.2.6 that 
 

( ) EdEdtEEt i αα == − ;ln1 .                                          (4.2.8) 
 
Substituting Eq. 4.2.8 in Eq. 4.2.7 we arrive at a power distribution over the energy 
of accelerated particles in the accelerated volume, obtained by Fermi (1949):  
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( ) ( ) 11; −− +=∝ ατγγ dEEdEED .                                      (4.2.9) 
 
4.3. Development of the Fermi model: head-on and overtaking 
collisions  
 
4.3.1. Non-relativistic case 

In this case the particle’s velocity is changed by ±2u in each particle-cloud 
collision for the head-on and overtaking collisions, respectively. Therefore, the 
energy variation is  
 

( ) 222 22222 umvumvmuvmEE acacacack +±=−±=∆=∆ ±± .         (4.3.1) 
 

Considering that in this case 2cmE ac≈ , we obtain  
 

( ) 222 22 cucuvEE +±=∆ ± .                                 (4.3.2) 
 

From Eq. 4.3.2 it follows that the energy gain and loss in the head-on and 
overtaking collisions are not equal: the relative energy gain is systematically bigger 
than the relative loss energy on 224 cu . What is the physical sense of this 
difference? In Fig. 4.3.1 trajectories of particles inside moved with velocity u 
magnetic cloud for the head-on and overtaking collisions are shown in the 
laboratory system of coordinates. 
 

 
 
Fig. 4.3.1. Illustration of the derivation of the Eq. 4.3.2 in case of particle collision with a 
moving magnetic cloud in the laboratory coordinate system: a – overtaking collision, b – 
head-on collision. The magnetic field in the cloud H is perpendicular to the plane of the 
figure. The induced electric field E that changes the energy of particle during moving inside 
the cloud is also shown. The dashed curves show the trajectories suggested by Fermi (1949) 
and adopted in the scientific literature; the solid curves present the real trajectories.  
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Let us note, that the difference 224 cu  which follows from Eq. 4.3.2 and Fig. 

4.3.1 is very small in comparison with the total relative energy gain or loss 22 cuv  
(at v >> u) and usually is neglected (starting from Fermi, 1949). However, after 
averaging, taking into account the frequencies of head-on and overtaking collisions, 
the second term in the right hand side of Eq. 4.3.2 gives two or more time bigger 
contribution to the total particle acceleration in the statistical mechanism than the 
first term usually used. If λ is the transport scattering path of particles before their 
collision with magnetic clouds, the frequency of the head-on and overtaking 
collisions will be in the non-relativistic case (v << c, u << c):  

 
( ) ( ) λνλν 2;2 uvuv −=+= −+ ,                               (4.3.3)  

 
which coincide with Eq. 4.2.2. The total variation of particle energy in unit time is  
 

( ) ( ) −−++ ∆+∆= νν kkk EEdtdE ,                                    (4.3.4) 
 

whence, considering Eq. 4.3.1 and Eq. 4.3.3: 
 

( ) kacack EmuvumdtdEdtdE 244 22 λλ === .                 (4.3.5) 
 

It will be noted that the resultant dtdE  without including the second addend in the 
right hand side of Eq. 4.3.1 (as was done in Fermi, 1949; see Eq. 4.2.1) is twice as 
small (compare Eq. 4.2.3 and Eq. 4.3.5). By integrating of Eq. 4.3.5 for the initial 
condition 0at == tEE kik , we obtain  
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where the last expression in Eq. 4.3.6 is valid at const2 =λu  (let us note that in 
general with increasing energy of accelerated particle, bigger magnetic clouds with 
bigger velocities became more effective for scattering, so this parameter can change 
during particle acceleration, even the conditions in the source are stationary; see in 
detail below Section 4.5). 
 
4.3.2. Relativistic case 

In this case, the particle velocity in the coordinate system related to the cloud 
will be 
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( ) ( )21' cuvuvv ±±= ,                                    (4.3.7)  
 
where v is the velocity of particles before their collisions with the cloud; the + and −  
signs correspond to the head-on and overtaking collisions, respectively. In this 
coordinate system the particle velocity after reflection varies only in the direction 
having conservation of the modulus of the velocity. Returning to the laboratory 
coordinate system we find that the finite particle velocity after a head-on or 
overtaking collisions will be respectively  
 

( ) ( )2
fin '1' cuvuvv ±±= ,                                    (4.3.8)  

 
or, considering Eq. 4.3.7 and Eq. 4.3.8, we obtain (taking into account that may be v 
∼ c, but u << c): 
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The result obtained coincides with Eq. 4.3.2 for non-relativistic case.  

Let us determine now the frequencies of the head-on, +ν , and overtaking, −ν , 
collisions in the relativistic case. We need to take into account the relativistic 
summation of velocities of particle and cloud (see Eq. 4.3.7 and Eq. 4.3.8), and the 
relativistic transformation of the transport path: 

 

( ) ( ) 1212 1;1
−

−
−

+ −=+= cuvcuv λλλλ .                        (4.3.10) 
 

Therefore the frequencies of the head-on, +ν , and overtaking, −ν , collisions in the 
relativistic case will be 

( ) λλ
ν

212 2
uv

cuv
uv ±=

±
±=

±
± ,                                (4.3.11) 

 
i.e. the same as was obtained for non-relativistic case (see Eq. 4.3.3). Considering 
Eq. 4.3.9 and Eq. 4.3.11, we obtain that the mean variation of energy with time in 
the relativistic case is  

 
( ) ( ) EEEdtdE ανν =∆+∆= −−++ ,                                    (4.3.12) 

 
where  
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224 cvu λα = ,                                             (4.3.13) 
 

i.e. the parameter of acceleration α is two times larger than was obtained in Fermi 
(1949): compare with Eq. 4.2.4. 
 
4.4. Development of the Fermi model: inclusion of oblique 
collisions  
 
4.4.1. Non-relativistic case 

In this case the particle velocity components perpendicular and parallel to the 

front of cloud will be uv uv=⊥  and ( )( ) 212
// 1 uvvv uv−= . In the coordinate system 

related to the cloud, we shall obtain ////';' vvuvv =−= ⊥⊥ . After reflection in the 
coordinate system of the cloud //2//2 '';'' vvvv =−= ⊥⊥ . When, after that, the 
laboratory coordinate system is again used, we shall obtain for the particle velocity 
after collision that 
 

uuuvuvv 22' 22 +−=+−=+= ⊥⊥⊥ uv ,                           (4.4.1) 
 

( )( ) 212
2//2// 1' uvvvv uv−== ,                                  (4.4.2) 

 
whence 
 

222
2//

2
2

2
2 44 uvvvv +−=+= ⊥ uv .                                (4.4.3) 

 
It follows from Eq. 4.4.3 that  
 

acackk mumEE 2
2 22 +−= uv ,                                     (4.4.4) 

 
whence the energy change in a single collision is   
 

acackkk mumEEE 2
2 22 +−=−=∆ uv .                                (4.4.5) 

 
The relative change of energy in a single collision can be found to be  
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Since in the non-relativistic energy range the total particle energy 2cmE ac≈ , we 
obtain for the relative change of the total energy:    
 

2

2
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22
c
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cE
E +−=∆ uv .                                           (4.4.7) 

 
Thus the energy loss and gain also are not the same for the oblique head-on and 
overtaking collisions.  

Assuming that the cloud velocity distribution is isotropic, we shall average the 
particle energy change over all the possible realizations of the relative velocity of 
the particle and cloud:   

 

( ) ( ) 2122 cos2; uuvvw +−=−= ϕϕuvw ,                               (4.4.8) 
 

where ϕ is the angle between u and v. If χ is the azimuthally angle of projection of 
u on a plane perpendicular to v, then  
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where ( )ϕkE∆  is determined from Eq. 4.4.5 and  
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In this way we find the average particle energy change per single collision with a 
cloud 
 

( )
( )
( )
( )
( )

( )⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

>>

≥
+
−

≤
+

−

<<

+=∆=∆

.if32

,if
35

52

,if
35

52

,if32

2

2

22

222

22

222

2

2

uvmu

uv
uv

muvu

uv
vu

mvuv

uvmv

muEE

ac

ac

ac

ac

ack                  (4.4.11) 

 



504 CHAPTER 4  

 

The Eq. 4.4.11 implies an important conclusion which is at variance with the 
commonly accepted opinion that the energy gain in the statistical acceleration 
mechanism is owed to the difference between the frequencies of the head-on and 
overtaking collisions (the second term in Eq. 4.4.11). In the actuality the 
acceleration in the non-relativistic range is mainly (by more than 75%) owing to the 
difference between the energy loss and gain in the head-on and overtaking 
collisions (the first term in Eq. 4.4.11).  

The mean relative change of the kinetic energy may be obtained as  
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where 22umE acko = . Since in the studied energy range 2cmE ac≈ , then   
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It follows from Eq. 4.4.13 that in extreme cases  
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The energy change in time averaged over all possible collisions will be determined 
by the relation 
 

( ) ( )∫ ∫∆=
π π

ϕϕϕνϕχ
π
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Here the frequency of particle collisions with magnetic clouds is 
 

( ) ( ) λϕϕν w= ,                                     (4.4.16)  
 



COSMIC RAY ACCELERATION IN SPACE PLASMAS 505 

 

where λ is the particle transport path for collisions with clouds (e.g., if l is the 
characteristic size of clouds, 3−= dNcl  is the clouds concentration, d is the mean 
distance between clouds, then 23 ld≈λ ). Taking into account Eq. 4.4.8 we obtain 
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or, after expressing the velocities v and u in terms of kE  and koE , we find that 
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Let the particles be accelerated from some initial energy kiE  at the instant 0=t . 
Consider first the case in which koki EE < . In this case we obtain from Eq. 
4.4.18 for the energy range kok EE < , i.e. the time interval 10 tt ≤≤   
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The following relation between kE  and t will be obtained from Eq. 4.4.18 in the 
energy range kok EE ≥ , i.e. for the time interval 1tt ≥  
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In the energy range kok EE >>  it follows from Eq. 4.4.21 that 
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It should be noted that the Eq. 4.4.22 may be used in approximate calculations over 
the entire energy range since the term with arctg in Eq. 4.4.21 varies comparatively 
little, namely from 0 at kok EE =  to 0.187 at kok EE >> .  

If a particle starts being accelerated at the instant t = 0 from the initial 
energy koki EE ≥ , the law of change in kE  with time t will be determined by the 
relation 
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or, for the energy range kok EE >> : 
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The Eq. 4.4.24 may be used over practically the entire energy range since the term 
with arctan in Eq. 4.4.21 varies comparatively little, namely from 0 at kok EE =  to 
0.187 at kok EE >> .  

The accelerated particle spectrum will be determined using the particle 
acceleration time distribution (see Eq. 4.4.6); then it follows from Eq. 4.4.24 that 
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The spectrum described by Eq. 4.4.25 may be presented in the form  
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where 
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4.4.2. Relativistic case 

Let us lift the limitation v << c (but meet the condition u << c). If in the 
laboratory coordinate system the particle velocity prior to collision is v and the 
cloud velocity is u, then in the coordinate system related to the cloud for the particle 
velocity prior to collision we obtain  
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In the same coordinate system, after reflection from the cloud, the longitudinal 

(along the cloud front) component of particle velocity will not change, whereas the 
sign of the transverse component will reverse. If, after that, the laboratory 
coordinate system is used, we obtain 
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where the terms of order higher than 2cvu  are neglected. Let us find now the 
relative change of the particle energy in a single collision:   
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where it has been taken into account that 
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and where the terms of order higher than 22 cu are neglected. Substituting Eq. 
4.4.31 in Eq. 4.4.29, we shall obtain, within the same accuracy, the expression 
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where ( )uvuvarccos=ϕ  is the angle between v and u. Eq. 4.4.32 coincides with Eq. 
4.4.18 obtained for non-relativistic case. Since in the relativistic case the relative 
velocity of particle and cloud is 
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the relative change in particle energy averaged over all possible angles between v 
and u will be  
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where ( )ϕE∆  is determined by Eq. 4.4.32 and the distribution function of collision 
frequencies ( )ϕν  is 
 

( ) ( ) ( ) ( ) ( )2cos1; cuvw ϕλϕλϕλϕϕν −== .                    (4.4.35) 
 
Since the non-relativistic case was analyzed in detail in Section 4.4.1, only the case 
v >> u will be considered below. From Eq. 4.4.35 follows that  
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and from Eq. 4.4.34 we obtain (including Eq. 4.4.32, 4.4.33, 4.4.35, and 4.4.36): 
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This result coincides with that obtained for non-relativistic case (compare with Eq. 
4.4.14 at 22umEE ackok =>> ). According to Eq. 4.4.37 only 25% of the energy 
gain is caused by the difference in the frequencies of particle collisions with clouds; 
75% of energy gain is caused by the systematical small gain energy which does not 
depend from ϕ and which was neglected in original variant of statistical 
acceleration mechanism (Fermi, 1949) as well as in many subsequent papers of 
other authors. 

Thus, the effect of a systematic small excess of energy gain over energy loss in 
each collision, when averaged over all possible angles between u and v, is of main 
importance to the statistical energy gain by a particle - not only in the low-energy 
range (see Section 4.4.1) but also at relativistic energies.  

Now let the particle energy change in time be found: 
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where the frequency of particle collisions with clouds ( ) ( ) ( )ϕλϕϕν w=  was 
determined by Eq. 4.4.33 and 4.4.35. Here ( )ϕw  is the velocity of particle relative 
to the cloud, and ( )ϕλ  is the particle transport path. In Eq. 4.4.38 we show 
separately two parts of the energy gain (the same 25% and 75%) caused 
correspondingly by differences in frequencies of collisions and by small but 
systematic energy gain. Integrating over Eq. 4.4.38 with the initial condition iEE =  
at 0=t , we obtain for relativistic particles ( cv ≈ ): 
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where the last expression is valid if the parameter of acceleration λα cu 38 2=  does 
not change with time during the particle’s acceleration. Using the particle 
distribution determined by Eq. 1.1.6 over the age t from the acceleration onset and 
including the relations 
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we shall obtain for the accelerated particle spectrum 
 

( ) λτγγ cudEEdEEn 381; 2+=∝ − .                      (4.4.41) 
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It is of importance to emphasize that in the relativistic case considered the particle 
energy gain and the generation of the spectrum are also mainly accounted for not by 
the difference in the frequency of the head-on and overtaking collisions (this 
concept is widely used in the literature) but by the effect of the systematic 
difference in the particle energy gain and loss in each particle collision with clouds, 
namely, the relative importance of the former phenomenon as compared with the 
latter is determined by a factor of 1:3.  
 
4.5. Statistical acceleration of particles during the variations in the 
acceleration mechanism parameters as particles gain energy 
 
4.5.1. The expected variations of the acceleration mechanism parameters 
as a particles gain energy   

It was assumed above that the parameters λ, u, and τ are the constants 
independent of time. This is, however, is not the fact of reality, even in the 
stationary case. The fact is that, as the particle energy increases, the properties of 
the magnetic inhomogeneities (size, magnetic field intensity, velocity of motion) 
involved effectively in scattering and energy change of the particle vary; therefore, 
the effective values of λ and u will vary with changing of E. As it follows from the 
results presented in Chapter 1 (Section 1.9), it should be expected that over a wide 
energy range  

 
( )βλλ ii EE= ,                                        (4.5.1) 

 
where iλ  is the transport path at particle energy of injection iE , and it is most 
probable that 10 ≤≤ β . Only at very high E, when the Larmor radius of the 
accelerated particles exceeds the largest scale of inhomogeneities, 2→β . 
Generally speaking, the specific value of the parameter β is a function of the 
magnetic inhomogeneity spectrum and the nature of the fields in the 
inhomogeneities (see Section 1.9). As to the inhomogeneity velocity u, it should 
increase with increasing λ (for example, in case of developed turbulence 32λ∝u ). 
Since according to Eq. 4.5.1 λ is a power function of E, we shall assume that 
 

( )δii EEuu = ,                                             (4.5.2)  
 

where iu  is the velocity of movement of the inhomogeneities ensuring the effective 
scattering of the particles with energy iE  (in the case of developed turbulence of 
Kolmogorov type 32βδ = ). If τ in Eq. 4.2.7 is determined by diffusive escaping 
from the acceleration region with effective size L, then 
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,                               (4.5.3) 

 
where iii vL λτ 22=  is the mean lifetime of particles with energy iE  and velocity 

iv  in their source. It follows from Eq. 4.5.3 that the effective time of particle 
acceleration in the source decreases with increasing the particle energy E. 
 
4.5.2. The mode of particle energy change and formation of the spectrum 
in the non-relativistic range for the statistical acceleration mechanism 
including the dependence of λ and u on energy.  

Let it be assumed that the dependences determined by Eq. 4.5.1, 4.5.2, and 
4.5.3 are also valid for kE , i.e. in the non-relativistic energy range where these 
dependences may be written in the form 
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where iλ , iu , and iτ  are respectively the transport scattering path, the velocity of 
scattering inhomogeneities, and the mean time living of particles in the acceleration 
source at kinetic energy of ejection kiE . Then instead of Eq. 4.4.18 we shall obtain 

at 22umE ack >> : 
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Let us examine the following cases.  
(1) The case 2δ − 1 = 0. Including the initial condition kik EE =  at t = 0, and 

21≠β , we shall then obtain 
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If β < 1/2 then  
 

( )
12

2 5
1212

2
3at

−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+−→∞→

ki

aci
kiac

i

i
k E

muEm
u

tE βλ .                  (4.5.7) 



512 CHAPTER 4  

 

It should be taken into account, however, that the result described by Eq. 4.5.7 is 
only formal and is not realistic, because Eq. 4.4.18 and hence Eq. 4.5.6 are valid for 
only non-relativistic energies and that one should use Eq. 4.4.38 for the range of 
sufficiently high energies. In order to find the spectrum of accelerated particles at 

21<β  one should take into account the particle distribution over t according to 
Eq. 4.2.7, the dependence of τ on kE  according to Eq. 4.5.4, and that, according to 
Eq. 4.5.6,   
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In such a way we shall obtain that 
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If β > 1/2, then we shall obtain instead of Eq. 4.5.6: 
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It can be easily seen that in this case, at first at 1tt << , where 
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the particle energy increases very slowly:  
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and, after that at 1tt >> , it increases as 
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The accelerated particle spectrum at β > 1/2 will be determined by the Eq. 4.5.10 
found above.  

If β = 1/2, then, after integrating Eq. 4.5.5 at 2δ = 1 and the initial condition 
kiotk EE == , we shall obtain  
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The accelerated particle spectrum at β = 1/2 will be found, using the distribution 
described by Eq. 4.2.7 over the times of particle t acceleration in the source and the 
dependence of the mean lifetime τ on kE  (see Eq. 4.5.4). The spectrum found of 
the accelerated particles may be presented in the form of Eq. 4.2.9, i.e. 

( ) γ−∝ kk EEn , but with a variable power exponent 
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In the moderate-energy range  
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the exponent 2≈γ . At 3, == γkck EE , where kcE  is determined by Eq. 4.5.17, 
and then γ increases rapidly with increasing kE  as kck EE+= 2γ .  

(2) The case 2δ − 1 > 0. In this case at ( ) ( )121225
−
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acikik muEE  we shall 
obtain 
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The accelerated particle spectrum will be in the form 
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If ( ) ( )121225
−

>>
δδ

acikik muEE , then 
 

( ) ( )
( )2341

23

234

15
282341

−−−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −−−=

βδ

λ
βδ

kii

aci
kik

E
tmuEtE ;                  (4.5.20) 

 
and for differential density spectrum of accelerated particles inside the source we 
obtain 
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(3) The case 2δ − 1 < 0. Here, at ( ) ( )121225
−

<<
δδ

acikik muEE  we shall obtain for 
( )tEk  and ( )kEn  the expressions coinciding with Eq. 4.5.20 and 4.5.21 respectively. 

If, however ( ) ( )121225
−

>>
δδ

acikik muEE  we shall obtain for ( )tEk  and ( )kEn  the 
expressions coinciding with Eq. 4.5.18 and 4.5.19, respectively.  
 
4.5.3. Particle acceleration and formation of the spectrum in relativistic 
energy range including the variations in the parameters λ and u with total 
particle energy E increasing  

In the relativistic case we shall use Eq. 4.4.38. Substituting Eq. 4.5.1 and Eq. 
4.5.2 in Eq. 4.4.38, we obtain  
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βδ

βδ

λ −

+−
= 22

122

3

8

ii

i

Ec

vEu
dt
dE .                                          (4.5.22) 

 
Since the non-relativistic energy range was examined above, we shall analyze here 
the ultra-relativistic case where it may be assumed that cv ≈ . In this case it follows 
from Eq. 4.5.22 that 
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c
tu

ctu

EtE .             (4.5.23) 

 
Examine separately the cases where 02 =− βδ  and 02 ≠− βδ .  
 
(1) The case 2δ − β = 0. In this case, at 1242 <<Ecmac  it follows from Eq. 4.5.22 
that the acceleration parameter  
 

const38 2 === iii cu λαα ,                                       (4.5.24)  
 
i.e. the relative rate EE∆  of particle energy gain will be constant. Here, using Eq. 
4.2.7 and taking account of Eq. 4.5.3, we shall obtain an expression of the form Eq. 
4.2.9, i.e. ( ) γ−∝ EEn , but with the power exponent being a function of E:  
 

( )
ii

iEE
τα

γ
β

+= 1 .                                     (4.5.25) 

 
Thus, in this case the spectrum may be described by a power law with variable 
exponent γ increasing with particle energy (if β > 0). It can be easily seen that at 

0→β  the Eq. 4.5.25 for γ turns out to be Eq. 4.2.9 but with higher parameter of 
acceleration α.   
 
(2) The case 2δ − β # 0. If 2δ − β # 0 then, according to Eq. 4.5.23 and using the 
notations of Eq. 4.5.24 we obtain 
 

( ) ( )( ) ( )βδβδα −−−−= 2121 tEtE ii .                              (4.5.26) 
 

Since in this case  
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( ) ( )[ ] ( ) ( ) ( )
iiiii EEEdEdtEEt αβδα βδβδ 122 ,21 +−−−− =−−= ,    (4.5.27) 

 
we shall obtain for the accelerated particle density differential energy spectrum 
inside the source using Eq. 4.5.3: 
 

( ) ( ) ( ) ( ) ( )( ) ( )( )[ ].21exp 12221 −−−−+− −−−∝ βδταβδββδ
iiii EEEEEEn .  (4.5.28) 

 
It can be easily seen that when 02 →− βδ , the Eq. 4.5.28 turns out to be a power 

spectrum of the form ( ) γ−∝ EEn , where γ is determined by the Eq. 4.5.25. 
If 2δ − β > 0, then in accordance with Eq. 4.5.26 and Eq. 4.5.28 the rate of 

the particle energy gain will be more rapid and the generated spectrum at iEE >>  
will be the product of the power function γ−E  with δβγ 221 +−=  by an 

exponential function of the form ( ) ( )( )[ ].2exp 1−−− βδταβ
iiiEE . The exponential 

factor will result in the spectrum cutoff on the high energy side at 
( )( ) ββδτα 12 −≥ iiiEE .  

If 2δ − β < 0, then in accordance with Eq. 4.5.26 and Eq. 4.5.28 the rate of 
the particle energy gain will be rather slower than exponential, while the spectrum 
at iEE >>  will be expressed as the product of a power function of the form γ−E  
with exponent δβγ 221 +−=  by the exponential factor 

( ) ( )[ ]δβταδβ 2exp 22 −− −
iiiEE . The spectrum cutoff on the high energy side is 

expected at ( )( ) ( )δβδβτα 2212 −−≥ iiiEE . 
 

4.5.4. The nature of the constraint of the accelerated particle’s energy  
It follows from the expressions presented above for the rate of particle energy 

gain that an infinite increase in particle energy with time should be expected in all 
cases. For example, in the cases described by the Eq. 4.2.9 and 4.5.25 at β = 0, 

∞→E  exponentially as ( )tαexp  with time t. In the case ∞→>− E,02 βδ within 

a finite time ( )( ) 12 −−= βδαit . In the case ∞→<− E,02 βδ  as ( )δβ 21 −∝ t . 
Actually, however, these conclusions are erroneous.  

The fact is that any source always comprises some maximum scale of 
inhomogeneities, the effective scattering by which corresponds to some particle 
energy crE . If maxl  and ( )maxlH  are the effective size and the mean intensity of 
the magnetic field in inhomogeneities of the largest scale, then  

 
( )maxmax lHZelEcr ≈ .                                           (4.5.29) 

 
The value of crE  can be reached in the case described in Section 4.2 at  
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( ) αicrcr EEt ln≈ ;                                        (4.5.30) 
 

in the case described in Section 4.5.3 for βδ −2 > 0 
 

( ) ( )( ) ( )βδαβδ −−≈ −− 21 2
iicrcr EEt ;                          (4.5.31)  

 
and in the case described also in Section 4.5.3 but at βδ −2 < 0 
 

( )( )( ) ( )δβαδβ 21 2 −+≈ −
iicrcr EEt .                          (4.5.32)  

 
Consider, for example, the acceleration up to high energies under the 

condition of constancy of the acceleration parameter, i.e. that βδ −2  = 0. It can be 
easily seen that the condition βδ −2  = 0 cannot be satisfied once crEE ≈  is 
reached. In fact, as was shown in Section 1.9, for any type of magnetic 
inhomogeneities, when the condition crEE ≥  is satisfied the transport scattering 

path should increase with energy as 2E∝λ  or even more rapidly, i.e. it is explicit 
that 2≥crβ . On the other hand, since inhomogeneities exceeding the maximum 
scale are absent, it must be that const≈cru , i.e. 0≈δ  for the energy range 

crEE ≥ . Thus at crEE ≥  it is explicit that 02 <− βδ ; here, however, we obtain 
the case 02 ≠− βδ  described above and the energy gain rate at crEE ≥  will be 
determined, according to Eq. 4.5.26, by 

 
( )( ) crcrcrcrcr ttEE ββα 11 −+≈ .                          (4.5.33)  

 
Here crE  is determined by Eq. 4.5.29, crt  is determined by Eq. 4.5.30 and  
 

crcrcr cu λα 2= ,                                    (4.5.34) 
 

where crλ  is transport path of particles with energy crE . In accordance with Eq. 
4.5.28 the particle spectrum at crEE ≥  will be determined by the expression 

( ) ( ) ( ) ( )( )( ){ }112 1exp −−
> −−∝ crcrcrcrcrcrEE crcrcr

cr EEEEEEEn βταβββ ,  (4.5.35) 

 
where crcr cL λτ 22≈  is the mean lifetime of particles in their source with energy 

crE . It follows from Eq. 4.5.35 that an abrupt cutoff of the spectrum should take 

place at ( ) crcrcrcrcrEE ββτα 21≥ . The same will also take place at 02 ≠− βδ . 
Once the particle energy reaches the value E = crE  determined by Eq. 4.5.29, the 
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energy gain rate and the accelerated particle spectrum will be expressed at E > crE  
by the Eq. 4.5.33 and 4.5.35; in these relations, however, crt  will be determined 
from Eq. 4.5.31 in case 02 >− βδ  and by Eq. 4.5.32 in the case 02 <− βδ . 
 
4.6. Formation of the particle rigidity spectrum during statistical 
acceleration  
 
4.6.1. General remarks and basic relations   

The mode of particle motion in magnetic fields is determined by particle 
rigidity 
 

ZecpR = ,                                                 (4.6.1) 
 

where p is the momentum and Ze is the charge of particle. It is of interest, therefore, 
to determine how the particle rigidity varies in time during the acceleration 
processes and what is the generated spectrum of the accelerated particle rigidity. 
This can be done on the basis of the relations obtained in Sections 4.2 - 4.5 using 
the relativistic expressions determining the relationship between E, dE and v with R 
and dR: 
 

( ) ( )

( ) (4.6.2),
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ZecAmRRcv

dRZecAmRZeRdEZecAmRZeE

p

pp
 

where pm  is the proton mass; for nuclei A is the atomic weight ( pac Amm = ); for 

electrons 41045.5 −×=A ).  
Let the spectrum and motion of inhomogeneities be such that the effective 

values of λ and u depend on R over a sufficiently wide range of rigidities as  
( ) ( )δβλλ iiii RRuuRR == ; ,                              (4.6.3) 

 
where iλ  and iu  are respectively the transport scattering path and the chaotic 
velocity of inhomogeneity motion which are effective for particles with rigidity iR . 
Then, taking into account Eq. 4.6.2 and 4.6.3 we shall obtain for the mean time of 
particle acceleration in the source: 
 

( ) ( ) ( ) ( ) ,
21222

212221
−

+− ⎟
⎠
⎞

⎜
⎝
⎛ +⎟

⎠
⎞

⎜
⎝
⎛ += ZecAmRZecAmRRR pipii

βττ       (4.6.4) 
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where iii vL λτ 22=  is the mean time of acceleration in the source of particles with 

rigidity iR ; here the particle’s velocity ( ) 21222
−
⎟
⎠
⎞

⎜
⎝
⎛ += ZecAmRcRv piii . 

 
4.6.2. Non-relativistic range; λ and u are independent of R  

If ZecAmR p
2<<  it follows from Eq. 4.6.2 that 

 
( ) ( ) 22222 ;;2 cAmZeRcvcAmRdRZedEcAmZeRE ppkpk === .   (4.6.5)  

 
Then for the non-relativistic range Eq. 4.6.3 will remain unchanged, and Eq. 4.6.4 
will turn out to be 
 

( ) 1−= ii RRττ .                                                     (4.6.6) 
 
Substituting Eq. 4.6.5 in Eq. 4.4.18 we shall obtain 
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where  

ZecuAmR po =                                         (4.6.8) 
 

is the rigidity of particles with velocity u.  
If oi RR <  (i.e. uvi < ), then, after integrating Eq. 4.6.7 at the initial condition 

it RR ==0  we shall obtain 
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where 
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The Eq. 4.6.9 seems to be rather cumbersome for further analysis. Within a relative 
error of less than 0.1, it follows from Eq. 4.6.9 that 
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where  
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= 221
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oi RRu
t λ .                               (4.6.12) 

 
It follows from Eq. 4.6.11 that the particle rigidity must rapidly (within time 1t ) 
increase from iR  to oR ; the time 1t  is a weak function of iR , namely it varies 
from ( )uλ192.0  at oi RR = 0 to ( )uλ134.0  at oi RR = 0.5, and to ( )uλ058.0  at 

oi RR = 0.8. Further, the particle’s rigidity increase is directly proportional to t 
(see Eq. 4.6.11).   

If, however, oi RR ≥  (i.e. uvi ≥ ), then, after integrating Eq. 4.6.7, we find that 
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whence approximately   
 

λ38 oi utRRR +≈ .                                     (4.6.14) 
 
The accelerated particle spectrum will be found from Eq. 4.2.7 and Eq. 4.6.14 in 
the case where τ  is independent of R in the form 
 

( ) ( )( )τλ oi uRRRRn 83exp −−∝ .                    (4.6.15)  
 

If, however, the expected variations of τ with R (even at constant λ and u) are taken 
into account according to Eq. 4.6.6, then 
 

( ) ( )( )τλ oii RuRRRRRn 83exp −−∝ .                     (4.6.16)  
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The spectrum determined by Eq. 4.6.6 exhibits a peak maximum at  
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τ iioii RuRRRR                                (4.6.17) 

 
and may be presented at high values of R in the power form ( ) γ−∝ RRn with the 
exponent γ increasing with R   
 

( ) 1823 −−= ioii RuRRRR τλγ .                     (4.6.18)   
 
4.6.3. Non-relativistic case; λ and u are functions of R  

In this case, according to Eq. 4.6.4, in the non-relativistic range we obtain at 
ZecAmR p

2<< : 
 

( ) ( )1+−= βττ ii RR .                                       (4.6.19) 
 

Substituting Eq. 4.6.3 in Eq. 4.4.18 and considering Eq. 4.6.5 we shall find the 
following equation determining the variations in the particle rigidity R with time t 
of particle acceleration:  
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dx  (4.6.20) 

 
where the designations 
 

ZecuAmRRRxRRx ipoioiiioi === ;;                    (4.6.21) 

have been used. The physical meaning of oiR  and its relationship with iR  are as 
follows: oiR  is the rigidity of particles with the velocity iu  of the magnetic 
inhomogeneities which effectively scatter the particles with rigidity iR . In turn,  
 

iiii uvxuvx == ; .                                          (4.6.21a) 
 
It can be easily seen that if 0== βδ , the Eq. 4.6.20 turns out to be Eq. 4.6.7. 
Consider the various possible cases.  

 (1). The case δ = 0, β  ≠ 0. Here we shall obtain instead of Eq. 4.6.20: 
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If ZecuAmR ipi <  (i.e. if ix < 1) the integration of Eq. 4.6.22 in the region x <1 
gives   
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It follows from Eq. 4.6.23 that within a short time 
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a particle gains rigidity ZecuAm ip , i.e. x = 1. We shall consider, therefore, the 
particle acceleration at ZecuAmR ipi ≥  (i.e. when 1≥ix ). It then follows 
approximately from Eq. 4.6.22: 
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Since according to Eq. 4.6.25 
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then taking account of Eq. 4.2.7 and Eq. 4.6.19 we shall obtain for the particle 
rigidity spectrum 
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The spectrum determined by Eq. 4.6.27 exhibits a peak maximum at 
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The Eq. 4.6.27 may be presented in the form of the power function ( ) γ−∝ RRn  
with the variable power exponent 
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(2). The case δ = 1, β is arbitrary. Since in this case ( ) 01 =−− δδ
ix  and x is 

always ≥ 0, we shall obtain instead of Eq. 4.6.20: 
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After integrating Eq. 4.6.30 from the initial value, we shall obtain  
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If 1≠β , we shall find from Eq. 4.6.31 that  
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Whence, including Eq. 4.2.7 and Eq. 4.6.9, we obtain for the expected rigidity 
spectrum:   
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It can be seen from Eq. 4.6.33 that if β > 1 then at iRR >>  the accelerated particle 
spectrum may be presented in the form  
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i.e. the accelerated particle density in the source should exhibit a peak maximum at 
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When the spectrum described by Eq. 4.6.34 is presented in the power form 

( ) γ−∝ RRn , the variable power exponent γ will be determined by the expression 
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If β < 1 then at iRR >>  the accelerated particle spectrum in the source will be 
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whence 
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When the condition 
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is satisfied, the spectrum described by Eq. 4.6.38 exhibits a peak maximum at 
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Let it now be assumed that β = 1; then it follows from Eq. 4.6.31 that  
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whence, considering Eq. 4.2.7 and Eq. 4.6.19, we shall obtain the rigidity spectrum 
of accelerated particles in the power form ( ) γ−∝ RRn , but with the variable 
exponent   
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It can be seen from Eq. 4.6.42 that when the condition 
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is satisfied the accelerated particle spectrum exhibits a maximum peak at  
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If, however, the condition Eq. 4.6.43 is not satisfied, then already from iRR =  the 
spectrum will descend with ever increasing power exponent γ.  
(3) The case 0 < δ < 1; β is arbitrary. It will be assumed that ix < 1 (i.e. oii RR < ). 

Since in the case examined ( ) 01 >− δδ  the value of ( )δδ −− 1x  > 1. Therefore the 

acceleration will take place first from ixx =  to ( )δδ −−= 1
ixx  according to Eq. 

4.6.20 for ( )δδ −−≤ 1
ixx , and then up to high values also according to Eq. 4.6.20 but 

for ( )δδ −−≥ 1
ixx . The value of ( )δδ −−= 1

ixx  is attained within a time  
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Since 1<ix  we shall, as a first approximation, neglect the second and third term in 
comparison with the first term in the denominator of the integrand in Eq. 4.6.45; 
the resultant expression is  
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It follows from Eq. 4.6.46 that at 1<<ix  (when the assumption adopted is at its 
most accurate) 
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The acceleration process in the examined time interval from 0 to 1t  (i.e. in the 

rigidity range of from iR  to ( ) ( )δδ −− 1
oiioi RRR ) can be described by the relation 
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In the abovementioned rigidity range from iR  to ( ) ( )δδ −− 1
oiioi RRR  the 

generated spectrum will, according to Eq. 4.2.7 and Eq. 4.6.19, be of the form 
 

( )

( ) ( )( )
( ) ( )

( ) ( )

( ) ( )( )
( ) ( )

⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪

⎨

⎧

<−+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−−
−−

=−+

>−+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−+
−−

∝

−

−−+
−

−

−

−++
−+

+

.032if
232

1exp

,032if

,032if
322

1exp

2

231
23

2

2

321
322

12

δβ
τβδ

λ

δβ

δβ
τδβ

λ

βδβ
δ

τ
λβ

δββ
δβ

β

oiiii

iii

u
RRRR

oiiii

iii

RRu
RRRRR

R

RRu
RRRRR

Rn ii
ioiii

 (4.6.49) 

 
At 1tt ≥  the acceleration will be determined by the Eq. 4.6.20 at ( )δδ −−= 1

ixx  

integration of which at initial condition ( ) ( )δδ −−
= = 1

1 oiioitt RRRR  gives 
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If iRR >>  it is possible in Eq. 4.6.50 to be limited to the first term; then the 
dependence  ( )tR  will be determined by the relations 
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where 1t  is determined by Eq. 4.6.46 and Eq. 4.6.47. It follows from Eq. 4.6.51 
based on Eq. 4.2.7 and including Eq. 4.6.19 that at iRR >>  the accelerated particle 
spectrum is 
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where 
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It will now be assumed that 1=ix  (i.e. oii RR = ). Then ( )δδ −− 1

ix  and the 
acceleration will be completely determined by the second expression in Eq. 4.6.20. 
If 1>ix  (i.e. oii RR > ) then, since in this case ( )δδ −− 1

ix  < 1, the acceleration will 
also be completely determined by the second expression in Eq. 4.6.20. Thus at 

1≥ix  and including the boundary condition it xx ==0  we obtain 
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Whence, similarly to Eq. 4.6.50, we have   
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It can be found from Eq. 4.6.54 at iRR >>  that 
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Whence, including Eq. 4.4.7 and Eq. 4.6.9,  
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It follows from (4.6.56) at 012 =+− δβ  that the accelerated particle spectrum 
exhibits a peak maximum at 
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The spectrum may be presented in the power form ( ) γ−∝ RRn , but with the 
variable exponent   
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If 122 +− δβ = 0 the spectrum exhibits a peak maximum, according to Eq. 4.6.56, 
at 
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4.6.4. Relativistic range; λ and u are independent of R   

Substituting Eq. 4.6.2 in Eq. 4.4.38, we obtain 
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where the following denomination has been inserted for the sake of brevity: 
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Integrating Eq. 4.6.60 from iRR =  at t = 0, we find  
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It follows from Eq. 4.6.62 that 
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whence including Eq. 4.2.7 and Eq. 4.6.4 at β = 0,   
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Consider individual cases.  
 
(1). The case 1RR <<  (and hence 1RRi << ). Here we obtain from Eq. 4.6.62: 
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Taking account of Eq. 4.2.7 and Eq. 4.6.4 at β = 0, we shall find the following form 
of the accelerated particle spectrum in the source:  
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The spectrum described by Eq. 4.6.67 may be presented in the power form 
( ) γ−∝ RRn  with the variable exponent  
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It can be seen from Eq. 4.6.67 that the described spectrum exhibits a peak 
maximum (when γ = 0) at 
 

21
1

22
max 164 ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
++=

λ
τ
c

RRuRRR iiii .                                (4.6.69) 

 
(2) The case 1RR >> , 1RRi >> . In this case we obtain from Eq. 4.6.62:  
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whence it follows for the accelerated particle spectrum in the source taking account 
of Eq. 4.2.7 and Eq. 4.6.4 at β = 0 (in this case iττ = ) that ( ) γ−∝ RRn , where 
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(3) The case 1RR >> , 1RRi << . In this case, the particles are accelerated from 
non-relativistic up to ultra-relativistic energies. Here we obtain from Eq. 4.6.62: 
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In the case examined it follows from Eq. 4.6.4 at β = 0 that 
 

1RRiiττ =                                        (4.6.73) 
 

whence we obtain for the accelerated particle spectrum in the source taking account 
of Eq. 4.2.7  that ( ) γ−∝ RRn , where 
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4.6.5. Relativistic range; λ and u are functions of R  

Substituting Eq. 4.6.2 and Eq. 4.6.3 in Eq. 4.4.38, we find  
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where iR  is the rigidity of injected particles (at t = 0); iu  is the velocities of the 
inhomogeneities effectively scattering the particles with rigidity iR ; iλ  is the 
transport scattering path of such particles; 1R  is determined by Eq. 4.6.61. 
Integration of Eq. 4.6.75 gives  
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Consider individual cases.  
 
(1) The case 1RR <<  (and hence 1RRi << ). Here it follows from Eq. 4.6.76 that  
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Since in this case 
 

⎪⎩

⎪
⎨
⎧

=+−

≠+−
∝

−

−

012 if,

012if,
1

2

δβ

δβδβ

dRR

dRR
dR ;   ( ) ( )1+−= βττ ii RR ,           (4.6.78) 

 
we shall obtain, in accordance with Eq. 4.4.7, for the accelerated particle spectrum: 
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It follows from Eq. 4.6.79 that at 012 =+− δβ  the spectrum will be of power 
form only if 0;01 ==+ δβ . Here it follows from Eq. 4.6.76 that 
 

( )( ) ( )

( )⎪⎩

⎪
⎨
⎧

=−

≠−−+×=
−

.02 if2exp

,02if221
2

212

δβλ

δβλδβ
δβ

ii

ii
i

ctu

ctuRR            (4.6.80) 

 
If 02 ≠− δβ  then since it follows from Eq. 4.6.80 and Eq. 4.6.4 that 
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and including Eq. 4.2.7, we shall obtain for the rigidity spectrum of accelerated 
particles in their sources:   
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If, however, 02 =− δβ  we shall obtain ( ) γ−∝ RRn , where 
 

( ) β
τ

λγ
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−+= 1
2 2

ii

ii
u

RRc .                                 (4.6.83) 

 
(2) The case β − 2δ = 0. Since in this case the integral in the right hand side of Eq. 
4.6.76 coincides with Eq. 4.6.62, the relationship between R and t will be 
determined by the Eq. 4.6.63, and we shall obtain for ( )Rn , including Eq. 4.6.4, that  
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It follows from Eq. 4.6.84 that if 1RRi <<  (the acceleration starts from non-
relativistic energies), then in the ultra-relativistic energy range at 1RR >>  the 

spectrum takes the form ( ) γ−∝ RRn , where  
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In this case, if β > 1 the spectrum exhibits a peak maximum which reaches at  
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(3) The case β − 2δ = 1. In this case, after substituting z = cos(arctgy), we obtain 
from Eq. 4.6.6: 
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If 1RRi <<  (the acceleration starts from the non-relativistic energy) we shall obtain 
from Eq. 4.6.87 at 1RR >> : 
 

iii ctRuR λ22≈ ,                                                (4.6.88) 
 

whence, on the basis of Eq. 4.2.7 and including Eq. 4.6.4, we have 
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The spectrum described by Eq. 4.6.89 may be presented in the power form 

( ) γ−∝ RRn , where 
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It follows from (4.6.90) that if β > 0 the spectrum described by Eq. 4.6.89 exhibits 
a peak maximum at 
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4.7. Statistical acceleration by scattering on small angles  

In the above the statistical acceleration of particles in case of large-angle 
scatterings was considered. When treating the acceleration processes in the space 
plasmas, however, it is of great interest to consider also the small-angle scattering. 
First, we shall analyze the small- angle scattering (Section 4.7.1), then determine 
the energy change in an elementary scattering event (Sections 4.7.2−4.7.4), and 
finally, estimate the total energy change along the transport scattering path (Section 
4.7.5).  

 
4.7.1. Small-angle scattering  

The particles are scattered through small angles by magnetic clouds when the 
particle Larmor radius in inhomogeneities ρ ≥ l, where l is the characteristic scale 
of inhomogeneities. In this case the characteristic scattering angle of a particle with 
rigidity R is (see Section 1.8) 

 
Rhlrl L 300=≈θ ,                                      (4.7.1)  

 
where h is the magnetic field intensity in inhomogeneities.  

Let the energy change in an elementary scattering event be determined at first. 
The small-angle scattering also takes place during interactions of the particles with 
sufficiently high energies with inhomogeneities of types j = 1, 2, and 3 which are 
disturbances against the background of homogeneous field (considered in Chapter 1, 
Section 1.9). If in the Cartesian system x, y, z the homogeneous field ( )0,0,oH=oH , 
then the disturbance ( )( )0,,0 xh=h . In this case, according to Parker (1964), 
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where j = 0, 1, 2 is the type of inhomogeneity. The fields h(x) in inhomogeneities 
of types j = 1, 2, and 3 were shown in Fig. 1.8.4 in Chapter 1. In this case, 
according to Parker (1964) the scattering angle is 
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where l is in cm, R in V, and oH  in Gs. The mode of the dependence of θ on R for 
j = 1, 2, and 3 is shown in Table 1.8.1 (see Chapter 1, Section 1.8.6) and in Fig. 
4.7.1-4.7.3.  
 

 
 
Fig. 4.7.1. The scattering angle θ for different values of ratio oo Hh  (from 0.01 up to 1.0 
from bottom to the top) in dependence of lHRlr og 30022 =  for the scattering by 
inhomogeneities of type j = 1. 
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Fig. 4.7.2. The same as in Fig. 4.7.1 but for j = 2. 
 

 
 

Fig. 4.7.3. The same as in Fig. 4.7.1 but for j = 3. 
 



538 CHAPTER 4  

 

It can be seen from Fig. 4.7.1−4.7.3 that the scattering by inhomogeneities of 
types j = 1, 2, and 3 is characterized by a rapid decrease of θ both with increasing R 
(as 321 ,, −−− ∝∝∝ RRR , respectively, for inhomogeneities of types j = 1, 2, and 3, 
and with decreasing R when 130022 <= lHRlr oL  for j = 1, 8.03002 <lHR o  for j 
= 2, and 7.03002 <lHR o  for j = 3. The latter circumstance essentially differs the 
scattering by inhomogeneities of types j = 1, 2, and 3 from the scattering by 
magnetic clouds (in which at 2300 −∝> RlhR o θ , but at lhR o300≤  the angle θ ≥ 1 
and the value of θ is practically independent on R at R→0). It follows from Eq. 
4.7.3 that for the inhomogeneities of types j = 1, 2, and 3 the scattering angle ( )Rθ  
exhibits a peak maximum at  
 

( ) ( )12150;123002 maxmax +=+= jlHRjlHR oo .                (4.7.4)  
 
According to Eq. 4.7.4 we obtain 707.0,816.0,13002 max =lHR o  for j = 1, 2, and 
3, respectively. The small angle scatterings seem to be fairly frequent in the space; 
in particular, they will also take place during charged particle interactions with the 
plasma pulsations and the disturbances of various types (see in more detail in 
Chapters 1 and 2). It is obvious that the smaller the scattering angle θ is smaller the 
change of particle energy E∆ (in the extreme when 0→θ , it should be that 

0→∆E ).  
 
4.7.2. Energy gain in head-on and overtaking collisions in non-relativistic 
case for small angle scatterings 

In order to estimate the mode of energy change for small angle scattering, we 
shall examine first the simplest example, namely a head-on collision of non-
relativistic particle with magnetic cloud (see Fig. 4.7.4).  
 

 
 
Fig. 4.7.4. A scheme of determination of the particle velocity change during non-mirror 
interactions for head-on collisions.  
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Let the cloud velocity be u, the particle velocity v, and vu ↑↓ . Fig. 4.7.4 shows 
the vectors OA = u, OB = v, and uBC −= . In a coordinate system related to the 
cloud the particle velocity will be 
 

 OC = =cv  v − u;   ( ) πϕϕ =−+= ;cos2
2122 vuuvcv .                    (4.7.5)  

 
In this coordinate system the particle energy fails to vary, and as a result of 
scattering, the particle velocity vector will turn through angle θ so that 
 

OD = =c'v  v – u + b;       cc vv ='                                              (4.7.6)  
 

is the particle velocity vector after scattering in the coordinate system related to the 
magnetic cloud. In Eq. 4.7.6  
 

b = CD;   ⎥b⎜ = 2⎥v–u⎜sin(θc/2),                                             (4.7.7)  
 

where θc = ∠COD, i.e. the angle between vectors cv  and c'v  (scattering angle in 
the coordinate system related to the magnetic cloud). Since the magnetic field in 
the cloud may be arbitrarily oriented, the scattering vector b rotates around the OC 
axis and circumscribes a cone surface. After scattering in the coordinate system of 
the cloud the velocity vector OD will circumscribe a similar cone around the OC 
axis. Now we shall again use the laboratory coordinate system, i.e. we shall add the 
vector OA to the vector OD; as a result we shall obtain for the particle velocity 
vector 'vOD'=  after scattering in the laboratory system: 
 

'v  = v – u + b + u = v + b.                                             (4.7.8)  
 

It can be seen from the scheme in Fig. 4.7.4 that the angle between the vectors v 
and b is   
 

22
' cOBD θπ −=∠ ,                                                   (4.7.9)  

 
whence we find on taking into account of Eq. 4.7.7: 
 

( ) ( )2sin42 222222
cuvuvbv θ++=++= vbv' .           (4.7.10) 

 
Since 2cmE ac≈  it follows from Eq. 4.7.10 that 
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Similarly, for overtaking collision ( )uv ↑↑  we obtain (in this case 0=ϕ ): 
 

( ) ( )
2

sin2 2
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2
c

c
uvuEE θ+−=∆ − .                               (4.7.12) 

 
It can be easily seen that if πθ =c  then Eq. 4.7.11 and Eq. 4.7.12 turn out to be the 
corresponding expressions from Sections 4.2 and 4.3 for mirror reflection.  

From Fig. 4.7.4 can be seen that for small angle scattering the relation between 
scattering angle cθ  in the cloud coordinate system and scattering angle θ  in the 
laboratory coordinate system is 
 

( ) ( ).; uvvvuv cc +=+= θθθθ                                 (4.7.13) 
 
Substituting Eq. 4.7.13 in Eq. 4.7.11 and Eq. 4.7.12 we obtain 
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It is easy to see that at v >> u according to Eq. 4.7.13 ,θθ ≈c  and instead of Eq. 
4.7.14 we obtain 
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uvuEE +−=∆+=∆ −+              (4.7.15) 

 
4.7.3. Energy change in non-relativistic case for oblique collisions  

Consider now an oblique collision (see Fig. 4.7.5). Here, as in Fig. 4.7.4, the 
cloud velocity u = OA, the particle velocity in the laboratory coordinate system v = 
OB, the angle between u and v is ϕ = ∠AOB. 
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Fig. 4.7.5. A scheme of determination of the particle velocity change during non-mirror 
interactions for oblique collisions.  
 
Using the coordinate system related to the magnetic cloud we find the velocity of 
particle 
 

 ( ) .cos2;
2122 ϕvuuvcc −+=−== vuvvOC                   (4.7.16) 

 
In this coordinate system, particles are scattered through angle cθ  and, as a result, 
the vector OC is transformed into  
 

,';' 1111 cccc vvbvvOD =+==                        (4.7.17) 
 
and  
 

.';' 2222 cccc vvbvvOD =+==                        (4.7.18) 
 
Let us note that actually, the resultant vector circumscribes a cone around axis OC 
with half-angle cθ  of cone apex O. The scattering velocity vector b, which module 
determined by 
 

 ,
2

sin221
cθuvbbb −===                              (4.7.19) 

 
circumscribes the cone 21CDD  with the half-angle 22 cθπ −  of cone apex C (in 
this case the section of the cone by the plane running through vectors u and cv  is 
determined by the vectors 11 bCD =  and 22 bCD = ). Using again the laboratory 
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coordinate system we shall find the particle velocity vector after collision with the 
cloud:  
 

( ) ,cos2';'''
21

11
2
1

2
11111 θvbbvc ++=+=+== vbvuvvOD          (4.7.20) 

 

( ) 21
22

2
2

2
22222 cos2';''' θvbbvc ++=+=+== vbvuvvOD .      (4.7.21) 

 
where  
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3' 2211
cc BODBOD .      (4.7.22) 

 
In Eq. 4.7.22 
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It may be assumed that approximately  
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Substituting Eq. 4.7.19 in Eq. 4.7.20−4.7.21 and then in Eq. 4.7.24 and considering 
that at non-relativistic energies 2cmE ac≈  we shall obtain, after tedious 
trigonometric transformations, the relation  
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which differ from the corresponding relation for mirror reflection only in the factor 

( )2sin2
cθ . As it was shown in Section 4.7.2 at v >> u we obtain θθ ≈c , and Eq. 

4.7.23 will be transform into 
 

( ) ( )2
2

2
cos2sin2 uuv

cE
E +−=∆ ϕθ ,                           (4.7.26) 

 
where θ is the scattering angle in the laboratory system of coordinates. 
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4.7.4. Energy change in relativistic case   
In the relativistic case the mathematical operations of the previous Section 4.7.3 

are also valid with the only exception that it becomes necessary to include 
relativistic composition of velocities. Considering that u << c we shall obtain the 
following changes in Eq. 4.7.20, 4.7.21, 4.7.19, 4.7.23:  
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Taking into account that in the relativistic case 
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we shall obtain, after tedious transformations and neglecting the terms of higher 
orders than 22 cu , the expression coinciding with Eq. 4.7.26.  
4.7.5. The mode of particle energy change in time  

The mean change in the particle energy with time dtdE  for scattering through 
some angles θ is determined not only by the value of EE∆ in each collision event 

but also by the collision frequency ν. Since ( ) 123 −
∝ ldν  then 

( ) ( )2sin2123 θ
−

∝ lddtdE . On the other hand, in the models of magnetic clouds or 

inhomogeneities of type j = 1, 2, 3 the transport scattering path ( ) 223 θλ ld≈  at 
θ<<1. Thus at small scattering angles we shall obtain the expressions of Sections 
4.2−4.5 for dtdE , in which λ should be meant not as the path before collisions with 
magnetic clouds but as the particle transport scattering path. Since at large scattering 
angles the path before scattering with magnetic clouds coincides with the transport 
scattering path, we can draw the following important conclusion: the results of 
Sections 4.2−4.5 (and hence of Section 4.6, the statistical acceleration in particle 
rigidities) are valid not only for mirror reflections but also for statistical scatterings  
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through any angles; it is necessary only to understand λ in the expressions of 
Sections 4.2−4.5 and 4.6 as the transport scattering path of particles.   
 
4.8. Injection energy and the portion of the accelerated particles in 
the statistical mechanism   

The initial acceleration process takes place most frequently in the non-
relativistic energy range where the energy loss is of significance. It is the initial 
acceleration process that determines so called injection energy, i.e. the minimum 
energy from which the particle acceleration becomes possible. Detailed 
examination of the acceleration in the non-relativistic energy range makes it 
possible also to find the portion of the accelerated particles.  
 
4.8.1. Injection energy in the statistical acceleration mechanism  

Since the statistical acceleration mechanisms are characterized by a 
comparatively slow rate of energy gain, the various kinds of energy loss by the 
accelerated particles are very essential, especially in the first stages of acceleration. 
Let us consider the initial stage of acceleration (Dorman, 1959). The Eq. 4.3.5 in 
the non-relativistic energy range for the energy gain rate and analogues expressions 
in Sections 4.4−4.7, may be generalized in the form  

 

( ) kack
ac

k EcmE
dt

dE 22α=⎟
⎠
⎞

⎜
⎝
⎛ ,                                 (4.8.1) 

 
where acm  and kE  are the rest mass and the kinetic energy of the accelerated 
particle; ( )kEα  is the acceleration parameter including its dependence on kE . It 
will be assumed in accordance with Section 4.5 that in the non-relativistic energy 
range 

( ) ( ) βδαα −= 2kTEE kTk ,                                     (4.8.2) 
 

where Tα  is the acceleration parameter at kTEk =  (where T is the plasma 
temperature). On the other hand, the energy loss for collisions (the ionization loss) 
is  

ekace
k mEmLNeZ

dt
dE 24 1

42

ion
π−=⎟

⎠
⎞

⎜
⎝
⎛ ,                            (4.8.3) 

 
where the logarithmic term ≈1L  20 for the characteristic space conditions, Ze is the 
charge of the accelerated particle, eN  is the electron concentration in the medium; 

em  is the electron mass. It is obvious that the particle acceleration is possible only if  



COSMIC RAY ACCELERATION IN SPACE PLASMAS 545 

 

0
ion

≥⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛

dt
dE

dt
dE k

ac

k .                                         (4.8.4) 

 
Substituting Eq. 4.8.2 in Eq. 4.8.1 and comparing with Eq. 4.8.3, we find that the 
condition described by Eq. 4.8.4 is satisfied at kik EE ≥ , where  
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It can be easily seen that at βδ −2 = 0 and at a constant acceleration parameter we 
obtain the conventionally used expression for particle injection 
 

c
NZ

cm
LNeZE e

e

e
ki αα

π 2
91

42
1072 −×≈= .                            (4.8.6) 

 
If the initial energy of a particle kiko EE < , such particle cannot be accelerated. The 
acceleration will occur only for the particles with kiko EE > .  
 
4.8.2. The injection from background plasma: conditions for acceleration 
of all particles  

Let us consider different cases. 
 
The case 2δ−β = − 1. It can be seen from the comparison between Eq. 4.8.1 and 
Eq. 4.8.3 that in this case ( )ack dtdE  and ( )ionk dtdE  vary with kE  in a similar 
manner. Therefore, if  
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91
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ckT

NZ
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LNeZ e

e

e
T

πα ,                            (4.8.7) 

 
then 0→kiE  and all the plasma particles should be accelerated. If, however, the 
Eq. 4.8.7 is not satisfied then ( )ack dtdE  < ( )ionk dtdE  over the entire range of 
nonrelativistic energies and the acceleration proves to be impossible at 2δ−β = − 1.  
 
The case 2δ−β > − 1. If in this case Eq. 4.8.7 is satisfied then kTEki ≤ , which is 
also equivalent to the acceleration of all the plasma particles since in this case the 
particle acceleration condition Eq. 4.8.4 is satisfied from thermal energies. Since the 
overall heating of the plasma takes place in this case, T increases abruptly and the 
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acceleration conditions change; such a process, which is essentially non-stationary, 
takes place at high values of Tα .  
 
4.8.3. The injection from background plasma: quasi-stationary 
acceleration of a small part of the particles  

If the parameter Tα  (the acceleration parameter α at kTEk = ) is sufficiently 
small then kTEki >>  and only small portion of plasma particles are accelerated. In 
this case the ion distribution function varies little in time and the acceleration is 
close to a quasi-stationary process. In this case, as was shown by Gurevich (1960), 
the rate of generation of run-away particles dtdn  from background plasma, 
including in the acceleration process, will be (in 13 seccm −− ): 
 

( )( )kTENdtdn kio 4exp2 πνπ −= ,                      (4.8.8) 
 
where N is the concentration of ions ( 3cm− ) and oν  is the frequency of collisions 
( 1sec− ) in the background plasma. The Eq. 4.8.8 is valid in the case when the 
distribution function of background plasma particles is close to the equilibrium (i.e. 
the part of accelerated particles for the average time of acceleration is much smaller 
than the total number of particles in the background plasma. 
 
4.8.4. The problem of injection and acceleration of heavy nuclei from 
background plasma  

From Eq. 4.8.6 follows that the injection energy 2ZEki ∝ . It means that for 
heavy nuclei the injection energy will be sufficiently bigger than for protons, and in 
practice according to Eq. 4.8.8 the ratio of accelerated heavy nuclei number to 
contents in sources is expected to be much smaller than for protons. So the 
contribution of heavy nuclei to the total flux of accelerated particles expected to be 
negligible. However, the real situation is the opposite: in galactic CR the content of 
heavy nuclei relative to abundances in sources is much bigger than for protons (see 
review in Ginzburg and Syrovatsky, M1963; Dorman, M1963a, M1972, M1975a; 
Berezinsky et al., M1990; Schlickeiser, M2001; see also in Section 1.4 in Dorman, 
M2004, and very short information above, in Section 1.2). This serious 
contradiction was widely discussed in the literature after the first paper of Fermi 
(1949) on the statistical acceleration mechanism, where this problem was for the 
first time noted.  

To solve this problem Korchak and Syrovatsky (1959) take into account that if 
the temperature of background plasma is not too high, heavy ions are only one or 
two times ionized, so really the acceleration starts from the effective charge of heavy 
ion Z* = 1 or 2, and in this case, according to Eq. 4.8.4 and Eq. 4.8.5, the energy of 
injection will be about the same as for protons. With energy increasing the effective  
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charge of particle will also be increased, but during all processes of acceleration the 
energy gain will be bigger than ionization losses.  

Moreover, according to Korchak and Syrovatsky (1959), if the acceleration 
starts from velocities evv < , where ev  is the velocity of electrons of the 
background plasma, the value of the injection energy does not have a sense and 
practically all particles with these velocities will be involved in the acceleration 
process. Therefore from the condition 
 

22
eackcr vmE =                                           (4.8.9) 

 
may be found the critical value of the acceleration parameter crα , higher of which 
the injection threshold absent and particles are accelerated independence from their 
initial energy. In this case  
 

( ) ( )( ) AZpZA crcr
2*, αα = ,                             (4.8.10) 

 
where ( )pcrα  is the critical value of the acceleration parameter for protons. Let us 
account the loss of electrons (increasing Z*) by ion with increasing energy during 
its acceleration (Bore’s formula): 
 

( ) 31* ZvvZ o= ,                                           (4.8.11) 
 
where v is the velocity of accelerated ion, and oeo rmev 2=  (here or  is the classical 
radius of electron). After substituting Eq. 4.8.11 into Eq. 4.8.10 we obtain 
 

( ) ( )( )( ) AZvvpZA oecrcr
32*, αα = .                             (4.8.12) 

 
Because heavy ions of not very hot background plasma starts to accelerate from 
only single or double ionized (Z* = 1 or 2), for them crα  becomes smaller than for 
protons. Therefore, at the same initial ionization of background plasma is possible 
such parameter of acceleration α, that ions with big A will be accelerated 
independence from their initial energy, but the acceleration of protons will be 
depressed because of the high threshold of injection.  
 
4.9. Statistical acceleration in the turbulent plasma confined 
within a constant magnetic field 

As a rule the space plasma is turbulent and confined within a more or less regular 
magnetic field. Important studies of the turbulent acceleration mechanisms were  
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carried out in Lucke (1962), Tsytovich (1969), Schatzman (l969), Hall (1969) and 
others. The detail analysis of this problem was given by Tsytovich (I966c).  
 
4.9.1. The magnetic field effect on plasma turbulence  

The problem of the effect of large scale magnetic field on turbulent motion in 
an electro-conducting medium seems to be highly important to the problems of 
particle acceleration in such a medium and CR propagation. Without going into 
details of this complicated problem, we shall only note the work (Rädler, 1974) 
which considers the turbulent motions in homogeneous incompressible electro-
conducting medium in the presence of a magnetic field which is on the average 
homogeneous and stationary. Adopting the model in which the turbulence is owed 
to stochastic volume force, and assuming weak interaction between the motion and 
the magnetic field, Rädler (1974) develops a method for calculating the paired 
correlation tensor of the velocity field. Calculated as an example is such a tensor 
for homogeneous stationary turbulence that is isotropic and mirror-symmetric at a 
beam magnetic field. It has been found that: first, the field suppresses the 
turbulence, namely, the component parallel to the field that is smaller than the 
perpendicular component; second, the correlation length parallel to the field tends 
to exceed the perpendicular length. The probability is considered of particular 
situations in which the turbulent velocities are enhanced by the field and the 
anisotropy of the velocity components and correlation lengths is opposite to that 
indicated above.  
 
4.9.2. Particle acceleration by plasma fluctuations  

The magnetic field gives rise to the change of the spectrum of the quasi-
longitudinal plasma fluctuations determined by the equation 
 

0,0 22 =+= ⊥ zzijji kkkk ξξξ ,                                   (4.9.1) 
 

where the dielectric constant  
 

( ) 22222 1,1 ωωξωωωξ oezLeoe −=−−=                      (4.9.2) 
 
at small ωTekV . In the case of a weak spatial dispersion the effect of 
systematically change in the particle velocity for ⊥>> vvz  is 
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where the plasmons numbers  
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In Eq. 4.9.3 and 4.9.4 are used notations 
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Important application of CR charged particle’s acceleration by plasma 

turbulence in the interstellar space pointed out by Jokipii (1977). It was shown that 
the age of CR particles in the Galaxy disk is enough to increase particle’s energy 
several times from the turbulence energy of magnetized space plasma in the disk. 
The possibility of CR particle acceleration by frozen in magnetic turbulence of solar 
and stellar winds (in the case in which the CR density gradient is directed from the 
star outside) was shown in papers of Dorman et al. (1980, 1987). 
 
4.9.3. Acceleration by magneto-sound and Alfvén waves  

The phase velocities of the Alfvén and magneto-sound waves may be very high 
if 1422 >>= iiao mNHv π . In this case, the Alfvén velocity may approach the speed 
of light, 

 
( ) cvvcv aoaoa →+= 222 1  at ∞→aov .                         (4.9.6) 

 
This circumstance is of importance because the acceleration effect appears at 

az vv < , where zv  is the field-aligned velocity of particle. According to Tsytovich 
(1966c) we obtain 
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ω≈ ,                                          (4.9.7) 

 
where aN  is the mean number of Alfvén waves in unit of volume. The works of 
(Toptygin, 1972; 1973) treat the acceleration of fast particles by the Alfvén and 
magnetosonic waves of small amplitudes existing in a medium with a strong 
homogeneous magnetic field. The contribution from the small-scale (harmonics 
with 1−> grk , where gr  is the Larmor radius of particles) and large scale ( 1−< Lrk ) 
random field to the acceleration is included. The energy dependence of the particle 
diffusion coefficient in momentum space has been calculated. The effect of the 
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anisotropy of the particle distribution function on the acceleration has been 
considered. It has been shown that when the particles are accelerated by the Alfvén 
waves whose spectral function has the spectrum exponent ν > 2 and the amplitude 
is sufficiently small, an energy dependence of the diffusion coefficient, which is 
stronger than that in the Fermi acceleration mechanism, may arise. In the case of 
magneto-sonic waves at ν ≥ 2 the energy dependence of the diffusion coefficient is 
the same as that in the acceleration by the Fermi mechanism, whilst at ν < 2 the 
energy dependence is weaker.  
 
4.9.4. Cyclotron acceleration of ions by plasma waves  

The existence of the magnetic field facilitates the injection in the case of 
acceleration by high-frequency fluctuations since it is known that very slow waves 
of high frequencies may move perpendicularly to the magnetic field. The cyclotron 
acceleration of ions may be owed to the absorption and emission of the plasma 
waves with low phase velocities which propagate perpendicularly to the magnetic 
field. In this case (Tsytovich, 1963a): 
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where θµ cos≡ , l is the order of harmonic, and ( )θω cos,ln L  is the refractive 
index. If the fluctuation intensity is accumulated in the angular range of the order 
of 11 <<−≈ ξξµ zo  and the mean ion velocity along the magnetic field is zv  
we obtain the following estimate of the characteristic time of ion acceleration up to 
energy iE  by the first harmonic 1=l  (here W is the energy density of the waves):  
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4.9.5. Cyclotron acceleration of ions by the combination frequency  

Considered below will be the effects of ion acceleration in magnetic field in the 
events of induced scattering. The energy conservation law in the case of scattering 
in magnetic field is of the form 
 

( ) Lizzzz vkvk νωωω =−−− ''' .                            (4.9.10) 
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At ν = 0 it is expedient to treat the scattering in the magnetic field; at ν = ± 1 
the cyclotron acceleration by combination frequency 'ωω −  will be treated. The 
cyclotron acceleration by the combination frequency (ν = ± 1) in an intense 
magnetic field is much in excess of the acceleration owed to induced scattering (ν 
= 0). In this case the ion velocity components perpendicular to the external 
magnetic field are predominantly increased. The estimate of the effect of 
acceleration by the plasma waves is of the form (Tsytovich, 1966c): 
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where grv  is the wave group velocity, and W is the energy density of the waves.  

 
4.9.6. Acceleration by electron plasma waves 

The work (Smith, 1976) considers the acceleration of particles in their 
interactions with various plasma waves in a magnetic field H when the ratio of 
electron gyro-frequency to the electron plasma frequency 1≤oeLe ωω . The kinetic 
equations are presented describing the evolution of the energy distribution of 
particles and plasmons including their forced scattering. Simplifying assumptions 
are made (the possibility of averaging over the non-relativistic and Maxwell 
distributions of ions and over the azimuth in a plane perpendicular to H and the 
possibility of limitation to the main terms of the expansion in ( )2oeLe ωω , and 
others) and the approximate expressions for the scattering probability and the ratio 
of the electric energy of waves to their total energy have been obtained. The 
general mode of the behavior of the plasmons filling numbers has been studied and 
the relaxation time of the plasmons distribution has been estimated. It has been 
shown that the nonlinear process of the forced scattering by polarized ion clouds 
results in wave collapse and in an almost one-dimensional number spectrum 
extended along H. The consecutive acceleration of relativistic and non-relativistic 
particles has been studied. It has been shown that such an acceleration is more 
effective for non-relativistic particles (protons); in this case, if the wave distribution 
is negatively sloped, the acceleration decreases for small velocities and increases 
for high velocities compared with the acceleration and isotropic distribution of the 
plasma waves in magnetic field. This should result in further changes of the wave 
spectrum and the value of the acceleration.  
 
4.9.7. Acceleration by nonlinear waves 

Gintzburg (1967, 1968) has obtained the solution for the equation of two-fluid 
magnetic hydrodynamics in the form of periodic ion waves of large amplitude with 
simultaneous rotation of the magnetic field vector and change of the magnetic field  
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modulus. The analytic expressions for the wave profile have also been found. The 
study of nonlinear ion waves with relativistic velocities shows that they may 
accelerate particles up to high energies. It is not excluded that this mechanism may 
be of definite importance in the case of CR generation in chromospheric flares on 
the Sun and other stars as well as in Supernova explosions. Particle acceleration by 
nonlinear waves was considered in details in Sagdeev et al. (M1988), and He (1998, 
1999, 2000, 2002, 2003). He (2003) considered dimensionless Newtonian equations 
for charged particle in an electric field: 
 

( )txqdtdvvdtdx ,, φ∇−== ,                               (4.9.12) 
 
where x and v are particle position and velocity respectively, charge number q = ±1, 
and potential φ(x, t) is chosen as a solution of the driven/damped nonlinear drift-
wave equation: 
 

( )tx
x

f
x

c
xt

a
t

Ω−−−=
∂
∂+

∂
∂+

∂∂
∂+

∂
∂ sin2

3
εγφφφφφφ                (4.9.13) 

 
with a periodic system of length 2π and fixed constants of a = − 0.287, c = 1.0, f = 
− 6.0, γ = 0.1 (there was considered only the effect of nonlinear waves of Eq. 
4.9.13 on the particle, while neglecting other effects related to the physical system 
from which the drift-wave equation is derived). A lot of simulations for different 
cases lead He (2003) to following conclusions. In all the tested non-steady wave 
fields a slow particle can be accelerated in the orientation of the steady waves. 
However, in the spatially regular field the particle is finally trapped by a wave 
trough and eventually acquires the group velocity of the steady waves, whilst in the 
chaotic both in time and in space field the particle experiences trapped and free 
phases randomly, depending on the charge sign the averaged velocity can be larger 
or smaller than the group velocity of the steady waves. It is shown that the virtual 
pattern of saddle steady waves plays the role of an asymmetric potential, which 
together with nonzero perturbation waves are necessary for the acceleration.  
 
4.9.8. Acceleration by electrostatic waves  

Bloomberg and Gary (1973) have considered the particle acceleration by 
electrostatic waves with a phase velocity increasing as such wave propagates in the 
space. The one-dimensional motion of a charged particle in an electrostatic wave 
propagating in inhomogeneous medium has been analyzed. It is assumed that the 
wave is of a fixed frequency and has the wave vector decreasing in space. The 
particle is accelerated in two stages. At first it is trapped between the wave crests. 
Then the particle is accelerated without oscillations in the well. The particle velocity 
at the ends of the first and second stages has been estimated. The estimate for the first 
stage has been made using the adiabatic invariant and gives a velocity 41E∝ ,  
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where E is the electrostatic field in the wave. For the second stage the velocity 
21E∝ . Numerical calculations have been carried out for a wave with wave vector 

depending on distance x according to the law ( ) ( ) 11 −+= axkxk o . The calculations 
were carried out for 20 particles with the same initial velocities distributed 
uniformly along a segment equaling the period. The calculation results show that 
the particle may be considerably accelerated during the second stage, already after 
their oscillatory motion stops.  
 
4.9.9. Stochastic Fermi acceleration by the turbulence with circularly 
polarized Alfvén waves  

Ostrowski and Siemieniec-Oziębło (1997) demonstrated that the forward-
backward asymmetry of particle scattering (as measured in the scattering center rest 
frame) at randomly moving scattering centers can lead to a first order regular 
acceleration term, in addition to the one resulting from the momentum diffusion. A 
physical example of such asymmetric scattering provides a finite amplitude 
circularly polarized Alfvén wave (Siemieniec-Oziębło et al., 1999). This research 
was continued in the paper of Michałek et al. (1999), in which were presented 
preliminary results of Monte Carlo modeling of the particle acceleration/diffusion 
process for protons interacting with finite amplitude circularly polarized Alfvén 
waves. It was shown that the scattering’s forward-backward asymmetry occurring 
for such waves allows for the first order acceleration effects to occur in the 
stochastic acceleration process, enabling in favorable conditions for more effective 
acceleration in comparison to the linearly polarized Alfvén waves of the same 
amplitude. 
 
4.10. Statistical acceleration of particles by electromagnetic 
radiation 
 
4.10.1. Effectiveness of charged particle acceleration by electromagnetic 
radiation; comparison with the Fermi mechanism 

Tsytovich (1963b,d), Nikolaev and Tsytovich (1976) studied the charged 
particle acceleration by electromagnetic radiation and compared the effectiveness of 
this mechanism with the Fermi mechanism. It has been shown that whilst the force 
affecting the charge in vacuum is determined by the light pressure proportional to 
the Thomson cross-section, the same force in the medium with the same radiation 
flux will increase by a factor of orλ , where λ is the wavelength and or  is the 
radius of a particle with charge Ze. The following form of relativistic expression has 
been obtained for the change of energy E of a particle with charge Ze in a medium 
with refractive index n in the field of isotropic radiation of density W with 
frequency ω, wavelength ωπλ u2=  and propagation velocity ncu = :  
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where v and acm  are respectively the velocity and mass of the accelerated particle. 
The Eq. 4.10.1 describes the influence of the radiation with chaotically phases.  
 
4.10.2. On the injection in the particle acceleration by radiation 

Detailed consideration is given in Tsytovich (1963b,d) to the problem of 
particle injection for the Fermi acceleration mechanism in the case of acceleration 
owed to radiation. With this purpose the curves of the energy gain are compared 
with the deceleration curves in the two mechanisms. For the same deceleration 
curves, the curves of acceleration gain prove to be significantly different, namely, 
the curves rise with increasing energy for the Fermi mechanism and fall for the 
mechanism of acceleration owed to radiation (in this case the decrease with 
increasing energy is always more rapid than that of the deceleration curve, so that 
the curves intersect at a certain value of energy). In connection with this the Fermi 
mechanism implies both injection and injection-less acceleration without visible 
limitation of the maximum energy of the accelerated particles (some limitation will 
be owed to only the inverse effect of the accelerated particles on the medium, the 
nuclear loss, and the escape from the acceleration region).  
 
4.10.3. On the maximum energy and maximum density of accelerated 
particles in the case of particle acceleration by radiation 

According to Tsytovich (1963b,d), in the case of the acceleration owed to 
radiation, there exists a maximum energy crE  above which the deceleration is 
superior to the acceleration. If the radiation is characterized by the temperature effT  
(in eV) it appears that effTEcr ≈ . The total flux of the accelerated particles is 
determined by the condition that the density of their energy should not exceed the 
radiation energy density. This condition ensures an equilibrium energy distribution 
between the fast particles and the radiation, a fact which can be observed in the 
space. Tsytovich (1963b,d) notes that the state with crEE ≈  is unstable because the 
energy decrease makes the acceleration force superior to the deceleration force and 
the particle energy increases; in its turn, the energy increase results in the inverse 
effect. Tsytovich (1963b,d) also pays attention to the fact of the examined 
mechanism of particle acceleration owed to radiation is especially effective when 
the mean density of the radiation energy is much in excess of the mean kinetic 
energy of matter (for example, in the objects of the supernova type).  
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4.10.4. Cyclotron acceleration of relativistic electrons by lateral waves   
In the magnetic field the particle energy may prove to change owed to the 

energy gain or loss in case of cyclotron radiation and wave absorption. This is 
clearly exemplified by the possibility of acceleration by the high-frequency lateral 
waves. For relativistic particles, the absorption and radiation of the frequencies 
multiple to the gyro-frequency Lµωω ≈  are of significance. According to Gailitis 
and Tsytovich (1963), we obtain in this case at oeωω >>  and fVv >>⊥ : 
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where N is the number of waves and 
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When ( )eeoe mEeHmωχ >>  it may be assumed that 
 

( ) ( ) ξξξξ
π

dKN
m
E

m
eH

m
e

dt
dE

eee
=35

0

2
32

2

2

4
39

∫⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

∞
.              (4.10.4) 

 
For the ‘temperature’ radiation where ( ) ωω =effTN = , the acceleration proves to 
be similar to the Fermi acceleration:   
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4.10.5. Electron acceleration by the radiation during their induced 
Compton scattering 

Levich and Sunyaev (1971) showed that the induced Compton scattering of the 
radiation by the cold electrons brings about their effective heating to the relativistic 
temperatures. Of obvious interest is the further heating of already relativistic 
electrons with energies 2cmE e> . The analysis of acceleration of such electrons 
owed to the induced Compton scattering was made in the papers Blandford (1973), 
Charugin and Ochelkov (1974, 1977), Kurlsrud and Arons (1975).  

Statistical acceleration of ultra-relativistic electrons by random electromagnetic 
waves is considered in the work (Blandford, 1973) in which the classical treatment of 
the induced Compton effect is generalized for relativistic case. The behavior of the  
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function of electron distribution in a stationary field of radiation has been studied. 
Kurlsrud and Arons (1975) have studied the statistical acceleration of particles up to 
relativistic energies when affected by a set of spherical electromagnetic waves. 
They have shown that if a particle moves among a great number of antennas (for 
example, pulsars) emitting electromagnetic waves, the particle’s energy and value 
of momentum increase in a stochastic manner. The essence of the mechanism is as 
follows: the trajectory of a particle which moves between the antennas (pulsars), 
each of which emits a strong electromagnetic wave, comprises the points at which 
the phase difference of the particle’s oscillatory motions when affected by the two 
waves is constant in the coordinate system where the particle is at rest on the 
average. After arriving at such a point the particle will be accelerated until the drift 
motion or acceleration carries it away from the resonance region. Such a kind of the 
nonlinear resonant acceleration in which a particle interacts with two waves is 
known from Landau's theory of nonlinear attenuation, and it may be shown that 
such acceleration is a particular case of the Compton scattering. If the antennas 
(pulsars) are randomly located, the summation over all resonances and all pulsars 
will result in stochastic acceleration of the particles.  

In the paper of Charugin and Ochelkov (1977) it was dwell upon the discussion 
of the objects of relativistic electrons heating by the induced Compton scattering in 
the sources with relativistic brightness temperatures and isotropic distribution of 
the radiation. 

 
4.10.6. Acceleration of charged particles by electromagnetic radiation 
pressure  

Noerdlinger (1971) analyzes the motion of a particle ejected by a central body 
(star) when affected by radiation pressure. The expression for the accelerating force 
F affecting the particle which generalizes the corresponding results of 
(Chandrasekhar, 1934a,b) for the relativistic velocities of motion has been obtained. 
It was assumed when deriving the formula for F that the radiation field was purely 
radial and that the effective particle cross section σ was a function of the radiation 
field frequency. It has been shown that the final velocity of the ejected particle ∞v  
depends on the value 2cmrF acoo , where oF  is the force affecting the stationary 
particle at the initial moment ott = ; or  is the initial radial coordinate of the particle; 

acm  is the accelerated particle mass. The plots of the dependences of the 
dimensionless velocity of particle motion cv∞=β  on 2cmrF acoo  for relativistic 
and non-relativistic cases were obtained. Noerdlinger (1974) has studied the effect of 
the finite size of the electromagnetic radiation source on charged particle 
acceleration by radiative pressure. The extreme value of the Lorentz-factor Lγ  has 
been found (as a function of the distance from the source) above which any radiation 
field, whatever strong, cannot accelerate particles. The final energy of particles 
decreases significantly for very strong sources if a source ejects the particles within a 
large angle (at the same initial acceleration). In the asymptotic extreme, the final  
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energy of the particle at rest at the source surface is proportional to the fourth-
power root of the source’s luminescence for strong sources, whereas it is 
proportional to cube root of the luminescence for a point source.  

Nakada (1973) examines the heavy ion acceleration in the case of resonant 
scattering of radiation near a bright source. The ion energy proves to be limited by 
the Doppler effect, aberration, photo-ionization, and ionization in the collision with 
the electrons of medium. It has been shown that the O and B stars may accelerate 
heavy ions up to 200 and 80 MeV/nucleon respectively, whilst the supernovae may 
accelerate them up to several hundreds of MeV/nucleon. Gordon (1975) has found 
the velocity distribution of fully ionized isolated atoms which are produced from 
partially ionized atoms and reside in the field of a point source of radiation with the 
power spectrum ( ) 2rAI γ

ν νν =  (where ν is the frequency; r is the distance from 
the source; ( )ννI  is the radiation intensity). The radiation pressure onto the atoms 
in case of the radiation absorption in the resonance lines and the atomic photo-
ionization have been taken into account. It has been found that the velocity 
distribution of the fully ionized atoms is independent of the radiation intensity and 
is a function of only the value of the exponent γ. It has been shown that for the 
exponent γ typical of the astrophysical objects the atoms cannot be accelerated by 
the radiation pressure up to relativistic velocities.  
 
4.11. Statistical acceleration of particles by the Alfvén mechanism 
of magnetic pumping  
 
4.11.1. Alfvén's idea of particles acceleration by magnetic pumping 

Alfvén (1949, 1959) studied the acceleration of charged particles moving in an 
alternating magnetic field H and showed that a field enhancement would result in 
adiabatic acceleration of particles defined by the relation 

 
const,const //

2 ==⊥ pHp .                               (4.11.1) 
 

If in this case the particles are scattered by magnetic inhomogeneities the field 
will return to the initial value without decelerating the particles down to an energy 
corresponding to the initial state. The final result of a single cycle will be some 
gain in the particle energy. For the stationary state, if the rate of energy variation is 
independent of particle energy, the resultant spectra will be of the form γ−∝ p , 
where γ = 1. It is assumed in order to obtain a higher γ in conformity to the 
experimental data that the spectrum is variable in space. Analysis of the assumption 
shows that the previously accelerated particles are injected in the vicinities of stars 
where they may be subsequently accelerated by the alternating magnetic field. The  
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particles of relatively low energies are confined within the regions close to the 
active stars, whereas the high energy particles are distributed over a much extended 
region. The inclusion of the absorption of the accelerated particles gives a power 
spectrum similar to the observed spectral form.  

It is of importance to note that Alfvén’s concept (1959) of a combination of 
the particle scattering and the betatron acceleration makes it possible to obtain a 
systematic increase of particle energy in a fluctuating magnetic field (even if the 
magnetic field intensity does not increase on the average). This phenomenon was 
subsequently called magnetic pumping. This mechanism, which is most probably 
of great importance to the acceleration processes in various objects, will be 
considered below in more details.  
 
4.11.2. Relative change of the momentum, energy, and rigidity of particles 
in a single cycle of magnetic field variation in the presence of scattering  

In accordance with the work (Alfvén, 1959), we shall examine the following 
simple model. Let us assume that the charged particles are confined within some 
volume comprising the magnetic field inhomogeneities against the background of 
homogeneous magnetic field. The frequency of collisions with inhomogeneities is 

λν v= , where λ is the transport scattering path of particles and v is the particle 
velocity. Let the field vary in time in the following manner:  

(1) the field increases from oH  to 1H  within a short time from 1t  to 2t  (here 
1

12
−<<− νtt );  

(2) then, within time from 2t  to 3t  (here 1
23

−>>− νtt ), the field remains at the 
level 1H ;  

(3) after that the field intensity falls rapidly down to the initial value oH  within 

time from 3t  to 4t  (here 1
34

−<<− νtt );  

(4) during a period from 4t  to 5t  (here 1
45

−>>− νtt ) the field remains if at the 
level oH .  

Let us consider how the particle momentum and energy will vary during the 
above-mentioned cycle. Since, at the beginning of cycle (the same as period from 

4t  to 5t ), the field was equal to oH  during a long period ( 1−>>ν ) and the 
equilibrium distribution of the energy degrees of freedom has set in owing to the 
collisions with inhomogeneities; so that the momentum components across and 
along the field were determined respectively as  
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where 1p  is the particle momentum at the instant 1t . During the first interval the 
collisions with inhomogeneities may be neglected and, according to Eq. 4.11.1:   
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From Eq. 4.11.3 follows that the total change will be 
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During the second interval from 2t  to 3t  an equilibrium distribution will set in 
owing to the collision with inhomogeneities and, since the field failed to vary in 
that period, then  
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During the third interval from 3t  to 4t  the collisions with inhomogeneities may be 
neglected and we shall obtain from Eq. 4.11.1 as a result of the field decrease from 

1H  to oH : 
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During the fourth interval from 4t  to 5t  the equilibrium distribution will be 
restored owing to collisions with inhomogeneities, and since the field failed to vary 
during that period we shall obtain that  
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Thus as a result of a single complete cycle of the field variation and owing to the 
particle scattering by magnetic inhomogeneities, the relative change of the 
momentum will be 
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and the relative change of the total energy will be  
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It follows from Eq. 4.11.8 that  
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in the non-relativistic energy range and 
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at ultra-relativistic energies. The relative change of particle rigidity ZecpR =  
during a single cycle will be, according to Eq. 4.11.7: 
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It follows from Eq. 4.11.8, 4.11.9, and 4.11.11 at 111 <<∆=− oo HHHH  that 
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The mode of variations during single cycle in kk EE∆  according to Eq. 4.11.9 and 
in RR∆  according to Eq. 4.11.11 (depending on 11 −=∆ oo HHHH ) can be 
seen from Table 4.11.1.  
 
 
 



COSMIC RAY ACCELERATION IN SPACE PLASMAS 561 

 

Table 4.11.1. Variations of kk EE∆  in the non-relativistic case and RR∆  depending on 

oHH∆ . 

oHH∆  0.1 0.2 0.5 1.0 2.0 3.0 4.0 

kk EE∆  0.0022 0.0072 0.037 0.111 0.296 0.500 0.711 
RR∆  0.0011 0.0036 0.018 0.054 0.138 0.225 0.308 

The expected relative variations of EE∆  depending on 222 Ecp  and oHH∆  are 

shown in Table 4.11.2.  
Table 4.11.2. Variations of EE∆  depending on 222 Ecp  and oHH∆ . 

 
 
 

oHH∆  222 Ecp  
0.1 0.2 0.5 1.0 2 3 4 9 

0.10 0.00011 0.00036 0.00185 0.00553 0.0147 0.0247 0.0349 0.0863 
0.20 0.00022 0.00072 0.00370 0.0110 0.0292 0.0488 0.0687 0.1662 
0.40 0.00044 0.00144 0.00739 0.0220 0.0575 0.0954 0.1333 0.3115 
0.60 0.00067 0.00216 0.0110 0.0328 0.0852 0.1402 0.1944 0.4422 
0.80 0.00089 0.00288 0.0148 0.0435 0.1121 0.1832 0.2525 0.5620 
0.90 0.00100 0.00324 0.0165 0.0488 0.1253 0.2042 0.2806 0.6186 
0.95 0.00106 0.00342 0.0174 0.0514 0.1319 0.2145 0.2944 0.6462 
0.98 0.00109 0.00353 0.0180 0.0530 0.1358 0.2207 0.3026 0.6625 
0.99 0.00110 0.00356 0.0181 0.0536 0.1371 0.2227 0.3053 0.6679 
1.00 0.00111 0.00360 0.0183 0.0541 0.1384 0.2247 0.3081 0.6733 

 
 
 

4.11.3. The rate of the gain in energy and rigidity for the mechanism of 
acceleration by magnetic pumping  

Let the duration of total cycle of magnetic field variations be  

.const15 =−= ttT                                          (4.11.13) 

The mean rate of the gain in the kinetic energy (in the non-relativistic case), 
rigidity, and total energy will then be, considering Eq. 4.11.9, 4.11.10, and 4.11.8 
respectively:  
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If the onset of acceleration was at the instant t = 0 from kok EE =  or from oRR = , 
then  

( ) ( ) ( ) ( )TtRtRTtEtE okok 21 exp;exp αα == ,                  (4.11.16)  
 

where 
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The values of 1α  and 2α , as functions of 11 −=∆ oo HHHH  are the same values, 
which were presented in Table 4.11.1 (rows for kk EE∆  and RR∆ , respectively).  

The time variations in the particle total energy E will be determined on the basis 
of Eq. 4.11.14-4.11.15 and including the notation determined by Eq. 4.11.17 at the 
initial condition ot EE ==0  by the relation 
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After solving Eq. 4.11.19, we shall get  
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Resolving the Eq. 4.11.20 relative to E we shall find 
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It can be easily seen that in the non-relativistic energy range where 

11 242 <<− Ecmac  the Eq. 4.11.20 turns out to be 
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and Eq. 4.11.22 is transformed into Eq. 4.11.16 for dtdEk . In the ultra-relativistic 

case in which 1242 <<Ecmac  the Eq. 4.11.16 is transformed to  
 

( ) ( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
−+=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
−+= 2

42

1

1
12

42

1

1
1 12

11;
12

11
E

cmx
E

cmx ac

o

ac
o α

αα
α

αα .    (4.11.24)  

 
so that Eq. 4.11.22 will turn out to be  
 

( ) ( ) ( )TttEtE o 2exp α= .                         (4.11.25)  
 
4.11.4. Formation of the energy and rigidity spectra in the case of particle 
acceleration by magnetic pumping  

Let the mean lifetime of particles in the acceleration region be determined by 
one of the following expressions:  
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Taking into account the Eq. 4.2.7 describing the distribution of the accelerated 

particle number ( )tn  over the particle lifetime t in the acceleration region and 
considering that, according to Eq. 4.11.16,  
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we shall obtain for the kinetic energy and rigidity spectra of the particles 
respectively: 
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Considering that, according to Eq. 4.11.20, 
 

( )( )
( )( )

121

2

42
1

1

1

1
11;

11
11ln

−

⎪⎭

⎪
⎬

⎫

⎪⎩

⎪
⎨

⎧

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−+=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−+
−−+=

E
cm

E
TdEdt

xx
xxTt ac

o

o α
α
α

α
,   (4.11.30) 

 
we shall obtain for the total energy spectrum of the accelerated particles: 
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where ox  and x are determined from Eq. 4.11.21.  

In the non-relativistic energy range, where it may be assumed that 
11 242 <<− Ecmac , we shall obtain, including Eq. 4.11.24, that Eq. 4.11.31 turns 

out to be a spectrum of the form described by Eq. 4.11.28. In the ultra-relativistic 
energy range where 1242 <<Ecmac  we shall find including Eq. 4.11.24 that Eq. 
4.11.31 turns out to be a spectrum of the form  
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It can be seen from Eq. 4.11.28, Eq. 4.11.29, and Eq. 4.11.32 that at β = 0 the 
expected spectra of the accelerated particles are of power form. In the opposite case, 
at β > 0, the power exponent in the accelerated particle spectrum increases with 
increasing the energy or rigidity of the particles.  
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4.11.5. Formation of the particle spectrum in the magnetic pumping 
mechanism including absorption in the source 

Fälthammer (1963) studied this acceleration mechanism in detail, examined the 
injection conditions, and derived the following form of the kinetic equation for the 
function of particle distribution in the space of coordinates and moments for a 
stationary case: 
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where f is the sought distribution function, p is the particle momentum, κ is the 
diffusion coefficient, τ is the effective duration of acceleration, and abτ  is the 
effective duration of absorption. Assuming that the particle injection is determined 
by the condition  ( )rnpf oδτ =  at opp = , Fälthammer (1963) finds the solution 
of the equation presented above (subject to κ, τ, and abτ  are independent of the 
spatial coordinates r of the leading center of particles but are functions of only 
momentum p) for three-dimensional case in the form:  
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where 
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In the two-dimensional case the resultant solutions are the same; the only 

difference is that the denominator contains 2
pRπ  instead of ( ) 232

pRπ . Fälthammer 
(1963) has shown that Alfvén’s partial solution (Alfvén, 1959) can be obtained 
from the reduced general solution if the following dependences on p for κ, τ and 

abτ  are selected:  

( ) ( ) const;const,;const,1 ===== −
aboooo pppp ταττϕκκ αϕ .(4.11.36) 

In this case the resultant spectrum in the range of large momentum is of a power 
form. In the small-momentum range at small distances from the injection region, the 
resultant spectrum is also of a power form, whereas at great distances the spectrum 
should have a significant fall at low energies. These results are qualitatively in a 
good agreement with the experimental data. In order to obtain the exponent γ = 2.5 
in the differential spectrum at high energies, it is necessary to the two-dimensional  
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case that ϕ = −0.5 and in the three-dimensional case ϕα 3=  (for example, α = 0.3 
and ϕ = 0.1). It has been shown that this mechanism is reasonable to consider in 
interplanetary space only for those particles with energies not above 1210  eV and in 
interstellar space for those particles with energies not above 1510  eV.  
 
4.11.6. The magnetic pumping mechanism in the case of field variations 
according to the power law  

The mechanism of particle acceleration by magnetic pumping was initially 
proposed by Alfvén (1959) for the case of slow periodic change of a homogeneous 
magnetic field: 
 

( )( )tHH o ωβ cos1+=                                  (4.11.37)  
 
(here 1<β  is the so called pumping parameter; ω is the frequency of the field 
variation) in turbulent plasma accompanied by conservation of the adiabatic 
invariants const,const 2

// == ⊥ Hpp . In this case an exponential increase of the 
total momentum on hydro-magnetic turbulence in time and the betatron 
acceleration are possible. Because of the particle scattering by hydromagnetic 
turbulence, the portion of the momentum accumulated during the magnetic field 
enhancement (Eq. 4.11.37) owed to betatron acceleration ( Hp ∝⊥

2 ) is transferred 
to the parallel component of the momentum. As a result, if the scattering time is 
small (much smaller than the period of field variation), the particle momentum loss 
proves to be smaller than the momentum increase during the field enhancement; it 
is this circumstance that results in the acceleration. The mechanism for this case of 
magnetic pumping was further developed by Schluter (1957) who has shown that 
the mode of periodic variations of the field is of no importance in principle and that 
in the particular case described by Eq. 4.11.36 the acceleration effect for an 
ensemble of particles of the same energy is a maximum at ων ≈eff , where effν  is 
the effective frequency of particle scattering.  
 
4.11.7. Kinetic theory of particle acceleration by magnetic pumping  

The most consistent theory of particle acceleration in variable magnetic fields 
was developed in the works by Bakhareva et al. (1970a,b). It is in these works that 
the particle scattering by hydromagnetic turbulence was proposed as the scattering 
mechanism and the problem of particle acceleration was formulated on the basis of 
the equations of quasi-linear kinetic which permitted both the accelerated particle 
spectrum and the spectrum of turbulent pulsations causing the particle scattering to 
be determined.  

It may be expected that in the presence of a variable magnetic field the cyclotron 
instability associated with the anisotropy of the angular distribution of charged  
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particle velocities is the source of intense turbulence. In the initial isotropic plasma 
such anisotropy appears because of conservation of the adiabatic invariant 

const2 =⊥ Hp  and is owed to two-dimensional compression (expansion) of the 
Larmor orbits of particles owing to periodic variations of magnetic field. The above 
mentioned instability is owed to the cyclotron resonance between waves and 
particles on Larmor frequency including the Doppler effect and appears at very 
small anisotropy for sufficiently high particle velocities.  

The equation set of quasi-linear approximation for the examined case may be 
written in the form 
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where p and E are the dimensionless momentum and energy (in units cmac  and 

2cmac , respectively) and  
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In this case 
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where kcp Lω≈// . Here f is the particle distribution function; ( )ωγ  is the 
increment of the pulsations with frequency ω and wave vector k; the upper and 
lower signs in Eq. 4.11.40 relate to the Alfvén and rapid magneto-sonic waves 
respectively. After averaging the Eq. 4.11.38 over the period ωπ2=T  of 
variation of the field (see Eq. 4.11.37) and over the angular variable θ, we obtain 
the equation  
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describing the particle acceleration process with diffusion coefficient 
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In Eq. 4.11.42 the upper line denotes the averaging over the period ωπ2=T . 
Taking into account that at the instability boundary ( ) 0=ων  and that for resonance 
( ckpLωθ =cos ) the function ( ) ( )kBcpB L ≡θω cos , we shall obtain from Eq. 
4.11.40: 
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The Eq. 4.11.41 with the diffusion coefficient determined by Eq. 4.11.42 and the 
Eq. 4.11.43 constitute a self-consistent set for determining the distribution function 
of accelerated particles ( )pf  and the wave vector ( )kB . Solution of this set by the 
method of successive approximation gives a spectral function ( )kB  of the form 
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2
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oω= ,                                 (4.11.44) 

 
where 1B  is a constant. In accordance with Eq. 4.11.44, the Eq. 4.11.41 for the 
power exponent of magnetic inhomogeneity spectrum 2=ν  gives an exponential 
spectrum of accelerated particles in the non-relativistic case. In fact, as was shown 
in (Dorman and Katz, 1977), if the initial function 
 

( ) ( )0, =≡ tpfpfo                                         (4.11.45)  
 
differs from zero in some region 1<<≤ opp  (in units cmac ), the asymptotic 

( )tpf ,  at great t and opp >>  is of the following form: 
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where 

( )∫=
∞

0
dqqfqN o

ν
ν .                                             (4.11.47) 

It can be seen from Eq. 4.11.46 that at 2=ν  the exponential spectrum of accelerated 
particles is asymptotically generated. The value νN  has the meaning of the total 
number of the particles injected in 1 cm3, and, as can be seen from Eq. 4.11.41, fails  
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to vary in the course of acceleration. At 3=ν  the solution of the equation Eq. 
4.11.41 for the case of point source is of the form 
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where op  is the particle momentum during injection. The Eq. 4.11.46 also 
describes the particle distribution in the ultra-relativistic case. For this purpose the 
replacement 1+→νν  should be made in this expression. In accordance with this 
the Eq. 4.11.46 describes the distribution function in the ultra-relativistic case for 

2=ν . The characteristic time of acceleration τ is determined in both cases by the 
relation: 
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In the case of stationary acceleration we obtain the power spectra of charged 

particles. According to Bakhareva et al. (1970a), the magnetic pumping mechanism 
including the loss for synchrotron radiation may ensure the observed power of the 
synchrotron X-radiation from the Crab nebula. The kinetic theory of particle 
acceleration by magnetic pumping was further developed in the work (Bakhareva et 
al., 1973) which gives a more general derivation of the equation of particle 
diffusion in the momentum space for quasi-linear approximation. The equation 
describes the evolution of the averaged distribution function f in the variable 
external magnetic field (pumping field) subject to strong scattering by turbulent 
pulsations during the pumping period. To close the set of equations describing self-
consistently the evolution of the particle and wave spectra (hydromagnetic 
turbulence), the exact equation of the quasi-linear theory for the rate of the increase 
in the spectral function of waves  

Φ=Φ kdtd γ2                                       (4.11.50) 
is used here (where kγ  is the increment of the cyclotron instability owed to the 
distribution function deformation). The deformation is associated with particle 
acceleration by the inductive electric field of pumping. The increment kγ  is 
calculated as a function of the averaged distribution f described by the diffusion 
equation. The stationary solution of the set of equations so obtained has been studied 
for the case of ultra-relativistic electrons taking account of the synchrotron radiation 
forming a sink of the energy pumped by the variable magnetic field. The region of 
the momentum space where the acceleration is most effective has been found, which  
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makes it possible to construct simple formulas for estimating the electron energy 
density and the synchrotron radiation intensity.  
 
4.12. Accelerated particle flux from sources  
 
4.12.1. Particle flux from a source in stationary case  

We found above the spectrum of accelerated particles in their source for 
different modes of statistical acceleration mechanism. Since the probability of 
particle ejection from the source may be energy-dependent, the spectrum of the 
outgoing flux may be appreciably different from the particle spectrum in the 
source. Consider a simple model. Let the source be a sphere of radius L, the 
transport scattering path inside the source be λ, the particle velocity be v; then the 
diffusive particle flux from the source I(E) will be determined by the expression 
 

( ) ( ) ,grad
3

4 2
LnvLEI λπ−=                             (4.12.1) 

 
where 

( ) ( ) Lnadrdnn LrL −≈= =grad ,                         (4.12.2) 
 
and the parameter a ∼  1 is determined by the details of the diffusion model. Let the 
particle concentration and transport scattering path in the source be determined by 
the expressions 
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Then, including Eq. 4.12.1, we obtain 
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In the non-relativistic energy range we get: 
 

( ) ( ) 21++−∝ βγ
kokk EEEI .                                  (4.12.5) 

 
If n and λ are determined by the power functions from R with exponents γ and β 
(see Section 4.4), then 
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4.12.2. Particle flux from the source in non-stationary case  
Assume that the particles are accelerated in the source within time from ot  to 

1t . At the instant 1t  the particle concentration in the source is 
 

( ) ( ) γ−= oEEntEn 11, .                                      (4.12.7)  
 
If ( )βλλ oo EE=  is the transport scattering path the change of the particle 

number inside the source at 1tt ≥  will be determined, taking account of Eq. 4.12.3, 
by the equation 
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the solution of which including the initial condition at 1tt =  according to Eq. 4.12.7 
gives 
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Taking account of Eq. 4.12.1, it is easy now to determine the time variations of 

the particle flux from the source at 1tt ≥ : 
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It can be seen from Eq. 4.12.10 that the energy spectrum of the particles ejected 

from the source varies significantly in time. If β > 0 then at  
 

( )βλ oo EEavLtt 2
1 ≥−                              (4.12.11) 

 
the exponential factor is already of significant importance and the spectrum 
becomes even softer in time.  
 
4.12.3. Accelerated particles in the space beyond the stationary sources  

Consider some volume of space in the form of a sphere of radius or  which 
contains stationary sources of accelerated particles. Let the total particle input from 
all sources to the considered volume per unit time be F(E). If the transport scattering 
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path of particles within this volume is ( )Eλ  the total diffusive particle flux from 
the space volume is 

 

( ) ( ) ,,grad
3

4 2
orroout rEnvrEF =−= λπ                       (4.12.12) 

 
where ( )rEn ,  is the concentration of accelerated particles in the volume beyond 
the sources. If other losses of particles may be neglected we shall obtain from the 
balance equation   
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Let us consider that approximately 
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where 1a  ∼ 1 is the parameter determined by the details of the problem. Then the 
averaged spectrum (over the considered volume) of accelerated particles in the 
space beyond the sources will be 
 

( ) ( ) λπ vrEFrEn o43, ≈ .                              (4.12.15) 
 

It can be seen from Eq. 4.12.15 that the accelerated particle spectrum in the space 
beyond the sources may be significantly different both from the particle spectrum 
in the sources and from the spectrum of the particles ejected from the sources. If 

( ) βλ EE ∝  we obtain, considering that according to Eq. 4.12.3 ( ) βγ +−∝ EEF  for 
relativistic particles with energy E and that according to Eq. 4.12.4 

( ) 21++−∝ βγ
kk EEF  for non-relativistic particles with energy kE , that beyond the 

sources will be 
 

( ) ( ) ββγββγ −+−−+− ∝∝ kk ErEnErEn ,;, .                (4.12.16)  
 

4.12.4. The accelerated particle spectrum beyond non-stationary sources  
Consider first the case where the flux of particles ejected from their sources may 

be presented in the form of product of δ-functions, i.e. ( ) ( ) ( )ottEF −− δδ orr . Then  
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the energy spectrum of particles beyond the source in case of isotropic diffusion 
will be  
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For the particles with energy E, the peak at point r is reached at the moment 
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It follows from Eq. 4.12.17 that, at first, the accelerated particle spectrum increases 
rapidly, reaching the value  
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at t = ( )Et ,max r , determined by Eq. 4.12.18, and then decreases according to the 

law ( ) 23−−∝ ott . It can be seen from Eq. 4.12.17 that if ( ) βλ EE ∝  (where β  > 
0), then the accelerated particle spectrum in the space first proves to be at t < 

( )Et ,max r  more harder than that ejected by the source and then becomes softer and 

softer. If t >> ( )Et ,max r , and ( ) βγ +−∝ EEF  in the relativistic energy range, then 
  

( ) ( )ββγ 23,, −+−∝ EtEn r .                               (4.12.20) 
 

In the non-relativistic energy range, where ( ) 21++−∝ βγ
kk EEF , we shall obtain at 

t >> ( )kEt ,max r , that 
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If the total particle flux from the source is variable in time, i.e. it may be presented 
in the form ( ) ( )orr −δtEF , , then beyond the source 

 

( ) ( ) ( )
( )

( )
( ) ( ) τ

λττ
τλπ d

Etvt
EFEvtrEn

t

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−
−−∫

−
⎟
⎠
⎞

⎜
⎝
⎛=

−

4
3exp,

3
4,,

2

0
23

23
orr               (4.12.22) 

 
in the case of isotropic diffusion.   
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4.13. Induction acceleration mechanisms  
4.13.1. The discussion on the problem of induction acceleration 
mechanisms 

The hypothesis that the CR particles can be accelerated up to very high 
energies by an electromagnetic mechanism of induction type was first set forth by 
Swann (1933) as long as more than 70 years ago. He proposed the betatron 
acceleration mechanism and qualitatively developed this model later in the work 
(Swann, 1960), in which he studied charged particle acceleration up to the CR 
energies; he treated particle acceleration as being owed to electromagnetic induction 
associated with alternating magnetic fields of the stars (the betatron mechanism). 
For the sake of brevity axial symmetry is considered, in which the magnetic field H 
and the relevant vector-potential U are generated by circular currents around the 
axis z. If U is independent of r (i.e. 0=drdU ) and the magnetic field component 

zH  varies as 1−∝ r  the particle will move along a circular orbit. As the field 

increases for 610  sec from 0 to 2000 Gs inside a circle of radius 910=or  cm, the 

particle energy increases up to 14103×  eV. A decrease of the field, however, will 
result in a particle’s deceleration. It has been shown that even if 0≠∂∂ zU , a 
‘deep’ trap of the curve ( )rU  permits the existence of a stable circular orbit on 
which the particle may gain energy for a long period. Special selection of the 
function ( )trU ,  will result in that the trap will shift with time outwards from the 
axis and disappear at a certain distance from the axis. At that moment the 
accelerated particles, without being decelerated, will be ejected from the trap along 
a rapidly unwinding spiral.  

A similar concept was developed by Terletsky (1959) who examined the 
possibility of particle acceleration by the electromagnetic field generated in the 
vicinities of a rotating body when its rotation axis and the magnetic moment do not 
coincide as a result of unipolar induction. Swann (1960) noted in the discussion of 
paper Terletsky (1959) that he had considered this problem many years earlier and 
concluded that the results of the calculations were dubious owing to an uncertainty 
of the motion state of the medium surrounding such rotating astronomical body 
(star or planet). The fact is that if the medium co-rotates with a body, the 
electromotive forces will not be induces in such medium. The ions may have been 
accelerated at great distances from the body, but the magnetic field at those 
distances should be frozen into the plasma.  

Therefore only a certain transient region is of interest in this case. It was noted, 
in numerous works that the induction mechanisms could not be effective because of 
the high conductivity of the cosmic plasma. In connection with that Swann (1960) 
noted, that the shielding electrical currents in rarified plasma could not be significant  
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and that in any case their density was smaller than Nec, which gives 
~ atcmA105 210−×  3cm1 −=N , but such currents could not hamper the 
particle’s energy gain in the induction acceleration mechanism.  
 
4.13.2. Charged particle acceleration up to very high CR energies by 
rotating magnetized neutron star 

Gunn and Ostriker (1969) suggested following induction mechanism of 
charged particle acceleration by fast rotating neutron star provided maximal energy 
of accelerated protons up to 2110  eV. For determinate it was considered pulsar in 
the Crab remnant. Its main parameters are supposed as following: the magnetic 
moment (perpendicular to the axes of rotation) 330 Gs.cm1017.4 ×=µ , moment of 
inertia 245 g.cm1039.1 ×=I , quadruple inertia moment 241 g.cm1012.6 ×=qI , the 

initial angle velocity 14 sec1003.1 −×=Ωo . Here the values for I and oΩ  are taken 
according to model of Hartle and Thorne (1968) for neutron star with the mass 1.4 

SM  and with the strength of magnetic field on the star's surface Gs1012≈pH . The 

value of qI  corresponds to ellipsoidality ∼ 410− . Such star will emit quadruple 

gravitation radiation with frequency 2Ω and magnetic dipole radiation with 
frequency Ω. The equation of particle moving in this case can be integrated 
analytically with the solution 
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where  
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The gravitation radiation will be predominate during the time 
 

( )( ) 812ln122 ≈−= gmgt ττ  years.                                    (4.13.3) 
 
In this period parameters will be change in the following way: 
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where 
 

Gs107.1;secerg107.2;secerg108.4 114845 ×=×=×= rogqomdo HLL .  
(4.13.5) 

 
In Eq. 4.13.4 rH  is the strength of magnetic field in the radiation zone; the 
magnetic field on the surface pH  is supposed to be constant. At the moment of time 

915=t  years after Supernova explosion the star radiated magnetic dipole and 
gravitation quadrupole radiation with the power 
 

( ) ( ) secerg100.1years915;secerg105.5years915 3838 ×==×== tLtL gqmd .  (4.13.6) 
 
For the all time of Crab remnant living it gives ∼ 50105×  erg total energy in the 
low-frequency electromagnetic radiation. 

In paper of Gunn and Ostriker (1969) it was not considered more complicated 
problem on the interactions in the local wave zone lcrr ≤ , but investigated in 
details the region lcrr ≥  where electromagnetic wave can be considered as 
spherical. The equation of moving of the test particle with charge Ze and mass acm  
in such wave will be 
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where µνF  is the tensor of electro-magnetic field, and µv  is the velocity vector of 

accelerated particle. Let us determine the wave in the point ( )or,0,0  where particle 
are injected; then 
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where  
 

cmZeHcr acrLlc =Ω= ω;                                       (4.13.9) 
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are the radius of the wave zone and gyro-frequency, correspondingly. The equations 
of particle moving are as following: 
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For particles which start from the rest the equations of particle moving will be 
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Because the value 810>ΩLω  for protons and electrons, the acceleration up to 

relativistic energies along the direction of the wave propagation will be realized for 
the time much smaller than the period of the wave. Therefore for the rough 
estimation can be supposed that ( ) oconstcrt ϕϕ =≈−Ω= . By integrating of Eq. 
4.13.11 from lcr  up to some cutting radius cr , the final energy of accelerated 
particle will be obtained as 
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At acceleration of the collective of particles, the energy of the wave will be 
decrease and their amplitude will → 0 at crr ≈ , so the final energy will be some 
smaller. Now it is easy to check the supposition on the constant of the phase. The 
expected change of the phase will be ∼ ( )( ) ( ) 3434 sin −Ω oLlcc rr ϕω , i.e. really 
very small (excluding the point 0=oϕ ). Therefore, charged particles are 
accelerated very fast and moved together with electromagnetic wave at  
constant phase. In the laboratory system of coordinates the test particle 
continuously gain energy in weekly inclined electric and magnetic fields which 
directions practically does not change in time. The mechanism of particle 
acceleration works effectively thanks very low frequency and very big amplitude of 
the field in the wave (the strength of magnetic field rH  at the basis of wave zone at 

present time is ∼ 610  Gs, and at 0=t  it was ∼ 1010  Gs). Such non-linear interaction 
of charged particle with the very low frequency electromagnetic wave was discussed 
for another limit conditions in papers of Buchsbaum and Roberts (1964) and Jory 
and Trivelpiece (1968). In difference of these papers, in Gunn and  
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Ostriker (1969) the parameter ΩLω  is so very big that it ensures the moving of 
charged test particle at the practically constant phase. 

Let us consider now the suggestion used in Gunn and Ostriker (1969) that the 
charged particles moved as in vacuum. This approximation is valid if  
 

2
oeLo ωωγ >Ω ,                                         (4.13.13) 

 

where 2cmE acoo =γ  at injection, and ( ) 2124 eeoe mNeπω =  is the plasma 
frequency. If the Eq. 4.13.13 does not satisfied, the considered above mechanism of 
charged particles acceleration will work with smaller efficiency.  
 
4.13.3. On the maximal energy of accelerated particles from fast rotated 
magnetic star 

Eq. 4.13.12 for accelerated particles with the mass Amm pac =  and the charge 
Ze gives 
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at 1sin =oϕ . Using the parameters for pulsar in Crab (and suppose that 01.0≈cr  

pc), the maximal energy for protons will be estimated as 15
max 103×≈E  eV and 

for iron nucleus as 16
max 105.5 ×≈E  eV. By the extrapolation to 0=t  the 

corresponding maximal energies for protons and iron nucleus, will be ∼ 17103×  eV 
and ∼ 1910  eV. 

What theoretical limit there is for the value of maxE  in the frame of the 
considered mechanism? To answer on this question, Gunn and Ostriker (1969) 
consider some collapse object with the mass colM  and radius colr  near the 

Schwarzschild radius 22 cGMr colg = . The maximal angle velocity grc≈Ωmax , 

and maximal magnetic field on the surface 221
max gcolp rMGH ≈ . By using these 

values from Eq. 4.13.12 follows (without taking into account the logarithmic 
factor): 
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i.e. does not depends from the mass of collapsing star. Eq. 4.13.15 gives for electrons 

maxE  ∼ 17105×  eV, for protons ∼ 2110  eV, and for iron nucleus ∼ 22104 ×  eV. 



COSMIC RAY ACCELERATION IN SPACE PLASMAS 579 

 

4.13.4. On the expected energy spectrum and total flux of accelerated 
particles from fast rotated magnetic star 

If according to Goldreich (1969), let us suppose that the density in the 
magnetosphere of fast rotated magnetic star is so that the relation Ω= ooe ωω2  is 
satisfied. In this case the total flux of accelerated particles with charge e vs the time 
will be 
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where pr  is the radius of the star. Eq. 4.13.16 gives about 37103×  particles/sec at 

oΩ=Ω  in the case of pulsar in Crab. 
Let us estimate the energy spectrum of accelerated particles emitted from the 

rotated magnetic star for the all time with taking into account the braking of the 
star's rotation. If the rate of injection is constant at the phase oϕ , the mean energy of 
accelerated particles E  will be about 80% from maxE  (Goldreich, 1969). In this 
case the differential energetic spectrum of accelerated particles ejected into 
interstellar space will be 
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By using Eq. 4.13.4 for ( )tΩ  we obtain 
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where gτ  is determined by Eq. 4.13.2, iE  is the initial average energy, and iη  is 
the initial rate of charged particles injection into acceleration process. The obtained 
slope 5/2 in the spectrum is in good agreement with observations of CR in high 
energy range (about 2.6 – 2.7).  

Let us note that the interaction of charged particles with strong low-frequency 
electromagnetic field generated in case of rotation of inclined magnetic dipole has 
been studied analytically and numerically by Grewing and Heintzmann 
(1973a,b,c,d). It has been shown that, when reasonable initial conditions for rotating 
magnetized neutron star are properly selected, the particle may acquire an energy 
comparable with the highest observed CR energy.  
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4.14. Particle acceleration by moving magnetic piston  
As a result of the ejection of magnetized plasma (for example, during the 

chromosphere flares, coronal ejections, during the explosions of Novae and 
Supernovae) the particles will be reflected from such a condensation (let us call it a 
magnetic piston) and the particle energy will increase or decrease depending on the 
type of an acting collision: head-on or overtaking collision.  
 
4.14.1. Acceleration and deceleration at a single interaction of particles 
with magnetic piston  

Let a magnetic piston have a thickness l, the intensity of a magnetic field in it 
be H, and let it move with a velocity u (u << c). If the angle between the velocity v 
of a particle’s motion and the piston velocity u is ϕ, then the particle will be 
reflected from the piston having a Larmor radius inside the piston: 
 

( )ϕsin1−≤ lrL .                                        (4.14.1)  
 

Since a particle’s velocity in the coordinate system related to the piston is v−u, then 
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The Eq. 4.14.1 and Eq. 4.14.2 result in that the piston not reflecting the particles 
which have the velocities crvv > , where  
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At a reflection when crvv ≤ , a relative energy variation of a particle, according to 
Sections 2.2−2.5, will be  
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If crvv ≥ , the particle will pass through a magnetic piston. In this case, it will be 

scattering at the angle θ which is determined by the equation: 
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θ
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,                         (4.14.5)  

 
where Lr  is determined according to Eq. 4.14.2. In the case of scattering at the 
small angles 1<<θ , the equation results in 
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The energy variation in this case is determined according to Sections 4.3−4.5: 
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It should be noted that Eq. 4.14.4 and Eq. 4.14.6 hold true also at large values 

of u. For non-relativistic particle energies the relative variation of kinetic energy 
kk EE∆  will be considerable even in a single reflection: 
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The Eq. 4.14.7 results in kk EE∆  being able to be very large at v ~ u. In the range 
of super-relativistic energies 

cuEE ϕcos2−≈∆                                          (4.14.9)  
 
at the particle reflection from a magnetic piston and 
 

LrculEE ϕ32 cos2−≈∆ .                                     (4.14.10)  
 

when a particle crosses it. The Eq. 4.14.9 and Eq. 4.14.10 show that the relative 
energy variation is not large, of the order of u/c, in the case of relativistic energies. 
 
4.14.2. Acceleration and deceleration of particles at the multiple 
interactions with magnetic piston 

In the presence of scattering medium behind or/and before a magnetic piston, a 
multiple interaction of particles with a piston will take place and particle energy 
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variation will be very significant. In this case a share of particles interacting with a 
piston will be pronouncedly decreased with increase of the multiplicity of 
interaction. Therefore the differential energy spectrum of accelerated particles will 
fall down with a growth of particle energy; the detailed form of a spectrum will be 
determined by the probability dependence for a given multiplicity of particle 
interaction with a piston, The same conclusion can also be drawn for a dependence 
of the relative share of decelerated particles nn∆  on the particle energy - it should 
also be decreased with a growth of particle energy. Some examples of particle 
acceleration and deceleration in the process of multiple interactions with a magnetic 
piston will be discussed below.  
 
4.15. Mechanisms of particle acceleration by shock waves and 
other moving magneto-hydrodynamic discontinuities during a 
single interaction 

The particle acceleration by the moving magneto-hydrodynamic discontinuities 
is probably one of the accelerated processes which are most frequent in the space 
(in the solar atmosphere, in interplanetary space and in the magnetospheres of the 
planets, in the Galaxy, etc.). The mechanism of acceleration by the transverse and 
oblique shock fronts for normal and oblique incidence of particles, including the 
scattering by magnetic inhomogeneities of medium has been most comprehensively 
developed (Dorman and Freidman, 1959; Shabansky, 196l, I966; Schatzman, I963; 
Korobeinikov and Lomnev, 1964; Alekseev and Kropotkin, 1970; Vasilyev at al., 
1978; and others).  
 
4.15.1. Acceleration for single passage of a laterally incident particle (the 
shock front is unlimited)  

Consider a shock wave in a medium with a frozen magnetic field parallel to the 
shock front plane. Let the shock front move at velocity 1u . In undisturbed space 1 
the field intensity is 1H , in disturbed space 2 moving at velocity 21 uu −  relative to 
the rest system, the field intensity is 2H  (see Fig. 4.15.1). A particle moving in 
undisturbed space 1 will collide with the magnetized shock front, be reflected from 
the front, and gain an additional momentum as in a head-on collision with mirror. 
Then the particle will again collide with the front, etc. After a while, however, the 
process will stop due to the particle drift to undisturbed space 2 behind the front. In 
addition to that, the drift along the front takes place owing to the difference between 

1H  and 2H . In this case if the front is limited, the acceleration may stop even 
earlier, before the particle is completely transferred to space 2. The calculations 
carried out by Dorman and Freidman (1959) for the case of an infinite front show 
that such a mechanism may give a considerable increase of the particle’s energy. In 
Dorman and Freidman (1959) the particle acceleration was estimated, on the 
assumption of normal particle incidence onto the front.  
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In the coordinate system relative to the shock front (as in Fig. 4.15.1, in which 
the shock front is in plane yz, the magnetic field along z axis), the particle motion 
will be as follows. In space 1 a charged particle affected by magnetic field 1H  and 

electric field 111 HuE ×−=
c
1  will drift at velocity 1u  towards the front. Near the 

front the particle is affected by the difference in 1H  and 2H , and will drift also 
along the front towards the Y axis (i.e. along the electric field 21 EE = ); on 
traversing the shock front plane the particle will drift in disturbed space at a 
velocity 2u . 

 

 
 
Fig. 4.15.1. Charged particle trajectory in shock wave (coordinate system related to the 
wave front). According to Dorman and Freidman (1959).  
 

Let the particle move in undisturbed space at velocity ov  perpendicular to the 
magnetic field. In a fixed coordinate system the particle will then move along a spiral 
with curvature radius 11 ZeHcpr oL =  and frequency oL EZecH11 =ω . Here Ze is 
the particle charge, op  is the initial momentum, oE  is the total initial energy of the 
particle. When the front approaches the particle, the drift will be toward the Y axis 
and the particle energy will change by 
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cHZeluZelE 11==∆ E ,                               (4.15.1) 
 

where l is the drift along the y axis. Let us estimate l. The shift during a single cycle 
will be  
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where 2112 uuHH ==σ  is the degree of the compression of transverse 
magnetic field in the shock wave. We assume here that the particle energy is almost 
invariable during a single cycle. The time of a single cycle will be  
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whence the drift velocity in the direction of the Y axis is   
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Considering that the particle moves across the shock front plane at velocity 1u  in 
space 1 and 2u  in space 2, we shall obtain that the time of particle drift along the y 
axis will be 
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From this the shift along the Y axis is 
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and according to Eq. 4.15.1, the energy change will be 
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It is of importance to emphasize that, according to Dorman and Freidman 
(1959), the energy increase is dependent on neither the particle’s charge, nor the 
shade wave speed, nor the magnetic field intensity (this is associated with the fact 
that the increases of the intensity of field resulting in a more intensive drift and in a 
more rapid ejection of particles from the acceleration region, so that the total effect 
remains the same). The particle acceleration effect is eventually determined by the 
parameter 2112 uuHH ==σ , i.e., the degree of enhancement of the transverse 
magnetic field and compression of medium during shock wave movement.  

It follows from Eq. 4.15.7 in the non-relativistic case, when 2cmE aco ≈ , that 
 

( ) ( )118 +−≈∆ σπσkok EE ,                                    (4.15.8) 
 

and in the ultra-relativistic case when it may be assumed that oo Ecp ≈  we get 
 

( ) ( )114 +−≈∆ σπσoEE .                                     (4.15.9) 
 
4.15.2. Acceleration in a single passage of a transversely incident particle 
(the shock front is limited) 

If the shock wave front is limited and its size is L, the particle may be ejected 
from the zone of shock wave acceleration even earlier than it can drift from region 1 
to region 2 shown in Fig. 4.15.1. In this case the maximum energy that the particle 
may acquire will be 

 

HL
c

ZeuE =∆ max ,                                        (4.15.10)  

 
where u is the movement velocity of the front, H is the field intensity in the front. 
Thus in case of a limited shock front the particle energy gain will be determined 
either according to Eq. 4.15.7 if maxEE ∆≤∆ , or otherwise by Eq. 4.15.10.  
 
4.15.3. Exact integration of the particle motion equations for an oblique 
incidence of a non-relativistic particle onto a shock front  

The above approximate estimates are concordant with the results obtained by 
Shabansky (1961) for trajectory calculations for a particle with the initial momentum 

op  which is incident at some angle oϕ  to a front normal. It was found that if oϕ > 0 
the ratio opp  is not high (≤ 1.5); opp  increases rapidly and approaches the value 
~ 4 at 4πϕ −=o . The maximum acceleration corresponding to ≈opp 5.23 is 
realized at 2πϕ −=o .   
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4.15.4. Particle acceleration by a transverse shock wave at v >> u in 
general case (including oblique incidence of particles)  

Such a problem was investigated by Shabansky (1966). Let us consider a plane 
hydromagnetic shock wave propagating in the direction normal to the magnetic 
field (a transverse shock wave). Let all the quantities with index ‘1’ be related to 
those before the front, and after behind the front they have index ‘2’. An energetic 
particle with a velocity which is assumed to be far more than the front velocity 
passes from the medium 1 to the medium 2. During this transition a particle occurs 
alternatively in the regions 1 and 2 moving along the arcs of circles in the 
coordinate systems which are motionless relative to the media 1 and 2, respectively. 
Because in this case the velocity parallel to the magnetic field does not vary, we 
limit a priori our consideration by the motion of an energetic particle only in the 
plane normal to the field. In the general case this is equivalent to a consideration in 
the coordinate system moving with the velocity //v  along the field.  

At the successive passages of the regions 1 and 2, the arc of a particle’s 
trajectory in the region 1 will be decreased and in the region 2 it will be increased 
until it will be equal to 2π and a particle will be always in the region 2 behind the 
wave front. If the angle between a particle velocity v and the normal to the front 
(directed from the medium 1 to 2) in the moment of transition is ϕ, the central angle 
θ of an arc of a particle motion in the medium 2 will be related to ϕ as follows: 

ϕπθ 2+= . In this case the angles ϕ and θ very within the limits 
πθπϕπ 20,22 ≤≤≤≤− . The front’s displacement relative to the medium 2 

during the time of a particle’s motion in the medium 2 is, on the one hand, 
( )222222 Lutux ωθ=∆=∆  and, on the other hand, 2222 cosϕϕ∆=∆ Lrx , where 2u  is 

the front velocity relative to the medium 2, iLi ZeHpcr =  (i = 1, 2) is the Larmor 
radius, cmZeH aciLi =ω  is the frequency of a particle Larmor rotation. Then the 
change of the angle ϕ and the front displacement relative to the medium 2 during a 
particle passage through the medium 2 is equal to 
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Similarly to this, during a particle’s passage through the medium 1 the front 
displacement relative to the medium 1 ( ) ( ) 111111111 2' gg uutux ωϕπωθ +==∆=∆  
and on the other hand, 1111 cos' ϕϕ∆=∆ grx . The front displacement relative to the 

medium 2 will be ( )1211 ' uuxx ∆=∆ , where 1u  is the front velocity in the medium 1 
and 1ϕ  is the angle between the front normal (directed from the medium 2 to medium  
1) and a particle velocity. Since ϕϕ −=1 , the angle variation 1ϕ∆  and the front  
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displacement relative to the medium 2 during a particle passage through the 
medium 1 are 
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Together with the angle variation described by Eq. 4.15.11 and Eq. 4.15.12 

owed to finiteness of particle motion in the media 2 and 1, the angle will be 
increased by 'ϕ∆  which is related to a change of a particle’s momentum at the 
reflection from the medium 2. Normal to the front plane component of a 
momentum, ϕcospp =⊥ , will be increased by ( ) 2

122 cEuup −=∆ ⊥  and the 
longitudinal component ϕsin// pp =  will have 0// =∆p . Here E and p are the total 
energy and the momentum of a particle, c is the velocity of light. From the 
equations 

 
( ) 2

212sincos,0cossin cEuupppp oo −=∆−∆=∆+∆ ϕϕϕϕϕϕ ,    (4.15.13) 
 

which have been obtained by differentiation of these expressions, we shall find oϕ∆  
and the momentum variation p∆ : 
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21 cos2 cEuup ϕ−=∆ .                             (4.15.15) 

 
The total increment of the angle during a circle is composed by the increments 
described by Eq. 4.15.11, 4.15.12 and 4.15.14 oϕϕϕϕ ∆+∆+∆=∆ 21  and is equal 
to 
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Let us now determine a displacement of the instantaneous center of rotation 
during one revolution. As is seen from the expression for the Larmor radius 

( )[ ]pHr 2ZeHcg =  a displacement in the direction of the wave propagation 

( )[ ] xZeHcx 2
2 pH∆=∆  is equal to zero at the transition through the front (since 

p∆  is normal to the front).  
One can neglect the angle variation ϕ∆  and a change of position of the front 

itself during a revolution when determining a displacement of the instantaneous 



588 CHAPTER 4  

 

rotation center in the front plane in the direction normal to the field. A displacement 
of the instantaneous center is 
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Dividing Eq. 4.15.15 by Eq. 4.15.16 and passing to the limit ϕϕ ddpp →∆∆  we 
obtain the equation for a particle momentum 
 

( )ϕϕ pfddp = ,                                           (4.15.18)  
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and where the evident equalities have been used: 
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including the condition of frozenness ( ρ  is a density). Integrating Eq. 4.15.18 we 
have  
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The lower limit of integration corresponds to the initial angle of entry into the 
region 2 behind the front in the first instant of particle contact with the front, i.e. 

( )2π−= pp  is the momentum before the wave passage. Eq. 4.15.21 results in that 
after crossing the shock front ( )2πϕ = , the momentum ( )22 πpp =  is determined 
by the relation: 
 

( ) 21
1212 HHpp = ,                                   (4.15.22)  

which is the expression for the law of magnetic moment conservation, i.e. 
const2 =Hp . Concrete properties of the medium parameter variations in the shock 

wave have not been used in the deduction of the Eq. 4.15.18−4.15.22. The only 
limitation for the field discontinuity have come to the condition of the conservation  
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of magnetic flux per unit volume at the crossing of a discontinuity surface: 
2211 HuHu = . Therefore the law of conservation of magnetic moment holds for any 

field discontinuity with this condition.  
The law of magnetic moment conservation (see Eq. 4.15.22) having been 

deduced exactly is a result of the assumption that the front velocity 1u  is infinitely 
small compared with a particle’s velocity v. Actually the Eq. 4.15.22 holds with the 
accuracy to the terms of the order of vu1  as compared to unit. The matter of 
problem is that if a particle makes a finite number of revolutions during when it  
is on the front ( vu1  is not an infinitely small quantity), the magnetic moment  
is not conserved according to the general theory of a violation of adiabatic 
invariants in the presence of forces undergoing a discontinuity of any derivative.  
If a particle has time only for a single crossing of the shock front ( 1u  is comparable 

with v), the momentum increment ( ) 2
21 cos cEuup ϕ−=∆  is positive for head on 

( 22 πϕπ ≤≤− ) and negative for overtaking collisions. In this case a magnetic 
moment is not conserved. It is evident that the less is a particle’s velocity the less is 
the difference of its behavior on the front from the behaviors of thermal particles 
which are heated non-adiabatically on the shock front.  

 
4.15.5. Particle acceleration by oblique shock waves  

The acceleration of energetic particles on the front of an oblique shock wave 
have been analyzed by Alekseev and Kropotkin (1970). The particles with a Larmor 
radius Lr  which is large compared to a discontinuity thickness of d were considered 
as energetic particles. It was assumed that the motion of such particles near the plane 
of discontinuity (x = 0) is determined by magnetic field which is uniform in each of 
semi-spaces (1 at x > 0 and 2 at x < 0). The collisions for discontinuities in 
collisional plasma are neglected; the latter assumption was argued for the particles 
with a free path drg >>>>λ . Since d is of the order of the free path length of the 
thermal plasma particles, and the free path of a given particle is increased with its 
energy, the above inequality will hold for the particles the energy of which is large 
compared to the thermal energy. It was assumed for collisionless discontinuities that 
an interaction of the particles under consideration with micro-fields (forming a jump 
of the magnetic field) is insignificant compared to the interaction with regular 
macroscopic magnetic field; this appears to be true if drg >> . Particle interaction 
with an oblique shock front is essentially different from the interaction with a wave 
in purely transverse field (the normal field component 0=nH ) considered above. 
Note that there always exists the coordinate system in which an electric field E = 0 
(Landau and Lifshitz, M1957). In this coordinate system a particle trajectory consists 
from parts of spiral lines occurring by turns either in the region 1 with the magnetic 
field 1H (having the components 1111 ,0, tzynx HHHHH === ) and in region 2  
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with the field 2H  (its components are 2222 ,0, tzynx HHHHH === ). A 
trajectory is determined by the following two parameters: pitch angle θ and the 
phase ϕ of Larmor precession in any point of crossing the front plane (the phase ϕ 
is counted from a normal to the force line which is directed from the space 1 to 2). 
Let αtg1 =tn HH  and βtg2 =zn HH  be a tilt of the force lines to the front plane 
in the regions 1 and 2, respectively. Then 1θ  and 1ϕ  are related to 2θ  and 2ϕ  (the 
subscript indicates to which of the regions the variables θ and ϕ are related) by the 
condition of the continuity of the velocity at the crossing of a shock front  
 

)23.15.4(,sinsincoscossinsinsin
,cossincossin,sinsinsincoscoscos

11122

1122112
ϕθγθγϕθ

ϕθϕθϕθγθγθ
+−=

=+=
 

 
where βαγ −= . Furthermore, the phases of successive crossings (m and m + 1) of 
the front plane are connected by the relation: 
 

( )1,1,11,11,1 ctgtgcoscos ++ −=− mmmm ϕϕθαϕϕ                         (4.15.24)  
 
for the region 1 and by a similar relation for the region 2. For simplicity we shall 
assume below that the angles α and β are small. For an increments of a pitch angle 
and a phase per one revolution we then obtain 
 

( )[ ]ϕϕγπαθϕϕϕγθ 2sin22ctgsin,sin2 −−=∆=∆ .             (4.15.25)   
 
The variations of parameters θ and ϕ along a particle trajectory determine a certain 
dependence of θ which is governed by the equation 
 

( ) πβϕγϕπγ
ϕϕγθθ

22sin2
sin2ctg

++−
= dd .                        (4.15.26)  

 
The solution of Eq. 4.15.26 is 

ϕγγϕπα
θπαθ

2sin22
sin2sin

2
2

+−
= o ,                            (4.15.27)  

where oθ is the pitch angle for the first crossing of the front. The phase ϕ varies from 
0 to π at the transition from the region 1 to 2 and conversely otherwise. The Eq. 
4.15.27 means that the magnetic flux enclosed by a particle during one revolution is 
constant. The particles moving from a region of weaker magnetic field with the pitch  
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angle ( )βααβθθθ >=> atsin2
crcro  are reflected from the plane of the shock 

front with conservation of the magnetic moment  
 

HvmHvm kacac 2sin2sin 2222 θθµ == ,                     (4.15.28) 
 

where the pitch angle after coming from the front is ok θπθ −= . The rest particles 
pass through the front changing their pitch angles according to the conservation of 
the magnetic moment. It is possible to determine the trajectory in the front plane by 
using the integrals of motion   
 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

−
+

+
+= zHH

xx
H

xx
c

ZepI ntty 211 22
,                           (4.15.29) 

 

yH
c

ZepI nz +=2 ,                                                (4.15.30) 

 
where yp  and zp  are the momentum components of a particle. In the instant when 
a particle crosses the plane of the shock front θϕθ cos,cossin pppp zy =−=  (the 
terms ∼ α are omitted). Putting x = 0 and neglecting the rapid oscillations of a 
particle in the direction normal to the front, we obtain from Eq. 4.15.29 and 
4.15.30: 
 

( ) ( )ϕθϕθθθ cossincossin,coscos −=−−=− oogoogo rzzryy .  (4.15.31)  
 

For definiteness we consider that a particle is positively charged. The quantity 
ng ZeHpcr =  is the Larmor radius in the field nH ; oy  and oz  are the particle’s 

coordinates at the first crossing of the front; oθ  and oϕ  are the initial pitch-angle 
and phase; θ and ϕ in Eq. 4.15.31 are determined by Eq. 4.15.27. The total 
displacement in the yz-plane (during the time when a particle is near the front) will 
be  

( ) ( )koLkoL rzry θθθθ sinsin,coscos −=∆−=∆ .       (4.15.32)  
 

For particle reflection Eq. 4.15.32 gives  
 

oLoL rzry θθ sin,cos2 =∆=∆ .                        (4.15.33)  
 

In the case of small angles α and β Eq. 4.15.25 are complicated. The variations ∆θ 
and ∆ϕ during one revolution are now not small. The pitch angle kθ  and kϕ  of a 
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particle leaving the plane of the shock front are determined by the successive 
solutions of the Eq. 4.15.23 and Eq. 4.15.24. In this case kθ  also depends on the 
initial pitch angle oθ  and on the phase oϕ . A particle’s magnetic moment is not 
conserved after passing through the front. However, the general character of the 
motion remains the same. The particles moving from the region of a weaker field 
will be reflected from the front if their pitch angle is more than crθ  depending on 
the initial phase oϕ . The other particles will cross the front.  

On the basis of the results considered, Alekseev and Kropotkin (1970) have 
calculated the expected particle acceleration. The matter of the problem is that in 
any coordinate system, except for the single one in which [ ] 0=uH , acceleration 
will take place because there is a uniform electric field parallel to the plane of 
discontinuity. When crossing this plane the leading center of a particle’s motion 
moves along the electric field so that there is a corresponding change of the 
particle’s energy (see for comparison Section 4.15.1).  

Let us pass to the coordinate system K' moving relative the initial frame with 
the velocity nHcEu =  along the z-axis (the z component of a magnetic field has a 
jump at the plane of discontinuity but the other two components are continuous). 
The electric field E' in the system K' is equal to zero; ztz HH =1  and 22' zz HH = ; 
the magnetic field component parallel to the velocity u does not vary and is normal 

to the plane of discontinuity 
2122' ⎟

⎠
⎞⎜

⎝
⎛ −= Enn HH . At nH≈E  the angle α' of force 

line tilt to the front plane will be small in the K' system even if the initial angle α ∼ 
1. A particle trajectory in the K' system has been described above. The turn 
transition to the initial coordinate system K makes it possible to obtain the particle 
trajectory in the presence of an electric field.  

The change of kinetic energy kE∆  at the crossing of the front is given by the 
equation   

 

( ) 21221

'

cu

puyZeE z
k

−

∆=∆=∆ E ,                                 (4.15.34) 

 
where y∆  is determined by Eq. 4.15.32 in the case of oblique shook wave.  
 
4.15.6. Particle acceleration by rotational discontinuities 

Alekseev and Kropotkin (1970) have also considered the trajectories of 
motion and acceleration of energetic particles in the vicinity of moving rotational 
discontinuity. Near the plane of a rotational discontinuity a magnetic field has the 
components: 
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;0for2sin,2cos, 111 >Ψ=Ψ== xHHHHHH tztynx      (4.15.34a) 
 

;0for2sin,2cos, 222 <Ψ=Ψ== xHHHHHH tztynx     (4.15.34b) 
 

Here Ψ is the angle of the turn of the field’s vector at the discontinuity. Similar to 
the case of an oblique shock wave, the boundary conditions (satisfied on the 
discontinuity surface) result in the existence of the coordinate system where E = 0 
(see, for example, Landau and Lifshits, M1957). In the case of a rotational 
discontinuity, assuming that the tilt angle of magnetic force lines is small, we obtain 
the following expressions (instead of Eq. 4.15.23): 
 

( )

( ) )35.15.4(.sinsincossincoscos1sinsin
;sinsinsincossincoscossincossin

;sinsincos1cossinsincoscoscos

111122

1111122

111112

ϕθθαθαϕθ
ϕθαϕθθϕθ

ϕθαϕθθθ

+Ψ+Ψ−−=
Ψ−Ψ+Ψ−=

Ψ−+Ψ+Ψ=
 

 
Using Eq. 4.15.35 and Eq. 4.15.24) we obtain increments of pitch angle θ and phase 
ϕ during one revolution: 
 

( ) ( )[ ]
( ) ( )[ ]{

( ) ( )[ ]} )36.15.4(,ctg1cos2sincossincosctg2~
sinsin22sincos12ctgsin

;ctgcoscossinsin~sincos12

2222 θϕϕθϕ

ϕϕϕπαθαϕϕ
θϕϕϕαθ

−Ψ+Ψ−Ψ+

Ψ−Ψ−+−=∆
Ψ+Ψ−ΨΨ−=∆

  

 
where  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Ψ−Ψ=

ϕ
θϕϕ

sin
ctgsinctgcosarctg~ .                             (4.15.37) 

 
Applying Eq. 4.15.36 it is possible to obtain the differential equation which 
determines the relation of pitch angle and phase along a trajectory. The solution of 
this equation is 
 

( ) ( )[
( )] )38.15.4(,ctgcosctg2cosctgsin~2

ctgsinsin2sincos1~2sin
222

2

C=ΨΨ−−Ψ+

Ψ+Ψ−+−−

θϕθϕ

θϕϕϕϕπθ
 

  
where C is a constant of integration. Similarly to the Eq. 4.15.27, the Eq. 4.15.38 
implies the conservation of the magnetic flux Φ which is enclosed by a particle 
during one revolution. A particle’s behavior is essentially dependent on Ψ. At 

2π=Ψ  the particles moving from the top (x > 0) cross the plane of discontinuity, 
and conservation of Φ means that kθ  (the pitch angle of the particles coming down  
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to x < 0) is equal to the initial pitch-angle. For moving particles upward, 
conservation of kθ  does not require any restriction of the final pitch angle. For 

ππ <Ψ<2  a portion of the particles of the upper region with pitch angle 
2/0 πθ −Ψ<< o  will cross the discontinuity with conservation of their pitch angle, 

and another part of them will be reflected returning to the top region with the pitch 
angle ok θθ −Ψ= . If 2/2/ πθπ <<−Ψ o  a particle will cross the discontinuity 
plane and Eq. 4.15.38 results in kθ  be equal either to oθ  or to oθπ − . The particles 
moving from below with pitch-angle πθ <<Ψ o  will cross the discontinuity 
( ok θθ = ) but if Ψ<< oθπ 2/  a partial reflection of the particles into lower half 
space ( ok θθ −Ψ= ) will occur and a fraction of particles will cross the 
discontinuity plane ( ok θθ = ).  

Using the integrals of motion in the field of a rotational discontinuity 
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(4.15.39) 
 

and the fact that at the crossing of a discontinuity plane (at x = 0):  
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we can determine the trajectory in a discontinuity plane  
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where θ and ϕ are co-related (see Eq. 4.15.38). The total displacement of a particle 
in a discontinuity plane is 
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cos
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cos;

2
sin

2
sin koLkoL rzry θθθθ .(4.15.41)  

Here the initial pitch angle oθ  and the final pitch angle kθ  are related to the region 
1 at x > 0. If a particle comes from the region 2 then oθ  should be substituted for 

o2θ−Ψ  ( o2θ  is the initial pitch-angle in the region 2). Similarly, for those particles  



COSMIC RAY ACCELERATION IN SPACE PLASMAS 595 

 

coming into the region 2, kθ  should be substituted for k2θ−Ψ . The final pitch 
angle is determined by Eq. 4.15.38. Particle acceleration in the interaction with a 
rotational discontinuity is determined by the Eq. 4.15.34 but y∆  is defined in it by 
Eq. 4.15.41. In particular, for the particles reflected from the discontinuity plane 

zz pp '2' =∆  and 
 

( ) ( )[ ]kacnz
n

z
k EcmHcp

Hcu

upE +−
−

=
−

=∆ 2
222122

2

1

'2 E
E

E
,            (4.15.42)  

 
where zp'  is the z component of a particle momentum in the system K'. For non-
relativistic particles ( 2cmE ack << ) we have 
 

( )E
E

E
−

−
=∆ cHu

H
cmE nz

n
ack 22

22 .                         (4.15.43)  

 
This shows that with E  ∼ nH  the particles will be accelerated to relativistic 
energies. For E  << nH  the value zk upE '2=∆ , where //' pp z ≈  ( //p  is a particle’s 
momentum along the magnetic field) for a small 'α , and therefore a discontinuity 
with a tangential electric field E accelerates the particles similar to a magnetic 
mirror moving along the discontinuity with the velocity nHcu E= .  
 
4.15.7. Particle acceleration at a multiple reflection from a shock wave 
front 

In the presence of inhomogeneities of the magnetic field ahead of the  
shock front there will be particle scattering both by undisturbed medium and by  
a shock wave front. As a result a certain share of particles will undergo a  
multiple acceleration on the shock wave front and their energy can be far  
increased. A realization of such a mechanism of acceleration with the  
certain concrete condition will be considered below (see Sections 4.21−4.24).  
Here we shall present the solution obtained by Vasilyev et al. (1978) for the 
problem of energetic particles acceleration by a shock wave propagating in  
a turbulent medium. The paper of Vasilyev et al. (1978) is founded upon  
the following assumptions: a) a particle’s Larmor radius gr  is large compared to  
the shock front’s thickness; b) the shock waves are propagated in the medium  
with a regular magnetic field oH  and a random field H~ , and H~  ≤ oH ; c) the 
spectrum of the random field falls with the increase of the wave number k so that 
the large scale component of the field (the scales are more than a particle Larmor 
radius gr ) prevails over the small scale component; the main turbulence scale oL   
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(correlation length) satisfies the condition oL >> gr . If these conditions are satisfied, 
a particle’s transport path will be large compared to the Larmor radius in the 
resultant field composed of a regular magnetic field oH  and by a large scale of a 
random field H~ . A small scale field within each of the Larmor revolutions will 
produce only a small distortion of a trajectory. Therefore near the front within 
several Larmor revolutions one can use the leading center approximation, 
neglecting a small scale component. In a system of coordinates with a shock front at 
rest let the plasma before the shock moves normally to it. The large-scale field 
before and behind the front is denoted by 1H  and 2H , respectively, and the small 
random component is neglected. If the angles 21, αα  (related by the expression 

2211 ctgctg αα uu =  owed to the boundary conditions) satisfy the inequality 
( )2,1ctg =< icu ii α , the coordinate system 'K  will exist in which '//' Hu  and an 

electric field E'  is equal to zero in the whole space. The 'K  system moves opposite 
to the x-axis with the velocity iiuu αctg'=  (Landau and Lifshitz, M1957).  

In this system the energy of particles does not change and their trajectories in 
the regions 1 and 2 have the form of spiral segments. At arbitrary values α the 
coefficients of particle reflection from the front ( )µf  and those of particle’s passage 
through the front ( )µϕ  as functions of θµ cos=  (the pitch angle cosine), averaged 
over a period of cyclotron rotation, can be found by a numerical calculation. 
However, if the condition 12,1 <<α  is valid the magnetic flux through the orbit (the 
transverse adiabatic invariant) will be conserved in the 'K  system when a particle 
crosses the wave front. Furthermore, we shall restrict our consideration to this case 
and for simplicity consider a non-relativistic case: .1<<<< αcu  The differences 
of 'α  from α and of 'H  from H as well as tangential velocity component behind the 
front will then be negligibly small. From a comparison of the transverse adiabatic 
invariant before and behind the front, ( ) ( )22

2
11

2 'sin'sin HH θθ = , we find the 
boundary value 

 

211' HHo −=µ ,                                     (4.15.44)  
 

separating the particles moving from the region 1 and reflecting from the front, 
from those passing through the front. Thus, the coefficient of passage is  
 

( )
⎩
⎨
⎧

≤≤
≥≥

=
;''0at0
,''1at1

'12
o

o
µµ
µµ

µϕ                                  (4.15.45) 

 
and the reflection coefficient ( ) ( )'1' 1212 µϕµ −=f . For the particles incident upon 
the front from the region 2,  
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( ) ( ) 0'1at0',1' 2121 ≤≤−== µµµϕ f .                  (4.15.46) 

 
A relation of pitch-angles in the stroked and initial systems is given by the 
expression 
 

( ) ( ) ( )[ ] 212
111111 cos1cos'cos

−
+++= vuvuvu αθααθθ ,       (4.15.47)  

 
which results in all values 1'cos1' ≤≤− θθ  being possible with 111 <vu α . For 

111 >vu α  only positive values ( ) 1cos1 2
11 ≤≤− θα uv  are possible. Since the 

reflection condition is 211'cos HH−≤θ  both latter inequalities will be valid 

simultaneously, but having the condition ( )( ) 21
2111 HHvu≥α . For 

( )( ) 21
2111 HHvu<α  a particle with an arbitrary θcos  coming to the front from 

the region 1 will pass through it.  
The dependence of θcos  on 'cosθ  is double-valued: 
 

( ) ( ) 'sin'sin1'coscos 2
11

22
11 θαθαθθ vuvu −−±= .            (4.15.48)  

 
In the case vu 11 α  < 1 one should take only the sign +. For vu 11 α  > 1, one should 
take into account both of the signs. The Eq. 4.15.44−4.15.48 give the values of µ 
limiting the reflection region and the region of passage for the particles coming 
from the medium 1 into medium 2. They are different for three regions of values of 

1α :  
 
region 1 vu11 >α ; reflection at +≤≤− ovu µµα11 , passage at 1≤≤+ µµo , 
where 
 

( ) ( ) ( )( ) 211121
2

1121 11 vHHuHHvuHHo ααµ −−−±=± ;                (4.15.49  
 

region 2 ( )( ) vuHHvu 11
21

211 << α ; reflection at +− ≤≤ oo µµµ , passage at 
1≤≤+ µµo  and −≤≤− oµµ1 ; 

region 3 ( ) ( ) 21
2111 HHcu <<< α ; only the passage through the front is possible. 

For the particles in the medium 2 incidence onto the front is possible at 
vu 111 αµ −≤≤−  providing by the condition vu 11 α  < 1; all these particles will 

pass through the front; there is no reflection. At vu 11 α  > 1 a hit onto the front from 
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the medium 2 is impossible. The coefficients of reflection f and of passage ϕ, which 
are considered as the functions of µ, are equal to 0 or 1 depending on in what range 
µ is located. When calculating an increment of energy of a particle reflecting from 
the shock front, let us include that in the system 'K , the energy variation of a 
particle does not take place, and the longitudinal momentum is changed to the 
reversal momentum: 

2
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1

1
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⎞
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umupEEEumppp ac

kkk
ac .  (4.15.50)  

 
Here we have neglected a difference between θcos// pp =  and xp  as a result of 

1α  angle being small. The momentum along 1H  and a particle energy in the initial 
system before a reflection are designated by //p  and kE , and //''p  and kE ''  
correspond to the same quantities in the system 'K  after reflection. Furthermore, a 
particle was considered to be non-relativistic: 22vmE ack = .  

Passing again to the initial coordinate system, we obtain the energy variation at 
a reflection: 
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+=∆
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1
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12
α

µ
α

vuvumE ac
k .                               (4.15.51) 

 
Remember that particle reflection is possible only with ( )( ) 21

2111 HHvu≥α ; 

substituting the boundary value ( )( ) 21
2111 HHvu=α  at which the single value 

( ) 21
21cos HHo −== µθ  is possible, we shall obtain the maximum possible 

energy of the reflected particles ( for a given ration 21 HH ):  
 

( )12 12
2

max −=∆ HHvmE ack .                               (4.15.52) 
 

At the characteristic value 312 =HH , typical for interplanetary shock waves, the 
energy of a particle increases no more than 9 times in a reflection.  

In the opposite limiting case vu 11 α  << 1, an energy increment at the reflection 
is a small portion of the initial particle energy: 

 
22 2

11 vmvumE acack <<=∆ αµ .                               (4.15.53) 
 

When passing through a shock front the energy and momentum of a particle 
varies in the coordinate system 'K  in a following way: 
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ppEE kk .                    (4.15.54)  

 
Returning to the initial coordinate system we find the increment of a particle energy 

12kE∆ : 
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Here oµµ ≥≥1  at ( )( ) 21

2111 HHvu>α  where oµ  is given by Eq. 4.15.49. 
The maximum energy increment of the passage’s particle (as of those reflected) is 
reached at ( )( ) 21

2111 HHvu=α  and ( ) 21
21 HHo −== µµ : 

 
( )112

2
max12 −=∆ HHvmE ack .                               (4.15.56) 

 
The increment is twice lower than for the reflected particles, since in the latter 

case particle interacts twice longer with a front (passing through it ‘forward’ and 
‘return’). At ( )( ) 21

2111 HHvu<α  (as has been noted) all particles pass through 
the front; but their maximum energy increment is decreased compared to that 
determined by Eq. 4.15.56; at ( ) ( ) 112

2
11 <<HHuvα  the energy increment reaches 

the value: 
 

( )1
2 12

2
12 −=∆ HHvmE ac

k                                (4.15.57) 

 
irrespective of 1α . This value is obtained for 11 uvαµ = . Eq. 4.15.57 corresponds 
to a conservation of the adiabatic invariant of a non-relativistic particle at its 
passage through the front: 
 

1212 HHEE kk = .                                         (4.15.58)  
 

This result is not a stochastic one: for a purely transverse shock wave ( 021 == αα ) 
for which it is impossible to introduce a coordinate system with 0=E' , a 
conservation of the particle adiabatic invariant takes place for a particle crossing the 
front of a wave: 2

2
21

2
1 HpHp ⊥⊥ = . Eq. 4.15.58 is again a result of this relation 

for a non-relativistic particle.  
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Let us return to a general Eq. 4.15.55 and consider it at vu11 >>α . Neglecting 
the small terms we shall have:  
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for the condition 'µµ ≈  considered, so 1211 HH−≥≥ µ . At the transition from 
the region 2 into region 1 the corresponding increment is given by the equation: 
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where vu 111 αµ −≤≤− . A transition through the front is possible only with 

vu11 >α . If vu111 >>>> α , then 
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21
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21 11 µµ

α
HHvumE ac

k .                        (4.15.61) 

 
In all the cases the maximum increment of energy at a reflection or at a transition 
through the front is several times higher than the particle’s initial energy, and is a 
small part of it at vu11 >>α .  

Since a magnetic field has a random component the above formulae are valid if 
the angles 1α  and 2α  are weakly dependent on the distance which a particle covers 
during a time of acceleration. A simple estimate shows that this condition will be 
satisfied if the correlation length oL  fits the inequalities ( )121 HHuvrL go >>  at 

vu11 <α  and ( )( )121 HHrL go α>>  at vu11 >α . Since in interplanetary space 
the transport path //Λ  in the direction of the magnetic field is usually larger than 
the correlation length oL , the above inequalities also provide the small value of a 
particle pitch angle variation owed to scattering by a small scale field during the 
period of acceleration.  

Let us now find, according to the paper (Vasilyev et al., 1978), the boundary 
conditions on the shock wave front. We shall consider the particle distribution 
function as sufficiently isotropic one both before a shock wave front and behind it 
in order to use the diffusion approximation. Furthermore suppose that vu11 >>α  
which results in that kE∆  is small as compared to a particle energy kE . This 
condition makes it possible to expand the distribution function over the small 
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additions to the energy. Otherwise the boundary conditions will have the form of 
the equations in the finite differences over the energy. A deduction of the boundary 
conditions is based on a calculation of the particle fluxes through the wave front in 
the z-axis direction and in the opposite one.  

The particle flux ( )kEJ2  through the plain, which is on the distance from the 
front of about one Larmor radius, in the direction of the z-axis (along the normal to 
the front) can be written by means of the distribution function ( )µ,2 kEF : 

( ) ( ) ( ) Ω∫= dEFEJ kk µ,22 nv ,                        (4.15.62) 
 

where an integration is made within the limits from 0 to 22 22 παπ ≈+ vu  over a 
pitch angle and from 0 to 2π over the angle of cyclotron rotation of particles. Since 
a reflection of particles moving from the medium 2 with the condition under 
consideration is absent, the flux ( )kEJ2  can be formed only by the particles 
moving from the region 1 and crossing the shock wave front. Let us designate the 
flux of these particles as ( )kEJϕ

12 : 
 

( ) ( ) ( ) ( )( ) Ω∆−∫= dtEEFEJ kkk ,,1211212 µµµϕϕ nv .             (4.15.63) 
 
The argument of the distribution function includes the energy increment on the 
front; the factor ( )µϕ12  (see Eq. 4.15.45 ) represents the probability of a particle 
transition through the front without reflection. The first boundary condition will 
have a form: 
 

( ) ( )kk EJEJ ϕ
122 =    at  0=z .                       (4.15.64)  

 
The second boundary condition is obtained from the consideration of the particles 
crossing the same plane but in the direction opposite to the z-axis. It has the form: 
 

( ) ( ) ( ) 0at11211 =+= zEJEJEJ k
f

kk
ϕ ,                         (4.15.65) 

 
where ( )kEJ1  is the flux through the plane expressed by the distribution function in 

the medium 1; ( )kEJϕ
21  is the flux of particles moving from the medium 2 and 

crossing the wave front; ( )k
f EJ11  is the flux of particles incident from the medium 1 

and reflecting from the front. For all of these fluxes it is easy to write the 
expressions similar to Eq. 4.15.62 and 4.15.63.  

The distribution function in the system of rest plasma in the diffusion 
approximation has the form 
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where ( )µD  is the diffusion coefficient in angular space, ( )tEzN k ,','  is the 
isotropic part of the distribution function. The primed values correspond to the rest 
plasma system, 'z  is counted along magnetic lines of force. Since the distribution 
function is an invariant of the Lorentz transformation, it is sufficient to express the 
primed terms in the right hand part of Eq. 4.15.66 by those unprimed to the 
transition to the system of the rest shock front. The above assumptions 

1,1 <<<< ααvu , make it possible to write kkk EEE <<−= pupu,' . Expanding 
F over the small addition to the energy, we shall have  
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In the small anisotropic addition in Eq. 4.15.66 we have set µµ == ',' kk EE . 
Furthermore, we have included in one-dimensional case that the distribution 
function depends only on z so that αdzdz =' . Substituting Eq. 4.15.67 into Eq. 
4.15.62 and integrating we have 
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is the transport path along magnetic lines of force. We shall set below 

( ) const== DD µ  and use the expression vD2// =Λ .  
The other fluxes are calculated in a similar way, in particular:  
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where 
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Substituting Eq. 4.15.68 and Eq. 4.15.70 into Eq. 4.15.64 and applying 

1221 HH=αα  and 1211 =αα D  we reduce the Eq. 4.15.64 to the form 
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In a similar way we shall obtain from the Eq. 4.15.65 the following relation: 
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The left hand parts of the latter equations are equal. Therefore it is convenient 

to pass to the other two equations, which are obtained by subtracting corresponding 
term and summing of Eq. 4.15.72 and Eq. 4.15.73. The summing results in a 
relation in the right hand part of which the summands have the order of 
( ) NNEE kk <<∆  and ( ) NzN <<∂∂Λ ''α . This means that the difference 21 NN −  
is small compared to 21, NN  and it can be equated to zero: 21 NN ≈  at z = 0. As 
the result of subtraction, we have:  
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The Eq. 4.15.74 can be written in a more compact form if we include that in the 
case under consideration (when a particle’s motion across the magnetic field is not 
included), the quantities 22

2
2 '' κκα =  and ( ) 11

2
12

2
2 '' κκα =HH  represent the 
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diffusion coefficient in the normal to the front direction, and 21
2

1 uuu o −=µ  is the 
jump of velocity on the front. As a result Eq. 4.15.74 comes to the form 
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2 .                             (4.15.75)  

The boundary condition reflects the fact of particle acceleration at the crossing of 
the shock front. A part of this acceleration is caused by a difference of the magnetic 
inhomogeneity velocities before and behind the front and represents the Fermi 
acceleration. The value 11 =+ oµ  in the right hand of Eq. 4.15.75 should 
correspond to only this process. Another part of the acceleration is owed to a jump 
of the regular magnetic field on the wave front. The latter part is included by the 
summand ( ) ( )pNpuo ∂∂∆ 3µ  on the right-hand of Eq. 4.15.75. While the Fermi 
component of the acceleration can be written basing on a general structure of the 
transfer equation, the inclusion of an additional acceleration require a consideration 
of the elementary processes on the front and their including into the boundary 
conditions; this has been carried out in (Vasilyev et al., 1978).  
 
4.16. Acceleration of particles in case of magnetic collapse and 
compression 

It was shown above that in some cases the injection energy for the statistical 
acceleration mechanism could prove to be very high (see Section 4.8). In such a 
case an essential particle injector might be the first-order Fermi mechanism of 
particle acceleration in a magnetic trap between two mutually approaching magnetic 
mirrors considered in (Fermi, 1954; Spitzer, M1956) for the case in which the initial 
particle velocity uvo >>  (u is the speed of magnetic mirror motion to meet each 
other).  

However, the acceleration stage when uvo ≤  is of greatest interest from the 
viewpoint of the problem of injection. Such case was examined in (Dorman, 1959a) 
on the assumption of particle injection from the space of the magnetic mirrors. If, 
however, the particle’s thermal velocity is much below the speed of mutual 
approach of the mirrors, such case is little effective. The case is of great interest 
where the particles are injected from the space between magnetic clouds (Dorman, 
1959b).  

 
4.16.1. Non-relativistic case of particle acceleration during magnetic 
collapse 

Let the semi-space 1 (the left of plane A) and semi-space 2 (the right of plane B) 
contain homogeneous magnetic fields of intensity H (assumed, for the sake of 
simplicity, to be the same in either semi-space). The fields are parallel to the planes 
A and B, but, generally speaking, are not parallel to each other. The field between 
the planes is zero. In semi-space 1 a particle will be affected by the magnetic field H  
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and the electric field [ ] cuHE −= . The particle affected by these fields will move 
in a rest coordinate system along a trochoid and in a coordinate system relative to 
semi-space 1 along a circle at a velocity uvo +  and frequency cmZeH acL =ω . In 
this case a particle, when affected by the electric field E during its motion in the 
magnetized semi-space, will gain velocity 2u if the particles are non-relativistic (see 
Section 4.3). Let a particle with velocity ov  be injected at the moment 

ZeHcmtt acin π−=−= 2  to the semi-space 1 from the space between the planes A 
and B. At moment t = 0 the particle will be ejected from semi-space 1 at velocity 

uvv o 21 +=  and, after that, from semi-space 2 at velocity uvv o 42 += . At that 
moment, the distance between the planes will be 

 

inutll −
+
+=
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1
12 3

1
α
α ,                                        (4.16.1) 

 
where uvo=1α  and ZeHcmt acin π2= .  

Extending the above examination further, we shall find that at the k-th ejection 
of the particle from any semi-space the particle velocity will be 

 
( )122 α+=+= kukuvv ok                           (4.16.2) 

 
 and the moment ok tt  of the k-th ejection will be 
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where 
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where 10 ≤≤ τ . After expressing k from Eq. 4.16.3 in terms of kτ , substitution in 
Eq. 4.16.2, and considering Eq. 4.16.4, we obtain  
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At l = 0, we shall obtain the maximum velocity 
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and the maximum kinetic energy of the particle 
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4.16.2. Relativistic case of particle acceleration during magnetic collapse 

If the particle velocity is sufficiently high, v >> 2u, the change of the distance 
between the planes during the collision time is relatively small. The energy increase 
will be  

puZeHcpcZeuHEk 22 ==∆ .                              (4.16.8) 
 
Since  

( ) 212221
−

+∆=∆ cmpppE ack ,                              (4.16.9) 
 
we obtain 

 ( ) 221222 212 cuEcmpump acac =+=∆ ,                 (4.16.10) 
 

where E is the total energy of the particle. The distance between the planes during 
the period between the collisions 
 

 ZeHcEvlt π+=∆                                  (4.16.11) 
 
will change by  
 

( )ZeHcEvlutul π+−=∆−=∆ 22 .                        (4.16.12) 
 
From this  
 

ZeHcpldpdl π−−= ,                              (4.16.13) 
 
and the solution will be found in the form  
 

pCZeHcpl 12 +−= π ,                                      (4.16.14) 
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where the constant  
 

( )ZeHcplpC rrr 21 π+= .                                    (4.16.15) 
 
Here rp  and rl  are respectively the particle momentum and the distance between 
the planes at a selected moment when the condition v >> 2u is already satisfied. 
Thus we find 
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The maximum value of the momentum will be obtained at l = 0: 
 

r

r
r cp

ZeHlpp
π

21max += .                               (4.16.17) 

 
4.16.3. The case of particle acceleration from very low energies up to 
relativistic energies  

In this case the change of the velocity will be determined first by Eq. 4.16.5 and 
then, after satisfying the condition v >> 2u, by Eq. 4.16.8. Since in almost all cases 

810≤u  cm/sec, it is expedient to take 910220 ×== uvr  cm/sec as the boundary 
between the scopes of the effect of there expressions, for at rvv ≤  particles are 
nonrelativistic and the Eq. 4.16.2 is valid, whilst at rvv ≥  the condition v >> 2u is 
satisfied within a sufficient accuracy and the Eq. 4.16.8 is valid up to the highest 
energies. 

According to Eq. 4.16.2, rvv =  will be achieved if k = 10 is used (let us note 
that the condition ( ) ( )111 1191 ααβ ++<  or ( ) ( )11 10101 ααβ ++<o  should be 
satisfied in this case, otherwise the magnetic clouds will collide earlier than the 
particle velocity reaches uvv r 20==  and the Eq. 4.16.7 has to be used to estimate 

maxkE . In this case oacr pump += 20 , where oaco vmp = . Thus we find that 
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The maximum value of the particle momentum will be obtained at l = 0 using 
the denominations described by Eq. 4.16.4: 
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where the last expression contains an error smaller than 0.5% at 11 ≤α . In this case 

( )[ ] 3.195.0109.0511 1 ≤−+−≤ oo βαβ  and, within a sufficient accuracy,  
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Considering that ( )11 2

2
max −+= αcmE ack , where 
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we obtain that, if 12 >>α , the ultra-relativistic energies may be attained and, in this 
case, 
 

ucmZeHlE acok π
2

max =                                      (4.16.22) 

 
If, however, 12 <<α  only non-relativistic energies may be achieved, and in this 
case maxkE  will be determined by Eq. 4.16.17. If ( )ump aco 212 >>>>α , the Eq. 
4.16.17 can be directly applied and in which oror llpp == ;  should be set.  

The conditions under which 7103×≈u  cm/sec, 98 1010 ÷≈ol  cm, H ∼ 210  Gs 
may probably be realized in solar flares. From this, according Eq. 4.16.21, we shall 
obtain for protons =2α  2.2 and 22 at 810=ol  cm and 910=ol  cm, respectively; 

for electrons =2α  3104 ×  and 4104 ×  cm at 810=ol  cm and 910=ol  cm, 
respectively. Thus, it may be expected, that ≈maxkE  0.8 and 3.8 GeV for protons 

and ≈maxkE  32 and 100 MeV for electrons at 810=ol  cm and 910=ol  cm, 
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respectively. However, it is necessary that the injection condition should also be 
satisfied for the above possibility of particle acceleration to be realized. 
 
4.16.4. The particle injection conditions for acceleration in a magnetic trap 

It is evident that the most crucial moment for the particle’s acceleration in a 
magnetic trap is the initial stage of acceleration, i.e. the first collisions of particles 
with magnetized clouds. In a magnetized cloud the particle’s velocity in the first 
collision will be ovuv += . According to Spitzer (M1956) the period between the 
collisions with the thermal particles of cloud plasma, i.e. the time during which our 
test particle is gradually deflected by 90° as a result of multiple small deflections, is 
determined as 

 

( ) ( )[ ] Λ−Φ
=

ln228 42

32

kTmvGkTmnNZ
vmt

ii

ac
d

π
,                 (4.16.23) 

 
where N is the concentration of the medium; im  is the mass of the plasma particles; 

T is the temperature in the space plasma; ( )( ) 2133323 NTkZe π=Λ . The functions 
Φ and G and the values of Λln  are presented in Chapter 5 of the monograph Spitzer 
(M1956). If gd rvt π> , i.e. exceeds the path in a magnetic cloud, the particle may 
be ejected from the cloud without colliding with the particles of cloud plasma. Later 
on the particle will move between the clouds, and if the condition lvtd >  proves to 
be satisfied the particle can enter another cloud. Since the particle velocity 
increased as a result of the first and second collisions, the condition gd rvt π>  will 
be explicitly satisfied in the second cloud, and, moreover, this condition will be 
satisfied during the subsequent motion of the particle through the space between the 
clouds.  

When the particle velocity exceeds the electron velocity in space, the energy 
loss for dynamical friction is more significant. In this case, according to Spitzer 
(M1956), 

 
stvdtdv −= ,                                        (4.16.24) 

 
Where 
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(the latter is valid at emkTv 2>>  and eac mm >> ).  
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It can be seen from the comparison between Eq. 4.16.23 and Eq. 4.16.24 that 
under the above conditions aceds mmtt ≈ , i.e. the validity of the conditions 

gs rvt π>  and lvts >  becomes more critical for heavy particles at high velocities. 
These conditions may be more accurately obtained by integrating Eq. 4.16.24 along 
the path of motion. The resultant path is 

 
( )

Λ
−=
ln8 24

4
in

4
fin

NZπe
vvmmL eac ,                                      (4.16.26) 

 
where inv  and finv  are the particle’s initial and final velocities. The appropriate 
conditions will be grL π>  and L > l. When considering electron acceleration, 

ace mm =  and the factors acemm  in Eq. 4.16.25 and. Eq. 4.16.26 and 2
acm  in Eq. 

4.16.23 will turn out to be 2
em . In this case sd tt ≈  since 1≈−Φ G  in the cases of 

interest to us. 
 
4.16.5. Diffusive compression acceleration of charged particles 

Jokipii et al. (2003) consider the acceleration of fast charged particles by 
smooth compressions and expansions in a collisionless fluid by using the diffusion 
approximation. If the diffusion length uκ  is of the order of the fluid scale or 
larger, efficient acceleration occurs which has similarities with both 2nd-order 
Fermi acceleration and diffusive shock acceleration, but is different from both. A 
simple one-dimensional sinusoidal flow is analyzed in Jokipii et al. (2003). It was 
shown that the acceleration dominates, even with equal amounts of compression 
and expansion. The acceleration time is 2uκ≈ . They suggest that this mechanism 
may be an important accelerator in regions where there are large-scale compressive 
disturbances, but few shocks. It may contribute to the acceleration of CR elsewhere 
in the Heliosphere and the Galaxy. It was suggest the name 'diffusive compression 
acceleration' for this mechanism.  

Now a number of general acceleration mechanisms have been suggested. The 
most successful of these has been the acceleration by collisionless shocks (Krymsky, 
1977; Axford et al., 1977; Bell, 1978; Blandford and Ostriker, 1978; Drury, 1983; 
Jones and Ellison, 1991; see also Sections 4.14, 4.15, 4.21−4.24). However, there are 
important situations in which energetic particles are accelerated with no shocks 
present. One recent and particularly clear example consists of the energetic ions 
observed in interplanetary co-rotating interaction regions near 1 AU, well inside the 
radius at which the associated co-rotating shocks form (Mason, 2000). Giacalone et al 
(2002) found that compression acceleration provided a natural and compelling 
interpretation of the observations.  
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Jokipii et al. (2003) consider the transport of CR in the diffusion approximation, 
in which the (nearly-isotropic) distribution function f(r,p,t) as a function of position 
r, momentum magnitude p and time t satisfies the Parker equation (Parker, 1965): 
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where ijκ  is the diffusion tensor, iu  is the flow velocity of the background plasma, 

and sQ  and lQ  represent any additional sources and losses. This equation applies if 
there is enough scattering for the distribution function to remain nearly isotropic, 
even at discontinuities such as current sheets and shock waves. Particle acceleration 
is contained in the term ii xu ∂∂ . Application of Eq. 4.16.27 to a one-dimensional 
system having a planar shock, where the flow velocity changes discontinuously, 
yields all of the results of diffusive shock acceleration. If the disturbance is not a 
discontinuity, but instead is a more-gradual compression having a characteristic 
length scale cL , one can show that in the limit in which the ratio of the diffusive 
skin depth xxxd uL κ=  to the length scale cL  is large, or, equivalently, ξ 
= ( )cxxx Luκ >>1, the solution for the CR distribution function f goes over to the 
standard diffusive shock solution. In the opposite limit ξ << 1 the CR are closely 
tied to the convecting fluid, and simply compress adiabatically.  

Then consider the case cd LL ≥ , but where the flow varies smoothly. Note that 
the scattering mean free path scλ  does not appear explicitly in this inequality. So it 
is possible to have scλ  small compared with the compression length scales cL  (so 
that the diffusion approximation applies) but where the diffusive skin depth dL  is 
of the order of cL  or larger. It was found that such non-shock compressions may be 
efficient accelerators even if there are associated expansions. The physical basis of 
the acceleration is the interplay between a) the energy change caused by the 
compression or expansion of the fluid and b) the diffusion into or away from the 
region of compression or expansion. Rapid diffusion leads to a particle being able 
to diffuse away from a region of compression or expansion before the compensating 
expansion or compression can occur. Hence statistically some few particles will be 
fortunate enough to gain energy in several compression regions. In this process, for 
large κ, the accelerations dominate the particle energy change, even in those cases 
where the compressions and expansions are equally present in the fluid flow. This is 
because statistically some particles can reach very high energies, but they cannot be 
decelerated to energies lower than zero. Note also that this acceleration can take 
place for any orientation of the magnetic field. Gradient and curvature drifts can in 
general significantly affect the particle trajectories as they are accelerated.  
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To illustrate this process, Jokipii et al. (2003) consider the simple, periodic one-
dimensional velocity profile 
 

( ) ( )( )kxauxu ox sin1+= ,                                  (4.16.28) 
 
and xxκ  independent of x or p. There are not been able to solve this analytically for 
general parameters, but it is simple to solve numerically, and the solutions depend 
only on the dimensionless parameters 
 

 ( ) ( ) ( )kutuxu oxxxxoxxo κηκτκχ === ,, 2 ,                       (4.16.29) 
 
and the amplitude a in Eq. 4.16.28. The solutions are clearly periodic in χ with a 
period 2π/η. Illustrated in Fig. 4.16.1(a) is the initial rate of acceleration 

( ) τdpd ln (in units of 1/τ ), averaged over x and plotted as a function of normalized 
wavenumber η, for the case in which the parameter a = 0.6, which corresponds to a 
ratio of maximum density (or velocity) to minimum density (or velocity) of 4.  
 

 
 
Fig. 4.16.1. Illustration of the acceleration times (a), and resulting energy spectrum (b). 
According to Jokipii et al. (2003). 
 

It is apparent from Fig. 4.16.1(a) that the average acceleration rate decreases 
rapidly for a wavenumber much less than 1 (diffusion too slow), and asymptotically 
approaches a constant which is about unity for larger wavenumbers (when the 
diffusion becomes more important). A net acceleration occurs in spite of the 
balancing of compression and expansion.  
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To determine the energy spectrum for a simple confinement model Jokipii et al. 
(2003) consider next the solution to Eq. 4.16.27 for the case in which the system is 
not strictly periodic but that there are diffusive loss boundaries at x = +15 and for η 
= 2. The velocity is of the form 

 
( ) ( )txatxu −= ηsin, ,                                  (4.16.30) 

 
where a = 0.6, which is essentially the same as the periodic system used above, but 
is a propagating wave. The particles are injected continuously and uniformly in x at 
a momentum op = 1, so the source term in Eq. 4.16.27: 
 

( ) ( )oos ppRtpxQ −= δ,, .                                   (4.16.31) 
 
Figure 4.16.1(b) illustrates the energy spectrum obtained for this model system.  

From Fig. 4.16.1 it can be seen that the significant acceleration by non-shock 
compressions, even in the presence of comparable expansions, is possible as long as 
the diffusion scale is comparable to the scale of the fluid variations, or larger. This 
diffusive compression acceleration has some similarities with 2nd-order Fermi 
acceleration and with shock acceleration, but is different from both. It appears to 
produce naturally a power law-like spectrum, similar to that in shock acceleration, 
over a broad range of parameters. According to Jokipii (2001), Jokipii et al. (2003), 
this acceleration can occur in a number of circumstances. For example, in the inner 
Heliosphere near 1 AU, for ≈ 1 MeV galactic CR where κ ≈ 1020 cm2/sec, and 
where compressive velocities should be of the order of Alfvén velocity av ≈ 50 
km/sec, we have ξ ≥ 1 for scales 1≤cL  AU. Observations suggest that there may 
be significant compressive fluctuations over these scales. In the interstellar medium, 
where the diffusion coefficient is typically ≥ 1026 cm2/sec, and typical fluid 
velocities are ≈ 100 km/sec or so, scales of several parsecs to tens of parsecs can 
correspond to ξ ≥ 1. Jokipii et al. (2003) conclude that compressive variations may 
contribute to the acceleration of energetic particles in many places in the Universe. 

 
4.16.6. Acceleration at fluid compressions and comparison with shock 
acceleration 

The study of particle acceleration at a shock discontinuity raises the question of 
acceleration at continuous fluid compressions that have not yet developed into 
shocks. This has previously been examined for a magnetic field parallel to the shock 
normal (Krulls and Achterberg, 1994). Particle acceleration was examined in a 
general, steady-state context in a preliminary report by Klappong et al. (2001), whilst 
in Jokipii (2001) and Giacalone et al. (2002) the problem for the situation of co-
rotating interaction regions in the interplanetary space has examined and they were 
able to explain observed time-intensity profiles. Malakit et al. (2003) examines  
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steady-state particle acceleration at continuous fluid compressions of varying width 
in comparison with that at a discontinuous shock for various shock-field angles. The 
configurations are shown in Fig. 4.16.2; in the compression case magnetic field 
lines have a hyperbolic shape and width (the semi-conjugate axis) b along the field.  

In comparison with shocks the narrow compressions exhibit quantitatively 
similar particle acceleration, leading smoothly to the shock results as the width is 
reduced. However, compressions do not naturally yield a power law particle 
spectrum; rather, the resulting spectrum is sensitive to the velocity dependence of 
the mean free path of scattering. The study of acceleration at compression leads to 
better understanding of shock acceleration, especially regarding the effect of 
magnetic mirroring on the distribution function and hardening of the particle 
spectrum.  

The transport and acceleration of energetic charged particles near a fluid 
compression in Malakit et al. (2003) is studied by numerically solving a time-
dependent pitch angle transport equation for a general, static magnetic field. The 
numerical methods are based on those of Ruffolo (1999) and Nutaro et al. (2001). 
For a shock the transport equation is greatly simplified, but care is required when 
treating particles crossing the shock. The particle orbits are considered as they cross 
the shock, using a transfer matrix to assign the distribution function to the 
appropriate µ and z cells after the shock encounter. In a stringent test of the accuracy 
of the pitch-angle treatment, the simulations have been able to explain observed 
‘loss-cone’ precursors to Forbush decreases (Leerungnavarat et al., 2003). Although 
the key results of the work of Malakit et al. (2003) are derived from a more 
fundamental treatment of pitch angle transport and diffusion-convection treatment. 
The diffusion-convection transport equation for the plane parallel configuration is an 
ordinary differential equation, which can be solved analytically for a shock, and can 
readily be solved numerically for a compression. In the paper Malakit et al. (2003) 
approximate diffusion-convection results are shown specifically to highlight the role 
of magnetic mirroring, which is neglected by diffusion-convection included in the 
full pitch angle treatment.  
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Fig. 4.16.2. Sample mean magnetic field configurations for a shock (left) and a compression 
region (right). According to Malakit et al. (2003). 

 
In the results it was found that particle spectra from shocks, as predicted by pitch 

angle treatment, are not exactly power laws as predicted by diffusion-convection 
(Krymsky, 1977). The spectra are hardened at low energy, especially for the quasi-
perpendicular (Q-Perp) case (upstream shock-field angle 1θ = 75.96°). However, the 
particle spectrum in the case of a quasi-parallel (Q-Par) shock ( 1θ = 0.57°), predicted 
by pitch angle treatment, is still a power-law (see Fig. 4.16.3).  
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Fig. 4.16.3. Particle spectra for cases of shocks obtained by pitch angle treatment (PA) 
compared with a power-law spectrum obtained by diffusion-convection equation (DC). 
According to Malakit et al. (2003). 
 

Similarly, the particle-density jump can be predicted by pitch angle treatment 
only. The jump is highest in the Q-Perp case, intermediate for the oblique (OB) case 
( 1θ = 45°), and disappears for a Q-Par shock (see Fig. 4.16.4).  

For compression regions, there is also a peak near the compression plane that is 
analogous with the jump in the case of shocks. This peak is not as high as the shock 
jump and the peak height decreases when the compression is wider (see Fig. 
4.16.5). 

In Fig. 4.16.5 compression width is expressed in terms of the ratio of b to the 
parallel mean free path. Malakit et al. (2003) conclude that the peak (or jump) should 
be owed to magnetic mirroring, which is neglected in the diffusion-convection 
approach. As further evidence, Fig. 4.16.6 shows equal-density contours in the µ-z 
plane, with a density peak near the compression plane for particles mirroring back 
upstream.  
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Fig. 4.16.4. Particle density vs. position, obtained by pitch angle treatment, with a higher 
jump for a more perpendicular shock-field angle. According to Malakit et al. (2003). 
 
 

 
 
Fig. 4.16.5. Particle density vs. position, obtained by pitch angle treatment, for the Q-Perp 
case, with a higher peak (or jump) for a narrower compression. According to Malakit et al. 
(2003). 
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Fig. 4.16.6. Contour plot of the distribution function at a Q-Perp compression region with 

//λb = 0.2 (darker regions have a higher particle density). According to Malakit et al. 
(2003). 
 

Malakit et al. (2003) conclude that the mirroring effect leads to more effective 
acceleration, especially at low energy, evidenced by the hardened spectrum. 
Another result is that spectra of particles accelerated by compression regions are 
generally not power laws but rather are hardened at high energy (see Fig. 4.16.7).  
 

 
 
Fig. 4.16.7. Particle spectrum for a compression region with //λb = 2.0. According to 
Malakit et al. (2003). 
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Furthermore, Malakit et al. (2003) also found that the spectral index at a given 
particle energy increases approximately linearly with the compression width for 
wide compressions. 
 
4.17. The cumulative acceleration mechanism near the zero lines of 
magnetic field  
 
4.17.1. Injection-less acceleration of particles and the mechanism of 
magnetic field annihilation  

It was shown above (see Sections 4.2−4.12) that the statistical acceleration 
mechanisms exhibited a high sensitivity to the type of the accelerated particles. At 
the same time the above mentioned features of the statistical acceleration are not 
observed for quite a number of events. Namely, the composition of nuclei 
accelerated in solar flares repeats the composition of the Sun's atmosphere (Dorman 
and Miroshnichenko, M1968; Dorman, M1978; Dorman and Venkatesan, 1993; 
Miroshnichenko, M2001) and the acceleration of the electrons observed directly 
and on the basis of their radio-emission and X-rays (Korchak, 1967) proves to be 
highly effective. A great number of the accelerated electrons are also present in the 
Earth’s magnetosphere and magnetospheric tail, in the magnetospheres of Jupiter 
and other planets of the Solar system, in the galactic CR, in the supernova shells, in 
quasars and radio galaxies. The excess of heavy nuclei in the galactic CR, though 
observable, is not so high as may have been expected in the case of only statistical 
acceleration.  

The above-mentioned data have to be explained based on some other 
mechanism of acceleration, or at least injection, which would not display the high 
sensitivity to the type of the accelerated particles inherent to the statistical 
mechanisms. It is of great interest from this viewpoint to consider the mechanism of 
annihilation of oppositely directed magnetic fields, because in this case the electric 
field induced in the vicinities of the zero line will accelerate all the particles of the 
medium in a region of a relatively small volume. It should be noted that amongst 
numerous theoretical mechanisms involving the magnetic field’s annihilation; when 
interpreting the flare processes on the Sun and the particle acceleration, the theories 
considering the rapid rearrangement and dissipation of magnetic field in the class of 
two-dimensional streams seem to be most promising at present.  

The first step in this direction was made by Sweet (1958), who examined the 
one-dimensional stationary compression of the plasma between two anti-parallel 
layers with due account of plasma streaming in the transverse direction along the 
layer. After qualitatively estimating Sweet's model, however, Parker (1963) showed 
that such model gave excessively long times to be necessary for the energy to be 
released. In order to obtain smaller times of magnetic field dissipation as compared 
with the values obtained by Sweet's model, Sweet's mechanism was examined by 
including the ambipolar diffusion. The essence of ambipolar diffusion is that the 
magnetic field moves with the electrically conducting ionized plasma component  



620 CHAPTER 4  

 

whose motion relative to the neutral component is retarded by the friction owed to 
ion collisions with neutral atoms. Owing to this phenomenon, a decrease of the 
effective conductivity may be included in the estimate of the magnetic field’s 
dissipation rate. Petchek (1964) reconsidered the Sweet-Parker mechanism and 
showed that even if the mechanism of ambipolar diffusion is included the time 
necessary for the magnetic energy to be converted into thermal energy still remains 
too great. In Petchek (1964) the Sweet-Parker model is also supplemented with 
magneto-hydrodynamic waves whose propagation will be of great importance to the 
stable plasma streams of high conductivity. According to Petchek’s estimate for a 
compressible flux corresponding to solar flares, the energy necessary to a flare may 
be released within ∼102 sec. Thus the model of Petchek (1964) can satisfactorily 
explain the rapid heating and ejections of plasma in the region of solar flares. In that 
theory, however, the problem of generation of acceleration particles remains to be 
solved.  
 
4.17.2. Current sheets and rapid rearrangement of magnetic fields 

The mechanism of particle acceleration in the case of magnetic field dissipation 
was further developed in the works of Syrovatsky (1966, 1967, 1968, 1969, 1971) 
which deal with the cumulative mechanism of acceleration near the zero lines of 
magnetic field, the mechanism that ensures acceleration in individual small regions 
of plasma for all charged particles irrespective of their properties. According to 
Syrovatsky (1966, 1967, 1968, 1969, 1971) such acceleration must take place in the 
vicinities of current sheets in the case of rapid rearrangement of magnetic field. 
According to the above-mentioned works, the magnetic field in the space is rapidly 
rearranged under the conditions of seeming ideal frozenness of the field. Such 
rearrangement is accompanied by particle acceleration, for example in 
chromospheric flares. Syrovatsky (1971) examined the rearrangement mechanism 
in detail. It is assumed in Syrovatsky (1971) for the sake of simplicity that the 
magnetic fields are plane and the plasma moves in a strong magnetic field, i.e., 

 
1;1 222 <<<< aA uuuP ρ ,                                       (4.17.1) 

 
where P and ρ is the pressure and density of the plasma; πρ4Hua =  is the 
Alfvén velocity; u is the velocity of plasma motion. In this case the equations of 
magneto-hydrodynamics for the perfectly conducting plasma will be written in the 
form 
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Here ( )tyxA ,,  is the unique non-zero component of the vector-potential A, so  
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0;; =∂∂−=∂∂= zyx HxAHyAH .                          (4.17.3) 
 

It has been shown in Syrovatsky (1971) that if the field of the external field sources 
in the volume studied has singular zero points then there exist regions of non-
analytical solution of the equation system described by Eq. 4.17.2. By virtue of the 
assumption Eq. 4.17.1 the non-analyticity region may consist of only isolated points 
(linear currents) and cuts (plane currents). If the intensity of the linear current was 
zero at t = 0 (the simplest zero point of the type X exists at that moment, see Fig. 
2.17.1a), and then increased gradually with time, the zero point should be ‘doubled’ 
and two points of the type X with a region of closed force lines between them 
should, appear (see Fig. 2.17.1b).  
 

 
Fig. 4.17.1. When linear current I appears at the singular zero point (panel a), the zero point 
is 'doubled' (panel b). According to Syrovatsky (1971). 

 
Under the condition of frozenness, however, the closed force lines cannot be 

obtained as a result of permanent deformation of the initial field which did not 
comprise such lines. Thus the isolated singular points cannot be used to construct a 
solution for Eq. 4.17.2 that will be continuous in the rest of the space. As a result 
only the solutions with cuts have to be accepted, and Syrovatsky (1971) asserts the 
following: if the external field comprises singular zero points the plane currents or 
(which is the same) the current sheets are formed in the plasma near such points. The 
location of the cuts corresponding to current sheets on the complex plane should be 
such that the boundary problem for Eq. 4.17.2 would have an infinite solution 
everywhere beyond the cuts. The following rule may be formulated to determine the 
location of the cuts. A cut must include the initial zero point and all zero points 
appearing if the initial zero point contain a linear current varying from zero to some 
finite value. In this case, the linear current direction must coincide with the electric  
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field’s direction. The analysis carried out in Syrovatsky (1971) shows that a zero 
point is the place of development of a current sheet (see Fig. 4.17.2) in which the 
current direction coincides with the electric field direction excluding for small 
sectors at the edges of the cut where the current direction is opposite (the back 
currents in the region of zero line are generated and maintained not directly owing 
to the external electric field E but as a result of the plasma motion inhomogeneity 
caused by this field).  
 

 
 
Fig. 4.17.2. The current sheet developing in the place of the zero point. The numerals show 
the value of the potential A on the corresponding force lines. According to Syrovatsky 
(1971). 
 

Only in the special case in which the total current may be coordinated with the 
external field so that the inverse currents will be absent (this may be realized for 
sufficiently slow motions and at a finite, though high, conductivity of the plasma 
when the inverse currents are inconsiderable; in this case the width of the sheet is 
completely determined by the external field, see Fig. 4.17.3).  
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Fig. 4.17.3. The current sheet developing from the zero point in the absence of the inverse 
currents. According to Syrovatsky (1971). 

 
In Syrovatsky (1966) the magneto-hydrodynamic equations have been solved 

for two-dimensional motions of the plasma in the regions where the plasma 
dynamics is completely determined by magnetic intensities, i.e. the condition  

 
π82HP <<                                               (4.17.4) 

 
is satisfied and the plasma motion equation turns out to be 
 

A∆Au ∇−=
∂
∂

πρ4
1

t
,                                        (4.17.5) 

 
where A is the vector-potential of the magnetic field. It has been shown that in this 
case the disturbance of the initial equilibrium state results in a rapid (with the 
Alfvén velocity au ) establishment of a certain new quasi-equilibrium state through 
a shift across the force lines; the system will run a number of quasi-equilibrium 
states determined by the Eq. 4.17.4.  

The picture of the shift of the plasma and the frozen-in magnetic field shown in 
Fig. 4.17.4 may be obtained by treating the above mentioned problem for the region 
with a neutral point appearing between two parallel currents located on the x-axis 
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and shifted by a small distance ∼ δ . It follows from the calculations of the 
Jacobean of transition from non-shifted to shifted coordinates that the regions with 
strong rarefaction and compression of the plasma are formed in the region 

srr >> ( sr  is the distance at which the Alfvén velocity equals the sonic velocity) 
during the shift.  

 

 
 
Fig. 4.17.4. Qualitative pattern of magnetic field deformation in the model of magnetic 
dissipation proposed by Syrovatsky (1966). 1 - rarefaction region; 2 - region of strong 
compression. The dashed arrows indicate the field deformation directions.  
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The nontrivial region δ≤x  also comprises a strong-compression region 
where the characteristic ratio of the field gradient to plasma concentration is 

 

4
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h δ≈ ,                                                  (4.17.6) 

 
where h and oh  are the magnetic field gradients.  

The value determined by Eq. 4.17.6 defines the criterion of violation of the 
frozenness in this region since in virtue of the quasi-stationary equation 
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the ratio h/N cannot exceed the evident limit (since V < c): 
 

eNh π4< ,                                               (4.17.8) 
 

where N is the concentration of the charges of both signs in the plasma.  
Violation of Eq. 4.17.8 means that the charge concentration becomes 

insufficient to balance the increased gradient of the magnetic field. This gives rise 
to the induced electric field E which is directed along the current J and positively 
affects the particles, thereby increasing their energy. It is this process that provides 
the magnetic energy conversion into the particle energy, i.e. the dynamic dissipation 
of the magnetic field. It is characteristic that the process examined is not associated 
with the Joule dissipation, the current density is saturated when the frozenness 
condition is violated, and the field energy is lost to increase the total energy of the 

particles 4222 cmpcE ac+= . It follows from the estimate of the energy 
concentrated in the magnetic compression region  

 
( ) 2281 δohW ≈                                         (4.17.9) 

 
that a fraction of the order of δ of the total released energy is concentrated in the 
compression region. The remaining energy will be lost for compression in the 
region δ2≈y  and field deformation in the surrounding space.  

The temporal characteristics of the processes are given by the relation between 
the pressure decrease in the examined region and the balancing gas-dynamic motion 
of the plasma. It has been shown in (Syrovatsky, 1966) that the plasma influx 
cannot balance the decreasing pressure if the basic currents are shifted at velocity 

δsuu >> , where su  is the sonic velocity in the plasma. Since the motions in the 
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region of the intense field take place at the magneto-hydrodynamic velocity 
sa uu >> , the process considered above may be realized under various conditions in 

the space.  
A further development of this mechanism was given in (Syrovatsky, 1975). It 

was determined the electric and magnetic fields arising with a discontinuity of the 
neutral current sheet in connection with the problem of particle acceleration. The 
neutral sheet is considered to be an infinitely thin and perfectly conducting 
formation. It has been shown that a weak zero line of a magnetic field was arising 
with the electric field directed along it.  

Syrovatsky (1975) has considered the role of the neutral current sheets in the 
dynamics of magnetized plasma. The main parameters have been presented which 
determine the flow near the zero lines of a magnetic field, and their typical values 
for solar flares and for model experiments. The approximation of a strong magnetic 
field and the properties of a neutral current sheet in the stationary regime have been 
examined. It has been noted that there exist two modes of magnetic field 
dissipation: quasi-stationary, and explosion modes. It was shown that the main 
effect of a magnetic field’s longitudinal component along the zero line comes to a 
decrease of the effective Mach number of the plasma flow. The interesting model 
study of plasma behavior in the vicinity of zero lines was carried out by Frank 
(1975). The results of model laboratory experiments for investigation of magnetic 
field structure and plasma dynamics in the vicinity of a magnetic zero line were 
presented in this paper. With the methods of phase location and holographic 
interferometry it has been shown that the plasma, similarly to a current, transforms 
into a sheet. Redistribution of electron density over a sheet thickness presents the 
evidence for a sheet to he broken into separate current filaments. A character of this 
discontinuity depends on the conditions of an experiment. 

 
4.17.3. A development of magnetic field annihilation models and the model 
of magnetic force line reconnection; on the role of discharge phenomena 
in some astrophysical processes and particle acceleration 

Priest (1972) has examined the mechanism proposed by Sweet (1958) for 
magnetic energy transformation into others forms of energy. The method of 
boundary layer theory was used to obtain the profiles (along a current sheet) of the 
quantities characterizing a flow. Priest and Sonnerup (1975) have presented a review 
of the stationary hydro-magnetic models of magnetic field annihilation. The exact 
three-dimensional solution of magneto-hydrodynamic equations has been described 
in which a magnetic field was parallel to the yz-plane but varied (depending on the 
coordinate x) in its value and direction. The application of the theory to the 
geomagnetic field near the sub-solar point of the magnetopause was considered in 
the case of slow reconnection of magnetic force lines. The intensity of the induced 
electric field was calculated depending on the angle between the interplanetary and 
geomagnetic fields with the condition that the interplanetary field was perpendicular 
to the Sun-Earth line and plasma density in the current sheet was constant. Yeh  
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(1976a) has investigated a diffusion hydro-magnetic flow in the vicinity of a neutral 
point. Yeh (1976a) has shown that the electrical resistance determined the time 
scale of approaching to the stationary state in the case of hydromagnetic interaction 
of conducting flood at the merging of magnetic force lines near a neutral point. 
These proper scales differ from those which are ascribed to the flow when it is 
observed from outside. In the stationary state a transformation of magnetic energy 
into kinetic and thermal energy requires that the Alfvén number should be less than 
unit for the upward flow. The solutions in the vicinity of a neutral point show that 
Ohm’s law for a simple resistance is applicable to a modeling of the magnetic field 
force line reconnection. Rüdiger (1975) has studied the interaction between a 
homogeneous turbulence and a non-uniform magnetic field in the vicinity of a 
neutral surface. It was shown that initially uniform and isotropic turbulence field 
becomes non-uniform and anisotropic in such a magnetic field. The finite 
correlation length results in the turbulence field being affected also on the neutral 
surface. The anisotropic decrease of motions in the vicinity of the neutral surface 
was determined for some special forms of one- and two-dimensional turbulence. 
Furthermore, the effects of the action of such a non-uniform field of turbulence onto 
an average magnetic field have been found. Using the Bochner’s theorem on the 
spectral tensor of initially homogeneous turbulence, an additional decrease of an 
average magnetic field was obtained. Yang and Sonnerup (1976) have generalized a 
model of the field reconnection in non-compressive fluid for the case of 
compressive fluid. The properties of two plasma streams ejected from a 
reconnection region depending on plasma properties and on the inflow velocity 
were determined by means of numerical integration using the conditions on a shock 
wave front. The possibility was discussed of the existence of fast transverse shock 
waves in the outward streams. Fükao and Tsuda (1973) have solved a non-
stationary problem of magnetic field line reconnection in the magnetic 
hydrodynamics of non-compressive fluid. A numerical model experiment has been 
carried out for a plane of non-compressive viscous conducting fluid in the vicinity 
of a stagnation line. The velocity and magnetic fields (the magnetic field of a plane 
current sheet which is orientated along one of the asymptotic directions of plasma 
flow from the stagnation line) were set as the initial conditions. The results of the 
solution have been presented; the dependence of the velocity and magnetic field 
components, the current density, etc, upon the coordinates and time. The magnetic 
field reconnects in the vicinity of the neutral line arising on the stagnation line of 
the stream. The velocity of reconnection is increased with the growth of the flow’s 
initial velocity. The interpretation of the results is complicated by the fact that the 
procedure of calculation itself introduces disturbances which are equivalent to a 
certain effective diffusion of a magnetic field. The results obtained do not come out 
of the stationary regime during the time intervals for which the calculating scheme 
holds. However, some characteristic features (proper to the stationary solutions 
obtained earlier) can be as well recognized, in the opinion of the authors, in the non-
stationary picture obtained.  
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Yeh (1976b) has studied reconnection of magnetic lines of force in a viscous 
conducting fluid. Two-dimensional solutions of the equations of non-compressible 
magnetic hydrodynamics including the terms of viscosity and conductivity have 
been considered. The solutions were obtained describing the flow which is typical 
for the case of the reconnection of magnetic force lines. These solutions do not 
contain any discontinuity. It has been shown that magneto-hydrodynamic flows in 
the problem of magnetic field line reconnection which were obtained in a non-
dissipative approximation can be substantially different from the flows which were 
obtained in the case in which viscosity and conductivity are tending to zero in a 
dissipative flow. The properties of the solution obtained confirm the substantial role 
of boundary conditions far from the neutral point on the character of magnetic field 
line reconnection.  

The paper of Bruce (1975), in which the results of more than hundred 
publications during the thirty years are summarized, is devoted to a study of the role 
of the process of electric discharge in various astrophysical phenomena. The 
phenomena have been described related to electric discharges: the propagation 
velocity, magnetic fields which are circular with respect to a discharge axis, pinch-
effect; plasma jets; radiation of whistlers; and so on. An attempt was made to 
identify the electric discharges with a wide class of astrophysical phenomena. It is 
adopted that electric discharges give a certain contribution to the solar flares where 
a current of ∼ 410  A is reached and the magnetic fields of the order of 104−105 Gs 
are required which are not observable with solar magnetometer owing to 
localization and absence of the neutral atoms. The variation of long period variable 
stars, a filamentary structure of the Crab nebula, the abrupt changes in the 
brightness curves of Novae, the giant scale eruptions in the radio galaxies and some 
other astrophysical processes following particle acceleration are explained basing 
on the electrical discharges.  
 
4.17.4. Particle acceleration in the neutral current sheets 

Bulanov and Syrovatsky (1972) have considered two models of charged particle 
acceleration by electric fields near the neutral current sheets. For the first example, 
particle acceleration by the electric field arising at the instantaneous decay of the 
sheet was considered. It was shown that a considerable share of magnetic field 
energy can be transferred to the particles energy. In the second case the interaction 
of a stepped electromagnetic impulse of finite amplitude with a neutral current sheet 
has been examined. If the impulse amplitude is sufficiently high, non-limited 
particle acceleration will take place in the sheet.  

Levine (1974) has studied the behavior of thermal particles in the vicinity of a 
neutral sheet. It has been shown that the field compression towards the neutral sheet 
would produce particle acceleration. A mean energy increase was calculated both 
with no account of and including the Coulomb losses. Coulomb losses complicate 
the picture to a high degree. In particular, acceleration does not take place in certain 
directions of particle motion; the acceleration of electrons is far more complicated 



COSMIC RAY ACCELERATION IN SPACE PLASMAS 629 

 

problem than that of proton acceleration. The case is possible in which practically 
only the protons will be accelerated. The case of very rapid field compression was 
considered separately.  

Particle acceleration in the vicinity of magnetic field neutral line has been 
studied as well by Bulanov and Sasorov (1974, 1975). Charged particle acceleration 
in a hyperbolic magnetic and uniform electric field has been investigated. The 
acceleration process consists from the direct acceleration by an electric field in a 
non-adiabatic region near the neutral line and from the betatron acceleration in a 
drift region. The characteristic energy of accelerated particles in non-relativistic and 
super-relativistic limits was determined. In the high energy region the energy 
spectra have an exponential form. 

Bulanov and Syrovatsky (1976) have studied analytically and computed 
numerically the motion equations of charged particles in a uniform electric field 
which is directed along the zero of a hyperbolic magnetic field. The region of 
substantially non-adiabatic motion is located near the zero line, in which the 
particles are directly accelerated by electric field. Outside this region the particles 
are in a drift motion consisting of oscillation along the force lines and of a 
displacement across them; the oscillation amplitude is slowly increased (decreased) 
with moving away from (approaching to) the zero line. When approaching the zero 
line the adiabatic cooling of particles takes place and their heating takes place in the 
case of moving away.  
 
4.17.5. Mechanism of magnetic field dissipation in a current sheet 
including non-anti-parallelism of the magnetic field, instabilities, and 
turbulence 

Cowley (1976) has examined the phenomenon of reconnection of non anti-
parallel magnetic fields. Some modifications of the existing models of magnetic 
field line reconnection in the vicinity of the x−line (where the effects of finite 
conductivity are substantial) have been considered. In the models of this kind (for 
non-compressible conducting fluid) the magnetic fields and the stream velocities in 
the ‘convective region’ are less restricted than was assumed earlier. In the general 
case it can be argued that:  
1) the magnetic field components and stream velocities normal to the x−line should 
change their sign to the opposite of that in the current sheet and its vicinity, the 
absolute values of the field and velocity, however, can be different on both sides of 
the sheet;  
2) the components parallel to the x−line are arbitrary and can undergo arbitrary 
jumps in the sheet;  
3) the second statement results in that the current in the sheet is not obligatory 
parallel to the x−line.  

The mechanism of fast magnetic field dissipation in the current sheets, which 
are formed by the velocity gradients in the solar wind and in the magnetosphere’s 
tail was considered by Vainshtein and Tomozov (1975). Since plasma with these  
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conditions is collisionless, the dissipation processes are determined by the effective 
electric conductivities that are formed at a development of current sheets of ion-
sound turbulence in plasma. The characteristic energies of electrons accelerated in 
the solar wind in the process of outflow of the magnetosphere have been estimated. 
Galeev and Zeleny (1976) have considered a development of the tearing mode of 
instability in plasma with a diffusive neutral sheet at the presence of a magnetic 
field normal to the sheet component with a small, but finite, value. The influence of 
this component on the electron orbits in the vicinity of the neutral sheet results in a 
stabilization of the electron-tearing mode even at very small amplitudes of the 
normal field. A development of the ion tearing mode of an instability of a given 
wave length is possible only in a ‘slot’. This slot is a limited range of the normal 
magnetic field component for which it is on the ion orbits in the neutral sheet can be 
neglected but a stabilizing contribution to plasma dielectric properties (produced by 
the magnetized electrons) becomes small. It has been shown that the slot formation 
is possible only in the case of a neutral sheet with sufficient current. The states of 
plasma with the values of normal to the sheet of magnetic field component which 
are under the instability region appeared to be the metastable states with respect to 
generation of the main discontinuity mode.  

Basing on the analysis of a tearing instability in a neutral sheet region, Pustil'nik 
(1973, 1976, 1977a,b, 1978, 1980, 1999a,b,c, 2001), Pustil'nik and Stasyuk (1973, 
1974) have developed detailed models of solar flares (chromospheric and coronal) 
and the corresponding mechanisms of solar CR acceleration. This problem will be 
consider in detail in the next Section 4.18.  
 
4.18. Tearing instability in neutral sheet region, triggering 
mechanisms of solar flares, turbulence, percolation, and particle 
acceleration 
 
4.18.1. The problem of solar flare origin, particle acceleration and ejection 
into solar wind  

The studies of solar flares (Kaplan et al., 1974; Syrovatsky, 1972; Pustil'nik, 
1976) have shown that the flare occurs due to an anomalously rapid dissipation of 
the magnetic field in the solar atmosphere. Such dissipation takes place in the 
current sheet in the magnetic field shear zone between two magnetic tubes. The 
anomalous dissipation is triggered when the plasma of the initial ‘thick’ sheet 
become turbulent owing to a strong current corresponding to the electric field  

 

effν
e
vm

EE eTe
dr => ,                                              (4.18.1) 
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where eTv  is the velocity of thermal electrons and effν  is the effective frequency of 

collisions. According to Pustil'nik (1977a), the problem of flare origin is thereby 
reduced to the search for the initial disturbance resulting in the abrupt increase of 
the current and electric field in the sheet. Three types of hypotheses about the nature 
of such disturbances are considered: (1) an abrupt disturbance of the photospheric 
magnetic field (is at variance with the observations of Rust (1968) which show that 
the field is not disturbed before the flares); (2) transition of the field into an unstable 
state with the discontinuity modes of the tearing type (faces the difficulties of 
principle owed to stabilization of such instabilities by the longitudinal magnetic 
field and due to a slow mode of their occurrence (Fürth et al., 1962; Biskamp et al., 
1970); (3) the instability of plasma formations hanging in the solar atmosphere near 
the initial sheet. Version (3), described in detail by Pustil'nik (1976), will be treated 
in detail here. Only two types of such formations exist in the solar atmosphere, 
namely the quiescent prominence and the coronal condensation.  
 
4.18.2. The prominence channel of flares  

The appearance of new magnetic fluxes in an active region should result, on the 
one hand, in a storage of the energy of the non-potential strength-less magnetic 
field, and, on the other hand, in a depression of the upper arc of the force lines 
(Kiepenhahn and Shindler, 1957; Syrovatsky, 1966). As it was shown by Pikelner 
(1971), such depression should leak to the quiescent prominence within a period 

3010syphon ÷≈τ  hours. In other words, a situation takes place in this region which is 
sufficiently unstable relative to the balloon modes of the flute instability, i.e. a 
heavy prominence ( )310

pr cm10 −≥n  above the light corona ( )38
cor cm10 −≈n . As it 

was shown by Pustil'nik (1973), when a prominence exceeds the critical value 
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it should be stabilized and eject downwards a flute with a field which, in its turn, 
should wobble with period 311 ÷≈τ  min and move downwards at a velocity  
 

seccm10 0.75.6
pr

÷≈≈ ngv oo .                           (4.18.3) 

 
In this case, the amplitude of the wobbling is  
 

( ) 765.80.81 10cm;10ln ÷÷− ≈≈∂∂≈ ∆vznλ cm/sec.                     (4.18.4) 
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After colliding at velocity ov  with the low-lying shear zone or a singular point 
of type X, the flute should disturb the magnetic field in that region and induce an 
electric field sufficient to create turbulence in the sheet and trigger the flare with 
electric field 

( ) drxox EHcvE >>≈ .                                  (4.18.5) 
 
Such a ‘flare’ version of the events requires a sufficiently high degree of the shear, 

1.0±≈ πθx , otherwise the prominence will appear in the quiet state with the 
damping of the excessive mass to the flute-column (Pustil'nik, 1973). The total 
number of wobblings of the flute 2010prpr ÷≈≈ dnN , the time of the completed 

descent ( )0.15.01act ÷≈≈ ττ N  hours.  
The particles accelerated in the sheet will enter the chromosphere and corona 

and cause the observed flare displays in all bands (Kaplan et al., 1974; Syrovatsky, 
1972). The detailed structure of the flare of such type is shown in Fig. 4.18.1.  
 

 
 
Fig. 4.18.1. The structure of the solar prominence flare (non-proton or proton-delayed). a – 
the structure in the vertical plane; b – the view on the photosphere-chromosphere level. 
According to Pustil'nik (1977a). 
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A very important property of the prominence of the flares will be noted. Since 
all the force lines involved in the merging through the current sheet are short-
circuited to the photosphere, the direct ejection of accelerated particles from the 
flare to the solar wind is impossible, i.e. such flares are either of non-proton 
character or proton-delayed (when the particles leak from the trap due to the Bohm 
diffusion or an instability of the flute type within 43

del 10 ÷≈τ  sec after the flare). 
The relationship between the solar flares of considered type and the ascent of 

new magnetic fluxes to the atmosphere has been confirmed by observations (Rust, 
1976). The destabilization of the filaments (prominences) within 30÷60 min prior to 
a flare was observed for overwhelming majority of flares: ≥80% according to 
Ramsey and Smith (1965) and ≈100% according to Moreton (1965). The detailed 
pattern of filament activation also coincides with the predictions (Pustil'nik, 1976).  
 
4.18.3. Non-evolutionary channels of triggering of the prominence type of 
flares  

The development of the lower loop of the field should raise the X-type singular 
point and the shear zone, thereby decreasing the depth of the depression in the arc 
and, hence, increasing the thickness of the prominence. If in this case the thickness 
exceeds the critical value, the prominence will be automatically destabilized and a 
flare will be triggered within 50-60 min (in case of a favorable measure of the 
shear) according to Ramsey and Smith (1965). This pattern is probably observed in 
some cases with the pre-flare rising and thickening of filament (Martin and Ramsey, 
1972). If a shock wave from a flare in one region catches up with a filament in a 
state near the stability threshold in another region, such filament will be excited and 
turn out to be abruptly unstable with subsequent triggering of a ‘prominence’ flare 
(Pustil'nik, 1976). When a fast particle flux is ejected from the outside to the force 
lines supporting the prominence, then such fast particles will move along the force 
line depression under the prominence and, creating a centrifugal acceleration 

sun
2 gRvg >>= , should make the prominence significantly ‘heavier’ thereby 

transferring it to the unstable state. This mechanism is of great importance to the 
proton flares.  
 
4.18.4. The coronal channel of flares  

The observations of Zhitnik and Lifshitz (1972) are indicative of the existence 
of dense and hot arc-like coronal condensations (cc) over the active region with the 
following properties: 
 

( ) KTKTcmncmn 6
cor

6
cc

38
cor

310
cc 1021064,10,10 ×≈>×÷≈≈≈ −− . (4.18.6) 

These condensations appear probably owed to overheating of the closed forced tubes 
by the waves from under the photosphere (Kaplan et al., 1974). Such condensation  
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hanging from the curved force lines cannot fly apart to the rarified corona due to the 
action of the force lines and is subjected to the balloon mode of flute instability. 
Such instability results in the flute soothing of the condensation surface with 
periods  
 

43104 ÷≈≈ ab VDτ  sec,                                            (4.18.7) 
 
and amplitudes  
 

( ) ( ) ( )109
cc 1010316 ÷×≈×≈⊥ HdnkTπλ  cm.                            (4.18.8) 

 
Since the condensation is a source of intense radio emission, such soothing should 
give rise to the fluctuations of the flux and other characteristics of the radio 
emission (Pustil'nik and Stasyuk, 1974) with a period 
 

43
fl 10 ÷≈≈ bττ  sec                                      (4.18.9) 

 
and an amplitude 
 

( ) %3.01.0 ÷≈∆≈ oSo JJA ,                            (4.18.10) 
 
which was observed by Gelfreikh et al. (1969), Durasova et al. (1971). The 
permanent heating of the condensation increases the pressure in the condensation 
and, hence, the flute amplitude. Within the time  
 

( ) sec105
critcrit ≈≈ +SqnkTτ ,                          (4.18.11) 

 
such heating should wobble the flute soothing up to an amplitude 
 

 5.100.1010 ÷
⊥ =∆= Yhλ cm,                              (4.18.12) 

 
where 6106 ×=+q  erg/(cm sec) is the power of the heating by the waves (Kaplan 
et al., 1974) and Yh∆  is the distance to the Y-type singular point. In this case the 
radio fluctuation amplitude should increase by 
 

 3010crit ÷≈oAA  times.                              (4.18.13) 
This process will be accompanied by the disturbance of the Y-type singular point and 
the overlaying current sheet by the flutes from the condensation colliding with them 
at a velocity 710≈oV  cm/sec. The electric field 
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( ) dnYoY EHcVE >>≈                             (4.18.14) 
 
and the currents   
 

sicrit necjj ≥>                                 (4.18.15) 
 
induced in the vicinities of the singular point will turbulence the plasma in that 
region and trigger a durable and low-power flare process (Ramsey and Smith, 1965; 
Pustil'nik and Stasyuk, 1974). It is of great importance that this type of flares should 
result in a direct injection of weak fluxes of the accelerated particles into the solar 
wind along the force lines open into the wind. In other words, these are the ‘weak 
proton’ flares (see Fig. 4.18.2).  

 

 
 
Fig. 4.8.2. The structure of weak-proton flare: a and b – in the vertical plane, c − the view 
on the photosphere-chromosphere level. According to Pustil'nik (1977a). 
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Comparison with observations shows that the realization of this type of flares is 
also fairly high, namely the weak flares with low-frequency bursts of type III are 
localized above the spots (Pustil'nik, 1976) and a considerable number of such 
flares give rise to faint bursts of solar CR in interplanetary space (Dorman and 
Miroshnichenko, M1968; Dorman, M1972, M1978; Miroshnichenko, M2001). 
Besides that, the kink-instability occurring in case of excessive twisting of the spots 
and the ‘sporadic overheating’ of the coronal condensation from under the low-
lying prominence flare may be treated as the additional (non-evolutionary) ways of 
flare triggering.  
 
4.18.5. Powerful proton flares  

Examine the situation taking place when a large spot of a new loop of the field 
(photospheres field δ) appears in the penumbra. The X- type singular point with the 
depression of the upper open force lines over this point and the Y-type coronal 
singular point will appear in such region (see Fig. 4.18.3).  

 

 
 
Fig. 4.18.3. The structure of powerful proton flare: a – in the vertical plane, b − the view on 
the photosphere-chromosphere level. According to Pustil'nik (1977a). 
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At the same time, the closed tubes of the upper field are also overheated, a 
coronal condensation with surface flute soothing is formed, and the chromosphere 
plasma leak into the force line depression. Similarly to the process described above, 
in Section 4.18.2, the overheating of the coronal plasma will result in the triggering of 
a flare in the upper corona. An accelerated particle flux will be ejected downwards 
from that region. When such flux reaches the field line depression above the X point, 
the centrifugal acceleration produced by the flux will make the plasma in the 
depression heavier and the system will turn out to be unstable with subsequent 
downward ejection of a flute with plasma, fast particles, and field. According to 
Pustil'nik (1977a), the total energetic of the coronal flares is quite sufficient for the 
above process to occur. As a result, a flare dissipation of the field will be triggered in 
the lower current sheet in the region of the strong field of the spot. Such flare is 
characterized by: (i) a high power owed to the strong field, (ii) the direct injection of 
intense fluxes of accelerated particles into the solar wind along the open force lines 
(see Fig. 4.18.3). In other words, this is the classical power proton flare. 

All basic predictions bearing on this type of flares are actually realized in the 
observed proton flares; the proton flares occur in the region with magnetic 
geometry of type δ (Dodson and Hedeman, 1964), they are characterized by a pre-
flare phase (pre-burst) within 20-60 min before the main flare (Lincoln, M1973), 
and, finally, the study of the radio fluctuations before the proton flares has shown 
that the overwhelming majority of the proton flares observed were preceded by a 
strong wobbling of hourly radio fluctuations which began a day before the flare and 
caused, a 10÷30-fold increase of the fluctuation amplitude by the moment of flare 
(Kobrin et al., 1975, 1978).  

 
4.18.6. The problem of particle acceleration in the current layer of solar 
flares 

According to Pustil'nik (1977b), the particle acceleration during anomalous 
dissipation of magnetic field is one of the most important processes in the problem 
of solar flares. The available observational data obtained by both direct 
measurements in the interplanetary space and indirect methods permit the following 
conclusions about the characteristics of accelerated particles to be drawn (Dorman 
and Miroshnichenko, M1968; Dorman, M1972): (i) the spectrum of the electron 
component is of the power form ( ) eeee EED γ−∝  with exponent eγ  =2.5÷4 and the 
most frequently realization ≈eγ 3; (ii) the spectrum of the proton-nuclear 
component is also of a power form with exponent pγ  and an abrupt cut-off at 
energies crpE ,  from few up to 10÷20 GeV; (iii) the chemical composition of the 
accelerated particles is similar to the chemical composition of the solar atmosphere.  

According to the modern concepts, the flare energy is released in the turbulent 
current sheet where the high density of current sinecj ≥  and the anomalously low 
conductivity result in a high power of the energy release in the course of magnetic  
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field dissipation *2 σjP ≈ . The theoretical estimates of the power are in a good 
agreement with the observation data. The thickness of the sheet may be estimated 
by equalizing the latest 292810 ÷≈P erg/sec to the rate of the field processing in the 
sheet:  
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Here 219 cm10=S  is the area of the current sheet; ( )acvd πσ42=  is the rate 

of the field diffusion into the sheet. Since the particles accelerated in the field, are 
magnetized and move only along the force line, the maximum energy maxE  which 
they may gain in the electric field E of the sheet, σjE = , is limited: 
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which is much smaller than the observed energies. As it will be seen below (see 
Section 4.18.8), the visible paradox is associated with disregard of the three-
dimensionality of the sheet.  

The existing mechanism of acceleration may be broken into two following 
groups according to the inclusion of electric field and turbulence.  
(1) Regular acceleration in the electric field of the sheet (Syrovatsky, 1966) (see the 
scheme in Fig. 4.18.4 along Z-axis).  
 

 
 
Fig. 4.18.4. The scheme of the sheet in the frame of two-dimensional geometry. According 
to Pustil'nik (1977b). 
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This approach gives rise to difficulties of principle when explaining the spectrum 
and chemical composition of the accelerated particles. It is of importance that the 
neglecting of the particle-plasmon elastic collisions involved in this approach is 
barely incorrect, since the sheet is opaque for them ( )vlp

eff >>ν . 

(2) Stochastic acceleration in the turbulent pulsation field resulting in energy 
diffusion. In terms of this approach, the particles are accelerated in the particle-
plasmon inelastic collisions (predominantly with the Longmire plasmons). Though 
this approach can more realistically include the conditions in the current sheet of a 
solar flare, it also faces difficulties due to a small thickness of the current sheet 
which makes the sheet "transparent" for inelastic scattering ( va<ν  for particles 
with energies  ≥E 10 keV). Even along an acceleration path equaling the current 
sheet length l = L = 1010  cm, the sheet is "transparent" for inelastic processes at 

≥E  10 MeV, which is drastically at variance with observations (Pustil'nik, 1977c).  
 
4.18.7. The spatial diffusion in the electric field of the sheet in the case of 
two-dimensional geometry with pure anti-parallel magnetic field  

As it was noted above, the particles accelerated in the current sheet should 
suffer multiple elastic collisions with the ion-sound plasmons. The frequency of 
such collisions is (Kaplan and Tsytovich, M1972) 
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As a result, the particle motion will take the form of one-dimensional diffusion 

to the walls of the sheet (one-dimensionality due to magnetization, H
p
eff ων << ). 

After reaching the walls, the particles will be ejected from the accelerated region 
along the force lines. The spatial diffusion coefficient is  
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≈=κ .                                  (4.18.19) 

 
When diffusing along the electric field, a particle should gain energy at a rate 
 

( ) ( )
E

ZeEXZeE EXκ2≈= �� .                                     (4.18.20)  

 
Since in this pattern the particle lifetime in the sheet and the particle acceleration 
time are closely interrelated, it should be expected that the ejection energy spectrum 
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will be of a power form (Korchak, 1976). Let us consider this problem at greater 
length in according with Pustil'nik (1977b). The diffusive flux of the particles with 
energies E' arriving at point X' is  
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where the variations of the particle energies is the course of movement in the 
electric field is automatically included. The resultant equation involving the 
equilibrium distribution function (including =oI const) is  
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With boundary conditions ( ) injinj nEn =  and ( )( ) 21''
acooo mEEnI =  (here '

oE  is the 
energy of ejection from the sheet). The first term in Eq. 4.18.21 describes the 
conventional diffusion, the second term is identical with the thermo-diffusion (see 
§11 in Lifshitz and Pitaevsky, M1979) due to the particle energy dependence of the 
diffusion coefficient. The solution of Eq. 4.18.21 is (Pustil'nik, 1978):  
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From Eq. 4.18.23 follows that the spectrum of accelerated and ejected particles is 
characterized by power index γ = 2, i.e. the resultant spectrum is more rigid than the 
observed spectrum. In this case the maximum particle energy is 

50max ≤= ZEaE keV for Z = 1 what is much smaller than observed energies. 
 
4.18.8. The spatial diffusion in the electric field of the sheet in the case of 
three-dimensional geometry 

The observed discrepancy in previous Section 4.18.7 is associated with the 
application of the two-dimensional geometry with pure anti-parallel field assuming 
that 0=zH . This pattern is explicitly unreal, which can be seen from the difficulties  
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arising due to the transverse electric and magnetic fields which, in case of the 
undoubted weaker electric field of the sheet, ( )HEE Dr

4310 ÷−≈≤ , precludes the 
particle motion in the electric field everywhere in the sheet except for the narrow 
central zone (Pustil'nik, 1978): ( )aa 4310 ÷−≈∆ . The situation will change if a 
quasi-homogeneous longitudinal magnetic field 0≠zH  is inserted in the system. 
The magnetic field in the sheet will exhibit a shear, the force line will be deflected 
to the Z-axis (see Fig. 4.18.5), the electric field will be projected onto force line, 
and the acceleration by the regular field will be possible. Another important 
consequence of the existence of the longitudinal magnetic field is the increase of the 
acceleration path depending on the distance to the center of the sheet. In fact, the 
merging force lines are injected into the sheet at an angle RX=α , where X is the 
distance to the center of the sheet, R is the curvature radius of the force lines, of the 
external field. The distance between the force lines in the sheet increases and the 
value of the transverse field decreases as ( )RXHHH oo ≈≈⊥ α . At the same 
time, the longitudinal field is invariable, which steepens the inclination of the force 
lines to the Z-axis as RXHH ≈≈ ⊥ //θ . In this case the acceleration path is 

effectively increased as XaRal == θ  and reaches 10
max 10≈= Ll  cm in the 

center of the sheet.  
 

 
 
Fig. 4.18.5. The scheme of the sheet in the frame of three-dimensional geometry. By the 
thick curve B'A is shown the real 3-D magnetic force line, by broken curve BA is shown the 
2-D projection of 3-D magnetic force line (usually used in the 2-D model of current sheet, 
see Fig. 4.18.4) According to Pustil'nik (1977b). 
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If the power spectrum XE 1max ∝  with ( ) γ−∝ EED  is formed in each sector 
l∆ , it can be easily shown (Pustil'nik, 1978) that the total spectrum ( )ED * will also 

retain a power form but with 1* += γγ  and the maximum particle energy 

( )101*
max ÷≈== aLEZeELE o  GeV. Thus, the following result is obtainable for 

the considered above case: the quasi-diffusion in the three-dimensional sheet 
generates the spectrum of ejection from the entire sheet ( ) 3* −∝ EED  with cut-off 

at high energies ( )101*
max ÷≈E  GeV, which is in a good agreement with 

observations.  
 
4.18.9. Comparison of the quasi-diffusive acceleration and stochastic 
acceleration on the Langmuir  plasmons 

It can be seen from the comparison between the effectiveness of the quasi-
diffusive acceleration (index qd) and stochastic acceleration (st) on the Langmuir 
plasmons (Pustil'nik, 1978): 
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that the quasi-diffusion acceleration completely defines the particle energy increase 
within the observed energy range. 2. 
 
4.18.10. On the chemical composition of accelerated particles 

The chemical composition of the particles accelerated by the quasi-diffusion is 
determined by the dependence of the particle injection parameters for the 
acceleration conditions on Z and A. In its turn, the injection is determined by the 
condition of the balance between the quasi-diffusive formation of the power 
spectrum and the relaxation of the distribution to the quasi-thermal form due to 
inelastic particle-ion sound plasmon collisions (the Longmuir plasmons fail to 
interact with particles in the injection region, since their velocity Teinj vv < ). In this 
case according to Pustil'nik (1978): 
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where thE�  characterized energy losses by thermalization of accelerated particles as 
result of inelastic particle-ion sound plasmon collisions. It can be seen that the 
injection threshold for all particles is  
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( ) sinj cv 1.19.0 ÷≈ .                                           (4.18.27) 
 
On the other hand, at scv <  the particles are accelerated in the electric field without 
being scattered on the ion sound plasmons (in this case, the ionization losses are 
negligibly low). Each gain in the velocity is permanent up to where the particle 
energy is exchanged with the ion-sound plasmons. As it was shown just above, 
however, the particles in these regions are immediately affected by the quasi-
diffusion acceleration. Thus, the chemical composition of the accelerated particles 
should be similar to that of the plasma in which the acceleration occurs, in 
agreement with the observation data (Dorman and Miroshnichenko, M1968; 
Dorman, M1972, M1978; Miroshnichenko, M2001). It can be seen when 
summarizing the above discussion that the inclusion of the particle-plasmon elastic 
collisions will unambiguously give the quasi-diffusive particle acceleration in the 
elastic field the main characteristics of which coincide with the observation data. 
This makes it possible to expect that this description of the processes resulting in 
particle acceleration in the current sheet of a flare is adequate.  
 
4.18.11. Development of solar flare models and mechanisms of particle 
acceleration in the turbulent current sheet 

In papers of Pustil'nik (1997, 1999a,b,c, 2001) given the development of 
discussed above solar flare models and mechanisms of particle acceleration in the 
turbulent current sheet. In more details are investigated the problem of the stability 
of a turbulent current sheet. Pustil'nik (1997) note that after successful progress in 
our understanding of the equilibrium state of a flare current sheet, it is natural to ask 
whether this equilibrium state is stable. This leads us to the unfortunate conclusion 
that the generally accepted equilibrium state of a turbulent current sheet is not 
stable, and this picture of a flare cannot be considered final. The instability of a 
turbulent current sheet forces us to drastically reconsider our approach to flare 
energy release, and to obtain a new, stable equilibrium state taking into account 
properties of dynamical instabilities. Let us first consider the main instabilities of a 
turbulent flare current sheet.  

Tearing mode instability. These instabilities (Fürth et al., 1963) lead to the 
redistribution of the flat current in a plasma with finite conductivity into a set of 
parallel current strings (see Fig. 4.18.6).  

The most unstable mode (tearing) has a development time 
 

( ) 21ReHat ττ ≈ ,                                      (4.18.28) 
 
where 35 1010 −− ÷≈= aa vaτ  sec is the Alfven time, adH ττ=Re  is the 

magnetic Reynolds number, and ( )πστ 422 cad =  is the diffusion time.  
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Fig. 4.18.6. Instabilities of the turbulent current sheet and 'domains' structure of the current 
sheet plasma. According to Pustil'nik (1997). 
  
For standard current sheet parameters K10,cm10,Gs10 6

6
38

8
5.2

5.2 === − TnH , 
this corresponds to a time for splitting of a flat current sheet into a system of strings 
of about 10-100 sec for Coulomb conductivity and 1-10 msec for turbulent 
conductivity. The tearing mode is very important, since it, has no threshold in the 
flare condition, and cannot be suppressed (stabilization by the rapid evacuation of 
plasma from the sheet, according to Bulanov and Sasorov (1978) does not act 
effectively for a thin current sheet). In the nonlinear state of the tearing mode, the 
opposite process of coalescence occurs. This leads to the joining of numerous 
generation strings, with additional energy release on the same tearing time scale. The 
final structure is determined by the competition between the coalescence of magnetic 
islands (current strings) and the ejection of plasma from the current sheet by 
magnetic tension.  
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Pinch type instabilities (sausage, kink, etc.). Current strings are in a Z pinch 
state, with the external pressure of azimuthally fields πϕ 42H  balanced by the 

internal pressure of the plasma nkT and the longitudinal field π42
//H . This state is 

unstable to a set of MHD fast instabilities (Priest, 1982) (sausage, kink, and other 
more complicated instabilities), which result in the collapse of a local current 
strings and their disruption at numerous points, with the generation of an 
electrostatic double layers (in the sausage mode) and/or the formation of a current 
kink and straightening of its braided field lines (in the kink mode). There is some 
stabilization of the pinch mode by the influence of the longitudinal magnetic field 
on the length of the pinch 

 
( )alHH cr αϕ =Λ>//                               (4.18.29) 

 
according to criteria of Kruskal and Schwarzschild (1954) and Shafranov (1957). 
However, this stabilization is not effective for the thin, long current strings with 

32 1010 ÷>al  produced by the tearing mode in the turbulent current sheets of solar 
flares. The following two processes (c) and (d) disrupt the steady state of a current 
sheet under the action of a specific property of plasma turbulence, namely, the very 
narrow threshold for plasma turbulence generation: the directed velocity in the 
current must exceed the phase velocity of the excited waves. For the opposite sign 
of the ratio (even for <<− phVu1 1), we have very rapid dissipation of the plasma 
waves in the same plasma. This can easily be seen from the example of the growth 
rate of the ion-acoustic wave instability in plasma with longitudinal current 
(Mikhailovsky, M1977): 
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where the first part is caused by the electron decrement/increment and the second is 
due to Landau damping of the thermal ions.  

Overheating of turbulent regions in the current sheet. Turbulent plasma 
heating by anomalous current dissipation is another cause of the unstable state of 
current sheets (Pustil'nik, 1980). This phenomenon is due to the rapid heating of the 
plasma over an extremely short time  

 
( ) 143 1010 −Ω÷≈ oiTeτ .                                    (4.18.31) 
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It leads to changes of the current velocity/thermal velocity ratio over this time from 
TeVu > 1 (necessary for plasma wave generation) to TeVu < 1 with very rapid 

plasma wave dissipation by Landau absorption of the plasma waves by the thermal 
electrons (the time is of the order of 1−Ωoi ). This heating stops the local plasma 
turbulence and leads to a transition to a normal, high-conductive state. During the 
next stage, this region will be cooled by the thermal front of collision-less hot 
electrons, and will return into its initial turbulent state (the anomalous thermo-
conductivity will restore the turbulent state after short cooling times 

( )Teth Vl//ξτ = . Subsequent anomalous heating in the turbulent state will repeat 
these local transitions in a pulsation regime, and create numerous normal and 
turbulent anomalous regions in the current sheet.  

Splitting of current sheet at regions of discontinuous conductivity. 
According to Pustil’nik (1997), the processes of rapid plasma wave generation in a 
turbulent regime lead to the rapid increase of the anomalous resistance and create a 
jump in the conductivity σ at the boundary between the normal and anomalous 
stage of magnetic field structure is caused by the slower diffusion process (then 
plasma instability), and at the first stage electric current is conserved, this will lead 
to a jump in the electric field at the boundary of the current sheet. This discontinuity 
in the electric field leads to a rapid redistribution of the current, with a decrease of 
the current density in the turbulent region to below cru , simultaneously, there is a 
rapid increase of the current density in the external region up to values exceeding 

cru  near the boundary. In the inner region, with u < cru , plasma turbulence will 
disappear, and this local layer turns into the normal state. In the external region, we 
have the opposite result, with plasma turbulence and the generation of anomalous 
resistance for short times. New jumps of the conductivity arise at the new boundary 
between the normal and abnormal plasma, which will lead to a new splitting of the 
current sheet boundary. The resulting final state is a dynamic equilibrium of the 
current sheet, which contains numerous compact and short-lived turbulent and 
normal regions.  
 
4.18.12. Unsteady state of turbulent current sheet and percolation  

As it was demonstrated above, the standard steady state of a current sheet is 
unstable, and it must be disrupted into numerous local, short-lived, small-scale 
domains of "normal" and "abnormal" plasma (see Fig. 4.18.5). These domains form 
numerous virtual bond clusters from the "normal" and "turbulent" elements. 
Therefore, current propagation through a flare current sheet should be similar to 
percolation through a stochastic network of "good" and "bad" resistors with a 
constant source of electric current. This process has been studied both in 
experiments: in superconductive ceramic samples (Vedernikov et al., 1994) and in 
conductive graphite paper with random holes (Levinshtein et al., 1976; Last and  
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Thouless, 1971), in numerical simulations (Kirkpatrik, 1973), and in theoretical 
models (Render, 1983).  

However, this important phenomenon was not taken into account in models of 
energy release and particle acceleration. There are some additional effects of current 
percolation in our situation - positive and negative feedback between elements, due 
to the dynamic redistribution of currents and thermo-conductive fluxes:  

(i) Current conservation leads to a redistribution of the currents in the 
sheet as a result of the permanent stochastic rebuilding of the network 
resistors. This will change the current density in the elements of the 
network and will lead to the generation of induced turbulence, with 
switch-on of plasma turbulence in some neighborhood and switch-off 
in the initial area. This will lead to constant transitions of the resistors 
in the network from the "bad" state to the "good" state and back.  

(ii) Thermo-conductive flux from the heated turbulent elements will escape 
into the surrounding cold plasma, heat this plasma, and thereby change 
the threshold current value Tecr Vu ∝ . 

This very complex pattern, with intricate feedback between current propagation and 
the plasma turbulence state in local regions can be described using elementary 
transition probabilities in a stochastic resistor network, with the properties of the 
resistors dependent on the local current value, cross connections between resistors, 
and some delay effects. The best approximation to this process is percolation 
through a fractal network characterized by some cluster factuality, fractal 
dimension, and threshold of the percolation as infinite cluster disruption. Some 
general conclusions can be drawn from the first principles of percolation theory 
(Feder, M1988; see also Mogilevsky, M2004): 1) A fundamental property of a hold 
dependence of the global network conductivity on the density of bad elements, and, 
hence, on the current:  
 

( ) ασ −−∝ crJJ .                                      (4.18.32) 
 
2) Another general property of a percolation process is the universal power-law 
dependence of the statistical properties in a global system (number versus 
amplitude, for example) on the characteristics of the domains (scaling):  
 

( ) kxxN −∝ .                                            (4.18.33) 
 
Here x is a parameter of the domain (size, amplitude, energy, etc.). The exponents α 
in Eq. 4.18.32 and k in Eq. 4.18.33 are determined by the fractal dimension of the 
clusters and the global dimensions of the system n, and are  
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Pustil’nik (1997) compared the general conclusions of the percolation approach 
with real flare observations in the solar atmosphere and flare stars, and obtained a 
remarkable correspondence: for all flare stars (UV Ceti-type red dwarfs; Gershberg 
and Shakhovskaya, 1983; Gershberg, 1989) and for various manifestations of solar 
flares in Hα storms (Kurochka, 1987; Aschwanden et al., 1995; Merceier and 
Trottet, 1997) and hard X-ray solar bursts (Crosby et al., 1992), there is the same 
statistical dependence of the flare frequency and energy 
 

( ) β−∝WWf ,                                           (4.18.35) 
 
with the value of β = 1.7÷1.8, similar to that expected from percolation theories. 
The role of the percolation process and fractal formation in the formation of the 
frequency-energy spectrum was successfully considered by Wentzel et al. (1992) in 
a percolation model of active region formation from the convective zone, and by 
Vlahos et al. (1995) in a fractal model for the structure of magnetic elements over 
active regions.  
 
4.18.13. Acceleration of particles in a fragmented turbulent current sheet  

The fundamental property of solar flares is the acceleration of charged particles 
up to very high energies of several GeV/nucleon with energy spectrum of a power 
law 
 

( ) γ−≈ EED ,                                             (4.18.36) 
with the slope γ from 2 up to 7, but the mean value 32 ÷≈γ  (Dorman, M1957, 
M1963a,b, M1978; Dorman and Miroshnichenko, M1968; Duggal, 1979; Dorman 
and Venkatesan, 1993; Stoker, 1994; Miroshnichenko, M2001). Pustil’nik (1997) 
considered two types of models for the particle acceleration during solar flares:  
(i) a turbulent boiler with a "particle-plasmon" energy exchange (Kaplan and 

Tsytovich, M1973),  
(ii) direct run-away of the particles in the DC electric field of a current sheet 

(Spicer, 1982).  
The first model (i) is able to explain naturally the power-law energy spectrum 

as a consequence of turbulent diffusion in momentum space, but requires extreme 
assumptions about the turbulent energy. The second model (ii) can accelerate 
particles up to the maximum energies, but has difficulties in explaining the power-
law dependence of the energy spectrum (the typical spectrum for run-away particles 
is an exponential). This approach does not take into account the fact that the motion 
of rapid particles in turbulent plasma is not a direct run-away, but rather a space 
diffusion, caused by effective elastic particle-plasmon scattering. Taking into 
account the cluster structure of a turbulent current sheet with numerous bad resistors 
(which play the role of plasma double layers and act as compact line accelerators in  
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the turbulent plasma of the current sheet) opens a new approach, where the elastic 
particle-plasmon interaction and direct energy change in the DC electric field are 
combined in a natural way. This approach leads both to the observed power-law 
energy spectrum and high energy limits (Pustil'nik, 1978).  

According to Pustil'nik (1978), the physical reason for the formation of the 
spectrum in the model (ii) is the universal power-law dependence of the scattering 
probability on the particle energy: ( ) 3−∝ EEP . This leads to different free path 
lengths for particles with opposite velocity directions relative to the electric field. 
The result is that two diffusion fluxes are formed: the first is the standard flux 
caused by the density or potential gradient, and the second is the specific flux 
caused by variation of kinetic parameters in the medium, similar to thermo-
diffusion. It was found for the second flux that the energy of particles E = ZeEx and 
also their number ( )En  depends only on the distance x from the point of injection 
of the particles into the acceleration state to the space boundary where particles 
escape. This general connection leads to a direct "leakage-lifetime" relation with a 
power-law character for the energy spectrum. The resulting spectrum can be 
estimated from conservation of the diffusion flux (Pustil'nik, 1978): 
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which, for a current sheet with the simplest geometry, leads naturally to a power-
law energy spectrum for the ejected particles:  
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where TE  is the thermal energy of the particles, ( ) ( ) 25
To EEE κκ =⊥  is the space 

diffusion coefficient of a rapid particles with energy E in the field of the plasma 

turbulence, and ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

o

T
T Ze

EVE
κE

2
* . Taking into account that the three-dimensional 

distribution of the electric and magnetic fields in the turbulent current sheet will 
influence the power-law slope so that it can increase up to γ ~ 3. This means that fine 
cluster structure of a turbulent current sheet may provide a partial basis for 
understanding the threshold behavior of flare energy release, with its universal 
statistical properties, and also give a natural explanation for another fundamental 
property of the flare process - the universal power-law spectrum of the accelerated 
particles, with approximately the same slope over a wide class of flare objects. 
According to Pustil'nik (1997), for more progress in the percolation approach to flare  
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energy release, numerical simulations of a random resistive network are needed, 
taking into account lifetime effects, current feed-back influence, and the high self-
induction of the magnetic fields in the normal domains in the sheet.  
 
4.19. Particle acceleration in shear flows of space plasma  
 
4.19.1. Space plasma’s shear flows in different objects 

In papers of Berezhko (1981, 1982), Berezhko and Krymsky (1981) there was 
assumed a particle acceleration mechanism in shear flows of space plasma. The 
shear flows of space plasma can be realized at boundaries of the magnetospheres of 
the Earth and other planets, at boundaries of the Heliosphere and stellar winds, and 
other astrophysical objects in regions of interactions of plasma flows with different 
velocities. In all these cases there are formatted shear flows of space plasma with 
regular changes of velocities of frozen in magnetic inhomogeneities which can be 
considered as scattering centers for energetic charged particles.  
 
4.19.2. Particle acceleration in the two-dimensional shear flow of 
collisionless plasma 

Berezhko (1981) investigates the idealized picture of the two-dimensional shear 
flow of collisionless plasma that is characterized by the presence of scattering 
centers whose role is played the magnetic field inhomogeneities. It was supposed 
that the hydrodynamic velocity u of the plasma is directed along the x axis and its 
magnitude varies as a function of the coordinate y (see Fig. 4.19.1).  

In order to establish the energy variation law of a particle which, after scattering 
elastically, moves in the medium with a velocity v >> u, it is convenient to represent 
this motion in the form of a population of vibrations between two scattering centers 
with an appropriate averaging over all possible pairs. Thus if the particle vibrates 
between the centers A and B and uA > uB and xA < xB, as shown in Fig. 4.19.1, then 
its energy will increase since the centers A and B are brought together. However, 
for the center B there is a center B′ that is placed symmetrically with respect to A 
(yB' = yB, xA - xB′ = xB –xA) so that the particle moving between the centers A and B′ 
with the same velocity loses energy if only the quantities of the order of u/v are 
taken into account. In other words, within the framework of the adiabatic 
approximation no changes occur in the particle energy: < dE/dt > = 0 (the angular 
brackets denote averaging).  

From other hand, if the terms ~ (u/v)2 are taken into account, an analysis of the 
particle motion between the two scattering centers, which are moving with a 
relative velocity dl/dt = w, leads to the expression 
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where l is the distance between the scattering centers. It can be seen from this that 
the total contribution of the centers A, B, and B' to dE/dt is positive and equal to 
4Ew2/(lv). An averaging of this expression over the locations of the B center with 
allowance for the fact that the probability of the particle traversing a path length l 
without scattering is exp(-l/λ) gives  
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vdt
dE 2
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⎛
= λα ,                               (4.19.2) 

 
where λ is the free path length. The numerical coefficient α in this case is equal to 
1/2; a more systematic treatment can show that its value is somewhat different. An 
acceleration of charged particles, therefore, occurs in a shear flow of a collisionless 
plasma, and the rate of energy increase is proportional to the square of the curl of 
the hydrodynamic velocity of a plasma (in the analyzed case (rot u)2 ≈ (du/dy)2).  
 

 
 
Fig. 4.19.1. The idealized picture of the two-dimensional shear flow of collisionless plasma. 
Horizontal rows show velocities of plasma u(y); B′(x,y), B(x,y),and A(x,y) are particle 
scattering inhomogeneities frozen in plasma and moved in x direction with velocity u(y). 
According to Berezhko (1981).  
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4.19.3. Some examples of possible particle acceleration in shear flows  
According to Sergeev and Tsyganenko (M1980) it has been established that a 

layer consisting of a shear flow of solar wind plasma exists at the boundary of the 
Earth's magnetosphere. The hydrodynamic velocity of the plasma in the layer varies 
from zero at the inside boundary to ~ 400 km/sec at the outside boundary. The 
characteristic thickness of the layer is l ~ re and its longitudinal dimension is L ≥ 
100re, where re is the Earth's radius. Particles which have path lengths λ << l are 
accelerated efficiently by means of the mechanism discussed in Section 4.19.2. The 
condition λ << l can be satisfied only for electrons, since λ ~ ρ ≈ 100 km for 
thermal protons, where ρ is the gyro-radius. It was assumed that the range of 
accelerated electrons is E ≤ 1 MeV if λ ~ ρ (the magnetic field at the boundary of 
the magnetosphere is ~ 10−4 Gs). Since the electrons usually cannot penetrate the 
interior boundary of the acceleration region, which is formed by the regular 
magnetospheric magnetic field, a density gradient of accelerated electrons, which is 
directed toward the Earth, is formed. A corresponding diffusion flow is directed 
from the Earth, which accounts for the anisotropy of high energy electrons that is 
recorded in the experiments (Sergeev and Tsyganenko, M1980). The following can 
be said about the shape of their energy spectrum. Gnedin et al. (1972) have 
analyzed the formation of the spectrum of particles, which have been accelerated by 
means of a mechanism for which the characteristic acceleration time  

 
( ) βτ −∝= EdtdEE .                                    (4.19.3) 

 
They showed that at β > 0 a power spectrum γE∝  is formed with an exponent  

 
( )βγ +−= 1                                           (4.19.4) 

 
at energies oEE >>  where oE  is the initial energy of the particles. For the case 
considered in Section 4.19.2 the condition described by Eq. 4.19.3 means that 

βλ E∝ . It can be assumed that λ ~ ρ (i.e. E∝λ ) for most of the electrons energy 
range, and that 2E∝λ  at high energies. Thus obtain a spectrum exponent γ in the 
limits from −3 to −1.5, consistent with the experiment: γ = −2 to −1.5 for E = 
18−120 keV and γ = −4.5 to −3 fore E ≥ 100 keV (Sergeev and Tsyganenko, 
M1980). The values of γ < −2 may be attributed to the influence of energy losses.  

Universality of the spectrum produced is a characteristic feature of the 
discussed mechanism. An important feature of this mechanism is that it involves 
regular, large scale plasma motion, which sets it favorably apart from the other 
mechanisms, in particular, the mechanism of acceleration by turbulent pulsations 
(see Section 4.9).  

A shear plasma flows can frequently occur under space conditions in different 
objects. A typical example for interplanetary space is the high velocity flows in the  
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solar wind. Because of this the acceleration process of charged particles in a shear 
flows can be important in the production CR in different energy ranges. 
 
4.20. Additional regular particle acceleration in space plasma with 
two types of scatters moving with different velocities 
 
4.20.1. Two types of scatters in space plasma as additional source of 
particle acceleration 

The acceleration of particles to high energies is usually associated with chaotic 
motion of magnetized plasma (Fermi, 1949, 1954) and with shock waves (Dorman 
and Freidman, 1959; Shabansky, 1961; Alexeev and Kropotkin, 1970; Axford et al., 
1977; Krymsky, 1977; Bell, 1978a,b; Blanford and Ostriker, 1978). It was shown 
that particle acceleration can be effective also by tangential discontinuities (Alexeev 
at al., 1970) and by macroscopic flows of magnetized plasma (Berezhko, 1981). 
Review of acceleration processes in space plasmas can be found in Dorman 
(M1972b, M1975a), Toptygin (M1983), Berezinsky et al. (M1990). Here we shell 
consider some additional mechanism of particle acceleration in regions with two 
types of particle scatters according to Dorman and Shogenov (1985, 1999). The 
matter is that in many astrophysical objects there are background plasma moved 
with some speed o1u  and characterized by transport path ( )R1λ , where R is the CR 
particle rigidity, and some scatters moved with some different speed o2u  and 
characterized by the transport path ( )R2λ . As examples of these objects can be 
considered our Heliosphere (solar wind – as background plasma and interplanetary 
shock waves and magnetic clouds generated by coronal mass ejections as additional 
scatters of CR), stellar winds, our Galaxy, interacted galaxies.  
 
4.20.2. General theory of CR propagation and acceleration in space 
plasma with two types of scatters moving with different velocities  

According to Dorman and Shogenov (1985, 1990) the CR distribution function 
in the presence of two types of scatters will be described by the well known 
Boltzmann equation with collision term 

 
( ) ( ) ( )[ ] ( ) ftft

c
Zetf

t
tf St,,,,,,,,

1 =
∂

∂−+
∂

∂+
∂

∂
p
prrBuv

r
prvpr ,            (4.20.1)  

 
where v and p are the velocity and momentum of the CR particle, ( )t,rB  is the 
frozen magnetic field in the background plasma,  
 

( ) ( ) ( ) ( ){ } ',,,',,,St Ω−−∫ −= dtftftnf prpruvuvr 22 ασ ,            (4.20.2)  
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and the distribution function of second type of scatters is  
 

( ) ( ) ( )( )ttnt r,uur,ur, 222 −= δϕ , .                                    (4.20.3)  
 

Let us suppose that ( ) ( ) ( )ttt ,,, rBrBrB 1o += , where ( ) ( )tt ,, rBrBo =  and 
( ) 0, =trB1 . Then ( ) ( ) ( )tftFtf ,,,,,, 1 prprpr += , where ( ) ( )tftF ,,,, prpr =  

and ( ) 0,,1 =tf pr . According to Eq. 4.20.1 and Eq. 4.20.2 we obtain  
 

( ) ( ) ( )[ ] ( ) FFtFt
c

ZetF
t

tF
11 StSt,,,,,,,, +=

∂
∂−+

∂
∂+

∂
∂

p
prrωuv

r
prvpr ,        (4.20.4)  

 
where ( ) ( ) EtZect ,,ω rBr o= . Here Ze and E are electrical charge and total energy 
of CR particle and  
 

( ) ( ) ( ) ( ){ } ',,,',,,St Ω−−∫ −= dtFtFtnF prpruvuvr 22 ασ ,          (4.20.5)  
 

( ) ( )kiki pFDpF ∂∂∂∂=1St ,                                (4.20.6)  
 

where  
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= 2
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uvuvuv ki
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p
D δ

λ
                         (4.20.6a) 

 
is the diffusion coefficient in the momentum space and 
 

2
1BcZelpc πλ 22

1 6=                                 (4.20.6b) 

 
is the transport path in the background plasma and cl  is the correlation length of 
fluctuating field ( )t,rB1 .  
 
4.20.3. The diffusion approximation  

Let us suppose that  
 

( ) ( ) ( ) ( )tpptpNtF ,r,Jp,r,p,r, += ,                             (4.20.7)  
 
and instead of Eq. 4.20.4 we obtain  
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where ( ) trtn σλ ,2 r=  is the transport path in the second type of scatters and 
( )∫ Ω−= 'cos1 dtr θσσ  is the transport cross-section of scattering, and θ  is the angle 

between p and p'. Here we neglect by members containing ,,,, 2
2

3
2

2
1

3
1 JJ uuuu  and by 

members higher order over 1u  and 2u . Let us suppose that 1111 uuu += o , where 
0, 1111 == uuu o  and 2122 uuu += o , where 0, 2122 == uuu o . Then on the 

basis of Eq. 4.20.8 and Eq. 4.20.9 we obtain finally 
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where the frequencies of particle collisions with inhomogeneities 
 

221121 ,, λνλνννν vv ==+= ,                              (4.20.11)  
 

the space diffusion coefficient tensor  
 

( )( )ikillkklkl ev ωνωωνδ
ων

νκ 12
22

2

3
−− −−

+
= ,                     (4.20.12) 

 
and we have used the following nominations: 

 

[ ] ( ) ( )( )νωωωνν oooooo WuuWωWuq −+−−−= 11
22

1 , ,            (4.20.13) 
 

12 ,a o oν= − −⎡ ⎤⎣ ⎦q q u W ω ,                                      (4.20.14) 
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( ) ( )2112212211 λλλλνννν ++=+= ooooo uuuuW .            (4.20.16) 

 
The first member in the right hand side of Eq. 4.20.10 contains two terms: the first 
describes the anisotropic diffusion characterized by diffusion tensor Eq. 4.20.12 and 
the second describes the change of particle energy caused by convective moving of 
particles with effective speed determined by Eq. 4.20.16. The second term in the 
right hand side of Eq. 4.20.10 describes particle acceleration; to understand the 
meaning of this term let us consider the case when Bo = 0.  
 
4.20.4. The case Bo = 0  

In this case the Eq. 4.20.10 transforms into 
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where 1221 DDDD ++=  is the diffusion coefficient in the momentum space and  
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describe particle acceleration caused by usual Fermi mechanism (here 
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( ) ( )21
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12 3 λλ +−= vpD oo uu                           (4.20.19)  

 
describes additional particle acceleration.  
 
4.20.5. Space-homogeneous situation  

Let us suppose that in this case 021 == DD . Then instead of Eq. 4.20.17 will 
be 
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Let us introduce  
 

( ) ( )2
1

2
22112

2 434 ooac vDp uu −+== λλτ .                          (4.20.21)  
 

If we multiply Eq. 4.20.20 on dpp3  and then integrate it, we obtain instead of Eq. 
4.20.20  
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p
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44 ,                                   (4.20.22)  

 
where dppNpp ∫= 2 . From Eq. 4.20.22 follows that  
 

( )acoac tpppdtpd ττ expor, == ,                                   (4.20.23)  
 

and acτ  determined by Eq. 4.20.21 have a meaning of effective acceleration time.  
 
4.20.6. Estimation of possible additional acceleration of CR particles in the 
Galaxy  

According to data on the relative content of Be10 the life-time of CR particles in 
our Galaxy is (Berezinsky et al., M1990)  

 
7103×≈+= hdg TTT  years,                               (4.20.24)  

 
where dT  and hT  are the times of CR particles living in the disk and in the halo, 
respectively. On the other hand, from data on the chemical and isotopic 
composition of CR it follows that in average CR particles crossed some X g/cm2 of 
matter. If the density of matter in disk is dρ  and in halo hρ  we obtain  
 

hhdd vTvTX ρρ += ,                                            (4.20.25)  
 

where cv ≈  is the velocity of CR particles. From Eq. 4.20.24 and Eq. 4.20.25 
follows that 
 

( ) ( )[ ] hgdhddgh TTTvXvTT −=−×−= − ;1ρρρ .                        (4.20.26)  
 
For particles with energy E ~ l0 GeV/nucleon the value 2cmg7≈X . If 

324 cmg10−≈dρ  and 326 cmg10−≈hρ  then according to Eq. 4.20.24 and Eq. 
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4.20.26 will be 6107 ×≈dT  years and 7103.2 ×≈hT  years. In the disk (the depth 

of which is ≈dL 1 kpc) the expected transport path ≈≈ ddd vTL 22
1λ 0.2 pc. In the 

halo (the dimension ≈hL 15 kpc) the expected transport path ≈≈ hhh vTL 22
1λ  15 

pc.  
Let us take into account that in many regions of the Galaxy's disk there are 

shock waves, extended supernova remnants and strong stellar winds (which we 
consider as scatters) moving relative to interstellar matter with a velocity 

oo 12 uu − ~ 108 cm/s. We expect that the transport path d2λ  on these scatters is 
much bigger than d1λ . Let us suppose that d2λ ~ 20 d1λ . In this case, according to 
Eq. 4.20.21, we obtain acτ ~ 106 years for the time of acceleration. It means that in 
the disk according to Eq. 4.20.23 effective additional acceleration with increasing 
of energy up to ( )acdT τexp  ~ 103 times can be realized.  

Some part of shock waves, extended supernova remnants and strong stellar 
winds are also in the halo moving relative to the galactic wind with a velocity 

oo 12 uu − < l07 cm/sec. We expect that the transport path h2λ  on these scatters is 
not smaller than h1λ . In this case according to Eq. 4.20.21 we obtain for the time of 

acceleration 8106 ×>acτ years. This means that in the halo according to Eq. 
4.20.23 can not be realized additional acceleration by considered mechanism 
because <<achT τ 1.  
 
4.20.7. Estimation of possible additional acceleration of CR particles in the 
region of galaxies collision  

Let us consider as an example the region of collision of the halos of two 
galaxies moving one against the other with a velocity ~ 108 cm/sec. Let us suppose 
that both galaxies to be characterized by about the same characteristics as 
considered in Section 4.20.6 for our Galaxy. Then we suppose that h1λ  ~ h2λ  ~ 15 

pc, 7103.2 ×≈hT  years. If oo 12 uu − ~ seccm102 8×  we obtain according to Eq. 

4.20.21 that 6103×≈acτ  years. This means that in the region of the halo's collision 
of two galaxies according to Eq. 4.20.23 can be realized effective additional 
acceleration with an increase of energy up to ( )achT τexp  ~ 102−103 times.  
 
4.20.8. Estimation of possible additional acceleration of CR particles in the 
Heliosphere and in stellar winds  

Let us consider first the situation with CR particles of small energy, about 
kE ~ 100 MeV/nucleon. In our Heliosphere there is solar wind with average 

velocity ou1 ~ 7104 × cm/sec (background plasma) and characterized in the 
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maximum of solar activity by a transport path 1λ ~ 12103×  cm for CR with energy 

kE  ~ 100 MeV/nucleon. The dimension of the Heliosphere or ~ 100 AU, so the 

life-time inside the Heliosphere of these particle will be T ~ 7
1

2 1032 ×≈λvro sec ~ 
1 year (Dorman and Dorman, 1967a,b; Dorman, 1991; Dorman et al., 1997a,b,c,d).  

On the other hand, in the periods of high solar activity there are also shock 
waves, magnetic clouds, and high speed streams moving with an average velocity 

ou2 ~ 108 cm/sec. The CR particle scattering on these objects can be characterized 
in the periods of high solar activity by 2λ ~ 1013 cm. Then according to Eq. 4.20.21 
the characteristic time of particle acceleration will be acτ ~ 7103×  sec ~ 1 year. 
According to Eq. 4.20.23 in this case there can be expected additional acceleration 
of small energy particles in ( )acT τexp ~ few times.  

For low level of solar activity 1λ  increases and T decreases; there will also be a 
big increase of 2λ , so acτ  will increase. Therefore in periods of low solar activity 
we expect acT τ << 1 and the additional acceleration considered even for CR 
particles with energy kE ~ 100 MeV/nudeon will be not effective.  

For particles of higher energy with kE ≥ 1 GeV/nucleon the value of 1λ  > 1013 

cm in a maximum of solar activity, and are expect T ~ 6
1

2 1032 ×≤λvro sec. Then 
in this case acT τ << 1 even in periods of high level of solar activity and additional 
acceleration is not effective. We came to the conclusion that the mechanism of CR 
particle acceleration considered can be effective in the Heliosphere only for small 
energy particles in periods of high solar activity.  

In stellar winds the effectiveness of the mechanism of additional particle 
acceleration considered will depend on the ratio acT τ  which can be determined 
from the values of ooor 12 uu −,,, 21 λλ  as  

 
( ) ( )211

222 32 λλλτ +−= vrT oooac 12 uu                          (4.20.27)  
 
and the increase of the particle’s energy will be determined according to Eq. 
4.20.27 as ( )acT τexp . 
 
4.20.9. On the effectiveness of additional particle acceleration in the 
double star systems  

We expect that this mechanism of additional particle acceleration will be 
especially effective for double star systems in regions of the collision of stellar 
winds where the situation will be about the same as in regions of galaxies collision 
(see above, Section 4.20.7). Let us suppose that both colliding stellar winds have 
the same characteristics as solar wind. In this case 1λ  ~ 2λ  and ( )21o20 uu −  will  
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be increased in 4 times, so acT τ  will increase in 4−8 times, which gives a particle 
energy increase according to Eq. 4.20.23 of 102−104 times. In a more detailed 
investigation it will be necessary to take into account that with increasing of particle 
energy there will also be an increase in 1λ  and 2λ  so according to Eq. 4.20.27 the 
parameter acT τ  will decrease and the increase of the total particle energy will be 
smaller.   
 
4.20.10. Main results on the mechanism of CR particle additional 
acceleration and applications 

The main results of the regular mechanism of CR particle additional 
acceleration considered above may be summarized as follows: 

1. The considered mechanism of particle regular acceleration by scattering on 
different types of scatters moving with different regular velocities can give 
additional acceleration to well known mechanisms. The characteristic time acτ  of 
particle acceleration is determined by Eq. 4.20.21. The total increasing of particle 
energy is determined by Eq. 4.20.23.  

2. It is shown that the additional acceleration considered can be important in the 
disk of our Galaxy with an increase of CR particle energy up to about 103 times for 
the life time of particles in the disk. On the other hand, in the halo acT τ << 1 is 
expected and this mechanism of additional acceleration is not effective.  

3. The mechanism considered of particle additional acceleration is expected to 
be effective in regions of galaxies collision with CR particle energy increasing by 
102−103 times.  

4. In the Heliosphere additional acceleration can be effective (with increase of 
the energy by about few times) only in periods of high solar activity and only for 
small energy particles of about few hundreds MeV/nucleon.  

5. For stellar winds the effectiveness of additional particle acceleration depends 
upon ratio acT τ  determined by Eq. 4.20.27.  

6. The mechanism of additional particle acceleration will be especially effective 
for double star systems in regions of stellar winds collision with particle energy 
increasing in 102−104 times.  

7. In a more detailed investigation it is necessary to take into account the 
change of particle transport paths 1λ  and 2λ  with the increase of particle energy 
which leads to a change of the parameter acT τ  during the processes of 
acceleration. 
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4.21. Shock wave diffusion (regular) acceleration 
 
4.21.1. Two types of particle interaction with a shock wave 

In sections 4.15 we considered charged particle shock acceleration at the single 
crossing of a particle through the shock front (see Fig. 4.15.1). This happened when 
a shock wave propagated through space plasma with homogeneous frozen-in 
magnetic field. In other, much more frequent, cases, when the propagation of shock 
wave take place through excited, turbulence space plasma, a particle scatters on 
magnetic inhomogeneities behind and before the front and has some probability of 
interacting with the shock front several times (see the illustration of this diffusion 
process in Fig, 4.21.1). 
 

 
 
Fig. 4.21.1. The character of motion of a fast charged particle in the neighborhood of shock 
wave propagated through turbulent space plasma. According to Berezhko et al. (M1988). 
 
This type of particle acceleration by shock wave in literature (Krymsky, 1977; 
Axford et al., 1977; Bell, 1978a,b) is called as regular shock acceleration (because 
at each crossing of shock front particle gain the energy) or diffusive shock 
acceleration (because the multi-crossing of shock front is caused by particle 
scattering and diffusion through magnetic inhomogeneities behind and before the 
shock front).  
 
4.21.2. Elementary model of diffusive shock-wave acceleration 

Let us consider the motion of a particle with velocity v >> u1 (where u1 is the 
velocity of shock front) in neighborhood of the shock wave. Let us take into 
account that the relative velocities of magnetic irregularities in the space plasma are  
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very small in comparison with the velocity of a strong shock wave. So in the first 
approximation we may neglect the particle’s change of energy during their 
interactions with magnetic irregularities. The change of particle momentum p as a 
result of scattering by the shock wave front will be    
 

( ) vp 1if upp −=∆ ,                                          (4.21.1) 
 
where if and pp are final and initial particle momentum. The change of particle 
momentum during double crossing of the shock wave front will be 
 

( ) ( ) vvp 2kf1ik uppupp −+−=∆ .                         (4.21.2) 
 
The flux of particles in the case of isotropic distribution after scattering by magnetic 
inhomogeneities per the unit of shock wave front, expressed through the accelerated 
particle density ( )pn  and angle θ between momentum p and axis x, will be 
 

( ) ( ) θcosvpnJ =p .                                  (4.21.3) 
 
The averaging of Eq. 4.21.2 over the flux ( )pJ  in the angle intervals πθπ ≤≤ i2 , 

πθπ ≤≤ f2 , and 20 k πθ ≤≤  gives the average gain of particle momentum for 
one cycle (a double crossing of the shock wave front):  
 

( )
v

puup
3

4 21 −=∆ .                              (4.21.3a) 

 
Because  
 

( ) ( )pnPppn c=∆+ ,                              (4.21.4) 
 
where cP  is the probability of realization of the next cycle of double crossing by 
particle of the shock wave front, we obtain the following equation for determining 
the integral spectrum of accelerated particles ( )pN > :  
 

( ) ( )pN
p

P
dp

pdN c >
∆

−=> 1 .                                  (4.21.5) 

 
If 1cP  is the probability that a particle from the region 1 (see Fig. 4.21.1) before the 
shock wave front will come back to the front, and 2cP  is the same for a particle 
coming from the region 2 behind the shock wave front, the value of 21 ccc PPP = . It  
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is expected that 1cP = 1 because all particles from the region 1 by the convective 
motion came to the front. On the other hand, the probability  
 

( ) 122122 JJJPc −= ,                              (4.21.6) 
 
where 12J  is the particle flux from the region 1 to region 2 (in the case of isotropic 
distribution of accelerated particles behind the front 412 nvJ = ) and 22 nuJ =  is 
the convection flux from the front to the region 2. Therefore by taking into account 
Eq. 4.21.6 we obtain 
 

vuPPP ccc 221 41 −== .                               (4.21.7) 
 
On the basis of Eq. 4.21.3a, 4.21.5, and 4.21.7 we obtain the following equation for 
the differential density of accelerated particles (differential energy spectrum) 

( ) ( ) dppdNpn >−= : 
 

( )( ) ( ) 03
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+ pn
uu

uppn
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d                              (4.21.8) 

with the solution  
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uuppn                           (4.21.9) 

 
where  

121221 HHuu === ρρσ                             (4.21.10) 
 
is the degree of plasma compressibility by the shock wave. On the other hand the 
gas-dynamical consideration (see Pikelner, M1966; Landau and Lifshitz, M1957; 
Zeldovich and Raizer, M1966; Longmair, M1966) shows that  
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1
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+
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g

γ

γ
σ ,                                         (4.21.11) 

 
where gγ  is the gas adiabatic index and 111 suuM =  is the Mach number, and the 

sound velocity is determined by ( ) 21
111 ργ Pu gs = . It is important to note that 

according to Eq. 4.21.9 with increasing σ  from 2 to 4 the value of γ decreases from 
4 to 2 in agreement with what is observed in galactic and solar CR.  
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4.21.3. Acceleration by the plane shock wave; diffusion approximation 
Let us suppose, following to Berezhko et al. (M1988), that the plane shock 

wave propagates in the negative direction of the x-axis and the diffusion coefficient 
for particle scattering in the background plasma is κ. In this case the transport 
equation in the system of coordinates of the shock front will be 
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where κ is the diffusion coefficient, ( )pxQ ,  is the source of particles, 21 uuu −=∆ , 
and  
 

( ) ( ) 21 0,0 uxuuxu =>=< .                              (4.21.13) 
 
Let us take into account that most probably the particle injection into the 
acceleration process is from the region of shock front the with of which l is 
supposed to be much smaller then the transport path λ; in this case 

( ) ( ) ( )xpQpxQ o δ=, . The other possibility which may be realized is the existence 
in the non-disturbed region 1 of fast particles with some spectrum ( )pf ∞1 ; in this 
case we shall have the boundary condition at −∞→x :  
 

( ) ( )pfpxf ∞=−∞= 11 , .                               (4.21.14) 
 

The boundary condition for ( )tpxf ,,  at x = 0 will be 
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The solution of Eq. 4.21.12 with boundary conditions described by Eq. 4.21.14 and 
Eq. 4.21.15 was found in Krymsky (1977), Berezhko et al. (M1988) as follows: 
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where 

( ) ( ) ( ) ( )[ ]∫ +=
∞

∞
0

12 '''', dpupQpfppGpf o ,                         (4.21.17) 

 
and 
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                    (4.21.18) 

 
is the Green’s function of the problem of particle acceleration by the plane shock 
wave (here ( )'pp −θ  is the Heviside function). 
 
4.21.4. The case of particle injection with mono-energetic spectrum 

Let us suppose that the spectrum of injected particles is mono-energetic: 
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In this case by substituting Eq. 4.9.19 in Eq. 4.21.17 we shall have 
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,                          (4.21.20) 

 
where the index of the power spectrum of accelerated particles 
 

( )13 −= σσγ                                              (4.21.21) 
 
is determined only by the value of the compressibility 21 uu=σ  and does not 
depend upon the diffusion coefficient and other parameters of the concrete problem. 
This important result on the universality of the accelerated particle’s spectrum was 
obtained for the first time about 30 years ago by Krymsky (1977) and Axford et al. 
(1977). 
 
4.21.5. On the space distribution of accelerated particles 

As follows from Eq. 4.21.17 and Eq. 4.21.20, in the region behind the shock 
wave’s front the distribution of accelerated particles with momentum opp >  is 
homogeneous. Before the shock wave front, according to Eq. 4.21.16, the density of 
accelerated particles with increase of distance from the front falls exponentially 
(i.e., ( )( )pLx−∝ exp with a characteristic length  

( ) ( ) 11 uppL κ= .                                           (4.21.22) 
 
4.21.6. The effect of finite width of shock wave front 

According to Berezhko et al. (M1988) the effect of a finite width l of the shock 
wave’s front can be accounted for approximately by changing the position of the 
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injection source: to put it behind the front at some distance lx =  instead of 0=x  as 
was assumed in the previous Sections 4.21.3−4.21.5. The physical meaning of this 
shifting is that for a real shock wave the heating of plasma occurs not at the point 

0=x  but over the some length l, which may be considered as effective width of 
shock wave front. It means that the source function for Eq. 4.21.12 will now be 
 

( ) ( ) ( )lxpQpxQ o −= δ, .                                    (4.21.23) 
 
Let us suppose that this source is mono-energetic (i.e. ( )pQo  is described by Eq. 
4.21.19), and other sources are absent, i.e. ( )pf∞ = 0. In this case the solution 
before the front is described by the same Eq. 4.21.16, but for the region behind the 
front the solution will be 
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From Eq. 4.21.24 it can be seen that the taking into account of the finite width of 
the shock wave’s front leads to the appearing of a modulating factor ( )22exp κlu−  
which sufficiently decreases the flux of accelerated particles if 22 κ≥lu . Berezhko 
et al. (M1988) came to the conclusion that the effective shock acceleration may be 
realized only for particles for which the diffusion length is bigger than the width l of 
the shock wave front, i.e., 
 

( ) ( ) luplpL ≥≥ 11or, κ .                                (4.21.25) 
 
This means that for small energy particles with too small diffusion coefficient the 
Eq. 4.21.25 will not be satisfied and the acceleration of such particles will be not 
effective. 
 
4.21.7. Effect of finite dimension of shock wave 

In the Section 4.21.3 it was supposed that the plane shock wave front is infinite. 
In fact the dimension of the shock wave is limited. Berezhko et al. (M1988) show 
that the limiting of the shock wave’s dimension can be roughly taken into account 
even in the simple one-dimensional approximation used in Section 4.21.3. Let us 
consider an accelerated particle which after interaction with the shock wave diffuses 
before the front. When a particle diffuses over the distance x ≥ sR , where sR  is the 
dimension of shock wave, it will have very little chance of coming back to the front 
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and being accelerated again (in comparison with the case of an infinite plane shock 
wave). Therefore we can consider such particles as running away from the 
acceleration process. It is equivalent to putting at the distance sR  before the shock 
wave front an absorber of accelerated particles, so the boundary condition described 
by Eq. 4.21.14 will be changed to 
 

( ) 0,1 =− pRf s .                                         (4.21.26) 
 
In this case the stationary solution of Eq. 4.21.12 will be transformed to 
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,                               (4.21.28) 

 
where the index of the power spectrum of accelerated particles is 
 

( )[ ] 1
11exp1

1
3 −−−
−

= κ
σ

σγ uRs .                                (4.21.29) 

 
The Eq. 4.21.29 differs from Eq. 4.21.21 by the factor ( )[ ] 1

11exp1 −−− κuRs > 1. It 
means that the limiting of the shock wave dimension leads to an increase of γ. As 
was shown in Chapters 1 and 2, with increasing particle momentum p usually 
increases diffusion coefficient. It means that at maxpp ≥ , where maxp  is 
determined by the relation  
 

( ) 1max1 uRp s=κ ,                                      (4.21.30) 
 
the value of γ quickly increases with increasing p. Therefore the value of maxp  can 
be considered, according to Berezhko et al. (M1988), as the effective upper 
threshold of the momentum spectrum of particles accelerated by a shock wave with 
finite dimension sR . 
 
4.21.8. Effect of energy losses during particle shock acceleration 

Above we do not take into account the energy lost by the particle during its 
regular acceleration by the shock wave. In real space plasma accelerated particles 
lose energy in different types of particle interactions with matter, magnetic fields 
and photons (see detailed description above, in Chapter 1). According to Bulanov 
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and Dogiel (1979) this account can be made on the basis of the Fokker-Planck 
equation which in the one-dimensional approximation will be (Berezhko et al., 
M1988): 
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where the term ( )( )3pxu ∂∂  describes the adiabatic energy change caused by the 
change of plasma velocity, tpF ∆∆=  is the averaged temp of momentum 
changing owing to energy lose, and ( ) tpD ∆∆= 221  is the diffusion coefficient 
in momentum space. Berezhko et al. (M1988) for simplicity considered the case in 
which in the regions i = 1, 2 the energy lose can be presented in the form 
 

ii pF τ−= ,                                         (4.21.32) 
 
where the characteristic times iτ  of energy lose do not depend on the momentum p. 

It is supposed also that the parameter 24 iiii uτκα =  is the same in both regions, 
i.e., ααα == 21 . In this case Eq. 4.21.31 can be solved and its solutions for 
regions i = 1, 2 are as follows:  
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Approximately at opp >  index γ in the power spectrum can be presented as 
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i.e., the index γ increases with increase of the parameter 

2
222

2
111 44 uu τκτκα == . The account of energy lose leads to particles appearing 

with momentum smaller than that of injected particles. The relative contents of 
these particles depends on the value of the parameter α (e.g., at α << 1 momentum 
spectrum at opp <  falls very quickly to zero as α1p∝ ).  

The account of energy loses leads also to the sufficient change of space 
distribution of accelerated particles: behind the front it becomes non-homogeneous 
(the concentration falls with increasing of the distance from the front), and before 
the front the fall of the concentration of accelerated particles becomes more quick, 
approximately as ( )( )13exp 11 −−∝ σκαux .  
 
4.21.9. Simultaneously regular and statistical acceleration 

The propagation of a shock wave is accompanied by the excitation of space 
plasma, which leads to the development of different types of instabilities and the 
generation of magneto-hydrodynamic turbulence. Therefore, as was considered 
above in Sections 4.2−4.9, the particle scattering by moving magnetic 
inhomogeneities will give some additional statistical acceleration of particles 
simultaneously with the shock wave regular acceleration. This problem was 
considered approximately in the one-dimensional approximation in Berezhko et al. 
(1988). As it was shown in Section 4.9, the statistical acceleration by turbulent 
plasma can be considered as diffusion in the momentum space: 
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where D is the diffusion coefficient in momentum space. According to Tverskoy 
(1978), Vasilyev et al. (1980), Bulanov and Pukhov (1981), near the shock front 
conditions are realized suitable for turbulence developing. For the developing of 
turbulence may also be important accelerated by shock wave particles (mainly from 
streaming instability) generated Alfvén turbulence (Bell, 1978a,b; see also above, 
Chapter 3). In the case of Alfvén turbulence, according to Skilling (1975) 
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//
22 9κpuD a= ,                                    (4.21.38) 

 
where au  is the Alfvén velocity, and //κ  is the component of the space diffusion 
coefficient parallel to the magnetic field. 

Let us multiply Eq. 4.21.37 by 34 pπ , and then by integration over p from 0 to 
∞ we obtain 
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where stτ  is the characteristic time of statistical acceleration. 

According to Berezhko and Krymsky (1988), Berezhko et al. (M1988), the 
stationary equation described in the one-dimensional approximation simultaneously 
regular and statistical acceleration will be as following 
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For simplicity Berezhko et al. (M1988) considered the case when space diffusion 
coefficient does not depend from particle momentum; it means that 
 

( ) ( )2oo ppDpD = ,                             (4.21.41) 
 
where ( )oo pDD = . In this case Eq. 4.21.40 can be solved by the substitution 

( ) γψ −= pxf . The equation for ( )xψ  will be 
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the solution of which in both regions 2,1=i  is 
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where  
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On the basis of sewing solutions in both regions at the shock wave front one can get 
algebraic equation for determining index γ in the power momentum spectrum of 
accelerated particles: 
 

( ) ( )( ) 0332 1222112 =−−+++ γuuAuAuu ,                      (4.21.45) 
 
where 1A  and 2A  are determined by Eq. 3.19.44. According to the solution of Eq. 
4.21.45 for the simplest case when ααα == 21 , the index γ gradually changes in 
the limits from  
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at α << 1 up to 
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at α >> 1. The relative role of shock wave regular and statistical accelerations is 
mostly determined by the ratio αττ ≈st . If α << 1 the main role is played regular 
shock wave acceleration, and the accelerated particle distribution (see Eq. 4.21.43) 
and the index γ in the power spectrum (see Eq. 4.21.46) will be about the same as 
that considered in Section 4.21.5. Only in the region 2 (behind the shock front) on 
the big distances from the front 222 ακ ux >>  will be a sufficient role of statistical 
acceleration (according to Eq. 4.21.43): the density of accelerated particles will be 
increased. In the opposite case when α >> 1 statistical acceleration will be more 
important, and it will form the power spectrum with the index γ determined by  
Eq. 4.21.47. 

In the case of Alfvén turbulence when the diffusion coefficient in the 
momentum space is determined by Eq. 4.21.38, we obtain ( )22,12,1 uua≈α . For the 
fast shock waves auu >>2,1 , then α << 1, and the main role will be played by the 

regular acceleration. For slow shock waves auu ≈2,1  can had and in this case the 
relative role of regular and statistical accelerations may be comparable. 
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4.21.10. Regular acceleration by spherical shock wave 
According to Berezhko et al. (M1988), for the spherically symmetrical case for 

the shock front at some distance orr = , the main equation and boundary conditions 
will be as following:  
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where ( ) ( )oo rrpQ −δ  is the part of the particle injection source located on the 
shock front, and the function ( ) ( )( )00sign +−− oo ruru  reflects that two different 
possibilities can be realized: when the region 1 (before the shock front) is at orr >  
(as in solar or stellar wind), and when the region 1 is at orr < , as in case of 
accretion. For simplicity let us consider injection of mono-energetic particles from 
the undisturbed plasma before the shock front  
 

( ) ( ) ( )oo pppNpf −= ∞∞ δπ 24 ,                             (4.21.50) 
 
and injection from the front 
 

( ) ( ) ( )oooo pppNupQ −= δπ 2
1 4 .                             (4.21.51) 

 
Let us follow Berezhko et al. (M1988) by considering few important cases in which 
it is possible to obtain analytical solutions: a standing shock wave in the solar or 
stellar wind (as terminal shock wave on the boundary of Heliosphere; bow shocks 
in the magnetospheres of the Earth, Jupiter, Saturn, and so on), a standing shock 
wave in the case of accretion (as in double star system), a running shock wave (as in 
interplanetary space from solar flares and from CME – coronal mass ejections; as 
from supernova explosion). 
 
4.21.11. Acceleration by spherical standing shock wave in the solar or 
stellar wind  

According to Parker (M1963) and Baranov and Krasnobaev (M1977) the 
dependence of plasma velocity in its dependence on the distance to the star at the 
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presence of the standing shock wave at the distance orr =  can be described as 
follows: 
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where σ12 uu = . As was shown in Webb et al. (1981), Forman et al. (1981), Webb 
et al. (1983), the analytical solution of Eq. 4.21.48 can be obtained if the diffusion 
coefficient has the form 
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where 1κ  and 2κ  are constants.  

By using Fourier’s transformation, for the stationary case and injection sources 
described by Eq. 4.21.50 and Eq. 4.21.51 the following solution was obtained, 
following to Berezhko et al. (M1988): 
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where 
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From Eq. 4.21.54 and Eq. 4.21.55 it follows that in the case considered there is 
important adiabatic deceleration of particles in the region 2 at orr <  and the finite 
dimension of the shock wave which leads to additional runaway particles in region 
1 at orr >  from the neighborhood of the shock wave front compared with the case 
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of an infinite plane front (see Section 4.21.3). Both these processes sufficiently 
decrease the effectiveness of particle acceleration. The relative role of these 
processes is mostly determined by the values of the parameters 111 κorug =  and 

222 κorug =  which are called modulation parameters: Eq. 4.21.54 and Eq. 4.21.55 
show that they characterize the possibility of accelerated particles propagating 
against the plasma flux in regions 1 and 2, correspondingly. It is easy to see that if 

01 →g  or 02 →g  we obtain 
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The bigger γ is means that in there cases particle acceleration to high energies 
becomes non-effective. 

With increase of the modulation parameter 1g  the role of adiabatic particle 
energy decreasing falls sufficiently and at ∞→1g  the value of the distribution 

function ( ) 083 1 →∝ g
oppf . This occurs because at 11 >>g  the diffusion length 

of particles going inside region 2 with adiabatic cooling is very small: 
oruL <<≈ 11κ . In Fig. 4.21.2 are shown results of calculations of expected 

momentum spectra at different distances from the standing shock front (for orr  
from 0.01 to 100) at two values of modulation parameters: weak, 

1.021 === ggg , and very large, 1021 === ggg .  
From Fig. 4.21.2 it can be seen that with increasing the modulation parameter g 

the relative role of particle deceleration ( opp < ) decreases sufficiently. At 11 >>g  
the spectral index of accelerated particles differs only little from the index 

( )13 −= σσγ  for particle acceleration by the infinite plane shock wave (see 
Section 4.21.3); the difference is caused mainly by the finites of the standing 
spherical shock wave:  
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Fig. 4.21.2. Momentum spectra of particles accelerated by a standing spherical shock wave 
at different distances from the front: a – the case of weak modulation, 1.021 === ggg ;  
b – the case of strong modulation, 1021 === ggg . Curves from 1 to 5 correspond to 

100,10,1,1.0,01.0=orr . According to Berezhko et al. (M1988). 
 

 
4.21.12. Acceleration by spherical standing shock wave in the case of 
accretion 

Let us consider, following Berezhko et al. (M1988), some elementary model of 
particle acceleration by a spherical standing shock wave in the case of accretion. 
The structure of accreting plasma in the approximation of spherical symmetry is 
characterized by the increase of plasma velocity u directed towards the gravitational 
center from zero on infinite distance to some value 1u  on the distance orr =  of 
shock wave transition and then have a constant value σ12 uu =  at orr < : 
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where the sign − means that the plasma flux is directed to the center of coordinates. 
In this case the solution of Eq. 4.21.48 with the boundary condition Eq. 4.21.49, and 
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with injection sources described by Eq. 4.21.50 and Eq. 4.21.51, will be for the 
outer region (before the shock front at orr > ): 
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where 
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For the region behind the shock front at orr <  the solution can be obtained very 
easily for a small diffusion coefficient, when oru22 <<κ  or 12 <<g  (it can be 
actually caused by high plasma excitation in this region). This means that in Eq. 
4.21.48 can be neglected by the diffusion term in comparison with terms describing 
convection and adiabatic heating, and in the stationary case for the region orr <  Eq. 
4.21.48 can be rewritten as 
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The solution of this equation with boundary condition ( ) ( )pfprf oro =,2  is as 

follows 
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The factor ⎟
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∇or

r
dr

u
u

3
1exp  in Eq. 4.21.63 reflects the adiabatic increasing of 

particle momentum in compressing plasma ( u∇ < 0).  
The equation for the momentum spectrum on the shock front ( )pf or  can be 

found on the basis of the boundary condition described by Eq. 4.21.49 for the 
mono-energetic injection source (Eq. 4.21.50−4.21.51) and taking into account Eq. 
4.21.60 and Eq. 4.21.63: 
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The integration of this equation gives  
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where ( )oo pββ = . 
 
4.21.13. Acceleration by spherical running shock wave  

Let us consider, following Berezhko et al. (M1988), the particle acceleration by 
spherical running shock wave. The spherically symmetric running shock wave is 
determined by the low of its extending ( )tro . The field of plasma velocities in the 
case in which the undisturbed plasma is in the rest will be 
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The plasma leaks on the shock front with the velocity dtdru o=1  and flows behind 
the front with velocity σ12 uu = , where σ is the compressibility of plasma. The 
particle acceleration by this running shock wave is a sufficiently non-stationary 
problem, described by Eq. 4.21.48 for the field velocities of matter Eq. 4.21.66. But 
the main peculiarities of this acceleration investigated in Krymsky and Petukhov 
(1980), Prishchep and Ptuskin (1981), Berezhko and Krymsky (1982), Drury (1983) 
can be, according to Berezhko et al. (1984, M1988), analyzed on the basis of 
approximate solutions of Eq. 4.21.48. The matter of this method is that solutions 
before the shock front ( )tprf ,,1  and behind the front ( )tprf ,,2  are expressed 
through the momentum spectrum on the front ( ) ( ) ( )tprftprftpf ooro ,,,,, 21 ==  

which then can be found from the boundary conditions described by Eq. 
4.21.49−4.21.50 (as it was made in Section 4.21.12 for the problem of particle 
acceleration by the standing shock wave in the case of accretion). This method can 
be applied for any type of shock wave extending. The simple solutions can be 
obtained more easy for very small parameters of modulation 12,1 <<g  and very big 
parameters of modulation 12,1 >>g .  

Let us consider first the problem for the region behind the front ( )trr o< . If we 
suppose that the diffusion coefficient here is very small (as in Section 4.21.12), the 
transport Eq. 4.21.48 can be transformed into  
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the solution of which satisfying the boundary condition ( ) ( )tpftprf oro ,,,2 =  will 

be 
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Here the factor ( )
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momentum ( )ts  is the solution of the equation ( )tsudtds ,=  with the boundary 
conditions ( ) ( ) ( ) rtstrts oo ror == , . This means that neglecting the particle diffusion 

leads to the situation in which accelerated particles in the region 2 are moving 
together with the plasma fluxes. 

For the region 1 at orr > , where u = 0, let us suppose that the diffusion 
coefficient ( ) const1 =rκ  and injection of particles into the regime of acceleration is 
only at the shock front. In this case we obtain the transport equation 
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the solution of which for the boundary conditions 
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where the function ( )tµ  is the solution of the integral equation 
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For the case 11 >>g  the approximate solution of Eq. 4.21.72 gives  
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where 
 

 b = ( ) ( )trdtpfd oro ln,ln .                             (4.21.74) 

 
By substituting Eq. 4.21.73 in Eq. 4.21.71 and integrating over 't  we obtain 
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where the parameter ν determines the character of the expansion of the shock wave: 
 

( ) ( ) ( ) ( )ooooooooo trrttrtrtdtrd === ;;lnln νν .              (4.21.76) 
 

Eq. 4.21.75 shows that the width L of the region before the shock front 
occupied by accelerated particles at 11 >>g  is very narrow in comparison with 

( )tro : 111 ugrL o κ≈≈ . With decreasing of modulation parameter 1g  the width L 
increases up to radius of shock wave or . The Eq. 4.21.68 and Eq. 4.21.75 described 
solutions for both regions behind and before shock front. The function ( )tpf or ,  

which enter into these equations can be determined by sewing together the solutions 
described by Eq. 4.21.68 and Eq. 4.21.75 on the basis of the boundary conditions on 
the shock front. Therefore we obtain 
 

( ) ( ) ( )
( )

o
r

r Q
p

tpf
p

g
dutpf

g
b

g
bu o

o =
∂

∂
⎥
⎦

⎤
⎢
⎣

⎡
−

−∆−⎥
⎦

⎤
⎢
⎣

⎡
+−−++

,
1

1
3

,121
221

1 σ
σνν ,   (4.21.77) 

 
where  
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The solution of Eq. 4.21.77 with an accuracy about 2

11 g  will according to 
Berezhko et al. (1984, M1988) be as follows: 
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where the spectrum index 
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and parameter 

( ) ( )tprdtNd oo ,lnln=δ                                     (4.21.81) 
 
characterizes the particle injection rate with time. Let us suppose that the diffusion 
coefficients are increasing functions with momentum p, i.e.,  
 

( ) ( ) ( ) ( )1 1 2 2;o o o op p p p p pα ακ κ κ κ= = ,                       (4.21.82) 
 
where α > 0. In this case for the conditions ( )1,2 , 1g p t ≥  and ( ) ( )2 1, ,g p t g p t>>  

the requested region of the momentum ( )o mp p p t≤ ≤  can be determined, where 

( )mp t  is estimated from the equation ( )1 , 1mg p t = , i.e., 
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At ( )tpp m≈  the momentum spectrum steepens sufficiently, so the value ( )mp t  
can be considered as an effective upper limit of accelerated particles momentum 
spectrum. 
 
4.21.14. Effects of finite duration shock acceleration 

Ruffolo and Channok (2003) present analytic and numerical models of finite 
duration shock acceleration. For a given injection momentum op , after a very short 
time there is only a small boost in momentum, at intermediate times the spectrum is 
a power law with a hump and steep cutoff at a critical momentum, and at longer 
times the critical momentum increases and the spectrum approaches the steady-state 
power law. The composition dependence of the critical momentum is different from 
that obtained for other cutoff mechanisms. The spectral form of Ellison and Ramaty 
(1985), a power law in momentum with an exponential rollover in energy, has 
proved very useful in fitting spectra of solar energetic particles. The composition 
dependence of the rollover energy depends on the physical effect that causes the 
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rollover. For interplanetary shocks traveling well outside the solar corona, 
observations typically indicate a rollover at ~ 0.1 to 1 MeV/nucleon. Ruffolo and 
Channok (2003) consider what physical mechanism could explain this. If there is a 
cutoff for κ/u on the order of the shock thickness (Ellison and Ramaty, 1985), where 
κ is the parallel diffusion coefficient and u is the fluid velocity along the field, the 
observed long mean free paths for pickup ions (Gloeckler et al., 1995) would imply 
an extremely low cutoff energy. On the other hand, a cutoff owed to shock-drift 
acceleration across the entire width of a shock (such as that inferred for anomalous 
CR) is of the order of hundreds of MeV per unit charge. Ruffolo and Channok 
(2003) propose that the physical origin of such rollovers is the finite time available 
for shock acceleration. The typical acceleration timescale act  corresponding to 
observed mean free paths is of the order of several days, so the process of shock 
acceleration at an interplanetary shock near Earth should usually give only a mild 
increase in energy to an existing seed particle population. Indeed, the analyses of 
ACE observations argue for a seed population at substantially higher energies than 
the solar wind (Desai et al., 2003). On the other hand, finite duration shock 
acceleration should yield the standard power-law spectrum in the limit of a long 
duration t relative to the acceleration timescale. As a corollary of this idea, for an 
unusually strong shock (unusually short acceleration timescale) it is possible to 
obtain power-law spectra up to high energies (e.g., as observed by Reames et al., 
1997). Therefore, Ruffolo and Channok (2003) derives a simple theory of finite 
duration shock acceleration and explores implications for the composition 
dependence of the spectrum. They consider a combinatorial model of finite duration 
shock acceleration assuming a constant acceleration rate ar  (i.e., the rate of a 
complete cycle returning upstream, or 1/∆t of Drury, 1983) and a constant escape 
rate er . After a time t the distribution of residence time T is 
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The Poisson distribution of the number of acceleration events n during T is   
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The overall probability of n acceleration events is   
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The first term in Eq. 4.21.86 is an exponential in n times a Poisson probability of > 
n acceleration events, and the second term, corresponding to a finite probability of 
residence time T = t, is a Poisson distribution at trn a= . Usually ae rr <<  so the 
result (in terms of momentum) is a power law spectrum with a hump and 
subsequent cutoff after ~ tra  acceleration events. A more complicated analytic 
expression can be derived for the more realistic case in which ar  and er  depend on 
n (and particle momentum).  

The following system of differential equations can be shown to be equivalent to 
the above approach, and is more convenient for computations. Ruffolo and 
Channok (2003) express ( )tnP ,  as the sum of ( )tnE ,  and ( )tnA , , the fraction of 
particles escaping and remaining, respectively, after n acceleration events at time t. 
Then   
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with the initial condition ( ) 10,0 =A  and all other A, E equal to zero at t = 0.  

For a general shock angle, we may use nar ,  and ner ,  which depend on the 

particle velocity nv  (following Drury, 1983): 
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where θ is the field-shock normal angle, the subscript 1 refers, as usually, to 
upstream of the shock, and 2 refers to downstream. The particle momentum 
increases at each acceleration event according to  
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The differential energy spectrum vs. kinetic energy kE  is calculated from  
 

( ) ( ) ( )nnk TTtnPtEj −= +1,, .                            (4.21.90) 
Fig. 4.21.3 shows results of Ruffolo and Channok (2003) for the time dependent 

energy spectrum of 4He for an oblique shock wave with =1u 540 km/s, =2u 140 
km/s, =1θ 45°, =2θ 75°, κ = vλ/3, and a parallel scattering mean free path λ = 0.3  
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AU (based on Rankine-Hugoniot conditions; see Ruffolo, 1999). Note that this 
corresponds to injection at 0.01 MeV/nucleon; for an interplanetary shock the 
resulting spectrum would be the convolution of such a ‘kernel’ with the seed 
particle spectrum. We see that after a short time the particles receive only a small 
boost in energy. At intermediate times, there is a power law at low energy and a 
hump at a certain critical energy, cT , followed by a drastic decline. The power law 
and hump correspond to the two terms on the right hand side of Eq. 4.21.84; in 
particular, the hump corresponds to the fraction of particles that have not yet 
escaped and have a Poisson distribution of acceleration events n, with trn a≈ . It 
is not clear whether a hump would be expected in observations, after convolution 
with the seed spectrum. The decline at high energy is qualitatively similar to that of 
Ellison and Ramaty (1985); however, Ruffolo and Channok (2003) obtain a 
different (Q/A) dependence, as shown below. At very long times the classic steady-
state power law is recovered.  
 

 
 
Fig. 4.21.3. Energy spectrum of 4He, injected at 0.01 MeV/nucleon, after shock acceleration 
for the indicated times. According to Ruffolo and Channok (2003). 
 
For a constant acceleration rate ar , i.e., a constant λ, there is expected the critical 
rigidity cP  to be approximately nP  for n = ar t: 
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(assuming non-relativistic particles). Thus for small oP  or long times it is expected 
that the rollover rigidity will increase proportionally with time (with only a weak 
dependence on oP ), and the rollover energy to increase as 2t . Note that for the 
above case of constant λ the rollover velocity ( cv ) and kinetic energy per nucleon 

( AEkc ) are independent of Q/A. For the more general case of αλ P∝  it can be 
shown that   
 

( )
( )11

1

22111
cos

coscos1
3
4

+
+

⎥
⎦

⎤
⎢
⎣

⎡ −++≈
α

αα
θ

θθα tPruu
e

cm
Q
APP oao

p
oc ,    (4.21.92)   

 
or for late times, 
 

( ) ( )12 +∝ ααAQAEkc .                                 (4.21.93) 
 
For example, if 31P∝λ  then ( ) 21AQAEkc ∝ , a somewhat weaker dependence 
than the proportionality to (Q/A) that is sometimes assumed.   
 
4.21.15. CR acceleration at quasi-parallel plane shocks (numerical 
simulations) 

Kang and Jones (2003) studied the CR injection and acceleration efficiencies at 
cosmic shocks by performing numerical simulations of CR modified, quasi-parallel, 
shocks in 1D plane-parallel geometry for a wide range of shock Mach numbers and 
pre-shock conditions. According to the diffusive shock acceleration theory 
populations of CR particles can be injected and accelerated to very high energy by 
astrophysical shocks in tenuous plasmas (Malkov and Drury, 2001), and a 
significant fraction of the kinetic energy of the bulk flow associated with a strong 
shock can be converted into CR protons (Kang and Jons, 2002; Kang, 2003). Kang 
and Jones (2003) developed a numerical scheme that self-consistently incorporates 
a ‘thermal leakage’ injection model based on the analytic, nonlinear calculations of 
Malkov (1998a,b). This injection scheme was then implemented into the combined 
gas dynamics and the CR diffusion-convection code with subzone shock-tracking 
and multi-level adaptive mesh refinement techniques (Gieseler et al., 2000; Kang et 
al., 2002). Kang and Jones (2002), Kang (2003) applied this code to studying the 
CR acceleration at shocks by numerical simulations of CR modified, quasi-parallel 
shocks in 1D plane-parallel geometry with the physical parameters relevant for the 
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cosmic shocks emerging in the large scale structure formation of the Universe. In 
Kang and Jones (2003) are presented new simulations with a wide range of physical 
parameters. They calculated the CR acceleration at 1D quasi-parallel shocks that 
were driven by accretion flows in a plane-parallel geometry. Two sets of models are 
presented: 1) 410=oT K and ou = (15km/s) oM  and 2) 610=oT K and ou = 
(150km/s) oM , where oT , ou , and oM = 5−50 are the temperature, accretion 
speed, and Mach number of the accretion flow, respectively. The Bohm diffusion 
model was adopted for the CR diffusion coefficient 

 

( ) ( ) 2122 1+= ppp oκκ ,                                     (4.21.94)  
 

where the particle momentum is expressed in units of cmp . The choice of oκ  is 
arbitrary, since Kang and Jones (2003) present the results in terms of the diffusion 
time and length scales defined by 2

ooo ut κ=  and ooo ux κ= . The gas density 
normalization constant, oρ , is arbitrary as well, but the pressure normalization 
constant depends on oM  as  
 

22
oooo MuP ∝= ρ .                                            (4.21.95) 

 
They adopted an injection scheme based on a ‘thermal leakage’ model that transfers 
a small proportion of the thermal proton flux through the shock into low energy CR 
(Malkov, 1998a,b; Gieseler et al., 2000). This model has a free parameter, 

⊥= BBoε , defined to measure the ratio of the amplitude of the post-shock MHD 
wave turbulence ⊥B  to the general magnetic field aligned with the shock normal, 

oB  (Malkov, 1998a,b). In Kang and Jones (2003) are presented models with ε = 0.2 
only.  

The injection efficiency in Kang and Jones (2003) are defined as the fraction of 
particles that have entered the shock from far upstream and then injected into the 
CR distribution:  

 
( ) ( ) ( )∫∫ ∫= dtundpptxpfdxt soCR

2,,4πξ ,                          (4.21.96) 
 

where ( )txpfCR ,,  is the CR distribution function, on  is the particle number 
density far upstream, and su  is the instantaneous shock speed. As a measure of 
acceleration efficiency they define the ‘CR energy ratio’, namely the ratio of the 
total CR energy within the simulation box to the kinetic energy in the initial shock 
frame that has entered the simulation box from far upstream,  
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( ) ( ) ( )tutxdxEt sooCR
35.0, ρ∫=Φ ,                      (4.21.97) 

 
where sou  is the initial shock speed before any significant nonlinear CR feedback 
occurs. Although the sub-shock weakens as the CR pressure increases, the injection 
rate decreases accordingly and the sub-shock does not disappear. Kang and Jones 
(2003) found that the post-shock CR pressure reaches an approximately time-
asymptotic value and the evolution of the CR shock becomes ‘self-similar’ owing to 
a balance between fresh injection/acceleration and advection/diffusion of the CR 
particles away from the shock. So the CR energy ratio Φ also changes 
asymptotically to a constant value, as shown in Fig. 4.21.4 (except in the model 
with 610=oT K and oM = 50 which has not reached the time-asymptotic state up to 

ott = 40). The time-asymptotic value of Φ increases with oM , but it converges to 
Φ ≈ 0.5−0.6 for oM ≥ 20.  
 

 
 
Fig. 4.21.4. The CR energy ratio, Φ(t), and time-averaged injection efficiency ξ(t) for  
models with different accretion Mach number oM . Left panels are for models with  

410=oT K, while right panels for models with 610=oT K. Accretion speed of each model 

is given by ou = (15km/s) oM  for models with 410=oT K and by  ou = (150km/s) oM  for 

models with 610=oT K. Time is given in terms of the diffusion time 22 −∝= oooo Mut κ . 
According to Kang and Jones (2003).   
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The average injection rate varies in the interval ξ ≈ 8.24 1010 −− ÷ , depending on 
oM , ou  and ε. For two models with the same Mach number but different speeds 

(or different oT ) the injection rate is higher for models with higher speeds, but the 
CR energy increases more slowly in terms of the normalized time ott .  

Fig. 4.21.5 shows the total CR distribution within the simulation box,  
 

( ) ( )∫= dxpfppG cr
4                                     (4.21.98) 

 
and its power law slope  
 

( )4lnln −∂∂−= pGq .                                  (4.21.99) 
 

 
 
Fig. 4.21.5. CR distribution function integrated over the simulation box, G(p), which is 
determined by Eq. 4.21.98, and its power law slope, q determined by Eq. 4.21.99, at ott = 
20. The curves are labeled with the accretion Mach number oM . According to Kang and 
Jones (2003).   
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For all models shown in Fig. 4.21.5, G(p) has an exponential cut-off at a similar 
momentum ( ≈maxp 4) regardless of values of ou , since the results are shown at the 
same values of ott = 20. The integrated distributions show the characteristic 
‘concave upwards’ curves owed to nonlinear modification to the shock structures, 
and this ‘flattening’ trend is stronger for higher oM  models. 

Kang and Jones (2003) came to the following conclusions:  
1. The CR pressure seems to approach a steady-state value and the evolution of CR 
modified shocks becomes approximately ‘self-similar’.  
2. Supra-thermal particles can be injected very efficiently into the CR population 
via the thermal leakage process, so that typically a fraction of 34 1010 −− −  of the 
particles passed through the shock becomes CR.  
3. For a given injection model, the acceleration efficiency increases with the shock 
Mach number, sM , but it moves asymptotically to a limiting value of the CR 
energy ratio, Φ ≈ 0.5−0.6, for sM > 30.   
 
4.22. Simplified ‘box’ models of shock acceleration 
 
4.22.1. Principles of ‘box’ models of shock acceleration 

Many authors (Völk et al., 1981a,b; Bogdan and Völk, 1983; Moraal and 
Axford, 1983; Lagage and Cesarsky, 1983; Schlickeiser, 1984; Völk and Biermann, 
1988; Ball and Kirk, 1992; Protheroe and Stanev, 1998) have used, under various 
guises, a simplified but physically intuitive treatment of shock acceleration, 
sometimes referred to as a ‘box’ model. Drury et al. (1999) present an alternative 
more physical interpretation of the ‘box’ model which can be significantly different 
when additional loss processes, such as synchrotron or inverse Compton losses, are 
included. The main features of the ‘box’ model, as presented in the literature (see 
references above) and exemplified by Protheroe and Stanev (1998), can be 
summarized as follows. The particles being accelerated (and thus ‘inside the box’) 
have differential energy spectrum N(E) and are gaining energy at rate Erac  but 
simultaneously escape from the acceleration box at rate escr . Conservation of 
particles then requires 

 
( ) ( )( ) ( ) ( )ENrEQEENr

Et
EN

escac −=
∂
∂+

∂
∂ ,                       (4.22.1)  

 
where Q(E) is a source term combining advection of particles into the box and 
direct injection inside the box. In essence this approach tries to reduce the entire 
acceleration physics to a ‘black box’ characterized simply by just two rates, acr  and 

escr . These rates have, of course, to be taken from more detailed theories of shock 
acceleration (e.g., above, and Drury, 1991).  
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4.22.2. Physical interpretation of the ‘box’ model 
Drury et al. (1999) prefer a very similar, but more physical, picture of shock 

acceleration which has the advantage of being more closely linked to the 
conventional theory. For this reason they also choose to work in terms of particle 
momentum p and the distribution function ( )pf  rather than E and N(E). For an 
almost isotropic distribution ( )pf  at the shock front where the frame velocity 
changes from 1u  to 2u , then it is easy to calculate that there is a flux of particles 
upwards in momentum associated with the shock crossings of  
 

( ) ( ) ( ) ( ) ( )21
21 uunnv

v
uuv −⋅=Ω⋅∫

−=Φ tpfpdtpfpptp ,
3

4,,
3

2
2

π ,         (4.22.2)  

 
where n is the unit shock normal and the integration is over all directions of the 
velocity vector v. This flux is localized in space at the shock front and is strictly 
positive for a compressive shock structure; in this description it replaces the 
acceleration rate acr . The other key element is the loss of particles from the shock 
by advection downstream. Drury et al. (1999) note that the particles interacting with 
the shock are those located within one diffusion length of the shock. Particles 
penetrate upstream a distance of order 
 

( ) ( )( ) ( )11 unnKn ⋅⋅⋅= ppL ˆ1 ,                               (4.22.3) 
 
where ( )p1K̂  is the diffusion tensor and the probability of a downstream particle 
returning to the shock decreases exponentially with a scale length of  
 

( ) ( )( ) ( )222 ˆ unnKn ⋅⋅⋅= ppL ,                               (4.22.4) 
 
Thus in this picture there are an energy dependent acceleration region extending a 
distance ( )pL1  upstream and ( )pL2  downstream. The total size of the box is then  
 

( ) ( ) ( )pLpLpL 21 += .                                    (4.22.5) 
 
Particles are swept out of this region by the downstream flow at a bulk velocity 

2un ⋅ . Conservation of particles then leads to the following approximate description 
of the acceleration, 
 

( ) ( )( ) ( ) ( ) ( )tpfptpQ
p

pLtpfp
t

,4,,4 22
2un ⋅−=

∂
Φ∂+

∂
∂ ππ .             (4.22.6)  
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4.22.3. Inclusion of additional loss processes  
According to Drury et al. (2003), it is relatively straightforward to include 

losses of the synchrotron or inverse Compton type (Thomson regime) in the model. 
These generate a downward flux in momentum space, but one which is distributed 
throughout the acceleration region. Combined with the fact that the size of the ‘box’ 
or region normally increases with energy this also gives an additional loss process 
because particles can now ‘fall’ through the back of the ‘box’ as well as being 
adverted out of it. Note that particles which 'fall' through the front of the box are 
adverted back into the acceleration region and thus this process does not work 
upstream. This is shown schematically in Fig 4.22.1.  
 

 
 
Fig. 4.22.1. A graphical representation in the x, p plane of the ‘box’ model of the shock 
wave particle acceleration. According to Drury et al. (1999). 

 
If the loss rate is 2pp α−=�  (the generalization to different loss rates upstream 

and downstream is trivial) the basic equation becomes 
 

( ) ( )( ) ( ) ( )
dp
dLpfppfpuQLpfp

p
Lfp

t
242

2
22 4444 παπαππ −−=−Φ

∂
∂+

∂
∂ . (4.22.7)  

 
In the steady state and away from the source region this gives immediately the 

remarkably simple result for the logarithmic slope of the spectrum,  
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( )( )
pLuu

dpdLppLu
p
f

α
αα

3
43

ln
ln

21

1
2

1
−−

−−−=
∂
∂ .                       (4.22.8)  

 
The denominator goes to zero at the critical momentum  
 

( ) ( )Luupcr α321 −= ,                                  (4.22.9)  
 
where the losses exactly balance the acceleration. If the numerator at this point is 
negative, the slope goes to ∞−  and there is no pile-up. However, the slope goes to 

∞+  and a pile-up occurs if  
 

( ) crppdpdLpuu =>+− at034 1
2

21 α .                     (4.22.10)  
 
In early analytic work (Webb et al., 1984; Bregman et al., 1981) the diffusion 
coefficient was taken to be constant, so dpdL1  = 0 and this condition reduces to 

21 4uu > . However, if, as in the work of Protheroe and Stanev (1998), the diffusion 
coefficient is an increasing function of energy or momentum the condition becomes 
less restrictive. For a power-law dependence of the form βpK ∝  the condition for 
a pile-up to occur reduces to  
 

( ) 04
21

1
2121 >

+
−+−

LL
Luuuu β .                              (4.22.11)  

 
Drury et al. (1999) note that the equivalent criterion for the model used by 
Protheroe and Stanev (1998) is slightly different, namely,  
 

( ) 04 2121 >−+− uuuu β                                   (4.22.12)  
 
because of their neglect of the additional loss process. For the case in which 

1221 uuLL =  and with β = 1 this condition predicts that shocks with compression 
ratios greater than about r = 3.45 will produce pile-ups whilst weaker shocks will 
not.  
 
4.22.4. Including nonlinear effects in the ‘box’ model  

Drury et al. (1999) note that at the phenomenological and simplified level of the 
‘box’ models it is possible to allow for nonlinear effects by replacing the upstream 
velocity with an effective momentum-dependent velocity ( )pu1 , reflecting the 
existence of an extended upstream shock precursor region sampled on different 
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length scales by particles of different energies. With a momentum-dependent ( )pu1  
the logarithmic slope of the spectrum is  

 
( )( ) ( )( )

pLuu
dpdLpdpduppLu

p
f

α
αα

3
343

ln
ln

21

1
2

11
−−

−+−−=
∂
∂            (4.22.13)  

 
with a pile-up criterion of  
 

( ) ( ) ( ) crppdpdLpdpdupupu =>+−− at034 1
2

1121 α ,       (4.22.14)  
 
where crp  is determined by Eq. 4.22.9. From Eq. 4.22.14 it can be seen that 
whether or not the nonlinear effects assist the formation of pile-ups depends 
critically on how fast they make the effective upstream velocity vary as a function 
of p. By making ( )crpu1  larger they make it easier for pile-ups to occur. On the 
other hand, if the variation is more rapid than ( ) ppu ∝1 , the derivative term 
dominates and inhibits the formation of pile-ups. If the electrons are test-particles in 
a shock strongly modified by proton acceleration, and if the Malkov (1998a,b) 
scaling ( ) 21

1 ppu ∝  holds even approximately, then a strong synchrotron pile-up 
appears inevitable (unless the maximum attainable momentum is limited by other 
effects to a value less than crp ).  
 
4.22.5. Main peculiarities of ‘box’ models  

Drury et al. (1999) concluded that a major defect of all ‘box’ models is the 
basic assumption that all particles gain and lose energy at exactly the same rate. It is 
clear physically that there are very large fluctuations in the time particles spend in 
the upstream and downstream regions between shock crossings, and thus 
correspondingly large fluctuations for energy lost. The effect of these variations 
will be to smear out the artificially sharp pile-ups predicted by the simple ‘box’ 
models. However, the results described above are based simply on the scaling with 
energy of the various gain and loss processes together with the size of the 
acceleration region. Thus, they should be relatively robust, and Drury et al. (1999) 
expect that even if there is no sharp spike, the spectrum will show local 
enhancements over what it would have been in the absence of the synchrotron or 
inverse Compton losses in those cases in which this criterion is satisfied. 
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4.23. Diffusive shock wave acceleration in space plasma with 
accounting non-linear processes 
 
4.23.1. Bulk CR transport in space plasma and diffusive shock wave 
acceleration 

In Section 2.21 we reviewed the paper of Vainio and Schlickeiser (1999a) on 
the bulk transport of CR particles caused by the quasi-linear interactions with 
transverse, parallel-propagating plasma waves. Vainio and Schlickeiser (1999a) 
note that in cosmic shock waves particles can gain energy through first and second 
order Fermi mechanisms by multiple shock crossings and stochastic downstream 
acceleration, respectively. When first-order Fermi acceleration dominates, the 
spectral index of the shock accelerated particles is  
 

( ) ( )12 −+=Γ kk rr                                       (4.23.1) 
 
and is thus determined by the scattering-center compression ratio of the shock,  
 

( ) ( )( ) ( )( )pVupVuprk 2211 ++= ,                         (4.23.2) 
 
where 1u  and 2u  are the upstream and downstream flow speeds of the plasma in 
the shock-frame, and 1V  and 2V  are the respective relative bulk speeds of particles 
owed to finite phase speed of the waves (see Section 2.21). Vainio and Schlickeiser 
(1999a) examine the effects of the non-zero wave speeds at the first-order Fermi 
acceleration of CR. In the upstream region of the shock they assume that all waves 
are propagating against the flow (backward waves, w < 0) if they are self-generated 
by the accelerated particles through the streaming instability. Then they assumed 
that backward waves are generated at all frequencies pf Φ<<− '1 . All upstream 

waves that have 1uw <−  will then be converted to the shock and become 
downstream waves. In the downstream region, owing to the interaction of the 
upstream waves with the shock, waves propagating in both directions will be 
present. For Alfvén waves Vainio and Schlickeiser (1999b,c) showed that the 
dominating downstream wave components are the backward ones. However, since 
it was assumed that the waves are generated in the upstream region it can not have 
downstream backward waves propagating faster than the shock relative to the 
downstream plasma. This implies that there are no backward waves at frequencies   
 

( ) ( )opop fff +Φ+−<<−Φ+− 1
2
1'1

2
1 ,                             (4.23.3) 

where  
( ) rMf ppo

222 41 Φ−Φ+= ,                                       (4.23.4) 
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and M is the Alfvénic Mach number of the shock and r is the gas compression ratio 
of the shock. When the downstream Alfvénic Mach number  
 

( )( ) 4.2141 21
max

21 ≈ΦΦ+=> −
ppavwrM                        (4.23.5) 

 
all waves are able to propagate in the downstream region. For cold upstream plasma 
this means that M > 42.8 but since there are also considered the downstream modes 
in the cold plasma approximation, it must restrict ourselves too small gas 
compression ratios and shocks with 21r  < M < 2. As an illustrative example, 
Vainio and Schlickeiser (1999a) consider downstream turbulence consisting of (i) 
Alfvén waves with pf Φ<<  being dominated by the backward propagating 
waves, (ii) forward whistler waves with 1<<<<Φ fp , and (iii) equal intensities of 
forward and backward waves near the cyclotron frequencies. The latter assumption 
is made since it is not really known how waves with high frequencies and wave 
numbers interact with shocks and since other wave-generation processes may also 
be important at high frequencies. For upstream waves it was assumed that waves at 
low wave numbers dominate in intensity over the waves at high wave numbers. It 
was assumed also that all upstream waves are backward waves. Using these 
assumptions for turbulence near the shock and the results of Section 2.21 Vainio 
and Schlickeiser (1999a) conclude the following: (i) upstream and downstream bulk 
speed of the energetic ( )avv >>  ions relative to the plasma is close to the local 
Alfvén speed, avV ≥ ; (ii) upstream bulk speed of energetic electrons is decreasing 
with momentum from avV 91 −≈  at max2wv ≈  to avV −≥1  at ultra-relativistic (γ > 
200) energies; (iii) downstream bulk speed of energetic electrons is 2V  > 0 at non-
relativistic energies and avV −≈2  at ultra-relativistic energies. The study of Vainio 
and Schlickeiser (1999a) reveals that (i) for ions and ultra-relativistic (E > 100 
MeV) electrons  
 

( ) ( )21
2,1 rHMMrr ck +−= ,                                     (4.23.6) 

 
where the downstream cross-helicity state is close to 2,cH = −1 and, thus, Γ ~ 1 (see 
Vainio and Schlickeiser, 1999b,c for a more details); (ii) for less energetic 
electrons, the first-order Fermi process will be less efficient and will, in fact, turn to 
deceleration at mildly relativistic or non-relativistic energies. Thus Vainio and 
Schlickeiser (1999a) expect stochastic acceleration in the downstream region to 
determine the spectrum of these electrons at the shock.  
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4.23.2. Simulating CR particle acceleration in shocks modified by CR non-
linear effects  

Jones and Kang (2003) developed a new, fast numerical scheme for the CR 
diffusion convection equation to be applied to the study of the nonlinear time 
evolution of CR modified shocks for arbitrary spatial diffusion properties. To 
reduce the effort required to solve the diffusion convection equation during 
diffusive shock acceleration, they take advantage of the expected smooth structure 
of the particle distribution function, f(p), and used a finite volume approach in 
momentum space along with a simple model for the distribution inside individual 
volumes of momentum space. The method extends that in Jones (1999), and Jun 
and Jones (1999), and is similar to the scheme introduced by Miniati (2001), but 
computationally simpler. Those authors actually ignored spatial diffusion, so could 
not explicitly treat diffusive shock acceleration. They applied analytic test-particle 
solutions of the diffusion convection equation for f(p) at shock jumps.  

The method used in Jones and Kang (2003) is as follows. Ignoring momentum 
diffusion they write in 1D-geometry: 
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1κ ,                        (4.23.7) 

 
where S is a convenient source term, and all the other symbols take their usual 
meanings. The number of CR particles in the momentum bin [ ]1, +=∆ iii ppp  is  
 

( )dppfpn
i

i

p

p
i ∫=

+1 2 .                                           (4.23.8)  

 
Integrating over the finite momentum volume bounded by ip∆  gives  
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where  
( )iiin pfppF i

2�= ,                                      (4.23.10) 
 

with the ‘momentum speed’, 
x
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∂
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and  
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( )∫=
+1 2i

i
i

p

p
n dppSpS .                                  (4.23.12) 

 
The first pair of terms on the right hand side of Eq. 4.23.9 represents the net flux of 
CR across the boundaries of the individual momentum bins owed to adiabatic flow 
compression or expansion. Extension of this term to include fluxes owed to other 
energy loss or gain processes, such as momentum diffusion or radiative losses, is 
obvious. In addition there was defined 
 

( )∫=
+1 3i

i

p

p
i dppfpg .                                  (4.23.13) 

 
For relativistic particles ig  is proportional to the CR energy in the bin. With the 
above notations the diffusion convection equation is  
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where  
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Since the local slope  
 

( ) ( ) ppfpq lnln ∂∂−= ,                                     (4.23.16) 
 
is a slowly varying function over much of momentum space, the simplest natural 
sub-grid model for f(p) assumes q is constant inside ip∆ ; that is, we can apply a 
piecewise power-law model for f(p) and use a logarithmic spacing in the 
momentum grid. Then, for example,  

( )iq
i

i

ii
i d

q
pfn −−
−

= 3
3

1
3

,                                    (4.23.17)  

 
with obvious extension to ig  and the other terms in the diffusion convection 
equation moment equations, where  
 

( ) ( ) iiii
q

iiii ppdfpppff i 111 ; +++ === .                  (4.23.18) 
 

Using the ratio ( )iii npg  one can derive the index q i  once n i  and g i  are known.  
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Fig 4.23.1. shows results from an initial test of the scheme inside a TVD 
hydrodynamics code and, for comparison, the equivalent simulation with a 
conventional finite difference scheme for solving the diffusion convection equation 
(Gieseler et al., 2000). The simulations involve evolution of an initial Mach 10 
shock discontinuity with an initially uniform CR pressure equal to twice the 
upstream gas pressure with ( ) 5−∝ ppf .  

 
 
Fig. 4.23.1. Evolution of a CR modified Mach 10 plane shock using two different schemes 
for solving the diffusion convection equation. The simulations involve evolution of an initial 
Mach 10 shock discontinuity with an initially uniform CR pressure equal to twice the 
upstream gas pressure with ( ) 5−∝ ppf . The time is in diffusion time units, 

( ) 21 sd upt == κ , and momentum p in units cmp . The shock structure and immediate post-
shock particle distribution functions are shown at t = 0, 2.5, 5, 7.5, and 10. The solid lines 
(dynamical variables) and the large stars (distribution function) represent solutions based on 
8 momentum bins and the new scheme described in the text. The dotted lines and small 
triangles come from a conventional finite difference scheme using 96 momentum points. 
The new code took about 80% less execution time. According to Jones and Kang (2003). 
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In Fig. 4.23.1 it was used the diffusion coefficient ( ) 5.0pp ∝κ . In diffusion 

time units, ( ) 21 sd upt == κ , the shock structure and immediate-post-shock particle 
distribution function are shown at t = 0, 2.5, 5, 7.5, 10. The conventional diffusion 
convection equation solution used 96 momentum points spanning the momentum 
range of ln(p) from −1 to 8. The coarse-grained solution used 9 logarithmically 
expanding momentum bins. It gave a factor 5 reduction in computation time. The 
code has been tested with simple CR injection models by currently implementing 
the thermal injection scheme of Gieseler et al. (2000) and porting the routine to 
CRASH of CR AMR code.  
 
4.24. Thermal particle injection in nonlinear diffusive shock 
acceleration 
 
4.24.1. Comparison semi-analytical and Monte Carlo models 

Ellison et al. (2005) compare a recent semi-analytic model of non-linear 
diffusive shock acceleration (Blasi, 2002, 2004; Blasi et al., 2005) with a well-
established Monte Carlo model (e.g., Ellison et al., 1990, 1999; Jones and Ellison, 
1991). Both include a thermal leakage model for injection and the non-linear back 
reaction of accelerated particles on the shock structure, but they do these in very 
different ways. Also different is the way in which the particle diffusion in the 
background magnetic turbulence is modeled. The limited comparison of Ellison et 
al. (2005) shows that the important non-linear effects of compression ratios >> 4 
and concave spectra do not depend strongly on the injection model as long as 
injection is efficient. A fuller understanding of the complex plasma processes 
involved, particularly if injection is weak, will require particle-in-cell simulations 
(e.g., Giacalone and Ellison, 2000), but these simulations, which must be done fully 
in three-dimensions (Jones et al., 1998), cannot yet be run long enough, in large 
enough simulation spaces, to accelerate particles from thermal to relativistic 
energies in order to show strong non-linear effects. For now, approximate methods 
must be used. The Monte Carlo model is more general than the semi-analytic 
model. For instance, Ellison et al. (2005) note, that the Monte Carlo model can treat 
a specific momentum dependence for the scattering mean free path, particle 
acceleration in relativistic shocks (Ellison and Double, 2002, 2004), and non-linear 
effects in oblique shocks (Ellison et al., 1999), but it is considerably slower 
computationally. Since it is important in many applications, such as hydro models 
of supernova remnants, to include the dynamic effects of nonlinear diffusive shock 
acceleration in simulations which perform the calculation many times (e.g., Ellison 
et al., 2004), a rapid, approximate calculation, such as the semi-analytic model 
discussed here, is useful.  
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4.24.2. Injection models  
In the semi-analytic model a free injection parameter, SAξ , determines the 

fraction of total particles injected into the acceleration mechanism and the injection 
momentum, injp . Specifically,  

 

thSAinj pp ξ= , where DSpth kTmp 2=                      (4.24.1) 

 
( DST  is the downstream temperature). The fraction, SAη , of un-shocked particles 
crossing the shock which become super-thermal in the semi-analytic model is  
 

( )( ) ( )2321 exp134 SASAsubSA r ξξπη −−= ,                 (4.24.2) 
 
where subr  is the sub-shock compression ratio. The fraction SAη , which is 
approximately the number of particles in the Maxwellian defined by DST  with 
momentum p > injp , is determined by requiring the continuity, at injp , of the 
Maxwellian and the super-thermal distribution (Blasi et al., 2005). Since thp  
depends on the injected fraction, the solution must be obtained by iteration.  

In the Monte Carlo model, the injection depends on the scattering assumptions. 
We assume that particles pitch-angle scatter elastically and isotropically in the local 
plasma frame and that the mean free path is proportional to the gyro-radius, i.e., 

gr∝λ , where qBpcrg = . With these assumptions, the injection is purely 
statistical with those ‘thermal’ particles which manage to diffuse back upstream 
gaining additional energy and becoming super-thermal. Note that in this scheme the 
viscous sub-shock is assumed to be transparent to all particles, even thermal ones, 
and that any downstream particle with 2uv ≥  has a chance to be injected (here 2u  
is the downstream flow speed). For comparison with the semi-analytic model, we 
have included an additional parameter, MC

thresv , to limit injection in the Monte Carlo 

simulation. Only downstream particles with MC
thresvv ≥  are injected, i.e., allowed to 

re-cross the shock into the upstream region and become super-thermal. In our 
previous Monte Carlo results, with the sole exception of paper Ellison (1985), we 
have taken 0=MC

thresv .  
 
4.24.3. Models of momentum dependent diffusion  

Diffusion is treated very differently in the two models. As just mentioned, the 
Monte Carlo simulation models pitch-angle diffusion by assuming a ( )pλ  (in 
according with Ellison and Double, 2004). The semi-analytic model does not 
explicitly describe diffusion but assumes only that the diffusion is a strongly 
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increasing function of particle momentum p so that particles of different p interact 
with different spatial regions of the upstream precursor. Eichler (1984) used a 
similar procedure. With this assumption, particles of momentum p can be assumed 
to feel some average precursor fluid speed pu  and an average compression ratio 

2uur pp ≈  (see Blasi et al., 2005). The different way diffusion is treated 
influences not only injection, but also the shape of the distribution function ( )pf , 
where ( )pf  is the momentum phase space density, i.e., particles/(cm pd 33 )]. Both 
models give the characteristic concave ( )pf  which hardens with increasing p and, 
since the overall shock compression ratio r can be greater than 4, this spectrum will 
be harder than 4−p  at ultra-relativistic energies. In the results we show here, the 
acceleration is limited with a cutoff momentum so ( )pf  cuts off abruptly at maxp . 
More realistic models will show the effects of escape from some spatial boundary 
(e.g., finite shock size) or from a finite acceleration time. In either case, the 
spectrum will show a quasi-exponential turnover, e.g.,  

( ) ( )( )ασ α −−− −∝ max
1exp ppppf ,                         (4.24.3)  

 
where α is included to emphasize that the detailed shape of the turnover depends on 
the momentum dependence of the diffusion coefficient near maxp  (Ellison et al., 
2000).  
 
4.24.4. Thermalization  

There is no thermalization process in the Monte Carlo simulation in the sense 
of particles exchanging energy between one another because particles scatter 
elastically in the local frame. However, a quasi-thermal low energy distribution is 
created as un-shocked particles cross the shock from upstream to downstream at 
different angles and receive different fractions of the speed difference, 2uuo − . For 
the parameters used here, the low-energy peak is essentially a Maxwellian when 

0=MC
thresv .  

In the semi-analytical model, the shocked thermal pressure and density are 
determined from the conservation relations and these are translated to a Maxwell-
Boltzmann distribution.  
 
4.24.5. Main results for both models and comparison 

In Fig. 4.24.1 are shown distribution functions for a set of parameters and with 
0=MC

thresv  (left panel) and 24uvMC
thres =  (right panel). In both panels, the solid curves 

are the Monte Carlo results and the dashed curves are the semi-analytical results 
where SAξ  has been chosen to provide the best match to the Monte Carlo spectra.  
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In Fig. 4.24.2 is shown the low energy portions of the spectra along with the 
distributions of injected particles in the Monte Carlo model (dotted histograms). 
The vertical solid lines are at injp  and they show the transition between the 
Maxwellian and the super-thermal population in the semi-analytical results.  

Ellison et al. (2005) underlined the following important aspects of the plots in 
Fig. 4.24.1 and 4.24.2:  
(i) The broad-band match between the two very different calculations is quite good, 
particularly for 0=MC

thresv . Both models show the important characteristics of 
nonlinear diffusive shock acceleration, i.e., r >> 4, concave spectra, and a sharp 
reduction in the shocked temperature from test-particle values.  

 
 
Fig. 4.24.1. Phase space distributions ( )pf  multiplied on 4p  for a Monte Carlo model 

(solid curves) and a semi-analytical model (dashed curves). In the left panel 0=MC
thresv , and 

in the right panel 24uvMC
thres =  in the Monte Carlo model. Here, ruu o=2  is the 

downstream plasma speed in the shock frame, is the shock speed, and the Mach numbers, 
compression ratios, and shocked temperatures are indicated. In all cases, the shock is 
parallel and Alfvén heating is assumed in the shock precursor (Ellison et al., 2000). From 
Ellison et al., 2005). 

 
(ii) The shocked temperature depends on MC

thresv  with weaker injection (i.e., larger 
MC
thresv ) giving a larger DST .  
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 (iii) The distribution ( )pf  is harder near maxp  in the Monte Carlo results than 
with the semi-analytical calculations. A common prediction of semi-analytical 
models is that the shape of the particle spectra at maxp  has the form 5.3−∝ p  if the 
shock is strongly modified and the diffusion coefficient grows fast enough in 
momentum. This can be demonstrated by solving the equations in the extreme case 
of a maximally modified shock and approximating the spectrum with a power law 
at high momentum. The Monte Carlo model makes no such power-law assumption.  
(iv) The minimum in the ( )pfp4  plot occurs at cmp p>  in both models. The 

transition between ( )pf  softer than 4−p , and ( )pf  harder than 4−p  varies with 
shock parameters and increases as maxp  increases. This is an important difference 
from the algebraic model of Berezhko and Ellison (1999) where the minimum is 
fixed at cmp . 
 

 
 
Fig. 4.24.2. Low energy portions of the spectra shown in Fig. 4.24.1 where the solid 
histograms are the Monte Carlo results and the dashed curves are the semi-analytical results. 
The heavy dotted histograms show the distribution of particles that were injected in the 
Monte Carlo model. The solid vertical lines are drawn at injp , the momentum at which 

particles are injected in the semi-analytical model. For 0=MC
thresv , 2107.5 −×=MCη  and 

2106.4 −×=SAη , while for 24uvMC
thres = , 3101.4 −×=MCη  and 3105.2 −×=SAη . The light-

weight dotted curve shows the Maxwellian ( 9102.2 ×=DST K) that would have resulted if 
no diffusive shock acceleration occurred. According to Ellison et al., 2005. 
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(v) For the particular parameters used in these examples, the overall compression 
ratio is relatively insensitive to MC

thresv , but shocks having other parameters may 
show a greater sensitivity. Note that Alfvén wave heating is assumed in all of the 
results presented here. If only adiabatic heating was assumed, the compression 
ratios would be much higher (in agreement with Ellison et al., 2000).  
(vi) In all cases, the Monte Carlo model injects more particles than the semi-
analytical model but the average energy of the injected particles is less, as indicated 
by the peak of the curve labeled `MC inj' vs. the `SA inj' energy in Fig. 4.24.2.  
(vii) In contrast to 0=MC

thresv , the `thermal' part of ( )pf  with 24uvMC
thres =  (Fig. 

4.24.2) shows large differences in the two models. While both conserve particle, 
momentum, and energy fluxes so that the broad-band ( )pf  matches well for a wide 
range of parameters, the different treatments of the sub-shock lead to large 
differences in the critical energy range 52 ≤≤ DSkTE . This offers a way to 
distinguish these models observationally.  

Using two approximate acceleration models, Ellison et al. (2005) have shown 
that the most important features of non-linear diffusive shock acceleration, i.e., at r 
>> 4 and concave spectra, are robust and do not strongly depend on the injection 
model as long as injection is efficient. If injection is weak, as might be the case in 
highly oblique shocks, accelerated spectra will depend more on the details of 
injection, at least in the transition range between thermal and super-thermal 
energies. Also, the relative efficiencies for injecting and accelerating electrons vs. 
protons or protons vs. heavier ions may require a more detailed description of 
injection, as may be provided by future PIC simulations.   
 
4.25. Time evolution of CR modified MHD shocks 
 
4.25.1. The matter of problem 

Jones and Kang (2005a) present initial simulation results for the time evolution 
of CR modified plane parallel shocks in magneto-hydro-dynamical flows. The 
simulations utilize very efficient 'Coarse Grained finite Momentum Volume' 
(CGMV) transport scheme (Jones and Kang, 2005b). The simulations aim to 
explore nonlinear feedback among the particles, the wave turbulence, and the bulk 
flows. The calculations incorporate self-consistent treatment of the momentum-
dependent CR diffusion- convection equation and, as it assumed by Jones and Kang 
(2005a), will soon be coupled with wave action equations for resonantly scattering 
Alfvén and fast mode waves, also treated through the CGMV scheme.  

Jones and Kang (2005a) note that the physics of strong, CR modified shocks is 
complex and nonlinear; through diffusive shock acceleration, CR can capture a 
major portion of the energy flux through the shocks, greatly modifying the shock 
dynamics and structures in the process (e.g., Webb et al., 1986; Baring et al., 1993; 
Frank et al., 1995; Berezhko and Völk, 2000; Bell and Lucek, 2001). CR 



704 CHAPTER 4  

 

propagation in and around the shocks is mediated by the presence of the large-scale 
magnetic field and by resonant scattering on MHD waves, which are usually 
considered as Alfvén wave turbulence. Most, but not all, theoretical treatments of 
CR modified shocks assume a fixed CR scattering or diffusion law, and commonly 
the dynamical roles of the wave turbulence and the large scale magnetic field are 
ignored. On the other hand, a key feature of diffusive shock acceleration is that the 
relevant wave turbulence is strongly amplified by streaming CR near the shock 
(Bell, 1978). As a consequence, it can contribute a significant pondermotive force 
on the bulk plasma flow, and its dissipation upstream of the classical gas sub-shock 
structure can preheat the upstream plasma, which also modifies the character of the 
shock transition. Lucek and Bell (2000), for example, have argued that the 
streaming instability can enhance the scattering waves so much that the scattering 
length is orders of magnitude less than expressed by Bohm diffusion using the 
upstream magnetic field. This has led several authors to argue that CR acceleration 
can be much more rapid than usually described (e.g., Bell and Lucek, 2001; Ptuskin 
and Zirakashvili, 2003). Furthermore, the scattering turbulence is likely to be 
anisotropic, which, among other things, can mean that the effective motion of the 
scattering centers will not match the motion of the bulk plasma, as usually assumed. 
For instance, Alfvén waves amplified by the streaming instability may be expected 
to propagate with respect to the bulk plasma along the large scale magnetic field at 
approximately the Alfvén speed. Since the Alfvén speed variations normal to the 
shock structure are not the same as the gas speed variations, this may modify the 
properties of diffusive shock acceleration through the shock (McKenzie and Völk, 
1982; Jones, 1993). It is clearly important to carry out theoretical studies of the 
diffusive shock acceleration that can incorporate the physical processes just 
outlined. Jones and Kang (2005a) conclude that recent advances in MHD 
turbulence theory require a broadened outlook on scattering processes in CR 
modified shocks. The paper of Jones and Kang (2005a) reports initial steps in an 
effort to do just that.  
 
4.25.2. Methods of calculations 

For this study Jones and Kang (2005a) have incorporated new, efficient ‘Coarse 
Grained finite Momentum Volume’ (CGMV) scheme for solving the CR diffusion-
convection equation (Jones and Kang, 2005b) into 1D TVD MHD code. This MHD 
code has been used effectively by in the past to study diffusive shock acceleration 
using conventional finite difference methods to evolve the diffusion-convection 
equation (Frank et al., 1995; Kang and Jones, 1997). The results presented in Jones 
and Kang (2005a) are based on a prescribed spatial diffusion coefficient, although 
they are in the process of incorporating a CGMV-based routine to evolve the wave 
action equation for Alfvénic turbulence, so that a self-consistent treatment of the 
full system can be carried out. The CGMV scheme for evolving the CR distribution 
utilizes the first two momentum moments of ( )pxtf ,,  over finite momentum bins; 
namely,  
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( )∫= ∆ ipi dppfpn 2  and ( )∫= ∆ ipi dppfpg 3 .                 (4.25.1) 

 
Assuming a piecewise power law momentum subgrid model, the first moment of 

( )pxtf ,,  is, for example,  
 

( )( ) ( )31 33 −−= −
i

q
iiii qdpfn i ,                             (4.25.2) 

where  
( ) ( ) iiii

q
iiii ppdfpppff i 111 , +++ ==≡ ,                       (4.25.3) 

 
and iq  is the momentum index inside bin i. This leads to moments of the standard 
diffusion-convection equation (e.g., Skilling, 1975), such as 
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where wuvu +=  is the net velocity of CR scattering centers, including the gas 
motion, v, and the mean wave motion, wu  (Jones and Kang, 2005b). In addition,  
 

( ) ( )[ ] ( )iiiiiin pfpppDpqpF i
2+= �                         (4.25.5) 

 
is a flux in momentum space, with ( )( ),31 xupp ∂∂−=�  inK  and inS  are the spatial 

diffusion coefficient, ( )px,κ , and a representative source term, S, averaged over 
the momentum interval. ( )pD  is the momentum diffusion coefficient. We 
henceforth express particle momentum in units of mc, where m is the particle mass. 
In the preliminary study Jones and Kang (2005a) assume the convenient spatial 
diffusion form, ( ) ακκ pp o= , and ignore momentum diffusion ( 0=D ). Generally, 
spatial CR diffusion is not expected to be isotropic with respect to the direction of 
the local magnetic field. The degree of anisotropy has been shown to have 
important consequences, especially when the magnetic field is quasi-perpendicular 
to the shock normal (Baring et al., 1993; Frank et al., 1995; Jokipii, 1987). For these 
initial simulations, however, Jones and Kang (2005a) assume isotropic diffusion. 
They also assume a simple, common model for injection of low energy CR at the 
gas sub-shock; namely, that a fixed fraction, injε , of the thermal proton flux 
through the sub-shock is able to escape upstream at momentum injp  to join the 
diffusive CR population. This produces a source term in Eq. (4.25.4), for example,  
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( )( ) ( )xvmS spni φµρπ 141= ,                                (4.25.6) 

 
where 1ρ  is the upstream plasma density, µ is the plasma molecular weight, sv  is 
the plasma flow speed across the shock and ( )xφ  is a normalized weighting 
function to distribute the injection across the numerical shock. These equations are 
coupled with the standard equations for compressible MHD by adding the pressure 
gradient of the CR, xPc ∂∂ , into the MHD Euler equation and by including in the 
MHD energy conservation equation the term xPu c ∂∂−  to account for work done 
on the bulk fluid by the CR pressure gradient (this last contribution includes both 
the adiabatic compression of the plasma through the term xPv c ∂∂ , as well as a 
term representing dissipation of scattering wave energy generated through CR 
streaming, according to McKenzie and Völk, 1982; Jones, 1993). In addition, to 
account properly for thermal energy taken from the bulk plasma during the CR 
injection process, an energy sink term, 
 

( ) ( ) siinjinj vpxL ρφε 221−=                                   (4.25.7) 
 
must be, according to Jones and Kang (2005a), added to the MHD energy 
conservation equation.  
 
4.25.3. Main results and discussion  

According to Jones and Kang (2005a), CR-modified shocks are known to differ 
significantly from ordinary gas-dynamical or MHD shocks. CR diffusion upstream 
produces a pressure gradient, adding adiabatic compression to the gas. This preheats 
the gas and substantially increases compression through the transition. It also 
weakens the gas sub-shock. Typically, in fact, the compression through a strong CR 
shock precursor dominates the total shock compression, so that most of the CR 
acceleration actually takes place in the precursor, rather than in the thin, weakened 
sub-shock. Furthermore, energy extraction from the thermal plasma by the CR cools 
the bulk gas with respect to adiabatic gas shocks. Particularly if the CR escape 
upstream this allows the shock transition to resemble a radiatively cooled shock 
transition, further amplifying the total compression through the transition, while 
reducing the down stream temperature and pressure compared to gas-dynamical 
behaviors. Previous theoretical studies of CR-MHD shocks have emphasized major 
differences with respect to gas dynamical models for CR-modified shocks. For 
weak to moderate strength oblique shocks, magnetic field compression restricts the 
enhanced compression mentioned above. That becomes a relatively small effect in 
very strong MHD shocks, however, once the total downstream pressure is 
dominated by the CR (Webb et al., 1986; Frank et al., 1995). A much more 
significant influence in strong MHD shocks can be the difference between the 
motion of the bulk plasma and the motion of the CR scattering centers (Jones, 
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1993); i.e., the drift of the CR with respect to the fluid. If the upstream scattering is 
due primarily to Alfvén waves amplified by CR streaming away from the shock, 
then one expects the mean motion of the scattering centers to propagate upstream 
along the mean magnetic field at approximately the local Alfvén velocity with 
respect to the fluid flow. What matters is the component of this velocity along the 
shock normal, since it parallels the flow and CR gradients. This Alfvén velocity 
component will scale as ρxax Bv ∝ , where xB  is the mean magnetic field 
component along the shock normal. Since xB  does not change through the shock, 

ρ1∝axv , while the bulk flow speed varies as ρ1 , through mass conservation. 
Consequently, the effective rate of mirror convergence responsible for diffusive 
shock acceleration, xu ∂∂ , is reduced compared to a pure gas flow, reducing the 
rate of CR acceleration. Moreover, the magnitude of u is increased by the upstream-
facing drift, which increases the rate of precursor heating for a given CR pressure 
gradient. That reduces the strength of the shock transition, which also reduces the 
efficiency of diffusive shock acceleration. Jones and Kang (2005a) illustrate these 
effects by comparing in Fig. 4.25.1 three simulations involving a Mach 40 piston-
generated shock.  

In Fig. 4.25.1 each flow has an upstream magnetic field inclined 45 degrees 
from the shock normal with a magnetic pressure there equal to the gas pressure. The 
simple diffusion model assumed 1.0=oκ  and 51.0=α . CR injection was included 
with 001.0=injε . Fourteen momentum bins were used in solving the diffusion-
convection equation. The black, solid curves indicate behaviors when 0=wu . This 
simulated shock is very similar to a gas-dynamical shock discussed in Jones and 
Kang (2005b) and illustrated in Fig. 4.25.2. The shock quickly becomes CR 
dominated, but only approaches dynamical equilibrium at the last time shown. The 
CR momentum distribution at the sub-shock shows the strongly concave form 
typical of such simulated CR shocks. By comparison the other plotted results 
include effects of CR drift. The red, dotted curves represent the behavior when 

axw vu = , while the blue, dashed curves come from a simulation in which wu  was 
included in the MHD energy equation, but not the momentum equation. That 
approach has been used by some authors e.g., Berezhko and Völk (2000) in non-
MHD models to approximate the influence of MHD by allowing for dissipation of 
wave energy. The differences between the gas-dynamical solutions and the MHD 
solutions are obvious. The magnetic, Maxwell stresses have had little impact on the 
MHD solutions. However, as anticipated from the above discussion, compression 
through the shock is much reduced through CR drift, while the efficiency of CR 
acceleration is reduced by about one third. These two effects have also mostly 
eliminated the strong concavity in the CR momentum distribution, since the shock 
precursor is a much less important contributor to diffusive shock acceleration. On 
the other hand, there is relatively little difference between the two CR-drift models.  
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In this one strong shock case, at least, modeling the MHD shock by estimating 
Alfvén wave heating of the bulk plasma would provide a reasonable approximation 
to the more complete model.  

 

 
 
Figure 4.25.1. Three simulated MHD Mach 40 CR-modified shocks formed off a piston on 
the left boundary. The gas density ρ, gas pressure gP , and CR pressure cP  spatial 

distributions are shown along with the CR momentum distribution ( )pf  at the sub-shock. 
From Jones and Kang (2005a). 
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Fig 4.25.2. The same as in Fig. 4.25.1, but for gas-dynamical shock. Acording to Jones and 
Kang (2005b). 
 
4.26. Particle injection and acceleration at non-parallel shocks 
 
4.26.1. The matter of problem 

Giacalone and Jokipii (2005) discuss new results in the physics of charged-
particle acceleration by shock waves propagating at an arbitrary angle to the 
magnetic field. For the usually discussed case of a parallel shock acceleration by a 
supernova blast wave up to the knee in the CR spectrum requires very special 
assumptions such as a strong increase in the magnetic field, perhaps due to 
excitation from the streaming CR. They show that no such special circumstances 
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are required when one considers acceleration at nearly perpendicular shocks. The 
matter of problem is that the diffusive acceleration of charged particles at 
collisionless shocks, at which particles are accelerated by the converging flows and 
plasma compressions, naturally explains the observed universal power law of CR 
up to the knee in the spectrum at about 1510  eV (see, e.g., the reviews by Drury, 
1983; Blandford and Eichler, 1987; Jones and Ellison, 1991). The acute angle 
between the shock-normal direction and the incident magnetic fields, Bnθ , plays an 
important role in determining the resulting accelerated-particle spectrum. It was 
shown by Jokipii (1982, 1987) that the acceleration rate depends strongly on Bnθ  

and is the highest when the shock is perpendicular ( o
Bn 90=θ ). Thus, given a 

particular time interval over which to accelerate particles, those with highest energy 
will originate from the perpendicular shock. An important issue in diffusive shock 
acceleration at nearly perpendicular shocks has been the well-known injection 
threshold problem. The problem arises because, until recently, it was assumed that 
particles move essentially along the lines of force which are convecting through the 
shock. Therefore, it was thought that there was no means by which low-energy 
particles could encounter the shock several times, which is required for efficient 
particle acceleration. Giacalone and Jokipii (2005) show that there is actually no 
such injection problem and, in fact, the injection does not depend strongly on the 
shock-normal angle. This can be understood in terms of the increased cross-field 
transport arising from so-called field-line random walk due to the large-scale (order 
of a parsec) turbulent interstellar magnetic field.  
 
4.26.2. Analytical considerations  

The main assumption in diffusive shock acceleration is that the pitch-angle 
distribution is nearly isotropic. By requiring the diffusive streaming anisotropy to 
be small, one can readily derive an expression for the injection velocity, injw  (c.f., 
Giacalone and Jokipii, 1999). The most general expression is given by:  
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where ⊥κ , and //κ  are the components of the diffusion tensor perpendicular and 
parallel to the mean magnetic field, respectively, and the anti-symmetric component 
of the diffusion tensor is 3gg vr=κ  ( gr  is the Larmor radius of accelerated 
particles in the mean magnetic field). For the case in which the correlation scale of 
the turbulent magnetic field is much larger than the gyro-radius of the particles of 
interest, it has been shown from numerical simulations that //κκ⊥  is independent 
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of energy (Giacalone and Jokipii, 1999). Thus, taking 1// <<= ⊥ κκε  and 
3// grλη = , where //λ  is the parallel mean-free path and gr  is the Larmor radius, 

Eq. 4.26.1 can be rewritten as:  
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where 1//, 3uwinj =  is the injection velocity for a parallel shock.  

Shown in Fig. 4.26.1 is the solution to Eq. 4.26.2 for 100=η  and 02.0=ε . 
The dashed curve is Bnθsec , which is the scatter-free approximation which is 
clearly invalid for the case of a turbulent magnetic field. Note that at low-energies, 
the injection velocity at a perpendicular shock approaches 13u , which is the same as 
that obtained for a parallel shock (Giacalone, 2003). 
Thus, it can be conclude that enhanced motion normal to mean field by field-line 
random walk significantly decreases the injection velocity threshold for 
acceleration. Thus, the theory predicts that there should not be an injection problem 
at nearly perpendicular shocks. The acceleration rate, acν , in diffusive shock 
acceleration is given by  
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θκθκτ

ν 2
//

2

2
1

cossin
1

+
≈=
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,                  (4.26.3) 

 

 
Fig. 4.26.1. The injection velocity derived from the diffusive streaming anisotropy for the 
case of field-line random walk (solid line) normalized to that at a parallel shock. The dashed 
curve assumes the scatter-free approximation. According to Giacalone and Jokipii (2005). 
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Thus, taking //,acν  as the acceleration rate at a parallel shock ( 0=Bnθ ), and 

//κκε ⊥=  (as before), we obtain  
 

BnBnac

ac
θθεν

ν
22

//, cossin
1
+

= .                       (4.26.4) 

 
Eq. 4.26.4 is plotted as a function of Bnθ  for the case of 02.0=ε  in the Fig. 

4.26.2. From Fig. 4.26.2 clearly can be seen that the acceleration rate is a maximum 
at perpendicular shocks. Therefore, it can be conclude that perpendicular shocks are 
both efficient and rapid accelerators of charged particles are most important in 
producing high-energy CR in a wide variety of astrophysical plasmas. 

 

 
 
Fig. 4.26.2. The acceleration rate, normalized to that at a parallel shock, as a function of 

Bnθ . According to Giacalone and Jokipii (2005). 
 
4.26.3. Numerical calculations for test-particle simulations  

Giacalone and Jokipii (2005), Giacalone (2005) consider then non-diffusive 
test-particle numerical simulations to better address the physics of acceleration at 
low energies. In these calculations, the trajectories of an ensemble of test particles 
are integrated by numerically solving the Lorentz force on each particle using pre-
specified electric and magnetic fields. The mean magnetic field makes an angle 
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Bnθ  with respect to the shock-normal direction. Superimposed on this is a 
fluctuating component that is determined from a pre-specified power spectrum that 
resembles the usual Kolmogorov spectrum. The correlation scale of the turbulent 
magnetic field is taken to be 2000 iu Ω1 , where 1u  is the upstream flow speed and 

iΩ  is the ion cyclotron frequency. Both components satisfy Maxwell's equations. 
Test particles (protons) are released with an energy of 3 times the plasma-ram 
energy in the local fluid frame just behind the shock front. Each particle's trajectory 
is integrated until it escapes downstream by convection (based on a probability of 
return criterion), or reaches an arbitrary high-energy cutoff (taken to be 5102 ×  
times the plasma-ram energy). Fig. 4.26.3 shows the steady-state energy spectra 
downstream of the shock for 7 numerical simulations in which the only varying 
parameter is Bnθ . Note that the spectra for the cases of Bnθ = 0°, 15°, 30° all lie on 
top of one another indicating that there is no dependence on this parameter at all for 
quasi-parallel shocks. 

 
Fig. 4.26.3. Downstream energy spectra for test-particle numerical simulations for case of 
steady-state spectra obtained from simulations using different values of the shock-normal 
angle. According to Giacalone (2005a). 
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The Fig. 4.26.4 is for the case of a time-dependent acceleration process. Here, 
weaker turbulence was used and two different shock-normal angles are considered 
(as indicated).  

 
 
Fig. 4.26.4. Downstream energy spectra for test-particle numerical simulations for case of 
time-dependent spectra for two different shock-normal angles and weaker turbulence. 
According to Giacalone (2005a).  

 
The results shown in Fig. 4.26.3 and Fig. 4.26.4 indicate that the injection 

energy, and therefore, the acceleration efficiency, does not have a strong 
dependence on the shock-normal angle. However, as shown in the Fig. 4.26.4, for 
any given time interval to accelerate the particles, perpendicular shocks produce the 
highest-energy particles. This is because, as it was discussed above, the acceleration 
rate is strongly dependent on the shock normal angle, provided 1// <<⊥ κκ .  
 
4.26.4. Numerical calculations for self-consistent hybrid simulations  

Giacalone (2005b) performed massive-scale two-dimensional hybrid 
simulations of perpendicular shocks propagating into a turbulent upstream magnetic 
field. It was shown that a fraction of thermal particles encountering the shock are 
accelerated to high energies. The physics of this process is similar to that which we 
have already described above. However, the source of the high-energy particles 
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comes directly from the thermal population, which had not been seen in previous 
self-consistent plasma simulations. It has been long known that a fraction of thermal 
ions are assumed to be reflected by the shock and begin to gyrate within the shock 
ramp before becoming thermalized downstream. For the case in which the shock 
moves into an upstream region containing large-scale magnetic fluctuations, some 
of these ions can move upstream along these lines of force before returning to the 
shock. These ions can gain considerable energy because they can achieve multiple 
interactions with the shock. The efficiency for the acceleration in these large-scale 
hybrid simulations is difficult to estimate because the spatial domain is still rather 
limited by computation resources. However, it was estimated that the efficiency is 
probably comparable to that obtained for a parallel shock, or about 10-20% 
(Giacalone et al., 1997).  

Giacalone and Jokipii (2005) have shown that the perpendicular shocks are as 
efficient as parallel shocks in accelerating particles to high energies using 
reasonable parameters. For these same parameters, perpendicular shocks are much 
more rapid accelerators. Thus, they conclude that perpendicular shocks are 
important sites of acceleration and can produce high-energy CR in a wide variety of 
astrophysical plasmas.  
 
4.27. Numerical studies of diffusive shock acceleration at spherical 
shocks 
 
4.27.1. The matter of problem 

Collisionless shocks form ubiquitously in tenuous cosmic plasmas via 
collective, electromagnetic viscosities. The formation process of such shocks 
inevitably produces supra-thermal particles, which can be further accelerated to 
very high energies through the interactions with resonantly scattering Alfvén waves 
in the converging flows across a shock (Drury, 1983; Malkov and Drury, 2001). In 
the kinetic approach to study numerically the CR acceleration at shocks, the 
diffusion-convection equation for the particle momentum distribution, ( )pf , is 
solved with suitably modified gas-dynamic equations. This numerical task is 
challenging, because the full CR shock transition includes a very wide range of 
length scales associated with the particle diffusion lengths, ( ) supκ , from CR 
injection scales near the shock to outer diffusion scales for the highest energy 
particles. To follow the acceleration of highly relativistic CR from supra-thermal 
energies, Kang and Jones (2005) have developed the CRASH (Cosmic-Ray Amr 
SHock) code in one dimensional (1D) plane-parallel geometry by combining a 
powerful Adaptive Mesh Refinement (AMR) technique and a shock tracking 
technique (Kang et al., 2001). Time-dependent nonlinear simulations of diffusive 
shock acceleration found that 34 1010 −− −  of incoming thermal particles can be 
injected into the CR population via thermal leakage at quasi-parallel shocks, and 
that up to 50-60 % of the shock kinetic energy can be converted into CR at strong 
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shocks with 10>sM  (Kang et al., 2002; Kang and Jones, 2005b). The presence of 
a preexisting CR population is equivalent to having efficient thermal leakage 
injection at the shock.  

It is believed that the CR pressure is important in the evolution of the 
interstellar medium of our Galaxy and most of galactic CR protons with energies up 
to 1410≈ eV are accelerated by supernova remnant shocks (Blandford and Eichler, 
1987). Simulations of diffusive shock acceleration in spherical supernova remnants 
also indicate that CR can absorb up to 50% of the initial blast energies (Berezhko 
and Völk, 1997, 2000). In paper of Kang and Jones (2005a) is described a new 
CRASH code in 1D spherical geometry. Kang and Jones (2005a) solved the flow 
equations in a frame comoving with the spherical shock, so the shock and refined 
region around it stay at the same grid locations. They present the numerical 
simulation results for a typical supernova remnant expanding into the uniform hot 
interstellar medium. 
 
4.27.2. Comoving spherical grid  

In order to ensure that the shock remains near the middle of the computational 
domain at all levels of refined grids, for a spherically expanding shock, it is 
necessary define a comoving frame which expands with the instantaneous shock 
speed. Following the conventional cosmological approach (Ryu et al., 1993), the 
comoving radial coordinate, arx = , is adopted, where a is the expansion factor 
and 1=a  at the start of simulations. The expansion rate, ( ) sss xvua −=� , is found 
from the condition that the shock speed is zero at the comoving frame. Here su  and 

sv  are the shock radial velocities in the Eulerian frame and in the comoving frame, 
respectively. Then the comoving density and pressures are defined as  

 
333 ~,~,~ aPPaPPa ccgg === ρρ .                       (4.27.1) 

 
The gas-dynamic equation with CR pressure terms in the spherical comoving frame 
can be written as follows: 
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The injection energy loss term, ( )trL , , accounts for the energy of the supra-thermal 
particles injected to the CR component at the sub-shock. The deceleration rate is 
calculated numerically by ( ) nnn taaa ∆−= −1���� . The diffusion-convection equation 

for the function fpg ~~ 4= , where ( )trpf ,,~  is the comoving CR distribution 
function, is given by  
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where ( )py ln=  and ( )px,κ  is the diffusion coefficient. 
 
4.27.3. Numerical models and results  

Kang and Jones (2005a) considered a supernova explosion with 5110=oE  ergs 

and Sunsn MM 10=  in a uniform medium with 33103 −−×= cmnH . The physical 
quantities are normalized, both in the numerical code and in the plots below, by the 
following constants: 

 

)6.26.4(.seccm100.4,erg.cm105.1
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It was assumed a Bohm type diffusion coefficient, 
 

( ) µκ Bp1222 seccm103 −×= ,                                 (4.27.7) 
 

where µB = 5 is the interstellar magnetic field strength in units of 610− Gs and p is 
the particle momentum in units of mc. The pressure of the background gas is set to 
be 312 cmerg10−=goP  ( 610≈oT K), and the Mach number of the initial shock is 

13. In the code units 41067.1ˆ −×=goP  and ( ) pp 7105.1ˆ −×=κ . It is assumed that 

there exits a pre-exiting CR population ( ) 5.4−∝ ppf , corresponding to an upstream 
CR pressure, goco PP 5.0= . The simulation is initialized at 1=ott  by the Sedov-
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Taylor similarity solutions which are characterized by the shock position 
( ) 52

osos ttrr ξ=  and speed, ( ) ( ) 5352 −= osos ttuu ξ  with sξ = 1.15167. The 

spatial grid resolution in the code unit is 4100.6ˆ −×=∆ or  at the base grid and 
6103.2ˆ −×=∆ sr  at the 8-th refined grid, which is the finest refined grid for this 

simulation. When the simulation is repeated with 10 levels of refined grids, cP  
increases less than 0.5 %, indicating true convergence in the simulation with 8 
levels. This grid spacing is much larger than the diffusion length for 2

min 10−≈p , 
9105.2ˆ −×=difl , which is contrary to what was found in previous simulations in 

Eulerian grid (Kang et al., 2001). The faster convergence at lower resolution seems 
to result from the fact that the shock stays in the same grid zone in the comoving 
frame. It was used 230 uniformly spaced logarithmic momentum zones in the 
interval 
 

( ) [ ] [ ]0.6,0.3log,loglog maxmin +−== ppmcp .                     (4.27.8) 
 
The CR modified shock structure and the CR momentum distribution inside the 
simulation box, 

( ) ( )∫=
max

min

,4 42
r

r
prdrfprpG π ,                              (4.27.9) 

 
are shown in Fig. 4.27.1 at 5.10.1 −=ott .  

The density in the precursor, 1ρ , and in the post-shock region, 2ρ , 
immediately before and after the sub-shock, respectively, are shown in the top panel 
of Fig. 4.27.2. In Fig. 4.27.2 the middle panel shows the Mach number of the sub-
shock, while the bottom panel shows the CR pressure and gas pressure in units of 
the ram pressure of unmodified Sedov-Taylor similarity solution, 2.12 −∝ tuSToρ .  

Kang and Jones (2005a) note the following important observations from Fig. 
4.27.1 and Fig. 4.27.2:  
1. The CR protons are accelerated to the proton knee energy in the spectrum of 
galactic CR (about 1514 1010 −  eV, 65 1010 −≈mcp ) in several thousand years, as 
expected from the standard estimate (Lagage and Cesarsky, 1983).  
2. The ratios of both post-shock cP  and gP  relative the shock ram pressure 

approach to time-asymptotic values quickly. The post-shock cP  is about 50 % of 
the shock ram pressure, while the gas pressure takes only 20 %.  
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3. Both the CR momentum distribution at the shock, ( ) ( ) 4,, pprfprg ss = , and the 
integrated distribution, ( )pG , exhibit characteristic concave curvature, reflecting 
the nonlinear velocity structure in the precursor. 
 

 
 
Fig. 4.27.1. Evolution a typical supernova remnant expanding into the uniform interstellar 
medium. The model parameters are 5110=oE  ergs, Sunsn MM 10= , 33103 −−×= cmnH , 

and µB = 5. It assumes a preexisting CR population of ( ) 5.4−∝ ppf , with goco PP 5.0= , 
but thermal leakage is not included. The lower left panel shows the integrated particle 
spectrum according to Eq. 4.27.9. The time t = 1 corresponds to 6100 years. The initial 
condition at 0.1=ott  (solid line) is set by the Sedov-Taylor similarity solution. According 
to Kang and Jones (2005a). 
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Fig. 4.27.2. Pre-shock density, 1ρ , post-shock density, 2ρ , the shock Mach number, sM , 
the post-shock CR 2cP  and gas pressure 2gP  in units of the ram pressure of Sedov-Taylor 

solution, 2.12 −∝ tuSToρ . According to Kang and Jones (2005a). 

 
4.28. Particle acceleration by the electrostatic shock waves 
 
4.28.1. Formation of electrostatic shock waves in space plasma 

Saito et al. (2003) note that even if there is charge neutrality and no magnetic 
field the plasma flows generate the intense electric and magnetic fields. This is 
referred to the counter-streaming instability that has the process similar to Weibel 
instability with anisotropic temperature (Weibel, 1959). Califano et al. (1997) 
investigated, both analytically and numerically, electron-electron counter-streaming 
instability in electron-ion plasma by using both two-fluid equations and Maxwell’s 
equations. They derived the theoretical dispersion relation and applied it to beam-
plasma instability in laser plasma. Kazimura et al. (1998) investigated electron-
positron counter-streaming instability by using both linear theory and ‘particle-in-
cell’ simulation based on Buneman (M1993). They derived the dispersion relation 
from four-fluid equations with Maxwell’s equations, and compared the results 
derived from linear theory with the results of simulation. They noticed the linear 
stage of counter-streaming instability. In Haruki and Sakai (2003) there was 
investigated the non-linear stage of counter-streaming instability in pair plasma. 
They also derived the theoretical dispersion relation by using four-fluid equations 
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with Maxwell equations, and compared the growth rate derived from the dispersion 
relation with that of simulation result. Furthermore in non-linear stage they showed 
the generation of electrostatic shock waves which are caused by electrostatic 
counter-streaming instability. The generated electrostatic waves create some high 
energy particles. In the papers of Califano et al. (1997), Kazimura et al. (1998), 
Haruki and Sakai (2003) they do not take into account the possible role of the 
background magnetic field oB . Saito et al. (2003) developed this research and 
investigated the counter-streaming instability in pair plasma as well as particle 
acceleration taking into account the background magnetic field oB  parallel to the 
direction of counter-streaming.  
 
4.28.2. The two-dimensional simulation model 

Saito et al. (2003) used two-dimensional, fully electromagnetic, and relativistic 
‘particle-in-cell’ code of Buneman (M1993). The lengths of the system are xL = 
4000∆ and yL = 64∆, where ∆ is the grid size. The periodic boundary conditions 
are imposed in both x and y directions. There are 60 electron-positron pairs in a cell 
uniformly in whole system. The background magnetic field and counter velocity are 
parallel, and their direction has been used to define the x-axis. To set the counter-
streaming plasma Saito et al. (2003) divided all particles into two components. Both 
electrons and positrons in the left hand side have the velocity 0.5c, and in the right 
hand side have the velocity −0.5c. The other parameters are as follows: the 
simulation time step is tpeω  = 0.05, where peω  is electron plasma frequency; the 
Debye length and skin depth are 1∆ and 10∆, respectively; both the electron and 
positron thermal velocities are 0.1c. The parameters associated with the background 
magnetic field oB  are listed in Table 4.28.1. 
 
Table 4.28.1. The parameters associated with the background magnetic field (Saito et al., 
2003). 

 
Parameters The case 

No pece ωω  β gr  av  
1 0 - - - 
2 0.5 0.08 2.0∆ 0.3c 
3 1.0 0.02 1.0∆ 0.6c 
4 1.5 0.009 0.66∆ 0.72c 
5 1.7 0.006 0.57∆ 0.76c 
6 2.0 0.005 0.50∆ 0.80c 
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4.28.3. Generated electric and magnetic fields, and particle acceleration 
(results of simulation)  

The simulation model described above gave the following main result: both the 
electric and magnetic fields are generated by counter-streaming instability. Fig. 
4.28.1 shows the electric field xE  and magnetic field zB  configurations at tpeω = 
25.0 generated by this instability.  
 

 
 
Fig. 4.28.1. The schematic picture in the top of the figure shows the whole system of this 
simulation. The dashed square indicates the plotting region for panels (a), (b), (c), and (d). 
Panels (a) and (b) show zB  and xE  configurations without a background magnetic field; 
panels (c) and (d) show them with the background magnetic field characterized by 

pece ωω = 2 at tpeω = 25.0. The vertical dashed line indicates the front of the plasma flow. 
According to Saito et al. (2003). 
 

The top panel in Fig. 4.28.1 shows the schematic picture which reflects the 
whole system of this simulation. Saito et al. (2003) plotted the magnetic field and 
electric field, generated in the region surrounded by dashed square of the schematic 
picture, in panels (a) and (b) of Fig. 4.28.1 which show zB  and xE  configuration 
without background magnetic field, and in panels (c) and (d) with the background 
magnetic field characterized by pece ωω = 2. The dashed red lines in panels (a), 
(b), (c) and (d) show the front of the plasma flow.  
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When pece ωω  becomes large the generation of magnetic field is restrained by 
the background magnetic field, while the electric field becomes strong and turns 
into a longitudinal wave from a transverse wave. This means that the wave 
generated by counter-streaming instability is changed to the electrostatic mode from 
the electromagnetic mode by the strong background magnetic field.  

Fig. 4.28.2 shows the ratio of the generated electric field energy ElectricE  and 
the magnetic field energy MagneticE  at the linear stage. In Fig. 4.28.2 the horizontal 

axis shows the ratio flowEE oB  of background magnetic field energy oBE  and 

plasma flow energy flowE . The ratio MagneticElectric EE  of energies ElectricE  and 

MagneticE  suddenly increase when the ratio flowEE oB  exceeds 3 or 4. This means 

that the generation of electric field is superior than the generation of magnetic field, 
which indicates that the nature of generated wave becomes electrostatic mode from 
electromagnetic mode. The generated electrostatic wave accelerates charged 
particles. 

 

 
 
Fig. 4.28.2. The ratio ElectricE / MagneticE  of generated electric field and magnetic field 

energy in dependence on the ratio flowEE oB . According to Saito et al. (2003). 

 
Fig. 4.28.3. shows the electron velocity distribution in the x - direction parallel to 
both the magnetic field and the counter-streaming. In Fig. 4.28.3 the red (1), green 
(2), and blue (3) lines indicate the electrons velocity distribution at the initial 
( tpeω = 0), at tpeω = 200 without the background magnetic field, and at tpeω = 200 
with the background magnetic field characterized by pece ωω = 2, respectively. 
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Fig. 4.28.3. The electron velocity distribution ( )xe vf . The red (1), green (2), and blue (3) 
lines show ( )xe vf  at tpeω = 0, tpeω = 200 without oB , and at tpeω = 200 with oB  for 

pece ωω = 2, respectively. The electrons velocity xv  is normalized by the velocity of light. 
According to Saito et al. (2003). 

 
From Fig. 4.28.3 it follows that with the condition pece ωω = 2, the 

electrostatic field can more effectively accelerate the electrons in the x-direction 
than the electromagnetic wave driven by the instability without the background 
magnetic field. In this condition the maximum Lorentz gamma factor of electrons is 
about 3, and the number of accelerated particles that exceeds 0.9c is about two 
hundreds times as the number of accelerated particles in the condition without 
background magnetic field.  

Saito et al. (2003) came to conclusion that: 
1. The background magnetic field restrains the generation of the 

electromagnetic wave driven by this instability, and consequently it 
generates the electrostatic wave that has the wave vector parallel to the both 
magnetic field and the counter-streaming. This means that the nature of 
counter-streaming instability becomes electrostatic mode from 
electromagnetic mode.  

2. This electrostatic field effectively accelerates the particles in the direction 
parallel to both the magnetic field and the counter-streaming. 

3. The positron velocity distributions are the almost same as the electron 
velocity distributions. 
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4.29. Particle acceleration by relativistic shock waves 
 
4.29.1. Peculiarities of particle acceleration by relativistic shock waves 

As Niemiec and Ostrowski (2003a) note, at a relativistic shock wave the bulk 
velocity of the flow is comparable to the particle velocity. This leads to anisotropy 
of particle angular distribution, which can substantially influence the process of 
particle acceleration. In contrast to the non-relativistic case the particle power-law 
spectral indices depend on the conditions at the shock, including the spectrum and 
amplitude of magnetic field perturbations and the mean field inclination to the 
shock’s normal (Kirk and Schneider, 1987a,b; Heavens and Drury, 1988; Kirk and 
Heavens 1989; Ballard and Heavens, 1992; Ostrowski 1991, 1993; Bednarz and 
Ostrowski, 1996, 1998). In the case of a weakly perturbed magnetic field the 
acceleration process can be investigated via analytical methods (Kirk and 
Schneider, 1987a; Heavens and Drury, 1988; Kirk and Heavens, 1989). However, if 
finite-amplitude MHD waves are present in the medium these approaches are no 
longer valid and numerical methods have to be used. The particle acceleration 
studies so far have applied very simple models for numerical modeling of the 
perturbed magnetic field structure (Ostrowski, 1991, 1993; Ballard and Heavens, 
1992; Bednarz and Ostrowski, 1996, 1998). 
 
4.29.2. First-order Fermi particle acceleration at relativistic shock waves 
with a ‘realistic’ magnetic field turbulence model 

Niemiec and Ostrowski (2003a) simulate the first order Fermi acceleration 
process at mildly relativistic shock waves propagating in more realistic perturbed 
magnetic fields, taking into account a wide wave vector range turbulence with the 
power-law spectrum and continuity of the magnetic field across the shock, 
involving the respective matching conditions at the shock: below the upstream 
(downstream) quantities are labeled, as usual, with the index ‘1’ (‘2’). In the 
simulations the trajectories of ultra-relativistic test particles are derived by 
integrating their equations of motion in the perturbed magnetic field. Niemiec and 
Ostrowski (2003a) consider a relativistic planar shock wave propagating in rarefied 
electron-proton plasma. Upstream of the shock the field consists of the uniform 
component, 1,0B , inclined at some angle 1ψ  to the shock’s normal and finite 
amplitude perturbations imposed upon it. The perturbations are modeled as a 
superposition of 294 sinusoidal static waves of finite amplitudes (Ostrovski, 1993) 
which have either a flat  

 
( ) 1−∝ kkF                                         (4.29.1)  

or a Kolmogorov  
( ) 35−∝ kkF                                      (4.29.2) 

wave power spectrum in the wide wave vector range ( maxmin,kk ) and  
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5

minmax 10=kk .                                (4.29.3) 
 
The shock moves with the velocity 1u  with respect to the upstream plasma. The 
downstream flow velocity 2u  and the magnetic field structure are obtained from the 
hydrodynamic shock jump conditions, so that the field is continuous across the 
shock. Derivation of the shock compression ratio defined in the shock rest frame as 
r = 1u / 2u  is based on the approximate formulae derived in Heavens and Drury 
(1988). The acceleration process in Niemiec and Ostrowski (2003a) is considered in 
the particle energy range where radiative (or other) losses can be neglected. 

In Fig. 4.29.1 there are presented particle spectra for the oblique sub-luminal  
 

cuuB <≡ 111, cosψ                                        (4.29.4)  
 
shock wave with 1u = 0.5c and 1ψ = 45° (the shock velocity along the mean 
magnetic field is then 1,Bu = 0.71c, and the shock compression ratio is r = 5.11). 
The particle spectra are measured at the shock for three different magnetic field 
perturbation amplitudes and the flat wave power spectrum − panel (a) and the 
Kolmogorov spectrum − panel (b) in Fig 4.29.1.  
 

 
Fig. 4.29.1. Accelerated particle spectra at the sub-luminal shock wave ( 1u = 0.5c, 1ψ = 45° 
and 1,Bu = 0.71c) for (a) the flat (Eq. 4.29.1) and (b) the Kolmogorov (Eq. 4.29.2) wave 
spectrum of magnetic field perturbations. The upstream perturbation amplitude 

=1,0BBδ 0.3, 1.0, and 3.0 are given near the respective results. Linear fits to the power-law 
parts of the spectra are presented and values of the phase space distribution function spectral 
indices α = 3.08, 3.24, and 3.55 for (a) and α = 3.16, 3.43, and 3.69 for (b) are given. 
Particles of energies in the range indicated by arrows can effectively interact with the 
magnetic field inhomogeneities ( maxmin kkk res << ). From Niemiec and Ostrowski 
(2003a). 
 
The following features are visible in the spectra from Fig. 4.29.1:  
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1. the particle spectra diverge from a power-law in the full energy range; 
2. before the spectrum cut-off a harder spectral component can appear; 
3. the exact shape of the spectrum depends on both the amplitude of the 

magnetic field perturbations and the wave power spectrum. 
One may note that a power-law part of the particle spectrum steeping with 
increasing amplitude of the field perturbations, more for the Kolmogorov 
perturbations, panel (b). 

Niemiec and Ostrowski (2003a) note that the spectral indices obtained are 
consistent with previous numerical calculations of Ostrowski (1991, 1993) and with 
the analytic results obtained in the limit of small perturbations (Kirk and Heavens, 
1989). The non power-law character of the obtained particle spectra results from the 
limited dynamic range of magnetic field perturbations. In the energy range within 
which the approximately power-law spectrum forms, particles can be effectively 
scattered by the magnetic field inhomogeneities. The character of the spectrum 
changes at the highest particle energies where minkkres ≤  and particles are only 
weakly scattered. Then the anisotropic distributed upstream particles can effectively 
reflect from the region of compressed magnetic field downstream of the shock, 
leading to the spectrum flattening (Ostrowski, 1991). The cut-off in the spectrum is 
formed mainly owing to very weakly scattered particles escaping from the shock to 
the introduced upstream free escape boundary. 

In Fig. 4.29.2 are presented the spectra obtained for super-luminal shocks with 
1,Bu = 1.93c.  
 

 
Fig. 4.29.2. Accelerated particle spectra at the super-luminal shock wave ( 1u = 0.5c, 1ψ = 
75° and 1,Bu = 1.93c) for (a) the flat (Eq. 4.29.1) and (b) the Kolmogorov (Eq. 4.29.2) wave 
spectrum of magnetic field perturbations. The upstream perturbation amplitude 

=1,0BBδ 0.3, 1.0, and 3.0 are given near the respective results. According to Niemiec and 
Ostrowski (2003a). 



728 CHAPTER 4  

 

For the low amplitude turbulence ( =1,0BBδ  0.3) Niemiec and Ostrowski 
(2003a) approximately reproduce results of Begelman and Kirk (1990), with a 
‘super-adiabatic’ compression of injected particles, but hardly any power-law 
spectral tail. At larger turbulence amplitudes power-law sections in the spectra are 
produced again, but the steepening and the cut-off occur at lower energies 
compared with the subluminal shocks (compare with Fig. 4.29.1). 
 
4.29.3. Particle acceleration at parallel relativistic shocks in the presence 
of finite-amplitude magnetic field perturbations 

As discussed by Ostrowski (1988b) for non-relativistic shocks, the presence of 
finite-amplitude magnetic field perturbations modifies the character of the diffusive 
particle acceleration at the shock wave with the mean field parallel to the shock’s 
normal. The effect arises owing to locally oblique field configurations formed by 
long-wave perturbations at the shock front and the respective magnetic field 
compressions. As a result the mean particle energy gains may increase and the 
particles reflected from the shock front may occur. The same phenomena should 
occur at relativistic shocks (Ostrowski, 1993). 

In the simplified numerical simulations of the first-order Fermi acceleration at 
parallel mildly relativistic shocks the acceleration time scale reduces with 
increasing turbulence level, but no spectral index variation occurs (Bednarz and 
Ostrowski, 1996, 1998). However, the mentioned acceleration models apply very 
simple modeling of the perturbed magnetic field effects by introducing particle 
pitch-angle scattering. The purpose of the Niemiec and Ostrowski (2003b) work is 
to simulate the first order Fermi acceleration process at mildly relativistic shock 
waves propagating in more realistic perturbed magnetic fields, including a wide 
wave vector range of turbulence with the power-law spectrum. The magnetic field 
is continuous across the shock, according to the respective jump conditions. This 
feature leads to substantial modifications of the acceleration process at parallel 
shocks: as usually the upstream (downstream) quantities are labeled, as usual, with 
the index ‘1’ (‘2’).  

In Niemiec and Ostrowski (2003b) the simulations trajectories of ultra-
relativistic test particles are derived by integrating their equations of motion in the 
perturbed magnetic field. A relativistic shock wave is modeled as a plane 
discontinuity propagating in electron-proton plasma. The magnetic field is defined 
upstream of the shock. It consists of the uniform component, 1,0B , parallel to the 
shock normal and finite-amplitude perturbations imposed upon it. The perturbations 
are modeled as a superposition of 294 sinusoidal static waves of finite amplitudes 
(Ostrowski, 1993). They have either a flat (Eq. 4.29.1) or a Kolmogorov (Eq. 
4.29.2) wave power spectrum in the wide wave vector range ( maxmin,kk ) with 

5
minmax 10=kk . The shock moves with the velocity 1u  with respect to the 

upstream plasma. The downstream flow velocity 2u  and the magnetic field 
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structure are obtained from the hydrodynamic shock jump conditions. Derivation of 
the shock compression ratio as measured in the shock rest frame, R = 21 uu , is 
based on the approximate formulae derived in Heavens and Drury (1988). In the 
analysis of the acceleration process the particle radiative (or other) losses are 
neglected. In Fig. 4.29.3 are presented particle spectra for the parallel shock wave 
with 1u = 0.5c. The shock compression ratio is r = 5.11.  

In Fig. 4.29.3 are reflected the particle spectra measured at the shock for three 
different magnetic field perturbation amplitudes and the flat, panel (a) or the 
Kolmogorov wave power spectrum, panel (b).  
 

 
 
Fig. 4.29.3. Accelerated particle spectra at the parallel shock wave in the shock rest frame 
for (a) the flat (Eq. 4.29.1) and (b) the Kolmogorov (Eq. 4.29.2) wave spectrum of magnetic 
field perturbations. The upstream perturbation amplitude 1,0BBδ  is given near the 
respective results. Linear fits to the power-law parts of the spectra are presented and values 
of the phase space distribution function spectral indices α are given in parentheses. Particles 
in the energy range indicated by arrows can effectively interact with the magnetic field 
inhomogeneities ( maxmin kkk res << ). For upstream particles probabilities of reflection 
from the shock, τP , are presented in the bottom panels as a function of particle energy for 
the respective particle spectra above (the transmission probability τPP −= 112 ). According 
to Niemiec and Ostrowski (2003b). 
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From Fig. 4.29.3 it can be seen that the particle spectral indices deviate from 
the small amplitude results of the pitch angle scattering model (Kirk and Schneider, 
1987a,b; Heavens and Drury, 1988; Kirk and Heavens, 1989). In addition, the 
increasing magnetic field perturbations can produce non-monotonic changes of the 
particle spectral index – the feature which has not been discussed for parallel shocks 
so far. Analogously to oblique shock waves (Niemiec and Ostrowski, 2003a; see 
Section 4.29.2), the particle spectra obtained are non power-law in the full energy 
range and the shape of the spectrum varies with the amplitude of turbulence and the 
wave power index. The non-monotonic variation of the spectral index with the 
turbulence amplitude results from modifications of the particle acceleration process 
at the shock. The long-wave finite-amplitude perturbations produce locally oblique 
magnetic field configurations and lead to the occurrence of particles reflected from 
the compressed field downstream of the shock. The probability of reflection 
depends on the turbulence amplitude and the amount of field perturbations with 
wavelengths larger than the resonance wavelength for a given particle, as presented 
in the bottom panels (c) and (d) in Fig. 4.29.3. For 1,0BBδ = 1.0 the reflection 
probability is higher compared to the other perturbation amplitudes considered and 
the particle spectrum is flatter. For smaller ( 1,0BBδ = 0.3) and larger ( 1,0BBδ = 
3.0) turbulence amplitudes the reflection and transmission probability do not differ 
considerably, which results in the similar values of the spectral indices. 

From Fig. 4.29.3 can be seen also that the spectra obtained for the Kolmogorov 
case seem to exhibit a continuous slow change of inclinations. Thus the fitted 
power-laws depend to some extent on the energy range chosen for the fit. One can 
also note a steep part of the spectrum at low energies for 1,0BBδ = 0.3 in panel (b). 
The reflection (transmission) probabilities presented decrease (increase) at high 
particle energies owing to a limited dynamic range of the magnetic field turbulence. 
The locally oblique field configurations are mainly formed by long-wave 
perturbations ( reskk < ) in accordance with Ostrowski (1988b). For high energy 
particles with minkkres <  there are no corresponding long waves and the upstream 
particles can be only transmitted downstream of the shock. In these conditions the 
acceleration process would converge to the ‘classic’ parallel shock acceleration 
model, but in the simulations considered particles move far to the introduced escape 
boundary forming a cut-off (Niemiec and Ostrowski, 2003b).  
 
4.29.4. Electron acceleration in parallel relativistic shocks with finite 
thickness 

Virtanen and Vainio (2003a) performed test-particle simulations of electron 
acceleration in parallel relativistic shock waves with finite width. The simulations 
trace individual electrons under the ‘guiding-center’ approximation in a 
homogeneous background magnetic field with superposed (magnetic) scattering 
centers frozen-in to the plasma flow. Scatterings off the irregularities are simulated 
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making small random displacements of the tip of the electron’s momentum vector 
using a random generator (Vainio et al., 2000; Virtanen and Vainio, 2003b). The 
mean free path, λ, of all charged particles is taken to be a power-law function of 
particle rigidity, consistent with the assumed magnetic nature of scattering. They 
consider relativistic particles with speeds close to that of light and characterized by 

12 >>= mcEγ . Such particles are efficiently scattered by Alfvén waves, and 
these wave–particle interactions can be, to the lowest approximation, described by 
quasi-linear theory. Thus, the scattering frequency of relativistic particles, ν = c/λ, 
of species i is  
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νγν ,                                    (4.29.5)  

 
where oν  and q are parameters depending on the spectrum of magnetic fluctuations, 
and 1Γ  is the upstream bulk-speed Lorentz factor. The scatterings are performed in 
the local rest frame, denoted by primes, so the Lorentz factor is also measured in 
that frame. To simplify the numerical treatment there was neglected the dependence 
of ν on pitch angle. In standard quasilinear theory, q is the spectral index of the 
magnetic fluctuations causing the scattering. Two values for this parameter are 
considered:  
Q1. q = 2 giving an energy-independent mean free path;  
Q2. q = 5/3 corresponding to the Kolmogorov spectrum of turbulence.  

Proton rigidity at constant Lorentz factor is ep mm  times the electron rigidity. 

Thus the proton mean free path is ( ) q
ep mm −2  times the electron mean free path. 

Thus a shock wave having a thickness shl  of about one thermal-proton mean free 
path, 

 
( )1, Γ=≈ pthpsh cl νλ ,                                   (4.29.6) 

 
seems like a thick structure to all electrons with Lorentz factors less than  
 

( ) q
ep mm −Γ≈ 2

1'γ ,                                  (4.29.7) 
 
and electron acceleration at these energies should be modest, resembling adiabatic 
compression.  

Virtanen and Vainio (2003a) studied two velocity profiles, U1 and U2.  
U1. The tanh profile of Schneider and Kirk (1989): 
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where W is the width of the shock and x are axis points in the direction of the flow 
in the shock frame;  
U2. A modified profile:  
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obtained by fitting the results of a self-consistent Monte Carlo simulation of shock 
structure (Vainio, 2003). Here H(x) is the step function. To make the two models 
comparable, the shock width W was adjusted so that the transition from upstream 
( 1u ) to downstream ( 2u ) values takes place over the same distance in both models. 
For this, it was used the width of the region where u(x) is in the range  
 

uuuuu δδ +<<− 21   with  δu = 0.01 c.                      (4.29.10) 
 
This gives 
 

2.4,thpW λ= .                                           (4.29.11)  
 
Virtanen and Vainio (2003a) used the value of 1Γ = 10 for the upstream bulk 

Lorentz factor, and 32
21 cuu = . Electrons are injected into the acceleration process 

in the downstream region.  
Two models are considered for the injection energy, E1 and E2. 

E1. A ‘kinematics’ injection energy:  
 

( )2
2112 1 cuu−ΓΓ=Γ∆=γ ,                                 (4.29.12) 

 
i.e., the energy of cold upstream electrons as seen from the downstream gas.  
E2. A ‘thermalized’ injection energy: 
 

( ) ( )ep mmΓ∆= αγ 21 ,                                     (4.29.13) 
 
i.e., a fraction of proton thermal energy in the downstream region (α = 1 
corresponding to equal-partition). Virtanen and Vainio (2003a) used α = 0.2.  

The results of the simulated electron spectrum for all eight models (Q1E1, 
Q1E2, Q2E1, Q2E2 for two velocity profiles, U1 and U2) are plotted in Fig. 
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4.29.4, which shows that the two velocity profiles produce different results in the 
case Q2: for the injection E1, the speed profile U1 produces a significantly harder 
spectrum than the speed profile U2, and the results are slightly different even for the 
injection model E2. The reason for the differences is probably that U1 has a larger 
maximum value of the speed gradient than U2. The fact that the results are so 
similar in the case Q1, however, indicates that the adjustment of the shock width for 
U1 is reasonable.   

 

 
 
Fig. 4.29.4. The energy spectra of accelerated electrons in parallel relativistic shocks with 
finite thickness. Solid and dashed curves correspond to speed profile U1 and U2, 
respectively. See text for a description of the different models. According to Virtanen and 
Vainio (2003a). 
 

From Fig. 4.29.4 can be seen that the difference between the two turbulence 
models Q1 and Q2 is significant. The spectrum in the case Q1 is a power law with 
a spectral index of ≈ 3.2 independent of the injection energy, as expected. The 
spectral shape in the case Q2 is not a power law but hardens as a function of 
energy, because for a mean free path increasing with energy, the shock seems 
thinner for electrons at higher energies. In the case E1 the Kolmogorov scattering 
law Q2 produces accelerated particles much less efficiently than in the case of an 
energy-independent mean free path. The thermalized injection E2 yields accelerated 
particle populations in both turbulence models. At the highest energies, the spectral 
index in the Q2E2 model approaches the value of 2.2 obtained for a step-like shock 
at 1Γ >> 1 (Kirk and Duffy, 1999). Virtanen and Vainio (2003a) came to the 
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conclusion that electron acceleration in parallel relativistic shock waves with non-
trivial internal structure is heavily dependent on the rigidity dependence of the 
particle’s mean free path. For a shock thickness determined by ion dynamics and a 
mean free path increasing with energy the standard power-law electron spectra can 
be obtained only at very high energies, e.g., at 510>γ  for 31γλ ∝ .   
 
4.29.5. Small-angle scattering and diffusion: application to relativistic 
shock acceleration 

Protheroe et al. (2003) investigated ways of accurately simulating the 
propagation of energetic charged particles over small times where the standard 
Monte Carlo approximation to diffusive transport breaks down. Protheroe et al. 
(2003) find that a small-angle scattering procedure with appropriately chosen step-
lengths and scattering angles gives accurate results, and they apply this to the 
simulation of propagation upstream in relativistic shock acceleration. The matter is 
that in diffusive shock acceleration at relativistic shocks problems arise when 
simulating particle motion upstream of the shock because the particle speeds, v, and 
the shock speed 

( ) 2121 −−= shsh cv γ                                    (4.29.14) 
 
are both close to c, and so very small deflections are sufficient to cause a particle to 
re-cross the shock. Clearly, Monte Carlo simulation by a random walk with mean 
free path λ and large-angle scattering is inappropriate here, and in Monte Carlo 
simulations of relativistic shock acceleration at parallel shocks Achterberg et al. 
(2001) consider instead the diffusion of a particle’s direction for a given angular 
diffusion coefficient θD  (rad2 s−1). Similarly, for a given spatial diffusion 
coefficient κ, Protheroe (2001) and Meli and Quenby (2001) adopted a random 
walk with a smaller mean free path, λ<<l , followed by scattering at each step by a 
small angle with mean deflection, θ <1/γshock. (see Bednarz and Ostrowski, 2001 
for a review of relativistic shock acceleration). Protheroe et al. (2003) consider 
propagation by small steps sampled from an exponential distribution with mean 

λ<<l , followed at each step by scattering through a small angle sampled from an 
exponential distribution with mean πθ << . The change in direction (θ1, θ2) may 
then be described as two-dimensional diffusion with angular diffusion coefficient 

2θθ θvD =  (rad2 s−1) where tv θθ = , and vlt =  such that ( )lvD 22θθ = . The 
time isot , which gives rise to a deflection equivalent to a large angle (isotropic) 
scattering, is determined by the equation 
 

 ( ) 24 iso
2122

21
πσσ θθθ ≈=+ tD ,                           (4.29.15) 
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giving  
2θλ lvtiso ∝≈ ,                                      (4.29.16) 

 
and a spatial diffusion coefficient  
 

θθκ Dvvl 22 ∝∝ .                                    (4.29.17) 
 
By using a Monte Carlo method it is straightforward to test this, determine the 
constant of proportionality, and thereby make the connection between diffusion and 
small angle scattering. The solution of the diffusion equation for a delta-function 
source in position and time ( ) ( ) ( )ttq δδ rr =,  and an infinite diffusive medium is a 
three-dimensional Gaussian with standard deviation tκσ 2=  (Chandrasekhar, 
1943). The results from several Monte Carlo random walk simulations are shown in 
Fig. 4.29.5, from which it can be find that the expected dependence occurs for 

o5<θ  at times vlt 510> .  
 

 
 
Fig.4.29.5. The value σ2 vs. time for a 3D random walk with isotropic injection at the origin 
at t = 0. Step-lengths l were sampled from an exponential distribution with mean l  followed 
by small-angle scattering with scattering angle θ sampled from an exponential distribution 
with mean θ (the numbers attached to the curves). The dashed line is 22 32 θσ ltv= . 

Curves for 5°–20° result from 410  simulations; 4° curve results from 4108×  simulations 
(width shows statistical error). According to Protheroe et al. (2003). 



736 CHAPTER 4  

 

For this case it can be seen from Fig. 4.29.5 that 22 32 θσ ltv→ , and so it can 
be obtain the connection between small-angle scattering and diffusion theory, 
namely,  

( ) ( )θθκ Dvvl 63 22 ≈≈ .                                (4.29.18) 
 
As viewed in the frame of reference of the upstream plasma, ultra-relativistic 
particles are only able to cross the shock from downstream to upstream if the angle 
θ between their direction and the shock normal pointing upstream is 
 

( )sh
1 1sin γθ −< ,                                      (4.29.19) 

where  
 

( ) 212
shsh 1

−
−= βγ ;     cvshsh =β .                           (4.29.20) 

 
For highly relativistic shocks these particles cross the shock from downstream 

to upstream traveling almost parallel to the shock normal. Similarly, having crossed 
the shock, only a very slight angular deflection, by ∼ sh1 γ  is sufficient to return 
them downstream of the shock. This change in particle direction gives rise to a 
change in particle energy E' and momentum p', measured in the downstream plasma 
frame (primed coordinates), of  
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in an acceleration cycle (downstream → upstream → downstream), where 12β  is 
the speed of the upstream plasma as viewed from the downstream frame. In 
‘parallel shocks’ the magnetic field is parallel to the shock normal, and so the pitch 
angle ψ is the angle to the shock normal and vcosψ gives the component of velocity 
parallel to the shock. Thus the small-angle scattering method described above is 
used here to simulate particle motion upstream of a parallel relativistic shock, 
including the effects of pitch-angle scattering, for a given diffusion coefficient. 
Ultra-relativistic particles were injected at the shock with downstream-frame energy 

oE '  travelling upstream parallel to the shock’s normal, i.e., oθ = 0. Let us follow a 
particle’s trajectory until the shock catches up with it, and it crosses from upstream 
to downstream with an upstream-frame angle 1θ  to the shock’s normal and a 
downstream-frame energy 1'E . The simulation was performed for shγ = 10 and five 
different mean scattering angles θ  to determine the maximum θ -value that can 
safely be used for accurate simulation. The resulting distributions of θcos  and 

( )oEE ''log 1  are shown in Fig. 4.29.6.  
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Fig. 4.29.6. Small-angle scattering simulation of excursion upstream in diffusive shock 
acceleration at a parallel relativistic shock with shγ  = 10. Results are shown for 510  

injected particles and θ  = sh
210 γ−  (top histogram), sh

2103 γ−× , sh
110 γ− , sh3.0 γ , 

sh1 γ and sh3 γ  (bottom histogram). Note that the top three histograms are almost 
indistinguishable. According to Protheroe et al. (2003). 
 

From Fig. 4.29.6 it can be seen that in this application one requires θ  < 
sh1.0 γ . The results described are quite consistent with those of Achterberg et al. 

(2001), who used a diffusive angular step sh1.0 γθ ≤∆ st . Protheroe et al. (2003) 
came to the conclusion that the standard Monte Carlo random walk approach to the 
simulation of energetic charged particle propagation for a given spatial diffusion 
coefficient D can be extended to apply accurately to times much less than 

23 vDv =λ  by using a small-angle scattering procedure with steps sampled from 

an exponential distribution with mean free path λθ 2=l  followed at each step by 
scattering with angular steps sampled from an exponential distribution with mean 
scattering angle θ  < 0.09 rad (5°). The spatial and angular diffusion coefficients 
are then ( )23θvlD ≈  and ( )lvD 22θθ ≈ , and are related by ( )θDvD 62≈ . In 
the simulation of upstream propagation in relativistic shock acceleration one must 
use θ  < sh1.0 γ  to obtain accurate results.  
 
4.30. CR acceleration at super-luminal shocks 
 
4.30.1. The matter of the problem 

In paper Meli et al. (2005) the particle shock acceleration at super-luminal 
shocks is discussed and evaluated by performing Monte Carlo calculations. 
Relativistic beaming in many relativistic astrophysical sources suggests the 
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appearance of super-luminal shocks. The range of magnetic field orientations for 
which a shock is super-luminal increases as the upstream plasma flow speed 
increases. In order to study the sub-luminal case, it is possible to find a relativistic 
transformation to the frame of reference (so called De Hoffmann-Teller frame; 
introduced in paper De Hoffmann and Teller, 1950), in which the shock front is 
stationary and the electric field is zero (E = 0) in both upstream and downstream 
regions. However, superluminal shock fronts do not admit a transformation to such 
a frame, the particle 'diffusive' approximation cannot be applied and the particles 
are more likely to gain energy as their gyro-center makes a single crossing of the 
shock front from upstream to downstream or else as doing 'drifts' parallel or anti-
parallel to the present electric field. Meli et al. (2005) have established a numerical 
Monte Carlo method to study the CR acceleration properties (spectral shapes, 
energy gain, scattering model dependence, magnetic field dependence, etc) in 
highly relativistic super-luminal shocks by following the helix-trajectory of the 
particle in the region of a shock front.  
 
4.30.2. Monte Carlo simulations  

The aim of paper Meli et al. (2005) is to examine which is the role that different 
scattering models (large angle scattering or pitch angle diffusion) can play in 
reference to the spectral shape at very high gamma plasma flows, by considering 
superluminal shock configurations. It is necessary to note that the flow into and out 
of the shock discontinuity is not along the shock normal, but a transformation is 
possible into the normal shock frame to render the flows along the normal 
(Begelman and Kirk, 1990) and for simplicity it was assumed such transformation 
has already been made. For these simulation runs a Monte Carlo technique is 
applied by considering the motion of a particle of momentum p in a magnetic field 
B. As it was mentioned above, in super-luminal conditions it is not possible to 
transform into a frame where E = 0 (i.e., into De Hoffmann-Teller frame) a 
condition that is only possible for the sub-luminal case where ψtanshuu < . Thus, 
the frames to be used in this simulation will be the fluid frames, where still the 
electric field is zero E = 0, and the shock frame, which it will be used only as a 
'check frame' to test whether upstream or downstream conditions apply. Initially the 
particles are injected at 50λ, where λ is the particles’ mean free path, from the shock 
and their guiding center is followed upstream, at the upstream frame until the 
particle reaches the shock at 0=shx  followed by an appropriate transformation to 
the shock frame. At injection the speed of the plasma upstream is highly relativistic 
and the values between Γ = 10 and 1000 are kept. For the pitch angle scattering 
Mali et al. (2005) follow a standard Monte Carlo random walk approach to simulate 
the energetic particle propagation by using a small angle scattering procedure with 
steps sampled from an exponential distribution with mean free path λδθ 2=L  and 
keeping the angle δθ  less than Γ1.0 (Berezhko and Völk, 2000) while following 
the diffusion approximation of the scattering during and immediately before the 
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particle reaches the shock front. Since there is no easy approximation at this 
juncture to determine the probability of shock crossing or reflection, Meli et al. 
(2005) change the model following the helical trajectory of the particle, in the fluid 
frames upstream (index 1) or downstream (index 2) at E = 0, respectively, where 
the velocity coordinates of the particle are calculated in a three- 
dimensional space. They assume that the tip of a particle's momentum vector 
undergoes randomly a small change 1θ  in its direction on the surface of a sphere 
and within a small range of polar angle (after a small increment of time). If the 
particle had an initial pitch angle oθ , it was calculate its new pitch angle 'θ  by a 
trigonometric formula (Ryu et al., 1993). After they follow the trajectory in time, 
using to ωφφ +=1 , and t is the time from first detecting the shock presence at 

shshsh zyx ,,  and assuming that Hcrt g=δ , where gr  is the Larmor radius, 
100≥H . After the suitable calculations it was checked whether the particle meets 

the shock again by transforming to the shock frame. If the particle meets the shock 
then the suitable transformations to the upstream frame are made again made again 
and they follow the particle's trajectory as described above. If the particle never 
meets the shock its guiding center is followed, the same way as mentioned earlier 
for the upstream side after the injection and it is left to leave the system if it reaches 
a well defined maxE  momentum boundary or a spatial boundary of λ100 .  
 
4.30.3. Main results 

Main results are shown in Fig. 4.30.1-4.30.2.  
 

 
 
Fig. 4.30.1. Spectrum for the super-luminal pitch angle diffusion case, in the shock frame at 
the downstream side for Γ = 10 and ψ = 89°. As an indication a gamma of 510 corresponds 
to ~ 100 GeV for protons. For the right panel it is note that the steep cutoff may suggest a 
connection to the spectra of relativistic electrons originating from observed hot spots (super-
luminal shocks) in extragalactic radio sources. From Meli et al. (2005). 
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Fig. 4.30.2. Spectral shapes for Γ = 500 (left panel), Γ = 1000 (middle panel) for ψ = 76°. In 
the right panel are shown two spectra for Γ = 50 and an inclination of ψ = 50° and ψ = 89°, 
respectively. It may be see no dependence of the spectrum with the angle of the magnetic 
field at the shock normal. This is tested for all gamma and different shock angles. The 
behavior is the same. From Meli et al. (2005). 
 

From Fig. 4.30.1-4.30.2 one may understand that for pitch angle diffusion, the 
spectral shape of the accelerated particles follows a rather smooth power-law shape 
in comparison to the large angle scattering where the spectral shape gives a steep 
sudden cut-off. For both cases the simulations show that most of the particles are 
'swept' downstream the shock after only a cycle. This condition limits the particle's 
ability to gain very high energies, contrary to the simulation findings in Meli and 
Quenby (2003a,b) for highly relativistic sub-luminal shocks, where plateau 
structured spectral shapes are seen, however. 
 
4.30.4. Expected diffuse signal from sources with super-luminal shock 
fronts  

The estimate above source spectra can be translated into an expected diffuse 
signal from certain astrophysical sources by folding the spectrum with the spatial 
distribution of the sources. In this ansatz, Meli et al. (2005) used Active Galactic 
Nuclei (AGN) and Gamma Ray Bursts (GRBs) as potential sources, since these are 
the sources with the highest observed boost factors. They assume that both source 
types follow Star Formation Rate (SFR) with a red-shift behavior as suggested in 
Hasinger et al. (2005) For AGN, Γ = 10 is assumed. For GRBs, the Γ dependence is 
considered by taking into account a range of boost factors of 100 < Γ < 1000 with a 
maximum in the distribution at Γ = 300 (Guetta et al., 2004). As a simple model, it 
is assumed that 10% of all GRBs have Γ = 100, and further 10% are as powerful as 
Γ = 1000. For the remaining 80%, the average expected boost factor of Γ = 300 is 
assumed. The normalization of the expected signal is done using the most restrictive 
upper limit on the neutrino signal from extraterrestrial sources given by the 
AMANDA experiment (Münich and IceCube Collaboration, 2005):  
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With an 2−E  spectrum for both neutrinos and protons, the spectra are connected by 
assuming that the expected neutrino energy fluency is a fraction x of the proton 
spectrum,  
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With 401=x , since only 20% of the proton flux goes into pion production via the 
delta resonance, 21  of the remaining flux goes into the charged pion component of 
which 41  goes into neutrinos. The resulting spectrum is shown in Fig. 4.30.3. It 
can be seen from Fig. 4.30.3 that the only possible contribution to the CR spectrum 
from the super-luminal shock sources as predicted in the paper of Meli et al. (2005) 
is around the knee of the measured CR spectrum. It is expected however, that the 
effective flux is actually even lower, since the normalization is based upon the 
assumption that the contribution cannot be more than the current neutrino flux 
limits omit.  

 
 
Fig. 4.30.3. The maximum predicted diffuse flux from GRBs and AGN with super-luminal 
shock fronts (the curve). The normalization is based on current neutrino flux limits (Münich 
and IceCube Collaboration, 2005). The flux is compared to the measured CR spectrum 
(small squares). From Meli et al. (2005). 
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Meli et al. (2005) conclude that described simulations are relevant to models of 
highly relativistic particle shock acceleration in sources as AGN jets and GRBs, and 
that:  
(i) Large angle scattering is unrealistic -as expected- (our test spectra gave a steep 
sudden cutoff) in such high plasma velocities and the pitch angle diffusion scheme 
resembling the high turbulence upstream the shock was simulated, keeping the 
scattering cone angle within Γ1.0  at crossing the shock front (Protheroe et al., 
2002).  
(ii) There is no decrease observed in the acceleration rate, comparing to results of 
diffusive relativistic shock acceleration (e.g. Lieu et al., 1994; Meli and Quenby, 
2003a,b).  
(iii) In order to keep a power-law spectra the angular distribution at crossing the 
shock is highly anisotropic and 'beamed'.  
(iv) The energy gain of the CR in super-luminal shocks seems limited comparing to 
highly relativistic shocks.  
(v) The possible contribution to the CR spectrum from super-luminal shock sources 
is predicted around to the knee of the measured CR spectrum.  
 
4.31. On the fraction of the kinetic energy of moving space plasma 
goes into energetic particles as result of diffusive shock 
acceleration 
 
4.31.1. The problem of diffusive shock acceleration effectiveness 

To solve this problem Mewaldt et al. (2005a) compare measurements of the 
energy content of large SEP events from 1997 to 2004 to the kinetic energy of the 
associated CME to study the efficiency of the diffusive shock acceleration. 
Mewaldt et al. (2005a) note that it is almost 30 years since the process of diffusive 
shock acceleration was described, and in the intervening period this process has 
successfully accounted for observations of several energetic particle components 
observed in the Heliosphere, including particles accelerated by CME driven shocks, 
planetary bow shocks, traveling and co-rotating interplanetary shocks, the solar 
wind termination shock, and supernova shocks. It is therefore of interest to measure 
the efficiency of this ubiquitous process. At the ACE-RHESSI-Wind workshop in 
October 2003, one working group had the objective of detailing the energy budget 
for two large solar events on 21 April, 2002 and 23 July, 2002. The first of these 
was a major SEP event while the second did not lead to an identified SEP event at 1 
AU, possibly because it originated at solar longitude E72. One of the results of this 
exercise, as reported by Emslie et al. (2004), was that in the 21 April, 2002 event 
the SEP kinetic energy was a significant fraction (~15%) of the kinetic energy of 
the CME suggesting rather efficient acceleration. In a study of SEP events during 
the Halloween, 2003 period by Mewaldt et al. (2005b) five additional events were 
added to this comparison with SEP/CME energy ratios ranging from ~1% to ~15%. 
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In these six events protons accounted for 69% to 82% of the SEP energy, He 
particles accounted for 10% to 19%, Z ≥ 6 ions varied from 3% to 9%, and 
electrons accounted for ~1% to 18%. In paper of Mewaldt et al. (2005a) there are 
added preliminary results for 11 additional SEP events, test some of the 
assumptions of the simple model used to calculate SEP energies, and comment on 
how the precision of this comparison might be improved in the future.   
 
4.31.2. Estimation of SEP and CME kinetic energies   

According to Mewaldt et al. (2005a) several steps are involved in estimating 
the SEP kinetic energies (Emslie et al., 2004; Mewaldt et al., 2005b):  

(i) Fitting spectra. The energy spectra were obtained by combining data from 
the ULEIS, EPAM and SIS instruments on ACE, the PET  instrument on SAMPEX, 
and the GOES EPS sensor on GOES-8 and GOES-11. The spectra, extending from 
<0.1 to >100 MeV/nuc, were fit with one of two spectral forms: the double-power-
law form of Band et al. (1993) or the model of Ellison and Ramaty (1985). The 
spectral fits were integrated from 0.01 to 1000 MeV/nuc to obtain the integrated 
fluencies at 1 AU.  

(ii) Correcting for particles that cross 1 AU more than once. To obtain the 
energy/cm2 escaping from 1 AU necessary to correct for the number of times that 
the average particle crosses 1 AU due to scattering on interplanetary turbulence. It 
was used the simulation by Giacalone (2005) shown in Fig. 4.31.1, which gives a 
logarithmic dependence on energy. On average, this reduces the estimated energy 
content of accelerated particles by a factor of ~3 to 4.  

(iii) Correcting for longitude and latitude profiles. Studies of heavy ions >10 
MeV/nuc show that the largest SEP events originate near central meridian. This is 
also seen in the longitude distribution of large proton events observed by GOES 
(see Fig. 4.31.1). From these data sets it was derived longitudinal e-folding 
longitudes of 45° for western events and 25° for eastern events. The e-folding 
latitude was chosen to be the average of these (about 35°). Using these 
dependences, it is possible to integrate the total particle energy escaping through 1 
AU.  In order to test whether the longitudinal profiles assumed here are reasonable, 
Helios 1 and 2 and IMP-8 data (Reames et al., 1996) were used to compare the 
estimated event fluencies from three separate vantage points, as shown in Fig. 
4.31.2. The locations of the three spacecraft were spread over 158° in one event and 
66° in the second event. The radial differences in the spacecraft locations were also 
corrected for by assuming that SEP fluencies scale as 2−∝ r , where r is the distance 
from the Sun (Reames and Ng, 1998). The uncertainties on the fluency estimates 
were taken to be the square-root of the sum of the correction factors for longitude, 
latitude, and multiple crossings (Mewaldt et al., 2005b). The agreement of the three 
independent estimates suggests that there are not significantly underestimated the 
uncertainties in this model.  
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Fig. 4.31.1. The left panel shows the average number of times solar protons pass outward 
across 1 AU as a function of energy; based on a simulation by Giacalone (2005) assuming a 
mean free path of 0.2 AU. A logarithmic dependence was fit to these results and 
extrapolated to higher energy. The right panel shows the longitude distribution of large SEP 
events observed by the NOAA GOES satellites from 1976-2003. The e-folding longitudes 
used in this study are indicated. From Mewaldt et al. (2005a). 
 

 
 
Fig. 4.31.2. A comparison of the fluence of 3 to 6 MeV protons measured by Helios-1 and 
2, and IMP-8 for the September 23, 1978 and March 1, 1979 events (based on 
measurements by Reames et al., 1996). The locations of the three spacecraft relative to the 
flare site are indicated. Once corrected for latitude and radius, the three estimates are in 
reasonable agreement. From Mewaldt et al. (2005a). 
 

Up to this point it was only fit the proton spectra for the 11 new events added in 
paper Mewaldt et al. (2005a). Based on the results from the first six events, where 
protons accounted for 69% to 82% of the total SEP kinetic energy, it was assumed 
that the protons make up 75% of the total kinetic energy. The uncertainty in the 
correction for other species is certainly small compared to the other uncertainties in 
these estimates. 



COSMIC RAY ACCELERATION IN SPACE PLASMAS 745 

 

The CME mass can be estimated from the total excess brightness and the 
velocity can be found from a fit to the radial profile (Vourlidas et al., 2000). It was 
used the results of Emslie et al. (2004) for the 21 April, 2002 event and those of 
Gopalswamy et al. (2005) for the Halloween events. For the eleven new events it 
was used tabulated CME masses and velocities from Gopalswamy et al. (2004). The 
CME masses are measured over a sector outlined by the measured angular width of 
the CME, its front, and the LASCO C2 or C3 occulter. Mass and energy estimates 
are more  accurate for events on the limb than for halo CME events.  
 
4.31.3. Main results of comparison   

A comparison of CME and SEP kinetic energies for seventeen SEP events is 
shown in Fig. 4.31.3.  
 

 
 
Fig. 4.31.3. A comparison SEP and CME kinetic energies for 17 SEP events including the 
April 21, 2002 event (open square), the five events from October-November 2003 (circles) 
and 11 other events observed from 1998-2003. From Mewaldt et al. (2005a). 
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Mewaldt et al. (2005a) note that the CME kinetic energies range from ~ 31103×  
ergs to ~ 32106 ×  ergs, while the SEP kinetic energies range from ~ 29104 ×  ergs to 
~ 31107 ×  ergs. Thus the spread in the SEP kinetic energies is about a factor of 10 
greater. It is interesting that there is a group of eleven events where the SEP kinetic 
energy ranges from ~3% to ~20% of the CME kinetic energy. Thus, in spite of the 
sizable uncertainties, it appears that shock acceleration can often transform ~10% of 
the CME kinetic energy into energetic particles. There are also four events where 
the estimated efficiency is considerably lower (less than 1%). One of these events 
(February 20, 2002) is commonly regarded as an impulsive event (that also had a 
large CME) and a third  (May 6, 1998) could also be impulsive (Von Rosenvinge et 
al., 2000). Of course, there are also CMEs for which no SEPs are observed at 1 AU. 
The events presented here were originally selected because the SEP intensities were 
sufficient for spectra to be measured, so they do not come from a representative 
sample of CMEs. Several considerations suggest that it was underestimated the SEP 
kinetic energies. It was not yet taken into account adiabatic energy losses, which 
may be as large as ~50% for particles accelerated near the Sun.  In some events 
particle acceleration continues beyond 1 AU, and only particles that scatter back 
inside 1 AU are counted. In addition, CME kinetic energies derived from 
Gopalswamy et al., (2004) may be overestimated, since the tabulated maximum 
velocity was used. So, SEP/CME kinetic energy ratios may be even greater than 
indicated. According to Mewaldt et al. (2005a), it is interesting that galactic CR 
apparently extract a similar fraction of the kinetic energy from supernova shocks in 
order to sustain the energy density of CR in the Galaxy (~1 eV/cm3) over the 
average CR lifetime of ~15 million years (Yanasak et al., 2001).   
Mewaldt et al. (2005a) conclude that these preliminary comparisons indicate that 
particle acceleration at CME-driven shocks can be a surprisingly efficient process; 
particles frequently extract ~10% or more of the CME kinetic energy. It remains to 
be seen why some CME-driven shocks are more efficient accelerators than others. 
Further comparisons with Helios and Ulysses data can improve the corrections for 
longitude and latitude and they are also working to improve CME energy estimates. 
Finally, the combination of STEREO and 1-AU data will provide multipoint in-situ 
data and 3-point CME images that should greatly improve these comparisons and 
make it possible to correlate the acceleration efficiency with other SEP and CME 
characteristics.     
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Conclusion and Problems 
 
In this monograph the main properties of space plasmas and main properties of 

primary CR as well as their interactions, propagation, non-linear effects, and 
acceleration were described. We show that space plasmas with frozen in magnetic 
fields is usually excited magneto-turbulent plasma with many channels of energy 
transformation and CR generation. The generation of CR in different objects of the 
Universe is the universal property of space plasmas owing mainly to energy transfer 
from macroscopic phenomena (kinetic energy of moving great ensembles of 
particles and energy of magnetic fields) to microscopic charged particles: protons, 
electrons, nuclei. These macroscopic phenomena are characterized by very high 
‘effective temperature’, many orders higher than CR, so this process of energy 
transfer directly follows from the fundamental second law of thermodynamics.  

In this energy transfer from space plasmas to CR the key role play interactions 
of fast charged particles with matter, magnetic fields and photons in moved, excited 
plasmas. It is a cause why we have considered in detail in Chapter 1 (Sections 1.3 – 
1.15) different types of CR interactions in space plasmas, including nuclear and 
electromagnetic interactions of CR with nucleons and electrons of the space plasma 
matter (which determined the formation of elemental and isotopic composition of 
CR, and gamma ray generation as well as ionization energy losses), CR interactions 
with solid state matter (stars, planets, asteroids, meteorites, dust), interactions with 
electromagnetic radiation, with plasma waves and magnetic fields (moving and 
stationary), with magnetic traps. From other hand, all these types of CR interactions 
are in the basis of such fundamental CR phenomena as propagation, non-linear 
effects, and acceleration in space plasmas, considered in consequences Chapters.  

The key problem of CR propagation in space plasmas we have considered in 
detail in Chapter 2 (Sections 2.1–2.46). The main results are as follows: the kinetic 
and diffusion descriptions of CR propagation in space plasmas have been 
intensively developed over the last about 50 years with many applications to 
different astrophysical objects. We have considered in detail following problems 
also: the balance of CR energy in multiple scatterings in expanding magnetic  
fields; the second order pitch-angle approximation for the CR Fokker-Planck 
kinetic equation; the anomalous CR diffusion; bulk speeds of CR resonant  
with parallel plasma waves; non-resonant pitch-angle scattering; CR cross-field 
diffusion in the presence of highly perturbed magnetic fields; dispersion relations 
for CR particle diffusive propagation; the dynamics of dissipation range 
fluctuations with application to CR propagation theory; a path integral solution of 
the stochastic differential equation of the Markov process for CR transport;  
velocity correlation functions and CR transport (compound diffusion); the  
influence of magnetic clouds on the CR propagation; non-diffusive CR particle  
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pulse transport; pitch angle diffusion of energetic particles by large amplitude MHD 
waves; particle diffusion across the magnetic field and the anomalous transport of 
magnetic field lines; CR transport in the fractal-like medium; CR propagation in 
large-scale anisotropic random and regular magnetic fields; CR perpendicular 
diffusion calculations on the basis of MHD transport models; on the role of drifts 
and perpendicular diffusion in CR propagation; drifts, perpendicular diffusion, and 
rigidity dependence of near-Earth latitudinal proton density gradients; CR drifts in 
dependence of Heliospheric current sheet tilt angle; CR drifts in a fluctuating 
magnetic fields; increased perpendicular diffusion and tilt angle dependence of CR 
electron propagation and modulation in the Heliosphere; rigidity dependence of the 
perpendicular diffusion coefficient and the Heliospheric modulation of CR 
electrons; comparison of 2D and 3D drift models for galactic CR propagation and 
modulation in the Heliosphere.  

In Chapter 2 we consider also the first attempts to solve the inverse problems in 
CR propagation theory: inverse problems for solar CR propagation; the checking of 
solution for SEP inverse problem by comparison of predictions with observations; 
inverse problems for CR propagation in the Galaxy; inverse problem for high 
energy galactic CR propagation and modulation in the Heliosphere on the basis of 
NM data; inverse problem for small energy galactic CR propagation and 
modulation in the Heliosphere on the basis of satellite data. 

The key problem of CR nonlinear effects in space plasmas, which is 
important for both CR propagation and acceleration, was discussed in Chapter 3 
(Sections 3.1 - 3.16). We have considered in detail the effects of CR pressure and 
the effects of CR kinetic stream instability, the structure and evolution of CR-space 
plasma nonlinear systems and nonlinear Alfvén waves generated by CR streaming 
instability. As examples of applications we have considered: interplanetary CR 
modulation; the possible structure of the Heliosphere and expected CR nonlinear 
effects; radial CR pressure effects in the Heliosphere; the expected change of solar 
wind Mach number, accounting for the effects of radial CR pressure and re-
charging with neutral interstellar atoms; the type of transition layer from supersonic 
to subsonic fluid of solar wind; the non-linear influence of pick-up ions, anomalous 
and galactic CR on the Heliosphere’s termination shock structure; expected CR 
pressure effects in transverse directions in the Heliosphere; influence of CR kinetic 
stream instability effects in the Heliosphere on CR intensity and anisotropy 
distribution. We have also considered CR nonlinear effects in the dynamic Galaxy, 
the self-consistent problem for a dynamic halo in a rotating Galaxy, the transport of 
random magnetic fields by a galactic wind driven by CR, nonlinear Alfvén waves 
generated by CR streaming instability and their influence on CR propagation in the 
Galaxy. 

 
The key problem of CR acceleration in space plasmas (as an universal 

phenomenon in the Universe), has been considered in detail in Chapter 4 (Sections 
4.1 – 4.31). It was investigate in detail the Fermi mechanism of statistical 
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acceleration and its development with taking into account oblique collisions and 
variations of acceleration parameters (transport path and velocities of scatters) as 
particles gain energy. We also considered the formation of the particle energy 
spectrum during statistical acceleration and acceleration by scattering at small 
angles, the problem of injection energy and the portion of the accelerated particles 
in the statistical mechanism, statistical acceleration in the turbulent plasma confined 
within a constant magnetic field, and statistical acceleration of particles by 
electromagnetic radiation. We discussed in detail statistical acceleration of particles 
by the Alfvén mechanism of magnetic pumping, and estimated the accelerated 
particle flux from sources, and considered induction acceleration mechanisms and 
particle acceleration by a moving magnetic piston. Mechanisms have been 
considered in detail of particle acceleration by shock waves and other moving 
magneto-hydrodynamic discontinuities during single interaction, and acceleration 
of particles in the case of magnetic collapse and compression, the cumulative 
acceleration mechanism near the zero lines of a magnetic field, tearing instability in 
neutral sheet region, triggering mechanisms of solar flares, and particle acceleration 
in turbulent sheets accounting percolation processes. Particle acceleration in shear 
flows of space plasma and additional regular particle acceleration in space plasma 
with two types of scatters moving with different velocities have been also 
considered in detail.  

Especially attention we play when have considered very important mechanism 
of shock wave diffusion (regular) acceleration (Sections 4.21 – 4.31): elementary 
model of diffusive shock-wave acceleration, acceleration by the plane shock wave 
(diffusion approximation), particle injection into shock-wave acceleration, space 
distribution of accelerated particles, effects of finite width of shock wave front and 
finite dimension of shock wave, effect of energy losses during particle shock 
acceleration, the case of simultaneously regular and statistical acceleration, regular 
acceleration by spherical shock wave (standing wave in the solar or stellar wind, 
standing wave in the case of accretion, running shock wave), effects of finite-time 
shock acceleration, acceleration at quasi-parallel plane shocks (numerical 
simulations), accounting non-linear processes and bulk CR transport, acceleration 
by electrostatic and relativistic shock waves. 

I think that any thoughtful reader according to his own scientific interest will be 
capable to formulate some actual Problems for any Chapter and Sections of this 
book, which needs to be solve and actually can be solved in correspondence with 
the current level of Science. The clear formulation of actual Problems is important 
not only for education (some Problems can be considered as a subject for Diploma 
Work in College or in University or as a subject for a Ph.D. Thesis), but also for 
acceleration of the progress in CR research and in connected branches of Science 
and Technology.  

As example, let me formulate some problems, which are not so difficult and can 
be solved, from my opinion, in near future. 
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Problem 1. Let us assume that in the space plasma with frozen in homogeneous 
magnetic field H are propagate Alfvén wave, characterized with wave number k 
and velocity av . In this space move CR particle with mass am  and charge Ze and 
momentum p. Necessary to determine: the scattering angle and energy change of 
CR particle in dependence of H, k, av , am , Ze, and p. How depend the final 
results from the angle between H and k, between H and p, between p and k? What 
are dependences from other parameters of plasma and particle? 
 
Problem 2. The same as in Problem 1, but there are spectrum of wave numbers k. 
What will be in this case final result and average scattering angle in dependence of 
different parameters? 
 
Problem 3. In Section 2.42 we consider the inverse problem for solar CR 
propagation in the frame of the simplest model of propagation: isotropic diffusion. 
Practically this model is valid only after some interval of time after injection into 
solar wind (it need few scatterings of solar CR, i.e. about 15-20 minutes). To use 
data from the beginning of GLE necessary to solve inverse problem for more 
complicated mode of propagation: for example, in the frame of the model of 
anisotropic diffusion. I think that in this case for solving the inverse problem will be 
possible to use data from about 5-10 minutes after the starting of GLE. 
 
Problem 4. More complicated inverse problem for solar CR propagation is 
described by kinetic equation. In this case will be possible to use data directly from 
the starting of GLE. It is especially important for forecasting of radiation hazard 
with good accuracy basing on the several first minutes on-line one-minute data at 
the beginning of GLE observed on different ground based NM and satellites. 
 
Problem 5. To solve the inverse problem for the interplanetary shock wave 
propagated from great solar flare or from CME on the basis of observation of pre-
increase and pre-decrease effects in CR by neutron monitors and multidirectional 
muon telescopes. It is necessary to take into account that for galactic CR of energy 
from several GeV up to several tens GeV the interaction with shock wave is mostly 
single. The solving of this problem is important for exact forecasting for 10-20 
hours ahead by on-line CR observations of expected effects in the Earth's 
magnetosphere and ionosphere (great geomagnetic storms and perturbations in 
radio wave propagation). 
 
Problem 6. In Section 2.28 was considered the problem of the influence of 
magnetic clouds moving from the Sun on the CR propagation and modulation in the 
Heliosphere. This problem was considered as quasi-stationary. Necessary to make 
the second step and take into account: i) time-lag between magnetic clouds on 
different distances from the Sun and processes on the Sun caused these clouds; ii) 
time-evolution of magnetic clouds during their moving from the Sun; iii) for small 
energy galactic CR to take into account also diffusion and drifts time-lag of 
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energetic particles propagated from the boundary of Heliosphere (non-stationary 
problem). 
 
Problem 7. In Sections 2.35 – 2.41 we consider the problem on the role of drifts 
and enhanced perpendicular diffusion in CR propagation and modulation. Up to 
present time in all described papers was considered quasi-stationary case. As the 
next step necessary to take into account the time-lag of processes in the Heliosphere 
relative to corresponding causing processes on the Sun in dependence from the 
radial distance. The second what is also necessary to take into account is the time 
lag caused by galactic CR particles penetrating into the interplanetary space from 
the boundary of Heliosphere (this is especially important for small energy particles 
measured on satellites and space-probes). 
 
Problem 8. CR non-linear effects in the Heliosphere we considered in Sections  3.6 
- 3.12. To try developing this consideration by taking into account that the solar 
wind velocity increased about two times from equator to the pole. It will lead to 
non-symmetrical Heliosphere. What will be CR modulation in dependence of 
particles direction arriving in this case?  
 
Problem 9. Let us extend Problem 8 and take into account also the influence of the 
galactic magnetic field. What will be the form of Heliosphere? How it will be 
change during solar activity cycle and in periods of reversal of the Sun’s general 
magnetic field? Will be any difference between odd and even cycles? What will be 
CR modulation? 
 
Problem 10. What is the role in galactic CR modulation of the region with subsonic 
solar wind out of Heliospheric terminal shock up to bow shock and boundary with 
interstellar medium and interstellar magnetic field in dependence of particles 
energy? How it will be change during solar activity cycle? What will be change 
with distance and helio-latitude plasma velocity, magnetic fields, and level of 
turbulence out of Heliospheric terminal shock? 
 
Problem 11. To extend Problem 10 and determine the expected CR intensity 
variation out of Heliospheric terminal shock with solar cycle, with distance from the 
terminal shock, and helio-latitude. How these results depend from CR particle 
rigidity 
 
Problem 12. What is the role of CR nonlinear effects in solar wind plasma in 
formatting of CR anisotropy in dependence of particle rigidity, distance from the 
Sun, and helio-latitude; try to formulate system of equations for self-consistent 
problem taking into account galactic and anomaly CR pressure, kinetic stream 
instabilities, exchange of solar wind ions with neutral atoms from interstellar 
medium. What is expected dependence of CR anisotropy from the distance to the 
Sun, from helio-latitude, and particle rigidity? What is expected change of these 
results from the level of solar activity, for even and odd solar cycles? 
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Problem 13. On the basis of present day knowledge to develop mechanism of 
particle acceleration in variable magnetic fields of particles from background 
plasma (Alfvén mechanism of magnetic pumping, see Section 4.11). What is 
expected energy spectra, maximal energy, chemical composition of accelerated 
particles? What is the effectiveness of this acceleration mechanism? 
 
Problem 14. The same as in Problem 13, but for mechanism of particle acceleration 
in the magnetosphere of fast rotated star (see Section 4.13). 
 
Problem 15. The same as in Problem 13, but for particles acceleration by shock 
waves and other moving magneto-hydrodynamic discontinuities during single 
interaction (see Section 4.15).  
 
Problem 16. The same as in Problem 13, but for particles acceleration in case of 
magnetic collapse and compression (see Section 4.16). 
 
Problem 17. To develop the mechanism of acceleration particles from background 
plasma in the neutral sheet with account tearing instability, possible triggering 
mechanisms and percolation (see Sections 4.17 and 4.18). To determine expected 
energy spectrum, maximal energy, and chemical composition of accelerated 
particles. What part of energy of magnetic field dissipation will go to the 
accelerated particles (what is the expected effectiveness of the acceleration 
mechanism)? 
 
Problem 18. The same as in Problem 13, but for particle acceleration in shear flows 
of space plasma (see Section 4.19). 
 
Problem 19. The same as in Problem 13, but for particle acceleration in space 
plasma with two or more types of scatters moving with different velocities (see 
Section 4.20). 
 
Problem 20. The same as in Problem 13, but for shock wave diffusion (regular) 
acceleration of charged particles in different cases (see Sections 4.21 – 4.30). 
 
Problem 21. In Section 4.31 were considered results on experimental determination 
of the particle acceleration effectiveness; it was found that the effectiveness varies 
from case to case in broad interval from 0.1% to several tens percents. What is the 
cause of this big variation? What main parameters determined the particle 
acceleration effectiveness? 
 
Problem 22. Try to consider the problems of particle acceleration as self-consistent 
problems (with taking into account nonlinear effects of back influence of 
accelerated particles on the background space plasma; see Chapter 3). 
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