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The Geometry of Physics

This book is intended to provide a working knowledge of those parts of exterior differ-
ential forms, differential geometry, algebraic and differential topology, Lie groups, vector
bundles, and Chem forms that are essential for a deeper understanding of both classical
and modern physics and engineering. Included are discussions of analytical and fluid dy-
namics, electromagnetism (in flat and curved space), thermodynamics, elasticity theory, the
geometry and topology of Kirchhoff’s electric circuit laws, soap films, special and gen-
eral relativity, the Dirac operator and spinors, and gauge fields, including Yang-Mills, the
Aharonov-Bohm effect, Berry phase, and instanton winding numbers, quarks, and the quark
model for mesons. Before a discussion of abstract notions of differential geometry, geomet-
ric intuition is developed through a rather extensive introduction to the study of surfaces
in ordinary space; consequently, the book should be of interest also to mathematics students.

This book will be useful to graduate and advanced undergraduate students of physics,
engineering, and mathematics. It can be used as a course text or for self-study.

This second edition includes three new appendices, Appendix C, Symmetries, Quarks,
and Meson Masses (which concludes with the famous Gell-Mann/Okubo mass formula);
Appendix D, Representations and Hyperelastic Bodies; and Appendix E, Orbits and Morse—
Bott Theory in Compact Lie Groups. Both Appendices C and D involve results from the
theory of representations of compact Lie groups, which are developed here. Appendix E
delves deeper into the geometry and topology of compact Lie groups.

Theodore Frankel received his Ph.D. from the University of California, Berkeley. He is
currently emeritus professor of mathematics at the University of California, San Diego.
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Preface to the Second Edition

This second edition differs mainly in the addition of three new appendices: C, D, and
E. Appendices C and D are applications of the elements of representation theory of
compact Lie groups.

Appendix C deals with applications to the flavored quark model that revolutionized
particle physics. We illustrate how certain observed mesons (pions, kaons, and etas)
are described in terms of quarks and how one can “derive” the mass formula of Gell-
Mann/Okubo of 1962. This can be read after Section 20.3b.

Appendix D is concerned with isotropic hyperelastic bodies. Here the main result
has been used by engineers since the 1850s. My purpose for presenting proofs is that
the hypotheses of the Frobenius—Schur theorems of group representations are exactly
met here, and so this affords a compelling excuse for developing representation theory,
which had not been addressed in the earlier edition. An added bonus is that the group
theoretical material is applied to the three-dimensional rotation group SO (3), where
these generalities can be pictured explicitly. This material can essentially be read after
Appendix A, but some brief excursion into Appendix C might be helpful.

Appendix E delves deeper into the geometry and topology of compact Lie groups.
Bott’s extension of the presentation of Morse theory that was given in Section 14.3c is
sketched and the example of the topology of the Lie group U (3) is worked out in some
detail.
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Preface to the Revised Printing

In this reprinting I have introduced a new appendix, Appendix B, Harmonic Chains
and Kirchhoff’s Circuit Laws. This appendix deals with a finite-dimensional version
of Hodge’s theory, the subject of Chapter 14, and can be read at any time after Chapter
13. It includes a more geometrical view of cohomology, dealt with entirely by matrices
and elementary linear algebra. A bonus of this viewpoint is a systematic “geometrical”
description of the Kirchhoff laws and their applications to direct current circuits, first
considered from roughly this viewpoint by Hermann Weyl in 1923.

I have corrected a number of errors and misprints, many of which were kindly
brought to my attention by Professor Friedrich Heyl.

Finally, I would like to take this opportunity to express my great appreciation to my
editor, Dr. Alan Harvey of Cambridge University Press.






Preface to the First Edition

The basic ideas at the foundations of point and continuum mechanics, electromag-
netism, thermodynamics, special and general relativity, and gauge theories are geomet-
rical, and, I believe, should be approached, by both mathematics and physics students,
from this point of view.

This is a textbook that develops some of the geometrical concepts and tools that
are helpful in understanding classical and modern physics and engineering. The math-
ematical subject material is essentially that found in a first-year graduate course in
differential geometry. This is not coincidental, for the founders of this part of geome-
try, among them Euler, Gauss, Jacobi, Riemann, and Poincaré, were also profoundly
interested in “natural philosophy.”

Electromagnetism and fluid flow involve line, surface, and volume integrals. An-
alytical dynamics brings in multidimensional versions of these objects. In this book
these topics are discussed in terms of exterior differential forms. One also needs
to differentiate such integrals with respect to time, especially when the domains of
integration are changing (circulation, vorticity, helicity, Faraday’s law, etc.), and this
is accomplished most naturally with aid of the Lie derivative. Analytical dynamics,
thermodynamics, and robotics in engineering deal with constraints, including the puz-
zling nonholonomic ones, and these are dealt with here via the so-called Frobenius
theorem on differential forms. All these matters, and more, are considered in Part One
of this book.

Einstein created the astonishing principle field strength = curvature to explain
the gravitational field, but if one is not familiar with the classical meaning of surface
curvature in ordinary 3-space this is merely a tautology. Consequently I introduce
differential geometry before discussing general relativity. Cartan’s version, in terms
of exterior differential forms, plays a central role. Differential geometry has applications
tomore down-to-earth subjects, such as soap bubbles and periodic motions of dynamical
systems. Differential geometry occupies the bulk of Part Two.

Einstein’s principle has been extended by physicists, and now all the field strengths
occurring in elementary particle physics (which are required in order to construct a La-
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XXiv PREFACE TO THE FIRST EDITION

grangian) are discussed in terms of curvature and connections, but it is the curvature
of a vector bundle, that is, the field space, that arises, not the curvature of space—time.
The symmetries of the quantum field play an essential role in these gauge theories,
as was first emphasized by Hermann Weyl, and these are understood today in terms of
Lie groups, which are an essential ingredient of the vector bundle. Since many quan-
tum situations (charged particles in an electromagnetic field, Aharonov—Bohm effect,
Dirac monopoles, Berry phase, Yang—Mills fields, instantons, etc.) have analogues in
elementary differential geometry, we can use the geometric methods and pictures of
Part Two as a guide; a picture is worth a thousand words! These topics are discussed
in Part Three.

Topology is playing an increasing role in physics. A physical problem is “well
posed” if there exists a solution and it is unique, and the topology of the configuration
(spherical, toroidal, etc.), in particular the singular homology groups, has an essential
influence. The Brouwer degree, the Hurewicz homotopy groups, and Morse theory
play roles not only in modern gauge theories but also, for example, in the theory of
“defects” in materials.

Topological methods are playing an important role in field theory; versions of the
Atiyah-Singer index theorem are frequently invoked. Although I do not develop this
theorem in general, I do discuss at length the most famous and elementary exam-
ple, the Gauss—Bonnet—Poincaré theorem, in two dimensions and also the meaning
of the Chern characteristic classes. These matters are discussed in Parts Two and
Three.

The Appendix to this book presents a nontraditional treatment of the stress ten-
sors appearing in continuum mechanics, utilizing exterior forms. In this endeavor I
am greatly indebted to my engineering colleague Hidenori Murakami. In particular
Murakami has supplied, in Section g of the Appendix, some typical computations in-
volving stresses and strains, but carried out with the machinery developed in this book.
We believe that these computations indicate the efficiency of the use of forms and Lie
derivatives in elasticity. The material of this Appendix could be read, except for some
minor points, after Section 9.5.

Mathematical applications to physics occur in at least two aspects. Mathematics is
of course the principal tool for solving technical analytical problems, but increasingly
it is also a principal guide in our understanding of the basic structure and concepts
involved. Analytical computations with elliptic functions are important for certain
technical problems in rigid body dynamics, but one could not have begun to understand
the dynamics before Euler’s introducing the moment of inertia tensor. I am very much
concerned with the basic concepts in physics. A glance at the Contents will show
in detail what mathematical and physical tools are being developed, but frequently
physical applications appear also in Exercises. My main philosophy has been to attack
physical topics as soon as possible, but only after effective mathematical tools have
been introduced. By analogy, one can deal with problems of velocity and acceleration
after having learned the definition of the derivative as the limit of a quotient (or even
before, as in the case of Newton), but we all know how important the machinery of
calculus (e.g., the power, product, quotient, and chain rules) is for handling specific
problems. In the same way, it is a mistake to talk seriously about thermodynamics
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before understanding that a total differential equation in more than two dimensions
need not possess an integrating factor.

In a sense this book is a “final” revision of sets of notes for a year course that I
have given in La Jolla over many years. My goal has been to give the reader a working
knowledge of the tools that are of great value in geometry and physics and (increasingly)
engineering. For this it is absolutely essential that the reader work (or at least attempt)
the Exercises. Most of the problems are simple and require simple calculations. If you
find calculations becoming unmanageable, then in all probability you are not taking
advantage of the machinery developed in this book.

This book is intended primarily for two audiences, first, the physics or engineering
student, and second, the mathematics student. My classes in the past have been pop-
ulated mostly by first-, second-, and third-year graduate students in physics, but there
have also been mathematics students and undergraduates. The only real mathemati-
cal prerequisites are basic linear algebra and some familiarity with calculus of several
variables. Most students (in the United States) have these by the beginning of the third
undergraduate year.

All of the physical subjects, with two exceptions to be noted, are preceded by a brief
introduction. The two exceptions are analytical dynamics and the quantum aspects of
gauge theories.

Analytical (Hamiltonian) dynamics appears as a problem set in Part One, with very
little motivation, for the following reason: the problems form an ideal application of
exterior forms and Lie derivatives and involve no knowledge of physics. Only in Part
Two, after geodesics have been discussed, do we return for a discussion of analytical
dynamics from first principles. (Of course most physics and engineering students will
already have seen some introduction to analytical mechanics in their course work any-
way.) The significance of the Lagrangian (based on special relativity) is discussed in
Section 16.4 of Part Three when changes in dynamics are required for discussing the
effects of electromagnetism.

Anintroduction to quantum mechanics would have taken ustoofarafield. Fortunately
(for me) only the simplest quantum ideas are needed for most of our discussions. I
would refer the reader to Rabin’s article [R] and Sudbery’s book [Su] for excellent
introductions to the quantum aspects involved.

Physics and engineering readers would profit greatly if they would form the habit
of translating the vectorial and tensorial statements found in their customary reading
of physics articles and books into the language developed in this book, and using the
newer methods developed here in their own thinking. (By “newer” I mean methods
developed over the last one hundred years!)

As for the mathematics student, I feel that this book gives an overview of a large
portion of differential geometry and topology that should be helpful to the mathematics
graduate student in this age of very specialized texts and absolute rigor. The student
preparing to specialize, say, in differential geometry will need to augment this reading
with a more rigorous treatment of some of the subjects than that given here (e.g., in
Warner’s book [Wa] or the five-volume series by Spivak [Sp]). The mathematics student
should also have exercises devoted to showing what can go wrong if hypotheses are
weakened. I make no pretense of worrying, for example, about the differentiability
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classes of mappings needed in proofs. (Such matters are studied more carefully in
the book [A, M, R] and in the encyclopedia article [T, T]. This latter article (and the
accompanying one by Eriksen) are also excellent for questions of historical priorities.)
I hope that mathematics students will enjoy the discussions of the physical subjects
even if they know very little physics; after all, physics is the source of interesting
vector fields. Many of the “physical” applications are useful even if they are thought
of as simply giving explicit examples of rather abstract concepts. For example, Dirac’s
equation in curved space can be considered as a nontrivial application of the method
of connections in associated bundles!

This is an introduction and there is much important mathematics that is not developed
here. Analytical questions involving existence theorems in partial differential equations,
Sobolev spaces, and so on, are missing. Although complex manifolds are defined, there
is no discussion of Kaehler manifolds nor the algebraic—geometric notions used in
string theory. Infinite dimensional manifolds are not considered. On the physical side,
topics are introduced usually only if I felt that geometrical ideas would be a great help
in their understanding or in computations.

I have included a small list of references. Most of the articles and books listed have
been referred to in this book for specific details. The reader will find that there are
many good books on the subject of “geometrical physics” that are not referred to here,
primarily because I felt that the development, or sophistication, or notation used was
sufficiently different to lead to, perhaps, more confusion than help in the first stages of
their struggle. A book that I feel is in very much the same spirit as my own is that by
Nash and Sen [N, S]. The standardreference for differential geometry is the two-volume
work [K, N] of Kobayashi and Nomizu.

Almost every section of this book begins with a question or a quotation which may
concern anything from the main thrust of the section to some small remark that should
not be overlooked.

A term being defined will usually appear in bold type.

I wish to express my gratitude to Harley Flanders, who introduced me long ago to
exterior forms and De Rham’s theorem, whose superb book [F1] was perhaps the first to
awaken scientists to the use of exterior forms in their work. I am indebted to my chemical
colleague John Wheeler for conversations on thermodynamics and to Donald Fredkin
for helpful criticisms of earlier versions of my lecture notes. I have already expressed
my deep gratitude to Hidenori Murakami. Joel Broida made many comments on earlier
versions, and also prevented my Macintosh from taking me over. I’ve had many helpful
conversations with Bruce Driver, Jay Fillmore, and Michael Freedman. Poul Hjorth
made many helpful comments on various drafts and also served as “beater,” herding
physics students into my course. Above all, my colleague Jeff Rabin used my notes
as the text in a one-year graduate course and made many suggestions and corrections.
I have also included corrections to the 1997 printing, following helpful remarks from
Professor Meinhard Mayer.

Finally I am grateful to the many students in my classes on geometrical physics for
their encouragement and enthusiasm in my endeavor. Of course none of the above is
responsible for whatever inaccuracies undoubtedly remain.
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CHAPTER 1

Manifolds and Vector Fields

Better is the end of a thing than the beginning thereof.
Ecclesiastes 7:8

AS students we learn differential and integral calculus in the context of euclidean space
R", but it is necessary to apply calculus to problems invol ving “curved” spaces. Geodesy
and cartography, for example, are devoted to the study of the most familiar curved
surface of all, the surface of planet Earth. In discussing maps of the Earth, latitude and
longitude serve as “coordinates,” allowing us to use calculus by considering functions
on the Earth’s surface (temperature, height above sea level, etc.) as being functions of
latitude and longitude. The familiar Mercator’s projection, with its stretching of the
polar regions, vividly informs us that these coordinates are badly behaved at the poles:
that is, that they are not defined everywhere; they are not “global.” (We shall refer to
such coordinates as being “local,” even though they might cover a huge portion of the
surface. Precise definitions will be given in Section 1.2.) Of course we may use two
sets of “polar” projections to study the Arctic and Antarctic regions. With these three
maps we can study the entire surface, provided we know how to relate the Mercator to
the polar maps.

We shallsoon define a “manifold” to be a space that, like the surface of the Earth, can
be covered by a family of local coordinate systems. A manifold will turn out to be the
most general space in which one can use differential and integral calculus with roughly
the same facility as in euclidean space. It should be recalled, though, that calculus in
R* demands special care when curvilinear coordinates are required.

The most familiar manifold is N-dimensional euclidean space R", that is, the space
of ordered N tuples (x',...,x") of real numbers. Before discussing manifolds in
general we shall talk about the more familiar (and less abstract) concept of a submanifold
of RV, generalizing the notions of curve and surface in R*.

1.1. Submanifolds of Euclidean Space

What is the configuration space of a rigid body fixed at one point of R"?
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1.1a. Submanifolds of RV

Euclidean space, R", is endowed with a global coordinate system (x', ..., x") and is
the most important example of a manifold.

In our familiar R?, with coordinates (x, y,2),alocus z = F(x, y) describes a (2-
dimensional) surface, whereas a locus of the form y = G(x), z = H (x), describes a
(1-dimensional) curve. We shall need to consider higher-dimensional versions of these
important notions.

A subset M = M" C R™ is said to be an n-dimensional submanifold of R"*",
if locally M can be described by giving r of the coordinates differentiably in terms of
the n remaining ones. This means that given p € M, a neighborhood of p on M can
be described in some coordinate system (x, y) = (x',...,x", y', ..., y") of R™ by
r differentiable functions

yazfa(xlv'~'1xn)’ 01=1,...r

We abbreviate this by y = f(x), or even y = y(x). We say that x!, ..., x" are local
(curvilinear) coordinates for M near p.

Examples:

() y'= f(x',...,x") describes an n-dimensional submanifold of R"*!.

xn

X5 ...

Figure 1.1

In Figure 1.1 we have drawn a portion of the submanifold M. This M is the graph
of a function f : R" — R, thatis, M = {(x, y) € R""! | y = f(x)}. Whenn =1,
M is a curve; while if n = 2, itis a surface.

(ii) The unit sphere x* + y? + z* = 1 in R?. Points in the northern hemisphere can be
described by z = F(x,y) = (1 — x?> — y2)"/? and this function is differentiable
everywhere except at the equator x? + y? = 1. Thus x and y are local coordinates for
the northern hemisphere except at the equator. For points on the equator one can solve
forx or y in terms of the others. If we have solved for x then y and z are the two local
coordinates. For points in the southern hemisphere one can use the negative square
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root for z. The unit sphere in R? is a 2-dimensional submanifold of R*. We note that we
have not been able to describe the entire sphere by expressing one of the coordinates,
say z,in terms of the two remaining ones, z = F(x, y). We settle for local coordinates.

More generally, given r functions F*(xy, ..., xn, y1, ..., yr) of n + r variables,
we may consider the locus M" C R"*" defined by the equations

F%(x,y) =", (c!, ..., c") constants

If the Jacobian determinant

[8(F‘,...,F’)]( )
| X0, Yo
oy, ....y")
at (xo, yo) € M of the locus is not 0, the implicit function theorem assures us that
locally, near (xg, yo), we may solve F*(x,y) =c¢*, a =1, ..., r, for the y’s in terms
of the x’s

y= fext X

We may say that “a portion of M" near (xg, yo) is a submanifold of R"*"* If the
Jacobian # 0 at all points of the locus, then the entire M" is a submanifold.

Recall that the Jacobian condition arises as follows. If F*(x,y) = ¢* can be
solved for the y’s differentiably in terms of the x’s, yﬂ = yﬂ(x), then if, for fixed i,
we differentiate the identity F*(x, y(x)) = ¢® with respect to xi we get

dF aF*] ayf
. —| = =0
dxi +Zﬂ: [ByﬂJ ax’

ay# oF1™"\’ raFe
w2 (&) 57
provided the subdeterminant 3(F',..., Fr)/a(y',...,y") is not zero. (Here
([dF/3y]~")#, is the Ba entry of the inverse to the matrix 3 F/dy; we shall use
the convention that for matrix indices, the index to the left always is the row index,
whether it is up or down.) This suggests that if the indicated Jacobian is nonzero then
we might indeed be able to solve for the y’s in terms of the x’s, and the implicit func-
tion theorem confirms this. The (nontrivial) proof of the implicit function theorem
can be found in most books on real analysis.
Still more generally, suppose that we have r functions of n+r variables, F%(x', ...,
x"*7). Consider the locus F*(x) = c®. Suppose that at each point xq of the locus the

Jacobian matrix

oF” .

X a=1,...,r i=1,....,n+r
X

and

has rank r. Then the equations F* = c® define an n-dimensional submanifold of R"*",
since we may locally solve for r of the coordinates in terms of the remaining n.
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‘} grad G

grad F

G(x, y,2)=0

Figure 1.2

In Figure 1.2, two surfaces F = 0 and G = 0 in R? intersect to yield a curve M.

The simplest case is one function F of N variables (x', ..., xV).If at each point
of the locus F = c there is always at least one partial derivative that does not
vanish, then the Jacobian (row) matrix [0 F/dx', dF/3x?,...,3F/3x™] has rank 1
and we may conclude that this locus is indeed an (N — 1)-dimensional submani-
fold of RV This criterion is easily verified, for example, in the case of the 2-sphere
F(x,y,2) = x2+ y2 +2z22—1of Example (ii). The column version of this row
matrix is called in calculus the gradient vector of F. In R? this vector

is orthogonal to the locus F = 0, and we may conclude, for example, that if this
gradient vector has a nontrivial component in the z direction at a point of ' = 0,
then locally we can solve for z = z(x, y).

A submanifold of dimension (N — 1) in RY, thatis, of “codimension” 1, is called
a hypersurface.
The x axis of the x y plane R? can be described (perversely) as the locus of the quadratic
F(x,y):= y2 = 0. Both partial derivatives vanish on the locus, the x axis, and our
criteria would not allow us to say that the x axis is a 1-dimensional submanifold of
R2. Of course the x axis is a submanifold; we should have used the usual description
G(x,y) := y = 0. OurJacobian criteria are sufficient conditions, not necessary ones.
The locus F(x, y) := xy = 0 in R?, consisting of the union of the x and y axes,
is not a 1-dimensional submanifold of R?. It seems “clear” (and can be proved) that
in a neighborhood of the intersection of the two lines we are not going to be able to
describe the locus in the form of y = f(x) or x = g(y), where f, g, are differen-
tiable functions. The best we can say is that this locus with the origin removed is a
1-dimensional submanifold.
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1.1b. The Geometry of Jacobian Matrices: The ‘Differential”

The tangent space to R" at the point x, written here as R”, is by definition the vector
space of all vectors in R” based at x (i.e., it is a copy of R” with origin shifted to x).

Let x',...,x" and y',..., y" be coordinates for R” and R” respectively. Let F :
R” — R" be a smooth map. (“Smooth” ordinarily means infinitely differentiable. For
our purposes, however, it will mean differentiable at least as many times as is necessary
in the present context. For example, if F is once continuously differentiable, we may
use the chain rule in the argument to follow.) In coordinates, F is described by giving
r functions of n variables

y* = F*(x) a=1...,r

or simply y = F(x). We will frequently use the more dangerous notation y = y(x).
Let yo = F(xo); the Jacobian matrix (3y*/dx")(xo) has the following significance.

y"
v = %(0) w=Y0)=F,v
Xll
]Rﬂ
H=F(x(t
*0 F Yay=Fxle image of R"under F
—
x=x(1)

Xl, . yr—l
yL...
Figure 1.3

Let v be atangent vector to R” at xo. Take any smooth curve x(¢) such that x (0) = xo
and x(0) := (dx/dt)(0) = v, for example, the straight line x(¢) = xo + ¢v. The image
of this curve

y(t) = F(x(1))

has a tangent vector w at yp given by the chain rule

n a o ) n 9y )
w® =3%(0) =) (%)(xow )=y (ai ,. )(xo)v'

i=1 i=1

The assignment v — w is, from this expression, independent of the curve x(¢) chosen,
and defines a linear transformation, the differential of F at x,

Fo: R — R_’m Fv)=w (1.1)
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whose matrix is simply the Jacobian matrix (3y*/dx")(xo). This interpretation of the
Jacobian matrix, as a linear transformation sending tangents to curves into tangents
to the image curves under F, can sometimes be used to replace the direct computation
of matrices. This philosophy will be illustrated in Section 1.1d.

1.1c. The Main Theorem on Submanifolds of RY

The main theorem is a geometric interpretation of what we have discussed. Note that
the statement “F has rank r at xo,” that is, [dy®/9x'](xo) has rank r, is geometrically
the statement that the differential

Fo: R} — R}

yo=F(xo)

is onto or “surjective”; that is, given any vector w at y, there is at least one vector v at
xo such that F,(v) = w. We then have

Theorem (1.2): Let F : R™*" — R’ and suppose that the locus
F™'(yo) == {x e R"™ | F(x) = yo}
is not empty. Suppose further that for all xo € F~'(yo)
F.:R7 - R,

is onto. Then F~'(yy) is an n-dimensional submanifold of R"*"

F

X0

]R3

ecewtocnmnvesnnnnprannltrnrsnnqucsacmeravannann
P
[}

/

=
~
&

Figure 1.4
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The best example to keep in mind is the linear “projection” F : R* — R2
F(x', x%, x%) = (x!',x?), that is, y' = x' and y?> = x2. In this case, x* serves as

global coordinate for the submanifold x' = y}, x> = yZ, that is, the vertical line.

1.1d. A Nontrivial Example: The Configuration Space
of a Rigid Body

Assume a rigid body has one point, the origin of R*, fixed. By comparing a cartesian
right-handed system fixed in the body with that of R* we see that the configuration of
the body at any time is described by the rotation matrix taking us from the basis of R*
to the basis fixed in the body. The configuration space of the body is then the rotation
group SO(3), that is, the 3 x 3 real matrices x = (x;;) such that

xI = x_l and detx >0

where T denotes transpose. (If we omit the determinant condition, the group is the
full orthogonal group, O(3).) By assigning (in some fixed order) the nine coordinates
X11, X125 - - - » X33 tO any matrix x, we see that the space of all 3 x 3 real matrices,
M (3 x 3), is the euclidean space R®. The group O(3) is thenthelocus in this R? defined
by the equations x” x = I, that is, by the system of nine quadratic equations (i, k)

3
@i, k) Zx,ixjk =ik
j=1

We then have the following situation. The configuration of the body at time ¢ can be
represented by a point x () in R?, but in fact the point x(¢) lies on the locus O(3) in
R®. We shall see shortly that this locus is in fact a 3-dimensional submanifold of R®.
As time ¢ evolves, the point x(#) traces out a curve on this 3-dimensional locus. Since
O(3) is a submanifold, we shall see, in Section 10.2c from the principle of least action,
that this path is a very special one, a “geodesic” on the submanifold O(3), and this in
turn will yield important information on the existence of periodic motions of the body
even when the body is subject to an unusual potential field. All this depends on the fact
that O(3) is a submanifold, and we turn now to the proof of this crucial result.
Notefirstthatsince x7 x is a symmetric matrix, equation (i, k) is the same as equation
(k, i); there are, then, only 6 independent equations. This suggests the following. Let

Sym® := {x e M3 x 3) | xT =x}

be the space of all symmetric 3 x 3 matrices. Since this is defined by the three linear
equations x;;, — x; = 0,1 # k, we see that Sym6 is a 6-dimensional linear subspace of
R?; that is, it can be considered as a copy of R®. To exhibit O(3) as a locus in R?, we
consider the map

F:R® - R®=Sym® definedby F(x) =xTx —1

O(Q3) is then the locus F~'(0). Let xo, € F~'(0) = O(3). We shall show that F, :
Rzu — Sym® is onto.
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~~

Pl

Sym, a copy of RS

F7Y0)=0(3)

Figure 1.5

Let w be tangent to Sym® at the zero matrix. As usual, we identify a vector at the
origin of R" with its endpoint. Then w is itself a symmetric matrix. We must find v, a
tangent vector to R? at x, such that F,v = w. Consider a general curve x = x(t) of
matrices such that x(0) = x; its tangent vector at x, is x(0). The image curve

F(x(®)=x0)Tx@) =1

has tangent at ¢ = 0 given by

%[F(x(z))1,=o = £(0) xo + X[ %(0)

We wish this quantity to be w. You should verify that it is sufficient to satisfy the matrix
equation xOT x(0) = w/2. Since xo € O(3), xOT =X ! and we have as solution the matrix
product v =x = xow/2. Thus F, is onto at xy and by our main theorem O(3)= F~'(0)
is a (9 — 6) = 3-dimensional submanifold of R’.

What about the subset SO(3) of O(3)? Recall that each orthogonal matrix has de-
terminant 1, whereas SO(3) consists of those orthogonal matrices with determinant
+1. The mapping

det:R° > R

that sends each matrix x into its determinant is continuous (it is a cubic polynomial
function of the coordinates x;;) and consequently the two subsets of O(3) where det
is +1 and where det is —1 must be separated. This means that SO(3) itself must have
the property that it is locally described by giving 6 of the coordinates in terms of the
remaining 3, that is, SO(3) is a 3-dimensional submanifold of R’

Thus the configuration space of a rigid body with one point fixed is the group SO(3).
This is a 3-dimensional submanifold of R®. Each point of this configuration space lies
in some local curvilinear coordinate system.
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In physics books the coordinates in an n-dimensional configuration space are usu-
ally labeled q',...,q". For SO(3) physicists usually use the three “Euler angles” as
coordinates. These coordinates do not cover all of SO(3) in the sense that they become
singular at certain points, just as polar coordinates in the plane are singular at the origin.

Problems

1.1(1) Investigate the locus x2 + y2 — 22 = cinR3, forc > 0, c = 0, and ¢ < 0. Are
they submanifolds? What if the origin is omitted? Draw all three loci, for ¢ = 1,
0, —1, in one picture.

1.1(2) SO(n) is defined to be the set of all orthogonal n x n matrices x with det x = 1.
The preceding discussion of SO(3) extends immediately to SO(n). What is the
dimension of SO(n) and in what euclidean space is it a submanifold?

1.1(3) Is the special linear group
Sl (n) := {n x nreal matrices x | detx = 1)

a submanifold of some R" ? Hint: You will need to know something about 8/0xij
(det x); expand the determinant by the j™ column.This is an example where it
might be easier to deal directly with the Jacobian matrix rather than the differ-
ential.

1.1(4) Show, inR3, that if the cross product of the gradients of F and G has a nontrivial
component in the x direction at a point of the intersection of F =0 and G = 0,
then x can be used as local coordinate for this curve.

1.2. Manifolds

In learning the sciences examples are of more use than precepts.
Newton, Arithmetica Universalis (1707)

The notion of a “topology” will allow us to talk about “continuous” functions and points
“neighboring” a given point, in spaces where the notion of distance and metric might
be lacking.

The cultivation of an intuitive “feeling” for manifolds is of more importance, at this
stage, than concern for topological details, but some basic notions from point set topol-
ogy are helpful. The reader for whom these notions are new should approach them as
one approaches a new language, with some measure of fluency, it is hoped, coming later.

In Section 1.2¢ we shall give a technical (i.e., complete) definition of a manifold.

1.2a. Some Notions from Point Set Topology
The open ball in R", of radius €, centered ata € R" is

Bae) ={xeR" || x—a]<e)
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The closed ball is defined by
Ba(e) = (xeR"| [ x—a| <€)

that is, the closed ball is the open ball with its edge or boundary included.

A set U inR" is declared open if given any a € U there is an open ball of some radius
r > 0, centered at a, that lies entirely in U. Clearly each By(€) is open if € > O (take
r=(e— | b—all)/2), whereas By(€) is not open because of its boundary points. R"
itself is trivially open. The empty set is technically open since there are no points a in it.

A set F in R" is declared closed if its complement R" — F is open. It is easy to
check that each Ea(e) is a closed set, whereas the open ball is not. Note that the entire
space R" is both open and closed, since its complement is empty.

It is immediate that the union of any collection of open sets in R” is an open set, and it
is not difficult to see that the intersection of any finite number of open sets in R” is open.

We have described explicitly the “usual” open sets in euclidean space R". What do
we mean by an open set in a more general space? We shall define the notion of open
set axiomatically.

A topological space is a set M with a distinguished collection of subsets, to be called
the open sets. These open sets must satisfy the following.

1. Both M and the empty set are open.
2. If U and V are open sets, then so is their intersection U N V.
3. The union of any collection of open sets is open.

These open subsets “define” the topology of M. O
(A different collection might define a different topology.) Any such collection of subsets
that satisfies 1, 2, and 3 is eligible for defining a topology in M. In our introductory
discussion of open balls in R” we also defined the collection of open subsets of R".
These define the topology of R", the “usual” topology. An example of a “perverse”
topology on R" is the discrete topology, in which every subset of R" is declared open!
In discussing R" in this book we shall always use the usual topology.

A subset of M is closed if its complement is open.

Let A be any subset of a topological space M. Define a topology for the space A
(the induced or subspace topology) by declaring V C A to be an open subset of A
provided V is the intersection of A with some open subset U of M,V = ANU. These
sets do define a topology for A. For example, let A be a line in the plane R?. An open
ball in R? is simply a disc without its edge. This disc either will not intersect A or will
intersect A in an “interval” that does not contain its endpoints. This interval will be an
open set in the induced topology on the line A. It can be shown that any opensetin A
will be a union of such intervals.

Any open setin M that contains a point x € M will be called a neighborhood of x.

If F:M — N is a map of a topological space M into a topological space N, we
say that F is continuous if for every open set V C N, the inverse image F~'V =
{x e M | F(x) € V}isopenin M. (This reduces to the usual €, § definition in the case
where M and N are euclidean spaces.) The map sending all of R" into a single point of
R™ is an example showing that a continuous map need not send open sets into open sets.
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If F:M — N isone to one (1 : 1) and onto, then the inverse map F'N->M
exists. If further both F and F~! are continuous, we say that F is a homeomorphism
and that M and N are homeomorphic. A homeomorphism takes open (closed) sets into
open (closed) sets. Homeomorphic spaces are to be considered to be “the same” as
topological spaces; we say that they are “topologically the same.” It can be proved that
R" and R™ are homeomorphic if and only if m = n.

The technical definition of a manifold requires two more concepts, namely “Haus-
dorff” and “countable base.” We shall not discuss these here since they will not arise
explicitly in the remainder of the book. The reader is referred to [S] for questions
concerning point set topology.

There is one more concept that plays a very important role, though not needed for the
definition of a manifold; the reader may preferto come back to this later on when needed.

A topological space X is called compact if fromevery covering of X by open sets one
can pick out a finite number of the sets that still covers X. For example, the open interval
(0,1), considered as a subspace of R, is not compact; we cannot extract a finite subcov-
ering from the open covering given by thesets U, = {x | 1/n <x < 1}n =1,2,....

On the other hand, the closed interval [0,1] is a compact space. In fact, it is shown in
every topology book that any subset X of R" (with the induced topology) is compact
if and only if

1. X is a closed subset of R",
2. X is a bounded subset, that is, | X | < some number ¢, for all x € X.

Finally we shall need two properties of continuous maps. First

The continuous image of a compact space is itself compact.

PROOF: If f : G — M is continuous and if {U;} is an open cover of f(G) C M,
then { f~'(U;)} is an open cover of G. Since G is compact we can extract a finite
open subcover { f~! (U,)} of G, and then {U,,} is a finite subcover of f(G). O

Furthermore

A continuous real-valued function f : G — R on a compact space G is bounded.

PROOF: f(G) is a compact subspace of R, and thus is closed and bounded. O

1.2b. The Idea of a Manifold

An n-dimensional (differentiable) manifold M" (briefly, an n-manifold) is a topological
space that is locally R” in the following sense. It is covered by a family of local
(curvilinear) coordinate systems {U; x(‘,, ..., Xy}, consisting of open sets or “patches”
U and coordinates xy in U, such that a point p € U N V that lies in two coordinate
patches will have its two sets of coordinates related differentiably

xy(p) = fiyOfsonxly  i=1,2,...,n. (1.3)
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(If the functions fyy are C*, that is, infinitely differentiable, or real analytic, . .., we
say that M is C*, orreal analytic, . .. .) There are more requirements; for example, we
shall demand that each coordinate patch is homeomorphic to some open subset of R”.
Some of these requirements will be mentioned in the following examples, but details
will be spelled out in Section 1.2c.

Examples:

(i) M" =R", covered by a single coordinate system. The condition (1.3) is vacuous.

(i) M" is an open ball in R", again covered by one patch.

(iii) The closed ball in R" is not a manifold. It can be shown that a point on the edge of
the ball can never have a neighborhood that is homeomorphic to an open subset of
R". For example, with n = 1, a half open interval 0 < x < 1in R' can never be
homeomorphic to an open interval 0 < x < 1 in R'.

(iv) M" = S§”", the unit sphere in R"*!. We shall illustrate this with the familiar case
n = 2. We are dealing with the locus x% + y? + z2 = 1.

o

Figure 1.6

Cover S? with six “open” subsets (patches)
U+={peS|x(p)>0} U-—=(peS|x(p)<0)
U+ =(peS|yp) >0 U-—={peS|yp <0
Ut = {p € $* | z2(p) > 0) U—~={peS|zp) <0)

The point p illustrated sits in [U,+] N [U,+] N [U,+]. Project U, +into the xy
plane; this introduces x and y as curvilinear coordinates in U, +.

Do similarly for the other patches. For p € [U,+] N [U,+], p is assigned the two
sets of coordinates {(u,, u3) = (x, z)} and {(v;, v,) = (x, y)} arising from the two
projections

7y, : Uy, — xzplane and m,, :U, — xy plane
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These are related by v; = u; and v; = +[1 — u? — u2]'/2; these are differentiable
functions provided u} + u3 < 1, and this is satisfied since p € U,+.

52 is “locally R%” The indicated point p has a neighborhood (in the topology of
S? induced as a subset of R3) that is homeomorphic, via the projection 7,,, say, to
an open subset of R? (in this case an open subset of the xy plane). We say that a
manifold is locally euclidean.

If two sets of coordinates are related differentiably in an overlap we shall say
that they are compatible. On S? we could introduce, in addition to the preceding
coordinates, the usual spherical coordinates 6 and ¢, representing colatitude and
longitude. They do not work for the entire sphere (e.g., at the poles) but where they
do work they are compatible with the original coordinates.

We could also introduce (see Section 1.2d) coordinates on S? via stereographic
projection onto the planes z = 1 and z = —1, again failing at the south and north
pole, respectively, but otherwise being compatible with the previous coordinates. On
amanifold we should allow the use of all coordinate systems that are compatible with
those that originally were used to define the manifold. Such a collection of compatible
coordinate systems is called a maximal atlas.

If M" is a manifold with local coordinates {U; x', ..., x"} and W is a manifold with
local coordinates {V; y!,...,y"}, we can form the product manifold

L'V =M"xW ={(p,q) | pe M"and g € W'}

by using x', ..., x", y', ...,y aslocal coordinates in U x V.

S'issimply the unitcircleinthe plane R?;ithas alocal coordinate = tan~'(y/x),
using any branch of the multiple-valued function 8. One must use at least two such
coordinates (branches) to cover S'. “Topologically” S' is conveniently represented by
an interval on the real line R with endpoints identified; by this we mean that there is a
homeomorphism between these two models. In order to talk about a homeomorphism

identify these two points

Figure 1.7

we would first have to define the topology in the space consisting of the interval
with endpoints identified; it clearly is not the same space as the interval without the
identification. To define a topology, we may simply consider the map F : [0 < 6§ <
27] — R? = C defined by F(6) = e®. It sends the endpoints & = 0 and 6 = 27 to
the point p = 1 onthe unitcircle in the complex plane. Thismapis 1 : 1 and onto if we
identify the endpoints. The unit circle has a topology induced from that of the plane,
built up from little curved intervals. We can construct open subsets of the interval by
taking the inverse images under F' of such sets. (What then is a neighborhood of the
endpoint p?) By using this topology we force F to be a homeomorphism.
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S'! is the configuration space for a rigid pendulum constrained to oscillate in the
plane

fixed pin

Figure 1.8

The n-dimensional torus 7" := S!' x S' x --- x §' has local coordinates given
by the n-angular parameters 8, ..., 8". Topologically it is the n cube (the product
of n intervals) with identifications. Forn = 2

le— identify
i O
d)l ©.9) identify
R

Figure 1.9

T2 is the configuration space of a planar double pendulum. It might be thought that
it is simpler to picture the double pendulum itself rather than the seemingly abstract
version of a 2-dimensional torus. We shall see in Section 10.2d that this abstract
picture allows us to conclude, for example, that a double pendulum, in an arbitrary
potential field, always has periodic motions in which the upper pendulum makes p
revolutions while the lower makes q revolutions.

fixed pin

Figure 1.10

(vi) The real projective n space RP" is the space of all unoriented lines L through the
originof R"*! Weillustrate with the projective plane of lines through the origin of R>.
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I

L

yd

Figure 1.11

Such a line L is completely determined by any point (x, y, z) on the line, other
than the origin, but note that (ax, ay, az) represents the same line if a # 0. We should
really use the ratios of coordinates to describe a line. We proceed as follows.

We cover R P2 by three sets:

U, := those lines not lying in the yz plane
U, := those lines not lying in the xz plane
U, := those lines not lying in the xy plane

Introduce coordinates in the U, patch; if L € U, choose any point (x, y, z) on L
other than the origin and define (since z # 0)
X y
uy = -, U = —
z Z
Do likewise for the other two patches. In Problem 1.2(1) you are asked to show that
these patches make R P? into a 2-dimensional manifold.

These coordinates are the most convenient for analytical work. Geometrically, the
coordinates u; and u, are simply the xy coordinates of the point where L intersects
the plane z = 1.

Consider a point in RP?; it represents a line through the origin 0. Let (x, y, z) be
a point other than the origin that lies on this line. We may represent this line by the
triple [x, y, z), called the homogeneous coordinates of the point in RP? where we
must identify [x, y, z] with [Ax, Ay, Az] for all A # 0. They are not true coordinates
in our sense.

Wehave suceeded in “parameterizing” the set of undirected lines through theorigin
by means of a manifold, M?> = RP? . A manifold is a generalized parameterization
of some set of objects. R P? is the set of undirected lines through the origin; each point
of RP2 is an entire line in R and RP? is a global object. If, however, one insists on
describing a particular line L by coordinates, that is, pairs of numbers (u, v), then this
can, in general, only be done locally, by means of the manifold’s local coordinates.

Note that if we had been considering directed lines, then the manifold in question
would have been the sphere S2, since each directed line L could be uniquely defined
by the “forward” point where L intersects the unit sphere. An undirected line meets S?
in a pair of antipodal points; RP? is topologically S? with antipodal points identified.
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(vii)

(viii)
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We can now construct a topological model of RP? that will allow us to identify
certain spaces we shall meet as projective spaces. Our model will respect the topol-
ogy; that is, “nearby points” in R P2 (that is, nearby lines in R>) will be represented
by nearby points in the model, but we won’t be concerned with the differentiability
of our procedure. Also it will be clear that certain natural “distances” will not be pre-
served; in the rigorous definition of manifold, to be given shortly, there is no mention
of metric notions such as distance or area or angle.

identify identify identify

Figure 1.12

In the sphere with antipodal points identified, we may discard the entire southern
hemisphere (exclusive of the equator) of redundant points, leaving us with the north-
ern hemisphere, the equator, and with antipodal points only on the equator identified.
We may then project this onto the disc in the plane. Topologically RP? is the unit
disc in the plane with antipodal points on the unit circle identified.

Similarly, RP" is topologically the unit n sphere " in R"*! with antipodal points
identified, and this in turn is the solid n-dimensional unit ball in R” with antipodal
points on the boundary unit (n — 1) sphere identified.

It is a fact that every submanifold of R" is a manifold. We verified this in the case
of $2 c R*in Example (ii). In 1.1d we showed that the rotation group SO(3) is a
3-dimensional submanifold of R%. A convenient topological model is constructed as
follows. Use the “right-hand rule” to associate the endpoint of the vector 6r to the
rotation through an angle 6 (in radians) about an axis descibed by the unit vector r.
Note, however, that the rotation 7r is exactly the same as the rotation —wrand (7 +o)r
is the same as —(r — a)r. The collection of all rotations then can be represented by
the points in the solid ball of radius 7 in R® with antipodal points on the sphere of
radius 7 identified; SO(3) can be identified with the real projective space R P>.

The Mobius band Mo is the space obtained by identifying the left and right hand
edges of a sheet of paper after giving it a “half twist”

— identify

Figure 1.13
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If one omits the edge one can see that M is a 2-dimensional submanifold of R?
and is therefore a 2-manifold. You should verify (i) that the Mobius band sits naturally
as the shaded “half band” in the model of R P? consisting of S? with antipodal points
identified, and (ii) that this half band is the same as the full band. The edge of the

disc

Figure 1.14

Mobius band consists of a single closed curve C that can be pictured as the “upper”
edge of this full band in RP2. Note that the indicated “cap” is topologically a 2-
dimensional disc with a circular edge C’. If we observe that the lower cap is the same
as the upper, we conclude that if we take a 2-disc and sew its edge to the single edge of
a Mobius band, then the resulting space is topologically the projective plane! We may
say that RP? is Mo with a 2-disc attached along its boundary. Although the actual
sewing, say with cloth, cannot be done in ordinary space R* (the cap would have to
slice through itself), this sewing can be done in R*, where there is “more room.”

1.2¢. A Rigorous Definition of a Manifold

Let M be any set (without a topology) that has a covering by subsets M = U UV U.. .,
where each subset U is in 1 : 1 correspondence ¢y : U — R" with an open subset
oy (U) of R".

Abstract set M e
(not necessarily in R"™)

Figure 1.15
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We require that each ¢, (U N V) beanopen subset of R”. We require that the overlap
maps

fev=¢vooy ipy(UNV) > R" (1.4)

that is,

b NV M B R

be differentiable (we know what it means for a map ¢y o ¢;' from an open set of
R" to R” to be differentiable). Each pair U, ¢y defines a coordinate patch on M; to
p € U C M we may assign the n coordinates of the point ¢, (p) in R". For this reason
we shall call ¢ a coordinate map.

Take now a maximal atlas of such coordinate patches; see Example (iv). Define a
topology in the set M by declaring a subset W of M to be open provided that given
any p € W there is a coordinate chart U, ¢y such that p € U C W. If the resulting
topology for M is Hausdorff and has a countable base (see [S] for these technical
conditions) we say that M is an n-dimensional differentiable manifold. We say that a
map F : R — R7 is of class C* if all k™ partial derivatives are continuous. It is of
class C* if it is of class C* for all k. We say that a manifold M" is of class C* if its
overlap maps fyy are of class C*. Likewise we have the notion of a C*° manifold. An
analytic manifold is one whose overlap functions are analytic, that is, expandable in
power series.

Let F : M" — R be a real-valued function on the manifold M. Since M is a topo-
logical space we know from 1.2a what it means to say that F' is continuous. We say that
F is differentiable if, when we express F in terms of a local coordinate system (U, x),
F = Fy(x', ..., x") is a differentiable function of the coordinates x. Technically this
means that that when we compose F with the inverse of the coordinate map ¢y

FU =F O¢L_/l

(recall that ¢y is assumed 1 : 1) we obtain a real-valued function Fy defined on a
portion ¢y (U) of R", and we are asking that this function be differentiable. Briefly
speaking, we envision the coordinates x as being engraved on the manifold M, just
as we see lines of latitude and longitude engraved on our globes. A function on the
Earth’s surface is continuous or differentiable if it is continuous or differentiable when
expressed in terms of latitude and longitude, at least if we are away from the poles.
Similarly with a manifold.With this understood, we shall usually omit the process of
replacing F by its composition F o d)[,', thinking of F as directly expressible as a
function F(x) of any local coordinates.

Consider the real projective plane R P2, Example (vi) of Section 1.2b. In terms of
homogeneous coordinates we may define a map (R> — 0) — RP? by

(x,y,2) =[x,y 2]

At a point of R® where, for example, z # 0 we may use # = x/z and v = y/z
as local coordinates in RP?, and then our map is given by the two smooth functions
u=f(x,y,z) =x/zandv =g(x, y,2) =y/z
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1.2d. Complex Manifolds: The Riemann Sphere

A complex manifold is a set M together with a covering M = U UV U..., where
each subset U is in 1 : 1 correspondence ¢y, : U — C" with an open subset ¢y (U) of
complex n-space C". We then require that the overlap maps fy; mapping sets in C" into
sets in C" be complex analytic; thus if we write fyy in the form w* = w*(z', ..., z")
where ¥ = x* +iy* and w* = ¥ + iv*, then ¥ and v* satisfy the Cauchy—Riemann
equations with respect to each pair (x’, y"). Briefly speaking, each w* can be expressed
entirely in terms of z', ..., z", with no complex conjugates 7’ appearing. We then
proceed as in the real case in 1.2c. The resulting manifold is called an n-dimensional
complex manifold, although its topological dimension is 2.

Of course the simplest example is C" itself. Let us consider the most famous non-
trivial example, the Riemann sphere M'.

The complex plane C (topologically R?) comes equipped with a global complex co-
ordinate z = x+iy. Itis a complex 1-dimensional manifold C'. To study the behavior of
functions at “co0” we introduce a point at 0o, to form a new manifold thatis topologically
the 2-sphere S2. We do this by means of stereographic projection, as follows.

(x, y) plane

(u, v) plane

side view

Figure 1.16

In the top part of the figure we have a sphere of radius 1/2, restingona w = u + iv
plane, with a tangent z = x +iy plane at the north pole. Note that we have oriented these
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two tangent planes to agree with the usual orientation of S (questions of orientation
will be discussed in Section 2.8).

Let U bethe subset of S? consisting of all points except for the south pole, let V be
the points other than the north pole, let ¢ and ¢y be stereographic projections of U
and V from the south and north poles, respectively, onto the z and the w planes. In this
way we assign to any point p other than the poles two complex coordinates, z = |z|e'
and w = |w|e~*%. From the bottom of the figure, which depicts the planar section in the
plane holding the two poles and the point p, one reads off from elementary geometry
that |w| = 1/|z|, and consequently

1
w= fyyz) = Z (1.5)

gives the relation between the two sets of coordinates. Since this is complex analytic
in the overlap U N V, we may consider S? as a 1-dimensional complex manifold, the
Riemann sphere. The point w = 0 (the south pole) represents the point z = oo that
was missing from the original complex plane C.

Note that the two sets of real coordinates (x, y) and (¢, v) make S? into areal analytic
manifold.

Problems

1.2(1) Show that RP? is a differentiable 2-manifold by looking at the transition func-
tions.

1.2(2) Give a coordinate covering for R P3, pick a pair of patches, and show that the
overlap map is differentiable.

1.2(3) Complex projective n-space C P" is defined to be the space of complex lines
through the origin of C"*'. To a point (zg, z1, . . ., zp) in (C™' — 0) we associate
the line consisting of all complex multiples A (2o, 21, . .., z5) of this point, » € C.
Wecall [z, z4, ..., zp] the homogeneous coordinates of this line, that is, of this
point in CP™; thus [zg, 3, ..., zn] = [rzg, n2zq,...,n2zp) foral uw e (C - 0). If
Zp # 0 on this line, we may associate to this point [zg, 21, ..., Zp] its n complex
Up coordinates zy/zp, z1/2p, ..., Zn/Zp, With zp/z,, omitted.

Show that C P2 is a complex manifold of complex dimension 2.

Note that C P! has complex dimension 1, that s, real dimension 2. For z4 # 0
the Uy coordinate of the point [zg, z1] iIs z = zp/z1, whereas if zg # 0 the Uy
coordinate is w = zy/zy. These two patches cover CP' and in the intersection
of these two patches we have w = 1/z. Thus CP' is nothing other than the
Riemann sphere!

1.3. Tangent Vectors and Mappings

What do we mean by a “critical point” of amap F : M" — V'?

We are all acquainted with vectors in R". A tangent vector to a submanifold M" of R”,
at a given point p € M", is simply the usual velocity vector x to some parameterized
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curve x = x(t) of RY that lies on M". On the other hand, a manifold M", as defined in
the previous section, is a rather abstract object that need not be given as a subset of R" .
For example, the projective plane R P? was defined to be the space of lines through the
origin of R?, that is, a point in RP? is an entire line in R®; if RP? were a submanifold
of R® we would associate a point of R® to each point of RP2. We will be forced to
define what we mean by a tangent vector to an abstract manifold. This definition will
coincide with the previous notion in the case that M" is a submanifold of R" . The fact
that we understand tangent vectors to submanifolds is a powerful psychological tool,
for it can be shown (though it is not elementary) that every manifold can be realized
as a submanifold of some R" . In fact, Hassler Whitney, one of the most important
contributors to manifold theory in the twentieth century, has shown that every M" can
be realized as a submanifold of R*". Thus although we cannot “embed” RP? in R?
(recall that we had a difficulty with sewing in 1.2b, Example (vii) ), it can be embedded
in R*. It is surprising, however, that for many purposes it is of little help to use the fact
that M" can be embedded in R, and we shall try to give definitions that are “intrinsic,”
that is, independent of the use of an embedding. Nevertheless, we shall not hesitate to
use an embedding for purposes of visualization, and in fact most of our examples will
be concerned with submanifolds rather than manifolds.

A good reference for manifolds is [G, P]. The reader should be aware, however, that
these authors deal only with manifolds that are given as subsets of some euclidean space.

1.3a. Tangent or “Contravariant” Vectors

We motivate the definition of vector as follows. Let p = p(¢) be a curve lying on
the manifold M"; thus p is a map of some interval on R into M". In a coordinate
system (U, xy) about the point py = p(0) the curve will be described by » functions
x{, = x};(t), which will be assumed differentiable. The “velocity vector” p(0) was
classically described by the n-tuple of real numbers dx},/dt]o, .o dx)/dt]e. If po
also lies in the coordinate patch (V, xy), then this same velocity vector is described
by another n-tuple dx“,/dt]o, ..., dx¥ /dt]o, related to the first set by the chain rule
applied to the overlap functions (1.3), xy = xy(xy),

dxivJ i <ava> (dx{,)
V] = —X ) (po)| —=
dt 0 ; axj po dt 0

This suggests the following.

Definition: A tangent vector, or contravariant vector, or simply a vector at
Do € M", call it X, assigns to each coordinate patch (U, x) holding py, an n-tuple
of real numbers

X)) =X}, X
such that if py € U NV, then

. axi ;
Xy =Y [ ax,V(po)] X}, (1.6)

j 9%
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Ifwelet Xy = (Xz,, e X’Z,)T be the column of vector “components” of X, we
can write this as a matrix equation

Xy =cvyXy (1.7)

where the transition function cy is the n x n Jacobian matrix evaluated at the
point in question.

The term contravariant is traditional and is used throughout physics, and we shall use it
even though it conflicts with the modern mathematical terminology of “categories and
functors.”

1.3b. Vectors as Differential Operators

In euclidean space an important role is played by the notion of differentiating a function
f withrespect to a vector at the point p

d
Dy(f) = Z[f(P +1V)]i=o (1.8)

and if (x) is any cartesian coordinate system we have

D=3 {i} (v

— | 0x/
j

This is the motivation for a similar operation on functions on any manifold M. A real-
valued function f defined on M" near p can be described in a local coordinate system
xintheform f = f(x',..., x"). (Recall, from Section 1.2c, that we are really dealing
with the function f o ¢;;' where ¢y is a coordinate map.) If X is a vector at p we define
the derivative of f with respect to the vector X by

af

X,(f) i= Dy(f) = ij [@

}(p)xf (1.9)

This seems to depend on the coordinates used, although it should be apparent from
(1.8) that this is not the case in R". We must show that (1.9) defines an operation that is
independent of the local coordinates used. Let (U, xy) and (V, xy) be two coordinate
systems. From the chain rule we see

Dy (f) =Z<i>x{, ZZ:(%) Z (%)Xu

— \dxy
0 .

This illustrates a basic point. Whenever we define something by use of local coordi-
nates, if we wish the definition to have intrinsic significance we must check that it has
the same meaning in all coordinate systems.
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Note then that there is a 1 : 1 correspondence between tangent vectors X to M" at
p and first-order differential operators (on differentiable functions defined near p) that
take the special form

3
— J
X, = §‘ X BxJ],, (1.10)
J

in a local coordinate system (x). From now on, we shall make no distinction between a
vector and its associated differential operator. Each one of the n operators /0x’ then
defines a vector, written 9/ Ox', at each p in the coordinate patch.

The i™ component of 8/8x* is, from (1.9), given by 8., (where the Kronecker &/, is 1
ifi = o and 0ifi # ). On the other hand, consider the «'" coordinate curve through a
point, the curve being parameterized by x*. This curve is described by x’ (¢) = constant
for i # o and x*(z) = t. The velocity vector for this curve at parameter value ¢ has
components dx'/dt = §'. The j™ coordinate vector 8/0x/ is the velocity vector to

the j™ coordinate curve parameterized by x/! If M" C RY and ifr = (y', ..., y¥)T
is the usual position vector from the origin, then 8/8x/ would be written classically
as or/ox/,
0 X —(w ayN)T (L11)
Ox/  axi  \9xi’ T axi ’

A familiar example will be given in the next section.

1.3c. The Tangent Space to M" at a Point

It is evident from (1.6) that the sum of two vectors at a point, defined in terms of their
n-tuples, is again a vector at that point, and that the product of a vector by a scalar, that
is, a real number, is again a vector.

Definition: The tangent space to M" at the point p € M", written My, is the
real vector space consisting of all tangent vectors to M" at p. If (x) is a coordinate
system holding p, then the n vectors

SIS
ox'], T ox],

form a basis of this n-dimensional vector space (as is evident from (1.10)) and
this basis is called a coordinate basis or coordinate frame.

If M" is a submanifold of R", then M » is the usual n-dimensional affine subspace of
RN that is “tangent” to M" at p, and this is the picture to keep in mind.

A vector field on an open set U will be the differentiable assignment of a vector X
to each point of U; in terms of local coordinates

. o
X=) Xg5
J

where the components X/ are differentiable functions of (x). In particular, each 8/ 8x’
is a vector field in the coordinate patch.
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Example:

33 = or/ag

3/30=ar/ao

tangent space to S%at p= S,%

Figure 1.17

We have drawn the unit 2-sphere M? = $?inR? with the usual spherical coordinates 6
and ¢ (@ is colatitude and —¢ is longitude). The equations defining S? are x = sin 6 cos ¢,
y = sin@sin¢, and z = cos 6. The coordinate vector /86 = dr/ad6 is the velocity
vector to a line of longitude, that is, keep ¢ constant and parameterize the meridian by
“time” t = 6. /3¢ has a similar description. Note that these two vectors at p do not
live in S?, but rather in the linear space S!Z, attached to S? at p. Vectors at g # p live
in a different vector space .

Warning: Because S? is a submanifold of R? and because R? carries a familiar
metric, it makes sense to talk about the length of tangent vectors to this particular S%;
for example, we would say that || /89 | = 1 and | 8/0¢ || = sin6. However, the
definition of a manifold given in 1.2c does not require that M" be given as some specific
subset of some R"; wedonot have the notion of length of a tangent vector to a general
manifold. For example, the configuration space of a thermodynamical system might
have coordinates given by pressure p, volume v, and temperature 7, and the notions
of the lengths of 8/ p, and so on, seem to have no physical significance. If we wish
to talk about the “length” of a vector on a manifold we shall be forced to introduce an
additional structure on the manifold in question. The most common structure so used
is called a Riemannian structure, or metric, which will be introduced in Chapter 2. See
Problem 1.3 (1) at this time.

1.3d. Mappings and Submanifolds of Manifolds

Let F : M" — V' be a map from one manifold to another. In terms of local coordinates
x near p € M" and y near F(p) on V" F is described by r functions of n variables
y® = F%(x', ..., x"), which can be abbreviated to y = F(x) or y = y(x).If, as we
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shall assume, the functions F* are differentiable functions of the x’s, we say that F is
differentiable. As usual, such functions are, in particular, continuous.

When n = r, we say that F is a diffeomorphism provided F is 1 : 1, onto, and if, in
addition, F~! is also differentiable. Thus such an F is a differentiable homeomorphism
(see 1.2a) with a differentiable inverse. (If F —! does exist and the Jacobian determinant
does not vanish, 3(y', ... ,y")/a(x', ..., x") #£ 0, then the inverse function theorem
of advanced calculus (see 1.3e) would assure us that the inverse is differentiable.)

The map F : R — R given by y = x> is a differentiable homeomorphism, but it is
not a diffeomorphism since the inverse x = y!/3 is not differentiable at x = 0.

We have already discussed submanifolds of R" but now we shall need to discuss
submanifolds of a manifold. A good example is the equator S' of S2.

Definition: W C M" is an (embedded) submanifold of the manifold M"
provided W is locally described as the common locus

F'(x', ..., xM=0,...,F""(x',...,x") =0

of (n — r) differentiable functions that are independent in the sense that the
Jacobian matrix [d F*/dx'] has rank (n — r) at each point of the locus.

The implicit function theorem assures usthat W" can be locally described (after perhaps
permuting some of the x coordinates ) as a locus

= et X, L xt = e x)

It is not difficult to see from this (as we saw in the case S? C R?) that every embedded
submanifold of M" is itself a manifold!

Later on we shall have occasion to discuss submanifolds that are not “embedded,”
but for the present we shall assume “embedded” without explicit mention.

Definition: The differential F, of the map F : M" — V' has the same meaning
as in the case R" — R’ discussed in 1.1b. F, : M; — Vg, is the linear
transformation defined as follows. For X € M, let p = p(t) be a curve on M
with p(0) = p and with velocity vector p(0) = X. Then F,X is the velocity vector
d/dt{F (p(t))},—0 of the image curve at F(p) on V. This vector is independent
of the curve p = p(¢) chosen (as long as p(o) = X). The matrix of this linear
transformation, in terms of the bases 8/9x at p and 8/8y at F (p), is the Jacobian
matrix
aF® ay”

(F) = 2—(p) = =

(p)

The main theorem on submanifolds is exactly as in euclidean space (Section 1.1c).

Theorem (1.12): Let F : M" — V' and suppose that for some q € V' the locus
F~1(q) C M" is not empty. Suppose further that F, is onto, that is, F, is of rank
r, at each point of F~'(q). Then F~'(q) is an (n—r)-dimensional submanifold
of M".
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Example: Consider a 2-dimensional torus T? (the surface of a doughnut), embedded

in R?.
z
6 7:,2 = the tangent
5 space to T at d. This
is 2-dimensional
I PO affine subspace of R%,

Figure 1.18

We have drawn it smooth with a flat top (which is supposed to join smoothly with
the rest of the torus). Define a differentiable map (function) F : T2 > R by F(p) =z,
the height of the point p € T2 above the z plane (R is being identified with the z axis).
Consider a pointd € T and a tangent vector vto T atd. Let p = p(t) beacurveon T
such that p(0) = d and p(0) = v. The image curve in R is described in the coordinate
z for R by z(t) = z(p(1)), and it is clear from the geometry of T2 C R? that z(0) is
simply the z component of the spatial vector v. In other words F,(v) is the projection
of v onto the 7 axis. Note then that F, will be onto at each point p € T? for which the
tangent plane T2(p) is not horizontal, that is, at all points of T2 except a € F~!(0),
b e F~'(2),c € F~'(4), and the entire flat top F~'(6).

From the main theorem, we may conclude that F~'(z) is a 1-dimensional subman-

ifold of the torus for 0 < z < 6 except for z = 0,2, 4, and 6, and this is indeed
“verified” in our picture. (We have drawn the inverse images of z = 0, 1, ...,6.)
Notice that F~'(2), which looks like a figure 8, is not a submanifold; a neighborhood

of

the point b on F~'(2) is topologically a cross + and thus no neighborhood of b is

topologically an open interval on R.

Definition: If F : M" — V' is a differentiable map between manifolds, we say
that

(i) x € M is aregular point if F, maps M onto Vi ,,; otherwise we say that
x is a critical point.

(ii) y € V" is a regular value provided either F~!(y) is empty, or F~(y)
consists entirely of regular points. Otherwise y is a critical value.

Our main theorem on submanifolds can then be stated as follows.
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Theorem (1.13): Ify € V' is a regular value, then F~'(y) either is empty or is
a submanifold of M" of dimension (n — r).

Of course, if x is a critical point then F(x) is a critical value. In our toroidal example,
Figure 1.18, all values of z otherthan0, 2, 4, and 6 are regular. The critical points on T?
consist of a, b, ¢, and the entire flat top of 72. These latter critical points thus fill up a
positive area (in the sense of elementary calculus) on 72. Note however, that the image
of this 2-dimensional set of critical points consists of the single critical value z = 6.
The following theorem assures us that the critical values of a map form a “small” subset
of V'; the critical values cannot fill up any open setin V" and they will have “measure”
0. We will not be precise in defining “almost all”’; roughly speaking we mean, in some
sense, “with probability 1.”

Sard’s Theorem (1.14): If F : M" — V' is sufficiently differentiable, then
almost all values of F are regular values, and thus for almost all points y € V',
F~'(y) either is empty or is a submanifold of M"* of dimension (n — r).

By sufficiently differentiable, we mean the following. If n < r, we demand that F be
of differentiability class C ! whereas if n — r = k > 0, we demand that F be of class
C**!. The proof of Sard’s theorem is delicate, especially if n > r; see, for example,
[A, M, R].

1.3e. Change of Coordinates

The inverse function theorem is perhaps the most important theoretical result in all of
differential calculus.

The Inverse Function Theorem (1.15): If F : M" — V" is a differentiable
map between manifolds of the same dimension, and if at xo € M the differential
F, is anisomorphism, that is, itis 1 : 1 and onto, then F is a local diffeomorphism
near x.

This means that there is a neighborhood U of x such that F(U) is open in V and
F : U — F(U) is a diffeomorphism. This theorem is a powerful tool for introducing
new coordinates in a neighborhood of a point, for it has the following consequence.

Corollary (1.16): Let x', ..., x" be local coordinates in a neighborhood U of
the point p € M". Let y' , ..., y" be any differentiable functions of the x’s ( thus
yielding a map:U — R") such that

aly', ..., y"

—_— 0

s, P 7

Then the y’s form a coordinate system in some (perhaps smaller) neighborhood
of p.
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For example, when we put x = r cos6, y = r sin6, we have d(x, y)/d(r,0) = r, and
s0 d(r,6)/3(x, y) = 1/r. This shows that polar coordinates are good coordinates in a
neighborhood of any point of the plane other than the origin.

It is important to realize that this theorem is only local. Consider the map F : R* —
R? given by u = e¢* cosy, v = e* siny. This is of course the complex analytic map
w = e°. The real Jacobian d(u, v)/d(x, y) never vanishes (this is reflected in the
complex Jacobian dw/dz = e* never vanishing). Thus F is locally 1 : 1. It is not
globally so since e**2*" = ¢% for all integers n. u, v form a coordinate system not in
the whole plane but rather in any stripa < y < a + 2m.

The inverse function theorem and the implicit function theorem are essentially equiv-
alent, the proof of one following rather easily from that of the other. The proofs are
fairly delicate; see for example, [A, M, R].

Problems

1.3(1) What would be wrong in defining || X || in an M" by
I X 2= > (X2 ?
J

1.3(2) Lay a 2-dimensional torus flat on a table (the xy plane) rather than standing as
in Figure 1.18. By inspection, what are the critical points of the map 72 — R?
projecting T2 into the xy plane?

1.3(3) Let M" be a submanifold of RN that does not pass through the origin. Look at
the critical points of the function f: M — R that assigns to each point of M the
square of its distance from the origin. Show, using local coordinates u', ..., un,
that a point is a critical point for this distance function iff the position vector to
this point is normal to the submanifold.

1.4. Vector Fields and Flows

Can one solve dx’ /dt = 3f/3x to find the curves of steepest ascent?

1.4a. Vector Fields and Flows on R”

A vector field on R" assigns in a differentiable manner a vector v, to each p in R". In

terms of cartesian coordinates x', ..., x"
o

V= ZU}(X)%

J
where the components v/ are differentiable functions. Classically this would be written
simply in terms of the cartesian components v = (v'(x), ..., v"(x))T.
Given a “stationary” (i.e., time-independent) flow of water in R?, we can construct
the 1-parameter family of maps

¢ R > R
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where ¢, takes the molecule located at p when ¢t = 0 to the position of the same
molecule ¢ seconds later. Since the flow is time-independent

05(1 (D) = bs1(p) = b1 (D:(p))
and (1.17)
(3 (p) =p, ie,d_, =0

We say that this defines a 1-parameter group of maps. Furthermore, if each ¢, is
differentiable, then so is each ¢, ! and so each @, is a diffeomorphism. We shall call
such a family simply a flow. Associated with any such flow is a time-independent
velocity field

o d¢,(p)}
e dt =0

In terms of coordinates we have

Vi) dxf(as,(p))]
t=0

dt

which will usually be written

vj(x) — d_ﬁ
C dt
Thought of as a differential operator on functions f
. of dx’ 3f
— J(p)—L — -
v,(f) 2’:“ (P55 D
d
- Ef(‘pz(p))} -

is the derivative of f along the “streamline” through p.

We thus have the almost trivial observation that to each flow {¢,} we can associate the
velocity vector field. The converse result, perhaps the most important theorem relating
calculus to science, states, roughly speaking, that to each vector field v in R" one may
associate a flow {¢,} having v as its velocity field, and that ¢,(p) can be found by
solving the system of ordinary differential equations

di:uf(x'(t),...,x"(t)) (1.18)
dt
with initial conditions

x(0)=p

Thus one finds the integral curves of the preceding system, and ¢,(p) says, “Move
along the integral curve through p (the ‘orbit’ of p) for time ¢.” We shall now give
a precise statement of this “fundamental theorem” on the existence of solutions of
ordinary differential equations. For details one can consult [A, M, R; chap. 4], where
this result is proved in the context of Banach spaces rather than R". I recommend highly
chapters 4 and 5 of Arnold’s book [A2].
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The Fundamental Theorem on Vector Fieldsin R" (1.19): Letvbea C* vec-
tor field, k > 1 (each component v’ (x) is of differentiability class C*) on an open
subset U of R”. This can be writtenv : U — R" since v associates to eachx € U
a point v(x) € R". Then for each p € U there is a curve y mapping an interval
(—b, b) of the real line into U

y:(=b,b) > U
such that
dy (1)
dt
forallt € (—b, b). (This says that y is an integral curve of v starting at p.) Any

two such curves are equal on the intersection of their t-domains ( “uniqueness”).
Moreover, there is a neighborhood U, of p, a real number € > 0, and a C* map

®:U, x (—€,€) > R”

=v(y(®) and y(0)=p

such that the curve t € (—€,€) — ¢,(q):= P(q,t) satisfies the differential
equation

0
5@(‘]) = v(¢:(q))
forallt € (—€,€)andq € U,. Moreover, ift, s, andt +s areallin (—¢, €), then

¢I Od)s = ¢t+s = ¢x Od’t

forall g € U,, and thus {¢,} defines a local 1- parameter “group” of diffeomor-
phisms, or local flow.

The term local refers to the fact that ¢, is defined only on a subset U, C U C R". The
word “group” has been put in quotes because this family of maps does not form a group
in the usual sense. In general (see Problem 1.4 (1)), the maps ¢, are only defined for
smallt, —e <t < €; that is, the integral curve through a point q need only exist for
a small time. Thus, for example, if € = 1, then although ¢,,2(q) exists neither ¢, (q)
nor ¢, o ¢, need exist; the point is that ¢;,,(g) need not be in the set U, on which
@12 is defined.

Example: R" = R, the real line, and v(x) = xd/dx. Thus v has a single component x
at the point with coordinate x. Let U = R. To find ¢, we simply solve the differential
equation
dx
i
to get x(t) = €' p, that is, ¢,(p) = €' p. In this example the map ¢, is clearly defined on

all of M' = R and for all time ¢. It can be shown that this is true for any linear vector
field

X with initial condition x(0) = p

dx) .
— J .k
dt =2 aix
k

defined on all of R”.
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Note that if we solved the differential equation dx/dt = 1 on the real line with the
origin deleted, that is, on the manifold M' = R — 0, then the solution curve starting at
x = —1 at ¢t = 0 would exist for all times less than 1 second, but ¢; would not exist;
the solution simply runs “off”” the manifold because of the missing point. One might
think that if we avoid dealing with pathologies such as digging out a point from R,
then our solutions would exist for all time, but as you shall verify in Problem 1.4(1)
this is not the case. The growth of the vector field can cause a solution curve to “leave”
R! in a finite amount of time.

Wehaverequired thatthe vectorfield v be differentiable. Uniqueness can be lost if the
field v is only continuous. For example, again on the real line, consider the differential
equation dx/dt = 3x*/3. The usual solutions are of the form x(¢) = (¢t — c)?, but there
is also the “singular” solution x(¢) = 0 identically. This is a reflection of the fact that
x2/3 is not differentiable when x = 0.

1.4b. Vector Fields on Manifolds

If X is a C* vector field on an open subset W of a manifold M" then we can again
recover a 1-parameter local group ¢, of diffeomorphisms for the following reasons. If
W is contained in a single coordinate patch (U, xy) we can proceed just as in the case
R”" earlier since we can use the local coordinates x;. Suppose that W is not contained
in a single patch. Let p € W be in a coordinate overlap, p € U N V.In U we can solve
the differential equations

dxi

U j 1 n
— = Xy (X oo, X))
dr v\Xy U

as before. In V we solve the equations

J
dditv = X{,(x",, ceaXY)

Because of the transformation rule (1.6), the right-hand side of this last equation is
>, [8x) /3xk1X% ; the left-hand side is, by the chain rule, 3", [3x /dx% 1d xk /dt. Thus,
because of the transformation rule for a contravariant vector, the two differential equa-
tions say exactly the same thing. Using uniqueness, we may then patch together the U
and the V solutions to give a local solution in W.

Warning: Let f : M" — R be a differentiable function on M". In elementary
mathematics it is often said that the n-tuple

af af 17

form the components of a vector field “grad f.” However, if we look at the transfor-
mation properties in U N V, by the chain rule

Z BxU
va va 8)CU
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and this is not the rule for a contravariant vector. One sees then that a proposed differ-
ential equation for “steepest ascent,” dx/dt = “grad f,” that s,
dxi, _of dx, _of
j - J
dt dxi, dt axy
would not say the same thing in two overlapping patches, and consequently would not

yield a flow ¢,! In the next chapter we shall see how to deal with n-tuples that transform
as “grad f.”

inU and inV

1.4c. Straightening Flows

Our version of the fundamental theorem on the existence of solutions of differential
equations, as given in the previous section, is not the complete story; see [A, M, R,
theorem 4.1.14] or [A2, chap. 4] for details of the following. The map (p, 1) — ¢,(p)
depends smoothly on the initial condition p and on the time of flow ¢. This has the
following consequence. (Since our result will be local, it is no loss of generality to
replace M" by R".) Suppose that the vector field v does not vanish at the point p.
Then of course it doesn’t vanish in some neighborhood of p in M". Let W"™! be a
hypersurface, that is, a submanifold of codimension 1, that passes through p. Assume
that W is transversal to v, that is, the vector field v is not tangent to W.

v

Wn—l

Figure 1.19

Let u!, ..., u"~' be local coordinates for W, and let p, be the point on W with
local coordinates u. Then ¢,(p,) is the point ¢ seconds along the orbit of v through
p... This point can be described by the n-tuple (u, ¢). The fundamental theorem states
that if W is sufficiently small and if ¢ is also sufficiently small, then (u, t) can be
used as (curvilinear) coordinates for some n-dimensional neighborhood of p in M".
To see this we shall apply the inverse function theorem. We thus consider the map
L: W' x (—€,€) - M" given by L(u,t) = ¢,(p,). We compute the differential
of this map at the origin u = 0 of the coordinates on W"~!. Then by the geometric
meaning of L,, and since ¢o(p) = p

0 0 0P w0....0) 0
L )=+ ,0,...,0)]) = —=? =
<3u1 ) du (ol o ou = Ou'

Likewise L,(8/0u') = 8/0u',fori = 1,...,n — 1. Finally

9
L.(v) = Ed’x(ﬁo) =V

Thus L, is the identity linear transformation, and by Corollary (1.16) we may use

u', ..., u"", t as local coordinates for M" near p.
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It is then clear that in these new local coordinates near p, the flow defined by the

vector field v is simply ¢s : (u,t) — (u, s+1) and the vector field v in terms of 8/8u',
...,0/0u™", 8/08¢, is simply v = 8/8t. We have “straightened out” the flow!

Figure 1.20

This says that near a nonsingular point of v, that is, a point where v # 0, coordinates

u', ..., u" can be introduced such that the original system of differential equations
dx'/dt = v'(x),...,dx"/dt = v"(x) becomes
o Ty (1.20)
dt U de ’ dt '

Thus all flows near a nonsingular point are qualitatively the same! In a sense this
result is of theoretical interest only, for in order to introduce the new coordinates u
one must solve the original system of differential equations. The theoretical interest
is, however, considerable. For example, u' = ¢|, ..., u"™' = ¢,_,, are (n — 1) “first
integrals,” that is, constants of the motion, for the system (1.20). We conclude that
near any nonsingular point of any system there are (n — 1) first integrals, u'(x) =
c',...,u"'(x) = c,_, (but of course, we might have to solve the original system to
write down explicitly the functions u/ in terms of the x’s).

Problems

1.4(1) Consider the quadratic vector field problem on R, v(x) = x2d/dx. You must
solve the differential equation
dx 2
E =X
Consider, as in the statement of the fundamental theorem, the case when Uy is
the set 1/2 < x < 3/2. Find the largest € so that @ : Up x (—¢, €) — R is defined,
that is, find the largest t for which the integral curve ¢:(q) will be defined for all
1/2 < q<3/2.

1.4(2) Inthe complex plane we can consider the differential equations dz/dt = 1, where
t is real. The integral curves are of course lines parallel to the real axis.This
can also be considered a differential equation on the z patch of the Riemann
sphere of Section 1.2d. Extend this differential equation to the entire sphere by
writing out the equivalent equation in the w patch. Write out the general solution
w = w(t) in the neighborhood of w = 0, and draw in particular the solutions
starting ati, +1, and —i.

and x(0)=p






CHAPTER 2

Tensors and Exterior Forms

IN Section 1.4b we considered the n-tuple of partial derivatives of a single function
0F/0x’ and we noticed that this n-tuple does not transform in the same way as the n-
tuple of components of a vector. These components 3 F/dx’ transform as a new type of
“vector.” In this chapter we shall talk of the general notion of “tensor” that will include
both notions of vector and a whole class of objects characterized by a transformation
law generalizing 1.6. We shall, however, strive to define these objects and operations
on them “intrinsically,” that is, in a basis-free fashion. We shall also be very careful in
our use of sub- and superscripts when we express components in terms of bases; the
notation is designed to help us recognize intrinsic quantities when they are presented
in component form and to help prevent us from making blatant errors.

2.1. Covectors and Riemannian Metrics
How do we find the curves of steepest ascent?

2.1a. Linear Functionals and the Dual Space

Let E be areal vector space. Although forsome purposes E may be infinite-dimensional,
we are mainly concerned with the finite-dimensional case. Although R", as the space

of real n-tuples (x!, ..., x"), comes equipped with a distinguished basis (1,0,0, ...,
0)7,..., the general n-dimensional vector space E has no basis prescribed.
Choose a basis e, ..., e, for the n-dimensional space E. Then a vector v € E has

a unique expansion
— ) = Je.
v=Y e =3 v,
J J

where the n real numbers v/ are the components of v with respect to the given basis. For
algebraic purposes, we prefer the first presentation, where we have put the “scalars”
v’/ to the right of the basis elements. We do this for several reasons, but mainly so
that we can use matrix notation, as we shall see in the next paragraph. When dealing

37
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with calculus, however, this notation is awkward. For example, in R" (thought of as a
manifold), we can write the standard basis at the origin as e; = 0/8x/ (as in Section
1.3c); then our favored presentation would say v = Y ; 8/8x’ v/, making it appear,
incorrectly, that we are differentiating the components v/ . We shall employ the bold O to
remind us that we are not differentiating the components in this expression. Sometimes
we will simply use the traditional 3 ; v’e;.

We shall use the matrices

e=(e,...,e,) and v=(', ..., v

The first is a symbolic row matrix since each entry is a vector rather than a scalar.
Note that in the matrix v we are preserving the traditional notation of representing
the components of a vector by a column matrix. We can then write our preferred
representation as a matrix product

v=ev 2.1

where v is a 1 x | matrix. As usual, we see that the n-dimensional vector space E, witha
choice of basis, is isomorphic to R” under the correspondence v — ', ...,v") e R,
but that this isomorphism is “unnatural,” that is, dependent on the choice of basis.

Definition: A (real) linear functional « on F is a real-valued linear function «,
that is, a linear transformation « : E — R from E to the 1-dimensional vector
space R. Thus

a(av + bw) = aa(v) + ba(w)

for real numbers a, b, and vectors v, w.

By induction, we have, for any basis e

o(Den’) =D ate)v/ (2.2)

This is simply of the form ) a; v/ (where a; = a(e;)), and this is a linear function of
the components of v. Clearly if {a;} are any real numbers, thenv > Y_a,v’ defines a
linear functional on all of E. Thus, after one has picked a basis, the most general linear
functional on the finite-dimensional vector space E is of the form

a(v) = Zajvj where a; 1= «a(e;) (2.3)

Warning: A linear functional « on E is not itself a member of E; that is, « is not
to be thought of as a vector in E. This is especially obvious in infinite-dimensional
cases. For example, let E be the vector space of all continuous real-valued functions
f : R — R of areal variable ¢. The Dirac functional &, is the linear functional on E
defined by

8o (f) = f(0)

You should convince yourself that E is a vector space and that §y is a linear functional
on E. No one would confuse &y, the Dirac § “function,” with a continuous function,
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that is, with an element of E. In fact &, is not a function on R at all. Where, then, do the
linear functionals live?

Definition: The collection of all linear functionals « on a vector space E form a
new vector space E*, the dual space to E, under the operations

@+B)V) i=aW) +B(V), oBecE, VEE
(ca)(v) := ca(v), celR
We shall see in a moment that if E is n-dimensional, then so is E*.
Ife,...,e, is a basis of E, we define the dual basis ¢', ..., 0" of E* by first
putting
ol(e;) =6

and then “extending o by linearity,” that is,

0i<2ejvj> = Zci(ej)vj = Z(Sijvj =
i j j

Thus o is the linear functional that reads off the i"" component (with respect to the

basis e) of each vector v.

Let us verify that the o ’s do form a basis. To show linear independence, assume that a
linear combination )~ a;o is the O functional. Then 0 = 3~ ajol(e) = > ajdly =
a, shows that all the coefficients a; vanish, as desired. To show that the o’s span E*,
we note that if « € E* then

a(v) = a(Zejvj> = Z(x(ej)vj
= Za(ej)aj(v) = (Za(ej)aj)(v)

Thus the two linear functionals « and ) a(e;)o’ must be the same!

=) ale)o’ 24)
J

This very important equation shows that the o’s do form a basis of E*.
In (2.3) we introduced the n-tuple a; = a(e;) for each « € E*. From (2.4) we see
o =Y a;o’. a; defines the j™ component of «.
If we introduce the matrices
o=(@'...,o0mMT and a=(a,...,a,)
then we can write

o= Zajoj =ao (2.5)
J

Note that the components of a linear functional are written as a row matrix a.



40 TENSORS AND EXTERIOR FORMS

If B = (B;r) is a matrix of linear functionals and if f = (fg,) is a matrix of vectors,
then by 8f = 8 (f) we shall mean the matrix of scalars

BMDis = Bir (Ery)
R

Note then that oe is the identity n x n matrix, and then equation (2.3) says

a(v) = (ao)(ev) = a(ce)v = av

2.1b. The Differential of a Function

Definition: The dual space M}* to the tangent space M}, at the point p of a
manifold is called the cotangent space.

Recall from (1.10) that on a manifold M”, a vector v at p is a differential operator
on functions defined near p.

Definition: Let f : M" — R. The differential of f at p, written df, is the
linear functional df : M — R defined by

df (v) =v,(f) (2.6)

Note that we have defined d f independent of any basis. In local coordinates, e; =
8/8x’], defines a basis for M » and

;] o of
7 ) = J(p)y—L
df(Zv ax_,.> =2 V(P55
is clearly a linear function of the components of v. In particular, we may consider the
differential of a coordinate function, say x’

4 ,.< 8 ) ox
pe e = — = i
ox/ dx/ !

dxf(z aﬂ) S () =

i th

and

Thus, for each i, the linear functional dx' reads off the i"™ component of any vector v
(expressed in terms of the coordinate basis). In other words

o' =dx'

yields, fori = 1, ..., n, the dual basis to the coordinate basis. dx', ..., dx" form a
basis for the cotangent space M,*.
The most general linear functional is then expressed in coordinates, from (2.5) as

o= Z“(ax1> dx/ = Za dx’ 2.7

Warning: We shall call an expression such as (2.7) adifferential form. In elementary
calculus it is called simply a “differential.” We shall not use this terminology since, as
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we learned in calculus, not every differential form is the differential of a function; that
is, it need not be “exact.” We shall discuss this later on in great detail.

The definition of the differential of a function reduces to the usual concept of dif-
ferential as introduced in elementary calculus. Consider for example R? with its usual
cartesian coordinates x = x!, y = x2,andz = x>. The differential is there traditionally
defined in two steps.

First, the differential of an “independent” variable, that is, a coordinate function, say
dx, is a function of ordered pairs of points. If P = (x, y,z) and Q = (x', y', z’) then
dx is defined to be (x" — x). Note that this is the same as our expression dx (Q — P),
where (Q — P) is now the vector from P to Q. The elementary definition in R® takes
advantage of the fact that a vector in the manifold R? is determined by its endpoints,
which again are in the manifold R*. This makes no sense in a general manifold; you
cannot subtract points on a manifold.

Second, the differential df of a “dependent” variable, that is, a function f, is defined
to be the function on pairs of points given by

(e e (e Jor e (50) =

Note that this is exactly what we would get from (2.7)

o : af
d = d - d = b d !
f Z f(8x1> X Z(ax1> X
Our definition makes no distinction between independent and dependent variables, and

makes sense in any manifold.
Our coordinate expression for d f obtained previously holds in any manifold

df = ; (:%) dx’ (2.8)

A linear functional @ : M, — R is called a covariant vector, or covector, or
1-form. A differentiable assignment of a covector to each point of an open set in M"
is locally of the form

o= Zaj(x)dxj
J

and would be called a covector field, and so on; df = Zj(af/axf)dxf is an example.
Thus the numbers df/dx',...,df/dx" form the components not of a vector field
but rather of a covector field, the differential of f. We remarked in our warning in
paragraph 1.4c that these numbers are called the components of the “gradient vector”
in elementary mathematics, but we shall never say this. It is important to realize that
the local expression (2.8) holds in any coordinate system; for example, in spherical
coordinates for R®, f = f(r, 0, ¢) and

af = (L Jar+ (% )ao + (o ) a0

and no one would call df/dr, df/068, df/d¢ the components of the gradient vector
in spherical coordinates! They are the components of the covector or 1-form df. The
gradient vector grad f will be defined in the next section after an additional structure
is introduced.



42 TENSORS AND EXTERIOR FORMS

Under a change of local coordinates the chain rule yields

, Oxy! )
dxy' =Y ( xV.) dxy’ 2.9)
J

aXU-/

and for a general covector 5, a¥idxy' = oija’i@xyi/dxy?) dxy’ must be the same
as ) ; a¥ ;dxy’. We then must have

8xvi

vo_ v

a j_Xi: a ‘(am) (2.10)
But 3, Bxy' /dxy?)(@xy’ /0xy*) = dxy/dxy* = & shows that dx;/dxy is the
inverse matrix to dxy/dxy. Equation (2.10) is, in matrix form, a¥ = a" (3xy/0xy),
and this yields a¥ = aV (dxy/dxy), or

a’; =Zauj<ax”l> 2.11)

- dxy!
; v

This is the transformation rule for the components of a covariant vector, and should
be compared with (1.6). In the notation of (1.7) we may write

a" =a%cyy =a% ¢y, (2.12)

Warning: Equation (1.6) tells us how the components of a single contravariant
vector transform under a change of coordinates. Equation (2.11), likewise, tells us
how the components of a single 1-form « transform under a change of coordinates.
This should be compared with (2.9). This latter tells us how the n-coordinate 1-forms
dxy', ..., dxy" arerelated to the n-coordinate 1-forms dxy ', ..., dxy". In a sense we
could say that the n-tuple of covariant vectors (dx', ..., dx") transforms as do the
components of a single contravariant vector. We shall never use this terminology.

See Problem 2.1 (1) at this time.

2.1c. Scalar Products in Linear Algebra

Let E be an n-dimensional vector space with a given inner (or scalar) product (, ).
Thus, for each pair of vectors v, w of E, (v, w) isareal number,itislinearineach entry
when the other is held fixed (i.e., it is bilinear), and it is symmetric (v, w) = (W, V).
Furthermore (, ) is nondegenerate in the sense that if (v, w) = 0 for all w then v = 0;
that is, the only vector “orthogonal” to every vector is the zero vector. If, further,
| v I>:= (v, V) is positive when v # 0, we say that the inner product is positive
definite, but to accommodate relativity we shall not always demand this.
If e is a basis of E, then we may write v = ev and w = ew. Then

(v, w) = (Zeivi, Zejwj)
i j
= vien D ew) =" vife, e))w
i j i
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If we define the matrix G = (g;;) with entries
8ij = (e, €;)
then
(v.w) = vgyuw (2.13)
ij

or
(v, w) = vGw

The matrix (g;;) is briefly called the metric tensor. This nomenclature willbe explained
in Section 2.4.

Note that when e is an orthonormal basis, that is, when g;; = 85. is the identity
matrix (and this can happen only if the inner product is positive definite), then (v, w) =
v w’ takes the usual “euclidean” form. If one restricted oneself to the use of
orthonormal bases, one would never have to introduce the matrix (g;;), and this is what
is done in elementary linear algebra.

By hypothesis, (v, w) is a linear function of w when v is held fixed. Thus if v € E,
the function v defined by

v(w) = (v, w) (2.14)

is a linear functional, v € E*. Thus to each vector v in the inner product space E we
may associate a covector v; we shall call v the covariant version of the vector v. In
terms of any basis e of E and the dual basis ¢ of E* we have from (2.4)

V= Z viol = Zv(ej)aj
J

J

= Z(v, e;)o’
J

= Z(Z e,-vi, ej>0'j
i

=Y O _vigipo’
i

Thus the covariant version of the vector v has components v; = Y, v'g; and if is
traditional in “tensor analysis” to use the same letter v rather than v. Thus we write
for the components of the covariant version

vi= vigy=» gt (2.15)

since gij = gji- The subscript j in v; tells us that we are dealing with the covariant
version; in tensor analysis one says that we have “lowered the upper index i, making
it a j, by means of the metric tensor g;;.” We shall also call the (v;), with abuse of
language, the covariant components of the contravariant vector v.

Note that if e is an orthonormal basis then v; = v/.
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In our finite-dimensional inner product space E, every linear functional v is the
covariant version of some vector v. Given v = 3. v;o/ we shall find v such that
v(w) = (v, w) for all w. For this we need only solve (2.15) for v' in terms of the given
v;. Since G = (g;;) is assumed nondegenerate, the inverse matrix G~ must exist and is
again symmetric. We shall denote the entries of this inverse matrix by the same letters
g but written with superscripts

G = (g
Then from (2.15) we have
v =Zg"fvj (2.16)
J

yields the contravariant version v of the covectorv =3, v ;0. Again we call (v') the
contravariant components of the covector v.

Let us now compare the contravariant and covariant components of a vector v in a
simple case. First of all, we have immediately

v; = v(e;) = (v, e;) 2.17)
and then v’ = 3, g¥v; = 37, g”(v, e;). Thus although we always have v = 3, v’ e;,
v=3 (Y g ve)e
i J

replaces the euclidean v =), (v, e;)e; that holds when the basis is orthonormal. Con-
sider, for instance, the plane R2, where we use a basis e that consists of unit but not
orthogonal vectors.

€]
v v

Figure 2.1

We must make some final remarks about linear functionals. It is important to realize
that given an n-dimensional vector space E, whether or not it has an inner product,
one can always construct the dual vector space E*, and the construction has nothing
to do with a basis in E. If a basis e is picked for E, then the dual basis o for E* is
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determined. There is then an isomorphism, that is, a 1:1 correspondence between E*
and E given by > a;o/ — 3 aje;, but this isomorphism is said to be “unnatural”
since if we change the basis in E the correspondence will change. We shall never use
this correspondence. Suppose now that an inner product has been introduced into E.
As we have seen, there is another correspondence E* — E that is independent of
basis; namely to v € E* we associate the unique vector v such that v(w) = (v, w); we
may write v = (v, «). In terms of a basis we are associating to v = 5_ v;0" the vector
S v'e;. Then we know that each o' can be represented as o' = (f;, +); that is, there
is a unique vector f; such that o' (w) = (f;, w) for all w € E. Then f ={f;} is a new
basis of the original vector space E, sometimes called the basis of E dual to e, and we
have (f;, e;) = 8; Although this new basis is used in applied mathematics, we shall
not do so, for there is a very powerful calculus that has been developed for covectors,
a calculus that cannot be applied to vectors!

2.1d. Riemannian Manifolds and the Gradient Vector

A Riemannian metric on a manifold M" assigns, in a differentiable fashion, a positive
definite inner product (, ) in each tangent space M. If (, ) is only nondegenerate (i.e.,
(u, v) = O for all v only if u = 0) rather than positive definite, then we shall call the
resulting structure on M" a pseudo-Riemannian metric. A manifold with a (pseudo-)
Riemannian metric is called a (pseudo-) Riemannian manifold.

In terms of a coordinate basis e; = 8; := 8/0x' we then have the differentiable
matrices (the “metric tensor”)

” )_<_‘9, i>
87 = \oxi” axs

asin (2.13). In an overlap U N V we have

g5=< o_ o > (2.18)

Oxyi’ Oxyi

axy\ .y (axu‘) v
= 28,3 (L e
2 (Gar)o 2 ()2

s

oxy" oxy®
v _ U u U
8ij = Z <3Xvi> <3ij> Brs

rs

This is the transformation rule for the components of the metric tensor.

Definition: If M" is a (pseudo-) Riemannian manifold and f is a differentiable
function, the gradient vector

grad f =V f
is the contravariant vector associated to the covector d f

df(w) =(Vf,w) (2.19)
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In coordinates
wry =Yg
J) = j 8 ax
Note then that || V f |2:= (Vf,Vf) =df(Vf) =3 ,;@f/0x")g" (3f/3x’). We
see that df and V f will have the same components if the metric is “euclidean,” that
is, if the coordinates are such that g/ = 8’,

Example (special relativity): Minkowski space is, as we shall see in Chapter 7, R* but
endowed with the pseudo-Riemannian metric given in the so-called inertial coordinates

t=x% x=x', y:xz, z=x3,by
o o
i =\ Ay A~ =1 if':':1,2,0r3
8ii <8x’ 6x1> =

= —¢? ifi =j=0, where c is the speed of light

=0 otherwise

thatis, (g;;) is the 4 x 4 diagonal matrix
(gij) = diag(—c*, 1,1, 1)

3
of of ,
df = | — )dt — ) dx’
r= (%) +Z}Qw>x
is classically written in terms of components

N[af of of Bf]
! ot ox' ay dz

_ L[ (N,
Vf——g<5>&+Jﬂ<5;>&

[ var of of o)’

VI [‘c—z o ox ay 8_2}

(It should be mentioned that the famous Lorentz transformations in general are simply
the changes of coordinates in R? that leave the origin fixed and preserve the form —c?t* +
x? + y? 4 22, just as orthogonal transformations in R* are those transformations that
preserve x> + y? + z2!)

Then

but

2.1e. Curves of Steepest Ascent

The gradient vector in a Riemannian manifold M" has much the same meaning as in
euclidean space. If v is a unit vectorat p € M, then the derivative of f withrespectto v
isv(f) =Y (3f/9x’/)v/ = df (v) = (V £, v). Then Schwarz’s inequality (which holds
for a positive definite inner product), [v(f)| = (Vv <I VIl vI=I V£,
shows that f has a maximum rate of change in the direction of V f. If f(p) = a, then
the level set of f through p is the subset defined by

M" " (a) = {x € M"| f(x) = a}
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A good example to keep in mind is the torus of Figure 1.18. If df does not vanish
at p then M"='(a) is a submanifold in a neighborhood of p. If x = x(¢) is a curve
in this level set through p then its velocity vector there, dx/dt, is “annihilated” by
df; df(dx/dt) = 0 since f(x(z)) is constant. We are tempted to say that df is
“orthogonal” to the tangent space to M"~'(a) at p, but this makes no sense since df
is not a vector. Its contravariant version V f is, however, orthogonal to this tangent
space since (V f,dx/dt) = df (dx/dt) = 0 for all tangents to M"~!(a) at p. We say
that V f is orthogonal to the level sets.

Finally recall that we showed in paragraph 1.4b that one does not get a well-defined
flow by considering the local differential equations dx'/dt = 3f/dx'; one simply
cannot equate a contravariant vector dx/dt with a covariant vector df. However it
makes good sense to write dx /dt = V fthatis, the “correct” differential equations are

w2+ (55)

The integral curves are then tangent to V f, and so are orthogonal to the level sets f =
constant. How does f change along one of these “curves of steepest ascent”? Well,
df/dt =df(dx/dt) = (V f, V f). Note then that if we solve instead the differential
equations

dx_ vy
e IV fI?

(i.e., we move along the same curves of steepest ascent but at a different speed) then
df/dt = 1. The resulting flow has then the property that in time t it takes the level set
f = a into the level set f = a + t. Of course this result need only be true locally
and for small # (see 1.4a). Such a motion of level sets into level sets is called a Morse
deformation. For more on such matters see [M, chap. 1].

Problems

2.1(1) Ifvis avectorand« is a covector, compute directly in coordinates that 3~ a’ v,
3" av/,. What happens if w is another vector and one considers 3 v/w/?

2.1(2) Let x, y, and z be the usual cartesian coordinates in R® and let u' =r, u2 =6
(colatitude), and u® = ¢ be spherical coordinates.

(i) Compute the metric tensor components for the spherical coordinates

= _(2 2 etc
gre ‘= G2 = or 98 .

(Note: Don't fiddle with matrices; just use the chain rule 8/8r
@x/anNd/ox + ---)

(ii) Compute the coefficients (v f)/ in

Vf—(Vf>’ +(Vf)" +(Vf)¢‘1
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(iii) Verify that 8/0r, 8/06, and 8/8¢ are orthogonal, but that not all are unit
vectors. Define the unit vectors e’j = (8/8ul)/ || 8/8u’ || and write V f in
terms of this orthonormal set

Vi=f'e +vHe+ v hHe,

These new components of grad f are the usual ones found in all physics
books (they are called the physical components); but we shall have little
use for such components; df, as given by the simple expression df =
@f/ar) dr + ---, frequently has all the information one needs!

2.2. The Tangent Bundle

What is the space of velocity vectors to the configuration space of a dynamical system?

2.2a. The Tangent Bundle

The tangent bundle, T M", to a differentiable manifold M" is, by definition, the
collection of all tangent vectors at all points of M.

Thus a “point” in this new space consists of a pair (p, v), where p is apointof M and vis
atangent vector to M atthe point p, thatis, v € M;;. Introduce local coordinates in T M
as follows. Let (p, v) € TM". p lies in some local coordinate system U, x', ..., x". At
p we have the coordinate basis (8; = 8/8x") for M". We may thenwritev =}, v';.
Then (p, v) is completely described by the 2n-tuple of real numbers

x'(p), ..., x"(p),v', ..., 0"

The 2n-tuple (x,v) represents the vector > j v/ ; at p. In this manner we associate
2n local coordinates to each tangent vector to M" that is based in the coordinate patch
(U, x). Note that the first n-coordinates, the x’s, take their values in a portion U of R",
whereas the second set, the v’s, fill out an entire R" since there are no restrictions on
the components of a vector. This 2n-dimensional coordinate patch is then of the form
(U c R") x R" ¢ R*". Suppose now that the point p also lies in the coordinate patch
(U’, x"). Then the same point (p, v) would be described by the new 2n-tuple

m

x'](p),...,x (p),v'l,...,v

m

where

!

=L X (2.20)

and
) 8x/i )
n - J
v o= Ej [—axj](p)v

We see then that T M" is a 2n-dimensional differentiable manifold!
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We have a mapping
n:TM > M w(p,v)=p

called projection that assigns to a vector tangent to M the point in M at which the
vector sits. In local coordinates,

. 1
ax, ..., x" v, v =(x,...,x")

It is clearly differentiable.

fiber 77! (x)
™ /
Rll T T
: 9 ,: point with local
! " | coordinates (x,v)
] // ]
1 v :
1
v : ) : 0 section
i) '
i 1
1 1
1 ! ! yd
1 1
T
1 1
1 ]
1 T
x v
L \
\ 7 M
f U I
Figure 2.2

We have drawn a schematic diagram of the tangent bundle T M. 7 ~'(x) represents
all vectors tangent to M at x, and so 7' (x) = M7 is a copy of the vector space R".
It is called “the fiber over x.” Our picture makes it seem that 7 M is the product space
M x R", but this is not so! Although we do have a global projection 7w : TM — M,
there is no projectionmap v’ : TM — R".

A point in TM represents a tangent vector to M at a point p but there is no way to
read off the components of this vector until a coordinate system (or basis for M ,) has
been designated at the point at which the vector is based!

Locally of course we may choose such a projection; if the point is in 7 ~!(U) then by
using the coordinates in U we may read off the components of the vector. Since 7 ~!(U)
is topologically U x R" we say that the tangent bundle 7' M is locally a product.
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0 section

section v

7 : M

v =0 here

Figure 2.3

A vector field v on M clearly assigns to each point p in M apoint v(p) in ' (p) C

T M that “lies over p.” Thus a vector field can be considered asamapv : M — TM
such that 7w ov is the identity map of M into M. As such it is called a (cross) section of the
tangent bundle. In a patch 7 ~'(U) it is described by v’ = v(x!, ..., x") and the image
v(M) is then an n-dimensional submanifold of the 2n-dimensional manifold 7M. A
special section, the 0 section (corresponding to the identically O vector field), always
exists. Although different coordinate systems will yield perhaps different components
for a given vector, they will all agree that the 0-vector will have all components 0.

Example: In mechanics, the configuration of a dynamical system with n degrees of
freedom is usually described as a point in an n-dimensional manifold, the configuration
space. The coordinates x are usually called ¢!, ..., g", the “generalized coordinates.”
For example, if we are considering the motion of two mass points on the real line,
M? = R x R with coordinates g', g (one for each particle). The configuration space
need not be euclidean space. For the planar double pendulum of paragraph 1.2b (v),
the configuration space is M2 = S' x §' = T2. For the spatial single pendulum M?
is the 2-sphere S? (with center at the pin). A tangent vector to the configuration space
M" is thought of, in mechanics, as a velocity vector; its components with respect to the
coordinates g are written ¢y, . .., g, rather than v', ..., v". These are the generalized
velocities. Thus T M is the space of all generalized velocities, but there is no standard
name for this space in mechanics (it is not the phase space, to be considered shortly).

2.2b. The Unit Tangent Bundle

If M" is a Riemannian manifold (see 2.1d) then we may consider, in addition to T M,
the space of all unit tangent vectors to M". Thus in T M we may restrict ourselves to
the subset TyM of points (x, v) such that | v ||>= 1. If we are in the coordinate patch
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(x',...,x",v',...,v") of TM, then this unit tangent bundle is locally defined by
ToM" :Z 8ij xX)viv =1
ij

In other words, we are looking at the locus in 7 M defined locally by putting the single
function f(x,v) = >_,; gj(x)v'v/ equal to a constant. The local coordinates in T M
are (x, v). Note, using g;; = g;, that
3

vk ,

J
Since det(g;;) # 0, we conclude that not all 3f/ 9v* can vanish on the subset v # 0,
and thus ToM" is a (2n — 1)-dimensional submanifold of T M"! In particular ToM is
itself a manifold.
In the following figure, vo = v/ || v ||

0 section

Yo v

Figure 2.4

Example: T,S? is the space of unit vectors tangent to the unit 2-sphere in R>.

Figure 2.5

Letv = f, be a unit tangent vector to the unit sphere S2 C R Itis based at some point
on §2, described by a unit vector f;. Using the right-hand rule we may put f3 = f; x f,.
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It is clear that by this association, there is a 1:1 correspondence between unit tangent
vectors v to S3 (i.e., to a point in TyS?) and such orthonormal triples f), f,, f3. Translate
these orthonormal vectors to the origin of R* and compare them with a fixed right-handed
orthonormal basis e of R>. Then f; = e i R/; for a unique rotation matrix R € SO(3).
In this way we have set up a 1:1 correspondence TyS? — SO(3). It also seems evident
that the topology of TyS? is the same as that of SO(3), meaning roughly that nearby
unit vectors tangent to S? will correspond to nearby rotation matrices; precisely, we
mean that 7,5 - SOQ3) is a diffeomorphism. We have seen in 1.2b(vii) that SO(3) is
topologically projective space.

The unit tangent bundle ToS? to the 2-sphere is topologically the 3-dimensional real
projective 3-space TyS* ~ RP> ~ SO(3).

2.3. The Cotangent Bundle and Phase Space

What is phase space?

2.3a. The Cotangent Bundle

The cotangent bundle to M" is by definition the space T*M" of all covectors at all
points of M. A point in T*M is a pair (x, a) where « is a covector at the point x. If x is
in a coordinate patch U, x', ..., x", thend x', ..., dx", gives a basis for the cotangent
space M7*, and o can be expressed as o = > a;(x)dx'. Then (x, &) is completely
described by the 2n-tuple

x' ), .., x"(x), @ (%), ..., a,(x)

The 2n-tuple (x, a) represents the covector Y a; dx' at the point x. If the point p also

lies in the coordinate patch U’, x'', ..., x"", then

1"

=X X

and (2.21)
=% [2wa
J

T*M" is again a 2n-dimensional manifold. We shall see shortly that the phase space in
mechanics is the cotangent bundle to the configuration space.

2.3b. The Pull-Back of a Covector

Recall that the differential ¢, of a smooth map ¢ : M" — V' has as matrix the Jacobian
matrix dy/dx in terms of local coordinates (x', ..., x") near x and (y!, ..., y") near
y = ¢(x). Thus, in terms of the coordinate bases

8\ ayR\ 8
*(50) =2 (5 ) 22
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Note that if we think of vectors as differential operators, then for a function f near y

7} ‘ ayR af
#(5) =2 (35) (55)
simply says, “Apply the chain rule to the composite function f o ¢, thatis, f(y(x)).”

Definition: Let ¢ : M" — V' be a smooth map of manifolds and let ¢ (x) = y.
Let ¢, : M, — V, be the differential of ¢. The pull-back ¢* is the linear
transformation taking covectors at y into covectors at x, ¢* : V(y)* — M (x)*,
defined by

" (B)(V) := B(¢s(V)) (2.23)

for all covectors B at y and vectors v at x.

Let (x') and (y®) be local coordinates near x and y, respectively. The bases for the
tangent vector spaces M, and V, are given by (8/8x’) and (8/8y*). Then

B = Z¢(ﬁ>( )dxf Zﬂ(@ >dxf
_Zﬁ<z<8xl>6? >dxf

_Z<8x1> ( S )dx!

= Zb"’( )dx’ where 8 = ZdeyR

R
Thus

* ayR i
¢*(B) = ZbR<W>dxf (2.24)
jR

In terms of matrices, the differential ¢, is given by the Jacobian matrix dy/dx acting
on columns v at x from the left, whereas the pull-back ¢* is given by the same matrix
acting on rows b at y from the right. (If we had insisted on writing covectors also as
columns, then ¢* acting on such columns from the left would be given by the transpose
of the Jacobian matrix.)

¢*(dy") is given immediately from (2.24); since dy® = 3 85rdy®

) N
¢*(dy®) = Z ( a) - )d j (2.25)

This is again simply the chain rule applzed to the composition yS o ¢!

Warning: Let ¢ : M" — V" and let v be a vector field on M. It may very well
be that there are two distinct points x and x’ that get mapped by ¢ to the same point
y = ¢ (x) = ¢(x). Usually we shall have ¢, (v(x)) # ¢.(v(x’)) since the field v need
have no relation to the map ¢. In other words, ¢, (v) does not yield a well defined vector
field on V (does one pick ¢,(v(x)) or ¢.(v(x")) at y?). ¢, does not take vector fields
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into vector fields. (There is an exception if n = r and ¢ is 1:1.) On the other hand, if
B is a covector field on V', then ¢* B is always a well-defined covector field on M";
¢*(B(y)) yields a definite covector at each point x such that ¢ (x) = y. As we shall
see, this fact makes covector fields easier to deal with than vector fields.

See Problem 2.3 (1) at this time.

2.3c. The Phase Space in Mechanics

In Chapter 4 we shall study Hamiltonian dynamics in a more systematic fashion. For the
present we wish merely to draw attention to certain basic aspects that seem mysterious
when treated in most physics texts, largely because they draw no distinction there
between vectors and covectors.

Let M" be the configuration space of a dynamical system and let ¢', . .., g" be local
generalized coordinates. For simplicity, we shall restrict ourselves to time-independent
Lagrangians. The Lagrangian L is then a function of the generalized coordinates g
and the generalized velocities g, L = L(q, g). It is important to realize that ¢ and g
are 2n-independent coordinates. (Of course if we consider a specific path ¢ = g(¢) in
configuration space then the Lagrangian along this evolution of the system is computed
by putting ¢ = dq/dt.) Thus the Lagrangian L is to be considered as a function on
the space of generalized velocities, that is, L is a real-valued function on the tangent
bundleto M,

L:TM" > R

We shall be concerned here with the transition from the Lagrangian to the Hamiltonian
formulation of dynamics. Hamilton was led to define the functions

pi(g.q) := g—L (2.26)
q

We shall only be interested in the case when det(dp;/3g/) # 0. In many books (2.26)
is looked upon merely as a change of coordinates in T M; that is, one switches from
coordinates g, q,to g, p. Although this is technically acceptable, it has the disadvantage
that the p’s do not have the direct geometrical significance that the coordinates ¢ had.
Under a change of coordinates, say from gy to gy in configuration space, there is an
associated change in coordinates in T M

qv =qv(qu)

- aq{/ i

v = Z i v (2.27)
; aqy

This is the meaning of the tangent bundle! Let us see now how the p’s transform.

v._ 0L _~[(BL(da) (LY (%0
1% ; qy qv qy qv

However, gy does not depend on gy ; likewise gy does not depend on gy, and therefore
the first term in this sum vanishes. Also, from (2.27),
8qy _ dqp

Yl i

_ (2.28)
9qy  9dqy
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Thus

1 v (99 ljJ
p; = Z Pil 5, (2.29)

j gy )
and so the p’s represent then not the components of a vector on the configuration
space M" but rather a covector. The g’s and p’s then are to be thought of not as local
coordinates in the tangent bundle but as coordinates for the cotangent bundle. Equation
(2.26) is then to be considered not as a change of coordinates in 7 M but rather as the
local description of a map

p:TM" - T*M" (2.30)
from the tangent bundle to the cotangent bundle. We shall frequently call (¢, ..., g",
p1, - -+ Pp) the local coordinates for T*M" (even when we are not dealing with me-

chanics). This space T* M of covectors to the configuration space is called in mechanics
the phase space of the dynamical system.

Recall that there is no natural way to identify vectors on a manifold M" with co-
vectors on M". We have managed to make such an identification, }; ¢4/3/dq’ —
> ;OL/ dgq’)dqg’, by introducing an extra structure, a Lagrangian function. T M and
T* M exist as soon as a manifold M is given. We may (locally) identify these spaces by
giving a Lagrangian function, but of course the identification changes with a change of
L, that is, a change of “dynamics.”

Whereas the ¢’s of T M are called generalized velocities, the p’s are called gener-
alized momenta. This terminology is suggested by the following situation. The La-
grangian is frequently of the form

where T is the kinetic energy and V the potential energy. V is usually independent of
g and T is frequently a positive definite symmetric quadratic form in the velocities

1 )
T@, 9 =3 en@)q’d" (2.31)
Jjk

For example, in the case of two masses m; and m, moving in one dimension, M =
R?, TM = R*, and

1 ) 1 .
T = Eml(q])z + imz(qz)2

and the “mass matrix” (g;;) is the diagonal matrix diag(m,, m,).

In (2.31) we have generalized this simple case, allowing the “mass” terms to depend
on the positions. For example, for a single particle of mass m moving in the plane, we
have, using cartesian coordinates, T = (1/2)m[x? + ], but if polar coordinates are
used we have T = (1/2)m[i-2 + r?0?] with the resulting mass matrix diag(m, mr?). In
the general case,

oL oT .
pi=—=7=) &iq4q’ (2.32)
g’ 34 ZJ: /
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Thus, if we think of 2T as defining a Riemannian metric on the configuration space M"

(@.4) =) 8;(@)q'q’
ij
then the kinetic energy represents half the length squared of the velocity vector, and
the momentum p is by (2.32) simply the covariant version of the velocity vector q. In
the case of the two masses on R we have

P|=m|41 and P2=m242

are indeed what everyone calls the momenta of the two particles.

The tangent and cotangent bundles, TM and T* M, exist for any manifold M, in-
dependent of mechanics. They are distinct geometric objects. If, however, M is a Rie-
mannian manifold, we may define a diffeomorphism TM" — T*M" that sends the
coordinate patch (g, g) to the coordinate patch (g, p) by

pi=)_8iq’
J
with inverse
q'=> 8"p;
J

We did just this in mechanics, where the metric tensor was chosen to be that defined
by the kinetic energy quadratic form.

2.3d. The Poincaré 1-Form

Since TM and T*M are diffeomorphic, it might seem that there is no particular reason
forintroducing the more abstract T*M, but this is not so. There are certain geometrical
objects that live naturally on T*M, not TM. Of course these objects can be brought
back to TM by means of our identifications, but this is not only frequently awkward,
it would also depend, say, on the specific Lagrangian or metric tensor employed.

Recall that “l-form” is simply another name for covector. We shall show, with
Poincaré, that there is a well-defined 1-form field on every cotangent bundle 7*M.
This will be a linear functional defined on each tangent vector to the 2n-dimensional
manifold T*M", not M.

Theorem (2.33): There is a globally defined 1-form on every cotangent bundle
T*M?", the Poincaré 1-form ). In local coordinates (q, p) it is given by

h=3 pidq’

(Note that the most general 1-form on T*M is locally of the form Y, a;(g, p)dq' +
> bi(g, p)dp;:, and also note that the expression given for A cannot be considered a
1-form on the manifold M since p; is not a function on M!)
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PROOF: We need only show that X is well defined on an overlap of local coordi-
nate patches of T* M. Let (¢’, p’) be a second patch. We may restrict ourselves to
coordinate changes of the form (2.21), for that is how the cotangent bundle was

defined. Then
i 3q"\ , ., (9q > }
d = P d J + d
1 Z{<3q’> 1 <8p, &

J
But from (2.21), ¢’ is independent of p, and the second sum vanishes. Thus

Zi:p’idq" Zp, Z(aq1>dq —Zp,dq o

There is a simple intrinsic definition of the form A, that is, a definition not using
coordinates. Let A be a pointin 7* M; we shall define the 1-form X at A. A represents a
l-form o atapointx € M. Let w : T*M" — M" be the projection that takes a point A
in T* M, to the point x at which the form « is located. Then the pull-back 7*« defines
a 1-form at each point of 7 ~!(x), in particular at A. A at A is precisely this form 7*a!

Let us check that these two definitions are indeed the same. In terms of local coor-
dinates (q) for M and (g, p) for T*M the map x is simply 7 (q, p) = (q). The point
A with local coordinates (g, p) represents the form > P ;dg’ at the point ¢ in M.
Compute the pull-back (i.e., use the chain rule)

m* ( > Pidqi> => pin*dq)
i i
aq' , qu) }
= ' — )dq’ + | — )dp;
X 2 (g )+ (55, )
=> pi > 8idg’ =) pdg'=1 O
i j i
As we shall see when we discuss mechanics, the presence of the Poincaré 1-form field

on T*M and the capability of pulling back 1-form fields under mappings endow T*M
with a powerful tool that is not available on T M.

Problems

2.3(1) Let F: M" > W™ and G: W™ — VS be smooth maps. Let x, y, and z be local
coordinates near p € M, F(p) € W, and G(F(p)) € V, respectively. We may
consider the composite map Go F: M - V.

(i) Show, by using bases 8/9x, 8/8y, and 8/0z, that
(Go F)x=Gyo Fy
(ii) Show, by using bases dx, dy, and dz, that
(Go FY* = F*o G*
2.3(2) Consider the tangent bundle to a manifold M.
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(i) Show that under a change of coordinates in M, 8/8q depends on both
8/8q and 8/8¢q'.
(ii) Is the locally defined vector field > jqia/aqi well defined on all of TM?
(iiii) Is Z,q/a/aq/‘ well defined?
(iv) If any of the above in (ii), (iii) is well defined, can you produce an intrinsic
definition?

2.4. Tensors

How does one construct a field strength from a vector potential?

2.4a. Covariant Tensors

In this paragraph we shall again be concerned with linear algebra of a vector space
E. Almost all of our applications will involve the vector space E = M} of tangent
vectors to a manifold at a point x € E. Consequently we shall denote a basis e of
Eby & = (8,,...,08,), with dual basis 0 = dx = (dx',...,dx"). It should be
remembered, however, that most of our constructions are simply linear algebra.

Definition: A covariant tensor of rank r is a multilinear real-valued function
Q:ExXEx.-.-xE—R

of r-tuples of vectors, multilinear meaning that the function Q(vy,...,v,) is
linear in each entry provided that the remaining entries are held fixed.

We empbhasize that the values of this function must be independent of the basis in which
the components of the vectors are expressed.

A covariant vector is a covariant tensor of rank 1. When r = 2, amultilinear function
is called bilinear, and so forth. Probably the most important covariant second-rank tensor
is the metric tensor G, introduced in 2.1c:

Gv,w)=(v,w) = Zgijviwj
ij

is clearly bilinear (and is assumed independent of basis).

We need a systematic notation for indices. Instead of writing i, j, ..., k, we shall
write iy, ..., Ip.

In components, we have, by multilinearity,

Oy, ..., V,) = Q(Zvi‘ ;,,...,Zvi’@,}>
:Zv’i‘Q(ail,...,zvﬁ’ai) =...

= > u...v" 08, ...,8:)

I yeenly
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That is,
Oy, ...,vy = Z Qi v ...

where (2.34)
Qi = Q(ai,’ s 3{,)

We now introduce a very useful notational device, the Einstein summation conven-
tion. In any single term involving indices, a summation is implied over any index that
appears as both an upper (contravariant) and a lower (covariant) index. For example,
inamatrix A = (a'}),a'; = Y; @', is the trace of the matrix. With this convention we
can write

Qi ....v,) = Qi V... v" (2.35)

The collection of all covariant tensors of rank » forms a vector space under the usual
operations of addition of functions and multiplication of functions by real numbers.
These simply correspond to addition of their components Q; . ; and multiplication of
the components by real numbers. The number of components in such a tensor is clearly
n”. This vector space is the space of covariant r' rank tensors and will be denoted by

E*®E*®'~'®E*:®rE*

If @ and B are covectors, that is, elements of E*, we can form the second-rank
covariant tensor, the tensor product of o and S, as follows. We need only tell how
a®p:ExE—R

a® Bv,w) .= a(v) B(w)
In components, @ = a;dx' and B = b;dx’, and from (2.34)
(@ ®B)ij =a®pP(0;,8;) =a(8,)(8;) = a;b;

(aib;), where i, j =1, ..., n, form the components of o ® 8. See Problem 2.4 (1) at
this time.

2.4b. Contravariant Tensors

Note first that a contravariant vector, that is, an element of E, can be considered as a
linear functional on covectors by defining

v(a) = a(v)

In components v(a) = a;v' is clearly linear in the components of «.

Definition: A contravariant tensor of rank s is a multilinear real valued func-
tion T on s-tuples of covectors

T:E*xE*x.--xE*->R
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As for covariant tensors, we can show immediately that for an s-tuple of 1-forms
Qp, .., O
T(ar,...,az) =a; ...a ,~_‘_T""""-"
where (2.36)
T = T(dx", ..., dx")
We write for this space of contravariant tensors
EQER®---QE:=QE

Contravariant vectors are of course contravariant tensors of rank 1. An example
of a second-rank contravariant tensor is the inverse to the metric tensor G~', with
components (g'/),

G ' (a,B)=g" aib;

(see 2.1c). Does the matrix g really define a tensor G~'? The local expression for
G~' (a, B) given is certainly bilinear, but are the values really independent of the
coordinate expressions of « and 8? Note that the vector b associated to 8 is coordinate-
independent since B(v) = (v, b), and the metric (, ) is coordinate-independent. But
then G~'(a, B) = g”a;b; = a;b' = a(b) is indeed independent of coordinates, and
G is a tensor.

Given a pair v, w of contravariant vectors, we can form their tensor product v ® w
in the same manner as we did for covariant vectors. It is the second-rank contravariant
tensor with components (v ® w)’/ = v'w/. As in Problem 2.4 (1) we may then write

G = 8ij dxi & a'xj and G_l = gija,' & 8j (237)

2.4c. Mixed Tensors

The following definition in fact includes that of covariant and contravariant tensors as
special cases when r or s = 0.

Definition: A mixed tensor, r times covariant and s times contravariant, is a
real multilinear function W

W E*XE*X - - xXE*XEXEx---xE—->R

on s-tuples of covectors and r-tuples of vectors.
By multilinearity

iy J1 ir
W((X|,...,(1_;,V1,...,V,)2611,'1...(15«,‘x"Vl j10r V1 l)rj
where (2.38)

Wit = Wdx", ..., 0))

Jr-de
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A second-rank mixed tensor arises from a linear transformation A : E — E.Define
W4 : E* x E > Rby Wy(a,v) = a(Av). LetA = (A’}) be the matrix of A, that is,
A9 = BiA;. The components of W, are given by

Wa'j = Wadx', 8;) = dx'(A(8))) = dx' (8, A*)) = §; A%, = A,

The matrix of the mixed tensor W is simply the matrix of A! Conversely, given a mixed
tensor W, once covariant and once contravariant, we can define a linear transformation
A by saying A is that unique linear transformation such that W («, v) = «(Av). Such
an A exists since W(x, v) is linear in v. We shall not distinguish between a linear
transformation A and its associated mixed tensor Wy; a linear transformation A is a
mixed tensor with components (A’ i)

Note that in components the bilinear form has a pleasant matrix expression

W(a,v) = aiAijvj =aAv
The tensor product w ® B of a vector and a covector is the mixed tensor defined by
(W® B)(a, V) = a(W)B(V)
As in Problem 2.4 (1)

A=Aij8i®dxj 6,‘ ®Aij dxj

In particular, the identity linear transformation is
I =8, ®dx’ (2.38)

and its components are of course 8;
Note that we have written matrices A in three different ways, A
first two define bilinear forms (on E and E*, respectively)

A" and A*;. The

ijs

Aijviwj and Aija,-bj

and only the last is the matrix of a linear transformation A : E — E. A point of
confusion in elementary linear algebra arises since the matrix of a linear transformation
thereis usually written A;; and they make no distinction between linear transformations
and bilinear forms. We must make the distinction. In the case of an inner product space
E, (,) we may relate these different tensors as follows. Given a linear transformation
A : E — E, that is, a mixed tensor, we may associate a covariant bilinear form A’ by

A'(v, W) == (v, Aw) = v g;; A/t

Thus A}, = g; jAf «- Note that we have “lowered the index j, making it a k, by means
of the metric tensor.” In tensor analysis one uses the same letter; that is, instead of A’
one merely writes A,

A = gij Al (2.39)

It is clear from the placement of the indices that we now have a covariant tensor. This
is the matrix of the covariant bilinear form associated to the linear transformation A. In
general its components differ from those of the mixed tensor, but they coincide when
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the basis is orthonormal, g;; = 8; Since orthonormal bases are almost always used in
elementary linear algebra, they may dispense with the distinction.

In a similar manner one may associate to the linear transformation A a contravariant
bilinear form

Ae, B) = aiA' g7 by
whose matrix of components would be written
" _—
Al = Aljg‘,

Recall that the components of a second-rank tensor always form a matrix such that
the left-most index denotes the row and the right-most index the column, independent
of whether the index is up or down.

A final remark. The metric tensor {g;;}, being a covariant tensor, does not represent a
linear transformation of E into itself. However, it does represent a linear transformation
from E to E*, sending the vector with components v/ into the covector with components

8ijv’.

2.4d. Transformation Properties of Tensors

As we have seen, a mixed tensor W has components (with respect to a basis @ of E
and the dual basis dx of E*) given by

Wimjk...[ = W(dxiq ceey dxj’ Bk’ e 61)

Under a change of bases, &) = 8,(3x*/3x") and dx" = (8x’i/8x") dx¢ we have, by
multilinearity,

W' = Wdx", ..., dx", 8%, ...,8)) (2.41a)

:(8x"‘>...(éﬁ')<£)...(W)Wc---d |
dxc axd axk ax"! e

Similarly, for covariant Q and contravariant 7 we have

9 k ) li
( 3;‘,,.> - ( - > Qi (2.41b)

- ax" ax"’
tneej k..l
T = <—axk> <—8x' >T (2.41¢)

Classical tensor analysts dealt not with multilinear functions, but rather with their
components. They would say that a mixed tensor assigns, to each basis of E, a collection
of “components” Wi, , such that under a change of basis the components transform
by the law (2.41a). This is a convenient terminology generalizing (2.1).

Warning: A linear transformation (mixed tensor) A has eigenvalues A determined
by the equation Av = Av, that is, A%v/ = Av’, but a covariant second-rank tensor Q
does not. This is evident just from our notation; Q;; v/ = Av' makes no sense since
i is a covariant index on the left whereas it is a contravariant index on the right. Of
course we can solve the linear equations Q;; v/ = Av' as in linear algebra; that is,
we solve the secular equation det(Q — Al) = 0, but the point is that the solutions A

Q'

and
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depend on the basis used. Under a change of basis, the transformation rule (2.41b) says
Q'ij = (0x*/3x") Q1 (3x'/3x"’). Thus we have

, [ 0x T dx
0= (ax'> Q(Bx’)

and the solutions of det[Q’ — AI] = 0 in general differ from those of det[Q — AI] = 0.
(In the case of a mixed tensor W, the transpose T is replaced by the inverse, yielding
an invariant equation det(W’ — AI) = det(W — Al).) It thus makes no intrinsic sense
to talk about the eigenvalues or eigenvectors of a quadratic form. Of course if we
have a metric tensor g given, to a covariant matrix Q0 we may form the mixed version
2" Qjx = Wi and then find the eigenvalues of this W. This is equivalent to solving

Qijv) = rgijv’

and this requires
det(Q —Ag) =0

It is easy to see that this equation is independent of basis, as is clear also from our
notation. We may call these eigenvalues A the eigenvalues of the quadratic form with
respect to the given metric g. This situation arises in the problems of small oscillations
of a mechanical system; see Problem 2.4(4).

2.4e. Tensor Fields on Manifolds

A (differentiable) tensor field on a manifold has components that vary differentiably.
A Riemannian metric (g;;) is a very important second-rank covariant tensor field.

Tensors are important on manifolds because we are frequently required to construct
expressions by using local coordinates, yet we wish our expressions to have an intrinsic
meaning that all coordinate systems will agree upon.

Tensors in physics usually describe physical fields. For example, Einstein discovered
that the metric tensor (g;;) in 4-dimensional space—time describes the gravitational field,
to be discussed in Chapter 11. (This is similar to describing the Newtonian gravitational
field by the scalar Newtonian potential function ¢.) Different observers will usually
use different local coordinates in 4-space. By making measurements with “rulers and
clocks,” each observer can in principle measure the components g;; for their coordi-
nate system. Since the metric of space—time is assumed to have physical significance
(Einstein’s discovery), although two observers will find different components in their
systems, the two sets of components g;; and g; ; will be related by the transformation
law for a covariant tensor of the second rank. The observers will then want to describe
and agree on the strength of the gravitational field, and this will involve derivatives
of their metric components, just as the Newtonian strength is measured by grad ¢. By
“agree,” we mean, presumably, that the strengths will again be components of some
tensor, perhaps of higher rank. In the Newtonian case the field is described by a scalar
¢ and the strength is a vector, grad(¢). We shall see that this is not at all a trivial task.
We shall illustrate this point with a far simpler example; this example will be dealt with
more extensively later on, after we have developed the appropriate tools.
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Space—time is some manifold M, perhaps not R*. Electromagnetism is described
locally by a “vector potential,” that is, by some vector field. It is not usually clear in
the texts whether the vector is contravariant or covariant; recall that even in Minkowski
space thereare differences in the components of the covariant and contravariant versions
of a vector field (see 2.1d). As you will learn in Problem 2.4(3), there is good reason
to assume that the vector potential is a covector & = A;dx’.

In the following we shall use the popular notations 9;¢ := d¢/dx’, and 8’;¢p =
d¢p/ox".

The electromagnetic field strength will involve derivatives of the A’s, but it will be
clear from the following calculation that the expressions

%A,

do not form the components of a second-rank tensor!

Theorem (2.42): If A; are the components of a covariant vector on any manifold,
then

Ej = aiAj - ajA,'

form the components of a second-rank covariant tensor.

prOOF: Weneed only verify the transformation law in (2.42). Since @ = A; dx’
is a covector, we have A’j = (8;.x’)A, and so

Fjj = 8A} — 8,47 = 9{(@jx) A1} = 9,{(@]x") AL}
= @)@/ A) + [Fajxh Al — @x) @A) — @) A
_ (3}x’)(a,A,)(8i’x’) — (8i'x[)(8rA1)(3}xr)

(and since r and / are dummy summation indices)
= (0/x)(@x") (3 A, — 3,A)
= @xH@x)F, O

Note that the term in brackets [ ] is what prevents 9; A; itself from defining a ten-
sor. Note also that if our manifold were R" and if we restricted ourselves to linear
changes of coordinates, x” = L‘}xj , then 9; A; would transform as a tensor. One can
talk about objects that transform as tensors with respect to some restricted class of
coordinate systems; a cartesian tensor is one based on cartesian coordinate systems,
that is, on orthogonal changes of coordinates. Forthe present we shall allow all changes
of coordinates. In our electromagnetic case, (Fj;) is the field strength tensor.

Our next immediate task will be the construction of a mathematical machine, the
“exterior calculus,” that will allow us systematically to generate “field strengths” gen-
eralizing (2.42).
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Problems

2.4(1) Show that the second-rank tensor given in components by a;b;dx’ ® dx/ has
the same values as @ ® B on any pair of vectors, and so

a®p=a bjdxi ® dx/
2.4(2) Let A: E — E be alinear transformation.

(i) Show by the transformation properties of a mixed tensor thatthe trace tr(A) =
Al; is indeed a scalar, that is, is independent of basis.

(ii) Investigate _; Aj;.
2.4(3) Letv = v/d, be a contravariant vector field on M".

(i) Show by the transformation properties that v; = g/-,-vf yields a covariant
vector.
For the following you will need to use the chain rule

8 [ox'i 92x'] ax"
(o) - 2 () (57
(i) Does 3; v/ yield a tensor?
(iii) Does (3; v/ — 9, v') yield a tensor?

2.4(4) Let (@ = 0, g = 0) be an equilibrium point for a dynamical system, that is, a
solution of Lagrange’s equations d/dt(3L/a¢*) = 3L/3g* for which g and g are
identically 0. Here L = T — V where V = V(q) and where 2T = g;j(q)g'g/ is
assumed positive definite. Assume that g = 0 is a nondegenerate minimum for
V; thus 9V/3gkK = 0 and the Hessian matrix Qj = (32V/3q/3g¥)(0) is positive
definite. For an approximation of small motions near the equilibrium point one

assumes q and g are small and one discards all cubic and higher terms in these
quantities.

(i) Using Taylor expansions, show that Lagrange’ s equations in our quadratic
approximation become

k0§ = - Quq'

One may then find the eigenvalues of Q with respect to the kinetic energy
metric g; that is, we may solve det(Q—1g) = 0. Let y = (y',..., y") be an
(constant) eigenvector for eigenvalue 1, and put g/ (t) := sin(tv2)y'.

(ii) Show that g(t) satisfies Lagrange’s equation in the quadratic approximation,
and hence the eigendirection y yields a small harmonic oscillation with
frequency o = +/A. The direction y yields a normal mode of vibration.

(iii) Considerthe double planar pendulum of Figure 1.10, with coordinates q' =
6 and g°> = ¢, arm lengths /; = I, = /, and masses my = 3, mp = 1. Write
down T and V and show that in our quadratic approximation we have

2|41 _ 40
g=1 [11 and Q=g/ 01

Show that the normal mode frequencies are w; = (29/3/)'/2 and wp =
(2g/ /2 with directions (y', y2) = (9, ¢) = (1,2) and (1, —2).
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2.5. The Grassmann or Exterior Algebra

How can we define an oriented area spanned by two vectors in R"?

2.5a. The Tensor Product of Covariant Tensors

Before the middle of the nineteenth century, Grassmann introduced a new “algebra”
whose product is a vast generalization of the scalar and vector products in use today
in vector analysis. In particular it is applicable in space of any dimension. Before
discussing this “Grassmann product” it is helpful to consider a simpler product, special
cases of which we have used earlier. In 2.4 we defined the vector space ®”E* of
covariant p-tensors (i.e., tensors of rank p) over the vector space E; these covariant
tensors were simply p-linearmaps« : E X --- x E — R. We now define the “tensor”
product of a covariant p-tensor and a covariant g-tensor.

Definition: If « € ®” E* and 8 € ®7E™, then their tensor product o ® 8 is the
covariant (p + g)-tensor defined by

a@ BV, ..., Vpug) i=a(Vi, ..o, V) B(Vpyr, oo, Voig)

2.5b. The Grassmann or Exterior Algebra

Definition: An (exterior) p-form is a covariant p-tensor « € ®”E* that is
antisymmetric (= skew symmetric = alternating)

al...Vey ooy Vg, oo )= —al .. Vg, ooy Vpyul)

in each pair of entries.

In particular, the value of « will be O if the same vector appears in two different entries.
The collection of all p-forms is a vector space

p
N\E*=E*AE*A...ANE*CQ®"E"

By definition, A' E* = E* is simply the space of 1-forms. It is convenient to make the
special definition /\0 E* := R, that is, 0-forms are simply scalars. A 0-form field on a
manifold is a differentiable function.

We need again to simplify the notation. We shall use the notion of a “multiindex,”
I = (iy,...,ip); the number p of indices appearing will usually be clear from the
context. Furthermore, we shall denote the p-tuple of vectors (v;,, ..., V; p) simply by v,.

Let « € A" E* be a p-form, and let @ be a basis of E. Then by (2.34) (i.e.,
multilinearity) « is determined by its n” components

i, = a(ain“-»ai,) = a(d))

By skew symmetry
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Thus « is completely determined by its values a(9;,, . .. 9;,) where the indices are in
strictly increasing order. When the indices in / are inincreasing order, i} < i < ..., <
i, we shall write [

I=(>G <...<ip)

The number of distinct / = (i} < ... < i,) is the combinatorial symbol, that is,

p
dim A\ E* = n!/p!(n — p)!

In particular, the dimension of the space of n-forms, where n = dimE, is 1; any n-form
is determined by its value on (8, ..., 8,). Furthermore, since a repeated 9; will give
0, A? E* is O-dimensional if p > n. There are no nontrivial p-forms on an n-manifold
when p > n.

We now wish to define a product of exterior forms. Clearly, if « is a p-form and
B is a g-form then @ ® B is a (p + q) tensor that is skew symmetric in the first p
and last g entries, but need not be skew symmetric in all entities; that is, it need not
be a (p + g) form. Grassmann defined a new product ¢ A 8 that is indeed a form. To
motivate the definition, consider the case of 1-forms a! and ' (the superscripts are not
tensor indices; they are merely to remind us that the forms are 1-forms). If we put

a'AB =a®B-B®a
that is,
a A BV, W) =a(v)B(w) — B(V)a(w)

then o A B is then not only a tensor, it is a 2-form. In a sense, we have taken the tensor
product of @ and B and skew-symmetrized it. Define a “generalized Kronecker delta”
symbol as follows

8 =1 if J = (ji,...,Jj,) is an even permutation of I = (i1, ..., i,)
=-1 if J is an odd permutation of /
=0 if J is not a permutation of /
For examples, 82 = —1, 8{2$ = 0, 8125 = 1.

We can then define the usual permutation symbols
€1 =€i.in=€ =8, ,

describing whether the n indices iy, . . ., i, form an even or odd permutationof 1, .. ., n.
This appears in the definition of the determinant of a matrix

detA = ¢ A" A", ... A",

(From this one can see that the € symbol does not define a tensor. For in Rz, if ¢;; defined
a covariant tensor, we would have 1 = €}, = €,s(0x"/3x")(3x°/3x"?) = det(dx/0x"),
which is only equal to €, = 1 if det(dx/ax") = 1.)

We now define the exterior or wedge or Grassmann product

p q rtq

/\:/\E*x/\E*—> /\E*
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of forms. Let «” and B7 be forms. We define a” A B7 to be the (p + g)-form with
values on (p + g)-tuples of vectors v;, I = (i1, ..., i(p+q) given as follows. Let
J=(i<...<j,)and K = (k) < ... < k,) be subsets of /. Then

anBe) =Y 8 av)Bve)
K J

or (2.43)
@AB) =) > 8%aBk
K J
For example, if dim E = 5, and if ey, ..., es is a basis for E
(@ A B2 = A Bl(es, e, €3) = Z 25533%.;51
r<s t

235 253 352
= 8523 a3 fs + 8523 azs B3 + 8523 a3s B
= anfs — arsPs + a3sPa

In general, one checks easily that @ A B is multilinear. Also, since 6% ikl =

=8k ;... we see that o A B is again skew symmetric. The wedge product, however, is

not commutative in general.

(BT APy = 2251’”,31(0!1
7 K

= (=P "> 8/ asBk
4 K
since KJ — JK requires pq transpositions. Thus,
a? ABY = (=D A a? (2.44)
In particular, for forms of odd degree, a**' A a?P*! = 0. Thus
dx ANdy=—-dyAndx and dxAdx=0 (2.45)

We may consider the vector space of all forms of all degrees over E*

/*\E* ::</O\E*:]R>GB</I\E*=E*>€B...€B</"\E*>

This is the Grassmann or exterior algebra over E*, and

amA g = (5)« (1) (1) <2

It is crucial for computational purposes that the Grassmann algebra is distributive
and associative. It is trivial to show distributivity; associativity will follow from the
following very useful result.

Lemma (2.46):

ZS,{/(S}“‘ — §IKL
= Oy
J
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PROOF: I, K, L, and M are all fixed. Since J is in increasing order, there is at
most one term on the left-hand side, namely when J is some permutation of K L.
One then simply verifies that the preceding formula is correct in the cases when
J is an even and an odd permutationof K L. O

One can now verify that the exterior product is associative. Let M be any (p+q +7r)
multiindex. Look at the component [a? A (87 A y")]4. Then

[ A BT AV =) 81jar(BAY),

1

=Y 8ylard 85 Brve
1J KL

= Y8 e

1KL

Itis clear that one would get the same expression for [(a A 8) A y].

The same type of computation would show thatif «(y, ..., ¢, are all 1-forms and
if vy, ..., v(y is any r-tuple of vectors, then
1
Ay A A (Vay - V) = D8 (Viay) -+ @ (Vi)
I
= det[a(j) (V,’)] (247)
Leto', ..., o" bethe basis of I-forms dualtoe,, ..., e,. If we write

ol fore" A...AO"

then we have
o'(e;) =6} (2.48)

since this is certainly true, from (2.47), when I and J are increasing.
The reader should see Problem 2.5 (1) at this time. This problem says that

af = g ajo’
A

where (2.49)
ar = a;, i, == a(er)
is skew symmetric in i, ..., i,. The a; are the “components of the covariant tensor o

with respect to the basis o', ..., " of E*” Thus the most general 2-form in R® is of
the form

B = Zb,»jdxi Adx!) =bpdx' Adx® + bjsdx' Adx® + bydx® A dx?
i<j
= bydx? Adx® + bydx® Adx! + biadx' Adx? (2.50)

We shall see in a moment why we prefer this expression. The reader should see Problem
2.5 (2) at this point.
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2.5¢. The Geometric Meaning of Forms in R"

Let us look at the geometrical meaning of exterior forms in E = R” in the special case
when the coordinates x', ..., x" are cartesian; that is, we shall employ the euclidean
metric of R". The coordinate vectors {3;} form an orthonormal basis of E, with dual
basis {dx'} for E*. We already know that for these 1-forms dx’(v) = v, that is, dx'
reads off the i"™ component of v. Next,
dx' Adx! (v, w) = dx' (v)dx) (w) — dx! (v)dx' (w)

vl W
v w/

= = the area of the parallelogram spanned by the projections 7 (v), (W) of the vectors
v, w into the x'x/ plane; the + sign is used if these projections determine the same
orientation of the plane as do @; and 9. (We shall discuss the notion of orientation
more thoroughly in Section 2.8.)

(W) 7(v)

Figure 2.6

In the figure, dx A dy(v, w) is the negative of the area of the parallelogram spanned
by 7 (v) and 7 (w). Likewise, from (2.47),

dx'" A AdXP(VY, .., V)

= = the p-dimensional volume of the parallelopiped spanned by the projections of
these vectors into the x'' ...x'» coordinate plane; the + sign is used only if these
projected vectors define the same orientation as does 9;,, . . ., 6,-,,.

2.5d. Special Cases of the Exterior Product

Let t!, ..., t" be any n-tuple of 1-forms, and expand each in terms of a basis (we are
not assuming any scalar product)

' =T0’



THE GRASSMANN OR EXTERIOR ALGEBRA 71

Thent'A...AT" =3, T ... T", o/ A...AG

=) T T8 AL A"
J

that 1s,

AL AT = (detT)o' AL A C" (2.51)
Exterior products yield a coordinate-free expression for the determinant! For this reason
the wedge product is very convenient for discussing linear dependence.

Theorem (2.52): The p I-forms t', ..., t" are linearly dependent iff

AL ATP=0

PROOF: If1" = Z,-;é, a;t' thent' A...AT A... 7" will be a sum of terms, each
having arepeated t*, and so the product will vanish. On the other hand, if the s are
linearly independent we may complete them to abasis t', ..., t". Letfy, ..., f,
be the dual basis. From (2.47)we have t' A...AT? A ... AT, ..., F) =1,

showing that 7' A ... A TP #0. O

2.5e. Computations and Vector Analysis

For computations using forms we may use the usual rules of arithmetic except that
the commutative law is replaced by (2.44). In particular dx A dy = —dy A dx and
dx A dx = 0. Consider R? as a 3-manifold with any (perhaps curvilinear) coordinate
system x', x2, x*. Let f be a O-form, that is, a function of x, and let a;, b;, and c;; be
functions. Then

o' =aidx' + adx® + asdx® and B = bidx' + bydx? + bsdx?
are 1-forms
y2 = cpdx? Adx® + c31dx® Adx' + cppdx! A dx?
= c1dx® Adx® + c,dx® Adx' + cadx! A dx?
is a 2-form, and
o =dx' Adx* Adx®

is a 3-form.

(In cartesian coordinates w® is the “volume form,” but note that, for example, in
spherical coordinates 2 sin@dr A dO A d¢ is the volume form; these matters will be
discussed later.)

As we shall see, these are familiar expressions used in vector analysis in the case
when the coordinates are cartesian, involving line, surface, and volume integrals, where
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they are usually written, for example,asa¢ =a+.dxand y =c+dS,andw =dV. We
then have

a' AB' = (a1dx" + axdx® + azdx®) A (bidx" + bydx* + bydx?)
=aibdx' Adx"+ -+ asbydx® Adx® + - -+ asbydx® A dx?
=0+ -+ (arb3 — ashy)dx* A dx®
= (azb3 — azby)dx* A dx® + (asb) — a\b3)dx® A dx'

+ (a1b; — axb))dx' A dx?

In cartesian coordinates this says
(@a-dx) A(b-dx) =(a xXb)dS

but note that the three components of & A 8, which make sense in any coordinate
system, are not the components of the cross product in curvilinear coordinates! The
exterior product replaces the notion of X product (which is not associative;i X (i X j)
# (i X i) X j). We shall see the exact correspondence between exterior forms and
vector analysis in Section 2.9b.

Problems

2.5(1) Show that if P is any p-form, we have the expansion

afP = Zap(e/)al
{

= E (,!(8,‘1...,8,'p)(711 A...Agle
N

(Hint: Check values of both sides on e,.)
2.5(2) Show thatin R",ifi < j < k, then

(@' A B%)ijk = ajbjx + axbyj + ajbx;

that is, one writes down a; b, and then one cyclically permutes the indices i, j, k.
Investigate o' A 871 in R, paying special care to the parity of n.

2.5(3) InR%, compute o' Ay2and ' A B' A p', where p is a 1-form, and relate these
results to vector analysis.
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2.6. Exterior Differentiation

Does one ever need to write out curl A in curvilinear coordinates?

2.6a. The Exterior Differential

In Section 2.4e we saw that if A = A;(x)dx’ is a covariant vector field on a manifold,
thatis, a 1-form, then F;; = 0;A; —9; A; arethe components of a covariant second-order
tensor that is clearly skew symmetric. Thus
F =) (3;A; — 9;A)dx' Adx/
i<j

is an exterior 2-form. We then have a way of “differentiating” a 1-form, obtaining a
2-form. We also showed that the expressions {9; A ;} themselves do not form the compo-
nents of a tensor. Problem 2.4 (3) indicated that it does not seem to be possible to differ-
entiate a contravariant vector field and obtain a tensor field. In this chapter we shall de-
fine adifferential operator d that will always take exterior p-form fields into exterior (p+
1)-form fields. In a sense then, covariant skew symmetric tensors have a richer structure
than tensors in general, and this richer structure plays an essential role in physics.

Recall that if f is a function, that is, a O-form, then its differential d f = (9; f)dx'
is a 1-form. Also, equation (2.44) says that o® A B? = B” A «°. For this reason one
ordinarily does not put a wedge A in a product involving a O-form.

Theorem (2.53): There is a unique operator, exterior differentiation,
4 p+l
d: \M"—> \ M’
satisfying
(i) d is additive, d(a + B) = do + dp.
(ii) da® is the usual differential of the function o®.
(i) d(a” A B7) = da” A B1 + (—1)PaP A dBe.
(iv) d*a¢ :=d(da) =0, for all forms a.

PROOF: We shall first define an operator d,, using a local coordinate system x,
and then show that this operator is in fact independent of the coordinate system.
Step I. If fis a O-form, define d, f = df = (3; f)dx’. We know in fact that
df is independent of coordinates: Its coordinate-free definition is df (v) = v(f);
see (2.6). Condition (ii) has been satisfied.
Step II. If a is a function, define, for 7 = (i}, ...,i,)

dila(x)dx'] =dandx" = (8;a)dx’ Adx’
We then define d, on any p-form in the coordinate patch x by additivity
d, Za, (x)dx' = Zda, Adx!
1 1
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Condition (i) is automatically satisfied. Consider condition (iii). Let J = (ji, ..., j)-
Then

d.>_aidx' A bydx')=d. > aib,dx’ Adx’
1 4 1]

= (dasb; +a;db;) ndx' Adx’

4
= da; ndx' A bydx’
4 J
+Y adx! A (—1)7dby Adx’
4 J

since db; Adx' = (—1)Pdx' A db, involves p interchanges. (iii) is satisfied.
To verify (iv), note thatif f is a function, then

de(d () =de Y (0 f)dx' =) di@ f) Adx' =) (32 f)dx) Adx’
i i ij

0? 02
=---—|—( f >dx'/\dx’---+< f >dx3/\dx'+-~-:0

dx"dxs 0xs0x’

(It is a general and very useful fact that if A~/ is symmetric in i, j and skew
symmetric in r, s then the contraction A™; "/ = 0.)
Then from (iii), for any functions f, g, not simply for coordinate functions,

we have

d.(df ndg)=0
and by induction
dydf ndgnNn---Adh)=0 (2.54)
Then, for any p-form «

dla=d) adx' =d, Y da;ndx' =0
I I

Wehave now defined an operator d, in each coordinate patch x and it satisfies
(1), (i1), (iii), and (iv). Let y be another coordinate patch that overlaps x, and let
d, be the corresponding differential. Then, since d,, again coincides with d, on
functions, in particular coordinate functions, we have, from (iii) and (2.54),

dy Za,(x)dx' = Zdya,[x(y)] Adx!
4 I

= Zda, A dx’
1
=d, Za, (x)dx!
1

Thus d := d, = d, is well defined, independent of coordinates.
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Astouniqueness, any operator d’ satisfying (i), (ii), (iii), and (iv) must satisfy

d'Za,(x)dx’ = Zda, Adx! = dZa,(x)dx' a
4 4 1

2.6b. Examples in R

Let X = x, y, z be any (perhaps curvilinear) coordinate system in R>. Then the differ-
ential of a function f = f°is

o= (L) (£ (e

Ifthe coordinates are cartesian, then the components are the components of the gradient

of f,
df =V f «dx
If, in general coordinates
o' = a;(X)dx + ay(x)dy + a3 (x)dz
then

da' =day Adx +da; Ady +das Adz
da, 8a|> <8a1> ]
= — ldx+(— )dy+ | — |dz| nd
[(ax> * <ay N7 A R
d d d
+ Kﬂ>dx + (—a3>dy + <ﬂ>dz] A dy
0x ay 0z
0 d 0
+ Kﬂ)dx + (ﬂ)dy + <—"3>dz] Adz
ox ay 0z

= (0yasz — 9,a2)dy A dz + (0;a; — 3ra3)dz A dx
+ (0ca; — 9ya))dx N dy
In cartesian coordinates the components are the components of the curl of the vector A,
d(A « dx) = (curlA) «dS
Finally, for a 2-form 8 (writing by3 = by, b3; = by, by, = b3)
dp? = d[bydy A dz + bydz A dx + bydx A dy)

=dby Ndy Ndz +dby Adz Adx +dbs Adx Ady

= [0:b, + 0yby + 0.b3]dx A dy Ndz
whose single component in cartesian coordinates is the divergence of the vector B,

dB « dS)=divBdV

d® = 0 in any coordinate system; in cartesian coordinates this yields the famous
curlgrad = 0 and div curl = 0.
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It is important to realize that it is no more difficult to compute d in a curvilinear
coordinate system than in a cartesian one. For example, in spherical coordinates, for
1-form o = Pdr + Qd6 + Rd¢

d[Pdr + Qd0 + Rd¢] = dP Adr +dQ Ad6 + dR A d¢
= (3R — 3,0)d0 A dd + (3P — 0,R)d¢ Adr
+ (3,0 — 3 P)dr Adb

Note that (P, Q, R) form the components of a covariant vector, «, and that the three
components of da' do not form the components of the curl of a vector; they are the
components of a second-rank covariant skew symmetric tensor. We shall see in Section
2.9 that it is possible to identify 2-forms in R? (with a given metric) with contravariant
vectors and then the vector identified with do is the curl of the contravariant version
of . This is not only an extremely awkward procedure, it serves no purpose, for we
maintain that there is never any reason to take the curl of a contravariant vector: In
situations where the “curl” of a “vector” is required, the “vector” will most naturally
appear in covariant form (i.e., it will be a 1-form o), and then do is all that is required.
For example, the electric field measures the force on a unit charge that is at rest. Force,
being the time rate of change of momentum, appears naturally as a covector (see (2.29))
and so the electric field is a 1-form &'. Then Faraday’s law really states that d&' is the
negative of the time rate of change of the magnetic field 2-form 2. These matters will
be discussed in Section 3.5.

2.6¢. A Coordinate Expression for d

Leta? = >, a,dx" be a p-form; then da” = 3, (da,) A dx'. Now da, is the 1-
form whose j™ componentis (da,); = 9;a.. Also dx" is the p-form with components
(dxt)x = 8%. Then from (2.43) we get

(da), = (day Adx"); =Y 8" (3;a1)8%
L

L K
that is,
K
(do); =Y 8/"(9;ax) (2.55)
K
Thus for / increasing
Jki.kp
(da”); = z 8iy iy 0k, ok,
i.K
= 0,@is..ipar, = O0a@iriy.iipey T 77
Hence

Py

da”); = (=D)*',a, ~ (2.56)
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where the hat ~ over i, means omit i,. We can also write

da”); =Y (=1)"'8, (2”8, ... D, ... 8;,.,)] (2.57)

If, for example, & = 3", a;dx" is a 1-form on M", from (2.55)
(da')yj = da; — dja (2.58)

and this of course was the procedure used for defining the field strength in (2.42).
If B = 3, bijdx' Adx/ is a 2-form in an M", from (2.56)

(dBYicjx = Bibji + &ibyj + 3;bii) (2.59)

Problem

2.6(1) Relabel the components of a 3-form g3 in R* (as we did for a 2-form in R3, by, =
bs,...) to get a divergencelike expression for ds3. Guess what should be done
for "1 in R". Watch for the parity of n.

2.7. Pull-Backs

What are the deformation tensors that arise in elasticity theory?

2.7a. The Pull-Back of a Covariant Tensor

Let F : M" — W' be a differentiable map. Sometimes we shall write M L Ww.mn
local coordinates x for M and y for W we have y/ = F/(x), or briefly y = y(x).

If f: W — Ris asmooth function (0-form) on W we define its pull-back to M,
written F* f, to be the composition f o F : M — R, thatis, M LEwhr

(F*f)(x) = (f o F)(x) = f(y(x))

This is a real-valued function on M, M EAR R. One can always pull back a function
on W.If F has aninverse G = F~' then one can “push forward” a function 4 on M to
yield a function ko F “lonW, W LY M5 R, but it should be clear that one cannot
in general expect to push forward a function on M to get a function on W, unless F~!
exists.

For future needs, we exhibit here how a vector v at x of M, as a differential operator,
acts on the pull-back of a function.

.0
VO f) = VI ) = v' o
X

(5 ()

V(F* ) = (Fv)(f) = df (Fv) (2.60)

f{y()}
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Now let a” be a covariant tensor at y in W. We have just defined the pull-back of
a” when p = 0. When p = 1, that is, when « is a 1-form, its pull-back was defined in
(2.23). We now define in general the pull-back of a covariant tensor by

Fra?(vy,...,v,) i=al (Fovy, ..., Fuv,) (2.61)

It is clear that F*« is alternating if « is; that is, the pull-back of a p-form on W is a
p-form on M

p P
FF: \W—> A\M

Unless otherwise indicated, by pull-back we shall mean the pull-back of an exterior

form.

In our warming following (2.25) we pointed out that one cannot push forward a
contravariant vector field on M to yield a vector field on W. The ability to pull back
covariant tensors endows these tensors with a crucial operation that is not available to
the contravariant ones. It is difficult to overemphasize the importance of this advantage.

Itis clear from (2.61) that F* is additive; thatis, F* of a sum is the sum of the F*’s.
This is further enhanced by the following two properties: The pull-back of a product
of forms is the product of the pull-backs, and the pull-back of the exterior derivative
of a form is the derivative of the pull-back. We proceed to these matters, for they are
crucial to writing down coordinate expressions economically.

Theorem (2.62): F* is an algebra homomorphism, that is,

F*(an p) = (F'a) A (F*B)

For proof see Problem 2.7(1).
It is even simpler to prove that for any tensor product of covariant tensors

Frla® ) = (F'a) @ (F*B) (2.63)

Theorem (2.64): F* commutes with exterior differentiation, d o F* = F* o d,

F*(da) =d(F*a)

PROOF: When o = o is a function f on W near F(x) and v is tangent vector
to M at x, we have from (2.60) and (2.23)

d(F* f)(v) = V(F* f) = df (F.(v)) = (F*(df))(V)
Thus (2.64) has been proved when « is a O-form. When « is a p-form, we have

doF*Y a;(y)dy" A--- Ady’", whichfrom (2.62)
J

= dZ(F*aj(y))(F*dyjl) A A (F*dyj”) _
J
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(since (2.64) has been proved for 0-forms)
=d ) (F'a;()dF y") A Ad(F*yTr)

=Y (@F*a;(y) Ad(F*y") A... ANd(F*y7)

= Z(F*da,) A (F*dy") A ... A (F*dy'r)

= F*Z(da,) Adyl' AL AdyT

= F*odZa/(y)dyj‘ AL Ady

as desired. O

Explicitly, with I = (i1, ...,i,), F*d(y’) = F*(dy" A... Adylr) =Y,y /ax™)
.. (8y’r/9x"r)dx". Butdx’ = 37, 8]dx" (weare merely putting the dx’s in increasing
order; foreach given / there is only one nonzero term in the sum on the right). Then

ayd dy’r
Fd(y)) = { (——> . ( )3’ }de
Z Z axh dxir

L

(y’)}
=S de
=2 t{ RD)

L

Thus we have

3(y”)
Fdiy') = det{ }de

and so
Fra? = F*Za,dyj = Za*L(x)de
4 L
where (2.65)
. _ 3(y’)
a* L (x) = Ejjaxy(x)) det { B(XL)}

Let, for example, M be a surface in R?, that is, a 2-dimensional submanifold. We
have the inclusion map, i : M — R?, which is a fancy way of saying that any point of
M is also a point in R*. If v is a tangent vector to M, then i,V is simply the same vector
v, considered as a vector in R*. If B2 is a 2-form on R?, then the pull-back of 8 to M
is the 2-form i* whose value on the pair v, w of tangent vectors to M is given simply
by i*B(v,w) = B(i,v, i,w) = B(v, w). In other words, i*8 in this case of inclusion is
the same form B, but we restrict its domain to vectors that are tangent to M. This same
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situation holds whenever M" is a submanifold of another manifold. If u = (u, v) are
local coordinates in M2 and x = (x, y, ) are coordinates for R, then

i*B =i*[by(X)dy Adz+ by(X)dz A dx + b3(x)dx A dy]
a(y, 2) a(z, x) a(x,y)
+ by(x(u + b3(x(u
8. ) 2(x( ))a(u,v) 3(x( ))a(u’v)
See Problem 2.7(2) at this time.

Anotherway to get this coordinate expression for i * 8 is to compute directly, using the
fact that i* commutes with exterior products and differentiation. For example, putting
X = (x,y,z)andu = (u, v)

= |b,(x(u)) du Ndv

i*(bidy Adz) = b (x(n))i*(dy) A i*(dz)
_ dy oy 0z 0z
= bl(x(u))Ka)du + <8_v)dv] A {<a—u)du + (a—v>dv}
_ By (22 _ (By) (2
B b'(x(u))[(3u> (8v) <3v> <8u>

Two final remarks. First, if F : M" — M" is the identity map but expressed in
different coordinates, that is, if y = y(x) is simply a change of coordinates, then
a = F*a is simply expressing the form « in the two coordinate systems. For example,
if u, v, w are curvilinear coordinates in R?® then from either (2.65) or from (2.51) we
see

du Ndv

a(x,y,2)

dx Andyndz =
xAdyndz [8(u,v’w)

]du Adv Adw

Finally, we have defined the Poincaré 1-form A = p;dq’ in phase space T*M" (see
(2.33)). We then define the Poincaré 2-form by

w?=dr=dp; ndq’ (2.66)

This form, as we shall see, plays a most important role in Hamiltonian mechanics. If
F :R? — T*M" is a 2-dimensional surface in phase space, then the pull back of w to
R? (whose coordinates are u, v) is the 2-form

F*w = {u,vidu A dv

where

3(pi, q'
(4, v} = Z%(%% (2.67)

defines the Lagrange bracket of the functions « and v.

2.7b. The Pull-Back in Elasticity

Consider an elastic body ¢ in R* and a deformation %' = F(3) of this body. To describe
this we shall let X, X», X5 be cartesian coordinates in R* and the deformation will be
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described by functions x' = x'(X). We may think of X and x as being two identical
Cartesian coordinate systems in R>. A point with coordinates X in % will be sentinto the
point with coordinates x in $3'. We shall try to follow a co.nmon practice of denoting
quantities associated with the undeformed body by capital letters, and those of the
deformed body with lower case.

Figure 2.7

Under the deformation, the orthonormal pair 84, 95 at X is sent, by the differential
of F at X, into a pair of vectors F,8,4, F,0p at x.

The metric tensor of R can be written dS? = G3(X)dX* ® dX?B, meaning
dS*(V, W) = Gz VAWSE_ It is traditional to omit the tensor product sign ® when
dealing with symmetric tensors. Thus at X, since the coordinates are cartesian,

dS* = GapdX*dX® = 8,pd X dX® = (dX*)
A
and this is the usual expression for “arc length” in elementary calculus, ds? = dx? +
dy* + dz*. This will be discussed at great length in Part Two.
We may also write this same tensor, at the point x, as ds*> = 5_,(dx?)%. For the

pull-back under F we have, from (2.63),
a a
> (555 )x°
axs8

F*(dsz) — Z lz ( axl)dXA
a A X B
_ dx” dx? A vB
_Z<8XA)<—8XB>dX dX

aAB

®

This tensor,

Frds) =) (ai; ) . (ai; )dXAdXE (2.68)

AB
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when applied to the pair ¢, 9p, reads off the scalar product of the pair F,.d¢, F.0p,
and is called the right Cauchy—Green tensor C

C := F*(ds?

One measure of the deformation taking place is given by the Lagrange deformation

tensor
1. 2y 1 8x> ox
SUF (ds)—dS]_§{§<8XA (555 ) —%as

A more general discussion of deformations in continuum mechanics will be found
in the Appendix to this book.

dX*dX® (2.69)

Problems

2.7(1) Prove (2.62). [Hint: Use (2.43)].

2.7(2) Letx be cartesian coordinates for R3. Then the 2-form 8 is of the form g = b « dS.
Show that in the coordinate patch (u, v) of the surface M2 c R3 we have

i*B=bendundv (2.70)

where n := x, X X, := (dx/9u)x(3x/dv) is a (nonunit) normal to M.

2.8. Orientation and Pseudoforms

Leave your shoes, labeled R and L, and take a long trip around the universe. Is it possible that
your right foot will only fit into your left shoe when you return?

2.8a. Orientation of a Vector Space

Lete = (e,...,e,) and f = (f, ..., f,) be two bases of a vector space E; we can
then write f = eP, that is, f; = ¢; P J;, for a unique nonsingular matrix P. We say that
e and f have the same (resp. opposite) orientation if det P is positive (resp. negative).
(It is easy to see, from the continuity of the function P — det(P), that if a basis e is
continuously deformed into a basis f while remaining a basis at each stage, then both
bases have the same orientation.)

The collection of all bases of E then falls naturally into two equivalence classes of
bases. (For example, the tangent space to our physical 3-space at a given point is a 3-
dimensional vector space, and we have the two classes of bases defined by using either
the right- or the left-hand rule.) We orient a vector space by declaring one of the two
classes of bases to be positive; the other class then consists of negatively oriented bases.
In our 3-space it is usual to declare the right-handed bases to be positively oriented,
but we could just as well have the left-handed bases as positive. It should be clear that
except for our prejudices about right and left, neither choice is any more “natural” than
the other. This is especially clear if we consider a 2-dimensional case instead. If we
draw a “positive” basis for a sheet of paper by using an xy coordinate system where,
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as is usual, we rotate through a right angle counterclockwise from x to y, then if we
view the sheet of paper from the reverse side we see that this basis requires us to rotate
clockwise from x to y.

To orient a 2-dimensional vector space is to declare one of the two possible senses
of rotation about the origin to be positive. Given an oriented plane and a positively
oriented basis ey, e,, the positive sense of rotation goes from the first basis vector to
the second through the unique angle that is less than a straight angle.

R", as a space of n-tuples, comes equipped with a natural basis ¢; = (1,0, ..., 0)7,
and so on, butitisimportant to realize that most vector spaces w e shall encounter do not
have distinguished bases and consequently do not have a natural choice of orientation!

2.8b. Orientation of a Manifold

Now consider a manifold M". Of course we may orient each tangent space M hap-
hazardly, but for many purposes it would help if we could do this in a “continuous”
or “coherent” fashion. For example, let U, be a coordinate patch with coordinates x.
Then we may orient each tangent space at each point of U, by declaring the bases
0 = (94,...,0,) to be positively oriented. We have then oriented all the tangent
spaces at all points of the patch U,. If a point lies in an overlap U, N U, of two patches,
the two bases are related by 9, = 8.(dx/dy), and thus the two orientations agree if
and only if the Jacobian determinant is positive.

We shall say that a manifold M" is orientable if we can cover M by coordinate
patches having positive Jacobians in each overlap. We can then declare the given co-
ordinate bases to be positively oriented, and we then say that we have oriented the
manifold. Briefly speaking, if a manifold is orientable it is then possible to pick out, in
a continuous fashion, an orientation for each tangent space M to M". Conversely, if
it is possible to pick out continuously an orientation in each tangent space, we can (by
permuting x, and x, if necessary) assume that the coordinate frames in each coordinate
patch have the chosen orientation and M" must be orientable.

It should be clear that if M is connected and orientable, then there are exactly two
different ways to orient it. Of course if M can be covered by a single coordinate patch
it is then orientable. M&bius discovered that there are manifolds that are not orientable
and we shall consider this in a moment.

Let p and g be two points of a manifold M". Let C be any curve joining these two
points, p = C(0) and ¢ = C(1). Given a frame e(0) at C (0) we can extend this frame,
in many ways, to yield a frame e(#) at C(¢) for all 0 < ¢ < 1 such that the assignment
t — e;(¢) is continuous (we do not ask that e(¢;) = e(t,) whenever C(t;) = C(1,)).
For example, if C(¢) lies in a coordinate patch U, for 0 < ¢ < a, we can insist that the
components of the fields e;(z) with respect to the coordinate basis 8 be constant. We
can extend past ¢t = a by using perhaps a different patch that holds the next portion
of the curve, and so forth. In this way we can, in a continuous fashion, transport a
frame at p to a frame at g. Although this process is in no sense unique, it is easy to
see that the orientation of the frame e(1) at the end g = C(1) of the curve is uniquely
determined by the orientation e(0) at the beginining p = C(0), and the reader should
verify this. In other words, we have unique transport of orientation along a curve. We
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do not claim that the resulting orientation at g is independent of the curve C joining
itto p.If, however, M is orientable, we may cover M with coordinate patches having
positive Jacobians in their overlaps; it is then clear that if e(0) is positively oriented
then e(1) will also be positively oriented, independent of the curve C. It follows that
if, in a manifold, transport of orientation can lead to opposing results when applied to
two different curves joining p and ¢, then M cannot be orientable. Thus if transport of
orientation about some closed curve leads to a reversal of orientation on return to the
starting point, then M" must be nonorientable!
The Mobius band is thus clearly nonorientable.

e2(0) ex(1)
f

oy (1) ) T ) W C(l) — (1)

Figure 2.8

In this figure we have transported a frame along the midcircle of the Mobius band.
By the identifications defining the M&bius band we see that e, (1) = e, (0) and e, (1) =
—e,(0), and thus orientation is reversed on going around the midcircle.

This example of the Mobius band is but a special case of a very general situation
involving “identifications.” An accurate treatment of this subject would take us too
long; we hope to convey the ideas by means of an example. Before this, we must
discuss an important criterion for orientability of a hypersurface (i.e., a submanifold of
codimension 1) of an orientable manifold.

2.8c. Orientability and 2-Sided Hypersurfaces

Let M" be a submanifold of W”. A vector field along M is a continuous tangent vector
field ro W that is defined at all points of M (it need not be defined at other points). A
vector field N along M is transverse to M if it is never tangent to M; in particular it is
never O on M.

We say that a hypersurface M" in W"*! is 2-sided in W if there is a (continuous)
transverse vector field N defined along M.

A surface M? in R® has at each point a pair of oppositely pointing unit normals.
Suppose that it is possible to make a continuous choice N for the entire surface. N
is then a transversal field to M? and M? is 2-sided in R’. For example, the 2-sphere
$? is the complete boundary of a solid ball, and consequently it makes sense to talk
of the outward pointing unit normal. On the other hand, it is a famous fact that the
Mobius band is “1-sided”; that is, there is no way to make a continuous selection of
unit normal field. (If we choose a normal at a point of the midcircle of the band and
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transport it continuously once around the circle, we find on returning to the starting
point that the normal has returned to its negative.) If one can define continuously a
unit normal field to a surface in R* then the surface must be orientable, for we could
then make a continuous choice of orientation in each tangent space as follows. R? is
orientable and so we can choose an orientation of R?, say the right-handed one. We can
then declare a basis e,, e, of tangent vectors to M? to be positively oriented if N, €,, €,
forms a positively oriented basis in R,

More generally, if M" is a 2-sided hypersurface of an orientable manifold W"*!,
then M" is itself orientable!

We must emphasize the difference between orientability and 2-sidedness. Orientabil-
ity is an intrinsic property of a manifold M"; whether M" is 2-sided in W"*! depends
on W and on how M is embedded in W. For example, if M" is any manifold, orientable
or not, consider the product manifold W"+! = M" x R, with local coordinates (x) from
M and a global coordinate ¢ from R. Then M" considered as the submanifold defined
by t = 0 is automatically a 2-sided hypersurface of W"*! with transverse vector field
d/dt. Thus the Mdbius band Mo is 1-sided in R? but it is a 2-sided hypersurface of
Mo x R.

2.8d. Projective Spaces

We have seen in Section 1.2b(vi) that the real projective plane R P? is the 2-sphere S?
with antipodal points identified. Since S? is 2-sided in R? it is orientable; we declare
a basis e, e, of tangent vectors to S? to be positively oriented provided N, e, e,, is a
right-handed basis of R*, where N is the outward pointing normal to the sphere. Note
that the antipodal map a : S? — S$? is simply the restriction to S? of the reversal map
r: R = R3 r(x) = —x, and in 3 dimensions the reversal map reverses orientation of
space. Thus if N, e|, e,, is right-handed at the north pole »n then —e,, —e,, —N is left-
handed at the south pole s. But —N is the outward pointing normal at s, and so —e;, —e,
is negatively oriented at the south pole of S2. This means, since S? is orientable, that if
thebasis e, e, at n is transported along a curve C on S? to s (the pair remaining tangent
to $? and independent) then the resulting basis f}, f, has the opposite orientation as
—e,, —e, there. But the basis —e,, —e; at s represents, on R P2, exactly the same basis
e,, e, at n, and the arc C on S? becomes a closed curve C’ on R P? that starts and stops at
n. This means that on transporting the basis e,, e, at n along C’ on P2(R), one returns to
an oppositely oriented basis. Thus RP? is not orientable! Note that the crucial point in
the preceding argument was that R P? is obtained from the orientable S? by identifying
points by means of the antipodal map, and this map reverses orientation on S°.

In Problem 2.8(1) you are asked to show that R P" is not orientable if n is even. We
shall see later on that odd-dimensional projective spaces are in fact orientable.

2.8e. Pseudoforms and the Volume Form

The differential forms and vectors considered so far have not involved the notion of
orientation of space. However, roughly half of the “forms,” “vectors,” and “scalars” that
occur in physics are in fact “pseudo-objects” that make sense only when an orientation
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is prescribed. The magnetic field pseudovector B is perhaps the most famous example,
and we shall discuss this later.

Consider ordinary 3-space R* with its euclidean metric. We would like to define the
“volume 3-form” vol® to be the form that assigns to any triple of vectors the volume of
the parallelopiped spanned by the vectors; in particular vol(X, Y, Z) shouldbe 1 if X, Y,
and Z are orthonormal. Butif volistobe a form we must then have vol(Y, X, Z) = —1,
and yet Y, X, and Z are orthonormal. We have asked too much of vol. In some books
they get around this by taking absolute value | vol(Y, X, Z)|, but this does great harm
to the machinery of forms that we have labored to develop. What we could do is require
that vol(X, Y, Z) = 1 if the triple is an orthonormal right-handed system. This makes
the volume form orientation-dependent. There is a serious drawback to this definition;
whatif we are dealing with a space that is not orientable? The physical space in which
we live is, according to general relativity, curved and perhaps not orientable. If you
leave your shoes (labeled “right” and “left”) at home and take a very long trip, it may
very well be that on returning home your right foot will fit only into your shoe labeled
“left.” The term “right- handed” might not have an unambiguous meaning in the large,
just as rotation in “the clockwise sense” has no meaning on the Mobius band.

We compromise by defining a new type of form (called “form of odd kind” by its
inventor Georges de Rham) differing from our usual forms (of “even kind”) in a way
that will not seriously harm our machinery.

First note that the assignment of an orientation to a vector space E is the same as
the assignment of a function o on bases of E whose values are the two integers £1;
o(e) = +1 iff the basis e has the given orientation. If (x) is a coordinate system, we
shall write o(x) rather than o(8,).

Definition: A pseudo-p-form o ona vector space E assigns, for each orientation
o of E, an exterior p-form «, such that if the orientation is reversed the exterior
form is replaced by its negative

0_, = —0,

A pseudo- p-form on a manifold M" assigns a pseudo- p-form « to each tangent
space M in a smooth fashion; that is, if (x) is a coordinate system in a patch then
if we take the orientation o in this patch defined by o(8,) = +1, we demand that
the (ordinary) exterior form ¢, be smooth.

For example, let us write down a volume form for R? (we shall give a general definition
later on). Let x, y, z, be a cartesian coordinate system in R? (it may be right- or left-
handed). Then the volume (pseudo) form is

vol® := 0(8,, 0,,0)dx ndy ndz

Thus if o is the right-handed orientation of R?, and if the coordinate system is right-
handed then vol, = dx A dy A dz, whereas if the coordinate system is left-handed
vol, = —dx Andy Adz =dy Adx ANdz.

Similarly we can define pseudovectors, pseudoscalars, and so on, pseudo always
referring to a change of sign with a change of orientation. For example, the magnetic
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field about a current carrying infinite straight wire circulates about the wire, but the
sense Of circulation is undetermined! If we employ the usual right-handed orientation
of R3, then the field (by definition) circulates about the wire in the sense of a right-hand
screw, whereas if we use the left-handed orientation the direction is in the sense of a
left-hand screw. This indecisiveness cannot be avoided; it stems from the definition
of the magnetic field, (see (3.36)), and the fact that a “sense” can be assigned to a
x product of vectors v X w only after an orientation is chosen. Thus B is not a true
vector, but rather changes into its negative when the orientation of R? is reversed; B is
a pseudovector.

Warning: We have defined vectors, forms, orientation and pseudoforms in a manner
that is independent of coordinate systems. For example, in R® we may assign the right-
hand orientation and still employ a left-handed cartesian coordinate system. This is
usually not done in physics books. In physics one usually does not talk about the
orientation of R* but rather the orientation of a particular coordinate system being
employed. Where in this book we would say that a vector is unchanged under a change
of orientation and a pseudovector B changes into —B if the orientation of R? is reversed,
a physicist would usually say, for example, that if A’ and B’ are the components of
a vector A and a pseudovector B in a cartesian coordinate system x, y, z, then the
components of A and B in the reversed system —x, —y, —z, are —A‘ and B'. This is
saying the same thing as in our definition.

2.8f. The Volume Form in a Riemannian Manifold

Let p be a point in the Riemannian manifold M". The volume (pseudo)-n-form vol”
is by definition the unique n-form that assigns to an orientation o of the tangent space
M7, and a positively oriented orthonormal basis e the value +1. (Recall that an n-form
is determined by its value on a single basis.) Let us find the coordinate expression for
vol”.

Clearly, if (x) is a coordinate system that is orthonormal at p, that is, (8;) are
orthonormal, then

vol = o(x)dx' A ... Adx"

is the volume form at p, since this form, when applied to (8,), yields o(x).

Let (y) be any coordinate system holding p. Choose any coordinate system (x) that
is orthonormal at p. (This can be done as follows. Let e be an orthonormal basis at p
and let (z) be any coordinate system near p. Then e = @, P for a unique nonsingular
P. Now define coordinates x by z/ = P/;x’. We then have

2N (0,
Oxi ~ \oxi) 8z ~ \8z S

at p, as desired.) Then, at p

a
vol" = o(x)dx' A ... Adx" = o(x)i)a!yl Ao AdYy"

a(y)
8tr)

dviA .. AdY"
a(y) | Y

= O(y)l
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Now at p we have (in the notation of Section 2.7b) ds? = §,,dx"dx* = g;;(y)dy'dy’,

where
ax” dax* ax” ax"
ij =|—)8s|— )= - —
8 () <8y'> <3y’) Z(ay’)<3y-’>

Thus if we define, for each Riemannian metric tensor g;;(y),

g(y) = det[g;;(y)] (2.71)

ax"\ [ox”
o= 5 (57) (35)

~a](5) ()] = [« ()]

and consequently [8(x)/3(y)| = \/g(y) and

we have

vol" = o(y)/8(y)dy' A ... AdY" (2.72)

is the coordinate expression for the volume form. Since the coordinates (x) do not
appear anywhere in this expression, (2.72) gives the volume form at each point of the
(y) coordinate patch. If we write, as we do forany form, vol” = vol|,  dy'A...Ady",
we see that

vol!,, i = ovV&Y)€iis..i, (2.73)

It is traditional to omit the orientation function o(y), and we shall do so when no
confusion can arise.
Note that since vol" is a pseudo-n-form, we conclude that

VEY)€iin. i,

are the components of an n™ rank covariant pseudotensor, but, as we noticed in Section
2.5 b, the permutation symbol itself is not a tensor!

Problems

2.8(1) Show that even dimensional projective spaces are not orientable.

2.8(2) Show that a 1-sided hypersurface M” of an orientable manifold W"t! is not
orientable. (Hint: Transport of a normal about some closed curve on M must
reverse this normal (why?). Now transport a basis of W about this same curve.)

2.8(3) Use Problem 2.1(2) to compute the volume 3-form of R® in spherical coordinates.
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2.9. Interior Products and Vector Analysis

What is the precise relationship between exterior forms and vector analysis in R3?

2.9a. Interior Products and Contractions

We know that if « is a covariant vector and v is a contravariant vector then a(v) = a;v’
is a scalar. Also, if A is a linear transformation, that is, a mixed tensor that is once
covariant and once contravariant, then the trace tr(A) = A’; is also a scalar. In fact we
have a general remark, whose proof is requested in Problem 2.9(1).

Theorem (2.74): If T are the components of a mixed tensor, p times con-
travariant and q times covariant, then the contraction on a pair of indices i, j,
defined by the components ", T~ defines a tensor (p — 1) times contravariant

and (q — 1) times covariant.

If v is a vector and « is a p-form, then their tensor product has components v’ ai, i,
and consequently the contraction v/a;, ;, defines a covariant tensor, and it is clearly a
(p—1)-form. There is, however, a special machinery for contracting vectors and forms,
and we turn now to this “interior product.”

Definition: Ifv is a vector and « is a p-form, their interior product (p — 1)-form
iyo is defined by

ia®=0 if o is a O-form
ival = a(v) if o is a 1-form
ivaP (W, ..., Wp) =aP(v,w,,...,wp) if @ is a p-form

Clearly ip+B = is + ig and i,po = ais. Sometimes we shall write i (v).

Theorem (2.75): i, : A\® — /\p_1 is an antiderivation, that is,

iv(@” A BY) = [iva?] A B4 + (=1)7a” A [iyB7]
(Note that exterior differentiation is also an antiderivation.)

PROOF: Letus write v= w,. Then

v AB)Y W, ..., Wpiy) = A B(WI, Wa, ..o, Wpiy)

=Y o) = 3+
14

1Jl1el  1JleJ

liy...ipJ
= D) 8 (W Wiy W )B(WS)

<.<i, J

s
+Z Z 81 ria o (W) B(Wi, Wy, . W)
]

J2<<Jq
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S S S i)W, . W) (W)

l#ir<...<ip J—{1)

+ 3N O (WOl W)

1=} 1t ja<.<p

[(iva) N ,B + (_1)17(1 N (lle)](w% s wp+q) ]

Theorem (2.76): In components we have

iyo = E E v’aji2<,_,<,-ﬂdx'2 AL Adx

h<..<i, |j

that is,
@ ) R via. .
lva)12<...<z,, - Jiz<..<ip
J
or

livalx = UjOle

Thus the interior product of v and « is simply the contraction with the first index of !
For proof of (2.76) see Problem 2.10(2).

We also have the very easy iyca = ciya = i v for a real number c.

Before proceeding, we should mention that exterior algebra and calculus and interior
products, and so on, all can be applied to pseudoforms as well. It should be clear, for
example, if « is a pseudoform, then so is da. Also, if 8 is also a pseudoform then ¢ A 8
is a (true) form, and if v is a vector then i, is a pseudoform, and so on.

2.9b. Interior Product in R3

In 2.5e we mentioned that in R® with cartesian coordinates one can associate to a vector
val-form Y, v'dx' and also a 2-form v'dx? Adx® +v?dx* Adx' +v3dx' Adx?. These
correspondences do not make sense in general coordinates; for instance, two different
coordinate systems will yield different 1-forms associated to a given vector v (not just
different coordinate expressions). We wish to give a correct correspondence that works
in any coordinates. We have already done this for 1-forms in a Riemannian manifold;
associated to the vector v = v'8; is the covector v = v;dx’, where v; = g;;v/. (We will
write v = ( ,v) since v(w) = (w, v).) Weshall indicate this correspondence simply by

ve v =uvdx' 4+ vdx? + vidx?

What is the 2-form corresponding to v? We claim v < the pseudo-2-form v? :=
iy vol’. Let us look at the coordinate expression for this interior product. In curvilinear
coordinates u (with 8; = 8/8u', and omitting the orientation function o) we have the
volume form (2.72) and

iv/g)du' Adu® Adu® = /3D viip (du' Adu® Adu’)
J



INTERIOR PRODUCTS AND VECTOR ANALYSIS 91

Repeated use of (2.75) then gives
i((‘)j)(duI A du® A du)
=i(8;)(du")du* A du® — du' A i(8;)(du®) A du® + du' A du?i(9;)(du?)
=du'(8,)du* A du® — du*(8))du' A du® +du?(8;)du' A du’
=68';du’ Adu® — 8% ;du' Adu® + 8 ;du' A du?
Thus to the vector v we associate the pseudo-2-form
ve =i, vol
where 2.77)
iyvol> = /g(v'du® A du’ + v2du’ A du' + vidu' A du?)
is the correct replacement for v'dx? A dx3 + v2dx® A dx' + vidx' A dx*. Note,
conversely, that if
B% = bysdu® A du® + bydu® Adu' + bipdu' A du?
is a pseudo-2-form, then we may associate to it a vector B with components
— E’ B’ = @’ B} = ﬂi
v v v
Two things should be noted about (2.77). First, of course i, vol® does not use the
full Riemannian structure of R*; rather only the volume form is used. Second, the same

procedure will work in any manifold M" having some distinguished volume form (not
necessarily coming from a Riemannian metric)

B! (2.78)

vol" = p(wdu' A ... Adu" (2.79)
where p # 0. To the vector v we may associate the pseudo-(n — 1)-form

ve =1, vol? (2.80)

One can easily work out the coordinate expression for this form, as in (2.77).
Back now to R®. Given a pair of vectors v, w, with associated covectors v! = ( , v)
and ' = ( , w), we know that

(v, w) = iy (2.81)

We can also associate to our vectors their pseudo-2-forms v? and w?. In cartesian
coordinates we know that v' A @? is a 3-form whose coefficient is again (v, w). We
claim that in general we have

v A w? = (v, w) vol? (2.82)

We give two proofs. For the first we simply notice that both sides are pseudo-3-forms.
Since they are equal in cartesian coordinates they are always equal.
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Our second proof illustrates the machinery of interior products.
V' A @? = v Adgvol® = iy(vol®) Av!
= iw(vol’ Av') 4 vol® Aiyv!
=iy(v")vol® (Why?)
Whatabout the X product of the vectors? We know that in cartesian coordinates,
the 2-form v! A w' has as coefficients the three components of v X w. We should like
then to say that v! Aw' is the 2-form associated to the vector v X w, but we only have a

pseudo-2-form associated to a vector. Thus we should say that the pseudovector v X w
is associated to the 2-form v' A w?

fvw VOI? = V! A & (2.83)

This makes sense when we recall that the direction of v X w is given usually by the
right-hand rule; that is, it uses the orientation of R . Although not usually mentioned in
elementary books, the vector product is defined in R* as follows: v X w is the unique
pseudovector such that

(v X w), ¢) = vol*(v, w, ¢) (2.84)

for each vector c.
We may ask now for the 1-form version of v X w, that is, the pseudo-1-form asso-
ciated to the vector product. We claim

—iyw? is the covariant version of v X w (2.85)

This follows from (2.84)

(vxw,c)=vol*(v,w,¢c) = —vol’(w, v, ¢)
= —[iw(vol3)](v, ¢) = —w?(v,¢)
= [—iy@’](c)

2.9¢. Vector Analysis in R3

Vector algebra in R? is easily handled by use of interior and exterior products; the
only question is, should one associate to a vector B its 1-form 8' = (, B) or its 2-
form A% = ig vol’? For example, consider an expansion of the vector triple product
A x (B x C). The following works. Let B < B', C &< y'. Then

AX BXC)e —ia(B ' Ay')=[—iaBH]y' + B'lisy']
& —(A,B)C + (A, C)B

the familiar vector identity.
So much for vector algebra! Now for calculus. We already know that

df =(,Vf)
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We define curl A by using A < «! and then curl A & dao'
do' = iy a vol’ (2.86)
and define div B by using B < % and
dp* = (divB) vol’ (2.87)

for these are surely identities when expressed in cartesian coordinates. Note that in
(2.87), since B is a vector, B2 is a pseudoform. Since vol® is a pseudoform we conclude
that div B is a (true) scalar. On the other hand, if A is a vector then curl A must be a
pseudovector!

Warning: Given a vector field A, one can write out the components of the vector
curl A in a curvilinear coordinate system; one takes A, one converts it to a 1-form o'
using the metric tensor g;; (this is generally complicated), then takes de', and then
uses (2.78). To my knowledge, however, there is no reason for ever writing out the
components of the vector curl A in curvilinear coordinates; if the expression curl A
appears, it is a sure sign that the vector in question was not the contravariant A but
rather the covariant vector a' < A! But then da' is as simple to write down in
curvilinear coordinates as in cartesian. A similar remark applies to the components of
grad f in curvilinear coordinates; df is all that is needed.

It is a different story with div B. div B is the scalar coefficient of vol® in (2.87),
and its expression in coordinates u is needed. Since B < ip vol® (and omitting the
orientation function 0)

dlig vol’] = d[/gb'du* A du® + Jgb*du® A du' + /gb*du' A du?)

3 ] ]
= [—I(ﬁb') + —2(@b2) + 8—3(¢§b3)]du‘ A du® A du®

fb']fdu A du® A du®
- o

Thus

Note again that only the volume form appears, not the full metric tensor.
We define the Laplacian of a function f by

V2f = Af :=div(grad f)

Lo [
= [ (5 )| e

To continue with vector identities it is useful to associate a pseudo-3-form to each
scalar f, namely

f & fvol’
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Then, for example, from (2.82)
div(A X B) < div(A x B)vol’ =d(a' A B') =da' AB' —a' AdB'
= (curl A, B) vol’> — (A, curl B) vol*
& (curl A, B) — (A, curl B)

2.10. Dictionary

Let

vol> = dx Ady A dz = volume form
O-form f = function f
1-form «' = covariant expression for a vector A
1-form y! = covariant expression for a vector C
2-form B’ be associated to a vector B through
B? = ig vol
Then we may make the following rough, symbolic identifications
a' Ay' = iaxcvol & A x C
o' "B =ABvo’ < A.B
ica! = C-A
icB? < —-CxB
df & grad f
da' = iqnavol® & curl A
dp? = divBvol®> < divB
digraas VOI' = (V2f)vol’ & V2f

Problems

2.10(1) Prove (2.74).
2.10(2) Prove (2.76).
2.10(3) Compute V2 f in spherical coordinates.
2.10(4) Derive the following identities using forms
(i) grad(fg) = fgradg+ ggrad f
(ii) div( fB) = fdivB + (grad f B)
(i) curl(fA)= fcurlA+grad f x A
(iv) AxBCxD)y=..7
2.10(5) Use (2.73) and invoke (2.76) twice to show

vx Bs @Z v Bfe,jkdxk
P’



CHAPTER 3

Integration of Differential Forms

EXTERIOR differential forms occurimplicitly in all aspects of physics and engineering
because they are the natural objects appearing as integrands of line, surface, and
volume integrals as well as the n-dimensional generalizations required in, for example,
Hamiltonian mechanics, relativity, and string theories. We shall see in this chapter that
one does not integrate vectors; one integrates forms. If there is extra structure available,
for example, a Riemannian metric, then it is possible to rephrase an integration, say of
exterior 1-forms or 2-forms, in terms of a vector integrations involving “arc lengths” or
“surface areas,” but we shall see that even in this case we are complicating a basically
simple situation. If a line integral of a vector occurs in a problem, then usually a deeper
look at the situation will show that the vector in question was in fact a covector, thatis, a
I-form! For example (and this will be discussed in more detail later), the strength of the
electric field can be determined by the work done in moving a unit charge very slowly
along a small path, that is, by a line integral. The electric field strength is a 1-form.

Integration of a pseudoform proceeds in a way that differs slightly from that for a
(true) form. We shall consider pseudoforms later on.

3.1. Integration over a Parameterized Subset
How does one integrate the Poincaré 2-form w over a surface in phase space?

3.1a. Integration of a p-Form in R?

We are familiar with the notion of a multiple integral of a function fover a region in R”

/ fwdu'...du?
U

(Of course we shall assume that the integral makes sense; for example, this will be the
case if U is a closed ball and f is continuous on U.) This integral does not involve any
notion of orientation, and it is immaterial in which order the du'’s appear.

95
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We now define the integral of a p-form a? = a(u)du' A ... AduP overan oriented
region (U, 0) C R”.

/ a=/ a()du' A ... ANdu” 3.1)
,0) (U,0)

= o(u)/a(u)du' ...du?
U

where the last integral is the ordinary multiple integral of the function a over the region
U, disregarding the orientation, and where o(1) = +£1, the + sign being chosen if and

Oﬂly if the coordinate basis
<6u Ou! )
TR »

has the same orientation as given by o. Clearly the integral of a p-form changes into
its negative if the orientation of U is reversed

- 32
./(U.—o)a -/(U,o)a ( ' )

We shall see shortly that the definition (3.1), in spite of its appearance, is in fact
independent of the coordinates u used in R”.

3.1b. Integration over Parameterized Subsets

We define an oriented parameterized p-subset of a manifold M" to be a pair (U, o; F)
consisting of an oriented region (U, o) in R” and a differentiable map

F:U—-> M

We shall also call the point set F(U) C M" a p-subset.

When p = 1 we simply have a curve on M" with a specific parameterization,
expressed locally by x’ = x'(¢), and when p = 2 we have a surface on M" again with
a specific parameterization x' = x'(u, v).

It should be noted that we make no requirements on the rank of the differential
of the map F; for example, it may be that the curve has a vanishing tangent vector,
dx/dt = 0, at some or perhaps all parameter values t. Consequently, the p-subset
F(U) need not have dimension p everywhere (that is why we do not use the term
p-dimensional subset, rather than p-subset). In the most important cases, F, will have
rank p “almost everywhere.” For example, the map R? — R? defined by F (8, ¢) =
(sin 6 cos ¢, sin 6 sin ¢, cos 0) defines a parameterized 2-subset of R that covers the
unit sphere an infinity of times, and with F, of rank 2 everywhere except at the poles,
that is, the lines 6 = nzr of R2.

If «” is a p-form on M", defined at least in some neighborhood of the image F (U)
of U, we define the integral of «” over the oriented parameterized p-subset by

/ a? :=/ F*a? 3.3)
(U,0;F) (U.0)
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Thus we pull the form a” back to the oriented region (U, 0) and integrate there by
means of (3.1). In all detail

/ af = / F*a?
.0 F) (U.0)

. 15) 15)
= U(,)(Fap)|:81,".,ﬁ:|du]/\.“/\dup
9 (3.4)
—O(u)/(F* p)[a l,...,'aﬁ]dul ...du’
Note that we can also write this as
/ o’ = o(u) / a”{ ..., F, i}a’ul ...du? 3.5)
(U.0:F) 8 ou'’ ’ our
3.1c. Line Integrals

Consider a curve C : x = F(¢), fora <t < b, in R? (with x any coordinates), oriented
so that d /dt defines the positive orientation in U = R'.If o' = a,(x)dx' +a,(x)dx>+
a3(x)dx? is a 1-form on R? then its integral or line integral over C becomes

I . i
/Coz —'/Czi:a,(x)dx
b .
:/ F* Zai(x)dx'}
b d i
:/ {Za,-(x(r))d—);} di (36)

Thus (3.3) is the usual rule for evaluating a line integral overan oriented parameterized

curve! We may write this as
b dx
f= "= |ar 3.7
fe=[=(Z) G0

and so the integral of a 1-form over an oriented parameterized curve C is simply the
ordinary integral of the function that assigns to the parameter ¢ the value of the 1-form
on the velocity vector at x(¢). This of course is simply (3.5), since F,(d/dt) = dx/dt.

Note that there is no mention of arc length nor dot product. If we wish to use a
Riemannian metric in R?, for example, if the x’s are cartesian coordinates, then to the
1-form a' is associated the contravariant vector A and (3.6) or (3.7) says

b
/a' =/ A-(d—x>dt (3.8)
JC a dt

If the coordinates are not cartesian, then although (3.7) remains the same,




98 INTEGRATION OF DIFFERENTIAL FORMS

fab a; (dx'/dt)dt, (3.8) becomes the more complicated

b ) d i
/a [gi,Afl(T;—)dr

Thus if one insists on integrating a vector over a curve, rather than a 1-form, oneis going
to need a Riemannian metric toconvert the contravariant vector first into a covariant one,
that is, a 1-form. Line integrals of 1-forms do not involve a metric, whereas integrals
of vectors must involve one!

dx/dt=Fdjd1)

Figure 3.1

Use of a Riemannian metric allows us to write a line integral in the more usual form

/a‘ =/A-dx (3.9)
C C
b dx
=/av A (Z)dt
b dx
=L Al HE

L
== / A[ds
0

where A, is the tangential component of A, ds :=|| dx/dt || dt is the element of arc
length, and L is the length of the curve. Although this appears simpler than (3.6), to
compute using (3.9) one would have to introduce a parameterization, leading effectively
back to (3.6)! There are times when one needs to compute the arc length of a curve,
but, usually, it is completely irrelevant to either the computation or the concept of a line
integral! Line (and, as we shall see, surface) integrals are independent of any metric
notions in space. This is one case where the usual elementary treatment given in many
calculus texts is harmful and misleading and should have been discarded 1ong ago.

dx
cos £ (A, :17) dt
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3.1d. Surface Integrals

Consider now an oriented parameterized surface in R?, with x any coordinate system.

B
N
u2

Fi(@/0u')

/ = 3x/du
3/3u? = @xY/aud ax¥/aud ax%/auh)”
Fy(3/3u?)
o/du! = 9x/0u?
! = @x /92 axYou? axY/ou?)
Figure 3.2

Suppose that 8/8u', 8/0u? has the given orientation o. Let 82 be a 2-form on R?
and put by = by3, by = b3, b3 = by,. Then, as in (2.65)

B = / bidx® Adx> + bydx® Adx' + bydx' A dx?
F(U) Uy

a(x’, x9)
/[}:b,,(x(u))a(1 5 du'di? (3.10)

i<j

or, as in (3.5),

) 0x ax)
/F(U),B _/ﬂ (8 Riewe: du'du? (3.11)

Suppose that one insists on writing this in terms of the vector, or rather the pseudovector

B, associated to 82
Jx dx
2: . ]3<—,'—)d Id2
F(U),B [/[IBVO ] 5l u'du

Jx 0x
— 3 14,2
= /U vol (B, R —3u2>du du (3.12)

Recall that an orientation of U C R? has already been given (it is inherent in the
definition of the surface integral), but not one for RR*. Since both vol® and B change sign
under a change of orientation of R?, it is clear that (3.12) is independent of the choice
of orientation of R>.
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We now proceed to the usual expression of (3.12). Choose an orientation of R? and
let x be a positively oriented cartesian coordinate system for this chosen orientation.
(In our Figure 3.2 we have perversely chosen a left-handed orientation.)

Inthe “classical” casediscussed in elementary texts, the surface is regular; that is, the
map F has maximal rank and thus the coordinate vectors dx/du', 9x/du? are linearly
independent. In this case we can transfer the orientation o from the “parameter plane”
U C R to the surface F(U); since 8/8u', 8/0u? are positively oriented in U we
declare 0x/du', 3x/du? to define the positive orientation for F(U). We then pick the
unique unit normal N such that N, 8x/du’, 3x/3u? is positively oriented in R*. We then
have a unique decomposition B =(B « N)N + T, where T is tangent to the surface (and
consequently is a linear combination of 9x/0u' and dx/du?). From (3.12)

\ x 9
ﬁ~=/vol3 <(B-N)N X x)du du’
FU) U

oul’ du?
Jx 0x
= [ B+N)[invol’]| =, — )du'du?
/U( )in vo ](aul 8u2> u'du
Now
in vol® (3.13)

is simply the area 2-form for the surface, for its value on the (positively oriented) pair
of tangent vectors dx/du', 3x/du? is simply the area of the parallelogram spanned by
them, || (0x/0u') X (3x/du? ||. We shall write (with a classical abuse of notation since
dS is not the differential of a form)

ox 9
ds : —[szol3]<—x 8—x2>du'du2 (3.14)
= Il n | du'du?

wheren = (3x/du') x (39x/du?) is the (non-unit) normal to the surface. B, := B+Nis
the normal component of B. Thus we have the usual expression for the surface integral

/322/ B,dS (3.15)
FU)y U

This can all be said as follows. Given a pseudovector B and an oriented parameterized
surface in R®, choosing an orientation of R* simultaneously picks out a specific vector
field B and a definite unit normal N. Then [, B,d S is the desired surface integral.

Surface integrals arise in higher dimensional manifolds. For example, in Hamiltonian
mechanics, one sometimes needs to integrate the Poincaré 2-form w over an arbitrary
parameterized surface g = g (u, v), p = p(u, v) in phase space.

//a)—/ dp; ndq’ -//Z[BE?L,U;)}dMAdU
=//{u,v}dudv

becomes an integral of the Lagrange bracket of u and v (see (2.67)). Note that there is
no mention of a Riemannian metric, dot products, nor area elements!
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3.1e. Independence of Parameterization

We have defined our integral in terms of a parameterized subset of an M”. What if we
decide to consider the same subset (i.e., point set in M") but parameterized in a different
fashion. We claim that if, in a sense to be prescribed later, the orientations are the same
then the integrals will be the same; that is, the integral is independent of the parameteri-
zation. This is “clear” in the case of line or surface integrals in R3, forin R with the stan-
dard metric our integrals have been put in the geometric form | A,ds or [ B,dS. These
involve length or area integrations, and so the original parameterizations have “disap-
peared.” It is not easy to make this proof “honest” in the case of surface or higher dimen-
sional integrals. We shall instead give a general proof relying directly on the famous
Jacobi formula for change of variables in a multiple integral (whose proof is not trivial).

First, what do we mean by an orientation preserving reparameterization? Let F :
(U c R”) — M" be an oriented parameterized p-subset of a manifold M". We say
that G : (V C R?) — M”" is a reparameterization of this subset if there is an
orientation preserving diffeomorphism H : U — V such that F = G o H, that is,
F(u) = G[H (u)], or, in terms of local coordinates x for M", F(u) = x(v(u)).

U

Figure 3.3

Since H is orientation preserving, H is of the form v = H (1) = v(u) where
aw) W', ...,vP)
= > 0
o(m) oW',...,ur)
provided u and v are positively oriented coordinates for U and V, respectively.

Recall now Jacobi’s formula. If H : U — V is a diffeomorphism of unoriented
regions then

&‘dul...du” (3.16)

v
(u)

/ f)dv'...dv’ = / fIHu)]
V=HU) U

(note the absolute value of the Jacobian determinant).
Now we can consider our integrals of forms. If G is a reparameterization of F
(with positively oriented coordinates u and v in U and V, respectively) and x are local
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coordinates on M"

/(V,G)ap - /v Glal = /v G*[al(X)dx’]

1
=/a1[x(v)][a(x )}dvl‘..dv”
v

a(v)
_ axH |,
—/L]al[x(v(u))]{a(v) HB_(M_) du'...du”

1
:/al[F(u)]mdul...dMPZ/ F*aP:/ a?
v~ a(u) U U.F)

which shows that the integral is independent of the parameterization.

3.1f. Integrals and Pull-Backs

Let ¢ : M" — W’ be a smooth map of manifolds, and let ¥ : U — M" be an
oriented parameterized p-subset of M”. Then clearly v = ¢ o F : U — W' is an
oriented parameterized p-subset of W”. Then if a” is a p-form on W', we have, from
Problem 2.3(1)

/ cx”:/l//*a”z/ (¢oF)*a”=/ F*o¢*a"=/ ¢"a’
Jw.w U U U (U.F)

We shall write briefly o for the oriented subset (U, F) of M and then (U, ¢) =
(U, ¢ o F) will be written simply as ¢ (o), a subset of W". We then have the general
pull-back formula (generalizing (3.3))

¢ M —> W

/ a”:/qﬁ*a” (3.17)
¢(a) 4

In words, the integral of a form over the image ¢ (c) C W’ of a subset o C M" is the
integral of the pull-back of the form over o.

3.1g. Concluding Remarks

Again I must remark that (3.10) is ordinarily much simpler than (3.15). Of course
there are very special situations when (3.15) is simpler. For example, let our surface
be the unit sphere. Consider the vector B = x, the position vector. Then (3.15) gives
immediately [x « NdS = [ 1dS = 4. This is “simpler” because we already know
the area of S2.

Finally, note that we have only defined the integral of a form over an oriented param-
eterized subset of a manifold M", and these subsets are basically covered by a single
coordinate system. We would ideally like to integrate p-forms over p-dimensional
submanifolds of M". We shall discuss this in our next section.
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Problems

3.1(1) Let us say that a parameterized p-subset (U, F) of M" is “irregular” at vy if rank
F < pat up. Show that if «? is a form at such a ug then F*aP = 0.

3.1(2) We know that dS =|| n || du'du?. Show that in cartesian coordinates x for R®

A 8 a3 xh 8 ax',x®) 8
T AW, ud axt T dwt,u?) ax2 T aw', ud ax3d

andso | n =3, [0x', x))/au', u?)2
Show that when the surface is simply the graph of a function, that is,

x'=ud", X2 =u?, x3 = f(x', x%)

we recover the classical expression for the area element. What do we get for
the area element when the surface is given in the form F(x, y, z) = 0 and we
assume that we can solve for z in terms of x, y?

The following problem investigates the area element for a hypersurface and
may be omitted.

3.1(3) The formula dS =|| n || du'du? followed from the fact that the area spanned by
ax/au’ and ax/du? isthe length of the x product (3x/du’) x (3x/du?). Although
we cannot define a vector A; x A, for a pair of vectors in R” we can define a
generalized x product of (n — 1) vectors in R" as follows (see (2.84)):

Ay x ... x Ap_1 isthe unique (pseudo) vector B such that
C-B=vol(C,Ay,...,A,_q) foreachvector C

(i) Show that B is orthogonal to A, ..., A,y

Suppose we consider a hypersurface of R” parameterized by u', ...,
u™1. Let n := (8x/9u') x --- x (8x/9u"") where the X's are cartesian
coordinates for R”, and let N be the unit vector in the direction of n.

(ii) Show that we can then express the (n — 1)-dimensional area element
dSs"1:=T[iyvol"(ax/au’, ..., ax/ou"Ndu'...du" as
dS"'=|n|ddu'... du""

(iii) Let i(v) := iy. Show that we can also say that the covariant versionin R" of
the vector n is the 1-form

NA) A ¢ n
(,n)::(auﬁ> o...ol<m> vol

(It is interesting that this 1-form uses only the volume form, not the metric
of R, and it vanishes on vectors tangent to the hypersurface.)

(iv) Now in cartesian coordinates, vol” has components given by the permuta-
tion symbol (see 2.73). Use (2.73) repeatedly to show that

axh 3 xn-
(,N)j= € inyj S )\ Gt

A, x2, LX), xm
awt, ..., un-1y T

ID/'
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where D; is the determinant of the Jacobian matrix with the ;' row omitted.
We conclude

n—1 _ 291/2 4,1 n—1
ds _[Z DA'2du’ ... du
J
(v) Show that if the x coordinates are not necessarily cartesian, with metric
tensor (g;j), then the correct formula for || n || is given by
I 1= g(x)g" D; D;

(this is also the correct expression in a Riemannian manifold).

3.2. Integration over Manifolds with Boundary

Does every manifold carry a Riemannian metric?

In 3.1 we defined how one integrates a (true) p-form over an oriented parameterized
subset of a manifold. We would like to be able to integrate over objects that cannot
be covered by a single parameterized subset, for example p-dimensional oriented sub-
manifolds. A common way of doing this is indicated in the following figure.

Figure 3.4

We have indicated a submanifold W? of R? together with its boundary. It is oriented
and we have indicated its orientation by giving the positive sense of rotation. We wish
to integrate a 2-form A% of R*® over this object. We first restrict the form B to the
submanifold W: thus if i : W — R? is the inclusion map, we consider the pull-back
i* B instead of B. This restricted form i* 8 has the same values on tangent vectors to
W as the original form B. We then break up W? into a finite union of coordinate
patches that overlap only at edges or vertices. A theorem (whose proof is difficult)
on “triangulations” shows that this can always be done. We have indicated two of the
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patches (as drawn, we can use y and z as local coordinates in each). We can assume
that the coordinates # in U, v in V, and so forth, are such that the orientation of the
patches agrees with the given orientation of W? (in our drawing, y, z, in that order yield
the given orientation). We know how to integrate i* 82 over each of these patches, for
if ¢y : U — R? is the coordinate map for U, as in 1.2c, ¢(7' s ¢y(U) > W?is our
parameterized map. We then compute these integrals and add the results. This is the
integral of A2 over W2.

We emphasize that this is a perfectly acceptable way, and in fact the usual way to
evaluate the integral. For theoretical purposes, however, we wish to define the integral
in a different way. Instead of breaking the object W up into nonoverlapping coordinate
regions, we shall rather write the form i* B as a sum i*B =), By of differential forms
Bu, each of which vanishes outside its associated coordinate patch U (this requires a
“partition of unity”; see 3.2b). This is simpler than triangulating W since we no longer
demand that the patches fit together carefully. We know how to integrate 8, over the
oriented patch U. The integral of 8, over W should then be the same as the integral of
Bu over U, since By is zero outside U. Then we shall define the integral of 8 over W
to be the sum of the integrals of the By over their patches U.

We now proceed with this program. Our first step is to generalize the notion of
manifold so as to be able to include, as in Figure 3.4, the boundary of the object.

3.2a. Manifolds with Boundary

The closed 3-ball | x ||< 1 in R® is not a 3-manifold, for although interior points,
(i.e., points for which || x ||< 1) do have neighborhoods diffeomorphic to open balls
in R, || u ||< 1, points on the boundary 2-sphere have neighborhoods that resemble
half open balls, || v |< 1 and v* > 0.

interior point

43 &y
V3
u2

ul v
open ball

llull<1 v! half open ball

n floll <1
v3=0

boundary point

Figure 3.5
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We shall check that boundary points do have such neighborhoods, as this illustrates a
typical use of the inverse function theorem. For simplicity we consider the south pole on
the boundary 2-sphere. This sphere, near the pole, can be described as z+ f(x, y) = 0,
where f(x, y) = /(1 — x2 — y?). Thus a neighborhood of the south pole in the closed
unit ball is given, say, by x? 4+ y? < € together with 0 < z + f(x, y) < & where € and
d are positive. The “bottom” boundary consists of a curved disc, a portion of the unit
sphere. We would like to straighten this into a flat disc. Consider the three functions
v' =x,v?> = y,and v} = z+ f(x, y). Fromdv' Adv? Adv’ =dx Ady Adgz, thatis,
a(w', v?,v%))/9(x, y, z) = 1 # 0, we conclude (see Corollary (1.16)) that the v’s form
a smooth coordinate system for R? near the south pole. Thus the above neighborhood
of the south pole can be described by (v')? + (v?)? < € and 0 < v* < §, which is a
cylindrical “can” (with sides and top removed) in a v', v2, v’ space (see the figure). By
then removing the points in the can with || v ||> € we have the desired half open ball.

Briefly speaking, ann-manifold with boundary M" hasaninterior thatis a genuine
n-manifold, and a boundary or edge, usually written

oM

Points on the boundary have neighborhoods diffeomorphic not to open sets in R” but
rather to half open sets, that is, sets of the form || v ||< € and 0 < v" < 6. We still
call such a neighborhood a coordinate patch. For more details the reader may consult
[G,P,p. 57] or [A, M, R, p. 406]. It is an important fact that the boundary or edge d M
is itself always an (n — 1)-dimensional manifold without boundary, although it need
not be connected; that is, it may consist of several disjoint manifolds, as in Figure 3.4.
Local coordinates for dM are given by the v!, ..., v"~!. In the example of the closed
ball, v' = x and v? = y are local coordinates for 9M = S? near the south pole.

Of course if the boundary is empty, 9M = ¢, M is a genuine manifold.

Concepts such as orientability and 1-sidedness apply to manifolds with boundary
as well. An actual Mobius band constructed from a sheet of paper is a surface with
boundary, the boundary in this case consisting of a single closed curve diffeomorphic
to a circle S'.

3.2b. Partitions of Unity

Wediscussed some elementary point set topology in Section 1.2a. Some further notions
will, I hope, be helpful even if only lightly touched upon. If you find this discussion
too brief to follow, you should consider the special familiar case of R" rather than an
abstract manifold. In R" an open ball (i.e., a ball without its boundary sphere) centered
ata point x is the most important example of a neighborhood of x. Given a point p in an
M",let {U, x'} be a coordinate patch with origin at p. Then the set where > (x)? < €2
is an open €-ball neighborhood of p on M".

A point x in M”" is an accumulation point of a subset A of M" provided every
neighborhood of x contains at least one point in A other than x itself. It is a fact that if
one adjoins to A all of its accumulation points, then the resulting set, called the closure
of A, is a closed subset; its complement is open. (It is a fact that a subset of a topological
space is closed if and only if it contains all of its accumulation points.)
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Recall that a real-valued function f : M — R is continuous if the inverse image
of every open set in R is itself open in M. The nonzero real numbers clearly form an
open subset of R, and so the subset of M where f # 0 is an open subset of M, being
f~1(R — 0). The closure of this set is called the support of f. Note that f may be 0
at some points of the support of f. For example, for the function whose graph is given

i I !
1 T T 1 T

—€/2 —€/4 0 €/4 €/2

Figure 3.6

in Figure 3.6, the support is all ¢ with | ¢ |< €/2. Similarly, we can define the support
of any tensor field on M as the closure of the set of points on M where the tensor is
different from 0.

Given a point p € M", it is easy to construct an n-form on M" whose support is
contained in an e-ball neighborhood of p. Let p be the origin of local coordinates x,
and let f = f(¢) be the function whose graph is depicted in Figure 3.6. This is an
example of a bump function. We can then define an n-form " on M", a bump form,
by putting || x [|>= >_(x)? and

o" = f(lx Ddx" A...Adx", forxintheball | x ||<e€
and
o" =0 for x outside the ball

Now for the notion of a partition of unity. We shall restrict ourselves to manifolds
(perhaps with boundary) that can be covered by a finite number of coordinate patches.
In fact this restriction is not necessary, but we would have to be more careful (see [G,
P, p. 52)).

Given a finite covering {Uy}, @ = 1, ..., N, of M" by coordinate patches U,, a
partition of unity subordinate to this covering will exhibit N real-valued differentiable
functions f, : M" — R having the following properties.

1. f,(x) > 0,alle¢andall x

2. the support of f, is a (closed) subset of the patch U, (in particular f, vanishes outside
Uy).

3. >, fa(x) = 1 forall x in M".

Such partitions always exist (it is clear that only the third condition is going to be
difficult); they are constructed in the general case in [G, P]. We shall, instead, illustrate
the construction in the simplest possible case. Let M be the closed unit interval [0, 1]
onR. Thisis a I-dimensional manifold with boundary consisting of the two endpoints.
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Consider the covering given by the two patches Uy = {x | 0 < x < 3/4} and
Up={x|1/2<x <1}

R
1
81 82

0t + t M

0 172 3/4 1

[ U, »-|

} Ua -|
Figure 3.7

We first construct two bump functions g, and g, whose supports are in U, and U,,
respectively, and such that they do not vanish simultaneously. We have indicated their
graphs in the figure. Since g; (x) + g2(x) > 0 everywhere on M' we may define

fuy= —5aH
[81(x) + g2(x)]
yielding the desired partition, >, f,(x) = 1. Itis evident that keeping the g’s from all
vanishing simultaneously might be difficult in a general covering of an M", but it can
be done.

3.2c. Integration over a Compact Oriented Submanifold

Recall from Section 1.2a that a topological space is compact if from every open cover
one may extract a finite subcover. This means in particular that every compact manifold
can be covered by a finite number of coordinate patches. If it is a subset of R”, then it
is compact iff it is closed (as a point set) and bounded. Thus M' = R is not compact
since it is not bounded. M' = (0, 1], the half open interval {x | 0 < x < 1}, is not
compact; see 1.2a. On the other hand, the closed interval [0, 1] is a compact manifold
with boundary, being a closed, bounded subset of R.

The Mobius band in R? including its edge is compact, but without its edge it is not
a closed subset and is thus not compact. The 2-sphere S? is a compact manifold. The
closed ball in R? is a compact 3-manifold with boundary.

Warning: The M6bius band without its edge, when considered as a subset of R, is
not a closed subset of R>, and is thus not compact. The same set, but considered as a
manifold or a topological space in its own right (with the induced topology), is closed,
as are all topological spaces (this is because its complement is the empty set, which is
open; see 1.2a). In this topology, however, the strip is not compact.
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We first define the integral of a p-form B” over a compact p-dimensional oriented
manifold (with or without boundary) V7, that is, the integral of a form of maximal
degree. Let {U(a)}, @ = 1, ..., N, be a finite covering of V” by coordinate patches,
each positively oriented. Let { f,} be a partition of unity subordinate to this covering.
Since each such chart is an oriented parameterized p-subset we then know how to
evaluate [}, foB”. We then define

[o=%] (3.18)

U(a)

It is easy to show then that the integral so defined is independent of the coordinate cover
and partition of unity employed (see [B, T, p. 30]). Of course the crucial ingredient is
Zd fa =1

Finally, if M" is any manifold and if 87 is a p-form on M", we define the integral
of B” over any compact oriented p-dimensional submanifold V7 C M" (perhaps with

boundary) by
//3” :=/ i*gr (3.19)
v v

where i : V” — M" is the inclusion map (note that i*8” is a p-form on the oriented
manifold V7).

We emphasize again that one does not really evaluate integrals by means of a partition
of unity; it is merely a powerful theoretical tool, as we shall see.

3.2d. Partitions and Riemannian Metrics

If a manifold M” is a submanifold of some R" we may let i : M" — R" be the
inclusion map. If we let ds?> = 3, (dy’)? be the usual Riemannian metric of R", then
the pull-back or “restriction” i*ds? will be a Riemannian metric on M", the “induced”
metric. For example, if a surface M2 in R? is given in the form z = z(x, y), then we
may use x, y as coordinates for M? and then

i*(dx® + dy? + dz%) = dx* + dy* + [z.dx + z,dy]’ (3.20)
= (1 + 23)dx* + 2z,2,dxdy + [1 + 2})dy*

How can we assign a Riemannian metric to a manifold that is not sitting in R” ? Let
{Uy, xfx} be a coordinate cover for M" (again assumed finite for simplicity). In each
patch U, we may (artificially) introduce a metric dsg =3 (dx!)?, but of course ds§
need not be the same as ds/% in U, N Ug. If, however, we introduce a partition of unity
{f&} subordinate to the cover we may define a Riemannian metric for M" by

ds* = fods]

(Note that fads[f makes sense on all of M" since f, = 0O outside U,.) Although this
metric is again highly artificial, it does show that any manifold admits some Riemannian
metric. This is a typical example of how a partition of unity is used to splice together
local objects to form a global one.
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3.3. Stokes’s Theorem

[awrt= [ o
14 Vv

3.3a. Orienting the Boundary

Let M" be an oriented manifold with nonempty boundary d M; we state again that 9 M
is an (n — 1)-dimensional manifold without boundary. A triangle is not a 2-manifold
with boundary since its boundary is only piecewise differentiable.

oM

2-manifold with boundary not a manifold with boundary

Figure 3.8

Given the orientation of M" we can orient the boundary dM" as follows. Let
ey, ..., e, span the tangent space to dM" at x. Let N be a tangent vector to M" at

€

Figure 3.9
x that is transverse to d M" and points out of M". We then declare that e,, ..., e, is
positively oriented for 0 M” provided N, e,, .. ., e, is positively oriented with respect to

the given orientation of M". In Figure 3.9, we have indicated the positive orientation for
M? by the basis v;, v,; then the indicated e, is positively oriented for the 1-dimensional
manifold M. In the right-hand figure we indicate the orientation of M? by describing
the positive sense of rotation and the orientations of the boundary curves by simply
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giving arrows. Although this works only for 2-manifolds we shall use the same sort of
symbolic picture even for n-manifolds.

3.3b. Stokes’s Theorem

Theorem (3.21): Let VP C M" be a compact oriented submanifold with bound-
ary dV in a manifold M". Let w”~" be a continuously differentiable (p — 1)-form

on M". Then
/da)”_1 :/ wP™!
v av

Versions of this for p = 2 and 3 in R’ were proved in the first half of the eighteenth
century by Ampere, Lord Kelvin, Green, Gauss and others. (Unfortunately Kelvin’s
theorem is traditionally attributed to Stokes.) The general theorem stated previously is
again called Stokes’s theorem.

PrROOF OF STOKES’S THEOREM: Leti : V7 — M" be the inclusion map.
Then from (3.19) and (2.64) we have

/da)”*1 :/i*da)”_1 =/di*a)”_]
v v v

/ a)p"'=/ i*wP!

av av

Thus to prove (3.21) we need only prove the same formula where w is replaced
by i*w. In other words, it is sufficient to prove

for any continuously differentiable form 87~ on V7, forgetting M" altogether!
Since V7 is compact we may choose a finite cover of V? by coordinate patches
{V(a)}. Let 1 = Y, f. be the associated partition of unity; we may then write

.3 = Za ﬁav :BOI = faﬂ. Then

and also

and
p=1 _ p=1
av'B za:/av P

We see then that we need only prove

/ apr! = / Br! (3.22)
v

Via)

for the form B7~' whose support lies in V (). There are two cases.
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Case (i): V(a) is a full coordinate patch lying in the interior of V, that is,
disjoint from the boundary of V.

9
u! .

Figure 3.10

u

Then, when everything is expressed in terms of the parameterization ¢ :
Ul) —» V(a)

/ de= [ ¢dp. = / d(¢" Ba)
V(e)=¢U () Ular) U(a)
Denote ¢*B, by y?~!.

$* By =y = Z(—l)"lyidu' A AdEE AL AR
Then

dy" = Z(—l)f—l/ d(yidu' A...Adul AL A duP)
i U(a)

=

i Ula)

U

Ula)

<?>du’/\du'/\.../\(71;/\...Adu"
ur

Vi
< y>du A Adu” (3.23)
()

We may assume that the coordinate patch V («) carries the positive orientation
of V. Then the last integral becomes an ordinary multiple integral and since the
support of d¢* B, lies entirely in U («), we may replace U («) in the right-hand
integral by all of R”.

9y,
=y [ ,) o
U(a) Z R? Bu'
oo ai )
_Z du'. du”/ (—Z)du’:O
oo \OU!

R
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since y; vanishes outside U («). Thus the left-hand side of (3.22) vanishes. But
the right-hand side of (3.22) vanishes since 3V does not meet the support of 8,
in the case considered. This finishes Case (i).

Case (ii): V(a) is a “half patch” that meets the boundary.

uf

t

i
% Wie)

Figure 3.11

We proceed exactly as in case (i), reaching (3.23). The only nonvanishing term
here is i = p since the other terms will involve [ (3y;/du’)du’, which again
vanishes if i < p. Thus

dﬂa=/ <%>du'...du”
Vi) U@) \ou?

o0
=/ du'...du”_l/ <%>du"
R Jo dur

/R,,_.[VP(OO) —y,(O)du' ... .du”"

=_/ vou', ... ul™ 0)du' .. du”! (3.24)
R

If we restrict ¢ : U(a) — V to the subset Y of U(w) defined by u” = 0 we
get a (p — 1)-dimensional coordinate patch W(«) for dV; ¢(Y) = W, see the
preceding figure. Then the support of B, meets 0V in W, and so

/avﬁa=[v=¢(y)ﬁa=/y¢*ﬂa=/yy

_:/Z(—l)"_ly,-(u',...u”)dul /\.../\ﬂ/\.../\du”
Yo
But u? =0onY and so du” = 0 and the only surviving term is
Bo = /(—I)P_'yp(ul,...u”"',O)a’u' Ao AduP!
av Y

Now since 8/8u', ..., 8/0u” is positively oriented on V (by assumption), and
—0/0u? is the outward pointing normal to 3V we conclude from Section 3.3a
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that8/0u', ..., 8/8u’~! carries the orientation (—1)” ond V (there is one minus
sign for —@/8u” and p — 1 minus signs to get @/Au’ into the first position).
Consequently

/ Ba :(—1)”/(—l)p_ly,,(ul,...u”_I,O)du[.‘.du”_l
av Y

Since this coincides with (3.24) we are finished.

Finally a note about the case p = 1. An oriented 1-manifold with boundary is
simply acurve C starting atsome P = x(a) € M" andendingat Q = x(b) € M".
The fundamental theorem of calculus says that

Jor= | G

At
—/a [—T}dr—f(@—f(m

)dx —/ (3f/3x")(dx" /dt)dt

If we define the oriented boundary of C to be dC = Q — P and define f(0C) =
f(Q) — f(P), then formally Stokes’s theorem holds even when p = 1. It is then
simply the fundamental theorem of calculus! O

Problems

3.3(1) Write out in full in coordinates what (3.21) says in R® for p =2 and 3.
3.3(2) Write out in full in coordinates what (3.21) says in R* for p=2, 3, and 4.

3.4. Integration of Pseudoforms

How do we measure “flux”?

We would like to integrate pseudo- p-forms B” of M" over parameterized subsets F :
U —»> M" U c RP.If we orient U, we would like F*8 to be a well-defined p-
form on U, but B is really a pair of forms £8 on M"” and we would have to have a
prescription for picking out one of the 8’s to pull back. In general there is no way of
accomplishing this; we would need, somehow, a way of picking out an orientation of
M" near F(u) whenever we pick an orientation of U, and if M" is nonorientable this
might be impossible. If one can associate an orientation on M" near F(u) whenever
one assigns an orientation to U, the map is said to be oriented (de Rham). This is a
restriction on the map F and in general one cannot pull back a pseudoform! We are
not going to be able to integrate a pseudoform over an oriented submanifold, as we did
with a true form.
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3.4a. Integrating Pseudo-n-Forms on an n-Manifold

We claim that any pseudo-n-form " can be integrated over any compact n-dimensional
manifold M", orientable or not! First note that if U is a coordinate patch on such an
M*, then we can define [, " as follows. Pick an orientation of U this picks out a
specific choice for " and then the integral of the form " over the oriented region U
is performed just as in the case of a true form. Note that if we had chosen the opposite
orientation of U, then the integral would be unchanged since although the region of
integration would have its orientation reversed we would also automatically have picked
out the negative —w" of the previous form. One can then define the integral of w”" over
all of M" by use again of a partition of unity as in (3.18).

This should not be surprising. Certainly the Mobius band has an area and this can
be computed using its area pseudo-2-form.

3.4b. Submanifolds with Transverse Orientation

Let V? be a p-dimensional submanifold of a manifold M". At each point x of V7 the
tangent space to M" is of the form M} = V7 @ N"~”, where the vectors in N are
transverse to V7. Let us say that V” is transverse orientable if each transversal N"~7
can be oriented continuously as a function of the point x in V7. If V” is a framed
submanifold, that is, if one can find (» — p) continuous linearly independent vector
fields on V? that are transverse to V7, then clearly V7 is transverse orientable.

Since every manifold carries a Riemannian metric (see 3.2d) one can always replace
“transverse” by “normal” in some Riemannian metric.

Note that if V! is a hypersurface, then V is framed if and only if V is 2-sided
(see 2.8c). It is also clear that in the case of a hypersurface, transverse orientability is
equivalent to being framed by a normal vector field; in particular, the Mébius band in R
is not transverse orientable. For V7 C M" for p < n, however, transverse orientability
is a weaker condition than being framed.

Given a point x on V” we may (since V” is an embedded submanifold, see 1.3d)
introduce coordinates x', ..., x" near this point x = 0 on M" (in a patch W) such that
VPNW isdefinedby x* = f%(x',..., xP),a = p+1,..., n.Thenthen— p coordinate
vectors N, = 8/9x® are defined in W and are transverse to V” at VP NW. A sufficiently
small piece of a submanifold can always be framed and is thus transverse orientable.
VPNW is acoordinate patch for V7;infactx', .. ., x” could be used as local coordinates
there. In particular, given an orientation for V” N W, we can always find p tangent vector
fields X, ..., X, that are positively oriented in this patch and these vector fields can
be extended to all of W by keeping their components constant as we move off V. We
may then define an orientation of W by insisting that N1, ..., N,, X, ..., X, define
the positive orientation. Thus to an orientation of VP N WonV? we may associate an
orientation of W on M", and thus if 7 is a pseudo-p-form on W, we may pull it back
to a pseudo-p-form i*B” on V” N W. To say that V7 is transverse orientable is to say
that we can patch these local constructions together in a coherent or continuous fashion.
(We shall certainly fail in the case of a Mdbius band in R*.) In summary, if 87 is a
pseudoform in W, we may pull back this form via the inclusion map i : V? — M" to
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yield a pseudo-p-form i*8” on V? N'W and if V* is transverse orientable we may pull
back a pseudo-p-form B” of M" to i* BP on all of V?.

3.4c. Integration over a Submanifold with Transverse Orientation

Leti:V? — M" be a submanifold of the compact manifold M" (perhaps with bound-
ary) with transverse orientation, and let 87 be a pseudo- p-form on M". We have seen
in the previous section that we may pull this pseudo-p-form back to i*87 on V”. Let
{U ()} be a finite coordinate cover of V? with associated partition of unity { f,}. Then
we define (since i*8 is a p-form on V7)

[# = > A R (3.25)

In summary, we have the following contrast.

A true p-form on M" is always integrated over an oriented submanifold V7, whereas
a pseudo-p-form B” is always integrated over a submanifold V” with transverse
orientation.

Consider, for example, the Mébius band V? sitting in R* and one also in M6 xR. If
B2 is a true 2-form on R* or M6 xR, then we cannot define the integral of 82 over either
Mobius band since the Mobius band is not orientable. If 2 is a pseudo-2-form then we
cannot integrate 82 over the strip in R® since this strip is 1-sided, and we cannot pull
B? back to the strip. On the other hand M& is 2-sided in M6x R (see 2.8c), and thus
we can integrate 82 over M6 C M6 x R once we have chosen one of the two possible
normals 8/8t or —8/8t, where t is the coordinate in R.

In the case of a surface integral of a pseudo-2-form A2 in R* we have the following
simple prescription. Let F(U) be an unoriented parameterized surface in R* with a
prescribed unit normal N. We know that B2 is of the form g% = ig vol® for a unique
(true) vector B. Then B « N is a true scalar and from (3.25) and (3.15)

/ B = / B .NdS = / B,dS (3.26)
F(U).N JU U

This is sometimes called the flux of B through the surface with given normal N. This
result is independent of any choice of orientation of R* or of orientation of the surface.
Only the normal was prescribed.

Leta! bea pseudo-1-form and F(I) an unoriented curve with framing in R* ; thus
there are two mutually orthogonal unit normals N, and N, defined along the curve
F(I).(Weshall see in Section 16.1d that such a framing exists for any curve in R?) Let
A be the contravariant pseudovector associated to the pseudoform o'. If we pick out
arbitrarily an orientation, that is, a direction, for the curve F (), then a specific vector
A is chosen through the orientation of R?® determined by the triple N;, N, T, where T
is the unit tangent vector to the directed curve. We then have for a line integral

[ a' = /A « Tds (3.27)
jF(l),N].Nz 1

and this is again independent of the orientation chosen for the curve.
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3.4d. Stokes’s Theorem for Pseudoforms

Letw" ! beapseudo-(n—1)-formon acompact unoriented manifold A" with boundary.
Then do" " is a pseudo-n-form on M" and we may compute the integral [, dw as in
3.4a. Now 0M has a natural transverse orientation in M" since there is clearly an
outward pointing transversal N; if M" has a Riemannian metric we may even choose
N to be a unit normal. In any case we may then form the integral f[;, »”~' (we have
omitted indicating the transversal since it will always be assumed to be the outward
one). The proof of Stokes’s theorem in the previous section carries over to yield again
f y do = fa M w”~ 1 but we emphasize that no orientation has been assumed for M!

If you are used to proving Stokes’s theorem by breaking up M" into nonoverlap-
ping patches U, V, ..., you are familiar with the cancellations in f w over boundaries
common to two adjacent patches. This still happens with pseudoforms in spite of the
arbitrariness in picking orientations in the patches.

Figure 3.12

In Figure 3.12 we have given opposite orientations to the patches U, V for the
evaluations of [, do"~" and [, dw"~". It appears as if the boundary integrals along the
common part of their boundaries would not cancel, but this is not so since the w’s used
in U and V would be negatives of each other!

Suppose now that V? is a compact submanifold with boundary of M", and suppose
that V is tranverse oriented in M: for simplicity we shall assume that V has a normal
framing Ny, ..., N,_,. Let n be the unit vector that is tangent to V, normal to dV, and
points out of V. Then we may frame 0V by using Ny, ..., N,_,, n. Thus a transverse
orientation of V leads in a natural way to a transverse orientation for its boundary oV
With this understood we may state

Stokes’s Theorem (3.28): Let BP~! be a pseudo-(p — 1)-form on any manifold
M". Let VP be a compact transverse oriented submanifold (with boundary) of

M?". Then
/d,Bp_] — ﬁp—l
v av

The proof is similar to that given for true forms. We emphasize that no orientation is
required for V7 or M".
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3.5. Maxwell’s Equations

Suppose that our space is really a 3-torus 73. How does the electric field behave when a constant
current is sent through a wire loop?

3.5a. Charge and Current in Classical Electromagnetism

We accept as a primitive notion the charge Q on a particle and we assume that there
is a 3-form o defined in R® whose integral over any region U will yield the charge
contained in the region

o) = / o3 (3.29)
U

We shall assume that Q(U) is a scalar independent of the orientation of R>. This means
that o3 is a pseudoform. Note that (3.29) does not require and is independent of the use
of any Riemannian metric in space. If we do introduce a Riemannian metric, say the
standard euclidean one, then we have

o = p(x)vol® (3.30)

where p is the charge density 0-form (a scalar). Note that to define p only a volume
form is required, not a full metric. In the following, whenever vol® or some object
constructed from a Riemannian metric appears, it will be assumed that a choice of
volume form or metric has been made, but it is intriguing to note which objects (such
as 0°) do not require these extraneous structures.

Let W2 be a 2-sided surface. If we prescribe one of the two sides, that is, if W
is transverse oriented by, say, a transverse vector field N, then we shall also assume
that the rate at which charge is crossing W (in the sense indicated by N) is given by
integrating a (necessarily pseudo-) 2-form J} the current 2-form

/W; (3.31)

We assume that charge is conserved, thus if W? = 9U?3 is the boundary of a fixed
compact region U (with outward pointing transversal N), then the rate at which charge
is leaving U, [}, J'/Z, must equal the rate of decrease of charge inside U,

d / 3 do? / .2
- o’ = — — =
dat Ju v 0t GUJ/

This must be true for each region U. If J'/Z is continuously differentiable we have
Jou ff = Jy dj, and so

903 2
B + d[}/ =0 (3.32)

We have introduced here two notational devices. First

We have used a bold d to emphasize that this exterior derivative is spatial, not using
differentiation with respect to time; this distinction will be important when considering
space—time later on.
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Second

We have defined the time derivative of an exterior form by simply differentiating
each component

3 3
~lag(x, ndx'] 1= (%)dx’ (3.33)

Since J’Z is a pseudo-2-form we can associate a current vector J such that }’2 = iy vol’.
We can then write (3.32), using (2.87), as the “equation of continuity”

0 .
8—‘; +div]=0 (3.34)
In many cases the current is a convective current, meaning that J is of the form
J=pv (3.35)

where v is the velocity of a charged fluid. In this case, in cartesian coordinates,
(}'/2 = p[v'dy Adz+ vidz Adx + vidx A dy)

and by inserting a factor /g we have the correct expression in any coordinates (see
2.77)).

3.5b. The Electric and Magnetic Fields

We isolate the effects of the electromagnetic field by assuming that no other external
forces, such as gravity, are present. The electric and magnetic fields are defined opera-
tionally. In the following we shall use the euclidean metric and cartesian coordinates of
R3 (where there is no blatant distinction between covariant and contravariant vectors)
and then we shall put the results in a form independent of the metric.

We suppose units chosen so that the velocity of light is unity, c = 1. The electro-
magnetic force on a point mass of charge ¢ moving with velocity v is given by the
(Heaviside—) Lorentz force law

F =¢g[E+v x B] (3.36)

Thus to determine the electric field E at a point x and instant ¢, we measure the force on
aunitcharge at rest atthe point x. To get B, we then measure immediately the forces on
unit charges at x that are moving with velocity vectors i, j, and k. This information will
determine B since E has already been determined. Thus the Lorentz force law serves
to define the fields B and E! It is interesting that the “correct” magnetic force gv x B
was first written down by Heaviside only in 1889! (For a history of electromagnetism
I recommend Whittaker’s book [W].)

The force F has a direction that is independent of orientation of R* and so must be
a true vector. Since ¢ is a scalar both E and v X B must be vectors. But the velocity
v is certainly a vector, and so B must be a pseudovector whose sense is orientation-
dependent (agreeing with our discussion in 2.8e)!

We shall now redefine the electric and magnetic fields to free them from cartesian
analysis and orientation. First note that force naturally enters in line integrals when
computingwork, and in fact force can be measured by looking at the work expended. We
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then prefer to consider force as a 1-form f'. This is in agreement with our considering
force as thetime derivative of momentum and the fact thatmomentumis to be considered
as covariant; see (2.32). From (3.35) we are then to consider the covariant versions of E
and v X B. We think then of the electric field as again a 1-form &'. To the pseudovector
B in euclidean R*® we may associate the true 2-form %? defined by

%% = ig vol®
and then the magnetic force covector is —gi,%?; see (2.85). We consider the magnetic

2-form $? as being more basic than the pseudovector B, since ¢ is independent of the
choice of volume form. We then have for the Lorentz force covector

f'=q@&" = i) (3.37)

and this equation is independent of any metric or orientation.
Our view is then that the electric field intensity is given by a 1-form &' and the
magnetic field intensity is given by a 2-form $*. In any coordinates

&' = E\dx' 4+ Eydx® + Ezdx®
and (3.38)
B = Bpydx® Adx® + Bydx® Adx' + Bpdx' Adx?

If we introduce a metric, then we may consider the associated vector field E and the
pseudovector B. The pseudovector B has components B' = B,3/,/g, and so on. See
Problem 3.5(1) at this time.

3.5¢. Maxwell’s Equations
First some terminology.
A closed manifold is a compact manifold without boundary.

The 2-sphere and torus are familiar examples in R*. We have the 2:1 continuous map
§2 — RP? of the 2-sphere onto the projective plane, and so R P? is compact. R P? is
a closed manifold that is not a submanifold of R>.

We accept the following empirical laws governing the electromagnetic field in R,
The name given to the first law is traditional and will be better understood after Gauss’s
law is given.

The Absence of Magnetic Charges. For each compact oriented region U? in R we

have
/ / @2 =0 (3.39)
oU

Assume that the field %? has continuous first partial derivatives. Then [[J,, d#* =
Jfo 8% = 0. Since this is true for arbitrarily small regions U we conclude that

ds? =0 (3.39")

which is simply the familiar vector analysis statement div B = 0 (see (2.87)).
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Faraday’s law. Let V2 be a compact oriented surface with boundary 3 V2. Then

0 dp?
x =_//V - (3.40)

If &' has continuous first partial derivatives we may conclude that [, d&' +9%?/3r = 0
for all such surfaces V2. By applying this to small rectangles parallel to the xy, xz, and
yz planes we may conclude

o<h?

at
which is the vector statement curl E = —dB/dt.

Warning: Equation (3.40) holds for any surface, moving or not. However, the right-
hand side can be written —d/dt [[, %?, that is, as a time rate of change of flux of %2,
only if the surface is fixed in space. We shall see (Problem 4.3(4)) that in the case of a
moving surface we may write §,, [&' — i,*] = —d/d [[, $.(3.40') of course holds
under all circumstances.

For the remaining equations we must assume a Riemannian metric in R®. (We shall
see later on that our 3-space does inherit a Riemannian metric, the one we use in daily
life, from the space—time structure of general relativity.)

We may then introduce two pseudoforms

de' = (3.40)

%6 1= ig vol’ = (Jg(E'dx* Adx® + E*dx® Adx' + E*dx' A dx®) (3.41)
and
*$ := (,B) = Bydx' + B,dx* + Bsdx®
Note that *& is a 2-form and %4 is the 1-form version of B.
Gauss’s law. If U3 is any compact region
// *& = 47 /// o =4x Q) (3.42)
au U
measures the charge contained in U.

We again conclude, when & is continuously differentiable, that

dx& = 4o’ (3.42)
ordivE = 4mp.
Ampere-Maxwell law. If M? is a compact 2-sided surface with prescribed normal,
then
o 0%E

f;M *P = //w 47!(}/ + a7 (3.43)
Thus

dsh = 4r 7 + gxs (3.43)

at
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(assuming % continuously differentiable) with vector expression curl B = 47 J+0E/0z.

Note that the integral versions of Maxwell’s equations are more general than the
partial differential equation versions since spatial derivatives do not appear in the
equations. In particular, their continuity is of no concern!

3.5d. Forms and Pseudoforms

There is a general rule of thumb concerning forms versus pseudoforms; a form measures
an intensity whereas a pseudoform measures a quantity. & and 3 measure the intensities
of the electric and magnetic fields (they are “field strengths”). o> measures the quantity
of charge, as does *& through (3.42). J'? measures essentially the quantity of charge
passing through a (transverse oriented) surface in unit time. In Ampere’s law, d*% =
4 Jz d=*%3 measures again this flux of charge.

Our conclusions, however, about intensities and quantities must be reversed when
dealing with a pseudo-quantity, i.e., a quantity whose sign reverses when the orientation
of space is reversed. If this quantity is represented by integrating a 3-form over an
oriented region, then the form must, by our definition of integration, be a ¢true form. For
example, in section 16.4e we shall discuss the hypothetical Dirac magnetic monopole.
When such magnetic charge distributions are allowed, the Maxwell equation d3 = 0
should be replaced by ds = q vol3, where q is the magnetic charge density, d%
is a true 3-form, q is a pseudo-scalar, and the total magnetic charge in a region, a
pseudo-quantity, is given by the integral of this true 3-form over the oriented region.
Furthermore, the classical “definition” of the magnetic field strength B(x), before the
Heaviside—Lorentz force law was known, was the force acting on a “magnetic pole” of
unit charge at the point X. Thus the work done against the magnetic field in transporting
a magnetic pole of charge g along a curve is the true scalar given by the line integral
J g*<. In terms of these hypothetical poles, the magnetic field strength is measured
by the pseudo-form *¢3 or contravariantly by the pseudo-vector B. Thus magnetic field
strength, when measured by a (true) electric charge, is given by the true 2-form ¢, but
when measured by a magnetic pseudo-charge it is given by the pseudo-1-form *¢3.

Problems

3.5(1) If the magnetic field is a 2-form, not a vector, how do you explain the curves
generated by iron filings near a bar magnet (i.e., the B lines) when we have not
informed the magnet of which metric we are using?

3.5(2) Assume that Maxwell’s equations (3.39'), (3.40'), (3.42'), and (3.43') for <3 and
& hold in every 3-manifold M3, not just R3. This will be discussed in more detail
in Chapter 14.

The 3-dimensional torus T2 is obtained from the solid unit cube in R3 by iden-
tifying opposite faces pairwise; for example, top and bottom faces are identified
by identifying (x, y, 0) with (x, y, 1), and so on. Note then that each face has its
opposite edges also identified; thus on the bottom face, (x, 0, 0) is identified with
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(x,1,0). In this way we see that each face of the cube becomes a 2-torus. We
have indicated the top (= bottom) T2 = Top.
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Figure 3.13

Consider a current flux of magnitude j through the top torus for all times
t>0; ffTop(}'? = j. We can realize this by attaching a battery (delivering a current
j) attime t = 0 to a closed wire loop that pierces the top face. Show that for t > 0

S

and thus, unlike the case of a wire loop carrying a constant current in R3, the
electric field must tend to infinity, with time, at some points of the torus!

(Warning: The top torus T2 is not the boundary of any 3-dimensional region!)

Ontheotherhand, itcanbe shown, though itis more difficult, that if onehas a
loop that yields no net flux of current through the top, side, or back toroidal faces,
for example, if the loop lies in the interior of the cube or if it can be “contracted to
a point” in the torus, then a constant current will lead to an electric field that must
remain bounded for all time. Thus the behavior of the electric field is dependent
on the “topological position” of the loop. (It can be shown that the magnetic field
remains bounded in all cases.) In a sense, given a closed 2-sided mathematical
surface such as Top, and a closed wire loop that pierces it exactly once, the
surface will increasingly resist a current through the wire by forcing an electric
field to be generated, via Ampere-Maxwell, that will oppose the e.m.f. in the wire.
On the other hand, an ordinary closed surface, one that bounds a 3-dimensional
region U, can never be pierced exactly once by a wire loop; if the loop pierces
the surface and enters the region U then it must eventually leave the region,
resulting in a zero net flow of current through the surface. For this and other
strange behavior in spaces otherthan R3, see[D, F]. We shall have more to say
about topology in Chapters 13 and 14.

:47ij







CHAPTER 4

The Lie Derivative

—

4.1. The Lie Derivative of a Vector Field

Walk one mile east, then north, then west, then south. Have you really returned?

4.1a. The Lie Bracket

Let X and Y be a pair of vector fields on a manifold M" and let ¢(t) = ¢, be the
local flow generated by the field X (see 1.4a). Then ¢,x is the point ¢ seconds along
the integral curve of X, the “orbit” of x, that starts at time O at the point x. We shall
compare the vector Yy, , at that point with the result of pushing Y, to the point ¢,x by
means of the differential ¢,,. The Lie derivative of Y with respect to X is defined to

Y@ (1)x)

d(1)+Y(x)

D=0 Y(@(1)x)

Figure 4.1

be the vector field £xY whose value at x is

[Y¢,x - ¢I*Y.\']

; 4.1)

[£xY]. := lim
t—=0

125
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= lim 4.2)

since ¢y, is the identity. We must first show that the limit exists. In the process we shall
discover an important alternative interpretation of the Lie derivative. First we shall
need a very useful version of the mean value theorem in our context. In a sense this is
areplacement for a Taylor expansion along the orbit of x.

Hadamard’s Lemma (4.3): Let f be a continuously differentiable function de-
fined in a neighborhood U of xo. Then for sufficiently small t, there is a function
g = g(t, x) = g/(x), continuously differentiable in t and point x in U, such that

go(x) = X, (f)
and
f(px) = f(x) +1g(x)

that is,

fod=f+tg

If we accept this for the moment we may proceed with the existence of the limit. At x

Y x I*Y,\’
(Yox —¢ ](f)

[exY](f) = lim .

which from (2.60) is
(Yo (f) = Yi(f 0 91)]

= lim
t—0 t
— lim (Yo (f) — Y. (f +18,)]
t—0 t
i oD =YDy

Thus not only have we shown that the limit exists, but also we have the alternative
expression

&Y =[X,Y] (4.4)

where the Lie bracket [X, Y] = —[Y, X] is the vector field whose differential operator
is the commutator of the operators for X and Y

X, YL f = XAY (N} = Y AX())} (4.5)
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In particular, for any two coordinates x,y we have
o
La/ox=— =0
8/0x ay

In Problem 4.1(1) you are asked to show that by expressing the right-hand side of (4.5)
in local coordinates one gets

,. /Y (03X
[X,Y) = Z {Xf (aﬂ) — Y/ <W)} (4.6)

J

We remark that (4.2) can be written

d
&Y, = {d_t(¢—l)*Y¢,x}I 4.7

=0
Note that (¢_,). Yy, is a vector that is always based at the point x.

ProoF oF HapaMAaRrRD’S LEMMa: Define F (¢, x) = (f o ¢,)(x). Fix ¢ and
x and put 5(s) = F(st, x). Then

1
(f o d)(x) = F(x) = F(1) — 5(0) = / §'(5)ds
0

] d 1
= / —F(st,x)ds = / tF\(st, x)ds
o ds 0
where F| denotes derivative with respect to the first variable. Thus if we define
1
gix) = | FiGst.xds
0
then

(f od)(x) — f(x) =18 (x)

Furthermore
1
8o(x) = / Fi(0,x)ds = F,(0, x)
0

[F(t,x) — F(,x)]

= [im
t—0 t
i 20O =0y )

4.1b. Jacobi’s Variational Equation

If, in (4.6), we use the fact that X/ = dx/ /dt along the orbit, we can write

. dY! aX'\
oY) =— =" (= v/ 4.
T - (aw) @9

We then notice that this makes sense even when Y is a vector field that is defined only
along the orbit ¢ (¢)x of the vector field X! (4.1) and (4.7) also make sense in this case.
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The same derivation that yielded (4.5) will yield (4.8) and we shall accept (4.8) in this
extended sense.

This equation thus even applies in the case when the vector field X vanishes at the
point x. In this case the vector Y, is a time-dependent vector based forever at the
point x; note then that £xY need not vanish at x. For example, consider the vector field
X = —y8/8x 4+ xB8/8y in R?, vanishing at the origin. The flow ¢, generated by X
satisfies dx/dt = —y and dy/dt = x

x(t)| _[cost —sint| [x]| _ é X

y@)| ~ |sint cost| |yl |y
Since ¢ is linear, ¢, = ¢,. Let Y = 8/0x sit at the origin; then .xY is the vector at
the origin given by d/dt{¢_,.3/0x},—. In components

o0 1)1} _[O
-10(1]0| (-1
and so £x8/0x = —0/9y.

In the case when Y is defined only along an orbit of X, it makes no sense to consider
£yX, since Y has no integral curves. We shall reserve the notation [X, Y] = —[Y, X]
for the case in which both X and Y are vector fields defined in an open subset in M".

We shall say that a vector field Y defined along an orbit of X is invariant (under the
flow generated by X) provided

Yd),.\' = ¢t*Y.\'
From (4.1) we see that Y then satisfies the Jacobi variational equations
o dy! ax’ .
&Y = — — — )Y/ =0 4.9
[ex Y] o ‘ < ox !> 4.9

The reason for this classical terminology is the following. Classically one worked only
in R". Consider a solution curve x = x(¢) to the differential equation dx/dt = X,
that starts at the initial point x(0). To discuss the stability of solutions, one would
then, in classical language, consider a second integral curve y = y(¢) that starts at
an “infinitesimally nearby” y(0) = x(0) + §x(0). One would then write this solution
in the form y(t) = x(t) + éx(¢). The solution curve y is called a variation of the
solution x, and 8x is called an infinitesimal variation vector. Now dx/dt = X(x) and
d(x + 8x)/dt = X(x + 8x) are both satisfied.

() X
A
Sx X
X <
x(1)
X
HO R
x(0)

Figure 4.2
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Subtracting, 8 (dx/dt) == d(x + éx)/dt — dx/dt = d(6x)/dt becomes

d(8x") : , 8X’> . .
— =X, — X, = — 5x) + A’
dt x+8x X Z (3)(1 " x’ +

J

where A’ contains terms of higher order in 8x. This is a nonlinear system of ordinary
differential equations for the infinitesimal variation vector §x; it is assumed that the
base solution x = x(¢) is known. If we linearize this system, that is, throw away the
high-order terms A, we obtain the “infinitesimal” variational equations. Finally if we
denote 8x by Y we return to the equations (4.9). In our development of (4.9) the vector
field Y replaces the obscure notion of infinitesimally near points. Instead of seeing how
two nearby points are pushed along by the flow, we observe how a vector Y at x(0) is
pushed by the differential ¢,.. This differential, being the linear approximation to ¢,,
leads to a linear equation for Y along the orbit x(z).

If x = x(¢) is a given solution to the system dx/dt = X,, and if Y is a vector at
the point x (0), then there is a unique solution to the variational equations

O I
dt ~ [ 0x/ |y
J
with (4.10)
Y'(0) =Y,

and, since this system is linear, this solution exists for all # for which the integral curve
x () is defined. Y is sometimes called a Jacobi field along the solution x.

We can also reinterpret (4.1) as follows. Let %, := ¢,. Y, be the Jacobi field along
the orbit with initial value Y,. Then

d
oY = = [Yox — Ygedi 4.11
ox dt[ . 6,x)r=0 (4.11)

Warning: Neither side of (4.10) has intrinsic meaning, independent of coordinates;
for instance, we know that 3 X‘/dx/ do not form the components of a tensor. Never-
theless, (4.10) has intrinsic meaning since it expresses &xY = 0, and &Y is a vector
field (defined without the use of coordinates).

4.1c. The Flow Generated by [X, Y]

Let X and Y be vector fields on M". Let ¢ (¢) and ¥ (¢) be the flows generated by X
and Y. [X, Y] is also a vector field; what is its flow? We claim that the flow generated
by [X, Y] is in the following sense the commutator of the two flows. Let x € M".

Theorem (4.12): Let o be the curve

o@):=Y_ 0@ 0¥, 0px
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Then for any smooth function f

flo (VD] = flo(0)]

[X,Y].f = lim
t—0

t

4=y(—1)3

[X,Y](x) is tangent to this curve

Figure 4.3

prRoOF (Richard Faber): Asinthe preceding figure, let0, 1, 2, 3, 4 be the vertices
of the broken integral curves of X and Y. Let f be a smooth function. Form

flo@) = fO) =[f@4 - fOI+1fB) - f(2)]
+ @) - fDI+[FA) = f(0)]

By Taylor’s theorem, letting X, denote X(0), and so on,

2
FO) = £(0) = Xo(f) + <%>X0{X(f)} +003) B

where O(3)(¢)/t* = 0ast — 0. Also

2

F@) - £ = 1Y1 () + (%)YI{Y(m +00)

Note YI{Y(f)} = Yo{Y(N)} + tXo[YAY(/)}] + O(2), where Y, {Y(f)} is the
function t — Y4,0{Y(f)}. Thus

f@ — F(D) = 1Y,(f) + (;)Yo{w)} 1 03) (i)
Likewise

f3) - @) = —%(f) + <§>X0{X(f)} +00) (i
and

8}

F@) = £G3) = —1Ys(f) + (%)YO{Y(f)} +00) (iv)
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Adding (i) through (iv) we get

f@ — f(0) =t[Xo(f) + Yi(f) = Xo(f) — Y3(/f)]
+ 2 [Xo(X()} + Yo{Y(N)} + O(3)

But
Xo(f) = Xo(f) = Xo(f) = Xi(f) + Xi(f) — Xo(f)
=1Y{X(N)} + 0D + 1 X{X ()} + 0(2)
= 1Yo{X(f)} + 1Xo(X(f)} + 0(2) (v)
Also
Y3(f) = Y1 () = Y3(f) = Yo (f) + Yo (f) = Yi(f)
= —tXo{Y(H} + 02) + 1Y {Y ()} + O(2)
= —1Xo{Y ()} + 1Yo{Y()} + O(2) (from (v))
Thus
@) = £(0) = 2[Xo{Y ()} = Yo[X(NH} + O(3)
and then

flo @)} — flo(0)}
—
2
as t — 0. This concludes the proof. O

Xo{Y ()} — Yo(X( 1)}

We may write, in terms of a right-handed derivative,

d
&Y =[X,Y] = E‘O’(\/;)]mo (4.13)
+

Corollary (4.14): Suppose that the vector fields X and Y on M" are tangent to a
submanifold VP of M" at all points of V. Then since the orbits of X and Y that
startat x € VP will remain on VP, we conclude that the curve t — o (t), starting
at x, also lies on V' and therefore the vector [X, Y] is also tangent to V.

Warning: Many books use a sign convention opposite to ours for the bracket [ X, Y].

Problems

4.1(1) Prove (4.6).

4.1(2) Prove Corollary (4.14) by introducing coordinates for M" such that V* is locally
defined by xPt1 =0, ..., x" =0, and then using (4.6).
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4.1(3) Consider the unit 2-sphere with the usual coordinates and metric ds? = d62 +
sin? §d¢2. The two coordinate vector fields 89 and 8,, have, of course, a vanishing
Lie bracket. Give a graphical verification of this by examining the “closure” of the
“rectangle” of orbits used in the Theorem (4.12). Now consider the unit vector
fields ey and ey associated to the coordinate vectors. Compute [ey, 4] and
illustrate this misclosure graphically. Verify Theorem (4.12) in this case.

4.2. The Lie Derivative of a Form

If a flow deforms some attribute, say volume, how does one measure the deformation?

4.2a. Lie Derivatives of Forms

If X is a vector field with local flow ¢(¢) and if f is a function, we shall define the
Lie derivative of f with respect to X by &x f = X(f) = 5, X'df/dx". Thus at x,
from 2.7a,

d
& f = Ef[‘ﬁrx]r:o =d/dt[¢] fli=o (4.15)

This simply describes how f changes along the orbits of X.
If a” is a p-form we define, putting o, = a(x)

i d_,
xal . = E[d},a”],zo (4.16)
= lim ¢t Yorx —
t—0 t
By this we mean the following. Let Y, ..., Y, be vectors at x. Then
d * D d *
[E ¢,a’] Yi,....Y),) = E[¢, a’(Yi,..., Y,)] (4.17)

d
= E{apkpt*Yl’ “eay ¢1*Yp]}

In particular, if we extend the vectors Y; to be invariant fields along the orbit through
x, 9. Y. = Y, ,, then we can write

d
exa? (Y1, Yp) = —laf (Vi Yo (4.18)
that is
xa(Yy, ..., Y,) measures the derivative (as one moves along the orbit of X) of the

value of « evaluated on a p-tuple of vector fields Y that are invariant under the flow
generated by X.

The reader should note that although one cannot pull back a pseudoform by means
of a general map, one can do so if the map is a diffeomorphism, or a 1-parameter
group of such, that is, a flow. Thus it makes sense to talk about the Lie derivative of a
pseudoform. For example, if

o" =vol" = \/gdx' Adx® A... Adx"
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is the volume form for a Riemannian M" and if X is a vector field on M", then £x vol”

is the n-form that reads off the rate of change of volume of a parallelopiped spanned
by n vectors that are pushed forward by the flow ¢,. Schematically

X

r

Y,

Y
Y, !

Figure 4.4

In other words, €x vol" measures how volumes are changing under the flow ¢,
generated by X. One usually thinks of vol” as a given form; then £x vol” is “really”
describing a property of the vector field X, namely, how the flow generated by X is
distorting volumes!

We need convenient methods for computing Lie derivatives. First note that for a
(p + q)-tuple Y, and their “push-forwards” ¢,.Y,

d
E(a? A BH(Y)) = E[Ol” A B (@Y D)]i=o

d
= E Z Z 8/Ka(¢1*Y1)ﬂ(¢l*YK)t=0
K J
d
= Z ZS,JKd—[a(¢1*Y1)]ﬁ(YK)
K J !

+E 38 “a(Y)) S 1@ ey
and so £ is a “derivation” (to be discussed shortly),
x(a? A BY) = (&xaP) A BT +a” A (£xB7) (4.19)
Theorem (4.20): $£x commutes with exterior differentiation d

xod=do&

PROOF: We first verify this for O-forms, that is, functions f. In our computations
we shall omit indications of location, such as, x or ¢, x. Also, all derivatives with
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respect to time will be evaluated at ¢+ = 0. Let Y be a fixed vector at x € M".
From (2.60)

d d
L dY) = E{[tb,*df](Y)} = E{df[%Y]}
d *
= Yl f1)

= Y{ diz[ fo¢ (t)]} (since Y is time-independent)

= Y{X(f)} = Y{& (N} = [d&x (N 1Y)
and we have verified (4.20) for O-forms. When applied to p-forms
exda? = ¢xd Y _ajdx’ =8y da; Adx" AL Adx"

= (¢exday) Adx" A ... Adx"

+ Zda, A@xdx") AL AdX
= d(exa) Adx" AL Adx"

+ Zda, AdExx")Y AL oAdX T 4
= dZ(i’xa,) Adx" AL Adx

+d) ad(Exx") AL Adx L
=d) (exa) Adx" A Adx"

+d Y ai(exdx") AL Adx +
=dex Y adx' =dexe” O

In particular, we have
Oxdx' = dexx' =d{X(x)} =dX' (4.21)
Thus if ¢ is any one of the coordinate functions x/ we have £55,dx’ = 0. Hence if a?
is any p-form and if ¢ is a coordinate function
Co,00" = L9/9a;dx! = da, d’—aa,’ (4.22)
19/t = d9/0:41 <8t X = Y, .

simply differentiates the coefficients with respect to the coordinate!
See Problem 4.2(1) at this time.

4.2b. Formulas Involving the Lie Derivative

Let A” M" be the space of p-forms on M". This is an infinite dimensional vector space
since the components are functions. A linear map A: A\* M" — A"*" M" is said to be
a derivation if r is even and

A(e” A BT = (Aa”) A BT + a” A (ABT) (e.g., £x)
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and is said to be an antiderivation if r is odd and
Ala” A BY) = (Aa?) A BY + (—1)7a? A (ABY) (e.g., d and ix)

Suppose we know the value of a derivation or antiderivation on any function and on d
of any function. Since the general p-form is of the forma” = 3~ a;(x)dx"' A.. . Adx",
we then know the value of A on any form:

If A and B are both derivations or antiderivations, then to prove Aa” = Ba? for all
forms we need only prove this for « a function and for « = d (a function).

See Problem 4.2(2).
The following is perhaps the most often used formula involving Lie derivatives.

H. Cartan’s Formula (4.23): When acting on exterior forms

£ =ixod+doix

PROOF: Both sides are derivations, by Problem 4.2(2). We need only verify
(4.23) on functions and differentials of functions.

On functions, ix f = 0 and ixdf = X(f) = £ (f); we have verified the
function case. On differentials of functions

lixd +dix)df = dix(df) = d[ix(df)] = d[X(f)]

= dex(f) = &xdf O

Theorem (4.24): When applied to forms
S.)x e} iY — iY (e} S’x = i[xyy]
The reader is asked to supply the proof in Problem 4.2(3).

The following is anintrinsic (i.e., coordinate-free) expression for the exterior deriva-
tive of a 1-form. It is extremely useful.

Theorem (4.25): Let o' be a 1-form and let X, and Y, be vectors at x. Extend
these vectors in any smooth way to be fields near x. Then

da' (X, Yo) =X {a' (V)} = Yo' X)) — o' (X, YD

PROOF: We shall use (4.23) and (4.24)
da(X,Y) = {ixda}(Y) = {&xa — dixa}(Y) = iy&xa — Y{a(X)}
= exiya — ixyi2 — Y{a (X))
= &a(Y) —a((X,Y]) - Y{a(X)}
= X{a(V)} — (X, YD) - Y{a(X)} O
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See Problem 4.2(4) at this time.
The following proposition says that if Y’s are vector fields, one can differentiate

the function a?(Yy,...,Y,) = a,(x)Yf‘ ...Y,';" by using a “Leibniz” rule for Lie
derivative.
Theorem (4.26): For a form a” and vector fields X, Y,, ..., Y, we have

X{oz”(Y., eey Yp)} = {S’xa”}(Yl, PN Yp)

+ P (i (&Y, Yy)

PROOF: For 1-forms we have
{exa}(Y) = iy&xa = &xiva — o([X, Y])
= X{a(Y)} — a(£xY)
as desired. By induction, assuming true for (p — 1)-forms,
{exab(Yy, ..., Y,) =iy, {&xa} (Y, ..., Y,)
= {&iya —ixy a}(Ys, ..., Y))

Butiy,aisa(p—1)-formandsowemay apply (4.26)tocompute {€xiy,a} (Y2, ...,
Y,). This will complete the proof. O

Finally, we have a formula that generalizes (4.25) to p-forms. For vector fields
Yo,.... Y,

da? (Yo, ..., Y, ) = (=1)Y e’ (Yo, ..., Y., ..., Y,)}

(4.27)
+Y =) FaP(Y Y)Y L YL YY)

r<s

This can again be proved by induction. Note that from the left-hand side we see that
this result depends only on the values of the Y’s at the given point!

4.2c. Vector Analysis Again

Let vol” be a volume form for an M", that is, a pseudo-n-form that never vanishes on
any basis of tangent vectors. If X is a vector field on M”, the divergence of X is the
scalar div X defined by the formula

£ vol" = (divX) vol" (4.28)
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IfY,...» Ynare fields invariant under the flow generated by X then from (4.17)
d
S)x(VOI)n(Yl, ey Yn) = — VOl"(Y], ey Y,,),:()

dt

and so div X measures the logarithmic rate of change of volumes along the flow. In
Jocal coordinates vol* = pdx' A...Adx", p(x) > 0, and by Cartan’s formula

ex(vo)" =d{ixvol'y =d Y (—=1)'pdx' A...ixdx" A ... Adx"

=dY (-1 (pXdx' A...dx" A... AdX"

] —
= Z(—l)'—'{a—(pX’)dxf} Adx' ALdxt AL AdXT
x.&‘

d
:Z{ (pX’)}dx‘/\.../\dx’/\‘../\dx"
—~ Lax

and thus

1 ad
divX = — X’ (4.29)
WX =03 e

generalizing (2.88) of R3.
Note also that to the vector X and the volume form vol” we may associate the
(n —1) form

ﬁ"_l = ix vol” (4.30)
and then Cartan’s formula gives
dp""" = (divX) vol" (4.31)

generalizing (2.87) of R3,
We now use the Lie derivative formalism to complete our discussion of classical
vector analysis in R>. Consider, for example, the vector identity for curl(A XB).

curl(AXB) & diga’® = ¢ga’® — ipda’
= ¢pa® — igdivA vol’ = ¢pa® — divA ig vol®
Now use (4.24).
Lo’ = Lgis VoI’ = is £ vol® +ifp 4 vOI®
= divB iy vol’ +ifp a; vol®
& (divB)A + [B, A]
Thus

curl(AxB) = (divB)A + [B, A] — (divA)B (4.32)
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In vector analysis books the term £gA = [B, A]is written differently. We can write,
in cartesian coordinates,

[B,A] = B’ (M) — A"(an> = (DgA)" — (DsB)’

ox’ ox/

where (DgA)': =B « grad A'. Thus they write the term [B,A] as B « gradA —
A . gradB as if it made sense to talk about the gradient of a vector! This makes
sense only in cartesian coordinates.

Problems
4.2(1) Show thatifa' =3, a;idx’ is a 1-form then

./ da; ax/ <
> 1 _ j H R H
xe _Z. {X (axl>+a’<ax’)}dx

!

which should be compared with (4.6).
4.2(2) Show that if 6 is a derivation and A an antiderivation then

o A— Aoh
is an antiderivation. If A and B are antiderivations then
AoB+Bo A

is a derivation.
4.2(3) Prove (4.24).
4.2(4) Prove (4.25) by expressing both sides in coordinates and using (2.58) and (2.35).

4.3. Differentiation of Integrals

How does one compute the rate of change of an integral when the domain of integration is also
changing.

4.3a. The Autonomous (Time-Independent) Case

Let a” be a p-form and V' an oriented compact submanifold (perhaps with boundary
dV) of a manifold M". We consider a “variation” of V? arising as follows. We suppose
that there is a flow ¢, : M" — M", that is, a 1-parameter “group” of diffeomorphisms
¢, defined in a neighborhood of V? for small times ¢, and we define the submanifold
VP(t):=¢ VP,
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Figure 4.5

Let X, = d¢,(x)/dt];—o be the resulting velocity field. We are interested in the time
variation of the integral

I(t) = [ af = [¢,*a
(see (3.17)). Differentiating

(It +h)—1@)]
h

1o =l

1 (b —a)
:/lr'»”éUv ’h ]

— lim Gia =
h—0 h
[y =)
- h—0 h
Thus
d
E /- al = f S)Xap (433)

aremarkably simple and powerful formula! From Cartan’s formula

1 f af = [ ixda® +dixa®

dr
(4.34)
=[ idelp +f ixOlp
V() av(e)
When « is the volume form and V" is a compact region in M" we have
d
o [ vol" = [ dix vol" = [ divXvol” 4.35)

=/ ix vol”
av
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a form of the divergence theorem. Let the volume form come from a Riemannian
metric. Then, as in the derivation of (3.15) in the 2-dimensional case, letting N be the
outward pointing normal to the boundary of V" and X, the projection of X into the
tangent space to dV

/ ix vol" = / i(X‘N)N+X, vol” = / (X, N)iN vol"
av av v

On 0V, the form iy vol", when applied to n — 1 tangent vectors to dV, reads off the
(n — 1)-dimensional “volume” of the parallelopiped spanned, that is,

volg(,I = iy vol" (4.36)

isthe area form for the boundary. We thenhavethe usualform of the divergence theorem

/ div X vol" = / (X, N) volj' (4.37)
1% v

We emphasize that the divergence theorem, being a theorem about pseudo-n-forms,
holds whether M" is orientable or not.

4.3b. Time-Dependent Fields

Consider a nonautonomous flow of water in R, that is, a flow where the velocity field
v(t,X) = dx/dt depends on time. We define a map ¢, : R® — R* as follows. If we
observe a molecule at x when ¢t = 0, we let ¢,x be the position of this same molecule
t seconds after 0. Consider ¢;[¢,x]. If we put y = ¢,x then ¢,y is the point where the
flow would take y s seconds after time 0. This is usually not the same point as ¢, X
since the flow is time-dependent. A time-dependent flow of water is not a flow in the
sense of 1.4a since it does not satisfy the 1-parameter group property. A time-dependent
vector field on a manifold M" does not generate a flow!

Consider for example the contractions of R defined by x — x(¢) = ¢,x := (1 —1)x,
each of which is a diffeomorphismif # # 1. This does not define a flow, because it does
not have the group property. The velocity vector at x(¢) and time ¢ are determined from

a0 (4.38)
dt (1—1)
Thus v(z, y) = —y/(l —t) is a time-dependent velocity field.

Suppose then that v = v(t, x) is a time-dependent vector field on M". We apply a
simple classical trick; any tensor field A(t,x) on M" that is time-dependent should be
considered as a tensor field on the product manifold R x M", where t is the coordinate
for R. R x M" has local coordinates (t = x° x',..., x"). A time-dependent vector
field on M" is now an ordinary vector field v = v(z, x) on R x M" since ¢ is now a

coordinate on R x M. By solving the system of ordinary differential equations

i

E:vi(t,x), xi(s=0):x6, i=1,...,n

(4.39)
ﬂ—1 tis=0) =1
ds IR

wegetaflowg, : Rx M" — Rx M".If v(¢, x) isthe velocity field of a time-dependent
flow of fluid in M", then the integral curves s — ¢;(#, xg) on R x M" project down
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to yield the time-dependent “flow” on M"; ¢ (#y, xo) is the position of the molecule at
time s + fo that had been located at the point xo at time f.
In our example (4.38) we need to solve the s-independent system

dx

— =—x/(1-1) x(s =0) =xp (4.38")

ds

dr i _0)=

d—; = ts=0)=1

The solution is
[ —15—5) ]

x(s) = [———(1 0 ] 0 (4.38")
t(s)=ty+s

and one verifies that ¢ (s) : R? — R? given by
bs(t, x) = (2(s), x(s))

is indeed a flow. To see the path in R of a point that starts at x at time 0, we merely
put zp = 0, getting x (s) = (1 — s)xo, and forget the ¢ equation.

We now return to the general discussion. Note that the curves s — ¢ (%, xo) of
(4.39) are integral curves of the s-independent vector field

o
X = —
V+6t

To disuss the flow of a time-dependent vector field v on M" we introduce the vector
field X = v+ 9/0t on R x M”" and look at the flow on R x M" generated by this
field. The path in M" traced out by a point that starts at ¢ = 0 at xo consists of the
projection into M" of the solution curve on R x M" starting at (0, xo).

We now recall an important space—time notation introduced in Section 3.5a. First
note that in any manifold the operation of exterior differentiation

b ,
d(bydx") = <—~’,>de Adx!
- dx/

can be written symbolically asd = dx’/ A 3/dx/; the operator 3/dx acts only on the
coefficients. In a space—time R x M" with local coordinates (t = x°, ..., x") we have,
for any form on R x M" (which may contain terms involving dr)
ab , ab
dbydx" =dt A (——’)dx’ +dx’ A (——“’_)dx’
- at dx/

which we write symbolically as

0
d=dt/\E+d (4.40)
where d is the spatial exterior derivative. We shall also write
0
X=v+ — 4.41)
ot

using a boldfaced v to remind us that v is a spatial vector.
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4.3c. Differentiating Integrals

Let ¢, : M" — M" be a 1-parameter family of diffeomorphisms of M; we do not
assume that they form a flow (i.e., they might not have the group property), but we do
assume that ¢ is the identity and that (¢, X) — ¢,x is smooth as a function of (z, x) on
R x M. (In our previous example, ¢, x = (1 — ¢)x.)

Let af(x) = a”(t, x) be a 1-parameter family of forms on M and let V” be a p-
dimensional submanifold of M. We wish to consider the ¢ derivative of || v @ Where
V() =¢.V.

d¢,x/dt is some t-dependent vector function w(z, x) = w(¢, ¢,“¢,x) =:v(t, $;X)
on M. This yields a time-dependent velocity field dy/dt = v(z,y) on M. We consider
this as a field on R x M and we let «(z, x) be considered as a p-form on R x M (with
no dt term).

Solving dx/ds = v(t,x),dt/ds = 1 on R x M (i.e., finding the integral curves of
X = v+09/0t) yieldsaflow ®; on R x M andthe curves ¢,(x) on M are simply the pro-
jections of the curves @, (0, x) onR x M. The 1-parameter family of submanifolds V7 (s)
of M isthe projection of the 1-parameter family ®;(0, V") of submanifolds of R x M.

Theorem (4.42): Let ¢, : M" — M" be a I-parameter family of diffeomor-
phisms of M; we do not assume that they form a flow. Let af (x) = aP(t, X) be
a 1-parameter family of forms on M, let V be a p-dimensional submanifold of
M, and put V(t) := ¢,V. Then

£/ a’ =/ B_a +iyda + diya

dt 70) 170) ot

where v(t, ¢, X) = d¢,x/dt is the t-dependent velocity field on M.

PROOF: We again form R x M". a? is now a p-formon R x M". V7 (t) is now
the projection of the submanifold W (¢) := &,(0, V) of R x M" that lies in the
“spatial section” {t} x M". Then dt = 0 when restricted to W(¢). The flow &,
on R x M is generated by X = v + d/9d¢. We then have, from (4.33),

d d
—/ af = — af =/ xa” =/ Lysasma’ (4.43)
dt Jvq dt Jw) W) W (1)

We now write out (4.43) in the case at hand. Using (4.22) andd = dt A d/dt +d
do

d
— Olp=/ i’v+a/a:a”=/ Lo + —
dt Jwg W) W) ot

0
= / e +iyda + diyo
W) ot

(since v does not involve d/dt and dt = 0 on W(¢))

0
=/ % L ida+die O
V@) at

(Note that ¢y« is the Lie derivative of o with respect to the vector field v “frozen” at
time ¢, that is, we look at both « and v as fields fixed forever at time ¢!)
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Corollary (4.44):

a ., L .
E¢,a=¢l{¥+zvda+dzva}

L0
= ¢; E + ~S~va

This follows from d/dt [y dra? = fv ¢;{0a/0t + i,da + diyo} with V arbitrary.

Problems

Let A and B be time-dependent vector fields on R® and let p(t, x) be a function. Show
that (4.43) yields the following classical expressions for the time derivatives of line,
surface, and volume integrals over moving domains.

4.3(1) d/dt [(A-dx= [,[8A/3t —v x curl A+ grad(v « A)] - dx

4.3(2) d/dt [[¢B«dS = [[4[8B/at+ (divB)v — curl(v x B)] - dS

4.3(3) d/dt [[f, pvol® = [[[,[3p/8t + div(pV)] vol®

4.3(4) Show Faraday’s law says d/dt [[¢B « dS = — §, [E + v x B] « dx for a moving
surface. E + vxB is the electromotive force.

Additional Problems on Fluid Flow

Consider a fluid flow in R® with density o(t, x) and velocity vector v(t, x). Problem 4.3(3)
says conservation of mass is equivalent to

ap .

o + div(pv) =0
or

Lx(p VO|3) =0

These two expressions are equivalent since ix(oBP) = i, xB°.

In this section we shall use cartesian coordinates, but we shall still make an attempt
to use the correct “variance” of the tensors involved.

Consider the linear momentum of a small region U. If v is the velocity covector, v =
vjdx', the density of momentum is pv. InR® with cartesian coordinates we attribute phys-
ical significance to the individual components of the momentum P of the moving region

P,»:/ v,~,ovo|3
u

Since £x(p vol®) = 0, we get (v; being a function)

@z/&’x(v,pvol‘""):/X(v,~)pvoI3=/ v+i (v,-)pvoI3
dt U U U at

av; i OV 3
= — 4+ v/ — vol
J L5t (5]
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dP/dt must equal the total force acting on U. (Newton’s second law applies to parti--
cle mechanics. The generalization to continuum mechanics is due to Euler; see [T,T,
footnote, p. 531].) Under the assumption of a “perfect” fluid, this consists of a body
force (e.g., gravity) with mass density f, and the pressure forces arising from the part
of the fluid outside U. This latter is a vector integral w = — fau pNdS. Vector integrals
make no sense on general manifolds (how could we add two vectors located at different
points?) but they can be defined in cartesian coordinates componentwise, that is, by
putting w' = — [, pN'dS. If the surface has local coordinates u, v, then, as in (3.14),
dS = /gduAadv =| n| dundv. Thus N'dS = n'du A dv. For example, from Prob-
lem 3.1(2) we have that N'dS = a(y, 2)/3(u, v)du A dv = dy A dz. Thus in cartesian
coordinates we may consider the symbolic vector 2-form dS with “components”

dS=NdS=(dyrdz dzadx dxnady’
and then we could write — [, , pPNdS = — [, , pdS. The first component of [, , pdS is
/ pdy/\dz=/dp/\dy/\dz=/pde/\dy/\dz
au U 7]

and likewise for the other components. Thus

/ pdS = / grad pvol® (4.45)

au U

We conclude from Euler’s version of the second law, applied to the arbitrarily small U
av; j av; 1\ ap
- — ) === )=+ f 4.4
at +v <3X/> <,D 3X’+ i ( 6)

where fis the force density (per unit mass). These are Euler’s equations.

4.3(5) Assume that the body force density is derivable from a potential f = — grad ¢.
Assume that the pressure is functionally related to the density, p = p(p). (This
is an “equation of state.”) Then let G (p) be a specific antiderivative of dp/p; we
write this symbolically as G (p) = [dp/p = [ p~'(dp/dp)dp. Then 8G/ox" =
G (0)3p/dx" = p~"(dp/dp)dp/dx = p~'ap/ax'.

(i) Show that Euler's equations can then be written

v _ 1 2 _ 4 @
§+Av(u)—d{2llvll ¢ /p}

or (4.47)

1 d
Surasar(v) = d{é IvI?—¢- / _p}
P

where now £y (v) is the Lie derivative of the 1-form v (we are no longer taking
the Lie derivative of a function). Note that (4.47) makes sense in any Rie-
mannian manifold, unlike (4.46) where vi(3v;/3x/) are not the components
of a covector.

(ii) Conclude with Lord Kelvin that if C(t) is a closed curve that follows the
motion of the fluid, then the circulation fC(t) v is constantin time.
A time-dependent form «P on M" is said to be invariant under the flow
of the time-dependent vector field v provided

da da .
Suyasat(a) = m + &va = ﬁ + ivde +diya =0
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(iii) The vorticity 2-form for a flow in R® is defined by
a)2 =dv
Show (using d 0 3/0t = 3/dt o d) that for a perfect fluid with p = p(p) that
the vorticity form ? is invariant under the flow (Helmholtz).

(iv) Warning: The vorticity vector w = curl v, defined as usual by »? = iy, vol®,
is not usually invariant since the flow need not conserve the volume form.
The mass form, pvol®, however, is conserved. From o = i(w/p)p vol® we
see that the vector w/p should be invariant; that is, £y.+4/at(w/p) = 0. Show
that this follows from (4.24). Note that the direction of w is invariant under
the flow; physicists say that the “lines of w ” are “frozen” into the fluid.

(v) Let V3(t) be a compact region moving with the fluid. Assume that att = 0
the vorticity 2-form »? vanishes when restricted to the boundary 8 vV3(0);
thatis, i*w? = 0, where i is the inclusion of 3 V in R3. (This does not say that
«? itself vanishes, rather only that w(u, w) = 0 for u, w tangent to 3 V3(0).)
Show that the helicity integral

/ Vewdx AdyAndz
. A 40]
is constant in time.

4.3(6) Magnetohydrodynamics. Define a perfectly conducting fluid as one with van-
ishing “electromotive intensity” &' — i, <82 = 0 (otherwise there would be an infinite
current flow).

(i) Show that 2 is invariant under the flow, £y+5/2%° = 0 (and thus the lines
of B are frozen into the fluid).

We are concerned with the case when the charge density o vanishes.
Then the Lorentz force density (per unit volume) on the fluid is —iy%? and
so the external force density (per unit mass) is f = —i;%?/p. This is not
derivable from a potential, and so Euler’s equations become

v v 2 dp) iy%?
— + 80w =d - =3 -
a1 + &) { > / o o

(ii) Consider then a blob U of perfectly conducting fluid with (moving) boundary
aU (e.g., the interface between the fluid and vacuum). Frequently one takes
as boundary condition that %2 restricted to the boundary vanishes (i.e.,
Bn = 0). Show then that

— AB=0
dt Uv D

This result is due to Woltjer. See and compare with Moffat's treatment in [Mo].

4.4. A Problem Set on Hamiltonian Mechanics
Why phase space?

In Section 10.2 we shall talk about Lagrangian (i.e., tangent bundle) mechanics from
first principles. In the present section we shall simply assume Lagrange’s equations,
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and proceed to the Hamiltonian formulation in phase space. The following problems
involve much of the machinery of forms and Lie derivatives that we have developed,
and should be worked by the readers even if Hamiltonian mechanics is not their primary
interest.

Let M" be the configuration space of a mechanical system; M has local coordi-

nates q', ..., q". The phase space is the cotangent bundle T* M with local coordinates
q',....9" pi, ..., p.. Introduce the notation
xi:qi, x"+i:pi, i:'—l,...,n

On T*M we have the Poincaré 1-form (see 2.3d)
L= pdq’
and the resulting Poincaré 2-form

w? = dx =dp; Ndq'

Warning: Many books call this form —w?!

Definition: A 2-form w? on an even dimensional manifold M?" is called sym-
plectic (and then M is called a symplectic manifold) provided it satisfies

() dw=0

(ii) w is nondegenerate that is, the linear transformation associating to a vector
X the 1-form ixw? is nonsingular. In local coordinates x, since [ixw] j= X' w; i
this merely says det (w;;) # 0.

As we shall see, every cotangent bundle is a symplectic manifold.

If M? is an orientable Riemannian surface, then an area 2-form vol? = w? is a
symplectic form! The plane R* = R x R and the cylinder S' x R are the cotangent
bundles, respectively, of the line R and the circle S'. Closed (compact) orientable
surfaces are symplectic but are never cotangent bundles since the vector space fibers
of a cotangent bundle are never compact.

(Note that we demand that w be a true form, not a pseudoform. On an orientable
manifold, a pseudoform defines a true form by using a coordinate cover with positive
Jacobians in each overlap.)

Warning: A symplectic form w? allows us to associate to each contravariant vec-
tor X a covariant vector ixw with components X’w;;, and in this sense is similar to a
Riemannian metric. This similarity is very misleading since the matrix w is skew sym-
metric rather than symmetric. The remark (ixw)(X) = w (X, X) = 0 shows in fact that
in any Riemannian metric that one imposes on a symplectic manifold, the contravariant
version of ixw is orthogonal to X!

4.4(1) Show that the Poincaré 2-form is symplectic. (You need only show that the
1-forms ig/9,iw are linearly independent.)

44(2) Showthate" :=wA...Aw=%xnldq' A...Adq" Adp, A ...dp,
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Since w is a well-defined 2-form on any cotangent bundle, this 2rn-form is actu-
ally independent of the local coordinates g used on M". We call " the Liouville or
symplectic volume form for the phase space.

44(3) Clearly " never vanishes. Show why this implies that T*M is always ori-
entable, whether or not M itself is orientable.

Since phase space is orientable we need not distinguish between forms and pseudo-
forms.

4.4a. Time-Independent Hamiltonians
Let L = L(q, q) be atime-independent Lagrangian, a function on the tangent bundle.
We have a map (see 2.3c) P : TM — T*M given by ¢' = q' and
oL
T
For our purposes we shall insist that this map is a diffeomorphism. Locally this means
the following. Since for the pull-back

3L . 9L .
P*dp,-:( — __)dqf+< : _A>dq’
g/ g aqioq’

we have, from (2.51) and Theorem 2.62,

Pi

P*dq' A...Adq" Adp, A ...dp,)

azL 1 1 -1 - n
=det| ———)dq A...Adq" Adq' N...Adq
g’ aq’
Locally then, we have a diffeomorphism if the Lagrangian is “regular,” that is,
det(d%L/ 3g79g") # 0.
Lagrange’s equations, dL/3q' — d/dt(3L/3g') = 0 in T M, translate to Hamil-
ton’s equations in the phase space T*M

dg _8H  dp; _ 8H

= — =—— (4.48)
dt ap; dt aqg’
where the Hamiltonian function is defined by
H(q,p) :=piq' — L(g.9) (4.49)

It is assumed in this expression that ¢ is expressed in terms of g and p by means
of the inverse T*M — T M. For a proof one proceeds as follows, with an obvious
notation. dH = H,dq + H,dp. But from (4.49) dH = pdq + qdp — L,dq — pdq.
From Lagrange’s equations, L, = dp/dt. Comparing the two expressions for d H
yields Hamilton’s equations. (The same proof works also when L and H are time
dependent.) O

Let X be a time-independent vector field on T*M,

.0 .0
X — X'—, X1+rr__
9q’ + op;
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4.4(4) Show that the integral curves of X, that is, the solutions to

dq' dp;

— =X and —=X"
dt dt
satisfy Hamilton’s equations if and only if the vector field X satisfies
ixw=—dH (4.50)

We shall refer to (4.50) again as Hamilton’s equations and X will be called a Hamil-
tonian vector field. The flow ¢, : T*M — T*M generated by X will be called a
Hamiltonian flow.

4.4(5) Show that if X is Hamiltonian then
xw = 0= S’xa)" (451)

The right-hand side shows that volumes in phase space are invariant under a Hamilto-
nian flow; this is Liouville’s theorem.
Under this time-independent Hamiltonian flow, H is a constant of the motion, thatis,
dH
This is merely a fancy way of saying
dH <8H>dq‘ n (8H>dp,~ B
dr ~ \dqi) dr ap; ) dr
from (4.48). H is also called the total energy.
Look now at the “level sets” of the function H in T*M

Vén_l =k=@,peT'M | H(q, p) = E}

IfdH # 0 on Vg, then we know that Vi is a (2n — 1) dimensional submanifold of
T*M; it is called the hypersurface of constant energy E. By Sard’s theorem of 1.3d,
we know that for almost all E, E is a regular value. In the following we shall assume
that V¢ is a hypersurface of constant energy with d H # 0.

Since d H/dt = 0 along the flow lines of X, we conclude that X is tangent to V.

Figure 4.6
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We know that &xw = d/dt[¢;w],=o = 0. Then, for small ¢
d * : -1 * *
E[‘Pr w]t = }}_T)h [¢1+hw - d)[ (U]

= ¢} lim ™' [0 — ]

1—>

that is,
d * *
a[¢[ CL)] = ¢1 ~')Xa’

(and this is trueforany form, any vector field). This also follows directly from Corollary
(4.44). In our case then ¢ wy () = wx(), and so

pro=w (4.52)

holds for all small ¢ in any Hamiltonian flow.

Definition: A map ¢ : M — M of a symplectic manifold is canonical if ¢
preserves w, that is, ¢*w = w.

Thus

A Hamiltonian vector field X generates a local 1-parameter group of canonical trans-
formations of phase space.

Since X is tangent to Vg, the integral curves of X that start on Vg remain on Vg.
Consequently

¢ Ve —> Vg

We know that ¢, preserves Liouville volume on T*M. We claim that there is a (2n—1)-
formt = 1ty on Vg thatis nonzero andis also invariant under ¢,! We seethis as follows.

dH # 0on Vg, and so dH # 0 in some T*M neighborhood of x € Vg. We shall
first construct a form o?"~! in a neighborhood of x so that

o"=dH Ao} (4.53)

Since dH # 0, some dH /dx' # 0. For simplicity we shall assume d H/dq' # 0.
Introduce a local change of coordinates y! = H, y* = x’ fori > 1. Then

dH Adg* A...Adq" Adpy A ...dp,

9H
- (F)dql/\dqu---Adq"/\dpl/\~~dpn¢0
q

shows that this is an admissible change of coordinates. Put then

2n—1 oH - 2 n
o = 5; dg° A ...Ndq" ANdp, A .. .dp, (4.54)
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Multipying by +n! we shall get the desired form o. Since we are not concerned at all
with this factor £n! we shall simply omit all mention of it.

The form o so constructed is a form on T*M defined near x € V. Its construction
was highly arbitrary. In an overlap of coordinate patches for 7*M there is no hope for
agreement. Problem 4.4(6) shows, however, that this defect is not serious.

4.4(6) Leti : Vg — T*M be the inclusion map. Let c2"~! be any form satisfying
(4.53). Show that the restriction (pull-back)

gl = prg it (4.55)

of o to Vg is independent of the choice of o. (Hint: Let o’ be another choice. Show
i*o = i*o’ by evaluating dH A (o — o’) on a 2n-tuple of vectors (N, T, ..., T2,)
where N is transverse to Vg and the T’s are tangent to Vg.)

To show that t is invariant under the flow generated by X on Vg, we need only
show that 7 (T, ..., Ty,) is constant when the T’s are tangent vectors to Vg that are
invariant under the flow. Let N be an invariant vector field that is transverse to V.
Let T denote the (2n — 1)-tuple (T, ..., T3,). Then w(N, T) is constant under the
flow and so (dH A o)(N,T) = dH(N)o(T) = dH(N)t(T) is constant. Since H
is invariant, &xH = X(H) = 0,dH is also invariant. Thus 7(T) = constant, as
desired.

We now write down an expression for 72"~! that is found in books on statistical
mechanics. In a coordinate patch (g, p) of T*M near x € Vg we consider any Rie-
mannian metric whose volume form is " (modulo +n!). For example we can choose
ds* = 3"{(dq")* + (dp;)*}; since ,/g = 1 we have

vol*" =dgq' A...Adq" Adp, A ...dp,

Of course these local metrics do not agree on overlaps, but from Problem 4.4(6) our final
result will be independent of such choices. In any Riemannian metric, grad H = VH
is normal to the level sets H = constant, and so VH/ || VH || is a unit normal field to
these submanifolds. Then the 2n — 1) forms de,"‘l = vy vay@" on T*M have the
property that they restrict to the (2n — 1) area forms on each H = constant. Whereas
dH is an invariant 1-form, the unit normal VH/ || VH | is not invariant since the
metric ds? is not invariant (why should it be?). We claim, however, that the restriction

.L,Zn—l of

o= VH 7' dS* =iy, o, po” (4.56)

to Vg isan invariant form for Vg.

4.4(7) Show this. (Evaluate dH Ao on (VH/ || VH ||, T), for T orthonormal and
tangent to Vg.)
The expression (4.56) can be “understood” heuristically as follows.
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VEs

VH/IVH?

Figure 4.7

To flow from the level set Vg to Vg, along the gradient lines of H, in 1 second, we
solve the differential equations dx/dt = VH/ | VH ||?; see 2.1e. The right-hand side
is a vector field of length || VH ||~!. The region between these level sets is invariant
under the Hamiltonian flow. A cylinder of gradient lines will have base area AS?"~! and
altitude | VH ||~'. This will be sent by the Hamiltonian flow into an oblique cylinder
of the same volume. Thus AS?"~! || VH ||~} is constant under the Hamiltonian flow,
as required.

4.4b. Time-Dependent Hamiltonians and Hamilton’s Principle
When H = H(q, p, t) depends explicitly on time we consider H as a function on the
extended phase space 7*M x R. It is sometimes convenient to call the coordinates

ql — X’, pi = x’*", = x2n+l

Hamilton’s equations are still (4.48) but note now that

dH 0H\ dq' 0H\dp; 0H OdH
dr (87)3 (8_11,-)? o

and H isnolonger a constant of the motion. Introduce new Poincaré formson 7*M x R
(for interpretation see section 16.4b) by

A' = pidq' — Hdt (4.57)

and
Q*=dA =dp;, ndq' —dH Adt (4.58)
where now df = (3f/9q')dq’ + (3f/dp;)dp; + (3f/3t)dt, and so on.
Consider a vector field on T*M x R of the type
0 + Xi+n 9 4 i
aq’ ap; ot
and thus along the integral curves of X we have

(dq’) 0 <dp,~> a a
X=\—7 =+t )—t+t=
dt ) 9q dt ) op; ot

X=X
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4.4(8) Show that Hamilton’s equations together with d H/dt = dH /3t are equiva-
lent to

ixQ2=0 (4.59)
Such an X will again be called a Hamiltonian vector field. It is
aHY\ d aHY\ o a
X=< >_,_<'-‘7>—+_ (4.60)
dp; / 9q' dq' ) dp; ot

Letgpyx : T*M x R — T*M x R be the Hamiltonian flow generated by the field X
given by (4.60).

4.4(9) Show that
xR =0 (4.61)
for X Hamiltonian.

4.4(10) Let C be a closed curve in T*M x R. (C need not be the boundary of
any surface.)

Figure 4.8

Let C’, as shown, be another closed curve that meets each orbit through C once and
only once (it need not be the push-forward of C). Show that

?{ pidq' — Hdt = ?{ pidq' — Hdt (4.62)
C C’

(Hint: Look at the indicated surface with boundary swept out by the orbits through C)

Definition: Let C be any oriented compact curve in T*M x R. The action
associated to C is the line integral

S(C) = / A= / pidq' — Hdt (4.63)
C C
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Remark: As all physics students know, and as we shall see in Section 10.2, La-
grange’s equations result from Hamilton’s principle, namely that the first variation of
the “action” [ L(q, g, t)dt vanishes for the actual dynamical path ¢ = ¢ (¢) in config-
uration space. This integral should be thought of as being the integral of the Lagrangian
function L(g, q,t) in T M x R and where the curve C in T M x R is the lift of a curve
g = q(t) obtained by putting g = dg/dt. Since we are restricting ¢ to be dg/dt in
TM x R, L(q, q,t)dt, though a 1-form on the lifted curve, is not to be considered
a 1-form on TM x R. On the other hand, along this lifted curve we do have, from
(4.49), Ldt = (pq — H)dt = pdq — Hdt. This is the reason for calling the integral
f pdq — Hd: the action integral in 7*M x R. We shall not restrict our curves in
T*M x R to be lifted from M. Lagrange’s equations are simply the Euler-Lagrange
equations for [ Ldt, and we are now going to look at the result of putting the first vari-
ation of [ pdq — Hdt equal to 0. It is not necessary to consider the Euler— Lagrange
equations for this since pdg — Hdt is a 1-form on T* M x R and we already know how
to differentiate integrals of forms from (4.33). We proceed to the details.

Consider a curve Co = Co(u),a < u < b,in T*M x R parameterized by u = ¢ (in
particular it is not a closed curve).

Definition: A variation of C, is amap C of arectangle in a (, @) plane R? into
T*M x R such that C(u, 0) = Co(u).

d C( )
u
Co
o

b /C’——’

3/814A P
0/dc p
a
[¢3
q
[¢3
Figure 4.9

u need not be ¢ when o # 0. Denote the curves u — C(u, ), a fixed, by C,.

The vectors
o ox(u,
C. <_> _ x(u a)_
Ou au
are tangent to the varied curves and the vector field
C*<g> _ x(ua)
da da
ata = 0 is called the variation field. We denote it by J.
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We may compute the action along the varied curve C,; call it S(«). Suppose now
we restrict ourselves to variations that change neither q nor time t at the endpoints
(as indicated in our diagram). Thus J has no 8/8q nor 8/8t component at t = a and
att =b.

The first variation of action is by definition

d )
S/(O) = [—/ p,'dql — Hdt:| =/ &')3_‘7/30,1\ (464)
dor Ce a=0 Co

4.4(11) Show that $'(0) = an iy.

4.4(12) Suppose that §'(0) = 0 for all such variation fields J. Cy is parameterized by
t. Show then that the tangent vector T to Co must satisfy i7€2 = 0 and thus Cy must be
a solution to Hamilton’s equations. This is Hamilton’s principle of stationary action
as formulated by Poincaré. (Hint: You may use the “fundamental lemma of the calculus
of variations”; if f is continuous and if fab f(®)a(t)dt = 0 for all smooth functions «
that vanish at a and b, then f(¢z) = 0 foralla <t < b.) Classically one writes

8/pdq—Hdt=0

iff C, satisfies Hamilton’s equations.

4.4c. Poisson Brackets
Given a time-independent function F on 7* M we may associate a unique vector field
X[: by
dF = —ixFa)

(when F = H is the Hamiltonian, Xy = X is the Hamiltonian vector field). This
simply means that along the integral curves of X we have dq‘/dt = dF/dp; and
dp;/dt = —3F/dq'. Suppose that G, X is another pair, dG = —ix,w. We define the
Poisson bracket of the functions F and G, written (F, G), by taking the derivative of

F as we move along the integral curves of G, (F, G) := X (F). In particular, the rate
of change of a function F along a Hamiltonian flow is

dF—(F H)
dr

4.4(13) Show that X r generates canonical transformations, and

(F,G) = —o(XF, Xg) = —(G, F)

and in coordinates

I(F, G)
(F,G)=) "=
— d(q', pi)
4.4(14) Show, using Theorem (4.24), that ijx, x, ;@ = d(F, G), and thus the vector
field associated to (F, G) is —[XF, Xg].




CHAPTER 5

The Poincaré Lemma and

Potentials
—

5.1. A More General Stokes’s Theorem

We shall accept the following technical generalizations of results already proven.

Let V* be a compact oriented submanifold (perhaps with boundary) of M" and let
F : M" — W™ be a smooth map into a manifold W™. The image F (V) in W need not
be a submanifold. It might have self-intersections and all sorts of pathologies. Still, if
BP is a form on W, it makes sense to talk of the integral of 8 over F(V) and in fact

/ ﬂ1’=/F*/3p (5.1)
F(V) v

which generalizes (3.17). In a sense, the right-hand side i s the definition of the left-hand

side. Then
/ dﬂp_]:/F*d,Bp_I:/dF*,Bp-l
F(v) 1% 1%

- /Z)V F*'Bp_l - /F(GV) ﬁp_l

Then if we define 0 F (V) = F(0V), we have the generalized Stokes’s theorem

/ p—1 _ p—1 5.2
ap'= [ b (52)

FV)

Actually one needs to integrate over manifolds with only “piecewise smooth” bound-
aries, such as a triangle, and also manifolds such as a solid cone. It is not easy to give
a careful description of these objects. It is important that Stokes’s theorem hold for
very general objects, basically by approximating the object and its boundary by, say,
manifolds with piecewise smooth boundaries ([A, M, R, box 7.2B]).

155
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5.2. Closed Forms and Exact Forms

A form B” is closed if dB = 0. Thus

dp® =0« B° is a constant function
dB' =04 (3:b; —3;b) =0 inR’curlB =0
dB* =0 (3bji + 3;by + b)) =0 inR’divB =0

A form B* is exact if B = da?~!, for some form a”~".
The following observations are easy and important consequences of these definitions,
d? = 0, and Stokes’s theorem.

1. Every exact form is closed.

The product of two closed forms is closed.

3. The product of a closed form and an exact form is exact. (You are asked to prove this in
Problem 5(1).)

4. The integral of an exact form over an orientable closed manifold (i.e., compact without
boundary) is 0.

5. The integral of a closed form over the boundary of an oriented compact manifold is 0.

e

Although every exact form is closed, 8 = da = dB = d’a = 0, it is not true that
every closed form is exact. A most important example is given by the 1-form

B' = (% 4y~ ' (xdy — ydx)

in R2. First note that this form is not defined in all of R?; certainly we must omit the
origin. Thus the manifold in question is R?> — 0. One easily checks directly that A is
closed but it is easier to note that

ﬂl — d “aI'Ctan (X)n =d“6”
X

This makes it seem as though B is in fact exact, but this is not so; the O-form “6” is not
a single-valued function, and that is why we have introduced the quotation marks! It is
single-valued if one introduces a “branch cut,” say the positive x axis. Thus ' is exact
on the portion R*—(positive x axis). In particular g is closed here. Clearly by choosing
a different branch cut we can see that d8' = 0 on all of R> — 0. But B' cannot be
exact on all of R? — 0, for if we consider the closed curve C = x2 + y2 = 1, oriented
counterclockwise, then (dropping * )

ﬁﬁ:iw:m

and then observation 4 shows that B! is not exact. Note that there is no contradiction
with observation 5 since the circle C is not the boundary of any compact surface in
R?—0. It is true that C = 3 (unit disc) in R? but the unit disc has had its origin removed
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in R? — 0. Thus the crucial point is that C is a closed curve in R? — 0 but it is not the
poundary of a compact surface in R* - 0!

Let us say that a manifold M" has first Betti number 0, written b, = 0, if, basi-
cally, every closed oriented piecewise smooth curve C is the boundary of some com-
pact oriented “surface”; that is, there is some piecewise smooth oriented surface (with
boundary) V? and a map F:V? — M" such that 9F(V) = C. This concept, and its
higher dimensional analogues (to be discussed more thoroughly in Chapter 13) was
first introduced by Riemann. (The Italian mathematician Betti was a close friend of

Riemann’s.)

Theorem (5.3): Let M" be a manifold with first Betti number 0. Then every closed
I-form B' on M" is exact.

proOOF: The proof is essentially found in every calculus book in the case M" =
R3. We give a proof that uses our previously developed machinery for differenti-
ating integrals.

We wish to exhibit a function f such thatdf = B'.Letx € M andlet y be a
fixed point in M. Fix an oriented curve C(y, x) that starts at y and ends at x and

define
fx) = / B
Cly.x)

We note first that fis in fact independent of the curve chosen to join y to x, for
if C'(y, x) is another, then C — C’, that is, C followed by C’ with orientation
reversed, is a closed oriented curve. By hypothesis there is an oriented compact
surface F (V) such that 0 F(V) = C and so

¥y

Figure 5.1

L= [p=[ 8= 8=, do=0

We can now compute d f at the variable point x. Let v, be a vector at x. Take
any vector field v that coincides with v, at x, is defined in some neighborhood of



158 THE POINCARE LEMMA AND POTENTIALS

the curve C(y, x) and which vanishes at y. If ¢, is the flow generated by v then
¢, C(y, x) is a curve joining y to ¢,x, and we also have that d¢,x/dt];—o = V..
Then

d d
d = — 0= | —
F) = S F6x)img [ il ﬂ} 3
= / OB = ivdB +diyB = diyB
C(v,x) C(y,x) C(y,x)

=I,B: — By = iyBs, since v, = 0.

Thus df (v) = B(v),andsodf = 8. O
The following was the crucial ingredient of the proof.

Corollary (5.4): In any manifold M", if B! is a 1-form whose integral over all
closed curves vanishes, then B' is exact, B! = df.

If a p-form B7 is exact, B” = da”~!, we say that B” is derivable from the potential
aP~l,

5.3. Complex Analysis

In the complex plane M? = C, we introduce the complex coordinate z = x +iy. Then
dz = dx + idy is a complex valued 1-form with values 1 and i, respectively on 8/0x
and 0/0y. We may also consider the complex conjugate 1-form dz = dx — idy, and
then

dz NdZ7 = —2idx Ndy

Let f(z,7) = a(x,y) + ib(x, y) be a complex valued function on some open subset
U of C. Then we can consider the 1-form

f(z,2)dz = (a +ib)(dx + idy) = (adx — bdy) + i(ady + bdx)

(This is not the most general 1-form since we have not included a term involving dz.)
If C, z = z(¢), is acurve, we may form the integral

/ fdz == /(adx — bdy) +i/(ady + bdx)
c c c
For exterior differential we get
dlfdz) = (dandx —db Ady) +i(dandy+dbAdx)
= (—a, — by)dx ndy +i(a, — by)dx Ndy
Thus

fdz is closed iff a and b satisfy the Cauchy—Riemann equations, in U, that is, iff f
is complex analytic or holomorphic.
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This can also be seen by the following formal calculation. By the chain rule we have

the two differential operators
d 1 < a .0 )
az 2\ ox dy

9 ._1<a +_a>
oz 2\8x '3y

Then d[ fdz] = (8f/3z)dz A dz + (3f/02)dZ A dz = (0f/37)dZ A dz, and so fdz is
closed iff 8f/0Z = 0, that is, “ f does not depend on z,” and so f is complex analytic.

af
0z
is another form of the Cauchy—Riemann equations.

If fdz is closed and we put a(z) = f fdz, the integral from a fixed point to z
along an arbitrary path, then « is the potential, do = fdz, provided it is single-valued,
thatis, provided the integral is independent of the path chosen. From (5.3 ) this will be
the case provided U has first Betti number 0. We shall see in Section 13.3 that asking
b, = Ofor a manifold is a weaker condition than demanding that the manifold be simply
connected. Simple connectivity is the usual condition imposed in complex analysis to
ensure single-valuedness of the potential «.

Note that to consider the behavior of f at infinity we should consider f as being
defined on the Riemann sphere (see Section 1.2d) except perhaps at oo itself, that is,
exceptat w = 1/z = 0. Since z is a complex analytic function of w, dz/9w = 0, and
since dz/dw # 0 for our change of coordinates, we see from

9 _<az)a+<az>a
dw \ow/ oz ow ) 9z

i =0 iff % =

0z ow
This means that the notion of a function being complex analytic is well defined on the
Riemann sphere, independent of which coordinate z or w is used.

In the complex plane C, the residue of a function f plays an important role in
evaluating line integrals of f, but in the Riemann sphere it is the 1-form fdz that is
important, not its component f. For example, the function f(z) = 1/z has residue 1
at the simple pole z = 0, and so §. dz/z = 2mi for any closed curve C circling once
z = 0 in the positive sense. But this curve also circles z = oo on the Riemann sphere,
and the function f = 1/z is described near co by f(z) = 1/z = w near w = 0. Thus
the function f = 1/z has a simple zero at z = o¢; its “residue” there is 0. One might
then be mistakenly led to the contradiction that §. dz/z = 0. The resolution lies with
the 1-forms, not the functions:

AO S O R A e AT

which is again 27§ since C circles oo in the negative sense. We associate a residue to
a 1-form, not a function!

0

that

0
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5.4. The Converse to the Poincaré Lemma
A closed 1-form B! on M" is exact if the first Betti number of M" vanishes, that

is, if every closed oriented curve is the boundary of an oriented surface. On the 2
dimensional torus, neither closed curve C nor C’' bounds a surface and thus we may

27

Figure 5.2

not expect that every closed 1-form is exact. In fact d“6” and d“¢” are closed and
$§d“0” =21 = §d“¢”.

The fact that exact forms are closed, that is, dd = 0, is usually called Poincaré’s
lemma. It should be appreciated that Poincaré utilized this result before the machin-
ery of exterior calculus had been developed! There is a partial converse to this result,
namely, every closed form is locally exact. Precisely

Theorem (5.5): IfdB” =0, p > 1, in a neighborhood U of x € M", then there
is some perhaps smaller neighborhood U’ of x and a (p — 1) form a?~" such that
B =daP'in U’

The following proof is basically a simple application of Cartan’s formula for Lie deri-
vatives. We give this proof because the same method is useful for other purposes.
The reader might enjoy more an older proof, as is given, for example, in the book by
Flanders [F1]. For historical remarks about exterior forms see [Sam H].

prOOF: It is sufficient to prove this result in the case M" = R". This is because
a sufficiently small neighborhood U” of x € M" is diffeomorphic to an open
ball V in R" under a coordinate map ¢ : U” — V. Since ¢ : U" — V is a
diffeomorphism, ¢~ exists and 87 = (¢~' 0 9)*B? = ¢* 0 ¢~ *BP. Then if B is
closed on M, ¢~"*B is closed on V C R". If we have the converse of Poincaré
on V C R” then ¢~ "*B = da shows B = ¢p*da = d¢*« as desired.

We may assume thenthat 87 is a closed form on an openball U of R”. Consider
(as in 4.3b) the deformation ¢, x = (1 — ¢)x; this time-dependent “flow” has ¢y =
the identity and ¢, is the map that sends every x to the origin. The velocity field
isv(t,y) = —y/( —1t),fort # 1.Firstnote that ¢/ is the identity map and @7 is
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the 0 map. Then considering 8 = B(x) as a time-independent p-form on R", we
have
B(x) = ¢;B(x) = ¢5B(dox) — 1 B(P1X)
0 d
= [ S wiB@xds
1 S
Toavoid subscripts upon subscripts upon. . ., let us introduce the following nota-
tion in this proof. We shall denote the vector v at x by v(x) and we shall sometimes

replace ¢; by ¢ (#). Also, forinterior product we put iy = i{v}. Then the previous
expression for B(x) becomes, using (4.44),dB = 0and 08/0t =0

0 0
/l¢;‘d[i{v(¢xx)}ﬂ(¢sx)]ds:/l d(¢;i{v(@sx)}B(#sx)]ds

We should remark that this is not quite true. The vector field v(¢, x) blows up at
t = 1 (but note that ¢; = 0). We should take the integral froms = ctos =0
and then let ¢ — 1. It will be apparent in our final formula (5.6) that the factor
(1 — »~" disappears. We proceed as if this difficulty were not present.

We may take the operator d outside the s integral, yielding

0
B—dar, = /I 81V X))B(60)ds O

Let us now write out the expression for « in detail. Puty = ¢, (x) = (1 — s)x. Then
(in coordinates y for R")

yj
(1-1s)
To take ¢} of this (p — 1)-form we must put everywhere y/ = (1 — s)x/. We get
—x/bjk((1 — s)x)dx¥ (1 — s)P~". Putting T = (1 — s) gives

i{v(¢sx)}B(s, y) = v/ (Y)bk (y)dy* = — bk (y)dy*

1
ap-l =/ [I’p—lijjK(I'X)de]dT (56)
0

Note that the essential ingredient of the proof of the existence of a potential was
the fact that at any point O of a manifold M" there is a neighborhood of O that can be
contracted to the point 0; that is, there is a deformation x — ¥ (¢)x = (1 — #)x that
collapses the neighborhood to the point O in 1 unit of time.

Note also that since all of R" can be contracted to the origin, the result in R" is
global, if dB” = 0 in all of R" then B7 is globally exact (if p > 0).

Corollary (5.7): IfdivB =0in R® then B = curl A for some A.
(See Problem 5.5(2) at this time.)

Corollary (5.8): In M", a necessary and sufficient condition that one can solve
locally the system of partial differential equations

(0ia; — 9;a;) = by; (with bj;(x) = —b;j(x) given)



162 THE POINCARE LEMMA AND POTENTIALS

is that

0ibjk + Okbi; + 9;by =0

5.5. Finding Potentials

In some simple situations one may exhibit potentials with very little effort. For ex-
ample, consider the simplest case of the electric field due to a charge g at the origin.
In spherical coordinates E = (q/r?)8/8r for r > 0. Using the euclidean metric in
spherical coordinates in R — 0,

ds* = dr? + r*(d6® + sin® 0d¢?)

we see that & = (q/r?)dr = d(—q/r), for r > 0, exhibiting the scalar potential. The
2-form associated to E is the pseudoform

*& = ig vol®

From Gauss’s law d*& = 47 p vol® we see that & is closed for r > 0 since the charge
density vanishes outside the origin. We compute directly a vector potential for E as
follows. In spherical coordinates,

vol® = r?sin@dr A dO A d¢

and so

6 = i(%3>r2 sinBdr A do A dp = qsin0d6 A do
r2 or

Thus, for example, *& = d(—q cos Od¢) and @' = —q cos 8d¢ is a possible choice for

potential. Note that spherical coordinates are badly behaved not only at the origin but

at & = 0 and & = & also, that is, along the entire z axis. Hence @ is a well-defined

potential everywhere except the entire z axis. Note however that we can also write

*& = d[g(1 — cos 8)d¢], and since 1 — cos & = 0 when 6 = 0, this expression

@ = q(l —cos9)d¢o (5.9)

is a well-defined potential everywhere except along the negative z axis!
We certainly do ot expect to find a potential @' in the entire region R* — 0, for if
such an @' existed we would have

//*t;=/ dcr‘:y{ @'=0
1% |4 1%

for any closed surface V2 in R> — 0. But if we choose V2 to be the unit sphere about
the origin we must have, by Gauss’s law, that [J,, *6 = 47! The singularities of @'
prevent us from applying Stokes’s theorem to V.

We get the same result when we consider the magnetic field %2 due to a hypothetical
magnetic monopole at the origin. This will be used when we discuss gauge fields in
Section 16.4. The vector potential has a Dirac string of singularities along the negative
Z axis.
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J— Problems

5.5(1) Prove that the product of a closed and an exact form is exact.
5.5(2) Write out what (5.6) says in terms of vectors, for g2 in RS.

5.5(3) Consider the law of Ampere-Maxwell in the case of an infinitely long straight
wire carrying a current j.

4l

Figure 5.3

The steady state has 3#&/9t = 0 and we are reduced to Ampere’s law f *B =
47 j for a curve as indicated, and d<? = 0. An immediate solution is suggested,
*® = 2jd¢ . Introduce appropriate coordinates, show that d? = 0, and exhibit
directly the vector potential @' in R3—wire. (You might wish to compare this with
the usual treatments in textbooks.)

5.5(4) The unit 3-sphere S3 c R* can be parameterized by three angles a, 6, and ¢,
where 6 and ¢ are the usual spherical coordinates on the 2-sphere S2(a) of
radius sina.

Figure 5.4
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The Riemannian metric on S° is “clearly”
ds? = da? + sin? a(d6? + sin® §d¢?)

Put a charge q at the pole N of S8. E will certainly have the form E = E(«)8/8a.
Write down the resulting +& = ig vol®. What form mustthe function E = E(«) have
in order that d+& = 0 for « # 0, #? Finish the determination of *& by computing
S S(a) *€ (note that essentially no integration is needed if you know the area of the
unit 2-sphere). Write down the electric covector & and verify dé = 0 and exhibit
the scalar potential for &, all for « # 0, 7. Put %2 = 0. You have just verified
Maxwell's equations in the region outside the two poles. Note that a “ghost”
charge of —q has appeared at the south pole!

One could consider placing a charge + g at the “north pole” of the projective
space R P32,

Figure 5.5

Since the “south pole” is now the same point, we have indicated the same
charge there. The “equator” is really a projective plane R P?, since RP3 is S°
with antipodal points identified. A 3-dimensional e-neighborhood of R P2, thatis,
points on R P3 thathave distance < € from R P2, has the indicated 2-sphere S?as
boundary. (It isa 2-sphere since it is also the boundary of a 3-disc neighborhood
of the north pole.) Gauss’s theorem, applied to this neighborhood with boundary
S? , shows that there is a total charge of —g inside S2. Note that there is a jump
discontinuity of E on RP2. This shows that a ghost surface charge —q must
be distributed on the “equator’ R P?!

5.5(5) Show that in any closed manifold M3, the total charge vanishes!



CHAPTER 6

Holonomic and Nonholonomic

Constraints
—

6.1. The Frobenius Integrability Condition

Can one always find a surface orthogonal to a family of curves in R3?

6.1a. Planes in R3

Given a smooth nonvanishing vector field in R?, by solving a system of ordinary differ-
ential equations one can always locally find a smooth family of integral curves, that is,
nonintersecting curves that fill up a region and are always tangent to the vector field.

Given a smooth family of 2-planes A in R, can one always find a smooth family of
integral surfaces, that is, nonintersecting surfaces that fill up a region and are everywhere
tangent to the planes? It is rather surprising that this is not always so! Suppose that one
could find such integral surfaces.

x(ty)

Figure 6.1

Let C, x = x(¢) be a parameterized curve that is transverse to the family of supposed
integral surfaces (we can certainly find such a curve locally). Then locally we can define

165
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a function f = f(x) whose level surfaces are surfaces of the family, namely, the level
surface where f = 1, consists of the supposed integral surface that is pierced by the
transversal curve at parameter value ¢ = 7. But then V f must be along the given
normal n to the planes, n = AV f for some function A (an “integrating factor”). In
cartesian coordinates, the “normal” covector v = n;dx’ must satisfy v = Adf and then
dv =dl Adf = (dlog L) A v, and we then recover Euler’s integrability condition;
if such integral surfaces exist, then

vAdy =0, e, necurl n=0

This condition, given entirely in terms of the field of normals, must be satisfied if
integral surfaces are to exist.
Of course if dv = 0, v = dg locally, and so n is normal to the surfaces g = constant.
Consider the planes A normal to the vectors

0 0 o T
=y TXgy Ty TR D
Then v = ydx — xdy + dz and so v Adv = —2dx Ady A dz # 0; the vectors n are
not the normals to a family of surfaces!
Classically, in cartesian coordinates, the planes A orthogonal to the vector n would
be written

v=ydx —xdy +dz=0

meaning not that the form v is the form O but rather that at each point (xg, yo, zg) we

are looking at all vectors A = (a', a?, a®)7 that satisfy

0=v(A) =isv = yoa' —xoa2 +al

clearly a 2-dimensional plane at (xg, yo, Zo). The collection of all these planes at all
points x in R? is called the distribution associated to the 1-form v. (This is not to be
confused with the generalized functions also called distributions.)

In general in R? one would describe a family of planes by writing

v = Pidx'+ Pdx*+ P;dx* =0 (6.1)

where P;, P, and P; are smooth functions. To “solve the total differential equation”
(6.1) means to find surfaces x = x(u, u,) such that the pull-back of v to these surfaces
vanishes identically, that is, P;dx’/9u® = Ofora = 1, 2. We have seen thatv Adv = 0
is a necessary condition for this system of partial differential equations forx = x(u!, u?)
to possess a 1-parameter family of solutions. (We shall see shortly that this condition
is also sufficient.) If we are given such a family of solutions, by taking a transversal
curve X = Xx(r) as earlier, this family of solutions can be described as the level sets
t = constant.

Definition: A k-dimensional distribution A, on M" assigns in a smooth fashion
to each x € M" a k-dimensional subspace A, (x) of the tangent space to M" at x.
An r-dimensional integral manifold of A, is an r-dimensional submanifold of
M" that is everywhere tangent to the distribution. The distribution A; is said to be
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(completely) integrable if locally thereare coordinates x', ..., x*, y', ..., y*7*
for M" such that the “coordinate slices” y' = constant, ..., y"~* = constant are
k-dimensional integral manifolds of A;. Such a coordinate system (x, y) will be
called a Frobenius chart for M.

The fundamental question is clear. When is A, completely integrable?

6.1b. Distributions and Vector Fields

Suppose that we are given a distribution A and a pair of vector fields X and Y on M"
that are in the distribution X € A andY € A at each point in an open set. Suppose now
that the distribution is integrable. Then the two vector fields are always tangent to the
integral manifolds. By the Corollary in 4.1c we conclude that the Lie bracket [X, Y]
is also in the distribution. We can describe this symbolically by saying that if A; is
integrable then

[A,AlC A

It will turn out that this condition is also sufficient for showing integrability!

6.1c. Distributions and 1-Forms

Let 8' be a 1-form that does not vanish at a point x € M". The annihilator or null
space of 0 at x is the (n — 1)-dimensional subspace of M defined by those vectors
Xe M;’ such that (X) = 0. Classically one writes 8 = 0 for this null space. (When
discussing distributions it is common to call a 1-form 8 a Pfaffian; 6 = 0 is then called
a Pfaffian equation.) If 8, ..., 6, are r = n — k linearly independent 1-forms at each
point of an open subset of M”, 8, A ... A 8, # 0, then at each point the intersection of
their null spaces forms an n — r = k dimensional distribution Ay. Thus

XeA; iff 0 X)=...=6X)=0

We may again write this distribution locally as 6, = 0, ..., 8, = 0. We do not claim
that every distribution can be globally defined by r Pfaffians.

Definition: The distribution A is in involution if [A, A] C A, that is, if the
distribution is “closed under brackets.”

We know that an integrable distribution is in involution.
If Ay is in involution, then fora = 1, ..., r we must have that for any pair of vector
fields X, Y that are in the distribution (see (4.25))

d0, (X, Y) = X{0a(Y)} — Y{0. (X)} — 6u([X, Y]) =0

Wesay then that if A is in involution, then “d6, = 0 when restricted to the distribution,”
that is, when we allow d6, to be evaluated only on vectors of the distribution.

Conversely, suppose that d6, = 0 when restricted to A,a = 1,...,r. Then0 =
d,(X,Y) = X(0) — Y(0) — 6,([X, Y]) shows that [X, Y] € A, and so [A, A] C A.
We now give several rewordings of this result, all of which are important.
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Theorem (6.2): The following conditions are locally equivalent.
(i) A isininvolution, that is, [A, A] C A.
(it) d6y isthe zero 2-form when restricted to A.
(iii) There are 1-forms Xqp such that df, = 25 Xap A Gg.
(iv) doy, A Q2 =0, where Q =06, A...AD,.

PROOF: We have already proved (i) < (ii). (iii) = (ii) since

d9,(X,Y) = dap A 05X, Y)

B
=D 2ap(X) A05(Y) = Y Aap(Y) A G5(X) =0
B B
Conversely, suppose that all dd, = 0 when restricted to A. Complete 64, ..., 6,
locally to a basis for 1-forms by adjoining 6,4, ..., 6,. Letey, ..., e, be the dual
basis for vector fields. Then 6,(¢;) = Ofora =1,...,randi =r+1,...,n
shows thate,, |, ..., e, spans A. Now expand d6, in terms of the basis 0y, ..., 6,.
A0y = Y hap AOp+ > ploinG; (6.3)
1<B<r r<i<j

for some coefficients A and w. Thus forr < i < j wehave 0 = df,(e;, e;) = ufj
and so df, = ZlSﬂSr Aap A Bg. This shows (i) = (iii) and so (i) < (iii).
It is immediate that (iii) = (iv). Assume (iv). From (6.3)

0=do, AQ= Y pioing;AnQ= > ulioino; A6 A...A0,

r<i<j r<i<j
But the 6’s are independent; hence ,ufj =0forr < i < j. Thus (iv) = (iii) and
we are finished. O
In summary, we have seen that a distribution A; can locally be described by either
exhibiting k linearly independent vector fields

). ST ¢4

that span A, at each point in a region, or by exhibiting r = n — k linearly independent
1-forms

61,...,6,
whose common null space is A;. The system is in involution if either
(A, Alc A
or dfy = ) 5 Aap A O for some 1-forms Aqg. In this case we write
df, = 0 mod 6

meaning that d6, becomes 0 when all of the 6, are put = 0.
We know that an integrable distribution is in involution. We now sketch a proof of
the converse (usually attributed to Frobenius).
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6.1d. The Frobenius Theorem

Let A be any smooth distribution of k-planes in M" and let (locally) {X,}, A =
l...., k be smooth vector fields that span the distribution in some open set U of M".
Let ¢4 be the local flow generated by the field X,. Given x € U, we construct a
k-dimensional submanifold of M" passing through x as follows.

Let D* C R* be a small disc about the origin of Rf and let 7y, ..., # be coordinates

for R*. Define
®: D" - M"

by
W) =) o1 te) o 0P (8)(x)

This is certainly defined if t2 + ... + 12 is small enough. We illustrate this for k = 2

$2(1) o (t)x
_——> Xl ;

®(D%) ¢1r)x

D? (t1,02)

/

A(x)

Figure 6.2

It should be clear (see Problem 6.1) that for the differential of ® at ¢ = 0, we have
®, R — M”
0
O — =X, atx=P(0) (6.4)
Ot

and thus Q*R'{) = A (x). Thus ®(D*) is tangent to A, at the single point x.

Definition: A smooth map of manifolds F : W¥ — M" is an immersion and
F(W) is an immersed submanifold provided

Fo:Wh —> M},
is 1:1 (i.e., ker F, = 0) at each w € W*.

In our case ®, is 1:1 at 0 € R* and consequently 1:1 in some neighborhood of 0. Thus
the map & : D¥ — M" defines an immersed submanifold & (D*) of M" provided D*
is small enough.
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Frobenius Theorem: (6.5): If the distribution Ay isin involution
[A,AlC A

then each such immersed disc ®(D*) is an integral manifold of A and this dis-
tribution is completely integrable.

PROOF: In the following computation we shall denote the vector X at x € M"

by X(x) rather than X . Since we are not using X as a differential operator there
should be no confusion.

The essential point is to show that if A is in involution then A, is tangent
to ®(D*) at each point of this immersed disc. We already know, without any
assumption, that A is tangent to the disc ®(D) at x = ®(0). From the definition
of ® (and again denoting ¢, by ¢ (¢))

() = i (t) o Pr—1(te—1) 0 - - - 0 1 (1)) (%)

we see that @, takes the tangent vector §/9¢4 at t into the vector

d
E[@c(fk) o-ro@altath)o---od(t)(x)]n=o

= @r(t)« 0 - 0 Pa(ta)+ X4 (at the point ¢y_; (t_1) 0 -+ 0 ¢ (£))(x))

Xo(p2(t) o ()

2002 Xi (1 (e )x)

il X (1))

@101+ Mx

Figure 6.3

But this simply says thatthe tangent space to ® (D) at ®(¢) has a basis givenby

Gi(tr)s 0 - -+ 0 Ga(12): X (@1 (1)) X)
Gi(ti)x 0 - - 0 D3(13), X (P2 (12) © P (£1)X)

Xi (@ () o0 (1)x)

Thus we need only show that each flow ¢4 (t) sends (via its differential) the distri-
bution Ay into itself ! This will follow from [A, A] C A in the following manner.
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Let Y € A(y). We must show that [¢4(2),Y] € A(¢4(2)y). Let A be defined
by the Pfaffians 6, =0, ...,6, = 0. Weknow that6,(Y) =0, =1, ..., r. Let
Y, := ¢a(t).Y and put X := X,. By construction, Y, is invariant under the flow

Pa(t) and so
X)) =0 along the orbit ¢4 (2)y
Consider the real-valued functions
fa (1) = 6,(Y,) = iy,0,, a=1,...,r
Then, differentiating with respect to ¢
fo (1) = X{iy,6,} = £x{iy,0,}, which by (4.24)
= Iy, {ixd6y + dix0,} = iy,ixd6,

since ix6, = 0. Since A is in involution, from part (iii) of (6.2) we have
fu0) = iv,ix (D hap A 05) = i, (D 2ap(X)6p)
B B
= AapX)Op(Y) = > Aap(X) f5(2)
B B

Thus the functions f, satisfy the linear system
fo@®) =" hap(X) f5(0)
B

fa(o) = Qa(Y) =0

By the uniqueness theorem for such systems f,(#) = 0 and so 6,(Y,) = 0. Thus
Y, € Aforall ¢, as desired. Then A, is tangent to ®(D*) at each point of this
immersed disc.

To show complete integrability we must introduce coordinates for which our
immersed discs are “slices” y' = ¢!, ..., y"™* = c¢"7*. The procedure is very
much like that followed in our introductory section (6.1a), where we introduced
a coordinate f = t by considering a curve transverse to the distribution. Here
we must introduce a transverse (n — k)-dimensional manifold W"—* and we can
let y!, ..., y"* be local coordinates on W. It can be shown, just as with integral
curves of a smooth vector field, that the integral discs, through distinct points of
W, will be disjoint if they are sufficiently small. This will be discussed more in
Section 6.2. We shall not go into details. O

Problems

6.1(1) Verify (6.4).

6.1(2) Show that a 1-dimensional distribution in M" is integrable. Why is this evident
without using Frobenius?
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6.2. Integrability and Constraints

Given a point on one curve of a family of curves, can one reach a nearby point on the same
curve by a short path that is always perpendicular to the family?

6.2a. Foliations and Maximal Leaves

We know that if a distribution A; on M" is in involution, [A, A] C A, then the
distribution is integrable; in the neighborhood of any point of M one may introduce
“Frobenius coordinates” x', ..., x% y' ..., y"=* for M" such that the “coordinate
slices”

n

y' = constant, ..., y"* = constant

are k-dimensional integral manifolds of A;. The integral manifold through a given
point (xo, yo), of course, also exists outside the given coordinate system and might

>

Figure 6.4

even return to the coordinate patch. If so, it will either reappear as the same slice or
appear as a different one. For example, in the usual model of the torus 72 as a rectangle
in the plane (this time with sides of length 1) with periodic identifications, consider the

Figure 6.5

distribution A, defined by d¢ —kd6 = 0, where k is a constant. The integral manifolds
in this case are the straight lines in the rectangle with slope k. If k = p/q is a rational
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number (we have illustrated the case k = 1/2) then the slice through (0, 0) is a closed
curve winding g times around the torus in the 6 direction and p times around in the
¢ direction. On the other hand, if & is irrational, then the integral curve leaving (0, 0)
will never return to this point, but, it turns out, will lie dense on the torus. The integral
curve will leave and reenter each Frobenius chart an infinite number of times, never

returning to the same slice.

Figure 6.6

If adistribution A, C M" is integrable, then the integral manifolds define a foliation
of M" and each connected integral manifold is called a leaf of the foliation. A leaf that
is not properly contained in another leaf is called a maximal leaf. It seems clear from
the preceding example with irrational slope that the maximal leaf through (0, 0) is not
an embedded submanifold (see 1.3d); this is because the part of a maximal leaf that lies
in a Frobenius chart consists of an infinite number of “parallel” line segments. There
is no chance that we can describe all of these segments by a single equation y = f(x).
However, each “piece” of the leaf does look like a submanifold. The leaf through (0, 0)
is the image of the real line under the map F : R — T2 given by 6 — (6, k6); this is
clearly an immersion since F, is 1:1 (see 6.1d).

We have just indicated one way in which an immersed submanifold can fail to be an
embedded submanifold. There are two other commonly occurring instances.

F(0)
Figure 6.7

Both illustrated curves are immersions of the line R into the plane R”. In the first
curve the map F is not 1 : 1 (even though F, is if the curve is parameterized so that
the speed is never 0), whereas in the second curve, F is 1 : 1 but F(0) is the limit of
points F(t) fort — oo. In neither case can one introduce local coordinates x, y in R?
near the troublesome point so that the locus is defined by y = y(x).

As we have seen in the case of T2, a maximal leaf need not be an embedded sub-
manifold. Chevalley, however, has proved the following.
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Theorem (6.6): A maximal leaf of a foliated manifold M" is a1l : 1 immersed
submanifold; that is, there is a 1 : 1 immersion F : V¥ — M" of some V* that
realizes the given leaf globally.

6.2b. Systems of Mayer—Lie

Classically the Frobenius theorem arose in the study of partial differential equations.
An important system of such equations is the “system of Mayer-Lie”; we are to find
functions y# = y#(x), 8 =1,..., r, satisfying

ayP

Y by, i=1,...k 6.7)

ax!

with initial conditions
y# (x0) = ¥4

where b is a given matrix of functions. By equating mixed partial derivatives
8%yPJoxax’ = 92yP/9x'9x/ and using (6.7) we get the immediate integrability

conditions
ab? v’ L [/ab’ b’
R (AT € U I
axi  axi = L\ay~ ay“
We wish to show that (6.8) is also a sufficient condition for a solution to exist.
Let x', ..., x* be coordinates in R¥ and y', ..., y" be coordinates in R’. Then in
M" = R* x R” we consider the distribution A, defined by the Pfaffians
Bp 1= dy’g — Zb?(x, y)dxi =0 (6.9)

In Problem 6.2(1) you are asked to show that these 1-forms are independent.
The Frobenius integrability condition dfs = 0 mod 6 is simply the statement that
dfp becomes 0 when all of the 6’s are put equal to 0. In our case

dfp = —d Y bl (x, y)dx' = = > dbl Adx’

=—Z[Z< )dxf/\d +Z< bﬁ)dy Adx]

To put 6, = 0 is to put dy* = Y, bfdx*, and so, mod 6,
abf

vl .
dbg = —Z <§'j)dx/ Andx' =" (ay )b“dxf A dx’
ij

a.i,j

ab’3 abﬂ
=- Z b2 |dx’ A dx'
Bxf

and thus dfg = 0 mod 6 is simply the statement that the 2-form d6s above must be 0.
This means that the coefficients of dx’ A dx', made skew symmetric in i and j, must
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vanish. This gives exactly the naive integrability condition (6.8). Hence the distribution
in R¥ x R" defined by (6.9) is completely integrable.

Rr

7aN

maximal leaf through (xg,yq)

Yo t----- ---- / /

]Rk
Figure 6.8

Let V* be the maximal leaf through (x¢, yo). One can easily see from (6.9) that the
distribution is never “vertical”’: No nonzero vector of the form a? 8/0y* is ever in the
distribution. It seems clear from the picture (and it is not difficult to prove) that this
implies that the leaf through (xo, yo) can be written in the form y# = yP(x). For these
functions we have that 65 = 0 when restricted to the leaf. Thus dyf = 5 b,ﬂ (x, y)dx'
and then 9y? /x’ = b’ (x, y) as desired.

6.2c. Holonomic and Nonholonomic Constraints

Consider a dynamical system with configuration space M" and local coordinates
q',...,q". It may be that the configurations of the system may be constrained to
lie on a submanifold of M”. For example, a particle moving in R> = M3 may be
constrained to move only on the unit sphere. In this case we have a single constraining
equation F(x, y, z) = x*> + y? + z?> = 1. We may write this constraint in differential
formdF = 0 = xdx + ydy + zdz. More generally we may impose constraints given
by r exact 1-forms,dF, = 0, ..., dF, = 0, constraining the configuration to lie on an
n — r-dimensional submanifold V"*~" of M", atleastif dFy A... AdF, #0on V"',
The constraints have reduced the number of “degrees of freedom” from n to n — r.
Still more generally, we may consider constraints given by r independent Pfaffians that
need not be exact

6,=0,...,6,=0 (6.10)

Definition: The constraints (6.10) are said to be holonomic or integrable if the
distribution is integrable; otherwise they are nonholonomic or nonintegrable.
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Of course, if the constraints are holonomic, then by the Frobenius theorem we may
introduce local coordinates x, y so that the system is constrained to the submanifolds
y' = const.,..., y" = const., and then the constraints can be equivalently written as
dy' = 0,...,dy" = 0. Nonholonomic constraints are more puzzling. Consider the
classic example of a vertical unit disc rolling on a horizontal plane “without slipping.”

~

Figure 6.9

To describe the configuration of the disc completely we engrave an orthonormal pair
of vectors e, e, in the disc and consider the endpoint of e, as a distinguished point on
the disc. The configuration is then completely described by

(x,y, ¥, @)

where (x, y) are the coordinates of the center of the disc, ¢ is the angle that e; makes
with the vertical (positive rotations go from e, to e,), and ¥ is the angle that the plane
of the disc makes with the x axis. (The line of intersection of the disc and the xy plane
is directed such that an increase of the angle ¢ will roll the disc in the positive direction
along this line.) It is then clear that the configuration space of the disc is

M*=R?>x S' x S' =R? x T?

The condition that the disc roll without slipping is expressed by looking at the motion
of the center of the disc. It is

6:=dx —cosyydep =0 (6.11)
6,:=dy—sinydep =0
It would seem that the constraints would reduce the degrees of freedom by 2, but in a
certain sense this is not so. We can see that the constraints are nonholonomic as follows:
do, = sinydyr A d¢ yields
do, A6y A6y =sinydy ANdp Adx Ady #0

By (6.2), part (iv), the distribution is not integrable. Recall that in the case of integrable
constraints we have integral manifolds, the leaves V¥, onwhich the system must remain.
If we move (from a configuration point p) a small distance in a direction that violates
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the constraints, that is, along a curve whose tangent vector is not annihilated by all of
the constraint Pfaffians 6y, ..., 6, then we automatically end at a point g on a different
leaf. There is no way that one can move from p to g while obeying the constraints and

Figure 6.10

remaining in the given Frobenius coordinate patch. It is possible that an endpoint g’
lies on the same maximal leaf as p, but to go from p to ¢’ while obeying the constraints
requires a “long” path, that is, a path that leaves the coordinate patch. This is the
meaning of the statement that in a holonomic system one has locally only n —r degrees
of freedom; we must stay on the (n — r)-dimensional leaf. It is also a fact that although
a maximal leaf can return to an infinite number of different slices globally (as in T2
with irrational slope) it cannot return to every slice in the coordinate patch. Some points
in the patch cannot be reached from p while obeying the constraints.

This is not the case in our nonholonomic disc! Recall that the constraints demand
rolling without sliding. Consider the disc in an initial state at the origin and lined up
along the x axis. Now violate the constraints by sliding the disc in the y direction for
an arbitrarily small distance. If the system were holonomic we could not roll the disc
along a small path from the initial to the final configuration. But here we can!

Figure 6.11

Wehave indicated a path in Fig. 6.11. You should convince yourself that you can obey
the constraints and end up at a configuration that differs from the initial configuration by
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an increment in only one ofthe coordinates. We have illustrated the case when only y has
been changed. (A change in ¢ only is very easy since dx = dy = d¢ = 0 satisfies the
constraints; this is simply revolving the disc about the vertical axis.) Thus, although the
two constraints limit us “infinitesimally” to 2 degrees of freedom, we see that actually
allneighboring states in a 4-dimensional region are “accessible” (by means of piecewise
smooth curves) while obeying the constraints. In the general case of r nonholonomic
constraints in an M", there will be a set of states of dimension greater than n — r that
will be accessible from an initial state via short piecewise smooth paths obeying the
constraints. The actual dimension is given by “Chow’s theorem,” to be discussed in
Section 6.3g. We shall discuss a very important special case in thermodynamics in our
next section.

For an application of holonomy to the problem of parking a car in a tight spot, see
Nelson’s book [N, p. 34]

Problem

6.2(1) Show that the Pfaffians in (6.7) are linearly independent.

6.3. Heuristic Thermodynamics via Caratheodory

Can one go adiabatically from some state to any nearby state?

6.3a. Introduction

In this section we shall look at some elements of thermodynamics from the viewpoint
of Frobenius’s theorem and foliations. This was first done in 1909 by Caratheodory,
who attempted (at the urging of Max Born) an axiomatic treatment of thermodynamics.
His treatment had shortcomings; some were purely mathematical, stemming from the
local nature of Frobenius’s theorem. A careful axiomatic treatment of Caratheodory’s
approach has been given by J. B. Boyling [Boy]. My goal here is much more limited. I
only wish to exhibit the geometrical setup that gives, in my view, the simplest heuristic
picture for the construction of a global entropy, using the mathematical machinery
that we have already developed. (My first introduction to the geometrical approach
for a local entropy was from Bob Hermann; see his book [H].) I restrict myself to
systems of a very simple type; I employ strong restrictions, which, however, are not
uncommon in other treatments. I will use very specific constructions, for example, I
will make use of familiar processes such as “stirring” and “heating at constant volume.”
We will accept Kelvin’s version of the second law. This leads, through Caratheodory’s
mathematical characterization of a nonholonomic constraint, to the existence of the
global entropy.

For supplementary reading I suggest chapter 22 of the book of Bamberg and Stern-
berg [B, S], but it should be remarked that their thermodynamic entropy is again only
locally defined.
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6.3b. The First Law of Thermodynamics

Consider, for example, a system of regions of fluids separated by “diathermous” mem-
pranes: membranes that allow only the passage of heat, not fluids. We assume the
system to be connected.

Figure 6.12

We assume that each state of the system is a thermal equilibrium state. Let p;, v;
be the (uniform) pressure and volume of the i region. The “equations of state” (e.g.,
pivi = n;RT;) at thermal equilibrium will allow us to eliminate all but one pressure,
say p; thus a state, instead of being described by p,, vi, ..., p,, Vs, can be described
by the (n + 1)-tuple p,, vy, v, ..., v,. It is important to assume that there is a global
internal energy function U of the system that can be used instead of p,. Our states
then have n + 1 coordinates

vo:=U, vy, v, ..., 0,

More generally, the state space is assumed to be an n + 1-dimensional manifold M"*!
with local coordinates of this type; U, however, is a globally defined energy function.
In Section 6.3c we shall define the state space M"*!' more carefully, but for the present
we shall only be concerned with local behavior.

A path in M"*! represents a sequence of states, each in equilibrium. Physically, we
are thus assuming very slow changes in time, that is, quasi-static transitions. We shall
also need to consider non-quasi-static transitions, such as, “stirring.” Such transitions
start at some state x and end at some state y, but since the intermediate states are not
equilibrium states there is no path in M"*! joining x to y that represents the transition.
These are “irreversible” processes. Schematically, we shall indicate such transitions by
adashed line curve joining x to y.

On M"*! we assume the existence of a work 1-form W' describing the work done
by the system during a quasi-static process.

n n
W' = szdvz = ZP:’(U, UL, U2,y -5 Ug)d;
i= i=1

Since we do not assume that W' is closed, the line integral of W' is in general dependent
upon the path joining the endpoint states.
We also assume the existence of a heat 1-form

Ql = Z Qi(U’ Uy, V2, ..., vll)dvi

i=0
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(with again vy = U) representing heat added or removed from the system (quasi-
statically). Again Q' is not assumed closed. We shall assume that Q' never vanishes.
(In [B, S], Q! is derived, rather than postulated as here.)

We remark that in many books the 1-forms Q' and W' would be denoted by dQ
and dW, respectively. We shall never use this misleading and unnecessary notation; Q'
and W' are in no sense exact.

The first law of thermodynamics

dUu = Q' — w!

associates a “mechanical equivalent energy” to heat and expresses conservation of
energy.

6.3c. Some Elementary Changes of State

1. Heating at constant volume

U= Vo Z
N Y stir at constant

. -~ v\ volume y
W(y) =0, and so /
dU = Q along ¥,

%
state space M
oy =0
adiabatic dU=—W along Y1
Vi
Figure 6.13
If y; is a path representing heating at constant volume, then dv;, =0, ..., dv, =0,

and thus the work 1-form W vanishes when evaluated on the tangent y;. From conser-
vation of energy dU = Q along y;.

2. Quasi-static adiabatic process. Since no heat is added or removed in such a process we
have Q(y;;) =0and sodU = —W.

3. Stirring at constant volume. This is an adiabatic process but since it is not quasi-static
we cannot represent it by a curve in state space. We schematically indicate it by a dashed
curve y;;; joining the two end states x and y’. Q and W make no sense for this process,
but work is being done by (or on) the system, the amount of work being the difference
of the internal energy U (y’) — U (x).

The preceding considerations suggest the following structure of the state space. We
shall assume that there is a connected n-manifold, the mechanical manifold V", and
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adifferentiable map 7 of M"*! onto V" having the property that the differential 7, is
always onto. (Such a map is called a submersion.) Schematically

M 77w

v

Figure 6.14

By the main theorem on submanifolds of Section 1.3d, if v € V" then 7 '(v)isa
1-dimensional embedded submanifold of M"*!. We shall assume that each 7~'(v) is
connected. The manifold V" willbe covered by a collection of local coordinate systems,
typically denoted by v', ..., v". V" takes the place of the volume coordinates used
before. The curves 7 ~' (v) are the processes “heating and cooling at constant volume”
employed previously. Since we have assumed that each such curve is connected, we
are assuming that given any pair of states lying on 7 ~! (v), one of them can be obtained
from the other by “heating at constant volume.” It is again assumed that the work 1-form
W! on M™*! is 0 when restricted to 7~' (v). On the other hand, the heat 1-form Q! is
not O when restricted to these curves. The first law then requires that dU = Q # 0
for such processes. In particular it would be possible to parameterize each 7 ~! (v) by
internal energy U. Then U, v', ..., v" forms a local coordinate system for M"*! (with
U a global coordinate).

6.3d. The Second Law of Thermodynamics

A cyclic process is one that starts and ends at the same state. The second law of
thermodynamics, according to Lord Kelvin, can be stated as follows.

In no quasi-static cyclic process can a quantity of heat be converted entirely into its
mechanical equivalent of work.

The second law of thermodynamics, according to Caratheodory (1909), says

In every neighborhood of every state x there are states y that are not accessible from
x via quasi-static adiabatic paths, that is, paths along which Q = 0.

Caratheodory’s assumption is weaker than Kelvin’s:

Theorem (6.12): Kelvin’s version implies Caratheodory’s.
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PROOF:

X

cool at constant volume
W=0
Q=0
|
y
I
y
Figure 6.15

Given a state x, take a process of type / by cooling at constant volume, W = 0,
endingata state y. We claim that there is no quasi-static adiabatic process II going
from x to y. Suppose that there were. We would then have

V/IIW:\/IIQ_dU=_/IIdU=/—IIdU:/—IdU=/—IQ

But this would say that the heat energy pumped into the system by going from y
to x along —1, that is, by heating at constant volume, has been converted entirely
into its mechanical equivalent of work [,, W by the hypothetical process /1,
contradicting Kelvin. O

Note in fact that no state on / between x and y is quasi-statically adiabatically
accessible from x.

An adiabatic quasi-static process is a curve characterized by the constraint Q' = 0.
We know that if 9 = 0 were a holonomic constraint then of course there would exist, in
any neighborhood of a state x, other states y not accessible from x along such adiabatic
paths, because the accessible points would all lie on the maximal leaf (integral manifold
of codimension 1) through x. Does the existence of inaccessible points (i.e., the second
law of thermodynamics) conversely imply that the distribution Q = 0 (the “adiabatic”
distribution) must be integrable? Caratheodory showed that this is indeed the case by
proving the following purely mathematical result.

Caratheodory’s Theorem (6.13): Let 8' be a continuously differentiable non-
vanishing 1-form on an M", and suppose that 0 = 0 is not integrable; thus at
some xo € M" we have

BAdO#0

Then there is a neighborhood U of xo such that any y € U can be joined to xy by
a piecewise smooth path that is always tangent to the distribution.

ProOF SKETCH: An indication of why this should be is easily given. Since
6 = 0 1is not integrable near x(, we know that there is a pair of vector fields X and
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Y defined near x(, always tangent to the distribution & = 0 but such that [X, Y]
is not in the distribution.

Figure 6.16

Let ¢ and ¥ be the flows generated by X and Y respectively. From 4.1c we
know that the piecewise smooth integral curves

Y (—1) 0 p(=v1) o Y (V1) 0 p (/1) xo

have smooth segments tangent to the distribution & = 0, and have final endpoints
lying on a curve whose tangent is [X, Y]. This direction is transverse to the
distribution. Thus, not only are points “along” 6 = 0 accessible from x,, but a
curve of points transverse to 0 = 0 is accessible also. It is not difficult to show
(using the machinery of the proof of the Frobenius theorem) that in fact all points
in some neighborhood of xj are accessible (see [H]). O

We thus conclude from Caratheodory’s mathematical theorem together with his
version of the second law that

Theorem (6.14): The adiabatic distribution Q' = 0 is integrable.

Note that when the state space is 2-dimensional (with coordinates, say, p; and v,)
thisis a tautology since every I-form in a 2-manifold defines an integrable distribution
of curves.

6.3e. Entropy

Since Q' = 0 is integrable, we know from 6.1a that there are locally defined functions

S, called a local entropy, and A # 0, on the state space M"*! such that Q' = AdS.
Since

2 _as
A

we say that Q' admits a local integrating factor A (since dS is exact, [ Q/ is locally
path-independent, that is, “integrable”). For thermodynamic purposes it is imperative
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that A and the entropy S be globally defined, but the Frobenius theorem only yields local
functions. If, for example, the foliation defined by Q = 0 has leaves that wind densely
(as in a torus) then there is no way that a global function S can exist, since such an S must
be constant on each maximal leaf. It is easy to see, however, that Kelvin’s second law
of thermodynamics rules out the possibility of not only dense adiabatic leaves, but even
leaves that “double back’! For in the proof that “Kelvin implies Caratheodory,” we saw
that two states related by heating at constant volume cannot be joined by a quasi-static
adiabatic. This says that no 7 ~' (v) can meet a maximal adiabatic leaf twice.

It might be thought that the space M"*! and the adiabatic foliation must then be of a
completely trivial nature. The following foliation of R? by curves Q' = 0 gives some
indication of the complications that could arise.

Figure 6.17

We have exhibited an “adiabatic” foliation of the plane M? = R? consisting of two
horizontal bands of leaves separated by a nested sequence of “paraboliclike” leaves
asymptotic to two of the horizontal ones. The processes “heating at constant volume”
are the orthogonal trajectories of these leaves. We have depicted a particular leaf L, and
a particular transversal curve y. We consider V' = L, with projection 7 : M2 — V!
defined as follows: Move each pointin the plane along the orthogonal trajectory through
that point until you strike the leaf L. In particular, if we parameterize Ly by a coordinate
v and if we let v be constant on each orthogonal trajectory, then v becomes a global
“mechanical” coordinate on the state space M?.

Return now to our quest for a global entropy. We attempt to construct a function
S such that S is constant on each maximal adiabatic leaf Q = 0, as follows. As in
6.1a, we need a curve that is transverse to the leaves. Let xo be a given point in M"*!,
fixed once and for all, and let y = y(U) be the curve 7 ' (1 (x;)) obtained from xo
by heating and cooling at constant volume, parameterized by internal energy U. Since
Q # 0 along this curve (we are heating or cooling), it is transverse to the adiabatic
leaves. This is our transversal! Let L be a leaf that strikes y at the point y (U). We then
define S(x) = U for all x in this leaf. This definition makes sense since we have already
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seen that the leaf L cannot strike y a second time. We have defined S for all states that
Jie on adiabatic leaves that strike the basic transversal y . If every maximal adiabatic
leaf on Mt met the basic transversal y then the function S would be globally defined.
A general foliation will not have this property. For example, in our illustrated foliation
of R?, we have exhibited the basic transversal y through xo and it is clear that this
transversal does not meet any of the horizontal leaves at the top! Consequently, no state

v on one of these top leaves can be adiabatically deformed to have the same volume
;:oordinate as xo!

Sufficiently simple thermodynamical systems do not exhibit this behavior. Given two
states xo and y, consisting of collections of contiguous bags of fluids, as in Fig. 6.12, we
ought to be able to “massage” the bags in state y, quasi-statically and adiabatically, so
that the final state y” has the same volume coordinates as the state xo. Thus the adiabatic

leaf through y would indeed strike the transversal through x at the state y’.

v

g —u

Figure 6.18

Furthermore, if, for instance, U (y') > U (xp), then by stirring at constant volume
we could go adiabatically (but not quasi-statically) from xo to y’. If U(y’) < U (xp) we
could stir from y’ to xo. This would say that given any pair of states x and y, either y
is adiabatically accessible from x or x is adiabatically accessible from y, though not
necessarily in quasi-static transitions.

Thus we shall assume that a basic transversal will strike every adiabatic leaf; we are
then assured of the existence of a global entropy function S, which we assume smooth.
By construction, then, Q' = AdS for some globally defined integrating factor . A # 0
since Q never vanishes. Since S = U on y and dU = Q along y, we see A > 0. As
we shall see, S is non-decreasing for each adiabatic process. S is called an empirical
entropy.

6.3f. Increasing Entropy

Experience shows that if we start at a state y and “stir” the system adiabatically at
constant volume (this cannot be done quasi-statically) we shall arrive at a state x
having the property that no adiabatic process (quasi-static or not) can return us to y;
we cannot “unstir” the system.
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Figure 6.19

In Figure 6.19 we have stirred from y to x. U(x) > U (y). Note that x can also be
reached from y by heating at constant volume.

We assume that if x and y are on 7~'(v) and if U(x) > U(y), then there is no
adiabatic process, quasi-static or not, that will take us from x to y.

Theorem (6.15): Ifa state y results from x by any adiabatic process (quasi-static
ornot), then S(y) > S(x).

(Of course if the process is quasi-static then dS = Q/A = 0 in the process.)

PROOF: Suppose that S(x) > S(y) and that there is some adiabatic process
x — yleading from x to y.

assumed

/ adiabatic
AN

Figure 6.20

By deforming adiabatically we may move x and y quasi-statically to x’ and y’
on the basic transversal y through x,. Then

S(x') =8x) > S(y) = SO

But along the basic transversal y we have S = U, and so U(x") > U(y'). We
could then stir adiabatically from y’ to x’. But then we could “unstir” by the
adiabatic going from x’ to x to y to y’, a contradiction! Thus the adiabatic from
X to y cannot exist. O
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By assuming the existence of an empirical temperature and by combining simple
systems into a single compound system (while introducing no “adiabatic” membranes)
one can show that there is a specific universal choice for the integrating factor A, called
the absolute temperature T, that depends only on the empirical temperature. The
resulting empirical entropy function S is then the entropy

This is indicated in most books dealing with thermodynamics, for example, [B, S]. A
careful mathematical treatment is given in Boyling’s paper [Boy].

6.3g. Chow’s Theorem on Accessibility

Let Yo, = 1,...,n, be vector fields on an M" that are linearly independent in the
neighborhood of a point P. Then any point on M sufficiently close to P is accessible
from P by a sequence of broken integral curves of the fields Y, ; this was the significance
of the computation (6.4), when coupled with the inverse function theorem.

In our sketch of Caratheodory’s theorem (6.13) we have indicated a proof of the
following: If vector fields X, and X, are tangent to a distribution A on an M", but
[Xi, X,] is not, then by moving along a sequence of broken integral curves of X, and
X, the endpoints trace out a curve tangent to [X,, X,], which is transverse to A. Thus

points on integral curves of [X, X,] are accessible by broken integral curves of X
and Xz.

Let vector fields X,, @ = 1, ..., r span an r-dimensional distribution A on some
neighborhood of P on an n-manifold M". Suppose that A is not closed under brackets.
Adjoin to the vector fields X,, the vector fields [X,, Xz] obtained from all the brackets.
It may be that the new system of vector fields is still not closed under taking brackets;
adjoin then all brackets of the new system, yielding a still larger system. Suppose that
after a finite number of such adjoinings one is left with a distribution D(A) that has
constant dimension s < n and is closed under brackets, that is, is in involution. By
Frobenius there is an immersed integral leaf V* of this distribution passing through P.
From Caratheodory’s theorem (6.13), points of this submanifold that are sufficiently
closeto P are accessible from P by broken integral curves of the original system X,,.
Further, no points off the maximal leaf V are accessible. This is the essential content
of Chow’s theorem. See [H] for more details.
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CHAPTER 7

R3 and Minkowski Space

—

7.1. Curvature and Special Relativity

What does the curvature of a world line signify in space—time?

7.1a. Curvature of a Space Curve in R3

WE associate to a parameterized curve C, X = x(¢) in R3, its tangent vector x(t) =
x,y, z)T. When ¢ is considered time, this tangent is the velocity vector v, with speed
[| v ||= v. Introduce the arc length parameter s by means of

2 1
(%) =] X =7, s(t) = /0 | %(u) || du

We then have the unit tangent vector T := dx/ds = xdt/ds = v/v, thatis, v = vT.

For acceleration a we have

dTr dT
=v=1T — =T+ v*——
a=v=v +vdz v +vds

Since T has constant length, dT/ds is orthogonal to T and so is normal to the curve
C.1fdT/ds # 0, then its direction defines a unique unit normal to the curve called the
principal normal n

g = k(s)n(s) 7.1)
ds

where the function «(s) > 0 is the curvature of C at (parameter value) s. Then the
acceleration

a=10T + v’ (s)n (7.2)

lies in the osculating plane, the plane spanned by T and n. To compute « in terms of
the original parameter ¢ rather than s, note that

vxa=vT x (0T + v’ (s)n)
=T xn

191
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and so
Clvxal
K = —l_ﬁ—
See Problems 7.1(1) and (2).
We define the curvature vector by
==
We remark that when dealing with a plane curve, that is, a curve in Rz, a slightly
different definition that allows the curvature to be a signed quantity is usually used. If
T = (cosa, sina)” is the unit tangent (where « is the angle from the x axis to the
tangent) then T* = (—sina, cosa)” is the unit normal resulting from a counterclock-
wise rotation of the tangent. Then dT/ds = T+ defines a signed curvature & = +«.
But then

K Kn

dT ( o . )T ( : o )Tda
— = —(cosa, sinw)’ = (—sma, cosa) —
ds ds ds

gives the familiar
do

ds

It is shown in books on differential geometry that « and the osculating plane have
the following geometric interpretations. To compute « (s) we consider the three nearby
points x(s —€), X(s), and x(s +¢€) on C. If these points are not colinear (and generically
they aren’t) they determine a circle of some radius p, passing through x(s) and lyingin
some plane P,. Under mild conditions, it is shown thatlim._.¢ P, is the osculating plane
and p(s) = lim_,0 o = 1/k (s) is the radius of curvature of C at s. (If dT/ds = 0
at s, we say «(s) = 0, p = oo, and the osculating plane at s is undefined.) Then (7.2)

becomes
2
a=0T+ <—>n
P

the classical expression for the tangential and normal components of the acceleration
vector.

K =

7.1b. Minkowski Space and Special Relativity

Minkowski space M is R* but endowed with the “pseudo-Riemannian” or “Lorentzian”
metric or “arc length” (as discussed in Section 2.1d)
ds? = —c*dt* + dx* + dy* +d7? (7.3)
Here c is the speed of light, and the coordinates ¢t = Xx =xly =x2z= x*
for which ds? assumes the form (7.3) form an inertial coordinate system. (For phys-
ical motivation and further details see, for example, [Fr].) The metric tensor g;; =
(0/0x', 8/0x') is then
(glj) - diag(_C2» 1» 19 1) (74)

Warning: Many books use the negative of this metric!
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Let x = (#,Xx) and let dx-dxbe the usual dot product in R>. Then
ds® = —c*dt* + dx-dx
Then a 4-vector, that is, a tangent vector to M3,
v =" v =1°9/8t + v°8/0x* =1°8/8t + v

is said to be

spacelike if (v,v) >0
timelike if (v,v) <0
lightlike if (v,v) =0

The path x = x(¢) of a mass point in M is called its world line. Its tangent vector
dx/dt = (1,dx/dt)T = (1,v)" is timelike since

/dx dx

,— )y ==+ Vev=—c"+?
\ dr dz> v

and, as we shall see, v < c¢. Thus the tangent vector to the world line of a mass particle
lies inside the light cone x « x = c?¢2.

We shall call v =dx/dt the classical velocity vector.

The analogue of the arc length parameter in R? for the world line of a particle in Mg
is the proper time parameter t defined by pulling back the tensor —c~2ds? to the curve

dr? = —c2ds? = di? — ¢ 2dx-dx (1.5)

Uz 2

Define the Lorentz factor y by

v\ dr
=1-= = — 7.6
14 < C2> e (7.6)
An analogue of the unit tangent in R? is the velocity 4-vector u
dx (dt dx)T (v amn
Uu=—=—,—1, = ,V .
dt dt drt v
Note that
w,u) = y*(=c* + v} = = (7.8)

We define, as usual, || A ||*:= (A, A) even though this may be negative! (When it
is negative we shall never use its square root || A ||.) A is said to be a unit vector if
I A= =+c; u is a unit vector in the sense that one usually uses units in which the
speed of light ¢ = 1. The physical interpretation of the proper time parameter t along
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N 7 light cone

~
N
/4 2.0
AN X =c?
N 7)()( it

Figure 7.1

a world line C is as follows (see [Fr, p. 18]):

28172
t=/<1—v—2> dt
c

is the time kept by an “atomic clock” moving with the particle along the world line C.
In particular, coordinate time t is the proper time kept by an atomic clock fixed at the
spatial origin x = 0 of the inertial coordinate system.

Associated with any particle is its rest mass m; this is an invariant (independent of
coordinates, i.e., observers).

The (linear) momentum P of the particle is the 4-vector

P := mou = (moy, mv)" (7.9)

22\~ 12
m = myy =m0(l — —7>
2

is sometimes called the relativistic mass; m is interpreted as the mass of the moving
particle as viewed from the “fixed” inertial coordinate system. Note that m — oo as
v — ¢, and, as we shall see in (7.15), an infinite classical force would be required to
accelerate a mass to the speed of light. This is the justification for the assumption that
v < c for all massive particles.

Note that the momentum 4-vector has constant “length”

where

I P |*= (P, P) = —mjc?

If we define the classical momentum by p := mv (with a variable mass!) then we can
write P = (m, p)” and then (P, P) = —c*m? + p?, and so

m’c? = mic* + p* (7.10)

The analogue of the curvature vector dT/ds in R? is the curvature or acceleration
4-vector
du

drt
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The Minkowski force is the 4-vector defined by

dP  d(mou)

== 7.11

f drt dt L
Thus

d ;  (dm dp\T o

= — 5 = ) — = k) fc‘ T 7'12

f=4-(m.p) (drydt> (f" vt (7.12)

where f, := dp/dt is the classical force in R* and where f° is the t = x° component

of f Since (P, P) isa constant, f =dP /d‘[ must be Orthogonal to P (and thus to I,{)
in the Minkowski metric

0= (fiu)=—"foy +yf.yv
that is,
o= <12>fc-v (7.13)
C

The time component of the Minkowski 4-force is, except for a factor, the classical
power (rate of doing work). Finally

f=v? v, )7 (7.14)
Note that f© = dm/dt = ydm/dt shows that
Dy (7.15)
dt

and so
d(c*m) =f, «dx

isthe element of work done by the classical force. Classically this is the energy imparted
to the particle. This leads us to associate to a mass m an energy E = mc? and a rest
energy moc. (7.10) becomes

E* = E2 + c*p? (7.16)

E T
P= ()

Since E /c? appears as the time component of the momentum 4-vector, we see that spe-
cial relativity unites the energy and classical momentum into a 4-vector, the momentum
4-vector.

The familiar startling effects of special relativity, such as length contraction and time
dilation, are consequences of the geometry of Minkowski space. Their explanation rests
on Einstein’s simple analysis of the concept of time and simultaneity. This analysis was
Einstein’s monumental contribution to special relativity, and gave meaning to the ad hoc
assumptions put forth previously by Lorentz, Poincaré, Larmor, and Fitzgerald; see [Fr].

and we have
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7.1c. Hamiltonian Formulation

Consider a mass particle moving in R* and suppose that the classical force is derivable
from a time-independent potential f¢ = —V'V. From (7.15),dm/dt = —c >V V v =
—c™2dV /dt along the world line, and consequently

H:=mc*+V
is a constant of the motion and deserves the name total energy. In the phase space RS,
V is a function of x = g alone, and from (7.10) mc? = (m3c* + p*c?)!/* is a function

of p alone. From (7.10) we have 2mc*dm/dp, = 2p,, showing that d(mc?)/dp, =
Do/ M = vy, where @ = 1,2, 3. Then

dx® N d(mc?) a(mc® + V) oH
=V = = =
dt 9Pq 9Pa 9P
and
dp, 1'% 0 ) oH
= f¢ = = — V [
dr T T T e TV = T

and thus we are able to put the equations of motion in Hamiltonian form provided we
define the Hamiltonian H to be the total energy.

Problems

7.1(1) Compute the curvature of the helix x = coswt, y = sinwt, z = kt, where » and
k are constants.

7.1(2) Assume « # 0; then n is well defined and we can define the binormal vector B
to be the normal to the osculating plane, B = T x n. Show that dB/d’s lies along
n, and hence the torsion r is well defined by dB/ds = t(s)n. Then show that
dn/ds = —«(s)T — ©(s)B. (The equations for the arc length derivatives of T, n,
and B constitute the Serret—Frenet formulas.)

7.1(3) Show that the action for a particle with H = mc? + V is

/pudx"‘ - Hdt=—mocz/dr—/th

7.2. Electromagnetism in Minkowski Space
How can &' and %7 be united to yield a 2-form in space-time?

7.2a. Minkowski’s Electromagnetic Field Tensor

The Heaviside—Lorentz force law (3.36) becomes f = g[E + (v/c) x B] when we use
units for which the speed of light c¢ is not necessarily 1. This spatial force vector can
be completed to a Minkowski force 4-vector by using the prescription (7.14)

T
A\
f=y? v, D =yq (C_ZE-v, E+ (E) x B)
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The covariant expression for f, that is, the associated 1-form f', is, from (7.4),
F' = —yqliy'dt + yqls' — iy (9]

Recall that the velocity 4-vector is 4 = yd/d¢ + yv. In Problem 7.2(1) you are asked
to show that f' can be written

fl = _qiu F2
where 7.17)
FP:=& Adt+c7'%
is the electromagnetic field strength 2-form.

The velocity 4-vector u is intrinsic to the world line; since it is constructed using
proper time 7 rather than coordinate time ¢, all inertial coordinate systems will agree on
the vector u eventhoughtheirlocal coordinate expressions for it will differ. The Lorentz
force covector is intrinsic; this is a consequence of the assumptionthat g[E+ (v/c) x B]
is an accurate discription of the classical force f, acting on a charged particle even when
moving at relativistic speeds! It follows then, from (7.17), that F? is intrinsic; that is,
F?isa covariant second-rank tensor! This skew symmetric tensor was first introduced

in 1907 by Minkowski.
From this point on we shall revert to units in which the speed of light is unity

c=1
Written in full
F? = (E\dx + Exdy + E;dz) A dt (7.18)
+ Bidy Adz + Brdz Adx + Biydx Ady

(Since the spatial part of the metric is euclidean we have E, = E°, etc.) If we write,
as usual, F?2 = Yiej F;jdx' A dx/, we see

0 —-E —-E, —Ej

E, 0 By —B,

E, —B; 0 B,

E; B, —B, 0

The Lorentz force law (7.17) can then be written (from (2.76))

fi=qF;uw (7.19)

(Fij) =

Consider a second inertial coordinate system ¢’, x’ (with identical orientation), repre-
senting an observer moving along the x axis of the first observer with constant speed v.
We assume that their spatial origins coincide when ¢ = ¢ = 0. Elementary arguments
(as in [Fr]) show that y = y’ and z = z’. We shall then only be concerned with the rela-
tions between ¢, x and ¢/, x’. The basis vectors for the unprimed system are ey = (1, 0)7
and e, = (0, 1)”. The basis vector €], is of the form (¢, x)7 in the unprimed system; it
must satisfy —124+x? = —1,and so it is of the form (cosh ¢, sinh @) . Likewise, to main-
tain Lorentz orthogonality, €, must be (sinh , cosh)”. Thus, assuming a linear coor-
dinate change, the coordinate systems are related by ¢’ = ¢ cosha + x sinh« and x’ =
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t sinha + x cosh . The spatial origin of the primed system, x’ = 0, is moving so that

x = vt. Thus tanh « = —1/v. This allows us to express sinh & and cosh « in terms of v,
yielding the usual expressions for the Lorentz transformations (with constant v and y)
t=y({ +vx) x =y +vt) (7.20)

!

y=y z=z
One can check immediately that under such a coordinate change the volume form

vol* = dt Adx Ady Adz =dt' ndx' AdY AdZ

is unchanged.
I wish to emphasize that Lorentz transformations in general are simply the changes
of coordinates in R* that leave the origin fixed and preserve the form —t* + x* 4 y* 472,
If we make a Lorentz transformation (7.20), the local expression for the form F 2in
(7.18) will pull back to an expression F? := &' A dr + . In Problem 7.2(2) you are
asked to compute that

E, = E, B, = B,
Ey=y(Ex—vBy)  B)=y(By+VEj) (7.21)
Ey=y(Es+vBy)  By=y(B;—vE))
showing, for example, that a pure electric field in a “fixed” system will yield both an
electric and a magnetic field when viewed from a moving system. Since (see Problem

7.2(3))
FAF =—=2E.Bvol* (7.22)

we see that E « B is an invariant of such Lorentz transformations! (If, however, we had
allowed a change of orientation, then E«B would be replaced by its negative since
F A F is a true 4-form and vol* is a pseudoform.)

7.2b. Maxwell’s Equations
In Minkowski space we have (see (4.42))

d=d-+—dt/\i
dt

Then, for FZ = &' (¢, X) A dt + B2(¢, X), we have

0% 0B
dF =dé Adt +ds + dt A T (dcs+ §> Adt +dsB (7.23)
and so
OB
d("; = —5;'
dF =0 & and (7.24)
dé =0

Thus d F = 0 is equivalent to the first pair of Maxwell’s equations.
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If there are no singularities in the field F2, then, since Minkowski space is simply
R*, the converse to the Poincaré lemma assures us that > = dA' for some 1-form A.
(Away from singularities, such an A" will exist locally.) Write

F>=dA' (7.25)
A = ¢dt + @'
where @' = A, (¢, X)dx* and where Greek indices run from 1 to 3. Then &' A dt + %% =
(d+dt A9/31)(pdt + ') = d¢ Adt +dd' + dt A dd' /0t yields
aa!
<1
& =dop — —
SEd -
and (7.26)
@3 = da'
This yields the vector expressions E = V¢ — dA /0t and B = curl A. ¢ is the scalar
and A the vector potential. (In most physics books V¢ occurs with a negative sign.)
Consider a charged fluid (with charge density p) moving in R® with local velocity
vector v. The current vectoris j = pv; p is the charge density as measured in the inertial
system x. If po = po(2, X) is the rest charge density, that is, the density as measured by
an observer moving instantaneously with the fluid, then
0 = Poy

since the charge contained in a moving region must be independent of the observer and
yet volumes are decreased by a factor of y when viewed from a system in (relative)
motion with speed v (see [Fr, p. 112). Thus j = pyyv. Since p, is, by definition,
independent of observer, we may construct an intrinsic 4-vector, the current 4-vector

J = pou = (poy, poyV)" = (0, pV)" = (0, DT (7.27)
We may then construct the associated current 3-form
o
§3=iJvol4=i<pE +J>dt/\dx/\dy/\dz (7.28)
=pdx Ady ANdz — (jidy ANdz + jpdz Adx + jzdx Ady) Adt
§* =0’ —t}'/z Adt

In an important sense, & is more basic than J (see Section (14.1c)).

We may now consider the second set of Maxwell equations. Define the pseudo-2-
form xF (where the star is not bold) as follows (the reason for this notation will be
explained in Chapter 14):

*F? = —x$ A dt + %6

(see (3.41)). Then, as in (7.23)

o%x&
d* F? = d*& — (d*sB— ;‘;) Adt
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Gauss’s law and the law of Ampere—-Maxwell then give
d* F? =4n (o’ -  Adt) = 4n§’ (7.29)
In particular
ds’ =0 (7.30)

and this is a reflection of conservation of charge (see [F, p. 111]).

We wish to make two final remarks.

1. Maxwell’s equations are traditionally thought of as four independent axioms, but,
remarkably, special relativity says that this is not so. Consider (7.23). Suppose, for
instance, that every inertial observer notes that d¢ = 0. Then every inertial observer
will see the 3-form d F = (d&+ 98/dt) Adt, which is of the form iy vol*, where the 4-
vector W can have no time component, WO = 0. But under a Lorentz transformation we
will have W0 = W*(9x"/9x%), and thus unless W = 0, some Lorentz transformation
will yield a W # 0. Thus, if every inertial observer sees d% = 0, then d F = 0 and so
Faraday’s law holds! Likewise, if Gauss’s law is observed by every inertial observer,
then so is Ampere—Maxwell. This is comforting, since Gauss’s law, for example, seems
less sophisticated then Ampere—-Maxwell.

2. We wish to emphasize the Maxwell’s equations dF = 0 and d * F = 47§ hold
universally, in all materials. Physicists and engineers usually introduce two material
dependent fields, in our language a pseudo-1-form ! and a pseudo-2-form 2, together
with a material dependent current pseudo-3-form ¢, and then write for Maxwell’s
equations dF = 0 and d(—3 A dt + 9) = 4n¢. In the case of a “noninductive
material,” for example the vacuum, we have i = *®3 and ¢ = *& and ¢ = §, but
in general the macroscopic fields 3 and ¢ are related to the true microscopic fields
4 and & by complicated “constitutive relations.” We shall have no need for these new
fields. For an opposing view, see [H, O].

Problems

7.2(1) Derive (7.17).

7.2(2) Derive (7.21).

7.2(3) Show (7.22) and show that F2 A xF2 = (|B[2 — |E|2) vol*.
7.2(4) Show that (3.32) is equivalent to ds3 = 0.

7.2(5) All Lorentz transformations leave the 3 dimensional “unit hyperboloid” t2 — x2 —
y2 — z2 = 1 of Minkowski space invariant. Show that

dxAndyndz
I t]

is a volume form on this hyperboloid that is invariant under Lorentz transforma-
tions. (Hint: H = t2 — x2 — y2 — 72 s an invariant function. Use the method
expressed by equation (4.53) of Hamiltonian mechanics.)



CHAPTER 8

The Geometry of Surfaces in R3

The geometry or Kinematics of this subject is a great contrast to that of the flexible line, and, in
its merest elements, presents ideas not very easily apprehended, and subjects of investigation
that have exercised, and perhaps overtasked, the powers of some of the greatest mathematicians.

Kelvin and Tait, Elements of Natural Philosophy

8.1. The First and Second Fundamental Forms
What is the length of a curve that leaves the north pole, ends at the south pole, and makes a
constant angle with each meridian of longitude?
8.1a. The First Fundamental Form, or Metric Tensor

Let M2 C R®be a parameterized surface in space, M? =FU ), where U C R? and
F, has rank 2. Frequently we shall write u' = u and u® = v.

u? x3
Ful®/3u)
= dx /dut
3/0u? u / = @xYou!, axYou', 8x3/8u])r
F*(B/Buz)
8/8u! = 0x /du’
= (x'/8u2, 3x¥/au?, ax3au®)’
I
u -

x!

Figure 8.1

A curve x = x(¢) that lies on M? is the image of some curve u®* = u®(t) and so
X = x[u(¢)]. For velocity vector we have

dx < ox )du“ du®
—_— = e xa_
dt ou® J dt dr

201
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where

ax
= due’
form a basis for the tangent space to M? at each point. A pair of tangent vectors has a
euclidean scalar product

Xy ! a=1,2,

(A,B) = (x,A% x3B?) = g,sA"B*

where, as usual,

3./ oxi axt
e E@E)

i=]

We can then write, as in Section 2.7b,
ds® = (dx, dx) = (X,du®, xgdu®) = g,pdu*du’ (8.2)

and this quadratic form associated to the metric tensor is called the first fundamental
form. Note that we are, as usual, considering the coordinates u® as functions on M?,
and du® are 1-forms on M with du®(x3A?) = A%, and ds? is simply another name for
the metric tensor ds? = gupdu® ® du” since

gupdu® ® du? (A, B) = g,3A® Bf

The reason for this notation will become clear in a moment when we shall use a picture
and ordinary arc length ds to write down, with no computations, the metric tensor for
the 2-sphere. But first, you must do it the hard way, from the definition (8.1).

The sphere of radius a can be parameterized (except at the poles) by colatitude
6 = u, and the negative of the longitude, ¢ = u?. You are asked to show, in Problem
8.1(1), that for the sphere of radius a we have

ds* = a*(d6? + sin® 0d¢?) (8.3)

We define the length of a parameterized curve u = u(t) on M? by

du® (duP\1'"?
L=/ | dx/dt | dt:/[gaﬂ(u(t))< = )(?ﬂ dt

The cosine of the angle between tangent vectors A and B is given by
(A, B)
A B
and the angle between intersecting curves is the angle between their tangents. Thus the
coordinate curves v = constant and # = constant are orthogonal iff g, :== g, = 0; in
general they intersect at an angle

(8.4)

—1 8uv

(8uuguu]'/?
When the coordinate curves are orthogonal we interpret ds® = g, du’ + g,,dv* as
an “infintesimal” version of Pythagoras’s rule. On the sphere of radius a, for exam-
ple, we see immediately that (8.3) is the Pythagoras rule applied to the infinitesimal
curved triangle.

COS
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asinfdo

K

Figure 8.2

See Problem 8.1(2) at this time.
For element of area, from (2.72),

dS = /gdu A dv

See Problem 8.1(3).

Finally, we would like to make a remark on the classical notation dx appearing
in (8.2). Classically dx is the “infinitesimal vector” with components (dx, dy, dz)7,
joining two infinitesimally distant points, and when we restrict the position vector x to
end on the surface M? this vector dx is tangent to the surface. In our language, dx is a
mixed tensor; in local coordinates for M2,

dx = x, ® du®

(classically the tensor product sign is omitted). We shall think of this mixed tensor
(linear transformation) as a vector-valued 1-form, that is, a 1-form whose value on
any tangent vector v is a vector, rather than a scalar. For this particular vector valued
1-form, the value is again the vector v,

dx(v) = (X4 ® du®)(v) = X, (du®(v)) = x,0° = v

8.1b. The Second Fundamental Form

Whenever we discuss the normal to a surface we shall assume that one of the two
possible local normal fields has been chosen.

LetN =x, x x,/ || X, x X, | be the unit normal to M? at a point (', u?). Given
any tangent vector X = x,X* at (u', u?), let u® = u®(t) be a curve on M? having
X as tangent at u® = 0; X* = du®/dt. Then the derivative of N with respect to X is
dN/dt = (ON/0u®)(du®/dt) = Nydu®/dt = N, X* (where again N, := dN/ou®)
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and this vector is a tangent vector to M? since N is a unit vector. The assignment (the
minus sign being traditional)

oN
X =N X% =—-X*
ou”

=: b(X)

defines then a linear transformation

b: M?

2
(n.v) - M

(u,v)
(Note that under b, x, is sent into —N, and that ifwe reverse the choice of normal field,
b will be sent into its negative.) Let (b%g) be its matrix with respect to the basis {x,}

b(Xﬂ) = ngaﬁ = '—Nﬁ (85)

These are called the Weingarten equations.

The bilinear form B associated to the linear transformation b is (as usual) defined
by B(X,Y) = (X, b(Y)) = (X, —N,ng‘) = —(x, X7, NﬂYﬂ). Thus, as a tensor, B is
given by the second fundamental form

—(dx, dN) = —(x,,, Ng)du’ ® du?

and the tensor product sign is usually omitted. Weingarten’s equation can be written in
terms of the vector-valued 1-form

N
dN = | — | ® du? = —x,b% ® du” (8.6)
dub

Thus, along any curve u = u(¢) on the surface,

dN N (duf’)
— = =X b —
dt dt

We may write for the second fundamental form,
B = bygdu®du®
where bys = gayb” g is the covariant tensor associated to the linear transformation b.
Then byg = B(X4Xg) = (Xo, b(Xg)) = — (X4, Ng), that is,
bap = — (Xq, Ng) 8.7
This expression is inconvenient for computations since it involves the derivative of the

unit vector N (which usually involves a complicated expression with square roots); we
shall exhibit now a more useful formula. Put

. 9%x
Xap == du®dub

Since N is a normal vector, 0 = 3/9u? (x4, N) = (Xap, N) + (X4, Ng) = (Xop, N) — bag,
that is,
botﬂ = (xaﬂ» N) (88)

which is the formula for computing B. In full, we have

5 5 82
baﬂ=< X 4 : >(N',N2,N3)T

du*dul’ du*dul’ Ju*dub

The linear transformation b may then be computed from b%g = g%"b,4.
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e Problems

8.1(1) Compute the metric for the sphere of radius a.

8.1(2) A “loxodrome” on a sphere of radius a is a curve that makes a constant angle
with each meridian of longitude. Usually it eventually winds around each pole.
Compute the length of such a loxodrome by using 6 as a parameter. (The tangent
vector then has components (1, d¢/df) and you may use (8.4) to determine
de/de).)

8.1(3) Compute the area of the region on the Earth’s surface bounded by latitudes 0°
and 30° and longitude 0° and 45°.

8.1(4) Consider the surface z = x2 — 2y? near the origin. Use x = u',y = u? for
local coordinates. Compute the matrices (gog) and (b”g) at (0, 0). Save your
computations for problem 8.2(2).

8.1(5) Let M2 be a surface in R® and let xq be a point on this surface. Choose new
cartesian coordinates for R3 having xo as origin and such that the new x', x2
plane is the tangent plane to M at xp. Use x' = u' and x2 = «? as local
coordinates near xg. Show that M near xg is described by the equations

x3=z(x', x3) = (1/2) Z baﬂ(O)x"‘x’s
a,p=12

+ higher order in x', x2

exhibiting another geometric aspect of the second fundamental form.

8.2. Gaussian and Mean Curvatures

What do we mean by the curvature of a surface?

8.2a. Symmetry and Self-Ad jointness

We recall from linear algebra that if @ is a linear transformation in a vector space
with scalar product, then the adjoint (¢* of (t is the linear transformation defined by
(@X,Y) = (X, @*Y), and @ is self-adjoint if @ = @*. In terms of the bilinear form A
associated to , (@ is self-adjoint provided

AX,Y) = (X, aY) = (@X,Y) = (Y, aX) = A(Y, X)

that is, a linear transformation (t is self-adjoint iff the associated bilinear form A is
symmetric. In components, ( is self-adjoint iff (Aqg) is symmetric, Agg = Agqy. (You
should convince yourself from the transformation laws for covariant and mixed tensors
that such an equality is in fact independent of basis, whereas A%s = A*,, might hold in
some basis but not another; it makes no sense to say that a mixed tensor is symmetric.)

From (8.8) we see that the second fundamental form B is symmetric and thus the
linear transformation b : M? — M? is self-adjoint! As we shall now see, the special

eigenvalue behavior of a self-adjoint transformation will have remarkable geometric
consequences in the case of the linear transformation b.
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8.2b. Principal Normal Curvatures

Let x = x(s) define a curve C, parameterized by arc length, on the surface M 2inR3,
The unit tangent at x(0) is then T = dx/ds = x,du®/ds. The curvature vector for C,
as a space curve, at x(0) is

dT <du°‘) (duﬂ> 4 x d*u®
K=kn=—=X;3| — || — ——
* ds P\ ds ds ds?

where n is the principal normal to C. The component of the curvature vector & = kn
in the direction of the unit surface normal N is then

du® duf
(km, N) = <xaﬂ,N>< dL; ><%>

a B
(kn, N) = bys <ddis> (‘%) — B(T, T) (8.9)

that is,

There are, of course, an infinity of curves on M? that pass through x(0) with tangent T,
but (8.9) tells us that although these curves may have very different curvatures as space
curves, the component of the curvature vectors normal to the surface depends only on
the tangent T and is the value of the second fundamental quadratic form B on T!

In particular, let T be a unit tangent vector to M at a point p.

\N

center of curvature

Figure 8.3
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Let P be the plane spanned by T and N at p. P cuts out a curve C on M, whose
unit tangent is T. C is a normal section of M and of course it is a plane curve, lying
as it does in P. Its curvature vector & = «n (as a space curve) points from p towards
the center of curvature (at a distance «~'). Thus, for this normal section, from (8.9)

B(T,T) = 4+«

where the + sign is used only if the curve C is “curving” toward the chosen surface
normal; for the indicated normal in our figure B(T, T) = —« is negative.

Now keep p € M fixed but rotate T in the tangent plane M]%; the curvatures B(T, T)
will change in general. We define the principal (normal) curvatures of M at p by

k) (p) = max B(T, T) (8.10)
k2(p) = min B(T, T)
forunit T € M;. The two directions T,, @ = 1, 2, yielding these extrema are called

the principal directions for M at p. But b is self-adjoint (i.e., B is symmetric), and
linear algebra (see Problem 8.2(1)) tells us the following:

Theorem (8.11): «; and «; are the eigenvalues of b and the corresponding prin-
cipal directions Ty are the eigenvectors

b(Ta):KaTa’ a = 1,2

If k1 # K then automatically the principal directions are orthogonal.

(The orthogonality of the principal directions was known to Euler!)
Of course if k; = «; then all the normal curvatures at p coincide; p is then called
an “umbilic” point. The usual round 2-sphere consists entirely of umbilic points.

8.2c. Gauss and Mean Curvatures: The Gauss Normal Map
We now define two measures of curvature of a surface M? at p.
det(byp)
det(gap)
Mean curvature = H :=trb = Zb"a =K + K2

Gauss curvature = K = detb = K1K2

Note that since b is sent into —b under a change of normal, H will be sent into its
negative but K is invariant under choice of normal!

Warning: Many authors define H to be the true average (k| + «2)/2.

Before discussing the significance of these quantities, we need some experience with
computing them. See Problems 8.2(2), 8.2(3), and 8.2(4) at this time.

Note now the following. If A : R" — R" is a linear transformation and " is any
n-form, then

A*w = det(A)w (8.12)
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This follows from (2.65), or directly

a)(Ael, ey Ae,,) = w(eiAil,...,ejAj,,)
=w(e,...,e)A" ... A,
=w(e,...,e)& A .. A, =we,...,e,)detA

If M? c R? is a surface with given normal field, we define the Gauss (normal) map

n : M? — unit sphere S*

by
n(p) = N(p), the unit normal to M at P

N

Figure 8.4

Define the positive orientation of S? by using the outward pointing normal. Let
vol2, = ix vol® and w? = vol% = i, vol® be the area forms for M? and S? respectively.
Let u, v, be local coordinates for M. We wish to compute the pull-back of w? under the
Gauss normal map. Note that the tangent plane to M? at p is parallel to the tangent plane
to S? at n(p) and we shall identify these two 2-dimensional vector spaces by parallel
translation in R*. (Note that under this identification, w? at n(p) is the same as volfw at
p') Thus, for example, 0x/du and b(dx/du) may be identified with tangent vectors to
S2, and b at p can be considered as a linear transformation of the tangent plane to S?
at n(p). By the geometric meaning of the differential of the map n : M?> — §?

ox a oN
(5 ) = e N = 1 8.1

and so, using (8.12),

Jx 0 0 0
(n*wz)(_i’ l) = wZ <n*_x’ n*_x>
du Jv du dv
(BN (), ()
du dv Ju v
Jx 9 ox 0
= (detb)w2<—x, l) = K vol, (—X, —X>
Ju ov Ju oJv
Thus
n* voli =K volfw (8.14)

This tells us that the Gauss map is a local diffeomorphism in the neighborhood U of
any pe M? at which K (p) # 0, and furthermore, if U is positively oriented then n(U)
will be positively oriented on S* iff K > 0.
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N@4) N(2)
n(3)

v TN

Figure 8.5

(8.14) exhibits the Gauss curvature as a “magnification factor” for areas under the
normal map n : M? — 52, provided we consider area “signed” by the orientation.
“signed” area of n(U) : = /

vols = / n* volj
n(U) U

=/ K vol3,
v

Ll/im [signed area of n(U)/area of U] = K (p)
—p

and thus

as the region U shrinks down to the point p. This was Gauss’s original definition of
K. Note that n reverses orientation iff the principal curvatures «, and «, at p are of
opposite sign, that is, iff M? is “saddle-shaped” at p.

Problems

8.2(1) This problem gives a proof of the fundamental theorem on symmetric matrices.
Letb:R"” — R" be any self-adjoint linear transformation with symmetric bilinear
form B. Let S™' be the unit sphere in R" and let f: R" - R be the quadratic
function f(x) = B(x, x) = (x, bx) but restricted to the unit sphere S"'. Since
S"-1 is compact (for this it is important that the metric on R” is positive defi-
nite; we could not use a Minkowski metric where the “unit sphere” is in fact a
hyperboloid), f takes on its minimum value at some e € S"~'. Let x = x(t) be
a curve on S™-1 starting at x(0) = ey. Let x denote the derivative with respect
totatt=0.

(i) Show that (x, bey) = 0. Since any tangent vector to S™~' at ey is of the form
x, this shows that be is normal to S™-! at ey, that is, be; = A1e; for some
real number A;. Thus A, = f(ey). This argument shows in fact that every
critical point of f on S"=1 is an eigenvector of b with a real eigenvalue and the
eigenvalue is simply the value of f.

Let E; be the subspace of R"” spanned by e; and let Ef be the orthogonal
subspace to E;.
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(ii) Show that b : E* — E;- and thus the restriction of b to E' is again a sel-
adjoint linear transformation (which we shall again call b). Then f restricted to
the unit sphere "2 := S"-' n E;- will again have a minimum value 1, > 3,
attained at an eigenvector e € E1l. Proceed then to the subspace orthogona|
to both e; and e,, and so on. Induction will then show that b has a basis of
orthonormal eigenvectors.

8.2(2) Compute K and H at the origin for the surface in Problem 8.1(4).

8.2(3) What is the normal curvature for the direction y = x at the origin for the surface
z = x2 — 2y? of Problem 8.1(4)?

8.2(4) Show that the normal curvature for a direction on an M? that makes an angle g
with the principal direction T is given by

k(0) = k1 cOS2 0 + ko Sin% 0

8.2(5) For a surface M2 given in “nonparametric form” z = f(x, y) we can, of course,
introduce x = v and y = v as coordinates. Show that

det( fup)

K= W2

and
H=W2[(1+ ) fox =2 fy fry + (1 + 1) fyy]

where W:=1+ 2 + f2

8.3. The Brouwer Degree of a Map: A Problem Set

Can you map a closed ball into itself so that every point is moved?

8.3a. The Brouwer Degree

In our previous section we discussed the Gauss normal map n : M? — S%. The
situation of mapping a compact oriented manifold into another of the same dimension
plays an important and recurring role in mathematics and its applications. We shall
discuss the topological implications of this situation, first studied in detail by the Dutch
mathematician L. E. J. Brouwer around the turn of the twentieth century.

Since our manifolds are oriented, we shall make no distinction between forms and
pseudoforms.

Let¢ : M" — V" be a smooth map from one closed oriented manifold to another
of the same dimension. Let " be any n-form on V subject to the single condition that
it be normalized

/ w=1
\'4

(Of course if [, @ # 0 we may trivially normalize it.) The (Brouwer) degree of ¢ is
defined by

deg() = /M o (8.15)
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Note that we may also write deg(¢) = f¢(M) w; this tells us (in a sense tobe clarified
er) how many times, algebraically, the image of M wraps around V.

Our first task is to show that deg(¢) is well defined, independent of the choice of
the form . We shall give only the barest sketch of this, relying on some “familiar” but

lat

pontrivial facts.

Lemma (8.16): An n-form y" on a closed oriented V" is exact iff its integral

fr=
v

prooF: Certainly if y = dp"~', then, since V has no boundary, fv dg = 0.
Suppose then that [y v = 0.We shall attempt to exhibit A. Introduce a Riemannian
metric. We may assume that [, vol” = 1. Write 8”~' = igvol” for an as yet
undetermined vector field B. If we write y = gvol” in terms of a function g,
we shall be done if we can solve div B = g for B. We shall determine B by
writing B = grad f and then solving V2 f = g. Itis a fact (see [W, p. 256]) that
the Laplace operator on a compact manifold has a uniformly complete system of
eigenfunctions; we have eigenfunctions {ax}, Ve = —Axo, 0 = A9 < A <
Ay < ..., where A, — oo, and any smooth f can be expanded in terms of them,
f = > fra. This expansion converges pointwise, not just “in the mean.” The
only eigenfunction needed forthe lowest eigenvalue Ao = 0 is the functionay = 1,
since [, | grad ao ||> vol = [, div[e grad ag] vol — [, a9 V2 vol = 0 shows
that oty must be constant. The higher eigenvalues might have (finite) multiplicity
greater than 1. We then expand g = 3_ gy Then to solve V2 f = g we need
only solve for f; in the infinite system —A; fi = gx, k = 0, 1, .... This is trivial
except for k = 0. Note, however, that the “Fourier coefficient” g, is the Hilbert
space scalar product (g, g) = [, g vol = [, y, which by assumption vanishes.
If we put fo = 0, then the desired f has been exhibited. One can then show that
the resulting f is a solutionto V2f = g. O

vanishes

We can now show that deg(¢) is independent of the choice of w”". This follows
immediately on noting that if ' is another choice, then, by the lemma, w — ' is exact,
50 ¢*(w — w') is also exact and thus [, ¢*(w — ') = 0.

The geometric significance of the degree is given by the following.

Theorem (8.17): Let y € V be a regular value of ¢ . M" — V"; that is, ¢, at
¢! (y) is onto. (Recall that Sard’s theorem says that the regular values of ¢ are
dense in V.) For each x € ¢~'(y), ¢, : M, — Vy is also 1:1; that is, ¢, is an
isomorphism. Put

sign ¢ (x) := %1
where the + sign is used iff ¢, : M, — V, is orientation-preserving. Then

deg(¢) = > sign p(x) (8.18)

xep='(y)
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X’

Corollary (8.19): deg(¢) is aninteger. From (8.15) we see that the sum in (8.18)
is independent of the choice of the regular value y. Finally, since (8.15) shows
that deg(¢) varies continuously with ¢, and since it must be an integer, deg(¢)
remains constant under deformations of the map ¢.

PrROOF: First, we claim that since y is regular there are only a finite number of
preimages x € ¢$~'(y). We can see this as follows. It is known that compactness
implies that every infinite sequence of points has a convergent subsequence. Thus
if »~'(y) were infinite we could find a sequence {x;} C ¢~'(y) that converges
to some Xo,. But then ¢ (xo) = y and x,, would be a regular point of M. Since
¢ : M, — V,is 1:1, ¢ is (by the inverse function theorem) a diffeomorphism
on some neighborhood U, of x. But since x; — x, Xy € Uy for all k& >
some integer R. But then the two points xz and x,, would both be sent to y by ¢,
contradicting ¢ is 1:1 on Uy.

For the rest of the proof it is good to have a simple example in view to keep
track of the construction. We shall draw the case when V! = S is the unit circle in
the plane, and M' is a simple closed curve in the plane outside S whose interior
holds the origin. The map ¢ : M — S moves each point of M radially toward the
origin until it strikes S. In this case the degree of ¢ is called the winding number
of the curve M about the origin.

Figure 8.6
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In our drawing we see that our indicated y is a regular value since the radial line
passing through y is never tangent to M. (The line L, on the other hand, is tangent
to M at a critical point of ¢.) We have indicated the three inverse image points x;
of y. Each is contained in a neighborhood W; that is projected diffeomorphically
by.¢ onto a neighborhood V; of y on S. These W; are indicated by thick segments
on M. The complement of the union of these sets on M is indicated by the fuzzy
set, and the projection of this complement on S is also made fuzzy. Note that only
the neighborhood W, is such that its image has orientation opposite to that of S,
and so (8.18) would yield deg(¢) = 1 — 1+ 1 = 1. This is also obvious from the
choice y’ for regular value!

It is clear in our picture that the point y has a neighborhood V, whose inverse
image consists of a disjoint union of neighborhoods of the preimages x; of y,
each being a diffeomorphic copy of V,. This is the main fact that we shall need
in the general case. The proof of this requires a topological argument, which we
now present for those readers with a little background in topology.

Let x;,i = 1,..., N be the preimages of the regular y € M and let W;
be disjoint neighborhoods of the x; that are sent diffeomorphically by ¢ onto
neighborhoods V; of y. Let V, C (Vi NV, N ... N Vy) be a neighborhood so
small that it does not meet the “fuzzy” set p[M — (W, U W, U. ..U Wy)]. (This is
possible for the following reasons: M — (W, UW,U...UWy) is a closed subset of
the compact M and is hence itself compact. The continuous image of a compact
set is compact, and hence closed in V. The point y is in the complement ¢ of this
closed set, and ¢ is indeed a neighborhood of y. Then define the neighborhood
Vyof yby V. :=an (Vi NV, N...N Vy). V, has the property that its inverse
image under ¢ consists of disjoint neighborhoods U; := (¢~'®) N W; of x;, each
of which is diffeomor phic to V, under ¢.

Now we shall take advantage of the fact that we may compute deg(¢) by using
any normalized form on V". Let " be a normalized form on V" whose support
lies in V,, that is, o = 0 outside V, (e.g., we may use a “bump form” as in
3.2b)andlety!, ..., y" be local coordinates in V. Under the diffeomorphism ¢
restricted to each U;, we may use the functions y* as coordinates in U; (we are
really using y* o ¢) and the map ¢ : U; — V, is then the identity map in these
coordinates! Note that ¢ (U;) has the same orientation as V, iff sign ¢ (x;) = +1.
We then have, since ¢*w = 0 outside the union of the U;’s

/w:/w:l

deg(¢) = /M(P*w = ’Z/U o*w = Z/P(Ui)w = Zsign(x,-)/vv w

i

and

asdesired. O

83(1) The volume form on the unit sphere $" in R"*' is irdx' A ... A dx"! =

2(=Dixidx" A...dx" ... Adx"*'. Show that the antipodal map S* — S” has degree
(_1)n+1_
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8.3b. Complex Analytic (Holomorphic) Maps

Consideramap f : C — C given by analytic function Z = f(z) in the complex plane.
We consider C to be a complex 1-dimensional manifold; see Section 1.2d and Section
Sc. If we write z = x + iy and Z = u + iv, then this map may be considered as a map
F :R* — R? given by u = u(x, y) and v = v(x, y), u and v satisfying the Cauchy-
Riemann equations. The differential f, of the map f at a point z, is a 1 x 1 matrix
operating on complex 1-vectors, obtained as usual from df (z(¢))/dt = f'(z1)dz/dt,
that is, at z,

f* = f,(zl)

8.3(2) Let f : C — C be analytic. Show that the differential f, = f'(zy) : C - C
as a complex 1 x 1 matrix is related to the real differential: R> — R” by

a(u, v) , )
30, y) = f(@1) |
and thus f, is orientation-preserving if f'(z;) # 0.

Consider a polynomial map P : C — C of the complex plane to itself of the form
z=x+iy > Z =ulx,y) +ivix,y) = P2Q) = 2" +a,_12" ' + -+ a. C
is not compact and we therefore cannot discuss the Brouwer degree of this map. But
| z |"— oo as| z |— oo and since P behaves like z” for | z | large, we can see that
P extends to a continuous map (again called P) of the Riemann sphere (see Section
Sc) into itself by putting P (00) = oo. (Note, e.g., that e does not extend to such a
map; why?) We need to discuss the smoothness at co. Near z = oo we introduce the
coordinate w = 1/z, and then our map can be expressed in the form

w —> W(w)

by

w=z"'> @ +a,_ "+ Fay)”!

n

w

" (aw" + -+ aw+ 1)
whichis clearly smooth near w = 0.In fact W is an analytic function of w near w = 0.
We may now discuss the Brouwer degree of this polynomial map of the Riemann sphere
into itself.

= W(w)

8.3(3) Show that z = oo is neither a regular value nor a regular point of a polynomial
P if n = degreeof P is > 1.

Deform the polynomial map by considering, for 0 < € < 1, the smooth deformation
72— " +e(@_ 12" "+ -+ ap). In the w patch this means w — w"/[1 + €(aow"
+---+a,_;w)]. Note that this is smooth as a function of w and € near w = 0, and so
we have defined a smooth deformation of the original polynomial map of the Riemann
sphere.

8.3(4) Show that the Brouwer degree of the n'*-degree polynomial map of the Riemann
sphere is the same as that of the map z — z", w — w". Then the value Z = 1 shows
that this degree is n.
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83(5) Show that if F : M" — V" has degree # 0, then F is onto. Hence if P
s a nonconstant polynomial, then for some z;, P(z)) = 0. This is the fundamental
theorem of algebra.

By factoring the polynomial by (z —z;), we see that P has n (not necessarily distinct)
roots, and P(2) = (2 —21) ... (2 = Za)-

8.3(6) Use this to show that Ois a regular value of P iff P has distinct roots.

8.3c. The Gauss Normal Map Revisited: The Gauss—Bonnet Theorem

From (8.14) we see that if M? is a closed submanifold of R then

1
— | KdA =deg(n: M* > §?) (8.20)
477.' M

is the degree of the Gauss normal map and in particular is an integer! If we smoothly
deform M, this integer must vary smoothly and thus it remains constant, even though
K itself will change! Recall, again from (8.14), that u € M is a regular point for the
Gauss map provided K (#) # O and that n preserves orientation iff K(«) > 0. This,
together with (8.18), allows us to evaluate the left-hand side of (8.20), the so-called
total curvature of M, merely by looking at a picture, as follows.

8.3(7) Show that fM KdA = 4n (1 — g) for a surface of genus g, that is, the surface
of a multidoughnut with g holes

a surface of genus 3

Figure 8.7

This Gauss—Bonnet theorem is remarkable; a deformation of the surface might
change K pointwise and likewise the area form, yet the total curvature [,, KdA remains
unchanged and is a measure of the genus of the surface!

8.3d. The Kronecker Index of a Vector Field

Let M™ be a closed submanifold of R"*'. It is a fact that M" is the boundary of a
compact region U of R*™', M” = 9U"*'. Then the orientation of R"*' together with
the outward-pointing normal defines an orientation of M. Let v be a unit vector field
defined along M:; it need not be tangent to M. It then defines a map v : M” — S” by
X € M" — v(x) € S" (if v is always normal to M then this is the Gauss map).
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\2
Figure 8.8

We define the (Kronecker) index of von M by
index of v := Brouwer degree of v : M — §

If v is any vector field on M that never vanishes on M, we define the index of v to be
the Kronecker index of v/ || v ||.
The following are four examples in the plane with M' itself the circle.

any
1N

N
AN

index = 1 index = 1 index = -1 index = -3

Figure 8.9

8.3(8) The vector fields on $” analogous to the first two depicted in the figure above
are v(x) = x and —x, respectively. Compute their Kronecker indices.

8.3(9) Use the integral definition of the Brouwer degree to show that if v can be
extended to be a nonvanishing vector field on all of the interior region U"*!, then
index (v) = 0. Thus none of the four fields illustrated can be extended to be nonvanishing
on the disc.

8.3(10) Suppose that the unit vector field v on M” can be extended to be a smooth
unit field on all of U except for a finite number of points { P, }. Excise a small ball B,
centered at each P, from U. Then v has an index on M" and also on each of the spheres
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9B, (with normal pointing out of B,). Show that the

index of von M" = Z (index of v on 9 B,)

We may then say that the index of v on M is equal to the sum of indices inside M.
We have an immediate important fact.

Theorem (8.21):  If v, is a smooth family of nonvanishing vector fields on M"
with vo = vand v, = W, then, since the index is an integer varying continuously
with t, we have

index(v) = index(w)

8.3(11) Let v be a unit vector field on M” = §" that never points to the center O.
Show that

index (v) = index (N) = +1
In particular, if the nonvanishing v is always tangent to M, then its index is +1.

8.312) The Brouwer fixed point theorem: Show that every smooth map ¢ of the
closed (n + 1) — ball B"*! = {xeR”“ | x |< 1} into itself has a fixed point. (Hint: B
is amanifold with boundary S$”. Consider the vector field on B given by v(x) = vector
from x to ¢ (x). On S", v never points toward the outer normal.)

Here is a simpler proof of the Brouwer fixed point theorem. If there is no fixed
point, then the vector v from x to ¢ (x) is never 0. We can then get a smooth map
r: B"t!' — §" by letting r(x) be the point on S where the directed line from ¢ (x)
to x strikes S”. Note that r is a retraction, that is, r(x) = x for all x on S”. Let " be
any n-form on § = S” such that fsw = l.wisaformon S and dw = 0; it need not
be defined on B"*!. Then r*w is an n-form on B"*'! that agrees with w on S. Note that
r(S§) =S = dB"*'. Then

lz/a):/r*w:/ r*w:/dr*a)
s s 3B B
=/r*da)=/r*0=0

B B

This is a contradiction, as promised. a
Now letu!, ..., u" belocal coordinates for M. Just as in (8.13), since v(u) represents
both the vector at # and the position vector on S" at v(u), we have

(8)_8v
U ) u~

ov ov
Tu' T Qun

8.3(13) Show that

index (v) = (4,)”" /

M

vol"*! <v )du' A...Adu"

where vol"*! is the volume form for R"*!, A,, is the area of the unit sphere ", and we
are using the traditional notation expressing the integral of an n-form «” in terms of
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generic local coordinates, [, " = [, a1, (u)du' A ... A du". Note that

this expression for index (v) is in fact a general formula for computing the degree of
any smooth map v : M" — S™ of any compact oriented M" into S" C R"*!1

8.3(14) If v is nonvanishing but perhaps not unit, show that the integral on the rig
becomes

[ a— BN
ou'’ du"

(This is not as completely trivial as it seems.) We then have

0 0
/ | v(u) ||~ vol"*! (v v —V>du‘ A Adu"
M

Kronecker’s Corollary (8.22): Let (n + 1) smooth functions fi, ..., fu+1 be
defined on M" and its interior U"*" C R"*! with no common zeros on M". Let

det(f, df) be the determinant of the (n + 1) x (n + 1) matrix whose j" row is
(fj, df;/0u',...,af;/u"). Then if

/(f12+...+ 2 )2 det(f, df)du' A Adu #0
M

we may conclude that f =0, ..., f,41 =0, has a solution in U"*1,

8.3e. The Gauss Looping Integral

LetC, : S' — R o =1,2bea pair of nonintersecting smooth closed curves in
space, given by r = r(0) and r = r,(¢), respectively. Gauss wrote down an integral
describing how the curves “link.”

® G

T2

(&

ry

Figure 8.10

Consider the abstract torus T2 = S' x S! with coordinates 6, ¢, and the map

L : T? — S? defined by
rif,¢)  [r(¢) —ri(0)]

L®6,¢) = =
rA8, @) | ra(¢) —r1(6) |
The Gauss looping or linking number of C, and C, is defined to be the integer

Lk(Cy, Cy) :==deg(L) : T*> — S?
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83(15) Show that the formula of Problem 8.3(14) translates to Gauss’s integral
Lk(Cy, C2) = (4n)™! /C {/c "1_23(l‘|2><dl'|2)} «dr,

. 2 2 .
o [ [Critfrax —
0 0

where we choose the right-handed orientation for R®.

8.3(16) Now let W? be any orientable surface in R*® whose boundary is C,. Choose
the orientation of W' so that 3 W?2 = C,. For the given orientation of R this picks out
a preferred unit normal Nto W.

Figure 8.11

It is a fact that C, can always be moved slightly if necessary to ensure that it meets
W transversally. We may then consider the intersection number W2 o C,, defined to
be the signed number of intersections of C, with W2, an intersection carrying a + sign
only if C, is traversing W? in the same direction as N. Then the linking number has the
following interpretation.

8.3(17) Show that
Lk(Cy, Cy) = W0 C,

Hint: A current of / = 1 in C; gives rise to a magnetic field at r; given by the law
of Biot-Savart

B(r)) =f r1’23r|2><dr2
Ca

See Feynman'’s lectures [F, S, L, vol. II, pp. 14-10].

The intersection number W2 o C, is a measure of how the curves link.

It should be remarked that two wires can have linking number 0 and yet be physically
inseparable, as is indicated in our last illustration.
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The preceding proof of 8.3(17) is very simple because of our acceptance of the
Biot—Savart law; that is, we are assuming that the preceding integral for B indeed does
satisfy Ampere’s law! This law itself follows from Maxwell’s equations, but the proof
is not trivial. There are, for example complications arising from the familiar potentig]
solutions of Poisson’s equation since a wire is a limiting case of a volume distributiop
of current. A sketch of a purely mathematical proof, in terms of “solid angle,” can be
found in [C, J, p. 619 ff.] or in [Sp]. I prefer the following proof, which I learned from
Michael Freedman; it uses Theorem (8.17) directly instead of Gauss’s looping integral,
For this we shall replace the intersection number by another measure of linking. We
proceed as follows:

Figure 8.12

Two linking curves are shown. Move C, in a direction aa’ and keep moving it until
it is far removed from C,. We shall show that deg(L) : T? — S? is the (algebraic)
number of times C) cuts through C, in this process.

First we mustdecide on adirection of motion. Pick any regular valueof L : T? — 2.
This will be our direction! We have drawn (a, a’) as a preimage on T? of this regular
value; thus the segment from a € C; to @ € C; is in this regular direction. We have
drawn the two other preimages (b, b’) and (c, ¢’). As we move C in this given direction,
in our picture, first b will hit &, then a will hit a’, and finally ¢ will hit ¢/, and these will
be the only meetings of these two curves in this example.

Look more closely at a and a’. We have the two tangents dr;/d® and dr,/d¢ at
a =r(0) and a’ = r,(¢), respectively.

Again, the vectoraa’ isry;. Since ry;/ry; is aregular value, it must be that L, (9/86)
and L,(8/0¢) are linearly independent, and of course they are orthogonal to r;,. Thus
the vector rj2/ry2 = [r2(¢p) — 11 (6)]/r)2 is a regular point of the map L iff

0 0
e (L) (&)

( dr, dr2>
vol (ryp, ———, —~
do’ d¢
are not 0, using, say, the right-hand orientation.
We shall say that C, cuts C, positively (resp. negatively) at r,(¢) if this “volume”
is positive (resp. negative).

and hence
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[n our picture (a’ —a, —dr,/d6, dr,/d¢) yields a positive cut. Similarly, b’ is again
a positive cut and ¢’ is a negative cut.

Thus the degree of themap L is precisely the number of times that the translated C,
cuts Cs, and we say that the curves are linked if the number of cuts is # 0. In our case

the net number of cuts is +1.

8.4. Area, Mean Curvature, and Soap Bubbles

How can you determine the pressure inside an irregular bubble?

8.4a. The First Variation of Area

How does the area of a surface change as we move it in space? We consider this very
heuristically at first. In the following picture we consider a very small curved rectangle
on a positively curved surface whose sides, of length /, and [, are made up of lines of
curvature; that is, they are in the two principal directions at the point p.

Figure 8.13

They are approximately arcs of circles of radius p; and p,, the radii of principal
curvatures. The areais approximately A = [,/,. Move the whole rectangle in the normal
direction a distance §n. The area changes approximately by 84 = 8(l,,) = 81,1, +1,51,.
But 81, ~ «;6n = (I;/p;)8n and likewise for 8/,. Thus

8A ~ A(p7' + p;')8n = —AHén

since the surface curves away from the normal. We now make a more careful study, for
any surface, where the displacement need not be normal to the surface and can have a
magnitude that varies on the surface. For this we simply consider a 1-parameter family
of surfaces M2(¢) in R?, a variation of an M%(0).
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222
v(r)

Figure 8.14

We assume that M (0) is a compact manifold, perhaps with boundary. We wish to
calculate how the area of M (t) varies with ¢. There is a technical complication due to the
fact that the surfaces M (¢) need not be disjoint. Schematically, reducing dimensions by 1

M)

M([[)

M)

Figure 8.15

In this case the unit normals to the various M (t) would not yield a well-defined
vector field in R?, nor would the velocity (“variation™) field dx/dt. To prevent these
complications we introduce an extra coordinate ¢ to the existing R, as we did in 4.3b.

E/-:\': M)
— ’\: E , M(r)
. :‘ : x2 3
‘ M{0)
Uyl

x!

Figure 8.16
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If u', u? are local coordinates on the base surface M (0) and if we assign the same

rdlnates to corresponding points of M(t), we then have a map ®(u', u?, 1) =
(x(u ,u%, 1), 1) into R* = R* x R. There is then no trouble in extending the normals
to deﬁne a vector field (again called N) in some neighborhood of the image of ®.

Figure 8.17

We may even keep the field N “horizontal,” that is, with no # component.
The same may be done with the velocity vectors v = 9dx/d¢. Finally we may add
d/4t to this horizontal field to yield the space—time variation field X = v+ 9/0¢, as in

(4.41).
We are now ready to compute the first variation of area. vol* = dx' A dx? A dx?
canbe considered a 3-form in R*, and for area we have

AQ@t) = / in(1) vol®
M)

It would be possible to write down the Euler—Lagrange equations for this problem in
the calculus of variations since ix(f) vol® = V8du' A du® has a “Lagrangian”

. ) . 172
. dx/ ax’ ax’
L{u®, x/, =— ) =< det —
<“ : auﬂ) { ezj:<aud><auﬂ>}

but it would be difficult to interpret geometrically the resulting expressions. We proceed
instead directly, taking advantage of our machinery for differentiating integrals of forms
in4.3. From (4.43) we have

0
A’(t):/ —iN(t)vol3+/ iydin(7) vol®
M) 0t M(1)

+ / ivin(1) vol?
IM(1)

Look at each integral separately. First, since dN/d¢ is tangent to M (¢)

d
/ —in(t) vol® :/ iansa vol' =0
M@ 0t M)

Next, din(2) vol® = div N vol’, and the second integral becomes

/ (v, N) div N vol?
Mty
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Finally, in the last integral, use arc length s for parameter along 0 M (¢) and let n(s) be
the unit vector field that is tangent to M (¢), normal to d M (¢), and points out of M (®);
thus in R*, n(s) = (dx/ds) x N.

M@ dx

ds

Figure 8.18

/ iviNv013=/ iyin vol® (_x ds
aM() 0 d
L
:/ in vol® (v —>ds
0
L dx
=/ vol’ | N, v, — |ds
0 dS
L d
=) v
0 ds
L
=/ (n, v)ds
0

= f (n, v)ds
IM(t)

A(t) = / (v, N) divN vol® + f (n, v)ds (8.23)
JM(1) aM (1)

Then

Thus

This formula confirms the rather obvious fact that there are two ways to increase the
area of a surface with boundary. First, if the normals to the surface are diverging we
should move the surface in the direction of the normals (note that this does not affect
the boundary integral). Second, we may move the boundary outward at the boundary.

It is important for many purposes to realize that div N can be replaced essentially
by the mean curvature of the surface.

divN =-H (8.24)
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prooF: We shall give first a very useful expression for the divergence of any

vector field in R".
If X is a vector field and if A is a vector at a given point in R", then the

expression in cartesian coordinates
(XK
Dy(X) = (A,DX) := A/ — ) Ok
dx/

is simply the derivative of X with respect to the vector A. We claim that div X is
the trace of the linear transformation Lx : R" — R" defined by

Lx(A) = Dy(X) (8.25)

For, in our cartesian coordinates, tr Lx = Y., (Lx(8;), 8;) = ((0X*/3x")dk, 8;) =
5 8X'/0x' = div(X), as desired.

To compute div N we compute tr (A — D,N), and linear algebra tells us that
we may compute the trace of a linear transformation using any basis! We choose
a basis adapted to the surface M?(t), namely e, = 3x/du', e, = 3x/du?, and
e; = N. Then from (8.5)

oN
e —=> — = —elb'[ — ezb2[
ou'!
oN
&> o= —eb'y — b’
and we also have DyN is orthogonal to N.

Thus
divN = —b', —b% = —H
asclaimed. O

We then have Gauss’s formula for the first variation of area

A@t)=— H (v, N) vol* + f (n, v)ds (8.26)

M(r) IM(t)

In the classical notation of the calculus of variations

5x = v(0) Sxy = (6%, N) 8x, = (6x, n)
(8.27)
SA:=A'(0)=— HéxydS +7{ dxpds
M) oM(0)

Note in particular that A’(0) depends only on v(0), that is, the velocity vector at points of
M (0). In other words, given a surface M (0) and a vector field v(0) defined along M (0),
extend v(0) in any smooth way you wish to be a vector field v in some neighborhood
of M(0). The flow generated by this vector field will define a variation M (¢) of M (0),
and the first variation of area, A’(0), is given by Gauss’s formula and is independent of
the extension v chosen!
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8.4b. Soap Bubbles and Minimal Surfaces

Consider a soap bubble blown on a pipe with perhaps irregular rim. (For the following
physical considerations we shall use rather heuristic reasoning.)

Figure 8.19

By blowing airin very slowly (quasi-statically, so that air inside has spatially constant
pressure), the rate at which work is being done is given, in classical notation, by

SW = pdV

where V is the volume of the bubble and p is the difference in pressure, inside and out.
Consider a small piece of the soap film M (0) as it sweeps out a small “cylinder”
while being blown up for a short time.

Figure 8.20

The pressure will force a normal displacement of the film of small amount §x =
dxyN. Itis not hard to see that the small volume swept out will be approximately

8V = [ dxndS
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We then have
W = p/ dxndS
MOy

On the other hand, the work done against surface tension during the stretching of the
film is approximately

W =208A = —20 HéxydS
M@©)

Here o is the coefficient of surface tension, the factor 2 arises since the film has an
inside and an outside surface, and we have used Gauss’s formula with éx, = 0 since the
displacements are normal to the surface. We conclude that f,, 0 (P+20H)3xydS =0,
and this must hold for each piece M (0) of the bubble. Taking M (0) to be an “infinites-
ijmal” neighborhood of a point on the bubble, we conclude that p + 20 H = 0 at each
point of the bubble. We then have Laplace’s formula for the pressure inside the bubble

p=—20H (8.28)

(An air bubble in water has only one surface, in this case p = —o H).
A soap bubble in equilibrium has spatially constant pressure inside (otherwise air
would be in motion). Thus

A soap bubble in equilibrium describes a surface of constant mean curvature H.

For a spherical bubble of radius R, H = k| + «x; = —2/R if the outer normal is used.
Then p = 40/ R; the larger the bubble the smaller the pressure!

A soap film spanning a wire frame has the same pressure on both sides, and so
p =0. A soap film spanning a given curve C describes a surface with mean curvature
H=0.

Any surface with mean curvature O is called a minimal surface. The name stems
from the fact that a soap film spanning a curve tries to adjust itself so as to minimize
its area. Mathematically we have the following.

Theorem (8.29): Let M? be a compact surface in R with boundary curve C =
OM. Then M is a minimal surface, H = 0, if and only if the first variation of area
vanishes A = 0 for all variations of M that leave the boundary C fixed.

This variational problem was first successfuly investigated by Lagrange. Experimental
studies using soap films were carried out by the physicist Plateau.

The variational theorem is an immediate consequence of Gauss’s formula. First note
that the boundary integral vanishes since §x = 0 on C. Next note that at a point of
M away from C, the variation dx is quite arbitrary; this assures us that if the surface
integral vanishes for all variations then we must have H = 0.

The preceding theorem assures us that a minimal surface yields a critical point for
the area functional. To investigate the nature of the critical point (minimum, maximum,
minimax, .. . ) one should look at the second variation A”(0). One should also discuss
whether a minimum is relative or absolute. It turns out that a sufficiently small piece
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of minimal surface yields an absolute minimum for area (keeping its boundary fixed),
There are soap films that give a relative, though not absolute minimum for area. There
are minimal surfaces that do not give even arelative minimum (i.e., they are “unstable »
but such unstable surfaces cannot be realized by soap films). It would be better to ca]]
a surface with H = 0 a “stationary” surface, with no indication of minimality.

We conclude with two remarks. First, if H = «; + k, = O then K = k4, <0,
showing that a minimal surface is always saddle-shaped. Finally, a minimal surface of
the form z = f(x, y) satisfies, from Problem 8.2(4), the nonlinear partial differentia]
equation

1+ f_\«z)fxx - 2f.\'f)'fxy +(1+ fxz)fyy =0

the so-called minimal surface equation.

Problem

8.4(1) Let M2 be a minimal surface with boundary dM = C, and let M be given in
parametric form x = x(u, v). Consider the variation (“dilation”) of M given by

X=xu,v;t) =1+ bHx(u, v)
Note that this variation moves the boundary curve also.
(i) Show from A= [, | Xu x Xy | dudv that A(t) = (1 + H2 A(0).
(i) Show that 2 area M? = §,vol*(N, x, dx/ds)ds = $c det(N, x, dx).

This formula is due to H. A. Schwarz and has the remarkable consequence
that the area of any minimal surface spanning C is completely determined by
the normals to the surface at points of the boundary alone!

8.5. Gauss’s Theorema Egregium

Must every plane map of the Earth’s surface have distortion?

8.5a. The Equations of Gauss and Codazzi

Let M? be a surface in R* with local coordinates u = u' and v = u?. Then the vectors
X, = dx/du®, for o = 1, 2, give a basis for the tangent planes at each point of the
coordinate patch. Of course X, = 9°x/duPdu® = x4, need not be tangent to M.
Decompose into tangential and normal parts

Xap = 0p0aX = X, T} + (Xop, N)N
or

Xog = X Fga + baﬂN (830)
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where the coefficients Iy = I}, are still to be determined. Now
(Xaps Xu) = (X, Xu) o = 8yulha =1 Cpau
Note that
aﬂgau = 8/3 (xav xu) = (xaﬂa xu) + (xav xuﬁ) (831)
= Fpou + T
We conclude dga,, /8u” + 8gpa/du’ — 88,p/0u” = 2T g4 = 2T} 48:o and s0
1 ac(08au | 98pa aguﬂ)
o=-g% - 8.32
Hb 2g ( oup + out ou® ( )
the Christoffel symbols (“of the second kind”).

Thus all the coefficients in Gauss’s surface equations (8.30) have been evaluated in
terms of the first and second fundamental forms g and b. Gauss now took a further step
by calculating the consequences of the identity X5, = 9, 030,X = Xq,p. In Problem
8.5(1) you are asked to show that

Xapy — Xayp = Xe(RTayp — Ugg,) + Vapy N
where (8.33)

RYayp = 0,Tg, — 0"}, + F;’,qua - T, rY,

is now called the Riemann or Riemann-Christoffel curvature tensor. U and V are
given by

Utugy = b"ybog — b gby,
and
Vapy = Fopbry + 0ybap — I'y, beg — 3pbay
We then conclude that
Ry = b, bog — b gby,
and (8.34)
9y bap — r;ybrﬂ = Ogbay — F;ﬂbry

The first equations are called Gauss’s equations and the second are called the equations
of Codazzi and Peterson.

Only after Problem 8.5(1) will the reader fully appreciate that we have been using
a very condensed notation that was not used at the time of Gauss. Gauss did not
use indices. He wrote ds*> = Edu® + 2Fdudv + Gdv? instead of g,sdu®du®, and
Ldu? + 2Mdudv + Ndv? instead of b,sdu®du®, and so on.

The equations (8.34) are integrability conditions, that is, conditions that must be
satisfied by 8ap(u, v) and bypg(u, v) in order for these two matrices to be the first
and second fundamental forms for a surface in R*. In fact, Bonnet showed that these
conditions are also sufficient to ensure the local existence in R* of a surface having a
prescribed gz (u, v) and by (u, v).
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8.5b. The Theorema Egregium

Gauss’s calculation of the first equation in (8.34) led him to one of the most impor-
tant and surprising discoveries in all of mathematics. First , however, we need some
background.

We are all familiar with geographical maps

¢ : S2 — aportion of the plane R?

where S, is a portion of the sphere of radius a. (We shall not be concerned here with
the inaccuracies in approximating the Earth by a sphere.) Ideally one would hope for
a map that preserves distances, up to a constant factor that for simplicity we shall take
to be 1. The length of a curve x = X(¢) on the Earth’s surface is

'/ d 12
[ (55"
o \dt dt

and its image in R? has length

()2

We say that a local mapping ¢ : M" — V" of Riemannian manifolds is a local
isometry if ¢, preserves lengths of vectors

(d’*X» ¢*X>V - (X» X)M

for all tangent vectors X to M. Note that ¢, then automatically preserves all scalar
products, thanks to the identity

1
X, Y) = X+Y[P=IXIP=1YI*)

If ¢ is alocal isometry, then all lengths of curves, areas of regions, and angles between
curves are preserved; in other words the map is distortion-free. Since ¢. M, — V()
is then an isomorphism (i.e., 1-1 and onto), the inverse function theorem assures us
that ¢ itself is a local diffeomorphism in the neighborhood of each point of M.

A familiar example is when a flat sheet of paper is rolled up into a cylinder or a cone;
though the paper is “bent” there is basically no “stretching.” Although the distances
between points of the sheet are changed (considered as points in the ambient R3), the
length of any curve on the flat sheet is the same as when it is rolled up; this is the
meaning of bending without stretching!

If ¢ is a local isometry, one may transplant a local coordinate system y near ¢ (p)
back to a coordinate system x near p by

x'(p) =y (9(p)) =y o p(p)
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( )

x}

Figure 8.21

In terms of these associated coordinates, ¢ is given simply by y’ = x’ and so
o o
v = —
oxi By
Since ¢ is assumed to be a local isometry

v()_<i i> _<¢i¢i>
8= \ay by /, = \Pax % oxi /,

8 0 "
= <‘a7’5§>M = 8y ()

that is, in the associated coordinates the metric tensors of M and V are identical at
corresponding points. But then the Christoffel symbols and the Riemann tensor, which
are defined in any Riemannian manifold using (8.32) and the second equation in (8.33),
are also identical at corresponding points since they are constructed from the metric
tensor alone!

Return now to our case of a surface M2 in R>. Look carefully, with Gauss, at the
first equation in (8.34). We have

Ry :=g"R'ay = g% (b1 bz — b'2 bq))
= (b6, —b',b%) =detb=K
But since R'?|, is expressible entirely in terms of the metric tensor we have
Gauss’s Theorema Egregium (8.35): The Gauss curvature
K =kiky = R,

is aniisometry invariant. In particular, if a surface is bent without stretching, then
although the principal curvatures x| and k, may change, their product will not!

flat sheet
KI=O’ k=0
K=0=H UUTPRN b N

\—4 K=0

2
=-1/
\JL_/ K, a
e K=0, H=—1/a

Figure 8.22
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(Note that the mean curvature H is not invariant!) We have an immediate familja,
consequence for maps of the Earth. Since a sphere of radius a has K = 1/a? #
we conclude that every plane map of a portion of the Earth’s surface must introduce
distortions, that is, cannot be an isometry.

Gauss’s theorema egregium says that one measure of the curvature of a surface, K
can be expressed in terms of an object R'2,, that is completely determined by the metric
tensor of the surface. We call such an object intrinsic. In Equation (10.27) we sha]]
exhibit geometric intrinsic formulas for K. (We shall see later that R2,, is essentially
the only independent component of R* ;5.)

Riemann’s generalization R*,, (the second equation in (8.33)) to n-dimensiona]
manifolds defines, as we shall see again, an intrinsic measure of curvature. Curvature,
in the space—time manifold of Einstein’s general theory of relativity, as we shall see in
Chapter 11, is a measure of the strength of the gravitational field.

Cartan generalized the notion of intrinsic curvature to general “vector bundles.” In
Yang-Mills’s gauge theories, as we shall see, curvature becomes a measure of the
“strength” of the gauge field.

This is just part of the legacy of Gauss’s discovery.

Problems

8.5(1) Using the surface equations (8.30) and the Weingarten equations (8.5), derive
the Gauss and the Codazzi—Peterson equations (8.34).

8.5(2) Compute the curvature of the sphere with metric (8.3) the hard way: that s, show
R'2,, = 1/a2 directly from the second equation in (8.33). Later on we shall have
much more efficient ways to compute.

8.6. Geodesics

How can we describe the “straightest” curves on a surface?

8.6a. The First Variation of Arc Length

Let C be a curve on a surface M?. We shall consider the first variation of arc length as
we vary the curve. A variation x of C is a map of a rectangle R?> = [0, L] x (=1, +1)
intoM:x:R>? > M

Figure 8.23
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The map is described by x = x(s, o), where x = x(s) = x(s, 0) is the original curve
c=0Co parameterized by arc length, whose length is L. On the other hand, s is not
assumed to be arc length parameter for the curves C,, x = x(s, ), for fixed ¢ # 0,
since such a parameterlzatlon would force all the C, to have the same length L. The

L(a) = / ’ <3"(5’ @ oxse) >]/2ds
0 as as

L5 /9x ox\'/?
L’ = —( —, — d
@) /0 8a<3s Bs> s

_/L ax _'< 3%x  9x J
o dads’ 3s s

as

Since s is arc length when o = 0, we have || 9x(s, 0)/ds ||= 1 and
Ly 92 ox L/ 3% ox

L'(0) = , — )ds = ,— d

© /0 <8a8s Bs> $ /0 <8s8a 8s> s
_/L8<8x 8x> //8x 82>

= Jo 35 \da’ 3s \oa" 352/

Thus we have the first variation of arc length formula

and so

aT
L'0) = (1. T)g— (J. Ty — / <J —> (836)

0 as

where T = 0x/ds(s, 0) is the unit tangent to C = Cy and J = 9x/da(s, 0) is the
variation vector along C.

Figure 8.24

C is said to be a geodesic if L'(0) = O for all variations that vanish at the endpoints
P and Q, that is, x(0, @) = P and x(L, o) = Q for all . For such variations J = 0 at
P and Q and the first variation vanishing yields

L
[
0 as

Both T and J are tangent vectors to the surface M, but of course dT/ds need not be.
Since the variations allowed are very general (except at P and Q)
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Figure 8.25

we conclude, by the fundamental lemma of the calculus of variations, that if C is
a geodesic then (J, 0T/ds) = 0,0 < s < L, for every vector J that is tangent to
M along the geodesic C. Thus 9T /ds must be normal to the surface M? along C. But
dT/ds = kn; we have derived John Bernoulli’s characterization of geodesics of 1697:

Theorem (8.37): C on M?isa geodesic iff C, when considered as a space curve,
has a principal normal n that is normal to M.

Figure 8.26

Thus if we cut out a circle on S? by slicing the sphere with a plane, the resulting
circle will be a geodesic on S? iff it is a great circle.

8.6b. The Intrinsic Derivative and the Geodesic Equation

Let X be a vector field defined along a curve C (parameterized by ¢) and tangent to M 2
dX/dt of course need not be tangent to M; we define a new derivative

VX dX /dX
L 4X_/dX 8.39)
dt = dt <dz N>N (



GEODESICS 235

Thus v X/dt is the tangential part of dX/dt, that is, the projection of dX/dt into the
tangent space to M? at the given point. VX/d is called the intrinsic derivative (or
sometimes the covariantderivative) of X along the curve C. This new type of derivative
will be discussed in great detail shortly, but for the present we shall simply note that
UT/ds is the projection of the curvature vector dT/ds = «n = k of C, considered as
aspace curve, into the tangent plane. We shall denote this tangent vector by &, and call
it the geodesic curvature vector; its magnitude K, is called the geodesic curvature.
gince dT/ds = kn is orthogonal to T, so is K.
Geodesics are characterized by being curves x = x(s) for which

VT
KRy (= E =0 (839)

A geodesic C is then a curve for which the derivative of the unit tangent has no
component tangent o the surface.

The first variation formula (8.36) then shows us that if C is any curve, we may
shorten it by moving the endpoints inward. If C is not a geodesic in a neighborhood of
some point C(s), we may also shorten it by moving a small portion near C(s) in the
direction of its geodesic curvature vector K;.

Finally, let us write out the geodesic equation VT /ds = 0 in local coordinates. For
our curve X = x(u(s))

dx < X ) <du5> du®
T=2c (=) (28) =x, 5

ds dub ds ds

d*x <du“> <duﬂ> n d*uf

— = Xgo| — || — X

ds? ey “ds ds P ds?

du®\ [ du? d*u”
= (x,T7, + bysN du’y |
(¥ Tap P )< ds >< ds ) X a5

andso
VT d*u” du®\ /duf
—_— = - 4T —_— 8.40
ds xy{dsz—{— aﬁ(ds)(ds)} (8.40)
Thus a curve u = u(s) parameterized by arc length is a geodesic iff
d*uY du®\ [ du®
+FZ< ><_>=o 8.41
ds? A\ ds ds (8.41)
The fundamental theorem on differential equations tells us that this system, that is,
du?
i §
ds
aT” o
ke —Tly(u(s)T*T?

has a unique solution u” = u” (s) for given initial data u” (0) = u}j and du” /ds(0) =
Ty Furthermore, as we shall see in the next section, T(s) automatically will have
Constant length, and thus s will automatically be the arc length parameter if we start
with a unit initial T. Thus there is a unique geodesic starting at each initial point with
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given initial unit tangent. Since the system is nonlinear, we may not insist that tp,
solution exist for all parameter values s!

A geodesic is a critical point for the length functional for curves joining two epq.
points P and Q. In Chapter 12 we shall discuss the nature of the critical point but we
simply remark here that if P and Q are sufficiently close then there is a unique geodesic
Jjoining them whose length is an absolute minimum. A great circle on the 2-sphere thy
goes three-quarters of the way around the sphere is clearly a geodesic that does not
yield an absolute minimum for the length of curves joining the endpoints; in fact, as we
shall see in Chapter 12, it does not yield even a local minimum! A thorough analysis
of geodesics is given in Milnor’s book [M].

8.7. The Parallel Displacement of Levi-Civita

What should it mean to move a vector on a curved surface “parallel to itself” while it remains
tangent to the surface?

Let v be a vector field in R" defined along a curve x = x(¢). The derivative of this field
is another vector field dv/dt along the curve, defined, as usual, by

av() _ .. [v(z+h) —v()]
= lim

dt h—0 h
We are clearly comparing a vector at one point, x (¢), with another vector at the second
point x (¢ + k). This is possible because R", being an affine space, allows us to parallel
translate a vector at a given point to any other point in R". This process is not available
tous in a general manifold M"; the use of a local coordinate system to define parallelism
(namely, keeping the components of a vector constant) would yield a definition strongly
dependent on the coordinates used. This is intimately related to our discovery in Section
2.4e that the obvious notion of the derivative of a vector field dv/ /dx* using coordinates
does not yield a tensor field.

If M" C R" is a submanifold of euclidean space, can we use the ambient space to
define the notion of derivative of a vector field? Consider, for example, a surface in
3-space. Let X be a tangent vector to M? C R* at a point P. Given a second point Q
on M, we may consider the vector Y at Q obtained by parallel displacing X in R? to
the point Q. Of course Y in general will not be tangent to M at Q; in fact, it may even
be normal. If we used our previous definition to define the derivative dX/dt of a vector
field along a curve, we would only recover the derivative in R*, yielding a vector field
along the curve that is not tangent to the surface. Levi-Civita remedied this, yielding
what we have called the intrinsic derivative VX /dt. If X is a vector field defined along
a curve C on M? c R* X being tangent to M, we have defined VX/dr to be the
projection of dX/dt into the tangent plane to M. Writing

X = X(t)x, (u(t))

V(1) =

we get

dX a!X"x + xe du?
— = —Xy Xa _
dt dt P dr
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The Gauss surface equations (8.30) then yield

VX vXv
—dt_ = ( di >Xy (842)

where

VX7 _dX’ <duﬂ)ry o
dt '~ dt dt ) e

s the y® component of the intrinsic derivative of X. (As such, it would be more
reasonable to write (VX/dt)", but we have used the traditional notation.)

Given the parameterized C, u = u(t),and given an initial vector X, tangent to M? at
u(0), there is a unique tangent vector field X(¢) to M along C that satisfies the system
of differential equations

vXr
=0 (8.43)
dt

with initial conditions X?(0) = X} . This solution exists for all parameter time ¢
since the system is linear. The unique solution X is called the parallel translate or
displacement or transport of Xg along C, and (8.43) is called the equation of parallel
translation.

Equation (8.41) then tells us that the tangent vector to a geodesic parameterized by
arc length is parallel displaced along the geodesic.

Note that (8.43) merely tells us that dX/dt is always normal to the surface along the
curve when X is parallel displaced.

The notion of intrinsic derivative is seen, from (8.42), to involve only the metric ten-
sor, not the second fundamental form. This is the reason for the description “intrinsic.”
In particular, the notions of intrinsic derivative and parallel displacement make sense
on an abstract Riemannian surface, even though the original motivation relied on a
specific embedding M2 C R*. Note also that the definition (8.43) makes sense in a Rie-
mannian manifold M" of any dimension, since the definition of the Christoffel symbols
(8.32) makes sense in any Riemannian manifold. It is not immediate, without looking
at the transformation properties of the Christoffel symbols, that VX” /dt, as given in
(8.43), transforms as a contravariant vector, but this is indeed true. This discovery of
Christoffel, in 1869, was the real beginning of tensor analysis. It wasn’t until 1918 that
Levi-Civita interpreted the intrinsic derivative in the case of an embedded surface as
the tangential component of the usual derivative.

Since parallel displacement is intrinsic, if ¢ : M" — V" is an isometry and if X is
parallel displaced along C of M, then ¢,X is parallel displaced along ¢(C) in V.

Furthermore, if M2 C R® and W? c R? are two surfaces in space that are tangent
along a common curve C, we see from (8.38) that if X is parallel displaced along C in
M, then X is also parallel displaced along C in W.

For example, let M? = $? be the standard 2-sphere in R* and let C be a “small”
circle of latitude. We wish to parallel displace a tangent vector Xo along C; we have
chosen X, to be pointing north.
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)

Figure 8.27

Let V2 be the cone that is tangent to S? along C. Parallel translation along C of M is
the same as parallel translation along C considered as a curve on V. Any small portion
of the cone that omits the vertex is isometric with a portion of the flat plane, as we see
from cutting the cone along a generator and laying it out flat. This flattened version of
the cone will have an “opening angle” « that is easily computed from the latitude of C.
Parallel translation along C is then the same as on the flattened cone. In the flattened
cone one can introduce cartesian coordinates x, y, and in these coordinates the metric
of the cone is ds? = dx* + dy?. Clearly the Christoffel symbols for this flat metric
all vanish and the equations of parallel translation are simply dX? /dt = O; that is,
parallel translation in the flat plane is the usual parallelism of the euclidean plane.
We have indicated in our figure the parallel translation of X, around the flattened cone,
returning to P with a final vector X that makes the opening angle o with the generator
through P. When this flattened cone is then wrapped around the sphere again we see
that when X is parallel translated around the small circle of latitude C on the sphere,
the vector X does not return to itself but rather to a vector Xy of the same length but
rotated through the opening angle o!

We should note that if C had been an equator of S?, then the tangent cone would have
been replaced by the tangent cylinder and then X, would have then coincided with Xy.

Since parallel displacement around a closed path does not necessarily return a vector
to itself we conclude that, in general,

parallel displacement from a point P to a point Q will be dependent upon the choice
of path joining P to Q!

X X

Figure 8.28
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For this reason it makes no sense to ask whether a vector at P is parallel to a vector
at Q; one can talk about parallelism only with respect to a specific path joining the two
points.

Finally, consider a pair of vectors X(¢) and Y(¢) defined along a curve u = u(t) of
a surface M?> C R’ and tangent to M. Then, since V/dt is the tangential part of d/dt,

we see
d dX dY
E(X([), Y1) = <E’ Y> + <X, E>
yields
d vX vY
Z X0, Y(0)) = <7, Y> + <x, 7> (8.44)

(Although this important equation is in fact true in any Riemannian manifold, as we
shall see, wehave derived it only in the case of an embedded surface in R®)In particular,
if both X and Y are parallel displaced along C we see that

(X(t), Y(2)) is a constant under parallel displacement!

If we let Y = T be the unit tangent vector to a geodesic, we see that a vector parallel
displaced along a geodesic on a surface in R® will make a constant angle with the
geodesic.

Problems

8.7(1) The upper half plane {(x, y) : y > 0} can be endowed with a particular abstract
Riemannian metric, the Poincaré metric

ds® = y=2{dx? + dy?)

Parallel displace the initial vertical vector X = 8/8y at (0, 1) along the parameter-
ized horizontal curve C; x(t) = t, y(t) = 1; that is, solve the differential equations
(8.43).

8.7(2) (i) Let w be a unit vector, tangent to the surface, and defined along a curve C.
Show that Vw/ds is orthogonal to w.

(ii) Let v be a vector that is parallel displaced along C and let 8 := Z(v,T) be
the angle that C makes with v. Recall that the geodesic curvature vector of
C is given by kg = VT/ds, with length «g. Show that

ae
ds

ng
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CHAPTER 9

Covariant Differentiation and

Curvature
—

WE saw in Section 2.4 that the partial derivatives d;v' of a vector field v do not form
the components of a tensor. For a covariant vector field a'! we did show that we can
construct a tensor by taking a combination of partial derivatives, d;a, — dxa;, the exterior
derivative, but that d;a, by themselves do not yield a tensor. Our goal in this chapter is
to introduce an added structure to the notion of a manifold, a structure that will allow
us to form a generalized derivative, a “covariant” derivative, taking vector fields into
second-rank tensor fields.

9.1. Covariant Differentiation

9.1a. Covariant Derivative

Let us reformulate the concept of the intrinsic derivative of the last chapter.

Let M? be a surface in R?, and let v be a vector field that is tangent to M and defined
along a parameterized curve. Then the intrinsic derivative Vv/dt was defined to be the
tangential part of the ordinary R? derivative dv/dt, and as such was again a tangent
vector field to M along the curve. We then define a covariant derivative as follows.
Let vbe a tangent vector fieldto M defined now insome neighborhood of a point p, and
let X be a tangent vector to M at the single point p. Choose any curve on M through
p whose tangent at p is the vector X, and define the covariant derivative Vv at p to
be the intrinsic derivative Vv/dt. In terms of coordinates we easily get

N av” « v\ vp
(VXV) = m-i-rﬂyv X (91)

which is clearly independent of the curve chosen to realize the given tangent vector
X at p. The intrinsic derivative can then be expressed as the covariant dervative with
respect to the tangent field T = dx/dt to the curve

MM v/
dr ™v

241
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We have thus constructed the notion of a derivative of a tangent vector field v with
respect to a vector X at p; the result is again a tangent vector at p. It is furthermore
clear that if X is itself a tangent vector field, then Vxv is again a vector field. A]]
this was possible because M was a surface in R®, one already has a notion of derivative
dv/dt in R?, and one also has the notion of orthogonal projection into the tangent space
M, inR’.

A little reflection will show that we can again define Vxv when M" is any sub-
manifold of any R", using exactly the same procedure. In fact the coefficients I, the
Christoffel symbols, are defined exactly as before.

Since the formulas for ng make sense for any Riemannian manifold M", indepen-
dent of whether or not it is embedded in some R”, it is reasonable to try to define the
covariant derivative in a Riemannian M" again by the Formula (9.1), and indeed this
does work. (In this case one would have to show, using the transformation properties of
the metric tensor, that the components (9.1) do transform as the components of a vector,
something that is geometrically immediate in the case of an embedded submanifold
of RY)

A covariant differentiation operation, defined fully in a moment, is also called a
connection.

The connection in a Riemannian manifold in which the T’ j.k are given by the
Christoffel symbols is called the Levi-Civita connection, though Christoffel would
be the natural name to associate with this connection.

It is important that we develop the concept of covariant derivative even when the
manifold is not Riemannian. Later on we shall see that we shall need to differentiate
objects that are much more general than tangent vector fields, and then the Christoffel
symbols will be replaced by other quantities. For example, when discussing particle
physics we shall have to differentiate wave functions, and we shall see that it is natural
to define a covariant derivative in which the role of the Christoffel symbols is played
by the electromagnetic vector potential A! Part Three will be devoted to this concept of
covariant differentiation in a ““vector bundle,” and the role of Christoffel symbols will be
played frequently by certain physical fields, that is, by extra structures that are foreign
to the unadorned notion of “manifold.” For the present we shall only be dealing with
quantities related to tangent vector fields. For this purpose, we generalize our preceding
situation as follows. (The reader should verify that the indicated properties are indeed
satisfied in the familiar case of a surface in R® with the Levi-Civita derivative.)

Definition: Let M” be a manifold. An affine connection or covariant differen-
tiation is an operator V that assigns to each pair consisting of a vector X at p
and a vector field v defined near p, a vector Vxv at p that satisfies

Vx(av+bw) = aVxv+ bVxw 9.2)
VaxspyV = aVxv + bVyv

and

Vx(fv) = X(f)v+ fVxv (“Leibniz rule”)
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for all vector fields v and w, functions f, and real numbers a and b. We also
demand that if X is a smooth vector field then Vv is also a smooth vector field.

From the second equation we have thatif X = ). X'e; then Vx = >, X' V.

We shall write out what this says in terms of components. In our work up until now
we have always used local coordinates x to yield a basis 8/ Ox' for the tangent vectors in
apatch U. For many purposes, however, it is advantageous to use a more general basis.
A frame of vector fields in aregion U consists of n linearly independent smooth vector
fields e =(ey, - - ., €,) in U. A special case is a coordinate frame, where e; = 8/0x’,
for some coordinate system x in U. First note that a frame e usually is not a coordinate
frame, since [e;, ;] is usually not O while [0;, ;] = 0. In fact we have

Theorem (9.3): A frame e is locally a coordinate frame iff

(e;,e;1=0 foralli,j

prROOF: We need only show that this bracket condition implies the existence of
functions (x) such that e; = 8/8x'. Let o be the dual form basis. From (4.25)

do'(e;, &) = —o'([e;, &]) (9.4)
and so do' = 0, for all i. Locally then each o' is exact, o' = dx', for some
functions x', ..., x". Sincedx' A ... Adx" =c' A... A" # 0, we see, from

Corollary (1.16), that the x’s do form a local coordinate system. Since o = dx it
follows that e = 9/9x. O

Let now e =(ey, ...e,) be a frame of vector fields in a region U. We then have
X = e;X/ and then from (9.2)
Vx(ekvk) = Xjeiwjkvk + Xjej(vk)ek (95)

where o), is defined by
Ve = e;w;k (9.6)

In our surface case, when e; = 9, was a coordinate frame, we had a);k = Fj,k.
Warning: As we shall see, it is not generally true that @ is symmetric in j and k,
wljk # ' kj-
Since X (v¥) = dv¥(X), we may rewrite (9.5) as
Vxv = e {dv' (X) + X/ ', v"})
The symbols ', are called the coefficients of the affine connection, with respect to the

frame e. Using the dual basis o of 1-forms, we have Vxv = e {dv' (X) + &',/ (X) V)
or

Vxv = e {dv' + wjyo/v'}(X) 9.7)

We wish to emphasize that this makes sense in any frame e, and, as we shall see, for
many purposes it will be important to employ frames that are not coordinate. For the



244 COVARIANT DIFFERENTIATION AND CURVATURE

present, however, it is an unnecessary complication. (For example, in a general frame,
df = f,; o/ for some coefficients f,; but f,; are not partial derivatives.)

For the remainder of this Section 9.1 we shall restrict ourselves to the use of
coordinate frames.

When the frame e is a coordinate frame, e; = 8; = 8/8x', o' = dx’,
i

0 ) )
Vxv = 6,{—v + a)’jkvk}dx’(X)

oxJ
that is,
i ' i k| yi
(VxV) = g + wjkv X (98)
just as in (9.1). Since Vxv is assumed to be a vector, we conclude that
i i 3v' ik
le} = 'U/j = W + Cl)jk'U (99)

form the components of a mixed tensor, the covariant derivative of the vector v.

9.1b. Curvature of an Affine Connection

In the surface case, from (8.33) we see that curvature is at least related to the commu-
tation of second covariant derivatives of vector fields. In Problem 9.1(1) you are asked
to verify Equation (9.11).

Theorem (9.10): Let X, Y,, and v, be vectors at a point p of M" and let X, Y,
and v be any extensions of these vectors to vector fields in some neighborhood U
of p. Form the vector field

R(X, Y)v = Vx(Vyv) — Vy(Vxv) — VxyV
in U. If we expand the vector fields in terms of a coordinate basis O, then
R(X,Y)v = (R, X*Y'v/)8;
where, as in (8.33), 9.11)
Ry, = o), — B0}, + w), 0], — 0], o}

Thus the value of the vector field R(X, Y)v at p is independent of the extensions
of X, Y, and v. From (9.11), the assignment

v, = R(X,,Ypv,

defines a linear transformation R(X,Y) : M ,’; - M : called the curvature
transformation for the pair X, Y; its matrix is given by R(X,Y)'; = R;k,Xle.
Consequently, Rj. « are the components of a mixed tensor of the fourth rank, the
Riemann tensor. We may write

RX,Y) =[Vx, Vyl - Vxy (9.12)
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where [X, Y] is the Lie bracket of the extended vector fields and [Vx, Vy] =
VxVy — Vv Vx is the commutator bracket of the covariant derivatives.

We have used the fact that since R'] . X*Y! are the components of a second-rank mixed
tensor for all X and Y, it must be that R;k, are the components of a fourth-rank tensor.

See Problem 9.1(2).)
From its definition it is clear that R(X, Y) = —R(Y, X), that is,

R, =—R, (9.13)

9.1c. Torsion and Symmetry

Recall that the Lie bracket has components in a coordinate frame given by
X, Y = X/3,;Y —Y/9; X' =X(¥') - Y(X')
Compare this with the i"™ component of the difference of covariant derivatives. From
9.8)
(VxY — VyX)' = X79;Y' — Y79, X' + X/ (o) — wf)Y*
Now if X and Y are vector fields then so are VxY — VyX and [X, Y]. We see that
their difference, at a point p, is a vector,
(X, Y) = X/ (o, — &} )Y*
that depends (bilinearly) only on X and Y at p. In other words, we have a well-defined
“vector-valued 2-form” 7 the torsion form, defined by

7X,Y) = VXY - Vy X - [X, Y] (9.14)

(We started a discussion of vector-valued forms in Problem 4.3(5) and in Section 8.1a.
We shall discuss this notion in more detail in Section 9.3a.) In terms of a general frame,

. 1 o
T=ei®r’:§e,~®T;kcr’/\ak

where T}k are the components of a mixed tensor, the torsion tensor. In a coordinate
frame, as we have seen,

T} = ol — (9.15)

(This is rather surprising since, as we shall see, the a)j.,\_ themselves do not form the
components of a third-order tensor.)

We shall say that the connection is torsion-free, or symmetric, if the torsion tensor
vanishes identically, 7 = 0. In this case we have

VxY - VyX=[X Y] (9.16)

The reason for the description “symmetric” is as follows. From (9.15) we see that in a
coordinate frame, T}k = 0 means that the connection coefficients are symmetric in the
two lower indices,

oy = 'y 9.17)
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Warning: In a noncoordinate frame, (9.15) does not hold and consequently w neeq
not be symmetric in the lower indices when the torsion vanishes.

The Levi-Civita connection for a Riemannian manifold is symmetric because the
Christoffel symbols satisfy I}, = T},

Problems —

9.1(1) Verify (9.11).

9.1(2) Show that if A, X*y' transforms as a mixed tensor B/, for all vectors X andy,
then A"/.k, transforms as a fourth-rank mixed tensor.

9.2. The Riemannian Connection

What distinguishes the Christoffel connection from the others?

In any manifold M" with an affine connection, that is, with a covariant differentiation
operator V, we can consider parallel displacement of a vector Y along a parameterized
curve x = x(t), defined again by

vY o (dxt qY! o) [dxF
O:*:Bin, I =8,' 7 l.-Y/
di “(dz) {8x"+w“ }(d:)

Warning: The connection coefficients w;k are usually denoted by I‘;k. We, how-
ever, shall reserve this notation for the Christoffel symbols, that is, the Levi-Civita
connection coefficients, with respect to a coordinate frame.

As we shall see later, there are an infinite number of distinct affine connections on any
manifold. (In R?, e.g., one may choose functions w} . arbitrarily in the single coordinate
patch.) If the manifold is Riemannian, however, there is one connection thatis of special
significance in that it relates parallel displacement with the Riemannian metric in an
important way. In the case of a surface M? in R®, the Levi-Civita connection, first of
all, was symmetric, and second, had the property that parallel displacement preserved
scalar products of vectors (a consequence of Equation (8.44)).

Theorem (9.18): On a Riemannian manifold there is a unique symmetric con-
nection that satisfies

d vX vy
o= () (e 3)
at dt dt

for any pair of vector fields defined along a parameterized curve, and this con-
nection is the Riemannian connection; that is, in a coordinate frame, w; = F}k
are the Christoffel symbols (8.32).
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pPROOF: C0n81der the k™ coordinate curve of a local coordinate system, param-
eterized by x¥, and let X and Y be two vector fields defined in a neighborhood of
this curve. By hypothems we have

9 o D .y
B'x;(gin’YJ) =8 X, Y + g X'Y},

ax ; ; Y/’ m
= g Ok +a),\,X Y/ +8ii X 8—+a)ka

Comparing this with the product rule expansion of 9 /3x*(gi; X'Y’) we see that
(3gu/ax")X Y/ — g,jwk,X Y/ —g,jwka’ Y™ = 0. Changing dummy indices we
get [9gi;/0x" — gwl; — g,/a),q]X Y/ = 0. Since this holds for all X and Y we
conclude that

a8i; 9gij

dxk
If we define wy;,; = g,-,a),{_j we then see that (9.19) is the same as Equation (8.31)
in the surface case. If we now assume that wy,; 1s symmetric in k and j, as it is
in the surface case, we are again led to (8.32); that is, the connection coefficients
are indeed the Christoffel symbols. This shows that if a Riemannian connection
exists, it is given by the Christoffel symbols.

We can then define a connection in each coordinate patch by putting wj. . equal
to the Christoffel symbol I'}, for that patch. Our uniqueness result (that we have
just proved) then shows that the local covariant derivatives in the patches agree
in each overlap and thus we have a connection defined globally. O

— 8w} — guwj; =0 (9.19)

The requirement d/dt (X, Y) = (VX/dt, Y) + (X, VY/dt) easily implies the fol-
lowing. For two vector fields X and Y, and vector T, we may differentiate the function
(X,Y) with respect to T and

TX, Y) =(VX,Y) + X, V1Y, (9.20)

The operation of covariant differentiation in a Riemannian manifold was introduced
by Christoffel in 1869, following Riemann’s paper of 1861 in which the curvature
tensor was introduced. Levi-Civita, Hessenberg, and Weyl systematized the notion of
manifold with an affine connection, independent of a Riemannian structure, in 1917
and 1918.

9.3. Cartan’s Exterior Covariant Differential

How can we express connections and curvatures in terms of forms?

9.3a. Vector-Valued Forms

Cartan extended the notion of the exterior derivative of a p-form to that of the exterior
“covariant” derivative of a “vector-valued p-form.” This remarkable machinery is, as we
shall see, ideally suited for computations involving the Riemann curvature tensor, and
also seems to be the natural language for dealing with the gauge fields of present-day
physics and the stress tensors of elasticity.
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Let A be a mixed tensor that is once contravariant and p times covariant and that ig
skew symmetric in its covariant indices. Locally

A=e,»®ZAj]...,pcr"‘/\.../\afﬂ
J

Thus A is of the form A = ¢; ® o' where o' is the p-form coefficient of ;. To A we
may then associate a vector-valued p-form, that is, a p-form (written A or «), whose
values are vectors rather than scalars

a(vy,...,vp) i=ea' (v,...,V,)

We shall make no distinction between the tensor A and its associated vector-valued
p-form a.

Vector-valued forms occur frequently in classical vector analysis. In terms of carte-
sian coordinates, dr = (dx!, dx2, dx*)T is the vector-valued 1-form with values

dr(v) = (dx', dx? dx*)7(v) = (dx'(v), dx*(v), dx>(v))T
— (Ul, U2, US)T
that is, dr is the form that assigns to each vector the same vector! This comes from
the mixed tensor (linear transformation) I = 8; ® dx’ whose matrix is the identity.

Physicists think of (dx', dx?, dx*)" as a generic “infinitesimal” vector. The vector-
valued 2-form (introduced in Problem 4.3(5))

dS =(dyAdz, dz Adx,dx ndy)T

assigns to any pair of vectors the vector whose components are the signed areas of the
parallelograms resulting from the projections of the vectors into the coordinate planes,
that is, dS(A,B) = A X B.

A vector-valued O-form is of course simply a vector.

9.3b. The Covariant Differential of a Vector Field

If v is a vector field in a manifold M" with affine connection, then we have seen that
the coordinate patch expressions

i
Vi =1 '—8—U+a)i vk
V== 5T ik

fit together to define a mixed tensor field, which we shall call the covariant differential,
denoted by Vv

Vv=08;® Vjvidxj =0, ® vjjdxj (9.21)
This can be considered a vector-valued 1-form.
Vv(X) = 8;[(V,v'dx/)(X)] = 8:[ X/ V,;v'] (9.22)
that is,

Vv(X) := Vxv
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In parﬁcular, if e is any frame of tangent vectors, we have, from (9.6), Ve (e;) = ekwfj.
But e ®wfj0' is a vector-valued 1-form that has the same value when applied to e;. We
conclude that Ve; = & ® wj;0”. Finally, if we define the local matrix w of connection

1-forms by

we then have (9.23)

Ve, =€, @ o
Note that we may then write (9.7) in the form

Vxv = e {dv’ + o v*}(X) (9.24)

and consequently

Vv=¢®V (9.25)
where

Vvl = dv' + o't

It is immediate from (9.21) that if fis a smooth function, then (recall that we occasi-
onally prefer to write v f to the more usual fv)

Vvf)=vdf+ fVv (9.26)

which we shall again refer to as the Leibniz rule.

9.3c. Cartan’s Structural Equations

Let o be the basis of 1-forms dual to a given frame e. Then do’ can of course be written
down with no mention of a connection, but if there is a connection we can write do' in
the following manner. From (4.25) and (9.14)

doi(ej, €) = ej{Ui(ek)} - ek{Ui(ej)} - Ui([ef’ 3)
= —0'(lej, &]) = —0' (Ve — Ve — T(ej, €)
— —O'i{erw;k - erwzj} + lel\ = —{w;,\_ - CUZ./-} + T;L

where 7 = 1/2e, ® Tj.’kof A o is again the vector-valued torsion form. Then

| . , ) o A '
do' = EZdG’(ej,ek)of Aot = —(a)},\,o’) Aok + =T, o’ A ok

ok 2
In terms of
t' =Y Tiol Aot (9.27)
Jj<k
We can write
dol = -0y Aok + T (9.28)

Equations (9.23) and (9.28) are Cartan’s structural equations.
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We shall abbreviate these as follows. Denote (asin (2.1)) the row matrix (ey, . .., e,)
by the matrix e and the column (o', ..., 0")7 by 0. The n x n matrix of connection
1-forms will be denoted by w

w:(wij)

and the column vector of torsion 2-forms by t.

r=(tl,..., )

Then we may write
Ve=eQuw

and (9.29)
do=-wANo+T

By w A o, for example, we mean the column matrix with 2-form entries (w A o)’ =
>, @' j Ao/, whereas do is the column (do', ..., do")T.

In our new notation, if v is a vector we may write v = e v where v is the column of
components of v, and then we may write (9.25) as

Vv=V(ev) =e® Vv =eQ® (dv + wv) (9.30)

9.3d. The Exterior Covariant Differential of a Vector-Valued Form

Let a be a vector-valued p-form. Locally we have (in terms of a frame e) a = ¢; ® o/,
where eacha’ = a';(x)o” is alocally defined p-form. We define its exterior covariant
differential, the vector-valued (p + 1)-form V¢, by demanding a Leibniz rule

Va=V(e®ad)=(Ve)®,a' +¢ ®@da'
where the product ®, is defined as follows:
(Ve) @, a' = (& ® ') @4 ' 1= ¢, ® (0; A )
We drop this complicated notation and write ® rather than ® ,. Thus
Va=¢® (' Aa)+e@da' =¢ ® (do' + o, Aa)
In abbreviated notation with the column of p-forms @ = (!, ...a") we may write
Va=e® (do+wAa) (9.31)

generalizing the vector field (i.e., vector-valued O-form) case (9.30).

We have defined Vo in terms of a local decomposition a = e; ® «'. It is not clear
from this that Ve is well defined, independent of the frame e, but in fact we shall see
later that this is indeed the case. We should remark that one can give a coordinate-free
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definition of V that is in the same spirit as the formula (4.27) for the exterior derivative
of a scalar-valued exterior differential form

var (Yo, ... Y,) =) (=1 Vy {a”(Yo,.... Y., ..., Y,)) (9.32)

+3 =D ar (YY) L Y YY)

r<s

where we have again extended the vectors Y, to be vector fields.

Notation: When dealing with vector-valued forms, we shall usually use Cartan’s
device of simply omitting the tensor product sign in equations such as (9.31); thus
(9.31) will now be written

Va=e(da+wAa) (9.31")

Furthermore, Cartan used the notation d rather than V; for example, Cartan would write
his structure equation Ve = e ® w as simply

de =ew

dewould not be confused with an ordinary exterior derivative since it makes no invariant
sense to take the exterior derivative of a vector field; one must use a covariant derivative.
This notation is very convenient and is also used by many people, but we shall not use
itin this book.

9.3e. The Curvature 2-Forms

Ve = e ® w = ew is a row matrix of local vector-valued 1-forms Ve;. We can then
take the exterior covariant differential again

VVe = V(ew) = (Ve)w + edw
=e(w A w+dw)

Thus if we define the local matrix 6 of curvature 2-forms by

0 =dot+owArw (9.33)
we have
VVe=e®60 =eb
In full
91']_ = da)ij + 'y A a)kj (9.34)
Since the 6" ; are 2-forms we may expand
6" = %Rj.ma' no? (9.35)

for some coefficients R’J'.,S. You are asked to show in Problem 9.3(1) that when e = @
is a coordinate frame, then the R’ are given by Equation (8.33),

jrs

i i i i ro_ i .r
Ry 1= thwp; — Qo + o, 0f; — w0 (9.36)
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thatis, the Rj.rs are the components of the Riemann curvature tensor! This of course jg
the reason for calling 6 the matrix of curvature 2-forms.
Consider now a vector field v = ev. We have Vv = e(dv + wv) and so from (9.30)

we have
VVv =eld(dv+ wv) + w A (dv + wv)]
Since w is a matrix of 1-forms we then have
VVv=eldov—wAdv+wAdv+ o A wv]
that is,
VVv=e®6v =ebv 9.37)

Note the remarkable fact that V' Vv depends linearly on v and not at all on the deriva-
tives of v!

Some concluding remarks. Suppose that M" is a manifold that (like R") can be cov-
ered by a single distinguished frame field e. (Such a manifold is called parallelizable.)
Define an affine connection by defining @ = O for the distinguished frame e, that is,
Ve = 0. Thus each of the vector fields e; is covariant constant, or globally parallel.
By construction the curvature of this connection vanishes, & = 0. M" is then said to
admit a distant parallelism. Consider the 1-forms o dual to the frame e. In general the
forms o will not all be closed. Then do = —w A 0 + t = t and the connection in
general will have torsion. We thus see in this case of distant parallelism that torsion of
the connection is a measure of misclosure of the orbits of the distinguished frame fields
e (see Problem 4.1(3)).

Surveyors could introduce a frame of 3 orthonormal vectors in a small 3-dimensional
neighborhood of a point on the irregular Earth’s surface as follows: e; is an upward
pointing unit vector defined by a plumb line, e, is a horizontal unit vector pointing
magnetic north, and e, = e; x e; points “west.” It is thus natural for surveyors to
introduce (locally) a distinguished frame of vectors defining a distant parallelism with
curvature 0, and this frame is not associated with any coordinate system; the torsion
does not vanish! (For example, 0° = A(x)d¢ where ¢ is the gravitational potential.)
When measuring, for instance, the difference in altitude of two nearby points they are
essentially computing [, o3 along a curve joining the points. Note that if C = 9U is
a closed curve, then §.o® = [[,,dA Ad¢ = [[,, T will not vanish in general; there
is bound to be a natural misclosure in geodetic measurements! For more discussion of
the use of Cartan’s machinery in geodesy see Grossman’s article [G].

Problems

9.3(1) Verify (9.36).

9.3(2) e ® ¢ is a vector-valued 1-form that we have symbolically denoted by dr. (In
R" it is the derivative of the vector-valued O-form r, but on a general manifold it
isn't the derivative of anything.) Show that Vdr = e ® r = 7 is the vector-valued
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torsion 2-form. (Cartan would write d2p = ddp = 7, where p is the “position
vector.”)

IS

9.4. Change of Basis and Gauge Transformations
What is a gauge transformation?

9.4a. Symmetric Connections Only

In theremainder of Part Two we shall be concerned almost exclusively with symmetric
connections, 7 = 0. Cartan’s equations then become

Ve=¢cw
and (9.38)
do=—-wAo
9.4b. Change of Frame

We have defined the connection coefficients w = (w;k) in terms of a given frame e. If
we demand that V have a basis-free significance, we shall have to require the w’s to
have a special transformation property under a change of basis.

Lete’ =eP (i.e..e; = e,-Pfi) beachangeofbasis, where P = P(x) is a nonsingular
n x n matrix function. Then for a vector v we have v = ev = €'v' = e Pv’. Thus

e =eP (9.39)
v="P M

!

and sinceeoc = I = e'o’ = ePo’, we see that 0 = Po
o' =P lo (9.40)

We demand that V be well defined, independent of basis. Thus Ve = ew and
Veé' = €'’ must be compatible. Then Ve' = V(eP) = (Ve)P +edP = ewP +edP
must be the same as ¢'w’ = ePw’. We must then have wP +dP = P/, or

o =P 'wP+ P'aP (9.41)

This is the transformation rule for the matrix of connection 1-forms. In terms of two
coordinate frames, we have dx’* = (0x"'/0x/)dx’, and so P is the inverse Jacobian
matrix P = dx/9x’, and (9.41) states

i (ax”'> . (Bx" > N <ax"‘> ( 32x" ) 25"
w ;= w | — T a— X
! ax’ dax’’ ax’ dx’/ax"

If we write, as usual, o'; = wf(jdxk, then we could easily write out from this the
transformation rule for the connection coefficients a)z,j, found in all books on tensor
analysis. We shall have no use for this expression. We do wish to point out that a linear
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transformation has a matrix that transforms as A’ = P~'AP, that is, as the first term
in the right-hand side of (9.39). Thus w does not transform as the matrix of a linegr
transformation and consequently ) ; are not the components of a mixed tensor!

Look, on the other hand, at the matrix of curvature 2-forms 0.6’ = dow' + W' A @' =
d(P~'wP+ P 'dP)+ (P 'wP + P 'dP)A (P 'wP + P~'dP). From P~'P =
weseedP~'P 4+ P 'dP =0, or

dp~' = —p7'dppP~! (9.42)

You are asked in Problem 9.4(1) to put this in the expression for 8’ and compare thjg
with 6 = dw + w A w, yielding finally

6 =P 'oP (9.43)

Thus the matrix of curvature 2-forms transforms as the matrix of a linear transforma-
tion! From (9.35) we can see from this that Rj.,s are the components of a mixed tensor,
once contravariant and three times covariant.

This has the following consequence; if 6 = 0 in some frame then 6 = 0 in every
frame! The same cannot be said of the connection forms w, as is evident from (9.4]),
See Problem 9.4(2).

Letuslookat V applied to a vector field v. We have seen in (9.30) that Vv = e(dv+
wv). One checks immediately from this that V (ev) is indeed equal to V (¢’v’). In terms
of the column matrices involved we have, from (9.25), Vv = eVv = ¢'V’v/, where
V'v' = dv’ 4+ o'v'. This says that V'v' = P~'Vu: that is, the column Vv = dv + av
transforms as the column of components of a (contravariant) vector.

Let us introduce a more systematic notation. Let ey and ey be frames in open sets
U and V, respectively. We then have

€y = €yCyy (944)
in U NV, where cyy (formerly P), the transition matrix function,
cyv : UNV = Gl(n; R)

is a nonsingular matrix-valued function. Here G/ (n; R) is the general linear group,
the group of all nonsingular real n x n matrices. Of course cyy = cj,y,. Then

Oy = CyyOy
If vis a vector field in U N V, then v = eyvy = ey vy says
Vy = CyyVy (945)

is simply the transformation rule for the (column) components of a contravariant vector.
The components w transform as

wy = CyywycCyv + CvudCUv (946)
and for curvature

OV = CVUGUCUV (947)
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To say that V'V is a vector-valued 1-form is to say the following: Put (dvy + wyvy) =
Vyvus and so on. Then
vy = cyyvy implies Vyvy = cyy Vyuy ©0.48)

In other words, Vvcyyvy = cvyVyvy, or
VV OCyy = Cyy © VU (949)

We may then say that if v transforms as a vector then so does Vv.

Finally a remark on physical terminology. A frame field e, can be considered as
giving a basis for the sections of the tangent bundle over the open set U C M"; that
is the meaning of the expansion v(x) = ey (x)vy(x). Physics deals, as we shall see,
with other “vector bundles.” A frame of n “vectors” in physics is sometimes called an
n-bein. Thus a frame in Minkowski space is referred to as a 4-bein, or, in German, a
vier-bein. A local change of basis, such as e, = eycyy, is called in physics a gauge
transformation. A connection is an example of a gauge field, to be discussed at great
lengthin Part Three. Equation (9.41) then tells how this particular gauge field transforms
under a “change of gauge.” Finally, (9.48) or (9.49) is said to exhibit covariance of the
operation of covariant derivative.

Problems

9.4(1) Prove (9.43).

9.4(2) Consider R? with the standard metric ds? = dx2 + dy?. Thus gij = §jj in the
coordinate frame e =(3/9x, 3/3y). Thus w = 0 and 8 = 0. Now introduce polar
coordinates e = (8/0r,8/80) = ([dx/3r]8/dx + [ay/dr]@/Dy, ...). Write down
the change of basis matrix P and use o’ = P~'dPto give

0 -—rde
o =|do dr
r r
Verify that 8’ = 0.

9.4(3) Let a = eua{} be the local expression, in terms of the frame ey, of a vector-
valued p-form. If a is globally defined, we must have that «y = cyyay; that is,
a transforms as the components of a vector. If we define, as in (9.30), Vyay =
day + wy A ay, show that (9.49) holds again. This shows that Vo, defined in
(9.30), is well defined.

9.5. The Curvature Forms in a Riemannian Manifold
Why bother with noncoordinate frames?

9.5a. The Riemannian Connection

Note that in a Riemannian manifold, one can take any frame and convert it to an
orthonormal frame by applying the Gram—Schmidt process. We shall see that many
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computations become much simpler if an orthonormal frame is employed. Let us look
first at the connection forms.

Let us express the fundamental relation (9.20) in terms of a general frame e. We
may write d(e;, e;)(ex) = (Ve e;) + (e;, Vee;) = (e,w};, €;) + (e,-,e,w,",j),that is,
(dgij)(e) = grjwp; + g,«,w,ﬁj. But w}; = »";(e;) and w;j = w;(ek). We conclude that
dgij = grjw"; + girw" ;. If we define, as usual,

W = g,-,a)'j
then we have
dgij = wij + @ji (9.50)

as the basic relation for the compatibility of the connection with the Riemannian metric
(i.e., parallel displacement preserves scalar products).

In particular, ifthe frame is orthonormal, g;; = §;;, thenthe matrix of the connection
1-forms (with both indices down) is skew symmetric

Wij = —Wj; (951)
for an orthonormal frame.
Look now at the curvature 2-forms in any frame. We define
0 = g0 (9.52)

In an orthonormal frame of course we have ' i = wij, 6! j = 6ij, and so forth. Thus in
an orthonormal frame we have 6;; = dw;j + wir A w,j = —dwj; — wWjr N W = —0j;.
Hence in an orthonormal frame the 6 matrix, with both indices down, is also skew
symmetric. We claim that this is true in any frame! The matrix (6;;) is, from (9.52), of
the form G6, where G is the matrix (g;;). Under a change of basis 6 transforms, from
(9.41),as 6’ = P~'0 P, and the covariant tensor (gij) transforms as G' = PTGP.Thus
G'69’ = PTGPP~'9P = PT(GH) P. But this says that if G8 is skew symmetric in one
frame (as it is in an orthonormal one) then it is skew symmetric in every frame.

6, = —6; (9.53)

From (9.35) we see that for the purely covariant version of the Riemann curvature
tensor

Rijrs = _Rjirs (954)

is skew symmetric not only in the second pair of indices, but also in the first!

Theorem (9.55): Let e be an orthonomal frame field on a Riemannian mani-
fold M" and let o be the dual frame field. Then the Riemannian (Levi-Civita)
connection is given by the unique matrix w of 1-forms that satisfies

do =—wANo
and

Wij = —Wj;
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prooF: Introduce local coordinates x in the region covered by the frame. The
Riemannian connection I' in these coordinates is given uniquely by the Christoffel
symbols, I‘j. =T jdx"' . Under the change of frame to the frame e, we get new
unique connection forms w. Since the frame is orthonormal, w is skew symmetric.
Since the torsion vanishes, the second Cartan structural equation gives do =
—w A o. This shows the existence of the matrix w. For the uniqueness of such o,
see Problem 9.5(3). O

9.5b. Riemannian Surfaces M?

Let e be an orthonormal frame over a portion of a 2- dimensional Riemannian manifold
M?2. The matrix of Riemannian connection forms, w = (w;;), is askew symmetric 2 by 2
matrix of 1-forms. Thus w;, = —w,; and )| = wxn = 0; w is completely characterized
by the single entry w\,. The same is true of the matrix of curvature 2-forms 6 = (6;;).
Fﬁrthermore, 01, = dw\, + wy, A wy, that is,

0[2 = d(l)lz (956)

In particular, the curvature matrix of 2-forms is exact, 0 = dw, in the entire region
covered by the orthonormal frame.

In Section 8.5 we discussed curvature, but always in the context of a coordinate
system, that is, the frame was always a coordinate frame. We should note a simple fact
about coordinates, in any dimension. If x is a coordinate system with origin at p and if
P is any nonsingular constant matrix, then x’ = Px defines a new coordinate system
x' for which @ = 8(dx/dx’) = &P~'. In particular, given any frame e at p, by an
appropriate choice of P we may find a new coordinate system x’ such that 8= e at p;
thus if eis a frame field in a region holding p, we may always find a coordinate system
x' whose coordinate frame at the single point p is e!

Let e be an orthonormal frame at the point p of M? (with dual frame o). Let x'be a
coordinate system whose frame 8’ coincides with e at p. Since this coordinate system is

orthonormal at p, we have, inthe coordinate frameat p,6', = 0'', = 3, _ R, . dx" A

dx* = R ,dx"" A dx? = R, vol2 = K (p) vol?, where K = R''?, is the Gauss
curvature of the Riemannian metric. But under the identity change of frame at p, & = e,
we have 6, = 6{,. We thus have

0 =dw;, = Koo' Ao? = K vol? (9.57)

in any orthonormal frame.
This is a remarkable formula for it says that one can compute the Gauss curvature
by simply computing the single 1-form entry w, in an orthonormal frame!

9.5c. An Example

Let us compute (using what we shall call Cartan’s method) the Gauss curvature of a
surface with a metric of the form

ds® = du® + G*(u, v)dv* (9.58)
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This includes, for instance, the case of the sphere ds? = a?d6?+a® sin? 0d¢?* computeq
in Problem 8.5(2). In fact, we shall see later that on any surface we can introduce locq]
coordinates in which the metric takes the form (9.58).

The coordinate frame 8/8u, 8/9v is orthogonal but not unit. For an orthonormg]
frame we would have ds* = o' ® 0! + 02 ® 02, that is, ds? = (¢')? + (62)2. (These
are not exterior products.) Clearly we should define

o'=du and o¢?=Gu,v)dv (9.59)

(i.e., e, = 8/0u,e; = G~'0/0v). We wish to find the unique w; = —w;, satisfying
(9.55). Put then w;; = a(u, v)o' + b(u, v)o? for as yet unknown functions a and b,
Then

do' = —wp Ao?=—(ac' + bo®) No? = —ac' Ao?
But do! = d(du) = 0, and so a = 0 and w,, = bo?. Also
do* = —wy Aol =wp Ao =bo? Aot = —bo! Ao?

is to be compared with do? = d(Gdv) = G,du A dv = (G,/G)c' A o?. Thus

b=-G,/G and so
— (G2 G,d
oo = — [ 2* —_
12 G g 1« av

012 = dw)y = —Gdu Adv = —(G,,/G)o' A 2. From (9.57) we see

Gllll

K=— G for metric ds* = du® + G*dv? (9.60)

The reader interested in elasticity might glance at Appendix A, section g, where
Cartan’s methods are applied to Cauchy’s equations of equilibrium.

Problems

9.5(1) Use Cartan’s method to compute the Gauss curvature of the Poincaré metric
ds? = y~—2(dx? + dy?) in the upper half plane and check your result by first
making a coordinate transformation and using formula (9.60) directly. Save your
calculations for later use.

9.5(2) Acurveinthe plane, y = f(x), with f(x) > 0, is revolved about the x axis yielding
a surface of revolution. Write down the metric of the surface in terms of x and
the angular parameter ¢ (using the pictorial infinitesimal version of Pythagoras’s
rule, as we illustrated for the 2-sphere in Section 8.1a). Compute the curvature.

9.5(3) To show uniqueness of the connection form matrix w it is enough to show that
the only solutionto w Ao = 0 and wjj = —wjj is w = 0. Expand wj; = ajjco ¥ where
ais skew symmetric in (i j). But 0 = wjj A o/ = ajjxa% A o/ then shows that aiis
symmetric in (jk). Show that such a three-index symbol a must vanish.
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9.6. Parallel Displacement and Curvature on a Surface

When is parallel displacement independent of path?

We saw in Section 8.7 that parallel displacement of a vector between two points of a
surface is path-dependent; that is, parallel displacement of a vector v around a closed
curveresultsina final vector v that might disagree with vo. This phenomenon is referred
to as holonomy (and, as we shall see, is indeed related to the concept of holonomic and
pnonholonomic constraints studied in Chapter 6). We gave as an explicit example parallel
displacement around a small circle on the 2-sphere. There is a remarkable result, in the
case of surfaces, relating this holonomy vy # v, with Gaussian curvature.

Theorem (9.61): Let U C M? be a compact region in a Riemannian surface
with piecewise smooth boundary dU. Assume that U can be covered by a single
orthonormal frame field e (e.g., U may be contained in a coordinate patch). Let
a unit vector v be parallel translated around dU, starting with an initial vy and
ending with V. e defines an orientation in U. Then the angle Aa between vy and

vy is given by
ACY://KdS://KO'[/\O'z
U U

PROOF:

Figure 9.1

Parameterize 0U, let T be the tangent, and let « = 4(e;, v). Although «
(like v) is not single-valued on aU, da = (da/ds)ds is well defined and Aa =
£(Vo,vs) = §,, da. Now v = e, cosa + €; sina and so

Vv = e(dv + Q)U) = e;(dv' + 0)12112) + eg(dvz + 0)211)1)
= ¢ (—sinada + w; sina) + e;(cosada + wy Cos &)

= (—e1 sina + €, Cos a)(da - 0)12)
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To say that v is parallel displaced around aU is to say Vv(T) = 0, that is, from
the preceding,
doa —w;; =0 along U (9.62)
(meaning that do (T) = w,(T)). Then

Aa:deY:fa)u://da)u
U v 1%
=//912=//KO']/\02 O
U U

Note that from (8.14) we have the following:

Corollary (9.63): If M> C R?, then Aa = the signed area of the spherical image
of U under the Gauss normal map.

A connection is said to be flat if the curvature = 0
=0, orRX,Y)=0

for all vectors X and Y.

Corollary (9.64): Parallel displacement on a Riemannian surface is locally in-
dependent of path iff M? is flat, that is, K = 0.

By “locally” we mean that we must restrict our closed path to be the boundary of
a compact region, C = 9U, that is covered by an orthonormal frame. Consider, for
example, the Mobius band obtained by bending and sewing a flat strip of paper. Although
the usual picture of the band in R* appears curved, this 2-manifold with boundary has
K = Osince K is a bending invariant. If, however, one parallel translates the vector e,

along the midcircle of the band one ends up with e;(1) = —e,(0).
€5(0) ex1)
C(0) - €(0) == - oo eemeioie e CON e ey(1)
Figure 9.2

This does not contradict Theorem (9.61) since the midcircle C does not bound any
surface.

We remark further on the hypotheses of the theorem. It is crucial that there be an
orthonormal frame that covers U, for we measure the variation of v by comparing ¥
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with e; along aU. This requires e to be defined at least along aU. In order for w;
to be defined inside U we need, however, e to be defined in all of U. It turns out,
however, that this is not a serious constraint, at least in the case of an orientable U, for
the following reason. It can be shown that one can always find an orthonormal frame
in any noncompact orientable 2-manifold. (It is nor true that one can always cover it
by @ coordinate patch.) For example, given a closed orientable surface of genus g, if
one removes a disc, however small, one can always cover the remaining surface with
an orthonormal frame.

This has a remarkable consequence. Let M? be a compact oriented surface, and let
U be a small region on M, covered by an orthonormal frame e, and with boundary an
oriented curve C = dU. The complementary region M — U is also a compact surface
whose boundary is the oppositely oriented curve —C. As mentioned, M — U can also
be covered by an orthonormal frame e’. Parallel displacement of a vector v around C
then gives an angular change Aa = ([, KdS. But this vector is also being translated
around C = —3(M — U), and so Aa’ = — [[,, , KdS, where o = £(e, v). Thus

// KdS://KdS—I—/ KdS = Alx — &)
M U M-U

Butd(e — ') =d4(e,,v) —d4£(e},v) =dL(e, €)),and so

1
- / / KdS = total number of revolutions that ) makes (9.65)
y4 M

with respect to e, on going around C.

In particular,

1
—// KdS is an integer! (9.66)
2 M

Note that this “Gauss—Bonnet” theorem seems weaker than the Gauss normal map result
(8.20), which says that (1/47x) [[,, KdS is an integer, but it should be appreciated that
(9.66) holds for any (perhaps abstract) closed oriented Riemannian surface, whereas
(8.20) holds only for surfaces embedded in R®. (We shall see in Section 12.2a that the
real projective plane has a metric of curvature 1 that it inherits from the 2-sphere that
covers it twice. The area of R P? is half that of the sphere, that is, 27. Thus the integer
in (9.66) is in this case 1. This tells us that RP? cannot be embedded in R with this
metric of curvature 1!) In Part Three we shall spend a great deal of time discussing this
topological quantization rule and its generalizations and applications to physics. In
particular we shall identify the integer involved in (9.66).

Finally, some remarks about flat manifolds. Even a closed surface can be flat accord-
ing to our definition! The torus T2 with the abstract Riemannian metric ds* = d6°+d¢*
clearly has curvature 0. This is certainly not the usual metric induced from an embedding
in R, In fact, we have the following:

Theorem (9.67): The induced metric on any closed surface M> C R> must have
some point where K > 0.
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PROOF: We shall merely give a sketch. Let x be a point of R? that is not on M2,
Since M is compact, there is a point y on M that is farthest from x (since every
continuous function on a compact space achieves its maximum and minimum at
points of the space). Then the 2-sphere centered at x and passing through y is
tangentto M aty

Figure 9.3

and M lies entirely within the sphere. It should be geometrically clear that both
principal curvatures of M at y are of the same sign (since M must be bending
toward x at the farthest point) and of magnitudes greater than or equal to those of
the 2-sphere. Thus, aty we have Ky >||y —x 72> 0. O

Although the flat metric on the torus is not that induced from an embedding in R?, it
is remarkable that this metric is induced from the following embedding in R*, the so-
called Clifford embedding:

x' = cosb, x? =sin#, x3 =cos ¢, x* =sing

for certainly then ds? = 5 (dx")? = d6” + d¢*. Note also that this torus is in fact a
2-dimensional submanifold of the 3-sphere 3" (x/)? = 2 in R*.

Problems

9.6(1) What is wrong with the following argument found in many books? A vector v
is parallel displaced around a small closed curve C = 3U? in an n-dimensional
manifold M". Then dv’ = —o' v/ along C. Thus the total change in v/ on going

around C is given by
AV = ?{ dv’:—}{wijvf
c

= —// d(wijvj)
U



RIEMANN’S THEOREM AND THE HORIZONTAL DISTRIBUTION 263

—// d(a)ij)Vj—a)ij/\de
u
—//[dwik+wij/\a)jk]vk
u
e
u
1 i K Ayl s
- = R, vidx A dx
U2

9.7. Riemann’s Theorem and the Horizontal Distribution

When is ds? = > (dx/)??

9.7a. Flat Metrics

Linear algebra tells us that a constant quadratic form Q = Q,;dx'dx’ inR" can always
be reduced to diagonal form Q = 3~ A;(dz')? by an orthogonal change of coordinates,
7= Pijxj (see Problem 8.2(1)). If Q is positive definite, we can make a further (non-
orthogonal linear) transformation y* = z'/A; that will reduce Q to a sum of squares
0=>dy )2. We may say that a constant Riemannian metric can always be reduced
to the “flat” or “euclidean” form. Suppose now that we have a variable Riemannian
metric g;;(x)dx'dx’ in a coordinate patch of an M". By the previous arguments, we
may always make a linear change of coordinates y' = P’ ;x4 so that the metric will
take the form " (dy*)? at a single point, say the origin. Is it possible that by making
perhaps a non-linear change of coordinates y = y(x) we can put the metric in the
locally euclidean or flat form Y (dy’)? in the entire coordinate patch, or at least in
some neighborhood of the origin?

It was for precisely such considerations that Riemann was led to introduce his
curvature tensor; we know thatif one could introduce such coordinates y, then g;; = §;;
in those coordinates, the Christoffel symbols would vanish and so the curvature tensor
inthe y coordinates would vanish. Since the curvature tensor is a tensor, it would have
to vanish in the x system as well; in order that a Riemannian metric can be reduced to
the locally euclidean form, the Riemann tensor must vanish. Riemann also noted that
theconverse is also true. We shall now discuss all these matters from a more geometrical
viewpoint.

9.7b. The Horizontal Distribution of an Affine Connection

Parallel displacement of a vector v along a parameterized path C in M" is described by
the local system of differential equations

dv ; L fdx!
ar Teno (7) =0

The functions (x(¢), v(z)) define a curve C’ in the tangent bundle TM to M that lies
“over” the curve C (recall that (x, v) are local coordinates for TM).
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PN

Figure 9.4

Since the projectionmap 7 : TM — M is of the form (x, v) — x, thatis, since we
are allowing ourselves to use x for coordinates in both M and TM, the pull-back of the
connection forms w on M to TM is given by the same expressions as w in M

T (w'y) = rr*(w}kdxj) = w}kdxj

For this reason we shall frequently omit the pull-back symbol z*. Then parallel dis-
placement tells us that the lifted curve C’ is that curve in TM over C having the property
that the following 1-forms in TM

wi=dvi + o' vk

vanish when restricted to C’, u'[(dx"/dt)8/0x" + (dv"/dt)8/8v")] = 0. We write
simply

W =dv' 4+ o' f =0 (9.68)

as the equations describing parallel displacement.

The Pfaffian equations ' = 0,i = 1, ..., n, define a distribution H in TM. Since
w' AL A" =dv' A...Adv" + terms involving the dx/, we see that !, ..., u" are
linearly independent, and thus the distribution is a distribution of n-planes in the 2n.-
dimensional TM. Furthermore, it is clear that no nonzero “vertical” vector a’8/0v’,
that is, a vector tangent to a fiber 7 ~!(x), is ever in this distribution. This implies that
at every point the n-plane distribution is complementary to the vertical n-planes that
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are tangent to the fibers. There is usually no natural Riemannian metric in 7M and thus
it makes no sense to talk of H as being orthogonal to the fibers; still, we shall refer to
H as being the horizontal distribution.

We should remark that although H has been defined using local coordinates and
while we certainly cannot expect the individual forms 4 to have intrinsic meaning, the
distribution H does have global meaning since it has been constructed using parallel
displacement. Analytically, if u” = dv" + o" V' are the forms in an overlapping
patch, then, under the change of frame & = AP in M, we have v' = P~'v and then,
from (9:41)

p=dv+ov=dP'v)+ (P 'wP+ P 'dP)P'lv=dP v+ P 'dv
+ P 'ov+ PT'dPP'v=P ' dv+wv) =P 'u
Thus u = 0iff u” = 0, and H is well defined. Hence

Theorem (9.69): A connection for M yields a distribution of n-planes H in TM
(the horizontal distribution) that is transverse to the fibers. A curve C' in TM
represents parallel translation of a vector along a curve C in M iff C’ covers
C,nC' = C, and C' is tangent to the distribution H.

To say that v returns to itself after being parallel translated around a closed curve C
in M is to say that the “lift C’' of C to TM viav,” thatis, x = x(¢), v = v(¢), is itself a
closed curve tangent to H.

cylinder over C;

leaf of H through (xo. vo)

T

X0 c M

Figure 9.5
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Ifthe distribution H is integrable, and if we choose a closed curve C) that is so Sma]]
that its lift C] lies in a Frobenius chart (see 6.1a), then C} will also have to be clogy
since it will have to lie on a small portion of a leaf of the foliation; see the figure. Thjg
need not be the case if the curve C is “long,” as illustrated. On the other hand, if i is
not integrable, we do not expect a closed curve C to have a closed lift C'.

When is the horizontal distribution H integrable?

Theorem (9.70): The horizontal distribution H is integrable (and consequently
parallel displacement is locally independent of path), iff the curvature vanishes,
that is, M" is flat.

PROOF: H is defined briefly as 4 = dv 4+ wv = 0. Then
du =d* v+ dov — w A dv =dov —w A (L — wv)
=dwo+wAw)v—wAu==60vmodpu

where by “mod ©” we mean the result of putting © = 0 (see 6.1c). Thus du =
6v = 0mod w if & = 0. Thus H is integrable if the curvature vanishes. On the
other hand, if H is integrable, then, from Theorem (6.2),

O=du' Al AcoAp”

=@ v —o Ay Au AL AR
=00 Au' AL AW
=600 Adv' + 0" V)AL A (dV + @)

=6';v/ Adv' A...AdV" +  terms where some dv’is missing

Hence 6 jv/ = 0fori =1,...,n,and all v. Thus § = 0. O

9.7¢c. Riemann’s Theorem

Theorem (9.71): Ina Riemannian manifold, one can introduce local coordinates
y such that the metric assumes the euclidean or “flat” form

ds® = (dy")? + ... (@dy")?

iff the curvature vanishes, 6 = Q.

proOF: The “only if” part has already been discussed in 9.7a. Suppose now that
the curvature vanishes. Then the horizontal distribution H

wo=dv' + F,’;, F=dv' + F;kvkdxj =0

is integrable. (Here I" are the coefficients of the affine connection with respect to
the coordinate frame 8/8x, that is, the Christoffel symbols.) Since H is transverse
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o the fibers 77" (x) of TM, this means (as in the system of Mayer—Lie of Section
6.2b) that we may locally solve the system of partial differential equations

vt
@ + ijvk - 0 (9-72)

v'(xo) = vj prescribed

In particular, given x, and given n linearly independent vectors e‘l), R eS at xo,

we may find vector fields ey, .. ., e, coinciding with e’ at xy and each satisfying
(9.72); that is, each is covariant constant
Ve, o
— = Ve, — 1] =0 9.73
ax/ ( Oxi > ( )

for all r and j. Thus if we let w be the connection forms with respect to the new
frame e, we have Ve = ew = 0, and so w = 0.
Note that we have actually shown, so far, the following.

Theorem (9.74): For any affine connection with curvature 0, one can find a local
frame of covariant constant vector fields.

Finally, consider the 1-forms o dual to the frame e. If the connection is sym-

metric, as it is in the Riemannian case, we have do’ = —w'; Ao/ = 0, and
so each of the 1-forms o' is closed and, by Poincaré, locally exact. Thus there
are local functions y', ..., y" such that ¢ = dy‘. This means that ¢; = 8/39y'.

In the Riemannian case, if the €® had been chosen orthonormal at x, then the
frame fields e would also be othonormal in the entire y coordinate patch since
dlei,ej) = (Ve;,e;) + (e;, Ve;) = 0. Since the coordinate frame 9/9y is
orthonormal we have ds? = (dy")? +...(dy"?. O

A final remark. Let M? be the frustum of a cone that is tangent to a small circle C
on the round 2-sphere. The cone is flat, yet we have seen, when first discussing parallel
displacement, that parallel displacement of a vector along C does not return the vector
toitself; there is no covariant constant vector field on the flat cone! This does not violate
Riemann’s theorem since that theorem only locally exhibits a flat frame.






CHAPTER 10

Geodesics
—

How rapidly do nearby geodesics separate?

10.1. Geodesics and Jacobi Fields

10.1a. Vector Fields Along a Surface in M"

Letx :U C R* - M" be a differentiable map of a rectangle in the plane into M”. We
call this map a (parameterized) surface even though we put no demands on the rank of
the differential x,; that is, 0x/ du' and ox/ ou? may be dependent.

v
x,(3/0u') = 3x/ou’
Mn

x,(3/5u?) = 8x/0u?

u?

/8u? U

a/ou!

!

Figure 10.1

Letus again put ! = u and u? = v.

A smoothmapv: U C R? - M that assigns to each (u, v) in the rectangle a
tangent vector v(u, v) to M at x(u, v) will be called a vector field along the surface x.
Inparticular, 9x/du and dx/dv are both vector fields along x that happen to be “tangent”
to the surface. Of course [8/0u, &/8v] = 0in U, but we cannot talk of [0x/du, dx/dv]
since the two entries in the bracket are not vector fields on M". If they were vector
fields, we could consider their bracket, and if M” had a torsion-free connection this
bracket could be expressed in terms of covariant derivatives (see (9.16)). Even when
they are not vector fields we still have that, for example, dx/dv is defined along the

269
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orbit of 3x/du, that is, the u-curves. The following is an important computational tog)
that replaces (9.16).

Theorem (10.1): Let x be a surface in a manifold M" with a symmetric connec-
tion. Then we have, as vector fields along the surface,

\v4 <8x> _ v <8x>
du\dv/)  0v\du
PROOF: Letx!, ..., x" belocal coordinates for M. Then, for example, 0x/0v =

(3x'/0v)8;, where 8; = 8/0x". If we fix v, then taking the covariant derivative
of dx/dv along the u-curve gives, from Leibniz,

V [/ /ax! 92x! dx!
8—u(<¥>8'> = (8u8v>8i + (E)Vax/au(ai)

Now 8x/8u = (3x’ /3u)d; andusing V5,8, = ¥, 8, yields V /3u((3x'/3v)d;)

= (azxf/auav)ai+(8xi/8v)(8xf/8u)w§i8k, which is symmetric in « and v since
ok = ok 0O
i = Wi

The next result is a replacement for Theorem (9.10).

Theorem (10.2): If w is a vector field defined along the surface,

v Vw) v <Vw ox 0x
——)~-——)=R|—,— |w
ou \ dv ov \ du ou ov

where R(0X/du, 0X/0v) is the curvature transformation defined in Theorem (9.10).

PROOF: W = w'(u, v)8;. Then

V /(Vw v ow' ;. VO,
—— | ==—<|{— |0+ w
du \ ov u Jv Jv
82w’ ow' VB, ow' VB,
= 0+ | — +|(— | —
Judv dav ou u v

iv<va>
+

w_— —_—
du \ dv
V(Vw> V(Vw)
du \ dv ov \ Jdu

(5 -
- du \ v v\ du

and so

(10.3)
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But
2w ()0 - (2)ven
Thus )
J J
e300} = (5aaw ) Vo0 + (57 (5 ) vavae
Then

)
(5)(2)- ) ()

a.’
)( X ) V0.V, — V3 V58]

)( )R(ak,a )(8))
g ax/
A

Putting this in (10.3) ylelds (10.2). O

Il
% TN TN /N o 4
— m’m ml

10.1b. Geodesics

We now return to the discussion of geodesics initiated in Section 8.6, but now we shall
carry out the calculation intrinsically and in an n-dimensional Riemannian manifold
M". Since our definition of covariant differentiation was tailored after the discussions
in that section it should come as no great surprise that we can essentially mimic the
calculations given there.

Let C be a curve in the Riemannian M". To “vary” C is to consider a surface
x:[0,L] x (-1, +1) —> M" parameterized by s and «

Figure 10.2
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such that x(s,0) describes the original curve C. The varied curve C, is given by
s > X(s,a), where s is arc length for « = 0, that is, along the base curve, by
not necessarily so when a # 0. We proceed as in 8.6. The length of C, is L(a) =
i (ax/0s, 9x/8s)2ds.

Since M is Riemannian, we have

i(v w)—<2 w>+<v E>
a1\ B’ " da

In the derivation of (8.36) we used 3°x/dads = 8°x/3sda; this is now replaced by
(10.1), that is, V /da(9x/9s) = V /ds(9x/dc). In Problem 10.1(1) you are asked to

show that
L'(a) = /L<B_x 8_x>"”<z<a_x) %>d
®= )y \as os as\oa) 35/
o (10.4)
/ L vT
L= o=@ - [ {150 )as

Here T = 0x(s, 0)/ds is the unit tangent along C, J = 9x(s, 0)/d« is the variation
vector, and P = x(0, 0) and Q = x(L, 0) are the beginning and endpoints of C.
We now shall call any parameterized curve C, x = x (), a geodesic if

Z(“ ~0 10
dt E)_ (10.5)

d<dx dx>_2<dx V(dx)>_0
de\dt dt/  “\dt dt\dt)/]

This shows that | dx/dt ||= constant, and so the parameter t is, except for an additive
constant, proportional to arc length. We shall call such a parameter a distinguished or
affine parameter.

A geodesic thus gives, from (10.4), first variation zero for variations that vanish at
the endpoints.

Note then that

10.1c. Jacobi Fields

Let C now be a geodesic, and let us vary C by curves C, where each C, is itself a
geodesic, parameterized by a parameter s that is proportional to arc length. The best
example to keep in mind is probably the family of great circles on the round 2-sphere
all passing through the north pole.

In talking about geodesic “separation” we are interested, as far as local coordinates x
go, in the behavior of a pair of points x (s, &) and x (s, 0) as we increase s, that is, as we
move along both geodesics at unit speed. The n-tuple x' (s, o) —x' (s, 0) has usually non-
linear behavior as a function of s. Jacobi’s equation, to be derived later, is the linear equa-
tion governing the linear approximation aJ = «[dx(s, @)/da].—o to [x (s, &) —x(s, 0)].

Let us use the notation T = 0x(s, «)/ds for the tangents to the geodesics along the
curves and J = 9x(s, o)/da for the variation vectors; although these usually are not
vector fields on M, they are vector fields along the surface of variation. A differential
equation satisfied by the variation vector field J(s, 0) can be obtained as follows.
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Since each C, is a geodesic we have VT /ds = O for all «. Thus, from (10.2) and
(10.1) we have
0= v (VT) v (VT
- ds as \

YT ()
=5V;{ < >}+R(JT)(T)
<

) + R(J, T)X(T)

= z —J> + R(J, T)(T)
ds \ 0
or v2J
+R(J, T)(T) =0 (10.6)
ds?

This is Jacobi’s equation of geodesic variation. If we pute = 0, itis a (complicated)
second-order system of linear ordinary differential equations for J in terms of s. Any
field J along a geodesic C that satisfies (10.6) will be called a Jacobi field along C. Itis
not difficult to see that a Jacobi field always arises as the variation vector field resulting
from varying the given geodesic by some 1-parameter family of geodesics. For such
matters see [M].

In the case of a 2-dimensional surface M? this equation reduces to a simple form
discovered by Jacobi. Let C be a geodesic with unit tangent T and let T+ be a unit vector
field along C that is orthogonal to T. T is parallel displaced along C and, consequently,
sois T+ (why?). Let J be a Jacobi field along C. We may expand

J(s) = x()T + y(s)T

where x and y are the tangential and normal components of J. Since VT/ds = 0 =
VT!/ds, Jacobi’s equation becomes

V3]  d* d?y

— = T+ —=T!=—-RGT+ T+, DT

ds? ds? + ds? GT+y )
= —R(YT:, T)T = —yR(T, T)T

Then
d*y
e
Let us express everything in terms of the orthonormal frame e; = T, e, = T+ along
C.Since (R(X,Y)Z, W) = Rj.k,X" Y!ZJ W, we see from (9.54) and (9.13) that

—y(R(T+, DT, T*)

(R(e,e)e1, &) = Ry, = Rozi = R = K
Jacobi’s equation becomes
d*y/ds*+ Ky =0 (10.7)

The function y represents, roughly, how the “normal” separation of nearby geodesics
1s changing as we move along the geodesics. Consider, for example, the great circle C
of longitude zero on the 2-sphere defined by ¢ = 0, starting at the north pole 8 = 0
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and ending at the south pole § = 7. We can vary C by the meridians of longitude
¢ = constant; our parameter « = ¢ in this case. Equation (10.7) in this unit sphere
case becomes d’y/d6* 4+ y = 0 and since y = 0 at 6 = 0, the solution is y = Asing,
We see just from this that the geodesics that were originally separating at the north pole
tend to come together at the south pole. In fact, J = 9x/9¢, T = 9x/96, and T+ jg
dx/0d¢ made unit. Then y =| dx/d¢ | = sin6.

In the n-dimensional case, J represents how the geodesics,ina 1-parameter family of
geodesics, are separating. It is not true, however, even in 2 dimensions, that if J(s¢) =
for some arc length value sp, the geodesics have actually come together (as they dig
in the round S? case); it means only that the separation distance vanishes in the linear
approximation at s.

From (10.7) it is clear that the sign of the Gauss curvature K is crucial for up-
derstanding the behavior of nearby geodesics on a surface. If K(u,v) > a™? > (is
positive on M? then the Sturm theory of differential equations tells us that if y(0) =0
then y(sp) = O for some sy < ma, and thus a family of geodesics that start at the same
point will meet again, in the linear approximation, before traveling a distance wa. On
the other hand, if K(u,v) < 0, and if y(0) = O, then y(s) will never vanish again
unless y is identically 0. This does not mean that a pair of geodesics starting out from
a point will not meet again; on the flat torus ds? = df* + d¢>, the geodesic ¢ = 0,
and the geodesic & = 0 start at (0, 0) and meet repeatedly at (2w m, 27rn). It means
only that a 1-parameter family will not come together. There are similar statements
about the influence of the Riemannian curvature tensor on the “stability of geodesics”
in n dimensions. Arnold [A, p. 340 ff.] discusses the problem of long-range weather
prediction using an infinite-dimensional version of Jacobi’s equation.

10.1d. Energy

Wehave discussed geodesics in terms of yielding a critical point for the length functional
[ | dx/dt || dt, thatis, first variation zero; in classical language & [l dx/dt || dt =0.
It is not difficult to see (in fact the computation is even simpler) that one also gets
geodesics by varying the integrand | dx/dt || instead

)

(It should be noted that unlike the case of arc length, this integral depends on the
parameter ¢ employed.) This new functional is called the action or energy for reasons
that will become apparent in the next section. Some books (e.g., [M]) discuss energy
rather than length, with final equations that are always rather similar to ours.

d 2
ax dr =0
dt

Problems

10.1(1) Derive (10.4).

10.1(2) Consider the Poincaré upper half plane, ds? = y=2(dx? + dy?). As in Problem
9.5(1) we have an orthonormal frame e; = y8/8x, e, = yd/8y. Show that
the vertical lines are geodesics, Ve,/ds = 0, by using Cartan’s equations
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Ve,/ds = ejw's(ep). Thend = 8/8x is a Jacobi field along the geodesic x = 0.
Verify that Jacobi’s equation (10.7) is indeed satisfied. Note that || J |- oo as
y — 0; that is, the vertical geodesics are separating as we approach the x axis.

10.1(3) Show that a Jacobi field J that is orthogonal to its geodesic at two distinct
parameter values s = 0 and s = s; # 0 (e.g., if J vanishes at s = 0 and
s = s1) must always be orthogonal to the geodesic. (Hint: Derive from (10.6)
a second-order differential equation that is satisfied by (J, T).)

——

10.2. Variational Principles in Mechanics

Consider a double planar pendulum with arms of different lengths. Is there always a periodic
motion where the top arm makes p revolutions and the bottom makes g?

In Section 4.4 we discussed analytical dynamics in phase space, that is, the cotangent
bundle 7*M to the configuration space M". Our main purpose was to exhibit the
usefulness of both exterior differential forms and the fact that Hamiltonian mechanics
is, in a sense, the discussion of a particular vector field on 7*M x R and its effect
on the symplectic form w? Hamilton’s variational principle in phase space, Problem
4.4(12), due, I believe, to Poincaré, was carried out using Lie derivatives to calculate
the variations. In the present section we shall return to these considerations, but we
shall emphasize more both the physical and geometric motivation and also the classical
language of the variational calculations. We shall also include the relation between
Hamilton’s principle and the geodesics on the configuration space. We shall defer the
tensorial properties of the variational calculus to Section 20.1.

We shall use a brief notation, omitting indices whenever possible; for example, we
shall write pdq rather than p;dq'.

10.2a. Hamilton’s Principle in the Tangent Bundle

The configuration space of a dynamical system is an n-dimensional manifold M". Let
q', .. ., q" be local coordinates in M”.

The kinetic energy is frequently of the form T = (1/2)g;;(q)¢'q’, where g;;(g) is a
positive definite matrix constructed out of a metric tensor for M" and also the masses
of the particles of the system. For example, in the case of a particle moving in the plane
with polar coordinates g' = r and g> = 6 we have ggg = mr? since

r-3[(8) (%)

It is sometimes convenient to use 2T to define a new Riemannian metric for M",
ds* = 8ij (9)dq'dq’. Thus (g, q) = 2T. The momentum p is the covariant version of
the velocity, p; = g;; ¢/. The obvious expression of Newton’s law of motion in the case
when the forces are derived from a potential, dp; /dt = —3V /34", makes no sense since
theright-hand side gives the components of the covector —d V', whereas the usual deriva-
tive of a covector (or a vector) along a curve has no intrinsic meaning. Toremedy this we
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write the proposed “law” in contravariant form, d¢* /dt = —g*'9V /dq' = —(grad V),
and then replace the ordinary derivative by an intrinsic or covariant derivative
Vq
7 = —gradV (10.8)
In coordinates
dq' . %
- Hlad’d = —g"ﬁ

It should not be surprising that Newton’s law can be put in the form of a variationa]
principle since the intrinsic derivative arose, in our treatment, when considering the
variation of arc length.

Consider a variation g = ¢q(¢, «) of a parameterized curve g = q(t) in M; we write

q(t, @) =q@) +an() (10.9)

for some function n. Then dg (¢, @) /0« = n(¢). Classically [0q (¢, @)/da]o=0 = 1(¢) is
written éq, and is called a virtual displacement. Then the first derivative of the integral
fab V(g)dt is classically written

5/: V(q)dt = (%)M[/j V(q)dt]
- [ 152 el
a 0q 0 |40

V@), [PV
—/a [ dg ]ndt—/a [ dq ]ath

Consider now the variation of the kinetic energy fab(l/ 2)(q, q)dt. The integrand is now
a function T of both g (which appears in the metric tensor) and g. We have computed
the first variation of the more complicated fab (g, q)'/*dt in (10.4). Essentially the same
computation (but easier!) will give

b1
8/ (4. 4)dt = (8q, 4)(B) — (84, 4)(a) (10.10)

2
b \vg;
q
- —, 8q )dt
/ < di ">
We then see that Newton’s law (10.8) is equivalent to the variational principle
b b
8/ Ldt = 8/ T —-V)dt =0 (10.11)
provided

8q =0 atr=a andt=0b

We now accept as a generalization Hamilton’s principle (10.11), for systems witha
general Lagrangian L = L(q, g, t), at least in the case where all the forces are derived
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from a potential. We shall write down the associated Euler-Lagrange equations using

classical notation.
L is a function in the extended tangent bundle TM x R of the configuration space
M. Then a variation (10.9) of a curve C in M will yield a variation of the velocities.

From (10.9), q(t,a) :==0q(t,a)/dt = q(t) + an(t) and so

8¢ =n=©q)° (10.12)
Thus a curve g (¢) in M yields a lifted curve {g(¢), g(¢),¢} in TM x R and we shall
consider a variation of this lifted curve that arises, from (10.12), as the lift of the variation

in M! We make no variation of the time parameter ¢. Then, in classical language (all
integrations going fromz =atot = b)

s [{(E e (2o
(e ()
SR T T
- ()~ 32 o ]

Since we assume that the variations vanish at the endpoints, dq(a) = éq(b) = 0, and
since the variations dq inside are arbitrary, we get Lagrange’s equations

L d /9L
= _(_,> =0 (10.14)
dg  dr \ g

Since the parameter « no longer appears (we are evaluating the derivative at o = 0) we
have written d/d¢ rather than d/0:.

(10.13)

a

10.2b. Hamilton’s Principle in Phase Space

(10.11), that is, Hamilton’s principle in T M, was the starting point of our treatment of

mechanics in Section 4.4a. Itled, in Problem 4.4(12) to Poincaré’s version of Hamilton’s
principle in phase space 7*M. In classical language,

8/pdq—Hdt=O (10.15)

They are equivalent (at least when the map p : TM — T*M given by p = 0L /dq
is invertible) since Lagrange’s equations and Hamilton’s canonical equations (4.47)
are equivalent. However, the differences in these two versions of Hamilton’s principle
should be kept in mind.

In the variational principle leading to Lagrange’s equations earlier we considered a
curve g = g(¢) in M, its uniqueliftto TM x R (using ¢ = dq/dt), and variations in the
Velocity variables that arose from the time derivatives of the variation of the coordinates,
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8qg = d/dt(8q).Thus a variation of the configuration space curve led to a Unique
variation of the lifted curve in T M. The variations of q and q are not independeny

In Poincaré’s version we deal directly with an arbitrarycurve C,q = q(t), p = p(),
lying in T*M x R, that does not necessarily correspond to a lifted curve in T M. Thug
if we solve for g in terms of g and p = dL/dq, that is, when we look at the curye
in TM corresponding to C, g is not necessarily dq/dt! Furthermore, the variationg
8q and Sp are arbitrary: We deal with variations that are not the lifts of variations of
curves in M. Although we do again require that g = 0 at the endpoints, we make y,
such requirements on §p. Not only this, in the phase space version we may even vary
the time parameter t, provided 8t = O at the endpoints. Hamilton’s principle in T*y
is simpler; for one thing, pdg — Hdt is simply a 1-form in the space T*M x R, and jt
is a simple matter to differentiate the integral of a form using the Lie derivative. Thig
is the reason why the symplectic form w? is conserved under the canonical flow.

Let us reproduce the derivation of (4.48), but given now in classical notation. Insteaq
of (10.12) one writes § dqg = d 8q, and so forth. Then

S/pdq — Hdt = /Spdq + pédq — §Hdt — Hédt

i oH oH oH
= / dpdq + pd(dq) — <—8q +——d0p+ —8t>dt — Hd(ét)
aq ap at

= /3pdq + {d(pdq) — dpdq}

oH oH oH
<—8 + —ép +—8t> — {d(Hét) — dHét)

aq ap a
-/ [—dp _ <8H>dt]8q n [dq - <ﬂ)m]ap
aq ap
oH
+ [_ (W)d’ 4 dH]cSt + [[dtpsq — s (1016

Since 8¢ = 0 = &t at the endpoints, the last integral vanishes. Since 8¢, ép, and 4t
are now otherwise arbitrary, we conclude that § [ pdg — Hdr = 0 is equivalent to
Hamilton’s equations.

10.2c. Jacobi’s Principle of “Least” Action

The kinetic energy T, as a function on T M, yields a Riemannian metric on M

dq dq> .
,q) =2T
< o (g, 9)
We have already defined L = T — V, and so, since p is the covector associated
tog,H=pqg—L =1{q,q) — (T —V) =T+ V is the total energy. Assume that
H = H(q, p) isindependent of time, d H /0t = 0. We know from Hamilton’s equations
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that H s a constant of the motion. Thus the trajectory C of the dynamical system, thatis,
_ q(n), p = p(t) satisfying dq/dt = 9H /dp and dp/dt = —9H/dq in T*M, lies
onthe constant energy locus
Ve =1{(q, p.t) : H(q, p) = constant E}

Furthermore, assume that d H # 0 on Vg (by Sard’s theorem this is generically so).
Then this locus Vg is a 2n-dimensional submanifold of T*M x R. We shall assume
that the given trajectory C is such that E — 'V is always positive along C. Project the
curve C down into the configuration space M, obtaining the curve C’, which describes
the spatial configurations traced out by the dynamical system. We shall now vary the
curve C in T*M x R as follows. In Figure 10.3 we illustrate the special case of the 1
dimensional harmonic oscillator with H = P’ + 4>

Ve

U

T*MxR

lift of C&

Figure 10.3

Let C! be a variation of the curve C’ always starting and ending at the same points
as (', that is, 8¢ = 0 at the endpoints ¢ (z,) and q(t,). We are going to lift the varied
curves C'(«) to yield a variation of C that always lies on the hypersurface H = E, by
merely changing the speed at which we traverse C’(a) in M. We do this as follows. The
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curve C’(a) is some parameterized curve g, = q(t). Consider the velocity ¢ = dq /dy
at the point g (7). This determines a specific p, = dL /g in the momentum fiber ove;
q(1), that is, the vector space R" of all covectors at g(t), but this point in the fiber
need not lie on H = E. The hypersurface H = E intersects this fiber in the quadratjc
(n — 1)-dimensional ellipsoid T'(p) = E — V(q(t)) defined by the kinetic energy. We
may assume that the constant £ — V (g(t)) is positive, since this was true for the origing]
curve C. Thus p, is a nonzero vector in the fiber R" and so a unique positive multiple
of it will end on the ellipsoid T (p) = E — V(q(t). This is the new momentum that we
assign to the point q(t) on C,; it is simply a positive multiple of the original p, on C..
By doing this at each g(t) on C, we define a lift of C,, that lies on H = E; that is, we
have covered each C,, by a curve C, representing a motion with total energy H = E,

By construction, each C, starts at the same g and ¢ = ¢, as does C (with perhaps
different p) and although all end at the same g they needn’t all end at t = t,. The time
t = t(a) is determined by the fact that the spatial locus C,, is given together with the
speed along this locus, since H = E.

Look now at Hamilton’s principle in phase space and the variational calculation
(10.16).

If all of the C, ended at the same ¢t = t,, then Hamilton’s principle would give
8 Jo pdqg — Hdt = 0 since C = C(0) is a Hamiltonian trajectory, but now we can
expect the boundary term [ d[pdq — H§t] to play a role. From (10.16)

5/ pdq — Hdt = [pSq — H811}
C

where 1 is the beginning point and 2 is the endpoint, all in 7*M x R. But §q vanishes
at both ends, and 6t = 0 at the beginning, and so

6/ pdg — Hdt = —FEét,
c

rather than 0. On the other hand, since our varied curves all lie on H = E, we have
directly

S/deq _ Hdr = (8/deq) — Ebt,

Comparing these expressions gives the following:

Theorem (10.17): Consider all parameterized smooth curves C' in configuration
space M, q = q(t), starting at qo and ending at q,, each parameterized so that the
total energy H is a given constant E along the path. Then fq 'f)' pdq is a functional
of the path. A path C' is the projection of a Hamiltonian trajectory in T*M x R
(i.e., C' is the trace in M of a path of the dynamical system) iff

8/pdq=0atC’

for all variations having H = E and 5q = 0 at the given endpoints.
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This principle can be put in the following form. Along the curves ¢ = () in M
parameterized by time, we have pdq = p(dq/dt)dt =| q ||* dt = 2Tdt, where T is
the kinetic energy. Thus, vaguely speaking, the trace of the dynamical system point in

g-space is such that
) / Tdt =0

among all curves with the same total energy E. (Note, however, that the ¢ interval of
integration changes for curves in a variational family.) This is the principle of least
action of Maupertuis and Euler (1744). Jacobi restated and proved the following
version, using the language of geodesics.

If we have H = E along the path,thenT = H — V(q) = E — V(q). Now

ds =| ¢ || dt = V2v/Tdt (10.18)

is the element of arc length in M given by the kinetic energy, and so V2Tdt =
J2VTTdt = \/Tds = [E — V(q)]"/*ds. We then have

Theorem (10.19): Jacobi’s Principle of “Least” Action

The trace in M of a Hamiltonian trajectory of constant total energy E is a
geodesic in M for the Jacobi metric given by dp := ~/Tds = [E — V(¢)]'/ds,
where ds is the standard metric given by the kinetic energy

8/d,0 :5/[5— V(g)]'?ds =0

Note that this metric is only defined on the part of M where E > V(q) (i.e., where the
kinetic energy T is > 0). If V is bounded above on M, V(g) < B for all points of M
(e.g., if M is compact), then the metric makes sense for total energy £ > B.

As we know, geodesics yield a vanishing first variation, but this need not be a
minimum for the “action” [ || ¢ ||* dt.

10.2d. Closed Geodesics and Periodic Motions

A geodesic C on a manifold M" that starts at some point p might return to that same
point after traveling some arc length distance L. If it does, it will either cross itself
transversally or come back tangent to itself at p. In the latter case the geodesic will
simply retrace itself, returning to p after traveling any distance thatis an integer multiple
of L. In such a case we shall call C a closed geodesic. This is the familiar case of the
infinity of great circles on the round 2-sphere.

If a 2-sphere is not perfectly round, but rather has many smooth bumps, it is not
clear at all that there will be any closed geodesics, but, surprisingly, it can be proved
that there are in fact at least three such closed geodesics! The proof is difficult.

Closed geodesics in mechanics are important for the following reason. The evolution
of a dynamical system in time is described by a curve ¢ = ¢(¢) being traced out in
the configuration space M, and by Jacobi’s principle, this curve is a geodesic in the
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Jacobi metric dp = [E —V (¢)]'/*ds. Thus a closed geodesic in the configuration space
corresponds to a periodic motion of the dynamical system. A familiar example is givey
by the case of a rigid body spinning freely about a principal axis of inertia.

Not all manifolds have closed geodesics.

Figure 10.4

The infinite horn-shaped surface indicated has no closed geodesics. It is clear that the
horizontal circles of latitude are not geodesics since the principal normal to such a curve
is not normal to the surface. Furthermore, it is rather clear that any closed curve on this
horn can be shortened by pushing it “north,” and such a variation of the curve will have
a negative first variation of arc length, showing that it could not be a geodesic. (One
needs to be a little careful here; the equator on the round 2-sphere is a geodesic and it
is shortened by pushing it north. The difference is that in this case the tangent planes
at the equator are vertical and so the first variation of length is in fact 0; it is the second
variation that is negative! We shall return to such matters in Chapter 12.)

One would hope that if a closed curve is not a geodesic, it could be shortened and
deformed into one. A “small” circle of latitude on the northern hemisphere of the sphere,
however, when shortened by pushing north, collapses down to the north pole. Somehow
we need to start with a closed curve that can not be “shrunk to a point,” that is, perhaps
we can succeed if we are on a manifold that is not simply connected (see Section 21.2a).
But the circles of latitude on the horn-shaped surface in Figure 10.5 show that this is
not enough; there is no “shortest” curve among those closed curves that circle the horn.
We shall now “show” that if M is a closed manifold (i.e., compact without boundary)
that is not simply connected, then there is a closed geodesic. In fact a stronger result
holds. We shall discuss many of these things more fully in Chapter 21.

We wish to say that two closed curves are “homotopic” if one can be smoothly moved
through M to the other. This can be said precisely as follows. Let Cy and C, be two
parameterized closed curves on M". Thus we have two maps f, : S' - M",a =0, 1,
ofacircle into M. We say that these curves are (freely) homotopic provided these maps
can be smoothly extended to a map F : §' x R — M of a cylinder S' x R into M.
Thus

F = F(6,1),with F(8,0) = fy(0) and F(8, 1) = f,(6)
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-

S

u K

Figure 10.5

Thus F interpolates between f and f; by mapping the circle S, into M by the map
f.6)=F@©,0).

Clearly the circles of latitude on the horn are homotopic.

Homotopy is an equivalence relation; if C is homotopic to C’ (written C ~ C’) and
C' ~ C”,then C ~ C”, and so on. Thus the collection of closed curves on M is broken
up into disjoint homotopy classes of curves. All curves C that can be shrunk to a point
(i.e., that are homotopic to the constant map that maps S into a single point) form a
homotopy class, the trivial class. If all closed curves are trivial the space M is said to
be simply connected.

On the 2-torus, with angular coordinates ¢, and ¢,, the following can be shown. The

&,

&
Figure 10.6

two basic curves ¢, = 0 and ¢; = 0 are nontrivial and are not homotopic. The closed
curve indicated “wraps twice around in the ¢, sense and once in the ¢, sense”; we write
that it is a curve of type (2, 1). Likewise we can consider curves of type (p, g). All
curves of type (p, q) form a free homotopy class and this class is distinct from (p’, ¢")

if (p,q) # (p', q").

Theorem (10.20): In each nontrivial free homotopy class of closed curves on a
closed manifold M" there is at least one closed geodesic.

The proof of this result is too long to be given here but the result itself should not be
surprising; we should be able to select the shortest curve in any nontrivial free homotopy
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class; the compactness of M isused here.Ifit were nota geodesic we could shortenit fyy.
ther. If this geodesic had a “corner,” that is, if the tangents did not match up at the starting
(and ending) point, we could deform it to a shorter curve by “rounding off the corner*

Figure 10.7

Finally we give a nontrivial application to dynamical systems ([A, p. 248].

Consider a planar double pendulum, asin Section 1.2b, but in an arbitrary potential
field V = V(¢, ¢,). The configuration space is a torus 72. Let B be the maximum
of V in the configuration space T2. Then if the total energy H = E is greater than B,
the system will trace out a geodesic in the Jacobi metric for the torus. For any pair of
integers (p, q) there will be a closed geodesic of type (p, g). Thus, given p and g, if
E > B there is always a periodic motion of the double pendulum such that the upper
pendulum makes p revolutions while the lower makes q.

An application to rigid body motion will be given in Chapter 12.

Finally, we must remark that there is a far more general result than (10.20). Lyusternik
and Fet have shown that there is a closed geodesic on every closed manifold! Thus there
is a periodic motion in every dynamical system having a closed configuration space,
at least if the energy is high enough. The proof, however, is far more difficult, and not
nearly as transparent as (10.20). The proof involves the “higher homotopy groups”;
we shall briefly discuss these groups in Chapter 22. For an excellent discussion of the
closed geodesic problem, I recommend Bott’s treatment in [Bo].

10.3. Geodesics, Spiders, and the Universe

Is our space flat?

10.3a. Gaussian Coordinates

Let y = y(¢) be a geodesic parameterized proportional to arc length; then || dx/dt |
is a constant and Vx/dt = 0 along y. There is a standard (but unusual) notation for
this geodesic. Let v be the tangent vector to y at p = y(0); we then write

y (1) = exp,(1v)
Then we have (10.21)
d dy
Jlexp, (v = —

is the tangent vector to y at the parameter value ¢.
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The point €xp, (V) is the point on the geodesic that starts at p, has tangent v at p,
and is at arc length | v | from p.

of course if ¢ < 0, we move in the direction of —v. When v is a unit vector, ¢ is arc

leng[h along -
since geodesics need not be defined for all 7, exp ,(#v) may only make sense if | ¢ |

is sufficiently small.
A V=l C M" passing through p, we may set up

Jocal coordinates for M near p as follows. Let y%, ..., y" be local coordinates on V
with origin at p. Let N(y) be a field of unit normals to V along V near p. If from each
y € V we construct the geodesic through y with tangent N(y), and if we travel along
ihis geodesic for distance | r |, we shall get, if € is small enough, a map

(—e, &) x V"1 5 Mn
by
(r, y) > exp,(rN(y))

and it can be shown ([M]) that this map is a diffeomorphism onto an open subset of M"

exp, (rN(0)

Figure 10.8

if V*=! and € are small enough. This says, in particular, that any point ¢ of M that is
sufficiently close to p will be on a unique geodesic of length r < e that starts at some
y € V and leaves orthogonally to V. If then g = exp,(rN(y)), we shall assign to g the
Gaussian coordinates (r, y2, ..., y").

(As mentioned before, we recommend Milnor’s book [M] for many of the topics
in Riemannian geometry. We should mention, however, that Milnor uses an unusual
notation. For example, Milnor writes

AFB

instead of the usual covariant derivative V 5 B. Also Milnor’s curvature transformation
R(X, Y) is the negative of ours.)
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We can then look at the hypersurface V,"‘l of all points exp, (rN(y)) as y runs through
V but with r a small constant; this is the parallel hypersurface to V at distance

Gauss’s Lemma (10.22): The parallel hypersurface V=" to V"' is itself or.
thogonal to the geodesics leaving V orthogonal to V.

Put another way, this says:

Corollary (10.23): The distribution A"~' of hyperplanes that are orthogonal to

the geodesics leaving V"~ orthogonally is completely integrable, at least near
V.

This is a local result; A"~! isn’t defined at points where distinct geodesics from V71
meet (look at the geodesics leaving the equator V! C §?).

PrOOF OF GAUss’s LEMMA: Let y, be the geodesic leaving V"~' at the point
y. It is orthogonal to V at y and we must show that it is also orthogonal to V; at
the point (r, y). Consider the 1-parameter variation of y given by the geodesics
S P Ve (5) = exp,(SN(? + a, y* ..., y"), for 0 < s < r, emanating
from the y? curve throilgh y. The variation vector J, in our Gaussian coordinate
system, is simply 8/8y>. It is a Jacobi field along y. By construction, all of these
geodesics have length r. Thus the first variation of arc length is O for this variation.
But Gauss’s formula (10.4) gives 0 = L'(0) = (J, T)(y(r)) — (J, T)(y(0)) =
(J, T)(y(r)). Thus y is orthogonal to the coordinate vector 8/8y? tangent to V,
at (r, y). The same procedure works for all 8/8y'. O

Corollary (10.24): In Gaussian coordinates r, y?, ..., y" for M" we have

ds®> =dr’ + > gap(r, y)dy*dy?
a.f}=2

since (8/8r, 8/0r) = 1 and (8/8r, 3/9y*) = 0.

In particular, when V! is a curve on a surface M?, the metric assumes the form
ds? = dr* + G*(r, y)dy*
promised in (9.58).

Corollary (10.25): Geodesics locally minimize arc length for fixed endpoints
that are sufficiently close.

This follows since any sufficiently small geodesic arc can be embedded in a Gaussian
coordinate system as an r curve, where all y’s are constant. Then for any other curve
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Iying in the Gaussian coordinate patch, joining the same endpoints, and parameterized

by r ,
" dy” > dr?
dr dr

dSz = dr2 + Z gaﬁ(r, y)
o,f=2
since ( 2ap) IS positive definite. The restriction that the curve be parametrized by r can
pe removed; see M].

10.3b. Normal Coordinates on a Surface

Letpbea point on a Riemannian surface M 2 Let e, f be an orthonormal frame at p. We
claim that the map (x, y) € R? > d(x,y) = exp,(xe+ yf) € M is a diffeomorphism
of some neighborhood of 0 in R? onto a neighborhood of p in M2,

xe+yf

D(x,)) = expplre+ yf)

M2

Figure 10.9

To see this we look at the differential ®, at 0. From (10.21)

a 0
p (X‘y):OCD(x, y) = 3 L expy(xe) =e
Thus ®,(9/8x) = e and likewise ©,(8/0y) = f, showing that ® is a local diffeo-
morphism and thus that x and y can be used as local coordinates near p. These are
(Riemannian) normal coordinates, with origin p. We can now introduce the analogue
of polar coordinates near p by putting r> = x> + y?> and x = rcosf, y = rsiné.
Thus if we keep 6 constant and let » > 0 vary, we simply move along the geodesic
exp,[r(cosfe+sin 0f)], whereas if we keep r constant, exp » [r (cos e+ sin 0f)] traces
out a closed curve of points whose distance along the radial geodesics is the constant
r. We shall call this latter curve a geodesic circle of radius r, even though it itself is
not a geodesic. We shall call (r, 6) geodesic polar coordinates. These are not good
coordinates at the pole r = 0.

We can express the metric in terms of (x, y) or (r, 8). In (x, y) coordinates we have
the form ds? = g,,dx? + 2g1,dxdy + gndy?, whereas in (r, ) we may write the
metric in the form ds? = g,.dr* + 2g,4drd® + G*(r, 6)d6?, for some function G.
Now by keeping 6 constant we move along a radial geodesic with arc length given
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by r, and thus g,, = 1. By exactly the same reasoning as in Gauss’s lemmga thig
radial geodesic is orthogonal to the 6 curves r = constant; therefore g,y = ( ang
ds* = dr* + G*(r,0)d6”. By direct change of variables x = rcosf and y = rsing
ds* = g1dx? + 2g,dxdy + grndy?* we readily see that

GZ = r2[g1| sin20 — 812 sin 260 + 822 COS29]

where g;; = 1 = g and gi; = 0 at the origin, since (e, f) is an orthonormal frame,
Note then that G*(r,8)/r?> — 1, uniformly in 6, as r — 0; in particular G — () as
r — 0. Thus

0G . G

—| =lim— =1

37‘ 0 r
Also, 3G /dr? = —K G follows from (9.60). We then have the Taylor expansion along
a radial geodesic

3
G(r,0) =r — K(O)% T (1026

Thus the circumference L(C,) of the geodesic circle of radius r is

2 3

L(Cr): \/§99d9=271r—27rK(0)%+
0

Likewise the area of the geodesic “disc” of radius r is

A(B,) = // J/gdrdo = //G(r, 0)drdd = nr® — %K(O)r“ TR

These two expressions lead to the formulae, respectively, of Bertrand—Puiseux and of
Diguet of 1848

K@) = 1213 ( > )[27” - L(C)))

nr3
10.
12y, (192D
= lim (—4>[nr — A(B))]
r

telling us that the Gauss curvature K (p) is related to the deviation of the length and
area of geodesic circles and discs from the expected euclidean values. See Problem
10.3(1).

There are analogous formulae in higher dimensions involving the curvature tensor.

10.3c. Spiders and the Universe

The expressions (10.27) give a striking confirmation of Gauss’s theorema egregium
since they exhibit K as a quantity that can be computed in terms of measurements
made intrinsically on the surface. There is no mention of a second fundamental form
or of a bending of the surface in some enveloping space. A spider living on M? could
mark off geodesic segments of length r by laying down a given quantity of thread and
experimenting to make sure that each of its segments is the shortest curve joining p to
its endpoint.
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Figure 10.10

Then it could lay down a thread along the endpoints, forming a geodesic circle C, of ra-
dius r, and measure its length by the amount of thread used. Having already encountered
the formula of Bertrand—Puiseux in its university studies, the spider could compute an
approximation of K at p, and all this without any awareness of an enveloping space!

What about us? We live in a 3-dimensional space, or a 4-dimensional space—time. To
measure small spatial distances we can use light rays, reflected by mirrors, noting the
time required on our atomic clocks (see Section 7.1b). A similar construction yields ds?
for timelike intervals (see [Fr, p.10]). Our world seems to be equipped with a “natural”
metric.

In ordinary affairs the metric seems flat; that is why euclidean geometry and the
Pythagoras rule seemed so natural to the Greeks, but we mustn’t forget that the sheet of
paper on which we draw our figures occupies but a minute portion of the universe. (The
Earth was thought flat at one time!) Is the curvature tensor of our space really zero? Can
we compute it by some simple experiment as the spider can on an M? ? Gauss was the
firsttotry to determine the curvature of our 3-space, using the following result of Gauss—
Bonnet. Consider a triangle on an M? whose sides C;, C,, C3, are geodesic arcs. Parallel

T,

Figure 10.11
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translate around this triangle the unit vector v that coincides with the unit tangent to C,
at the first vertex. Since T is also parallel displaced, we have v = T, along all of C;,
Continue the parallel translation of v along the second arc; since this arc is a geodesic,
we have that v will make a constant angle with this arc. This angle is €,, the first exterior
angle. Thus at the next vertex the angle from v to the new tangent T; will be €, +¢€,. When
wereturn to the first vertex we willhave Z(v, T|) = €, +€;+e€3. Thus 2w — Z(vg, vf) =
€+e,+e3and so £(vo, V) = 2 —(€14+€,+€3) = (the sum of the interior angles ) -,
But from (9.61) we have that Z(vo, vs) = [] KdS over the triangle. We conclude that

/ / KdS = (the sum of the interior angles of the triangle

with geodesic sides ) — (10.28)

This formula generalizes Lambert’s formula of spherical geometry in the case when
M? is a 2-sphere of radius a and constant curvature K = 1/a?. Of course the interior
angle sum in a flat plane is exactly 7 and (10.28) again exhibits curvature as indicating
a breakdown of euclidean geometry.

Gauss considered a triangle whose vertices were three nearby peaks in Germany,
the sides of the triangle being made up of the light ray paths used in the sightings.
Presumably the sides, made up of light rays, would be geodesics in our 3-space. An
interior angle sum differing from m would have been an indication of a noneuclidean
geometry, but no such difference was found that could not be attributed to experimental
error. (This story is apocryphal; see [O, p. 66].)

Einstein was the first to describe the affine connection of the universe as a physical
field, a gauge field, as it is called today. He related the curvature of space—time to a
physical tensor involving matter, energy, and stresses and concluded that space—time is
indeed curved. We turn to these matters in the next chapter.

Problem

10.3(1) Use the first expression in (10.27) to compute the Gauss curvature of the round
2-sphere of radius a, at the north pole.

Figure 10.12



CHAPTER 11

Relativity, Tensors, and Curvature
O —

11.1. Heuristics of Einstein’s Theory

What does goo have to do with gravitation?

11.1a. The Metric Potentials

Einstein’s general theory of relativity is primarily a replacement for Newtonian gravita-
tion and a generalization of special relativity. It cannot be “derived”; we can only spec-
ulate, with Einstein, by heuristic reasoning, how such a generalization might proceed.
His path was very thorny, and we shall not hesitate to replace some of his reasoning,
with hindsight, by more geometrical methods.

Einstein assumed that the actual space—time universe is some pseudo-Riemannian
manifold M* and is thus a generalization of Minkowski space. In any local coordinates
x0 =1, x!, x?, x3 the metric is of the form

ds? = goo(t, X)d1? + 2go(t, X)dtdx"?
+8ap(t, X)dx*d x”

where Greek indices run from 1 to 3, and gy must be negative. We may assume that
we have chosen units in which the speed of light is unity when time is measured by the
local atomic clocks (rather than the coordinate time ¢ of the local coordinate system).
Thus an “orthonormal” frame has (e, €)) = —1, (g, eg) = 0, and (e,, eg) = Jug.

Warning: Many other books use the negative of this metric instead.

To get started, Einstein considered the following situation. We imagine that we have
massive objects, such as stars, that are responsible in some way for the preceding
metric, and we also have a very small test body, a planet, that is so small that it doesn’t
appreciably affect the metric. We shall assume that the universe is stationary in the
sense that it is possible to choose the local coordinates so that the metric coefficients
do not depend on the coordinate time ¢, g;; = g;;(x). In fact we shall assume more. A
uniformly rotating sun might produce such a stationary metric; we shall assume that the
metric has the further property that the mixed temporal—spatial terms vanish, gog = 0.

291
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Such a metric
ds? = goo(X)d1t* + gop(X)dx*dx? (11.1)
is called a static metric.
Along the world line of the test particle, the planet, we may introduce its proper
time parameter t by
dr? .= —ds*

As in Section 7.1b, it is assumed that proper time is the time kept by an atomic clock
moving with the particle. Then

dr\? dx® dxP
(Z) = —800 ~ 8ap -
We shall assume that the particle is moving very slowly compared to light; thus we
put the spatial velocity vector equal to zero, v = dx/dt ~ 0, and consequently its unit
velocity 4-vector is

dx dt dx]”
== (@) a] (@)oo

u~ (—gow) *[1, 017

where, as is common, we allow ourselves to identify a vector with its components.
We shall also assume that the particle is moving in a very weak gravitational field
so that M* is almost Minkowski space in the sense that

or

8oo ~ —1

We shall not, however, assume that the spatial derivatives of ggo are necessarily small.
Thus we are allowing for spatial inhomogeneities in the gravitational field.
The fact that all (test) bodies fall with the same acceleration near a massive body
(Galileo’s law) led Einstein to the conclusion that gravitational force, like centrifugal
and Coriolis forces, is a fictitious force. A test body in free fall does not feel any force
of gravity. It is only when the body is prevented from falling freely that the body feels a
force. For example, a person standing on the Earth’s solid surface does not feel the force
of gravity, but rather the molecular forces exerted by the Earth as the Earth prevents
the person from following its natural free fall toward the center of the planet.
Einstein assumed thenthat atest body that is subject to no external forces (except the
fictitious force of gravity) should have a world line that is a geodesic in the space—time
manifold M*. Then, since dt ~ dt, the geodesic equation yields
d’x' d*x! i dx’ dx* N
2 de2 M drodr

In particular, for @ = 1, 2, 3, we have

d’x® . <3ng L 080 3800)

i
—Too

N—F —
dr? 0= 738 550 T x0T B
lajag()o
2 ox/
lo,gagoo
2 dxB
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d’x* goo\|”
(T

If now we let ¢ be the classical Newtonian gravitational potential, then we must
compare the preceding with d?’x%/dt* = [grad ¢]®. (Note that physicists would write
this in terms of V. = —¢.) This yields gy /2 ~ ¢+constant. We have assumed ggp ~
_1; if we now assume that the gravitational potential ¢ — 0 “at infinity,” we would

conclude that

Thus

8oo ~ 2 — 1) (11.2)

Thus Einstein concluded that gy is closely related to the Newtonian gravitational
potential! But then what can we say of the other metric coefficients? Surely they must
play a role although we have not yet exhibited this role. We then have the following
conmparisons:

1. Newtonian gravitation is governed by a single potential ¢. Newtonian gravitation is a

scalar theory.
2. Electromagnetism is governed by a 4-vector potential A; see (7.25). Electromagnetism

is a vector theory.
3. Einstein’s gravitation is governed by the 10 “metric potentials” (g;;). Gravitation is then
a symmetric covariant second-rank tensor theory.

In (1), the potential ¢ satisfies a “field equation,” namely Poisson’s equation
Vi = —dmkp (11.3)

where p is the density of matter and « is the gravitational constant.
In (2), A can be chosen to satisfy a field equation of the form of a wave equation.
IfOis the d’ Alembertian, the Laplace operator in Minkowski space, we have

OA =4nJ

where J is the current 1-form, the covariant version of the current 4-vector in (7.27).
These matters will be discussed in more detail later.
What are the field equations satisfied by the (g;;)?

11.1b. Einstein’s Field Equations

Consider now, instead of a single test particle, a “dust cloud” of particles having a density
p. By dust we mean an idealized fluid in which the pressure vanishes identically. Lack
of a pressure gradient ensures us that the individual molecules are falling freely under
the influence of gravity. Each particle thus traces out a geodesic world line in M*. We
shall again restrict ourselves to static metrics (11.1).

First consider the Newtonian picture of this cloud in R?. Follow the “base” path Co
of a particular particle and let §x, be the variation vector, which classically joins the
base particle at time ¢ to a neighboring particle at time ¢.
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Cy

Figure 11.1

From 4.1b we know (d/dt) o § = & o (d/dt), and so (d*/dt?) o § = & o (d*/d1?).
Thus from Newton’s law (in cartesian coordinates)

d2(8 a)_é(dzx‘I)_a(aqb)
a0 T\ g ) T\ s

3¢,
= X
dx%dxh
d? 3¢
—(8x%) = 5xP 11.4
4 0% = graaas* (11.4)

This is the equation of variation, a linear second-order equation for §x along Cj.
Now look at the same physical situation, but viewed in the 4-dimensional space-

time M*.

Co

Figure 11.2

The particles now trace out world lines C’ in M* with unit 4-velocity u. The variation
4-vector J; “joins” the base particle at proper time t to a nearby particle at the same
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roper time (we shall assume that all nearby particles have synchronized their atomic
clocks at an initial T = 0 when ¢ = 0). Since all of the world lines are geodesics,
arameterized by “arc length,” that is, proper time , the variation vector J is a Jacobi
ﬁeld and satisfies V2J/dt?® = —R(J, T)T. In a weak field and with small spatial
velocities, we expect again that 7 is approximately the coordinate time #, T ~ . Then
the Jacobi field J will essentially have no time component, J 0 ~ 0, since it “connects”
events at a common time ¢. By again looking at the Christoffel symbols with our
smallness and static assumptions, we have (see Problem 11.1(1))

vJe dJ* dJ”

dt dt dt

(11.5)

and Jacobi’s equation becomes
da*Jje

~ — a /3
ar o’
If we now put J# = 6x? and compare this with (11.4) we get
o ¢

—R% ~
00 3xBaxe
Consequently, since R}y, = 0,

9? ,
Vi = Z BxC‘Z)x“ ~ = Z Roao ~ — Z Rozo

1<a<3 l<a<3 0<i<3

In any M" with an affine connection we define the Ricci tensor, by contracting the
full Riemann tensor

Rj =Ry (11.6)

We shall show in Section 11.2 that R, = R,; in the case of a (pseudo)-Riemannian
manifold. We then have

V¢ ~ —Ry
Poisson’s equation yields
Vip = —4mwkp ~ —Ry (11.7)
for a slowly moving dust in a weak field. We see from this simple case that
space—time M* must be curved in the presence of matter!

Asitstands, (11.7) “equates” the 00 component of a tensor, the Ricci tensor, with what
isclassically considered a scalar, a multiple of the density p. But in special relativity the
density is not a scalar. Under a Lorentz transformation, mass m, gets transformed by
the Lorentz factor, m = myy (see (7.9)). Also, 3-volumes transform as vol® = volg 1A%
“since length in the direction of motion is contracted.” Thus density transforms as
P = poy?. This suggests that density is also merely one component of a second-rank
tensor. Indeed just such a tensor, the stress—energy—momentum tensor, was introduced
into special relativity. In classical physics there is the notion of the 3-dimensional
symmetric “stress tensor” with components S* (see [Fr, chap. 6] for more details of
the following). Consider the case of a perfect fluid; here S*f = — p§* where p is the
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pressure. Let p be the rest mass—energy density of the fluid and let u be the Velocity
4-vector of the fluid particles. Note that

I_Iij ::gij+llillj

projects each 4-vector orthogonally into the 3-space orthogonal to u. Then the stregg_
energy—momentum tensor for the fluid is defined by

T := pu'u! + p(g"7 +u'u') = (o + p)u'u/ + pg" (11.8)

In the case of a dust p = 0 and in the case of slowly moving particles the only
nonvanishing component of u is essentially u® ~ 1. Thus T has essentially only one
nonvanishing component 7% ~ p. Finally T;; = g;,8;sT"* also has one component
Too = p, since goo ~ —1.

Equation (11.7) then can be stated as Rgy = 47« Tpo. Clearly this suggests a tensor
equation, for all i, j

Rij = 47TKT,‘j

These were the equations first proposed by Einstein in early November of 1915, for
all types of matter undergoing any motion, although his path to these equations was
far more tortuous than that indicated here. Furthermore, these equations are incorrect!
In special relativity the tensor T is known to have “divergence” O, whereas the Ricci
tensor does not usually have this property. These equations need to be amended in
the same spirit as when Ampere’s law was amended by the addition of Maxwell’s
displacement current in order to ensure conservation of charge. We shall discuss these
matters in Section 11.2. Einstein arrived at the “correct” version at the end of that same
November with Einstein’s equations

1

In this equation we have introduced a second contraction of the Riemann tensor, the
(Ricci) scalar curvature

R = ginl.j = Rjj (11.10)

In order to handle the Einstein equations effectively we shall have to learn more
about “tensor analysis,” which was developed principally by Christoffel (covariant
differentiation, the curvature tensor) and by Ricci. We turn to these matters in our next
section.

11.1c. Remarks on Static Metrics
Some final comments.
1. Note that a light ray has a world line that, by definition, is always tangent to the light

cone and so ds? = 0 along the world line. From (11.1) we conclude that —goo =
8ap(dx®/dt?)(dxP /dt?) = c?, the square of the speed of light when measured using
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coordinate time t. Thus although the speed of light is by definition 1 when time is mea-
sured by using atomic clocks (i.e., proper time), its speed ¢ measured using coordinate
time in a static universe varies and is given by

¢ =v/(—goo) ~ V(1 —29) ~ (1 —¢)

Thus the coordinate speed of light decreases as the gravitational potential increases.
Einstein realized this in 1912, three years before his field equations, and before he was
aware of Riemannian geometry, and proposed then that ¢ be used as a replacement for
the Newtonian potential!

. Although the world line of a light ray is assumed to be a geodesic in space—time, its spatial

trace is not usually a geodesic in space! We have just seen that ./—g is essentially the
index of refraction. It can be shown (see [Fr]) that the spatial trace satisfies Fermat’s
principle of least time

do

v/ —800 B
where do? = ga,gdx"‘dxﬂ is the metric of the spatial slice. This is the “reason” for the
observed curvature of light rays passing near the sun during a total eclipse.

0

. We have given a crude heuristic “derivation” of (11.2), the relation between the metric

coefficient goo and the classical Newtonian potential ¢. Note that in the “derivation” of
V2¢ ~ —Rqo the Laplacian Y 3%¢/3x®dx® that appears uses the flat metric rather than
the correct Laplacian for the spatial metric

1 9 a¢
Vip = — Vhett 22
¢ = Jhoxe ( & axﬂ>
where we have put & = det(gqap). In my book [Fr, p.22], I give a heuristic argument
indicating that the classical potential ¢ is related to ggo by

¢~ 1—4/—guw
rather than (11.2). These two expressions are very close when g is very near —1. The

advantage of this new expression for ¢ is that it satisfies an exact equation in any static
space—time, Levi-Civita’s equation

Vi/=gw = —R%v=gmn

where the Laplacian is the correct one for the spatial metric. g itself, without the
square root, does not satisfy any simple equation such as this. Poisson’s equation then
suggests an equation of the form 4wkp* = —R%./—go. In the case of a perfect fluid
at rest, by using (11.8) and (11.9) it is shown [Fr, p. 32] that the “correct” density of
mass—energy is, in this case

p* = (p+3p)V/—8w

Finally, in my book I give a heuristic “derivation” of Einstein’s equations that automat-
ically includes the term involving R. This is accomplished by looking at a spherical
blob of water instead of a dust cloud. This more complicated situation works because
it involves stresses, that is, pressure gradients, that were omitted in the dust cloud. The
derivation also has the advantage that it does not use Einstein’s assumption that free
test particles have geodesic world lines; rather, this geodesic assumption comes out as a
consequence of the equations.
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Two other books that I recommend for reading in general relativity are [M, T, W)
and [Wd].

Problems —_

11.1(1) Verify (11.5).

11.1(2) Show that in the Schwarzschild spatial metric, with coordinates r, 9, ¢, ang
constant m

—1
2
Gepdx?dxP = (1 - T’") dr? + r?(d6? + sin® 6de?)

the function U = (1 — 2m/r)'/? satisfies Laplace’s equation V2U = 0.

11.2. Tensor Analysis

What is the divergence of the Ricci tensor?

11.2a. Covariant Differentiation of Tensors

In Equation (9.7) we have defined the covariant derivative Vv of a vector field v; it s
the mixed tensor with components in a coordinate frame given by
i i Jv* ik

Vv :v/j=§+a)jkv (11.11)
(We must mention that many books use the notation v' ; Tather than vjj.) We have
also defined the exterior covariant differential of a (tangent) vector-valued p-form in
Section 9.3c, taking such a form into a vector-valued-(p + 1)-form. We are now going
to define, in a different way, the covariant derivative of a general tensor of type (p, q),
that is, p times contravariant and ¢ times covariant, the result being a tensor of type
(p, g +1). In the case of a vector-valued p-form (which is of type (1, p)) the result will
be different from the exterior covariant differential in that it will not be skew symmetric
in its covariant indices and so will not be a form.

The covariant derivative of a scalar field f is defined to be the differential, V f = df,
with components f; := 3f/dx/.

We have already defined the covariant derivative vj ; of a contravariant vector field.
We define the covariant derivative a;/; of a covector field o so that the “Leibniz” rule
holds; for the function a (v) = a;v’ we demand 3/9x/ (a;v') = (a;v');; = a; ;" +aiv}j-
Using (11.11) we see that

da; \ vt _ ; v’ D
ax) [ @ = a;,jv + a; ﬁ-i—wjkv

Bai .
Via; = aj)j = — —aka)'f.
JH /J Ox/ Ji

and so
(11.12)

Note that a;; is not skew in i, j.
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Finally, W€ define the covariant derivative of a tensor of type (p, q) by generalizing
(1.11)and (11.12)
o 0 i
Ti P ik = ﬁT I"'”’jxqu
—f—T" i'_x...l'l,jlqua);;lr + Ti]r.--ipj]mj‘la)lizr _.I_ e
=T iy @i, = T i@y =+ (11L13)

Thus one repeatedly uses the rules (11.11) and (11.12) for each contravariant and each

covariant index occurring in T'.
One can show that this operation does indeed take a tensor field into another whose
covariance has been increased by one. Furthermore it has the following two important

properties.
1. Covariant differentiation obeys a product rule

ST =S/, T + STy,
2. Covariant differentiation commutes with contractions. For example, the covariant deriva-
tive of the mixed tensor T ; is
T . )
J
ok T o, =Ty
which is a third-rank tensor. Contract on i and j to get a covector
; aT"; aT!;
T’i/k = —I _I
dxk axk
On the other hand, if we first contract on i and j in T, we get the scalar T/;, whose
J g
covariant derivative is (Tii)/k = a/axk(T’,-) again.

T =

ro ioor
+Tiwkr_TVwki_

Warning: As a result of the presence of the connection coefficients, the covariant
derivative of a tensor with constant components in some coordinate system need not
vanish.

See Problems 11.2(1), 11.2(2), and 11.2(3) at this time.

11.2b. Riemannian Connections and the Bianchi Identities
The principal property of the Riemannian connection is expressed by
0 iy i yi iy

a?(gux Y') = gin/kY +g,-,-X Y/k
and the left-hand side can now be written (g;; X' Y /) ;. On the other hand, we now know
that this latter should be

@i XY = giju X'V + gi; X, Y +giniY/jk

This says that the metric tensor is covariant constant!

08ij
8ij/k = B—XZ — gljwy; — 8wy =0 (11.14)

See Problem 11.2(4) at this time.
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We define the divergence of a symmetric contravariant p-tensor field T to be the
symmetric (p — 1)-tensor

(Div T)Jr = Tde (11.15)

We shall soon see that this agrees with div v when T is a vector v. See Problep,
11.2(5) at this time.

We shall now derive two very important identities satisfied by the Riemann tensor.
At first we shall not restrict ourselves to Riemannian or even symmetric connections.

From Cartan’s structural equations (9.27) we have

0=d(do)=d(—oNo+T1)=—dwANo+wAdo+drT
=—doANoct+wA(—wAT+T)+dt=—0O0A0o+dt+wnr
or, using problem 9.4(3)
Vi=dt+wArt=0An0 (11.16)

We are especially concerned with the case of a symmetric connection (i.e., T = 0),
Then

OAo =0 (11.17)

But then0 = 6'; Ao/ = 1/2Rjk, A 6" A o/. This means that the coefficient of
ok Ao" AO, made skew in k, r and j, must vanish. Since Rjk, is already skew in k
and r, this means

R;kr

R, +R, =0 (11.18)

Both (11.17) and (11.18) will be referred to as the first Bianchi identities, and we
emphasize that they require a symmetric connection.
Recall that we have defined the Ricci tensor by R;, = = R%. . From (11.18) we have

krj

X X jlr
R;, = —Rm, since R,’,/ = g Rpirj = 0 from skew symmetry of R in m,i. But
R;ﬂ = R;U = —R,;. We have thus shown that

in a (pseudo-) Riemannian connection.

For our second identity we again start out with a general connection. Then df =
ddotowrw) =dwAw) =dorwo—wAdw =@ —wAw)Ao—wA O —wAw) =
OAw—wAb,or

dd+won0—-0Aw=0 (11.20)
which we call the second Bianchi identity, for all connections. Thus d6’; + @', AO™;

— 6", A @™; = 0. Writing this out in a coordinate frame we get

dR:
( a’“)dx Adx* ndx +a)me;"ude”/\dx Adx® —R;mbcu'"dx AdxP Adxt =0
xS

Then

IR, :
( 3 + R, @, - R o Sj>dx Adx* Adx" =0
xS
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But when the connection is symmetric,

(R:, &%+ R, o™)dx* Adx* Adx" =0

jmr Jkm
Gubtracting this from our previous expression gives
Rj‘k,/sdx“ Adx* Adx" =0
Since R;kr ;s 18 already skew in k and r we conclude
R;kr/x + R;’sk/r + Rj’rs/k =0 (11.21)

which we again call the second Bianchi identity for a symmetric connection. You are
asked to show in Problem 11.2(6) that a consequence of (11.21) is

oR
9xt
where R is the scalar curvature (11.10).

Note that the mixed tensor version of Einstein’s equation is R'; — (1/2)8;R =
8nkT';. In special relativity the tensor T has divergence 0 (see [Fr, p. 70]). Its di-
vergence, from Einstein’s equation, is given by 87«xT';,; = R';;; — (1/2)8';,iR —
(1/2)8iR;i = R'j;i — (1/2)R;; = 0! Thus the mysterious R term was included in
Einstein’s equation in order to ensure that Div T = 0 in general relativity also. See
Problem 11.2(7) at this time.

Warning: In the case of a velocity field, the divergence theorem gives |, y divvvol =
Jou (V. m)dS. In particular, if div v = O we have a conservation theorem: The rate of flow
of volume into aregion U equals the rate leaving the region. There is no analogue of this
for the diver gence of a tensor! For example, [, T*;,; vol makes no intrinsic sense; one
cannot integrate a covector 7*;,; over a volume since one cannot add covectors based
at different points. In spite of this, many books refer to Div T = 0 as a conservation
law.

=2R'y; (11.22)

11.2¢. Second Covariant Derivatives: The Ricci Identities

The covariant derivative of a vector field Z is a mixed tensor with components Zj ;- The
covariant derivative of this mixed tensor is a tensor of of third rank with components
Z’/j Tk which is traditionally written

Z =2

i
i lilk

We wish now to investigate Z/ it —Z};;- Let X and Y be vectors at a point. Extend them
tovector fields. We have Z = Z!8;, and so on. Then

Vx(VyZ) = Vx(Z);Y18,) = (Z);Y)) X" 0
= (Zi Y+ Z;Y}) X 8,

Then, using symmetry of the connection,

[X, Y] = (VxY - VyX)' = X'Y}, - vix),
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we get

Vx(VyZ) — Vy(VxZ) = [(Z);, — Zi, )Y X* + Z,(X* Y], — Y*XI,)18,

ik — Zp )Y X0, + Z),1X, Y 9,
(Z/j,\ /k/)YJX 0; +V[xyz
)Y/ X*8; = R(X,Y)Z = (R(X,Y)Z)'8; = R},,;X*Y/Z"8;. Thus

mkj

= (Z

or (Z); — Zjy

Zl

ik - Z

m i
nj=Z<"R

mkj (1123)

the Ricci identities for a symmetric connection. Mixed covariant derivatives do not
commute. Note carefully the placement of the indices j and k! This placement is more
easily remembered if we write

V\V;Z' —V;V,Z' = Z"R!

mkj

In many books, the covariant derivative of a fensor is introduced before the notion of
curvature, and then (11.23) is used to define the curvature tensor.
Warning: We may write

Vs, X =X}, = (V;X)8; (11.24)

(Recall that V5, operates on vectors whereas V ; operates on the components of vectors.)
It is easily seen, however, that in general

Vo, Vo X # (V,ViX)0; = X/,.8,

It is true, however, that V5 V5 X — V5,V X =(X'/kj — Uk)a, = X" ;,,Ma .The
second and third terms are equal by (11.23); the first and the third terms are equal by

(10.2) when u = x/ and v = x*.

Problems

11.2(1) Show that the identity tensora’ is covariant constant, &' ik =0
11.2(2) Show directly from (9.18) that g« = 0.

11.2(3) Show that the Codazzi equations in (8.34) say that byg;, = bay/s-
11.2(4) Use g'/gjx =5} to show that g” =0.

11.2(5) Show that for a surface M2 c R3 with mean curvature H, grad H = Div b where
the second fundamental form b is now considered as contravariant, b'/.

11.2(6) Use (11.21) and contract several times to derive (11.22).

11.2(7) Let T/ := pu'ui + p(g'l + u'u’) be the stress—energy—momentum tensor for a
perfect fluid. Show that T/ = 0 yields the two sets of equations

div(pu) = —pdivu
and

(o + P)Vyu = —(gradp)*
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where * denotes component orthogonal to u. The first equation replaces the
flat space conservation of mass—energy, dp/dt + div(pv) = 0; since div u mea-
sures the change in 3-volume orthogonal to u (see the 2-dimensional analogue
in 8.23), —p div u gives the rate of work done by the pressure during expan-
sion. The second equation is Newton’s law, with mass density o augmented
by a small pressure term p (really p/c?). Thus T,; = 0 yields the relativistic
equations of motion.

11.2(8) Show that in a symmetric connection, in the exterior derivative of a 1-form
da' =3, «(@3jak — apdx! A dx¥, we may replace the partial derivatives by
covariant derivatives

da = Z(ak// — aj/k)dxj A dxk
j<k
Show that if the connection is symmetric, then in the formula (2.55) one may
replace partial derivatives by covariant derivatives

K iK
(dOlp)/:Z(S{ aKU:ZSf Vjak
JK K

11.3. Hilbert’s Action Principle

How does the scalar curvature R vary with the metric.

11.3a. Geodesics in a Pseudo-Riemannian Manifold

Geodesics play an important role in relativity. We know that a geodesic in a Riemannian
manifold is characterized by the property that there is a whole class of parameterizations
t suchthat V(dx/dt) /dt = 0 and all of these parameters are linear functions of the arc
length parameter.

In general relativity we deal with a pseudo-Riemannian manifold. In our heuristics
of relativity we needed to consider the world line of a “freely falling” moving body, and,
since such bodies always travel at a speed less than that of light, the path is timelike
(e, dt?> = —ds? > 0). In terms of the proper time parameter T we have, as the
equation of the geodesic, V(dx/dt)/dt = 0. For a spacelike geodesic we may use s
instead of t as parameter. A light ray, being the path of a photon, is the limiting case
of a freely falling particle of vanishingly small mass; it is assumed that its world line
is also a geodesic, called a null geodesic since ds®> = 0. We may use neither s nor t
for parameter. A parameter XA for a null geodesic, for which V(dx/d)1)/dx = 0, will
be called, as before, a distinguished or affine parameter (see, e.g., [Fr, p. 92]).

11.3b. Normal Coordinates, the Divergence and Laplacian

Let p be a point in a (pseudo-) Riemannian manifold M” and let ey, ..., e, be an
orthonormal frame at p. As in the 2-dimensional case considered in Section 10.3b, we
may then introduce normal coordinates y near p by defining ® : (R" = M})) — M" by
d(y) = expp(eiy"), for all sufficiently small y. The differential &, : M, — M again
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has the property that ®, (e;) = e;, and so the coordinate vectors 8/8y' are orthonormg]
at the origin p; (g;(0)) = diag(£1, 1, ..., 1). The arguments to be given later holq
in general, but we shall work in the case of a 4-dimensional space-time, as this is oy
immediate concern.

It should be clear that the geodesic that starts at p with tangent vector e;A’ is givey,
in these normal coordinates by the linear equations

yi(t) = Alt, i=0,...,3

It is also clear from the definition of the exponential map that | dy/dt ||*= )\f + 23+
A3 — A2 is a constant along each of the geodesics starting at p and this constant vanisheg
only for the null geodesics tangent to the light cone, a submanifold of the vector space
M;,‘ of codimension 1. By continuity, we conclude that ¢ is a distinguished parameter
for each of the geodesics emanating from p. Since the preceding linear equations must
satisfy the geodesic equations

d*y' ; dy’ dy*
— =TI 1) — —
dr? #O®) dr dt
we must have I‘;k()\ot, ..., A3t)AJA% = 0 for all ¢. In particular this holds at p, that is,
¢t = 0, and for all A'. We conclude that
(p) =0 (11.25)

at the “pole” of the normal coordinate system. From (11.14) we have

3g:;
8 ;) =0 (11.26)
ay*

All first partial derivatives of the metric tensor vanish at the pole!
As an application of the use of these coordinates, consider the divergence of a vector
field v. As in the Riemannian case

. P ;
divv = (1817 —[lgl"*v']
dx

At the pole of the normal coordinates we clearly have 3/0y’|g|(p) = 0 and thus at
the pole we have div v = 3v'/3y’. Consider now the scalar v),. At the pole vj; =
ov'/ay' +v/I7; = dv'/dy'. But div v and v), are well-defined scalars, independent of
coordinates; we conclude that in any coordinate system

9 . .
divv = (lg|”")—Ilgl"*] = v}, (11.27)
ax!
This in turn means that
v .9 vt .
-+ v' —log|g|"? = — + VT
dx! tv dxi oglé| x! Ul
and so
i) . .
_ /2 _ i
Bxkloglgl =T (11.28)

which is a frequently used formula.
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Wwe have already defined the gradient of a function f to be the contravariant vec-
gradf) = gYdf/dx’ = 8" f;. The Laplacian of f is then the scalar V2 f =

tor ( X _ )
div gradf = (8" f;j)i, or, since g, = 0,
sz = gijf/ji = gijf/ij (11.29)
Thus V2f = g"[0/3x' (8f/3x/) — T'};(3f/8x")], or
[ % f . of
V=gV —— -Th=— 11.30
J=8" oo Mg (11.30)

As an example, consider a surface M? with local coordinates u', u?, sitting in R?,
with Cartesian coordinates x', x?, x*. For each i, x' is a function on M. In Problem
11.3(1) you are to show that

Vixi = HN' (11.31)

where V2 is the surface Laplacian, H is the mean curvature, and N is the unit normal.
In particular,

Theorem (11.32): M? C R® is a minimal surface iff each coordinate function x'
is a surface harmonic function on M.

11.3c. Hilbert’s Variational Approach to General Relativity

Although the following approach will work in any dimension, we shall write out ev-
erything in the case of a 4-dimensional pseudo-Riemannian manifold M*.

Let R = g"* Ry = g** R/;j; be the scalar curvature. Since the determinant g = detg;;
is negative in a pseudo-Riemannian manifold, the volume form is

V(—2)d*x = /(—g)dx® Adx' Adx? Adx?
We shall, with Hilbert, take the first variation of the functional
/ R/ (—g)d*x
M

for a 1-parameter family of metrics. For our purposes, it will be more convenient to
vary the inverse of the metric

gl =gi +an’ (11.33)
gl = pii

where the dot denotes differentiation with respectto @ at@ = 0. We must compute

{% / RW?M“x] = / [Rv/(=g)) d*x (11.34)
and where all integrals are over M. Now
[RV(=)T" = [g* Rur/(=8)]
= [g*Rul'vV(—g) + RIV(—9)) (11.35)
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and
[g* Ril" = ™ Rie + " Rix

We then need R;;. From (9.10), omitting some indices,

R —<8Fijk) (arij")+rr e
=\ ax axk

: (ar;’k af,.@)
Riy=|7— )1 —F
3xJ dxk

+IT+IT -I'T=TT

and so

We shall compute everything at the pole of a geodesic normal coordinate system for
the base metric git. Since I = 0 at the pole

R oL o 11.3
o axk (11.36)
atthe pole. Although (F,-jk) is not a tensor, we claim that (I'“ijk) is athird-rank tensor. Tosee
this we look at the transformation law (9.41) for a connection, o’'(e) = P~'w(a)P +

P~'dP. Differentiating and putting o = 0 give @ = P~ '@P, and from this the
tensorial nature of I' follows. Thus at the pole we may write

Rik = F,JA/, - rljj/k (11.37)

and since this is a tensor equation it holds everywhere, in every coordinate system. In
this equation, all covariant derivatives are with respect to the base metric at o = 0.
We may then write

g R = (8" T — (€*Ti) = divW (11.38)

where W™ := gi*I", — g"'T'/..

Look now at the second term in (11.35), R[s/(—g)] . To differentiate a determinant
we use 3g/dgix = G'* where G* is the cofactor of the entry g;. This is clear upon
expanding g by the k" column. But the inverse matrix satisfies g'* = G¥ /g = G'*/g,
and so

08 = gikg
08ik
Likewise dg~'/dg™* = gixg~', thatis, dg/9g™* = —gixg. Thus
8(_g)1/2 1 172
—— = — S gu(— 11.39
2gh 58 K(—8) ( )
and so /(—=g)] = (3(—g)'"2/3g'*)(8g™ /dar) = —(1/2)gix~/(—g)&"*. Thus
. 1 .
VED] = —sgu/(=g)é* (11.40)

2
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Finally

5 / R vol* — [di / R\/(-g)d4x]
o a=0
= / {R,-k—%g,-kR]g'W(—g)d“x (11.41)
+/divW\/(—g)d4x

By choosing a variation g that vanishes outside some compact subregion of M and
applying the divergence theorem to a slightly larger region, we see that the last integral
vanishes. Thus

5/ Rvol* = {i/ R\/(—g)d4x]
M da Ju @=0
1 "
- /M {Rik —EgikR}g"w—g)d“x (11.42)

for all variations with compact support.
We define the (Hilbert) action for the gravitational field by

Sgrav = / Lgad*x := (8mk)~! / R vol* (11.43)
M M

(where « is again the gravitational constant), a nonlinear functional of the metric tensor.
Let Shongrav D€ the action for the nongravitational fields that might be present, such as
the electromagnetic fields; it is given by some Lagrange density

Snongrav = / Ld*x = / ¢ vol*
M M

where L = ¢./(— g). The variational or functional derivative 65 /8g’* of a functional
S = [,, Ld*x of the metric is defined through

SL\ ..
35:5/ Ld4x:/ <—_>g"’d4x (11.44)
M M \dg*

where the variation is assumed to have compact support. In other words, putting f,; :=
df/0x/, and so forth,

5L_3L {3L]+{3LJ
gk agik (g™ . 3(g%,) e

is the usual Euler-Lagrange expression. Thus, from (11.41)

8 Lgray _ |

3gg1k = (87x)”" {Rik - EgikR] V(=8 (11.45)
The (stress)-energy—momentum tensor of the gravitational field is defined to be

0 (since gravitation is a fictitious field); that of the nongravitational fields, T, is de-
fined by

5Ln 0, A\
TV (—8) = ——8;5“‘- (11.46)
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The total Lagrangian is L = Lgray + Lpongrav> and so

L
sgi*

2

1
= {(87“()_] l:Rik - ‘&‘kR] - Tik}\/ (-8

Then Einstein’s equations are equivalent to Hilbert’s action principle

a/ [8m)™' R + ¢vol* =0 (11.47)
M

It is natural to call R./(—g) the Lagrangian of the gravitational field.

To understand the geometric meaning of Einstein’s equations we must return to our
study of second fundamental forms and curvature. We proceed to these matters in our
next two sections.

11.3(1)
11.3(2)

11.3(3)

Problems -—

Use Gauss’s surface equations to prove (11.31).

(i) Let v be a vector field in R® defined along a surface M2 in R3. If x !, x2, x3,
are cartesian coordinates for R%, we define the vector integral [/, vdS to
be the vector w with components w' = [[,,v/dS. Show that if M2 is a closed
surface with unit normal N, then

// HNdS =0
JM

We considered the special integral f f NdS = f f dS directly before Euler’s
equation (4.45). For a closed surface M we have

flows

since, for example, [, N'dS = [[,,dy A dz = 0. Thus, for any closed surface
in R3, not only is the surface average of N zero, which is geometrically “clear;
but also this average, when weighted by the mean curvature, also vanishes!

Let
1

8rn

Lom = —g—F;F\/(=9)

define the Lagrangian for the pure electromagnetic field, with associated action

1 o
Sem = —g/ FijFrsQHQSj\/ (—g)d4X
M

Show (recalling that F;; is independent of the metric) that the stress—energy-
momentum tensor for the electromagnetic field is Minkowski’s
Ty= | FFr — g FsFTs
i = g | kT ~Zgi/ rs
(Recall that locally F2 = dA', where A is the covector potential; we shall see
later on that A is usually globally defined. Thus Sem can be expressed as a
functional of A and the metric. We shall see in Section 20.2¢ that § Sem/§A =10
is simply a statement of Maxwell’s equations in free space. Thus one obtains
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the equations of motion of the electromagnetic field, Maxwell’s equations, by
putting the first variation of the total action with respect to the potential equal to 0
)
5A,
Thus one varies the metric potentials in the total Lagrangian to obtain the gravi-
tational (Einstein) field equations and one varies the electromagnetic potentials
to obtain the electromagnetic (Maxwell) field equations!)

[Sgrav + Sem] =0

mm———

11.4. The Second Fundamental Form in the Riemannian Case

If you fold a sheet of paper once, why is the crease a straight line?

11.4a. The Induced Connection and the Second Fundamental Form

Let V" C M" be a submanifold of a Riemannian manifold M. If we restrict the
Riemannian metric of M, (, ), to vectors tangent to V, we obtain a Riemannian metric
for V, the induced metric.

Let V be the Riemannian connection for M” and let V"~! be an (n — 1)-dimensional
hypersurface of M. Define a new connection for V as follows. Let X be tangent to V at
p and let Y be a vector field tangent to V near p. Let x', ..., x" and u', ..., u""", be
local coordinates for M and V, respectively, near p. Then VxY = X*VY/9u® makes

N N

Figure 11.3

sense since Y is a vector field defined along V. Let N be a unit vector field along V"~!
that is normal to V and let Z be any vector field defined along V (it needn’t be tangent
to V). Define, at p in V

V"<Z : = projection of VxZ into the tangent spaceV, (11.48)
= VxZ — (VxZ,N)N.

Inparticular, to the vector fields X and Y tangentto V we associate another tangent vec-
tor field V" x Y. One checks immediately that (9.2) is satisfied by V" and thus (11.48)
defines a connection for V”~'. We claim more: V" is rhe Riemannian connection for
the induced metric on V"~!. You are asked to prove this in Problem 11.4(1). Notice that
we have merely imitated Levi-Civita’s construction in the case of a surface V2 C R>.
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Whatis the generalization of the second fundamental form? We proceedasin Sectiop
8.1b. In the following X, Y, Z, are tangent to V"' and N is a local unit normal to
We define

b:V,=>V,
by
b(X) = —VxN (11.49)
Put
B(X,Y) = (X, b(Y))
Extending X and Y to be fields on M, we have
B(X,Y) = (X, b(Y)) = (X, ~VyN) (11.50)
=YX, —N)) — (VyX, —-N)
= (VyX,N) = (VxY,N) = B(Y, X)
(why?). Then b is again a self-adjoint linear transformation; b has (n — 1) real eigenval-
ues ki, ..., k,_| called principal (normal) curvatures. The eigen directions are called

the principal directions, and they can always be chosen to be mutually orthogonal.
From (11.48) and (11.50) we have the Gauss equations

VxY = VyY + BX,Y)N (11.51)

generalizing the surface equations (8.30).

Weshallsay that V" C Riemannian M" is geodesic at p provided every M -geodesic
through p, tangent to V at p, lies wholly in V. Thus all of the V-geodesics through p
are also M-geodesics!

/ ...... \p}ane oo

Figure 11.4

Then V (if connected) is made up of geodesic segments of M emanating from p,
tangent to an r-plane in M}. A plane in R? and an equatorial 7-sphere S” in S* are
examples. Unlike in these examples, it is not true in general that a V -geodesic starting
at a point different from p will still be an M -geodesic.

If V"~!is geodesic at p, then at p

B(X,X) = (VxX,N) =0 (11.52)

since X can be extended to be the tangent to a geodesic of V that is then also a geodesic
of M. Thus the second fundamental form B of V at p is identically 0 if V is geodesic at p-
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As in the case of a V2 C R?, we define the mean curvature H of V"~' ¢ M” by
H=trb=«x+ - +«,_

and this is again significant for considering variations of the (n — 1)-volume of V"~!.
(In fact, you should be able to guess the generalization of Gauss’s formula (8.26).)
yn~! ¢ M" is said to be a minimal submanifold of M if H vanishes at all points of V..
Note that if V is geodesic atevery point p of V (we then say that V is totally geodesic)
then V is a minimal submanifold of M. Thus the equatorial $"~! C $" is minimal in
s. (Note, however, that §? does not have minimum area in S°!)

The other invariants Zkﬂ Kakg, ..., KiK2 ... Ky_1, are also useful, though not to the
same extent as K and H for V2 c R®. The last invariant of b, det b = KiKy ... Kp_1,18
not called the Gauss curvature. We shall talk more about some of these matters in our
next section on relativity.

11.4b. The Equations of Gauss and Codazzi

M~ has a connection V and curvature tensor R; V"' has a connection V" and curva-
ture tensor RY

RV(X,Y) := [V}, V¥ - Vi y

How are their curvatures related? In other words, if X, Y, and Z are tangent to V"',
how are the vectors R(X, Y)Z and RY (X, Y)Z related?

RY(X,Y)Z is certainly tangent to V but there is no reason why R(X, Y)Z should
be. We can see their relation as follows.

Let 8, = 8/0u®, @ = 1,...,n — 1, be a local coordinate basis for V"~!. Since
these fields can be considered as vector fields defined along the submanifold V, we
have, from (10.2)

[Va,Vs, —V5,V5,10, = R(0., 95)0,
On the other hand,
(V5. Vs, — V5,V5,10, = R' (84, 85)0,

Now insert V5,8, = V} 8, + (Vy,8,,N)N, and take second derivatives, using
Vs,N = —b(9p). By a calculation entirely similar in spirit to Gauss’s and yours in
Problem 8.5(1) we get

[Vaa Vaﬂ - Vaﬁva,,]ay

= [Vgavt‘;ﬁ — v;ﬁvga]ay + B(8a, 8,)b(0p) — B(8p, 8,)b(8,) (11.53)

d d
+ { 5.2 B(85,8,) — B(&y, V4 0,) - 5,3 B(0a:8,) + B(@.. Vs, By)}N
The expression in the curly braces { } can be simplified. Our prescription (11.13) for
taking the covariant derivative of a covariant tensor field can be shown to be equivalent
tothe following version of Leibniz’s rule. For any p-times covariant tensor T, for vector
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X, and for vector fields Yy, ..., Y,, then T(Y,,...,Y,) is a scalar field and we may
differentiate it with respect to X. Then (11.13) says

XT(Ylv AR ] Yp) = (VXT)(Y[, ] Y[))

3T VRY, L Y) (11.54)

(with a similar rule for any mixed tensor). Apply this to the manifold V"~! and the
covariant tensor B to get

%B(aﬁ, 8,) = (V} B)(8g,8,)
+B(Vy,085.0,) + B8y, V} 8,)
Thus the expression in braces { } in (11.53) becomes, using (10.1),
(V3,B)(B5.8,) — (Vi B)(Ba, 8,) = Bpy/sa — Buyysp (11.55)

where we use the double slash // for covariant differentiation using the connection V'V,
(This should be no surprise after Problem 11.23.) Then (11.53) can be written

R(8,,05)8, = R' (84, 8p)0,
+ B(04, 0,)b(0p) — B(8g, 8,)b(8,)
+ [Bsy//a — Bays/pIN (11.56)
Finally, we may multiply by X*Y#Z” and sum over a, B, and y to get
RX,Y)Z = R"(X,Y)Z + B(X,Z)b(Y) — B(Y, Z)b(X) (11.57)
+ [(VyxB)(Y,Z) — (VyB)(X,Z)IN

which is a Riemannian generalization of (8.34).
On the right-hand side, only the last line is a vector normal to V. Since X, Y,andZ
are tangent to V, we have two consequences. First

(RX, Y)Y, X) = (RV(X, Y)Y, X)
+ B(X, Y)(b(Y), X) — B(Y, Y)(b(X), X)
or
(RX, Y)Y, X) = (RV(X, Y)Y, X) (11.58)
+[B(X,Y)]* — B(Y,Y)B(X,X)

Now notethat if we make a substitution, X > X' = aX+bYandY — Y’ = cX+dY,
then it is easy to see that

(RX', Y)Y, X) = (ad — bc)*(R(X, Y)Y, X)

On the other hand, if we let | X A'Y || denote the area of the parallelogram spanned by
XandY

I XAY 2= XY |?sin’ 2X, Y
=IXIPIYIP—(X,Y)?
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then under the substitution we have | X' A Y’ ||?= (ad — bc)? | X A'Y ||%. Conse-
quently, if X and Y are independent and if we let X A'Y denote symbolically the 2-plane
spanned by X and Y, we then have that

KXAY):=(RX, Y)Y, X) | XAY|? (11.59)

depends only on the plane X A 'Y and not the basis X, Y itself. This number, which is a
function of 2-planes in the tangent spaces to M", is called the (Riemannian) sectional
curvature for the plane X A'Y. By taking X and Y to be orthonormal, (11.58) can be

written
KuXAY)=KyXAY)+ [B(X,Y))? — B(Y,Y)B(X, X) (11.60)

which we shall call Gauss’s equation for the hypersurface V"~! ¢ M".
Our second consequence of (11.57) is what we shall call the Codazzi equation

(RXX,Y)Z,N) = (V{B)Y,Z) — (VyB)(X,Z) (11.61)

We now will show that these two equations reduce to the surface equations of the
same name.

11.4c. The Interpretation of the Sectional Curvature

Suppose now that we consider a submanifold V" C M" that need not be of codimension
1. We define, for any vector field Z defined along V and for any vector X tangent to V

atp
VZ := projection of VxZ into the tangent space 44
The induced connection for V" is again defined at p € V by applying this formula in

the case that Z = Y is tangent to V.
The normal space to V" at p, (V,,)i C M, now has dimension n — r; let Ny,

A=1,...,n — r,be normal vector fields along V that are orthonormal. These will
exist in some small V-neighborhood of p. Then
VY = VxY — > (VxY,NaNy (11.62)
A

For each normal N4 we shall define a second fundamental linear transformation b, :
V, = V,by

ba(X) := —Vy(Ny) (11.63)

(Note that although VN, is orthogonal to N4, we need V,‘;N 4 1n order to assure that
it is tangent to V'!) A calculation similar to that leading to (11.60) will now lead to
Gauss’s equations

Ku(XAY) = Ky(XAY)+ D ([BaX, Y)? = Ba(Y. Y)Ba(X, X)}  (11.64)
A

Now let X, Y be any orthonormal pair of vectors tangent to M" at a point p. Consider
the 2-dimensional surface V> C M" generated by all the geodesics of M that are
tangent to the 2-plane X A Y at p. This surface is geodesic at p, and just as in (11.52),



314 RELATIVITY, TENSORS, AND CURVATURE

all second fundamental forms must vanish at p, b, = 0 at p. Thus, from (11.60)
Ky(XAY)=Ky(XAY). Putting X = ¢, Y = e,, we see

KyXAY)=Ky(XAY)
= (Ry (e}, ey)e;, e)) = R1v212 =K

is the Gaussian curvature of V? with its induced Riemannian metric. Thus

Theorem (11.65): K (X AY) is the Gaussian curvature of the 2-dimensional
geodesic disc V? generated by the geodesics of M" that are tangent to the plane
XAY.

In the special case when M 3 = R®and V? is a surface in R3, Ky (X,Y) is simply the
Gauss curvature Ky = RY 1212 of V2 and (11.60) says that 0 = K + (b12)? — by by =
K — det b, since X and Y are orthonormal. This is Gauss’s theorema egregium. For the
Codazzi equations (11.61), in our V2 C R? case, R = 0 and the right-hand side say,
from (11.55), bg, /0 = bay /8- From Problem 11.2(3) this is the usual Codazzi equation.

11.4d. Fixed Points of Isometries

Let & : M" — M" be an isometry. The fixed set, that is, the set F = {x € M|d(x) =
x} of points left fixed by @, can consist perhaps of several connected pieces or “compo-
nents.” Consider two points x and y in F and consider the minimal geodesic y joining
x to y. We know from (10.25) that such a minimal geodesic will exist if x and y are
sufficiently close, and furthermore this minimal geodesic is unique, again if x and y are
sufficiently close. Since the length of ®(y) is the same as the length of y, we see that
®(y) is again a minimal geodesic joining x to y. By uniqueness ®(y) = y, that is,
the entire minimal geodesic joining x to y lies in the fixed set F provided that x and
y are in F and sufficiently close. In other words, if two fixed points of an isometry are
sufficiently close, then the entire geodesic joining them is fixed. It is not difficult to see
then (see [K]) that in fact

the fixed set of an isometry consists of connected components, each of which is a
totally geodesic submanifold.

As an example, the isometry of the unit sphere x* + y? + z?> = 1 that sends (x, Y, 2)
to (x, y, —z) has the equator as fixed set. The “same” isometry of RP? has fixed set
consisting of the “equator” and the “north pole.”

Problems

11.4(1) Let X, Y, Z, be tangent vector fieldsto V"-'. Extend them in any way you wish
to be vector fields on M". Show that
() VXY — VyX is the Lie bracket [ X, Y] on V and thus the connection V" is
symmetric.
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(i) Show that
X(Y,Z) = (VYY,Z) + (Y, Vy2Z)

and hence VvV isthe Levi-Civita connection for V.
11.4(2) If you fold a sheet of paper once, why is the crease a straight line?

e ——

11.5. The Geometry of Einstein’s Equations

What does the second fundamental form have to do with the expansion of the universe?

11.5a. The Einstein Tensor in a (Pseudo-)Riemannian Space-Time

Leteg, . - - » €3 be an “orthonormal” frame at a point of a pseudo-Riemannian M*. The
following relations can be found in [Fr, chap. 4]). There are sign differences from the
Riemannian case (considered in every book on Riemannian geometry).

Recall that a null vector X has (X, X) = 0. For any nonnull vector X we define its
indicator €(X) = sign(X, X). If e; is a basis vector we shall write € (i) rather than
€(e;); thus €(0) = —1.

The Ricci tensor in its covariant form defines a symmetric bilinear form

Ric(X, Y) := R;; X'Y’
In particular (11.66)
R;; = Ric(e;, e;)
The Ricci quadratic form can be expressed in terms of sectional curvatures
Ric(e;, &) = €(i) Y K(ei Ae)) (11.67)
J#i

that is, the Ricci curvature for the unit vector e; is (except for a sign) the sum of the

sectional curvatures for the (n — 1)-basis 2-planes that include e;. In particular, for a

Riemannian surface M?,Ric(e;, e)) = K(e; Ae,) = K is simply the Gauss curvature.
The scalar curvature R is also the sum of sectional curvatures

R=R,= Z K(ei Nej) (11.68)
i,j, with i#j
In the case of a surface R = K(e; Aey) + K(e; Ae)) = 2K.
The Einstein tensor is defined to be

1
G,'j = R,’j — Eg;jR (1169)

with associated quadratic form G(X, X) = R; X' X/ — (1/2)(X, X)R. One then has
that the Einstein quadratic form is again a “sum” of sectional curvatures, G(e;, ;) =
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—e(i) > K(ej), where €} is a basis 2-plane that is orthogonal to e;. For example, fo
the timelike e,

G(ep, €) = K(ej ney) + K(ey Aes)+ K(e; Aes) (11.70)
8mkT(ey,e) = K(e; ne) + K(ey Aes3)+ K(ey Aes)

The second equation follows from Einstein’s equation (11.9).
In particular, if we are dealing with an electromagnetic field, the energy—momentun,
tensor (as given in Problem 11.3(3)) is

1 k 1 rs

T; = i k" — ZgijFer (1171
Let us write out Tog = T (e, €y) in the case of Minkowski space. (We continue tg
use the convention that Greek indices run from 1 to 3 while the Roman run from
to 3; unfortunately this is counter to the notation in most physics books.) First, from
Equation (7.18), note that Fo, Fo* = Foo Fo® = Foag®® Fop = ELE® = E2. Also
FosFr° = 2(FopF% + ., g Fap F*?). But F% = g#* Fio g% = EP and s0 2Fyp F% =
—2EgE? = —2E*. Since Fj, = Bs,and soon, we have ), _; Fop F*¥ = B,B* = B,
and so

F. F* =2(B*> - E%) (11.72)
Thus in Minkowski space, Too = (47)~'[E? + (1/4)2(B? — E?)], or

| 2
Too = —(E* + BY) (11.73)
81

which is the classical energy density of the electromagnetic field (see Problem 11.5(1)).
In general, Ty is called the energy density of the nongravitational fields, as measured
in the frame e, and will be denoted by p

8mxp = K(ey ney) + K(eg Aney) + K(ey Aes) (11.74)

Einstein’s equation (11.9) implies that the indicated sum of sectional curvatures is a
measure of the total nongravitational energy density!

11.5b. The Relativistic Meaning of Gauss’s Equation

In the space—time manifold M* we may introduce local coordinates x° = ¢, x', x%,

and x3 in many ways. After such a selection has been made, the submanifolds V3(¢)
defined by putting x® = the constant value ¢ are called the spatial slices of the coordinate
system. These spatial slices are spatial in the sense that (X, X) > 0 for each nonzero
tangent vector to V (z). On the other hand, the “unit” normal N to V (¢) will always be
a timelike vector, (N, N) = —1. Of course we could also consider other hypersurfaces,
such as, those where x! = constant and N is then spacelike, but our main concern here
is with the spatial slices. The reader may refer to chapter 4 of [Fr] for further discussion.

Let N = e, be the unit normal to the spatial slice V*(t). Complete N to an or-
thonormal basis. We may consider the second fundamental form b of V (¢), defined as
in Section 11.4. We must now, however, be very careful with “signs.” For example,
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if e is an “orthonormal” basis, then when we expand a vector in terms of this basis,
=26 V', we get v* = (v, e,) but v’ = —(v, €;)! Thus for our spatial slice V (¢) we
have, rather than (11.48),

VxY = V,‘ZY —(VxY,N)N = V;Y — BX,Y)N (11.75)
This will then introduce minus signs into the Gauss equation (11.60)
KuXAY)=KvXAY)—[BX, YY)+ B(Y, Y)BX, X) (11.76)

We must now make a comment about self-adjoint linear transformations, for ex-
ample, b, in the case of our pseudo-Riemannian metric ( ,). When M is pseudo-
Riemannian, the proof in Problem 8.2(1) of the fundamental theorem on self-adjoint
rransformations A : R" — R" fails because the scalar product is not positive definite.
The crucial point is that in this case the “unit sphere” (x,x) = 1 is really a hyper-
boloid, and is thus not compact; there is, e.g., no assurance that the continuous function
f(x) = {x, Ax) will attain its maximum at any point of this hyperboloid! Thus a self-
adjoint A need not have real eigenvalues! For example, in Minkowski 2-space with
metric diag(—1, 1) the linear transformation with matrix

0-1
o
is self-adjoint (since its covariant version is symmetric) with eigenvalues £+ i. We,
however, are concerned here with the self-adjoint b that maps the tangent space to V (¢)
into itself. Since V (¢) is spacelike, V (¢) is a Riemannian submanifold of the pseudo-
Riemannian space—time, and thus b will have 3 real eigenvalues, and the corresponding

eigenvectors, the principal directions, can be chosen orthonormal. By applying (11.76)
toan orthonormal basis of eigenvectors ey, e,, and e; of b, we get

KM(eaAeﬁ)ZKv(eaAeﬂ)+KaKg (1177)

Put this now into (11.74), where the sectional curvatures K there are for M*, that is,
K = Ku. Einstein’s equation becomes

8mkp = Ky(ey Aey) + Ky(ep Ae3)+ Ky(ex Aes)
+ (k1Kk7 + K1K3 + KoK3)

or, from (11.68)
1
87TK[)= 5Rv+(K1K2+K1K3+K2K3) (1178)

We shall think of this as the geometric version of Einstein’s equation involving Ty.
Let us put it in the proper perspective.
For a Riemannian surface V2 C R® we have K = ««,, which we may now write as

0=-Ry —
> v — Ki1K3

This is simply Gauss’s theorema egregium, and, as we have just seen, is a consequence
of the fact that the Einstein tensor G of the flat R® vanishes.
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Consider a 3-dimensional submanifold V3 of the flat euclidean 4-space R*, The
statement that the Einstein tensor G of R* vanishes can be written
|

0= ERV—(K1K2+K1K3+K2K3) (11.79

This is a 3-dimensional version of Gauss’s theorema egregium.

If we consider instead a 3-dimensional spacelike submanifold V* C Mg of Minkoy,.
ski space, then there is only a simple sign change, yielding

|
0= ERV + (K1K2 + K|K3 + K2K3)

This is the theorema egregium for such a hypersurface of Minkowski space.
Consider now a 3-dimensional spatial section V? in the actual space—time manifolq
M?* of our physical world. Einstein’s equation (11.78) then says that

the combination (1/2) Ry + (k k2 +K 1 k3 +K2k3) is not 0, as it was in Minkowski space,
but is rather a measure of the total nongravitational energy density of space~time!

Note that Ry is an intrinsic measure of curvature of the spatial section V3, since it is
constructed from the Riemann tensor of the Riemannian V3. On the other hand, the
K’s, being principal normal curvatures, measure how V3 curves in the enveloping M*;
thus (x5 + K k3 + k2k3) is @ measure of extrinsic curvature. As J. A. Wheeler putit,
Einstein’s equation (11.78) may be stated as follows:

The sum of the intrinsic and the extrinsic curvatures of a spatial section is a measure
of the nongravitational energy density of space—time.

Finally, I wish to elaborate on (11.78), putting it in the spirit of Gauss’s theorema
egregium. Let p be a point of space—time and let N be a given unit timelike vector at
p. Let V3 be any spacelike hypersurface that is orthogonal to N at p; only its tangent
plane at p is prescribed. V3 will have a scalar curvature Ry at p that depends strongly
on the choice of V3. V3 will also have normal principal curvatures «, at p, and these
again will depend on the choice of V3. Gauss’s generalized theorema egregium states
that the combination (1/2)Ry + («x1k2 + k k3 + kak3) does not depend on the choice
of V2, but is in fact equal to the value G(N, N) = R;;N'N/ + (1/2)R of the Einstein
quadratic form for M* evaluated on the given normal!

11.5¢c. The Second Fundamental Form of a Spatial Slice

Consider in space—time M* a coordinate system in which the metric assumes the form
ds® = goo(t, X)d1* + hog (1, X)dx"dx? (11.80)

Thus gog = 0 and gog = hop is the Riemannian metric induced on the slice V3()
defined by putting ¢ constant. (Such coordinates always exist; e.g., if we take an initial
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dlice v3(0) and introduce Gaussian geodesic coordinates as in 10.3a, we can even make
— —1!) As we proceed along the ¢-lines we may contemplate 9/02g,p(z, X).

£00
3 5 va, v,
_a:—aa’a = 36 60'»_
51508 = 570 Op) < a1 ﬁ>+< ot >
Vat Val
= o -
<8x“’ ﬂ>+<6a’ 8xﬁ>
Put
¢ = (—go) "

then N = ¢ '8, is the unit normal to each spatial slice V?(z).

9(hap) _ <V(¢N) 8ﬁ>+<6 V(¢N)>

ot ax® dxP
VN VN
= ¢[<5x_"’ 6,‘5> + <3a, ax—ﬁ>} = —@bes + bsal

Thus

0hygp

—F = -2p, 11.81

5 s ( )

In words,

bag is essentially the measure of the rate of change of the spatial metric hqp as one
moves along the normal to the slices, that is, in time!

It should be clear from this that the second fundamental form will play a crucial role
in discussing the expansion of the universe (see [Fr, chap. 12]).

Equation (11.81) is useful in the Riemannian V"=} ¢ M" case as well. See Problem
11.5(2).

11.5d. The Codazzi Equations

So far, in this section, we have discussed mainly the geometry of the Einstein equation
Gy = 8mk Ty, where Ty is the (nongravitational) energy density. We now wish to
discuss the geometry of Gos = 8wk Tjys.

Recall that we have already demonstrated certain symmetries of the covariant Rie-
mann tensor; for example, R;jy is skew in (ij) and also in (k!). The latter is Equation
(9.54). Using the Bianchi identity, you are asked in Problem 11.5(3) to show that there
is also the symmetry

Rijii = Ruyj (11.82)

Back to relativity. Assume a metric of the form (11.80). The Codazzi equations are
given in (11.61). If you write these out in coordinate form (as you are asked to in
Problem 11.5(3)) you will get

(—800)™""*Royap = byp/ja — byassp (11.83)
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the double slash again denoting covariant derivatives in V>(¢) (recall that b is a tensor
on V3(¢), not M*). Then

b p/ja — b arp = B (bypja — byaysp) = h** ™' Royap

where (h*7) is the inverse matrix to the 3-dimensional tensor (hg)). Since (g¥) is a

matrix of the form
_¢,72 0
0 (h“ﬂ )
we may write

™" h*Y Royap = &' 8" Royap = &' 8" Roiag = —¢~"' R 0ap
and so R¥gep = —@ (b* /0 — b*ay/8). Then
Rog = Rioig = R%up = = (b g/ja — b"ayyp)
Since gog = 0, Einstein’s Gog = 8wk Typ gives

8rkTog = +/ (—go())(H(Sg - bag)//a (1184)

which perhaps should be called the Einstein-Codazzi equation.

In the case of electromagnetism, in Minkowski space, Top = (8n)*1F0kF5k, and
FOkFﬁk = Fanﬁa = —EaFﬂa = —EaFﬂa = EaFaﬂ = EaBaﬂ = the ﬂth component
of ig%?, that is, —E x B. By Problem 11.5(1), this is the negative of the momentum
density of the field. In general, —Tyg is defined to be the 8™ component of the momen-
tum density of the nongravitational fields and the Einstein—Codazzi equation (11.84)
relates this to the second fundamental form of the spatial slice.

11.5e. Some Remarks on the Schwarzschild Solution

Werefer the reader to [Fr, chap. 5] for details of the following.

The Schwarzschild solution is a static solution of Einstein’s equations corresponding
to the gravitational field exterior to a single spherically symmetric static mass ball (e.g.,
the region outside the sun) in an otherwise empty universe. It is not hard to see that the
metric for the entire universe must be of the form

ds® = goo(r)dt* + g,,(r)dr® + r}(d6® + sin® 6d¢?) (11.85)

in spherical coordinates r, 6, ¢ with the mass center at the origin. Note that dr does
not measure radial distance from the origin; the unknown ﬁrrdr does! On the other
hand, r2(d6? + sin? 6d¢?) is exactly the standard metric on the 2-sphere S?(r) of radius
r in R? (i.e., the sphere of constant Gauss curvature K = 1/ r?). This sphere has area
4mr?. Thus r is a radial coordinate that is normalized not so that it is distance from
the origin but rather so that the 2-sphere r=a has area 4ma’.

The metric coefficient g,, can be obtained as follows. From (11.78) we see that
Ry + 2(k1Kk7 + K1k3 + K2k3) = 16mkp, where V3 is the spatial slice ¢ = constant and
Ry is the Ricci scalar curvature of V. But, from (11.81), the second fundamental form
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of a spatial slice vanishes in a static universe. We conclude that Ry = 16z« p and in
articular Ry = 0 in the region outside the ball of matter.

We wish then to determine the metric coefficient g, on the spherically symmetric
3 with Ry = 167«p(r). We may try torealize such a Riemannian V3 as an embedded
3_manif01d (again called V?) in euclidean R* = R x R? with coordinates w, r, 6, ¢,
which respects spherical symmetry, that is, is invariant under the rotation group SO(3)
acting on the space R3.

Figure 11.5

Weassume a graph of the form w = w(r, 6, ¢) = w(r). Thusthe slices w = constantare
simply 2-spheres, and the function w of r is to be determined so that Ry = 16wkp(r);
since we are interested here in the region exterior to the ball, we shall not be concerned
that p is not known explicitly as a function of r.

For the entire V3 sitting in R*, we may again apply Gauss’s equation (11.79), where
now the «’s are the principal curvatures of V? C R*. It is easy to compute the normal
curvatures for this 3-dimensional analogue of a surface of revolution, and in Chapter
5 of [Fr] it is shown that exterior to the ball, w takes a parabolic form, yielding the
Flamm paraboloid

2 -1
w? =8m(r —2m) and g, = (1 - —m>

e
where

m =K/ A rp(r)dr
0

is a measure of the “total mass” of the ball of coordinate “radius” a. Thus V? carries
the spatial metric (1 — 2m/r)~'dr* 4 r*(d6?* + sin* 0d¢?).

In Problem 11.1(2) it was shown that U = (1 — 2m/r)'/? is a solution to Laplace’s
equation in the spatial Schwarzschild metric, and, for large r, U is of the form U ~
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1 —m/r. Thus 1 — (1 —2m/r)'/? is a good candidate for the “correct” gravitationg]
potential in the exterior region. As in Section 11.1c, this suggests that /—goo = 1 —=U =
(1 —2m/r)'/* and so goop = —(1 — 2m/r). In [Fr] it is shown that this is in fact the
solution demanded by the remaining Einstein equations. Thus in the external region we
have the Schwarzschild solution

r

2 _ 2m 2m\ 7! 2 2,02 .2 2
ds 1 —=—dr’+ (1 —=—) dr’+r*d6* +sin’0d¢?) (11.86)
r

Problems

11.5(1) Consider the classical electromagnetic field in R3, as in Section 3.5. Note that
&nxé = E « Evol®, and so differentiating with respect to time gives 9/9t(EA%S) =
26 A 9% &/at. Likewise, we may compute 3/3t(‘8 A *B). Show that for a fixeq
compact region U of R3, we have

(;8171 U/\*Uﬁ—‘))/\*‘ﬁ———/ U/\*(h_‘/UUA(} (1187)

The integrand on the left-hand side is (87)~1(E2 + B2) > 0 and is the classical
energy density of the field. Note that [, &' /\("? = [yE+JvoP ~ [ E« pwvoP
represents the rate at which the field does work on the charges in the current.
Then ()~ [, &' Ax32 = [, (47)"'E x B + dS is interpreted as the flux of
energy through aU. Relativistically, energy is the same as mass. But the flux
of mass through a surface is given classically by the surface integral of the
momentum density. (For example, in the case of a fluid with mass density p we
have [, , oV« dS = —d/dt [, pvol®.) Thus we may consider (47)~'E x B, the
Poynting vector, to be the momentum density of the field. Equation (11.87)
is Poynting’s theorem.

11.5(2) In the Riemannian case one puts ¢ = (ggo)'/2, but (11.81) still holds. Show
that

\/det(ha/g —¢H\/det(hap)

(see (11.39)). Since ,/det(ga,;)dx1 A ...~ dx" 1 is the “area” form d S for
V"1 we may write for the first variation of area
d

— dS”“:—/ $HdS"!
at 769 V()

This is the (n — 1)-dimensional version of (8.26), but where is the boundary
term? ’

11.5(3) Prove (11.82).
11.5(4) Prove (11.83).



CHAPTER 12

Curvature and Topology: Synge’s

Theorem
—

In Problem 8.3(7) it was shown that if M? is a closed surface in R> then its curvature
K and its “genus” g are related by

1
L7 KdS=2-2g (12.1)
2 M

This is the Gauss—Bonnet theorem. In particular, when M? is a (perhaps) distorted torus
(ie., a surface of genus 1), then (277)~! i) w KdS = 0. Thus it is not possible o embed
the torus in R? in such a way that its Gauss curvature is everywhere positive. This is
not surprising; a few sketches of tori will “convince” one that there will always have
to be saddle points somewhere. However, in Part Three, we shall see that (12.1) is true
even for an abstract Riemannian metric (without any question of an embedding in R?).
This is an example of a global or topological result, relating the purely “infinitesimal”
notion of curvature to the topological notion of the genus of the surface.

In this brief chapter we will discuss a relation between curvature and the topological
notion of simple connectivity, namely the theorem of J. L. Synge, one of the most
beautiful results in global differential geometry of the twentieth century. In the process
of proving Synge’s theorem, we shall derive a formula, also due to Synge, for the second
variation of arc length along a geodesic.

Figure 12.1
323
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In the figure, we have drawn a closed geodesic C, first on a surface with negagjy,
curvature and then on a positively curved sphere. If we consider only variations of ¢
by smooth closed curves (where P = Q and the tangents match up at P), it is clear
from (10.4) that the first variation of arc length vanishes in both cases, the endpojp
contributions cancel in the case of a closed geodesic. Still, we can shorten the equatgy
C on the sphere by pushing it north! We could say that in the “space Q52 of g
smooth closed curves on S2,” the length functional L has first derivative 0 at the point
representing the equator C but C does not yield a relative minimum for L. We shq)
see, from Synge’s formula, that in this case of positive curvature the second variation jg
negative for the variation pushing C north, explaining why this geodesic is unstable, (5
slippery rubber band stretched along the equator would contract if disturbed slightly,)
It seems evident that the equator in the negatively curved surface is stable, yielding ap
(absolute) minimum for L, and this will also follow from Synge’s formula.

12.1. Synge’s Formula for Second Variation

What does curvature have do with the stability of a geodesic?

12.1a. The Second Variation of Arc Length

We first introduce a notation that will simplify the appearance of our calculations,
Consider, as in Section 10. 1b, the variation of arc length. We have the tangent vector field
T = 0x/ds and the variation field J = 0x/d«, both defined along the 2-dimensional
variational surface. We shall write with some misgivings

v VT
Vil = —J and V;T:= — (12.2)

as da
even though T and J are defined only along the variational surface. We shall also write,
for instance, Vtw rather than Vw/ds when w is a field defined along the variational

surface. Thus Lemmas (10.1) and (10.2) of Section 10.1 then take the form
V] =V,T
and (12.3)
ViViw - V;Vrw = R(T, J)w

We now return to our consideration of arc length variation, started in Section 10.1.
We suppose now that the base curve Co, given by @ = 0, is a geodesic of length L.
Recall that the parameter s need be arc length only when o = 0.

We shall only be concerned with the case in which the first variation vanishes,
L’(0) = 0. From (10.4) we see that this requires, in this case of a geodesic base curve,
that

(J,T)o=U,Te

From the first equation of (10.4) we have, in our new notation

L
L'(a) = / (T, T)""2(V+J, T)ds
0
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Then
L' (@) = / [—(T, T) (V1] T)?
1 (T, ) (Y Ve, T) + (Vrd, VyT))lds

Since | T |=1 when @ = 0, and since V1J = VT
L
L"(0) = / [—(V1], T)2 4+ ((V; V1], T) + (V1], V1))ds
0

Note that
(V1d, Vi) = (V1d, T =l Vi |2 = | V1T || cos® 6

where @ is the angle between V1J and T. But this is simply the square of the area
I (VTd) A T || of the parallelogram spanned by these two vectors. Thus

L'(0) = /0 (VoY T+ | (Vd) AT P)ds (12.4)
Look now at the first integrand
(VyVid, T) = (VaVyJ, T) + (RU, I, T)
But (ViVyJ, T) =09/3s(VJ, T) — (V3], V1T), and so
/ C(VrV . Tids = (V). T
Equation (12.4) then becomes
L'(0) = (V;J, D)k + OL{<R(J, T, T)+ | (V) AT [2)ds

Thestatement that the covariant Riemann tensoris skew in the first two indices translates
to the statement

(RJ, T, T) =—(RJ, T)T, J)

as one easily sees by expressing this in terms of components. Thus we finally have our
principal formula, dating from the year 1925.

Synge’s Formula (12.5): For a variation of a geodesic in which the first varia-
tion vanishes, (J, T) o = (J, T) p, we have

L
L"(0) = (V3J, T)L + /0 (I (V1) AT |2 (R, )T, J))ds

Note also that when the variation is orthogonal to the geodesic, that is, when (J, T) =
0, then (V1J, T) = TJ, T) —(J,VeT) =0, and | (V1J) AT || becomes simply
Il VeJ 2. )
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Corollary (12.6): For an othogonal variation of a geodesic we have

L
L'(0) = (V;d, T)E + /O (1 V2J 12 —(RQ, DT, J)}ds

Recall (from (11.59)) that in a Riemannian manifold M", || A ||> O for all A and
M has negative sectional curvature if (R(J, T)T, J) is negative whenever T and J are
linearly independent. Consider a geodesic C in such a space joining distinct poing P
and Q. To see whether C locally minimizes arc length between P and Q we consige,
a variation J that vanishes at P and Q. Thus the endpoint contribution vanisheg in
Synge’s formula. If J and T are not everywhere dependent along C the integral wi]] pe
positive. If J = f (s)T along C, then the variation associated to J does not change the
curve C at all. From (12.5).

Corollary (12.7): In a negatively curved Riemannian M", a nontrivial variation
of a geodesic C joining distinct points P and Q yields L"(0) > 0 and so C is
stable, that is, locally minimizes arc length.

In the case of a closed geodesic, J need not vanish at P = Q, but both T and J match
up at P = (Q, and so the first variation still vanishes. Furthermore, (V;J, T)g =0
We conclude that L”(0) > 0, and = 0 only if J is a multiple of T along C; this would
simply move the geodesic into itself.

Corollary (12.8): In a negatively curved Riemannian M", each closed geodesic
is stable.

12.1b. Jacobi Fields

We shall reconsider the case of distinct endpoints when the variation field J vanishes
at the endpoints and is orthogonal to T. Then, as we have seen,

0(J, T)

(V], T) =T{J,T) - {J, VT) = 35

=0

and so

L L
/ | (Vel) AT > ds = / (Ved, V2d) = (Ved, TV }ds

0 0

L
- / (Ved, Vidyds

0

Synge’s formula then reads

L
L"(0) = /0 (V1d, V2J) — (RU, TYT, J))ds (129)
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), V13) = T(J. V1J) — (J, V1 V1J) and the first term integrates to 0 since

ot ! hes at the endpoints. We then have

Jvanis
L
L"(0) = —/ {({(VyV1J+ RJ, DT, J)}ds (12.10)
0

7 variations that vanish at the endpoints and are orthogonal to the geodesic.

Note that if J is a Jacobi field, then L”(0) = 0. Thus, from Problem 10.1(3), if we
vary the geodesic C by a 1-parameter family of geodesics passing through P and Q,
poth the first and the second variations vanish!

This has the following consequence. (Our treatment will be very brief; for a more
careful treatment see, €.2., [Do, p. 423].)

First note that given any vector field X = X(s) defined along a curve C, we can define
4 variation of C having variation vector given by X. There are many ways of forming
such variations. For x (s, &) we may merely put x(s, &) = exp,,, @X(s); that s, x (s, @)
is the point on the geodesic starting at x (s) on C in the direction of X(s), and atdistance
| aX(s) Il from x(s).

*0) x(s)

Figure 12.2

Suppose that there is a nontrivial Jacobi field J along the geodesic C that vanishes
at P and at some point P’ between P and Q; we do not assume that J vanishes at Q.
We call P’ a conjugate point to P along the geodesic C.

Figure 12.3
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Using J we may construct a variation of the portion P P’ of C as before. Note that
different variations having the same variation vector J at a = 0 will yield the Same
secondvariation formula (12.10)! The varied curves C, pass through P’ and, by ( 12.1q)
have the same length, to second order, as the arc P P’ of the base curve C.

The varied curves C, meet C = C(0) transversally if « is small enough; we see thig
as follows. We have already mentioned that a Jacobi field can be realized by Varying
C by geodesics C,. If a geodesic C, were tangent to the geodesic C at some point p!
then C, would coincide with C and so J = 0. Thus C,, is transversal to C at P’, ‘

Let then P” be a point on C,, and Q" a point on C, that are so close that there jg 5
unique minimal geodesic P”Q’ joining them. Then the geodesic arc P”Q’ is strictly
shorter than the broken arc P”P’Q’. This says then that the curve of broken arcg
P P" Q' Q is shorter than the original geodesic PP’ Q' Q = P Q. The broken PP"Q'0
can then be smoothed off to yield a smooth curve that is again shorter than C. We haye
“shown” that

Theorem (12.11): If a geodesic arc C contains a point P’ conjugate to the be-
ginning point P in its interior, then C is not a minimizing geodesic; that is, C is
not stable.

Thus a geodesic cannot be minimizing after passing a point conjugate to the initial
point!

In fact Marston Morse has shown the following (see [M]). Let us say that the point
P’ conjugate to P has (Morse) index A iff there are exactly A linearly independent
Jacobi fields along C that vanish at both P and P’. (This makes sense since the Jacobi
equation is linear in J.) Suppose that P|, ..., P/ are exactly the conjugate points to P
that are between P and Q, and that P/ has index A(i). We define the (Morse) index of
C tobe ), A (i), the sum of the indices of all conjugate points P’ interior to P Q. Then
in a certain well-defined sense, there are essentially > _; A(i) independent variations of
C that strictly decrease the arc length of C.

For example, consider on the n sphere the geodesic (great circle) C that starts at the
north pole P, passes through a point Q on the equator, goes all the way around to P
again, and continues on to the point Q.

Figure 12.4
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¢ first conjugate point to P is the south pole P’; the next and last is P” = P itself

¢ arc length 27). For the arc PP’ there is an (n — 1)-dimensional family of great
(i.‘ cles (parameterized by the equator S"~'); these yield an (n — 1)-dimensional space
clffjacobi fields vanishing at P’, and thus the index of the conjugate point P’ is n — 1.
g'hese geodesics also yield variations of the segment PP'P”, and so P” is conjugate
0P with index n — 1. Thus the Morse index of the geodesic PQ P'P"Q is 2(n — 1);
there are basically 2n — 2 independent variations of C that decrease the length of C.

o Problem

12.1(1) Use (11.82) and [RU, HT)? = TPR23,.4J°TY to show that the Jacobi linear
transformation

Jd— RU, DT

is self-adjoint.

12.2. Curvature and Simple Connectivity

How is positive curvature related to simple connectivity?

12.2a. Synge’s Theorem

Theorem (12.12): Let M?" be an even-dimensional, orientable manifold with
positive sectional curvatures, K(X AY) > 0. Then any closed geodesic is unsta-
ble, that is, can be shortened by a variation.

For example, the equatorial great circle on the round 2-sphere can be shortened by
pushing it north.

PrROOF OF SYNGE’s THEOREM: Let C,x = x(s), be a closed geodesic. We
first claim that we can find a unit vector field J along C that is normal to C and
parallel displaced along C. This is proved as follows. Since parallel translation
around C will send the geodesic tangent T into itself, parallel translation around
C will also take the (2n — 1)-dimensional plane of vectors normal to T into itself.
Let T+ be the normal plane at x (0). Parallel translation around C will give a map
P : TY — T+. This map is linear since the differential equations of parallel
translation are linear. We know that this map is an isometry; thus P is given by
an orthogonal matrix, PT = P!, P cannot reverse the orientation of T+, for
if it did, since T is sent into itself, parallel translation would have reversed the
orientation of the 2n-dimensional tangent space to M at x(0), contradicting the
assumption that M is orientable. Thus det P = +41. But the eigenvalues of P
either are real or occur in complex conjugate pairs, and since there are 2n — 1 of
them, we conclude that there are an odd number of real eigenvalues. But each of
these must be £ 1, and yet det P = (the product of all the eigenvalues) = 1. Thus
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there is at least one eigenvalue A = + 1. But this means that some normal vector
J must be sent into itself under the parallel translation; J(s) is a normal paralle]
displaced vector along C'!

We may then construct a variation of C by again considering the geodesics
tangent to the vectors J, that is,

x(s, &) = exp,{aJ (x(s))}

By construction (dx/da) (s, 0) = J(x(s); that is, this variation has J as its vari-
ation vector. Look at Synge’s formula (12.9). The boundary term vanishes since
we have a closed curve. Further, V1J = 0 since J is parallel displaced. Thus

L
L"(0) = —/ K(T A J)ds (12.13)
0
since T and J are orthonormal. We conclude that L”(0) < 0. Since L'(0) = O for
the geodesic we conclude that such a variation would decrease the length of the

curve for small. O

There are spaces with positive sectional curvatures. The usual paraboloid in R? has
positive curvature, and any deformation of it, if sufficiently small, will also. Likewise for
the unit sphere (which is compact). The unit sphere §” C R"*" has sectional curvatures
all unity. To see this we use the Gauss equation (11.60) applied to M = R"*' and
V = §". Since Ky, = 0 for M euclidean we have Ky (X,Y) = B(Y, Y)B(X,X) —
{B(X, Y)}?. For two orthogonal principal directions X = e, and Y = e, we would
have Ky (e, €;) = kk,. But by symmetry, all principal curvatures for the round unit
sphere must coincide, x; = —1 (using the outward-pointing normal). Thus all sectional
curvatures for the unit n-sphere are +1.

For another example, consider the real projective n-space RP”". This is the space
resulting from the unit n-sphere when antipodal pairs are identified. Any tangent vector
X to RP" corresponds to a pair of tangent vectors, Y and —Y, to S” at antipodal points.
These vectors have the same length, and thus there is no ambiguity in defining || X ||
to be the length in the Riemannian S” of either of the tangent vectors Y “covering”
X. This defines a Riemannian metric for RP". It should be clear that the 2:1 projection
(identification) map & : §" — RP” is then a local isometry, and thus the Riemann
tensors of the two spaces agree at corresponding points, if we use local coordinates in
S” that result from pulling back local coordinates in RP" (see Section 8.5b). Thus RP"
carries a Riemannian metric with sectional curvatures K = 1 again!

We have mentioned in Section 10.2d that if a compact manifold is not simply con-
nected, then among a free homotopy class of closed curves that cannot be shrunk to
a point, there will be a shortest curve and it will be a closed geodesic. Thus we have
Synge’s theorem of 1936.

Corollary (12.14): A compact, orientable, even-dimensional manifold with pos-
itive sectional curvatures is simply connected.
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12.2b. Orientability Revisited

The example RP" is especially interesting with regard to Synge’s corollary because
RP" is not simply connected! This can be seen as follows. An arc C’ on §" going
from the north to the south pole projects down to yield a closed curve C on RP" since
the north and south poles project to the same point (call it N) on RP". We claim that
C cannot be deformed to a point on RP". Let C be parameterized, x = x(t), with
x(0) = x(1) = N. It should be clear that any deformation of C can be “covered” by a
deformation of C' on S", using the identification. Under a deformation of C, the point
N might move to another point N,, and then the covered curve C a would start at one
of the two points on S” covering N, and end at its antipodal point —N,. If C could be
deformed to a point, then eventually we would have to cover this single point curve C,
at N, by awhole arc on $” going from a point over N, to its antipode. This is impossible
since N; is covered only by two points on §*. O

The fact that R P* is not simply connected has the following application to mechanics

([A, p. 248)).

Theorem (12.15): A rigid body, free to rotate in R* about a fixed point of the
body and subject to any time independent potential field, has a periodic motion
for any sufficiently large total energy E.

COMMENT: A rigid body fixed at one point in R* has the rotation group SO (3)
as configuration space (see Section 1.1d). SO(3) is an example of a Lie group,
and we shall study them in detail in this book, starting with Chapter 15. One
then looks at the phase space, i.e., the cotangent bundle to SO (3). In Section 28
of Arnold’s book it is shown how the classical moment of inertia tensor is used
to relate (angular) velocities on the manifold S O(3) to (angular) momenta, and
thence to define the kinetic energy on the phase space. Using the given potential
field on SO (3) we can form the Jacobi metric of Theorem (10.19). For sufficiently
large total energy H = E, the Jacobi metric defines a Riemannian metric on all
of SO (3) in which the geodesics represent the motions of the system. But SO (3)
is topologically RP? (see 1.2b, example vii). Since RP? is not simply connected,
there exists a closed geodesic, and this corresponds to a periodic motion of the
body. O

Does the fact that RP?" is not simply connected contradict Synge’s Corollary 1?
RP? is compact, even-dimensional, and has positive sectional curvatures. Thus even-
dimensional projective spaces cannot be orientable! This reaffirms the result of Problem
2.8(1).

Synge’s method has another striking consequence for orientability. First note that if
M" is not orientable then there is some closed curve C that cannot be deformed to a
point (in particular M is not simply connected!) and such that orientation is reversed
on transporting an orientation around C. To see this, suppose that M is not orientable.
Then it must be that transporting an orientation around some closed curve must lead
to a reversal of orientation; otherwise it would be possible to transport an orientation
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uniquely from a given point to every other point, implying that M was orientable. ] g
now orientation be reversed upon traversing a closed curve C. If we deform C slightly
to a curve C,, then, by continuity, orientation must be reversed also on traversing C,.
Thus orientation would be reversed for every closed curve that is freely homotopic tg
C (see Section 10.2d). But if we could deform C to a point curve C;, where orientation
cannot be reversed, we would have a contradiction. O

Thus if M" is not orientable, there is, from Section 10.2d, a closed geodesic C having
the property that orientation is reversed upon traversing C and C is the shortest curye
in its free homotopy class. In Problem 12.1(1) you are asked to prove the following:

Corollary (12.16): If M*'*! is a compact, odd-dimensional manifold with posi-
tive sectional curvatures, then M is orientable.

This shows that the odd-dimensional projective spaces are orientable.

Problem

12.2(1) Use Synge’s method to prove Corollary (12.16).



CHAPTER 13

Betti Numbers and De Rham’s

Theorem
—

When can we be certain that a closed form will be exact?

THE lack of simple connectivity is but one measure of topological complexity for a
space. In this chapter we shall deal with others, the Betti numbers, and their relations
with the potentials for closed exterior forms initiated in Chapter 5. This subject is a part
of the discipline called algebraic topology.

13.1. Singular Chains and Their Boundaries

What does Stokes’s theorem say for a Mobius band?

13.1a. Singular Chains

The standard (euclidean) p-simplex in R” is the convex set A, C R” generated by
the p + 1 points

Py=0,...,0,P=(1,0,...,0),..., P, =(0,...,0,1)

1

Py

*Pg u) iy
Py Py Py Py

333
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U3

‘&

Py

uy
P

P

u|

Figure 13.1

We shall write
Ap=(Py, P,..., P)
A singular p-simplex in an n-manifold M" is a differentiable map
op A, > M”

of a standard p-simplex into M.

Op

Figure 13.2

Note that a singular simplex is a special case of a parameterized subset discussed in
Section 3.4b. This is the natural object over which one integrates p-forms of M via the
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pull-back

We emphasize that we put no restriction on the rank of the map o,; for example, the
image of A, which we shall also denote by o,,, may be a single point of M.
Note that the k™ face of A,

A = (Po,.... P, Py)

that is, the face opposite the vertex Py, is not a standard euclidean simplex, sitting as it
does in R” instead of R”~'. We shall rather consider it as a singular simplex in R”. In
order to do this we must exhibit a specific map

a L

of Ay into R”, having the face as image. We do this in the following fashion. f; is
the unique affine map (i.e., a linear map followed by a translation of origin) of R”~!
into R” that sends Py > Py, ..., Pi.y = Pi_y, P. > Piyy, ..., P,,_] — Pp.

Ifo: A, — M"is asingular simplex of M and if ¢ : M" — V" is a differentiable
map, then the composition ¢ o o : A, — V' defines a singular simplex of V. In
particular o o fi : A,_ — M" defines a singular (p — 1)-simplex of M, the k" face
of the singular p-simplex o.

We define the boundary d A, of the standard p-simplex, for p > 0, to be the formal
sum of singular simplexes

=> (=AY, (13.1)
k

whereas for the 0-simplex we put dAg = 0. For example, d(Py, Py, P;) = (P, P;) —
(P()s P2)+ (P0$ Pl)

Figure 13.3

A; = (Py, Py, Py) is an ordered simplex; that is, it is ordered by the given ordering
of its vertices. From this ordering we may extract an orientation; the orientation of A,
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is defined tobe that of the vectors ¢, = P, — Py and e, = P, — Py. Likewise, each of g
faces is ordered by its vertices and has then an orientation. We think of the minus sign jp
front of (P, P;) as effectively reversing the orientation of this simplex. Symbolically,

Figure 13.4

In this way the boundary of A, corresponds to the boundary as defined in Section
3.3a, and, in fact, Stokes’s theorem for a 1-form &' in the plane says, for this A = A,,

A similar result holds for A;. A; = (P, Py, P>, P;) is an ordered simplex with orien-
tation given by the three vectors P — Py, P, — Py, and Py — Py. As drawn, this is the
right-hand orientation. d A3 has among its terms the “roof” (P;, P,, P3) and it occurs
with a coefficient +1. The orientation of the face +(P;, P,, P;) is determined by the
two vectors P, — Py, and P; — P|, which is the same orientation as would be assigned
in Section 3.3a.

0A ,, as a formal sum of simplexes with coefficients £1, is not itself a simplex. Itis
an example of a new type of object, an integer (p — 1)-chain. For topological purposes
it is necessary, and no more difficult, to allow much more general coefficients than
merely £1 or integers. Let G be any abelian, that is, commutative, group. The main
groups of interest to us are

G =1Z, the group of integers
G =R, the additive group of real numbers
G =7, =17/27Z, the group of integers mod 2
The notation Z, = Z /27 means that in the group Z of integers we shall identify any

two integers that differ by an even integer, that is, an element of the subgroup 2Z. Thus
Z, consists of merely two elements

0 is the equivalence class of 0, £2, +4, ...
Z, = {0,1}) where
1 is the equivalence class of + 1, +3, ...

with addition defined by 04+0 = 0, 0+1 = 1, 14+1 = 0. This of course is inspired by the
fact that even + even = even, even + odd = odd, and odd + odd = even. We usually write
Z, = {0, 1} and omit the tildes Likewise, one can consider the group Z, = Z/pZ,
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the group of integers modulo the integer p, where two integers are identified if their
difference is a multiple of p. This group has p elements, written 0, 1, ..., p — 1.

We define a (singular) p-chain on M", with coefficients in the abelian group G, to
be a finite formal sum

cp=810, 480+ -+go, (13.2)

of singular simplexes o’ : A, — M, each with coefficient g, € G. This formal
definition means the following. A p-chain is a function ¢, defined on all singular p-
simplexes, with values in the group G, having the property that its value is 0 € G for
all but perhaps a finite number of simplexes. In (13.2) we have exhibited explicitly all

of the simplexes for which c,, is (possibly) nonzero and
c,,(a,f) =g
We add two p-chains by simply adding the functions, that is,
(c,+ c'p)(o,,) = cp(o,) + c;(ap)

The addition on the right-hand side takes place in the group G. In terms of the formal
sums we simply add them, where of course we may combine coefficients for any simplex
that is common to both formal sums. Thus the collection of all singular p-chains of
M" with coefficients in G themselves form an abelian group, the (singular) p-chain
group of M with coefficients in G, written C,(M"; G).

A chain with integer coefficients will be called simply an integer chain.

The standard simplex A, may be considered an element of C,(R”; Z); this p-
chain has the value 1 on A, and the value O on every other singular p-simplex. Then
A, = (—1)"A“I‘,)_l is to be considered an element of C,,_, (R”; Z).

Ahomomorphism of an abelian group G into an abelian group H isamap f : G —
H that commutes with addition (i.e., f(g+ g') = f(g) + f(g')). On the left-hand side
we are using addition in G; on the right-hand side the addition is in H. For example,
f 1 Z — R defined by f(n) = n+/2 is a homomorphism. F : Z — Z,, defined
by F(n) = 0if n is even and 1 if n is odd, describes a homomorphism. The reader
should check that the only homomorphism of Z, into Z is the trivial homomorphism
that sends the entire group into 0 € Z.

Let F : M" — V'. We have already seen thatif ¢ is a singular simplex of M then
Foo isasingular simplex of V. Weextend F to be ahomomorphism F, : C,(M; G) —
Cy(V; G), the induced chain homomorphism, by putting

F(g10, ++g0))=g(Foo))+ - +g (Foo))
For a composition F : M* — V" and E : V" — W' we have
(EoF),=E.oF, (13.3)

Ifo : A, — M is a singular p-simplex, let its boundary do be the integer
(p — 1)-chain defined as follows. Recall that dA , is the integer (p — 1)-chain 9A, =
Su(=DF AN on A,. We then define

9o = 0.(08) = > _(=Dfo (A% ,_)) (13.4)
k
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Roughly speaking, the boundary of the image of A is the image of the boundary of A\
Finally, we define the boundary of any singular p-chain with coefficients in G by

0y g0l =) gdd, (13.5)

By construction we then have the boundary homomorphism
9:Cp(M; G) —> Cpy (M; G) (13.6)
If F: M" — V" andif c, = }_g, o, is a chain on M, then for the induced chain

FiconV wehave d(Fic) =0 8 Fio" =3 gd(F.o") =3 g (Fo0"),(0A) =
> & Flo,(0A)] = [} g0.(3A)] = F, dcp. Thus
doF,=F,00 (13.7)
(Again we may say that the boundary of an image is the image of the boundary.) We
then have a commutative diagram
F,
C,(M;G) - C,(V;G)

3 3l
Cp-1(M;G) > Cpy (V5 G)
F,

meaning that for each ¢ € C,(M; G) we have F, dc, = dF, (cp).

Suppose we take the boundary of a boundary. For example, d9(P,, P\, P;) =
o{(Py, P) — (Po, P) + (Po, P)} = P, — P — (P, — Py) + P — Py = 0. This
crucial property of the boundary holds in general.

Theorem (13.8):
3?=000=0

PROOF: Consider first a standard simplex A . From (13.1)

908, =3 (=1)*d(Po, ..., Per.... P})
k

=3 DY (1 (Po Py P Py)
k j<k

+ 3 DS T Py, L B L P Py
k

J>k
=0 (cancellation in pairs)

But then, for a singular simplex, d(dog) = 9(0.(dA)), which, from (13.7), is
0, 0(0A) =0,(0) =0. O

13.1b. Some 2-Dimensional Examples

1. The cylinder Cyl is the familiar rectangular band with the two vertical edges brought
together by bending and then sewn together. We wish to exhibit a specific integer 2-chain
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on Cyl. On the right we have the rectangular band and we have labeled six vertices. The

5

Figure 13.5

labels on the two vertical edges are the same, since the band is to be bent and the two
edges are to be sewn, resulting in Cyl. On the band we have indicated six singular 2-
simplexes. We shall always write a singular simplex with vertices in increasing order. For
example, (Q, O3, Q4) is the singular simplex arising from the affine map of the plane
into itself that assigns (Po, P, P2) — (Q, O3, Q4). After the band is bent and sewn
we shall then have a singular 2-simplex on Cyl that we shall again call (Q,, O3, Q4).
We have thus broken Cyl up into 2-simplexes, and we have used enough simplexes so
that any 1- or 2-simplex is uniquely determined by its vertices.

We wish to write down a 2-chain where each simplex carries the orientation indicated
in the figure. Since we always write a simplex with increasing order to its vertices, we put

¢ = (Qo, Q1, @2) — (Qu, Q1, Q3) + (01, 03, Q4) — (Q3, Q4, Os)
+ (Q2, Q4, Os) + (Qo. 02, O5s)

Then

We write this as dc; = B + C, where B = (Qq, 03) + (O3, Os) — (Qo, Os) and
C = (05, 04) — (0, Q4) + (Q4, O7). B and C are two copies of a circle, with
opposite orientations; B is the bottom edge and C the top. Denote the seam (Qp, Q)
by A, and omitting all other simplexes, we get the following symbolic figure.

or
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>
-

Figure 13.6

Note that in the lower figure the result is the same as would be obtained if we think
of the cylinder as an oriented compact manifold with boundary, the boundary being then
oriented as in Section 3.3a.

In the upper figure we have a rectangle with four sides. By denoting both vertical
sides by the same curve A we are implying that these two sides are to be identified
by identifying points at the same horizontal level. The bottom curve B and the top C,
bearing different names, are not to be identified. As drawn, the bottom B, the top C, and
the right-hand side A have the correct orientation as induced from the given orientation
of the rectangle, but the left-hand A carries the opposite orientation. Symbolically, if we
think of the 2-chain c; as defining the oriented manifold Cyl, we see from the figure that

3Cyl=B+A+C—-A=B+C

the same result as our calculation of dc; given before with all of the simplexes. From
the rectangular picture we see immediately that all of the “interior” 1-simplexes, such
as (@3, Q4), must cancel in pairs when computing 3C5.

2. The Mobius band M6. We can again consider a 2-chain ¢,

Figure 13.7

Note that the only difference is the right-hand edge, corresponding to the half twist
given to this edge before sewing to the left hand edge; see Section 1.2b (viii). This
c, is the same as in the cylinder except that the last term is replaced by its negative
—(Qo, 02, Qs). We can compute dc; just as before, but let us rather use the symbolic
rectangle with identifications.
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Figure 13.8

The boundary of the oriented rectangle is now
IM6=B+A+C+A=B+C+24A

This is surely an unexpected result! If we think of the Mobius band as an integer 2-

B

Figure 13.9

chain, as we did for the cylinder, then the “boundary,” in the sense of algebraic topology,
does not coincide with its “edge”, that is, its boundary in the sense of “manifold with
boundary.” As a chain, one part of its boundary consists of the true edge, B + C, but
note that although the point set B + C is topologically a single closed curve it changes
its orientation halfway around. It is even more disturbing that the rest of the boundary
consists of an arc A going from Q; to Qy, traversed fwice, and located along the seam
of the band, not its edge!

The reason for this strange behavior is the fact that the Mobius band is not orientable.
It is true that we have oriented each simplex, just as we did for the cylinder, but for
the cylinder the simplexes were oriented coherently, meaning that adjacent simplexes,
having as they do the same orientation, induce opposite orientations on the 1-simplex
edge that is common to both. This is the reason that dc; on the cylinder has no 1-simplex
inthe interior; only the edge simplexes canappearin dc;. On the Mobius band, however,
the oriented simplexes (Qq, Q1, Q2) and —(Qy, @2, Os) induce the same orientation to
their common (Qy, Q2) = —A since these two 2-simplexes have opposite orientations!
This is a reflection of the fact that the Mobius band is not orientable. We shall discuss
this a bit more in our next section.
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We have defined the integral of a 2-form over a compact oriented surface M2 j,
Chapter 3, but we mentioned that the integral is classically defined by breaking up the
manifold into pieces. This is what is accomplished by construction of the 2-chain c;! g
' be a 1-form on the cylinder, oriented as in Example (1). The integral of da over Cyl
can be computed by writing Cyl as the 2-chain c;. Applying Stokes’s theorem to each
simplex will give

// dalz/ a1=/ a':/al+/a'
Cy! aCyl B+C B Jc

just as expected. However, for the Mobius band, written as c3,

// dal=/ a1=/ al=/al+/al+2/al
Mo o Mo B+C+24 B C A

This formula, although correct, is of no value. The integral down the seam is not intrinsic
since the position of the seam is a matter of choice. The edge integral is also of no value
since we arbitrarily decide to change the direction of the path at some point. It should not
surprise us that Stokes’s theorem in this case is of no intrinsic value since the Mobius
band is not orientable, and we have not defined the integral of a true 2-form over a
nonorientable manifold in Chapter 3. If, however, a! were a pseudoform, then when
computing the integral of da' over the Mdbius ¢y, Stokes’s theorem, as mentioned in
Section 3.4d, would yield only an integral of «' over the edge B + C. The fact that B
and C carry different orientations is not harmful since the « that is integrated over B will
be the negative of the « that is integrated over Cj; this is clear from the two simplexes

(Qo, 01, @2) and —(Qo, 02, O5).

13.2. The Singular Homology Groups

What are “cycles” and “Betti numbers”?

13.2a. Coefficient Fields

In the last section we have defined the singular p-chain groups C, (M"; G) of M with
coefficients in the abelian group G, and also the boundary homomorphism

9:C,(M;G)— Cpy (M; G)
Givenamap F : M* — V" we have an induced homomorphism
Fo:Cpo(M;G) — C,(V;G)
and the boundary homomorphism 0 is “natural” with respect to such maps, meaning that
doF,=F,00

We also have 0% = 0. Notice the similarity with differential forms, as 0 takes the place
of the exterior derivative d! We will look at this similarity in more detail later.

Many readers are probably more at home with vector spaces and linear transforma-
tions than with groups and homomorphisms. It will be comforting to know then that in
many cases the chain groups are vector spaces, and not just abelian groups.
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An abelian group G is a field, if, roughly speaking, G has not only an additive
structure but an abelian multiplicative one also, with multiplicative identity element
1, and this multiplicative structure is such that each g # 0 in G has a multiplicative
inverse g" such that gg=' = 1. We further demand that multiplication is distributive
with respect to addition. The most familiar example is the field R of real numbers. The
integers Z do not form a field, even though there is a multiplication, since for example,
2 € Z does not have an integer multiplicative inverse. On the other hand, Z, is a field
if we define multiplicationby 0-0=0,0-1=0,and 1-1 = 1. In fact Z, is a field
whenever p is a prime number. In Zs, the multiplicative inverse of 3 is 2.

When the coefficient group G is a field, G = K, the chain groups C,(M"; K)
become vector spaces over this field upon defining, for each “scalar” r € K and chain
cp= (S gio',) € Cp(M"; K)

rc, = Z(rg,-)aip

The vector space of p-chains is infinite-dimensional since no finite nontrivial linear
combination of distinct singular simplexes is ever the trivial p-chain 0.
From (13.5) we see that when G = K is a field,

3:Cp(M:K)— Cp_y (M; K)

is a linear transformation.

Finally, a notational simplification. When we are dealing with a specific space M"
and also a specific coefficient group G, we shall frequently omit M and G in the
notation for the chain groups and other groups to be derived from them. We then write,
for example, 9 : C, — C,_;.

13.2b. Finite Simplicial Complexes

Atthis point we should mention that there is a related notion of simplicial complex with
its associated simplicial (rather than singular) chains. We shall not give definitions, but
rather consider the example of the Mobius band. We have indicated a “triangulation”
of the band into six singular 2-simplexes in Example (2) of the last section. Each of
these simplexes is a homeomorphic copy of the standard simplex, unlike the general
singular simplex. Suppose now that instead of looking at all singular simplexes on
Mo we only allow these six 2-simplexes and allow only 1-simplexes that are edges
of these 2-simplexes, and only the six 0-simplexes (i.e., vertices) that are indicated.
We insist that all chains must be combinations of only these simplexes; these form
the “simplicial” chain groups C,. Then Co(M&; G) is a group with the six generators
Qo, ..., Os; C, has twelve generators (Qo, Q1), (Qo, Q2), ..., (Q4, Qs); and C, has
the six given triangles as generators. If we have a field K for coefficients, then these
chain groups become vector spaces of dimension 6, 12, and 6, respectively, and the
simplexes indicated become basis elements. In terms of these bases we may construct
the matrix for the boundary linear transformations 9 : C, — C,_;. For example
3(Qo, Q1) = Q1 — Qo tells us that the 6 by 12 matrix for d : C;(M6; R) — C, (M&;
R) hasfirstcolumn (-1, 1, 0, 0, 0, 0)”. The simplicial chain groups are of course much
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smaller than the singular ones, but in a sense to be described later, they already contaj,
the essentials, as far as “homology” is concerned, in the case of compact manifolds,

13.2c. Cycles, Boundaries, Homology, and Betti Numbers

Return to the general case of singular chains with a coefficient group G. We are going
to make a number of definitions that might seem abstract. In Section 13.3 we shqj]
consider many examples.

Wedefine a (singular) p-cycle tobe a p-chain z, whose boundary is 0. The collection
of all p-cycles,

Z,(M;G) :=({z, € Cploz, =0} (139
=kero:C, - C,_y

that is, the kernel 3~ (0) of the homomorphism 8, is a subgroup of the chain group C,
(called naturally the p-cycle group). When G = K is a field, Z,, is a vector subspace
of C,, the kernel or nullspace of 9, and in the case of a finite simplicial complex this
nullspace can be computed using Gauss elimination and linear algebra.

We define a p-boundary S, to be a p-chain that is the boundary of some (p + 1)-
chain. The collection of all such chains

B,(M; G) : = {B, € CplB, = 3cpyy, forsomecyi € C,1} (13.10)
=Imod:C,y — C,

the image or range of 9, is a subgroup (the p-boundary group) of C,. Furthermore,
9B = 09c = 0 shows us that B, C Z, is a subgroup of the cycle group.

Consider a real p-chain c, on M", that is, an element of C,(M; R). Then ¢, =
Sb; op(’), where b; are real numbers. If @” is a p-form on M, it is natural to define

/a” :=Zb,~/ o’ (13.11)

Then

/C da?™! = Zb,» /am da’™! = Zb; (/Mma”" =/a af~! (13.12)

We shall mainly be concerned with integrating closed forms, da” = 0, over p-cycles
zp. Then if z, and z’,, differ by a boundary, z — 7 = ¢4, we have

/Za”—Lapz/zZlcx"zjcccx”:/cda”:o (13.13)

Thus, as far as closed forms go, boundaries contribute nothing to integrals. When
integrating closed forms, we may identify two cycles if they differ by a boundary. This
identification turns out to be important also for cycles with general coefficients, not just
real ones. We proceed as follows.

If G is an abelian group and H is a subgroup, let us say that two elements g and g’
of G are equivalent if they differ by some element of H,

g~g iffg—g=heH
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Sometimes we will say g = g mod H. The set of equivalence classes is denoted by
G/H, andread G mod H. If g € G we denote the equivalence class of g in G/H by

] or sometimes g + H. Such an equivalence class is called a coset. Any equivalence
class[1 € G/H is the equivalence class of some g € G, [] = [g]; this g is called a
representative of the class but of course [g] = [g + 4] for all A € H. Two equivalence
classes can be added by simply putting [g +g'] := [g]+[g']. In this way we make G/ H
itself into an abelian group, called the quotient group. This is exactly the procedure
we followed when constructing the group Z, = 7Z/27 of integers mod 2.

We always have amap w : G — G/H that assigns to each g its equivalence class
=8+ H. r is, by construction, a homomorphism.

When G is a vector space E, and H is a subspace F, then E/F is again a vector
space. If E is an inner product space, then E/F can be identified with the orthogonal
complement F* of F and 7 can be identified with the orthogonal projection into the

FL

E/F
Tv=[v]

Figure 13.10

subspace F*.If E does not carry a specific inner product, then there is no natural way
to identify E/F with a subspace of E; any subspace of E that is transverse to F can
serve as a model, but E/F is clearly more basic than these nonunique subspaces.
Return now to our singular cycles. We say that two cycles z, and z, in Z,(M; G)
are equivalent or homologous if they differ by a boundary, that is, an element of the
subgroup B,(M; G) of Z,(M; G). In the case of the cycles Z, and the subgroup B,
the quotient group is called the p'™ homology group, written H,(M; G)
Z,(M; G)
B,(M; G)
When G = K is afield, Z,, B,, and H, become vector spaces. We have seen that Z
and B are infinite-dimensional, but in many cases H, is finite-dimensional! It can be
shown, for example, that this is the case if M" is a compact manifold. Before discussing
this, we mention a purely algebraic fact that will be very useful.

H,(M; G) := (13.14)

Theorem (13.15): If ¢ : G, — G, is a homomorphism of abelian groups and
if ¢ sends the subgroup H\ of G, into the subgroup H, of G,, then ¢ induces a



346 BETTI NUMBERS AND DE RHAM’S THEOREM

homomorphism of the quotient groups
G G,
i
H, H,
PROOF: The composition of the homomorphisms ¢ : G, — G, followed by
n : G, > G,/H, is a homomorphism 7w o ¢ : G; — G,/H,. Under thjs
homomorphism (g +h1) — ¢(g) +¢(h1)+H, = ¢(g) + Ha,since ¢(h)) € H,.
Thus 7 o ¢ sends elements that are equivalent in G, (mod H,) into elements that
are equivalent in G, (mod H>) and so we then have a homomorphism of G,/H,
into G,/ Hy; this is the desired ¢,. O

We then have the following topological situation. If M" is a compact manifold, there
is a triangulation of M by a finite number of n-simplexes each of which is diffeomor-
phic to the standard r-simplex. This means that M is a union of such n-simplexes and
any pair of such simplexes either are disjoint or meet in acommon r-subsimplex (vertex,
edge, ...) of each. (Weexhibited a triangulation explicitly for the Mobius band in Section
13.1b). These simplexes can be used to form a finite simplicial complex, for any coeffi-
cient group G, just as we did for the M&bius band. Since C,, Z,, and B, are then finitely
generated groups, so is A p = z »/B,. Now any simplicial cycle can be considered a
singular cycle (i.e., we have a homomorphism from Z p» 10 Z ) and this homomorphism
sends B, to B,,. Thus we have an induced homomorphism of the simplicial homology
class H,, to the singular homology class H,,. It is then a nontrivial fact that for compact
manifolds H, = H »; that is, the p'™ singular homology group is isomorphic to the
p'" simplicial homology group! (A homomorphism is an isomorphism if it is 1 : 1
and onto.) In particular the singular homology groups are also finitely generated (even
though the singular cycles clearly aren’t) and if G is a field K, H,, is finite-dimensional.

When G is the field of real numbers, G = R, the dimension of the vector space H,
is called the p™ Betti number, written b, = b,(M)

b,(M) :=dim H,(M;R) (13.16)

In words, b, is the maximal number of p-cycles on M, no real linear combination of
which is ever a boundary (except for the trivial combination with all coefficients 0).
Let F: M" — V' be amap. Since, from (13.7), F, commutes with the boundary 9,
we know that F, takes cycles into cycles and boundaries into boundaries. Thus F, sends
homology classes into homology classes, and we have an induced homomorphism

F.: H,(M; G) — H,(V; G) (13.17)

Finally, we can see the importance of the homology groups. Suppose that F : M" —
V" is a homeomorphism, then we have not only (13.17) but the homomorphism F' :
H,(V; G) - H,(M, G) induced by the inverse map, and it is easily seen that these two
homomorphisms are inverses. Thus F, is an isomorphism; homeomorphic manifolds
have isomorphic homology groups. We say that the homology groups are topological
invariants. Thus if we have two manifolds M and V, and if any of their homology
groups differ, for some coefficients G, then these spaces cannot be homeomorphic!
Unfortunately, the converse is not true in general; that is, nonhomeomorphic manifolds
can have the same homology groups.
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13.3. Homology Groups of Familiar Manifolds

Is projective 3-space diffeomorphic to the 3-torus?

13.3a. Some Computational Tools

Any point p € M" can be considered as a 0-chain. By the definition of the boundary
operator dp = 0, and each point is a O-cycle.

A smooth map C : [0, 1] — M is a curve in M; the image is compact since the
image of a compact space (e.g., the unit interval) under a continuous map is again
compact (see Section 1.2a). C of course can be considered a singular 1-simplex, and
we have 3C = C(1) — C(0). If g € G, the coefficient group, then 3(gC) is the 0-chain
gC(1) — 8C(0).

Suppose that C : [a, b] — M is a piecewise smooth curve. We may then break up the
interval [a, b] into subintervals on each of which the map is smooth. By reparameteriz-
ing the curve on each subinterval, we may consider the mappings of the subintervals as
defining singular simplexes. We may then associate (nonuniquely) to our original curve
asingular 1-chain, associating the coefficient 41 to each of the 1-simplexes. The bound-
ary of this chain is clearly C(b) — C(a), the intermediate vertices cancelling in pairs.

C(b)

Cla)

Figure 13.11

A manifold M" is said to be (path-)connected if any two points p and g can be
joined by a piecewise smooth curve C : [0, 1] — M; thus C(0) = p and C(1) =
g. This curve then generates a 1-chain, as in Figure 13.11. But then C = g — p.
Likewise d(gC) = gqg — gp, where gC is the 1-chain that associates g € G to each
of the 1-simplexes. This shows that any two 0-simplexes with the same coefficient, in
a connected manifold, are homologous. Also, since a 1-chain is merely a combination
C=>gC:, 9C = > {g:q: — g p:}, we see that no multiple gp of a single point is a
boundary, if g # 0. Thus any particular point p of a connected space defines a 0-cycle
thatis not aboundary, and any O-chain is homologous to amultiple gp of p. We then have

Ho(M"; G) = Gp for M connected (13.18)

meaning that this group is the set {gp|g € G}. For example, Hy(M"; Z) is the set
{0, £p, £2p, £3p, ...} and Hy(M"; R) is the 1-dimensional vector space consisting
of all real multiples of the “vector” p. This vector space is isomorphic to the vector
space R, and we usually write Hy(M"; R) = R. In particular, a connected space has
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0" Betti number by = 1. If M is not connected, but consists of k connected pieces,
then Ho(M"; R) = Rp, + Rp, + - - - + Rpy, where p; is a point in the i" piece. In this
case bo(M) = k.

(We should mention that in topology there is the notion of a connected space; M is
connected if it cannot be written as the union of a pair of disjoint open sets. This is 3
weaker notion than pathwise connected, but for manifolds the two definitions agree.)

Next, consider a p-dimensional compact oriented manifold V? without boundary.
By triangulating V? one can show that V? always defines an integer p-cycle, which we
shall denote by [V, ]. For example, consider the 2-torus T2

Qo O Q4 Qo
Qo " Qo G G G
C
Qs (o} o O
B 4 2 B G G G
Gl GG
10 Qs O¢ %]
VA4
! GGG
Qo Qo
Qo Q1 Q4 Qo
Figure 13.12

If we associate the integer + 1 to each of the eighteen indicated oriented 2-simplexes,

we get a chain [T2], for example, [T?](Qs, @7, Qs) = —1.The boundary of this chain
is clearly O

[T’ )=A+B-A—-B=0

and this same procedure will work for any compact orientable manifold.

On the other hand, consider a nonorientable closed manifold, the Klein bottle K2.
This surface cannot be embedded in R* but we can exhibit an immersion with self-
intersections. This is the surface obtained from a cylinder when the two boundary edges
are sewn together after one of the edges is pushed through the cylinder. Abstractly, in

Figure 13.13
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terms of a rectangle with identifications, we have the following diagram; note especially
the directions of the arrows on the circle B.

Go o Q4 Qo
Qo

@ GG

o (o} Os (92

. (.« |GG

03 Qs Qs Q2

G|
QD A GGG

Qo
Qo (0 Q4 Qo
Figure 13.14

Orient each of the triangles as indicated and give to each oriented triangle the coef-
ficient 41, yielding a singular 2-chain [ K2]. Now, however, we have

K’ )=A+B—-A+B=2B+#0

[K?] is not a cycle, even though the manifold has no boundary, that is, edge. This is a
reflection of the fact that we have not been able to orient the triangles coherently; the
Klein bottle is not orientable.

Note another surprising fact; the 1-cycle B = (Qq, Q) + (Q2, O3) — (Qq, O3) is
not a boundary (using Z coefficients) but 2B is, 2B = d[K?]! Note also that if we had
used real coefficients then B itself would be a boundary since then B = 9(1/2)[K 2],
where this latter chain assigns coefficient 1/2 to each oriented 2-simplex. Furthermore,
if we had used Z, coefficients, then [K?] would be a cycle, since 2B = 0 mod 2. All
these facts give some indication of the role played by the coefficient group G.

The following theorem in algebraic topology, reflecting the preceding considerations,
can be proved.

Theorem (13.19): Every closed oriented submanifold V? C M" defines a p-
cycle g[V?]in H,(M"; G) by associating the same coefficient g to each oriented
p-triangle in a suitable triangulation of V" .

Thus a p-cycle is a generalization of the notion of a closed oriented submanifold.
René Thom has proved a deep converse to (13.19) in the case of real coefficients.

Thom’s Theorem (13.20): Every real p-cycle in M" is homologous to a finite
formal sum " r; V of closed oriented submanifolds with real coefficients.
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Thus, when looking for real cycles, we need only look at submanifolds.

Our next computational tool is concerned with deformations. In Section 10.2d we
discussed deforming closed curves in a manifold. In a similar fashion we can deform
submanifolds and more generally p-chains. We shall not go into any details, but merely
mention the

Deformation Theorem (13.21): If a cycle z,, is deformed into a cycle z’p, then
z), is homologous 10 2, 2'p ~ 2p-

Figure 13.15

This follows from the fact that in the process of deforming z, into z), one sweeps
out a “deformation chain” ¢4, such that 3¢, = 2, — 2.

Our final tool is the following. For a closed n-manifold M", we know from Section
13.2c¢ that the singular homology groups are isomorphic to the simplicial ones. But in
the simplicial complex for M" there are no simplexes of dimension greater than n. Thus,

H,(M";G) =0 forp>n (13.22)

13.3b. Familiar Examples

1. 8", the n-sphere,n > 0. Hy(S"; G) = G since S" is connected forn > 0. Since §" isa
2-sided hypersurface of R"*' it is orientable, and since itis closed we have H, (S"; G) =
G.If z, is a p-cycle, 0 < p < n, it is homologous to a simplicial cycle in some
triangulation of S”. (The usual triangulation of the sphere results from inscribing an (n+
1)-dimensional tetrahedron and projecting the faces outward from the origin until they
meet the sphere.) In any case, we may then consider a z,, that does not meet some point
q € §". We may then deform z,, by pushing all of §" — g to the antipode of g, a single
point. z,, is thenhomologous to a p-cycle supported on the simplicial complex consisting
of one point. But a point has nontrivial homology only in dimension 0. Thus z, ~ 0 and

Ho(S"; G) = G = H,(S"; G) (13.23)
H,(S";G) =0, for p #0,n

The nonvanishing Betti numbers are by = 1 = b,,.
2. T?, the 2-torus. Hy = H, = G.
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Figure 13.16

Orient each 2-simplex as indicated, as we did in Section 13.3a. [T’ ] = A+ B -
A — B = 0, confirming that we have an orientable closed surface. Any l-cycle can
be pushed out to the edge. It is clear that if we have a simplicial 1-cycle on the edge
that has coefficient g on, say, the simplex (Q;, Q,), then this cycle will also have to
have coefficient g on (Qo, Q) and —g on (Qy, Q4), since otherwise it would have a
boundary. Thus a 1-cycle on the edge will have the coefficient g on the entire 1-cycle
A. Likewise it will have a coefficient g’ on the entire 1-cycle B. It seems evident from
the picture, and can indeed be shown, that no nontrivial combination of A and B can
bound. (For example, in Figure 13.16 we may introduce the angular coordinate 8 going
around in the A direction. Then ¢, “d6” # 0 shows that A does not bound as a real
1-cycle.) We conclude that

Ho(T* G) = G = H,(T* G) (13.24)
H,(T?: G) = GA+ GB
In particular, H,(T?; R) = RA + RB is 2-dimensional, by = b, = 1, b, = 2.

Qo

—F

Figure 13.17
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In the figure we have indicated the basic 1-cycles A and B. The cycle B’ is homol-
ogous to B since B — B’ is the boundary of the cylindrical band between them. The
cycle C is homologous to 0 since it is the boundary of the small disc.

3. K2, the Klein bottle. Look at integer coefficients.

Qo A Qo

B K? B

QO A QO
Figure 13.18

Hy = Z but H, = 0 since 9[K?] = A+ B — A + B = 2B # 0, the Klein bottle
is a closed manifold but is not orientable. Again any 1-cycle can be pushed out to the
edge, z; ~ rA + sB, r and s integers. Neither A nor B bound, but we do have the
relation 2B ~ 0. A satisfies no nontrivial relation. Thus A generates a group ZA and
B generates a group with the relation 2B = 0; this is the group Z,. Hence

Hy(K*7Z) =7, H,(K*,7Z) =0 (13.25)

H(K* 7) =7A + Z,B

If we used R coefficients we would get

Hy(K*;R) =R, Hy(K*;R)=0 (13.26)
Hi (K% R) = RA
since now B = 8(1/2)[K2] bounds. Thus by = 1, by = 1, and b, = 0.

4. RP2, the real projective plane. The model is the 2-disc with antipodal identifica-
tions on the boundary circle. The upper and lower semicircles are two copies of the same
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Figure 13.19

closed curve A. One should triangulate R P? but we shall not bother to indicate the trian-
gles. Orient all triangles as indicated. Clearly Hy(RP?; Z) = Z. Since d[RP?] = 2A,
we see that the real projective plane is not orientable and H,(RP%* Z) = 0. A is a
1-cycle and 2A ~ 0.

Hy(RP% 7) = Z, H,(RP%7Z)=0 (13.27)

H (RP%: Z) = 7,A
With real coefficients

Hy(RP% R) =R, H,(RP%;R) =0 (13.28)

H@RP:R) =0

and by = 1, by =0, and b, = 0. RP? has the same Betti numbers as a point!

5. RP3, real projective 3-space. The model is the solid ball with antipodal indenti-
fications on the boundary 2-sphere. Note that this makes the boundary 2-sphere into a
projective plane!

Figure 13.20
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Orient the solid ball using the right-hand rule. The upper and lower hemispheres B2
are two copies of the same projective plane R P2. Orient the identified hemispheres B2
as indicated. Note that the orientation of the ball (together with the outward normal)
induces the given orientation in the upper hemisphere but the opposite in the lower,
Orient the equator A as indicated.

Ho(RP3;R) = R. A is a I-cycle, but B> = 2A and so H;(RP* R) = 0. B2 s
not a cycle since 3B? = 2A # 0, and so H,(RP*; R) = 0. 3[RP3] = B> — B2 =,
Hence R P? is orientable (see Corollary (12.14)) and H;(RP?; R) = R.

Hy(RP* R) = R = H3(RP* R) (13.29)

all others are O

R P3 has the same Betti numbers as S3! See Problem 13.3(1) at this time.
6. T3, the 3-torus. The model is the solid cube with opposite faces identified.

A
C
I
" C B
s?
FZ
B
B
4 B
¢ C
A
Figure 13.21

Note that the front, right side, and top faces (which are the same as the back, left
side, and bottom faces) F?, S2, and T2 become 2-toruses after the identification. Orient
the cube by the right-hand rule. This induces the given orientation as indicated for the
drawn faces but the opposite for their unlabeled copies. Orient the three edges A, B,
and C as indicated. A, B, and C are 1-cycles. F?, §2, and T? have 0 boundaries just
as in the case of the 2-torus. 3[T3] = F2+ S?+ T?— F? -S> -T2 =0andso T3 is
orientable. We have

Hy(T* Z) =7 = Hy{(T*, Z)
H(T*Z) =ZA+ZB + ZC (13.24)
Hy(T? Z) = ZF* + Z§* + Z.T*?

Using real coefficients we would get by = 1, by =3 = b,, b; = 1.



DE RHAM’S THEOREM 355

— Problems

13.3(1) Compute the homology groups of R P3 with Z coefficients.

13.3(2) A certain closed surface M? has as model an octagon with the indicated iden-
tifications on the boundary. Note carefully the directions of the arrows.

Figure 13.22

Write down H;(M2; G) for G = R and G = Z. What are the Betti numbers? Is the
surface orientable?

13.4. De Rham’s Theorem

When is a closed form exact?

13.4a. The Statement of De Rham’s Theorem

In this section we shall only be concerned with homology with real coefficients R for a
manifold M". The singular chains C, cycles Z,, and homology groups H,, then form
real vector spaces.

We also have the real vector spaces of exterior differential forms on M".

AP .= all (smooth) p-forms on M
F? := the subspace of all closed p-forms
EP := the subspace of all exact p-forms

We have the linear transformation 9 : C » = Cp_1, with kernel Z,, and image B,_,
yielding H, = Z,/B,,. We also have the linear transformation d : A? — AP*' with
kernel F7 and image E”*' C FP*', from which we may form the quotient

FP
RP = = (closed p-forms)/(exact p-forms) (13.30)
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the de Rham vector space. X" is thus the collection of equivalence classes of closed p-
forms; two closed p-forms are identified iff they differ by an exact p-form. De Rham’g
theorem (1931) relates these two quotient spaces as follows.

Integration allows us to associate to each p-form 8”” on M a linear functional 1g»
on the chains C,, by I8”(c) = [, B”. We shall, however, only be interested in this linear
functional when B is closed, dB” = 0, and when the chain ¢ = z is a cycle, 3z = (),
We thus think of integration as giving a linear transformation from the vector space of
closed forms F” to the dual space Zj of the vector space of cycles

1:F"— Z
by (13.31)
IBM) () = / g7

Note that f +oe BP = fz B?”, since B is closed. Thus /8 can be considered as a linear
functional on the equivalence class of z mod the vector subspace B,. Thus (13.31)
really gives a linear functional on H,

1:F”—>H;=

Furthermore, the linear functional /87 is the same linear functional as I (8” + da”!),
since the integral of an exact form over a cycle vanishes. In other words, (13.31)
really defines a linear transformation from F”/E” to H}, that is, from the de Rham
vector space to the dual space of H,. This latter dual space is commonly called the p*
cohomology vector space, written H”

HP?(M;R) :== H,(M; R)" (13.32)
Thus
I:9° - H'(M;R) (13.33)

In words, given a de Rham class b € ®X”, we may pick as representative a closed form
B”. Given a homology class 5 € H,, we may pick as representative a p-cycle z,.
Then I(b)(3) := f: B, and this answer is independent of the choices made. Poincaré
conjectured, and in 1931 de Rham proved

de Rham’s Theorem (13.34): [ : ®” — H?(M; R) is an isomor phism. First,
is onto; this means that any linear functional on homology classes is of the form
1B? for some closed p-form B. In particular, if H, is finite-dimensional, as it is
when M" is compact, and if

) (b) _ th .
Zp s 2, b = the p" Betti number

is a p-cycle basis of H,, and if vy, . .., m, are arbitrary real numbers, then there
is a closed form B? such that

/ Bl =m,i=1,...,b (13.35)
7,0

“p
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Second, I is 1:1; this means that if I (B?)(z),) = f B” = 0 for all cycles z,, then
ﬁl’ Is exact,

‘Bp — dap—E

for some form ar!.

The number 7; in (13.35) is called the period of the form 8 on the cycle z ,,“ ). Thus

a closed p-form is exact iff all of its periods on p-cycles vanish.
A finite-dimensional vector space has the same dimension as its dual space. Thus
Corollary (13.36): If M" is compact, then dim R” = b, the p™ Betti number.

Thus b, is also the maximal number of closed p-forms on M", no linear combi-
nation of which is exact.

The proof of de Rham’s theorem is too long and difficult to be given here. Instead, we
shall illustrate it with two examples. For a proof, see for example, [Wa].

13.4b. Two Examples

1. T?, the 2-torus. T? is the rectangle with identifications on the boundary.

¢
A
2T
B 7? | B
6
0 A 2
Figure 13.23

R0 consists of closed O-forms, that is, constant functions, with basis f=1

Q! consists of closed 1-forms. Certainly df and d¢ are closed 1-forms and these
are not really exact since 6 and ¢ are not globally defined functions, being multiple-
valued. Since H,(T% R) = RA + RB, A and B give a basis for the 1-dimensional
real homology. But then [, d6/2n = 1, [, d60/2n = 0, [, d¢/2n = 0, and
Js d¢/2m = 1, show that d6 /21 and d¢/2n form the basis in %' = H' = H,* that
is dual to the basis A, B!
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% consists of closed 2-forms, but of course all 2-forms on 72 are closed. d@ A dg
is closed and has period [ f[T] dd A dp = (2m)?%. (Thus, in particular, it is not exact.)
Since H,(T?; R) = R [T?], we see that d9 A d¢/4m? is the basis of ®? dual to (T2

This was all too easy because 6 and ¢ are almost global coordinates on T2

2. The surface of genus 2.

Figure 13.24

% has generator the constant function f = 1. %2 has generator any 2-form on
M? whose integral over [M?] is different from 0, for example, the area 2-form in any
Riemannian metric. We need then only consider R'.

This surface can be considered as an octagon with identifications on the edges. This
can be seen as follows.

-G

Figure 13.25

In the first step we merely narrow the neck. In the second step we cut the surface
in two along the neck; the result is a left and a right torus, each with a disc removed,
the disc in each case having the original neck circle E as the edge. Of course these two
curves must be identified.

We now represent each punctured torus as a rectangle with identifications and with
a disc removed. All vertices are the same Q.
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Figure 13.26

We now open up the punctured rectangles

Figure 13.27

where again all vertices are the same Q. Finally we may sew the two together along
the seam E, which now disappears

Figure 13.28

leaving the desired octagon with sides identified in pairs. (Note that this is not quite the
surface that appeared in Problem 13.3(2) because of the identifications on the sides B.)
From this diagram the first homology is clearly

H(M*R)=RA+RB+RC +RD, b =4
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We now wish to exhibit the dual basis in ®'. Suppose, for instance, we wish ¢,
construct a closed 1-form whose period on A is 1 and whose other periods vanigh,
Take a thin band on M? stretching from the interval pgq on A to the same points on the
identified other copy of A.

Qo p q
f=0 here

f =1 here

Oo
Figure 13.29

Define a “function” f on M? as follows. Let f = O to the “left” of the band, let
f =1 to the “right” of the band, and let f rise smoothly in the band to interpolate.
This is not really a function on M? since, for example, the side B is in both the left and
the right regions. It does define a multiple-valued function; we could have f starting
with the value O to the left, and f increases by 1 every time one crosses the band from
left to right. Although f is multiple-valued, its differential df is a well-defined 1-form
on all of M?! By construction we have

/df:l, and [ df =0
A fBorCorD

We have then exhibited the dual 1-form to the class A. Using other bands we can
construct the remaining dual basis forms for '

Problem

13.4(1) (i) Show that every map F : S2 — T2 of a sphere into a torus has degree 0.
Hint: Use “d6” A “d¢” on T2 and show pull-back is exact.

(ii) Put conditions on a closed M" to ensure that deg F: M" — T" must vanish.



CHAPTER 14

Harmonic Forms
—

14.1. The Hodge Operators

What are Maxwell’s equations in a curved space—time?

14.1a. The * Operator

On a (pseudo-)Riemannian manifold M" we introduce a pointwise scalar product be-
tween p-forms by

(@”, BP) := oy B’ (14.1)

where, as usual, / = (iy,...,i,), and — denotes that in the implied sum we have
I} <iy <...<1i,. Itis notdifficult to check thatife = e, ..., e, is an orthonormal
basis for tangent vectors at a point, then o ! ..., o"is an orthonormal basis of 1-forms
and also that

ol=0" A" A... NG
yields an orthonormal basis for p-forms at the point fori; < --- < i,.
We now introduce a global or Hilbert space scalar product by

(a”, B7) := / (a?, B)vol” (14.2)
M

whenever this makes sense; this will be the case when M is compact, or, more generally,
when o or 8 has compact support.

We should remark at this time that the space of smooth p-forms on a Riemannian M
that satisfy (a”, @”) < oo form only a pre-Hilbert space since it is not complete; a limit
of square integrable smooth forms need noteven be continuous! To get a Hilbert space
we must “complete” this space. We shall not be concerned here with such matters, and
we shall continue to use the inaccurate description “Hilbert space.” We shall even go a
step further and use this denomination even in the pseudo-Riemannian case, when (,)
isnoteven positive definite!

361
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If o' isa 1-form, we may look at its contravariant version A, and to this vector We
may associate the pseudo (n — 1)-form i, vol”. In this way we associate to each 1-for
a pseudo (n — 1)-form. We are now going to generalize this procedure, associatip
to each p-form «” a pseudo (n — p)-form xa, the (Hodge-) dual of «, as follows, ¢
aP = a;dx’ then

xaf = azdxj
where (14.3)
o) = \/@aKeKl
If f is a function we have
*(fa’) = f xaf (14.4)

Written out in full

% Y ik
ajl---jn-/)_ |g| Z o pekl"'kﬂjl~~fn—1’

ky<...<k,

and where the upper indices K in o indicate that all of the covariant indices in o have
been raised by the metric tensor,

ot =gt g
For an important special case, the O-form that is the constant function f = 1 has
x1 = \/|gl€rn. .dx' A ... Adx" = vol" (14.5)

Note that for a given j; < j, < ... < j,_p, there is at most one nonvanishing term
in the sum on the right side of (14.3), namely whenk, < ... < k,, is the complementary
multiindex to jj ... j,—p.

We then have

a? AxBP = (a0 A*B) 12 ndx' AL AdX"
and
(@ A*B)ig. = 815 o, (xB)g = €% ay/1g1B ek
= Vlgley B’ = VIglle?, B)
and so
a” A *B7 = (af, B7) vol” (14.6)

This shows that indeed * takes forms into pseudoforms and conversely.
We have claimed that * generalizes the map a' — i, vol®. To see this, iy vol" =
iav/1gledx’ = /IglA7€;jgdx* s A ... A dxPn

iy vol" = xa! (14.7)

Equation (14.3) is frequently awkward to apply; many times it is more convenient to
use directly (14.6) together with the following. Let e =(e, ..., e,) be an orthonormal
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frame of vectors (allowmg | e [>= —1 in the case of a pseudo-Riemannian mamfold)
as we have mentioned, o/, for I = (i, .. , ip), are then also orthonormal and o' A.
N <+ vol”. Thus, from (14.6),

xo! = o’ (14.8)

where J = (J1s--+» ju—p) is complementary to I = (i}, ..., ip).

Look, for example, at the electromagnetic field in a perhaps curved space—time
manifold M 4. This will be discussed in more detail in Section 14.1c. We shall see there
that the field is again described in local coordinates (¢, x) by the 2-form

FP=¢&"'Adt +%?

where

&' = Edx' + Eydx® + Eqdx?

and
®% = By3dx® Adx® + Bydx® Adx' + Bpdx' Adx?®

Then, using the space—time metric, * F’ 2 will again be a 2-form, and so will be of the
form

*F = %(&' Adt) + x®* = [*%&'] — [#42 A dt)

for some spatial 1-form *%? and some spatial 2-form *&'. Let us find these forms in
the special case of Minkowski space, without using (14.3).
x takes p-forms into pseudo (4— p)-forms. 3% = Bdx*dx*+ Bydx* Adx'+ Bydx' A
dx?, is a 2-form in Minkowski space—time. Since the coordinates are orthonormal and
[g] = 1, we can probably avoid the use of (14.3). *(dx? A dx?) has the property that
(dx® Adx3) A x(dx? Adx®) =] dx? Adx3 ||? dt Adx" Adx? A dx3. Since the dx®
are orthonormal and || dx® ||>= 41 fora = 1,2, 3, we see that || dx®> A dx® ||*> =
| dx? ||| dx* ||>= +1, and so *x(dx? A dx*) = dt A dx'. Likewise for the other two
terms. We then have, from Equation (3.41),

*xB%2 = —(Bydx" + Bydx® + Bidx®) A dt = —(*%%) A dt

Note that *2 is simply the star operator in R> (which takes p-forms to (3 — p)-forms)
applied to the 2-form %%. In our older notation it is simply (, B), as in Equation (3.41)!
Look now at the term &' Adt = (E dx' + E,dx? 4+ Ezdx®) A dt. For example

w(dx' Adt) = — | dx' Adt |? dx* Adx® = dx? Adx?

since || dt ||>= —1. Thus (&' Adt) = E\dx? Adx> 4+ E,dx® Adx' + Esdx' Adx?,
that is,
*(&' Adt) = xs!

where *&! = ig vol® results from applying the star operator of R* to &'.
This explains our use of the notation x F* in Section 7.2b and the use of * in Section
3.5¢. This concludes our electromagnetic excursion for the moment.
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In Problem 14.1(1) you are asked to show that
*(xa”) = (=1)P""Pa if M" is Riemannian (14.9)
— (=1)P"=Pq if M"is pseudo-Riemannian

It is sufficient to verify these for terms of the form o/ and to assume these are orthg.
normal.

Finally, note the following. If A is a vector and « is its associated 1-form, then xy
is a pseudo-(n — 1)-form, and if V"=! C M" is a transversally oriented hypersurface,

then
/*a' =/iAvol" =/(A, N)d s (14.10)
v 14 \4

/v*df=/v(Vf,N)dS""

for any function f, and this last integral is the “surface” integral of the normal deriva-
tive df/dN over the hypersurface.

In particular

14.1b. The Codifferential Operator § = d*

Exterior differentiation d : A’ M” — A”*' M" sends p-forms to (p + 1)-forms; in
this section we shall exhibit an operator that decreases the degree of a form by one,
and, in the case of a compact manifold, serves as the pre-Hilbert space adjoint of d. We
thus want an operator

P p-1
dr: /\ — /\
such that (14.11)
da’!, BP) = ("', d*B")

Now (daP™', B7) = [,,daP~" A xBP. Consider first the Riemannian case; we may
then use the first equation in (14.9). Note then

dlanxB) =dan*xB+ (=) 'andxp
=da A*B + (=) H (=) PPNy A xxd x B
=daA*f+ (—=1)"PVaAxxd*p
and so
daP™" A xBP = (=1)"PTDH g A x(xd % B) + d(a A %B)

with a similar result for the non-Riemannian case. We then define whether M is compact
or not and whether or not M has a boundary

d*pP : = (=1)"P*D*+ 4 x B7  Riemannian (14.12)

(=1)"P*D w d  BP  pseudo-Riemannian
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and then
(da”™", B7) — (@', d*B") =/ ("™ A #p") (14.13)
M

at least if @ or B has compact support. If M" is a closed manifold, then d*, as defined
in (14.12), is the pre-Hilbert space adjoint of d.
If M is a compact manifold with boundary dM ,leti : oM — M be inclusion. Then

o p7) = @ d ) = [ ot nepy (14.14)
am

and then d* is again the adjoint of d if we restrict ourselves to one of two types of
forms: those forms y that are O when restricted to the boundary, that is, i*y = 0, or
those forms ¥ whose dual xy is O when restricted to the boundary, i* x y = 0.
The operator d* is called the codifferential operator. The traditional notation for d*
isé
§:=d*

but we shall avoid this notation since the symbol d* is more informative and we prefer
to reserve § for the variational symbol.
We shall need a coordinate expression for the (p — 1)-form d*B”.

Theorem (14.15): (d*B")x = —B’x/;

We shall call the negative of the right-hand side the Divergence (with a capital D) of
the form 8

(Divp")k = .BjK/j

although sometimes it will look more like a curl! Note that this is the same definition as
we gave for the Divergence of a symmetric tensor in Equation (11.15)! We only define
the Divergence of a tensor that is either symmetric or skew symmetric.

PROOF: To show that two (p — 1)-forms y and p are identical we need only
show given any small closed coordinate ball B (disjoint from dM if M has a
boundary) then for all (p — 1)-forms o whose support lies in the interior of the
ball, [, (e, y)x1 = [;(a, p)*1, forif the volume integral of ; (¥’ — p') vanishes
for all smooth & and for each small ball, then y — p = 0. We shall verify (14.15)
by showing that

Jrarapnst= [t g1
B B

We may consider the new manifold-with-boundary B instead of M. For this
manifold the preceding integrals are inner products, and we must show, since o
vanishes on the boundary of the ball,

(@', d*BP) = (a”', —DivB")



366 HARMONIC FORMS
Using Problem 11.2(1)

(7', d*B") = (da”™", BP) /B(doz,ﬂ)*l /[?(da)lﬂ * 1

=/5_1jK0‘K/jﬁ'*1=/(5{K“ls51)/j*1—/“&5{[(/8/11‘*1
B A B
But
5] = /¥ (why?)
and so
(a”",d*ﬂ”)=A(“&ﬂjK)/j*1—/B“lsﬂjk/j*l

In the first integral, C/ := ag /¥ = [(p — 1)!]7'ag B/X are the components of
a contravariant vector C, and then the integrand is the divergence of this vector.
But [, divC* 1= f,;(C,N)dS = 0, since C vanishes on 8 B. Thus

(@' d*Br) = — /

B

a&ﬂjk/j x1 = /(a, —Divg) x 1

B
as desired. O

14.1c. Maxwell’s Equations in Curved Space-Time M*

We shall assume that the electromagnetic field is again described by an electromagnetic
2-form FZ. In any local coordinates (t = x°, x) we may decompose F? into a part that
contains dt and a part without d¢; thus F? defines an electric 1-form &' and a magnetic
2-form 4?2 through

F?=¢&' Adt + %*

but of course this decomposition depends on the coordinates used. We postulate that
for any bounding 2-cycle z> = 9U? in space-time M* we have

/ F?=0 (14.16)
oU

If F is continuously differentiable, we conclude that f vy @F = 0.Since U can be chosen
to be an arbitrarily small hypersurface with arbitrarily chosen normal, we see that we
must then have

dF*=0

This is the first set of Maxwell equations. If we write, as usual, d = d + dt A 9/dt,
dF = 0 yields the usual Maxwell equations (3.39) and (3.40), together with their
primed differential versions. Note that the operator d is independent of the metric of
space-time.

We postulate that there is a current pseudo-3-form, with associated decomposition

S3=03—(}'.f2/\dt
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Since the notion of the charge contained in a region is independent of the metric, $° is
assumed given independent of the metric. Of course, §° can be written in the form

53 = i_[ VOI4

put the current 4-vector J will depend on the metric! It is for this reason that 5% is more

basic than J.
We then postulate that for any 3-cycle Z*, bounding or not, we have

/53 =0 (14.17)
VA

If one applies this to the boundary of a solid space-time cylinder Z = 3{V? x [0, T']}
one sees that this is conservation of charge (this is Problem 14.1(4)).
We now postulate that

/ xF = 4m / K (14.18)
au U

for all 3-chains U. Note that this is compatible with (14.17). This is the second set of
Maxwell equations. When §& is smooth we see from the same argument as used after
(14.16) that & is closed, d5® = 0. Since the periods of $% vanish, we conclude from
de Rham that &* is in fact exact, and postulate (14.18) says essentially that *F? is a
“potential” for §*!

dx F? = 4x s’ (14.19)
Since * F is a 2-form we may define pseudoforms *&' and *¢%2 by
*F = —(*xB2) A dt + *&! (14.20)

It is no longer true that *&' and *%?* are the Hodge duals (using the 3-space metric
8up Of the spatial section t = constant), of the forms &' and %*! If, for example,
g% # 0, *B% may involve & as well as B!

In the smooth case the second set of Maxwell’s equations (14.19) are exactly as in
Minkowski space, that is, (3.42') and (3.43"). Maxwell’s equations in curved space are
exactly as in flat space, once we accept xF as defining the fields *%* and *&'.

14.1d. The Hilbert Lagrangian

The Hilbert action for Einstein’s theory is essentially |, w R * 1. Although the curvature
matrix 6 is a matrix of 2-forms, we haven’t expressed either the Ricci tensor (which
is symmetric) or the scalar curvature in terms of forms. Still it is possible to write the
action in terms of forms; although the expression is awkward, it does occur in physics
papers and the reader should be aware of it. We shall be very brief.

0% = R%<5dx” A dx* is a matrix of 2-forms. Then *6¢, is defined to be the
matrix obtained by taking the * of each of the 2-forms, that is, x does not affect the
indices ¢;. Then

1/2 d K
*Oab = |gl / Rabc 6((_.<d)(,<x)dx' /\d.)(fT
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and
dx® Adx® A %6, = Rupy (8] €ccayr<sydX® A dx® Adx™ A dx*
= Ra,,“1|g|'/26“b"e(c<d)(,<,\.)dx° Adx' Adx? A dx3
= Rabm’Eab”E(C(d)(r(s) x1 = 2Ru<b('d€ab”6(c<d)(r<x) * 1
=2R, %1 =Ry x1=Rx1
Thus

Rx1=dx® Adx? A 0,

Problems —

14.1(1) Verify (14.9).
14.1(2) Show that for any p-form g?
(DivgP)K = pIK i = 1917 "/23/8x7(191"/2p7K)

14.1(3) Note that if f and g are functions then V2 f = —d*df and if M is compact
(fV2g) = S fv2g x 1. Apply Equation (14.14) in the case when M" is a
compact manifold with boundary to obtain Green’s theorem

/(szg—gvzf)M: [ fxdg—gxdf
m Jom

14.1(4) Show that (14.17) does imply conservation of charge.

14.2. Harmonic Forms

Among all closed forms with a given set of periods, which one has the smallest global norm?

14.2a. The Laplace Operator on Forms

In R” with cartesian coordinates, the Laplacian of a function f is the familiar V2 f =
>°(8%f/ax'9x'). We have given two equivalent invariant expressions for V2 on a Rie-
mannian manifold in Equations (2.89) and (11.29).

The Laplacian of a p-form field is a more complicated matter. Consider a vector
field A. In R” with cartesian coordinates, one could define VZA to be the vector field
whose components (VZA) = 3;(3°A'/dx/3x/) are simply the Laplacians of the
components of A, considered as functions. In R? this can be expressed in the usual
form found in physics books,

V2A = graddiv A — curl curl A (14.21)

We can write this expression in intrinsic form if we consider the covector o' associated
to A, instead of A itself. Note first that from Equation (14.15)

d*a' = —divA
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and so the covariant version of the first term in (14.21) is —dd*a. Furthermore, da'
is the 2-form version of curl A. For any 2-form B% = i(B) vol we have, from (14.12),
@*p2 = (—1D)OP* xd x g7 = xd x . xB” is the 1-form version of B and so d * B is
the 2-form version of curl B and xd * B? is the 1-form version of curl B. Thus —d*da'
is the 1-form version of —curl curl A. Finally then (14.21) has as covariant version

V’a' = —(dd* +d*d)a’
We shall define the Laplace operator A on p-form by the negative of the preceding,
that is,
p P
A:N\N—/\ byA:=dd* +d'd (14.22)

Occasionally we shall write V2 := —A.
Note that from d?> = 0 and % * = %1, we have

d*d* = +(xd*)(xdx) =0 and so
A = (d + d*)? (14.23)

InProblem 14.2(1) you are asked to show the following in R?, using brief explanations
as we did in deriving part 6 in the following

AinR’
1L d*f°=0.
2. d*a' = —divA.
3. d*B? = d*ig vol® = sicyup vol® is the 1-form version of curl B.
4. d*y® = d*(xg%) = — x dg is the 2-form version of — grad g.
5. Af0=—Vv2f0
6. Aa! is the 1-form version of curl curl A — grad div A.
7. AB? = is the 2-form version of curl curl B — grad div B.
8. A(xf0) = — % (V2f).

14.2b. The Laplacian of a 1-Form

Let @' = a;dx' be a 1-form on a Riemannian M". We shall compute a coordinate
expression for Aa = (dd* + d*d)a. First

do =) (dia; — da)dx' ndx) =) (ajyi — aydx’ A dx!

i<j i<j
=: Zci,-dx’ Adx’
i<y
— i = _ ] ]
(d*c)j = —cj,; = —ay"",, +ay;

where we have put

1 ik
a;'" = g*a;;
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Thus
(d*da); = —a;"" ) + ay,
Also
d*a = —aj,
and so d(d*@) = —a},;;dx/, that is, (dd*a); = —a}ij. Thus
(Ba); = —a;"",, +ay; —ay;

By Ricci’s identity (11.23)

(Aa); = —aj/i/i +akR,’;ij = —aj/i/i + a* Ry, (14.24)
We conclude

Ao = (—aj/i/l.dxj) + (akR"jdxj) (14.25)

The first term in (14.24) looks, at first glance, as if we are taking the negative of the
usual Laplacian of the component function a ;, but this is not sosincea;;; = d;a;—a ,(I‘i’;,,
andthis connection coefficient wouldnot occur in the covariant derivative of a functiop,
The first term in (14.25) is sometimes called a “rough” Laplacian, written VVa. It differs
from the Laplacian Ax (defined first by Kodaira and independently by Bidal and de
Rham) by the second term in (14.25), which does not involve any derivatives of a!

(Aa); = —(VVa); + aR; (14.26)
(14.25) and (14.26) are called Weizenbock formulae.

14.2c. Harmonic Forms on Closed Manifolds

Let M" be a compact Riemannian (rather than pseudo-Riemannian) manifold. Then
the global inner product (,) is positive definite, for

(aﬂ,ﬂ”>=/MaA*ﬂ=/M<a,ﬂ>*1

and at the pole of a geodesic coordinate system (o, o) = Z(aé)z. Thus (o, @) > 0,
and vanishes only if o vanishes identically.

We say that a form «” is harmonic if A¢ = 0. For a function (i.e., 0-form) this
reduces to the usual notion.

Let M" be a closed manifold. If we again denote the formal adjoint of an operator A
on forms by A*, then since A = (d+d*)(d+d*), we see that A is formally self-adjoint,
A* = A. Furthermore,

(Aa”,a”) = (dd*a + d*da, o) = (d*, d*@) + (da, do) =|| do |? + | d*a |
which is > 0 in our Riemannian case. Thus
Aa=0 iffde=0 and d*a =0 (14.27)

Harmonic forms on a closed manifold are both closed and coclosed!
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This is far different from the situation in R". For example, a closed O-form is simply
4 constant function, yet harmonic functions in R" need not be constant; the real part of
any complex analytic function in the plane is harmonic!

"The Laplace operator A : A” — A’ is an elliptic operator on aRiemannian manifold
(for the notion of ellipticity and for the proof of Hodge’s theorem later, see [W, chap. 6]);
the main ingredient is that the metric tensor is positive definite. In Minkowski space,
powever, the Laplacian of a function becomes the d’Alembertian

82
Af:a—t{—vzf

where V2 is the spatial Laplacian; A in this case is the wave-operator and is hyperbolic.
pifficult results in elliptic operator theory are needed for the following fundamental

result:

Hodge’s Theorem (14.28): Let M" be a closed Riemannian manifold. Then the
vector space of harmonic p-forms

p
WP = {h e /\ldn :Ozd*h}
is finite-dimensional, and Poisson’s equation
Aa’ = p”
has a solution « iff p is orthogonal to 3P
(p?,h?) =0 forall i’ € 3
The finite dimensionality of i” is a deep result on elliptic operators on closed manifolds.

Onthe other hand, it is easy to see the necessity of the condition on p in order that there
be a solution to Poisson’s equation; if Ao = p, then for h € 37,

(0, h) = (Aa, h) = (a, A*h) = (o, Ah) =0

The deep part is showing the sufficiency of this condition. Note also that in the case
p = 0, that is, when we are dealing with functions, the harmonic function # is then a
constant, and the condition on p is simply that

/pvol"=(p,1>=0
M

that is, o must have mean value 0 on M. This is of course necessary since

/ Aa® vol" = —/ div(grad ®) vol" = 0
M M

by the divergence theorem.
Suppose now that 87 is an arbitrary p-form ontheclosed M".Leth,, h;, ..., h, be
an orthonormal basis for the harmonic forms 3”. Then

B=> (B.hph;j=:B—h
J
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is orthogonal to 3* and so, by Hodge’s theorem, we can solve
AaP = BP — hP
for o”. In other words, for any 87 on M" we can write
B’ =d(d’a”) +d"*(da”) + A" (14.29)

Thus, any p-form B on the closed M" can be written as the sum of an exact form d (d*a)
plus a coexact form d*(da) plus a harmonic form. Hence

P p=1 p+l1
AN=d\ +d* \ +3 (14.30)

Note further that the three subspaces are mutually orthogonal
(dy,d"w) = (dy,h) = (d"u,h) =0

(14.30) is called the Hodge decomposition of A”.

Note that the decomposition (14.30) is unique. If we write 8 = dy +d*u+h =
dy'+d*u'+h', then orthogonality givesdy —dy’ = 0, d*u—d*n’ = 0,andh—h' = (),
Note also that we are not saying, for example, that y is unique, for clearly we can add
to y”~! any closed (p — 1)-form; we are only saying that dy is a unique summand.

At first glance it might appear that (14.30) is a triviality, for we can see immediately
that (" is the orthogonal complement in A’ to the direct sum of the exact and coexact
forms; if for some p-form h, (dy, h) = 0and (d*w, h) = Ofor all y and w, then indeed
d*h = 0 = dh and so h is harmonic and thus [d A?~" +d* A""'1* = 3”. However, \?
is an infinite-dimensional space, and in infinite dimensions it is not necessarily true that
if A is a subspace then A+ A is the entire space! It is true that if A is a closed subspace
of a Hilbert space, then A+ A" is the entire space. Thus to get the decomposition (14.30)
one might first complete the pre-Hilbert space A’ to a Hilbert space, say the square
integrable forms on M"; we would have to consider forms that are not even continuous,
and for such forms d is not defined! In any case [d A?~' +d* A”*'] would not be a
closed subspace. All these difficulties can be overcome by invoking elliptic operator
theory, and we refer the reader again to [W] for this difficult material.

In the case of a closed 3-manifold we have B! = d¢® +d*u? + h', that is,

B =grad¢ + curlM + H

that is, a smooth vector field can be written as the sum of a gradient, a curl, and a vector
field that has both vanishing curl and divergence. Thus it is true that any vector field B
can be written as the sum of a vector field with vanishing curl and a vector field with
vanishing divergence. This version is also true in the noncompact R, at least when the
growth of B at infinity is controlled; this is the classical Helmholtz decomposition,
which is so useful in vector analysis.

14.2d. Harmonic Forms and De Rham’s Theorem

We now have the following picture illustrating the orthogonal Hodge decomposition
on a closed manifold.
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H”
co-closed
/h(ﬁ) .
/A .
closed /
// _~ .
« : a*aft

danf!
Figure 14.1

Any p-form 8 may be written in the form 87 = da”~! + d*yP*' + h” where h is
harmonic. In particular, since the decomposition is orthogonal,

Corollary (14.31): If 87 is closed, dB” = 0, on a closed manifold M", then
,317 = daP™! + hP

where h” is harmonic.
Now B and 8 — da are in the same de Rham class. Thus

Corollary (14.32): In each de Rham class [8] there is a unique harmonic repre-
sentative h(B). Thus there exists a unique harmonic p-form with b, prescribed
periods on a homology basis for the real p-cycles on M".

Riemann was aware of this in the case of a closed surface. A “proof” goes along
the following lines. Assume that one has a closed p-form S” on a closed manifold
M". (Closed 1-forms on an M? with prescribed periods are easy to construct, as we
did in Section 13.4b.) The 1-parameter family of forms B”(¢) = B” + eda?~! are
closed, with the same periods, for all (p — 1)-forms «. This yields a variation of 8 with
8B = da. Suppose that g is the closed form with the prescribed periods whose norm is
a minimum. Dirichlet’s principle presumed that such a minimum norm element had to
exist. Look then at the first variation as we vary o

0=235(8,B) =2(8B, B) =2(da, B) = 2(a, d"B)

Since this holds for all  we conclude that 8 is not only closed, it is coclosed, d*8 = 0,
and thus harmonic!
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It was pointed out by Weierstrass that Dirichlet’s principle was not always reliable,
and thus the indicated proof is defective.

Note that the (dlfﬁcult) Hodge decomposition justifies the norm claim since || B |P<
| do || + || A |I> shows that in the de Rham class [B], the harmonic representative
has the smallest norm!

14.2¢e. Bochner’s Theorem

Let us say that M" has positive Ricci curvature if the Ricci tensor is positive definjte,
Ric(X,X) = R X'X* >0 forall X#0

This is a weaker condition than positive (sectional) curvature since this quadratic fory
represents a sum of sectional curvatures (see (11.67)).

Bochner’s Theorem (14.33): If the closed Riemannian M" has positive Ricci
curvature, then a harmonic 1-form must vanish identically, and thus M has first
Betti number by = 0.

PROOF: Let us compute, with Bochner, the Laplacian of the square of the point-
wise length (h, h) = h;h' of any harmonic 1-form A. First,

[grad(h, h)]; = 2h;;;h'

and so

1 . o
VSt h) = (PR, = k" i+ bR

=h/I;h' + bkl

By (14.25) we have, since Ah = 0, h,'/j/j = h*R,;, and thus

1 L
Vzi(h, h) = Ric(h, h) + h;/jh'" > Ric(h, h) > 0
Butthen 0 = [,, V2(1/2)(h, h)*1 > [, Ric(h, h)* 1 shows, since Ric is positive
definite, that h = 0. O

Bochner’s theorem should be compared to Synge’s corollary (12.10). Before doing
so, we need a general observation about closed curves.

A closed (oriented) curve C on M" represents an element of the first homology
group H,(M; G) for any coefficient group G. If C is contractible to a point, then in the
process of shrinking, the curve will sweep out a surface, of which it is the boundary. In
other words, if a closed curve can be contracted to a point then this curve bounds, that
is, trivial as a 1-cycle. (In particular, if M is simply connected, then H;(M; G) = 0.)
The converse is not true.
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Figure 14.2

The edge C of the punctured torus M is clearly the boundary of the surface M, and
so is homologically trivial, but it seems rather clear (and can be proved) that C cannot
be shrunk to a point because of the presence of the “hole.”

As far as Betti numbers are concerned then, Bochner’s theorem is stronger than
Synge’s corollary since positive Ricci curvature is weaker than positive sectional cur-
vature, and also we do not require even dimensionality nor orientability, but it should
be kept in mind that simple connectivity is a stronger notion than b; = 0.

Problems

14.2(1) Derive all those equations (1) through (8) that have notbeen discussed previ-
ously.

14.2(2) Show that A commutes with d, d*, and .

14.2(3) Show that if M" is closed and orientablethen by, = bp_p. This is a special case
of Poincaré duality. Why do we need orientability? lllustrate with by for the
2-torus and the Klein bottle.

14.3. Boundary Values, Relative Homology, and Morse Theory

What does topology have to do with the existence and uniqueness of physical fields?

The prime example of a manifold with boundary is the case of a bounded region in
R? with smooth boundary. If a fluid fills such a domain, with smooth walls forming
the boundary, then the velocity vector field v is tangent to the boundary. If the flow is
incompressible, thenthe velocity fieldhasdivergence 0. If furthertheflowis irrotational,
then the velocity has curl O and the resulting velocity 1-form field v is harmonic. We
are interested in the existence of such fields and we shall find that with some type of
prescribed topological restriction the solution becomes unique.

Note that in a compact manifold with boundary, Equation (14.14) shows that the
operators d and d* are not necessarily adjoints, and it is no longer true that Aa = 0
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iffda = 0 = d * «. Furthermore, A isno longer self-adjoint. For physical problemg
involving forms we shall reserve the term harmonic field for forms that satisfy

da =0 =d*a

Thus a harmonic 0-field is constant, whereas a harmonic function, that is 0-form, of
course, need not be.

14.3a. Tangential and Normal Differential Forms

Let M" be a compact Riemannian manifold with boundary.

A form o on M is said to be normal to d M, or simply normal, provided the restriction
i*a of @ to the boundary vanishes, i*o =0

wherei : 9M — M is the inclusion map. Recall that this simply means thata(v, .. ., w)
=0 when v, ..., w are all tangent to dM. If we suppose that d M is locally defined in
the coordinate system x!, ..., x" by putting x" = 0, then

«f isnormal  iff & = dx" A yP7!

for some form y.
For example, a 1-form o! is normal provided a' = a,(x)dx" (no sum!) at points of
dM.If T is tangent to d M, then 0 = «(T) = (a, T) shows that

«!is normal iff ais normal to dM

where ais the contravariant version of ', If, however, 8"~ !is an (n— 1)-form, B =
ig vol", then B is normal provided B(T,,...,T,) = vol"(B,T,,...,T,) = 0 for
tangent T;; and so

"' = igvol” is normal iff B is tangent to 9 M

A form «” is said to be tangent to 0 M, or simply tangent, provided *« is normal,
i*xa=0.
Thus

o' is tangent  iff a is tangent to M
while
B"~! =igvol" is tangent iff B is normal to dM

Note that from the remark following (14.14), d* is the adjoint of d if we restrict
ourselves either to tangential or to normal forms!

In the following we shall quote, without proofs, the versions of Hodge’s theorem
that have immediate applications to physical problems. My principal guide for the ap-
plications has been the mimeographed NYU notes [B, F, G] by A. Blank, K. Friedrichs,
and H. Grad of 1957. For the (difficult) mathematics of harmonic forms on manifolds
with boundary, the reader may consult [D, S] and [Fk].
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14.3b. Hodge’s Theorem for Tangential Forms

Theorem (14.34): Let M" be a compact manifold with boundary. Let z\, . . ., zp,
be a basis for the P homology vector space H,(M; R). Then there exists a unique
tangent harmonic p-form field o

da? =d*a” =0

with prescribed periods [, a” on the given basis.

In other words, Hodge’s original theorem holds for tangential harmonic fields in the
case of a manifold with boundary!

Example 1: Let v be the velocity field for a steady incompressible, irrotational fluid flow
inside a closed surface V2 of genus g. As we have seen, v! is harmonic, dv = d*v = 0,
and v is tangent to d M.

Figure 14.3

We shallillustrate the case for genus 2. M? is thesolid “pretzel,” and d M is the surface
of genus 2. It should be rather clear that a homology basis for H,(M; R) is given by
the two indicated 1-cycles circling the “holes.” The period of v! on a 1-cycle z, L vl
is called the circulation of v around z. Thus Hodge’s theorem yields the following
corollary, known to W. Thomson (Lord Kelvin).

Corollary (14.35): There exists a unique incompressible irrotational flow inside
a surface of genus g with prescribed circulations around the g holes.

In particular, if all circulations vanish, then the fluid must be at rest! This is the only
possibility in the case of a spherical surface since the solid ball has first Betti number O.

Example 2: Let M3 be the region inside a closed conducting surface Vy and outside
closed conducting surfaces V; and V,.
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Figure 14.4

We have drawn the case when Vj is a large ellipsoid, V) is an interior 2-sphere, and
V, is an interior 2-torus. Consider an electrostatic problem in which there are no charges
inside M?; of course there may be charges interior to V; and/or V; or exterior to 7%
Then the electric field inside M? satisfies dx& = 4mo® = 0 and d**& = *d *x %6 =
*¥d&' = x[—3$?/31] = 0, and so *& is a harmonic 2-form in M?3. Since a tangential
component of E would give rise to currents, that is, moving charges, in a conductor, the
natural boundary condition for electrostatics is that E be normal to conducting surfaces.
Thus *& is a tangent harmonic 2-form field in M?.

Note that M3 = Vy+ V| + V», and thus a plausible (and correct) basis for H,(M?3; R)
is, for example, V, and V5. Thus there exists a unique electric field in M* with prescribed
periods f f *& over V) and V,. But the integral of x& over V; is 4 Q;, where Q; is the
total charge inside V;.

Corollary (14.36): There exists a unique static electric field E in M with preas-
signed charges in the cavities V| and V,. The field is thus independent not only of
charges outside Vy (“shielding”), but also of the exact placement of the charges
in'V, and in V,.

We should mention that Theorem (14.34) is a special case of a more general result.
First recall that to say that o” is “tangent” is to say that the restriction i *(x «) of *a to
the boundary vanishes. More generally, we could ask for a harmonic field «” that has
prescribed periods and such that i*(* «) is a prescribed form y"~” on d M. The special
case y = 0 would make « a tangent form. We must put some restrictions on the form
y for the following reason. On M we have dy = di* x @ = i*d * a = 0, since « is
coclosed. Hence y is closed. Furthermore, y is only defined on dM, but suppose that
Zn—p is acycle on OM that bounds in M, that is, i,z = dc, for some (n — p + 1)-chainc
on M. Then since the integral of y over z is the same as the integral of x « over g, this
integral must vanish, * « being closed on M. The following notion is due to A. Tucker.

Definition (14.37): An admissible boundary value form y” on dM is a closed
form on d M whose integral vanishes on every cycle z, on d M that bounds on M.
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The generalization of (14.34) is as follows. (For more along these lines see [D, S].)

Theorem (14.38): There exists a unique harmonic field a” on M with prescribed
periods and whose dual x o restricts on dM to a prescribed admissible boundary
value form y"~".

The uniqueness of « is simple (and was known to Lord Kelvin in the case p = 1).

PrROOF OF UNIQUENESS: Let a” be a solution and suppose 87 is another with
the same periods and whose dual * $ has the same boundary values i* x 8 = y.
Then u := o — B is atangent harmonic field with O periods. Since du? = 0, u” =
dvP~! for some v (this is elementary if p = 1; otherwise it requires de Rham’s
theorem). We wish to show that dv = 0. But

(dv,dv):/dV/\*dv:/ (v/\*dv):t/ vAdx*xdy
M M M

Since i = dv is tangent, * dv is normal and the boundary integral vanishes. Also
d*xdv =d * u = 0since w is harmonic. O

14.3c. Relative Homology Groups

The topological “cycles” that we have been involved with so far are called absolute
cycles. Given a compact manifold M" perhaps with boundary we can define a

relative p-cycle (mod d M)

to be a p-chain on M whose boundary, if there is one, lies on dM. Of course every
(absolute) cycle is also a relative cycle.

S

Figure 14.5

In Figure 14.5 the curves C|, C,, and C; are all relative 1-cycles (mod dM =
Vo + V| + V). We shall systematically disregard any chain that lies on M. That is
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why we may think of a relative cycle as a cycle; we may disregard its boundary since
it lieson OM.

We shall say that two relative p-cycles c and ¢’ are homologous (mod 3 M) provideq
they differ by a true boundary plus, perhaps, a p-chain that lies wholly on 3 M in othe,
words, a relative boundary is an absolute boundary plus any chain on oM

where v, C IM

Figure 14.6

In Figure 14.6 we have drawn three more curves F), F,, and F3, all lying on dM,
and also an oriented 2-chain W2, Clearly W = —C, + F, + C3 + F, + C; + F3. But
the F curves all lie on dM, and so we may say

We could then say that C5 is homologous to C; — C, (mod d M)

Thus only C, and C, are independent relative cycles. (Of course we could have used
C, and Cj, say.) Are there any more?

Figure 14.7
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Consider the absolute 1-cycle z that threads through the toroidal hole. Itis an absolute
cycle of M that does not bound in M. However, as a relative 1-cycle it is trivial, that
is, it bounds, since it is easily deformed in M to lie on the torus V, C M.

It can, in fact, be shown that C, and C, form a basis for the relative homology
group, H,(M, dM; R), defined to be the relative cycles modulo the relative boundaries

H\(M,oM;R) =RC, + RC,

14.3d. Hodge’s Theorem for Normal Forms

Theorem (14.39): Let M" be a compact manifold with boundary. Let c, . . ., c,
be a basis for the relative p-cycles of M (mod dM )

Then there exists a unique normal harmonic p- form o with prescribed periods

Note that if ¢/ ~ c(mod M), that is, if ¢’ — ¢ = dwP”*' + u”, where u lies on M,
then if o” is closed and normal

/a—/a:/a:O

since «” = 0 when « is restricted to d M! Thus the indicated periods do not change
when a c; is replaced by a homologous c;.

Example 2': In Example 2 earlier, consider the electric field 1-form &' for the elec-
trostatic field. It is a harmonic normal 1-form on M3. Thus we may prescribe the line
integrals fC] &' and sz &'. This means that instead of the charges in V; and V,, the
electric field in M3 is uniquely determined equivalently by prescribing the electrostatic
potential differences between the “inside” and the “outside” conductors!

Example 1': In Example 1, we may consider the velocity vector v as defining a 2-form
Bt =i, vol3. This is then a normal harmonic 2-form on M?.

Figure 14.8
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It should be “clear” that a basis for H,(M, dM; R) is given, say, by the twg diseg
w) and w,. Thus the harmonic normal 82 is determined by prescribing the fluiq fluxeg
[, B> = [, v=dS,i=1,2, rather than the two circulations.

14.3e. Morse’s Theory of Critical Points

We give here another application of relative homology groups. We shall be very brief,
referring the reader to Milnor’s book [M] and Bott’s expository paper [Bo] for mgg
details and applications. Bott’s generalization of the Morse theory of this section wjy
be sketched in Section E.b of Appendix E.

Figure 14.9

We have indicated here the height function f = z on a bumpy torus. The critical
points are at levels O (minimum); 1, 2, and 3 (saddles); and 4 and 5 (maxima). For any
manifold M" with smooth real-valued function f, let us put

M,:={xeM|f(x) <a}
M :={xeM|f(x)<a)}

a

We define

a value a of the function f as homeotopically critical if some relative homology
group H;(M,, M) is nonzero.

(For simplicity we shall use the real numbers R for coefficient group, but any coefficient
field can be used.) We claim that the homotopically critical values in our example are
exactly the critical values in the sense of Section 1.3d. Thus in this example the critical
values are precisely the levels at which new relative cycles appear as we move “up”
the manifold from the minimum to the maximum.
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[n our torus example, the relative maximum at level z = 4 has H(M4, M) = Rand
we have exhibited a 2-disc e; at the critical point that is a generator for this homology

oup. We shall “prove” this later, but it should be plausible since any effort to slide
this disc entirely into the lower region M, will require the boundary of the disc (which
lies below z = 4) at some time to pass through the critical point; that is, the boundary
will have to leave the lower region at some time. It should be clear that any 1-disc or
0-disc (point) on the level M, can be pushed away from the critical point into the lower
region, so that H;(Ms, M, ) =0fori # 2.

Ata noncritical level b, say z = 2.5, it is “clear” that any chain on M}, can be pushed
into M, by a deformation along the negative gradient lines, similar to the Morse
deformation of Section 2.1e. Thus H;(M>s, M;5) = 0. In fact, if the regions M, are
all assumed compact, and if there are no critical points xo withd +€ > f(x¢) > c —¢,
then it can be shown that a modified Morse deformation (which does not move points
¢ with f(x) < ¢ — €) can deform M diffeomorphically into M..

Atthe level z = 3, it is again “clear” that the part of any chain away from the saddle
point can be pushed down by following the negative gradient lines, but the critical point
itself remains fixed. There is no continuous way to push the entire indicated 1-disc
e, below level z = 3; H;(M3, M;') = R with generator e, and the value 3 is again
homotopically critical.

We have also indicated the remaining disc generators at the other homotopically
critical levels. At the minimum we have a O-disc (point) since M, is empty. We have
verified our claim.

Note that the height function on the 1-dimensional manifold pictured

Figure 14.10

has a critical point at z = 0, an inflection point, but it is clear that this does not yield
a homotopically critical value since any chain on z < 0 can be slid below z = 0.
In a sense this critical point is inessential since a slight change in the function, say
by tilting the z axis very slightly (in the “correct” direction), will remove the critical
point. In our toral example all the ordinary critical values are homotopically critical,
and vice versa, and in fact as we shall see, this is true whenever the critical points are
nondegenerate in the sense of having nonsingular Hessian matrices of second partial
derivatives H;; = (3% f/dx'dx/),

det(H,«j) ?é 0.
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In this nondegenerate case we can, with Morse, write down the dimension of the
nontrivial relative cycle at the critical point as follows. Since the Hessian is nonsingulay,
there is a maximal subspace of the tangent space at the critical point on which K jg
negative definite, H;;v'v/ < 0. In terms of a Riemannian metric we are looking at the
sum of the eigenspaces corresponding to the negative eigenvalues of H' ; = g'* H, ;- The
dimension of the resulting subspace is called the (Morse-) index of the critical point,
A :=number of negative eigenvalues (counted with multiplicity) and represents crudely
the dimension of the space of directions, at the critical point, in which the function g
decreasing. Then the relative cycle is the A-cell e, starting out tangent to the subspace,
(We shall indicate in our next paragraph why e, does not bound as a relative cycle.)
For example, for the critical point at level 4, we can introduce new local coordinateg
x,y (with origin at the critical point) on the torus such that f = z = 4 — x* — y24
higher order, and so the Hessian is negative definite on the entire tangent space to T2
at the critical point, the index is A = 2, and the disc x> + y*> < €? is the required
generator for € sufficiently small. For the critical point at level 3, in local coordinates
f = z = 3 — x* + y?+ higher order, the Hessian has the new x axis for negative
eigenspace, the index is A = 1, and x? < €? is the generating 1-disc.

Let us indicate why, for example, the relative 1-cycle e, at level f = 1 is not
trivial. First note that near the critical point f = 1 — x? 4+ y?>+ higher order. The
Morse lemma [M, p. 6] states that near a nondegenerate critical point, one may always
introduce coordinates so that f becomes exactly this form with the higher order terms
removed; thus in new coordinates, which we shall again call x, y, f is exactly

flx,y)=1—x2+y?

Look then at g(x, y) := f(x,y) — 1 = —x? + y. We are interested in relative cycles
of the region f < 1 mod f < 1. Away from the critical point x = 0 = y any chain on
f <1 can be pushed down into f < 0, and so discarded. We are then only interested
in f < 0 near the critical point. In terms of the new coordinates we may deal with
relative cycles on g = y* — x2 < 0, that is, the shaded region in Figure 14.11.

Figure 14.11
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Now any chain on this shaded region y? < x? can be deformed to lie on the x axis,
with no point (x, y) with g < 0 ever leaving g < 0. Thus we are reduced to chains
on the segment of the x axis with [x| < 1 modulo x # 0. But x # 0 on this segment
can be pushed into the boundary x = +1. Thus we are interested in the relative cycles
of the segment |x| < 1 modulo the boundary points. In the case of a critical point of
index A we are interested in the relative homology of a closed A-disc B* modulo its
poundary (A — 1)-sphere S*=!'. This rather clearly (as we shall see in Problem 22.3(3))
has only one nontrivial generator, B*, H, (B*, $*~') = RB,. In our toral case the only
nontrivial generator of relative homology at the level f = 1 is the indicated 1-cell ey,
as claimed.

The fact that the nondegenerate critical points are homotopically critical, and so
have topological significance, allowed Morse to give relations between the number of
critical points on M and the Betti numbers of M. Briefly we can proceed as follows.
Introduce the A'" Morse type number

m; := number of critical points of index A

For bookkeeping purposes only we form the formal polynomial in a variable ¢ with the
type numbers as coefficients, the Morse polynomial

n
M(t) = Z myt
A=0

We also have the Betti numbers b, = dim. H,(M; R) and the formal Poincaré poly-
nomial

P(t) := me
A=0

Morse’s Theorem (14.40): Let M" be a closed manifold and f : M — R a
smooth function with only nondegenerate critical points. Then the Morse poly-
nomial dominates the Poincaré polynomial; there is a polynomial Q(t) with
nonnegative coefficients and

M) —P@H)=1+10@)
In particular we have the “weak” Morse inequalities
my > by

and equality
D =Drmy =) (=Dhy
A=0 A=0

In particular, the total number of critical points on M is bounded below by the sum of
all the Betti numbers.
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In our toral example by = 1 = b, and by = 2, while mo = 1, m; = 3, and my =1
and

M) —PA) =1 +3r+2) -1 +2+t)=t+2=1+1)

By writing out Q(¢) = Zﬁ;(l) g,t* with g, > 0 it is not hard to see that We cap
successively derive the

Strong Morse inequalities (14.41)

my = by

my —nmgy > by — by

mn_mn—1+"':tm0 = bn_bn—l"‘"':}:bo

ProoF skeETCH OF (14.40): For simplicity we assume that there is only one
critical point at each critical level (this is generically so). At any level f = g
(critical or not) we shall consider the space M,,, the Morse polynomial 9(M,; ),
for this space, and the Poincaré polynomial, again just for this space, and we shall
observe how these polynomials change, A P, and so forth, as we pass through
a critical point. It is clear, since topology changes only when passing through a
critical point, that A9t and A P are nonzero only when passing through a critical
point.

Let9n() and P (¢) have the value 0 on the empty set, that is, below the absolute
minimum At the absolute minimum we have a point and its index is 0. Thus on
passing from the empty set to the set consisting only of the minimum point we
have A9 = 1 and AP = 1. (We shall keep our toral example in mind.) As we
continue to higher values of f we see the following. Consider passing though a
critical point of index XA at f = a, with its associated relative cycle, a disc e, of
dimension A. There are two possibilities:

1. The boundary of this disc is a (A — 1)-cycle (sphere) that bounds in M. (In the toral
example the boundary of the 1-cell e; from the saddle at f = 1 is a pair of points that
clearly bounds a 1-chain on M| .) Let then de, = dc, where c lieson M, . Thene; —cx
is an absolute cycle on M,. It cannot bound in M,; if it did, e, — ¢, = dcy4; would
yield that e, = dc, 41 + ¢, and so e, would be a trivial relative cycle, a contradiction.
Thus in this case we have A9 = r* and also AP = ¢* andso A(O — P) =0.

2. The boundary of the disc is a (A — 1)-cycle (sphere) S on M that does not bound in
M. But this says that S is a nontrivial (A — 1)-cycle on M, that bounds in M,. Thus
in this case A9 = r* and AP = —t*~!, andso AO — P) = £* + 1 = (1 + )7\

These two cases show that on crossing a critical point of index A, 9 — P changes
either by 0 or by (1 + ¢)t*~!. Since 1 and P start out equal on the empty set we have
demonstrated (14.40). O
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Note that in case (1) we can say that the relative cycle e, on M, mod M is com-
p]etable to an absolute cycle on M,. In this case we have shown that A©®n — P) = 0.

Thus

Corollary (14.41): If all the relative cycles from all the critical points are com-
pletable, then the Morse inequalities are equalities, m, = b;.

In our toral example the 2-cell at level f = 4 is the only relative cycle that is not
completable. This is reflectedinm, =2 > by =1landm,; =3 > b, = 2.

If some critical points are degenerate, the Morse inequalities need not hold. In
Problem 14.3(4) you will study a smooth function on the 2-torus 7 that has only 3
critical points. (Of course there are always a max and a min on any compact space.)

A final comment. For a continuous, nondifferentiable function on a closed manifold
M we still have the notions of the absolute maximum and minimum values, but we
cannot talk about minimaxes since we don’t have partial derivatives at our disposal.
Note, however, that we may define a homotopically critical value as earlier. We can
also define a homotopically critical point to be a point y, at level f(y) = a, such that
some homology group H;(M_; U {y}, M) # 0.

Problems

14.3(1) Consider a conducting surface of genus g bounding a region M3

Figure 14.12

Let there be constant current loops in the exterior region, some of which
thread through the holes. Assume that the appropriate boundary condition is
that the normal component of B must vanish on the surface. Show that there is
a unique static magnetic field inside M®, determined completely by the currents
in the loops that thread the holes.

14.3(2) Show that d sends normal forms into normal forms and that a* sends tangent
forms to tangent forms.
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14.3(3) Let A, be the normal forms, and let A,,, be the tangent forms. It can pe
shown that the global orthogonal decomposition that replaces the Hodge de.
composition (14.30) is

P p-1 p+1
A= d< A ) + d*( A > + harmonic p-fields

nor tan
Show that these subspaces are indeed orthogonal.

14.3(4) We have drawn in Figure 14.13 a few level curves of a smooth function f op
the torus T2 havinga max at f = 2, a min at f = —2, and a single other criticg|
point (at the four identified corners) at f = 0. It is clear that the corner point js
critical since the level curves comprising f = 0 intersect there (and so grad f
must vanish there).

f=0 f=0

f=0
Figure 14.13

Continue this picture periodically in the plane so that the corner point is at
the center. Show that from this center there are three directions for which the
function decreases as one leaves the critical point, each pair being separated
by a direction in which the function is increasing. This shows that the critical
point is degenerate. This critical point is of the type of a monkey saddle; see
[M, p. 8]. Find two independent relative 1-cycles in H, (T02; T02_) emanating from
this critcal point. (In a sense, then, this critical point counts as 2 critical points
of index 1 each.)

14.3(5) Prove Morse’s lacunary principle: if in the nondegenerate case we have m,_1
= 0 = my,4 for some 2, then m, = b,. (Hint: Write out the polynomial equation
M) — Pt = (1 + 1) Q1) explicitly.)
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CHAPTER 15

Lie Groups
—

15.1. Lie Groups, Invariant Vector Fields, and Forms

Is the unitary group SU (n) connected?

15.1a. Lie Groups

Let M (n x n) be the set of all n x n real matrices. As in Section 1.1d, we shall associate
to the matrix x the point in n?-dimensional euclidean space whose coordinates are
Xi1, X12+ - - - » Xnn. Topologically then, M (n x n) is simply euclidean n? space! The
general linear group Gl(n, R) is the group of all real n x n matrices x = (x;;) with
determinant det x # 0. Since det x is an n'-degree polynomial in the coordinates, it is
a smooth function on M (n x n). Since the real numbers differing from 0 form an open
set in R, and since the inverse image of an open set under a continuous map is open,
Gl(n, R) is an open subset of M (n x n). (This says that if det x # O then det y # 0 if
y is sufficiently near x.) Topologically Gl(n, R) is an open subset of euclidean space,
and as such is an n?-dimensional manifold. It is clear from (xy); j = > Xiyxj that the
product matrix has coordinates that are smooth functions of the coordinates of x and
y. From the formula for the inverse
X

= detx

where X;; is the signed cofactor of x;, and the fact that det x # 0, we see that the
coordinates of x ~' are also smooth functions of those of x. This leads us to the concept
of a Lie group.

)C_l

A Lie group is a differentiable manifold G endowed with a “product,” that is, a map
GxG—>G (g,h) — gh
making G into a group. We demand that this map, as well as the “inversion map”
G->G g—g’!
be differentiable.

391
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In the following examples, the reader should verify that the given manifolds are ind
groups. For example, Gl(n, R) is a group because, first, det x # Oand det y + ( impl;
det (xy) = (det x)(det y) # 0, and second, det x~' = (det x)~' # 0. e

Examples:

1. G = R, the additive group of real numbers. The product here is addition of real
numbers. This group is commutative, or “abelian.”

2. G = R", the multiplicative group of positive real numbers. This is again abelian,

3. G = GI (n,R), the general linear group of all n by n real matrices g wity det
g # 0. Similarly, we have the nonsingular complex matrices Gl(n, C). By Writing
Zjk = Xjk + iyjx, we see that Gl(n, C) is a 2n2-dimensional open submanifolq of
C” = R*. The notation Gl(n) refers to either of the cases R or C. Gl(n) is noy
abelian forn > 1.

4. G = Sl (n, R), the special linear group is the subgroup of Gl(n, R) of matrices x
with det x = 1. From Problem 1.1(3), we know that it is a submanifold of dimensjog
(n* — 1). For any matrix group, the adjective special means that det x = 1.

5. G = O(n), the orthogonal group of all real n x n matrices x with xx7 = . (Thys
det x = £1.) O(n) is clearly a subgroup of Gl(n, R). In Section 1.1 we saw tha
it is also a submanifold of dimension n(n — 1)/2. We also saw there that O(n) is
not connected, consisting of the subgroup SO (n), the rotation group, where det
x = +1, and the disjoint submanifold where det x = —1. We shall show in Example
(8) that, in fact, these two subsets are each connected. G = S O(2), the rotation group
of the plane, is especially easy to visualize. We are dealing with the matrices

cosf —siné
R>(0) = [siné) cos@} (5.0
and as such, SO(2) is a curve parameterized by 6 in R*, defined by x;; = cosé,
X12 = —sin 6, x7; = sin 6, and x,; = cos 6. As a manifold this curve is diffeomorphic

to the circle S' in the plane defined by x; = cos 6 and x, = sin 8, and this is the way
we usually think of SO (2); to a rotation of the plane through an angle 6 we associate
the point on the unit circle S' at angle 8. Sometimes we think of SO (2) as the points
exp(if) = e'? of the complex plane. To compose two rotations e’ and e’? we simply
multiply e’®e'® = ¢+ that is, we add their angles. SO(2) is abelian, whereas
SO(n), forn > 2, is not.

6. G = U(n), the unitary group, consisting of complex n x n matrices z = (2j)
with zT := z7 = z~!. The overbar denotes complex conjugation; the dagger denotes
(hermitian) adjoint. The same type of argument that was used for O (n) in Section
1 will show that U (n) is a submanifold of complex n? space or real 2n? space, and is
thus a Lie group. We easily see that det z has absolute value 1. Note that U(1) is the
group of complex numbers z = ¢’ of absolute value 1, and thus U(1) is isomorphic
with S!, that is, SO(2). U(1) is the only abelian unitary group.

7. G = SU(n) is the special unitary group; det z = +1.

8. G = T" isthe abelian group of diagonal matrices of the form

z = diag[exp(i6)), ..., exp(i6,)] (15.2)
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This group is topologically § I'x ... x S', the topological product of n copies of the
circle, and as such is an n-torus. Since the circle is connected (each point can be
joined to the identity by a curve), it follows easily that 7" is connected. From this we
may see that the far more complicated group U(n) is also connected! Before doing
so, we note the following.

As a manifold, a Lie group is very special for the following reason. A Lie group
always has two families of diffeomorphisms, the left and right translations. For
g € G, these translations are defined by

L,:G—>G Ly,(h) = gh
and (15.3)
R:G—> G Ry(h) = hg

It is clear that the mapping inverse to Lg is simply L,_;.

Theorem (15.4): U (n) is connected.

PROOF: Note that T" is clearly a subgroup (and consequently a subset) of
U (n). The familiar “principal axes theorem” of linear algebra states that any
g € U(n) can be diagonalized by a unitary matrix. (Proof: Each such g has
eigenvalues of absolute value 1. Let e; be an eigenvector with eigenvalue
exp(if;). Let ei be the orthogonal subspace to e, in the Hermitian metric
(v, w) = > v, W;. Since g is an isometry, g sends ef into itself and so g has
an eigenvector e; in this subspace with eigenvalue exp(i6,). Continue with this
process. In the eigenvector basis ey, e, ..., €y, the linear transformation g has
matrix z = diag(exp(if;), ..., exp(i6,)), as desired.) This means that given
g € U(n),there exists an h € U (n) suchthat h='gh = z = diag(exp(i6,, ...,
exp(if,). Then g = hzh™'. (This says that g € (hT"h™"), i.e., g lies on the
diffeomorphic copy of T" that results from left translating 7" by & and then
right translating by £~'.) Thus g can be joined to the identity by a curve, by
putting 6;(¢) = (1 — £)8;. U(n) is connected. O

The subgroup 7" of U (n) given by (15.2) is called a maximal torus of U (n). Any
conjugate 2T"h~' of this maximal torus is also called a maximal torus.
By the same type of reasoning we may deal with the rotation group.

Theorem (15.5): O (n) consists of two connected “components” and SO (n) is
the component holding the identity.

PROOF: Consider first the case SO(2n). The principal axes theorem states
that any g € SO(2n) is “conjugate” to a block “diagonal” matrix with 2 x 2
rotation matrices down the diagonal

g = diag[Ry(61), ..., R2(6)] (15.6)

where R, (6;) is as in (15.1). This simply says that after a suitable orthogonal
change of basis in R*", the rotation takes on the form of rotations in n orthogonal
2-dimensional planes. In the case of SO(2n + 1) one adds a final diagonal
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entry of +1. We can arrive at this canonical form as follows. The possible rea]
eigenvalues of g € SO(2n) are £1, whereas the complex eigenvalues appear
in complex conjugate pairs. If 41 is an eigenvalue then it must be a double
eigenvalue since det g = 1. The eigenspace for this double eigenvalue is a 2-
plane E; on which g takes the form R,(0). Likewise, if —1 is an eigenvalue, it
also must be a double root and we get a 2-plane E_; on which g takes the form
R, (7). In both cases g leaves invariant the orthogonal complementary (2n —2)-
space. By continuing in this complementary subspace we either exhaust the
entire 2n-space or have left a remaining 2k-space R%* on which g has only
complex eigenvalues. Let S?*~! be the unit sphere in this subspace. The function
f(x) := (gx, x) takes on its minimum at some point xy of the sphere. Now
gxo does not lie along xq since g has no real eigenvalue in R*. We claim
that the plane spanned by xy and gx is sent into itself by g. By definition, g
sends xg into this plane; where does it send gxo? Let x () be a curve on S%*-1
starting at xo and put v = x'(0). Then 0 = f'(0) = (gv, x0) + (gxo0,v) =
(v, (g7 + g)x0) = (v, (87" + g)xo) for all tangent v. Thus (g~! + g)xo = Axp
and so g2xy = Agxo — xo. Thus g sends g(x) into the plane spanned by xo and
gxo, as desired. But it is immediate that g takes the form R,(6) on any invariant
2-plane. We may then continue with the complement of this plane in R,

Finally, in the case SO(2n + 1), any g has +1 as an eigenvalue, with a
corresponding eigenvector. We proceed with the complementary R*”" as earlier.

We continue with the proof of Theorem (15.5). The collection of all rotations
of the form (15.6) (with a+1 included in the odd-dimensional case) forms again
an n-dimensional torus S' x - - x S', a maximal torus 7" of the rotation group.
One then proceeds as in the U (n) case to show that SO (n) is connected.

O (n) consists of the rotations S O (n) and the improper orthogonal matrices
O~ (n) where the determinant is —1. But if we let 4 = diag(—1,1,...,1) €
O~ , then left translation L, by 4 is a diffeomorphism of O (n) that interchanges
SO(n) and O~ (n), showing that these two subsets are diffeomorphic. O

Our final example, although not as intrinsically important as the preceding ones,
will play an important role in our treatment because it will be possible to perform
explicit calculations. It is a nonabelian, noncompact, 2-dimensional Lie group.

G = A(1), the affine group of the line, consists of those real 2 x 2 matrices

3]

with x > 0. The manifold for A(1) can be considered as the “right half plane,” those
(x,y) € R?, withx > 0.

A matrix group is a subgroup of Gl(n) that is also a submanifold of Gl(n).
All of our previous examples are groups of matrices. Although there are important
Lie groups that cannot be realized as matrix groups, for our calculations we shall
occasionally pretend that our group is indeed a matrix group, since the constructions
and proofs are easier to visualize.
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15.1b. Invariant Vector Fields and Forms

Lie groups are special as manifolds for the following reason. Given a tangent vector X,
to G at the identity e, we may left or right translate X, to each point of G, by means of
the differentials

X, =L.X,

resp- (15.7)
X; := Ry X,

yielding two nonvanishing vector fields on all of G! In fact, if we take a basis X|, ...,

X, for G. (the tangent space to G at e), then we can left or right translate this basis to
give n linearly independent vector fields, such as,

LoXi, ..., LaX, (15.8)

on all of G! In particular, every Lie group is an orientable manifold! Consider for
instance, a closed orientable surface M? of genus g. We shall see in Section 16.2 that of
these surfaces only the torus (genus 1) can support even a single nonvanishing tangent
vector field. In fact T2 supports two vector fields 8/86, 8/0¢, and the torus is indeed
the commutative group S' x S' with multiplication

(61,91 Br.2) — (6; + Oy001 + &2)

Topologically, the only compact Lie group of dimension 2 is the torus. (The Klein bottle
is nonorientable and admits a nonvanishing vector field, but not two independent ones!)

We shall say that a vector field X on G is left (right) invariant if it is invariant under
all left (right) translations, that is,

Lg*Xh - Xgh
resp. (15.9)
Rg*Xh = th

You should convince yourself that if X, is given, then (15.7) exhibits the unique left
(resp. right) invariant field generated by X,.
Similarly, for example, an exterior p-form « on G is left invariant if

Lg*agh = (1510)
and to get a left invariant form on all of G one translates a form at e over the entire
group by

op =L, o, (15.11)

In the case of a matrix group, L, X} is especially simple. Let ¢ — h(t) be a curve of
matrices in G with 2(0) = h and /' (0) = X,.. Since G C Gl (n), this curve is simply a
matrix 4 whose entries 4 j;(¢) are smooth functions of the parameter ¢. h(z) describes

a curve in n2-dimensional euclidean space (real or complex). Then X, the tangent to
this curve, is simply the matrix whose entries are the derivatives att = 0, ', (0). There
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is no reason to believe that this new matrix A’ associated to the point (matrix
belong to the group G (this will be illustrated in the case A(1) later). Thep
constant matrix g, the curve ¢t — gh(t) will have for tangent vector at r =

Lg*xh = gh’(O) = gxh

) h wiy

for the
0 the Matriy

that is simply the matrix product of g and X,,.

Example: G = A(1), (Example (9)). We may consider A(1) either as a submanifolq of
R* or as the right half plane, since the entries 0 and 1 at the bottom contribute Nothing
to our knowledge of the matrix. Since

x oy (X Y| _[xx xy+y
0 1[0 1] O 1
we see that the right half plane is endowed with a rather unusual multiplication givep jp

the top row of this matrix equation.
We shall identify

B {] € A(l) with (x, y) € R?

and for tangent vectors we identify

dx dy T
ot with dx dy
0 0 dt dt

which is the tangent vector (dx/dt)3/0x + (dy/dt)8/8y. Now let us left translate the
vectors

o d o
Ox Oy
at the identity e to the point (x, y). For 8/8x we consider the curve A () given by

1+t O
0 1

whose tangent at e is &/0x. Then, letting g be the matrix
x
0 1
o

d x 0
Lg*a = E(gh(t)}mo = [0 J

and this is indeed the left translate of 8/8x at the identity to the point (x, y)

x y||l O

0 1](0 O
(Note that this matrix is not in A(1); it is a tangent vector to A(1)). Thus the left translate
of 3/0x to (x, y) is

we have

o
X=x—
xax
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o construct the left translate of 8/9y at (1, 0) to the point (x, y) we form

5 ol=1o 4]

The result is the vector x 8/8y. Thus a basis for the left invariant vector fields on A(1)
is given by the pair

o o
X, =x— X =x— 15.12
1 B 2 By ( )
Next note that in any Lie group, if X, ..., X,, is a basis for the left invariant vector
feldsandif o', ..., 0" is the dual basis of 1-forms, then this dual basis is automatically

left invariant, since
L;O'g(Xe) = Ug{Lg*Xg} = og(Xg) =0,(X,)

shows that L0, = 0,. The same argument shows that if a? is any p-form whose values
on any p-tuple of left invariant vector fields are constant on G, then o is left invariant.
Thus the basis of left invariant 1-forms dual to (15.12) is given by
dx d
1 _ 94X st=
X X

o2

(15.13)

If ¢ and B are invariant under left translations then so are do and a A 8. Thus in A(1)

dx Ndy
X2

2=

o' Ao (15.14)

is a left invariant area form or left Haar measure; for any compact region U C A(1),

and for any g € A(1)
// a’x/\dy_//dx/\dy
U X° B v o x?

where gU := L,U is the left translate of the region U. This would not hold if the factor

x~2 were omitted.

Problems

15.1(1) For the group A(1), find the right invariant vector fields coinciding with 8/8x
and 9/8y at e, find the dual right invariant 1-forms, and write down the right
Haar measure.

15.1(2) R* can be identified with the space of all real 2 x 2 matrices, identifying x = (x’,
x2, x3, x*) with the matrix (again called x)

x! x2
e
SI(2, R) can be considered as the submanifold M3 of R* defined bydet(x) = 1.
SI(2, R)) acts linearly on R*, g: R* — R*, by g(x) = gx (matrix multiplication).

(i) Compute the 4 x 4 matrix differential g, of g and show that det g, = 1. This
shows that the action of G on R* preserves the euclidean volume form.
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(ii) H(x) := det (x) is of course a function on R* that is invariant under y
action of G. Use Equation (4.56) to write down a left invariant volume 3-form,
for all of SI(2, R).

——

15.2. One-Parameter Subgroups

Does e/ = (cos0)I + (sin 0)J look familiar?

A homomorphism of groups is a function
f:G—>H
that preserves products

f(g1 8) = f(g1)f(g)

In Section 13.1, we defined the special case of a homomorphism when the groups were
abelian, and when the group “multiplication” was “addition.”

As an example, the usual exponential function f(t) = e’ defines (since e*** = e’
a homomorphism

exp: R —» R*

of the additive group of the reals to the multiplicative group of positive real numbers.
Note that exp is also a differentiable map, and in this case it is 1:1 ( the homomorphism
is injective), and also onto (surjective). We then say that exp is an isomorphism of
Lie groups. exp is a diffeomorphism with inverse log: R* — R.

A 1-parameter subgroup of G is by definition a differentiable homomorphism (in
particular, a path)

g:R->G t—>gt)eG
of the additive group of the reals into the group G. Thus
g(s +1) =g(s)g(t) = gt)g(s) (15.15)

Consider now a 1-parameter subgroup of a matrix group G.

g(n)

gn)

Figure 15.1
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Asmatrices §( +5) = g(1)g(s), that is, g;;(t +5) = 3=, 8ix (1), (s). Differentiate
sides with respect to s and put s = 0,
g'(1)=g) g0 (15.16)

gince g'(0) is a constant matrix, the solution to this is

g(t) = g(0) exp {1g'(0)}

poth

where
N
exp(S):eS:=1+S+§+§+--- (15.17)
It can be shown that this infinite series converges for all matrices S. Since g(0) = e for
any homomorphism g : R — G, we conclude that

g(1) = exp {1g'(0)} (15.18)

is the most general form for a 1-parameter subgroup of a matrix group G.
Equation (15.16) tells us how to proceed even if G is not a matrix group, foritreally

says
8'(t) = Lgy»&'(0) (15.19)

that is, the tangent vector X to the 1-parameter subgroup is left translated along the
subgroup. Thus, given a tangent vector X, at e in G,

the 1-parameter subgroup of G whose tangent at e is X, is the integral curve through
e of the vector field X on G resulting from left translation of X, over all of G.

The vector X, is called the infinitesimal generator of the 1-parameter subgroup.

Figure 15.2

Forany Lie group G we shall denote the 1-parameter subgroup whose generator at
eis X, by

g(t) :=e™ =exp 1X

justas we do in the case of a matrix group.



400 LIE GROUPS

For example, in A(1), to find the 1-parameter subgroup having tangent vector (a p)T
at the identity, we left translate this vector over A(1).

(5]

(1,0)

Figure 15.3

The left translate of (a@/8x + b3 /dy) to the point (x, y) is, from (15.12), (axd/Ix +
bx0/8y). Then we need to solve

dx

ik x(0) =1 (15.20)
dy
R x y(0)

The solutions are clearly straight lines dy/dx = b/a, but to see the parameterization
we must solve (15.20) to get

be b
x(t) = e y(t) = - —
a
(which never reaches the y axis).
y
X
Figure 15.4

In Problem 15.2(2) you are asked to get this from the power series.
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— Problems

16.2(1) We shall see in the next section that

0 -1
-1
can be considered a tangent vector at the identity of the group GlI(2, R). Use
J2=—1, S =—J, J* = to show
e’ = (cosO) !+ (sinh)J ie.,
ex 0 —6| _|[cos® —sinf
Ple 0|~ |sine coss

for all real 6. This 1-parameter subgroup of GI(2, R) is the entire subgroup of
rotations of the plane, SO(2)!

Warning: It makes no more sense to say expS = /+ S for S small than it
does tosay e*¥ = 1+ x when x is a small number. For example, /+0J is never
in SO(2) for any 6 # 0.

15.2(2) Compute
expt|d P
PHo o

15.2(3) Consider the differential equation

directly from the power series.

ax(t

X ==

= A x(t)

x(0) = xg

where A(1) is an nx n matrix function of t and x(t) is a column matrix. It is known
that if A is actually a constant matrix, then the solution is x(t) = exp(tA)xo;
this easily follows formally (i.e., disregarding questions of differentiating infinite
series term by term, etc.) from the power series expansion of exp(tA). In the
case of a 1 x 1 matrix function A(t) the solution is of course

t
x(t) = exp(/ A(r)dt)Xxo
0

We claim that this same formula holds in the n x n case providedthat the matrix
A(t) commutes with its indefinite integral B(t) .= fot A(r)dr for all t. Verify this
formally by looking at

x(t) == exp[B(h]xo = |/ + B(t) + %{B(t) By +--- [ xo

and using B'(t) = A(t).
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15.3. The Lie Algebra of a Lie Group
What is the third Betti number of the eight-dimensional S1(3, R)?

15.3a. The Lie Algebra

Let G be a Lie group. The tangent vector space G, at the identity e plays an importap;
role; we shall denote it by the script g

g = G,
and call it (for reasons soon to be discussed) the Lie algebra of G.
Let Xz, R=1,..., N,beabasis for q ; Xz will also denote the left translation of

this field to all of G. Since any left invariant vector field is determined by its value at
e, the most general left invariant vector field is then of the form

X = ZURXR

where the v¥ are constants.

Let 6k, R = 1, ..., N be the dual basis of left invariant 1-forms on G; they are
determined by their values on vectors from g- The most general left invariant r-form
on G is of the form

o = E ai‘...;,_a” A...o"
I

It is again determined by its values on r-tuples from g- It is constant when evaluated
on left invariant vector fields and a; are constants.

Recall the notion of Lie derivative or Lie bracket of two vector fields on a manifold
M; see Equation (4.4).

Theorem (15.21): The Lie bracket [X, Y] of two left invariant vector fields is
again left invariant.

PROOF: A vector field X is left invariant iff o (X) is constant on G whenever o
is a left invariant 1-form. If o is a left invariant 1-form then
do(X,Y) = —o (X, Y] (15.22)
Since do is left invariant, the left-hand side is constant. O
We may then write
Xz, Xs] =X7Ck, CEs=-ClLy (15.23)

for some structure constants C ,755 (dependent on the basis {Xz}).
In Problem 15.3(1) you are asked to prove the following.
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Theorem (15.24): The Maurer—Cartan equations

do¥ = — Z Cysofno’
R<S

1
=3 Z Clsof Ao’
R.S
hold, and d*cV = 0 yields the Jacobi identity
CgsCfM + CgMch + Cl(?/LCIISIS =0

This Jacobi identity for left invariant 1-forms is also a consequence of a general Jacobi
identity for vector fields on any manifold M". If X, Y, and Z are any three vector fields
on a manifold, then as differential operators on functions f, [X, Y](f) = X(Y(f)) —
Y(X(f)), and so on. Then the following Jacobi identity is immediate.

([X,Y],Z] +[[Z,X], Y] + [[Y,Z],X] =0 (15.25)

and in the case of a Lie group this gives (15.24) via (15.22).
We now make the vector space g= G, into a “Lie algebra” by defining a product

g/ X g,—) 9/
as follows. Let X € 9 Y e g Extend them to be left invariant vector fields X', Y’ on
all of G, and then define the product of X and Y to be the Lie bracket

(X, Y] :=[X', Y]

This product satisfies the relation [X, Y] = —[Y, X] and the Jacobi identity (15.25).

We shall see later on that there are three vectors X, Y, Z in the Lie algebra of
SO(3) that satisfy [X,Y] = Z and [X,Z] = —Y. Then [X, [X, Y]] = -Y, while
[[X, X], Y] = 0, and thus the Lie algebra product is not associative!

We shall consistently identify the Lie algebra %with the N (= dim G) dimensional
vector space of left invariant fields on G.

Classically the Lie algebra g was known as the “infinitesimal group” of G, for
classically a vector was thought of roughly as going from a point to an “infinitesimally
nearby” point. g then consisted of group elements infinitesimally near the identity! We
shall not use this picture.

15.3b. The Exponential Map

Theorem (15.26): For any matrix A, det e* = e'™.

PrROOF: Consider the matrix A as a linear transformation of complex n-space
C". If A is an eigenvalue of A, Av = Av, then from the power series for e”
we see that e*v = e*v. Thus e” has eigenvalues exp(1;), ..., exp(A,), where
Al, ..., A, are the eigenvalues of A. Then, since the determinant is the product
of the eigenvalues

det exp A = Hexp)\i = epoAi =exp trA O
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Theorem (15.27): The map exp : g— G sending A +— e*isa diﬁeomorphism
of some neighborhood of 0 € g-onto a neighborhood of e € G.

prROOF: We shall give two proofs. For a matrix group, look at the differentig) of
the exponential map applied to a vector X € g-

exp,(X) = %(exsz)mo = %(1 +1X + %zzx2 - >I=0 =X
Thus exp, : g — g is the identity and exp is a local diffeomorphism by the
inverse function theorem.

If G is not a matrix group we would proceed as follows. Given X at e, ¢/X —
exp(¢X) is a curve through e whose tangent vector at ¢ = 0 is the vector X (reca])
that e’ is the integral curve through e of the left invariant vector field X). Thug
again exp, (X) = X, and we proceed as previously. O

Remark: In a general Lie group, the 1-parameter subgroup exp(zX) is the integral
curve of a vector field on G, and thus it would seem that this need only be defined for
¢ small. In this case of a left invariant vector field on a group, it can be shown that the
curve exists for all #, just as it does in the matrix case.

15.3c. Examples of Lie Algebras

1. G =Gl (n, R).Let M (nx n) be the vector space of all real n x n matrices; M (n xn) ~ p?
dimensional Euclidean space. For A € M (n X n)

dete? =e™ >0
and therefore
exp: M(n x n) - Gl (n,R)
Since dim M (n x n) = n? = dim Gl (n, R), we see that the Lie algebra of Gl(n, R) is
913(;1, R) = M(n x n)

We shall now use the fact that if G is a matrix group, that is, a subgroup of Gl(n),
then its Lie algebra g being the tangent space to the submanifold G of Gl(n, R), is the
largest subspace of M (n x n) such that exp : g — G.

2. G = SO(n). First we need two elementary facts about the exponential of a matrix.

Since efe ™ = (I + A+ A?/2! + .- )(I — A+ A?/2! —...) = I we conclude

() = e
Next, from the power series it is evident that for transposes,
(exp AT = exp(AT)
It is clear then that if A is skew symmetric, AT = —A, then

(expA)~! = (exp A)T



THE LIE ALGEBRA OF A LIE GROUP 405

and soexp A € O(n). Also, since det e# = e"* = | for a skew A, we see e* € SO(n).

Thus the skew symmetric matrices exponentiate to S O(n) and the Lie algebra of SO (n)
js a vector subspace aof(n) of %Y(n) that contains the subspace of skew symmetric

matrices.
Conversely, suppose that for some matrix A € s.o(n), that e € SO (n). Thus

exp(A) = exp(—AT)

Since exp is a local diffeomorphism it is 1 : 1 in a neighborhood of 0 € 3E(n). Thus if
¢A is close enough to the identity then

A=—-AT
that is, A is skew symmetric. Thus s.o(n),

the Lie algebra of SO (n), is precisely the vector space of skew symmetric n x n
matrices.

One can also see this by looking at the tangent vector to a curve g(¢) in SO (n) that
starts at e. Since gg7 = e, we have g’(0) + g’(0)7 = 0, showing that g'(0) is skew

symmetric.
3. G = U(n), the group of unitary matrices, u~' = u', where t is the hermitian adjoint, that
is, the transpose complex conjugate. Then note that if A is skew hermitian, AT = —A,

then e® € U (n) from the same reasoning. We conclude that
w(n) is the vector space of skew hermitian matrices.

4. G = SU(n), the special unitary group of unitary matrices with det u = 1. Since a skew
hermitian matrix A has purely imaginary diagonal terms we conclude that det e# = ¢'74
has absolute value 1. However if A also has trace 0 we see that ¢4 will lie in SU (n).

au(n)is the space of skew hermitian matrices with trace 0
5. G = Sl(n,R), the real matrices g with det g = 1

a@(n, R) is the space of all real matrices with trace 0

15.3d. Do the 1-Parameter Subgroups Cover G?
Given g € G, is there always an A € g/such that e# = g? In other words,
isthemapexp : g— G onto?

It can be shown that this is indeed the case when G is connected and compact. (It is
clear that a 1-parameter subgroup must lie in the connected piece of G that contains
the identity.) SI(2, R) is not compact. For g € SI (2, R)

X Yy
= — =1
g { . ] xXw — yz

that is, the coordinates x, y, z, w satisfy the preceding simple quadratic equation. This
locus is not compact since, for example, x can take on arbitrarily large values. You are
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asked, in Problem 15.3(2), to show that any g in SI(2, R) with trace<
the form e* for any A with trace O, that is, for any A € J(2, R).
This result is somewhat surprising since we shall now show that SI(2, R) is cop

nected!
_|x Y
=t )

in SI(2, R) can be pictured as a pair of column vectors (x 2)" and (y w)T in R2 Spanning
a parallelogram of area 1. Deform the lengths of both so that the first becomes 3 Unit
vector, keeping the area 1. This deforms S1(2, R) into itself. Next, “Gram-Schmijd” the
second so that the columns are orthonormal. This can be done continuously; instead
of forming v — (v, e)e one can form v — #(v, e)e. The resulting matrix is then ip the
subgroup SO(2) of SI(2, R); that is, it represents a rotation of the plane. We have shown
that

we may continuously deform the 3-dimensional group Sl(2, R) into the 1-dimensional
subgroup of rotations of the plane, all the while keeping the submanifold SO(2)
pointwise fixed!

This last group, described by an angle 6, is topologically a circle S', which is connecteq,
This shows that SI(2, R) is connected. O

In fact we have proved much more. Suppose that V¥ is a submanifold of M". (In the
preceding SO(2) = V! ¢ M? = SI (2, R).) Suppose further that V is a deformation
retract of M; that is, there is a continuous 1-parameter family of maps r, : M - M
having the properties that

1. ry is the identity,

2. r; maps all of M into V
and

3. each r, is the identity on V.

Then, considering homology with any coefficient group, we have the homomorphism
ri. : Hy(M; G) — H,(V; G), since r will send cycles into cycles, and so on; see
(13.17). If z, is a cycle on M and if ,(z,,) bounds in V, then z, bounds in M since
under the deformation, z,, is homologous to r,(z,); see the deformation lemma (13.21).
Thus ri, is 1 : 1. Furthermore, any cycle z/, of V' is in the image of . since z,, = ri(z,)-
Thus r|, is also onto, and hence

Theorem (15.28): If V C M is a deformation retract, then V and M have
isomorphic homology groups

H,(M; G)~ H,(V; G)
Since SO(2) is topologically a circle S', we have

Corollary (15.29): Hy(SI(2,R),Z) ~ Z ~ H,(SI(2,R), Z) and all other ho-
mology groups vanish.
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o — Problems

15.3(1) Prove (15.24).

15 3(2) Let A be real, 2 x 2, with trace 0. The Cayley—Hamilton theorem for a 2 x 2
) matrix says that A satisfies its own characteristic equation

A2 — (trA)A+ (det A)l =0
hence
A= —pl p:=det A

(The proof of the Cayley—Hamilton theorem for a 2 x 2 matrix can be done by
direct calculation. One can also verify it in the case of a diagonal matrix, which
is trivial, and then invoke the fact that the matrices that can be diagonalized
are “dense” in the set of all matrices, since matrices generically have distinct
eigenvalues.) Show that

(cos /p) !+ (/o) N(sinyp)A ifp>0

eA

(cosh /1o 1+ (v/Ip)~'(sinh /o)A if p <0
and, of course, e” = | + Aif p = 0. Conclude then that

tre? > -2

[-2 o

is never of the form e# for A € af(2, R). In particular, this g does not lie on any
1-parameter subgroup of SI(2, R).

Thus, in particular

15.3(3) (i) Does Sl (n, R) have an interesting deformation retract? Is Sl (n,R) con-
nected?

(ii) What are the integer homology groups of the 8-dimensional manifold
SI (3, R)?

(iii) What can we say about Gl (n, R)? Is it connected?

15.4. Subgroups and Subalgebras

How can one find subgroups of G by looking at 3/?

15.4a. Left Invariant Fields Generate Right Translations

Let X be a left invariant vector field on the Lie group G. If X, is the value of X at e,
then

exp (tX,)
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is the 1-parameter subgroup generated by X,. We know that this curve is the integra]
curve of the field X that starts at the identity e. Since X is left invariant, the integra]
curve that starts at the generic point ¢ € G must be the curve g(¢) := L; exp(rX,) =
g exp(rX,).

On the other hand, X, as a vector field on a manifold G, generates a flow ¢, : G — G
(at least if ¢ is small enough), whose velocity field is again X. Thus it must be the

¢.(g) = g exp(tX,). Hence

Theorem (15.30): The flow generated by the left invariant field X is the ].
parameter group of right translations

&.(g) = g exp(tX.)

Figure 15.5

Since a right invariant vector field Y is then automatically invariant under the flow
generated by a left invariant field X, we conclude that their bracket vanishes

[Xleft’ Yrighl] =0 (1531)

Of course, by the same reasoning, right invariant fields generate left translations.

15.4b. Commutators of Matrices

Recall that the Lie algebra g as a vector space, is simply the tangent space to G ate,
but as an algebra it is identified with the left invariant vector fields on G. (Of course
this is merely a convention; we could have used right invariant fields just as well.) If
X e g,and Y e g then their Lie bracket

[X,Y]=%Y e g
is given by the Lie derivative, or, as first-order differential operators
(X, YI(f) = X(Y /) — Y(Xf)

associated with the left invariant fields X and Y.

If G is a matrix group, each X € g is itself a matrix (not in G but rather in the
tangent space to G at e). For example, we have seen that if G = SO (n) then X is
skew symmetric matrix. We claim then that [X, Y] is merely the commutator product
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of the matrices

X, Y]=XY-YX (15.32)
To see this we use Theorem (4.12). We have, ate = I € Gl (n, R)
{¢L, 09X, 08/ 09X (1) — (1))

12

[X, Y] =lim
t—0

where q‘),x refers to the flow generated by X, and so on. Since X and Y are left invariant,
their flows are right translations,

7 (8) = g exp(tX)
Thus
{exp(tX) exp(tY) exp(—tX) exp(—tY) — [}
t2
InProblem 15.4(1) you are asked to show that this indeed does reduce to the commutator
of the matrices.

This shows, for example, that if X and Y are skew symmetric matrices then so is
Xy -rXx.

X, Y] = lirré (15.33)
=

15.4c. Right Invariant Fields

All that we have said about left invariant fields can be redone for right invariant ones.
Rightinvariant fields (“right fields” for short) generate left translations. We have defined
the Lie algebra g to be essentially the vector space of left fields, and then

[Xi, X;] = X, C};

What would this become if we had used right fields instead?
Let {X;(e)} be a basis for G, and extend them to left fields {X;(g)} on all of G,

Xz(g) = Lg*Xi (6)
Let {Y;(e)} coincide with the X’s at e and extend them to right fields on G,
Yi(g) = R..Yi(e) = Ry X(e)

X(e)=Y(e)

Figure 15.6
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We are interested in the “right” structure constants
k
[Yi» Y]] = YkD,‘j

We calculate these for a matrix group, though the result holds in general.
The flow generated by Y; consists of left translations. Repeating the steps going ingg
Problem 15.4(1), but using right fields Y, we see

[Y), Yoligne = oY) — V1 1
as matrices. We conclude (since Y = X at e)
Y, Y;] = ~Y,C

and the right structure constants are merely the negatives of the left!
By “Lie algebra” we shall always mean the algebra of left invariant fields.

15.4d. Subgroups and Subalgebras

We are interested in subgroups of a Lie group. (We have already discussed 1-parameter
subgroups.) For example SO(#n) is a subgroup

SO(n) C Gl (n, R)

of the general linear group and it is an embedded submanifold (we showed this in
Section 1.1d). For a subgroup H C G to qualify as a Lie subgroup we shall demand
that H, if not embedded, is at least an immersed submanifold. The 2-torus, consisting
of points

(€?,e?eS' xS
is a 2-dimensional abelian group
(eie, ei"’) o (eia, ee’ﬁ) — (ei(9+a)’ ei(¢+ﬁ))
with a 1-parameter subgroup
H = (ei”, ei.vl)

where r and s are real numbers. As discussed in Section 6.2a, if s/r is irrational this
curve winds densely on the torus; thus H in this case is an immersed, not embedded
submanifold. This is not a closed subset of the torus since its closure (obtained by
adjoining its accumulation points) would be the entire torus, but it still qualifies as a
Lie subgroup.

The tangent space %ﬁ(n, R) to Gl(n, R) consists of all n x n matrices, whereas the
tangent space s.o{n) consists of skew symmetric n x n matrices.
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Figure 15.7

Let X and Y be skew symmetric matrices. Left translate them over all of Gl(n, R).
Since the resulting vector fields are tangentat g € SO (n) to SO (n), so is their bracket
(X,Y].In particular [X, Y], € ao(n). This says that a.o(n) is not only a vector subspace
of ?rﬁ(n, R), it is a subalgebra.

In general, if H is a subgroup of G, then the Lie algebra h of Hisa subalgebra of
g- The converse of this is also true and of immense importance.

Theorem (15.34): Let G be a Lie group with Lie algebra g- Let h C g/be a
vector subspace of 3that is also a subalgebra

AR ch.

Then there is a subgroup H C G whose Lie algebra is the given hc g-

Example: For any n x n real matrices X and Y their commutator XY — Y X has trace
0. Thus the traceless n x n matrices form a subalgebra of 32(/1, R) and there is a
corresponding subgroupi; it is, of course, Sl(n, R).

PROOF: Giventhe vector subspace h C g, left translate b overall of G, yielding
adistribution A. Let X, ..., X, be leftinvariant fields spanning A everywhere.
Since fis a subalgebra

[X:,X;le A

Thus A is in involution and is then completely integrable by the theorem of
Frobenius. From Chevalley’s theorem 6. 6, we can construct the “maximal leaf”
of this foliation passing through the identity; that is, there is a manifold V" and
al:1immersion F : V" — G such that H := F(V) is always tangent to the
distribution A and passes through e € G. We claim that H is a subgroup of G;
that is, H is closed under the G operations of multiplication and taking inverse.
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Let h; and h, be in the leaf H. By the definition of A, left translation of H

by A, must send the leaf into another (perhaps distinct) leaf 4, H of the foliatiop
h 1 hz eh 1 H. ’

Figure 15.8
However hje = h, shows that &, is in both leaves H and 4, H and since H is

maximal it must be that H = h, H. In particular h,h, € H, as desired. A similar
argument (Problem 15.4(2)) shows H is closed under taking inverses. O

Problems

15.4(1) Use (15.33) and (15.17) to show [ X, Y] = XY — Y X as matrices. (You needn't
justify (legitimate!) manipulations with infinite series.)
15.4(2) Show that H is closed under taking inverses.

15.4(3) Show that the skew hermitian n x n matrices (Af = — A) with trace 0 form
a subalgebra of gl(n, C). Identify the subgroup. Is there a group whose Lie
algebra consists exactly of the hermitian matrices?



CHAPTER 16

Vector Bundles in Geometry

and Physics
g

On the Earth’s surface, the number of peaks minus the number of passes plus the number of
pits is generically 2.

16.1. Vector Bundles

What is a “twisted product”?

16.1a. Motivation by Two Examples

1. Vector fields on M. A section of the tangent bundle T M" to M" is simply a vector
field w on M. Locally, that is, in a coordinate patch (U; u', ..., u"), w is given by
itscomponent functions w[‘](u), ..., wy; (u) with respect to the coordinate basis 8/0u,
but of course these functions are defined only on U, not all of M. In another patch V,
the same field is described by another n-tuple w’v(v), ..., wy(v). Ata point p in the
overlap U N V these two n-tuples are related by

wi(p) = levo (p));wh(p)

where cyy = dv/du is the Jacobian matrix. Thus a section of TM serves as a general-
ization of the ordinary notion of an n-tuple of functions F = (f', ..., f"): MY - R"
defined on an n-manifold, where now we assign a different n-tuple of functions in each
patch, but we insist on a recipe telling us when two n-tuples are describing the same
“vector” at a point common to two patches. The bundle TM is, in a sense, the home in
which all the sections live.

Not all n-tuples are to be considered as tangent vectors, for there are other bundles
“over” M. The cotangent bundle T*M uses a different recipe; its ¢y is [du/dv]".
2.The normal bundle to the midcircle of the Mébius band.

Consider the M&bius band M6? (a 2-manifold whose boundary is a single closed
curve) and the midcircle submanifold M' = S'. We are interested in the collection of
all tangent vectors to M6 along S' that are normal to S'. We shall call this collection
the normal bundle N (S') to S' in M&. Clearly we have a map

r:NESH > S
that sends each normal vector to the point in S' where it is based.

413
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Figure 16.1

It should be clear that we cannot find a continuous normal vector field to S' that js
everywhere nonzero, since if it points down at the left endpoint it must point up at the
right endpoint because of our identifications. We have illustrated this with the norma
field ¥. If we wished to describe this field by a “component” W we might proceed as
follows.

Select (arbitrarily) smooth nonvanishing normal vector fields e, and ey over patches
U and V of §', U and V being chosen so that their union is all of M. Then at any point
p e UNYV wehave

ev(p) =ey(p)cyv(p)

where cyy is a smooth nonvanishing 1 x 1 matrix defined in U N V. Note that thisis the
same notation that we used when talking about the tangent bundle; see equation (9.44).
Also note that we may describe the nonvanishing of the “matrix” cyy as saying that

CuvamV%Gl(l,R)

Let ¥ be a smooth normal field to S'. Then in U we have ¥(p) = ey (p)Vu(p)
and in V, ¥(p) = ey (p)¥v(p), for smooth functions ¥y and ¥y . In the overlap

W(p) =ey(p)Yu(p) =ev(p)Yv(p)

and so

Yv(p) = cvu(p)Yu(p)

where cyy = c[,'v. Thus a normal vector field to S' < Mg? is described not by &
single “component” function ¥ on S', but by a component function ¥ in U and by 2
component function ¥y in V, both related by the transition matrix cyy . )
Note that the local fields ey and e, allow us to say that the normal bundle N (S is
locally a product, in the following sense. The part of the bundle consisting of normal
vectors based in the patch U is diffeomorphic to U x R under the map ®y : U xR~
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N(Sl) defined by ®y(p, ¥) = ey(p)¥. Similarly ®y : V x R — N(S') makes the
of N(§') based in V into a product.

Although N(S') is locally aproduct, it is globally twisted, for the entire N (S') is not
jtself @ product S ! x R. There is no continuous way to assign a unique normal vector
10 2 pair (p, ¥) for ¢ a fixed real number, as p ranges over all of S'.N(S") is thus a
ywisted product of S'and R.

If we were to consider the vectors normal to a curve M ! in a Riemannian manifold

W", we would have to find (n — 1) local normal fields ef’, e, efl’_, in each patch U of
M', and a normal field ¥ would then be described by an (n — 1)-tuple of components
Vi -1, We shall consider this in Section 16.1d.

To generalize the notion of a K -tuple of functions on M" we introduce the general
potion of a vector bundle over M.

16.1b. Vector Bundles

A (real or complex) rank K vector bundle E over a base manifold M" consists of a
manifold E (the bundle space) and a differentiable map, projection

T:E—-> M

such that E is a local product space in the following sense.

U

Figure 16.2

There is a covering of M” by open sets {U, V, .. .}. There is a K -dimensional vector
space (the fiber) R¥ or C¥ (and for definiteness we shall assume it to be R¥) equipped
with its standard basis

e, .., ek

We demand that for each open set U in the covering

U x R¥ is diffeomorphic to the “part of the bundle over U, n~'U
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that is, there are diffeomorphisms
&y :UxRE 5> 77U
| (16.1)
Qy(p,y) en™ (p)

(In the case of the tangent bundle £ = TM", ifeV is a frame in U thep q’u(p )

Yi<i<x €Y') A point s € 7! (U) then is represented, via ®7', by 4 poin’ty =
U and a K-tuple of real numbers y, the latter being the fiber coordinates of s.P F:
m(s) € (UN V), we demand that the two sets of fiber coordinates be related bya
nonsingular linear transformation

cyy(p): UNV - GI(K)
that depends differentiably on p

yv = cvu(p)yu
that is, (16.2)
yv = cvu(p)yy
Note that each fiber over p, 7 ~!(p), is a K-dimensional vector space but it is not
identified with R¥ until the patch U holding p is specified; only then can we use o;!
to make the identification. (/n the tangent bundle we can not read off the components
of a vector until we have picked out a specific frame.) Note also that in the name “rank

K vector bundle,” K refers to the dimension of the fiber, not the bundle space E.
A (cross) section of E is a differentiable map

s:M—> E
such that s(p) lies over p, that is,
T os=identity: M - M

Locally, over U, one describes a section s by giving its vector components yy(p),
subject to the requirement (16.2) in an overlap. In a triple overlap we have

yw(p) =cwv(p)yv(p) = cwv(pP)evu(P)yu(p)

and so cyy = cwycyy. Thus the transition functions {cy} satisfy

cvu(p) = cyv(p)™

and (16.3)

cwyv(p)evu(p)euw(p) =1

Conversely, let M be a manifold with a covering {U, ...}, and suppose that we are
given matrix-valued functions cyy in each overlap

cvy :UNV — GI(K)

that satisfy (16.3). Then we may construct a vector bundle over M whose transition
functions are these cyy as follows. Take the disjoint collection of manifolds

(UxRE, v xRF ..}
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for each patch. These are to be considered disjoint even though the patches can

verlap: Now we make identifications:
(p,yu) € (U x R¥) is to be identified with

(P yv) € (VxRY) iffp’=p and yv=cvu(p)y

ft can be shown that the resulting identification space E is indeed a K-dimensional
ector pundle over M with {cyy} as transition matrices. This is the procedure we used
for construction of the tangent bundle; from X, (x) = (dx},/3x{,)X{, we see, from

(16.2), that

0x
cvu(x) = 8X_V (16.4)
U

Tangent bundle T

Outhe other hand, for the cotangentbundle, a;” = af'ax{',/ax{, =, [(0xy/3xv)"1ija?

shows that
T —-1qT
cvy(x) = <8ﬂ> = Kax—v> } (16.5)
BXV 8xU

Cotangent bundle T*M

Two bundles whose transition matrices are inverse transposes are said to be dual vector
bundles.

If E and E’ are vector bundles over the same base manifold M, then the tensor
product bundle E ® E’ is defined to be the vector bundle with transition matrices
¢y ® ¢yy- This means the following. A point in 7~'(U) has vector components

yo=0Y, -, y5),apointin 7’~'(U) has vector components zy = (2}, ..., z};), and
apoint in the tensor product bundle has the K L vector components
(v ® zv)'™ = yyzj, (16.6)

and by definition

(cvu ® cyy) (v ® zy) = (cvuyu) ® (cyyzu)

For example, the mixed tensors, once contravariant and once covariant (i.e., the linear
transformations), form the vector bundle TM @ T*M.

16.1c. Local Trivializations

Abundle space E is locally a product manifold. The diffeomorphisms @, : U x R¥ —
7'(U) that exhibit the local product structure allow one immediately to exhibit K
sections e, (p) := @y (p, ey) over U, where again ¢y = (1,0, ...,0)7, and so on, and
!hese sections are linearly independent in the sense thatateach p € U the vectors e, (p)
in the vector space 7 ~!(p) (the fiber over p) are independent. The e, form a frame of
sections,

Note that one frequently proceeds in the reverse direction. For example, we made
the collection of vectors normal to the midcircle of the Mobius band into a rank 1 vector
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bundle by first picking out distinguished “sections”; this then defined the maps @ |
general, suppose that we have two manifolds £ and M" andamapn : E _ M o.f 0
onto M. Suppose that each 7! (p) is a vector space ~ R¥. Suppose further that £
is a covering {U, V, ...} of M and there are smooth maps eg U—>E o= 1 there
such that 7 oe! is the identity map on U and the e, (p) are independent for eac o
Define then @y : U x R — 77'(U) by ®y(p, eay®) = €,(p)y°. By construcg;

each @y is a diffeomorphism that is linear on the “fiber” R¥ for P fixed. Thep inon,
overlap U N V we may define cyy(x) : R — RK by the linear map a

Lk
hpey

yv = cvu(p)yy = &y o y(p, yu)

(16.2) is then automatically satisfied and we have made E into a vector bundle over
M" and the €Y yield a frame of sections over U. O

We shall frequently denote a point of M by x, rather than p; we are not implying
that x is a local coordinate, though that will often be the case. The most general Cross
section over U is then of the form

T =e Y (x)
where the ¥ (x) are component functions. We abbreviate this with matrix notation

U(x) = e’ (x)yy(x)

e(x) = (Y (x),...,eL(x)
Yy (x)

Yu(x) = :
vl (x)

If ¥ is a cross section over U NV, then in U N V we have
¥ (x) = e’ () Yu(x) = e’ ()P (x) (16.7)

Yv(x) = cvy ()P (x)
If we can find a frame e of sections over all of M, we say that the bundle is a product

bundle, or is trivial. In this case

k
Oyl Y =) ey

a=I]

yields a diffeomorphism
d:MxRE S E
making E globally a product manifold. In particular,

a 1-dimensional vector bundle (a line bundle) with a single nonvanishing global
section is a trivial bundle.
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Ina nontrivial bundle, the maps &y : U x R* — 7~1(U) make the portion of the

dleover U into a trivial bundle; each ®y is thus called a local trivialization.

We shall see in Section 16.2 that the tangent bundle to the 2-sphere T'S? does not
even POSSESS a single nonvanishing section and so T'S? is not trivial. On the other hand,
(he tangent bundle TG to a Lie group has a frame of global sections given by left
yranslating a basis of g over all of G; thus the tangent bundle to a Lie group is trivial!

(Remal'k: If the tangent bundle to a manifold M is trivial, we say that M is paral-
elizable.)

Note that every vector bundle E has a global section, the zero section, defined locally
in each U by Yi(x) =0,...,¥%(x) = 0. In Problem 16.1(1) you are asked to give

the 1-line proof.

16.1d. The Normal Bundle to a Submanifold

Consider a Riemannian manifold V"*K and a submanifold M" C V. We define the
pormal bundle N(M) to M in V to consist of those tangent vectors to V that are based
on M and are orthogonal to M.

%

n

1174

s

Figure 16.3

(In the figure, M is drawn as a curve.) It should be “clear” that if U C M is small
enough one can find K smooth fields nY, ..., n¥{ of normal vectors to M that are
linearly independent at each point of U. Then, if

T:E=NM"Y > M
denotes the normal bundle

®:U xR - 27'(U)
i8 again defined by

dx:A, . 2= )l
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The A’s are the components of a normal vector in the patch U. In 3 patch

. %
would have a new frame {nf‘; } and in an overlap U N V the frames would be related:e
a K x K matrix function n” = nVcyy, and a normal vector would have tWO setg Y

components Ay and Ay related by Ay = cyyAy, where cyy(x) = cL‘,‘V(x) € Gl(k R
If we had chosen the frames n¥ and n" to be orthonormal, then cuv(x) € 0 (K) ' R)

For example, the normal line bundle to the 2-sphere M? = S? C R3 _ lVJ .
trivial, N(5%) = S? x R, since we have a global nonvanishing section given by ti::
outward-pointing unit normal.

As we have seen, the normal bundle to the central circle M = S! of the Mabiug
band V2 is not trivial.

The normal bundle N (S') to the indicated circle ' C RP? is clearly itself an infinjte

Figure 16.4

Mobius band (the lengths of the vectors are not bounded). For this S' ¢ RP?, N(SY
is not trivial.

If we use as model of RP? the disc with antipodal points identified, this ' can be
deformed into a diameter. N (S') is not trivial.

Figure 16.5

Let C,x = x(1),0 < 1 < 1, be a closed curve in R*. Its normal bundle is a rank-2
vector bundle over C. Pick an orthonormal frame n = n(0) of two normal vectors
n, at p = x(0). Transport this frame continuously around all of C, always remaining
orthonormal and orthogonal to C, arriving at p = x(1) but with perhaps a different
frame n(1) from the original. Since R? is orientable, and since the tangent T has returned
to itself, it must be that n(0) and n(1) define the same orientation in the normal plane
at p. This means that n(0) and n(1) are related by an SO (2) matrix g, n(0) = n(1)g-
We are now going to redefine the normal framing along the last € seconds of the curve
so that the framings match up at t+ = 0 and ¢t = 1. Since SO (2) is connected, We
can find a curve of 2 x 2 matrices g = g(s),1 —€ < s < I, in SO2), such that
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|- €) = I and g(1) = g. Now redefine the normal frame on the last part of C by

ing m(s) = n(s)g(s), yielding a framing with agreement at t = 0 and ¢ = 1. (By
chooSing the curve g(s) to have s-derivative 0 ats = 1 — € and at s = 1 we can even
make the framing smooth.) The normal bundle to a closed curve in R3 is trivial!

Problems

16.1(1) Show that the zero section is indeed always a section.

16.1(2) R P2 is the solid ball with boundary points identified antipodally. Is the normal
bundle to the circle S c P3 trivial?

Figure 16.6

16.1(3) Is the normal bundle to R P2 in R P3 trivial?

Figure 16.7

16.1(4) Is the normal bundle to a closed curve in an M" trivial? (Consider the cases M
orientable and M not orientable.)

16.2. Poincaré’s Theorem and the Euler Characteristic
Can you comb the hair on a sphere so that the directions vary smoothly and such that no hair

sticks straight out radially?

Before discussing further properties of general vector bundles, we shall acquaint our-
$elves with the most important result on the sections of the tangent bundle to a surface.
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For further discussion the reader may consult Arnold’s book on differentia) €quationg
[A2, chap. 5].

16.2a. Poincaré’s Theorem

Let M? be a closed (compact without boundary) surface and let v be a tangep; vector
field to M having at most a finite number of points p where the vector field Vanisheg
v(p) = 0. Generically this is so for the following reasons. The vanishing of 5 Vecto;
field requires, locally, the simultaneous vanishing of two functions v' and v2 of the two
coordinate variables x and y, and generically these two zero sets intersect in isolated
points. Compactness (as in the proof of Theorem (8.17)) then demands that there be
only a finite number of zeros.

Let p be a zero for v. We may assume that p is the origin of a local coordinate
system x, y. Let S be a small coordinate circle, x> 4+ y* = €, where by “small” we
mean that p is the only zero inside S. Introduce a Riemannian metric in the coordinate
patch. For example you may wish to use ds> = dx* + dy*. We may orient the patch by
demanding that x, y be a positively oriented system. We may then consider the angle
that v makes with the first coordinate vector 8, = 0/08x at each point (x, y) on §

v )
o NVl

We then have the following situation. Let S, be a unit circle in an (abstract) R?; Sy is
parameterized by an angle ¢. We then have a map S — S, defined by ¢ (x, y) = the
preceding angle 8(x, y). This map has a Brouwer degree, called, as in Section 8.3d,
the (Kronecker) index of v at the zero p, written j,(p) = j(p). Of course it simply
represents the number of times that v rotates as the base of v moves around the circle
S'. As such

6(x,y) = £(8,, V) :=cos™' {

1
=5 / d6(x, y) (168)
T Js

In Section 8.3d we have illustrated the indices of four vector fields at the origin of
M? =R’

We have made several rather arbitrary choices in the previous procedure, a Rieman-
nian metric, a coordinate system, and a closed curve S in the patch enclosing the zero.
But the index varies continuously with the choices, and since it is an integer, it is in
fact independent of the choices.

In particular we may replace the circle S by a piecewise smooth triangle enclosing
the zero.

Note that we may compute the index even when the field v does not vanish inside
the curve S, but the index will then be 0; see Problem 8.3(9).

Finally, note that we mayalso consider a vector field that is smooth in a region except
for an isolated “singular” point p; for example, the electric field grad(1/r) of a charge
in R? is smooth everywhere except at the charge. By the same procedure as at a zero,
we may again define the index j,(p) of the vector field at the singularity.

By a singularity of a vector field v we shall mean any point at which v is not smooth
or at whichv = 0.
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A 2610 of a smooth vector field is not a singularity in the ordinary sense. In our present
situation it is called a singularity because the direction field defined by the vector is
undeﬁ“ed at a zero.

Ppoincaré’s Theorem (16.9): Let v be a vector field with perhaps a finite number
of singularities on a closed surface M 2. Then the sum of the indices of v at the

singular points

> iv(p) = xu(M)
p

is in fact independent of the vector field and is a topological invariant x.

For reasons discussed in the next section, x will be called the Euler characteristic.

Before looking at the proof, let us look at some examples on the 2-sphere. The vector
field /06 tangent to the lines of longitude on the 2-sphere has a singularity at the north
and south poles. At the north pole the field looks like the “source” in Section 8.3d of
index 1 while the south pole is a “sink,” also of index 1. Thus x (S?) = 2 in this case. We
can also consider the vector field 3/ 0¢ tangent to the parallels of latitude, again with
singularities at the poles. The indices are easily seen again to be both +1, verifying the
theorem. Poincaré’s theorem implies the following, which we have mentioned many
times in the past:

Corollary (16.10): Every vector field on S* has a singularity. Thus every smooth
section of the tangent bundle of the 2-sphere must be zero somewhere, and hence
this bundle is not a product bundle.

This has been paraphrased as “You can’t comb the hair on a 2-sphere.”
In our two fields 8/889 and 8/8¢ on S2, both fields had two singularities. We shall
now exhibit a field on S? with a single singularity (zero) with, of course, index +2.

N

Figure 16.8

This field is obtained from a parallel field 8/8u in the u, v plane by stereographically
Projecting (from the north pole) the field onto the tangent sphere. We have drawn the
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integral curves rather than the vector field itself. At the right of the figure we
shown a view from the top, and one easily sees that the index at the north pole is indeeq
+2. We can investigate this analytically as follows.

Consider the sphere as the Riemann sphere, as in Section 1.2d. In the complex
plane C tangent to the sphere at the south pole, we have the velocity field of the ﬂo:
dw/dt = 1,thatis,du/dt = 1 anddv/dt = 0. When we stereographically Project this
flow onto the Riemann sphere we get the parallel-like flow near the south pole w = 0
Near the north pole z = 0 we get ’

- ()8 ()

. As. we go ground the .path'z = ¢? about z = 0, the vector —z2 = —p2#6 makes 2
circuits, yielding the desired index 2.

PROOF OF POINCARE’S THEOREM: The following proof is due to Heinz Hopf,
who also proved the higher-dimensional version. We shall discuss this in Section
16.2c.

We shall first prove the theorem in the case when M? is orientable; in the
following section we shall then discuss briefly the nonorientable case.

Choose any Riemannian metric for all of M? (see Section 3.2d).

Let v and w be two vector fields on M, each having a finite number of singu-
larities. Some singularities of v may coincide with those of w.

We know that M can be triangulated (see Section 13.2c). By choosing the
triangles to be very small (e.g., by subdividing them) and by moving them around
slightly, we may insist that (i) each triangle lies completely in some coordinate
patch (x,, ¥,); (ii) the singularities of v and w lie in the interiors of triangles, not
on edges or vertices; and (iii) there is at most one singularity of v and at most one
singularity of w in the interior of any triangle. Then if A is a triangle lying in a
patch (x,, ¥,), we have the Kronecker index integers

1
Jv(A) i= — dab,
2 Jaa

and

1
Jw(A) = —f db,
21 Jia

where 6y (Xo, Yo) = £(8/8x,, v) and Oy (x,,