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Preface

This book grew out of lecture courses I have given to mathematics Part II, Part
III, and graduate students in Cambridge between the years 2003 and 2008.

The first four chapters could form a basis of a one-term lecture course on
integrable systems covering the Arnold-Liouville theorem, inverse scattering
transform, Hamiltonian methods in soliton theory, and Lie point symmetries.
The additional, more advanced topics are covered in Chapters 7 and 8. They
include the anti-self-dual Yang-Mills equations, their symmetry reductions,
and twistor methods. Chapters 3, 6, and 9 provide material for an advanced
course on field theory where particular emphasis is paid to non-perturbative
solutions to classical field equations. We shall discuss scalar kinks, sigma-
model lumps, non-abelian magnetic monopoles in R?, instanton solutions
to pure Yang-Mills equations in R*, and finally gravitational instantons.
Although the material is entirely ‘classical’, the motivation comes from quan-
tum field theories, including gauge theories, where it is necessary to consider
solutions of the non-linear field equations that are topologically distinct from
the vacuum. Chapter 10 contains a discussion of the anti-self-dual conformal
structures, some of which have not been presented in literature before. This
chapter links with the rest of the book as the anti-self-dual conformal struc-
tures provide a unifying framework for studying the dispersionless integrable
systems. There are three appendices. The first two provide a mathematical
background in topology of manifolds and Lie groups (Appendix A), and
complex analysis required by twistor theory (Appendix B). Appendix C is self-
contained and can form a basis of a one-term lecture course on overdetermined
partial differential equations. This appendix gives an elementary introduction
to the subject known as the exterior differential system.

Although the term soliton — a localized non-singular lump of energy —
plays a central role in the whole book, its precise meaning changes as the
reader progresses through the chapters. In Chapters 1, 2, 3, and 8 solitons
arise as solutions to completely integrable equations. They are time-dependent
localized waves which scatter without emitting radiation, and owe their sta-
bility to the existence of infinitely many dynamically conserved currents. In
Chapters 5 and 6 the solitons are topological — they are characterized by
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discrete homotopy invariants (usually in the form of Chern numbers) which
are conserved as the continuous field configurations have finite energy. Finally
in Chapter 9 the gravitational solitons arise as lifts of Riemannian gravitational
instantons to higher dimensions.

The book should be of use to advanced undergraduate and research stu-
dents, as well as experts in soliton theory who want to broaden their tech-
niques. It is aimed at both mathematicians and those physicists who are willing
to go beyond perturbation theory. The revived interest in twistor theory in
recent years can be largely attributed to Witten’s twistor-string theory [185]. It
is hoped that those researchers who come to twistor strings with the string
theory or quantum field theory (QFT) background will find this book an
accessible introduction to twistor theory.

There are some excellent text books which treat the material presented
here in great depth. Readers should consult [122] for inverse scattering trans-
form, [124] for the symmetry methods, and [114] for topological solitons.
The twistor approach to integrability is a subject of the monograph [118],
while [83, 132, 175] are books on twistors which concentrate on aspects of
the theory other than integrability. The full treatment of exterior differential
systems can be found in [23].

The twistor approach to integrability used in the second half of the book
has been developed over the last thirty years by the Oxford school of Sir Roger
Penrose with a particular input from Richard Ward. I am grateful to Sir Roger
for sharing his inspirational ideas with the rest of us. His original motivation
was to unify general relativity and quantum mechanics in a non-local theory
based on complex numbers. The application of twistor theory to integrability
has been an unexpected spin-off from the twistor programme.

While preparing the manuscript I have benefited from many valuable discus-
sions with my colleagues, collaborators, and research students. In particular I
would like to thank Robert Bryant, David Calderbank, Mike Eastwood, Jenya
Ferapontov, Gary Gibbons, Sean Hartnoll, Nigel Hitchin, Marcin Kazmier-
czak, Piotr Kosinski, Nick Manton, Lionel Mason, Vladimir Matveev, Pawet
Nurowski, Roger Penrose, Prim Plansangkate, Maciej Przanowski, George
Sparling, David Stuart, Paul Tod, Simon West, and Nick Woodhouse. I am
especially grateful to Paul Tod for carefully reading the manuscript.

Finally, I thank my wife Asia and my sons Adam and Nico not least for
making me miss several submission deadlines. I dedicate this book to the three
of them with gratitude.

Cambridge Maciej Dunajski
January 2009
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Integrability in classical
mechanics

Integrable systems are non-linear differential equations (DEs) which ‘in princi-
ple’ can be solved analytically. This means that the solution can be reduced to
a finite number of algebraic operations and integrations. Such systems are very
rare — most non-linear DEs admit chaotic behaviour and no explicit solutions
can be written down. Integrable systems nevertheless lead to very interesting
mathematics ranging from differential geometry and complex analysis to quan-
tum field theory and fluid dynamics. In this chapter we shall introduce the
integrability of ordinary differential equations (ODEs). This is a fairly clear
concept based on existence of sufficiently many well-behaved first integrals, or,
as a physicist would put it, constants of the motion.

1.1 Hamiltonian formalism

Motion of a system with 7z degrees of freedom is described by a trajectory in a
27 dimensional phase space M (locally think of an open set in R?" but globally
it can be a topologically non-trivial manifold — for example, a sphere or a
torus. See Appendix A) with local coordinates

(pj.qi), 7=12,....n

The dynamical variables are functions f : M x R — R, so that f = f(p, g, 1)
where ¢ is called ‘time’. Let f, g: M x R — R. Define the Poisson bracket of
f, g to be the function

n

N\~ Of 9g  9f dg
{f.g}:= ; TR T (1.1.1)

It satisfies

{f.g}=—{g [ {f.{g. P}y +{g. th. f1}+{h.{f.g}}=0.



1: Integrability in classical mechanics

These two properties are called the skew-symmetry and the Jacobi identity,
respectively. One says that two functions f, g are in involution if { f, g} = 0.

The coordinate functions (p;, q;) satisfy the canonical commutation rela-
tions

{PI’ Pk} =0, {ql’ qk} =0, and {q/’ pk} = (ka'

Given a Hamiltonian H = H(p, q, t) (usually H(p, q)) the dynamics is deter-
mined by

df _of

- == H f = .
T fE, forany f=flpg.n
Setting f = p; or f = q; yields Hamilton’s equations of motion
oH oH
[j. - — and q = —. (112)
" ag; T ap,

The system (1.1.2) of 2 ODEs is deterministic in the sense that (p;(z), q;(z))
are uniquely determined by 27 initial conditions (p;(0), g;(0)). Equations
(1.1.2) also imply that volume elements in phase space are conserved. This
system is essentially equivalent to Newton’s equations of motion. The Hamil-
tonian formulation allows a more geometrical insight into classical mechanics.
It is also the starting point to quantization.

Definition 1.1.1 A function f = f(p;. q;,t) which satisfies f = 0 when equa-
tions (1.1.2) hold is called a first integral or a constant of motion. Equivalently,

f(p(t), q(2), t) = const
if p(t), q(t) are solutions of (1.1.2).

In general the system (1.1.2) will be solvable if it admits ‘sufficiently many’
first integrals and the reduction of order can be applied. This is because any
first integral eliminates one equation.

« Example. Consider a system with one degree of freedom with M = R? and
the Hamiltonian

1
H(p.q) = EPZ +V(q).

Hamilton’s equations (1.1.2) give

é]—pandp'——d—v
dg’

The Hamiltonian itself is a first integral as { H, H} = 0. Thus

P Vig) = E



1.1 Hamiltonian formalism

flp, )= constant

Figure 1.1 Level surface

where E is a constant called energy. Now

q=p. p=%y2[E-V(q)]

and one integration gives a solution in the implicit form

= [
V2IE — Vig)]

The explicit solution could be found if we can perform the integral on the
right-hand side (RHS) and invert the relation ¢ = #(q) to find g(z). These two
steps are not always possible but nevertheless we would certainly regard this
system as integrable.

It is useful to adopt a more geometrical approach. Assume that a first integral
f does not explicitly depend on time, and that it defines a hypersurface
f(p,q) =const in M (Figure.1.1). Two hypersurfaces corresponding to two
independent first integrals generically intersect in a surface of co-dimension 2
in M. In general the trajectory lies on a surface of dimension 27z — L where L is
the number of independent first integrals. If L = 2,z — 1 this surface is a curve —
a solution to (1.1.2).

How may we find first integrals? Given two first integrals which do not
explicitly depend on time their Poisson bracket will also be a first integral if it
is not zero. This follows from the Jacobi identity and the fact all first integrals
Poisson commute with the Hamiltonian. More generally, the Noether theorem
gives some first integrals (this theorem relates the symmetries that Hamilton’s
equation (1.1.2) may possess, for example, time translation, rotations, etc., to
first integrals) but not enough. The difficulty with finding the first integrals has
deep significance. For assume we use some existence theorem for ODEs and
apply it to (1.1.2). Now solve the algebraic equations

gr = qe(p°, q°, ) and pr = pr(p°, q° 1),
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for the initial conditions (p°, g°) thus giving

4%, = q°(p. q. 1) and p° = p°u(p. q. 2).

This gives 27 first integrals as obviously (p°, ¢°) are constants which we can
freely specify. One of these integrals determines the time parametrizations and
others could perhaps be used to construct the trajectory in the phase space.
However for some of the integrals the equation

f(P. q) = const

may not define a ‘nice’ surface in the phase space. Instead it defines a patho-
logical (at least from the applied mathematics point of view) set which densely
covers the phase space. Such integrals do not separate points in M.

One first integral — energy — always exist for Hamiltonian systems giving the
energy surface H(p, q) = E, but often it is the only first integral. Sufficiently
complicated, deterministic systems may behave according to the laws of ther-
modynamics: the probability that the system is contained in some element of
the energy surface is proportional to the normalized volume of this element.
This means that the time evolution covers uniformly the entire region of the
constant energy surface in the phase space. It is not known whether this ergodic
postulate can be derived from Hamilton’s equations.

Early computer simulations in the 1960s revealed that some non-linear
systems (with infinitely many degrees of freedom!) are not ergodic. Soliton
equations

Up = OUUY — Uyyy, U =U(X, 1), Kdv
or
Oxx — P =sing, ¢ =P(x, 1), Sine-Gordon

are examples of such systems. Both possess infinitely many first integrals. We
shall study them in Chapter 2.

1.2 Integrability and action-angle variables

Given a system of Hamilton’s equations (1.1.2) it is often sufficient to know
n (rather than 27 — 1) first integrals as each of them reduces the order of the
system by two. This underlies the following definition of an integrable system.

Definition 1.2.1 An integrable system consists of a 2n-dimensional phase-
space M together with n globally defined independent functions (in the sense
that the gradients V f; are linearly independent vectors on the tangent space at
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any pointin M) fi,..., f, : M — R such that
{fi. [t} =0, jok=1,... . n (1.2.3)

The vanishing of Poisson brackets (1.2.3) means that the first integrals are in
involution. We shall show that integrable systems lead to completely solvable
Hamilton’s equations of motion. Let us first explore the freedom in (1.1.2)
given by a coordinate transformation of phase space

Ok = Ok(p, q) and P = Py(p, q).

This transformation is called canonical if it preserves the Poisson bracket

n

af d af 0 ~ Of 0 af o
ng fg_zfgfg

dqrdpr  Oprdqr S 90k dPr 9P 9Ok

for all f,g: M —> R. Canonical transformations preserve Hamilton’s
equations (1.1.2).
Given a function S(q, P, t) such that

2
det < ) ) #0,
99,9 P,

we can construct a canonical transformation by setting

N aS
= 3_’ Qk
Ak

andﬁ=H+§.

D TN a1

The function S is an example of a generating function [5, 102, 187]. The idea
behind the following theorem is to seek a canonical transformation such that
in the new variables H = H(P, ..., P,) so that

Pu(t) = Pr(0) = const and  Og(t) = Ok(0) + tﬁ.
Py

Finding the generating function for such canonical transformation is in practice
very difficult, and deciding whether a given Hamiltonian system is integrable
(without a priori knowledge of # Poisson commuting integrals) is still an open
problem.

Theorem 1.2.2 (Arnold-Liouville theorem [5]) Let
(M, fi,..o\ fa)
be an integrable system with Hamiltonian H = f1, and let
My :={(p.q) € M; fulp.q) =c),  ck=const,  k=1,....n

be an n-dimensional level surface of first integrals fi. Then
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o If My is compact and connected then it is diffeomorphic to a torus
T :=8"x 8" x - x 8",

and (in a neighbourhood of this torus in M) one can introduce ‘action-angle’
coordinates

Ilv'-'5In7¢la-"?¢na 054’/2527[7

such that the angles ¢ are coordinates on My and the actions I =
L(fis ..., [x) are first integrals.
e The canonical equations of motion (1.1.2) become

Ir=0and ¢p = wp(Lh, ..., L,), k=1,....n (1.2.4)

and so the integrable systems are solvable by quadratures (a finite number of
algebraic operations and integrations of known functions).

Proof We shall follow the proof given in [5], but try to make it more accessi-
ble by avoiding the language of differential forms.

e The motion takes place on the surface

fl(p’ 5]) =C1, fZ(p’ q) =C2y ey fn(p’ q) =Cp

of dimension 21 — n = n. The first part of the theorem says that this surface
is a torus.! For each point in M there exists precisely one torus T" passing
through that point. This means that M admits a foliation by 7-dimensional
leaves. Each leaf is a torus and different tori correspond to different choices

of the constants ¢y, ..., ¢,.
a .
det <i> #0
ODk

Assume
so that the system f4(p, q) = ¢, can be solved for the momenta p;

pi = pi(q, ¢)
and the relations f;(g, p(q, ¢)) = ¢; hold identically. Differentiate these iden-
tities with respect to g;
afi i
_f + Z ﬂ% -0
dq; ' Ipe9q;

1 This part of the proof requires some knowledge of Lie groups and Lie algebras. It is given in
Appendix A.
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and multiply the resulting equations by 9f,,/9p;

S 00 015~ b 06 0
— 0P dq; 3 9P; 9Dk 9q;
Now swap the indices and subtract (n2) — (im). This yields

3 afm 8ﬂ 3Pk 3}‘; afm 3Pk _
b 5 (5 e~ 5030070, )

The first term vanishes as the first integrals are in involution. Rearranging
the indices in the second term gives

3 2 (1 302) g
7 0Pk 9pj \dq;  0qr
and, as the matrices df;/dpy, are invertible,

Ok _ 3p;

=0. (1.2.5)
99 Ik

This condition implies that
?g Y bidg; =0
j

for any closed contractible curve on the torus T”. This is a consequence of
Stokes’ theorem. To see it recall thatinn = 3

ygDp-dq=/D(V><p)~dq

where § D is the boundary of the surface D and

%_%>

(V 5 Pl = (
m = F€ikm
P "\ag; ~ oa

2

There are n closed curves which cannot be contracted down to a point, so
that the corresponding integrals do not automatically vanish.

Cycles on a torus



1: Integrability in classical mechanics

Therefore we can define the action coordinates
1
I = — dq;, 1.2.6
k P ﬁk 2}: pjaq; ( )
where the closed curve T’ is the kth basic cycle (the term ‘cycle’ in general
means ‘submanifold without boundary’) of the torus T”
Tr={(f1,....,0s) € T";0 < ¢y <27, ¢; = const for j #k},

where ¢ are some coordinates? on T”.
Stokes’ theorem implies that the actions (1.2.6) are independent of the choice
of Ty.

Stokes’ theorem

This is because

op; op;
f prdqﬁ?{ ZP;‘dQF/(i——p’)dq,-/\dq,-:O
Iy f 'y i

dq;  9qi

where we have chosen I' and T" to have opposite orientations.
o The actions (1.2.6) are also first integrals as ¢ p(q, c)dq only depends on
¢k = fr and the f;’s are first integrals. The actions are Poisson commuting

N0l of 9L 0f 0L 9fy 91 fc 9L 01 _
U =D 3 r 5acaF, ope ™ 87, 0w 0F dax = 2 07, 37, U1 =0

7,8,k s
and in particular {I, H} = 0.
The torus My can be equivalently represented by

Li=¢,..., I =¢,,

2 This is a non-trivial step. In practice it is unclear how to explicitly describe the 7-dimensional
torus and the curves ', in 2n-dimensional phase space. Thus, to some extend the Arnold-Liouville
theorem has the character of an existence theorem.
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for some constants ¢y, ..., ¢,. (We might have been tempted just to define
I = f&, but then the transformation (p, g) — (I, ¢) would not be canonical
in general.)

e We shall construct the angle coordinates ¢ canonically to conjugate to the
actions using a generating function

q
S(g. 1) = / Z p;dq;,
q0 j
where go is some chosen point on the torus. This definition does not depend

on the path joining gy and g as a consequence of (1.2.5) and Stokes’ theorem.
Choosing a different gg just adds a constant to S thus leaving the angles

oS

¢i—a_1i

invariant.

The angles are periodic coordinates with a period 2. To see this consider
two paths C and C U Cy, (where Cy, represents the kth cycle) between gg and
q and calculate

S(q,l):/é prdqi:/;zpidq/+/; Zpidqus(q’ I)+27'[Ik
i kg

U -
Cp, i

SO

Generating function

o The transformations

g=q(¢.1), p=plg.I) and $=¢(q.p). [=1I(q.p)

are canonical (as they are defined by a generating function) and invertible.
Thus,

{valk}=07 {¢/’¢k}=0’ and {¢i711€}=6ik
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and the dynamics is given by
i = {¢r, HY and I = (I, A},
where

H(p, I) = H(q(¢, I), p(¢, I)).

The I;’s are first integrals, therefore

. aH
Lh=—2"-0
0Pk
so H=H(I) and
. aH
= — = I
or ol wp(I)

where the wy’s are also first integrals. This proves (1.2.4). Integrating these
canonical equations of motion yields

dult) = wp(I)t + dp(0) and  I(t) = [4(0). (1.2.7)
These are 7 circular motions with constant angular velocities. O

The trajectory (1.2.7) may be closed on the torus or it may cover it densely.
This depends on the values of the angular velocities. If 72 = 2 the trajectory will
be closed if wy/w; is rational and dense otherwise.

Interesting things happen to the tori under a small perturbation of the
integrable Hamiltonian

H(I) — H(I)+€eK(I, ¢).

In some circumstances the motion is still periodic and most tori do not vanish
but become deformed. This is governed by the Kolmogorov—Arnold-Moser
theorem — not covered in this book. Consult the popular book by Schuster
[145], or read the complete account given by Arnold [5].

o Example. All time-independent Hamiltonian systems with two-dimensional
phase spaces are integrable. Consider the harmonic oscillator with the Hamil-
tonian

1
H(p,q) = 5(p* + &),
Different choices of the energy E give a foliation of M by ellipses

E.

E(Pz +w’q?)
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For a fixed value of E we can take I' = My. Therefore
1 1 E
I=— dg = — dpdg = =
27 Ju, bdq 2 [/5 bdq w

where we used the Stokes’ theorem to express the line integral in terms of the
area enclosed by My.
The Hamiltonian expressed in the new variables is H = wI and
oH

qs:wza) and ¢ = ot + ¢y.

To complete the picture we need to express (I, ¢) in terms of (p,q). We

already know
1/1
I= 5 (;pz +a)q2> .
Thus the generating function is

S(g,I) = / pdq = :I:/,/Zla)—a)zqqu

and (choosing a sign)

¢—§—/w—dq—arcsin @ — ¢
Col 2w — w*q? - 1 21 o

21 .
g =1/ == sin (¢ + o)
w

and finally we recover the familiar solution

p= V2E cos (wt +¢o) and g =./2E/w?sin (ot + ¢y).

Example. The Kepler problem is another tractable example. Here the four-
dimensional phase space is coordinatized by (q1 = ¢, g2 =7, p1 = py, D2 = Dr)
and the Hamiltonian is

This gives

N

"2 2 r
where o > 0 is a constant. One readily verifies that
{H, ps} =0

so the system is integrable in the sense of Definition 1.2.1. The level set My
of first integrals is given by

H=E and py=pn
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Figure 1.2 Branch cut for the Kepler integral

2
ps =p and p,_:t‘IZE—r—+Ta.

This leaves ¢ arbitrary and gives one constraint on (r, p,). Thus, ¢ and
one function of (r, p,) parameterize M;. Varying ¢ and fixing the other
coordinate gives one cycle I'y C My and

which gives

1 1 2
Iy =5— ), Ped + prdr = 27 J, Podd = Dy

To find the second action coordinate fix ¢ (as well as H and p,). This gives
another cycle T, and

1
I,:Efi:prdr
_2—/ 2 E——+2—ad1’

\/ZE/' \/r—r —rd

r

where the periodic orbits have r_ <7 <r, and
a+ /a2 +2u2E
2E ’

The integral can be performed using the residue calculus and choosing a con-
tour with a branch cut (Figure 1.2) from 7_ to 7, on the real axis.?> Consider

r4+ =

3 The following method is taken from Max Born’s The Atom published in 1927. I thank Gary
Gibbons for pointing out this reference to me.
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a branch of

flz) =V (z—1)(r. —2)

defined by a branch cut from 7_ to 7, with f(0) = i\/fn,r,) on the top side
of the cut. We evaluate the integral over a large circular contour |z] = R
integrating the Laurent expansion

27 N12 r CN172 .
-1 d — 1 1_7’_— —i6 1__+ —i60 iR 19d9
-/|z|=Rz f(z)dz | v ( RC ) ( R¢ ) iRe
=m(r, +7_) when R — oo,

since all terms containing powers of exp (i0) are periodic and do not con-
tribute to the integral. The same value must arise from the residue at 0 and
collapsing the contour onto the branch cut (when calculating the residue
remember that 2 =0 is on the left-hand side (LHS) of the cut and thus
V=1 = —i. Integration along the big circle is equivalent to taking a residue
at oo which is on the right side of the cut where v/—1 = i). Thus

a(re +7_) = 2w/ r— + dr
. 7
[,
Ty r
and
v —2E
L = z(n +r_ —2rr2)
T 2
~ 1
S 2
The Hamiltonian becomes
2
~ o
2 . —
2(I + I)?

and we conclude that the absolute values of frequencies are equal and
given by

oH ~ oH a? <r++r_
3[, - 8I¢ (Ir + I¢)3 B

-32 Ve
= .
)
This is a particular case when the ratio of two frequencies is a rational
number (here it is equal to 1). The orbits are therefore closed — a remarkable

result known to Kepler.
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1.3 Poisson structures

There is a natural way to extend the Hamiltonian formalism by generalizing
the notion of Poisson bracket (1.1.1). A geometric approach is given by
symplectic geometry [5]. We shall take a lower level (but a slightly more
general ) point of view and introduce Poisson structures. The phase space M
is m dimensional with local coordinates (¢!, ..., £"). In particular we do not
distinguish between positions and momenta.

Definition 1.3.1 A skew-symmetric matrix o®® = w®(&) is called a Poisson
structure if the Poisson bracket defined by

_ - ab afa_g
{ﬁg}-g:jlw () 357 3¢5 (1.3.8)
satisfies
{f.e) =g f}h

{f.{g. Py +{h. {f. g} +{g. (b, f}} =

The second property is called the Jacobi identity. It puts restrictions on w® (&)
which can be seen noting that

abig) = (g7, &%)

and evaluating the Jacobi identity on coordinate functions which yields

Given a Hamiltonian H : M x R —> R the dynamics is governed by

df _of

TRy +{f, H)

and Hamilton’s equations generalizing (1.1.2) become

Y oH
£ = Zw“b(s)a—éb. (1.3.9)
b=1

o Example. Let M=R> and o = Y7 ¢9¢¢, where £% is the standard
totally antisymmetric tensor. Thus

(g 62y =63, (£3,e"y =% and (82,87} = €.
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This Poisson structure admits a Casimir — any function f(r) where
r=VE+(E (2
Poisson commutes with the coordinate functions
{f(r),&}=0.
This is independent of the choice of Hamiltonian. With the choice

1[(51)2 (&) (53)2]
+ +

al aj as

2

where a1, ay, and a3 are constants, and Hamilton’s equations (1.3.9) become
the equations of motion of a rigid body fixed at its centre of gravity

21 _ 93— A2 22 91— a3 2— a1

5253’ 5153’ and %'-3 — a

azas aias aiaz

glg?.

Assume that 72 = 27 is even and the matrix w is invertible with W,p, := (0™1) 4.
The Jacobi identity implies that the antisymmetric matrix W;(&) is closed,
that is,

0 Whe + 0. Wy + W, =0, Va,b,c=1,...,m.

In this case W, is called a symplectic structure. The Darboux theorem [5]
states that in this case there locally exists a coordinate system

’gl=q1»~--a'§n=qm‘§n+l=P1,...,§2”=pn

(0

“\-1, 0
and the Poisson bracket reduces to the standard form (1.1.1). A simple proof
can be found in [5]. One constructs a local coordinate system (p, g) by induc-
tion with respect to half of the dimension of M. Choose a function py, and find

q1 by solving the equation {g1, p1} = 1. Then consider a level set of (p1, 1) in
M which is locally a symplectic manifold. Now look for (p2, ¢2), etc.

such that

o Example. The Poisson structure in the last example is degenerate as the
matrix o is not invertible. This degeneracy always occurs if the phase space
is odd dimensional or/and there exists a non-trivial Casimir. Consider the

restriction of w?? = Y2_| £90°£¢ to a two-dimensional sphere 7 = C. This gives

a symplectic structure on the sphere given by

(g1, 6% = /C2 — (£1)2 — (£2)2
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or

1 0 1
W= .
JCr— (N —(£2)2 (—1 O)

This of course has no Casimir functions apart from constants. It is convenient
to choose a different parameterization of the sphere: if

gl = Csinfcos¢, &2=Csinfsing, and £° = Ccos6

then in the local coordinates (0, ¢) the symplectic structure is given by

{0, ¢) =sin"1 0 or
. 0 1
W:sm@(_1 0)

which is equal to the volume form on the two-sphere. The radius C is
arbitrary. Therefore the Poisson phase space R? is foliated by symplectic
phase spaces S? as there is exactly one sphere centred at the origin through
any point of R?. This is a general phenomenon: fixing the values of the
Casimir functions on Poisson spaces gives the foliations by symplectic spaces.
The local Darboux coordinates on S? are given by ¢ = —cos @, p = ¢ as then

{g.p}=1.

The Poisson generalization is useful to set up the Hamiltonian formalism in
the infinite-dimensional case. Formally one can think of replacing the coordi-
nates on the trajectory £%(¢) by a dynamical variable #(x, ¢). Thus the discrete
index a becomes the continuous independent variable x (think of # points
on a string versus the whole string). The phase space M = R™ is replaced by
a space of smooth functions on a line with appropriate boundary conditions
(decay or periodic). The whole formalism may be set up making the following
replacements

ODEs — PDEs

Et),a=1,...,m — u(x,t),x eR

/dx

function f (5) — functional F[u]
ad 8
— —.
a&4 Su

The functionals are given by integrals

= / fu, uy, Uy, .. .)dx
R
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(we could in principle allow ¢ derivatives, but we will not for reasons to become
clear shortly). Recall that the functional derivative is

SF _of 8 of (a>2 af

Su(x) u Ea(ux) " ax 0 (¢xx) *
and
Suly) o
Suln) 8(y — x)

where the § on the RHS is the Dirac delta which satisfies

/S(x)dx: 1, 8(x) = 0 for x £0.
R

The presence of the Dirac delta will constantly remind us that we have entered
a territory which is rather slippery from a pure mathematics perspective. We
should be reassured that the formal replacements made above can nevertheless
be given a solid functional-analytic foundation. This will not be done in this
book.

The analogy with finite-dimensional situation (1.3.8) suggests the following
definition of a Poisson bracket:

SF  §6G

{F, Gy = /Rz (x,y, M)(Su(x) Su(y)

xdy

where the Poisson structure w(x, y, #) should be such that the bracket is
antisymmetric and the Jacobi identity holds. A canonical (but not the only)
choice is

10

9
S(x—y) — > —8(x—y).

w(x, y,u) = 2o 29y

This is analogous to the Darboux form in which w® is a constant and anti-
symmetric matrix and the Poisson bracket reduces to (1.1.1). This is because
the differentiation operator d/dx is anti-self-adjoint with respect to the inner
product

<u,v>= / u(x)v(x)dx
R

which is analogous to a matrix being antisymmetric. With this choice

SFE 9 G
(F, G}=/l;8u(x)£8u(x)dx (1.3.10)

and Hamilton’s equations become

du - Su(x)i o
o {u, H[u]} = fR su(y) dy 5u(y)dy
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9 8 H[u]

= 55 Sl (1.3.11)

e Example. The KdV (Korteweg—de Vries) equation mentioned earlier is a
Hamiltonian system with the Hamiltonian given by the functional

H[u]:/ﬂ@(%ui+u3) dx.

It is assumed that u# belongs to the space of functions decaying sufficiently
fast when x — to0.

Exercises

1. Assume that (pj, g;) satisfy Hamilton’s equations and show that any func-
tion f = f(p, q,t) satisfies

df of
or_ 95 o
where H is the Hamiltonian.
Show that the Jacobi identity

{fi. i, B +{6 A AN +{h A AN =0 (1.3.12)

holds for Poisson brackets.
Deduce that if functions f; and f, which do not explicitly depend on time
are first integrals of a Hamiltonian system then sois f3 = { f1, f2}.

2.« Find the canonical transformation generated by

S = Z qr Pr.
k=1

e Show that the canonical transformations preserve volume in the two-
dimensional phase space, that is,

(P, Q)
ap,q)

[This result also holds in phase spaces of arbitrary dimension.]
o Show that the transformations

=1.

Q=cos(B)g —sin(B)p and P =sin(B)q +cos(B)p

are canonical for any constant 8 € R. Find the corresponding generating
functions. Are they defined for all 8?
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3. Demonstrate that the system of # coupled harmonic oscillators with the
Hamiltonian
1 n
H= 33 (b +wdp),
k=1
where w1, ..., w, are constants, is completely integrable. Find the action
variables for this system.
[Hint: Consider a function F; = (p7 + w}g})/2.]
4. Consider the Poisson structure w®” on R*" defined by (1.3.8).
Show that

{fg.h} = flg. by + ([ hlg.

Assume that the matrix w is invertible with W := (0~!) and show that the
antisymmetric matrix W,,(&) satisfies

0a Whe + 0c Wap + 0 W, = 0.

Deduce that if 7 =1 then any antisymmetric invertible matrix w(¢', £%)
gives rise to a Poisson structure (i.e. show that the Jacobi identity holds
automatically in this case).



Soliton equations and
the inverse scattering
transform

A universally accepted definition of integrability does not exist for partial
differential equations (PDEs). The phase space is infinite dimensional but
having ‘infinitely many’ first integrals may not be enough — we could have
missed every second one. One instead focuses on properties of solutions and
solution-generation techniques. We shall study solitons — solitary non-linear
waves which preserve their shape (and other characteristics) in the evolution.
These soliton solutions will be constructed by means of an inverse problem:
recovering a potential from the scattering data.

2.1 The history of two examples

Soliton equations originate in the nineteenth century. Some of them appeared
in the study of non-linear wave phenomena and others arose in the differential
geometry of surfaces in R3:

e The KdV equation
Uy — 6uy, + Uy =0, where u=u(x,t) (2.1.1)

has been written down, and solved in the simplest case, by Korteweg and de
Vries in 1895 to explain the following account of J. Scott Russell. Russell
observed a soliton while riding on horseback beside a narrow barge channel.
The following passage has been taken from J. Scott Russell. Report on waves,
14th meeting of the British Association for the Advancement of Science,
1844.

I was observing the motion of a boat which was rapidly drawn along a narrow
channel by a pair of horses, when the boat suddenly stopped — not so the mass
of water in the channel which it had put in motion; it accumulated round the
prow of the vessel in a state of violent agitation, then suddenly leaving it behind,
rolled forward with great velocity, assuming the form of a large solitary elevation,
a rounded, smooth and well-defined heap of water, which continued its course
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along the channel apparently without change of form or diminution of speed. 1
followed it on horseback, and overtook it still rolling on at a rate of some eight or
nine miles an hour, preserving its original figure some thirty feet long and a foot
to a foot and a half in height. Its height gradually diminished, and after a chase
of one or two miles I lost it in the windings of the channel. Such, in the month
of August 1834, was my first chance interview with that singular and beautiful
phenomenon which I have called the Wave of Translation.

¢ The Sine-Gordon equation

Grx — G =sing  where ¢ = p(x, t) (2.1.2)

locally describes the isometric embeddings of surfaces with constant negative
Gaussian curvature in the Euclidean space R3. The function ¢ = ¢(x, t) is
the angle between two asymptotic directions t = (x +¢)/2 and p = (x —¢)/2
on the surface along which the second fundamental form is zero. If the first
fundamental form of a surface parameterized by (p, 7) is

ds? = dt? + 2cos ¢ dpdt +dp*, where ¢ = ¢(z, p)
then the Gaussian curvature is constant and equal to —1 provided that
¢rp =sing

which is equivalent to (2.1.2).

The integrability of the Sine-Gordon equation has been used by Bianchi,
Bicklund, Lie, and other classical differential geometers to construct new
embeddings.

2.1.1 A physical derivation of KdV

Consider the linear wave equation
1
lI,xx - _z\ptt =0
v

where W, = 32V, etc. which describes a propagation of waves travelling with
a constant velocity v. Its derivation is based on three simplifying assumptions:

o There is no dissipation, that is, the equation is invariant with respect to time
inversion ¢ — —t.

 The amplitude of oscillation is small and so the non-linear terms (like W?)
can be omitted.

e There is no dispersion, that is, the group velocity is constant.

In the derivation of the KdV we follow [122] and relax these assumptions.
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The general solution of the wave equation is a superposition of two waves
travelling in opposite directions

U = f(x — vt) + g(x + vi)

where f and g are arbitrary functions of one variable. Each of these two waves
is characterized by a linear first order PDE, for example,

1
Ver =¥, =0 — W= f(x—vt).
v
To introduce the dispersion consider a complex wave
W = pilkr—olbyr]

where w(k) = vk and so the group velocity dw/dk equals to the phase velocity v.
We change this relation by introducing the dispersion

(k) =v(k— BE® +---)

where the absence of even terms in this expansion guarantees real dispersion
relations. Let us assume that the dispersion is small and truncate this series
keeping only the first two terms. The equation satisfied by

U = pilkx—v(ki=pk1)]

is readily found to be

Wy + BWapy + %\I—’t =0.
This can be rewritten in a form of a conservation law

pr+jx =0,
where the density p and the current j are given by
pz%\ll and [ =W+ BV,,.

To introduce non-linearity modify the current

=W B+ W2,

2

The resulting equation is
1
-, + W+ Wy + W W, = 0.
v

The non-zero constants (v, 8, «) can be eliminated by a simple change of
variables x — x — vt and rescaling W. This leads to the standard form of the
KdV equation

U — ULy + Usry = 0.
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The simplest one-soliton solution found by Korteweg and de-Vires is
2x?
cosh® x(x — 4x2t — ¢)

u(x,t) = — (2.1.3)
The KdV is not a linear equation therefore multiplying this solution by a con-
stant will not give another solution. The constant ¢y determines the location
of the extremum at ¢ = 0. We should therefore think of a one-parameter family
of solutions labelled by x € R.

The one-soliton (2.1.3) was the only regular solution of KdV such that
u,u, — 0 as |x| — oo known until 1965 when Gardner, Green, Kruskal,
and Miura analysed KdV numerically. They took two waves with different
amplitudes as their initial profile. The computer simulations revealed that
the initially separated waves approached each other distorting their shapes,
but eventually the larger wave overtook the smaller wave and both waves
re-emerged with their sizes and shapes intact. The relative phase shift was the
only result of the non-linear interaction. This behaviour resembles what we
usually associate with particles and not waves. Thus Zabruski and Kruskal
named these waves ‘solitons’ (like electrons, protons, baryons, and other
particles ending with ‘ons’). In this chapter we shall construct more general
N-soliton solutions describing the interactions of one-solitons.

To this end we note that the existence of a stable solitary wave is a conse-
quence of cancellations of effects caused by non-linearity and dispersion.

o If the dispersive terms were not present, the equation would be
u; — 6un, =0

and the resulting solution would exhibit a discontinuity of first derivatives at
some fy > 0 (a shock or ‘breaking wave’). This solution can be easily found
using the method of characteristics (see formula (C33)).

Shock

t=0 t>0

o If the non-linear terms were not present the initial wave profile would
disperse in the evolution #; + #4,,, = 0.

Dispersion
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e The presence of both terms allows smooth localized soliton solutions

Soliton

VANVAN

t=0 t>0
of which (2.1.3) is an example (the plot gives —u(x, t)).

2.1.2 Baéacklund transformations for the Sine-Gordon equation

Let us consider the Sine-Gordon equation — the other soliton equation men-
tioned in the introduction to this chapter. The simplest solution-generating
technique is the Backlund transformation. Set t = (x +¢)/2 and p = (x — 1)/2
so that the equation (2.1.2) becomes

¢rp =sing.

Now define the Biacklund relations
dp(¢1 — o) = 2bsin <¢1 ;%) and 9. (1 + do) = 26~ sin (¢1 5 ¢o>

where b = const.

Differentiating the first equation with respect to 7, and using the second
equation yields

3,(¢1 — o) = 2b 3, sin (¢1 ; ¢o) _Jsin <¢>1 ;¢>o) cos <¢1 ;qﬁo)

= sin ¢ — sin ¢.

Therefore ¢ is a solution to the Sine-Gordon equation if @ is. Given ¢ we can
solve the first order Backlund relations for ¢y and generate new solutions from
the ones we know. The trivial solution ¢y = 0 yields the one-soliton solution of

Sine-Gordon
$1(x, t) = 4arctan | exp xov X0
V1 =2

where v is a constant with |v| < 1. This solution is called a kink (Figure 2.1).

A static kink corresponds to a special case v = 0.
One can associate a topological charge

N=%/}Rchp:%[qﬁ(x:oo,t)—q&(x:—oo,t)]

with any solution of the Sine-Gordon equation. It is an integral of a total
derivative which depends only on boundary conditions. It is conserved if one
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Kink ——

Figure 2.1 Sine-Gordon kink

insists on finiteness of the energy

E = /R {%(@2 +¢§) +[1 —cos(¢>)]}dx.

Note that the Sine-Gordon equation did not enter the discussion at this stage.
Topological charges, like N, are in this sense different from first integrals like
E which satisfy E = 0 as a consequence of (2.1.2). For the given kink solution
N(¢) = 1 and the kink is stable! as it would take infinite energy to change this
solution into a constant solution ¢ = 0 with E = 0.

There exist interesting solutions with N = 0: a soliton-antisoliton pair has
N = 0 but is non-trivial:

inh -2
S V1-0v2

vcosh =X—
¢(x,t) = 4arctan (_1«/?) ‘

At t — —o0, this solution represents widely separated pair of kink and anti-
kink approaching each other with velocity v. A non-linear interaction takes
place at ¢ = 0 and as # — oo kink and anti-kink re-emerge unchanged.

2.2 Inverse scattering transform for Kdv

One of the most spectacular methods of solving soliton equations comes from
quantum mechanics (QM). It is quite remarkable, as the soliton equations we
have discussed so far have little to do with the quantum world.

Recall that the mathematical arena of QM is the infinite-dimensional com-
plex vector space H of functions [144]. Elements W of this space are referred
to as wave functions, or state vectors. In the case of one-dimensional QM
we have W : R — C, ¥ = ¥(x) € C. The space H is equipped with a unitary

! The physical interpretation of kinks within the framework of field theory is discussed in
Section 5.3.
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inner product

(W, ) = / D) (x)dx. (2.2.4)
R
Functions which are square integrable, that is, (¥, ¥) < oo like ¥ = e are
called bound states. Other functions, like e~'*, are called the scattering states.
Given a real-valued function u =u(x) called the potential, the time-
independent Schrodinger equation

determines the x dependence of the wave function. Here i and #2 are constants
which we shall not worry about and E is the energy of the quantum system.
The energy levels can be discrete for bound states or continuous for scattering
states. This depends on the potential #(x). We shall regard the Schrodinger
equation as an eigen-value problem and refer to W and E as eigenvector and
eigenvalue, respectively.

According to the Copenhagen interpretation of QM the probability density
for the position of a quantum particle is given by |W|?, where W is a solution to
the Schrodinger equation. The time evolution of the wave function is governed
by a time-dependent Schrodinger equation

v n 9*w

he o
! ot 2m dx? M

This equation implies that for bound states the QM probability is conserved
in the sense that

d 2
E/RM dx = 0.

The way physicists discover new elementary particles is by scattering experi-
ments. Huge accelerators collide particles through targets and, by analysing the
changes to momenta of scattered particles, a picture of a target is built.? Given
a potential #(x) one can use the Schrodinger equation to find W, the associated
energy levels, and the scattering data in the form of so-called reflection and
transmission coefficients. Experimental needs are however different: the scat-
tering data is measured in the accelerator but the potential (which gives the
internal structure of the target) needs to be recovered. This comes down to the
following mathematical problem

e Recover the potential from the scattering data.

2 These kind of experiments will take place in the Large Hadron Collider (LHC) opened in
September 2008 at CERN. The LHC is located in a 27-km long tunnel under the Swiss/French
border outside Geneva. It is hoped that the elusive Higgs particle and a whole bunch of other
exotic forms of matter will be discovered.
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This problem was solved in the 1950s by Gelfand, Levitan, and Marchenko
[70, 115] who gave a linear algorithm for reconstructing #(x). Gardner, Green,
Kruskal, and Miura [67] used this algorithm to solve the Cauchy problem for
the KdV equation. Their remarkable idea was to regard the initial data in the
solution of KdV as a potential in the Schrodinger equation.

Set 1?/(2m) = 1 and write the one-dimensional Schrodinger equation as an
eigenvalue problem

&2
[_W + u(x)] U = EV.
We allow # to depend on x as well as # which at this stage should be regarded
as a parameter.

In the scattering theory one considers the beam of free particles incident
from +o00. Some of the particles will be reflected by the potential (which is
assumed to decay sufficiently fast as |x| — o) and some will be transmitted.
There may also be a number of bound states with discrete energy levels. The
Gelfand-Levitan—-Marchenko (GLM) theory shows that given

o the energy levels, E,
e the transmission probability, T, and
e the reflection probability, R,

one can find the potential #. Given u(x) one finds the scattering data at ¢ = 0.
If u(x, ) is a solution to the KdV equation (2.1.1) with u(x, 0) = uy(x) then
the scattering data (E(¢), T(¢), R(t)) satisfies simple linear ODEs determining
their time evolution. In particular E does not depend on ¢. Once this has
been determined, u(x, t) is recovered by solving a linear integral equation. The
Gardner, Green, Kruskal, and Miura scheme for solving KdV is summarized in
the following table:

u,— 6un, +ityx = 0 .
Scattering

u(x, 0) = u0 (x) Schrodinger at £ =0
; equation

KdvV,
Lax pair.

GLM
equation Scattering

u(x, t) att >0

We should stress that in this method the time evolution of the scattering data
is governed by the KdV and not by the time-dependent Schrodinger equation.
In fact the time-dependent Schrodinger equation will not play any role in the
following discussion.
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2.2.1 Direct scattering

The following discussion summarizes the basic one-dimensional QM of a
particle scattering on a potential [122, 144].

e Set E = k? and rewrite the Schrodinger equation as
2

Lf := [—% + u(x)i| f=kf (2.2.5)

where L is called the Schrodinger operator. Consider the class of potentials
u(x) such that |u#(x)] — 0 as x — oo and

/(1 + |x|)|u(x)|dx < oo.
R

This integral condition guarantees that there exist only a finite number of
discrete energy levels (thus it rules out both the harmonic oscillator and the
hydrogen atom).

e At x — Fo00 the problem (2.2.5) reduces to a ‘free particle’

fox + B f=0
with the general solution
f= Cleikx + Cze_ikx.

The pair of constants (Cy, Cy) is in general different at +o0o and —oo.

For each k #0 the set of solutions to (2.2.5) forms a two-dimensional
complex vector space Gy. The reality of u(x) implies that if f satisfies (2.2.5)
then so does f.

Consider two bases (v, ) and (¢, ¢) of G determined by the asymptotic

Y(x, k) T e ™ Ylx, k) T ™ as x —> o0
and
bl k) T e ™, Px, k) T M as x — —o0.
Any solution can be expanded in the first basis, so in particular
d(x, k) = a(k)y (x, k) + b(k) Y (x, k).

Therefore, if a # 0, we can write

efikx
c _
¢(x,/e)= PR or x — —00 o)
a(k) —ikx @eikx for x — o0
alk)” '

o Consider a particle incident from oo with the wave function ek~

(Figure 2.2). The transmission coefficient #(k) and the reflection coefficient
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u(x)
transmited ﬂ
reflected
Figure 2.2 Reflection and transmission
(k) are defined by
1 b(k)
t(k) = ) and 7 (k) 2
They satisfy
|t(k)* + |7 (R)I* = 1 (2.2.7)

which is intuitively clear as the particle is ‘either reflected or transmitted’. To
prove it recall that given the Wronskian

W(f.8) = f8x—8&fx
of any two functions we have
‘X/x = fgxx_gfxx =0

if f,g both satisfy the Schrodinger equation (2.2.5). Thus W(¢, $) is a
constant which can be calculated for x — —o0

Wig, ) = e~ (™), — (™), = 2ik.
Analogous calculation at x — oo gives W(/, ) = 2ik. On the other hand
Wig, ¢) = Wlay + by, ayr + byy)
= lal> W(y, ¥) + abW(y, ) + ba W(P, ) — |bI> W(y, )
= 2ik(|al* — |b)?).
Thus |a(k)|?> — |b(k)|* = 1 or equivalently (2.2.7) holds.

2.2.2 Properties of the scattering data

Assume that k € C. In scattering theory (see, e.g., [122]) one proves the
following;:

e a(k) is holomorphic in the upper half-plane Im(k) > 0.
o {Im(k) > 0, |k| > 00} —> |a(k)] — 1.
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e Zeros of a(k) in the upper half-plane lie on the imaginary axis. The number
of these zeros is finite if

[+ it < oo,
R
Thus a(ix1) =--- =a(ixn) = 0 where x, € R can be ordered as

X1 > x2>-+->xn > 0.

o Consider the asymptotics of ¢ at these zeros. Formula (2.2.6) gives

ol ix) e~ lixaX  for x > —o0
X, iXn) = - -
o ali xn)e ¥ 4 bi x,)e!ix) | for x — oo.

Thus

S in) ex*  for x - —o00

X, 1 Xn) = .
! b(i x,)e **, for x — oo.
Moreover
d? )

I:_W + M(x)} ¢<x7 ZXH) = _Xn ¢(x7 an)

so ¢ is square integrable with energy E = —x2.

e Set b, = b(ix,,). Then b, € R and
bn = (_1)n|bn|

Also ia'(i x,) has the same sign as b,.

2.2.3 Inverse scattering

We want to recover the potential #(x) from the scattering data which consists
of the reflection coefficients and the energy levels

T(k), {Xl’ ) XN}
so that E,, = —x2 and

eX*  for x — —o00

(X, i %) =
? b,e **  for x — oo.

The inverse scattering transform (IST) of GLM consists of the following
steps:
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o Set
N
b"e_xnx 1 * ikx
F(x) = 21: T E/_wr(k)e dk. (2.2.8)
o Consider the GLM integral equation
K(x,y)+ F(x+y)+ / K(x,2)F(z+y)dz=0 (2.2.9)
and solve it for K(x, y).
e Then
d
u(x) = —2—K(x, x) (2.2.10)

dx

is the potential in the corresponding Schrodinger equation.

These formulae are given in the z-independent way, but ¢ can be introduced
as a parameter. If the time dependence of the scattering data is known, the
solution of the GLM integral equation K(x, y, t) will also depend on ¢ and so
will the potential u(x, t).

2.2.4 Lax formulation

If the potential #(x) in the Schrodinger equation depends on a parameter ¢,
its eigenvalues will in general change with ¢. The IST is an example of an
isospectral problem, when this does not happen.

Proposition 2.2.1 If there exist a differential operator A such that

L=[L, Al (2.2.11)
where

d2

a2t u(x, t),
then the spectrum of L does not depend on t.
Proof Consider the eigenvalue problem
Lf = Ef.
Differentiating gives
Lf+Lf,=E,f+Ef.
Note that ALf = EAf and use the representation (2.2.11) to find
(L—E) [+ Af) = E, f. (2.2.12)
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Take the inner product (2.2.4) of this equation with f and use the fact that L
is self-adjoint

E|lfII* =< f.(L—=E)(fi + Af) >=< (L= E){, f,+ Af >=0.

Thus E; = 0. This derivation also implies that if f(x, ¢) is an eigenfunction of
L with eigenvalue E = k* then so is ( f; + Af). O

What makes the method applicable to KdV equation (2.1.1) is that KdV is
equivalent to (2.2.11) with

d? d? d d
L= —W+u(x, t) and A:4ﬁ -3 (Mﬁ-%a%). (2.2.13)
To prove this statement it is enough to compute both sides of (2.2.11)
on a function and verify that [L, A] is multiplication by 6uu, — .., (also

L =u,). This is the Lax representation of KdV [103]. Such representations

(for various choices of operators L, A) underlie integrability of PDEs and
ODEs.

2.2.5 Evolution of the scattering data

We will now use the Lax representation to determine the time evolution
of the scattering data. Assume that the potential u(x, #) in the Schrodinger
equation satisfies the KdV equation (2.1.1). Let f(x, #) be an eigenfuction of
the Schrodinger operator Lf = k> f defined by the asymptotic behaviour

f=¢x, k) — e asx—> —o0.

Equation (2.2.12) implies that if f(x,t) is an eigenfunction of L with eigen-
value k* then so is (f; + Af). Moreover u(x) — 0 as |x| — oo therefore

3
¢+ Ap —> 4d—e*ikx = 4ik’e” ™ as x - —o0.
dx3
Thus 4ik>¢(x, k) and ¢ + Ap are eigenfunctions of the Schrodinger operator
with the same asymptotics and we deduce that they must be equal. Their
difference is in the kernel of L and so must be a linear combination of vy and
. But this combination vanishes at co so, using the independence of ¥ and v,
it must vanish everywhere. Thus the ODE

b+ Ap = 4ik>

holds for all x € R. We shall use this ODE and the asymptotics at +0o to find
ODEs for a(k) and b(k). Recall that

d(x, k) = a(k, t)e ¥ + bk, t)e'™  as x — oo.
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Substituting this into the ODE gives

de ks 4 pelkx = (—4;—; + 4ik3> (ae™™* + be'*)
= 8ik>be'**.
Equating the exponentials gives
i=0, b=8ik’b
and
a(k,t) =a(k,0), blk,1) = bk, 0)e**".

In the last section we have shown that k does not depend on ¢ and so the zeros
ixn of a are constant. The evolution of the scattering data is thus given by the
following:

a(k, t) = a(k,0),
b(k, t) = b(k, 0)e5*’?

_ blk1) _ 8ik’t
r(k, t) = (k1) =r(k,0)e*~",

Xn(t) = Xﬂ(o)s
bu(t) = b,(0)e",

a,(t) =0, and
bn 3t
’B”(t) = Zd/(l(j() ) = ﬂn(o)egx" . (2214)

2.3 Reflectionless potentials and solitons

The formula (2.2.14) implies that if the reflection coefficient is initially zero,
it is zero for all ¢. In this case the inverse scattering procedure can be carried
out explicitly. The resulting solutions are called N-solitons, where N is the
number of zeros ix1,...,ixn of a(k). These solutions describe collisions of
one-solitons (2.1.3) without any non-elastic effects. The one-solitons generated
after collisions are ‘the same’ as those before the collision. This fact was
discovered numerically in the 1960s and boosted the interest in the whole
subject.
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Assume 7(k, 0) = 0 so that (2.2.14) implies
r(k,t) = 0.

2.3.1 One-soliton solution
We shall first derive the one-soliton solution. The formula (2.2.8) with N=1
gives

F(x,t) = B(t)e *~.
This depends on x as well as ¢ because B(t) = ,3(0)68X3’f from (2.2.14). We shall
suppress this explicit # dependence in the following calculation and regard ¢ as

a parameter. The GLM equation (2.2.9) becomes

oo

K(x,y)+ pe ) 4 / K(x,2)pe *#Vdz = 0.

X

Look for solutions of the form
K(x,y) = K(x)e .
This gives
K(x)+ Be ™ + K(x),B/ e 23 dz = 0,

and after a simple integration

yx
K(x) = —‘32—.
1+ Ze_ZX"
Thus
Bexx+y)
K(x,y) = -

1+ %e‘z)"‘.
This function also depends on ¢ because 8 does. Finally the formula (2.2.10)
gives
d 4By e 21
e t) = 20 K(x.x) = — P
ax (1+ fre-2xx)2

2

=_8+, where B =/8/(2x)

Ié—le)(x + ﬁe—xx

= — ¢0=—10g

2x? 1 (,30)
cosh [x (x — 4x2t — ¢o)I” 2x

which is the one-soliton solution (2.1.3).
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The energy of the corresponding solution to the Schrodinger equation deter-
mines the amplitude and the velocity of the soliton. The soliton is of the form
u = u(x — 4x°t) so it represents a wave moving to the right with velocity 42
and phase ¢y.

2.3.2 N-soliton solution

Suppose there are N energy levels which we order ;1 > 2 > --- > xn > 0.
The function (2.2.8) is

N
- Z Bue X
n=1

and the GLM equation (2.2.9) becomes

N . N
+ Z Bue™ 7 4 / K(x, z) Z Bne ¥ dz = 0.
n=1 x

n=1

The kernel of this integral equation is degenerate in the sense that

F(z+vy)= Zk

so we seek solutions of the form

N
xy:ZK,, Je Y,

n=1
After one integration this gives

N N

Z[K( ) + Bne X ¥ e %Y +Z|: Z

n=1 n=1

—Ootm)x | o=xny — ().
Xm + Xn

The functions e~ *"¥ are linearly independent, so

1
Xm+Xn

e_(sz+Xm)x =0.

K,\(x) + Bue ™% Zﬁn

Define a matrix
'Bnef(xwxm)x

Xnt Xm

Anm(x) = Spm +

The linear system becomes

ZAnm m _,3 e T )
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or
AK + B=0,
where B is a column vector
B = [Bie %, Bre 2% .., Be T,

The solution of this system is

K=—-A"'B.
Using the relation
dAml®)
dx "

we can write

m,n=1
N
= Z (A7) A Am() =Tr (A_l d—A)
o~ dx dx
1 d
= Jet Adx —det A.

Finally we reintroduce the explicit #z-dependence to write the N-soliton
solution as

92 ‘Bnef(xwxm)x
u(x,t) = —2—— In[det A(x)] where A, (x) =8, + ————
dx? Xn+ Xm

(2.3.15)

2.3.3 Two-soliton asymptotics
Let us analyse a two-soliton solution with x; > x» in more detail. Set
T = ka—4Xk3t7 k=12

and consider the determinant

det A = |:1 . ,31(0)6211:| [1 . 52(0)ezfzi| _ B1(0)Aa(0 )e’z (r1+m2).
2x1 252 (x1+x2)?

We first analyse the case ¢t — —oo. In the limit x — —oco we have det A~
e 2(m+n) g

log (det A) ~ const — 2(t1 + 12)
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and u ~ 0 which we already knew. Now move along the x-axis and consider
the leading term in det A when 7, = 0 and then when 1, = 0. We first reach the
point 71 = 0 or

X = 4)(12t.
In the neighbourhood of this point 7, = 4x2(x? — x3) < 0 and
2
det A~ ﬂZ(O)e‘ZU Ls B1(0) <X1 Xz) o2 |
2x2 251 \x1+x2

Differentiating the logarithm of det A yields

2 2
"~ _28_2 1+ p1(0) <X1 - XZ) e_ZXl(x_4X12t)
dx 2x1 \x1+x2

which looks like a one-soliton solution with a phase

1 Bi(0) (x1—x2\*
(¢1)- = 5—log — ) |
2x1 2x1 \x1+x2
We now move along the x-axis until we reach 7, = 0. Repeating the above anal-

ysis shows that now 71 = 4x1(x5 — x#)¢ > 0 and around the point x = 4x5¢ we
have

det A~ 1+ we_zn.
2
Therefore the function # looks like a one-soliton solution with a phase

1 B2(0)
_=—1 .
(#2) ' Og[ 20 :|

As t approaches 0 the two solitons coalesce and the exact behaviour depends
on the ratio x1/xa.

We perform an analogous analysis as # — oo. If x — oo then det A~ 1 and
u ~ 0. We move along the x-axis to the left until we reach 7y = 0 where 7, > 0
and the profile of u is given by a one-soliton with the phase

1, [AI0)
(¢1)+ = 2_)(110g|: 2X1 i|

Then we reach the point 7, = 0, 7y « 0 where there is a single soliton with the

phase
1 0 -\
(62, = —— log B2(0) (Xl Xz) _
2x2 2x2 \x1+x2
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Thus the larger soliton has overtaken the smaller one. This asymptotic analysis
shows that the solitons have preserved their shape but their phases have
changed

1 _
Ady = (p1), — (¢1)- = —— log ZL— %2
X1 X1+ X2
1 _
Ay = (). — (o) = — log XL =22

X2 Xi+x2
The only result of the interaction can be measured by

X1 — X2
X1+ X2

—lo

which is large if the difference between the velocities x; and xp is
small.

The figures show the two-soliton solution (the graphs show —u as a function
of x) at t=—-1,#=0, and ¢t =1 (for the chosen parameters t = —1 is con-
sidered to be a large negative time when the two solitons are separated). It
should be interpreted as a passing collision of fast and slow solitons. The
larger, faster soliton has amplitude 8, and the slower, smaller soliton has
amplitude 2. Its velocity is one half of that of the fast soliton. The solitons
are separated at # = —1. At ¢ = 0 the collision takes place. The wave ampli-
tude becomes smaller than the sum of the two waves. At ¢ =1 the larger
soliton has overtaken the smaller one. The amplitudes and shapes have not
changed.

10

Two-solition solution at ¢ = —1.
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-10

Two-soliton solution at # = 0. The total amplitude is smaller than the sum of
the two amplitudes.

2 —

1—/\

A

MT T T T T T T T[T T T T TrTT1]
5

-10 -5 0 10

Two-soliton solution at ¢ =1. Amplitudes and shapes preserved by the
collision.

This picture generalizes to N > 2. The general solution (2.3.15) asymptotically
represents N separate solitons ordered accordingly to their speed. The tallest
(and therefore fastest) soliton is at the front, followed by the second tallest, etc.
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At t = 0 the ‘interaction’ takes place and then the individual solitons re-emerge
in the opposite order as ¢t — oo. The total phase shift is the sum of pairwise
phase shifts [122].

The number of discrete eigenvalues N for the Schrodinger operator is equal
to the number of solitons at  — Foco. This number is of course encoded in the
initial conditions. To see this consider

N(N+1)

— 2 NeZ*.
cosh” (x)

u(x,0) = up(x) = —

Substituting & = tanh (x) € (—1, 1) in the Schrodinger equation

dz
—E£+MMMf:%f

yields the associated Legendre equation

d ) df 12 )

Analysis of the power series solution shows that square-integrable solutions
exist if k¥ = —x2 and x = 1,2, ..., N. Therefore F(x) in the GLM equation is
given by

N
F(x) =) Bue ",
n=1

and the earlier calculation applies leading to a particular case of the N-soliton
solution (2.3.15). See the more complete discussion of this point in [42].

Exercises

1. Verify that the equation
1
—W, + Wy + B + W, =0,
v

where W = W(x, #) and (v, 8, @) are non-zero constants is equivalent to the
KdV equation

Uy — 6unty + tye, = 0, where u = u(x, t)

after a suitable change of dependent and independent variables.
2. Assume that a solution of the KdV equation is of the form

u(x,t) = f(§), where &=x—ct
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for some constant c¢. Show that the function f(&) satisfies the ODE
1 1
E(f/)z = f3+ch2+0!f+,3

where (a, B) are arbitrary constants. Assume that f and its first two deriva-
tives tend to zero as |§| — oo and solve the ODE to construct the one-soliton
solution to the KdV equation.

. Let v = v(«x, #) satisfy the modified KdV equation

U — 607Uy + Uyry = 0.
Show that the function u(x, ) given by the Miura transformation
u=v?+u, (2.3.16)

satisfies the KdV equation. Is it true that any solution # to the KdV equation
gives rise, via (2.3.16), to a solution of the modified KdV equation?
. Show that the KdV equation is equivalent to

L =[L, A]
where the Lax operators are
a4? a3 d
L=-—2_ A=4" 3 (us v X - .
I +u and P 3 (udx + dxu> , where u = u(x, t)
. Let (L, A) be the KdV Lax pair. Set u(x, t) = U(X, T). Substitute
d ad d d

= & —

2 d Z-:2,
ox ~Tax 0 8T T

and consider the operators acting on functions of the form
Yix, 1) = exp e W(X, T)].

Show that in the dispersionless limit ¢ —> 0 commutators of the differential
operators are replaced by Poisson brackets according to the relation

ak aL 9A 9L 9A

R k paxX oXap
v — (Ux)"y, [L, Al — apoX 9Xap

axk = _{Lv A}v

where p = Uy and
L=—p?>+U(X,T) and A=4p>—6U(X T)p.
Deduce that dispersionless limit of the Lax representation is
Lr+{L,A}=0,
and that U = U(X, T) satisfies the dispersionless KdV equation
Ur = 6UUx.
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[The functions (L, A) are called the symbols of operators (L, A). This
method of taking the dispersionless limit is analogous to the WKB approxi-
mation in QM.] Obtain the same limit by making the substitutions directly
in the KdV equation.

6. Use the chain rule to verify that the implicit solution to the dispersionless
KdV is given by

UX, T)=F[X+6TU(X T)],

where F is an arbitrary differentiable function of one variable. (This
solution is obtained by the method of characteristics. Read about it in
Appendix C.)
Assume that

2

cosh? (X)

and show that Uy is unbounded, that is, that for any M > 0 there exists
T > 0so that Ux(Xy, T) > M for some Xj. Deduce that Uy becomes infinite
after finite time. This is called a gradient catastrophe, or a shock. Draw a
graph of U(X, T) illustrating this situation. Compare it with the one-soliton
solution to the KdV equation with the same initial condition.

7. Assume that the scattering data consists of two energy levels E; =
—x# and E; = —x7 where x1 > x2 and a vanishing reflection coefficient.
Solve the GLM equation to find the two-soliton solution.

[Follow the derivation of the one-soliton in this chapter but try not to look
at the N-soliton unless you really get stuck.]

8. Let Lyr = k> where L = —32 + u. Consider v of the form

U(X 0)=—

[e.0]

V(x) = +/ K(x, z)e'*dz

X

where K(x, z), 9,K(x, z) = 0 as z — oo for any fixed x. Use integration by
parts to show that

4 iR K 1 [o° .
w:elkx<l+7_k_;)_ﬁfx Kne'dz,

where K = K(x, x) and K, = (0,K)|,.». Deduce that the Schrodinger equa-
tion is satisfied if

u(x)=—2(Ky+K;) and Ky —Ky;—uK=0 for z> x.



Hamiltonian formalism
and zero-curvature
representation

3.1 First integrals

We shall make contact with the Definition 1.2.1 of finite-dimensional inte-
grable systems and show that KdV has infinitely many first integrals. Rewrite
the expression (2.2.6)

e ikx, for x - —o0

o(x, k) = { a(k, t)e ik 1 bk, t)e'**, for x — oo,

when the time dependence of the scattering data has been determined using the
KdV equation. The formula (2.2.14) gives

9 bty =0, VE
ot

so the scattering data gives infinitely many first integrals provided that they are
non-trivial and independent. We aim to express these first integrals in the form

= [ Pl )
R
where P is a polynomial in # and its derivatives.
For large |k| we set

b(x, t, /Q) - e—ikx+ffm S(y,t,k)dy.
For large x the formula (2.2.6) gives
e®p = a(k) + bk, t)e***.

If we assume that k is in the upper half plane Im(k) > 0 the second term on the
RHS goes to 0 as x — oo. Thus

a(k) = lim e*p(x, 1, k) = lim e~ SO-t0dy

X—>0Q X—> 00

_ ol Sutkdy. (3.1.1)
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where the above formula also holds in the limit Im(k) — 0 because of the real
analyticity. Now we shall use the Schrodinger equation with ¢ regarded as a
parameter

d’¢

T +up = k¢

to find an equation for S. Substituting

do d*¢ dS . 2
Tr =[—ik+ S(x, k)], T2 T E¢>+[—lk+$(x, k)|~ ¢
gives the Riccati type equation
9 ks e st zu (3.1.2)
dx

(we stress that both S and # depend on x as well as #). Look for solutions in
the form of the asymptotic expansion

Substituting this to (3.1.2) yields a recursion relation

Si(x,1) = —u(x, 1), Sp1 = ZS Snm (3.1.3)

which can be solved for the first few terms

9 92 93 9
Sz=__u7 S3=__M+u2’ S4=——u+2—142, and
ax? x

94 32 du\> 92
Ss= 22 P 2 () 28 0,
ox* dx2 0x

Now using the time independence (2.2.14) of a(k) for all k and combining it
with (3.1.1) implies that
/ Sa(x, t)dx
R

are first integrals of the KdV equation. Not all of these integrals are non-trivial.
For example, S, and S4 given above are total x derivatives so they integrate to
0 (using the boundary conditions for #). The same is true for all even terms
S>,,. To see this set

S=SR+iSI
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where Sg and §; are real-valued functions and substitute this to (3.1.2). Taking
the imaginary part gives

dS

—_/ + ZSRSI — 2/€SR =0
dx
which integrates to
1d
SR =—=—log (S —k
R=—5- 0g (81 — k)
The even terms
San
2‘ (32) ’ no1.2.
(2ikR)™"

in the expansion of a are real. Comparing this with the expansion of Sy in k
shows that S,,, are all total derivatives and therefore

/ Sz,,dx =0.
R

Let us now concentrate on the remaining non-trivial first integrals. Set

1
I,_1[u] = Z/ Sone1(x, t)dx, n=0,1,2, .... (3.1.4)
R
Our analysis shows
dI,
=0.
dt

The first of these is just the integral of u itself. The next two are known as
momentum and energy, respectively

1 1
Iy = —/uzdx and I = ——/(ui+2u3)dx,
2 e 2 Ja

where in the last integral we have isolated the total derivative in

2
Ss = —iu + 28—2142 +2i <u8—u> — (8—M> —2u?
x x \ 0x 0x

and eliminated it using integration by parts and boundary conditions. These
two first integrals are associated, via Noether’s theorem, with the translational
invariance of KdV: if u(x, t) is a solution then u(x + xo, ) and u(x, t + #y) are
also solutions. The systematic way of constructing such symmetries will be
presented in Chapter 4.
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3.2 Hamiltonian formalism

We can now cast the KdV in the Hamiltonian form with the Hamiltonian

functional given by the energy integral H[u]| = —I;[u]. First calculate
S1i[u] = —3u® + u,., iMl[u] = —OUUy + Uyyy.
Su(x) ax Su(x)
Recall that the Hamilton canonical equations for PDEs take the form (1.3.11)
du 9 5Hlul
at  dx Su(x)’
Therefore
ad 0 8l
du _ 0 Shlu] (3.2.5)
ot 0x Su(x)

is the KdV equation. With some more work (see [122]) it can be shown that
{Ln, 1} =0

where the Poisson bracket is given by (1.3.10) so that KdV is indeed integrable
in the Arnold-Liouville sense. For example

§I, 8 &L 51,
s 11} = /R Su(x)a&t(x dx=— /R Su_(x)ut dx

0 k8$2n+1 d
ax) oud |

where we used integration by parts and the boundary conditions.

3.2.1 Bi-Hamiltonian systems

Most systems integrable by the IST are Hamiltonian in two distinct ways. This
means that for a given evolution equation #; = F(u, u,, ...) there exist two
Poisson structures D and € and two functionals Hy[«] and H{[«] such that

0 SH SH
o _potht g0t (3.2.6)
ot Su(x) Su(x)

One of these Poisson structures can be put in a form D = 3/dx and corresponds
to the standard Poisson bracket (1.3.10) (however the transformation between
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these two forms can be quite non-trivial), but the second structure £ gives a
new Poisson bracket.

In the finite-dimensional context discussed in Section 1.2 this would cor-
respond to having two skew-symmetric matrices w and Q which satisfy the
Jacobi identity and such that w is non-degenerate.

The Darboux theorem implies the existence of a local coordinate system
(p, q) in which one of these, say w, is a constant skew-symmetric matrix. The
matrix components of the second structure © will however be non-constant
functions of (p, g). Using (1.3.9) we write the bi-Hamiltonian condition as

ab3H1 _ QabaH()

aga dE

’

where £7,a=1,...,2n are local coordinates on the phase space M, and
Hy, H; are two distinct functions on M. The matrix valued function

R, = Qw0

is called the recursion operator. It should be thought of as an endomorphism
R=Qow ! acting on the tangent space T,M, where p € M. This endomor-
phism smoothly depends on a point p. The existence of such recursion operator
is, under certain technical assumptions [109], equivalent to Arnold-Liouville
integrability in the sense of Theorem 1.2.2. This is because given one first
integral Hy the remaining (7 — 1) integrals Hy, ..., H,_1 can be constructed
recursively by

wabaHi - Ri <wabaH0

oEa 85“)’ i=1,2,...,n—1.

The extension of this formalism to the infinite-dimensional setting provides
a practical way of constructing first integrals. In the case of KdV the first
Hamiltonian formulation (3.2.5) has D = 9/dx and

Hilu] = /R <%ux2 + u3> dx.

The second formulation can be obtained taking
1
Hylu] = 3 / w*dx and &€= —37 +4ud, + 2u,.
R

In general it is required that a pencil of Poisson structures D + ¢ is also a
Poisson structure (i.e. satisfies the Jacobi identity) for any constant ¢ € R. If
this condition is satisfied, the bi-Hamiltonian formulation gives an effective
way to construct first integrals. The following result is proved in the book of
Olver [124]
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Theorem 3.2.1 Let (3.2.6) be a bi-Hamiltonian system, such that the Poisson
structure D is non-degenerate, and let
R=EoD7!
be the corresponding recursion operator. Assume that
§H
R | D=2
Su(x)
lies in the image of D for each n=1,2,.... Then there exists conserved
functionals

Hi[u], Hy[u], ...

which are in involution, that is,

8H,, 6H,
{Hm’ Hn} = / D dx = 0.
R du(x) Su(x)

The conserved functionals H,,[u«] are constructed recursively from Hy by
§H, S H

= R"|D—>
Su(x) Su(x)

D

i|, n=12,.... (3.2.7)

In the case of the KdV equation the recursion operator is
R=—032+4u+2ud, ", (3.2.8)

where 3,~! is formally defined as integration with respect to x, and formula
(3.2.7) gives an alternative way of constructing the first integrals (3.1.4).

3.3 Zero-curvature representation

We shall discuss a more geometric form of the Lax representation where inte-
grable systems arise as compatibility conditions of overdetermined systems of
matrix PDEs. Let U(1) and V(1) be matrix-valued functions of (p, t) depending
on the auxiliary variable A called the spectral parameter. Consider a system of
linear PDEs

d d
—v=U)v and —v=V(A)v (3.3.9)
ap ot
where v is a column vector whose components depend on (p, 7, A). This is
an overdetermined system as there are twice as many equations as unknowns

(see Appendix C for the general discussion of overdetermined systems). The

1 A differential operator D is degenerate if there exists a non-zero differential operator D such
that the operator D o D is identically zero.
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compatibility conditions can be obtained by cross-differentiating and commut-
ing the partial derivatives

which gives

0

UG~ <[V = [iw) ~ Dy «un, vm]] v=0.
T ap

This has to hold for all characteristic initial data so the linear system (3.3.9) is
consistent iff the non-linear equation

iU()») — iV()\,) +[UX), VIM)] =0 (3.3.10)
at ap

holds. The whole scheme is known as the zero-curvature representation.?

Most non-linear integrable equations admit a zero-curvature representation
analogous to (3.3.10).

o Example. If

. 2 _. 1
U:i< * ¢’P> and v:i(,“’_sd’ ’Smd’) (3.3.11)
2\¢, —2x 4ih \ising —cos¢

where ¢ = ¢(p, 7) then (3.3.10) is equivalent to the Sine-Gordon equation

¢pr =sing.

o Example. Consider the zero-curvature representation with

U=i)»<1 O>+i<0 ¢) and (3.3.12)
0 -1 ¢ 0

.1 0 _(o 5) (0 $p>_.(|¢|2 0)
V=2 (O 1 +2i) 6 0 + —p, 0 i 0 _|¢|2 .

The condition (3.3.10) holds if the complex valued function ¢ = ¢(z, p)
satisfies the non-linear Schrodinger equation (NLS)

: 2
1 + ¢pp +2|¢|7¢ = 0.
This is another famous soliton equation which can be solved by IST.
2 The terminology, due to Zaharov and Shabat [191], comes from differential geometry where

(3.3.10) means that the curvature of a connection Udp + Vdz is zero. In Chapter 7 we shall make
a full use of this interpretation.
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There is a freedom in the matrices U(A) and V(A) known as gauge invariance.
Let g = g(t, p) be an arbitrary invertible matrix. The transformations
U=gUg '+ a—gg_1 and V=gVg '+ a—gg_1 (3.3.13)
op at

map solutions to the zero-curvature equation into new solutions: if the matri-
ces (U, V) satisfy (3.3.10) then so do the matrices (U, V). To see this assume
that v(p, 7, 2) is a solution to the linear system (3.3.9), and demand that
¥ = g(p, T)v be another solution for some (U, V). This leads to the gauge
transformation (3.3.13).

One can develop a version of the IST which recovers U(A) and V(1) from
a linear-scattering problem (3.3.9). The representation (3.3.10) can also be an
effective direct method of finding solutions if we know # linearly independent
solutions vy, ..., v, to the linear system (3.3.9) in the first place. Let ®(p, 7, A)
be a fundamental matrix solution to (3.3.9). The columns of ® are the =
linearly independent solutions vy, ..., v,. Then (3.3.9) holds with v replaced
by ® and we can write

U= 20 and V= 22e1,
ap at
In practice one assumes a simple A dependence in ®, characterized by a finite
number of poles with given multiplicities. One general scheme of solving
(3.3.10), known as the dressing method, is based on the Riemann-Hilbert
problem which we shall review next.

3.3.1 Riemann-Hilbert problem

Let 2 € C=CU{oo} and let I" be a closed contour in the extended complex
plane. In particular we can consider I to be a real line —oco < A < oo regarded
as a circle in C passing through co. Let G = G(1) be a matrix-valued function
on the contour I'. The Riemann-Hilbert problem is to construct two matrix-
valued functions G, (1) and G_(A) holomorphic, respectively, inside and out-
side the contour such that on I’

G(A) = G4 (A)G_(A). (3.3.14)

In the case when T is the real axis G, is required to be holomorphic in the
upper half-plane and G_ is required to be holomorphic in the lower half-plane.
If (G, G_) is a solution of the Riemann-Hilbert problem, then

G, = G,g ! and G_ =gG_

will also be a solution for any constant invertible matrix g. This ambiguity can
be avoided by fixing a values of G, or G_ at some point in their domain, for
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example by setting G_(oo) = I. If the matrices G are everywhere invertible
then this normalization guarantees that the solution to (3.3.14) is unique.
Solving a Riemann-Hilbert problem comes down to an integral equation.
Choose a normalization G,(Ag) =1 and set G_(1¢) =g for some Ay € C.
Assume that the Riemann-Hilbert problem has a solution of the form

; @ (¢)
G)'=h ——d
(Gt =bs o ds

for X inside the contour I', and
G, = h +¢ %dé
ré&—a

for A outside ', where 4 is determined by the normalization condition to be

d(&)
h=g— d&.
& ﬁf—loé

The Plemelj formula [3] can be used to determine (G,)~! and G_ on the
contour: If A € T then

Sy (£) .
(Gy) " (A)=h+ ﬁ F_a )\d&' +wid(1) and

G ()=h+ ﬁ ;)%dg _rid(),

where the integrals are assumed to be defined by the principal value. Substi-
tuting these expressions to (3.3.14) yields an integral equation for ® = ®(1). If
the normalization is canonical, so that b = g = 1, the equation is

[/ &d‘g + 1} + Q)G+ I(G-D)"'=0.
ré—=a

1
i

The simplest case is the scalar Riemann-Hilbert problem where G, G,, and
G_ are ordinary functions. In this case the solution can be written down

explicitly as
~ 1 [ log G(&)

G_ =exp [i [w loégf;(f)dg}, Im(x) < 0.

27
This is verified by taking a logarithm of (3.3.14)
log G =log (G_) — log (G,)™!

and applying the Cauchy integral formulae. (Compare the cohomological
interpretation given by formula (BS).)
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3.3.2 Dressing method

We shall assume that the matrices (U, V) in the zero-curvature representation
(3.3.10) have rational dependence on the spectral parameter A. The complex
analytic data for each of these matrices consist of a set of poles (including a
pole at A = co) with the corresponding multiplicities. Define the divisors to be
the sets

Su ={ai,ni,ne} and Sy = {B;, m;, my}, i=1,...,n, j=1,...,m

so that

o1 T 0
e Vir0,T) xS

Vip.t.2) =) WJ,Z,\M(,O,T). (3.3.15)
j=1 r=1 / k=0

The zero-curvature condition (3.3.10) is a system of non-linear PDEs for the
coefficients

Uy, Up Vj,, and V;
of U and V. Consider a trivial solution to (3.3.10)
U="Up,2), and V=Vy(r,2)

where Uy and Vj are any two commuting matrices with divisors Sy and Sy,
respectively.

Let ' be a contour in the extended complex plane which does not contain
any points from Sy U Sy, and let G(1) be a smooth matrix-valued function
defined on T'. The dressing method [191] is a way of constructing a non-trivial
solution with analytic structure specified by divisors Sy and Sy out of the data

(Uo, Vo, T, G).
It consists of the following steps:

1. Find a fundamental matrix solution to the linear system of equations

d d
—‘-IJ() = Uo()»)\lf() and —\I/() = V()()L)\IJ(). (3316)
ap aT

This overdetermined system is compatible as Uy and Vj satisfy (3.3.10).
2. Define a family of smooth functions G(p, 7, A) parameterized by (p, ) on T’

Glp, 1, 1) = Wo(p, 7, )GA)Wo H(p, T, A). (3.3.17)
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This family admits a factorization
G(p,t,A) = G,(p, 7, 1)G_(p, T, A) (3.3.18)

where G,(p,t,A) and G_(p, 7, A) are solutions to the Riemann—Hilbert
problem described in the last subsection, and are holomorphic, respectively,
inside and outside the contour T.

. Differentiate (3.3.18) with respect to p and use (3.3.16) and (3.3.17). This
yields

a—G"LG_ + G+£ =UyG,G_ — G,G_Uj.
ap ap
Therefore we can define
G- +
Up, T, A) = ( ¢ + G_Uo) G.l=-G, 1 (ﬁ — UoG+)
ap ap

which is holomorphic in C/Sy. The Liouville theorem (Theorem B.0.4)
applied to the extended complex plane implies that U(p, t, 1) is rational
in A and has the same pole structure as Up.

Analogous argument leads to

0G_

0G,
Vip, 1, A) := ( Py

ot

+ GVO> G '=-G,! ( - VOG+>
which has the same pole structure as Vj.
. Define two matrix-valued functions

v, =G, '&, and V_=G_"ly,.

Equations (3.3.16) and the definitions of (U, V) imply that these matrices
both satisfy the overdetermined system

0 d

—\I/:t = U(X)\Di and —\IJ:E = V()\.)\Ili.

ap at

We can therefore deduce that U(p, t, 1) and V(p, 7, A) are of the form
(3.3.15) and satisfy the zero-curvature relation (3.3.10).

This procedure is called ‘dressing’ as the bare, trivial solution (Up, Vy) has
been dressed by an application of a Riemann-Hilbert problem to a non-trivial
(U, V). Now, given another matrix-valued function G = G'(1) on the contour
we could repeat the whole procedure and apply it to (U, V) instead of (Uy, Vp).
This would lead to another solution (U’, V') with the same pole structure. Thus
dressing transformations act on the space of solutions to (3.3.10) and form a
group. If G= G,G_ and G' = G,G'_ then

(GoG)=G,G,G_G_.
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The solution to the Riemann—Hilbert problem (3.3.18) is not unique. If G+
give a factorization of G(p, 7, A) then so do

G, = G.g7! and G_ = gG_

where g = g(p, t) is a matrix-valued function. The corresponding solutions
(U, V) are related to (U, V) by the gauge transformation (3.3.13). Fixing the
gauge is therefore equivalent to fixing the value of G, or G_ at one point of
the extended complex plane, say A = co. This leads to a unique solution of the
Riemann-Hilbert problem with G (00) = G(o0) = I.

The dressing method leads to the general form of U and V with prescribed
singularities, but more work is required to make contact with specific inte-
grable models when additional algebraic constraints need to be imposed on
U and V. For example, in the Sine-Gordon case (3.3.11) the matrices are
anti-Hermitian. The anti-Hermiticity condition gives certain constraints on the
contour I' and the function G. Only if these constraints hold, the matrices
resulting from the dressing procedure will be given (in some gauge) in terms
of the solution to the Sine-Gordon equation. The problem of gauge-invariant
characterization of various integrable equations will be studied in Chapter 7.

3.3.3 From Lax representation to zero curvature

The zero-curvature representation (3.3.10) is more general than the scalar Lax
representation but there is a connection between the two. The first similarity is
that the Lax equation (2.2.11) also arises as a compatibility condition for two
overdetermined PDEs. To see this take f to be an eigenfunction of L with a
simple eigenvalue E = A and consider the relation (2.2.12) which follows from
the Lax equations. If E = A is a simple eigenvalue then

of

— + Af =C(t

o TAf=Cf
for some function C which depends on ¢ but not on x. Therefore one can use
an integrating factor to find a function f = f(x, #, A) such that

Lf=af and 2L+ Af=0, (3.3.19)

where L is the Schrodinger operator and A is some differential operator (e.g.
given by (2.2.13)). Therefore the Lax relation

L=[L, Al

is the compatibility of an overdetermined system (3.3.19).
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Consider a general scalar Lax pair

P 3”*1 ad

L= Pyl Uy—1(x, t)W + (X, t)a +uo(x, t)
9m 3m71

A = g + vm71<x9 t) axm_l L vl(xv t)a_ + UO(x’ t)

given by differential operators with coefficients depending on (x, ¢). The Lax
equations

L=[L, Al
(in general there will be more than one) are non-linear PDEs for the coefficients
(204 ooy U1, VO, « oy V1)
The linear nth-order scalar PDE
Lf=xf (3.3.20)

is equivalent to the first-order matrix PDE

— =ULF
dx L
where Uy = Ur(x, t, A) is an 7 by 7 matrix
0 1 0o ... 0 0
0 0 1 ... 0 0
Uy =
0 0 0 ... 0 1
A— uy —uy —Uuy ... —Uy_) —Uy_1

and F is a column vector
ok f
-

F=(fo. fi.-s 1), where f = 5
x

Now consider the second equation in (3.3.19)

which is compatible with (3.3.20) if the Lax equations hold. We differentiate
this equation with respect to x and use (3.3.20) to express 3" f in terms of
A and lower order derivatives. Repeating this process (7 — 1) times gives an
action of A on components of the vector F. We write it as
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using the method described above. This leads to a pair of first-order linear
matrix equations with the zero-curvature compatibility conditions

aUp,  0Vy
W—W*‘[UL»VA]—O'

These conditions hold if the operators (L, A) satisfy the Lax relations L=
[L, A].

o Example. Let us apply this procedure to the KdV Lax pair (2.2.13). Set
fo=f(x,t,%) and fi =0, f(x, £, A).

The eigenvalue problem Lf = A f gives

(fo)x=fi and (fi)x=(u—2)fo.
The equation 3, f + Af = 0 gives

(fO)t = —4( f())xxx + 674][1 + 3u, f()
= —uy(fo) + Qu+4)) f1.

We differentiate this equation with respect to x and eliminate the second
derivatives of f to get

(f])t = [(2u +41)(u — 1) _uxx]f0+uxfl-

We now collect the equations in the matrix form d,F = UL F and 9,F = V,F
where F = (fy, f1)T and

0 1 —Uy 2u +4)
UL:(u—k O> and VA:(Zuz—uxx+2uk—4A2 Uy >

(3.3.21)
We have therefore obtained a zero-curvature representation for KdV.

3.4 Hierarchies and finite-gap solutions

We shall end our discussion of the KdV equation with a description of the KdV
hierarchy. Recall that KdV is a Hamiltonian system (3.2.5) with the Hamilto-
nian given by the first integral —I1[#]. Now choose a (constant multiple of)
different first integral I,[#] as a Hamiltonian and consider the equation

ou 1y i 81, [u]

B_t,, - 0x du(x)

(3.4.22)
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for a function u = u(x, t,,). This leads to an infinite set of equations known as
higher KdVs. The first three equations are

Uy,

O:Mx’

Uy = 6Uly — Uyyy, and
uy, = 10uttyyy — 200105y — 3001y — Usrrry-

Each of these equations can be solved by the inverse scattering method we have
discussed, and the functionals Iy, k = —1, 0, ... , are first integrals regardless of
which one of them is chosen as a Hamiltonian. In the associated Lax represen-
tation L stays unchanged, but A is replaced by a differential operator of degree
(27 + 1). One can regard the higher KdVs as a system of overdetermined PDEs
for

u=ulty=x,t1 =t, b, t3,...),

where we have identified # with x using the first equation in (3.4.22).

This system is called a hierarchy and the coordinates (%, t3, ...) are known
as higher times. The equations of the hierarchy are consistent as the flows
generated by time translations commute:

0. 9 0 au_( 1)na 3 81,[u 0 8L,[u]
dt,, dt, ot, L, L, dx Su(x) at, 9x Su(x)
= {uv amIn - anIm + {Im’ In}} =0

where we used the Jacobi identity and the fact that I,[#] Poisson commute.
The concept of the hierarchy leads to a beautiful method of finding solutions
to KdV with periodic initial data, that is,

u(x,0) = u(x + Xp, 0)

for some period Xj. The method is based on the concept of stationary (i.e. time-
independent) solutions, albeit applied to a combination of the higher times.

Consider the first (7 + 1) higher KdVs and take (7 + 1) real constants
€os - .., Cy. Therefore

n n

Cka—uzz(—l)kc d (SIk[M]

on Mox su(x)

k=0

The stationary solutions correspond to # being independent of the combination
of higher times on the LHS. This leads to an ODE

" 8T
Z(—l)kckﬂ = Cpils Cns1 = CONSL. (3.4.23)
= Su(x)
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The recursion relations (3.1.3) for Sy’s imply that this ODE is of order 2x.
Its general solution depends on 27 constants of integration as well as (rz + 1)
parameters ¢ as we can always divide (3.4.23) by ¢, # 0. Altogether one has
31 + 1 parameters. The beauty of this method is that the ODE is integrable in
the sense of the Arnold-Liouville theorem and its solutions can be constructed
by hyper-elliptic functions. The corresponding solutions to KdV are known
as finite-gap solutions. Their description in terms of a spectral data is rather
involved and uses Riemann surfaces and algebraic geometry (see Chapter 2
of [122]).

We shall now present the construction of the first integrals to equation
(3.4.23) (we stress that (3.4.23) is an ODE in x so the first integrals are func-
tions of # and its derivatives which do not depend on x when (3.4.23) holds).
The higher KdV equations (3.4.22) admit a zero-curvature representation

ad ad

—U—-—V,+[U, V,]=0
oty Jdx

0 1
Uz(u—k 0)

is the matrix obtained for KdV in section (3.3.3) and V, = V,(x, ¢, A) are
traceless 2 x 2 matrices analogous to V4 which can be obtained using (3.4.22)
and the recursion relations for (3.1.2). The components of V,, depend on (x, t)
and are polynomials in A of degree (1 + 1). Now set

where

A=coVp+ - +c,V,

where ¢;, are constants and consider solutions to
d d
—U—- —A+[U,A]=0,
a0 "ot IUA
such that
d 0

d 0
—U=0, h — =Cg— 4+ Cyp—.
5T where oT Coato +4C o,

This gives rise to the ODE

d

—A=[U,A

A=Al
which is the Lax representation of (3.4.23). This representation reveals the
existence of many first integrals for (3.4.23) . We have

diTr(AP) = Tr(p[U, A]JAP7) = pTe(—AUAP L+ UAP)=0, p=2,3,...
X
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by the cyclic property of trace. Therefore all the coefficients of the polynomials
Tr[A(A)?] for all p are conserved (which implies that the whole spectrum of
A(A) is constant in x). It turns out [122] that one can find #-independent
non-trivial integrals in this set which are in involution thus guaranteeing the
integrability of (3.4.23) is the sense of the Arnold-Liouville theorem 1.2.2.

The resulting solutions to KdV are known as ‘finite-gap’ potentials. Let us
justify this terminology. The spectrum of A does not depend on x and so the
coefficients of the characteristic polynomial

det[1pu — A(A)] = 0

also do not depend on x. Using the fact that A()) is trace free we can rewrite
this polynomial as

w?+ R(A) =0 (3.4.24)
where
R(A) = A2y aMZ" + o Ao+ dopt
= (A= 20) -+ (A — A24).
Therefore the coefficients ay, ..., a,.1 (or equivalently Ag,...,%5,) do not

depend on x. However (7 + 1) of those coefficients can be expressed in terms
of the constants ¢, and thus the corresponding first integrals are trivial. This
leaves us with # first integrals for an ODE (3.4.23) of order 2#.

It is possible to show [122] that

o All solutions to the KdV equation with periodic initial data arise from
(3.4.23).

o For each A the corresponding eigenfunctions of the Schrodinger operator
Ly = Ay can be expanded in a basis ¥+ such that

Ya(x+ Xo) = e¥P X0y (x)

for some p = p(A) (Y are called Bloch functions). The set of real A for which
p(x) € Ris called the permissible zone. The roots of the polynomial R(%) are
the end-points of the permissible zones

(Ros A1), (A2, 23), ooy (A2u—2,A2u—1), (A2, 0O).

The equation (3.4.24) defines a Riemann surface I' of genus 7. The number
of forbidden zones (gaps) is therefore finite for the periodic solutions as the
Riemann surface (3.4.24) has finite genus. This justifies the name ‘finite-gap’
potentials.

o Example. If # = 0 the Riemann surface I" has the topology of the sphere and
the corresponding solution to KdV is a constant. If # = 1 T is called an elliptic
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curve (it has topology of a two-torus) and the ODE (3.4.23) is solvable by
elliptic functions: the stationary condition

ou ou
co— +C1— = 0
oty oty

yields
Cotty + C1(6UUy — Uyyy) = 0

where we used the first two equations of the hierarchy. We can set ¢; = 1
redefining the other constant. This ODE can be integrated and the general
solution is a Weierstrass elliptic function

du
V2ud + cou? +bu+d

=X — Xy

for some constants (b, d). The stationary condition implies that # = u(x — cot)
where we have identified #) = x and # =¢. Thus xg = cpt. These solutions
are called cnoidal waves because the corresponding elliptic function is often
denoted ‘cn’.

If 7 > 1 the Riemann surface I is a hyper-elliptic curve and the corresponding
KdV potential is given in terms of Riemann’s theta function [122].

Exercises

1. Consider the Riccati equation

ﬁ—2i/eS+S2 =u,
dx

for the first integrals of KdV. Assume that
L& Sw)
$= 2 iy

and find the recursion relations

dSn n—1
Six,t) = —ulx,2) and Sui= =4} SuSpm
X
m=1

Solve the first few relations to show that

du Pu Bu
Szz—a, 3=t and S4:—ﬁ+2£u
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and find Ss. Use the KdV equation to verify directly that

d d
E/RSgdsz and a/};&dx:o.

. Apply the recursion operator (3.2.8) twice to Hy[«] to show that

2 5 5
/1; (% — Zuzuxx + zu“) dx

is a first integral of the KdV equation.
. Consider a one-parameter family of self-adjoint operators L(#) in some
complex inner product space such that

where U(t) is a unitary operator, that is, U(z)U(¢)* =1 where U* is the
adjoint of U.

Show that L(¢) and L(0) have the same eigenvalues. Show that there exist
an anti-self-adjoint operator A such that U, = — AU and

L, =[L, A].
. Let L = —32 + u(x, t) be a Schrédinger operator and let
A=a,d +--+a10y +ao,
where ap, = ay(x, t) are functions, be another operator such that
L, =[L, A]. (3.4.25)

Show that the eigenvalues of L are independent on .
Let f be an eigenfunction of L corresponding to an eigenvalue A which
is non-degenerate. Show that there exists a function f = f(x, #, A) such that

Lf=xf and f+Af=0. (3.4.26)

Now assume that 7 = 3 and a3 = 1, a» = 0. Show that the Lax representation
(3.4.25) is equivalent to a zero-curvature representation

0, Up — 0, Va+[Ur, Val =0

where Ur and Vj are some 2 x 2 matrices which should be determined.
[Hint: Consider (3.4.26) as a first-order system on a pair of functions

(F,0x /)]

. Let L(¢) and A(¢) be complex valued 7 x # matrices such that
L=[L, Al
Deduce that Tr(L?), p € Z does not depend on .
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Assume that
L= (01 +id)+2P31 — (P —idy)A> and
A= —i®3+i(P1 —iDy)A

where A is a parameter and find the system of ODEs satisfied by the matrices
®;(2),j=1,2,3.

[Hint: The Lax relations should hold for any value of the parameter A.]
Now take ®(t) = —io;w;(t) (no summation) where o; are the matrices

0—101 0_10—1' anda—llo
Y2\t o) 72\ o) >T2\0 -1

which satisfy [0}, 0r] =i 3}, &ju01. Show that the system reduces to the
Euler equations

Wi = waws, Wy = wiws, and w3 = wiws.

Use Tr(L?) to construct first integrals of this system.
6. Let g = g(t, p) be an arbitrary invertible matrix. Show that the transforma-
tions

0g

~ ~ a
U=gUg '+ a—g*1 and V=gVg '+ 281
)

azg
map solutions to the zero-curvature equation into new solutions: if the
matrices (U, V) satisfy

200~ V)« [UG), VG =0
T ap
then so do U(x) and V(1). What is the relationship between the solutions of
the associated linear problems?
7. Consider solutions to the KdV hierarchy which are stationary with
respect to

c 0 c 0

2 a2

0 dty ! o

where the kth KdV flow is generated by the Hamiltonian (—1)%I;[«] and
Ix[u] are the first integrals constructed in lectures.

Show that the resulting solution to KdV is
F(u) = c1x — cot,

where F(u) is given by an integral which should be determined and # =
X, =1t.

Find the zero-curvature representation for the ODE characterizing the
stationary solutions.
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8. Consider the zero-curvature representation with

AR
U=ii +1 and
0 -1 ¢ 0
- o 2
Vzmz(l O>+2n\<0 ¢>+< 0 d”’)-i('"SI 0 )
0 -1 ¢ 0 —¢, O 0 —lgl?

and show that complex-valued function ¢ = ¢(z, p) satisfies the non-linear
Schrodinger equation
: 2
1 + d’pp +2|¢|7¢ = 0.
9. Consider the zero-curvature representation with

uip, v v(p, T
U= (p,7) and V= (p ),
1—x 1+A
where u(p, t) and v(p, t) are matrices. Deduce the existence of a unitary
matrix g(p, t) such that

u=g'o,g and v=g'd,.g

and thus show that the solutions to the principal chiral model
d _10g ad _10g
= =R I b4
it \& 30) T & ot

g=glp. )=V p, 1,2 =0),

are given by

where W satisfies the linear system (3.3.9).



Lie symmetries and
reductions

4.1 Lie groups and Lie algebras

Phrases like ‘the unifying role of symmetry in ...’ feature prominently in the
popular science literature. Depending on the subject, the symmetry may be
‘cosmic’, ‘Platonic’, ‘perfect’, ‘broken’, or even ‘super’.’

The mathematical framework used to define and describe symmetries is
group theory. Recall that a group is a set G with a map

GxG—> G, (g1,8) > g1&
called the group multiplication which satisfies the following properties:
o Associativity
(g182)g5 = g1(8283) Vg1, 82,83 € G.
o There exist an identity element e € G such that
eg=ge=g, VgeG.

o For any g € G there exists an inverse element g~! € G such that

ggl=gg=e

A group G acts on a set X if there exists a map G x X — X, (g, p) — g(p)
such that

e(p)=p, g Ig1(p)l=I(g281)(p)

forall p € X, and g1, g2 € G. The set Orb(p) = {g(p), g € G} C Xis called the

orbit of p. Groups acting on sets are often called groups of transformations.
In this chapter we shall explore the groups which act on solutions to DEs.

Such group actions occur both for integrable and non-integrable systems so

I Supersymmetry is a symmetry between elementary particles known as bosons and fermions. It
is a symmetry of equations underlying the current physical theories. Supersymmetry predicts that
each elementary particle has its supersymmetric partner. No one has yet observed supersymmetry.
Perhaps it will be found in the LHC. See a footnote on page 26.
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the methods we shall study are quite universal.> In fact all the techniques of
integration of DEs (like separation of variables, integrating factors, homoge-
neous equations, etc.) students have encountered in their education are special
cases of the symmetry approach. See [124] for a very complete treatment of
this subject and [84] for an elementary introduction at an undergraduate level.

The symmetry programme goes back to a nineteenth century Norwegian
mathematician Sophus Lie who developed a theory of continuous transforma-
tions now known as Lie groups. One of the most important of Lie’s discoveries
was that a continuous group G of transformations is easy to describe by
infinitesimal transformations characterizing group elements close (in the sense
of Taylor’s theorem) to the identity element. These infinitesimal transforma-
tions are elements of the Lie algebra g. For example, a general element of the
rotation group G = SO(2)

cose —sineg
gle) =

sing  cose
depends on one parameter ¢. The group SO(2) is a Lie group as g, its inverse
and the group multiplication depend on ¢ in a differentiable way. This Lie
group is one-dimensional as one parameter — the angle of rotation — is sufficient
to describe any rotation around the origin in R?. A rotation in R depends on
three such parameters — the Euler angles used in classical dynamics — so SO(3)
is a three-dimensional Lie group. Now consider the Taylor series

(e) 10 0 -1 o)
g) = + & + 7).
R 10
The antisymmetric matrix
0 -1
A=
1 0

represents an infinitesimal rotation as Ax = (—y, x)T are components of the

vector tangent to the orbit of x at x. The one-dimensional vector space spanned
by Ais called a Lie algebra of SO(2).

The following definition is not quite correct (Lie groups should be defined
as manifolds — see the Definition A.1.1 in Appendix A) but it is sufficient for
our purposes.

Definition 4.1.1 An m-dimensional Lie group is a group whose elements
depend smoothly of m parameters such that the maps (g1, g>) — 1€ and
g — g~ ! are smooth (infinitely differentiable) functions of these parameters.

2 It is however the case that integrable systems admit ‘large’ groups of symmetries and non-
integrable systems usually do not.
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The infinitesimal description of Lie groups is given by Lie algebras.

Definition 4.1.2 A Lie algebra is a vector space g with an antisymmetric
bilinear operation called a Lie bracket [, |4 : g x g — g which satisfies the
Jacobi identity

[A,[B, Cl]+[C,[A, B]] +[B,[C, Al] =0, VA, B,Ceg.

If the vectors Ay, ..., Adimg Span g, the algebra structure is determined by the
structure constants £, such that

[Ax, Aplg = Z fgﬂAy, a,B,y=1,...,dimg.
¥

The Lie bracket is related to non-commutativity of the group operation as the
following argument demonstrates. Let a, b € G. Set

a=IT+eA+0(?) and b=1+eB+ O
for some A, B and calculate

aba 'b ' =(T+eA+--)I+eB+--)I—eA+--)[—¢eB+--")
=T +&*[A, Bl + O?)

where - - - denote terms of higher order in ¢ and we used the fact (1 +sA)~! =
1 —¢A+--- which follows from the Taylor series. Some care needs to be taken
with the above argument as we have neglected the second-order terms in the
group elements but not in the answer. The readers should convince themselves
that these terms indeed cancel out.

o Example. Consider the group of special orthogonal transformations SO(7)
which consist of 7z x 7 matrices a such that

aat =1, deta=1.

These conditions imply that only 7(7 — 1)/2 matrix components are inde-
pendent and SO(n) is a Lie group of dimension n(n — 1)/2. Setting a =
I + A+ O(e?) shows that infinitesimal version of the orthogonal condition
is antisymmetry

A+ AT =0.
Given two antisymmetric matrices their commutator is also antisymmetric as
[A, B]" = BTAT — ATBT = —[A, B].

Therefore the vector space of antisymmetric matrices is a Lie algebra with
the Lie bracket defined to be the matrix commutator. This Lie algebra,
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called so(n), is a vector space of dimension 7n(n — 1)/2. This is equal to the
dimension (the number of parameters) of the corresponding Lie group SO(n).

o Example. An example of a three-dimensional Lie group is given by the group
of 3 x 3 upper triangular matrices with diagonal entries equal to 1

1 my  nmg
g(my, my, m3) = 0 1 m|. (4.1.1)
0 0 1

Note that g =1+ )", m,T,, where the matrices T, are

010 000 001
Th=1000|, h=|001|, and Tz=|000|. (4.1.2)
000 000 000

This Lie group is called Nil, as the matrices T, are all nilpotent. These
matrices span the Lie algebra of the group Nil and have the commutation
relations

[T, L]1=T5, [L,T]=0, and [T, T3]=0. (4.1.3)

This gives the structure constants f{, = —f5; = 1 and all other constants
vanish.

A three-dimensional Lie algebra with these structure constants is called the
Heisenberg algebra because of its connection with QM - think of T; and T;
as position and momentum operators, respectively, and T3 as i/ times the
identity operator.

In the above example the Lie algebra of a Lie group was represented by
matrices. If the group acts on a subset X of R”, its Lie algebra is represented
by vector fields® on X. This approach underlies the application of Lie groups
to DEs so we shall study it next.

4.2 Vector fields and one-parameter groups
of transformations

1

Let X be an open set in R” with local coordinates x',...,x" and let y :

[0,1] — X be a parameterized curve, so that y(e) = (x'(g), ..., x"(g)). The
tangent vector V|, to this curve at a point p € X has components
V7 = &7 a=1 n, where -:i
D 9 v ey Ihy dg .

3 The structure constants ayﬁ do not depend on which of these representations are used.
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The collection of all tangent vectors to all possible curves through p is an n-
dimensional vector space called the tangent space T, X. The collection of all

tangent spaces as x varies in X is called a tangent bundle TX = UX T, X. The
pe

tangent bundle is a manifold of dimension 27 (see Appendix A).

A vector field V on X assigns a tangent vector V|, € T, X to each point in X.
Let /: X — R be a function on X. The rate of change of f along the curve
is measured by a derivative

d of
= Flx@ e = VL
= V(f)
where
0 ” 0
V=V1ﬁ+...+vﬁ.

Thus vector fields can be thought of as first-order differential operators. The
derivations {%, e %} at the point p denote the elements of the basis of
T,X.

An integral curve y of a vector field V is defined by y(¢) = V|, (;)or equiva-
lently

dx*
de
This system of ODEs has a unique solution for each initial data, and the

integral curve passing through p with coordinates x“ is called a flow %% (e, x°).
The vector field V is called a generator of the flow, as

= V4(x). (4.2.4)

(e, x) = x7 + £ V(x) + O(e?).

Determining the flow of a given vector field comes down to solving a system
of ODEs (4.2.4).

o Example. Integral curves of the vector field

d 0
Vax—+—
ax 0y

on R? are found by solving a pair of ODEs x = x, y = 1. Thus
(x(e), y(e)) = (x(0)e", y(0) +&).
There is one integral curve passing through each point in R?.
The flow is an example of one-parameter group of transformations, as

X(ey, X(e1,x)) = X(e1 + &2, x), X(0, x) = x.
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An invariant of a flow is a function f(x?) such that f(x?)= f(X?) or
equivalently

V(f)=0
where V is the generating vector field.
o Example. The one-parameter group SO(2) of rotations of the plane
(X, 9) = (xcose — ysing, xsine + ycos €)

is generated by

The function 7 = \/x2 + y? is an invariant of V.

The Lie bracket of two vector fields V, Wis a vector field [V, W] defined by its
action on functions as

[V, WI(f) = VIW()] = WIV(/)]. (4.2.5)
The components of the Lie bracket are
Vv
V. Wit =V dxb Wbaxb'

From its definition the Lie bracket is bilinear, antisymmetric and satisfies the
Jacobi identity

[V,[W, U]l +[U, [V. W]] + [W, [U, V]] = 0. (4.2.6)

A geometric interpretation of the Lie bracket is as the infinitesimal commutator
of two flows. To see this consider X;(¢1, x) and X, (&, x) which are the flows of
vector fields V; and V,, respectively. For any f : X — R define

F(e1, &2, x) == f{X1(e1, [X2(e2, x)])} — flZa(e2, [X1(e1, X))}

Then
82

F e1=6,=0 = ’ .
30195, (&1, €2, X)|gy=,=0 = [ V1, V2I(f)

o Example. Consider the three-dimensional Lie group Nil of 3 x 3 upper
triangular matrices
1 my  ms3
glmi,my,m3)=10 1 m
0 1

o
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acting on R3 by matrix multiplication
X = g(my, mo, m3)X = (x + myy + msz, y + mz, 2).

The corresponding vector fields* Vi, V5, V; are

o (%0 0y 0 920,
a = =t =t = =
0my 0X  Omy 0y Omiy 0% (11 m2,113)=(0,0,0)

which gives

d 0 d
V,=2—, and V3=z—.

Vi=y—,
! yax ay 0x

The Lie brackets of these vector fields are
Vi, W]==V5, [V, V3]=0, and [V, V5] =0.

Thus we have obtained the representation of the Lie algebra of Nil by vector
fields on R3. Comparing this with the commutators of the matrices (4.1.2) we
see that the structure constants only differ by an overall sign. The Lie algebra
spanned by the vector fields V, is isomorphic to the Lie algebra spanned by
the matrices M,.

o Example. This is taken from [27]. A driver of a car has two transformations
at his disposal. These are generated by vector fields

ad d d 1 d
STEER = —, and DRIVE =cosf— +sinf— + —tan¢p—, L = const,
¢ ax dy L a6
where (x, y) are coordinates of the center of the rear axle, 6 specifies the
direction of the car, and ¢ is the angle between the front wheels and the
direction of the car. These two flows do not commute, and

[STEER, DRIVE] = ROTATE,

where the vector field

1 d

ROTATE= ——— —
L cos? ¢ 96

generates the manoeuvre steer, drive, steer back, and drive back. This
manoeuvre alone does not guarantee that the driver parks his car in a tight
space. The commutator

[DRIVE, ROTATE] = sin Qi — cos Qai) = SLIDE
Y

1
Lcos? ¢ < 0x

4 Note that the lower index labels the vector fields while the upper index labels the components.
Thus V, = V48/0x°.
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is the key to successful parallel parking. One needs to perform the following
sequence steer, drive, steer back, drive, steer, drive back, steer back, and drive

back!

In general the Lie bracket is a closed operation in a set of the vector fields
generating a group. The vector space of vector fields generating the group
action gives a representation of the corresponding Lie algebra. The structure
constants fy, do not depend on which of the representations (matrices or
vector fields) are used.

4.3 Symmetries of differential equations

Let # = u(x, t) be a solution to the KdV equation (2.1.1). Consider the vector
field

9 9 B
V=E&(x,1t, u)a +7(x, t, M)E +1(x, t, M)B_u

on the space of dependent and independent variables R x R2. This vector field
generates a one-parameter group of transformations

X=X(x,t,u,e), t=1t(xt ue), and i =iu(x,t, uce).
This group is called a symmetry of the KdV equation if

dn __on 0’
o T ou_—+ —
of 0x  0x3
The common abuse of terminology is to refer to the corresponding vector field
as a symmetry, although the term infinitesimal symmetry is more appropriate.

o Example. An example of a symmetry of the KdV is given by

X=x, t=t+e, and @& =u.

It is a symmetry as there is no explicit time dependence in the KdV. Its
generating vector field is
a
=
Of course there is nothing special about KdV in this definition and the concept
of a symmetry applies generally to PDEs and ODEs.

Definition 4.3.1 Let X = R” x R be the space of independent and dependent
variables in a PDE. A one-parameter group of transformations of this space
"

=u(x*,u,c¢)), 7 = (%%, u, g)
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is called a Lie point symmetry (or symmetry for short) group of the PDE

B] 92
Flu 22, 2% -0 (4.3.7)
9x’ 9x9dxb
if its action transforms solutions to other solutions, that is,
i 0%l
F ﬁa _,.,ua ,..—u,.v S O'
x4’ 9xa9xb

This definition naturally extends to multi-parameter groups of transformation.
A Lie group G is a symmetry of a PDE if any of its one-parameter subgroups
is a symmetry in the sense of Definition 4.3.1.

A knowledge of Lie point symmetries is useful for the following reasons:

o It allows us to use known solutions to construct new solutions.

Example. The Lorentz group

(% 5) < x—¢et t—ex
X, = )

V1 —g2 J1—¢g2
is the symmetry group of the Sine-Gordon equation (2.1.2). Any

t-independent solution ¢g(x) to (2.1.2) can be used to obtain a time-
dependent solution

), ee(—1,1)

X — &t
(f)(.X', t)=¢s (\/1———32>’ 86(—1,1).

In physics this procedure is known as ‘Lorentz boost’. The parameter ¢ is
usually denoted by v and called velocity. For example, the Lorentz boost of
a static kink is a moving kink.

e For ODEs each symmetry reduces the order by 1. So a knowledge of suffi-
ciently many symmetries allows a construction of the most general solution.

Example. An ODE
du u
T_p(Z
dx (x>

admits a scaling symmetry
(x, u) —> (°x, e°u), e eR.

This one-dimensional group is generated by the vector field
a0 d
V=x—+u—.
ax ou

Introduce the coordinates

r=2 and s = log|x|
X
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so that
V(ir)=0 and V(s)=1.

If F(r) = r the general solution is 7 = const. Otherwise

ds 1

dr ~ F(r)—r
and the general implicit solution is
log || / oodr
oglx|+c = e
& F(r)—r

For PDEs the knowledge of the symmetry group is not sufficient to construct
the most general solution, but it can be used to find special solutions which
admit symmetry.

Example. Consider the one-parameter group of transformations

(X, t,6t) = (x +ce, t+¢,u)

where ¢ € R is a constant. It is straightforward to verify that this group is a

Lie point symmetry of the KdV equation (2.1.1). It is generated by the vector
field

0 0
= — +c—
ot ax

and the corresponding invariants are # and & = x — ct. To find the group-
invariant solutions assume that a solution of the KdV equation is of the form

u(x, t) = f(&).
Substituting this to the KdV vyields a third-order ODE which easily

integrates to
Lidf\: 1,
E(E) —f +EC]( +Olf+,8

Vv

where (a, B) are arbitrary constants. This ODE is solvable in terms of an
elliptic integral, which gives all group-invariant solutions in the implicit form

= V2¢.

[t
\/f3+%cf2+o:f+/3

Thus we have recovered the cnoidal wave which in Section 3.4 arose from
the finite-gap integration. In fact the one-soliton solution (2.1.3) falls into
this category: if [ and its first two derivatives tend to zero as || — oo then
a, B are both zero and the elliptic integral reduces to an elementary one.



4 : Lie symmetries and reductions

Finally we obtain
2x?
cosh® x (x — 4x2t — ¢o)

which is the one-soliton solution (2.1.3) to the KdV equation.

u(x,t) = —

4.3.1 How to find symmetries

Some of them can be guessed. For example, if there is no explicit dependence
on the independent coordinates in the equation then the translations X4 =
x% + ¢? are symmetries. All translations form an #z-parameter abelian group
generated by 7 vector fields 9/9x7.

In the general case of (4.3.7) we could substitute

d=u+en(x®, u)+ O@E?), z°=xb+egl(x", u)+ Oe?)

into the equation (4.3.7) and keep the terms linear in . A more systematic
method is given by the prolongation of vector field. Assume that the space of
independent variables is coordinatized by (x, #) and the equation (4.3.7) is of
the form

F(u, vy, thyr, Uy, 1) = 0.

(e.g. KdV is of that form). The prolongation of the vector field

b b d
V=§&xt,u)— +t(x, t,u)— +n(x, t,u) —

0x ot ou
1s
0 0 0 0
pr( V) - V + r’t_ + nx + nxx + nxxx ,
ouy oy Oy Oy

where (n?, n*, n™*, ™) are certain functions of (u, x, t) which can be deter-
mined algorithmically in terms of (&, 7, ) and their derivatives (we will do this
in the next section). The prolongation pr(V) generates a one-parameter group
of transformations on the seven-dimensional space with coordinates

(%, t, 0, Uy, U, U, Ui).

(This is an example of a jet space. The symbols (s, 1, tyy, txx) should be
regarded as independent coordinates and not as derivatives of . See Appendix
C for discussion of jets.) The vector field V is a symmetry of the PDE if

pr(V)(F)|r=0 = 0. (4.3.8)

This condition gives a linear system of PDEs for (£, 7, n). Solving this system
yields the most general symmetry of a given PDE. The important point is that
(4.3.8) is only required to hold when (4.3.7) is satisfied (‘on shell’ as a physicist
would put it).
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4.3.2 Prolongation formulae

The first step in implementing the prolongation procedure is to determine the
functions

nt7 nx’ nxx’ .

in the prolonged vector field. For simplicity we shall assume that we want to
determine a symmetry of an Nth-order ODE:

Do (e
dN T\ g gt )

Consider the vector field

a a
=65%  ou
Its prolongation
a 9
pr(V)=V+ ];1 k) 5

generates a one-parameter transformation group

F=x+eE+ 0%, d=u+en+ O@E?), and a® =u® +en® + OE?)

of the (N + 2)-dimensional jet space with coordinates (x, u, #/, ..., uM).
The prolongation is an algorithm for the calculation of the functions n

Set

(k)

R 9 9
. /I "n_= (N)
= ox M ou T o T W N
The chain rule gives
w _ di* DV
dx Dk
SO
D, d—”+8D(r])+... du du
"(1)= x =dx X _a D __D OZ.
" ka 1+8Dx(é)+... dx+8( xT] dx x§)+ (8 )
Thus
du
n(l) = Dxn — d_ng
x

The remaining prolongation coefficients can now be constructed recursively.
The relation
(k) u® 4 e D, [n(k’l)]
- 1 +eDy()
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yields the general prolongation formula

dku
k= p [pk1] - =2 p.e. 4.3.9
n x [77 ] dxk ‘i: ( )
The procedure is entirely analogous for PDEs, where # = #(x?) but one has to
keep track of the index a labelling the independent variables. Set

0 0 0 0
D, = 0 — 82 3N _
s = g+ a0
where
aku
k, _
3au_ 3(xa)k

The first prolongation is

n

n'“' = Dy — Y _(DaE")

b=1

ou
dxb

and the higher prolongations are given recursively by the formula

A,a A S b aMA
0t = Dan =} (Dak”)>—
x
b=1
where A = (ay, ..., ay) is a multi-index and
A a*u

T XM 9xa .. gxak”

o Example. Let us follow the prolongation procedure to find the most general
Lie-point symmetry of the second-order ODE

d’u _
dx?
We first need to compute the second prolongation
d a ad a

+ .
ax ou Uy OUyx

This computation does not depend on the details of the equation but only on
the prolongation formulae (4.3.9). The result is

TIx =Ny + (N — Ex)uy — Euui9
ﬂxx =Nxx t+ (anu — E )ty + (Mo — fou)ui - Euuui

(N — 28 )ty — 3E 1ttty
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Now we substitute this, and the ODE to the symmetry criterion (4.3.8)
pr(V)(sex) =™ = 0.
Thus

Nxx + (anu - sxx)ux + (nuu - zé:xu)ugzc - guuui =0

where we have used the ODE to set u,, = 0. In the second-order equation
the value of u, can be prescribed in an arbitrary way at each point (initial
condition). Therefore the coefficients of u,, u2, and u3 all vanish

Mex =0, 2 —Exxe = 0, N — 280, =0, and &, =0.
The general solution of these linear PDEs is
E(x, 1) = £1X% + E2XU + E3X + £411 + €5,
n(x, 1) = e1xu + £2u> + ¢ + E71 + £3.

Therefore the trivial ODE in our example admits an eight-dimensional group
of symmetries.

Let V,, @ = 1, ..., 8, be the corresponding vector fields obtained by setting
eo=landeg=0if B #

d 0 9 0 0
Vi = x> — —, Vo=xu— 2—, Vo=x—, Vizu—,
1= 8x+xu3u 2 xuax+u ou 3 x&x 4 ”ax
0 d d 0
Vsi=—, Ve=x—, Vozu—, d Vg=—.
5 ax 6 x8u ’ ”au an § ou

Each of the eight vector fields generates a one-parameter group of transfor-
mations. Calculating the Lie brackets of these vector fields verifies that they
form the Lie algebra of PGL(3, R).

It is possible to show that the Lie-point symmetry group of a general
second-order ODE has dimension at most 8. If this dimension is 8 then
the ODE is equivalent to #,, =0 by a coordinate transformation u —
U(u, x), x —> X(u, x).

This example shows that the process of prolonging the vector fields and writing
down the linear PDEs characterizing the symmetries is tedious but algorithmic.
It is worth doing a few examples by hand to familiarize oneself with the
method but in practice it is best to use computer programmes like MAPLE
or MATHEMATICA to do symbolic computations.

e Example. Lie-point symmetries of KdV. The vector fields
a ad d a

9 9 9
Vi= 2 V=2 =2 el IOV VLA P
1= Ry Vg, O and Vasxoma 3t —2u
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generate a four-parameter symmetry group of KdV. The group is non-abelian
as the structure constants of the Lie algebra spanned by V, are non-zero:

[V, Vil = =6Vi,  [Vi, 4l = Vi, [Vo, 4] =3V, and [V5, Va] = -2V5

and all other Lie brackets vanish.

One can use the prolongation procedure to show that this is in fact the
most general symmetry group of KdV. One needs to find the third prolon-
gation of a general vector field on R® — this can be done ‘by hand’ but it
is best to use MAPLE package liesymm with the command determine. Type
help(determine) ; and take it from there.

4.4 Painlevé equations

In this section we shall consider ODEs in the complex domain. This means that
both the dependent and independent variables are complex. Let us first discuss
linear ODEs of the form

dNw dN-1y dw
W+pN71(Z)W+"'+p1(Z)d—z+p0(Z)w =0 (4410)
where w = w(z). If the functions py, ..., pn_1 are analytic at z = 2, then 2 is

called a regular point and for a given initial data there exist a unique analytic
solution in the form of a power series

w(z) = Y arlz — 20)".
k

The singular points of the ODE (4.4.10) can be located only at the singularities
of pr. Thus the singularities are fixed — their location does not depend on the
initial conditions. Non-linear ODEs lose this property.
o Example. Consider a simple non-linear ODE and its general solution
d 1
Chw=0, wlz)= .
dz 2—20
The location of the singularity depends on the constant of integration zo.
This is a movable singularity.

A singularity of a non-linear ODE can be a pole (of arbitrary order), a branch
point, or an essential singularity.

o Example. The ODE with the general solution

d—w+w3—0 w(z)—;
e V2 —20)
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has a movable singularity which is a branch point. Another example with a
movable logarithmic branch point is

d
9 ev 20, w(z)=In(z - z).
dz

Definition 4.4.1 The ODE

dNw _F ANy d_w
dzN deN-1 0 g R

where F is rational in w and its derivatives has the Painlevé property (PP) if
its movable singularities are at worst poles.

In nineteenth century Painlevé, Gambier, and Kowalewskaya aimed to classify
all second-order ODEs with the PP up to the change of variables

a(z)w + b(z)

B R E)

Z(z) = 9(2)

where the functions a, b, ¢, d, and ¢ are analytic in z. There exist 50 canonical
types, 44 of which are solvable in terms of ‘known’ functions (sine, cosine,
elliptic functions, or in general solutions to linear ODEs) [85]. The remaining
6 equations define new transcendental functions

&2

d_z'f:6w2+z PIL, (4.4.11)
22

d_lf=2w3+wz+a PII,

Ve

2w 1 [(dw\*> 1dw aw? + f 3 0

() T e

dz2 ~ 2w \ dz

RN YA S E N
a2 \2w Tw=-1)\ & 2dz T 2 Wt v

v el ny d
b4 w—1

Y O L 1 O EOS R I
dz2 2 w+w—1+w—z dz z+z—1+w—z dz
w(w — 1)(w — 2) a+ﬂi+ z—1 . 2(z—1)

2z 1) w2 V=12 T w =22

Here «, 8, y, and § are constants. Thus PVI belongs to a four-parameter family
of ODE:s but PI is rigid up to coordinate transformations.

2 1 2
d_w=_<dw> +;w3+4zw2+2(z2—a)w+ﬁ PIV,
w

38}

S}

] PVIL
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How do we check the PP for a given ODE? If a second-order equation
possesses the PP then it is either linearizable or can be put into one of the
six Painlevé types by appropriate coordinate transformation. Exhibiting such
a transformation is often the most straightforward way of establishing the PP.

Otherwise, especially if we suspect that the equation does not have PP,
the singular-point analysis may be performed. If a general Nth-order ODE
possesses the PP then the general solution admits a Laurent expansion with a
finite number of terms with negative powers. This expansion must contain N
arbitrary constants so that the initial data consisting of w and its first (N — 1)
derivatives can be specified at any point. Assume that the leading term in the
expansion of the solution is of the form

w(z) ~alz—20)?, a#0, a,peC

as z —> zo. Substitute this into the ODE and require the maximal balance
condition. This means that two (or more) terms must be of equal maximally
small order as (z — zp) — 0. This should determine a and p and finally the
form of a solution around z. If 2y is a singularity we should also be able to
determine if it is movable or fixed.

e Example. Consider the ODE

dw 3
— =w’ +z

dz
The maximal balance condition gives
-1, 3 3
ap(z —z0)’~' ~a’(z — z0)°".

Thus p = —1/2,a = +iv2 " and

2
w(z) ~ :l:iT(z —z)"V?

possesses a movable branch point as zyp depends on the initial conditions. The
ODE does not have PP,

o Example. Consider the first Painlevé equation
d*w
dz?

The orders of the three terms in this equations are

p—2, 2p, and O.

= 6w? + 2.

Balancing the last two terms gives p = 0 but this is not the maximal balance
as the first term is then of order —2. Balancing the first and last terms gives
p = 2. This is a maximal balance and the corresponding solution is analytic
around zo. Finally balancing the first two terms gives p = —2 which again
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is the maximal balance: the ‘balanced’ terms behave like (z — z9)~* and the
remaining term is of order 0. Now we find that a = a*> and so @ = 1 and

1

wiz) ~ (z—20)*

Thus the movable singularity is a second-order pole.

This singular-point analysis is useful to rule out PP, but does not give
sufficient conditions (at least not in the heuristic form in which we presented
it), as some singularities may have been missed or the Laurent series may be
divergent. The analysis of sufficient conditions is tedious and complicated — we
shall leave it out.

The PP guarantees that the solutions of the six Painlevé equations are single
valued thus giving rise to proper functions. The importance of the Painlevé
equations is that they define new transcendental functions in the following
way. Any sufficiently smooth function can be defined as a solution to a cer-
tain DE. For example, we can define the exponential function as the general
solution to

dw
Y
such that w(0) = 1. Similarly we define the function PI from the general solu-
tion of the first Painlevé equation. From this point of view the exponential
and PI functions are on equal footing. Of course we know more about the
exponential as it possesses simple properties and arises in a wide range of
problems in natural sciences.

The irreducibility of the Painlevé equations is a more subtle issue. It
roughly means the following. One can define a field of classical functions
by starting off with the rational functions Q|z] and adjoining those func-
tions which arise as solutions of algebraic or linear DEs with coefficients
in Q[z]. For example, the exponential, Bessel function, and hyper-geometric
function are all solutions of linear DEs, and thus are classical. A function
is called irreducible (or transcendental) if it is not classical. Painlevé himself
anticipated that the Painlevé equations define irreducible functions but the
rigorous proofs for PI and PII appeared only recently. They use a far-reaching
extension of Galois theory from number fields to differential fields of functions.
The irreducibility problem is analogous to the existence of non-algebraic
numbers (numbers which are not roots of any polynomial equations with
rational coefficients). Thus the the appearance of Galois theory is not that
surprising.
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4.4.1 Painlevé test

Can we determine whether a given PDE is integrable? This is to a large extent
an open problem as the satisfactory definition of integrability of PDEs is still
missing. The following algorithm is based on the observation of Ablowitz,
Ramani, and Segur [1] (see also [2]) that PDEs integrable by the IST reduce
(when the solutions are required to be invariant under some Lie symmetries)
to ODEs with PP.

e Example. Consider the Lie-point symmetry
. 1
(P, T) = (cp, Zt), c#0
of the Sine-Gordon equation
82

dpdT

= sin¢.

The group-invariant solutions are of the form ¢(p, t) = F(z) where z = pt is
an invariant of the symmetry. Substituting w(z) = exp [i F(z)] into the Sine-
Gordon yields

dw 1 (dw)® ldw 1w 1
dz2 ~ w \ dz 2dz T2z 22

which is the third Painlevé equation PIII with the special values of parameters

1 5= 1
2’ 2
Example. Consider the modified KdV equation

o =

y =0, and § = 0.

v, — 6020y + Uy = 0,
and look for a Lie-point symmetry of the form
(0, %, 1) = (v, Px,c’t), ¢ #0.

The symmetry condition will hold if all three terms in the equation have
equal weight

a—y=3c—pB=a—38.

This gives B = —«, y = —3a where « can be chosen arbitrarily. The corre-
sponding symmetry group depends on one parameter ¢* and is generated

by
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This has two independent invariants which we may take to be
z=(3)Pxt7'? and w=(3)"ve'?

where the constant factor (3)~!/3 has been added for convenience. The group-
invariant solutions are of the form w = w(z) which gives

v(x, 1) = (31)"Pw(2).

Substituting this into the modified KdV equation leads to a third-order ODE
for w(z)

W — 6W2W, — w — zw, = 0.

Integrating this ODE once shows that w(z) satisfies the second Painlevé
equation PII with a general value of the parameter a.

The general Painlevé test comes down to the following algorithm: Given a PDE

1. Find all its Lie-point symmetries

2. Construct ODEs characterizing the group-invariant solutions
3. Check for the PP

This procedure only gives necessary conditions for integrability. If all reduc-
tions possess PP the PDE does not have to be integrable in general.

Exercises

1. Consider three one-parameter groups of transformations of R

xX—>x+¢&, x—e?x, and x—

1—e3x’

and find the vector fields Vi, V5, V5 generating these groups. Deduce that
these vector fields generate a three-parameter group of transformations

ax+b

—bc=1.
x—>cx+d, ad — be
Show that
3
Voo Vi1 = > flsVy @ p=1,2.3
y=1

for some constants £, ; which should be determined.
2. Consider the vector field
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and find the corresponding one-parameter group of transformations of R2,
Sketch the integral curves of this vector field.
Find the invariant coordinates, that is, functions s(x, ), g(x, #) such that

V(is)=1, and V(g)=0

[These are not unique. Make sure that that s, g are functionally independent
in a domain of R? which you should specify.]
Use your results to integrate the ODE

o
dx
where F is an arbitrary function of one variable.
3. Consider the vector fields
9 a a

9 3 3 3
Vier Viz—, V= sar—, and Vi=px— +yi— +Su—
1= ox Ty Vg relgy and Vasprgmayigeoug

where (a, 8, y, 8) are constants and find the corresponding one-parameter
groups of transformations of R3 with coordinates (x, £, u).
Find (a, B, ¥, 8) such that these are symmetries of KdV and deduce the
existence of a four-parameter symmetry group.
Determine the structure constants of the corresponding Lie algebra of
vector fields.
4. Consider a one-parameter group of transformations of R” x R

= F(xu)

(FY, L& d) = (Xt L X ), (4.4.12)

where ¢ # 0 is the parameter of the transformation and (e, a1, ..., «,) are
fixed constants, and find a vector field generating this group.
Find all Lie-point symmetries of the PDE

Uy = Uy

of the form (4.4.12) where (x!, x?) = (x, t). Guess two more Lie-point sym-
metries of this PDE not of the form (4.4.12) and calculate the Lie brackets
of the corresponding vector fields.

5. Show that the solutions to the Tzitzeica equations

Uy = et — e—Zu

where # = u(x, y) which admit a scaling symmetry (x, y) — (cx, c"'y) are

characterized by the Painlevé IIl ODE with special values of parameters.



Lagrangian formalism and
field theory

Our treatment of integrable systems in the first three chapters made essential
use of the Hamiltonian formalism both in finite and infinite dimensional
settings. In the next two chapters we shall concentrate on classical field the-
ory, where the covariant formulation requires the Lagrangian formalism. It
is assumed that the reader has covered the Lagrangian treatment of classical
mechanics and classical field theory at the basic level [102, 187]. The aim of
this chapter is not to provide a crash course in these subjects, but rather to
introduce less standard aspects.

5.1 A variational principle

In the Lagrangian approach to classical mechanics states of dynamical systems
are represented by points in #-dimensional configuration space X with local
coordinates ¢*,i = 1, ..., n. Physically 7 is the number of degrees of freedom
of the system.

A trajectory ¢ (¢) is determined from the principle of least action. For given
initial and final conditions (q1, #1, q2, 2) the action is defined by

S[q) = / " Liq(t). q(0)dr. (5.1.1)

where the Lagrangian L is a smooth function of q and ¢, that is a function on
the tangent bundle TX. A natural example leading to Newton’s equations for
a particle with a unit mass moving in a potential U = U(q) is given by

1
L= Elfll2 - Ulq). (5.1.2)

where |q]| is the Euclidean norm.
Let qs(#) be a family of curves depending smoothly on a parameter s such
that

qs(t1) = q(t1), qs(t2) =q(t2), and qo(t)=q(t) teln, ]
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The variation 8q is defined, for each fixed #, by

oq = d |
q= ds Qs ls=0-
The particle will follow a trajectory for which the action is stationary, that is,
8§ =0.

Integration by parts shows that this condition leads to the Euler-Lagrange
equations: The variation of the action
oL . 9L .
(—Sqt + —5q1> dt

d b
88 = —Sls=0 = / :
ds , \oq g’

1

vanishes if the Euler-Lagrange equations

o5 " oa =" (5.1.3)
hold, as 84" vanishes on the boundary of [t, 5].

The Euler-Lagrange equations are usually non-linear and exact solutions
are difficult (or impossible) to obtain. In some cases linearization leads to
satisfactory approximate solutions. To find these one chooses an equilibrium
position, that is, a point qo € X such that

oU

aq

and expands U around this equilibrium neglecting terms of order higher
than 2

lg=q0 = 0,

2
U = const + %bl-,-q’q’, where  b;j = %L}:qo.

The symmetric quadratic form b can be diagonalized, and the system under-

goes small oscillations with frequencies given by the eigenvalues of b.

Most problems treated in this book owe their interesting physical and
mathematical properties to the non-linearity of the underlying equations, and
resorting to the method of small oscillation is not appropriate. There is a less
well-known alternative: Consider a particle in R”*! with the Lagrangian (5.1.2)
where U : R™! — R is a potential whose minimum value is 0. The equilibrium
positions are on a subspace X C R™! given by U = 0. If the kinetic energy of
the particle is small, and the initial velocity is tangent to X, the exact motion
will be approximated by a motion on X with the Lagrangian L’ given by a
restriction of L to X

1
L’:zh,s)'/')'/s, r,s=1,...,dim X (5.1.4)
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Here, the y’s are local coordinates on X, and the metric b = b,(y)dy"dy® is
induced on X from the Euclidean inner product on R”!, The Euler-Lagrange
equations for (5.1.4) are

P e =0, (5.1.5)

where the functions I'/, = I'] (y) are the Chrisoffel symbols of the Levi-Civita
connection of b (given by (9.2.5)). If, for example, U = (1 — 72)?, where 7 = |q|,
then the motion with small energy is approximated by the motion on the unit
sphere in R™! where trajectories are great circles, that is, a circular motion at
r = 1 with constant speed. The true motion will have small oscillations in the
direction transverse to X, with the approximation becoming exact at the limit
of zero initial velocity [142].

In Arnold’s treatment [5] of constrained mechanical systems the constraints
are replaced by a potential which becomes large away from the surface of
constraints. The method leading to (5.1.4) does the converse: A slow motion
in a potential becomes a free motion on the manifold of constraints.

5.1.1 Legendre transform

Given a configuration space X, and a Lagrangian L:TX — R, define »

functions, called conjugate momenta, by
_ 9L
=95

pi

We will assume that (g, p) can be used as coordinates in place of (g, ¢). The
Hamiltonian H = H(p, q, t) is then defined by the Legendre transform

H(q, p.t) = pid' — L(q, 4.1 (5.1.6)

where in the above formula § must be expressed in terms of (p, g), and we
assume that the Lagrangian can explicitly depend on ¢. Comparing the two
differentials

oH oH . 0H .
H = i D ! R = i 7 - L 9 .’
d ™ pi + qldq+8tdt d[piq (q.4.1)]
. oL . 0L
=q4'dp — —dg' — —dt
b= 5% ~ 5
leads to
oH oL
oL (5.1.7)
Jat Jat

and the Hamilton canonical equations (1.1.2) where in this chapter we use
upper indices and lower indices for position and momenta, respectively.



5 : Lagrangian formalism and field theory

The reader will have noticed that we have abused the notation. In general
9(H + L)/dt # 0 despite that (5.1.7) suggests otherwise. The apparent paradox
(which Nick Woodhouse calls the second fundamental confusion of calculus
[187]) serves as a warning. The meaning of 8/d¢ in (5.1.7) depends on what
variables we hold fixed. These variables are different in the Lagrangian and
Hamiltonian formulations, although the time coordinate ¢ is unchanged by the
Legendre transform.

5.1.2 Symplectic structures

In Section 1.3 we considered Poisson structures as a general arena for the
Hamiltonian formalism. Here we shall concentrate on symplectic structures
which arise as special cases of Poisson structures.

A symplectic manifold is a smooth manifold M of dimension 2# with a
closed two-form w € A?(M) which is non-degenerate at each point, that is,
" # 0. The symplectic two-form restricted to a point in M gives an isomor-
phism between the tangent and cotangent spaces given by

V— V],

where V is a vector field, and J denotes a contraction of a differential form
with a vector field. Using index notation (VJ ), = V?wgp. In particular a
function f on M gives rise to a Hamiltonian vector field Xy given by

X/ w = —df (5.1.8)
The Poisson bracket (1.3.8) of two functions f, g can be defined as
{f.8) = Xe(f) = 0(Xg, Xp) = —{g, [},

where (Xg, X¢) = XrJ (X Jw). It automatically satisfies the Jacobi
identity as

0=do(Xs, Xg, Xx) = {f. {g, k}} + {g. (k. 1} +{k ([, g}}.
It also satisfies
[Xr, Xel = =X £,

which follows from calculating the RHS on an arbitrary function and using
the Jacobi identity.
Hamiltonian vector fields preserve the symplectic form as

Liex, (w) = d(XfJ o) + XfJ dw = —ddf =0,

where Lie is the Lie derivative (A3) defined in the Appendix A. Conversely if
a vector field Lie derives  then it is always Hamiltonian provided that M is
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simply connected. The one-parameter group of transformations generated by
a Hamiltonian vector field is called a symplectomorphism.

The Darboux theorem stated in Section 1.3 implies that symplectic mani-
folds are locally isomorphic to R?” with its canonical symplectic structure

n
w=Y dpiAdg'. (5.1.9)
i=1
The formula (5.1.9) is also valid if M = T*X and p; are local coordinates on
the fibres of the cotangent bundle.
If w is given in the Darboux atlas, then the Poisson bracket is given by
(1.1.1), and the Hamiltonian vector field corresponding to the function H is

" 0H 3 aH 9

S apiagt aq' ap

In general
2 9H 9
Xu= 302l
b
a,b:l 85 aéd
where £,a =1, ..., 2n, are local coordinates on M.

5.1.3 Solution space

Let M be a solution space of a second-order Euler-Lagrange equations (5.1.3).
We shall assume that no boundary conditions are imposed on the variation §q,
and derive the symplectic structure on M from the boundary term in (5.1.3).
Let

Spr = / " Liq(t). a(e))de

f

be a function on M. Consider a one-parameter family of paths q;(¢). Then
%|s:0 = %&Ilg
because equations (5.1.3) are satisfied. Rewrite the last formula as
dS> = P, — P,

where

P: = pidq'l:
is the canonical one-form on T*X. The identity ddSi, = 0 implies that

w=dP, =dP, (5.1.10)
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is a two-form on M = T*X which does not depend on the choice of points
i, bh.

5.2 Field theory

Let RLP denote a (D + 1)-dimensional Minkowski space-time with coordinates

0 .1 D)

xt=(x",x, ..., x") = (t,x),

and the flat metric of signature (+ — —--- —)
ds? = ndx'dx’ = dt* — |dx|*.

This metric will be used to raise and lower indices. We shall discuss a relativis-
tic field theory of N scalar fields. Let ¢ : RP*! — Y € RN be a scalar field with
components ¢?,a =1, ..., N, on R"P,

We assume that the Lagrangian density £ = £(¢?, 3,¢7), where 9, = 9/9,
depends only on fields and their first derivatives. The action is given by

S = L dPxdt. (5.2.11)
RPxR
The field equations are derived from the least-action principle

AL 9 AL
A Ixt 3(dp?)

The natural Lorentz-invariant Lagrangian density
1
£ = 59,9"0"9" = U(@). (5.2.12)

leads to the second-order field equations

oU
3¢
Suppose that a Lie group G acts on the spaces of dependent and independent

variables in the way described in Chapter 4. Suppose that the infinitesimal
group action changes the Lagrangian by a total divergence

39"9,¢" = —

(5.2.13)

L— L +¢0,B"

for some B*(x) (this condition must hold before the field equations are
imposed). If G acts only on the target space Y we talk about internal sym-
metries. In a neighbourhood of the identity transformation we have

¢ (x) —> ¢ (x) + £ W(x).
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We calculate the corresponding infinitesimal change in the Lagrangian
density

oL oL oL
L— L+¢ [—a(auw)aﬂ(w/“) + Y W”:| =L +€0, |:—8(8M¢>‘1) W”]

+ e[ﬁ—au—aﬁ 1|W”
a¢? 0(0,97)

We now use the Euler-Lagrange equations to set the last term to zero. There-
fore
L

wo— Wa_Bu= 0’
1" = S (7o)

is the conserved current. The divergence free condition

implies the conservation of the Noether charge
O= / J%dPx.
RD

An application of the divergence theorem shows that this charge is independent
of time if J vanishes at spatial infinity

0
dQ _ idez_/ V- JdPx = 0.
dt RrD OF RD

If the action of G on Y is trivial, and G acts on RP*! isometrically we talk
about space-time symmetries. The Lagrangian (5.2.12) is invariant under the
transformation

xt — x"* + e VH(xV).

Infinitesimally the field and the Lagrangian density transform by the Lie deriva-
tive along the vector V = V#3,

¢ —> ¢ (xM* +eV*) = ¢? + elieygp? and L —> L +elieyL.

Assume that V# is a constant vector, so that G is the group of space-time trans-
lations. The conserved current is in this case given by the energy—-momentum
tensor
" L
v
9(9,.9%)

av¢a - U’Jﬁ
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This tensor is divergence free, 3, T* = 0, and the associated conserved charges
are the energy E and momentum P;:

E=/ TYdPx and P,-:—/ TdPx, i=1,...,D.
RD RD

The conservation of E and P; is therefore related, by Noether’s theorem, to
the invariance of £ under the time and spatial translations, respectively. In the
special case, when L is given by (5.2.12) we can define the kinetic and the
potential energy by

T= %/ (bf(bdex and V= [%V¢a,v¢a+U(¢)i| dPx (5.2.14)
RD

RD

sothat E=T+ V.

5.2.1 Solution space and the geodesic approximation

A solution space S of the Euler-Lagrange equations (5.2.13) is an infinite-
dimensional manifold, and formally we can equip it with a symplectic struc-
ture, which arises from the boundary term in the variational principle. Let ¢
be a solution to (5.2.13). A tangent vector §¢ to S at a given solution ¢ is the
linearization of (5.2.13) around ¢

2

W|¢,:q,05¢’7. (5.2.15)

8,01 8¢ = —
Analysing the variation of the action along the lines leading to (5.1.10) we find
a closed two-form Q on &

d d
Q819, 829) = / [81¢“a—<62¢“> - 8@“—(8@“)} dPx,
RD t 3t
where §1¢ and §,¢ are two solutions to (5.2.15) which implies that integrand
does not depend on .

The dynamics of finite-energy solutions to (5.2.13) with small initial velocity
can be reduced to a finite-dimensional dynamical system. The idea goes back to
Manton [113], and the method is analogous to the argument leading to (5.1.4)
with R™! replaced by an infinite-dimensional configuration space of the fields
¢, and X replaced by the the moduli space M of static finite-energy solutions
to (5.2.13).

Assume that all finite energy static solutions ¢gs = ¢s(x, ) to (5.2.13) are
parameterized by points in some finite-dimensional manifold M with local
coordinates y. These solution give the absolute minimum of the potential
energy. The time-dependent solutions to (5.2.13) with small total energy (hence
small potential energy) above the absolute minimum will be approximated by
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a sequence of static states, that is, a free motion in M. This free motion is
geodesic with respect to a natural Riemannian metric on M

hrs(y):/ Eﬁfaifd’?x (5.2.16)
o dy" Ay

which arises from the kinetic energy (5.2.14) by
Loaetaat o 1 000t

T=—- = — d
2 Jo» 0t ot 2 Jov 9y7 9p° X
1 .
= Ehrs(y)y'ys-

5.3 Scalar kinks

In this section we shall study solitons in the context of Lagrangian field theory.
The term ‘soliton’ here has a different meaning to that which we used in the
first three chapters. The solitons are necessarily static and the inverse scattering
theory is not used in general.

Definition 5.3.1 Solitons are non-singular, static, finite energy solutions of the
classical field equations.

At the quantum level solitons correspond to localized extended objects (par-
ticles): Kinks in one-dimension, Vortices or Lumps in two dimensions, and
Monopoles in three dimensions. One finds solitons by solving classical non-
linear equations exactly. Sometimes time-dependent solitons are considered
and it is required that they are non-dispersive and preserve their shape after
collisions. These are ‘rare’ in the sense that they only appear in integrable field
theories which we studied in Chapter 2.

Consider a single scalar field on two-dimensional space time. The
Lagrangian density (5.2.12) with D = 1 gives

Y R _T_
L—/R[Zast 29} U(¢>]dx-T v,

where ¢; = 3¢, ¢, = 3.¢ and

1 1
Tszqutzdx, V=fR[E¢>§+U(¢)} dx

are the kinetic and the potential energies, respectively. The field equations
(5.2.13) are
du

D1t — Pxx = —%- (5.3.17)
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A N

Figure 5.1 Multiple vacuum

We need U(¢) > Uy for a stable vacuum, and we choose the normalization
Uy = 0. Assume that the set U~!(0) = {¢1, ¢2, ...} is non-empty and discrete
(Figure 5.1). In perturbation theory ¢ undergoes small oscillations around one
of the minima, ¢ = ¢1 + §¢. The basic perturbative excitation is a scalar boson
with a squared mass equal to the quadratic part of U when expanded about
a minimum. This is because (5.2.12) is the Lagrangian density for the Klein—
Gordon equation (J + 72)8¢) = 0.

The finite-energy solutions must asymptotically approach an element of
U~1(0). This element can however be different at different ends of a real line.
The simplest topological solitons are characterized by the boundary conditions

o= ¢ as x— —oco and ¢ = ¢ as X — 00,
and cannot be treated within the perturbation theory. These are the Kink
solutions connecting neighbouring vacua. The static field equation
dU
d¢
formally resembles the Newton equations in classical mechanics. It inte-
grates to

¢xx =

1
Ed)’% =U(¢) +c, ¢ = const.

The boundary conditions yield U(¢1) = U(¢,) = 0, and therefore ¢ = 0. The
kink solution is implicitly given by

X — Xy = (5.3.18)

¢ 1 -

+ / - d}.
V2U(¢)

The RHS diverges near a minimum of U. Here the constant xq is the location

of the kink and the sign on the RHS corresponds to the direction of the kink.
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The potential energy of the kink is

E:/<%¢§+U)dx:/2de.

o Example. Let U = A?(¢? — a?)?/2. In perturbation theory this describes a
scalar boson with mass 21a, because

1 1
U(g) = 5A2<¢ +a)’(¢p—a) = E(zm)zw —a)*+O[(¢ —a)’]

and we regard a and ¢ as dimensionless. The integration (5.3.18) gives

1 (* d¢ 1 1
X —Xxp = ixﬁ m = :I:Etanh ((P/ﬂ)

Therefore
¢k (x) = +a tanh[ a(x — x0)] (5.3.19)

which approaches +a as x — +oo. This is a truly non-perturbative solution
as for the fixed boson mass m = 2ia the RHS of (5.3.19) is not analytic in
%, and therefore it can not be obtained by starting from a solution to the
(1 + 1)-dimensional wave equation for ¢ and expanding in A.

The energy of the kink is given by

4
E = A2a4/ sech*[1a(x — x0)]dx = §Aa3.
R

We identify E with the mass of the kink. This is because the solution has non-
zero energy density in a small region of order a~!. The energy density has its
maximum at x = xp which justifies the interpretation of xy as the position of
the kink.

The mass of the kink is therefore much larger than the boson mass if a? is
large with Aa fixed, which is the perturbative regime of quantized theory. In
quantum theory the field fluctuations around the kink can contribute to the
kink mass. The higher order corrections are calculated in [141].

A moving kink can be obtained by a Lorentz boost of a static kink:
P(x, t) = pxly (x — vt)], y=(1—v*)""2

It solves the field equation (5.3.17). The moving kink has conserved energy
E = T + V related to its mass by E = y M. It also has a conserved momentum

P = —/ ¢iprdx =y Mu.
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5.3.1 Topology and Bogomolny equations

All finite energy field configurations approach vacuum at +oo. Asymptotic
values cannot change (Figures 5.2-5.4). Topological conserved currents are
properties of a finite energy continuous field. For (5.2.13) with D = 1 topolog-
ical conserved quantities are

¢_= lim ¢ and ¢, = lim ¢.

X——00

If ¢, = ¢_ then the field ¢(x) can be continuously deformed into the zero-
energy vacuum ¢ = ¢,. If on the other hand ¢, # ¢_ then ¢ cannot be continu-
ously deformed into a vacuum, which is the reason for topological stability of

kinks.

Figure 5.2 Kink, N=1

Figure 5.3 Aniti-kink, N= —1

Figure 5.4 Kink-anti-kink pair, N = 0



5.3 Scalar kinks

The associated conserved current
N=¢+_¢7=/¢xdx
R

is an integral of a total derivative which depends only on boundary conditions.
It is conserved because we insisted on the finiteness of the energy. Note that
the field equations have not entered the discussion at this stage. Topological
conserved currents are in this sense different from the Noether currents which
result from continuous symmetries of the Lagrangian.

We shall look for minimal energy configurations. If U > 0 we can always

find W(¢) such that

dW<¢)T

1
-2

Now

k= %/dx(¢3+¢5+"%3>= %/dx[¢3+<¢xi%>2q:z¢x%]
R R

1
=5 [ dx[0? + (0 £ Wo] % [Wig(oo)] - Wip(—co)l.
R
Therefore
E 2 |W[g(oo)] = W[H(~o0)l|. (5.3.20)

This is the Bogomolny bound. It depends only on the topological data at +o0.
Say

@(00) = ¢y > Pp(—00) = Py.

The minimum energy configurations satisfy ¢, = 0 (the static condition), E =

W(2) — W(¢1) and

dp dW
dx = d¢
which is the Bogomolny equation. Its solutions are kinks (5.3.18).
The field equation (5.3.17) is a second-order PDE, and its special solutions
arise form the first-order ODE (the Bogomolny equation). A time-dependent
solution to (5.3.17) can be found by the Lorentz boost. In general (any dimen-
sion and Lagrangian) the full field equations are usually not integrable, but the
Bogomolny equations are often integrable (and have lower order).

(5.3.21)

e Example. U = A%(¢p? — a?)?/2 gives W= A(a’¢p — ¢>/3). The Bogomolny
equations (5.3.21) yield

by = Ma® — ¢?),
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and ¢ is the static kink solutions (5.3.19) with energy

4
E = W(a) — W(—a) = §Aa3.
This kink is stable as it would take infinite energy to change this solution
into a constant vacuum solution ¢ = 0. In general kinks minimize the energy
within their topological class. The absolute minimum is of course 0 which
corresponds to ¢ = ¢5.

o Example. U = 1 — cos B¢. This theory has infinitely many vacua,

P
n - ﬂa

parameterized by 7 € Z, and kinks interpolate between adjacent vacua. The
field equation (5.3.17) is the Sine-Gordon equation.

Grt — Pxx + Bsin fp =0 (5.3.22)

which is essentially equivalent to (2.1.2) as the parameter B can be set to 1
by scalings of (x, t, ¢).
The kink solution with ¢(—o0) = 0, ¢(0c0) = 27t/ is given by

4
¢ = 5 arctan”! ef¥=%0),

The solution is multivalued and we get all possible kinks depending on which
branch we choose. In this case time-dependent solutions to the full equations
(multi-kinks and solitons) can be constructed using the integrability of the
Sine-Gordon equation. The simplest solution generating technique is the
Bicklund transformation described in Section 2.1.2.

The Sine-Gordon equation admits time-dependent solutions such that ¢
tends to the same limit at +00. These so-called breathers have trivial topolog-
ical charge and owe their stability to the complete integrability of (5.3.22),
and the existence of an infinite number of conservation laws preventing
annihilation into radiation. By contrast U = A%(¢*> — a%)?>/2 does not posses
such solutions, as the corresponding field equations are not integrable.

5.3.2 Higher dimensions and a scaling argument

Can there exist finite-energy static critical points of (5.2.12) in more than
one spatial dimension? In this section we shall examine a scaling argument,
originally due to Derrick [37] and rule out all dimensions higher than 2. In
Section 6.1.1 we shall return to Derrick’s argument in the context of gauge
theory where the spatial dimensions three and four are also allowed.
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If ¢(x) is a static solution to (5.2.13) in D spatial dimensions, then

V2¢—d—U
= do

and ¢ is a critical point of the energy functional
1
E(¢) = / dPx [ZIWIZ + U(¢>} = Egad + Eu.
RD

Consider a one-parameter family of configurations ¢)(x) = ¢1)(cx), where
¢1(x) is a static finite-energy solution. Then

1 1
El¢)] = CD__ZEgrad + C—DEU-

Since E(¢1) is a minimum of E we have
dE[¢]/dcle-1 =0
which implies
(D — 2)Egraa + DEy = 0. (5.3.23)

D = 1. Static solutions are possible with Eg.q = Ey. These are the kinks
(5.3.21).

D = 2. Static solutions are possible with Ey = 0. This can still lead to non-
linear field theories if the target space is a manifold without a linear
structure, ¢ : R?>*! — ¥. These so-called sigma models will be studied in
Section 5.4.

D = 3. Finite-energy static solutions do not exist. Adding a Skyrme term
|[Vp|* to the Lagrangian density allows static solutions via the scaling
argument. See [114] for a complete discussion of the Skyrme model.

Although the D =1 kinks do not generalize to solitons in D > 1, they can
be trivially lifted to translationally invariant solutions of scalar field theory
(5.2.13) in any dimension. These lifted solutions have infinite energy as a result
of the integration along the (D — 1) spatial directions on which the kinks do
not depend. The energy is however finite per unit volume. This type of solution
is called a domain wall. Finally we note that the Derrick argument breaks down
for time-dependent configurations.

5.3.3 Homotopy in field theory

Any static, smooth field configuration ¢ : RP*! — RN is topologically trivial,
as it can be transformed to zero by a homotopy (1 — 7)¢ (see Appendix A for
discussion of homotopy). Non-trivial field configurations appear if we assume
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that the energy density
1
£=2V¢" Vo' +Ug,....0Y)

of a static field decays as r —> oo. This condition alone does not necessarily
lead to finite energy, but it gives rise to a topological classification. Let M ¢ RN
be a submanifold of the target space implicitly defined by

U(d’l’ s ¢N) = Umina

where U, is the minimal value of U. At spatial infinity ¢ = ¢o, must take its
values in M, or the density € will not vanish. Therefore

boo : ST — M,

and smooth field configurations are classified by elements of the homotopy
group mp_1(M).

Later we will meet other ways of classifying smooth field configurations: In
sigma models U = 0, and ¢ : RP*! — X. Fields are classified by elements of
7p(X) as any static field with finite £ must smoothly extend to the one-point
compactification SP of RP. In pure gauge theories gauge fields are classified by
Chern numbers which arise from integrating various powers of the field tensor.
This will be discussed in Section 6.4. Finally in gauge theories with Higgs fields,
the Higgs fields at infinity carry all topological information (see Section 6.3.1).

5.4 Sigma model lumps
Sigma models are non-linear in a fundamental way: the target space is not a

linear space. Consider a field ¢ : R x R? — SN~1, with components ¢ (x*) €
RN which satisfy the non-linear relation

N
D et = 1. (5.4.24)
a=1
The kinetic Lagrangian density

1
L= 50,90 ¢"

gives rise to a non-linear equation. To see this introduce a Lagrange multiplier
A(x*), and consider the Euler-Lagrange equations of

L= L= (1/20hx")(1 =) ¢°¢°).
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This yields
Og? — 19 =0, where O =n""9,0,.

and the constraint (5.4.24). Multiplying the relation above by ¢“, summing
over a, and eliminating A yield the non-linear field equations

O¢? — (¢P0p?)¢® = 0. (5.4.25)

The Lagrangian and the equation (5.4.25) are invariant with respect to global
O(N) rotations of the field ¢. This is an example of a model with an internal
symmetry.

Solving the constraint (5.4.24) yields ¢N = +,/1 — ¢p?¢?, where p,q,7 = 1,

..., N—1, and allows us to write the Lagrangian density as

1
L= S 8pq(@)nund" @797, (5.4.26)

where

_s gkl
8pq = M+1—Z¢'¢’

is the metric on SN=! induced by the Euclidean inner product in RN. Lagrange
densities of the form (5.4.26) where n and g are arbitrary metrics on a space
time and a target space, respectively, define more general sigma models. For
example, superstring theory can be viewed as a sigma model where 7 is a
metric on a ‘string world-sheet’ which is a Riemann surface, and g is a metric
on a 10-dimensional target which plays the role of ‘space time’.

From now on we restrict our attention to (5.4.25) with N = 3. The corre-
sponding model describes the Heisenberg ferromagnet in low temperatures,
when the local magnets line up [66]. The system is characterized by the
direction of the spin vector, that is, a unit vector ¢“.

We will be interested in time-independent solutions with a finite-energy func-
tional [ £d?x. This condition implies that 7|V¢?| — 0 as r — oo, therefore
¢(x') tends to a constant field > at spatial infinity, which we choose to be the
north pole (0, 0, 1). This means that the finite-energy static solutions extend!
to S2. This sphere has infinite radius, and is a one-point compactification of
R?. The Laplacian A in two dimensions is conformally invariant is the sense
that

CAg =Ny

! This is not strictly true, as the finiteness of the L2 norm of V¢ does not imply that V¢ — 0.
There could exist finite-energy maps which do not extend to S2. Sacks and Uhlenbeck [143]
show that this does not happen. Their proof uses the equations of motion and their conformal
invariance.
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for two conformally related metrics g and ¢(x’)g. This can be verified from the
definition
Dg =117 *0,(1g1"2g" ;).
Therefore the static equations
AP — (P AP = 0 (5.4.27)

are satisfied on S2.

Another consequence of the conformal invariance is that the spatial rescaling
does not change the energy, and can be used to shrink any static solution down
to zero. Therefore the solitons we are just about to describe do not fully deserve
their name, and are called lumps by some authors.

Continuous maps ¢ : S — S are classified by their topological degree (in
this context also called topological charge) given by (A7)

O=degg = — / el 0,07 0;¢°d’x
87'[ S2

which partially characterizes static solutions. A field with a given Q cannot be
continuously deformed into a field with different Q. It is now clear why we
have focused on N = 3. The spheres with N > 3 as target spaces would not
lead to non-trivial topological configurations, as the relevant homotopy group
2 (SN-1) vanishes.

The degree Q carries only global information and fields can have different
energies within one topological sector.

Proposition 5.4.1 The energy
1
E-= 5/ 3¢9, d*x > 47| O (5.4.28)
SZ

is bounded from below with equality when the first-order Bogomolny
equations

09" = iSi/S“bC¢b3,¢C (5.4.29)
are satisfied.

Proof 1 Consider the identity
/(a,—¢“ + ;6?9004 (89"  £i6 9" 8;0)d?x = 0
and use the relations
€ij€ik = 67’/@ Sabcgade - 8bd6af _ Sbegcd’ and ¢aa/¢a —

to deduce (5.4.28) and (5.4.29). O
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The solutions to the Bogomolny equations (5.4.29) are critical points of the
energy functionals, and so are also solutions to the second-order static-field
equations (5.4.27). It can be shown [166] that all finite-energy solutions to
(5.4.27) are solutions to the Bogomolny equations. In the context of the
Heisenberg ferromagnet the solutions of (5.4.29) are called spin waves. The
degree of ¢ describes how often the spins aligned along some axis twist around
this axis. More generally, the degree can be interpreted as the number of lumps,
because generically the energy density is concentrated in Q localized regions.

The Bogomolny equations (5.4.29) can be easily solved with the help of
complex numbers. Identify S? with a complex projective line CP! (the cor-
responding model is sometimes called the CP! model, or O(3) model). Let
f : R>' — CP! be given by

2f
Lo IfP

1P -1 $1+ign
= ——— sothat = .
|12 +1 f 1—¢3
(5.4.30)
The Bogomolny equations now imply that [ is holomorphic, or anti-
holomorphic in z = x' + ix*. The total energy (5.4.28) of static fields in terms

of f is given by

¢1+i¢2= ¢3

_L[ dfadf
E‘4/sz<1+|f|2>2

and the rational function

(z—=p1)--- (2= po)
(z—r1)(z—710)

f=c

gives finite-energy solutions which saturate the Bogomolny bound with
deg(¢) = O. This is because only the rational functions give O-fold coverings
of an extended complex plane with finite Q. The overall factor ¢ can be set to 1
by a global rotation of the field. The space of static solutions is isomorphic to
the space-based rational maps because lim,_, o, ¢ = . It is the complement in
C?Q of a hypersurface where the enumerator and denominator have common
poles.

Exercises

1. Starting with the Lagrangian of the Sine-Gordon theory

1
L= z((ﬁf — ¢7) — (1 —cos B¢)
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derive the Sine-Gordon equation. Find a kink solution of the Sine-Gordon
theory, and use the Bogomolny bound to find its energy. How many types
of kinks are there?

. The Sine-Gordon equation is

$xx — u =sing, where ¢ = p(x,1).

Set T = (x +1)/2, p = (x — #)/2 and consider the Bicklund transformations
dp(1 — ¢o) = 2bsin (¢1 3 4)0) and  9;(¢1 + o) = 2b™ ' sin (¢1 5 ¢0>

where b = const and ¢, ¢1 are functions of (z, p). Take ¢y = 0 and construct
the one-soliton (kink) solution ¢;.

. Let ¢ = ¢(x, t) be a scalar field and let U = U(¢) > 0. Define the energy of
solutions to the Euler-Lagrange equations with the Lagrangian density

Lt
L=307 = 362~ U@).

Assume that U = (1/2)¢*(¢*> — p?)?, where p € R. How many static kink
solutions are there? Find a moving kink solution for the model if 8 # 0.

. The Lagrangian density for a complex scalar field ¢ on the two-dimensional
Minkowski space R is

1 1 1
= 5|¢t|2 — 5|<z>x|2 - Exzwl —1¢1*)?*,  aeR.

Find the field equations, and verify that the real kink ¢o(x) = a tanh (Lax)
is a solution. Now consider a small pure imaginary perturbation ¢(x, ) =
¢o(x) +in(x, t) with n real and find the linear equation satisfied by 7.

By considering n =sech (ax)e®* show that the kink is unstable.

. Let ¢ : R>' — S2. Set

2f
Lol /P

and deduce that the Bogomolny equations

-1

3 _
RIS

¢1+i¢2=

3¢ = +e;;6%¢%0;¢° and ¢ =0
imply that f is holomorphic or anti-holomorphic in z = x! +ix”. Find an
expression for the total energy
1

E = z/8j¢“8,~¢“d2x

in terms of f.



Gauge field theory

In Chapter 5 we have given examples of Lagrangians invariant under the action
of symmetry groups. These symmetry transformations were identical at every
point of space time. This is referred to as global symmetry in the physics
literature. In this chapter we shall introduce a concept of gauge symmetry,
where the symmetry transformation is allowed to depend on a space-time
point. This is what physicists call local symmetry. This type of symmetry
is already present in Maxwell’s electrodynamics. The kinetic term iy "d, ¥
in the Lagrangian involving the matter field (electron) v is unchanged if we
replace ¥ by ¢’*?vr, where e is the electric charge of an electron and y* are the
Dirac matrices. If 0 is a constant, we talk about global symmetry. Gauging, or
localizing, this symmetry comes down to allowing 6 = 6(x**). The Lagrangian
is no longer invariant, unless we replace the ordinary derivative 9/9x* by a
covariant derivative D, = 9, — ie A, , where the gauge potential A, transforms
as Ay, — A, +0,0.

The matter Lagrangian is then complemented by adding a gauge term
—(1/4)F,, F*" where F,, =9,A, —3,A, is the gauge field. The whole
Lagrangian is invariant under the local gauge transformations and the gauge
potential is promoted to a dynamical variable. It corresponds to a gauge boson
which in the case of electrodynamics is identified with a photon. The symmetry
group which has been gauged in this example is U(1). Thus electrodynamics
is a U(1) gauge theory. The abelian nature of U(1) implies that there are no
interactions between the photons.

The breakthrough made by Yang and Mills [188] was to replace U(1) by a
non-abelian Lie group G. In the gauging process one needs to introduce one
gauge boson for each generator of G. The bosons are particles which ‘carry
interactions’ between the matter fields, and the form of the interactions is
dictated by the gauge symmetry. The bosons take values in the Lie algebra of G.

If G=SU(3) there are eight gauge bosons generalizing one photon. They
are called gluons. The matter fields generalizing the electron are called quarks.
The quarks are charged with colour, which generalizes the electric charge. The
quantum SU(3) gauge theory is called quantum chromodynamics (QCD). It is
a theory of strong nuclear interactions.
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The standard model unifying electromagnetic and nuclear interactions is
an example of gauge theory with G = SU(3) x SU(2) x U(1). The 12 gauge
bosons in this model consist of a massless photon, 8 gluons, and 3 massive
W and Z bosons which carry the weak nuclear force. The electromagnetic
interaction is long ranged as the photon is massles, but both nuclear forces
are short ranged. In the case of the weak interaction this is due to the corre-
sponding gauge bosons being massive. In the case of strong interaction there
is a still poorly understood mechanism, called confinement, which implies that
the forces between quarks increase when the quarks become separated. This
effectively limits the range of strong interactions to 105 meters. See [168] for
a very good presentation of QCD and other gauge theories in the context of
particle physics.

It is fair to say that the concept of gauge symmetry gave rise to the greatest
revolution in physics in the second half of the twentieth century. It has lead to
several Nobel Prizes awarded for theoretical work: In 1979 to Glashow, Salam,
and Weinberg for their work on gauge theory of electroweak interactions done
in the 1960s. In 1999 to t'Hooft and Veltman for their work on renormaliz-
ability of quantum gauge theories done in the early 1970s. In 2004 to Gross,
Politzer, and Wilczek for their work on asymptotic freedom done in the early
1970s. In 2008 to Nambu for his discovery in the 1960s of the mechanism
of spontaneously broken symmetry in particle physics and to Kobayashi and
Maskawa for their work on CP violation done in the 1970s. More prizes are
likely to follow if the LHC discovers the Higgs particle and other forms of
matter (see the footnote on page 26).

The pure mathematical studies of gauge theory initiated by the Oxford
school of Atiyah led to advances in differential geometry and eventually to
solutions of several long-standing problems in topology of lower dimensional
manifolds [39, 40]. The twistor techniques, proposed by Penrose [129] and
used by Ward [169] to solve the anti-self-dual sector of the gauge field equa-
tions, proved to be a universal language for most lower dimensional integrable
systems describing solitons. The gauge theory lead to Fields medals which
carry the weight of Nobel Prize in mathematics: In 1986 to Donaldson for
his gauge-inspired work on topology of four manifolds. In 1990 to Witten (the
first physicist to be awarded the medal) for his work on mathematical aspects
of quantum gauge theories. In 1998 to Kontsevich for a rigorous formulation
of the Feynman integral in topological field theories.

6.1 Gauge potential and Higgs field

In this section we consider gauge theory in (D + 1)-dimensional Minkowski
space M, ... with a preferred volume from. Let the gauge potential A= A, dx"
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be a one form with values in the Lie algebra g of some Lie group G and let
D = d + Abe the covariant derivative. Let

1
F = szdx”Adx" =dA+ AN A

be the gauge field of A. Its components are given by
Fuo=0,A —0,A, +[A. Al =[Dy, D).
Gauge transformations identify (A, A') and (F, F’), where!
A =gAg ' —dgg™!, F' =gFg™!, and g=g(x")eG. (6.1.1)
The field satisfies the Bianchi identity
DF =dF +[A Fl=d*A+dAAn A— AndA (6.1.2)
+ANdA+ A —dANA- A =0.

In addition to the gauge potential we also introduce a Higgs field ® : RP*! — g
in the adjoint representation, that is, D® = d® + [ A, ®]. Its gauge transforma-
tion is

Q' = ghbg ! (6.1.3)

We should note that the standard model of elementary particles uses a different
set-up for the Higgs field. There one regards ® as a multiplet with complex
scalar fields transforming in the fundamental representation of G. In particular
in the electroweak theory one takes G = U(2), and the Higgs field is a complex
doublet. This theory does not admit solitons. We shall see that choosing the
adjoint representation (6.1.3) will allow solitons in the form of non-abelian
monopoles. Solitons also play a role in supersymmetric gauge theories which
we do not discuss. The reader should consult [41], [162].

Notation

Let % : A? — AP*1=? be the linear map defined by

| det(n)' gl Hp dxﬂpﬂ A A dxMD+1 .

*(dxﬂl A A dxﬂ!’) = m Hope1 I Dil

In this chapter we shall use the letters a, b, ¢, ... to denote the Lie algebra
indices. If G = SU(2) we choose a basis T;,a = 1,2, 3 for the Lie algebra of
SU(2) (anti-Hermitian, traceless 2 x 2 matrices) such that

1 1
[T, Tp] = —eapc 1o, T, = 5i0a7 and Tr(T,T;) = _5541!;-

L Note the sign difference between the inhomogeneous terms in (6.1.1) and (3.3.13). This is
consistent with A = —Udp — Vdr on R2.



6 : Gauge field theory

Here o, are the Pauli matrices, and a general group element is g = exp(a?T})
with o real. The components of D® and F with respect to this basis are given

by
(D, ®)" =3, ®" — e Al @ and Fi =9,A7 —0,AL — AL AL (6.1.4)
If D+ 1 =4, the dual of the field tensor is given by

(F ) = (1/2)8 00 F. (6.1.5)

A two form F = (1/2)F,,dx" A dx" is called self-dual (SD) or anti-self-dual
(ASD) if xF = F or *F = —F, respectively.
In terms of differential forms

1 1
—Tr(F A %F) = —ETr(FWF““)d“x = ZFij“”“d“x,

where d*x = 5Le,05dx" A dx” A dx® A dxP, and we have used the identities

e Pdtn = —dx' Adx” Adx* AdxP and  eupp0 e = —46[[55;]].

6.1.1 Scaling argument

Let us now examine how Derrick’s scaling argument used in Section 5.3.2
applies to gauge fields. Consider the fields (A, @) given by a potential one-form
and a scalar Higgs field, respectively, with energy functional

E= / dPx[|F|* + |D®|* + U(®)] = Er + Epe + Ey.
R

The terms like |F|? here are positive definite and correspond to energy in the
D + 1 splitting, that is,

1 . . .
F = ZB,—,-dx’ Adx’ + E;dx' Adt and |F|* ~ —Tr(B* + E*) # —Tr(F,, F").

(Note that the trace is negative definite for su(r2).) We are interested in static,
finite-energy critical points of this functional. Let A(x), ®(x) be such a critical
point, and let
D(x) = Plex),  Ap(x) = cAlex), Filx) = c?F(cx), and
D(C)(D(C) = CDCD(C.’)C).
This leads to

1 1 1

— Ep+——Epe+—Ey
CD_4 CD—Z CD ’

Eq =
and dE/dc|c-1 = 0 yields

(D—4)Er +(D—2)Epe + DEy = 0. (6.1.6)
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Therefore E.) can be stationary provided that 0 < D < 4. Derrick’s scaling
argument can only rule out some dimensions and configurations. It is not
necessarily true that topological solitons exists if (6.1.6) holds. The following
solutions can nevertheless be shown to exist:

D = 1. Gauged kinks generalizing solution (5.3.18).

D = 2. Vortices with Er = Ey in the Ginsburg-Landau model. Consult the
monograph [114] for detailed discussion of these solitons.

D = 3. Non-abelian monopoles with Er = Epg.

D = 4. Solutions are possible with Epg = Ey = 0. These are instantons in
pure gauge theory.

6.1.2 Principal bundles

The mathematical formalism behind gauge theory is that of a connection on
a principal bundle 7 : P — M with a structure group G. This section is not
meant to be an introduction to this formalism - the definitions and proofs can
be found in [43, 62, 94] — but is included for more mathematically inclined
readers who want to place gauge theory in a geometric context. Other readers
can skip it.

Let @ be a connection one-form with values in g whose vertical component
is the Maurer—Cartan one-form, and let © be its curvature. In local coordinates

w=y Ay +y7'dy and Q=dwo+wArw=y 'Fy, (6.1.7)

where (A, F) are the gauge potential and gauge field on M and y : M — G
takes values in the gauge group. The G-valued transition functions act on the
fibres by left multiplication. If U and U’ are two overlapping open sets in M,
and gyp = g is the transition function, then the local fibre coordinates y and y’
are related by ¥’ = gy. The connection and the curvature will be well defined
in the overlap region if

J/_lA)/ + y_ldy — y/—lA/y/ + J//_ldj// and V_lFV - V/_lF/)//.

These relations hold if A, A, F, F’ are related by the gauge transformations
(6.1.1).

Any section y = y(x) can be used to pull back w and  to the base space,
so that the pulled-back connection A = y*(w) is the gauge potential and the
pulled-back curvature F = y*() is the gauge field. The gauge transformations
(6.1.1) correspond to changes of the section. If the bundle is non-trivial (e.g.
the Dirac monopole), the global section does not exist and the gauge potentials
can be only defined locally.
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Given w we can define the splitting of TP into the horizontal and vertical
components:

TP = H(P) ® V(P),

where the horizontal vectors belong to the kernel of w, that is, H(P) consists
of vector fields X on P such that XJ w = 0. The basis of the distribution
V(P) is given by left-invariant vector fields, and the horizontal distribution is
spanned by

D,=— - A (x)R,, a=1,...,dimg

where R, are the right invariant vector fields on G such that

[Rav Rh] = - gbRC

The curvature is the obstruction to the integrability of the horizontal distribu-
tion as

[Dpu Dv] = _FZVRa-

The negative sign on the RHS is consistent with
1
F = ZFSV"E,dx“ Adx' and A= AZ'E,dx“,
where [T;, Tp] = 5, Tc.

6.2 Dirac monopole and flux quantization

Consider Maxwell electrodynamics as a U(1)-gauge theory on R*! with a field
given by

F = E,—dx’ Adt + EE,‘/kB,‘dx7 A\ dxk.
The Maxwell equations with a source one-form | = J,dx* are

d*F=%x] and dF =0.

If there is no source the duality F — *F corresponds to the symmetry between
the electric and magnetic fields E and B.

The lack of magnetic charges is a consequence of the contractibility of the
space and follows from the Bianchi identity. Allowing the U(1) bundle to be
defined on the complement of a point will allow magnetic charges. Introduce
two coordinate patches U, and U_ in R3 — {0} covering the regions z > —¢
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and z < e, respectively. Topologically R? — {0} is $* x R, and we can think of
U as a two-patch covering of the sphere. Consider the gauge potentials which
are regular in the overlap region:

-_&
Anrztvr

(xdy — ydx) = %(il —cosf)dp, g =const.
b
They are related by a gauge transformation
A, =A_+ idtam_l(y/x) =A + £d¢’
2w 2
where

x=rsinfcos¢, y=rsinfsing, and z=rcosf, 0<60 <m 0<¢ <2m.

The field is given by F = d Ay in Uy, so

F=_8 (xdy Adz+ ydz A dx + zdx A dy) = £ sinedo Ado,
4mr3 47

or

gr
4mrs’

E=0 and B= (6.2.8)
The two-form F is closed but not exact.

We interpret this solution as a magnetic monopole, because it is analogous
to the electric field of a point charge g given by

qr
E = m and B=0

(with A = —gdt/7). In Dirac’s approach [38] the coordinate patches were not
used which led to the appearance of non-physical ‘string singularities’ along the
z-axis (at 6 = w or 6 = 0). A gauge transformation moves the singular string to
any other half-axis which starts at » = 0 and ends at co.

The magnetic flux through a sphere around r = 0 is given by

0= /sz /dA++/ dA_ = fA+ Al) /¢_ —(increase of ¢)

because the equator C has opposite orientations as the boundary in the two
regions U..

Dirac has argued from the QM insight: The potential A couples to parti-
cles/fields of electric charge g via covariant derivative:
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where W is a wave function, and W, = exp (iggp/2m)W_ so that
Dy, = (d_lqA+)\I—’+ = d—qu_ _ Zq_gd¢ exp 1qgp v
2r 2
= eXP<qu¢>D\IJ_.
2r

We require exp(igqp/2m) to be well defined on C so that the gauge transfor-
mations make sense, and we obtain the Dirac quantization condition

gg=27N, NeZ, (6.2.9)

where g and g are any magnetic and electric charges of particles (there would
be a factor h on the RHS if we did not set it to 1). If we accept that all electric
charges are integer multiples of the electron charge e then magnetic charges g
must satisfy ge = 27 N, and the minimal magnetic charge is g = 27 /e. If there
existed just one magnetic monopole in the universe, we would understand
electric charge quantization. Each electric charge would be an integer multiple
of 2 /g.

The Dirac monopole is not a soliton because of its singularity at = 0. Its
energy density decays like 1/7*, and therefore the monopole mass diverges
linearly. This divergence can be regularized, and leads to a large finite mass. So
far no magnetic monopoles have been detected experimentally — all magnets
seem to have two poles.

6.2.1 Hopf fibration

From the the differential geometric perspective the monopole number clas-
sifies the principal U(1)-bundles over a two-sphere S2. The two-sphere is
homotopy equivalent to R3 — {0} in the following sense: Let j : $* — R> be
the inclusion, and let p : R? — {0} — S? be the projection x — x/|x|. Then
poj=1dand jo pishomotopic to the identity map by

(1—1t)x
Ix|

f(x, 1) =tx—

Transition functions for U(1)-bundles over S? are continuous maps from
ST xR to S' x R and the bundles are classified by the degree of these maps
restricted to S'. The connection one-form (6.1.7) w is given by

A, +dy, onU,
w =
A_+dy_ onU_.

This is globally defined on P which gives the transition relations 'V~ = ge'V+.
The bundle will be a manifold if the transition function is of the form eN¢) for
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N € Z. This gives a bundle with the first Chern number — N given by

1

cl=—=—
2 S2 ’

as in general C; = iQ2/27, and the curvature is purely imaginary for the U(1)
principal bundle, that is, 2 =i F (see Section 6.4.1 for the definition of Chern
numbers). This number (which is the negative of the monopole number) only
depends on the transition function, and not on the fact that A satisfies the
Maxwell equations.

The case N = 0 corresponds to a trivial bundle, and N = —1 gives the Hopf
bundle $3 — S2. We shall present a description of the Hopf bundle in terms
of complex numbers. The total space of the bundle is P = §* ¢ C? which is
explicitly given by

22720+ 727V =1, where (Z°,Z') e C2.

Any complex line AyZ° + A Z' = 0 through the origin in C? intersects the
three-sphere in a circle S'. Each circle is a one-dimensional fibre over a point
(Ag, Ap) in the space of complex lines in C2. To specify such a point one only
needs a ratio of complex numbers Ay and A; which is allowed to be infinite.
The space of these ratios is a Riemann sphere CP! (see Appendix B). As a real
manifold it is diffeomorphic to S2, with the explicit map given by (5.4.30). The
projection 7 : §* — §% is
Z]

(Z%T)_»za
in a patch of $* where Z° # 0. The bundle has N = —1 and therefore is not dif-
feomorphic to S? x S'. To see that N= —1 set A = Z'/Z° = tan (8/2) exp (i)
and i = Z°/Z', so that the Riemannian metric on the sphere is

|dAJ?
(1+[2[2)2

Parameterize the three-sphere by

= do? + sin® 0d¢>.

70 = cos (6/2)e® and Z' =sin(6/2)e’!,
where (&, &,6) € R? x S'. The projection is

A+ A A=A =1+
T+ X271+ A1) 1+]a2

(&0, £1,0) = < ) = (sin @ cos ¢, sin @ sin ¢, cos A),

where ¢ =& — &. We shall read off the patching function from two local
sections
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where (Z2°, Z')//|Z°2 + | Z!|? is a unit vector in C? corresponding to a point
in 3. Now

-1
()= il - () s
Viepe \
so the transition function is e, and N = —1. In Appendix B the Chern num-
ber N has a holomorphic interpretation as the Hopf bundle is the restriction
of the tautological line bundle O(—1) over CP! to real fibres.

The family of S!’s in the Hopf bundle consists of circles (sometimes called
the Clifford parallels) which twists around each other with linking number
equal to one. This can be visualized by a stereographic projection of 3 to R3,
where the fibres of the Hopf bundle map to circles in the Euclidean three-space.
This picture has motivated the early development of twistor theory [132].

An alternative description of the Hopf bundle is as the principal fibre bundle
with a total space SU(2), and the fibration

SU2)— SU(2)/U(1) = §?,

where the U(1) is identified with a subgroup of SU(2) consisting of diagonal
matrices. The right action of ! on SU(2) is (Z°, Z!)e'® = (Z0e'®, Z'e'®), where
| Z°2 + | Z"|? = 1. This action fixes the ratio Z°/Z' € CP! = §2.

6.3 Non-abelian monopoles

Choose the gauge group G = SU(2) and consider the Lagrangian density
1 1 ]
L= —ZFZUF‘”" +§DM<I>“D“<D - U(®) (6.3.10)

which is gauge invariant if U(®) is gauge invariant. Choose

1
U(®) = —c(|®> —v?)?, where |®]*=d°d7, ve R,

—c

4

and c is a constant.
The finiteness of the energy is assured by

|®| — v, D,®—0, and F,,— 0, as r — oo. (6.3.11)

The field equations in components relative to the standard basis T¢ can be
derived using (6.1.4):

(D, F*)* = —e?o(D*®)° and (D, D"®)* = —(|®|> — v?)d°.
(6.3.12)
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One solution is A= 0, ® = ®y = const, with |®¢| = v. This ground state is
not unique if v £ 0, and as a consequence the gauge group is spontaneously
broken to U(1). This is because we need ®y = g®og~! to preserve the ground
state.

The reasons for introducing the Higgs field have to do with a description
of short-range interactions in gauge theory carried by massive bosons. Pure
Yang-Mills (YM) fields describe massless particles, with a number of gluons
given by the dimension of the gauge group. Adding a mass term of the
form m? Q(A) which is quadratic in A to the Lagrangian would necessarily
break the gauge invariance. A way around this is to include an additional
field @ such that ® — @, with @ = const at spatial infinity. Strictly speak-
ing the minimum of the potential is not unique, but can be transformed
to @y by a gauge transformation. Then D®y = Ad(, and a gauge-invariant
term |D®|? induces a term quadratic in A with the mass determined by the
constant ®.

6.3.1 Topology of monopoles

In this section we shall consider a soliton — static finite-energy solution to
(6.3.12). We shall chose a gauge Ay =0, so that Dy(f) =0 where [ is any
Lie algebra—valued field which does not depend on time. For notational con-

venience we shall set v = 1, which is always possible if v # 0 by a rescaling of
d. Let

- O
d=—.
[P
The Higgs field at infinity carries all the topological information. The bound-
ary conditions imply that
& = lim @
r—>00
defines a map from S2, (the two-sphere at the spatial infinity) to the unit two-
sphere in the Lie algebra (as |®| = v asymptotically to ensure finite energy).
This field is topologically classified by its degree N (see formula (A7)) related
to the outward magnetic flux at infinity.

The non-abelian monopoles are different from the Dirac monopole in
that the fields are smooth everywhere in R, but there is a connection: the
gauge group SU(2) is broken down to U(1) at infinity in R? by the field
®. A non-abelian monopole looks like a Dirac N-pole when viewed from

a distance. The only difference is that now we have two long-range fields
® and F unlike the one field F (6.2.8) for the Dirac monopole. For short
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distances the theory is however non-abelian which guarantees finite energy and
smoothness.

The non-vanishing part of the gauge field at infinity is the U(1) magnetic
field:

1 R
B = 5 EijkFi; .

To find the magnetic charge of B note that asymptotically D;® = 0 with
|®| = 1 which yields

A? = g7, HPHC 4 k7 (6.3.13)

for some vector k;. The last term is globally well defined and gives no net flux.
We shall calculate the corresponding field

Ff= 0, AY— 3; AY — e AL AS
= 28“”‘8,6}‘8,-&)5 — (87’0178,-&)?’8/&)‘1&)’)&“.
The corresponding magnetic charge is
1 .. n .
Q: zgllk(F;lkq)a)nleS
%

1 .
=f ~eik(ehT 3, B0, D)8 nkd? S
sz 2

=4 N, (6.3.14)

where n is a unit normal to S2, since the integrand is the area form on S2
pulled back to S2, 47 is the area of the unit sphere and

N = deg(&)oo)

is the topological degree (A7). The integer N is called the monopole number,
and 47 is the unit of magnetic charge.

6.3.2 Bogomolny-Prasad-Sommerfeld (BPS) limit

Consider the limit ¢ = 0, |®4| = 1 of the field equations (6.3.12), and define
the non-abelian magnetic field by

1
B,‘ = Z8,‘/kF,‘k.

Theorem 6.3.1 The energy of a non-abelian magnetic monopole is bounded
from below:

E > 47|N], (6.3.15)
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where N is the topological degree of the asymptotic electromagnetic field at
infinity. For positive N the bound is saturated if

x3F = DO, (6.3.16)

where x3 : A¥ — A3F is the three-dimensional Hodge operator given by
k_ L kg i k
#*3dx" = ESI dx’ A dx®.
Proof The energy functional is given by

1 afa 1 a a 3
E = /}; I:ZF”F” + E(DkCD) (Dkq)) i|d X

1
=5 fRS [ BB + (Dp®)*(Dp®)*] d’x

1
= —/ (Bk—Dk¢)“(Bk—Dkd>)“d3x+/ Bf (Dp®)d’x
2 R3 R3

= El +E2, (6317)

where E; is non-negative (recall that E=0 as Ay = 0). The spatial Bianchi
identity Dy Fji = 0 is equivalent to DB, = 0. We use this identity, Stoke’s
theorem, and the cyclic property of trace to rewrite the second term on the
RHS as

Ey=—2 | Tr(ByDy®)d’x = —2 | Tr[Dp(Bp®)]d>x
R3 R3

= _z/ o Tr(Bp®)d>x :/ Bfdnkd®S = 47 N,
R3 S

2
00

where #* is the unit outward normal to the sphere at infinity and we have
identified the flux of the asymptotic electromagnetic field (6.3.14). This yields
the Bogomolny bound (6.3.15) which (for a positive N) is saturated if By =
Dy ® or, in terms of differential forms, if (6.3.16) holds. O

Equations (6.3.16) are nine coupled non-linear PDEs known as the Bogomolny
equations. They imply the static field equations as (A, @) is a critical point of
the energy functional. For a given monopole number N the space of finite-
energy solutions (6.3.16) modulo the gauge transformations (6.1.1) is 4N — 4
dimensional up to an overall rotation [180]. In Section 8.1 we shall see that
the system (6.3.16) is integrable but explicit formulae can only be found for
N =1 and (to some extend) for N = 2.
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In practice the monopole number can be read off from the asymptotic
behaviour of the Higgs field as

N
|®|=1——+ O~ %), where r— oo. (6.3.18)
7

To verify this calculate the topological term E; in (6.3.17) on solutions to the
Bogomolny equations:

E2=/ BZ(DkCD)“d3x=/ (Dp®)* (Dp®)* d°x
R3 R3

=1/ A|<I>|2d3x=1/ V|:1—2—N+O(7'2)i|~d5=4nN,
2 Jes 2 )5

,
where we have used the static field equations DpD® = 0 and the diver-
gence theorem. This is in agreement with the calculation leading to
(6.3.15).

e Example. To find explicit solutions we make the spherically symmetric
ansatz:

a

il
o = hir)— and A= —s" 1 — kir)].
r r

This makes use of the isomorphism su(2) = R? as the ansatz replaces the Lie
algebra indices by the space-time indices. The Bogomolny equations reduce
to a pair of ODEs:

dh

dr B

r2(1—k) and — = —kb.
dr
Using the change of variables H = b +7~! and K = k/r one finds the Prasad-

Sommerfield solution [138]:

. -
q>a=x_[coth<r>—1] and A?=—ea~x—[1— _r ] (6.3.19)
7 7 r2 sinh (r)

This solution has N = 1 which follows from (6.3.18) as
2 1 —r —3r
1—|®F=——=2e" + Oe™™).
7

Asymptotically the solution approaches the Dirac one-monopole (6.2.8) with
g = 47 and mass equal to 47. It is the lowest energy one-monopole configu-
ration, therefore the solution is stable.

The corresponding energy density is given by a spherically symmetric func-
tion concentrated around the origin r = 0, thus supporting the interpretation
of the monopole as a particle located at the origin.
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6.4 Yang-Mills equations and instantons

Let us start with the following:

Definition 6.4.1 Instantons are non-singular solutions of classical equations of
motion in Euclidean space whose action is finite.

In this section we shall study instantons in pure YM theory. Our interest in
such configurations is motivated by QM, where in the WKB approximation
the tunnelling amplitudes are controlled by the exponentially small factor
e S/" where S is the minimal Euclidean action to pass form initial to final
state. In this section we use the Euclidean metric 5,, = diag(1, 1,1, 1), and
the coordinates x*, where u =1, ..., 4. The term ‘instanton’ is used because
a solution localized in R* with a Euclidean metric dx* + dz? is simultaneously
localized in space and in an instant of Euclidean time.
The Euclidean YM action

S=— [ Tr(F AxF)
R4

yields the YM equations
DxF =0. (6.4.20)
Finiteness of the action is ensured by

Fu(x)~ O(1/r%) and A,(x)~ —d,gg"" + O(1/r%), as r — oo,
(6.4.21)
the important point being that the gauge transformation g(x) needs only
to be defined asymptotically, so that g: S3 — SU(2). This function can be
continuously extended to R* if its degree (A8) vanishes. Making another gauge

transformation of A, at infinity will change g, but not its homotopy class.
The boundary conditions can be understood in terms of the one-point com-
pactification $* = R* U {00}, which has a metric conformally equivalent to the
flat metric on R*. The YM equations are conformally invariant and solutions
extend from R* to $*. Any smooth solution of YM equations on S* project
stereographically to a connection on R* with a curvature which vanishes at
infinity with the rate (6.4.21). Uhlenbeck [165] established a converse of this
result: For any finite action smooth solution A to the YM equations on R*
there exists a bundle over $* which stereographic projects to A. The proof
uses the conformal invariance of the YM equations and of the Hodge operator
in four dimensions. In this approach the base space S* is not contractible, so
the principal YM bundles need not be topologically trivial (in fact they are
classified by the same integer which classified the gauge equivalence classes of
Aat oo in R*). Let @ be a connection one-form on a principal bundle P — §*,
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and let
fn:S*—(N={0,0,0,1})) and fs:S8*—(S={0,0,0,—1})

be stereographic projections from the north pole and south pole, respectively.
The connection projects down to (d + Ay) and (d + Ag) on R*, but the pull
back ( fn)*(An) to §* does not extend smoothly to N unless P is trivial, and
the similar statement can be made about the pull-back of Ag by fs. The two
one-forms ( fn)*(An) and ( fs)*(As) are defined on S* — {NU S}, and related
by the gauge transformation g : §3 x R — SU(2) = §3:

(fn)*(AN) = g(fs)"(As)g ™" — (dg)g ™

Let Fy and Fg be the gauge fields of Ay and Ag on R*. The gauge invariance
implies that the four forms

fN Tl‘ FN/\*FN fS TI‘ FS/\*FS)
agree on S* — {N'U S}, and so they are equal and well defined everywhere on
S4.
6.4.1 Chern and Chern-Simons forms
Consider a pure gauge theory on RP. If F takes values in su(n), then the Chern
class [62, 175] is given by
C(F) = det (1 + éF) =1+ C(F)+ Cy(F) +

where C,(F) is a 2p-form (a polynomial in Tr(F*)). The pth Chern form Cy(F)
is gauge invariant (which is why we can work with F and not € defined in
Section 6.1.2) and closed because the Bianchi identity implies that Tr(F*) is
closed for all k. From now on take G = SU(2). We have

Ci(F) = ﬁmm -0 and

LTr(F A F).

1
Co(F) = g [Te(E A F) = Te(F) ATe(F)] = g

Explicitly and in any dimension
1 1
dCy = —Tr(dF AF)= —Tr(DFAF —-—AAFAF+FAAAF)=0,
472 472

where we used the Bianchi identity (6.1.2) and the cyclic property of the trace.
Therefore, since RP is contractible, C, = dY3;, where Y; is the so-called Chern—
Simons three-form given by

1 2
Y3 = WTI‘(CZA/\ A+ §A )
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This can be verified using Tr(A*) = 0.
Integrating the Chern classes over manifolds of appropriate dimensions gives
integer Chern numbers. If D = 4

1 1 1,
62_/R4C2_W‘/1;4dY3 SZ/dT<F/\A_§A>

1 3
= 5377 ), THA) € Z. (6.4.22)

since
Ax = —(dg) g_1 Fo =0, and L/ Tr {[(dg)g_1]3} =deg(g) €Z
T 2472 Jgs ’

where we used (AS).

We shall now explain how to understand this result from the point of view
of bundles over $* with no boundary conditions. Cover $* by two hemispheres
U, and U_ with the overlap being a cylinder U, N U_ = §3 x [—¢, €], where §3
is the equatorial three-sphere and [—¢, €] is a line segment. The connection and
the curvature (6.1.7) are given by

vo "Aye v, 'dy, on U,
w =
yv-"TA y_+y_"'dy. onU_
and
+_l F+ + on U+
Q- V. V.
y_-'F_y_ onU_,

where y_ = gy, and (A,, A_), (F,, F_) are related by the gauge transforma-
tions:

A_=gAg ' —(dg)g”' and F_=gF,g™', whereg=g(x")eG.

We claim that the second Chern number characterizing the bundle is given by
(6.4.22), albeit with a different interpretation of g. We shall use the fact that
both hemispheres U.. are separately contractible, so Chern—-Simons three-form
can be introduced on each of them:

k=— ! Tr(Q/\Q / Tr(F. A F,) Tr(F_/\F_)
872

__ 1 Lo _l 3
- Snz/;s{Tr[lﬂ/\fL 3(&)} Tr[FAA 3(A)“
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-~ [ 1o {5 e~ d[A A )]

872

_ —ﬁ/s Tr {[1dg) ')

in agreement with (6.4.22). In this calculation we interpret g as the transition
function of the bundle P — S*. The bundle is trivial when restricted to U, or
U_, and the non-triviality arises when the hemispheres are patched together
using g: U, NU_ — SU(2). In the case of the one instanton solution k =1
the total space of P is S7 [163]. The argument we have just given readily
generalizes to show that principal G bundles over $” are classified by elements
of the homotopy group 7,,_1(G).

6.4.2 Minimal action solutions and the anti-self-duality condition

Theorem 6.4.2 The YM action S within a given topological sector

1

=— | Tr(FAF)>0
872 Jo 7"F AF) >

(&)

is bounded from below by 8n’c,. The bound is saturated if the anti-self-dual
Yang-Mills (ASDYM) equations

F=—xF or F]z = —F34, F13 = —F42, F14 = —F23 (6423)
hold.

Proof Note that F A F = %xF A %F and calculate

1
S=—= [ Tr[(F+*F)A(F +%F)]+ | Tr(F AF)
2 R4 R*
1 2
= —= Tr[(F + xF) A*%(F +%F)] + 8¢,
2 Jpe
> 87’cy, (6.4.24)

as the first integral is non-negative. This gives the Bogomolny bound for S,
with the equality iff the field tensor is ASD and the ASDYM equations (6.4.23)
hold. O

A similar calculation with ¢; < 0 would lead to the SD equations F = «F. If
the YM connection satisfies the SD or ASD conditions, then the YM equations
(6.4.20) are satisfied by virtue of the Bianchi identity (6.1.2). Changing the
sign of the volume form (reversing the orientation) interchanges ASD and SD

fields.
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The ASDYM fields in R* which satisfy the boundary conditions (6.4.21)
are called instantons, and k = —c, is called the instanton number. There is an
8|k| — 3-dimensional manifold of instantons of charge k [7].

6.4.3 Ansatz for ASD fields

In this section we shall present an ansatz, originally due to Corrigan and Fairlie
[34], which reduces the non-linear ASDYM equations to the Laplace equation
in R*. The ansatz will lead to explicit instantons with arbitrarily large instanton
number.

Introduce the antisymmetric objects o, on R* by

Oab = €abc Lo,  Oa4 = —04q =1,

where T,,a =1, 2,3, form a basis of su(2), that is, [T, T] = —&4.1.. Note
017 = 034 etc. One can check the relation

[GHKv UU)»] = _Suvakk + 8;0»@(\1 + 8KVJMA - SKAGMV

which implies the identities

OO = _wa — Oues OOy = =31, (6.4.25)

Note that
1

= EuvrOicp = Opy

2

so the objects 0, are SD. This has the following interpretation. The Lie algebra
50(4) = su(2) @ su(2) regarded as a six-dimensional vector space is isomorphic
to the space A? of two-forms on R*. The forms o,,, select the three-dimensional
space of SD two-forms A2 from the six-dimensional space A* = A2 & A2 and
project it onto su(2). The three-dimensional vector spaces su(2) and A2 are
isomorphic.

Proposition 6.4.3 Let p : R* — R be a function. The potential
dp

dx* (6.4.26)

A=oy,

satisfies the ASDYM equations (6.4.23) iff the Laplace equation
Op=0 (6.4.27)
holds, where O = n*¥9,,0,.

Proof The YM field corresponding to (6.4.26) will be ASD iff

1
EGWFW =0u(0, A + A A) =0,
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which follows from
o Fia+ - +034F3 + - = o12(F12 + F34) +
Now compute
o0, Ay + A A))

0.0 0,00 p
= GMV UM%T + O—MAGVKT

~ éa o 0u0xp  0,.00up . —53 oo 0,00 p
= 4 s 778 0 ,02 4 VA VA VK )02

30 aup
"4 )

So F is ASD iff 8,0, p = 0 which is (6.4.27). O

The basic solution p =772 is a pure gauge and gives F = 0. The Jackiw—
Nohl-Rebbi (JNR) N-instanton solutions [91] are obtained by superposing
(N + 1) fundamental solutions to the Laplace equation:

4.2
p= Z|x_xp|2 (6.4.28)

This family of instantons depends on SN +4 parameters consisting of the
choice of N+ 1 points in R* or $* as the overall scaling of p has no effect.
The instanton number is N, because each of the (N + 1) singularities can be
removed by a gauge transformation g, : (S*), — SU(2) of degree one defined
on a sphere Sg surrounding the point x;, and no other singularities, and one
unit is taken away because of the asymptotic behaviour of the gauge field.
The general N-instanton solution is known to depend on 8 N — 3 param-
eters, and the JNR ansatz gives all solutions for N =1 and 2. In the limiting
case, where one of the fixed points is at co we recover the ' Hooft ansatz [156]:

_1+Z x—xplz

This depends on SN parameters and, unlike (6.4.28), is not conformally
invariant, as we have selected a point in R*. Although the gauge potential
has singularities in both JNR and t'Hooft solutions, the field itself is regular.

6.4.4 Gradient flow and classical mechanics

This section is intended as a physical motivation for studying instanton solu-
tions of the YM equations in the Euclidean signature. We shall follow the
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treatment of [40] and present a reformulation of Euclidean YM theory as

classical mechanics on an infinite-dimensional manifold of connections on R3.
Consider a trajectory g*(t) of a particle with unit mass moving in a potential

V(q) in RP, with coordinates g*, k = 1, ..., D. The equations of motion are

.. aV(q)

k

-t )
q 3k (6.4.29)

Assume that V = —|VW/|?/2, where W = W(q). Then any solution to the first-
order gradient-flow equations

ke _OW
4= 3o

is automatically a solution to (6.4.29) as

d (oW W W 0 [1
3 2
= — )z = — | Z|IVW .
1 dt <3qk> dgkdq’ dq’  aq* <2| | >

The total energy of these special solutions is
SIVWE + Vig) =0,
and adding a constant E to the potential generalizes this to
%|VW/|2 +V(q)=E. (6.4.30)

Now consider a corresponding QM problem governed by the Schrodinger
equation

hZ
—ivzqf + VWU = EV,

where W(q) is the complex wave function. Represent the wave function as

N :a(q)eiW(q)/h,

where a(g) and W(q) are real valued. In the WKB approximation one analyses
the leading terms in the % expansion of the Schrodinger equation. The lowest
order h coincides with the gradient flow (6.4.30). In the classically forbidden
region V > E the appropriate asymptotic form of the wave function is

U= a(q)eW(q)/h,

and one finds that the quantum system is approximated by a classical motion
along the gradient lines with a reversed potential, that is,

%|VW|2 = V(q) — E. (6.4.31)
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Thus the QM tunnelling between two minima gy and g1 of V separated by an
energy barrier is governed by a classical gradient-flow motion with a reversed
potential.

A far-reaching extrapolation of this example is that solutions of classical
equations of motion with a reversed potential (or equivalently in imagi-
nary time) are relevant in quantum field theory. In particular the reversed
gradient-flow trajectories approximate the QM tunnelling between topologi-
cally inequivalent classical vacua.

Consider the YM equation over a ‘space-time’ R? x R, with its Euclidean
metric. Let Y = R3, and let ¢ be a local coordinate on R. The ASDYM equations
(6.4.23) can be considered as an evolution equation for a one-parameter family
of connections A(t) on Y. Let A= A4dt + A. In a gauge where A4 = 0 we have

dA;
Fai= =7

and the ASD equations (6.4.23) become

04, 1
o T2
or
% = x3F[A(2)], (6.4.32)

where F[A(¢)] is the curvature of a one-parameter family of connections A(z)
on Y, and ;3 is the Hodge operator on Y related to the Hodge operator on R*
by *4(dt A @) = x3¢ for any one-form ¢ on Y. These equations can be further
rewritten in a gradient-flow form

ar_sWIAl
dt ~ SA; ’

where
WIA] = / Tr(A A dA + %A/\A/\A)
Y

is the Chern—Simons functional in three dimensions.

Now consider the Lorentzian YM equations in the temporal gauge. These
equations can be formally regarded as the motion of a particle in an
infinite-dimensional space of connections on Y because the Lorentzian YM

Lagrangian is
1. 5
S1IA[" — VIA] ) dt,
r \2
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where the potential V[A] is given by the magnetic part of the YM curvature,
that is,

. dA; dA,;
2 3
[|A]| _/ Tr( I )d and

1 SW W
A== [ TeEF)dx== [ Tr
VIA] / r(F Fyj)dx = Z/R; <8A 5A>dx ‘8A

The analogy with classical mechanics is achieved by making the following
formal replacements:

RP —  space of connections on Y
P =q'qt — Al = / Tr(AA ) x
Y

1)
A
The Euclidean YM equations correspond to a motion with a reversed poten-
tial and the gradient lines (6.4.32) of W[A] are the YM instantons — finite
action solutions to the Euclidean YM equations. The YM quantum field theory
can be regarded as a QM on the space of connections on Y, and the QM
tunnelling takes place between different flat connections on Y.

vV —

Exercises

1. Derive the Yang-Mills-Higgs equations of motion (6.3.12) from the
Lagrangian (6.3.10).
2. Show that in SU(2) Yang-Mills-Higgs theory the general solution to the
equation D;® = 0 with |®| = 1 is
A? = _Sabcal_&)bc’i)c + k,’&)a
for some k;, and calculate the gauge field corresponding to this potential.
What can you deduce about the solution of the equation D;® = 0?
[Hint: Write ® = |®|® and use the covariant Leibniz rule].

3. The Higgs field ® at infinity defines a map from $2 to $2. In polar coordi-
nates the asymptotic magnetic field has non-zero components:

F9¢ = Eabcag <f>“3¢<f>bﬁ>c.
By writing

® = (sin v cos , Sin v sin (4, Cos v),

wherev = v(0,¢) and = u(0, ¢)show that the magnetic charge satisfies

g= / Fopd6d¢ = 4mdeg (D).
SZ
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. Make the ansatz

o x]
¢ = h(;’)ﬁ and A% = —8“”x—2[1 — k(r)]
7 7

and show that the Bogomolny equations for the non-abelian magnetic
monopole reduce to

W =r2(1-Fk) and K =—kh.

Use the change of variables H=h+7r"' and K =k/r to find the one-
monopole solution (6.3.19).

. Derive the pure SU(2) YM theory on R* from the action. Let A,(x) be a
solution to these equations. Show that Kﬂ(x) = cA,(cx) is also a solution
and that it has the same action.

. Show that any two-form F in four dimensions satisfies F A F = xF A *F.

. Let A be a one-form gauge potential with values in su(2), and let F be its
curvature. Verify that Tr(A), Tr(AA A), Tr(AA AA AA A), and Tr(F) all
vanish.

. Show that the harmonic function p = 72 in the ansatz (6.4.26) gives a pure
gauge potential and implies F = 0.

The ansatz (6.4.26) with the harmonic function p = 1 + =% determines a
one-instanton solution. Use the explicit integration to find the second Chern
number of the corresponding bundle.

. Consider the map g : $3 — SU(2) defined by

glx1, X2, x3, x4) = x41 + i (x101 + X202 + x303),
where o; are Pauli matrices and x{ + x3 + x5 + x7 = 1 and find its degree. By
calculating Tr{[(dg) g~']?} at the point on S* where x4 = 1, or otherwise

deduce that the formula

deglg) = 555 [ Te{llder e 1T’}

is correctly normalized.



Integrability of ASDYM
and twistor theory

The ASDYM equations played an important role in the last chapter because
of their connection with the YM instantons. In this chapter we shall explore
the integrability of these equations using the twistor methods. The twistor
transform described in Section 7.2 is a far reaching generalization of the inverse
scattering transform studied in Chapter 2. All local solutions to the ASDYM
equations will be parameterized by certain holomorphic vector bundles over a
three-dimensional complex manifold called the twistor space. Some solutions
to ASDYM can be written down explicitly as the equations can be reduced to
a linear problem. The class (6.4.26) is one example. While one cannot hope
to write the most general solution in terms of ‘known’ functions, the twistor
methods will allow to reduce the problem to a number of algebraic operations
like the Riemann-Hilbert factorization.

We shall start by introducing the Lax pair for the ASDYM equations, as it
plays a pivotal role in the twistor correspondence.

7.1 Lax pair

In this chapter we shall consider complex solutions to the ASDYM equations
on the complexified Minkowski space. Once the integrability of ASDYM is
understood in this setting, the reality conditions can be imposed.

Consider the complexified Minkowski space Mc = C* with coordinates
w, 2, W, Z, and the metric

ds? = 2(dzd% — dwdw). (7.1.1)

The signature of the metric in C* is not well defined, as it can be changed by a
complex coordinate transformation.

Let x', x%, x>, x* € R. There are three different reality conditions one can
impose on Mg which lead to R?9, that is real flat metrics of signature (p, g)

with p +g =4 on R*.
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o Fuclidean slice

xb +ixt . X% +ixd
g=—"" 3=%Z w=- , and w=-w
V2 V2
o Lorentzian slice
alb et L oxl— x2 +ix3 o
Z= Z=——, w=————, and w=7w.

V2 V2 V2

In the context of integrable systems it is also interesting to consider the neutral
reality conditions resulting in a real metric in (2, 2) signature. There are two
inequivalent ways to do it:

e Neutral slice (a). Take z, Z, w, and w € R.
¢ Neutral slice (b)

X +ix
Z =

Choose the orientation given by the volume form
vol = dw A dw A dz A dZ.
The two-forms
wr=dwAndz, wry=dwAdw—dzAndz, and w3 =dzAdw (7.1.2)

span the space of SD two-forms. We write D,, = 9,, + A, etc. The ASD condi-
tion (6.4.23) becomes F A w; = 0, or

sz = 0, Fw,], — Fzz, and Fujg =0. (713)

The ASDYM equations arise as the compatibility condition for an overde-
termined linear system. This is an important concept which underlies the
integrability of the ASDYM (and other equations). Let us motivate it with
an example which is essentially the zero-curvature representation (3.3.10)
presented in a gauge-theoretic context.

o Example. Let A,, A, be gl(2, R)-valued functions on R? which depend on
(x, y). Assume that we want to find a two-component vector v depending on
(x, y) which satisfies

D :=03v+Aw=0 and Dyv:=09yv+ Ay =0. (7.1.4)

This is an overdetermined system as there are twice as many equations
as unknowns (the general discussion of overdetermined systems and their
solutions is given in Appendix C). The compatibility conditions com-
ing from the Frobenius theorem (Theorem C.2.5) can be obtained by
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cross-differentiating
0y0xV — 0x0yv = —0y(Ayv) + 0x(Ayv) = (0 Ay — 0y Ay + [Ay, Ay]Ju =0

as the partial derivatives commute. Therefore the linear system (7.1.4) is
consistent iff the nonlinear equation

B, Ay — 8y Ag + [Ay. Ay = 0 (7.1.5)

holds. This is just the flatness F =0 of the connection A= Adx+ A,dy,
and we could have obtained this result directly by commuting the covariant
derivatives

Fyy := Dy, Dy] = 0

in (7.1.4). Let us assume that F,, = 0, and let g be a fundamental matrix
solution to (7.1.4), that is, a matrix whose columns are two linearly inde-
pendent vectors satisfying (7.1.4). Then multiplying (7.1.4) by g~ ! yields the
general solution to (7.1.5)

A= —(0cg)g”' and Ay = —(ayg)gfl,

and A= —(dg)g™! is a pure gauge. Using the Jacobi identity we could show
that the calculation yields the same result (7.1.5) if solutions of (7.1.4) are in
the adjoint representation.

In Section 3.3 we have seen that many non-linear integrable equations admit a
zero-curvature representation analogous to (7.1.4). To make the whole picture
non-trivial one needs to introduce a parameter into the picture. In the case of
ASDYM equations one proceeds as follows: Consider the pair of operators

L=D;—AD, and M= Dz — D, (7.1.6)

which commute for every value of the complex spectral parameter A € CP! as
a consequence of ASDYM

[L, M]:F%II)_)L(FwII)_Fz%)"')‘szz:O-

Therefore the ASDYM equations arise as the compatibility condition for an
overdetermined linear system

LY =0 and MV =0,

where W = W(w, z, W, Z, A) is the fundamental (matrix) solution. A pair of
differential operators like (7.1.6) is called a Lax pair. Another terminology
used in Section 3.3 and due to Zaharov and Shabat is the ‘zero-curvature
representation’. This encapsulates the geometric content of (7.1.6) but is not
appropriate if L, M are operators of higher order. The existence of a Lax pair
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with a spectral parameter seems to be the key, if not the defining property of
integrable non-linear PDEs.

The representation (7.1.6) can be an effective method of finding solutions if
we know W(x*, A) in the first place. This is because the linear system

—(0:W — 20, W)W = A — 1A, and —(9;¥ — A0, W)U = Ay — AA,,
(7.1.7)

allows to read off the components of A from the LHS. An example of this
procedure will be given in Section 8.2.1.

7.1.1 Geometric interpretation

The vectors
[ =0; — A3, and m =05 — Ad, (7.1.8)
span a totally null plane in M for each value of X in the sense that
n(l,m) =n(l,1) = n(m,m) =0

where 71 is the metric. There are two types of totally null planes. The classifi-
cation is based on a two-form

w=volll,m,... ...),

where [ and m are the spanning vectors. This form must be SD or ASD in
the sense of (6.1.5) which follows from contracting &,,0s With w, = [j,m,.
More precisely, *w is also annihilated by [, and so is proportional to w.
The proportionality constant must be an eigenvalue of the Hodge operator
regarded as a linear map on A?(C*), that is, 1. Therefore each null plane is
SD or ASD. If [ and m are given by (7.1.8) then

o) = w1 + Aws + A 2w3 (7.1.9)

is a linear combination of the three SD two-forms (7.1.2). The Lax pair (7.1.6)
can be expressed as

L=[+]lJA and M=m+ml A.

The Lax characterization of the ASDYM condition can now be summarized in
the following result.

Proposition 7.1.1 The ASDYM condition [L, M] = 0 on a one-form A : C* —
g ® Al is equivalent to the vanishing of the YM curvature F =dA+ AN Aon
each null SD two-plane.
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Proof This follows from the fact that [L, M] = 0 is equivalent to F(l,m) = 0,
or

F Aw(A) =0.
(I

This observation suggests the closer study of the space of all SD null
two-planes in the complexified Minkowski space, and underlies the twistor
approach to the ASDYM equations. We shall study this subject in the next
section.

7.2 Twistor correspondence

7.2.1 History and motivation

Twistor methods appear in various part of this book purely as a tool in solving
non-linear DEs. The original motivation behind twistor theory was rather
different and this section serves as a historical introduction to the subject. It
does not contain detailed proofs and readers interested in the applications of
twistor theory to ASDYM and other equations may skip this section at the first
reading and go directly to Section 7.2.2.

Twistor theory was created by Roger Penrose [129] in 1967. The original
motivation was to unify general relativity and quantum mechanics in a non-
local theory based on complex numbers. Twistor theory is based on projective
geometry and as such has its roots in the nineteenth century Klein correspon-
dence. It can also be traced back to other areas of mathematics. One such
area is a subject now known as integral geometry and can be exemplified by
following construction.

7.2.1.1  Jobhn transform

Let f:R?> — R be a smooth function with suitable decay conditions at oo
and let L C R? be an oriented line. Define a function on the space of oriented
lines in R® by v(L) := [, f or

v(w,z,u?,%)=/ flw+sZ, z+sw,s)ds (7.2.10)

where the real numbers (w, z, W, Z) parameterize the four-dimensional space
M of oriented lines in R3. (Note that this parameterization misses out the
lines parallel to the plane x3 = const. The whole construction can be done
invariantly without choosing any parameterization, but here we choose the
explicit approach for clarity.) The space of oriented lines is four-dimensional,
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and 4 > 3 so expect one condition on v. Differentiating under the integral sign
yields the wave equation in the neutral signature:

9%v 9%v ~
dwdw  9z0%7

and John has shown [92] that all smooth solutions to this equation arise from
some function on R3. This is a feature of twistor theory: an unconstrained
function on twistor space (which in this case is identified with R?) yields a
solution to a differential equation on space-time (in this case locally R* with a
metric of (2, 2) signature):

7.2.1.2  Penrose transform

In 1969 Penrose gave a formula for solutions to wave equation in Minkowski
space [130]:

1
v(x,y,¢,t) = Eﬁ . f(—(x+iy)+A(t — ), (2 + )+ AM(—x+1y), A)dA.

(7.2.11)

Here I' € CP' is a closed contour and the function f is holomorphic on CP!
except some number of poles. Differentiating the RHS verifies that

Despite the superficial similarities the Penrose formula is mathematically much
more sophisticated than John’s formula (7.2.10). One could modify a contour
and add a holomorphic function inside the contour to f without changing
the solution v. The proper description uses sheaf cohomology which considers
equivalence classes of functions and contours.

7.2.1.3  Twistor programme

Penrose’s formula (7.2.11) gives real solutions to the wave equation in
Minkowski space from holomorphic functions of three arguments. According
to the twistor philosophy this appearance of complex numbers should be
understood at a fundamental, rather than technical, level. In quantum physics
the complex numbers are regarded as fundamental: the complex wave function
is an element of a complex Hilbert space. In twistor theory Penrose aimed to
bring the classical physics at the equal footing, where the complex numbers
play a role from the start. This already takes place in special relativity, where
the complex numbers appear on the celestial sphere visible to an observer on a
night sky. This is a ¢ = const section of observer’s past null cone.
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up

Stereographic projection from the
celestial sphere

The two-dimensional sphere is the simplest example of a non-trivial complex
manifold (see Appendix B for more details). Stereographic projection from the
north pole (0, 0, 1) gives a complex coordinate

u+ iuz

A= .
1—143

Projecting from the south pole (0, 0, —1) gives another coordinate
~ u — iuz
A= ——
1+us
On the overlap % = 1/A. Thus the transition function is holomorphic and
this makes S? into a complex manifold CP! (Riemann sphere). The double-

covering SL(2,C) 2L SO(3,1) can be understood in this context. If world-
lines of two observers travelling with relative constant velocity intersect at a
point in space-time, the celestial spheres these observers see are related by a
Mobius transformation

ar+f

A= —,
YA+S

where the unit-determinant matrix

(a ﬂ)eSL(Z,(C)
y 6

corresponds to the Lorentz transformation relating the two observers.

The celestial sphere is a past light cone of an observer O which consist of
light rays through an event O at a given moment. In the twistor approach
the light rays are regarded as more fundamental than events in space-time.
The five-dimensional space of light rays PN in the Minkowski space is a
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hypersurface in a three-dimensional complex manifold P7 = CP? — CP! called
the projective twistor space.

Let (20, 7', 72, 73) ~ (¢ Z0, ¢ Z', ¢ 7%, ¢ Z3), c € C* with (Z%, Z%) # (0, 0),
be homogeneous coordinates of a twistor (a point in P7). The twistor space
and the Minkowski space are linked by the incidence relation

70 i t—¢ —x—iy\ [ Z* 1
7! _E —x+1y t+¢ 7)) (7.2.12)

where x* = (¢, x, y, ¢) are coordinates of a point in Minkowski space. If two
points in Minkowski space are incident with the same twistor, then they are
null separated.

Define the Hermitian inner product

S(Z2) =222+ 2" 725+ 2220 + 27

on the non-projective twistor space 7 = C* — C?. The signature of X is
(+ + ——) so that the orientation-preserving endomorphisms of 7 preserving X
form a group SU(2, 2). This group has 15 parameters and is locally isomorphic
to the conformal group SO(4,2) of the Minkowski space. We divide the
twistor space into three parts depending on whether ¥ is positive, negative,
or zero. This partition descends to the projective twistor space. In particular
the hypersurface

PN ={[Z]l e PT,%(Z, Z) =0} c PT

is preserved by the conformal transformations of the Minkowski space which
can be verified directly using (7.2.12).

Fixing the coordinates x* of a space-time point in (7.2.12) gives a plane in
the non-projective twistor space C* — C2 or a projective line CP! in P7. If the
coordinates x* are real this line lies in the hypersurface PA. Conversely, fixing
a twistor in PN gives a light ray in the Minkowski space.

So far only the null twistors (points in PA) have been relevant in this dis-
cussion. General points in P7 can be interpreted in terms of the complexified
Minkowski space C* where they correspond to null two-dimensional planes
with SD tangent bi-vectors (see Section 7.2.3). This is a direct consequence
of (7.2.12) where now the coordinates x* are complex. There is also an
interpretation of non-null twistors in the real Minkowski space, but this is
less obvious [129]: The Hermitian inner product ¥ defines a vector space 7*
dual to the non-projective twistor space. The elements of the corresponding
projective space P7* are called dual twistors. Now take a non-null twistor
Z e PT. Its dual Z € PT* corresponds to a projective two-plane CP* in P7.
A holomorphic two-plane intersects the hypersurface PA in a real three-
dimensional locus. This locus corresponds to a three-parameter family of light
rays in the real Minkowski space. This family representing a single twistor is
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called the Robinson congruence. A picture of this configuration which appears
in vol 2 on page 62 [132] shows a system of twisted oriented circles in the
Euclidean space R3, the point being that any light ray is represented by a point
in R3 together with an arrow indicating the direction of the ray’s motion. This
configuration originally gave rise to a name ‘twistor’.

Finally we can give a twistor interpretation of the contour integral formula
(7.2.11). Consider a function f = f(Z°/2Z3, Z') Z*, Z>) Z?) which is holomor-
phic on an intersection of two open sets covering P7 (one of this sets is defined
by Z* # 0 and the other by Z? # 0) and restrict this function to a rational curve
(7.2.12) in PN. Now integrate f along a contour in this curve. This gives
(7.2.11) with % = 72/ 73.

To sum up, the space-time points are derived objects in twistor theory. They
become ‘fuzzy’ after quantization. This may provide an attractive framework
for quantum gravity, but it must be said that despite 40 years of research
the twistor theory is still waiting to have its major impact on physics. It has
however had surprisingly major impact on pure mathematics: ranging from
representation theory and differential geometry to solitons, instantons, and
integrable systems.

7.2.2 Spinor notation

The ASD condition in four dimensions can be conveniently expressed in terms
of two-component spinor notation [132].

The displacement vector from the origin is identified with a matrix (a two-
index spinor)

00,01 5
, X x Z ow
xAA=< " 11,)=<~ ), where A=0,1, A=0,1.
X x Wz
This exhibits a canonical isomorphism
T=S® S/,

where T is the space of complex vectors in C* and S, S are complex two-
dimensional vector spaces whose elements are called two-component spinors.
The closely related isomorphism

SO, C) = SL(2,C) x SL(2, C)/Z»
is realized by expressing any rotation as
L AN Ag‘Ag‘:xBB,

where A4 € SL(2,C) and A4 € SL(2,C) act on S and S/, respectively. We
shall regard S = C? as a symplectic vector space (so called spin space), with



7 : Integrability of ASDYM and twistor theory

anti-symmetric product

k-p=k'pt —k'p® =gk, p).

The elements of S are of the form x4 = (k°, k). The constant symplectic form

¢ is represented by the matrix

0 1
€AB = .
-1 0
and can be used to ‘raise and lower the indices’ according to k4 = k Bepa, k4 =

ey, where & ,peCP is the identity endomorphism. The analogous symplectic
structure &' = g4 p is put on S = C2.

o Important convention. The projective primed spin space P(S') is the com-
plex projective line CP!. The homogeneous coordinates are denoted by
7a = (7, 1), and the two set covering of CP! is

U={mpg,my #0} and U = {ma, 7y #0}.

The functions A = 7y /7 and A = 1/4 are inhomogeneous coordinates in
U and U, respectively. It then follows that A = —z' /7"’

The holomorphic metric (7.1.1) in C* is
ds? = 2det (dx?*) = e ape a g dx dxBE'.
The decomposition of a two-form into SD and ASD parts is straightforward in

spinor notation. Let

1 , )
F = ZFAA/BBrdxAA /\deB

be a two-form. Now
Fangp = Fapyap) + Fiapjap) + Fapyap) + Flagwe)
= Fap)wB) + CEABEAB + PABEAB + PABEAB.

Here we have used the fact that in two dimensions there is a unique anti-
symmetric matrix up to scale, so whenever an anti-symmetrized pair of spinor
indices occurs we can substitute a multiple of ¢ 45 or € 4p in their place. Now
observe that the first two terms are incompatible with F being a two-form,
that iS, Fanxgp = —Fppaa. So we obtain

Fanpp = Gaseap + PaBeas. (7.2.13)

where ¢ 4p and ¢4 p are symmetric.
If F is taken to be the YM field, the spinor form of the ASDYM equations is

dap = 0.
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These equations can be written as
A B
[7 " Daa, " Dpp] =0,

where Dy = 044 + Aan, and Ly = 74 Dy is the spinor form of the Lax pair.

7.2.3 Twistor space

For any vector we have |V|? = 2 det (VA44), and so null vectors correspond to
matrices VA4 of rank 1. Therefore any null vector is of the form VA4 = x4z 4,
Fixing 74 and varying «* gives a null two-dimensional plane in C* called an

a-plane.

Definition 7.2.1 The twistor space PT of complexified Minkowski space Mc
is set of all a-planes in Mc.

The twistor space is a three-dimensional complex manifold (according to
Penrose’s original terminology it should be called the projective twistor space).
We can understand its geometry by writing the equation of an a-plane in the
homogeneous form

My = 0 (7.2.14)

Any solution of this equation can be translated according to

.X'AA xAA + KAT[A

’

4 is arbitrary, so the space of solutions is indeed an a-plane in M.

A 7 4) are homogeneous coordinates on P7. They are deter-
A

where «

The spinors (w
mined by an a-plane up to the equivalence (@
¢ € C*. Conversely each pair of spinors (w, ) with w4 # (0, 0) determines an
a-plane. The twistor space PT is the complex manifold' CP®> — CP!. It fibres
over CP! by (04, m4) — 7a.

An alternate interpretation of (7.2.14) is to fix x44". This determines w* as
a pair of linear functions of 7 4, that is, a projective line on P7. This line is a
holomorphic section of the fibration P7 — CP'.

The outlined twistor correspondence can be summarized as follows
(Figure 7.1):

,Ta) ~ (co?, cy), where

Points «— holomorphic sections of P7 —> CP!
a-planes <— points
Two points lie on the same «-plane «— two holomorphic sections

intersect at a point

L If one considers the complexified and compactified Minkowski space then the twistor space
becomes CP? with the additional CP! worth of a-planes at infinity. See [132] for details.
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CM PT
7 Lpy
>Z<
LP]
Cp!

Figure 7.1 Twistor correspondence

Another way of defining P7 is by the double fibration:
ct < F L pT. (7.2.15)

The correspondence space F = C* x CP' has a natural fibration over C*,
and the projection g : F — P7T is a quotient of F by the two-dimensional
distribution (7.1.8) of vectors tangent to an a-plane. Set d44 = 3/dx*4. In
concrete terms this distribution is spanned by 84 = 74944, or

So=1=0:—Ady, 81 =m=0dy— A,

and for each A it generates translations along «-plane. Objects on F which are
Lie-derived along 8 4 descend to P7. For example,

w+AZ, zZ+AW, and A
are twistor functions on F. They are independent as
dw+AZ) Ad(z+AW) Adh =w(X) Adr #0

and so they give local holomorphic coordinates on P7 in an open set contain-
ing A = 0. Note that w() is the SD two-form defined in (7.1.9).

e To single out the Euclidean reality conditions consider an anti-holomorphic
involution o : P7 — P7T given by

o(Z2°, 7", 72, 73) = (ZV, - 720, 73, — 72), (7.2.16)

where (Z°, Z', 72, Z3) = (w?, w4 ). Therefore o = —Id.
For any point Z € PT the line L, joining Z to o(Z) is called a real line.
The real lines do not intersect in P7 so P7 is fibred by such lines, and the
quotient space (the space of all real lines) is R* (or $* if the line Z2 = Z> = 0
is included). See [186] for more details.

e There are two neutral slices as explained in Section 7.1:

1. Neutral slice (a)
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2. Neutral slice (b)
o(20, 2", 72, %) = (2!, 0, 73, Z2)

In both cases o> = Id and there exist fixed points of o on P7. They corre-
spond to real a-planes in M¢ that intersect the real slice in real two-planes.
There is an S' worth of real a-planes through each real point.

7.2.4 Penrose-Ward correspondence

The following result is a far-reaching consequence of Proposition 7.1.1 which
stated that ASDYM fields vanish on «-planes. Both the formulation and the
proof of the result rely heavily on the complex analysis machinery presented
in Appendix B.

Theorem 7.2.2 (Ward [169]) There is a one-to-one correspondence between

1. Gauge equivalence classes of ASD connections on M¢ with the gauge group
G=GL(n,C)

2. Holomorphic rank n vector bundles E over twistor space PT which are
trivial on each degree one section of PT — CP!

Proof Let A be an ASD connection . Therefore the pair of linear PDEs LV =
MYV =0, where L and M are given by (7.1.6), is integrable. This assigns an #-
dimensional vector space to each a-plane Z ¢ C*, and so to a point Z € PT.
It is the fibre of a holomorphic vector bundle E. The bundle E is trivial on
each section, since we can identify fibres of E|, at Z;, Z, because covariantly
constant vector fields at a-planes Z;, Z, coincide at a common point p € C*.
In concrete terms the patching matrix and its splitting are given by the path-

ordered integral
P(2)
F()l = Pexp / A,de“
Q2)

where P(Z) and Q(Z) are unique points on the a-plane Z such that x4! = 0 on
P(Z) and x4% = 0 on Q(Z). These points vary holomorphically with (w?, 7 4)
and the integral is taken over any contour. The choice of contour does not
matter since the gauge field is flat when restricted to the a-plane Z. The
transition function when restricted to L, splits as in (B3), where

~ P(Z) o(2)
H=Pexp/ A, dx" ), H=Pexp/ A,dx"* ), and

F=Fx™mq, %),



7 : Integrability of ASDYM and twistor theory

Conversely, assume that we are given a holomorphic vector bundle over
PT which is trivial on each section. Since E|r, is trivial, and L, = CP!,
Theorem B.2.5 gives

ElL,,=000&---®0 (7.2.17)
and
I'(Ly, ElL,) =C".

This gives us a holomorphic rank 7 vector bundle £ — C*. We shall give a
concrete method of constructing an ASD connection on this bundle. Let u :
E — PT, and let

U={"ma),m #0}, U={(@" 7x) 70 #0}, and i =no/my
be the covering of P7. Let
x:uw HU)> UxC" and j5:pn Y (U)—> UxC"

be local trivializations of E, and let Fy; = F = o x~' : C* — C” be a holo-
morphic patching matrix defined on U N U.

1. Restrict F to L, and pull it back to . This is achieved by substituting w* =
x4 in F(ob, ma), so that 14944 F = 0. Define the fibres of E — Mc
as holomorphic sections of E restricted to L. The ‘triviality on sections’
condition implies (7.2.17) and so F is homogeneous of degree 0 in 7 4.
Therefore each fibre of E is isomorphic to C”.

2. E|y, is trivial, so Lemma B.2.2 implies that the patching matrix can be split

F=HH, (7.2.18)

where H and H are holomorphic for 74 in u='(UN L,) and n="(U N L),
respectively. We note that H, H do not descend to the twistor space. The
patching relation V= FV, where V and V are column vectors whose
components depend on coordinates of U and U, implies that V = H¢ and
V = Hg, where £ is a constant vector.

3. Note that 74944 F = 0 implies

H'749,0H=H '"749,4 H. (7.2.19)

Both sides are homogeneous of degree one, and holomorphic, so by the
Liouville theorem B.2.4, they must be linear in 74, and equal to 74 A4
for some A (xH).

4. Now we show that A, is ASD. Operating on

JZAAAAr = H_lﬂAaAArH
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with 7€ 98 leads to
8(%AA’)B + AB(CrAAr)B = 0,

which is the spinor version [Daa, Dp)p] = 0 of the ASDYM. One can now
deduce that H-' and H~! are in the kernel of the Lax pair (7.1.6):

LaH ' =8,H '+ H'(84H)H ' = 0,
where L= w4 (044 + Aan).

O

In practice, constructing A form H and H can be simplified by the following:

Lemma 7.2.3 Let B = H|,_o, B = H|;_o. Then

A=B7'9B+ B 19B, (7.2.20)

where d =dw ® 0y, +dz ® 3, and 3 = dib @ 3 + dZ  0;.

Proof This follows from evaluating the LHS and the RHS of (7.2.19) at 74 =
(1,0) and 74 = (0, 1), respectively. O

Remarks

1

. We have constructed a trivial vector bundle E on the space-time Mc with

a connection satisfying a local PDE from a holomorphic vector bundle
(with no connection) over the twistor space. All the information sits in the
patching matrix F. Equations (6.4.23) appear as the integrability conditions
for the existence of E.

. The splitting F = HH~! (known as the Riemann-Hilbert problem or the

Birkhoff factorization problem — compare Section 3.3.1) is the hardest part
of this approach (and others) to integrable PDEs.

. All complex, Euclidean, and real analytic neutral ASDYM fields, including

instantons, can be obtained from the construction.

. To obtain real solutions on R* with the gauge group G = SU(#) the bundle

must be compatible with the involution (7.2.16). This comes down to
detF =1, and

F*(Z) = Flo(2)],

where * denotes the Hermitian conjugation and F is the patching matrix.
In Section 6.4 we explained how the instanton solutions of ASDYM extend
from R* to $*. The corresponding vector bundles extend from P7 to CP?.
The holomorphic vector bundles over CP? have been extensively studied
by algebraic geometers. All such bundles (and thus the instantons) can be
generated by the monad construction [9].
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o Example. ASD Maxwell equations. Take G = GL(1, C), therefore E = L is
a line bundle with ¢{(L) = 0 (as L restricts to a trivial bundle O on each

section), and F = F(w?, 1) is a nowhere vanishing function holomorphic on
UnU.Put

F=el, H=¢" and H=e"
The nonlinear splitting (B3) can now be done additively as in (BS):
f=h—h,

where f, b, and b are homogeneous of degree 0. Choose a point [¢] € CP'.
Then

h = ng — T f(x™py p)p-dp and
2mi Jr (- p)(e-p)

~ 1 T -l /
hz_‘ﬁ— Ad ) 'd 9
GEerl) T f(x*pa.p)o-dp

where p are homogeneous coordinates on CP', and p - dp = d¢ in affine
coordinates. Now

x4 Apn = H_lﬂAaAA/Hz JTABAA/h

1 ?{n-taf d
T 2w rp~L8wAp o

where we have made the replacement

9 9
0
axAN  PAG LA

under the integral sign. The choice of the spinor ¢ 4 is a gauge choice. Finally

1 Lp 8f D
Agp = — Q —————ppdp". 7.2.21
BB 7 ﬁ <Lc/pC’)aprD P ( )

The ASD Maxwell equations in double null coordinates are
8wAz — 8zAw = O, 311,A§ - 8§A@ = O, and
3ZA2 — 32AZ - awAu') + 8@Aw =0.

The first two equations can be interpreted as integrability conditions for the
existence of u(x"), v(x") such that

A= dyu dw + 0,u dz + dgpv d + 0;v dZ.

Making a gauge transformation A — A — du (i.e. setting A, = A, = 0), and
redefining v reduces the ASD Maxwell equations (the third equation) to the



7.2 Twistor correspondence

wave equation

02 92
%Y L (7.2.22)
0202 Odwdw
and
AAA/ = lA/OB/aAB/v. (7.2.23)

Proposition 7.2.4 All solutions to the holomorphic wave equation (7.2.22)
are given by

?g flw +AZ, 2+ A, A)dA, (7.2.24)
" 2mi

where the twistor function f is holomorphic in its arguments on the intersec-
tion UNU and, when expressed in homogeneous coordinates (w?, pn) with
oo/ pr = A, it is homogeneous of degree —2 in py.

Proof Let v be given by (7.2.24). Differentiating under the integral sign gives
(7.2.22) with

f_ )(P 1) f-
Conversely, given a solution to (7.2.22) construct the Maxwell field (7.2.23).
Comparing (7.2.23) with (7.2.21) yields (7.2.24) with di = ppdp?. O

The formula (7.2.24) can be applied outside the realm of ASD, as any reality
conditions can be imposed. In particular setting

xl 4 xt xl — x* x% +ixd

Z=———, w=—————, and w=w

V2 V2 V2

give solutions to the Lorentzian wave equations

Z =

3%v 9% 9%v 9%

3(x1)2 - 3(x2)2 - 3(x3)2 - 3(x*)2 =0.

Proposition 7.2.4 is an example of the Penrose transform which gives a general
correspondence between solutions to the zero-rest-mass equations on complex-
ified Minkowski space and cohomology classes on twistor space:

o All solutions to the spin —/2 massless field equation

A Paraya; =0
are given by
1

¢A1’A2’~»-A 2—7_” TATTA) - TTA,) frr . dn’,
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where f € HY(CP!, O(—n — 2)).
o All solutions to the spin 7/2 equation

MY A pyen, =0

are given by

1 a”
wAlAZ“‘An % f b4 ~d7‘[,
r

- 2_711 dwAdwh - . JaM
where f € HY(CP!, O(n — 2)).

The details of the Penrose correspondence are presented in [12, 132, 175, 186].
In our next example we shall return to the ASDYM equations.

o Example. Atiyah—Ward ansatz for SL(2, C) ASDYM. One way to construct
holomorphic vector bundles is to produce extensions of line bundles, which
comes down to using upper triangular matrices as patching functions.

Let E be a rank-two holomorphic vector bundle over P7 which arises as
an extension of a line bundle Ly — P7 by another line bundle L, — P7:

0—IL—E—1,—0. (7.2.25)
Let us assume det F = 1 so that the gauge group is SL(2, C). This implies
Li=L®O(-k) and L,=L*®O(k),

where L is the line bundle from the ASD Maxwell example, and O(k) is the
pull-back of a line bundle from CP! to P7. Therefore

Akef Q
F = 0 kot | (7.2.26)

where Q and [ are holomorphic, and homogeneous of degree 0, and
Qe H(PT,O(L ® L;')) = H(PT, L* ® O(2k))

classifies all extensions. The resulting solution to (6.4.23) depends on two
arbitrary functions of three variables. The relatively simple form of F corre-
sponds to very complicated (as k increases) formulae for A. Let us work out
the details if k= 1, f = 0. Let

o0
Q=) ¢ =Q_+¢o+ Q..
—0Q

Since § 42 = 0 we have the recursion relations

0:¢is1 = 0p¢; and  dp¢in1 = 0.4, (7.2.27)
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from which it follows by cross-differentiating that each ¢;(x*) satisfies the
scalar wave equation (7.2.22).

One can take the splitting matrices to be

1 (2719, —(¢o + ) . 1 [0+ AQ_
H= — H=—
M< 1 ) ) " ( )

and use the Lemma 7.2.3. This implies

B=L(_¢1 —¢0> and B:L o ¢1>,

Voo \ 1 0 oo \0o 1
and finally
a- L (9 B )¢ ) 2(¢26~1w + ¢ipdz) ’ (7.2.28)
20 \ 2(pndz + ¢p,d) (0 —3)p

where ¢ = ¢y is any solution to the wave equation. This solution is invariant
under the Euclidean reality conditions. If ¢ is a harmonic function on R* we
recovered the anzatz (6.4.26) with p = ¢.

If k>1 then A is given in terms of a solution to the linear
zero-rest-mass field equations with higher helicity. In general one can
show

Theorem 7.2.5 (Atiyah—-Ward [8]) Every SU(2) ASDYM instanton (with the
boundary conditions (6.4.21)) over R* arises from some ansatz (7.2.26).

There is a relationship between the Atiyah—-Ward ansatz and the dressing
method described in Section 3.3.2. See [154] for details.

Exercises

1. Show that the two-forms
w1 =dwAnAndz, wr=dwAdw—dzAndz, and w3 =dZAdw
span the space of SD two-forms in C*, where
ds? = 2(dzdz — dwdw) and vol = dw A dib A dz A dz.

Show that a two-form F is ASD iff F A w; = 0.
2. Show that in four dimensions % % F = +F where the sign depends on the
signature of the metric on R*.
Show that in the U(1) theory F — %F interchanges the electric and
magnetic fields with factors of 1 or =i.
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3. Use the Lax pair formulation of ASDYM to
(a) Deduce the existence of a gauge such that A = Azdw + A;dz
(b) Deduce the existence of a g-valued function K = K(w, z, 1, Z) such that

A,I) =8ZK and Ag:BwK.
(c) Reduce the ASDYM equations to a single second-order PDE
9,0:K — 8,95 K + [0, K, 3,K] = 0.

What is the residual gauge freedom in K?
4. Show that
o £E4p4 = 0iff £4, pa are proportional.
e A vector in C* is null iff VA4 = 144 for some spinors A4, €4
o Tup =T(aB) + %rsAB where (...) denotes symmetrization, and 7 should be

determined.
e The ASDYM equations are of the form

8B(B,AC,)B + AB(B/AC/)B =0

and are equivalent to [Lo, L] = 0, where Lp = 75 (3pp + App/) for some

constant spinor %',

5. Show that the factorization of the patching matrix F = HH™! in the
Penrose—~Ward correspondence is unique up to multiplication of H and
H on the right by a non-singular matrix g depending on the space-time
coordinates, but not A. Show that different choices of factorization give
gauge-equivalent connections.

6. Let the patching matrix for a rank-two Ward bundle over the twistor space

PT be given by
1
F = f ,

where f = f(w?, m4) is en element of H'(P7T, O). Find the YM potential A
in terms of the ASD electromagnetic field generated by f.



Symmetry reductions
and the integrable
chiral model

8.1 Reductions to integrable equations

Most integrable systems arise as symmetry reductions of ASDYM, where the
potential one-form is assumed not to depend on one or more coordinates on
the space-time. The resulting system will admit a (reduced) Lax pair with
a spectral parameter as well as a twistor correspondence, and thus will be
integrable. This leads to a classification of those integrable systems that can
be obtained by reduction from the ASDYM equations as well as a unification
of the theory of these equations by reduction of the corresponding theory for
the ASDYM equations. The programme of reducing the ASDYM equations to
various integrable equations has been proposed and initiated by Ward [171]
and fully implemented in the monograph [118].

The general scheme and classification of reductions involves the following
choices:

1. A subgroup H of the complex conformal group PGL(4, C).
The complex conformal group consists of linear transformations p of M¢
such that

p*(ds?) = Q*ds* and p*(vol) = Q*(vol)

for some Q: Mg — C. It is a symmetry group of ASDYM, as conformal
transformations map ASD two-forms to ASD two-forms, and therefore
preserve equations (6.4.23). It has 15 generators which are the conformal
Killing vectors, that is, solutions to

1
I Ky = 7100, KP.

4
These generators are given by
K, =T, + Lyyx"+ Rx, +x"x,5, —28,x"x,, (8.1.1)
where the constant coefficients T,, L,, = —L,,, R, and S, label transla-

tions, Lorentz rotations, dilatations, and special conformal transformations,
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respectively. It can be shown (see e.g. [118]) that the conformal group of
complexified Minkowski space is isomorphic to the projective general linear
group PGL(4, C).

The reduction is performed by assuming that the components of A do not
depend on one or more variables which parameterize the orbits of some set
of generators of the conformal group. The chosen generators must form a
Lie sub-algebra of the conformal algebra, as otherwise the reduction would
not be consistent. These generators integrate to a subgroup H ¢ PGL(4, C).

2. A real section.

To obtain hyperbolic equations in lower dimensions we need to work
with ASDYM in the neutral signature. For elliptic reductions one chooses
the Euclidean reality conditions. Once the choice is made, the reductions
are partially classified by rank and signature of the metric tensor on Mg
restricted to the space of orbits of H.

3. The gauge group G.
4. Canonical forms of the Higgs fields.
Any generator of X € H will correspond to a Higgs field:

o= XJ A

The gauge transformation g € G is also invariant in the sense that X(g) = 0,
so (6.1.1) reduces to

®— @ =gdg !

This transformation can be used to put ® into a canonical form which
depends on the Jordan normal form.

Here we are assuming that the infinitesimal action of H on M is free,
and the invariant gauges exist. If the action is not free (e.g if H = SO(3, C))
the invariant gauges do not have to exist, which leads to additional compli-
cations. See [118] for the full discussion.

Below we shall give several examples of symmetry reductions. In all cases H
will be an abelian subgroup of the conformal group generated by translations
in M¢ and we will not need to worry about non-trivial lifts of H to the YM
bundle and non-invariant gauges.

o Example. Let us impose the Euclidean reality conditions and consider a
reduction of ASDYM by a one-dimensional group of translations. The sim-
plest way to impose a symmetry is to drop the dependence on x*. In this
case one must also restrict the gauge transformations so that they too do not
depend on x* and this implies that the component

—b=041A
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transforms homogeneously under gauge transformations ® — gdg~!. We
have

F,‘4 =—0;d — [A,', @] = —D,'CD,
and the ASDYM equations (6.4.23) reduce down to

1
SéijkFje=Di®

which are the Bogomolny equations (6.3.16). One could now guess that the
solutions to the Bogomolny equations with boundary conditions (6.3.11)
give rise to solutions of ASDYM with finite action by

A= —d(x))dx* + Ai(x/)dx'.

This is not the case. The resulting YM potential is constant in the x* direc-
tions so the (6.3.11) does not hold.

In the next three examples we shall choose the neutral reality conditions where
all coordinates (z, Z, w, W) are real. The fourth example uses Euclidean reality
conditions.

o Example. Consider the SU(2) ASDYM in neutral signature and choose a
gauge A; = 0. Let T, = 1,2, 3 be 2 x 2 constant matrices such that

[Ton Tyl = —€upy T
Then ASDYM equations are solved by the ansatz
A, =2cos¢p Ty +2singph, Az =2T;, and A, =0.9T3
provided that ¢ = ¢(z, Z) satisfies
¢z +4sing =0

which is the Sine-Gordon equation.

o Example. In Section 3.3.3 we have obtained a zero-curvature representation
of the KdV equation given by (3.3.21). We shall extend this representation
to the Lax pair of ASDYM in neutral signature with two symmetries, exactly
one of which is null. First we need to get rid of the quadratic term in
A from the KdV Lax pair. This is easily done, as [0, — U, 3, — V4] =0 is
equivalent to

[ax - ULs 81‘ - VA - 4)V(ax - UL)] =0.

For convenience we replace A by 1/4 in this last expression so that it takes
the form

[0x — A+AB,3;+C+A(—0,+D)] =0
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where (A, B, C, D) are matrices given by

0 1 0 0
A( 0)’ 2= (174 o):
Uy —2u (0 O
Cz(—2M2+1/lxx —Mx>’ and D_(u/l O)’ (8.1.2)

where # = u(x, t). This can be extended to the ASDYM Lax pair. Introduce
two auxiliary coordinates (p, g) and set

L=0,+0y— A+A(03+B) and M=09;+C+x(d, — dx+ D). (8.1.3)

Then the KdV equation (2.1.1) is equivalent to [L, M] = 0. But the Lax pair
(8.1.3) is in the form (7.1.6), and so it gives rise to a solution to the ASDYM
equations, where the underlying metric is

ds? = dp?* — dx* — 4dqdt.

The solution admits two translational symmetries: 3/dg, which is null, and
9/9p. The Higgs field B corresponding to the null symmetry is nilpotent,
which is a gauge-invariant property. This fact was used by Mason and
Sparling to establish a converse to this construction

Proposition 8.1.1 (Mason-Sparling [117]) Any solution to the ASDYM
equations with the gauge group SL(2,R) and invariant under two transla-
tions exactly one of which is null, and such that the Higgs field corresponding
to the null translation is nilpotent is gauge equivalent to (8.1.2).

The proof given in [117] comes down to exploring the gauge freedom in
reduced ASDYM. First a gauge is chosen so that the Higgs field B is given by
a constant nilpotent matrix, and then it is shown that the ASDYM equations
and the residual gauge freedom imply the form (8.1.2) for (A, C, D). Note
that the gauge choices made by Mason and Sparing are different than the
ones we use in (8.1.2).

o Example. This example deals with a reduction of SL(3,R) ASDYM. We
shall require that the connection possesses two commuting translational
symmetries X1, X, which in our coordinates are X; = 3, and X = 9. Direct
calculation shows [58] that the ASDYM equations are solved by the follow-
ing ansatz for Higgs fields O = A, and P = A, and gauge fields A, and A;:

0 0 O 0 0 1
A, =10 0 01}, A= 0 0 0],
e 0 0 0 0 0
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. 0 O 0 e 0
A= 1 —¢, 0], and A;=|0 0 |, (8.1.4)
0O 1 0 0 O 0

iff ¢(z, Z) satisfies the Tzitzéica equation [164]

bz =e? —e 29, (8.1.5)
This equation first arose in a study of surfaces in R? for which the ratio of the
negative Gaussian curvature to the fourth power of a distance from a tangent
plane to some fixed point is a constant. Tzitzéica has shown [164] that if z
and Z are coordinates on such a surface in which the second fundamental
form is off-diagonal, then there exists a real function ¢(z, Z) such that the
Peterson—-Codazzi equations reduce to (8.1.5).

This reduction can also be achieved in a gauge-invariant manner and the
analogue of Proposition 8.1.1 can be established.

Proposition 8.1.2 [58] Let A be a solution of the SL(3, R) ASDYM equations
in the neutral signature invariant under two non-null translations Xq, Xo
such that the metric on the space of orbits of these translations has signature
(+—). Then the coordinates can be chosen so that X, = 0,, and X5 = 0, and
(O= Ay, P = Ay, A, A;) can be transformed into (8.1.4) by a gauge and
coordinate transformation iff the following conditions hold:

1. P and Q have minimal polynomial t*, with Tr(P Q) # 0.
2. Tr[(D;P)*] = 0 = Tr [(D: Q)] and Tr [(D.P)*(D: 0)*] > 0.
3. Tr[(PO)* + (P O?*(D,P)(D: Q) — PO(D.P)OP(D: Q)] = 0.

The details are more complicated than in the KdV case. This is because there
are more normal forms in the S L.(3) case, and additional gauge-invariant con-
ditions (2) and (3) need to be imposed to select the normal forms leading to
the Tzitzéica equation. Dropping the condition (3) leads to the Z3 reduction
of the two-dimensional Toda chain [119]. See [58] for details.

Example. By imposing three translational symmetries one can reduce
ASDYM to an ODE. Choose the Euclidean reality condition, and assume
that the YM potential is independent on x!

Select a gauge A4 = 0, and set A; = ®;, where the Higgs fields ®; are real
g-valued functions of x* = z. The ASDYM equations reduce to the Nahm
equations

, x%, and x3.

by = [y, @3], by =[5, 1], and D3 = [Dy, Dy]. (8.1.6)
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These equations admit a Lax representation which comes from taking a
linear combination of L and M in (7.1.6). Let

AX) = (D +iD2) + 2D30 — (P — i Dy)A>.
Then
A=[d) —idy, 3] +2[Dy, Po]h — [Py +i Dy, D3]1>
= [A, —i®3 +i(Py —iDy)A]
=[A, B], where B=—i®;+i(®; —idDs)A. (8.1.7)

This representation reveals the existence of many conserved quantities for
(8.1.6). We have

%Tr(AP) = Tr(p[ A, B]AP~Y) = pTr(ABAP~! — BA?) = 0
by the cyclic property of trace. Therefore all the coefficients of the polynomi-
als Tr[ A(A)?] for all p are conserved (which implies that the whole spectrum
of A(A) is constant in £).

Taking G = SU(2) and setting ®(¢) = iopwi(t), where o are the Pauli
matrices reduces the problem to the Euler equations

Wi = wywsz, Wy =wiwsz, and w3 =wiwy,
or
(3)* = (w3 — C)(wi — Cy)

(where C; and C, are constants) which is solvable by Weierstrass elliptic
function.

8.2 Integrable chiral model

We have seen that symmetry reductions of the ASDYM equations in neutral
signature can lead to hyperbolic equations in lower dimensions, where one can
make direct contact with time evolution of moving solitons. In this section we
shall analyse one such reduction in detail.

Consider the ASDYM equations in neutral signature invariant under the
action of one-parameter group of non-null translations. The underlying metric
on R*? is of the form (7.1.1) where all the coordinates are real. Let us assume,
without loss of generality, that the metric on the three-dimensional space of
orbits has signature (2, 1). Therefore we can choose the coordinates such that
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the Killing vector is K = 8/dt and

. X—T 3 X+7T t+y and @ t—y
= 9 = b w = b w =

V2 V2 V2 V2
where (¢, x, y, ) are all real. With these choices the Higgs field is ® =9, 1 A=
(A; — A;)/~/2 and the ASDYM equations become

qu> = Fyt, quD = th, and thD = Fyx,
or
Do = xF, (8.2.8)

where * is the Hodge operator on R>! taken with respect to the Minkowski
metric

ds* = n,,dxtdx’ = —dt* + dx* + dy*.

The first-order Yang-Mills-Higgs system (8.2.8) was introduced by Ward
[173]. The unknowns (A = A;dt + Acdx + Aydy, @) are a one-form and a func-
tion which depend on local coordinates x* = (¢, x, y), and take values in the Lie
algebra of gauge group G = U(n). They are subject to gauge transformations

A—s gAgt—dgg!, & — gog7!, and g=g(x, y.t) € Un).
(8.2.9)

The system (8.2.8) formally resembles the BPS equations (6.3.16) arising in
the study of non-abelian monopoles. We shall however see that the Lorentzian
reality conditions dramatically change the overall structure and the behaviour
of solutions.

There are not any known examples of Lorentz-invariant integrable equa-
tions admitting time-dependent soliton solutions in 2 + 1 dimensions, but the
system (8.2.8) almost does the job: it is Lorentz invariant and in the next
section moving soliton solutions will be written down explicitly. It cannot
however be regarded as a genuine soliton system, because the energy functional
associated to the Lagrangian density

1
£ = STe(Fu F*) = Te(D, & D" ) (8.2.10)

is not positive-definite and its density vanishes on all solutions to (8.2.8).
Note that £ cannot be regarded as a Lagrangian for (8.2.8) as the sys-
tem (8.2.8) is first order and the Euler-Lagrange equation arising from £
are second order. There is however a connection: the second-order Euler—
Lagrange equations are satisfied by solutions to the first-order system

(8.2.8).
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There exists a different positive functional associated to (8.2.8). To see it,
note that the equations (8.2.8) arise as the integrability conditions for an
overdetermined system of linear Lax equations:

Low =0 and L;¥=0, where Ly=Dy+D;—A(Dy+®) and
Li = Dy —® — A(D; — D), (8.2.11)

which is the reduction of the ASDYM Lax pair (7.1.6). The extended solution
W is a GL(n, C)-valued function of x* and a complex parameter A € CP!,
which satisfies the unitary reality condition

W (xH, A W (a0 = 1. (8.2.12)

The matrix W is also subject to gauge transformation ¥ —> gW. The inte-
grability conditions for (8.2.11) imply the existence of a gauge A, = A, and
A, = —®, and a matrix | : R3 — U(n) such that

L 1
Atsz=E]—1<]t+]y) and sz_q):z]_l]x,
where ], = 9, . With this gauge choice the equations (8.2.8) become

J =T =)y = T T 1 =0. (8.2.13)

A positive-definite conserved energy functional can now be introduced by

E= Edxdy, (8.2.14)
RrR2

where the energy density is given by

1
E=—3Te[J7 T+ U7 TS + U )] (8.2.15)

This came at the price of losing the full Lorentz invariance since the commuta-
tor term fixes a space-like direction. If we rewrite (8.2.13) as

(11" + Voe™)a, (] ~1a,]) = 0

then the fixed direction is given by! a space-like vector V = 8/dx. This breaks
the symmetry to SO(1, 1). In general the finiteness of E is ensured by imposing
the boundary condition (valid for all #)

J=Jo+Jiler '+ O™ as r— o0, x+iy=re? (8.2.16)

1 Manakov and Zakharov [110] studied a closely related system of equations where the unit
vector V was taken to be time-like. The resulting equations do not appear to have a positive-
definite energy functional, and no static solutions can exist globally on R2.
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where ] is a constant matrix, and so for a fixed value of ¢ the matrix | extends
to a map from S? (the conformal compactification of R?) to U(x).

The equation (8.2.13) is known as the Ward model or the integrable chiral
model [173, 176, 177]. The ordinary chiral model in (2+1) dimensions

"' 9,(] '9,]) =0

has V = 0. It is fully Lorentz—invariant, but it lacks integrability, and explicit
time-dependent solutions (other than trivial Lorentz boosts of static solutions)
cannot be constructed. In the remainder of this chapter we shall study the
solutions and properties of (8.2.13).

We shall finish this section by presenting another gauge choice leading to
a different potential formulation of (8.2.8). Choose the familiar gauge A, =
A;, Ay = —®. The vanishing of the term proportional to A in the compatibility
conditions (8.2.11) implies the existence of K : R>! — u(n) such that

1
Ay = A = sz and Ay, =-®=-(K;— K,),

where K, = 3, K. The zeroth-order term in the compatibility conditions now
yields

Kyt — Ky — Ky + [Ky, K, — K] = 0. (8.2.17)
The relation between K € u(n) and | € U(n) is
Ke=] YJi+]y) and K, —K,=]""],

and exhibits a duality between the two formulations: the compatibility condi-
tion Ky — Ky = Ky — K yields the field equation (8.2.13). The K-equation
(8.2.17) admits a Lagrangian formulation with the Lagrangian density

1 1
—Tr{z(ua)z (Ko = (Ky ) — SKIKs, K, - Ky]} .

The Lagrangian formulation of (8.2.13) is more complicated — we shall present
it in Section 8.2.2.

8.2.1 Soliton solutions

One method [173] of constructing explicit solutions is based on the associated
linear problem (8.2.11). Let W(x*, 1) be the fundamental matrix solution to
the Lax pair (8.2.11) and let # = (¢ + y)/2, v = (¢ — y)/2. Then

Ay — MA+ @) = (=0, W + 19, ¥)W 1 and

Ay — & — AA, = (=0, + 20, ¥) W, (8.2.18)
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and in the gauge leading to (8.2.13) we have A, = A + ® = 0. Thus in this
gauge given a solution ¥ to the linear system (8.2.11) one can construct a
solution to (8.2.13) by

J(x*) =W~ (x4 =0) (8.2.19)

and all solutions to (8.2.13) arise from some W. This can be an effective method
of finding solutions (also known as the ‘Riemann problem with zeros’), if we
know W(x*, 1) in the first place. One class of solutions can be obtained by
assuming that

Ne(x, y,
=1+ Z ;x;:k ,  where = const. (8.2.20)

Let us restrict to the case where G = S U( ). The unitarity condition (8.2.12)
implies rank N = 1. Thus (Ng)ep = nk mﬂ Demanding that the RHS of (8.2.18)
is independent of A (like the LHS) yields N = Ni(wg), where

wp = uui + X[p + V.

It also follows that

m

Z kl —l

I=1
where the 72 x m matrix T is given by

2
Fkl = Z(ﬁk - :ufl)_lﬁotkmotl'
a=1

We can use the homogeneity of the extended solution in #28 to rescale #% and

set m* = (1, fe(wy)). Finally, dividing ¥ by the square root of its determinant
to achleve det ¥ =1 yields

(J Nep=x""" |:8 g+ ZM malm§i| where x = 1_[ 'uk
kel Nk
(8.2.21)
The soliton solutions correspond to rational functions fi(wy).
o Example. The solution (8.2.21) with m = 1 and 111 = 1 = |u|e’ is given by

1 (e’”’+e""”|f|2 2ising f )

B ~ o 8.2.22
) 1+1f1 2ising [ et 4 e £ ( )

where f = f(uu? + xpu + v) is a holomorphic, rational function.



8.2 Integrable chiral model

To obtain the static solution put i = i which gives

i (1= 2f
]—m( 27 Iflz—l)’ (8.2.23)

where the holomorphic function f is rational in z = x +iy and f(z) — 1 as
|z| —> oo. All such maps are classified by integer winding numbers N with
values in ,(8%) = Z. This integer is precisely the degree of f: for a given N,
f is of the form

pR) _(x=p")-(z=p"N)

&)= = e e =) (8.2.24)

The N static lumps are positioned at (p',..., pN), as the maxima of &
occur at these points. For o # 4 there is time dependence, and 72 > 1 corre-
sponds to 1 solitons moving with different velocities which however do not
scatter.

Allowing ¥ to have poles of order higher than one gives solutions which
exhibit soliton scattering. Explicit time-dependent solutions corresponding to
scattering can be obtained by choosing 1 =i +¢&, uy =i — ¢ in (8.2.20) with
m = 2 and taking the limit ¢ — 0. This yields [178]

2q1*®q1>< 2qz*®qz)
=(1-— 1-—7, 8.2.25
J2 ( g1 2112 ( )
where

=, 1), q=0+fPL, f)=2i@f +h)(f, 1), (8.2.26)

and f and b are rational functions of z = x + iy. In [178] 90° scattering is illus-
trated by choosing f = z and b = z?. The positions of the solitons correspond
to the maxima of the energy density which in this case is given by

E =
3x2 + 392 — 10t + 10ty? + t2x% + t2y> — 417 — 3x* — 6x%y> — 3y* + 1

128
(482 + 81x2 — 8ty? + Sx* + 10x2y? + Sy* + 1 + 2x% + 2y2)2

The following series of plots of this energy density demonstrates soliton scat-
tering. Two solitons approach along the x-axis, collide by forming a ring, and
finally move away scattered by 90° along the y-axis.
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Two-soliton scattering. Energy density at times # = —1, —0.2, 0, 0.2, and 1.

t=-1
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1 1
1.5 1.5

More complicated examples were considered in [35, 86].

8.2.1.1 ‘Trivial-scattering’ boundary condition

The last example fits into a class of time-dependent solutions which depend
on finite number of parameters. This finiteness of the energy alone does not
pick this finite-dimensional family and one needs stronger boundary conditions
which we shall now describe.

Let us restrict ¥ from R>! x CP! to the space-like plane ¢ = 0. We shall also
restrict the spectral parameter to lie in the real equator S' ¢ CP! parameter-
ized by 0:

0
\Ij(ty X, Y, A') — 1//(07 X, Y, 0) = ‘-IJ(X, Y, —cot z)v (8'2'27)

where now v : R? x S — U(n) and we made the change of variable for real
A= —cot (g). Note that v satisfies

("D, — @)y =0, (8.2.28)

where the operator annihilating v is the spatial part of the Lax pair (8.2.11),
given by

Mo+ L
ﬁ =u"D, — ®, where

1—-22 2 _
u= <0, m, m) = (0, —COS@, —Sll’l@)

is a unit vector tangent to the # = 0 plane.

Definition 8.2.1 The matrix | satisfies the ‘trivial-scattering’ boundary condi-
tion [4, 179] if

v(x,y,0) — Yo(0) as r — o0, (8.2.29)

where Yy(0) is a U(n)-valued function on S'.
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We shall now demonstrate that if ] satisfies the trivial-scattering boundary
condition then ¥ extends to a map from S3 to U(n). First note that (8.2.29)
implies the existence of the limit of v at spatial infinity for all values of 6, while
the finite-energy boundary condition (8.2.16) only implies the limit at 6 = 7.
Thus the condition (8.2.29) extends the domain of ¥ to $? x S'. However
(8.2.29) is also a sufficient condition for ¥ to extend to the suspension S§* = §3
of $%. This can be seen as follows. The domain $? x S' can be considered as
§2 x [0, 1] with {0} and {1} identified. The suspension SX of a manifold X is
the quotient space [21]

§X = ([0, 1] x X)/(({0} x X) U ({1} x X)).

This definition is compatible with spheres in the sense that S§¢ = §#+1,

Now the only condition ¥ needs to fulfil for the suspension is an equivalence
relation between all the points in $? x {0}, since such relation for $? x {1} will
follow from the identification of {0} and {1}. This equivalence can be achieved
by choosing a gauge

Y(x,y,0)=1 (8.2.30)

Therefore i extends to a map from SS? = S to U(n) if it satisfies the zero-
scattering boundary condition. In addition, after fixing the gauge (8.2.30),
there is still some residual freedom in ¥ given by

v — ¥K, (8.2.31)

where K = K(x,y,60) € U(n) is annihilated by u*d,. Setting K = [¢(6)]"
results in

¥ ({oo}, 0) = 1. (8.2.32)

The gauge (8.2.32) picks a base point {xy = 0o} € $2, and this implies that the
trivial-scattering condition is also sufficient for ¥ to extend to the reduced
suspension of $2, given by

SredS? = ([0, 1] x $%)/((0} x $*) U ({1} x $?) U ([0, 1] x {x0})).

This is also homeomorphic to S3. The idea of (reduced) suspension is illus-
trated in (Figure 8.1).

Now let us justify the term ‘trivial scattering’ in (8.2.29). Consider equation
(8.2.28) and restrict it to a line (x(o), y(o)) = (xo — 0 cosf, yop — o sinf), o €
R on the ¢ = 0 plane. The equation (8.2.28) becomes an ODE describing the
propagation of

Y =Y(xg —ocosh, yp—osinb, )
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Figure 8.1 Suspension and reduced suspension

along the oriented line through (xo, y) in R2. We can choose a gauge such that

1i111 =1,
and define the scattering matrix S : TS! — U(n) on the space of oriented lines
in R? as

S = lim . (8.2.33)

o—>00

The trivial-scattering condition (8.2.29) then implies this matrix is trivial,
S=1. (8.2.34)

As we have explained, the boundary conditions (8.2.16) and (8.2.29) imply
that for each value of 0 the function ¥ extends to the one-point compact-
ification S? of R2. The straight lines on the plane are then replaced by the
great circles, and in this context the trivial-scattering condition implies that
the differential operator " D,, — ® has trivial monodromy along the compact-
ification S' = R U {00} of a straight line parameterized by o.

8.2.1.2  Time-dependent unitons

A general class of solutions to (8.2.13) which satisfy the trivial-scattering
boundary condition (8.2.29) is given by the so-called time-dependent unitons

](x’ Y, t) = M]Ml"'Mfm (8235)
where the unitary matrices Mg, k = 1, ..., m, are given by
M =i [1 - (1 - ﬁ) Rk:| and Ry= LE% (8.2.36)
a gkl
Here € C\R is a non-real constant and g = (1, fi1, - - -, fan—1)) € CN, with

k=1,...,m, are vectors whose components [z = f;j(x") € C are smooth
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functions which tend to a constant at spatial infinity.> The terminology ‘trivial
scattering’ is rather confusing as solitons described by (8.2.35) do physically
scatter in R? if m > 1.

If m = 1 then gy is holomorphic and rational in

1 1
®=px+ spl(t+y) + (=)

2 2
and ] is a generalization of (8.2.22) to the case n > 2. If m > 1 gy is still holo-
morphic and rational in w, but ¢, g3, ... are not holomorphic. For m > 1 the

Bicklund transformations [35, 87] can be used to determine the g’s recursively
as we will show next.

The extended solutions corresponding to the uniton solutions (8.2.35)
factorize into the m-uniton factors

v =G,G,_1 --- Gi, where

q, ® qk
gl 1>

The exact form of g;’s is determined from the Lax pair (8.2.11) by demanding
that the expressions

Gy = —i (1 _ Hm) € GL(n,C) and Ry= . (8.2.37)

[0,¥ — A (3, — 3,)W]¥ ™" and [(3, +3,)¥ — Ad,W]W ! (8.2.38)
are independent of A.

Proposition 8.2.2 [35, 87] Let | : R>! — U(n) be a solution to the integrable
chiral model (8.2.13), and let

M:i[l—(l—ﬁ)k} and R=1249
[t llql]

Then | = ] M is another solution to (8.2.13) if the Grasmannian projector R
satisfies a pair of first-order Bicklund relations

RLolp-p(1—R)=0 and RLqlp-u(1—R)=0, (8.2.39)

where Lo|;-, and Li|,-, are the Lax operators (8.2.11) evaluated at ) = 1.

Proof Let W be an extended solution to the Lax pair (8.2.11) corresponding
to | which satisfies (8.2.13). Set

w—u
A=

U=GU=—i (1 - R) W, sothat [ =0 'o=]M  (8.2.40)

2 The matrix Ry is a Hermitian projection satisfying (Rg)? = Ry, and the corresponding M is a
Grassmanian embedding of CP"~! into U(x). A more general class of unitons can be obtained from
the complex Grassmanian embeddings of Gr(K, 7) into the unitary group. For y pure imaginary, a
complex K-plane V C C” corresponds to a unitary transformation i (wy — 1 ), where 7y denotes
the Hermitian orthogonal projection onto V. The formula (8.2.36) with u = i corresponds to K =
1 where Gr(1, 1) = CP"~!. See Appendix A for discussion of Grassmanians and their homotopy.
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The matrix ¥ will be an extended solution if expressions (8.2.38) with W
replaced by W are independent of A. Set 8y = 9, — A9, and consider the relation

SoW) U = (80G) G — GAYG!

where Ag = ] 718, ] . The unitarity condition (8.2.12) holds as G(A)G*(x) = 1.
We use it to find G~! and equate the residue of the above expression at A =
to zero. This gives

(80R)(1 — R) — RAg(1 — R) = 0.
The identity R(1 — R) = 0 gives (§oR)(1 — R) = —R8o(1 — R) and finally
R(3, — by + ] )1 = R) = 0

which is the first relation in (8.2.39). The second relation arises in the same
way with 8y replaced by 8§ = 8, — A9, and Ay replaced by A; = J~18,J. The
overdetermined Backlund relations (8.2.39) are compatible as ] is a solution
to (8.2.13). O

8.2.2 Lagrangian formulation

The Lagrangian formulation of (8.2.13) contains the Wess—Zumino—Witten
(WZW) term [19, 87]. This involves an extended field f defined in the interior
of a cylinder which has the 2+1 Minkowski space-time as one of its boundary
components

J:R*' x[0,1] — U(n)

such that [ (x#, 0) is a constant group element, which we take to be the identity
1€ U(n),and J(x*, 1) = J(x").

The equation (8.2.13) can be derived as a stationarity condition for the
action functional

S = SC + SM,
1
Scz——/ Tr (J A *J), (8.2.41)
2’ [t],tz]XRz
1 A ~ A
Sm= 3 Tr(JAJATAVY).
" 3 [t1. 2] xR?x[0,1] ( )

Here * is a Hodge star of n,, and
J:]’ljudx“ and j]:f’lfpdxp, where p=0,1,2,3=¢x,y,p,

are u(n)-valued one-forms on R*! and R>! x [0, 1], respectively and V = 1dx
is a constant one-form on R*! x [0, 1]. We make the assumption that the
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extension | is of the form

A

T p) = F(](x"), p) (8.2.42)

for some smooth function F : U(n) x [0, 1] — U(n). The WZW term Sy in
the action is topological in the sense that its integrand does not depend on the
metric on R>!,

Following [184] we can obtain a more geometric picture by regarding the
domain of | as B x R, where B is a ball in R? with the boundary 8B = §2, and
rewriting Sy; as

SM=/ TXT)AV, where V=dx.
[t1,]xB

Here T is the preferred three-form [19] on U(#) in the third cohomology group
given by T = Tr[(¢~'d¢)?] for ¢ € U(n). This three-form coincides with torsion
of a flat connection V on U(n) which parallel propagates left-invariant vector
fields, that is,

T(X,Y,Z) = h(VxY — VyX—[X, Y], Z),

where h = —Tr(¢p~'d¢p ¢~'d¢) is the metric on U(n) given in terms of the
Maurer—Cartan one-form (this definition makes sense for any matrix Lie
group — see Appendix A). The torsion three-form T can be pulled back to
B. It is closed, so T = dB, where B is a two-form on G which can be defined
only locally. Stokes’ theorem now yields

Sy = d[r* \%
“ /WM [*(8) A V]

1

== (" V,)Bij ()30’ 8,8’ dxdydt,
2 Jorxin.n]

where ¢’ = ¢'(x*) are local coordinates on the group (e.g. the components
of the matrix J). In the above derivation we have neglected the boundary
component (1 x B) U (&, x B), as variations of the corresponding integrals
vanish identically.

Let us make some comments about the extensions of | used in the varia-
tional principle. In general any | can be extended, as the obstruction group
7,|U(n)] vanishes. In the case of time-dependent uniton solutions (8.2.35) to
(8.2.13) we can be more explicit. All unitons factorize as | =[[rM, into a
finite number of time-dependent unitons of the form M = i[1 — (1 — e*%)R],
where Ry = Ry(t, x, y) are Hermitian projectors, and the real constants ¢, are
the phases of the poles on the spectral plane. Any of these factors can be
extended by

Mg —> Mg = i[1 — (1 = e*"*)Ry], (8.2.43)
thus giving the extension | =[], M.
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8.2.2.1 Noether charges

Time translational invariance of the action S gives rise to the conservation
of the energy functional with density (8.2.15) which is the same as for the
ordinary chiral model in 2+1 dimensions with V = 0. Ward [173] has observed
that the y-momentum for (8.2.13) also coincides with the expression derived
from the ordinary chiral model, but the x-momentum of the ordinary chiral
model is not conserved by the time evolution (8.2.13) of the initial data.
Here we shall follow [56] and construct the x-momentum using the WZW
Lagrangian (8.2.41) written in terms of the torsion on U(n).
The Lagrangian density takes the form

L= —%U“V3u¢'3v¢’hif(¢) + %%e““”ﬂi/(wam’am’,
where b is the metric on the group and B is a local two-form potential
for the totally anti-symmetric torsion [176]. The conserved Noether energy—
momentum tensor is
oL

A7)
The energy corresponding to Too is given by (8.2.14), and the momentum
densities are

T,uv = np.vﬁ - av‘b’

Py=Ton=-Te(J"'].J'],) and
Pe=Tor=—Tr (J71 T ' ]x) — Bijong' 0, (8.2.44)

The additional term in the conserved x-momentum P, = f]RZ Prdxdy does not
depend on the choice of B, since for fixed ¢

0 := fRz Bii(¢)d:¢' 8,0  dxdy = /sz*ﬁ. (8.2.45)

This expression does not change under the transformation 8 — B + da because
Jz2d(]*a) = 0 as a consequence of the boundary condition (8.2.16). We can
choose the extension

N

J =cos(mp/2)1 +sin(wp/2)]

to find the additional term © using the identity

1
f Bijd¢' 9y dxdy = / / Tr (]—1]p [] 17, ]‘%]) dpdxdy,
R2 Rr2 Jo
(8.2.46)
which follows from calculating Py in terms of | directly from (8.2.41).

o Example. Consider the time-dependent one-soliton solution generalizing
(8.2.22) to the case of G = U(n):

(-2
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Here 11 € C/R is a non-real constant, R = ¢g* ® q/||q||?> is the Grassmanian
projection (A11) and the components of g : R>! — C” are holomorphic and
rational in w =x+ 5(2+y)+ "T_l(t — ). In this case the additional term ®
is proportional to the topological charge (A12) which is itself a constant of
motion as the time evolution is continuous.

8.2.3 Energy quantization of time-dependent unitons

The fact that the allowed energy levels of some physical systems can take
only discrete values has been well known since the the early days of quantum
theory. The hydrogen atom and the harmonic oscillator are two well-known
examples. In these two cases the boundary conditions imposed on the wave
function imply discrete spectra of the Hamiltonians. The reasons are therefore
global.

The quantization of energy can also occur at the classical level in non-
linear field theories if the energy of a smooth-field configuration is finite. The
reasons are again global: The potential energy of static-soliton solutions in
the Bogomolny limit of certain field theories must be proportional to integer
homotopy classes of smooth maps. The details depend on the model: In pure
gauge theories the energy of solitons satisfying the Bogomolny equations is
given by one of the Chern numbers of the curvature. The equalities of the BPS
bounds (6.3.15) or (6.4.24) are examples of this mechanism. In scalar (2+1)-
dimensional sigma models, allowed energies of Bogomolny solitons are given
by elements of 7,(X), where the manifold X is the target space. The example
is given by equality in Proposition 5.4.1.

The situation is different for moving solitons: The total energy is the sum
of kinetic and potential terms, and the Bogomolny bound is not saturated.
One expects that the moving (non-periodic) solitons will have continuous
energy. Attempts to construct theories with quantized total energy based on
compactifying the time direction are physically unacceptable, as they lead to
paradoxes related to the existence of closed time-like curves.

In this section we shall follow [55] and demonstrate that the energy of
(8.2.35) is quantized in the rest frame,®> and given by the third homotopy
class of the extended solution to (8.2.13). Restricting the extended solution
W to a space-like plane in R3 and an equator in the Riemann sphere of the
spectral parameter gives a map v, whose domain is R* x S'. If | is an -
uniton solution (8.2.35), the corresponding extended solution satisfies stronger
boundary conditions which promote ¥ to a map S* — U(n) as we have
explained in Section 8.2.1. We will prove

3 The model (8.2.13) is SO(1, 1) invariant, and the Lorentz boosts correspond to rescaling
by a real number. The rest frame corresponds to || = 1, when the y-component of the momentum
vanishes. The SO(1, 1)-invariant generalization of (8.2.47) is given in [55].
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Theorem 8.2.3 [55] The total energy of the m-uniton solution (8.2.35) with
w = |ple'® is quantized and equal to

2
Em) = 47 (%) Ising| [¢], (8.2.47)
where for any fixed value of t the map  : S3 — U(n) is given by
1
¥ = /!_[ |: rot(%)Rk} , 0€l0,2r], (8.2.48)
and
1 _
[v]= Tyﬂfss Tr [(v'dy)’] (8.2.49)

takes values in m3|U(n)] = Z.

In Section 8.2.1 we have explained that we can regard ¥ as a map from
$% to U(n). All such maps are characterized by their homotopy type [21]
given by (8.2.49). The element [¢] € w3[U(n)] is invariant under continuous
deformations of .

The restricted map v (8.2.27) corresponding to (8.2.37) is given by
=

M + cot (%) Rk c U(n),

Y =gugm-1 -+ &1, where gr=14+

(8.2.50)

where A = —cot () € S' C CP! as before and all the maps are restricted to
the ¢ = 0 plane (we have removed the irrelevant constant factor (—i) from each

map gp)-
Each element g, has the limit at spatial infinity for all values of 0:

LMGRO;Q, as x2+y2—>oo.
M+Cot(z)

8k(x,y,0) — gor(0) =1+
The existence of the limit at spatial infinity Ro = lim, o Rp(x, y) = const is
guaranteed by the finite-energy condition (8.2.16). Hence ¢ (8.2.50) satisfies
the trivial-scattering condition (8.2.29) and extends to a map from S3 to U(n).
The scattering matrix (8.2.33) is S = 1. Note, however, that the g;’s and ¥ in
(8.2.50) only extend to the ordinary suspension of S2. One needs to perform
the transformation (8.2.31) with K =[], gakl for v to extend to the reduced
suspension of $%. We shall use ¥ as in (8.2.50), because the transformation
(8.2.31) does not contribute to the degree and [K(0)vy] = [¢].

The proof of Theorem 8.2.3 relies on the following result.
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Proposition 8.2.4 The third homotopy class of {r is given by the formula

O<¢p<m

A, (8.2.51)

; m
W] = ig /]1;2 ; TT(Rk[aka, 8yRk])dxdy {

where = |ule'®.

Proof The recursive application of (A9) implies that

m

[v]=) gl

k=1
Using (8.2.49), with z = x + iy,

1 _ _ _ —
[gr] = ) /51 w Tr(gy ' 068k (8 ' 0:8k- 8 ' 9z8k]) dO A dz A dZ
X
1
1672

() f Tr(Re[d, Re. 0:Re]) dz A d2,
RZ

where

(i — )’ sin® (3) o

2
A =
W ./o [I? + (1 = |u|?) cos? (%) + (u + 1) cos (%) sin (%)]

O<¢p<m

= +8mi
T <¢<2m.

Hence, changing to the (x, y) coordinates, we obtain

O<o¢p<m

T < ¢ <2m. (8.2.52)

[gk] = iL TI'(Rk[aka, ayRk])dxdy {
2.7'[ RrR2

Therefore, the third homotopy class of v is given by (8.2.51). O

The proof of Theorem (8.2.3) makes use of the above proposition and a
recursive Backlund procedure (8.2.39) of adding unitons to a given solution.

Proof of Theorem 8.2.3 We first consider a solution of the form ] = J M,
where | is an arbitrary solution of (8.2.13) and M is given by (8.2.36). Noting
that M is unitary and writing it in terms of R, the difference between the energy
densities (8.2.15) of J and ] is given by

AE=E—E=) Tr[kkRR;R+x(1—7R)J'JsR,]. (8.2.53)

where a stands for (¢, x, y), R, = 8, R, € and € are the energy densities of | and

I, respectively, and « = (1 — £).
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The Backlund relations (8.2.39) can be rewritten as

R[R.— ] 'J,(1—R)] =B (8.2.54)
RR, = C,
where

B=(uR,—R,+RJ7'],)1—R) and

1
C = [(uRy + Re= RJ ' [)(1 = R)].

Multiplying these Biacklund relations and their Hermitian conjugates yields the
following identities:

Tr(R,R;R) = Tr(CC¥),
Tr(J~'J,R,) = Tr(CB* — BC*), and
Tr(RJ ~'J,R,) = Tr[(C — B)C*]. (8.2.55)

The terms involving time derivatives in (8.2.53) are of the form R,R/R,
J~'J;R;, and RJ~'];R,, which, by (8.2.55), can be written in terms of the
spatial derivatives only. Thus by direct substitution and some rearrangements
(8.2.53) becomes

AE = —<Te[(1+|u)RIRy. Ry] + 7],
"w

where 7 = 8,(RJ ~'],) — 9,(R] ~!],) gives no contribution to the difference in
the energy functionals of J and J. This is because

Tr | Tdxady=lim | d[Tt(R]'d])]
r—>00 D,

R2

= lim ¢ Tr(RJ~'d]J)=Tr [rlingcygc(]R)*d]}

r—>00 C

r—>00

+2m’{%+%+-~-}>=0,

by Stokes’ theorem, where C, denotes the circle enclosing the disc D, of radius
7, ¢ is a coordinate on C,, and |¢;| is the bound of Tr[(J R){d, /], i =1,2,....
We have used the boundary condition

< tim (1o {1 1100 = 201 < o - on

lim JR= (] R)o+ (] Ri(p)r—"+O(r?), (8.2.56)

r—>00
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which follows from (8.2.16) for | = J M, and the fact that integrands are
continuous on the circle and hence bounded. Since (] R) is a constant matrix,
the first term in the series is a total derivative.

So far we have only used the assumption that | is a solution of (8.2.13), but
not that it has to be a uniton solution defined by (8.2.35). Therefore, we have
a more general result for the total energy of a solution of the form | = J M,
where | is an arbitrary solution to the integrable chiral equation. Let E and E
be the total energies of J and ], respectively, then

(e — )1+ |ul?)

E=E+ 5
[ R2

Tr(R[ Ry, Ry])dxdy. (8.2.57)

From this, the explicit expression for the total energy of an mz-uniton solution
(8.2.35) follows. First, consider a one-uniton solution J1) = M;. It can be
written as J(1) = Ji0)Mi, where the constant matrix J o), which satisfies (8.2.13)
trivially, is chosen to be the identity matrix. Then, from (8.2.57), the total
energy of a one-uniton solution is given by

- 2
Eu = =R+ 11D [ paR, 3, Ry )dxdy. (8.2.58)

lwl? R?

Therefore, using (8.2.57), we show by induction that the total energy of an
mi-uniton solution (8.2.35) is given by

— )1 2y
Em = MZ/ Tr(Ri[x Re. 3, Re)dxdy  (8.2.59)
|l — Jr
~ 1T+ 2\ . O<p<m
i i4”< 1l )Sm"’ V] {n <¢ <2m,
where 1 = |u|e’?, and we have used (8.2.51). O

The formula (8.2.52) reveals another topological interpretation of the energy
quantization which is useful in practical calculations. Consider the group
element (8.2.50) with the index k dropped. The Grassmanian projector R in
(8.2.37) corresponds to a smooth map from the compactified space to the com-
plex projective space R : $2 —> CP"~!. The homotopy group 7> (CP" 1) = Z is
non-trivial and the degree of R is obtained by evaluating the homology class on
a standard generator for H>(CP"~!) represented in a map q = (1, fi, ..., fu_1)
by the Kahler form (A13) (see Appendix A). We conclude that the energy is
proportional to the sum of the topological degrees (A12) of tH® Grassmanian
projectors involved in the definition of unitons.
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o Example. Consider the SU(2) case, where the third homotopy class is equal
to the topological degree and set w =i. The uniton factors are of the

form
R el =1 =2fs
Mk'1+lfk|2( ~2fi 1—|fk|2>'

n =1 - In the one-uniton case 3;M; = 0 and M; is given by (8.2.36) with
f1 = f1(z) a rational function of some fixed degree N. The energy density
is

8| F/ 2
& = | 111 _
(L+1£1%)
and E = 87 deg(gy) in agreement with (8.2.47). In this case gy is the
suspension of a rational map f; : CP! — CP' and deg (g1) = deg ( f1).

= —iTr (My[0, M, 3:M;])

n =2 — In the two-uniton case M; and M, are given by (8.2.36) with u =
and (q1, q2) of the form (8.2.26). Define k = 2(tf’ + b). The total energy
density is

_SI(L+ | fPK = 2kf £ + 161F12 + 16(1+ | FP)?I /1

&
(k> + (1 +]f12)*]?

(8.2.60)

and

E= [ &dxdy=8m[deg(g1) + deg(g2)]
R,
for all ¢. The quantization of energy in this case was first observed
by Ioanidou and Manton in [88], where it was shown that E = 87 N
where generically N = 2 deg f + deg h. However, N = max (2 deg [, degh)
if both f and b are polynomials. The formula (8.2.47) is valid for all pairs

(f.h).

8.2.4 Moduli space dynamics

We have seen that the integrability of equations (8.2.8), or equivalently of
(8.2.13), allows a construction of explicit static and also time-dependent
solutions. In this section we choose a different route [54, 56] and construct
slow-moving solitons using a modification of the geodesic approximation
[113] which may involve a background magnetic field in the moduli space
of static solutions. This will allow a comparison between exact solutions and
the solutions obtained in the moduli space approximation.

The argument is based on the analogy with a particle in R™! moving
in a potential U and coupled to a magnetic vector potential A(q); the
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Lagrangian is
1.5 .
L=31dl"+A-q—Ulq),

where U : R™! — R is a potential whose minimum value is 0. The equilibrium
positions are on a submanifold X ¢ R™! given by U = 0. If the kinetic energy
of the particle is small and the initial velocity is tangent to X, the exact motion
will be approximated by motion on X with the Lagrangian L’ given by a
restriction of L to X:

L/ = %h/k)/lj/k + A/)//

Here, the y’s are local coordinates on X, and the metric » and the one-form
A;dy; are induced on X from the Euclidean inner product and the magnetic
vector potential A, respectively. In the absence of the magnetic term we expect
the true motion to have small oscillations in the direction transverse to X, with
the approximation becoming exact at the limit of zero initial velocity. The
presence of a magnetic force may in some cases balance the contribution from
a centrifugal force so that the oscillations do not occur, and the exact motion
is confined to X.

The dynamics of finite-energy solutions to (8.2.13) will be put in this frame-
work with R™! replaced by an infinite-dimensional configuration space of the
field J, and X replaced by the the moduli space M of rational maps from
CP! to CP"! the important point being that the static solutions to (8.2.13)
obtained from such maps give the absolute minimum of the potential energy in
a given topological class. The time-dependent solutions to (8.2.13) with small
total energy (hence small potential energy) above the absolute minimum will
be approximated by a sequence of static states, that is, a motion in M. This
comes down to three steps:

1. Construct finite-dimensional families of static solutions to (8.2.13) with
finite energy.

2. Allow time-dependence of the parameters, and read off the metric b
and the magnetic one-form A on the moduli space from the Lagrangian
(8.2.41) for J. Investigate whether A has a non-vanishing or vanishing
magnetic two-form F = d A. Some of the parameters may have to be fixed
to ensure that this metric is complete, and all tangent vectors have finite
length.

3. The geodesic motion, possibly with magnetic forcing, should then approx-
imate the slow (non-relativistic) motion of rational map, or lump solutions
to (8.2.13).
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8.2.4.1 Static solutions
All static solutions to (8.2.13) are the chiral fields on R?, that is, solutions to

3] 710) + 0] 719 ) = 0, (8.2.61)

where z=x+iy and 9, = 3/dz. In the case of SU(2) the static finite-energy
solutions are given by (8.2.23) and M = My is the moduli space of rational
maps from CP' to itself with degree N.

All finite-energy static solutions to (8.2.13) can be factorized in terms of
maps Ry of R? into Grassmanian manifolds [166, 193]:

J = Ko(1 = 2R1))(1 = 2Ri2)) -+ - (1 — 2 Riy), (8.2.62)

where K is a constant unitary matrix, Ry is holomorphic, and m <n —1 is
the so-called uniton number.

The family of static solutions in moduli space construction should minimize
the energy for a given value of topological charge. These instanton (or anti-
instanton) solutions are given by

J = Ko(1—=2R), (8.2.63)

where R is given by (A11) and f;, I =1,...,(n — 1) are rational holomorphic
(respectively anti-holomorphic) functions of z = x + iy given by

fi = pi(z) _ (z—=pr1)---(2— pLN)
ri(z)  (z—r11)(—7IN)

I=1,--,n—1. (8.2.64)

Here Nj=kyg(f) is the algebraic degree of f;. The numbers y =
(Re(p), Im(p), Re(r), Im(r)) are real coordinates on a finite-dimensional moduli
space My C M.

The finiteness of the energy requires the base condition to be imposed. We
therefore need to fix the limit of each f; at spatial infinity. We have taken this
limit to be equal to one for all functions f;.

One-uniton solutions (8.2.63) correspond to R being an (anti-)instanton
solution, which at the level of the Grassmanian model minimizes the value of
energy in its topological sector. For such solutions the energy is proportional to
the topological charge N of the Grassmanian projector (given by the formula
(A12)). This is also true for the potential energy of the chiral field J, defined
in (8.2.14), since in the case of (8.2.63) it is equal to the energy of R. The
non-instanton solutions corresponding to 72 > 1 in (8.2.62) are unstable in
the space of all Grassmanian embedding, and so are not suitable from the
moduli-space perspective. Therefore* we shall concentrate on instantons, in

4 Note that (8.2.65) holds for any smooth map R : $2 — CP"~! with N being the homotopy
class under the standard isomorphism 7 (CP*~!) = Z. To see this (e.g. [21]) consider the homology



8 : Symmetry reductions and the integrable chiral model

which case [193]
N = max; Nj. (8.2.65)

The boundary conditions (8.2.16) imply that the finite-energy static solu-
tions to (8.2.13) are maps from S? (conformal compactification of R?) into
U(n). In the moduli-space approximation we choose a class of such solutions
which are homotopic as maps of S? into U(n) and all have the same value
of potential energy. Ideally every such map ought to provide minimum of
the potential energy. This is the case on the level of the Grassmanian models
for constructions which involve (anti-)instanton solutions. For chiral models
one can show that all finite-energy static solutions are saddle points of the
potential energy functional [134]. This raises a question about stability of the
approximate solutions.

To summarize, for a given value of the topological charge, all solutions in
the class (8.2.63) can be described by a finite set of parameters which are the
positions of zeros and poles of holomorphic functions. To ensure finite values
of kinetic energy we needed to impose the base condition on the solutions by
fixing their value at spatial infinity. Then the parameters define a map on the
resulting moduli space.

8.2.4.2 Metric and magnetic field

Next we allow the parameters to depend on time and so time-dependent
approximate solutions correspond to paths in the moduli space. Let us denote
the solutions contributing to the moduli space by ] (y;x, y), where y denote
real parameters in (8.2.64). Approximate time-dependent solutions are then of
the form [ (y(¢);x, y) and time differentiation gives

3]

Je=Jiv', j=1,...,dim(M), where ]i:F’
4

(8.2.66)

The dynamics is governed by the action obtained as a restriction of (8.2.41) to
the moduli space

15} 1 X .
Sy = / (zbikyfyk + A,»;ﬂ) dt. (8.2.67)
5]

group Hp(CP"~'). This is isomorphic to Z. If R: §2 — CP"~! is a map from the compactified
space to CP""!, representing a homology class R,[S?], we obtain the corresponding integer by
evaluating R,[S?] on a standard generator for H2(CP ) represented by the Kihler form €.
In terms of differential forms, evaluating a cohomology class on a homology class just means
integrating, so the evaluation of R,[S?] on € is given by the RHS of (A12). Now consider
the Hurewicz homomorphism from m,(CP"*™!) to Hy(CP"*~!') sending the homotopy class of
R: 8% — CP"! to R,[S?], where [S%] € Hy(S?) is the fundamental class. The projective space
CP"! is simply connected, so this is an isomorphism 72 (CP"~!) = Hy(CP*!) = Z.
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The metric term can be obtained from the kinetic energy form (8.2.14) by using

(8.2.66):
T= %h,—k)?f)'/k, where b, = —/Tr (]_1]i]_1]k) dxdy, (8.2.68)

and the magnetic term can similarly be obtained from the WZW term, which
can be rewritten by the cyclic property of the trace as

1) 1
) R
Sws [ [T e T doddyae

[5) .
= / A;jy’dt,
t

1
A= [T T T dedxdy, (8.2.69)
R2 JO

where

Then A= A;dy/ is the magnetic one-form on the moduli space. We shall now
prove the following

Proposition 8.2.5 [56] The magnetic field (8.2.70) vanishes on moduli spaces
constructed from embeddings (8.2.63) of Grassmanian solutions.

Proof One property of the WZW term is that its variation does not depend
on the particular choice of extension J. We consider the variations restricted
to the moduli space §] = J;8y*, and find

55w = / 2 / Te (77, [ 467, ] 7 J]) dxdydr,

153 . .
- [ TG U ) ddy sy
1
Comparing this expression with the variation of (8.2.69)

153 . X
3SM=f Fijy’sy'de,  Fij=09;A; —0; A

5]

gives
By [ TG U ) dxdy, (8.2.70)

where F = %F,»,- (y)dy' A dy/ is the the magnetic field. We can see that althougp
the magnetic one-form A in general depends on the choice of the extension J,
its exterior derivative F does not. Changing the extension merely corresponds
to a gauge transformation of A.
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Note that the potential energy term has not been included in the effective
action (8.2.67). The potential is proportional to the topological charge (A12),
and does not contribute to the effective equations of motion.

Let us now consider a Grassmanian projector R depending smoothly on
some set of variables, which we shall denote by a, b, and ¢. From idempotency
and the Leibniz rule we deduce

R, = R,R+ RR,
and
R,RyR. = RR,RyR. + R,RRyR. = RR,RyR, + R, RyR. — R, R, RR,

= RR,RyR. + RyRyR. — R,RyR. + R,RyR.R = RR,Ry R, + R, RyR.R.

Taking the trace of the above expression gives

Tr(R,R,R.) = Tr(2RR, Ry R,). (8.2.71)
If ] is given by (8.2.63) then
Te(J 'y [J " i ]V 1) ~ Te[(1 = 2R)Ry [Ri, R;]]. (8.2.72)

where we have assumed that Ky does not depend on parameters ¥ on the
moduli space to ensure the finiteness of the kinetic energy. The RHS of (8.2.72)
vanishes because of (8.2.71), which in turn implies the vanishing of the mag-
netic field (8.2.70). O

We defined the metric (8.2.68) as a restriction of the kinetic energy to M.
Its completeness is equivalent to the requirement that the kinetic energy is finite
along all curves in My. Although the base condition was necessary to ensure
finite kinetic energies, it appears not to be sufficient as the metric is complete
only on leaves of appropriate foliation of My [172, 153] and we need to
restrict the dynamics to these leaves. These restrictions are assumed to hold
and we will use the symbol My to denote some particular leaf.

The moduli-space metric can be obtained explicitly from (8.2.68) by using
(8.2.63), (A11), and (8.2.64). This metric is Kdhler with respect to the natural
complex structure induced by map (8.2.64), with the Kahler potential

n—1

Q= 8/ Iy “(Ipil + Iri|*)dxdy. (8.2.73)
R

o Example. Consider the case G = SU(2) where the static finite-energy solu-
tions are of the form (8.2.23).

In the moduli-space approximation | stays on the equatorial $* C §3, and

the lumps are located where | departs from its asymptotic value (8.2.16). In
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these regions the energy density of (8.2.14) attains its local maxima. The
velocities of the lumps are the velocities of these local maxima.
The charge-one solution is given by

f=a+ (8.2.74)

z+y’
and we need to fix « and B in order for (8.2.68) to be well defined. Choosing
a=0,8=1,y =yp(t), and setting y(t) = r(¢)e'’”) we find the metric and the
one-form

b =8 (dr* +r*de*) and A=4n*d(rcosb).

Therefore the metric is flat, and the motion is along straight lines, y (¢) = —vt,
because dA =0 does not contribute to the Euler-Lagrange equations. The
energy density is approximated by

E=(1+|z—vt]?)?

Next we look at the charge-two case:’

f=a+ Prry

e (8.2.75)

The corresponding metric was constructed by Ward [172]. The parameters
a and B have to be fixed to ensure finiteness of kinetic energy, and § can be
set to 0 by exploiting the translational invariance of (8.2.23). Moreover the
Mobius transformations can be used to ensure o = 0, 8 € R, and here Ward
makes an additional choice 8 = 0. The resulting metric is therefore defined
on four-dimensional leaves of a foliation of M,, with local coordinates
(y,¥,k,x). The Kahler potential is given by

/2
Q) = —47m|k]| +n|y|/ 1+ |k/y|?sin® 0de.
0

The structure is invariant under the torus action and a homothety

ity ity

y = ey, k- ek, and |y*+ k> = wlly) + k).

In the next two examples we shall compare the moduli-space motion with the
limiting cases of exact soliton solutions [54]

o Example. Consider the one-soliton solution (8.2.22). The energy density

: + w1
g=281n2¢—
Il (1 + | f1%)?

5 We remark that the boundary condition for f in these examples is f(z) — 0 as |z] —> oo,
and hence Jo = io3. The conclusion F = 0 does not depend on these boundary conditions.
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has local maxima which give the locations {(x;, y,), a=1,..., N} of N
lumps. The velocities (%, ) = (—2|p| cos @ /(1 + |n]?), (1 — [i]?) /(1 + |1]?))
are the same for each lump so (8.2.22) should be regarded as a one-soliton
solution. To make contact with the moduli-space approximation write

Ji=cos¢pl+ia-o

to reveal that cos ¢ measures the deviation of J; from the unit sphere in the
Lie algebra su(2). If J is initially tangent to the space of static solutions, then
cos¢ =0, and we can set u =i(1 +¢), where ¢ € R. The solution is of the
form (8.2.23), but [ is rational in

(24 i) 2 (2-%7 .
=z+e(z+it)+ — +it ],

SO

(z—01) - (z— OnN)
(2= Onut) (g — OoN)’

where the O's are linear functions of (2%, et). The (squared) velocity is

f(w) =

V2=l —4(leel/[1+(1+e)],

so in the non-relativistic limit (which underlies the moduli-space approxima-
tion) we regard ¢ as small. Therefore the Q’s depend only on ¢, and they
all move at velocity e. Setting N =1, we recover the charge-one solution
(8.2.74). More generally we find that ] is given by (8.2.23) with

f = h(z)+thi(z),

where f, = f(w)|e=0 and f; = 3f/0¢|.—0 are rational functions of z.

Example. In Theorem 8.2.3 we have demonstrated that the total rest-frame
energy of the solution (8.2.25) is quantized in units of 8w. Solutions to
(8.2.13) obtained in the moduli-space approximation have energies close to
their potential energy as their kinetic energy is small. We should therefore
expect that some of these approximate solutions arise from (8.2.25) by a
limiting procedure.

Consider (8.2.25) and for convenience set f = —if;/2 and h=—if/2.
To demonstrate how the limiting procedure is achieved first observe that
solutions to (8.2.13) are defined up to a multiple by a constant element of
SU(2). The static solution (8.2.23) with f = f, arises from (8.2.25) by using
this freedom and setting f; = 0:

i 0 ~ i 1—|I[2|2 2hH N )
(0 —i)fz'ﬁ:‘“m Yh 1) st

Moreover the energy density of (8.2.25) has maxima where f = f, +¢f] = 0.
The lumps are located at the zeros z, = z,(¢), a=1,...,deg f of f and the
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squared velocity of each lump is

> AP
a ~ / 12 ’
|f2 +tf] | 2=2,

so that | fl/|2 is small in the non-relativistic limit. Therefore | f1] is also small
as we choose [, to be tangent to the space of static solutions at # = 0. Keeping
only the linear terms in f; in (8.2.25) yields

AN
0 —i)*"

i (1—|f|2—i<fzﬁ+ﬁf1> 2f )
L+ f]? 27 fP-1-i(hAi+FRHA))

The term (£ fi + f> f1) can be dropped by rescaling the coordinates x* —
xt/e.

Comparing the resulting expression with (8.2.23) will give a motion on the
moduli space of static solutions if f,,¢f/, and ( f1)* lie in the common space
of rational maps of degree deg f>. To achieve this, we therefore take

r(2)

p(z)
f1 =—— and fz = q(z)z’

)
where 7 is of degree 2N and p and g are of degree at most N. The total
energy is equal to 8 deg f>. The resulting motion on the moduli space of
static solutions of charge deg f; is given by (8.2.23) with

r+uUp'q - pq')
f(zt) = ——F——
q
This motion is restricted to a geodesic submanifold as the parameters in the
denominator of [ are fixed. In particular, setting g = 1, we can take f>(z)

to be a polynomial of degree 2N and f1(z) to be a polynomial of degree at
most N.

. (8.2.76)

8.2.5 Mini-twistors

The geometric interpretation of the Lax representation (8.2.11) is the follow-
ing: For any fixed pair of real numbers (u, A) the plane

W= v+ xh+ ur? (8.2.77)

is null with respect to the Minkowski metric » = dx* — 4dudv on M = R>!,
and conversely all null planes can be put in this form if one allows A = co. The
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two vector fields
80 =0y — 13, and 8 =y — A9, (8.2.78)

span this null plane. Thus the Lax equations (8.2.11) imply that the generalized
connection (A, @) is flat on null planes. This underlies the twistor approach
[174, 177], where one works in a complexified Minkowski space C3, and
interprets (11, A) as coordinates in a patch of the mini-twistor space Z = TCP!,
with u € C being a coordinate on the fibres and A € CP! being an affine
coordinate on the base.

In this section we shall study the geometry of the mini-twistor space, and
its compactification in some detail. It is convenient to make use of the spinor
formalism based on the isomorphism

TM=S0S,

where S is rank-two real vector bundle (spin bundle) over the (2+1)-
dimensional Minkowski space. The fibre coordinates of this bundle are
denoted by® (mg, 71). Rearrange the space-time coordinates (u, x, v) as a sym-

metric two-spinor
u x/2
Y / ’
x/2 v

such that the space-time metric and the volume form are
b = —2dxspdx® and vol, = dxs® A dxc? A dxpC.

As usual, two-dimensional spinor indices are raised and lowered with the
symplectic form ¢ 4p, such that go; = 1.

The mini-twistor space of R*! is the two-dimensional complex manifold
Z = TCP' which is the total space of the line bundle ©@(2) of Chern class 2
over CP'. Points of Z correspond to null two-planes in R>! via the incidence
relation

xBramp = 0. (8.2.79)

Here (w, mo, 1) are homogeneous coordinates on Z: (w,ma) ~ (c*w, cm ),
where ¢ € C*. In the affine coordinates A := o/ and u := w/(71)? equation
(8.2.79) gives (8.2.77).

First fix (w, ). If (i, A) are both real then (8.2.79) defines a null plane in
R>!. If both & and A are complex then the solution to (8.2.79) is a time-like
curve in R?!. We shall say that this curve is oriented to the future if Im(1) > 0

6 Strictly speaking the spinor indices used in this section should be primed if one views the
integrable chiral model as a reduction of ASDYM. However only one type of indices will be used,
so using unprimed indices should not lead to misunderstandings.
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and to the past otherwise. If A is real and u is complex then (8.2.79) has no
solutions for finite x48.

An alternate interpretation of (8.2.79) is to fix x42. This determines w as
a function of 74, that is, a section of @(2) — CP' when factored out by the
relation (w, w4) ~ (c*w, ¢ ). These are embedded rational curves with self-
intersection number 2, as infinitesimally perturbed curve pu + 8§ with §uu = §v +
8xA + 8ul? intersects (8.2.77) at two points.

Two rational curves L; and L, (corresponding to py = (#1, x1, v1) and P, =

(u2, x2, v2), respectively) intersect at two points

2R, F/h(R, R)

)\. = Pl
1.2 2R,

where R; := (41 —u2, x1 — 22, V1 — v2).
Therefore the incidence of curves in Z encodes the causal structure of R**! in
the following sense: L1 and L, intersect at (a) one point, (b) two real points,
and (c) two complex points conjugates of each other, iff py, p» are (a) null
separated, (b) space-like separated, and (c) time-like separated.

Examining the relevant cohomology groups (see formula (B5)) shows that
the moduli space of curves with self-intersection number 2 (and so the normal
bundle O(2)) in Z is C3. The real space-time R>! arises as the moduli space
of curves that are invariant under the conjugation (w, w4) > (@, 74), which
corresponds to real x4E.

The correspondence space is

F=CxCP'={(p,2) e C} x Z|Ze L,}.

By definition, it inherits fibrations over both C* and Z, and the fibration of
F = C3 x CP' over Z has fibres spanned by the distribution 84 = 75945, where
dapxCP =1/2(e5el + e§el). In the affine coordinates where 74 = (1, —A)
this distribution is given by (8.2.78) where we have ignored the constant

factor my.

8.2.5.1 Ward correspondence

There is a one-to-one correspondence between the gauge equivalence classes of
complex solutions to (8.2.8) in complexified Minkowski space, and holomor-
phic vector bundles over the mini-twistor space TCP! which are trivial on the
holomorphic sections of TCP! — CP!. The proof is entirely analogous to that
of Theorem 7.2.2. Here we shall concentrate on the backward construction,
where the additional subtlety arises due to the choice of Ward gauge leading
to the integrable chiral model (8.2.13).

Let F be a patching matrix for a vector bundle over TCP!. Restrict F to a
section (8.2.79) where the bundle is trivial, and therefore F can be split

F=HH",
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where H and H are holomorphic in 74 around 74 = 04 = (1,0) and 74 = 14 =

(0, 1), respectively. As a consequence of §4F = 0, the splitting matrices satisfy
H'$4H = H'8,H = n5® 55, (8.2.80)
where
D ap = Dag) + €D

gives a one-form A= ®4pdx® and a scalar field ® on the complexified
Minkowski space, that is,

O A, A+ @
A=A -0 A )

Let
b= H(x" 7%=0% and b= Hx" 7%=
so that

<I>A0=h’18th and CDA1=}~]713A1];.

The splitting matrices are defined up to a multiple by the inverse of a non-
singular matrix g = g(x*) independent of 7 *:

H— Hg 'and H— Hg™'.

This corresponds to the gauge transformation (8.2.9) of ® 4p.
We choose g such that » = 1 so

dup =" Dup =0
and
@ g = —150°h 9 ach,
that is,
A+ P =A, =0.

This is the Ward frame with J (x*) = b. The Higgs field is given by
1
o= EgABCDAB =V 1a,],

where V = 048343 = 9, is the unit space-like vector which breaks the Lorentz
invariance. The Lax pair (8.2.11) becomes

LA = (SA+ H_15AH,
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where 84 = w8345, so that
LaHY=-HY$,HH '+ H'6,HH'=0

and ¥ = H™! is a solution to the Lax equations regular around A = 0. In the
Ward frame

J(x*) = wl(x*, 1 =0)

is a solution to (8.2.13). Let us show explicitly that (8.2.13) holds. Differenti-
ating both sides of (8.2.80) yields

SAH 's4H) = —(H '6“H)(H 's 4H)
which holds for all 7 if
DA(Cq)AB) = 0

where Dyc = dac + @ ac. This is the spinor form of the Yang-Mills-Higgs
system (8.2.8). In the Ward gauge the system reduces to

3P =0

which is (8.2.13).

8.2.5.2 Abelian case and the wave equation
In the abelian case j = log (] ) satisfies the three-dimensional wave equation
% 9%
ax2  dudv
Repeating the steps leading to (7.2.24) we find the integral formula
: (@, p)
] - % f—p . dp’
r(p-t)(p-0)

AB

where T is a real contour in a rational curve w = x**7 o7 and [ is a cohomol-
ogy class homogeneous of degree zero in p giving rise to a patching function
F =e!. This solution is gauge dependent as the integrand depends on a choice
of the normalized spin dyad (o, ¢). The abelian Higgs field also satisfies the

wave equation and is given by a gauge-independent formula

r

ow

8.2.5.3 Compactified mini-twistor space

The solutions to (8.2.8) which satisfy the trivial scattering boundary condition
(8.2.29) extend to a compactification of the mini-twistor space. In this section
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we shall fill in the details in [179] and describe this compactification and its
corresponding compactified space-time M = RP>.

Let us first notice that the non-compact mini-twistor space Z = TCP' is bi-
holomorphic to the quadratic cone in CP? minus the vertex. Indeed, let [Z :
71+ Z» : Z3] be homogeneous coordinates in CP?, and let T be a cone

(Z1)* +(Za)* +(Z3)* = 0.
The map from the mini-twistor space TCP! to the cone is given by
(A, ) = [=2p, 1 — 2%, =21, —i(1 +2%)] inthe patch A #0 and
(h, i) = [2/1, X2 —1,2%,i(1 +2?)] in the patch A # 0,
where on the overlap

-~ 1 .M
A= X and M= ﬁ
In the patch of CP? where Zy # 0 the cone T is
(z1)* + (z2)* + (z3)* = 0, (8.2.81)

where z; = Z;/Zy are inhomogeneous coordinates on CP?. Now consider a
plane P ¢ CP? which omits the vertex [1:0: 0 : 0]. Planes in CP? are of the
form P*Z, = 0, so we need P° # 0, and thus the plane is

1+zx' +2x? +23x° = 0, (8.2.82)

where x' = P//P°. Those planes correspond to points in complexified
Minkowski space Mc = C?, that is,

P < p:(xl,xz,x3) € Mc.

The real planes (with P% real) are parameterized by points in the real
Minkowski space M = R>1,

The conic sections in T corresponding to points in M are given by the locus
of (8.2.81) and (8.2.82). Two planes P, P’ intersect in a line, which intersects
a cone in two points Z, Z' and all conics (8.2.82) through Z, Z' correspond to
geodesics in Mc joining p and p'. In the special case if the planes touch on the
cone the geodesic is null (Figure 8.2). Now consider a compactification of M
by including the planes through the vertex, that is, allowing P° = 0. The space
‘Mc of such real planes has homogeneous coordinates

[P°: P': P?: P}

so Mc = CP?. The ‘added planes’ are of the form 0 + P1Z; + P2Z, + P3Z3 = 0,
and are parameterized by [P! : P2 : P3| which is ./ = CP?. Therefore

M = C3 U CP2.
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T V4

Z

Geodesic

N

Null geodesic

Figure 8.2 A geodesic joining two points in the complexified Minkowski space corresponds to all conic
sections intersecting at two points. The null geodesics arise as a limiting case

These additional planes intersect the cone in the generator lines which pass
through the vertex. To construct the compactified mini-twistor space T blow
up the vertex and replace it by a line Ly, = CP' (Figure 8.3). The resulting
compact complex two-fold is called the Hirzebruch surface and denoted O(2)
to stress that each fibre of O(2) — CP! has been compactified. The lines in T
corresponding to points on J intersect Loo. From our discussion it is clear that
there is a one-to-one correspondence between the following geometric objects

in T, O(2), and M:

1. A generator A of a cone T C CP3

2. A pencil of planes through that generator

3. One-parameter family of null planes in the space time with the same normal
7478, where A = mo/m

4. A fibre A of O(2) — CP!

After the blow-up all the CP'-worth of generators become disjoint, and cor-
respond to points on Ly, therefore a point on L, corresponds, via (2), to a
line

I, ¢ J = CP* c CP?

(we recall that 7 is the infinity of M¢ corresponding to the vertex J of the
cone). This is however not a one-to-one correspondence. The planes through
the vertex are not disjoint after the blow-up.

There is a unique plane through any two generators A1 and A, of the cone.
This plane corresponds to the intersection point L, of two lines [;, and [,
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T ‘ T-00)

S

Blow up

Cp!

Figure 8.3 Blow-up of the vertex of the cone. Planes thorough the vertex correspond to points at
infinity in M

in J. Any point in J corresponds to two or one fibres in that way, as any
generator also corresponds to a point, because it determines a unique tangent
plane to a cone.

Any finite point p € Mc = CP*>* corresponds to a section L, of O(2) which
intersects the line Li, at two points (respectively, one point for a point in
J). The set of all sections of @(2) through these two points is a geodesic
(respectively, a null geodesic) joining p to L. This geodesic is compactified to
a projective line in the space-time by inclusion of Ly;.

All these structures are compatible with the real structure corresponding to
real planes in CPP3. Thus the compactified Minkowski space is

M = R3 URP?.

8.2.5.4 Initial value problem

Let IT be a non-null plane in the complexified Minkowski space C3. To any
such plane we can associate an involution oy : £ — Z defined as follows.
Given a null plane Z in C* we define op;(Z) to be a null plane such that the
pair of planes (Z, or1(Z)) intersect IT in the same line. Take II to be a space-
like plane ¢ = 0 with a normal vector t = 483 45. Then the involution o acts on
homogeneous coordinates on the twistor space by

) 5),

olw, 77 = (—w, tABn
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or, in the inhomogeneous form,

1
o(u, r) = (—;f—z, _X) .

The fixed points of this involution have A = £i. The o-invariant sections of
TCP! — CP' correspond to points in the ¢ = 0 plane in Minkowski space.
The involution o commutes with the real structure

T (0, a) = (@, Ta).

These two involutions fix a real space-like plane in R*!.

Now consider the compactified picture. The space-like plane # = 0 intersects
J in CP's.. Any point on Ly, corresponds to a point on CP'.. To see it
consider the generator A of the cone, and draw the unique plane through A
and (the generator corresponding to) —1/A. These two generators are swapped
by the involution 7, and so the point corresponding to this plane belongs to
CP!... However this is not a bijection, as any point in CP',, corresponds to
two generators, and so two points of L., (the special case is A = +i).

Exercises

1. Show that the generators of the conformal group are given by (8.1.1).

2. Use the zero-curvature representation (3.3.12) to show that the NLS equa-
tion is a symmetry reduction of ASDYM.
[Hint: Proceed by analogy with the calculation leading to KdV Lax pair
(8.1.3).]

3. Find the energy functional corresponding to the Lagrangian (8.2.10) and
show that the energy density vanishes on solutions to (8.2.8).

4. Use the Bicklund relations (8.2.39) to obtain the two-soliton solution
(8.2.25) starting from the one-soliton (8.2.23).

5. Verify that the WZW action (8.2.41) gives rise to the integrable chiral
equation (8.2.13).

6. Show that a conformal Killing vector K = KA49,4 on the complexified
four-dimensional Minkowski space maps «a-planes to a-planes and gives
rise to a holomorphic vector field on the corresponding twistor space given

by

’ a /
K=KMny— +papn® —
30)A 87TA/

for some ¢ 4 p which should be determined.
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Describe the infinitesimal conformal group action on the space of SD two-
forms in terms of ¢ A p.

7. Assume that K in the previous question is a non-null translation so that
¢ xp = 0. Obtain the mini-twistor space TCP' as a quotient of the twistor
space P7 = CP? — CP! by K. Conversely, show that P7 is a holomorphic
bundle over TCP' and determine the transition functions for this bundle.



Gravitational instantons

Gravitational instantons are solutions to the four-dimensional Einstein equa-
tions in Riemannian signature which give complete metrics and asymptotically
‘look-like’ flat space, in a sense to be made precise in the remainder of this
chapter. Gravitational instantons cannot usually be analytically continued to
Lorentzian signature. They are nevertheless physically relevant as they can
allow a semi-classical description of the as-yet-unknown theory of quantum
gravity. Our discussion in this chapter assumes familiarity with basic general
relativity, but we shall summarize the standard definitions in Section 9.2.

9.1 Examples of gravitational instantons

o Example. Euclidean Schwarzchild solution. Our first example will be an
analytic continuation of a well-known solution describing a static black hole.
Replacing ¢ by it in the Schwarzchild metric gives the following Riemannian
metric:

-1
g= (1 - 27m> dr* + (1 — 2L”> dt? +r2(do? + sin® 0d¢?). (9.1.1)

r

The metric g is an analytic continuation of a Ricci-flat metric, therefore g
itself is Ricci-flat and there is no need to verify the Einstein equations.

The Schwarzchild metric in the Lorentzian signature is singular at 7 = 0,
but in the Riemannian setting this singularity can be removed by considering
the range 2m <r < oco. The apparent singularity at » = 2m can also be
avoided at the price of allowing t to be periodic. To see this define

/ 2
p=4m 1——m.
r
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Expanding the metric near p =0, which corresponds to r =2m, gives
dr ~ (p/4m)dp and

02

Tenn dc? + 4m*(d6? + sin® 0dp?).

g~ dp*+

. S . 2
If 7 is taken to be periodic with a period of 87 then the term dp? + 2 drc?
describes the flat metric on R? and the four-dimensional metric g is regular.

For the next two examples we need to introduce left-invariant one-forms o;, i =
1,2, 3, on the group manifold SU(2) such that
doy+oyAN03=0, doy+o3A01=0, and dosz+0o1 A0y =0.

(9.1.2)
These one-forms can be represented in terms of Euler angles by
o1+ioy =e V(dO +isinfdp) and o3 =dy +cosOdg,
where to cover SU(2) = S? we require the ranges
0<O0<m, 0<¢<2m, and 0 <4y <4m.
In terms of the left-invariant one-forms the flat metric on R* is given by

Sflac = 0> + 307 (o7 407 +03)
where p > 0.

The following two examples do not arise as analytic continuations of
Lorentzian solutions. Their Riemann tensor is ASD which makes them anal-
ogous to the ASD instantons in YM theory studied in Section 6.4. We shall
postpone the discussion of the ASD condition to the next section and here only
give the expressions for the metrics. We shall demonstrate that the expressions
give rise to regular metrics but leave the verification of the Ricci-flat condition
to Section 9.4 where a convenient formalism is developed.

o Example. Eguchi-Hanson metric. The Eguchi-Hanson metric [60, 61] is
given by

“471d212 a\ 5 1, 5 5
g= 1—1,—4 i 1—7—4 03 + 47 (of +03). (9.1.3)

The apparent singularity at 7 = a is removed by allowing

r>a, 0<¢y<2m, 0<¢ <27, and 0<0 <m.
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To see that the metric is complete set p? =7*[1 — (a/r)*]. Expanding the
metric near r = g and fixing (0, ¢) gives

R

In the standard spherical polar coordinates ¥ has a period 47 on SU(2). In
our case the period of ¢ is 27 to achieve regularity. Therefore the surfaces
of constant 7 are real projective planes defined by identifying the antipodal
points on the sphere, RP® = §3/Z2. At large values of 7 the metric looks like
R*/7Z? rather than Euclidean space. The Eguchi-Hanson metric is an example
of the asymptotically locally euclidean (ALE) manifold.

The Eguchi-Hanson example motivates the following definition:

Definition 9.1.1 A complete regular four-dimensional Riemannian manifold
(M, g) which solves the Einstein equations (possibly with cosmological con-
stant) is called ALE if it approaches R*/ T at infinity, where T is a discrete
subgroup of SO(4).

If " contains only the identity then asymptotically g is Euclidean and Ricci-flat.
The positive action theorem [183] implies that any such g is a flat metric on R*.
The Eguchi-Hanson metric corresponds to I' generated by a single reflection.
The following example also has ASD Riemann tensor, but its asymptotic
behaviour is rather different from that of the Eguchi-Hanson metric.

e Example. Taub-NUT gravitational instanton. Consider the metric [77]

_1r+m st —m 5, 1

o3 + Z(rz —n?) (of +03). (9.1.4)
At r = m the three-sphere of constant r collapses to a point — an example of a
NUT singularity (see below). The change of variables 7 = m + p?/(2m) gives

nearr =m

dr* +m

g_Zr—m

I
g"’d,O2+Z(012+0'22+O'32),

where we set r +m ~ 2m in all numerators. Thus the metric extends
smoothly over this point, and therefore is defined on the whole of R*. This
metric is not ALE as the coefficient of o7 approaches a constant as r — oo
while the coefficient of (o} +05) grows like 2. Thus the circle generated
by o3 separates from the three-sphere at large distances. The infinity has
a topology of the S' bundle over S*>. Examining the transition functions
shows that this is in fact the one-monopole bundle considered in Section
6.2.1. This kind of behaviour is referred to as asymptotic local flatness. It
implies flatness in the three-dimensional sense. The fourth (imaginary time)
dimension is periodic.
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Definition 9.1.2 A complete regular four-dimensional Riemannian manifold
(M, g) which solves the Einstein equations (possibly with cosmological con-
stant) is called ALF (asymptotically locally flat) if it approaches S' bundle
over S?* at infinity.

The case when the asymptotic bundle is globally S' x S? corresponds to
asymptotically flat metrics. The Euclidean Schwarzchild solution (9.1.1) is one
example. The ALE and ALF manifolds belong to the class of gravitational
instantons because their curvature is concentrated in a finite region of a
space-time.

We shall end this section by discussing the removable singularities of the
metrics (9.1.3) and (9.1.4) in a more general context. Consider a general metric
of the form

g =dr’ +ai(r)o} + ax(r)o} +as(r)oi.
This metric is regular if the functions a;(r) are regular and non-vanishing. It
can however be regular even if some of the functions vanish, as the apparent
singularity may result from choosing a singular coordinate system. Following
Gibbons and Hawking [72] we consider two types of removable singularities
atr = 0.

e The metric has a removable NUT singularity if

2

ar(r) = ar(r) = aslr)? = - + OrY)

near 7 = 0. This singularity may be removed by using the Cartesian coordi-
nate system near the origin. The singularity » = m in the Taub-NUT metric
(9.1.4) is an example of a NUT singularity.

e The metric has a bolt singularity if

2

ai(r)? = ax(r)?

=const and a3(r)? =#n’r?, where neZ

up to the higher order terms in 7 near r = 0. Let us set the constant to one
without the loss of generality. Thus near the bolt singularity the metric is of
the form

2 n27,2 2 1 2 s 2 2
g~dr-+ T(dxp +cosfdp)” + Z(d@ +sin” 0d¢”)

up to the higher order terms. This can be made regular if ¥ is a periodic
coordinate with the adjusted range

0§W§4—n
n

as then the singularity for fixed values of (6, ¢) just arises from using
the plane polar coordinates (r, ¥) and can be removed by using Cartesian
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coordinates on R?. Thus at the bolt singularity 7 = 0 the three-dimensional
orbits of the SU(2) action collapse to a two-sphere S? with constant radius.
The r = a singularity in the Eguchi-Hanson metric (9.1.3) is an example of a
bolt.

9.2 Anti-self-duality in Riemannian geometry

Let (M, g) be an n-dimensional Riemannian manifold. Thus there exists a non-
degenerate symmetric tensor g,, = g,,(x) on M giving rise to a line element

g=g;wdx”®dx”, M,U:l,...,n.

A linear connection V on M is a map sending a pair of vector fields (X, Y) on
M to a vector field VxY such that for any vector fields X, Y, Z and any function
f on M we have

o Vx(fY)= fVxY+ X(f)Y
e Vx(f) = X(f)

o Vx(Y+ Z) = Vx(Y) + Vx(Z)
° Vx+fyz= VxZ+ nyZ

If 9, = 3/9x" is a coordinate basis for vector fields we can define the Christoffel
symbols by
Vy, 0y =T

Vi

0.

Moreover we define V, := V; . The Levi-Civita connection V is the unique
connection on T M that is torsion-free, that is,

[V/u Vv] f =0

for any function f on M, and preserves the metric, that is, V,g,; = 0. From
now on we shall assume that V is the Levi-Civita connection.

Expanding the expressions VxV where X = X*9, and V = V9, using the
properties of V we find that the covariant derivative of a vector V* and a form
V,, are given by

Vu V=9, V'+T), VH and V.V, =9,V, -} Vi,

A

i, of the Levi-Civita connection

respectively, where the Christoffel symbols I’
are uniquely determined by the metric

1 08us  08vs 08y
rr = —grt (=24 — =) 9.2.5
w= 38 <axv T .2.3)
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The Riemann curvature tensor R,,,° is defined by
(VuVy = V,V,) V2 = R,,,° V7, (9.2.6)

where V* is an arbitrary vector. The symmetric Ricci tensor R, and the Ricci
scalar R are defined as

R, =R," and R=R,g"".

The definition (9.2.6) of the Riemann tensor implies the following algebraic
identities:

R/L[vyé] = 07 R;wyé = Ry&uv = _RvuySv and R/,Ll) = Ryps
as well as the differential Bianchi identity
Viu Rvy]5€ =0.

An n-dimensional Riemannian manifold is called Einstein if

R
R,u,u = ;guu- (927)

In the Einstein case for 7 > 2 the Bianchi identity implies that the Ricci scalar is
a constant. The quantity R/# is often referred to as the cosmological constant.

An alternative way to present the Riemannian metric is to use a moving
frame (also called a tetrad in four dimensions) and write

g=nwe’®e’, ab=1,....n

where n,, = diag(1,1,...,1) is a constant matrix and e* = e?,dx" are one-
forms such that

Guv = Navesiel.
The Latin indices a, b, c, ... are raised and lowered using the constant matrix
nap and its inverse, and the Greek indices are manipulated with g,,. In the
moving-frame formalism the connection I'} and the curvature R} are so(n)-
valued one-forms and two-forms, respectively, introduced using the Cartan
structure equations. In the torsion-free case these equations are

de” +T¢Aeb =0 and R{=dI§+T?ATS.

Thus 'y, and Ry, are both anti-symmetric when their indices are lowered. The
curvature two-form can be expanded in the moving frame thus giving rise to a
Riemann tensor R,y defined by
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Assume the Riemannian manifold (M, g) is oriented by an invariant volume
element

vol=e' Ae? A A€ = /|gldx! Adx? A Adx".

The Hodge operator * : A? — A""? is defined as

12
w(dx'' A - A dxtr) = Le’“""‘ﬂ o AXPPUA e A dxe
(f’l _ p)' Hps1Mn
or equivalently as
ai llp 1 a]---ﬂp ﬂp..,] ay
*(e"M A AE ):m&’ aper--a,€ VANRIEVANY I

From now on we shall assume that # = 4. Given an oriented Riemannian
four-manifold (M, g), the Hodge-* operator is an involution on two-forms in
the sense that s = Id. This induces a decomposition

A =A2@ A (9.2.8)

of two-forms into SD and ASD components corresponding to eigenvalues 1
of % . If F is a two-form then

F=F, +F_, (9.2.9)
where
1 2 1 2
F+=Z(F+>kF)eA+ and F7=E(F—*F)€A7-

If the metric is given in terms of an orthonormal tetrad

g=(e") +(e?)?+ () + (") (9.2.10)
then the bases of A2 and A? are given by
(@) =e*rel £e? Aed, (R)r=e*re?ted Ae!, and
(23)x =e*red+el nel (9.2.11)

The Riemann tensor has the index symmetry Rypcd = Riap)icd) SO can be thought
of asa map R : A> — A? given by

R(F)ab = Raped F°.
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This map decomposes under (9.2.8) as follows:

R
C,+— @
12

R = . (9.2.12)

R
@ C +—
"1

The C. terms are the SD and ASD parts of the Weyl tensor, the ® terms are the
trace-free Ricci curvature, and R is the scalar curvature which acts by scalar
multiplication. The Weyl tensor is conformally invariant, so can be thought
of as being defined by the conformal structure [g] = {c?g} where ¢ is a non-
vanishing function on M.

Definition 9.2.1 An ASD structure is a four-dimensional conformal structure
such that the SD Weyl tensor C, vanishes.

The Eguchi-Hanson and Taub-NUT gravitational instantons (9.1.3) and
(9.1.4) are ASD in this sense. In fact more is true: These metrics are Ricci-
flat and their scalar curvatures vanish. Thus the Weyl curvature is the only
non-vanishing part of the Riemann tensor. In this case the ASD of the Weyl
tensor implies that the Riemann tensor is ASD:

1
Raped = _zsabqupch (9.2.13)

or equivalently that the curvature two-form R?j, is ASD.

9.2.1 Two-component spinors in Riemannian signature

In the four-dimensional case it is convenient to use a modification of the tetrad
formalism known as the null tetrad and write

g=2(e oell — el @),

where, in terms of the moving frame, the complex one-forms e44, A=
0,1, A =0,1, are defined by

1
00 1

= —(e' +ie?), ez —(e! —ie

S

, 1 .
= ——(e?+ie’), and 'Y= ——

f( 2

\S)
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The null-tetrad representation is a convenient starting point for introducing
the two-component spinor formalism [132] which is very well suited to study
the ASD condition (9.2.13). Our discussion of the spinors will be a curved
analogue of the formalism developed in Section 7.2.2. Consider the group
isomorphism

SO4,R) = SU(R2) x SU(2)/Zs,. (9.2.14)

Locally there exist complex two-dimensional vector bundles S, S called spin
bundles over M equipped with parallel symplectic structures ¢, ¢’ such that

CRITM=S®S (9.2.15)
is a canonical bundle isomorphism, and
g(v1 ® wi, v ® wa) = &(v1, v2)e'(wr, wa) (9.2.16)

for vy, vy € I'(S) and wy, wy € T'(S'). Here C ® TM is the complexifed tangent
bundle, obtained by taking a union of complexifications of tangent spaces at
all points of M. The spin bundles S and S’ inherit connections from the Levi-
Civita connection such that ¢, ¢’ are covariantly constant. We use the standard
convention in which spinor indices are capital letters, unprimed for sections of
S and primed for sections of §'. For example, 14 denotes a section of S*, the
dual of S, and v# a section of S'.

The symplectic structures on spin spaces c4p and exp (such that o =
eo1r = 1) are used to raise and lower indices as in Section 7.2.2. For example
given a section u? of S we define a section of S* by 114 := uBepa. The complex
conjugation maps S to itself by

ta=(a,B) > ia=(-5,a) (9.2.17)
so that i4 = —t4. This Hermitian conjugation induces a positive inner product
1l = eapt ™ = |l + |BI%. (9.2.18)

We define the inner product on the primed spinors in the same way.

Let the spin dyads (0%, :4) and (0#,(¥) span S and S/, respectively. In the
Euclidean signature a spinor and its complex conjugate form a basis of spin
space. Thus we can always take 14 = 64, but we prefer not to do it as many
of our formulae involving spin dyads are valid in other signatures where the
properties of the complex conjugation are different.

We denote a normalized null-tetrad of vector fields on M by

€0 €or
eaq = .
el e1r
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This tetrad is determined by the choice of spin dyads in the sense that

/ / /
OAOA €ana = €oo/, —LAOA €aa = €10/, —OALACAAf = €01/, and

LALA/CAA/ =€11.
The dual tetrad of one-forms e44" determine the metric by
g= capeape’® @elP =2 @e!l —e'” @), (9.2.19)

where © is the symmetric tensor product. In terms of the spin bases we have
ogone™ =V yone™ =, oupe =€, and igpe? =%
With indices, the above formula! for g becomes g, = apeap.
A vector V can be decomposed as VA4e 44, where VA4 are the components
of V in the basis. Its norm is given by 2det(VA4), which is unchanged under
multiplication of the matrix VA4 by elements of SU(2) on the left and right:

VAY 5 AMVEBRA A e SUQR) and A eSUQ2)

giving (9.2.14). The quotient by Z, comes from the fact that multiplication on
the left and right by —1 leaves VA4 unchanged.

A vector V is null when det(VA4) =0, so VA4 = u4v4 as the matrix V
must be of rank one. The null vectors are necessarily complex in Riemannian
signature.

The decomposition (9.2.9) of two-forms takes a simple form analogous to
the flat situation (7.2.13) in the spinor notation. If

’ /
F = EFAA’BB’CAA /\CBB

is a two-form then

Fanpp = $apenp + Papeas, (9.2.20)

where ¢p and ¢4 p are symmetric in their indices as in the flat case. This
is precisely the decomposition of F into SD and ASD parts. Which is which
depends on the choice of volume form; we choose ¢ 4 to be the SD part.

Thus
A2=S*©S* and A2 TS*OS". (9.2.21)

We shall often write A2 =S © S/, etc., because S" and its dual are naturally
isomorphic vector bundles. The local bases £4 and L4 of spaces of ASD
and SD two-forms are defined by

eAN N eBB — gABR AB | JAB 5 AB (9.2.22)

I Note that we drop the prime on &’ when using indices, since it is already distinguished from &
by the primed indices.
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Using (9.2.22) we can write F = ¢pap S48 + pap A48
The first Cartan structure equations are

dCAA/ = CBA AN FAB + CAB/ VAN FA B,

where I' 45 and T 4 p are the SU(2) and SU(2) spin connection one-forms. They
are symmetric in their indices, and

cc

cc
Fap=Tccape™™, Tap =Tccape™,

and
(9.2.23)
Fecoap =o0aVeoty —taVecoor,

where Va4 := Ve, , . The curvature of the spin connection
RAB = dFAB + FAC A FCB
decomposes as

1 ,
R = Ccpz€P + EREAB + ®epnCP,

and similarly for R% p. Here R is the Ricci scalar, ® spap = ®(ap)ap) is the
trace-free part of the Ricci tensor, and the symmetric spinor Capcp is the ASD
part of the Weyl tensor:

Cabed = e Capep + eapecpCapop .
This leads to the following decomposition of the Riemann tensor:
Rabed = Capepeapecp + Capopeapecn
+®apcpeapecp + Papcpeapecp
+ E(EACSBDSA’C’EB’D’ — EADEBCEADERC)- (9.2.24)

A conformal structure is ASD iff Cypcp = 0. The spinor form of the ASD
condition (9.2.13) on the Riemann curvature is

RYp = 0.
Define the operators A s and A 4 p by
[Va, Vi] = apAap +eap D ap.
The spinor Ricci identities which follow from the definition of curvature are

Aaplay = @ABA/B/LB, and (9.2.25)

1 :
Axyplc = |:CA’B’C’D’ - ERgD’(A’EB’)C’:| LD (9226)
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(and analogous equations for unprimed spinors). The Bianchi identities trans-
late to

, , 1
vA ACapcop = v(%’CDC’D’)AB, vAA D apap + ngB’R =0. (9.2.27)

9.3 Hyper-Kadhler metrics

The Ricci-flat ASD metrics in four dimensions have the property that they are
Kihler with respect to three complex structures which satisfy the quaternionic
algebra. This hyper-Kihler condition is a convenient way of imposing the
ASD Ricci-flat equations on a given metric and we shall describe it in this
section.

We shall start with discussing the Kahler structures. Our presentation fol-
lows the classical reference [94]. Let M be an even-dimensional manifold. An
almost-complex-structure

I:TM — TM

is an endomorphism of the tangent bundle TM such that I?> = —Id. Define the
torsion of I by

Ni(X, Y)=[IX, IY] = [X, Y] = I[IX, Y] — I[X,IY], for X,YeTM.
Decompose the complexification of the tangent bundle
CeTM=T"Me T'M,

where T"9M and T%'M are eigen-spaces of I corresponding to eigenvalues
iand —i. If X € TM ® C then the explicit decomposition is

1 , 1 .
X= Z[X—ZI(X)]+Z[X+11(X)].

The Lie bracket of two vector fields in T'° M does not have to be an element
of T M. If it is, then one can introduce holomorphic coordinates on M. This
is summarized in the following

Theorem 9.3.1 (Newlander—Nirenberg) The following conditions are equiva-
lent:

1. TV M spans an integrable distribution.”
2. T%'M spans an integrable distribution.
3. Ni(X,Y)=0forany X, Y € TM.

2 See Appendix C for a definition of what this means.
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4. M is a complex manifold and its complex structure induces an almost-
complex-structure I such that in any holomorphic chart (',...,2") the
sub-bundle T'° M is spanned by {3/92%}.

The condition (4) in this theorem makes contact with the definition of a
complex manifold given in Appendix B. If any of the conditions in the theorem
is satisfied, I is called integrable. In view of this theorem an integrable almost-
complex-structure is a complex structure.

Now assume that (M, I) is a complex manifold (thus N; =0) and g is a
Riemannian metric on M which is Hermitian® with respect to I:

2(X, Y) = g(IX, IY).
Define a two-form € by
(X, Y) = g(X, IY).
Definition 9.3.2 The triple (M, g, Q) is a Kdhler manifold if
de =0.

In fact this condition together with the vanishing of N; imply that the Kihler
form is covariantly constant V,;. = 0 with respect to the Levi-Civita connec-
tion of g [94].

A 4n-dimensional Riemannian manifold is hyper-Kédhler if it is Kdhler with
respect to three complex structures I, I, and I3 such that

()= (L) =()*=-1d, LL=IL, LI=I, and LI =L.

The next result shows that in four dimensions the hyper-Kihler condition is
equivalent to ASD Ricci-flat equations on the metric.

Theorem 9.3.3 Let (M, g) be a Riemannian four-manifold. Then g is ASD
and Ricci-flat iff g is byper-Kdahler with respect to some triple of complex
structures.

Proof If the ASD Ricci-flat equations hold then the curvature RA'p of the
connection on S’ vanishes and there exists a covariantly constant basis (04, t ).
We can choose it to be normalized in the sense that o4t = 1. Using the
isomorphism $2(S') = A2 we construct the covariantly constant two-forms

3 Given any metric g on (M, I) we can construct a Hermitian metric g by

X Y)=g(X Y)+g(IX IY).
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spanning A2:

o 1 ! , , ,
L ZOA’OB’SABCAA A eBB — 0l A ell
ey 1 ’ ’ ’ ’ / ’
El o= ——O(ArLBr)é‘ABeAA AN CBB = —(em /\e10 +€00 /\e“ )
2 2
o 1 ’ ’ ’ ,
PO ZLA/LB/EABCAA AePB =00 Ael?,

This basis of A2 satisfies
A ASCPI 20 and dz4P =0, (9.3.28)

The three Kahler forms which constitute the hyper-Kihler structure arise as
linear combinations:

@ =-2i2" @ =iz =x"), and @;=3x"+3x!".
(9.3.29)

Conversely, given a hyper-Kahler structure (g, I;) let E be a vector which is unit
with respect to g. Thus, by the hermiticity of I;, the vectors L;(E),i = 1,2, 3,
are also unit and

8(E. Li(E)) = @(E,E)=0 and g(L(E), I;(E)) = §;;.

Let e* be a one-form dual to E. Extending the endomorphisms I; to T* M we
conclude that {e*, ¢ = Li(e*)},i = 1,2, 3, forms an orthonormal tetrad so that
g is given by (9.2.10). The relations

Qi(X Y)=g(X LY), i=123,

where X, Y is any pair of vectors in the set {E, [;(E)}, now imply that the
Kihler forms are SD and given by (9.2.11) with the ‘plus’ sign. They are also
covariantly constant so, again referring to the isomorphism S$(S') = A2, there
exists a covariantly constant frame for §'. In this frame the primed connection
vanishes and so R? 3 = 0. Thus the ASD Ricci-flat equations hold. O

As a by-product of this proof and the property (9.2.17) we deduce that a four-
dimensional Riemannian manifold which admits a covariantly constant spinor
has therefore to be hyper-Kihler, as the spinor and its complex conjugate give
rise to a covariantly constant basis of AZ.

Theorem 9.3.3 admits an immediate and useful corollary.

Corollary 9.3.4 Let ;= (R;),.j=1,2,3, be a basis of SD two-forms
(9.2.11) on a four-manifold (M, g). If

de; =0 (9.3.30)
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then (M, g = (el)2 et (e4)2) is byper-Kibler (and thus ASD and Ricci-flat).
Conversely, for any ASD Ricci-flat metric, there exists a covariantly constant
basis of S’ such that the SD two-forms are closed.

The spinor form of the closure condition is of course d4 5" = 0. This formu-
lation already assumes that €;, or equivalently 4® are constructed from a
tetrad. The algebraic condition L(A8" A £C¢P) = 0 guarantees that the tetrad
exists. This is a good way to impose the ASD Ricci-flat equations: choose
a tetrad for a metric, construct the basis of SD two-forms, and impose the
closure conditions. We shall use this formulation in the next two sections.

Let us finish this section with a historical remark. Given a hyper-Kahler (and
therefore ASD Ricci-flat) metric we can choose one Kahler form € = ¢ and
write the metric locally in terms of a Kahler potential Q = Q(w, z, w, Z) where
(w, z) are local holomorphic coordinates on an open ball in C* and

g = Qpdw dw + Qyzdw dz + Qpdz dw + Q,:dz dZ, (9.3.31)

where Q5 = 0,05, etc. The SD two-forms are given by

Q= %(Qwu-,dw Adw + szdw AdZ+ szdz Adw + szdz A dZ) and

@, +iR3 =dz A dw. (9.3.32)
The hyper-Kahler condition
QI AR = AR =3 AR (9.3.33)
on g gives the non-linear Monge—Ampére equation on the function €
Qi — Quzp = 1. (9.3.34)

Plebanski [135] demonstrated directly (without using the hyper-Kihler geom-
etry) that any ASD Ricci-flat manifold is locally of the form (9.3.31) where Q
satisfies (9.3.34). In the context of ASD Ricci-flat metrics the Monge—Amperé
equation (9.3.34) is known as the first heavenly equation.

In fact formula (9.3.31) and equation (9.3.34) first arose (in complexified
setting) in the context of wave geometry [146] — a subject developed in
Hiroshima during the 1930s. Wave geometry postulates the existence of a
privileged spinor field which in the modern super-symmetric context would
be called a Killing spinor. The integrability conditions come down to the ASD
condition on the Riemannian curvature of the underlying complex space-time.
This condition implies vacuum Einstein equations. The Institute at Hiroshima
where wave geometry had been developed was completely destroyed by the
atomic bomb in 1945. Two of the survivors wrote up the results of the theory
in [120].
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9.4 Multi-centred gravitational instantons

We shall discuss a large class of gravitational instantons which depend on a
harmonic function on R3. Consider a metric of the form

g = V(dx? +dx? + dx3®) + V' 1(dr + A)?, (9.4.35)

where V = V(x;) and A = A;(xj)dx; are a function and a one-form, respectively,
which do not depend on 7. This is known as the Gibbons—-Hawking ansatz
[71]. Choosing the tetrad

el = \/del and 64 = (d‘[ + A)v l = 19 21 3

Sl

gives the basis of SD two-forms:
1
Q; = (d‘L’ + A) A dx,‘ + EVGij/edxj A ka.

The ASD Ricci-flat equations are imposed as the closure condition (9.3.30).
This gives the monopole equation

x3dV = dA, (9.4.36)

where %3 is the Hodge operator on R? with its flat metric. Differentiating
this equation implies that V has to be a solution to the Laplace equation
on R3.

The vector field K = 8/d7 is Killing, that is, Liex g = 0, which generates the
S1 action, and x; are defined up to addition of a constant by dx; = K J ;.
In particular all SD two-forms (or equivalently the Kihler forms in the
hyper-Kahler structure) are Lie derived along K. This means that K is tri-
holomorphic. Conversely we have the following result:

Theorem 9.4.1 Any four-dimensional hyper-Kihler metric which admits a tri-
holomorphic Killing vector can be locally put in the form (9.4.35) where the
function V and the one-form A on the space of orbits of the Killing vector
satisfy (9.4.36).

Proof Any Riemannian metric which admits a Killing vector takes the form
g=h+Vl{dr+ AP,

where T parameterizes the orbits of K = 3/3t (see Appendix C for the proof
that t always exists locally) and (b, A, V) are a metric, a one-form, and a
function on the space of orbits of K. The function V is defined by

(9.4.37)
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The tri-holomorphic condition Lieg 2; = 0 gives
KJde +d(KJe)=0.

The Kahler forms are closed, thus we can use the Poincaré lemma to deduce
the local existence of functions x;,7 = 1, 2, 3, on M such that

dx; = KJ Q. (9.4.38)

These functions are Hamiltonians (also called moment maps) for the S! action
generated by K. The metric is Hermitian with respect to all three complex
structures, thus

g(Li(K), I;(K))=g(K,K), i=1,2,3 (no summation).
But g(I;(K), I;(K)) = |dx;|>. Therefore
gabK"K[7 = g“hVaaq Vpx1 = g“hVaxZVbxz = g“bVaxgvag,.

This gives b = V(dxl2 + dx% + dx%) and the metric is of the form (9.4.35).
Imposing the hyper-Kahler conditions leads, as we have already demonstrated,
to (9.4.36) which completes the proof. * O

« Example. Consider the flat metric on R* = C? with holomorphic coordinates
(w, 2)

g = |dz|* + |dw|*
with the hyper-Kahler structure given by
Q) = %(dzA dZ+dwandw) and @, +iR3 =dz Adw.
(This is of the form (9.3.31) with Q = |z|> + [w|>.) Now consider an isometric
and tri-holomorphic S! action
(2, w) —> (e'*z, e7'Pw),

where ¢ is the constant group parameter. Using the formula (4.2.4) we find
that this action is generated by the Killing vector

P AN Y
"2\ %oz %z T2 \"aw " Yaw )

Formulae (9.4.38) give

1
x| = Z(Izl2 —|wl?) and x +ix; = 5w,

4 A different proof of Theorem 9.4.1 based on exterior differential systems is given in
Appendix C.
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and (9.4.37) implies

4 1
= - (9.4.39)

V= K,K_lz—
s K = e T

because 72 := xf + x% + x% = (|z]*> + |lw]?)?/16. Thus the Gibbons-Hawking

ansatz with the simple harmonic function V =71 gives flat space. We also
see that the apparent singularity 7 = 0 in the Gibbons—Hawking metric can
be removed by a coordinate transformation. To find the one-form A in this
case write the flat metric on R3 as

e% + e% + e%, where e; =dr, e =rdf, and e3=rsinfde.

The relation s3e; = e A e3 gives *3dr =72 sin6dH A dp and so
x3dV = —% *3 dr = d(cos0dg).
Thus we can take
A=cos6dep.
Allowing V to have point singularities modelled on #~! and modifying V

by adding a constant leads to non-flat metrics. We shall consider V of the
form

N
V=V+
Z_: | X — X |
m=1
where x1,...,xy are fixed points in R? called the centres and Vj = const.

If (#1115 0, &) are spherical polar coordinates centred at the points x,, then,
repeating the argument above, we find that there exists a trivialization of the
S' bundle over R3 such that A is gauge equivalent to

N
A= Z c0s 0,,de,,,.

m=1

The behaviour of the corresponding metrics essentially depends on whether
the constant V; vanishes or not.

o Example. Taub-NUT. Consider the Gibbons—Hawking metric with

1
V=Vo+ -, Vo # 0.
r
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This is equivalent to the Taub-NUT metric (9.1.4). To see it set 7 = m + 27 /m
in (9.1.4). This gives

g=V [dfz +72(d6? + sin? 9d¢2)] + VU (dy +cos0 dg)?, where

1 1
V= ﬁ + ;,

which is in the Gibbons—Hawking form. In particular we have now veri-

fied that the Taub-NUT metric is indeed a solution to the ASD Ricci-flat

equations.

Allowing more singularities leads to large classes of multi-instantons general-
izing both the Taub-NUT and the Eguchi-Hanson solutions:

e The An_1 ALE metrics [62, 71] are given by
N
1
V= _
; [ X — X |

We have seen that the case N =1 is the flat metric on R*. Consider N > 1.
The apparent singularities at x — x,, are removable. To prove this first analyse
the asymptotic behaviour |x| — oo. This gives

N
Vo~
7

and, by the previous calculation, A ~ Ncos8d¢. The metric is
1
g~ N{—dx2 +7[d(t/N) + (A/N)]z} )
r

Setting 7 = p?/4 yields

2
g ~dp*+ % {012 +03 +[d(t/N) +cos dqb]z}
which is regular if 7 is periodic with a period 47 N. Thus asymptotically we
recover the flat metric on R*/Zy.
Now, focusing near any of the centres x,, and shifting the origin to x,,
gives

Vo~ -
7

Therefore we can reverse our analysis of the flat metric (9.4.39) to deduce
that 7 = 0 is a coordinate singularity and near the origin the metric looks like
the flat metric on R*.

The Eguchi-Hanson metric (9.1.3) can be put in this form with N =2
where the two centres lying on the x3-axis are separated by a?/4: Following
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[126] define
r.=|x—x,] and 7r_ =|x—x_|,
and set

=20, ri= %(1’2 +a%cosb), ¢, =¢_ =1, and

1
74 cosby = g( 2 cosf + a?),

where (7, 0+, ¢+ ) are spherical polar coordinates around the two points x4.
With this ansatz the two-centre ALE multi-instanton gives (9.1.3). This also
shows that the Eguchi-Hanson metric is hyper-Kdhler.

e The An_1 ALF metrics [62, 71] are given by

N
1
V=1+ E m (9.4.40)
m=1

where we rescaled the potential to set the non-zero constant Vj to one.

This time we first analyse the behaviour around the centres. Shifting the
origin to x,, gives V ~ r~! when 7 — 0. The analysis of this case is identical
to the ALE case we have just considered — we find that the metric is flat near
any of the centres. Now we consider the asymptotic region r — oo where
V ~1and A~ NcosfOdg¢. The metric is

g~ dr? +r2(d6?* + sin’ 0d¢?) + N? [d(z/N) + cos 0dp]* .

This is what we have called the ALF metric. For large 7 it approaches an S!
bundle over S? where the radius of S' is fixed.

9.4.1 Belinskii-Gibbons-Page-Pope class

In this section we shall consider hyper-Kahler metrics admitting a tri-
holomorphic action of SU(2). This assumption will reduce the hyper-Kihler
condition to the Euler equations which can be solved explicitly [13].

The hyper-Kahler metrics on M =R x SU(2) with a transitive action of
SU(2) can be put in the form

worw3s wiws3 (O’ )2 wiwy

(01)* + +

, (03)?, (9.4.41)
w1 wy w3

g = uJ1w2w3d,02 +

where w1, w,, and w3 are functions of p, and o; are left-invariant one-forms on
SU(2) which satisfy (9.1.2). The ansatz (9.4.41) is a general one. Given a four-
dimensional metric which is diagonal in the left-invariant basis one can always
define a coordinate p such that g is of the form (9.4.41) for some functions
w;. Moreover the diagonalisability in the left-invariant basis can always be
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achieved if g is Ricci-flat: one first diagonalizes the metric on a surface p =
const and then shows that the Ricci-flat condition prohibits the off-diagonal
terms. See the discussion in [160].

The SD two-forms are

Q1 = w10y A 03 + Wrw3oq A dp,
Q) = w03 N 01 +w1w302/\d,o, and
Q3 = w30 Aoy + wiwr03 A dp. (9.4.42)

We assume that the SU(2) action fixes all complex structures, so the invariant
frame is covariantly constant. Thus the closure condition (9.3.30) holds for
ASD Ricci-flat metrics in this frame. It is equivalent to the Euler equations

11}1 = wrws, wz = wiws, and w3 = wiwy (9.4.43)

which are integrable and admit a Lax pair (8.1.7). These equations readily
integrate to

(w3)* = (w3* — Cp)(w3* — Ca),

where C; = w32 — wqi? and G, = w32 — wy? are constants. The Belinskii—
Gibbons-Page-Pope (BGPP) metric (9.4.41) is flat if C; = C; = 0, and is never
complete if C;C,(Cy; — C,) # 0. The remaining cases correspond to the Eguchi-
Hanson solution (9.1.3).

Now choose a one-dimensional subgroup U(1) C SU(2). Any hyper-Kahler
metric with a tri-holomorphic U(1) action can be put in the Gibbons-Hawking
form (9.4.35). We shall now characterize the harmonic functions V for which
(9.4.35) belongs to the BGPP class (9.4.41). Let g be such a metric and let K
be the corresponding Killing vector which puts g in the Gibbons—-Hawking
form. We expand K in a left-invariant basis of SU(2), eliminate the Euler
angles and p in favour of (x;, ) and observe that V~! = g(K, K), where g is
given by (9.4.41). The details can be found in [73] and [50], where it is shown
that

-1

3 —12 - 5 o2
Vix1, %2, x3) = |:l_[(ﬁ - ﬂi)] |:Z m} ’

i=1 i=1

where B is an algebraic root of

2

3
X _
Zﬁ—ﬂi =G

i=1

and C; B; are constants. Equivalently it can be shown [50] that the Gibbons—
Hawking metric (9.4.35) belongs to the BGPP class (9.4.41) iff V =r - VvV, and
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V is a harmonic function constant on a central quadric, that is,

A

B;;(V)x;x; = const

A

for some symmetric matrix B;; = B;;(V).

o Example. Consider the Eguchi-Hanson metric which corresponds to the
harmonic function

V=|r+a| ' +|r—al™", where a=(0,0,a).

We verify that r- VV = V, where the harmonic function
A~ 2 -
V — __arccoth<w)
a 2a
is constant on the ellipsoid
X7+ x5 . x3 1
a*{[coth (aV/2)]2 =1} ~ a[coth (aV/2)]>

9.5 Other gravitational instantons

The positive action theorem [183] states that Ricci-flat manifolds (M, g) which
have the topology of R* at infinity and approach the flat Euclidean metric

Nuwdxtdx", where n=diag(1,1,1,1)
sufficiently fast, in the sense that
v = M + Or ™), (8,)P(gw) = O(~*77), and 7% = n,,x"x", (9.5.44)

have to be flat. A weaker asymptotic condition one can impose on g is asymp-
totically locally Euclidean as in Definition 9.1.1. Globally the neighbourhood
of infinity must look like $3/T x R, where I' C SO(4) is a finite group of
isometries acting freely on S° (a Kleinian group).

In the following we shall use the isomorphism (9.2.14) and consider I" as
a finite subgroup of SU(2). Finite subgroups of I' ¢ SU(2) correspond to
Platonic solids in R3. They are the cyclic groups, and the binary dihedral,
tetrahedral, octahedral, and icosahedral groups (one can think about the last
three as Mobius transformations of S = CP! which leave the points cor-
responding to vertices of a given Platonic solid fixed). All Kleinian groups
act on C?, and the ‘infinity’ $3 c C2. Let (21,22) € C2. For each I' there
exist three invariants x, y, and z which are polynomials in (z1, z2) invari-
ant under I'. These invariants satisfy some algebraic relations which we list
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below:

Group Relation Fr(x, y,z) =0
Cyclic xy—28=0

Dihedral x"+y2+2°=0
Tetrahedral — x% + 93
Octahedral x? +93+y23 =0
Icosahedral x*+93+2°=0

In each case
C*/T C C* = {(x, y,2) € C?, Fr(x,y,2) = 0}.

The manifold M on which an ALE metric is defined is obtained by mini-
mally resolving the singularity at the origin of C?/T. This desingularization
is achieved by taking M to be the zero set of

Fr(x,y,2) = Fr(x, y, 2 Zazﬁx Y, 2),

where f; span the ring of polynomials in (x, y, z) which do not vanish when
dxFr = 0y Fr = 3, Fr = 0. The dimension 7 of this ring is equal to the number of
non-trivial conjugacy classes of I’ whichis k — 1, k + 1, 6, 7, and 8, respectively
[22]. Kronheimer [99, 100] proved that for each I' a unique hyper-Kihler
metric exists on a minimal resolution M, and that this metric is precisely the
ALE metric with R*/T as its infinity.

o Example. Consider the cyclic group I' of matrices of order two generated by

1 0 -1 0
and .
0 1 0o -1
This subgroup of SU(2) acts linearly on C2. If (21, 22) € C? then the mono-
mials
=(z1)% y=(n)? and z=z2
are invariant under I'. These monomials satisfy the algebraic relation
xy =2

which gives the function Fr(x, v, z) in this case. The quotient C?/T is singu-
lar, but this singularity can be resolved by adding lower order terms

=(z— p1)(z— p2)

which gives Fr(x, y, z). The non-singular zero set of Fr in C? is the Eguchi—
Hanson manifold.
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An example of an ALF gravitational instanton (see Definition 9.1.2) is the
Atiyah-Hitchin metric [11]. Consider the metric of the form (9.4.41). The
action of SU(2) lifts to the bundle of SD two-forms AZ. If the action is
trivial, so that all SD two-forms are Lie-derived along the Killing vector fields
generating the action, the ASD Ricci-flat equations reduce to the Euler system
(9.4.43). Here we assume that the action is non-trivial and instead rotates
the SD two-forms. This means that the two-forms ®; given by (9.4.42) are
not in the covariantly constant spin-frame, and the connection one-form
I'#4 does not vanish. Thus instead of the closure condition one has dZ4? +
ZF(C‘?’ A SBIC= 0 or, equivalently, d; = o;j AR where «;; = —a;; are one-
forms constructed out of I'yy. The equations resulting from the ASD vacuum
condition RE =0 are

Wy = waw3 — wi(wy + w3),
11')2 = wiws3 — wz(wl + w3), and (9.5.45)
w3 = wiwy — wi(wy + wy).

Following [11] this system can be solved in fairly closed-form using elliptic
functions. Redefining the coordinate p one has

wi1wows worw3 wiws3s

2 2 2 Wiwz 2
8= "y dp” + " (01)" + ™ (02)" + s (03)7,
where
aw 1
wi = —WE — Zchosec(p),
daw 1
wy = —W— + =W?2cot(p), and
do 2
dw
w3 = —WE + ZWZCOSCC(,O),
and W satisfies the ODE
2w 1
d_p2 + ZWcosecz(p) =0.

The solution corresponding to the complete metric is

o= [t
0 /1 —ksin’¢

The importance of the Atiyah—-Hitchin metric is that it arises as a natural metric
on the moduli space of charge-two non-abelian magnetic SU(2) monopole and
its geodesics describe low-energy monopole scattering [11].

W= l\/sinp K [sin2 (p/Z)], where
b
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9.5.1 Compact gravitational instantons and K 3

Compact solutions to Einstein equations with non-zero cosmological constant
are relatively easy to find: the conformally flat metric on $* and the Fubini—
Study metric on CP? are two examples. The first one arises as the conformal
rescaling of the flat metric on R*. The metric on $* with radius 7,

1 |: 2, PP o 2]
g=———|dp"+ —|(0oi +05 +0
[1+(o/roP]’ i (ofvod i)

is conformally flat, and so obviously ASD. The second one is the standard
Kihler metric on the complex projective space. It is given by the expression
(9.3.31) with the Kihler potential

Q =log (1 + |z + |w[?),

where (z, w) are holomorphic coordinates on CP? defined by

Z Z
w = Z and z= 7z
in the neighbourhood of Z; # 0 in terms of the homogeneous coordinates
(Z1, Zy, Z3). Notice that © does not satisfy the Monge-Ampere equation
(9.3.34) as the metric is not Ricci-flat. This is the one example when one needs
to be careful about the choice of orientation. The Kihler metric on CP? we
have just constructed is SD (rather that ASD) with respect to the orientation
picked by the SD Kahler two-form. Setting

_ 0 i d wersn(® i
z—rcos<z>exp|:z(1p+¢)} an w—rsm(z)exp[zw—m}

yields

_dr? 1 7’03 1 7 (07 4 02)
S M+ T4 er2 T a1 2 0 T2

The apparent singularity at » = 0 is a NUT singularity resulting from using
spherical polars. To analyse the behaviour of the metric when » — oo set r =
u~!. Fixing (6, ¢) gives

1
g~ du* + Zuzdl/fz

near # = 0. Thus # = 0 is a bolt singularity which can be removed if 0 < ¢ <
4.

In view of these two simple compact gravitational instantons it may there-
fore seem natural to look for compact Ricci-flat gravitational instantons.
The flat four-torus T* = ST x §' x S! x S! is a trivial example, but no other
examples are explicitly known. The point is that Ricci-flat metrics on compact
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spaces cannot admit Killing vectors, except the trivial cases with S factors. To
see this consider a Killing vector K?. The Killing equations V(,Kp) = 0 imply
the identity

V.VpK, = Ryt Ky.

Contracting this identity on the (ab) indices and contracting the resulting
formula with K¢ yields

R, K?KP — KPOK, = 0.

Integrating this by parts over a compact manifold M gives
[ (RioKK +19,K,) " = 0.
M

If the metric on g is Ricci-flat R,, = 0 then we necessarily have V,Kj = 0, as
in the Riemannian case there are no non-zero tensors with zero norm. This
condition can only hold if the components of the Riemann tensor vanish along
K,. If that is the case then g is of the form dt? + g3, where K = 8/d7 and
g3 is a Ricci-flat metric on R3. Thus g3 is necessarily flat, and so is the four-
dimensional metric.

A Ricci-flat metric on a simply connected compact manifold is known to
exist on the so-called K3 surface.’ The Riemann tensor of this metric is ASD
and the metric is Kihler and does not admit any Killing vectors. The existence
of this metric follows from Yau’s proof [189] of the Calabi conjecture, but find-
ing the explicit expression for the metric is one of the biggest outstanding open
problems in Riemannian geometry and the theory of gravitational instantons.

9.6 Einstein-Maxwell gravitational instantons

In this section we shall discuss the Einstein-Maxwell theory which admits
regular multi-centred instantons where the geometry is not determined by
fixing the asymptotics — there exists non-flat, but asymptotically flat solutions.
These solutions have been studied in [53, 190, 182]. Our presentation follows
[53].

The Einstein-Maxwell gravitational instantons on a four-dimensional man-
ifold M are solutions to the Einstein-Maxwell equations with Riemannian

5 Named after three geometers: Kummer, Kahler, and Kodaira. The metric on K3 has so far
remained even more elusive than the notoriously difficult mountain K2 in the Karakorum range
of the Himalayas.
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signature

1
Rap — ERgab = Tap, (9.6.46)

where the Einstein-Maxwell energy—-momentum tensor is given by
c 1 cd
Top = 2F, Fpe — 58abF* Fea,
and the Maxwell equations
V,F% =0

hold for the closed two-form F,;,. The metric is given by
1 ~
g= ﬁur +w)? + UUdX?, (9.6.47)

where the functions U, U and the one-form o depend on x = (x1, x, x3) and
satisfy

ViU =V?U =0 and
Vxw=U0VU-UVU. (9.6.48)

We will work with the orthonormal tetrad
1
4

— I (UIDY2 4
et = (U[’j)l/Z(dt +w) and ¢ =(UU)/“dx;. (9.6.49)
With respect to this tetrad the electromagnetic field strength may now be
written as
1 ~
Fy4; = ZB,- (U_l — U_]) and
1 -1, -1
F,'/' = zé‘,‘/kak (U +U ), (9650)

where the derivatives are partial derivatives with respect to the corresponding
space-time indices. One can check that this field strength satisfies the Bianchi
identities, and thus locally at least we can write F = dA. The metrics with
U = U have purely magnetic field strength F = —2x3dU and are the Rieman-
nian analogues of the Majumdar-Papapetrou solutions [152] of the Einstein—
Maxwell equations.

The solutions (9.6.47) were first found in the Lorentzian regime by Israel
and Wilson [89] and by Perjés [133] as a stationary generalization of the static
Majumdar-Papapetrou multi-black-hole solutions. However, it was shown by
Hartle and Hawking that all the non-static solutions suffered from naked
singularities [33, 76]. With Riemannian signature however, regular solutions
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exist [190, 182]. We can take

4 a O a
Us—+) —"— and U:7+Z—", (9.6.51)

/3 m=1|X_Xm| n=1|x_xn|

in these expressions B, B, dm, X, Gn, X, N, and N are constants. For the sig-
nature to remain positive throughout we can require U, U > 0 which in turn
requires d,,, d, > 0.

If there is at least one non-coincident centre, X,, # X, regularity requires
that 7 is identified with period 47 and that the constants satisfy the following
constraints at all the non-coincident centres

UZn)dn =1 and Uxm)am = 1, Vm, n. (9.6.52)

Given the locations of the centres {x,, X,,}, these constraints may be solved
uniquely for the {a,, d,,} [190]. When %’ = 47” = 0 the solution is only unique
up to the overall scaling

U—eU and U — eU. (9.6.53)

In general this scaling leaves the metric invariant and induces a linear duality
transformation on the Maxwell field mapping solutions to solutions:

E — coshsE +sinhsB and B — sinhsE + coshsB. (9.6.54)

The rescaling does not leave the action and other properties of the solutions
invariant.

The constants 8 and B determine the asymptotics of the solution. There are
three possibilities:

e The case 47” = %” # 0 gives an ALF metric, tending to an S! bundle over $*

at infinity, with first Chern number N — N. Without loss of generality we
have rescaled the harmonic functions using (9.6.53) so that 8 = 8. Equations
(9.6.52) now imply that Y a,, — N=Y4, — N. If N= N the asymptotic
bundle is trivial and we obtain asymptotically flat (~ R3 x S!) solutions.

o The case %’ =0, 4737 = 1 gives an ALE metric, tending to R*/Z _5;. We have

used the rescaling (9.6.53) to set %’ = 1 without loss of generality. In this case

the constraints (9.6.52) require that > a,, = N — N. Of course we can reverse
the roles of g and B. If N= N+ 1 the solution is asymptotically Euclidean
(~RY).

4n - 4_~JT —

e The case =3 0 leads to an asymptotically locally Robinson—Bertotti

metric, tending to AdS, x S% or AdS,/7 x S>.
The former case only arises if all of the centres are coincident, so that
U = U, and 7 need not be made periodic. For both these asymptotics, the
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constraints (9.6.52) require that N = N. We may further use the rescaling
(9.6.53) toset > a,, = > dy.

As Riemannian solutions, the metrics are naturally thought of as general-
izations of the Gibbons—Hawking multi-centre metrics (9.4.35) which in fact
they include as the special case U = 1, albeit with an additional ASD Maxwell
field. A crucial new aspect of the ALE and ALF Israel-Wilson—Perjés solutions
is that when

N=N=£1(forALE) or N= N (for ALF),

the fibration of the 7 circle over §? at infinity is trivial and the metrics do
not require the Zy identifications at infinity that are needed in the Gibbons—
Hawking case. The space-times are therefore strictly asymptotically Euclidean
and asymptotically flat, respectively, in these cases.

We shall now use the arguments of Tod given in the Lorentzian setting
[157] and show that the solution (9.6.47) and (9.6.50) with the harmonic
functions described by (9.6.51) and satisfying the constraints (9.6.52) is the
most general regular Einstein-Maxwell instanton with a ‘charged’ covariantly
constant spinor.

Theorem 9.6.1 [53] Let (g, A) be a regular solution to the Riemannian
Einstein—-Maxwell equations such that there exist spinors (aa, Ba) (which do
not vanish identically) satisfying

Vanog —iN2¢pasBa =0 and VauBp +iv2¢apoa =0, (9.6.55)

where the spinors ¢ and ¢ are symmetric in their respective indices and give
the ASD and SD parts of the electromagnetic field

Fap = papenn + Papeas. (9.6.56)

Then the metric g admits a Killing vector and (g, A) can be put in the form
(9.6.47) where U and U are harmonic functions of the form (9.6.51) and w is
a one-form which satisfies (9.6.48).

Proof We shall use the conjugation properties of Euclidean spinors (9.2.17)
to define

U= (@™ and U= (BaspY)". (9.6.57)

In the positive-definite case U and U are bounded unless o or 8 have zeros.
In the Lorentzian case their possible vanishing leads to plane wave space-times
[157]. Now define a (complex) null tetrad

Xo=aaBa, Xo=@&aBa, Yo=aaBa, and Y, = —Gafa.
(9.6.58)
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We can check that (&4, B4) is also a solution to the Killing spinor equation
(9.6.55) (note that ¢ 4p = —¢ap so that F is real when expanded in a complex
null tetrad). It therefore follows from (9.6.55) that X,, X,, and Y, — Y, are
gradients and that K, = Y, + Y, is a Killing vector. Define local coordinates
(x;,7) = (x,y,27) by

1

=5

(dx +idy), (Y-Y)=iv2dz, and K9V, = \/zai,
T
(9.6.59)

where X = X, = Xaqe" and similarly for Y, Y. The vector K Lie derives the
spinors (a4, B ), implying that U and U are independent of z.

The metric is now given by g = eape 4pe?4eBB. This expression may be
evaluated by noting that from (9.6.57) we have esp = U(aadp — apda) and
similarly for e4p. Using the fact that from the above definitions K,K? =
2(UU)~!, we find that the metric takes the form (9.6.47) for some one form .
The next step is to find w.

The definitions of U, U, and K together with (9.6.55) imply

V. Ky =iv2 (671¢AB<9A’B’ +U 'dupean), (9.6.60)
and
VU™ =iv2¢43KE and Vv, 07" = —iv2¢ap K% . (9.6.61)
The formulae in (9.6.61) may be inverted to find expressions for ¢ap and ¢ 45/,
using
K& KBC = %EA/C’KDE/KDE/.

Substituting the result into (9.6.60) yields the expression (9.6.48) for V x w.

Finally, differentiating the relations (9.6.55) shows that the energy-
momentum tensor is that of Einstein-Maxwell theory: T, = 2¢apd 4. The
Maxwell equations

VAap=0 and V@,p =0 (9.6.62)

now imply that U and U are harmonic on R3. This completes the local
reconstruction of the solution from the Killing spinors.

So far everything has proceeded as in [157] with minor differences in signs
and the reality conditions. The main difference arises in global regularity
considerations which lead us to consider the invariant

|FapF?) = 12(pasp™® + papd™™)]
= IVU 2+ VU2, (9.6.63)
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where the norm of the gradients is taken with respect to the flat metric on
R3, and we have used (9.6.61). Regularity requires this invariant be bounded.
Therefore both [VU~!| and [VU~!| must be bounded. The various boundary
conditions we have described imply that U and U are regular as |x| — oc. In
particular, they are both regular outside a ball B of sufficiently large radius
Rin R3.

The coordinates {x, 7} cover R x (R?\ S), where S is the compact subset
of Bg on which U or U blow up. A theorem from [32] can now be applied
separately to both harmonic functions to prove that S consists of a finite
number of points. In fact

#S < max{|VU |, [IVU'[JJU(p) + U(p)| R+1, (9.6.64)

where p is any point in Bg which does not belong to S. This combined with
the maximum principle shows that (9.6.51) are the most general harmonic
functions leading to regular metrics. It also follows from (9.6.57) and the
positivity of the spinor inner product that a,, and 4, in (9.6.51) are all
non-negative. 0

9.7 Kaluza-Klein monopoles

In the gauge-theoretic context, instantons in D dimensions can be interpreted
as solitons in (D + 1) dimensions. This remains true in the context of gravity.
The point is that if g is a Riemannian Ricci-flat metric in D dimensions
then the product metric —dt* + g is a static Lorentizian Ricci-flat metric in
(D + 1) dimensions. To construct gravitational solitons — static, non-singular
solutions — to Lorentzian Einstein equations one of course has to worry about
the asymptotic behaviour. The simplest example of such soliton is the five-
dimensional Kaluza—Klein monopole® of Gross—Perry [74] and Sorkin [148].

In its original version the Kaluza—Klein theory is five-dimensional general
relativity such that the fifth, space-like, dimension is compactified on a circle.
The Kaluza—Klein monopole is given by

g = —dr? + V(dx? + dxo? + dx3?) + V™ (dr + A)? (9.7.65)

where we have taken the gravitational instanton in four dimensions to be the
multi-Taub-NUT gravitational solution (9.4.40).

From the (3+1)-dimensional perspective the solutions (9.7.65) give rise to
solutions of Einstein—-Maxwell theory with a dilaton. This is the standard

6 The existence of solitons in (3+1)-dimensions is ruled out by the Birkhoff theorem which
states that every non-flat static solutions to vacuum Einstein equations is diffeomorphic to the

Schwarzchild black-hole.
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Kaluza—Klein reduction where the fifth dimension compactifies to a circle
of small radius R. This corresponds to 7 in (9.4.35) being periodic. If the
radius is sufficiently small then low-energy experiments will average over the
fifth dimension thus leading to an effective four-dimensional theory with the
Maxwell potential and a scalar field.

We perform the Kaluza—Klein reduction with respect to the space-like Killing
vector 3/9t. The four-dimensional theory is invariant under the general coordi-
nate transformations independent of . The translation of the fibre coordinate
T — T + A(x*) where x* = (x, t) induces the U(1) gauge transformations of the
Maxwell one-form. The scaling symmetry

t— et [ — gV,

is spontaneously broken by the Kaluza—Klein vacuum, since 7 is a coordinate
on a circle with a fixed radius. The scalar field corresponding to this symmetry
breaking is called the dilaton.

It is the usual practice to conformally rescale the resulting (3 +1)-
dimensional metric, and the dilaton so that the multiple of the Ricci scalar of
the Lorentzian metric G,,, in the reduced Lagrangian is equal to /| det(G,.,)].
The corresponding Maxwell field is F = dA, and the physical metric G, in
(3 + 1) signature is given by

g% = exp (—=2¢/V/3)G,dx"dx" + exp (4¢/+/3)(dt + A)?, (9.7.66)
where the triple

G:ﬁdxz—%dtz, ¢=—?10g V, and F :*3dV

satisfies the Einstein-Maxwell dilaton equations. These equations arise from
the Einstein—Hilbert Lagrangian in five dimensions:

/ V1 detg® | RO drd*x,

where RY) is the Ricci scalar of g, Substituting the anzatz (9.7.66) into this
Lagrangian yields the four-dimensional Lagrangian

1
2n7a/ VI det G| (R —2G"'V,p Vo — Zemw,ww“) d*x,  (9.7.67)

where R is the radius of the Kaluza—Klein circle, F = dA, and R is the Ricci
scalar of G.

9.7.1 Kaluza-Klein solitons from Einstein-Maxwell instantons

The details of the Kaluza—Klein lift are more complicated in the case of
Einstein-Maxwell gravitational instantons (9.6.47). The Einstein—-Maxwell
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theory without a dilaton cannot be consistently lifted to pure gravity in
five dimensions. However, Einstein-Maxwell configurations may be lifted to
solutions of five-dimensional Einstein—-Maxwell theory with a Chern-Simons
term. This lift is the bosonic sector of the lift from N = 2 supergravity in four
dimensions to A/ = 2 supergravity in five dimensions [31].

We are interested in lifting the four-dimensional Riemannian theory to a
Lorentzian theory on a five-dimensional manifold Ms. The four-dimensional
action is

Sy = /d“x@(R— FapF), (9.7.68)

with equations of motion given by (9.6.46). The five-dimensional action is

Ss = /de,/—gm [RY) — Hys H] — % / HAHAW, (9.7.69)

where H = dW is the five-dimensional Maxwell field. In this section we use
Greek indices ranging from 0 to 4 in five dimensions. The equations of motion
in five dimensions are

1 2
Gup = 2H,” Hp, — zgjj,)HV“Hws and dxs H = —ﬁH/\ H. (9.7.70)

Given a solution, g and F = d A, to the four-dimensional equations (9.6.46),
we may lift the solution to five dimensions as follows:
V3

g(s) =g—(dt+ (D)Z and W= TA, (9.7.71)

where @ is a one-form determined by g and F through
d® = #4F. (9.7.72)

One may then check that the five-dimensional configuration (9.7.71) solves
the equations of motion (9.7.70). Note that solutions to (9.7.72) exist because
d-4F =0 on shell. In the cases (9.6.47) and (9.6.50) we may solve for &
explicitly to find

1 ~
d = ) (U '+ U ") (dr+w) + x, (9.7.73)
where x satisfies
1 -
Vxx=3V(U-0). (9.7.74)

To investigate regularity and causality of the five-dimensional metrics we
shall analyse the behaviour near the centres where U — oo or U — 0. In the
four-dimensional Riemannian Israel-Wilson—Perjés solutions these can always
be made to be regular points [190, 182] as we discussed in Section 9.6. We shall
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follow [53] and re-examine the regularity of the metric around these points and
check for the possible occurrence of closed time-like curves.

Before analysing the behaviour near the centres note the following. Firstly,
that

v
9 9 > = —(U—Ul <0, (9.7.75)

) (2 9 :
& =8 (ar’ar 2U0)

if U # U. Therefore, to avoid closed time-like curves throughout the five-
dimensional space-time we must not identify t. Secondly, possible candidates
for the location of horizons are where the metric becomes degenerate:

1

0=g",8", —[g"] = ——=. (9.7.76)
87ug" e — 1871 Uo
This occurs at the centres where U or U diverge.
In order to understand the geometry near the centres, there are three dif-
ferent cases we need to consider separately. The first is that U — oo while U
remains finite. Using polar coordinates (r = p*/4, 0, ¢) centred on the point x,,,

~

and requiring that a,,U(x,,) = 1, the metric becomes

2

¢~ dp? + £ [(dr + cos0dg)* + db] - (dt - and/2)? (9.7.77)
as p — 0, with dQ3, = d6* + sin? d¢?. The metric may be made regular about
this point if we identify v with period 4. Unfortunately this introduces closed
time-like curves as we discussed. If we choose not to identify T we are left with
time-like naked singularities at the centres. We see that there is no horizon
at these points, but rather a (singular) origin of polar coordinates. Therefore,
metrics with this behaviour at the centres cannot lift to causal, regular solitons
in five dimensions.

The remaining two possibilities involve coincident centres where both U and
U go to infinity, so that x,, = X,,. One needs to treat separately the cases where
@, = 4y, and where a,,, £ d,,. In the latter case we again find regularity at the
expense of closed time-like curves going out to infinity, or alternatively naked
singularities. This leaves only the former case with a,, = @,, for all m. That is,
U = U + k, with k being some constant.

By considering the asymptotic regime, one can see that in order to obtain
a regular asymptotic geometry without closed time-like curves, one requires
that either both U and U go to a constant at infinity or they both go to
zero. Rescaling the harmonic functions and performing a duality rotation on
the Maxwell field, as we discussed in four dimensions above, implies that
without loss of generality U = U. Therefore the only lift that leads to a globally
regular and causal five-dimensional space-time is the case U = U, which corre-
sponds to the Euclidean Majumdar-Papapetrou metric in four dimensions. The



9.7 Kaluza—Klein monopoles
five-dimensional metric can be written as
2
g® = —(dt —dv/U)? + — + U%dx>. (9.7.78)

Away from the centres, the space-times approach either R* or AdS; x §2,
with U going to a constant or zero at infinity, respectively.

With a rescaling of coordinates, the geometry near the centres where U — oo
may be written as

2
g% ~ a2 (‘% + 2rdtdr — di* + dszgz) . (9.7.79)

Calculating the curvature shows that this metric locally describes AdS; x S2.
The Killing vector 3/9t is everywhere regular and time-like. This remains true
in the full space-time (9.7.78). There is no horizon and the degeneration of the
metric at the centres is analogous to the origin of polar coordinates.

The coordinates in (9.7.79) may be mapped to Poincaré coordinates as
follows:

1
r1/2cos 5’
171 t
X:%—E[;—l}tan—, and
T 11 t
=———|—-+1 — 9.7.80
T 3 2[1’+]tan2, (9.7.80)
so that the metric becomes
4 2
g = % (—dT> + dX* + dY?) + adQ2, . (9.7.81)

There is no singularity at ¢ = 7 as may be checked by writing down the
embedding of AdS; as a quadric in R*? in terms of these coordinates. The map
(9.7.80) is periodic in ¢. Taking ¢ with infinite range corresponds to passing
to the (causal) universal cover of AdS;. There is no need to identify T and
therefore the space-time is causal.

The metrics (9.7.78) give causal, regular solutions to the five-dimensional
theory with an everywhere defined time-like Killing vector. Writing the metric
in the form (9.7.78) suggests that the space-times should be thought of as
containing N parallel ‘solitonic strings’. The strings have world-volumes in
the ¢ — 7 plane. There is a plane-fronted wave [68] carrying momentum along
the 9/9t direction of the string. We call these plane-fronted waves solitonic-
strings to emphasize that the fields are localized along strings and there are no
horizons. The strings are magnetic sources for the two-form field strength

H=—v3%3dU. (9.7.82)



9 : Gravitational instantons

This is possible because of the topologically non-trivial S? at each centre
(9.7.79).

9.7.2 Solitons in higher dimensions

The higher dimensional theories which are far-reaching generalizations of the
Kaluza—Klein attempt to unify gravity and electromagnetism dominate modern
theoretical physics. The currently fashionable M theory postulates that the
dimension of space-time is 11.” At the classical and low energy level this
theory is equivalent to 11-dimensional supergravity. The bosonic sector of this
theory consists of a metric g of signature (10, 1) and a three-form C. With the
definition G = dC the action is

1
S=/d“x~/|g|R—/<ZGA*G+%CAGAG>.

Varying this action with respect to (g, C) gives the equations of motion:

1 1
R;w = E(Guaﬂy Gvaﬂy - ﬁguv GaﬂyéGaﬁya)v
dG=0, and

d*G:—%GAG,

where * is taken with respect to the 11-dimensional metric g.

These equations resemble the Einstein—-Maxwell-Chern-Simons theory
(9.7.70) and should be thought of as higher dimensional analogues of Einstein—
Maxwell theory where the Maxwell equations are replaced by non-linear
equations for the four-form field G. If the four-form vanishes then the 11-
dimensional metric satisfies the Einstein vacuum equation and the Kaluza-
Klein monopole

2 2
g =—dt” +dy” + g T, yb-NUT

provides an example of a soliton in this theory. Here x* = (¢, y1,...,
Y6, X1, ..., x3,7) where (x',...x3, 7) are local coordinates on a Taub-NUT
gravitational instanton (9.4.40).

The more interesting solutions have non-vanishing four-form. The cele-

brated example is the five-brane soliton [75]:

g=V 13 (=dt? +dy? +--- +dyz) + V3(dx} +---+dx?) and G = x5dV,

7 Those conservative readers who object to the higher dimensionality of space-time and would
prefer to settle on four dimensions will find themselves in a minority. They may be comforted by
the quote of Anatole France, a French novelist (1844-1924), who said ‘If fifty million people say
a foolish thing, it is still a foolish thing’.
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where V = V(x1, ..., xs5) is a harmonic function on R’ given by

V= 1+Z

and ;s is the Hodge operator on R’ taken with respect to the flat metric. The
five-brane is a flat six-dimensional surface® in the 11-dimensional space-time
M obtained by fixing the values of the x coordinates. The coordinates (¢, y)
are adapted to the isometries of the world-volume of the brane. Borrowing
terminology from Maxwell theory we say that the five-brane is an example of
a purely magnetic solution as there is no dt in the field G.

It is interesting to examine the asymptotic geometry of the five-brane solu-
tion in the simplest case when

|x—xm|3

1
V= 1+7‘_3

At large 7 the metric approaches the flat metric on R!%!, Let us consider the
‘near horizon geometry’ when r is small. Expanding the metric near r = 0 gives

1
r(—dt* +dyf + -+ dyl) + r—z(dr2 + 72d9§4),
where dQz, is the constant curvature metric on the round four-sphere. Defining
a new coordinate 7 = p~2/4 and rescaling (¢, y) gives
—dt* +dy} + - + dy? + dp?

g’\’4 pz dQS4,

This is a metric on AdS; x S* — a Cartesian product of a four-dimensional
sphere and a seven-dimensional Lorentzian anti-deSitter space. Thus the five-
brane solution is indeed regular and gives an example of a soliton in 11-
dimensional supergravity.

Most other known solutions to 11-dimensional supergravity (and its 10-
dimensional string-theory reductions) also involve harmonic functions or lifts
of gravitational instantons studied in this chapter. See [69] for a clear exposi-
tion of these ideas.

Exercises

1. Verify that the Eguchi-Hanson metric (9.1.3) and the Taub-NUT metrics
(9.1.4) are regular at 7 = a and r = m, respectively.

8 In general a p-brane is a surface with with (p + 1)-dimensional world-volume. A particle is a
zero-brane with one-dimensional world-line, a string is a one-brane, etc.
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. Consider a Kahler metric (9.3.31) with the null tetrad given by

AV A A0’ 1’
e =dw” and e = ——dws,

where w4 = (w, ).
Verify that the traceless Ricci tensor vanishes if €2 satisfies (9.3.32).
Calculate the ASD Weyl spinor Capcp in terms of © and its derivatives.
. Show that the BGPP metric (9.4.41) is hyper-Kahler if the Euler equations
(9.4.43) hold.
Derive the Eguchi-Hanson metric (9.1.3) as a special case of the BGPP
class.
. Verify that the Einstein—-Maxwell equations for (9.6.47) and (9.6.50) reduce
to (9.6.48).
. Let K, satisfy the Killing equations V(, Kj) = 0. Show that

VaViKe = Roea” Ko
and deduce the spinor identity
VAsypce = aClpo Kp + ﬂKB(A/(DS’C/)B +yRea K4
+8ea3 PP P Kppy, (9.7.83)

where ¥ 4 p is the SD part of dK and «, 8, y, § are constants which should
be determined.
. Derive the Einstein—-Maxwell dilaton equations arising from the Lagrangian
(9.7.67).

Find the solution to these equations from a Kaluza—Klein soliton —d#* +
g where g is the Taub-NUT metric, and verify that the equations are
satisfied.



Anti-self-dual conformal
structures

All gravitational instantons discussed in Chapter 9 (with the exception of the
analytically continued Schwarzschild solution (9.1.1)) had ASD Riemannian
tensor. This ASD property underlies the existence of many explicit examples
as well as ‘implicit’ solution generation techniques. In this chapter we shall
consider a more general situation where only the conformal Weyl curvature
in four dimensions is ASD. This contains the ASD of the Riemann tensor as
a special case. The motivation for studying ASD conformal structures is two-

fold:

o The hyper-Kédhler metrics studied in Chapter 9 are examples of ASD confor-
mal structures where the Ricci tensor vanishes. The only non-trivial compact
example is the K3 surface. There are interesting differential geometric gener-
alizations of hyper-Kihler conditions which are non-Ricci flat but still ASD:
scalar-flat Kahler or hyper-Hermitian metrics in four dimensions.

o In Section 8.1 we pointed out that many integrable systems admitting soliton
solutions arise as symmetry reductions of the ASDYM equations in four
dimensions. The Riemann-Hilbert factorization problem introduced in Sec-
tion 3.3.1 underlies this approach to integrability.

There is a large class of integrable systems (the dispersionless integrable
systems in 2 + 1 and 3 dimensions) which do not fit into this framework:
they do not admit soliton solutions and there is no associated Riemann—
Hilbert problem where the corresponding Lie group is finite dimensional.
These systems can nevertheless be described as symmetry reductions of ASD
conditions on a four-dimensional conformal structure.

What happens to the ASD condition in other space-time signatures? In
Lorentzian signature (++ + —) the Hodge * is not an involution (it squares
to —1 instead of 1) and there is no decomposition of two-forms into real SD
and ASD parts analogous to (9.2.8). In neutral (+ + ——) signature the Hodge
% is an involution, and there is a decomposition exactly as in the Riemannian
case, depending on [g]. Thus ASD conformal structures exist in the neutral
signature. These are relevant in the theory of integrable systems.
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We shall be interested in finding local solutions to the conformal ASD equa-
tions in both Riemannian and neutral signatures. In the real analytic case both
signatures can be treated on an equal footing by going to the complexification —
a device already used in Chapter 7 for ASDYM. Thus in most of this chapter
(M, [g]) denotes a complex four-dimensional manifold with a holomorphic
conformal structure — the components of a metric in a conformal class only
depend on the coordinates on M and not on their complex conjugates.

10.1 «-surfaces and anti-self-duality

Recall from Section 7.2.3 that an a-plane in complexified Minkowski space
is a null two-plane spanned by vectors of the form VA4 = k474 with fixed
7. Fixing «* and varying 74 gives rise to a B-plane. These definitions
make sense in flat space-time M. If M carries a curved metric there will be
integrability conditions (coming from the Frobenius theorem (Theorem C.2.4)
proved in Appendix C) for an «-plane to be tangent to a two-dimensional
surface.

Definition 10.1.1 An a-surface is a two-dimensional surface in M such that its
tangent plane at every point is an a-plane.

Let g € [g] and let V denote the Levi-Civita connection of g on M. Let e44 be
a null tetrad of one-forms such that
AA' BB
8§ =¢€ABEapC €
and let eqq be a dual tetrad of vector fields (see Section 9.2.1 for a summary
of two-component spinor formalism).

Consider the connection induced by V on the primed spin bundle " — M.
The connection coefficients ' , , ;° of V can be read off from Cartan’s struc-
ture equations and are given by (9.2.23). Equivalently

ol ol c, B
Vaapr™ =ean(mn™ ) +Tppp 1",
where u? is a section of S' in coordinates determined by the basis e4x.
Given a connection on a vector bundle, one can lift a vector field on the
base to a horizontal vector field on the total space. Let w4 denote the local
coordinates on the fibres of S'. Then the horizontal lifts €44 of ess are given
explicitly by

B/ a

~ c
€apn = eAA/_FAA’B/ T F
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In the flat case there is a two-sphere of a-planes through each point spanned
by 74944 . This gives a three-parameter family of a-planes in M¢ and leads to
the Definition 7.2.1 of the twistor space.

Given a curved metric g, define a two-dimensional distribution on S’ by
D =span{Ly, L}, where

La:=m%840. (10.1.1)

The vector fields 7% eas span a sphere of a-planes (one for each 74) at
each point of M and (Ly, L) are horizontal lifts of these vectors to the spin

bundle.

Theorem 10.1.2 (Penrose [131]) There exists a three-parameter family of o-
surfaces in M iff the conformal structure |g] is ASD.

Proof There will exist a maximal (i.e. three-parameter) family of a-surfaces
if each a-plane is tangent to some a-surface. Therefore the distribution D must
be integrable in the sense of Frobenius theorem (Theorem C.2.4):

[Lo, L1] € span{Lo, L1}.
Using the formula for horizontal lifts of e 44 and the spinor decomposition of

the curvature (9.2.24) we find

/ ~ / ~ ’ >
[ﬂAeAA’vnBeBB’] = (FAAIBD - FBA/AD)T[ATL'BCDB/

, 0
omE”

o /
+7 Y8 e ppel QCA’B’E/Q'T[E

One can see from this that if the SD Weyl spinor Cypcp = 0 then 74€a4,
A=0,1, form an integrable distribution. The projection of a leaf of this
distribution to M gives an «a-surface. O

We deduce that the existence of a-surfaces depends on the conformally invari-
ant Weyl spinor. It is therefore a property of the conformal structure [g], rather
than a chosen metric g € [g].

10.2 Curvature restrictions and their Lax pairs

Theorem 10.1.2 can be used in the context of integrable systems by interpreting
(Lo, L1) as a Lax pair for the ASD conformal structure. This Lax pair consists
of vector fields, and thus is fundamentally different than the matrix Lax pair
(7.1.6) for the ASDYM equations.'

! In Proposition 10.3.2 we shall however see that there is a connection if one allows infinite-
dimensional gauge groups.
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We shall work with the projective spin bundle PS’, with inhomogeneous
fibre coordinate A = mo /7. The Frobenius integrability conditions for D give
compatibility conditions for the pair of linear equations

0
Lof = (600' — Aeor +105> f=0

a
Lif= (610/ — Aeqr +118_A> f=0

to have a solution f for all A € CP!, where f is a function on PS' and
la=Tanpcn¥nP 7 are two cubic polynomials in A with coefficients given
by components of the connection. In the integrable systems language A is the
spectral parameter.

We shall now describe various conditions that one can place on a metric
g € [g] on top of ASD of the Weyl tensor. This provides a more direct link
with integrable systems, as in each case described below one can choose a
spin frame and local coordinates to reduce the special ASD condition to an

integrable scalar PDE with corresponding Lax pair.

10.2.1 Hyper-Hermitian structures

Consider a structure (M, I;, j = 1,2, 3), where M is a four-dimensional man-
ifold and I; : TM — TM are anti-commuting endomorphisms of the tangent
bundle satisfying the algebra of quaternions:

(L) =(L)*=()Y=-1d, LL=L, ©LI=I, and LI =L.
(10.2.2)

Consider the sphere of almost-complex-structures on M given by > u;1;, for
u = (u1, uz, u3) such that |u| = 1. If each of these almost-complex-structures is
integrable, we call (M, I;) a hyper-complex manifold.

So far we have not introduced a metric. A natural restriction on a metric
given a hyper-complex structure is to require it to be Hermitian with respect
to each of the complex structures. This is equivalent to the requirement

gXY)=g(;X. I;Y), j=1,23 (10.2.3)

for all vectors X, Y. Given a hyper-complex manifold, we call a metric satis-
fying (10.2.3) a hyper-Hermitian metric. There are two reality conditions one
can impose:

o In Riemannian signature the complex structures I; define a unique conformal
structure obtained by picking a vector V and letting (V, I, (V), L(V), I3(V))
be an orthonormal basis of a metric in the conformal class.
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o In neutral signature not all endomorphisms I; compatible with the met-
ric are real and Iy =1, L =4S, I3 =iT where the real anti-commuting
endomorphisms (I, S, T) define a pseudo-hyper-complex structure

$2=T*>=—1?=1d and ST=-TS=1Id. (10.2.4)

The neutral metric is Hermitian with respect to I and anti-Hermitian with
respect to (S, T).

Hyper-Hermitian metrics are necessarily ASD. One way to formulate this is via
the Lax pair formalism as follows:

Theorem 10.2.1 [44] Let ean be four independent holomorphic vector fields
on a four dimensional complex manifold M. Put

Lo=eyy — regrr and Li =ejo — reqy.

If
[Lo, L] =0 (10.2.5)

for every value of the parameter A, then g given by (9.2.19) is a byper-
Hermitian metric on M. Given any four-dimensional hyper-Hermitian metric
there exists a null tetrad such that (10.2.5) holds.

Interpreting A as the projective primed spin bundle coordinate, we see that
hyper-Hermitian metric must be ASD from Theorem 10.1.2. Theorem 10.2.1
characterizes hyper-Hermitian metrics as those which possess a Lax pair con-
taining no 9, terms.

We shall now discuss the local formulation of the hyper-Hermitian condition
as a PDE. Expanding (10.2.5) in powers of A gives

[eoo, e10] =0, [eoo, e11r] + [eor, e10] =0, and [eprr,ei]=0. (10.2.6)

It follows from (10.2.6), using the Frobenius theorem and the Poincaré lemma,
that one can choose coordinates (x4, w4), (A= 0, 1), in which ess take the
form

0 008 9

0 d
eqy=— and egyqp=z —— ——
dxA dwA  9xA 9xB’

where ©F = ®8(x, x!, w®, w!) is a pair of functions satisfying a system of
coupled non-linear PDEs:

320c 905 9%0¢
+ =
dxa0wd  dxA 9x,0xp

(10.2.7)
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Note the indices here are not spinor indices, they are simply a convenient way
of labelling coordinates and the functions ®4. We raise and lower them in the
usual way using the standard anti-symmetric matrix ¢45. Given a solution to
(10.2.7) the conformal class is represented by the metric

BIC)
g = dxadw? + A JwAdw?.
dxB

o Example. Put w? = (w, ) and x% = (y, —x). A simple class of solutions to
(10.2.7) is provided by

®p =ax and ®1=byk, kleZ, a,beC,

as both the linear and non-linear part of (10.2.7) vanish separately. The
corresponding metric is

g = dwdx + dzdy + (alx'~" + bky* ") dwdz.

10.2.2 ASD Kahler structures

Let (M, g) be an ASD four-manifold and let | be a complex structure such
that the corresponding fundamental two-form is closed, so that the metric
is Kadhler (see Definition 9.3.2 in Section 9.3). There exist local coordinates
(w?, w4) and a complex-valued Kihler potential @ = Q(w?, %) such that g is
given by
*Q B

g dutdn (10.2.8)

Choose a spin frame (o4, t o) such that the null tetrad of vector fields e 4 is

92Q

A 0
dwAIWB dwp

/ a A/
€Ay = O eAA’=_A and €Al =L €4 =
ow

The Lax pair (10.1.1) becomes

9 92Q 9 9
_ LY
dwA dwAdwB dwpg RN

Ly=

for some functions ly,l; which depend on (w?, @4, 1). Consider the Lie
bracket
’Q 3Q d 4 Q9
+
AwAIWB dw 40w pIWC W dwAdWB dwp
(alA ?Q  9lA 31A> 9

dwA " owAawd awg | Aox ) o

[Lo, L1] = 2%
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The ASD condition is equivalent to integrability of the distribution Lj,
therefore

[La, Lp] = eapa“Lc

for some €. The lack of any 3/dw# term in the Lie bracket above implies

a® = 0. Analysing other terms we deduce the existence of k= k(w4, %) €
ker O such that [4 = A20k/dw?, and
?Q 9 ’Q ok ’Q
= p = = —, (10.2.9)
dwAdwB dwC \ dw0wp w4 dwAdwC

where

B 2Q 92
T dwAdwB dw 0wy

There are two possible reality conditions

e Real-analytic (+ + ——) slices are obtained if e4 4, v, k are all real. In this case
we alter our definition of the complex structure | by

J(ear)=—ear and [(ear)=—eao-.

Therefore J? = Id, and g is pseudo-Kihler.
e In the Euclidean case the quadratic-form g and the complex structure

J =i ®@es —et!' ®ear)
are real but the vector fields e4 4 are complex and ]2 = —Id.

Solving the algebraic system (10.2.9) for dk/dw* we can deduce a formulation
of the ASD Kaihler condition as a fourth-order PDE. ASD Kihler metrics are
locally given by (10.2.8) where Q(w?*, %) is a solution to a fourth-order PDE
(which we write as a system of two second-order PDEs):

ok 92Q  dlnc
Twi = 303957 35, and (10.2.10)
92Q 92k
Ok = ~ __ -0, (10.2.11)
AwAIWB dw A0 p
where
1 3%Q 32Q
= d t = — .
c=detle) = 5 o s St
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Moreover (10.2.10) and (10.2.11) arise as the integrability condition for the
linear system Lo f = Ly f = 0, where f = f(w*4, %4, A) and

3 P?Q 9 2 dk 9
- + —.
dwA T owAdws dwg dwA I

La= (10.2.12)

As a spin-off we have

Proposition 10.2.2 A four-dimensional Kdihler metric is ASD iff its scalar
curvature vanishes.

Proof Any scalar-flat Kihler metric is locally of the form (10.2.8) (as it is
Kihler). Calculating the Ricci scalar shows that it vanishes iff (10.2.10) and
(10.2.11) hold. Thus the metric is ASD. Conversely, if g is ASD and Kahler then
(10.2.10) and (10.2.11) hold by the integrability of the Lax pair. Therefore g
is scalar-flat. O

In view of this result ASD Kihler metrics are often called scalar-flat Kihler.

10.2.3 Null-Kdhler structures

The structure we are about to describe does not exist in Riemannian signature
and neutral signature is the only allowed reality condition which admits real
solutions. We shall impose this condition from the start.

A null-Kihler structure [47] on a real four-manifold M consists of an
inner product g of signature (++ ——) and a real rank-two endomorphism
N: TM — TM parallel with respect to this inner product such that

N*=0 and g(NX Y)+g(X, NY)=0

forall X, Y e TM.

The parallel two-form € = g(N, ...) is simple (i.e. A & = 0) therefore it is
SD or ASD by the argument given in Section 7.1.1. We chose the orientation
such that € is SD. The isomorphism A2, (M) = Sym?*(S’) between the bundle of
SD two-forms and the symmetric tensor product of two spin bundles implies
that the existence of a null-Kahler structure is in four dimensions equivalent
to the existence of a parallel real spinor. If the spinor is 14 then €, =
tatpeap. The Ricci identity (9.2.26) implies the vanishing of the curvature
scalar.

In [24] and [47] it was shown that null-Kahler structures are locally given
by one arbitrary function ® : M — R of four variables, and admit a canonical
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form
g = dwdx + dzdy — ©,.dz* — ©,,dw? + 20, dwdz, (10.2.13)

with N=dw ® /3y — dz ® 9/9x.
Further conditions can be imposed on the curvature of g to obtain non-linear
PDEs for the potential function ©. Define

ki= Ouy+ Oy + 0,0, — O, (10.2.14)

¢ The Ricci-flat condition implies that

k=xP(w,z)+yOw,z) + R(w, z),

where P, Q, and R are arbitrary functions of (w, z). In fact the number of the
arbitrary functions can be reduced down to one by redefinition of ® and the
coordinates. This is the hyper-heavenly equation of Plebanski and Robinson
[136] for non-expanding metrics of type [N]x[Any]. (A manifold (M, g) is
called hyper-heavenly if the SD Weyl spinor is algebraically special and the
Einstein equations hold.)

e The conformal ASD condition implies a fourth-order PDE for ®

Ok =0, (10.2.15)
where
O = 98y + 0y0; + O 07 + Oy — 20,400y,
This equation is integrable: It admits a Lax formulation [Ly, L{] = 0 with
Lo = (9 — Oydy + Oyydy) — Ady + kyd,  and
Li = (0; + Oxxdy — Oyy0y) + A0y — Ry0y,

and its solutions can in principle be constructed by twistor methods [47] or
the dressing method [16].

10.2.4 ASD Einstein structures

If there exists a metric g in the ASD conformal class [g] which is Einstein with
non-zero cosmological constant, that is R,;, = 6 Ag,, then [139] the coordinates
can be chosen so that

1
g=— [Kupdwd + Kyzdwd? + Kogdzdi + (Ko + 2e")dzd?]
where K = K(w, z, @, Z) satisfies the Przanowski equation

KuiKei — Kuilon + 2K us — KuKa)e" = 0.
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10.2.5 Hyper-Kdhler structures and heavenly equations

In Theorem 9.3.3 it was shown that the hyper-Kahler condition on a four-
metric is equivalent to the ASD Ricci-flat condition. The resulting Lax pair
arises as a special case of the hyper-Hermitian Lax pair.

Theorem 10.2.3 [6, 116] Let ean be four independent holomorphic vector
fields on a four-dimensional complex manifold M, and let v be a holomorphic
four-form. Put

Lo=eyy —regrr and Lq =ejg — Aeiy.
If
[Lo, L1]1=0 (10.2.16)
for every ) € CP', and
Lier v =0, (10.2.17)
then ¢~ ey is a null tetrad for a hyper-Kihbler metric on M, where
¢ = v(eow, eor, €10/, exv).

Given any four-dimensional hyper-Kdbler metric such a null tetrad and four-
form exists.

Proof Given a Lax pair of vector fields as in Theorem 10.2.3 define SD two-
forms T4F by

Y(A)=v(Ly, Ly, .,.) = EA,B/T[A/T[Br.

We shall show that (1) is closed for any fixed A. This will imply that there
exist a closed basis 4P of SD two-forms and the Corollary 9.3.4 can be used
to deduce that g is hyper-Kihler. Let dj, be a total derivative on M x CP! which
holds A = const:

dy2(x) =dj [v(Lo, Ly, ... )] =dy {Lo- [v(Ly,.,.,. )1}
= Lier, [v(L1,.,...)] = LoJ [dpv(L1,.,.,.)]
= [L(), L1]J v+ L] LieLO(v) — LOJ (L]J d\)) =0.

Conversely, given a hyper-Kdhler metric we can choose coordinates
(wA, ©4) = (w, z, W, Z) such that the metric is given in terms of a Kihler
potential by (10.2.8). The SD two-forms are given by the complexification
of (9.3.32) and the hyper-Kihler condition (9.3.33) gives the first heavenly
equation of Plebanski [135]:

1 9’Q  9*Q

Qi — Qs Qe = 1 Or = 3 1. 10.2.18
s &= O S Adig dwAdw B ( )
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We can take the tetrad of vector fields to be

Quipds — Quzdy O ”Q 3 9
- - . 10.2.19
can ( Qi ds — Qo 3Z> <3wA81DB dip dwA ( )

These vector fields preserve the volume form
v=dwAdzAdib A dZ.

The dual tetrad is

/ %Q
A0 _ W

e =dw? and eV = ——
dwA0W B

with the flat solution Q = w4 4. The Lax pair for the first heavenly equation
LO = Qwﬁ)ai - Qwiaﬂ) — A0y and
L= Qu50; — Q305 — A0, (10.2.20)

satisfies (10.2.16) and (10.2.17) where the volume form is v = dw A dz A dib A
dz. This ends the proof. O

As a spin-off from the proof we have deduced Plebanski’s first heavenly
equation and its Lax pair. Plebanski also gave the alternative local form of
the ASD Ricci-flat condition [135] called the second heavenly equation. This
equation is the special case of the ASD null-Kihler equations (10.2.14 and
10.2.15) corresponding to k = 0.

Below we shall derive the second heavenly equation by fixing the residual
gauge freedom in the Lax pair (10.2.3). Consider the hyper-Kahler Lax equa-
tions (10.2.16 and 10.2.17). The Frobenius theorem (Theorem C.2.4) applied
to the equations

[eoo. e10] =0 and [ego, e11/] + [eo1, e10] = O

implies the existence of a complex-valued function ® and coordinate system

(w4, x4) := (w, 2, x, ), such that
ean = Oy O+ Oydy—Ondy) (0 0 0 9 )
—0y 07 — Oxy0y + Oy, IxA dwd  9x49xB dxp
(10.2.21)

Finally equation [ep1,e11/] =0 implies that © satisfies second heavenly
equation
ERIC) 1 3’0 ERIC)
+ —_— =
dwAdxs 2 0xBaxA dxpdxa

(10.2.22)

Oy + ®yz + ®xx®yy — @xyz =0 or
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The dual frame is given by

RRIC)
IxBoxy

eV = dxh dw® and 4l = dw?,

and g is of the form (10.2.13) with ® = 0 defining the flat metric. The Lax pair
corresponding to (10.2.22) is

Lo = 0y — M3y — Oyydy + Oyydy) and
Ly = 8y + A0, + Opdy — Oy ). (10.2.23)

This is a special case of the Lax pair for equation (10.2.15) with k=0 (to
reach an agreement one needs to make a transformation A — 1/ in the ASD
null-Kihler Lax pair).

o Example. One solution to the second heavenly equation is

t
® = , t=const.
WX + 2y

The corresponding metric is given by

g =dwdx + dzdy — (wdz — zdw)?*.

(wx + zy)3
This metric was first constructed by Sparling and Tod [149] using the
‘H-space formalism. The metric appears to be singular on the light cone of the
origin, but this singularity may be removed by a coordinate transformation

[149].

10.2.5.1  Recursion operator

The recursion operator R is a map from the space of linearized solutions of
the ASD Ricci-flat equations to itself. Linearized solutions can be regarded
as vector fields on the solutions space. Thus R is a natural generalization of
the recursion operator we introduced in Section 3.2.1 in the context of bi-
Hamiltonian systems. We shall present a theory of recursion operator in the
following [45].

We shall first identify the space of linearized solutions to the ASD Ricci-
flat equations with the space of solutions to the background coupled wave
equation in two ways as follows.

Lemma 10.2.4 Let Og and Og denote wave operators on the ASD Ricci-
flat background determined by Q and ©, respectively. Linearized solutions to
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(10.2.18) and (10.2.22) satisfy
OedR=0 and é® =0. (10.2.24)

Proof In both cases [J, = e4Be 41 epo since

1
O = (g™ = 800+ (g™

but 9,27 = 0 for both heavenly coordinate systems. The linearized first heav-

enly equation takes the form [99(S + 852)]2 = v, where 3 = e’ ® eqp and
3 = e ®ear so that d = 3 + 3. This implies

0=(00QA33)6Q=d[30Q A (3 —3)8Q] = d * ds<.

Here = is the Hodge star operator corresponding to g. For the second equation
we make use of the tetrad (10.2.21) and perform coordinate calculations. [

From now on we identify tangent spaces to the spaces of solutions to (10.2.18)
and (10.2.22) with the space of solutions to the curved background wave
equation, W,. We will define the recursion operator on the space W,.

Lemma (10.2.4) shows that we can consider a linearized perturbation as an
element of W, in two ways. These two will be related by the square of the
recursion operator. The linearized ASD Ricci-flat metrics corresponding to §Q2
and 8O are

bl anpp = L a0\ VarVpod and b saBp = 040 Va0 VB8O,

where 0% = (1, 0) and «* = (0, 1) are the constant spin frame associated to the
null tetrads (10.2.21) and (10.2.19).

Given ¢ € W, we use the first of these equations to find h!. If we put the
perturbation obtained in this way on the LHS of the second equation and add
an appropriate gauge term we obtain ¢’ — the new element of W, that provides
the §©® which gives rise to
bl = bl 4 Vi, V. (10.2.25)

a

To extract the recursion relations we must find V such that h!44pp —
V(AA’ VBB’) = OAOB XAB- Take VBB’ = OB/V31/5Q, which gives

V(AA’ VBB’) = —L(A/OB/)V(AO/VB)y(SQ + OArOBrVAl/VBlr5Q.
This reduces (10.2.25) to
Var V¢ = Vay Vo d'. (10.2.26)

Both heavenly formulations use the covariantly constant spin frame (see
Theorem 9.3.3) s0 Vax = €ean.
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Definition 10.2.5 Define the recursion operator R : Wy —> W, by
eard = eay R, (10.2.27)

so formally R = (eay) ™" o eay (no summation over the index A).

Remarks

e From (10.2.27) and from the field equations it follows that if ¢ belongs to
W, then so does R¢.

o If R?6Q = 8O then 6Q and 8O correspond to the same variation in the metric
up to gauge.

e The operator ¢ — ey ¢ is overdetermined, and its consistency follows from
the wave equation on ¢.

e This definition is formal in that in order to invert the operator ¢ > ey ¢ we
need to specify boundary conditions.

To summarize

Proposition 10.2.6 [45] Let W, be the space of solutions of the wave equation
on the curved ASD background given by g:

1. Elements of Wy can be identified with linearized perturbations of the heav-
enly equations.
2. There exists a (formal) map R : Wy —> W, given by (10.2.27).

10.2.5.2  Heavenly hierarchies

The generators of higher flows are first obtained by applying powers of the
recursion operator to the linearized perturbations corresponding to the evolu-
tion along coordinate vector fields. This embeds the second heavenly equation
into an infinite system of overdetermined, but consistent, PDEs (which we will
truncate at some arbitrary but finite level). These equations in turn can be
naturally embedded into a system of equations that are the consistency condi-
tions for an associated linear system that extends (10.2.16) and (10.2.17). This
yields a hierarchy of flows of the ASD Ricci-flat equations [17, 45, 49, 155].
We shall discuss the hierarchy for the second Plebanski equation [45]; that
for the first arises from a different coordinate and gauge choice. The first few
iterations of the recursion operator (10.2.27) with the tetrad (10.2.21) can be
explicitly integrated to give
w—y— -0, — 0, — ... and
Z—> —Xx—> -0, — -0, — -
A4 are the original
are the parameters for the new flows

Introduce the coordinates x*, where fori =0, 1, x% = x
coordinates on M, and for 1 < i < n, x4
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(with (27 — 2)-dimensional parameter space X). The propagation of ® along
these parameters is determined by the recursion relations (10.2.27):

ay(83i+1®) = (aw — @xyay + @yyax)agi@) and
—0,(9Bi+10) = (3, + Orxdy — Oy 35) 35 O. (10.2.28)

The hyper-Kahler hierarchy is the system arising as the consistency conditions
for (10.2.28):

04;0Bj—10 — 0Bj04i—10 +{04-10,08j—109},x =0, i, j=1,...,n

(10.2.29)
Here {...,...},x is the Poisson bracket with respect to the Poisson structure
3/3xA A 3/0x4 = 20 A Dy
Lemma 10.2.7 The linear system for equations (10.2.29) is
Laif=(=ADais1 +84)f =0, i=0,...,n—1, (10.2.30)

where

1. f:= f(xY, 1) is a function on CP' x N, where N' = M x X.

2. Dpjs1 := dpis1 + [0ai, V], (V =4B94000p0), and 84 := 04 are 4n vector
fields on N

Proof This follows by direct calculation. The compatibility conditions for
(10.2.30) are

[Dais1, Dgji1] =0, (10.2.31)
64,851 =0, and (10.2.32)
[Dais1, 8] — [Dsjs1,84i] = 0. (10.2.33)

It is straightforward to see that equations (10.2.32) and (10.2.33) hold identi-
cally with the above definitions and (10.2.31) is equivalent to (10.2.29). O

The concept of hierarchy is useful in finding solutions to the heavenly equa-
tions. This is analogous to the finite-gap integration of KdV described in
Section 3.4. We say that an ASD Ricci-flat metric admits a hidden symmetry if
the associated heavenly potential is stationary with respect to some direction
in the extended parameter space X.

o Example. Let us demonstrate how to use the recursion procedure to find
metrics with hidden symmetries. Let 9, Q := ¢, be a linearization of the
first heavenly equation. We have R:z — @, = 9, Q. Look for solutions
to (10.2.18) with an additional constraint d;, €2 = 0. The recursion relations
(10.2.27) imply Q, = Quu = 0, therefore

Qw, z, W, 2) = wq(w, 2) + P(z, w, 2).
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The heavenly equation yields dg A dP A dz = dzZ A div A dz. With the defini-
tion 9, P = p the metric is

g = 2dwdq + 2dzdp + Odz?,

where Q= —2P,,. We adopt (w, z, g, p) as a new coordinate system. The
heavenly equations imply that O = Q(q, z) is an arbitrary function of two
variables. These are the null ASD plane wave solutions [135]. They have no
Riemannian real sections but restricting to real coordinates and real Q yields
a metric in neutral signature.

10.2.5.3  Hamiltonian and Lagrangian formalisms

In this section we shall investigate the Lagrangian and Hamiltonian formu-
lations of the hyper-Kihler equations in their ‘heavenly’ forms. Rather than
considering the equations as a real system of elliptic or ultra-hyperbolic equa-
tions, we complexify and consider the equations locally as evolving initial data
from a three-dimensional hypersurface § M and it is this space of initial data
that leads to local solutions on a neighbourhood of such a hypersurface that is
denoted by S and is endowed with a (conserved) symplectic form.
For the first equation we have the Lagrangian density

Lo = |:v - %(aész)z] = (sz - %Q{Qz, szm},,,z> " (10.2.34)

and for the second equation

1 1
Lo= [§®{®x, Oy = 5(0:0, + @y@)z)} v, (10.2.35)

If the field equations are assumed, the variation of these Lagrangians will
yield only a boundary term. Starting with the first equation, this defines a
potential one-form P (compare (5.1.10)) on the solution space S and hence a
symplectic structure £ = dP on S. Starting with the second we find a symplec-
tic structure with the same expression on perturbations §® as we had for §<2.
However, since their relation to perturbations of the hyper-Kahler structure
are different, they define different symplectic structures on S. These are related
by the recursion operator since we have R*$Q = 8® from the construction
of the recursion operator. In order to see that these structures yield the bi-
Hamiltonian framework, these symplectic structures need to be compatible
with the recursion operator in the sense that (R¢, ¢') = (¢, R¢’).

We shall discuss this using the first heavenly formulation (10.2.18) which is
easier as one can use identities from Kahler geometry.
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Proposition 10.2.8 The symplectic form on the space of solutions S derived
from the boundary term in the variational principle for the first Lagrangian is

9(819,529) = %f 519*6{(529) —829*61(819). (10236)
SM

Proof Varying (10.2.34) we obtain
12 0] 2o 2 - )
SL=6Q|v— 5(339) — 59889 AN 0082 = 5889 A (820092 — Q005%2).

We use the relation between the complex and Kahler structures and the field
equation to obtain

SL = —%aész A [8Qd(d — 0)2 — Qd(d — 3)5R]

= %dA((SQ) — %aész [— %0090 —3)8Q(d — )2 + %3 — ) (I — 3)5L2]

= %dA(SQ), where A(SQ) =Q*dsQ —8§Q xdQ.

Define the one-form on M:
P(5Q) = / A(BSQ).
sM

The symplectic structure € is the (functional) exterior derivative of P:

Q(612,6,2) =81 [P(622)] — 82 [P(612)] — P([6122, 6222])
2
= g/(;M&Q*d(Szﬂ)—529*61(519). O

Thus £ coincides with the symplectic form on the solution space to the wave
equation on the ASD vacuum background.

The existence of the recursion operator allows the construction of an infinite
sequence of symplectic structures. The key property which can be estabished
[45] by an application of Stokes theorem is the following: Let ¢, ¢" € W, and
let € be given by (10.2.36). Then

Q(Ro, ¢') = ¢, Ry') (10.2.37)

where the recursion operator is defined by (10.2.27). This property guarantees
that the bilinear forms

¢, ¢') = R, ¢) (10.2.38)

are skew. Furthermore they are symplectic and lead to the bi-Hamiltonian
formulation. In this context formula (10.2.37) and the closure condition for
QF are an algebraic consequence of the fact that R comes from two Poisson
structures.
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10.3 Symmetries

By a symmetry of a metric, we mean a conformal Killing vector, that is, a vector
field K satisfying

Liexg = cg, (10.3.39)

where ¢ is a function. If ¢ vanishes, K is called a Killing vector. If ¢ is a non-zero
constant K is called a homothety. If we are dealing with a conformal structure
[g], a symmetry is a vector field K satisfying (10.3.39) for some g € [g]. Then
(10.3.39) will be satisfied for any g € [g], where the function ¢ will depend on
the choice of g € [g]. Such a K is referred to as a conformal Killing vector for
the conformal structure.

In the complex category (and in the neutral signature) there are two types of
Killing vectors: non-null where g(K, K) # 0 and null where g(K, K) = 0. Note
that a null vector for g € [g] is null for all g € [g], so nullness of a vector with
respect to a conformal structure makes sense.

10.3.1 Einstein-Weyl geometry

Given a four-dimensional ASD conformal structure (M, [g]) with a non-null
conformal Killing vector K, the three-dimensional space W of trajectories of
K inherits a conformal structure [b], due to (10.3.39). The ASD condition on
[g] results in extra geometrical structure on (W, [b]); it becomes an Einstein—
Weyl (EW) space [93].

Let W be a complex three-dimensional manifold. Given a conformal struc-
ture [h], a torsion-free connection D is said to preserve [h] if

Dihji = wibj, (10.3.40)

for some b € [h] and a one-form w. If (10.3.40) holds for a single b € [h] it
holds for all, where @ will depend on the particular / € [h]. Under conformal
rescaling

h— ¢*h and o — o +2d(loge).

The condition (10.3.40) is equivalent to the requirement that null geodesics of
any b € [h] be geodesics of D. Given D we can define its Riemann Wj, and
Ricci Wj; curvature tensors in the usual way (9.2.6). The notion of a curvature
scalar must be modified, because there is no distinguished metric in the confor-
mal class to contract W; with. Given some b € [h] we can form W = b/ W;.
Under a conformal transformation b — ¢2h, W transforms as W — ¢~ W.

This is because Wj; is unaffected by any conformal rescaling, being formed
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entirely out of the connection D. W is an example of a conformally weighted
function, with weight —2.

One can now define a conformally invariant analogue of the Einstein equa-
tion as follows:

1
Wiy — 5 Whij = 0. (10.3.41)

This is the EW equation. Notice that the LHS is a well-defined tensor (i.e.
weight 0), since the weights of W and b;; cancel. Equation (10.3.41) is the EW
equation for (D, [b]). It says that given any b € [b], the trace-free part of the
Ricci tensor of D is zero if one defines the trace using b. Notice also that W; is
not necessarily symmetric, unlike the Ricci tensor for a Levi-Civita connection.

In the special case that D is the Levi-Civita connection of some metric
b € [h], (10.3.41) reduces to the Einstein equation. This happens when o is
exact and can be set to zero by a conformal transformation. All Einstein
metrics in three dimensions have constant curvature. On the other hand the
EW condition allows non-trivial degrees of freedom: The general solution to
(10.3.41) depends on four arbitrary functions of two variables [30]. In what
follows, we refer to an EW structure by (b, w). The connection D is fully
determined by this data using (10.3.40).

The EW equations are equivalent [30, 78, 128] to the existence of a two-
dimensional family of surfaces Z C VW which are null with respect to [b], and
totally geodesic with respect to D (this means that any geodesic which passes
through p € Zand is tangent to Z at p lies in Z). This condition has been used
in [46] to construct a Lax representation for the EW equation. The details are
as follows: Let Vi, V5, and V5 be three independent vector fields on W, and let
e', e, and &3 be the dual one-forms. Assume that

h=¢?®e> —2('®e +e’®el)

and some one-form w give an EW structure. Let V(1) = V; — 24V, + A2 V3
where A € CP'. Then h(V(), V(1)) = 0 for all » € CP! so V(1) determines a
sphere of null vectors.

Consider a null totally geodesic surface in W with a normal vector given
by V(1) for some A. The vectors Vi — AV, and V5 — AV; form a basis of the
orthogonal complement of V(1). For each A € CP! they span a null two-
surface. Therefore the Frobenius theorem implies that the horizontal lifts

L=Vi =2V, +13; and M=V, —AV5+md, (10.3.42)

of these vectors to T(W x CP') span an integrable distribution, and (10.3.41)
is equivalent to

[L, M]=aL+pM
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for some o and B. The functions [ and m are third order in A, because the
Mébius transformations of CP! are generated by vector fields quadratic in A.
Any EW space arises from such a Lax pair.

The following result, due to Jones and Tod [93], relates ASD conformal
structures in four dimensions to EW structures in three dimensions.

Theorem 10.3.1 (Jones—-Tod [93]) Let (M, [g]) be an ASD four-manifold with
a non-null conformal Killing vector K. An EW structure on the space W of
trajectories of K is defined by

h:=|K|7g—|KI""KOK and o=2|K|? %, (KAdK), (10.3.43)

where |K|* = g(K,K), K:=g(K,.), and %, is the Hodge-+ of g. All EW
structures arise in this way. Conversely, let (b, ) be a three-dimensional EW
structure on W, and let (V, n) be a function of weight —1 and a one-form on
W satisfying the generalized monopole equation

*), (dV+ %wV) =dn, (10.3.44)

where %, is the Hodge-x of b. Then
g=V?*h+(dt +n)?

is an ASD metric with non-null Killing vector 9.

Applying the Jones—Tod correspondence to the special ASD conditions dis-
cussed in Section 10.2 will yield special integrable systems in three dimensions.
Choosing the neutral reality conditions will give hyperbolic equations in (2+1)
dimensions. In each case of interest we shall assume that the symmetry pre-
serves the special geometric structure in four dimensions. This will give rise
to special EW backgrounds, together with general solutions of the generalized
monopole equation (10.3.44) on these backgrounds.

10.3.1.1  Scalar-flat Kabler with symmetry: SU(0c0)-Toda equation

Choose the Riemannian reality conditions. Let (M, g) be a scalar-flat Kahler
metric, with a symmetry K Lie deriving the Kahler form €. One can follow
the steps of LeBrun [104] to reduce the problem to a pair of coupled PDEs: the
SU(o0)-Toda equation and its linearization. The key step in the construction
is to use the moment map for K as one of the coordinates, that is, define a
function z: M —> R by dz = K J Q. Then x, y arise as isothermal coordinates
on two-dimensional surfaces orthogonal to K and dz. The metric takes the
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form
g = V[e"(dx* +dy*) + d2*] + %(drwy)z, (10.3.45)
where the function u satisfies the SU(00)-Toda equation
(€")zz + thx + tyy = 0, (10.3.46)

and V is a solution to its linearization — the generalized monopole equation
(10.3.44) . The corresponding EW space from the Jones—Tod construction is

h=e"(dx* +dy*) +dz* and o =2u.dz. (10.3.47)

Given the SU(c0)-Toda EW space, any solution to the monopole equation
will yield a scalar-flat Kihler metric. The special solution V = cu,, where ¢
is a constant, will lead to a hyper-Kidhler metric with symmetry. The analytic
continuation z =it in (10.3.46) gives the Lorentzian SU(oco)-Toda equation
and an EW structure in (+ + —) signature.

10.3.1.2  ASD Einstein with symmetry

This reduction also leads to the SU(o0)-Toda equation [140, 159]. The fol-
lowing argument has been given in [159]. Let K* be a Killing vector for an
ASD Einstein metric with non-zero A, where A = R/24. The identity (9.7.83)
implies that

Vaavpc =2Ae a3 Keya, (10.3.48)

where ¥ ap = (1/2)Van K is the SD derivative of K. Let

’ 1 g
I =V "8gvy,  where y? =Sy tPyap

be an endomorphism of TM which, from its definition, squares to —Id. The
formula (10.3.48) implies that this almost-complex-structure is integrable and
one can introduce a complex coordinate & = x + iy on the plane orthogonal to
K and ] (K) such that the metric takes the form

g= zzz [e”(dx2 +dy?) + dz2] S (dT + )2,

where the coordinate z is defined by z= Aw’l, the function u = u(x, vy, 2)
satisfies the SU(oc0)-Toda equation (10.3.46) and

1 1
P=—zu, — —.
TN

The one-form 7 can now be found by solving the generalized monopole
equation (10.3.44) with V = P.
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10.3.1.3  ASD null-Kéibhler with symmetry: dKP equation

Choose the neutral reality conditions. Let (M, g, N) be an ASD null-Kahler
structure with a Killing vector K such that Liex N = 0. In [47] it was demon-
strated that there exist smooth real-valued functions H = H(x, y, t) and W =
W(x, v, t) such that

g = Wi(dy* — 4dxdt — 4H,dt*) — W (dt — Wdy — 2W,dt)*  (10.3.49)

is an ASD null-Kihler metric on a circle bundle M — W if
H,, — Hy + H.H, =0 and (10.3.50)
Wiy — Wiy + (He W), = 0. (10.3.51)

All real analytic ASD null-Kahler metrics with symmetry arise from this con-
struction. With the definition # = H, the x-derivative of equation (10.3.50)
becomes

(ut - uux)x = Uyy, (10352)

which is the dispersionless Kadomtsev—Petviashvili (dKP) equation [46]. The
corresponding EW structure is

b = dy* — 4dxdt — 4udt* and o = —4u.dt

(this metric has the property that the linearized dKP equation for # + u can be
written as '/ 9;0;8u + - - -, where (- - -) denotes lower order terms).

This EW structure possesses a covariantly constant null vector with weight
—1, and every such EW structure with this property can be put into the above
form [46]. The covariant-constancy is with respect to a derivative on weighted
vectors that preserves their weight. Details can be found in [46].

The linear equation (10.3.51) is the (derivative of the) generalized monopole
equation with V = W, from the Jones-Tod construction. Given a dKP EW
structure, any solution to this monopole equation will yield an ASD null-
Kabhler structure in four dimensions. The special monopole V = H,,/2 will
yield a pseudo-hyper-Kihler structure with symmetry whose SD derivative is
null.

10.3.1.4  Hyper-Hermitian metrics with symmetry: Diff(S') equation

Let us assume that a hyper-Hermitian four-manifold admits a symmetry which
Lie derives all complex structures. This implies [51] that the EW structure is
locally given by

b = (dy + udt)* — 4(dx + wdt)dt and o = u.dy + (uu, + 2uy)dt,
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where u(x, y, t) and w(x, y, t) satisfy a system of quasi-linear PDEs [127, 111,
112, 63]:

U+ wy +uwy — wit, =0 and  uy + w, = 0. (10.3.53)

This system is equivalent to [L, M] = 0 where the Lax pair of vector fields is
given by

L=09 —wde—2rdy, and M =20, +ud, —Ad,. (10.3.54)

The corresponding hyper-Hermitian metric will arise from any solution to this
coupled system, and its linearization (the generalized monopole (10.3.44)). The
special monopole V = u,/2 leads to hyper-Kihler metric with triholomorphic
homothety. Both neutral and Riemannian reality conditions can be imposed. In
the former case the EW space has (+ + —) signature, and (#, w) are real-valued
functions of real coordinates (x, y, t).

o Example. Let us choose the Lorentzian reality conditions on the underlying
EW structure, and assume that # and w in (10.3.53) do not depend on y.
One needs to consider the two cases w = 0 and w = w(¢) # 0 separately. The
corresponding equations can now be easily integrated to give (in the w # 0
case one needs to change variables)

h = (dy+ Adt)*> —4dxdt and = Ady+ AAdt, (10.3.55)

where A = A(x) is an arbitrary function. Some interesting complete solutions
belong to this class. For example, A=x leads to the EW structure on
Thurston’s nil manifold S x R? [128]:

b = (dy + xdt)*> — 4dxdt and o =dy + xdt.

The system (10.3.53) is called the Diff(S!) system, where Diff(S') is the group
of diffeomorphisms of a circle. This terminology is justified by the following
result which we formulate and prove using the Lorentzian reality conditions.

Proposition 10.3.2 [52] The system (10.3.53) arises as a symmetry reduction
of the ASDYM equations in neutral signature with the infinite-dimensional
gauge group Diff(S') and two commuting translational symmetries exactly one
of which is null. Any such symmetry reduction is gauge equivalent to (10.3.53).

Proof Consider the flat metric of neutral signature on R* which in real double
null coordinates (w, z, W, Z) takes the form (7.1.1). Let g be a Lie algebra
of some (possibly infinite dimensional) gauge group. The ASDYM equations
(7.1.3) on a connection A € T*R* ® g are equivalent to the commutativity of
the Lax pair (7.1.6).

We shall require that the connection possesses two commuting translational
symmetries, one null and one non-null which in our coordinates are in 95 and
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dy directions, where 2 = y+y and Z=y— y. Choose a gauge such that A; =
0 and one of the Higgs fields ® = Ay is constant and rename the coordinate
w = t. The Lax pair (7.1.6) has so far been reduced to

L=8—-W-23, and M=3d,—U—A®, (10.3.56)

where W= —A, and U = — A, are functions of (y,¢) with values in the Lie
algebra g, and @ is an element of g which does not depend on (y, t). The
reduced ASDYM equations are

yW—-0,U+[W, Ul =0 and 8,U+[W,®]=0.

Now choose G = Diff(S'), so that (U, W, ®) become vector fields on S'. We
can choose a local coordinate x on S' such that

®=0,, W=w(xy,t)0y, and U= —u(x,y,t)d, (10.3.57)

where # and w are smooth functions on R3. The reduced Lax pair (10.3.56)
is identical to (10.3.54) and the ASDYM equations reduce to the pair of PDEs
(10.3.53). O

As discussed in Section 8.1, reductions of the ASDYM equations with
G=SU(1,1) or G=SL(2,R) by two translations (one of which is null) lead
to well-known integrable systems KdV and NLS. The group SU(1,1) is a
subgroup of Diff(S!) which can be seen by considering the Mobius action of
SU(1, 1):

¢ M) = 2P e o p =1

Bt +«

on the unit disc. This restricts to the action on the circle as |[M(¢)| = 1if [¢] = 1.
We should therefore expect that equation (10.3.53) contains KdV and NLS
as its special cases (but not necessarily symmetry reduction). To find explicit
classes of solutions to (10.3.53) out of solutions of NLS (we leave KdV as an
exercise) we proceed as follows. Consider the matrices

(01 . (00 nd o100
*“\o o) —7\1 o) °=\o -1

with the commutation relations
[z,, -] =70, [70,7:]=27,, and [r9,7_]=—-27_.

The NLS equation

1
z‘¢t=—§¢yy+¢|¢|2, where ¢ = ¢(y, 1), (10.3.58)
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arises from the reduced Lax pair (10.3.56) with
1 — _
W= T(—|¢|2to +¢,7 —¢,7,), U=—¢t —¢1,, and @ =it
i

Now we replace the matrices by vector fields on S! corresponding to the
embedding of su(1, 1) in Diff(S')
2ix 9 1 —Zixi

T, — —e —, T — ——e¢ and 19— ——
’ 2i 0x’ 2i ox’ i ax’

and read off the solution to (10.3.53) from (10.3.57):

1 — . . 1 1 . .
"= Z(qﬁez’x —¢e ) and w= E|¢|2 + Z(em(py +e M ¥y).  (10.3.59)
The second equation in (10.3.53) is satisfied identically, and the first is satisfied
if ¢(y, t) is a solution to the NLS equation (10.3.58).

10.3.2 Null symmetries and projective structures

If the conformal symmetry K is null, the three-dimensional space of trajectories
of K inherits a degenerate conformal structure, and the connection with EW
geometry is lost. The situation was investigated in detail in [29] and [57].
The conformal symmetry K defines a pair of totally null foliations of M, one
by a-surfaces and one by B-surfaces; these foliations intersect along integral
curves of K which are null geodesics. The main result from [57] is that there
is a canonically defined projective structure (see the formula (C27)) on the
two-dimensional space of B-surfaces U. One can explicitly write down all
ASD conformal structures with null-conformal Killing vectors in terms of their
underlying projective structures. The details are as follows.

Consider a four-dimensional conformal structure (M, [g]) with a null-
conformal Killing vector K, that is,

Liexkg=cg, where g(K,K)=0.
The second condition implies that K¢ = 1404 for some spinors (" and o*.
Lemma 10.3.3 Let
K =%0%esn

be a null-conformal Killing vector. Then the two-dimensional distributions
spanned by 1 e an and 0¥ e are Frobenius integrable.

Proof Using Kax = 1404, the conformal Killing equations become

1
oaVppia+1AVppoa = Yapeap + Papeap + 5 CEABEAB (10.3.60)
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where ¥ 4p and ¢ 4p are the SD and ASD parts of dK. Contracting both sides
with (0% gives

' 1
0= OALBWA/B/ + LAOB/¢AB + ECLBOB’-

Multiplying by (2 and o?', respectively, leads to the algebraic identities
ABpap=0 and oYoPyap =0.

Multiplying (10.3.60) by t4? and 0% 0® gives the so-called geodesic shear-free
conditions:

ABVpia=0 and 040 Vgpou = 0. (10.3.61)

The relations (10.3.61) are equivalent to the integrability of distributions
defined by 0 and (4. We will show it for the 0?4 case; the (* case is identical.
Let X = a%0%esn and Y = BA0%esn be vector fields, which by definition are
in the a-planes determined by o#'. The Frobenius condition (C9) is

[X, Y]an = (faa+gBa)oa,
for some functions f and g. Multiplying by o# gives
o™X, Yaa = 0™ (XPP Vg Yan — YPP Vpp Xan) = 0.
Substituting the spinor expressions for X44 and Y44 results in
A

o OB VBBrOAr = O,

which is (10.3.61), and it is easy to show this is sufficient as well as
necessary. (]

Let D, be two-dimensional distribution spanned by t4e 4. The leaves of this
distribution are B-surfaces in M. Consider the two-dimensional space of 8-

surfaces U = M/D,. Its projectivized tangent bundle admits a one-dimensional
distribution © = {Lg, Ly, K}/D, defined on

P(TU) =[P(S') = M x CP']/D,.
This leads to the following sequence of projections:
M «— M x CP! (10.3.62)

D ¥
U «— P(TU)

and equips U with a projective structure — an equivalence class of torsion-free
connections on TU such that two connections are equivalent if they share the
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same unparametrized geodesics (see Appendix C). Two-dimensional projective
structures are equivalent to second-order ODEs of the form

42 dy\’ dy\? d
d—x§=A3<x, ) (d—z) + Ay(x,y) (d—z) + Aj(x, y) (d—:}c)+Ao(x» ).
(10.3.63)

obtained by choosing local coordinates (x, y) and eliminating the affine param-
eter from the geodesic equation; the integral curves of this ODE are geodesics
of the projective structure. The projective spray corresponding to this ODE is

© =9, + 23y + (Ag + LA + A7 Ay + 17 A3)0;. (10.3.64)

Conversely, a spray ©® which arises from (10.3.62) is homogeneous of degree
one in 74, thus it is given by
/ 8 ’ / /
() =7TAW —Fg/BJTAT[B
which is a homogeneous form of (10.3.64).
Reconstruction of the ASD conformal structure with null symmetry comes
down to extending the spray on P(TU) to a Lax pair on P(S'). This can be
done and the result is summarized in the following.

on¢

Theorem 10.3.4 [57] Let (M, [g], K) be a smooth neutral-signature ASD-
conformal structure with null-conformal Killing vector. Then there exist local
coordinates (¢, x,y,z) and g € [g] such that K =9, and g has one of the

following two forms, according to whether the twist K A dK vanishes or not
(K = g(K, )):

1. KAAK = 0:
g = [do + (zAs — Q)dyl(dy — Bdx) — {dz — [2(—By + Al + BAs + B* As)|dx
—[z(Az + 2B A3) + Pldy}dx, (10.3.65)

where Ay, Ay, As, B, O, and P are arbitrary functions of (x, y).
2. KAdK #0:

g = {d¢ + A39,Gdy + [A,3,G + 2 A3(20,G — G) — 3,9, Gldx}(dy — zdx)
—0;Gdx[dz — (Ag + 2 A1 + 2 Ay + 2 A3)dx], (10.3.66)

where Ay, A1, Ay, and As are arbitrary functions of (x,y), and G is a
function of (x, v, z) satisfying the following PDE:

[0, + 20y + (Ag + 2A1 + 22 Ay + 2° A3)9,]02G = 0. (10.3.67)

In (10.3.66) all the A;,i =0, 1,2, 3, functions occur explicitly in the metric.
In (10.3.65) the function Ay does not explicitly occur. It is determined by the
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following equation:
Ao = B+ BBy — BAI — B2 Ay — B As. (10.3.68)

If the projective structure is flat, that is, A; = 0 and 8 = P = 0 then (10.3.65) is
Ricci-flat [135], and in fact this is the most general ASD Ricci-flat metric with
a null Killing vector which preserves the pseudo-hyper-Kahler structure. The
twisting metrics (10.3.66) generalize those found in [123]. More generally, if
the projective structure comes from a Riemannian metric on U then there will
always exist a (pseudo-)Kihler structure in the conformal class (10.3.66) if
G =2%/2 +y(x, y)z + 8(x, y) for certain y and & [26].

It is interesting that integrable systems are not involved in the null case, given
their ubiquity in the non-null case.

10.3.3 Dispersionless integrable systems

Dispersionless integrable systems can arise from solitonic systems in a follow-
ing way: Let

YR I X'} and
5{ =8Xn+ﬂl( )W+~-~+an( ) an

9 9" N :
B(ﬁ) =W+b1(xj)a)(m++bm(x)

be differential operators on R with coefficients depending on local coordinates
X' = (X, Y, T) on R®. The overdetermined linear system

0 0
Uy = Al — | ¥ Ur=B|— |W
Y (aX) and Wy (aX)

admits a solution W(X, Y, T) on a neighbourhood of an initial point (X, Yy, Tp)
for arbitrary initial data W (X, Yy, To) = f(X) iff the integrability conditions
Wyr = Yry, or

Ar—By+[A, B]=0 (10.3.69)

are satisfied. The non-linear system (10.3.69) for ay,...,a, and by,..., b,
can be solved by a (2+1)-dimensional version of the IST discussed in Chapter 2.
The dispersionless limit [192] is obtained by substituting
a a d % ;
% = fan An W(X') = exp [y (x'/e)],
and taking the limit ¢ — 0. In the limit the commutators of differential
operators are replaced by the Poisson brackets of their symbols according to
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the relation

ak . JAdB dAIB
2y Jfw, [A B enez _fffz
axe L Wl LA B e T
where A and B are polynomials in A, with coefficients depending on x' =

(x, v, t). The dispersionless limit of the system (10.3.69) is

={A, B}, and X =1y,

A, — By+{A B} =0. (10.3.70)

Non-linear DEs of the form (10.3.70) are called dispersionless integrable
systems.

There are several methods of integrating (10.3.70) [15, 46, 63, 64, 96, 97,
98, 111, 112, 155]. We shall focus on the one which makes contact with
EW geometry and twistor theory. The system (10.3.70) is equivalent to the
integrability [L, M] = 0 of a two-dimensional distribution of vector fields

L= 3; - B,\Bx + Bxa)t and M = ay - A,\ax + Axa)h (10371)

on R?® x RP'. This is similar to the EW Lax pair (10.3.42) in Lorentzian
signature.

We shall therefore generalize the notion of the dispersionless integrable
systems by allowing distributions of vector fields more general than (10.3.71).
The derivatives A;, Ay, B;, and B, of the symbols (A, B) of operators can be
replaced by independent polynomials Ay, Ay, By, and B, in A with coefficients
depending on (x, y, t):

L =0, — Bidy+ B3, and M=20,— A+ A0, (10.3.72)

where Aj, By are linear in A and A, B, are at most cubic in A . We take the
integrability of this generalized distribution (10.3.72) as our definition of a
dispersionless integrable system. The definition is intrinsic in the sense that it
does not refer to an underlying soliton equation.

10.3.3.1 Interpolating integrable system

In Section 10.3 we have seen how certain dispersionless systems (dKP, SU(00)-
Toda, and Diff(S') equation) arise from ASD conformal equations in four
dimensions and lead to EW structures. In each case it was possible to choose a
solution of the generalized monopole equation (10.3.44) so that the resulting
ASD conformal structure is Ricci-flat.

It should therefore be possible to obtain these dispersionless equations
directly as reductions of the ASD Ricci-flat condition, for example, in its
second heavenly form (10.2.22). This is indeed the case and the details can
be found in [46, 51, 65]. Here we shall present a dispersionless integrable



10 : Anti-self-dual conformal structures

system which arises as a symmetry reduction of (10.2.22) and contains the
dKP equation (10.3.52) and the Diff(S') equation (10.3.53) as special cases.
This interpolating integrable system is given by [59]

uy+wy =0 and wu +wy — c(uw, — wuy) + buu, = 0, (10.3.73)

where b and c are constants and #, w are smooth functions of (x, y, t). It admits
a Lax pair

d ad d
L=—+(cw+bu—rcu—21*)— + b(wy — Auy)— and
0x oA

ot
a 0 0

M=— —(cu+r)— — bu,— (10.3.74)
ay 0x oA

with a spectral parameter A € CP'. A linear combination of L and M is of the
form (10.3.72).

Setting b= 0 and ¢ = —1 gives the Diff(S!) equation (10.3.53) and setting
¢=0 and b =1 gives the dKP equation (10.3.52). In fact one constant can
always be eliminated from (10.3.73) by redefining the coordinates and it is
only the ratio of b/c which remains. We prefer to keep both constants as it
makes the limits more transparent.

Proposition 10.3.5 [59] The most general (+ + ——) ASD Ricci-flat metric with
a conformal Killing vector whose SD derivative is null can be put in the form

g =€ [Vh— V{dt +n)?], (10.3.75)

where (u, w) solve the system (10.3.73), © parameterizes the orbits of the
conformal Killing vector K = 9/9t, and

b = (dy + cudt)* —4[dx + cudy — (cw + bu)dt)dt, n = — Ju.dy + (Suu, — uy) dt,
and V = Ju,.

The proof uses the second heavenly formalism. The coordinates can be chosen
so that the conformal Killing vector is given by K = (cz + )9, + (cx — 2bz)d,
and the ASD Ricci-flat metric is given by (10.2.13) where © satisfies the
second heavenly equation (10.2.22). One then imposes the conformal Killing
equations on ®, and (after a series of Legendre transforms and coordinate
transformations) arrives at the statement of Proposition 10.3.5. In particular
the proof explains the origin of the two parameters (b, ¢) in (10.3.73) as the
conformal symmetry is

K = ¢ x (dilatation) + b x (rotation with null SD derivative).

The details of the proof are given in [59].



10.3  Symmetries

10.3.3.2  Manakov-Santini system

The system (10.3.73) is a special case of the Manakov-Santini system
(111, 112]:

U — Uy + (UUy)s + VilUsy — VUse =0 and  (10.3.76)
Vir — Vyy + UV + vaxy - Vnyx =0,

where U =U(x, y,t) and V= V(x,y,#). To see this, notice that the first
equation in (10.3.73) implies the existence of v(x, y) such that # = v, w = —v,,
and v satisfies

Uxt — Uyy + C(UxUxy — UyUsy) + bty = 0. (10.3.77)
Differentiating the second equation in (10.3.73) and eliminating w yields
Uyy — tyy — C(Vylhyy — Vylhyy) + buny) = 0. (10.3.78)

Now assume the generic case when the constants ¢ and b are non-zero, and set
U = bu and V = cv. Then the systems (10.3.77) and (10.3.78) are equivalent
to (10.3.76) with an additional constraint

cU—-bV,=0. (10.3.79)
The Manakov—Santini system corresponds to an EW structure:
b = (dy — Vidt)* — 4[ldx — (U — V,)dt]dt and (10.3.80)
w = —Viedy + (4Uy — 2V, + Vi Vi )dt.

To verify this set x' = (y, x,¢). The (11), (12), (22), and (23) components of
the EW equations hold identically. The (13) component vanishes if the second
equation in (10.3.76) holds, and finally the (33) component vanishes if both
equations in (10.3.76) are satisfied.

In [111, 112] Manakov and Santini have solved the initial value problem
for the system (10.3.76) using their version of IST applicable to Lax pairs
containing vector fields.

10.3.3.3  Quadpric ansatz

The usual way of reducing PDEs to ODEs is to determine a symmetry group of
transformations acting on dependent and independent variables, and reduce
the number of independent variables down to one. This was discussed in
Section 4.3.

Tod [158] has proposed a non-symmetric way of reducing PDEs to ODEs
which can be used to construct solutions to some dispersionless integrable
systems. Our presentation of this follows [48, 50]. Let « = u(x',...,x") e R
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be a solution to a PDE
Fu, i, tij, o thijop, x') = 0, (10.3.81)

where u; = du/dx’ and (x!,..., x") € R”. The ansatz is to seek solutions con-
stant on a polynomial hypersurface ¥ C R”, or equivalently to seek symmetric
objects

M(u), Mj(u), Mjj(u), ..., Mjj..k(n),
so that a solution of equation (10.3.81) is determined implicitly by

O, u) := M(u) + My(u)x’ + My (u)x'x) + -+ Mij_p(u)x’x/ - 2k = C,
(10.3.82)

where C is a constant. Here ¥ should be regarded as the zero locus of a poly-
nomial Q(x', u) — C in R”. If u satisfies (10.3.81) and the algebraic constraint
(10.3.82), then so does g’(u), where g’ is a flow generated by any section of
TX. Note however that vectors tangent to ¥ do not generate symmetries of
(10.3.81), as the choice of ¥ depends on .

We shall concentrate on the quadric ansatz

O(x', u) := Mij(u)x'x’ = C. (10.3.83)
This ansatz can be made whenever we have a non-linear PDE of the form
0 y d
2 [b”(u)—u.] -0, (10.3.84)
dx/ ox!

where u is a function of coordinates x’,i = 1,..., n. We shall seek solutions
constant on central quadrics or equivalently seek a matrix M(u) = [M;;(u)] so
that a solution of equation (10.3.84) is determined implicitly as in (10.3.83).
We differentiate (10.3.83) implicitly to find

9 2 : )
o —=M;x’, where Q= —Q (10.3.85)
ax! ) ou

Now we substitute this into (10.3.84) and integrate once with respect to u.
Introducing g(«) by

.1 1
g= Eb”M,—,- = ZTr (bM) (10.3.86)

we obtain
(gMj; — Mib" My)x'x' = 0,
so that as a matrix ODE

gM = MbM. (10.3.87)
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This equation simplifies if written in terms of another matrix N(x) where
N=-M"! (10.3.88)
for then
gN=b, (10.3.89)
and g can be given in terms of A = det (N) by
g*A = = const. (10.3.90)

Restricting to three dimensions with (x!, x%, x°) = (x, y, z), the SU(c0)-Toda
equation (10.3.46) is given by (10.3.84) with

1 0 O
b(u)=10 1 0
0 0 e

and as was shown in [158], in this case (10.3.89) can be reduced to the PIII
ODE (4.4.11).
For the dKP equation (10.3.52) we have (10.3.84) with

—u 0 1)2
b(u):( 0 -1 0 ) (10.3.91)
12 0 0

(Note that —b(#) is the inverse of the EW metric.)

Proposition 10.3.6 Solutions to the dKP equation (10.3.52) constant on the
central quadric (10.3.83) are implicitly given by solutions to PI or PII:

° If(M71)33 #0 then
v — 2w [wv — (@ — 1/2)] + %tz {((x 1722 + 4wo [wy — (a — 1/2)] +2u3}
wxy(a—1/2) —yto(a—1/2) —2tx0® = Cwv— (@ —1/2),  (10.3.92)

where a is a constant, v is given by

v=—w(u) —wu)” —u,

2
and w is a solution to
d*w
du?

which is the rescaled PII ODE (4.4.11).

= 8w’ + Swu + 4a,
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o If(M_1)33 =0 and (M_])B £0 then

w? w?
xr+w?y? —w <T — 4w3> 2 — 4xtw? + 2wxy + (T — 4w3> yt = C?,

(10.3.93)
where w(u) satisfies
d>w )
W =24w” + 81/{,
which is the rescaled P1 ODE (4.4.11).
o If (M 1)33 = (M1)y3 = 0 then
y?
vy + [sin (1)’ cos(u) — usin(u)? + y> cos(u)4] t2
—sin(u)*tx — y cos(u)*ty = C tan(u)?, (10.3.94)

where y is a constant.
The constant C can always be set to 0 or 1.

o Example. For certain values of «, PII admits particular solutions expressible
in terms of ‘known’ functions. For & = n € Z the PII equation possesses ratio-
nal solutions, and for « = 7 + 1/2 there exists a class of solutions expressible
by Airy functions. For example, if & = 1, then PII is satisfied by w = —1/(2u).
Now v = —u, and the coefficients of the quadric become cubic in u:

821’ + 16xtu” + (8x> — 4yt)u — (£ + 4xy) = C, C = const.

The three roots of this cubic give three solutions to dKP. A root which yields
a real solution is

JA+12t/B 6yt +4x? 2x
12t 3 As12vB 3
A= 144 xyt + 64 x> + 108> — 108 ¢C,
B =—-96yt —48y*x* + 216 xyt* + 96 x>t + 81 ¢*

C 3
—96 Tx — 216 Cxy — 162 C£2 + 81 C2.

u(x, y,t) =

(10.3.95)

10.4 ASD conformal structures in neutral signature

The relevant Lie group isomorphism in (+ + ——) signature is

SO(2,2) = SL(2,R) x SL(2,R)/Zs,. (10.4.96)
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In the neutral signature the spinor conjugation is a map S — S given by
ta= (e, B) > is=(@ B) (10.4.97)

(compare (9.2.17)) so that there exists a notion of real spinors. The isomor-
phism (9.2.15) is replaced by

TM=S®YS,

where S and S’ are real rank-two vector bundles.

10.4.1 Conformal compactification

We shall now describe a conformal compactification of the flat neutral metric
R>2. The natural compactification R22 is a projective quadric in RP°. To
describe it explicitly consider [x, y] as homogeneous coordinates on RP®, and
set Q = |x|> — |y|?. Here (x, y) are vectors on R? with its natural inner product.
The cone Q =0 is projectively invariant, and the freedom (x,y) ~ (¢x, cy),
where ¢ # 0 is fixed to set |x| = |y| = 1 which is $? x $%. We need to quotient
this by the antipodal map (x, y) — (—x, —y) to obtain the conformal compact-
ification

R22 = (§% x $2)/Z,.

Parameterizing the double cover of this compactification by stereographic
coordinates we find that the flat metric |dx|*> — |dy|> on R33 yields the metric
d¢dg dydx

@ Toar oA

on §2 x 2. To obtain the flat metric on R>? we would instead consider the
intersection of the zero locus of Q in R*3 with a null hypersurface x; — y; = 1.

The metric g is conformally flat and scalar flat, as the scalar curvature is the
difference between curvatures on both factors. It is also Kahler with respect to
the natural complex structures on CP! x CP' with holomorphic coordinates

(¢, x)-

10.4.2 Curved examples

o Compact neutral hyper-Kahler metrics. The only compact four-dimensional
Riemannian hyper-Kdhler manifolds are the complex torus with the flat
metric and K3 with a Ricci-flat Calabi-Yau metric.

To write down explicit examples in neutral signature, consider the follow-
ing pseudo-hyper-Kahler metric

g = dpdy — dzdx — Q(x, y)dy*, (10.4.99)
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for an arbitrary function Q. This is the neutral version of the pp-wave metric
of general relativity [135], and is a special case of (10.3.65), where the
underlying projective structure is flat. It is non-conformally flat for generic Q.
Define complex coordinates z; = ¢ + iz and 25 = x + iy on C2. By quotienting
the z; and z; planes by lattices one obtains a product of elliptic curves, a
special type of complex torus. If we require O to be periodic with respect to
the 2, lattice, then (10.4.99) descends to a metric on this manifold.

o Tod’s scalar-flat Kihler metrics on $? x S2. Consider S? x $? with the con-
formally flat metric (10.4.98), that is, the difference of the standard sphere
metrics on each factor. Thinking of each sphere as CP! and letting ¢ and
x be non-homogeneous coordinates for the spheres, this metric is given by
(10.4.98). As we have already said, go is scalar flat, indefinite Kahler. The
obvious complex structure | with holomorphic coordinates (¢, x) gives a
closed two-form and  := go(J., .). Moreover g clearly has a high degree of
symmetry, since the two-sphere metrics have rotational symmetry. In [161],
Tod found deformations of gy preserving the scalar-flat Kihler property, by
using the Lorentizan version of the expression (10.3.45) for neutral scalar-flat
Kahler metrics with symmetry. Take the explicit solution

1—1#
(1+x2+y2)2

e’ =
to the Lorentzian Toda equation (10.3.46) (where z =it), which can be
obtained by demanding # = fi(x, y) + f2(¢). There remains a linear monopole
equation for V. Setting W = V(1 — ¢2) and performing the coordinate trans-
formation ¢ = cos, ¢ = x + iy gives

dede in” 0
L S S LA P (10.4.100)
(1+¢¢)? w
and W must solve a linear equation. This metric reduces to (10.4.98) for
W=1 and n =0, with 0, ¢ standard coordinates for the second sphere.
Differentiating the linear equation for W and setting QO = %{/, one obtains
the neutral wave equation

g=4W

ViQ=V;0, (10.4.101)

where Vi ; are the Laplacians on the two-spheres, and Qs independent of ¢,
that is, axisymmetric for one of the sphere angles. Equation (10.4.101) can
be solved using Legendre polynomials, and one obtains non-conformally flat
deformations of (10.4.98) in this way.

¢ Ooguri—Vafa metrics. In [125] Ooguri and Vafa constructed a class of non-
compact neutral hyper-Kahler metrics on cotangent bundles of Riemann
surfaces with genus > 1 using the heavenly equation formalism (10.2.18),
with a (+ + ——) real section of the complexified space-time. Instead of using
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the real coordinates in (10.2.18) we set

w=¢, w=¢, z=ip, and Z=—ip, wherel,peC

with Q =i(p¢ — p¢) corresponding to the flat metric. Let ¥ be a Riemann
surface with a local holomorphic coordinare ¢, such that the Kihler metric
on ¥ is b, ;dtd¢. Suppose that p is a local complex coordinate for fibres of
the cotangent bundle T*X. If € is the Kihler form for a neutral metric g then
gag = 0495 for a function Q on the cotangent bundle. Then the equation

det g 5= —1

is equivalent to the first heavenly equation (10.2.18), and gives a Ricci-flat
ASD neutral metric.

Suppose that @ depends only on the globally defined function X = h*¢ pp,
which is the length of the cotangent vector corresponding to p. There is a
globally defined holomorphic (2, 0)-form d¢ A dp, which is the holomorphic
part of the standard symplectic form on the cotangent bundle, so (¢, p)
are the holomorphic coordinates in the Plebanski coordinate system. The
heavenly equation reduces to an ODE for ©(X), and for solutions of this
ODE to exist the metric # must have constant negative curvature, so * has
genus > 1. In this case one can solve the ODE to find

VA +BX—- A
Q=2VA + BX+ Aln Y2227 4
VA2 + BX+ A

where A and B are arbitrary positive constants. The metric g is well behaved
when X — 0 (or p — 0), as in this limit € — In(X) and g restricts to
b ;dtd¢ on ¥ and —h%¢dpd p on the fibres. In the limit X — oo the metric is
flat. To see this one needs to chose a uniformizing coordinate T on X so that »
is a metric on the upper half-plane. Then make a coordinate transformation
¢1 =t/pand & = /p. The holomorphic two-form is still d¢; A d¢,, and the
Kihler potential Q = i(£,Z1 — £142)+/B yields the flat metric.

10.5 Twistor theory

Theorem 10.1.2 proved in Section 10.1 motivates the following definition
which generalizes the notion of the twistor space of Definition 7.2.1 to the
curved case:

Definition 10.5.1 The twistor space PT of a holomorphic conformal structure
(M, |g]) with ASD Weyl curvature is the manifold of a-surfaces in M.
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The twistor space is a three-dimensional complex manifold whose structure is
best revealed by exploiting the double fibration picture.

Define the correspondence space F to be the product M x CP' locally
coordinatized by (x?, 1), where x? denote the coordinates of a point p € M
and A is the coordinate on CP! that parameterizes the a-surfaces through p
in M. We represent F as the quotient of the primed spin bundle S’ with fibre
coordinates 74 by the Euler vector field Y = 749/87 4. The fibre coordinates
are related to A by A =y /7. A form with values in the line bundle (see
Appendix B) O(n) on F can be represented by a homogeneous form « on the
non-projective spin bundle satisfying

YJk=0 and Lieyk =n«k.

For example, 7 4dn# descends to an O(2)-valued one-form on F.

The Lax pair on F arises as the image under the projection TS’ — TF of
the distribution (10.1.1) and the twistor space P7 arises as a quotient of F by
the Lax pair. A twistor function is a function on F which is constant along the
distribution L4. Similarly a differential form on F descends to P7 if its Lie
derivative along L4 vanishes.

The correspondence space has the alternative definition

F =PT x Mlzer, = M x CP',

where L, is the curve in P7 that corresponds to p € M and Z € PT lies on
L,. This leads to a double fibration

ML F- L pT. (10.5.102)

Lemma 10.5.2 The holomorphic curves q((C]P’})) where (CIP’}J =r~'p, pe M,
have normal bundle N = O(1) ® O(1).

Proof The normal bundle N(L) of a submanifold L C P7 is defined to
be Uzer Nz(L), where Nz = (T,P7T)/(TzL) is a quotient vector space. The
double fibration picture allows the identification of the normal bundle with
the quotient 7*(T, M)/{spanL4}. In their homogeneous form the Lax operators
L4 have weight 1, and the distribution spanned by them is isomorphic to the
bundle C? ® O(—1). The definition of the normal bundle as a quotient gives
the exact sequence

0> C?0(-1) > C*— N0

and thus N = O(1) & O(1) as the last map, in spinor notation, is given explicitly
by VA4 s VA4, clearly projecting onto O(1) @ O(1). O

The conformal structure [g] on M is encoded in the algebraic geometry of
curves in P7 in the following way
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dim F=$

i/
[ q
7 — T dimPI=3

\
r

Figure 10.1 Double fibration

o Two points p; and p, in M are null-separated iff the corresponding curves
Ly, and L,, intersect at one point (Figure 10.1).

The point of this definition is that a null geodesic containing p; and p; lies on a
unique «-surface. This is because the tangent vector to any null geodesic must
be of the form (40#, and thus the geodesic is contained in a surface spanned
by oA/eAAr.

We have therefore established the first part of the following:

Theorem 10.5.3 (Penrose [131]) There is a one-to-one correspondence
between

o Complex ASD conformal structures
o Three-dimensional complex manifolds containing a four-parameter family of
rational curves with normal bundle O(1) ® O(1)

Proof To complete the proof we must be able to go in the other direction
and reconstruct the ASD conformal structure from its twistor space. Using the
Kodaira theorem (Theorem B.3.1) we define M to be the moduli space of CP"’s
with the prescribed normal bundle.

The Kodaira isomorphism (B9) states that a vector at a point p in M
corresponds to a holomorphic section of the normal bundle O(1) @ O(1) of the
curve L, = CP' in P7. We define a vector in M to be null if this holomorphic
section has a zero. Vanishing of a section of O(1)® O(1) is a quadratic
condition as VA%, = 0 regarded as a linear system for 74 has a solution
if det (VA4) = 0. This gives a conformal structure on M. To prove that this
conformal structure is ASD it is enough to show that a-surfaces exist and refer
to Theorem 10.1.2. There is a two-parameter family of O(1) ® O(1) curves
through a given point Z of PT and this defines a surface Z C M. This surface is
totally null with respect to the conformal structure as all points corresponding
to curves through Z are null-separated and thus Z is an a- or B-surface. We
choose the orientation on M so that it is an a-surface. The twistor space is
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three-dimensional so there is a three-parameter family of a-surfaces in M and
[¢] is ASD by Theorem 10.1.2. O

The real ASD conformal structures are obtained by introducing an involution
on the twistor space. There are two possibilities leading to the Riemannian and
neutral signatures, respectively. In both cases the involutions act on the twistor
lines, thus giving rise to maps from CP' to CP': the antipodal map which in
stereographic coordinates is given by A — —1/A, or a complex conjugation
which swaps the lower and upper hemispheres preserving the real equator.
The antipodal map has no fixed points and corresponds to the positive-definite
conformal structures. The conjugation corresponds to the neutral case.

¢ Euclidean case. The spinor conjugation (9.2.17) acts on S’ and descends to an
involution o : PT — PT such that 0> = —Id. The twistor curves which are
preserved by o form a real four-parameter family, thus giving rise to a real
four-manifold Mg. If Z € PT then Zand o (Z) are connected by a unique real
curve. The real curves do not intersect as no two points are connected by a
null geodesics in the positive-definite case. Therefore there exists a fibration
of the twistor space P7 over a real four-manifold Mg. A fibre over a point
p € Mg is a copy of a CP!. The fibration is not holomorphic, but smooth.
In the Atiyah-Hitchin-Singer (AHS) version [10] of the correspondence
the twistor space of the positive-definite conformal structure is a real six-
dimensional manifold identified with the projective spin bundle P(S') —
Mg. Given a conformal structure [g] on Mg one defines an almost-
complex-structure on P(S') by declaring

ad

A

to be the anti-holomorphic vector fields in T%![P(S')]. Here Lo and L; are

given by (10.1.1).

This almost-complex-structure is integrable in the sense of Theorem 9.3.1

Lo, L1 s and

if

[TO,l TO,l] C TOA,l
and this happens iff Ly and L, span an integrable distribution. We have
already established that the integrability of L, is equivalent to ASD of the
conformal structure [g]. An alternative, but equivalent, way to define the

almost-complex-structure on P(S') is to decompose its tangent space into
horisontal and vertical subspaces:

T.[P(S)] = H;® V;, where z = (p, [r]) € P(S))

with respect to a connection on S’ induced from a Levi-Civita connection of
some g € [g].
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The two-dimensional vector space V, has a natural complex structure since
the fibres of P(S') — Mg are Riemann spheres, and for a given w4 the
almost-complex-structure on H, is defined by a one-to-one tensor:

Ji = igf; [nA/a(n)B, +O’(7‘L’)A,]TBr:| ,

where o : S’ — S and o () 4 = (771, —T00).
We can summarize all this in the following theorem:

Theorem 10.5.4 (Atiyah-Hitchin-Singer [10]) The six-dimensional almost-
complex-manifold

P(S) — Mg

parameterizes almost-complex-structures in (Mg, [g]). Moreover P(S') is
complex iff |g] is ASD.

Neutral case. The spinor conjugation (10.4.97) allows an invariant decom-
position of a spinor into its real and imaginary parts. Recall that the tangent
space to an a-surface is spanned by null vectors of the form k474 with 74
fixed and « 4 arbitrary. A real a-surface corresponds to both k4 and 74 being
real.

In general 74 = Re(n?) +ilm(m
P(S') decomposes into two open sets:

A), and the correspondence space F =

F. ={(x*, [7%]) € F;Re(ma)Im(x?) > 0} = Mg x D, and
Fo={(x",[7%]) € F;Re(ma)Im(n?) < 0} = Mg x D_,

where Dy are two copies of a Poincare disc. These sets are separated by a
real correspondence space

Fo ={(x%, [77]) € F;Re(wra)Im(z?) = 0} = Mg x RP".

The vector fields (10.1.1) together with the complex structure on the CP!
give F the structure of a complex manifold P7 in a way similar to the AHS
Euclidean picture: The integrable sub-bundle of TF is spanned by Lo, L4,
and 8;. The distribution (10.1.1) with » € RP! defines a foliation of F, with
quotient P7T o which leads to a double fibration:

Me <= 70 -1 PT,.

The twistor space P7 is a union of two open subsets P7T, = (F,) and
PT_ = (F_) separated by a three-dimensional real boundary (real fwistor
space) PTy := q(Fo).

The real structure o (x*) = x* maps a-surfaces to a-surfaces, and therefore
induces an anti-holomorphic involution o : P7 — P7. The fixed points of
this involution correspond to real a-surfaces in Mg. There is an RP! worth
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of such a-surfaces through each point of Mg. The set of fixed points of o in
PT is PT.

10.5.1 Curvature restrictions

Special conditions on a metric g € [g] can be encoded into the holomor-
phic geometry of the twistor space. These conditions involve the canonical
bundle x — P7T. This is a holomorphic line bundle of holomorphic three-
forms. Restricting « to a twistor curve L, = CP' must therefore be one
of the standard line bundles O(n) (see the Birkhoff-Grothendieck theorem
Theorem [B.2.5]). In fact 7 = —4 since

k|, = T*L, ® A*N(L,) = O(—4)

as the dual of the normal bundle is O(—1) @ O(—1) and T*CP' = O(-2).

The canonical bundle is related to the bundles over the correspondence space
in the following way: Consider a section of « of the form bdz! A dz? A d2°,
where 2’ are local holomorphic coordinates on P7. The pull-back of this three-
form to F is of the form

b(v AmaDr) (Lo, Ly, ...,...,...)
where v is a volume-form on M and
Dr4 =dnd + T4t

The three-form (v A wa D) (Lo, Ly, ..., ...,...) is O(4)-valued as the oper-
ators L4 are homogeneous of degree one, and 74 D4 is homogeneous of
degree two. Thus b must take values in O(—4) for the resulting three-form to
be scalar-valued.

Now we shall list additional conditions on P7 characterizing various sub-
classes of ASD conformal structures.

e A holomorphic fibration p: P7T — CP! corresponds to hyper-Hermitian
conformal structures [18, 44].

o A preferred section of x~!/2 which vanishes at exactly two points on each
twistor line corresponds to a scalar-flat Kahler metric in the following way g
[137]:

Given the covariantly constant Kahler form €, = w o g€ 43 One constructs
the canonical section by wa g4 7. Conversely, given a section of k ~/2 one
pulls it back to S where it defines a symmetric spinor w4 p which satisfies
the conformally invariant twistor equation

Vaawpc) = 0.
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Now pick any metric g in the ASD conformal class [g] and define & = Q%g,
where

2072 = wapo?
Then g is Kahler with the Kahler form Q2w 4 p e ap.
A preferred section of x !/ corresponds to ASD null Kihler g [47].
The details are similar to the scalar-flat Kihler case with the additional
complication arising from the fact that the null-Kahler condition does not
completely fix the conformal structure. A parallel spinor (4 which defines
the null-Kahler structure gives rise to a section m - t. Conversely, admitting

such a section is equivalent to having a solution of the twistor equation:?
Vaatpy = 0. (10.5.103)
Therefore
Vaatlp = expaa (10.5.104)

for some a4 Choose a representative in [g] with R =0. Contracting
(10.5.104) with VA¢ and using the spinor identity (9.2.26) gives

, 1
A D A
V2% Vaaty = Capopt” — B Recpiay=0=ea4pVicaa,
SO a4 is a solution to the neutrino equation. It can be written in terms of a

potential

ap=1"Vand (10.5.105)
because the integrability conditions 1418’ VA yaq = aatd VA48 are satisfied.
Here ¢ is a function which satisfies

ViV, + V,pVi =0 (10.5.106)

as a consequence of the neutrino equation. Consider a conformal rescaling

§=0%, éap=Qeap, ita=y, Y=Y and

1
= R+-Q7'0Q.
"4

=

The twistor equation (10.5.103) is conformally invariant as V' 1B =
Q 1V, A B) = 0. Choose Q € ker I so that R = 0. Let Y, = Q7 'V,Q. Then

VAA/fB = VAAfLB +€A/BTAC/LC :{;‘A/B [LC VAC/(¢+IHQ)],

2 Lorentzian metrics admitting a solution to this equation have been found in [105].
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where we used (10.5.104) and (10.5.105). Notice that, as a consequence of
(10.5.106), e? € ker O and we can choose InQ = —¢, and

Vanli® = 0. (10.5.107)

We can still use the residual gauge freedom and add to ¢ an arbitrary function
constant along (4’ e 4. This means (10.5.107) is invariant under a conformal
rescaling by functions constant along the leaves of the congruence defined by
i/ Such conformal transformations do not change R = 0.

« A holomorphic fibration u : PT — CP' together with the non-degenerate
O(2)-valued two-form on each fibre of u (where O(2) denotes the pull-back
bundle from the base of u) corresponds to a hyper-Kihler metric [10, 79,
131]. (We shall present a proof of this result in next section.)

¢ A holomorphic one-form t and a holomorphic three-form p such that T A
dt =2Ap and t is non-zero when contracted with any vector tangent to a
twistor curve correspond to an Einstein metric with non-zero cosmological
constant A [79, 170].

10.5.2 ASD Ricci-flat metrics

Below we shall give the details of the correspondence in the ASD Ricci-
flat (hyper-Kahler) case which is relevant to gravitational instantons and the
heavenly equations.

Theorem 10.5.5 (Penrose [131]) There is a one-to-one correspondence
between solutions (M, g) to the ASD Ricci-flat equations and three-
dimensional complex manifolds PT with the following structures:

1. A projection u : PT —> CP!

2. A four-parameter family of sections of u with normal bundle O(1) ® O(1)

3. A non-degenerate two-form ¥ on the fibres of w, with values in the pull-
back from CP! of O(2)

Proof Given an ASD Ricci-flat metric g construct the twistor space P7 cor-
responding to the conformal structure [g] as in Theorem 10.5.3. There exists
a covariantly constant spin-frame on S’ (see Theorem 9.3.3) so the equation

Vaarp =0

has solutions. This gives a holomorphic fibration y : PT —> CP'. The base
space of this fibration has a one-form 7 = ey pAdn®, where ¢ p is related
to the metric g by (9.2.16). Corollary 9.3.4 guarantees the existence of a basis
T AB of closed SD two-forms. Let

(A) = ﬂArﬂBrEA,B/
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be a two-form on §'. It is homogeneous of degree two in 74, and (for each
fixed value of w4 ) it Lie derives along the twistor distribution (10.1.1), which
follows because £ = v(Lg, L1, ...,...) and d4P = 0. Thus T descends to an
O(2)-valued two-form on each fibre of p.

Conversely, consider the twistor space satisfying the conditions of Theorem
10.5.5. To fix a conformal factor leading to a metric g € [g] in the ASD confor-
mal class it is sufficient to determine g(U, V) for all null vectors U and V. This
determines g on all vectors by bilinearity. Define homogeneous coordinates on
PT. These are coordinates on 7, the total space of the tautological line bundle
O(—1) pulled back from CP! to P7T . Let =4 be homogeneous coordinates
on CP! pulled back to 7 and let w? be local coordinates on 7 chosen on a
neighbourhood of the fibre u='{my = 0} that are homogeneous of degree one
and canonical so that ¥ = g pdw? A dw®. Similarly @* are local coordinates
on 7 on a neighbourhood of the fibre =1 {mry = 0}.

The section

0

U=U"n4y—
dwA

of the normal bundle N corresponding to a null vector U vanishes at exactly
one point in CP!. Let the sections U7, and VA%7 4 of N vanish on CP' at
points represented by spinors #/ and v#, respectively. Define

(- v) E(U, \7)

glu. V) = (- u)(mw-v)

(10.5.108)

where # - v = e 4 puv®. The RHS is homogeneous of degree zero in 74 and is

defined everywhere on CP'. It is therefore independent on 74 by the Liouville
theorem (Theorem B.0.4) and defines a metric on M. To see that the metric is
Ricci-flat pull-back ¥ to S’ where it satisfies

T AZ(R) =0 and d,E(A) =0, (10.5.109)

where in the exterior derivative d,, w4 is understood to be held con-
stant. The globality conditions give mamp =4 for some SD two-forms
(200, 20 51T on M which therefore satisfy

d24P =0 and TWE AP -0,
This is the hyper-Kahler condition (9.3.33) with (9.3.29). O

In the AHS picture of Theorem 10.5.4 the three complex structures I;, j =
1,2, 3, on M give a sphere of complex structures:

I)\ = M1[1 + 142[2 + M3I3,
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where u = (11, uy, u3) is the unit vector related to A € CP' by stereographic
projection

Uy, Uy, U3) = , 1
(b1, 12, 15) <1+|,\|2 T+ 2 1+ 02

T—A2 A+x . A—% )
The complex structure on the six-dimensional real manifold P(S')is I = (I, Ip)
where Iy is rotation by 90° on each tangent space T,CP! = R2.

10.5.2.1  Deformation theory

Here we shall describe one way of obtaining complex three-manifolds satisfy-
ing the assumptions of Theorems 10.5.3 and 10.5.5.

Cover PT by two sets, U and U with [A| <1+€ on U and |A| >1—¢€ on
U with (o4, 1) coordinates on U and (@4, A~!) on U. The twistor space PT is
then determined by the transition functions

of = &8 (0, 7a) (10.5.110)

on U N U which preserves the fibrewise two-form, do? A dw al—conse = d®* A
d® gl5=const- 10 obtain a non-trivial transition function we can deform the
patching of twistor space CP* — CP! from Definition 7.2.1 which corresponds
to the flat conformal structure. The Kodaira theorem (Theorem B.3.1) guaran-
tees that the deformations preserve the four-parameter family of curves, and
thus the deformed twistor space still gives rise to a four-dimensional manifold
M.

Infinitesimal deformations are given by elements of H'(PT, ®), where @
denotes the space (strictly speaking the sheaf of germs [83, 175]) of holomor-
phic vector fields. Let

a

Y = A B’ N

@, p ) oA

be a vector field on the overlap U N U defining a class in H'(P7, ©) that pre-
serves the fibration P7T + CP'. The corresponding infinitesimal deformation

is given by
oMo, wa,t) = (1+tY)(0?) + O?). (10.5.111)
From the globallity of X (1) = dw? A dw, it follows that Y is a Hamiltonian

vector field with a Hamiltonian f € H'(P7, O(2)) with respect to the sym-
plectic structure X. A finite deformation is given by integrating

do® _ ap Of

10.5.112
dt % e (10.5.112)

fromt=0to 1.
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10.5.2.2  Heavenly equations

The heavenly equations (10.2.18) and (10.2.22) arise from choosing a special
parameterization of rational curves in the twistor space. Below we shall focus
on the second heavenly form.

Choose a constant spinor 04 € CP!. Pull back the twistor coordinates to the
correspondence space F and define four coordinates on M by

(Y v
rrAfzoA/_ X 2

where the derivative is along the fibres of 7 over M. Thus the curve L, C PT
corresponding to p € M is parameterized by choosing a two-dimensional fibre
of i : PT — CP! and defining x*!" = (w, ) to be the coordinates of the initial
point of the curve, and x4” = (y, —x) to be the tangent vector to the curve.

This can alternatively be expressed in affine coordinates on CP' by expand-
ing the coordinates w” pulled back to F in powers of A = o /my. Set P =
@’ /my and Q= w'/my. Then

, dw?
xAA o

o 37‘[Ar

P=w+Ay+pp A2+ p3A°+--- and (10.5.113)
O=z—Ax+p A2 +qzAd+--,
where p; and g; are functions of x44". The symplectic two-form X on the fibres

of u, when pulled back to the spin bundle, has an expansion in powers of A
that truncates at order three by globality and homogeneity, so that

2(A) = (1) > dP AdQ = mamp T4,

where =48 are SD two-forms on M and the relations (10.5.109) hold.

If we express the forms in terms of x4, the closure condition is satisfied
identically, whereas the truncation condition will give rise to equations on
the p;, ¢ allowing one to express them in terms of a function ©(x44) and
to field equations on © as follows: To deduce the existence of ® observe that
the vanishing of the coefficient of A% in X gives

0=dwndgs+dyAndg —dzAdps +dx Adp
= —d(gsdw + gady — p3dz + padx).

Therefore locally there exists a function ®(w, z, x, y) such that

00 10 a0 a0
5 p3 = ) q2 = - 5 and q3 = - (10.5.114)
k4 ay ow

pr=—
Now

Y =dw Adz+Mdx Adw +dy A dz) + 12 [dx Ady — dw A d(©,) +dz A d(Oy)],
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and the second heavenly equation (10.2.22) arises from the vanishing of the
coefficient of A* in T A X.

o Example. This example is modified from [83] to allow the application of the
heavenly formalism. Take the Hamiltonian f € H'(PT, O(2)) defining the
deformation (10.5.112) to be

(@)

]('

T 4mymy

The deformation equations (10.5.112)

da® do'! )3
— =0 and — = (@)
dt dt T Tt
integrate to
0)3
~0_ 0 g, (07)

@ =w and @ =w +t .
Ty T
Therefore @’ gives a global holomorphic function on CP! homogeneous of
degree one, so by the Liouville theorem (Theorem B.2.4) it must be linear,
that is,

0)0 =Tyy+mT1w
for some complex numbers (y, w). Substituting this in the formula for @'
gives an expression homogeneous of degree one:
2

3

2
Ty Ty
! —&tuﬁ—37t1/tw2y—37tortwy2=a)1 +( o) ty’.

Ty T
The LHS is holomorphic around w4 = (1, 0) and the RHS is holomorphic
around 74 = (0, 1). Thus, again applying the Liouville theorem, we deduce
that this expression defines a linear function, say 71z — myx, for some com-
plex numbers (z, x). Rearranging gives

2
Ty
a)l =TT — TyX — uz‘y3.

Ty
The four complex numbers (w, z, x, y) parameterize the family of curves, and
serve as local coordinates on the ASD Ricci-flat four-manifold M.

We can now read off the functions (P, Q) from the formula (10.5.113):

P=w+iy and Q=z—ix— A%ty (10.5.115)
Comparing this with (10.5.114) gives the second heavenly potential
ty4
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Finally the ASD Ricci-flat metric (10.2.13) is

g = dwdx + dzdy — 3ty*dw?. (10.5.116)
The ASD Weyl curvature in the second heavenly formalism is given by
CNC)
C =— 10.5.117
ABCD = 5 xAgxByxCaxD ( )

where x4 = (y, —x). Therefore our simple example is of Petrov—Penrose type
N and has constant curvature — the only non-vanishing component being
Coooo = 6, where # is a constant deformation parameter.

We shall re-derive the expression for the metric using the Penrose’s original
prescription presented in the proof of Theorem 10.5.5 without referring
to the heavenly formalism. In this approach the conformal structure on
the moduli space of lines parameterized by x? = (w, z, x, y) is calculated by
determining the quadratic condition for a section of the normal bundle to
a twistor line to vanish. The sections of the normal bundle to the curve
(10.5.115) correspond to tangent vectors and sections with one zero will
determine null vectors and therefore the conformal structure. Now take the
variation of P(1) and Q(1) for a small change §x? to obtain

SP=8w+A8y=0 and 8Q=38z— Adx — 3r%1y*sy = 0.

Substituting A = —Sw/8y from the first expression to the second and multi-
plying the resulting expression by §y we find that the conformal structure
is represented by the metric (10.5.116). The conformal factor now needs to
be determined from (10.5.108) to ensure that the resulting metric is Ricci-
flat. We find that this conformal factor is a constant in agreement with the
calculation based on the heavenly formalism.

Example. The second heavenly equation (10.2.22) with ®, =0 can be
expressed as

dO, Andx Ady+dw AdO,AdO, =0. (10.5.118)

Introduce p := O, and perform a Legendre transform

F(pv yv w) = px(ws y’ p) - ®(w’ y’ x(w3 ys p))
Then x = F), ®, = —F, and (10.5.118) yields the wave equation [65] (which
in Riemannian signature is the Laplace equation on R?):

Fpu + Fyy = 0. (10.5.119)

Implicit differentiation gives

F F 1
®yy=—Fyy+ﬂ, ®xy=—ﬂ, and O, = —,
FPP pp FPP
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and so (with the help of (10.2.13) and (10.5.119))

g= Fm,(ldy2 +dwdp) — L(dz - hdy + Fpydw)?
4 Fpp 2

= V(%dyz +dwdp) — V™l(dz + A, (10.5.120)

where V = F, and A= F,,dw — (F,,/2)dy satisfy the monopole equation
(9.4.36) which follows from (10.5.119). Thus (10.5.120) is the complexified
Gibbons-Hawking metric (9.4.35).

The twistor description is as follows: The vanishing of ®, implies that the
whole series (10.5.113) for ° truncates at second order. Thus the twistor
space admits a global holomorphic function of degree two given by 7y @’
(i.e. PT fibres holomorphicaly over the total space of the line bundle O(2)),
and this is the Hamiltonian with respect to X, for the holomorphic vector
field corresponding to the tri-holomorphic Killing field 9, = KA4944 on
M. Conversely, given a tri-holomorphic symmetry, the tri-holomorphicity
condition means that its lift to the spin bundle M is horizontal and so on
twistor space, the corresponding holomorphic vector field is tangent to the
fibres of . It also preserves ¥ and so is Hamiltonian with Hamiltonian given
by a homogeneity degree-two global function. We can choose »° to be this
preferred section divided by 7y so that the series for »” terminates after A%

Substituting the Legendre transform into (10.5.113) yields

P=w+iy—A*p and
Q=z—ka+k2Fy+k3Fw+---,

where F = F(w, y, p). With the definition ¥ = dw® A dw'|j—const (10.5.119)
follows from ¥ A X = 0. The basis of SD two-forms can be read off from
Y =24 mp:

20 = —dzAdp+dyAdF,—dwAadF,, 2"V =dzady+dwAdF,

and YV =dz A dw,

and these determine the metric above.

This example is a starting point to constructing ASD Ricci-flat metric
without Killing vectors. One assumes that the twistor space admits a holo-
morphic fibration over a total space of the line bundle O(2k) for some k > 2.
In this case the series for @ truncates after 2k + 1 terms, and the function F
in the series for w! is a solution of a system of overdetermined but consistent
PDE:s generalizing the Laplace equation. See [14, 49, 106] for details.
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10.5.2.3  Recursion operator and twistor functions

Given a solution ¢y € W, to the background-coupled wave equation (10.2.24),
define, for i € Z, a hierarchy of linear fields, ¢; = Ri¢. Define a function
on the correspondence space by W = >* ;A" and observe that the recur-
sion equations (10.2.27) are equivalent to L,W = 0. Thus V¥ is a function
on the twistor space P7. Conversely every solution of L,W¥ = 0 defined on
a neighbourhood of |A| =1 can be expanded in a Laurent series in A with
the coefficients forming a series of elements of W, related by the recursion
operator. It is clear that a series corresponding to Rey is the function ='W,
thus we define RW = W/A.

We can in this way build coordinate charts on twistor space from those on
M arising from the choices in the heavenly equations. Put wé‘ =w? = (w, 2); the
surfaces of constant (' are twistor surfaces. We have that V4ywf = 0 so that
in particular V1 V4yof = 0 and if we define ! = R'w{ then we can choose
wj = 0 for negative i. We define

o0
o= w0l (10.5.121)
i=0

We can similarly define @4 by &{' = ## and choose &' = 0 for i > 0. Note
that w4 and @4 are solutions of L4 holomorphic around A =0 and A = oo,
respectively, and they can be chosen so that they extend to a neighbourhood of
the unit disc and a neighbourhood of the complement of the unit disc and can
therefore be used to provide a patching description (10.5.110) of the twistor
space.

The recursion operator acts on linearized perturbations of the ASD Ricci-flat
equations. Under the twistor correspondence, these correspond to linearized
holomorphic deformations of (part of) P7. Consider the infinitesimal version
of (10.5.112) given by

)
s = —f (10.5.122)
8a)A
If the ASD Ricci-flat metric is determined by a solution ® to the second
heavenly equation (10.2.22) then §f is a linearized deformation of the twistor

space corresponding to §® € W,. The recursion operator acts on linearized
deformations as follows:

Proposition 10.5.6 Let R be the recursion operator defined by (10.2.27). Its
twistor counterpart is the multiplication operator

R5f="Vsf=a'5f (10.5.123)
Ty
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(Note that R acts on §f without ambiguity; the ambiguity in boundary condi-
tion for the definition of R on space-time is absorbed into the choice of explicit
representative for the cohomology class determined by §f.)

Proof Pull back §f to the primed spin bundle S’ on which it is a coboundary
so that

Sf(ma, x*) = b(mwa, x*) — (4, x%), (10.5.124)

where b and b are holomorphic on U and U, respectively (here we abuse
notation and denote by U and U the open sets on the spin bundle that are the
preimage of U and U on twistor space). A choice for the splitting (10.5.124) is
given by (compare (B8))

1 (NA/OAI>3 !
= 571 P OraipFop (PE)Prdp® and - (10.5.125
2mi fi—w (:OC/TfC')(,OB’OB/P f(pE )pD 0 an ( )

- 1 (m4oq)? D
O Arem AL
Here p 4 are homogeneous coordinates of CP' pulled back to the spin bundle.
The contours I" and I" are homologous to the equator of CP' in U N U and are
such that I' — T surrounds the point ps = 4.
The functions b and b are homogeneous of degree two in 74 and do not
descend to P7T, whereas their difference does so that

JTA/VAAJ? = ﬂA,VAArfJ = JTA/JTB/JTC,EAA/B@/, (10.5.126)

where the first equality shows that the LHS is global with homogeneity degree
three and implies the second equality for some ¥ 45 which will be the
third potential for a linearized ASD Weyl spinor. ¥ 44 ¢ is in general defined
modulo terms of the form V4avpc) but this gauge freedom is partially fixed
by choosing the integral representation above; / vanishes to third order at
w4 = 0y and direct differentiation, using Vaadf = padfa for some §f4, gives
ZAAfBrC/ = OA'OB/OC’VAQf8® where

1 Sf
80 =—¢ ———ppdp”. 10.5.127
i ﬁ o) podp ( )
This is consistent with the Plebanski gauge choices leading to (10.2.22). The
condition

VA(D’EAA’B’C’) = O

follows from (10.5.126) which, with the Plebanski gauge choice, implies §® €
We. Thus we obtain a twistor integral formula for the linearization of the
second heavenly equation.
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Now recall formula (10.2.27) defining R. Let RS/ be the twistor function
corresponding to R§® by (10.5.127). The recursion relations yield

RS 5
f (Bf—fAs,prdp” = f S/
r r

(pBop)*(pBip)

so R§f = 1716F. O

10.5.2.4 Hidden symmetry algebra

The ASD Ricci-flat equations in the Plebanski forms (10.2.18) or (10.2.22)
have a residual coordinate symmetry. This consists of area-preserving dif-
feomorphisms in the w# coordinates together with some extra transforma-
tions that depend on whether one is reducing to the first or second form.
By regarding the infinitesimal forms of these transformations as linearized
perturbations and acting on them using the recursion operator, the coordinate
(passive) symmetries can be extended to give ‘hidden’ (active) symmetries of
the heavenly equations. Formulae (10.5.127) and (10.5.123) can be used to
recover the relations of the hidden symmetry algebra of the heavenly equations.

Let V be a volume-preserving vector field on M. Define 8%eaa := [V, eanl,
where e is a null tetrad of the metric. This is a pure gauge transformation
corresponding to the addition of Lieyg to the space-time metric and preserves
the field equations. Note that

[5(\)/, SQV]GAAr = SPV,W]eAA"

Once a Plebanski coordinate system and reduced equations have been
obtained, the reduced equation will not be invariant under all the SDiff(M)
transformations, where SDiff( M) is the group of volume-preserving diffeomor-
phisms of M. The second form (10.2.22) will be preserved if we restrict our-
selves to transformations which preserve the SD two-forms =" = dwa A dw?
and 9 = dx A dw?. The conditions Liey X! = Liey 2! = 0 imply that V
is given by

= —x _’
BwAawA+ ow A dw0wB ) 9xA

ah 9 (ak Ba%)a

where b = h(w4) and k = k(w?). The four-manifold M is now viewed as a
cotangent bundle M = T*X? with w* being coordinates on a two-dimensional
complex manifold £2. The full SDiff(M) symmetry breaks down to the semi-
direct product of SDiff(£2), which acts on M by a Lie lift, with I'(£2, ©) which
acts on M by translations of the zero section by the exterior derivatives of
functions on ¥2. Let §y® correspond to 8%CAAr by

3%5y® 9

3%6,41' = AN BAaL-
0x10xP dxp
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This gives the pure gauge elements in the second heavenly equation. These
symmetries take a solution to an equivalent solution. The recursion operator
can be used to define an algebra of ‘hidden symmetries’ that take one solution
to a different one as follows: Let 8,0 be a pure gauge which also satisfies
Dgé(‘),@ = 0. We set

8v'® := R'6y0® € W,.

Proposition 10.5.7 Generators of the hidden symmetry algebra of the second
heavenly equation satisfy the relation

[6v', 8w’ = 8 v’ (10.5.128)

Proof Let &, f be the twistor function corresponding to 84,0 (by (10.5.127))
treated as an element of T'(U N U, ©O(2)) rather than Hl(PT, O(2)). Define
(8. 831 by

f {81\/}( 8(’(/](} /dJTA,
7T()r ’

where the Poisson bracket is calculated with respect to a canonical Poisson
structure on P7. From Proposition 10.5.123 it follows that

1 i {8v 1. 8w/}
2mi (7m0 )?

(5 2711

8%, 80,10 = wadn® = RSy w0

as required. O

10.5.2.5 Hierarchies

The twistor space P7T, for a solution to the hierarchy (10.2.29) associated
to the Lax system (10.2.30) on N is obtained by factoring the correspon-
dence space N x CP! by the twistor distribution L,;. One can repeat the
steps leading to the proof of Theorem 10.5.5 to show that PT,, is a three-
dimensional complex manifold which holomorphically fibres over CP' such
that the sections of this fibration have normal bundle O(n) @ O(n) and there
exists a non-degenerate two-form ¥ on the fibres of u: PT, — CP!, with
values in the pull-back from CP! of O(2n).

One can then find the twistor spaces for the four-dimensional hyper-Kahler
slices given by x# = const,i > 2 by taking a sequence of 7 — 1 blow-ups of
points in the fibre over 04 € CP!, the choice of point in the fibre to blow up at
the (7 — i + 1)th blowup corresponding precisely to the choice of the values of
x4, See [45, 49] for details of this construction.
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10.5.3 Twistor theory and symmetries

In Section 10.3 we discussed the appearance of EW structures and projec-
tive structures in the cases of a non-null and null conformal Killing vectors,
respectively. In both cases there is a twistor correspondence which arises as a
symmetry reduction of Theorem 10.5.3.

Given a four-dimensional holomorphic ASD conformal structure, its twistor
space is the space of a-surfaces. A conformal Killing vector preserves the
conformal structure, so preserves a-surfaces, giving rise to a holomorphic
vector field on the twistor space. If the Killing vector is non-null then the vector
field on twistor space P7 is non-vanishing. This is because a non-null Killing
vector is transverse to any a-surface. In this case one can quotient the three-
dimensional twistor space by the induced vector field, and it can be shown
[93] that the resulting two-dimensional complex manifold contains CP'’s with
normal bundle O(2).

Theorem 10.5.8 (Hitchin [79]) There is a one-to-one correspondence between
solutions to EW equations (10.3.41) and two-dimensional complex manifolds
admitting a three-parameter family of rational curves with normal bundle
O(2).

In this twistor correspondence the points of W correspond to rational O(2)
curves in the complex surface Z and points in Z correspond to totally geodesics
null surfaces in W. The conformal structure [/] arises as we define the null
vectors at p in W to be the sections of the normal bundle N(L,) which vanish
at some point to second order. A section of O(2) has the form VAP 77y,
thus the vanishing condition (VO1)2 — VOOV s quadratic. To define the
connection D we define a direction at p € VW to be a one-dimensional space
of sections of O(2) which vanish at two points Z; and Z, in L,. The one-
dimensional family of O(2) curves in Z passing through Z; and Z, gives a
geodesic curve in W in a given direction. In the limiting case Z; = Z, these
geodesics are null with respect to [b] in agreement with (10.3.40).

The dispersionless integrable systems described in Section 10.3.1 can be
encoded in the twistor correspondence of Theorem 10.5.8 if the twistor
space admits some additional structures. The coordinate equivalence classes
of solutions to the SU(o0)-Toda equations correspond to twistor spaces with
a preferred section of k~!/2, where « is the canonical bundle of Z (see [104]
for details). The solutions to dKP correspond to Z with a preferred section of
k174 (see [46]). Finally the solutions to the Diff(S') equation correspond to Z
which holomorphically fibre over CP! (see [51]).

If the Killing vector is null then the induced vector field on the twistor space
‘PT vanishes on a hypersurface. This is because at each point, the Killing vector
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is tangent to a single a-surface. Hence it preserves a foliation by a-surfaces, and
vanishes at the hypersurface in twistor space corresponding to this foliation.
However, one can show [57] that it is possible to continue the vector field on
twistor space to a one-dimensional distribution K that is nowhere vanishing.
Quotienting P7 by this distribution gives a two-dimensional complex mani-
fold Z containing CP"’s with normal bundle O(1), and we can make use of
another result of Hitchin:

Theorem 10.5.9 (Hitchin [79]) There is a one-to-one correspondence between
two-dimensional projective structures and two-dimensional complex mani-
folds admitting a two- parameter family of rational curves with normal bundle
o(1).

In this correspondence the points of the projective structure U correspond to
rational curves in a complex surface Z, and the geodesics of the projective
structure correspond to points in Z. Two points in U are connected by a
geodesic iff the corresponding rational curves in Z intersect at one point.

The twistorial version of the correspondence described in Section 10.3.2 is
illustrated by the Figure 10.2. In M, a one parameter family of B-surfaces
is shown, each of which intersects a one-parameter family of a-surfaces s,
also shown. The B-surfaces correspond to a projective structure geodesic in U,
shown at the bottom left.

a surface

M B surface

/

v
g1 4] ®
52
° V/
J B2
(-]
g1 Bl B2
U z

Figure 10.2 Relationship between M, U, PT, and Z
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The B-surfaces in M correspond to surfaces in P7. These surfaces intersect
at the dotted line, which corresponds to the one-parameter family of a-surfaces
in M. When we quotient PT by K to get Z, the surfaces become twistor lines
in Z, and the dotted line becomes a point at which the twistor lines intersect,
this is shown on the bottom right. This family of twistor lines intersecting at a
point corresponds to the geodesic of the projective structure. See [29, 57] for
the details of this correspondence.

Exercises

1. Show that the curvature scalar of a four-dimensional null-Kahler structure
vanishes. [Hint: Differentiate the relation V44t = 0 where ¢ 4 is the parallel
spinor defining the null-Kahler structure.]

Impose the ASD Ricci-flat condition on the null-Kihler structure
(10.2.13) and show that the function © satisfies the second heavenly equa-
tion (10.2.22).

Calculate the ASD Weyl spinor Capcp of (10.2.13) in terms of ® and
deduce that SD null-Kahler structures are given by (10.2.13) with © =
M4BCxxpxc where x4 = (x, y) and TT4BC are arbitrary functions of (w, 2).

2. Show that the vector fields

T, = —xzi, T_ = i, and 19 = Zxi
ax ax ax
generate the Lie algebra sl(2, R). Use the KdV Lax pair (8.1.2) with the
matrices replaced by vector fields to obtain solutions to the Diff(S!) equa-
tion (10.3.53) out of solutions to the KdV.

[Hint: Proceed by analogy with the procedure leading to (10.3.59).]

3. Show that all solutions to the Laplace equation in R”

= 02V
Z 5 =0
— 0x!
i=1
which are constant on central quadrics are of the form

dH
V= ’
/\/(H—/%)(H—ﬂz)'-'(H—ﬂn)

where

n i2
!

=C,
i=1 H-pi

and C, B1, B2, ..., B, are constants.
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4.

Consider a deformation of the twistor space given by a Hamiltonian f =
f(«®, m4) homogeneous of degree two and independent of w', and show
that it leads to a family of ASD pp-waves generalizing the metric (10.5.116)
and given by

g = dwdx + dzdy + F(w, y)dw?,

where F is an arbitrary function of two variables.

. Find the ASD Ricci-flat metric corresponding to a deformed twistor space

with a deformation Hamiltonian
f = (o)
Owl’
[Hint: Show that the deformation equations integrate to

O = explt(ny)*Q2]w’ and &' =exp[—t(ny)*Q2w!,  (10.5.129)

D)
B h twi f
on each twistor curve tor some « 4
A _0d
A

where Q = 0w’ restricts to ay Bpm A

and B4 . Obtain the splitting Q2(o - w)* = b — b where, setting 9, := o

and 9 := oA/aﬁLA,,

- o-0 B-o

h=2m-0)0,05| ———| and h=2(7-0)0,05 | ———|.
o | i) ot | 51

The twistor curves are now given by

eht

o = (y-7) and o'=(8-7)e ",

for some spinors y4 and §4.]



APPENDIX A

Manifolds and Topology

The first six chapters of this book are intended to give an elementary introduction
to the subject and the reader is expected only to be familiar with basic real and
complex analysis, algebra, and dynamics as covered in the undergraduate syllabus.
In particular no knowledge of differential geometry is assumed. One obvious
advantage of this approach is that the book is suitable for advanced undergraduate
students.

The disadvantage is that the discussion of Hamiltonian formalism and con-
tinuous groups of transformations in earlier chapters used phrases like ‘spaces
coordinatized by (p, g)’, ‘open sets in R, or ‘groups whose elements smoothly
depend on parameters’ instead calling these object by their real name — manifolds.
The first part of this appendix is intended to fill this gap. The second part of
the appendix contains the discussion of homotopy groups and topological degree
needed in Chapters 5-7.

Definition A.0.1 An n-dimensional smooth manifold is a set M together with a
collection of open sets Uy, called the coordinate charts such that

o The open sets U, labelled by a countable index a cover M.
o There exist one-to-one maps ¢, : Uy — V,, onto open sets in R” such that for any
pair of overlapping coordinate charts the maps

$p 0yt balUs N Up) — ¢p(Uy N Up)
are smooth (i.e. infinitely differentiable) functions from R" to R”. (Figure A.1)

Thus a manifold is a topological space together with additional structure which
makes local differential calculus possible. The space R” itself is of course a manifold
which can be covered by one coordinate chart.

o Example. A less trivial example is the unit sphere
S$"={reR"™ || = 1).

To verify that this is indeed a manifold, cover S” by two open sets U; = U and

~

U, =U:
U=8S"/{0,...,0,1} and U=S8"/{0,...,0,—1},
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Figure A.1  Manifold

and define the local coordinates by stereographic projections

7 7
O(r1,72, oo Tpy1) = “ =(x1,...,%;) € R" and
1_7'n+1 1_7’n+1
e 1 "n
O(r1,72, ..o 1) = s =(x1,..., %) € R".
1"'rn+1 1"'rn+1
Tnet

Using

"k _<1—rn+1) Tk b "
1"'7"71+1 1+7n+1 1_7n+1



where 7,1 # +1 shows that on the overlap U N U the transition functions

=~ X1 Xn
God )= (e
Xyt X2 Xy e+ X2

are smooth.

The Cartesian product of manifolds is also a manifold. For example, the n-torus
arising in the Arnold-Liouville theorem (Theorem 1.2.2) is the Cartesian product
of n one-dimensional spheres.

Another way to obtain interesting manifolds is to define them as surfaces in R”
by a vanishing condition for a set of functions. If fi,..., f%: R” — R then the set

My:=(xeR", fi(x)=0, i=1,...,k) (A1)

is a manifold if the rank of the k& x » matrix of gradients V f; is constant in a
neighborhood of My in R”. If this rank is maximal and equal to k then dim My =
n — k. The manifold axioms can be verified using the implicit function theorem. For
example, the sphere $”~' arises this way with k=1 and f; = 1 — |x|*. There is a
theorem which says that every manifold arises as some surface in R” for sufficiently
large 7. If the manifold is m-dimensional then 7 is at most 27+ 1. This useful
theorem is now nearly forgotten — differential geometers like to think of manifolds
as abstract objects defined by a collections of charts as in Definition A.0.1.

A map between smooth manifolds f: M — M, where dim M = # and dim M =
71, is called smooth if it is smooth in local coordinates. This means that the maps

q;ﬂofo@x_l:R"—)]Rﬁ

are smooth maps in the ordinary sense. Here (U,, ¢,) and (lNJﬁ, $p) are coordinate
charts for M and M, respectively.
Let y : R — M be a smooth curve such that

dy(e)
de

where V is a vector tangent to y at p and the tangent space T, M consists of all
tangent vectors to all possible curves through p. If dim M = 7, the tangent space is
an n-dimensional vector space. The collection of all tangent spaces as p varies in
M is called the tangent bundle TM = UpepT, M. The tangent bundle is a manifold
of dimension 2.

A smooth map f between two manifolds induces, for each p € M, a smooth
map between tangent spaces

y(0)=pe M and

|6‘=0 = V € TPM,

f* . TPM —> Tf(p)M

such that

d
£(V) = %m. (A2)

This map is called the tangent map. It depends smoothly on a point p € M and
thus it extends to the tangent bundle TM. If V¥ are components of the vector field
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V with respect to the natural basis {3/dx} then

V)= VI——.
(fV) P

The Lie derivative of a vector W along a vector V is defined as

e—0 €

where y(€) is the one-parameter group of transformations generated by V. Thus,
using the Leibniz rule

Liey(f) = V(f), Liey(W)=[V,W], and Liey(w)=d(VJw)+ VI (dw),

where f, W, and w are a function, a vector field and a one-form, respectivelly, and
J is a contraction of a differential form with a vector field.

A.1 Lie groups
We can now give a proper definition of a Lie group:

Definition A.1.1 A Lie group G is a group and, at the same time, a smooth
manifold such that the group operations

GxG—G, (g.9)—gg, and G- G, g— g}
are smooth maps between manifolds.

o Example. The general linear group G = GL(n, R) is an open set in R” defined
by the condition detg # 0, g € G. It is therefore a Lie group of dimension 72.
The special orthogonal group SO(n) is defined by (A1), where the n(n +1)/2

2

conditions in R are
gg' —1=0, detg=1.

The determinant condition just selects a connected component in the set of
orthogonal matrices, so it does not count as a separate condition. It can be shown
that the corresponding matrix of gradients has constant rank and thus S O(#) is
an [n(n — 1)/2]-dimensional Lie group.

In Chapter 4 a Lie algebra g was defined as a vector space with an antisymmetric
bilinear operation which satisfies the Jacobi identity (4.2.6).

A Lie algebra of a Lie group G is the tangent space to G at the identity element,
g = T,G with the Lie bracket defined by a commutator of vector fields at e. For any
g € G define left translation L, using the group multiplication

Ly:G— G and Lg(h)=gbh.

The tangent mapping (A2) maps T.G = g to T, G and each element V € g corre-
sponds to a vector field (L,).V on the group manifold. Theses vector fields are
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called left-invariant. The Lie bracket of two left-invartiant vector fields is again
left-invariant as

[(Lg)*(V), (Lg)*(W)] = (Lg)*[v’ W/Jg

from the properties of the tangent map (A2). (The bracket on the LHS is the Lie
bracket of two vector fields. The symbol [, ]g on the RHS is the bracket in the Lie
algebra g.) Therefore the elements of g can be represented by global vector fields
on G, and Lie groups are paralizable as they globally admit dim(G) non-vanishing
vector fields which are left translations of vectors in g.

Let Ly, =1,...,dimg be a basis of left-invariant vector fields such that

[Lo. Lgl = fagLy,
and let 0® be the dual basis of one-forms such that I, J o = §¢. The identity
do(V, W) = Vlo(W)] — Wo(V)] — o[V, W])
with V= L,, W= Lg, and w = o gives

1
do® + 3 fgyaﬂ Ao =0.
If G is a matrix group the one-form

g 'dg

is called the Maurer—Cartan one-from on G. The Maurer—Cartan one-form is
invariant under left multiplication of g by a constant group element. This one-
form takes its values in g, as for any smooth curve g(s) in G we have

gl (s)gls +e) = 1+eg™" Z£|8=0 + O(e?),
s

so g~ !(dg/ds) is a tangent vector to G at g, and so it is an element of g. Thus we
can write

g 'dg=0"T,,

where T, are matrices spanning g and o® are left-invariant one-forms on G. The
metric

b= ~Tr(g"'dgg " dg) = —Tr(T, Ty)o"o"

is the left-invariant metric on the Lie group.
The right-invariant one-forms 6 are defined by

g 'dg = T,5°,

and the right-invariant vector fields R, are defined by the duality R, J &% = §%.
They satisfy

[Ra, Lﬂ] =0 and [RO,, Rﬁ] = _fa};HR)/'
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e Example. The left-invariant one-forms o% on the Lie group SO(3) can be
explicitly given in terms of Euler angles:
o' =cosy df +sinysind dp, o2 =—siny do +cosysind dp, and
o3 =dy +cosO do.

o Example. Consider the three-dimensional Heisenberg group (4.1.1) with the
corresponding Lie algebra (4.1.3). We have

1 —my  —ms3 +nmyny
gl=]0 1 —my
0 0 1
SO
g 'dg = Tyo®
= Tvdmy + Thdmy + Ty(dmz — mydm,).
This gives

do' =0, do*=0, and do’=—-0o!Arc2
The left-invariant metric
h=(c")+ (%) + ()
= dm% + dm% + (dms — mydim)?
has a Kaluza—Klein interpretation: Its geodesics, when projected to the (m1, m1)-
plane, are trajectories of a particle moving in a uniform magnetic field F = dm; A

dmy with a potential A =mdm,. The first integral 73 — my7z, = const of the
geodesic motion corresponds to charge conservation.

If G is a transformation group of some manifold X, then the elements of g can
also be represented by vector fields on X. If p: G x X —> X then for any Ve g
we define p(V) to be a vector in X by demanding that its flow coincides with a
one-parameter subgroup ¢°¥ of G in X. This induces a Lie algebra homomorphism
form g to the Lie algebra of vector fields on X, that is,

[o(V). o(W)] = p([V, Wlg), V. Weg.

We will usually omit the reference to the map p, and denote the vectors in g and
the corresponding vector fields in T X by the same symbol.

 Example. The group SO(3,R) acts on R as the group of rotations. The action
x —> Ax is infinitesimaly generated by three vector fields
1 d
XC = Esabc‘xaﬁ.
The group preserves the Euclidean distance, and so its action descends to the
two-sphere S? € R3 given by |x| = 1. The S?-volume form = d(cos8) A dy is
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preserved by this action, and the corresponding vector fields are Hamiltonian,
that is, X. J w = —db, with Hamiltonians b, : $* — R:

by =sin@siny, hy =—sinfcosy, and b3 =cosd
such that
(b bu) = 3 eanche (A4)

Proof of the first part of Arnold-Liouville’s Theorem 1.2.2. The gradients V f; are
independent, thus the set

My :={(p,q) € M; fu(p. q) = e},

where ¢y, c2, ..., ¢, are constant defines a manifold of dimension 7. Let £ = (p, q)
be local coordinates on M such that the Poisson bracket is
af o
{f.g}=o" L98  ho12 . om

9Ea 9L’

where w is the constant antisymmetric matrix

0 1,
-1, 0)°
The vanishing of the Poisson brackets { f;, fx} = 0 implies that each Hamiltonian

vector field

X, = wab% 3
fe 9D 9E

is orthogonal (in the Euclidean sense) to any of the gradients d,f;,a =
1,...,2n,j,k=1,...,n The gradients are perpendicular to Mg, thus the Hamil-
tonian vector fields are tangent to My. They are also commuting as

(X5, Xpl=—=Xi7, 00 =0,

so the vectors generate an action of the abelian group R” on M. This action restricts
to an R” action on My. Let py € My, and let T be the lattice consisting of all vectors
in R” which fix py under the group action. Then T is a discrete subgroup of R” and
(by an intuitively clear modification of the orbit-stabiliser theorem) we have

My =R"/T.
Assuming that My is compact, this quotient space is diffeomorphic to a torus T”.
O

In fact this argument shows that we get a torus for any choice of the constants
cg. Thus, varying the constants, we find that the phase-space M is foliated by
n-dimensional tori.
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A.2 Degree of a map and homotopy

Definition A.2.1 Let My and M, be oriented, compact D-dimensional manifolds
without boundary, and let w be a volume-form on My. A degree deg( f) of a smooth
map f: My — M, is given by

/'ﬁwﬂwgm o, (AS)
M, M,

Rescaling o by a constant does not change the degree, and neither does choosing a
different volume-form because
M, M,

implies that w — o’ = da for some (D — 1)-form « (the D-dimensional cohomology
of M, is one-dimensional) and

ffo' = ffo— fde=fo—dfe)

gives
[ ifet = =0
M,

by application of Stokes’ theorem. We conclude that the deg(f) depends only
on f.

There is another useful way of calculating degree by counting a number of pre-
images. Let y € M, be a generic point, that is, the set f~!(y) = {x; f(x) = y} is
finite, and the Jacobian J () # 0 (recall that if x € U has local coordinates x', and
y € f(U) has local coordinates ¥, then | = det (3y'/9x/) if ¥ = y/(x!,..., xP)).

Proposition A.2.2 deg([) is the integer given by
deg(f) =) signl] (x)]. (A6)

xef~1(y)

Proof Let f~'(y) = {x,}, where « is a discrete index with possibly infinite range.
The set of critical values of f has measure zero (by the Sard theorem [43]), and
such points do not contribute to the integral. Clearly (A6) is an integer, but it may
depend on the choice of y. Choose a neighbourhood V of y and U, of x, for some
fixed value of a such that f : U, — V is one-to-one and onto. Let w have support
on[] f(Uy) C V (i.e. w = 0 outside V). Therefore

WF;LFw

Now change coordinates from x/ to y/ near x,. Then

Lﬁﬂw:(AwﬁQMH%n
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where we have used

®=p(y)dy' A+ AdyP

and
[ £ra= [otfenrast and® <[ [ pioidy' a-eendy®signts)
as the last change of variables from x to y introduces the term |J|~'. We obtain

similar relations on all other open sets U,, which proves (A6). |

o Example. f:S' — S'. In this case the topological degree is called the winding
number. Formula (A6) gives

N= Z sign(df/de).
0:f(0)=fo

If the graph of f looks like

27

T — VAN

then applying (A6) we find
N=1-1+1+1-1=1.
Alternatively the degree can be calculated from the definition (AS) which yields

1 [ df
— (vola)-! _ L [Tar
N = (volg1) 8 df 3 ), de do.

If we think of S! as the unit circle |z| = 1 in the complex plane then every map of
degree k is homotopic to f(z) = 2*.

o Example. For any k € Z there exist smooth maps from S” to S” of degree k. Let
f: 8" 1 — §"~1 be a smooth map which takes a unit vector n in R” to another

such vector f(n). We can construct the suspension Xf : §” — S§” of [ by the
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following prescription:
(Zf)(n) = (cos O, sinh f(n)), for 1= (cosh,sind n)e §”,

so that (X f) coincides with f on the equator of $” which is the intersection of
S” with the plane cos @ = 0. The suspension does not change the degree.

Now take any map f: S' — S, and suspend it # — 1 times to get the required
map. For example, in spherical polar coordinates on S the map (6, ¢) —>
(6, ko) has degree k.

o Example. Let f: S2 — §2 be given by £* = f(x') € R?, | f| = 1, where x" are
local coordinates on S2. Then

— 1 labca b c_i ij jabc faq £ba rc J2
deg(f)—vol(sz)/ze fedf Adf—Sn/S’e feo; fto; fed®x, (A7)

as the area of the unit two-sphere is 47 and the relation between the area form
in spherical polars and Cartesian coordinates is

sinfdd A dg = r=3(xdy A dz + ydz A dy + zdx A dy),
where 0 <0 < 7,0 < ¢ < 27 and
x=rsinfcos¢p, y=rsinfsing, and z=rcosb.

o Example. Let f: X — SU(2) = 3, where X is a closed three-manifold. Then

deg( f) /X e dfP), (A8)

= 2472

as the volume of 3 is 272.

A.2.1 Homotopy

A smooth (continuous) homotopy of a map f: M —> Nis a smooth (continuous)
map

F:Mx[0,1] — N

such that F[x, 0] = f(x) for all x € M. Each map f;(x):= F(x,¢?) is said to be
homotopic to f. The notion of homotopy is an equivalence relation and the maps
can be classified into homotopy classes.

Let 71 (M, xp) be the set of homotopy classes of loops, that is, maps f from [0, 1]
to M which are based at x; in the sense that f(0) = f(1) = xp. This space and its
group structure which we are just about to describe do not depend on the choice of
the base point x if M is path-connected. We will therefore often write 71 (M). The
space 11 (M) consists of oriented loops, that is, copies of S' in M. It has the strucure
of a group. A composition of two loops fi, and £, is a loop fi * f, obtainded by
following f1 by f2:

f1(21)

0
(f1* f2)(2t) = A2t - 1) %
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The inversion of f is the loop f(¢)= f(1 —t). The group m;(M) is called the
fundamental group of M. By definition, M is simply connected if this group is
trivial.

o Example. 71(S') = Z. Consider a continuous map £ : [0, 27] —> S'. The base
condition is f(0) = 0, and the continuity implies f(27) = 27k, where k € Z. Two
maps f; and /> with the same k are homotopic by the relation

fr=1-1)fi+th
as f.(27) = 2wk,

The higher homotopy groups mp(M) generalize 71(M) replacing [0, 1] by a
k-dimensional closed disc D* = [0, 1]¥. More precisely an element (M, xp) is a
homotopy class of maps D¥ —> M sending the boundary S¥~! of Dk of the disc to
the point xp. The group operation is introduced as follows:

filte, .o e, 2) 0<t <
flt, .t 2—1) L < <

(fl*fz)(ﬁ,...,tk):{

where we have regarded S* as a quotient space of a cube [0, 1] obtained by
collapsing the boundary of the cube to a point. Using the last coordinate to define
the product is immaterial, and one gets the same group operation using any other
coordinate. The group mx(M) is abelian if k& > 1. We list various results about
homotopy groups without proofs [21, 43]:

78" =2, w3(S*)=Z, mni(S")=Z, for n>2,
(8" = {0} for k<mn, wp(S")=mpi(S™Y) for k<2n—1.

In particular the last two relations imply that S” is simply connected for 7 > 1.

The formulae (AS) and (A6) allow us to compute the degree of a smooth map.
The case of particular interest is M; = M, = §”. How about maps which are merely
continuous? Any continuous map from S” to itself is homotopic to some smooth
map [43], which allows us to define the degree of a continuous map f to be degree
of any smooth map homotopic to f. This means that two continuous maps from
§” to itself are homotopic iff they have the same degree, and so the degree is
an effective way of computing the homotopy class of a map. One consequence
important in soliton theory is that a map from $” to itself of degree 0 is homotopic
to a constant.

In Section 8.2.3 we will need the following result:

Proposition A.2.3 Let g and g, be maps from S3 to U(n) and let gig :
§3 — U(n) be given by

2182(x) := g1(¥)ga(x), x €S,
where the product on the RHS is the point-wise group multiplication. Then

[g182] = [g1] + [g2]. (A9)
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where

1
2472

81 = 533 [, Tiltg"dg)’.

Proof This result holds because

Tr{l(g1g2) 'd(g122)1°} = Trl(g1 ' dg1)’ + (g5 'dg2)’] + dB.

where B8 is a two-form, and so dB integrates to 0 by Stokes’ theorem. This was
explicitly demonstrated by Skyrme [147] in the case of SU(2).

Rather than exhibiting the exact form of 8 we shall use the following general
argument. The higher homotopy groups 74(G) of a Lie group G are abelian, and
the group multiplication in G induces the addition in the homotopy groups: if g;
and g; are maps from $¢ to G then the homotopy class of the map gig> : $¢ — G
defined by the group multiplication is the sum of homotopy classes of gy and g;.
The proof of this is presented for example in [21] and essentially follows the proof
that the fundamental group of a topological group is abelian. Now 73(G) = Z for
any compact simple Lie group. If G = SU(2) this result just reproduces the calcu-
lation done by Skyrme as two continuous maps from S3 to itself are homotopic iff
they have the same topological degree.

A.2.2 Hermitian projectors

We shall give a more detailed computation of the second homotopy group and
the associated topological charge for the complex projective space CP*~!. We shall
need this in Section 8.2. It is convenient to choose a map and perform calculation
in a local framework. We can represent complex directions in C”, which are the

elements of CP"~!, by vectors in C" with their first component fixed to 1. Then the
map [ defined by

CP' ' s (1, fireoos fuct) = (fisenes fu1) €T (A10)

belongs to the maximal holomorphic atlas of CP"~'. The results do not depend on
the choice of this map. Define the Hermitian projector to be the matrix R given by

1
t fi
R=9%9 Ghere q=| . (A11)
alq :
fnfl

It satisfies R> = R.
Now consider maps R : R> — CP"~! which extend from R? to the conformal
compactification S2. The topological charge of R is defined by
[ 1
N=——— | Tr(R[R.. Ry))dxdy=—— | R'®, (A12)
2 R2 8 R2

T
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where

n—1 _
8k (1 + ) |fl|2> — fife
=1 ——dfindf,  (A13)

Q=—4i00In(1+) | fil*) = —4i 1
- (1+ > |ﬁ|2)
=1

is the Kihler form of the Fubini-Study metric on CP"~! and R*® denotes its
pull-back. The first expression for N given in (A12) is often more convenient for
calculations, while the second clarifies the topological character. The equality (A12)
is proved by establishing that in the chosen map both expressions give

N-1
a1 Sri(1 2~ fufi _
Rzk' ol 3(36', y) ’
=t (T+ X 1fi1%)?
=1




APPENDIX B

Complex analysis

This appendix introduces some elements of the theory of complex manifolds and
holomorphic vector bundles used in the twistor constructions as well as in other
parts of the book.

A function f : U — C defined on an open set U C C is complex differentiable at
reUif

lim JO-+P) = f(1)
m-—

h—0 h

exists. A function which is complex differentiable at any point of U is called holo-
morphic on U. Holomorphic functions satisfy the Cauchy-Riemann equations: if

A =x +iy then
a a 1/09 a
—i:O, where —,=7<—+i—).
oA or 2 \ox Jy

If f is holomorphic inside and on an anticlockwise-oriented closed contour I' C C,
then the value of f at any point A inside T is given by the Cauchy integral formula

1o fe)
ﬂk)zﬁﬁig—xds'

It will become clear that the need for the rather sophisticated complex analysis
arises from the need to overcome two classical results: the Liouville theorem and
the maximum modulus theorem.

Theorem B.0.4 (Liouville theorem) Let the function [ : C — C be holomorphic
on the whole complex plane. If f is bounded then [ is constant.

Proof The holomorphic function f admits the Taylor expansion around A =0
convergent on C

f(1) =) amt”
m=0

with the coefficients a,, are determined by the Cauchy integral formula

1 f(&)

m= 27 fe) %—m+l

dé
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where C, is a circle of radius r centred at 0. If there exist M > 0 such that | f(A)| <
M for all A then the estimate

2w
Iam|<i?§ |f($)|ld$|§i/ Mp< M
T Jc, 2w 0

|§:m+1| ym ym

holds. The statement now follows from taking a limit 7 — co. Thus a,, = 0 if m > 0
and f = ay is a constant. O

The next closely related result asserts that if a modulus of a holomorphic function
attains a maximum on an open set, then the function is necessarily constant.

Theorem B.0.5 (Maximum modulus theorem) Let the function f be holomorphic
on an open disc with centre . € C and radius R, and such that | f(&)| < | f(\)| for
all & inside the disc. Then [ is constant.

Proof Let C; ;) be a circle of radius 7 < R centreed at A. Setting £ = A + r¢? on
the circle, the Cauchy integral formula gives

1 2w

f(x) f(x+re?)do.

:EO

Taking the absolute values and using the assumptions of the theorem yields

1 2 .
1= 5 [ 17w reide < 1 £(0)

and so

2
fo £ = | Flr +2e)[1d6 = 0.

The integrand is continuous and non-negative so it must vanish for all » < R
and 6 € [0, 2x]. Thus |f(A)| = | f(§)] for all & inside the disc and f has constant

modulus. The Cauchy-Riemann equations now yield

(3;\1()7:0

and hence f is a constant. |

B.1 Complex manifolds

An n-dimensional complex manifold M is defined as in Definition A.0.1 where
the transition maps between local coordinate systems C” are required to be holo-
morphic. In a neighbourhood U of each point, there exist local holomorphic
coordinates 2* (@ =1,2,...,n) such that in the intersection UN U the transi-
tion maps 2%(z', ..., 2") between two coordinate systems z° and % satisfy the
Cauchy-Riemann (CR) equations 8z%/9z” = 0 and the non-degeneracy condition
det(8z%/92") #0.
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Holomorphic functions, vector fields, and other tensors can be defined as in
the real case by adding the requirement that the components should depend
holomorphically on the coordinates.

o Example. Riemann sphere. The two-dimensional sphere is a one-dimensional
complex manifold with local coordinates defined by stereographic projection.
Let (11, 2, u3) € S%. Define two open subsets covering S

U=5"—{0,0.1)} and U=S$*—{(0.0,-1)},
and introduce complex coordinates A and A on U and U, respectively, by

Ui +1iuy

~ U —iuy
and A= ——

A= .
1—us 1 +u3

The domain of A is the whole sphere less the north pole; the domain of A is the
whole sphere less the south pole. On the overlap Uy N U; we have A = 1/ which
is a holomorphic function.

o Example. Projective spaces. The n-dimensional projective space CP” is the quo-
tient of C"*! by the equivalence relation

(28, 7', ..., 2"~ (cZ°,cZ', ..., cZ") for ceC*.

The homogeneous coordinates Z* label the points uniquely, up to an overall
non-zero complex scaling factor. The complex manifold structure on CP” is
introduced by using the inhomogeneous coordinates. On the open set U, in which
7% #0,wedefinez? (a=1,...,n) by

L=20z, ..., Hlazelyze, = ztlyze, L, =70 70

We shall use a special notation for the complex projective line CP'. The homoge-
neous coordinates are denoted by Z4 = (Z°, Z'), the two set covering is Uy = U
and Uy = U, and A = Z'/Z° and % = 1/ are inhomogeneous coordinates in U
and U, respectively.

Definition B.1.1 A holomorphic map f: M — M is a continuous map such that
for each coordinate chart ¢, : Uy — C* on M and ¢5 : Us — C" on M, ¢go f o
¢! is holomorphic.

Two complex manifolds M and M are isomorphic if they are diffeomorphic by
a bi-holomorphic diffeomorphism, that is, if f and f~' are holomorphic in local
holomorphic coordinates. When 7 = 1, the projective space is isomorphic to the
Riemann sphere since we can take A = Z'/Z° and 1 = Z°/Z' as the two local
coordinates (in the southern and northern hemispheres). An explicit isomorphism
between S and CP! is given by

(u1, uz, u3) —> [1 — u3, ug +iuy]. (B1)

A holomorphic map f : M — C is called a holomorphic function on M.
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Theorem B.1.2 If M is connected and compact, the only holomorphic functions
on M are the constants.

Proof This follows from the maximum modulus theorem: |f| has to have a
maximum on the compact space M, but in a coordinate neighbourhood of this
point fo¢;! is a holomorphic function whose modulus has a maximum in the
interior of an open set in C". Therefore fo¢;! is constant by the maximum
modulus theorem (Theorem B.0.5), and so f is constant. O

B.2 Holomorphic vector bundles and their sections

To obtain a useful theory of functions on compact complex manifold we have
to introduce holomorphic line (and vector) bundles and their sections. Roughly
speaking, a vector bundle over a manifold is a collection of vector spaces, one at
each point of the manifold

Definition B.2.1 A holomorphic vector bundle of rank k over a complex manifold
M is a complex manifold E, and a holomorphic projection &t : E — M such that

o For each z € M, m~(2) is a k-dimensional complex vector space.
o Each point z € M has a neighbourhood U, and a homeomorphism x, such that
the diagram

Xa
~ ', =T U, xCk
TN/
Us
is commutative.
. Fug = xp o X LU, N Us — GL(k, C)

is a holomorphic map to the space of invertible k x k matrices.
Remarks

e Rank-one vector bundles are called line bundles.
e We call F,g a transition function, or a patching matrix. On the overlap U, N Ug
of two local trivializations we have

(z,1) ~ (2, 4') = (2, Fap(2)u), z€ U, NUp.

One way that we can specify a holomorphic vector bundle is by giving its transi-
tion maps Fug between the open sets of some open cover U, (¢ in some indexing
set). These are holomorphic matrix-valued functions on the intersections with
the following properties:

Fyo =1, FupFgy =1, FuFp,F,, =1, nosummation.
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The last relation is called the cocyle property, and holds on each triple intersec-
tion:
U,NUsNT,.

It is not hard to see that every holomorphic vector bundle can be represented in
this way.

e There is a certain non-uniqueness in the definition of transition functions.
Let E be given by (., U,) and E by (Fa, Uy). Put H, = xo0 (o) ' €
Map(U,, GL(k, C)). Then clearly

Foup = (Hy) ' Fup H,. (B2)

We shall regard E and E as equivalent if their transition functions satisfy (B2).
o All the algebraic operations on vector spaces can be extended to holomorphic
bundles.

The product E = M x C* is called a trivial vector bundle.
Lemma B.2.2 The bundle is trivial, iff there exist holomorphic splitting matrices
H, : U, - GL(k, C)
such that
Fup = HgH, . (B3)

Proof If (B3) holds, then F,g is equivalent to Id by the relation (B2), so E is trivial.
If E given by (U,, x4) is trivial, then there exists a bi-holomorphism y : E —
M x Ck. We define Hy = %o o (x|o)~!, and note that

Hy ' Fop H, = 1d.
O

Definition B.2.3 A holomorphic section of a vector bundle E over M is a holo-
morphic map s : M — E such that w os =id;.

The local description is given by a collection of holomorphic maps s, : U, — Ck
72— (2,5(2)), for zeU,

with the transition rule sg(z) = Fop(2)sq(2).

In the case of trivial bundles Lemma B.2.2 implies that we can specify global
sections by putting s, (z) = H,(2)§ for some constant vector §.

We denote the space of holomorphic sections over U C M by T'(U, E) (or
H°(U, L) if E =L is a line bundle). An important theorem (which we shall not
prove) is that I'(M, E) is finite-dimensional if M is compact.

 Example. Tautological bundle. Consider M = CP' with the usual coordinate
patches Uy and Uj. First define a tautological line bundle

O(—1) ={(r, (Z°, Z")) e CP' x C?|r = Z'/Z°}.
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If we represent the Riemann sphere as the projective line, as above, then we
have the projection C> — CP;. The fibre above the point with coordinate [Z] is
the one-dimensional line ¢Z through the origin in C? containing the the point
(Z°, Z1). Define the trivializations

x0([Z],¢(2°, Z") = ([Z],¢Z°) € Uy x C  and
x([Z],¢(Z°, Z") = ([Z],¢Z") € Uy x C,

so that
Zl
cZ' = ﬁcZO = Fy1 c2°

giving the transition function Fy; = A.
Example. Other line bundles can be obtained by algebraic operations:
O(=n) = O(=1)®",  O(n) = O(=n)*, and O=0(-1)®O(1), neN.

The transition function for O(n) is F = ™" on Uy N U; = C*. A global holomor-
phic section of this line bundle is given by functions s and § on C related by

s(A) = A"5(X)

on the overlap C*. Expanding these functions as power series in their respective
local coordinates and using the fact that A = A=, we get

o0 o0
Z A" = A" Z Gl
0 0

Equating coefficients, we find that @,, = a,,, = 0 for m > n and a9 = a,,, @1 = a,_1,
etc. Thus the global sections are given by polynomials

2”: a N
0
of degree less than or equal to 7, and hence the space of holomorphic sections is
(n + 1)-dimensional, that is,
HY(CP',O(n)=0 (n<0) and dimH°(CP',O(m)=n+1 (n>0).
(B4)
The transition relation implies that
SNZ7)" = 3((Z')",
so we can define a function G : C> — C by
G(Z) = s(\(Z°)" for [Z] € U,
=302y for [Z]eUy.

Then G is homogeneous of degree 7. Conversely any holomorphic function on C?
homogeneous of degree n gives rise to a section of O(n). A global holomorphic
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section of O(n), n > 0, is same as a global function on C*> homogeneous of degree
n (a polynomial). Thus we get an extension of Liouville theorem:

Theorem B.2.4 A holomorphic function on C* homogeneous of degree n > 0 is
of the form

f(2) = pap.cZ2Z® ... Z€
for some symmetric constant ‘spinor’ ¢ sp...c.

o Example. Tangent and cotangent bundles. Holomorphic vector fields on CP'
are sections of the holomorphic tangent bundle TCP'. Holomorphic one-forms

are sections of the holomorphic cotangent bundle T*CP'. Observe that
a 0 -
—=-2"?— and dr=-A%dh
oA oA

We absorb the minus signs into the local trivializations, and deduce that
TCP! =©(2) and T*CP'= O(-2).

Therefore a global section of TCP' is of the form

(ur? + x\ + v) (BS)

dr’
for (u, x, v) € C3 and there are no global section of T*CP'.
o Example. To any rank-k vector bundle E we assign a line bundle det E := AX(E).
It has transition functions det Fyg. Define the canonical bundle K of M to be
det(T*M). This is the line bundle of holomorphic volume forms. On CP' we
have an isomorphism K = O(-2).

The theorem of Grothendieck states that all holomorphic line bundles over a
rational curve are equivalent to O(#n) for some 7. In fact more is true

Theorem B.2.5 (Birkhoff-Grothendieck) A rank-k holomorphic vector bundle
E — CP! is isomorphic to a direct sum of line bundles O(my) ® - -- ® O(my,) for
some integers m;.

This theorem is proved for example in [121].
Therefore for a rank k vector bundle the transition matrix

F:C* — GL(k C)
can be written in the form
F = Hdiag (A7, ..., A7"™)H !,
where H: U — GL(k, C) and H : U — GL(k, C) are holomorphic.

o Example. Let E, be a one-parameter family of rank-two vector bundles over CP'
determined by a patching matrix

Aot
(5 0)
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For t = 0, F is already in the form given by the Birkhoff-Grothendieck theorem,
with H= H =1, m = —1, and m, = 1. But for ¢ # 0, we have

0 t 1 0
Fz(—f1 )\’1><t’1}\ 1)’ (B6)

so that 7 = m, = 0 by Lemma B.2.2. Therefore Eg >~ O(1) & O(—1), but E, is
the trivial bundle for ¢ # 0. This is an example of jumping’: as ¢ changes through
0, the holomorphic structure of the bundle changes discontinuously, in spite of
the fact that the bundles E; are all the same (and all trivial) from the topological
point of view.

B.3 Cech cohomology

An element of the first cohomology group of E — M relative to the cover U, of M
is a map that assigns a holomorphic section fos € I'(U, N Ug) to each non-empty
intersection such that

fap + g« =0 and fop+ fp, + fra = 0.

Two such maps f and [’ are equivalent iff
fup = fap = ho — b,

(the RHS is called a co-boundary) where b, is a holomorphic section of E over
U,. The first cohomology group is a quotient of the additive group { fug} by this
relation. (The definition is in fact independent of the covering chosen [121].) A
more concrete definition can be used if it is possible to choose an open cover
consisting on two pseudo-convex sets U and U:

runu,E)
(U, E)+T(U, E).

HY (M, E) =

We will find H'(CP', O(k)). This is the space of functions fy; holomorphic on
Uy N U; and homogeneous of degree k in coordinates [Z°, Z'], modulo cobound-
aries. In a trivialization over Uy = U fy is represented by a holomorphic function
f on C*. In the trivialization over U; = U, fo is represented by =% f. For k > —1
we can write

f=Y fir=xh—h,
where

h=— i f,'}\i and b= i f_,’)uiiik
0 1
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are holomorphic in U and U, respectively. Therefore f ~ 0, and the first cohomol-
ogy group vanishes. The splitting is not unique unless k = —1, as we are free to set
the first k + 1 terms in b to 0 by modifying 5.

If k < —2 we have f = A*h — b + q, where

—k—1

—bh= i fix, b= i fo7 7% and g=) fa
0 —k 1

The functions » and » are holomorphic in U and U, respectively, therefore f ~ g,
and the class of f is uniquely determined by the coefficients f_1,..., fr1. We
conclude that

0 fork> -2

C*1 fork < —2. (B7)

HY(CP', O(k)) = {
Therefore f € H'(CP!, O(—1)) can be split uniquely, as f = b — h. We shall often
use the explicit form of this splitting:

1 fE)

B p_ 1 f(&)
= 27[1 a 3 §d§ and l? = Tmﬁ; mdé‘, (Bg)

where ¢ is an affine coordinate on CP! (Figure B.1). The contours I' and T are
homologous to the equator of CP' in U N U and are such that I' — T surrounds the
point A = ¢. We see that f = b — b follows from the Cauchy’s integral formula.
Given f € H'(CP', O(k)), k > —1, we may divide it by a homogeneous polyno-
mial of degree k+ 1, and apply (B8) to the quotient. The non-uniqueness of this
procedure (the choice of the polynomial) is measured by H*(CP!, O(k + 1)).

B.3.1 Deformation theory
Let L be a complex submanifold of a complex manifold Z. The normal bundle
N(L) — Lis defined to be Uge N (L) where N; = (T; Z)/(T; L) is a quotient vector
space.

The following result of Kodaira underlies the twistor approach to curved geome-
tries. Let Z be a complex manifold of dimension d +7. A pair (F, M) is called a
complete analytic family of compact submanifolds of Z of dimension d if

N——7

Figure B.1 Splitting formula
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o F is a complex analytic submanifold of Z x M of co-dimension r with the
property that for each # € M the intersection L; x ¢ := F N (Z x t) is a compact
submanifold of Z x t of dimension d.

o There exists an isomorphism

TM =~ H(L;, N) (B9)

where L, C Z is submanifold of Z and N, — L; is the normal bundle of L; in
Z.

Theorem B.3.1 (Kodaira [95]) Let L be a d-dimensional complex compact sub-
manifold of a complex manifold Z, and let N be the normal bundle of L in Z. If
H'(L, N) = 0 then there exists a complete analytic family of compact submanifolds
(F, M) such that L = Ly, for some ty € M.

In Chapter 10 we apply the above theorem to the situation when Z is a twistor
space and L = CP'. Roughly speaking, the moduli space M is the ‘arena’ of
differential geometry and integrable systems. One way to analyse such moduli
spaces is to consider infinitesimal deformations and to exponentiate them.



APPENDIX C

Overdetermined PDEs

C.1 Introduction

This appendix treats geometric approaches to DEs, both ODEs and PDEs.
Geometry in this context means that certain results do not depend on coordinate
choices made to write down a DE, and also that structures like connection and
curvature are associated to DEs.

The subject can get very technical but we shall take a low-technology approach.
This means that sometimes, for the sake of explicitness, a coordinate calculation
will be performed instead of presenting an abstract coordinate-free argument.
We shall also skip some proofs, and replace them by examples illustrating the
assumptions and applications. The proofs can be found in [23] (see also [90] and
[151]).

Given a system of DEs it is natural to ask the following questions:

o Are there any solutions?

o If yes, how many?

o What data is sufficient to determine a unique solution?
o How to construct solutions?

These are all local questions, that is, we are only interested in a solution in a small
neighbourhood of a point in a domain of definition of dependent variables. We
shall mostly work in the smooth category, except when a specific reference to the
Cauchy-Kowalewska theorem is made. This theorem holds only in the real analytic
category.

Problem 1. Consider an ODE

du
T F(x,u) (C1)

!'in some open rectangle

where F and 9, F are continuous
U={(x,u) eR*a<x<b,c<u=<d).

The Picard theorem states that for all (xp, #9) € U there exists an interval I C R
containing xy such that there is a unique function # : [ — R which satisfies (C1)

1 In fact it is sufficient if F is Lipschitz.
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and such that u(xy) = ug. We say that the general solution to this first-order ODE
depends on one constant. The unique solution in Picard theorem arises as a limit

u(x) = nlggo U, (x)

of a uniformly convergent sequence of functions {u,(x)} defined iteratively by

X

Upe1(X) = g + / F(t, u,(t))dt.
B
One can treat a system of # first-order ODEs with # unknowns in the same way:
The unique solution depends on 7 constants of integration.
The conditions in Picard theorem always need to be checked and should not be
taken for granted. For example, the ODE

du _ 12
dx ’

has two solutions in any neighbourhood of (0, 0): #(x) = 0 and u(x) = x> /4.
More geometrically, the solutions to (C1) are curves tangent to a vector field

a a
X=—+ F(x,u)—.
ox ou
The Picard theorem states that the tangent directions always fit together to form a

curve.

u(0) = 0

One can rephrase this in a language of differential forms. The one-form annihilated
by X is (a multiple of) 8 = du — Fdx and a parameterized curve x — (x, u(x)) is
an integral curve of (C1) if 6 (or any of its multiples) vanishes on this curve. In
general, if 0 is a k-form on a manifold M the submanifold S C M is an integral of
0 if f*(0) =0, where f : S — M is an immersion.

We aim to reformulate systems of DEs as the vanishing of a set of differential
forms (in general of various degree). This gives a coordinate invariant formulation
of DEs as exterior differential systems (EDSs), and allows a discussion of the
dimension of integral manifold.

Problem 2. Consider a system of PDEs
uy = Alx, y,u) and u, = B(x,y,u), (C2)

where u, = d,u, etc. Both derivatives of u are determined at each point (x, y, u) €
R3 where A, B, A,, and B, are continuous. This gives rise to a two-dimensional
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plane spanned by two vectors

d d d
Ai and X5 = — + B—.

X1 = — +
ox ou ay ou

Do these planes fit together to form a solution surface in a neighbourhood of (say)
(0,0, 1) € R3? Let us try two successive applications of Picard theorem.

o Set y =0, u(0, 0) = uy. The Picard theorem guarantees the existence of the unique
#(x) such that
din
M Ax,0,5),  #(0) = ug.
dx
o Consider #(x) and hold x fixed, regarding it as a parameter. Picard theorem gives
the unique u(x, y) such that

d
a_ B(x, y, u), u(x, 0) = @(x).

dy

We have therefore constructed a function #(x, y) but it may not satisfy the original

PDE (C2) which is overdetermined and requires that the compatibility condition
(x)y = (1ty)x
holds. Expanding the mixed partial derivatives yields
Ay — By + A,B— B,A=0. (C3)

Do we need more compatibility conditions arising from differentiating (C3) and

using (C2) to get rid of u,, u, ? The answer is no. This follows from the Frobenius

theorem which we are going to prove in Section C.2 (the LHS of (C3) is the

obstruction to the vanishing of the commutator [X;, X3]). If (C3) holds then

solving the pair of ODEs gives the solution surface depending on one constant.
What happens if (C3) does not hold?

o If u does not appear in (C3) then (C3) is a curve in R? and there is no solution in
an open set containing (0, 0, u).

o If (C3) gives an implicit algebraic relation between (x, y, u), then solve this
relation to get a surface (x, y) — (x, y, u(x, y)). This may or may not be a solution
to the original pair of PDEs (C2). In particular the initial condition may not be
satisfied.

This simple example raises a number of questions. How should we deal with more
complicated compatibility conditions? When can we stop cross-differentiating?
Theorems C.3.1 and C.3.2 proved in Section C.3 and more generally the Cartan
test (Theorem C.6.5) discussed in Section C.6 give some of the answers.

Problem 3. Consider a system of linear PDEs

uy =ou+pv, uy+vx=yu+dv, and v, =eu+pv, (C4)
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where a, f, ..., ¢ are some functions of (x, y) defined on an open set U C R2. This
is an overdetermined system as there are three equations for two unknowns, but
(unlike the system (C2)) it is not overdetermined enough, as the partial derivatives
are not specified at each point. Therefore we cannot start the process of building
the solution surface as we cannot specify the tangent planes. One needs to use
the process of prolongation and introduce new variables for unknown derivatives
hoping to express derivatives of these variables using the (differential consequences
of) the original system. In our case it is enough to define

W =uy — Uy

(there are other choices, e.g. w = u,, but the solution surface will not depend on
the choices made). Now

uy = E(yu+8v+w) and vxzé(yu+8v—w),
and we can impose the compatibility conditions
(y)x = (ux)y, and  (vy)x = (Vx)y.
These conditions will lead to expressions
wy=... and wy=...,

where (...) denote terms linear in (u#, v, w). The system is now closed as first
derivatives of (u, v, w) are determined at each point thus specifying a family of
two-dimensional planes in R®. Do these two planes fit in to form a solution surface

(x,y) — (x, y, u(x, y), v(x, ), w(x, y))

in R°? Not necessarily, as there are more compatibility conditions to be imposed
(e.g. (wx)y = (wy)x). These additional conditions will put restrictions of the func-
tions («, B, ..., ¢). In Section C.4 we shall see how to deal with the prolongation
procedure systematically.

This simple example of prolongation arises naturally in the geometry of surfaces.
Assume you are given a metric (a first fundamental form) on a surface

g = Edx* + 2Fdxdy + Gdy’.
Does there exist a one-form K = udx + vdy such that the Killing equations
ViKjy=0 and «'=(x,7)

are satisfied, where V is the Levi-Civita connection of g? Expanding the Killing
equations in terms of the Christoffel symbols leads to the system (C4) where the
six functions (a, B, ..., ¢) are given in terms of E, F, G, and their derivatives.
The consistency conditions for the prolonged system to admit non-zero solutions
give differential constraints on E, F, and G. These constraints can be expressed
in tensor form as differential invariants of the metric g. In Section C.4.1 we
shall discuss an approach to constructing such invariants and find necessary and
sufficient conditions of a metric g to admit a Killing vector.
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C.2 Exterior differential system and Frobenius theorem

Definition C.2.1 An EDS is a pair (M, Z) where M is a smooth manifold and
T C Q*(M) is a graded differential ideal in a ring of differential forms that is closed
under exterior differentiation:

ddel if 0el.
For example, the set of forms
{dy — pdx, dp A dx, dx}

gives EDS where M = R3. We shall use the following notation: 7% = Z N Q¥(M) is
a set of all forms of degree k in Z. The evaluation of a form 6 at x € M will be
denoted 0, and Z, will denote the evaluation of all forms in 7 at x.

One way to present an EDS is by specifying the set of differential generators

<0', 0> gigp = A0 v A0 B AdE L By A dET),

where y and B are arbitrary differential forms. We shall assume that none of the
generators are zero-forms (i.e. functions). Otherwise we shall restrict the EDS to
submanifolds on which these functions vanish. An EDS whose generators are one-
forms is called a Pfaffian system.

We shall also use the notation

<!, 07> = (11 AOY Ly N O
to denote the set of forms generated algebraically by exterior multiplication.

Definition C.2.2 An integral manifold of T is a submanifold f : S — M such that
*(0)=0forallo € T.

In particular S is an integral submanifold of 7 = <6, ..., 0" > 4iff 1ff £*(6%) = 0.

o Example. A system of N first-order ODEs
du®

dx

is modelled by the EDS 7 generated by N one-forms <du® — F*dx> j;¢¢ on an

open set in RN*!, The integral manifolds of this EDS are integral curves of the
vector field

= F¥x,u', ..., ul), a=1,...,N

N
9 9
x=2 Fe_ o
ax+§ e

which annihilates all forms in Z.
o Example. The pair of PDEs u, = A(x, y, u) and u#, = B(x, y, #) is modelled by an
ideal generated by one one-form

T =<du— Adx — Bdy>.
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The vectors 9, + A9, and 9, + Bd, annihilating this one-form are tangent to the
integral surface if one exists. There are no integral surfaces if the compatibility
(C3) does not hold.

Two EDSs (M, Z) and (M, Z) are equivalent if there exist a diffeomorphism such
that
f:M— M and f*(1)=1

This notion can be applied to determine whether two systems of DEs are equivalent
and, in particular, to linearize some DEs. In the next two examples we shall use the
following notation: if 6 = 6;(x!,...,x")dx/ then § = 6;(x',..., &) d%/ where x/
and &/ are local coordinates on M and M, respectively.

o Example. Consider the Monge—Ampere equation

2
UnxUyy — Uy, = 1,

xy
where # = u(x, y). This non-linear equation is modelled by the EDS
<0 = du — pdx — qdy, 6* =dp Adq —dx A dy> g (CS)
on R’. In particular, it is not a Pfaffian system. Consider f : R® — R’ given by
f(x, y,u, p,q) = (%, 9,4, b, q) := (x, g, 4 — gy, p, =Y).
We verify that
£*(6') = dit — pd&x — §dy = du — pdx — gdy and
(0% =dpndg—dindy=dyndp+dg ndx.
The integral manifolds of the pulled-back ideal are
du— pdx —qdy=0 and dyAndp+dgndx=0.

Vanishing of the one-form gives p = u,, g = u,, and vanishing of the two-form
gives the linear Laplace equation

Usy + Uyy = 0.

Some care needs to be taken with this example: We have established a one-to-
one correspondence between integral surfaces of the Laplace equation and the
Monge-Ampere equation, but not between solutions as some integral surfaces
may have dx A dy = 0.

o Example. A similar procedure can be used to reduce the general four-dimensional
Ricci-flat Kahler metric with a tri-holomorphic Killing vector to the Gibbons—
Hawking form where the non-linear Ricci-flat condition reduces to the Laplace
equation on R3. Consider a Kihler metric in an open ball in C? with local
holomorphic coordinates (w, z) given in terms of the (non-holomorphic) Kaihler
potential Q : C2 — R:

g = Quadw dw + Quzdw dz + Qpdzdw + Qzdzdz. (C6)
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The Ricci-flat condition on g gives a non-linear Monge—Ampere equation on
(compare (9.3.34)):

QIU&/QZZ - Qwiszzri} =1. (C7)

Assume that this metric admits the Killing vector? K =i(d,, — 83). The Killing
equations yield K(2) = 0 and the Monge—Ampere equation reduces to

quﬂzi - Quzgui = 1»

where Q = Q(z,z,v) and v = i(w — w) € R. This non-linear PDE is modelled by
the EDS generated by

<0' =dQ — pdv — qdz — qdz, 0% = dg Adp Adz — dz A dz A dv> gig

together with the independence condition dz A dz A dv # 0 on an open set in R”.
Consider

N

f(R.2,0,p,q) = (Q,2.0, p,4) = (Q = pv, 2, p, —v, q).
Vanishing of the forms
f*(6") = d2 — pdv — gdz — gdz and  f*(6%) = —dg Adv Adz—dzAdzAdp
gives the Laplace equation on R?
Quy + Qs = 0.

In this derivation we assumed non-vanishing of dz A dZ A dp. If this three-form
vanishes then 2 is linear in 9 and the Monge—Ampere equations (with hats over
all variables) implies that the resulting metric ¢ is flat.

Exercise. Implement the change of coordinates at the level of ¢ given by (the
hatted version of) (C6) to show that it is equivalent to the Gibbons—Hawking
form

g = Vdx> + V'(dt + A?,

where Z = x +iy, W = (t + iv)/2, the coordinates (x, y, v, t) are real, x = (x, y, p),
and (A, V) are a one-form and a harmonic function which satisfy (9.4.36)

*3dV =dA

as a consequence of the Laplace equation (here * is the Hodge operator on R3
with its flat Euclidean metric).

We shall now prove the existence theorem of integral manifolds which applies to
ideals generated by one-forms.

2 1In fact using the freedom  — Q + « + & where « = k(w, 2) is holomorphic and redefining the
holomorphic coordinates (w, z) — (@(w, z), Z(w, z)) one can show that this is the most general
form of a Killing vector with which Lie derives the Kahler form and the holomorphic two-form
dw A dz.
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Theorem C.2.3 (Frobenius — Version 1) Let T be a differential ideal which is
algebraically generated by one-forms 9, ..., 0" on some n-dimensional manifold
M such that

do' = yinel (C8)
j=1

for some one-forms y; (so that T is closed). In any sufficiently small neigh-
bourhood of a point where 0" are linearly independent there exists a coordinate
system (y', ..., y") such that T is generated by dy™*', ..., dy" and the maximal,
r-dimensional integral manifolds are

y”l = const, y’+2 =const, ..., y"=const.

Proof Let W, =span(f’|) C T:M and let W, C T, M be an r-dimensional sub-
space of vectors annihilating (67)y.

We shall follow the proof given in [23] and proceed by induction with respect
to 7. If » =1 then W* is spanned by one vector field X. The Picard existence
theorem for ODEs implies the existence of a local coordinate system? y!, ..., y"
such that X =3/dy'. Therefore W, =span (dy?,...,dy") and we are done. Note
that no integrability condition is needed for existence of integral curves so we did
not have to use (C8) which in fact holds identically if r = 1.

Now assume that » > 1 and suppose that the theorem holds for r — 1 (which is
to say that it holds for (# —r + 1) one-forms). Let x* be local coordinates such
that the set of one-forms 7' := {#',...,6" ", dx"} is linearly independent. The
forms 61, ..., 6" satisfy the closure condition (C8) and so this condition is also
satisfied by the generators of 7. Therefore, by the inductive hypothesis, there exist
coordinates y!, ..., y" such that dy’,...,dy" span 7’ and so x" = x"(y", ..., y").
Assume, without loss of generality, that dx"/9y" # 0 (no summation!) and solve
the relation

n—r 7

ax" 0x’ .
A = oy Y Ay
i=1

for dy”". The one-forms 6’ are in the span of dy", ..., dy". Therefore, substituting
for dy", we get

n—r
6" = b'dx +Za’}-dy"”, i=1,...,n—r.

j=1

The forms 6’ and dx” are linearly independent so the matrix (a’;) is non-singular,
or otherwise Y, Vi(6" — b'dx") = 0 for some V € ker(a). Thus a~' gives a new set

3 To see it set X=09/dy' at x=(0,0,..., 0). Then, there is a unique integral curve through
each point (0,42, ...,a"). If a point x lies on the integral curve through this point we can use
(y=, ..oy y") as the last (# — 1) coordinates of x and the time interval it takes the curve to get to x
as the first coordinate.
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of generators
6 :dy’+i+pidx’, i=1,...,n—r.
The closure condition (C8) gives

r—1 i
4 = dp ndv =Y Ledy ndv =0 mod §
y
kzl

7 +i

(recall that dy” is a combination of dx” and dy™* so it does not appear in the

summation). Therefore

pi — pi(yr7 yr+1’ o yn)

and the (n—7) forms 6',...,60"" satisfy the Frobenius condition (C8) in
(n —r + 1) coordinates. This case corresponds to = 1 and was dealt with at the
beginning of the proof. O

We shall now give two more formulations of the Frobenius theorem. One in
terms of vector fields and one in terms of overdetermined PDEs.

Recall that a distribution D of vector fields on a manifold M (or distribution
for short) is a sub-bundle of a tangent bundle TM. At each point x € M it consists
of k(x) linearly independent vector fields, where k(x) < dimM is an integer.* A
distribution is integrable if a Lie bracket of any two vector fields in D belongs to
D. The integrability conditions is often written as [D, D] C D. Thus, the integral
manifolds in the Frobenius theorem are leaves of r-dimensional foliation of M by
a distribution W* := U, W+ ¢ TM.

Assume that the Frobenius condition (C8) holds and extend the ideal Z to a basis

o, ....0" ", on e"
of T M so that
S G
do'=3 3 CRol A0t i=1,.m
j k=1
for some C;k. The closure condition (C8) is equivalent to
e
Define the dual basis X; of T, M by

=0, m=1,....n—r, p,g=n—r+1),...,n

where f is any function on M. Differentiating this relation gives
o o
0=d*f=D X[X(N/ A6 + 2> Xi(fICput’ A",
ij ijk

4 The distributions need not have constant rank. For example, a distribution {9y, dy + 20y} in
R3 has rank two if z # 0 and rank one otherwise.
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and finally

[Xp, X4 ZC p.g,s=mn—r+1),...,n,

where the vectors {X,,_,.1,..., X,} span the distribution W*. However the same
distribution is spanned by {3/dy', ..., 3/dy"} which gives

Theorem C.2.4 (Frobenius — Version 2) Let {X,_,.1, ..., X} be an r-dimensional
distribution on M such that
[Xp, XA:—C;C’XS, p,qg,s=mn—r+1),....,n (C9)

In any sufficiently small neighbourhood of a point where X; are linearly indepen-
dent there exists a coordinate system (y', ..., y") such that

span{Xy_ri1. ..., X} = span{d/dy', ..., 8/0y"}.

For the last formulation of the Frobenius theorem consider a system of PDEs

ou’ P .
ai=¢i(x,u), i=1,...,n, p=1,..., N, (C10)
x
where # : R” — RN, We want to construct a solution through each point
(xl,...,x",u1,...,uN) e RN,

This is the same as constructing a foliation of R"*N by #n-dimensional integral
surfaces of the ideal generated by

<9"=du”—1//lf’dxi>diff, p=1....,N

The annihilator W* of this ideal is spanned by the vector fields

_ Zwt P i:l,...,n.

The Frobenius integrability condition
[Xi, X;1=0

gives the necessary and sufficient condition for the existence of the integral mani-
folds. Note that in this case the commutators must vanish exactly as there is no way
of generating 9/9x’ on the RHS of the commutator. Expanding the commutators
yields.

Theorem C.2.5 (Frobenius — Version 3) The necessary and sufficient conditions
for the unique solution u® = u®(x) to the system (C10) such that u(xy) = ug to exist
for any initial data (ug, xo) € R"*N is that the relations

dyy vy Ly (2
ax/ dx! 5 oup

hold.

awﬂwﬂ) ij=1,...,n, a,f=1,....,N
u
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o Example. The one-form
0 =du— Alx,y,u)dx — B(x,y,u)dy
in R3 satisfies (C8) iff
do=y AO
for some one-form y, or, equivalently, iff
6 Adb =0.

This condition holds iff the compatibility condition (C3) for the pair of overde-
termined PDEs u, = A and u, = B are satisfied. The Frobenius theorem implies
that in this case 6 = udf where u and f are some functions of (x, y, #) and that
f = const is the solution surface in R3.

o Example. Another simple application of the Frobenius theorem is used in general
relativity. Any metric g with a Killing vector K on an n-dimensional manifold
can locally be written as

g=Vh+ V(dr+ A2,

where (7, x!, ..., x""1) is a local coordinate system such that K = 8/8t and

V=V(x), A=Ax)dx', and b=h;(x)dx' dx'.

Moreover in the twist-free case K A dK=0 one can redefine the coordinates, the
function V and the metric » to set A =0 (we follow the usual abuse of notation
and denote the vector K and the one-form g(K, ...) by the same symbol).

C.3 Involutivity

Any system of DEs can be rewritten as a system of algebraic equations on a
manifold where higher derivatives are regarded as independent variables. This idea
is formalized by the apparatus of jet spaces. Let u : R” — RN, so that we can
write # = u®(x'). The space of k jets J*(R”, RN) is the space of Taylor polynomials
of u of degree k. It is a smooth manifold of dimension

n+N<nZk>

{x’,u"‘,pf‘,pf‘,-,...,pfiiz_'_ik}, a=1,...,N, i=1,...,n

with local coordinates

Any map u : R* — RN can be lifted to a k graph of u (a section of the jet bundle
JH®", RN) — R") by

ou* dkue
W Pl = G

(x).
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The system of r kth-order PDEs

) du ak a
Fofad w2 2% \_o0, p=1,....r (C12)
Jx! Jx19x™2 -« - 0x'k

gives a submanifold M® of co-dimension 7 in J*¥(R” RN) and a k graph of the
solution to (C12) is an n#-dimensional integral submanifold S ¢ M* of the ideal
associated to (C12) such that dx' Adx* A--- Adx" #0 on S. The (k + 1)th graph
of the solution lies in a manifold M*+") ¢ J¥1(R”, RN) called a prolongation of
MW", The manifold M**!) is defined as a zero locus

dF

P
FP =0, ——=0, =1,....,r, i=1,...,
I p r, i n
in ]k+1(Rn’ RN).
For any integer [ > 0 define the family of projections

7 ]l+1(Rn,RN) — ]l(Rn,RN)
by

i o o o o i o o o
(X u®, P Dy i P i) = (X 0 D Dl )

Therefore Im[ M**1)] ¢ M™® (this is obvious as F” = 0 holds on M**!)) but 7; does
not have to be surjective: differentiating the PDEs (C12), mixing partial derivatives,
and using (C12) gives rise to new PDEs of order lower than k. So the image of
M*1 under 7, will in general be a submanifold of M*® of some non-zero co-
dimension. Therefore the k jets of a solutions do not have to extend to (k+ 1)
jets. We keep differentiating and adding lower order conditions restricting M®),
When can we stop this process? The combined system of equations and lower
order conditions must be involutive. In general one needs the Cartan test which
will be discussed in Section C.6. Theorems C.3.1 and C.3.2 which we will prove in
this section answer this question for systems of first-order PDEs (C10):

ou’
ax!
If the Frobenius integrability conditions (C11) hold, the general solution of

(C10) depends on N arbitrary constants. Otherwise (C11) give a set of algebraic
equations

=1//ip(x,u), i=1,...,n, p=1,...,N.

F1(M, x) =0

which must be satisfied by any solution to (C10). Differentiating these equations
and eliminating the derivatives of # using (C10) leads to a new set of equations

Fz(u, x) =0.
Proceeding in this way we get a sequence of sets of equations
Fi(u,x)=0, Fy(u,x)=0, F3(u,x)=0,....

If the system (C10) admits a solution there must be an integer K such that the
equations in the set Fg, = 0 are satisfied as a consequence of the equations in
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the first K sets. Otherwise we would obtain more than N independent conditions
on (u', ..., uN) which would imply a relation between the independent variables.
In particular we must have K < N. This proves the ‘only if’ statement in the
following:

Theorem C.3.1 The system (C10) admits solutions iff there exists a positive
integer K < N such that the set of algebraic equations
Fi=Fy=--=Fg=0

is compatible for all x € U C R” and that the set Fi,1 = 0 is satisfied identically.
If p is the number of independent equations in the first K sets, then the general
solution depends on (N — p) arbitrary constants.

Proof It remains to prove the ‘if’ part. We follow the classical treatment given
for example in [167]. Assume that the first K independent sets impose p < N
independent conditions

Gy, x)=0, v=1,...,p. (C13)

rank (8G,,> =p
ou”

and, by the implicit function theorem, the relations (C13) can be solved for (say)
the first p functions u!, ..., u?:

Therefore

w = pMul*, . uN, x), A=1,...,p.

Differentiate this and use (C10) to eliminate the derivatives

N

ap* ap*
A v —
wi - v;l ¥ wi - 8xi -

These equations belong to the set Fg,1 = 0 so they hold by assumption. We rewrite
the above equations substituting ¥* = 9u*/dx’ and subtracting

N

ou* . dp* [ ou’ )
oy ) =0
dx’ vi U%;l duY (Bx’ 1/’,)
)
" —v N
=y (WPt x), (C14)

axt
wherev=p+1,..., Nand
E;} = 1r//iv|14’\=¢’~(141’*1,4..,14N,x)'
The system (C14) is Frobenius integrable as the consistency belongs to the set

Fi=-=Fg=0
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s0, by the Frobenius theorem (Theorem C.2.5), there is a solution which involves
(N — p) constants. O

In many applications the functions ¢ in (C10) are linear and homogeneous in #”.
This allows the following geometric interpretation of the last theorem. Let us write
the system of linear homogeneous PDEs

ou’ o
axi = ww.(x)uy
as
du+Qu=0, (C15)
where u = (', ..., #N)T and = —y/,dx’ is a matrix-valued one-form on an open

set U C R”. Therefore solutions to (C15) correspond to parallel sectionsu: U — E
of a rank N vector bundle E — U with connection D = d + €. Locally the total
space of this bundle is an open set in R*N. To simplify notation let us assume that
n =2 and (x', x?) are local coordinates in U C R?.

Differentiating (C15) and eliminating du yields Fu = 0, where

F=dQ+QAR=(0,92 — 0,2 +[R, :])dx" A dx?
= Fdx' A dx?
is the curvature of D. Thus we need
Fu=0, (Cle)

where F = F(x', x%) is an N x N matrix. This is the first set of conditions F; = 0
in Theorem C.3.1. In this case these conditions are just linear homogeneous
equations. If F =0 and the connection is flat, there exist N-independent parallel
sections. In this case the Frobenius integrability conditions (C11) hold. On the
other hand if det (F) # 0 then no non-zero parallel sections exists.

In general we want to determine the dimension of the space of parallel sections.
To achieve this, differentiate the condition (C16) and use (C15) to obtain

0=dFu— FQu-=[(3;F — FQ)u]dx’.
Using Fu = 0 we rewrite this as
(DiFju=0,

Where D,F = 3,F + [ﬂ,’, F]
We continue differentiating to produce algebraic matrix equations

Fu:O, (D,'F)H:O, (D,'D/F)U:O, (D,'D/DkF)u,

These are the conditions F; =0, F, =0, F3 =0, ... in Theorem C.3.1. After K
differentiations this leads to 7(K) linear equations which we write as

f[(ll = O,
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where Fx is a 7(K) by N matrix. We also set Fy = F. Theorem C.3.1 adapted to
(C16) and (C13) tells us when we can stop the process.

Theorem C.3.2 Assume that the ranks of the matrices Fx,K =0,1,2, ..., are
maximal and constant.” Let Ky be the smallest natural number such that

rank (Fg,) = rank (Fi,:1). (C17)

If Ko exists then rank(Fx,) = rank(Fk,.x) for k € N and the space of parallel
sections (C15) of d + @ has dimension (N — rank(Fk,)).

Thus if the curvature of (E, D) does not vanish, the non-zero solutions to the
system of linear PDEs can exist if the holonomy D lies in some proper subgroup of
GL(N, R).

C.4 Prolongation

The theorems presented in the last section apply to systems of first-order PDEs.
Given an arbitrary system of PDEs we could aim to represent it as a first-order
system on a jet space of higher dimension by introducing new variables for
second and higher derivatives. This process will however lead to systems where
not all first derivatives are determined (compare the system (C4)) and Theorems
C.2.5 and C.3.1 cannot be applied to construct the solution surfaces. The idea of
prolongation is to introduce more new variables for unknown derivatives aiming
to express derivatives of these variables using the (differential consequences of) the
original system. Apriori it is not clear that this process will work (i.e. the process
of adding new variables may never terminate). The relevant theorems which state
under what circumstances the prolongation works were, in case of linear PDEs,
given independently by Spencer, Kuranishi, and Goldschmidt. See chapter 5 of [23]
for a complete exposition of these ideas and [20] for a treatment which uses vector
bundles and is close to our approach.

Let P: Ey —> E, be a linear kth-order differential operator between two
smooth vector bundles over a manifold M. In local coordinates

a*v
ax"1ox2 ... dxlk

ce

P(v) =a"

where (...) denote lower order terms. The leading term at”>* transforms as a
tensor under the change of coordinates and gives rise to a bundle map called the
symbol of P:

o(P): o*AY (M) ® E; — E,.

5 This can always be achieved by restricting to a sufficiently small neighbourhood of some point
x e U.
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Thus the symbol is a matrix whose components are polynomials homogeneous of
degree k:

o(P) = (@i & - &)L, a=1,...,rank (E{), B=1,...,rank (E;).
For any integer s > k define the vector spaces
Vi := (@AY (M) ® E1) N (05 M AY M) @ ker[a (P)]).

The system (P, Eq, E) is said to be of finite type if V; = 0 for s sufficiently large.
The seminal result of Spencer [150] is that for systems of finite type the equation

P(v)=0

is equivalent to a closed system of PDEs of the form (C10), where all partial
derivatives of the dependent variables are determined. The criterion for a given
system to be of finite type is given in [150], but in practice it can be difficult
to implement, as the vector spaces V; cannot be easily constructed. For systems
not of finite type the process of adding new variables and cross-differentiating the
equations will never end.

In the last section we explained how to regard a closed linear system as a vector
bundle E with a connection D. In the work of Spencer the bundle E arises as a
direct sum @, V;. Theorem C.3.2 can be adapted to systems of finite type.

Theorem C.4.1 For systems of finite type there exists a vector bundle E — M with
a connection D and a bijection

{v € T'(Ey) such that P(v) =0} — {u € I'(E), Du = 0}.
The dimension of the kernel of P is bounded by the rank of E.

The determined system of equations for Du = 0 is the prolongation of the system
P(v) = 0. Theorem C.3.2 can now be applied to give an algorithm for calculating
the dimension of the kernel of D. In many geometric applications, where P is
built out of covariant derivatives for some connection on TM, the bundle with
connection (E, D) is called the tractor bundle [20].

e Example. Let (M, g) be an n-dimensional (pseudo) Riemannian manifold and let
V be the Levi-Civita connection of g. The Killing equations

Vivjy=0 (C18)
can be put into the framework described in this section with
Ei=A' (M) and E,=A'(M)o AYM).
The system (C18) is equivalent to the first-order system
Vivj = wij
Viltjk = Rjpi™ vm,

where p;; is antisymmetric, Rjg” is the Riemann curvature of g, and we
arrived at the second equation by using V|;ij = 0 and commuting the covariant



C : Overdetermined PDEs

derivatives on v. We combine (v;, u;;) into a section

Ui
u=

Mij
of the vector bundle E = A'(M) & A%(M) with connection D:

Vivj — i ]
Vijk — Rk vm

vj D

(C19)

ik
The solutions of the Killing equation (C18) are in one-to-one correspondence
with parallel sections of D. The number of these parallel sections does not exceed
n(n+1)

2

This upper bound is also the dimension of the Lie algebra of the orthogonal
group. It is achieved for spaces of constant curvature.

rank(E) = rank(A') + rank(A?) =

o Example. The CR equations
uy=vy, and uy=—vy

where # and v are functions of (x, y) are not of finite type (the reader is invited
to try first few iterations of the prolongation procedure). In fact no uniqueness
result analogous to Theorem C.3.2 is expected to hold. The general solution to
the CR equations depends on one holomorphic function of (x +iy) rather than
on a finite number of constants.

C.4.1 Differential invariants

The prolongation procedure together with Theorem C.3.2 gives a straightforward
algorithm for constructing invariants which obstruct existence of certain geometric
structures. We shall look at two examples: a relatively simple (but sufficiently non-
trivial!) example of Killing equations in Riemannian geometry and more involved
problem of existence of metric connections in a given projective class [26]. Our
treatment of the subject is based on restricting the holonomy of a connection of
some vector bundle. The more common principal bundle approach (due to Cartan)
is used in [23].

e Question. Let g be a (pseudo) Riemannian metric on an open set U in R?. When
is g the metric on a surface of revolution?

Any metric on a surface of revolution takes the form
g =dx* + f(x)dy’

in some coordinates where f = f(x) is a non-vanishing function of one variable.
This metric admits the Killing vector v = 3/dy. Conversely, the existence of a non-
trivial solution to the Killing equations (C18) guarantees the existence of this
coordinate system. Therefore an equivalent form of the question is: When does a
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metric on a surface admit a solution to (C18)? The answer must have been known
to the classical differential geometers in the nineteenth century: Darboux states it
in his book [36] without proof. We shall give the answer as the vanishing of two
weighted scalar invariants constructed out of g: one invariant of order four and
one invariant of order five.

The metrics of constant curvature admit three Killing vectors (which is the
maximal number). The following theorem (also known to Vladimir Matveev and
proved in [101] using different methods) applies to metrics with non-constant
curvature.

Theorem C.4.2 A Riemannian metric g on a surface with non-constant scalar
curvature R admits a Killing vector in a neighbourhood of a point p € U such

that dR # 0 at p iff
L :=dRAd(IVR?)=0 and L :=dRAd[A(R)]=0, (C20)
where
IVRI*> =g "V;RV;R and A(R)=g"V;V,;R.

Proof Solutions to the Killing equation (C18) are in one-to-one correspondence
with parallel sections of the connection (C19). We want to find necessary and
sufficient conditions for the existence of one such section. The prolongation proce-
dure simplifies in two dimensions. Firstly any two-form is a multiple of a (chosen)
volume form, thus we can write

i = gl eij 11,

where |g| = |detg| for some section of the canonical bundle u. Moreover the
Riemann tensor is determined by the scalar curvature R:

R
Rijw = z(gikg,'z — gjk&il)-

With these simplifications the connection (C19) reduces to a connection D on a
rank-three vector bundle E — U:

Viv; — |gl"?ei;
Vit — 318173/ Rv;

vj

m

Dl

Using V|;V;jt = 0 and eliminating the first derivatives of u = (v;, )T gives
(ViR)v' =0, (C21)

where v’ = g'/v;. This is the condition (C16) leading to Theorem C.3.2 where the
curvature of the connection is given by the 3 x 3 matrix of rank one:

0 0 0
F=| 0 0 0
VIR V2R 0
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Differentiating (C21) or equivalently differentiating the tractor curvature F covari-
antly with respect to D gives two more conditions:

g1 2(V Ry + 7' (V; Vi R)vk = 0. (C22)
Therefore the determinant of a 3 x 3 matrix
ViR Vo R 0
—V, ViR -V, VR |g]¥?V'R (C23)

V]V]R V]VZR |g|3/2V2R

should vanish for non-zero parallel sections of (E, D) to exist. Calculating this
determinant yields the first obstruction Iy in (C20). This is the necessary condition
for the existence of a Killing vector. Assume that this condition holds. The rank
of the matrix (C23) has to be smaller than three. It is equal to zero if the scalar
curvature R is constant. In this case the tractor connection is flat. Otherwise, in a
neighbourhood of a point where V; R # 0, the rank is equal to two and constant.
Theorem C.3.2 implies that the sufficient conditions are obtained by demanding
that the rank of the 6 x 3 matrix obtained from the matrix (C23) and the second
derivatives of (C21) does not go up and is equal to two. This could a priori lead to
three additional obstructions. However only one of them is a new condition and
the other two follow as differential consequences of (C21). To see this write the
first algebraic obstruction (C21) as

V:-u=0,

where V = (Vi R, VR, 0). Let V.., denote the vector in R3 orthogonal to u which
is obtained by eliminating the derivatives of u from 9;9; - - - 9,(V - u) = 0. Vanishing
of the first obstruction (C21) implies the linear dependence condition

cV + C1V1 + Csz =0 (C24)
for some functions c, ¢1, ¢2 on U. Assume that we add one more condition
eV + €1V1 + €2V2 + 612V12 =0

for some functions (e, ..., e2) on U. This gives an obstruction I := det(V,V,,
V12) = 0 where i equals 1 or 2 (there is only one obstruction because of the earlier
linear dependence condition). Now differentiating (C24) with respect to x* and
using V1, = V51 which holds modulo lower order terms imply that Vi, and V,; are
in the span of V, Vy, V;, and no additional conditions need to be added. To write
the second obstruction I, we could differentiate (C22) and take a determinant
of one of the resulting 3 x 3 matrices. Alternatively we can take the Laplacian of
(C21) and eliminate the first derivatives of u. This leads to the linear dependence of
dR and d[A(R)] which is equivalent to the vanishing of I, in (C20). Both methods
lead to obstructions of differential order five in the components of the metric g.
The argument presented above shows that the resulting sets of obstructions are
equivalent. This completes the proof. O

We shall give one more example using the prolongation procedure and The-
orem C.3.2 to produce differential invariants. This time two iterations of the
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prolongation procedure will be needed to close the system. The aim is to answer
the following;:

o Question. Cover a two-dimensional plane with a family of curves, one curve
through each point in each direction. How can you tell whether these curves are
the geodesics of some metric?

This is an old problem which goes back at least to the work of Roger Liouville
[107] in 1887. The solution was given in [26]. The following discussion summa-
rizes the main results. Assume that the curves are presented as integral curves of a

second-order ODE
d*y dy
ﬁ =A (x, y, %) .

Thus we want to find conditions on the ODE so that its integral curves are
unparameterized geodesics of some metric connection. First of all they need to be
geodesics of some symmetric connection with Christoffel symbols I‘f’-. Eliminating
the parameter ¢ between the geodesic equations

k

& Tl ik~ & x = x (1)
with (x', x%) = (x, y) yields a second-order ODE of the form
d*y dy dy\?* dy\*®
pri Ao(x, y) + Aq(x, )’)E + Ax(x, y) <£) + As(x, y) (ﬂ) ; (C25)
where

Ag=-T%, A =T} —2I{,, A =2I'},-T3, and A;=T3,.

Conversely, any ODE of the form (C25) defines an equivalence class of connections
which share the same unparameterized geodesics. Thus

*A
Ay
is the first necessary condition for metricity of paths. One can check that this con-
dition is invariant under the coordinate transformations (x, y) — (%(x, y), y(x, y)).
Now assume that there exists a (pseudo) Riemannian metric

g = Edx* + 2Fdxdy + Gdy*

such that the functions Ay, ..., As arise from the Levi-Civita connection I‘fi of g.
Following R, Liouville [107] introduce the 2 x 2 matrix

i _ (" Kﬁz)
7 _<1/f2 Y3 )’

E=vy1/A, F=vyn/A, G=1vy3/A, and A= (Y193 —y2?)"

Calculating the Levi-Civita connection in terms of the ¥’s shows that the integral
curves of the ODE (C235) are metrizable on a neighbourhood of a point x € U iff

where
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there exists o'/ such that det(o') does not vanish at x and following set of equations

hold:*®

0 2

W2 A - 2409,

0x 3

0 2

s L2 A — = Aoy,

ay 3
vy oy, 4 2
I 202 R s — S A — 24
By t2o =3 21 3 1¥2 oV3,
d ] 4 2
£+2£ =2A391 — 5 Avs + 5 A, (C26)
ax ay 3 3

We need to prolong this system and look for integrability conditions, but let us
first rewrite the system in more invariant form. Recall that a projective structure
on an open set U C R? is an equivalence class of torsion-free connections [I'].
Two connections I' and I' are projectively equivalent if they share the same
unparameterized geodesics. The analytic expression for this equivalence is

f‘fizl—'f/-+81kw/+3};w,’, i,j,k=1,2 (C27)

for some one-form w = w;dx".

Thus, in the language of projective differential geometry, we are looking for local
conditions on a connection Ffj for the existence of a one-form w; and a symmetric
non-degenerate tensor g;; such that the projectively equivalent connection is the
Levi-Civita connection for g;;, that is,

Ff/+éfw/+8}fwi=fgkl<ﬁ+ g’l—ﬁ)

2 Ix/  oxi dx!

This is an overdetermined system: there are six components in szi and five compo-
nents in the pair (gij, ;).
Let T € [T'] be a connection in the projective class. Its curvature is defined by

[Via Vj]Xk = R,'/]le
and can be uniquely decomposed as
Riji* = 8Py — S?Pil + Bijdf (C28)

where f;; is skew. In dimensions higher than two there would be another term
(the projective Weyl tensor) in this curvature but in two dimensions this vanishes
identically.

If we change the connection in the projective class using (C27) then

Pi,' = P,‘/ — V,'a),' +wiw; and Bii = ﬂ,‘,‘ + ZV[ia)/].

If the de Rham cohomology class [8] € H*(U, R) vanishes then we can set f;; to
0 by a choice of w; in (C27). We are looking for a local metrisability condition

6 Calculating the expressions Ay, ..., Az directly in terms of (E, F, G) and their first derivatives
without introducing v’s would lead to non-linear relations.
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on U so we shall assume that this global cohomological obstruction vanishes. The
residual freedom in changing the representative of the equivalence class (C27) is
given by gradients w; = V; f, where f is a function on U.

Now P;; =Pj; and the Ricci tensor of I' is symmetric. The Bianchi identity
implies that T is flat on the bundle of volume forms on U. Thus the equivalent
way to normalize V; is to require the existence of skew-symmetric &'/ such that

V,’E/k =0.

We shall use the volume forms to raise and lower indices according to z; = &;;z/
and 2’ = z;¢/" where &' = 5’;. Locally, such a volume form is unique up to scale:
let us fix one.

With these preliminaries there exists a representative I in a projective class such
that the linear system (C26) becomes

V(,‘O‘,‘k) = 0,

where oj; = eils,'kokl. Its prolongation gives rise to a connection on a rank-six
vector bundle E over U. Specifically, sections of this bundle comprise triples of
contravariant tensors u = (o’/, u?, p) with o'/ being symmetric. The connection is
given by

ok Viaik—éij,uk—&kui
W= Vi —8lp+Pyoit |, (C29)
P Vip+ 2P —2Yj0

where Y;j. = %(V,-P,—k — V;P;z) is the Cotton tensor. The curvature of the connection
Dis obtained from V};Vjjp = 0. Itis a 6 x 6 matrix of rank one. The first condition
analogous to (C16) is

SYiu + (V,-Y,-)U” =0, where Y, = sifl/,-,-k.

Differentiating this equation twice and eliminating the first derivatives shows that
the 6 x 6 matrix

0 0 0
M=|| sv |. | sv |. DD,y 5% (C30)
Vij Yey Vi Yy VY

must be singular. Its determinant gives the first obstruction to metrisability of a
projective structure. A more detailed calculation shows that the expression for
det(M) involves raising an index 14 times using the volume form ¢ and gives rise
to a projectively invariant section of the 14th power of the canonical bundle

det (M) (dx A dy)®*

which gives a projective invariant.

Analysis of the necessary conditions using Theorem C.3.2 leads to higher order
obstructions. If det (M) = 0 and rank(M) = 5 there will be two additional obstruc-
tions of order six in the components of the connection. If 2 < rank(M) < 5 then
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there is one obstruction of order seven in the rank-four case and of order eight in
the rank-three case. If rank(M) = 2 there always exists a four-dimensional space of
metrics compatible with the projective structure. Finally if rank(M) < 2 then T is
projectively flat. See [26] for details and proofs.

C.5 Method of characteristics

If a differential ideal on M generated by a one one—form 6 is closed then the
Frobenius theorem (Theorem C.2.3) provides a simple local normal form: There
exist functions u and y on M such that 6 =  dy. The next theorem gives a stronger
result and can be applied to the case when the Frobenius conditions do not hold.

Theorem C.5.1 (Pfaff) Let (M,Z) be an EDS such that T = <0> ji¢ for some
non-vanishing one-form 0 and let r > 0 be the smallest integer such that

0 Ado™! = 0.

Set dim (M) = N. For each x € M such that 0 A d0” # 0 at x there exists a coordi-
nate system

1 2r42 N
(w,y, oY g1, e 22

in the neighbourhood of x such that T = <dv> ifr = 0 and, if r > 0,
T=<dv—qdy' —- — 2-dY" > Jiff
and moreover

o There exists a maximal (N — r — 1)-dimensional integral manifold of T

v=qi=qy=---=g, =0.

o Any integral manifold near this one depends on one arbitrary function of r
variables, f(y',...,y") and is given by
_ 1 r _ af 1 r _
v=f(y.....Y") and q= FIViCEERE k=1,....r
This theorem is proved in [23]. We shall not reproduce this proof, but instead
concentrate on one important application: the method of characteristics.
Consider a single first-order PDE

9 9
Fxl,.  xhu 2 2 oo (C31)
dx! ax’

This PDE defines a co-dimension one-manifold M c J(R”,R) of the (2#+ 1)-
dimensional first jet space J!(R”, R) with coordinates (x', u, p; := du/dx’). If we
assume that F is smooth and not all partial derivatives d F /dp; vanish at any single
point then the implicit function theorem implies that the surface M given by

F(x1,...,x”,u,p1,---,Pn)=O
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is a smooth manifold. The PDE (C31) is modelled by an EDS 7 generated on M by
a one-form

0 = du — p;dx’.
On M the one-forms {dx’, dp;, du} are linearly dependent as
F . F F
0=df= L g g, L2,
ax! api u

Moreover 6 A (d0)" =0 and 6 A (d0)"~! # 0. Therefore the Pfaff theorem (Theo-
rem C.5.1) implies the existence of a coordinate system

W,y Y g, G, 2)

such that
0 = uldv —qudy' =+ = gudy™™)
for some non-vanishing function . The vector field
i
0z
is a characteristic vector field as it satisfies”

0 0
— 10=0 and —1do=0.
0z 0z

Using the original coordinate system we verify that the vector field

F F F F
dF 9 oF 9 (8 el ) a (C32)

“opiaw " Papou \ow TP ) ops

on J (R”, R) is tangent to the level set M = F~1(0) and satisfies

Z160=0 and ZJ1d6 =0 mod 4.

Thus, Z = v 3/9z for some non-vanishing function v. The initial value problem for
the PDE (C31) can now be solved in the following steps:

o The initial data for (C31) is an (# — 1)-dimensional submanifold ¥ of R"*! given
in parametric form by

(1, v v Sumt) —> (¥ (s), u(s)) € R™.
The natural lift of this submanifold to a graph in J!(R", R) gives an (n— 1)-
dimensional integral manifold ¥ C M of 7 that is transverse to Z.

e Construct an n-dimensional integral manifold by solving a system of ODEs to
find integral curves of Z (called the characteristic curves) and taking the union of
these curves through X. If a characteristic curve has a point in common with the
graph of a solution, it lies entirely on the graph.

7 In general Z is a Cauchy characteristic vector field if ZJ 6 € T for all 6 € T.
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e In the coordinates of the Pfaff theorem (Theorem C.5.1) the n-dimensional
integral manifold is given by

_ a
"~1) and q,-:a—fi(yl,...,y
y

for some function f which should be determined from the initial data.

v=f(y', ...,y 1)

Consider the special case of quasi-linear PDE (C31) where
0 : 0
F x,u,—u. =R’(x,u)—u.+S(x,u)
ax’ ax!
and the Cauchy characteristic vector field (C32) is
;0 ;3 AR 3S IR IS\ @
Z=NR .+p,'le— pii.+7.+p/ 7R1p,'+f —.
ax! ou ox/  dx/ ou ou /| op;

The classical treatment of this quasi-linear problem does not use the jet-space
formalism. Evaluating Z at F = 0 shows that the integral curves of Z project to
curves on the solution surface x — (x, # = u(x)) which are integral curves of

7-r2 _g9
ax! ou
The PDE F = 0 can be rewritten as
Z.n= 0,

where the vector
n=(du,...,0,u —1)

is normal to the solution surface # = u(x) in R"!. Therefore Z is tangent to this
surface. The characteristic curves which foliate the solution surface are solutions
to the system of ODEs:

% = Ri(x,u) and u=—S(x,u), i=1,...,n
(where = 9/dz) with the initial conditions given by the initial data for (C31):

x(0) = x'(s1,....55-1) and  #(0) = ug(s, ..., Su_1).

The method breaks down if the initial data is not transverse of Z. A surface tangent
to Zis called characteristic. Thus initial data specified along a characteristic surface
does not determine the solution uniquely.

o Example. Consider the initial value problem for the dispersionless KdV equation
Uy + uny = 0, u(x,0) = f(x).

The characteristic equations are

dx dt du
d—zzu, d—zzl, and d—z=0.
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The solution surface must contain the curve ¥ C R? which we parameterize as
s —> (x(s), t(s), u(s)) = (s, 0, f(s)).
Using this as the initial condition for the characteristic ODEs yields
x(s,2) = f(s)z+s, t(s,z)=z, and u(s,z)= f(s).

Eliminating (s, z) between these formulae yields the general solution in the
implicit form

u=f(x—ut). (C33)

This will be valid in the domain where the coordinates (s, z) are well defined and
can be used instead of (x, #). In general one needs to analyse the Jacobian of the
transformation to specify the domain of solution. In our case we can proceed as
follows: The characteristic curves project to the straight lines x(s) = f(s)&(s) +s
in the domain of (x, ¢) in R?. These lines have different slopes for different values
of s (say sy and s;) and thus they can intersect. The intersection will take place
at a point (x, t) € R* where

S$2 — 81
fls1) = fls2)

At this point the solution becomes multivalued, taking values f(s1) and f(sz2). To
understand it better, differentiate the implicit solution (C33) to find

_1's)
T 1+tf(s)

t=

Uy

Hence if f'(s) < O the derivative #, becomes infinite at the finite positive time
t=—[f"(s)]"". At this time the solution experiences a gradient catastrophe.

C.6 cartan-Kihler theorem

The Frobenius theorem (Theorem C.2.3) gives a criterion for the existence of
integral manifolds for EDSs generated algebraically by one-forms. The Cartan—
Kaihler theorem (proved by Cartan for Pfaffian systems, and extended to the general
case by Kahler) deals with arbitrary EDSs. Our brief presentation of the subject in
this section follows [25].

The proof of the Frobenius theorem (Theorem C.2.3) was based on Picard’s
existence theorem for ODEs. Thus the Frobenius theorem works in the smooth cat-
egory. The proof of the Cartan—Kahler theorem involves the Cauchy—-Kowalewska
existence theorem for PDEs. The Cauchy-Kowalewska theorem which we shall
state below is valid in the real-analytic category.

Let u : R"*! — RN, Thus the collection of functions #*,« = 1, ..., N, depends
on (n+1) independent variables (x',f),i =1,...,n The system of PDEs in
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Cauchy form is

ou* . d
M ped e, 28, (C34)
ot ax?

U |4y = ga(xi)~

Theorem C.6.1 (Cauchy-Kowalewska) If the equation (C34) and the initial data
are real-analytic then there exists a unique solution in the form of a power series

. . 1 .
u(t, x) = g%(x') + g4 (x')(t — to) + Egg(x’)(t — )+

which converges on some domain containing t = t.

This theorem can be refined if the first derivatives of # with respect to # are specified
only for the first r components of u, thatis, if =1, ..., » < N in (C34). In this
case the system is underdetermined as there are fewer equations than unknowns.
The general analytic solution to (C34) depends on (N — 7) arbitrary functions. This
is quite obvious, a choice of (N — r) functions is needed to put the equation in the
‘determined form’ (C34) witha =1, ..., N.

Definition C.6.2 A k-dimensional subspace E C T, M is an integral element of T if
Ole1,...,ex) =0
forall e Tk and e; e E,i=1,... k.

The set of all k-dimensional integral elements is denoted Vi(Z). It is clear that
tangent space to any k-dimensional integral manifold is an integral element. We
aim to answer the following;:

e Question. When is an integral element tangent to an integral manifold?
Certainly not always, as obstructions can arise from the Frobenius theorem.
o Example. The EDS
T = <dx Adz, dy A (dz — ydx)> 4i¢
has a two-dimensional integral element
{0x + ¥, 0y}

at each point, but no two-dimensional integral manifolds as the vectors spanning
E do not satisfy the Frobenius condition (C9).

If E C Vi(Z) and G C E is a p-dimensional subspace of E then G C V,(Z). Thus
restrictions of integral elements are integral elements. But the converse is not true,
and not every extension of integral element may be an integral element.
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Definition C.6.3 Let E C Vi(Z) be spanned by {e1, . .., ex}. The polar space of E is
H(E)={ve T.M,0(v,eq,...,ex) =0, Vo € T} c T.M.

The polar space is a vector space containing E, but it does not have to be an
integral element. However if v € H(E) and v is not an element of E then the direct
sum E @ span{v} is a (k + 1)-dimensional integral element. Thus H(E) is the space
of possible one-dimensional extensions of a given integral element. Constructing H
from a given E comes down to solving a set of linear homogeneous equations for
components of v. In practice to compute the polar space of a k-dimensional integral
element E, contract all (k + 1)-forms in the ideal with all vectors in E. The resulting
one-forms should be annihilated by all vectors in H(E). An integral element E is
called regular if the dimension of the polar space is constant in a neighbourhood
of E in Vi(Z). Moreover E is called ordinary if the intersection of V;(Z) with an
open neighbourhood of E is a smooth submanifold of the Grassmanian Gry(T M)
of all k planes in T M.
For a given E € Vi(Z) define

#(E) = dim [H(E)] — k— 1

to be the dimension of the set of (k+ 1) integral elements that contain E with
r(E) = —1 if there are no such elements.

o Example [25]. Let
T = <dx Andz, dy A (dz — ydx)> giff

be an EDS on R3. One-dimensional integral element E is spanned by e; = ad, +
bdy + cd;. The vector v = fd, + gd, + hd is in H(E) if two linear equations

cf—ah=0 and —ybf —(c—ya)g+bh=0

for (£, g, h) hold. If c — ya #0weget H(E) = Eand thus7(E) = —1.1fc—ya =0
then dim [H(E)] =2 and r(E) = 0. In particular E is not a regular integral
element.

An integral manifold S € M is called ordinary/regular iff all of its tangent spaces
are ordinary/regular elements. For regular integral manifolds we define 7(S) =
r(LiS).

Theorem C.6.4 (Cartan—Kahler) Let (M, Z) be a real analytic EDS and let ¥ ¢ M
be an n-dimensional analytic submanifold whose tangent spaces are regular inte-
gral elements such that dim[H(T, )| = n + 1. Then there exists an open neighbour-
hood of x € ¥ and a unique analytic (n + 1)-dimensional integral manifold S c U
containing ¥ N U.

The Cartan—Kihler theorem states when an #n-dimensional integral manifold can
be thickened to an (7 + 1)-dimensional integral manifold. This theorem needs to
be modified by introducing a so-called restraining manifold if the dimension of
the polar space of T, X is greater than (1 + 1). This is needed for uniqueness. The
restraining manifold R is an analytic submanifold of M of co-dimension (%)
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such that © ¢ R and T,RN H(T,X) has dimension (7 + 1) for all x € . Then
there exists a unique connected (1 + 1) analytic integral manifold S which satisfies
¥ C S C R. The reader is referred to [23] where this is discussed.

The proof of the Cartan—Kahler theorem is obtained by adopting local coor-
dinates and reducing the problem to a solution of system of PDEs of the form
(C34). This uses the Cauchy—Kowalewska theorem and so one needs to require
real-analyticity. Again, consult [23] or [90] for details.

The integral manifolds can in principle be constructed successively using the
Cartan—Kahler theorem. At each step the integral manifold is determined by a
choice of restraining manifolds and the arbitrary functions in the maximal integral
manifold parameterize these choices. We shall now discuss the Cartan test which
gives a handle on how to calculate this freedom in the ‘general solution’. Applying
the Cartan-Kahler theorem successively, starting from one-dimensional integral
manifolds gives a sufficient condition for the existence of an integral manifold
tangent to a given integral element: If E C V,(Z) contains a flag of subspaces

{0})=EycEiCc---CcE,=ECTM,

where the integral elements E, C Vi(Z) are regular, then there exists a real-analytic
n-dimensional integral manifold S C M passing through x and satisfying T P = E.

This corollary from Theorem C.6.4 is not of great practical significance, as the
regularity assumption needs to be checked at each step. Also, it gives a sufficient
condition which is not necessary as not all integral manifolds have tangent spaces
which are final objects in a flag of regular integral elements.

To get around this, consider the integral flag F = (Eo, ..., E,), not necessarily
regular, and set

¢(Eyp) := dim (T, M) — dim H(Ey), k=1,2,...,n

and let ¢(E_{) = 0. The Cartan characters of the flag F are the non-negative
numbers defined by

Sk(F) := c(Eg) — c(Eg1).

Theorem C.6.5 (Cartan test) Let (M, I) be an EDS and let F = (Ey, ..., E,) be
an integral flag of . Then V,(I) has co-dimension at least

c(F) :=c(Ep) + c(E1) + -+ c(E,_1)

in the Grassmannian® Gr,(TM) at E,. Moreover V,(I) is a smooth submanifold
of Gru(TM) of co-dimension c(F) iff the flag F is regular.

8 Recall that the Grassmannian Gry(E) is the set of k-dimensional subspaces of a vector
space E. It is a smooth manifold of dimension k[dim(E — k)]. The set of all k-dimensional
subspaces in T,M as x varies over M is denoted Grp(TM). It is a manifold of dimension
dim (M) + k[dim(M — k)]. Given a k-plane E in T, M on which dx! A--- A dxk # 0 we can choose

coordinates (x1, ..., xR oul . .u*) on M such that E is spanned by vectors
3 < ] ,
@+X1:pf{(E)87, i=1,... .k
o=

where p¢ = p¥(E) are coordinates on the fibres of Gry(TM) — M.
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Performing Cartan test on a given flag is just a matter of linear algebra. If the
flag passes the test and therefore is regular, the Cartan—Kahler theorem implies the
existence of at least one real-analytic #-dimensional integral manifold S € M such
that T,.S = E, (there will be exactly one such manifold if the 7(E,_1) = 0. Otherwise
the restraining manifold has to be chosen). Of course for a given integral element
E, there may be more than one flag which terminates at E,,. In practice it makes
sense to choose the first element in a flag such that the first Cartan character s is
as large as possible, then choose the second element such that the next character
is as large as possible, etc. The sum sy +sy +--- +s, is fixed regardless of these
choices. In what follows we shall drop the reference to the flag and write s, instead
of sg(F). The highest k such that s, # 0 is called the Cartan character. Moreover let
¢(E,) = s. Using the definitions of Cartan characters and ¢, = dim(M — n) we can
write

SQ+S + - +Sp=Cp
and rewrite the inequality in Cartan test as
dim[V,(Z)] — dim (M) < s1 + 25y + - - - + s, (C35)

where the LHS is the fibre dimension of V,(Z).
Given a flag F which passes the test it is possible to chose a coordinate system

centreed at x € U C R™* such that E, is spanned by

a

a
aixl,...,aixk}, 0§k<7’l

{
and elements H(Ey) are annihilated by the one-forms
(du', ..., du).

Let S be the collection of real-analytic integral manifolds near S. This means that
S € S if it can be represented by

u® = Fe(x', ..., x"),

where the analytic functions F? are defined in the neighbourhood of x = 0. Then
the collection S depends on sy constants, s; functions of one variable, ..., s,
functions of 7 variables. Thus the integers (sg, s1, . .., s,) measure the arbitrariness
of the general integral manifold.

o Example. A Lagrangian submanifold of R?" is an integral manifold of the ideal
generated by a symplectic structure

6 =dx' Adu' +dx* Ndu? + -+ dx" A du”.
Choose a flag
d ad ad d d

— ==} C e C =y =5y e 1
dx1 8x2} {8x1 x? )

d
0) 5l o
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For this flag H(Ey) is the whole tangent space, so ¢y = 0. Then H(E;) consists of
all vectors which annihilate du' and more generally

H(Ey) = {du', ..., duf}".
Thus
co=0,c1=1,c0=2,...,cp,=n
which implies
s0=0, s1=sy=---=5,=1.
To calculate the fibre dimension of V,(Z) note that the vectors spanning E,

annihilate the one-forms duf, k=1, ..., n. The nearby integral planes are given

by

duk=2pfkdxf, k=1,...,7l,

j=1

and the total number of symmetric coefficients p/* = p* is the fibre dimension of
V,.(Z) which appears on the LHS of the inequality (C35). This number is

n+1
2
which is also equal to the RHS of (C35). Thus we have equality and the flag is

regular. The general integral manifold depends on one function of 7 variables
and functions of lower number of variables. Explicitly

d
ukz—f, k=1,...,n,
dxck

where f = f(x!, %%, ..., x").
o Example. Consider the EDS (CS) in R®

<0' = du — pdx — qdy, 6> = dp A dq — dx A dy> g5

for the Monge-Ampere equation. The four-dimensional space V;(Z) = {6} of
one-dimensional integral elements is spanned by

{0 + PBs Dy + qOus B, Oy ).
Pick Ei = {d,} to be the first element in the flag. The two-forms in the ideal are
62, do' =dx A dp+dyndq, and o' A v,

where y is any one-form. Therefore the polar space H(E;) will consist of all
vectors annihilating 9, J 65,8, J d9', and 0'. Thus H(E;) = {dg, dx, 6'}*. This
space is two-dimensional and there is a unique extension of E; to an integral
element

E; = {0, 9, + qd,}
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(we would have got the same integral element E, if we had picked E; = {9, +
q9,}). Contracting the two vectors in E; with all three-forms in the ideal shows
that this cannot be further extended, that is, H(E,) = E,. Therefore we pick a
flag

{0} C {3,) C {dp, By +gdu} = E C T,R’.

This flag has co=5—-4=1,c1=5-2=3,c=5—-2=3and so sp=1,s1 = 2.
To perform the Cartan test we need to compute the co-dimension of V;(Z) in the
Grassmannian of two-planes. The two-planes close to E, are spanned by

Vi = 0p + 0y + POy) + POy + vdy and vy =3y +qdy, + 8(dx + PIy) + €0y + PO,
for some (a, B, ..., ¢). The conditions
0'(v1) =0, 6% v2)=0, do'(vi,v2)=0, and 6*(vi,v2)=0
give four linear equations
y=0, ¢=0, e—a=0, and B+6=0.

Thus the fibre co-dimension of V,(Z) is four which is equal to ¢y + ¢1 + 2. The
Cartan test is satisfied and the general solution to the Monge—Ampere equation
depends on two functions of one variable.

In theory one could always reduce a problem to the analysis of a Pfaffian system
(i.e. one where 7 is generated by one-forms) as any EDS can be prolonged to such
system. If a Pfaffian system is generated by

<91,...,9N>
then the vectors {e1, €2, - - -, ex} spanning Ej in a flag
{(0cEi1CEC---CE, CTM
are found by solving the system
e 10%*=0 and e J(ej)do*)=0, ihj=1,...,k a=1,....N

This however comes at the price of introducing more variables and working in
spaces of high dimension: For a system of » PDEs of order k for N functions of n
unknowns

a k,,a
Fp x”!u"‘,%,,,_,# :0, ,0:1,...,7',
ax! dx1ox’2 ... dxk

the Pfaffian system is generated by one-forms
du® — pdx',  dpf —pidx!, o dpY, L — Dy dx
on the manifold M given by the zero locus

P i o o _
F (xsu ,P,‘,"',P,-lizm,-k)—o
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in the kth jet space JK(R”, RN). There are however more economical tricks to reduce
a problem to a Pfaffian system. The following example, modified from [17], shows
one such trick.

o Example. Consider the Ricci-flat Kdhler equation (C7) in four dimensions. We
are interested in the real-analytic solutions, so we can complexify the dependent
and independent variables and regard (w, z, w, ) as independent holomorphic
coordinates on an open ball in C*. The equation (C7) is modelled by the ideal
generated by one one—form and one four—form on C’

<dQ — pdw — pdw — qdz — gdz, dp Adq A dw A dz— d AdZ A dw A dz> gigp

together with the independence condition dw A dz A dw A dz £ 0. To reformu-
late the problem as a Pfaffian system rewrite the vanishing of the four-form as

d(pdq — wdz) Adw A dz = 0.

The independence condition implies dw A dz £ 0. Thus locally there exist func-
tions a, b, ¥ such that

pdq — wdz =dT — adz — bdw

on integral manifolds. Conversely equation (C7) can be modelled as a Pfaffian
EDS

T=<0'=dQ — pdw — pdi — gdz — §dz, 6> =d¥ — adz — bdw — pdq +wdz> yif

in C'2 with coordinates (w, z, 0, 2, p. ¢, p, 4, a, b, 2, ).

The space of one-dimensional integral elements {#', 92}* is 10-dimensional, thus
co =2 and sp = 2. Let E; = {e1}. The polar space of E; is the eight-dimensional
vector space

H(E{) = {0",0% e1 2 do', e, J dO*}+.
Thus ¢y =4 and sy =¢c; —co =2. Let E; = {e1, e2}. Then
H(E;) = {0',0%, e, 1do", ey J do?, e 1 dO, e; 1 dO*},

s0 ¢ = 6 and s, = 2. We continue looking for polar spaces and extending the
integral elements. Let E3 = {ey, e, e3}. This gives® c3 = 8, s3 = 2. Pick some e4 €
H(E3) and set E4 = {e1, 2, e3, e4}. Now

H(E4) = {0",6%, ¢; 1 dO", e; J do*}, i=1,...,4

and dim[H(E4)] < 4. However E4 C H(E4) and we must have H(E4) = E4 and
the integral element E4 is not extendable. We have ¢4 =12 — 4 =8 and s4 = 0.
Thus the maximal integral manifolds may be at most four-dimensional if we
can pick a regular flag. We can verify the computations of Cartan characters by

9 The flag must be chosen carefully for this to be true. The choice (C36) will do.



C.6 Cartan—Kahler theorem

choosing the flag with
€1 =0+ 0y +(p+P)og+bds, e =0,—0p, e3=0;+0,, and e4=20;.
(C36)
Then
H(Ey) = (6",62, dp +dp, db+ dz}*
H(E,) = {6',6%, dp +dp, db+ dz, dw — dw, dg}*
H(E3) = (0", 62, dp + dp, db + dz, dw — d, dq, dz, dz}*
H(E4) = E4.

The co-dimension of V4(Z) around E = E4 can be now computed as in the
last example. The Cartan test holds and thus the general real-analytic Ricci-flat
Kahler metric in four dimensions depends on two arbitrary functions of three
variables.
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