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Identities

*Starred equations are valid only in Cartesian coordinates.

(1) (A × B) · C = A · (B × C)

(2) A × (B × C) = B(A · C) − C(A · B)

(3) ∇(fg) = f∇g + g∇f

(4) ∇(a/b) = (1/b)∇a −
(
a/b2

)
∇b

(5) ∗ ∇(A · B) = (B · ∇)A + (A · ∇)B + B × (∇ × A) + A × (∇ × B)

(6) ∇ · (fA) = (∇f) · A + f(∇ · A)

(7) ∇ · (A × B) = B · (∇ × A) − A · (∇ × B)

(8) (∇ · ∇)f = ∇2f

(9) ∇ × (∇f) = 0

(10) ∇ · (∇ × A) = 0
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(13) ∇ × (∇ × A) = ∇(∇ · A) − ∇2A

The above equation defines the Laplacian of a vector in other than Cartesian
coordinates.
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Theorems

The divergence theorem: ∫
A

A · dA =
∫

v

∇ · A dv ,

where A is the area of the closed surface that bounds the volume v.

Stokes’s theorem: ∮
C

A · dl =
∫
A

(∇ × A) · dA ,

where A is the open surface bounded by the closed curve C.
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Preface

Magnetohydrodynamics (MHD) concerns the interaction between magnetic
fields and conducting fluids. We are concerned here with macroscopic inter-
actions and, when the conducting fluid is a plasma, time scales are very much
longer than the plasma period. Plasma periods vary widely, but are short,
say 10−10 second.

We prefer the term Magneto-Fluid -Dynamics (MFD) because the disci-
pline concerns mostly plasmas, various liquid conductors, and the liquid part
of the Earth’s core. It seems that the only applications of MFD to water are
the induction of electric currents in the oceans by the Earth’s magnetic field,
and ship propulsion. But even MFD is not quite appropriate because that
term also includes solid conductors that move in magnetic fields.

This book is meant for graduate and upper-division undergraduate stu-
dents in Physics, Geophysics, and Astrophysics, as well as for practicing sci-
entists in these fields.

This book is no more than a brief introduction to MFD because this
vast subject is closely related to many others, namely Astrophysics, Elec-
trodynamics, Fluid Dynamics, Geophysics, Oceanography, Plasma Physics,
Thermonuclear Fusion, etc. We sketch the fundamentals, and provide many
Examples, as well as Case Studies related to natural phenomena.

MFD sorely needs a rethink: it must of course be totally compatible with
Physics. On the contrary, it is the custom to discuss the shapes of imaginary
magnetic field lines, without ever referring to the required electric currents.
This fundamental error leads to much nonsense. Of course, a given mag-
netic field B and its specific current distribution, of current density J , are
not distinct quantities: the magnetic field is just one property of the current
distribution. Moreover, because of Ohm’s law for moving conductors (Chap-
ter 6), J is a function of B! Indeed, the J that generates the B field depends
on B in three different ways. Even the electric potential V is a function of
v × B, as in Chapter 7.

Here, we focus our attention on the current density J . Our approach leads
to new results, and disproves a number of misconceptions.

Hannes Alfvén, who was possibly the most prominent figure of Magneto-
Fluid-Dynamics in the twentieth century, often stressed the importance of
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considering electric currents in MFD phenomena. Geophysicists and Astro-
physicists should re-read Alfvén:

[In pseudo-MHD,] the electric current is traditionally eliminated, so
that it does not appear explicitly, [so that] the formalism is not suited
for describing phenomena associated with currents [...] Most serious
is that the transfer of energy cannot be described in an adequate way
[...] The “field line reconnection” concept is misleading [...] Frozen-in
picture is often completely misleading [...] The transfer of energy [...
is] lost. This has disastrous consequences [...] a better understand-
ing [...] is possible if we derive the current system [...] Forgetting the
“frozen-in” picture [...] We have no use for “magnetic field line re-
connection” [...] this monstrous concept is a product of the frozen-in
picture in absurdum [... etc.]
(Alfvén, 1943, 1975, 1981; Alfvén and Fälthammar, 1963)

Unfortunately, Alfvén’s admonitions have gone unheeded.
Also, in our approach to MFD we take into account the electric field

−∇V of the space, or volume, charges inside conductors that move in mag-
netic fields. Although this electric field is hugely important, it is invariably
ignored. That field is important because it opposes, and even cancels, the
more prominent v × B field. Disregarding this space charge leads to absurd
situations.

Finally, our approach is different in that we calculate numerical values,
whenever possible.

This book comprises 16 chapters, each one preceded by its Table of Con-
tents and a short introductory text, and followed by a Summary. Chapters
2 to 8 provide many Examples. Chapters 9 to 16 are Case Studies. Some of
these Case Studies concern thought experiments, while the others concern
natural magnetic fields. Two Appendices follow.

The book comprises five parts. We sketch here the overall structure; for
further details, see “Looking Ahead”, after this Preface.

There is a certain amount of repetition in the Case Studies because they
are not meant to be read in precisely the same order as they are in the book.

Part I, The Early History (Chapter 1), is a brief historical introduc-
tion.

Part II, Fundamentals (Chapters 2 to 5), sketches the fundamentals
of electromagnetic fields. These chapters are meant as a review, but it is
essential to master this material thoroughly before proceeding further. The
Examples relate largely to the material in the chapters that follow.

Readers who wish to delve more deeply into the basic principles of
electromagnetic fields can refer to three other books by the undersigned
and colleagues, all published by W.H. Freeman, New York: Electromagnetic
Fields and Waves (third edition 1988), Electromagnetism: Principles and
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Applications (second edition 1990), and Fundamentals of Electromagnetic
Phenomena (2000). All three books provide many numerical examples and
problems. The first one is also published in Arabic, Chinese, French, Ger-
man, Portuguese, and Spanish; the second is also published in Chinese and
in Korean, while the third is also published in French. Those foreign editions
could be useful for readers who are not too familiar with English.

Part III, Moving Conductors (Chapters 6 to 9), explores the electric
and magnetic phenomena associated with conductors that move in magnetic
fields. These chapters are the most important in the book.

Chapter 8 provides examples related to Chapters 6 and 7.
Chapter 9 is a Case Study of the azimuthal magnetic field induced by the

rotation of the Earth’s core.
In Part IV, Natural dynamos (Chapters 10 to 14), we explore the

problem of the generation of natural magnetic fields through self-excited
dynamos. The disk dynamo of Chapter 10 is the classical model.

Chapter 11 discusses the generation of local electric currents in natural
magnetic flux tubes and flux ropes, including an interesting hypothesis: that
these tubes and ropes might act as light guides, like gigantic optical fibers.

In Chapters 12 and 13 we investigate solar magnetic elements and
sunspots as magnetic flux tubes. Then, in Chapter 14, we propose a self-
excited dynamo that possibly generates proton beams that we observe as
solar spicules. Chapters 15 and 16 concern solar coronal loops. Chapter 16
discusses at length the channeling of broad proton beams in the solar at-
mosphere.

Essentially all the material that follows the first five introductory chapters
has been published in various journals and is now rewritten, coordinated, and
much augmented. References to the original papers are given. These papers
were often written with collaborators, enumerated below.

Warning! In our Case Studies we propose models for the phenomena in-
vestigated. These models are at best plausible; they are in no way definitive!
Hopefully, readers will find alternative, superior, models. Our aim is to spur
further investigation.

In Part V, Appendices, Appendix A discusses characteristic lengths
and times, a technique that is commonly used for evaluating the order of
magnitude of variables. We show that these concepts are quite subtle, even
though they seem to be no more than common sense.

The book ends with an extensive list of references and an index.
I am grateful to the many people who made this book possible. My thanks

go first to my wife who tolerates my addiction to physical phenomena and
to MFD. It is thanks to David Crosley that I first became interested in the
Earth’s dynamo, many years ago. That led me into MFD and into some of
its many ramifications.
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My thanks go first to Anthony Peratt of the Los Alamos National Labo-
ratory for his encouragement and to Professors A.E. Williams-Jones and Al
Mucci, successively chairpersons of the Department of Earth and Planetary
Sciences of McGill University, where most of this book was written.

Many thanks to Professors Ernesto Mart́ın and José Margineda of the
Departamento de F́ısica of the Universidad de Murcia, Spain, to Jean-Louis

Antonio Castellanos of the Departamento de F́ısica of the Universidad de
Sevilla, Spain, for their hospitality.

Many thanks also to the heads of the Physics or Electrical Engineering
Departments of the following Universities in the People’s Republic of China,
again for their hospitality: Nankai University in Tianjin (Tientsin), Qing Hua
University in Beijing (Peking), Anhui University in Hefei, the University of
the Science Academy, also in Hefei, and Zongshan University in Guangzhou
(Canton).

I am particularly grateful to Serge Koutchmy of the Institut d’astrophy-
sique de Paris, with whom I have had innumerable discussions over many
years, both in Paris and through e-mail. The chapters related to the Sun
mostly concern papers written in close collaboration with him. He is the one
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elements (Chapter 12). All the images of the Sun that will be found here,
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Many thanks to the other coauthors of the papers on which the Case
Studies are based:
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Looking Ahead

Most of this book consists of Examples and Case Studies. There is
no need to run through all of them, but it is important to first study
carefully Chapters 2 to 5.

Part I. The Early History

Chapter 1, page 3

The story unfolds over two and one
half millennia, from −600 to the
1920’s. The pace was accelerating
all the while. In 1908, Hale ob-
served magnetic fields in sunspots.
Then Gouy, and then Larmor, re-
alized that self-excited dynamos
can exist in convecting conduct-
ing fluids such as the solar plasma:
they had founded Magneto-Fluid-
Dynamics. Focus on Heaviside,
who played a major role in de-
veloping the so-called Maxwellian
theory of electromagnetism.
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Part II. Fundamentals
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Chapters 2 to 5, pages 19 to 63

The Maxwell equations are the
four keys to all electromagnetic
phenomena. All about E and B,
and the many ways in which they
are related.1

Part III. Moving Conductors
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Chapter 6. Ohm’s Law for
Moving Conductors, page 73

This is where we enter Magneto-
Fluid-Dynamics proper. We need
a bit of Relativity here because we
occasionally have to think in terms
of two reference frames, one that is
fixed, and another one that moves
with the conductor. An observer in
one frame does not see the same
things as an observer in the other
frame, so we need a few simple
transformation equations. Simple,
because fluid speeds are so much
smaller than the speed of light.
Ohm’s law now needs a new term,
namely v × B, that adds to E.

1 Don’t just say “Oh I know all this.” For three reasons. First, Nature is infi-
nitely complex and there is no end to its subtleties; you keep stumbling on new
questions, and you are never through understanding. Second, the Magneto-Fluid-
Dynamics literature contains several fundamental errors related to the Maxwell
equations: there is a lot of pseudo-Physics out there! See the quotations from
Alfvén in the Preface. Third, there is a world of difference between knowing an
equation or a principle, and applying it correctly in a specific case. At the very
least, study the Examples given in these four chapters.
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Chapter 7. Charges Inside
Moving Conductors, page 87

When a conductor moves at a ve-
locity v in a magnetic field B, it
usually carries a space, or volume,
charge inside it that is a simple
function of the product v×B. The
electric field of this space charge
is always ignored in the literature,
despite the fact that it opposes,
and even cancels, v×B. The Fara-
day disk and the rotating sphere
serve as Examples.
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Chapter 8. Magnetic Fields in
Moving Conductors, page 103

What happens to a magnetic field
if you move a conducting body in
it? As a rule, currents are induced
in the conductor because of the
E+(v×B) field, and the net mag-
netic field is the sum of the ap-
plied and induced fields. However,
in some cases, the moving conduc-
tor has no effect at all on the mag-
netic field. There are nine Exam-
ples, here.

z

ρ

Chapter 9. Case Study: The
Azimuthal Magnetic Field in
the Earth’s Core, page 125

Does the Earth’s magnetic field ro-
tate? Good question! The answer
is both Yes, and No: part of the
field rotates, and the other part
does not. It turns out that the
Earth’s rotation generates an az-
imuthal magnetic field in the core.
We investigate the case where the
core rotates as a solid, and then
the case where there is differential
rotation.
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Part IV. Natural Dynamos
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Chapter 10. The Disk Dy-
namo Model, page 147

The self-excited disk dynamo is
the classical model for natural dy-
namos. The model is instructive,
despite the fact that it bears little
relation to natural dynamos.
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Chapter 11. Magnetic Flux
Tubes, Flux Ropes, and Flux
Coils, page 159

A magnetic flux tube is a bundle
of magnetic field lines, as inside a
solenoid. The configuration is com-
mon in convecting, conducting flu-
ids, like the solar plasma, where
they are self-excited dynamos. In
a flux rope the magnetic field lines
are helical. We investigate the hy-
pothesis that both tubes and ropes
might act as light guides, like op-
tical fibers. In a flux coil, the lines
are azimuthal.
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Chapter 12. Case Study: Solar
Magnetic Elements, page 189

Solar magnetic elements are small
bright spots at the surface of
the Sun. They are roughly verti-
cal magnetic flux tubes, presum-
ably the result of downwelling in
the solar plasma. In downwelling,
the plasma moves both downward
and inward, and the inward mo-
tion of the plasma in the mag-
netic field of the flux tube gen-
erates an azimuthal electric cur-
rent that adds to any existing ax-
ial magnetic field: the flux tube is
a self-excited dynamo. Solar mag-
netic elements are bright, we hy-
pothesize, because the flux tube
acts as a light guide and permits us
to see deep into the photosphere,
where the temperature is higher.

Chapter 13. Case Study:
Sunspots, page 205

Sunspots are again more or less
vertical magnetic flux tubes but,
contrary to magnetic elements,
they are dark, and not bright. We
investigate the current density,
the magnetic pressure, and the
gas density. We discuss briefly the
Wilson depression, where sunspots
are situated.
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Chapter 14 Case Study: Solar
Spicules, page 223

Solar spicules are luminous jets
that emerge from the surface of
the Sun. They are somewhat sim-
ilar to coronal loops (Chapters 15
and 16), in that they are presum-
ably proton beams, but shorter by
orders of magnitude. Spicules are
presumably generated in particle
accelerators at their base, in the
solar plasma.

Chapters 15 and 16. Case Study:
Solar Coronal Loops as Proton
Beams, I and II, pages 239 and 253

In these two chapters we attempt to
explain three incredible phenomena re-
lated to coronal loops. 1. Loops have
a uniform diameter over hundreds of
megameters, despite orders of magni-
tude changes in the ambient magnetic
flux density and gas density. 2. Loops
follow magnetic field lines, but only up
to a point: they neither fan out nor pinch
in a non-uniform field. 3. Loops do not
interact. At times one sees dozens of
loops that emerge from a single sunspot,
and that do not interact at all.
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Part V. Appendices

Appendix A. Characteristic Lengths and Times, a Justification,
page 273
It is often useful, in Magneto-Fluid-Dynamics, to evaluate the relative orders
of magnitude of two related quantities. This involves characteristic lengths
L and times T . For example, in discussing the magnetic field of the Earth,
one might use the radius of the Earth as a characteristic length. If one has
to deal with the divergence or the curl of a certain field F , and if one is only
concerned with orders of magnitude, it is the custom to substitute F/L for
|∇ · F | or for |∇ × F |. Although this seems to make sense, things are much
more complex than that. Indeed, applying this procedure to ∇ ·B = 0 yields
B = 0 ! We discuss the proper use of characteristic lengths and times.
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Our story covers two and one half millennia. It starts with
Thales of Miletus who wrote in −600 about the mineral mag-
netite. It ends with Gouy and Larmor who proposed at the
beginning of the 20th century the concept of self-excited dy-
namo to explain the existence of magnetic fields on the Sun.
All this while, the pace was accelerating.

Mankind has labored over two and one half millennia to arrive at our
present knowledge of natural magnetic fields. A striking aspect of the process,
for an early 21st century scientist, is its accelerating pace. For example, the
compass was discovered in China during the 3rd century B.C., but it came
into use for navigation only fourteen centuries later, both in Europe and in
China, more or less simultaneously. The science of natural magnetic fields
provides a good illustration of the acceleration of history.

Magnetic fields in nature originate either in certain solids, or in convect-
ing, conducting fluids. The story of magnetism starts with the magnetism of
solids, and it is only at the beginning of the 20th century that physicists,
astrophysicists, and geophysicists became aware of the fact that convecting,
conducting, fluids can spontaneously generate magnetic fields, given a seed
field. In this book we are concerned with the second type of magnetic field,
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but this first chapter concerns mostly the first type because that is where it
all started.

The first step was the discovery of magnetite, Fe3O4, which is a fairly com-
mon mineral, and which is magnetic. At first a subject of curiosity because of
its properties of attraction and repulsion, it later permitted the fabrication
of compasses. Compasses were first used for divining purposes in China, and
the orientation of compasses in the Earth’s field remained a mystery until
Pierre de Maricourt, in 1269, and then Gilbert, in 1600, found plausible, but
wrong, explanations.

The Gouy and Larmor papers to which we refer below mark the begin-
ning of Magneto-Fluid-Dynamics, over two millennia after the discovery of
magnetism.

1.1 Magnetism in China

Magnetite was discovered in China in the course of the 3rd century B.C.,
about three centuries after it was discovered in Greece.1 The first reference
in Chinese literature to the orientation of a magnetic stone in the Earth’s
field is in the Book of the Devil Valley Master dated −295. The stone was
called a South pointer. Of course the idea that North is “up” is arbitrary, and
the Chinese considered instead that South is “up”.

About the year −1000, the Chinese had invented a special kind of chariot,
called a chariot pointing South. It was equipped with a set of gears that served
to maintain its orientation, despite clouds of smoke emitted by an enemy; the
mechanism had nothing to do with magnetism.

By the first century B.C., but possibly as early as the second century B.C.,
Chinese compasses had the shape of magnetite spoons that could rotate on
a polished bronze plate and that were called South-controlling spoons. They
were used for divination.

Magnetized needles were apparently first used in China in the sixth cen-
tury A.D. In 1088 Shen Kua describes the needle compass in his Essays from
the Torrent of Dreams. He describes how a needle can be magnetized, either
by rubbing it on a magnetic stone, or by heating and then cooling it, while
oriented in the North–South direction.

Magnetic declination is the angle formed by a compass needle with respect
to the true North. It appears that magnetic declination was discovered in
China between the 7th and the 10th centuries A.D. Shen Kua is familiar
with magnetic declination, but he does not mention the use of the compass
in navigation.
1 References for this section about China: Haudricourt and Needham (1957,

pp. 483–485); Hellemans and Bunch (1988, pp. 19, 37, 39, 75); Macdonald (1957,
p. 1508); Needham and Ling (1954–1956, Vol. 1, p. 128, and Vol. 2, p. 576);
Needham, Ling, and Robinson (1962, pp. 229–230, 232, 249–250, 279–280, 334);
Sarton (1927–1948, Vol. 1, pp. 755–756, 764).
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The first mention of the use of compasses for navigation in Chinese lit-
erature is to be found in P’ingchow Table Talk by Chu Yuk, dating from
1111–1117. The compass was used by Chinese sailors between Canton and
Sumatra. The compass had the form of a small magnetized dish shaped like
a fish that floated on water. The Chinese continued to use floating compasses
until the 16th century.

It is probable that, by the end of the 11th century, the Chinese used
compasses for drawing maps.

1.2 Magnetism in Europe

The word magnetism possibly comes from Magnesia, a region in the North–
East of Greece, where magnetite was discovered. However, two cities of Asia
Minor were also called Magnesia, one of which is now Manisa, in Lydia,
close to the Western extremity of Turkey, North–East of Izmir, and the term
Lydian stone that was used at the time possibly refers to that region.

It seems that Thales of Miletus (ca. −625 to ca. −547) was the first Greek
author to mention magnets.2 He is considered to be the founder of Natural
Philosophy in the Western World; none of his texts have survived, but some
of his work was reported by later authors. Aristotle (−384 to −322) refers
to Thales’s statements about magnetite. At that time there was no clear
distinction between the electrostatic and the magnetostatic phenomena of
attraction and repulsion.3

Several other Greek and Latin authors also discussed magnetic phenom-
ena.4 For example, the Elder Pliny (23–79), in his Natural History, relates
that the architect Dinochares had undertaken the construction of the vault
of a temple of the goddess Arsinoe in Alexandria with magnetite so that the
statue of the goddess could be suspended from it.5

1.2.1 Navigation by Compass in Europe

The use of compasses for navigation is mentioned by several European authors
before the end of the 12th century.6 Alexander Neckham (1157–1217), in his
De Naturis Rerum published around 1190–1199, mentions the use of the
compass in navigation, without stressing its novelty. In fact the use of the
2 Needham, Ling, and Robinson (1962, p. 231); Sarton (1927–1948, Vol. 1, pp. 65,

71, 72).
3 Lenoble (1958, p. 325).
4 See Brothers Arnold and Potamian (1904). The authors provide many references

to Latin and medieval writings, with quotations.
5 Pliny the Elder (1855, Chap. XXXIV, 137).
6 Beaujouan (1957, p. 573); Hellemans and Bunch (1988, p. 79); Needham, Ling,

and Robinson (1962, pp. 230, 279–280); Sarton (1927–1948, Vol. 2, pp. 24, 385,
589, 592–593, 671).



6 1 The Early History

compass for navigation was perhaps secret, so that its use could have preceded
its divulging by centuries.

As we saw above, the first reference to the use of the compass for navi-
gation in Chinese literature is dated 1111–1117, while the first reference in
European literature is dated 1190–1199. Does this imply that compasses were
first used for navigation in Europe at about the same time as in China? One
plausible, but unproven, explanation is that Muslim sailors, who traveled ex-
tensively between the Far East, India, Persia, Arabia, and Africa, spread the
technology. The first reference in Muslim literature is dated about 1230, later
than in Europe, but that is probably not meaningful.7

One interesting fact is that European surveyors and astronomers used
compasses that showed the South direction, like all Chinese compasses, while
European sailors used compasses that showed the North direction.8 So the
use of the compass for surveying was possibly transmitted overland from
China to Europe by surveyors.

1.2.2 Pierre de Maricourt (Petrus Peregrinus)

Pierre de Maricourt was presumably born in Maricourt, in Picardy.9 The
dates of his birth and of his death are unknown. His surname Peregrinus (The
Pilgrim) recalls the fact that he had visited the Holy Land in the course of
the seventh crusade, led by Louis IX. His Epistola de Magnete (Letter on the
Magnet) to a friend in Picardy, is probably the first treatise of experimental
physical science.

Pierre de Maricourt was probably a military engineer. He wrote Epistola
in 1269 during the siege of Lucera, in South–East Italy, by Charles I of Anjou,
brother of Louis IX. The Letter was first published three centuries later, in
1558, about one century after the invention of the printing press.

He notes that a magnet has both a North and a South pole, that similar
poles repel, while contrary poles attract, that a magnet broken into two parts
gives two new magnets, each with its North and South poles, and that the
original magnet can be reconstituted to form a single one. Moreover, he states
that a compass moves because it is submitted to forces that act on its poles.
He fabricated a spherical magnet and observed its field lines, noting that
the magnetic force is largest near the poles. He describes in detail floating
and pivoted compasses, as well as an instrument that could serve both as a
compass and as an astrolabe.

Pierre de Maricourt does not mention magnetic declination but states,
rather, that a compass shows, not the North star, but the true North of the
7 Macdonald (1957, p. 1504); Needham, Ling, and Robinson (1962, pp. 229–230);

Sarton (1927–1948, Vol. 2, p. 630).
8 Needham, Ling, and Robinson (1962, p. 330).
9 Arnold and Potamian (1904); Beaujouan (1957, p. 542); Hellemans and Bunch

(1988, pp. 61, 81); Lenoble (1958, pp. 326–327); Merrill and McElhinny (1983,
pp. v, 5); Sarton (1927–1948, Vol. 2, pp. 24, 630).
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celestial sphere. He rejects the idea that there might be large iron deposits
at the poles.

He was much admired by his contemporary and student Roger Bacon
(1214–1280), but his work was unfortunately ignored until William Gilbert
arrived on the scene over three centuries later.

1.2.3 From Gilbert on

The year 1600 saw the publication of De Magnete by William Gilbert (1540–
1603), President of the Royal College of Physicians, and physician of Eliza-
beth the First. Gilbert attributes the orientation of a compass to the Earth
itself.10 He assumes the existence of a huge permanent magnet near the cen-
ter, and that the planets are maintained on their orbits by magnetic forces.
Gilbert was wrong in many ways, but the statement that the orientation
of the compass was to be attributed to the Earth was a major step in our
understanding of natural magnetic fields.

At the time, it was thought that the odor of garlic neutralized the mag-
netism of compasses, and sailors were strictly forbidden to eat it, but Gilbert
showed experimentally that garlic had no such effect.

Magnetic declination was discovered in China between the 7th and the
10th centuries, and centuries later in Europe, at the beginning of the 15th
century.11 Christopher Columbus was probably the first to notice that mag-
netic declination varied from one point to another.12 According to legend, his
sailors were on the point of mutiny when the compass showed a declination
of 10 degrees west but, during the night, Columbus turned the compass card.

Magnetic inclination is the angle between the Earth’s magnetic field and
the horizontal direction. It is said to have been discovered in Rome in 1544 by
George Hartmann, a parish priest in Nuremberg.13 Like Pierre de Maricourt,
Hartmann described his discovery in a letter that was lost for three centuries;
it was found in 1831.

The first laboratory dedicated to the observation of the Earth’s magnetic
field was that of Sir Nicholas Millet in London, between 1652 and 1670.14

But it was George Graham (1674–1751) who discovered in 1722, in London,
rapid fluctuations in the Earth’s magnetic field by observing a compass under
a microscope.15 We know today that these fluctuations result from random

10 Fleming (1939, pp. 2–3); Malin (1989, pp. 7–8); Merrill and McElhinny (1983,
pp. 6–7, 12). See also Physics Today (June 2000), p. 52. There exists an ex-
tensive site on Gilbert’s life and work at www.spof.gsfc.nasa.gov/earthmag/
demagint.htm

11 Beaujouan (1957, p. 573).
12 Fleming (1939, p. 2); Hellemans and Bunch (1988, p. 99).
13 Merrill and McElhinny (1983, p. 6).
14 Malin (1989, p. 35).
15 Malin (1989, p. 21–22); Merrill and McElhinny (1983, p. 11).
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electric currents induced in the ionosphere by winds in the Earth’s magnetic
field.

1.3 Faraday

Fig. 1.1. Despite the fact that Michael Faraday (1791–1867) had no education, he
became one of the greatest scientists of his time. He is the father of field theory, and
he provided the experimental, and much of the theoretical, ideas that led Maxwell
to develop electromagnetic theory. Faraday was forty years younger than Maxwell

Michael Faraday (1791–1867) was born in what is now South London.16

His life was strikingly similar to that of Heaviside (Sect. 1.6). Both were born
in the same district in very poor families. Neither had a University education:
Heaviside had to leave school at sixteen, while Faraday learned to read, write,
and cipher in his church’s Sunday School! They had no other education. Both
became among the greatest scientists of their time.

Faraday’s father was a “Northerner” who migrated to the South of Eng-
land in search for work. He was a blacksmith, but he was often ill and unable
to work, with the result that the family just barely had enough to eat. At one

16 Faraday (1852a,b,c, 1965); Gillispie (1970–1978).
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time he was given a loaf of bread that had to last him for one week. Luckily,
when he was fourteen, he was apprenticed to a book-binder, and started to
read books that were brought in for re-binding.

Later, he attended a lecture at the Royal Institution given by Humphry
Davy, one of the greatest chemists of his generation. He took notes and sent
a copy to Davy, in the hope obtaining a job in Davy’s laboratory. Some time
later, Davy offered him employment and, in 1812, Faraday began a long series
of experiments that revolutionized Chemistry. Then, in 1821, he settled at
the Royal Institution, and undertook another long series of experiments that
then revolutionized Physics.

In 1831 he started to work with Charles Wheatstone, one of Heaviside’s
uncles (Sec. 1.6), and invented the first electric motor, although in a crude
and impractical form. Possibly his most important discovery was magnetic
induction, which is now expressed as the Maxwell equation for the curl of B.
He discovered that a magnetic field can rotate the plane of polarization of
light in glass. He then discovered that some materials tend to move closer to
a magnet, while others tend to move away: he had discovered paramagnetism
and diamagnetism. Faraday was obsessed by what we now call fields, a con-
cept that is fundamental to the work of Maxwell and to all of present-day
Physics. Faraday was thus the founder of field theory.

Later in life, Queen Victoria offered him a knighthood, but he refused,
insisting that he would always be called Mr. Faraday. He died in 1867.

1.4 The Story of the “Maxwell” Equations

The story of the “Maxwell” equations is captivating.17

First, as we shall see, the “Maxwell” equations should be called, more
appropriately, the Heaviside equations.

Second, the story covers less than the fourth quarter of the nineteenth
century, despite the many fruitless attempts by Maxwellians and others at
understanding electromagnetic phenomena.

Third, there were few Maxwellians, the main ones being James Clerk
Maxwell (1831–1879), Oliver Heaviside (1850–1925), George Francis FitzGer-
ald (1851–1901), Oliver Lodge (1851–1940), and Heinrich Hertz (1857–1894).

Fourth, these were all British, except for Hertz, who was German.
Maxwell, who was Scottish, worked at Cambridge but, after his death, there
were no Maxwellians either there or at Oxford.

Fifth, Heaviside, FitzGerald, and Lodge were all born in 1850 and 1851.

17 Bork (1963); Domb (1979); Gillispie (1970–1978); Harman (1998); Heaviside
(1950); Hunt (1991).
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Fig. 1.2. James Clerk Maxwell (1831–1879) is best known for the four equations
that bear his name, but his contributions to other aspects of Physics, and even to
engineering, is highly impressive. He was Scottish, and much of his scientific writing
was done in his large estate in southwest Scotland. He was the first professor of
experimental Physics at Cambridge, and he planned and developed the Cavendish
Laboratory

1.5 Maxwell

James Clerk Maxwell was born in Edinburgh, Scotland, in 1831.18 His formu-
lation of electromagnetic theory was published in 1873,19 six years before his
premature death at the age of 48. The Maxwell theory was later reformulated
extensively by several people,20 in particular by Oliver Heaviside. See below.

Maxwell’s contribution to Physics, and particularly to Electromagnetic
Theory, was immense. He distinguished between B and H, between J and E,
and between “intensities” and “fluxes”. He introduced the terms “gradi-
ent”, “divergence”, and “curl” in Cartesian coordinates, and wrote that
E = −∂A/∂t in a changing magnetic field.

18 For the origin of the name Maxwell, see Gillispie (1970–1978).
19 Maxwell (1873).
20 Hunt (1991).
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But Maxwell’s Treatise on Electricity and Magnetism, first published in
1873, is so disorganized that it is unreadable. He explained later that “the
aim of the Treatise was not to expound his theory finally to the world but
to educate himself by presenting a view of the stage he had reached.” He
did not live long enough to reformulate it properly. It is a wonder that the
Maxwellians managed to master it. Maxwell had great admiration for Fara-
day, and he was attempting to put Faraday’s field concept into mathematical
form.

The Treatise does not state the “Maxwell” equations, because Maxwell
reasoned mostly in terms of the potentials V (then called ψ) and A. The
shift from V and A to E and B, initiated by Heaviside, caused much debate
about “the murder of ψ”.

The Maxwellians faced enormous problems. The concept of field used by
Faraday was thought to be particularly abstruse. Instantaneous action at a
distance, and the ether, were primary preoccupations. The Maxwellians de-
vised various mechanical models for the ether, with vortices, wheels, rubber
bands, cogwheels, and racks, which are all laughable today, but which were
desperate attempts at understanding what were deeply mysterious phenom-
ena. It is this context that Heaviside worked.

1.6 Heaviside

Since Heaviside (1850–1925) is little known, compared to Maxwell, it is ap-
propriate to recall his work here.21 He was born in 1850 “in a very mean
street in London”, where he lived thirteen years “in miserable poverty”, as
he later wrote. He left school when he was sixteen and, two years later, in
1868, started work as telegraph operator of the Anglo-Danish submarine ca-
ble in Newcastle. One of his uncles was Sir Charles Wheatstone, the inventor
of the Wheatstone bridge and the father of telegraphy. Recall that Faraday
worked with Wheatstone, starting in 1831. So Heaviside possibly knew Fara-
day, despite the fact that the latter was 59 years older. Heaviside remained
in Newcastle until 1874, when he returned to live with his parents. He had
no real job for the rest of his life.

Heaviside was a prolific and colorful writer, endowed with a biting wit.
He battled all his life against the scientific and mathematical establishments,
despite the fact that he had a poor health and lived as a recluse, partly
because of his deafness, and partly because of his poverty. His texts are crystal
clear, contrary to those of Maxwell, for whom he had immense admiration.
For many years Heaviside published his theories in The Electrician, which
was a trade journal. For this he was paid 40£ per year, which was less than
the salary of a laborer.

21 Gillispie (1970–1978).
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Fig. 1.3. Oliver Heaviside (1850–1925) reformulated the Maxwell theory in the form
of the present-day vector equations that bear the name of Maxwell. An outstanding
physicist and applied mathematician, he battled all his life against the scientific and
mathematical establishments of his time. Like Faraday, it is probably because he
was self-taught that he was so much ahead of his contemporaries

Although he was self-taught and worked on the fringes of the scientific
community, he became possibly the best physicist–mathematician of his gen-
eration. It is interesting to reflect upon the fact that two of the greatest British
physicists of all time, Faraday and Heaviside, had no University education at
all. Both were geniuses who were a long way ahead of their contemporaries,
and a university education would have spoilt their creativity.

Heaviside focused on the electromagnetic field , like Faraday and Maxwell.
He finally recast the Maxwell theory in the form of the four “Maxwell” vector
equations in 1884, the same year that Hertz stated them in Cartesian form.22

Hertz admitted that Heaviside had the priority, in view of the fact that
his own “proof” was “very shaky”. Clearly, the “Maxwell” equations should
rather be called the Heaviside equations.

Modern Physics owes much to Heaviside. It has been said that “The scope
and amount of his work within the field of electromagnetism is staggering.”

22 Gillispie (1970–1978) attributes the discovery of the vector formulation to
Lorentz (1853–1928) in 1895, eleven years after Heaviside.
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He introduced the use of rationalized units23 in electromagnetic theory. Heav-
iside also discovered the “Poynting” theorem24 in 1884, in the same year as
Poynting (1852–1914).

The Kennelly–Heaviside layer, which reflects radio waves in the iono-
sphere, was one of his ideas. He also discovered the “Lorentz” force (Sect. 6.3)
in 1880–1881, fifteen years before Lorentz. He foresaw superconductivity, dis-
cussed the skin effect, and founded transmission-line theory. He coined the
word “waveguide” and realized that an electromagnetic wave travels outside
wires. He also reasoned that cathode rays are streams of electrons.

As early as 1888 he calculated the E and B fields of a moving charge,
and the longitudinal contraction that involves the factor γ of relativity! This
phenomenon was later called the “FitzGerald” contraction.

Heaviside’s numerous papers on Electromagnetic Theory were later edited
by Ernst Weber.25

Heaviside’s contributions to Mathematics are equally impressive. He in-
troduced in 1882 the use of vector analysis as we know it today, independently
of J.W. Gibbs (1839–1903) in the United States. Sixty years later, electro-
magnetism was still routinely taught without vectors. Heaviside also invented
the impulse function and Operational Calculus, which both bear his name.
Operational Calculus created such an uproar in the mathematical establish-
ment that the Royal Society stopped publishing his papers on the subject in
its Proceedings.

With time, Heaviside achieved recognition and became a Fellow of the
Royal Society in 1891, at the age of 41. From about that time on, he never
strayed more than a few miles away from his home in Paington. Starting
in 1896, thanks to some friends, he was paid a Civil List Pension of 120£
per year. He received many honors in the early 1900’s, and eventually died
miserably poor in a nursing home in 1925 at the age of 75.

1.7 Zeeman, Hale, Gouy, and Larmor

During an eclipse in 1889, Bigelow (1889) observed rays diverging from oppo-
site ends of the Sun, as if it were a spherical magnet. He concluded correctly
that the Sun has a magnetic field.
23 With unrationalized units, Coulomb’s law is written F = Q1Q2/r2, without the

factor of 1/(4πε0). Then the coulomb is a mechanical quantity whose dimensions
are M1/2L3/2/T! That is bad enough; indeed, it is going back to early 19th-
century Physics. But also, the fact of “simplifying” Coulomb’s law, which is
never used, complicates most of the useful equations by adding factors of either
4π or 1/(4π). Some authors still use unrationalized units (esu, emu, Gaussian,
modified Gaussian, Heaviside–Lorentz, etc.), which were abandoned officially
back in 1939.

24 Heaviside (1950), Sect. 22.6.
25 See Heaviside (1950).
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A few years later, Peter Zeeman (1865–1943) reported that the D-line in
the spectrum of sodium vapor becomes distinctly wider when exposed to the
field of an electromagnet.26 He also reported that the radiation at the edges
of the line is polarized. He observed the same phenomenon with the red lines
of lithium. Michael Faraday had attempted the same experiment earlier, in
1862, but without success. That was Faraday’s last experiment.

The Zeeman paper was first published in the Proceedings of the Academy
of Amsterdam, then in the Philosophical Magazine and, two months later, in
the Astrophysical Journal. The paper attracted much attention among spec-
troscopists and, eleven years later, Hale (1868–1938) observed magnetic fields
in sunspots.27 These fields are as intense as those of a powerful permanent
magnet, a few tenths of a tesla. Thanks to the Zeeman effect, it had become
possible to measure magnetic fields in celestial bodies.

Ever since Bigelow’s observations it was suspected that there were mag-
netic fields on the Sun.

Magnetic fields were well-known at the time, since Maxwell’s treatise had
been published 35 years earlier. But natural magnetic fields were associated
with magnetic ores. How could an incandescent gas like that of the Sun’s
photosphere generate a magnetic field?

Four years later, in 1912, Gouy (1854–1926) stated that whirling motions
in the Sun generate intense magnetic fields, starting with a seed field.28 He
did not elaborate, but wrote that he was planning experiments.

Then, seven more years later, Larmor (1857–1942) elaborated on Gouy’s
proposal.29 In his paper, Larmor first rejects magnetic materials as the source
of the solar magnetic field, because of the high temperature. He then rejects
both electric polarization and the convection of electric charge, because the
electric fields would be too large. He then spells out the fundamental principle
of Magneto-Fluid-Dynamics, all in about 700 words. He refers neither to
Bigelow, nor to Gouy, nor to Hale.

He writes:

In the case of the Sun [...] internal motion induces an electric field [...] and

an electric current will flow [...], which may in turn increase the inducing

magnetic field. In this way, it is possible for the internal cyclic motion to

act after the manner of the cycle of a self-exciting dynamo, and maintain

a permanent magnetic field from insignificant beginnings, at the expense

of some of the energy of the internal circulation. [Our emphasis.]

That is the principle of operation of natural dynamos.
Larmor was also interested in the Earth’s field: he wrote that the above

self-generation of magnetic fields

26 Zeeman (1897).
27 Hale (1908).
28 Gouy (1912).
29 Larmor (1919).
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Fig. 1.4. Joseph Larmor (1857–1942) was Irish. He is the founder of Magneto-
Fluid-Dynamics, apparently following an idea first proposed by Gouy. He struggled
with the concept of ether and stressed phenomena, rather than the associated math-
ematics

would account for magnetic change, sudden or gradual, on the Earth merely

by change of internal conducting channels though, on the other hand, it

would require fluidity and residual circulation in deep-seated regions.

We saw above that the rapid changes in the Earth’s magnetic field have their
origin, not in the Earth’s core, but in the ionosphere.

Larmor elaborated his concept of self-excited dynamo in two later pa-
pers.30

He was Fellow and Secretary of the Royal Society, as well as Fellow and
Lecturer at St John’s College, Cambridge. “He considered himself as the last
follower of the Scotto–Irish school of Physics which dominated the world in
the nineteenth century, particularly Hamilton, MacCullagh, Maxwell, Kelvin,
and FitzGerald.”31

We start our study of Magneto-Fluid-Dynamics with a brief discussion of
the so-called “Maxwell” equations, as formulated by Heaviside.

30 Larmor (1929, 1934).
31 Gillispie (1970–1978).



Part II

Fundamentals



2 The Maxwell Equations

Contents
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.2 The Equations in Differential Form . . . . . . . . . . 20

2.2.1 Example: The Differential Form of Gauss’s
Law for Electric Fields . . . . . . . . . . . . . . . . . . . . . 23

2.2.2 Example: The Differential Form of Gauss’s
Law for Magnetic Fields . . . . . . . . . . . . . . . . . . . 23

2.2.3 Example: The Differential Form of the Law
of Faraday . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2.4 Example: The Differential Form of Ampère’s
Circuital Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.3 The Equations in Integral Form. . . . . . . . . . . . . . 24
2.3.1 Example: The Integral Form of Gauss’s Law

for Electric Fields . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.3.2 Example: The Integral Form of Gauss’s Law

for Magnetic Fields . . . . . . . . . . . . . . . . . . . . . . . . 26
2.3.3 Example: The Integral Form of the Law of

Faraday . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.3.4 Example: The Integral Form of Ampère’s

Circuital Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.4 The Displacement Current Density . . . . . . . . . . 27
2.5 The Convection Current Density. . . . . . . . . . . . . 28
2.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

All electromagnetic phenomena satisfy the Maxwell equa-
tions. These are the four magical keys that give access to
the Physics of a huge class of natural phenomena, and to
the design of electromagnetic devices and processes.



20 2 The Maxwell Equations

2.1 Introduction

We assume that the reader is familiar with vector analysis and with phasors;
otherwise he or she must study Chapters 1 and 2 of FEP,1 or of EFW,2 or
Chapter 1 and Section 15.7 of EPA,3 or equivalent texts, before going on.

All macroscopic electric, magnetic, and electromagnetic phenomena sat-
isfy the four Maxwell equations.

It is possible to express these equations in various forms, but we need
only two forms, one involving partial derivatives, which we shall use most of
the time, and the other involving integrals.

We disregard magnetic materials. Chapter 9 concerns the liquid part of
the Earth’s core, which consists largely of liquid iron, but the iron is non-
magnetic because of its high temperature. The solid part of the core is also
non-magnetic for the same reason.

We disregard moving media until Chapter 6.

2.2 The Equations in Differential Form

Excluding magnetic media, the Maxwell equations reduce to

∇ · E =
Q̃

ε0
, (2.1)

∇ · B = 0 , (2.2)

∇ × E +
∂B

∂t
= 0 , (2.3)

∇ × B = µ0J . (2.4)

Here,

ε0 is the permittivity of free space,

ε0 = 8.8541878 × 10−12 farad/meter ; (2.5)

µ0 is the permeability of free space,

µ0 ≡ 4π × 10−7 henry/meter (2.6)

(we set the relative permeability µr equal to unity because we disregard
magnetic media);

1 Fundamentals of Electromagnetic Phenomena, by Paul Lorrain, Dale R. Corson,
and François Lorrain (W.H. Freeman, New York 2000).

2 Electromagnetic Fields and Waves by the same authors and the same publisher,
third edition (1988).

3 Electromagnetism, Principles and Applications, by Paul Lorrain and Dale R. Cor-
son, by the same publisher, second edition (1990).
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εr is the relative permittivity of the medium, which is a pure number, usually
of the order of 3; we assume homogeneous, isotropic, linear, and station-
ary (HILS) media;

E is the electric field strength in volts/meter;
B is the magnetic flux density in teslas;
Q̃ (pronounced Q tilde) is the net electric space charge density in coulombs

per meter3:
Q̃ = Q̃f + Q̃b = Q̃f − ∇ · P , (2.7)

where Q̃f is the free electric charge density, while Q̃b is the bound electric
charge density that results when a dielectric is subjected to a non-uniform
electric field, and where the polarization

P = ε0(εr − 1)E . (2.8)

The quantity εr is the relative permittivity of the medium, and ε = εrε0
is its permittivity.

We can also rewrite Eq. 2.1 as follows:

∇ · E =
Q̃f

εrε0
. (2.9)

In isotropic, linear, and stationary conductors,

J = σE , (2.10)

where σ is the electrical conductivity of the medium. This is Ohm’s law,
Eq. 3.10.

All this applies if the medium, whether a conductor or a non-conductor, is
stationary. If the medium is not stationary, then some of the above equations
must be modified, as we shall see in Chapters 6 and 7.

In Eq. 2.10 we have omitted the displacement current density,4 εrε0∂E/∂t.
In the case of moving media, we also omit from the J of Eq. 2.4 the convection
current density Q̃v, where v is the velocity of the medium at the point
considered. Both currents add to J , but prove to be negligible here. See
Sects. 2.4 and 2.5 below.

The speed of light in free space is

c = (ε0µ0)−1/2 = 2.99792458 × 108 meters/second . (2.11)

It is usually impossible to measure all the variables E, B, Q̃, and J in a
given situation. For example, the Earth’s magnetic field results mostly from
electric currents in the liquid part of the core; one can measure B at the

4 The antique term “displacement” dates back to the nineteenth century; it is
seldom used.
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surface, and geophysicists try to calculate the field at the surface of the core,
but it is impossible to measure the current distribution in the core directly.

A medium is said to be homogeneous if its properties are the same at
all points; it is isotropic if its properties at a given point are the same in
all directions. A quantity is constant if it is independent of the time. If a
property, such as the density, is the same at all points in a certain region, we
say that the property is uniform.

Note carefully.

1) In the above differential form, Maxwell’s equations 2.1 to 2.4 concern
the rates of change of E and of B with respect to the coordinates and with
respect to time, at a given point and at a given time. They are local relations.

2) We have written Maxwell’s equations with E and B on the left, and
with Q̃ and J on the right, as if the latter were the sources of the field E, B.
They are indeed the sources of the field, but they are closely related to both
E and B.

3) Maxwell’s equations are linear : all variables and their derivatives ap-
pear to the first power, and there are no products or ratios of the variables
or of their derivatives.

This linearity is important. It means that, in homogeneous, isotropic, lin-
ear, and stationary (HILS) media, sources act independently of each other.
Say the field E1, B1 corresponds to Q̃1 and J1, and the field E2, B2 corre-
sponds to Q̃2, J2. Then, if the sources are Q̃1 + Q̃2 and J1 + J2, the field is
E1 + E2, B1 + B2. This is the principle of superposition.

4) In Eq. 2.3 the space rates of change of E depend on the time rate of
change of B, while Eq. 2.4 relates the space rates of change of B to the local
value of J , and hence of E.

5) Equation 2.1 is Gauss’s law for electric fields in differential form.

6) Equation 2.2 is Gauss’s law for magnetic fields in differential form;
it assumes that magnetic monopoles, or “magnetic charges”, do not exist,
which is an experimental fact, to date (2005).

7) Equation 2.3 is the differential form of the Law of Faraday. If B is
either zero or constant, then

∇ × E = 0 . (2.12)

8) Equation 2.4 is the differential form of Ampère’s circuital law. In regions
where J = 0,

∇ × B = 0 . (2.13)
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2.2.1 Example: The Differential Form of Gauss’s Law
for Electric Fields

In the field of a point charge in a vacuum, the charge density is zero. Then
we must have that ∇ · E = 0. Let us check. Here E is radial, it points away
from Q. Setting r̂ the unit vector pointing away from Q,

E =
Q

4πε0r2
r̂ and ∇ · E =

Q

4πε0
∇ ·

(
r̂

r2

)
. (2.14)

Because of the symmetry, we use spherical coordinates. From the Table on
the back of the front cover,

∇ ·
(

r̂

r2

)
=

1
r2

∂

∂r
1 = 0 , (2.15)

and ∇ · E = 0, except of course at the position of the charge Q.

2.2.2 Example: The Differential Form of Gauss’s Law
for Magnetic Fields

A current I flows in a long straight wire, in the positive direction of the
z−axis. Its magnetic field is azimuthal and, at a distance ρ,

B =
µ0I

2πρ
φ̂ . (2.16)

The magnetic field lines are circles centered on the wire.
In this field we should have that ∇ ·B = 0. Let us see. We use cylindrical

coordinates. The field has only a φ-component, and it is independent of both
φ and z. So ∇ · B = 0.

2.2.3 Example: The Differential Form of the Law of Faraday

No simple illustration of this equation comes to mind, but see Sects. 2.3.3
and 5.2.3.

2.2.4 Example: The Differential Form of Ampère’s Circuital Law

The magnetic field of the above wire is given above. So we must calculate

∇ ×
(

µ0I

2πρ
φ̂

)

in cylindrical coordinates. Outside the wire, J = 0 and we should find that
∇×B = 0. The B has only a φ-component, and it is independent of z. From
the back of the front cover, we do find that, outside the wire, ∇ × B = 0.
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2.3 The Equations in Integral Form

The integral form of Maxwell’s equations is generally less useful than the
differential form, but it is intuitively more instructive; one form complements
the other. Integrating Eqs. 2.1 to 2.4, assuming a uniform medium, and ap-
plying the divergence and Stokes’s theorems (see the page facing the front
cover), we find that

∫
A

E · dA =
1

εrε0

∫
v

Q̃f dv , (2.17)
∫
A

B · dA = 0 , (2.18)
∮

C

E · dl = − d

dt

∫
A

B · dA , (2.19)
∮

C

B · dl = µ0

∫
A

J · dA . (2.20)

In Eqs. 2.17 and 2.18, A is a closed surface bounding a volume v. The
element of area dA is a vector that is normal to A and that points outward.

In Eqs. 2.19 and 2.20, A is an open surface bounded by the closed curve C.
The positive directions for dA, B, J , and the positive direction for integra-
tion around C satisfy the right-hand-screw rule.

Stated otherwise,
∫
A

E · dA =
Qf

εrε0
, (2.21)

∫
A

B · dA = 0 , (2.22)
∮

C

E · dl = −∂Φ

∂t
, (2.23)

∮
C

B · dl = µ0IC , (2.24)

where

Qf is the net free charge inside the closed surface A,
Φ is the net magnetic flux linking the closed curve C that bounds the open

surface A,

Φ =
∫
A

B · dA , (2.25)

and
IC is the net electric current linking C.

Note the following.
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1) These equations concern closed volumes and closed curves of finite size,
and not space rates of change at a point : they are non-local relations.

2) They apply at a given time.

3) The way in which the variables change from point to point is irrelevant
here; only the integrals matter.

4) Equation 2.17 states that the total efflux of E through a closed surface
is proportional to the enclosed electric charge. This is the integral form of
Gauss’s law for electric fields.

5) Equation 2.18 states that there is zero net magnetic efflux or influx
through a closed surface. This is the integral form of Gauss’s law for magnetic
fields.

6) Equation 2.19 states that the line integral of E around a closed curve
C is equal to minus the time derivative of the magnetic flux linking C. This
line integral is the electromotance around C. The surface A is any surface
bounded by C. This is the integral form of the Law of Faraday.

7) According to Eq. 2.20, the line integral of the magnetic flux density B
around a closed curve C is proportional to the electric current IC linking C.
This is the integral form of Ampère’s circuital law.

We now illustrate Maxwell’s integral equations with a few simple exam-
ples.

2.3.1 Example: The Integral Form of Gauss’s Law
for Electric Fields

Consider a sphere of radius r with a point charge Q at its center. On the
surface of the sphere, E is normal, it points away from Q if Q is positive and,
according to the integral form of Gauss’s law,

4πr2E = Q/ε0 . (2.26)

Then, at a distance r from a point charge Q, in a vacuum, we have the
familiar relation

E =
Q

4πε0r2
. (2.27)

If, instead, there is an arbitrary charge distribution inside the sphere, then
Eq. 2.21 again applies, εr being the relative permittivity of the medium. Note
that, if there are also charges outside the sphere, then the net electric field is
affected, but Eq. 2.21 still applies.
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Fig. 2.1. Wire, perpendicular to the paper, carrying an electric current I. The
magnetic field lines are azimuthal. a, b, c, d are the sides of an imaginary volume
of height h that stands perpendicular to the paper. We show that there is no net
magnetic flux leaving that volume

2.3.2 Example: The Integral Form of Gauss’s Law
for Magnetic Fields

We return to the field of Sect. 2.2.2. Consider a volume having the cross-
section shown in Fig. 2.1 and of height h. The vector B is tangent to faces
a and b, and thus normal to the vector element of area dA. So, on those
two surfaces, B · dA = 0. Similarly, on the top and bottom faces, which are
parallel to the plane of the paper, B · dA = 0. But, on faces c and d, B is
either parallel or antiparallel to dA. The surface integrals of B over the two
faces c and d cancel and, for the complete volume,∫

A
B · dA = 0 . (2.28)

2.3.3 Example: The Integral Form of the Law of Faraday

Figure 2.2 shows a simple-minded transformer. The primary is a solenoid S
that carries a current I, and the secondary s feeds the resistance R. If I
changes, then the magnetic flux inside the solenoid changes, and a voltage is
induced in s.

According to Eq. 2.23, the voltage induced in the secondary is equal to
the rate of change of the magnetic flux Φ linking it. If the secondary has N
turns, then the secondary voltage is N times larger.5

5 This simple circuit has baffled many an author because, if the solenoid is long,
then B ∼ 0 outside. So how can the secondary be affected by a changing magnetic
flux, if it is in a region where there is no magnetic field? We return to this case
in Sect. 5.2.3.
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Fig. 2.2. A simple-minded transformer. The solenoid S carries a current I, and
the secondary s feeds the load resistance R

2.3.4 Example: The Integral Form of Ampère’s Circuital Law

Imagine a circle C of radius ρ that follows a magnetic field line around a
straight wire carrying a current I. The current that links C is I. Then we
should have that

2πρB = µ0I , or B =
µ0I

2πρ
, (2.29)

which is correct.

2.4 The Displacement Current Density

We referred to the displacement current density εrε0∂E/∂t in Eqs. 2.4
and 2.20, and we stated that, for the phenomena investigated in this book,
the displacement current density is negligible compared to the conduction
current density σE in a stationary medium.

We can justify this approximation as follows. Assume a stationary medium
in which E is a sinusoidal function of the time. Then the conduction current
density is

σE = σE0 exp jωt , (2.30)

the displacement current density is

εrε0
∂E

∂t
= εrε0jωE0 exp jωt , (2.31)

and ∣∣∣∣εrε0jωE0 exp jωt

σE0 exp jωt

∣∣∣∣ =
εrε0ω

σ
. (2.32)

The displacement current density is therefore negligible, compared to the
conduction current density, if εrε0ω/σ � 1.
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For terrestrial and solar media, relative permittivities εr vary between 1
(solar plasma) and 80 (sea water), and conductivities σ vary between about 5
siemens/meter (sea water) and 3× 105 siemens/meter (the liquid part of the
Earth’s core). The worst case is that of sea water, with εr = 80 and σ = 5.
In that case, after substituting ε0 = 8.85 × 10−12 farad/meter, we find that

∣∣∣∣εrε0∂E/∂t

σE

∣∣∣∣ =
80 × 8.85 × 10−12ω

5
= 1.42 × 10−10ω . (2.33)

So, for terrestrial and solar media, the displacement current density is neg-
ligible compared to the conduction current density, if the frequency is much
less than about one gigahertz. That condition is amply satisfied, here.

The same result follows from the method of Appendix A. From Eq. A.78,
we obtain, for typical values of the fields,

εrε0|∂E/∂t|typical

σEtypical
∼ εrε0Etypical/T

σEtypical
=

εrε0
σT , (2.34)

where T is a characteristic time of the phenomenon observed. For sea water,

εrε0|∂E/∂t|typical

σEtypical
∼ 1.42 × 10−10

T . (2.35)

These results apply to a stationary medium. For non-stationary media,
displacement currents are also negligible, at least in many circumstances,
such as in a highly conducting plasma. See Exercise 3 at the end of Sect. A.8.

2.5 The Convection Current Density

In the J of Eq. 2.4 we also disregarded the convection current density Q̃v,
where Q̃ is the electric space charge density and v the velocity of the medium.
Is the convection current density also negligible?

Conductors that move in a magnetic field carry a space charge (Sect. 7.2)

Q̃ = −ε0∇ · (v × B) , (2.36)

under steady conditions in a uniform medium. If we are only interested in
the orders of magnitude of typical values of the fields, then, according to
Eq. A.83 of Appendix A, we may write that

|Q̃|typical � ε0
|v × B|typical

L ≤ ε0
(vB)typical

L , (2.37)

where L is a characteristic length of the phenomenon studied. For example,
in the case of the Earth, L might be the Earth’s radius.
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Now assume that

(vB)typical ∼ vtypical Btypical , (2.38)

|Q̃v|typical ∼ |Q̃|typical vtypical . (2.39)

For a discussion of this kind of equation, see Sect. A.7 of Appendix A.
For the typical value of the convection current Q̃v, then

|Q̃v|typical � ε0
Btypical v

2
typical

L . (2.40)

On the other hand, for the net current density, resulting from the move-
ment of all charges, we have, from Maxwell’s equation 2.4 and Eq. A.84,

Jnet typical =
1
µ0

|∇ × B|typical ∼
Btypical

µ0L
. (2.41)

We have a ∼ sign here, instead of a �, because B is a so-called “transversal”
field, since its divergence is zero (Sect. A.6.3).

From the two above equations, the ratio of the magnitudes of the convec-
tion and net current densities is

|Q̃v|typical

Jnet typical
�

ε0Btypical v
2
typical/L

Btypical/(µ0L)
= ε0µ0v

2
typical =

v2
typical

c2
. (2.42)

Here, vtypical will be, at most, 2 kilometers/second (solar plasma). Then

|Q̃v|typical

Jnet typical
� 4 × 106

9 × 1016
∼ 10−10 . (2.43)

We were therefore justified in neglecting both displacement and convec-
tion currents in the J of Eq. 2.4.

Now consider a conducting disk rotating in a magnetic field. Assume a
steady state in which there are no conduction currents in the disk. There is
a convection current, however, since there are space charges (Eq. 2.36), or
at least surface charges. Does this contradict Eq. 2.42? In fact it does not,
because the typical values in Eq. 2.42 are typical, not for the rotating disk
alone, but for the total field. There are other currents, outside the disk, that
produce the ambient B. It is those currents that make the overall Jnet typical

much larger than |Q̃v|typical.

2.6 Summary

We restate Maxwell’s equations as follows. These equations apply to homo-
geneous, isotropic, linear, and stationary (HILS) media.
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At a given point and at a given time, the divergence of E is proportional
to the electric charge density Q̃:

∇ · E =
Q̃

ε0
. (2.1)

As a consequence, the integral of E over the closed surface A enclosing
a volume v is given by∫

A
E · dA =

1
ε0

∫
v

Q̃ dv . (2.17)

These are two equivalent statements of Gauss’s law for E.
The divergence of B is equal to zero:

∇ · B = 0 (2.2)

and, as a consequence, the surface integral of B over a closed surface is equal
to zero: ∫

A
B · dA = 0 . (2.18)

These are two equivalent forms of Gauss’s law for B.
At a given point and at a given time, the curl of E is equal to minus the

time derivative of B:

∇ × E = −∂B

∂t
. (2.3)

It follows that the line integral of E around a closed curve C is equal to
minus the time derivative of the magnetic flux Φ linked by C:∮

C

E · dl = − d

dt

∫
A

B · dA . (2.19)

These are two equivalent statements of the Law of Faraday.
The curl of B is equal to µ0 times the current density:

∇ × B = µ0J . (2.4)

Then the line integral of B over a closed curve C is equal to the current
through an open surface A bounded by C:∮

C

B · dl = µ0

∫
A

J · dA . (2.20)

These are two equivalent statements of Ampère’s circuital law.
In isotropic, linear, and stationary conductors, the electric current density

J is proportional to E:
J = σE . (2.10)

This is Ohm’s law. This relation is only part of a more general one that we
shall use extensively and that applies to moving conductors. See Sect. 6.4.
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Our objective in Chapters 2 to 5 is to set the stage for
our study of magneto-fluid-dynamic phenomena. Here we
think about electric fields in simple cases: for the moment
there are no magnetic fields, and no moving conductors. We
present an Example and a Case Study: the first concerns a
proton beam, and the second the electrostatic potential at
the surface of the Sun.

In this chapter we study the electric fields that result from accumulations
of electric charge. By hypothesis, the charges move slowly, and accelerate
slowly. We assume that v2 � c2, where v is the speed of the charge and c is
the speed of light. Then the fields of the electric charges are essentially the
same as if they were stationary.

We disregard magnetic fields, for the moment.

3.1 Electric Fields and Forces

Charged particles, whether positive or negative, carry multiples of the electron
charge
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e = 1.602176462 × 10−19 coulomb . (3.1)

Electric charges possess electric fields: at a distance r from an isolated
point charge of Q coulombs, in a vacuum,

E =
Q

4πε0r2
r̂ , (3.2)

where the unit vector r̂ points away from the charge Q.
Inside a uniform dielectric εr, at points near Q and remote from the sur-

face,

E =
Q

4πε0εrr2
r̂ . (3.3)

Electric fields can exist in a vacuum, or in any material medium, whether
solid, liquid, or gaseous, and whether insulating or conducting.

If the short vector dl is parallel to E, then joining dl vectors end-to-end
defines an electric field line.

If Q lies in a region where there is an electric field E because of the
presence of other electric charges, then the electric force exerted on Q by
these other charges is

F = QE . (3.4)

The force points in the direction of E if Q is positive.
Combining Eqs. 3.2 and 3.4, the force exerted by a point charge Q1 on a

point charge Q2 a distance r away is

F =
Q1Q2

4πε0r2
r̂ , (3.5)

where the unit vector r̂ points away from Q1. The force is repulsive if the
charges are of the same sign, and attractive if they are of different signs. This
is Coulomb’s law for charges in a vacuum.

Electric forces are huge: the force between two charges of one coulomb,
separated by a distance of one meter would be about one megaton! Paradox-
ically, it is because electric forces are so large that they are usually unim-
portant in everyday life: an electrically charged macroscopic body attracts
charges of opposite sign and quickly becomes neutral, or nearly so.

You guessed it: gravitational forces are completely negligible compared to
electric forces. For example, at the surface of the Sun, g = 273 meters/second2.
The electric and gravitational forces on an electron at the surface of the Sun
would be of equal magnitudes for an electric field of only about 1.6 nano-
volts/meter. See Sect. 3.9.

A body that carries a net electric charge density Q̃ and that lies in an
electric field E is subjected to a force of density

F̃ = Q̃E . (3.6)

Electric forces are usually negligible compared to magnetic forces (Sect. 4.8).
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3.2 Electric Currents

In good conductors, each atom, more or less, has one weakly bound conduction
electron that is free to move about in an electric field. The positive ions remain
fixed in the lattice.

Good conductors are usually solid, homogeneous, and isotropic.
Set ne equal to the number density of the conduction electrons. If the

electron cloud drifts at a velocity v, then the current density is

J = −neev , (3.7)

where e is the magnitude of the electronic charge, as in Eq. 3.1, and is a
positive number. The charge density −nee is negative, and J and v point in
opposite directions.

Now set
v = −ME , (3.8)

where the mobility
M = |v|/|E| (3.9)

is a positive quantity. Then

J = neeME = σE . (3.10)

This is Ohm’s law, and the conductivity

σ = neeM . (3.11)

However, see Sect. 6.4.
Liquid conductors, or electrolytes, conduct electricity because positive ions

drift in the direction of E, and negative ions and electrons in the opposite
direction. The liquid remains neutral.

Ionized gases, or plasmas, can contain free electrons, negative ions, and
positive ions that drift similarly. The electrons carry most of the current
because they are much lighter and faster than the ions, and because their
mean-free-path between collisions is much longer. Plasmas are normally neu-
tral: their net electric charge density is zero.

The conductivity of a plasma is anisotropic in the presence of a magnetic
field, electrons drifting more rapidly in the direction parallel to the local mag-
netic field than in perpendicular directions. The perpendicular conductivity
is a function of B2 (Cambel, 1963). The conductivity is then a tensor. The
same effect also occurs in solid conductors, but it is then usually negligible.
The distinction between parallel and perpendicular conductivity is not useful
for our purposes here because, as a rule, the vectors J and B will be neither
parallel nor perpendicular.
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3.2.1 Example: The Drift Speeds of Charge Carriers

A current of 1 ampere flows in a copper wire having a cross-section of 1 square
millimeter. What is the speed of the charge carriers?

Copper has an atomic weight of 64. Thus the mass of one atom is 64 times
the mass of a proton, or 1.1 × 10−25 kilogram. Copper has a mass density
of 8.9 × 103 kilograms/meter3, and thus 8.1 × 1028 atoms/meter3. With one
conduction electron per atom, their charge density is

Q̃ce = −8.1 × 1028 × 1.6 × 10−19 = −1.3 × 1010 coulombs/meter3 ! (3.12)

There are surface charges but, inside, the net charge density is normally zero.
(If the conductor moves in a magnetic field then, as rule, the charge density
inside is not zero. See Chapter 7.)

From Eq. 3.7, the drift speed of the conduction electrons is low. For the
above case,

vd =
1/(1 × 10−6)

8.1 × 1028 × 1.6 × 10−19
= 7.7 × 10−5 meter/second , (3.13)

or about 0.1 millimeter/second, or about 6 centimeters/minute!
Does that make sense? After all, light bulbs turn on instantaneously! Upon

turning on a light bulb, an electromagnetic wave travels along the wires at
about the speed of light and applies a longitudinal electric field both to the
wires and to the bulb. So the cloud of conduction electrons has hardly moved
at all by the time the light bulb is on, even kilometers away. In the above
case, the drift speed is lower than the speed of light by a factor of

3 × 108/(7.7 × 10−5) ≈ 4 × 1012 !

3.3 The Conservation of Electric Charge

It is an experimental fact that electric charge is indestructible. Given a volume
v bounded by a closed surface A, the net efflux of charge through A is equal
to the rate of depletion of the charge within v:

∫
A

J · dA = − d

dt

∫
v

Q̃ dv = −
∫

v

∂Q̃

∂t
dv . (3.14)

As usual, the vector dA is normal to A and points outward.
Applying the divergence theorem (see the page facing the front cover),

∇ · J = −∂Q̃/∂t . (3.15)

This is the law of conservation of charge in integral and in differential form.
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3.3.1 Example: The Relaxation Time of a Conductor

Usually, conductors carry surface charges, but any net charge injected inside,
say with a high-energy electron beam, disappears rapidly. However, as we
shall see in Chapter 7, conductors that move in magnetic fields do carry
permanent space, or volume, charges as a rule.

Imagine a spherical surface S of radius a inside a block of conductor. The
net charge density inside S is uniform. The free charge enclosed is Q and, at
the surface, from Eqs. 3.3 and 3.10,

E =
Q

4πεrε0a2
r̂ , J = σE =

σQ

4πεrε0a2
r̂ . (3.16)

Then, from Eq. 3.14,

dQ

dt
= −4πa2J = −σ

Q

εrε0
, (3.17)

Q = Q0 exp
(
− σ

εrε0
t

)
. (3.18)

The charge Q decreases by a factor of e in a relaxation time

τ = εrε0/σ , (3.19)

where we can set εr ≈ 3. This time is of the order of 10−19 second for a
good conductor, if we assume that the conductivity σ is the same at all time
scales. Real relaxation times are longer by a few orders of magnitude, but are
still very short.

The relaxation times for electrostatic charges inside conductors is short,
even for very poor conductors. For example, to achieve a τ of one sec-
ond, the conductivity would have to be equal to εrε0, or about 10−11

siemens/meter, while the conductivity of copper at room temperature is
5.8 × 107 siemens/meter.

Here is a more general proof of Eq. 3.18: take the divergence of both sides
of Eq. 3.10, assuming a homogeneous medium:

∇ · J = σ∇ · E . (3.20)

Now substitute Eq. 3.15 on the left, and Eq. 2.1 on the right:

−∂Q̃

∂t
=

σ

εrε0
Q̃ . (3.21)

Then

Q̃ = Q̃0 exp
(
− σ

εrε0
t

)
. (3.22)
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3.4 The Electric Potential V

It is convenient to describe electric fields in terms of the electric potential V .
This scalar quantity is expressed in volts. Contrary to a vector, a scalar has
only a magnitude. Both E and V are usually functions of the coordinates,
which makes them point functions, as well as functions of the time.

Near an isolated point charge Q in a dielectric εr,

V =
Q

4πε0εrr
. (3.23)

In general, at a point P , in a vacuum,

V =
1

4πε0

∫
∞

Q̃

r
dv , (3.24)

where dv is an element of volume at the point P ′ where the electric charge
density is Q̃, and where r is the distance between P and P ′. This equation
sets V equal to zero at points infinitely remote from any charge. We are
concerned here with static electric fields, and Q̃ is constant.

In electrostatic fields,
E = −∇V . (3.25)

This applies only in the absence of time-dependent magnetic fields, when
∇ × E = 0 in Eq. 2.3. See Eq. 5.5.

There is an important difference between E and V . At a given point, E
has a specific value that is measurable, at least in principle, but not V : one
can add to V , for example to the integral of Eq. 3.24, any quantity that is
independent of the coordinates, say K, without affecting −∇V = E. So the
value of V remains undefined until one has chosen, arbitrarily, a value for K.

3.5 The Equations of Poisson and of Laplace

Substituting Eq. 3.25 into Eq. 2.1,

∇ · ∇V = ∇2V = − Q̃

ε0
= − Q̃f

εrε0
. (3.26)

This is Poisson’s equation for V . In regions where Q̃f = 0, Laplace’s equation
applies and

∇2V = 0 . (3.27)

These two equations apply on three conditions: the electric field must be
constant, the medium must be homogeneous, and it must also be stationary
if there is a magnetic field.
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3.6 Joule Losses

In the absence of an electric field, the cloud of conduction electrons in a good
conductor is in thermal equilibrium with the crystal lattice. Upon application
of an electric field, the conduction electrons drift in the direction of −E and
gain kinetic energy, which they share with the lattice through collisions. The
power thus dissipated in the conductor, per cubic meter, is

P̃ = E · J = σE2 = J2/σ . (3.28)

The same losses occur in electrolytes and in plasmas.
When a current I flows through a resistance R, it dissipates a power

P = I2R . (3.29)

3.7 Electric Energy

Electric fields exert forces on electric charges, as in Eq. 3.4. Although electric
forces are usually negligible, it is occasionally necessary to take into account
the electric energy stored in an electric field, which is

Ee =
∫

v

εrε0E
2

2
dv . (3.30)

The electric energy density is (εrε0E2/2) joules/meter3.

3.8 Example: A Proton Beam I

As a preparation for our investigation of the propagation of a broad proton
beam in the solar atmosphere in Chapters 15 and 16, we discuss here the
elementary case of propagation in a vacuum.

In Fig. 3.1, V = 106 volts, the beam current is 1 milliampere, the beam
diameter 1 millimeter, and T has an inside diameter of 10 centimeters. A
proton has a mass of 1.67262158 × 10−27 kilogram.

a) Calculate the proton speed.

Each proton has a kinetic energy of 106 electronvolts. If V is the acceler-
ating voltage, 106 volts,

1
2mv2 = eV , (3.31)

v =
(

2eV

m

)1/2

= 1.384 × 107 meters/second . (3.32)
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Fig. 3.1. Schematic diagram of a proton accelerator. A gas discharge within the
source S ionizes hydrogen gas to produce protons. Some of the protons emerge
through a hole and are focused into a beam B inside a conducting tube T . The
source is at the potential V and the target, at the right-hand end, is grounded

Recall that the speed of light is approximately 3 × 108 meters/second, from
Eq. 2.11. So v2 � c2 and the protons are non-relativistic.

b) Calculate the current density J, the charge density Q̃,

and the charge per meter λ.
Assume that the current density is uniform over the cross-section of the

beam and call the beam radius a. Then

J = I/(πa2) = 1.273 × 103 amperes/meter2 , (3.33)

Q̃ = J/v = 9.198 × 10−5 coulomb/meter3 , (3.34)
λ = I/v = 7.225 × 10−11 coulomb/meter . (3.35)

c) Calculate the electric field strength outside the beam.

We use Eq. 2.17. Call the inside diameter of the copper tube b. Consider
an imaginary cylinder of radius ρ, with a ≤ ρ ≤ b, that is coaxial with the
beam and that has a length l. The electric charge inside the cylinder is λl. By
symmetry, the electric field is radial. The beam is in a vacuum and εr = 1.
Then, from Eq. 2.17,

2πρ lε0Eoutside = λl , (3.36)

Eoutside =
λ

2πε0ρ
=

1.299
ρ

volts/meter . (3.37)

See Fig. 3.2.

d) Calculate the electric field strength inside the beam, as-

suming a uniform current density.
We again use Eq. 2.17:

Einside =
πρ2Q̃

2πε0ρ
= 5.194 × 106ρ volts/meter . (3.38)
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Fig. 3.2. The electric field strength E inside and outside the proton beam of
Fig. 3.1

At the surface of the beam, Einside = Eoutside = 2.593 × 103 volts/meter.

e) Calculate the electric potential outside the beam.

From Eq. 3.25,

∂Voutside

∂ρ
= −Eoutside = − λ

2πε0ρ
, (3.39)

Voutside = − λ

2πε0
ln ρ + K , (3.40)

where K is a constant of integration. Since, by hypothesis, Voutside = 0 at
ρ = b = 5 centimeters,

Voutside =
λ

2πε0
ln

b

ρ
= 1.299 ln

0.05
ρ

volts . (3.41)

At the surface of the beam, ρ = 5 × 10−4 meter and

Voutside, ρ=a = 5.982 volts . (3.42)

f) Calculate the electric potential inside the beam.

Inside,
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6.631

5.982

V  
(volts)

0 5 10

ρ (millimeters)

Fig. 3.3. The electric potential V inside and outside the proton beam of Fig. 3.1

∂Vinside

∂ρ
= −Einside = −ρQ̃

2ε0
, (3.43)

Vinside = − Q̃ρ2

4ε0
+ L , (3.44)

where L is another constant of integration. Since, at the surface of the beam,
Voutside = Vinside ,

L = 5.982 +
Q̃a2

4ε0
, Vinside = 5.982 + 2.597 × 106(a2 − ρ2) volts , (3.45)

Vρ=a = 5.982 volts , Vρ=0 = 6.631 volts . (3.46)

See Fig. 3.3.

g) Check Laplace’s equation 3.27 outside the beam,

where Q̃ = 0.
We use cylindrical coordinates, with ∂/∂φ = 0, ∂/∂z = 0. Then

∇2Voutside =
1
ρ

∂

∂ρ

(
ρ
∂Voutside

∂ρ

)
(3.47)

=
1
ρ

∂

∂ρ
(−ρEoutside) (3.48)

=
1
ρ

∂

∂ρ

[
ρ

(
− λ

2πε0ρ

)]
≡ 0 . (3.49)
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h) Check Poisson’s equation inside the beam.

Similarly,

∇2Vinside =
1
ρ

∂

∂ρ

(
ρ
∂Vinside

∂ρ

)
=

1
ρ

∂

∂ρ
(−ρEinside) (3.50)

=
1
ρ

∂

∂ρ

[
ρ

(
−ρQ̃

2ε0

)]
= − Q̃

ε0
. (3.51)

i) Show that, in accordance with Eq. 2.3, the curl of E equals

zero both outside and inside the beam.

Since E has only a radial component that is independent of both φ and z,
∇ × E ≡ 0.

j) Calculate the electric energy per meter outside the beam.

The electric energy density is ε0E
2/2, from Sect. 3.7. Then

Ẽoutside =
∫ b

a

ε0E
2
outside

2
2πρ dρ = 2.162 × 10−10 joule/meter . (3.52)

k) Calculate the electric energy per meter inside the beam.

Similarly,

Ẽinside =
∫ a

0

ε0E
2
inside

2
2πρ dρ = 1.173 × 10−11 joule/meter . (3.53)

l) Calculate the radial electrostatic force of repulsion on a

proton at the periphery of the beam.
From Eq. 3.38,

Fel, ρ=a = eEin, ρ=a = e
ρI

2πε0a2v
(3.54)

= 4.161 × 10−16 newton . (3.55)

So what is the acceleration of a proton that is subjected to this force?

Acceleration =
4.161 × 10−16

1.673 × 10−27
≈ 2.5 × 1011 meters/second2 !

As we shall see in Sect. 4.11, there is also a magnetic pinching force that
more or less opposes the electric force.

3.9 Case Study: V at the Surface of the Sun

The surface of the Sun that one sees in white light is known as the photo-
sphere. Its temperature is about 6400 kelvins, and the pressure about 1.2×104
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pascals, or about one eighth of the atmospheric pressure at the surface of the
Earth. All the elements are present, but hydrogen (90%) and helium (9%)
predominate. Only a small fraction of the hydrogen, about 0.04%, is ionized,
and the number densities of free electrons and protons are about equal.

What is the electrostatic potential V at the surface of the Sun? The
potential is not zero because electrons tend to escape more easily than the
much heavier, and slower, ions. Must the net current be zero? Yes because,
otherwise, the electrostatic charge on the Sun would drift... and the Sun has
been around for quite a while! What is your guess? Is V positive or negative?

It is this evaporation that causes the solar wind. A similar phenomenon
occurs on stars and galaxies.

This evaporation does not seem to have any appreciable astrophysical
significance. Even giant galaxies have center-to-surface potential differences
that are only of the order of one kilovolt, like the Sun.

The fraction F of the particles that possess enough energy to escape is
given by

F = exp
(
−mv2/2

kT

)
, (3.56)

where v is the escape velocity, k is the Boltzmann constant, and T the surface
temperature. This is the Maxwell velocity distribution function.

a) First, what is the escape kinetic energy for an uncharged particle of
mass m at the surface of a star of mass M and radius R?

The energy required to pull m away from the radius R to infinity, against
the gravitational attraction, is GMm/R. So the escape kinetic energy,

1
2
mv2 = G

Mm

R
, (3.57)

is proportional to the particle mass m, but the escape velocity v is independent
of m.

If electrons and protons were uncharged, then the fractions F for electrons
and for protons would be

Fe = exp
(
−GMme

RkT

)
, Fp = exp

(
−GMmp

RkT

)
, (3.58)

and then we would have that

Fe

Fp
= exp

[
GM

RkT
(mp − me)

]
	 1 . (3.59)

This last exponent is about 4×103, and the ratio on the left is an even vastly
larger number: electrons would escape much more easily than protons.

b) Now what is the escape kinetic energy for a charged particle?
The additional energy that is required to pull a particle of charge q out

to infinity is −qV , where V is the electric potential at the radius R, or minus
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the electric potential energy.1 The extra energy required, −qV , is positive if
q and V have opposite signs, or if the electric force is attractive.

The escape kinetic energy for a particle of mass m and charge q is thus

1
2
mv2 = G

Mm

R
− qV . (3.60)

c) So what is the equilibrium electric potential V at the surface of the
star? Assume free electrons and protons at the same temperature, and zero
net current.

The number densities of protons and electrons remain constant in a sta-
tic situation. So Fe = Fp, and the escape kinetic energies for protons and
electrons are equal. As usual, set e = +1.6 × 10−19 coulomb. That is the
magnitude of the proton and electron charges. Then

G
Mmp

R
− eV = G

Mme

R
+ eV , (3.61)

G
M(mp − me)

R
= 2eV , (3.62)

G
Mmp

R
≈ 2eV , V ≈ G

Mmp

2eR
, (3.63)

and the electrostatic potential V at the surface of the star is positive: electrons
escape somewhat more easily than protons.

d) For the case of the Sun, see the page facing the back cover for the
values of the physical constants. In that case,

V ≈ (6.7 × 10−11)(2 × 1030)(1.7 × 10−27)
2 × (1.6 × 10−19)(7 × 108)

≈ +1000 volts . (3.64)

Since V = Q/(4πε0R),

Q ≈ 4 × 3.14 × (8.85 × 10−12)(7 × 108) × 1000 ≈ +80 coulombs . (3.65)

There are slightly more free protons than free electrons on the Sun. The
excess mass of protons is

80 × 1.7 × 10−27

1.6 × 10−19
≈ 1 × 10−6 kilogram ,

or about 1 milligram... while the Sun has a mass of 2 × 1030 kilograms!
Since the escape kinetic energies are equal, the escape velocities are dif-

ferent, the escaping protons are much slower than the escaping electrons, and
there is a net positive space charge density in the atmosphere of the Sun.
1 The electric potential energy qV is equal to zero when q is at an infinite distance

from the star, where V is zero, and its magnitude is proportional to 1/r. It is
positive if q and V have the same sign, and negative otherwise. In both cases, the
electric force tries to decrease the potential energy. If you sketch a graph of the
electric potential energy qV as a function of r, you will check that the electric
force is repulsive if q and V have the same sign, and attractive otherwise.



44 3 Electric Fields

3.10 Summary

Electric charge is conserved : any charge that appears within a given volume
v bounded by a closed surface A results from a net electric current crossing
the surface A: ∫

A
J · dA = −

∫
v

∂Q̃

∂t
dv . (3.14)

At a given point, Eq. 3.15 applies:

∇ · J = −∂Q̃/∂t . (3.15)

Normally, any net electric charge resides at the surface of a conducting
body: any net charge deposited inside escapes to the surface within an exceed-
ingly short time. We show in Chapter 7 that, on the contrary, conductors that
move in magnetic fields usually carry a permanent net space charge inside.

In the absence of a time-dependent magnetic field,

E = −∇V . (3.25)

In time-independent fields and in homogeneous media,

∇ · ∇V ≡ ∇2V = − Q̃f

εrε0
. (3.26)

A medium of conductivity σ that carries a current of density J dissipates
energy through the Joule effect and the power density is

P̃ = E · J = σE2 = J2/σ . (3.28)

When a current I flows through a resistance R,

P = I2R . (3.29)

The energy density in an electric field is εrε0E
2/2, as in Eq. 3.30.
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After Chapters 2 and 3, this is our third step towards MFD.
In this chapter we need not worry about electric fields; that
was the object of the preceding chapter. We now have con-
stant magnetic fields, generated by constant currents. Our
application to solenoids will serve later in relation with so-
lar magnetic elements and sunspots. We then have a glimpse
at the Earth’s magnetic field, and we return to the proton
beam.

In discussing magnetic fields it is essential to refer con-

stantly to the associated currents.
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Although this point was repeatedly stressed by Alfvén (1975, 1981), his
warnings have been left unheeded. It is of course pointless to discuss the
shapes of imaginary magnetic field lines, unless the required electric current
distribution can be justified.

Also, since we are concerned here largely with magnetic fields generated
by convecting conducting fluids, it is equally important to ask what type of
self-excited dynamo can generate the required electric current distribution.
See Chapters 10 and following.

As stated in Sect. 2.2, we reserve the term constant for quantities that do
not vary with time, and the term uniform for quantities that have the same
value at every point in a given region. Many authors unfortunately use the
term constant for both properties.

This chapter concerns time-independent magnetic fields; the next chapter
explores time-dependent magnetic fields. As always, we disregard magnetic
media.

4.1 Magnetic Field Lines

Define dl as a short vector parallel to B. Then, joining dl vectors end-to-end
defines a magnetic field line.1 We return to magnetic field lines in Chapter 6.

Magnetic field lines serve to visualize the configuration of a magnetic
field. They also serve to either explain or predict, qualitatively, magnetic
forces, as we shall see in Sect. 4.8.2. It has long been realized that, otherwise,
magnetic field lines have no physical significance (Slepian, 1951). They are of
course invisible because they are not material objects. They are an invaluable
“thinking crutch”, but no more. Unfortunately, many authors treat them,
implicitly, as material objects.

4.2 The Magnetic Flux Density B at a Point

At a point P in space,

B =
µ0

4π

∫
v

J × r̂

r2
dv , (4.1)

where J is the electric current density at the point P ′, dv is the element
of volume at P ′, r̂ is the unit vector that points from P ′ to P , and r is the
distance between P ′ and P . The unit of B is the tesla (1 tesla = 104 gausses).

Equation 4.1 is known as the law of Bio–Savart. It shows that a magnetic
field can exist only in the presence of electric currents.
1 The ancient term magnetic line of force should have been abandoned long ago.

It is copied from “electric line of force”, which is appropriate because an electric
force QE points in the direction of the vector E, but a magnetic force Qv × B
is orthogonal to the vector B, as we shall see in Sect. 4.8.
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dB

B

dl′

R

r̂

r

z

dBz
I

θ

θ

Fig. 4.1. Coil of wire of radius R carrying a current I. The element of length dl′

of the wire contributes a field dB on the axis of symmetry, whose component along
the z-axis is dBz. The net magnetic field B of the coil lies on the axis of symmetry

4.2.1 Example: Calculating the Field of a Coil

Figure 4.1 shows a coil of wire of radius R that carries a current I. Clearly,
on the axis, the vector B lies along the axis. Let us calculate the value of B
at a distance z. Calculating B at a point off the axis is much more difficult.
From Eq. 4.1, at a point (0, 0, z) on the axis,

dBz =
µ0

4π

I dl′

r2
cos θ (4.2)

and

B =
µ0

4π

2πRI

r2
cos θ =

µ0IR2

2(R2 + z2)3/2
. (4.3)

The field at the center of the coil, at z = 0, is µ0I/(2R). Along the axis, B
falls off as 1/z3 for z2 	 R2.
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4.3 Magnetic Flux Φ

By definition, the magnetic flux Φ that links the closed curve C is

Φ =
∫
A

B · dA , (4.4)

where A is any open surface bounded by C.
Magnetic flux Φ is expressed in webers, and

1 tesla = 1 weber/meter2 . (4.5)

4.4 Ampère’s Circuital Law

The integral form of Ampère’s circuital law, Eq. 2.20, serves to calculate B
for simple geometries: ∮

C

B · dl = µ0IC , (4.6)

where IC is the conduction current linked by the closed curve C. This is
reminiscent of Eq. 2.17, which often serves to calculate E.

Recall, from Sects. 2.4 and 2.5 that the displacement current and the
convection current are both negligible in the context of this book.

The differential form of Ampère’s circuital law is Eq. 2.4:

∇ × B = µ0J . (4.7)

4.4.1 Example: The Thin Solenoid

Figure 4.2 shows a cross-section through a thin solenoid. There are Ñ turns
per meter and the current is I. Assume that the solenoid is close-wound
so that, in effect, one has a current sheet carrying ÑI amperes per meter of
length. Assume also that the solenoid is long, and disregard end-effects. Then,
inside, B is parallel to the axis. The return magnetic flux outside spreads over
a large area where B ≈ 0. The direction of B inside, and the direction of the
current in the winding, satisfy the right-hand-screw rule.

To calculate the axial B inside the solenoid, consider the imaginary path
C of height l of the figure. Since B ≈ 0 outside, and since B is vertical inside,

Bl = µ0(ÑIl) , and B = µ0ÑI . (4.8)

The radial position of that portion of the path that lies inside being arbitrary,
the B inside a long solenoid is independent of the radial position ρ. Then the
enclosed magnetic flux in a thin, long solenoid of radius a is

Φ = µ0ÑIπa2 . (4.9)
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c1 c2

C

I

I

B

Fig. 4.2. Thin solenoid. The path C has a height l. We refer to paths c1 and c2 in
Sect. 4.5.2

See Fig. 4.3. Note how quickly the field lines diverge on emerging from
the solenoid. On the axis, at a distance of only one diameter from the end,
the spacing has increased by a factor of 3.3. So the magnitude of the field
decreases rapidly away from its source. This is a general rule that also applies
to electric fields. We shall return to this fact when we shall discuss solar
coronal loops in Chapters 15 and 16. This rapid decrease applies only to
static fields: if the current fluctuates rapidly, then the field decreases only as
1/r. So the field of a loop radio antenna can propagate over large distances.

4.4.2 Example: The Thick Solenoid

A thick solenoid has inner and outer radii a and b. It has Ñ turns per meter.
At the radius ρ such that a ≤ ρ ≤ b, it is only the current outside the radius
ρ that contributes to B and

B = µ0Ñ
b − ρ

b − a
I . (4.10)

More generally, at the radius ρ,

B =
∫ b

ρ

µ0ÑI
dρ

b − a
=

∫ b

ρ

µ0J dρ , (4.11)

where J is the current density in the winding, in amperes/meter2. The current
density J is azimuthal. We shall often have occasion to use this last integral.
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Fig. 4.3. Magnetic field lines for a thin solenoid

4.5 The Vector Potential

Recall that we stated in Sect. 3.4 that it is useful to define an electric potential
V for electric fields, with E = −∇V .

Similarly, it is useful to describe magnetic fields in terms of the vector
potential A, defined by

B = ∇ × A . (4.12)

This relation is allowed because ∇ · B = 0, and the divergence of a curl is
identically equal to zero.

Recall also that we found in Sect. 3.4 that, whereas E is measurable,
any uniform quantity can augment V without affecting E. We have a similar
situation here in that B is measurable, while adding to A any vector whose
curl is zero leaves B unaffected.

If C is a closed curve that bounds an arbitrary open surface A, then,
from Stokes’s theorem (see the page facing the front cover), the magnetic
flux linking C is

Φ =
∫
A

B · dA =
∫
A

(∇ × A) · dA =
∮

C

A · dl . (4.13)
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Given a current distribution in a volume v, then, at a point P either inside
or outside v,

A =
µ0

4π

∫
v

J

r
dv , (4.14)

where J and dv are at P ′, and r is the distance between P and P ′. Recall,
from the Introduction to Chapter 2 that we disregard magnetic materials.

4.5.1 Example: The Vector Potential near a Circuit

Note the 1/r factor in the above integral: it shows that, at a point close to a
circuit, A is parallel to the local J and points in the same direction.

The time derivative ∂A/∂t is important in MFD, as we shall see in the
next chapter.

4.5.2 Example: The Thin Solenoid

Refer to Fig. 4.2. We found that, inside the solenoid, the magnetic field is
uniform and B = µ0ÑI, where Ñ is the number of turns per meter and I
the current. The circular paths c1 and c2 are normal to the axis of symmetry
and centered on the axis.

The vector A is tangential to c1 and points in the direction of the current.
From Eq. 4.13,

2πρAinside = πρ2µ0ÑI , Ainside = µ0ÑI
ρ

2
. (4.15)

Outside the solenoid, A is tangential to c2 and also points in the direction
of the current. Then

2πρAoutside = πa2µ0ÑI , Aoutside = µ0ÑI
a2

2ρ
. (4.16)

Observe that, outside a long solenoid,

A 
= 0 , but B = ∇ × A = 0 . (4.17)

Figure 4.3 shows magnetic field lines for a thin solenoid.

4.6 Magnetic Multipoles

Imagine a finite volume v that carries an arbitrary current distribution. The
origin of coordinates O is inside v, and the point P is outside, at a distance
r from O. Since the current distribution is not specified, B is an unknown
function of r, but a general discussion is nonetheless illuminating.
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In the case of the Earth, v is the liquid part of the core, where dynamos,
self-excited or not (Chapters 10 to 13), generate electric currents, and the
point P is at the surface of the Earth.

It is possible to express B at the surface of the Earth as the sum of
the B’s of simple current distributions called magnetic multipoles (Durand,
1968; Owen, 1963; van Bladel, 1985). This procedure is analogous to Fourier
analysis, where we consider a complex waveform of frequency f to be the sum
of an infinite series of sine and cosine waves of frequencies f , 2f , 3f , etc.

This procedure is also similar to the calculation of the electric field E of
a complex charge distribution by adding the fields of electric multipoles: a
point charge, an electric dipole, an electric quadrupole, an electric octupole,
etc. The calculation of B is however much more complex than the calcula-
tion of E, and it is carefully avoided by most authors. The only satisfactory
discussion seems to be that of Durand (1968, pp. 255 ff.).

The simplest source of magnetic field (assuming the non-existence of mag-
netic monopoles) is the current loop, or magnetic dipole. From Sect. 4.2.1, on
the axis of symmetry, the magnetic field is axial and

B =
µ0Ia2

2(a2 + r2)3/2
∝ 1

r3
if r2 	 a2 . (4.18)

Off the axis, the expression for B is more complex but, far away from the
source, it is proportional to 1/r3.

The next simplest source is the magnetic quadrupole, which is a pair
of dipoles, some distance apart, of opposite polarities, and not necessarily
coaxial. Its B varies as 1/r4, at some distance from the source. One could go
on indefinitely in this way, with pairs of quadrupoles, pairs of octupoles, etc.
The field is inversely proportional to a power of r that increases from 3, to
4, to 5, etc., as the source becomes more and more complex.

Outside an arbitrary current distribution, B can thus be expressed as an
infinite series of terms corresponding to the fields of a dipole, of a quadrupole,
of an octupole, etc., proportional to 1/r3, 1/r4, 1/r5, etc. Close to the current
distribution, the field can be quite complex because many terms in the series
can be important. But, as we go further and further away, r becomes larger
and larger and the higher-order terms become smaller and smaller. A long
distance away, only the lowest order term, usually the dipole term, remains.

One might say that remoteness from the currents “filters out” compli-
cated magnetic fields, just as remoteness from electric charges “filters out”
complicated electric fields.

4.7 Case Study: The Earth’s Magnetic Field

Figure 4.4 shows a cross-section of the Earth. Because of its high temperature,
the iron core is non-magnetic: the Curie temperature, above which iron is non-
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Fig. 4.4. Cross-section through the Earth, drawn to scale. 1. Solid inner core,
mostly iron, radius ≈ 1200 kilometers, temperature ≈ 5000 kelvins, pressure at
the center ≈ 3.6 × 105 atmospheres. 2. Liquid outer core, also mostly iron, outer
radius ≈ 3500 kilometers, temperature ≈ 4000 kelvins. 3. Mantle. The crust has a
thickness of only about 30 kilometers

magnetic, is about 800 kelvins. We return to the Earth’s magnetic field in
Chapter 9.

The heat generation in the core, in the mantle, and in the crust is at-
tributed mostly to the disintegration of K40, which has a half-life of 1.25×109

years. The resulting outward heat flux at the surface is roughly 5 × 10−2

watt/meter2 (Stacey, 1992). This is negligible when compared to solar radi-
ation, which amounts to about 1.3 kilowatts/meter2 above the atmosphere.

The core temperature is about two-thirds of the temperature at the sur-
face of the Sun, which is 6400 kelvins. So the core is nearly as bright as the
Sun!

The electrical conductivity of the core’s shell is estimated to be about 3×
105 siemens/meter. That of the mantle is believed to vary widely from about
10−2 siemens/meter near the surface to about 103 near the outer core (Stacey,
1992). For comparison, the electrical conductivity of room-temperature iron
is 1× 107 siemens/meter, while that of room-temperature copper is 5.8× 107

siemens/meter.
The liquid outer shell of the core acts as a dynamo: assuming a seed

magnetic field, the convection of the conducting fluid in that field generates
currents, and thus a further magnetic field that, eventually, becomes more or
less constant (see Chapter 10).
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NGP

NMP

SGP

SMP

I

Fig. 4.5. Cross-section of the Earth and imaginary coil that could generate its
dipolar magnetic field. We calculate that the current required in the coil would be
about 8 × 1011 amperes, or 800 giga-amperes. The geographic poles (GP) and the
magnetic poles (MP) do not coincide

Since the temperature and the chemical composition of the liquid core
are not uniform, it convects under the combined action of gravitational, cen-
trifugal, and Coriolis forces.

Imagine that the Earth’s dipole field originates in a coil as in Fig. 4.5.
That figure is not drawn to scale. Say the coil lies half-way down in the liquid
part of the core; its radius a is about 2300 kilometers. What is the current in
the coil? Now, at either one of the Earth’s magnetic poles, or at one Earth
radius z from the coil, B ≈ 10−4 tesla, or one gauss. From Sect. 4.2.1,

I =
2(a2 + z2)3/2B

µ0a2
. (4.19)

With
a = 2.3 × 105 meters and z = 6.4 × 106 meters , (4.20)

I ≈ 8 × 1011 amperes . (4.21)

The power source is probably just the cooling of the core.
The complexity of the Earth’s magnetic field at the surface (Glatzmaier

and Roberts, 1995; Ladbury, 1996) results from the fact that the flow in the
liquid part of the core is hugely complex, possibly as much so as the flow of
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air in the atmosphere, but on a vastly different time scale. There is probably
a swarm of self-excited dynamos, all more or less coupled together. Moreover,
the polarity of the dipolar component at the surface has changed many times
over the Earth’s history.

Disregarding the much weaker currents that flow in the mantle and in the
ionosphere, the magnetic field that we observe at the surface of the Earth
is that of the core currents, about 3 megameters away. The surface field has
a large dipole component, but it also has quadrupole, octupole, etc. compo-
nents.

The axis of symmetry of the dipole component forms an angle of a dozen
degrees with the axis of rotation, and the axes do not lie in the same plane.
The North magnetic pole is close to the South geographic pole, and
inversely, as in Fig. 4.5. So B at the North magnetic pole points from the
Earth outward. At the Equator, the dipole component of the magnetic field
is horizontal and points North. The angle between true geographic North and
the position of a compass is called the declination. Roughly, at the Equator
declination varies from 20 degrees West to 10 degrees East, and, at a latitude
of 45 degrees North it varies between 20 degrees West and 20 degrees East
(Jacobs, 1987).

In the northern hemisphere the B of the dipolar component is nearly
vertical (about 75 degrees at a latitude of 45 degrees) and points down. So
a compass needle needs a small weight at one end or the other to keep it
horizontal. There are compasses that have a horizontal axis of rotation to
measure the inclination of the field.

Both magnetic poles wander slowly with time, and about 100 polarity
reversals have occurred over the past 80 million years (De Bremaeker, 1985).
See Sect. 10.2.1.

Both the dipolar and the multipolar fields vary, with time. For example,
the magnitude of the dipolar field decreases by about 0.05% per year, and
the multipolar field moves west by about 0.2 degree of longitude per year, or
by about one millimeter per second. The speed at which these changes occur
is proof that the source of the magnetic field does not lie in the mantle, which
is solid, and that at least part of the core is liquid.

The field in the core is vastly more complex than the field at the surface
because the multipolar components attenuate rapidly with distance. Also,
the mantle filters out rapid changes. Indeed, if it were possible to survey the
field at the surface of the core, it would be impossible to discern a dipole
component. There exists a multitude of self-excited dynamos in the core.

The ionosphere, that surrounds the Earth at a height of about 60 kilo-
meters and over, carries electric currents that affect somewhat the magnetic
field measured at the surface. Above about 60 kilometers, there are enough
free electrons to render the gas conducting. The nature of the solar radiation
that ionizes the gas varies with altitude because the atmosphere filters out
both long (infrared) and short (ultraviolet) wavelengths. Also, the chemical
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composition of the atmosphere varies with altitude and, at great heights,
hydrogen predominates. Because of lunar tides, and because of the intermit-
tent solar heating, the ionosphere moves up and down in the Earth’s magnetic
field, which causes electric currents to flow.

Electrons and protons oscillate North and South along lines of B with a
period of about one half second. Protons drift westward, while electrons drift
eastward, which gives a net westward ring current and a magnetic field that
opposes the Earth’s dipolar component. These oscillating charges form the
van Allen belt.

In principle, it is possible to calculate the magnetic field at the core by
interpolating the field at the surface, but that is not advisable because the
higher-order multipole components, which must be multiplied by large fac-
tors, are poorly known.

For an extensive discussion of geomagnetism, see Jacobs (1987).
We return to the Earth’s magnetic field in Chapter 9.

4.8 The Magnetic Force

The magnetic force on a particle of charge Q that moves at a velocity v in a
magnetic field B is

F = Q(v × B) . (4.22)

The magnetic force is perpendicular to the velocity and thus deflects a particle
without affecting its speed.

If there is also an electric field E, then

F = Q[E + (v × B)] . (4.23)

This equation follows from Eq. 4.22, but it is really a consequence of
Special Relativity, as we shall see in Sect. 6.2.2.

The magnetic force on an electric current follows from Eq. 4.22. As we
saw in Sect. 3.2, we may assume that, in plasmas and in good conductors,
the charge carriers are conduction electrons. Say the charge density of the
conduction electrons at a given point is Q̃ce, a negative quantity, and that
their mean drift velocity is v. Then J = Q̃cev, and the magnetic force per
unit volume exerted on the conductor is

F̃ = Q̃ce(v × B) = J × B . (4.24)

That is the magnetic force density exerted on the conduction electrons.
What is the force density on the conductor? The conduction electrons are
embedded in the conductor and continually collide with the atoms and mole-
cules that stand in their way. So F̃ is also the force per unit volume on the
conductor.
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Fig. 4.6. Schematic diagram of an electromagnetic pump for a conducting fluid.
The fluid flows out of the paper at the velocity v through the insulating tube T .
Coils C apply a vertical magnetic field B, and a current I is made to flow between
a pair of electrodes E, on the sides of the tube. The force density J × B on the
fluid points out of the paper

We saw above that the magnetic force of Eq. 4.22 deflects a moving
charged particle without changing its speed, and hence without changing
its kinetic energy. The magnetic force can nonetheless produce useful work
by acting on current-carrying conductors, as in electric motors.

Whenever a current flows in a magnetic field, the charge carriers drift
sideways. This is the Hall effect. We return to the Hall effect in Sect. 6.4.

4.8.1 Example: The Electromagnetic Pump

Figure 4.6 shows the principle of operation of an electromagnetic pump (Sher-
cliff, 1965). With B pointing up and I flowing to the right, the fluid is made
to flow out of the paper.

Figure 4.7 shows a rough approximation for the magnetic field of the pump
of Fig. 4.6. A proper calculation taking into account the non-uniformity of
the magnetic field of coils C and edge effects around the electrodes, would be
excessively complex. The conducting fluid flows to the right. Note how the
magnetic field lines shift upstream. The field lines are stationary. We return to
these two aspects of the field in Chapter 8. The device is particularly suited
for handling corrosive, conducting fluids such as the liquid sodium that serves
as coolant in certain nuclear reactors.

4.8.2 Magnetic Field Lines Again

Figure 4.8 shows a cross-section of two parallel current-carrying wires, to-
gether with their magnetic field lines. In part (a) of the figure, the currents
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I
⊕

Fig. 4.7. Magnetic field lines for a tube carrying a current I, perpendicular to the
paper and situated in a uniform vertical magnetic field. This is a rough approxima-
tion for the magnetic field of the electromagnetic pump of Fig. 4.6

( )( ) ( )( )

Fig. 4.8. Magnetic field lines for two parallel currents. Parallel currents attract,
and antiparallel currents repel

flow in the same direction, and the force is attractive. Intuitively, the field
lines “are under tension”. In part (b), the currents flow in opposite directions
and the force is repulsive. Again intuitively, the field lines “repel laterally”.
So we have the following rule:

Magnetic field lines “are under tension” and “repel laterally”.
A similar rule applies to electric field lines.
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4.9 Magnetic Pressure

A thin long solenoid has Ñ turns per meter and carries a current I. The wire
has a square cross-section of side a. Then J = I/a2 and Ñ = 1/a. Inside
the solenoid, from Sect. 4.4.1, B = µ0ÑI and, outside, B = 0. Inside the
winding,

Bav =
µ0ÑI

2
, I =

2Bav

µ0Ñ
. (4.25)

The outward magnetic force on the wire, per cubic meter, is

F̃ = JBav =
I

a2
Bav =

2Bav

µ0Ña2
Bav (4.26)

=
2B2

av

µ0Ña2
=

B2

2µ0a
, (4.27)

since Ña = 1.
What is the force per square meter on the winding, or the magnetic pres-

sure? A short length l of the wire has a volume la2 and has an area la. Then
the force per unit area is

pmag =
F̃ la2

la
=

B2

2µ0
. (4.28)

The outward magnetic force on the solenoid winding is the same as if
there were a gas pressure of B2/(2µ0) pascals inside.

4.9.1 Example

Inside a certain solenoid, B = 100 teslas. Then the magnetic pressure is

1002

2 × 4π × 10−7
≈ 4 × 109 pascals ≈ 40 000 atmospheres .

Clearly, designing such a solenoid is a major engineering challenge.
Some solenoids are designed to operate only during a small fraction of a

second, before exploding.

4.10 Magnetic Energy

The magnetic energy per unit volume is equal to the magnetic pressure
B2/(2µ0). Thus the energy stored in a magnetic field occupying a volume
v is

Emag =
∫

v

B2

2µ0
dv . (4.29)

In the above case, the energy density is 4 × 109 joules/meter3.
Note that µ0 appears here in the denominator while, in Sect. 3.7, ε0

appears in the numerator of the integrand for the electric energy.
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4.11 Example: A Proton Beam II

We return to the 1-milliampere 1-million electronvolt proton beam of Sect. 3.8.
Recall that this Example is in preparation for our study of the channeling of
spicules and coronal loops in the solar atmosphere (Chapters 14, 15, and 16).

From Sect. 4.5, the vector potential A is parallel to the beam, both inside
and outside, and B is azimuthal.

a) Calculate B outside the beam.

At a radius ρ, from Ampère’s circuital law, Eq. 2.20,

2πρB = µ0I , B =
µ0I

2πρ
=

2 × 10−10

ρ
tesla , (4.30)

Bρ=a = 4.000 × 10−7 tesla . (4.31)

b) Calculate B inside the beam.

At a radius ρ, again from Eq. 2.20,

2πρB = µ0πρ2J , B = µ0ρJ/2 = 8.000 × 10−4ρ tesla . (4.32)

The magnetic field vanishes on the axis, and increases linearly with ρ. At the
surface of the beam, B = Bρ=a .

c) Calculate the magnetic force exerted on a proton at the

periphery of the beam.

From Eq. 4.22, the force points inward :

Fmag = −ev
µ0I

2πa
= −8.870 × 10−19 newton . (4.33)

d) Compare this pinching magnetic force with the repulsive

force of Eq. 3.55.

Recall, from Eq. 3.38 that, at the periphery,

Fel = e
I

2πε0av
. (4.34)

Then
Fmag

Fel
= −v2ε0µ0 = −v2

c2
, (4.35)

from Eq. 2.11. Thus

Fnet = Fel + Fmag = Fel

(
1 − v2

c2

)
. (4.36)

In this case the magnetic pinching force is negligible compared to the
repulsive electrostatic force, since we found in Sect. 3.8 that v = 1.384× 107
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meters/second and v2/c2 ≈ 0.002. If v2 ≈ c2, there is zero net radial force on
a peripheral proton.

We have been considering the propagation of a proton beam in a vacuum.
The situation is different if the beam propagates in a low-pressure gas. Then
the beam ionizes the gas, and ambient electrons fall into the beam, more or
less neutralizing the space charge and the electric repulsive force.

e) Calculate the magnetic energy per unit length inside the

beam.

From Eq. 4.29,

Ẽmag, in =
∫ a

0

B2

2µ0
2πρ dρ =

∫ a

0

(µ0ρJ/2)2

2µ0
2πρ dρ (4.37)

=
πµ0J

2a4

16
=

µ0

16
I2 (4.38)

= 7.854 × 10−14 joule/meter . (4.39)

f) Calculate the magnetic energy per unit length outside the

beam, assuming that the beam current returns through the cop-

per tube.

Then there is no magnetic field outside the tube and

Ẽmag, out =
∫ b

a

B2

2µ0
2πρ dρ =

∫ b

a

(
µ0I

2πρ

)2 2πρ dρ

2µ0
(4.40)

=
µ0I

2

4π
ln

b

a
= 4.605 × 10−13 joule/meter . (4.41)

Most of the magnetic energy lies outside the beam.

4.12 Summary

A magnetic field line is a fictitious entity that is useful for visualizing mag-
netic fields. A magnetic field line is everywhere parallel to the local B vector.
To visualize magnetic forces, it is useful to remember the rule: “magnetic
field lines are under tension, and repel laterally.”

The magnetic flux that links a closed curve C is the surface integral of B
through any open surface A bounded by C:

Φ =
∫
A

B · dA . (4.4)

Ampère’s circuital law states that the integral of B · dl around a closed
curve C is proportional to the net electric current linking C:∮

C

B · dl = µ0IC , (4.6)
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and
∇ × B = µ0J . (4.7)

The vector potential A is defined by

B = ∇ × A . (4.12)

It follows that the magnetic flux linking a closed curve C is given by the line
integral of A · dl:

Φ =
∫
A

B · dA =
∫
A

(∇ × A) · dA =
∮

C

A · dl . (4.13)

Outside an arbitrary current distribution, B can be written as a series
of terms corresponding to that of a dipole, of a quadrupole, of an octupole,
etc., varying with distance respectively as 1/r3, 1/r4, 1/r5, etc.

The magnetic force per unit volume at a given point in a conductor is
J × B.

If a current is distributed over a surface, as in a thin solenoid, with a
magnetic field B on one side and no magnetic field on the other, the magnetic
field exerts an outward magnetic pressure of B2/(2µ0).

The magnetic energy density in a magnetic field is equal to B2/(2µ0), like
the magnetic pressure. Hence the magnetic energy is given by

Emag =
∫

v

B2

2µ0
dv . (4.29)
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In this short chapter, the magnetic field is a function of
the time, and this brings us back to electric fields because
time-dependent magnetic fields are always accompanied by
electric fields, as we saw in Chapter 2. We return to the
solenoid and to the Earth’s magnetic field.

5.1 The Electric Field Strength

If B is either constant or zero, then Eqs. 2.12 and 3.25 apply:

∇ × E = 0 , E = −∇V . (5.1)

If B fluctuates, then it is Eq. 2.3 that applies. From Eq. 4.12,

∇ × E = −∂B

∂t
= − ∂

∂t
(∇ × A) = ∇ ×

(
−∂A

∂t

)
. (5.2)

Then

∇ ×
(

E +
∂A

∂t

)
= 0 (5.3)
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and we can set the parenthesis equal to the gradient of a scalar function
because the curl of a gradient is identically equal to zero. Now, if ∂A/∂t = 0,
then E = −∇V , as in Eq. 3.25. It follows that

E +
∂A

∂t
= −∇V , (5.4)

or
E = −∇V − ∂A

∂t
. (5.5)

This fundamental equation always applies. We shall use it repeat-
edly.

It means that an electric field can arise from two distinct phenomena:
there can be charge accumulations, and then ∇V 
= 0, or the magnetic field
can be time-dependent, and then ∂A/∂t 
= 0. In this chapter we are concerned
with the latter phenomenon.

We delay the important case of conductors that move in magnetic fields
to Chapters 6 and 8.

5.2 The Law of Faraday1

Disregard the −∇V term in Eq. 5.5. Then

E = −∂A

∂t
. (5.6)

If we take the curl of both sides, we find the differential form of the law of
Faraday, Eq. 2.3. If we take the line integral of both sides over a closed curve
C and use Eq. 4.13, we find the integral form of the same law, Eq. 2.19.

Note the difference between the two forms of the law of Faraday. Equation
5.6 is a local relation between the values of E and of the time derivative of
A at a given point and at a given time. But the integral form, Eq. 2.19,∮

C

E · dl = − d

dt

∫
A

B · dA , (5.7)

is non-local : it applies over a finite area A bounded by the curve C.

5.2.1 Lenz’s Law

Note the negative sign in Eq. 5.6. Imagine a loop of wire whose axis of
symmetry is the z-axis. The loop carries a current I in the +φ̂-direction,
and B points in the +z-direction. If I decreases, A decreases proportionally,
and ∂A/∂t points in the −φ̂-direction. Then the induced electric field E
points in the +φ̂-direction, like the current I. So the induced electric field E
opposes a change in A and B. This is Lenz’s law.
1 Remember, from Sect. 1.3, that the only education that Faraday had was in

Sunday school!
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5.2.2 Example: The Thin Solenoid

A single-layer solenoid of radius a and length l has Ñ turns per meter. As we
saw in Sect. 4.5.2, the vector potential is parallel to the current and in the
same direction. Then, if the current increases, A increases and the electric
field −∂A/∂t inside the wire opposes the increase of current.

The electromotance V1 induced by the increasing current over one turn
of the solenoid follows from Eq. 5.6:

V1 =
∮

C

E · dl = − d

dt

∮
C

A · dl = −dΦ

dt
, (5.8)

where Φ is the magnetic flux πa2B linking the solenoid. Thus the opposing
electromotance over one turn is

V1 = − d

dt

(
πa2µ0ÑI

)
= −µ0πa2Ñ

dI

dt
(5.9)

and the total electromotance induced in the winding is Ñ l larger:

V = −µ0πa2Ñ2l
dI

dt
= −N

dΦ

dt
= −L

dI

dt
, (5.10)

where

L = µ0πa2Ñ2l =
µ0πN2a2

l
, (5.11)

and N is the total number of turns.
We return to the self-inductance L below.

5.2.3 Example: A Secondary on a Long Solenoid

Outside a long solenoid, B ≈ 0 because the return flux extends over a large
volume. But, if you wind a secondary on the solenoid as in Fig. 2.2, and if you
vary the current in the solenoid, you find that there is a voltage induced in
the secondary! How can there be an induced voltage, if there is no magnetic
field? Many an author has been baffled by this fact. French (1994) asked the
question in the American Journal of Physics, and Walstad (1997) suggested
far-fetched explanations, but the problem remains, in that journal.

The explanation is simple: true, outside a long solenoid, B ≈ 0, but there
is an A field, and the voltage induced on one turn of the secondary is given
by Eq. 5.8! Outside a long solenoid, B = ∇ × A = 0, but A 
= 0.

5.3 Self-inductance

The quantity L in Eq. 5.11 is the self-inductance of the solenoid, expressed
in henrys. Note that
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L ≡ NΦ/I , (5.12)

where Φ is the magnetic flux that links the solenoid when it carries a current I.
Equation 5.11 gives a value of L that is somewhat too large because we have
neglected end-effects: the axial B is weaker than µ0ÑI near the ends.

Upon application of a constant voltage V to the winding,

V − L
dI

dt
= RI , or L

dI

dt
+ RI = V , (5.13)

and

I =
V

R

[
1 − exp

(
−R

L
t

)]
. (5.14)

The factor T = L/R is the time constant of the solenoid. The current reaches
about two thirds of its final value V/R within one time constant.

5.3.1 Magnetic Energy in a Self-inductance

According to Eq. 5.13, the source that maintains the voltage V at the termi-
nals of the self-inductance L of resistance R supplies a power

V I = I2R + LI
dI

dt
. (5.15)

This is the sum of the power dissipated in R, plus the power fed into the
magnetic field. Integrating over the time t,

∫ t

0

V I dt =
∫ t

0

I2R dt +
∫ I

0

LI dI =
∫ t

0

I2R dt + 1
2LI2 , (5.16)

where I is the current at time t. The first term on the right is the energy
dissipated in the resistor up to the time t, and the second is the magnetic
energy stored in the field at t.

The magnetic energy stored in the field of a circuit whose self-inductance
is L and that carries a current I is therefore

Emag = 1
2LI2 . (5.17)

Equation 5.17 serves as the definition of the self-inductance of a volume
distribution of current :

L =
2Emag

I2
. (5.18)

5.4 Mutual Inductance

Imagine two close-by circuits, 1 and 2, that carry currents I1 and I2. Circuit
2 is linked by the magnetic flux Φ1,2 due to I1, and circuit 1 by the magnetic
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flux Φ2,1 due to I2. Then the mutual inductance between the two circuits is
defined as

M =
Φ1,2

I1
=

Φ2,1

I2
. (5.19)

The unit of mutual inductance is also the henry.

5.5 Electromagnetic Waves

Say we have a time-dependent magnetic field B(t) in a region R. What will be
the magnetic field at points remote from R? From the Maxwell equation 2.3,
a time-dependent B generates an E. So the disturbance in R will propagate
as an electromagnetic wave with both B and E components.

If the medium of propagation is air, or a vacuum, the wave propagates at
the speed of light c, except close to the source. If the medium is a dielectric,
then the wave speed is less than c.

If the medium is a conductor, the speed of propagation depends on both
the conductivity and the frequency, and the amplitude of a plane wave de-
creases exponentially with distance. If a plane wave of frequency f and am-
plitude B travels over a distance z in a medium of conductivity σ (P. Lorrain
et al., 1988, p. 537),

B ∝ exp
[
−(πσµ0f)1/2z

]
. (5.20)

If we have two magnetic fields of initially equal amplitudes but of frequen-
cies f and 2f , then the ratio of their amplitudes after travelling a distance z
is

B2f

Bf
=

exp
[
−(2πσµf)1/2z

]
exp

[
−(πσµf)1/2z

] (5.21)

= exp
[
−0.414(πσµf)1/2z

]
. (5.22)

Setting the attenuation factor

αf = exp
[
−(πσµ0f)1/2z

]
, (5.23)

α2f = α
√

2
f . (5.24)

For example, if, under given conditions, a wave is attenuated by a factor of
2 at the frequency f , then, at a frequency 2f , it is attenuated by a factor of
2
√

2 = 2.665.

5.5.1 Case Study: The Earth’s Magnetic Field

Refer to Sect. 4.7. The Earth’s magnetic field fluctuates. Disregarding high-
frequency fluctuations ascribable to electric currents in the ionosphere, the
fluctuations result from unsteady currents in the Earth’s core. The fluctuating
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magnetic field at the core propagates as an electromagnetic wave through the
mantle, which is 2.8 megameters thick. The conductivity of the mantle varies
by orders of magnitude with depth: it is much more conductive near the core,
where it is very hot.

Let us do a very rough calculation. Assume that the disturbance prop-
agates through the mantle as a plane wave, and disregard magnetic ores.
Assume that the conductivity is uniform and equal to its value half way
down, ≈ 10 siemens/meter. That is by far the worst approximation because,
as we saw in Sect. 4.7, the conductivity of the mantle is believed to vary by
5 orders of magnitude! And the conductivity appears in the exponent of e in
Eq. 5.20!

For fluctuations with a period of one year, f ≈ 3.2×10−8 hertz and, with
z = 2.8 × 106 meters,

−(πσµ0f)1/2z ≈ −3.1 . (5.25)

If ∆B is the amplitude of the fluctuation at the surface, and ∆B0 the
amplitude at the core’s surface,

∆B

∆B0
= exp(−3.1) ≈ 0.045 . (5.26)

The attenuation of six-month fluctuations is four times larger. These atten-
uations are certainly much too small, but it is not worthwhile to do a more
refined calculation of this type because the wave is not plane. It is not spher-
ical either, because of the complexity of the source, and because the medium
of propagation is not uniform.

Spatial and temporal fluctuations in the Earth’s magnetic field at the
surface are therefore very much weaker than at the core.

5.6 Summary

An electric field E can result from the accumulation of electric charges, which
gives a field −∇V , and it can result from a time-dependent magnetic field,
which gives a −∂A/∂t field:

E = −∇V − ∂A

∂t
. (5.5)

The law of Faraday concerns only the second source of E:

E = −∂A

∂t
. (5.6)

The value of V is immaterial, here.
If a single-turn circuit carrying a current I is linked by its own magnetic

flux Φ, then the ratio Φ/I is the self-inductance L of the circuit:
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L ≡ Φ/I . (5.12)

If the circuit has N turns, all linked by the same flux Φ, L is N times larger.
The magnetic energy stored in a self inductance is

Emag = 1
2LI2 . (5.17)

If the current is distributed over a volume, then

L =
2Emag

I2
. (5.18)

The mutual inductance between two circuits, with circuit 1 linked by
the magnetic flux Φ2,1 of a current I2 flowing in circuit 2, is Φ2,1/I2. The
symmetrical expression is also equal to M :

M =
Φ1,2

I1
=

Φ2,1

I2
. (5.19)

An electromagnetic disturbance travels through a medium of conductivity
σ as an attenuated wave and, for a plane wave of amplitude B,

B ∝ exp
[
−(πσµf)1/2z

]
. (5.20)



Part III

Moving Conductors



6 Ohm’s Law for Moving Conductors

Contents
6.1 Reference Frames . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
6.2 Special Relativity . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

6.2.1 The Kinematic Transformation Equations . . . . 75
6.2.2 The Transformation Equations of

Electromagnetic Quantities . . . . . . . . . . . . . . . . . 75
6.2.3 Example: Straight Wire Carrying a Current . . 79

6.3 The Lorentz Force . . . . . . . . . . . . . . . . . . . . . . . . . . 79
6.4 Ohm’s Law for Moving Conductors . . . . . . . . . . 79
6.5 The Induction Equation . . . . . . . . . . . . . . . . . . . . . 82
6.6 The Magnetic Reynolds Number . . . . . . . . . . . . . 83

6.6.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
6.7 Magnetic Forces on Moving Conductors . . . . . . 85
6.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

We are now ready to discuss conductors that move in mag-
netic fields. An important question comes to mind: do you
look at the electric and magnetic fields sitting down with
the conductor moving in front of you, or do you ride on the
conductor with your measuring instruments? It is important
to tell between the two points of view because the fields can
be radically different. As a rule it is best to stand still, but
not always. Chapters 6, 7, and 8 are fundamental for all the
rest of the book.

We have now established the basic principles of electromagnetic fields, on
the assumption that the media involved are stationary. We now enter the
field of Magneto-Fluid-Dynamics by allowing conductors to move. This will
lead us to the fundamental equation of MFD, which is a more general form
of the Ohm’s law of Eq. 2.10, and to modifications to the Maxwell equations
of Chapter 2.

The next chapter provides two Examples related to moving conductors.
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Fig. 6.1. Reference frames S and S′, with S′ moving to the right with respect to S
at the constant velocity V = Vx̂. The origins coincide at the time t = 0. An object
that has a velocity v with respect to frame S, has a velocity v′ with respect to S′

6.1 Reference Frames

A reference frame is a coordinate system with respect to which, in a given
situation, we refer all the variables: the coordinates x, y, z, the time t, the
vectors E, B, J , etc. If an object moves, then we imagine two reference
frames, a fixed frame S, and a moving frame S′ that follows the moving
object. We also imagine two observers, O in S, and O′ in S′. Figure 6.1 shows
a simple case where the relative velocity V is along the common x-axis.

Most of the time we shall use the fixed reference frame S but, occasionally,
it will be helpful to think also of observations made in S′. If the moving object
is a fluid, then S′ applies to a given point that follows the fluid.

Now, strictly speaking, nothing is stationary. After all, the Earth is a
space vehicle! None the less, the concept of a “fixed” reference frame is both
useful and necessary.

6.2 Special Relativity

Special relativity concerns observations made by observers O and O′, with S′

moving at a constant velocity V with respect to S. Both reference frames S
and S′ are inertial, or unaccelerated: they are either stationary or they move
at a constant velocity, and they do not rotate. We deal briefly with rotating
frames of reference below.
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Strictly speaking again, the concept of unaccelerated frame is not realistic
either because our space vehicle rotates, not only about its own axis, but also
around the Sun... and the Sun is not stationary!

Because observers O and O′ work in different reference frames, their mea-
surements can yield different results. Say observer O on S notes that a light
turned on at (x, y, z, t). Observer O′ on S′ disagrees: he maintains that the
light turned on at (x′, y′, z′, t′). Similarly, if O measures the vectors E, B,
and J , at P , then O′, who measures the same quantities at P ′, could measure
different vectors E′, B′, J ′.

6.2.1 The Kinematic Transformation Equations

A transformation equation expresses a variable in one reference frame in
terms of variables in the other frame. So transformation equations come in
pairs.

In pre-relativistic mechanics, at the time t, the origin of S′ in Fig. 6.1
has reached x = Vt, and the transformation equations for the coordinates
x, y, z, t and x′, y′, z′, t′ are trivial:

x = x′ + Vt′ , y = y′ , z = z′ , t = t′ , (6.1)
x′ = x − Vt , y′ = y , z′ = z , t′ = t . (6.2)

Pre-relativistic mechanics applies whenever all speeds v satisfy the con-
dition

v2 � c2 , (6.3)

where c is the speed of light, about 3 × 108 meters/second. The condition
applies to natural phenomena. For example, the orbital speed of the Earth
around the Sun is about 3× 104 meters/second, and v2/c2 ≈ 10−8. The tan-
gential speed ωR at the Equator is much smaller, about 400 meters/second.
Speeds in the solar atmosphere are also very much smaller that c.

From Eqs. 6.1 and 6.2, velocities transform simply:

v = v′ + V . (6.4)

Rotating reference frames are troublesome in Relativity because they are
not Euclidean, and because clock time depends on the distance to the axis
of rotation. Fortunately, Special Relativity continues to apply in the region
close to a given point in a rotating frame (Møller, 1974). Chapter 9 concerns
the rotating reference frame of the Earth.

6.2.2 The Transformation Equations
of Electromagnetic Quantities

The transformation equations for electromagnetic quantities are not as simple
as those for kinematic quantities, even if V2 � c2.



76 6 Ohm’s Law for Moving Conductors

Transformation of E and B

The electric fields and magnetic flux densities observed in S′ are not the same
as those observed in S. If V2 � c2, then we have the following approximate
equations (P. Lorrain et al., 1988, p. 303):

E = E′ − V × B′ , E′ = E + V × B , (6.5)

B = B′ +
V × E′

c2
, B′ = B − V × E

c2
. (6.6)

Invariance of an Electric Charge Q

Electric charge is invariant. If a point-charge Q is observed in reference
frame S, then, even for large V’s, the same charge is observed in reference
frame S′:

Q′ = Q . (6.7)

Transformation of Q̃ and J

How do volume charge densities Q̃ and conduction current densities Jcond

transform? Is Q̃′ = Q̃ and J ′
cond = Jcond?

Consider a small element of volume in a conducting medium. Let this
element of volume be at rest in the fixed frame S. In S, the charge density
of conduction electrons is Q̃ce and the other charges, at rest in the medium,
have a net density Q̃other. The net charge density in S is

Q̃net = Q̃ce + Q̃other . (6.8)

Call vd the drift velocity of the conduction electrons. The current densities
in S are

Jce = Q̃cevd , Jother = 0 , Jnet = Q̃cevd . (6.9)

The moving reference frame S′ has the velocity V = Vx̂ relative to S.
Let vd‖ be the component of vd parallel to V , and vd⊥ the component of
vd perpendicular to V . The relativistic equations for the current and charge
densities, as measured in S′, are the following, where γ equals (1−V2/c2)−1/2

and vd‖ = vd‖x̂ (P. Lorrain et al., 1988, p. 287):

J ′
ce = γ(Q̃cevd‖ − Q̃ceV) + Q̃cevd⊥ , (6.10)

J ′
other = −γQ̃otherV , (6.11)

J ′
net = Q̃ce(γvd‖ + vd⊥) − γQ̃netV , (6.12)

Q̃′
ce = γ

(
Q̃ce −

VQ̃cevd‖
c2

)
, (6.13)
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Q̃′
other = γQ̃other , (6.14)

Q̃′
net = γ

(
Q̃net − Q̃ce

Vvd‖
c2

)
. (6.15)

Then, with V2 � c2,

J ′
net = Jnet − Q̃netV , (6.16)

Q̃′
net = Q̃net − Q̃ce

Vvd‖
c2

. (6.17)

If Q̃net = 0,

J ′
net = Jnet , (6.18)

Q̃′
net = −Q̃ce

Vvd‖
c2

. (6.19)

In general, the last term of Eqs. 6.17 and 6.19 cannot be neglected, for,
although here |Vvd‖/c2| � 1, the density Q̃ce is very large, compared with
Q̃net. This is an example of a relativistic effect measurable at so-called “non-
relativistic” speeds. See the example and comments of Sect. 6.2.3.

Invariance of Conduction Currents

The conduction current J ′
cond is equal to the charge density Q̃′

ce (measured
in S′) of the conduction electrons, times the velocity v′

d relative (measured
in S′) of the electrons relative to the conductor :

J ′
cond = Q̃′

cev
′
d relative . (6.20)

We consider only non-relativistic speeds. So the above product will be hardly
affected if, in this product, we set

Q̃′
ce = Q̃ce and v′

d relative = vd (6.21)

(Eqs. 6.13 and 6.4). Finally,

J ′
cond = Q̃′

cev
′
d relative = Q̃cevd = Jcond . (6.22)

Conduction currents are invariant.

Convection Currents

Relative to S, there is no convection current. However, relative to S′, there
is, from Eq. 6.17, a convection current density
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J ′
conv = Q̃′

net(−V) = −Q̃netV + Q̃ce

Vvd‖
c2

V (6.23)

= −Q̃netV +
V2

c2
Q̃cevd‖ . (6.24)

Note that the last term above is negligible, compared to Q̃cevd = Jnet =
Jcond. Therefore, for all practical purposes, from Eqs. 6.22–6.24,

J ′
net = J ′

cond + J ′
conv = Jcond − Q̃netV , (6.25)

as in Eq. 6.16.
Convection currents, however, are negligible in all our Case Studies

(Sect. 2.5).

Invariance of the B of Conduction Currents

The equality of conduction currents in both frames (Eq. 6.22) implies that
the magnetic flux densities due to conduction currents only will, at non-
relativistic speeds, be the same in both frames:

B′
cond = Bcond . (6.26)

We neglect retardation in the calculation of both fields, since our emphasis
is on steady states.

In contrast, convection currents are different in the two frames. Therefore
the magnetic flux densities due to convection currents are also different in
the two frames.

Invariance of the Conductivity σ

Let us finally consider the conductivities σ and σ′. They concern only the
conduction currents, not the convection current. Relative to S, the conduction
current is

Jcond = Jnet = σE . (6.27)

Relative to S′, the conducting medium has velocity −V and the conducting
current is

J ′
cond = σ′(E′ − V × B′) = σ′E , (6.28)

from Eq. 6.5. However, from Eqs. 6.22 and 6.27,

J ′
cond = Jcond = σE . (6.29)

Finally, from Eqs. 6.28 and 6.29, σ′E = σE and, at non-relativistic speeds,
conductivity is invariant:

σ′ = σ . (6.30)
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6.2.3 Example: Straight Wire Carrying a Current

Imagine a straight wire, at rest in S and carrying a constant current density
Jnet. Let Q̃net = 0.

A charge q travels at velocity V relative to the wire (with V2 � c2), at a
point where E = 0. An observer moving with q observes in the wire the J ′

net

and Q̃′
net of Eqs. 6.18 and 6.19.

For the observer in S, q is subjected to a magnetic force q(V ×B). How-
ever, for the observer in S′, in which q is at rest, the force felt by q is an electric
force qE′, which happens to be equal to qV × B (Eq. 6.5). The electrostatic
field E′ observed in S′ comes from the charge density Q̃′

net = −Q̃ceVvd‖/c2

observed in S′ along the wire.
The charge density Q̃′

net is due to the fact that the conduction electrons
have, relative to S′, a slightly different velocity than the other charges in the
wire, which entails a slightly different Lorentz contraction for both sets of
charges. Admittedly, with |Vvd‖| � c2, this difference in Lorentz contractions
is extremely small. However, in a conductor, the charge density Q̃ce is so large,
that the relativistic charge density Q′

net = −Q̃ceVvd‖/c2 cannot be neglected,
even at “non-relativistic” speeds (P. Lorrain et al., 1988, pp. 287–288).

6.3 The Lorentz Force

The electric force on a charge Q that lies in an electric field E is QE. If Q
moves at a velocity v with respect to a fixed reference frame S in superposed
electric and magnetic fields E and B, the force on Q (Sect. 4.8) is

F = Q[E + (v × B)] . (6.31)

This is the Lorentz force. In the reference frame S′ moving with Q the charge
is stationary and

F ′ = Q′E′ = QE′ , (6.32)

the charge having the same value in both frames, from Eq. 6.7.
As a rule, charges move either in a solid, or in a liquid, or in a plasma.

Since their mean-free-path between collisions with the ambient atoms and
molecules is finite, a force on the charge carriers is also a force on the ambient
medium.

6.4 Ohm’s Law for Moving Conductors

Consider a conductor that moves in superposed E and B fields. At a given
point P , the conductor has a velocity v, the conductivity is σ, and the electric
current density is J .
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The average velocity of the conduction electrons vce is essentially equal
to the conductor velocity.

We measure all the variables with respect to the same, fixed, reference
frame S. The charge carriers are subjected to the Lorentz force and

J = σ[E + (v × B)] (6.33)

= σ

[
−∇V − ∂A

∂t
+ (v × B)

]
. (6.34)

This generalized Ohm’s law is the fundamental equation

of Magneto-Fluid-Dynamics. We shall use it throughout

the rest of this book.

This equation is not as general as one might wish because σ is anisotropic
in the presence of a magnetic field, the reason being that conduction elec-
trons flow more easily in directions parallel or anti-parallel to B. Also, there
are more complete forms of Ohm’s law. See, for example, Miyamoto (1989).
Equation 2.10 is the more usual form of Ohm’s law, which applies to station-
ary conductors.

Equation 6.33 is not general, also in another way: we have neglected the
Hall effect of Sect. 4.8. We have assumed that the drift velocity of the con-
duction electrons relative to the moving conductor is negligible, relative to
the velocity v of the conductor.

If the conductor is stationary, however, v = 0 and the drift velocity vce

of the conduction electrons in the conductor is not negligible, relative to v.
Then

J = σ[E + (vce × B)] = Q̃cevce , (6.35)

where Q̃ce is the space charge density of the conduction electrons. The term
between parentheses is orthogonal to vce, and thus orthogonal to J ; the field
E adjusts accordingly. See Fig. 6.2. That is the origin of the Hall effect of
Sect. 4.8.

Consider once again a conductor moving at such a velocity v that the
Hall effect is negligible. In the moving frame S′ in which the conductor is at
rest, because of Eq. 6.30,

J ′ = σ′E′ = σE′ = σ[E + (v × B)] = J . (6.36)

Within our approximation v2 � c2, the conduction current densities in the
two frames are the same, as in Eq. 6.22.

The above B is the net B: it is the magnetic field originating in external
sources, plus the magnetic field of the induced currents:

Bnet = Bext + Bind . (6.37)



6.4 Ohm’s Law for Moving Conductors 81

J

σE

σvce×B

Fig. 6.2. The vectors J , σvce × B, and σE

Equations 6.33 and 6.34 are far more complex than they seem because
each one of the six variables depends on the five others. In other words, the
six variables are all tightly knitted together. See Fig. 6.3.

So Ohm’s law for moving conductors is hopelessly complex in the general
case. Nonetheless, in specific cases, its solution is straightforward, as we shall
see in the following chapters.

With an ideal non-conductor, J and σ would both be zero, and Ohm’s
law would be meaningless.

The J wheel of Fig. 6.3 illustrates how J is related to the other variables
discussed here. Note the following points.

1. The conductivity σ is in reality a tensor whose value is a function of
the magnitude of B and of the orientation of J with respect to B: the con-
ductivity parallel or antiparallel to B is larger than in orthogonal directions.

2. From Eq. 2.4, J is closely related to B:

∇ × B = µ0J . (6.38)

3. The electric potential V is a function of the charge density Q̃, and,
from Eq. 7.10,

Q̃f = −ε0∇ · (v × B) . (6.39)

4. Both B and A are non-local functions of J . This means that the values
of B and A at P depend on the value of J , as in Eqs. 4.1 and 4.14.
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∂A
∂t

A

J

B

∇V

v×B

Qf
˜

Fig. 6.3. The J wheel. The value of J yields both A and B at every point (Eqs. 4.1
and 4.14). If the field is time-dependent, then −σ∂A/∂t at P provides one compo-
nent of J at P . If the local velocity of the medium is v, then σv×B gives us another
component of J at P . Finally, the field v × B yields the value of Q̃f (Eq. 7.10),
and then −σ∇V at P (Eq. 3.24), which is the remaining component of J . Further
major complication: the velocity v at P depends on the magnetic force, of density
J × B (Sect. 4.8)

5. The velocity v of the conducting medium depends on the external forces
that drive it, but also on the magnetic force, of density J ×B as in Eq. 4.24.
We return to the magnetic force in Sect. 6.7.

6.5 The Induction Equation

Assume a uniform σ and take the curl of Eq. 6.33:

∇ × J = σ[∇ × E + ∇ × (v × B)] . (6.40)

Then, from Eqs. 2.4 and 2.3,

1
µ0

∇ × (∇ × B) = σ

[
−∂B

∂t
+ ∇ × (v × B)

]
(6.41)

and
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∂B

∂t
= ∇ × (v × B) − 1

µ0σ
∇ × (∇ × B) . (6.42)

This is the induction equation. Its only dependent variable is B.
It is the custom to substitute the Laplacian of B for −∇ × (∇ × B)

(see the page facing the front cover), using Eq. 2.2. That is not advisable
because that transformation applies only in Cartesian coordinates, which are
of little use in MFD, because the most common geometries have cylindrical
symmetry.

From Eq. 2.4,

∂B

∂t
= ∇ × (v × B) − 1

σ
∇ × J . (6.43)

It is also the custom to state that the last term of the induction equation
is negligible when the conductivity σ is very large. That is incorrect because
J is proportional to σ, which makes ∇ × J proportional to σ.

6.6 The Magnetic Reynolds Number

Let us estimate the relative orders of magnitude of the two terms on the right
side of Eq. 6.42. More specifically, we wish to know under what conditions
the second term is negligible.

Let L be a characteristic length of the phenomenon. Considering only
typical values of the fields as in Sect. A.8 of Appendix A, and using the fact
that B is transversal since its divergence is zero (Sect. A.6.3 and Eq. A.87),
we have, for the second term,

|∇ × (∇ × B)|typical

µ0σ
∼ Btypical

L2µ0σ
. (6.44)

The order of magnitude of the term ∇ × (v × B) is more difficult to
estimate. An inequality such as Eq. A.83 would be useless here. Let us first
assume that the field v × B is not too longitudinal; this is just another way
of saying that its curl is, overall, not close to zero (Sect. A.6.3). This implies
that

|∇ × (v × B)|typical ∼
|v × B|typical

L . (6.45)

Now suppose that v and B are, overall, not too parallel. Equation 6.45 can
then be rewritten as follows:

|∇ × (v × B)|typical ∼
(vB)typical

L . (6.46)

Now assume that
(vB)typical ∼ vtypical Btypical . (6.47)
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For a discussion of this kind of equation, see Sect. A.7. From Eqs. 6.46
and 6.47,

|∇ × (v × B)|typical ∼
vtypical Btypical

L . (6.48)

Finally, from Eqs. 6.44 and 6.48,

|∇ × (v × B)|typical

|∇ × (∇ × B)|typical/(µ0σ)
∼ µ0σLvtypical . (6.49)

The quantity
Rm = µ0σLvtypical (6.50)

is the magnetic Reynolds number.
If

Rm 	 1 , or if µ0σLvtypical 	 1 , (6.51)

then
∂B

∂t
≈ ∇ × (v × B) . (6.52)

In this case

|∇ × (v × B)| 	
∣∣∣∣ 1
µ0σ

∇ × (∇ × B)
∣∣∣∣ , (6.53)

|∇ × (v × B)| 	
∣∣∣∣ 1
σ

∇ × J

∣∣∣∣ . (6.54)

If, instead,
Rm � 1 , or if µ0σLvtypical � 1 , (6.55)

then
∂B

∂t
≈ − 1

σ
∇ × J . (6.56)

If B is time-independent, then

∇ × (v × B) = 0 (6.57)

for large Reynolds numbers.

6.6.1 Examples

For the Earth’s core, we can set

µ0 ∼ 10−6 henry/meter , σ ∼ 3 × 105 siemens/meter ,

L ∼ 106 meters , vtypical ∼ 102 meters/second ,

and Rm ∼ 3 × 107.
In the case of a sunspot (Chapter 13),

σ ∼ 0.1 siemens/meter , L ∼ 105 meters , vtypical ∼ 300 meters/second ,

and Rm ∼ 3, so neither Eq. 6.51 nor Eq. 6.55 applies.
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6.7 Magnetic Forces on Moving Conductors

Section 4.8.1 described how, in an electromagnetic pump, the J × B force
propels a conducting fluid in a prescribed direction.

But what is the role of magnetic forces in a convecting conducting fluid,
such as the liquid part of the Earth’s core? As we shall see immediately, these
forces seriously disturb the flow pattern.

From Eq. 4.24, the magnetic force density is

F̃ mag = J × B = σ[E + (v × B)] × B (6.58)
= σ[E × B + (v⊥ × B) × B] (6.59)
= σ

(
E × B − v⊥B2

)
, (6.60)

where v⊥ is the velocity component of the moving medium that is orthogonal
to the local B.

The magnetic force density on a moving conductor therefore has two
components. The first one, σE×B, is orthogonal to B, and can point in any
direction with respect to the local fluid velocity v. The second component
of the magnetic force density is proportional to −v⊥, and is thus somewhat
equivalent to a viscous braking force: it tries to cancel the velocity component
that is orthogonal to B. That component is proportional to the local B,
squared.

Magnetic forces on a convecting fluid affect not only the velocity v; they
also affect v × B, and thus the electric charge density Q̃ through Eq. 6.39,
hence the electric potential V , and its gradient ∇V , which in turn alters
the current density J , and hence B. Also, a change in J alters the stored
magnetic energy and the Joule losses! See Fig. 6.3 for the J wheel.

In the absence of an electric field,

F̃ mag = σ(v × B) × B = σ
[
B(B · v) − B2v

]
(6.61)

= σ
(
Bv cos θ B − B2v

)
, (6.62)

where θ is the angle between v and B.
If θ = 0, the conductor moves parallel to the field. Then v × B = 0,

J = 0, and there is no magnetic force. If θ = π/2, the conductor moves in
the direction perpendicular to the magnetic field. Then the magnetic force is
proportional to B2, and it brakes the motion, as above.

Many authors write the magnetic force density as

F̃ mag = J × B =
1
µ0

(∇ × B) × B , (6.63)

and then apply Identity 5 (see the page facing the front cover):

F̃ mag =
1
µ0

[
(B · ∇)B − 1

2
∇

(
B2

)]
. (6.64)

That is legitimate, but the relation is valid only in Cartesian coordinates,
which are next to useless in MFD, as we saw in Sect. 6.5.
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6.8 Summary

It is often useful to think in terms of two reference frames, a fixed reference
frame S, and a second frame S′ that moves at a velocity V = Vx̂ with respect
to S. If V2 � c2, then x, y, z, t transform as in pre-relativistic mechanics:

x = x′ + Vt′ , y = y′ , z = z′ , t = t′ , (6.1)
x′ = x − Vt , y′ = y , z′ = z , t′ = t . (6.2)

A point-charge Q, a conduction current Jcond, the magnetic flux density
Bcond due to conduction currents, and the conductivity σ are invariant, as
in pre-relativistic Physics:

Q′ = Q , (6.7)
J ′

cond = Jcond , (6.22)
B′

cond = Bcond , (6.26)
σ′ = σ . (6.30)

The B due to convection currents is in general not invariant, because
such currents are different, relative to different reference frames. However,
convection currents are negligible here (Sect. 2.5).

For the electric field E, even at non-relativistic speeds,

E′ = E + (V × B) . (6.5)

Ohm’s law for moving conductors states that the conduction current is

J = σ[E + (v × B)] . (6.33)

This is the fundamental equation of Magneto-Fluid-Dynamics.

The induction equation can be written in two equivalent forms:

∂B

∂t
= ∇ × (v × B) − 1

µ0σ
∇ × (∇ × B) , (6.42)

or
∂B

∂t
= ∇ × (v × B) − 1

σ
∇ × J . (6.43)

The magnetic force density exerted on a conductor that moves in a mag-
netic field B is

F̃ mag = σ
(
E × B − v⊥B2

)
, (6.60)

where v⊥ is the component of the conductor velocity that is perpendicular
to the local B.
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This chapter concerns a little-known, but crucially impor-
tant phenomenon: when a conductor moves in a magnetic
field, it nearly always carries, inside, a space charge. And
the electric field of that space charge cancels part, or even
all of, the v × B field.1

Our first Example will be the Faraday disk, which is the
standard model for natural dynamos in convecting conduct-
ing fluids, that we shall discuss at length in Chapters 10
to 14. Our second Example will be the solid rotating con-
ducting sphere, which has mystified many an author, and
which concerns the magnetic field of the Earth (Chapter 9).

1 See P. Lorrain, Charges in moving conductors, Eur. Jour. Physics 11, 94–98
(1990); but the value of Q̃f deduced there is incorrect. See Redžić (2001), P. Lor-
rain (2001), and below.
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7.1 Introduction

Conductors usually carry surface electric charges, and any extra charge de-
posited inside moves out to the periphery almost instantaneously, as we saw
in Sect. 3.3.1.

However, if the conductor moves in a magnetic field, then it most probably
carries a net charge density both on the surface and inside. Let Esc be the
electric field of these space and surface charges.

Now let Eext be the electric field of all other charges. The net electric
field is E = Esc + Eext.

These space and surface charges in conductors play an essential role in
MFD because their electric field Esc opposes, more or less, the Eext+(v×B)
field in Eq. 7.1 below.

The phenomenon seems to be unknown throughout the Geophysics and
Astrophysics communities. A review of the literature showed that, out of a
total of 22 authors, 18 assume, either implicitly or explicitly, that the electric
charge density is equal to zero. The other four deduce an erroneous value,
and then disregard the corresponding electric field. See, for example, Moffatt
(1978) and Parker (1979).

Note that Esc is not, in general, equal to the total electric field E. That
will be clear below.

7.2 Electric Charges in Moving Conductors

We assume isotropic media.
Imagine a fixed reference frame S where the electric field strength is E

and the magnetic flux density B. A conductor, whether solid or not, and of
arbitrary conductivity σ, moves in that field. At a given point, the conductor
velocity is v. Then, from Sect. 6.4, at that point, the conduction current
density J is a function of both E and v × B:

J = σ[E + (v × B)] = σ[Esc + Eext + (v × B)] . (7.1)

All variables can be both space- and time-dependent.
The v×B field acts like the electric field of a distributed source (P. Lorrain

et al., 1988, p. 494): at each point, a charge feels, not only the electric field

E = −∇V − ∂A

∂t
, (7.2)

but also the v × B field. In other words, the v × B field gives rise to an
electric space charge and a corresponding electric field.

Take the divergence of both sides of Eq. 7.1, assuming a uniform conduc-
tivity σ:

∇ · J = σ[∇ · E + ∇ · (v × B)] . (7.3)
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Applying the law of conservation of charge of Sect. 3.3 on the left, that
term becomes equal to −∂Q̃f/∂t, where Q̃f is the free space charge density.
If ∂/∂t = 0, then ∇ · J = 0 and

∇ · E + ∇ · (v × B) = 0 . (7.4)

As we saw in Sect. 2.2, the space charge density that appears on the RHS
of Eq. 2.1 comprises not only the free charge density Q̃f , but also the bound
charge density Q̃b, which comes from the distortion of atoms and molecules
when subjected to a non-uniform electric field. So

∇ · E =
Q̃f + Q̃b

ε0
=

Q̃f − ∇ · P
ε0

, (7.5)

where P is the polarization of the medium (P. Lorrain et al., 1988, p. 173).
Now we cannot use Eq. 2.8 here because atoms and molecules cannot tell

between E and v × B fields. So, instead of the usual

P = ε0(εr − 1)E , (7.6)

we must set
P = ε0(εr − 1)[E + (v × B)] . (7.7)

Then, if the medium is homogeneous,

∇ · E =
Q̃f

ε0
− (εr − 1)∇ · [E + (v × B)] . (7.8)

Under steady conditions, ∇ · J = −∂Q̃f/∂t = 0 and ∇ · (E + v × B) = 0
(Eq. 7.4). Then Eq. 7.8 reduces to

∇ · E =
Q̃f

ε0
. (7.9)

Also, ∇ · E = −∇ · (v × B) and the free charge density is given by

Q̃f = −ε0∇ · (v × B) . (7.10)

Note that, if ∂/∂t = 0, then Q̃f is independent of the conductivity σ, at
least if σ is uniform as above. Of course the B and J of Eq. 7.1 are always
related through Eq. 2.4:

∇ × B = µ0J , (7.11)

and J depends on σ.
As we shall see in the cases of the Faraday disk and of the rotating sphere

below, if the conductor is isolated, then surface charges compensate for the
volume charges.
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This electric space charge makes sense because the v × B field sweeps
charges around inside the conductor. For example, in a region where ∇ · (v×
B) is positive, electrons swarm in, making the region negative. This explains
the negative sign in Eq. 7.10.

If J = 0, this means that charges have distributed themselves so that

E = −(v × B) . (7.12)

What if J 
= 0? In a steady-state situation, as here, ∇×E = 0. Then E
is longitudinal (Sect. A.6.3) and, from Eq. A.82,

|∇ · E|typical ∼
Etypical

L , (7.13)

where L is a characteristic length. On the other hand, from Eq. A.81,

|∇ · (v × B)|typical � |v × B|typical

L . (7.14)

Now |∇ · E|typical = |∇ · (v × B)|typical (Eq. 7.4). Then

Etypical � |v × B|typical . (7.15)

This is all we can say in general, if J 
= 0.
Whether J = 0 or not, Etypical is, at most, of the same order of magnitude

as |v × B|typical.
Parker (1979) deduces Eq. 7.10, but then he argues that the electric charge

density in conducting media, such as plasmas in Space, is in fact zero because
of the abundance of charge carriers! He concludes that, under steady condi-
tions, E = 0 inside conductors. That is of course a misconception: under
steady conditions and with a uniform σ, the above equations for Q̃f always
apply, and Q̃f 
= 0 if ∇ · (v × B) 
= 0.

7.2.1 Example: Rotating Solid Conductor

An axisymmetric conducting rigid body rotates around its axis of symmetry
at a constant angular velocity ω, in a uniform axial field B = Bẑ. Then

v × B = ωρφ̂ × (Bẑ) = ωρBρ̂ , (7.16)
∇ · (v × B) = ∇ · (ωρBρ̂) = ωB∇ · (ρρ̂) = 2ωB , (7.17)

and
Q̃f = −2ε0ωB . (7.18)

Note that, in this case, Q̃f is uniform and independent of the conductiv-
ity σ.

For example, if ω = 100 radians/second and B = 1 tesla, then Q̃f ≈
−2 × 10−9 coulomb/meter3.
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How does this compare with the charge density of conduction electrons in
copper? In copper, there are 8.1×1028 conduction electrons per cubic meter,
and Q̃ce ≈ −1010 coulombs/meter3, or nineteen orders of magnitude larger
than Q̃f .

Therefore |Q̃f | � |Q̃ce|. Despite this, in normal matter, positive and neg-
ative charges are so finely balanced that Q̃f gives an all-important electric
field. For more on rotating conductors, see Sect. 8.5.

7.2.2 Time-dependent Situations

If the phenomenon is time-dependent, or if the medium is not homogeneous,
then there still exist space charges.

With a uniform conductivity and P 
= 0, we obtain, from the equation
for the conservation of charge 3.15 and Eq. 7.8,

−∂Q̃f

∂t
= ∇ · J f = σ [∇ · E + ∇ · (v × B)] (7.19)

=
σQ̃f

εrε0
+

σ

εr
∇ · (v × B) . (7.20)

So, rearranging,
∂Q̃f

∂t
+

σ

εrε0
Q̃f = − σ

εr
∇ · (v × B) . (7.21)

Setting the right-hand side equal to zero gives the equation for the tran-
sient effect:

∂Q̃f

∂t
+

σ

εrε0
Q̃f = 0 (7.22)

and

Q̃f, transient = C exp
(
− σ

εrε0
t

)
, (7.23)

where C is a constant of integration.
The coefficient of t in the exponent is a very large number: for copper,

σ

εrε0
=

5.8 × 107

8.85 × 10−12
≈ 7 × 1018 . (7.24)

So, in copper, the transient effect for Q̃f is totally negligible, except for time
intervals of the order of 10−18 second or less.

Disregarding the time derivative in Eq. 7.21,

Q̃f = −ε0∇ · (v × B) , (7.25)

which is just Eq. 7.10. However, we now know that, in this equation, both v
and B can be time-dependent.
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7.2.3 The Magnetic Field of the Convection Current

Since a moving conductor usually carries a space charge, there is usually a
convection current. We saw in Sect. 2.5 that convection currents are negligi-
ble, compared to conduction currents, but is the magnetic field Bconv of the
convection current negligible, compared to the net magnetic field Bnet, due
to all currents? Set v2/c2 � 1. From Eq. 2.4,

∇ × Bconv = µ0Q̃fv , |∇ × Bconv| = µ0|Q̃fv| . (7.26)

Call L a characteristic length of the system. Then, for typical values of the
fields, and from Eq. A.84,

|∇ × Bconv|typical ∼
Bconv typical

L . (7.27)

We have a ∼ sign here instead of � because Bconv is transversal, since its
divergence is zero (Sect. A.6.3). The above two equations imply that

Bconv typical ∼ µ0|Q̃fv|typical L . (7.28)

There is a similar equation for Bnet and Jnet:

Bnet typical ∼ µ0Jnet typical L . (7.29)

From Eq. 2.42, then,

Bconv typical

Bnet typical
� v2

c2
� 1 . (7.30)

So, as long as v2 � c2, the magnetic field of the convection current
associated with Q̃f is negligible, at least if the conditions for Eq. 7.10 are
satisfied (steady state and uniform σ).

7.3 Example: The Faraday Disk

Figure 7.1 shows a Faraday disk used as a generator. This device is the
classical model for natural dynamos (Chapters 10 to 14). It is simple-minded
if one thinks, for example, of the vastly complex flows in the liquid part of the
Earth’s core that generate its magnetic field. Nonetheless, the disk dynamo
is a useful model if analyzed correctly. The discussions of the disk dynamo in
the literature are erroneous, particularly those by Bullard (1955, 1978). We
return to the Faraday disk in Chapters 8 and 10. See also P. Lorrain et al.
(1988).

The conducting disk rotates in air at the angular velocity ω in the constant
and uniform axial magnetic field B. We assume that the condition v2 � c2



7.3 Example: The Faraday Disk 93

+

–
B

J

v
v×BJ×B

Esc

ω

I

z

SW

R

M

⊕ ⊕

Fig. 7.1. Faraday disk connected as a generator. A motor M rotates the disk in
the axial magnetic field B

applies everywhere on the disk. Sliding contacts on the periphery of the disk
and on the axle connect to an external circuit that draws a current I.

Industrial versions of Faraday disks are called homopolar motors, or ho-
mopolar generators. They have continuous brushes all around the disk, and
all around the axle. The magnetic field is often supplied by superconducting
coils.

7.3.1 The Faraday Disk with the Switch SW Open

Let us first open switch SW of Fig. 7.1. An electric charge in the disk feels
the two fields v × B and Esc. With ω and B as in the figure, v × B points
outward, in the direction of the rim. The space charge density in the disk
being negative, as in Eq. 7.18, Esc points inward, toward the axle. Then,
since J = 0 with the switch SW open, the two fields cancel. Let us check
this. So as to avoid end-effects, we replace the disk by a long cylinder.

At a distance ρ from the center of the disk,

v × B = ωρBρ̂ , (7.31)

while the field of the space charge, of uniform density −2ε0ωB (Eq. 7.18), is
the charge within a cylinder of radius ρ, divided by 2πε0ρ:

Esc = −πρ2Q̃f

2πε0ρ
ρ̂ = −ωρBρ̂ . (7.32)
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So the field of the space charge cancels v × B everywhere within the disk,
when the switch SW is open.

At the circumference, of radius b,

|Esc| = |v × B| = ωbB , (7.33)

and the surface charge density is ε0ωbB. If the length of the cylinder, or the
thickness of the disk, is s, then the charge at the periphery is

Qsc periphery = 2πbs(ε0ωbB) = 2πε0ωb2sB . (7.34)

The total charge associated with Q̃f is

Qf = πb2sQ̃f = πb2s(−2ε0ωB) (7.35)
= −2πε0ωb2sB . (7.36)

The surface charge at the periphery compensates for the space charge over
the volume of the disk.

7.3.2 The Faraday Disk as a Generator

Now close SW in Fig. 7.1. The current in the generator depends on its char-
acteristics, on the applied torque, and on the load resistance R. The radial
current density in the disk is J . Assume again that B is uniform over the
surface of the disk. This assumption is not realistic, but it is appropriate here.
Disregard end effects at the faces of the disk. This is equivalent to considering
the disk to be a cylinder, as above. For the moment, disregard the magnetic
fields of the currents in the axle and in the disk. We return to them in a
moment.

With the polarities shown in Fig. 7.1, the magnetic force density J ×B is
azimuthal, points in the direction shown, and brakes the motion. The vector
v×B is radial and points outward. Inverting the direction of rotation inverts
the polarity of the output. There is also a magnetic force due to J and to
the azimuthal magnetic fields of the currents in the axle and in the disk. We
return to those currents below in Sect. 7.3.4.

The rotation of the space charge, of density Q̃f , gives an azimuthal convec-
tion current of density Q̃f v whose magnetic field Bconv opposes the externally
applied magnetic field B, but it is negligible, as we saw in Sect. 7.2.3. With
the above space charge density, at a distance of 1 meter from the axis of
rotation, and with v = 10 meters/second, the convection current density at
that radius is only about 2 × 10−9 ampere/meter2: although the speed of a
point on the disk is very much larger than the drift speed of the conduction
electrons, the net space charge density is so small that the convection current
is negligible.

With the switch SW in Fig. 7.1 closed, conduction electrons escape at
the axle into the external circuit, where v × B = 0, and return at the rim.
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Fig. 7.2. Faraday disk connected as a motor

The electric field J/σ in the disk points in the direction of the rim, in the
direction of J . Then

E = Esc +
J

σ
. (7.37)

The electric field has two components: Esc, which points in the direction
of the axle, and J/σ, which points in the direction of the rim.

As we shall see in Sect. 9.4.3, the Faraday generator also works without an
external source of magnetic field, but with a disk magnetized in the direction
parallel to the axle.

7.3.3 The Faraday Disk as a Motor

The current in a motor depends not only on the characteristics of the motor,
but also on the source of current that feeds it and on its mechanical load.

To use the Faraday disk as a motor, connect it as in Fig. 7.2. Note that the
direction of rotation is the opposite of that in Fig. 7.1, but that the direction
of the current is the same. Inverting the polarity of the input inverses the
direction of rotation.

Equation 7.37 again applies. The magnetic force J × B exerts a braking
torque in the direction shown.

Let us calculate the potentials V and A for the motor. Assume that
the magnetic field B is that of a long solenoid. For a long solenoid, from
Sect. 4.5.2,

A =
Bρ

2
φ̂ and

∂A

∂t
= 0 , (7.38)
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then

E = −∇V = −∂V

∂ρ
ρ̂ (7.39)

= −v × B +
J

σ
=

(
−ωρB +

J

σ

)
ρ̂ (7.40)

and
∂V

∂ρ
=

(
ωρB − J

σ

)
ρ̂ . (7.41)

Since J = I/(2πρs), where the current I is independent of the radius,

V =
ωρ2B

2
− I

2πsσ
ln

ρ

ρ0
. (7.42)

The quantity ρ0 is a constant of integration; we can set the second term equal
to zero at the radius ρ = ρ0.

We now turn to the magnetic fields of the currents in the axle and in the
disk.

7.3.4 The Currents in the Axle and in the Disk

Assume that the magnetic field of the current in the axle is the same as if the
axle were infinitely long. Set the origin at the center of the disk, and assume
that the current starts at z = −∞ and ends at z = 0. At the point ρ, z, from
Eq. 4.1,

Baxle =
µ0I

4πρ

[
1 +

z

(ρ2 + z2)1/2

]
φ̂ . (7.43)

At z = 0 the field is half as large as if the current extended from z = −∞ to
z = +∞. Since v and Baxle are both azimuthal,

v × Baxle = 0 . (7.44)

The magnetic field of the radial current through the disk is also azimuthal.
Then Bdisk, ρ = Bdisk, z = 0. We can show this by using Eq. 2.4 for the curl
of B, in cylindrical coordinates. Since the disk current density has only a
radial component, and for a constant angular velocity ∂/∂φ = 0,

∂Bdisk, φ

∂z
= µ0Jdisk . (7.45)

Calling the disk radius b, and the disk thickness s as above,

Jdisk =
I

2πρs
(7.46)

and
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∂Bdisk, φ

∂z
= −µ0

I

2πρs
. (7.47)

So
Bdisk, φ = −µ0Iz

2πρs
+ K , (7.48)

where the constant of integration K is a function of ρ, but not of z.
Also, since the φ and z-components of the disk current density are zero,

again from Eq. 2.4 in cylindrical coordinates,

∂Bdisk, ρ

∂z
=

∂Bdisk, z

∂ρ
. (7.49)

This is in agreement with our assumption of zero ρ and z-components of B.
Setting now K = 0, which means that Bdisk, φ changes sign at z = 0,

Bdisk, φ = − µ0I

2πρs
z . (7.50)

The magnetic field of the current inside the disk is azimuthal, proportional
to z, and inversely proportional to ρ. So, inside the disk,

v × Bdisk = 0 . (7.51)

Above and below the disk, J = 0 and Bdisk is azimuthal and independent
of z. This field is continuous at the top and bottom surfaces of the disk. We
have disregarded edge effects at the rim of the disk.

7.4 Example: The Rotating Sphere

A solid sphere of radius R and uniform conductivity σ rotates at the constant
angular velocity ω in a constant magnetic field B. The magnetic field may
have ρ, φ, and z-components, but it is axisymmetric. Figure 7.3 illustrates a
situation in which this field is axial: B = Bẑ.

Take the curl of Eq. 7.1. As we shall see below, there is no induced current,
and thus no induced magnetic field. For a uniform σ,

∇ × J = σ[∇ × E + ∇ × (v × B)] . (7.52)

Since B is constant, ∇ × E = 0, from Eq. 2.3, and

∇ × J = σ∇ × (v × B) = σ∇ × (ωρφ̂ × B) (7.53)
= σ∇ × [ωρφ̂ × (Bρρ̂ + Bzẑ)] (7.54)

= σωρ

(
Bρ

ρ
+

∂Bρ

∂ρ
+

∂Bz

∂z

)
φ̂ (7.55)

= σωρ(∇ · B)φ̂ = 0 , (7.56)
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zBẑ
v

ω
v×B

E ρ

Fig. 7.3. Solid conducting sphere rotating in an axisymmetric axial magnetic field.
There is a uniform space charge density inside, and the surface charges up as shown

from Eq. 2.2.
The fact that the line integral of J ·dl around any arbitrary closed curve

within the sphere is equal to zero, implies, in a steady-state situation, that
J = 0 everywhere inside the sphere.2 Thus, in the sphere,

J = 0 , E = −(v × B) : (7.57)

the field of the space charge cancels the v × B field exactly at every point.
There is no induced current and the rotating sphere therefore has no

effect on the magnetic field. This was noted by J.J. Thomson (1893) over one
century ago.

Most authors are baffled by this classic result: how can there be no induced
current when there is a v × B field? See, for example, Moffatt (1978), who
says that “magnetic field lines disconnect and reconnect at the surface”! The
reason is simple: the field E of the space and surface charges cancels the
v × B field exactly at every point!

2 Let the line integral of J around any arbitrary closed curve within a given finite
conductor of any shape be equal to zero. There then exists a “potential” function
ψ such that J = ∇ψ. Suppose that J �= 0, that is, that ψ is not uniform in the
conductor. Since the conductor is finite, ψ has both a minimum value ψmin and
a maximum value ψmax in the conductor, with ψmin < ψmax. Current flows from
regions with low values of ψ to regions with high values of ψ. Negative charges
will accumulate at points where ψ = ψmin and positive charges will accumulate at
points where ψ = ψmax. This contradicts our usual assumption of a steady state,
in which volume and surface charge densities are constant in time. It follows that
ψ is uniform in the conductor and that J = ∇ψ ≡ 0.
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This problem was solved correctly by Mason and Weaver in their clas-
sic book The Electromagnetic Field that was republished by Dover in 1929
(Mason and Weaver, 1929).

The electric charge density inside the conducting sphere is

Q̃f = −ε0∇ · (v × B) (7.58)
= −ε0∇ · [ωρφ̂ × (Bρρ̂ + Bφφ̂ + Bzẑ)] (7.59)
= ε0∇ · (−ωρBρẑ + ωρBzρ̂) (7.60)

= −ε0ω

(
−ρ

∂Bρ

∂z
+ 2Bz + ρ

∂Bz

∂ρ

)

= 0 . (7.61)

7.4.1 The Surface Charge

There is also a surface charge. The surface of the sphere is not an equipo-
tential, and the lines of E outside are thus not normal to the surface (van
Bladel, 1984; P. Lorrain, 1990).

If the applied axisymmetric magnetic field is a uniform field Bẑ, then the
space charge density is given by

Q̃f = −2ε0ωB , (7.62)

and there results a radial electric field

Esc = − (4/3)πr3(2ε0ωB)
4πε0r2

= −2
3
ωBrr̂ . (7.63)

In this case, the electric field of the space charge does not cancel the v×B
field. Indeed, that electric field is along −r̂, while the v×B field is along +ρ̂,
and the magnitudes of the two fields are not the same. The explanation is
that there also exists a surface charge, and it is the combination of the electric
fields of both the volume and surface charges that cancels the v × B field.

Let us calculate the surface charge density S̃f . From Gauss’s law,

S̃f = ε0Er, outside − ε0Er, inside . (7.64)

Inside the sphere, in cylindrical coordinates,

E = −(v × B) = −ωρBρ̂ (7.65)

or, in spherical coordinates,

E = −ωr(sin θ)B(r̂ sin θ + θ̂ cos θ) , (7.66)
Er, inside = −ωrB sin2 θ . (7.67)

Also, inside the sphere, Ez = 0 and the potential along the z-axis is
uniform. Call that potential VA. Then, on the surface, from Eq. 7.65,
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Vsurface = VA + 1
2ωBρ2 = VA + 1

2ωBR2 sin2 θ . (7.68)

Outside the sphere, the space charge density is zero, Laplace’s equation
3.27 applies, and we can expand V as a series of Legendre polynomials (P. Lor-
rain et al., 1988, p. 225):

Voutside =
B0

r
+

B1

r2
cos θ +

B2

r3

3 cos2 θ − 1
2

+ · · · (7.69)

We neglect higher order terms. The first term, which is the monopole term,
implies a net charge on the sphere. That term would apply only if the sphere
carried a net electric charge. The second, dipole, term implies charge asym-
metry between the upper and lower halves of the sphere. That term is also
zero. We therefore set the third, or quadrupole term equal to the V of Eq. 7.68
at r = R:

VA +
1
2
ωBR2 sin2 θ =

B2

R3

3 cos2 θ − 1
2

=
B2

R3

(
1 − 3

2
sin2 θ

)
. (7.70)

Upon matching corresponding terms, we find that

B2 = −ω
BR5

3
and VA = −ω

BR2

3
. (7.71)

Thus

Voutside = −ωBR5

3r3

(
1 − 3

2
sin2 θ

)
, (7.72)

Er, outside = −∂V

∂r
= −ωBR5

r4

(
1 − 3

2
sin2 θ

)
. (7.73)

Finally, from Eqs. 7.64, 7.67, and 7.73, the surface charge density is

S̃f = ε0ωBR

(
5
2

sin2 θ − 1
)

coulombs/meter2 . (7.74)

The surface charge density is positive in the region of the equator, and
negative near the poles, as in Fig. 7.3. The net surface charge is equal to
minus the space charge.

The value of the potential inside the sphere follows from Eqs. 7.65 and
7.71:

Vinside = ωB

(
ρ2

2
− R2

3

)
. (7.75)

The potential is zero on a cylindrical surface of radius (2/3)1/2R.
Both the space and surface charge densities are independent of the con-

ductivity σ of the sphere.
We return to the rotating conducting sphere in Sect. 8.7.5.
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7.5 Summary

Under steady conditions, a homogeneous conductor that moves at a velocity
v in a magnetic field B carries a net electric space charge whose density is

Q̃f = −ε0∇ · (v × B) . (7.10)

The electric field of these charges plays a fundamental role in MFD because
it cancels, more or less, the v × B field.

However, the magnetic field produced by the convection of these charges
is negligible, compared to the total magnetic field.

The Faraday disk of Sect. 7.3 is the classical model for natural dynamos.
It carries a uniform space charge density

Q̃f = −2ε0ωB . (7.18)

With the switch SW of Fig. 7.1 open, J = 0 and the electric field of Q̃f

cancels the v × B field exactly at every point:

Escρ̂ = −ωρBρ̂ = −(v × B) . (7.32)

If a current flows, then

E = Esc + J/σ . (7.37)

If a solid conducting sphere rotates in an axisymmetric magnetic field,
the field of the electric volume and surface charges cancels the v × B field
at every point, there is no induced current, and the rotating sphere has no
effect on the magnetic field.
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What happens if you move a conductor in a given magnetic
field? The answer is simple, in principle: the conductor usu-
ally carries induced currents that generate an induced mag-
netic field, which adds to the original field: the net field is
the sum of the two. To calculate the net field, one must
therefore calculate the induced currents from Ohm’s law for
moving conductors (Sect. 6.4). One must of course take into
account the electric field of the space charges associated with
the v × B field.1

1 This chapter extends the discussion in P. Lorrain, J. McTavish, F. Lorrain, Mag-
netic fields in moving conductors: four simple examples, Eur. J. Phys. 19, 451–
457 (1998).
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8.1 Introduction

Conductors that move in magnetic fields are everywhere. For example, the
liquid shell of the Earth’s core, which is composed largely of liquid iron, and
which is therefore conducting, convects in its own magnetic field (Chapter 9).
The solar plasma is another example of a conductor that moves in a mag-
netic field: certain regions act as self-excited dynamos, for example sunspots
(Chapter 13), while in other regions the plasma convects in magnetic fields
generated elsewhere.

A convecting fluid can act as a self-excited dynamo: given a seed mag-
netic field, the motion of the fluid generates, under appropriate conditions,
an aiding magnetic field, providing positive feedback, and the total field in-
creases until it reaches an equilibrium value that is a function of the power
that drives the conductor. See Chapters 10 to 14. Certain self-excited dy-
namos in convecting plasmas can also generate charged-particle beams, as in
Chapter 14. Other examples of conductors that move in magnetic fields are
of course electric motors and generators.

8.2 The Induced Currents

As a rule, a conductor that moves in a magnetic field carries an induced
current. That is not always the case, as we saw when discussing the rotating
conducting sphere in Sect. 7.4, and as we shall see in some of the Examples
discussed below. If there is an induced current, then its magnetic field adds
to any externally applied field. Indeed, modifying a magnetic field inside a
moving conductor requires the addition of a further magnetic field, and this
requires an induced current. If there is no induced current, then the moving
conductor has no effect on the magnetic field.

The magnetic force density on the moving conductor is given by J×Bnet,
where Bnet is the sum of the externally applied magnetic field Bext and of the
magnetic field of the induced currents, Bind. If there is no induced current,
then J = 0 and there is no magnetic force.

We are concerned here with the net magnetic field Bnet.
We therefore calculate the currents, if any, induced in the moving con-

ductors. Once the induced currents are known, we can calculate the induced
magnetic field from either Eq. 2.4 or Eq. 2.20, and the net field.

There exists an abundant literature on the interaction between magnetic
fields and moving conductors, particularly in the context of Magneto-Fluid-
Dynamics. For a general discussion of electromagnetic fields in moving media,
see Penfield and Haus (1967), even though those authors do not discuss the
subject of this chapter.

Geophysicists and Astrophysicists have been particularly prolific in this
field. See, for example, Parker (1979) and Russell et al. (1990). These dis-
cussions concern the shape of imaginary magnetic field lines, invariably
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disregarding the electric currents. It is of course pointless to investigate imag-
inary field lines without first making sure that the required electric currents
make sense.

Also, discussions on magnetic fields in moving conductors never refer
to the electrostatic space and surface charges that play an essential role in
MFD, as we saw in the preceding chapter. Alfvén’s repeated warnings against
Pseudo-MHD, quoted in the Preface and in Sect. 8.3 below, have gone un-
heeded.

Moreover, most authors do not seem to realize the importance of distin-
guishing clearly between the two reference frames involved, one that is fixed
and another one that follows the moving conductor.

8.3 Magnetic Field Lines Once More

The concept of magnetic field line of Sect. 4.1 is a useful “thinking crutch”,
but no more. See Slepian (1951) and McCune and Sears (1959). It is legitimate
to plot magnetic field lines as we do, but it is of course impossible to identify
a particular magnetic field line, and it does not make sense to discuss its
motion.

According to the frozen-flux principle (Alfvén, 1943), magnetic field lines
follow a perfect conductor as if they were frozen-in. If σ is not infinite, then
it is said that the lines are not quite frozen because of “slippage”.

After Alfvén proposed the principle, Lundquist (1952) attempted to illus-
trate the principle by calculating magnetic field lines for a moving conducting
plate. This is a simple version of our Example 5 below (Sect. 8.7.4). He found
that the field lines are stationary, for any value of σ. But then he stated
without proof that the frozen-flux principle applies nonetheless, for infinite
conductivity!

Unfortunately, Alfvén, Lundquist, and their readers did not realize that
the principle is a misconception. Otherwise, much time and effort, and paper
and ink would have been saved over the past half-century!

The “principle” is commonly invoked even now, despite Alfvén’s repeated
disavowals (Alfvén, 1943, 1975, 1981; Alfvén and Fälthammar, 1963). It is
worthwhile quoting Alfvén, again, as in the Preface:

It is meaningless to speak about a translational movement of mag-
netic field lines [...] An impression is developed that you understand
a situation even if in reality you have misunderstood it [...] There is
no need for ‘frozen-in’ field lines moving with the plasma, still less
for ‘field line reconnection’ or ‘magnetic merging’ [...] Forgetting the
‘frozen-in’ picture [...] We have no use for [...] magnetic field line
reconnection [...] this monstrous concept is a product of the frozen-in
picture in absurdum [..., etc.]
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Curiously enough, the frozen-field principle is commonly applied to poor
conductors. For example, some geophysicists apply it to the liquid part of the
Earth’s core, whose σ is thought to be smaller than that of room-temperature
copper by three orders of magnitude.

If the frozen-field principle were true, then the electric field E′ in the
moving reference frame would be equal to zero, and the magnetic flux Φ′

linking a closed curve C ′ would be constant. Both of these consequences
prove to be wrong, as we shall see in the following Examples.

Now the frozen-field principle has been “proved” many times. So where
is the pitfall? All the “proofs” rest, basically, on the following reasoning.
According to Ohm’s law for moving conductors (Sect. 6.4),

J = σ[E + (v × B)] . (8.1)

If σ tends to infinity, then the bracket must tend to zero because J cannot
be infinite. That is the pitfall. In all the examples investigated here, both E
and v × B are independent of σ, and J is proportional to σ. If the bracket
tended to zero when σ tends to infinity, then both E and v × B would be
functions of σ, which proves to be wrong.

It is not difficult to show that E is independent of σ under steady-state
conditions. The electric charges are then the only source of E, and the electric
space charge density is independent of σ, as in Eq. 7.10: with Q̃f everywhere
constant, the net charge per unit time flowing out of any given volume is
zero, and the value of σ is immaterial. The surface charge density is also
independent of σ for the same reason: since it is constant, by hypothesis, the
net charge per unit time flowing out of any given part of the surface is zero,
and again the value of σ bears no importance.

Is v × B independent of σ under steady-state conditions? With a given
v and a given externally applied Bext, v × Bext is independent of σ. But is
v × Bind also independent of σ, with Bind a function of J , and thus of σ?
The answer is yes, according to the Examples below.

Before the paper by P. Lorrain et al. (1998), only Lundquist (1952) had
discussed the distortion of magnetic field lines by moving conductors in clear-
cut cases. As stated above, Lundquist found, despite his assertion to the
contrary, that the frozen-field principle does not apply.

The near-total absence of real tests of the behavior of magnetic field lines
in moving conductors is both striking and regrettable. Typically, Newcomb
(1958) wrote a 39-page theoretical paper without testing his statements.

8.4 The Net Magnetic Field

The net magnetic field depends solely on the electric currents, whether ex-
ternally applied or induced. For example, the net magnetic field is unaffected
if one replaces the moving conductors by their induced currents. The case of
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the Faraday disk of Sect. 8.7.8 below is striking: the magnetic field is unaf-
fected if the disk stops rotating, and the current is restored with an external
source.

The magnetic field of the induced currents, Bind, presents a problem.
According to Ohm’s law for moving conductors (Sect. 6.4),

J = σ[E + (v × B)] , (8.2)

where B is the net field

B ≡ Bnet = Bext + Bind , (8.3)

Bext being the externally applied field and Bind the magnetic field of the
induced currents. So

J = σ{E + [v × (Bext + Bind)]} . (8.4)

It would be appropriate here to add a subscript “ind” on J , since it is an
induced current density.

Let there be no externally applied current. Now Bind depends on J : from
Eq. 2.4,

∇ × Bind = µ0J . (8.5)

Similarly, the space charge density of Eq. 7.10 is a function of the net
magnetic field. Now the net charge density Q̃ is the sum of the bound charge
density Q̃b resulting from the distortion of dielectric atoms or molecules, and
the free charge density Q̃f that results from the addition or subtraction of free
electric charges as in Sect. 7.2. We are solely concerned here with conductors,
and Q̃ = Q̃f . We use Q̃f , as in Chapter 7. Then

Q̃f = −ε0∇ · [v × (Bext + Bind)] . (8.6)

Also,

Q̃f = −ε0[Bnet · (∇ × v) − v · (∇ × Bnet)] (8.7)
= −ε0[Bnet · (∇ × v) − µ0v · J ] (8.8)

= −ε0Bnet · (∇ × v) +
v · J
c2

. (8.9)

So E in Eq. 8.2 depends on Q̃f , which depends on Bind. We avoid this
difficulty here by investigating only cases where Bind = 0, or where v ×
Bind = 0. Then we can disregard the Bind terms in Eqs. 8.4 and 8.6. Some
readers might devise more general examples.

8.5 The Case of Rotating Conductors

If the velocity v of a point in the conductor is not constant, then its frame S′

is not inertial. For instance, in Examples 2, 3, 5, and 6 below, the vector v
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rotates with the conductor. Then the above equations, as well as Maxwell’s
equations, apply only in the neighborhood of a given point P ′, as we saw in
Sect. 6.2.1. The moving reference frame S′ at P ′ then applies only at a given
instant and is an inertial frame whose velocity is the instantaneous velocity
of P ′ (Møller, 1974).

Consider a finite axisymmetric passive conductor that rotates around its
axis at a constant angular velocity ω. The conductor is not connected to a
stationary circuit through sliding contacts.

Let the externally applied magnetic field Bext be symmetric around the
same axis. We assume a steady state. Then the net magnetic field B = Bnet

(Eq. 8.3) will also be axisymmetric.
The curl of J is zero for the following reason. From Sect. 6.4,

J = σ[E + (v × B)] (8.10)

and

∇ × J = σ[∇ × E + ∇ × (v × B)] (8.11)

= σ

[
−∂B

∂t
+ ∇ × (v × B)

]
. (8.12)

We have used Eq. 2.3. For a steady state, the time derivative vanishes and

∇ × J = σ∇ × [ωρφ̂ × (Bρρ̂ + Bφφ̂ + Bzẑ)] (8.13)
= σω∇ × (−ρBρẑ + ρBzρ̂) (8.14)

= σω

[
∂

∂ρ
(ρBρ) +

∂

∂z
(ρBz)

]
φ̂ (8.15)

= σωρ

[
1
ρ

∂

∂ρ
(ρBρ) +

∂Bz

∂z

]
φ̂ (8.16)

= σωρ(∇ · B)φ̂ ≡ 0 . (8.17)

So the curl of J is zero inside our conductor.
Then, from Stokes’s theorem, if C is any closed curve lying entirely inside

the conductor, and if A is any surface that is inside the conductor and is
bounded by C, ∮

C

J · dl =
∫
A

(∇ × J) · dA = 0 . (8.18)

Since the shape of C is arbitrary, we conclude from p. 98, note 2, that

J ≡ 0 . (8.19)

There are no induced currents and hence no induced magnetic field.
So, if an axisymmetric conductor rotates around the axis of an axisym-

metric net magnetic field (Eq. 8.3), then J = 0 and, from Eq. 8.10,
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E = −(v × B) . (8.20)

The field of the induced electric charges cancels the v × B field exactly
everywhere. There are no induced currents and the magnetic field is therefore
unaffected by the rotating conductor.

8.6 The Newcomb Criterion

Newcomb (1958) stated that, if a closed curve C moves and distorts with a
conducting medium, then the magnetic flux Φ linking C is constant in time
if, and only if,

∇ × [E + (v × B)] = 0 . (8.21)

This statement is known as the Newcomb criterion. As we shall see, this is, in
fact, a sufficient, but not a necessary condition for the constancy of Φ. Also,
Newcomb sets v · B = 0, but that condition is unnecessary.

In a fixed reference frame S,

∇ × E = −∂B

∂t
, (8.22)

as in Eq. 2.4. Similarly, in the moving frame S′,

∇′ × E′ = −∂B′

∂t′
, (8.23)

where B = B′ and t = t′, as in Eq. 6.26 and Sect. 6.2.1. Then, from Stokes’s
theorem, ∮

C′
E′ · dl′ =

d

dt′

∫
A′

B′ · dA′ =
dΦ′

dt′
, (8.24)

where A′ is any open surface bounded by the closed curve C ′.
Now we saw in Sect. 8.3 that E is in general not zero, even when σ tends

to infinity. The same applies to E′. It follows that the magnetic flux Φ′ linked
by the closed curve C ′ is not constant, in general. This will be confirmed by
the Examples that follow.

Let us look at this result more closely.
If σ is uniform, the Newcomb criterion is equivalent to stating that Φ is

constant if, and only if,

∇ × J = 0 , or ∇ × (∇ × B) = 0 . (8.25)

We have used Eq. 2.4 and Identity 1 on the page facing the front cover. Here
B is the induced magnetic field, assuming that ∇ × Bext is zero.

Newcomb’s argument, slightly restated as we do below, rests on a math-
ematical principle, Eq. 8.26 below, and on one of Maxwell’s equations. It is
therefore reliable.
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Call A the area of any surface bounded by the closed curve C, n̂ the
unit vector normal to A, and dl an element of length along C. Then, for a
stationary observer, with v the velocity of a point on the curve C, in reference
frame S,

dΦ

dt
=

∫
A

∂B

∂t
· n̂ dA +

∮
C

B · (v × dl) . (8.26)

The first term on the right is the time derivative of the magnetic flux through
the surface A, if the curve C is independent of the time. The second term is
the flux swept by the element dl in one second. Then

dΦ

dt
= −

∫
A

(∇ × E) · n̂ dA−
∮

C

(v × B) · dl . (8.27)

We have used Eq. 2.3 and Identity 16 (page facing the front cover). Applying
now Stokes’s theorem to the second term on the right,

dΦ

dt
= −

∫
A
{∇ × [E + (v × B)]} · n̂ dA (8.28)

= −
∫
A

(
∇ × J

σ

)
· n̂ dA (8.29)

= −
∫

C

J

σ
· dl . (8.30)

The time derivative of the magnetic flux Φ linked by C is zero if either one of
these last two integrals is zero. That is a necessary condition. Equation 8.21
is a sufficient condition for this to be true.

In Examples 1 to 6 below, E + (v × B) = 0 and the magnetic flux Φ
linked by a curve C that follows the moving conductor moving at a constant
velocity, is constant. This is in agreement with the fact that the magnetic
field is stationary in the reference frame S′ of the moving conductor.

Example 8 concerns a sphere of fluid in which the angular velocity is a
function of the z-coordinate as in Eq. 8.46. Equations 8.51–8.53 show that
∇ × J is in general not equal to zero. The magnetic flux linked by a closed
curve C that moves and distorts with the fluid is not constant, in agreement
with the Newcomb criterion.

8.7 Nine Examples

We calculate below the currents induced in moving conductors of uniform σ,
and the net magnetic field. We find that, in all these Examples, the mag-
netic field lines are either unaffected by the moving conductor, or distorted
downstream, or distorted upstream. In all cases the magnetic field lines are
stationary.

Many readers will think of other examples, either just as simple, or more
general.
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8.7.1 Assumptions

We assume steady-state conditions: with respect to at least one inertial refer-
ence frame S, the field variables E, Bext, A, V , J , as well as the electrostatic
space and surface charge densities, are all independent of the time, so we set
∂/∂t = 0 in that frame. The conductor velocities are given. All transient
phenomena have become negligible, charges have moved to their equilibrium
positions, and the conductors have reached their asymptotic velocities. We
disregard dielectrics, and thus polarization charges and currents.

If the conductor moves in a straight line, then the velocity v of a given
point inside is constant. If the conductor rotates, then v is a function of the
time, but the angular velocity ω is constant.

The conductors move in a vacuum and there are no externally applied
electric charges, or electric fields, or electric currents. This does not apply to
the electromagnetic pump referred to below.

Under those conditions, Bind and Bnet are constant, and the configuration
of the magnetic field lines is independent of the time in reference frame S.

We also assume non-relativistic speeds and non-magnetic materials:

v2 � c2 , µr = 1 , (8.31)

where v is the speed of a point in the conductor with respect to reference
frame S, and c is the speed of light.

Recall that B′ = B, from Eq. 6.26, whatever the value of the conductiv-
ity σ. This relation is important here. It means that observers in S and S′

measure identical magnetic fields. It also means that magnetic field lines in
S′ are identical to magnetic field lines in S, whatever the conductivity σ of
the moving medium.

In the following Examples all the conductors are solid, save for Example 8,
but our general conclusions apply to conducting fluids such as the liquid part
of the Earth’s core, and to plasmas such as those of the Sun, of the stars,
and of Space (Peratt, 1991): the basic Physics is the same.

The induction equation of Sect. 6.5 applies: both sides are equal to zero.

8.7.2 Examples 1, 2, 3: The Three Shercliff Cases

Shercliff (1965) gives one example of a magnetic field that is not affected by
a moving conductor, and two examples where the moving conductor shifts
magnetic field lines upstream. In the first two cases, the magnetic flux Φ
linked by a curve C that follows the moving conductor at a constant velocity,
is constant. This is in agreement with the fact that the magnetic field is
stationary in the reference frame S′ of the moving conductor. Unfortunately,
his discussion is brief and qualitative.
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In his first example, a conducting fluid flows inside a non-conducting
pipe, in the field of a magnet. The fluid velocity and the magnetic field are
orthogonal. There is a Hall effect (Sect. 4.8):

“Charges appear on the surface of the fluid in such a way as to produce
an E that just balances the v × B [...] So here we have a conducting fluid
failing to sweep the field in any sense [...]”

Since there is zero induced current, the net magnetic field is simply the ap-
plied field. So the magnetic field is unaffected by the moving fluid.

In his second example, he adds inside the fluid a longitudinal conducting
plate that slows down the fluid in its neighborhood. There is still no electric
current flowing to the tube. How he arrives at the following conclusion is not
clear.

“[...] [electric] currents do flow [in the fluid] because v × B is now non-
uniform [...] The result is that [...] the field appears to be shifted upstream
and it is evident that the sweeping concept [the frozen flux principle] is not
reliable [...]”

The electromagnetic pump of Sect. 4.8.1 is his third example. Figure 4.6
shows how the applied current distorts the magnetic field lines upstream.
Here, the electric current is applied, and not induced. The direction in which
the lines are distorted is independent of σ. For given values of B and J , the
field configuration is constant and independent of the value of σ.

The tubing through which the fluid flows is non-conducting. There is an
externally applied magnetic field that points up, and an externally applied
current that points into the paper. So the J × B force density on the fluid
points right.

There is a Hall effect (Sect. 4.8), and charge carriers drift sideways, posi-
tive carriers flowing in the direction of the reader and negative carriers flowing
in the opposite direction. This small current generates opposing charges on
the tubing wall, and it soon stops.

The net magnetic field is the sum of the applied vertical field plus the
magnetic field of the applied current. Figure 4.7 shows field lines for the net
magnetic field.

The magnetic field lines are stationary. They do not follow

the moving conductor.

The field lines are distorted upstream.

For given values of B and J, the magnetic field configuration

is constant and independent of the value of the fluid conduc-

tivity σ.

The direction in which the magnetic field lines are distorted is independent
of σ.

Does the Newcomb criterion apply? Here, current flows between the elec-
trodes, and E +(v×B) 
= 0. Now consider a closed curve C lying in a plane
perpendicular to the paper. When C lies in the applied magnetic field, the
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Fig. 8.1. Example 4. A rectangular copper plate moves to the right without rotating
at the constant velocity v in a uniform magnetic field B that points out of the paper

magnetic flux Φ linking C has some non-zero value. But, as C moves away,
out of the applied magnetic field, Φ tends to zero. So Φ is not constant, in
agreement with the Newcomb criterion.

8.7.3 Example 4: Rigid Conductor

In this simple example, Bind = 0.
A rigid finite conducting object of arbitrary conductivity, shape, and size

moves at a constant velocity v in a non-conducting fluid and in a uniform
magnetic field B. Figure 8.1 shows a square copper plate as an example.
There is no external circuit.

The plate is first stationary in the magnetic field B. a) An externally ap-
plied force F pulls the plate to the right at the constant velocity v. The v×B
field causes an induced current, of density J , to flow downward, charging the
top and bottom surfaces. The squares show the orientation of the magnetic
field of the induced current. There is a braking force, of density J ×B, that
opposes part of F . b) Soon, the electrostatic surface charges have built up to
their equilibrium value, E = −v ×B, and J = 0. There is then no magnetic
braking force, F = 0, and the plate continues moving to the right in the
absence of any force. From then on, the copper plate has no effect on the
magnetic field because there are no induced currents.

In reference frame S′, in which the plate is at rest, a steady state is
attained, in which B′ is constant and, inside the plate,

∇′ × J ′ = σ′∇′ × E′ = −σ′ ∂B′

∂t′
= 0 . (8.32)

From p. 98, note 2, J ′ = 0 and then, in frame S also, J = 0 (see Eq. 6.22).
Again there is no induced current, and no induced magnetic field: Bind = 0.
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From Eq. 7.10, there are no electrostatic space charges inside the copper
plate because v × B is independent of the coordinates. So the electrostatic
charges lie only at the surface.

Since J = 0, it follows from Eq. 7.1 that, in this case,

E + (v × B) = 0 : (8.33)

the E of the surface charges cancels v × B exactly at every point inside
the sheet, whatever the value of its conductivity σ. Both E and v × B are
independent of σ. That is an important point.

There is no induced current and no induced magnetic field: the moving
conductor does not disturb the magnetic field lines, and there is no magnetic
braking force.

The magnetic field lines are stationary and unaffected, because there is
no induced current. Field lines do not follow the moving conductor.

Since E + (v ×B) = 0, the Newcomb criterion applies and dΦ/dt = 0, as
one can expect.

If the copper plate moves in a conducting fluid, then E does not com-
pletely cancel v × B, and current flows both through the plate and through
the fluid. Then there exists an induced magnetic field that adds to the applied
field. The magnetic braking force density is J × Bnet.

8.7.4 Example 5: Rotating Cylinder

In this example also, Bind = 0.
Figure 8.2 shows a long conducting circular cylinder of radius R that

rotates at a constant angular velocity ω in a uniform axial magnetic field B.
There is no external circuit.

As the cylinder starts rotating, the v×B field drives conduction electrons
toward the axis, if ω and B are both positive as in the figure. The periphery
becomes positive.

The v × B field also develops a negative uniform electrostatic volume
charge density inside the cylinder, as in Eq. 7.10.

As shown in Sect. 8.5, everywhere inside the cylinder, the resulting E
cancels v × B, J = 0, and Bind = 0.

As in Example 4, the rotating conducting cylinder has no effect on the
magnetic field and there is no magnetic torque, whatever σ or the size of the
cylinder.

Let us check the relation E+(v×B) = 0. From Eq. 7.10, the electrostatic
space charge density Q̃f is

Q̃f = −ε0∇ · (v × B) = −ε0∇ · [ωρφ̂ × (Bẑ)] (8.34)
= −2ε0ωB . (8.35)

Thus Q̃f is uniform and independent of σ.
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Fig. 8.2. Example 5. A conducting cylinder rotates at the constant angular velocity
ω in a uniform axial B

A surface charge of density S̃f maintains the net charge on the cylinder
equal to zero. Neglecting end effects,

2πRS̃f = −πR2Q̃f , S̃f = −RQ̃f

2
= +ε0ωBR . (8.36)

The field of this surface charge extends only outside the cylinder, where it
cancels the field of the space charge that is inside the cylinder. Thus, inside
the cylinder, the electric field is only that of the space charge:

E =
πρ2Q̃f

2πε0ρ
ρ̂ = −ωρBρ̂ = −v × B . (8.37)

Therefore, neglecting end effects, the field E of the electrostatic space charge
cancels the v × B field exactly at every point inside the cylinder, for any
value of σ, and for any size of cylinder. Again, the vectors E and v × B are
both independent of σ. The rotating conducting cylinder has no effect on the
magnetic field because there are no induced currents. There is no magnetic
braking torque.

As long as (ωρ)2 � c2, the magnetic field of the convection current that
results from the rotation of the electrostatic volume and surface charges is
negligible compared to the applied field, as in Sect. 7.2.3.

The magnetic field lines are stationary. They do not follow the moving
conductor, whatever its conductivity.

Here, everywhere inside the cylinder, E + (v ×B) = 0, so that ∇× [E +
(v ×B)] = 0. Also, J = 0. Now the magnetic flux linking an arbitrary curve
C is constant. So the Newcomb criterion applies.
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Fig. 8.3. Example 6. A conducting sphere rotates at a constant angular velocity
ω in a uniform axial B. This figure is the same as Fig. 7.3

8.7.5 Example 6: Rotating Solid Sphere

Again, Bind = 0.
Figure 8.3 shows a solid sphere of radius R and uniform conductivity σ

that rotates at a constant angular velocity ω in a uniform axial magnetic
field.

As the sphere starts rotating, the v×B field drives conduction electrons
toward the axis, and the surface near the equator becomes positively charged,
if ω and B are both positive as in the figure. The v×B field thus establishes
a uniform electrostatic space charge density inside the sphere, as in Eq. 7.10.
The resulting electrostatic field E cancels the v×B field everywhere inside the
sphere, and current stops flowing outward. As in Example 5, there are then
no induced currents, no magnetic torque, and E + (v × B) = 0: the sphere
has no effect on the magnetic field. This fact was noted by J.J. Thomson
(1893) over one century ago.

The charge space density Q̃f inside the sphere is uniform as in Eq. 7.4,
and the surface charge density is given by Eq. 7.74 (van Bladel, 1984):

S̃f = ε0ωBR
(

5
2 sin2 θ − 1

)
. (8.38)

The electric field E of these two charge distributions cancels the v × B
field everywhere inside the sphere, J = 0, and Bind = 0, whatever the
conductivity.

It does not matter whether the source of the magnetic field rotates with
the sphere or not (P. Lorrain, 1993a). The reason for this is as follows. By
hypothesis, the applied magnetic field is uniform over the volume occupied
by the sphere. It is the field of an appropriate coil. Now imagine that you
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Fig. 8.4. Example 7. End view of a conducting plate m that moves into the paper
at the constant velocity v in the direction of the x-axis. The stationary conducting
plate s is connected to m through sliding contacts C. Both plates are infinitely long
in the x-direction perpendicular to the paper. The induced currents, of density J ,
point in the directions shown

install a B-meter in that field and that you rotate the coil. The reading on
the meter will of course not be affected. So, given a uniform magnetic field,
a rotation of the source has no effect on the field.

More generally, rotating the source of an axisymmetric magnetic field
about the axis of symmetry has no effect on the field.

Remember from Sect. 8.5 that, if a finite axisymmetric conducting body
rotates as a solid about its axis, in a constant magnetic field that is symmetric
around the same axis, then J = 0 (in a steady-state situation). There are
no induced currents and E cancels v × B exactly everywhere inside. The
rotating axisymmetric conductor does not disturb the magnetic field, and
there is no magnetic braking torque.

The magnetic field lines are stationary. They do not follow the moving
conductor, whatever its conductivity.

The Newcomb criterion applies, as in the case of the rotating cylinder.

8.7.6 Example 7: Moving Plate

Once more, v × Bind = 0.
Figures 8.4 and 8.5 show two views of a conducting slab m of uniform

conductivity σm and of thickness 2b that moves at a constant velocity vx̂. The
slab is infinite in the x-direction and its width is 2c in the z-direction. It moves
in a uniform externally applied magnetic field Bextŷ. A similar stationary
plate s, of conductivity σs lies underneath the moving one, is insulated from
it, and connects the faces at z = ±c together through sliding contacts. We
ignore corrections for the conductor edges, and we assume perfect sliding
contacts.
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Fig. 8.5. Example 7. Side view of the two plates of Fig. 8.4 in the z = 0 plane.
The upper plate m moves to the right at the velocity vx̂, while the lower plate s is
stationary

1. First, set σs = 0: the stationary plate is an insulator. We then have
Example 4: once the electrostatic surface charges are established, no current
flows, and the magnetic field is undisturbed by the moving conducting plate.

In the z-direction, the resistances per meter of length measured in the
x-direction are

Rm =
c

bσm
, Rs =

c

bσs
. (8.39)

2. Now set σs = ∞: the stationary plate short-circuits the moving plate,
and Es = Em = 0. The current induced by the v × B field in the moving
plate m flows in the +z-direction and its magnetic field Bind is parallel to
the x-axis. Then v × Bind = 0 and

v × B = v × (Bext + Bind) = v × Bext = vBextẑ (8.40)

is independent of the coordinates. Because of Eq. 7.10, there are no induced
electrostatic space charges. Also, E = 0, there are no electrostatic surface
charges and

Jm = σm(v × B) = σmvBextẑ = −Js . (8.41)

The vectors Em, Es, and v × B are all independent of the σm of the
moving plate. Indeed, nothing happens to these vectors when σm increases
indefinitely, whatever the size of the system, but Jm and Js are both pro-
portional to σm.

The equal and opposite currents in the two plates have a net zero induced
magnetic field outside: the magnetic field line above and below is vertical. In
the lower, stationary, plate s, current flows into the paper and rotates the
magnetic field line in the clockwise direction. The upper plate m moves to
the right at the velocity v and carries a current that flows out of the paper
and rotates the field line in the counter-clockwise direction. The magnetic
force density is J × B. The magnetic force on m brakes the motion, while
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Fig. 8.6. Example 7. Magnetic field line for the conducting plates of Figs. 8.4 and
8.5, for µ0σv = 1, b = 1, and c � b. The equal and opposite currents in the two
plates have a net zero induced magnetic field outside: the magnetic field line above
and below is vertical. In the lower, stationary, plate s, current flows into the paper
and rotates the magnetic field line in the clockwise direction. The upper plate m
moves to the right at the velocity v and carries a current that flows out of the paper
and rotates the field line in the counter-clockwise direction

that on s points in the forward direction. The plates repel each other because
they carry currents in opposite directions.

The induced magnetic field Bind is that of a pair of uniform sheets of
current 2b meters thick and carrying 2bJm amperes in the plus and minus
z-directions, per meter measured in the x-direction. Figure 8.6 shows a mag-
netic field line as observed in a stationary reference frame for the net magnetic
field B = Bext + Bind, with µ0σmv = 1, σs = ∞, b = 1, and c 	 b.

The magnetic field line is stationary, and its shape is independent of the
time.

From Fig. 8.6, the magnetic force density J ×Bnet points backward and
upward in the moving plate, braking the motion, and downward and forward
in the stationary plate. The magnetic force tends to separate the plates.

From Eq. 6.26, B′ = B: an observer moving with the plate plots an iden-
tical field line, which is also independent of the time. This is a consequence
of Special Relativity and has nothing to do with σ.

So, in this case, both Jm and Js are independent of the coordinates, from
Eq. 8.41. Also E = Es + Em = 0 and is independent of the coordinates. So
∇ × [E + (v × B)] = 0 and, from the Newcomb criterion, the flux Φ linked
by the closed curve C that follows the conductor is constant.

3. Now set σm = σs = σ. Then

Jm =
σvBextẑ

2
. (8.42)

From Eq. 6.33,

Em =
Jm

σ
− v × Bext = −vBextẑ

2
, (8.43)
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Es =
Js

σ
= −Jm

σ
= −vBextẑ

2
. (8.44)

These electric fields result from electrostatic surface charges and are inde-
pendent of σ. Observe how Em and v × B of Eq. 8.2 have opposite signs,
and how Em cancels half of v × B.

In the stationary plate s, v × B = 0 and the return current density is

Js = σEs = −σvBextẑ

2
= −Jm . (8.45)

Both E and v×B are again independent of σ, and J is again proportional
to σ. The magnetic field line of Fig. 8.6 applies here also; the induced current
and the induced magnetic field are both half as large, but the general shape
of the line is the same.

The magnetic force density is J × B. The magnetic force on m brakes
the motion, while that on s points in the forward direction. The plates repel
each other because they carry currents in opposite directions.

The magnetic field lines are stationary: they do not follow the moving
conductor, whatever its conductivity.

8.7.7 Example 8: Rotating Fluid Sphere

Here, v × Bind = 0.
The conducting fluid inside a sphere of radius R has an azimuthal velocity

v that is a function of ρ and z:

v = ωρ

(
1 − K

z2

R2

)
φ̂ . (8.46)

If K is positive, the equator rotates faster than the poles. The sphere rotates
in a uniform axial magnetic field Bextẑ. It is immaterial whether the currents
that generate the axial magnetic field lie inside or outside the rotating sphere,
as noted in Example 4.

The field v × Bext points everywhere in the radial direction, while E
results from the presence of both space and surface electrostatic charges.
Because of the axisymmetry, E has only radial and axial components. Then,
from Eq. 6.33, J has only radial and axial components, and a current sheet
has the shape of a toroid. So the induced magnetic field is azimuthal, like the
velocity v, and v × Bind = 0.

Under steady-state conditions, if σ is uniform,

v × B = v × (Bextẑ + Bindφ̂) = v × (Bextẑ) (8.47)

= ωρBext

(
1 − K

z2

R2

)
ρ̂ , (8.48)

Q̃f = −εrε0∇ · [v × (Bextẑ)] (8.49)

= −2εrε0ωBext

(
1 − K

z2

R2

)
. (8.50)
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Here v × B, Q̃f , and E, are all independent of the conductivity σ.
Also,

∇ × J = σ[∇ × E + ∇ × (v × B)] (8.51)

= σ

[
−∂B

∂t
+ ∇ × (v × B)

]
(8.52)

= σ∇ × (v × B) = −2σωBextK
ρz

R2
φ̂ . (8.53)

So the curl of J is not zero, in general, and, from Eq. 8.29, the flux Φ is
not constant.

Say ω, Bext, K, z are all positive. Then ∇×J points in the −φ̂-direction,
and current flows in closed loops in the direction that gives a magnetic field
pointing also in the −φ̂-direction. The magnetic field is that of a toroidal
coil. So ∇ × J and Bind point in the same direction.

With the first three above parameters positive, Bind points in the −φ̂-
direction in the upper hemisphere, and in the +φ̂-direction in the lower hemi-
sphere. A little thought shows that the rotation shifts a magnetic field line
in the +φ-direction in the lower hemisphere, and in the −φ-direction in the
upper hemisphere: magnetic field lines are distorted downstream. Increasing
σωK increases the distortion. The magnetic field lines are stationary.

Now suppose that ω and Bext are again positive, but that K lies between
−1 and 0. Then every point in the sphere rotates in the positive direction
about the z-axis, but the poles rotate faster than the equator. This changes
the signs of ∇ × J and of Bindφ̂, and the magnetic field lines are distorted
upstream. For a given angular velocity, they are stationary; they do not follow
the moving conductor, whatever its conductivity.

Equation 8.53 shows that ∇×J is proportional to σ, which is uniform by
hypothesis. Then J is proportional to σ. Then Eq. 6.33 shows that E+(v×B)
is independent of σ.

The magnetic force density J × (Bext + Bind) has radial, azimuthal, and
axial components.

Now consider a closed curve C that follows the conductor. Is the magnetic
flux Φ linking C time-independent? The net magnetic flux density is Bext,
which is axial, plus Bind, which is azimuthal. The velocity of a given point
on C is azimuthal. Since it is difficult to visualize how C distorts in a general
case, we investigate two simple cases.

1. The closed curve C moves with the conducting sphere and lies in a
plane z = constant. The surface A bounded by C lies in the same plane. The
motion does not distort C, and Φ = ABext is constant.

2. The curve C is now a circle that lies originally in a radial plane through
the axis of symmetry. The center of C is at ρ = R/2, z = R/2. Set K > 0 in
Eq. 8.46. This makes the equator rotate faster than the poles.

Since the velocity of a point on C is purely azimuthal, the flux of the
azimuthal Bind field through C is constant.
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Is the flux of the axial Bext field linked by C constant? The azimuthal
velocity of a point on C decreases with z, as in Eq. 8.46. Seen from above,
the area enclosed by C increases with time, and the flux of the axial Bext

through C also increases with time; it is not constant.
We conclude as above that the magnetic flux Φ linked by a closed curve

C that moves with the fluid is not in general constant, whatever the value
of σ.

8.7.8 Example 9: The Faraday Disk

In this Example, v × Bind = 0.
This last example concerns the Faraday disk, or disk dynamo (P. Lorrain

et al., 1988; P. Lorrain, 1995, 1990) of Sect. 7.3. Disk D rotates at a constant
angular velocity ω in an axial, constant, and uniform magnetic field Bext.
There are contacts all around the disk, and all around the axle. Because of
the v×B field in the disk, a current I flows in the direction shown in Fig. 7.1.

We ignore the magnetic field of the current I that flows in the external
circuit. Then, inside the disk, the magnetic field has three components:

Bnet = Bext + Baxle + Bdisk . (8.54)

The disk current is radial. For a disk of thickness 2c,

J =
I

4πρc
ρ̂ . (8.55)

From Eq. 2.4 in cylindrical coordinates, assuming axisymmetry and disre-
garding edge effects,

−∂Bdisk, φ

∂z
= µ0

I

4πρc
. (8.56)

Setting Bdisk, φ = 0 at z = 0 in the mid-plane,

Bdisk = − µ0I

4πρc
zφ̂ . (8.57)

Above and below the disk, J = 0 and, within these approximations, Bdisk is
independent of z.

The field Baxle is azimuthal, like the velocity v. It adds to Bext, but does
not contribute to the current, because v × Baxle = 0. The value of Baxle

depends on the connections to the axle. If the current enters at both ends,
Baxle points in the −φ̂-direction above the disk, and in the +φ̂-direction
below, like Bdisk.

With I flowing as in the figure, a magnetic field line has a negative φ-
component above the midplane, and a positive φ-component below. The ro-
tation of the disk thus distorts magnetic field lines downstream, as if they
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were dragged by the rotating disk. But the φ-component of the field is con-
stant in Eq. 8.57, and the magnetic field lines are stationary. This result is
independent of σ.

Here is another way of showing that the magnetic field lines in the disk
dynamo are stationary, despite the rotation. Stop the rotation, open the
circuit at the switch SW of Fig. 7.1, and apply at its terminals a voltage that
restores the current. The current distribution and the magnetic field are the
same as before.

The magnetic field lines are stationary. They do not follow the moving
conductor, whatever its conductivity.

8.8 Summary

An induced current of course gives rise to an induced magnetic field. We are
concerned here only with the net magnetic field, which is the vector sum of
the applied and induced fields.

If a passive axisymmetric conductor rotates in a constant and axisymmet-
ric magnetic field, then there are no induced currents, no induced magnetic
field, and the rotating conductor has no effect on the applied magnetic field.

According to the Newcomb criterion, the magnetic flux Φ linking a closed
curve C is constant if

∇ × [E + (v × B)] = 0 . (8.21)

This is a sufficient condition; the necessary condition is that either one of
four integrals, that we deduced, is equal to zero.

The magnetic flux Φ′ linked by a closed curve C ′ in S′ is not constant, in
general.

Assuming given, applied, constant magnetic fields and given constant ve-
locities, magnetic field lines are either unaffected by a moving conductor, or
distorted downstream, or distorted upstream. In all cases, the magnetic field
lines are stationary, both in a fixed reference frame S and in the reference
frame of the moving conductor S′.

The electrostatic space and surface charges play a fundamental role. In
Examples 4 to 6, their E cancels v × B exactly at every point inside the
conductor, there are no induced currents, no induced magnetic field, the
moving conductor has no effect on the magnetic field lines, and there is no
magnetic force.

In Examples 7 to 9, E cancels only part of v × B. Then there are in-
duced currents, an induced magnetic field, the moving conductor distorts the
magnetic field lines, and there is a magnetic braking force.

Both E and v × B are independent of σ. A change in σ results in a
corresponding change in J .

The electric field E′ = E + (v × B) in the moving reference frame S′ of
the conductor is independent of σ.
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The magnetic field in the core of a rotating body such as the
Earth, or the planets, or the Sun, or the stars, originates
in electric currents that flow both in the core and in the
atmosphere. So the source of the magnetic field rotates with
the body. Does it make sense to apply the results of Chapter
8 here? That problem will require some thought. We must
of course distinguish between a fixed reference frame S and
a frame S′ that rotates with the body. But no! We have
excluded rotating frames! So we have two problems: first,
the source moves and, second, we must deal with rotation,
and not with translation. As we shall see, the electric space
charges in the rotating body play a crucial role.1

1 See P. Lorrain, Azimuthal magnetic fields in the Earth’s core, Physica Scripta
47, 461–468 (1993a).
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9.1 Introduction

We discussed briefly the Earth’s magnetic field in Sects. 4.7 and 5.5.1. We
are concerned here with the electric currents that are induced within the
core of the Earth by its differential rotation in its own dipolar axisymmetric
magnetic field, as in Sect. 4.7. By extension, our discussion applies, in general
terms, to the rotation of the planets, of the Sun, and of stars. We consider
here two particularly simple forms of differential rotation, with ω a function
of z, and with ω a function of ρ.

Many authors have discussed the azimuthal magnetic field induced in
this way in the Earth’s core. For extensive reviews, see Gubbins and Roberts
(1987), and Fearn et al. (1988). The discussions are no more than hand-
waving, and rest on the assumption that magnetic field lines tend to follow a
moving conductor. As we saw in the Examples of Chapter 8, that assumption
is incorrect. To quote Moffatt (1978, pp. 66, 68),

It is as if the B lines were gripped by the fluid and “cranked” around the
z-axis in regions where ω is greatest [...] then B increases linearly with the
time.

That is nonsense; the Earth has been spinning for quite a while!
As usual, we focus our attention on the induced currents, rather than on

the magnetic field lines. Also, we take into account the field of the electrostatic
space charges that almost invariably exist inside conductors that move in a
magnetic field (Chapter 7 and Fig. 8.3).

We saw in Sect. 7.4 that a rotating solid conducting sphere does not
disturb an externally applied axisymmetric magnetic field. In that case J = 0
and ∇ × B = 0. But the velocity v involved here is, in principle, ωρφ̂ plus
the convection velocity within the Earth.

Since we are concerned with the rotation of a body in its own magnetic
field, we must calculate v×B, but for which v, and for which B? In order to
answer these two questions we must distinguish clearly between the rotating
reference frame S′ of the Earth and the inertial frame S of a stationary
observer who looks at the Earth, and we must decide which part of the
magnetic field rotates, if any, and which part does not.

Since the liquid part of the Earth’s core certainly does not rotate as a
solid, we find the general condition for the generation of azimuthal magnetic
fields by differential rotation, which condition is certainly satisfied within the
core. We plot level lines for the azimuthal magnetic field, and find that it is
much weaker than is generally believed.

We show that Ferraro’s law of isorotation (Ferraro, 1937) applies only to
a particular type of differential rotation.
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Fig. 9.1. Magnetic field lines for a current-carrying ring. The magnetic field is
poloidal, while the current is toroidal

9.2 The Ratio BT/BP

We can estimate very roughly the ratio of the azimuthal magnetic field to the
dipolar magnetic field in the Earth’s core by using the magnetic Reynolds
number of Sect. 6.6.

We use cylindrical coordinates ρ, φ, z.
First, we must define two new terms. In discussing fields in cylindrical

coordinates, it is the custom to use the term toroidal, rather than azimuthal,
for a field that has only a φ-component, and the term poloidal for a field that
has no φ-component.

Remember: toroidal ≡ azimuthal. If, for example,

B = Bρρ̂ + Bzẑ + Bφφ̂ , (9.1)

the sum of the first two terms is the poloidal component of B, and the third
term is its toroidal component:

B = BP + BT . (9.2)

Figure 9.1 shows poloidal magnetic field lines associated with a toroidal
current distribution. The magnetic field lines of a straight current-carrying
wire are toroidal.

A toroidal field is of the form F φ̂, where F can be a function of ρ, φ,
and z. A toroidal field line has a fixed ρ and a fixed z.
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A poloidal field line, on the other hand, has a fixed φ. A poloidal field is
of the form Gρ̂ + Hẑ, where G and H can be functions of ρ, φ, and z.

Observe that an axisymmetric toroidal current distribution has an ax-
isymmetric poloidal magnetic field, and inversely.

From the Table facing the front cover, the curl of any toroidal vector field
is poloidal, while the curl of an axisymmetric poloidal vector field is toroidal.

Let us now assume that all fields concerned are axisymmetric; they are
functions of ρ and z only. We observe the Earth from an inertial reference
frame S in which the center of the Earth is immobile.

Refer to Fig. 4.4, which shows a cross-section of the Earth. The North
magnetic pole is near the South geographic pole. At the Equator, the magnetic
field BP points North.

In addition, assume that the relative velocity in the core is not only ax-
isymmetric, but also toroidal. These are rough approximations indeed because
a) there is an angle of about 13 degrees between the axis of rotation of the
Earth and the axis of symmetry of its poloidal field, and the two axes do not
cross, and b) the relative velocity of a point in the convecting core is certainly
not purely toroidal.

Recall now Eq. 7.1:

J = σ[E + (v × B)] = σ[E + (v × BP)] , (9.3)

since v is toroidal, like BT.
Although the conductivity σ is certainly not uniform, let us nevertheless

assume a uniform σ. Take the curl of both sides of the above equation:

∇ × J = σ [∇ × E + ∇ × (v × BP)] (9.4)

= σ

[
−∂B

∂t
+ ∇ × (v × BP)

]
. (9.5)

Assume a steady state. Then ∂B/∂t vanishes and

∇ × J = σ∇ × (v × BP) . (9.6)

Now
v = ωρφ̂ + vrel , (9.7)

where vrel is the velocity of the conducting medium, relative to a solid Earth.
Therefore

∇ × J = σ∇ × [(ωρφ̂ + vrel) × BP] (9.8)
= σ∇ × (ωρφ̂ × BP) + σ∇ × (vrel × BP) (9.9)
= σ∇ × (vrel × BP) , (9.10)

from Eqs. 8.13–8.17 for an axisymmetric B. Finally,

∇ × J = σ∇ × (vrel × BP) . (9.11)
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Now, from Eq. 2.4,

J =
1
µ0

∇ × (BT + BP) , (9.12)

so that
∇ × [∇ × (BT + BP)] = µ0σ∇ × (vrel × BP) . (9.13)

The RHS of Eq. 9.13 is toroidal, since vrel × BP is axisymmetric and
poloidal. Similarly, in the same equation, ∇ × (∇ × BT) is toroidal and
∇ × (∇ × BP) poloidal. The latter quantity is therefore zero and Eq. 9.13
reduces to

∇ × (∇ × BT) = µ0σ∇ × (vrel × BP) . (9.14)

Let us estimate separately the orders of magnitude of typical values of
both sides of this equation, with the methods of Appendix A. Let L be
a characteristic length, say R/6, where R is the Earth’s radius (Sect. A.8,
Example 3).

Consider first the LHS of the above equation. With the terminology of
Sect. A.6.3, BT is a transversal field because its divergence is zero:

∇ · BT =
1
ρ

∂Bφ

∂φ
= 0 , (9.15)

due to the azimuthal symmetry of the field. Then, according to Eq. A.87,

|∇ × (∇ × BT)|typical ∼
BT typical

L2
. (9.16)

Consider now the RHS of Eq. 9.14. Since vrel is toroidal by assumption
and BP is poloidal,

|vrel × BP| = vrelBP (9.17)

at all points in the field. Then, according to Eq. A.83,

µ0σ|∇ × (vrel × BP)|typical � µ0σ|vrel × BP|typical

L =
µ0σ(vrelBP)typical

L .

(9.18)
Now, assuming that

(vrelBP)typical ∼ vrel typical BP typical (9.19)

(see Sect. A.8), it follows that

µ0σ|∇ × (vrel × BP)|typical � µ0σvrel typical BP typical

L . (9.20)

Equations 9.14, 9.16, and 9.20 imply that

BT typical

L2
� µ0σvrel typical BP typical

L , (9.21)
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so that
BT typical

BP typical
� µ0σvrel typical L = Rm , (9.22)

where Rm is the magnetic Reynolds number of Sect. 6.6.
The electric conductivity of the liquid part of the core is thought to be

about 3 × 105 siemens per meter. Set L ≈ 1 megameter. As to the typical
speed, set vrel typical ≈ 3 × 10−4 meter/second, which is an interpolation of
the western drift of the magnetic field at the Equator, down to the surface of
the core (Stacey, 1992).

Then
BT typical

BP typical
� Rm ≈ 100 , (9.23)

and Eq. 6.52 should apply. However, in Sect. 9.6.2 we find a value of about 6
for this ratio, and Eq. 6.52 is not too safe. The calculation of Sect. 9.6.3 does
not lead to a value for Rm.

9.3 The Reference Frames S and S ′

Refer to Sects. 6.1 and 6.2.
The fact that we observe the Earth’s magnetic field from within its ro-

tating frame is a source of confusion; we therefore distinguish between a
non-rotating reference frame S and a rotating frame S′ that is fixed to the
Earth’s mantle (P. Lorrain, 1990, 1993a). We consider that the Earth’s cen-
ter moves along a straight line at a constant velocity, and reference frame S
follows the Earth without rotating. We perform our calculations in frame S,
where physical phenomena are conceptually simpler.

The velocity of the liquid iron in the core has two components, one due
to the rotation of the Earth, and a very much smaller one due to the relative
motion of the core fluid. At the outer radius of the liquid part of the core,
in the equatorial plane, the toroidal velocity due to the rotation is 255 me-
ters/second. The speed of the relative motion of the core fluid is believed to
be about 3 × 10−4 meter/second (Stacey, 1992) and the convection current
density is about 5 × 10−16 ampere/meter2, 14 orders of magnitude less than
the conduction current.

We assume steady-state conditions in the rotating frame of reference S′,
a uniform, non-magnetic (see Sect. 4.7), conducting core, and we disregard
electric currents in the mantle.

Figure 9.2 shows our coordinate system. With respect to a non-rotating
reference frame S, we decompose the velocity v at a given point in the core
into two parts:

v = vφ + vo , (9.24)

where the subscript “o” stands for “other”, and where, by definition, the
azimuthal velocity vφ is axisymmetric,
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v θ

ρ
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�

Fig. 9.2. Cylindrical coordinate system for the Earth’s core. See Fig. 4.5

vφ = v(ρ, z)φ̂ . (9.25)

We disregard differential rotation until Sect. 9.6. Thus, for the moment,
the core and the mantle rotate as a solid and

v = vφ = ωρφ̂ , (9.26)

where ω is the angular velocity of the Earth, 7.27 × 10−5 radian per second.
We are concerned here with azimuthal magnetic fields associated with the

rotation. However, the induced current must result from an ωρφ̂ × B field,
which disregards any azimuthal component of B. It must also be emphasized
that the B field involved here is the one observed at each point in space in
the non-rotating reference frame S.

9.4 Does the Earth’s Magnetic Field Rotate?

Before attempting to answer this question we must distinguish between the
various components of the Earth’s magnetic field inside the core, with respect
to the non-rotating frame S.

We assume that the Earth’s magnetic field consists of two parts: an ax-
isymmetric component Baxi and the rest of the field Bo, where the subscript
“o” stands again for “other”:

B = Baxi + Bo . (9.27)
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The current distribution, of density J , has two components:

J = Jaxi + Jo , (9.28)

with Jaxi associated with Baxi, and Jo with Bo.
To illustrate this decomposition of the magnetic field, imagine an observer

equipped with a magnetometer, and located in the non-rotating reference
frame S. The Earth rotates in front of him, or her. After correcting for solar
and ionospheric effects, the magnetic field of the Earth, for that observer,
is a periodic function with a period of 24 hours: a Fourier analysis shows a
constant B, plus harmonics. The constant component of the magnetic field is
the axisymmetric Baxi, and the rest is Bo, at the position of the observer. For
example, the poloidal component of the Earth’s magnetic field gives a con-
stant signal, corresponding to its axisymmetric component, plus a fluctuating
signal corresponding to its transverse off-axis component.

Now the non-poloidal component of the Earth’s magnetic field is promi-
nent at the surface, despite the fact that the amplitudes of the quadrupole,
octupole, etc. components decrease as 1/r4, 1/r5, etc., as in Sect. 4.6. We
conclude that both Baxi and Bo are highly complex inside the core.

We disregard the toroidal, or azimuthal, or φ, component of the axisym-
metric magnetic field because ωρφ̂ × Bφ ≡ 0, as noted in Sect. 9.3. We can
therefore use the term Baxi for the poloidal component of the axisymmetric
field. This axisymmetric poloidal magnetic field results from an axisymmetric
toroidal current.

Our simulations of axisymmetric spherical self-excited dynamos show that
such a toroidal current probably flows eastward in certain regions of the core,
and westward in others, which makes Baxi badly contorted. We disregard the
origin of the toroidal current that generates Baxi.

9.4.1 Does the “Other” Magnetic Field Rotate?

Does the “other” magnetic field Bo of Eq. 9.27 rotate? For our observer in
the non-rotating reference frame S, the field of a magnetic anomaly, say in
Siberia, returns every 24 hours, and hence rotates with the Earth. The same
applies to the transverse component of the dipolar magnetic field. Therefore,
with respect to the non-rotating reference frame S, the field Bo rotates with
the Earth.

9.4.2 Does the Axisymmetric Field Baxi Rotate?

Does the axisymmetric component of the Earth’s magnetic field rotate? With
respect to the non-rotating reference frame S, this axisymmetric component
of magnetic field is constant. Does it rotate? Intuitively, it does not. Also,
since it is impossible to measure the angular velocity of an axisymmetric
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magnetic field, it would not make sense to say that it rotates. However, let
us look into this more closely.

A stationary copper ring of radius R carries a current I1. That current is
equal to the linear charge density λ− of the conduction electrons, times their
drift velocity:

I1 = λ− vdrift . (9.29)

Now rotate the ring about its axis at a constant angular velocity ω. For a
fixed observer, the new current I2 is the superposition of two currents, one
resulting from the rotation of the positive lattice, and one due to the drift of
the conduction electrons:

I2 = λ+ ωR + λ− (ωR + vdrift) . (9.30)

For our fixed observer, the copper ring remains neutral, the charge densities
λ+ and λ− are of the same magnitude, but of opposite signs, and

I2 = λ− vdrift = I1 . (9.31)

The rotation of the ring about its axis of symmetry therefore has no effect on
the net current, and thus no effect on the magnetic field. We have assumed
that v2 � c2, where v is the speed of a point within the conductor, and c is
the speed of light.

It follows that, for non-relativistic speeds and for a fixed observer, the
magnetic field of any toroidal current remains unaffected when the current
distribution rotates about its axis of symmetry.

The axisymmetric component Baxi of the Earth’s magnetic field therefore
does not rotate with respect to the inertial reference frame S any more than
if Baxi were generated by a current situated in a non-rotating coil outside
the Earth.

9.4.3 Example: The One-piece Faraday Generator

The one-piece Faraday generator is a good illustration of the fact that an
axisymmetric magnetic field does not rotate. Refer to Fig. 7.1. Remove the
applied axial magnetic field, and replace the conducting disk by a disk that
is both conducting and magnetized in the axial direction. Now rotate the
disk. The device acts as a generator as if the magnetic field were supplied by
an external, stationary coil. Faraday observed this phenomenon more than a
century and a half ago, with a bar magnet rotating about its axis of symmetry
(Faraday, 1852a; Corson, 1956; Crooks et al., 1978).

9.5 Solid Core

Assume again that the Earth’s core rotates as a solid. As we saw in Sect. 9.3,
the relative velocities are believed to be of the order of 10−6 times the
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azimuthal velocity ωρφ̂. Then Eq. 9.26 applies. Differential rotation will
come later on, in Sect. 9.6.

With respect to the non-rotating reference frame S, the rotation of the
Earth in its own axisymmetric field gives rise to a field v×B = ωρφ̂×Baxi.
The rest of the field Bo rotates with the Earth. As a first approximation, let
us neglect Bo.

Assuming thus that the conducting core rotates as a solid in its own
axisymmetric magnetic field, we know from Sect. 8.5 that there is no induced
current and thus no induced magnetic field. However recall Eq. 6.33 for the
current density J inside a conductor of conductivity σ that moves at a velocity
v in superposed E and B fields, all quantities being measured with respect to
a stationary reference frame S. With the suffix “ind” standing for “induced”,

J ind = σ(Eind + ωρφ̂ × Baxi) (9.32)

= σ

(
−∇Vind − ∂Aind

∂t
+ ωρφ̂ × Baxi

)
(9.33)

= σ(−∇Vind + ωρφ̂ × Baxi) . (9.34)

Here all the terms are constant, by assumption.
Observe that the Earth’s core acts as a one-piece Faraday disk (Sects. 7.3

and 9.4.3) that both supplies its own magnetic field and acts as its own load.

9.5.1 The Values of v × B and of Q̃

Let us calculate some orders of magnitude for the Earth’s core. Since there
is no induced current,

Eind = −v × B = −ωρφ̂ × Baxi . (9.35)

The magnitude of the poloidal component of the magnetic field at the surface
of the core, at a radius of 3.5 × 106 meters, is generally taken to be about
5 × 10−4 tesla. This field presumably points toward the geographic North,
as does the magnetic field at the Earth’s surface. However, Baxi is certainly
very much more complex than a poloidal field, and its average magnitude
is certainly very much larger than that. Assuming nonetheless that value,
Eq. 9.35 gives a radial electric field v × B of about +0.13 volt/meter at the
surface of the core in the equatorial plane, where the toroidal velocity is about
250 meters/second.

What is the volume charge density? From Eq. 7.18,

Q̃ = −2ε0ωB . (9.36)

Then, with a magnetic field of about 5 × 10−4 tesla that points up, and for
an angular velocity 2π/(24 × 3600) = 7.3 × 10−5 radian per second,
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Q̃ = +2 × 8.85 × 10−12 × 7.3 × 10−5 × 5 × 10−4 (9.37)

= +6.46 × 10−19 coulomb/meter3 . (9.38)

This corresponds to a lack of about 4 electrons per cubic meter! There is also
an equal and opposite small surface charge, as in Sect. 7.4.

Near the Earth’s surface, at the Equator, B ≈ 3×10−5 tesla, which is the
best fit for the poloidal component, and Q̃ ≈ +4 × 10−20 coulomb/meter3,
corresponding to a lack of two or three electrons per 10 cubic meters.

These slight electrostatic charges play an essential role in the Earth’s
dynamo. If there were no competing electrostatic field, the

ωρφ̂ × Baxi

field would act alone in the core, and the ohmic power dissipation would be
absurdly high, as the following calculation will show.

As we saw above, vB ≈ 0.13 volt/meter. Since the conductivity of the
core is about 3 × 105 siemens/meter, then, in the absence of the opposing
electrostatic field, the current density at a radius of 3.5 megameters, at the
surface of the liquid part of the core, would be 3.9 × 104 amperes/meter2

and the ohmic power dissipation 5 kilowatts/meter3. But our estimate of
B is much too low, and the ohmic power dissipation is proportional to the
square of vB, so the Joule losses would be larger than 5 kilowatts/meter3

by orders of magnitude. Without the slight electrostatic volume charge, the
Earth might melt, or even evaporate. Clearly, the ωρφ̂ × Baxi field cannot
act alone.

9.6 Differential Rotation

The liquid part of the core cannot be expected to be uniform in temperature
and in chemical composition, and hence in density. It is thus subjected to
convection due to buoyancy, and to the centrifugal and Coriolis forces.

Assume that there is differential rotation: the toroidal velocity is again
axisymmetric, but it is now a function of ρ and z, as in Eq. 9.25. Then

vφ × Baxi = vφ̂ × (Baxi, ρ ρ̂ + Baxi, z ẑ) (9.39)
= v(Baxi, z ρ̂ − Baxi, ρ ẑ) (9.40)

and, from Eq. 7.10, the induced electrostatic charge density is

Q̃ind = −ε0∇ · (vφ × Baxi) (9.41)

= −ε0

[
1
ρ

∂

∂ρ
(ρvBaxi, z) −

∂

∂z
(vBaxi, ρ)

]
. (9.42)

Also,
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Q̃ind = −ε0∇ · (vφ × Baxi) (9.43)
= −ε0 [Baxi · (∇ × vφ) − vφ · (∇ × Baxi)] (9.44)

= −ε0

(
−Bρ

∂v

∂z
+ Bz

v

ρ
+ Bz

∂v

∂ρ
− µ0vJφ

)
. (9.45)

From Eq. 9.34, under steady conditions and for a homogeneous core,

∇ × J ind = σ∇ × (−∇Vind + vφ × Baxi) (9.46)
= σ∇ × (vφ × Baxi) (9.47)

= σ

[
∂

∂ρ
(vBaxi, ρ) +

∂

∂z
(vBaxi, z)

]
φ̂ . (9.48)

Differential rotation as in Eq. 9.25 induces a poloidal current in the core,
and thus a toroidal magnetic field, if the bracket in the above equation is not
equal to zero. Since the magnetic field in the Earth’s core is probably badly
contorted, the bracket is certainly not equal to zero in the core.

It would be interesting to calculate the current density J ind that is induced
by the differential rotation, but that is more difficult than calculating its curl,
for the following reason. When there is differential rotation, Eq. 9.34 becomes

J ind = σ(−∇Vind + vφ̂ × Baxi) , (9.49)

where v is now a function of ρ and z, as in Eq. 9.25. So, to calculate J ind,
we must calculate the potential field Vind of the induced space charge density
given by Eq. 9.45, which seems difficult. But, in taking the curl of J ind we
bypass Vind because the curl of a gradient is identically equal to zero.

What is the configuration of the induced magnetic field? Since the curl of
the current density is toroidal as in Eq. 9.48, the induced current is poloidal.
In other words, the induced current flows in meridian planes. Its B is toroidal,
or azimuthal, in the direction of ∇×J , and it has the sign of the term between
brackets in Eq. 9.48.

Observe that the conductivity σ affects only the magnitude of Jind, and
not its distribution. That is because the induced magnetic field is toroidal,
and thus has no effect on the vφ × Baxi field, which has no φ-component.

If the core rotates as a solid, as in Sect. 9.5, then v = ωρ and the bracket
in Eq. 9.48 is equal to ρ∇ · Baxi ≡ 0. (The fact that Baxi at a given point
of frame S is the time-average of the B observed at that point implies that
∇ · Baxi ≡ 0.)

9.6.1 Ferraro’s Law of Isorotation

Various authors refer to Ferraro’s law of isorotation (Ferraro, 1937), according
to which differential rotation induces a toroidal magnetic field in the core,
unless the angular velocity ω is constant over any surface traced out by a
complete rotation of a magnetic field line around the axis of rotation.
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We can show that this statement is correct, despite the fact that Ferraro’s
Physics is wrong, and that the law applies only to a specific type of differential
rotation.

Ferraro starts his proof by writing that

J = σ[E + (v × B)] + i , (9.50)

where J is the current density and i is the current density associated with B.
The last term is redundant because J of course includes i!

Ferraro sets
Baxi, ρ = −1

ρ

∂U

∂z
, Baxi, z =

1
ρ

∂U

∂ρ
. (9.51)

These equations define a specific class of axisymmetric poloidal field among
those for which ∇·Baxi = 0. It is dubious that all axisymmetric poloidal fields
satisfy these equations. The curl of Baxi is not equal to zero, for otherwise,
from Eq. 2.4, the J required to generate Baxi would also be equal to zero.

A curve U(ρ, z) = C, where C is a constant, defines a magnetic field
line. If the angular velocity is constant along such a line, then v = ρf(U),
where f is a certain function. Substituting this relation, as well as Eq. 9.51
into Eq. 9.48 makes the bracket equal to zero, which confirms the law of
isorotation, but only for that particular class of magnetic field that is defined
by Eq. 9.51.

The general condition for the existence of an axisymmetric toroidal mag-
netic field induced by differential rotation is that the bracket in Eq. 9.48 be
not equal to zero.

We now calculate the induced azimuthal field in the Earth’s core, in two
simple cases.

9.6.2 BT with vφ a Function of z

Assume that the angular velocity inside the core is a function of the z-
coordinate alone, and set

ω = ω0

(
1 − Kz

z2

R2

)
. (9.52)

Then

v = ω0ρ

(
1 − Kz

z2

R2

)
, (9.53)

with Kz ≈ 10−6 (Stacey, 1992). If Kz is positive, then the Equator rotates
slightly faster than the poles. Differential rotation is certainly much more
complex than that (Jault et al., 1988).

Assume also that Baxi is uniform and axial. That is again a simple-minded
assumption, but the exercise will be instructive. Remember that the real Baxi
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is certainly highly complex. For clarity, we choose a magnetic field that is
positive, and hence that points North, in the direction of the vector ω:

Baxi, ρ = 0 , Baxi, z = B0 , (9.54)

where B0 is positive. We set B0 = 5× 10−4 tesla, which is thought to be the
value of B at the surface of the core, at the Equator (Stacey, 1992). From
Eq. 9.48, with ω0 = 7.27×10−5 radian/second and σ = 3×105 siemens/meter,

∇ × J ind = σB0
∂v

∂z
φ̂ = −2σω0B0Kz

ρz

R2
φ̂ (9.55)

= −2.18 × 10−8 ρz

R2
φ̂ . (9.56)

The electrostatic space charge density is

Q̃ind = −ε0∇ · [vφ × (B0ẑ)] (9.57)

= −ε0∇ ·
[
ω0B0ρ

(
1 − Kz

z2

R2

)
ρ̂

]
(9.58)

= −2ε0ω0B0

(
1 − Kz

z2

R2

)
. (9.59)

With this geometry, ∇× J ind is independent of ∂v/∂ρ, and Q̃ind is inde-
pendent of ρ. Also, E depends not only on the volume charge density Q̃ind,
but also on surface charges that result from the rotation.

We can find an equation for the induced toroidal magnetic field BT if we
substitute ∇ × BT/µ0 for J ind in Eq. 9.56 and expand the left-hand side,
remembering that BT has only a φ-component, and that derivatives with
respect to φ are equal to zero. Then

∂2BT

∂ρ2
+

∂2BT

∂z2
+

1
ρ

∂BT

∂ρ
− BT

ρ2
= 2µ0σω0B0Kz

ρz

R2
. (9.60)

Observe that BT is proportional to the product σω0B0Kz. For example,
changing the sign of Kz changes the sign of BT; doubling Kz doubles BT.

We solved this equation by the finite-element method, setting

ω0 = 7.27 × 10−5 second−1 , (9.61)
R = 3.5 × 106 meters , (9.62)

Kz = 10−6 , (9.63)
σ = 3 × 105 siemens/meter , (9.64)

B0 = 5 × 10−4 tesla . (9.65)

This makes the factor in front of ρz on the RHS of Eq. 9.60 equal to 2.24 ×
10−27. The field BT is zero at the surface of the core, in the equatorial plane,
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φ̂ ⊕

Fig. 9.3. Level lines for the azimuthal magnetic field induced in the Earth’s core
by differential rotation, with the angular velocity a function of the z-coordinate,
as in Eq. 9.53. The figure shows only half of the core. The assumed axisymmetric
magnetic field is uniform and points North. The core rotates in the direction of the
unit vector φ̂. The axes are labeled in megameters, and the key is labeled in teslas

and on the axis of rotation, and it is antisymmetrical with respect to z. Figure
9.3 shows level lines of BT for 150 triangles and 50× 50 grid points. The key
gives the values of BT in teslas, the field being positive when it points into
the paper. Dimensions are in megameters. We have assumed a uniform field
that points North.

This field is similar to that of a pair of thick toroidal coils. The lines of
J ind are similar, clockwise in the Southern Hemisphere and counterclockwise
in the Northern Hemisphere, on the assumption that Baxi points North inside
the core, in this simple exercise.

We can calculate the ohmic power dissipation per cubic meter P̃ as follows.
From Eq. 9.56, setting ρz/R2 ≈ 1/4, ρ ≈ R/2, z ≈ R/2,

|∇ × J ind| ≈ 5.5 × 10−9 ampere/meter3 , (9.66)
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z

ρ

Fig. 9.4. Cross-section through a pair of superposed toroidal coils that simulate
roughly the current distribution that generates the magnetic field of Fig. 9.3

Jind ≈ R

2
|∇ × J ind| ≈ 10−2 ampere/meter2 , (9.67)

P̃ =
J2

ind

σ
≈ 3 × 10−10 watt/meter3 . (9.68)

This is roughly the average power density. For a sphere of radius 3 × 106

meters, the total power dissipation is about one gigawatt. Since the outward
heat flow for the Earth is about 4000 gigawatts (De Bremaeker, 1985), P̃ is
negligible.

This finite-element solution yields a maximum value of 3.0 × 10−3 tesla
for the toroidal magnetic flux density BT that is induced by the differential
rotation at ρ = |z| = R/2, and

BT

B0
≈ 6 . (9.69)

As a rough check of the above value of BT, assume that the current
distribution is that of a pair of superposed toroidal coils as in Fig. 9.4. The
minor radius of the toroids is equal to R/2.4. Then the maximum magnitude
of the azimuthal field, which occurs on the major radius, is

BT ≈ µ0
π(R/2.4)2Jind

2π(R/2.4)
≈ 8 × 10−3 tesla , (9.70)

and
BT

B0
≈ 16 . (9.71)

The agreement with the finite-element calculation is satisfactory. The agree-
ment with the magnetic Reynolds number of Sect. 9.2 is also satisfactory.
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The finite-element value of 6 for the ratio toroidal/poloidal magnetic field
is smaller than the values that are generally assumed by one or two orders of
magnitude (Parker, 1979).

It is remarkable that a differential rotation of only one millionth of the
toroidal velocity should generate a toroidal magnetic field BT that is several
times larger than the assumed uniform axial field B0.

The magnetic force, of density J ind ×Baxi, that results from the poloidal
current in the core exerts a braking torque in certain regions, and an aiding
torque in other regions. This provides mixing, and the Joule losses ensure a
net braking effect.

Although, at first sight, it is impossible to deduce the azimuthal magnetic
field inside the core from observations made at the surface, it is, in fact,
possible to gain some information from seismological data (Tanimoto, 1989).

9.6.3 BT with vφ a Function of ρ

We now set
v = ω0ρ

(
1 − Kρ

ρ

R

)
φ̂ , (9.72)

where R is again the radius of the core, and where the constant Kρ can be
either positive or negative, depending on whether the angular velocity near
the axis of rotation is larger or smaller than at the periphery. If Kρ = 0, then
the core rotates as a solid.

According to Eq. 9.48, there is no induced current if the applied magnetic
field is uniform and axial, and if the azimuthal velocity is only a function of
the radial coordinate ρ. We therefore require a poloidal magnetic field, and
we choose the simplest one, namely the field of a point magnetic dipole at
the center of the core. Then, in spherical polar coordinates (P. Lorrain et al.,
1988, p. 340),

Baxi, r =
2C

r3
cos θ , Baxi, θ =

C

r3
sin θ , Baxi, φ = 0 , (9.73)

C =
µ0m

4π
, (9.74)

where m is the magnetic dipole moment of the point dipole in amperes per
square meter. In cylindrical coordinates,

Baxi, ρ = 3C
ρz

r5
, Baxi, z = C

2z2 − ρ2

r5
, Baxi, φ = 0 . (9.75)

Substituting v and B of Eqs. 9.72 and 9.75 into Eq. 9.48, and simplifying,

|∇ × J ind| = −3σωCKρ
ρ2z

R(ρ2 + z2)5/2
(9.76)

= −3σω
µ0m

4π
Kρ

ρ2z

R(ρ2 + z2)5/2
. (9.77)
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The RHS is zero when Kρ = 0, as expected, because the core then rotates as
a solid.

We can calculate a numerical value for the constant C of Eq. 9.74 as
follows. At the Equator, at the surface of the core,

r = ρ = 3.5 × 106 meter , Bz = 5 × 10−4 tesla , Bρ = 0 .

Then, from Eqs. 9.74 and 9.75, m = 2 × 1023 amperes/meter2. This is the
dipole moment of a point dipole situated at the center of the Earth that
would have a magnetic field equal to the poloidal field that is estimated to
exist at the surface of the core, at the Equator.

Substituting the parameters of Eq. 9.65, except for Kz, and setting Kρ =
10−6 in Eq. 9.77, then substituting ∇×BT/µ0 for J ind, and expanding the
double curl as previously,

∂2BT

∂ρ2
+

∂2BT

∂z2
+

1
ρ

∂BT

∂ρ
− BT

ρ2
= 0.47

ρ2z

(ρ2 + z2)5/2
. (9.78)

The value of BT is now proportional to the product that appears on the
right of Eq. 9.77, σωmKρ.

Figure 9.5 shows level lines of the magnetic field BT induced by the differ-
ential rotation defined by Eq. 9.72, calculated as in Sect. 9.6.2. The magnetic
field is again similar to that of a toroidal coil, but now most of the field
is located near the center of the core, as one would expect, since that is
where Baxi is maximum, with this simple model. The maximum BT is about
3.0 × 10−2 tesla and it is situated at ρ ≈ |z| ≈ 0.36 megameter.

The magnetic force, of density J ind × Baxi, again provides mixing and
a net braking torque, and the magnetic field extends either upstream or
downstream, according to the value of Kρ.

This result cannot be compared with the calculation based on the mag-
netic Reynolds number of Sect. 9.2 because, here, the magnitude of the
poloidal field varies widely with ρ and z.

We can calculate the electric space charge density as follows:

Q̃f

ε0
= −∇ · (v × B) = −B · (∇ × v) + v · (∇ × B) (9.79)

= −Bz

(
v

ρ
+

∂v

∂ρ

)
+ Bρ

∂v

∂z
− v

(
∂Bz

∂ρ
− ∂Bρ

∂z

)
. (9.80)

For the v of Eq. 9.72,
Q̃f = −ε0ωF , (9.81)

with

F = ρ
(
1 − Kρ

ρ

R

) (
∂Bz

∂ρ
− ∂Bρ

∂z

)
+ Bz

(
2 − 3Kρ

ρ

R

)
. (9.82)
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φ̂ ⊕

Fig. 9.5. Level diagram for BT, as for Fig. 9.3, but with the differential rotation a
function of ρ, as in Eq. 9.72. See the caption of Fig. 9.3

9.7 Summary

With respect to a non-rotating reference frame S, the non-axisymmetric com-
ponent of the Earth’s magnetic field rotates. But the axisymmetric compo-
nent does not rotate, as if the source of the axisymmetric field were outside
the Earth, and stationary. The rotation of the conducting core of the Earth
in its own magnetic field generates both a v ×B field and a competing elec-
trostatic field −∇V .

We assume that the core is uniform. If the core rotates as a solid, then
the rotation does not induce a toroidal magnetic field because the induced
electrostatic field E cancels the v × B field exactly. If E did not cancel the
v ×B field, then the ohmic power dissipation in the core would be absurdly
high.

If there is differential rotation within the core, then it most probably
induces a toroidal magnetic field. The general condition for the existence of
such a field is that the bracket of Eq. 9.48 be not equal to zero.
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Ferraro’s law of isorotation is valid, despite the fact that his Physics is
wrong, except that it applies only to one particular class of axisymmetric
magnetic field.

Assuming that the axisymmetric magnetic field in the core is uniform and
axial, with the azimuthal velocity a simple function of z, the induced toroidal
magnetic field is only a few times larger than the axial field.

Assuming that the axisymmetric magnetic field is that of a point dipole at
the center of the core, with the velocity a simple function of ρ, the azimuthal
field is concentrated a short distance from the center of the core.
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Gouy and Larmor were the first to propose, in the 1900’s,
that magnetic fields can originate in convecting conducting
fluids (Sect. 1.7): given a seed magnetic field, fluid motion
can give rise to a v × B field that generates an aiding mag-
netic field: there is positive feedback. Because of the com-
plexity of the phenomena, Bullard (1955) suggested that a
self-excited Faraday disk could be used as a model. Even
though the rotating disk bears little resemblance to a con-
vecting fluid, the model proves to be useful, if analyzed cor-
rectly.1

10.1 Introduction

A dynamo generates an electric current by moving part of an electric circuit
in a magnetic field. If the output current of the dynamo generates the re-
quired magnetic field, then the dynamo is said to be self-excited. Commercial
electric generators are partly self-excited because part of their output current
is diverted to the windings that supply the magnetic field.

Some natural magnetic fields originate in magnetic materials such as mag-
netite in the Earth’s crust, but all the others originate in dynamos in con-
ducting, convecting fluids. There exist innumerable natural dynamos, in the

1 P. Lorrain, The disk-dynamo model for natural dynamos, Physica Scripta 52,
349–352 (1995).
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liquid part of the Earth’s core, in the solar plasma, in stars, in galaxies, and
in Space.

Some dynamos are self-excited, for example sunspot dynamos (Chap-
ter 13). But, in externally-excited dynamos, the fluid convects in a magnetic
field that originates in one or more self-excited dynamos situated elsewhere.
One example is the dynamo that generates the azimuthal magnetic field in the
Earth (Chapter 9). In that case, the liquid part of the Earth’s core convects
and rotates in the Earth’s dipolar magnetic field. There is no self-excitation.

One can also classify natural dynamos according to the nature of the ob-
servable output. For example, sunspot dynamos generate observable magnetic
fields (Chapter 11), while others generate observable ion beams (Chapter 14).

Recall from Sect. 1.7 that it was the discovery of magnetic fields in
sunspots by Bigelow and Hale that led Gouy and Larmor to postulate the
self-generation of magnetic fields in the convecting solar plasma and in the
Earth’s core. The convection is driven by internal forces resulting, in partic-
ular, from thermal gradients and from rotation.

Given a seed magnetic field of outside origin, the v × B field of a self-
excited dynamo generates, under appropriate conditions, an electric current
that supplies an aiding magnetic field. As we shall see below, the system can
become self-sustaining after the disappearance of the seed field. The energy
stored in the magnetic field, as well as the ohmic, viscous, and other power
losses, come from the forces that drive the convection.

In the case of a self-excited particle accelerator of Chapter 14, the ob-
servable output of the dynamo is an electric current, rather than a magnetic
field. Then, given a seed electric current, the v ×B field generates an aiding
electric current.

A natural dynamo is never an isolated and closed system. For example,
the magnetic field inside the liquid part of the Earth’s core is known to
be highly complex (Chapter 9). This requires a large number of self-excited
and externally-excited dynamos, which are probably all more or less coupled
together.

The classical model for natural self-excited dynamos is the disk dynamo.
Even though natural dynamos are vastly more complex than that, the model
is useful, when analyzed correctly.

The only reliable detailed papers on the self-excited disk dynamo are
those of Knoepfel (1970) and of P. Lorrain (1995).

The only other detailed papers are by Bullard (1955, 1978), but his papers
contain so many incredible errors that all his conclusions are totally invalid.
In particular, his equations 3 and 4 are wrong on several counts. To give just
one example, he confuses ω, the angular velocity of a rotating body, with the
circular frequency ω (in jωt = d/dt) of an alternating current! But he does
not use the factor j! Many authors have commented on the Bullard papers,
without noticing the nonsense, but adding errors of their own!



10.2 The Self-excited Disk Dynamo 149

Bullard wrote his first paper in 1955, and then, 23 years later, in 1978,
repeated the nonsense on the occasion of a festschrift in his honor!

Another reference is the paper by Fearn et al. (1988), but their discussion
is partly wrong, and purely hand-waving. Ingraham and Vulcan (1997) have
investigated the magnetohydrodynamic equations for the disk dynamo.

The Cowling (1934, 1945, 1957, 1968, 1976) anti-dynamo “theorem”, ac-
cording to which a self-excited dynamo in a convecting, conducting fluid
cannot be axisymmetric, has never been proven (Fearn et al., 1988; Alexeff,
1989; P. Lorrain, 1991; Ingraham, 1995, 1996). Contrary to the “theorem”,
the axis of symmetry of the magnetic field of Saturn coincides with its axis
of rotation within experimental error. Also, the partly self-excited electro-
magnet of Kolm and Mawardi (1961) is axisymmetric. Unfortunately, most
authors take the “theorem” for granted.

10.2 The Self-excited Disk Dynamo

Figure 10.1 shows a schematic diagram of a self-excited disk dynamo (P. Lor-
rain et al., 1988; P. Lorrain, 1995). We discussed this dynamo earlier in
Sects. 7.3 and 8.7.8, but without considering self-excitation. The conducting
disk D rotates at an angular velocity ω in the axial magnetic field B + Bs,
where B is the field of the solenoid S, and the seed magnetic field Bs orig-
inates in some external source. The dynamo provides the field B by feeding
the solenoid through the sliding contacts C1 and C2 on the axle and on the
rim of the rotating disk.

With B, Bs, and ω in the directions shown, current flows radially outward
in the disk. The solenoid is connected to the contacts C1 and C2 in such a way
that the current I then flows in the direction shown in the figure. Inverting
both the direction of rotation and the connections to the solenoid has no effect
on the polarity of the magnetic field. For a given configuration, changing the
polarity of Bs changes the direction of the current at the beginning, and thus
of B. So the induced magnetic field B has the same polarity as Bs.

10.2.1 The Kinematic Self-excited Disk Dynamo

Assume first that the angular velocity ω of disk D of Fig. 10.1 is given. We
then have a kinematic self-excited disk dynamo. A feedback mechanism ad-
justs the power output of the motor M to keep its angular velocity constant,
despite changes in the current I and in the magnetic field. The kinematic disk
dynamo corresponds to an unrealistic natural dynamo in which neither the
flow pattern of the conducting fluid, nor the magnitude of the flow velocity,
would be affected by the magnetic field, and hence by the magnetic forces.

We assume axisymmetry, so that ∂/∂φ = 0. The axle has a radius a, and
the disk a radius b. If the magnetic field B +Bs is axial and uniform over the
surface of the disk, then the rotating disk generates an open-circuit voltage
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Fig. 10.1. Cross-section through a self-excited disk dynamo. The device is sym-
metrical about the vertical axis. At first, a motor rotates the disk D in the axial
magnetic field B+Bs. Contacts C1 on the axle and C2 on the rim apply the voltage
generated in the disk to the solenoid S that carries a current I. The magnetic field
B is that of the solenoid, while Bs is a seed field that originates in an external
source

V = ω(B + Bs)
b2 − a2

2
. (10.1)

In Fig. 10.1 the rim is positive with respect to the axle if ω and the net
magnetic field B + Bs are both as shown. The above equation takes into
account the field of the electrostatic space charge density Q̃ of Chapter 7.
If B increases, then the outward voltage V increases, which increases the
current through the solenoid, and thus B. So an increase in B leads to a
further increase in B: this is a positive-feedback system. Positive feedback is
an essential characteristic of self-excited dynamos.

The magnetic field of the radial current through the disk is azimuthal.
The magnetic force, of density J × (B + Bs), points in the direction

opposite to the disk velocity and brakes the rotation.
Let the circuit resistance be R and the inductance L. In a natural dynamo

R and L are distributed parameters because the currents are distributed over
large volumes, but there are nonetheless Joule losses and an induced electric
field −∂A/∂t throughout the circuit (Chapter 5).

From elementary circuit theory,
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L
dI

dt
+ RI = V = ω(B + Bs)

b2 − a2

2
(10.2)

≈ ω(B + Bs)
b2

2
(with b2 	 a2) . (10.3)

Assuming now a long solenoid (Sect. 4.4.1),

B = µ0ÑI , (10.4)

where Ñ is the number of turns per meter on the solenoid. If the length of the
solenoid is not much larger than its diameter, then B is smaller by a factor
K < 1. For simplicity, we set K = 1. Then

L
dI

dt
+

(
R − ωµ0Ñ

b2

2

)
I = ωBs

b2

2
, (10.5)

dI

dt
+

R

L

(
1 − ω

ω0

)
I = ωBs

b2

2L
, (10.6)

where
ω0 =

2R

µ0Ñb2
(10.7)

is positive. Inverting the connections to the solenoid would change the sign
of ω0, and ω would have to change sign for self-excitation. Then B would
again have the same sign as Bs.

Solving,

I =
ωBsb

2

2R(1 − ω/ω0)

{
1 − exp

[
−R

L

(
1 − ω

ω0

)
t

]}
. (10.8)

We have assumed that I = 0 at t = 0. Hence, at t = 0, the solenoid has zero
magnetic field and B = 0.

Now start the dynamo with 0 ≤ ω/ω0 < 1. The current I increases to the
limiting value

I∞ =
ωBsb

2

2R(1 − ω/ω0)
. (10.9)

If ω/ω0 > 1, then the term between braces in Eq. 10.8 is negative. The
argument of the exponential function is positive, and the current I builds up
until it reaches a value I1 at the time t1. The current I1 is positive, which
means that it flows in the direction shown in the figure. Then, from the sign
conventions shown, the induced magnetic field B has the same sign as the
seed field Bs.

At t = t1 we turn the seed magnetic field Bs off. At that instant, the
current I1 is given by Eq. 10.8 with t = t1. Of course Bs does not drop to zero
instantaneously, because of the inductances, both in the circuit that generates
Bs, and in the circuit of the dynamo. Assume that this time constant is much
shorter than t1.
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For t > t1, with Bs = 0 in Eq. 10.6,

dI

dt
+

R

L

(
1 − ω

ω0

)
I = 0 . (10.10)

Solving again, with I = I1 at t = t1,

I = I1 exp
[
−R

L

(
1 − ω

ω0

)
(t − t1)

]
(t > t1) (10.11)

or, since B is proportional to I, as in Eq. 10.4,

B = B1 exp
[
−R

L

(
1 − ω

ω0

)
(t − t1)

]
(t > t1) , (10.12)

where B1 is the value of B at the time t1. The factor R/L is positive.
These last two equations tell us what happens after the time t1 when we

turn Bs off.
a) If ω/ω0 < 0, then I and B both decrease exponentially with time; the

disk turns in the wrong direction for self-excitation.
b) If ω = 0, the disk is stationary, and both I and B decrease exponentially

with a time constant L/R, as expected.
c) If 0 < ω/ω0 < 1, then B again decreases exponentially with the time,

but not as fast.
d) If ω/ω0 = 1, the magnetic field is constant: B = B1, as in Fig. 10.2.

The magnetic field has whatever magnitude and polarity it had at the time t1.
e) If ω/ω0 > 1, then B increases exponentially with time.
In all cases the time constant is∣∣∣∣ L/R

1 − ω/ω0

∣∣∣∣ .

Thus, according to the kinematic self-excited disk dynamo model, stability
in a natural dynamo requires that some critical parameter, ω in the present
case, have a specific value; otherwise, B can only increase or decrease expo-
nentially with time, depending on the value of the critical parameter. The
steady-state B can have any value; it is just B1, the magnetic field at the
time when Bs was turned off.

The torque required to rotate the disk is

Γ =
BIb2

2
=

B2b2

2µ0Ñ
(10.13)

and the power P is ω times larger:

P =
ωBIb2

2
=

ωb2

2µ0Ñ
B2 , (10.14)
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Fig. 10.2. The value of B as a function of the time for a kinematic self-excited
disk dynamo. The seed field Bs is cut off at t = t1. If the angular velocity ω is less
than ω0, B decreases exponentially. If ω = ω0, B has the constant value B1. But,
if ω > ω0, then B increases exponentially

from Eq. 10.4. Since the power input is proportional to B2, an exponential
increase in B requires a power input that increases with twice the exponent.

If the input mechanical power P drops to zero, then ω tends to zero, and
both I and B decrease exponentially to zero with the time constant L/R, as
if there were no rotating disk. Reactivating P will restart the dynamo if a
seed magnetic field is available, and the new B will have the same polarity
as the new seed field Bs.

The disk dynamo is not a good model for the magnetic forces that exist
in natural dynamos and that we discussed in Sect. 6.7, but it illustrates well
the “viscous” component, because the magnetic force density J × B at any
given point on the disk points in the direction opposite to the velocity.

10.2.2 The Dynamic Self-excited Disk Dynamo

For the dynamic disk dynamo model we assume that the mechanical power
P of Eq. 10.14 fed to the disk dynamo of Fig. 10.1 is constant. We assume
that the seed field has been turned off. This makes the angular velocity ω of
the disk depend on the magnetic flux density B, and thus on the current I.
From Eq. 10.13, the braking torque on the disk is proportional to B2. The
quantity P is now a constant and the angular velocity ω is proportional to P ,
but only for a given current I:
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ω =
2P

BIb2
=

2P

µ0ÑI2b2
. (10.15)

We have again assumed that b2 	 a2 in Fig. 10.1.
By conservation of energy,

P = I2R +
d

dt

(
1
2
LI2

)
, (10.16)

where the first term on the right is the ohmic power loss, and the second
term is the rate of increase of magnetic energy (Sect. 4.10). We disregard
friction, windage, and other losses. We also assume that the kinetic energy of
the disk is negligible compared to the magnetic energy; otherwise the solution
of Eq. 10.16 becomes difficult. The approximation is acceptable because the
disk dynamo is clearly a crude model for dynamos in convecting, conducting
fluids. Rearranging,

d(I2)
dt

+
2R

L
I2 =

2P

L
. (10.17)

Solving, with I = I1 at t = t1,

I2 =
(
I2
1 − I2

∞
)
exp

[
−2R

L
(t − t1)

]
+ I2

∞ (t > t1) , (10.18)

where

I∞ =
(

P

R

)1/2

(10.19)

is the current that flows through the circuit after an infinite time.
Recall that the kinematic disk dynamo has a steady-state solution for I

only if ω = ω0. However, the dynamic disk dynamo has a steady-state solution
for I: once the transient first term of Eq. 10.18 has become negligible, I = I∞.
The input power P is then equal to the ohmic power loss I2

∞R, from Eq. 10.16.
From Eq. 10.18, at t > t1,

B2 =
(
B2

1 − B2
∞

)
exp

[
−2R

L
(t − t1)

]
+ B2

∞ , (10.20)

where, from Eq. 4.8,

B1 = µ0ÑI1 and B∞ = µ0ÑI∞ = µ0Ñ

(
P

R

)1/2

. (10.21)

The steady-state solution, B∞, is proportional to the square root of the in-
put power P . There is no threshold power below which B = 0, as in Fig. 10.3.

The angular velocity of the disk after a time t− t1 	 L/(2R) follows from
Eqs. 10.15 and 10.19:
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Fig. 10.3. The value of B as a function of time for the dynamic self-excited disk
dynamo. The seed magnetic field Bs is again cut off at the time t1. After a time
t > t1, if B∞ > B1, then B increases with time, but reaches the plateau B∞. If
B∞ < B1, B decreases with time and tends to B∞

ω∞ =
2P

µ0ÑI2
∞b2

=
2R

µ0Ñb2
= ω0 . (10.22)

What if P is a function of the time? Then Eq. 10.17 is more difficult to
solve, but we can easily guess what its solution is like. See Fig. 10.4. Assume
that the applied torque varies erratically, both in sign and magnitude, by
jumps. Then Eqs. 10.18 and 10.20 apply in the intervals, with the values of
I1 and B1 readjusted, and the transient reappearing after each jump. Thus
B(t) drifts up and down, more smoothly than P (t). As with the kinematic
dynamo, if P drops to zero, then B decreases exponentially with a time
constant L/R. The dynamo can later restart whenever P is reactivated, if a
seed magnetic field is present. The new field has the polarity of the seed field.
The kinematic dynamo exhibits the same behavior.

This is one explanation for the polarity reversals in the dipolar compo-
nent of the Earth’s magnetic field. Remember, however, that the disk dynamo
model substitutes a simple rotational motion for an extremely complex flow
pattern. Remember also that the magnetic field at the surface of the core
results from the addition of a very large number of fields of pseudo-random
magnitudes, phases, and orientations. The dipole component, there, is indis-
cernible. See Chapter 9.
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Fig. 10.4. Magnetic field as a function of time for a fluctuating power input P and
a fluctuating seed field

10.3 A Laboratory-sized Dynamo?

Is it possible to build a laboratory model of such a dynamo? That would
not be simple. The problem lies in Eq. 10.22 for ω0. It is only after a time
t − t1 that is much larger than L/(2R) that B∞ reaches its maximum value
µ0Ñ(P/R) as in Eq. 10.21 and that ω = ω∞.

Refer to Eq. 10.22. Try R = 10 ohms, b = 0.25 meter, Ñ = 104 turns per
meter. Then

ω0 =
20

4π × 10−7 × 104b2
(10.23)

= 2.55 × 104 radians/second (10.24)
= 2.43 × 105 revolutions/minute . (10.25)

Try

R = 10 ohms , ω = 1000 revolutions/minute , b = 0.25 meter . (10.26)

Then

P = 1 kilowatt , I = 10 amperes , and B = 0.01 tesla , (10.27)

which is reasonable. The power P dissipates in the solenoid. However, ω∞ ≈
2.43 × 105 radians/second, which requires ultracentrifuge technology. The
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problem of ensuring contacts with the rotor would be difficult. The alternative
is to operate at low temperature, which would reduce R, and thus ω∞ and P ,
by orders of magnitude, for given values of B and I.

There is certainly no point in building such a dynamo to confirm the
above simple theory.

10.4 Summary

The self-excited disk dynamo is a useful model for natural dynamos, even
though it substitutes the rotation of a disk for a complex flow pattern.

In the kinematic self-excited disk dynamo the angular velocity of the disk
is given; it therefore neglects the magnetic braking force, which is unrealistic
because the flow pattern in a natural dynamo depends largely on magnetic
forces. The kinematic self-excited disk dynamo has three modes of operation.
In one mode the magnetic field is constant; that requires a specific angular
velocity, corresponding to a specific, constant flow pattern. The magnetic
field B can also either increase or decrease exponentially with time, and the
power required to drive the disk is proportional to B2.

The dynamic self-excited disk dynamo is more realistic: it operates with
a given power input, and the angular velocity of the disk depends on the
magnetic field. Then there exists both a steady-state solution and a transient
solution. The time constant of the transient solution for B is equal to L/R,
with L and R the inductance and the resistance of the circuit. The steady-
state B is proportional to the square root of the mechanical power applied to
the disk. There is no threshold power below which there is no magnetic field.

Both types of disk dynamo generate a magnetic field that has the polarity
of the seed field, and both are subjected to polarity reversals if the power
input is erratic.



11 Three Case Studies:
Magnetic Flux Tubes, Flux Ropes,
and Flux Coils

Contents
11.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160
11.2 Convecting, Conducting Fluids . . . . . . . . . . . . . . 161
11.3 Magnetic Flux Tubes (MFT’s) . . . . . . . . . . . . . . . 163

11.3.1 The Magnetic Force Density in MFT’s . . . . . . . 167
11.3.2 The Gas Pressure Inside MFT’s . . . . . . . . . . . . . 167
11.3.3 Φ, Bz, and Jφ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
11.3.4 The Magnetic Energy in MFT’s . . . . . . . . . . . . . 170
11.3.5 Power Dissipation in MFT’s . . . . . . . . . . . . . . . . 170
11.3.6 The Resistance per Meter in MFT’s . . . . . . . . . 170
11.3.7 The Inductance per Meter in MFT’s . . . . . . . . . 171
11.3.8 The Time Constant of an MFT . . . . . . . . . . . . . 171
11.3.9 Fluctuating MFT’s . . . . . . . . . . . . . . . . . . . . . . . . 172

11.4 Magnetic Flux Ropes (MFR’s) . . . . . . . . . . . . . . 174
11.4.1 The Axial Current in an MFR . . . . . . . . . . . . . . 176
11.4.2 Magnetic Forces on MFR’s . . . . . . . . . . . . . . . . . 178
11.4.3 Power Dissipation and Time Constants in

MFR’s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
11.5 Are Tubes and Ropes Light Guides? . . . . . . . . . 179

11.5.1 Electromagnetic Waves . . . . . . . . . . . . . . . . . . . . 180
11.5.2 Guided Electromagnetic Waves . . . . . . . . . . . . . 180
11.5.3 Electromagnetic Waves in Plasmas . . . . . . . . . . 181
11.5.4 Guiding Light in Magnetic Flux Tubes and

Ropes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181
11.6 Magnetic Flux Coils As Particle Accelerators . 184
11.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

A magnetic flux tube in a convecting conducting fluid has
an axial magnetic field and an azimuthal current, like a
solenoid. For example, solar magnetic elements (Chapter 12)
and sunspots (Chapter 13) are magnetic flux tubes that
stand more or less vertically in the solar plasma. A flux rope
is similar to a tube, except that its magnetic field lines are
twisted: the rope carries an axial current, whose magnetic
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field is azimuthal.1 It may be that both tubes and ropes act
as light guides, like optical fibers.

11.1 Introduction

From here on we shall be much concerned with the Sun. For an extensive and
authoritative discussion of the Astrophysics of the Sun, see Zirin (1988). See
also the Special Historical Review on Macrophysics and the Sun by Parker
(1997).

The photosphere is the surface of the Sun, as observed in white light.
Its temperature is about 5500 kelvins. High resolution observations show
a pattern of bright patches, called granules separated by dark lanes. The
granules have irregular shapes, and diameters of about 1000 kilometers. The
hot plasma upwells in the granules, and downwells in the lanes, much as
a boiling liquid, and the granules have a lifetime of 5 or 10 minutes: they
appear and disappear without cease. There also exists a much larger-scale
but similar phenomenon, called supergranulation whose cells have diameters
of the order of 30 000 kilometers. We are concerned here rather with pores
and with magnetic elements (Chapter 12). Pores are small bright spots on
the photosphere that seem to be more or less vertical magnetic flux tubes.

As we shall see, downwelling in a convecting conducting fluid generates
flux tubes or ropes.

One might say that a magnetic flux tube is a bundle of magnetic field
lines; it is a cylindrical region inside which the axial magnetic field is much
larger than the magnetic field outside. The magnetic field inside a solenoid
is a flux tube, but we are only concerned here with flux tubes generated
spontaneously within convecting conducting fluids.

A magnetic flux rope is a twisted flux tube, with helical field lines; it
requires an axial electric current.

Flux tubes and ropes need not be straight, and their cross-sections can
be neither circular, nor uniform along their lengths.

The magnetic elements observed on the Sun (Chapter 12) are presumably
either magnetic flux tubes or ropes that stand more or less vertically. Sunspots
(Chapter 13) are also either magnetic flux tubes or ropes. As we shall see,
both occur in regions where there is downwelling in the solar plasma.

Magnetic flux tubes and ropes possibly also exist in the liquid part of
planetary cores, if there is downwelling, as in the Earth’s mantle (Bercovici
et al., 1989; Schubert et al., 1990). The convection velocities in the Earth’s
core are orders of magnitude smaller than those in the solar plasma, but the
conductivity is orders of magnitude larger.

1 See P. Lorrain and N. Salingaros, Local currents in magnetic flux tubes and flux
ropes, Amer. Jour. Phys. 61, 811–817 (1993); P. Lorrain and S. Koutchmy, Two
dynamical models for solar spicules, Solar Physics 165, 115–137 (1996).
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Many authors have discussed magnetic flux tubes and ropes, particularly
Parker (1979) and Russell et al. (1990), who devote about 800 pages to the
subject. However, except for P. Lorrain and Salingaros (1993), and for P. Lor-
rain and S. Koutchmy (1996), there is no mention in the literature of either
the required local electric currents, nor of the local v × B fields that those
currents require.

As we stressed in the Preface, we focus our attention on the electric cur-
rents. The usual procedure of simply discussing the shape of imaginary mag-
netic field lines is both pointless and senseless. See also Chapters 7 and 8.

In Sect. 11.5 we discuss the hypothesis that magnetic flux tubes and ropes
in solar plasmas might act as light guides.

We assume rectilinear tubes, ropes, and coils. As usual, we use cylindrical
coordinates ρ, φ, z, with the z-axis pointing up.

11.2 Convecting, Conducting Fluids

The following discussion will be useful for what follows.
Several fundamental equations apply to convecting conducting fluids.
For the moment, we assume a steady state, setting ∂/∂t = 0, so that there

is no displacement current, but, further on, we calculate time constants. The
medium is non-magnetic. We use cylindrical coordinates, with both v and B
unspecified, and we do not assume axisymmetry:

v = vρρ̂ + vφφ̂ + vzẑ , B = Bρρ̂ + Bφφ̂ + Bzẑ ,
∂

∂φ

= 0 . (11.1)

1. Let m̃ be the mass per unit volume and v the velocity at a given point
in the convecting fluid. From the continuity equation for the mass,

∇ · (m̃v) = −∂m̃

∂t
= 0 (11.2)

or, in cylindrical coordinates,

1
ρ

∂

∂ρ
(ρm̃vρ) +

1
ρ

∂

∂φ
(m̃vφ) +

∂

∂z
(m̃vz) = 0 . (11.3)

This equation is much more complex than it seems because m̃, vρ, vφ, and
vz are all functions, not only of the coordinates ρ and z, but also of B, of J ,
as well as functions of the forces that drive the convection.

2. From Ohm’s law for moving conductor, Eq. 6.4, for a steady state,

J = σ[−∇V + (v × B)] . (11.4)

All the variables are measured with respect to the same inertial reference
frame. The conductivity σ is a tensor and is larger in the direction parallel to
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B than in orthogonal directions (Sect. 3.2), but we disregard that distinction.
The axial magnetic field reduces the azimuthal conductivity, here, by slowing
down the azimuthal drift of the free electrons.2

The term −∇V is the electric field of the space charge Q̃f of Eq. 6.39 and
of surface charges, if any.

There is a local electric current:

J = σ

[
−∂V

∂ρ
+ (vφBz − vzBφ)

]
ρ̂

+ σ

[
−1

ρ

∂V

∂φ
+ (vzBρ − vρBz)

]
φ̂

+ σ

[
−∂V

∂z
+ (vρBφ − vφBρ)

]
ẑ . (11.5)

The magnetic force, of density J × B, brakes the convection.
3. From the Maxwell equation for the divergence of B, Eq. 2.2,

1
ρ

∂

∂ρ
(ρBρ) +

1
ρ

∂Bφ

∂φ
+

∂Bz

∂z
= 0 . (11.6)

4. From the Maxwell equation for the curl of B, Eq. 2.4,

µ0Jρ =
1
ρ

∂Bz

∂φ
− ∂Bφ

∂z
, (11.7)

µ0Jφ =
∂Bρ

∂z
− ∂Bz

∂ρ
, (11.8)

µ0Jz =
1
ρ

[
∂

∂ρ
(ρBφ) − ∂Bρ

∂φ

]
. (11.9)

5. From the Maxwell equation for the divergence of E, Eq. 2.1,

1
ρ

∂

∂ρ
(ρEρ) +

1
ρ

∂Eφ

∂φ
+

∂Ez

∂z
=

Q̃f

ε0
. (11.10)

6. From the Maxwell equation for the curl of E, Eq. 2.3, with ∂/∂t = 0,

1
ρ

∂Ez

∂φ
− ∂Eφ

∂z
= 0 , (11.11)

∂Eρ

∂z
− ∂Ez

∂ρ
= 0 , (11.12)

1
ρ

[
∂

∂ρ
(ρEφ) − ∂Eρ

∂φ

]
= 0 . (11.13)

2 The paper by Oster (1968) on the electric conductivity in sunspots is not valid
because it applies the results of Shkarofsky (1960), which concern alternating
currents in plasmas! As a result his conductivities, in the presence of a steady
magnetic field, are not real but complex. That is nonsense.
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7. For a steady state, ∇ · J = −∂Q̃f/∂t = 0 and

1
ρ

∂

∂ρ
(ρJρ) +

1
ρ

∂Jφ

∂φ
+

∂Jz

∂z
= 0 . (11.14)

8. Finally, according to Eq. 6.39, the v × B field sets up a non-zero
electrostatic space charge of density

Q̃f = −ε0∇ · (v × B) . (11.15)

Upon expanding, the term vzBφ/ρ is worrisome, but it is not infinite when
ρ tends to zero because Bφ also tends to zero with ρ, and vz is finite.

The space charge density Q̃f is a function of the coordinates and can be
either positive or negative. The electrostatic potential V results, in principle,
from Q̃f and from surface charges, but flux tubes, ropes, and coils presumably
never have definite surfaces, and we may assume that V depends only on Q̃f .

11.3 Magnetic Flux Tubes (MFT’s)

We define a magnetic flux tube as a cylindrical region within a convecting
conducting fluid, inside which there is an axial B. The flux rope is a super-
position of a flux tube and a flux coil (Sect. 11.6). Sunspots (Chapter 13) are
the tops of magnetic flux tubes.

Figure 11.1 shows portions of two magnetic flux tubes, and Fig. 11.2
shows a cross-section of a region, say in the solar photosphere, where there
is downwelling. We assume axisymmetry, here, so that ∂/∂φ = 0.

There is downwelling, and thus a converging flow at the surface, in and
around a growing magnetic flux tube, say a sunspot. On the contrary, there
is upwelling, and a diverging flow, when a flux tube decays.

In Fig. 11.2, both vρ and vz are negative, and we set vφ = 0. So

vρ < 0 , vφ = 0 , vz < 0 . (11.16)

The magnetic field lines have roughly the same configuration as the
streamlines of Fig. 11.2, except that they can point either up or down, and ex-
cept that they form a smaller angle with the vertical than the downflowing v
(see below):

Bρ

Bz
<

vρ

vz
. (11.17)

The components Bρ and Bz have the same sign. We set Bφ = 0, which
excludes any axial current: Jz = 0. So

B = Bρρ̂ + Bzẑ . (11.18)
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(a) (b)

ẑ ẑ

Bz

Bz

Jφ
Jφ

φ̂ φ̂⊕ ⊕

Fig. 11.1. Portions of two magnetic flux tubes. The magnetic field outside is
negligible. According to the Maxwell equation for the curl of B, the axial magnetic
field Bz cannot exist without a corresponding local azimuthal current, of density Jφ.
a) With Bz positive, Jφ is positive. b) With Bz negative, Jφ is negative. So Bz and
Jφ have the same sign

Then

v × B = (vρρ̂ + vzẑ) × (Bρρ̂ + Bzẑ) = (vzBρ − vρBz)φ̂ , (11.19)

and v × B has only a φ-component. Then its divergence is zero, the electric
space charge density Q̃f is zero, from Eq. 7.10, and V = 0, assuming zero
surface charges.

Downwelling in and around sunspots have long been reported by many
authors (Zirin and Wang, 1989, 1991; Wang and Zirin, 1992; Brekke et al.,
1990) and several groups have devised methods for observing flows in and
around sunspots below the photosphere (Duvall et al., 1993; Duvall, 1995;
Duvall et al., 1996; Kosovichev, 1996; Lindsey et al., 1996; Braun, 1995;
Bogdan and Braun, 1995; Braun et al., 1996; Sun et al., 1997; Bogdan et al.,
1998).

Kosovichev (1996), Lindsey et al. (1996), Braun (1995), and Braun et al.
(1996) observed upwelling and outflows around decaying flux tubes.

There are two types of radial force exerted on the solar plasma near
magnetic flux tubes: the convective force associated with either downwelling
or upwelling, and the magnetic force that we discuss here. These two forces
point in opposite directions, the magnetic force braking the convection.

Assuming zero surface charges, the azimuthal electric current density is
now

J = σ(v × B) = σ(vzBρ − vρBz)φ̂ (11.20)
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� ⊕
JJφJJ

z

Fig. 11.2. Streamlines in a convecting conducting plasma in a region where there is
downwelling. The plasma flows downward and inward, the density and the pressure
both increasing with depth. Magnetic field lines have roughly the same shape, but
form smaller angles with the axis of symmetry, whether the field points up or down.
With B pointing up, the magnetic force density J × B points outward. With B
pointing down, J changes sign, and the magnetic force density again points outward

= σvzBz

(
Bρ

Bz
− vρ

vz

)
φ̂ . (11.21)

All the terms of this equation are interrelated, and functions of the coordi-
nates ρ and z. Here, Jφ, Bz, and Bρ all have the same sign, while vρ and vz

are both negative.
Assume a Bz that is positive. If

Bρ

Bz
<

vρ

vz
(11.22)

(as in Eq. 11.17), then there is positive feedback because the induced current
points in the positive direction of φ̂ (recall that vz and vρ are both negative),
and this provides a magnetic field that also points up. If B points down
instead of up, then Bρ and Bz are both negative, and there is again positive
feedback: the magnetic flux tube is a self-excited dynamo. The parenthesis
in Eq. 11.21 is negative, like vz, and Jφ has the sign of Bz.

The total magnetic field at first grows exponentially with time, and even-
tually reaches a stable value as in the dynamic disk dynamo of Sect. 10.2.2.
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This is just the principle of operation of the partly self-excited electro-
magnet of Kolm and Mawardi (1961).

A magnetic flux tube can exist only in regions of a convecting fluid where
the velocity has a negative radial component, in cylindrical coordinates, all
along the tube.

Various authors, for example Moffatt (1978), discuss the shapes of flux
tubes that form closed loops, or that are linked to other closed loops, or that
are knotted! Such shapes are absurd because the fluid would then have to flow
inward all along the contorted tube to generate the required local current.

The azimuthal electric current results from the rotation of positively
charged particles in the direction of v × B, and of negative particles in the
opposite direction. The electrons carry most of the current because of their
lower mass and higher velocity. The plasma remains neutral. The ions and
electrons move inward with the plasma as in Fig. 11.2, and moreover rotate
about the axis of symmetry. The magnetic force density Jφ × B, points ra-
dially outward, whatever the sign of Bz: the magnetic flux tube supports a
field of either polarity (Hénoux and Somov, 1987; Heyvaerts and Hagyard,
1991; P. Lorrain, 1991, 1993b, 1995).

The angular momentum of the orbiting particles is conserved because
there is no externally applied torque. So their azimuthal velocity increases as
they move inward.

As z increases, or as we look at shallower and shallower depths, the flux
tube flares more and more, and the parenthesis in Eq. 11.21, and J , become
smaller and smaller, while Bρ becomes larger and larger until, at the top of
the flux tube, the parenthesis is equal to zero, and

Bρ

Bz
=

vρ

vz
. (11.23)

Above that level, v×B points in the −φ̂-direction, there is negative feedback,
there is no self-excitation, and Jφ = 0. Observations show that flux tubes
indeed flare near the top (Solanki and Schmidt, 1993; Lites et al., 1993).

The components of v and of B are unknown except that, at a given point,
for a steady state,

∇ · B = 0 , or
Bρ

ρ
+

∂Bρ

∂ρ
+

∂Bz

∂z
= 0 , (11.24)

∇ · v = 0 , or
vρ

ρ
+

∂vρ

∂ρ
+

∂vz

∂z
= 0 , (11.25)

∇ × B = µ0J , or
∂Bρ

∂z
− ∂Bz

∂ρ
= µ0Jφ . (11.26)

Near the axis of symmetry, both Bρ and ρ tend to zero, but the current
density J remains azimuthal.

Let us check the induction equation for this dynamo:
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∂B

∂t
= ∇ × (v × B) − ∇ × (∇ × B)

µ0σ
(11.27)

= ∇ × (v × B) − ∇ × J

σ
. (11.28)

For a steady state, the LHS is zero. Then, if the conductivity σ is uniform,
and from Eq. 11.20, the induction equation reduces to the identity 0 ≡ 0.

11.3.1 The Magnetic Force Density in MFT’s

Let us look at the magnetic force density in a magnetic flux tube. From
Eq. 11.21,

F̃ = J × B = σvzBz

[
Bρ

Bz
− vρ

vz

]
φ̂ × (Bρρ̂ + Bzẑ) (11.29)

= σvzBz

[
Bρ

Bz
− vρ

vz

]
(−Bρẑ + Bzρ̂) . (11.30)

Now remember, from Eq. 11.22, that vz and the bracket are both negative,
so their product is positive. Moreover, the two B components are of the same
sign. Say Bρ and Bz are both positive: the magnetic field points up. Then
the z-component of the magnetic force is negative, while the ρ-component
is positive. If the magnetic field points down, both Bρ and Bz are negative,
and Fig. 11.2 again applies. So the force density is perpendicular to both J
and B, and it points outward and downward, whether B points up or down.

The downward component of the magnetic force adds to the gravitational
force, increasing the effective value of g and depressing the surface. It an-
chors the flux tube, opposing the force of buoyancy. This explains the Wilson
depression of sunspots, as we shall see in Sect. 13.9.

What happens, eventually, to the fluid that downflows? At deeper and
deeper levels, B and v become more and more vertical, Bρ tends to zero, the
downward component of F̃ decreases and, eventually, the plasma returns to
the surface.

11.3.2 The Gas Pressure Inside MFT’s

The radial component of the magnetic force points outward because Jφ and
Bz are both positive, as in Fig. 11.2. This is in agreement with the rule that
parallel magnetic field lines repel laterally. Thus the magnetic force points
outward and brakes the inward motion of the fluid. This applies, whether Bz

points up or down.
Positive and negative particles circle around the tube axis in opposite

directions to give the azimuthal current, and the magnetic force density points
radially outward, whatever the sign of Bz.
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A magnetic flux tube must therefore expand radially and disappear, unless
there is an opposing force. Now, since the mean-free-path of the circling
charged particles is finite, the magnetic force on the particles also pulls the
ambient gas particles outward. Thus, under static conditions, the flux tube
is partly evacuated: the gas pressure is lower inside the tube than outside. If
p is the gas pressure, ∇p points outward. So the pressure gradient opposes
the magnetic force:

J × B = ∇p . (11.31)

Since the parenthesis in Eq. 11.21 is negative, like vz, then Jφ has the sign
of Bz. Also,

∇p =
∂p

∂ρ
ρ̂ = JφBzρ̂ . (11.32)

Substituting the value of Jφ from Eq. 11.8,

∇p = − 1
µ0

(
∂Bz

∂ρ
− ∂Bρ

∂z

)
Bzρ̂ . (11.33)

Let us limit ourselves to lower levels on the magnetic flux tube, where
both Bρ and ∂/∂z are nearly zero. Then

∇p ≈ − 1
µ0

∂Bz

∂ρ
Bzρ̂ = − ∂

∂ρ

B2
z

2µ0
ρ̂ (11.34)

and
∂

∂ρ

(
B2

z

2µ0
+ p

)
= 0 . (11.35)

The sum of the magnetic pressure, B2
z/(2µ0) (Sect. 4.9), and of the gas pres-

sure p is independent of ρ, within our approximations.
Observe that a magnetic flux tube cannot exist in a vacuum, except inside

a solenoid. Even then there is an outward magnetic force on the wire, and
coils have been known to explode at high magnetic fields.

With increasing ρ, Bz decreases, as inside the winding of a thick solenoid,
while p increases until, outside the tube, Bz = 0 and p = poutside. Thus, at
any radial position ρ inside the flux tube,

B2
z

2µ0
+ p = poutside . (11.36)

Near the top and bottom ends of the flux tube, the magnetic field lines
fan out, as at the ends of a solenoid. From Eq. 11.30, the ρ̂-component of F̃
is positive, while the ẑ-component is negative. So the magnetic force tends
to expand the flux tube radially and compress it axially.

Since the gas pressure cannot be negative, at ρ,

B2
z

2µ0
≤ poutside . (11.37)
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For example, at a depth of 36 megameters in the Sun, the gas pressure is
3× 1010 pascals (Bahcall and Pinsonneau, 1992) and, inside the flux tube of
a sunspot, at that depth,

B ≤ 300 teslas . (11.38)

Whatever be the radial dependence of the azimuthal current density Jφ,
the axial component of the magnetic field is maximum on the axis, so the gas
pressure is minimum there: B is a decreasing function and p an increasing
function of the radial position ρ.

The azimuthal current heats the gas and reduces its density, for a given
pressure.

In the Sun, the ambient pressure pext increases with depth, while the tube
radius decreases. The flux tube is thus conical, with the smaller radius below,
where the pressure is higher. The radial component vρ of the plasma velocity
remains negative all along the tube.

11.3.3 Φ, Bz, and Jφ

Assuming that, in a tube of radius b, except near the ends, the axial magnetic
flux

Φ =
∫ b

0

Bz2πρ dρ (11.39)

is independent of depth, then dΦ/dz = 0 and Bz increases with depth, since
b decreases with depth.

At the radius ρ,

Bz = µ0

∫ b

ρ

Jφ dρ′ , (11.40)

as in a thick solenoid, and

Φ = 2πµ0

∫ b

0

∫ b

ρ

Jφ dρ′ ρ dρ . (11.41)

Assume, for simplicity, that Jφ is independent of ρ. Then

Bz = µ0Jφ(b − ρ) (11.42)

is maximum on the axis and zero at the periphery and beyond, and

Φ =
2πµ0Jφb3

6
, (11.43)

or
Jφ =

3Φ

πµ0b3
(11.44)

and, from Eq. 11.42 at ρ = 0,

Baxis =
3Φ

πb2
, (11.45)

or three times larger, for a given Φ, than if Bz were uniform.
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11.3.4 The Magnetic Energy in MFT’s

From Eq. 4.29, the magnetic energy per meter for a magnetic flux tube of
outer radius b is

Ẽ =
∫ b

0

B2
z + B2

ρ

2µ0
2πρ dρ . (11.46)

Of course, real magnetic flux tubes in conducting fluids probably never have
well-defined outer radii, their cross-sections are never perfectly circular, and
their “radius” is a function of the axial coordinate z, with Bρ 
= 0, as above.

11.3.5 Power Dissipation in MFT’s

The local current heats the gas at a rate J2/σ watts/meter3.
Since, by hypothesis, Jz = 0, and Jρ = 0, the power dissipation per meter

of length is

P̃ =
∫ b

0

J2
φ

σ
2πρ dρ . (11.47)

The conductivity σ is minimum on the axis, where the magnetic field is
largest.

This power comes from the convection energy of the fluid: part of the
ordered kinetic energy of the fluid becomes thermal energy.

11.3.6 The Resistance per Meter in MFT’s

Now assume that the tube radius is independent of z. Then

Bρ = 0 ,
∂Bz

∂z
= 0 , Jρ = 0 , (11.48)

from Eq. 11.7, and since V and Bφ are both zero.
The azimuthal current per meter of length is

Ĩφ =
∫ b

0

Jφ dρ . (11.49)

We can define a resistance per meter R̃ for a tube of uniform radius b,
independent of z, by setting

P̃ = Ĩ2
φR̃ , or R̃ =

P̃

Ĩ2
φ

. (11.50)

As a rough approximation, assume that both Jφ and σ are independent
of z out to a radius b, and that Jφ is zero outside. This is the situation inside
a thick wire-wound solenoid. This approximation is not as poor as it seems,
because we have set, above, Bρ = 0. Then, from Eq. 11.20, our approximation
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makes vρBz independent of z, and Bz is maximum on the axis, where vρ is
zero. However, at the periphery, Bz tends to zero, and vρ does not tend to
infinity. The magnetic force points outward and brakes the inward motion of
the fluid.

With this approximation, the azimuthal current per meter is independent
of z:

Ĩφ = Jφb (11.51)

and

Bz = µ0

∫ b

ρ

Jφ dρ = µ0Jφ(b − ρ) . (11.52)

The dissipated power per meter and the resistance per meter are then

P̃ = πb2
J2

φ

σ
= π

Ĩ2
φ

σ
, R̃ =

π

σ
. (11.53)

11.3.7 The Inductance per Meter in MFT’s

We again assume a tube whose radius is independent of z.
Magnetic flux tubes are inductive, like solenoids. We can calculate the

inductance per meter of length L̃ from the relation

Ẽ =
1
2
L̃Ĩ2 , (11.54)

where Ẽ is the electric energy per meter. Thus

L̃ =
2Ẽ
Ĩ2

. (11.55)

With the above approximation, and with Bρ = 0,

Ẽ =
πµ0J

2
φb4

12
, L̃ =

πµ0b
2

6
. (11.56)

11.3.8 The Time Constant of an MFT

We now return to the time derivative of the vector potential A in Eq. 6.34,
that we have neglected until now. This time derivative is an electric field that
tends to oppose changes in B, and thus changes in J , according to Lenz’s
law, as in Sect. 5.2.1.

In a uniform flux tube, both J and A are independent of z and are
azimuthal, as in a solenoid. At the radius ρ,
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A =
1

2πρ

∫ ρ

0

Bz2πρ dρ φ̂ . (11.57)

This relation follows from the general rule that the line integral of A around a
closed curve is equal to the enclosed magnetic flux (Sect. 4.5). If Jφ decreases,
then the −∂A/∂t field points in the direction of J , and thus opposes the
decrease.

Imagine now that the flow of plasma starts abruptly, in a weak seed field
of outside origin. Assume that the radius of the flux tube does not change
with time. Then both J and B increase with a time constant

T =
L̃

R̃
, (11.58)

like the current in an inductive circuit of inductance L̃ and resistance R̃.
The final, or steady-state, value is a function of the mechanical power input
(Chapter 10). Inversely, if the flow stopped abruptly, J and B would both
decrease by a factor of e in a time constant T , and the magnetic energy by a
factor of e2.

With the above approximations,

T =
L̃

R̃
=

µ0σb2

6
. (11.59)

Since this time constant is proportional to the square of the tube radius b, it
can be long for large-scale phenomena such as those in the Sun or in Space.

11.3.9 Fluctuating MFT’s

Of course, our assumption that ∂/∂t = 0 in a magnetic flux tube is a gross
approximation. As we shall see, flux tube fluctuations have important effects.
See Fig. 11.3.

Chromospheric Heating

The solar chromosphere lies above the photosphere. It owes its name to the
fact that, during a total eclipse, with the photosphere well hidden, the Sun
is surrounded by a pink ring, due to Hα radiation, which is predominant.
Spicules (Chapter 14) penetrate the chromosphere.

The temperature of the photosphere of the Sun is a few thousand degrees,
while the temperature of the atmosphere is a few million degrees. How can
a body at a few thousand degrees heat another one to millions of degrees?
This is a major unsolved problem of solar Physics. Astrophysicists have long
discussed this problem. See, for example, Ionson (1978, 1982, 1983) related
to coronal loops, a paper by Holweg (1987) related to MHD surface waves,
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Fig. 11.3. Imagine a vertical magnetic flux tube in the plane of the paper at the
lower left-hand corner of the figure. Its current density JD is in the direction shown.
A magnetic field line emerges from the top of the flux tube. Of course, a field line
of a magnetic flux tube is not an arc of a circle, but the arc shown is sufficient
for our purposes. The field is symmetrical about the axis of the tube. We assume
that B points up in the tube. The vector A points in the direction shown for the
following reason. According to Eq. 4.13, the line integral of A over a closed curve
is equal to the linking magnetic flux. Imagine a circle, perpendicular to the paper,
and centered on the axis of symmetry of the tube. By hypothesis, B points up,
and the flux through the circle is positive. Then A points in the +φ-direction. The
current density J is one that appears when B is not constant

and also by Davila (1987) related to Alfvén waves. See also Goodman (1995,
1996). Here is what seems to be a partial explanation.

See Fig. 11.3. Assuming that the driving current JD in the flux tube
stops suddenly, which is equivalent to assuming that the photospheric plasma
freezes at t = 0, the magnitude of A decreases exponentially with time,
but its orientation does not change. Cutting off JD has no immediate effect
on A or on B but, from then on, their magnitudes decrease exponentially,
while their orientations also do not change. After JD is cut off, the vectors
E = −∂A/∂t and J = σE appear, and point in the same direction as A.
The power dissipation per cubic meter is

W = EJ = σE2 = σ

∣∣∣∣∂A

∂t

∣∣∣∣
2

. (11.60)

So a fluctuating flux tube, in the photosphere, heats the atmosphere above.
However, this phenomenon is probably not sufficient to explain the large
temperature difference observed.
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Photospheric Seismic Oscillations

Refer again to Fig. 11.3. Observe how the magnetic force, of density J × B,
compresses the gas, and thus exerts a vertical pressure on the photosphere.
This might be a partial explanation for the vertical seismic oscillations ob-
served in the photosphere.

See the papers by Goodman (1995, 1996) discussing the effects of fluctu-
ating magnetic elements on the photosphere. He supplies numerical values:
Jmax = 1.33 × 10−3 ampere/meter2 at a radial position of 0.7 megameter
from the center of a magnetic element (Chapter 12), where B = 1.8 × 10−2

tesla and the hydrogen atom density is 7× 1019/meter3. The magnetic force
density is 2.4 × 10−5 newton/meter3, while the gravitational force density is
3.2 × 10−5 newton/meter3.

Horizontal Magnetic Forces

Refer once more to Fig. 11.3. Assume that B decreases in the flux tube.
Then ∂A/∂t points out of the paper, opposite to A. Then both −∂A/∂t and
J = (−∂A/∂t)/σ point into the paper, and the magnetic force density J×B
near the magnetic flux tube, and near the surface, points away from the tube.

So a decreasing magnetic field causes the field lines to move outward, and
pushes the plasma outward.

If now the tube magnetic field points down and decreases, the vectors
B, A, and J all change sign, and the magnetic force density again points
outward. So, for either polarity of the flux tube, a decreasing B pushes the
plasma outward.

Conversely, if B increases, whatever its polarity, the magnetic force points
inward.

The magnetic force has both ρ and z-components. With B constant, there
is no induced current, and no magnetic force.

Of course, there is a horizontal force at the surface due to upwelling or
downwelling and, in a specific case, the plasma does not necessarily move in
the direction of the magnetic force. The magnetic and convective forces point
in opposite directions, the magnetic force braking the convective force.

11.4 Magnetic Flux Ropes (MFR’s)

Figures 11.4 and 11.5 show the B and J vectors in two magnetic flux ropes.
The axial magnetic field of a flux rope requires an azimuthal electric

current, of density Jφ, that is generated as in a flux tube, by an inward
radial plasma velocity vρ. The magnetic force associated with this field again
points outward. The mechanism that generates this axial magnetic field is a
self-excited dynamo as above.
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Fig. 11.4. A flux rope has both a Bz and a Bφ. Here, both Bz and Bφ are positive.
The net B is helical: the magnetic field lines are twisted like the thread of a right-
hand screw. The net J , not shown, is also helical and twisted in the same direction
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Fig. 11.5. A flux rope with Bz positive, while Bφ is negative. The net B is twisted
like the thread of a left-hand screw. The net J is also helical and twisted in the
same direction. See Fig. 11.1

The azimuthal component of the magnetic field of a flux rope can only
result from an axial current. The axial current can have either polarity. If Jz

points in the general direction of B, then the field lines of the net magnetic
field have the shape of a right-hand screw.

So a magnetic flux rope is a magnetic flux tube, plus an axial current
of density Jz and its associated azimuthal magnetic field Bφ. It is thus the
superposition of two structures, a flux tube and what one might call a “flux
coil”, in which the current is axial and the magnetic field azimuthal. The two
components of B are independent of each other. Flux coils are interesting in
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themselves because they are charged particle accelerators, as in Chapter 14.
See Sect. 11.6 below.

The magnetic force associated with the axial magnetic field in a flux rope
points radially outward, as in a flux tube. But the radial magnetic force
associated with the azimuthal magnetic field points inward. So, in a flux
rope, the magnetic force density J × B is radial and has both positive and
negative components. If the net magnetic force points inward, then the gas
pressure is higher inside the rope than outside.

11.4.1 The Axial Current in an MFR

The axial magnetic field, if it is predominant, channels low-energy charged
particles moving in the axial direction, even if the rope is not straight: a
particle of mass m and charge Q would follow helical trajectories of radius
mv⊥/(BQ) around magnetic field lines. Electrons are better channeled than
ions because of their much smaller mass. The velocity component perpendic-
ular to B should not be large for efficient channeling.

A particle of charge Q in the axial beam gains energy at the rate

dE
dz

= Q|v × B| = QvρBφ , (11.61)

whatever the polarity of the beam particles.
The axial beam is thus unusual. It is the superposition of two particle

beams, a beam of positive particles moving in the direction of v × B, and a
beam of negative particles moving in the opposite direction. Both the particle
energy and the current density are functions of ρ.

An electron or ion beam is subjected to both focusing and defocusing
forces. The focusing force is exerted by the magnetic field: parallel currents
attract. The defocusing force results from the mutual electrostatic repulsion
of the particles. The net defocusing force is equal to the electrostatic repulsive
force, multiplied by the factor 1 − (v2/c2), where v is the axial speed of the
beam particles and c is the speed of light. At non-relativistic speeds, and in a
vacuum, that factor is approximately equal to unity, and only the defocusing
electrostatic force matters.

Imagine a beam of ions propagating in a low-pressure gas; the same ar-
gument applies to a beam of electrons. The ions ionize the ambient gas,
and thus form further ions and electrons. Now the average energy of these
new particles is only of the order of a few electron-volts and the new ions
drift away from the beam by electrostatic repulsion, while the electrons stay
trapped inside. The electrostatic charge of the ion beam is thus canceled, and
we are left only with the magnetic focusing force. This phenomenon is called
self-pinching.

Self-pinching has its limits because of scattering: every time a beam par-
ticle ionizes a gas particle, it loses energy and acquires a small transverse
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momentum. Eventually, the beam disappears. For a given energy, electrons
ionize much less than ions.

Since electrons are much better channeled by the axial magnetic field and
lose less energy by ionization, magnetic flux ropes seem to be more likely to
carry electron beams, rather than ion beams.

Since there are electric currents in both magnetic flux tubes and flux
ropes, both structures are dissipative. For the same reason, they are inductive.
So each structure has its own time constant.

In a flux rope, we set

∂

∂t
= 0 ,

∂

∂φ
= 0 , vφ = 0 , (11.62)

as for flux tubes, but we also set

Bρ 
= 0 , Bφ 
= 0 , Bz 
= 0 . (11.63)

Then, from Eqs. 11.7 to 11.9,

Jρ = σ

(
−∂V

∂ρ
− vzBφ

)
, (11.64)

Jφ = σ(vzBρ − vρBz) , (11.65)

Jz = σ

(
−∂V

∂z
+ vρBφ

)
. (11.66)

Equation 11.65 is the same as Eq. 11.21, and there is positive feedback
for Jφ if the parenthesis has the same sign as Jφ, which has the same sign
as Bz, as in Fig. 11.5. If the rope radius is independent of z, then Bρ = 0,
and vρ must be negative for positive feedback, as for a flux tube.

The flux tube part of a flux rope is a self-excited dynamo. The injection
of the axial particle beam presumably occurs in a flux coil, as in Sect. 11.6
and in Chapter 14.

Equation 11.15 applies, the electric space charge density Q̃f 
= 0 and the
electric potential V 
= 0.

In Eq. 11.66, vρBφ is the z-component of v×B. That component sweeps
positive charges either up or down, depending on its sign, and negative
charges in the opposite direction. The term −∂V/∂z is the resulting elec-
tric field, which partly opposes the vertical component of v × B.

Say Jz and Bφ are both positive as in Fig. 11.4, above the flux coil. As
in a magnetic flux tube, vρ is negative. Then the term vρBφ is negative and
opposes Jz. Thus the negative radial velocity that provides positive feedback
for the axial magnetic field provides negative feedback for Jz and Bφ in a
flux rope.

A positive Jz can be generated locally if∣∣∣∣∂V

∂z

∣∣∣∣ < |vρBφ| . (11.67)
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Inside the rope, at the radius ρ, Bφ depends on the axial current inside
that radius:

Bφ =
µ0

2πρ

∫ ρ

0

2πρJz dρ . (11.68)

If Jz is independent of ρ, then Bφ decreases linearly with ρ, as in a current-
carrying wire at low frequency. If Jz has the same sign as Bz, the magnetic
field lines have the shape of a right-hand screw.

Outside the rope, the magnetic field lines are mostly azimuthal, because
of the axial current, with a slight axial component from the return flux of the
axial field.

If the axial electric current flows in the same direction as Bz, then the
magnetic field lines of the net B have the shape of a right-hand screw, inside
the rope. If Jz were uniform, then Bφ inside the rope would increase linearly
with ρ, as in a current-carrying wire at low frequency.

11.4.2 Magnetic Forces on MFR’s

In a magnetic flux rope of uniform radius, the magnetic force density is purely
radial:

F̃ = J × B = (Jφφ̂ + Jzẑ) × (Bφφ̂ + Bzẑ) (11.69)
= (JφBz − JzBφ)ρ̂ . (11.70)

The first term on the right of this latter equation points outward, Jφ and
Bz having the same sign, as in a flux tube. The second term points inward
because Jz and Bφ have the same sign as in Figs. 11.4 and 11.5: parallel
currents attract. This force pinches the axial current.

The net outward force on a magnetic flux rope can thus be either posi-
tive or negative, and it need not have the same sign for all values of ρ and
of z. Thus the gas pressure inside a rope can be either higher or lower than
ambient.

Of course the vector products Jz ×Bz and Jφ ×Bφ, are both identically
equal to zero.

We can rewrite Eq. 11.70 in terms of B alone by substituting the current
densities of Eqs. 11.8 and 11.9:

F̃ = −
[

∂

∂ρ

(
B2

φ + B2
z

2µ0

)
+

B2
φ

µ0ρ

]
ρ̂ , (11.71)

where the term between parentheses is the magnetic energy density (Sect. 4.10).
This is the general expression for the magnetic force density in an axisym-
metric magnetic field with φ and z-components, and with Bρ = 0.

Often, in the literature, this magnetic force density is set equal to the
negative gradient of the magnetic energy, without the second term in the
bracket. This leads to a pinching force in a Z-pinch that is too low by a
factor of 2 (Miller, 1982; Salingaros, 1992).
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11.4.3 Power Dissipation and Time Constants in MFR’s

The values of P̃ , R̃, Ĩ, Ẽ , L̃, and T that we found in Sect. 11.3 also apply to
the flux tube part of a flux rope.

For the flux coil (Sect. 11.6) part, it is easy to calculate the resistance
R̃ and the power dissipation P̃ per meter, but the azimuthal magnetic field
does not lend itself to a simple analysis. The reason is that the magnetic
field of a linear current decreases only as 1/ρ in the radial direction for an
infinitely long current, which makes the magnetic energy, the inductance, and
the time constant all infinite. Real flux ropes are of course not infinitely long
and straight, and these quantities could be computed only if one knew the
actual field configuration at the ends. So we cannot calculate here the time
constant for the flux coil part of the field; we only know that it is not zero.

If both the inward radial flow of conducting plasma and the axial current
stopped suddenly and simultaneously, then the pitch of the magnetic field
lines would change with time, and both fields would eventually disappear.

11.5 Are Tubes and Ropes Light Guides?

Could it be that solar magnetic flux tubes guide light like gigantic optical
fibers? There is evidence to that effect.

Pores seem to be more or less vertical magnetic flux tubes, and they
are bright, possibly because the light that one sees originates deep in the
photosphere, where the temperature is higher than at the surface. Magnetic
elements are bright, possibly for the same reason.

What about sunspots (Chapter 13)? They are also, apparently, more or
less magnetic flux tubes, but they are dark, not bright! Now there do not
exist isolated sunspots: a given sunspot is always accompanied by one or
more spots of the opposite polarity. Say sunspot S has a companion S′ of the
opposite polarity. The two spots presumably share a common magnetic flux
tube, below the photosphere. Often, a spot S is accompanied, not by one,
but by several satellite spots, all of the polarity opposite that of S. Then the
flux tube of S is apparently split into several smaller tubes, again below the
photosphere. If the above is correct, and if flux tubes are really light guides,
then, looking down S is in fact looking up S′, at the atmosphere above the
photosphere, which is much less bright.

This section is special in that, to date, we have not been able to show
that flux tubes are light guides. Guidance requires that the phase speed of a
light wave be an increasing function of the radius, and the calculations below
leads to the conclusion that it is independent of the radius. Further work is
required.

If you have not read the previous sections of this chapter, you would
be well advised to read Sect. 11.3 before continuing; you need not read the
subsections.
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11.5.1 Electromagnetic Waves

An electromagnetic wave has two components, an electric field and a magnetic
field. The electric field is E, as usual, but, when dealing with electromagnetic
waves, there are good reasons to use H for the magnetic field, instead of B,
with H = B/µ0 in a non-magnetic medium. In a plane wave, the E and H
vectors are mutually orthogonal, and perpendicular to the direction of prop-
agation. The vector E × H points in the direction of propagation and gives
the transmitted power per square meter. In a gas, the relative permittivity
εr = 1.

The Maxwell equations 2.1 to 2.4 are now

∇ · E =
Q̃

ε0
, (11.72)

∇ · H = 0 , (11.73)

∇ × E + µ0
∂H

∂t
= 0 , (11.74)

∇ × H = J . (11.75)

Electromagnetic waves can have any frequency, but we are only concerned
here with waves in the visible region, with frequencies of the order of 6×1014

hertz.

11.5.2 Guided Electromagnetic Waves

Hollow metallic tubes for guiding electromagnetic waves, known simply as
waveguides, have been in use for well over a half century. They have cross-
sections of a few centimeters by a few centimeters. Propagation inside the
tube occurs by reflection at the walls, and a ray follows a zig-zag path. Pairs
of wires are also waveguides.

Some optical fibers guide captive light waves by total reflection at the
boundary between the core and a cladding. The index of refraction of a
medium is n = c/vph, where vph is the phase speed of a plane wave in the
medium of propagation. The core has an index of refraction n1 = c/vph1,
while the cladding has a lower index of refraction n2 = c/vph2, and hence
a higher phase speed. In that type of optical fiber a light ray also follows a
zig-zag path.

The phase speed is the speed of propagation of a crest, or of a trough.
That speed is often larger than c. It is the group speed vg, or the speed of
propagation of a group, or of a signal, that cannot be larger than c. The
difference between the two speeds is easy to observe in the case of ripples at
the surface of a pond of water.

Graded-index optical fibers have an index of refraction that decreases
gradually with ρ, while the phase speed increases. Then the reflection is
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gradual, as in a mirage, and a given light ray oscillates from one side of the
fiber to the other, following a trajectory that resembles a sine wave.

Mono-mode optical fibers carry a captive electromagnetic wave, without
reflection. They bear no resemblance with flux tubes and ropes.

11.5.3 Electromagnetic Waves in Plasmas

In the absence of a magnetic field, at low temperatures, and in the absence of
collisions, the phase speed of an electromagnetic wave in a plasma is (P. Lor-
rain et al., 1988, pp. 542–546)

vph =
c

(1 − ω2
pl/ω2)1/2

, (11.76)

where

ωpl =

(
Ñe2

ε0me

)1/2

(11.77)

is the plasma circular frequency, Ñ is the electron density, e is the absolute
value of the charge of the electron, and me is the mass of the electron. So

vph ≈ c

(1 − 80.6Ñ/f2)1/2
. (11.78)

For 80.6Ñ > f2, the denominator is imaginary and there is attenuation
without propagation.

In plasmas, vgvph = c2.

11.5.4 Guiding Light in Magnetic Flux Tubes and Ropes

A cylindrical structure such as optical fiber can guide an electromagnetic
wave on two conditions: first, the attenuation must be low and, second, the
radial gradient of phase speed must be positive: the phase speed must increase
with the radius ρ.

Since magnetic flux tubes are largely evacuated, as we saw in Sect. 11.3.2,
maybe they can satisfy the low-attenuation requirement. Radiation transfer
within the Sun and within stars is a major branch of astrophysics, because
that is how the nuclear energy generated near the center reaches the surface.
However, we are concerned here only with superficial effects, because the
radial extent of a pore, of a solar magnetic element, or of a sunspot, is totally
negligible compared to the solar radius.

The intensity of a wave is the power transferred in watts per square meter.
If we consider a plane wave of a given wavelength, we may write that, over a
distance dz, a wave of intensity I0 is attenuated to an intensity I according
to the equation
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I

I0
= exp(−κ dz) = exp(−dτ) , (11.79)

where κ is the absorption coefficient and dτ is the optical thickness over the
distance dz, with κ = dτ/dz. Over an optical thickness equal to unity the
intensity decreases by a factor of e. The absorption coefficient κ is a function
of wavelength. In the case of the solar atmosphere, the reference wavelength is
usually 500 nanometers, or 0.5 micrometer, which is in the visible spectrum.
Tabulated values of τ are τ0.5.

At the level of the photosphere, the temperature is about 6000 kelvins,
the pressure 1.2× 104 pascals, and the density 3× 10−4 kilogram/meter3. At
an altitude of 200 kilometers, the gas pressure is 2.61 × 103 pascals, and the
electron density 3.65 × 1018/meter3.

At a depth of 36 megameters below the photosphere, the temperature is
2.8 × 105 kelvins, the pressure 3 × 1010 pascals, or about 3 × 105 times the
pressure at the surface of the Earth, and the density about 1 kilogram/meter3

(Bahcall and Pinsonneau, 1992), about the same as that of the Earth’s at-
mosphere. The density is about the same, but the absorption is much lower
because the Sun consists almost exclusively of atomic hydrogen; there are no
molecules, not even hydrogen molecules, to excite.

If the plasma density inside a flux tube were the same as that of the solar
atmosphere at an altitude of 200 kilometers, where κ ≈ 4.9 × 10−7, then the
intensity of 500-nanometer light would decrease by a factor of e = 2.718 over
a distance of 1/κ, or about 2 megameters, in the flux tube.

Sixty kilometers below the photosphere, the gas pressure is about 1.71 ×
104 pascals, and the electron density 7.04 × 1020/meter3. For that electron
density and at λ = 500 nanometers, the index of refraction is nearly the same
as that of a vacuum: n ≈ 1 − 8 × 10−8.

That would seem to indicate that the attenuation of light in solar magnetic
flux tubes is negligible.

What about the positive radial gradient of the phase speed? The phase
speed depends on the electron density Ñ , which is the same as the proton
density, here.

We showed in Sect. 11.3.2 that the sum of the gas pressure p, plus the
magnetic pressure B2/(2µ0), at any radius ρ within the flux tube, some dis-
tance below the surface, is a constant and equal to the external pressure pext.
Since B is a decreasing function of ρ, then the gas pressure p is an increasing
function of ρ.

We now wish to know how the phase speed vph varies with the radius
inside the magnetic flux tube. According to Eq. 11.78, at a given optical fre-
quency f , vph increases with increasing Ñ . We may assume that Ñ increases
with the pressure, and hence that it increases with ρ.

If the electron (or proton) density in the flux tube changes from 3.65 ×
1018/meter3, as at an altitude of 200 kilometers, to 7.04 × 1020/meter3 at
the periphery of the flux tube, as at a depth of 60 kilometers, then, from
Eq. 11.78, the ratio of the phase speeds is
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vperiphery

vaxis
≈ c/(1 − 8 × 10−8)

c/(1 − 4 × 10−10)
≈ 1 + 10−7 . (11.80)

So, according to this calculation, the magnetic flux tube is not a light
guide. However, light guidance is such an attractive hypothesis that it is
worthwhile investigating it further. The following notes might be useful.

1. At 6000 kelvins, the thermal speed of an electron is

(
3kT

me

)1/2

≈ 5.2 × 105 meters/second , (11.81)

which is about three orders of magnitude smaller than the phase speed. Then
one may consider the plasma to be cold.

2. The cyclotron frequency is eBext/me. For Bext ≈ 0.1 tesla, this fre-
quency is approximately 2 × 1010 radians/second, which is very much less
than the circular frequency of the wave, 2πf ≈ 3.8 × 1015 radians/second.
That would seem to indicate that the phase speed is independent of the tube’s
magnetic field. As we have seen, this field is maximum on the axis and zero
at the periphery.

3. The mean free path of a hydrogen atom is

l =
1

σcNH
, (11.82)

where NH is the number of hydrogen atoms per unit volume and σc is the
collision cross-section:

σc = π(2r)2 ≈ π(10−10 meter)2 = π × 10−20 meter2 . (11.83)

Here NH < 1021 per meter3 (see above). Then

l >
1

π × 10
≈ 0.03 meter . (11.84)

Now the collision frequency is equal to the thermal speed divided by the
mean free path, which is greater than 0.03 meter. The frequency of collisions
is smaller than 2×107 per second. Since this frequency is orders of magnitude
smaller than the light’s frequency, collisions do not affect its propagation.

4. We assume that the conductivity σ is a constant independent of E
and B. Then, for a given v, the current density J is a linear function of these
two fields. In fact, σ is a function of E and B, and J is a non-linear function
of these two fields. This may be worth exploring.

5. Other non-linear phenomena might affect the propagation of light in
solar flux tubes. However, the ponderomotive force discussed in F.F. Chen
(1984, pp. 305 ff.) seems to be irrelevant.
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Fig. 11.6. Flux coil associated with a particle beam. The magnetic flux density in
the coil is B, and the current density in the beam is J . The magnetic force density
vector J × B points inward, in the direction of the axis of symmetry

11.6 Magnetic Flux Coils As Particle Accelerators

Astrophysicists have long pondered over the way a plasma can accelerate
charged particles spontaneously. See, for example, Fichtel and McDonald
(1967) and Tandberg-Hanssen (1974). Here we propose a plausible type of
particle accelerator that exploits a v × B field in a convecting plasma. We
return to it in Chapter 14.

Figure 11.6 shows a magnetic field configuration that might be called a
magnetic flux coil. The magnetic field near a current-carrying wire is a flux
coil.

As we shall see below, such a structure might exist in a convecting con-
ducting fluid, and it might act as a particle accelerator. Of course, in a real
situation, both J and B would be complex functions of the coordinates.

This hypothetical v × B accelerator could generate a charged particle
beam. It starts spontaneously, as soon as a seed electric current appears. The
seed current must originate in some outside source. The power source for the
accelerator comes from the thermal forces that drive the convection in the
photosphere. It is doubtful that such accelerators could exist in laboratory-
sized plasmas.

According to this model, a region where the radial component of the
plasma velocity vρ is positive, in cylindrical coordinates, can be the site of a
self-excited particle accelerator that generates an axial beam of either sign,
depending on the sign of the seed current. See Fig. 14.4. Given a seed current
directed, say, upward in the figure, its magnetic field points in the positive
direction of φ. A positive radial plasma velocity then provides a v × B field
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whose axial component also points upward, like the seed field, and that adds
a current of the same sign as the seed current.

If the beam current points instead in the negative direction of the z-axis,
then its B and v × B vectors both change sign, and the induced current
again points in the same direction as the seed current. The induced current,
of density σ(v × B), therefore amplifies any axial current. This is positive
feedback, which is the essential property of self-excited dynamos. With time,
the magnitude of the axial current does not tend to infinity, but rather reaches
an asymptotic value that is a function of the power that drives the convection
(Sect. 10.2.2).

We assume an arbitrary plasma velocity:

v = vρρ̂ + vφφ̂ + vzẑ . (11.85)

The current density is given by

J = σ[−∇V + (v × B)] . (11.86)

If we assume that J has only an axial component, then the radial component
of ∇V exactly cancels the radial component of v × B and we are left with
the simple relation

Jz = σvρBφ . (11.87)

Since the three variables on the right are functions of ρ, then Jz is also a
function of ρ. The azimuthal and axial components of the particle velocity,
vφ and vz, have no effect on the axial current.

Now Jz and Bφ have the same sign, and the DC plasma conductivity
is positive. So Eq. 11.87 requires that vρ be positive. Thus flux coils might
exist in convecting plasmas in regions where the velocity has a positive radial
component, for example where there is upwelling. The flux coil is a self-excited
dynamo (Chapter 10).

With time, Jz increases, σ increases because of the increasing Bφ, but vρ

decreases because of the braking action of the magnetic force. Eventually, Jz

presumably becomes stable as in the self-excited Faraday disk (Sect. 10.2.2).
The electrostatic space charge density is not zero because, in this case,

∇ · (v × B) 
= 0 (Eq. 7.10).
The azimuthal magnetic field pinches positive particles moving upward in

the beam. A negative particle moves downward and is similarly pinched.
A particle of charge Q in the axial beam gains an energy dEparticle at the

rate
dEparticle

dz
= Q|v × B| = QvρBφ =

Q

σ
Jz . (11.88)

The particle energy is a function of the radial coordinate ρ, like the axial
current density Jz and σ. The equation applies, whatever the polarity of the
accelerated particles or of J .
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If Jz were uniform, then the energy gain would be proportional to 1/σ,
and hence would decrease with increasing ρ because Bφ would be proportional
to ρ.

The axial beam is like that of Sect. 11.4.1: it is the superposition of two
particle beams, a beam of positive particles moving along z in the direction
of v ×B, and a beam of negative particles moving in the opposite direction.
Both the current density and the particle energies are functions of ρ.

The flux coil is an inductive circuit, and it has a time constant. If the con-
vection stopped suddenly, then, over one time constant, the current density
and the magnetic field would both decrease by a factor of e.

The time constant T is given by

T =
L̃

R̃
, L̃ = 2

Ẽmag

I2
, R̃ =

P̃

I2
, (11.89)

where L̃ and R̃ are, respectively, the inductance and the resistance per meter
of length, Ẽmag is the magnetic energy stored per meter of length, P̃ is the
ohmic power dissipation per meter, and I is the axial current.

For a flux coil of radius b,

I =
∫ b

0

Jz2πρ dρ . (11.90)

If Jz were uniform, then we would have that I = πρ2Jz. Also,

P̃ =
∫ b

0

J2
z

σ
2πρ dρ , (11.91)

where σ is a function of ρ.
To calculate the inductance per meter L̃, we require Ẽmag, and

Ẽmag =
∫
∞

B2

2µ0
dv =

1
2
I2L̃ , (11.92)

where I is the current.
If d/dz = 0, then the flux coil is infinitely long, Bφ decreases only as 1/ρ,

and the stored magnetic energy is infinite.
In a flux coil, the axial current density is given by Eq. 11.87 and the

magnetic force density is

F̃ = J × B = −JzBφρ̂ = −σvρB
2
φρ̂ . (11.93)

The magnetic force points inward and is counteracted by a pressure gradient.
The pressure is higher inside than outside: the pressure gradient brakes the
inward motion of the gas.

As usual in self-excited dynamos, the power required to establish the
magnetic field and the ohmic power dissipation are both supplied by the
forces that drive the convection.
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We discussed above, in Sect. 11.4.1, how an axial current might be chan-
neled in a flux rope. The same applies to the axial current in a flux coil.

11.7 Summary

A magnetic flux tube (MFT) is a bundle of magnetic field lines, as in a
solenoid. We discuss here flux tubes that develop spontaneously as self-
excited dynamos within convecting, conducting fluids, for example in the
solar plasma. The medium must have a negative radial velocity, in cylindri-
cal coordinates, typically in a region where there is downwelling. A flux tube
carries a local azimuthal current, and is partly evacuated by the outward
magnetic force, which points in the same direction as the pressure gradient.
A flux tube possesses magnetic energy and is both inductive and dissipative.
It thus has a time constant: if the medium freezed suddenly, the magnitude
of the magnetic field would decrease by a factor of e in one time constant.

A magnetic flux rope (MFR) is a magnetic flux tube that carries an axial
current. The magnetic field of the axial current is azimuthal, and the net
field is helical. The magnetic force on a flux rope has two components, one
that points outward, as in a flux tube, and one that points inward. The gas
pressure gradient is equal to the net magnetic force density. Flux ropes are
dissipative and inductive, like flux tubes.

Magnetic flux tubes and ropes possibly act as light guides. a) Magnetic
elements are bright, compared to the surroundings, because one sees the
solar plasma below the photosphere, where the temperature is higher. b) A
sunspot of a given polarity is always accompanied by one or more spots of
the opposite polarity. So, if sunspot flux tubes are light guides, then, when
one looks down into a sunspot, one is actually looking up the twin spot, at
the solar atmosphere, which is much less bright than the photosphere.

A magnetic flux coil has azimuthal magnetic field lines, associated with
an axial current. The magnetic field near a current-carrying wire is a flux
coil. We show that a region where the radial plasma velocity is positive can
act as an accelerator that generates an axial beam of positive particles one
way, and a beam of negative particles the other way. We apply this concept
in Chapter 14. The magnetic force points inward and is counteracted by the
pressure gradient, which points inward: the gas pressure is higher inside than
outside.
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Magnetic elements are small bright spots on the solar photo-
sphere. They exhibit magnetic fields, with B pointing either
up or down, and they are apparently more or less vertical
flux tubes. But how are the required electric currents gen-
erated? And why are they bright?1

12.1 Introduction

The present chapter, as well as Chapters 13 and 14, are extensions of Chap-
ter 11.

We propose a self-excited dynamo model for magnetic elements: an el-
ement is a magnetic flux tube that stands more or less vertically and that
results from the presence of azimuthal electric currents, as in Chapter 11.
1 See P. Lorrain and S. Koutchmy, Two dynamical models for solar spicules,

Solar Physics 165, 115–137 (1996); and P. Lorrain and S. Koutchmy, Chro-
mospheric heating by electric currents induced by fluctuating magnetic elements,
Solar Physics 178, 39–42 (1998).
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Fig. 12.1. Magnetic elements near disk center. The field of view covers 50 × 50
arcseconds2, and one arcsecond corresponds to about 720 kilometers at the surface
of the Sun. These observations were made at the focus of the Vacuum Tower Tele-
scope at the National Solar Observatory at Sacramento Peak, New Mexico by Serge
Koutchmy. The maximum measured B over this area is about 0.07 tesla

There is some repetition here, so as to make it possible to read the present
chapter and Chapter 11 independently. Ideally, you should read the first three
sections of Chapter 11 before proceeding.

For background information on the Sun, see the classic book Astrophysics
of the Sun by Zirin (1988). See also “Reflections on macrophysics and the
Sun” by Parker (1997).

The photosphere is the surface of the Sun that we see in white light.
It is a plasma, composed largely of hydrogen, of mass density 3 × 10−4

kilogram/meter3, at a temperature of about 6000 kelvins and a pressure of
about 104 pascals. The free electron density is about 6 × 1019/meter3 (Ver-
nazza et al., 1981).

Magnetic elements are small bright regions on the photosphere that ex-
hibit vertical magnetic fields of roughly 0.15 tesla. They are about 150 kilo-
meters in diameter. See Fig. 12.1. Magnetic elements come in pairs with
opposite polarities. The axial magnetic field requires an azimuthal electric
current, and we have estimated (P. Lorrain and S. Koutchmy, 1993) that the
current density is about 1.6 amperes/meter2 (see Sect. 12.3.2 below).

The inward radial velocity at the surface of the photosphere is of the order
of 300 meters/second.

With the flow geometry of Fig. 11.2, the inward radial component of
velocity, and thus the self-excited dynamo effect, eventually disappears with
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increasing depth and, at still greater depths, the radial velocity becomes
positive and the plasma returns to the surface (Chapter 14). Thus the vertical
extent of the current distribution, and its radius as a function of depth,
depend on the flow pattern.

As a first approximation, we assume that the azimuthal electric current
density J inside the element is uniform.

Dara et al. (1990) have reported that magnetic elements of opposite po-
larity attract, while elements of the same polarity repel. This is in agreement
with our model: magnetic elements should attract and repel, like parallel and
anti-parallel solenoids and bar magnets.

This model accounts for the existence of magnetic elements, for their
stability, for the existence of neighboring fields of opposite polarity, and for
their mutual attraction and repulsion.

We also propose a more realistic, but more elaborate, model in which the
current distribution is not uniform (Sect. 12.3.9).

It is difficult to measure the net vertical flow inside a magnetic element,
but there is little doubt that there exists a radial convergent flow pattern in
the region surrounding an element.

Finally, the power dissipation associated with the azimuthal currents ac-
counts for only a small part of the observed radiation (S. Koutchmy, 1991).
In Sect. 11.5 we discussed the hypothesis that the element might act as a
light guide. If this is true, then, when looking at the element, one would see
the hot plasma well below the photosphere.

12.2 Local Currents in Magnetic Elements

As has been stressed repeatedly by Alfvén (1975, 1981), it is pointless to
discuss the shapes of imaginary magnetic field lines, while disregarding the
required electric currents. So, as usual, we focus on the electric currents that
generate the observed magnetic field.

Our argument runs as follows.
a) There exist patches of vertical magnetic field in the Sun’s photosphere

that are presumably the top ends of magnetic flux tubes.
b) Then there exist local azimuthal electric currents of density J , accord-

ing to the Maxwell equation

∇ × B = µ0J , (12.1)

with

J = σ(E + v × B) = σ

(
−∇V − ∂A

∂t
+ v × B

)
. (12.2)

In writing these equations we assume that the displacement current density
∂D/∂t is negligible compared to the conduction current density J , a condi-
tion that applies to low-frequency phenomena in the Sun’s plasma (Sect. 2.4).
The medium is non-magnetic.
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The −∇V term concerns electrostatic charges that may reside at the
surface, or within the magnetic element with a volume density (Eq. 7.10)

Q̃f = −ε0∇ · (v × B) (12.3)

in a homogeneous medium.
c) We seek an E + v × B field that will generate J .
As we saw in Chapter 11, regions where the plasma has a negative radial

velocity, in cylindrical coordinates, generate an appropriate J . See Fig. 11.2.
The gas density increases, and the inward radial velocity decreases with in-
creasing depth. We assume an axisymmetric geometry, but that is not essen-
tial; all that our model requires is an inward radial flow. It seems impossible
to imagine a flow pattern that would be qualitatively different from that of
Fig. 11.2.

As we shall see in Sect. 13.6.1, the current density in sunspots appears
to be uniform all the way from the axis of symmetry to the outer ra-
dius. Nonetheless, we propose a more general and more realistic model in
Sect. 12.3.9, where J is not uniform.

Assuming that J is uniform, we find the stored magnetic energy, the
dissipated power, the time constant, etc.

12.3 A Simple Model

Equations 2.4 and 12.6 are the only fundamental equations that we require for
the simple model. As a second approximation, we propose a more elaborate
model that requires more fundamental equations. Further approximations
would require still more.

With the simple model, the azimuthal current density J is uniform out
to the outer radius b. Current flows in the azimuthal direction, and thus in a
direction perpendicular to B, which makes the conductivity σ smaller than
in the absence of a magnetic field (Cambel, 1963). We disregard oscillations
and waves.

As to the radius b and the length l of the current distribution, we perform
our theoretical calculations for l 	 2b, for simplicity. Nonetheless, in our
numerical calculations, we set l = 2b.

We disregard gravity until Sect. 12.3.8. Finally we set, in cylindrical co-
ordinates,

∂

∂t
= 0 ,

∂

∂z
= 0 , (12.4)

vφ = 0 , Bρ = 0 , Bφ = 0 . (12.5)

Our assumption of a uniform electric current density J makes some sense
for the following reason. If Eqs. 12.4 and 12.5 apply, there is zero electrostatic
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ẑ

φ̂⊕
l

B

ρ̂

J

0

b

Fig. 12.2. The current distribution for the model. The magnetic field is axial, and
the current distribution is azimuthal

space charge (Chapter 7), zero electrostatic surface charges, because v × B
is purely azimuthal, ∇V = 0, and, with the sign conventions of Fig. 12.2,

J = σ(v × B) . (12.6)

Then
J = −σvρBz , (12.7)

where σ is the plasma conductivity, vρ is the radial velocity of the plasma,
and Bz is the axial magnetic flux density. Now a conductivity σ is positive by
definition and, as we saw in Sect. 12.2, vρ is negative, so that, in Eq. 12.7, J
and Bz have the same sign. With increasing ρ, Bz decreases, σ increases, and
|vρ| increases as in Fig. 11.2. It thus makes sense, as a first approximation,
to set the product of the three quantities on the right of Eq. 12.7 equal to a
constant.

As we shall see in Sect. 12.3.6, the time constant of a magnetic element
is hardly affected by the particular current distribution chosen.

The calculations that follow are a first approximation: no magnetic ele-
ment has a perfectly circular cross-section, the radius b of the current distri-
bution is certainly a function of the depth, the current density J is not really
uniform, and the conductivity σ is a complex function of position because
it depends on the gas density and on B, both of which are functions of the
radial position (Sect. 12.3.4) and of the depth.
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12.3.1 The Magnetic Flux Density B

We can calculate the field of a magnetic element as follows. At the radius
ρ inside an azimuthal current distribution of outer radius b, length l, and
current density J , in a plane passing through the center,

B =
1
2

∫ b

ρ

µ0(J dρ)l
[ρ2 + (l2/4)]1/2

(12.8)

=
µ0Jl

2
ln

{
b + [b2 + (l2/4)]1/2

ρ + [ρ2 + (l2/4)]1/2

}
(12.9)

≈ µ0J(b − ρ) (if l 	 2b) . (12.10)

This last expression also applies inside a long azimuthal current distrib-
ution of uniform current density J , at a distance of a few times b from the
ends. At radii ρ > b, B ≈ 0 if l 	 2b. If this latter condition is not satisfied,
then the field outside is weaker than inside, and it points in the opposite
direction.

The magnetic flux inside a magnetic element whose uniform current den-
sity extends from the axis of symmetry to the radius b is

Φ ≈
∫ b

0

µ0J(b − ρ)2πρ dρ = πµ0J
b3

3
, (12.11)

which is three times less than if the field were uniform and equal to the field
on the axis.

12.3.2 The Current Density J and the Conductivity σ

Set the radius b of the magnetic element equal to 75 kilometers, and B on
the axis equal to 0.15 tesla. For simplicity, we use Eq. 12.10, despite the fact
that we shall set l = 2b below. That is a good enough approximation at this
stage. Then

J ≈ B

µ0b
≈ 1.6 amperes/meter2 (12.12)

(P. Lorrain and S. Koutchmy, 1993). The free electrons then drift at a speed
of 0.17 meter/second.

In our simple model, this current density applies throughout the volume
of the magnetic element.

How does the above drift speed compare with the thermal speed of the
electrons? The mass of an electron is 9.11 × 10−31 kilogram, the Boltzmann
constant k is 1.38× 10−23 joule/kelvin, and the temperature T is about 6000
kelvins. Then

1
2mv2

th = 3
2kT , vth = 5.22 × 105 meters/second , (12.13)
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which is much larger than the above vρ. 2

We can now deduce the conductivity σ in the direction of J , or in the
azimuthal direction, which is perpendicular to the magnetic field lines. In
Eq. 12.7 we can set vρ ≈ 300 meters/second (Simon et al., 1988; Alissandrakis
et al., 1991), and B ≈ 0.075 tesla, one half of a maximum value of 0.15 tesla.
Then

vB ≈ 22.5 volts/meter , σ ≈ 0.07 siemens/meter . (12.14)

To calculate the conductivity in the absence of a magnetic field we proceed
as follows. Observations are made at an altitude of about 300 kilometers.
According to Vernazza et al. (1976), at that altitude, the ratio of the number
density of free electrons to the number density of gas atoms is given by

ne

ng
≈ 9.5 × 10−5 , log

ne

ng
≈ −4.02 . (12.15)

Then, according to Kopecký and Soytürk (1971),

log σ ≈ 1.26 , σ ≈ 18.2 siemens/meter . (12.16)

In selecting the above value of the ratio ne/ng we have accorded more weight
to the former reference.

The orthogonal conductivity of Eq. 12.16 is smaller than the normal con-
ductivity by a factor of 260.

Note that the above orthogonal conductivity is nine orders of magni-
tude less than that of copper at room temperature, which is 5.8 × 107

siemens/meter.
The Reynolds number

Rm ≈ µ0σvtypicalL (12.17)
≈ (4π × 10−7) × 0.07 × 300 × 75 × 103 ≈ 2 . (12.18)

How does this compare with generally accepted values for the electric
conductivity? In the absence of a magnetic field the electrical conductiv-
ity of the photosphere at a height of about 100 kilometers is roughly 2300
siemens/meter (Kopecký and Soytürk, 1971), and the orthogonal conductiv-
ity that we calculated above is four and a half orders of magnitude smaller,
which is not a bad agreement (Cambel, 1963), in view of the fact that our
calculation is only a first approximation.

Observe that a plasma conductivity of 2.3 × 103 siemens/meter in the
absence of a magnetic field is four and a half orders of magnitude smaller
than the conductivity of copper at room temperature, which is 5.8 × 107

2 In copper at room temperature, the drift speed of the conduction electrons is
typically about 10−4 meter/second, while their thermal speed is larger by nine
orders of magnitude.
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siemens/meter. The orthogonal conductivity of the plasma is even smaller
by a few further orders of magnitude. It is therefore highly inappropriate to
set the electrical conductivity of the photospheric plasma equal to infinity, as
some authors do.

12.3.3 The Stored Magnetic Energy

The energy stored in the magnetic field over a length l is

E =
∫ b

0

B2

2µ0
l2πρ dρ (12.19)

or, from Eq. 12.10,

E = µ0πJ2b4l/12 = 4 × 1018 joules , (12.20)

with J = 1.6 amperes/meter2 as above, l = 2b, and b = 7.5 × 104 meters.
This is equivalent to the energy supplied by 130 one-gigawatt nuclear reactors
operating for one year.

12.3.4 The Gas Pressure Inside the Element

We showed in Sect. 11.3.2 that, inside a flux tube, the gas pressure plus the
magnetic pressure is equal to the external gas pressure. Here is a somewhat
different proof.

The magnetic force tends to spread out the current distribution in the
radial direction:

F̃ mag = J × B = µ0J
2(b − ρ)ρ̂ . (12.21)

We now set the outward magnetic force density equal to the gradient of
the gas pressure p:

F̃ mag = ∇p =
dp

dρ
ρ̂ . (12.22)

The two vectors point outward.
We have disregarded the acceleration of the fluid. With this approxima-

tion, at the radius ρ,

dp = |F̃ mag| dρ = µ0J
2(b − ρ) dρ . (12.23)

Integrating, and calling the gas pressure outside the element pout, we have
that, inside the element,

pout − p = µ0
J2(b − ρ)2

2
=

B2

2µ0
. (12.24)

Substituting the above values of J and b,
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paxis = pout − µ0
J2b2

2
= pout − 9 × 103 pascals . (12.25)

The outside gas pressure is at least 9× 103 pascals, which corresponds to
an altitude of about +50 kilometers or less, where the temperature is about
5500 kelvins or higher (Allen, 1973).

12.3.5 The Dissipated Power

The dissipated power Pd results from the ohmic losses of J2/σ watts/meter3.
Setting l = 2b, from Eq. 12.12, with J ≈ 1.6 amperes/meter2,

Pd = (πb2)(2b)
J2

σ
≈ 1017 watts . (12.26)

This power is supplied by the forces that drive the convecting plasma against
the magnetic forces. Generating that amount of power on Earth would require
108 one-gigawatt nuclear reactors for each magnetic element!

Since magnetic elements fluctuate, their magnetic fields in the chro-
mosphere above also fluctuate (P. Lorrain and S. Koutchmy, 1998).

Let us now calculate an approximate value for the radiated power Pr from
the observed temperature of a typical magnetic element. The power radiated
by a black body maintained at a temperature T is equal to ST 4 watts/meter2,
where S = 5.68×10−8 is the Stefan-Boltzmann constant. Set the temperature
Tp of the photosphere equal to 5500 kelvins, as above, and that of an element,
Te, 1000 degrees higher (S. Koutchmy and Stellmacher, 1978), or 6500 kelvins.
The element radiates a power Prt from the top surface and a power Prs from
the sides; we disregard the power radiated by the bottom surface because the
photosphere is hotter there. Then

Pr = Prt + Prs (12.27)

= πb2ST 4
e + (2πb)(2b)S

T 4
e − T 4

p

2
(12.28)

= πb2S
(
3T 4

e − 2T 4
p

)
= 3.5 × 1018 watts . (12.29)

The factor of 1
2 in the calculation of Prs is meant to account roughly for the

fact that the temperature of the photosphere, Tp, increases with depth.
This observed radiated power Pr is 35 times larger than the dissipated

power Pd that we calculated above. The discrepancy can be explained, but
probably only in part, as follows.

a) The above calculation, and our assumption that the current distribu-
tion is cylindrical and uniform, are both crude.

b) The flux tube is partly evacuated, and thus somewhat transparent, so
that one sees deeper into the photosphere, where the temperature is higher.
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c) Because of the presence of the axial magnetic field, hot electrons cannot
easily cross the side walls, but they enter the flux tube freely through the
lower end, which is hotter.

d) Observations suggest a more complex geometry for the magnetic field,
which might be a magnetic flux rope with both axial and azimuthal magnetic
fields, rather than a flux tube with only an axial field. If that is correct,
then there exists an axial electric current, which increases the dissipation
(P. Lorrain, 1993b).

e) If a flux tube acts as a light guide (Sect. 11.5), then, when looking at
a magnetic element, one sees the plasma well below the photosphere, where
the temperature is higher.

Stenflo (1989) postulated the presence of a hot cylindrical “wall” enclos-
ing the element, which would heat the gas inside. However, it is difficult to
imagine a mechanism that would limit the electric current in that way, be-
cause that would require a zero radial plasma velocity inside the element. See
Sect. 12.2. Hirayama (1992) pursued this proposal and found, as we do, that
the ohmic losses account for only a small percentage of the observed radiated
power.

12.3.6 The Time Constant

One striking characteristic of magnetic elements is that they are quite sta-
ble, despite the fact that they are violently buffeted by the turbulent solar
atmosphere. Let us calculate a rough value for the time constant associated
with the stored magnetic energy.

Imagine that the inward radial plasma velocity that drives the dynamo
stops abruptly at the time t = 0. The magnetic energy E dissipates slowly
through ohmic losses and

dE
dt

= −Pd . (12.30)

Assume that Eq. 12.26 continues to apply and that b remains constant after
the flow has stopped. We can calculate a time constant for the magnetic
energy as follows.

From Eqs. 12.20 and 12.26,

Pd =
12

µ0σb2
E . (12.31)

The dissipated power Pd, which is equal to the power that drives the dynamo,
is therefore proportional to the stored magnetic energy, and thus to B2, from
Eq. 12.19, where B is the magnetic flux density at any given point. In other
words, B at a given point is proportional to the square root of the power that
drives the convection. The self-excited disk dynamo (Chapter 10) follows the
same rule.
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Thus
Pd = −dE

dt
=

12
µ0σb2

E (12.32)

and

E = E0 exp
(
− 12

µ0σb2
t

)
, (12.33)

where E0 is the stored magnetic energy at t = 0. If the system is left to itself
with zero radial velocity, and under the gross assumption that the outer
radius of the magnetic element b remains constant, then the magnetic energy
E decreases exponentially with a time constant

TE =
µ0σb2

12
seconds . (12.34)

We now require the time constant for B, which is measurable, contrary
to E . Refer to Eq. 12.19: if B decreases everywhere by a factor of e, then E
decreases by a factor of e2. It follows that

B = B0 exp
(
− 6

µ0σb2
t

)
, (12.35)

and the time constant for B is

TB =
µ0σb2

6
seconds . (12.36)

These time constants depend on the conductivity σ, which itself depends
on the local value of B. They also depend on the radius b of the magnetic el-
ement, but they are independent of its length l, as one would expect with our
simple model. This rough calculation shows that, if the convection stopped
suddenly, then the magnetic field would decrease to about 30% of its original
value in a time TB . Conversely, if the convection started suddenly, the field
would increase to about 70% of its final value in the same time TB . This cal-
culation fixes a rough lower bound for the real time constant. With the above
values of σ and b, TB ≈ 80 seconds. Since the observed lifetimes of magnetic
elements are rather of the order of 105 seconds, their stability probably comes
mostly from the stability of the converging flow, despite the buffeting.

We can also calculate the time constant for I, or for B, by defining an
equivalent resistance R and an equivalent inductance L by means of the
equations

R =
Pd

I2
, E =

1
2
LI2 , I = blJ = 2b2J . (12.37)

Then the time constant TB , or TI , is equal to L/R, as for a simple electric
circuit.

These calculated time constants are fairly independent of the current dis-
tribution chosen. We have assumed a uniform current density J , but a current
density that is proportional to the radius leads to the same time constant,
and a current density that is inversely proportional to the radius, within radii
a and b, gives only slightly different time constants.



200 12 Magnetic Elements

12.3.7 Magnetic Element “Dipoles”

Occasionally, one sees opposing magnetic fields immediately next to a mag-
netic element. This might mean that the magnetic element is both short and
slanting, and that one sees the magnetic field of the opposite polarity that
emerges from its lower end.

Dara et al. (1990) have reported that magnetic elements of opposite po-
larity attract, while elements of the same polarity repel. This is in agreement
with our model: magnetic elements should attract and repel, like parallel and
anti-parallel solenoids and bar magnets.

12.3.8 Anchoring

Since the gas pressure inside a magnetic element is lower than outside, one
would expect, at first sight, that the element would rise rapidly like a log
immersed vertically in water. For example, if the average density inside an
element is equal to one half that of the ambient gas then, neglecting viscosity,
its upward vertical acceleration should be equal to one half the local g, or
about 135 meters/second2. This is incompatible with observed lifetimes of the
order of 105 seconds. On second thought, the magnetic forces might possibly
exert a net downward force on the element. That would be possible only if
these forces exerted a net upward force on the ambient gas, which does not
seem probable.

Before attempting to explain how magnetic elements are anchored in the
photosphere, let us return to Eq. 12.6, in which v is the velocity of the plasma
with respect to a fixed reference frame. If Q is the charge on a particle, the
force Qv×B acts on the particle. Equation 12.6 therefore assumes implicitly
that the charged particles have the velocity v of the plasma, in other words
that their mean free path is small, say with respect to the radius of the
magnetic element.

Also, the magnetic force on the convecting plasma, of density J × B,
points somewhat downward.

These simple facts possibly explain the anchoring in the following way.
The partly ionized gas flows downward, and the charged particles spiral down
with it, positive particles turning in the direction of v × B, and electrons in
the opposite direction. Thus the downwelling possibly overcomes the force of
buoyancy.

See also Sect. 13.9.

12.3.9 A More Realistic Approximation

This second approximation is more realistic, but more elaborate. Since we
have not actually performed the calculation, the procedure that follows can
be no more that a rough guide for further work. This approximation is far
from ideal. For example, it provides no information about the shape of the
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magnetic element, or about the boundary conditions, and it again sets the
time derivative equal to zero, save for a rough calculation of a time constant.

We pursue our discussion of Sect. 11.2.
As previously, we set

∂

∂t
= 0 ,

∂

∂φ
= 0 , vφ = 0 , Bφ = 0 , (12.38)

but we now set
∂

∂z

= 0 , Bρ 
= 0 . (12.39)

So v and B both have ρ and z-components, which are both functions of ρ
and z.

There is again zero space charge density because ∇·(v×B) = 0 (Sect. 7.2).
Also ∇V = 0, and

J = σ(v × B) = σ(vzBρ − vρBz)φ̂ . (12.40)

There are no electric forces.
The independent variables are the coordinates ρ and z, and the unknowns

are vρ, vz, Bρ, Bz. Since we have four unknowns, we need four equations. As
already noted in Sect. 12.3.4, these unknowns are all constant at a given
point, by hypothesis. This does not mean that a given ion has a constant
velocity.

With the above poloidal B, both J and A are azimuthal, so that A has
only an azimuthal component. Then there are really only three unknowns,
Aφ, vρ, vz. This is not useful, however, because we have only one differential
equation for A, namely ∇ · A = 0 which is an identity, while we need B, as
we shall see presently.

The equation ∇ · J = 0 is also an identity, J being azimuthal and ax-
isymmetric, like A.

A) By conservation of mass,

∇ · (NHv) = 0 , (12.41)

where NH is the number of hydrogen atoms per unit volume. Then

vρ

ρ
+

∂vρ

∂ρ
+

vρ

NH

∂NH

∂ρ
+

∂vz

∂z
+

vz

NH

∂NH

∂z
= 0 . (12.42)

The quantities NH and ∂NH/∂z are fairly well known functions of z (Allen,
1973), but both variables are also functions of ρ, like the gas pressure p. The
gas pressure is a function of NH and of the temperature, which is also fairly
well known (Allen, 1973).

The flow pattern inside a magnetic element, represented here by the two
functions vρ and vz, depends on the magnetic force, of density J × B, and
hence on J .
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B) From the Maxwell equation for the divergence of B,

Bρ

ρ
+

∂Bρ

∂ρ
+

∂Bz

∂z
= 0 . (12.43)

C) From another one of Maxwell’s equations, with ∂/∂t = 0,

∇ × B = µ0J , (12.44)
∂Bρ

∂z
− ∂Bz

∂ρ
= µ0σ(vzBρ − vρBz) . (12.45)

Here σ is a function of B2 = B2
ρ + B2

z (Cambel, 1963).
D) Finally, we have the Euler equation of motion for an element of volume:

F̃ − ∇p = ρgas
Dv

Dt
, (12.46)

where F̃ is the sum of the gravitational and magnetic force densities, ρgas

is the gas density, and the derivative on the right travels with the element
of volume. See, for example, Rutherford (1959). This equation disregards
viscosity, which is presumably permissible here.

The magnetic force density can be written

F̃ mag = J × B =
1
µ0

(∇ × B) × B , (12.47)

so as to eliminate the variable J . Substituting the value of Dv/Dt,

F̃ − ∇p = ρgas

[
(v · ∇)v +

∂v

∂t

]
, (12.48)

where the last term within the bracket is equal to zero under steady-state
conditions.

This set of four simultaneous partial differential equations must be solved
numerically.

Choosing an appropriate volume of integration is not simple. At first, one
might seek solutions inside a cylindrical volume with b = 7.5 × 104 meters
and, say, l = 1.5 × 105 meters to l = 7.5 × 105 meters. However the radius b
is presumably a function of the gas pressure, and therefore of the depth, for
the following reason.

Return to Eq. 12.24. If the gas pressure is much smaller along the axis
than outside, then

µ0
J2b2

2
= pout . (12.49)

The ambient gas pressure presumably decreases exponentially with height
within the photosphere and thus, if the above assumption is correct, the
product Jb, and B on the axis, from Eq. 12.10, also decrease exponentially
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with height. The above equation applies only if the current density J is
uniform, and if the radius b increases slowly with height. Of course the current
distribution inside a magnetic element depends on the flow pattern, and the
radius b of a magnetic element increases with height. Then J would decrease
even faster.

There is only one boundary condition for B: the surface integral of its
normal component over the whole surface of the magnetic element is equal
to zero: ∮

B · n̂ dA = 0 , (12.50)

where n̂ is the unit vector normal to the element of area dA.
Finally, we require boundary conditions for v. If the volume of integration

is a cylinder, one might set vz = 0 and vρ = −300 meters/second at ρ = b/2
on the top surface. With b a function of altitude, one might set vz = 0 over
the top surface. One might also set the tangential component of velocity vz

equal to zero over the sides, and vρ = 0 over the bottom surface.
To calculate the dissipated power, the stored magnetic energy, and the

time constant, one would presumably proceed as follows. Once v and B are
known as functions of ρ and z inside the current distribution, one could
calculate the conductivity σ from Cambel (1963), the current density J from
Eq. 12.40, and the dissipated power. One would then calculate the magnetic
field outside the current distribution from the value of J inside, say within
a volume having a few times the volume of integration, and then sum the
magnetic energies, inside and outside. The time constant would then follow
from Eq. 12.36.

12.4 Summary

We consider magnetic elements in the solar photosphere as vertical mag-
netic flux tubes carrying azimuthal electric currents throughout their volume.
These electric currents are generated by the inward radial motion of the pho-
tospheric plasma, and their polarity is such that they amplify any seed axial
magnetic field of either polarity.

Under equilibrium conditions B at a given point is proportional to the
square root of the power that drives the plasma inward against the magnetic
force.

As a first approximation, we assume a uniform current density and cal-
culate the corresponding magnetic flux density, the magnetic flux, the stored
magnetic energy, the power dissipated by ohmic heating, and the time con-
stant of the current distribution. We find that the ohmic power dissipation
accounts for only a small part of the observed brightness. We also find a
time constant of 80 seconds as a rough lower bound, on the assumption that
the convection is “turned off” suddenly. Observed time constants are much
longer.
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Our model accounts for the existence of regions of opposite polarity im-
mediately next to some magnetic elements and for the mutual attraction and
repulsion between elements.
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Sunspots seem to be roughly vertical magnetic flux tubes,
much like magnetic elements (Chapter 12). Like magnetic
elements, they are paired, in that a spot of a given polarity
is accompanied by one or more spots of the opposite polar-
ity. But there are major differences: a) sunspots are larger
than magnetic elements by an order of magnitude or more;
b) sunspots are dark, while magnetic elements are bright;
and c) the dark region of sunspots, called the umbra, is sur-
rounded by a lighter ring, which is called the penumbra.
We cannot, of course, address all these aspects, but we can
attempt to understand, to a certain extent, how sunspots
operate.1

1 P. Lorrain and O. Koutchmy, The sunspot as a self-excited dynamo, Astronomy
and Astrophysics 339, 610–614 (1998).
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13.1 Introduction

Sunspots (Fig. 13.1) are complex magnetic structures in the solar photo-
sphere. They have been known for centuries. First, they were believed to
be due to planets orbiting around the Sun, but Galileo (1564–1642) showed
that they are part of the solar surface. There exists a wide variety of sizes
and shapes. For a general introduction to sunspots, see Zirin (1988), as for
magnetic elements (Chapter 12), or see Foukal (1990).

The diameter of the central dark region, the umbra, varies widely, but it
is typically 5 to 10 megameters and B, at the center, is a few tenths of a
tesla. The umbra is the top of the magnetic flux tube. It is far from uniform;
a long exposure reveals a complex structure, with bright umbral dots, light
bridges, etc.

The umbra is surrounded by a penumbra, which usually has bright and
dark radial striations. The nature of the penumbra is still a matter of debate.

A sunspot of a given polarity is accompanied by one or more spots of the
opposite polarity, showing that sunspots are somehow linked together below
the photosphere (Cargill et al., 1994). Also, when coronal loops (Chapters 15
and 16) are rooted in pairs of sunspots of opposite polarities, the loops appear
to follow magnetic field lines that link the sunspots. Often, the plane of the
loop forms a large angle with the vertical. The flux tubes of the associated
sunspots are presumably also tilted at a large angle.

Over one half century ago Cowling (1945) wrote “An adequate theory
of a sunspot must explain the coolness of the spot, its magnetic field, and
its dynamical properties.” He would still not be satisfied today, despite the
fact that the INSPEC lists on average, well over 100 new papers on sunspots
every year.

To our knowledge, none account for the generation of the azimuthal cur-
rents that necessarily accompany the axial magnetic field.

13.2 Our Model

Our model is essentially the same as the one proposed by P. Lorrain and
S. Koutchmy (1993) for magnetic elements (Chapter 12), and that serves
for solar spicules (Chapter 14). Our model accounts for the existence of the
azimuthal current and its associated axial magnetic field, and also for the
Wilson depression. However, it does not account for the penumbra, nor for
dots, light bridges, etc., in the umbra, nor for the outward Evershed flow
around sunspots. One would hope that a more elaborate model could account
for some of these other phenomena.

For simplicity, we assume a single, vertical, axisymmetric magnetic flux
tube. This is a gross approximation. Sunspots are at best only roughly ax-
isymmetric, and the magnitude of the magnetic field in the umbra, as a func-
tion of the radial position, depends on the complexity of the plasma flow. For
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Fig. 13.1. A sunspot photographed near the disk center, at the center of the Hα

line (λ = 656.3 nanometers). The dark central region is the umbra, while the sur-
rounding region is the penumbra closer in, and the superpenumbra further out. The
figure covers an area of 44 by 70 arcseconds, or about 32 by 51 megameters. For
comparison, the diameter of the Earth is about 13 megameters. This image was ob-
tained with the R.B. Dunn solar telescope at Sacramento Peak, New Mexico, USA,
by Eugenia Christopoulou of the University of Patras, Greece, and collaborators

example, Lites et al. (1993) studied an umbral magnetic field that comprised
five maxima, all of the same polarity.

13.3 Plasma Flows Above and Below Sunspots

Sunspots exhibit inward and downward flows in the umbra and in the penum-
bra. There are also supersonic downflows that extend far up into the chro-
mosphere, and far into the surrounding region. Downwelling in and around
sunspots has been reported by many authors. Zirin and Wang (1989, 1991)
and Wang and Zirin (1992) observed inward and downward flows in the umbra
and penumbra, and Balthasar et al. (1996) measured velocities in the moat, in
the penumbra, and in the Evershed flow. Brekke et al. (1990) reported down-
flows above sunspots. Also, Wang and Zirin (1992) observed an inward drift
of granules near growing pores, as one would expect with downwelling. Vari-
ous groups have devised methods for observing flows in and around sunspots
below the photosphere, for example by seismology and by tomography (Du-
vall et al., 1993; Duvall, 1995; Duvall et al., 1996; Kosovichev, 1996; Lindsey
et al., 1996; Braun, 1995; Bogdan and Braun, 1995; Braun et al., 1996; Sun
et al., 1997; Bogdan et al., 1998). Steiner et al. (1998) simulated the interac-
tion between magnetic elements and granular and non-stationary convection.
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Unfortunately, it seems that none of those authors correlated the plasma drift
with the rate of change of the magnetic field.

Kosovichev (1996), Lindsey et al. (1996), Braun (1995), Bogdan and
Braun (1995), and Braun et al. (1996) have observed upwelling and outflows
around decaying active regions, as expected.

There are at least two types of force acting in the neighborhood of a
sunspot: the convecting flow associated with downwelling or upwelling, and
the magnetic braking force, of density J × B.

As in Chapter 12, one expects an inward and downward flow, in and above
the umbra and inner penumbra, because it is just the type of flow that can
generate a vertical, self-excited magnetic flux tube (Chapter 11).

It is the inflow and downflow above and below sunspots, and the resulting
magnetic flux tube, that we are concerned with here.

It is said that the plasma in the umbra and in the inner penumbra flows
inward, while the outer part of the penumbra flows outward, both at about 0.5
kilometer/second. This is surprising because, visually, there is no demarcation
between the inner and outer parts of a penumbra. In some cases the whole
penumbra flows inward.

13.4 The Magnetic-flux-tube Dynamo

Sunspot umbras exhibit roughly vertical magnetic fields, and require a lo-
cal azimuthal current distribution, like a solenoid, or like a solar magnetic
element (Chapter 12). Many authors have discussed current distributions in
sunspots, but without considering the generation of the currents. This is sur-
prising because, early this century, Larmor (1919, 1929, 1934) and Cowling
(1934) had proposed that sunspots are self-excited dynamos run by upwelling
plasma that would enter the spot at the base, giving the outward Evershed
flow at the surface. That model was a move in the right direction, except
that we now know that the flow of plasma is downward, not upward. Also,
an upflowing plasma would have a positive radial velocity in cylindrical coor-
dinates, because the ambient pressure decreases with height, and would give
negative feedback, as we shall see below. See Chapter 11.

The component −∇V of the electric field E comes from volume and
surface electric charges, if any, in the convecting plasma. See below. The
component −∂A/∂t term is the electric field induced by a time-dependent
magnetic field (Sect. 5.2). In convecting, conducting fluids, in the absence of
an externally applied electric field, Etypical � (vB)typical (Eq. 7.15).

We use cylindrical coordinates ρ, φ, z, and assume a steady state and
axisymmetry:

∂

∂t
= 0 and

∂

∂φ
= 0 . (13.1)

For the moment, we also set
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Bρ = 0 . (13.2)

We remove this restriction in Sect. 13.8.2. Finally, we set

vφ = 0 , Bφ = 0 . (13.3)

We disregard the Coriolis force, which certainly makes vφ 
= 0.
From Sect. 7.2, the electrostatic space charge density inside a conductor

that moves at a velocity v in a magnetic field B is given by

Q̃f = −ε0∇ · (v × B) = −ε0∇ · [vρρ̂ × (Bẑ)] ≡ 0 . (13.4)

Since there is zero electric space charge and presumably no surface
charges, V is zero and, for a steady state,

J = σ(v × B) = −σvρBφ̂ , (13.5)

where σ is the conductivity in a direction perpendicular to B.
In Fig. 11.2, the radial component vρ of the plasma velocity v is negative,

while B is positive. The field v × B and the induced current density J are
azimuthal, in the direction shown.

The magnetic field of the induced azimuthal electric current points up
in the same direction as the assumed seed magnetic field, as in Sect. 11.3.8.
There is therefore positive feedback: the induced azimuthal current amplifies
any existing axial magnetic field. We therefore have a self-excited dynamo,
because positive feedback is the essential property of self-excited dynamos
(Chapter 10).

If the seed magnetic field points down instead of up, then both v×B and
J change direction, and the magnetic field of the induced azimuthal current
points down, again in the same direction as the seed field.

We thus have the following situation: a downwelling plasma can be the
seat of a self-excited dynamo whose axial magnetic field has the same sign as
the seed field. That is the mode of operation of magnetic flux tubes (Chap-
ter 11). The increase of the density with depth maintains the negative radial
velocity of the plasma all along the flux tube.

So the inward and downward motion of the photospheric plasma in the
vertical magnetic field of the sunspot gives an azimuthal v × B field that
generates an azimuthal current whose magnetic field adds to any existing
axial field, whatever its polarity. Thus, given a seed vertical magnetic field of
either polarity, there is positive feedback and the axial magnetic field builds
up exponentially. So B should soon become infinite, which is absurd. In fact,
B tends to an asymptotic value that is a function of the power that drives
the convection (Chapter 10).

Now suppose that the magnetic flux tube is established with B pointing
up, and that the flow reverses sign: the downwelling becomes upwelling. As
the upflowing plasma rises, it expands because of the decreasing ambient
pressure, its radial velocity vρ is positive, and it generates a v ×B field that
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points in the −φ̂-direction and a corresponding current whose magnetic field
opposes the existing field. Since the flux tube has an inherent time constant
(Sect. 11.3.8), its magnetic field decreases more or less slowly. This is just
what Kosovichev (1996) observed: there is an upflow in a decaying active
region.

Anchoring is possibly the same as with magnetic elements (Sect. 12.3.8).
But see Sect. 13.9.

Let us check the induction equation for this dynamo:

∂B

∂t
= ∇ × (v × B) − ∇ × (∇ × B)

µ0σ
(13.6)

= ∇ × (v × B) − ∇ × J

σ
. (13.7)

For a steady state, the LHS is zero. Also, Eq. 13.5 applies. Then, if the
conductivity σ is uniform, the induction equation reduces to the identity
0 ≡ 0.

13.5 Why Are Sunspots Dark?

At first sight, the Ohmic power dissipation in a sunspot should make the
umbra bright, and not dark. However, as we saw in the case of solar magnetic
elements (Sect. 12.3.5), the extra Ohmic power density J2/σ is completely
negligible compared to the power radiated by the photosphere. The same
applies to sunspots.

Magnetic elements are bright, we hypothesize, because the flux tube acts
as a light guide, so that one can see the solar plasma some distance below
the photosphere, where the temperature is higher (Sect. 11.5).

Then why are sunspots dark? One possible explanation is the following.
Recall that a given sunspot is always associated with one or more sunspots of
the opposite polarity. Say a sunspot S has a single companion S′. These spots
S and S′ presumably share a common flux tube, with plasma flowing down
each one and diverging in the region where the two flux tubes meet. If the
two spots do share a common flux tube, and if flux tubes act as light guides,
then, when looking down spot S, one is actually looking up spot S′! Since
the solar atmosphere is dark compared to the photosphere, spot S appears
dark.

13.6 The Radial Distribution of Jφ

Weiss (1990), Jahn (1983), and others proposed that there exists a sharp
transition between the magnetic flux tube and the external plasma. However,
this does not mean that the equivalent solenoid is thin. Hirayama (1992)
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proposed a thin current sheet at the periphery of magnetic elements, and
Solanki and Schmidt (1993), Jahn (1983), and Pizzo (1990) also proposed thin
current sheets for sunspots. If J , and hence vρB in Eq. 13.5, are significant
only near the periphery of the tube then, a short distance inside the flux
tube, the plasma flows down along the lines of B.

In favor of the thin current sheet model, one may argue that a) the inward
radial velocity vρ of an element of volume of the plasma in Eq. 13.5 decreases
as the element of volume moves in the direction of the axis, and b) the
azimuthal conductivity σ in the same equation is lower near the axis, where
the pressure p is lower and B is larger.

The case of pores is interesting. Pores are small, short-lived sunspots that
often exhibit a bright “lining”, as in Zirin (1988, see his Figures 10.7 b and c).
The magnetic flux tube of a pore thus seems to be maintained by a current
sheet, where there are Joule losses. Now, as we shall see in Sect. 13.8.2, the
magnetic flux tube of a sunspot flares near the surface, while the bright
lining of a pore seems to indicate that its flux tube is not flared, despite the
steep vertical pressure gradient. This is surprising. Also, pores do not have
penumbræ. Do penumbræ require a flared magnetic flux tube? See Sect. 12.3.

13.6.1 The Magnetic Field Configuration

Several authors have reported on the value of B as a function of the radius in
the umbra. Solanki and Schmidt (1993) compiled observations by Beckers and
Schröter (1989), Kawakami (1983), Lites and Skumanich (1990), Solanki et
al. (1992), and Wittmann (1974). See also S. Koutchmy and Adjabshirizadeh
(1981), Adjabshirizadeh and S. Koutchmy (1983), Arena et al. (1990), Title
et al. (1993), Howard (1996), Sutterlin et al. (1996), Abramov-Maksimov et
al. (1996), Keppens and Mart́ınez Pillet (1996), and Stanchfield et al. (1997).

One would therefore hope to gain information on a sunspot’s magnetic
flux tube by comparing the field of a sunspot with that of coils of various
geometries. This is what we now do.

Although this procedure is promising, it is far from ideal.
1. The magnetic flux tubes of sunspots are often far from vertical, as noted

in Sect. 13.1.
2. It is impossible to say at what altitude the magnetic field is measured,

with respect to the current distribution.
3. Measurements of the magnitude and inclination of B as functions of the

radial position are difficult and approximate. Moreover, the spots are usually
not situated at the center of the disk, which complicates the geometry (Title
et al., 1993).

4. Sunspots are highly complex structures. The umbra, which is the region
that we are mostly concerned with, is far from uniform. See, for example, Ad-
jabshirizadeh and S. Koutchmy (1983), and Livingston (1991). Considering
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Fig. 13.2. Cross-sections of coils A to F , and the planes X where B/Bm and θ are
calculated

a spot as the end of a vertical magnetic flux tube of circular cross-section, as
we do here, is a rough approximation.

We nonetheless compare observed data on the magnitude of B and on
the inclination θ of magnetic field lines with respect to the axis of symmetry
as functions of the radial position, with the corresponding variables for six
coils. We assume that the outer penumbral boundary corresponds to the outer
radius of the coil.

We averaged the Solanki and Schmidt (1993) curves for B/Bm and for θ
visually at seven values of r/rp, where Bm is the magnetic field at the center,
θ is expressed in degrees, and rp is the outer radius of the penumbra. See
also Solanki (1990). With x = r/rp, a regression analysis with third-order
polynomials yields the equations

B

Bm
= a + bx + cx2 + dx3 , (13.8)

θ = e + fx + gx2 + hx3 , (13.9)

with

a = 1.00 , b = −0.158 , c = −1.13 , d = 0.616 , (13.10)
e = 0 , f = 134 , g = −53.3 , h = −0.0807 . (13.11)

We have shown three significant figures, but the data are much less accurate
than that.

We calculated the same six coefficients for six coils of circular cross-
section, defined as in Fig. 13.2 and Table 13.1. Coil E is a simple loop. Coil
F is a thin cone, with the upper radius equal to twice the lower radius, and
height equal to the upper radius. We calculated the field at one lower radius
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Fig. 13.3. The ratios B/Bm, where Bm is the value of B on the axis, as functions of
r/rp for the sunspot data compiled by Solanki and Schmidt (1993) (broken line) and
for coil A (smooth line). The radius rp is either the outer radius of the penumbra
or the outer radius of the coil

above the top. We calculated this field because, as we shall see below, the
flux tube is presumably conical near the surface.

Call R0 and R the inside and outside radii respectively, L the length, and
D the distance between the end of the coil and the plane where B and θ are
calculated.

Table 13.1. Five coils

Coil R0 L D

A 0 20R 0
B 0 20R R
C R 20R 0
D R 20R R
E R 0 R

We calculated the angle θ between a magnetic field line and the axis of
symmetry, for the same data. According to both sets of curves, J is larger
than average near the axis.

Tables 13.2 and 13.3 show the coefficients for the six coils.
At the center, where x = r/rp = 0, for all the fields, B/Bm = 1 and θ = 0.

A field is thus characterized by the values of B/Bm and of θ at x = r/rp = 1.
These two quantities are the sums a + b + c + d and e + f + g + h. Table 13.4
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Fig. 13.4. The angles θ between a magnetic field line and the axis of symmetry,
for the same data. According to both sets of curves, J is larger than average near
the axis

shows the sums for the Solanki and Schmidt (1993) (S&S) data and for the
six coils.

We did not calculate the field of the loop in its plane for the following
reason. At one radius from the axis, θ is equal to 90 degrees, which is similar
to the S&S value, but B/Bm is very large, contrary to the S&S value.

Table 13.2. The ratio B/Bm

Coil a b c d

A 1.0 -0.0546 -0.931 0.396
C 1.0 -0.0964 0.445 -0.540
D 1.0 0.0102 -0.318 0.0530
E 1.0 -0.0600 0.360 -0.557
F 1.0 -0.00608 -0.0612 -0.0181

Table 13.3. The angle θ (degrees)

Coil e f g h

A 0.377 60.7 4.69 -1.94
B -0.00423 40.8 0.113 -2.79
C -0.0337 36.05 -9.87 27.93
D 0.0156 34.2 2.11 -1.36
E -0.104 43.4 -23.6 42.2
F -0.00312 23.7 0.119 1.51
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The field that agrees best with the S&S data is A, the field in a plane at
the end of a coil of zero inside radius, whose length is 20 times its radius.
Figures 13.3 and 13.4 show plots of the fields S&S and A. So, according to
these calculations, the azimuthal current density in a sunspot flux tube is
approximately uniform from the axis to the outer radius of the penumbra,
with J somewhat larger than average near the axis.

13.7 Magnetic Pressure and Gas Pressure

It is interesting to relate the gas pressure to the magnetic pressure at an
arbitrary depth. Assume that the flux tube is a circular cylinder, and call p
the internal gas pressure and B0 the axial magnetic flux density. Each one of
the four variables, p, vρ, J , B0, is a function of the three others and of the
coordinates ρ and z. The conductivity σ is a function of p and of B. Assume
a uniform current density J , a steady state, and a zero net radial force on an
element of volume. Then the radial pressure gradient is equal to the magnetic
force density (Sect. 12.3.4). Both vectors point outward.

At the radius ρ,

B = µ0

∫ b

ρ

J dρ = µ0J(b − ρ) , J = − 1
µ0

∂B

∂ρ
. (13.12)

Then

∇p =
∂p

∂ρ
ρ̂ = JBρ̂ = − 1

µ0

∂B

∂ρ
Bρ̂ = − 1

2µ0

∂(B2)
∂ρ

ρ̂ (13.13)

and
∂

∂ρ

(
p +

B2

2µ0

)
= 0 , p +

B2

2µ0
= pext , (13.14)

where pext is the ambient gas pressure outside the flux tube.
Thus the sum of the gas pressure p and of the magnetic pressure B2/(2µ0)

is independent of the radial position ρ, as one might expect. See Sect. 4.9.

Table 13.4. Sums of coefficients

Field a + b + c + d (B/Bm) e + f + g + h (θ)

S&S 0.328 81.04
A 0.420 63.83
B 0.668 38.12
C 0.809 54.08
D 0.745 34.97
E 0.743 61.90
F 0.915 25.33
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With Bm = 0.25 tesla at the center of the spot, the magnetic pressure,
there, at the surface, is 2.5 × 104 pascals. This is comparable to the gas
pressure of 1.8 × 104 pascals at −75 kilometers given by Vernazza et al.
(1981).

Whatever the radial dependence of the azimuthal current density J , the
magnetic flux density B is maximal on the axis, decreases with ρ inside the
flux tube, and drops to zero at the edge of the tube: B = 0 outside the flux
tube. So p = pext outside the tube. Inside the flux tube, the gas pressure p
increases gradually with ρ and, at the surface of the tube, where B drops to
zero, p rises to pext.

13.8 The Flux Tube Radius As a Function of z

Our reference sunspot is the one observed by Stanchfield et al. (1997). Its
radius was 3 megameters, and B at the center was 0.25 tesla. Using an average
B of 0.125, Φ = 3.5 × 1012 webers.

Since the gas pressure increases with depth below the photosphere, the
radius of a vertical magnetic flux tube presumably decreases with increasing
depth. We investigate this phenomenon in two stages. First, we consider
levels below −36 megameters, where the Standard Solar Model (Bahcall and
Pinsonneau, 1992) provides the pressure as a function of depth. Then we
discuss the flux tube radius higher up.

13.8.1 The Radius b Below −36 Megameters

Call z the vertical coordinate normal to the photosphere, with the unit vector
ẑ pointing up, and with the origin at the photosphere. We calculate the flux
tube radius b as a function of the external pressure pext, and then we use the
Standard Solar Model to deduce b as a function of the depth z, where z is
negative.

Set
J = Jb

(ρ

b

)n

, Jρ>b = 0 , (13.15)

where Jb is the azimuthal current density at the radius b. Assume that the
exponent n is independent of z. If n = 0, then J is uniform. If n = 5, then
Jb/2 = Jb/32.

The Joule power density is J2/σ watts/meter3, with σ largest where the
magnetic field is smallest.

Below −36 megameters, b varies slowly with z and we can use the analysis
of P. Lorrain and Salingaros (1993). At the radius ρ,

B = µ0

∫ b

ρ

J dρ =
µ0Jbb

n + 1

[
1 −

(ρ

b

)n+1
]

. (13.16)
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As with a long solenoid, B outside is negligible because the return flux extends
over a large region.

The magnetic flux in the tube is

Φ =
∫ b

0

B2πρ dρ =
πµ0Jbb

3

n + 3
. (13.17)

If Φ and n are independent of z, then Jbb
3 is independent of z.

Call the magnetic flux density on the axis of the flux tube B0, and set the
magnetic pressure on the axis equal to a fraction K of the external pressure
pext, where K ≤ 1:

B2
0

2µ0
=

1
2µ0

(
µ0Jbb

n + 1

)2

= Kpext . (13.18)

Eliminating Jb from Eqs. 13.17 and 13.18,

b =
[
(n + 3)Φ
π(n + 1)

]1/2 1
(2µ0Kpext)1/4

=
U

p
1/4
ext

: (13.19)

the magnetic flux tube radius b is proportional to the inverse fourth root of
the external pressure. It is not very sensitive to the value of n.

Also,
db

dz
=

db

dpext

dpext

dz
= − U

4p
5/4
ext

dpext

dz
. (13.20)

With the z-axis pointing up as above, the last derivative is negative, and the
flux tube radius b increases with increasing z, since U , defined in Eq. 13.19,
is positive.

For the Stanchfield et al. (1997) sunspot, with K = 1,

U = 4.6 × 107 for n = 0 , and U = 3.1 × 107 for n = 5 . (13.21)

From Eq. 13.18,

Jb =
B0(n + 1)

µ0b
(13.22)

and, from Eq. 13.15, the azimuthal current per meter of length is

Ĩ =
∫ b

0

J dρ =
Jbb

n + 1
=

B0

µ0
. (13.23)

So, with increasing pressure pext, or with increasing depth,

a) B0 increases: B0 ∝ p
1/2
ext , Eq. 13.18;

b) b decreases: b ∝ 1/p
1/4
ext , Eq. 13.19;

c) Jb increases: Jb ∝ 1/b3 ∝ p
3/4
ext , Eqs. 13.17 and 13.19;
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d) Ĩ increases: Ĩ ∝ B0 ∝ p
1/2
ext , Eqs. 13.18 and 13.23; and

e) |vρ| decreases, from Fig. 11.2.
We recapitulate our assumptions.
1) We first assumed the current distribution of Eq. 13.15.
2) We assumed that n is independent of z. This is satisfactory, first be-

cause n can lie between 0 and, say, 10, and second because b is fairly insen-
sitive to n.

3) Equation 13.16 assumes that the radius b of the flux tube does not
change rapidly with z. As we shall see below, this assumption is justified, at
least below about −10 megameters.

4) In writing Eq. 13.19, we assume that Φ is independent of z. That is
plausible, again because b does not change rapidly with z.

To calculate b as a function of z, we now require the external pressure
pext as a function of depth below the photosphere. Bahcall is the authority
in this field (Bahcall and Ulrich, 1988; Bahcall and Pinsonneau, 1992), but
see also Hendry (1993).

The Bahcall and Pinsonneau (1992) table extends from the center of the
Sun up to −36 megameters, but the range −100 megameters to −36 mega-
meters is sufficient for our purposes. A third-order regression analysis for this
range yields

pext = −2.72 × 1010 − 1470z − 2.22 × 10−5z2 − 7.13 × 10−13z3 . (13.24)

The fit is near-perfect, but the enormous negative pressure at z = 0 is
absurd. Recall that the atmospheric pressure at the surface of the Earth is
about 105 pascals. Vernazza et al. (1981) quote a pressure of 1.2×104 pascals
at z = 0, or six orders of magnitude smaller, and of the correct sign! Adding
the point z = 0, pext = 1.2 × 104 pascals before fitting the cubic, again gives
a large negative pressure at z = 0. Thus the Bahcall and Pinsonneau (1992)
table cannot be extrapolated to the photosphere. The table given in the earlier
Bahcall and Ulrich (1988) paper does not extend above −56 megameters.

Figure 13.5 shows the flux tube radius b for the Stanchfield et al. (1997)
sunspot as a function of z, using Eq. 13.19 with Φ = 3.5×1012 webers, K = 1,
and n = 0, for the range z = −100 megameters to z = −40 megameters.

Note that the b-scale covers only about 50 kilometers, while the z-scale
covers 60 megameters. So b varies slowly with z at these depths. Indeed,
db/dz = 0.0012 at −50 megameters.

For the Stanchfield et al. (1997) sunspot, Φ ≈ 3.5×1012 webers. According
to the Bahcall and Pinsonneau (1992) table, the pressure at a depth of 50
megameters is 8 × 1010 pascals. Then, at that depth, from Fig. 13.5 or from
Eq. 13.19, for n = 0, K = 1,

b =
4.6 × 107

(8 × 1010)1/4
= 86 kilometers . (13.25)

From Eq. 13.18, with n = 0, K = 1,
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Fig. 13.5. Magnetic flux tube radius b as a function of depth for the Stanchfield
et al. (1997) sunspot. Over this range, the flux tube radius b increases slowly with
decreasing depth. The Stanchfield et al. (1997) sunspot had a radius of 3 megame-
ters. Indeed, db/dz = 0.0012 at −50 megameters. Note that the b-scale covers only
about 50 kilometers, while the z-scale covers 60 megameters

B0 = (2µ0Kpext)1/2 ≈ 450 teslas . (13.26)

From Eqs. 13.22 and 13.23, again with n = 0, K = 1,

Jb ≈ 4 kiloamperes/meter2 , Ĩ ≈ 4 × 108 amperes/meter . (13.27)

The large value of the current density Jb is not unreasonable because

J = σ|vρ|B . (13.28)

With |vρ| equal to only 10 meters/second, and with B = 400 teslas, σ ≈ 1,
which is 8 orders of magnitude smaller than the conductivity of copper at
room temperature. See P. Lorrain and S. Koutchmy (1993).

Recall that Ĩ is the azimuthal current per meter of flux tube length. With
n = 0, Ĩ = Jbb.

13.8.2 The Flux Tube Radius b Above −36 Megameters

At this time, it seems impossible to find an expression for the magnetic flux
tube radius b that applies above −36 megameters. However, the following
discussion might be useful for readers interested in pursuing this work.

According to the Bahcall and Pinsonneau (1992) table, the pressure gra-
dient just below the photosphere is very large: the pressure increases from
the Vernazza et al. (1981) value of 1.2 × 104 pascals at the surface to the
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Fig. 13.6. The magnetic force density at the top of a magnetic flux tube, for
example the flux tube of a sunspot. With a magnetic field B that points up, as
above, the azimuthal current density J , and the magnetic force density J×B, point
in the directions shown. If, instead, the magnetic field points down, then both B and
J change sign, and the magnetic force density again points outward and downward,
adding to the gravitational force and cancelling the force of buoyancy. The force of
buoyancy comes from the fact that the flux tube is largely evacuated, as we saw in
Sect. 11.3.2

Bahcall and Pinsonneau value of 3.0 × 1010 pascals at −36 megameters, or
by a factor of 3×107! Over the next 36 megameters down, their table gives a
pressure ratio of 8, and over the following 36 megameters their pressure ratio
is 3.5. Therefore, above −36 megameters, from Eq. 13.19, the magnetic flux
tube flares, and the calculations of Sect. 13.8.1 do not apply.

13.9 The Wilson Depression

It has long been known that sunspots lie at the bottom of a so-called Wilson
depression 300 to 500 kilometers deep. The depression presumably results
from the downward component of the magnetic force as in Fig. 13.6. The
depression is only a few percent of the sunspot diameter, which is typically
5 or 10 megameters.

In Sect. 11.3.1 we investigated the magnetic force exerted at the top of a
magnetic flux tube, and we showed that the magnetic force density J × B
points downward and radially outward, as in Fig. 13.6. So the v × B field
generates an azimuthal current of density J = σ(v × B) that increases any
existing B. The azimuthal current distribution is that of a conical coil, and
one can expect a magnetic field line to be closer to the axis than the streamline
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associated with the azimuthal current J . We assume, here, as usual, that
B points up. The induced current, of density J = σ(v × B), flows in the
direction shown and increases any existing B. If, instead, B points down,
then J changes sign and there is again positive feedback. In both cases,
the magnetic force, of density J × B points outward and downward. The
downward component adds to the gravitational force density and lowers the
surface.

One expects that the relative orientations of the v and B vectors in the
Wilson depression would be similar to those lower down in the flux tube,
with v forming a larger angle with the vertical than B: the converging flow
generates a more or less vertical B. See Sect. 11.3.

This magnetic force, of density J × B, acts on the charge carriers of the
azimuthal current in the flux tube. The charge carriers are electrons and
positive ions, electrons drifting in one azimuthal direction and positive ions
in the opposite direction. The electrons carry most of the current because of
their smaller mass, higher speed, and longer mean-free-path. Since the mean-
free-paths are finite, the charge carriers drag the ambient gas along with them
until the gravitational force density, added to the magnetic force density, is
equal to the gas pressure gradient:

−m̃gẑ + J × B = ∇p , (13.29)

where m̃ is the plasma mass density and p is the gas pressure.
The downward component of the magnetic force adds to the gravitational

force, increasing the effective value of g and depressing the surface. As for
magnetic elements (Chapter 12), the gas pressure in the flux tube is lower
than ambient and the downward component of J × B serves to anchor the
flux tube, cancelling the force of buoyancy. See Sect. 12.3.8.

While this is a plausible explanation for the Wilson depression, it is not
too advisable to substitute numbers into Eq. 13.29, because, of the five vari-
ables, only g is known with accuracy. The flux tube flares rapidly near the
surface.

13.10 Summary

Observations show that there is downflow in and around sunspots. We show
that sunspots are self-excited magnetic-flux-tube dynamos run by this down-
flow. The magnetic field is similar to that of a solenoid, in that both re-
quire local azimuthal currents, according to the Maxwell equation for the
curl of B. The azimuthal current results from an azimuthal v ×B field gen-
erated by the radial inflow of the downflowing plasma. The magnetic force
points outward, and slightly downward. Comparison between various obser-
vations on sunspots with the fields of six different coils seem to indicate that
the azimuthal current is distributed nearly uniformly over the umbra and
penumbra, with a slight excess near the axis.
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The tube radius, at depth, is inversely proportional to the fourth root of
the ambient pressure. The Standard Solar Model of Bahcall and Pinsonneau
(1992) provides the pressure as a function of depth below −36 megameters,
while the Vernazza et al. (1981) model for the solar atmosphere provides the
pressure at the level of the photosphere. It seems that the fanning out of the
flux tube near the top causes the Wilson depression.
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Spicules grow like hair on the solar surface. Since astronomers
can see them from the Earth, they are huge: up to 10 000
kilometers long. What are they? They seem to follow mag-
netic field lines, but they do not diverge on emerging from,
or plunging into, the surface, where the magnetic field lines
diverge rapidly. Also, they have a uniform diameter of about
150 to 200 kilometers, despite large changes in the ambi-
ent B. That does not make sense. According to our model,
spicules are akin to the coronal loops of Chapters 15 and 16. 1

14.1 Introduction

Solar spicules are luminous jets that erupt up to 10 000 kilometers from
the surface of the Sun and that have diameters, all along their length, of
1 P. Lorrain and S. Koutchmy, Two dynamical models for solar spicules, Solar

Physics 165, 115–137 (1996).
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Fig. 14.1. Spicules on the solar surface, near the limb (edge)

only about 150 to 200 kilometers (Veselovsky et al., 1994; Dara et al., 1998;
Zirin and Cameron, 1998). We assume here that a solar spicule is a self-
channeled proton beam emitted by a magnetic element, and surrounded by
a cold sheath. We assume that the beam originates in a self-excited dynamo
that exploits a v × B field and that is situated below the element, where v
is the local plasma velocity and B the local magnetic flux density. In falling
back, the sheath provides a return current of protons that cancels the out-
going current. We discuss the channeling of charged-particle beams of very
large cross-section, both in the present chapter and in Chapters 15 and 16. We
propose velocity channeling, which is apparently a new concept. We assume
a steady state and a hydrogen plasma.

As observed at the limb (edge), solar spicules are mostly straight luminous
jets that erupt from the surface of the Sun. Spicules emit low-excitation
emission lines like Hα. So-called macrospicules, or spikes, extend up to 30 000
kilometers (S. Koutchmy and Loucif, 1991). Spicules appear to originate in
magnetic elements. Spicules rise rapidly to their maximum height, the root
disconnects from the surface, the proper motion of the source of the main
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cool radiation becomes downward, and they disappear. They last about 5 or
15 minutes.

Magnetic elements (Chapter 12) are small regions in the photosphere that
exhibit roughly vertical magnetic fields of typically 0.15 tesla.

Spicules are not perfectly vertical nor straight; at the poles and at the
equator, they follow magnetic field lines (Secchi, 1877; Dunn, 1960; Foukal,
1990; Zirin, 1988; Zirin and Cameron, 1998).

Zirin and Cameron (1998) reported that many more spicules go up than
come down, there are numerous double and multiple spicules, macrospicules
start with an “Eiffel tower” shape, and there is some evidence of rotation in
spicules.

The apparent velocity of the head of a spicule, as observed at the limb,
is typically 25 kilometers/second, but it can be as large as 50 to 100 kilo-
meters/second. This head velocity is surprisingly low: a particle having an
initial vertical velocity of 25 kilometers/second could reach a maximum
height of only about 1000 kilometers, disregarding collisions, with g = 272
meters/second2. A video sequence of spicule Hα spectra shows Doppler-shift
speeds of 50 to 100 kilometers/second. Brueckner’s observation of the hot
part of spicules yielded speeds of 100 to 400 kilometers/second.

The density of the cool sheath of a spicule is larger than ambient by one
or two orders of magnitude, and the accelerations along its length appear to
be synchronous.

The gravitational potential energy required to create a single spicule is im-
pressive. Typically, a mature spicule has a height of 5000 kilometers, a diam-
eter of about 150 kilometers, NH ≈ 1018 per meter3, g = 272 meters/second2,
and mgh ≈ 1017 joules. This energy appears over a period of about 5 minutes,
which corresponds to a power of about 300 terawatts, or 3 × 1014 watts, or
the equivalent of 3 × 105 large nuclear power stations for a single spicule.
This rough calculation disregards the energy required to evacuate the ambi-
ent plasma from the path of the spicule (Sect. 14.9). At any given time, there
are about 60 000 to 70 000 spicules on the solar surface (Zirin, 1988).

According to our model, spicules are beams of protons whose speed is
about 400 kilometers/second and whose energy is about 1 kilolectronvolt.
Then the proton current is

I = e
dNρ

dt
= eAvρNH ≈ 1015 amperes , (14.1)

J =
I

A
≈ 64 000 amperes/meter2 . (14.2)

If m′ is the mass ejected per second by a single spicule, then

m′ =
I

e
mH ≈ 107 kilograms/second . (14.3)
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14.2 Devising a Model

Authors generally agree that spicules are jets of some sort. See, for exam-
ple, Haerendel (1992). Various authors have postulated explosions occurring
within the photosphere, for example Dere et al. (1989) and Andreev and
Kosovichev (1994). But this is incompatible with the spectacular channeling
of spicules.

A model for spicules should ideally provide answers to most of the follow-
ing questions.

1. What type of particle is involved, and are the particles charged or
uncharged (Sect. 14.3)?

2. How can the channeling be so efficient (Sect. 14.4)?
3. What is the origin of the low-energy hydrogen that one sees when

observing spicules through an Hα filter (Sect. 14.5)?
4. How can a convecting plasma like that of the photosphere generate a

beam of particles? (Sect. 14.7)?
5. Why are spicules associated with magnetic elements (Sect. 14.7)?
6. Why do spicules disappear (Sect. 14.7)?
7. What is the energy of the particles (Sect. 14.8)?
8. How can the rate of advance of the head of a spicule be only about 25

kilometers/second, while the particle velocity, as measured by the Doppler
effect, ranges from 50 to 400 kilometers/second (Sect. 14.9)?

Our model attempts to answer all these questions. We shall take them up
one after the other, even though they overlap to some extent.

We consider a solar spicule to be a self-channeled particle beam emitted
by a magnetic element and composed largely of protons, but also of electrons,
neutrals, and heavy ions, surrounded by a cold sheath of hydrogen ions. The
orientation of the beam depends on that of the magnetic element and on the
ambient magnetic field. The beam originates in a self-excited charged-particle
accelerator that exploits a v × B field below the element (Sect. 11.6). Here
v is the local plasma velocity, and B is the local magnetic flux density.

We assume a steady state and a hydrogen plasma.
Within a spicule the Coriolis acceleration is 2v×Ω, where v is the proton

velocity, 50 to 400 kilometers/second, and Ω the angular velocity of the Sun.
The resulting displacement is unobservable.

14.3 What Type of Particle?

Since spicules more or less follow magnetic field lines, they must be charged-
particle beams. But the net vertical electric current must be zero, right up to
the top of the spicules, for otherwise the electric potential of the photosphere
and of the chromosphere would either increase or decrease indefinitely with
time, and spicule emission would soon stop.



14.4 Repulsion and Pinching 227

ev×B
B

v

I

Fig. 14.2. The magnetic pinching force ev × B on a beam proton

Assuming a hydrogen plasma and disregarding molecular ions, there are
three types of particle present: H0, H+, and electrons. We disregard H− ions
because their extra electron has a binding energy of only about one electron-
volt and is soon stripped (Sweetman, 1971; Prelec, 1977).

As we shall see in Sect. 14.5, spicules appear to be essentially proton
beams. At the head, the protons ram heavy ions, neutrals, and electrons of
the ambient plasma forward. This might explain the excess concentration of
heavy ions such as Na+ in the solar atmosphere (Meyer, 1991).

The return current is presumably provided by the downward flow of the
cold sheath under the action of gravity. Since the flow follows the magnetic
field lines, the cold sheath comprises low-energy charged particles, presum-
ably protons. See also Sects. 14.5 and 14.9.2.

14.4 Repulsion and Pinching

In a vacuum, a charged-particle beam tends to blow up because of the repul-
sive electrostatic force between the particles. But the beam is also pinched
by the attractive magnetic force exerted by the beam’s azimuthal magnetic
field, as in Fig. 14.2. This latter effect is in agreement with the rule that
parallel currents attract.

In a vacuum, the net force on a particle of charge e at the periphery of a
charged-particle beam is

F = F e + F m =
eQ̃

2πε0b

(
1 − v2

c2

)
ρ̂ , (14.4)
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Fig. 14.3. Magnetic field B of a current I, and cylindrical coordinates ρ, φ, z. The
quantities I and B have the same sign, and B = µ0I/(2πρ)

where Q̃ = I/v is the electric charge per meter, I the beam current, v the
particle speed, b the beam radius, and c the speed of light. This relation is
valid even at relativistic speeds. The repulsive electrostatic force F e, given by
the first term, prevails if v2 � c2. The second term is the magnetic pinching
force of Fig. 14.2. The net force F is weak at relativistic speeds, when v2

approaches c2, but it is always repulsive.
In a low-pressure plasma the propagation of a charged-particle beam is

more favorable. When a proton beam propagates in a hydrogen plasma,
plasma protons drift away from the beam by electrostatic repulsion, and
plasma electrons fall in until the cylindrical region occupied by the beam is
nearly neutral. Then the net force F on a proton is equal to zero and we have
self-focusing. Impact ionization at the beam head produces protons that also
drift away, and electrons that remain trapped.

14.5 Channeling

Figures 14.2 and 14.3 show the variables involved in the discussion that fol-
lows. Several phenomena concur to channel a proton beam of very large
cross-section in a hydrogen plasma, despite scattering.

The protons propagate in the +z-direction. We assume that the electro-
static charge density Q̃ is zero, which makes the electrostatic repulsive force
also zero: the first term in Eq. 14.4 is negligible.

a) Consider a proton that is situated at the periphery of the beam and that
has a velocity v in the general direction of the z-axis, but pointing somewhat
outward. The magnetic field B is azimuthal. The magnetic pinching force
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e(v × B) has a negative radial component that reorients the proton in the
direction of the axis without slowing it down, since the magnetic force remains
orthogonal to the velocity.

Call the proton radial and axial velocities vρ and vz. Assuming a uniform
current density Jz, with Q̃ = 0 as above, the magnetic pinching force on a
proton at the periphery of a beam of radius b is proportional to b:

Fρ = −evzBφ = −evzµ0
πb2Jz

2πb
= −eµ0vzJzb

2
. (14.5)

So, other things being equal, the broader the beam, the larger the magnetic
pinching force on a peripheral beam proton.

b) Since the pinching force is proportional to the axial proton speed vz,
slow protons leak out at the periphery of the beam. They provide the return
current referred to in Sects. 14.3, 14.5, and 14.9.2, losing their gravitational
potential energy in falling back.

When observing solar spicules at the Hα wavelength, one sees the shroud
of cool hydrogen atoms.

c) The efflux of protons at the periphery, per meter of length, is equal to
2πbnvρ, where n is the proton number density inside the spicule, and vρ is
the radial velocity of a proton. Thus

∂

∂z
(πb2nvz) = 2πbnvρ . (14.6)

Since the beam radius b changes slowly with z, we can write that

∂

∂z
(nvz) = 2n

vρ

b
. (14.7)

So the rate of proton loss at the periphery is inversely proportional to the
beam radius b; the broader the beam, the fewer protons are lost at the pe-
riphery.

d) Radial momentum gradually disappears with increasing z according to
a) and c) above. Recall that momentum is conserved during collisions. One
would therefore expect the spicule radius to decrease somewhat with altitude,
an effect that has not been observed to date.

e) The transverse temperature of a particle beam is the temperature mea-
sured by an observer moving with the beam at the average particle velocity.
The transverse temperature of the beam decreases with increasing z, like the
radial momentum.

f) At the periphery, the magnetic force −e(v × B) on the electrons that
are rammed forward points outward, and they spill out. The beam remains
neutral by attracting slow electrons from the ambient plasma.

g) Velocity channeling occurs in the following way. This is apparently a
new concept. See also Chapter 16.
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A proton inside the beam is subjected to a force

F = e[E + (v × B)] . (14.8)

Immediately after a collision the proton starts off with a random velocity,
and the above force applies in the intervals between collisions. Thus, at first
sight, the average energy acquired by a proton should be of the order of Fl,
where l is the proton mean-free-path. For a steady state, and in the present
context, that is incorrect for the following reason.

Imagine that we apply an E field to a hydrogen plasma. Protons move in
the direction of E, together with the neutrals and electrons that they ram
forward. The accelerating region thus becomes a channel inside which matter
flows forward, and protons lose little energy in collisions, as if their mean free
path were very long. It is this phenomenon that we call velocity channeling.

Velocity channeling can be expected if the beam is long and has a large
diameter. It is probably unimportant in laboratory-sized particle beams.

Electrons flow backward in the E field, but they have little effect on the
forward moving protons because of their relatively small mass.

Velocity channeling in a hydrogen plasma does not apply to an electron
beam for the following reason. For a given velocity, the kinetic energy of a
particle is proportional to its rest mass. Thus, if a proton and an electron
have the same velocity, the proton kinetic energy is about 2000 times larger
than that of the electron. Imagine an electron beam in a hydrogen plasma. A
velocity channel for the electrons cannot be established because the electron-
to-proton energy transfer in a collision is highly inefficient, and the protons
never acquire the electron velocity.

h) Hole boring (Briggs et al., 1977; Fernsler et al., 1991) probably con-
tributes to channeling at the higher ambient pressures, either below the pho-
tosphere or at low altitudes: the beam heats the plasma and reduces the
density of scatterers. This effect gains importance with increasing beam ra-
dius b, the heating being proportional to the cross-section, or to b2, while the
loss of heat at the periphery is proportional to the circumference, or to b.

i) Observations on solar spicules appear to show that they are fairly im-
mune from the many types of instabilities that affect high-current electron
and ion beams generated in laboratories, although some mature spicules have
irregular diameters. This immunity of spicules to instabilities is presumably
due to their large diameters.

Readers will think of other phenomena that favor the channeling of very
broad proton beams in a hydrogen plasma. We return to this subject in
Chapter 16.

14.6 Self-excited Dynamos

As we saw in Chapter 10, a dynamo is a device that generates an electric
current by moving a conductor in a magnetic field. It therefore uses a v ×B
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field. A self-excited dynamo uses its own current to produce the required
magnetic field: given a seed magnetic field of outside origin, a system can,
under proper conditions, generate an electric current and a further magnetic
field, and eventually become self-sustaining after removal of the seed field. A
self-excited disk dynamo starts spontaneously as soon as the seed magnetic
field is applied. We learned about self-excited dynamos in Chapters 10 and 11.

It has been known since Larmor (Sect. 1.7) that the Sun’s magnetic
fields originate in self-excited dynamos located in the convecting plasma. The
Earth’s main magnetic field also originates in self-excited dynamos. Those are
situated in the liquid part of the core.

If there were an infinite amount of power available, then the electric cur-
rent and the magnetic field would both grow exponentially with time. How-
ever, with a finite amount of power available, the current and the magnetic
field build up, after removal of the seed field, to steady values that correspond
to the power input (Chapter 10). There is, of course, conservation of energy;
the energy required to set up the magnetic field and to overcome ohmic and
other losses comes from the thermal source that drives the convection.

14.7 A Self-excited Accelerator for Spicules

We now investigate a hypothetical v×B accelerator at the base of a magnetic
element that could generate a proton beam. Refer to Sect. 11.6. The accel-
erator starts spontaneously, as soon as a seed electric current appears. The
seed current must originate in some outside source. The power source for the
accelerator comes from the thermal forces that drive the convection in the
photosphere. It is doubtful that such accelerators could exist in laboratory-
sized plasmas.

We follow the notation of Fig. 14.4, and use a subscript “a” for the J ’s
and B’s in the accelerator.

This accelerator utilizes the vertical component of the local v ×Ba field,
where v is the plasma velocity and Ba the magnetic flux density in the accel-
erator region. Since the accelerator depends on the vagaries of the convection,
it operates by bursts, and the beam energy varies with time. The termination
of a burst signals the disappearance of the spicule.

The accelerator that we propose here is axisymmetric. This contradicts
the Cowling “theorem”, according to which a self-excited dynamo cannot be
axisymmetric. However, that is not important, because, after over 60 years,
there still do not exist valid proofs of the “theorem” (Kolm and Mawardi,
1961; Shercliff, 1965; Fearn et al., 1988; Alexeff, 1989; P. Lorrain, 1991; In-
graham, 1995).

Within the accelerator, protons accelerated upward give spicules, while
protons accelerated downward disappear by scattering.

Electrons and protons accelerate in opposite directions. Now, for a given
energy, a proton has about 43 times more momentum than an electron. Some
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Fig. 14.4. In the accelerator, the downwelling plasma of the magnetic element is
on its way back to the surface

of the counter-streaming electrons thus rebound and acquire a velocity com-
ponent in the direction of the proton velocity, thereby partly canceling the
proton current. They are expelled by the magnetic force.

As we saw in Chapter 12, a magnetic element is a more or less vertical
magnetic flux tube located in the photosphere. It is a self-excited dynamo that
generates an azimuthal electric current and an axial magnetic field, thanks
to the inward plasma velocity.

Figure 14.4 shows plausible streamlines for the photospheric plasma
within and below a magnetic element. The magnetic element extends over
the region where the radial component of the plasma velocity is negative.
Below the element, the plasma flows outward, and then upward back to the
surface.

The region below the magnetic element is the seat of a second self-excited
dynamo that is run by the outward plasma velocity and that accelerates
protons in the upward direction (Sect. 14.7.1). Presumably, thanks to velocity
channeling (Sect. 14.5), a proton beam generated in or below the photosphere
can emerge.
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The axial magnetic field of the magnetic element above the accelerator, as
in Fig. 14.4, acts as a gun barrel for the proton beam in the following manner.
From Sect. 14.8, the proton energy is of the order of 1 kiloelectronvolt or
less. Consider a proton whose velocity has a radial component. The radius
of curvature of its trajectory, projected in a plane perpendicular to the axial
magnetic field of about 0.15 tesla, is of the order of three centimeters or less.
The proton trajectories are thus helices that wrap tightly around the axial
field lines of the magnetic element. Above the magnetic element the element’s
magnetic field vanishes rapidly as at the end of a solenoid, and the protons
thereafter follow the Sun’s outer magnetic field.

This rotation of the protons about the element’s magnetic field lines de-
creases somewhat the ambient axial magnetic field. Also, the axial component
of the proton current contributes an azimuthal magnetic field, which trans-
forms the flux tube of the magnetic element into a flux rope (Chapter 11).

In traversing the element, the proton beam loses part on its energy by
scattering. This explains in part the excess thermal radiation from magnetic
elements. But see also Sect. 11.5.

14.7.1 Ja in the Accelerator, Self-excitation

We return to our general analysis of axisymmetric fields in convecting con-
ducting media (Sect. 11.2), where we found that the current density is given
by

J = σ

(
−∂V

∂ρ
− vzBφ

)
ρ̂ + σ(vzBρ − vρBz)φ̂ + σ

(
−∂V

∂z
+ vρBφ

)
ẑ . (14.9)

The equations given there are rigorous, but applying them to the accelerator
requires various approximations.

We consider successively the above three components of the electric cur-
rent density Ja, starting with Ja,φ.

The Azimuthal Current Density Ja,φ

First,
Ja,φ = σ(vzBa,ρ − vρBa,z) . (14.10)

Now Ja,φ and Ba,z have the same sign. For example, if Ja,φ points in the
positive φ-direction, then Ba,z points in the positive z-direction. With the
radial component of the plasma velocity vρ positive, the −vρBa,z term above
provides negative feedback: assuming an initial Ba,z and its associated Ja,φ,
that term tends to reduce both Ba,z and Ja,φ to zero. Similarly, the first
term in Eq. 14.10, vzBa,ρ, also provides negative feedback; for example, in
Fig. 14.4, vz < 0 and Ba,ρ > 0. We therefore set

Ja,φ ≈ 0 , Ba,z ≈ 0 . (14.11)
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Since J = ∇ × B/µ0, this means that ∂Ba,ρ/∂z ≈ 0. Also, from Eq. 14.10,
Ba,ρ ≈ 0.

The Axial Current Density Ja,z

Second,

Ja,z = σ

(
−∂V

∂z
+ vρBa,φ − vφBa,ρ

)
. (14.12)

We have just seen that, within the accelerator, Ba,z ≈ 0. Thus Ba has only
ρ and φ-components. Then the axial current density Ja,z is perpendicular to
Ba.

We set ∂V/∂z ≈ 0 for the following reason. We assume that the axial
component of v × Ba accelerates charged particles in the axial direction
without accumulating charges on the way, because the return path through
the ambient plasma has a very large cross-section, and hence a very low
resistance. Then

Ja,z ≈ σ (vρBa,φ − vφBa,ρ) . (14.13)

Assume a seed axial current density Ja,z that is positive, or that points
up, as in Figures 14.3 and 14.4. Its magnetic field Ba is azimuthal, in the
positive direction, as in the figures. Then, if the radial component vρ of the
plasma velocity is positive, the currents induced by the vρBa,φ term also point
up, and the dynamo action provides an aiding axial current, as required for
self-excitation.

If the seed Ja,z is negative, then the axial current points down and its
magnetic field Ba,φ points in the negative φ-direction. With a positive vρ, the
vρBa,φ term is then negative, and it again provides an aiding axial current
of density σvρBa,φ.

Therefore, an outward motion of the plasma, in cylindrical coordinates,
amplifies any axial electric current, whatever its polarity. Since we have pos-
itive feedback, we have a self-excited dynamo.

As for the self-excited disk dynamo (Chapter 10), there is no threshold
below which self-excitation does not operate. Once the dynamo has started,
σ decreases because of the increasing Ba,φ, and the outward vρ decreases
because of the braking action of the magnetic force, of density Ja × Ba

(Sect. 14.7.2), which points inward.
If there were an infinite amount of power available to drive the convection,

then the vρBa,φ term would soon make Ja,z infinite. We assume that this
positive feedback is overwhelming. So, finally, since Ba,ρ ≈ 0,

Ja,z ≈ σvρBa,φ . (14.14)

Within our assumptions, it is the positive radial component vρ of the
plasma velocity that generates the axial current density Ja,z. The field Ba,φ

is a function of the coordinates ρ and z, of vρ, and of σ, which is itself a
function of B2

a,φ (Cambel, 1963; Braginskii, 1965).



14.7 A Self-excited Accelerator for Spicules 235

The lines of Ba are conical helices with small Ba,ρ and Ba,z-components.
If the current density Ja,z were uniform out to a radius b then we would

have
2πρBa,φ = µ0πρ2Ja,z , Ba,φ = µ0Ja,z

ρ

2
. (14.15)

The Radial Current Density Ja,ρ

Finally,

Ja,ρ = σ

(
−∂V

∂ρ
− vzBa,φ

)
. (14.16)

The first term in the parenthesis is an electric field; the second term is the
radial component of the v × Ba field.

From Figure 14.4, the axial component of the plasma velocity vz within
the accelerator is negative. Say the axial current density Ja,z points in the
positive direction of the z-axis as in Figure 14.2. Then the azimuthal compo-
nent of the magnetic flux density Ba,φ points in the positive direction of φ,
and −vzBa,φ is positive. Then that term gives a positive radial current den-
sity Ja,ρ, which means that positive charges drift away from the axis, and
negative charges move toward the axis. This makes the region near the axis
negative.

The resulting radial electrostatic field −∂V/∂ρ opposes the −vzBa,φ term.
Under steady-state conditions, the electrostatic space charge density near the
axis of symmetry is constant, and

Ja,ρ = 0 : (14.17)

there is zero net radial force on the protons of the beam. The above equation
applies, and the proton beam is neither pinched nor expanded, radially.

14.7.2 The Magnetic Force Density in the Accelerator

From Eq. 14.11, with Ja,φ ≈ 0, Ba,z ≈ 0 as in Eq. 14.11, and Ja,ρ = 0, the
magnetic force density reduces to

J × B = Ja,zẑ × (Ba,ρρ̂ + Ba,φφ̂) = −Ja,zBa,φρ̂ + Ja,zBa,ρφ̂ . (14.18)

Within our approximations, the magnetic force density has no axial compo-
nent.

Since Ja,z and Ba,φ have the same sign, the radial term −Ja,zBa,φ points
inward. It brakes the outward plasma velocity, and makes the pressure higher
inside the accelerator than outside. If p is the internal pressure, then, for a
steady state,

∇p = −Ja,zBa,φρ̂ . (14.19)

The pressure gradient points inward. The beam current heats the gas, which
tends to reduce the density.



236 14 Solar Spicules

The azimuthal component of the magnetic force density in Eq. 14.18 can
be either positive or negative, and it can either brake or amplify any azimuthal
plasma velocity.

If Ja,z were uniform, then from Eq. 14.15, at the radius ρ we would have

∇p = −µ0

2
J2

a,zρρ̂ , p = pext +
µ0

4
J2

a,z(b
2 − ρ2) . (14.20)

14.8 The Proton Energy

Speeds of up to 400 kilometers/second have been observed in spicules, as we
saw in the Introduction to this chapter. At 400 kilometers/second, a proton
has an energy of 835 electronvolts and, were it not for collisions, it could
rise to an altitude of 510 megameters above the photosphere, assuming a
uniform g. No spicule rises to that height, presumably because the proton
beam loses most of its energy within the velocity channel.

Near the poles, where B ≈ 1×10−4 tesla, proton trajectories wrap around
the magnetic field lines. This is in agreement with an energy of the order of 1
kiloelectronvolt: at that energy the radius of curvature of a proton trajectory,
in a plane perpendicular to the axis of a spicule, is very much smaller than
the observed spicule radii.

Within the accelerator, a proton gains kinetic energy E at the rate

dE
dz

= e(v × Ba)z = evρBa,φ (14.21)

and, at the radius ρ within the accelerator,

Ba,φ =
µ0

ρ

∫ ρ

0

Ja,z ρ dρ . (14.22)

The proton energy and the current density are both functions of the coordi-
nates ρ and z.

14.9 The Beam Head

Figure 14.5 shows the current I, the vector potential A and its time derivative
at the beam head. At the beam head, the incident beam protons lose their
forward energy in blasting their way through the ambient plasma and in
establishing the velocity channel; they are sacrificed. The protons that follow
extend the channel and are again sacrificed. Plasma electrons surge into the
beam head to cancel the excess positive charge accumulated by the incident
protons. See also Sect. 16.4.
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∂A/∂t −∂A/∂t

I A

Fig. 14.5. Near the beam head. The vector A points in the same direction as I,
and the electric field −∂A/∂t points backward

At the maximum height the incident proton energy is exhausted.
It has been suggested that spicules are invisible beyond a certain height

because they become too hot for Balmer α emission. This is contradicted
by radiometry measurements at 1.3 millimeters performed during the 1991
eclipse and that show no signal beyond an altitude of 7500 kilometers (Lind-
sey et al., 1992; Foukal, 1992).

14.9.1 The Beam Head Speed

We can find an approximate theoretical expression for the beam head speed
in the following way. Assume that the incident protons all have the same axial
speed vz. The beam radius is b. During the time dt the beam head progresses
by a distance dz, and the energy required to evacuate the volume πb2 dz is
πb2pamb dz, where pamb is the ambient gas pressure. This requires the kinetic
energy stored in a length vz dt of the beam. Thus, if n is the average number
density of the protons in the beam and m the proton mass,

πb2pamb dz =
(

1
2nmv2

z

)
πb2vz dt , (14.23)

and the speed of the beam head is

dz

dt
=

nmv3
z

2pamb
. (14.24)
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In this equation, the right-hand side is the kinetic energy flux density in the
beam, divided by the ambient pressure. This beam-head speed is an upper
limit because we have disregarded the kinetic energy of the expelled protons.

This expression is interesting, but it is not too useful for a number of
reasons. a) The proton number density n inside a spicule is an unknown
function of the altitude. b) The axial speed of the incident protons vz de-
creases with altitude because of the gain in potential energy and because
of scattering. Measurements of the proton speed vary between 50 and 400
kilometers/second, or by a factor of 8, and 83 ≈ 500. c) The ambient pres-
sure decreases with altitude (Vernazza et al., 1976, 1981). d) Reported head
speeds vary from 25 to 100 kilometers/second, or by a factor of 4.

14.9.2 The Return Current at the Beam Head

The vector potential A of the proton beam points forward as in Fig. 14.5, in
the direction of the axial proton velocity, and is largest on the axis. Within
the beam head, ∂A/∂t points forward, and the resulting electric field −∂A/∂t
points backward. The charged particles of the incident beam, as well as those
of the ambient plasma, are all subjected to this backward-pointing axial elec-
tric field. The incident protons slow down and the plasma protons give a
return current of protons, but those are expelled from the beam by the mag-
netic force because of their retrograde motion.

Plasma electrons accelerate forward in this field and transfer their forward
momentum to the ambient plasma. They are also expelled by the magnetic
force, which points outward because of their negative charge.

14.10 Summary

Solar spicules are proton beams that originate at the base of magnetic ele-
ments, where the solar plasma flows outward, and then upward on its way
back to the surface. Spicules carry a sheath of excited hydrogen, electrons,
and various ions, that one sees when observing at the Hα wavelength. Be-
cause the proton beam is very wide, about 150 to 200 kilometers, several
phenomena channel the beam and render it more and more homogeneous.
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Solar coronal loops are spectacular luminous arcs that ex-
tend upward from the surface of the Sun up to altitudes
of 400 megameters, which is 30 times the diameter of the
Earth. The beam diameter is about one megameter, when
observed at the Hα wavelength, but 0.3 megameter at X-ray
wavelengths. How can that be? What are they? Are they
charged particle beams? If so, what kind of particle are they?
And what is the particle energy, what is the beam current?
Just how much power is involved in one loop? In this chapter
we attempt to answer all these questions, and the next chap-
ter poses several other questions. We refer to solar coronal
loops, but the main properties of loops possibly apply also
to fibrils, coronal jets, streamers, threads, filamentary struc-
tures in prominences, to a host of thread-like structures in
the solar atmosphere, and to solar-like stars.1

15.1 Introduction

Various authors consider a coronal loop as an LRC circuit, with the electric
current generated by the flow of photospheric plasma, and with the circuit
1 See P. Lorrain, D. Redžić, S. Koutchmy, J. McTavish, O. Koutchmy, Solar coro-

nal loops as self-channeled proton beams, Solar Physics, submitted (2005).
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Fig. 15.1. Typical solar coronal loops

closing in the subphotosphere. We go further: according to our model, both
spicules (Chapter 14) and coronal loops are proton beams. The next chapter
accounts for the spectacular channeling.

Our discussion applies equally well to hot and cold, and to flare and non-
flare loops.

Loops, like spicules, seem to be self-channeled beams composed mostly of
protons and hydrogen atoms, all moving forward at the same velocity, accom-
panied by thermal electrons and heavy ions, and surrounded by a sheath of
excited hydrogen and of various ions. Slow electrons from the ambient plasma
that penetrate into the beam are propelled forward by impact, and expelled
by the magnetic field of the beam protons.

Particle acceleration possibly occurs in the lower chromosphere, or within
or below the photosphere, as proposed by several authors, for example by
Zaitsev et al. (1998a,b). The flow pattern proposed by these authors is
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the same as the one that we proposed in Sect. 14.7 and P. Lorrain and
S. Koutchmy (1996). That flow pattern generates the proton beam. Acceler-
ation can be due either to −∂A/∂t or to v × B fields. Acceleration possibly
occurs at each turn, somewhat as in a synchrotron, and the energy of the beam
protons increases with time. The accelerator is presumably self-excited.

15.2 Observations

There exists an abundant literature on loops. The first half of the book by
Bray et al. (1991) provides an excellent review of the observations up to that
time. See also the long list of papers by Bray and Loughhead (1983, 1985)
entitled “High Resolution Photography of the Solar Chromosphere”. For more
recent papers see Melrose (1991), Packer (1991), Ulmschneider et al. (1991),
Golub (1991), Sams et al. (1992), Klimchuk et al. (1992), Somov (1992),
D’Silva (1993), Cargill et al. (1994), Priest (1994), Rušin (1994), Porter and
Klimchuk (1995), Kano and Tsuneta (1995), Doschek and Feldman (1996),
November and S. Koutchmy (1996). We refer to many papers on specific
aspects of loops that were published between 1995 and 2004 throughout the
rest of this paper.

There exists a broad range of loop sizes and shapes, and the time scales
range from seconds to months (Fleck et al., 1994). Loops are observed both
at the limb and on the disk, at Hα, EUV and X-ray wavelengths, from Earth-
based observatories, from rockets, and from satellites. Temperatures are of
the order of millions of degrees. It seems that observed loops are often, in
fact, sheafs of thinner loops.

Loops often emerge from the penumbra of sunspots. Sams et al. (1992)
observed dozens of loops emerging from the penumbra of a single spot.

Some loops extend to heights of more than 400 megameters, which is 30
times the diameter of the Earth. Some are just as large, but nearly horizontal.
Hiei (1994a,b) saw the formation of a loop whose head propagated at a speed
of 20 to 40 kilometers/second, eventually giving an arc about the length of one
solar radius. Tsuneta (1992) reported the same phenomenon. Aschwanden et
al. (1999b,c) have investigated the 3D geometry of loops.

Satellites provide X-ray images of loops on the disk. Those images show
highly excited heavy ions such as Fe XXV. The beam width is about 0.3
megameter. Their resolution is inferior to that of Hα images, but there is so
little X-ray emission from the photosphere that the contrast at those wave-
lengths is excellent, and loops appear on the disk as thin bright filaments.

Klimchuk et al. (1992), and then Watko and Klimchuk (2000) measured
the widths of loops on the solar disk, and concluded that there is no significant
variation of cross-section along the length of a loop. This confirmed earlier
observations by Bray et al. (1991). McClymont and Mikic (1994) and Klim-
chuk et al. (2000) arrived at the same conclusion. Schrijver (2001) found that
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loop cross-sections are independent of height. Kjeldseth et al. (1998) found
that loops appear to be isothermal along their lengths.

As a rule, new loops are small and active. They last for hours, fade, and
others grow at a higher and higher altitude (Bray et al., 1991; Gary et al.,
1996).

Loops observed at the Hα wavelength have widths of 1 or 2 megame-
ters, except for two thin loops observed by Bray et al. (1991) (see Fig. 16.2)
that had diameters of about 130 kilometers, just above a sunspot. See also
Sect. 16.5.2.

Low-energy hydrogen, plus presumably protons, electrons, and heavy ions
form a sheath around the proton beam. As a rule, sheaths descend along loop
legs, driven by gravity and shepherded by the charged particles along the local
magnetic field. The resulting electric currents are negligible because the speed
of the sheath is lower than that of the beam protons by orders of magnitude.

15.3 What Are They?

Clearly, loops are related to the magnetic field between sunspots or between
active regions, but just what is it that one sees? One sees the radiation from
excited atoms, but why should that radiation be localized along field lines?
A steady magnetic field of course does not ionize a gas.

We must first dispel some common misconceptions. Coronal loops are re-
ferred to under a variety of names, for example as “magnetic tubes”, “mag-
netic loops”, “magnetic flux tubes”, “flux bundles”, etc. Are those terms
appropriate?

Magnetic field lines are of course invisible because they are not material
objects (Sect. 4.1). They are an invaluable “thinking crutch”, but no more:
they simply indicate the orientation of the vector B at a given point. The
above names are therefore inappropriate. In particular, a loop is definitely
not a sheaf of individual magnetic field lines.

The term “magnetic flux tube” is equally inappropriate because a mag-
netic flux tube is a self-excited dynamo that requires an inward plasma flux
all along its length (Chapter 11). The concept of magnetic flux tube ap-
plies equally well to solar magnetic elements (Chapter 12) and to sunspots
(Chapter 13), but it does not make sense in the case of coronal loops.

Figure 15.2 shows field lines for a pair of current-carrying coils. These
field lines are somewhat similar to the loops of Fig. 15.1, but many questions
come to mind.

1. Near an active region, or near a sunspot, there is a magnetic field B
at every point, and space is filled with magnetic field lines. So why should
the magnetic field stand out only along those specific field lines occupied by
loops?



15.3 What Are They? 243

2.5

2.0

1.5

1.0

0.5

0.0

−0.5
−1.0 −0.5 0.0 0.5 1.0

Fig. 15.2. Magnetic field lines for a pair of slanted current-carrying coils. Near the
coils, the lines fan out and pinch

2. Just what is it that one sees? One sees radiation from excited atoms, but
why should that radiation be localized along field lines? A steady magnetic
field of course does not ionize a gas.

3. Could the radiation be thermal bremsstrahlung? If so, then one would
have to explain the temperature excess in a loop.

4. Could coronal loops be beams of charged particles that follow magnetic
field lines? Maybe so: particle beams are invisible, but they become visible
if they ionize the ambient medium, and loops radiate at the Hα wavelength
and all the way up to EUV. A particle beam can also radiate if there is
bremsstrahlung, as in a synchrotron, but that seems to be out of the question
here, the particle energies are much too low.

5. The fact that loops are often horseshoe-shaped shows that the two feet
are somehow linked together below the photosphere, but how? Cargill et al.
(1994) hypothesize that loops close below the photosphere. So do Zaitsev et
al. (1998a,b), and others, who consider a loop to be an LRC circuit. The sub-
photosphere link, which certainly exists, is reminiscent of sunspots, a sunspot
of a given polarity being accompanied by one or more spots of the opposite
polarity.
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6. If loops are particle beams that more or less follow magnetic field lines,
the particles must be charged, but are the particles electrons, or protons, or
heavy ions?

7. There is a huge amount of power involved: judging from the fact that
loops are visible in the far ultraviolet, we calculate in Sect. 15.7 that the
particles must have energies of the order of 100 kiloelectronvolts, or possibly
much more. Then the power associated with our reference loop of Sect. 15.7
is of the order of a million gigawatts or more.

8. It seems impossible to distinguish between the two legs of a loop. This
possibly means that particle acceleration occurs at both ends.

9. A sheaf of field lines, such as those of Fig. 15.2 increases in diameter
by a large factor as one moves away from the source, while loops have the
same diameter all along their lengths (Klimchuk and Porter, 1995; Klimchuk
et al., 1992, 2000). There are two problems, here. First, how can the beam
diameter be independent of the altitude, despite the fact that the magnetic
field, the temperature, and the density of the solar atmosphere all vary by
many orders of magnitude? Second, how can the beam maintain its diameter
close to the photosphere, where the magnetic field lines diverge or converge
rapidly? So the ambient magnetic field guides the beam, but only to a certain
extent.

10. Another striking characteristic of coronal loops of a given family is
that they do not interact at all, as is obvious in Figs. 15.1 and 15.3. Now a
particle beam has a magnetic field of its own, with the result that parallel
particle beams attract each other. So a family of loops should quickly coalesce
into a single one, contrary to the observations.

11. Also, there are cases where two families of loops repel each other, as
in Fig. 15.3. How can parallel beams repel each other, if they do not attract
each other?

Our model attempts to answer all these questions.
As we shall see, coronal loops seem to be self-channeled beams consist-

ing mostly of protons accompanied by electrons, heavy ions, and neutrals.
The acceleration possibly occurs below the photosphere at both feet. The
acceleration seems to occur at each turn, somewhat as in a synchrotron, and
the energy of the beam protons increases with time. The accelerators are
presumably self-excited.

Assuming that we have answered all these question, many problems re-
main. To name just three: why do loops have a specific diameter, of the order
of one megameter? And how can the penumbra of a single sunspot harbor
dozens of loops? That seems to require a hugely complex convection in the
penumbra and below. And why do the two “loops” of Fig. 16.2 diverge?
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Fig. 15.3. Two families of coronal loops repelling each other (TRACE mission
from NASA)

15.4 Loops As Charged-particle Beams

Considering loops as charged-particle beams is not a new concept. Many years
ago Jefferies and Orrall (1965) suggested that loops are beams of fast particles
originating in the photosphere. Such fast particles would not be visible, but
an enveloping sheath of excited hydrogen and ions would be. Foukal (1978),
and later Priest (1981) and Leha et al. (1996), concluded that coronal loops
must carry a considerable current. Packer (1991) found evidence suggesting
the existence of a net current flowing along coronal loops, from one foot to the
other. According to Melrose (1991), measurements of the orientation of the
magnetic field suggest that a current flows along loops, from one foot to the
other. J. Chen (1989, 1990), Cargill et al. (1994), Demoulin and Klein (2000),
and Klimchuk et al. (2000) observed that the magnetic field lines of loops are
twisted, and concluded that there exists a field-aligned current along loops.
McClymont and Mikic (1994), using Yohkoh vector magnetogram data, also
concluded that loops carry electric currents. Various authors have proposed
that coronal loops can be considered as LRC circuits, assuming therefore that
a loop carries a current and that the circuit closes below the photosphere.

Clearly, flows above and below footpoints should be investigated (P. Lor-
rain and O. Koutchmy, 1998).

The direction of twist observed on loop sheaths provides the direction and
magnitude of the loop current I. The longitudinal magnetic field in a loop
is the guiding field minus the field of the orbiting protons, as explained in
Sect. 16.2.2. The azimuthal component is µ0I/(2πρ), where ρ is the radial
position.
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The sum of the net vertical currents in the two legs of a loop is zero,
for otherwise the solar electrostatic charge would drift, and loop formation
would soon stop.

Much work has been done on the propagation of particle beams. See, for
example, the paper by Bekefi et al. (1980) on particle-beam weapons, and
a later paper by Hughes and Godfrey (1984) on small-angle scattering in
charged-particle beams. Peratt (1986) has written an extensive paper in two
parts on filamentary electric currents in cosmic plasmas.

If loops are indeed particle beams, then the beam emerges from the pho-
tosphere at one foot, and plunges back into the photosphere at the other foot.
Since it seems impossible to distinguish between the two legs of a loop, the
energy expended by the proton beam in forming the sheath must be negligi-
ble. Then the loop resistance R is zero, or nearly so. The circuit presumably
closes below the photosphere, but the beam is not appreciably affected by
traveling a few hundred megameters: relatively few protons are lost on the
way, and the protons lose a relatively small amount of their kinetic energy.

There exists an abundant literature on laboratory-sized charged and un-
charged particle beams, but laboratory experiments seem to be irrelevant
here because loops have such huge dimensions, coronal pressures are so low,
and the temperatures are so high.

15.5 The Beam Current and the Beam Power

Tables 2.2, 2.9, and 4.17 of Bray et al. (1991) provide observed values for
magnetic fields in loop sheaths, for mature loops. Let us calculate the corre-
sponding value of the beam current I. The calculation is highly approximate,
first because the observed values vary widely and, second, because the sheath
current, if any, adds to the beam current. But see Sect. 16.8. Also, as noted
above, because of the finite resolution, what seems to be a single loop might
be a sheaf of several thinner loops.

The ion beam carries a current I and its magnetic field is B, as in Fig. 14.2.
At X-ray wavelengths, beams have half-widths of about 0.3 megameter. How-
ever, their magnetic fields are measured within the sheath. For B ≈ 3 mil-
liteslas at a radius of one megameter,

B = µ0
I

2πb
, I =

2πbB

µ0
≈ 2π × 106 × 0.003

4π × 10−7
≈ 1010 amperes . (15.1)

In view of the wide variety of coronal loops, this current is in agreement with
Zaitsev et al. (1998a,b), who find a current of about 6 × 1010 to 1.4 × 1012

amperes. With our figures, the proton flux is about 1029 protons/second, or
about 170 kilograms/second.

What is the beam power? Assuming a proton energy of 100 kiloelectron-
volts (Sect. 15.7), the beam power is about 1015 watts, or 106 gigawatts.
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As mentioned above, new loops are usually small and active; they last for
hours, fade, and others grow at a higher and higher elevation (Bray et al.,
1991; Gary et al., 1996). It is during this stage that the magnetic and kinetic
energies build up.

15.6 The Magnetic Energy

What is the inductance L of a coronal loop? Assume that the loop is plane,
and that it forms a complete circle (Cargill et al., 1994). Then we can use
formulas given in Engineering handbooks for the inductance of a closed loop
of wire. For a circular loop of mean radius a and wire radius b,

L = 39.37a

[
7.353 log10

(
8a

b

)
− 6.386

]
× 10−8 henrys . (15.2)

Setting a = 100 megameters and b = 1 megameter,

L ≈ 600 henrys . (15.3)

For a current of 1010 amperes, the energy stored in the magnetic field
that links such a loop is

Emag ≈ 1
2LI2 ≈ 3 × 1022 joules , (15.4)

or the energy produced by a one-gigawatt reactor in about one million years.
At the center of the above loop,

B =
µ0I

2a
≈ 6 × 10−5 tesla ≈ 1 gauss . (15.5)

15.7 The Proton Energy

There are a number of ways of estimating the order of magnitude of the
proton energy in loops and in spicules. We discuss a few here, but readers
will probably think of others.

1. First, what are the thermal speeds of a proton and of an electron at
a temperature of one million degrees? For the z-component of the velocity,
mv2/2 = kT/2 = eV joules, where e is the magnitude of the charge of the
electron, and where the voltage V is loosely called the energy, in electronvolts:

vproton, thermal =
(

kT

m

)1/2

≈
(

1.4 × 10−23 × 106

1.7 × 10−27

)1/2

(15.6)

≈ 105 meters/second , (15.7)
velectron, thermal ≈ 4 × 106 meters/second . (15.8)
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In both cases, V ≈ 40 electronvolts.

2. What about the gravitational potential energy? Consider a singly-
charged particle of mass m. It emerges from the photosphere at a speed v0

and with an energy eV joules. It rises to an altitude H. Then, with g = 272
meters/second2 at the surface of the Sun,

1
2mv2

0 ≥ mgH , v0 ≥ (2gH)1/2 , v0 ≥ 23H1/2 , (15.9)

eV ≥ mgH . (15.10)

With H = 100 megameters and for a proton,

v0 ≥ 233 kilometers/second ≈ 200 kilometers/second , (15.11)

V ≥ mgH

e
≈ 300 electronvolts . (15.12)

So an energy of only 300 electronvolts is enough to drive a proton up to an
altitude of 100 megameters above the photosphere. (If one takes into account
the variation of g with altitude, one finds an energy of 248 electronvolts.)

Since, as we shall see, the beam proton kinetic energies are much larger
than 300 electronvolts, we can ignore the gravitational force. We can also
disregard the Coriolis force m(2v × Ω), where Ω is the angular velocity of
the Sun.

3. Now the Sun carries a net charge of roughly +80 coulombs, and the
electrostatic potential at the surface is roughly +1000 volts (Sect. 3.9). The
reason for the existence of this charge is that electrons and protons are at
about the same temperature and that there are more electrons than protons
that have the gravitational escape speed. With a positive surface potential,
the escape speed for electrons increases, the escape speed for protons de-
creases, and the net escaping current is zero. The net current must be zero,
for otherwise the electrostatic potential of the Sun would drift one way or
the other indefinitely. See Sect. 3.9.

So what is the kinetic energy gained by a proton that rises above the
surface of the Sun? A rough calculation will suffice. Half way up a 100-
megameter loop, at an altitude of 50 megameters, the solar radius being 700
megameters,

E ≈ 80
4πε0(7.5 × 108)2

≈ 1.3 × 10−6 volt/meter . (15.13)

Then, in moving upward a distance of 100 megameters from the surface
of the Sun, a proton gains a kinetic energy of about 130 electronvolts because
of the repulsive electrostatic force, while it loses a kinetic energy of 300 elec-
tronvolts because of the attractive gravitational force, for a net loss of about
170 electronvolts.
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4. One can measure the rate of advance of the head. In the case of spicules,
that speed is typically 25 kilometers/second (P. Lorrain and S. Koutchmy,
1996). Now, at 25 kilometers/second, a proton could only reach an altitude of
about 1 megameter, and loops reach a few hundred megameters. As discussed
in P. Lorrain and S. Koutchmy (1996), and as we shall see below in Sect. 16.4,
the head speed is much lower than the speed of the beam protons.

The speed of propagation of the loop beam head reported by Hiei
(1994a,b) was 20 to 40 kilometers/second.

5. It is possible to measure speeds along loops, either from the Doppler
shift of the Hα line, or by observing the motion of “knots”, or condensations,
along the loop (Bray et al., 1991). Those speeds range from 20 to 150 kilo-
meters/second. But both methods yield the speeds of the sheath, and not the
speed of the protons in the beam.

The observed velocities along coronal loops are up one leg (Wood et al.,
1998) and down the other, but usually down both legs (Schrijver, 2001),
never up both legs. It is easy to understand why the sheath velocity can be
downward in both legs: the sheath falls in the gravitational field. One can
also expect an upward velocity along one leg if, during the upward part of
the trajectory of the loop, the expelled protons and hydrogen atoms start
with a sufficiently large upward velocity. With this interpretation, the sheath
cannot flow up both legs. In the case of spicules, the sheath velocity is either
upward or downward.

6. The fact that coronal loops are commonly observed at X-ray wave-
lengths provides a reliable lower limit for the proton energy. Doschek et al.
(1995) observed loops in the wavelength band 0.3 to 1 nanometer. Now, if λ
is the wavelength in meters,

V =
hν

e
=

hc

eλ
≈ 10−6

λ
. (15.14)

That group therefore observed transitions in excited heavy ions in the energy
range 1 to 3 kiloelectronvolts. Then what is the energy of the beam protons?
In view of the many unknowns, the following will suffice. Say the proton
energy is Ep, and assume that, in an inelastic head-on collision, the heavy ion,
of mass K times larger than the proton mass, is at rest before the collision.
The excitation energy of the heavy ion is Ei. Conservation of energy and of
momentum implies that excitation of the heavy ion cannot occur if Ep lies
below the threshold value

Ep = Ei
K + 1

K
≈ Ei . (15.15)

So the proton energy is also about 3 kiloelectronvolts. This value applies all
along a loop because the gravitational potential energy is negligible.

This 3 kiloelectronvolts is a minimum value for the kinetic energy of the
beam protons because coronal loops are presumably also visible at shorter
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wavelengths. So the beam protons probably have kinetic energies that are
much larger than either the thermal, or gravitational, or electrostatic energy.
This explains, in part, why loop cross sections are independent of the altitude.

Say the proton energy is 100 kiloelectronvolts. Then

v =
(

2eV

m

)1/2

≈ 1.37 × 104V 1/2 (15.16)

≈ 4.3 × 106 meters/second (15.17)

for our reference loop. If the loop has a visible length of 200 megameters,
a proton takes about 40 seconds to travel from one foot to the other. It
then continues below the photosphere for, say, the same distance. Then it
takes roughly one minute to go around once. Below the photosphere the
beam presumably traverses self-excited particle accelerators [Sect. 14.7 above;
P. Lorrain and S. Koutchmy (1996)] and emerges once more.

With I = 1010 amperes, b = 0.3 megameter, and v = 5 × 106 me-
ters/second, the proton number density in a loop is

n =
I

πb2ev
≈ 1010

π × (0.3 × 106)2 × 1.6 × 10−19 × 5 × 106
(15.18)

≈ 4 × 1010/meter3 . (15.19)

15.8 Our Reference Loop

Our reference loop has the following characteristics:

loop mean radius a ≈ 100 megameters,
beam radius b ≈ 0.3 megameter,

current I ≈ 1010 amperes,
Bsheath ≈ 3 milliteslas,

proton density n ≈ 4 × 1010/meter3,
proton energy ≈ 100 kiloelectronvolts,
proton speed ≈ 5 × 106 meters/second,

proton flux ≈ 1029/second,

magnetic energy Emag ≈ 3 × 1022 joules,
beam mechanical power IV ≈ 1015 watts,

beam mass for the semi-circular part of the loop ≈ 7 tonnes.
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15.9 Summary

Solar coronal loops appear to be self-channeled beams composed mostly of
protons, but accompanied by electrons, heavy ions, and neutrals. Our model
attempts to explain the main features of loops: it explains both the high-
energy particles observed at X-ray wavelengths and the low-energy particles
observed at Hα wavelengths. Judging by the fact that loops are visible in the
far ultraviolet, the proton energy could be as large as 100 kiloelectronvolts
or more. We calculate order-of-magnitude numerical values for a typical ref-
erence loop for the current, the proton density, the proton flux, the magnetic
energy, the beam power, and the beam mass.
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Although this chapter is a continuation of the discussion
of solar coronal loops of Chapter 15, it can be read inde-
pendently. As we shall see, the channeling of loops is even
more astonishing than what we found in the previous chap-
ter. The huge size of the phenomenon makes loop Physics
totally inaccessible to laboratory experiments.1

16.1 Introduction

Possibly the most striking property of loops is the fact that the beam ra-
dius is the same along their lengths, over a distance that can be as large
1 See P. Lorrain, D. Redžić, S. Koutchmy, J. McTavish, O. Koutchmy, Solar coro-

nal loops as self-channeled proton beams, Solar Physics, submitted (2005).



254 16 Solar Coronal Loops II

as 600 megameters. This is despite the fact that they go through highly in-
homogeneous magnetic fields, and that the magnetic field, the pressure, the
temperature, and the density of the ambient medium all vary by many or-
ders of magnitude over their lengths. Now, save in exceptional conditions,
laboratory-sized particle beams always diverge. Moreover, loops of a given
family do not interact at all, while loops of two different families repel. As we
shall see, a broad proton beam is efficiently channeled in a hydrogen plasma.

16.2 Channeling a Broad Proton Beam

Refer to Sect. 11.3 for a discussion of Magneto-Fluid Dynamics in axisym-
metric convecting conducting fluids.

We use cylindrical coordinates ρ, φ, z, with the z-axis pointing along
the beam, in the direction of the proton velocity. We set ∂/∂z = 0 and
∂/∂φ = 0. We neglect relativistic effects, so that v2 � c2, and we assume
that the protons have zero energy spread (S. Koutchmy and Livshits, 1992;
Koutchmy et al., 1994; S. Koutchmy et al., 1997; Ferreira and Mendoza-
Briceno, 1997; Drake et al., 2000).

We also assume a steady state, and no specific beam profile: the proton
density is an arbitrary function of the radial position. We disregard oscilla-
tions (Aschwanden et al., 1999a; Nakariakov et al., 1999; Robbrecht et al.,
2001).

A proton beam can propagate over long distances in the solar atmosphere
only if the channeling is highly efficient.

The cross-section for ionization by a proton is a function of the proton
energy. It is of the order of 10−20 meter2 for a proton energy of a few tens of
electronvolts, and rapidly decreases with increasing proton energy (Freeman
and Jones, 1974). Since the beam proton kinetic energy is much larger than
that of the ambient hydrogen atoms, inelastic scattering is highly improbable.
So only proton-proton and proton-hydrogen atom electric scattering matter.

Proton-hydrogen atom elastic collisions are usually described by the hard-
spheres model, leading to the above cross-section, which is independent of
the proton energy. In the photosphere, the hydrogen atom number density
nH is about 1023/meter3 (Vernazza et al., 1981) and the mean-free-path is
only about 1 millimeter. Above, in the chromosphere, the mean-free-path
is very much longer. For example, at an altitude of 2.7 megameters, nH is
about 5 × 1014/meter3 (Vernazza et al., 1981), and the mean-free-path is
approximately 200 kilometers. Recall that loops rise up to as much as 400
megameters above the photosphere.

As we shall see, many phenomena contribute to the channeling of a broad
proton beam in the solar atmosphere (Chapter 14). Some prevent the beam
from either fanning out or pinching (Sect. 16.5.2), while others make it more
and more homogeneous.
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16.2.1 Electric and Magnetic Forces on a Proton Beam,
Without Rotation

Most of the discussion in this section also applies to Sect. 16.2.2, where we
take rotation into account.

Consider a proton beam of arbitrary radius b in a hydrogen plasma, in
a region remote from the beam head. The only magnetic field, aside from
the guiding field, is that of the proton current. In this section we assume
individual proton trajectories that are rectilinear:

vρ = 0 , vφ = 0 , vz = v 
= 0 . (16.1)

We also assume, for the moment, that the beam contains only protons, of
number density n and speed v, electrons of number density ne of unspecified
speed ve, and hydrogen atoms. The hydrogen atoms inside the beam form
a moving medium. The beam protons and the beam hydrogen atoms flow
without resistance through the sea of electrons, because of the large kinetic
energy of the protons and hydrogen atoms, and also because of the great
mass difference: the electron sea is completely transparent for the heavy beam
particles.

With a net charge density Q̃f , a net current density J , a proton velocity v,
and a gas pressure P , the force per unit volume on protons inside the beam
is the sum of three terms:

F̃ p = Q̃p(E + v × B) − ∇Pp+H , (16.2)

where the subscript “p” stands for protons and the subscript “H” stands for
hydrogen, where Q̃p = en, and where n is the number of protons per cubic
meter.

Contrary to magnetic flux tubes (Chapter 11), which are partly evacuated,
the total gas pressure inside a coronal loop is the sum of two non-negative
independent terms, the proton plus hydrogen pressure Pp+H, and the electron
pressure Pe. As we shall see in Sect. 16.8, the absence of interaction between
neighboring loops is an indication that ∇Pp+H is equal to zero. The vanishing
of ∇Pp+H inside the beam is also corroborated by the conclusions reached
in Sect. 16.2.2 below. Therefore, to calculate the force on a beam proton, we
need only take into account the electric and magnetic forces.

1. Let us calculate the radial force F on a proton at the radius ρ. Since we
have assumed axisymmetry, the sheath has zero electric and magnetic fields
inside the beam. As we shall see below, again in Sect. 16.8, the sheath fields
seem to be negligible.

There is a radial electric force on a beam proton that can be either at-
tractive or repulsive, depending on the sign of the net charge density Q̃f , and
there is an attractive magnetic force. By hypothesis, the two forces cancel:

F = e[E + (v × B))] = 0 . (16.3)



256 16 Solar Coronal Loops II

The electric radial force eE at the radius ρ depends only on the net charge per
unit length inside that radius. Similarly, the radial magnetic force e(v × B)
at ρ depends only on the beam current inside that radius. We disregard the
magnetic field of the electrons that are impelled forward; that field cancels
part of the magnetic field of the proton beam, but those electrons are soon
expelled by the magnetic field of the beam protons.

It seems reasonable to assume that the proton axial velocity is constant,
but our calculations show that there is in fact a small oscillatory term.

Assuming a constant proton axial velocity v, we can find the net space
charge density Q̃f as follows. Assuming that v is independent of ρ, then, from
one of Maxwell’s equations and from Eq. 16.3,

Q̃f = ε0∇ · E = −ε0∇ · (v × B) (16.4)

= −ε0∇ · (−vBφρ̂) = ε0
1
ρ

∂

∂ρ
(ρvBφ) , (16.5)

with
Bφ =

µ0

2πρ

∫ ρ

0

nev 2πρ dρ =
µ0nevρ

2
. (16.6)

Thus

Q̃f = ε0
1
ρ

∂

∂ρ

(
µ0nev2ρ2

2

)
= ε0

1
ρ
µ0ev

2nρ = en
v2

c2
. (16.7)

Recall that ε0µ0 = 1/c2. By hypothesis, the net charge density Q̃f is in-
dependent of both ρ and the beam diameter b. The net charge density is
also very much smaller than the proton charge density: in the present case,
v2/c2 ≈ 3 × 10−4. So the electron number density ne is only slightly smaller
than the proton number density n:

ne =
(

1 − v2

c2

)
n . (16.8)

The beam must be slightly positive to provide a repulsive electric force
on a proton that cancels the attractive magnetic force.

The radial electric force on a proton is

F =
e2

2πε0ρ

∫ ρ

0

(n − ne)2πρ dρ − µ0

2πρ
v

∫ ρ

0

e2vn 2πρ dρ . (16.9)

Since we have assumed that the proton speed v is independent of ρ, the v in
front of the second integral can go under its integral sign and

F =
e2

ε0ρ

∫ ρ

0

[(
1 − v2

c2

)
n − ne

]
ρ dρ = 0 . (16.10)

We assume that v is independent of ρ. This is probably not a bad approx-
imation in view of points 2 and 6 below.
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At first sight, the above result seems unrealistic because one expects that
the ambient electrons should swarm in to ensure neutrality. That proves to
be incorrect. See Sect. 16.7.

We return to Eq. 16.10 later on in Sect. 16.6.
Note that the hydrogen atoms inside the beam form a uniformly moving,

non-magnetic, medium. The polarization vector is

P = ε0(εr − 1)[E + (v × B)] . (16.11)

Taking into account Eq. 16.3 and the definition

D = ε0E + P , (16.12)

one finds that D = ε0E inside the beam [Sect. 7.2 above; Redžić (2001);
P. Lorrain (2001)]. Thus the first equality in Eq. 16.5, as well as the first
term in Eq. 16.9, are consequences of the Maxwell equation for D.

Now consider our reference loop of Sect. 15.8, with B ≈ 3 milliteslas and
v ≈ 5× 106 meters/second. The attractive magnetic force on a proton at the
periphery is then about 2 × 10−15 newtons. The electric force is of the same
magnitude, but repulsive. Now such a force, if applied to a proton (mass
1.7 × 10−27 kilogram), would give it an inward acceleration of about 1012

meters/second2! So the electric and magnetic radial forces on a beam proton
are both huge, but they balance exactly, and the beam is remarkably stable.

The ambient plasma contains heavy ions, and the beam protons propel
them forward (P. Lorrain and S. Koutchmy, 1996; Meyer, 1991). Because
heavy ions are slow and heavily charged, they contribute disproportionately
to the space charge.

What happens to the rare ambient protons and electrons that manage
to drift into the beam? Those protons are propelled forward, and most are
expelled, as we show below. Ambient electrons that fall into the beam are
also propelled forward. They feel an attractive electric force, and a repulsive
magnetic force. The radial electric force on an electron points inward and
has the same magnitude as the outward electric force on a proton. The radial
magnetic force on a forward-moving electron points outward. Do those two
forces cancel as in the case of the protons? Definitely not, because a forward-
moving electron has been impelled forward by a proton and has a much
higher speed than the proton. So forward-moving electrons are expelled by
the beam’s magnetic field.

Electrons, protons, and hydrogen atoms that are rammed roughly forward
form a sheath composed of excited hydrogen atoms, heavy ions, and electrons.
The sheath cools by radiation. Radiation energy losses were investigated by
Jefferies and Orrall (1965), among others.

The contribution of the heavy ions to the beam current is appreciable,
but we neglect the heavy ion current in what follows.

2. Velocity channeling applies to broad, long, proton beams in a medium
consisting mostly of hydrogen: the proton beam creates a channel inside
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which protons and hydrogen atoms all flow forward at the same axial velocity
[Sect. 14.5 g) above; Hughes and Godfrey (1984); P. Lorrain and S. Koutchmy
(1996)]. This makes the proton mean-free-path in the forward direction very
long, even in a dense plasma. This also increases the thermalization time
(Jefferies and Orrall, 1965) by a large factor.

Velocity channeling does not occur with electron beams in hydrogen for
the following reason. Since the mass of an electron is much smaller than that
of a proton or of a hydrogen atom, fast forward-moving electrons transfer only
a small fraction of their forward velocity to protons and hydrogen atoms, and
electrons cannot establish a velocity channel in a hydrogen plasma.

3. Hole boring possibly contributes to the channeling, especially below
the photosphere: the beam heats the ambient plasma, and hence reduces
its density, increasing the mean-free-path. If hole-boring does occur, then it
increases with beam radius b because the heat input is roughly proportional
to b2, while the heat loss at the periphery is proportional to b. Thus, other
things being equal, the plasma should be less dense inside a broad beam than
inside a narrow one.

4. Assuming a uniform proton number density n, and a uniform proton
forward velocity v, the radial inward magnetic force on a proton at the pe-
riphery of a beam of radius b is proportional to v2:

Fmag = −evBφ = −ev
µ0πb2nev

2πb
= −e2µ0nv2 b

2
. (16.13)

Thus slow protons leak out at the periphery of the beam.

5. The rate of proton loss at the periphery is inversely proportional to the
beam radius b: for a given proton radial velocity vρ,

∂

∂z
(πb2nv) = −2πbnvρ ,

∂

∂z
(nv) = −2nvρ

b
. (16.14)

This favors broad beams. We have assumed that the beam radius b does
not change with z. The fact that loop diameters are uniform all along their
lengths shows that proton losses are negligible.

6. The above equation also shows that the rate of proton loss at the
periphery is proportional to vρ. This filters out wayward protons, gradually
ridding the beam of its radial momentum and its transverse temperature.
(The transverse temperature is the temperature that would be measured by
an observer moving at the average forward velocity of the protons.)

So the beam transverse temperature is probably much lower than ambient.
The electron temperature is presumably the same as the ambient tempera-
ture.

If the proton radial velocity vρ is positive, then the magnetic force e(vρ×
B) points forward; if vρ is negative, then the magnetic force points backward.

Readers will probably think of other phenomena that foster the propaga-
tion of broad proton beams in a hydrogen plasma.
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16.2.2 Magnetic Forces on a Beam Proton, with Rotation

Here is a more realistic situation. Section 16.2.1 still applies, but now the
protons describe helices in the ambient axial magnetic field Ba,z.

The proton helices have random radii, and most are off-axis. Each proton
is tied to its helix; it can change helix only by exchanging energy with another
proton or with a heavy ion. We assume that v⊥ � v‖.

How large is the helix radius R? For our reference beam (Sect. 15.8), with
B ≈ 3 milliteslas in the sheath, set Ba ≈ 1 millitesla and

v⊥ = |v2
ρ + v2

φ|1/2 � v‖ ≈ 5 × 106 meters/second , (16.15)

v⊥ ≤ 103 meters/second , (16.16)

R =
mv⊥
Bae

≈ 1.7 × 10−27 × 103

10−3 × 1.6 × 10−19
≈ 1 centimeter . (16.17)

So the helix radius R is roughly 8 orders of magnitude smaller than the beam
radius b, which is of the order of one megameter.

Assume overall axisymmetry, and assume that the sum of the magnetic
fields of all the helices is the same as that of an axial coil in which the
current density has an appropriate radial dependence. Then the rotation of
the protons, each on its own helix, generates an axial axisymmetric magnetic
field Brot.

Now v⊥ and Bz have opposite signs for the following reason. Say Bz is
positive. Then, if v⊥ is also positive, the magnetic force v × B on a proton
points away from the helix axis, and the proton escapes. But if v⊥ is negative,
then v × B points inward and the proton stays on its helix. Similarly, if Bz

is negative, v⊥ must be positive. So the product v⊥Bz is always negative for
protons in the beam. In other words, for an observer looking in the direction of
the beam proton velocity, or in the positive direction of v, the protons rotate
clockwise if Bz is positive, and counterclockwise if Bz is negative. Multiplying
v ×B by e gives the centripetal force. Since v⊥ and Bz have opposite signs,
the orbiting protons generate a magnetic field Brot that cancels part of the
ambient axial field Ba:

Bz = Ba + Brot , |Bz| = |Ba| − |Brot| . (16.18)

The net Bz is minimum at ρ = 0. The existence of Brot does not affect
Eq. 16.10.

The proton angular velocity is the so-called “cyclotron frequency”

ω = −Bze

m
ẑ . (16.19)

Setting Bz ≈ 1 millitesla,

ω ≈ 105 radians/second . (16.20)
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The helix radius R, the period of rotation T = 2π/ω, and the pitch P are all
inversely proportional to |Bz|. For our reference beam (Sect. 15.8),

R =
mv⊥
|Bz|e

≈ 1 centimeter , (16.21)

T =
2π

ω
=

2πm

|Bz|e
≈ 60 microseconds , (16.22)

P =
2π

ω
v‖ =

2πm

|Bz|e
v‖ ≈ 300 meters . (16.23)

Since Bz is not uniform, ω is not uniform and the proton helices are not
circular: the radius of curvature of a helix, projected on a plane perpendicular
to the axis of symmetry, is smallest near the periphery of the beam. The
protons do not rotate as a solid, and the helices precess about the axis of
symmetry.

Since the beam width is unaffected by altitude (Klimchuk et al., 1992;
Watko and Klimchuk, 2000; Klimchuk et al., 2000; Schrijver, 2001), the net
value of Bz is seemingly unaffected by the ambient magnetic field Ba. The
ambient field nonetheless guides the beam as in Sect. 16.5 below.

If the ambient magnetic field outside the Sun were the same as that of an
ideal magnetic dipole at the center, with its 1/r3 radial dependence, then the
magnitude of the field at an altitude of 400 megameters would be about one
third of its value at the surface. One would rather expect that the ambient
field would decrease very much faster than that because the magnetic field
seems to originate in currents flowing close to the surface, in the photosphere.

The equation of motion of a beam proton is

m
dv

dt
= e[E + (v × B)] . (16.24)

Here, E‖ = 0: the electric field cannot have a longitudinal component, for
otherwise the voltage difference between the two ends of a loop would be near
infinite. So

E = E⊥ (16.25)

and

v × B = (v‖ + v⊥) × (B‖ + B⊥) (16.26)
= v‖ × B⊥ + v⊥ × B‖ + v⊥ × B⊥ , (16.27)

since v‖ and B‖ are parallel, while the angle between v⊥ and B⊥ can have
any value. Thus

m
dv

dt
= e(E⊥ + v‖ × B⊥ + v⊥ × B‖ + v⊥ × B⊥) . (16.28)

Since the net radial force is zero,
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E⊥ + v‖ × B⊥ = 0 , (16.29)

and the first two terms in Eq. 16.28 cancel.
The third term on the right of Eq. 16.28 points in a direction perpendicular

to the helix axis, and its contribution is zero, on average. As we saw above,
the period of the helical motion is only about 60 microseconds.

The fourth term, e(v⊥×B⊥), points in either the +ẑ or the −ẑ-direction.
So it either accelerates or decelerates the proton in the ẑ-direction and it
fluctuates in the same manner as the third term. Its net effect is zero.

The e(v × B) force does not affect the kinetic energy of the protons
because it is orthogonal to v. Neither does the eE force because

eE · v = eE⊥ · v⊥ ,

which averages to zero. So the proton kinetic energy is conserved. The angular
momentum of the beam is similarly conserved because there is no externally
applied torque.

16.3 Diamagnetism of the Proton Beam

It is interesting to consider the proton beam as a magnetized medium with
a “magnetization” M . Each proton, in rotating along its helix, generates a
magnetic field much like atoms in a magnetized medium. Think of a loop
of wire of radius R that carries a current I. Its magnetic moment is πR2I.
In the case of an orbiting proton, the current is its charge e divided by the
period of rotation, 2π/ω. So a proton that orbits on a circular trajectory of
radius R has a magnetic moment

m =
eω

2π
πR2ẑ =

ev2
⊥

2ω
ẑ . (16.30)

Recall that ω = −eBz/m. The magnetic moment per unit volume, or the
“magnetization” is n times larger:

M =
neωπR2

2π
ẑ =

nev2
⊥

2ω
ẑ , (16.31)

whatever the sign of Bz. The magnetization can be a function of the radial
coordinate ρ, since n, Bz, and R can all be functions of ρ. One can also write
that

M = −nE⊥
B2

‖
B‖ẑ , (16.32)

where E⊥ is the proton kinetic energy associated with the transverse motion.
Note that M and B‖ have opposite signs: the medium is diamagnetic.

The equivalent current density associated with the helical motion of the
protons is
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∇ × M = − d

dρ

(
nev2

⊥
2ω

)
φ̂ . (16.33)

We have assumed that the beam is both axisymmetric and infinite in the
z-direction, so that ∂/∂z = 0, ∂/∂φ = 0, and ∂/∂ρ = d/dρ. The sum of the
magnetic fields of the orbiting protons is the same as that of an axisymmet-
ric, ρ-dependent volume distribution of azimuthal currents. Thus, from the
Maxwell equation for the curl of B,

∇ × (Brotẑ) = µ0∇ × M (16.34)

and
dBrot

dρ
= µ0

d

dρ

(
nev2

⊥
2ω

)
. (16.35)

Integrating, and using the fact that Brot = 0 for n = 0,

Brot =
µ0nev2

⊥
2ω

. (16.36)

Substituting ω = −e(Ba + Brot)/m,

Brot = − µ0nv2
⊥m

2(Ba + Brot)
, (16.37)

and
B2

rot + BaBrot + 1
2µ0nv2

⊥m = 0 , (16.38)

so that

Brot = −Ba

2
± Ba

2

(
1 − 2µ0nv2

⊥m

B2
a

)1/2

. (16.39)

What about the ± sign? If v⊥ is zero, then Brot = 0, so one must choose the
plus sign:

Brot = −Ba

2
+

Ba

2

(
1 − 2µ0nv2

⊥m

B2
a

)1/2

. (16.40)

Outside the beam, n = 0, Brot = 0, and the net axial field is

Bz =
Ba

2
+

Ba

2

(
1 − 2µ0nv2

⊥m

B2
a

)1/2

. (16.41)

It follows from Eq. 16.39 that Brot and Ba have opposite signs, whereas
Eq. 16.41 implies that Ba and Bz have the same sign. So Brot and Bz have
opposite signs, as expected.

The above derivation of Eqs. 16.39 and 16.41 is valid in the general ax-
isymmetric case, with n, v⊥, and Bz arbitrary functions of ρ. Assuming that
n is a decreasing function of ρ and that v⊥ is uniform, then |Brot| decreases
and |Bz| increases with ρ. If M is uniform, then the corresponding current
density vanishes, and there is a uniform surface current at the periphery of
the beam, generating a uniform axial field Brot. However, since one cannot
expect a uniform net axial magnetic field Bz over the cross-section of the
beam, ω is not uniform and the protons do not rotate in synchronism.
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16.4 At the Beam Head

Occasionally, one observes a loop that starts at one foot, describes an arc,
and plunges at what becomes the other foot of the loop (Hiei, 1994a,b). Let
us see what happens at the beam head. See also Sect. 14.9.

Jip

t t+�z/v

z0 z0+�z z
L

Fig. 16.1. The incident proton current density Jip as a function of the time t at
the beam head. We have shown a linear drop in Jip with z, as an approximation
for an exponential decrease

Choose the z-axis parallel to the beam, pointing in the direction of the
proton velocity, which is either parallel or antiparallel to the local magnetic
field. See Fig. 16.1. The impact zone at the beam head starts at z = z0 and
extends over a length L. For z < z0, the beam is well established. Inside the
impact zone, the current density Jip is a function of both z and t. Set

Jip = Jip0 exp
(
−z − z0

L

)
. (16.42)

One might call the length L the attenuation distance. The beam head pro-
gresses at the speed dz0/dt, which is much lower than the incident proton
speed v.

Inside the impact zone, the incident protons clear the channel by collid-
ing with ambient protons, electrons, heavy ions, and hydrogen atoms. The
net positive charge in the beam, as in Eq. 16.7, supplies a forward-pointing
macroscopic electric field. The incident protons in the impact zone lose most
of their forward velocity, and the protons that follow extend the channel.

The net current density Jnet and the vector potential A in the impact
zone both point forward. At a given point, A increases with time, and ∂A/∂t
points forward, in the direction of Jnet. So the corresponding electric field
−∂A/∂t points backward. This backward electric field accelerates electrons



264 16 Solar Coronal Loops II

forward, slows down the incident protons, and accelerates both ambient and
rebounding protons backward. Since A is maximum on the axis of symmetry,
the retrograde current is maximum on the axis, which reduces Bφ near the
axis, in the beam head.

16.5 Guiding the Proton Beam

16.5.1 Near-axial Ambient Magnetic Field

We consider first a single proton that is shot roughly along the z-axis into
a uniform, axial magnetic field. The proton describes a helix. In Cartesian
coordinates,

v0 = v0xx̂ + v0yŷ + v0zẑ , B = Bzẑ , (16.43)

with
v0x � v0z , v0y � v0z . (16.44)

Assume that v0z and Bz are both positive.
The proton is situated at (x, y, z). It describes a helix of radius R whose

axis is parallel to the z-axis and situated at x = x0, y = 0.
We now add a small x-component to the ambient magnetic field:

B = Bzẑ + Bxx̂ , with Bx � Bz . (16.45)

We can show that the axis of the helix lies on the local magnetic field line
as follows. The magnetic force on a proton is

F = e(vxx̂ + vyŷ + vzẑ) × (Bzẑ + Bxx̂) (16.46)
= e [vyBzx̂ − (vxBz − vzBx)ŷ − vyBxẑ] (16.47)
≈ e [vyBzx̂ − (vxBz − vzBx)ŷ] . (16.48)

Then

Fx = m
dvx

dt
= evyBz , (16.49)

Fy = m
dvy

dt
= e(vzBx − vxBz) . (16.50)

Assume that Bz, Bx, and vz are constant. Then

vx = v0 sin
(

eBz

m
t + φ

)
+

vzBx

Bz
, (16.51)

vy = v0 cos
(

eBz

m
t + φ

)
, (16.52)

where φ is an arbitrary constant.
The average vx is proportional to Bx. It shifts the helix in the direction

of the local magnetic field line. If the helix overshoots, then Fx changes sign.
We now investigate the behavior of the beam in a non-uniform magnetic

field.
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16.5.2 Diverging or Converging Ambient Magnetic Field

Coronal loops originate and end in regions where electric currents flow, in
and below the photosphere. Now the magnetic field of a current distribution
disappears rapidly, away from the distribution. One good example is the
magnetic field at the end of a solenoid. Think of a solenoid of radius R and
length L. Inside, the magnetic flux density is B0 and, outside, on the axis, at
a distance D 	 L,

BD

B0
=

R2L

2D3
. (16.53)

Say L = R and D = 10R, then BD/B0 = 5 × 10−4: the magnetic field lines
diverge rapidly. See also Fig. 15.2.

The fact that loops neither expand nor contract close to the photosphere is
therefore surprising. A closer examination shows, however, that axial ambient
magnetic field variations involve no change in the beam radius along a loop,
even if the field varies by orders of magnitude. See Fig. 16.2. The explanation
is as follows.

The helix radius R for our reference loop is 1 centimeter for Ba = 1 mil-
litesla, and 10 meters for Ba = 1 microtesla. Then the helix radius is 5 orders
of magnitude smaller that the beam radius b. So the beam protons generate
electric and magnetic fields as in Sect. 16.2.1. The increase of the helix radius
with decreasing Ba does not affect the beam radius: the protons still travel
inside a cylinder 1 megameter in radius. A proton trajectory, projected in a
plane perpendicular to the beam axis, is not a circle. Presumably, a change
in the helix radius R only affects the frequency of proton-proton and proton-
hydrogen collisions, and those collisions only affect the transverse momenta
of the particles, without affecting their axial speed.

Let us look at the problem in another way. Let the ambient magnetic field
have a ρ-component. Is the beam radius affected? Set

Ba = Ba,ρρ̂ + Ba,zẑ with Ba,ρ � Ba,z , (16.54)

and assume axisymmetry. Then the equation of motion is (with Bφ = 0)

F ρ = e(Eρ + vφBz)ρ̂ , (16.55)

F φ = e(vzBρ − vρBz)φ̂ , (16.56)
F z = e(−vφBρ)ẑ , (16.57)

with Bρ = Ba,ρ and Bz = Ba,z.
Disregard the z-component of the magnetic force, which either accelerates

or decelerates the protons, somewhat. Disregard also the φ-component of the
force, which either increases or decreases the azimuthal velocity vφ. Then we
need only consider F ρ.

Both Bz and vz can be either positive or negative. Recall that the product
vφBz is always negative, for protons to remain in the beam, as we saw above.
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The electric force eEρ on a proton points outward. So the net outward
force on a proton is

Fρ = e(vφBz) + eEρ

= e(vφBz) . (16.58)

Clearly, Bρ has no effect on the radial force Fρ.
In other words, Bρ does not give a radial force: whether Bρ is positive

or negative, the proton beam does not fan out on emerging from the photo-
sphere, and it does not pinch on plunging back into the photosphere.

Observe that, when a proton enters a region where the magnetic field
diverges,

ω =
Bze

m
decreases and R =

mvφ

eBz
increases.

16.6 What Determines the Beam Diameter?

Hα images show the sheaths, that have diameters of one or two megameters.
But, at X-ray wavelengths, one sees the loop itself, and the diameters are
only about 0.6 megameter.

Remarkably, none of our calculations yield the beam diameter, but the
above phenomenon is possibly important here. Some readers might wish to
investigate what happens if the beam radius b increases or decreases by db.
See Item 5 in Sect. 16.2.1. We wish to know what is the feedback mechanism
that keeps the beam diameter of the order of one megameter, despite the fact
that the ambient B varies by many orders of magnitude. The following might
be of some help.

At first sight, a plot of the total energy of the beam per meter as a
function of ρ should have a minimum at the observed diameter. That proves
to be wrong. Call the beam radius b, the net electric charge density Q̃, and
the beam current density J , with both Q̃ and J independent of ρ. Then the
electric energy per meter inside the beam is

Ee =
∫ b

0

2πρ dρ
ε0E

2

2
, (16.59)

with
E =

1
2πε0ρ

∫ ρ

0

2πρ′ dρ′ Q̃ =
ρ

2ε0
Q̃ , (16.60)

so that
Ee =

π

16ε0
Q̃2b4 . (16.61)

There is no minimum.
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Similarly, the magnetic energy per meter inside the beam is

Em =
πµ0

16
J2b4 . (16.62)

There is again no minimum. We have disregarded the energy density of the
ambient B, which is independent of the beam radius b.

Outside the beam, the electric and magnetic energies are both propor-
tional to ln(∞/b), assuming that the fields extend to infinity. Again, there is
no minimum.

What about the kinetic energy? Whether one assumes rectilinear or helical
motion, the kinetic energy is independent of B because the magnetic force is
orthogonal to v.

What prevents the beam from becoming infinitely thin? The high tem-
perature? No, the beam temperature is probably lower than ambient. Also,
the inward v × B force is countered by the outward centrifugal force.

So what determines the beam diameter? At this stage, one can only sur-
mise that the value of b is fixed below the photosphere, in particle accelerators
similar to the one that presumably generates spicules (Chapter 14).

16.7 The Forces Outside the Beam

We now address the fact that coronal loops maintain their identity, despite
being submerged in a plasma. We calculate the forces exerted on ambient
protons and electrons situated outside the beam.

At the radius ρ outside, with a beam of protons of speed v, radius b, and
a uniform net volume charge density Q̃ = ne(v2/c2),

E =
πb2ne(v2/c2)

2πε0ρ
ρ̂ , (16.63)

B = µ0
I

2πρ
φ̂ = µ0

πb2nev

2πρ
φ̂ =

πb2nev

(ε0c2)2πρ
φ̂ . (16.64)

So E/B = v. For our reference beam of Sect. 15.8,

µ0I

2πb
≈ 3 × 10−3 tesla = 30 gauss . (16.65)

We have disregarded the electric and magnetic fields of the sheath. Since
Q̃ is positive (Eq. 16.7), the electric force on a proton points outward. So
ambient protons are repelled. The magnetic force, which depends on the
proton’s velocity vector, is oriented at random and can be disregarded.

The electric force on an electron is attractive because the net charge den-
sity Q̃ in the beam is positive, and the magnetic force e(ve×B) is orthogonal
to the trajectory. Say the electron has a velocity ve that points in the direction
of the beam, at a distance ρ, at a given moment. At that point, the electron
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curves either up or down, and the radius of curvature of its trajectory is
R = mve/(Be).

Say B ≈ 0.3 millitesla, or about one tenth of the B of Sect. 15.8, ten radii
outside the beam, and set ve ≈ 106 meters/second. Then, at that point, the
radius of curvature of the electron’s trajectory is of the order of a centimeter.
So the magnetic field acts as a shield that prevents ambient electrons from
reaching the beam, much as the Earth’s magnetic field shields it from most
cosmic rays. So the beam carries a net positive charge, despite the fact that
it lies in a sea of electrons.

We have disregarded the electric and magnetic fields of the sheath, but the
above radius of curvature is so small compared to the beam radius that, even
if B were smaller by orders of magnitude, electrons would still be prevented
from reaching the beam.

16.8 No Interaction Within a Given Family?

One of the many striking characteristics of coronal loops is that loops of
given family do not interact at all. Similarly, spicules, fibrils, and filaments
in prominences do not interact. It has long been known that laboratory-sized
ion beams sometimes exhibit a similar behavior when a beam splits into
two or more seemingly independent filaments (Weibel, 1959; Lee and Lampe,
1973; Miller, 1982). This is surprising because one expects an interaction
between the electric and magnetic fields. So there must be both channeling
and separation, which seems contradictory.

Bray et al. (1991), in their remarkable Fig. 2.5, which we reproduce here in
Fig. 16.2, show two exceptionally thin loops, 130 kilometers wide, that either
emerged from a sunspot, or that plunged into it, and that lasted only a few
minutes. The loops show no sign of interaction, except for repulsion in the
rapidly diverging magnetic field. Bray and Loughhead (1985) have discussed
these loops in detail. But see Sect. 16.5.2.

Why is it that neighboring loops, or spicules, or ion filaments, do not
coalesce? Consider a straight ion beam. Splitting it into two decreases the
electrostatic energy, because ions of a given type repel, and increases the
magnetic energy because parallel currents attract. Note that, if a beam splits,
the charge and the current distributions inside each beam shift somewhat.
Say the two beams are separated by a distance D. You increase the spacing
by dD. A little thought will show that the new electrostatic force of repul-
sion is somewhat larger than if the charge distribution within each beam had
not shifted. On the contrary, the new magnetic force of repulsion is some-
what less than if the current distributions had not shifted. So the repulsive
force decreases somewhat more slowly than as 1/D, while the attractive force
decreases somewhat faster than as 1/D. In other words, as the loops move
away from each other, the repulsive force becomes slightly larger than the
attractive force.
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Fig. 16.2. Pair of loops, each 130 kilometers wide, observed by Bray et al. just
above a sunspot (Fig. 2.5 of Bray et al., 1991, reproduced with permission)

Here is another way of looking at the problem of the lack of interaction
between loops of a given family. Consider the straight portions of two neigh-
boring loops, A and B. At a distance R outside loop A, E and B are given
by Eqs. 16.63 and 16.64. We again disregard the fields of the sheaths. A pro-
ton moves at a speed v in loop B situated at the distance R. The proton
velocities in the two loops point in the same direction. The electric force on a
proton of loop B is repulsive, and the magnetic force is attractive, and they
cancel. So, neglecting the fields of the sheaths, there is zero force between
two parallel loops, with equal velocities pointing in the same direction.

What if one takes into account the fields of the sheaths? Since neighboring
loops do not interact, one is led to believe that the sheaths carry a negligible
charge, and a negligible current. The negligible current is easy to understand:
the sheaths fall at relatively low speeds, under the action of gravity. It seems
that the electric charge is also negligible.

Mok et al. (2001) simulated the magnetic interaction between two loops,
without realizing that they would merge. They took no account of the above.
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16.9 Two Families of Loops Repel?

Occasionally, one sees two families of loops that collide and repel, as in
Fig. 15.3.

Let us turn again to the case of the straight portions of two neighboring
loops A and B. If the currents in loops A and B flow in opposite directions,
then the electric and magnetic forces are both repulsive, and loops A and B
repel. So, if there is repulsion, the proton beams in the two families must flow
in opposite directions. Say the proton beams in the left-hand family all point
in the general direction away from the observer. Then the proton beams in
the right-hand family all flow toward the observer.

16.10 Summary

Our model attempts to explain the main characteristics of solar coronal
loops. They appear to be proton beams accompanied by electrons, heavy
ions, and neutrals. Given their huge width of about one megameter, there
is self-channeling: several phenomena increase the mean-free-path and ren-
der the beam more and more homogeneous. This maintains both the identity
and the width of the beams over hundreds of megameters. The model also ex-
plains why loops follow magnetic field lines, despite the fact that the ambient
pressure, magnetic field, and density all vary by many orders of magnitude
over the distances traveled. It explains why the proton beams do not fan out
on emerging from the photosphere, or pinch on returning to the photosphere.
So the ambient magnetic field guides the beam, but only to a certain extent.
Our model also proposes explanations for the fact that loops of a given family
do not interact, while loops of two different families repel.
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It is common practice in subjects pertaining to Magneto-
Fluid-Dynamics, for instance in Geophysics and in Astro-
physics, to evaluate the order of magnitude of a quantity by
referring to “characteristic” lengths and times.

A characteristic length L is defined as a distance over
which the field studied “changes by an appreciable frac-
tion.”2

A characteristic time T is defined similarly.

1 This appendix is a slightly longer version of F. Lorrain (2004). Both are abridged
versions of F. Lorrain (2003). Author’s address: Département de mathématiques
et d’informatique, Collège Jean-de-Brébeuf, 3200 chemin de la Côte-Sainte-
Catherine, Montréal (QC), Canada H3T 1C1. E-mail: florrain@brebeuf.qc.ca –
The author wishes to thank Paul Lorrain, who first motivated him to do research
on this subject and write about it, and who wrote the first paragraphs of the
introduction to this appendix. Thanks are also owed to Louis-Philippe Giroux
and André Joyal, who helped with some of the finer points of the mathematics
behind it.

2 Spitzer (1956), p. 40. Another definition: “a length characteristic of the scale of
variation of the field quantities” (Ferraro and Plumpton, 1966, p. 15).
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Characteristic lengths and times are used to estimate the
order of magnitude of various derivatives that occur in phys-
ical equations. For example, one writes that the divergence
or curl of a quantity, say B, is of the order of B/L. Or that
dB/dt is of the order of B/T . If one is concerned with the
magnetic field of the Earth, one might set L equal to the
Earth’s radius and T equal to a certain large number of
years.

Clearly, this is just common sense, but is it? See below.

A.1 Introduction

Characteristic lengths and times can obviously be used in many fields of
Physics.3 They are useful, and apparently reasonable. However, since the
dependent variables, usually the fields, are relatively arbitrary functions of
the independent variables, usually the space coordinates and the time, the
procedure is not clearly reliable. Indeed, applied blindly, it can lead to absurd
results. For instance, if B is the magnetic flux density, then, from one of
Maxwell’s equations, ∇ · B = 0. Then, with the above reasoning, B/L ∼
0, which is nonsense, because B can have any arbitrary value allowed by
Maxwell’s equations.

Strangely enough, there is almost no reference in the literature to a math-
ematical justification of the above procedure. Among 120 books and journal
volumes on Fluid Mechanics, Magnetofluid Dynamics, or Plasma Physics,
published from 1932 to 2002, the author found only one that contains brief
hints that Fourier analysis might provide such a justification.4

As we shall see, Fourier analysis can indeed be used to justify the proce-
dure, but with important caveats. We shall find that, under certain condi-
tions, the order of magnitude of quantities such as df/dt, dA/dt, ∇f , ∇ ·A,
or ∇×A can indeed be evaluated with respect to the orders of magnitude of
the functions f or A, through equalities or inequalities such as the following:

norm(df/dt) = norm(f)/T , (A.1)
norm(∇f) = norm(f)/L , (A.2)

norm(∇ · A) ≤ norm(A)/L , (A.3)
norm(∇ × A) ≤ norm(A)/L , (A.4)

3 See for example Backus et al. (1996), pp. 29–35, 248–249; Davidson (2001),
pp. 30, 51–52, 82–83, 96; Ferraro and Plumpton (1966), pp. 15–18, 29, 31, 33,
143; Landau and Lifshitz (1987), pp. 56–58, 61, 69, 86, 131–132, 142; Parker
(1979), pp. 31–33, 35, 42–43.

4 Backus et al. (1996), pp. 30, 33, 249. This book contains an interesting discussion
entitled “On judicious neglect of terms in equations” (ibid., pp. 29–35).
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where T and L are appropriate constants, which vary from case to case. The
norm of a function is defined in Sect. A.2: it is equal to, or related to, its
root-mean-square value.

There are two important points to note.
(a) Characteristic lengths and times sometimes lead to inequalities, in-

stead of equalities.5 In particular, A.3 is true even if ∇ ·A = 0, which avoids
the absurd situation noted above. Similarly, A.4 is true even if ∇ × A = 0.
We shall see in Sects. A.3 and A.6.3 that the inequalities in A.3 and A.4 arise
from the elementary vector inequalities |k ·w| ≤ |k||w| and |k×w| ≤ |k||w|.

(b) The above equalities and inequalities do not apply to the values of
df/dt and f at a given time, nor to the values of ∇ · A and A at a given
point: Eq. A.1 applies to the norm of df/dt and the norm of f , and so on.

Evaluating the order of magnitude of derivatives with the help of char-
acteristic lengths and times is not as simple a matter as might be thought.
Some authors are aware of some of the difficulties involved, particularly those
authors who study boundary layers in fluid flows.6 Here we attempt to clarify
a few basic aspects of the subject. Certainly, other fields of Physics, besides
Fluid Mechanics and Magneto-Fluid-Mechanics, would gain from using this
method of evaluation, with due precaution.

Section A.2 defines and discusses two different measures of the order of
magnitude of a function: its amplitude and its norm.

In Sect. A.3 we consider the case of simple sinusoidal functions.
Section A.4 presents a few basic equations of Fourier analysis, which we

use later on. Our main results are derived in Sects. A.5 to A.7; though these
results are on the whole quite simple in themselves, the reader must be warned
that they can be proved only with some effort. This effort is worthwhile,
however, for, through it, one gains a keen sense of the limits of the method
of characteristic lengths and times.

Section A.8, finally, presents a simplified version of our results, with ex-
amples.

A.2 Amplitude and Norm of a Function

The simplest measure of the order of magnitude of a function is its amplitude,
defined as follows.

Definition 1. The amplitude of a scalar function g(u) is the maximum,
or lowest upper bound, of its absolute value if it is a real function, or of its
modulus if it is a complex function: amplitude(g) ≡ sup |g(u)|.

Similarly, the amplitude of a vector function G(u) is the maximum, or
lowest upper bound, of its magnitude or modulus: amplitude(G) ≡ sup |G(u)|,
where of course
5 Backus et al. (1996, pp. 33, 249) also use inequalities.
6 Choudhuri (1998), pp. 280–281; Tritton (1988), pp. 96–97, 101, 123–126.
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|G(u)| ≡
√
|Gx(u)|2 + |Gy(u)|2 + |Gz(u)|2 . (A.5)

The components of G(u) may be either real or complex.
Similar definitions apply to functions of several variables such as x, y,

and z.

The concept of amplitude must be used with care. The amplitude of F
is not necessarily a typical value of F . One must therefore be cautious when
comparing the amplitudes of two functions.

Definition 2. The norm of a periodic function F (u) of period T is

norm(F ) ≡

√
1
T

∫ T

0

|F (u)|2 du (F periodic). (A.6)

The norm of a nonperiodic function is

norm(F ) ≡
√∫ ∞

−∞
|F (u)|2 du (F nonperiodic). (A.7)

Here F may be real or complex.
The norm of a vector-valued function is defined similarly. So is the norm

of a function of several variables.

Note that, in the periodic case, the norm is the root-mean-square value
of F . It can be shown in this case7 that the norm of F is never smaller than
the average value of |F |.

But in the nonperiodic case the norm is not a kind of average value of F ,
since one cannot divide by an infinite T .

In both cases, however, the norm of F measures to what extent the func-
tion F differs from the function with constant value 0. In fact norm(F ) can
be seen as a measure of the distance between F and the zero function; in
particular, the norm, just like the absolute value or the modulus, satisfies the
triangle inequality :8

norm(F + G) ≤ norm(F ) + norm(G) . (A.8)

If F is a periodic function of finite amplitude, then its norm A.6 is finite.
On the other hand, if F is a nonperiodic function of finite amplitude, its norm
A.7 could be infinite. However, if the phenomenon studied is well localized,
in such a way that the integral of |F (u)|2 is practically zero outside a finite
region, then, with a finite amplitude, the norm A.7 will also be finite. If we
compute the norms of several functions that are all negligible in this same
fashion outside the same finite interval of length T , then their norms A.7 are
7 See F. Lorrain (2003), Sect. 2.1.
8 Courant and John (1989), Vol. I, pp. 14, 612–613.
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equal to
√

T times their root-mean-square values A.6 over that interval. In
such a case, the norms A.7 of the functions are proportional to their root-
mean-square values.

In fact, any function F with a finite norm of type A.7 can be treated
in this fashion: there necessarily exists a finite region, outside of which the
integral of F 2 is negligible!

The concepts of amplitude and norm each have advantages and disadvan-
tages. We have already seen that amplitudes must be used with circumspec-
tion. For a nonsinusoidal function F , the norm may be more representative of
the values of F than the amplitude, since the norm is calculated by integrat-
ing the square of F . Nevertheless, one must be just as careful when comparing
the norms of two functions as when comparing their amplitudes. In addition,
we shall see in Sect. A.7 that one must be careful when considering the norm
of the product of two functions.

Of course, in many physical situations, the norm A.6 of F is a fairly good
measure of the order of magnitude of F in general.

A.3 L and T of a Sinusoidal Function

Consider a simple sinusoidal function of the time t, of period T : f(t) =
f0 cos ωt (where f0 > 0, ω > 0). Here amplitude(f) = f0 and amplitude(f ′) =
ωf0. With the norm A.6 we have norm(f) = f0/

√
2 and norm(f ′) = ωf0/

√
2

(where f ′ = df/dt). Then, with T = 1/ω,

amplitude(f ′) = amplitude(f)/T , (A.9)
norm(f ′) = norm(f)/T . (A.10)

The characteristic time of f is T = 1/ω = T/2π. Note that T is not the
period of f , but its period divided by 2π.

Similar results apply to a sinusoidal vector function A(t) = A0 cos ωt.
Let us now study the case of a sinusoidal scalar function of r = (x, y, z),

of wavelength λ = 2π/k: f(r) = f0 cos(k · r) (where f0 > 0, |k| = k). Then,
again with the norm A.6, and with L = 1/k, we have

amplitude(∇f) = amplitude(f)/L , (A.11)
norm(∇f) = norm(f)/L . (A.12)

The characteristic length of f is L = 1/k = λ/2π. Note that L is not the
wavelength of f , but its radian length.

The most interesting case is that of a sinusoidal vector function of r,
again of wavelength λ = 2π/k: A(r) = A0 cos(k · r) (where |k| = k). Let
amplitude(A) = A0. Then ∇ · A = −k · A0 sin(k · r) and ∇ × A = −k ×
A0 sin(k · r), so that
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amplitude(∇ · A) = |k · A0| ≤ kA0 , (A.13)
amplitude(∇ × A) = |k × A0| ≤ kA0 . (A.14)

There are similar equations for the norm. Finally, again with L = 1/k,

amplitude(∇ · A) ≤ amplitude(A)/L , (A.15)
norm(∇ · A) ≤ norm(A)/L , (A.16)

amplitude(∇ × A) ≤ amplitude(A)/L , (A.17)
norm(∇ × A) ≤ norm(A)/L . (A.18)

Note again that the characteristic length of A is its wavelength divided by
2π. But note especially the inequalities that inevitably appear in A.15–A.18,
due to the fundamental vector inequalities |k · A0| ≤ |k||A0| and |k × A0| ≤
|k||A0|.

However, a remarkable equality can be formed with the divergence and
curl together: Eqs. A.13–A.14 imply that

amplitude2(∇ · A) + amplitude2(∇ × A)
= k2amplitude2(A) = amplitude2(A)/L2 . (A.19)

There is a similar equality for the norm, which we shall encounter again later
on (Eq. A.52).

The function A(r) can be seen as a waveform. When the field A is
transversal (A0 ⊥ k), then, on the one hand, ∇ · A = 0 and norm(∇ · A) =
0 < norm(A)/L; but, on the other hand, ∇ × A 
= 0 and norm(∇ × A) =
norm(A)/L.

However, when the field A is longitudinal (A0 ‖ k), the situation is re-
versed: on the one hand, ∇ ·A 
= 0 and norm(∇ ·A) = norm(A)/L; but, on
the other hand, ∇ × A = 0 and norm(∇ × A) = 0 < norm(A)/L.

It is interesting to see what happens when k and A0 are neither parallel
nor perpendicular. Unless the angle between them is close to 0, π/2, or π,
the absolute values of their scalar and vector products will be of the same
order of magnitude as kA0; in other words, |k ·A0| ∼ |k×A0| ∼ kA0 (where
the sign ∼ means “is of the same order of magnitude as”).9 Then, though
A.15–A.19 of course remain true, we also have

norm(∇ · A) ∼ norm(∇ × A) ∼ norm(A)/L , (A.20)

and similar equations for the amplitudes.
Simple sinusoidal functions obey equations and inequalities such as A.9–

A.12, A.15–A.19, and sometimes A.20. All these equations are valid as much
for the norm as for the amplitude. With the help of Fourier analysis, we
9 Boyd and Sanderson (1969), p. 48, footnote: they warn that, in their approxima-

tions, “the vector character of the equations is ignored; this may be a dangerous
simplification and should be checked in particular instances.”
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shall be able to generalize these results to a wide class of functions – but
only with the norm, not with the amplitude. Unfortunately, however, these
results cannot be generalized to arbitrary functions.

A.4 Fourier Expansions

Let t be any real variable (such as time) and f(t) a real-valued function.
Under quite general conditions, f(t) can be expressed as the sum of sinusoidal
functions of the form c ejωt. The sum in question can be a series such as

f(t) =
∞∑

n=−∞
cn ejnωt (where c−n = c∗n) (A.21)

if f is periodic of period T = 2π/ω, or if f is defined only on the interval
from t0 to t0 + T . The sum can also be an integral such as

f(t) =
1√
2π

∫ ∞

−∞
c(ω) ejωt dω [where c(−ω) = c(ω)∗]. (A.22)

Detailed sufficient conditions for the existence of such Fourier expansions
of f(t) can be found in standard textbooks.10 Note that, although the terms of
the series A.21 are complex, the sum is real and equal to f(t). The same holds
for the integral A.22. We use this complex notation because the derivative of
f(t) then takes a simple form, very close to that of f(t).

The sum A.21 is a Fourier series. The integral A.22 is a Fourier inte-
gral. The complex functions cn ejnωt and c(ω) ejωt that appear in A.21 and
A.22 are the Fourier components of f .

We shall need a few basic results from the theory of Fourier series and
integrals.

Suppose that a real-valued periodic function f(t) can be expanded as a
Fourier series (Eq. A.21).11 Then it also usually satisfies Parseval’s equality

norm2(f) ≡ 1
T

∫ T

0

|f(t)|2 dt =
∞∑

n=−∞
|cn|2 (A.23)

and f(t) can usually be differentiated simply as follows:

f ′(t) =
∞∑

n=−∞
jnωcn ejnωt . (A.24)

10 See the following footnotes.
11 Sufficient conditions for A.21, A.23, and A.24 (Courant and John, 1989, Vol. I,

pp. 35, 587–588, 594–595, 604, 614, 607–608): f is periodic, the three functions f ,
f ′, and f ′′ are everywhere defined and continuous, f ′′′ is “sectionally continuous”.
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Parseval’s equality is essential to our purposes, because it provides a sim-
ple relationship between the norm of a function and the norms of its Fourier
components.

Suppose now that a nonperiodic real-valued function f(t) can be expanded
as a Fourier integral (Eq. A.22). Among the set of sufficient conditions given
by Courant and John for such an expansion,12 note especially the following
one: that

∫ ∞
−∞ |f(t)| dt < ∞. This means that the physical phenomenon we

are studying is a relatively localized one.
If this f(t) has a Fourier expansion, it then usually satisfies equations

similar to A.23–A.24:13

norm2(f) ≡
∫ ∞

−∞
|f(t)|2 dt =

∫ ∞

−∞
|c(ω)|2 dω (Parseval’s equality), (A.25)

f ′(t) =
1√
2π

∫ ∞

−∞
jωc(ω) ejωt dω . (A.26)

If norm(f) is to be of any use to us, it must be finite. Once again we see
that the phenomenon studied must be relatively localized.

There are similar equations for real-vector-valued functions A(t).
For a real-valued scalar function f(r), where r = (x, y, z), we have14

f(r) =
1√
8π3

∫∫∫
R3

c(k) ejk·r dkx dky dkz , (A.27)

where k = (kx, ky, kz), c(−k) = c(k)∗, and R3 is the totality of three-
dimensional space. Also

norm2(f) ≡
∫∫∫

R3
|f(r)|2 dx dy dz (A.28)

=
∫∫∫

R3
|c(k)|2 dkx dky dkz , (A.29)

∇f(r) =
1√
8π3

∫∫∫
R3

c(k)
(
∇ejk·r)

dkx dky dkz (A.30)

=
1√
8π3

∫∫∫
R3

jk c(k) ejk·rdkx dky dkz . (A.31)

For a real-vector-valued function A(r) we have
12 Courant and John (1989), Vol. II, pp. 476–477.
13 Sufficient conditions for A.22, A.25, and A.26 (Courant and John, 1989, Vol. II,

pp. 476–477, 486–489): the three functions f , f ′, and f ′′ are everywhere defined
and continuous,

∫ ∞
−∞ |f(t)| dt < ∞,

∫ ∞
−∞ |f ′(t)| dt < ∞, and

∫ ∞
−∞ |f ′′(t)| dt < ∞.

14 Sufficient conditions for A.27–A.29 (Courant and John, 1989, Vol. II, pp. 491–
492, 496): f and all its derivatives of order four or less are everywhere defined,
and the integrals of their absolute values over all space are finite. Courant and
John do not state conditions under which A.30 is true, as they do for the similar
equations given above. We may presume that such conditions are fairly general.
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A(r) =
1√
8π3

∫∫∫
R3

c(k) ejk·r dkx dky dkz (A.32)

[where c(−k) = c(k)∗], and an equation similar to A.28–A.29 for norm(A).
For the divergence and curl we have equations similar to A.31:

∇ · A(r) =
1√
8π3

∫∫∫
R3

jk · c(k) ejk·r dkx dky dkz , (A.33)

∇ × A(r) =
1√
8π3

∫∫∫
R3

jk × c(k) ejk·r dkx dky dkz . (A.34)

A.5 Characteristic Time T of a Function

As before, let t be the time. If f(t) is periodic of period T = 2π/ω (or
defined only on the interval from 0 to T ), it can usually be expressed as a
Fourier series A.21. The norm A.6 of f is then usually given by Parseval’s
equality A.23 and f can usually be differentiated simply as in A.24. Parseval’s
equality for f ′ then gives

norm2(f ′) ≡ 1
T

∫ T

0

|f ′(t)|2 dt =
∞∑

n=−∞
|nωcn|2 =

∞∑
n=−∞

(nω)2|cn|2 . (A.35)

Let the root-mean-square circular frequency of f be the circular
frequency ωrms(f) calculated as follows:

ωrms(f) =

√∑∞
n=−∞(nω)2|cn|2∑∞

n=−∞ |cn|2
=

norm(f ′)
norm(f)

. (A.36)

Let the characteristic time of f be

T (f) = 1/ωrms(f) . (A.37)

Then, tautologically,

norm(f ′) = norm(f)/T (f) . (A.38)

This equation may be a mathematical tautology, but it is a meaningful one,
since ωrms(f) is the rms circular frequency of the Fourier spectrum of f .

No simple and meaningful equation of this kind can be derived with am-
plitudes. We must use norms!

If f(t) is nonperiodic and can be expressed as a Fourier integral (Eq. A.22),
we define

ωrms(f) =

√√√√
∫ ∞
−∞ ω2|c(ω)|2 dω∫ ∞
−∞ |c(ω)|2 dω

=
norm(f ′)
norm(f)

. (A.39)

With T (f) = 1/ωrms(f), we again obtain Eq. A.38.
We have the following result.
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Result 1 (functions of t). If the real-valued function f(t) and the real-
vector-valued function A(t) can be expressed as Fourier series or integrals,
if f and A can be differentiated simply as in A.24 or A.26, and if f , f ′,
A, and A′ all satisfy Parseval’s equality, then norm(df/dt) = norm(f)/T (f)
and norm(dA/dt) = norm(A)/T (A), where T (f) and T (A) are the charac-
teristic times of f and A (Eqs. A.36, A.39, A.37).

Result 1 summarizes the method of characteristic times. Note the first
assumption in this Result: that the function of t considered can be expressed
as a Fourier series or integral. This condition is often satisfied and, if it is,
then the other conditions mentioned are usually also satisfied.

Example 1. Consider the simple time-pulse

f(t) = e−t2/a2
, where a > 0. (A.40)

The inflection points of the curve of f occur at t = ±a/
√

2. At these points,
the value of f is approximately 61% of its peak value. Define the “width”
of the pulse as the distance between the two inflection points, namely a

√
2.

Using an integral table, we find that

norm2(f) = a

√
π

2
, norm2(f ′) =

1
a

√
π

2
, (A.41)

T 2(f) =
norm2(f)
norm2(f ′)

= a2 , (A.42)

T (f) = a . (A.43)

The characteristic time T of the pulse is its width divided by
√

2.

Exercise 1. 15 Calculate the characteristic time of the pulse g(t) = 1/(1 +
t2/a2). Here, define the width of the pulse as the distance between the two
values of t for which g(t) = 1

2 max g.

Remember the following important point: Result 1 does not apply to all
values of df/dt or dA/dt, but only to the norms of these derivatives.

Section A.6 explains the method of characteristic lengths; the functions
there are scalar or vector-valued functions of the variables x, y, and z. The
method is based on similar assumptions.

A.6 Characteristic Length L of a Function

As before, let r = (x, y, z).

15 Solutions to the exercises are given at the end of F. Lorrain (2003).
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A.6.1 The Norm of ∇f(r)

Assume that f(r) can be expanded as in A.27 and differentiated simply as
in A.30–A.31. Let the root-mean-square wave number of f be the wave
number krms(f) calculated as follows (with Parseval’s equalities):

krms(f) =

√∫∫∫
R3 k2 |c(k)|2 dkx dky dkz∫∫∫
R3 |c(k)|2 dkx dky dkz

(A.44)

=
norm(∇f)
norm(f)

, (A.45)

where k = |k|. Let the characteristic length of f be

L(f) = 1/krms(f) . (A.46)

This L(f) is a radian length, that is, a wavelength divided by 2π. Then
norm(∇f) = norm(f)/L(f). The meaning of this equation comes from the
fact that krms(f) is the rms wave number of the Fourier spectrum of f . We
have the following result.

Result 2 (gradient). Assume that f(r) can be expanded as a Fourier inte-
gral, that it can be differentiated simply as in A.30, and that f and ∇f both
satisfy Parseval’s equality. Then norm(∇f) = norm(f)/L(f), where L(f) is
the characteristic length of f (Eqs. A.44 and A.46).

A.6.2 Vectors with Complex Components

We shall soon calculate the norms of the divergence and curl of A given in
Eqs. A.33–A.34. To do this, we need the moduli of k · c and of k × c.

Using the definition A.5 of the modulus of a complex vector, we obtain
the following proposition.

Proposition 1. If w = a + jb, where a and b are real vectors, then |w|2 =
|a|2 + |b|2. And, if k is a real vector of magnitude k, then

|k · w|2 + |k × w|2 = k2|w|2 , (A.47)

so that |k · w|2 ≤ k2|w|2 and |k × w|2 ≤ k2|w|2.

A.6.3 The Norms of ∇ · A and of ∇ × A

With the values given in A.32–A.34 for A, ∇ · A, and ∇ × A, Parseval’s
equalities give

norm2(∇ · A) =
∫∫∫

R3
|k · [jc(k)]|2 dkx dky dkz , (A.48)

norm2(∇ × A) =
∫∫∫

R3
|k × [jc(k)]|2 dkx dky dkz . (A.49)
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Adding these two equations and using Eq. A.47, we obtain

norm2(∇ · A) + norm2(∇ × A) =
∫∫∫

R3
k2|c(k)|2 dkx dky dkz . (A.50)

Now let krms(A) be the root-mean-square wave number of A, defined
in a manner similar to Eq. A.44. Let the characteristic length of A be, as
before,

L(A) = 1/krms(A) . (A.51)

This is again a wavelength divided by 2π. Equation A.50 can now be rewritten
as

norm2(∇ ·A) + norm2(∇×A) = k2
rms(A) norm2(A) =

norm2(A)
L2(A)

. (A.52)

This is a surprising equation. Note its similarity to Eq. A.47. Like A.38, it is
a sort of mathematical tautology, but a meaningful one, since krms(A) is the
rms wave number of the Fourier spectrum of A.

We then have the inequalities

norm(∇ · A) ≤ norm(A)/L(A) , (A.53)
norm(∇ × A) ≤ norm(A)/L(A) . (A.54)

Result 3 (divergence, curl). Let A(r) have the Fourier expansion A.32.
Assume that ∇ ·A and ∇×A can be calculated simply as in A.33, and that
A, ∇ · A and ∇ × A all satisfy Parseval’s equality. Then

norm2(∇ · A) + norm2(∇ × A) =
norm2(A)
L2(A)

, (A.55)

so that norm(∇·A) ≤ norm(A)/L(A) and norm(∇×A) ≤ norm(A)/L(A),
where L(A) is the characteristic length of A (Eq. A.51).

Note a most important fact: we have inequalities here, not only equalities!
These inequalities reflect the elementary vector inequalities of Proposition 1,
which are intrinsic to the dot and cross products.

Inequalities – instead of equalities – can sometimes be a handicap. For
example, if a ≤ b and a ≤ c, then no conclusion can be drawn as to the
relative sizes of b and c.

But inequalities are also an advantage here, because we want our results
A.53–A.54 to be applicable to nonzero fields A that have zero divergence or
zero curl.

These results can be considerably refined, however. We shall use the fol-
lowing definition.

Definition 3. Let a field A(r) have the Fourier expansion A.32. Call this
field transversal if its Fourier coefficients c(k) are such that k · c(k) = 0
for almost all k’s. Call this field longitudinal if its Fourier coefficients c(k)
are such that k × c(k) = 0 for almost all k’s.
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Result 3 notwithstanding, under certain conditions spelled out in the fol-
lowing Result, our inequalities can also be replaced by approximate equalities
as in A.20 or even strict equalities. This follows from A.48, A.49, and A.52.

Result 4 (transversality, longitudinality). Let A(r) have the Fourier
expansion A.32 and satisfy Parseval’s equality. Assume that ∇·A and ∇×A
can be calculated simply as in A.33 and that they satisfy Parseval’s equalities
A.48 and A.49.

(a) Then A is transversal if, and only if, ∇ · A = 0 almost everywhere.
In such a case norm(∇ × A) = norm(A)/L(A).

(b) If A is not transversal, but also not too longitudinal, then we have
both

norm(∇ × A) <
norm(A)
L(A)

and norm(∇ × A) ∼ norm(A)
L(A)

. (A.56)

(c) Similarly, A is longitudinal if, and only if, ∇ × A = 0 almost every-
where. In such a case norm(∇ · A) = norm(A)/L(A).

(d) If A is not longitudinal, but also not too transversal, then we have
both

norm(∇ · A) <
norm(A)
L(A)

and norm(∇ · A) ∼ norm(A)
L(A)

. (A.57)

Zero-divergence fields such as the magnetic flux density B are transversal;
this immediately implies that norm(∇ × B) = norm(B)/L(B).

Zero-curl fields, such as the electric field intensity E when B is static, are
longitudinal. For such an E, therefore, norm(∇ · E) = norm(E)/L(E).

Example 2. Consider the field E of a charge Q uniformly distributed inside
a ball of radius a. A straightforward computation gives

norm2(E) =
3Q2

10πε20a
, norm2(∇ · E) =

3Q2

4πε20a
3

, (A.58)

L2(E) =
norm2(E)

norm2(∇ · E)
=

2a2

5
, (A.59)

L(E) = a
√

2/5 ≈ 0.63 a . (A.60)

The characteristic length is a function of the radius a only and is proportional
to a.

Exercise 2. 16 Calculate the characteristic length of the zero-curl field E of
a charge Q uniformly distributed inside a spherical shell of external radius a
and internal radius b < a. Express your final result in the following form:
16 Solutions to the exercises are given at the end of F. Lorrain (2003).
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L2(E) =
1
3

{
a3 − b3

a
+

1
a3 − b3

[
a5 − b5

5
− b3(a2 − b2) + b5 a − b

a

]}
.

(A.61)
Verify first that, when b → 0, the L obtained is that of Eq. A.60. Then see
what happens to L when the shell becomes infinitely thin (b → a); in order
to calculate this limit, however, you must first divide the denominator a3−b3

in the above equation, as well as the numerators a5 − b5, a2 − b2, and a − b,
by the common factor a − b. If you wish to be surprised, calculate the limit
before reading any further!
(At the limit b → a, the characteristic length vanishes. Recall our first rough
description of L as a distance over which the field changes by an appreciable
fraction.)

Some fields have zero divergence and zero curl. The field E = −∇V with
∇2V = 0 is an example. The simplest case is that of a uniform E. But a
non-zero field cannot be at the same time transversal and longitudinal. The
existence of nonzero fields with zero divergence and curl shows the importance
of being careful with one’s assumptions. Such a field does not satisfy all the
conditions behind Eqs. A.48 and A.49: that it have a Fourier expansion, and
so on. Moreover, we also implicitly assume that the field has a finite norm,
which means that it is relatively localized. By contrast, non-zero fields with
zero divergence and curl over all space have infinite norms (an E field such
as the one just described has an infinite energy17).

A.6.4 The Norms of ∇2f , ∇2A, and ∇ × ∇ × A

We have ∇2f = ∇ · ∇f . Now ∇f is longitudinal, since its curl is zero
(Eq. A.49). Therefore, by Results 4(c) and 2 (under the usual conditions),

norm(∇ · ∇f) =
norm(∇f)
L(∇f)

=
norm(f)

L(∇f)L(f)
. (A.62)

Similarly, ∇ × A is transversal, since its divergence is zero (Eq. A.48).
Therefore, by Results 4(a) and 3 (under the usual conditions),

norm(∇ × ∇ × A) =
norm(∇ × A)
L(∇ × A)

≤ norm(A)
L(∇ × A)L(A)

. (A.63)

If A is transversal, then, by Result 4(a), the ≤ sign above can be replaced
by an equal sign.

The case of ∇2A is more delicate. We could look at the norms of its
components ∇2Ax, ∇2Ay, and ∇2Az, but these are relative to a particular

17 The potential of such an E is not constant and it is a harmonic function. Liou-
ville’s theorem states that all nonconstant harmonic functions are unbounded;
see Axler et al. (2001), p. 31. The potential differences across this field are infinite
and the field’s energy is infinite.
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set of axes. It might be best to use the following invariant definition of the
Laplacian of A:

∇2A ≡ ∇(∇ · A) − ∇ × ∇ × A . (A.64)

A bound for ∇2A can then be obtained from the triangle inequality A.8, and
Results 2 and 3.

Result 5 (Laplacian, curl of the curl). Under our usual conditions (see
Results 2 and 3),

norm(∇2f) =
norm(f)

L(f)L(∇f)
, (A.65)

norm(∇ × ∇ × A) ≤ norm(A)
L(A)L(∇ × A)

, (A.66)

norm(∇2A) ≤ norm(A)
L(A)

[
1

L(∇ · A)
+

1
L(∇ × A)

]
. (A.67)

In A.66 we have an equal sign when A is transversal, a < sign when A is
not transversal, and, if A is not transversal and at the same time not too
longitudinal, the < and ∼ signs are both valid.

Results 1 to 5 summarize the method of characteristic times and lengths
that was announced at the end of Sects. A.3 and A.5.

A.7 Products of Functions

One often encounters products of functions such as fg, fA, A ·B, or A×B.
In electromagnetism, for example, ρv and v × B appear in many equations.

Take the simple product f(t)g(t). Is there some sort of general inequality
that compares the norm of fg to the product norm(f) norm(g)? It turns
out that, in certain cases, norm(fg) is larger, or even much larger, than
norm(f) norm(g), and that, in other cases, the reverse is true! Much can
be said on this matter.18 For instance, it can be shown that, for periodic
functions f and g, the two quantities norm(fg) and norm(f) norm(g) are
never smaller than the average value of |fg|.19 But, further than that, it is
difficult to relate the norm of fg with the product norm(f) norm(g).

Let us be more specific and consider the classic example of a sinusoidal
voltage V and the corresponding current I in a simple RCL circuit. A short
calculation shows that the root-mean-square power dissipated (V I)rms (the
norm of V I) is sometimes larger, sometimes smaller than Vrms Irms [the prod-
uct norm(V ) norm(I)], but that, whatever the phase difference between V

18 The question is discussed in more detail, with examples, in F. Lorrain (2003),
Sect. 10.

19 F. Lorrain (2003), Sec. 10.3.
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and I, (V I)rms is always of the same order of magnitude as Vrms Irms. Why
is that?

A sinusoidal function has the following interesting property:

it is “most of the time” “of the same order” as its amplitude. (A.68)

Although the expressions “most of the time” and “of the same order” have
not been given precise meanings, let us nevertheless speculate. If f and g are
periodic and have property A.68, then it is likely that

norm(f) ∼ amplitude(f) , (A.69)
norm(g) ∼ amplitude(g) , (A.70)

norm(fg) ∼ norm(f) norm(g) . (A.71)

If these equations could be proven, they would be very useful. Before at-
tempting such a proof, however, property A.68 must first be expressed in
rigorous mathematical terms. This can be done, and it is then easy to show
that the first two equations, A.69–A.70, are true “in most cases”.20 Equation
A.71, however, is much more difficult to prove; I was able to show that it is
valid in most cases (as the two other equations), but under conditions that
are not quite as specific as I should wish.21 Unfortunately my demonstration
is long and tedious and so cannot be included here. The matter requires fur-
ther study. For the purposes of the present appendix, the reader’s intuitive
appreciation of property A.68 and of the likeliness of Eqs. A.69–A.71 will be
a sufficient foundation for the considerations that follow.

The above approximate equalities are for periodic functions, whose norm
A.6 is the rms value of the function. What about nonperiodic functions, whose
norm A.7 is not an rms value? Let F (t) and G(t) be two such functions. The
very fact that they have finite norms implies that the integrals of F 2 and G2

are both negligible outside a given interval I of finite length T . Then we can
use the norm A.6 over I, instead of the norm A.7, so that norm(F ) is the rms
value of F over I, and the same for G. If F and G have property A.68 over I,
then they very likely obey approximate equalities similar to A.69–A.71.

Finally we have the following tentative result.22

Result 6 (tentative). Let f(t), g(t), A(t), and B(t) be periodic functions of
period T , or let them be functions that are negligible outside a given interval
I of length T . Let us then use the norm A.6 over I for all these functions.
Assume that they have finite amplitudes and that they have property A.68
over I. Let their norms, and the norms of the products fg, fA, A · B,

20 F. Lorrain (2003), Sect. 10.4.2.
21 F. Lorrain (2003), Sect. 10.4.11.
22 I present this result as tentative, because, as mentioned earlier, the conditions

under which I have been able to prove it are too general. See F. Lorrain (2003),
Sect. 10.4.11.
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A×B, and |A||B|, be well defined. Then, in most cases, the norms of these
functions are of the same order of magnitude as their amplitudes and

norm(fg) ∼ norm(f) norm(g) , (A.72)
norm(fA) ∼ norm(f) norm(A) , (A.73)

norm(|A||B|) ∼ norm(A) norm(B) . (A.74)

Then, if A and B are not too perpendicular (that is, if |A · B| ∼ |A||B|),
we have23

norm(A · B) ∼ norm(|A||B|) ∼ norm(A) norm(B) . (A.75)

And, if A and B are not too parallel (that is, if |A×B| ∼ |A||B|), we have

norm(A × B) ∼ norm(|A||B|) ∼ norm(A) norm(B) . (A.76)

Similar tentative results of course apply to functions of x, y, and z.

This tentative result could be useful when used in conjunction with our
previous results.24

A.8 Summary and Discussion

Results 1 to 6 are similar to the informal procedures that are commonly used
in the literature – except for the divergence, curl, and Laplacian, for which
inequalities must often be used, instead of equalities or even approximate
equalities.

In practice, of course, we might be allowed to use our method in Physics
without paying too much attention to the detailed mathematical conditions
under which we have seen that it is valid.

Consider a physical phenomenon that is sufficiently localized, so that we
can use the norm A.6 over a finite interval of time or finite region of space.
Assume that all the functions we encounter have Fourier expansions. Assume
also that the norms (rms values) of these functions are typical absolute values
of the same.

Our characteristic length L is a typical value among the radian lengths
that underlie the phenomenon studied. Our characteristic time T is a typical

23 See Footnote 9.
24 One application would be to the calculation of a bound for the norm of the

quantity (A · ∇)A, which is often encountered in Fluid- and Magneto-Fluid-
Dynamics. A bound could be obtained by applying the triangle inequality and
our previous results, including Tentative Result 6, to the right side of the identity
(A ·∇)A ≡ ∇(A2)/2+A×(∇×A). See F. Lorrain (2003), Sect. 10.5, Tentative
Result 13.
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value among the T/2π’s that underlie the same phenomenon (where the sym-
bol T designates the period of a periodic process). In principle every function
has its own particular T or L. Assume that all the characteristic times in-
volved are of the same order of magnitude, and similarly for the characteristic
lengths.

Suppose finally that products of functions can all be treated simply as in
Tentative Result 6 above.

Let |f |typical and Atypical be “typical values” of |f | and |A| respectively.
Let the symbol ∼ mean, as before, “is of the same order of magnitude as”.
Then our results can be summarized simply, as follows.

The method of characteristic times and lengths – simplified version

|df/dt|typical ∼ |f |typical/T , (A.77)
|dA/dt|typical ∼ Atypical/T , (A.78)

|∇f |typical ∼ |f |typical/L , (A.79)
|∇ · A|2typical + |∇ × A|2typical ∼ A2

typical/L2 (all A’s), (A.80)
|∇ · A|typical � Atypical/L (all A’s), (A.81)
|∇ · A|typical ∼ Atypical/L (if A is (A.82)

not too transversal),
|∇ × A|typical � Atypical/L (all A’s), (A.83)
|∇ × A|typical ∼ Atypical/L (if A is (A.84)

not too longitudinal),
|∇2f |typical ∼ |f |typical/L2 , (A.85)

|∇ × ∇ × A|typical � Atypical/L2 (all A’s), (A.86)
|∇ × ∇ × A|typical ∼ Atypical/L2 (if A is (A.87)

not too longitudinal),
|∇2A|typical � 2Atypical/L2 , (A.88)

where L is a typical radian length and T is a typical T/2π of the phenomenon
studied.

(For more information on the subject of transversality and longitudinality,
see Def. 3 and Result 4.)

Note the factor of 2 in Eq. A.88; its origin lies in Eq. A.67.
Still, even with this simplified version of the method, a certain amount of

care must be exercised. Obeying the following three rules is paramount.

Rule 1. The above equalities and inequalities apply only to typical values of
the functions and of their derivatives (or gradients, divergences, curls, and
so on).
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Rule 2. The nature of the characteristic time T (a typical T/2π) and of the
characteristic length L (a typical radian length) must be well understood and
their values chosen accordingly.

The factor of 2π represents almost one order of magnitude. It can often be
neglected, but in tighter cases it might be necessary to take it into account.

Example 3. If one studies the magnetic field of the Earth, an L equal to the
Earth’s radius R might be too large. With the factor of 2π, an L equal to
R/6 might be more appropriate. Recall the characteristic length of the field
E of a spherical charge (Eq. A.60): it is about six tenths of the radius. For
a roughly dipolar magnetic field, which is not spherically symmetrical and
decreases more quickly with distance than this E, one expects a characteristic
length appreciably smaller than 0.6R. Much depends, of course, on the scale
of the particular aspect of the Earth’s magnetic field under study. Needless
to say, different values of L give rise to different estimations for |∇f |typical,
|∇ · A|typical, etc.

Rule 3. For the divergence, always use the inequality A.81 if the field is,
or could easily be, transversal; for fields that are longitudinal, or not too
transversal, the approximate equality A.82 may be used.

For the curl, and for the curl of the curl, always use the inequalities A.83
and A.86 if the field is, or could easily be, longitudinal; for fields that are
transversal, or not too longitudinal, the approximate equalities A.84 and A.87
may be used.

For the Laplacian of the vector field A, the inequality A.88 should al-
most always be used. Only under exceptional circumstances could we have an
equality here.

(For more information on the subject of transversality and longitudinality,
see Def. 3 and Result 4.)

Unfortunately, the direction of these unavoidable inequalities imposes se-
vere restrictions on the conclusions that can be drawn from them.

Example 4. Consider the classic case of a highly conducting moving plasma in
which the free charge density ρf continually adjusts so that E+v×Bnet = 0,
where Bnet is the net magnetic flux density from all sources.25 Let Bconv be
the magnetic flux density due to the convection current ρfv. We wish to
evaluate the ratio of Bconv typical to Bnet typical.

We have

∇ × Bconv = µ0ρfv , (A.89)
∇ · (v × Bnet) = −ρf/ε0 . (A.90)

The latter equation is an immediate consequence of our hypothesis that
E + v × Bnet = 0. Equation A.90 was also be obtained earlier in the book
25 Davidson (2001), pp. 29–30.
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(Eq. 7.10) from a different hypothesis: steady conditions and a uniform σ –
which entails that ∇ · (E + v × Bnet) = 0 (see Sect. 7.2).

Under our simplified version of the method, Eq. A.89 gives us

µ0|ρf |typical vtypical � Bconv typical

L , (A.91)

|ρf |typical � Bconv typical

µ0Lvtypical
, (A.92)

while Eq. A.90 gives

|ρf |typical � ε0vtypical Bnet typical

L . (A.93)

From the last two inequalities, no conclusion can be drawn as to the ratio of
Bconv typical to Bnet typical.

If we had approximate equalities instead of inequalities, however, the ratio
of these two quantities could be evaluated. Are Eqs. A.82 and A.84 applicable
here? This requires some thought.

First of all, recall that, since ∇ ·Bconv = 0, the field Bconv is transversal
[Result 4(a)]. So are all magnetic flux density fields, of course. According to
Rule 3, then, the � sign in A.92 can be replaced by a ∼ sign:

|ρf |typical ∼
Bconv typical

µ0Lvtypical
. (A.94)

We could now ask ourselves if the field v×Bnet is transversal or longitudi-
nal. We might also discuss to what degree v may be parallel or perpendicular
to Bnet (see Result 6). But we need not do any of this here, because, putting
together A.93 and A.94, we find that, roughly,

Bconv typical

µ0Lvtypical
� ε0vtypical Bnet typical

L , (A.95)

Bconv typical

Bnet typical
� ε0µ0v

2
typical =

v2
typical

c2
. (A.96)

Since v is normally very small, compared to the velocity of light c, we conclude
(as in Sect. 7.2.3 above) that Bconv is negligible, compared to Bnet.

Very well, but notice that, in order to find our way out of the blind alley
of the inequalities A.92–A.93, from which nothing could be concluded, we
had to take a good look at the fields involved.

Exercise 3. 26 Consider the same highly conducting moving plasma, in
which the E and v × B fields practically cancel each other. Find conditions
under which the displacement current density Jd = ε0∂E/∂t is negligible,
compared to the sum
26 The solution to this exercise is given below.
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Jd + Jch =
1
µ0

∇ × B , (A.97)

where Jch is the net current density of all moving charges. Start with

Etypical ∼ |v × B|typical ≤ (vB)typical ∼ vtypical Btypical . (A.98)

Interpret physically the mathematical condition finally obtained.

Solution of Exercise 3. We have

Jd typical = ε0

∣∣∣∣∂E

∂t

∣∣∣∣
typical

∼ ε0
Etypical

T (A.99)

� ε0
vtypical Btypical

T , (A.100)

|Jd + Jch|typical =
|∇ × B|typical

µ0
=

Btypical

µ0L
. (A.101)

Therefore
Jd typical

|Jd + Jch|typical
� ε0µ0vtypical L

T =
vtypical L

c2T . (A.102)

The displacement current Jd will be negligible, relative to the net current
Jch of all moving charges, if

T 	 vtypical

c

L
c

. (A.103)

This condition will be satisfied if, for example,

vtypical

c
� 1 and

L
c

< T , (A.104)

or if
vtypical

c
< 1 and

L
c
� T . (A.105)

The plasma velocity v is usually orders of magnitude smaller than c. As to
L/c, it is the time required for light to travel a distance equal to the charac-
teristic length; Equations A.104–A.105 require that this time be smaller or
much smaller than the characteristic time T of the system.27

The above exercise concerns moving media. Section 2.4 shows that the
displacement current is also negligible in ordinary stationary conducting me-
dia.

It is often difficult to evaluate the orders of magnitude of the various
quantities that appear in physical equations. Hopefully the approach pre-
sented here – in particular the above three rules – will help us attain greater
certainty and precision in this task. For other examples where our method is
used, see Sects. 2.5, 6.6, and 9.2.
27 See Ferraro and Plumpton (1966), p. 16.



B SI prefixes

Factor Prefix Symbol

1024 yotta Y
1021 zetta Z
1018 exa E
1015 peta P
1012 tera T
109 giga G
106 mega M
103 kilo k
102 hecto h
101 deka da

10−1 deci d
10−2 centi c
10−3 milli m
10−6 micro µ
10−9 nano n
10−12 pico p
10−15 femto f
10−18 atto a
10−21 zepto z
10−24 yocto y
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180. M. Kopecký, G.V. Kuklin: Bull. Astron. Inst. Czech. 17, 45 (1966)
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vol 2 (Presses Universitaires de France, Paris 1958)
204. D.D. Lenz: ApJ 517, 497 (1999)
205. G. Léonard: L’Italie médiévale. In: Encyclopédie de la Pléiade, Histoire Uni-
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absorption coefficient 182
Alfvén, H. XV–XVI, XXII, 46,

105–106, 173, 191
Ampère’s circuital law 30, 48

differential form 22–23
integral form 25, 27

amplitude of function 275, 277, 281
Astrophysics XV, 88, 104, 172, 273
average value of function 276
azimuthal field 127

beam see charged-particle, electron,
ion, particle, proton

Bigelow, F.H. 13, 14, 148
Biot–Savart’s law 46

channeling see proton beam
characteristic

length XXIX, 28, 83, 90, 92, 129,
273, 283, 284, 289

absurd result 274, 275
equalities and inequalities 291
equalities for div and curl 285
equality for div and curl 278, 284
equality for grad 283
equality for Laplacian 287
inequalities 274, 275, 289
inequalities for div and curl 278,

284–285
inequality for curl curl 287
inequality for Laplacian 287
of E of charge ball 285
of E of charge shell 285
of Earth’s magnetic field XXVII,

274, 291
of sinusoidal function 277

lengths and times XVII, XXVII,
273–293

equalities 274

localized phenomenon 276, 280,
286, 288, 289

simplified method 290

time XXIX, 28, 273, 281, 289, see
plasma/time scales

equalities 282

of Earth’s magnetic field 274

of pulse 282

of sinusoidal function 277

charge see electric, see magnetic
monopole

charged-particle beam

(de)focusing forces 227–228

head 228

in low-pressure plasma 228

large diameter 224, 238

pinching force 228

self-focusing 228

chromosphere see Sun/chromosphere

compass

China 4–5

Europe 5–6

conduction

current 33–34

B of ∼ (invariant) 78

invariant 77

electron 33, 56, see drift speed

current density 33

conductivity 21, 33, see plasma

fields independent of ∼ 106,
111–112, 114–123

function of fields 183
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independent of fields 183

invariant 78

uniform 88–92, 120, 128

conductor

charges in moving ∼ 87–101

good 33, 56

liquid see electrolyte

moving see magnetic field/in ∼, see
magnetic field/line

moving plate 117–120

moving rigid (uniform v) 113–114

poor 35, 106

relaxation time 35

rotating 90–91, see Faraday disk,
see magnetic field/in ∼

cylinder 114–115

fluid sphere 120–122

solid sphere 97–100, 116–117

space charge

in moving ∼ XVI, XXIII, 87–
94, 98–100, 103, 105, 107, 109,
114–116, 123

time-dependent 35, 91

surface charge 35, 88, 89, 94,
99–100, 105, 114–116, 123

constant quantity 22, see steady state

constants (physical) see inside back
cover

convection

conducting fluid 161–163

current

B due to ∼ is negligible 92, 94,
115, 291–292

density 21

negligible 28–29, 78, 94, 130

not invariant 77–78

in rotating body 148

coronal loop see Sun/coronal loop

Coulomb’s law 13, 32

Cowling theorem 149, 231

curl 10

cylindrical coordinates see inside
front cover

rectangular coordinates see inside
front cover

spherical coordinates see inside
front cover

zero 285, 286

current see electric
cyclotron frequency 183

dielectric (uniform) 32
displacement current density 21

negligible 27–28, 292–293
distance between functions 276
divergence 10

cylindrical coordinates see inside
front cover

rectangular coordinates see inside
front cover

spherical coordinates see inside
front cover

theorem see inside front cover
zero 285, 286

downwelling see magnetic flux/tubes
and ropes, see Sun/magnetic
element, see Sun/sunspot

drift speed of conduction electron 34,
80

dynamo 147, 230
natural 14, 92, 147–148, see

Earth/dynamo, see magnetic
flux/coil, rope, tube

externally-excited 148
self-excited 148, see Sun/magnetic

element, see Sun/magnetic field,
see Sun/spicule, see Sun/sunspot

self-excited 14, 104, 147, 148, 231,
see electromagnet, see feedback,
see magnetic flux/coil, rope, tube,
see particle/accelerator

disk 147–157, 185, 198, 234, see
Faraday disk

disk (dynamic) 153–155, 157, 165
disk (kinematic) 149–154, 157
disk (literature) 148–149
disk (polarity changes) 157
power source 104, 231

Earth
conductivity 53
core 111, 148

conductivity 130
convection 54
convection speed 128, 130, 133
differential rotation 126, 131,

135–144
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dynamos 92, 148

electric current 53–55

electric current (toroidal) 132

electric field 134–135, 143

frozen field 106

induced B 136

induced current 126, 134–136,
138–139, 141–142

liquid outer shell 53, 55, 104

magnetic field 134

magnetic field (azimuthal) XXIII,
125–144

magnetic field (azimuthal, existence
condition) 136

non-magnetic 52

ohmic power dissipation 139–141

ratio BT/BP 127–130, 140–141

space charge 126, 134–136, 138,
142

surface charge 135, 138

temperature 53

dynamo 53, 135

power source 54

electric current

in core 53–55, 132

in ionosphere 8, 55

in mantle 55

electromagnetic wave in ∼ 67–68

heat generation 53

magnetic field 7, 14, 21, 51–56, 87,
274, 291, see magnetic declination,
inclination

azimuthal 148

fluctuation 67–68

polarity changes 55, 155

rotation XXIII, 131–133

magnetic flux tubes and ropes 160

magnetic poles 55

physical constants see inside back
cover

surface

magnetic field 135

space charge 135

van Allen belt 56

electric charge

conservation 34

density

bound 21, 89

free 21, 89–91

net 21

transformation 76–77

electric field 32

in conductor see conductor
invariant 76

particle 31

electric current see conduction,
convection, displacement

and magnetic field XV, XVI, 45–46,
104–105, 161, 190–192, 221

density

J wheel 81–82, 85

(non-)linear function of E, B 183

transformation 76–77

zero-curl 97–98

in ocean XV

induced 104–107, 109

parallel ∼s attract 227

seed 148, 184–185, 231

electric dipole 52, 100

electric field 31–44

energy 37

energy density 37

equals −∇V − ∂A/∂t 64

line 32, 58

static 36

strength E 21

transformation 76

electric force

density 32

on charge 32

vs. gravitational 32

vs. magnetic 32

electric generator, motor see
homopolar

electric monopole 100

electric octupole 52

electric potential XV, 11, 36

electric quadrupole 52, 100
electrolyte 33, 37

electromagnet (self-excited ∼ of Kolm
and Mawardi) 149, 166

electromagnetic

field 8–9, 11, 12
in moving media 104

pump 57

wave 67–68, 180
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guided 180–181, see magnetic
flux/tubes and ropes

in Earth 67–68
in plasma 181, 183

electromotance 25
electron

beam
(de)focusing forces 176
in low-pressure gas 176
in MFR 176–177
no velocity channeling 230, 258
self-pinching 176

charge 31
electrostatic see electric field/static
equalities see characteristic, see

vector
equality see Parseval
EUV emission in coronal loop 241,

243, 251

Faraday disk 92–97, 107, 122–123,
147, see dynamo/self-excited

generator 94–95, 133–134
motor 95–97

Faraday’s law 30, 63–64, 68
differential form 22, 23
integral form 25–26

Faraday, M. 8–9, 11, 12, 14
feedback

negative
in FTR 177
in MFT 166
in self-excited particle accelarator

233
in sunspot 208

positive see dynamo/natural/self-
excited, see dynamo/self-excited

in convecting conductor 104, 147
in coronal loop 266
in disk dynamo 150
in FTR 177
in magnetic element 203
in magnetic flux coil 185
in MFR 177
in MFT 165
in self-excited particle accelarator

234
in sunspot 209, 221

Ferraro’s law of isorotation 126, 144

FitzGerald contraction 13
FitzGerald, G.F. 9, 15
fluid flows 275
Fluid Mechanics 274
flux see magnetic flux
force see electric force, see Lorentz,

see magnetic force, see pondero-
motive

Fourier
analysis 274, 279–281, see Parseval
component 279
integral 279
series 279

frame see reference frame
frozen-field principle XVI, 105–106,

112
poor conductor 106, 126

Gauss’s law 30
differential form 22–23
integral form 25–26

Geophysics XV, 88, 104, 106, 273
Gilbert, W. 4, 7
Gouy, G. XXI, 3, 4, 14, 15, 147, 148
gradient 10

cylindrical coordinates see inside
front cover

rectangular coordinates see inside
front cover

spherical coordinates see inside
front cover

guide see light guide, see waveguide

Hα emission
chromosphere 172
coronal loop 239, 241–243, 249, 251,

266
spicule 224–226, 229, 237, 238

Hale, G.E. XXI, 14, 148
Hall effect 57, 80, 112
Heaviside, O. XXI, 8–13, 15
henry 65, 67
Hertz, H. 9, 12
HILS medium 21, 22, 29
hole boring see Sun/coronal loop, see

Sun/spicule
homogeneous medium 22, 89, 91, see

uniform
homopolar generator, motor 93
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identities see vector
inductance

mutual 66–67
self 65–66

of volume current distribution 66
thin solenoid 65

induction equation 82–83, 111
inequalities see characteristic, see

vector
inequality see triangle
ion beam

(de)focusing forces 176
in low-pressure gas 176
in MFR 176–177
self-pinching 176

ionized gas see plasma
ionosphere 15, 55, see Earth/electric

current
ionosphere, 13
isotropic medium 22, 88

Joule losses 37, see power dissipation

Koutchmy, O. XVIII, 205, 239, 245,
253, 254

Koutchmy, S. XVIII, 160, 161, 189–
191, 194, 197, 206, 211, 219, 223,
224, 239, 241, 249, 250, 253, 254,
257, 258

Laplace’s equation 36
Laplacian

cylindrical coordinates see inside
front cover

rectangular coordinates see inside
front cover

spherical coordinates see inside
front cover

Larmor, J. XXI, 3, 4, 14–15, 147, 148,
208, 231

length see characteristic
Lenz’s law 64
light

guide see magnetic flux/tubes and
ropes, see optical/fiber

speed
in free space 21
in plasma 181

longitudinal field 278, 284

zero curl 285
Lorentz

contraction 79
force 13, 79

Lorentz, H.A. 12, 13

Magnesia 5
magnetic charge see magnetic

monopole
magnetic declination 4, 6, 7, 55
magnetic dipole 52
magnetic element see Sun/magnetic

element
magnetic energy 59

density 59
self-inductance 66

magnetic field see Earth, see electric
current/and ∼

constant 45–62
decrease with distance 49, 52
H 180
in moving conductor 103–123
in rotating conductor 107–109
line 46, 98, 104–106, 111, 117, 242

distortion 106, 123
in moving conductor 110, 112,

114–115, 119–120
shift downstream 121–123, 142
shift upstream 57, 112, 121, 142
slippage 105
stationary 121, 123
tension and repulsion 58

net ∼ in moving conductor 106–107
non-static 49
of coil 47
seed 3, 14, 53, 104, 148–155, 157,

203, 209, 231
source rotating 116–117, 132–133,

143
static see magnetic field/constant
thick solenoid 49
thin solenoid 48
time-dependent 63–69

magnetic flux
Φ 24, 48
coil 175, 177

as particle accelerator 184–187
gas pressure 176, 186
inductance 186
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magnetic energy 186

magnetic force density 186

power dissipation 186

power source 184, 186

time constant 186

density B 21, 46

transformation 76, 78

rope XXIV, 159, 160, 174–179

axial current 176–178

gas pressure 178

magnetic forces 178

power dissipation 179

time constant 179

tube XXIV, 159, 160, 163–175,
177, 242, 255, see Sun/magnetic
element, see Sun/pore, see
Sun/sunspot

Φ, Bz, Jφ 169

cannot exist in vacuum 168

conical 169

electric current 166

electric energy 171

flare 166

fluctuating 172–174

gas pressure 167–169

horizontal magnetic forces 174

inductance 171

magnetic energy 170

magnetic force density 167

polarity 166

power dissipation 170

power source 170

resistance 170–171

time constant 171–172

tubes and ropes

as light guides XXIV, XXV, 160,
179, 181–183, 187, 198

downwelling 160, 163

Earth 160

literature 160–161

upwelling 163, 164

magnetic force 6, 46, 56–57

aiding 141

braking 85, 95, 113–120, 123, 141,
142, 153, 162, 164, 167, 208, 235

density 56, 82

mixing 141, 142

on conductor 56–57

on moving conductor 85

magnetic inclination 7, 55

magnetic material 20

magnetic monopole 22, 52

magnetic multipole 51–52

magnetic octupole 52

magnetic pressure 59

magnetic quadrupole 52

magnetic vector potential

A 50–51

near a circuit 51

thin solenoid 51, 65

magnetism

ancient China 4–5

Europe (early history) 5–8

magnetite 4

Magneto-Fluid-Dynamics (MFD)
XV, XXII, XXVII, 14, 15, 88, 104,
105, 273, 274

Cartesian coordinates 83, 85

fundamental equation 80

Magnetohydrodynamics (MHD) see
Magneto-Fluid-Dynamics

Maricourt, Pierre de (Petrus Peregri-
nus) 4, 6–7

Maxwell

equations XXII, 9–10, 12, 15, 19–30,
73, see inside back cover

differential form 20–23

integral form 24–27

linear 22

local relations 22

non-local relations 25

with E and H 180

equations, 11

theory XXI, 8–10, 12

velocity distribution 42

Maxwell, J.C. 8–12, 15

Maxwellians 9–11

maxwellians 9

McTavish, J. XVIII, 103, 106, 239, 253

mean free path of H atom 183

medium see conductor, see HILS,
homogeneous, isotropic

magnetic 20

moving 20, 21, 28, 73–86

stationary 21, 27, 28

MFD see Magneto-Fluid-Dynamics
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MFR see magnetic flux/rope
MFT see magnetic flux/tube
MHD see Magnetohydrodynamics
mobility 33

Newcomb criterion 109–110, 112–115,
117, 119, 121–123

norm
of function 276–277, 281
of product of functions 287–289

ocean (electric current in ∼) XV
Ohm’s law 21, 30, 33

moving conductor 79–82
optical

fiber 180–181
thickness 182

order of magnitude
of derivatives 274
symbol XXX, 290

Parseval’s equality 279, 280
particle

accelerator (self-excited) 148,
see magnetic flux/coil, see
Sun/coronal loop/particle accel-
erator, see Sun/spicule/particle
accelerator

beam
laboratory 246, 253, 254
laboratory (filaments) 268
literature 246

permeability
free space 20
relative 20

permittivity 21
free space 20
relative 21

Petrus Peregrinus see Maricourt
phasor 20
photosphere see Sun/photosphere
pinching see beam
plasma XV, 33, 37, 166, see electro-

magnetic/wave
circular frequency 181
cold 183
conduction 56
conductivity

anisotropic 33, 80, 81, 161

parallel 33

perpendicular 33, 195–196

highly conducting 28, 291, 292

period XV

time scales XV

Plasma Physics 274

Poisson’s equation 36

polarity changes see dynamo/self-
excited/disk, see Earth/magnetic
field

polarization 21, 89

poloidal field 127

curl of ∼ 128

ponderomotive force 183

potential see electric potential, see
magnetic vector potential

function 98

power dissipation see
Earth/core/ohmic, see mag-
netic flux/coil, rope, tube,
see Sun/coronal loop, see
Sun/magnetic element, see
Sun/spicule, see Sun/sunspot

Poynting theorem 13

pre-relativistic see relativity

proton beam XXVI, 37–41, 60–61

charge density 38

current density 38

electric energy per meter 41

electric field 38–39

electric force on proton 41

electric potential 39–40

in H plasma

cyclotron frequency 259

diamagnetism 261–262

forces outside beam 267–268

guided by magnetic field 260,
264–266

inelastic scattering 254

large diameter 228–230, 254, 258

proton kinetic energy conserved
261

with rotation 259–261

without rotation 255–258

in low-pressure gas 61

large diameter 230

magnetic energy 61

magnetic field 60
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pinching force 60–61, 229
self-channeled 254–261, see

Sun/coronal loop, see Sun/spicule
speed 37
velocity channeling 224, 229–230,

232, 236, 257–258

rationalized units 13, see SI
Redžić, D. XVIII, 87, 239, 253, 257
reference frame 74–75, 105

fixed 74
inertial 74–75
moving 74
rotating 75, 107–108, 125, 126, 130

relativity (special) XXII, 56, 74–79
E and B 76
Q̃ and J 76–77, 79
conduction current (B invariant)

78
conduction current (invariant) 77
conductivity (invariant) 78
convection current (not invariant)

77–78
electric charge (invariant) 76
electromagnetism 75–79, 86
kinematics 75
pre-relativistic physics 75, 86

relaxation time see conductor
Reynolds number 83–84, 130, 140,

142, 195
rms see root-mean-square
root-mean-square 276

circular frequency 281
wave number 283, 284

Salingaros, N. XVIII, 160, 161, 178,
216

Saturn (magnetic field) 149
seed

electric current see electric
current/seed

magnetic field see magnetic
field/seed

self-excited see dynamo, see electro-
magnet, see particle/accelerator

SI (Système international) see
rationalized

prefixes 295
solar

plasma 104, 111, 148

wind 42

solenoid see inductance, see mag-
netic field, see magnetic vector
potential

secondary 65

time constant 66

sphere see conductor/rotating

spicule see Sun/spicule

steady state 89, 90, 92, 98, 106, 108,
111, 117, 120, 128, 130

Stokes’s theorem see inside front
cover

Sun 160, see solar

Sun/atmosphere see
Sun/chromosphere

reference wavelength 182

Sun/below photosphere 182

Sun/chromosphere 172

H atom density 254

temperature 172–173

Sun/coronal jet 239

Sun/coronal loop XXVI, 239–251,
253–270, see proton beam/in H
plasma

altitude 239, 241, 254

ambient pressure 254

beam radius 250

beam width 239, 241–242, 250, 253,
258, 260, 265–267, 270

bremsstrahlung 243

charged-particle beam 243, 245–246

cold 240

composition 240

density 254

duration 241, 242, 247

electric current 245–246, 250

electric energy 266

evolution 247

families (repulsion between ∼) 270

family 254

no interaction 255, 268–269

flare 240

gas pressure 255

head of beam 263–264

speed 241, 248–249, 263

hole boring 258

hot 240
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inductance 247

length 253

loop radius 250

LRC circuit 239, 243, 245, 246

magnetic energy 247, 250, 267
magnetic field 242–246, 254, 270

loop center 247

sheath 250

mass 250

no attraction between ∼s 244

non-flare 240

observations 241–242

particle accelerator 240–241, 244,
250, 267

power 244, 246, 250

proton beam 240

proton density 250

proton energy 247–250

proton flux 246, 250

proton speed 250

reference loop 250

repulsion between ∼s 244

resistance 246

sheath 240, 242, 245, 246, 249–250,
266–269

sheath field 255

sheath radiation 257

sunspot penumbra 241, 244

temperature 241, 254

thermal bremsstrahlung 243

Sun/electric charge 248

Sun/electrostatic potential 248

Sun/fibril 239, 268

Sun/filament 268

Sun/filamentary structure 239

Sun/forces at surface 32

Sun/free electrons and protons 43

Sun/granule 160, 207

Sun/lane 160

Sun/macrospicule 224, 225

Sun/magnetic element XXV, 159,
160, 232, see Sun/spicule/and ∼

anchoring 200

brightness XXV, 179, 187, 191,
197–198, 203, 210

conductivity 195–196

current sheet 211

diameter 190

dipole 200

downwelling 200, 232

electric current 194–195

excess thermal radiation 233

gas pressure 196–197

lifetime 199

magnetic energy 196

magnetic field 190, 194, 203

pair with opposite polarities 190,
191, 200

power dissipated 197–198

power radiated 197–198

power source 197

self-excited dynamo 189, 190

time constant 198–199

Sun/magnetic field 13–14, 231

Sun/photosphere 41, 160, 182, 190

conductivity 195

free electron density 190

gas pressure 202

H atom density 254

mass density 190

physical constants see inside back
cover

pressure 41, 190

seismic oscillations 174

temperature 41, 160, 172, 190

Sun/physical constants see inside
back cover

Sun/pore 160, 207, 211

brightness 179

Sun/spicule XXVI, 172, 206, 223–238,
268, see Hα, see macrospicule, see
proton beam

and coronal loops 223

and magnetic element 224, 226,
231, 238

charged-particle beam 226

cold sheath 224, 226–227, 229

Coriolis acceleration 226

density 225

diameter 223, 238

duration 225

electric current

net 226

return 224, 227, 229, 238

evolution 224, 231

gravitational energy 225
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head of beam 236–238

speed 225–226, 237–238

heavy ions 227

hole boring 230

length 223
magnetic field 223, 225, 226, 233,

236

mass ejected per second 225

number of ∼s 225

particle accelerator XXVI, 226,
231–236

bursts 231

power source 231

particle speed 225, 226, 236, 238

particle types 227

power 225

proton beam 224, 225, 227, 238

proton current 225

proton energy 236

stability 230

synchronous acceleration 225

Sun/spike 224

Sun/Standard Model 216

Sun/streamer 239

Sun/sunspot XXV, 159, 160, 163,
205–222, see Sun/pore

anchoring 210

and coronal loops 206

and magnetic element 205

azimuthal current 206, 208, 209, 221

current distribution 210–215, 221

darkness 179, 187, 210

decay 210

decaying 208

downwelling 164, 207, 209, 221

Evershed flow 206–208

history 206

induction equation 210

magnetic field 14

magnetic force 220–221

MFT (non-vertical) 206, 211

MFT (self-excited) 208–209, 221

MFT model 208–210

pair with opposite polarities 205,
206, 210

penumbra 205–207, 211–213

and coronal loops 241, 244

inner, outer 208

plasma flow 207–208
power dissipated 210
power radiated 210
power source 209
pressure (magnetic, gas) 215–216
radius as function of z 216–220
superpenumbra 207
umbra 205–207, 211

diameter 206
dots, light bridges 206
magnetic field 206–208, 211–215

upwelling 208–210
Wilson depression 167, 206, 220,

222
Sun/supergranulation 160
Sun/surface electric potential 41–43
Sun/thread 239
sunspot see Sun/sunspot
superposition principle 22
symbols

electromagnetism XXX
mathematics XXX
mechanics XXIX

temperature (transverse) 229, 258
Thales of Miletus 3, 5
Thomson, J.J. 98, 116
time see characteristic

∼ constant see magnetic flux/coil,
rope, tube, see solenoid

relaxation ∼ see conductor
toroidal field 127

curl of ∼ 128
transversal field 278, 284

zero divergence 285
triangle inequality 276
typical see characteristic

length 289
time 289
values 290

ultraviolet see EUV
uniform quantity 22, see conductiv-

ity/uniform
upwelling see magnetic flux/tubes

and ropes, see Sun/sunspot

van Allen belt 56
vector
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analysis 13, 20
complex 283
equalities 283
identities see inside front cover
inequalities 275, 283
theorems see inside front cover

velocity channeling see proton beam
viscosity (magnetic) 85, 153

waveguide 13, 180

Wheatstone, C. 11

X-ray emission in coronal loop 239,
241, 246, 249, 251, 266

Zeeman, P. 14
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Physical Constants

Elementary charge e = 1.602176462 × 10−19 coulomb
Electron rest mass m = 9.10938188 × 10−31 kilogram
Proton rest mass mp = 1.67262158 × 10−27 kilogram
Speed of light in vacuum c = 2.99792458 × 108 meters/second
Permittivity of vacuum ε0 = 8.854187817 × 10−12 farad/meter
Permeability of vacuum µ0 ≡ 4π × 10−7 henry/meter
Avogadro constant NA = 6.02214199 × 1023/mole
Boltzmann constant k = 1.3806503 × 10−23 joule/kelvin
Planck constant h = 6.62606876 × 10−34 joule second
Gravitational constant G = 6.673 × 10−11 newton meter2/kilogram2

The Sun

Mass of the Sun 1.98596 × 1030 kilograms
Radius of the Sun 6.965 × 108 meters

The Sun’s photosphere

Acceleration of gravity 273 meters/second2

Temperature 6420 kelvins
Free electron number density 6.44 × 1019/meter3

Proton number density 4.85 × 1019/meter3

H atom number density 1.16 × 1023/meter3

Mass density 2.72 × 10−4 kilogram/meter3

Pressure 1.17 × 104 pascals

The Earth

Mass 5.973 × 1024 kilograms
Equatorial radius 6.378139 × 106 meters
Polar radius 6.35675 × 106 meters
Inner core radius 1.3 × 106 meters
Outer core radius 3.5 × 106 meters
Outer core conductivity 3 × 105 siemens/meter
Mantle radius 5.75 × 106 meters
Mantle conductivity ≈ 0.1 siemens/meter
Equatorial gravity 9.780317 meters/second2

Mean geothermal flux (6.15 ± 0.34) × 10−2 watt/meter2

Mean orbital speed 2.977 × 104 meters/second
Mean Sun–Earth distance 1.495 × 1011 meters
Solar constant 1.360 kilowatts/meter2

References: Cohen and Taylor (2001), Stacey (1992), Vernazza et al. (1981)



Maxwell’s equations
for a stationary non-magnetic medium

A. Differential form:

∇ · E =
Q̃

ε0
, (2.1)

∇ · B = 0 , (2.2)

∇ × E = −∂B

∂t
, (2.3)

∇ × B = µ0J , (2.4)

with
J = σE . (2.10)

B. Integral form:
∫
A

E · dA =
1
ε0

∫
v

Q̃ dv , (2.17)
∫
A

B · dA = 0 , (2.18)
∫
A′

(∇ × E) · dA′ ≡
∮

C

E · dl = −∂Φ

∂t
, (2.19)

∫
A′

(∇ × B) · dA′ ≡
∮

C

B · dl = µ0

∫
A′

J · dA′ , (2.20)

with
Φ =

∫
A′

B · dA′ . (2.25)

The volume v is bounded by the closed area A. Areas A′ are open areas
bounded by the curves C.
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