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Magnetic hose: Routing and Long-distance Transportation of Magnetic Fields
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Magnetism is a fundamental interaction shaping our physical world, at the basis of technologies
such as magnetic recording or energy generation. Unlike electromagnetic waves, which can be routed
and transmitted with waveguides to long distances, magnetic fields rapidly decay with distance. Here
we present the concept, design, and properties of a magnetic hose which enables to transfer the static
magnetic field generated by a source to an arbitrary distance, and along any given trajectory. We
experimentally demonstrate the field transmission through the simplest hose realization using a
superconducting shell with a magnetic core. We discuss possible application of magnetic hoses to
harness quantum systems by addressable magnetic fields, in the context of quantum information
processing.

The impact of magnetism in science [ is limited by an apparently insurmountable restriction: magnetic fields
rapidly decay with the distance from the sources. Our goal in this work is to design a magnetic hose that can
route static magnetic fields from their sources (e. g. a magnet) to arbitrary long distances along a desired path,
and to come up with a feasible realization. Magnetic field transmission is routinely used in technologies such
as transformers, typically using a ferromagnetic (FM) material with high magnetic permeability p. However,
this only works for small distances, because the transmitted field rapidly decays with distance (see figure S1
in the Supplementary Material). Moreover, even though superconductors (SCs) expel magnetic field, they
cannot be used to transmit magnetic field lines through a hollow superconductor tube, because the field inside
a hollow SC tube decays exponentially (see Supplementary Material Section VI and [2]). Thus, transmission
to arbitrary distances has never been achieved for static fields. A completely different approach is presented in
this work. We will proceed in several steps, starting from mathematically exact but unfeasible schemes, based
on transformation optics, and ending with feasible proposals that will be experimentally confirmed.

Transformation optics [ Bl 4 6] allows subwavelength control of electric and magnetic field lines, rather than
rays [6]. This has enabled realizing invisibility cloaks [I} [7, [§], perfect lenses [9], and waveguides operating in
the subwavelength regime [T0HI2]. Particularly powerful is the application to static fields like our present case,
where one can literally get inside the (infinite) wavelength [13H20]. We find an exact solution for our goal using
transformation optics. An infinitely wide slab of thickness ¢ made of a homogenous material with p = oo along
the thickness and p; = 0 along the width exactly transports the magnetic field from the lower surface of the
slab to the upper surface (see Figs. 1A and 1B for the case of a dipolar source and also Supplementary Material
Sect. II). The slab has other remarkable properties. First, magnetic induction B is vertical and magnetic field
H horizontal in the material volume; because B is perpendicular to H, the material has zero magnetic energy
[20]. Second, B and H -and thus magnetic energy- are not modified in the region containing the sources. The
magnetic energy originally in the material volume is thus transferred to the other end. This is valid for any
magnetic source and for any slab thickness t. Obviously, this ideal design is not feasible, both because the slab
is infinitely wide and because no materials exist with such extreme anisotropy.

Let us address the two difficulties separately. First, we numerically calculate (see Supplementary Material)
the magnetic field response of a cylindrical piece of material with finite radius R, length L and p, = 0 and
1, = oo, with a vertically-aligned magnetic dipole at a distance d below its bottom end (inset in Fig. 1C). We
show in Fig. 1C the maximum vertical field B, (always found at p = 0) at a distance d above the top end
as a function of L and R. B, decreases only slightly when the material length increases and rapidly saturates
to a certain value that depends on R. It can be demonstrated (based on magnetic poles, see Supplementary
Material Sect. IIT) that this saturated value is not zero, so a part of the magnetic field is always transported
through the hose to arbitrary distances. For R = 4d and lengths up to L = 10d the material transports the
field from one end of the hose to the other, similarly to the ideal infinite slab. This property is approximately
maintained even for radii as small as R = 2d.

Now we have a magnetic hose with finite radius, but still requires non-existing materials. One way to
solve this is by using a similar strategy as that for magnetic cloaks and concentrators [I5], [20]. The extreme
anisotropic medium with u, = 0 and p, = oo can be approximated using only existing isotropic materials:
a series of n alternated superconducting (ideally with B = 0 in their volume) and soft ferromagnetic (ideally
with H = 0) concentric cylindrical layers. Ferromagnetic parts provide a large vertical permeability and the
alternated superconductors prevent radial B components. In Fig. 2 we show calculated results for several



discretized versions of the magnetic hose into n concentric cylindrical shells, half of them superconducting and
half ferromagnetic. The field of the dipole, located at one end of the hose, transferred at the opposite end tends
to the ideal behavior with increasing n. More than 90% of the transmission is achieved with n=20. Remarkably,
even with a simple bilayer (n=2) the transmission can be as high as 75% (as in Fig. S1). In this bilayer scheme
the SC has to be the outer layer, surrounding the FM, in order to prevent the field lines attracted by the inner
FM core to leak outside through the lateral surface.

In view of its excellent performance, we concentrate hereafter on the simplest hose discretization, a SC shell
with a FM core. In Figs. 3A, 3D, and 3E we show calculations illustrating the routing of the magnetic field of a
dipolar source through hoses with different topologies with open and closed exits; many combination of sources,
branching geometries, and open and closed ends can be made following these examples. Results provide a clear
verification of the capabilities of the magnetic hose -even in its simplest discretization- for routing and long-
distance transportation of magnetic fields (see Supplementary Material Section VII), something that cannot be
obtained with only the FM or the SC (see a comparison with a FM cylinder in figure S1 of the Supplementary
Material).

For the case of closed hoses (as in Figs. 3C and 3F), we have validated the numerical results, from first
principles, by analytically solving magnetostatic Maxwell equations with the boundary conditions that B is
zero in the SC and the scalar magnetic potential is constant in the FM (see Supplementary Material Section
VI). We find that the field of the dipolar source with magnetic moment m in the left branch of Fig. 3C is in
part transferred towards the air gap (right), and builds up there according to the expression

pom 1
z = . 1
2rR2 I + 1, (1)

R is the radius of the FM core, py the vacuum permeability, and ls, and [, the lengths of the source and air
gaps, respectively. Eq. (1) shows that the field in the whole air gap is uniform and vertical [2I], and does not
depend on the hose length.

We have experimentally confirmed the magnetic field transmission through a SC tube with a FM core. We
used a high-temperature superconducting hollow tube and a soft magnetic cylinder with large permeability and
very low coercivity (see Supplementary Material). The experiment consisted of placing a coil next to the edge
of the SC tube with the FM inside (Fig. 4B). We fed a dc current in the coil and measured the magnetic field
on the exterior of the SC tube by a Hall probe. Because only a SC shell shorter than the inner FM core was
available to us, we checked magnetic-field transmission at the lateral surface of the SC and not at its end. We
show in Fig. 4A the measured radial component of B-field on the surface of the SC, B,, at several distances
z from the edge of the superconducting tube, in three different experiments. First we measured the coil only
(green in Fig. 4A); data indicate the natural decay of field with distance. When the FM cylinder was placed
(red), the value of B, increased, because of the FM magnetic response. When the SC tube surrounded the FM
cylinder (blue), an overall decrease of B,. occurred (resulting from the shielding effect of the SC tube), except at
a distance z ~35mm, where B, presented a very large value. We found that this corresponded to the presence
of a crack in the tube (difficult to be seen by the naked eye). The value of this field escaping through the hole
was much larger not only than the bare field of the coil but also than the field with the FM alone. Actually,
the measured value of B, at z ~35mm was around 0.8mT, a substantial part of the the maximum field created
by the coil at its center, B,(z = 0)=1.3mT. It is thus seen that the magnetic field has been guided through the
SC-FM magnetic hose from the coil source up to the crack point, where it escapes to the exterior of the hose,
verifying the theory.

Since we deal with static fields, associated with an infinite wavelength, these ideas can be implemented at
any scale [6 13, [I7, 20]. This hints at the possibility of miniaturizing the magnetic hose to the nanoscale.
Such a magnetic nanohose could be used as a new tool to harness quantum systems, as required, for instance,
in quantum information processing [22]. In particular, such a device would permit to address, control, and
manipulate the internal state of individual quantum systems, even if they are separated by distances of the
order of few tens of nanometers, where optical methods are no longer available. This could be particularly
relevant in the context of Nitrogen-vacancy (NV) color defect centers in a diamond nanocristal [23], which have
recently been identified as promising systems for the implementation of quantum information processors [24],
or quantum repeaters [25]. So far, we have just considered the transmission of classical magnetic fields. One
could also envision a similar system as the one considered here to couple distant quantum systems magnetically,
allowing to separate them by relatively long distances and still strongly interact with each other (see Fig. 4C).
This would provide us with a very powerful alternative to existing methods that directly couple NV centers
at the quantum level [26]. The characterization of such a system, however, requires a full quantum treatment,
something that is out of the scope of the present work.
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Figure 1: The field of a magnetic source, e.g. a point dipole (a) (field lines in white and vertical field B, in colors), is
exactly transferred an arbitrary distance (b), through an infinite slab of ideal material (shaded region) having p = oo
along the thickness and p = 0 along the width. (¢) When a finite cylindrical piece of radius R of this material is used
to transfer the magnetic field of a dipole at a distance d below (inset), the maximum vertical field at a distance d above
the ideal hose rapidly tends to the maximum field created by an isolated dipole at a vertical distance 2d, BP™F (z = 2d),
when R increases. When the ideal hose is lengthen, the transferred field slightly decreases and saturates (compare values
for L =2, 4 and 10d).
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Figure 2: An ideal hose (u, = 0 and p. = 00), (d), of length L = 4d and radius R = 2d is discretized into (a) n = 2,
(b) n = 10 and (c) n = 20 concentric cylindrical shells, half of them SC (shaded) and half FM. Images show the top
part of the hoses, where the vertical component of the field transmitted from a dipole placed at a distance d below them
is plotted in colors, normalized to BP™ (z = 2d). In (e) the maximum field at a distance d above the discretized hoses
(shown in the insets, with SC shells in gray and FM in orange) is plotted as a function of n, showing that they tend to
the field transmitted by an ideal hose with the same geometry.
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Figure 3: Panels show the vertical field component B (in colour scale) in the middle plane of different 3D geometries.
The field source is a point dipole (sketched in white) placed at a vertical distance d from the hoses. The FM cylindrical
core (orange) has a radius r = 0.5d and the surrounding SC (gray) a thickness w = 0.75d. In each simulation it is
indicated the average output field B., calculated as the quotient between the flux that exits each hose end and the area
of the ferromagnetic section and normalized to the maximum vertical field created by an isolated dipole at a distance
d, BP'(z = d). Analytical and numerical values of B, fully agree for the closed hoses in (c) and (f). Comparison of
(a) and (b) shows the tiny field transmitted when only the FM core is present. Comparison of (a) with (e) shows that
increasing the hose length does not significantly decrease the transmitted field. See Supplementary Material Section VII
for further dicussions of the results.
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Figure 4: (a) Measurements of radial magnetic field B, above the SC tube (r = 23mm) at different distances z from
the edge of the SC tube [see the sketch (b)]. Green, red and blue curves correspond to the empty, only ferromagnet,
and superconductor with ferromagnet cases respectively. Experimental errors on the horizontal and vertical axis are
Az =2mm and AB, = 0.05mT and are omitted for clarity. (c) Artistic illustration on how the field of magnetic sources
(e.g. magnetic dipoles) can be routed and used to magnetically connect it to other sources through a hose network. Other
tools such as gates interrupting the field transmission at some branches, realized by locally destroying superconductivity
(by temperatures above T¢ for example), might be also incorporated.



SUPPLEMENTARY MATERIAL
Finite element calculations

All numerical results are obtained by the AC/DC module of Comsol Multiphysics software.

Experimental details

For the experiments we used a high-temperature BiPbSrCaCuO superconducting tube from Can Supercon-
ductors and a soft magnetic cylinder made of cobalt-Iron alloy VACOFLUX-17 from Vacuumschmelze. The
length of the SC tube was 68mm and that of the FM 140mm. The SC and the FM had similar inner and
outer radius (approximately 20mm), respectively, so the FM cylinder could be fit inside the SC tube. The dc
current fed in the coil had a value of 3A and the magnetic field on the exterior of the superconducting tube was
measured by a Hall probe model HHP-NP from Arepoc. All measurements were performed in liquid nitrogen,
below the T of the SC tube. The whole scan was repeated several times and the high field value at z ~ 35mm
at the superconductor surface was always systematically obtained.
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. We present a comparison between the magnetic field transported by a ferromagnetic cylinder and the

SC-FM hose.

Transformation optics is applied to design an infinite slab of magnetic material that exactly transfers an
initial field distribution to an arbitrary distance.

The field that can be transferred by a finite cylindrical piece of the slab designed in the previous section
(named an ideal hose) is evaluated depending on its radius and length. We add a demonstration of the
fact that even when the ideal hose has a finite radius, there is a part of the magnetic field of the source at
one end of the hose that is transferred to the other end independently of the length of the hose.

The hose is discretized using a number of pieces of homogeneous superconducting and ferromagnetic ma-
terials and its transfer capabilities are numerically evaluated as a function of the discretization, remarking
the physical correspondences with the ideal hose.

. The simplest discretization of the hose consisting on a ferromagnetic cylindrical core surrounded by a super-

conducting cylinder (SC-FM hose) is studied and its performance for magnetic field transfer is evaluated.
We obtain some optimized geometrical parameters for an effective field transmission.

We analytically solve the magnetostatic problem of a magnetic source inside a superconducting tube
that has some ferromagnetic pieces embedded in it. In this case, simple analytical formulas for the field
transmission are obtained.

Finally, we numerically analyze the case of closed hoses (finding complete agreement with the analytical
results of section VI) and also open hoses. The simulations demonstrate the capabilities of open hoses for
connecting magnetic sources and for transmitting their fields.
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I. COMPARISON BETWEEN THE MAGNETIC FIELD TRANSMITTED BY A
FERROMAGNETIC CYLINDER AND THE SC-FM HOSE
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Figure S1: (a) An ideal cylindrical ferromagnetic (FM) material (in orange, with a radius r = 0.8d) can transmit the
field of a magnetic source (in this case a point dipole, sketched in blue), but the field that reaches the top end of the FM
rapidly decays as its length (L) increases because the field leaks through the lateral face and returns to the source. This
is clearly shown in the numerical calculations presented in (c), where colors represent the vertical field component B, at
the top of the FM for different L’s, normalized to the maximum vertical field created by an isolated dipole at a distance
2d, BP™ (2 = 2d). (b) In a SC-FM magnetic hose, composed by an ideal superconducting (SC) shell (in gray, with a
wall thickness w = 0.5d) surrounding a FM core, the field can be transmitted at arbitrary distances, as demonstrated
by the numerical calculations presented in (d). In (e) the maximum vertical field at a distance d above the top end
surface (always found at p = 0), B.(p = 0,z = 2d + L), is plotted as a function of the length for the two studied cases,
showing that the field above the FM [case (a)] rapidly decays with L, which prevents transporting static magnetic fields
at large distances with this strategy. On the contrary, the field transmitted by the SC-FM hose [case (b)] remains highly
independent on its length. The relative permeability used in the calculations is p = 10% for the FM and pu = 1075 for
the SC parts.
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II. INFINITE SLAB MATERIAL TO EXACTLY TRANSFER THE MAGNETIC FIELD BY
TRANSFORMATION OPTICS

A. DMaterial design by transformation optics

Given an initial 3D field distribution H(r) we want to design a slab material that extends from z = z; to
z = z9 > z; and that transfers the field from the semi-infinite region z > z; to z > zs.

To determine the required material we use transformation optics technique [I]. This allows to magnetically
characterize the material (i.e. to determine the permeability tensor) needed to transfer the field as desired. We
first determine the appropriate space transformation, which is divided in three different parts. If we denote
the original empty unaltered space [Fig. a)] by coordinates r = (z,y,z) and the transformed space by
coordinates r' = (2,4, 2’) the transformation can be expressed as

=z o=y =z z€(—00,21) & 2 €(—00,21); (S1)
=z Y=y, Z’Z%(z—zl)—l—zl, z€[n,1+E8) & 2 €, n); (S2)
=z, y=vy, Z=z+ (-2, z2€[z1+&0) & 2 € [z,00). (S3)

This transformation keeps the lower region z € (—o0, z1) unaltered and vertically shifts the upper region from
z =z +& to 2/ = 2z [Fig. [S2|(b)]. To ensure the continuity of the transformed space the remaining intermediate
region z € [z1,21 + &) is linearly expanded between z' = z; and 2z’ = z; [Fig. ¢)]. The desired situation
in which all the field above z; is shifted to zo is achieved in the limit case where £ — 0; then the expanded
space tends to be null (this ensures a null magnetic energy density inside the material region, which is totally
transferred above).

Figure S2: Sketch of the space transformation, which is divided in three parts. Starting from a cartesian unperturbed
space (a), the semi infinite space z > z1 + & is shifted to z > z2 (b). (c¢) Finally, the remaining space between z = z; and
z = z1 + £ is expanded leading to a continuous transformed space.

1. Required material

Using the space transformations (S14S3) we can determine the material that has to be placed in each region
by using [I}, 2]
A-pu(r) - AT
Iy - ) T A
:u’ (r ) det(A) )

where pu(r) is the relative permeability tensor of the original empty untransformed space that is ¢ = 1 and

(S4)

o
A Bk (S5)
Applying it to our case, the matrix A and the permeability tensor for each region are
A= 15 n= 1’ 2 e (—OO, Zl); (SG)
22 — 21 S S 22 — 21 /
A=111,—— ) 1 = -1 ; S7
<’ ) 5 > ’ 2 (Zz—z1’22—2’1’ f ) ) 26[21)22)a ( )

A=1, p=1, 2 € [z2,00). (S8)
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Note that, even thought the upper space is transformed through the transformation of Eq. , this is a
space translation that does not require to place any material in the upper region 2z’ > z5 [Eq. ] This means
that it is only necessary to put an homogeneous anisotropic material in the intermediate region between 2’ = 21
and z’ = z,. For the case { — 0 the required material is fzryr = ptyr,y — 0 and gy, — 0.

It is worth to remark that all the previous A and p matrices expressed in the cartesian basis have the same
form when are expressed in the usual cylindrical basis [then r = (p, ¢, z) and r’/ = (p/, ¢/, 2") are the coordinates
of the initial undeformed and the transformed spaces respectively].

2. Field expressions

From transformation optics theory we can determine the field distribution in the whole transformed space.
The field in the transformed space H'(r’) is found applying [3]

H'(r') = T(x') - H(r(r')), (S9)

where H(r) is the original field distribution before the space transformation and T is the matrix

or Oy Oz

%x’ %x’ %x’

— T Y z
T=| g oo oo ). (S10)

dxz Oy Oz

0z’ 0z 0z

Using Egs. (S1HS3) we find that T = 1 for the lower and upper regions 2’ € (—o00,21) and 2’ € [29,00)
respectively. In the intermediate region

T = (1,1, ¢ > -1, 2" € |21, 22) (S11)

z2 — 21

so that we can find the expressions for the magnetic field H' and the magnetic induction B’ [using Eqs. (S6[SS)]
in the whole space for the relevant case & — 0. In the cylindrical basis we find

H'(p',¢',2") =H(p', ¢', ), B'(¢',¢',2") = noH(p', ¢',2'), Zh € (-o0,21)  (S12)
Hy(p',¢',2') = Hp (p, &', 21) B,(p',¢',2") =0
H(/;s(plv d)/v ZI) = qu (p/a ¢I7 Zl) y B;g(P/, ¢/7Z/) = 07 Z/ S [21722) (813)
H;(p’,(b’,z’) =0 B,/z(p/7¢lazl) = uoH, (plv¢lazl)
H;/)(pla ¢/a zl) = Hp (p/v ¢/7 Z/ - (22 - zl)) B/p(p/v (b/v Z/) = :U/OHP (p/7 ¢/a Z/ - (ZQ - Zl))
Hy(p', ¢/, 2') = Hy (0, ¢/, 2 — (22— 21)),  { By(p'sd',2") = poHy (', ¢, 2" — (22— 21)) . 2" € [22,00)
H(p',¢',2") = H. (p', ¢, 2" — (22 — 21)) Bl(p',¢',2") = woH. (p',¢', 2" — (22 — 21))
(S14)

From these expression some points are worth to be remarked. First notice that inside the material [Eq. ]
magnetic induction B’ is completely vertical and the z component has the same value as the initial distribution
at 21, independently on z’. The lack of horizontal components of induction field inside the material is ensured
by the transformation, which in the limit case £ — 0 represents a vertical expansion of an infinitesimal space.
On the contrary, magnetic field H' inside the material is horizontal [Eq. (SI3)] and has the value of the original
distribution at zq, so that it neither depends on z’. As neither H nor B’ depend on the vertical coordinate
inside the material this ensures that the field can be exactly transferred from z; to an arbitrary distance above
(as long as ¢ is small enough, i.e. £ << 29 — 21).

It is clearly seen that the energy density B’ - H' inside the material is zero because induction and magnetic
fields are perpendicular. As the magnetic field distribution in the lower region is unaltered [as seen from Eq.
, because the space in this region is kept undistorted by the transformation|, the magnetic energy density
that in the original distribution was between z = z; and z = z5 is completely transferred to the upper region,
z > z9.

Finally the field in the upper part [Eq. (S14))] is exactly the same field distribution that originally was at
2 > 21, vertically shifted to 2’ > 2z5. This confirms the transfer of magnetic field at an arbitrary distance zo — 21.
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B. Magnetic description of the material through the pole distributions

When a given magnetic field interacts with a passive magnetic material its effect can be totally interpreted as
the field created by a certain distribution of volume (p) and surface (o) magnetic poles, replacing the material
by these poles. The general expressions for these pole densities are

0o=—-VM = VH, (S15)
J:—(MOUT—MIN)ofL:(HOUT—HIN)~TA7,, (816)

where 7 is a unitary vector pointing outwards from the material volume.

Now we can determine the pole distributions from the field expressions found in the previous subsection [[TA]
Using Eqgs. (S12}{S14)), surface pole distributions at the lower and upper material boundaries o(z’ = z;) and
o(z' = z9), as well as volume poles for the case £ — 0 are found to be

oz =2z)=—-H, (¢, ¢, 21), (S17)

o(z =2z)=H, (¢, 21), (S18)

0=~ 0, (0,6 ) + S Hy (0,6 1) (519)
pop T p g T

Notice that poles only depend on the original field distribution at z = z;. Surface poles in the top and the
bottom surfaces of the material are exactly the same with opposite signs so that the summation of the surface
charge cancels. Volume poles do not depend on 2z’ within the material and the integration of the volume poles
along any horizontal plane vanishes so that the total magnetic charge is 0.

For the particular case of a vertical magnetic dipole with magnetic moment m placed at the origin the axial
symmetry simplifies these expressions and they become

2
g<z'zl>a<z’22>m< SN ) ($20)
I\ (2427 (02423

-9 12 6 3
Q = E 7[) Zl + 121 . (821)
(p? +21)?

5 3
2 2
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II1. FINITE PIECE OF SLAB WITH AXIAL SYMMETRY (IDEAL HOSE)

In this section we evaluate the performance of a cylindrical piece of radius R and length L of the slab described
in section II to transfer the field from a source at one end of the material (below in the figure) to a point at the
opposite end (above). We assume axial symmetry and the permeability components of the material expressed
in the cylindrical basis are set to p, — 0 (g — 0) and p, — oo; we call this an ideal hose. Although being a
part of the material described in the previous section, the present cylinder extends to a finite radius and does no
longer result from a space transformation and, hence, fields and poles cannot be determined from transformation
optics theory.

To evaluate its performance we assume a centered vertically-aligned magnetic dipole at a distance d below
the bottom end of the material [see Fig. a)]. If the dipole is placed at the origin, following the notation of
the previous section, we can identify d = z; and L = z9 — z7. From finite-element simulations we calculate the
vertical field B, at a distance d above the top end of the material (z = 2d + L) and we plot the maximum value
(always found at p = 0) as a function of R and L (for numerical calculations we use p, = 107> and p, = 10°).
Dimensions are normalized to d and field is normalized to the maximum vertical field created by an isolated
dipole at a distance 2d, BP'F (2 = 2d).
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Figure S3: (a) Scheme of the studied geometry. (b) Plots of maximum vertical field normalized to the maximum field
created by an isolated dipole at a distance 2d as a function of the normalized radius R/d and for different lengths.

Numerical results are shown in Fig. b). We observe that for R = 4d the maximum field is approximately
the same as the maximum created by an isolated dipole at a distance 2d, i.e. the material behaves as if it was

an ideal infinite slab (as in section II). This property is approximately maintained even for radii as small as
R =2d.

Another interesting property is that the maximum transferred field decreases when the material length in-
creases. However, it rapidly saturates to a certain non-zero value (see the demonstration in the following
subsection) that depends on R.

It is worth to notice that the decrease in the transferred field due to increasing L is more evident for small
radii; for large radii the material approximates to the infinite slab case where the transferred field does not
depend on L.

In the following subsection we will demonstrate that such ideal hose transmits a non-zero field to arbitrarily
large distances. Based on Maxwell equations we will also find that
e Surface poles in the bottom and top ends are exactly the same with opposite signs for p < R (as demon-

strated for the infinite case, section II).

e Volume poles appearing along the material do not depend on the z coordinate for p < R (as demonstrated
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for the infinite case, section II).

e A certain surface pole distribution appears in the lateral surface p = R and it does depend on the z
coordinate. The main role of these poles is to guarantee that there is no radial field on the lateral surface,
so that no magnetic flux leaks through this surface (totally transferring the field distribution that there
is in the bottom end to the top end).

A. Demonstration that a non-zero field is transmitted to an arbitrary distance along an ideal hose
with finite radius

We want to demonstrate that a a cylindrical piece of material with radius R and length L and relative
permeabilities y, — 0 and p, — oo creates a certain non-zero field on the top end when a magnetic field source
is placed below the bottom end, independently on L.

We denote the bottom end surface at z = z; as s, the top end surface at z = z5 as so and the lateral surface
p = R as s; and we assume axial symmetry.

Applying magnetostatic boundary conditions and taking into account that there are no free currents we can
establish

HOT (p,21) = H)N(p, 21), (S22)
H,?UT(IO’Zl) :NZHiN(p7Zl)7 (823)
HPU (p, 25) = HN (p, 22), (S24)
HOY(p, 20) = pH™ (p, 22), (S25)
HPVM(R, 2) = pp,HN (R, 2), (S26)
HPV(R, 2) = HIN(R, 2), (S27)

where IN and OUT superscripts refer to points inside and outside the material in the interfaces, respectively.

Applying magnetostatic Maxwell equations

_ 0 i _ 9 N
VxH=0 = H(p2) = asz (p,2), (S28)
V-B=0 = 9 (n-HXN(p,2)) = 19 (proH N (p, 2)) (S29)
oz \ETE T pOp NPT NS

The relation between the magnetic field H™N and the magnetic induction B™ or the magnetization M™
inside the material can be established through its permeability. If the material is diagonal then

BN = pop,HN, (S30)
MM = (. — 1) HN. (S31)

If the magnetic field has no singular values then p, — 0 yields B;N = 0. If the magnetic field has a finite value
then the magnetization of the material also has to have a well determined value. This implies that if p, — oo
then necessarily HIN = 0. For these reasons in all points within the material where the magnetic field has no
singularities it can be stated that

NPH;I)N = Y% (832)
HN =0, (S33)

This condition is guaranteed in all the interior points, however boundaries have to be carefully discussed. No
singular field values appear within the top and bottom ends except in the circular edges p = R where pole
densities can be arbitrarily high. Regarding the lateral surface, we only use HPOUT(R7 z) = 0, which is enough
to ensure that no flux leaks through this surface. This condition is guaranteed if the material is covered by a
thin superconducting shell, which does not represent a significant modification of the problem. Due to this, the
material can be studied by dividing it into two different regions, p < R and p = R.
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In the first one no field singularities are found so that equations (S32|) and (S33) hold and we can simplify
Fas. (528) and (529) as

0

&H/I)N(p, z) =0, p< I (S34)
0
= (u-HN(p,2)) = 0, p<R; (S35)

0z
which allows to combine Eq. (S34) with Eqgs. (S22 and (S24), and Eq. (S35) with Egs. (S23]) and (S25)),

leading to (71 < z < 22)

HpOUT(pazl) :H;I)N(pvzl) :H;I)N(paz) :H;I)N(psz) :HpOUT<p7Z2)7 P<R§ (836)
H2UN(p,21) = pHN (p, 21) = pHN (p, 2) = p HIN (p, 22) = HOV (p, 22), p<R. (S37)

In the second region, corresponding to the lateral surface,

HPVT(R,z) =0, p=R. (S38)

From Eqs. and it is demonstrated that the field distribution that there is below the bottom end of
the material H®V™ (p, 1) is exactly transferred above the top end of the material (for p < R), independently on
its length L. In order to demonstrate that some field is transferred from the bottom to the top for an arbitrary
L, it only remains to demonstrate that, given a source of magnetic field placed below the material (z < z1), the
field below the bottom end of the material is different from zero.

The field at the bottom end of the material is
HOUT(p’ 21) = HaOUT(pa Zl) + H(d)UT(pa Zl)a (839)

where HOUT (p, 21) is the applied field created by the magnetic source and HYVT (p, 21) is the demagnetizing
field created by the magnetic poles appearing in the material below the bottom end surface. There are four
different poles in the material: surface poles appearing in the bottom end surface sq, surface poles in the top
end ss, surface poles in the lateral surface s; and volume poles inside the material.

Surface (o) and volume (o) poles densities can be calculated through
o= — (MOUT o MIN) Lh = (HOUT o HIN) . ’FL, (840)
0o=-VM = VH, (S41)

where 7 is a unitary vector pointing outwards from the material volume. Applying it to calculate surface poles
at s1, s2 and volume poles (p < R) using Eqgs. (S36{S37) and Eqgs. (S32S33) we obtain

01 = _HZOUT(pv Zl) + HiN(p7 21) = _HzOUT(pﬂzl)v (842)

02 = HzOUT(pv z2) — HiN(/L 32) = HzOUT(p7 22) = H?UT(pv z1), (843)
10 0 10

- HIN 7HIN - HOUT . 44

Notice that surface poles at s; and s are identical with opposite signs and volume poles do not depend on the
vertical position inside the material. More important, these three poles distributions only depend on the field
below the bottom end of the material.

Surface poles at the lateral surface s; (p = R) can be calculated taking into account Eq. (S38]) so that
o= —H"(R, 2). (S45)

Now suppose that the field below the bottom end is exactly zero [HOVT(p,2;) = 0 for p < R]. Then from
equations there are no surface poles at s; and sy, nor volume poles. This means there can only be
surface poles at s; (i.e. the demagnetizing field H, is the field created only by these surface poles), whose
value is determined by the applied field from the source and the demagnetizing field created by themselves
[Eq. ] In general, however, the demagnetizing field that these poles create below the bottom end surface
of the material HQY" (p, ;) will not cancel the applied field created by the source there HOUT (p, z1), so that
HOUT (p, 21) # 0 for some points p < R, facing a contradiction. This means that, in general, the field below the
bottom end surface HOVT(p, 2;) will not be zero and hence, a certain field will be transferred to the top end

surface, independently on L [Egs. (S36) and (S37)].



17

IV. DISCRETIZATION OF THE IDEAL HOSE USING SC AND FM CONCENTRIC CYLINDERS

The material described in the previous sections requires u, — oo and u, — 0 and actual materials with such
extreme anisotropy do not exist. However an approximation consisting of a series of n alternated ideal super-
conducting (SC, with B = 0) and ideal soft ferromagnetic (FM, with H = 0) concentric cylinders constitutes
a natural discretization of the required material as the ferromagnetic parts provide a large permeability in the
z direction and the alternated superconductors prevent the appearance of radial B field components leading to
an effective zero radial permeability.

In a (finite) ideal hose there are surface poles in the top and bottom ends, surface poles in the lateral surface
and volume poles within the material. When the material is discretized as explained, inside the superconducting
and the ferromagnetic cylinders no volume poles appear because materials are homogeneous, isotropic and linear.
However, surface poles appear in the interfaces between the lateral faces of adjacent cylinders. These poles play
an equivalent role to the volume poles appearing in the ideal hose. Actually, fixed the radius R, when n increases
the distance between consecutive interfaces is reduced and these surface poles resemble the volume poles of the
ideal hose.

The surface poles on the top and bottom ends of the ideal hose now appear mainly on the ferromagnetic
cylinders’ horizontal top and bottom faces (HIN = 0 but HPUT # 0). On the contrary, out of the horizontal
faces of the superconducting cylinders HOUT = 0 and it can be shown that the magnetic field H inside them
has mainly radial direction so that few surface poles appear in these faces of the superconductors.

Finally, if the most external cylinder is superconducting (the most appropriate choice to prevent field leakage),
surface poles appear on the exterior surface (because despite HPOUT =0, H;N # 0) similarly to that appeared
in the lateral surface of the ideal hose.
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Figure S4: (a-h) Simulation results showing the B, field component above the top end of hoses with different discretiza-
tions compared with the ideal case (i) when a centered dipole is placed below the bottom end. In (j) we present plots
of this component along an horizontal line at a distance d above the top end of the hose B (p, z = 2d + L), normalized
to the maximum field of an isolated dipole at a vertical distance 2d, BP™F (z = 2d). Geometrical parameters used in the
simulations are R = 2d and [ = 4d.

To evaluate the performance of these discretized designs we carried out finite-element simulations of a hose
discretized into different number of cylinders when a centered dipolar source is placed at a distance d below it
(for numerical calculations we use a relative permeability for the SC cylinders of 45¢ = 107° and for the FM
ones ™ = 10%). We compare the field above the top end with that appeared in the case of an ideal hose.
Results presented in Fig. [S4 show that when the number of layers is increased the field at the top tends to the
field transmitted by an ideal hose, confirming the presented discretization arguments.
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V. SIMPLEST CASE OF A FM CENTRAL CORE SURROUNDED BY A CYLINDRICAL SC
SHELL (SC-FM HOSE)

The simplest discretization of an ideal hose is a cylindrical ideal ferromagnetic core (with radius ) surrounded
by an ideal superconducting cylinder [with inner radius » and wall thickness w, see Fig. [S5|(a)]. The SC prevents
the flux leakage through the lateral faces, allowing to transfer the field along the SC-FM hose.

The main aim of this section is to evaluate the possibility of transmitting the magnetic field from a source
placed on one end of a SC-FM hose to the other end. We perform finite-element simulations placing a centered
and vertically aligned dipole at a distance d below the bottom end of the hose and we determine the maximum
field at a distance d above the top end. In all the studied cases, exploring the field at a distance d above the
top end, the maximum value of B, is always found at the center p = 0. Nevertheless, at smaller heights closer
to the top end surface, field maxima are not found at the center but at p =~ r, i.e. above the interface between
the FM and the SC.

Simulations results are presented in Fig. [S5(b) and (c), where the maximum vertical field at a distance d
above the top end surface B,(p =0,z = 2d + L) is presented for a fixed d as a function of r for different values
of R =r+w (b) and also for different lengths L (c). Field values are normalized to the maximum vertical field
created by an isolated dipole at a vertical distance 2d, BP'Y (2 = 2d).
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Figure S5: (a) Scheme of the studied geometry, where the ferromagnetic material is represented in orange and the

superconducting in gray. (b-c) Plots of the maximum vertical field at a distance d above the top end surface (always
found at p = 0), as a function of the ferromagnetic core radius r and for different R and L.

From these plots some conclusions can be extracted. For small values of R = r + w [red line in Fig. b)]
the maximum field continuously increases when increasing r because more field lines are allowed to go into the
FM. For larger R, B, have a maximum at r = 0.6d; for » < 0.6d some field lines cannot enter in the FM and
for r > 0.6d lines enter in the FM but they have room to turn around, going out through the bottom end of
the FM and resulting in a lower field on the top. Therefore there is an optimum value of r/d, which depends
on the particular field profile given by the magnetic source.

Notice that, although the maximum of each curve is always found at r =~ 0.6d the absolute maximum is not
found until R ~ 2d. This reveals an important role of the SC, whose field expulsion effect at the bottom end
horizontal face allows that some more lines go into the FM. However if we keep increasing R, B, values slowly
tend to decrease. This is because some field lines on the top of the hose cannot return by the exterior of the
hose due to its large radius R, (then they should return through the central ferromagnetic core) which results
in a lower field on the top of the hose.

Finally, we show in Fig. c¢) how these results barely change with L, showing a clear saturation effect.
This can be understood taking into account that when L is large and is increased a certain AL, the extra
poles appearing in the top part of the hose have a small effect at the bottom part of the hose, so that the field
distribution at the bottom is almost unaffected (and the fraction of field lines that turn around inside the FM
and the rest that follow to the top do not practically change).

To sum up, for an upright magnetic dipole at a distance d below the hose, there is an optimum value around
r = 0.6d and w = 1.4d (R = 2d) for which the field at a distance d above the top end surface is maximum,
independently on L.
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VI. ANALYTICAL DERIVATION OF PROPERTIES OF SC-FM HOSES

Consider an infinite ideal superconducting tube of inner radius R, infinitely long in the z direction and a
magnetic point dipole located in its axis and with magnetic moment m = mZ. Symmetrically (vertically) with
respect the position of the dipole and encased in the superconducting tube, consider two ideally soft ferromagnets
of lengths 25 located at distance [; from the dipole. In this section we will analytically find the magnetic field
in the different air regions (in the region occupied by the dipole and beyond the ferromagnets) [shown in Fig.

o))

To address this problem we will use the magnetostatic scalar potential. Since there are no free currents,
the magnetic field H in all regions can be obtained from a scalar potential ¢ through H = —V¢. All the
materials involved are considered to be linear, homogeneous and isotropic, so that this scalar potential must
satisfy Laplace equation in all regions together with the corresponding boundary conditions.

To solve the problem, we will proceed in several steps. First, we will review different expressions for the
scalar potential generated by a single point dipole [Fig. a)]. Second, we will locate this dipole inside a
long superconducting tube [Fig. [S6(b)] and we will find the new potential. Third, we will add semi-infinite
ferromagnets encased inside the superconducting tube [Fig. ¢)]. Finally, we shall solve the original problem,
by considering finite encased ferromagnets [Fig. d)]

For this case we will find the scalar potential in all regions and we will present the corresponding magnetic field
expressions, showing that there are configurations for which the field created by the dipole can be transferred
to other empty regions beyond the ferromagnets. These regions can be placed as far as desired from the source.
Moreover, the value of the transferred field can be very large.

a b c d

Figure S6: Sketch of the different solved configuration. Figures represent cylinders with the origin on the point dipole
position (in red) and z axis coaxial with the cylinders. Gray regions represent ideal superconductor and blue ideally soft
ferromagnets.

A. A point magnetic dipole

Consider a point magnetic dipole with magnetic moment m = mZ, located at the origin of coordinates [Fig.
[S6((a)]. The scalar magnetic potential ¢ap(p,z) (we use standard cylindrical coordinates) can be written as

m z

bap(p:2) = I (E T A (S46)
_m (¥ ki 4
z /0 kJo(kp)e—H=ldk (547)
m 2

= 77/00 kEKo(kp) sin(kz)dk, (548)
0
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where J;() [K;()] is the Bessel (modified Bessel) function of the first (second) kind of order i.

The vertical component of the magnetic field H,(p, z) = —0¢aqp(p, 2)/0z has zero value at a circular conical
surface with the vertex on the origin and defined by z = +p/v/2.

B. A point magnetic dipole inside a cylindrical superconducting tube

Consider now that the point dipole is located on the axis of an infinitely long (along z-axis) superconducting
tube of interior radius R [Fig. [S6(b)]. We shall consider the superconductor (SC) to be ideal so that the
magnetic induction field in its interior is B = 0. Implicit in this assumption is that the London penetration
depth X of the SC is much lower than any other dimension involved in the problem. Since the the magnetic field
source (the dipole) is in the interior of the tube, the outer radius of the superconducting tube plays no role.

Inside the tube, the general form for the solutions of the Laplace equation, after taking into account the
symmetry of the problem, can be written as

m__z
Ar (22 + p2)3/2

+ /OO A(k)Io(kp) sin(kz)dk
0
+ Gz+F (S49)

¢tu(p7 Z) =

where I;(x) is the modified Bessel function of first kind and order i. A(k) is a function that should be found
by considering the boundary conditions. The first term in Eq. [S49]is the scalar potential of the dipole, the
second term is the contribution of the currents induced in the superconductor [4], and the last two (linear and
constant) terms represent a uniform field along z. Choosing ¢, = 0 at z = 0 we have F' = 0. The boundary
condition at p = R states that the normal component of the magnetic field must be zero there, because of the
superconducting inner surface. Imposing this condition we get

A(k) = Z?ka. (S50)

For the linear term, we set G = 0, since at large vertical distances the field cannot be different from zero (the
rest of terms of ¢, vanish when z — 00).

Finally, the scalar potential is

m z
¢tu(p72) = EW
[T ERR) ) sin(kz)dk. (S51)

272 J, " I(kR)

It can be shown [4] that for large |z| both components (modulus) of the magnetic field, for a given p, decay
exponentially with |z| with a characteristic length of R/ ~ 0.261R, being &; the ith root of Ji(x). When
|z] = oo, the potential tends to +m /(27 R?).

C. A point magnetic dipole inside a cylindrical superconducting tube with encased semi-infinite soft
ferromagnetic material

Consider now that two semi-infite soft ferromagnetic (FM) materials are encased inside the tube symmetrically
with respect the dipole [see Fig. c)], with their tap end surfaces located at z = +l,. We assume that the
FMs are ideally soft magnetic materials such that their susceptibility is infinite and thus, the magnetic field
inside them is zero, H = 0.

Within this assumption, the FMs are equipotential volumes and their effect is to provide a surface at fixed z
in which the scalar potential must be constant.

The contribution from the FMs surfaces to the total scalar potential, ¢gm,(p, 2), implies new boundary con-
ditions at |z| = s, without modifying the boundary conditions at p = R. A complete set of solutions that has
the proper symmetry can be written as
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Pre(p,2) = mz/OO kKo (kp)sin(kz)dk
0

4

+ /000 A(k)Io(kp) sin(kz)dk

+ Z CnJo(knp) sinh(k, z)

n=1

+ Dz+F (S52)

where A(k), Cp,kn, D, and F have to be determined. Note explicitly the two final terms. They represent a
uniform field (linear potential) that satisfies the Laplace equation with constant potential at a given z. By
choosing ¢y = 0 at z =0, we get F' = 0.

The boundary condition at p = R [i.e. the normal (radial) component of B must be continuous] is satisfied
by considering that the k, R values are the roots of the J;(z) function [since Jj(z) = —J1(x)], kn = &,/ R, and
that function A(k) is the same as in Eq.

The boundary condition at |z| = I, leads to
o m ¢ ¢nls/R
"7 4w R2sinh(Eals/R)Jo(€n)Ja(En)”

The values of C), can be found after multiplying the equation that emerges from the boundary condition by
pJi(ap/R) (for arbitrary «), integrating from 0 to R, and using the orthogonality properties of Bessel functions.

(S53)

The remaining constant D is found by considering the ferromagnets. Indeed, since they are passive elements,
the induced magnetic charge on each of them must be zero. To evaluate this charge, we use that the discontinuity
of the normal component of the magnetic field at z = [ is determined by the magnetic pole density induced in
this surface (we shall make the treatment at positive z’s; equivalent solutions would be found for z = —I; due
to the symmetry of the problem). Since inside the ferromagnet H = 0, the pole density is

a¢te (p’ Z) :|
0z z=l

—H,(p,z=15) = {
—212 + p?
@+ )7

< 2k K, (kR)
+ /0 = TR Iy(kp) cos(kls)dk +

a(p)

— ~ &n
+ ) Crn - To(Finp) cosh (knls)
n=1

+ D. (S54)

It is important to notice that the pole density at the lateral (p = R) surfaces of the ferromagnet is zero. This
is so because in the interface between SC and FM both B and H are zero. The total magnetic charge, @,,, can
be now evaluated by integrating the pole density over the z = [, FM-air interface

R
Qm = / o(p)2mpdp = DR (S55)
0

The first two terms in the previous integral cancel each other (as can be seen by direct integration). The third

term equals zero since fOR pJo(&np/R)dp = (R/k)J1 (&) = 0. Eq. indicates that D = 0, since no net charge
can be present in the ferromagnet.

So, finally, the scalar potential is
Gulp. ) = 1o | ko (k) sn(k)dk
0

> m  K;(kR) ,
+ /0 271-2k LR Iy(kp)sin(kz)dk

= m 2e~énls/ B Jy(&,p/R) sinh(£, 2/ R)
e S (Enls/R) Jo(en) Ja (60

(S56)

n=1
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When z = [, we have

m 1
Pre(z =1s) = Eé
—k——- kls)dk
* /0 2 LR kL)

m 2e Snls/R

t L b WA E) A

n=1

(S57)

We define this quantity as 1, = ¢ie(z = l5). We see that 1/ns [defining 1., = m/(2rR?)] only depends on
ls/R. With the values for which we can numerically evaluate n with enough accuracy (Is/R = 0.1), we have
found that 1n/n. = 1, so hereafter we will assume this value.

D. A point magnetic dipole inside a cylindrical superconducting tube with encased finite soft
ferromagnetic material

We are now ready to find the complete solution for the original problem stated at the beginning of this section.
This is, to calculate the magnetic fields in the air gaps of a magnetic hose.

We refer to the Fig. [S6(d) and name ¢;(p,z) the scalar potential in region i of the figure. The general
solutions that satisfy Laplace equation and the corresponding boundary conditions are of the type (we work in
regions 1 and 2, the lower region can be similarly treated as 2 due to the symmetry)

$1(p,2) = drelp,2) + Mz+ N (S58)

Choosing scalar potential zero at z = 0, we have N = 0. We should now find M, P, Q.

Notice that in the previous subsection the linear term in the potential was zero because the total charge at
the surface of the FM must be zero. Now we have two surfaces (tap ends) for each FM, and the total charge in
each FM must be zero. Again, we use the fact that in the lateral surface of the FM (p = R, interface with the
SC) the pole density is zero.

Following the arguments and calculations used to evaluate Eq. we find that
M =P (S60)

From the continuity of the potential (and taking into account that the FMs are equipotential volumes) we
get

n+ Mls = P(ls +25) + Q. (S61)

We need a third condition. This condition should come from the physical way in which the ends of the hose
are connected. If the hose is straight and tends to be infinitely long (we could think in the limiting case of an
open hose whose total length is increased up to infinite) there cannot be a uniform field up to infinity and this
implies that P = 0. From this, M =0 and @ = .

However, there is a more interesting configuration. Imagine that in the region 2 after an air gap of length [,
(along z) we connect the two tap ends of the hose, generating a closed tube with two air-gaps: one containing
the dipole and of length 2[; and the other containing no magnetic sources and of length 2[, (see Fig. . The
potential at z =I5+ 25 + 1, must be zero because of the antisymmetry of the solution (or, in other words, since
the potential must be continuous, the antisymmetry of the problem assures that it is zero at the ’connexion’
plane). We are assuming that the radius of curvature of the closed tube is much larger than R (and the z
coordinate refers to positions along the tube). We have then

P(ls+25+1,)+Q=0. (S62)

Eqs. (S60)-(S62) can now be easily solved for M, P, and ). The final potential functions at regions 1 and 2

are

?1(p, 2) = ¢re(ps 2) (S63)

s+,
(z —28), (S64)

¢2(p72) =n- ls +la
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Figure S7: Sketch of a closed magnetic hose. A superconducting tube (gray) is filled by ferromagnetic material (blue)
leaving some air spaces, in which we could locate a point dipole (in red).

where 7 is a function of R and [s given in Eq. and ¢e(p, 2) is given in Eq. (S56).

Properties of the closed magnetic hose

From the previous results we can now easily calculate the magnetic fields at any region inside the closed hose.
Of special interest is the field in the empty region (region 2). From Eq. the magnetic field in region 2 is
uniform and has only z component given by

n
H, — .
Is + Lo (565)

This means that the field can be transferred to an arbitrary distance from the source, since its magnitude does
not depend on S, the (semi)length of the ferromagnetic element.

According to Eq. [S65] the magnitude of the field in region 2 can be greatly increased by reducing the I,
gap (keeping the rest of parameters fixed). In particular, and considering n = (m/27R?), the magnitude of
the field is inversely proportional to the total air-gaps length 2(ls 4+ 1,). Also, for a fixed I, when [, decreases
the magnetic field magnitude in the gap 2 increases. Note also that the field in the dipole region (region 1) is
changed by the presence of the region 2. Its effect is an extra uniform field that must be added to the field
coming from ¢y (p, 2).

From the energetic point of view, part of the energy of the dipole field is transferred through the ferromagnet
(inside which the energy density is zero since H = 0) up to the empty air region. The amount of energy
‘transferred’ by the ferromagnet depends on the dimensions of both the dipole-gap and the empty-gap. In
general, the smaller [ is the more energy can be collected and transferred to the air gap. The larger the [, is
the more diluted the energy over the empty air gap is.

Since the length of the FMs plays no role, we could envisage a closed hose with straight air gaps but with
any shape (even with small radius of curvature) for the FM part of the hose. In this way we could relax the
condition of large curvature radius when ’connecting’ the tap ends of the hose (see Fig. . Moreover, since
the field created by the dipole does not leak outside the hose (due to the superconducting tube) there would be
no interaction between the air-gaps through the air outside the hose.

Several air-gaps along a hose could be also envisaged. Locating several dipoles on several air-gaps could be
used as a complex system of magnetic dipoles with large interaction at large distance between them.
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VII. SC-FM HOSE WITH COMPLEX GEOMETRIES

In this section we numerically study the magnetic field that can be transmitted with a SC-FM hose when it
has a more complex geometry than the vertical straight one (studied in section V). In this case we consider a
vertical magnetic dipole placed at a distance d of a SC-FM hose whose interior FM core has a radius » = 0.5d
and is surrounded by a ideal SC cylinder with inner radius r and wall thickness w = 0.75d. The geometrical
parameters r and w have been chosen similar to the optimized values found in section V.
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Figure S8: Plots of the vertical field component from 3D finite-element simulations of a curved hose (b) and ramified
hoses (e),(g),(h) (FM cores represented in orange and surrounding SC shells in gray). Simulations of the corresponding
closed geometries are shown in (a) and (d). For comparison, simulations in which there is only the interior FM core are
sown in (c) and (f). In colors we present the calculated vertical field component B, normalized to the maximum vertical
field created by an isolated dipole at a distance d, BP'® (2 = d). Numbers indicate the average output field (B.), being
the average field that gets out of each ferromagnetic surface normalized to BP™F (2 = d).

Results for two open geometries are shown in Fig. b) and (e) . The first corresponds to a curved hose and
the second to a hose that is ramified in two branches. To deduce some properties of the curved and the ramified
hose we also present the corresponding closed geometries (a) and (d) which can be analytically solved from the
results of section VI. For comparison we also present the cases in which there is only the interior ferromagnetic
core. In all the simulations we present the average output field B, calculated as the quotient between the flux
that exits each hose end and the area of the ferromagnetic section and normalized to the maximum vertical
field created by an isolated dipole at a distance d, B2 (2 = d)

Closed cases (a) and (d) can be solved through the results of section VI, where we demonstrated that the
uniform field inside the empty gap of a non-ramified closed geometry is given by Eq.
pom 1
TR+,
where m is the magnetic moment of the dipole and R, [, and [, are the geometrical parameters defined in Fig.

[S7 We consider that I, = d and R = r and taking into account that the maximum vertical field created by an
isolated dipole at distance d is

(S66)

DIP ., _ 5 _ Mo2m
B (e=d) =" 5 (S67)
we find that the average output field in the gap of height 21, is
_ B, a3
(S68)

B:=Bovr —a) T Pt i)
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In case (a) I, = d, and taking into account the geometrical parameters we find that B, = 2, in agreement with
the simulation.

For the ramified case (d) one can calculate the effective gap equivalent to the two parallel gaps. Since in this
case the system behaves as an ideal magnetic circuit the effective gap IS can be calculated through the parallel

association formula
1 1\ !
lzﬂ = <ll + lg) . (869)

In this case l5,1 = lq,2 = d, so that Z?LH = d/2. Applying Eq. (S68]) and taking into account that the calculated
field is equally divided into the two branches we find that the field inside each gap of the ramified hose (d) is
B, =4/3, in agreement with the simulations.

Comparing the two closed geometries (a) and (d) one can see that the field in the gap is lower when the hose
is ramified. However, in this case, the total average output field (adding up that of the two branches) is larger,
because the effective gap becomes smaller when branches are in parallel.

Concerning the open geometries, some conclusions can be outlined:

1. A hose made of an interior FM core surrounded by a SC layer can transmit the field of a point source
(e.g. a magnetic dipole) to a given distant point increasing the transmitted field by a large factor (~ 17

in these simulations) respect to the case where only the FM core is used (for a distance 10d) [compare
(b),(c) and also (e),(f)].

2. The field that exists the hose in open geometries is non-uniform and the average field decreases respect to
the corresponding closed cases [compare (a),(b) and (d),(e)].

3. When an open hose is ramified the output field in each branch decreases compared with the non-ramified
case. However, the total average output field (adding up the field of all branches) is larger, similarly to
what happens in closed geometries when branches are connected in parallel [compare (b) and (e)].

4. In open ramified hoses, the average output field in each branch can be different and depends on the
distance between the branch end and the dipole source [see (e)].

5. When any of the branches of a ramified hose is closed (by a SC layer), the output field in the rest increases
as if this branch was not present [compare (e), (g) and (h)].
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