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Preface

Mathematics is an essential ingredient in the education of a professional physicist, indeed
in the education of any professional scientist or engineer in the 21st century. Yet when it
comes to the specifics of what is needed, and when and how it should be taught, there is
no broad consensus among educators. The crowded curricula of undergraduates, especially
in North America where broad general education requirements are the rule, leave little room
for formal mathematics beyond the standard introductory courses in calculus, linear algebra,
and differential equations, with perhaps one advanced specialized course in a mathematics
department, or a one-semester survey course in a physics department.

The situation in (post)-graduate education is perhaps more encouraging—there are many
institutes of theoretical physics, in some cases joined with applied mathematics, where modern
courses in mathematical physics are taught. Even in large university physics departments there
is room to teach advanced mathematical physics courses, even if only as electives for students
specializing in theoretical physics. But in small and medium physics departments, the teaching
of mathematical physics often is restricted to a one-semester survey course that can do little
more than cover the gaps in the mathematical preparation of its graduate students, leaving
many important topics to be discussed, if at all, in the standard physics courses in classical
and quantum mechanics, and electromagnetic theory, to the detriment of the physics content
of those courses.

The purpose of the present book is to provide a comprehensive survey of the mathematics
underlying theoretical physics at the level of graduate students entering research, with enough
depth to allow a student to read introductions to the higher level mathematics relevant to
specialized fields such as the statistical physics of lattice models, complex dynamical systems,
or string theory. It is also intended to serve the research scientist or engineer who needs a quick
refresher course in the subject of one or more chapters in the book.

We review the standard theories of ordinary differential equations, linear vector spaces,
functions of a complex variable, partial differential equations and Green functions, and the
special functions that arise from the solutions of the standard partial differential equations of
physics. Beyond that, we introduce at an early stage modern topics in differential geometry
arising from the study of differentiable manifolds, spaces whose points are characterized by
smoothly varying coordinates, emphasizing the properties of these manifolds that are inde-
pendent of a particular choice of coordinates. The geometrical concepts that follow lead to
helpful insights into topics ranging from thermodynamics to classical dynamical systems to
Einstein’s classical theory of gravity (general relativity). The usefulness of these ideas is, in
my opinion, as significant as the clarity added to Maxwell’s equations by the use of vector
notation in place of the original expressions in terms of individual components, for example.
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Thus I believe that it is important to introduce students of science to geometrical methods as
early as possible in their education.

The material in Chapters 1–8 can form the basis of a one-semester graduate course on
mathematical methods, omitting some of the mathematical details in the discussion of Hilbert
spaces in Chapters 6 and 7 if necessary. There are many examples interspersed with the main
discussion, and exercises that the student should work out as part of the reading. There are
additional problems at the end of each chapter; these are generally more challenging, but pro-
vide possible homework assignments for a course. The remaining two chapters introduce the
theory of finite groups and Lie groups—topics that are important for the understanding of
systems with symmetry, especially in the realm of condensed matter, atoms, nuclei, and sub-
nuclear physics. But these topics can often be developed as needed in the study of particular
systems, and are thus less essential in a first course. Nevertheless, they have been included in
part because of my own research interests, and in part because group theory can be fun!

Each chapter begins with an overview
that summarizes the topics discussed in the
chapter—the student should read this through
in order to get an idea of what is coming in the
chapter, without being too concerned with the
details that will be developed later. The exam-
ples and exercises are intended to be studied
together with the material as it is presented.
The problems at the end of the chapter are ei-
ther more difficult, or require integration of
more than one local idea. The diagram at the
right provides a flow chart for the chapters of
the book.

1 3

24 9

8 7

6

10

5

Flow chart for chapters of the book.
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1 Infinite Sequences and Series

In experimental science and engineering, as well as in everyday life, we deal with integers,
or at most rational numbers. Yet in theoretical analysis, we use real and complex numbers,
as well as far more abstract mathematical constructs, fully expecting that this analysis will
eventually provide useful models of natural phenomena. Hence we proceed through the con-
struction of the real and complex numbers starting from the positive integers1. Understanding
this construction will help the reader appreciate many basic ideas of analysis.

We start with the positive integers and zero, and introduce negative integers to allow sub-
traction of integers. Then we introduce rational numbers to permit division by integers. From
arithmetic we proceed to analysis, which begins with the concept of convergence of infinite
sequences of (rational) numbers, as defined here by the Cauchy criterion. Then we define
irrational numbers as limits of convergent (Cauchy) sequences of rational numbers.

In order to solve algebraic equations in general, we must introduce complex numbers and
the representation of complex numbers as points in the complex plane. The fundamental
theorem of algebra states that every polynomial has at least one root in the complex plane,
from which it follows that every polynomial of degree n has exactly n roots in the complex
plane when these roots are suitably counted. We leave the proof of this theorem until we study
functions of a complex variable at length in Chapter 4.

Once we understand convergence of infinite sequences, we can deal with infinite series of
the form

∞∑

n=1

xn

and the closely related infinite products of the form

∞∏

n=1

xn

Infinite series are central to the study of solutions, both exact and approximate, to the differ-
ential equations that arise in every branch of physics. Many functions that arise in physics
are defined only through infinite series, and it is important to understand the convergence
properties of these series, both for theoretical analysis and for approximate evaluation of the
functions.

1To paraphrase a remark attributed to Leopold Kronecker: “God created the positive integers; all the rest is human
invention.”

Introduction to Mathematical Physics. Michael T. Vaughn
Copyright c© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40627-2

Introduction to Mathematical Physics 

Michael T. Vaughn 
 2007 WILEY-VCH Verlag GmbH & Co. 



2 1 Infinite Sequences and Series

We review some of the standard tests (comparison test, ratio test, root test, integral test)
for convergence of infinite series, and give some illustrative examples. We note that absolute
convergence of an infinite series is necessary and sufficient to allow the terms of a series to be
rearranged arbitrarily without changing the sum of the series.

Infinite sequences of functions have more subtle convergence properties. In addition to
pointwise convergence of the sequence of values of the functions taken at a single point,
there is a concept of uniform convergence on an interval of the real axis, or in a region of
the complex plane. Uniform convergence guarantees that properties such as continuity and
differentiability of the functions in the sequence are shared by the limit function. There is also
a concept of weak convergence, defined in terms of the sequences of numbers generated by
integrating each function of the sequence over a region with functions from a class of smooth
functions (test functions). For example, the Dirac δ-function and its derivatives are defined in
terms of weakly convergent sequences of well-behaved functions.

It is a short step from sequences of functions to consider infinite series of functions, espe-
cially power series of the form

∞∑

n=0

anz
n

in which the an are real or complex numbers and z is a complex variable. These series are
central to the theory of functions of a complex variable. We show that a power series converges
absolutely and uniformly inside a circle in the complex plane (the circle of convergence), with
convergence on the circle of convergence an issue that must be decided separately for each
particular series.

Even divergent series can be useful. We show some examples that illustrate the idea of
a semiconvergent, or asymptotic, series. These can be used to determine the asymptotic be-
havior and approximate asymptotic values of a function, even though the series is actually di-
vergent. We give a general description of the properties of such series, and explain Laplace’s
method for finding an asymptotic expansion of a function defined by an integral representation
(Laplace integral) of the form

I(z) =
∫ a

0

f(t)ezh(t) dt

Beyond the sequences and series generated by the mathematical functions that occur in
solutions to differential equations of physics, there are sequences generated by dynamical
systems themselves through the equations of motion of the system. These sequences can
be viewed as iterated maps of the coordinate space of the system into itself; they arise in
classical mechanics, for example, as successive intersections of a particle orbit with a fixed
plane. They also arise naturally in population dynamics as a sequence of population counts at
periodic intervals.

The asymptotic behavior of these sequences exhibits new phenomena beyond the simple
convergence or divergence familiar from previous studies. In particular, there are sequences
that converge, not to a single limit, but to a periodic limit cycle, or that diverge in such a way
that the points in the sequence are dense in some region in a coordinate space.
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An elementary prototype of such a sequence is the logistic map defined by

Tλ : x→ xλ = λx(1 − x)

This map generates a sequence of points {xn} with

xn+1 = λxn(1 − xn)

(0 < λ < 4) starting from a generic point x0 in the interval 0 < x0 < 1. The behavior of
this sequence as a function of the parameter λ as λ increases from 0 to 4 provides a simple
illustration of the phenomena of period doubling and transition to chaos that have been an
important focus of research in the past 30 years or so.

1.1 Real and Complex Numbers

1.1.1 Arithmetic

The construction of the real and complex number systems starting from the positive integers
illustrates several of the structures studied extensively by mathematicians. The positive inte-
gers have the property that we can add, or we can multiply, two of them together and get a
third. Each of these operations is commutative:

x ◦ y = y ◦ x (1.1)

and associative:

x ◦ (y ◦ z) = (x ◦ y) ◦ z (1.2)

(here ◦ denotes either addition or multiplication), but only for multiplication is there an identity
element e, with the property that

e ◦ x = x = x ◦ e (1.3)

Of course the identity element for addition is the number zero, but zero is not a positive integer.
Properties (1.2) and (1.3) are enough to characterize the positive integers as a semigroup under
multiplication, denoted by Z∗ or, with the inclusion of zero, a semigroup under addition,
denoted by Z+.

Neither addition nor multiplication has an inverse defined within the positive integers. In
order to define an inverse for addition, it is necessary to include zero and the negative integers.
Zero is defined as the identity for addition, so that

x+ 0 = x = 0 + x (1.4)

and the negative integer −x is defined as the inverse of x under addition,

x+ (−x) = 0 = (−x) + x (1.5)
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With the inclusion of the negative integers, the equation

p+ x = q (1.6)

has a unique integer solution x (≡ q− p) for every pair of integers p, q. Properties (1.2)–(1.5)
characterize the integers as a group Z under addition, with 0 as an identity element. The fact
that addition is commutative makes Z a commutative, or Abelian, group. The combined
operations of addition with zero as identity, and multiplication satisfying Eqs. (1.2) and (1.3)
with 1 as identity, characterize Z as a ring, a commutative ring since multiplication is also
commutative. To proceed further, we need an inverse for multiplication, which leads to the
introduction of fractions of the form p/q (with integers p, q). One important property of frac-
tions is that they can always be reduced to a form in which the integers p, q have no common
factors2. Numbers of this form are rational. With both addition and multiplication having
well-defined inverses (except for division by zero, which is undefined), and the distributive
law

a ∗ (x+ y) = a ∗ x+ a ∗ c = y (1.7)

satisfied, the rational numbers form a field, denoted by Q.

Exercise 1.1. Let p be a prime number. Then
√
p is not rational. �

Note. Here and throughout the book we use the convention that when a proposition is simply
stated, the problem is to prove it, or to give a counterexample that shows it is false.

1.1.2 Algebraic Equations

The rational numbers are adequate for the usual operations of arithmetic, but to solve algebraic
(polynomial) equations, or to carry out the limiting operations of calculus, we need more. For
example, the quadratic equation

x2 − 2 = 0 (1.8)

has no rational solution, yet it makes sense to enlarge the rational number system to include
the roots of this equation. The real algebraic numbers are introduced as the real roots of
polynomials of any degree with integer coefficients. The algebraic numbers also form a field.

Exercise 1.2. Show that the roots of a polynomial with rational coefficients can be ex-
pressed as roots of a polynomial with integer coefficients. �

Complex numbers are introduced in order to solve algebraic equations that would other-
wise have no real roots. For example, the equation

x2 + 1 = 0 (1.9)

has no real solutions; it is “solved” by introducing the imaginary unit i ≡
√
−1 so that the

roots are given by x = ±i. Complex numbers are then introduced as ordered pairs (x, y) ∼
2The study of properties of the positive integers, and their factorization into products of prime numbers, belongs

to a fascinating branch of pure mathematics known as number theory, in which the reducibility of fractions is one of
the elementary results.
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x+ iy, of real numbers; x, y can be restricted to be rational (algebraic) to define the complex
rational (algebraic) numbers.

Complex numbers can be represented as points (x, y) in a plane (the complex plane) in a
natural way, and the magnitude of the complex number x+ iy is defined by

|x+ iy| ≡
√
x2 + y2 (1.10)

In view of the identity

eiθ = cos θ + i sin θ (1.11)

we can also write

x+ iy = reiθ (1.12)

with r = |x + iy| and tan θ = y/x. These relations have an obvious interpretation in terms
of the polar coordinates of the point (x, y). We also define

arg z ≡ θ (1.13)

for z �= 0. The angle arg z is the phase of z. Evidently it can only be defined as mod 2π;
adding any integer multiple of 2π to arg z does not change the complex number z, since

e2πi = 1 (1.14)

Equation (1.14) is one of the most remarkable equations of mathematics.

1.1.3 Infinite Sequences; Irrational Numbers

To complete the construction of the real and complex numbers, we need to look at some
elementary properties of sequences, starting with the formal definitions:

Definition 1.1. A sequence of numbers (real or complex) is an ordered set of numbers in
one-to-one correspondence with the positive integers; write {zn} ≡ {z1, z2, . . .}.

Definition 1.2. The sequence {zn} is bounded if there is some positive number M such that
|zn| < M for all positive integers n.

Definition 1.3. The sequence {xn} of real numbers is increasing (decreasing) if xn+1 > xn
(xn+1 < xn) for every n. The sequence is nondecreasing (nonincreasing) if xn+1 ≥ xn
(xn+1 ≤ xn) for every n. A sequence belonging to one of these classes is monotone (or
monotonic).

Remark. The preceding definition is restricted to real numbers because it is only for real
numbers that we can define a “natural” ordering that is compatible with the standard measure
of the distance between the numbers. �

Definition 1.4. The sequence {zn} is a Cauchy sequence if for every ε > 0 there is a positive
integer N such that |zp − zq| < ε whenever p, q > N .
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Definition 1.5. The sequence {zn} is convergent to the limit z (write {zn} → z) if for every
ε > 0 there is a positive integer N such that |zn − z| < ε whenever n > N .

There is no guarantee that a Cauchy sequence of rational numbers converges to a rational,
or even algebraic, limit. For example, the sequence {xn} defined by

xn ≡
(

1 +
1
n

)n
(1.15)

converges to the limit e = 2.71828 . . ., the base of natural logarithms. It is true, though
nontrivial to prove, that e is not an algebraic number. A real number that is not algebraic is
transcendental. Another famous transcendental number is π, which is related to e through
Eq. (1.14).

If we want to insure that every Cauchy sequence of rational numbers converges to a limit,
we must include the irrational numbers, which can be defined as limits of Cauchy sequences
of rational numbers. As examples of such sequences, imagine the infinite, nonterminating,
nonperiodic decimal expansions of transcendental numbers such as e or π, or algebraic num-
bers such as

√
2. Countless computer cycles have been used in calculating the digits in these

expansions.
The set of real numbers, denoted by R, can now be defined as the set containing rational

numbers together with the limits of Cauchy sequences of rational numbers. The set of complex
numbers, denoted by C, is then introduced as the set of all ordered pairs (x, y) ∼ x+iy of real
numbers. Once we know that every Cauchy sequence of real (or rational) numbers converges
to a real number, it is a simple exercise to show that every Cauchy sequence of complex
numbers converges to a complex number.

Monotonic sequences are especially important, since they appear as partial sums of infinite
series of positive terms. The key property is contained in the

Theorem 1.1. A monotonic sequence {xn} is convergent if and only if it is bounded.

Proof. If the sequence is unbounded, it will diverge to ±∞, which simply means that for
any positive number M , no matter how large, there is an integer N such that xn > M (or
xn < −M if the sequence is monotonic nonincreasing) for any n ≥ N . This is true, since
for any positive number M , there is at least one member xN of the sequence with xN > M
(or xN < −M )—otherwise M would be a bound for the sequence—and hence xn > M (or
xn < −M ) for any n ≥ N in view of the monotonic nature of the sequence.

If the monotonic nondecreasing sequence {xn} is bounded from above, then in order to
have a limit, there must be a bound that is smaller than any other bound (such a bound is the
least upper bound of the sequence). If the sequence has a limit X , thenX is certainly the least
upper bound of the sequence, while if a least upper bound X exists, then it must be the limit
of the sequence. For if there is some ε > 0 such that X − xn > ε for all n, then X − ε will
be an upper bound to the sequence smaller than X .

The existence of a least upper bound is intuitively plausible, but its existence cannot be
proven from the concepts we have introduced so far. There are alternative axiomatic formu-
lations of the real number system that guarantee the existence of the least upper bound; the
convergence of any bounded monotonic nondecreasing sequence is then a consequence as just
explained. The same argument applies to bounded monotonic nonincreasing sequences, which
must then have a greatest lower bound to which the sequence converges.
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1.1.4 Sets of Real and Complex Numbers

We also need some elementary definitions and results about sets of real and complex numbers
that are generalized later to other structures.

Definition 1.6. For real numbers, we can define an open interval:

(a, b) ≡ {x| a < x < b}

or a closed interval:

[a, b] ≡ {x| a ≤ x ≤ b}

as well as semiopen (or semiclosed) intervals:

(a, b] ≡ {x| a < x ≤ b} and [a, b) ≡ {x| a ≤ x < b}

A neighborhood of the real number x0 is any open interval containing x0. An ε-neighborhood
of x0 is the set of all points x such that

|x− x0| < ε (1.16)

This concept has an obvious extension to complex numbers: An (ε)-neighborhood of the
complex number z0, denoted by Nε(z0), is the set of all points z such that

0 < |z − z0| < ε (1.17)

Note that for complex numbers, we exclude the point z0 from the neighborhood Nε(z0).

Definition 1.7. The set S of real or complex numbers is open if for every x in S, there is a
neighborhood of x lying entirely in S. S is closed if its complement is open. S is bounded if
there is some positive M such that x < M for every x in S (M is then a bound of S).

Definition 1.8. x is a limit point of the set S if every neighborhood of x contains at least one
point of S.

While x itself need not be a member of the set S, this definition implies that every neigh-
borhood of x in fact contains an infinite number of points of S. An alternative definition of a
closed set can be given in terms of limit points, and one of the important results of analysis is
that every bounded infinite set contains at least one limit point.

Exercise 1.3. Show that the set S of real or complex numbers is closed if and only if every
limit point of S is an element of S. �

Exercise 1.4. (Bolzano–Weierstrass theorem) Every bounded infinite set of real or com-
plex numbers contains at least one limit point. �

Definition 1.9. The set S is everywhere dense, or simply dense, in a region R if there is at
least one point of S in any neighborhood of every point in R.

Example 1.1. The set of rational numbers is everywhere dense on the real axis.
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1.2 Convergence of Infinite Series and Products

1.2.1 Convergence and Divergence; Absolute Convergence

If {zk} is a sequence of numbers (real or complex), the formal sum

S ≡
∞∑

k=1

zk (1.18)

is an infinite series, whose partial sums are defined by

sn ≡
n∑

k=1

zk (1.19)

The series
∑

zk is convergent (to the value s) if the sequence {sn} of partial sums converges
to s, otherwise divergent. The series is absolutely convergent if the series

∑
|zk| is con-

vergent; a series that is convergent but not absolutely convergent is conditionally convergent.
Absolute convergence is an important property of a series, since it allows us to rearrange terms
of the series without altering its value, while the sum of a conditionally convergent series can
be changed by reordering it (this is proved later on).

Exercise 1.5. If the series
∑

zk is convergent, then the sequence {zk} → 0. �

Exercise 1.6. If the series
∑

zk is absolutely convergent, then it is convergent. �

To study absolute convergence, we need only consider a series
∑

xk of positive real num-
bers (

∑
|zk| is such a series). The sequence of partial sums of a series of positive real num-

bers is obviously nondecreasing. From the theorem on monotonic sequences in the previous
section then follows

Theorem 1.2. The series
∑

xk of positive real numbers is convergent if and only if the
sequence of its partial sums is bounded.

Example 1.2. Consider the geometric series

S(x) ≡
∞∑

k=0

xk (1.20)

for which the partial sums are given by

sn =
n∑

k=0

xk =
1 − x

1 − xn+1
(1.21)

These partial sums are bounded if 0 ≤ x < 1, in which case

{sn} → 1
1 − x

(1.22)
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The series diverges for x ≥ 1. The corresponding series

S(z) ≡
∞∑

k=0

zk (1.23)

for complex z is then absolutely convergent for |z| < 1, divergent for |z| > 1. The
behavior on the unit circle |z| = 1 in the complex plane must be determined separately
(the series actually diverges everywhere on the circle since the sequence {zk} �→ 0; see
Exercise 1.5).

Remark. We will see that the function S(z) defined by the series (1.23) for |z| < 1 can
be defined to be 1/(1 − z) for complex z �= 1, even outside the region of convergence of the
series, using the properties of S(z) as a function of the complex variable z. This is an example
of a procedure known as analytic continuation, to be explained in Chapter 4. �

Example 1.3. The Riemann ζ-function is defined by

ζ(s) ≡
∞∑

n=1

1
ns

(1.24)

The series for ζ(s) with s = σ + iτ is absolutely convergent if and only if the series for
ζ(σ) is convergent. Denote the partial sums of the latter series by

sN (σ) =
N∑

n=1

1
nσ

(1.25)

Then for σ ≤ 1 and N ≥ 2m (m integer), we have

sN (σ) ≥ sN (1) ≥ s2m(1) > s2m−1 (1) +
1
2
> · · · > m

2
(1.26)

Hence the sequence {sN (σ)} is unbounded and the series diverges. Note that for s = 1,
Eq. (1.24) is the harmonic series, which is shown to diverge in elementary calculus
courses. On the other hand, for σ > 1 and N ≤ 2m with m integer, we have

sN (σ) < s2m(σ) < s2m−1 (σ) +
(

1
2

)(m−1) (σ−1)

< · · ·
(1.27)

<
m−1∑

k=0

(
1
2

)k(σ−1)

<
1

1 − 2(1−σ)

Thus the sequence {sN (σ)} is bounded and hence converges, so that the series (1.24) for
ζ(s) is absolutely convergent for σ = Re s > 1. Again, we will see in Chapter 4 that
ζ(s) can be defined for complex s beyond the range of convergence of the series (1.24) by
analytic continuation.
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1.2.2 Tests for Convergence of an Infinite Series of Positive Terms

There are several standard tests for convergence of a series of positive terms:
Comparison test. Let

∑
xk and

∑
yk be two series of positive numbers, and suppose that

for some integer N > 0 we have yk ≤ xk for all k > N . Then
(i) if

∑
xk is convergent,

∑
yk is also convergent, and

(ii) if
∑
yk is divergent,

∑
xk is also divergent.

This is fairly obvious, but to give a formal proof, let {sn} and {tn} denote the sequences of
partial sums of

∑
xk and

∑
yk, respectively. If yk ≤ xk for all k > N , then

tn − tN ≤ sn − sN

for all n > N . Thus if {sn} is bounded, then {tn} is bounded, and if {tn} is unbounded, then
{sn} is unbounded.

Remark. The comparison test has been used implicitly in the discussion of the ζ-function to
show the absolute convergence of the series 1.24 for σ = Re s > 1. �

Ratio test. Let
∑
xk be a series of positive numbers, and let rk ≡ xk+1/xk be the ratios

of successive terms. Then
(i) if only a finite number of rk > a for some a with 0 < a < 1, then the series converges,

and
(ii) if only a finite number of rk < 1, then the series diverges.

In case (i), only a finite number of the rk are larger than a, so there is some positive M such
that xk < Mak for all k, and the series converges by comparison with the geometric series.
In case (ii), the series diverges since the individual terms of the series do not tend to zero.

Remark. The ratio test works if the largest limit point of the sequence {rk} is either greater
than 1 or smaller than 1. If the largest limit point is exactly equal to 1, then the ratio test
does not answer the question of convergence, as seen by the example of the ζ-function series
(1.24). �

Root test. Let
∑
xk be a series of positive numbers, and let 	k ≡ k

√
xk. Then

(i) if only a finite number of 	k > a for some positive a < 1, then the series converges,
and

(ii) if infinitely many 	k > 1, the series diverges.
As with the ratio test, we can construct a comparison with the geometric series. In case (i),
only a finite number of roots 	k are bigger than a, so there is some positive M such that
xk < Mak for all k, and the series converges by comparison with the geometric series. In
case (ii), the series diverges since the individual terms of the series do not tend to zero.

Remark. The root test, like the ratio test, works if the largest limit point of the sequence
{	k} is either greater than 1 or smaller than 1, but fails to decide convergence if the largest
limit point is exactly equal to 1. �

Integral test. Let f(t) be a continuous, positive, and nonincreasing function for t ≥ 1, and
let xk ≡ f(k) (k = 1, 2, . . .). Then

∑
xk converges if and only if the integral

I ≡
∫ ∞

1

f(t) dt <∞ (1.28)
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also converges. To show this, note that

∫ k+1

k

f(t) dt ≤ xk ≤
∫ k

k−1

f(t) dt (1.29)

which is easy to see by drawing a graph. The partial sums sn of the series then satisfy

∫ n+1

1

f(t) dt ≤ sn =
n∑

k=1

xk ≤ x1 +
∫ n

1

f(t) dt (1.30)

and are bounded if and only if the integral (1.28) converges.

Remark. If the integral (1.28) converges, it provides a (very) rough estimate of the value of
the infinite series, since

∫ ∞

N+1

f(t) dt ≤ s− sN =
∞∑

k=N+1

xk ≤
∫ ∞

N

f(t) dt (1.31)

1.2.3 Alternating Series and Rearrangements

In addition to a series of positive terms, we consider an alternating series of the form

S ≡
∞∑

k=0

(−1)kxk (1.32)

with xk > 0 for all k. Here there is a simple criterion (due to Leibnitz) for convergence: if
the sequence {xk} is nonincreasing, then the series S converges if and only if {xk} → 0, and
if S converges, its value lies between any two successive partial sums. This follows from the
observation that for any n the partial sums sn of the series (1.32) satisfy

s2n+1 < s2n+3 < · · · < s2n+2 < s2n (1.33)

Example 1.4. The alternating harmonic series

A ≡ 1 − 1
2

+
1
3
− 1

4
+ · · · =

∞∑

k=0

(−1)k

k + 1
(1.34)

is convergent according to this criterion, even though it is not absolutely convergent (the
series of absolute values is the harmonic series we have just seen to be divergent). In fact,
evaluating the logarithmic series (Eq. (1.69) below) for z = 1 shows that A = ln 2.

Is there any significance of the ordering of terms in an infinite series? The short answer
is that terms can be rearranged at will in an absolutely convergent series without changing the
value of the sum, while changing the order of terms in a conditionally convergent series can
change its value, or even make it diverge.
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Definition 1.10. If {n1, n2, . . .} is a permutation of {1, 2, . . .}, then the sequence {ζk} is a
rearrangement of {zk} if

ζk = znk
(1.35)

for every k. Then also the series
∑
ζk is a rearrangement of

∑
zk.

Example 1.5. The alternating harmonic series (1.34) can be rearranged in the form

A′ =
(

1 +
1
3
− 1

2

)
+
(

1
5

+
1
7
− 1

4

)
+ · · · (1.36)

which is still a convergent series, but its value is not the same as that of A (see below).

Theorem 1.3. If the series
∑
zk is absolutely convergent, and

∑
ζk is a rearrangement of∑

zk, then
∑
ζk is absolutely convergent.

Proof. Let {sn} and {σn} denote the sequences of partial sums of
∑

zk and
∑

ζk, re-
spectively. If ε > 0, choose N such that |sn − sm| < ε for all n,m > N , and let
Q ≡ max{n1, . . . , nN}. Then |σn − σm| < ε for all n,m > Q.

On the other hand, if a series in not absolutely convergent, then its value can be changed
(almost at will) by rearrangement of its terms. For example, the alternating series in its original
form (1.34) can be expressed as

A =
∞∑

n=0

(
1

2n+ 1
− 1

2n+ 2

)
=

∞∑

n=0

1
(2n+ 1)(2n+ 2)

(1.37)

This is an absolutely convergent series of positive terms whose value is ln 2 = 0.693 . . ., as
already noted. On the other hand, the rearranged series (1.36) can be expressed as

A′ =
∞∑

n=0

(
1

4n+ 1
+

1
4n+ 3

− 1
2n+ 2

)
=

∞∑

n=0

8n+ 5
2(n+ 1)(4n+ 1)(4n+ 3)

(1.38)

which is another absolutely convergent series of positive terms. Including just the first term of
this series shows that

A′ >
5
6
> ln 2 = A (1.39)

In fact, any series that is not absolutely convergent can be rearranged into a divergent series.

Theorem 1.4. If the series
∑
xk of real terms is conditionally convergent, then there is a

divergent rearrangement of
∑
xk.

Proof. Let {ξ1, ξ2, . . .} be the sequence of positive terms in {xk}, and {−η1,−η2, . . .} be the
sequence of negative terms. Then at least one of the series

∑
ξk ,

∑
ηk is divergent (otherwise

the series would be absolutely convergent). Suppose
∑
ξk is divergent. Then we can choose

a sequence n1, n2, . . . such that

nm+1−1∑

k=nm

ξk > 1 + ηm (1.40)
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(m = 1, 2, . . .), and the rearranged series

S′ ≡
n2−1∑

k=n1

ξk − η1 +
n3−1∑

k=n2

ξk − η2 + · · · (1.41)

is divergent.

Remark. It follows as well that a conditionally convergent series
∑
zk of complex terms

must have a divergent rearrangement. For if zk = xk + iyk, then either
∑
xk or

∑
yk is

conditionally convergent, and hence has a divergent rearrangement. �

1.2.4 Infinite Products

Closely related to infinite series are infinite products of the form
∞∏

m=1

(1 + zm) (1.42)

({zm} is a sequence of complex numbers), with partial products

pn ≡
n∏

m=1

(1 + zk) (1.43)

The product
∏

(1+zm) is convergent (to the value p) if the sequence {pn} of partial products
converges to p �= 0, convergent to zero if a finite number of factors are 0, divergent to zero if
{pn} → 0 with no vanishing pn, and divergent if {pn} is divergent. The product is absolutely
convergent if

∏
(1 + |zm|) is convergent; a product that is convergent but not absolutely

convergent is conditionally convergent.
The absolute convergence of a product is simply related to the absolute convergence of a

related series: if {xm} is a sequence of positive real numbers, then the product
∏

(1 + xm)
is convergent if and only if the series

∑
xm is convergent. This follows directly from the

observation
n∑

m=1

xm <

n∏

m=1

(1 + xm) < exp

(
n∑

m=1

xm

)
(1.44)

Also, the product
∏

(1−xm) is convergent if and only if the series
∑
xm is convergent (show

this).

Example 1.6. Consider the infinite product

P ≡
∞∏

m=2

(
m3 − 1
m3 + 1

)
<

∞∏

m=2

(
1 − 1

m3

)
(1.45)

The product is (absolutely) convergent, since the series
∞∑

m=1

1
m3

= ζ(3)

is convergent. Evaluation of the product is left as a problem.
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1.3 Sequences and Series of Functions

1.3.1 Pointwise Convergence and Uniform Convergence of Sequences of
Functions

Questions of convergence of sequences and series of functions in some domain of variables
can be answered at each point by the methods of the preceding section. However, the issues of
continuity and differentiability of the limit function require more care, since the limiting pro-
cedures involved approaching a point in the domain need not be interchangeable with passing
to the limit of the sequence or series (convergence of an infinite series of functions is defined
in the usual way in terms of the convergence of the sequence of partial sums of the series).
Thus we introduce

Definition 1.11. The sequence {fn(z)} of functions of the variable z (real or complex) is
(pointwise) convergent to the function f(z) in the region R:

{fn(z)} → f(z) in S

if the sequence {fn(z0)} → f(z0) at every point z0 in R.

Definition 1.12. {fn(z)} is uniformly convergent to f(z) in the closed, bounded R:

{fn(z)} ⇒ f(z) in S

if for every ε > 0 there is a positive integer N such that |fn(z) − f(z)| < ε for every n > N
and every point z in R.

Remark. Note the use of different arrow symbols (→ and ⇒) to denote strong and uniform
convergence, as well as the symbol (⇀) introduced below to denote weak convergence. �

Example 1.7. Consider the sequence {xn}. Evidently {xn} → 0 for 0 ≤ x < 1. Also,
the sequence {xn} ⇒ 0 on any closed interval 0 ≤ x ≤ 1 − δ (0 < δ < 1), since for any
such x, we have |xn| < ε for all n > N if N is chosen so that |1 − δ|N < ε. However,
we cannot say that the sequence is uniformly convergent on the open interval 0 < x < 1,
since if 0 < ε < 1 and n is any positive integer, we can find some x in (0, 1) such that
xn > ε. The point here is that to discuss uniform convergence, we need to consider a
region that is closed and bounded, with no limit point at which the series is divergent.

It is one of the standard theorems of advanced calculus that properties of continuity of the
elements of a uniformly convergent sequence are shared by the limit of the sequence. Thus if
{fn(z)} ⇒ f(z) in the region R, and if each of the fn(z) is continuous in the closed bounded
region R, then the limit function f(z) is also continuous in R. Differentiability requires a
separate check that the sequence of derivative functions {f ′n(z)} is convergent, since it may
not be. If the sequence of derivatives actually is uniformly convergent, then it converges to the
derivative of the limit function f(z).

Example 1.8. Consider the function f(z) defined by the series

f(z) ≡
∞∑

n=1

1
n2

sinn2πz (1.46)
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This series is absolutely and uniformly convergent on the entire real axis, since it is
bounded by the convergent series

ζ(2) =
∞∑

n=1

1
n2

(1.47)

However, the formal series

f ′(z) ≡ π

∞∑

n=1

cosn2πz (1.48)

converges nowhere, since the terms in the series do not tend to zero for large n. A similar
example is the series

g(z) ≡
∞∑

n=1

an sin 2nπz (1.49)

for which the convergence properties of the derivative can be worked out as an exercise.
Functions of this type were introduced as illustrative examples by Weierstrass.

1.3.2 Weak Convergence; Generalized Functions

There is another type of convergent sequence, whose limit is not a function in the classical
sense, but which defines a kind of generalized function widely used in physics. Suppose C is
a class of well-behaved functions (test functions) on a region R–typically functions that are
continuous with continuous derivatives of suitably high order. Then the sequence of functions
{fn(z)} (that need not themselves be in C) is weakly convergent (relative to C) if the sequence

{∫

R
fn(z) g(z) dτ

}
(1.50)

is convergent for every function g(z) in the class C. The limit of a weakly convergent sequence
is a generalized function, or distribution. It need not have a value at every point of R. If

{∫

R
fn(z) g(z) dτ

}
→
∫

R
f(z) g(z) dτ (1.51)

for every g(z) in C, then {fn(z)}⇀ f(z) (the symbol ⇀ denotes weak convergence), but the
weak convergence need not define the value of the limit f(z) at discrete points.

Example 1.9. Consider the sequence {fn(x)} defined by

fn(x) =






n

2
− 1
n
≤ x ≤ 1

n

0 , otherwise
(1.52)
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Then {fn(x)} → 0 for every x �= 0, but
∫ ∞

−∞
fn(x) dx = 1 (1.53)

for n = 1, 2, . . ., and, if g(x) is continuous at x = 0,
{∫ ∞

−∞
fn(x) g(x) dx

}
→ g(0) (1.54)

The weak limit of the sequence {fn(x)} thus has the properties attributed to the Dirac δ-
function δ(x), defined here as a distribution on the class of functions continuous at x = 0.
The derivative of the δ-function can be defined as a generalized function on the class of
functions with continuous derivative at x = 0 using integration by parts to write
∫ ∞

−∞
δ′(x) g(x) dx = −

∫ ∞

−∞
δ(x) g′(x) dx = −g′(0) (1.55)

Similarly, the nth derivative of the δ-function is defined as a generalized function on the
class of functions with the continuous nth derivative at x = 0 by
∫ ∞

−∞
δ(n)(x) g(x) dx = −

∫ ∞

−∞
δ(n−1)(x) g′(x) dx

(1.56)
= · · · = (−1)n g(n)(0)

using repeated integration by parts.

1.3.3 Infinite Series of Functions; Power Series

Convergence properties of infinite series

∞∑

k=0

fk(z)

of functions are identified with those of the corresponding sequence

sn(z) ≡
n∑

k=0

fk(z) (1.57)

of partial sums. The series
∑
k fk(z) is (pointwise, uniformly, weakly) convergent on R

if the sequence {sn(z)} is (pointwise, uniformly, weakly) convergent on R, and absolutely
convergent if the sum of absolute values,

∑

k

|fk(z)|

is convergent.
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An important class of infinite series of functions is the power series

S(z) ≡
∞∑

n=0

anz
n (1.58)

in which {an} is a sequence of complex numbers and z a complex variable. The basic con-
vergence properties of power series are contained in

Theorem 1.5. Let S(z) ≡
∑∞
n=0 anz

n be a power series, αn ≡ n
√
|an|, and let α be the

largest limit point of the sequence {αn}. Then

(i) If α = 0, then the series S(z) is absolutely convergent for all z, and uniformly on any
bounded region of the complex plane,

(ii) If α does not exist (α = ∞), then S(z) is divergent for any z �= 0,

(iii) If 0 < α < ∞, then S(z) is absolutely convergent for |z| < r ≡ 1/α, uniformly within
any circle |z| ≤ ρ < r, and S(z) is divergent for |z| > r.

Proof. Since n
√
|anzn| = αn|z|, results (i)–(iii) follow directly from the root test.

Thus the region of convergence of a power series is at least the interior of a circle in the
complex plane, the circle of convergence, and r is the radius of convergence. Note that con-
vergence tests other than the root test can be used to determine the radius of convergence of a
given power series. The behavior of the series on the circle of convergence must be determined
separately for each series; various possibilities are illustrated in the examples and problems.

Now suppose we have a function f(z) defined by a power series

f(z) =
∞∑

n=0

anz
n (1.59)

with the radius of convergence r > 0. Then f(z) is differentiable for |z| < r, and its derivative
is given by the series

f ′(z) =
∞∑

n=0

(n+ 1)an+1 z
n (1.60)

which is absolutely convergent for |z| < r (show this). Thus a power series can be differenti-
ated term by term inside its circle of convergence. Furthermore, f(z) is differentiable to any
order for |z| < r, and the kth derivative is given by the series

f (k)(z) =
∞∑

n=0

(n+ k)!
n!

an+k z
n (1.61)

since this series is also absolutely convergent for |z| < r. It follows that

ak = f (k) (0)/k! (1.62)
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Thus every power series with positive radius of convergence is a Taylor series defining a
function with derivatives of any order. Such functions are analytic functions, which we study
more deeply in Chapter 4.

Example 1.10. Following are some standard power series; it is a useful exercise to verify
the radius of convergence for each of these power series using the tests given here.

(i) The binomial series is

(1 + z)α ≡
∞∑

n=0

(
α

n

)
zn (1.63)

where
(
α

n

)
≡ α(α− 1) · · · (α− n+ 1)

n!
=

Γ(α+ 1)
n! Γ(α− n+ 1)

(1.64)

is the generalized binomial coefficient. Here Γ(z) is the Γ-function that generalizes the ele-
mentary factorial function; it is discussed at length in Appendix A. For α = m = 0, 1, 2, . . .,
the series terminates after m+ 1 terms and thus converges for all z; otherwise, note that

(
α

n+ 1

)/(
α

n

)
=
α− n

n+ 1
−→ −1 (1.65)

whence the series (1.63) has the radius of convergence r = 1.
(ii) The exponential series

ez ≡
∞∑

n=0

zn

n!
(1.66)

has infinite radius of convergence.
(iii) The trigonometric functions are given by the power series

sin z ≡
∞∑

n=0

(−1)n
z2n+1

(2n+ 1)!
(1.67)

cos z ≡
∞∑

n=0

(−1)n
z2n

(2n)!
(1.68)

with infinite radius of convergence.
(iv) The logarithmic series

ln(1 + z) ≡
∞∑

n=0

(−1)n
zn+1

n+ 1
(1.69)

has the radius of convergence r = 1.
(v) The arctangent series

tan−1 z ≡
∞∑

n=0

(−1)n
z2n+1

2n+ 1
(1.70)

has the radius of convergence r = 1.
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1.4 Asymptotic Series

1.4.1 The Exponential Integral

Consider the function E1(z) defined by

E1(z) ≡
∫ ∞

z

e−t

t
dt = e−z

∫ ∞

0

e−u

u+ z
du ≡ e−z I(z) (1.71)

E1(z) is the exponential integral, a tabulated function. An expansion of E1(z) about z = 0 is
given by

E1(z) =
∫ ∞

1

e−t

t
dt−

∫ z

1

e−t

t
dt = − ln z +

∫ z

1

1 − e−t

t
dt+

∫ ∞

1

e−t

t
dt

(1.72)

= − ln z −
[∫ 1

0

1 − e−t

t
dt−

∫ ∞

1

e−t

t
dt

]
−

∞∑

n=1

(−1)n

n

zn

n!

Here the term in the square brackets is the Euler–Mascheroni constant γ = 0.5772 . . ., and
the power series has infinite radius of convergence.

Suppose now |z| is large. Then the series (1.72) converges slowly, and a better estimate of
the integral I(z) can be obtained by introducing the expansion

1
u+ z

=
1
z

∞∑

n=0

(−1)n
(u
z

)n
(1.73)

into the integral (1.71). Then term-by-term integration leads to the series expansion

I(z) =
∞∑

n=0

(−1)n
n!
zn+1

(1.74)

Unfortunately, the formal power series (1.74) diverges for all finite z. This is due to the
fact that the series expansion (1.73) of 1/(u + z) is not convergent over the entire range of
integration 0 ≤ u <∞. However, the main contribution to the integral comes from the region
of small u, where the expansion does converge, and, in fact, the successive terms of the series
for I(z) decrease in magnitude for n+ 1 ≤ |z|; only for n+ 1 > |z| do they begin to diverge.
This suggests that the series (1.74) might provide a useful approximation to the integral I(z)
if appropriately truncated.

To obtain an estimate of the error in truncating the series, note that repeated integration by
parts in Eq. (1.71) gives

I(z) =
N∑

n=0

(−1)n
n!
zn+1

+ (−1)N+1(N + 1) !
∫ ∞

0

e−u

(u+ z)N+2
du

(1.75)
≡ SN (z) +RN (z)
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If Re z > 0, then we can bound the remainder term RN (z) by

|RN (z)| ≤ (N + 1)!
|z|N+2

(1.76)

since |u + z| ≥ |z| for all u ≥ 0 when Re z ≥ 0. Hence the remainder term RN (z) → 0 as
z → ∞ in the right half of the complex plane, so that I(z) can be approximated by SN (z)
with a relative error that vanishes as z → ∞ in the right half-plane. In fact, when Re z < 0
we have

|RN (z)| ≤ (N + 1)!

|Im z|N+2
(1.77)

so that the series (1.74) is valid in any sector −δ ≤ arg z ≤ δ with 0 < δ < π.Note also that
for fixed z, |RN (z)| has a minimum for N + 1 ∼= |z|, so that we can obtain a “best” estimate
of I(z) by truncating the expansion after about N + 1 terms.

The series (1.74) is an asymptotic (or semiconvergent) series for the function I(z) de-
fined by Eq. (1.71). Asymptotic series are useful, often more useful than convergent series,
in exhibiting the behavior of functions such as solutions to differential equations, for limiting
values of their arguments. An asymptotic series can also provide a practical method for eval-
uating a function, even though it can never give the “exact” value of the function because it is
divergent. The device of integration by parts, for which the illegal power series expansion of
the integrand is a shortcut, is one method of generating an asymptotic series. Watson’s lemma,
introduced below, provides another.

1.4.2 Asymptotic Expansions; Asymptotic Series

Before looking at more examples, we introduce some standard terminology associated with
asymptotic expansions.

Definition 1.13. f(z) is of order g(z) as z → z0, or f(z) = O[g(z)] as z → z0, if there
is some positive M such that |f(z)| ≤ M |g(z)| in some neighborhood of z0. Also, f(z) =
o[g(z)] (read “f(z) is little o g(z)”) as z → z0 if

lim
z→z0

f(z)/g(z) = 0 (1.78)

Example 1.11. We have

(i) zn+1 = o(zn) as z → 0 for any n.

(ii) e−z = o(zn) for any n as z → ∞ in the right half of the complex plane.

(iii) E1(z) = O(e−z/z), or E1(z) = o(e−z), as z → ∞ in any sector −δ ≤ arg z ≤ δ
with 0 < δ < π. Also, E1(z) = O(ln z) as z → 0.

Definition 1.14. The sequence {fn(z)} is an asymptotic sequence for z → z0, if for each
n = 1, 2, . . ., we have fn+1(z) = o[fn(z)] as z → z0.
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Example 1.12. We have

(i) {(z − z0)n} is an asymptotic sequence for z → z0.

(ii) If {λn} is a sequence of complex numbers such that Re λn+1 < Re λn for all n, then
{zλn} is an asymptotic sequence for z → ∞.

(iii) If {λn} is any sequence of complex numbers, then {zλn e−nz} is an asymptotic se-
quence for z → ∞ in any sector −δ ≤ arg z ≤ δ with 0 < δ < π

2 .

Definition 1.15. If {fn(z)} is an asymptotic sequence for z → z0, then

f(z) ∼
N∑

n=1

anfn(z) (1.79)

is an asymptotic expansion (to N terms) of f(z) as z → z0 if

f(z) −
N∑

n=1

anfn(z) = o[fN (z)] (1.80)

as z → z0. The formal series

f(z) ∼
∞∑

n=1

anfn(z) (1.81)

is an asymptotic series for f(z) as z → z0 if

f(z) −
N∑

n=1

anfn(z) = O[fN+1(z)] (1.82)

as z → z0 (N = 1, 2, . . .). The series (1.82) may converge or diverge, but even if it converges,
it need not actually converge to the function, since we say f(z) is asymptotically equal to
g(z), or f(z) ∼ g(z), as z → z0 with respect to the asymptotic sequence {fn(z)} if

f(z) − g(z) = o[fn(z)] (1.83)

as z → z0 for n = 1, 2, . . .. For example, we have

f(z) ∼ f(z) + e−z (1.84)

with respect to the sequence {z−n} as z → ∞ in any sector with Re z > 0. Thus a function
need not be uniquely determined by its asymptotic series.

Of special interest are asymptotic power series

f(z) ∼
∞∑

n=0

an
zn

(1.85)
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for z → ∞ (generally restricted to some sector in the complex plane). Such a series can be
integrated term by term, so that if F ′(z) = f(z), then

F (z) ∼ a0z + a1 ln z + c−
∞∑

n=1

an+1

nzn
(1.86)

for z → ∞. On the other hand, the derivative

f ′(z) ∼ −
∞∑

n=1

nan
zn+1

(1.87)

only if it is known that f ′(z) has an asymptotic power series expansion.

1.4.3 Laplace Integral; Watson’s Lemma

Now consider the problem of finding an asymptotic expansion of the integral

J(x) =
∫ a

0

F (t)e−xt dt (1.88)

for x large and positive (the variable is called x here to emphasize that it is real, although the
series derived can often be extended into a sector of the complex plane). It should be clear
that such an asymptotic expansion will depend on the behavior of F (t) near t = 0, since that
is where the exponential factor is the largest, especially in the limit of large positive x. The
important result is contained in

Theorem 1.6. (Watson’s lemma). Suppose that the function F (t) in Eq. (1.88) is integrable
on 0 ≤ x ≤ a, with an asymptotic expansion for t→ 0+ of the form

F (t) ∼ tb
∞∑

n=0

cnt
n (1.89)

with b > −1. Then an asymptotic expansion for J(x) as x→ ∞ is

J(x) ∼
∞∑

n=0

cn
Γ(n+ b+ 1)
xn+b+1

(1.90)

Here

Γ(ξ + 1) ≡
∫ ∞

0

tξe−t dt (1.91)

is the Γ-function, which will be discussed at length in Chapter 4. Note that for integer values
of the argument, we have Γ(n+ 1) = n!.
Proof. To derive the series (1.90), let 0 < ε < a, and consider the integral

Jε(x) ≡
∫ ε

0

F (t)e−xt dt ∼
∞∑

n=0

cn

∫ ε

0

tn+b e−xt dt (1.92)
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Note that

J(x) − Jε(x) =
∫ a

ε

F (t)e−xt dt = e−ε x
∫ a−ε

0

F (τ + ε)e−xτ dτ (1.93)

is exponentially small compared to J(x) for x → ∞, since F (t) is assumed to be integrable
on 0 ≤ t ≤ a. Hence J(x) and Jε(x) are approximated by the same asymptotic power series.

The asymptotic character of the series (1.89) implies that for any N , we can choose ε
small enough that the error term

∆N
ε (x) ≡

∣∣∣∣Jε(x) −
N−1∑

n=0

cn

∫ ε

0

tn+be−xt dt
∣∣∣∣ < C

∫ ε

0

tN+be−xt dt (1.94)

for some constant C. But we also know that

Γ(N + b+ 1)
xN+b+1

−
∫ ε

0

tn+be−xt dt =
∫ ∞

ε

tn+be−xt dt
(1.95)

= e−εx
∫ ∞

0

(τ + ε)n+be−xτ dτ

The right-hand side is exponentially small for x→ ∞; hence the error term is bounded by

∣∣∆N
ε (x)

∣∣ < C
Γ(N + b+ 1)
xN+b+1

(1.96)

Thus the series on the right-hand side of Eq. (1.90) is an asymptotic power series for Jε(x)
and thus also for J(x).

We can use Watson’s lemma to derive an asymptotic expansion for z → ∞ of a function
I(z) defined by the integral representation (Laplace integral)

I(z) =
∫ a

0

f(t)ezh(t) dt (1.97)

with f(t) and h(t) continuous real functions3 on the interval 0 ≤ t ≤ a. For z large and
positive, we can expect that the most important contribution to the integral will be from the
region in t near the maximum of h(t), with contributions from outside this region being expo-
nentially small in the limit Re z → +∞. There is actually no loss of generality in assuming
that the maximum of h(t) occurs at t = 0.4

The integral (1.97) can be converted to the form (1.88) by introducing a new variable
u ≡ h(0) − h(t), and approximating I(z) by

I(z) ∼ Iε(z) ≡ −ezh(0)

∫ ε

0

f(t)
h′(t)

e−zu du (1.98)

3It is enough that f(t) is integrable, but we will rarely be concerned about making the most general technical
assumptions.

4Suppose h(t) has a maximum at an interior point (t = b, say) of the interval of integration. Then we can split
the integral (1.97) into two parts, the first an integral from 0 to b, the second an integral from b to a, and apply the
present method to each part.
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The asymptotic expansion of Iε(z) is then obtained from the expansion of f(t)/h′(t) for
t → 0+, as just illustrated, provided that such an expansion in the form (1.89) exists. Note
that the upper limit ε (> 0) in this integral can be chosen at will. This method of generating
asymptotic series is due to Laplace.

Example 1.13. Consider the integral

I(z) =
∫ ∞

0

e−z sinh t dt (1.99)

Changing the variable of integration to u = sinh t gives

I(z) =
∫ ∞

0

(1 + u2)−1/2 e−zu du (1.100)

Expanding

(1 + u2)−1/2 =
∞∑

n=0

(−1)n
Γ(n+ 1

2 )
n! Γ( 1

2 )
u2n (1.101)

then gives the asymptotic series

I(z) ∼ e−z
∞∑

n=0

(−1)n
Γ(n+ 1

2 )
Γ( 1

2 )
(2n)!
n!

1
z2n+1

(1.102)

for z → ∞ with |arg z| ≤ π
2 − δ and fixed 0 ≤ δ < π

2 .

Now suppose the function h(t) in Eq. (1.97) has a maximum at t = 0, with the expansion

h(t) ∼ h(0) −Atp + · · · (1.103)

for t ∼= 0, with A > 0 and p > 0. Then we can introduce a new variable u = tp into
Eq. (1.97), which gives

I(z) ∼ 1
p
ezh(0) f(0)

∫ ∞

0

u
1
p e−Auz

du

u
= ezh(0) f(0)

Γ( 1
p )

p (Az)
1
p

(1.104)

Note that Γ( 1
p ) = Γ( 1

2 ) =
√
π in the important case p = 2 that corresponds to the usual

quadratic behavior of a function near a maximum. In any case, the leading behavior of I(z)
for z → ∞ (with Re z > 0) follows directly from the leading behavior of h(t) near t = 0.

Example 1.14. Consider the integral

K0(z) =
∫ ∞

0

e−z cosh t dt (1.105)
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which is a known representation for the modified Bessel function K0(z). Since cosh t ∼=
1 + t2/2 near t = 0, the leading term in the asymptotic expansion of K0(z) for z → ∞ is
given by

K0(z) ∼ e−z
√

π

2z
(1.106)

Here the complete asymptotic expansion ofK0(z) can be derived by changing the variable
of integration to u ≡ cosh t. This gives

K0(z) =
∫ ∞

1

(u2 − 1)−1/2e−zu du

=
√

1
2 e

−z
∫ ∞

0

v−1/2(1 + 1
2v)

−1/2e−zv dv (1.107)

(v = u− 1). Expanding (1 + 1
2v)

−1/2 then provides the asymptotic series

K0(z) ∼ e−z
∞∑

n=0

(−1)n
[Γ(n+ 1

2 )]2

n! Γ( 1
2 )

(
1
2z

)n+
1
2

(1.108)

again for z → ∞ with |arg z| ≤ π
2 − δ and fixed 0 ≤ δ < π

2 .

The method introduced here must be further modified if either of the functions f(t) or h(t)
in Eq. (1.97) does not have an asymptotic power series expansion for t → 0. Consider, for
example, the Γ-function introduced above in Eq. (1.91), which we can write in the form

Γ(ξ + 1) =
∫ ∞

0

eξ ln t e−t dt (1.109)

The standard method to find an asymptotic expansion for ξ → +∞ does not work here, since
ln t has no power series expansion for t → 0. However, we can note that the argument
(−t+ξ ln t) of the exponential has a maximum for t = ξ. Since the location of the maximum
depends on ξ (it is a moving maximum), we change variables and let t ≡ ξu, so that Eq. (1.109)
becomes

Γ(ξ + 1) = ξξ+1

∫ ∞

0

eξ lnu e−ξu du (1.110)

Now the argument in the exponent can be expanded about the maximum at u = 1 to give

Γ(ξ + 1) ∼= ξξ+1e−ξ
∫ ∞

0

e−
1
2 ξ(u−1)2 du ∼=

√
2πξ

(
ξ

e

)ξ
(1.111)

This is the first term in Stirling’s expansion of the Γ-function; the remaining terms will be
derived in Chapter 4.
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A Iterated Maps, Period Doubling, and Chaos

We have been concerned in this chapter with the properties of infinite sequences and series
from the point of view of classical mathematics, in which the important question is whether
or not the sequence or series converges, with asymptotic series recognized as useful for char-
acterizing the limiting behavior of functions, and for approximate evaluation of the functions.

Sequences generated by dynamical systems can have a richer structure. For example, the
successive intersections of a particle trajectory with a fixed plane through which the trajectory
passes more or less periodically, or the population counts of various species in an ecosystem
at definite time intervals, can be treated as sequences generated by a map T that takes each of
the possible initial states of the system into its successor. The qualitative properties of such
maps are interesting and varied.

As a simple prototype of such a map, consider the logistic map

Tλ : x �→ fλ(x) ≡ λx(1 − x) (1.A1)

that maps the unit interval 0 < x < 1 into itself for 0 < λ < 4 (the maximum value of
x(1 − x) in the unit interval is 1/4). Starting from a generic point x0 in the unit interval, Tλ
generates a sequence {xn} defined by

xn+1 = λxn (1 − xn) (1.A2)

If λ < 1, we have

xn+1 < λxn < · · · < λn+1x0 < λn+1 (1.A3)

and the sequence converges to 0. But the sequence does not converge to 0 if λ > 1, and the
behavior of the sequence as λ increases is quite interesting.

Remark. A generic map of the type (1.A1) that maps a coordinate space (or manifold, to
be introduced in Chapter 3) into itself, defines a discrete-time dynamical system generated by
iterations of the map. The bibliography at the end of the chapter has some suggestions for
further reading. �

To analyze the behavior of the sequence in general, note that the map (1.A1) has fixed
points x∗ (points for which x∗ = fλ (x∗)) at

x∗ = 0, 1 − 1
λ (1.A4)

If the sequence (1.A2) starts at one of these points, it will remain there, but it is important to
know how the sequence develops from an initial value of x near one of the fixed points. If an
initial point close to the fixed point is driven toward the fixed point by successive iterations of
the map, then the fixed point is stable; if it is driven away from the fixed point, then the fixed
point is unstable. The sequence can only converge, if it converges at all, to one of its fixed
points, and indeed only to a stable fixed point.

To determine the stability of the fixed points in Eq. (1.A4), note that

xn+1 = fλ (xn) ∼= x∗ + f ′λ (x∗) (xn − x∗) (1.A5)



A Iterated Maps, Period Doubling, and Chaos 27

for xn ∼= x∗, so that

	n ≡ xn+1 − x∗
xn − x∗

∼= f ′λ (x∗) (1.A6)

Stability of the fixed point x∗ requires {xn} → x∗ from a starting point sufficiently close
to x∗. Hence it is necessary that |	n| < 1 for large n, which requires

−1 < f ′λ (x∗) < 1 (1.A7)

This criterion for the stability of the fixed point is quite general. Note that if

f ′λ (x∗) = 0 (1.A8)

the convergence of the sequence will be especially rapid. With εn = xn − x∗, we have

εn+1
∼= 1

2f
′′(x∗)ε2n (1.A9)

and the convergence to the fixed point is exponential; the fixed point is superstable.

Exercise 1.A1. Find the values of λ for which each of the fixed points in (1.A4) is
superstable. �

Remark. The case |f ′λ (x∗)| = 1 requires special attention, since the ratio test fails. The
fixed point may be stable in this case as well. �

For the map defined by Eq. (1.A2), we have

f ′λ (x∗) = λ (1 − 2x∗) (1.A10)

so the fixed point x∗ = 0 is stable only for λ ≤ 1, while the fixed point x∗ = 1−1/λ is stable
for 1 ≤ λ ≤ 3. Hence for 1 ≤ λ ≤ 3, the sequence {xn} converges,

{xn} → 1 − 1
λ ≡ xλ (1.A11)

It requires proof that this is true for any initial value x0 in the interval (0, 1), but a numerical
experiment starting from a few randomly chosen points may be convincing.

What happens for λ > 3? For λ slightly above 3 (λ = 3.1, say), a numerical study shows
that the sequence begins to oscillate between two fixed numbers that vary continuously from
x∗ = 2

3 as λ is increased above 3, and bracket the now unstable fixed point x∗ = xλ. To study
this behavior analytically, consider the iterated sequence

xn+2 = λ2 xn(1 − xn) [1 − λxn(1 − xn)] = f(f(xn)) ≡ f [2] (xn) (1.A12)

This sequence still has the fixed points given by Eq. (1.A4), but two new fixed points

x±∗ ≡ 1
2λ

{λ+ 1 ±
√

(λ+ 1)(λ− 3) } (1.A13)

appear. These new fixed points are real for λ > 3, and the original sequence (1.A2) eventually
appears to oscillate between them (with period 2) for λ > 3.
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Exercise 1.A2. Derive the result (1.A13) for the fixed points of the second iterate f [2]

of the map (1.A1) as defined in Eq. (1.A12). Sketch on a graph the behavior of these fixed
points, as well as the fixed points (1.A4) of the original map, as a function of λ for 3 ≤ λ < 4.
Then derive the result (1.A16) for the value of λ at which these fixed points become unstable,
leading to a bifurcation of the sequence into a limit cycle of period 4. �

The derivative of the iterated map f [2] is given by

f [2]′ (x) = f ′(f(x)) f ′ (x) (1.A14)

which at the fixed points (1.A13) becomes

f [2]′ (x±∗ ) = f ′(x+
∗ ) f ′(x−∗ ) = 4 + 2λ− λ2 (1.A15)

Thus f [2]′(x±∗ ) = 1 at λ = 3, and decreases to −1 as λ increases from λ = 3 to

λ = 1 +
√

6 ∼= 3.4495 . . . (1.A16)

when the sequence undergoes a second bifurcation into a stable cycle of length 4. Successive
period doublings continue after shorter and shorter intervals of λ, until at

λ ∼= 3.56994 . . . ≡ λc (1.A17)

the sequence becomes chaotic. Iterations of the sequence starting from nearby points become
widely separated, and the sequence does not approach any limiting cycle.

This is not quite the whole story, however. In the interval λc < λ < 4, there are islands of
periodicity, in which the sequence converges to a cycle of period p for a range of λ, followed
(as λ increases) by a series of period doublings to cycles of periods 2p, 4p, 8p, . . . and even-
tual reversion to chaos. There is one island associated with period 3 and its doublings, which
for the sequence (1.A2) begins at

λ = 1 +
√

8 ∼= 3.828 . . . (1.A18)

and one or more islands with each integer as fundamental period together with the sequence
of period doublings. In Fig. 1.1, the behavior of the iterates of the map is shown as a function
of λ; the first three period doublings, as well as the interval with stable period 3, are clearly
visible. For further details, see the book by Devaney cited in the bibliography at the end of the
chapter.

The behavior of the iterates of the map (1.A2) as the parameter λ varies is not restricted
to the logistic map, but is shared by a wide class of maps of the unit interval I ≡ (0, 1) into
itself. Let

Tλ : x �→ λ f(x) (1.A19)

be a map I → I such that f(x) is continuously differentiable and f ′(x) is nonincreasing
on I , with f(0) = 0 = f(1), f ′(0) > 0, f ′(1) < 0. These conditions mean that f(x) is
concave downward in the interval I , increasing monotonically from 0 to a single maximum in
the interval, and then decreasing monotonically to 0 at the end of the interval.
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1.0

0.0

2.8 4.0

Figure 1.1: Iterates of the map (1.A2) for λ between 2.8 and 4.0. Shown are 100 iterates of the
map after first iterating 200 times to let the dependence on the initial point die down.

If f(x) satisfies these conditions, then Tλ shows the same qualitative behavior of period
doubling, followed by a chaotic region with islands of periodicity, as a function of λ. Further-
more, if λn denotes the value of λ at which the nth period doubling occurs, then

lim
n→∞

λn+1 − λn
λn+2 − λn+1

≡ δ = 4.6692 . . . (1.A20)

is a universal constant, discovered by Feigenbaum in the late 1970s, independent of the further
details of the map.

A simple context in which the sequence (1.A2) arises is the model of a biological species
whose population in generation n+ 1 is related to the population in generation n by

pn+1 = r pn − a p2
n (1.A21)

Here r > 0 corresponds to the natural growth rate (r > 1 if the species is not to become
extinct), and a > 0 corresponds to a natural limitation on the growth of the population (due to
finite food supply, for example). Equation (1.A21) implies that the population is limited to

p < pmax ≡ r/a (1.A22)

and rescaling Eq. (1.A21) by defining xn ≡ pn/pmax leads precisely to Eq. (1.A2) with λ = r.
While this model, as well as some related models given in the problems, is oversimplified,
period doubling has actually been observed in biological systems. For examples, see Chapter 2
of the book by May cited in the bibliography.
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Bibliography and Notes

The first three sections of this chapter are intended mainly as a review of topics that will
be familiar to students who have taken a standard advanced calculus course, and no special
references are given to textbooks at that level. A classic reference dealing with advanced
methods of analysis is

E. T. Whittaker and G. N. Watson, A Course of Modern Analysis (4th edition), Cam-
bridge University Press (1958).

The first edition of this work was published in 1902 but it is valuable even today. In addition
to its excellent and thorough treatment of the classical aspects of complex analysis and the
theory of special functions, it contains many of the notorious Cambridge Tripos problems,
which the modern reader may find even more challenging than the students of the time!

A basic reference on theory of convergence of sequences and series is

Konrad Knopp, Infinite Sequences and Series, Dover (1956).

This compact monograph summarizes the useful tests for convergence of series, and gives a
collection of elementary examples.

Two books that specialize in the study of asymptotic expansions are

A. Erdélyi, Asymptotic Expansions, Dover (1955), and
N. Bleistein and R. A. Handelsman, Asymptotic Expansions of Integrals, Dover
(1986).

The first of these is a concise survey of methods of generating asymptotic expansions, both
from integral representations and from differential equations. The second is a more compre-
hensive survey of the various methods used to generate asymptotic expansions of functions
defined by integral representations. It also has many examples of the physical and mathemat-
ical contexts in which such integrals may occur. The book by Whittaker and Watson noted
above, the book on functions of a complex variable by Carrier, Krook, and Pierson in Chap-
ter 4 and the book on advanced differential equations by Bender and Orszag cited in Chapter 5
also deal with asymptotic expansions.

A readable introduction to the theory of bifurcation and chaos is

R. L. Devaney, An Introduction to Chaotic Dynamical Systems (2nd edition), West-
view Press (2003).

Starting at the level of a student who has studied ordinary differential equations, this book
clearly explains the mathematical foundations of the phenomena that occur in the study of
iterated maps. A comprehensive introduction to chaos in discrete and continuous dynamical
systems is

Kathleen T. Alligood, Tim D. Sauer, and James A. Yorke, Chaos: An Introduction
to Dynamical Systems, Springer (1997).

Each chapter has a serious computer project at the end, as well as simpler exercises. A more
advanced book is

Edward Ott, Chaos in Dynamical Systems, Cambridge University Press (1993).
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Two early collections of reprints and review articles on the relevance of these phenomena
to physical and biological systems are

R. M. May (ed.), Theoretical Ecology (2nd edition), Blackwell Scientific Publishers,
Oxford (1981), and
P. Cvitanoviç (ed.), Universality in Chaos (2nd edition), Adam Hilger Ltd., Bristol
(1989).

The first of these is a collection of specially written articles by May and others on various
aspects of theoretical ecology. Of special interest here is the observation of the phenomenon
of period doubling in ecosystems. The second book contains a collection of reprints of classic
articles by Lorenz, May, Hénon, Feigenbaum, and others, leading to the modern studies of
chaos and related behavior of dynamical systems, with some useful introductory notes by
Cvitanoviç.

The reader should be aware that the behavior of complex dynamical systems is an impor-
tant area of ongoing research, so that it is important to look at the current literature to get an
up-to-date view of the subject. Nevertheless, the concepts presented here and in later chapters
are fundamental to the field. Further readings with greater emphasis on differential equations
and partial differential equations are found at the end of Chapters 2 and 8.

Problems5

1. Show that

lim
n→∞

(
1 +

z

n

)n
=

∞∑

k=0

zk

k!
(= ez)

2. Show that

ζ(s) =
∏

p

(
1 − 1

ps

)−1

where
∏
p denotes a product over all primes p.

3. Investigate the convergence of the following series:

(i)
∞∑

n=1

{
1
n
− ln

(
1 +

1
n

)}

(ii)
∞∑

n=1

{
1 − n ln

(
2n+ 1
2n− 1

)}

(iii)
∞∑

n=2

1
na (lnn)b

Explain how convergence depends on the complex numbers a, b in (iii).

5When a proposition is simply stated, the problem is to prove it, or to give a counterexample that shows it is false.
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4. Investigate the convergence of the following series:

(i)
∞∑

n=0

(n+ 1)a zn

(ii)
∞∑

n=0

(n+ n1)! (n+ n2)!
n! (n+ n3)!

zn

(iii)
∞∑

n=0

e−na cos(bn2z)

where a, b are real numbers, n1, n2, n3 are positive integers, and z is a (variable) complex
number. How do the convergence properties depend on a, b, z ?

5. Find the sums of the following series:

(i) S = 1 +
1
4
− 1

16
− 1

64
+

1
256

+ · · ·

(ii) S =
1

1 · 3 +
1

2 · 4 +
1

3 · 5 +
1

4 · 6 + · · ·

(iii) S =
1
0!

+
2
1!

+
3
2!

+
4
3!

+ · · ·

(iv) f(z) =
∞∑

n=0

(−1)n
(n+ 1)2

(2n+ 1)!
z2n+1

6. Find a closed form expression for the sums of the series

Sp ≡
∞∑

n=1

1
n(n+ 1) · · · (n+ p)

(p = 0, 1, 2, . . .).

Remark. The result obtained here can be used to improve the rate of convergence of
a series whose terms tend to zero like 1/np+1 for large n; subtracting a suitably chosen
multiple of Sp from the series will leave a series whose terms tend to zero at least as
fast as 1/np+2 for large n. As a further exercise, apply this method to accelerate the
convergence of the series for the ζ-function ζ(p) with p integer. �

7. The quantum states of a simple harmonic oscillator with frequency ν are the states |n〉
with energies

En = (n+ 1
2 )hν
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(n = 0, 1, 2, . . .) where h is Planck’s constant. For an ensemble of such oscillators in
thermal equilibrium at temperature T , the probability of finding an oscillator in the state
|n〉 is given by

Pn = A exp
(
− En
kT

)

where A is a constant to be determined, and the exponential factor is the standard Boltz-
mann factor.

(i) Evaluate the constant A by requiring

∞∑

0

Pn = 1

(ii) Find the average energy 〈E(T )〉 of a single oscillator of the ensemble.

Remark. These results are used in the study of blackbody radiation in Problem 4.9. �

8. Investigate the convergence of the following products:

(i)
∞∏

m=1

m(m+ a+ b)
(m+ a)(m+ b)

(ii)
∞∏

m=1

(
1 − z2

m2

)

where a, b are the real numbers and z is a (variable) complex number.

9. Evaluate the infinite product

∞∏

m=1

{
1 + exp(iω/2m)

2

}

Hint. Note that 1 + e
1
2 iω = (1 − eiω)/(1 − e

1
2 iω).

10. Evaluate the infinite products

(i)
∞∏

n=1

{
1 − 1

(n+ 1)2

}

(ii)
∞∏

n=2

(
n3 − 1
n3 + 1

)

11. Show that
∞∏

m=0

(
1 + z2m

)
=

1
1 − z
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12. The Euler–Mascheroni constant γ is defined by

γ ≡ lim
N→∞

{
N∑

n=1

1
n
− ln(N + 1)

}

(i) Show that γ is finite (i.e., the limit exists). Hint. Show that

γ = lim
N→∞

N∑

n=1

{
1
n
− ln

(
1 +

1
n

)}

(ii) Show that

N∑

n=1

1
n

=
∫ 1

0

1 − (1 − t)N

t
dt

(iii) Show that
∫ 1

0

(
1 − e−t

t

)
dt−

∫ ∞

1

e−t

t
dt = γ

13. The error function erf(z) is defined by

erf(z) ≡ 2√
π

∫ z

0

e−t
2
dt

(i) Find the power series expansion of erf(z) about z = 0.

(ii) Find an asymptotic expansion of erf(z) valid for z large and positive. For what range
of arg z is this asymptotic series valid?

(iii) Find an asymptotic expansion of erf(z) valid for z large and negative. For what
range of arg z is this asymptotic series valid?

14. Find an asymptotic power series expansion of

f(z) ≡
∫ ∞

0

e−zt

1 + t2
dt

valid for z large and positive. For what range of arg z is this expansion valid? Give an
estimate of the error in truncating the series after N terms.

15. Find an asymptotic power series expansion of

f(z) ≡
∫ ∞

0

(
1 +

t

z

)α
e−zt dt

valid for z large and positive (here α is a complex constant). For what range of arg z is
this expansion valid? Give an estimate of the error in truncating the series after N terms.
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16. The modified Bessel function Kλ(z) of order λ is defined by the integral representation

Kλ(z) =
∫ ∞

0

e−z cosh t cosh λt dt

(i) Find an asymptotic expansion of Kλ(z) valid for z → ∞ in the right half-plane with
λ fixed.

(ii) Find an asymptotic expansion of Kλ(z) for λ → ∞ with z fixed in the right half of
the complex plane (Re z > 0).

17. Find an asymptotic expansion of

f(z) ≡
∫ ∞

0

e−zt−1/t dt

valid for z large and positive.

18. The reaction rate for the fusion of nuclei A and B in a hot gas (in the center of a star, for
example) at temperature T can be expressed as

R(T ) =
C

(kT )
3
2

∫ ∞

0

S(E) exp
(
− b√

E
− E

kT

)
dE (*)

where S(E) is often a smoothly varying function of the relative energy E. The ex-
ponential factor exp(−E/kT ) in (∗) is the usual Boltzmann factor, while the factor
exp(−b/

√
E) is the probability of tunneling through the energy barrier created by the

Coulomb repulsion between the two nuclei. The constant b is given by

b =
ZAZBe

2

�

√
2mAmB

mA +mB

wheremA,mB are the masses, ZAe, ZBe the charges of the two nuclei, and � is Planck’s
constant.

(i) Find the energy E∗ = E∗(T ) at which the integrand in (∗) is a maximum, neglecting
the energy dependence of S(E).

(ii) Find the width ∆ = ∆(T ) of the peak of the integrand near E∗, again neglecting the
energy dependence of S(E).

(iii) Find an approximate value for R(T ), assuming ∆ � E∗.

Remark. A detailed discussion of nuclear reaction rates in stars can be found in

C. E. Rolfs and W. S. Rodney, Cauldrons in the Cosmos: Nuclear Astrophysics,
University of Chicago Press (1988).

among many other books on the physics of stars. �

19. Find the value(s) of λ for which the fixed points of the iterated logistic map (Eq. (1.A12))
are superstable.
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20. Consider the sequence {xn} defined by

xn+1 = αxn(1 − x2
n)

Find the fixed points of this sequence, and the ranges of α for which each fixed point is
stable. Also find the values of α for which there is a superstable fixed point.

21. Consider the sequence {xn} defined by

xn+1 = xn e
λ(1−xn)

with λ > 0 real, and x0 > 0.

(i) For what range of λ is {xn} bounded?

(ii) For what range of λ is {xn} convergent? Find the limit of the sequence, as a function
of λ.

(iii) What can you say about the behavior of the sequence for λ > λ0, where λ0 is the
largest value of λ for which the sequence converges?

(iv) Does the map

Tλ : x �→ x eλ(1−x)

have any fixed point(s)? What can you say about the stability of the fixed point(s) for
various values of λ?

22. Consider the sequence {xn} defined by

xn+1 =
r xn

(1 + xn)b

with b, r > 0 real, and x0 > 0.

(i) For what range of b, r is {xn} bounded for all x > 0?

(ii) For what range of b, r is {xn} convergent? Find the limit of the sequence (as a
function of b, r).

(iii) What can you say about the behavior of the sequence outside the region in the b–r
plane for which the sequence converges?

(iv) Does the map

Tr,b : x �→ r x

(1 + x)b

have any fixed point(s)? What can you say about the stability of the fixed point(s) for
various values of b, r?



2 Finite-Dimensional Vector Spaces

Many physical systems are described by linear equations. The simple harmonic oscillator is
the first example encountered by most students of physics. Electrical circuits with resistance,
capacitance, and inductance are linear systems with many independent variables. Maxwell’s
equations for the electromagnetic fields, the heat equation and general wave equations are
linear (partial) differential equations. A universal characteristic of systems described by linear
equations is the superposition principle, which states that any linear superposition of solutions
to the equations is also a solutions of the equations. The theory of linear vector spaces and
linear operators provides a natural and elegant framework for the description of such systems.

In this chapter, we introduce the mathematical foundations of the theory of linear vector
spaces, starting with a set of axioms that characterize such spaces. These axioms describe
addition of vectors, and multiplication of vectors by scalars. Here scalars may be real or
complex numbers; the distinction between real and complex vector spaces is important when
solutions to algebraic equations are needed. A basis is a set of linearly independent vectors
such that any vector can be expressed as a linear combination of the basis vectors; the co-
efficients are the components, or coordinates, of the vector in the basis. If the basis vectors
form a finite set with n elements, then the vector space is finite dimensional (dimension n);
otherwise, it is infinite dimensional. With coordinates introduced, every n-dimensional vector
space can be identified with the space of ordered n-tuples of scalars. In this chapter, we con-
sider mainly finite-dimensional vector spaces, though we also treat function spaces as vector
spaces in examples where dimensionality is not critical. The complications associated with
infinite-dimensional spaces, especially Hilbert spaces, will appear in Chapters 6 and 7.

Here we consider only vector spaces in which nonzero vectors have a positive definite
length (or norm); the distance between two vectors x and y is the length of the vector x − y.
If a scalar product satisfying natural axioms can also be defined, the vector space is unitary.
Any basis of a unitary vector space can be transformed into a set of mutually orthogonal unit
vectors; vector components are then the projections of the vector onto the unit vectors.

A scalar-valued function defined on a vector space or function space is called a functional.
Many functionals can be defined on function spaces, for example, the action integral of clas-
sical mechanics to be considered in Chapter 3. Linear functionals defined on a linear vector
space V are of special interest; they form another linear vector space, the dual space V∗ of V .
An important result is that a bounded linear functional Λ on a unitary vector space has the
form of a scalar product, Λ[x] = (u, x) with u a vector in the space, so that V and V∗ are
equivalent. Linear functionals defined on function spaces are also known as distributions;
a notable example is the Dirac δ-function introduced in Chapter 1, defined here as a linear
functional on the space of continuous functions.
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Linear operators on a linear vector space arise in many contexts. A system of n linear
algebraic equations

a11x1 + a12x2 + · · · + a1nxn = c1
a21x1 + a22x2 + · · · + a2nxn = c2

...
an1x1 + an2x2 + · · · + annxn = cn

can be written in the short form

Ax = c

in which x denotes a vector in an n-dimensional space (real or complex), c is a known vector,
and A is an n × n matrix. If the determinant of the matrix A is not equal to zero, these
equations have a unique solution for every c.

In general, a linear operator A on a linear vector space is defined by the property that if
x1 and x2 are vectors and c1 and c2 are scalars, then

A(c1x1 + c2x2) = c1Ax1 + c2Ax2

Then if we know how A acts on a set of basis vectors, we can define the action of A on any
linear combination of the basis. A linear operator is also known as a linear transformation.

Important characteristics of a linear operator are its domain (the space on which it is de-
fined) and its image, or range (the space into which it maps its domain). The domain of a
linear operator A on a finite-dimensional vector space Vn can always be extended to include
the entire space, and A can then be represented by an n × n matrix. The theory of linear
operators on Vn is thus equivalent to the theory of finite-dimensional matrices. Questions of
domain and image are more subtle in infinite-dimensional spaces (see Chapter 7).

For a linear operator A on a finite-dimensional space we have the alternatives
(i) A is nonsingular: A defines a one-to-one map of Vn onto itself, and the equation

Ax = y has a unique solution x = A−1y, or
(ii) A is singular: the homogeneous equation Ax = 0 has a nontrivial solution, and Vn

is mapped into a smaller subspace of itself by A.
The first alternative requires that the determinant of the matrix representing A be nonzero; the
second, that the determinant vanishes.

The homogeneous equation

Ax = λx

has solutions only for discrete values of λ, the eigenvalues (characteristic values) of A; the
corresponding solutions are the eigenvectors of A. The eigenvalues of a linear operator A
define the spectrum of A; in many applications, determining the spectrum of an operator is
critical, as we shall see. In a finite-dimensional space Vn, the eigenvalues are obtained by
solving the characteristic equation

det ‖A − λ1‖ ≡ pA(λ) = 0

in which pA(λ) is a polynomial of degree n in λ, the characteristic polynomial of A.
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The adjoint A† of a linear operator A on V can be defined as a linear operator on the dual
space V∗. If V is a unitary vector space, then A† is a linear operator on V itself; then A is
self-adjoint, or Hermitian, if A† = A. A projection operator projects vectors onto a linear
subspace. Unitary operators transform an orthonormal basis into another orthonormal basis;
the length of a vector and the scalar product between two vectors are unchanged by a unitary
transformation. A unitary operator on a real vector space is simply a rotation, or orthogonal
transformation. Explicit matrix representations are constructed for rotations in two and three
dimensions.

Self-adjoint operators play a special role in quantum mechanics. States of a quantum
mechanical system are represented as vectors in a unitary vector space V , and the physical
observables of the system by self-adjoint operators on V . The eigenvalues of an operator cor-
respond to the allowed values of the observables in states of the system, and the eigenvectors
of the operator to states in which the observable has the corresponding eigenvalue. Espe-
cially important is the operator corresponding to the Hamiltonian of a system; its eigenvalues
correspond to the allowed energy levels of the system.

A question of general interest is whether an operator has eigenvalues and eigenvectors. It
turns out that a general linear operator A on the finite-dimensional space Vn has the form

A = D + N

where D is a diagonalizable operator (one with a diagonal matrix representation in some basis)
whose eigenvalues are the eigenvalues of A, and N is a nilpotent operator (Np = 0 for some
integer p) and DN = ND. The spectral properties of operators on an infinite-dimensional
space are more complicated in general, and are discussed in Chapter 7.

An important class of linear operators on a unitary vector space V is normal operators; A
is a normal operator if

A†A = AA†

In a finite-dimensional space, it is true that every normal operator has a complete orthonormal
system of eigenvectors, which leads to the spectral representation

A =
∑

k

λkPk

where the {λk} are the eigenvalues of A and the {Pk} are the projection operators onto
orthogonal subspaces such that

∑

k

Pk = 1

A is diagonal in the basis defined by the eigenvectors; hence N = 0 for normal operators.
If A is normal, and λ is an eigenvalue of A, then λ∗ is an eigenvalue of A†. Self-adjoint
operators are normal, with real eigenvalues; unitary operators are normal, with eigenvalues
lying on the unit circle in the complex λ-plane.
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The eigenvalues of a self-adjoint operator have minimax properties that lead to useful
approximation methods for determining the spectra. These methods are based on the funda-
mental result: if A is a self-adjoint operator on the n-dimensional space Vn, with eigenvalues
ordered so that λ1 ≤ λ2 ≤ · · · ≤ λn, and if A′ is the restriction of A to a subspace of
dimension m < n, with eigenvalues λ′1 ≤ λ′2 ≤ · · · ≤ λ′m similarly ordered, then

λh ≤ λ′h ≤ λh+n−m

(h = 1, . . . ,m). Thus the eigenvalues of the restricted operator provide bounds on the eigen-
values of the full operator. The inequalities λh ≤ λ′h remain true in an infinite-dimensional
space for self-adjoint operators with a discrete spectrum.

Many quantum mechanics textbooks use thus result to derive a variational method for
estimating the ground state energy of a system, which is lower than the lowest eigenvalue of
any restriction of the Hamiltonian operator of the system to a subspace of the state space of
the system. Beyond that, however, the nth lowest eigenvalue of the restricted Hamiltonian is
an upper bound to the nth lowest eigenvalue of the full Hamiltonian, so the method provides
an upper bound for the energies of excited states as well.

Functions of operators can be defined in terms of power series expansions, and by other
methods when the spectrum of the operator is known. One example is the exponential func-
tion, which is used to provide a formal solution

x(t) = etAx(0)

to the linear differential equation

dx

dt
= Ax

with constant coefficients, starting from x(0) at t = 0.
This solution is applied in Section 2.5 to the study of linear dynamical systems, which

are described exactly by this equation, with time as the independent variable. The qualita-
tive behavior of the system is determined by the spectrum of A. Components of x(0) along
eigenvectors belonging to eigenvalues with negative real part decrease exponentially with in-
creasing t, and are irrelevant to the behavior of the system at large time. Eigenvalues of A
that are purely imaginary correspond to oscillatory modes of the system, with closed orbits
and definite frequencies. If any eigenvalue of A has a positive real part, any component of the
initial state x(0) along the associated eigenvector grows exponentially in time, and the system
is unstable.

Real physical systems are rarely exactly linear, but the behavior near an equilibrium point
of the system is often well approximated by a linear model. For an energy-conserving system,
this gives small oscillations with well-defined characteristic frequencies that are analyzed in
Appendix A. Instabilities can be present in systems that do not conserve energy, but exponen-
tial growth is a signal that the linear theory is no longer valid. There is some discussion of
nonlinear systems in Chapter 8 as well as in books cited in the bibliography.
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2.1 Linear Vector Spaces

2.1.1 Linear Vector Space Axioms

A linear vector space V is a collection of vectors such that if x and y are vectors in V , then so
is any linear combination of the form

u = ax+ by (2.1)

where a and b are numbers (scalars). V is real or complex, depending on whether scalars are
taken from the real numbers R or the complex numbers C (in mathematics, scalars can be
taken from any field, but here we are only concerned with real and complex vector spaces).

Addition of vectors, and multiplication by scalars must satisfy a natural set of axioms.
Addition of vectors must be commutative:

x+ y = y + x (2.2)

for all x and y. Multiplication by scalars must satisfy the associative law:

a(bx) = (ab)x (2.3)

and the distributive laws:

a(x+ y) = ax+ ay (a+ b)x = ax+ bx (2.4)

for all a, b, x, and y. There must also be a zero vector (denoted by θ when it is necessary to
distinguish it from the scalar 0) such that

x+ θ = x (2.5)

for all x, and for every vector x there must be a vector −x (negative x) such that

x+ (−x) = θ (2.6)

Exercise 2.1. Show that the axioms (2.2)–(2.6) imply that

1 · x = x 0 · x = θ

for all x. Hint. Use the distributive laws. �

Definition 2.1. A vector of the form a1x1 + . . .+akxk is a linear combination of the vectors
x1, . . . , xk (here the coefficients a1, . . . , ak are scalars). The vectors x1, . . . , xk are linearly
dependent if there is a nontrivial linear combination of the vectors that vanishes, that is, if
there are coefficients a1, . . . , ak, not all zero, such that

a1x1 + . . .+ akxk = θ (2.7)

If no such coefficients exist, then the vectors x1, . . . , xk are linearly independent.
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If the vectors x1, . . . , xk are linearly dependent, then we can express at least one of them
as a linear combination of the others. For suppose we have a linear combination of the vectors
that vanishes, as in Eq. (2.7), with at least one nonvanishing coefficient. Then we can take
a1 �= 0 (renumbering the vectors if necessary) and solve for x1 to get

x1 = −a2

a1
x2 − · · · − an

a1
xn (2.8)

Definition 2.2. A linear manifold M in the linear vector space V is a set of elements of V
such that if x, y are in M, then so is the linear combination ax+ by for any scalars a and b.

Thus M is itself a linear vector space, a subspace of V . If we have a set x1, . . . , xk of
elements of V , then we can define the linear manifold M ≡ M(x1, . . . , xk), the manifold
spanned by x1, . . . , xk, as the set of all linear combinations of x1, . . . , xk.

Definition 2.3. The vectors x1, . . . , xk form a basis of the linear manifold M if (i) the vec-
tors x1, . . . , xk are linearly independent and (ii) the manifold M is spanned by the x1, . . . , xk.
If M has a basis with k elements, then k is the dimension of M. If M has no basis with a
finite number of elements, then M is infinite dimensional.

Example 2.1. The set of continuous functions on an interval a ≤ x ≤ b forms a linear
vector space C(a, b), with addition and multiplication by scalars defined in the natural
way. The monomials 1, x, x2, x3, . . . are linearly independent; hence C(a, b) is infinite
dimensional.

The concept of dimension is important, the more so because it uniquely characterizes a
linear vector space: if x1, . . . , xk and y1, . . . , ym are two bases of M, then k = m. To show
this, suppose that m > k. Then each of the vectors y1, . . . , ym can be expressed in terms of
the basis x1, . . . , xk as

yp = ap1x1 + · · · + apkxk (2.9)

(p = 1, . . . ,m). But the first k of these equations can be solved to express the x1, . . . , xk in
terms of y1, . . . , yk (if the determinant of the coefficients were zero, then a linear combination
of y1, . . . , yk would be zero), and the remaining yk+1, . . . , ym can be expressed in terms of
the x1, . . . , xk. Since this is inconsistent with the assumption that the y1, . . . , ym are linearly
independent, we must have m = k.

It follows that if we have an n-dimensional vector space Vn, then any set of n linearly
independent vectors x1, . . . , xn forms a basis of Vn, and any vector x in Vn can be expressed
as a (unique) linear combination

x = a1x1 + . . .+ anxn (2.10)

The coefficients a1, . . . , an in this expansion are the components of the vector x (with respect
to the basis x1, . . . , xn); we have a one-to-one correspondence between vectors and ordered
n-tuples (a1, . . . , an) of scalars. Evidently this correspondence depends on the basis chosen;
the components of a vector depend on the coordinate system.
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2.1.2 Vector Norm; Scalar Product

We introduce the length, or norm of a vector x, to be denoted by ‖x‖. The norm should
be positive definite, that is, ‖x‖ ≥ 0 for any vector x, and ‖x‖ = 0 if and only if x = θ.
Once length is defined, the distance between two vectors x and y is defined by ‖x− y‖. This
distance should satisfy as an axiom the triangle inequality:

∣∣∣∣‖x‖ − ‖y‖
∣∣∣∣ ≤ ‖x− y‖ ≤ ‖x‖ + ‖y‖ (2.11)

with equality if and only if y = ax for some real a; these inequalities are satisfied by the
sides of any triangle in the Euclidean plane. With this norm, definitions of open, closed, and
bounded sets, and limit points of sets and sequences in a vector space can be made by analogy
with the definitions in Chapter 1 for real and complex numbers.

A scalar product of two vectors x, y must satisfy axioms of Hermitian symmetry:

(y, x) = (x, y)∗ (2.12)

and bilinearity:

(y, a1x1 + a2x2) = a1(y, x1) + a2(y, x2) (2.13)

(b1y1 + b2y2, x) = b∗1(y1, x) + b∗2(y2, x) (2.14)

If such a scalar product exists, then a standard norm is defined by

‖x‖2 ≡ (x, x) (2.15)

A vector space with scalar product satisfying axioms (2.12)–(2.14) is unitary. These axioms
correspond to standard properties of three-dimensional vectors, apart from the presence of the
complex conjugate. The complex conjugate is needed to make the norm positive definite in
a complex vector space, since if z is a complex number, then |z|2 = z∗z is positive definite,
while z2 is not.

Remark. We are concerned here mainly with unitary spaces, but there are spaces with
positive definite norm that satisfy the triangle inequality with no scalar product. For example,
the length of a vector x = {ξ1, . . . , ξn} can be defined for any p ≥ 1 by

‖x‖ ≡
(

n∑

k=1

|ξk|p
) 1

p

(2.16)

(Check that this satisfies the triangle inequality.) This space is denoted by �p; only for p = 2
can a scalar product satisfying the axioms be defined on �p.

Remark. A physically interesting space with a length defined that is not positive definite
is the four-dimensional spacetime in which we live, with its standard (Minkowski) metric.
Spacelike and timelike vectors have norm-squared of opposite sign, and there are nonzero
vectors with zero norm (lightlike vectors). Spaces with such indefinite metrics will be dis-
cussed later. �
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Definition 2.4. The vectors x and y in a unitary vector space are orthogonal if and only if

(x, y) = 0 (2.17)

The vectors x1, . . . , xm form an orthogonal system if

(xk, xl) = 0 (2.18)

for all k �= l. The vector φ is a unit vector if ‖φ‖ = 1. The vectors φ1, . . . , φm form an
orthonormal system if

(φk, φl) = δkl =

{
1, k = l

0, k �= l
(2.19)

The vectors in an orthonormal system are mutually orthogonal unit vectors; they are espe-
cially convenient to use as a basis for a coordinate system. If the vectors φ1, . . . , φm form an
orthonormal system, then the components a1, . . . , am of a vector

x = a1φ1 + . . .+ amφm (2.20)

are given simply by ak = (φk, x), and we can write

x = (φ1, x)φ1 + · · · + (φm, x)φm (2.21)

It is clear from this that the vectors in an orthonormal system are linearly independent, since
the only linear combination of φ1, . . . , φm that vanishes necessarily has vanishing coefficients.
Even if x cannot be expressed as a linear combination of φ1, . . . , φm , it is still true that

m∑

k=1

|(φk, x)|2 ≤ ‖x‖2 (2.22)

(Bessel’s inequality), since it follows from the positivity condition that

‖x−
m∑

k=1

(φk, x)φk ‖2 = ‖x‖2 −
m∑

k=1

|(φk, x)|2 ≥ 0 (2.23)

Note that the equality holds if and only if

x =
m∑

k=1

(φk, x)φk (2.24)

Bessel’s inequality leads directly to the Schwarz inequality: if x, y are any two vectors, then

|(x, y)| ≤ ‖x‖ ‖y‖ (2.25)

with equality if and only if y is a scalar multiple of x. To show this, simply consider the unit
vector φ ≡ y/‖y‖ and apply Bessel’s inequality.
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Remark. The Schwarz inequality corresponds to the bound | cosϑ| ≤ 1 for real angles ϑ,
since for real vectors it is generally true that

(x, y) = ‖x‖ ‖y‖ cosϑ (2.26)

where ϑ is the angle between x and y. �

An orthonormal system φ1, . . . , φm can be constructed from linearly independent vectors
x1, . . . , xm by a standard method known as the Gram–Schmidt orthogonalization process: let

φ1 =
x1

‖x1‖
(2.27)

and then let

ψk ≡ xk −
k−1∑

p=1

(φp, xk)φp φk ≡ ψk
‖ψk‖

(2.28)

(k = 2, . . . ,m). It is easy to see that the φ1, . . . , φm form an orthonormal system, since none
of the ψk can vanish due to the assumed linear independence of the xk. Furthermore, the
linear manifolds defined are the same at each stage of the process, that is,

M(φ1) = M(x1)
M(φ1, φ2) = M(x1, x2)

...
M(φ1, φ2, . . . , φm) = M(x1, x2, . . . , xm)

(2.29)

We can now introduce the concept of a complete orthonormal system.

Definition 2.5. The orthonormal system φ1, φ2, . . . is complete if and only if the only vector
orthogonal to every φk is the zero vector; i.e., (φk, x) = 0 for all k if and only if x = θ.

This definition has been carefully stated to remain valid in an infinite-dimensional space,
though the existence of a basis in the infinite-dimensional case requires an additional axiom.
If a basis exists, as it must in a finite-dimensional space, then it can be made into a complete
orthonormal system by the Gram–Schmidt process. Properties of a vector can be expressed in
terms of its components with respect to this complete orthonormal system in a standard way.

Theorem 2.1. The orthonormal system φ1, . . . , φm in the n-dimensional linear vector space
Vn is complete if and only if

(i) m = n,
(ii) φ1, . . . , φm is a basis of Vn,
(iii) for every vector x in Vn, we have

‖x‖2 =
m∑

k=1

|(φk, x)|2 (2.30)

(iv) for every pair of vectors x and y in Vn, we have

(x, y) =
m∑

k=1

(x, φk)(φk, y) (2.31)
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Any one of these conditions is necessary and sufficient for all of them. The conditions not
already been dealt with explicitly can be verified from expansion (2.21).

Example 2.2. The space Rn of ordered n-tuples of real numbers of the form (x1, . . . , xn)
is a real n-dimensional vector space. Addition and multiplication by scalars are defined in
the obvious way: if x = (x1, . . . , xn) and y = (y1, . . . , yn), then

ax+ by = (ax1 + by1, . . . , axn + byn) (2.32)

The scalar product can be defined by

(x, y) =
n∑

k=1

xkyk (2.33)

(this definition is not unique—see Exercise 2.2). The vectors

φ1 = (1, 0, . . . , 0)
φ2 = (0, 1, . . . , 0) (2.34)

...

φn = (0, 0, . . . , 1)

define a complete orthonormal system, and the xk and yk are just the components of x and
y with respect to this complete orthonormal system.

Example 2.3. The space Cn of ordered n-tuples of complex numbers of the form
(ξ1, . . . , ξn) is an n-dimensional complex vector space. Addition and multiplication by
scalars are defined in the obvious way: if x = (ξ1, . . . , ξn) and y = (η1, . . . , ηn), then

ax+ by = (aξ1 + bη1, . . . , aξn + bηn) (2.35)

The scalar product can be defined by

(x, y) =
n∑

k=1

ξ∗kηk (2.36)

Note the presence of the complex conjugate of the components of the vector on the left
side of the scalar product; this is necessary to ensure positive definiteness of the norm,
which is here given by

‖x‖2 =
n∑

k=1

|ξk|2 (2.37)

The complete orthonormal system φ1, φ2, . . . , φn defined in the previous example is also
a complete orthonormal system in Cn. In Cn, however, the scalars (and hence the com-
ponents) are complex.
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In a sense, the preceding two examples are the only possibilities for real or complex n-
dimensional vector spaces. If there is a one-to-one map between two linear vector spaces U
and V such that if u1 ↔ v1 and u2 ↔ v2 under the map, then

au1 + bu2 ↔ av1 + bv2 (2.38)

for any scalars a and b (U and V must have the same scalars), then U and V are isomorphic,
and the corresponding map is an isomorphism. If in addition, the vector spaces are unitary and

(u1, u2) = (v1, v2) (2.39)

whenever u1 ↔ v1 and u2 ↔ v2 under the map, then the map is an isometry, and the spaces
are isometric. It is clear that any n-dimensional real vector space is isomorphic to Rn, and
any n-dimensional complex vector space is isomorphic to Cn. If we identify a vector in the
n-dimensional vector space Vn with the n-tuple defined by its components with respect to
some fixed basis, then we have an isomorphism between Vn and Rn (or between Vn and Cn

if Vn is complex). If Vn is unitary, then the isomorphism can be extended to an isometry.

Exercise 2.2. Consider the linear vector space Cn with the scalar product of x =
(ξ1, . . . , ξn) and y = (η1, . . . , ηn), defined by

(x, y) =
n∑

k=1

ξ∗kwkηk

What restrictions must be put on the wk in order that Cn, with this scalar product, be a unitary
vector space? If these restrictions are satisfied, denote the corresponding unitary vector space
by Cn(w1, . . . , wn). Construct an explicit map between Cn(w1, . . . , wn) and the standard
Cn that is both an isomorphism and an isometry. �

2.1.3 Sum and Product Spaces

We can join two linear vector spaces U and V together to make a new vector space W ≡ U⊕V ,
the direct sum of U and V . Take ordered pairs 〈u, v〉 of vectors with u from U and v from V ,
and define

a 〈u1, v1〉 + b 〈u2, v2〉 ≡ 〈au1 + bu2, av1 + bv2〉 (2.40)

This defines U ⊕ V as a linear vector space. If U and V are unitary, define the scalar product
in U ⊕ V by

(〈u1, v1〉, 〈u2, v2〉) ≡ (u1, u2) + (v1, v2) (2.41)

where the first scalar product on the right-hand side is taken in U and the second is taken in V .
This defines U ⊕ V as a unitary vector space.

Exercise 2.3. Let U and V be a linear vector spaces of dimensions m and n, respectively.
Show that the dimension of the direct sum U ⊕ V is given by dim(U ⊕ V) = m+ n. �
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Exercise 2.4. If U and V are linear vector spaces with the same scalars, then the tensor
product W ≡ U ⊗V is defined as follows: start with ordered pairs 〈u, v〉 ≡ u⊗v of vectors u
from U and v from V , and include all linear combinations of the form

∑

k,l

akl uk ⊗ vl (*)

with the {uk} from U and the {vl} from V . If U , V are unitary, define a scalar product on
U ⊗ V by

(u1 ⊗ v1, u2 ⊗ v2) ≡ (u1, u2)(v1, v2)

and by bilinearity for linear combinations of the type (∗).
(i) Show that if φ1, φ2, . . . is an orthonormal system in U and ψ1, ψ2, . . . is an orthonormal

system in V , then the vectors

Φkl ≡ φk ⊗ ψl

form an orthonormal system in U ⊗ V . The {Φkl} form a complete orthonormal system in
U ⊗ V if and only if the {φk} are complete in U and the {ψl} are complete in V .

(ii) Show that if dim U = m and dim V = n, then dim(U ⊗ V) = mn.
(iii) Does every vector in U ⊗ V have the form u⊗ v with u from U and v from V? �

If M is a linear manifold in the unitary vector space V , the orthogonal complement of M,
denoted by M⊥, is the set of all vectors x in V such that (y, x) = 0 for all y in M. Thus M⊥

contains the vectors that are orthogonal to every vector in M. If M is finite dimensional, then
every vector x in V can be decomposed according to

x = x′ + x′′ (2.42)

where x′ is in M (x′ is the projection of x onto M), and x′′ is in M⊥. This result is known
as the projection theorem; it is equivalent to expressing V as the direct sum

V = M⊕M⊥ (2.43)

To prove the theorem, let φ1, . . . , φm be an orthonormal basis of M (such a basis exists since
M is finite dimensional). Then define

x′ ≡
m∑

k=1

(φk, x)φk x′′ ≡ x− x′ (2.44)

This provides the required decomposition.

Exercise 2.5. Let M be a finite-dimensional linear manifold in the unitary vector space
(M need not be finite dimensional here). Then (M⊥)⊥ = M. �
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2.1.4 Sequences of Vectors

We are also interested in sequences of vectors and their convergence properties. In a finite-
dimensional vector space Vn with a norm, these properties are directly related to those of
sequences in the field of scalars. We define a Cauchy sequence to be a sequence {x1, x2, . . .}
of vectors such that for every ε > 0 there is an integer N such that ‖xp − xq‖ < ε whenever
p, q > N . The sequence {x1, x2, . . .} converges if there is a vector x such that for every ε > 0
there is an integer N such that ‖xp − x‖ < ε whenever p > N . These definitions parallel the
definitions for sequences of real and complex numbers given in Chapter 1.

If we represent a vector in Vn by its components ξ1, . . . , ξn with respect to some basis,
then the sequence {x1, x2, . . .} of vectors is a Cauchy sequence if and only if each of the se-
quences {ξ1k}, {ξ2k}, . . . , {ξnk} is a Cauchy sequence. Here ξpk denotes the pth component
of the vector xk. To see this in a unitary space with a complete orthonormal system given by
φ1, . . . , φn, suppose

xk =
n∑

p=1

ξkpφp (2.45)

Then, since

‖xk − xm‖2 =
n∑

p=1

|ξkp − ξmp|2 (2.46)

it follows that the sequence of vectors is a Cauchy sequence if and only if each of the se-
quences of components is a Cauchy sequence. In Vn, every Cauchy sequence of vectors
converges to a limit vector because the corresponding Cauchy sequences of the components
must converge (recall that this is how the real and complex number systems were constructed
from the rationals).

It is not so simple in an infinite-dimensional space; a sequence {φ1, φ2, . . .} of orthonor-
mal vectors is not a Cauchy sequence, yet each sequence of components of these vectors
converges to zero, which leads to the concept of weak convergence in an infinite-dimensional
space. This and other subtleties will be discussed in Chapter 6.

2.1.5 Linear Functionals and Dual Spaces

Definition 2.6. A function defined on a linear vector space V that takes on scalar values is
called a functional, or distribution, on V . The functional Λ is a linear functional if

Λ[ax+ by] = aΛ[x] + bΛ[y] (2.47)

for all vectors x, y and scalars a, b. The functional Λ is bounded if there is some positive
constant C such that

|Λ[x]| ≤ C‖x‖ (2.48)

for every vector x in V . The smallest C for which this is true is the bound |Λ| of Λ.
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Theorem 2.2. If Λ is a linear functional on the finite-dimensional unitary vector space Vn,
then there is a vector u in Vn such that Λ has the form of a scalar product

Λ[x] = (u, x) ≡ Λu[x] (2.49)

Proof. If {φ1, . . . , φn} is a complete orthonormal system in Vnand Λ[φk] = ak, then

Λφ = Λ
∑

k

ξkφk =
∑

k

akξk = (u, φ) (2.50)

with (note the complex conjugation here)

u =
∑

k

a∗kφk (2.51)

It follows that every linear functional on Vn is bounded, with |Λu| = ‖u‖, since

|(u, x)| ≤ ‖u‖‖x‖ (2.52)

for all x by the Schwarz inequality (2.25). This need not be true in an infinite-dimensional
space. For example, the Dirac δ-function δ(x) introduced in Section 1.3 is a linear functional
defined on the space C1 of functions f(x) that are continuous at x = 0; we have

δ[f ] = f(0) (2.53)

This is not of the form (u, f) with u in C1. However, it is not required to have that form, as
a function with unit norm can have an arbitrarily large value at a single point. To see this,
consider the sequence of functions {φn} defined by

φn(x) =






√
n

2
− 1
n
≤ x ≤ 1

n

0 otherwise
(2.54)

Then ‖φn‖ = 1 and δ[φn] =
√
n/2. Hence the Dirac δ-function is not bounded.

The linear functionals on V form a linear vector space V∗, the dual space of V . If
x1, x2, . . . is a basis of V , then the dual basis u1, u2, . . . of V∗ is defined by the relations

uk[x�] = δk� (2.55)

Equation (2.55) resembles the relations that define an orthonormal system, except that here the
u1, u2, . . . need not belong to the same vector space as the x1, x2, . . .. In a unitary space V ,
relations (2.55) define a dual basis even if the original basis x1, x2, . . . is not orthogonal.
A simple two-dimensional illustration of this is given in Fig. 2.1, in which we start from a
nonorthogonal pair of X and Y axes, and construct the X�-axis orthogonal to the Y-axis and
the Y�-axis orthogonal to the X-axis. Nevertheless, the general theorem provides a natural
one-to-one correspondence between bounded linear functionals in V∗ and vectors in V . This
relation is not quite linear in a complex vector space, since Eq. (2.51) shows that

Λau+bv = a∗Λu + b∗Λv, (2.56)
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X

Y

X*

Y*

Figure 2.1: An example of a dual basis. If unit vectors in the X and Y directions define a basis
in R2, then unit vectors in the X� and Y� directions define the dual basis.

A relation of this type is called conjugate linear, or antilinear; here it means that we can think
of V∗ as a “complex conjugate” of V in some sense. A notation due to Dirac emphasizes the
duality between vectors and linear functionals. A vector is denoted by |x〉 (a ket) and a linear
functional by 〈u| (a bra). Then the value of the linear functional u at the vector x is denoted
by

u(x) = 〈u, x〉 = 〈u|x〉 (2.57)

where the last form on the right-hand side is known as a Dirac bra(c)ket. In a unitary vector
space, the Dirac bracket is equivalent to the scalar product with the natural identification
between linear functionals and vectors. The relations

〈u, ax+ by〉 = a〈u, x〉 + b〈u, y〉 (2.58)

〈au+ bv, x〉 = a∗〈u, x〉 + b∗〈v, x〉 (2.59)

are equivalent to the bilinearity of the scalar product in Eqs. (2.13)–(2.14).

2.2 Linear Operators

2.2.1 Linear Operators; Domain and Image; Bounded Operators

A linear operator A on a linear vector space V is a map of V into itself that satisfies

A(ax+ by) = aAx+ bAy (2.60)

for all vectors x, y and scalars a, b. The operator A need not be defined on all of V , but it must
be defined on a linear manifold DA, the domain of A. The domain can always be extended to
the entire space in a finite-dimensional space Vn, but not so in an infinite-dimensional Hilbert
space, as explained in Chapter 7. In this chapter, we deal mainly with properties of linear
operators on finite-dimensional vector spaces.
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The set of all vectors y such that y = Ax
for some x in the domain of A is the image of
A (imA)1or the range of A (RA), as indicated
schematically in Fig. 2.2. It is easy to see that
imA is a linear manifold; its dimension is the
rank ρ(A) of A. The set of vectors x such that

Ax = θ (2.61)

defines a linear manifold kerA, the kernel (or
null space) of A. Figure 2.2 is a schematic illus-
tration of kerA and imA. If the only solution
to Eq. (2.61) is the zero vector (kerA = {θ}),
then the operator A is nonsingular. If there are
nonzero solutions, then A is singular. In a vec-
tor space of finite dimension n, we have

ρ(A) + dim(kerA) = n (2.62)

ker A

im A

Figure 2.2: Schematic illustration
of the kernel and image of an opera-
tor A. The kernel (kerA) is the mani-
fold mapped into the zero vector by A,
while the image (imA) is the map of
the entire space V under A.

Equation (2.62) says that the dimension of imA is the original dimension of the space reduced
by the dimension of the subspace which A annihilates (transforms into the zero vector).

To prove this intuitively plausible relation, let m = dim(imA) and let y1, . . . , ym be a
basis of imA, with

yk = Axk (2.63)

(k = 1, . . . ,m). The vectors x1, . . . , xm are linearly independent; if
∑
ckxk = θ then∑

ckyk = θ by linearity, but y1, . . . , ym are linearly independent so all the ck must vanish.
We can then choose xm+1, . . . , xn to complete a basis of Vn. Since the y1, . . . , ym form a
basis of imA, the action of A on the xm+1, . . . , xn can be expressed as

Axk =
m∑

�=1

c
(k)
� y� (2.64)

(k = m+ 1, . . . , n). Now define vectors zm+1, . . . , zn by

zk ≡ xk −
m∑

�=1

c
(k)
� x� (2.65)

The zm+1, . . . , zn are linearly independent (show this) and Azk = θ (k = m + 1, . . . , n).
Hence they define a basis of kerA (kerA = M(zm+1, . . . , zn)) and Vn can be expressed as

Vn = M(x1, . . . , xm) ⊕ kerA (2.66)

from which Eq. (2.62) follows.

1More precisely, the image of DA under A, but the shorter terminology has become standard.
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The inhomogeneous equation

Ax = y (2.67)

can have a solution only if y is in imA. If A is nonsingular, then imA is the entire vector
space V , and Eq. (2.67) has a unique solution for every y in V . If A is singular, then Eq. (2.67)
has a solution only if y is in imA, and the solution is not unique, since any solution of
the homogeneous equation (2.61) (i.e., any vector in kerA) can be added to a solution of
Eq. (2.67) to obtain a new solution. If Eq. (2.67) has a unique solution for every x in V , then
define the operator A−1, the inverse of A, by

A−1y = x (2.68)

Exercise 2.6. A and B are linear operators on the finite-dimensional vector space Vn.
(i) The product AB is nonsingular if and only if both A and B are nonsingular.
(ii) If A and B are nonsingular, then

(AB)−1 = B−1A−1

(iii) If A is nonsingular and BA = 1, then AB = 1. �

Remark. Statement (iii) means that if B is a left inverse of A, then B is also a right inverse.
This is true only in a finite-dimensional space; a counterexample in infinite dimensions can be
found in Chapter 7. �

Definition 2.7. The linear operator A is bounded if there is a constant C > 0 such that
‖Ax‖ ≤ C‖x‖ for every vector x. The smallest C for which this inequality is true is the
bound of A, denoted by |A|.
Theorem 2.3. Every linear operator on a finite-dimensional unitary vector space Vn is
bounded.

Proof. To show this, suppose φ1, . . . , φn is a complete orthonormal system and let

φ =
n∑

k=1

ξkφk (2.69)

be a unit vector. Then

Aφ =
n∑

k=1

ξkAφk (2.70)

and

‖Aφ‖2 ≤
(

n∑

k=1

|ξk| ‖Aφk‖
)2

≤
n∑

k=1

|ξk|2
n∑

k=1

‖Aφk‖2 ≤ C2‖φ‖2 (2.71)

where

C2 ≡
n∑

k=1

‖Aφk‖2 (2.72)

Remark. The theorem is even if the space Vn is not unitary, but the proof is slightly more
subtle, and we do not give it here. �
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2.2.2 Matrix Representation; Multiplication of Linear Operators

Linear operators can be given an explicit realization in terms of matrices. If the linear operator
A is defined on a basis x1, x2, . . . of V , then we have

Axk =
∑

j

Ajkxj (2.73)

and the action of A on a vector x =
∑
k ξkxk is given by

Ax =
∑

j

(
∑

k

Ajkξk

)
xj ≡

∑

j

ηjxj (2.74)

This corresponds to the standard matrix multiplication rule



η1
η2
...



 =




A11 A12 · · ·
A21 A22 · · ·

...
...

. . .








ξ1
ξ2
...



 (2.75)

if we identify x with the column vector (ξk) formed by its components and A with the matrix
(Ajk). The Ajk are the matrix elements of A in the basis x1, x2, . . .. The kth column of the
matrix contains the components of the vector Axk.

Exercise 2.7. Show that if V is a unitary vector space with complex scalars, then the
operator A = 0 if and only if (x,Ax) = 0 for every vector x in V . Show that the condition
(x,Ax) = 0 for every vector x in V is not sufficient to have A = 0 in a real vector space V
by constructing a nonsingular linear operator A on R2 such that

(x,Ax) = 0

for every x in R2. �

Remark. The theme of this exercise will reappear in several contexts, as certain algebraic
properties are relevant only in complex vector spaces. �

The product of two linear operators A and B is defined in a natural way as

(AB)x = A(Bx) (2.76)

Acting on a basis x1, x2, . . . this gives

(AB)xk = A
∑

j

Bjkxj =
∑

j,�

A�jBjkxj (2.77)

so that

(AB)�k =
∑

j

A�jBjk (2.78)

This explains the standard rule for matrix multiplication.
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The order of the operators in the product is important; multiplication of operators (or their
corresponding matrices) is not commutative in general.

Definition 2.8. The commutator [A,B] of two operators A and B is defined by

[A,B] ≡ AB − BA = −[B,A] (2.79)

and the anticommutator {A,B} by

{A,B} ≡ AB + BA = {B,A} (2.80)

The operators A, B commute if [A,B] = 0 (⇒ AB = BA) and anticommute if
{A,B} = 0 (⇒ AB = −BA).

Example 2.4. The 2 × 2 Pauli matrices σx, σy, σz (sometimes called σ1, σ2, σ3) are
defined by

σx ≡
(

0 1
1 0

)
σy ≡

(
0 −i
i 0

)
σz ≡

(
1 0
0 −1

)
(2.81)

Some quick arithmetic shows that

σ2
x = σ2

y = σ2
z = 1 (2.82)

and

σxσy = iσz = −σyσx σyσz = iσx = −σzσy σzσx = iσy = −σxσz (2.83)

so that two different Pauli matrices do not commute under multiplication, but the minus
signs show that they anticommute. Note that

trσa = 0 trσaσb = 2δab (2.84)

(here tr denotes the trace defined in Eq. (2.103)) so that any 2 × 2 matrix A can be
expressed in the form

A = a01 + a · σ (2.85)

with a0 and a = (ax, ay, az) determined by

a0 = 1
2 trA a = 1

2 trσA (2.86)

These results are useful in dealing with general 2 × 2 matrices.

Exercise 2.8. (i) Show that if a = (ax, ay, az) andb = (bx, by, bz), then

σ · aσ ·b = a ·b+ iσ · a×b

(ii) Show that if n̂ is a three-dimensional unit vector, then

ei�σ·n̂ξ = cos ξ + iσ · n̂ sin ξ

for any complex number ξ. �
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2.2.3 The Adjoint Operator

To every linear operator A on V corresponds a linear operator A† (the adjoint of A) on the
dual space V∗ of linear functionals on V (see Section 2.1.5) defined by

〈A†u, x〉 = 〈u,Ax〉 (2.87)

for every vector x in V and every linear functional u in V∗. If V is a unitary vector space, this
is equivalent to

(A†y, x) = (y,Ax) (2.88)

for every pair of vectors x, y in V .

Exercise 2.9. Show that

(A†)† = A (aA)† = a∗A† (AB)† = B†A†

where a is a scalar, and A, B are linear operators on the linear vector space V . �

Exercise 2.10. If A is a linear operator on a unitary vector space V , then

kerA = (imA†)⊥ kerA† = (imA)⊥

If V is finite dimensional, then

dim(imA) = ρ(A) = ρ(A†) = dim(imA†)

Remark. Thus, in a finite-dimensional vector space, A is nonsingular if and only if A† is

nonsingular. An infinite-dimensional counterexample will be seen in Chapter 7. �

In a unitary vector space a matrix element of an operator with respect to a complete or-
thonormal system can be expressed as a scalar product. If φ1, φ2, . . . is a complete orthonor-
mal system and

Aφk =
∑

j

Ajkφj (2.89)

then the orthonormality conditions give

Ajk = (φj ,Aφk) (2.90)

The matrix elements of the adjoint operator are given by

(A†)jk = (φj ,A†φk) = (Aφj , φk) = A∗
kj (2.91)

so the matrix representing A† is obtained from the matrix representing A by complex conjuga-
tion and transposition (interchanging rows and columns, or reflecting about the main diagonal
of the matrix).
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Definition 2.9. The operator A is self-adjoint, or Hermitian, if

A† = A (2.92)

In terms of the operator matrix elements, this requires

(y,Ax) = (x,Ay)∗ (2.93)

for every pair of vectors x, y.

Remark. It follows that the diagonal matrix elements (x,Ax) of a Hermitian operator A are
real for every vector x. In a complex vector space, it is also sufficient for A to be Hermitian
that (x,Ax) be real for every vector x, but not so in a real vector space, where (x,Ax) is real
for all x for any linear operator A (see Exercise 2.7). �

Remark. Self-adjoint is defined by Eq. (2.92) and Hermitian by Eq. (2.93). In a finite-
dimensional space, these two conditions are equivalent and the terms self-adjoint and Hermit-
ian are often used interchangeably. In an infinite-dimensional space, some care is required,
since the operators A and A† may not be defined on the same domain. Such subtle points will
be discussed further in Chapter 7. �

2.2.4 Change of Basis; Rotations; Unitary Operators

The coordinates of a vector x, and elements of the matrix representing a linear operator A,
depend on the basis chosen in the vector space V . Suppose x1, x2, . . . and y1, y2, . . . are two
sets of basis vectors in V . Then define a linear operator S by

Sxk = yk =
∑

j

Sjkxj (2.94)

(k = 1, 2, . . .). S is nonsingular (show this), and

xk = S−1yk ≡
∑

j

Sjkyj (2.95)

where the Sjk = (S−1)jk are the elements of the matrix inverse of the matrix (Sjk). The
coordinates of a vector

x =
∑

k

ξkxk =
∑

�

η�y� (2.96)

in the two bases are related by

ξk =
∑

�

Sk�η� η� =
∑

k

S�kξk (2.97)

The operator S can also be viewed as a transformation of vectors:

x′ ≡ Sx (2.98)
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in which x′ is a vector whose coordinates in the basis y1, y2, . . . are the same as those of the
original vector x in the basis x1, x2, . . ., since

S

(
∑

k

ξkxk

)
=
∑

k

ξk(Sxk) =
∑

k

ξkyk (2.99)

Also, note that

Ayk =
∑

j

SjkAxj =
∑

j,�

A�jSjkx� =
∑

j,�,m

(Sm�A�jSjk)ym

=
∑

m

(S−1AS)mkym (2.100)

Thus the matrix elements of A in the basis y1, y2, . . . are given by

A′
jk = (S−1AS)jk (2.101)

These are the same as the matrix elements of the operator

A′ ≡ S−1AS (2.102)

in the basis x1, x2, . . .. The transformation (2.102) with nonsingular operator S is a similarity
transformation of A. Equation (2.101) shows that a similarity transformation of an operator
is equivalent to the change of basis defined by Eq. (2.94). The matrix elements of A′ in the
original basis x1, x2, . . . are the same as the matrix elements of the original operator A in the
transformed basis.

There are certain characteristics associated with a matrix that are invariant under a simi-
larity transformation. For example, the trace of A defined by

trA ≡
∑

k

Akk (2.103)

is invariant, since

trS−1AS =
∑

k,�,m

Sk�A�mSmk =
∑

k,�,m

A�mSmkSk� = trA (2.104)

since SS−1 = 1. Further invariants are then the trace of any integer power m of A (trAm)
and the determinant (detA). The invariance of the determinant follows either from the stan-
dard result of linear algebra that detMN = detMdetN, or from expressing the detA in
terms of traces of various powers of A (such expressions depend on the dimension of the
space—see Problem 27).

A change of basis corresponds to a nonsingular transformation S as shown in Eq. (2.94).
If the length of vectors is unchanged by this transformation (‖Sx‖ = ‖x‖ for every x), then
the transformation is an isometry. If in addition the scalar product is preserved,

(Sx,Sy) = (x, y) (2.105)

for all vectors x, y (⇒ S†S = 1), then the transformation is unitary, or orthogonal on a real
vector space, where it is a rotation. In general, a unitary operator U is characterized by any
one of the equivalent conditions:
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(i) U†U = 1 = UU†, or simply U† = U−1,

(ii) (Ux,Uy) = (x, y) = (U†x,U†y) for every pair of vectors x, y.

(iii) ‖Ux‖ = ‖x‖ = ‖U†x‖ for every vector x.

(iv) if φ1, φ2, . . . is a complete orthonormal system, then Uφ1,Uφ2, . . . is also a com-
plete orthonormal system.

Example 2.5. Consider a rotation in two
dimensions in which the coordinate axes are ro-
tated by an angle θ (see Fig. 2.3). The unit vec-
tors ux′ , uy′ along the X ′, Y ′ axes are related to
the unit vectors ux, uy along the X,Y axes by

ux′ = ux cos θ + uy sin θ
uy′ = −ux sin θ + uy cos θ (2.106)

Thus the matrix corresponding to the rotation is

R(θ) =
(

cos θ − sin θ
sin θ cos θ

)
(2.107)

Note that R−1(θ) = R(−θ).

X

X'
Y'

Y

Figure 2.3: Rotation of coordinate axes
in two dimensions.

Remark. The rotation R(θ) presented here is a rotation of coordinate axes that changes the
components of vectors, which are viewed as intrinsic objects independent of the coordinate
system. This viewpoint (the passive point of view) is emphasized further in Chapter 3. The
alternative active point of view considers rotations as operations on the vectors themselves,
so that a rotation R(θ) rotates vectors through an angle θ while keeping the coordinate axes
fixed. Evidently the two views of rotations are inverse to each other:

R(θ) = R(−θ) (2.108)

since rotating the a vector through angle θ induces the same change in the components of a
vector as rotating the coordinate axes through angle −θ. �

Example 2.6. Consider a rotation in three dimensions as illustrated in Fig. 2.4. The
rotation is characterized by three angles (the Euler angles) φ, θ, ψ, which are defined as
follows:

φ is the angle from the Y -axis to the line of nodes (0 ≤ φ < 2π),

θ is the angle from the Z-axis to the Z ′-axis (0 ≤ θ ≤ π) and

ψ is the angle from the line of nodes to the Y ′-axis (0 ≤ ψ < 2π)

where the angles are uniquely defined in the ranges given.2

2In some classical mechanics books, notably the book by Goldstein cited in the bibliography, the angle φ is defined
from the X-axis to the line of nodes, and the angle ψ from the line of nodes to the X′-axis. It is technically more
convenient in quantum mechanics to use the definition given here.
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Z
Z'

Y

X

X'

Y'

line of nodes

Figure 2.4: Euler angles for rotations in three dimensions. The line of nodes is the intersection
of the X–Y plane and the X ′–Y ′ plane, in the direction of the vector uz × u′

z .

Denote the associated rotation matrix by R(φ, θ, ψ). If Rn(θ) denotes a rotation by
angle θ about an axis along the unit vector n, then

R(φ, θ, ψ) = Rz′(ψ)Ru(θ)Rz(φ) (2.109)

where u is a unit vector along the line of nodes, since the full rotation is a product of

(i) rotation by angle φ about the Z-axis,

(ii) rotation by angle θ about the line of nodes, and

(iii) rotation by angle ψ about the Z ′-axis.

To compute the matrix R(φ, θ, ψ), it is better to express the rotation as a product of ro-
tations about fixed axes (the X , Y , Z axes, say). It turns out that this can be done, with
a strikingly simple result. Note first that the rotation about the line of nodes can be ex-
pressed as a rotation about the Y -axis if we first undo the rotation through φ about the
Z-axis, rotate by angle θ, and then redo the rotation about the Z-axis, i.e.,

Ru(θ) = Rz(φ)Ry(θ)R−1
z (φ) (2.110)

The rotation about the Z ′-axis can be expressed as a rotation about the Z-axis if we undo
the rotation about the line of nodes, rotate through ψ about theZ-axis, and redo the rotation
about the line of nodes, so that

Rz′(ψ) = Ru(θ)Rz(ψ)R−1
u (θ) (2.111)

Then

R(φ, θ, ψ) = Rz(φ)Ry(θ)Rz(ψ) (2.112)

and the rotation R(φ, θ, ψ) is obtained as the product of
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(i) rotation by angle ψ about the Z-axis,

(ii) rotation by angle θ about the Y -axis, and

(iii) rotation by angle φ about the Z-axis.

Thus the rotations about the fixed axes have the same angles as the rotations about the mov-
ing axes, but they are done in reverse order! The final result for the matrix corresponding
to a general rotation in three dimensions is then

R(φ, θ, ψ) (2.113)

=




cosψ cos θ cosφ− sinψ sinφ − sinψ cos θ cosφ− cosψ sinφ sin θ cosφ
cosψ cos θ sinφ+ sinψ cosφ − sinψ cos θ sinφ+ cosψ cosφ sin θ sinφ

− cosψ sin θ sinψ sin θ cos θ





Note that Eq. (2.112) is easier to remember than this result!

2.2.5 Invariant Manifolds

A linear manifold M in Vn is an invariant manifold of the linear operator A if Ax is in M
for every vector x in M. If M has dimension m and a basis x1, . . . , xm, there are linearly
independent vectors xm+1, . . . , xn that complete a basis of Vn. Let M∗ denote the (n−m)-
dimensional manifold spanned by xm+1, . . . , xn; then

Vn = M⊕M∗ (2.114)

This is similar to the split of a unitary space V into M⊕M⊥, but M⊥ is unique, while the
manifold M∗ is not, since to each of the basis vectors xm+1, . . . , xn can be added an arbitrary
vector in M. The matrix representation of A has the form

A =
(
AM B
0 AM∗

)
(2.115)

in this basis. AM is the restriction of A to M, and AM∗ the restriction of A to M∗, Note
that M∗ is also an invariant manifold of A if and only if B = 0. The properties of A that
decide whether or not it is possible to find a basis in which B = 0 are examined below.

Two invariant manifolds of the operator A are kerA and imA. In fact, all the manifolds
ker(Ak) and im(Ak) (k = 0, 1, 2, . . .) are invariant manifolds of A; we have

ker(A0) = {θ} ⊆ ker(A) ⊆ ker(A2) ⊆ · · · (2.116)

and

im(A0) = Vn ⊇ im(A) ⊇ im(A2) ⊇ · · · (2.117)

At each stage, there is a linear manifold Mk such that

Vn = Mk ⊕ ker(Ak) (2.118)
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constructed as in the derivation of Eq. (2.66). On a space Vn of finite dimension n, there must
be an integer p ≤ n such that

ker(Ap+1) = ker(Ap) (2.119)

(the dimension of ker(Ap) cannot exceed n). Then also

im(Ap+1) = im(Ap) (2.120)

and Vn can be expressed as

Vn = im(Ap) ⊕ ker(Ap) (2.121)

With this split of Vn, the matrix representation of A has the form

A =
(
Ā 0
0 N

)
(2.122)

where Ā is a nonsingular operator on im(Ap), and Np = 0.

Remark. A nonsingular operator maps the space Vn onto the whole space Vn, while a sin-
gular operator maps Vn onto a subspace of smaller dimension. If A is singular, then repeated
application of A (n times is enough on Vn) leads to a subspace that cannot be reduced further
by A. This space is just the space im(Ap). �

Definition 2.10. An operator N is nilpotent if Nm = 0 for some integer m ≥ 0.

Example 2.7. The linear operator σ+ on C2 defined by

σ+ =
σx + iσy

2
=
(

0 1
0 0

)
(2.123)

is nilpotent (see Eq. (2.81) for the definition of σx and σy).

Exercise 2.11. Let A be a nilpotent operator on the n-dimensional vector space Vn.
(i) Show that A has a matrix representation

A =





0 a12 . . . a1n

0 0 . . . a2n

...
...

. . .
...

0 0 . . . 0





with nonzero elements only above the main diagonal (ak� = 0 if k ≥ �).
(ii) Show that if Vn is unitary, then there is an orthonormal basis on which this represen-

tation is valid. What is the matrix representation of A† in this basis? Is A† nilpotent?
(iii) Suppose A and B are nilpotent. Is AB necessarily nilpotent? What about [A,B]? �
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2.2.6 Projection Operators

We have seen that if M is a linear manifold in a unitary vector space V , then any vector x in V
can be uniquely expressed as

x = x′ + x′′ (2.124)

with x′ in M and x′′ in M⊥ (see Eq. (2.42)). The (or-
thogonal) projection operator (or projector) PM onto M
is defined by

PMx ≡ x′ (2.125)

for every vector x. If M is a one-dimensional manifold
with a unit vector φ, then

Pφx = (φ, x)φ (2.126)

selects the component of x in the direction of φ and elimi-
nates the orthogonal components, as shown in Fig. 2.5.

x

P x

Figure 2.5: Projection Pφ onto
the unit vector φ.

More generally, if M is a manifold with an orthonormal basis φ1, φ2, . . ., then

PMx =
∑

k

(φk, x)φk (2.127)

Every projection operator P is Hermitian and idempotent

P2 = P (2.128)

(repeated application of a projection operator gives the same result as the first projection). The
converse is also true: any Hermitian operator that is idempotent is a projection operator (see
the exercise below). If P projects onto M, then 1 − P projects onto M⊥, since for every x
expressed as in Eq. (2.124), we have

(1− PM)x = x′′ = (PM⊥)x (2.129)

Exercise 2.12. Show that if P is a Hermitian operator with P2 = P, then P is a projection
operator. What is the manifold onto which it projects? �

Exercise 2.13. Let M, N be linear manifolds, and P, Q the projection operators onto
M, N . Under what conditions on M and N is it true that

(i) P + Q is a projection operator,

(ii) P− Q is a projection operator,

(iii) PQ is a projection operator, and

(iv) PQ = QP?

Give a geometrical description of these conditions. �
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2.3 Eigenvectors and Eigenvalues

2.3.1 Eigenvalue Equation

Definition 2.11. If the linear operator A transforms a nonzero vector x into a scalar multiple
of itself,

Ax = λx (2.130)

then x is an eigenvector of A, and λ is the corresponding eigenvalue. The eigenvectors of
A belonging to eigenvalue λ, together with the zero vector, form a linear manifold Mλ, the
eigenmanifold of A belonging to eigenvalue λ. The dimension mλ of Mλ is the geometric
multiplicity of the eigenvalue λ. The set of distinct eigenvalues of A is the spectrum of A.

Eigenvectors belonging to distinct eigenvalues are linearly independent. To see this, sup-
pose Axk = λkxk (k = 0, 1, . . . , p) and

x0 = c1x1 + · · · + cpxp (2.131)

with x1, . . . , xp linearly independent, and c1, . . . , cp nonvanishing. Then

Ax0 = λ0x0 = c1λ1x1 + · · · + cpλpxp (2.132)

is consistent with linear independence of x1, . . . , xp only if

λ0 = λ1 = · · · = λp (2.133)

Equation (2.130) has a nonzero solution if and only if λ satisfies the characteristic equa-
tion

pA(λ) ≡ det ‖A − λ1‖ = 0 (2.134)

On a space Vn of finite dimension n, det ‖A − λ1‖ is a polynomial of degree n, the charac-
teristic polynomial of A, and the eigenvalues of A are the roots of this polynomial. From the
fundamental theorem of algebra derived in Chapter 4, it follows that pA(λ) can be expressed
in the factorized form

pA(λ) = (−1)n(λ− λ1)p1 · · · (λ− λm)pm (2.135)

with λ1, . . . , λm the distinct roots of pA(λ), and p1, . . . , pm the corresponding multiplicities
(p1 + · · · + pm = n). pk is the algebraic multiplicity of the eigenvalue λk. It is important
to note that the characteristic polynomial is independent of the coordinate system used to
evaluate the determinant, since if S is a nonsingular matrix, then

det ‖S−1(A − λ1)S‖ = det(S−1) det ‖A − λ1‖ det(S) = det ‖A − λ1‖ (2.136)

(it is a standard result of linear algebra that detMN = detMdetN).



2.3 Eigenvectors and Eigenvalues 65

2.3.2 Diagonalization of a Linear Operator

Definition 2.12. The operator A is diagonalizable if it has a basis of eigenvectors.

To understand this definition, suppose x1, . . . , xn is a basis with

Axk = λkxk (2.137)

(k = 1, . . . , n). In this basis, A has the matrix representation

A =





λ1 0 . . . 0
0 λ2 . . . 0
...

...
. . .

...
0 0 . . . λn



 ≡ diag(λ1, λ2, . . . , λn) (2.138)

with nonvanishing matrix elements only on the diagonal. In a general basis y1, . . . , yn, there
is then a nonsingular matrix S such that S−1AS is diagonal in that basis.

The operator A is certainly diagonalizable if each root of the characteristic polynomial
pA(λ) is simple (multiplicity = 1), since we can then choose one eigenvector for each eigen-
value to create a set of n linearly independent eigenvectors of A; these must form a basis
of Vn. On the other hand, suppose λ0 is a multiple root of pA(λ) (an eigenvalue of multi-
plicity > 1 is sometimes called degenerate). Then there may be fewer linearly independent
eigenvectors belonging to λ0 than the algebraic multiplicity allows, as shown by the following
example.

Example 2.8. Consider the 2 × 2 matrix

A =
(
µ 1
0 µ

)
(2.139)

that has λ = µ as a double root of its characteristic polynomial pA(λ) = (λ − µ)2. The
only eigenvectors belonging to the eigenvalue µ are multiples of the unit vector

φ =
(

1
0

)
(2.140)

and there is no second linearly independent eigenvector.

Remark. Note that

(A − µ1)2 = 0 (2.141)

so that A satisfies its own characteristic equation pA(A) = 0. This is true in general. �

The geometric multiplicity of an eigenvalue is always less than or equal to the algebraic
multiplicity of the eigenvalue. To see this, suppose µ is an eigenvalue of A, and M the corre-
sponding eigenmanifold (of dimension m). If x1, . . . , xm is a basis of M, and xm+1, . . . , xn
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a set of linearly independent vectors that complete a basis of Vn, then A has the matrix repre-
sentation

A =





µ 0 . . . 0 a1m+1 . . . a1n

0 µ . . . 0 a2m+1 . . . a2n

...
...

. . .
...

...
...

0 0 . . . µ amm+1 . . . amn
0 0 . . . 0
...

...
... Ā

0 0 . . . 0





(2.142)

with Ā an operator on the linear manifold M∗ ≡ M(xm+1, . . . , xn) of dimension n − m.
The characteristic polynomial of A can then be written as

pA(λ) = (µ− λ)m det ‖Ā − λ1‖ (2.143)

so the algebraic multiplicity of µ is at least m.
If the algebraic multiplicity p of µ is actually greater than m, then the operator Ā defined

on M∗ must have an eigenvector belonging to eigenvalue µ. We can choose this eigenvector
to be the basis vector xm+1; then

Axm+1 = µxm+1 + ym+1 (2.144)

where

ym+1 =
m∑

k=1

akm+1xk (2.145)

is a vector in M. Thus the manifold M1 ≡ M(x1, . . . , xm+1) of dimension m + 1 is
an invariant manifold of A. This procedure can be repeated until we have a manifold Mµ

whose dimension is equal to the algebraic multiplicity p of the eigenvalue µ. The matrix
representation of A on Mµ then has the form

Aµ =





µ . . . 0 a1m+1 . . . a1p

...
. . .

...
...

...
0 . . . µ amm+1 . . . amp
0 . . . 0 µ . . . am+1 p

...
...

...
. . .

...
0 . . . 0 0 . . . µ





≡ µ1 + Nµ (2.146)

Nµ = Aµ − µ1 has nonzero elements only above the main diagonal, hence is nilpotent; in
fact

Np−m+1
µ = 0 (2.147)
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Thus if the characteristic polynomial pA(λ) of A has roots λ1, . . . , λm with algebraic
multiplicities p1, . . . , pm as in the factorized form (2.135), then there are invariant manifolds
M1, . . . ,Mm of dimensions p1, . . . , pm, respectively, such that the restriction Ak of A to
Mk has the form

Ak = λk1 + Nk (2.148)

with Nk nilpotent,

Npk−mk+1
k = 0 (2.149)

(mk is the geometric multiplicity of the eigenvalue λk). The eigenmanifold Mk is a subset
of Mk; the two manifolds are the same if and only if pk = mk. The vector space Vn can be
expressed as

Vn = M1 ⊕ · · · ⊕Mm (2.150)

and A can be expressed in the form (the Jordan canonical form)

A = D + N (2.151)

where D is a diagonalizable matrix, N is nilpotent (N = 0 if and only if A is diagonal-
izable), and N commutes with D (since D is just a multiple of 1 on each of the invariant
manifolds Mk). Equation (2.151) is the unique split of a linear operator A into the sum of a
diagonalizable operator D and a nilpotent operator N that commutes with D.

Now suppose B is an operator that commutes with A. Then B also commutes with any
power of A, ApB = BAp. If x is a vector in Mk, then

ApkBx = BApkx = λpk

k x (2.152)

so that Bx is also in Mk. Thus each of the manifolds Mk is an invariant manifold of B, on
which B can be expressed as the sum of a diagonalizable matrix and a nilpotent operator as in
Eq. (2.151). Thus B can be expressed in the form

B = D′ + N′ (2.153)

with D′ diagonalizable, N′ nilpotent and D′N′ = N′D′. Furthermore, there is a basis in
which both D and D′ are diagonal, N and N′ have nonzero elements only above the main
diagonal, and N commutes with N′. In particular, if A and B are each diagonalizable and
AB = BA, then there is a basis of vectors that are simultaneous eigenvectors of A and B.

2.3.3 Spectral Representation of Normal Operators

The study of the eigenvectors and eigenvalues of linear operators on Vn in the preceding
section leads to the general structure expressed in Eq. (2.151). On a unitary vector space,
however, there is a broad class of operators for which it is possible to go further and construct
a complete orthonormal system of eigenvectors. This is the class of normal operators, for
which we have the formal
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Definition 2.13. The linear operator A on a unitary vector space is normal if

A†A = AA† (2.154)

that is, A is normal if it commutes with its adjoint.

Exercise 2.14. Every self-adjoint operator is normal; every unitary operator is normal. �

Normal operators have several useful properties:
(i) If A is normal, then

‖A†x‖ = ‖Ax‖ (2.155)

for every vector x, since if A is normal, then

‖Ax‖2 = (x,A†Ax) = (x,AA†x) = ‖A†x‖2 (2.156)

It is also true in a complex vector space that A is normal if ‖A†x‖ = ‖Ax‖ for every x
(Exercise 2.7 shows why a complex vector space is needed).

(ii) If A is normal and Ax = λx, then

A†x = λ∗x (2.157)

since if A is normal and Ax = λx, then

‖(A† − λ∗1)x‖ = ‖(A − λ1)x‖ = 0 (2.158)

(iii) If A is normal, eigenvectors belonging to distinct eigenvalues are orthogonal. For if
Ax1 = λ1x1 and Ax2 = λ2x2, then

λ1(x2, x1) = (x2,Ax1) = (A†x2, x1) = λ2(x2, x1) (2.159)

so that (x2, x1) = 0 if λ1 �= λ2.

Theorem 2.4. (Fundamental Theorem on Normal Operators) If the linear operator A on Vn
is normal, then A has a complete orthonormal system of eigenvectors.

Proof. A has at least one eigenvalue λ1; let M1 denote the corresponding eigenmanifold.
If x is in M1 and y is in M⊥

1 , then

(x,Ay) = (A†x, y) = λ1(x, y) = 0 (2.160)

so Ay is also in M⊥
1 ; thus M⊥

1 is also an invariant manifold of A. If dim(M⊥
1 ) > 0,

then A has at least one eigenvalue λ2 in M⊥
1 , with corresponding eigenmanifold M2. It is

possible to proceed in this way to find eigenvalues λ1, λ2, . . . , λm with mutually orthogonal
eigenmanifolds M1,M2, . . .Mm that span Vn, so that

Vn = M1 ⊕M2 ⊕ · · · ⊕Mm (2.161)

If we then choose a set of orthonormal elements {φ11, . . . , φ1p1} spanning M1, a second
orthonormal system {φ21, . . . , φ2p2} spanning M2, . . ., and so on until we choose an or-
thonormal system {φm1, . . . , φmpm

} spanning Mm we will then have a complete orthonor-
mal system of eigenvectors of A.
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The converse is also true; if A has a complete orthonormal system of eigenvectors, then
A is normal. For if φ1, . . . , φn is a complete orthonormal system of eigenvectors of A with
eigenvalues λ1, . . . , λn (not necessarily distinct), then A and A† are represented by diagonal
matrices,

A = diag(λ1, . . . , λn) A† = diag(λ∗1, . . . , λ
∗
n) (2.162)

Then A is normal, since

A†A = diag(λ∗1λ1, . . . , λ
∗
nλn) = AA† (2.163)

If A is a normal operator with distinct eigenvalues λ1, . . . , λm and corresponding eigen-
manifolds M1, . . .Mm, introduce the projection operators

P1 ≡ PM1 , . . . ,Pm ≡ PMm
(2.164)

The operators P1, . . . ,Pm are the eigenprojectors of A. They have the properties

PkP� = P�Pk = 0 k �= � (2.165)

P1 + · · · + Pm = 1 (2.166)

and

A =
m∑

k=1

λkPk = λ1P1 + · · · + λmPm (2.167)

Equation (2.167) is the spectral representation of the normal operator A.

Example 2.9. A simple example is provided by the 2 × 2 matrix

σz =
(

1 0
0 −1

)
(2.168)

introduced in Eq. (2.81). This matrix is already diagonal; its eigenvalues are 1 and −1.
The corresponding eigenprojectors are given by

P+ =
(

1 0
0 0

)
P− =

(
0 0
0 1

)
(2.169)

in terms of which the spectral representation of σz is

σz = P+ − P− (2.170)

Note also that P± = 1
2 (1 ± σz) since 1 ± σz gives zero when it acts on the eigenvector

of σz with eigenvalue ∓1, but this formula works only because σz has just two distinct
eigenvalues.

Exercise 2.15. Find the eigenvalues and eigenprojectors for the σx and σy in Eq. (2.81). �
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Exercise 2.16. Suppose A is a normal operator with spectral representation

A =
m∑

k=1

λkPk

Show that A is
(i) self-adjoint if and only if all the eigenvalues {λk} are real,
(ii) unitary if and only if all the eigenvalues satisfy |λk| = 1, and
(iii) nonsingular if and only if all the eigenvalues are nonzero. �

Definition 2.14. A linear operator A on the unitary vector space V is positive definite (A > 0)
if (x,Ax) > 0 for every vector x, negative definite (A < 0) if (x,Ax) < 0 for every x, and
definite if it is either positive or negative definite.

Exercise 2.17. If V is a complex vector space, then the linear operator A is definite if and
only if A is self-adjoint and all its eigenvalues are of real and of the same sign. What if V is
a real vector space? �

Definition 2.15. A is nonnegative (A ≥ 0) if (x,Ax) ≥ 0 for every x, nonpositive (A ≤ 0)
if (x,Ax) ≤ 0 for every x, and semidefinite if it is either of these.

Exercise 2.18. What can you say about the eigenvalues of a semidefinite operator A? �

Suppose now that the normal operators A and B have the spectral representations

A =
∑

k

λk Pk B =
∑

�

µ�Ql (2.171)

and AB = BA (that is, A and B commute). From the discussion in the previous section, it
follows that every eigenmanifold of A is an eigenmanifold of B (here we know that A and B
are diagonalizable) and that there is a basis of vectors that are simultaneous eigenvectors of A
and B. In terms of the eigenprojectors, this is equivalent to the statement that

PkQ� = Q�Pk for every k, � (2.172)

Remark. States of a quantum mechanical system are represented as vectors in a unitary
vector space V , and the physical observables of the system by self-adjoint operators on V .
The eigenvalues of an operator correspond to allowed values of the observable in states of the
system, and eigenvectors of the operator to states in which the observable has the correspond-
ing eigenvalue. Linear combinations of the eigenvectors are states in which the observable
has no definite value, but in which measurements of the observables will yield values with a
probability distribution related to the amplitudes of the different eigenvectors in the state.

Measurement of an observable with a definite value projects the state of a system onto the
eigenmanifold of the operator corresponding to that eigenvalue. Independent measurement of
two observables at the same time is possible only if the eigenprojectors of the two operators
commute, i.e., if the two operators commute. This will be discussed further in Chapter 7. �
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2.3.4 Minimax Properties of Eigenvalues of Self-Adjoint Operators

The natural frequencies of a vibrating system (a string, or a drum head) are the eigenvalues of a
linear differential operator. Energy levels of a quantum mechanical system are eigenvalues of
the Hamiltonian operator of the system. Theoretical understanding of such systems requires
a knowledge of the spectra of these operators. In actual physical systems, there are often
too many degrees of freedom to allow an exact computation of the eigenvalues, even with
the power of modern computers. Hence we need to find relatively simple ways to estimate
eigenvalues.

Powerful methods for estimating eigenvalues are based on extremum principles. If a real
function f(x) of a real variable x is known to have a relative minimum at some point x∗, then
a very accurate estimate of the minimum value f∗ ≡ f(x∗) can be obtained with a moderately
accurate knowledge of x∗. Since the behavior of f(x) is parabolic near the minimum, we
know that f − f∗ will be quadratic in x− x∗.

Here the (real) eigenvalues of a self-adjoint operator A on the linear vector space V are
bounded by the eigenvalues of the restriction of the operator to any subspace V0. If the sub-
space V0 contains vectors close to the actual eigenvectors of A, then estimates of the eigen-
values can be quite accurate, since the errors in the eigenvalues are of second order in the
(presumed small) errors of the eigenvector.

Suppose A is a self-adjoint operator in Vn. Let the eigenvalues of A be arranged in non-
decreasing order so that λ1 ≤ λ2 ≤ · · · ≤ λn, with corresponding orthonormal eigenvectors
φ1, φ2, . . . , φn. Then for any vector x,

(x,Ax) =
n∑

k=1

λk |(φk, x)|2 ≥ λ1

n∑

k=1

|(φk, x)|2 = λ1‖x‖2 (2.173)

(and equality if x = cφ1 for some scalar c). Similarly,

(x,Ax) ≤ λn

n∑

k=1

|(φk, x)|2 = λn‖x‖2 (2.174)

for any vector x (and equality if x = cφn for some scalar c). Thus

λ1 = inf
‖φ‖=1

(φ,Aφ) λn = sup
‖φ‖=1

(φ,Aφ) (2.175)

Here “inf” (Latin: infimum) denotes the greatest lower bound (or simply minimum) and “sup”
(Latin: supremum) the least upper bound (or maximum) (over the unit sphere ‖φ‖ = 1).

Remark. Equation (2.175) is the basis of the standard variational method used in quan-
tum mechanics to estimate the lowest (ground state) energy of a system with Hamiltonian H.
Choose a unit vector (trial wave function) φ = φα, dependent on a set of (variational) param-
eters α, and minimize the energy

E(α) = (φα,Hφα) (2.176)

with respect to the parameters α. This leads to an upper bound for the ground state energy
that is often an excellent approximation to its actual value. As explained below, this method
can also be extended to generate upper bounds for excited state energies. �
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Figure 2.6: Roots of the characteristic polynomial of a 2 × 2 Hermitian matrix.

Example 2.10. Consider a Hermitian operator A represented by the 2 × 2 matrix

A =
(
a1 b
b a2

)
(2.177)

(with a1 < a2 and b real). The eigenvalues are the roots of the characteristic polynomial

PA(λ) = (a1 − λ)(a2 − λ) − b2 (2.178)

The graph in Fig. 2.6 shows (a1 − λ)(a2 − λ) as a function of λ; the eigenvalues of A are
the intersections of this curve with the line λ = b2. It is clear from the graph that

λ1 < a1 < a2 < λ2 (2.179)

consistent with Eq. (2.175).

Equation (2.175) is especially useful, as it provides rigorous bounds for the extreme eigenval-
ues of a bounded operator. Formal bounds on other eigenvalues are obtained by restricting A
to manifolds orthogonal to the eigenvectors already found. For example,

λ2 = inf
‖φ‖=1,(φ1,φ)=0

(φ,Aφ) λn−1 = sup
‖φ‖=1,(φn,φ)=0

(φ,Aφ) (2.180)

These results are not as useful as (2.175) in practice, however, since the orthogonality con-
straints cannot be satisfied exactly without knowing the eigenvectors φ1 and φn. Bounds
of more practical importance for other eigenvalues can be derived by suitably restricting the
operator A to various subspaces of Vn. Let

µA(M) ≡ inf
M,‖φ‖=1

(φ,Aφ) (2.181)

be the minimum of (φ,Aφ) on the intersection of the unit sphere with the linear manifold M.
µA(M) is the smallest eigenvalue of the operator A restricted to M. If we let M range over
the (n − 1)-dimensional subspaces of V , we might expect that µA(M) will vary between λ1

and λ2. To show this, suppose φ is a unit vector in M⊥ with the expansion

φ = a1φ1 + a2φ2 + · · · (2.182)
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If a1 = 0, then φ1 is in M, and µA(M) = λ1. If a1 �= 0, let

a =
√
z2
1 + c22 a1 = a sinα a2 = a cosα (2.183)

Then the unit vector

ψ ≡ cosα φ1 − sinα φ2 (2.184)

is in M, since it is orthogonal to the vector φ that spans M⊥, and we have

µA(M) = cos2 αλ1 + sin2 αλ2 (2.185)

Thus we have

λ1 ≤ µA(M) ≤ λ2 (2.186)

for any subspace M of dimension n − 1, with equality for M = [M(φ1)]⊥. This argument
can be extended show that if M is a subspace of dimension n− h, then

µA(M) ≤ λh+1 (2.187)

with equality for M = [M(φ1, . . . , φh)]⊥. Thus the eigenvalue λh+1 is larger than the
smallest eigenvalue of any restriction of A to a manifold of dimension n−h (h = 0, . . . , n−1).

To work from the other end, let

νA(M) ≡ sup
M,‖φ‖=1

(φ,Aφ) (2.188)

νA(M) is the largest eigenvalue of the operator A restricted to the manifold M. Then

λh ≤ νA(M) (2.189)

for any manifold of dimension h, with equality for M = M(φ1, . . . , φh); the eigenvalue λh
is smaller than the largest eigenvalue of any restriction of A to a manifold of dimension h.

Inequalities (2.187) and (2.189) provide rigorous bounds for the eigenvalue λh. One fur-
ther refinement is to let M be a linear manifold of dimension m with PM the projection
operator onto M, and let

A′ = AM ≡ PMAPM (2.190)

be the restriction of A to M. A′ is a self-adjoint operator on M; its eigenvalues {λ′k} can be
ordered so that

λ′1 ≤ λ′2 ≤ · · · ≤ λ′m (2.191)

The preceding inequalities imply here that

λh ≤ λ′h ≤ λh+n−m (2.192)

so that the eigenvalues of A′ give direct bounds on the eigenvalues of A.
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Figure 2.7: Roots of the characteristic polynomial of a 3 × 3 Hermitian matrix.

Remark. Thus if a linear operator A on V is restricted to an m-dimensional subspace of V ,
the eigenvalues of the restricted operator are upper bounds on the corresponding eigenvalues
of the full operator; the inequalities λh ≤ λ′h give bounds for the lowest m eigenvalues, and
not just the lowest. In quantum mechanical systems, this provides estimates of excited state
energies as well as ground state energies. �

Example 2.11. Let A be a self-adjoint operator with a 3 × 3 matrix representation

A =




a1 0 b1
0 a2 b2
b∗1 b∗2 a3



 (2.193)

(with a1 < a2 < a3 real). The characteristic polynomial of A is

P (λ) = (a1 − λ)(a2 − λ)(a2 − λ) − (a1 − λ) |b2|2 − (a2 − λ) |b1|2 (2.194)

The roots of the P (λ) correspond to the solutions of

(λ− a1)(λ− a2)(λ− a3) = (λ− a1) |b2|2 + (λ− a2) |b1|2 (2.195)

Here the left-hand side is a cubic and the right-hand side a straight line as a function of λ
as shown in Fig. 2.7. The eigenvalues are the values of λ at the intersections of the cubic
and the straight line. These eigenvalues evidently satisfy the inequalities

λ1 < a1 < λ2 < a2 < λ3 (2.196)

consistent with the general inequalities (2.192). Note that it is essential to diagonalize the
2× 2 matrix in the upper-left corner in order to conclude that a1 < λ2 < a2, although the
inequalities λ1 < a1 and a3 < λ3 are true in general (that is, even if the two zero elements
in the matrix are replaced by a real parameter c).
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2.4 Functions of Operators

If A is a linear operator, it is straightforward to define powers of A, and then polynomials of
A as linear combinations of powers of A. If A is nonsingular, then negative integer powers
of A are defined as powers of A−1. If a function f(z) is an analytic function of a complex
variable z in some neighborhood of z = 0, then a natural way to define f(A) is through the
power series expansion of f(z). Thus, for example, we have the formal definitions

(1− αA)−1 =
∞∑

n=0

αnAn (2.197)

and

etA =
∞∑

n=0

tn

n!
An (2.198)

To give meaning to such series, we need to define convergence of sequences of operators.

Definition 2.16. Let {Ak} be a sequence of linear operators on the linear vector space V .
Then the sequence converges uniformly to A ({Ak} ⇒ A) if {|Ak − A|} → 0. The sequence
converges strongly to A ({Ak} → A) if {Akx} → Ax for every vector x, and weakly to A
({Ak}⇀ A) if {(y,Akx)} → (y,Ax) for every pair of vectors x, y.

As with sequences of vectors, strong and weak convergence of sequences of operators are
equivalent in a finite-dimensional space Vn. The equivalence of uniform convergence follows
from the observation that if {φ1, φ2, . . . , φn} is a complete orthonormal system, and if the
sequences {Akφ1}, {Akφ2}, . . . , {Akφn} all converge, then also {|Ak − A|} → 0, since

|Ak − A|2 ≤
n∑

m=1

‖(Ak − A)φm‖2 (2.199)

It is clear that an infinite series of operators on Vn converges if and only if the corre-
sponding series of complex numbers obtained by replacing A by |A| is convergent. Thus, the
infinite series (2.197) converges if |α| |A| < 1. It does not converge as an operator series if
|α| |A| ≥ 1, although the series (

∑
αnAn)x may converge as a series of vectors for some x.

The infinite series (2.198) converges for all t (even uniformly) if A is bounded.
Suppose A is a normal operator with eigenvalues λ1, . . . , λm, corresponding eigenprojec-

tors P1, . . . ,Pm, and thus spectral representation given by Eq. (2.167). If f(z) is any function
defined on the spectrum of A, then define

f(A) ≡
m∑

k=1

f(λk)Pk (2.200)

This definition is as general as possible, and coincides with other natural definitions. Further-
more, it provides the equivalent of analytic continuation beyond the circle of convergence of
a power series. In the following examples, it is understood that A is a normal operator with
spectral representation (2.167).
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Example 2.12. Suppose f(z) = 1/z. Then if A is nonsingular, we have

f(A) =
m∑

k=1

1
λk

Pk = A−1 (2.201)

as expected (no eigenvalue vanishes if A is nonsingular).

Example 2.13. Suppose f(z) = z∗. Then we have

f(A) =
m∑

k=1

λ∗k Pk = A† (2.202)

so the adjoint operator is the equivalent of the complex conjugate of a complex number (at
least for a normal operator).

Example 2.14. Suppose f(z) = 1/(1 − αz). Then if 1/α is not in the spectrum of A,
we have

f(A) =
m∑

k=1

1
1 − αλk

Pk = (1− αA)−1 (2.203)

which gives the analytic continuation of the series (2.197) outside its circle of convergence
in the complex α-plane.

Example 2.15. Suppose

w = f(z) =
z − i

z + i
(2.204)

which maps the real z-axis into the unit circle except the point w = 1 (show this). If A is
self-adjoint (the λk are all real), then the operator

U ≡ f(A) =
m∑

k=1

λk − i

λk + i
Pk =

A − i1
A + i1

(2.205)

is unitary. U is the Cayley transform of A. Also, if U is unitary with no eigenvalue = 1,
then

A = f−1(U) = i
1 + U
1− U

(2.206)

is self-adjoint. A is the inverse Cayley transform of U.

Example 2.16. Suppose f(z) =
√
z, and suppose A ≥ 0. Then

f(A) =
m∑

k=1

√
λk Pk =

√
A ≥ 0 (2.207)

and (
√

A)2 = A.
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2.5 Linear Dynamical Systems

A system whose coordinates x1, . . . , xn evolve in time according to the equations of motion

dxk
dt

=
∑

�

Ak�x� (2.208)

is a linear dynamical system. The coordinates x1, . . . , xn characterize a vector in a linear
vector space Vn, which allows Eq. (2.208) to be written in the compact form

dx

dt
= Ax (2.209)

in which A is a linear operator on Vn with matrix elements Ak�.
The solution to Eq. (2.209) that starts from the vector x(0) at time t = 0 is

x(t) = etAx(0) (2.210)

This defines a solution for all t, according to the discussion in Section 2.4. To describe the
time dependence of the solution in more detail, recall the general decomposition

A = D + N (2.211)

with D diagonalizable and N nilpotent (Eq. (2.151)). Choose a basis x1, . . . , xn in which D
is diagonal, with eigenvalues λ1, . . . , λn, and suppose that x(0) is expressed as

x(0) =
n∑

k=1

ξk0xk (2.212)

Then the solution (2.210) has the form

x(t) =
n∑

k=1

ξk(t)xk (2.213)

with ξk(0) = ξk0. If N = 0, this solution has the simple form

ξk(t) = eλktξk0 (2.214)

Example 2.17. Consider a damped harmonic oscillator, with the equation of motion

d2x

dt2
+ 2γ

dx

dt
+ ω2

0x = 0 (2.215)

where γ > 0 to insure damping, and ω0 is real. With the new variable

u ≡ dx

dt
(2.216)
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the second-order equation (2.215) becomes the pair of equations

dx

dt
= u

du

dt
= −2γu− ω2

0x (2.217)

This has the form of Eq. (2.209) with

A =
(

0 1
−ω2

0 −2γ

)
(2.218)

The eigenvalues of A are evidently given by

λ± ≡ −γ ±
√
−ω2

0 + γ2 (2.219)

and Reλ± < 0. If ω2
0 > γ2, the eigenvalues are a complex conjugate pair, and the system

undergoes damped oscillations; otherwise, both eigenvalues are real and the system is
purely damped. The solutions of the system (2.217) are given explicitly by

x(t) = A+e
λ+t +A−eλ−t (2.220)

u(t) = λ+A+e
λ+t + λ−A−eλ−t (2.221)

with constants A± chosen to satisfy the initial conditions (see also the discussion after
Eq. (6.94)).

If A has one or more degenerate eigenvalues, then it is possible that N �= 0. Even in this case,
the solution is straightforward. Since Np = 0 for some p, the power series expansion

etN =
p−1∑

k=0

tk

k!
Nk (2.222)

has only a finite number of nonzero terms, so the exponential factors are simply modified by
polynomials in t.

Example 2.18. Consider a two-dimensional system, with

A =
(
λ a
0 λ

)
(2.223)

We have

etA =
(
eλt at
0 eλt

)
(2.224)

so the solution starting from the initial vector x = (ξ10, ξ20) is given by

ξ1(t) = eλt(ξ10 + atξ20) (2.225)

ξ2(t) = eλtξ20 (2.226)

Note here that x1(t) is unbounded if Reλ = 0.
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In general, the behavior of the solution ξk(t) for t→ ∞ depends on the corresponding eigen-
value λk of A:

(i) if Reλk < 0, then ξk(t) → 0 for t→ ∞,

(ii) if Reλk > 0, then ξk(t) → ∞ for t→ ∞, and

(iii) if Reλk = 0, then ξk(t) moves around a circle of fixed radius |ξk0| in the complex
ξ-plane if N = 0, unless λk = 0, in which case ξk(t) is constant.

The behavior of ξk(t) for t → ∞ if Reλk �= 0 is qualitatively independent of whether or not
N = 0, as the exponential factor dominates the asymptotic behavior. If N �= 0, the ξk(t)
corresponding to Reλk = 0 grows in magnitude like a power of t for t→ ∞ (the power may
be zero if the corresponding vector xk is actually an eigenvector of A).

The vector x = θ is a fixed point, or equilibrium solution, of Eq. (2.209), since if x(0) = θ,
then x(t) = θ for all t. A fixed point x∗ is stable if there is a neighborhood N (x∗) of x∗
such that any solution starting in N (x∗) remains in N (x∗) for all t. x∗ is asymptotically
stable if there is a neighborhood of the x∗ such that any solution starting in the neighborhood
approaches x∗ asymptotically for t→ ∞. Such a fixed point is a sink, or an attractor.

It is clear here that x(0) = θ is asymptotically stable if and only if Reλk < 0 for every
eigenvalue of A, while stability requires only Reλk ≤ 0 and N = 0 on the invariant man-
ifolds belonging to the eigenvalues with Reλk = 0. Physically, asymptotic stability means
that small displacements from the equilibrium will eventually be exponentially damped, while
simple stability allows bounded oscillations without damping, at least in some directions. A
fixed point for which Reλk > 0 for every eigenvalue of A is a source, or repellor. The
solution curves move outward in all directions from a source.

A fixed point for which no eigenvalue has
Reλk = 0 is hyperbolic. In general, a hy-
perbolic fixed point will have a stable mani-
fold Ms spanned by the invariant manifolds
Mk for those eigenvalues with Reλk < 0,
and an unstable manifold Mu spanned by
the invariant manifolds Mk for those eigen-
values with Reλk > 0. As t → ∞, the so-
lution curves will be drawn very close to the
unstable manifold as the components in the
stable manifold are exponentially damped.
The simple case of a two-dimensional sys-
tem for which the operator A has one pos-
itive and one negative eigenvalue is illus-
trated in Fig. 2.8. Imaginary parts of the
eigenvalues will give oscillatory behavior
not shown in the figure.

X1

X2

Figure 2.8: Schematic form of solutions to
Eq. (2.208) in the hyperbolic case with one
positive and one negative eigenvalue.

The types of behavior described here occur in nonlinear systems as well. As already noted,
a nonlinear system can often be approximated by a linear system near a fixed point, and the
linear properties qualitatively describe the system near the fixed point.
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A Small Oscillations

Energy conservation is a fundamental principle for many systems in classical mechanics (such
systems are called conservative). For example, a harmonic oscillator of mass m and natural
frequency ω0 has a total energy

E = 1
2mu

2 + 1
2mω

2
0x

2 (2.A1)

(u = dx/dt). This corresponds to the equation of motion (2.215) with γ = 0 (no damp-
ing). For a conservative system with coordinates x1, . . . , xn and corresponding velocities
u1, . . . , un (uk = dxk/dt), the energy often has the form

E = 1
2

n∑

k,�=1

ukTk�(x)u� + V (x1, . . . , xn) (2.A2)

Here the first term is the kinetic energy T of the system (hence the matrix T(x), which may
depend on the coordinates, must be positive definite), and V (x1, . . . , xn) is the potential en-
ergy of the system.

An equilibrium of the system corresponds to a stationary point of the potential energy.
If the system has an equilibrium at a point x0 with coordinates x10, . . . , xn0, then the first
derivatives of the potential vanish at x0, and we can assume that the expansion

V (x) � V (x0) + 1
2

n∑

k,�=1

(xk − xk0)Vk�(x� − x�0) + · · · (2.A3)

exists, with

Vk� =
∂2V

∂xk∂x�

∣∣∣∣
x=x0

(2.A4)

The matrix V = (Vk�) is positive definite at a stable equilibrium, which corresponds to a
(local) minimum of the potential energy. Thus the eigenvalues of V determine whether or not
the equilibrium is stable. The kinetic energy can also be approximated near the equilibrium
point x0 by the quadratic function

T � 1
2

n∑

k,�=1

ukKk�u� (2.A5)

with Kk� = Tk�(x0). Thus the total energy has the approximate quadratic form

E � V (x0) + 1
2

n∑

k,�=1

ukKk�u� + 1
2

n∑

k,�=1

(xk − xk0)Vk�(x� − x�0) (2.A6)

near the equilibrium point (the constant is not important for the motion near x0 and will be
dropped).
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Since the matrix K is positive definite, we can choose a coordinate system in which it is
diagonal, with positive eigenvalues, so that the kinetic energy has the form

K = 1
2

n∑

k=1

µk

(
dξk
dt

)2

(2.A7)

where the ξk = xk − xk0 are the coordinates of the displacement from equilibrium, and µk
is the “mass” associated with the coordinate ξk. Introduce rescaled coordinates yk ≡ √

µkξk;
the quadratic energy (2.A6) then has the form

E = 1
2

n∑

k=1

(
dyk
dt

)2

+ 1
2

n∑

k,�=1

yk V k� y� (2.A8)

where the V k� = Vk�/
√
µkµ� are the matrix elements of the potential energy matrix in terms

of the rescaled coordinates. In the operator form,

V = K−1
2 VK−1

2 (2.A9)

The operator V is self-adjoint (check this), so that we can diagonalize it by a unitary
transformation, which does not affect the form of the kinetic energy in Eq. (2.A8). Denote
the eigenvalues of V by a1, . . . , an, and coordinates of a vector in the basis in which V is
diagonal by η1, . . . , ηn. Then the quadratic energy has the form

E = 1
2

n∑

k=1

{(
dηk
dt

)2

+ akη
2
k

}
(2.A10)

and the equations of motion for the ηk are

d2ηk
dt2

= −akηk (2.A11)

Thus each of the ηk evolves independently of the others; the ηk define the normal modes of
the system near the equilibrium x0.

If ak > 0, which will be the case for all the eigenvalues of V at a stable equilibrium, let
ak ≡ ω2

k, and the coordinate ηk oscillates with (angular) frequency ωk, which is a natural
frequency of the system. If ak < 0, then let ak ≡ −α2

k, and the coordinate ηk is proportional
to exp(±αkt), so it will in general have a component that grows exponentially for large t. In
practice, this means that the coordinate ηk moves away from the equilibrium point, so that the
approximation of a small displacement from equilibrium becomes invalid, and the equilibrium
is unstable in the direction defined by the coordinate ηk. Finally, if ak = 0, then the coordinate
ηk evolves in time with constant velocity. Such a mode is called a zero mode; the approximate
energy (2.A10) is independent of the corresponding coordinate. This zero mode indicates a
symmetry of the approximate system, which may or may not be a symmetry of the original
system as well.
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a

m mMk k

a

Figure 2.9: Three collinear masses joined by two springs, each with equilibrium length a.

Example 2.19. Consider the linear system of three masses connected by two springs
as shown in Fig. 2.9. Let ξ1, ξ2 denote the displacements of the masses m from their
equilibrium positions, and ξ3 the displacement of the mass M ; let u1, u2, u3 denote the
corresponding velocities. The energy of the system is given by

E = 1
2m(u2

1 + u2
2) + 1

2Mu2
3 + 1

2k[(ξ1 − ξ3)2 + (ξ2 − ξ3)2] (2.A12)

In terms of rescaled coordinates y1 ≡
√
mξ1, y2 ≡

√
mξ2, y3 ≡

√
Mξ3, and velocities

vk ≡ dyk/dt, the energy is

E = 1
2 (v2

1 + v2
2 + v2

3) + 1
2 (y,Vy) (2.A13)

where V is the 3 × 3 matrix

V ≡ k

m




1 0 −α
0 1 −α
−α −α 2α2



 (2.A14)

with α =
√
m/M . The eigenvalues of V are 0, k/m, and (1 + 2α2)k/m, with corre-

sponding eigenvectors proportional to (α, α, 1), (1,−1, 0), and (1, 1,−2α), respectively.
While these eigenvalues and eigenvectors can be obtained by straightforward algebra, it is
also instructive to understand how they arise physically.

The zero mode has eigenvector (α, α, 1) corresponding to the center of mass coordi-
nate m(ξ1 + ξ2) +Mξ3. Since the potential energy depends only on the relative coordi-
nates of the masses, and not on the center of mass coordinate, the energy is unchanged if
all three masses are shifted by the same displacement. The total momentum of the system
is conserved, and the center of mass moves with constant velocity.

The mode with frequency
√
k/m and eigenvector (1,−1, 0) corresponds to an oscil-

lation of the two masses m with the mass M fixed. The eigenvector corresponds to the
two masses oscillating with opposite displacements; the frequency is just the frequency of
the a single spring connecting the two masses, since the mass M does not oscillate in this
mode.

The third mode, with frequency
√

(1 + 2α2)k/m and eigenvector (1, 1,−2α), corre-
sponds to an oscillation in which the two masses m oscillate in phase, such that the center
of mass of these two has a displacement in a direction opposite to the displacement of the
mass M (the center of mass must remain fixed).
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It is quite readable, though mathematically formal and rigorous, and contains many useful
exercises.

A standard earlier textbook is

Frederick W. Byron, Jr. and Robert W. Fuller, Mathematics of Classical and Quan-
tum Physics, Dover (1992).
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Herbert Goldstein, Classical Mechanics (2nd edition), Addison-Wesley (1980).

This book describes the theory of rotations in three dimensions and its application to the
motion of a rigid body with one point held fixed. It also has a useful chapter on the theory
of small oscillations. However, it does not make use of the geometrical ideas introduced in
Chapter 3, in contrast to several books cited there.

An excellent alternative that also has a good discussion of small oscillations is

L. D. Landau and E. M. Lifshitz, Mechanics (3rd edition), Butterworth (1976).

This was the first of the famous series by Landau and Lifshitz that covered the foundations of
physics at a graduate level as viewed in the 1960s. It is still useful today.
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Problems

1. Consider a real two-dimensional vector space with vectors x1, x2, and x3 that satisfy

‖x1‖2 = ‖x3‖2 = 1 ‖x2‖2 = 5
4 (∗)

and
x3 = x2 − (x1, x2)x1 (∗∗)

(i) Show that x1, x3 form a basis.

(ii) How many linearly independent vectors x2 satisfy (∗) and (∗∗)?

(iii) For a vector x2 satisfying (∗) and (∗∗), find a unit vector orthogonal to x2. Express
this vector as a linear combination of x1 and x3.

2. Let {φ1, φ2} be an orthonormal system in C2 and consider the unit vectors u1, u2, u3

defined by

u1 = φ1 u2 = −1
2φ1 +

√
3

2 φ2 u3 = −1
2φ1 −

√
3

2 φ2

(i) Draw a picture of the three unit vectors in the plane.

(ii) Show that for any vector x in C2,

‖x‖2 = 2
3

3∑

k=1

|(uk, x)|2 (∗)

(iii) Show that any vector x in C2 can be written as

x = 2
3

3∑

k=1

(uk, x)uk (∗∗)

Remark. Here (∗∗) looks like the expansion of a vector along a complete orthonormal
system, except for the factor 2

3 . In fact the vectors u1, u2, u3 form a (tight) frame, which
is characterized by a relation of the form (∗), although the constant may be different. The
vectors u1, u2, u3 do not form a basis, since they are not linearly independent; they are
“redundant,” or “overcomplete.” Such sets are nevertheless useful in various contexts;
see the book by Daubechies cited in Chapter 6, where this example is given. �

3. Show that the polynomials p(t) of degree ≤ N form a linear vector space if we define
addition and multiplication by scalars (which may be real or complex) in the natural way.
What is the dimension of this space? Write down a basis for this space. If we define the
scalar product of two polynomials p(t) and q(t) by

(p, q) ≡
∫ 1

0

p∗(t)q(t) dt

then this space is unitary (verify this). Compute explicitly the first four elements of the
complete orthonormal system obtained by the Gram–Schmidt process from the basis you
have just given.
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4. (i) Show that

N∑

n=1

e
2πikn

N e−
2πiqn

N = Nδkq

(k, q = 1, . . . , N ).

(ii) Show that a set of numbers f1, . . . , fN can be expressed in the form

fn =
N∑

k=1

cke
2πikn

N (∗)

with coefficients ck given by

ck =
1
N

N∑

m=1

fm e
− 2πikm

N

(iii) Show that if the f1, . . . , fN are real, then cN−k = c∗k (k = 1, . . . , N ).

Remark. Expansion (∗) is the finite Fourier transform. �

5. Show that

N−1∑

n=1

sin
nπk

N
sin

nπq

N
=
N

2
δkq

(k, q = 1, . . . , N − 1) and thus that the set of numbers {f1, . . . , fN−1} can be expressed
as

fn =
N−1∑

k=1

bk sin
kπn

N

with coefficients bk given by

bk =
2
N

N−1∑

m=1

fm sin
mπk

N

Remark. This expansion is the finite Fourier sine transform. �

6. A lattice is a set of vectors such that if x1 and x2 are lattice vectors, then any linear
combination

x = n1x1 + n2x2
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of x1 and x2 with integer coefficients n1 and n2 is also a lattice vector. The linearly
independent vectors e1, . . . , eN are generators of an N -dimensional lattice if the lattice
consists of all linear combinations

x =
N∑

k=1

nkek

with integer coefficients n1, . . . , nN . The reciprocal lattice, or dual lattice, is the set of
vectors k for which k · x is an integer for any lattice vector x.

(i) Show that the reciprocal lattice is actually a lattice, that is, if k1 and k2 are in the
reciprocal lattice, then so is any linear combination n1k1+n2k2 with integer coefficients.

(ii) The reciprocal lattice is generated by the basis dual to e1, . . . , eN in RN .

7. (i) If A, B and C are three linear operators, then

[[A,B],C] + [[B,C],A] + [[C,A],B] = 0

Remark. This result is the Jacobi identity. �

(ii) A, B and C satisfy the further identities

{{A,B},C} − {A, {B,C}} = [B, [A,C]]

{[A,B],C} − {A, [B,C]} = [{A,C},B]

[{A,B},C] − [A, {B,C}] = [B, {A,C}]

8. Let A be a linear operator on a unitary vector space V . If M is an invariant manifold of
A, then M⊥ is an invariant manifold of A†.

9. Show that with addition and multiplication by scalars defined in the natural way, the
linear operators on an n-dimensional vector space Vn themselves form a linear vector
space. What is the dimension of the vector space? Give a basis for linear operators on
C2 that includes the three Pauli matrices defined by Eq. (2.81).

10. Let U and V be unitary operators. Then

(i) UV is unitary,

(ii) U + V is unitary if and only if

UV† = ωP + ω2(1− P)

with P a projection operator and ω3 = 1.

11. What are the Euler angles (φ̄, θ̄, ψ̄) of the rotation inverse to the rotation R(φ, θ, ψ), given
the constraints 0 ≤ φ̄ < 2π, 0 ≤ θ̄ ≤ π, and 0 ≤ ψ̄ < 2π?
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12. Show that the rotation R(φ, θ, ψ) in three dimensions can be expressed as a product of

(i) rotation through angle ψ about the Z ′-axis,

(ii) rotation through angle θ about the Y ′-axis, and

(iii) rotation through angle φ about the Z ′-axis.

13. Let n = n(θ, φ) be a unit vector in the direction defined by the usual spherical angles
θ, φ. Show that the matrix corresponding to rotation through angle Φ about n can be
expressed as

Rn(Φ) = R(φ, θ, ξ)Rz(Φ)R−1(φ, θ, ξ)

with an arbitrary angle ξ.

14. Show that the eigenvalues of the proper rotation matrix Rn(Φ) in Problem 13 are

λ = 1, e±iΦ

Remark. The eigenvector n belonging to eigenvalue 1 is evidently along the axis of
rotation. �

(ii) Explain the relation of the (complex) eigenvectors belonging to eigenvalues
exp(±iΦ) to real coordinate axes in the plane normal to n. What is the form of the
rotation matrix in a real basis?

15. Show that if R is a proper rotation matrix that is symmetric, then either R is the identity,
or R corresponds to a rotation through angle π about some axis.

16. (i) Let Rx(Φ),Ry(Φ), and Rz(Φ) be the 3 × 3 matrices corresponding to rotations
through angle Φ about theX , Y , and Z axes, respectively. Write down explicit forms for
these matrices.

(ii) Define the matrices Lx,Ly , and Lz by

Lα ≡ iR′
α(Φ = 0)

(α = x, y, z) where the prime denotes differentiation with respect to Φ. Show that the
commutator

[Lα,Lβ] ≡ LαLβ − LβLα = i
∑

γ

εαβγLγ

where εαβγ is the usual antisymmetric symbol on three indices.

Remark. These commutation relations can be written informally as
−→
L×−→

L = i
−→
L . That

the commutators of Lx,Ly , and Lz are expressed as linear combinations of themselves
means that the Lx,Ly, and Lz span a Lie algebra. This and more general Lie algebras
are studied in Chapter 10. �

(iii) Show that

Rα(Φ) = exp(−iLαΦ)
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17. (i) Show that any 2 × 2 matrix M can be expressed as

M = exp
{
i
(
ξ01 +

−→
σ · −→ξ

)}

where −→σ denotes the usual three Pauli matrices, and 1 is the 2 × 2 unit matrix.

(ii) Show that M is unitary if and only if ξ0 and
−→
ξ are real.

(iii) Show that

trM = 2 exp(iξ0) cos |−→ξ | detM = exp(2iξ0)

18. Let Sα ≡ 1
2σα where σα are the 2 × 2 Pauli matrices (Eq. (2.81)) (α = x, y, z).

(i) Show that the Sα satisfy the same commutation relations as the Lα in Problem 16.

Remark. The 2 × 2 matrices Uα(Φ) defined by

Uα(Φ) ≡ exp(−iSαΦ)

then satisfy the same multiplication rules as the corresponding 3 × 3 matrices Rα(Φ)
defined in Problem 16, and can thus be used to study geometrical properties of rotations.
This is useful, since 2 × 2 matrices are easier to multiply than 3 × 3 matrices. �

(ii) Find explicit 2×2 matrices Ux(θ),Uy(θ),Uz(θ) corresponding to rotations through
angle θ about each of the coordinate axes.

(iii) Construct a 2 × 2 matrix U(φ, θ, ψ) corresponding to a rotation characterized by
Euler angles φ, θ, ψ.

19. Suppose A is a 2 × 2 matrix with detA = 1. Show that

1
2 trAA† ≥ 1

and the equality is true if and only if A is unitary.

20. A rotation in a real vector space is described by a real unitary matrix R, also known as
an orthogonal matrix. The matrix R can be diagonalized in a complex vector space, but
not in a real vector space, since its eigenvalues are complex (see Example 2.5, where the
eigenvalues of the two-dimensional rotation matrix are exp(±iθ)). Show that

(i) in 2n dimensions, the eigenvalues of a proper rotation matrix R (detR = 1) occur
in complex conjugate pairs of the form

λ = e±iθ1 , e±iθ2 , . . . , e±iθn

(ii) in 2n+ 1 dimensions, the eigenvalues have the same form with an additional eigen-
value λ2n+1 = 1. (Note. You may use the fact that the complex roots of a polynomial
with real coefficients occur in complex conjugate pairs.)
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(iii) a proper rotation R in 2n dimensions can be brought to the standard form

R =





cos θ1 − sin θ1 0 0 . . . 0 0
sin θ1 cos θ1 0 0 . . . 0 0

0 0 cos θ2 − sin θ2 . . . 0 0
0 0 sin θ2 cos θ2 . . . 0 0
...

...
...

...
. . .

...
...

0 0 0 0 . . . cos θn − sin θn
0 0 0 0 . . . sin θn cos θn





What is the corresponding form in 2n+ 1 dimensions? How do these results change for
a rotation-reflection matrix (a real unitary matrix R with detR = −1)?

21. Consider the matrix

A =
1
2

(
3 −1

−1 3

)

Find the eigenvalues of A, and find one eigenvector for each distinct eigenvalue.

22. Consider the matrices

A1 ≡ 1
2

(
1

√
3√

3 −1

)
A2 ≡ 1

2

(
1 −

√
3

−
√

3 −1

)
A3 ≡

(
−1 0
0 1

)

(i) Show that

AkAlAk = Am

where (k, l,m) denotes a cyclic permutation of (1, 2, 3).

(ii) Show that the operators P±
k ≡ 1

2 (1 ± Ak) are projectors (k = 1, 2, 3), and find the
projection manifolds.

(iii) Find a complete orthonormal set of eigenvectors of each Ak, together with the cor-
responding eigenvalues.

23. The linear operator A on C2 has the matrix representation

A =
(

1 −i
i −1

)

(i) Find the eigenvalues of A, and express the corresponding eigenvectors in terms of
the unit vectors

u+ ≡
(

1
0

)
u− ≡

(
0
1

)

(ii) Find matrices representing the eigenprojectors of A in the u+, u− basis.

(iii) Find matrices representing the operators
√

A and
(
1 + A2

)−1
2 in the same basis.
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24. A linear operator A on C2 has the matrix representation

A =
(

1 1
0 1 + ε

)

(i) Find the eigenvalues of A, and express the corresponding (normalized) eigenvectors
in terms of the unit vectors u± defined above in Problem 23.

(ii) What is the angle between the eigenvectors belonging to the two eigenvalues?

(iii) What happens in the limit ε→ 0?

(iv) Repeat the analysis of parts (i)–(iii) for the operator A†.

25. Let φ1, . . . φn be a complete orthonormal system in Vn. Define the linear operator U by

Uφk = φk+1 (k = 1,. . . , n-1) Uφn = φ1

(i) Show that U is unitary.

(ii) Find the eigenvalues of U and a corresponding orthonormal system of eigenvectors.

26. Consider a linear operator A on Vn whose matrix representation in one orthonormal
basis has the form

A = (ξkη∗� + ηkξ
∗
� )

where ξ ≡ (ξk) and η ≡ (ηk) are two linearly independent vectors in Vn. Find the
eigenvalues and eigenvectors of A.

27. (i) Show that any 2 × 2 matrix A satisfies

detA = 1
2

{
(trA)2 − trA2

}

(ii) Show that any 3 × 3 matrix A satisfies

detA = 1
6

{
(trA)3 − 3(trA)(trA2) + 2 trA3

}

(iii) For extra credit, derive the corresponding relation between detA and the traces of
powers of A for a 4 × 4 matrix.

28. Show that

detA = etr(lnA)

for any linear operator A on Vn.

29. Suppose A is a positive definite linear operator on the real vector space Vn. Show that

G(A) ≡
∫ ∞

∞
· · ·
∫ ∞

∞
e−(x,Ax) dx1 · · · dxn =

√
πn

detA
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where (x,Ax) is the usual scalar product

(x,Ax) =
n∑

j,k=1

xjAjkxk

30. A linear operator A is represented by the 4 × 4 matrix

A =





a1 0 0 b1
0 a2 0 b2
0 0 a3 b3
b∗1 b∗2 b∗3 a4





with a1 < a2 < a3 < a4 real, and bk �= 0 (k = 1, 2, 3). By sketching the characteristic
polynomial pA(λ), show that the eigenvalues of A (suitably ordered) satisfy

λ1 < a1 < λ2 < a2 < λ3 < a3 < λ4

31. The linear operator A can be expressed as

A = X + iY

where X and Y are Hermitian operators defined by

X =
A + A†

2
Y =

A − A†

2i

(this is the Cartesian decomposition of A).

(i) Show that A is normal if and only if

[X,Y] = 0

(ii) Show that the nonsingular linear operator A has a unique left polar decomposition
of the form

A = RU

with R > 0 and U unitary, and express R and U in terms of A. Also find the right polar
decomposition

A = U′R′

with R′ > 0 and U′ unitary.

(iii) Under what conditions on the polar decompositions in part (ii) is A normal? State
and prove both necessary and sufficient conditions.
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32. The linear operator A on C2 has the matrix representation

A =
(

1 ξ
0 1

)

with ξ a complex number. What are the eigenvalues of A? Is A positive definite? Find a
matrix representation for each of the operators

S ≡
√

A and H(t) ≡ etA

33. Linear operators A and B on C2 are represented by the matrices

A =
(

0 1
0 0

)
and B =

(
0 0
1 0

)

Find the matrices representing the operators

C = etAetB D = etBetA and F = et(A+B)

34. Let A be a 3 × 3 matrix given by

A ≡




a b 0
0 a b
0 0 a





Evaluate the matrix

B ≡ e−atetA

35. Linear operators A and B on C3 are represented by the matrices

A =




0 1 0
0 0 1
0 0 0



 and B =




0 0 0
1 0 0
0 1 0





Find the matrices representing the operators

C = etAetB , D = etBetA and F = et(A+B)

36. Consider the linear nth-order differential equation

u(n)(t) + α1u
(n−1)(t) + · · · + αn−1u

′(t) + αnu(t) = 0

with constant coefficients α1, . . . , αn. Express this equation in the matrix form

dx

dt
= Ax

by introducing the vector

x = (u, u′, . . . , u(n−1))T

(where xT denotes the transpose of x). Find an explicit representation of the matrix A.
Show that the eigenvalues of A are the roots of the polynomial

p(λ) = λn + α1λ
n−1 + · · · + αn−1λ+ αn



3 Geometry in Physics

Analytic and algebraic methods are essential both for deriving exact results and for obtain-
ing useful approximations to the behavior of complex systems. However, it is important to
augment these traditional methods with geometrical ideas, which are often easy to visualize,
and which can provide useful insights into the qualitative behavior of a system. Such qual-
itative understanding is especially relevant when analyzing lengthy numerical computations,
both for evaluating the accuracy and validity of the computations, and for extracting general
conclusions from numerical results.

Moreover, there is a deep connection between geometry and gravitation at the classical
level, first formalized in Einstein’s theory of gravity (general relativity), which has led to the
prediction of exotic phenomena such as black holes and gravitational radiation that have only
been confirmed in the last 30 years or so. Beyond that, one of the fundamental problems of
contemporary physics is to find a theory of gravity that incorporates quantum physics. This
has stimulated the development and application of even deeper geometrical ideas to various
string theories.

Thus we introduce here some basic elements of differential geometry. We begin with the
concept of a manifold, which is simply a collection of points labeled by coordinates. The
number of coordinates required to identify a point is the dimension of the manifold. An atlas
on a manifold is defined by a set of overlapping regions (coordinate patches) in each of which
points are characterized by smoothly varying n-tuples {x1, . . . , xn} of numbers such that in
the regions of overlap, the different sets of coordinates are smooth functions of each other.
Mathematical properties such as continuity and differentiability of functions on the manifold
are defined in terms of the corresponding properties of functions of the coordinates. Assumed
smoothness properties of the relations between coordinates ensure that these properties do
not depend on which particular set of equivalent coordinate systems is used to describe the
manifold; there is no preferred coordinate system on the manifold.

For example, the space and time in which we live appears to be a four-dimensional mani-
fold, spacetime, though string theorists suggest that there may be extra dimensions that have
not yet been observed. The spatial coordinates of a classical system of N particles define
a 3N -dimensional manifold, the configuration space of the system; the coordinates together
with the particle momenta define a 6N -dimensional manifold, the phase space of the system.
These variables are drastically reduced in number when a system is considered in thermo-
dynamics, where the states of a system are described by a small number of thermodynamic
variables such as temperature, pressure, volume, etc. These variables also define a manifold,
the (thermodynamic) state space of the system.
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With each point P in a manifold M is associated a linear vector space TP , the tangent
space atP , whose dimension is the same as the dimension of M. A vector�v in TP corresponds
to an equivalence class of curves with the same tangent vector at P , and is represented by the
differential operator �v · �∇, the directional derivative. The collection of the tangent spaces at
all the points of M, together with M itself, defines the tangent bundle T (M) of M.

A differential form, or simply form, at a point P is an element of vector space T ∗
P dual

to the tangent space at P . A form �α is represented naturally by an expression �α · d�x, which
corresponds to a line element normal to a surface of dimension n − 1. The collection of
the cotangent spaces at all the points of a manifold M, together with the manifold itself,
defines the cotangent bundle T ∗(M) of M. If M is the configuration space of a classical
mechanical system, for example, then T (M) is a manifold characterized by the coordinates
and the velocities, while T ∗(M) is the phase space manifold defined by the coordinates of
the system and their conjugate momenta.

Tensors of rank greater than 1 are defined in the usual way as products of vectors and
differential forms. A special type of tensor, a p-form, is obtained from the antisymmetric
product (also known as wedge product, or exterior product) of p elementary differential forms.
This is a generalization of the cross-product of three-dimensional vectors. A p-form defines
an element of an oriented p-dimensional surface in the manifold, and provides the integrand
of a surface integral. The volume element in an n-dimensional manifold is an n-form. The set
of all p-forms (p = 1, . . . , n) on a manifold M defines the exterior algebra E(M) of M.

A vector field is introduced as a collection of vectors, one for each point of a manifold,
such that the components of the vectors are smooth functions of the coordinates. A vector
field is defined by a set of first-order differential equations

dxk

dt
= vk(x)

that have a unique solution passing through a given point if the vk(x) are smooth. The solu-
tions to these equations define the integral curves, or lines of flow, of the field; they fill the
manifold without intersecting each other. Familiar examples are the lines of flow of electric
and magnetic fields, and of the velocity flow of a fluid. Associated with a vector field v is a
differential operator Lv, the Lie derivative, that drags the functions on which it acts along the
lines of flow of the field.

A generalization of the
−→∇ operator of three-dimensional vector calculus is the exterior

derivative d, which transforms a p-form into a (p + 1)-form. This operator appears in the
generalized Stokes’ theorem, which relates the integral of a p-form σ over the boundary ∂R
of a closed region R to the integral of the exterior derivative dσ over the entire region R,

∫

R

dσ =
∫

∂R

σ

When R is a closed region in the manifold, this formula is equivalent to the divergence theo-
rem of elementary calculus; here it can be used to define the divergence of a vector field.

A metric tensor g = (gjk) on a manifold defines a distance ds between nearby points
according to the standard rule

ds2 = gjk(x)dxjdxk



3 Geometry in Physics 95

Also associated with the metric tensor is a natural n-form volume element

Ω =
√
|detg| dx1 ∧ dx2 ∧ · · · ∧ dxn ≡ ρ(x) dx1 ∧ dx2 ∧ · · · ∧ dxn

The line element ds2 is supposed to be independent of the coordinates on the manifold.
This leads to a transformation law for the components of the metric tensor under a change
of coordinates that also leads to an easy calculation of the transformation of the volume ele-
ment. These transformation laws are useful even in mundane problems involving curvilinear
coordinates in three dimensions.

There is also a natural definition of the length of a curve joining two points a and b:

�ab(C) =
∫ b

a

√
gjk(x)ẋjẋk dλ ≡

∫ b

a

√
σ dλ

where λ is a parameter that varies smoothly along the curve and ẋ = dx/dλ. A geodesic is a
curve for which the path length between two points is an extremum relative to nearby curves.
Finding the extrema of integrals such as �ab(C) is a fundamental problem of the calculus of
variations, which is briefly reviewed in Appendix A. There it is shown that an extremal curve
must satisfy a set of differential equations, the Euler–Lagrange equations. These lead to the
standard geodesic equations if we make a natural choice of parameter along the curve, as seen
in Section 3.4.6.

Apart from defining a measure of distance, the metric tensor provides a natural duality
between vectors and forms, in which the metric tensor is used for raising and lowering indices
on tensor components, transforming components of a vector into components of a form, and
vice versa. One important use of this duality is to give a general definition of the Laplacian ∆,
a differential operator that acts on scalar functions in an n-dimensional manifold according to

∆f = div (grad f)

Since the gradient df of a scalar function is a 1-form, the metric tensor needs to be applied to
convert the gradient into a vector field before taking the divergence. This leads to

∆f =
1

ρ(x)

n∑

k,�=1

∂

∂xk

{
gk�(x)ρ(x)

∂f

∂x�

}

where the gk�(x) are elements of the matrix g−1. Further refinements are needed to define a
Laplacian operator on vector fields or forms, but those are beyond the scope of this book.

There has been a massive body of research in the last 40 years or so analyzing the behavior
of dynamical systems, which can be represented as vector fields on a manifold. Here we
introduce a simple two-dimensional model from ecology that illustrates some of the methods
available to analyze complex systems. The differential equations of the model have fixed
points that fix the qualitative behavior of the solutions in the plane, and allow a sketch of the
lines of flow of the associated vector field even without detailed calculations.

The Lagrangian and Hamiltonian formulations of the dynamics of classical mechanical
systems can also be described in geometric terms. The configuration space of a system is a
manifold M with (generalized) coordinates q = {qk}; the tangent bundle T (M) of M is
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characterized by the {qk} and the corresponding velocities q̇ = {q̇k}. The Lagrangian of the
system is a function defined on the tangent bundle that serves to define the action integral

S[q(t)] =
∫ b

a

L(q, q̇, t) dt

associated with a path q(t) of the system joining points a and b in M. Hamilton’s principle
requires that the action integral for the actual trajectory of the system be an extremum rela-
tive to nearby paths. This leads to Lagrange’s equations of motion using the methods of the
calculus of variations.

In the Hamiltonian formulation, the conjugate momenta p = {pk} of the system are intro-
duced as components of a 1-form field on the configuration space; the phase space defined by
the coordinates {qk} and the conjugate momenta {pk} is identified with the cotangent bundle
T ∗(M) of M. The Hamiltonian of the system is defined by

H(q, p, t) =
∑

k

pkq
k − L(q, q̇, t)

Hamilton’s equations of motion, which can also be derived from Hamilton’s principle, are

dqk

dt
=
∂H

∂pk

dpk
dt

=
∂H

∂qk

These equations define the trajectories of the system in phase space, which are also the integral
curves of a vector field on T ∗(M) that is closely related to the Hamiltonian.

There is a canonical 2-form

ω ≡
∑

k

dpk ∧ dqk

defined on the phase space (the dpk form a basis of 1-forms in momentum space). This form
is used to associate vectors and 1-forms on the phase space. Canonical transformations (also
known as symplectic transformations) are introduced as transformations of the phase space
coordinates that leave the canonical form invariant. For a Hamiltonian independent of time,
transformations that translate the system by a time τ are canonical, and define a one-parameter
group of canonical transformations of the system. Other canonical transformations can make
explicit other constants of motion that a system may, or may not, have.

An ideal fluid can be described in terms of a few smooth functions such as density, velocity,
pressure, and temperature defined on the space occupied by the fluid. The integral curves of
the velocity field provide a nice picture of the fluid behavior, and conservation laws of the fluid
are also naturally expressed in the geometric language of this chapter. A brief description of
the basic equations governing fluids is found in Section 3.6.

The description of many-particle systems by a few thermodynamic variables is one of the
conceptual highlights of theoretical physics. Visualizing the space of states as a manifold
whose coordinates are the thermodynamic variables, and the first law (energy conservation)
as a relation between forms on this manifold, clarifies many relations between thermodynamic
variables and their derivatives, as we explain in Appendix B.
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U1 U2U1 U2

Figure 3.1: Two coordinate patches U1 and U2 in a manifold M. The two sets of coordinates
in the overlap region U1 ∩ U2 are required to be smooth one-to-one functions of each other.

3.1 Manifolds and Coordinates

3.1.1 Coordinates on Manifolds

A manifold is characterized as a set of points that can be identified by n-tuples (x1, . . . , xn) of
real numbers (coordinates), such that the coordinates vary smoothly in some neighborhood of
each point in the manifold. In general, these coordinates are defined only over some bounded
region of the manifold (a coordinate patch); more than one coordinate patch will be needed
to cover the whole manifold. There will be regions in which two or more coordinate patches
overlap as shown schematically in Fig. 3.1. In these regions, points will have more than one
set of coordinates, and the coordinates of one set will be functions of the other set as we move
through the overlap region. If these functions are one to one and smooth (here smooth means
differentiable to whatever order is needed), then the manifold is a differentiable manifold.
Here all manifolds are assumed to be differentiable unless otherwise stated.1

Definition 3.1. A set M of points is a manifold if for every point p in M there is an
(open) neighborhood Np of p on which there is a continuous one-to-one mapping onto a
bounded open subset of Rn for some n. The smallest n for which such a mapping exists is the
dimension of M. We thus have a collection of open sets U1, . . . ,UN that taken together cover
the manifold, and a set of functions (maps) φ1, . . . , φN such that for every point p in Uk, there
is an element (φ1

k(p), . . . , φ
n
k (p)) of Rn, the coordinates of p under the map φk (here we use

1Mathematicians often start from the concept of a topological space on which open and closed sets are defined
in some abstract way; continuity of functions (or mappings) is defined in terms of the images of open sets. Here we
always deal with manifolds defined concretely in terms of coordinates, so that we can use the standard notions of open
and closed sets and of continuity in Rn introduced in elementary calculus. In particular, for discussions of limits,
continuity, closure, etc., we can define an ε-neighborhood of a point P with coordinates x0 = (x10, . . . , xn0) in
some coordinate system to be the set of points x such that

‖x − x0‖ < ε

where ‖x − x0‖ is the Euclidean norm on Rn. This use of the norm is independent of the possible existence of a
metric on the manifold as described below, but serves simply to give a concrete definition of neighborhood. Since
coordinate transformations are required to be smooth, it does not matter which particular coordinates are used to
define neighborhoods.
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superscripts to label the coordinates). The pair (Uk, φk) is a chart; a collection of charts that
covers the manifold is an atlas.

If the open sets Uk and Ul overlap, then the map φkl ≡ φk ◦ φ−1
l defines a function (the

transition function) that maps the image of Ul in Rn onto the image of Uk in Rn; that is, it
defines the coordinates φk as functions of the coordinates φl. More simply stated, the func-
tion φk ◦ φ−1

l defines a coordinate transformation in the overlap region. If all the transition
functions in an atlas are differentiable, then M is a differentiable manifold. If the transition
functions are all analytic (differentiable to all orders), then M is an analytic manifold. A man-
ifold on which the coordinates are complex, and the mappings between coordinate systems are
analytic as functions of the complex coordinates, is a complex manifold.

Example 3.1. Rn is a manifold of dimension n. The space Cn of n-tuples of complex
numbers is a manifold of dimension 2n, which can also be viewed as a complex manifold
of dimension n. The linear manifolds introduced in Chapter 2 are manifolds in the sense
used here, with the additional restriction that only linear transformations of the coordinates
are allowed.

3.1.2 Some Elementary Manifolds

Example 3.2. The circle S1 defined in R2 by

x2
1 + x2

2 = 1 (3.1)

is a one-dimensional manifold. However, there is no single coordinate that covers the
entire circle, since the angle θ shown on the left-hand circle in Fig. 3.2 is not continuous
around the entire circle, whether we choose the range of θ to be −π ≤ θ < π or 0 ≤ θ <
2π. One solution is to introduce two overlapping arcs A1 and A2 as shown on the right of
the figure. On A1 use the angle θ1 measured counterclockwise from the horizontal axis,
on A2 the angle θ2 measured clockwise from the axis. A suitable range for θ1 and θ2 is

−π
2 − δ1 ≤ θ1 ≤ π

2 + δ1 − π
2 − δ2 ≤ θ2 ≤ π

2 + δ2 (3.2)

where δ1, δ2 are small positive angles (so that the two arcs overlap). Evidently

θ2 = π − θ1 (θ1, θ2 > 0) θ2 = −π − θ1 (θ1, θ2 < 0) (3.3)

The first relation covers the upper interval of overlap; the second, the lower. Note that
there is no requirement that the relation between the two coordinates has the same form on
the disjoint intervals of overlap.

There are mappings of the circle S1 into the real line R1 that illustrate the topological
distinction between the two. Consider, for example, the mapping

θ → x ≡ θ

π2 − θ2
(3.4)

that maps the interval −π < θ < π (an open arc on the circle) onto the entire real line. In
order to map the point on the circle corresponding to θ = ±π, we must add to the real line
a single “point” at infinity (∞).
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A2
θ θ2 θ1

A1

Figure 3.2: The manifold S1 (the circle). The usual polar angle θ is shown on the left. To have
coordinates that are everywhere smooth, it is necessary to split the circle into two overlapping
arcs A1 and A2, with angles θ1 (measured counterclockwise from the horizontal axis) and θ2
(measured clockwise from the axis).

Example 3.3. The unit sphere S2 defined in R3 by

x2
1 + x2

2 + x2
3 = 1 (3.5)

is a two-dimensional manifold. The usual spherical coordinates θ, φ do not cover the
whole manifold, since φ is undefined at the poles (θ = 0, π), and the range 0 ≤ φ < 2π
leaves a line of discontinuity of φ that joins the two poles (think of the International Date
Line on the surface of the Earth, for example). A coordinate system that covers all but one
point of the sphere is the stereographic projection illustrated in Fig. 3.3, which maps the
sphere minus the North pole into the entire plane R2 (details of the projection are left to
Problem 1). Note that the complex plane, which includes a point at ∞ (see Chapter 4), is
mapped into the entire sphere, as the North pole is the image of the point ∞.

Example 3.4. The unit ball Bn is defined in Rn as the set of points that satisfy

x2
1 + · · · + x2

n < 1 (3.6)

Bn is a submanifold of Rn, and yet it can be mapped into all of Rn by the map

r → r′ ≡ r

1 − r
(3.7)

which transforms the open interval 0 < r < 1 into the positive real axis, thus stretching
the ball to an infinite radius.

Example 3.5. The (unit) sphere Sn is defined in Rn+1 as the set of points that satisfy

x2
1 + · · · + x2

n+1 = 1 (3.8)

It is also the boundary of the unit ball Bn+1; note that the sphere is not included in the
definition of the ball. Again, there is no single coordinate system that covers the whole
sphere smoothly. A generalization of the stereographic projection described above for S2

maps the entire sphere Sn except for one point onto Rn. To include an image for the last
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•

Figure 3.3: Schematic illustration of the stereographic projection of the sphere S2 onto the
plane R2. The stereographic projection of the point P on the sphere is the point Q where the
line from the North pole N through P intersects the plane tangent to the South pole.

point of Sn, it is necessary to add a single point at infinity to Rn. This addition of a single
point at ∞ to turn Rn into a manifold equivalent to the compact manifold Sn is called the
one-point compactification of Rn.

Example 3.6. A monatomic gas is described by thermodynamic variables p (the pres-
sure), V (the volume), and T (the temperature); each of these variables must be positive.
The states of thermal equilibrium must satisfy an equation of state of the form

f(p, V, T ) = 0 (3.9)

so that these states form a two-dimensional manifold. Note that there is no natural no-
tion of distance on the thermodynamic manifold, in contrast to the other examples, where
the Euclidean metric of the Rn in which the manifolds are embedded leads to a natural
definition of distance on the manifold.

Example 3.7. The coordinates of a classical system of N particles define a manifold,
the configuration space of the system. The dimension n of this manifold is 3N if the
particles can move freely in three dimensions, but is smaller if the motion is subject to
constraints. Each coordinate on the manifold is a degree of freedom of the system; the
number of degrees of freedom is equal to the dimension of the configuration space. For a
Hamiltonian system with conjugate momenta for each of the coordinates, the coordinates
and momenta together form the 2n-dimensional phase space of the system, to be described
in detail later in Section 3.5.3.
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A

A

B B

Figure 3.4: Representation of the torus on the plane. The two sides marked A are to be identi-
fied, as are the two sides marked B. Imagine the rectangle to be rolled up. Then glue the two
sides marked A together (in the direction of the arrows) to form a hollow cylinder. Finally, glue
the two sides marked B together (in the direction of the arrows).

3.1.3 Elementary Properties of Manifolds

If M and N are manifolds, the product manifold M×N is defined as the set of ordered pairs
(x, y) where x is a point from M and y is a point from N . If x has coordinates (x1, . . . , xm)
and y has coordinates (y1, . . . , yn), then (x, y) has coordinates (x1, . . . , xm, y1, . . . , yn). Ev-
idently the dimension of M×N is the sum of the dimensions of M and N . Note that if M
and N are linear vector spaces, the product manifold is actually the direct sum M⊕N of the
two vector spaces, not the tensor product.

Example 3.8. It is easy to see that Rm × Rn = Rm+n.

Example 3.9. The torus T is the product S1 × S1 of two circles. It can be represented
in the plane as a rectangle in which opposite sides are identified; that is, a point on the
upper side A is the same as the point opposite on the lower side A in Fig. 3.4, and a point
on the left side B is the same as the opposite point on the right side B. The torus is also
equivalent to the unit cell in the complex plane shown in Fig. 4.5.

Example 3.10. The n-torus T n is the product S1 × · · · × S1 (n factors) of n circles.

Coordinates are introduced to give a concrete description of a manifold. However, many
properties of a manifold are independent of the specific coordinates assigned to points of
the manifold. Indeed, it is a principle of physics that all observable properties of a physical
system should be independent of the coordinates used to describe the system, at least within
a restricted class of coordinate systems.2 For example, the distance between two points in
a manifold is defined in terms of coordinates in a region containing the two points. Once
defined, however, it must be the same for any equivalent set of coordinates on the region.

2This is the essence of principles of relativity from Galileo to Einstein. Einstein’s principle of general relativity
is the broadest, since it insists that the equations of physics be unchanged by diffeomorphisms of the spacetime
manifold, which are defined shortly.
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Equivalence of two differentiable manifolds M1 and M2 means that there is a one-to-one
map between the manifolds for which the coordinates in any region in M2 are smooth func-
tions of the coordinates in the corresponding region of M1. Such a map is a diffeomorphism.
If such a map exists, then the two manifolds are diffeomorphic, or simply equivalent. If only
continuity of the map is required, then the map is a homeomorphism, and the manifolds are
homeomorphic.

Example 3.11. The unit ball Bn is diffeomorphic to all of Rn, since the radial rescaling
in Eq. (3.7) is differentiable for 0 ≤ r < 1.

Example 3.12. Consider the group SU(2) of unitary 2 × 2 matrices with determinant
+1. Every matrix in this group has the form

U = exp (πi�σ · �a) (3.10)

where �σ = (σ1, σ2, σ3) denote the three Pauli matrices, and �a is a vector with |�a| ≤ 1 (if
|�a| = 1, then U = −1 independent of the direction of �a). The map

�a→ �r =
�a

1 − |�a| (3.11)

takes the group manifold into R3 augmented by a single point at ∞ that corresponds to
U = −1. As seen above, this is the one-point compactification of R3 to the sphere S3.
Thus the group SU(2) is diffeomorphic to S3.

Convergence properties of sequences of points in a manifold are defined in terms of the
corresponding properties of the sequences in Rn of the coordinates of the points. Because
we require all coordinate transformations to be smooth, these convergence properties will not
depend on which particular coordinate system we use to test the convergence. Thus, for exam-
ple, the sequence {x1, x2, . . .} of points in an n-dimensional manifold is a Cauchy sequence
if the sequence of coordinates is a Cauchy sequence in Rn, using any positive definite norm
on Rn.

A function f(x) defined on a manifold M maps the points of the manifold to real (or
complex) numbers; there may be exceptional points, or singular points at which the function
is not defined. The function does not depend on the coordinate system introduced on the
manifold; hence is also called a scalar field. The field is continuous (differentiable, smooth,
. . .) if f(x) is a continuous (differentiable, smooth, . . .) function of the coordinates. Again,
these properties of the field are coordinate independent because of our restriction to smooth
coordinate transformations.

A manifold is closed if every Cauchy sequence of points in the manifold converges to a
limit in the manifold. If a manifold is M is not closed, then new points can be defined as limit
points of Cauchy sequences in the manifold. The manifold obtained from M by adjoining the
limits of all Cauchy sequences in M is the closure of M, denoted by C�M, or by M. Recall
that a region in Rn is compact if it is closed (contains all its limit points) and bounded (it can
be contained inside a sufficiently large sphere). A manifold M is compact if it is equivalent
to the union of a finite number of compact regions in some Rn.
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C
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C1

Figure 3.5: Illustrations of the sphere S2 and torus T 2. Any closed curve C on S2 can be
smoothly contracted to a single point. On the other hand, the curves labeled C1 and C2 on T 2

cannot be smoothly contracted to a point, nor deformed into each other.

Example 3.13. The sphere Sn is compact; by its definition it is a closed bounded region
in Rn+1. The unit ball Bn is not compact even though it is bounded, since it is not closed.
There are sequences of points in Bn that converge to a point on the boundary sphere Sn−1,
which is not part of Bn.

Example 3.14. Rn is not compact but, as just noted, addition of a single point at ∞ turns
it into a compact manifold, the one-point compactification of Rn, equivalent to Sn.

Two manifolds of the same dimension are always equivalent locally, (i.e., in some neigh-
borhood of any point) since they are represented by coordinates in Rn. However, even with
the limited structure we have introduced so far, there are manifolds of the same dimension that
are not globally equivalent, i.e., there is no global diffeomorphism that takes one manifold into
the other. A compact manifold cannot be equivalent to a noncompact manifold (Bn and Sn

are not globally equivalent, for example). Manifolds can be classified according to the kinds
of distinct closed curves and surfaces that can be constructed in them. This classification is
one of the main problems of algebraic topology.

Example 3.15. The sphere S2 has no nontrivial closed loops; every closed loop on the
sphere can be contracted smoothly to a single point. However, on the two-dimensional
torus T 2 ∼ S1×S1, closed curves corresponding to one circuit around either of the circles
cannot be contracted to a point (see Fig. 3.5). Closed curves in T 2 are characterized by
a pair of integers (n1, n2) (the winding numbers), depending on how many times they
wrap around each of the two circles. Curves with different winding numbers cannot be
continuously deformed into each other. Since the winding numbers are independent of the
coordinates, they are topological invariants of the manifold. Equivalence classes of closed
curves in a manifold define a group, the homotopy group of the manifold.

Example 3.16. The group SO(3) of rotations in three dimensions looks like a ball B3 of
radius π, since every rotation can be characterized by an axis n and an angle θ (0 ≤ θ ≤ π).
But, unlike in SU(2), a rotation about n through angle π is the same as a rotation about
−n through angle π. Thus the opposite ends of a diameter of the ball correspond to the
same rotation, and any diameter is a closed path that cannot be shrunk to a point.
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3.2 Vectors, Differential Forms, and Tensors

3.2.1 Smooth Curves and Tangent Vectors

The concept of a curve in a manifold is intuitive. A formal statement of this intuitive concept
is that a curve on the manifold M is a map from an open interval on the real axis into M.
A curve is defined parametrically by the coordinates {x1(λ), . . . , xk(λ)} of the points on
the curve3 as functions of a real parameter λ over some range λ1 < λ < λ2. The curve
is differentiable (smooth, analytic) if these coordinates are differentiable (smooth, analytic)
functions of the parameter λ.

If f(x) is a differentiable function defined on M, and C is a smooth curve in M, then the
function

g(λ) ≡ f [x(λ)] (3.12)

defined on the curve C is a differentiable function of λ, and

dg

dλ
=

n∑

k=1

dxk

dλ

∂f

∂xk
=

n∑

k=1

ξk(λ)
∂f

∂xk
(3.13)

by the chain rule. The {ξk(λ) = dxk/dλ} define the components of a vector tangent to the
curve at the point, and the derivative operator

d

dλ
≡

n∑

k=1

ξk(λ)
∂

∂xk
= ξk(λ)

∂

∂xk
=

−→
ξ · −→∇ (3.14)

itself is identified with the tangent vector.
This is more abstract than the traditional physicist’s view of a vector. However, if we recall

the geometrical interpretation of the derivative dy/dx as the tangent to a curve y = y(x) in
two dimensions, then we can recognize Eq. (3.14) as a generalization of this interpretation to
curves in higher dimensional spaces. The derivative operator in Eq. (3.14) is the directional
derivative in the direction of the tangent. It is also known as the Lie derivative when it is
applied to vectors and tensors. The form

−→
ξ · −→∇ emphasizes the view of this derivative as

an intrinsic (i.e., coordinate-independent) entity, although the components of �ξ depend on the
coordinate system.

Remark. With the notation (ξk ∂/∂xk) we introduce the (Einstein) summation convention,
which instructs us to sum over a pair of repeated indices, unless explicitly instructed not to. In
this chapter, we use the summation convention without further comment. However, we insist
that the pair of indices must consist of one subscript and one superscript, understanding that a
subscript (superscript) in the denominator of a partial derivative is equivalent to a superscript
(subscript) in the numerator. �

3We use here superscripts to identify the coordinates {x1, . . . , xk} in keeping with historical usage. The reader
is alerted to be aware of the distinction between these superscripts and exponents.
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3.2.2 Tangent Spaces and the Tangent Bundle T (M)

The tangent vectors at a point P in the manifold M define a linear vector space TP , the tangent
space to M at P . A vector V in TP corresponds to the class of smooth curves through P with
tangent vector V .4.

If {x1, . . . , xn} provides a coordinate system in a neighborhood of P , a natural set of basis
vectors in the tangent space TP is given by the partial derivatives

ek ≡ ∂

∂xk
(3.15)

This is the coordinate basis associated with the {x1, . . . , xn}.
If {y1, . . . , yn} is another set of coordinates, smooth functions of the old coordinates

{x1, . . . , xn}, then we have the corresponding coordinate basis

fk ≡ ∂

∂yk
=
∂xm

∂yk
∂

∂xm
=
∂xm

∂yk
em (3.16)

(by the chain rule again), so long as the Jacobian determinant5

J ≡ ∂(x1, . . . , xn)
∂(y1, . . . , yn)

≡ det

∥∥∥∥∥
∂xm

∂yk

∥∥∥∥∥ �= 0 (3.17)

This leads to the transformation law for the components of vectors. If

V = ξk
∂

∂xk
= ηk

∂

∂yk
(3.18)

then we have

ξk = ηm
∂xk

∂ym
and ηm = ξk

∂ym

∂xk
(3.19)

to relate the components of the vector in the two coordinate systems. This follows yet again
from the application of the chain rule, here to the components of the tangent vector:

dxk

dλ
=
∂xk

∂ym
dym

dλ
(3.20)

The following exercise illustrates how the relations in Eq. (3.19) are generalizations of the
relations for changing basis in a linear vector space.

Exercise 3.1. Suppose {φ1, . . . , φn} and {ψ1, . . . , ψn} are two bases on the linear vector
space Vn, related by

ψk =
n∑

j=1

Sjkφj

4Note that there is an arbitrary positive scale factor in the definition of the tangent vector
5A geometrical interpretation of the Jacobian will be given later.
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with constants Sjk. Find relations between the components of a vector in the two bases. That
is, if

x =
n∑

j=1

ξjφj =
n∑

k=1

ηkψk

express the {ξj} in terms of the {ηk} and vice versa. Show that these relations are special
cases of Eq. (3.19) for a linear coordinate transformation. �

The manifold M together with the collection of tangent spaces at each point of the mani-
fold forms a structure known as the tangent bundle T (M).

Example 3.17. If M is the n-dimensional configuration space of a mechanical system,
then the tangent space at a point of M is defined by the velocities associated with trajec-
tories that pass through the point. The tangent bundle T (M) is the 2n-dimensional space
defined by the coordinates and velocities of the system.

Remark. The concept of a bundle, or fiber bundle, over a manifold is important in differential
geometry and its applications to physics. In general, a fiber bundle consists of a manifold M,
the base space, and another space F , such as a linear vector space or a Lie group, the fiber
space. A copy of F is attached to each point of the manifold. A function on the manifold that
has values in F is a (cross)-section of the bundle. If the space F is a linear vector space, such
as the tangent space T (M) introduced here, then the bundle is a vector bundle. To complete
the definition of a fiber bundle, it is necessary to also specify a group G (the structure group)
of diffeomorphisms of the fiber space. If F is a real n-dimensional linear vector space, the
structure group might be the group SO(n) of rotations of Rn, or even the group GL(n,R) of
nonsingular linear operators on Rn. In this book, we consider only the tangent bundle and the
closely related cotangent bundle introduced below. For more general bundles, see the book by
Frankel cited in the bibliography. �

The slice of the tangent bundle corresponding to the points from M in some neighborhood
U of a point P is locally equivalent to a product U × Vn. However, the complete tangent
bundle T (M) may, or may not, be globally equivalent to the product M×Vn. This depends
how vectors at different points in the manifold are related. Can we define parallel curves, or
parallel vectors at different points, for example? These important questions are important for
understanding general relativity, but we must refer the reader to the bibliography for answers.

3.2.3 Differential Forms

The tangent space TP to the manifold M at a point P is a linear vector space. As in Sec-
tion 2.1.5, we can introduce the dual space T ∗

P of linear functionals on TP . An element ω of
T ∗
P maps TP into the real (or perhaps complex) numbers,

ω : v �→ ω(v)

such that

ω(a1v1 + a2v2) = a1ω(v1) + a2ω(v2) (3.21)
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for any pair of vectors v1, v2 and any pair of numbers a1, a2. Such a linear functional ω
is a (differential) 1-form, or simply form. The dual relation between forms and vectors is
emphasized in the various notations

ω(v) = (ω, v) = 〈ω, v〉 = 〈ω|v〉 = v(ω) (3.22)

for the number (scalar) associated with the pair ω, v. The space T ∗
P is the cotangent space of

M at P , and a 1-form is sometimes called a cotangent vector.
A basis {ek} on TP induces a preferred basis {µk} on T ∗

P , the dual basis, with

〈µk, em〉 = δkm (3.23)

so that if v = vk ek, then µk(v) = vk, and if ω = ωkµ
k, then

(ω, v) = ωk v
k (3.24)

A coordinate system xk on a region U in M provides a natural (coordinate) basis {∂/∂xk}
of vectors and a corresponding coordinate basis {dxk} of 1-forms; we have

〈
dxk,

∂

∂xm

〉
= δkm (3.25)

In a coordinate basis, a form ω is expressed as

ω = αkdx
k =

−→
α · −→dx (3.26)

The expression
−→
α ·−→dx again emphasizes the intrinsic, coordinate-independent nature of a form.

Under a smooth coordinate transformation from {x1, . . . , xn} to {y1, . . . , yn}, we have

dxk =
∂xk

∂ym
dym (3.27)

which leads to the transformation law for the components of a 1-form

ω = αk dx
k = βm dy

m (3.28)

We have

βm = αk
∂xk

∂ym
and αk = βm

∂ym

∂xk
(3.29)

Note that the role of the partial derivatives is reversed here, compared to the transformation
law (3.19) for the components of a vector. That is, if

ηm ≡ Smk ξ
k and βm ≡ S̄km αk (3.30)

then the matrices S and S̄, with elements

Smk =
∂ym

∂xk
and S̄km =

∂xk

∂ym
(3.31)

are inverse to each other.
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The manifold M together with the collection of cotangent spaces at each point of the man-
ifold forms a structure known as the cotangent bundle T ∗(M), just as the manifold together
with the collection of tangent spaces at each point forms the tangent bundle.

Example 3.18. If M is the n-dimensional configuration space of a Hamiltonian system
of classical mechanics, then the cotangent bundle T ∗(M) is the 2n-dimensional phase
space defined by the coordinates and conjugate momenta of the system, as discussed in
more detail in Section 3.5.3.

Remark. We introduced the tangent space TP of vectors at a point P and then defined
1-forms as linear functionals on TP . Alternatively, we could have introduced the cotangent
space T ∗

P of forms as a linear vector space spanned by the coordinate differentials and then
defined vectors as linear functionals on T ∗

P . This duality is emphasized by Eq. (3.22), as well
as by the discussion of dual spaces in Section 2.1.5. �

Remark. A change of basis on the tangent space TP or cotangent space T ∗
P need not be a

coordinate transformation, since there is no necessary relation between the transformations
at neighboring points. However, the transformation laws for the components of vectors and
forms are still related if we insist that the transformations on TP and T ∗

P change a pair of dual
bases into another pair of dual bases. See Problem 3 for details. �

Remark. In an older terminology, the components of a 1-form were known as the covariant
components of a vector. They transform in the same way as the components of the gradient,
which was treated as the prototype of a vector, perhaps since so many fields are expressed as
the gradient of some scalar potential. The components of a (tangent) vector were known as the
contravariant components of a vector, since they transform according to the inverse (contra)
transformation law. This emphasis on transformation laws led to a proliferation of indices,
and tended to obscure the point that vectors and forms are geometrical and physical objects
that do not depend on the particular coordinate system used to describe the manifold in which
they live. The modern view emphasizes the intrinsic properties of forms and vectors, and the
duality relation between them. �

Remark. In a manifold with a metric, there is a natural mapping between vectors and forms
induced by a metric tensor, as will appear soon in Section 3.4. Here we note that in a linear
vector space Rn with the (Euclidean) scalar product as defined in Chapter 2, the distinction
between vectors and forms is purely formal, and we can identify the vector

V = V k
∂

∂xk
(3.32)

and the form

Ṽ = Vk dx
k (3.33)

with the same numerical components Vk = V k in any Cartesian coordinate basis. �

Exercise 3.2. Show that if these numerical components are the same in one coordinate
basis, they are the same in any basis obtained by a rotation from the original basis, i.e., show
that these components have the same transformation law under rotations. �
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3.2.4 Tensors

Tensors arise when we consider the products of vectors and forms. The tensor product of
linear vector spaces has been introduced in Section 2.1.3. Here we introduce the tensor spaces

T (M,N)
P ≡ TP ⊗ · · · ⊗ TP︸ ︷︷ ︸

M times

⊗ T ∗
P ⊗ · · · ⊗ T ∗

P︸ ︷︷ ︸
N times

(3.34)

at a point P in a manifold. Elements of T (M,N)
P are formed from linear combinations of

products of M vectors from TP and N 1-forms from T ∗
P . Elements of this space are

(
M
N

)

tensors. If N = 0, we have a tensor of rank M . If M = 0, we have a dual tensor of rank N .
Otherwise, we have a mixed tensor of rank M +N .

Example 3.19. A linear operator on a linear vector space is a
(
1
1

)
tensor, since the equa-

tion y = Ax becomes

yj = A k
j xk (3.35)

in terms of components.

Example 3.20. The inertia tensor of a rigid body about some point is a (symmetric)
tensor of rank 2. Since a rigid body is defined only in a Euclidean space, we need not
distinguish between vector and form indices, at least for Cartesian components.

Tensor components are defined with respect to some basis. Corresponding to coordinates
{x1, . . . , xn} in some neighborhood of P is the coordinate basis

e j1...jN
i1...iM

≡ ∂

∂xi1
⊗ · · · ⊗ ∂

∂xiM
⊗ dxj1 ⊗ · · · ⊗ dxjN (3.36)

on the tensor space T (M,N)
P . A tensor T is expressed in terms of this basis as

T = T i1...iM
j1...jN

e j1...jN
i1...iM

(3.37)

(summation convention in effect). The T i1...iM
j1...jN

are the components of T.

A tensor can also be introduced as a functional: an
(
M
N

)
tensor is a linear functional on the

linear vector space T (N,M)
P ,

T = T ( . , . . . , .︸ ︷︷ ︸
N arguments

| . , . . . , .︸ ︷︷ ︸
M arguments

) (3.38)

in which the first N arguments require vectors, and the last M arguments need forms, in order
to reduce the functional to a scalar. This is equivalent to the statement

T (M,N)∗
P = T (N,M)

P (3.39)

that generalizes the duality of vectors and 1-forms. Again, note that in a manifold with a
metric, there is a natural mapping between a tensor and its dual induced by the metric tensor.
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Inserting arguments in the empty slots in the functional (3.38) reduces the rank of the
tensor. Thus if v is a vector, then

T ( . , . . . , v | . , . . . , . ) (3.40)

is an
(
M
N−1

)
tensor with components

T i1,...,iM
j1,...,jN−1j

vj (3.41)

Similarly, if ω is a (1-)form, then

T ( . , . . . , . | . , . . . , ω) (3.42)

is an
(
M−1
N

)
tensor with components

T i1,...,iM−1i
j1...jN

ωi (3.43)

The reduction of rank by inserting arguments in the functional is called contraction.
A mixed

(
M
N

)
tensor can also be contracted with itself to give an

(
M−1
N−1

)
tensor T̃ with

components

T̃ i1,...,iM−1
j1,...,jN−1

≡ T i1,...,iM−1m
j1,...,jN−1m

(3.44)

Example 3.21. For a linear operator A on TP , with components A k
j in some basis, the

contraction

A ≡ A k
k (3.45)

is a scalar already identified as the trace of A. It is indeed a scalar, as its value is indepen-
dent of the coordinate system.

3.2.5 Vector and Tensor Fields

A vector field v on a manifold M is a map from the manifold into the tangent bundle T (M)
such that at each point x in M, there is attached a vector v(x) in the tangent space Tx, whose
components are smooth functions of the coordinates. Simple fluid flow is described by a
velocity field u(x), the velocity of the fluid element at x. The electric field E(x) and the
magnetic field B(x) due to a system of charges and currents are vector fields. As already
noted, a vector field v(x) can be identified with the directional derivative

v = vk(x)
∂

∂xk
=

−→
v · −→∇ (3.46)

More intuitive is the visualization of a vector field by drawing some of its integral curves,
which are also known as streamlines (fluid flow), lines of force (electric fields), or flux lines
(magnetic fields). Two examples are shown in Fig. 3.6. The integral curve of the vector
field v(x) passing through a point P is generated by starting at P , moving in the direction of
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(b)(a)

Figure 3.6: Examples of the integral curves of a vector field: (a) the streamlines of a fluid
flowing through a pipe with a nonconstant cross-section, and (b) schematic representation of the
lines of force of the electric field due to equal and opposite charges (an extended dipole).

the field at that point and continuing in the direction of the field at each point. This can be
accomplished by solving the system of first-order differential equations

dxk

dλ
= vk(x) (3.47)

with initial condition x = x(P ) at λ = 0. This system has a unique solution provided the
vk(x) are well-behaved functions, not all zero, at the point P.6 Two integral curves cannot
intersect, except perhaps at points where v(x) = 0 or where v(x) is undefined. Such points
are singular points of the vector field.

Remark. The electric field is undefined at the location of a point charge, for example. Also,
a point where v(x) = 0 is a fixed point of Eq. (3.47). The solution to Eq. (3.47) starting at
such a point P does not generate a curve but remains fixed at P . However, integral curves near
the point P may approach P asymptotically, diverge from P , or exhibit hyperbolic behavior
as illustrated in Fig. 2.8. Understanding the generic behavior of solutions near a fixed point is
the object of the stability analysis in Section 2.5. �

The vector field v in Eq. (3.46) defines a tangent vector at each point on an integral curve
of the field. To generate a finite displacement along the curve, say from λ0 to λ0 + α, we can
formally exponentiate the differential operator to give

xk(λ0 + α) = exp
(
α
d

dλ

)
xk(λ0) = xk(λ0) +

∞∑

n=1

[
dn

dλn
xk(λ)

]

λ=λ0

αn

n!
(3.48)

This formal Taylor series expansion actually converges only if the coordinates xk(λ) are ana-
lytic functions of the parameter λ along the curve. This may, or may not, be the case.

6It is sufficient that there is some constant M > 0 such that

|vk(x) − vk(x′)| < M‖x − x′‖
for all k and all x, x′ in some neighborhood of P (Lipschitz condition). For proofs, consult a textbook on differential
equations. Note that the Lipschitz condition includes the case in which the vk(x) are differentiable at P , but is more
restrictive than continuity of the vk(x) at P .
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The partial derivatives ∂/∂xk with respect to the coordinates xk define a basis for the tan-
gent space Tx at each point x. But at each x, we can choose any set of n linearly independent
vectors as a basis for Tx , and in some open region U around x, we can choose any n linearly
independent vector fields as a basis.

Can we use these fields to define a coordinate system? To answer this question, suppose
we have two vector fields

v =
d

dλ
= vk

∂

∂xk
and w =

d

dµ
= wk

∂

∂xk
(3.49)

Let us carry out displacements from a point O, as shown in Fig. 3.7. First move a distance dλ
along the integral curve of v through O to the pointA. The coordinates then change according
to

xk(A) − xk(O) � vk(O)dλ (3.50)

Then move a distance dµ along the integral curve of w through A, arriving at the point P
whose coordinates are given by

xk(P ) − xk(A) � wk(A)dµ (3.51)

Alternatively, move first dµ along the integral curve of w through O to Q, with

xk(B) − xk(O) � wk(O)dµ (3.52)

and then dλ along the integral curve of v through Q, arriving at the point P ′, with

xk(P ′) − xk(B) � vk(B)dλ (3.53)

If v and w are to generate a coordinate system, either order of carrying out the two dis-
placements should lead to the same final coordinates, and hence the same final point, as in
Fig. 3.7(b). But we can compute

wk(A) � wk(O) +
[
vm

∂wk

∂xm

]

O
dλ (3.54)

and

vk(B) � vk(O) +
[
wm

∂vk

∂wm

]

O
dµ (3.55)

Then

xk(P ) − xk(P ′) �
[
vm

∂wk

∂xm
− wm

∂vk

∂xm

]

O
dλ dµ (3.56)

The term in brackets must vanish if P and P ′ are the same points. Now the commutator of
the two operators v and w is defined by

[v, w] =
[
d

dλ
,
d

dµ

]
=
[
vm

∂wk

∂xm
− wm

∂vk

∂xm

]
∂

∂xk
(3.57)
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O

P'

B

P
A

O

A

B

P

(a) (b)

Figure 3.7: (a) A general displacement from point O along the integral curves of two vector
fields v and w. A displacement dλ along the integral curve of v carries us from O to A, and a
further displacement dµ along the integral curve ofw throughA carries us to P . A displacement
dµ along the integral curve of w through O to B, followed by a displacement dλ along the
integral curve of v through B takes us to P ′. In general, the points P and P ′ are not the
same, but if the vector fields v and w commute (have vanishing Lie bracket), as in (b), then the
two paths lead to the same endpoint, and the vector fields v and w can be used as a part of a
coordinate basis.

This commutator is also called the Lie bracket of the two vector fields. In order for λ and µ to
be coordinates, this commutator must vanish. More generally, a necessary condition for a set
of vector fields to form the basis of a coordinate system is that the Lie bracket, or commutator,
of any pair of the fields must vanish.

Remark. This condition should not be a surprise—we expect mixed partial derivatives with
respect to a pair of coordinates to be independent of the ordering of the derivatives. �

The vanishing of the commutator (3.57) is also sufficient. A formal way to see this is to
note the formal expression

xk(λ0 + α, µ0 + β) = exp
(
α
d

dλ
+ β

d

dµ

)
xk(λ0, µ0) (3.58)

based on Eq. (3.48). The exponential factorizes into a displacement α of the coordinate λ and
a displacement β of the coordinate µ if (and only if) the derivative operators commute.

Exercise 3.3. Suppose r, θ are the standard polar coordinates in the plane defined by

x = r cos θ y = r sin θ

Consider the radial and tangential unit vectors

er ≡ cos θ ex + sin θ ey eτ ≡ − sin θ ex + cos θ ey

Corresponding to these are the vector fields

∂

∂r
≡ cos θ

∂

∂x
+ sin θ

∂

∂y

∂

∂τ
≡ − sin θ

∂

∂x
+ cos θ

∂

∂y
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Do these vector fields form a coordinate basis? If not, find a suitable coordinate basis for polar
coordinates, and express this basis in terms of ∂/∂x and ∂/∂y. �

A 1-form field ω on a manifold M is a map that takes each point x in M to a 1-form ω(x)
in the cotangent space T ∗

x . If f(x) is a differentiable function (scalar field) on M the gradient
df of f is the 1-form field defined by

〈
df,

d

dλ

〉
=
df

dλ
(3.59)

In a coordinate basis, the gradient can be expressed as

df =
∂f

∂x1
dx1 + · · · + ∂f

∂xn
dxn =

∂f

∂xk
dxk =

−→∇f · −→dx (3.60)

Thus the components of df in this basis are just the partial derivatives of f , as introduced in
elementary calculus. We can also note that df is the element of T ∗

P whose value on v in TP
is the directional derivative of f along v. Since this derivative vanishes in any direction on a
surface f = constant, df is in some sense normal to such a surface. If a metric is defined on
M, this statement can be made more precise, as will be seen soon.

The tensor space T (M,N)
P is introduced at each point P of a manifold. A tensor field of

type
(
M
N

)
is a collection of

(
M
N

)
tensors defined at each point on the manifold (or in some

region of the manifold). The field is continuous (differentiable, smooth,. . .) if its components
in some coordinate basis are continuous (differentiable, smooth,. . .).

Example 3.22. Stress and strain in an elastic medium are (symmetric) tensor fields of
rank 2.

Example 3.23. The electromagnetic field F = (Fµν) is an antisymmetric tensor field of
rank 2. The electromagnetic stress–energy tensor T = (Tµν) is a symmetric tensor field
of rank 2.

Remark. The examples given here all have rank 2. Tensors of higher rank are less common
in macroscopic physics, appearing mainly in the theories of elasticity in deformable solids,
and also in Einstein’s theory of gravity (general relativity). However, they are relevant in
quantum theories with higher symmetries, as in the examples discussed in Chapter 10. It is
useful to realize that conceptually, at least, higher rank tensors are no more complicated than
those of rank 2. �

3.2.6 The Lie Derivative

The Lie derivative Lv associated with a vector field v is an operator that measures the rate of
change along integral curves of the vector field. The Lie derivative of a scalar function f(x)
is the directional derivative

Lvf(x) =
−→
v · −→∇f(x) (3.61)

The Lie derivative Lv of a vector field w has been introduced in Eq. (3.57) as the commutator

Lvw = [v, w] (3.62)
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It measures the change in the coordinate distance along integral curves of w between inter-
sections with two nearby integral curves of v, as we move along the integral curves of v. If
Lvw = 0, then this coordinate distance does not change as we move along the integral curves,
and the fields v and w can be a part of a coordinate basis.

Expressions for the Lie derivative of other types of tensor fields can be generated using
the Leibniz rule

Lv (ab) = (Lva) b+ a (Lvb) (3.63)

Example 3.24. To obtain a rule for the Lie derivative of a 1-form ω, note that the Leibniz
rule gives

(Lv ω, u) = Lv (ω, u) − (ω,Lv u) (3.64)

for any vector u. Now

Lv (ω, u) = vk
∂

∂xk
(ω�u�) = vk

(
∂ω�
∂xk

u� +
∂u�

∂xk
ω�

)
(3.65)

and

(ω,Lv u) = ω�

(
vk

∂u�

∂xk
− uk

∂v�

∂xk

)
(3.66)

so that

(Lv ω)� = vk
∂ω�
∂xk

+ ωk
∂vk

∂x�
(3.67)

Note the positive sign here, in contrast to the negative sign in Eq. (3.57).

Remark. Note that the Lie derivative does not change the rank of a tensor. �

Example 3.25. The Lie derivative appears naturally in the description of the flow of a
fluid with velocity field U . The co-moving derivative, which measures the rate of change
of a property of a fixed drop of the fluid moving with the flow, rather than at a fixed point
in space, is expressed as

d

dt
=

∂

∂t
+ LU (3.68)

Fluids are discussed at greater length in Section 3.6.

Another important use of the Lie derivative is to identify invariants. If T is a tensor such that

LvT = 0 (3.69)

then T is constant along any integral curve of v; T is an invariant of the vector field v.
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3.3 Calculus on Manifolds

3.3.1 Wedge Product: p-Forms and p-Vectors

A general tensor of type
(

0
N

)
has components αi1,...,iN with no particular symmetry under

permutations of the indices. However, such a tensor can be split into sets of components
that have definite symmetry, i.e., they transform according to irreducible representationsof the
group SN that permutes the indices of the tensor; such sets are invariant under change of basis.
General irreducible representations are studied in Chapter 10; for now we are interested only
in completely symmetric or completely antisymmetric tensors.

If σ and τ are 1-forms, and

ω = σ ⊗ τ (3.70)

then introduce the symmetric and antisymmetric forms

ωS ≡ 1
2 (σ ⊗ τ + τ ⊗ σ) ωA ≡ 1

2 (σ ⊗ τ − τ ⊗ σ) (3.71)

If {µk} is a basis of 1-forms and

σ = αkµ
k τ = βkµ

k (3.72)

then

ωS = 1
2 (αkβ� + α�βk)µk ⊗ µ� ≡ 1

2 ω
S
k� µ

k ⊗ µ� (3.73)

ωA = 1
2 (αkβ� − α�βk)µk ⊗ µ� ≡ 1

2 ω
A
k� µ

k ⊗ µ� (3.74)

where the factor 1
2 is to compensate for double counting in the sum over k and �.

Exercise 3.4. Show that ωSk� (ωAk�) remain symmetric (antisymmetric) under any change

of basis on the tensor space T (0,2)
P on which the forms are defined. �

The antisymmetric part of the product of two 1-forms σ and τ is important enough that
it has a special name, the wedge product (also exterior product or Grassmann product in the
mathematical literature). It is denoted by

σ ∧ τ ≡ 1
2 (σ ⊗ τ − τ ⊗ σ) = −τ ∧ σ (3.75)

In terms of components of σ and τ with respect to a basis {µk}, we have

σ ∧ τ = 1
2 (αkβ� − α�βk) µk ∧ µ� (3.76)

Exercise 3.5. Show that if σ and τ are 1-forms, and v is a vector, then

〈σ ∧ τ, v〉 = 〈σ, v〉τ − σ〈τ, v〉

The wedge product generalizes the three-dimensional cross product A×B of vectors. Indeed,
this cross product is often denoted by A ∧ B in the European literature. �
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The wedge product of two 1-forms is a 2-form. The antisymmetric product of p 1-forms
is a p-form. If σ1, . . . , σp are 1-forms, we have

σ1 ∧ · · · ∧ σp ≡
1
p!

∑

i1,...,ip

εi1,...,ip σ1 ⊗ · · · ⊗ σp (3.77)

where εi1,...,ip is the usual antisymmetric (Levi-Civita) symbol with p indices defined as by

εi1,...,ip = εi1,...,ip =






+1, if i1, . . . , ip is an even permutation of 1 . . . p
−1, if i1, . . . , ip is an odd permutation of 1 . . . p
0, if any two indices are equal

(3.78)

and the division by p! is needed to compensate for multiple counting in the sum over i1, . . . , ip.
A p-form σ can be expressed in terms of components as

σ =
1
p!
σi1,...,ip µ

i1 ∧ · · · ∧ µip (3.79)

Exercise 3.6. Show that the wedge product of a p-form σp and a q-form τq is a (p + q)-
form, with

σp ∧ τq = (−1)pq τq ∧ σp

Evidently this generalizes the antisymmetry of the wedge product of two 1-forms. �

The appearance of coordinate differentials as a basis for forms suggests that forms can be
integrated. For example, a 1-form σ = σk dx

k appears naturally as the integrand of a line
integral

∫

C

σ =
∫

C

σk dx
k (3.80)

along a curveC, and the dxk in the integral are the usual coordinate differentials of elementary
calculus. Note that it may be necessary to use more than one coordinate patch to integrate
along the entire curve C.

Similarly, a 2-form σ = 1
2σk� dx

k ∧ dx� appears naturally as the integrand of a surface
integral

∫

S

σ = 1
2

∫

S

σk� dx
k ∧ dx� (3.81)

over a surface S. In this context, the product dxk ∧dx� represents an oriented surface element
defined by the line elements dxk and dx�; the orientation arises from the antisymmetry of the
wedge product.

Remark. Expressing a surface element as a 2-form dx ∧ dy leads directly to understanding
the appearance of the Jacobian determinant when integration variables are changed. If

u = u(x, y) v = v(x, y) (3.82)



118 3 Geometry in Physics

then

du =
∂u

∂x
dx+

∂u

∂y
dy dv =

∂v

∂x
dx+

∂v

∂y
dy (3.83)

whence

du ∧ dv =
(
∂u

∂x

∂v

∂y
− ∂u

∂y

∂v

∂x

)
dx ∧ dy (3.84)

The minus sign and the absence of dx ∧ dx and dy ∧ dy terms follow from the antisymmetry
of the wedge product that is associated with the orientation of the surface element. �

In general, a p-form appears as an integrand in a p-dimensional integral. If σ is a smooth
p-form defined on a manifold M, and R is a p-dimensional submanifold of M, then we
denote such an integral simply by

I ≡
∫

R

σ (3.85)

where I represents a number, the value of the integral. To relate this integral to the usual
integral of elementary calculus, and to apply the usual methods to evaluate the integral, we
need to introduce a coordinate system (or a covering set of coordinate patches) on R. If
x1, . . . , xp is such a coordinate system, then the form σ can be expressed as

σ = fσ(x1, . . . , xp) dx1 ∧ · · · ∧ dxp (3.86)

(locally on each coordinate patch in R, if necessary). The integral I is then given by

I =
∫

R

fσ(x1, . . . , xp) dx1, . . . , dxp (3.87)

where now the dx1, . . . , dxp are the usual coordinate differentials of elementary calculus,
rather than a set of abstract basis elements for forms.

Remark. Note that the antisymmetry of the underlying p-form leads to the relation

dy1 ∧ · · · ∧ dyp = det
∥∥∥∥
∂yk

∂x�

∥∥∥∥ dx
1 ∧ · · · ∧ dxp (3.88)

for changing variables from x1, . . . , xp to y1, . . . , yp in a p-dimensional integral, where the
determinant is the usual Jacobian. This result leads to a natural definition of volume element
on a manifold with a metric tensor, as will be seen in the next section. �

In an n-dimensional manifold, there are no p-forms at all with p > n, and there is exactly
one independent n-form, which in a coordinate basis is proportional to

Ω ≡ dx1 ∧ · · · ∧ dxn =
1
n!
εi1,...,indx

i1 ∧ · · · ∧ dxin (3.89)

where εi1,...,in is the Levi-Civita symbol defined in Eq. (3.78).
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Exercise 3.7. Show that the dimension of the linear vector space Ep(P ) of p-forms at a
point P is given by

dp =
(
n

p

)

Note that this implies dn−p = dp. �

Definition 3.2. The collection of all p-forms (p = 1, . . . , n) at a point P of an n-dimensional
manifold M defined the exterior algebra E(P ) at P , with product of forms defined as the
wedge product.

Exercise 3.8. Show that the dimension of E(P ) is 2n. �

The p-forms have been introduced as antisymmetric tensor products of 1-forms at a
point P . These can be extended to p-form fields defined on a region of a manifold—even
on the entire manifold. One important field on a manifold is the fundamental volume form

Ω(x) ≡ ρ(x) dx1 ∧ · · · ∧ dxn (3.90)

where ρ(x) is a somewhat arbitrary density function that is modified by a Jacobian determinant
under a change of coordinates. However, in a manifold with a metric tensor, there is a natural
definition of the fundamental volume form (see Section 3.4). If it is possible to define a
continuous n-form on the n-dimensional manifold M with ρ(x) nowhere vanishing, then M
is (internally) orientable, and we can take ρ(x) to be positive everywhere on M.

The volume form serves to define another duality between vectors and forms. If σ is a
p-form, then the (Hodge)*-dual of σ is the antisymmetric

(
n−p

0

)
tensor V defined by

V i1,...,in−p = (∗σ)i1,...,in−p ≡ 1
p!

1
ρ(x)

εi1,...,inσin−p+1,...,in (3.91)

Conversely, if V is an antisymmetric
(
n−p

0

)
tensor, then the (Hodge)*-dual of V is the p-form

σ defined by

σi1,...,ip = (∗V )i1,...,ip ≡ 1
(n− p)!

ρ(x)εi1,...,inV
ip+1,...,in (3.92)

Example 3.26. Consider the real linear vector space R3 with the usual volume form

Ω = dx1 ∧ dx2 ∧ dx3 (3.93)

A 2-form

σ = 1
2 σjkdx

j ∧ dxk (3.94)

is dual to the vector

∗σ = 1
2ε
jk�σjk

∂

∂x�
≡ ∗σ�

∂

∂x�
(3.95)
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Conversely, a vector

V = V �
∂

∂x�
(3.96)

corresponds to the dual 2-form

∗V = 1
2 εjkl V

� dxj ∧ dxk ≡ 1
2

∗Vjk dxj ∧ dxk (3.97)

Thus in three dimensions (only), the wedge product, or vector product, of two vectors can
be identified with another vector as in the usual expression C = A × B.

Exercise 3.9. Show that if σ is a p-form, then ∗(∗σ) = (−1)p(n−p)σ. �

Exercise 3.10. Show that the dual of the volume form is a constant scalar function (a
0-vector), and, in fact, ∗Ω = 1. �

3.3.2 Exterior Derivative

The derivative operator
−→∇ of elementary vector calculus can be generalized to a linear oper-

ator d, the exterior derivative, which transforms a p-form field into a (p + 1)-form field. The
operator d is defined by the following rules:

1. For a scalar field f , df is simply the gradient of f , defined in a coordinate basis by the
usual rule, Eq. (3.59),

df =
∂f

∂xk
dxk (3.98)

so that if

v = vk
∂

∂xk
(3.99)

is a vector field, then

(df, v) = vk
∂f

∂xk
=

−→
v · −→∇f(x) (3.100)

which is the directional derivative of f in the direction of v.
2. The operator d is linear, so that if σ and τ are p-forms, then

d(σ + τ ) = dσ + dτ (3.101)

3. If σ is a p-form and τ is a q-form, then

d(σ ∧ τ ) = dσ ∧ τ + (−1)pσ ∧ dτ (3.102)

4. Poincaré’s lemma. For any form σ,

d(dσ) = 0 (3.103)
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Remark. It is actually enough to assume that this is true for 0-forms (scalars) only, but we
do not want to go into details of the proof of the generalized formula, Eq. (3.103). �

The combination of rules 1–4 allows us to construct explicit representations for the d
operator in terms of components. If

σ = σk dx
k (3.104)

is a 1-form, then dσ is given by

dσ = dσk ∧ dxk =
∂σk
∂xj

dxj ∧ dxk =
1
2

(
∂σk
∂xj

− ∂σj
∂xk

)
dxj ∧ dxk (3.105)

where Poincaré’s lemma has been used to set d(dxk) = 0. Thus dσ is a generalization of

curl σ =
−→∇ ×−→

σ of elementary calculus. Note that if σ = df , with f being a scalar function,
then

dσ =
∂2f

∂xj∂xk
dxj ∧ dxk = 0 (3.106)

since the second derivative is symmetric in j and k, while the wedge product is antisymmetric.
This is consistent with Poincaré’s lemma d(df) = 0, and corresponds to the elementary result

curl grad f =
−→∇ ×−→∇f = 0 (3.107)

Similarly, if

σ = 1
2 σk� dx

k ∧ dx� (3.108)

is a 2-form, then

dσ =
1
2
∂σk�
∂xm

dxk ∧ dx� ∧ dxm (3.109)

=
1
6

(
∂σk�
∂xm

+
∂σmk
∂x�

+
∂σ�m
∂xk

)
dxk ∧ dx� ∧ dxm (3.110)

with obvious generalization to higher forms.

Example 3.27. In three dimensions, we have the standard volume element

Ω = 1
6 εjkl dx

j ∧ dxk ∧ dx� (3.111)

so that

dxj ∧ dxk ∧ dx� = εjkl Ω (3.112)

The 2-form σ is the dual of a vector V , σ = ∗V , with

σjk = εjkmV
m (3.113)
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Thus

dσ =
(
∂V m

∂xm

)
Ω = (div V ) Ω (3.114)

and the divergence of a vector field V can be expressed as

(div V ) Ω = d ∗V (3.115)

In view of Exercise 3.10, we also have

div V = ∗d(∗V ) (3.116)

This definition serves to define the divergence of a vector field in any dimension.

Exercise 3.11. Show that in a space with a general volume form defined by Eq. (3.90),
the divergence of the vector field V is given by

div V =
1

ρ(x)
∂

∂xk
[
ρ(x)V k

]

Show also that

LVΩ = (div V )Ω

This is yet another geometrical property of the Lie derivative. �

Exercise 3.12. Show that Poincaré’s lemma also gives the identity

div curl
−→
V = 0

of elementary calculus. �

Definition 3.3. If σ is a p-form and V is a vector field, the contraction of σ with V defines a
(p− 1)-form that we denote by

iV σ ≡ σ(V, . ) (3.117)

or, in terms of components,

(iV σ)i1,...,ip−1 = σk i1,...,ip−1V
k (3.118)

as in Eq. (3.44).

Remark. iV σ is sometimes called an interior derivative, or interior product. �

Exercise 3.13. Show that if σ is a p-form and τ is a q-form, then

iV (σ ∧ τ ) = σ ∧ (iV τ ) + (−1)q(iV σ) ∧ τ

Note that we define iV σ by contracting the first index of σ with the vector index of V . The
alternative of contraction with the pth index leads to more awkward minus signs. �



3.3 Calculus on Manifolds 123

R

∂R

Figure 3.8: A closed region R with boundary ∂R. R is orientable if it can be subdivided
into subregions with boundaries, such that each internal boundary bounds two subregions with
opposite orientation, while the external boundaries of the subregions join smoothly to form a
consistent orientation on all of ∂R.

An important relation between the Lie derivative and the exterior derivative is the

Theorem 3.1. If V is a vector field and σ a p-form, then

LV σ = d(iV σ) + iV (dσ) (3.119)

Proof. If σ is a 1-form, then

d(iV σ)k =
∂

∂xk
(σ�V �) =

∂σ�
∂xk

V � + σ�
∂V �

∂xk
(3.120)

and

[iV (dσ)]k =
(
∂σk
∂x�

− ∂σ�
∂xk

)
V � (3.121)

The two terms combine to give the Lie derivative LV σ as obtained in Eq. (3.67). See Prob-
lem 5 for a general p-form.

3.3.3 Stokes’ Theorem and its Generalizations

A fundamental result of integral calculus is that if f(x) is a differentiable function, then

∫ x=b

x=a

df(x) = f(b) − f(a) (3.122)

Thus the integral of the derivative of a function (0-form) over an interval depends only on the
values of the function at the endpoints of the interval. This result can be generalized to the
integral of an exterior derivative over a closed region in an arbitrary manifold. Suppose R is a
closed p-dimensional region in a manifold M, with boundary ∂R as shown schematically in
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Fig. 3.8. Assume the boundary is orientable, which means that R can be divided into subre-
gions with a consistent orientation on the boundary of each of the subregions, as indicated in
the figure. Then if σ is a smooth (p− 1)-form defined on R and ∂R, we have

∫

R

dσ =
∫

∂R

σ (3.123)

Equation (3.123) is Stokes’ theorem.
To derive this result, consider a segment S0 of the boundary characterized by coordinates

x2, . . . , xp, as indicated in Fig. 3.9. We can drag this surface into R by a small distance δξ
along the integral curves of a coordinate ξ that is independent of the x2, . . . , xp, obtaining a
new surface S1.

Let δS denote the small region bounded by S0, S1 and
the edges traced out by the boundary of S0 as it is dragged.
Then in the region δS, we have

dσ =
∂σ(ξ, x2, . . . , xp)

∂ξ
dξ ∧dx2, . . . ,∧dxn (3.124)

and we can write
∫

δS

dσ =
∫

S0

σ−
∫

S1

σ+ · · · (edge terms) (3.125)

up to a sign that is fixed by choosing a suitable orientation
of the region δS.

ξ  = ξ 0

ξ = ξ0

+ δξ

S
S0

1

1

Fig. 3.9: Integration over a
region δR between two sur-
faces S0 and S1 separated by
a small coordinate displace-
ment δξ.

The surface S0 can be extended to cover the entire original boundary surface ∂R, perhaps
using more than one coordinate patch in covering ∂R. The region R is reduced to a smaller
region R1 with boundary ∂R1. Denote the region between ∂R and ∂R1 by δR. Then

∫

δR

dσ =
∫

∂R

σ −
∫

∂R1

σ (3.126)

and the edge terms cancel since they have opposite orientation when they appear from adjacent
regions. If the region R is simply connected, this procedure can be repeated until the inner
region is reduced to a single point. Then δR includes the entire region R, and ∂R1 disappears,
so that Eq. (3.126) is reduced to Eq. (3.123). If R is not simply connected, we can still apply
the procedure starting with the outer boundary, which we call ∂R0. When we shrink this
boundary, we eventually reach an inner boundary ∂R1 that can be contracted no further (∂R1

may even have several disconnected components). Then Eq. (3.126) becomes
∫

R

dσ =
∫

∂R0

σ −
∫

∂R1

σ (3.127)

To see that this is equivalent to Stokes’ theorem, note that if the orientation of ∂R0 is “out-
ward” from the region R, then the orientation of ∂R1 points into R. To obtain the consistent
“outward” orientation of the boundary ∂R in Eq. (3.123), we need to reverse the orientation
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of ∂R1. The integral on the right-hand side of Eq. (3.127) is then an integral over the entire
boundary of R.

The general Stokes’ theorem (Eq. (3.123)) includes the elementary version
∮

C

−→
V · −→dl =

∫

S

curl
−→
V · −→dS (3.128)

that relates the integral of a vector
−→
V around a closed curve C to the integral of curl

−→
V over

a surface S bounded by C.

Remark. Equation (3.128) shows that any surface bounded by C can be chosen, since the
integral on the right-hand side depends only on the boundary curve C. �

Example 3.28. A magnetic field
−→
B can be expressed in terms of a vector potential

−→
A as

−→
B = curl

−→
A (3.129)

The magnetic flux Φ through a surface S bounded by the closed curve C can then be
expressed as

Φ =
∫

S

−→
B · −→dS =

∮

C

−→
A · −→dl (3.130)

Note that this is invariant under a gauge transformation
−→
A → −→

A +
−→∇χ for any single-

valued gauge function χ.

Exercise 3.14. The vector potential at the point −→r due to a point magnetic dipole −→m at
the origin is given by

−→
A (

−→
r ) = k

−→m ×−→r
r3

(3.131)

where k is a constant. Find the magnetic flux through a circular loop of radius R with center
at a distance d from the dipole, oriented perpendicular to the line from the dipole to the center
(i) by using the result of the previous example, and (ii) by integrating the magnetic field over
a spherical cap with center at the dipole, and bounded by the circular loop. �

Stokes’ theorem also includes the divergence theorem in three dimensions,
∮

S

−→
V · −→dS =

∫

R

(div
−→
V ) Ω (3.132)

that relates the flow of a vector
−→
V across a closed surface S to the integral of the divergence

of
−→
V over the volume R bounded by S. The divergence theorem leads to relations between

global conservation laws and local equations of continuity. For example, the total electric
charge QR in a region R is given in terms of the charge density ρ by

QR =
∫

R

ρ Ω (3.133)
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The current I across a surface S is expressed in terms of the current density �j as

I =
∫

S

�j · −→dS (3.134)

Conservation of charge means that the total charge in a closed region changes only if charge
flows across the boundary of the region. This is expressed formally as

dQR

dt
=

d

dt

∫

R

ρ Ω =
∫

R

∂ρ

∂t
Ω = −

∫

∂R

�j · −→dS (3.135)

where as above, ∂R denotes the boundary of R. Hence, using Eq. (3.132), we have
∫

∂R

�j · −→dS =
∫

R

(
div�j

)
Ω (3.136)

for any region R, and then
∫

R

(
∂ρ

∂t
+ div�j

)
Ω (3.137)

Since this is true for any R, the integrand must vanish everywhere, so that

∂ρ

∂t
+ div�j = 0 (3.138)

Remark. Equation (3.138) is the equation of continuity. It is also true for matter flow in a
fluid, where ρ is the mass density and �j = ρ�u is the mass flow density, and the total mass of
the fluid is conserved. See Section 3.6 for further discussion of fluids. �

Stokes’ theorem also serves to show the equivalence between differential and integral
forms of Maxwell’s equations for electric and magnetic fields. Gauss’ Law

∫

S

−→
E · −→dS = 4πkQ = 4πk

∫

R

ρ Ω (3.139)

relates the flux of the electric field �E through a closed surface S to the total charge Q in the R
bounded by S (k is a constant that relates the unit of charge and the unit of electric field). The
divergence theorem allows us to write this in the form

∫

R

(
div

−→
E − 4πkρ

)
Ω (3.140)

(ρ is again the charge density) for any region R, and hence

div
−→
E = 4πkρ (3.141)

In the absence of magnetic charge, the total magnetic flux through any closed surface vanishes,
and thus the magnetic field satisfies

div
−→
B = 0 (3.142)



3.3 Calculus on Manifolds 127

Faraday’s Law

∮

C

−→
E · −→dl = − d

dt

∫

S

−→
B · −→dS (3.143)

relates the integral of the electric field around a closed curve C to the rate of change of the
magnetic flux through a surface S bounded by C (in view of Eq. (3.130), any surface S
bounded by C will do here). Stokes’ theorem allows us to write this equation as

∫

S

(
curl

−→
E +

∂
−→
B

∂t

)
· −→dS = 0 (3.144)

for any surface S, and then

curl
−→
E = − ∂

−→
B

∂t
(3.145)

Finally, the original version of Ampère’s Law

∫

C

−→
B · −→dl = 4παI = 4πα

∫

S

�j · −→dS (3.146)

relates the integral of the magnetic field around a closed curve C to the current I flowing
through a surface S bounded by the curve (α is a constant that relates the unit of current to the
unit of magnetic field). Ampère’s Law corresponds to the differential law

curl
−→
B = 4πα�j (3.147)

But this equation as it stands is inconsistent with the equation of continuity, Eq (3.138), which
is derived from conservation of electric charge, since div curl �B = 0 always, while div �j = 0
only if the charge density is time independent.

Maxwell’s great step forward was to recognize that adding a term proportional to the rate
of change of the electric field to the right-hand side of Eq. (3.147) would restore consistency
with charge conservation, and he proposed the modified form

curl
−→
B = 4πα

(
�j +

1
4πk

∂
−→
E

dt

)
(3.148)

The term proportional to ∂ �E/∂t on the right-hand side of Eq. (3.148) is sometimes called the
(Maxwell) displacement current density. It is analogous to the time derivative of the magnetic
field in Faraday’s Law (apart from a significant minus sign), and leads to a consistent classical
theory of electromagnetic radiation.

Remark. Equations (3.141), (3.142), (3.145), and (3.148) are Maxwell’s equations. Note
that in SI units, the constants k and α are given by k = 1/4πε0 and α = µ0/4π. �
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3.3.4 Closed and Exact Forms

Poincaré’s lemma 3.103 states that d(dσ) = 0 for any form σ, and we have noted the special
cases

curl grad f = 0 and div curl
−→
V = 0

from elementary vector calculus. Is the converse true? That is, if ω is a form such that dω = 0,
is there always a form σ such that ω = dσ? To answer this question, we introduce the

Definition 3.4. The form ω is closed if

dω = 0 (3.149)

The form ω is exact if there is a form σ such that

ω = dσ (3.150)

Poincaré’s lemma tells us that every exact form is closed. Here we ask: is every closed form
exact? If ω is a closed form, then there is always a form σ such that ω = dσ locally, but
it may not be possible to extend this relation to the entire manifold. In fact the existence of
closed forms that are not exact is an important topological characteristic of a manifold. Here
we simply illustrate this with some examples.

Example 3.29. On the circle, with coordinate angle θ, the form dθ is closed. But it is not
exact, since there is no single-valued function on the circle whose gradient is dθ.

Example 3.30. If
−→
V is a vector in a two-dimensional manifold M, such that curl

−→
V = 0,

then we can define a function f(x) by

f(x) =
∫ x

x0

−→
V · −→dl (3.151)

If the manifold M is simply connected (this means that any closed curve in the manifold
can be smoothly deformed to a circle of arbitrarily small radius), the integral defining f(x)
is independent of the path of integration from x0 to x. For if C1 and C2 are two smooth
curves joining x0 and x, then Stokes’ theorem insures that

∫

C1

−→
V · −→dl −

∫

C2

−→
V · −→dl =

∫

R
curl

−→
V · d−→S = 0 (3.152)

where R is a region (any region) bounded by the curves C1 and C2, such that R lies
entirely in the manifold M. Then also

grad f = grad
∫ x

x0

−→
V · −→dl =

−→
V (3.153)

It should be clear that the crucial point is that the manifold be simply connected. Other-
wise, there could be two paths joining x0 and xwith no region between them lying entirely
inside the manifold, and then we could not apply Stokes’ theorem in Eq. (3.152).
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Example 3.31. Consider the magnetic field
−→
B due to a hypothetical magnetic charge

(monopole) of strength g located at the origin,

−→
B = κg

�r

r3
(3.154)

where κ is a constant to set the physical units of g.
−→
B satisfies div

−→
B = 0 everywhere

except at the location of the charge, yet there is no single vector potential
−→
A such that

−→
B = curl

−→
A

everywhere except at the origin. As Dirac discovered in the early 1930s, any such vector
potential

−→
A will be singular on some curve extending from the origin to ∞. He called this

singularity a “string” (this Dirac string has no direct connection to modern string theory).
For example, consider two vector potentials

−→
AN =

κg

r(z + r)
(xêy − yêx)

−→
AS =

κg

r(z − r)
(xêy − yêx)

(3.155)

−→
AN is singular along the negative Z-axis (the “string” for

−→
AN ), while

−→
AS is singular

along the positive Z-axis. Nonetheless, we have

−→
B = curl

−→
AN = curl

−→
AS (3.156)

except along the Z-axis (show this). Thus, just as we often need more than a single coor-
dinate patch to cover a manifold (as here in the case of R3 with the origin removed), we
may need more than a single function to describe the vector potential of a magnetic field,
as explained by T. T. Wu and C. N. Yang [Phys. Rev. D12, 3843 (1975)].

Exercise 3.15. Find a function Λ such that

−→
AN −−→

AS =
−→∇Λ

except along the Z-axis. �

Remark. Thus
−→
AN and

−→
AS are gauge equivalent, as we already know from Eq. (3.156).

This gauge equivalence, together with the gauge transformation properties of quantum me-
chanical wave functions for charged particles, leads to the Dirac quantization condition that
the product of the fundamental unit e of electric charge and the corresponding unit g of mag-
netic charge must be an integer multiple of a fundamental constant. Though many searches
have been made, a magnetic monopole has never been observed. �
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3.4 Metric Tensor and Distance

3.4.1 Metric Tensor of a Linear Vector Space

Many general properties of a manifold do not require the concept of a metric, or measure of
distance, on the manifold. However, metric is especially important in our physical spacetime,
so we want to consider the added structure a metric brings to a manifold.

Definition 3.5. A metric tensor g on a (real) linear vector space is a symmetric
(
0
2

)
tensor that

maps each pair (u, v) of vectors into a real number

g(u, v) = g(v, u) = u · v (3.157)

(the scalar product of u and v). The components of the metric tensor

gjk ≡ g(ej , ek) = ej · ek (3.158)

in a basis {em} define a real symmetric matrix g. We require g to be nonsingular (or non-
degenerate), i.e., if g(u, v) = 0 for every v, then u = 0, which is equivalent to the matrix
condition detg �= 0. In terms of the components of u and v, the scalar product (3.157) has
the form

u · v = gjku
jvk (3.159)

The matrix g can be diagonalized, and the basis vectors rescaled so that

g = diag ( 1, . . . , 1︸ ︷︷ ︸
p times

, −1, . . . ,−1︸ ︷︷ ︸
q times

) (3.160)

(there are no zero eigenvalues since g is nonsingular). The pair (p, q) is the signature of the
metric. The pair (q, p) is equivalent to the pair (p, q), since the overall sign of the metric is in
general arbitrary. If the rescaled metric in Eq. (3.160) has diagonal elements all of the same
sign (that is, the signature is either (p, 0) or (0, q)), then the metric is definite; otherwise, it is
indefinite. An indefinite metric is sometimes called a pseudometric.

Remark. In the discussion of linear vector spaces in Chapter 2, we insisted that the metric
be positive definite. This is often appropriate, but not in describing relativistic physics of the
spacetime manifold in which we live. The spacetime manifold of special relativity is described
by coordinates {x0 = ct, x1, x2, x3} in R4 (t is the usual time coordinate, x1, x2, x3 are the
usual Cartesian space coordinates, and c is the speed of light) with a metric tensor

g = diag (1,−1,−1,−1) (3.161)

the Minkowski metric, with signature (1, 3). This metric is not definite, but is evidently non-
singular. In some contexts, it is more convenient to use a metric g = diag (−1, 1, 1, 1) with
signature (3, 1). The reader should recognize either version. �
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3.4.2 Raising and Lowering Indices

The metric tensor can be used to define a direct correspondence between vectors and 1-forms.
If v is a vector, then

ṽ ≡ g( . , v) (3.162)

is a 1-form associated with v. Conversely, if the matrix g is nonsingular, as required, then
the inverse matrix ḡ defines a symmetric

(
2
0

)
tensor that maps pairs (σ, τ ) of forms into real

numbers:

ḡ(σ, τ ) = ḡ(τ, σ) = σ · τ (3.163)

Then ḡ maps the 1-form ω into the associated vector ω̃, with

ω̃ = ḡ( . , ω) (3.164)

Since ḡ is the matrix inverse of g, we have

ḡ( . ,g( . , v)) = v (3.165)

The correspondence between vectors and 1-forms using the metric tensor can be described in
terms of components. If

g = (gjk) and ḡ = (gjk) (3.166)

in some coordinate system, then we have the relations

ṽj = gjkv
k and ω̃k = gkjωj (3.167)

between components of associated vectors and 1-forms. Thus the metric tensor is used for
raising and lowering of indices between components of associated vectors and 1-forms. Thus
the metric tensor is used for raising and lowering of indices.

Raising and lowering of indices with the metric tensor can also be applied to tensors of
higher rank. Thus a tensor of rank N can be expressed as a

(
p
q

)
tensor with any p, q so long as

p+ q = N . Starting from a pure
(
N
0

)
tensor T of rank N with components T k1,...,kN , we can

form an
(
N−q
q

)
tensor with components T kq+1,...,kN

j1,...,jq
by lowering indices using the metric

tensor,

T kq+1,...,kN

j1,...,jq
= gj1k1 , . . . , gjqkq

T k1,...,kN (3.168)

Remark. Here we lowered the first q indices of the original tensor T. This is simple, but not
necessary, and in general we get different mixed tensor components by lowering a different
set of q indices. If the original tensor T is either symmetric or completely antisymmetric,
however, then the alternatives will differ by at most an overall sign. �
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3.4.3 Metric Tensor of a Manifold

A metric tensor g(x) on a manifold M is a metric defined on the tangent space TP at each
point P of M in such a way that the components of g in some coordinate basis are continuous
(even differentiable) to some order. Continuity guarantees that the signature of the metric is a
global property of the manifold, since the signature can change along a curve only if det(g)
vanishes at some point on the curve, contrary to the assumption that g is nonsingular. g(x)
will often be described simply as the metric of M. A manifold with a metric is Riemannian,
and its geometry is Riemannian geometry.

The metric tensor provides a measure of distance along smooth curves in the manifold, in
particular along lines of flow of a vector field. Suppose v = d/dλ is a vector field with coor-
dinates xk = xk(λ) along an integral curve of the field. Then the distance ds corresponding
to an infinitesimal parameter change dλ along the curve is given by

ds2 = g
(
d

dλ
,
d

dλ

)
dλ2 = gjk

dxj

dλ

dxk

dλ
dλ2 = gjkẋ

j ẋkdλ2 (3.169)

where we introduce the notation

ẋm ≡ dxm

dλ
(3.170)

for the components of the tangent vector along the curve.

Remark. A metric tensor g(x) is Euclidean if g(x) = 1 for all x; the corresponding co-
ordinate system is Cartesian. A metric tensor is pseudo-Euclidean if it is constant over the
entire manifold, (e.g., the Minkowski metric of relativistic spacetime). A manifold is flat if
it has a metric tensor that is (pseudo)-Euclidean in some coordinate system. It is important
to determine whether a manifold with a given metric tensor g(x) is flat, especially in Ein-
stein’s theory of gravity (general relativity) where gravity appears as a deviation of the metric
of spacetime from the flat Minkowski metric. To provide a definitive answer, we need the
concept of curvature, which is described in the books on general relativity cited at the end of
the chapter, but the study of geodesics (see Section 3.4.6) can provide some hints. �

Example 3.32. For the standard polar coordinates r, θ in the plane (see Exercise 3.3), the
Euclidean distance corresponding to an infinitesimal coordinate displacement is

ds2 = dx2 + dy2 = dr2 + r2dθ2 (3.171)

corresponding to nonvanishing elements

grr = g
(
∂

∂r
,
∂

∂r

)
= 1 gθθ = g

(
∂

∂θ
,
∂

∂θ

)
= r2 (3.172)

of the metric tensor.

Example 3.33. Consider the standard spherical coordinates r, θ, φ on R3 defined in
terms of Cartesian coordinates x, y, z by

x = r sin θ cosφ y = r sin θ sinφ z = r cos θ (3.173)
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The Euclidean distance ds corresponding to a displacement (dr, dθ, dφ) is again obtained
by transformation from Cartesian coordinates, and is given by

ds2 = dr2 + r2dθ2 + r2 sin2 θdφ2 (3.174)

The metric tensor then has nonvanishing elements

grr = 1 gθθ = r2 gφφ = r2 sin2 θ (3.175)

The spherical volume element is derived from this metric tensor in Section 3.4.4.

Example 3.34. From the metric tensor of R3 expressed in spherical coordinates, we
also obtain a metric tensor on the 2-sphere S2, the metric induced on S2 by the Euclidean
metric of the R3 in which the sphere is embedded. With coordinates θ, φ on S2, the metric
tensor is given by

gθθ = a2 gφφ = a2 sin2 θ gθφ = 0 (3.176)

with a being an arbitrary scale factor.

These examples show that the metric tensor need not be constant, even if the underlying
manifold is flat, as is any Rn with its standard Euclidean metric—the form of the metric
is coordinate dependent. In the examples of polar and spherical coordinates, the Euclidean
metric is recovered by transforming back to Cartesian coordinates. However, the induced
metric (Eq. (3.176)) on S2 cannot be transformed into a flat metric. One indication of this
is the fact that geodesics through a point can intersect away from that point, as explained in
Section 3.4.6.

3.4.4 Metric Tensor and Volume

In a manifold with a metric tensor, there is a natural volume element. As already noted,
changing coordinates from x1, . . . , xn to y1, . . . , yn leads to the transformation

dy1 ∧ · · · ∧ dyn = |detJ| dx1 ∧ · · · ∧ xn (3.177)

where J is the Jacobian matrix

J = (Jk�) =
(
∂yk

∂x�

)
(3.178)

and the determinant is the usual Jacobian.
If g denotes the metric tensor in the x coordinate system, h the metric tensor in the y

coordinate system, then the components of the two tensors are related by

gjk =
∂ym

∂xj
∂yn

∂xk
hmn (3.179)

which we can write in the matrix form as

g = J†hJ (3.180)
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Evidently

detg = (detJ)∗ deth (detJ) (3.181)

and then
√
|detg| dx1 ∧ · · · ∧ xn =

√
|deth| dy1 ∧ · · · ∧ dyn (3.182)

in view of Eq. (3.177). Thus we have a natural volume form on the manifold,

Ω =
√
|detg| dx1 ∧ · · · ∧ dxn (3.183)

Ω is invariant under (smooth) coordinate transformations.

Example 3.35. For the standard spherical coordinates (Eq. (3.173)), we have

detg = r4 sin2 θ (3.184)

which gives the standard volume form

Ω = r2 sin θ dr ∧ dθ ∧ dφ (3.185)

Further examples are given in the problems.

3.4.5 The Laplacian Operator

A important differential operator in many branches of physics is the Laplacian operator ∆,
defined in Cartesian coordinates by

∆ = ∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
= div(grad) (3.186)

To define the Laplacian on a general manifold M, we note that the divergence of a vector field
is defined by Eq. (3.116) in Example 3.27, with an explicit form given in Exercise 3.11 for a
manifold with volume form given by

Ω(x) ≡ ρ(x) dx1 ∧ · · · ∧ dxn (3.187)

(Eq. (3.90)), with

ρ(x) =
√
|detg| (3.188)

However, the gradient df of a scalar function f is a 1-form, that we need to convert to a
vector field before using Eq. (3.116) to define the divergence. If M has a metric tensor g with
inverse ḡ, then we can convert the gradient df into a vector field

δf = ḡ(·, df) (3.189)
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The Laplacian of the scalar f can then be defined by

∆f =∗d ∗δf (3.190)

or, in terms of components,

∆f =
1√

|detg|
∂

∂xj

(√
|detg| gjk ∂f

∂xk

)
(3.191)

Example 3.36. For the standard spherical coordinates (Eq. (3.173)), we have

grr = 1 gθθ =
1
r2

gφφ =
1

r2 sin2 θ
(3.192)

and then

∆ =
1
r2

∂

∂r

(
r2
∂

∂r

)
+

1
r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
r2 sin2 θ

∂2

∂φ2
(3.193)

This result will no doubt be familiar to many readers.

Exercise 3.16. Standard cylindrical coordinates ρ, φ, z are defined in terms of Cartesian
coordinates x, y, z by

x = ρ cosφ y = ρ sinφ z = z (3.194)

(i) Find an expression for the infinitesimal line element ds in terms of dρ, dz, and dφ, and
thus the components of the metric tensor.
(ii) Find an expression for the volume element Ω in terms of dρ, dz, and dφ.
(iii) Find the Laplacian ∆ in terms of partial derivatives with respect to ρ, z, and φ. �

3.4.6 Geodesic Curves on a Manifold

In a manifold with a positive definite metric, the path length along a curve C : x = x(λ)
joining two points a and b can be expressed as

�ab(C) =
∫ b

a

√
gjk(x)ẋjẋk dλ ≡

∫ b

a

√
σ dλ (3.195)

where we define

σ ≡ gjk(x)ẋjẋk (3.196)

The distance between the two points a and b is the minimum value of �ab(C) for any curve C
joining the two points. A curve on which this minimum is achieved is a geodesic connecting
a and b, the analog of a straight line in a Euclidean space.
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Finding the extrema (maxima or minima) of an integral such as �ab(C), a functional of the
curve C, is a standard problem in the calculus of variations, which we review in Appendix A.
From this, it follows that a geodesic curve must satisfy the Euler–Lagrange equations (3.A10)

d

dλ

∂
√
σ

∂ẋj
− ∂

√
σ

∂xj
= 0 (3.197)

To express these in a standard form, note first that

∂
√
σ

∂ẋj
=

1√
σ
gjkẋ

k ∂
√
σ

∂xj
=

1
2
√
σ

∂gk�
∂xj

ẋkẋ� (3.198)

Then also

d

dλ

∂
√
σ

∂ẋj
=

1√
σ

{
gjkẍ

k +
∂gjk
∂x�

ẋkẋ� − 1
2σ

gjkẋ
k dσ

dλ

}
(3.199)

and

dσ

dλ
= ẋ�

∂σ

∂x�
+ ẍ�

∂σ

∂ẋ�
=
∂gmn
∂x�

ẋ�ẋmẋn + 2g�mẋ�ẍm

= 2ẋ� (g�mẍm + Γ�,mnẋmẋn)

(3.200)

where we have introduced the Christoffel symbols (of the first kind)

Γj,k� ≡
1
2

(
∂gjk
∂x�

+
∂gj�
∂xk

− ∂gk�
∂xj

)
= Γj,�k (3.201)

After some algebra, we can write the Euler–Lagrange equations as

d

dλ

∂
√
σ

∂ẋj
− ∂

√
σ

∂xj
=

1√
σ

(
δ �j − 1

σ
gjkẋ

kẋ�
)(

g�mẍ
m + Γ�,mnẋmẋn

)

≡ M k
j (ẋ)gk�D� = 0

(3.202)

where

M k
j (ẋ) =

(
σδ kj − gj�ẋ

kẋ�
)
/σ3/2 (3.203)

and

D� ≡ ẍ� + Γ�mnẋ
mẋn (3.204)

Here we have used the metric tensor to raise the free index, and

Γ�mn = gj�Γ�,mn =
1
2
gj�

(
∂gjm
∂xn

+
∂gjn
∂xm

− ∂gmn
∂xj

)
(3.205)

The Γ�mn are also Christoffel symbols (of the second kind).
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The matrix factor M(ẋ) = (M k
j (ẋ)) is singular, since

M(ẋ) kj ẋk = 0 (3.206)

Thus the component ofD� along the tangent vector ẋ is not constrained by the Euler–Lagrange
equations. However, the transverse components of D� must satisfy the geodesic equation

D� = ẍ� + Γ�mnẋ
mẋn = 0 (3.207)

To deal with the tangential component of D�, note that Eq. (3.200) tells us that

2ẋkgk�D� = 2ẋkgk�(ẍ� + Γ�mnẋ
mẋn) =

dσ

dλ
(3.208)

The parameter λ along the curve is arbitrary, so long as it increases continuously as we move
forward along the curve. It is natural to choose λ to be proportional to the length s along the
geodesic. Then, since ds =

√
σ dλ,

√
σ is constant along the curve, the right-hand side of

Eq. (3.208) vanishes, and the tangential component of D� also satisfies the geodesic equation.

Exercise 3.17. Derive transformation laws for Γj,k� (Eq. (3.201)) and Γ�mn (Eq. (3.205))
under coordinate transformations. Are the Christoffel symbols components of a tensor? Ex-
plain. �

Remark. The Christoffel symbols are important in the geometry of the manifold, as they pro-
vide a connection between the tangent spaces at different points of a manifold that is essential
to the discussion of curvature, parallel transport of vectors, and covariant differentiation in the
books noted at the end of the chapter. �

Example 3.37. For the sphere S2 with metric (3.176), we have nonzero Christoffel sym-
bols

Γθ,φφ = −a2 sin θ cos θ Γφ,θφ = Γφ,φθ = a2 sin θ cos θ (3.209)

and

Γθφφ = − sin θ cos θ Γφθφ = Γφφ,φθ = cot θ (3.210)

The geodesic equations then read

θ̈ − sin θ cos θ φ̇2 = 0 φ̈+ 2 cot θ φ̇ θ̇ = 0 (3.211)

The second equation can be written as

d

dλ
ln φ̇ =

φ̈

φ̇
= −2 cot θ θ̇ = −2

d

dλ
ln(sin θ) (3.212)

from which we have

φ̇ =
C

sin2 θ
(3.213)
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where C = sin2 θ0 φ̇0 is given by the initial conditions (θ0, φ̇0). Then the first equation is

θ̈ = C2 cos θ
sin3 θ

(3.214)

which gives

θ̇2 = A− C2

sin2 θ
(3.215)

where A = θ̇ 2
0 + sin2 θ0 φ̇

2
0 is another constant of integration. Note that

θ̇2 + sin2 θ φ̇2 = A (3.216)

so that σ is constant along the geodesic, consistent with the parameter λ being proportional
to the arc length along the curve. The remaining integrations can also be done in closed
form; we leave that to the reader. Problems 11 and 12 deal with two questions of interest.

It is instructive to use the symmetry of the sphere to obtain the geodesics more simply.
To find the geodesic between two points on the sphere, choose a coordinate system with
one point on the equator at longitude φ = φ0, and the other is at a latitude θ and the same
longitude. Then a solution of the geodesic equations is φ̇ = 0 and θ̇ = θ̇0, a constant
ω, and the geodesics are arcs along the line of constant longitude joining the two points.
It can be expressed in any coordinate system on the sphere using the rotation matrices of
Eq. (2.113). Viewed in three dimensions, the line of constant longitude is a circle about the
center of the sphere. Such a circle is called a great circle—it is a circle of maximum radius
that can be drawn on the sphere. Knowledge of the great circle geodesics is of practical
importance to seafarers and airplane pilots, although these are fixed, while wind and ocean
currents are more variable and less predictable currents

Note that both the short and long arcs of a great circle joining two points satisfy the ge-
odesic equations; one has minimum, the other maximum, length relative to nearby curves.
Joining two diametrically opposed points, which we can take to be the poles of the sphere,
there are infinitely many geodesics, since any line of constant longitude joining two poles
is a great circle, and hence a geodesic. These facts are an indication, though not yet a
complete proof, that a sphere is not flat.

The derivation of the geodesic equation above assumed that the metric was definite. In
a manifold with an indefinite metric, the direction of a tangent vector can be classified as
positive (σ > 0), negative (σ < 0), or null (σ = 0). In any case, the geodesic equation
leads to curves that can be called geodesics, but for negative directions, we must define a real
distance by

ds =
√
−σ dλ (3.217)

For null geodesics, we need to provide a suitable parametrization along the curve, since σ = 0
by definition. The geodesics may also correspond to relative maxima rather than relative
minima of the “distance.”
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Example 3.38. In Minkowski spacetime, coordinates are denoted by

x = {xµ} = (x0 = ct, x1, x2, x3) = (x0, �x) (3.218)

using the standard range µ = 0, 1, 2, 3 for Greek indices. The metric tensor is given by
g = diag(1,−1,−1,−1) everywhere, as already noted (see Eq. (3.161)); hence

σ = (ẋ0)2 − �̇x · �̇x (3.219)

Tangent vectors with σ > 0 are timelike, those with σ < 0 are spacelike, and those with
σ = 0 are null, or lightlike. The geodesic equations are ẍµ = 0, with the straight lines

xµ = aµ + bµλ ⇒ x = a+ bλ (3.220)

as solutions (notation as defined in Eq. (3.218)). Evidently σ = (b0)2 −�b ·�b, and we have
the cases:

1. σ > 0: The geodesic corresponds to the trajectory of a massive particle moving
with velocity �v = (�b/b0)c = �βc. If we choose σ = 1, then we must have

b0 = 1/
√

1 − β2 ≡ γ �b = b0�β = �β/
√

1 − β2 (3.221)

and the parameter λ is the proper time along the trajectory, often denoted by τ . It corre-
sponds physically to the time measured by an observer moving along the trajectory.

2. σ < 0: The geodesic corresponds to a rod moving with velocity �v = βcn in the
direction of the unit vector n = �b/|�b|, where β = b0/|�b|. If we choose σ = −1, then

�b = γn b0 = βγ (3.222)

where again γ = 1/
√

1 − β2. Here the parameter λ is the proper length along the rod. It
corresponds physically to the length measured by an observer moving along with the rod.

3. σ = 0: The geodesic corresponds to a light ray moving in the direction of the unit
vector n = �b/|�b|. The scale of the parameter λ is arbitrary.

Minkowski space and the Lorentz transformations that leave the metric g invariant are
discussed at length in Appendix B of Chapter 10.

3.5 Dynamical Systems and Vector Fields

3.5.1 What is a Dynamical System?

We have discussed several examples of dynamical systems without explaining exactly what is
a dynamical system. The broadest concept of a dynamical systems is a set of variables, usually
but not always defining a manifold, the state space of the system, together with a set of rules
for generating the evolution in time of a system, the equations of motion of the system.

The equations of motion may be expressed as maps that generate the states of the system
at discrete time intervals, as in Appendix A of Chapter 1. They may be a finite set of ordinary
first-order differential equations, generating a vector field as described in this chapter. Or
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they may be a set of partial differential equations for a set of dynamical variables that are
themselves defined as functions (fields) on some manifold—for example, the electromagnetic
fields in space for which the equations of motion are Maxwell’s equations, or the velocity field
of a fluid, for which the equations of motion are derived in Section 3.6.

In this section, we give two examples. The first is a simple model from ecology in which
the two variables are the populations of a predator species and a prey species. These variables
satisfy relatively simple nonlinear differential equations that allow a straightforward analysis
of the qualitative behavior of the solutions. The second is a study of the geometrical properties
of Hamiltonian systems, which include energy-conserving systems of classical mechanics.

3.5.2 A Model from Ecology

A simple model that illustrates a two-dimensional vector field as a dynamical system is the
Lotka–Volterra model of predator–prey relations. The populations of the predator (x1) and
prey (x2) are supposed to satisfy the differential equations

ẋ1 =
dx1

dt
= −λx1 + ax1x2

ẋ2 =
dx2

dt
= µx2 − bx1x2

(3.223)

where λ, µ, a, and b are positive constants.

Remark. The signs of these constants are based on a set of simple but realistic assumptions
about the nature of the system. It is supposed that the predator population will decline in
the absence of prey, so that λ > 0. However, the predators can survive if sufficient prey is
available (a > 0). It is also supposed that the prey population will grow exponentially (µ > 0)
in the absence of predators, who serve to limit the prey population (b > 0). �

There are two fixed points where the vector field vanishes:

O : x1 = x2 = 0 and P : x1 =
µ

b
x2 =

λ

a
(3.224)

The character of each fixed point is established by linearizing the equations near the fixed
point. The linear equations can then be analyzed as in Section 2.5.

To analyze the equations further, introduce the scaled variables y1 and y2 by

x1 =
µ

b
y1 x2 =

λ

a
y2 (3.225)

Then the Lotka–Volterra equations (3.223) become

ẏ1 = −λy1(1 − y2) ẏ2 = µy2(1 − y1) (3.226)

Near the origin O, we have

ẏ1 � −λy1 ẏ2 � µy2 (3.227)
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Figure 3.10: Flow lines of the two-dimensional vector field defined by the Lotka–Volterra equa-
tions (3.223) with λ = 1.0, µ = 2.0. Here y1, y2 are the scaled variables introduced in
Eq. (3.225).

so the origin is a hyperbolic fixed point, with stable manifold consisting of the line y2 = 0
and unstable manifold consisting of the line y1 = 0. Near the fixed point P , which is at
y1 = y2 = 1 in the scaled variables, let ξ1 = y1 − 1, ξ2 = y2 − 1. Then we have the linear
equations

ξ̇1 � λ ξ2 ξ̇2 � −µξ1 (3.228)

whose solutions correspond to periodic motion with angular frequency ω given by

ω =
√
λµ (3.229)

For larger amplitudes, the motion is no longer elliptical, but the integral curves cannot run
to ∞ in the first quadrant y1 > 0 and y2 > 0, and they cannot cross the axes. Hence they must
form a set of closed curves around the fixed point P , which is called a center. The motion
along any curve is periodic, with period depending on the curve. A set of integral curves of
the scaled equations (3.226) is shown in Fig. (3.10) for parameters λ = 1.0, µ = 2.0.

Remark. The vector field defined here is structurally unstable, since introducing a small
quadratic term in either equation introduces new fixed points that change the qualitative be-
havior of the system (see Problem 14). The modified equations are perhaps slightly more
realistic, but the reader is invited to look closely at the differences between those equations
and the system (3.223). �
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3.5.3 Lagrangian and Hamiltonian Systems

A classical dynamical system is defined on an n-dimensional configuration space C with co-
ordinates q = {q1, . . . , qn} on each coordinate patch in the atlas of C. These are the gen-
eralized coordinates of the system, and we follow tradition in denoting them by {qk} rather
than {xk} in this context. At each point of C, we have the tangent space with coordinates
q̇ = {q̇1, . . . , q̇n}, the velocities of the system. The Lagrangian dynamics of the system is
based on the introduction of a Lagrangian L(q, q̇, t), which depends on the coordinates and
velocities, and perhaps explicitly on the time t. The dynamical trajectories of the system are
determined from Hamilton’s principle, which requires that the action integral

S[q(t)] =
∫ b

a

L(q, q̇, t) dt (3.230)

from point a to point b in C be an extremum along the actual trajectory, compared to nearby
trajectories. As explained in Appendix A, this leads to the Euler–Lagrange equations of mo-
tion

d

dt

∂L

∂q̇k
− ∂L

∂qk
= 0 (3.231)

(k = 1, . . . , n).

Example 3.39. For a particle of mass m moving in a one-dimensional potential V (x),
the Lagrangian is

L = 1
2mẋ

2 − V (x) (3.232)

leading to the Euler–Lagrange equation

mẍ+
dV

dx
= 0 (3.233)

This is the same as Newton’s second law with force F = −dV/dx.

Example 3.40. For a simple harmonic oscillator in one dimension (V = 1
2mω

2x2), we
have the equation of motion

ẍ(t) + ω2x(t) = 0 (3.234)

The solution corresponding to initial position x0 and initial velocity ẋ0 is

x(t) = x0 cosωt− (ẋ0/ω) sinωt = A cos(ωt+ φ) (3.235)

The amplitude A and phase φ are expressed as

A =
√
x2

0 + (ẋ0/ω)2 φ = tan−1(ẋ0/ωx0) (3.236)

in terms of the initial position and velocity.
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Hamiltonian dynamics is expressed in terms of the coordinates q = {q1, . . . , qn} and the
conjugate momenta p = {p1, . . . , pn} introduced by

pk =
∂L

∂q̇k
(3.237)

(k = 1, . . . , n). The Hamiltonian is defined by

H(q, p, t) ≡ pkq̇
k − L(q, q̇, t) (3.238)

The equations of motion for the coordinates and momenta are

q̇k =
dqk

dt
=
∂H

∂pk
ṗk =

dpk
dt

= − ∂H

∂qk
(3.239)

(k = 1, . . . , n). These are Hamilton’s equations of motion.

Remark. Hamilton’s equations (3.239) are equivalent to the Lagrange equations (3.231).
However, a careful derivation of this equivalence needs to note that in taking partial deriva-
tives, the Lagrangian is expressed as a function of the coordinates and the velocities, while the
Hamiltonian is expressed as a function of the coordinates and momenta. See Problem 17. �

Example 3.41. For a particle of mass m in a central potential V (r), the Lagrangian is

L = 1
2m

(
ẋ2 + ẏ2 + ż2

)
− V (r) = 1

2m
(
ṙ2 + r2θ̇2 + r2 sin2 θ φ̇2

)
− V (r) (3.240)

where the second expression is in terms of the usual spherical coordinates defined in
Eq. (3.173). The Lagrange equations of motion in spherical coordinates are

d

dt

∂L

∂ṙ
= mr̈ =

∂L

∂r
= mr

(
θ̇2 + sin2 θ φ̇2

)
− dV

dr
(3.241)

d

dt

∂L

∂θ̇
= mr2θ̈ + 2mrṙθ̇ =

∂L

∂θ
= mr2 sin θ cos θ φ̇2 (3.242)

d

dt

∂L

∂φ̇
= mr2 sin2 θ φ̈+ 2mr sin2 θ ṙφ̇+ 2mr2 sin θ cos θ θ̇φ̇ =

∂L

∂φ
= 0 (3.243)

Note that for a particle constrained to move on the surface of a sphere (ṙ = 0), the equa-
tions of motion for θ and φ are the same as the geodesic equations (3.211).

The conjugate momenta in spherical coordinates are

pr = mṙ pθ = mr2 θ̇ pφ = mr2 sin2 θ φ̇ (3.244)

and the Hamiltonian is expressed as

H =
1

2m

(
p2
r +

p2
θ

r2
+

p2
φ

r2 sin2 θ

)
+ V (r) (3.245)

in terms of these coordinates and momenta.
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Exercise 3.18. Write down explicitly Hamilton’s equations of motion for the Hamilton-
ian (3.245). Show that these equations of motion are equivalent to Eqs. (3.241)–(3.243). �

If the Hamiltonian is independent of the coordinate qa, then qa is a cyclic coordinate, or
an ignorable coordinate. The corresponding momentum pa then satisfies

ṗa = −∂H
∂qa

= 0 (3.246)

so that pa is conserved on any trajectory of the system—pa is a constant of the motion.

Example 3.42. The Hamiltonian equation (3.245) is independent of the spherical coor-
dinate φ. Hence the conjugate momentum pφ = mr2 sin2 θ φ̇ is a constant of the motion.
Note that pφ is the Z-component of the angular momentum of the particle.

We have implicitly assumed that the momenta {pk} defined by Eq. (3.237) are indepen-
dent. For this to be the case, it is necessary that the matrix M defined by

M = (Mjk) =
(

∂2L

∂q̇j∂q̇k

)
(3.247)

is nonsingular everywhere in C. For a Lagrangian with the standard form of a kinetic energy
quadratic in the velocities minus a potential energy V (q), we have

L = 1
2 q̇
j Mjk(q) q̇k − V (q) (3.248)

and the momenta will be independent if the matrix M(q) is nonsingular everywhere in C.
Then also M(q) can serve as a metric tensor on the tangent space at each point, and we have

pj =
∂L

∂q̇j
= Mjk(q) q̇k (3.249)

Thus the momentum space and the velocity space at each point are dual to each other.
The Hamiltonian is related to a vector field X defined on the phase space of the dynamical

system by

X =
d

dt
= q̇k

∂

∂qk
+ ṗk

∂

∂pk
≡ XH (3.250)

From Hamilton’s equations of motion, we have

X =
∂H

∂pk

∂

∂qk
− ∂H

∂qk

∂

∂pk
(3.251)

The integral curves of X are the phase space trajectories of the system if H is time indepen-
dent. The Lie derivative LX transports vectors and forms along the trajectories; in particular,

XH = LXH =
∂H

∂pk

∂H

∂qk
− ∂H

∂qk
∂H

∂pk
= 0 (3.252)
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Thus the Hamiltonian is constant along the integral curves of X. When H is identified with
the total energy of the system, Eq. (3.252) is a statement of conservation of energy.

Remark. For a general scalar function f , we have

Xf = LXf =
∂H

∂pk

∂f

∂qk
− ∂H

∂qk
∂f

∂pk
(3.253)

The right-hand side of this equation is the Poisson bracket of H and f , denoted by {H, f}.
See Problem 19 for a general definition of the Poisson bracket. �

The velocities q̇ = {q̇1, . . . , q̇n} transform as components of a vector on C, since under a
coordinate transformation q = {q1, . . . , qn} → Q = {Q1, . . . , Qn}, we have

q̇k → Q̇k =
(
∂Qk

∂q�

)
q̇� (3.254)

On the other hand, the momenta p = {p1, . . . , pn} transform according to p→ P , with

Pk =
∂L

∂Q̇k
=

∂q̇�

∂Q̇k
∂L

∂q̇�
=
(
∂q�

∂Qk

)
p� (3.255)

Hence the momenta are the components of a 1-form σ,

σ ≡ pk dq
k (3.256)

at each point of C; σ is known as the Poincaré 1-form. Note that σ is not a 1-form field on C
since the pk are not functions of the coordinates. However, it is a 1-form field on the phase
space T ∗(C), and its exterior derivative is the canonical 2-form

ω = dσ = dpk ∧ dqk (3.257)

The canonical 2-form is nonsingular on the phase space T ∗(C), and it provides a unique
correspondence between vectors and forms on the phase space; if V is a vector field in the
phase space, then (recall the notation iV introduced in Eq. (3.117))

iVω = ω(V, . ) (3.258)

is the 1-form field associated with V.

Remark. The canonical 2-form ω is often denoted by Ω in classical mechanics textbooks;
here we use ω to avoid confusion with the volume form Ω. �

Exercise 3.19. (i) Show that the 2-form ω is antisymmetric,

ω(U,V) = −ω(V,U) (3.259)

for every pair of vector fields U, V defined on T ∗(C). Then also show that

(iVω,V) = ω(V,V) = 0 (3.260)

for every vector field V on T ∗(C).
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(ii) Show that for every vector V, there is a vector U such that

(iVω,U) = ω(V,U) > 0 (3.261)

so that ω is nonsingular. In particular, suppose

V = ak
∂

∂qk
+ bk

∂

∂pk

is defined on the tangent space of some point in the phase space. Find an explicit representa-
tion for the form iVω, and find a vector U such that ω(U,V) > 0. �

Remark. In Exercise 2.7, it was stated that if A is a linear operator on a complex vector
space such that (x,Ax) = 0 for every vector x, then A = 0. The form ω shows why the
statement is not true in a real vector space. �

Definition 3.6. A form ω satisfying Eq. (3.260) is symplectic. A manifold on which such a
2-form field exists on the entire manifold is a symplectic manifold; the 2-form field defines a
symplectic structure on the manifold.

Exercise 3.20. If ω is a 2-form such that ω(V,V) = 0 for every vector V, then

ω(U,V) = −ω(V,U)

for every pair of vectors U, V. �

Exercise 3.21. If σ is a 1-form on the phase space, then there is a unique vector Vσ such
that

σ = ω(Vσ, . ) = iVσ
ω (3.262)

These exercises show that ω can serve as a (pseudo-)metric to relate vectors and forms on
phase space, as stated. By contrast, the kinetic energy matrix introduced in Eq. (3.247) serves
as a metric on the original configuration space C (see Eq. (3.249)). �

The vector field X (Eq. (3.250)) that defines the trajectories of the system is related to the
Hamiltonian by

iXω ≡ ω(X, . ) = −∂H
∂qk

dqk − ∂H

∂pk
dpk (3.263)

In general, we have

dH =
∂H

∂qk
dqk +

∂H

∂pk
dpk +

∂H

∂t
(3.264)

Hence if H does not depend explicitly on time, we have

iXω = − dH (3.265)

From Theorem 3.3.1, it then follows that

LXω = iX(dω) + d(iXω) = 0 (3.266)
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since

dω = d(dσ) = 0 d(iXω) = −d(dH) = 0 (3.267)

by Poincaré’s lemma. Thus the canonical 2-form ω is invariant along the trajectories of the
system in phase space, as are the successive powers of ω,

ω2 = ω ∧ ω , . . . , ωn = ω ∧ · · · ∧ ω︸ ︷︷ ︸
n factors

(3.268)

The forms ω, ω2, . . . ωn are the Poincaré invariants of the system. The form ωn is the volume
element in phase space. Invariance of ωn along the trajectories of the system means that if
we start with a small region in phase space and let it develop in time according to Hamilton’s
equations of motion, the volume of the region will remain constant as the region evolves in
time. This result is known as Liouville’s theorem; it is an important and useful property of the
phase space flow of a dynamical system.

The canonical 2-form ω is invariant under coordinate transformations q → Q, with the
corresponding transformation p→ P of the momenta given by Eq. (3.255), in the sense that

ω = dpk ∧ dqk = dPk ∧ dQk (3.269)

However there are more general transformations (q, p) → (Q,P ) of the phase space that leave
ω invariant as in Eq. (3.269). Such transformations are called canonical transformations, or
symplectic transformations.

One use of canonical transformations is to attempt to reduce a Hamiltonian to a form that
depends on as few coordinates as possible, so that the momenta corresponding to the remain-
ing coordinates are constants of the motion. For example, the use of spherical coordinates
for a spherically symmetric system shows explicitly the conservation of angular momentum,
which is not so obvious in Cartesian coordinates, for example.

Relatively few systems can be completely solved in this way; a system for which the
Hamiltonian can be completely expressed in terms of conserved momenta is called integrable.
However, many systems are “nearly” integrable, in the sense that an integrable system can be
used as a starting point for a systematic approximation scheme. One such scheme is classical
perturbation theory, a simple example of which appears in Problem 20.

Example 3.43. The Hamiltonian of the one-dimensional harmonic oscillator is

H =
p2

2m
+

1
2
mω2x2 (3.270)

Rescaling the variables from (x, p) to (X,P ) defined by

X ≡
√
mω x P ≡ p√

mω
(3.271)

is a canonical transformation. In terms of (X,P ), the Hamiltonian is

H = 1
2 ω(P 2 +X2) (3.272)
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We can further introduce variables J, α by

X ≡
√

2J sinα P ≡
√

2J cosα (3.273)

corresponding to

J = 1
2 (P 2 +X2) tanα =

P

X
(3.274)

In terms of these variables, the Hamiltonian is given simply by

H = ωJ (3.275)

The variables J, α are action-angle variables. Since the Hamiltonian (3.275) is indepen-
dent of the angle variable α, the conjugate momentum J (the action variable) is a constant
of the motion, and

α̇ =
∂H

∂J
= ω (3.276)

Thus the motion in the phase space defined by the variables (X,P ) is a circle of radius√
2J , with angular velocity given by α̇ = ω. Note that for the special case of simple

harmonic oscillator, the angular velocity α̇ is independent of the action variable. This is
not true in general (see Problem 20).

Exercise 3.22. Show that the transformation to action-angle variables is canonical, i.e.,
show that

dJ ∧ dα = dP ∧ dX

Then explain the choice of
√

2J , rather than some arbitrary function of J , as the “radius”
variable in Eq. (3.273). �

3.6 Fluid Mechanics

A real fluid consists of a large number of atoms or molecules whose interactions are suffi-
ciently strong that the motion of the fluid on a macroscopic scale appears to be smooth flow
superimposed on the thermal motion of the individual atoms or molecules, the thermal motion
being generally unobservable except through the Brownian motion of particles introduced into
the fluid.

An ideal fluid is characterized by a mass density ρ = ρ(x, t) and a velocity field �u =
�u(x, t), as well as thermodynamic variables such as pressure p = p(x, t) and temperature
T = T (x, t). If the fluid is a gas, then it is often important to consider the equation of state
relating ρ, p, and T . For a liquid, on the other hand, it is usually a good approximation to treat
the density as constant (incompressible flow).

Remark. It is implicitly assumed that the time scales associated with the fluid flow are long
enough for local thermodynamic equilibrium to be established, though the temperature may
vary within the fluid. �
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Conservation of matter means that the total mass in a region R can only change if matter
flows across the boundary of the region. Thus we have

d

dt

∫

R

ρΩ = −
∫

∂R

ρ�u · −→dS (3.277)

where Ω is the volume form on R, and
−→
dS is an outward normal to the boundary surface ∂R.

The integral on the left is the rate of change of the total mass within R, while the integral
on the right is the rate at which matter flows out across the boundary surface. Using Stokes’
theorem, we then have

∫

R

{
∂ρ

∂t
+ �∇ · (ρ�u)

}
Ω = 0 (3.278)

Since this is true for any region R, the integrand must vanish7, and we then have the equation
of continuity

∂ρ

∂t
+ div (ρ�u) = 0 (3.279)

Associated with the velocity field �u are a vector field U , and a 1-form field Ũ ,

U = uk
∂

∂xk
Ũ = ukdx

k (3.280)

where the components uk and uk are related by the metric tensor g in the usual way. In
a Cartesian coordinate system in a flat space, these components are equal (uk = uk), but
we want to be able to consider both curvilinear coordinate systems and the nonflat metrics
associated with very massive stars, for example. The integral curves of the vector field U are
the lines of flow, or streamlines of the fluid flow.

Exercise 3.23. Show that

LU Ũ = (�u · �∇)�u+ 1
2
�∇u2 (3.281)

where u2 = �u · �u = 〈Ũ , U〉. Then show also that

〈LU Ũ , U〉 = (�u · �∇)u2 (3.282)

(recall Eq. (3.67)). �

The equation of continuity (3.279) can be expressed as
(
∂

∂t
+ LU

)
ρΩ = 0 (3.283)

using Exercise 3.11, where LU is the Lie derivative associated with the velocity field U .

7Technically, the integrand in Eq. (3.278) must be continuous. For a mass of water flowing through a pipe, there
is a discontinuity at the leading edge of the water, which produces δ-function singularities in the partial derivatives in
the integrand. However, the δ-function singularities must and do cancel in the end.



150 3 Geometry in Physics

Newton’s second law for a moving element of fluid is

ρ
d�u

dt
= ρ

{
∂�u

∂t
+ (�u · �∇)�u

}
= �f (3.284)

where �f is the force per unit volume on the fluid element. If p is the pressure in the fluid, and
Φ is the gravitational potential, then

�f = −�∇p− ρ�∇Φ (3.285)

and Eq. (3.284) becomes Euler’s equation

∂�u

∂t
+ (�u · �∇)�u = − 1

ρ
�∇p− �∇Φ (3.286)

In the language of forms, Euler’s equation takes the form
(
∂

∂t
+ LU

)
Ũ = − 1

ρ
dp+ d

(
1
2u

2 − Φ
)

(3.287)

using the results of Exercise 3.23. Then also

1
2

(
∂

∂t
+ LU

)
u2 +

1
ρ
LU p+ LU Φ = 0 (3.288)

For steady (time-independent) flow of an incompressible fluid, this becomes

LU ( 1
2ρu

2 + p+ ρΦ) = 0 (3.289)

so that the quantity 1
2ρu

2 + p + ρΦ is constant along each streamline of the fluid flow. This
is Bernoulli’s principle, which is equivalent to conservation of energy of a drop of fluid as it
moves along a streamline.

The momentum density Π of the fluid is the vector field

Π = ρU (3.290)

From the equation of continuity and Euler’s equation, we have

∂Πk

∂t
= −uk ∂

∂x�
(ρU �) − ∂

∂xk
(p+ ρΦ) ≡ −∂T

k�

∂x�
(3.291)

where the stress tensor T is a symmetric
(
2
0

)
tensor defined by

T = (p+ ρΦ)ḡ + ρU ⊗ U (3.292)

and ḡ = g−1 is the dual of the metric tensor.

Remark. The concept of a stress tensor is more general; it appears in electromagnetic theory,
as well as in the general theory of elastic media. It is always related to a rate of change of
momentum density by the local form, Eq. (3.291), of Newton’s second law.
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The force f exerted by the fluid across a surface σ is then expressed in terms of components
of the stress tensor by

fk = Tk�g�m(∗σ)m (3.293)

where ∗σm = εjkmσjk is a vector that can be identified with the usual normal to the surface.
This local interpretation of the stress tensor is valid in any coordinate system, and can also be
generalized to nonflat spaces. �

In a Euclidean space with a Cartesian coordinate system (and only in such a space), the
momentum density can be integrated to define a total momentum. If R is a region fixed in
space (not co-moving with the fluid), then the total fluid momentum P in R has components

P k =
∫

R

ΠkΩ (3.294)

Then also

dP k

dt
=
∫

R

∂Πk

∂t
Ω = −

∫

R

∂Tk�

∂x�
Ω = −

∫

∂R

Tk�g�m
∗σm (3.295)

where the last equality follows from Stokes’ theorem. Here ∂R is the boundary of R and ∗σ�
is the (outward) normal to ∂R introduced above.

The vorticity α of the flow is a 2-form defined by

α = dŨ (3.296)

(�α = curl �u in ordinary vector notation). If S is a two-dimensional surface bounded by the
closed curve C, then

∫

S

α =
∫

C

Ũ =
∫

C

�u · �d� (3.297)

by Stokes’ theorem. Thus α is a measure of the average tangential component of the velocity
field around a closed curve. If α = 0 throughout a simply connected region, then this integral
vanishes for any closed curve in the region, and the flow is called irrotational. In this case,
there is a scalar function φ (the velocity potential) such that

Ũ = dφ (3.298)

in the region. For steady state flow of a incompressible fluid, the velocity potential must satisfy
Laplace’s equation

∇2 φ = 0 (3.299)

Methods of finding solutions to Laplace’s equation will be discussed in Chapter 8.
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A Calculus of Variations

Consider an integral of the form

S[x(τ )] ≡
∫ b

a

F (x, ẋ, τ) dτ (3.A1)

from point a to point b along a set of smooth curves C : x = x(τ ) in a one-dimensional
manifold, where here, as in Section 3.4,

ẋ =
dx

dτ
(3.A2)

Higher derivatives may also be present, but they are absent from the examples we consider
here, so we do not discuss them further (see, however, Problem 22). An integral of the type,
Eq. (3.A1), is a functional of the curve x(τ ). We have encountered linear functionals in
Section 2.1.5, and quadratic functionals in Section 2.3.4, but here we are concerned with more
general functionals, such as the one encountered in the study of geodesics on a manifold in
Section 3.4.6.

The problem of interest is to find a curve x = x∗(τ ) for which the integral S[x(τ )] is an
extremum. By analogy with the extremum conditions for functions of n variables, we expect
the condition for an extremum to have the form

δS

δx(τ )
= 0 (3.A3)

but we need a definition of δS/δx(τ ). To provide such a definition, consider a curve

x(τ ) = x∗(τ ) + εη(τ ) (3.A4)

near the curve x = x∗(τ ). The variation of S[x(τ )] is given by

δS[x(τ )] = ε

∫ b

a

(
∂F

∂x
η(τ ) +

∂F

∂ẋ
η̇(τ )

)
dτ (3.A5)

The second term can be integrated by parts to give

δS[x(τ )] = ε

∫ b

a

(
∂F

∂x
− d

dτ

∂F

∂ẋ

)
η(τ )dτ + εη(τ )F (x, ẋ, τ)

∣∣∣∣
τ=b

τ=a

(3.A6)

The endpoint term in the integration by parts vanishes, since S[x(τ )] is defined by an integral
between fixed endpoints, so that we must have

η(a) = η(b) = 0 (3.A7)

and

δS[x(τ )] = ε

∫ b

a

(
∂F

∂x
− d

dτ

∂F

∂ẋ

)
η(τ )dτ (3.A8)
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From Eq. (3.A4), we have the identification δx(τ ) = εη(τ ), and thus

δS

δx(τ )
=

1
ε

δS

δη(τ )
=
∂F

∂x
− d

dτ

∂F

∂ẋ
(3.A9)

The extremum condition, Eq. (3.A3), then becomes

d

dτ

∂F

∂ẋ
− ∂F

∂x
= 0 (3.A10)

This differential equation is the Euler–Lagrange equation for the functional S[x(τ )]. In
the present context, the Euler–Lagrange equation is typically a second-order differential equa-
tion whose solution is required to pass through two particular points. The question of existence
and uniqueness of the solutions satisfying endpoint conditions is not so simple as for a sys-
tem of first-order equations with fixed initial conditions, and there may be no solutions, one
solution, or more than one solution satisfying the endpoint conditions.

Remark. Beyond geodesics, functionals of the type, Eq. (3.A1), form the basis of the La-
grangian formulation of classical mechanics, in which the function F (x, ẋ, τ) is the Lagrang-
ian of a system, and the Euler–Lagrange equations are the classical Lagrange equations of
motion for the system, as discussed at length in Section 3.5.3. �

If the integral (3.A1) is over a curve in an n-dimensional manifold with coordinates given
by x1, . . . , xn, then minimizing with respect to each of the coordinates leads to an Euler–
Lagrange equation in each variable, so that we have the n conditions

d

dτ

∂F

∂ẋk
− ∂F

∂xk
= 0 (3.A11)

(k = 1, . . . , n).

B Thermodynamics

Consider a simple thermodynamic system, such as a one-component gas, described by the
variables T (temperature), p (pressure), V (volume), U (internal energy), and S (entropy).
The system satisfies the first law in the form

dU = T dS − p dV (3.B12)

where the T dS term represents the heat absorbed by the system, and the term p dV the work
done by the system on its environment. The system is supposed to satisfy an equation of state
of the form

f(p, V, T ) = 0 (3.B13)

that allows any of the variables to be expressed in terms of two independent variables. The
precise form of the equation of state is not important here; the essential point is that the
equation of state defines a two-dimensional manifold in the space of the three variables p, V ,
T , the thermodynamic state space of the system.
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The properties of forms allow us to derive some completely general relations between the
derivatives of the thermodynamic variables in a relatively simple way. For example, the first
law (Eq. (3.B12)) implies

T =
(
∂U

∂S

)

V

p = −
(
∂U

∂V

)

S

(3.B14)

Here we use the standard thermodynamic notation
(
∂u

∂x

)

y

to denote the partial derivative of u with respect to x, holding y fixed. In other words, we are
treating u as a function of the variables x and y, so that u = u(x, y) and

du =
(
∂u

∂x

)

y

dx+
(
∂u

∂y

)

x

dy (3.B15)

If instead we want to treat u as a function of the variables x and y, with y = y(x, z), then

dy =
(
∂y

∂x

)

z

dx+
(
∂y

∂z

)

x

dz (3.B16)

so that
(
∂u

∂z

)

x

=
(
∂u

∂y

)

x

(
∂y

∂z

)

x

(3.B17)

and
(
∂u

∂x

)

z

=
(
∂u

∂x

)

y

+
(
∂u

∂y

)

x

(
∂y

∂x

)

z

(3.B18)

Equality of mixed second partial derivatives then gives the relation
(
∂T

∂V

)

S

= −
(
∂p

∂S

)

V

(3.B19)

Since d(dU) = 0, we have

dT ∧ dS = dp ∧ dV (3.B20)

With

dS =
(
∂S

∂T

)

V

dT +
(
∂S

∂V

)

T

dV dp =
(
∂p

∂T

)

V

dT +
(
∂p

∂V

)

T

dV (3.B21)

we have
(
∂S

∂V

)

T

dT ∧ dV =
(
∂p

∂T

)

V

dT ∧ dV (3.B22)
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so that
(
∂S

∂V

)

T

=
(
∂p

∂T

)

V

(3.B23)

Taking other combinations of independent variables leads to the further relations
(
∂T

∂p

)

S

=
(
∂V

∂S

)

p

(
∂V

∂T

)

p

= −
(
∂S

∂p

)

T

(3.B24)

Equations (3.B19), (3.B23), and (3.B24) are the (thermodynamic) Maxwell relations. They
are completely general, and do not depend on the specific form of the equation of state.

Changing independent variables for U from S and V to T and V in Eq. (3.B12) gives

dU = T

(
∂S

∂T

)

V

dT +
[
T

(
∂S

∂V

)

T

− p

]
dV (3.B25)

so that
(
∂U

∂V

)

T

= T

(
∂S

∂V

)

T

− p = T

(
∂p

∂T

)

V

− p (3.B26)

This relates the dependence of the energy on volume at constant temperature, which is a mea-
sure of the interaction between the particles in the gas, to the dependence of the pressure on
temperature at constant volume. Note that for an ideal gas, in which the interactions between
the particles are negligible, the equation of state

pV = nRT (3.B27)

(R is the gas constant, n is the number of moles of the gas) implies that both sides of
Eq. (3.B26) vanish, and the internal energy of the ideal gas depends only on temperature.

Exercise 3.B1. The (Helmholtz) free energy F of a thermodynamic system is related to
the internal energy by

F ≡ U − TS

(i) Show that

dF = −p dV − S dT

(ii) Use this to derive directly the Maxwell relation (3.B23),
(
∂p

∂T

)

V

=
(
∂S

∂V

)

T

(iii) Show that
(
∂F

∂T

)

p

= −S + p

(
∂S

∂p

)

T

�
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Exercise 3.B2. The enthalpy H of a thermodynamic system is defined by

H ≡ U + pV

(i) Show that

dH = T dS + V dp

(ii) Use this to derive the Maxwell relation
(
∂T

∂p

)

S

=
(
∂V

∂S

)

p

stated above. �

Other general identities can be derived using the general properties of forms. For example,
if we view y as a function of x and u in Eq. (3.B15), so that

dy =
(
∂y

∂x

)

u

dx+
(
∂y

∂u

)

x

dz (3.B28)

then we have
[
1 −

(
∂u

∂y

)

x

(
∂y

∂u

)

x

]
du =

[(
∂y

∂x

)

u

+
(
∂y

∂u

)

x

(
∂u

∂x

)

y

]
dx (3.B29)

Since
(
∂u

∂y

)

x

(
∂y

∂u

)

x

= 1 (3.B30)

the left-hand side of Eq. (3.B29) vanishes, and thus
(
∂y

∂x

)

u

= −
(
∂y

∂u

)

x

(
∂u

∂x

)

y

(3.B31)

or
(
∂x

∂y

)

u

(
∂y

∂u

)

x

(
∂u

∂x

)

y

= −1 (3.B32)

Note the minus sign on the right-hand side of Eqs. (3.B31) and (3.B32). Naive cancelation of
partial derivatives here would be an error.

To illustrate the use of these results, consider the heat capacity C of a thermodynamic
system, the rate at which heat must be added to raise the temperature of the system. If thermal
energy δQ is added to the system, then we have

δQ = T dS ≡ C dT (3.B33)

The heat capacity depends on the conditions under which heat is added to the system. For
example, the volume of the system may be held fixed (imagine a gas in a rigid container),
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in which case the heat capacity CV at constant volume is relevant. On the other hand, the
heat capacity Cp at constant pressure is appropriate if the system is held at constant pressure
(imagine a gas in a balloon at atmospheric pressure). The difference between Cp and CV is
due to the fact that the system at constant pressure will expand as heat is added, doing work
on its environment, so less energy will be converted to internal energy of the system.

We have

CV =
(
∂U

∂T

)

V

= T

(
∂S

∂T

)

V

(3.B34)

Cp =
(
∂U

∂T

)

p

+ p

(
∂V

∂T

)

p

= T

(
∂S

∂T

)

p

(3.B35)

Exercise 3.B3. Show that the heat capacity at constant pressure of a system is

Cp =
(
∂H

∂T

)

p

where H is the enthalpy introduced above. �

Now
(
∂S

∂T

)

p

=
(
∂S

∂T

)

V

+
(
∂S

∂V

)

T

(
∂V

∂T

)

p

(3.B36)

so that

Cp − CV = T

(
∂S

∂V

)

T

(
∂V

∂T

)

p

= T

(
∂p

∂T

)

V

(
∂V

∂T

)

p

(3.B37)

where the second equality follows from the Maxwell relation (3.B23).
The thermal expansion coefficient β and the isothermal compressibility k are defined by

β ≡ 1
V

(
∂V

∂T

)

p

kT ≡ − 1
V

(
∂V

∂p

)

T

(3.B38)

and from Eq. (3.B32), we have
(
∂p

∂T

)

V

= −
(
∂p

∂V

)

T

(
∂V

∂T

)

p

=
β

kT
(3.B39)

It follows that

Cp − CV =
β2V T

kT
(3.B40)

which can be tested experimentally. Note that this relation implies Cp ≥ CV , since kT is
always positive—an increase in pressure at fixed temperature must always lead to a decrease
in volume for a stable system.
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Problems

1. The stereographic projection of the unit sphere S2 from the North pole onto the plane
tangent to the South pole is obtained from the figure at the right by rotating the entire
figure about the vertical line through the poles (compare with Fig. 3.3).
(i) Show that the coordinates (xN , yN ) of
the image Q in the plane of the point P with
usual spherical angles (θ, φ) is given by (note
that 2α = π − θ)

xN = 2 cot
θ

2
cosφ yN = 2 cot

θ

2
sinφ

N

P

QS

(ii) Find the corresponding image (xS , yS) of the stereographic projection of P from the
South pole onto a plane tangent to the North pole.

(iii) Express (xS, yS) in terms of (xN , yN ).

Remark. These functions are differentiable to all orders in the region of the sphere
defined by δ ≤ θ ≤ π − δ (0 < δ < π

2 ). Thus the two stereographic projections form an
atlas that covers the entire sphere. �

2. (i) Find a diffeomorphism mapping the open square (−1 < x < 1,−1 < y < 1) onto
the entire plane R2.

(ii) Find a diffeomorphism mapping the open disk D (x2 + y2 < 1) (also defined as the
unit ball B2) onto the entire plane R2.

(iii) Combine these two results to find a diffeomorphism that maps the open square onto
the open disk D. Comment on the fact that the sharp corners of the square have been
smoothed out in the disk.

3. Let {ek} be a basis of the tangent space TP and S = (Skm) a nonsingular matrix. Show
that

(i) the vectors {ēm} defined by

ēm = Skm ek

also form a basis.

(ii) the basis {ωk} of T ∗
P dual to {ek} and the basis {ω̄m} dual to {ēm} are related by

ω̄m = S̄mk ω
k

where S̄ = (S̄mk) is the matrix inverse of S.

(iii) if S = S(x) defines a change of basis on the tangent spaces Tx for x in some
neighborhood of P , then S defines a coordinate transformation only if

∂

∂x�
S̄mk(x) =

∂

∂xk
S̄m�(x)

where S̄ = S−1 as in part (ii).
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4. Show that the exterior derivative commutes with the Lie derivative. First, show that if V
is a vector field and σ is a 1-form field, then

LV (dσ) = d(LV σ)

Then show that this relation is true for a general p-form σ. (Hint: use induction together
with the Leibniz rule for differentiation of a product.)

5. Show that if V is a vector field and σ a p-form, then

LV σ = iV (dσ) + d(iV σ)

6. Prolate spheroidal coordinates ξ, η, φ on R3 are defined in terms of Cartesian coordinates
x, y, z by

x = c sinh ξ sin η cosφ y = c sinh ξ sin η sinφ z = c cosh ξ cos η

where c is a constant with dimensions of length.

(i) Describe the surfaces of constant ξ, η, φ. What are the ranges of ξ, η, φ? What
subsets of R3 correspond to coordinate singularities with this range of coordinates?

(ii) An alternative version of the coordinate set is u, v, φ with u ≡ c cosh ξ and v ≡
cos η. What are the ranges of u, v, φ? What subsets of R3 correspond to coordinate
singularities with this range of coordinates?

(iii) Find the metric tensor and the preferred volume form in these coordinates. Consider
both the set ξ, η, φ and the set u, v, φ.

(iv) Express the Laplacian in terms of partial derivatives with respect to these coordi-
nates.

Remark. These coordinates are useful for both the classical and quantum mechanical
problem of a single charge q moving in the Coulomb field of two fixed point charges
Q1 and Q2 (the fixed charges are placed at the foci of the spheroids of constant u), as
well as scattering problems with spheroidal scatterers. They also simplify the problem of
computing the electrostatic potential of a charged conducting prolate spheroid, and the
limiting case of a long thin needle with a rounded edge. �

7. Consider a system with two fixed charges q1 and q2, separated by a distance R, and a
charge q of mass M that is free to move in the Coulomb field of these charges. Express
the Coulomb potential energy of the system in terms of the position of the moving charge
in prolate spheroidal coordinates with the fixed charges at the foci of the spheroid.

8. Oblate spheroidal coordinates ξ, η, φ on R3 are defined in terms of Cartesian coordinates
x, y, z by

x = c cosh ξ sin η cosφ y = c cosh ξ sin η sinφ z = c sinh ξ cos η

(again c is a constant with dimensions of length).
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(i) Describe the surfaces of constant ξ, η, φ. What are the ranges of ξ, η, φ? What
subsets of R3 correspond to coordinate singularities with this range of coordinates?

(ii) An alternative version of the coordinate set is u, v, φ with u ≡ c sinh ξ and v ≡
cos η. What are the ranges of u, v, φ? What subsets of R3 correspond to coordinate
singularities with this range of coordinates?

(iii) Compute the metric tensor and the preferred volume form in these coordinates. Con-
sider both the set ξ, η, φ and the set u, v, φ.

(iv) Express the Laplacian in terms of partial derivatives with respect to these coordi-
nates.

Remark. These coordinates are useful for scattering problems with oblate spheroidal
scatterers. They also simplify the computation of the electrostatic potential of a charged
conducting oblate spheroid and its limiting case of a circular disk. �

9. Parabolic coordinates ξ, η, φ on R3 are defined in terms of Cartesian coordinates x, y, z
by

x = ξη cosφ y = ξη sinφ z = 1
2

(
ξ2 − η2

)

(i) Describe the surfaces of constant ξ, η, φ. What are the ranges of ξ, η, φ? What
subsets of R3 correspond to coordinate singularities with this range of coordinates?

(ii) Compute the metric tensor and preferred volume form in these coordinates.

(iii) Express the Laplacian in terms of partial derivatives with respect to these coordi-
nates.

Remark. These coordinates are useful for scattering problems with parabolic scatter-
ers. They are also useful in the quantum mechanical problem of the Coulomb scattering
of a charge (an electron, for example) by a fixed point charge (an atomic nucleus, for
example). �

10. Four-dimensional spherical coordinates r, α, θ, φ are defined in terms of Cartesian coor-
dinates w, x, y, z by

x = r sinα sin θ cosφ y = r sinα sin θ sinφ

w = r cosα z = r sinα cos θ

(i) Express the four-dimensional Euclidean metric in terms of the coordinates r, α, θ, φ.

(ii) Express the four-dimensional volume element in terms of r, α, θ, φ.

(iii) Use this volume element to compute the four-volume of a ball of radius R.

(iv) Compute the surface “area” of the sphere S3 bounding the ball of radius R.

(v) Express the four-dimensional Laplacian � in terms of partial derivatives with respect
to these coordinates.
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11. The geographic latitude α on a spherical surface is related to the spherical angle θ by
α = π/2 − θ (and is usually given in degrees, minutes and seconds, rather than in
radians). Find an expression for the maximum latitude reached by the great circle starting
from initial conditions θ0, θ̇0, φ̇0.

12. (i) What is the shortest distance between points (θ1, φ1) and (θ2, φ2) on the sphere S2?
Hint. Let R be the radius of the sphere, and use the result that the geodesic is an arc of a
great circle.

(ii) Find the tangent vector to this geodesic at the initial point (θ1, φ1).

(iii) Find the geodesic curve joining the points (θ1, φ1) and (θ2, φ2) on the sphere S2

using the arc length along the curve as parameter.

13. How does Stokes’ theorem
∫

R

dσ =
∫

∂R

σ

work if R is a region in a one-dimensional manifold? Explain this in the language of
elementary calculus.

14. Consider the extension of the two-dimensional dynamical system introduced in Sec-
tion 3.5.2 defined by

ẋ1 =
dx1

dt
= (−λ+ ax2 + px1)x1

ẋ2 =
dx2

dt
= (µ− bx1 + qx2)x2

where the parameters λ, µ, a, b are all positive, as in Eq. (3.223). The signs of p, q are
not specified, though one might expect them to be negative in the context of the Lotka–
Volterra model.

(i) Find the fixed points of this dynamical system.

(ii) Investigate the stability of each of these fixed points. Note especially under what
conditions, if any, on the parameters p, q each of these fixed points will be stable.

(iii) Under what conditions on the parameters p, q do all the fixed points lie in the quad-
rant x1 ≥ 0 , x2 ≥ 0?

(iv) Explain why one might expect p, q to be negative. Under what conditions might one
or the other of them be positive?

15. An alternative action for a relativistic free particle of mass m is

S =
1
2

∫ {
ẋµgµν(x)ẋν

ξ(λ)
+m2ξ(λ)

}
dλ

where ξ(λ) is a positive and monotonic increasing function of λ; it plays the role of a
one-dimensional “metric” along the particle trajectory. Changing the parameter from λ
to µ = µ(λ) leaves the action invariant if ξ(λ) is replaced by η(µ) such that

η(µ)dµ = ξ(λ)dλ
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(i) Show that if we choose ξ(λ) = 1, then the equations of motion for the xµ(λ) are
exactly the geodesic equations (3.207).

(ii) Show that if we fix ξ(λ) by requiring δS/δξ(λ) = 0, the action reduces to the
standard geodesic action.

16. The classical trajectory of a relativistic free particle is an extremum of the relativistic
action, but it is in fact a maximum. To see why, consider first the geodesic from the point
(0,�0) to the point (2T,�0), which is simply the trajectory x = (ct,�0) of a particle at rest
at the origin. Next consider the trajectory of a particle starting at the origin at t = 0. It
is with constant velocity �v until time t = (1 − ε) ∗ T (0 < ε < 1). It is then accelerated
with constant acceleration −�v/εT until time t = (1 + ε) ∗ T , after which it moves with
constant velocity −�v until it returns to the origin at time t = 2T .

(i) Write an explicit formula for this trajectory, using the time of the observer at rest as
the parameter along the curve.

(ii) Integrate the standard Lagrangian to show that the action S for this trajectory com-
pared to the action S0 for the observer at rest satisfies

√
1 − v2

c2
<

S

S0
< (1 − ε)

√
1 − v2

c2
+ ε

Remark. This suggests that the action for the particle at rest is a maximum, though
this calculation actually shows only that it is not a minimum. This result also resolves
to the so-called twin paradox, which is the nonintuitive statement that a twin who moves
along the trajectory described above appears younger than the other twin who remains
at rest at the origin. Since the action is proportional to the proper time along the parti-
cle trajectory, more proper time has elapsed for the twin who remains at rest, assuming
that physical clocks run at a rate proportional to the proper time, even in an acceler-
ated system. This last assumption is Einstein’s equivalence principle, which has been
experimentally tested. �

17. The partial derivatives of the Lagrangian in Eq. (3.231) are taken with L as a function of
the xk and ẋk, while the partial derivatives of the Hamiltonian in Eq. (3.239) are taken
with H as a function of the xk and pk. Use the relations in Appendix B between partial
derivatives with different variables held fixed to show that the two sets of equations are
equivalent.

18. (i) Express the kinetic energy for a free particle of mass m in terms of the prolate spher-
oidal coordinates ξ, η, φ and the alternate set u, v, φ introduced in Problem 6.

(ii) Find the momenta conjugate to each of these coordinates, and express the Hamilton-
ian in terms of the momenta and coordinates.

(iii) Find the Lagrangian and Hamiltonian equations of motion in each of these coordi-
nate systems.
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19. If f is a function on the phase space of a Hamiltonian system, let Xf be a vector field
such that

iXf
ω = −df

where ω is the canonical 2-form (Eq. (3.257)) on the phase space.

(i) Show that Xf is given uniquely by

Xf =
∂f

∂pk

∂

∂qk
− ∂f

∂qk
∂

∂pk

(ii) The Poisson bracket of two scalar functions f , g is defined by

{f, g} ≡ ω(Xf ,Xg)

Show that

{f, g} =
∂f

∂pk

∂g

∂qk
− ∂f

∂qk
∂g

∂pk

and that

[Xf ,Xg] = X{f,g}

(iii) If H is the Hamiltonian of the system, and f is a scalar function of the coordinates,
momenta, and possibly time, then

df

dt
= {H, f} +

∂f

∂t

where the derivative on the left-hand side is the time derivative of f along a trajectory of
the system.

Remark. The Poisson bracket is a classical analog of the quantum mechanical commu-
tator, as discussed in many quantum mechanics textbooks. �

20. Consider a nonlinear oscillator, with Hamiltonian

H = 1
2 ω(P 2 +X2) + 1

4λX
4

in terms of the variables introduced in the example at the end of Section 3.5.3.

(i) Express this Hamiltonian in terms of the action-angle variables J , α introduced in
Eq. (3.273).

(ii) Write down Hamilton’s equations of motion for J , α.

(iii) From the equation for α̇, find an approximate expression for the period as a function
of J by averaging the right-hand side of the equation over a complete period, assuming
that α̇ is constant (which it actually is not, but nearly so for small λ).

Remark. This problem is a prototype for classical perturbation theory. �
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21. Use Euler’s equation (3.287) to show that the vorticity α defined by Eq. (3.296) satisfies
(
∂

∂t
+ LU

)
α = d

(
∂

∂t
+ LU

)
Ũ =

1
ρ2

dρ ∧ dp

Remark. If the fluid is incompressible, or if it satisfies an equation of state p = f(ρ),
then the right-hand side vanishes, and vorticity is carried along with the fluid flow. �

22. Consider an integral of the form

S[x(τ )] ≡
∫ b

a

F (x, ẋ, ẍ, τ) dτ

from point a to point b along a set of smooth curves C : x = x(τ ) in a one-dimensional
manifold, where here

ẋ =
dx

dτ
ẍ =

d2x

dτ2

Derive the conditions that must be satisfied by a curve x = x∗(τ ) for which S[x(τ )] is an
extremum relative to nearby curves? Find differential equation(s) of the Euler–Lagrange
type, and boundary conditions that must be satisfied at the endpoints of the interval [a, b].

23. The Gibbs function G of a thermodynamic system is related to the internal energy by

G ≡ U − TS + pV

(i) Show that for the thermodynamic system in Appendix B,

dG = V dp− S dT

(ii) Show that
(
∂G

∂T

)

V

= V

(
∂S

∂V

)

T

− S

24. Show that for an ideal gas,

(i) the entropy is given by

S = S0(T ) + nR ln
(
V

V0

)

where S0(T ) is the entropy at volume V0 and temperature T ,

(ii) if the internal energy of the gas is given by U = αnRT , with α constant, then

S0(T ) = σ0 + αnR ln
(
T

T0

)

where σ0 is the entropy at temperature T0, volume V0, and

(iii) the heat capacities of the gas are related by

Cp − CV = nR



4 Functions of a Complex Variable

There are many functions f(x) of a real variable x whose definition contains a natural exten-
sion of the function to complex values of its argument. For example, functions defined by a
convergent power series, or by an integral representation such as the Laplace integral intro-
duced in Chapter 1, are already defined in some regions of the complex plane. Extending the
definition of functions into the complex plane leads to new analytical tools that can be used to
study these functions. In this chapter we survey some of these tools and present a collection
of detailed examples.

Analytic functions of a complex variable are functions that are differentiable in a region
of the complex plane. This definition is not quite so straightforward as for functions defined
only for real argument; when the derivative is defined as a limit

f ′(z) = lim
z→z0

f(z) − f(z0)
z − z0

in the complex plane, the limit must exist independent of the direction from which z → z0 in
the complex plane. This requires special relations (the Cauchy–Riemann conditions) between
the partial derivatives of the real and imaginary parts of an analytic function; these relations
further imply that the real and imaginary parts of an analytic function satisfy Laplace’s equa-
tion in two dimensions. Analytic functions define mappings of one complex region into an-
other that are conformal (angle-preserving) except at singular points where the function or its
inverse is not differentiable. These conformal mappings are described and some elementary
mappings worked out in detail.

If a function f(z) is not single valued in a neighborhood of some point z0 (for example,√
z near z = 0), then f(z) has a branch point at z0. Branch points generally come in pairs,

and can be connected by a branch cut such that the function is single valued in the complex
plane excluding the cut. The domain of a function with branch points is a multisheeted surface
(a Riemann surface) in which crossing a branch cut leads from one sheet of the surface to the
next. Some important Riemann surfaces are described.

Integrals of analytic functions in the complex plane have many useful properties that fol-
low from Cauchy’s theorem: the integral of an analytic function around a closed curve C
vanishes if there are no singularities of the function inside the curve. This leads to the Cauchy
integral formula

∮

C

f(ξ)
ξ − z

dξ = 2πif(z)

which expresses the values of a function f(z) analytic within the region bounded by the closed
curve C in terms of its values on the boundary. It also leads to the Cauchy residue theorem,
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which expresses the integral of an analytic function with isolated singularities inside a contour
in terms of the behavior of the function near these singularities. Several examples are given to
show how this can be used to evaluate some definite integrals that are important in physics.

The Cauchy integral formula is also used to obtain power series expansions of an analytic
function about a regular point and about an isolated singular point. The formal process of
analytic continuation that leads to the global concept of an analytic function is explained with
the use of the power series expansions.

The singular points of an analytic function are characterized as poles, essential singu-
larities or branch points, depending on the behavior of the function near the singularity. If
f(z) � A/(z − z0)n for z → z0, with A a constant and n a positive integer, then f(z) has a
pole of order n at z0. If f(z) has a power series expansion around z0 that includes an infinite
number of negative integer powers of (z − z0), then f(z) has an essential singularity at z0.
Functions with branch points are not single valued and require the introduction of branch cuts
and a Riemann surface to provide a maximal analytic continuation.

We show that every nonconstant analytic function has at least one singular point (possibly
at ∞). This leads to a simple proof of the fundamental theorem of algebra that every noncon-
stant polynomial has at least one root. It follows that every polynomial of degree n has exactly
n roots (counted according to multiplicity), and then can be expressed as a constant multiple
of a product of factors (z − zk), where the zk are the zeros of the polynomial.

The factorization of polynomials has several important consequences: (i) a function whose
only singularities are poles can be expressed as a ratio of two polynomials, (ii) an entire
function (a function whose only singularity is at ∞) can be expressed as an entire function
with no zeros times a product of factors determined by its zeros (Weierstrass factorization
theorem), and (iii) a function whose only singularities in the finite plane are poles can be
expressed as a sum over terms determined by the singular parts of the function at the poles
plus an entire function (Mittag–Leffler theorem).

Periodic functions of a real variable are familiar from the study of oscillatory systems.
A general expansion of periodic functions in terms of trigonometric functions is the Fourier
series expansion. Here we derive this expansion for periodic analytic functions by relating it
to a Laurent expansion in the complex variable w ≡ e2πiz/α, where α is the period. Further
properties of Fourier series will appear in the context of linear vector space theory in Chapter 6.

In addition to simply periodic functions, there are also analytic functions that have two
independent periods in the complex plane. If f(z + α) = f(z) and f(z + β) = f(z) with
β/α a complex number, not real, then f(z) is a doubly periodic function, known for historical
reasons as an elliptic function if its only singularities are poles. Some general properties of
these functions are described here. A standard set of elliptic functions will be studied further
in Appendix A of Chapter 5.

The Γ-function is an extension to the complex plane of the factorial function n! defined for
integer n. Many properties of the Γ-function and the related beta function, including Stirling’s
formula for the asymptotic behavior of Γ(x) for large positive x, are derived in Appendix A
as an important illustration of the methods that can be used to study functions in the complex
plane.
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4.1 Elementary Properties of Analytic Functions

4.1.1 Cauchy–Riemann Conditions

Consider a function f(z) of the complex variable z = x+ iy; write

f(z) = w = u+ iv = u(x, y) + iv(x, y) (4.1)

with u(x, y) and v(x, y) real. f(z) is continuous at z0 if

lim
z→z0

f(z) = f(z0) (4.2)

This looks like the definition of continuity for a function of a real variable, except that the
limit must exist as z → z0 from any direction in the complex z-plane.

Similarly, f(z) is differentiable at z0 if the limit

lim
z→z0

f(z) − f(z0)
z − z0

exists from any direction in the complex plane. If the limit does exist, then the derivative of
f(z) at z0 is equal to the limit; we have

df

dz

∣∣∣∣
z0

≡ lim
z→z0

f(z) − f(z0)
z − z0

≡ f ′(z0) (4.3)

If f(z) = u(x, y) + iv(x, y) is differentiable at z0 = x0 + iy0, then

f ′(z0) =
[
∂u

∂x
+ i

∂v

∂x

]

(x0,y0)

=
[
∂v

∂y
− i

∂u

∂y

]

(x0,y0)

(4.4)

where the two expressions on the right-hand side are obtained by taking the limit z → z0 first
parallel to the real axis, then parallel to the imaginary axis. Hence the partial derivatives of
u(x, y) and v(x, y) must exist at (x0, y0). Moreover, the two limits must be equal, so that the
partial derivatives must satisfy the Cauchy–Riemann conditions

∂u

∂x
=
∂v

∂y
,

∂v

∂x
= −∂u

∂y
(4.5)

The converse is also true: If u(x, y) and v(x, y) are real functions with continuous first
partial derivatives in some neighborhood of (x0, y0), and if the conditions (4.5) are satisfied at
(x0, y0), then f(z) = u(x, y)+iv(x, y) is differentiable at z0 = x0+iy0, with derivative given
by Eq. (4.4). Thus the Cauchy–Riemann conditions, together with the continuity conditions,
are both necessary and sufficient for differentiability of f(z).
Definition 4.1. The function f(z) of the complex variable z is analytic (regular, holomorphic)
at the point z0 if f(z) is differentiable at z0 and in some neighborhood of z0.

Remark. To understand why analyticity requires f(z) to be differentiable in a neighborhood
of z0, and not just at z0 itself, consider the function

f(z) ≡ (
1
2
|z|2 − 1) z∗ (4.6)
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f(z) is continuous everywhere in the complex plane, and is actually differentiable on the unit
circle |z| = 1. But it is not differentiable anywhere off the unit circle, and hence not in the
neighborhood of any point on the circle, so it is nowhere analytic. Note that the condition
(4.13) is satisfied by f(z) only on the unit circle. Similarly, it is important that the Cauchy–
Riemann conditions are satisfied in some neighborhood of a point. The functions

u(x, y) = x2 v(x, y) = y2 (4.7)

satisfy the Cauchy–Riemann conditions at the origin (x = y = 0), but nowhere else. Hence
the function f(z) = x2 + iy2 is nowhere analytic. �

If f(z) is analytic in a region R, then the Cauchy–Riemann conditions imply that

∂2u

∂x2
+
∂2u

∂y2
= 0 =

∂2v

∂x2
+
∂2v

∂y2
(4.8)

(Laplace’s equation) in R. Thus both the real and imaginary parts of an analytic function
satisfy the two-dimensional Laplace’s equation. The Cauchy–Riemann conditions also give

∂u

∂x

∂v

∂x
+
∂u

∂y

∂v

∂y
= �∇u · �∇v = 0 (4.9)

Now �∇u (�∇v) is orthogonal to the curve u(x, y) = constant (v(x, y) = constant) at every
point, and Eq. (4.9) shows that �∇u and �∇v are orthogonal. Hence any curve of constant u
is orthogonal to any curve of constant v at any point where the two curves intersect. Thus
an analytic function generates two families of mutually orthogonal curves. More generally,
the analytic function generates a conformal map from the complex z-plane to the complex
w-plane, as explained in the next section.

Another view of the Cauchy–Riemann conditions is obtained by treating z ≡ x + iy and
z∗ ≡ x− iy as the independent variables. Then

∂

∂z
=

1
2

(
∂

∂x
− i

∂

∂y

)
and

∂

∂z∗
=

1
2

(
∂

∂x
+ i

∂

∂y

)
(4.10)

whence, with f(z, z∗) = u(z, z∗) + iv(z, z∗),

∂f

∂z
=

1
2

(
∂u

∂x
+
∂v

∂y

)
+

1
2
i

(
∂v

∂x
− ∂u

∂y

)
(4.11)

∂f

∂z∗
=

1
2

(
∂u

∂x
− ∂v

∂y

)
+

1
2
i

(
∂v

∂x
+
∂u

∂y

)
(4.12)

The Cauchy–Riemann conditions are then equivalent to the condition

∂f

∂z∗
= 0 (4.13)

so that f(z, z∗) is an analytic function of z if and only if it is both differentiable with respect
to z and independent of z∗.
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4.1.2 Conformal Mappings

The function w = u+ iv defines a mapping of the complex z-plane into the complex w-plane.
The mapping is conformal if angle and sense of rotation are preserved by the mapping; that
is, if C1, C2 are curves in the z-plane that intersect at an angle α, then the corresponding
image curves C ′

1, C
′
2 in the w-plane intersect at the same angle α, with the sense of rotation

preserved.
If w = f(z) is analytic in a region R of the z-plane, then the mapping of R onto its image

in the w-plane is conformal, except at points where f ′(z) = 0. To show this, let z0 be a point
in R, and C be a curve through z0 that makes an angle ξ with respect to the real z axis. Then
the image curve C ′ in the w-plane passes through w0 = f(z0) at an angle ξ′ with respect to
the real w axis, where

ξ′ − ξ = lim
w→w0
on C′

arg(w − w0) − lim
z→z0
on C

arg(z − z0)

= lim
z→z0
on C

arg
[
f(z) − f(z0)

z − z0

]
= arg f ′(z0) (4.14)

independent of the curve C if f(z) is analytic at z0 and f ′(z0) �= 0.

Examples. (i) Linear transformations

• w = z + b is a (rigid) translation by b of the whole z-plane.

• w = �z (� real) is a scale transformation by scale factor �.

• w = eiϕz (ϕ real) is a (rigid) rotation through angle ϕ of the whole z-plane.

The general linear transformation

w = az + b (4.15)

(a = �eiϕ) consists of a scale transformation by scale factor �, rotation through angle ϕ,
followed by translation by b. The transformation has a fixed point at ∞ and, if a �= 1, a
second fixed point at

z =
b

1 − a
(4.16)

(ii) Reciprocal transformation

The reciprocal transformation, or inversion is defined by

w = 1/z (4.17)

If z = x+ iy = reiϕ, then w = u+ iv = �e−iϕ with � = 1/r; in terms of real variables,

u =
x

r2
, v = − y

r2
and x =

u

�2
, y = − v

�2
(4.18)

The point z = ∞ is defined to be the image of 0 under the reciprocal transformation. The
fixed points of the transformation are at z = ±1.
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(iii) Linear fractional transformation

The general linear fractional (or bilinear) transformation is defined by

w =
az + b

cz + d
(4.19)

with ∆ ≡ ad − bc �= 0 (if ∆ = 0, the mapping becomes w = a/c, a constant). The inverse
transformation

z =
−dw + b

cw − a
(4.20)

is also a linear fractional transformation (hence the term bilinear). The transformation is
thus a one-to-one mapping of the complex plane (including the point at ∞) into itself; the
transformation has at most two fixed points, at

z =
a− d±

√
(a− d)2 + 4bc
2c

(4.21)

The point z = ∞ is mapped into w = a/c, while the point z = −d/c is mapped into the point
w = ∞.

The linear fractional transformation is the most general one-to-one mapping of the com-
plex plane including the point at ∞ onto itself—as will be seen shortly, any more complicated
mapping will not be one to one. With the mapping of the points z1, z2, z3 into the points
w1, w2, w3 is associated the unique linear fractional transformation

(w − w1)(w2 − w3)
(w − w3)(w2 − w1)

=
(z − z1)(z2 − z3)
(z − z3)(z2 − z1)

(4.22)

Remark. There is a one-to-one correspondence between linear fractional transformations
and 2 × 2 matrices A with detA = 1—see Problem 2. �

(iv) Powers and roots

Consider the transformation

w = z2 (4.23)

This transformation is conformal except at z = 0,∞ (note that w′(0) = 0). However it
is not one to one; as z ranges over the entire z-plane, the w-plane is covered twice, since
z = r eiθ �→ w = r2 e2iθ and a single circle around z = 0, corresponding to θ ranging from 0
to 2π, covers the corresponding circle in the w-plane twice. Hence each point in the w-plane
is the image of two points in the z-plane.

The inverse transformation

z =
√
w (4.24)

is analytic and conformal except for the points w = 0,∞, which correspond to the points in
the z-plane where the map (4.23) is not conformal. However, the map (4.24) is double valued:
to each point in the w-plane, there are two corresponding points in the z-plane.
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Figure 4.1: Mapping of the z-plane into the two-sheeted Riemann surface corresponding to
a double covering of the w-plane. The unshaded upper half z-plane is mapped into the top
(unshaded) copy of the w-plane, while the shaded lower half z-plane is mapped into the bottom
(shaded) copy of the w-plane The straight line is the branch cut separating the two sheets of the
Riemann surface.

The map can be made single valued if we view the image of the z-plane under the transfor-
mation (4.23) not as a single complex plane, but as a two-sheeted surface (the Riemann surface
for the map (4.24)) whose sheets are connected by a line drawn from w = 0 to w = ∞, as
shown in Fig. 4.1. Passage from one sheet to the other is by circling the point w = 0 once,
corresponding to a path from a point z0 in the z-plane to the point −z0. A second circuit
around w = 0 leads back to the original sheet, as it corresponds to a return from −z0 to z0 in
the z-plane.

The line in the w-plane from 0 to ∞ separating the two sheets is a branch cut. It can be
drawn along any path from 0 to ∞, although it is usually convenient to draw it along either
the positive real axis or the negative real axis—in Fig. 4.1 it is drawn along the positive real
axis. The points w = 0 and w = ∞ are branch points (in w) of the function z =

√
w.

Remark. In general, a branch point z0 of an analytic function f(z) is a point z0 near which
the function is analytic but not single valued, in the sense that if a circle of arbitrarily small
radius is drawn around z0, and the values of the function followed continuously around the
circle, the value of the function does not return to its original value after one complete circle.
This definition will be made more formal in Section 4.3. �

More generally, if n is any integer ≥ 2, the transformation

w = zn (4.25)

is conformal except at z = 0,∞ [again w′(0) = 0]. However, there are n distinct points
in the z-plane that map into a single point in the w-plane: if w0 = zn0 , then the points
zk ≡ z0 exp(2πik/n) also map into w0 (k = 1, . . . , n − 1). In order to make the inverse
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transformation

z = n
√
w (4.26)

unique, the image of the z-plane under the transformation (4.25) must be constructed as an
n-sheeted Riemann surface, on which passage from one sheet to the next is made traversing a
closed path around the point w = 0. Encircling the point w = 0 a total of n times in the same
direction returns to the original sheet. The sheets are again separated by a branch cut in the
w-plane from 0 to ∞; as above, the actual location of the cut can be chosen at will.

It is also possible to consider fractional powers: if p and q are integers with no common
factors, then the transformation

w = zp/q (4.27)

is still conformal except at z = 0,∞. The transformation can be viewed as a one-to-one
mapping from a q-sheeted Riemann surface with a branch cut from z = 0 to z = ∞ to a
p-sheeted Riemann surface with a branch cut from w = 0 to w = ∞.

(v) Exponential and logarithm

The transformation

w = ez (4.28)

is conformal except at ∞. However, since e2πi = 1, the points z and z ± 2nπi with n =
1, 2, . . . map to the same value of w. Thus to make the inverse transformation

z = lnw (4.29)

unique, the image of the z-plane under (4.28) must be represented as a Riemann surface with
an infinite number of sheets, separated by a branch cut in the w-plane from 0 to ∞. On
this Riemann surface, w = � eiϕ, with −∞ < ϕ < ∞, and to each point on this surface
corresponds a unique

z = ln �+ iϕ (4.30)

If we take the branch cut in the w-plane along the negative real axis (this is a generally useful
choice), then each strip

(2n− 1)π ≤ Im z < (2n+ 1)π (4.31)

(n = 0,±1,±2, . . .) in the z-plane is mapped onto one sheet of the w-plane. Circling the
origin w = 0 once in a counterclockwise (clockwise) sense corresponds to increasing (de-
creasing) the value of φ by 2π.

The exponential function and the trigonometric functions are closely related in view of
deMoivre’s formula

eiz = cos z + i sin z (4.32)
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This formula is valid throughout the complex plane, since both sides of the equation have the
same power series expansion, with an infinite radius of convergence.

Many useful identities can be derived from Eq. (4.32). For example,

cos z =
eiz + e−iz

2
= cosh iz (4.33)

and

sin z =
eiz − e−iz

2i
= i sinh iz (4.34)

These equations serve to define the trigonometric functions throughout the complex plane.
Also,

e2iz =
1 + i tan z
1 − i tan z

(4.35)

from which it follows that

tan−1 z =
1
2i

ln
(

1 + iz

1 − iz

)
(4.36)

Derivation of these and further identities is left to the reader.

Example 4.1. As a final example, note that the map

w = sin z (4.37)

is conformal except at z = ±(2n+1)π/2 (n = 0, 1, 2, . . .) and z = ∞, but not one to one
since z, z′ ≡ π− z, z± 2nπ, and z′ ± 2nπ (n = 1, 2, . . .) all map to the same value of w.
To make the inverse transformation

z = sin−1 w (4.38)

one to one, it is necessary to represent the image of the z-plane under the mapping (4.37)
as a Riemann surface with an infinite number of sheets connected by branch cuts joining
the branch points w = ±1. If we take the branch cut to be

−∞ < w ≤ −1 and 1 ≤ w <∞

then each strip

(2n− 1)
π

2
≤ Re e z < (2n+ 1)

π

2
(4.39)

(n = 0,±1,±2, . . .) is mapped onto one sheet of the w-surface. Note that it is allowed
(and useful in this case) to take the branch cut from −1 to 1 through the point ∞ in w.
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4.2 Integration in the Complex Plane

4.2.1 Integration Along a Contour

Consider the integral

I ≡
∫

C

f(z) dz ≡ P + iQ (4.40)

of the function f(z) ≡ u(x, y) + iv(x, y) over the curve C joining points z1 and z2 in the
complex z-plane. If C can be represented parametrically as

C : x = x(t) , y = y(t) (t1 ≤ t ≤ t2) (4.41)

with x(t) and y(t) having piecewise continuous derivatives on (t1 ≤ t ≤ t2), then C is a
contour. The integral (4.40) is a contour integral, which can be expressed in terms of real
single-variable integrals as

P =
∫ t2

t1

{u[x(t), y(t)]x′(t) − v[x(t), y(t)]y′(t)} dt (4.42)

Q =
∫ t2

t1

{v[x(t), y(t)]x′(t) + u[x(t), y(t)]y′(t)} dt (4.43)

using dz = dx+ idy, and expressing the integrand in terms of x, y.
A natural question to ask whether the integral (4.40) is independent of the actual contour

joining the endpoints z1 and z2 of the contour.1

If we write the integrals P and Q in the form

P =
∫

(u dx− v dy), Q =
∫

(v dx+ u dy) (4.44)

then this question is equivalent to the question of whether the integrands are exact differentials.
Are there functions φ(x, y) and ψ(x, y) such that

u(x, y)dx− v(x, y)dy = dφ(x, y) (4.45)

v(x, y)dx+ u(x, y)dy = dψ(x, y) (4.46)

If such functions exist, then the integrals

P = φ(x2, y2) − φ(x1, y1), Q = ψ(x2, y2) − ψ(x1, y1) (4.47)

are independent of contour.2

1This question is also encountered in the discussion of conservative forces in mechanics: is the work done by a
force independent of the path joining two endpoints? If so, the force can be derived from a potential energy function.

2The functions φ and ψ here are analogous to the potential energy in mechanics.
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Equations (4.45) and (4.46) imply that u and v can be expressed as partial derivatives of φ
and ψ according to

u(x, y) =
∂φ

∂x
=
∂ψ

∂y
(4.48)

v(x, y) =
∂ψ

∂x
= −∂φ

∂y
(4.49)

If further u(x, y) and v(x, y) have continuous first partial derivatives in a simply connected
region R containing the contour C, then the mixed second partial derivatives of φ and ψ can
be taken in either order, so that

∂2φ

∂y∂x
=
∂u

∂y
= −∂v

∂x
=

∂2φ

∂x∂y
(4.50)

∂2ψ

∂y∂x
=
∂v

∂y
=
∂u

∂x
=

∂2ψ

∂x∂y
(4.51)

in R. Equations (4.50) and (4.51) are precisely the Cauchy–Riemann conditions (4.5) for the
analyticity of f(z) in R.

4.2.2 Cauchy’s Theorem

The connection between independence of path of the contour integral and analyticity of f(z)
is stated formally as

Cauchy’s Theorem. Let f(z) be analytic in the simply connected region R, and let f ′(z)
be continuous in R. Then if z1 and z2 are any two points in R, the contour integral

∫ z2

z1

f(z) dz

is independent of the actual contour in R joining z1 and z2. Then also for any closed contour
in R, the contour integral

∮

C

f(z) dz = 0 (4.52)

The assumption of continuity of f ′(z) is actually not needed, and its elimination is central
to the theory of functions of a complex variable. However, this requires a lengthy technical
proof, and we refer the interested reader to the standard mathematics texts for details.

The result (4.52) has important implications for the evaluation of integrals in the complex
plane. It means that we can deform the contour of an integral whose integrand is analytic
in any way we wish, so long as we keep the endpoints of the integral fixed and do not cross
any singularities of the integrand. Furthermore, since an integral around the total boundary
of a multiply connected region can be expressed as a sum of integrals around boundaries
of simply connected regions, Eq. (4.52) holds as well when C is the total boundary of a
multiply connected region in which the integrand is analytic. Thus when we deform a contour
of integration to cross an isolated singularity of the integrand, we can express the resulting
integral as the sum of the original integral and an integral around a tiny circle enclosing the
singularity of the integrand.
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4.2.3 Cauchy’s Integral Formula

Cauchy’s theorem (4.52) states that the integral of an analytic function around a closed contour
vanishes if the function is analytic everywhere inside the contour. If the function has one
isolated singularity inside the contour, it turns out that we can also evaluate the integral in
terms of the behavior of the function near the singular point.

First note that if K� is a circle of radius � about z = 0, then

∮

K�

zn dz = i�n+1

∫ 2π

0

ei(n+1)ϕ dϕ =

{
2πi n = −1
0 otherwise

(4.53)

where it is to be understood that the circle K� is followed a counterclockwise sense. Hence if
C is any closed contour that encloses z0 in a counterclockwise sense, then

∮

C

(z − z0)n dz =

{
2πi n = −1
0 otherwise

(4.54)

These results lead to the
Cauchy integral formula. Let f(z) be analytic in the simply connected region R en-

closed by the closed contour C. Then for z in the interior of R, we have
∮

C

f(ξ)
ξ − z

dξ = 2πif(z) (4.55)

Proof. Let K� be a circle of radius � about z lying entirely in R. Then
∮

C

f(ξ)
ξ − z

dξ = f(z)
∮

K�

1
ξ − z

dξ +
∮

K�

f(ξ) − f(z)
ξ − z

dξ (4.56)

and note that the second integral on the right-hand side vanishes, since the integrand is analytic
on and within K�.

The integral formula (4.55) can also be differentiated under the integral sign to give

f ′(z) =
1

2πi

∮

C

f(ξ)
(ξ − z)2

dξ (4.57)

and further to give the nth derivative,

f (n)(z) =
n !
2πi

∮

C

f(ξ)
(ξ − z)n+1

dξ (4.58)

Exercise 4.1. Let f(z) be analytic within the circle Kρ : |z − z0| = ρ, and suppose
|f(z)| < M on Kρ. Then

|f (n)(z0)| ≤
n!M
ρn

(n = 0, 1, 2, . . .). �
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It is also true that integration is the inverse of differentiation. If f(z) is analytic in the
simply connected region R, then the integral

F (z) ≡
∫ z

z0

f(ξ) dξ (4.59)

is analytic in R, and F ′(z) = f(z), just as in ordinary calculus. A further consequence is
that if f(z) is continuous in a simply connected region R, and if

∮
C
f(ξ) dξ = 0 for every

closed contour C in R, then f(z) is analytic in R. In this case the integral in Eq. (4.59) is
independent of path in R, and thus defines an analytic function F (z) whose derivative is f(z).

Remark. An important consequence of the Cauchy integral theorem is that the values of
an analytic function in a region of analyticity are completely determined by the values on the
boundary of the region. Indeed, if f(ξ) is continuous on the closed contour C, then

f(z) ≡ 1
2πi

∮

C

f(ξ)
ξ − z

dξ (4.60)

defines a function analytic within the region bounded by C. Moreover, if a function is analytic
in a region R, then it has derivatives of all orders in R, and the derivatives are analytic in R.
These are all obtained by differentiating Eq. (4.60) with respect to z. �

4.3 Analytic Functions

4.3.1 Analytic Continuation

We have introduced analytic functions as functions differentiable in a region of the complex
plane, and as functions that define a conformal mapping from one complex plane (or Riemann
surface) to another. However, the properties of contour integrals of analytic functions, and the
power series representations derived from them, can be used to extend the domain of definition
of an analytic function by a process known as analytic continuation. This leads to a global
concept of an analytic function.

To begin, note that if u1(z), u2(z), . . . are analytic in a region R, and if the series

f(z) ≡
∞∑

n=1

un(z) (4.61)

is uniformly convergent in R, then f(z) is analytic in R. To show this, simply let C be any
closed contour in R. Then

∮

C

f(z) dz =
∞∑

n=1

∮

C

un(z) dz = 0 (4.62)
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since the uniform convergence of the series permits the interchange of summation and inte-
gration.3

In particular, the power series

f(z) ≡
∞∑

n=0

an(z − z0)n (4.63)

which is uniformly convergent within its circle of convergence is analytic within its circle of
convergence and, as already shown in Chapter 1, has derivative given by

f ′(z) ≡
∞∑

n=0

(n+ 1) an+1(z − z0)n (4.64)

On the other hand, suppose f(z) is analytic in the simply connected region R. Let z0 be
an interior point of R, and suppose the circle K� : |z − z0| = � and its interior lie entirely
in R. Then for z inside K�, we can expand the denominator in the Cauchy formula to give

f(z) ≡ 1
2πi

∮

K�

f(ξ)
ξ − z

dξ =
1

2πi

∞∑

n=0

[∮

K�

f(ξ)
(ξ − z0)n+1

dξ

]
(z − z0)n

=
∞∑

n=0

f (n)(z0)
n!

(z − z0)n (4.65)

Thus any function analytic in a region can be expanded in a Taylor series about any interior
point z0 of the region. The series converges inside any circle in which the function is analytic;
hence the radius of convergence of a power series about z0 is the distance to the nearest
singular point of analytic function defined by the power series.

Example 4.2. f(z) = 1/(1 + z2) is not analytic at z = ±i. Thus the Taylor series ex-
pansion of f(z) about z = 0 has radius of convergence � = 1. (Verify this by constructing
the series.)

Example 4.3. f(z) = ln(1 + z) is not analytic at z = −1; it has a branch point there.
Hence we know that the Taylor series expansion of f(z) about z = 0 has radius of conver-
gence � = 1, even without computing explicitly the coefficients in the series.

An analytic function is uniquely defined by its values in any finite region; even by its values
on a bounded sequence of points within its domain of analyticity. This follows from the

3Uniform convergence means that given ε > 0, there is some integer N such that˛̨̨
˛̨f(z) −

NX
n=1

un(z)

˛̨̨
˛̨ < ε

everywhere on the contour C. Hence, if L is the total length of the contour, then˛̨̨
˛̨
I

C

»
f(z) −

NX
n=1

un(z)

–˛̨̨
˛̨ < εL
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Theorem 4.1. Suppose f(z) is analytic in the region R, and {zk} is a sequence of points in R
with limit point z0 in R, and suppose f(zk) = 0 (k = 1, 2, . . .). Then f(z) = 0 everywhere.

Proof. Since f(z) is analytic, the Taylor series (4.63) for f(z) about z0 has radius of conver-
gence r > 0. Now suppose a0 = 0, a1 = 0, . . . , aN = 0 but aN+1 �= 0. Then if 0 < � < r,
the sequence {an�n} is bounded, and a short calculation shows that there is some positive
constant M such that

|f(z) − aN+1(z − z0)N+1| > M |z − z0|N+2 (4.66)

for |z − z0| < �. Then also

|f(z)| > |aN+1 −M(z − z0)||(z − z0)|N+1 (4.67)

(think of f(z), aN+1(z−z0)N+1 andM(z−z0)N+2 as three sides of a triangle in the complex
plane). But the right-hand side of Eq. (4.67) is positive for |z − z0| small enough, so that
f(z) �= 0 in some neighborhood of z0, contrary to assumption that f(zk) = 0 (k = 1, 2, . . .).
Hence every coefficient in the Taylor series must vanish, and f(z) = 0 everywhere.

Now suppose R1 and R2 are overlapping regions, with f1(z) analytic in R1 and f2(z)
analytic in R2, and suppose

f1(z) = f2(z) (4.68)

in some neighborhood of a point z0 in R1 ∩ R2. Then the preceding argument shows that
f1(z) − f2(z) = 0 everywhere in R1 ∩R2. Thus the function f(z) defined by

f(z) ≡ f1(z) (4.69)

for z in R1, and by

f(z) ≡ f2(z) (4.70)

for z in R2, is analytic in R1 ∪ R2. f(z) defines the (unique) analytic continuation of f1(z)
from R1 to R1 ∪R2.

Example 4.4. The function

f(z) ≡ 1
1 + z

(4.71)

is the analytic continuation of the geometric series
∑∞

n=0 (−1)nzn from |z| < 1 to the
entire z-plane except for z = −1.

Remark. The uniqueness is based on the result that an analytic function that vanishes in an
interval (even on a bounded infinite set of points) vanishes everywhere. The corresponding
statement for functions of a real variable is not true, as can be seen from the example

f(x) =

{
exp(−1/x2) x > 0
0 x ≤ 0

(4.72)
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which, as a function of the real variable x, has continuous derivatives of any order (even at
x = 0), vanishes on an interval, and yet does not vanish everywhere. �

A formal method of defining analytic continuation uses power series. Suppose

f(z) =
∞∑

n=0

an(z − z0)n (4.73)

with radius of convergence r > 0. If |z1 − z0| < r, then f(z) is analytic at z1, the power
series

f(z) =
∞∑

n=0

bn(z − z1)n (4.74)

has radius of convergence r1 > 0, and the new coefficients bn can be computed from the an. If
the circle |z−z1| < r1 extends beyond the circle |z−z0| < r, then f(z) has been analytically
continued beyond the circle of convergence of the series in Eq. (4.73). Proceeding in this
way, we can analytically continue f(z) into a maximal region, the domain of holomorphy
of f(z), whose boundary, if any, is the natural boundary of f(z). Each power series is a
functional element of f(z), and the complete collection of functional elements defines the
analytic function f(z). The values of f(z) obtained by the power series method are the same
as those obtained by any other method; the analytic continuation is unique.

4.3.2 Singularities of an Analytic Function

The analytic continuation process leads to a domain of holomorphy for an analytic function
that may be a region in the z-plane, the entire z-plane, or a multisheeted Riemann surface,
introduced in the discussion of conformal maps, with sheets separated by branch cuts joining
pairs of branch points of the function. Within this domain of holomorphy there may be isolated
singular points where the function is not analytic. The task now is to classify these singular
points and characterize the behavior of an analytic function near such points.

Definition 4.2. The analytic function f(z) is singular at the point z0 if it is not analytic
there. The point z0 is an isolated singularity of f(z) if f(z) is analytic at every point in some
neighborhood of z0 except at z0 itself.

The isolated singularities of an analytic function fall into three classes: (i) poles, (ii) (iso-
lated) essential singularities4, and (iii) branch points. As we have seen, branch points come in
pairs, and are associated with nontrivial Riemann surfaces, but each branch point is isolated in
the examples we have seen. However, the general series expansions of functions about poles
and essential singularities are not valid near a branch point; expansions about a branch point
need special attention.

Definition 4.3. The analytic function f(z) has a pole at the isolated singularity z0 if there
is a positive integer n such that (z − z0)n f(z) is analytic at z0. The order of the pole is the
smallest n for which this is the case. If f(z) is analytic and single valued in a neighborhood
of the singular point z0, but there is no positive integer for which (z − z0)n f(z) is analytic at
z0, then z0 is an essential singularity of f(z).

4If a f(z) has a sequence of singular points with a limit point z0, then z0 is also described as an essential
singularity of f(z), but it is not isolated. In the present context, only isolated essential singularities are considered.
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Definition 4.4. The singular point z0 is a branch point of the analytic function f(z) if in
each sufficiently small neighborhood of z0 there is a circle K� : |z − z0| = � such that

(i) f(z) is analytic on and within K�, except at z0 itself, and
(ii) the functional element of f(z) obtained by analytic continuation once aroundK� from

any point z1 on K� is distinct from the initial functional element.

Remark. Condition (ii) essentially requires that
∮
K�

f ′(z) dz �= 0 for all � less than some

ρ0 > 0, since f(z) does not return to the same value after one trip around the circle. �

The complex plane can be extended to include the point ∞ as the image of z = 0 under the
reciprocal transformation. Thus f(z) is analytic at ∞ if g(ξ) ≡ f(1/ξ) is analytic at ξ = 0,
and f(z) has a pole of order n (or an essential singularity) at ∞ if g(ξ) has a pole of order n
(or an essential singularity) at ξ = 0.

Example 4.5. f(z) = (z− z0)−n has a pole of order n at z0, Thus f(z) = zn has a pole
of order n at ∞.

Example 4.6. f(z) = ez has an essential singularity at ∞, and f(z) = exp[1/(z − z0)]
has an essential singularity at z0.

Example 4.7. The functions f(z) = ln(z− z0) and gα(z) = (z− z0)α, with α not being
an integer, have a branch point at z0. Each of these functions has a second branch point
at ∞, and the functions can be made single valued in the complex plane with an arbitrary
branch cut from z0 to ∞.

If f(z) has a pole of order n at z0, then the function φ(z) ≡ (z − z0)n f(z) is analytic at
z0 and the power series

φ(z) =
∞∑

k=0

ak(z − z0)k (4.75)

has radius of convergence r > 0. Then also

f(z) =
a0

(z − z0)n
+

a1

(z − z0)n−1
+ · · · + an−1

z − z0
+

∞∑

k=0

ak+n(z − z0)k (4.76)

and the series is absolutely convergent for 0 < |z − z0| < r. There is a similar expansion
near an essential singularity, to be derived below, that includes an infinite number of negative
powers of z − z0.

The behavior of an analytic function near a singularity depends on the type of singularity.
If f(z) is (single valued), bounded and analytic in the region 0 < |z − z0| < �, then f(z) is
analytic at z0, so that if z0 is an isolated singularity of f(z), then f(z) must be unbounded
in any neighborhood of z0. If z0 is a pole of order n as in Eq. (4.76), then we can let bn ≡
1/a0 �= 0, and expand

1
f(z)

=
∞∑

k=n

bk(z − z0)k (4.77)
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with positive radius of convergence, so that 1/f(z) is analytic and bounded in some neighbor-
hood of z0. On the other hand, if f(z) has an essential singularity at z0, then |f(z)| assumes
arbitrarily small values in any neighborhood of z0, for otherwise 1/f(z) would be bounded
in the neighborhood, and hence analytic at z0. Since an essential singularity of f(z) is also
an essential singularity of f(z) − α for any complex α, this means that f(z) assumes val-
ues arbitrarily close to any complex number α in any neighborhood of an isolated essential
singularity.5

A branch point is a singularity that limits the circle of convergence of a power series
expansion of an analytic function. However the function need not be unbounded in any neigh-
borhood of a branch point (consider, for example,

√
z near z = 0). Branch points of an

analytic function occur in pairs. If the analytic function f(z) has one branch point (at z1, say),
it necessarily has a second branch point z2 (perhaps at ∞). To see this, let Kn be the circle
|z − z1| = n (n = 1, 2, . . .). If f(z) has no branch point other than z1 within Kn for all n,
then then the point z = ∞, which is the image of w = 0 under the reciprocal transformation
w = 1/z introduced earlier, can be classified as a branch point of f(z).

A branch cut for the analytic function f(z) is a line joining a pair of branch points of
f(z), such that (i) there is a region R surrounding the cut in which f(z) is analytic, except
possibly on the cut itself, and (ii) if z1 and z2 are two points in R, the functional element of
f(z) obtained by analytic continuation from z1 to z2 is the same for any path in R that does
not cross the cut. While the branch points of a function are well defined, the location of the
cut joining a pair of branch points is not unique; it may be chosen for convenience.

4.3.3 Global Properties of Analytic Functions

From the classification of isolated singularities, we can proceed to study the global properties
of analytic functions.

Definition 4.5. f(z) is an entire function if it is analytic for all finite z.

Example 4.8. Any polynomial p(z) is an entire function.

Example 4.9. The function ez is an entire function.

The power series expansion of an entire function about any point in the finite z-plane has
infinite radius of convergence. Hence an entire function is either a polynomial of some degree
n, in which case it has a pole of order n at ∞, or it is defined by an infinite power series
with coefficients an that rapidly tend to zero for large n, in which case it has an essential
singularity at ∞. Thus a nonconstant analytic function must be unbounded somewhere. This
can be expressed as a formal theorem:

Theorem 4.2. If the entire function f(z) is bounded for all finite z, then f(z) is a constant.

Proof. If f(z) is bounded for all finite z, it is bounded in a neighborhood of ∞, and hence
analytic there, so its power series expansion about z = 0 can have only a constant term.

5The precise statement is that in any neighborhood of an essential singularity, an analytic function f(z) assumes
all complex values with at most one exception (Picard’s theorem). A careful discussion is given in the book by
Copson.
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Not only the singular points, but the points where an analytic function vanishes are of
interest. We have the formal definition:

Definition 4.6. f(z) has a zero of order n at z0 if 1/f(z) has a pole of order n at z0. If f(z)
is a polynomial, then z0 is a root (of multiplicity n) of the polynomial.

The properties of analytic functions lead to the most elegant proof of the algebraic fact that
a polynomial of degree n has n roots, when multiple roots are counted with their multiplicity.
This results follows from the

Fundamental theorem of algebra. Every nonconstant polynomial has at least one root.

Proof. If p(z) is a nonconstant polynomial, then p(z) → ∞ as z → ∞, whence 1/p(z) → 0.
If 1/p(z) is also bounded in every finite region, it must be a constant. Since we assumed that
p(z) is a nonconstant polynomial, 1/p(z) must be unbounded in the neighborhood of some
finite point z0, which is then a root of p(z).

It follows that if p(z) is a polynomial of degree n, there exist unique points z1, . . . , zn, not
necessarily distinct, and a unique constant α such that

p(z) = α(z − z1) · · · (z − zn) (4.78)

For if z1 is a root of p(z), then p1(z) ≡ p(z)/(z − z1) is a polynomial of degree n − 1,
which, if n > 1, has at least one root z2. Then further p2(z) ≡ p(z)/(z − z1)(z − z2)
is a polynomial of degree n − 2. Proceeding in this way, we reach a constant polynomial
p(z)/(z − z1) · · · (z − zn) (whose value we denote by α).

Remark. Thus every polynomial of degree n has exactly n roots, counted according to
multiplicity, and we can formally carry out the factorization in Eq. (4.78), even if we cannot
compute the roots explicitly. �

Definition 4.7. f(z) is a rational function if f(z) = p(z)/q(z) where p(z) and q(z) are
polynomials with no common root (hence no common factor).
The rational function r(z) = p(z)/q(z) is analytic in the finite z-plane except for poles at the
roots of q(z). If q(z) has a root of multiplicity n at z0, then r(z) has a pole of order n at z0. If
p(z) has degree p, and q(z) has degree q, then

(i) if q > p, then r(z) has a zero of order q − p at ∞,
(ii) if q = p, then r(z) is analytic at ∞, with r(∞) �= 0,
(iii) if q < p, then r(z) has a pole of order p− q at ∞.

These properties are more or less evident by inspection. Less obvious, but nonetheless true,
is that a function analytic everywhere including ∞, except for a finite number of poles, is a
rational function. For if f(z) is analytic in the finite plane except for poles at z1, . . . , zm of
order n1, . . . , nm, then (z − z1)n1 · · · (z − zm)nmf(z) is an entire function. If this function
has at most a pole at ∞, then it is a polynomial, so that f(z) is a rational function.

Definition 4.8. A function f(z) analytic in a region R except for a finite number of poles is
meromorphic in R.

The preceding discussion shows that a function meromorphic in the entire complex plane
including the point at ∞ is a rational function.
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4.3.4 Laurent Series

The discussion following Eq. (4.76) suggests that there might be a power series expansion of
an analytic function valid even in the neighborhood of an isolated singularity z0, if negative
powers of z − z0 are included. Such an expansion can be derived for a function f(z) analytic
in an annular region

R : �1 ≤ |z − z0| ≤ �2

Let K1 be the circle |z − z0| = �1, and let K2 be the circle |z − z0| = �2. Then for z in R,
the Cauchy integral formula (4.55) gives

f(z) =
1

2πi

{∮

K2

f(ξ)
ξ − z

dξ −
∮

K1

f(ξ)
ξ − z

dξ

}
(4.79)

(both integrals are to be taken counterclockwise). Expanding the denominators in these inte-
grals leads to the expansion

f(z) =
∞∑

n=0

[
an(z − z0)n + bn(z − z0)−n−1

]
(4.80)

where

an =
1

2πi

∮

K2

f(ξ)
(ξ − z0)n+1

dξ (4.81)

and

bn =
1

2πi

∮

K1

f(ξ)(ξ − z0)n dξ (4.82)

Now the series

∞∑

n=0

an(z − z0)n

is absolutely convergent for |z−z0| < �2, uniformly within any circle |z−z0| = r2 < �2, and
the circle of convergence of the series can be extended up to the singularity of f(z) outside
K2 closest to z0. Also, the series

∞∑

n=0

bn(z − z0)−n−1

is absolutely convergent for |z−z0| > �1, uniformly within any circle |z−z0| = r1 > �1, and
the circle of convergence of the series can be extended up to the singularity of f(z) inside K1

closest to z0. The complete series (4.80) is thus absolutely convergent for �1 < |z− z0| < �2,
uniformly within any ring r1 ≤ |z − z0| ≤ r2 (with �1 < r1 < r2 < �2).
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The series (4.80) is a Laurent series for f(z) about z0. It is unique for fixed �1, �2. If
f(z) is analytic within the circle K : |z − z0| = �, except possibly at z0 itself, then the
inner radius �1 in the expansion (4.80) can be shrunk to zero, and the function has the unique
Laurent series expansion

f(z) =
∞∑

n=−∞
an(z − z0)n (4.83)

about z0, where

an =
1

2πi

∮

K

f(ξ)
(ξ − z)n+1

dξ (4.84)

The series (4.83) is absolutely convergent for 0 < |z − z0| < � and the circle of convergence
can be extended to the singularity of f(z) closest to z0. Here

R(z) ≡
∞∑

n=0

an(z − z0)n (4.85)

is the regular part of f(z) at z0, and

S(z) ≡
∞∑

n=1

a−n
(z − z0)n

(4.86)

is the singular part of f(z) at z0. S(z) = 0 if (and only if) f(z) is analytic at z0. If f(z) has
a pole at z0, then S(z) is a nonzero finite sum, while if f(z) has an essential singularity at z0,
then S(z) is an infinite series convergent for all |z − z0| > 0.

Definition 4.9. The coefficient a−1 in Eq. (4.83) is the residue of f(z) at z0.
This coefficient has a special role in evaluating integrals of the function f(z), as will be seen
in the next section.

Example 4.10. The logarithmic derivative of the analytic function f(z) is defined by

d

dz
[ln f(z) ] =

f ′(z)
f(z)

(4.87)

If f(z) has a zero of order n, then near z0 we have

f(z) � a(z − z0)n and f ′(z) � na(z − z0)n−1 (4.88)

so that the logarithmic derivative has a simple pole with residue n at z0. Also, if f(z) has
a pole of order n at z0, the logarithmic derivative has a simple pole with residue −n. This
result will be used to derive the useful formula, Eq. (4.105).
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4.3.5 Infinite Product Representations

There are useful representations of analytic functions in the form of series and products that
are not simply power series expansions of the forms (4.63) and (4.83). In particular, there
are representations that explicitly display the zeros and poles of a function by expressing the
function as a product of its zeros times entire functions chosen to make the product converge,
or as a sum over the singular parts of a function at its poles, modified by suitable polynomials
to insure convergence of the sum.

Example 4.11. The function (sinπz)/π is a function with simple zeros at each of the
integers. If we are careful to combine the zeros at z = ±n, we can write

sinπz = πz h(z)
∞∏

n=1

(
1 − z2

n2

)
(4.89)

The infinite product is absolutely convergent for all finite z, according to the criteria devel-
oped in Section 1.2, so the function h(z) on the right-hand side must be an entire function
with no zeros. It takes a further calculation to show that in fact h(z) = 1.

Example 4.12. A closely related function is π cotπz, which is meromorphic in the z-
plane with an essential singularity at ∞. This function has simple poles at each of the
integers, with residue = 1, suggesting the expansion

π cotπz =
1
z

+
∞∑

n=1

(
1

z − n
+

1
z + n

)
=

1
z

+
∞∑

n=1

2z
z2 − n2

(4.90)

This series is absolutely convergent in the finite z-plane except on the real axis at the
integers, although here, too, a further calculation is needed to show that a possible entire
function that might have been added to the right-hand side is not present.

First letH(z) be an entire function with no zeros in the finite plane. Then there is an entire
function h(z) such that

H(z) = eh(z) (4.91)

since if we define h(z) ≡ lnH(z) by taking the principal branch of the logarithm, there can
be no singularities of h(z) in the finite plane. An entire function F (z) with a finite number of
zeros at z1, . . . , zm with multiplicities q1, . . . , qm can evidently be written in the form

F (z) = H(z)
m∏

k=1

(z − zk)qk (4.92)

whereH(z) is an entire function with no zeros in the finite plane. If F (z) is an entire function
with an infinite number of zeros at z1, z2, . . .with corresponding multiplicities q1, q2, . . ., then
this representation must be modified, since the infinite product in Eq. (4.92) does not converge
as written.
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The Weierstrass factorization theorem asserts that a general representation of an entire
function with zeros at z1, z2, . . . with corresponding multiplicities q1, q2, . . . is given by

F (z) = H(z)
∞∏

k=1

[(
1 − z

zk

)
eγk(z)

]qk

(4.93)

where the functions γk(z) are polynomials that can be chosen to make the product converge
if it is actually an infinite product, and H(z) is an entire function with no zeros in the finite
plane that has the representation (4.91).

To derive Eq. (4.93), we construct polynomials γk(z) that insure the convergence of the
infinite product. First, note that the product

∞∏

k=1

(
1 − z

zk

)qk

(4.94)

is absolutely convergent if and only if the series

∞∑

k=1

qk

∣∣∣∣
z

zk

∣∣∣∣ (4.95)

is convergent, as explained in Section 1.2. There is no guarantee that this will be the case,
even though the sequence {zk} → ∞ for an entire function (it is left as an exercise to show
this). However, it is always possible to find a sequence of integers s1, s2, . . . such that the
series

S ≡
∞∑

k=1

qk

∣∣∣∣
z

zk

∣∣∣∣
sk

(4.96)

is absolutely convergent for every finite z. This is true because for any finite z, there is an
integer N such that |z/zk| < 1/2 for every k > N , and if we choose sk = k + qk, for
example, we will have

qk

∣∣∣∣
z

zk

∣∣∣∣
sk

<
qk
2qk

(
1
2

)k
<

(
1
2

)k
(4.97)

and the series S will converge by comparison with the geometric series. Once a suitable
sequence s1, s2, . . . has been found, it is sufficient to choose the polynomial γk(z) to be

γk(z) =
sk−1∑

m=1

1
m

(
z

zk

)m
(4.98)

The reader is invited to construct a careful proof of this statement.
There is also a standard representation for a function that is meromorphic in the finite

plane. Suppose f(z) has poles of order p1, . . . , pm at the points z1, . . . , zm, and suppose the
singular part (4.86) of f(z) at zk is given by

Sk(z) =
pk∑

n−1

ak,n
(z − zk)n

(4.99)
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Then f(z) can be expressed as

f(z) =
m∑

k=1

Sk(z) +Q(z) (4.100)

where Q(z) is an entire function. If f(z) has a pole at ∞, then Q(z) is a polynomial, and the
expansion corresponds to the partial fraction expansion of the polynomial in the denominator
of f(z) when it is expressed as a ratio of two polynomials.

If f(z) has an infinite number of poles, at a sequence z1, z2, . . . of points that converges
to ∞, then the question of convergence of the sum over the singular parts of the function at
the poles must be addressed. The result is the Mittag–Leffler theorem, which states that every
function f(z) meromorphic in the finite plane, with poles at z1, z2, . . . of order p1, p2, . . ., can
be expanded in the form

f(z) =
∞∑

k=1

[Sk(z) − σk(z)] +E(z) (4.101)

where E(z) is an entire function, and the functions σk(z) are polynomials that can be chosen
to make the sum converge if it is actually an infinite series. The proof of this theorem is similar
to the proof of the Weierstrass factorization theorem, in that polynomials can be constructed
to approximate the singular parts Sk(z) as closely as required when |z/zk|  1.

Important examples of expansions of the types (4.93) and (4.101) appear in the discussion
of the Γ-function in Appendix A.

4.4 Calculus of Residues: Applications

4.4.1 Cauchy Residue Theorem

Suppose R is a simply connected region bounded by the closed contour C, and that f(z) is an
analytic function. From Cauchy’s theorem (Eq. (4.52)), we know that if f(z) has no singular
points in R, then

∮

C

f(z) dz = 0

If f(z) is analytic in R except for an isolated singularity at z0, then we can insert the Laurent
series expansion (4.83) into the contour integral to obtain

∮

C

f(z) dz = 2πia−1 (4.102)

where a−1 is the coefficient of (z−z0)−1 in the series (4.83). As noted earlier, this coefficient
is the residue of f(z) at z0,

a−1 ≡ Resz=z0 f(z) (4.103)
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If f(z) has several singularities within R, then each singularity contributes to the contour
integral, and we have the

Cauchy residue theorem. Suppose f(z) is analytic in the simply connected region R
bounded by the closed curve C, except for isolated singularities at z1, . . . , zN . Then

∮

C

f(z) dz = 2πi
N∑

k=1

Resz=zk
f(z) (4.104)

This theorem leads to both useful formal results and to practical methods for evaluating defi-
nite integrals.

The logarithmic derivative f ′(z)/f(z) of the analytic function f(z) is defined by
Eq. (4.87). Recall that if f(z) has a zero of order n at z0, the logarithmic derivative has
a simple pole with residue n, while if f(z) has a pole of order n at z0, the logarithmic
derivative has a simple pole with residue −n. It follows that if f(z) is analytic in the re-
gion R bounded by the closed curve C, except for poles of order p1, . . . , pm at z1, . . . , zm
respectively, and if 1/f(z) is analytic in R except for poles of order q1, . . . , qn at ξ1, . . . , ξn
respectively, corresponding to zeros of f(z), then

1
2πi

∮

C

f ′(z)
f(z)

dz =
n∑

j=1

qj −
m∑

k=1

pk (4.105)

Thus the integral around a closed contour of the logarithmic derivative of an analytic function
counts the number of zeros minus the number of poles of the function within the contour. One
application of this in quantum mechanics is Levinson’s theorem for scattering phase shifts.

4.4.2 Evaluation of Real Integrals

Consider now the integral

I1 ≡
∫ ∞

−∞
f(x) dx (4.106)

which we suppose is convergent when the integration is taken along the real axis. If f(x) can
be analytically continued into the upper half of the complex z-plane, and if f(z) has a finite
number of isolated singularities in the upper half-plane, then we can close the contour by a
large semicircle in the upper half-plane, as shown in Fig. 4.2. If zf(z) → 0 as z → ∞ in
the upper half-plane, then large semicircle does not contribute to the integral and the residue
theorem gives

I1 = 2πi
∑

k

Resz=zk
f(z) (4.107)

where the summation is over the singularities z1, z2, . . . of f(z) in the upper half-plane. This
method also works if the function can be analytically continued into the lower half-plane, with
zf(z) → 0 as z → ∞ in the lower half-plane, so long as a minus sign is included to take into
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C

z

Figure 4.2: Contour for the evaluation of the integral I1.

account the fact that the contour will now run clockwise around the singularities in the lower
half-plane.

Example 4.13. With α > 0, a > 0, the integral

F (α) ≡
∫ ∞

−∞

eiαx

x2 + a2
dx (4.108)

can be evaluated by closing the contour in the upper half-plane (Fig. 4.2), since eiαz → 0
for z → ∞ in the upper half-plane when α > 0; hence the integrand satisfies the re-
quirement that zf(z) → 0 as z → ∞ in the upper half-plane. The integrand has poles at
z = ±ia, but only the pole at z = +ia is enclosed by the contour, so we end up with the
result

F (α) =
π

a
e−αa (4.109)

This is one of the many examples of Fourier integrals (Chapter 6) that can be evaluated
using contour integration methods.

Consider next the integral

I2 ≡
∫ 2π

0

f(cos θ, sin θ) dθ (4.110)

With z = eiθ , the integral becomes

I2 =
∮

K

f

[
1
2

(
z +

1
z

)
,

1
2i

(
z − 1

z

)]
dz

iz
(4.111)

where K is the unit circle in the z-plane. If the integrand is analytic (in z) on K, with a finite
number of isolated singularities within K, then the integral can be evaluated directly by the
residue theorem.
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C

z

Figure 4.3: The standard keyhole contour.

Example 4.14. With |b| < |a|, the integral

F (a, b) ≡
∫ 2π

0

1
a− b cos θ

dθ = 2i
∮

K

1
bz2 − 2az + b

dz =
2π√
a2 − b2

(4.112)

since one root of the denominator lies inside the unit circle, and one root lies outside (show
this), and the integral picks up the residue at the pole inside.

A third type of integral has the generic form

I3 ≡
∫ ∞

0

xαf(x) dx (4.113)

If α is not an integer, then zα has branch points at 0 and ∞, which we can connect by a branch
cut along the positive real axis. Now suppose f(x) can be analytically continued into the
entire complex z-plane with a finite number of isolated singularities, and that zα+1f(z) → 0
as z → ∞, so that we can neglect the contribution from the large circle at ∞. Then the integral
I3 is related to an integral around the standard keyhole contour C shown in Fig. 4.3 by

(1 − e2πiα) I3 =
∮

C

zαf(z) dz (4.114)

The contour integral can be evaluated by the residue theorem.
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Example 4.15. With 0 < |a| < 1, we have the integral

Ia(z) ≡
∫ ∞

0

1
xa(x− z)

dx =
(

1
1 − e−2πia

) ∮

C

1
ξa(ξ − z)

dξ

(4.115)

=
(

1
1 − e−2πia

)
2πi
za

=
π

sinπa
(−z)−a

Here we can use the fact that Ia(z) must be positive when z is real and negative to be
certain we are on the proper sheet of the Riemann surface of the function (−z)−a. Start-
ing (−z)−a real and positive on the negative real z-axis, we can move anywhere in the
z-plane with an implicit branch cut along the positive real z-axis, since Ia(z) will have a
different value there depending on how we approach the axis. This integral is a prototype
for integrating a function along a path joining two branch points.

A closely related integral is

I4 ≡
∫ ∞

0

f(x) dx (4.116)

If f(x) can be analytically continued into the entire complex z-plane, with a finite number of
isolated singularities, then we can convert this integral into an integral

I4 =
i

2π

∮

C

(ln z)f(z) dz (4.117)

around the standard keyhole contour. For if we choose the branch cut of ln z along the positive
real axis from 0 to ∞, then

lnxe2πi = lnx+ 2πi (4.118)

and if z(ln z)f(z) → 0 as z → 0 and as z → ∞, we can again neglect the contribution from
the large circle at ∞.

Example 4.16. The integral
∫ ∞

0

1
1 + x3

dx =
i

2π

∮

C

ln z
1 + z3

dz (4.119)

=
iπ

3

{
5

(ω − ω∗)(ω∗ + 1)
− 3

(ω + 1)(ω∗ + 1)
− 1

(ω − ω∗)(ω + 1)

}
=

π

3
√

3

where

ω =
1
2
(1 + i

√
3) = e

iπ
3 and ω∗ =

1
2
(1 − i

√
3) = e−

iπ
3 (4.120)

are the complex cube roots of −1. The contour integral has picked up the contributions
from all three of the cube roots.
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Figure 4.4: Mapping between a strip of the ξ-plane and the w-plane.

4.5 Periodic Functions; Fourier Series

4.5.1 Periodic Functions

Periodic functions are clearly very important in physics; here we look at some properties of
periodic functions in the complex plane. We begin with the

Definition 4.10. A function f(z) is periodic (with period a) if

f(z + a) = f(z) (4.121)

for all z. If f(z) has period a, then it also has periods 2a, 3a, . . ., so that we define the
fundamental period (or primitive period) of f(z) to be a period α such that α/n is not a
period of f(z) for any n = 2, 3, . . ..6

Functions with fundamental period α are the exponential functions exp(±2πiz/α) or the
corresponding trigonometric functions sin(2πz/α) and cos(2πz/α). However, any function
f(z) represented by a convergent series of the form

f(z) =
∞∑

n=−∞
cn e

2nπiz/α (4.122)

with c1 �= 0 or c−1 �= 0 will also have fundamental period α.

Exercise 4.2. What relations exist between the coefficients cn in the expansion (4.122) if
the function f(z) is real for real z? (Assume α is also real.) �

The interesting question here is whether the converse holds true: Can any function f(z)
that has period α be represented by a series of the form (4.122)? To answer this question,
introduce first the new variable ξ ≡ z/α so that the period of the function in the ξ-plane is 1.
Then define the variable

w ≡ e2πiξ (4.123)

6This definition allows ±α to be fundamental periods. In general, we will choose a fundamental period α with
Im α > 0, or if Im α = 0, then Re α > 0.
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The function f(z) is completely specified by its values in the strip 0 ≤ Re ξ ≤ 1 in the ξ-plane,
which is mapped into the entire w-plane by (4.123) as shown in Fig. 4.4. Thus periodicity of
f(z) in z or ξ is equivalent to a requirement that f(z) be a single-valued function of w. If f
is analytic in the w-plane in some annular region R : w1 < |w| < w2, then we can expand f
in a Laurent series

f =
∞∑

n=−∞
cn w

n (4.124)

convergent within the annular region R. When we return to the variable z, this series is
precisely of the form (4.122), and the region of convergence is a strip of the form

S : − ln w2 < 2π Im
( z
α

)
< − ln w1

The coefficients cn in the Laurent expansion (4.124) can be expressed as contour integrals

cn =
1

2πi

∮

C

f(w)
wn+1

dw (4.125)

where C is a circle of radius w0 inside R. This circle corresponds to the line

L : {ξ = x+ iη | 0 ≤ x ≤ 1, w0 = e−2πη }

in the ξ-plane, and the integral formula (4.125) can also be written as

cn =
1

2πwn0

∫ 1

0

f(x) e−2πinx dx (4.126)

When f(z) is an analytic function of z in a strip of the form S, then the expansion (4.122)
is convergent inside the strip, uniformly in any closed region lying entirely within the strip.
The expansion (4.122) is known as a (complex) Fourier series. The series has the alternative
expression in terms of trigonometric functions as

f(z) =
∞∑

n=0

an cos
(

2nπz
α

)
+

∞∑

n=1

bn sin
(

2nπz
α

)
(4.127)

in which the coefficients an and bn are real if f(z) is real for real z. The coefficients cn, or an
and bn, are the Fourier coefficients of f(z).

Exercise 4.3. Express the function tanπξ as a single-valued function of the variable
w = e2πiξ . Then find Fourier series expansions of tanπξ and cotπξ valid for Im ξ > 0. �

Periodic functions on the real z-axis that cannot be analytically continued into the complex
plane also have Fourier series expansions of the forms (4.122) and (4.127), with coefficients
given by Eq. (4.126) with w0 = 1. However, the convergence properties are not the same,
since the series cannot converge away from the real axis (the strip of convergence has zero
width). These expansions will be examined further in Chapter 6 where Fourier series are
revisited in the context of linear vector space theory.
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A function f(z) for which

f(z + a) = µf(z) (4.128)

for all z (µ is a constant) is quasi-periodic, or almost periodic, with period a. A quasi-periodic
function can be transformed into a periodic function with the same period: if f(z) satisfies
(4.128) with µ = eika, then the function

φ(z) ≡ e−ikz f(z) (4.129)

is strictly periodic with period a.

Remark. Almost periodic functions appear as solutions of linear differential equations with
periodic coefficients that arise in the analysis of wave motion in periodic structures such as
crystal lattices. These equations have solutions of the type (4.128). That they can be expressed
in the form of Eq. (4.129) is a result known in the physics literature as Bloch’s theorem. �

4.5.2 Doubly Periodic Functions

If α is a fundamental period of f(z), then the periods nα (n = ±1,±2, . . .) lie on a line in
the z-plane. If f(z) has no periods other than these, the f(z) is simply periodic. However,
there are functions with additional periods, and a second fundamental period β such that every
period Ω of f(z) has the form

Ω = mα+ nβ (4.130)

with m,n integers. Such functions are doubly periodic, and have some interesting properties
that we will now explore.7

Suppose f(z) is a doubly periodic function with fundamental periods α and β. We can
choose α to be the period of f(z) with the smallest magnitude, and again introduce the variable
ξ ≡ z/α, so that the fundamental periods of f in the ξ-plane are 1 and τ ≡ β/α. Then the
values of f in the ξ-plane are determined by its values in the fundamental parallelogram (or
primitive cell) shown by the shaded area in Fig. 4.5, and denoted by P . If f is meromorphic
in P , then f is an elliptic function, which we will assume to be the case from here on.

Remark. The primitive cell P , with opposite sides identified, is equivalent to the torus
introduced in Chapter 3—see Fig. 3.4. Thus doubly periodic functions are analytic functions
on a torus with a complex structure. �

7A natural question to ask is whether a function can have further periods that cannot be expressed in terms of two
fundamental periods in the form (4.130). It is not possible for a nonconstant analytic function, since the existence of
a third fundamental period γ would mean that any complex number of the form mα+nβ +pγ with m, n, p integers
would also be a period. But we can find numbers of this form arbitrarily close to any number in the complex plane
(show this), so the analytic function must be constant.
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•

•

•

• ••

•

• • • •

• •

•

Figure 4.5: Fundamental parallelogram P (shaded) for a doubly periodic function with periods
1 and τ . The dots in the figure indicate the different periods of the function in the ξ-plane of the
form m+ nτ .

1/2-1/2

Figure 4.6: Region in the τ -plane needed to specify the periods of a doubly periodic function.

The second fundamental period of f(z) can be chosen so that the ratio τ of fundamental
periods lies in the shaded region of the τ plane shown in Fig. 4.6.8 The origin can be chosen
so that no singularities of f lie on the boundary of the primitive cell P . The function f must
then have poles within P , else it would be a bounded entire function, and thus a constant. The
order of an elliptic function f(z) is the sum of the orders of the poles of f(z) in P .

8If τ is a fundamental period, so are −τ and τ ± 1. Hence the second fundamental period can be shifted to lie in
the strip − 1

2
< Re τ ≤ 1

2
with Im τ > 0. Also, |τ | ≥ 1 since we have rescaled z by the fundamental period of

smallest magnitude.
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If K is the boundary of P , then the periodicity of f(z) implies
∮

K

f(ξ) dξ = 0 (4.131)

since the contributions to the integral from opposite sides of P cancel. Thus the sum of the
residues of f at the poles in P must be zero. Hence f cannot have just one simple pole
inside P; the minimum order of an elliptic function is 2, corresponding to a function that
has either a double pole with zero residue, or a pair of simple poles with equal and opposite
residues.

The order n of an elliptic function f is also equal to the number of zeros of f inside P
(counted with appropriate multiplicity), since double periodicity also implies

1
2πi

∮

K

f ′(ξ)
f(ξ)

dξ = 0 (4.132)

as in Eq. (4.131). We know from Eq. (4.105) that this integral is equal to the number of zeros
minus the number of poles of f inside P . Then f assumes any complex value c exactly n
times inside P9, since if f is an elliptic function of order n, so is f − c.

Some elliptic functions that occur in physics are introduced in Appendix A of Chapter 5.

A Gamma Function; Beta Function

A.1 Gamma Function

An important special function that has already made a brief appearance in Chapter 1 is the
Γ-function, defined for Re z > 0 by the integral

Γ(z) ≡
∫ ∞

0

tz−1 e−t dt (4.A1)

When z is a positive integer n+1, the integral can be evaluated using integration by parts, for
example, to give

Γ(n+ 1) =
∫ ∞

0

tn e−t dt = n! (4.A2)

(n = 0, 1, 2, . . .). Also, when z is a half-integer, we can let t = u2 to obtain

Γ(n+ 1
2 ) =

∫ ∞

0

tn−
1
2 e−t dt = 2

∫ ∞

0

u2n e−u
2
du =

(2n) !
22n n !

√
π (4.A3)

(n = 0, 1, 2, . . .).
The Γ-function defined by Eq. (4.A1) is the analytic continuation of the factorial function

defined for integers into the half-plane Re z > 0. Note that it is analytic, since the derivative

Γ′(z) =
∫ ∞

0

(ln t)tz−1 e−t dt (4.A4)

9The reader is invited to provide a modification of this statement for a value c that occurs on the boundary of P .
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is well defined for Re z > 0. Integration by parts in Eq. (4.A1) gives the recursion formula

zΓ(z) = Γ(z + 1) (4.A5)

and then

z(z + 1) · · · (z + n) Γ(z) = Γ(z + n+ 1) (4.A6)

(n = 1, 2, . . .) for Re z > 0. But the right-hand side is analytic for Re z > −n − 1, so
this equation provides the analytic continuation of Γ(z) to the half-plane Re z > −n − 1.
It follows that Γ(z) is analytic everywhere in the finite z-plane except for simple poles at
z = 0,−1,−2, . . ., with residue at the pole at z = −n given by (−1)n/n !. These analyticity
properties also follow from the expansion

Γ(z) =
∫ 1

0

tz−1 e−t dt+
∫ ∞

1

tz−1 e−t dt

=
∞∑

n=0

(−1)n

n!
1

z + n
+

∫ ∞

1

tz−1 e−t dt (4.A7)

where we note that the sum is absolutely convergent everywhere except at the poles, and the
integral is an entire function with an essential singularity at ∞.

Consider now the product Γ(z)Γ(1− z), which has poles at each integer, with the residue
of the pole at z = n given simply by (−1)n. It is thus plausible that

Γ(z)Γ(1 − z) =
π

sinπz
. (4.A8)

To show that this is actually the case, suppose 0 < Re z < 1. Then

Γ(z)Γ(1 − z) =
∫ ∞

0

tz−1 e−t dt
∫ ∞

0

u−z e−u du

= 4
∫ ∞

0

x2z−1 e−x
2
dx

∫ ∞

0

y1−2z e−y
2
dy

= 4
∫ ∞

0

r e−r
2
dr

∫ π
2

0

(cot θ)2z−1 dθ

= 2
∫ ∞

0

s2z−1

1 + s2
ds =

π

sinπz
(4.A9)

where the last integral is evaluated using the standard keyhole contour introduced in the pre-
ceding section. The result (4.A8), derived for 0 < Re z < 1, is then true everywhere by
analytic continuation.

An infinite product representation of the Γ-function is derived from the expression

Γ(z) = lim
n→∞

∫ n

0

(
1 − t

n

)n
tz−1 dt = lim

n→∞

{
nz

∫ 1

0

(1 − u)n uz−1 du

}

= lim
n→∞

{
nz

n !
z(z + 1) · · · (z + n)

}
(4.A10)
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valid for Re z > 0. It follows that

1
Γ(z)

= z lim
n→∞

{
n−z

n∏

m=1

(
1 +

z

m

)}

= z lim
n→∞

{
exp

[(
n∑

m=1

1
m

− lnn

)
z

]
n∏

m=1

[(
1 +

z

m

)
e−

z
m

]}

= z eγz
∞∏

m=1

[(
1 +

z

m

)
e−

z
m

]
(4.A11)

where γ is the Euler–Mascheroni constant defined by

γ ≡ lim
n→∞

(
n∑

m=1

1
m

− lnn

)
(4.A12)

(see Eq. (1.72) and Problem 1.12 for further details). The infinite product is convergent for
all finite z due to the inclusion of the factor exp(−z/m). This is an example of the factor
exp[γm(z)] introduced in Eq. (4.93).

Exercise 4.A1. Using the infinite product representation (4.A11) or otherwise, derive the
duplication formula

Γ(z)Γ(z + 1
2 ) =

√
π Γ(2z)
22z−1

(4.A13)

This result and Eq. (4.A8) are quite useful. �

The infinite product representation (4.A11) can be used to derive an integral representa-
tion for the logarithmic derivative of the Γ-function, which appears in some physics contexts.
Taking the logarithm of both sides of Eq. (4.A11) gives

ln Γ(z) = −γz − ln z +
∞∑

m=1

[ z
m

− ln
(
1 +

z

m

)]
(4.A14)

and then, by differentiation,

Γ′(z)
Γ(z)

=
d

dz
[ ln Γ(z) ] = −γ − 1

z
+ z

∞∑

m=1

1
m(z +m)

(4.A15)

Now recall the result

γ =
∫ 1

0

(
1 − e−t

t

)
dt−

∫ ∞

1

e−t

t
dt (4.A16)

from Problem (1.12), and note that

1
z +m

=
∫ ∞

0

e−(z+m) t dt (4.A17)
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We then get the integral representation

d

dz
[ ln Γ(z)] =

∫ ∞

0

(
e−t

t
− e−zt

1 − e−t

)
dt (4.A18)

valid for Re z > 0. Since
∫ ∞

0

e−t − e−zt

t
dt = ln z (4.A19)

we have the alternative representation (still for Re z > 0)

d

dz
[ ln Γ(z) ] = ln z +

∫ ∞

0

(
1
t
− 1

1 − e−t

)
e−zt dt (4.A20)

The Bernoulli numbers B2n are defined by the expansions

t

1 − e−t
= 1 + 1

2 t+
∞∑

n=1

B2n

(2n) !
t2n (4.A21)

t

et − 1
= 1 − 1

2 t+
∞∑

n=1

B2n

(2n) !
t2n (4.A22)

The term in parentheses in the integrand in Eq. (4.A20) can be expanded to obtain the asymp-
totic expansion

d

dz
[ ln Γ(z) ] ∼ ln z − 1

2z
−

∞∑

n=1

B2n

2n
1
z2n

(4.A23)

for z → ∞ in any sector |arg z| ≤ 1
2φ − δ (0 < δ < π

2 ). This expansion can be integrated
term-by-term to give

ln Γ(z) ∼ (z − 1
2 ) ln z − z + C +

∞∑

n=0

B2n+2

(2n+ 1)(2n+ 2)
1

z2n+1
(4.A24)

where the constant C must be determined separately. The calculation in Section 1.4 gives (see
Eq. (1.111))

C = 1
2 ln(2π) (4.A25)

The corresponding asymptotic expansion of the Γ-function itself is then given by

Γ(z) ∼
√

2π
z

(z
e

)z
exp

{ ∞∑

n=0

B2n+2

(2n+ 1)(2n+ 2)

}

=

√
2π
z

(z
e

)z {
1 +

1
12z

+
1

288z2
+O

(
1
z3

)}
(4.A26)

(Stirling’s series). The expansion of n! for large n obtained from this using Eq. (4.A2) is
important in statistical physics.
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A.2 Beta Function

Now consider the product

Γ(α)Γ(β) =
∫ ∞

0

xα−1 e−x dx
∫ ∞

0

yβ−1 e−y dy

=
∫ ∞

0

∫ u

0

xα−1(u− x)β−1 e−u dx du

=
∫ ∞

0

uα+β−1 e−u du
∫ 1

0

tα−1(1 − t)β−1 dt

= Γ(α+ β)
∫ 1

0

tα−1(1 − t)β−1 dt (4.A27)

where u = x+ y and x = ut.
The beta function B(α, β) is defined by

B(α, β) ≡
∫ 1

0

tα−1(1 − t)β−1 dt =
Γ(α)Γ(β)
Γ(α+ β)

(4.A28)

where the integral is defined for Re α > 0, Re β > 0. The ratio of the Γ-functions then
provides the analytic continuation of B(α, β) to all α, β. A second integral representation of
the beta function is

B(α, β) =
∫ ∞

0

(1 − e−w)β−1 e−αw dw (4.A29)

which follows from the substitution t = e−w in Eq. (4.A28).
For fixed β, B(α, β) is an analytic function of α with simple poles at α = 0,−1,−2, . . .

corresponding to the poles of Γ(α). The residue at the pole at α = −n is given by

Resα=−nB(α, β) =
(−1)n

n !
Γ(β)

Γ(−n+ β)
(4.A30)

=
(n− β)(n− β − 1) · · · (1 − β)

n !

(n = 0, 1, 2, . . .). Note that if β = m is a positive integer, the apparent poles at α =
−m,−m− 1, . . . are not actually present.

The B-function can be expanded as a sum over its poles according to

Γ(α)Γ(β)
Γ(α+ β)

=
∞∑

n=0

(n− β)(n− β − 1) · · · (1 − β)
n !

1
α+ n

(4.A31)

If Re β > 0, the series is absolutely convergent for all α except at the poles.

Exercise 4.A2. Prove the convergence of the series (4.A31). �
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Problems

1. For each of the mappings

(i ) w =
z2 + 1
z2 − 1

(ii) w = tan z

explain: For what values of z does the mapping fail to be conformal? What are the
branch points of the map in the w-plane? What is the structure of the Riemann surface
corresponding to the w-plane? Find appropriate branch cuts in the w-plane, and indicate
what region of the z-plane is mapped onto each sheet of the w-plane. Sketch some details
of the mapping.

2. Consider the linear fractional transformation

z �→ w =
az + b

cz + d

with ∆ ≡ ad− bc = 1. With this transformation we can associate the 2 × 2 matrix

A ≡
(
a b
c d

)

(note that detA = ∆ = 1).

(i) Show that the result of the linear fractional transformation with associated matrix A1

followed by the linear fractional transformation with associated matrix A2 is a linear
fractional transformation whose associated matrix is the matrix product A2A1.

Remark. Thus the transformation group SL(2) defined by 2 × 2 matrices A with
detA = 1 has a nonlinear realization by linear fractional transformations of the complex
plane. �

(ii) Show that if the matrix A is real, then the associated linear fractional transformation
maps the upper half z-plane into the upper half w-plane.

3. Discuss the analytic properties of each of the functions below. In particular, locate and
classify the singularities of each function, calculate the residue at each pole, join each
pair of branch points with a suitable cut and calculate the discontinuity across the cut,
and describe the Riemann surface on which each function is defined.

(i)
z

(z2 − a2)2

(ii)
sin z
z

(iii)
1√
z

ln
(

1 +
√
z

1 −
√
z

)

(iv)
∫ ∞

0

e−t

t+ z
dt
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4. Is it always true that

ln z1z2 = ln z1 + ln z2

when z1 and z2 are complex? Explain your answer with words and pictures.

5. Consider the function

f(z) =
1

a+ bz + i
√
z

where a, b are real constants. f(z) is defined on the two-sheeted Riemann surface as-
sociated with

√
z. Choose the branch cut in the z-plane to run from 0 to ∞ along the

positive real axis, and define the principal sheet to be where
√
z is positive as the real

axis is approached from the upper half z-plane (note that Im
√
z > 0 on this sheet). Find

the pole(s) of f(z) on the Riemann surface, noting carefully on which sheet each pole is
located. Consider all possible sign combinations for a, b.

6. Derive the power series

tan−1 z =
∞∑

n=0

(−1)n
z2n+1

2n+ 1

7. Use the arctangent series from the preceding problem to show that

π

8
=

∞∑

n=0

1
(4n+ 1)(4n+ 3)

8. Show that

1
sin2 z

=
∞∑

n=−∞

1
(z + nπ)2

From this result, show that

ζ(2) =
∞∑

n=1

1
n2

=
π2

6

Then evaluate the series

Σ4(z) ≡
∞∑

n=−∞

1
(z + nπ)4

and the sum

ζ(4) =
∞∑

n=1

1
n4
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9. Planck’s radiation law. In an ideal blackbody at (absolute) temperature T , the electro-
magnetic energy density between frequencies ν and ν + dν is given by

uνdν =
(

8πhν3

c3

)
1

exp
(
hν
kT

)
− 1

dν

where h is Planck’s original constant (h = 2π�), k is the Boltzmann constant, and c is
the speed of light.

(i) Show that the total energy density is proportional to the fourth power of temperature,

U(T ) ≡
∫ ∞

0

uν dν = aT 4

Remark. This is the Stefan–Boltzmann law for blackbody radiation; the power radiated
from a blackbody is proportional to its energy density, and hence also to the fourth power
of the temperature. �

(ii) Evaluate the Stefan–Boltzmann constant a in terms of h, k, and c.

10. Consider the expansion

1√
1 − 2hz + h2

=
∞∑

n=0

cn(z)hn

For fixed h > 0, find the region in the z-plane for which this series is convergent.

11. Find the conditions under which the series

S(z) ≡
∞∑

n=1

zn

(1 − zn)(1 − zn+1)

is convergent and evaluate the sum.

12. If F (z) is an entire function with zeros at z1, z2, . . ., then the sequence {zk} → ∞.

13. Evaluate the integrals

(i)
∫ ∞

0

1
1 + x6

dx

(ii)
∫ ∞

−∞

1
(1 + x2)(1 − 2αx+ x2)

dx

with α being a fixed complex number.

14. Suppose m and n are positive integers with m < n. Evaluate the integral

Im,n ≡
∫ ∞

0

x2m

1 + x2n
dx
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15. Evaluate the integrals

(i)
∫ π

0

1
1 + sin2 θ

dθ

(ii)
∫ 2π

0

sin2 θ

a+ b cos θ
dθ

(iii)
∫ ∞

−∞

cos ax− cos bx
x2

dx

(iv)
∫ ∞

0

cos ax
1 + x4

dx

with a, b real and positive.

16. Evaluate the integral

In(a) ≡
∫ ∞

0

xa−1

1 + x2n
dx

with n being a positive integer, and 0 < a < 2n.

17. Evaluate the integral

∫ ∞

0

ln x
1 + x2

dx

18. Evaluate the integral

I(a) ≡
∫ ∞

0

dx

cosh ax

19. Consider the function h(z) defined by

h(z) ≡ 2√
π

∫ ∞

0

x2e−x
2

1 − ze−x2 dx

(i) Evaluate h(0).

(ii) Find the power series expansion of h(z) about z = 0. For what region in the z-plane
is the series convergent?

(iii) For what region in the z-plane is h(z) defined by the integral? Locate the singular-
ities of h(z). Find suitable branch cuts connecting branch points of h(z), and describe
the Riemann surface of the function.
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20. (i) Compute the volume V(Sn) of the sphere Sn. First, consider the n-dimensional
integral

In ≡
∫ ∞

−∞
· · ·

∫ ∞

−∞
e−r

2
dx1, . . . , dxn

with r2 = x2
1 + · · · + x2

n (r is the radial coordinate in n-dimensional spherical coordi-
nates). In Cartesian coordinates, the integral can be expressed as a product of n identical
one-dimensional integrals. In spherical coordinates, it is given by

In = V(Sn−1)
∫ ∞

0

rn−1e−r
2
dr

which can be evaluated in terms of a Γ-function. Then evaluate V(Sn−1).

(ii) Evaluate the volume V(Bn) of an n-dimensional ball Bn of radius R.

(iii) Compare your results with the standard results for n = 1, 2, 3.

Remark. Once these results are expressed in terms of Γ-functions, there is no need for
the dimension n to be an integer. Extending these results to noninteger n is useful in
renormalization group analyses both in quantum field theory and in statistical mechanics
of many-body systems. �

21. Show that 1/Γ(z) can be written as a contour integral according to

1
Γ(z)

=
1

2πi

∫

C

(−t)−z e−t dt

where C is the standard keyhole contour shown in Fig. 4.3.

22. Show that
∫ 1

0

xa−1 (1 − x)b−1

(x+ p)a+b
dx =

Γ(a) Γ(b)
Γ(a+ b)

1
(1 + p)a pb

for Re a > 0,Re b > 0, p > 0.

23. Show that

In ≡
∫ π

2

0

sin2n θ dθ = 22n−1 [Γ(n+ 1
2 )]2

Γ(2n+ 1)

for n = 0, 1, 2, . . .. Evaluate this for n = 0 to show that

Γ
(

1
2

)
=

√
π

Finally, show that

In =
π

22n+1

(2n)!
(n!)2
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24. Recall the Riemann ζ-function defined in Chapter 1 for Re s > 1 by

ζ(s) ≡
∞∑

n=1

1
ns

(i) Show that

ζ(s) =
1

Γ(s)

∫ ∞

0

xs−1

ex − 1
dx

for Re s > 1.

(ii) Show that

ζ(s) =
Γ(1 − s)

2πi

∫

C

(−t)s−1

et − 1
dt

where C is the standard keyhole contour shown in Fig. 4.3. Then show that ζ(s) is
analytic in the finite s-plane except for a simple pole at s = 1 with residue 1.

(iii) Evaluate ζ(−p) (p = 0, 1, 2, . . .) in terms of Bernoulli numbers (Eqs. (4.A21) and
(4.A22)).

25. Find the sum of the series

∞∑

n=0

e−nb cos 2πnz

(b > 0). For what values of z does the series converge?

26. Suppose the elliptic function f(z) of order n has zeros at a1, . . . , an and poles at
b1, . . . , bn in a primitive cell P . Show that

n∑

k=1

ak −
n∑

k=1

bk = pα+ qβ

where α, β are the fundamental periods of f(z), and p, q are integers.
Hint. Evaluate the integral

1
2πi

∮

K

z
f ′(z)
f(z)

dz

around the boundary K of P .



5 Differential Equations: Analytical Methods

In Chapter 3, we introduced the concept of vector fields and their lines of flow (integral curves)
as solutions of a system of first-order differential equations. It is relatively straightforward to
generate a solution to such a system, numerically if necessary, starting from an initial point in
the n-dimensional manifold on which the equations are defined. This solution will be unique,
provided of course that the initial point is not a singular point of the vector field defined by the
equations. However, there are also questions of long-term stability of solutions—do solutions
that start from nearby points remain close to each other? and if so, for how long?—that are
especially important both in principle and in practice, and many of these questions are still
open to active research. They are only mentioned briefly here to remind the reader that there
is more to using mathematics than providing input to a computer.

Moreover, not all systems of differential equations in physics are posed as initial value
problems. A vibrating string, for example, is described by a linear second-order differential
equation with boundary conditions at the endpoints of the string. Thus we need to consider
methods to find general solutions to a differential equation, and then deal with the questions
of existence and uniqueness of solutions satisfying various possible constraints. For linear
systems, the theory of linear vector spaces and linear operators in Chapters 2, 6, and 7 is
useful, but analytic techniques are still needed to construct explicit solutions.

We begin with the standard form of a system of n first-order differential equations

d

dz
uk(z) = hk(u1, . . . , un; z)

(k = 1, . . . , n), where u1, . . . , un are the functions to be determined, and z is the indepen-
dent variable; here u1, . . . , un and z may complex. Extending the range of the variables to
the complex plane allows us to make use of the theory of functions of a complex variable
elaborated in Chapter 4. We note that a general nth-order differential equation for a single
function u can be reduced to a system of n first-order equations by introducing as independent
variables the function u and its first n− 1 derivatives u′, . . . , u(n−1).

The simplest differential equation is the linear first-order equation

d

dz
u(z) + p(z)u(z) = f(z)

We construct the general solution to the homogeneous equation [f(z) = 0] with initial con-
dition u(z0) = u0, and show how the analytic properties of the solution are related to the
analytic properties of the coefficient p(z). We then show how to find the solution to the inho-
mogeneous equation.

Introduction to Mathematical Physics. Michael T. Vaughn
Copyright c© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40627-2

Introduction to Mathematical Physics 

Michael T. Vaughn 
 2007 WILEY-VCH Verlag GmbH & Co. 
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We also look at some special nonlinear first-order equations. The Bernoulli equation is
reduced to a linear equation by a change of variables. The first-order Ricatti equation is
related to a linear second-order equation. We show how to solve a first-order equation that is
an exact differential. Of course there is no universal method to reduce the general first-order
equation to an exact differential!

We present the nth-order linear differential equation as a linear operator equation

L[u] ≡ u(n)(z) + p1(z)u(n−1)(z) + · · · + pn−1(z)u′(z) + pn(z)u(z) = f(z)

on the linear vector space Cn of n-times differentiable functions of the variable z. The linear
equation L[u] = 0 with constant coefficients is related to the equation of a linear dynamical
system introduced in Section 2.5; its solution is a linear combination of exponential functions
of the form exp(αz) with constants α expressed as the roots of a polynomial of degree n. We
also find solutions when the roots of polynomial are degenerate.

The general solution of the homogeneous equation L[u] = 0 is obtained formally as a
linear combination of n fundamental solutions that define an n-dimensional vector space. If
the coefficients p1(z), . . . , pn(z) are analytic functions of the complex variable z, then the
solutions to L[u] = 0 are analytic except perhaps where one or more of the coefficients is
singular. The behavior of solutions near a singular point is of special interest, for the singular
points often correspond to the boundary of a physical region in the variable z. A regular
singular point is one at which the singularity of the general solution is at most a pole or a
branch point; the general solution has an essential singularity at an irregular singular point.
We note that the general solution of the inhomogeneous equation L[u] = f is given as a
particular solution of L[u] = f plus any solution of the homogeneous equation.

Second-order linear equations are especially important in mathematical physics, since they
arise in the analysis of partial differential equations involving the Laplacian operator when
these equations are reduced to ordinary differential equations by separating variables, as will
appear in Chapter 8. Here we show how to extract the leading behavior of solutions near
singular points. For equations with one or two regular singular points, we can obtain a general
solution in terms of elementary functions.

The second-order linear equation with three regular singular points is the hypergeometric
equation, and its solutions are hypergeometric functions. We describe the Legendre equation
and some of its solutions as a model of this equation, and devote Appendix A to a detailed
analysis of the general hypergeometric equation and the hypergeometric functions.

When two of the regular singular points are merged in a special way to create an irregular
singular point, the hypergeometric equation becomes the confluent hypergeometric equation.
Bessel’s equation is the version of this equation most often met, and we describe the important
properties of several types of Bessel functions. We also provide an extensive analysis of the
general confluent hypergeometric equation and the confluent hypergeometric equations that
satisfy it in Appendix B.

In Appendix C, we analyze a nonlinear differential equation that arises in the classical de-
scription of the motion of a pendulum, or of an anharmonic (nonlinear) oscillator The solution
to this equation is expressed in terms of elliptic functions, which are examples of the doubly
periodic functions introduced in Chapter 4.
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5.1 Systems of Differential Equations

5.1.1 General Systems of First-Order Equations

Differential equations with one independent variable are ordinary differential equations; those
with more than one independent variable are partial differential equations. Chapter 8 is about
partial differential equations; in this chapter we deal with ordinary differential equations, in
particular, with systems of first-order differential equations of the form

d

dz
uk(z) = hk(u1, . . . , un; z) (5.1)

(k = 1, . . . , n), in which z is the independent variable, and u1, . . . , un are the functions to be
determined. The number n of independent equations is the order n of the system.

Remark. The general nth order ordinary differential equation has the form

F (v, v′, . . . , v(n); z) = 0 (5.2)

where v = v(z) is the function to be determined, and v′, . . . , v(n) denote the derivatives of v
with respect to z. We assume that ∂F/∂v(n) not identically zero, so that F actually depends
on v(n), and that Eq. (5.2) can be solved, perhaps not uniquely, for v(n) so that we have

v(n) = f(v, v′, . . . , v(n−1); z) (5.3)

This nth order equation can be expressed as a system of n first-order equations, so that there
is no loss of generality in starting with a system (5.1) of first-order equations. To see this,
simply define u1 = v, u2 = v′, . . . , un = v(n−1). Then Eq. (5.3) is equivalent to the system

u′n = f(u1, . . . , un; z)
u′n−1 = un

... (5.4)

u′1 = u2

of n first-order equations of the form (5.1) for the u1, . . . , un. �

In Chapter 3, the system (5.1) defined a vector field, and its solutions were the integral
curves of the vector field when the independent variable z was a real parameter and the func-
tions hk(u1, . . . , un; z) were independent of z. In many systems, the independent variable
has the physical meaning of time, and Eqs. (5.1) are equations of motion. However, if the
functions h1, . . . , hn are defined and well behaved for complex z, it is natural look for ways
to make use of the theory of functions of a complex variable introduced in Chapter 4, whether
or not complex values of z have any obvious physical meaning.

The system (5.1) does not by itself determine a set of functions u1, . . . , un. In order to
obtain a definite solution, it is necessary to specify a set of conditions, such as the values of
the u1, . . . , un at some fixed value z0 of the variable z. If we are given the initial conditions

u1(z0) = u10, . . . , un(z0) = un0 (5.5)
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then we can imagine generating a solution to Eq. (5.1) by an iterative procedure. Start from
the initial conditions and take a small step δz. Then advance from z0 to z0 + δz using the
differential equations, so that

uk(z0 + δz) = uk0 + hk(u10, . . . , un0, z0) δz (5.6)

(k = 1, . . . , n). A sequence of steps from z0 to z1 ≡ z0 + δz to z2 ≡ z1 + δz and so on,
generates an approximate solution along an interval of the real axis, or even a curve in the
complex plane. We can imagine that the accuracy of the approximation could be improved
by taking successively smaller steps. This procedure, which can be implemented numerically
with varying degrees of sophistication, has an internal consistency check: if we advance from
z0 to z1 and then return from z1 to z0, perhaps using different steps, then we should reproduce
the initial conditions. Similarly, if we move around a closed path in the complex plane and
return to z0, then we should return to the initial conditions, unless by chance we have encircled
a branch point of the solution.

A more formal method of generating a solution to the system of equations (5.1) is to
evaluate higher derivatives at z0 according to

u′′k =
du′k
dz

=
n∑

m=1

∂hk
∂um

dum
dz

+
∂hk
∂z

=
n∑

m=1

hm
∂hk
∂um

+
∂hk
∂z

(5.7)

(k = 1, . . . , n), and so forth, assuming the relevant partial derivatives exist. If they exist, the
higher derivatives can all be evaluated at z0 in terms of the initial conditions (5.5), leading
to a formal power series expansion of the solutions u1, . . . , un about z0. If these series have
a positive radius of convergence, then a complete solution can be constructed in principle by
analytic continuation.

These ideas lead to many important questions in the theory of differential equations.
Among these are:

(i) Do the solutions obtained by the iterative method converge to a solution in the limit
δz → 0? Do the formal power series solutions actually converge? If they do, what is their
radius of convergence?

(i) What about the existence and uniqueness of solutions that satisfy other types of condi-
tions. For example, does a second-order equation have a solution with specified values at two
distinct points? If so, is this solution unique?

(ii) What is the behavior of solutions near singular points of the equations, where one
of the functions hk(u1, u2, . . . , un; z) in Eq. (5.1), or the function f(v, v′, . . . , v(n−1); z) in
Eq. (5.3), becomes singular? Are there other singularities in the solutions that cannot be iden-
tified as singularities of the equations? The only singularities of solutions to linear equations
are singularities of the coefficients, but the solutions of nonlinear equations often have singular
points that depend on the initial conditions, or boundary conditions, imposed on the solutions.

(iii) Can we understand qualitative properties of solutions without necessarily construct-
ing them explicitly. This involves the use of various schemes for constructing approximate
solutions in a local region, as well as tools for characterizing global properties of solutions.

(iv) What approximate schemes are known for computing numerical solutions? Since
few differential equations allow complete analytic solutions, it is important to have reliable
methods for determining solutions numerically.
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Various aspects of these issues are discussed in this and subsequent chapters, with the no-
table exception of numerical methods, which are mentioned only briefly. With the widespread
availability of powerful computers, numerical methods are certainly important, but computa-
tional physics is a subject that is complementary to the mathematics discussed in this book.

5.1.2 Special Systems of Equations

Certain special classes of differential equations have been studied extensively. A system de-
scribed by Eq. (5.1) is linear if each of the functions hk(u1, . . . , un; z) is linear in the vari-
ables u1, . . . , un, though not necessarily in z. Similarly, Eq. (5.3) is linear if the function
f(v, v′, . . . , v(n−1); z) is linear in the variables v, v′, . . . , v(n−1). Linear equations are es-
pecially important in physics; many fundamental equations of physics are linear (Maxwell’s
equations, the wave equation, the diffusion equation and the Schrödinger equation, for exam-
ple). They also describe small oscillations of a system about an equilibrium configuration,
and the analysis of the stability of equilibria depends heavily on the properties of these linear
equations.

An autonomous system of equations is one in which the functions hk(u1, . . . , un; z) in
Eq. (5.1) are independent of z. Such a system is unchanged by a translation of the variable z;
the solutions can be characterized by curves in the space of the variables u1, . . . , un on which
the location of the point z = 0 is arbitrary. Equations (3.47) that define a vector field are
autonomous, and we have seen how the solutions define a family of integral curves of the
vector field.

Remark. An autonomous system of order n can generally be reduced to a system of order
n− 1 by choosing one variable un ≡ τ , say, and rewriting the remaining equations in (5.1) in
the form

hn(u1, u2, . . . ; τ )
duk
dτ

= hk(u1, u2, . . . ; τ ) (5.8)

for k = 1, . . . , n − 1. Conversely, a nonautonomous system of order n can always be trans-
formed into an autonomous system of order n + 1 by introducing a new dependent variable
un+1 ≡ z. These transformations may, or may not, be useful. �

A system of differential equations of the form (5.1) is scale invariant if it is invariant under
the scale transformation z → az (a is a constant). To be precise, this means that

du

dz
= h(u; z) = h(u; az) (5.9)

If we define g(u; z) = zh(u; z), then we have g(u; z) = g(u; az), so that g(u; z) is actually
independent of z. If we then introduce the variable τ = ln z, we have

z
du

dz
=
du

dτ
= g(u) (5.10)

which is an autonomous equation in the variable τ . This argument evidently applies as well
to a system of the form (5.1).
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Exercise 5.1. A differential equation is scale covariant, or isobaric, if it is invariant under
the scale transformation z → az together with u→ ap u for some p. Show that if we let

u(z) ≡ zp w(z)

then the resulting equation for w will be scale invariant. �

While the properties of autonomy and scale invariance allow the reduction of a differential
equation to one of lower order, there is no guarantee that this is a simplification. For example,
an nth order linear equation is reduced to a nonlinear equation of order n−1, which is seldom
helpful. But there is such a variety of differential equations to deal with that there are no
universal methods; all potentially useful tools are of interest.

5.2 First-Order Differential Equations

5.2.1 Linear First-Order Equations

The simplest differential equation is the linear homogeneous first-order equation. This has the
standard form

u′(z) + p(z)u(z) = 0 (5.11)

If we write this as

du

u
= −p(z) dz (5.12)

then we find the standard general solution

u(z) = u(z0) exp
{
−
∫ z

z0

p(ξ) dξ
}

(5.13)

if p(z) is analytic at z0. The solution thus obtained is uniquely determined by the value u(z0),
and is analytic wherever p(z) is analytic.

We can also see that if p(z) has a simple pole at z1 with residue α, then

u(z) ∼ (z − z1)−α (5.14)

as z → z1. This follows from the observation that
∫ z

z0

p(ξ) dξ =
∫ z

z0

α

ξ − z1
dξ + C = α ln

(
z − z1
z0 − z1

)
+ C (5.15)

where C is a constant of integration. Thus for z � z1, we have

u(z) � Au(z0) exp
[
−α ln

(
z − z1
z0 − z1

)]
= Au(z0)

(
z0 − z1
z − z1

)α
(5.16)

for z → z1, with A = exp(−C) another constant. Note that if α is a negative integer, then the
solution u(z) will be analytic at z1 even though the equation is singular; a singularity of the
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equation does not always give rise to a singularity of the solution. If p(z) has a pole of higher
order or an essential singularity at z1, then the integral of p(ξ) will have a pole or essential
singularity, and hence the solution will have an essential singularity there. Thus the behavior
of the solution near a singularity of p(z) is governed by the properties of the singularity.

To solve the corresponding inhomogeneous equation

u′(z) + p(z)u(z) = f(z) (5.17)

we can make the standard substitution

u(z) = w(z)h(z) (5.18)

where

h(z) = exp
{
−
∫ z

z0

p(ξ) dξ
}

(5.19)

is a solution of the homogeneous equation if p(z) is analytic at z0. If f(z) = 0, then w(z) is
constant, but in general w(z) satisfies the simple equation

h(z)w′(z) = f(z) (5.20)

that has the general solution

w(z) = u(z0) +
∫ z

z0

f(ξ)
h(ξ)

dξ (5.21)

if f(z) is analytic at z0. The solution is uniquely determined by u(z0).
Exercise 5.2. Find the solution u(z) of the differential equation

du(z)
dz

+ αu(z) = A cosωz

satisfying the initial condition u(0) = 1. Here A, α, and ω are real constants. �

A nonlinear equation closely related to the linear equation is the Bernoulli equation

u′(z) + ρ(z)u(z) = f(z)[u(z)]α (5.22)

with α �= 1 a constant. If we let

w(z) = [u(z)]1−α (5.23)

then w(z) satisfies the linear inhomogeneous first-order equation

w′(z) + (1 − α)ρ(z)w(z) = (1 − α)f(z) (5.24)

We can solve this equation using the standard methods just described.
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5.2.2 Ricatti Equation

The Ricatti equation is

u′(z) = q0(z) + q1(z)u(z) + q2(z)[u(z)]2 (5.25)

There is no completely general solution to this equation, but if we know a particular solution
u0(z), then we can find the general solution in the form

u(z) = u0(z) −
c

v(z)
(5.26)

where c is a constant. Here v(z) satisfies the linear inhomogeneous first-order equation

v′(z) + [q1(z) + 2q2(z)u0(z)]v(z) = cq2(z) (5.27)

that can be solved by the standard method. It is also true that if u(z) is a solution of Eq. (5.25),
then w(z) ≡ −1/u(z) is a solution of the Ricatti equation

w′(z) = q2(z) − q1(z)w(z) + q0(z)[w(z)]2 (5.28)

with coefficients q0(z) and q2(z) interchanged.

Example 5.1. Consider the equation

u′(z) = 1 − [u(z)]2 (5.29)

One solution of this equation is

u0(z) = tanh z (5.30)

To find the general solution, let

u(z) = tanh z − 1
v(z)

(5.31)

Then v(z) must satisfy the linear equation

v′(z) = 2 tanh z v(z) − 1 (5.32)

To solve Eq. (5.32), let

v(z) = w(z) exp
{

2
∫ z

z0

tanh ξ dξ
}

= w(z) cosh2 z (5.33)

[recall
∫

tanh z dz = ln cosh z]. Then w(z) must satisfy

w′(z) = − exp
{

2
∫ z

z0

tanh ξ dξ
}

= − 1
cosh2 z

(5.34)
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This equation has the solution

w(z) = A− tanh z (5.35)

where A is a constant of integration, and working backwards to the solution of Eq. (5.29),
we find the general solution

u(z) = tanh z − 1
cosh z(A cosh z − sinh z)

=
A sinh z − cosh z
A cosh z − sinh z

(5.36)

Note that u(0) = −1/A.

Exercise 5.3. Solve the equation

u′(z) = 1 + [u(z)]2 (5.37)

by finding suitable changes of variables. �

Exercise 5.4. Find the general solution of the differential equation

(1 − z2)u′(z) − zu(z) = z[u(z)]2

by one method or another. �

The Ricatti equation (5.25) is nonlinear, but it can be converted to a second-order linear
equation by the substitution

u(z) = − 1
q2(z)

y′(z)
y(z)

(5.38)

A short calculation then shows that y(z) satisfies the linear second-order equation

y′′(z) −
[
q1(z) +

q′2(z)
q2(z)

]
y′(z) + q0(z)q2(z)y(z) = 0 (5.39)

Conversely, the Ricatti equation can be used to factorize a second-order linear differential
equation into a product of two first-order linear equations, as shown in the following exercise:

Exercise 5.5. Show that the second-order linear differential operator

L ≡ d2

dz2
+ p(z)

d

dz
+ q(z)

can be factored into the form

L =
[
d

dz
+ s(z)

] [
d

dz
+ t(z)

]

if s(z) + t(z) = p(z) and t(z) is a solution of the Ricatti equation

t′(z) = [t(z)]2 − p(z)t(z) + q(z)

Then find the general solution to the factorized equation

L[u(z)] = f(z)

with u(z0) = u0, expressed in terms of certain definite integrals. �
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5.2.3 Exact Differentials

The general first-order equation can be written in the form

g(u, z)du+ h(u, z)dz = 0 (5.40)

If there is a function F (u, z) such that

g(u, z) =
∂F

∂u
and h(u, z) =

∂F

∂z
(5.41)

then Eq. (5.40) is exact; it has the form

dF =
∂F

∂u
du+

∂F

∂z
dz = 0 (5.42)

Then the surface of constant F (u, z) defines a solution to Eq. (5.40). Evidently, Eq. (5.40) is
exact if and only if

∂

∂z
g(u, z) =

∂

∂u
h(u, z) (5.43)

A first-order equation that is not exact can be converted into an exact equation if there is a
factor λ(u, z) such that the equation

λ(u, z)g(u, z) du+ λ(u, z)h(u, z) dz = 0 (5.44)

is exact; such a factor λ(u, z) is an integrating factor for Eq. (5.40). While the existence of
such an integrating factor can be proved under fairly broad conditions on the functions g(u, z)
and h(u, z), there are few general techniques for explicitly constructing the integrating factor;
intuition and experience are the principal guides.

Remark. The above discussion can be amplified using the language of differential forms. In
a manifold M with u and z as coordinates, we define the form

σ = g(u, z)du+ h(u, z)dz (5.45)

Equation (5.40) defines a slice of the cotangent bundle T ∗(M). If we introduce the vector
field

v = h(u, z)
∂

∂u
− g(u, z)

∂

∂z
(5.46)

then Eq. (5.40) requires

〈σ, v〉 = 0 (5.47)

so the solution curves for Eq. (5.40) are orthogonal to the integral curves of v. Equation (5.43)
is equivalent to dσ = 0; if it is satisfied, then there is (at least locally) a function F such that
σ = dF , corresponding to Eq. (5.41). �
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5.3 Linear Differential Equations

5.3.1 nth Order Linear Equations

Many physical systems show linear behavior; that is, the response of the system to an input
is directly proportional to the magnitude of the input, and the response to a sum of inputs is
the sum of the responses to the individual inputs. This behavior is a direct consequence of the
fact that the laws governing such systems are themselves linear. Since these laws are often
expressed in the form of differential equations, we are led to study the general linear nth order
differential equation, which has the standard form

L[u] ≡ u(n)(z) + p1(z)u(n−1)(z) + · · · + pn−1(z)u′(z) + pn(z)u(z) = f(z) (5.48)

with corresponding homogeneous equation

L[u] = 0 (5.49)

The notation L[u] is meant to suggest that we think of L as a differential operator

L ≡ dn

dzn
+ p1(z)

dn−1

dzn−1
+ · · · + pn−1(z)

d

dz
+ pn(z) (5.50)

that acts linearly on functions u(z), so that

L[c1u1(z) + c2u2(z)] = c1L[u1(z)] + c2L[u2(z)] (5.51)

as with the linear operators introduced in Chapter 2. Note that the functions u(z) themselves
satisfy the axioms of a linear vector space; we will look at this more closely in Chapter 6.

The linearity of L expressed in Eq. (5.51) implies that if u1(z) and u2(z) are solutions of

L[u1] = f1(z) and L[u2] = f2(z) (5.52)

then u(z) ≡ c1u1(z) + c2u2(z) is a solution of

L[u] = c1f1(z) + c2f2(z) (5.53)

In particular, if v(z) is any solution of the inhomogeneous equation

L[v] = f(z) (5.54)

and u(z) is a solution of the homogeneous equation

L[u] = 0 (5.55)

then u(z) + v(z) is also a solution of the inhomogeneous equation (5.54). Indeed, the general
solution of Eq. (5.54) has this form, the sum of a a particular solution v(z) of the inhomoge-
neous equation and the general solution u(z) of the homogeneous equation (5.55).
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5.3.2 Power Series Solutions

If the variable z in Eq. (5.50) is meaningful as a complex variable, and if the coefficients
p1(z), . . . , pn(z) are analytic functions of z, then we can make extensive use of the theory
of analytic functions developed in Chapter 4. In this case, a point z0 is a regular point of
Eq. (5.49) if p1(z), . . . , pn(z) are all analytic at z0, otherwise a singular point. Solutions to the
homogeneous equation (5.49) can be constructed as Taylor series about any regular point z0,
with coefficients depending on the n arbitrary constants u(z0), u′(z0), . . . , u(n−1)(z0), and
the Taylor series has a positive radius of convergence. It is plausible (and true) that the solution
will be analytic in any region where p1(z), . . . , pn(z) are all analytic.

Example 5.2. Consider the second-order equation

u′′(z) + zu(z) = 0 (5.56)

whose coefficients are analytic everywhere in the finite z-plane. If we try to construct a
series solution

u(z) = 1 +
∞∑

n=1

anz
n (5.57)

then we find that a1 is arbitrary, since the first derivative u′(0) is arbitrary, a2 = 0, and the
higher coefficients are determined from the recursion relation

an+3 = − an
(n+ 2)(n+ 3)

(5.58)

Thus the solution to Eq. (5.56) satisfying

u(0) = 1 and u′(0) = a (5.59)

has the expansion

u(z) = 1 +
∞∑

n=1

(−1)n
(3n− 2)(3n− 5) . . . 1

(3n)!
z3n

(5.60)

+ az

[
1 +

∞∑

n=1

(−1)n
(3n− 1)(3n− 4) . . . 2

(3n+ 1)!
z3n

]

Note that the series in Eq. (5.60) each have infinite radius of convergence. Hence the
general solution to Eq. (5.56) is an entire function, which is not surprising since the coef-
ficients in the equation are entire functions.

Exercise 5.6. Find the basic solutions of the differential equation

u′′(z) + z2u(z) = 0

at z = 0. Express these solutions as power series in z. What are the singularities of these
solutions? �
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5.3.3 Linear Independence; General Solution

To further explore the consequences of the linearity of equations (5.48) and (5.49), as ex-
pressed in Eqs. (5.51)–(5.53), we first introduce the concept of linear independence for func-
tions, which is the same as the standard vector space definition in Chapter 2.

Definition 5.1. The functions u1(z), u2(z), . . . , un(z) are linearly dependent if there exist
constants c1, c2, . . . , cn (not all zero) such that

c1u1(z) + c2u2(z) + · · · + cnun(z) = 0 (5.61)

Otherwise the functions are linearly independent. The left-hand side of Eq. (5.61) is a linear
combination of the functions u1(z), u2(z), . . . , un(z) regarded as vectors.

One test for linear independence of the functions u1(z), u2(z), . . . , un(z) is to consider
the Wronskian determinant defined by

W (u1, u2, . . . , un; z) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

u1(z) u2(z) . . . un(z)

u′1(z) u′2(z) . . . u′n(z)

...
...

...

u
(n−1)
1 (z) u

(n−1)
2 (z) . . . u

(n−1)
n (z)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(5.62)

If u1(z), u2(z), . . . , un(z) are linearly dependent, then W (u1, u2, . . . , un; z) vanishes every-
where. If the Wronskian does not vanish everywhere, then u1(z), u2(z), . . . , un(z) are lin-
early independent.

Remark. Note, however, that the vanishing of the Wronskian at a single point z0 does not
by itself imply that the functions are linearly dependent, for W (u; z0) = 0 simply means that
there are constants a1, a2, . . . , an, not all zero, such that

a1u
(k)
1 (z0) + a2u

(k)
2 (z0) + · · · + anu

(k)
n (z0) = 0 (5.63)

(k = 0, 1, . . . , n− 1). Then the linear combination

h(z) ≡ a1u1(z) + a2u2(z) + · · · + anun(z) (5.64)

is a function that vanishes together with its first n − 1 derivatives at z0. This alone does not
guarantee that h(z) = 0 everywhere, but if h(z) also satisfies an nth order linear differential
equation such as Eq. (5.48), then the nth and higher derivatives of h(z) also vanish, and h(z)
does vanish everywhere, and u1(z), u2(z), . . . , un(z) are linearly dependent. �

If the functions u1(z), u2(z), . . . , un(z) are solutions to the linear equations (5.48)
or (5.49) of order n, then the Wronskian satisfies the linear equation

d

dz
W (u1, u2, . . . , un; z) + p1(z)W (u1, u2, . . . , un; z) = 0 (5.65)

Exercise 5.7. Derive Eq. (5.65) from the definition (5.62). �



224 5 Differential Equations

Equation (5.65) has the standard solution

W (u1, u2, . . . , un; z) = W (u1, u2, . . . , un; z0) exp
{
−
∫ z

z0

p1(z) dz
}

(5.66)

Hence if the Wronskian of a set of n solutions to Eqs. (5.48) vanishes at a single point, it
vanishes everywhere, and the solutions are linearly dependent. Conversely, if the Wronskian
is nonzero at a point where p1(z) is analytic, then it can vanish only at a singularity of p1(z)
or at ∞. The solution u(z) of Eq. (5.49) that satisfies

u(z0) = ξ1 u′(z0) = ξ2 , . . . , u
(n−1)(z0) = ξn (5.67)

at a regular point z0 can be uniquely expressed as

u(z) =
n∑

k=1

ckuk(z) (5.68)

with coefficients c1, c2, . . . , cn are determined from the equations

c1u1(z0) + · · · + cnun(z0) = ξ1

c1u
′
1(z0) + · · · + cnu

′
n(z0) = ξ2

... (5.69)

c1u
(n−1)
1 (z0) + · · · + cnu

(n−1)
n (z0) = ξn

These equations have a unique solution since the determinant of the coefficients on the left-
hand side is just the Wronskian W (u1, u2, . . . , un; z0), which is nonzero since the solutions
u1(z), u2(z), . . . , un(z) are linearly independent.

Thus the general solution of Eq. (5.49) defines an n-dimensional linear vector space. The
initial conditions (5.67) choose a particular vector from this solution space. We can introduce
a fundamental set of solutions u1(z; z0), . . . , un(z; z0) at a regular point z0 of Eq. (5.49) by
the conditions

u
(m−1)
k (z0; z0) = δkm (5.70)

(k,m = 1, . . . , n). These n solutions are linearly independent, since the Wronskian

W (u1, u2, . . . , un; z0) = 1 (5.71)

The general solution of Eq. (5.49) can be expressed as a linear combination of the fundamental
solutions according to

u(z) =
n∑

k=1

u(k−1)(z0)uk(z; z0) (5.72)

so that the functions defined by Eq. (5.70) form a basis of the n-dimensional solution space.
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5.3.4 Linear Equation with Constant Coefficients

Of special importance is the linear nth order equation

L[u] ≡ u(n)(z) + α1u
(n−1)(z) + · · · + αnu(z) = 0 (5.73)

with constant coefficients α1, . . . , αn. This equation can be solved algebraically, since

L[eλz] = p(λ)eλz (5.74)

where p(λ) is the nth degree polynomial

p(λ) = λn + α1λ
n−1 + · · · + αn (5.75)

Hence u(z) = eλz is a solution of Eq. (5.73) if and only if λ is a root of p(λ).
If the roots λ1, . . . , λn of p(λ) are distinct, then the general solution of Eq. (5.73) is

u(z) = c1e
λ1z + · · · + cne

λnz (5.76)

with coefficients c1, . . . , cn determined by the values of u(z) and its first n − 1 derivatives
at some point z0. If the roots are not distinct, however, then further linearly independent
solutions must be found. These appear immediately if we note that

L[zmeλz] =
∂k

∂λk
[
p(λ)eλz

]
=

m∑

k=0

(
m

k

)
p(k)(λ)zm−keλz (5.77)

Hence u(z) = zmeλz is a solution of Eq. (5.73) if and only if

p(λ) = 0 p′(λ) = 0 , . . . , p(m)(λ) = 0 (5.78)

that is, if λ is a root of p(λ) of multiplicity ≥ m+ 1. If this is the case, then u(z) = ρ(z) eλz

is also a solution for any polynomial ρ(z) of degree ≤ m+ 1.
The final result is that if the polynomial p(λ) has the distinct roots λ1, . . . , λq with multi-

plicities m1, . . . ,mq, respectively, then the general solution of Eq. (5.73) is

u(z) = ρ1(z)eλ1z + · · · + ρq(z)eλnz (5.79)

where ρ1(z), . . . , ρq(z) are arbitrary polynomials of degrees d1 ≤ m1 − 1, . . . , dq ≤ mq − 1,
respectively.

A more general system of linear first-order equations with constant coefficients is

u′k(z) =
∑

�

Ak�u�(z) (5.80)

(k = 1, . . . , n), with A = (Ak�) a matrix of constants. As explained in Section 2.5, this
system can also be reduced to a set of algebraic equations. Comparison of this system to
Eq. (5.73) is left to Problem 6.
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5.4 Linear Second-Order Equations

5.4.1 Classification of Singular Points

Linear second-order differential equations often appear in physics, both in systems of cou-
pled oscillators and as a result of separation of variables in partial differential equations (see
Chapter 8) such as Laplace’s equation or the wave equation. Thus we go into great detail in
examining these equations and some of their solutions. The linear homogeneous second-order
differential equation has the standard form

L[u] ≡ u′′(z) + p(z)u′(z) + q(z)u(z) = 0 (5.81)

also known as the Sturm–Liouville equation. Just as for the general linear equation, z0 is a
regular (or ordinary) point of L[u] = 0 if p(z) and q(z) are analytic at z0, otherwise a singular
point. The singular point z0 is a regular singular point if (z − z0) p(z) and (z − z0)2q(z) are
analytic at z0, otherwise an irregular singular point. As we shall see, the solutions near
a regular singular point z0 behave no worse than a power of (z − z0), perhaps multiplied by
ln(z−z0). At an irregular singular point, the general solution will have an essential singularity.

Remark. To characterize the nature of the point at ∞, let ξ ≡ 1/z. Then Eq. (5.81) becomes

ξ4
d2

dξ2

[
u

(
1
ξ

)]
+
{

2ξ3 − ξ2p

(
1
ξ

)}
d

dξ

[
u

(
1
ξ

)]
+ q

(
1
ξ

)
u

(
1
ξ

)
= 0 (5.82)

Thus ∞ is a regular point if [z2p(z) − 2z] and z4q(z) are analytic at ∞, a regular singular
point if z p(z) and z2q(z) are analytic at ∞, and an irregular singular point otherwise. �

The standard method for solving linear equations with analytic functions as coefficients
is to look for power series solutions.1 If z0 is a regular point of Eq. (5.81), then the general
solution is analytic at z0. It can be expanded in a power series about z0, and the series will
converge inside the largest circle about z0 containing no singular points of the equation. The
solution and its first derivative at z0 must be determined from initial conditions. Singular
points require more discussion, which we now provide.

5.4.2 Exponents at a Regular Singular Point

If z0 is a regular singular point, then let

P (z) ≡ (z − z0)p(z) =
∞∑

n=0

pn(z − z0)n (5.83)

Q(z) ≡ (z − z0)2q(z) =
∞∑

n=0

qn(z − z0)n (5.84)

Because z0 is a regular singular point, both P (z) andQ(z) are analytic at z0; hence both series
have positive radius of convergence.

1The following analysis is often called the method of Frobenius.
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Now try a solution of the form

u(z) = (z − z0)α
[

1 +
∞∑

n=1

an(z − z0)n
]

(5.85)

Equations (5.83)–(5.85) can be inserted into Eq. (5.81) and coefficients of each power of
(z − z0) set equal. For the lowest power, this gives the indicial equation

α (α− 1) + αp0 + q0 = 0 (5.86)

that has roots

α = 1
2

[
1 − p0 ±

√
(1 − p0)2 − 4q0

]
≡ α± (5.87)

The roots α± are the exponents of the singularity at z0; note also that

p0 = 1 − α+ − α− q0 = α+α− (5.88)

The coefficients in the power series can then be determined from the equations

[α(α+ 1) + (α+ 1)p0 + q0] a1 + αp1 + q1 = 0
... (5.89)

[(α+ n)(α+ n− 1) + (α+ n) p0 + q0] an + [(α+ n− 1) p1 + q1] an−1

+ · · · + [(α+ 1) pn−1 + qn−1] a1 + αpn + qn = 0

If α+ − α− �= 0, 1, 2, . . ., we have two linearly independent solutions to Eq. (5.81),

u±(z) = (z − z0)α±

[
1 +

∞∑

n=1

a(±)
n (z − z0)n

]
(5.90)

The general solution is an arbitrary linear combination of u+(z) and u−(z).
If α+ = α−, there is only one power series solution. If

α+ = α− + n (5.91)

(n = 1, 2, . . .), then the solution u−(z) is not uniquely determined, since the coefficient of

a
(−)
n in Eq. (5.89) is

(α− + n)(α− + n− 1) + (α− + n)(1 − α+ − α−) + α+α− = 0 (5.92)

In either case, one solution of Eq. (5.81) is given by

u+(z) = (z − z0)α+ f+(z) (5.93)

with f+(z) analytic at z0 and f+(z0) = 1 by convention.
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To find a second solution, let

u(z) ≡ w(z)u+(z) (5.94)

This substitution is generally useful when one solution to a differential equation is known, but
it is especially needed here since the power series method fails. w(z) must satisfy the equation

u+(z)w′′(z) +
[
2u′+(z) + p(z)u+(z)

]
w′(z) = 0 (5.95)

This can be solved in the usual way to give

w′(z) =
C

[u+(z)]2
exp

{
−
∫ z

p(ξ) dξ
}

(5.96)

with C a constant. Since

p(z) =
1 − α+ − α−

z − z0
+ r(z) =

n+ 1 − 2α+

z − z0
+ r(z) (5.97)

with r(z) analytic at z0, we can use Eq. (5.93) to write

w′(z) =
K

(z − z0)n+1

1
[f+(z)]2

exp
{
−
∫ z

z0

r(ξ) dξ
}

≡ K
g(z)

(z − z0)n+1
(5.98)

where K is another constant, and

g(z) =
1

[f+(z)]2
exp

{
−
∫ z

z0

r(ξ) dξ
}

(5.99)

is analytic at z0 with g(z0) = 1. The function w(z) is then given by

w(z) = K1 +K

∫ z g(ξ)
(ξ − z0)n+1

dξ (5.100)

where K1 is yet another constant, which corresponds to a multiple of the first solution u+(z)
in the solution u(z) and can be ignored here. Expanding g(ξ) about z0 and integrating term-
by-term leads to

w(z) =
K

(z − z0)n






∞∑

m=0
m �=n

g(n)(z0)
n!

ln(z − z0) +
g(m)(z0)
m− n

(z − z0)m

m!





(5.101)

Then a second linearly independent solution to Eq. (5.81) is given by

u−(z) ≡ (z − z0)α−f−(z) +
g(n)(z0)
n!

u+(z) ln(z − z0) (5.102)

where

f−(z) = f+(z)
∞∑

m=0
m �=n

g(m)(z0)
m− n

(z − z0)m

m!
(5.103)

is analytic at z0. Thus when α+−α− = n = 0, 1, 2, . . ., the general solution has a logarithmic
branch point at z0 unless g(n)(z0) = 0. Hence, an integer exponent difference at a regular
singular point signals the possible presence of a logarithmic singularity in addition to the
usual power law behavior.
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5.4.3 One Regular Singular Point

Linear second-order equations with one, two or three singular points have been thoroughly
studied. The second-order equation whose only singular point is a regular singular point at z0
is uniquely given by

u′′(z) +
2

z − z0
u′(z) = 0 (5.104)

The exponents of the singularity are α = 0,−1 and the general solution of the equation is

u(z) = a+
b

z − z0
(5.105)

with a and b arbitrary constants.

Remark. Note that if α �= −1, the equation

u′′(z) +
1 − α

z − z0
u′(z) = 0 (5.106)

has a regular singular point at ∞ in addition to the regular singular point at z0. However, the
general solution

u(z) = a+
b

(z − z0)α
(5.107)

is analytic at ∞ if α = 2, 3, . . . . Thus in exceptional cases, a regular singular point of an
equation may not be reflected as a singularity of the general solution. �

Exercise 5.8. Find the general solution to Eq. (5.106) if α = 0. �

5.4.4 Two Regular Singular Points

The general equation with two regular singular points at z1 and z2 is given by

u′′(z) +
[
1 − α− β

z − z1
+

1 + α+ β

z − z2

]
u′(z)

[
αβ(z1 − z2)2

(z − z1)2(z − z2)2

]
u(z) = 0 (5.108)

with exponents (α, β) at z1 and (−α,−β) at z2. The exponents at z1 and z2 must be equal
and opposite in order to have ∞ as a regular point. A standard form of the equation, with the
singular points at 0 and ∞, is reached by the transformation

ξ =
z − z1
z − z2

(5.109)

that maps z1 to 0, z2 to ∞, and transforms Eq. (5.108) into

u′′(ξ) +
(

1 − α− β

ξ

)
u′(ξ) +

αβ

ξ2
u(ξ) = 0 (5.110)
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The general solution of this equation is

u(ξ) = aξα + bξβ (5.111)

if α �= β; if α = β, the general solution is

u(ξ) = aξα(1 + c ln ξ) (5.112)

The two regular singular points in Eq. (5.108) can be merged into one irregular singular
point. Let

z2 = z1 + η α =
k

η
= −β (5.113)

and take the limit η → 0 (this is a confluence of the singular points). Then Eq. (5.108)
becomes

u′′(z) +
2

z − z1
u′(z) − k2

(z − z1)4
u(z) = 0 (5.114)

which has an irregular singular point at z1 and no other singular points.
The singular point can be moved to ∞ by the transformation

ξ =
1

z − z1
(5.115)

whence the equation becomes

u′′(ξ) − k2 u(ξ) = 0 (5.116)

with general solution

u(ξ) = c+ e
kξ + c− e−kξ (5.117)

where c± are arbitrary constants.

Remark. The general solution to the original equation is evidently given by

u(z) = c+ e
k/(z−z1) + c− e−k/(z−z1) (5.118)

but this is less obvious than the solution to the transformed equation. �

Exercise 5.9. Derive Eq. (5.116) from Eq. (5.114). �

The equation with three regular singular points can be transformed to the hypergeometric
equation; a confluence of two of the singular points leads to the confluent hypergeometric
equation. The general equations are studied in Appendices A and B. In the next two sections,
we look at Legendre’s equation as an example of the hypergeometric equation, and Bessel’s
equation as an example of the confluent hypergeometric equation.
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5.5 Legendre’s Equation

5.5.1 Legendre Polynomials

An important differential equation in physics is Legendre’s equation

(z2 − 1)u′′(z) + 2zu′(z) − λ(λ+ 1)u(z) = 0 (5.119)

which has the standard form of Eq. (5.81), with

p(z) =
2z

z2 − 1
and q(z) = − λ(λ+ 1)

z2 − 1
(5.120)

where λ is a parameter that can be complex in general, although we will find that it is required
to be an integer in many physical contexts. The singular points of this equation are at z = ±1
and z = ∞; each of the singular points is regular. The indicial equations at z = ±1 have
double roots at α = 0, so we can expect to find solutions u±(z) that are analytic at z = ±1,
and second solutions v±(z) with logarithmic singularities at z = ±1.

Exercise 5.10. Find the exponents of the singular point of Eq. (5.119) at ∞. �

We look for solutions as power series around z = 0. Since z = 0 is a regular point of
Eq. (5.119). we expect to find a general solution of the form

u(z) =
∞∑

k=0

akz
k (5.121)

with a0, a1 arbitrary and the remaining coefficients determined by the differential equation.
Inserting this series into Eq. (5.119) and setting the coefficient of each term in the power series
to zero, we have the recursion relation

(k + 1)(k + 2)ak+2 = [k(k + 1) − λ(λ+ 1)]ak (5.122)

If we express this recursion relation as a ratio

ak+2

ak
=
k(k + 1) − λ(λ+ 1)

(k + 1)(k + 2)
=

(k − λ)(k + λ+ 1)
(k + 1)(k + 2)

(5.123)

then we can see that the ratio |ak+2/ak| tends to 1 for large k. This means that the radius of
convergence of the power series is equal to 1 in general, as expected from a solution that is
analytic except for possible singularities at z = ±1,∞.

However, these singularities will not be present if the infinite series actually terminates,
which will be the case if λ is an integer.2 If λ = n ≥ 0, the recursion relation gives an+2 = 0,
and there is a polynomial solution Pn(z) of degree n. If we choose the initial condition
Pn(1) = 1, then Pn(z) is the Legendre polynomial of degree n. Note also that only even or
odd powers of z will appear in Pn(z), depending on whether n is even or odd; thus we have

Pn(−z) = (−1)nPn(z) (5.124)

2Note that if λ = n, we can take n ≥ 0, since λ and −λ − 1 give rise to the same set of solutions to Eq. (5.119).
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The first few Legendre polynomials can be found explicitly; we have

P0(z) = 1 P1(z) = 1 P2(z) = 1
2 (3z2 − 1) (5.125)

Exercise 5.11. Find explicit forms for P3(z) and P4(z). �

Another way to write Legendre’s equation is

L[u] =
{
d

dz
(z2 − 1)

d

dz

}
u(z) = λ(λ+ 1)u(z) (5.126)

This looks like an eigenvalue equation, and in Chapter 7, we will see that it is when we look at
eigenvalue problems for linear differential operators from a vector space viewpoint. Here we
derive some properties of the Pn(z) that follow from a representation of the solution known
as Rodrigues’ formula,

Pn(z) = Cn
dn

dzn
(z2 − 1)n (5.127)

First we note that Pn(z) defined by Eq. (5.127) is a polynomial of degree n. Then let

un(z) =
(
z2 − 1

)n
(5.128)

and note that

(z2 − 1)u′n(z) = 2nzun(z) (5.129)

If we differentiate this equation n+ 1 times, we have

(z2 − 1)u(n+2)
n (z) + 2(n+ 1)zu(n+1)

n (z) + n(n+ 1)u(n)
n (z) =

(5.130)

= 2nzu(n+1)
n (z) + 2n(n+ 1)u(n)

n (z)

which leads to Legendre’s equation (5.119), since Eq. (5.130) is equivalent to

d

dz

[
(z2 − 1)u(n+1)

n (z)
]

= (z2−1)u(n+2)
n (z)+2zu(n+1)

n (z) = n(n+1)u(n)
n (z) (5.131)

which shows that u(n)
n (z) satisfies Legendre’s equation.

Exercise 5.12. The constant Cn in Eq. (5.127) is determined by the condition Pn(1) = 1.
Note that

(z2 − 1)n = (z − 1)n(z + 1)n

and evaluate the derivative

dn

dzn
(z2 − 1)n

for z = 1. Then find the constant Cn. �
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Many other useful properties of Legendre polynomials can be derived from Rodrigues’
formula. For example, Cauchy’s theorem allows us to write

Pn(z) =
1

2πi

∮

C

Pn(ξ)
ξ − z

dξ (5.132)

where C is any closed contour encircling the point t once counterclockwise. Then inserting
the Rodrigues formula and integrating by parts n times gives Schläfli’s integral representation

Pn(z) =
1

2n+1πi

∮

C

(ξ2 − 1)n

(ξ − z)n+1
dξ (5.133)

for the Legendre polynomials.

Exercise 5.13. In the Schläfli representation (5.133) for the Pn(z), suppose that z is real
with −1 ≤ z ≤ 1, and let the contour C be a circle of radius

√
1 − z2 about z. Show that

Eq. (5.133) then leads to

Pn(z) =
1
2π

∫ 2π

0

(
z + i

√
1 − z2 sin θ

)n
dθ (5.134)

Equation (5.134) is Laplace’s integral formula for the Legendre polynomials. �

Consider next the series

S(t, z) ≡
∞∑

n=0

tnPn(z) (5.135)

If we use the Schläfli integral for the Pn(z) and sum the geometric series, we obtain

∞∑

n=0

tnPn(z) =
1

2πi

∮

C

∞∑

n=0

(
t

2

)n (ξ2 − 1)n

(ξ − z)n+1
dξ

(5.136)

=
1
πi

∮

C

1
2ξ − 2z + t(1 − ξ2)

dξ

The contourC must be chosen so that the geometric series inside the integral is absolutely and
uniformly convergent on C, and such that only one of the two poles of the integrand of the
last integral inside the contour. This can be done for −1 ≤ z ≤ 1 and t in a region inside the
unit circle but off the real axis (the reader is invited to work out the details). The contour for
the second integral can then be deformed in any way so long as that one pole of the integrand
remains inside the contour. Evaluating the residue at the pole then gives the result

S(t, z) =
∞∑

n=0

tnPn(z) =
1√

1 − 2zt+ t2
(5.137)

The function S(z, t) is a generating function for the Legendre polynomials. Note that if
−1 ≤ t ≤ 1, the series converges for |z| < 1, but there is a larger region of convergence in
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the complex z-plane (see Problem 8). The series (5.137) is used in Chapter 6 to derive orthog-
onality relations for the Legendre polynomials. It also appears in the multipole expansion in
electrostatics (see Chapter 8) and elsewhere.

Exercise 5.14. Use either the Rodrigues formula (5.127) or the generating function (5.137)
to derive the recursion formulas

(2n+ 1)zPn(z) = (n+ 1)Pn+1(z) + nPn(z)

and

(z2 − 1)P ′
n(z) = nzPn(z) − nPn−1(z)

for the Legendre polynomials. �

Legendre’s equation (5.119) has a polynomial solution if the parameter λ is an integer. But
in any event, it has a solution Pλ(z) that is analytic at z = 1, and scaled so that Pλ(1) = 1.
Pλ(z) is the Legendre function of the first kind. In order to study this solution, we change the
variable to

t = 1
2 (1 − z)

Then the interval −1 ≤ z ≤ 1 is mapped to the interval 0 ≤ t ≤ 1, and z = 1 in mapped to
t = 0. In terms of the variable t, Legendre’s equation is

t(t− 1)u′′(t) + (2t− 1)u′(t) − λ(λ+ 1)u(t) = 0 (5.138)

with regular singular points at t = 0, 1,∞. The solution that is analytic at t = 0 with u(0) = 1
has the power series expansion

u(t) = 1 +
∞∑

k=1

ckt
k (5.139)

The differential equation then requires

(k1)2ck+1 = [k(k + 1) − λ(λ+ 1)]ck = (k − λ)(k + λ+ 1)ck (5.140)

and thus

ck =
Γ(k + λ+ 1)Γ(k − λ)

Γ(λ+ 1)Γ(−λ)
· 1
(k!)2

(5.141)

This is a hypergeometric series, as introduced in Appendix A, with parameters a = −λ,
b = λ + 1 and c = 1, and thus the Legendre function of the first kind can be expressed as a
hypergeometric function,

Pλ(z) = F (−λ, λ+ 1| 12 (1 − z)) (5.142)

Exercise 5.15. Show that the recursion formulas of Exercise 5.14 are also valid for the
Legendre functions Pn(z) even if n (= λ) is not an integer. �
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5.5.2 Legendre Functions of the Second Kind

We have seen that if the parameter λ in Legendre’s equation is an integer, there is a polynomial
solution. Any independent solution must have a logarithmic singularity at z = ±1, since the
indicial equations at z = ±1 have double roots at α = 0, as already noted. If we are interested
in solutions for |z| > 1, which are occasionally relevant, we can let ξ = 1/z. In terms of the
variable ξ, Legendre’s equation is

ξ2
d

dξ

{
(ξ2 − 1)

d

dξ

}
u(ξ) + λ(λ+ 1)u(ξ) = 0 (5.143)

or, in a form from which the singularities can be seen directly,

ξ2(ξ2 − 1)u′′(ξ) + 2ξ3u′(ξ) + λ(λ+ 1)u(ξ) = 0 (5.144)

This equation has regular singular points at ξ = 0,±1. The exponents at ξ = 0 are given by

α = λ+ 1,−λ (5.145)

A solution with exponent λ + 1 at ξ = 0 is proportional to the Legendre function of second
kind, denoted by Qλ(z).

There are several ways to look at the properties of the Qλ(z). The most straightforward is
to start from Eq. (5.144) and define

u(ξ) = ξλ+1v(ξ) (5.146)

Then v(ξ) satisfies the differential equation

ξ(ξ2 − 1)v′′(ξ) + 2[(λ+ 1)(ξ2 − 1) + ξ2]v′(ξ) + (λ+ 1)(λ+ 2)ξv(ξ) = 0 (5.147)

This equation has a solution v(ξ) with v(0) = 1 and a power series expansion

v(ξ) = 1 +
∞∑

k=1

bkξ
k (5.148)

with coefficients bk determined by the differential equation. Inserting this power series into
Eq. (5.147) and equating coefficients of ξk+1 gives the recursion formula

(k + 2)(2λ+ k + 3)bk+2 = (λ+ k + 1)(λ+ k + 2)bk (5.149)

after noting that

(λ+ 1)(λ+ 2) + 2k(λ+ 2) + k(k − 1) = (λ+ k + 1)(λ+ k + 2) (5.150)

From the recursion formula, we can see that b1 = 0, since b−1 = 0, Hence b2k+1 = 0
(k = 1, 2, . . .), and the solution v(ξ) is a power series in ξ2.

Exercise 5.16. Use the recursion formula to express the coefficients b2k (k = 1, 2, . . .) in
terms of Γ-functions and thus find an explicit series representation of v(ξ). What is the radius
of convergence of this series? �
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Exercise 5.17. Change the variable in Eq. (5.147) to η = ξ2 and determine the resulting
differential equation for w(η) = v(ξ). Compare this with the hypergeometric equation in
Appendix A and then express w(η) as a hypergeometric function. �

Another approach is to start with the Schläfli representation (5.133), and consider a con-
tour integral of the form

Iλ(z) = Kλ

∫

C

(1 − ξ2)λ

(z − ξ)λ+1
dξ (5.151)

over a contour C in the complex ξ-plane. If λ is not an integer, then the integrand has branch
points at ξ = ±1 that were not present for λ = n, but that is not a problem so long as we pay
attention to the branch cuts. The integral Iλ(z) can lead to a solution of Legendre’s equation
with an appropriate choice of contour C, since we have, after some algebra,

{
d

dz
(z2 − 1)

d

dz
− λ(λ+ 1)

}
(1 − ξ2)λ

(z − ξ)λ+1
= − d

dξ

{
(1 − ξ2)λ+1

(z − ξ)λ+2

}
(5.152)

We can then choose the contour C to simply be the line −1 ≤ ξ ≤ 1; then we have

Qλ(z) =
1

2λ+1

∫ 1

−1

(1 − ξ2)λ

(z − ξ)λ+1
dξ (5.153)

Here the choice of branch cuts of the integrand is such that (1 − ξ2)λ is real and positive on
the interval −1 ≤ ξ ≤ 1, as is (z − ξ)λ+1 when z is real and z > 1. The choice of constant
factor is standard.

Exercise 5.18. Use Eq. (5.153) to show that

Qλ(z) →
[Γ(λ+ 1)]2

2Γ(2λ+ 2)

(
2
z

)λ+1

for z → ∞. �

When λ = n is a positive integer, then Eq. (5.153) can be used to show that

Qn(z) =
1
2

∫ 1

−1

Pn(t)
z − t

dt (5.154)

(see Problem 10). It then follows that

Qn(z) =
1
2
Pn(z) ln

z + 1
z − 1

− qn−1(z) (5.155)

where qn−1(z) is a polynomial of degree n− 1 given by

qn(z) =
1
2

∫ 1

−1

Pn(z) − Pn(t)
z − t

dt (5.156)

[Show that qn(z) actually is a polynomial of degree n− 1]. We have the explicit forms

Q0(z) =
1
2

ln
z + 1
z − 1

Q1(z) =
z

2
ln
z + 1
z − 1

− 1 (5.157)

Exercise 5.19. Find explicit forms for Q2(z) and Q3(z). �
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5.6 Bessel’s Equation

5.6.1 Bessel Functions

Another frequently encountered differential equation is Bessel’s equation

d2u

dz2
+

1
z

du

dz
+
(

1 − λ2

z2

)
u = 0 (5.158)

The parameter λ is often an integer in practice, but it need not be. Bessel’s equation often ap-
pears when the Laplacian operator is expressed in cylindrical coordinates; hence the solutions
are sometimes called cylinder functions.

Bessel’s equation has a regular singular point at z = 0 with exponents ±λ, and an irregular
singular point at ∞. The solution with exponent λ can be expressed as a power series

u(z) = zλ

(
1 +

∞∑

k=1

akz
k

)
(5.159)

The differential equation then requires

[(k + λ+ 2)2 − λ2]ak+2 = (k + 2)(k + 2λ+ 2)ak+2 = −ak (5.160)

Only even powers of z will appear in the infinite series, and we have

a2m = − 1
4m(m+ λ)

a2m−2 (5.161)

The function Jλ(z) defined by the series

Jλ(z) ≡
(z

2

)λ ∞∑

m=0

(−1)m
1

m! Γ(m+ λ+ 1)

(z
2

)2m

(5.162)

is a solution of Eq. (5.158) unless λ is a negative integer; it is the Bessel function of order λ.

Exercise 5.20. Show that the Bessel function Jλ(z) can be related to a confluent hyper-
geometric function by

Jλ(z) =
1

Γ(λ+ 1)

(z
2

)λ
e−izF (λ+ 1

2 |2λ+ 1|2iz)

Thus many further properties of Bessel functions can be obtained from the general properties
of confluent hypergeometric functions derived in Appendix B. �

If λ is not an integer, then J−λ(z) is a second independent solution. of Bessel’s equation.
However, if λ is an integer n ≥ 0, we have

J−n(z) = (−1)nJn(z) (5.163)

since 1/Γ(m+ λ+ 1) vanishes when m+ λ is a negative integer.
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A second independent solution of Bessel’s equation for all λ is defined by

Nλ(z) =
Jλ(z) cosπλ− J−λ(z)

sin πλ
(5.164)

Nλ(z) is a Bessel function of second kind, or Neumann function.

Exercise 5.21. Show that the Wronskian

W (Nλ, Jλ) =
A

z

and evaluate the constant A. One way to do this is to consider the behavior for z → 0. This
shows that Jλ(z) and Nλ(z) are independent solutions for all λ. �

The Bessel functions satisfy the recursion relations

Jλ−1 + Jλ+1 =
2λ
z
Jλ(z)

(5.165)

Jλ−1 − Jλ+1 = 2J ′
λ(z)

that follow from direct manipulation of the power series (5.162). The Neumann functions
satisfy the same recursion relations, as do the Hankel functions to be introduced soon.

A generating function for the Bessel functions of integer order is

F (t, z) = ez(t−
1
t ) =

∞∑

n=−∞
tnJn(z) (5.166)

From the generating function, it follows that Jn(z) can be expressed as a contour integral

Jn(z) =
1

2πi

∮

C

exp
[
z

2

(
t− 1

t

)]
dt

tn+1
(5.167)

where the contour C in the t-plane encircles t = 0 once in a counterclockwise direction. If we
choose the contour to be the unit circle in the t-plane and let t = exp(iθ), then this integral
becomes

Jn(z) =
1
2π

∫ 2π

0

eiz sin θe−inθ dθ (5.168)

and then, since J0(z) is real,

Jn(z) =
1
π

∫ π

0

cos(nθ − z sin θ) dθ (5.169)

Exercise 5.22. Show that the coefficient of t0 in Eq. (5.166) is J0(z) by computing
this coefficient as a power series in z. Then show that the other terms satisfy the recursion
relations (5.165) by looking at the partial derivatives of F (t, z). �

Remark. The choice of contour in Eq. (5.167) leads to an integral representation for the
Bessel function Jn(z). Other choices of contour can lead to different solutions and different
integral representations. See Problem 13 for one example. �
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5.6.2 Hankel Functions

The Bessel functions Jλ(z) and Nλ(z) are defined mainly by their properties near z = 0.
Functions with well-defined behavior for z → ∞ are the Hankel functions, or Bessel functions
of the third kind, defined by

H
(1)
λ (z) = Jλ(z) + iNλ(z) =

i

sinπλ
{
e−iπλJλ(z) − J−λ(z)

}

(5.170)

H
(2)
λ (z) = Jλ(z) − iNλ(z) =

−i
sinπλ

{
eiπλJλ(z) + J−λ(z)

}

In terms of the Whittaker functions defined by the integral representations (5.B47) and (5.B48),
the Hankel functions can be expressed as

H
(α)
λ (z) =

2√
π

(2z)λUα(λ+ 1
2 |2λ+ 1|2iz) (5.171)

(α = 1, 2). Including the extra factors in the integral representations leads to the integral
formulas for the Hankel functions

H±
λ (z) =

1
Γ(λ+ 1

2 )

√
2
πz

e±ize∓
1
2πi(λ+

1
2 )Iλ(±2iz) (5.172)

where H+
λ = H

(1)
λ and H−

λ = H
(2)
λ . Here Iλ(ξ) is the integral

Iλ(ξ) =
∫ ∞

0

e−uuλ−
1
2

(
1 − u

ξ

)λ− 1
2
du

is an integral that was introduced in Section 1.4 as a prototype for one method of generating
asymptotic series. Here it is clear that keeping only the leading term gives the asymptotic
behavior

H±
λ (z) ∼

√
2
πz

e±ize∓
1
2πi(λ+

1
2 ) (5.173)

for z → ∞ in a suitable sector of the z-plane.
The asymptotic expansions of the Bessel and Neumann functions for z → ∞ then have

leading terms

Jλ(z) ∼
√

2
πz

cos
(
z − 1

2πλ− 1
4π
)

(5.174)

Nλ(z) ∼
√

2
πz

sin
(
z − 1

2πλ− 1
4π
)

Thus the Bessel and Neumann functions behave somewhat like the usual trigonometric sine
and cosine functions, while the Hankel functions behave like complex exponentials.
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5.6.3 Spherical Bessel Functions

The power series for the Bessel function J1/2(z) is

J1
2
(z) =

√
z

2

∞∑

m=0

(−1)m

m! Γ(m+ 3
2 )

(z
2

)2m

(5.175)

From the duplication formula for the Γ-function (Exercise 4.A1), we have

m! Γ(m+ 3
2 ) =

√
π Γ(2m+ 2)

22m+1
(5.176)

and then

J1
2
(z) =

√
2
πz

∞∑

m=0

(−1)m

(2m+ 1)!
z2m+1 =

√
2
πz

sin z (5.177)

The recursion formulas (5.165) then lead to

J−1
2

(z) = J ′
1
2

(z) +
1
2z

J1
2

(z) =

√
2
πz

cos z = −N1
2

(z) (5.178)

Thus the Bessel functions of order 1
2 can be expressed in terms of elementary functions. In

fact, it follows from the recursion relations that any of the Bessel functions of order n + 1
2

(with n integer) can be expressed in terms of trigonometric functions and odd powers of
√
z.

Exercise 5.23. Find explicit formulas for J± 3/2(z), N± 3/2(z), and H(1,2)
± 3/2(z). �

Spherical Bessel functions are defined in terms of the (cylindrical) Bessel functions by

jn(z) =
√

π

2z
J
n+

1
2
(z) nn(z) =

√
π

2z
N
n+

1
2
(z) (5.179)

with corresponding definitions of spherical Hankel functions. These functions appear as solu-
tions of the differential equations resulting from expressing the Laplacian in spherical coordi-
nates. The spherical Bessel functions satisfy the differential equation

d2u

dz2
+

2
z

du

dz
+
[
1 − n(n+ 1)

z2

]
u = 0 (5.180)

The jn(z) are entire functions, while the nn(z) and the Hankel functions h(1)
n (z), h(2)

n (z) are
entire functions except for a pole of order n at z = 0. In particular, these functions have no
branch points and they are single-valued in the complex z-plane.

Exercise 5.24. Find explicit formulas for the spherical Bessel functions j1(z), n1(z),
h

(1,2)
0 (z), and h(1,2)

1 (z) in terms of elementary functions. �



A Hypergeometric Equation 241

A Hypergeometric Equation

A.1 Reduction to Standard Form

The general linear second-order differential equation whose only singular points are three
regular singular points at z1, z2, and z3 can be written in the standard form

u′′(z) + p(z)u′(z) + q(z)u(z) = 0 (5.A1)

with

p(z) =
1 − α1 − β1

z − z1
+

1 − α2 − β2

z − z2
+

1 − α3 − β3

z − z3
(5.A2)

and

q(z) =
1

(z − z1)(z − z2)(z − z3)

{
α1β1(z1 − z2)(z1 − z3)

z − z1
(5.A3)

+
α2β2(z2 − z1)(z2 − z3)

z − z2
+
α3β3(z3 − z1)(z3 − z2)

z − z3

}

Expressions (5.A2) and (5.A3) are designed to make it clear that (α1, β1), (α2, β2), and
(α3, β3) are the exponent pairs at z1, z2, and z3, respectively. For ∞ to be a regular point, it
is necessary that

3∑

n=1

(αn + βn) = 1 (5.A4)

In this form, Eq. (5.A1) is known as the Papperitz equation; its general solution is denoted by
the Riemann P-symbol

u(z) ≡ P






z1 z2 z3
α1 α2 α3 z
β1 β2 β3




 (5.A5)

A standard form of the equation, with the three regular singular points at 0, 1,∞, is reached
by the linear fractional transformation

ξ =
(
z − z1
z − z3

)(
z2 − z3
z2 − z1

)
(5.A6)

(see Eqs. (4.19) and (4.22)). This puts the equation in the form

ξ(ξ − 1)u′′(ξ) + [(1 − α1 − β1) (ξ − 1) + (1 − α2 − β2)ξ)]u′(ξ)

+
(
α3β3 −

α1β1

ξ
− α2β2

1 − ξ

)
u(ξ) = 0 (5.A7)
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The general solution of Eq. (5.A7) can be expressed as

u(ξ) = P






0 1 ∞
α1 α2 α3 ξ
β1 β2 β3




 (5.A8)

In this form, (α1, β1), (α2, β2), and (α3, β3) are the exponents of the regular singular
points at 0, 1,∞, respectively. Now two of these exponents can be made to vanish by a
suitable factorization of the unknown function. If we let

u(ξ) = ξα1(ξ − 1)α2w(ξ) (5.A9)

then w(ξ) must satisfy

ξ(ξ − 1)w′′(ξ) + [(1 + α1 − β1)(ξ − 1) + (1 + α2 − β2)ξ)]w′(ξ)

+ (α1 + α2 + α3)(α1 + α2 + β3)w(ξ) = 0 (5.A10)

There are only three independent parameters in this equation, since two of the exponents have
been forced to vanish by Eq. (5.A9), and there is still one relation imposed by Eq. (5.A4). A
standard choice of parameters is given by

a = α1 + α2 + α3 b = α1 + α2 + β3 c = 1 + α1 − β1 (5.A11)

Then Eq. (5.A4) requires

1 + α2 − β2 = a+ b− c+ 1 (5.A12)

and Eq. (5.A10) can be written as

ξ(ξ − 1)w′′(ξ) + [(a+ b+ 1)ξ − c]w′(ξ) + abw(ξ) = 0 (5.A13)

This is the standard form of the hypergeometric equation.

Exercise 5.A1. Show that a formal general solution to Eq. (5.A13) is given by the P-
symbol

w(ξ) = P






0 1 ∞
0 0 a ξ

1 − c c− a− b b






from which it follows that the exponents of the singularity at ξ = 0 are 0 and 1 − c, so that
one solution of Eq. (5.A13) is analytic at ξ = 0. �

A.2 Power Series Solutions

The particular solution of Eq. (5.A13) that is analytic at ξ = 0 and has w(0) = 1 is defined by
the power series

F (a, b|c|ξ) = 1 +
ab

c
ξ +

a(a+ 1)b(b+ 1)
c(c+ 1)

ξ2 + · · ·

=
Γ(c)

Γ(a)Γ(b)

∞∑

n=0

Γ(a+ n)Γ(b+ n)
Γ(c+ n)n!

ξn (5.A14)
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unless 1 − c is a positive integer, a case to be dealt with later. The series on the right-hand
side of Eq. (5.A14) is the hypergeometric series, and its analytic continuation is the hyperge-
ometric function F (a, b|c|ξ). The series has radius of convergence r = 1 in general, and the
hypergeometric function has singularities, which turn out to be branch points in general, at 1
and ∞, unless a or b is a negative integer, in which case the series (5.A14) has only a finite
number of terms, and the hypergeometric function is simply a polynomial.

Remark. The polynomial solutions are especially important in physics, since they have
no singularities in the finite ξ-plane, and the physical context in which the hypergeometric
equation appears often demands solutions that are nonsingular. The Legendre polynomials
described in Section 5.5, as well as other polynomials to be considered in Chapter 6, are
solutions to special forms of the hypergeometric equation. �

To find a second solution of the hypergeometric equation (5.A13) near ξ = 0, let

w(ξ) = ξ1−cv(ξ) (5.A15)

Then v(ξ) satisfies another hypergeometric equation

ξ(ξ−1) v′′(ξ)+[(a+b−2c+3)ξ+c−2] v′(ξ)+(a−c+1)(b−c+1) v(ξ) = 0 (5.A16)

that has a solution analytic and nonzero at ξ = 0 given by the hypergeometric function F (a−
c+ 1, b− c+ 1|2 − c|ξ), unless c− 1 is a positive integer.

Thus, if c is not an integer, the general solution to the hypergeometric equation (5.A13) is

w(ξ) = AF (a, b|c|ξ) +Bξ1−cF (a− c+ 1, b− c+ 1|2 − c|ξ) (5.A17)

where A and B are arbitrary constants. If c is an integer, a second solution must be found by
the method described in the previous section, or by analytic continuation in c in one or another
of the representations derived below.

To study the behavior of the solution (5.A17) near ξ = 1, let η ≡ 1 − ξ and let

v(η) ≡ w(1 − η) (5.A18)

Then v(η) satisfies the hypergeometric equation

η(η − 1) v′′(η) + [(a+ b+ 1)η − (a+ b− c+ 1)] v′(η) + ab v(η) = 0 (5.A19)

with the general solution

v(η) = C F (a, b|a+ b− c+ 1|η) +Dηc−a−bF (c− a, c− b|c− a− b+ 1|η) (5.A20)

(unless c − a − b is an integer), where C and D are arbitrary constants. Thus the general
solution of the hypergeometric equation (5.A13) can also be written as

w(ξ) = C F (a, b|a+ b− c+ 1|1 − ξ)

+D(1 − ξ)c−a−bF (c− a, c− b|c− a− b+ 1|1 − ξ) (5.A21)
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A.3 Integral Representations

Now recall the binomial expansion

(1 − uξ)−a =
∞∑

m=0

Γ(a+m)
Γ(a)

(uξ)m

m!
(5.A22)

and the integral (Eq. (4.A28))
∫ 1

0

ub+m−1(1 − u)c−b−1 du =
Γ(b+m)Γ(c− b)

Γ(c+m)
(5.A23)

(m = 0, 1, 2, . . .). These two can be combined to give the integral representation

F (a, b|c|ξ) =
Γ(c)

Γ(b)Γ(c− b)

∫ 1

0

(1 − uξ)−aub−1(1 − u)c−b−1 du (5.A24)

(Re c > Re b > 0). Equation (5.A24) provides the analytic continuation of F (a, b|c|ξ) to
the complex ξ-plane with a branch cut along the positive real axis from 1 to ∞. With a new
integration variable t = 1/u, this has the alternate form

F (a, b|c|ξ) =
Γ(c)

Γ(b)Γ(c− b)

∫ ∞

1

(t− ξ)−ata−c(t− 1)c−b−1 dt (5.A25)

Now suppose 0 < Re b < Re c < Re a+ 1, and 0 < Re a < 1, and consider the integral

I ≡ 1
2i

∫

C

(ξ − t)−ata−c(1 − t)c−b−1 dt (5.A26)

where 0 < ξ < 1 and C is the contour shown in Fig. 5.1. If we choose

(i) the branch cut of ta−c along the negative real axis from −∞ to 0,

(ii) the branch cut of (ξ − t)−a along the positive real axis from ξ to ∞, and

(iii) the branch cut of (1 − t)c−b−1 along the positive real axis from 1 to ∞,
then the integral I can be written as

I = sin π(a− c)
∫ 0

−∞
(ξ − t)−a(−t)a−c (1 − t)c−b−1 dt

+ sinπa
∫ 1

ξ

(t− ξ)−ata−c (1 − t)c−b−1 dt (5.A27)

+ sinπ(a+ b− c+ 1)
∫ ∞

1

(t− ξ)−ata−c (t− 1)c−b−1 dt = 0

With t = 1 − u, the first term in I can be expressed as a hypergeometric function,
∫ 0

−∞
(ξ − t)−a(−t)a−c(1 − t)c−b−1 dt =

=
∫ ∞

1

(u− 1 + ξ)−auc−b−1(u− 1)a−c du (5.A28)

=
Γ(b)Γ(a− c+ 1)
Γ(a+ b− c+ 1)

F (a, b|a+ b− c+ 1|1 − ξ)



A Hypergeometric Equation 245

XXX

C
t

0

1ξ

Figure 5.1: The contour C for the evaluation of the integral I in Eq. (5.A26).

Also, with t− 1 − (1 − ξ)/w, the second term can be expressed as

∫ 1

ξ

(t− ξ)−ata−c (1 − t)c−b−1 dt =

= (1 − ξ)c−a−b
∫ ∞

1

(w − 1 + ξ)a−cwb−1(w − 1)−a dw (5.A29)

=
Γ(c− b)Γ(1 − a)
Γ(c− a− b+ 1)

(1 − ξ)c−a−b F (c− a, c− b|c− a− b+ 1|1 − ξ)

The third term in I is directly related to the hypergeometric function in Eq. (5.A25).
From Eqs. (5.A27)–(5.A29) and the result

sin πz =
π

Γ(z)Γ(1 − z)
(5.A30)

(see Eq. (4.A8)), it finally follows that

F (a, b|c|ξ) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

F (a, b|a+ b− c+ 1|1 − ξ)

(5.A31)

+
Γ(a+ b− c)Γ(c)

Γ(a)Γ(b)
(1 − ξ)c−a−b F (c− a, c− b|c− a− b+ 1|1 − ξ)

This formula provides the connection between the solutions of the hypergeometric equation
near ξ = 0 and the solutions near ξ = 1. The connection formula can be analytically continued
to all ξ, and to all values of a, b, c for which the functions are defined.
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B Confluent Hypergeometric Equation

B.1 Reduction to Standard Form

Another common linear second-order equation has the general form

u′′(z) +
(

1 − α− β

z

)
u′(z) +

(
αβ

z2
+

2κ
z

− γ2

)
u(z) = 0 (5.B32)

where the choice of constants is motivated by the form of the solutions obtained below. This
equation has a regular singular point at z = 0, with exponents α and β, and an irregular
singular point at ∞. We can make one of the exponents at z = 0 vanish by the substitution

u(z) = zαv(z) (5.B33)

that leads to the equation

v′′(z) +
(

1 + α− β

z

)
v′(z) +

(
2κ
z

− γ2

)
v(z) = 0 (5.B34)

whose exponents at z = 0 are 0 and β − α.
The asymptotic form of this equation for z → ∞ is

v′′(z) − γ2v(z) = 0 (5.B35)

This equation has solutions exp(±γz), which suggests the substitution

v(z) = e−γzw(z) (5.B36)

Then w(z) satisfies the equation

w′′(z) +
[
1 + α− β

z
− 2γ

]
w′(z) +

[
2κ− γ(1 + α− β)

z

]
w(z) = 0 (5.B37)

Now let ξ = 2γz, 2γa = γ(1 + α− β) − 2κ and c = 1 + α− β. Then Eq. (5.B37) becomes

ξw′′(ξ) + (c− ξ)w′(ξ) − aw(ξ) = 0 (5.B38)

This is the standard form of the confluent hypergeometric equation. It has a regular singular
point at ξ = 0 with exponents 0 and 1 − c, and an irregular singular point at ∞.

The solution F (a|c|ξ) of Eq. (5.B38) that is analytic at ξ = 0 with F (0) = 1 is defined by
the power series

F (a|c|ξ) = 1 +
a

c
ξ +

a(a+ 1)
c(c+ 1)

ξ2 + · · · =
Γ(c)
Γ(a)

∞∑

n=0

Γ(a+ n)
Γ(c+ n)

ξn

n!
(5.B39)

(again unless 1 − c is a positive integer, which will be considered later). F (a|c|ξ) is the
confluent hypergeometric series; it defines an entire function. It is a polynomial if a is zero or
a negative integer; otherwise, it has an essential singularity at ∞.
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Remark. Here again the polynomial solutions are very important in physics. The Laguerre
polynomials and Hermite polynomials that appear in the quantum mechanics of the hydrogen
atom and the simple harmonic oscillator can be expressed in terms of confluent hypergeomet-
ric functions. (see Section 6.5). Bessel functions (see Section 5.6) are not polynomials, but
they also appear in solutions of the wave equation and other equations in physics. The various
forms of Bessel functions are closely related to confluent hypergeometric functions (see also
Exercise 5.20, for example). �

To obtain a second solution of Eq. (5.B38) near ξ = 0, let

w(ξ) = ξ1−cv(ξ) (5.B40)

Then v(ξ) satisfies a confluent hypergeometric equation

ξv′′(ξ) + (2 − c− ξ)v′(ξ) − (a− c+ 1)v(ξ) = 0 (5.B41)

This has a solution that is analytic and nonzero at ξ = 0 given by the confluent hypergeometric
function F (a− c+ 1|2 − c|ξ), unless c− 1 is a positive integer.

Thus the general solution to the confluent hypergeometric equation (5.B38) is given by

w(ξ) = AF (a|c|ξ) +Bξ1−cF (a− c+ 1|2 − c|ξ) (5.B42)

if c is not an integer, whereA andB are arbitrary constants. If c is an integer, a second solution
must be found by other methods, such as those discussed above.

Remark. Equation (5.B38) can be obtained from the hypergeometric equation

z(z − 1)w′′(z) + [(a+ b+ 1)z) − c]w′(z) + abw(z) = 0 (5.A13)

by letting ξ ≡ bz and passing to the limit b → ∞. Then the regular singular points at ξ = b
(z = 1) and ∞ in the hypergeometric equation merge to become the irregular singular point
at ∞ in the confluent hypergeometric equation. Then also

F (a|c|ξ) = lim
b→∞

F (a, b|c|ξ/b) (5.B43)

so the solution (5.B42) is a limit of the solution (5.A17) to the hypergeometric equa-
tion (5.A13) by the same confluence. �

B.2 Integral Representations

F (a|c|ξ) also has the integral representation

F (a|c|ξ) =
Γ(c)

Γ(a)Γ(c− a)

∫ 1

0

eξtta−1(1 − t)c−a−1 dt (5.B44)

if Re c > Re a > 0. This can be verified by expanding the exponential eξt inside the integral
and integrating term-by-term.
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From this integral representation we have

F (a|c|ξ) Γ(c)
Γ(a)Γ(c− a)

{∫ 1

−∞
eξtta−1(1 − t)c−a−1 dt

(5.B45)

+
∫ −∞

0

eξtta−1(1 − t)c−a−1 dt

}

Now let u = ξ(1 − t) in the first integral, and u = −ξt in the second. Then we have

F (a|c|ξ) =
Γ(c)

Γ(a)Γ(c− a)

{
ξa−ceξ

∫ ∞

0

e−uuc−a−1

(
1 − u

ξ

)a−1

du

(5.B46)

+(−ξ)−a
∫ ∞

0

e−uua−1

(
1 +

u

ξ

)c−a−1

du

}

The representation (5.B46) can be used to derive an asymptotic series for F (a|c|ξ) by ex-
panding the integrand in a power series in u/ξ, as explained in Section 1.4. In the resulting
expansion, the first integral dominates for Re ξ > 0, the second for Re ξ < 0.

Another pair of linearly independent solutions of the confluent hypergeometric equation
are the functions U1(a|c|ξ) and U2(a|c|ξ) defined by

U1(a|c|ξ) ≡
1

Γ(c− a)
ξa−ceξ

∫ ∞

0

e−uuc−a−1

(
1 − u

ξ

)a−1

du (5.B47)

for Re c > Re a > 0, 0 < arg ξ < 2π, and

U2(a|c|ξ) ≡
1

Γ(a)
(−ξ)−a

∫ ∞

0

e−uua−1

(
1 +

u

ξ

)c−a−1

du (5.B48)

for Re a > 0, −π < arg ξ < π. These functions are confluent hypergeometric functions of
the third kind, or Whittaker functions. They are distinguished because they capture the two
distinct forms of asymptotic behavior of solutions of the confluent hypergeometric equation
as z → ∞. It follows from Eq. (5.B46) that

F (a|c|ξ) =
Γ(c)
Γ(a)

U1(a|c|ξ) +
Γ(c)

Γ(c− a)
U2(a|c|ξ) (5.B49)

for 0 < arg ξ < π.
Comparison of the asymptotic behavior of the integral representations also leads

U1(a|c|ξ) =
Γ(1 − c)
Γ(1 − a)

eiπ(a−c)F (a|c|ξ)− Γ(c− 1)
Γ(c− a)

eiπaξ1−cF (a−c+1|2−c|ξ) (5.B50)

for 0 < arg ξ < 2π, and

U2(a|c|ξ) =
Γ(1 − c)

Γ(a− c+ 1)
eiπaF (a|c|ξ)+ Γ(c− 1)

Γ(a)
eiπaξ1−cF (a−c+1|2−c|ξ) (5.B51)

for −π < arg ξ < π, which express the Whittaker functions in terms of the solutions defined
near ξ = 0.
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C Elliptic Integrals and Elliptic Functions

A nonlinear differential equation that arises in mechanics is

(
du

dz

)2

= (1 − u2)(1 − k2u2) (5.C52)

where k2 is a parameter that for now we will assume to satisfy 0 ≤ k2 < 1. Note that if
k2 > 1, we can introduce rescaled variables w ≡ ku , ξ ≡ kz. Then w satisfies

(
dw

dξ

)2

= (1 − w2)(1 − α2w2) (5.C53)

with α2 ≡ 1/k2 < 1. It is left to the problems to show how this equation arises in the problem
of a simple pendulum, and the problem of a nonlinear oscillator.

A solution u(z) of this equation with u(0) = 0 is obtained from the integral

z =
∫ u

0

1√
(1 − t2)(1 − k2t2)

dt (5.C54)

with t− sinφ, this solution can also be written as

z =
∫ θ

0

1√
1 − k2 sin2 φ

dφ (5.C55)

with u = sin θ. As u increases from 0 to 1 (or θ increases from 0 to π/2), z increases from 0
to K(k), where

K(k) ≡
∫ 1

0

1√
(1 − t2)(1 − k2t2)

dt =
∫ π

2

0

1√
1 − k2 sin2 φ

dφ (5.C56)

is the complete elliptic integral of the first kind, of modulus k.

Exercise 5.C2. Show that the complete elliptic integral K(k) defined by Eq. (5.C56) can
be expressed as a hypergeometric function according to

K(k) = 1
2πF ( 1

2 ,
1
2 |1|k

2) (5.C57)

Hint. A brute force method is to expand the integrand in a power series and integrate term by
term. It is more elegant to show that K(k) satisfies a hypergeometric equation. �

The function inverse to the function z(u) defined by Eq. (5.C54) is

u(z) ≡ sn(z, k) = sin θ (5.C58)

This defines the (Jacobi) elliptic function sn(z, k) as a function that increases from 0 to 1 for
0 ≤ z ≤ K(k). The modulus k is not always written explicitly when it is fixed, so it is also
common to write simply u = sn z.
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Now Eq. (5.C54) is derived from Eq. (5.C52) by choosing

du

dz
= +

√
(1 − u2)(1 − k2u2) (5.C59)

but as z increases beyond K(k), the sign of the derivative must change, since it follows from
a direct calculation that

d2u

dz2
= −4u

[
1 − 1

2 (1 + k2)u2
]

(5.C60)

Thus u′′(z) < 0 when u = 1 (we have assumed 0 ≤ k2 < 1). In the dynamical systems
described by this equation, the points u = ±1 correspond to the turning points of the system.
Thus when we continue the integral in Eq. (5.C54) in the complex t-plane, we wrap around
the lower side of the branch cut of

√
1 − t2, which we can take to run from −1 to 1 as shown

in Fig. 5.2. A complete clockwise circuit of the contour C around the branch cut from −1 to 1
corresponds to an increase of z by 4K(k), while u = u(z) has returned to its original location
on the Riemann surface of the integrand. Thus

sn(z + 4K, k) = sn(z, k) (5.C61)

so that sn(z, k) is periodic with period 4K(k).
From Fig. 5.2, it is clear that there are other closed contours on the Riemann surface of

the integrand in Eq. (5.C54) that cannot be deformed into C without crossing one or more
branch points of the integrand3 (these branch points are at t = ±1 and at t = ±α ≡ ±1/k;
the integrand is analytic at ∞). Note that these branch points are of the square root type, so
the integrand changes sign on encircling one of the branch points. Hence if we make a circuit
around a closed contour L that encircles any two of the branch points, the integral will return
to its original value. If we let

P ≡
∮

L

1√
(1 − t2)(1 − k2t2)

dt �= 0 (5.C62)

then P will be a period for the function u = u(z).
A closed contour that cannot be deformed into the contour C is the contour C ′ shown in

Fig. 5.2, which encircles the branch points of the integrand at t = +1 and t = +α. The
corresponding period is given by

P = 2i
∫ α

1

1√
(t2 − 1)(1 − k2t2)

dt = 2i
∫ 1

0

1√
(1 − ξ2)(1 − k′ 2ξ2)

dξ

(5.C63)

= 2iK(k′) ≡ 2iK ′(k)

Here k′ 2 ≡ 1 − k2 (k′ is the complementary modulus of the elliptic integral, and the second
integral is obtained by the change of variable

ξ2 ≡ 1 − k2t2

1 − k2
(5.C64)

3When we speak of deformations of contours here and below, we understand that the deformations are forbidden
to cross singularities of the integrand unless explicitly stated otherwise.
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XXX

C

1 α = 1/k–1

t

X

− α

C′

Figure 5.2: The contour C for continuation of the integral in Eq. (5.C54) beyond u = 1; a
complete circuit of C returns the integrand to its original value. Shown also is a second closed
contour C ′ around which the integrand returns to its original value. The solid portion of C ′ lies
on the first (visible) sheet of the Riemann surface of the integrand; the dashed portion lies on
the second sheet reached by passing through any of the cuts.

Thus sn(z, k) is a doubly periodic function of z with periods

Ω ≡ 4K(k) Ω′ ≡ 2iK(k′) (5.C65)

Note that any contour on the Riemann surface shown in Fig. 5.2 must encircle an even
number of branch points in order to return to the starting value of the integrand (multiple
circuits are possible, but each circuit must be included in the count); only such contours are
closed on the Riemann surface. Furthermore, the integral around a circle centered at t = 0,
with radius r > α, vanishes since the integrand is analytic at ∞ (thus the radius of the cir-
cle can be made arbitrarily large without changing the value of the integral, and the integral
evidently vanishes for r → ∞).

Any contour that encircles an even number of branch points of the integrand can be de-
formed into a contour that makes m circuits of C and m′ circuits of C ′, plus a contour around
which the integral vanishes, such as one or more circuits of circle of radius r > α; herem and
m′ are integers that may be positive (for clockwise circuits), negative (for counterclockwise
circuits) or zero. It requires a bit of sketching with pencil and paper to verify this statement,
but it is true. The period associated with such a contour is given by

P = mΩ +m′Ω′ (5.C66)

as might be expected from the general argument given in Chapter 4 that there can be no more
than two fundamental periods for a nonconstant analytic function. Now Ω and Ω′ are in fact
fundamental periods of sn(z, k), since there are no smaller contours than C and C ′ that might
subdivide these periods.
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Remark. The two-sheeted Riemann surface illustrated in Fig. 4.1 is isomorphic to a
torus T 2, since the elliptic integral provides a diffeomorphism from the Riemann surface
onto the unit cell of the lattice shown in Fig. 4.5 (the elliptic function sn z provides the inverse
mapping). This unit cell is evidently equivalent to the rectangle in Fig. 3.4, which we have
seen in Chapter 3 to be equivalent to a torus. �

There are other Jacobi elliptic functions related to the integrals (5.C54) and (5.C55). With
z and θ related by Eq. (5.C55), define

cn(z, k) ≡ cos θ dn(z, k) ≡
√

1 − k2 sin2 θ (5.C67)

where again the dependence on k is not always written explicitly. Jacobi also defined θ ≡
am z, the amplitude of z. Note that for real θ, dn z is bounded between k′ =

√
1 − k2 and 1,

so that it can never become negative.
These functions satisfy many relations similar to those for the trigonometric functions to

which they reduce for k → 0. For example, it is clear that

sn2 z + cn2 z = 1 (5.C68)

k2 sn2 z + dn2 z = 1 (5.C69)

The derivatives of the functions are easily evaluated, since Eq. (5.C55) implies

dz

dθ
=

1√
1 − k2 sin2 θ

=
1

dn z
(5.C70)

Then we have

d

dz
sn z = cos θ

dθ

dz
= cn z dn z (5.C71)

and similarly,

d

dz
cn z = − sn z dn z

d

dz
dn z = −k2 sn z cn z (5.C72)

It follows directly from the definitions that

sn(−z) = − sn z cn(−z) = cn z dn(−z) = dn z (5.C73)

Also, since z → z + 2K corresponds to θ → θ + π, we have

sn(z + 2K) = − sn z cn(z + 2K) = − cn z dn(z + 2K) = dn z (5.C74)

Thus cn z has a real period 4K, while dn z has a real period 2K.
To see what happens when z increases by 2iK ′, recall that this corresponds to one circuit

of the contour C ′ in Fig. 5.2. As we go around this circuit, cn z =
√

1 − t2 and dn z =√
1 − k2t2 change sign, while sn z returns to its initial value; thus we have

sn(z + 2iK ′) = sn z cn(z + 2iK ′) = − cn z dn(z + 2iK ′) = − dn z (5.C75)
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Equations (5.C74) and (5.C75) show that cn z has a complex fundamental period 2K + 2iK ′,
while Eq. (5.C75) shows that dn z has a second fundamental period 4iK ′.

To locate the poles of sn z, we return to the integral (5.C54) and let u→ ∞. Then

z =
∫ 1

0

1√
(1 − t2)(1 − k2t2)

dt+ i

∫ 1/k

1

1√
(t2 − 1)(1 − k2t2)

dt

±
∫ ∞

1/k

1√
(t2 − 1)(k2t2 − 1)

dt (5.C76)

The sign ambiguity in z reflects the fact that there are two distinct routes from 1 to ∞, one
passing above the cut in Fig. 5.2, the other passing below. The first integral is equal to K(k),
the second integral is equal to K ′(k), while the third integral is also equal to K(k), which
is most easily shown by changing variables to ξ ≡ 1/kt. Thus the values of z for which
u = sn z → ∞ are given by

z = iK ′ 2K + iK ′ (5.C77)

together with the points obtained by translation along the lattice generated by the fundamental
periods 4K and 2iK ′. These points correspond to contours in the t-plane that make extra
circuits of the branch points shown in Fig. 5.2.

To show that these points are simple poles of u = sn z, note that

z − iK ′ = +
∫ ∞

u

1√
(t2 − 1)(k2t2 − 1)

dt (5.C78)

z − 2K − iK ′ = −
∫ ∞

u

1√
(t2 − 1)(k2t2 − 1)

dt (5.C79)

Since the integral on the right-hand side is approximated by 1/ku for u→ ∞, we have

lim
z→iK′

(z − iK ′) sn z =
1
k

(5.C80)

lim
z→2K+iK′

(z − 2K − iK ′) sn z = −1
k

(5.C81)

Thus the singularities of sn z in its fundamental parallelogram are two simple poles, with
equal and opposite residues. From the relations (5.C68) and (5.C69), it follows that cn z and
dn z have poles at the same points.

Exercise 5.C3. Compute the residues of cn z and dn z at their poles at z = iK ′ and at
z = 2K − iK ′. �

Exercise 5.C4. Show that

E(e) = 1
2πF ( 1

2 ,−
1
2 |1|e

2)

by one means or another. �
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that describes the Riemann surfaces associated with the elliptic functions in great detail. A
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Problems

1. Find the general solution of the differential equation

u(z)u′′(z) − [u′(z) ]2 = 6z [u(z) ]2

2. Consider the differential equation

(1 − z)u′′(z) + z u′(z) − u(z) = (1 − z)2

Evidently u(z) = z is a solution of the related homogeneous equation. Find the general
solution of the inhomogeneous equation.

3. An nth order linear differential operator of the form (5.50) is factorizable if it can be
written in the form

L =
[
d

dz
+ s1(z)

]
· · ·

[
d

dz
+ sn(z)

]

=
n∏

k=1

[
d

dz
+ sk(z)

]

with known functions s1(z), . . . , sn(z).

Show that if L is factorizable, then the general solution of the equation L[u] = f can be
constructed by solving the sequence of linear inhomogeneous first-order equations

[
d

dz
+ sk(z)

]
uk(z) = uk−1(z)

(k = 1, . . . , n) with u0(z) = f(z).

4. The time evolution of a radioactive decay chain (or sequence of irreversible chemical
reactions) 1 → 2 → . . .→ n is described by the set of coupled differential equations

u′1(t) = −λ1 u1(t)

u′2(t) = −λ2 u2(t) + λ1 u1(t)

u′3(t) = −λ3 u3(t) + λ2 u2(t)

...

u′n(t) = λn−1 un−1(t)

is the population of species k at time t, and λk is the rate per unit time for the process
k → k + 1.

(i) Find explicit solutions for u1(t), u2(t) and u3(t) in terms of the initial values u1(0),
u2(0), and u3(0).
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(ii) At what time will u2(t) reach its maximum value?

(iii) Find a set of basic solutions {u(m)
k (t)} that satisfy

u
(m)
k (0) = δkm

(k,m = 1, . . . , n), and interpret these solutions physically.

(iv) Express the solution {uk(t)} that satisfies

uk(0) = ck

(k = 1, . . . , n) in terms of these basic solutions.

5. In the preceding problem, suppose we start with a pure sample of species 1, so that

u1(0) = N u2(0) = 0 u3(0) = 0

(i) How long will it take for u1(t) to fall to half its initial value?

(ii) At what time will u2(t) reach its maximum value? What is this maximum value?

(iii) If species 3 is the endpoint of the reaction (this is equivalent to setting λ3 = 0), how
long will it take for u3(t) to reach half its final value?

6. Consider the nth order linear differential equation with constant coefficients

L[u] ≡ u(n)(z) + α1u
(n−1)(z) + · · · + αnu(z) = 0

with constant coefficients (Eq. (5.73)).

(i) Express this equation as a matrix equation

v′ = Av

with vector v = (u, u′, . . . , u(n−1).

(ii) Show that the eigenvalues of A are exactly the roots of the polynomial p(λ) in
Eq. (5.75).

(iii) Express the matrix A = D + N, as defined in Eq. (2.151).

7. Consider the differential equation

d2u

dz2
+
(
λ− c

e−αz

z

)
u(z) = 0

(i) Locate and classify the singular points of this equation.

(ii) Find a solution that is analytic at z = 0, neglecting terms that are o(z3).

(iii) Find a linearly independent solution near z = 0, neglecting terms that are o(z2).
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8. (i) Find the radius of convergence of the series

S(t, z) =
∞∑

n=0

tnPn(z) =
1√

1 − 2zt+ t2

as a function of t, if z is real and −1 ≤ z ≤ 1.

(ii) Find the region of convergence in the complex z-plane if t is real with |t| < 1.

9. Find the coefficients cn(z) in the expansion

1 − t2

(1 − 2zt+ t2)3/2
=

∞∑

n=0

cn(t)Pn(z)

where |t| < 1 and the Pn(z) are the Legendre polynomials. For what values of z does
this series converge?

10. Consider the representation (5.153)

Qλ(z) =
1

2λ+1

∫ 1

−1

(1 − ξ2)λ

(z − ξ)λ+1
dξ

of the Legendre function of the second kind. Use this representation together with the
Rodrigues formula to show that for λ = n a positive integer,

Qn(z) =
1
2

∫ 1

−1

Pn(t)
z − t

dt

where Pn(t) is the corresponding Legendre polynomial.

11. (i) Show that the Wronskian determinant (Eq. (5.62)) of Pλ(z) and Qλ(z) defined by

W (Pλ, Qλ) = PλQ
′
λ − P ′

λQλ

satisfies the differential equation

1
W

dW

dz
= − ln(z2 − 1)

and thus

Pλ(z)Q′
λ(z) − P ′

λ(z)Qλ(z) =
A

z2 − 1

(ii) Evaluate the constant A. Note. One way to do this is to consider the asymptotic
behavior of the equation for z → ∞.

(iii) Show that if we define Qλ(z) = qλ(z)Pλ(z), then qλ(z) satisfies

q′λ(z)[Pλ(z)]
2 =

A

z2 − 1
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(iv) Finally, show that

Qλ(z) = APλ(z)
∫ ∞

z

1
(t2 − 1)[Pλ(t)]2

dt

12. Show that the Legendre functions of the second kind satisfy the same recursion relations

(2λ+ 1)zQλ(z) = (λ+ 1)Qλ+1(z) + λQλ(z)

and

(z2 − 1)Q′
λ(z) = λzQλ(z) − λQλ−1(z)

as the Legendre polynomials and functions of the first kind (see Exercise 5.14).

13. Show that the Bessel function Jλ(z) has the integral representation

Jλ(z) = Cλ

(z
2

)λ ∫ 1

−1

eizu(1 − u2)λ−
1
2 du

= Cλ

(z
2

)λ ∫ π

0

eiz cos θ(sin θ)2λ dθ

and evaluate the constant Cλ.

14. Use the result of the previous problem to show that the spherical Bessel function

jλ(z) =
√

π

2z
J
λ+

1
2
(s)

has the integral representation

jλ(z) =
√
πCλ

(z
2

)λ+
1
2
∫ π

0

eiz cos θ(sin θ)2λ+1 dθ

Then show that for integer n,

jn(z) = An

∫ 1

−1

e−iz cos θPn(cos θ) d(cos θ)

and evaluate the constant An.

15. Show that the hypergeometric function satisfies the recursion formulas

(i) aF (a+ 1, b|c|ξ) − bF (a, b+ 1|c|ξ) = (a− b)F (a, b|c|ξ)

(ii) F (a+ 1, b|c|ξ) − F (a, b+ 1|c|ξ) =
(
b− a

c

)
ξ F (a+ 1, b+ 1|c+ 1|ξ)

(iii)
d

dξ
F (a, b|c|ξ) =

ab

c
F (a+ 1, b+ 1|c+ 1|ξ)
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16. Show that the general solution of the hypergeometric equation can be expressed as

w(ξ) = A1ξ
−aF (a, a− c+ 1|a− b+ 1|1/ξ)

+A2 ξ
−bF (b− c+ 1, b|b− a+ 1|1/ξ)

and find the coefficients A1 and A2 when w(ξ) = F (a, b|c|ξ).

17. Show that the confluent hypergeometric function satisfies the recursion formulas

(i) aF (a+ 1|c+ 1|ξ) − cF (a|c|ξ) = (a− c)F (a|c+ 1|ξ)

(ii) c[F (a+ 1|c|ξ) − F (a|c|ξ)] = ξF (a+ 1|c+ 1|ξ)

(iii)
d

dξ
F (a|c|ξ) =

a

c
F (a+ 1|c+ 1|ξ)

18. Show that the confluent hypergeometric function satisfies

F (c− a|c|ξ) = eξF (a|c| − ξ)

using the integral representations given in Appendix B.

19. Conservation of energy for a simple pendulum (mass m, length L, angular displacement
θ) has the form

1
2
mL2

(
dθ

dt

)2

+mgL(1 − cos θ) = E

(i) Introduce the variable u ≡ sin 1
2θ and rescale the time variable in order to reduce the

conservation of energy equation to an equation of the form (5.C52).

(ii) Derive an expression for the period of the pendulum in terms of a complete elliptic
integral.

20. Consider an anharmonic one-dimensional oscillator with potential energy

V (x) = 1
2mω

2x2 + 1
2mσx

4

Sketch the potential energy function for each of the cases:

(i) σ > 0 , ω2 > 0 (ii) σ > 0 , ω2 < 0 (iii) σ < 0 , ω2 > 0

In each case, introduce new variables so that the conservation of energy equation

m

2

(
dx

dt

)2

+ V (x) = E

takes the form of Eq. (5.C52). Under what conditions can the variables in the resulting
equation be chosen so that the parameter k2 satisfies 0 < k2 < 1?
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21. Show that the change of variable x = u2 transforms Eq. (5.C52) into

(
dx

dz

)2

= 4x(1 − x)(1 − k2x)

Remark. Thus the quartic polynomial on the right-hand side of Eq. (5.C52) can be
transformed into a cubic. This does not reduce the number of branch points of dx/dz,
but simply relocates one of them to ∞. �

22. Show that the circumference of the ellipse

x2

a2
+
y2

b2
= 1

is given by 4aE(e), where e =
√
a2 − b2/a is the eccentricity of the ellipse and

E(e) ≡
∫ 1

0

√
1 − e2t2

1 − t2
dt

is the complete elliptic integral of the second kind (of modulus e).



6 Hilbert Spaces

Linear vector spaces are often useful in the description of states of physical systems and their
time evolution, as already noted in Chapter 2. However, there are many systems whose state
space is infinite dimensional, i.e., there are infinitely many degrees of freedom of the system.
For example, a vibrating string allows harmonics with any integer multiple of the fundamental
frequency of the string. More generally, any system described by a linear wave equation
will have an infinite set of normal modes and corresponding frequencies. Thus we need to
understand how the theory of infinite-dimensional linear vector spaces differs from the finite-
dimensional theory described in Chapter 2.

The theory of linear operators and their spectra is also more complicated in infinite dimen-
sions. Especially important is the existence of operators with spectra that are continuous, or
unbounded, or even nonexistent. In Chapter 7, we will examine the theory of linear operators,
especially differential and integral operators, in infinite-dimensional spaces.

In this chapter, we deal first with the subtle issues of convergence that arise in infinite
dimensional spaces. We then proceed to discuss the expansion of functions in terms of various
standard sets of basis functions—the Fourier series in terms of trigonometric functions, and
expansions of functions in terms of certain sets of orthogonal polynomials that arise in the
solution of second-order differential equations. The reader who is more interested in practical
applications can proceed directly to Section 6.3 where Fourier series are introduced.

As a prototype for an infinite-dimensional vector space, we consider first the space �2(C)
of sequences x ≡ (ξ1, ξ2, . . .) of complex numbers with

∞∑

k=1

|ξk|2 <∞

A scalar product of x = (ξ1, ξ2, . . .) and y = (η1, η2, . . .) given by

(x, y) ≡
∞∑

k=1

ξk
∗ηk

satisfies the axioms appropriate to a unitary vector space, and we show that the series con-
verges if x and y are in �2(C). The space �2(C) satisfies two new axioms that characterize a
Hilbert space: the axiom of separability, which requires the existence of a countable basis, and
the axiom of completeness, which requires that the limit of a Cauchy sequence to belong to
the space. Thus the space �2(C) provides a model Hilbert space in the same way that n-tuples
of real or complex numbers provided model finite-dimensional vector spaces.
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Functions defined on a domain Ω in Rn or Cn also have a natural vector space structure,
and a scalar product

(f, g) =
∫

Ω

f∗(x)g(x)w(x)dx

can be introduced that satisfies the standard axioms. Here w(x) is a nonnegative weight func-
tion that can be introduced into the scalar product; often w(x) = 1 everywhere on Ω, but there
are many problems for which other weight functions are useful. To construct a Hilbert space,
the space of continuous functions must be enlarged to include the limits of Cauchy sequences
of continuous functions, just as the set of rational numbers needed to be enlarged to include
the limits of Cauchy sequences of rationals. This expanded space, denoted by L2(Ω), includes
“functions” for which

‖f‖2 ≡
∫

Ω

|f(x)|2w(x) dΩ

is finite. Here the integral understood as a Lebesgue integral, which is a generalization of
the Riemann integral of elementary calculus. We discuss briefly the Lebesgue integral after
a short introduction to the concept of measure, on which Lebesgue integration is based. We
also note that the elements of L2(Ω) need not be functions in the classical sense, since they
need not be continuous, or even well defined at every point of Ω.

Convergence of sequences of vectors in Hilbert space is subtle: there are no less than four
types of convergence: uniform convergence and pointwise convergence as defined in classical
analysis, weak convergence as defined in Chapter 1 and again here in a vector space context,
and strong convergence in Hilbert space, also known as convergence in the mean (weak and
strong convergence are equivalent in a finite-dimensional space).

Every continuous function can be expressed as the limit of a uniformly convergent se-
quence of polynomials (Weierstrass approximation theorem). On the other hand, a Cauchy
sequence of polynomials need not have a pointwise limit. While these subtleties are not often
crucial in practice, it is important to be aware of their existence in order to avoid drawing false
conclusions on the basis of experience with finite-dimensional vector spaces.

There are various sets of basis functions in a function space that are relevant to physical
applications. The classical example is Fourier series expansion of a periodic function in terms
of complex exponential functions (or in terms of the related trigonometric functions). If f(t)
is a well-behaved function with period T , then it can be expressed as a Fourier series in terms
of complex exponential functions as

f(t) =

√
1
T

∞∑

n=−∞
cn exp

(
2πint
T

)

with complex Fourier coefficients cn given by

cn =

√
1
T

∫ T

0

exp
(
−2πint

T

)
f(t) dt

Note that c−n = c∗n if f(t) is real. Each Fourier series represents a function with period T as a
superposition of functions corresponding to pure oscillators with frequencies fn = nf0, where
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f0 = 1/T is the fundamental frequency corresponding to period T ; the Fourier coefficients cn
and c−n are amplitudes of the frequency component fn in the function f(t). One peculiarity
we note is the Gibbs phenomenon in the Fourier series expansion of a step function; this is a
phenomenon that generally occurs in the approximation of discontinuous functions by series
of continuous functions.

Other important sets of bases are certain families of orthogonal polynomials that appear as
solutions to second-order linear differential equations. In particular, there are several families
of orthogonal polynomials related to the hypergeometric equation and the confluent hyperge-
ometric equation discussed in Chapter 5. Some important properties of the Legendre polyno-
mials are derived in detail, and the corresponding properties of Gegenbauer, Jacobi, Laguerre,
and Hermite polynomials are summarized in Appendix A.

A nonperiodic function f(t) that vanishes for t→ ±∞ can be expressed as a superposition
of functions with definite (angular) frequency ω by the Fourier integral

f(t) =
1
2π

∫ ∞

−∞
c(ω)e−iωt dω

which is obtained from the Fourier series by carefully passing to the limit T → ∞. The
function c(ω) is obtained from f(t) by a similar integral

c(ω) =
∫ ∞

−∞
eiωtf(t) dt

The functions f(t) and c(ω) are Fourier transforms of each other. If f(t) describes the evolu-
tion of a system as a function of time t, then c(ω) describes the frequency spectrum (ω = 2πf )
associated with the system. If t is actually a spatial coordinate x, then the corresponding
Fourier transform variable is often denoted by k (the wave number, or propagation vector).

Another integral transform, useful for functions f(t) defined for 0 ≤ t < ∞, is the
Laplace transform

Lf(p) ≡
∫ ∞

0

f(t)e−pt dt

which is obtained from the Fourier transform by rotation of the integration contour in the
complex t-plane. These transforms, as well as the related Mellin transform introduced as a
problem, have various applications. Here the transforms are used to evaluate integrals, and to
find solutions to certain second-order linear differential equations.

There are many physical problems in which it is important to analyze the behavior of a
system on various scales. For example, renormalization group and block spin methods in
quantum field theory and statistical mechanics explicitly consider the behavior of physical
quantities on a wide range of scales. This leads to the concept of multiresolution analysis
using a set of basis functions designed to explore the properties of a function at successively
higher levels of resolution. This concept is illustrated here with the Haar functions. The new
basis functions introduced in passing from one resolution to a finer resolution are wavelets.
Some methods of constructing wavelet bases are described in Section 6.6.
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6.1 Infinite-Dimensional Vector Spaces

6.1.1 Hilbert Space Axioms

The basic linear vector space axioms admit infinite-dimensional vector spaces, and fur-
ther axioms are needed to define more clearly the possibilities. For example, consider the
linear vector space C∞ whose elements are sequences of complex numbers of the form
x = (ξ1, ξ2, . . .), y = (η1, η2, . . .), . . ., with addition and multiplication by scalars defined
in the obvious way. This vector space satisfies the basic axioms, and it has a basis

φ1 = (1, 0, 0, . . .)

φ2 = (0, 1, 0, . . .) (6.1)

φ3 = (0, 0, 1, . . .)
...

that is countable, i.e., in one-to-one correspondence with the positive integers. This space is
too large for most purposes; if we introduce a scalar product by

(x, y) ≡
∞∑

k=1

ξ∗k ηk (6.2)

then the infinite sum on the right-hand side does not converge in general. However, we can
restrict the space to include only those vectors x = (ξ1, ξ2, . . .) for which

‖x‖2 ≡
∞∑

k=1

|ξk|2 <∞ (6.3)

that is, vectors of finite length ‖x‖ as defined by Eq. (6.3). This defines a space �2(C), which
is evidently a vector space; the addition of two vectors of finite length leads to a vector of
finite length since

|ξk + ηk|2 ≤ 2(|ξk|2 + |ηk|2) (6.4)

It is also a unitary vector space; if ‖x‖ and ‖y‖ are finite, then the scalar product defined by
Eq. (6.2) is an absolutely convergent series since

|ξkηk| ≤ 1
2 (|ξk|2 + |ηk|2) (6.5)

The two important properties of �2(C) that require axioms beyond those for a finite-
dimensional unitary vector space are:

1. �2(C) is separable. This means that �2(C) has a countable basis.1 One such basis in
�2(C) has been defined by Eq. (6.1).

1Mathematicians generally define separability in terms of the existence of a countable set of elements that is
everywhere dense (see Definition (1.9)). In the present context, that is equivalent to the existence of a countable
basis.
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2. �2(C) is complete, or closed. This means that every Cauchy sequence defined in �2(C)
has a limit in �2(C).

The proof of the latter statement is similar to the corresponding proof in the finite-di-
mensional case. If {x1 = (ξ11, ξ12, . . .), x2 = (ξ21, ξ12, . . .), . . .} is a sequence of vectors in
�2(C), then x1, x2, . . . is a Cauchy sequence if and only if {ξ1k, ξ2k, . . .} is a Cauchy sequence
for every k = 1, 2, . . ., since

|ξmk − ξnk|2 ≤ ‖xm − xn‖2 ≤
∞∑

k=1

|ξmk − ξnk|2 (6.6)

Thus the sequence x1, x2, . . . converges to a limit x if and only if the sequence {ξ1k, ξ2k, . . .}
converges to a limit, call it ξk, for every k = 1, 2, . . .; in the case of convergence, we have

x = (ξ1, ξ2, . . .) (6.7)

Remark. The crucial point here is that �2(C) has been constructed so that the limit (6.7) is in
the space. The space π2(C) of vectors x = (ξ1, ξ2, . . .) with only a finite number of nonzero
components satisfies all the axioms except completeness, since the limit vector in (6.7) need
not have a finite number of nonzero components (this shows the independence of the axiom
of completeness). In fact, the space �2(C) is obtained from π2(C) precisely by including
the limit points of all Cauchy sequences in π2(C), in much the same way as the real numbers
were obtained from the rational numbers by including the limit points of all Cauchy sequences
of rationals. Thus we can say that �2(C) is the completion, or closure, of π2(C). �

An infinite-dimensional unitary vector space that is separable and complete is a Hilbert
space.2 The example �2(C) provides a model Hilbert space. Any complex Hilbert space is
isomorphic and isometric to �2(C) in the same way that any n-dimensional complex unitary
vector space is isomorphic and isometric to Cn. Similarly, any real Hilbert space is isomorphic
and isometric to the space �2(R) of sequences of real numbers with finite length as defined
by (6.3).

A finite-dimensional linear manifold in a Hilbert space is always closed, but an infinite-
dimensional linear manifold may or may not be. If φ1, φ2, . . . is an orthonormal system in
the Hilbert space H, then M(φ1, φ2, . . .) denotes the linear manifold consisting of linear
combinations of φ1, φ2, . . . with a finite number of vanishing terms. Including the limit points
of all Cauchy sequences of vectors in M(φ1, φ2, . . .) gives a subspace M[φ1, φ2, . . .], the
closure of M(φ1, φ2, . . .).

As in the finite-dimensional case, the orthonormal system φ1, φ2, . . . is complete if and
only if the only vector orthogonal to all the φk is the zero vector θ. Equivalent conditions are
contained in the

Theorem 6.1. The orthonormal system φ1, φ2, . . . in the Hilbert space H is complete if and
only if

2A finite-dimensional unitary space is sometimes called a Hilbert space as well, since the axioms of separability
and completeness are satisfied automatically (i.e., as a consequence of the other axioms) for such spaces. Here we
reserve the term Hilbert space for infinite-dimensional spaces.
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(i) for every vector x in H, we have

x =
∞∑

k=1

(φk, x)φk (6.8)

(ii) for every vector x in H, we have

‖x‖2 =
∞∑

k=1

|(φk, x)|2 (6.9)

(iii) for every pair of vectors x and y in H, we have

(x, y) =
∞∑

k=1

(x, φk)(φk, y) (6.10)

(iv) H = M [φ1, φ2, . . .], that is, H is a closed linear manifold spanned by the orthonormal
system φ1, φ2, . . ..
Any one of these conditions is necessary and sufficient for all of them. It is left as an exercise
for the reader to show this.

Note, however, that while the expansion (6.8) in terms of a complete orthonormal system
is always possible, there are nonorthogonal bases for which the only vector orthogonal to
every element of the basis is the zero vector, but for which there are vectors that do not admit
an expansion as a linear combination of the basis vectors.

Example 6.1. Let φ1, φ2, . . . be a complete orthonormal system in the Hilbert space H,
and define vectors ψ1, ψ2, . . . by

ψn =
√

1
2 (φn − φn+1) (6.11)

Then the ψ1, ψ2, . . . are linearly independent, and (ψn, x) = 0 for all n if and only if x =
θ. However, the ψ1, ψ2, . . . are not orthogonal, and not every vector in H has a convergent
expansion in terms of the ψ1, ψ2, . . .. For example, we have the formal expansion

φ1 ∼
√

2 (ψ1 + ψ2 + ψ3 + · · · ) ∼
√

2
∞∑

k=1

ψk (6.12)

But

‖φ1 −
√

2
N∑

k=1

ψk‖ = ‖φN+1‖ = 1 (6.13)

Hence the expansion (6.12) does not converge strongly to φ1, although it does converge
weakly. This example shows that it is necessary to use extra caution with nonorthogonal
bases in Hilbert space.
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6.1.2 Convergence in Hilbert space

The concept of weak convergence, introduced in the discussion of sequences of functions in
Chapter 1, is also relevant to sequences in Hilbert space. Here we have the

Definition 6.1. If the sequence {xk} in a unitary vector space V is such that the sequence
of numbers {(xk, y)} converges to (x, y) for every y in V , then the sequence {xk} is weakly
convergent to x, denoted by

{xk}⇀ x (6.14)

(look closely at the half arrow here).

In a finite-dimensional space, weak convergence is equivalent to ordinary (strong) conver-
gence, since if φ1, . . . , φn is a complete orthonormal system, and if

{(xk, φp)} → ξp (6.15)

for p = 1, . . . , n, then for any ε > 0, there is an N such that

|(xk, φp) − ξp| < ε (6.16)

for all p = 1, . . . , n whenever k > N . Then also

‖xk −
n∑

p=1

ξpφp‖2 < nε2 (6.17)

so that {xk} →
∑n
p=1 ξpφp in the usual (strong) sense. In an infinite-dimensional space, we

can no longer be sure that an N exists for which the inequality (6.16) is satisfied for all p, and
there are sequences that converge weakly, but not strongly.

Example 6.2. Let φ1, φ2, . . . be an infinite orthonormal system in a Hilbert space H.
Then {(φn, x)} → 0 for any x in H, since

‖x‖2 ≤
∞∑

n=1

|(φn, x)|2 (6.18)

is finite (the sequence of terms of a convergent series must converge to zero). Thus the
sequence {φn} converges weakly to the zero vector θ. On the other hand, ‖φn‖ = 1 for
all n, so the {φn} cannot converge strongly to zero.

Exercise 6.1. Let M be an infinite-dimensional linear manifold in the Hilbert space H.
Then

(i) M⊥ is closed,
(ii) M = (M⊥)⊥ if and only if M is closed, and
(iii) H = M⊕M⊥. �
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Exercise 6.2. Show that if {xn}⇀ x and {yn} → y, then {(xn, yn)} → (x, y). Is it true
that if {xn}⇀ x and {yn}⇀ y, then {(xn, yn)} → (x, y)? �

An important result is that a weakly convergent sequence must be bounded.3

Theorem 6.2. If the sequence {xn} of vectors in the Hilbert space H is weakly convergent
to x, then it is bounded (there is an M > 0 such that ‖xn − x‖ ≤M for all n = 1, 2, . . .).

The proof is long and somewhat technical, and we will not present it here. The previous
example might make it plausible. The converse of this theorem is an analog of the Bolzano–
Weierstrass theorem for real or complex numbers (see Exercise 1.4).

Theorem 6.3. Any infinite bounded set in the Hilbert space H contains a weakly convergent
subsequence.

Proof. Let {φ1, φ2, . . .} be a complete orthonormal system in H, and let {xn} be a bounded
infinite set in H. Then there is a subsequence {x1n} such that the sequence {ξ1n ≡ (φ1, x1n)}
of numbers is convergent to a limit, call it ξ1. This follows from the plain version of
the Bolzano–Weierstrass theorem in Exercise 1.1.4. The subsequence {x1n} is bounded;
hence we can choose from it a subsequence {x2n} such that the sequence of numbers
{ξ2n ≡ (φ2, x2n)} is convergent to a limit, call it ξ2. Proceeding in this way, we obtain a
nested set of subsequences {xkn} such that the sequences of numbers {ξkn ≡ (φk, xkn)}
converge to limits ξk, for each k = 1, 2, . . .. Let

x∗ =
∞∑

k=1

ξkφk (6.19)

Then the sequence {yn}, with yn ≡ xnn, converges (weakly) to x∗.

6.2 Function Spaces; Measure Theory

6.2.1 Polynomial Approximation; Weierstrass Approximation Theorem

Consider spaces of (complex-valued) functions defined on some domain Ω, which may be an
interval of the real axis, a region in the complex plane, or some higher dimensional domain.
There is a natural vector space structure for such functions, and properties such as continu-
ity, differentiability, and integrability are preserved by vector addition and multiplication by
scalars. A scalar product can be introduced on the function space by

(f, g) =
∫

Ω

f∗(x)w(x)g(x)dΩ (6.20)

where dΩ is a suitably defined volume element on Ω, and w(x) is a weight function satisfying
w(x) > 0 on Ω except possibly at the boundary of Ω (often w(x) = 1 everywhere, but other
weight functions are sometimes convenient). This scalar product allows us to introduce norm
and distance between functions in the usual way.4

3This is the analog of the uniform boundedness principle, or Banach–Steinhaus theorem, in real analysis.
4As noted above, norm and length can be defined with no associated scalar product. Function spaces with such

norms are Banach spaces. These are also important in mathematics; further discussion may be found in books cited
at the end of the chapter.
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Complications arise with sequences of functions in a function space; the limiting processes
involved in the definitions of continuity and differentiability need not be interchangeable with
taking the limit of a sequence (see Section 1.3). Furthermore, there are several distinct con-
cepts of convergence of sequences of functions. In addition to the classical pointwise and
uniform convergence, and the weak convergence introduced in Section 1.3, there are the con-
cepts of strong and weak convergence in Hilbert space as defined above. Thus we examine
the conditions under which sequences of functions converge in the various senses, and the
properties of the limit functions.

One important result is that a continuous function can be approximated on a finite interval
by a uniformly convergent sequence of polynomials. This is stated formally as the

Theorem 6.4. (Weierstrass Approximation theorem). If the function f(t) is continuous on
the closed interval a ≤ t ≤ b, then there is a sequence pn(t) of polynomials that converges
uniformly to f(t) for a ≤ t ≤ b.

Remark. If the function f(t) is k times continuously differentiable on the interval, then the
sequence of polynomials can be constructed so that the sequence of derivatives p(k)

n (t) also
converges uniformly to the derivative f (k)(t) on the interval. �

We will not give a complete proof, but we can construct a sequence of polynomials that is
uniformly convergent. Let

Jn =
∫ 1

−1

(1 − t2)n dt = 2
∫ 1

0

(1 − t2)n dt >
2

n+ 1
(6.21)

where the last inequality follows from noting that 1 − t2 > 1 − t of 0 ≤ t < 1, and define

Πn(t|f) ≡ 1
Jn

∫ 1

0

f(u)
[
1 − (u− t)2

]n
du (6.22)

Then the sequence {Πn(t|f)} convergent uniformly to f(t) for a ≤ t ≤ b.

Remark. It is important to realize that the existence of a uniformly convergent sequence of
polynomials is not equivalent to a power series expansion. For example, the function f(t) =√
t is continuous on 0 ≤ t ≤ 1, and hence can be approximated uniformly by a sequence of

polynomials in t. Yet we know that it has no convergent power series expansion around t = 0,
since it has a branch point singularity at t = 0 in the complex t-plane. The point is that the
coefficient of a fixed power of t in the approximating polynomial can depend on n. �

Remark. This theorem underlies approximate methods for computing transcendental (non-
polynomial) functions. Since computers are only able to compute polynomials directly, any
computation of a transcendental function is some kind of polynomial approximation. The
theorem assures us that we can choose fixed coefficients to approximate the function over a
definite interval to a specified degree of accuracy. It remains, of course, to determine the most
efficient polynomial for any particular function. �
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6.2.2 Convergence in the Mean

A sequence {fn} of functions converges to a limit f in the (strong) Hilbert space sense if
{‖fn − f‖} → 0. With Hilbert space norm from the scalar product (6.20),

∫

Ω

|fn(x) − f(x)|2 w(x) dΩ → 0 (6.23)

for n → ∞. In this case, we also say that {fn} converges in the mean to f , since the mean
square deviation of {fn} from the limit function tends to zero. Convergence in the mean does
not imply uniform convergence, or even pointwise convergence, although it does imply weak
convergence in the sense that

{∫

Ω

g∗(x)w(x) [fn(x) − f(x)] dΩ
}

→ 0 (6.24)

for every integrable function g(x). Uniform convergence implies convergence in the mean,
but there are sequences of functions that converge to a limit at every point of an interval, but
do not converge in the mean, or even weakly in the Hilbert space sense.

Example 6.3. Consider the sequence of functions {fn(t)} defined on [−1, 1] by

fn+1(t) ≡ 2
(n+ 1)
Jn+1

t2(1 − t2)n (6.25)

with Jn defined in Eq. (6.21). Now {fn(t)} → 0 for every t, but if g(t) is continuous on
[−1, 1], then

∫ 1

−1

g(t)fn+1(t) dt =
1

Jn+1

∫ 1

−1

d

dt
[tg(t)] (1 − t2)n+1 dt (6.26)

The sequence of integrals on the right-hand side converges to g(0) for every continuous
function g(t), so the sequence {fn(t)} 	⇀ 0. The sequence converges weakly as a se-
quence of linear functionals; we have

{fn(t)}⇀ tδ′(t) (6.27)

where δ′(t) is the derivative of the Dirac δ-function introduced in Chapter 1, but this limit
is not in the Hilbert space of functions on [−1, 1]. Note that each of the {fn(t)} defined
by Eq. (6.25) has continuous derivatives of all orders on [−1, 1], but the lack of uniform
convergence allows the weak limit to be nonzero.

A variety of function spaces on a domain Ω are of interest:
C: C(Ω) contains functions continuous on Ω.
Ck: Ck(Ω) contains functions continuous together with their first k derivatives on Ω.
D: D(Ω) contains functions piecewise continuous on Ω.
Dk: Dk(Ω) contains functions whose kth derivative is piecewise continuous on Ω.5

5Note that any function in Dk(Ω) is also in Ck−1(Ω), since the integral of the piecewise continuous kth deriva-
tive is continuous in Ω.
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Each of these function spaces is a linear vector space that can be made unitary with a scalar
product of the form (6.20). It then satisfies all the Hilbert space axioms except completeness.
The limit of a Cauchy sequence of functions in one of these spaces need not be a function in
the space, and not every function f(x) for which

‖f‖2 ≡
∫

Ω

|f(x)|2 w(x) dΩ (6.28)

is defined belongs to one of these classes on Ω. To satisfy the axiom of completeness, we need
to introduce a new kind of integral, the Lebesgue integral, which is a generalization, based on
the concept of measure, of the usual (Riemann) integral. In the next section, we give a brief
description of measure, and then explain how the Lebesgue integral is defined. To obtain a
complete function space, we need to understand the integral (6.28) as a Lebesgue integral, and
include all functions f on the domain Ω for which the integral is finite.

6.2.3 Measure Theory

The measure of a set S of real numbers, complex numbers, or, for that matter, a set of vectors
in Rn or Cn, is a non-negative number associated with the set that corresponds roughly to the
length, or area, or volume of the set. The measure µ(S) must have the property that if S1 and
S2 are disjoint (nonoverlapping) sets, then

µ(S1 ∪ S2) = µ(S1) + µ(S2) (6.29)

Thus the measure is additive. A set is of measure zero if it can be contained within a set of
arbitrarily small measure.

Measure can be defined on the real axis in a natural way by defining the measure of an
interval (open or closed) to be the length of the interval. Additivity then requires that the
measure of a collection of disjoint intervals is the sum of the length of the intervals.

A countable set of real numbers has measure zero. If the elements of the set are x1, x2, . . .,
then enclose x1 inside an interval of measure ε/2, x2 inside an interval of measure ε/4, and
so on, with xn enclosed inside an interval of length ε/2n. The total length of the enclosing
intervals is then ε, which can be made arbitrarily small. Hence the set has measure zero. An
example of an uncountable set of measure zero is the Cantor set in the following exercise:

Exercise 6.3. Consider the closed interval 0 ≤ t ≤ 1. Remove the open interval

1
3 < t < 2

3

(the “middle open third”) from this interval. From each of the remaining intervals, remove the
open middle third (thus excluding 1

9 < t < 2
9 and 7

9 < t < 8
9 ). Proceed in this manner ad

infinitum, and let S denotes the set of numbers that remain.
(i) Show that S is a set of measure zero. (Hint. What is the total measure of the pieces

that have been removed from [0,1]?)
(ii) Show that S is uncountable (note that S does not consist solely of rational numbers

of the form m/3n with m,n integer). �

Remark. The set S is the Cantor set. It is an uncountable set of measure zero. The Cantor
set and its generalizations underlie much modern work on fractal geometry. �
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A step function σ(x) is a function that assumes a finite set of values σ1, . . . , σn on sets
S1, . . . ,Sn covering a domain Ω. Integration is defined for a step function by

∫

Ω

σ(x) dx =
n∑

k=1

σk µ(Sk) (6.30)

Note that if the sets S1, . . . ,Sn consist of discrete subintervals of an interval of the real axis,
then this definition coincides with the usual (Riemann) integral.

Remark. With this definition of the integral, the value of a function on a set of measure
zero is irrelevant, so long as it is finite. Two functions are be identified if they differ only on
a set of measure zero, since they have the same integral over any finite interval. In general,
any property such as equality, or continuity, etc., that holds everywhere except on a set of
measure zero is said to hold almost everywhere. This identification of functions that are equal
almost everywhere is an extension of the classical notion of a function needed to define the
completion of function spaces. �

A function F (x) is measurable on a domain Ω if there is a sequence σ1, σ2, . . . of step
functions that converges to F (x) almost everywhere on Ω. If F (x) is measurable on Ω, and
if σ1, σ2, . . . is a sequence of step functions that converges to F (x) almost everywhere on Ω,
then form the sequence I1, I2, . . . defined by

In ≡
∫

Ω

σn(x) dx (6.31)

If this sequence converges to a finite limit I , then F (x) is (Lebesgue) integrable, or summable,
on Ω, and we define the Lebesgue integral of F (x) over Ω by

∫

Ω

F (x) dx ≡ I = lim
n→∞ In (6.32)

If the ordinary (Riemann) integral of F (x) over Ω exists, then so does Lebesgue integral,
and it is equal to the Riemann integral. However, the Lebesgue integral may exist when the
Riemann integral does not.

The function space L2(Ω) is the space of complex-valued functions f(x) on the domain
Ω for which f(x) is measurable on Ω, and the integral (6.28) exists as a Lebesgue integral. It
follows from the basic properties of Lebesgue integrals that L2(Ω) is a normed linear vector
space, and it is unitary with scalar product defined by Eq. (6.20). The crucial property of
L2(Ω) is that it is a Hilbert space; every Cauchy sequence in L2(Ω) converges to a limit in
L2(Ω). This is a consequence of the

Theorem 6.5. (Riesz–Fischer theorem). If f1, f2, . . . is a Cauchy sequence of functions in
L2(Ω), then there is a function f in L2(Ω) such that

lim
n→∞ ‖f − fn‖ = 0 (6.33)

The proof is too complicated to give here; details can be found in books on real analysis.
The main point of the theorem is that there actually exists a function space that satisfies the
completeness axiom, unlike the more familiar function spaces of the type Ck or Dk,
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6.3 Fourier Series

6.3.1 Periodic Functions and Trigonometric Polynomials

The classical expansion of functions along an orthogonal basis is the Fourier series expansion
in terms of either trigonometric functions or the corresponding complex exponential func-
tions. Fourier series were introduced here in Chapter 4 as an expansion of periodic analytic
functions. Now we look at expansions in terms of various Hilbert space complete orthonormal
systems formed from the trigonometric functions.

If f(t) is a periodic function of the real variable t (often time) with fundamental period T ,
the fundamental frequency ν and angular frequency ω are defined by6

ν ≡ ω

2π
≡ 1
T

(6.34)

Such periodic functions have a natural linear vector space structure, since a linear combination
of functions with period T has the same period T . A natural closure of this vector space is the
Hilbert space L2(0, T ) with scalar product defined by

(f, g) =
∫ T

0

f∗(t)g(t)dt (6.35)

The trigonometric functions sinωt, cosωt, or the corresponding complex exponential
functions exp(±iωt), have a special place among functions with period T : the trigonomet-
ric functions describe simple harmonic motion with frequency ν = ω/2π, and the complex
exponential functions describe motion with constant angular velocity ω around a circle in the
complex plane (the sign defines the sense of rotation). To include all periodic functions with
the same period, it is necessary to include also functions whose frequency is an integer multi-
ple of the fundamental frequency (these frequencies νn ≡ nν, n = 2, 3, . . . are harmonics of
the fundamental frequency). Thus we have a set of complex exponential functions

φn(t) ≡
√

1
T
einωt (6.36)

(n = 0,±, 1 ± 2, . . .), and a set of trigonometric functions

C0(t) ≡
√

1
T

Cn(t) ≡
√

2
T

cosnωt Sn(t) ≡
√

2
T

sinnωt (6.37)

(n = 1, 2, . . .). That each of the sets {φn} and {C0, {Cn, Sn}} is an orthonormal system
follows from some elementary integration. The Weierstrass approximation theorem can be
adapted to show that any continuous periodic function can be uniformly approximated by a
sequence of finite linear combinations of these functions (“trigonometric polynomials”), so
that each of the sets is actually a complete orthonormal system.

6Note that ω is sometimes called the frequency, although it isn’t. Just remember that ω = 2π/T .
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6.3.2 Classical Fourier Series

A standard Fourier series expansion is obtained by introducing the variable

x ≡ 2πt
T

= ωt (6.38)

so that the period of the function in the variable x is 2π, and choosing the primary domain
of the function to be the interval −π ≤ x ≤ π. Then any function f(x) in L2(−π, π) with
period 2π has the Fourier series expansion

f(x) =
∞∑

n=−∞
cnφn(x) =

1√
2π

∞∑

n=−∞
cne

inx (6.39)

with Fourier coefficients cn given by

cn = (φn, f) =
1√
2π

∫ π

−π
e−inxf(x) dx (6.40)

Note that c−n = c∗n if f(x) is real.
The corresponding real form of the Fourier series is

f(x) =
a0√
2π

+
1√
π

∞∑

n=1

[an cosnx+ bn sinnx] (6.41)

with Fourier coefficients an and bn given by

a0 = c0 =
1√
2π

∫ π

−π
f(x) dx (6.42)

an = (Cn, f) =
1√
π

∫ π

−π
cosnx f(x) dx (6.43)

bn = (Sn, f) =
1√
π

∫ π

−π
sinnx f(x) dx (6.44)

(n = 1, 2, . . .). These expansions correspond to the series (4.122) and (4.127), although here
they are defined not just for analytic functions, but for all functions in L2(−π, π). Note that
the factors of 1/

√
2π were absorbed in the Fourier coefficients in Chapter 4; here they are

placed symmetrically between the series (6.39) (or (6.41)) and the coefficients in Eq. (6.40)
(or Eqs. (6.43)–(6.44)). There is no universal convention for defining these factors; whatever
is most convenient for the problem at hand will do. In the vector space context, we want to
work with orthonormal vectors as defined by Eqs. (6.36) or (6.37); in the context of analytic
function expansions, there is no reason to insert factors of 1/

√
2π.

The vector space norm of the function f(x) is given by

‖f‖2 =
∫ π

−π
|f(x)|2 dx =

∞∑

n=−∞
|cn|2 = |a0|2 +

∞∑

n=1

(
|an|2 + |bn|2

)
(6.45)
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This result is known as Parseval’s theorem. It requires the Fourier coefficients an, bn, and cn
to vanish for large n, and fast enough that the series converge.

Exercise 6.4. Show that if

f(x) =
1√
2π

∞∑

n=−∞
cne

inx and g(x) =
1√
2π

∞∑

n=−∞
dne

inx

are any two functions in L2(−π, π), then

(f, g) ≡
∫ π

−π
f∗(x)g(x) dx =

∞∑

n=−∞
c∗ndn

This is the standard form for the scalar product in terms of vector components. �

Exercise 6.5. Find the Fourier series expansions of each of the following functions defined
by the formulas for −π < x < π, and elsewhere by f(x+ 2π) = f(x).

(i) f(x) = x (ii) f(x) = x2 (iii) f(x) = sin |x| �

6.3.3 Convergence of Fourier Series

The Fourier series converges in the Hilbert space sense for functions in L2(−π, π), while
it converges absolutely and uniformly if the function f(x) is analytic in some strip −a <
Imx < a about the real axis in the complex x-plane. To see what happens in the intermediate
cases, consider the partial sums of the series (6.39) given by

fN (x) ≡
N∑

n=−N
cnφn(x) =

1
2π

N∑

n=−N

∫ π

−π
ein(x−y)f(y) dy (6.46)

Now

N∑

n=−N
einu =

sin(N + 1
2 )u

sin 1
2u

≡ DN (u) (6.47)

(the series is a a geometric series). The function DN (u) is the Dirichlet kernel. It is an even
function of u and

∫ π

−π
DN (u) du = 2π (6.48)

which follows from integrating the defining series (6.47) term by term. Thus we have

fN (x) =
1
2π

∫ π

−π
DN (x− y)f(y) dy =

1
2π

∫ π−x

−π−x
DN (u)f(x+ u) du (6.49)

Now suppose the function f is piecewise continuous, so that the one-sided limits

f±(x0) ≡ lim
ε→0+

f(x0 ± ε) (6.50)
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exist at every point x0. Then we can write

fn(x0) − 1
2 [f+(x0) + f−(x0)] =

1
2π

∫ 0

−π
DN (u)[f(x0 + u) − f−(x0)] du

(6.51)

+
1
2π

∫ π

0

DN (u)[f(x0 + u) − f+(x0)] du

If the right side vanishes for largeN , then the Fourier series will converge to the average of the
left- and right-hand limits of f(x) at x0, and to the value f(x0) if the function is continuous.

The two integrals on the right-hand side of Eq. (6.51) can be written as

∆N
± = ± 1

π

∫ ± 1
2π

0

{
f(x0 ± 2v) − f±(x0)

sin v

}
sin(2N + 1)v dv (6.52)

(here v = 1
2u). These integrals are Fourier coefficients for the functions in braces, and hence

vanish for large N if the functions are in a Hilbert space such as L2(0,±1
2π). This will

certainly be the case if f(x) has one-sided derivative at x0 and may be the case even if it
does not. Thus there are reasonably broad conditions that are sufficient for the pointwise
convergence of the Fourier series. The convergence properties can be illustrated further with
a pair of examples.

Example 6.4. Consider the function f(x) defined for −π ≤ x ≤ π by

f(x) = |x| (6.53)

Then the Fourier coefficients of f(x) are given by

√
2π c0 = 2

∫ π

0

xdx = π2 (6.54)

and

√
2π cn =

∫ π

0

e−inxxdx−
∫ 0

−π
e−inxxdx = 2

∫ π

0

x cosnx dx

(6.55)

=

{
−4/n2 n odd

0 n even

which leads to the Fourier series

f(x) =
π

2
− 4
π

∞∑

n=0

cos(2n+ 1)x
(2n+ 1)2

(6.56)

The series is absolutely and uniformly convergent on the entire real axis. However, it
diverges if Imx 	= 0, since the series then contains an exponentially increasing part. This
should not be surprising, since the function f(x) is not analytic.
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Figure 6.1: Approximations HN (x) to the function H(x) by the truncated Fourier series (6.61) for
N = 4 (upper left), N = 10 (upper right), N = 20 (lower left), and N = 40 (lower right).

Example 6.5. Consider the (Heaviside) step function H(x) defined for −π ≤ x ≤ π by

H(x) =

{
1 0 < x < π

0 −π < x < 0
(6.57)

and elsewhere by f(x+ 2π) = f(x). The Fourier coefficients of H(x) are given by

√
2π c0 =

∫ π

0

dx = π (6.58)

and for n > 0 by

√
2π cn =

∫ π

0

e−inxdx =
1
in

(
1 − einπ

)
=

{
2/in n odd

0 n even
(6.59)

which leads to the Fourier series

H(x) =
1
2

+
2
π

∞∑

n=0

sin(2n+ 1)x
(2n+ 1)

(6.60)
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The Fourier series (6.60) is convergent except at the points 0,±π,±2π, . . . of discon-
tinuity of H(x); at these points, the series has the value 1

2 . The partial sums HN (x) of the
series, defined by

HN (x) =
1
2

+
2
π

N∑

n=0

sin(2n+ 1)x
(2n+ 1)

(6.61)

are shown in Fig. 6.1 for N = 4, 10, 20, 40.
One interesting feature that can be seen in these graphs is that the partial sums over-

shoot the function near the discontinuity at x = 0. This overshoot does not disappear in
the limit as N → ∞; it simply moves closer to the discontinuity. To see this, note that
Eq. (6.49) gives here

HN (x) =
1
2π

∫ π

0

D2N+1(x− y) dy =
1
2π

∫ π−x

−x

sin(2N + 3
2 )u

sin 1
2u

du (6.62)

and the discontinuity function

∆N (x) = HN (x) −HN (−x) =
(6.63)

=
1
2π

∫ x

−x

sin(2N + 3
2 )u

sin 1
2u

du+
1
2π

∫ π+x

π−x

sin(2N + 3
2 )u

sin 1
2u

du

A short calculation shows that the first maximum of ∆N (x) for x > 0 occurs for

x =
π

2(N + 1)
≡ xN (6.64)

The value of ∆N (x) at this maximum is given by

∆N (xN ) =
1
π

∫ xN

0

sin(2N + 3
2 )u

sin 1
2u

du+
1
2π

∫ π+xN

π−xN

sin(2N + 3
2 )u

sin 1
2u

du

(6.65)

� 2
π

∫ π

0

sin ξ
ξ

dξ + · · ·

where the neglected terms are O(1/N) for N → ∞. This last result follows from sub-
stituting ξ = (2N + 3

2 )u and approximating sin 1
2u � 1

2u in the first integral on the
right-hand side of Eq. (6.63). The final integral has the numerical value 1.179 . . .. Thus
the maximum of the partial sum of the series overshoots the function by about 18% of the
magnitude of the discontinuity on each side.

This effect is known as the Gibbs phenomenon; it is a consequence of the attempt to
approximate a discontinuous function by a sequence of smooth functions. It is a general
property of Fourier series, and other series as well, though the magnitude of the overshoot
may depend on the particular set of smooth functions used.
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These examples illustrate the characteristic convergence properties of the Fourier series
expansion of a function in L2. While the series is guaranteed to converge in the Hilbert space
sense, the expansion of a discontinuous function converges slowly, especially near points of
discontinuity. The smoother the function, the more rapidly the Fourier coefficients an, bn
(or cn) vanish for large n. The analytic properties of the series are best seen in the complex
exponential form (6.39) of the series. Write

f(x) = f0 +
∞∑

n=1

f−n e−inx +
∞∑

n=1

fn e
inx ≡ f0 + f−(x) + f+(x) (6.66)

(fn = cn/
√

2π). Then it is clear that if the series converges in the Hilbert space for real
x, the function f+(x) [f−(x)] is analytic in the half-plane Imx > 0 [Imx < 0], since the
imaginary part of x provides an exponentially decreasing factor that enhances the convergence
of the series. If the function f(x) is actually analytic in a strip including the real axis, then the
coefficients c±n must vanish faster than any power of n for large n. However, we have seen
that Fourier series converge on the real axis alone for a much broader class of functions, and
there is no guarantee even of pointwise convergence on the real axis.

6.3.4 Fourier Cosine Series; Fourier Sine Series

There are other important trigonometric series. Consider, for example, the set of functions
{ψn(x)} defined by

ψ0 ≡
√

1
π

ψn(x) ≡
√

2
π

cosnx (6.67)

(n = 1, 2, . . .). This set is a complete orthonormal system on the interval 0 ≤ x ≤ π, and any
function f(x) in L2(0, π) can be expanded as

f(x) =
∞∑

n=0

anψn(x) (6.68)

with

a0 = (ψ0, f) =

√
1
π

∫ π

0

f(x) dx (6.69)

an = (ψn, f) =

√
2
π

∫ π

0

cosnxf(x) dx (6.70)

The series (6.68) is a Fourier cosine series; it can be obtained from the classical Fourier
series (6.41) by defining f(−x) ≡ f(x) (0 ≤ x ≤ π), extending f(x) to be an even function
of x on the interval −π ≤ x ≤ π. Then the only nonvanishing Fourier coefficients in the
classical series (6.41) are those of the cosnx terms (n = 0, 1, 2, . . .).

Another complete orthonormal system on the interval 0 ≤ x ≤ π is the set {φn(x)}
defined by

φn(x) ≡
√

2
π

sinnx (6.71)
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(n = 1, 2, . . .). Any function f(x) in L2(0, π) can be extended to an odd function of x on the
interval −π ≤ x ≤ π by defining f(−x) ≡ −f(x) (0 ≤ x ≤ π). Then the only nonvanishing
Fourier coefficients in the classical series (6.41) are those of the sinnx terms (n = 1, 2, . . .),
and f(x) can be expanded as a Fourier sine series

f(x) =
∞∑

n=1

bnφn(x) (6.72)

with

bn = (φn, f) =

√
2
π

∫ π

0

sinnxf(x) dx (6.73)

(n = 1, 2, . . .).
A function f(x) in L2(0, π) has both a Fourier sine series and a Fourier cosine series.

These series are unrelated in general, since one is the classical Fourier series of the odd exten-
sion of f(x) to the interval −π ≤ x ≤ π, while the other is the classical Fourier series of the
even extension.

Example 6.6. Consider the function f(x) = 1 on 0 ≤ x ≤ π. The function has a one
term Fourier cosine series f(x) = 1, while the Fourier sine series is given by

f(x) =
4
π

∞∑

n=0

sin(2n+ 1)x
(2n+ 1)

(6.74)

since the odd extension of f(x) is simply given by

fodd(x) = H(x) −H(−x) (6.75)

where H(x) is the step function introduced above in Eq. (6.199).

Exercise 6.6. Find the Fourier sine series and cosine series expansions of the functions
defined by

(i) f(x) = x

(ii) f(x) = x(π − x)

(iii) f(x) = e−αx

(iv) f(x) =

{
1 0 ≤ x < π

2

−1 π
2 ≤ x < π

(6.76)

for 0 < x < π. �
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6.4 Fourier Integral; Integral Transforms

6.4.1 Fourier Transform

The Fourier series expansion of a function with period T expresses the function in terms
of oscillators with frequencies νn that are integer multiples of the fundamental frequency
ν = 1/T . The longer the period, the smaller the interval between the frequencies, and it is
plausible that in the limit T → ∞, the spectrum of frequencies becomes continuous. To see
how this happens, write the Fourier series expansion of f(t) in the form

f(t) =
1
T

∞∑

n=−∞
cn exp

(
−2πint

T

)
(6.77)

(here the minus sign in the exponential is a convention), with

cn =
∫ 1

2T

− 1
2T

exp
(

2πint
T

)
f(t) dt (6.78)

If we let ωn ≡ 2πn/T and ∆ω ≡ 2π/T , then the series (6.77) becomes

f(t) =
1
2π

∞∑

n=−∞
c(ωn) exp (−iωnt)∆ω (6.79)

In the limit T → ∞, the series becomes the integral

f(t) =
1
2π

∫ ∞

−∞
c(ω)e−iωt dω (6.80)

with

c(ω) =
∫ ∞

−∞
eiωtf(t) dt (6.81)

Equation (6.80) defines f(t) as a Fourier integral, the continuous version of the Fourier
series (6.77). The function c(ω) is the Fourier transform of f(t), and f(t) is the (inverse)
Fourier transform of c(ω).7 Note that if f(t) is real, then

c∗(ω) = c(−ω) (6.82)

The Fourier integrals (6.80) and (6.81) exist under various conditions. If

‖f‖2 =
∫ ∞

−∞
|f(t)|2 dt <∞ (6.83)

7There is no universal notation here: the Fourier transform c(ω) of f(t) defined by the integral (6.81) is denoted
variously by f̃(ω), f̂(ω), F (ω), and F [f ]. Moreover, there are various arrangements of the factor of 2π between
the Fourier transform and its inverse. Finally, the signs in the exponentials can be reversed, which is equivalent to the
substitution c(ω) → c(−ω).
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so that f(t) is in L2(−∞,∞), then the integrals (6.80) and (6.81) exist as vector space limits.
Then also

‖c‖2 =
∫ ∞

−∞
|c(ω)|2 dω = 2π‖f‖2 (6.84)

a result known as Plancherel’s formula, the integral version of Parseval’s formula (6.45). On
the other hand, if the integral (6.81) is absolutely convergent, so that

∫ ∞

−∞
|f(t)| dt <∞ (6.85)

then the integral (6.81) defines c(ω) as a continuous function of ω.

Remark. The condition (6.85) is distinct from (6.83). For example, the function

f(t) ≡ |t|
1 + t2

(6.86)

is in L2(−∞,∞), but the Fourier integral is not absolutely convergent. On the other hand, the
function

f(t) ≡ e−α|t|√
|t|

(6.87)

has an absolutely convergent Fourier integral if Reα > 0. However, f(t) is not in
L2(−∞,∞) due to the singularity of |f(t)|2 at t = 0, and neither is its Fourier transform
c(ω), whose evaluation is left as a problem. �

The Fourier transform is defined by (6.81) for real ω. However, the definition provides a
natural analytic continuation to complex ω, since we can write

f(t) = f+(t) + f−(t) (6.88)

with

f+(t) =

{
f(t) t > 0
0 t < 0

and f−(t) =

{
0 t > 0
f(t) t < 0

(6.89)

and corresponding Fourier transforms

c+(ω) =
∫ ∞

0

eiωtf(t) dt and c−(ω) =
∫ 0

−∞
eiωtf(t) dt (6.90)

If the Fourier transform of f(t) exists for real ω, then c+(ω) is analytic in the upper half ω-
plane Imω > 0, since exp(iωt) is then exponentially damped for t→ +∞. Similarly, c−(ω)
is analytic in the lower half ω-plane Imω < 0. This analytic continuation to the complex
ω-plane corresponds to the continuation to the complex x-plane in Eq. (6.66). The analytic
properties of the Fourier transform can often be used to evaluate the Fourier integral (6.80) by
the contour integration methods of Chapter 4.
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Example 6.7. Consider the function f(t) defined by

f(t) =

{
e−αt t > 0
0 t < 0

(6.91)

(Reα > 0). The Fourier transform of f(t) is given by

c(ω) =
∫ ∞

0

eiωte−αt dt =
1

α− iω
(6.92)

which has a pole at ω = −iα. The corresponding Fourier integral
∫ ∞

−∞
c(ω) exp(−iωt) dω (6.93)

can be evaluated as a contour integral; see Eq. (4.108) for a similar integral.

One especially useful property of the Fourier transform is that differentiation with respect
to t becomes multiplication by −iω in the Fourier transform: if f(t) has Fourier transform
c(ω) defined by (6.81), and if the derivative f ′(t) has a Fourier transform, the Fourier trans-
form of f ′(t) is given by −iωc(ω). This result can be used to transform differential equations
in which derivatives appear with constant coefficients.

Example 6.8. Consider a forced, damped harmonic oscillator for which the equation of
motion is

d2x

dt2
+ 2γ

dx

dt
+ ω2

0x = f(t) (6.94)

with γ > 0 to ensure damping (and ω0 real), and suppose that the forcing term f(t) can be
expressed as a Fourier integral according to Eq. (6.80). If we also write

x(t) =
1
2π

∫ ∞

−∞
a(ω)e−iωt dω (6.95)

then the equation of motion is reduced to the algebraic equation
(
−ω2 − 2iγω + ω2

0

)
a(ω) = c(ω) (6.96)

Then we have the solution

a(ω) =
c(ω)

ω2
0 − ω2 − 2iγω

(6.97)

from which x(t) is obtained by evaluating the Fourier integral. Note that the zeroes of the
denominator at

ω = −iγ ±
√
ω2

0 − γ2 ≡ ω± (6.98)
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are both in the lower half ω-plane when γ > 0. Thus if the forcing term vanishes for t < 0,
so that c(ω) is analytic in the upper half ω-plane, then a(ω) is also analytic in the upper
half-plane, and the solution x(t) also vanishes for t < 0, as expected from causality. Thus
it satisfies the initial conditions x(0) = 0 and x′(0) = 0 if f(t) = 0 for t < 0, although it
has no apparent dependence on the initial conditions.

To find a solution for t > 0 that satisfies the general initial conditions

x(0) = x0 x′(0) = v0 (6.99)

it is necessary to add to x(t) a solution

A+e
−iω+t +A−e−iω−t (6.100)

of the homogeneous equation, with

A+ +A− = x0 (6.101)

and

ω+A+ − ω−A− = iv0 (6.102)

in order to satisfy the initial conditions.

6.4.2 Convolution Theorem; Correlation Functions

The convolution of the functions f(t) and g(t), denoted by f ∗ g, is defined by

(f ∗ g)(t) ≡
∫ ∞

−∞
f(t− u)g(u) du (6.103)

If f(t) and g(t) are expressed as Fourier integrals according to

f(t) =
1
2π

∫ ∞

−∞
c(ω)e−iωt dω g(t) =

1
2π

∫ ∞

−∞
d(ω)e−iωt dω (6.104)

then we can write

(f ∗ g)(t) =
1
2π

∫ ∞

−∞

∫ ∞

−∞
c(ω)e−iω(t−u)g(u) dudω (6.105)

But the Fourier inversion formula (6.81) gives
∫ ∞

−∞
eiωug(u) du = d(ω) (6.106)

so that the convolution integral is given by

(f ∗ g)(t) =
1
2π

∫ ∞

−∞
c(ω) d(ω)e−iωt dω (6.107)
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Thus the Fourier transform of the convolution f ∗ g is given by the ordinary product of the
Fourier transforms of f and g and conversely, the Fourier transform of the ordinary product of
f and g is the convolution f ∗ g.

Example 6.9. The solution (6.97) to Eq. (6.94) in the preceding example has the form

a(ω) = k(ω)c(ω) (6.108)

where c(ω) is the Fourier transform of the forcing term, and

k(ω) =
1

ω2
0 − ω2 − 2iγω

= − 1
(ω − ω+)(ω − ω−)

(6.109)

where ω± are defined by Eq. (6.98). Thus the solution x(t) can be written as a convolution

x(t) =
∫ ∞

−∞
K(t− u) f(u) du (6.110)

with

K(τ ) =
1
2π

∫ ∞

−∞
k(ω)e−iωτ dτ =

{
i(e−iω+τ − e−iω−τ )/∆ (τ > 0)

0 (τ < 0)
(6.111)

(here ∆ = ω+ − ω− = 2
√
ω2

0 − γ2). The result (6.111) is derived by closing the contour
in the upper half ω-plane for τ < 0 and in the lower half ω-plane for τ > 0 (note that the
two poles of k(ω) lie in the lower half-plane). The functionK(τ ) is the Green function (or
response function) for the forced oscillator. Green functions will be discussed in greater
detail in Chapters 7 and 8.

Closely related to the convolution f ∗ g is the correlation function8

Cf,g(T ) ≡
∫ ∞

−∞
f∗(t) g(t+ T ) dt (6.112)

The correlation function can also be expressed as a Fourier integral according to

Cf,g(T ) =
1
2π

∫ ∞

−∞
c∗(ω) d(ω)e−iωT dω (6.113)

following the analysis given above. A special case of interest is the correlation function of f
with itself (the autocorrelation function of f ), defined by

Af (T ) ≡
∫ ∞

−∞
f∗(t) f(t+ T ) dt =

1
2π

∫ ∞

−∞
|c(ω)|2 e−iωT dω (6.114)

Thus |c(ω)|2 is the Fourier transform of the autocorrelation function; if |c(ω)|2 has a peak at
ω = ω0, say, then the autocorrelation function will have an important component with period
2π/ω0. |c(ω)|2 is also known as the spectral density of f(t).

8In some contexts, the correlation function is normalized by dividing by ‖f‖‖g‖.
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6.4.3 Laplace Transform

Suppose now that f(t) is a function that vanishes for t < 0, and consider the integral

c(ω) =
∫ ∞

0

f(t)eiωt dt (6.115)

If the standard Fourier integral (6.81) converges for real ω, then the integral (6.115) converges
for Imω > 0 as already noted, but the class of functions for which this integral converges for
some complex ω is larger, since it includes functions f(t) that grow no faster than exponen-
tially as t → ∞. In particular, if there are (real) constants M and a such that |f(t)| ≤ Meat

for all t ≥ 0, then the integral (6.115) converges and defines an analytic function of ω in the
half-plane Imω > a. If we define ω ≡ ip, then we can define

Lf(p) ≡ c(ip) =
∫ ∞

0

f(t)e−pt dt (6.116)

Lf(p) is the Laplace transform of f(t); it is analytic in the half-plane Re p > a. The
Laplace transform be inverted using the standard Fourier integral formula (6.80) and changing
the integration variable from ω to p; this gives

f(t) =
1

2πi

∫ b+i∞

b−i∞
Lf(p)ept dp (6.117)

where the integral is taken along a line Re p = b(< a) parallel to the imaginary p-axis.
The Laplace transform can be useful for solving differential equations since the derivative

of a function has a fairly simple Laplace transform; we have

d

dp
(Lf)(p) = −

∫ ∞

0

tf(t)e−pt dt (6.118)

and
∫ ∞

0

df(t)
dt

e−pt dt = p(Lf)(p)− f(0) (6.119)

Example 6.10. Recall the confluent hypergeometric equation (5.B38)

ξf ′′(ξ) + (c− ξ)f ′(ξ) − af(ξ) = 0 (6.120)

If

f(ξ) =
∫ ∞

0

h(t)e−ξt dt (6.121)

then h(t) must satisfy the first-order equation

t(1 + t)h′(t) + [1 − a+ (2 − c)t]h(t) = 0 (6.122)
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This equation has the solution

h(t) = Ata−1(1 + t)c−a−1 (6.123)

(A is an arbitrary constant), which leads to

f(ξ) = A

∫ ∞

0

ta−1(1 + t)c−a−1e−ξt dt
(6.124)

=
A

ξa

∫ ∞

0

ua−1(1 +
u

ξ
)c−a−1e−u du

Note that this solution depends only on one arbitrary constant A. This is due to the as-
sumption (6.121) that f(ξ) is actually a Laplace transform of some function h(t), which
implies that f(ξ) → 0 for ξ → ∞. Hence the solutions of Eq. (6.120) that do not vanish
for ξ → ∞ are lost. Note also that it is necessary that Re a > 0 for the integral (6.121)
to exist; if this is not the case, then there are no solutions of Eq. (6.120) that vanish for
ξ → ∞. Finally, note that the solution (6.124) is just the Whittaker function of the second
kind defined by Eq. (5.B51).

In this example, a solution to a second-order differential equation was found as the Laplace
transform of a function that satisfies a first-order equation. Problem 14 is an example of how
the Laplace transform can be used to reduce directly a second-order equation to a first-order
equation.

Fourier and Laplace transform methods are quite similar, since the two transforms are
related in the complex plane (only the contours of integration are different). The classes of
functions on which the two transforms are defined overlap, but are not identical. There are
related transforms that deal with other classes of functions; one such transform is the Mellin
transform introduced in Problem 15.

6.4.4 Multidimensional Fourier Transform

Multidimensional Fourier transforms are obtained directly by repeating the one-dimensional
Fourier transform. A function f of the n-dimensional vector �x = (x1, . . . , xn) can be ex-
pressed as an n-dimensional Fourier integral

f(�x) =
1

(2π)
1
2n

∫
ei
�k·�xφ(�k) dnk (6.125)

with the Fourier transform φ(�k) given by

φ(�k) =
1

(2π)
1
2n

∫
e−i�k·�xf(�x) dnx (6.126)

Here �k = (k1, . . . , kn), dnk = dk1 . . . dkn, and �k · �x = k1x1 + · · · + knxn is the usual
scalar product. The convergence properties are again varied: f(�x) is in L2(Rn) if and only if
φ(�k) is in L2(Rn), but the Fourier integral (6.125) is also well defined for other φ(�k). As in
one dimension, there are variations in allocating the factors of 2π and the choice of ±i in the
exponential.
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6.4.5 Fourier Transform in Quantum Mechanics

The Fourier transform plays a special role in quantum mechanics, in which a particle is de-
scribed by a probability amplitude (wave function) ψ(�x, t) that depends on position �x and
time t. The corresponding variable in the spatial Fourier transform φ(�k, t) is the wave vec-
tor �k; the momentum �p of the particle is related to �k by

�p = ��k (6.127)

where � is Planck’s constant. Thus the probability amplitudes ψ(�x, t) for position and φ(�k, t)
for momentum are Fourier transforms of each other. Furthermore, wave functions with definite
frequency,

ψ(�x, t) = ψ0(x)e−iωt (6.128)

correspond to particle states of definite energy E = �ω.
For a nonrelativistic particle of mass m, the free-particle wave function ψ(�x, t) satisfies

the Schrödinger equation

i�
∂ψ

∂t
= − �

2

2m
∇2ψ (6.129)

This equation has plane wave solutions

ψ�k(�x, t) = Aei
�k·�x−iωkt (6.130)

[although these are not in L2(R3)] where the Schrödinger equation requires the relation

E = �ωk =
�

2k2

2m
=

p2

2m
(6.131)

which is exactly the energy–momentum relation for a free particle.
A complete solution to the Schrödinger equation (6.129) starting from an initial wave

function ψ(�x, 0) at t = 0 [assumed to be in L2(R3)], can be obtained using the Fourier
transform. If the initial wave function is expressed as

ψ(�x, 0) =
∫
A(�k)ei�k·�x d3k (6.132)

then the wave function

ψ(�x, t) =
∫
A(�k)ei�k·�x−iωkt d3k (6.133)

is a solution of (6.129) that satisfies the initial conditions; it is unique, since the Fourier inte-
gral (6.132) uniquely defines A(�k) through the inverse Fourier transform. Further properties
of the Schrödinger equation will be discussed in Chapter 8.
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6.5 Orthogonal Polynomials

6.5.1 Weight Functions and Orthogonal Polynomials

Consider an interval [a, b] on the real axis and weight function w(t) in the scalar product

(f, g) =
∫ b

a

f∗(t)w(t)g(t) dt (6.134)

as introduced in Eq. (6.20). it is straightforward in principle to construct a sequence p0(t),
p1(t), p2(t), . . . of polynomials of degree n that form an orthonormal system.9 The functions
1, t, t2, . . . are linearly independent, and orthogonal (even orthonormal) polynomials can be
constructed by the Gram–Schmidt process; note that these polynomials have real coefficients.

The orthonormal system π0(t), π1(t), π2(t), . . . formed by normalizing these polynomials
is complete in L2(a, b). Any function f(t) in L2(a, b) can be expanded as

f(t) =
∞∑

n=0

cnπn(t) (6.135)

where the series converges in the Hilbert space sense; the expansion coefficients are given by

cn = (πn, f) =
∫ b

a

π∗
n(t)w(t)f(t) dt (6.136)

One general property of the orthogonal polynomials constructed in this way is that the
polynomial πn(t) has n simple zeroes, all within the interval [a, b], To see this, suppose that
πn(t) changes sign at the points ξ1, . . . , ξm within [a, b] (note that m ≤ n, since πn(t) is of
degree n). Then the function

πn(t)(t− ξ1) · · · (t− ξm)

does not change sign in [a, b], so that the integral
∫ b

a

πn(t)w(t)(t− ξ1) · · · (t− ξm) dt 	= 0 (6.137)

But πn(t) is orthogonal to all polynomials of degree ≤ n − 1 by construction; hence m = n
and πn(t) has the form

πn(t) = Cn(t− ξ1) · · · (t− ξm) (6.138)

The families of polynomials introduced here all appear as solutions to the linear second-
order differential equation (5.81) with special coefficients. It is plausible that in order to
have a polynomial solutions, the differential equation can have at most two singular points
in the finite t-plane/ This requires the second-order equation to have the form of either the
hypergeometric equation (5.A13) or the confluent hypergeometric equation (5.B38), perhaps
with singular points shifted by a linear change of variable. The polynomial solutions of these
equations are obtained from the general forms F (a, b|c|ξ) or F (a|c|ξ) by setting the parameter
a = −n (n = 0, 1, 2, . . .).

9This is true even for an infinite interval if the weight function w(t) decreases rapidly enough.
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6.5.2 Legendre Polynomials and Associated Legendre Functions

We look first for orthogonal polynomials on the interval [−1, 1]. It turns out that the Le-
gendre polynomials introduced in Section 5.5 are orthogonal on [−1, 1], with weight function
w(t) = 1. To show this, we can use Rodrigues’ formula from Section 5.5,

Pn(t) =
1

2nn!
dn

dtn
(
t2 − 1

)n
= Cnu

(n)
n (t) (5.127)

We have now evaluated the constant Cn, and here again un(t) =
(
t2 − 1

)n
. If m < n, we

can integrate by parts m times to evaluate the scalar product

(Pm, Pn) =
∫ 1

−1

Pm(t)Pn(t) dt = CmCn

∫ 1

−1

u(m)
m (t)u(n)

n (t) dt = · · ·

= (−1)mCmCn(2m)!
∫ 1

−1

u(n−m)
n (t) dt (6.139)

= (−1)mCmCn(2m)!u(n−m−1)
n

∣∣1
−1

= 0

Thus the {Pn(t)} are orthogonal on [−1, 1]. If m = n, the same procedure gives

(Pn, Pn) =
∫ 1

−1

[Pn(t)]2 dt = C2
n (2n)!

∫ 1

−1

(
1 − t2

)n
dt

(6.140)

= C2
n (2n)! 22n+1 [Γ(n+ 1)]2

Γ(2n+ 2)
=

2
2n+ 1

Thus a set {πn(t)} of orthonormal polynomials on [−1, 1] is given in terms of the {Pn(t)} by

πn(t) =

√
2n+ 1

2
Pn(t) (6.141)

These results can also be obtained using the generating function (5.137) (see Problem 16).

Exercise 6.7. Show that applying the Gram–Schmidt process to the linearly independent
monomials 1, t, t2, t3 leads to the first four polynomials π0(t), . . . , π3(t). �

We note here the recursion formulas for the Legendre polynomials

(n+ 1)Pn+1(t) = (2n+ 1)tPn(t) − nPn(z) (6.142)

(t2 − 1)P ′
n(t) = ntPn(t) − nPn−1(t) (6.143)

from Exercise 5.14. These relations can be derived by differentiating the generating function

S(ξ, t) =
1√

1 − 2ξt+ ξ2
=

∞∑

n=0

ξnPn(t) (5.137)

with respect to ξ and t, respectively. Equation (6.142) is useful for evaluating Pn(t) numeri-
cally if n is not too large.
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Also important are the associated Legendre functions P an (t) defined for −1 ≤ t ≤ 1 by

P an (t) = (−1)a (1 − t2)
1
2a
da

dta
Pn(t) = (−1)aCn (1 − t2)

1
2au(n+a)

n (t) (6.144)

with a = 0, 1, 2, . . . integer and n = a, a + 1, a + 2, . . .. For fixed integer a, the P an (t) are
orthogonal on [−1, 1]. To show this, suppose that n < m. We then have the scalar product

(P am, P
a
n ) =

∫ 1

−1

P am(t)P an (t) dt =

= CmCn

∫ 1

−1

u(m+a)
m (t)(1 − t2)au(n+a)

n (t) dt = · · · (6.145)

= CmCnA(n,a)

∫ 1

−1

u(n−m)
n (t) dt = CmCnA(n,a) u

(n−m−1)
n

∣∣1
−1

= 0

after integrating by parts n+ a times; the constant A(n,a) is given by

A(n,a) = (−1)n+a d
n+a

dtn+a

{
(1 − t2)a u(n+a)

n (t)
}

= (−1)n (2n)!
(n+ a)!
(n− a)!

(6.146)

Thus the {P an (t)} are orthogonal on [−1, 1]. To find the normalization, we can evaluate the
integral for m = n. We have

(P an , P
a
n ) =

∫ 1

−1

[P an (t)]2 dt = C2
n(−1)nA(n,a)

∫ 1

−1

(
1 − t2

)n
dt

(6.147)

= C2
n (2n)!

(n+ a)!
(n− a)!

22n+1 [Γ(n+ 1)]2

Γ(2n+ 2)
=

2
2n+ 1

(n+ a)!
(n− a)!

Then for fixed a = 0, 1, 2, . . . , the functions πan(t) defined by

πan(t) =

√
2n+ 1

2

√
(n− a)!
(n+ a)!

P an (t) (6.148)

(n = a, a+ 1, a+ 2, . . .) form a complete orthonormal system on [−1, 1].
Exercise 6.8. Show that the associated Legendre function P an (t) is a solution of the

differential equation

(1 − t2)u′′(t) − 2tu′(t) +
{
n(n+ 1) − a2

1 − t2

}
u(t) = 0

Note the conventional sign change from the original Legendre equation. �

Remark. From the preceding discussion, it follows that the polynomials F an (t) defined by

F an (t) = (−1)a
da

dta
Pn+a(t) = (−1)aCnu

(n+2a)
n+a (t) (6.149)

form a set of orthogonal polynomials on [−1, 1] with weight function w(t) = (1 − t2)a. It
is left to the reader to express these polynomials in terms of the Gegenbauer polynomials
described in Appendix A. �
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6.5.3 Spherical Harmonics

Legendre polynomials and the associated Legendre functions appear in a number of contexts,
but they first appear to most physicists in the study of partial differential equations involving
the Laplacian, such as Poisson’s equation or the Schrödinger equation. These equations will
be analyzed at great length in Chapter 8. Here we simply note that for many systems, it is con-
venient to use the spherical coordinates r, θ, φ introduced in Eq. (3.173). In these coordinates,
the Laplacian has the form

∆ =
1
r2

{
∂

∂r

(
r2

∂

∂r

)
+

1
sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

∂2

∂φ2

}
(6.150)

as derived in Chapter 3 (see Eq. (3.193). We look for solutions of the relevant partial differen-
tial equation that have the form

f(r, θ, φ) = R(r)Y (θ, φ) (6.151)

In most such cases, the angular function Y (θ, φ) must be a solution of the partial differential
equation

{
1

sin θ
∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

∂2

∂φ2

}
Y (θ, φ) = λY (θ, φ) (6.152)

with λ such that the Y (θ, φ) is

(i) single valued as a function of φ, and

(ii) nonsingular as a function of θ over the range 0 ≤ θ ≤ π including the endpoints.

To satisfy the first requirement, we can expand Y (θ, φ) as a Fourier series

Y (θ, φ) =
∞∑

m=0

[Am(cos θ) cos(mφ) +Bm(cos θ) sin(mφ)]

=
∞∑

m=−∞
Cm(cos θ) eimφ (6.153)

Then the coefficients Am(cos θ), Bm(cos θ), Cm(cos θ) must satisfy the differential equation

{
1

sin θ
d

dθ

(
sin θ

d

dθ

)
− m2

1 − coss θ

}
Xm(cos θ) = λXm(cos θ) (6.154)

(here Xm = Am, Bm, Cm). Now introduce the variable t = cos θ, and express Eq. (6.154) in
terms of t as

{
d

dt
(1 − t2)

d

dt
− m2

1 − t2

}
Xm(t) = λXm(t) (6.155)

From Exercise 6.8, we see that this is the differential equation for the associated Legendre
function Pmn (t), with λ = −n(n+ 1) (n = m,m+ 1, . . . ).
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Thus we have solutions to Eq. (6.152) of the form

Cnm(θ, φ) = P |m|
n (cosθ) eimφ (6.156)

for n = 0, 1, 2, . . . ; m = 0,±1, . . . ,±n. Using the normalization integral (6.147), we find
functions

Ynm(θ, φ) =

√
2n+ 1

4π
(n− |m|)!
(n+ |m|)!P

|m|
n (cos θ) eimφ (6.157)

that form a complete orthonormal system on the surface of the sphere S2. The Ynm(θ, φ) are
spherical harmonics.

One important result is the spherical harmonic addition theorem. Suppose we have two
unit vectors

n̂ = n̂(θ, φ) and n̂′ = n̂′(θ′, φ′)

and let Θ be the angle between n̂ and n̂′. Then we have

n̂ · n̂′ = cosΘ = cos θ cos θ′ + sin θ sin θ′ cos(φ− φ′) (6.158)

The spherical harmonic addition theorem states that

Pn(cosΘ) =
4π

2n+ 1

n∑

m=−n
Y ∗
nm(θ′, φ′)Ynm(θ, φ) (6.159)

To show this, note that n̂ · n̂′ is a scalar; hence Pn(cosΘ) is as well. Since the Laplacian ∆ is
a scalar, so is the differential operator in Eq. (6.152). Hence

{
1

sin θ
∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

∂2

∂φ2

}
Pn(cosΘ) = −n(n+ 1)Pn(cosΘ) (6.160)

since this differential equation is certainly true in a coordinate system with the Z-axis chosen
along n̂′, as cosΘ = cos θ in such a coordinate system. But any solution of Eq. (6.160) must
be a linear combination of spherical harmonics Ynm(θ, φ) (m = n, n− 1, . . . ,−n+ 1,−n).
Hence we can write

Pn(cosΘ) =
n∑

m=−n
cnm(θ′, φ′) Ynm(θ, φ) (6.161)

Since cosΘ depends on φ and φ′ only in the combination (φ−φ′), the coefficient cnm(θ′, φ′)
must be proportional to Y ∗

nm(θ′, φ′) (note that cnm must satisfy Eq. (6.160) in the primed
variables). The overall scale on the right-hand side of Eq. (6.159) is fixed by considering the
case when both n̂ and n̂′ are in the Z-direction.
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6.6 Haar Functions; Wavelets

Fourier series and Fourier integral methods permit the extraction of frequency information
from a function of time. However, these methods have two important limitations when ap-
plied to real signals. First, they require a knowledge of the signal over the entire domain of
definition, so that analysis of the signal must wait until the entire signal has been received
(although some analysis can often begin while the signal is being recorded). Furthermore,
the standard Fourier analysis converts a function of time into a function of frequency, and
does not deal directly with the important problem of a signal at a standard frequency (the car-
rier frequency) upon which is superimposed an information bearing signal either in the form
of amplitude modulation (as in the case of AM radio), or frequency modulation (FM radio,
television). Decoding such a signal involves analysis both in time and in frequency.

There are many problems that involve the structure of a function at various scales, both in
the use of renormalization group methods in quantum field theory and the statistical mechanics
of phase transitions, and in macroscopic applications to signal processing and analysis. While
Fourier series can be used to analyze the behavior of functions with a fixed period, they are
not well suited for the rescaling of the time interval or spatial distances (“zooming in” and
“zooming out”) needed in these problems. Thus it is important to have sets of functions that
have the flexibility to resolve multiple scales.

A simple set of such functions consists of the Haar functions h0(t), hn,k(t),

h0(t) =

{
1 0 < t ≤ 1
0 otherwise

(6.162)

(the characteristic function of the interval [0, 1], also known as the “box” function), and

hn,k(t) =






1 2k − 2 < 2nt ≤ 2k − 1
−1 2k − 1 < 2nt ≤ 2k
0 otherwise

(6.163)

(n = 1, 2, . . . ; k = 1, . . . , n). The first four Haar functions are shown in Fig. 6.2.
The Haar functions are orthogonal, since

∫ 1

0

h0(t)hn,k(t) dt =
∫ 1

0

hn,k(t) dt = 0 (6.164)

and
∫ 1

0

hm,q(t)hn,k(t) dt =
(

1
2

)n−1
δmnδkq (6.165)

Thus the functions {χn,k(t)} defined by

χn,k(t) ≡
√

2n−1hn,k(t) (6.166)

form an orthonormal system on the interval 0 ≤ t ≤ 1, and the orthonormal system formed
by h0(t) and the {χn,k(t)} is complete since any integrable function can be approximated by



6.6 Haar Functions; Wavelets 295

1

1

h0(t)

t
0

–1

1
–
2

1

1

h1,1(t)

0

–1

1
–
2

t

1

1

h2,1(t)

0

–1

1
–
2

3
–
4

1
–
4

t

1

h2,2(t)

0

–1

11
–
2

3
–
4

1
–
4

t

Figure 6.2: The first four Haar functions h0(t), h1,1(t),h2,1(t), and h2,2(t).

a sequence of step functions. Thus any function in L2(0, 1) can be expressed as a series

f(t) = c0 +
∞∑

n=1

n∑

k=1

cn,khn,k(t) (6.167)

with

c0 =
∫ 1

0

f(t) dt and cn,k = 2n−1

∫ 1

0

f(t)hn,k(t) dt (6.168)

Note that the Haar functions {hn,k(t)} are obtained from the basic function h1,1(t) with
argument rescaled by powers of 2 and shifted by integers. Explicitly,

hn+1,k+1(t) = h1,1(2nt− k) (6.169)

(n = 0, 1, 2, . . . ; k = 0, 1, . . . , n− 1). The function h1,1(t) can in turn be expressed in terms
of h0(t) as

h1,1(t) = h0(2t) − h0(2t− 1) (6.170)

so that the entire basis is derived from the single function h0(t) by dilation and translation of
the argument.
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Expansion (6.167) resolves a function in L2(0, 1) into components cn,k with respect to the
Haar basis. The index n defines a scale (2−n in time or 2n in frequency) on which the details
of the function are resolved, and the index k defines the evolution of these details over the n
steps from t = 0 to t = 1 at this scale. Thus the expansion can describe the time evolution of
the function on a range of frequency scales, in contrast to the standard Fourier analysis, which
describes either the time dependence of the function, or the frequency composition of the
function, but not the time dependence of frequency components. The price of this expansion
is that the frequency scales are multiples of the fundamental frequency times 2n, rather than
any integer multiple, and the time steps are submultiples of the fundamental period (hence
dependent on the fundamental frequency chosen) by a power of 2, rather than continuous.

The preceding analysis can be extended to functions defined on the entire real axis, at least
to those in L2(−∞,∞), with the added feature that the time scale can be expanded as well
as contracted by powers of two. The Haar functions are used as an explicit example, but the
analysis can be generalized to other families of functions. First let

φ(t) ≡ h0(t) (6.171)

and consider the shifted functions

φ0,k(t) ≡ φ(t− k) (6.172)

(k = 0,±1,±2, . . . ). The {φ0,k} form an orthonormal system that defines a subspace V0 of
L2(−∞,∞) consisting of elements of the form

a(t) =
∞∑

k=−∞
αkφ0,k(t) (6.173)

with

‖a‖2 =
∫ ∞

−∞
|a(t)|2 dt =

∞∑

k=−∞
|αk|2 <∞ (6.174)

V0 is the (infinite-dimensional) space of functions that are piecewise constant on intervals of
the form k < t ≤ k + 1. It is equivalent to the sequence space �2(R) or �2(C), depending on
whether the αk are real or complex.

For any function f(t) in L2(−∞,∞), the component f0 of f in V0 is

f0(t) =
∞∑

k=−∞
f0,kφ0,k(t) (6.175)

with coefficients

f0,k =
∫ ∞

−∞
φ0,k(t)f(t) dt =

∫ k+1

k

f(t) dt (6.176)

(k = 0,±1,±2, . . . ).
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f0 is an approximation to f by step functions of unit length, and indeed the best approximation
in the mean square sense with origin fixed (for a particular function, shifting the origin might
improve the approximation, but that is beside the point here).

This approximation can be refined by reducing the scale of the interval. Thus consider the
new basis functions

φ1,k(t) ≡
√

2φ(2t− k) =
√

2φ0,k(2t) (6.177)

(k = 0,±1,±2, . . . ), where the factor of
√

2 normalizes the φ1,k . The {φ1,k} form an or-
thonormal system that defines a subspace V1 of L2(∞,∞) whose elements are functions that
are piecewise constant on intervals of the form k < 2t ≤ k+1. The space V1 includes V0 as a
proper subspace (a function that is piecewise constant on intervals of length 1 is also piecewise
constant on intervals of length 1

2 ). Note that

φ0,k(t) =
√

1
2 (φ1,2k(t) + φ1,2k+1(t)) (6.178)

gives an explicit expression for the basis vectors of V0 in terms of those of V1. The component
f1 of a function f in V1 is

f1(t) =
∞∑

k=−∞
f1,kφ1,k(t) (6.179)

with

f1,k =
∫ ∞

−∞
φ1,k(t)f(t) dt =

√
2
∫ (k+1)/2

k/2

f(t) dt

(6.180)

=

√
1
2

∫ k+1

k

f
(u

2

)
du

(k = 0,±1,±2, . . . ). The last integral shows how the detail of f on a finer scale is blown up
in the construction of f1.

Continuing this process leads to a sequence of nested subspaces

· · · ⊂ V−2 ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ V2 ⊂ · · · (6.181)

(it is possible to go backwards from V0 to coarser scales by doubling the interval over which
the functions are piecewise continuous), such that a complete orthonormal system on Vn is
given by the set {φn,k} with

φn,k(t) ≡ 2
n
2 φ(2nt− k) (6.182)

(k = 0,±1,±2, . . . ) for each n = 0,±1,±2, . . .. A distinctive feature of this set is that all
the functions are obtained from the single scaling function φ(t) by rescaling and shifting the
argument. A nested sequence (6.181) of subspaces, with a complete orthonormal system on
each subspace obtained from a single scaling function by a relation like Eq. (6.182), is called
a multiresolution analysis.
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The component fn of a function f in Vn has the explicit representation

fn(t) =
∞∑

k=−∞
fn,kφn,k(t) (6.183)

with

fn,k =
∫ ∞

−∞
φn,k(t)f(t) dt = 2

n
2

∫ (k+1)/2n

k/2n

f(t) dt

(6.184)

=
(

1
2

)n
2
∫ k+1

k

f
( u

2n
)
du

(k = 0,±1,±2, . . . ), again showing the resolution of the fine scale details of f . For any
function f in L2(−∞,∞), the sequence of approximations {. . . , f−2, f−1, f0, f1, f2, . . .}
converges to f as a vector space limit since, as already noted, every square integrable function
can be approximated by a sequence of step functions.

At each stage in the sequence (6.181), a new space is added. If Wn is the orthogonal
complement of Vn in Vn+1, then

Vn+1 = Vn ⊕Wn (6.185)

(n = 0,±1,±2, . . .), and the convergence of the sequence {fn} is equivalent to

L2(−∞,∞) = ⊕∞
−∞Wn (6.186)

The space Wn is the wavelet space at level n; it is where new structure in a function is resolved
that was not present in the component fn. Equation (6.185) can be seen as an illustration of
the split of a function in Vn+1 into a low frequency part (in Vn) and a high frequency part
(in Wn).

From the fundamental relation

φ(t) = φ(2t) + φ(2t− 1) (6.187)

(this can be seen by inspection) and Eq. (6.182) it follows that

φn,k(t) =
√

1
2 (φn+1,2k(t) + φn+1,2k+1(t)) (6.188)

[see Eqs. (6.177) and (6.178)]. Then the set of vectors {ψn,k} defined by

ψn,k(t) ≡
√

1
2 (φn+1,2k(t) − φn+1,2k+1(t)) (6.189)

are orthogonal to the {φn,k} in Vn+1. Hence the {ψn,k} must be in Wn. The {ψn,k} are
orthonormal by construction, and together with the {φn,k} are equivalent to the set {φn+1,k}
which is a complete orthonormal system in Vn+1 = Vn ⊕ Wn. Hence the {ψn,k} form a
complete orthonormal system in Wn. The {ψn,k} are wavelets at scale 2n in frequency (or
scale 2−n in t); they are orthogonal to all functions in Vn.
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The {ψn,k(t)} can be obtained from a single function ψ(t), the fundamental wavelet (or
mother wavelet), which is given here by

ψ(t) = φ(2t) − φ(2t− 1) (6.190)

which is equivalent to Eq. (6.170) since ψ(t) = h1,1(t) [compare this with the corresponding
relation (6.187) for φ(t)]. Corresponding to Eq. (6.182) for the {φn,k}, we have

ψn,k(t) ≡ 2
n
2 ψ(2nt− k) (6.191)

The {ψn,k} are related to the Haar functions {hn,k} by

ψn,k(t) ≡ 2
n
2 hn+1,k+1(t) (6.192)

except that here n and k can range over all integers without restriction.
An important advance of the 1980s was the discovery that the multiresolution analysis

described here with the Haar functions could also be carried out with other, smoother choices
for the scaling function φ(t). The essential features of the multiresolution analysis are

(i) The space L2(−∞,∞) is decomposed into a nested sequence of subspaces {Vn} as
in (6.181), such that if f is in L2, then the sequence {fn} (fn is the component of f in Vn)
converges to f . Also, if f(t) is in Vn then f(2t) is in Vn+1 so that the space {Vn+1} is an
exact rescaling of the space {Vn} .

(ii) There is a scaling function φ(t) such that the translations of φ(t) by integers,

φ0,k(t) ≡ φ(t− k) (6.193)

(k = 0,±1,±2, . . . ), form a complete orthonormal system on V0, and the dilations of φ(t) by
2n, together with integer translations,

φn,k(t) ≡ 2
n
2 φ(2nt− k) (6.194)

(k = 0,±1,±2, . . . ), form a complete orthonormal system on Vn for each integer n.
The nesting condition (6.181) implies that φ(t) is in V1. Hence there must be an expansion

φ(t) =
∞∑

k=−∞
ckφ(2t− k) (6.195)

of φ(t) in terms of its rescaled and shifted versions. Equation (6.187) is a relation of this type
for the “box” function h0(t). If we introduce the Fourier transform

Φ(ω) ≡
∫ ∞

−∞
eiωtφ(t) dt (6.196)

then the relation (6.195) leads to

Φ(ω) =
∞∑

k=−∞
ck

∫ ∞

−∞
eiωtφ(2t− k) dt

(6.197)

= 1
2

∞∑

k=−∞
cke

1
2 ikω

∫ ∞

−∞
e

1
2 iωτφ(τ ) dτ
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Thus the Fourier transform is scaled according to

Φ(ω) = H( 1
2ω)Φ( 1

2ω) (6.198)

where

H(ω) = 1
2

∞∑

k=−∞
cke

ikω (6.199)

Iterating this equation gives

Φ(ω) =

{ ∞∏

k=1

H
( ω

2k
)}

Φ(0) (6.200)

and it will be seen shortly that Φ(0) = 1. Thus the Fourier transform of the scaling function
can be expressed formally as an infinite product. Proving convergence of the infinite product
requires some heavy analysis in general, but it does converge for the examples described here.

Example 6.11. With c0 = c1 = 1 (and all other cn = 0), we have the function

H(ω) = 1
2 (1 + eiω) =

1 − e2iω

2(1 − eiω)
= e

1
2 iω cos 1

2ω (6.201)

and

Φ(ω) = lim
m→∞

1 − eiω

2m(1 − eiω/2m)
=

1 − eiω

−iω = e
1
2 iω

sin 1
2ω

1
2ω

(6.202)

which is precisely the Fourier transform of h0(t).

Exercise 6.9. Show that the Fourier transform of the Haar function h0(t) defined by
Eq. (6.162) is given by

ĥ0(ω) =
1 − eiω

−iω = e
1
2 iω

sin 1
2ω

1
2ω

as claimed in the preceding example. �

If the functions {φ0,k(t)} defined by Eq. (6.193) form an orthonormal system, then

Ik ≡
∫ ∞

−∞
φ∗(t)φ(t− k) dt =

1
2π

∫ ∞

−∞
|Φ(ω)|2 eikω dω = δk0 (6.203)

Now we can write

Ik =
1
2π

∞∑

m=−∞

∫ 2π

0

|Φ(ω + 2mπ)|2 eikω dω (6.204)
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Then Eq. (6.203) implies

Mφ(ω) ≡
∞∑

m=−∞
|Φ(ω + 2mπ)|2 = 1 (6.205)

independent of ω, since Eq. (6.204) shows that the Ik are the Fourier coefficients of a 2π-
periodic function Mφ(ω). Note also that

∞∑

m=−∞
|Φ(2ω + 2mπ)|2 =

∞∑

m=−∞
|H(ω +mπ)|2 |Φ(ω +mπ)|2

(6.206)
= |H(ω)|2 + |H(ω + π)|2

so that |H(ω)|2 + |H(ω + π)|2 = 1 in view of Eq. (6.205). Since H(0) = 1, this gives
H(π) = 0, and thus

Φ(2mπ) = 0 (6.207)

(m = ±1,±2, . . .) from Eq. (6.198). Equation (6.205) then gives Φ(0) = 1, so the normal-
ization of Φ follows from the normalization of φ.

On each space Wn in the split (6.185) a wavelet basis can be derived, as in the case of the
Haar functions, from a fundamental wavelet ψ(t) such that

(i) the translations of ψ(t) by integers,

ψ0,k(t) ≡ ψ(t− k) (6.208)

(k = 0,±1,±2, . . . ), form a complete orthonormal system on W0, and
(ii) the dilations of ψ(t) by 2n, together with integer translations,

ψn,k(t) ≡ 2
n
2 ψ(2nt− k) (6.209)

(k = 0,±1,±2, . . . ), form a complete orthonormal system on Wn for each integer n.
It follows from (i) and (ii) that the {ψn,k} (n, k = 0,±1,±2, . . .) then form a complete

orthonormal system (a wavelet basis) on L2(−∞,∞). We shall see that such a fundamental
wavelet ψ(t) can always be constructed from a multiresolution analysis with scaling function
φ(t) whose integer translations {φ(t− k)} form an orthonormal system.

The fundamental wavelet ψ(t) is in the space V1, as a consequence of Eq. (6.185). Hence
it can be expanded as

ψ(t) =
∞∑

k=−∞
dkφ(2t− k) (6.210)

of ψ(t) in terms of the scaling function φ(t). Then the Fourier transform Ψ(ω) of the funda-
mental wavelet is given by

Ψ(ω) ≡
∫ ∞

−∞
eiωtψ(t) dt = G( 1

2ω)Φ( 1
2ω) (6.211)
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where

G(ω) ≡ 1
2

∞∑

k=−∞
dke

ikω (6.212)

is a 2π-periodic function that corresponds to the function H(ω) introduced in the scaling
relation for φ(t). If the functions {ψ0,k(t)} defined by Eq. (6.208) form an orthonormal
system, then the function G(ω) must satisfy

|G(ω)|2 + |G(ω + π)|2 = 1 (6.213)

Equation (6.213) is derived following the steps in Eqs. (6.203)–(6.206) above, with ψ in place
of φ.

Orthogonality of the functions {ψ0,k(t)} and {φ0,	(t)} leads to the condition

G∗(ω)H(ω) +G∗(ω + π)H(ω + π) = 0 (6.214)

by a similar analysis. A “natural” choice of G(ω) that satisfies Eqs. (6.213) and (6.214) is

G(ω) = e±iωH∗(ω + π) (6.215)

This G(ω) can be multiplied by a phase factor exp(2imω) for any integerm; this corresponds
simply to an integer translation of the wavelet basis. In terms of the coefficients cn and dn,
the solution (6.215) gives

dn = (−1)n+1c−n±1 (6.216)

The fundamental wavelet ψ(t) can then be derived from the scaling function φ(t) using
Eq. (6.210), or Ψ(ω) can be determined from Φ(ω) using Eq. (6.211).

Example 6.12. For the Haar functions, with H(ω) = 1
2 (1 + eiω), we can choose

G(ω) = 1
2 (1 − eiω) = −eiωH∗(ω + π) (6.217)

This gives the scaling function

ψ(t) = φ(2t) − φ(2t− 1) (6.218)

which is just the Haar function h1,1(t). Note also that

Ψ(ω) = i
(1 − e

1
2 iω)2

ω
= e

1
2 iω

sin2 1
4ω

1
4 iω

(6.219)

as expected from Eq. (6.211).

Two types of scaling function have been studied extensively:
(i) Spline functions. A spline function of order n is a function that consists of polynomials

of degree n on each of a finite number of intervals, joined together at points (“knots”) with
continuous derivatives up to order n− 1.
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Wavelets starting from a scaling function ψ(t) with Fourier transform

Ψ(ω) = ei
N
2 ω

(
sin 1

2ω
1
2ω

)N
(6.220)

have been constructed by Battle and Lemarié. The function ψ(t) obtained from Ψ(ω) is an
N th order spline function on the interval 0 < t < N (check this). The function

Mψ(ω) ≡
∞∑

m=−∞
|Ψ(ω + 2mπ)|2 (6.221)

is not equal to one for N > 1, so the functions {ψ(t− k)} are not orthonormal. An orthonor-
mal system can be constructed from the function φ(t) whose Fourier transform is

Φ(ω) =
Ψ(ω)√
Mψ(ω)

(6.222)

φ(t) is no longer confined to the interval 0 < t < N , although it decays exponentially for
t→ ±∞. The linear spline function is studied further in the problems.

(ii) Compactly supported wavelets.10 In 1988, Daubechies discovered new orthonor-
mal bases of wavelets derived from a scaling function φ(t) that has compact support. Such
wavelets can be useful for analyzing functions defined only on a finite interval, or on a circle.
For these bases, the function H(ω) must be a trigonometric polynomial of the form

H(ω) = 1
2

N∑

k=0

cke
ikω (6.223)

(with this definition, φ(t) vanishes outside the interval 0 ≤ t ≤ N ), with H(0) = 1 and such
that Eq. (6.206) is satisfied. Since this implies H(π) = 0, we can write

H(ω) =
(

1 + eiω

2

)n
K(ω) (6.224)

with 0 < n ≤ N and K(ω) a trigonometric polynomial of degree N − n. Then also

|H(ω)|2 =
(
cos2 1

2ω
)n |K(ω)|2 =

(
1 + cosω

2

)n
|K(ω)|2 (6.225)

and, since the ck are real, we have

|K(ω)|2 =
N−n∑

k=0

ak cos kω ≡ P
(
sin2 1

2ω
)

(6.226)

10The support of a function is the smallest collection of closed intervals outside of which the function vanishes
everywhere. Here compact means that the support is bounded. For example, the support of the Haar function h0(t)
is the interval 0 ≤ t ≤ 1, which is compact; the Haar function has compact support.
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Figure 6.3: The scaling function φ(t) (left) and the fundamental wavelet ψ(t) corresponding to the
minimal polynomial with n = 2 (right).

with P (y) a polynomial of degree N − n in the variable y ≡ sin2 1
2ω = 1

2 (1 − cosω).
Now

|H(ω + π)|2 =
(

1 − cosω
2

)n
|K(ω + π)|2 =

(
sin2 1

2ω
)n
P
(
cos2 1

2ω
)

(6.227)

so that Eq. (6.206) implies

(1 − y)nP (y) + ynP (1 − y) = 1 (6.228)

There is a (unique) polynomial Pn(y) of degree n− 1

Pn(y) =
n−1∑

k=0

(
n+ k − 1
n− 1

)
yk (6.229)

that satisfies Eq. (6.228). To this can be added a polynomial of the form ynR(y − 1
2 ), with

R(z) an odd polynomial in its argument, since such a polynomial adds nothing to the right-
hand side of Eq. (6.228). Thus the most general solution to Eq. (6.228) has the form

P (y) = Pn(y) + ynR(y − 1
2 ) (6.230)

with R(z) an odd polynomial in z (with real coefficients).
The polynomial P (sin2 1

2ω) gives |K(ω)|2 from Eq. (6.226). To extract K(ω), it is nec-
essary to carry out some further algebra. A complete discussion may be found in the lectures
of Daubechies cited at the end of the chapter. Here we just give two examples.

Example 6.13. With n = 1, the minimal polynomial P1(y) = 1 and the corresponding
scale function is the Haar function h0(t), which has already been discussed at length.

Example 6.14. With n = 2, the minimal polynomial is

P2(y) = 1 + 2y = 2 − cosω = 2 − 1
2

(
eiω + e−iω

)
(6.231)
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To have

P2(sin2 1
2ω) =

∣∣a+ beiω
∣∣2 ≡ |K(ω)|2 (6.232)

we need a2 + b2 = 2 and ab = −1
2 [note also that a+ b = 1 since P (0) = 1], which leads

to the solutions

a = 1
2 (1 ±

√
3) b = 1

2 (1 ∓
√

3) (6.233)

Then

K(ω) = 1
2 (1 ±

√
3) + 1

2 (1 ∓
√

3)eiω (6.234)

and

H(ω) = 1
8

{
1 ±

√
3 + (3 ±

√
3)eiω + (3 ∓

√
3)e2iω + (1 ∓

√
3)e3iω

}
(6.235)

The corresponding recursion coefficients are given by

c0 = 1
4 (1 ±

√
3) c1 = 1

4 (3 ±
√

3) c2 = 1
4 (3 ∓

√
3) c3 = 1

4 (1 ∓
√

3) (6.236)

The scaling function φ(t) and the fundamental wavelet ψ(t) associated with these co-
efficients are shown in Fig. 6.3. These functions are continuous, but not differentiable;
smoother functions are obtained for larger intervals of support (see the Daubechies lec-
tures for more details). Note that the two choices of sign in the roots do not correspond to
truly distinct wavelet forms. Changing the sign of the roots is equivalent to the transfor-
mation

H(ω) → e3iωH∗(ω) (6.237)

that has the effect of sending φ(t) into its reflection about t = 3
2 .

A Standard Families of Orthogonal Polynomials

The methods described here can be used to analyze other families of orthogonal polynomials.
In the following pages, we summarize the properties of the families that satisfy either the
hypergeometric equation or the confluent hypergeometric equation. These are the

• Gegenbauer polynomials Gan(t): weight function w(t) = (1 − t2)a, and

• Jacobi polynomials P (a,b)
n (t): weight function w(t) = (1 − t)a(1 + t)b

on the interval −1 ≤ t ≤ 1, the

• (associated) Laguerre polynomials Lan(t): weight function w(t) = tae−t

on the interval 0 ≤ t <∞, and the

• Hermite polynomials Hn(t): weight function: w(t) = e−t
2

on the interval −∞ ≤ t < ∞. Derivation of the properties of these polynomials is left to the
problems.

Remark. The reader should be aware that, except for Legendre polynomials, there are vari-
ous normalization and sign conventions for the polynomial families. �
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Gegenbauer polynomials Gan(t): interval −1 ≤ t ≤ 1, weight function w(t) = (1 − t2)a

Rodrigues formula:

Gan(t) =
(−1)n

2nn!
(1 − t2)−a

dn

dtn
{
(1 − t2)n+a

}
≡ Cn (1 − t2)−au(n)

n (t) (6.A1)

with un(t) = (1 − t2)n+a and Cn = (−1)n/2nn! orthogonality and normalization:

∫ 1

−1

Gam(t)Gan(t)(1 − t2)a dt = (−1)nCn
∫ 1

−1

un(t)
dn

dtn
Gam(t) dt

(6.A2)

=
22a+1

2n+ 2a+ 1
[Γ(n+ a+ 1)]2

n! Γ(n+ 2a+ 1)
δmn

differential equation:

(1 − t2)Gan
′′(t) − 2(a+ 1)tGan

′(t) + n(n+ 2a+ 1)Gan(t) = 0 (6.A3)

hypergeometric function:

Gan(t) =
Γ(n+ a+ 1)
n! Γ(a+ 1)

F
(
−n, n+ 2a+ 1|1 + a| 12 (1 − t)

)
(6.A4)

This follows from the differential equation and the normalization

Gan(1) =
Γ(n+ a+ 1)
n! Γ(a+ 1)

(6.A5)

generating function:

G(z, t) =
1

(1 − 2zt+ z2)a+
1
2

=
∞∑

n=0

Can(t)zn (6.A6)

The Can(t) satisfy the differential equation for the Gegenbauer polynomials, since

(1 − t2)
∂2

∂t2
G(z, t) − 2(a+ 1)t

∂

∂t
G(z, t) =

(6.A7)

= −z2 ∂
2

∂z2
G(z, t) − 2(a+ 1)z

∂

∂z
G(z, t)

The normalization of the Can(t) is obtained from the binomial expansion for t = 1, so that the
Can(t) are given in terms of the Gan(t) by

Can(t) =
Γ(n+ 2a+ 1)Γ(a+ 1)
Γ(n+ a+ 1)Γ(2a+ 1)

Gan(t) (6.A8)
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Jacobi polynomials P (a,b)
n (t): −1 ≤ t ≤ 1, weight function w(t) = (1 − t)a(1 + t)b

Rodrigues formula:

P (a,b)
n (t) =

(−1)n

2nn!
(1 − t)−a(1 + t)−b

dn

dtn
{
(1 − t)n+a(1 + t)n+b

}

≡ Cn (1 − t)−a(1 + t)−bu(n)
n (t) (6.A9)

with un(t) = (1 − t)n+a(1 + t)n+b and Cn = (−1)n/2nn!.

orthogonality and normalization:

∫ 1

−1

P (a,b)
m (t)P (a,b)

n (t)(1 − t)a(1 + t)b dt =

= CmCn

∫ 1

−1

u(m)
m (t)u(n)

n (t)(1 − t)−a(1 + t)−b dt (6.A10)

= (−1)nCn
∫ 1

−1

un(t)
dn

dtn
P (a,b)
m (t) dt (6.A11)

=
2a+b+1

2n+ a+ b+ 1
Γ(n+ a+ 1)Γ(n+ b+ 1)

n! Γ(n+ a+ b+ 1)
δmn

differential equation:

(1 − t2)P (a,b)
n

′′
(t) + [b− a− (a+ b+ 2)t]P (a,b)

n

′
(t)

(6.A12)
+ n(n+ a+ b+ 1)P (a,b)

n (t) = 0

hypergeometric function:

P (a,b)
n (t) =

Γ(n+ a+ 1)
n! Γ(a+ 1)

F
(
−n, n+ a+ b+ 1|1 + a| 12 (1 − t)

)
(6.A13)

This follows from the differential equation and the normalization

P (a,b)
n (1) =

Γ(n+ a+ 1)
n! Γ(a+ 1)

(6.A14)

There is a generating function for the Jacobi polynomials, but it is not especially illuminating,
so we omit it. Note that the Gegenbauer polynomials and the Legendre polynomials are special
cases of the Jacobi polynomials,

• Gegenbauer polynomials: Gan(t) = P
(a,a)
n (t).

• Legendre polynomials: Pn(t) = G0
n(t) = P

(0,0)
n (t).



308 6 Hilbert Spaces

Laguerre polynomials Lan(t): interval 0 ≤ t <∞, weight function w(t) = tae−t

Rodrigues formula:

Lan(t) =
1
n!
t−aet

dn

dtn
(
tn+ae−t

)
≡ Cnt

−aet u(n)
n (t) (6.A15)

with un(t) = tn+ae−t and Cn = 1/n!.

orthogonality and normalization:
∫ ∞

0

Lam(t)Lan(t)t
ae−t dt = Cn

∫ ∞

0

Lam(t)u(n)
n (t) dt =

(6.A16)

= (−1)nCn
∫ ∞

0

un(t)
dn

dtn
Lam(t) dt =

Γ(n+ a+ 1)
n!

δmn

differential equation:

tLan
′′(t) + (1 + a− t)Lan

′(t) + nLan(t) = 0 (6.A17)

confluent hypergeometric function:

Lan(t) =
Γ(n+ a+ 1)
n! Γ(a+ 1)

F (−n|1 + a|t) (6.A18)

This follows from the differential equation and the normalization at t=0.

generating function:

L(z, t) ≡ e−zt/(1−z)

(1 − z)1+a
=

∞∑

n=0

Lan(t)zn (6.A19)

This follows here from the differential equation and the observation that

[
t
∂2

∂t2
+ (1 + a− t)

∂

∂t
+ z

∂

∂z

]
L(z, t) = 0 (6.A20)

The Laguerre polynomials appear in solutions to the Schrödinger equation for two charged
particles interacting through a Coulomb potential. See Example 8.5 where these solutions are
derived.
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Hermite polynomials Hn(t): interval: −∞ ≤ t <∞, weight function: w(t) = e−t
2

Rodrigues formula:

Hn(t) = (−1)net
2 dn

dtn

(
e−t

2
)
≡ et

2
u(n)(t) (6.A21)

with u(t) = (−1)ne−t
2
.

orthogonality and normalization:
∫ ∞

−∞
Hm(t)Hn(t)e−t

2
dt = (−1)n

∫ ∞

−∞
e−t

2 dn

dtn
Hn(t) dt

(6.A22)

= 2nn!
∫ ∞

−∞
e−t

2
dt = 2nn!

√
π δmn

differential equation:

H ′′
n(t) − 2tH ′

n(t) + 2nHn(t) = 0 (6.A23)

confluent hypergeometric function:

H2n(t) = (−1)n
(2n)!
n!

F (−n| − 1
2 |t

2) (6.A24)

H2n+1(t) = (−1)n
(2n+ 1)!

n!
tF (−n| 12 |t

2) (6.A25)

generating function:

H(z, t) ≡ e−z
2+2zt =

∞∑

n=0

Hn(t)
zn

n!
(6.A26)

One derivation of this formula is to consider the sum

e−(z−t)2 =
∞∑

n=0

[
dn

dzn
e−(z−t)2

]

z=0

zn

n!
=

(6.A27)

=
∞∑

n=0

(−1)n
[
dn

dtn
e−t

2
]
zn

n!
= e−t

2
∞∑

n=0

Hn(t)
zn

n!

The Hermite polynomials and the related Hermite functions hn(t) = Hn(t) exp(−1
2 t

2) in-
troduced in Problems 6.20 and 7.16 appear in wave functions for the quantum mechanical
harmonic oscillator.
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Problems

1. Let φ1, φ2, . . . be a complete orthonormal system in a Hilbert space H. Define vectors
ψ1, ψ2, . . . by

ψn = Cn

(
n∑

k=1

φk − nφn+1

)

(n = 1, 2, . . .).

(i) Show that ψ1, ψ2, . . . form an orthogonal system in H.

(ii) Find constants Cn that make ψ1, ψ2, . . . into an orthonormal system in H.

(iii) Show that if (ψn, x) = 0 for all n = 1, 2, . . ., then x = θ.

(iv) Verify that

‖φk‖2 = 1 =
∞∑

n=1

|(ψn, φk)|2

(k = 1, 2, . . . ).

2. If {xn}⇀ x, then {xn} → x if and only if {‖xn‖} → ‖x‖.

3. Use Fourier series to evaluate the sums

ζ(2) =
∞∑

n=1

1
n2

and ζ(4) =
∞∑

n=1

1
n4

4. Find the Fourier series expansions of each of the following functions defined by the
formulas for −π < x < π, and elsewhere by f(x+ 2π) = f(x).

(i) f(x) =

{
1/2a 0 < |x| < a (< π)
0 otherwise

(ii) f(x) =

{
cos ax 0 < |x| < π/2a (< π)

0 otherwise

(iii) f(x) = coshαx

(iv) f(x) = sinhαx

5. Show that the functions {φn(x)} defined by

φn(x) ≡
√

2
π

cos(n+ 1
2 )x
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(n = 0, 1, 2, . . .) form a complete orthonormal system in L2(0, π). Show also that the
functions {ψn(x)} defined by

ψn(x) ≡
√

2
π

sin(n+ 1
2 )x

(n = 0, 1, 2, . . .) form a complete orthonormal system in L2(0, π).

6. Show that the Fourier transform and its inverse are equivalent to the formal relation
∫ ∞

−∞
eik(x−y) dk = 2πδ(x− y)

Give a corresponding formal expression for the discrete sum

lim
N→∞

DN (x− y) =
∞∑

k=−∞
eik(x−y)

whereDN (x−y) is the Dirichlet kernel defined by Eq. (6.47). Finally, derive the Poisson
summation formula (here c(ω) is the Fourier transform of f(t) defined by Eq. (6.81)).

∞∑

n=−∞
f(n) = 2π

∞∑

k=−∞
c(2πk)

7. Find the Fourier transform c(ω) of the function f(t) defined by

f(t) ≡ e−α|t|√
|t|

(Reα > 0). Is c(ω) in L2(−∞,∞)? Explain your answer.

8. Find the Fourier transform of the function f(t) defined by

f(t) ≡ sinαt
t

with α real. Then use Plancherel’s formula to evaluate the integral

∫ ∞

−∞

(
sinαt
t

)2

dt

9. Consider the Gaussian pulse

f(t) = Ae−iω0te−
1
2α(t−t0)2

which corresponds to a signal of frequency ω0 restricted to a time interval ∆t of order
1/
√
α about t0 by the Gaussian modulating factor exp{− 1

2α(t − t0)2}, which is some-
times called a window function.
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(i) Find the Fourier transform of this pulse.

(ii) Show that the intensity |Ff(ω)|2 of the pulse as a function of frequency is peaked
at ω = ω0 with a finite width ∆ω due to the Gaussian modulating factor. Give a precise
definition to this width (there are several reasonable definitions), and compute it.

(iii) Use the same definition as in part (ii) to give a precise evaluation of the time duration
∆t of the pulse, and show that

∆ω · ∆t = constant

with constant of order 1 independent of the parameter α. (The precise constant will
depend on the definitions of ∆ω and ∆t).

10. (i) Show that

N∑

n=1

e
2πikn

N e−
2πiqn

N = Nδkq

(ii) Show that a set of numbers f1, . . . , fN can be expressed in the form

fn =
N∑

k=1

cke
2πikn

N (*)

with coefficients ck given by

ck =
1
N

N∑

m=1

fm e
− 2πikm

N

(iii) Suppose the f1, . . . , fN are related to a signal

f(t) =
∞∑

k=−∞
ξke

2πikt
T

by fn = f(nT/N). Express the coefficients ck of the finite Fourier transform in terms
of the coefficients ξk in the complete Fourier series.

(iv) Show that if the f1, . . . , fN are real, then cN−k = c∗k (k = 1, . . . , N ).

Remark. The expansion (∗) is known as the finite Fourier transform. If the sequence
f1, . . . , fN results from the measurement of a signal of duration T at discrete intervals
∆t = T/N , then (∗) is an approximation to the Fourier integral transform, and ck cor-
responds to the amplitude for frequency νk = k/T (k = 1, . . . , N ). The appearance of
high frequency components of the complete signal in the ck found in part (iii) is known
as aliasing; it is one of the problems that must be addressed in reconstructing a signal
from a discrete set of observations. The result in (iv) means that the frequencies actually
sampled lie in the range 1/T ≤ ν ≤ N/2T (explain this). �
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11. Show that

N−1∑

n=1

sin
nπk

N
sin

nπq

N
=
N

2
δkq

and thus that the set of numbers {f1, . . . , fN−1} can be expressed as

fn =
N−1∑

k=1

bk sin
kπn

N

with coefficients bk given by

bk =
2
N

N−1∑

m=1

fm sin
mπk

N

Remark. This expansion is known as the finite Fourier sine transform. �

12. Find the Laplace transforms of the functions

(i) f(t) = cosαt

(ii) f(t) = taLan(t)

where Lan(t) is the associated Laguerre polynomial defined by Eq. (6.A15).

13. Show that if f(t) is periodic with period τ , then the Laplace transform of f(t) is given
by

Lf(p) =
F (p)

1 − e−pτ

where

F (p) =
∫ τ

0

f(t)e−pt dt

14. Consider the differential equation

tf ′′(t) + f ′(t) + tf(t) = 0

(Bessel’s equation of order zero), and let

u(p) ≡
∫ ∞

0

f(t)e−pt dt

be the Laplace transform of f(t).
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(i) Show that u(p) satisfies the first-order differential equation

(p2 + 1)u′(p) + pu(p) = 0

(ii) Find the solution of this equation that is the Laplace transform of the Bessel function
J0(t). Recall that the Bessel function has the integral representation (see problem 5.13).

J0(t) =
1
π

∫ π

0

eit cos θ dθ

15. The Mellin transform of f(t) is defined by

Mf(s) ≡
∫ ∞

0

ts−1f(t) dt

(i) Show that the Mellin transform of f(t) exists for s = iξ (ξ real) if
∫ ∞

0

|f(t)|2 dt
t
<∞

Remark. This condition is sufficient but not necessary, as in the case of the Fourier
transform. �

(ii) Show that if the preceding inequality is satisfied, then the inverse Mellin transform
is

f(t) =
1

2πi

∫ i∞

−i∞

Mf(s)
ts

ds

Also,
∫ i∞

−i∞
|Mf(s)|2 ds =

∫ ∞

0

|f(t)|2 dt
t

(iii) Use the preceding result to show that if σ > 0,
∫ ∞

0

|Γ(σ + iτ)|2 dτ =
πΓ(2σ)

22σ

16. Show that the generating function

S(t, z) =
1√

1 − 2zt+ t2
=

∞∑

n=0

tnPn(z)

for the Legendre polynomials satisfies
∫ 1

−1

S(u, z)S(v, z) dz =
1√
uv

ln
(

1 +
√
uv

1 −√
uv

)

Use this result to derive the orthogonality (Eq. (6.139)) and normalization (Eq. (6.140))
of the Pn(t).
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17. Show that the Gegenbauer polynomials Can(t) defined by Eq. (6.A6) satisfy

(n+ 1)Can+1(t) − (2n+ 2a+ 1)tCan(t) + (n+ 2a)Can−1(t) = 0

and

d

dt
Can(t) = (2a+ 1)Ca+1

n−1(t)

18. Show that the Laguerre polynomials satisfy

tLan(t) = (n+ 1)Lan+1(t) − (2n+ a+ 1)Lan(t) + (n+ a)Lan−1(t)

and

d

dt
Lan(t) = −La+1

n−1(t) = Lan(t) − La+1
n (t)

19. Show that the Hermite polynomials satisfy

Hn(−t) = (−1)nHn(t)

Then evaluate Hn(0) and H ′
n(0) (n = 0, 1, . . .). Show further that

Hn+1(t) − 2tHn(t) + 2nHn−1(t) = 0

and

d

dt
Hn(t) = 2nHn−1(t)

20. Define Hermite functions hn(t) in terms of the Hermite polynomials Hn(t) by

hn(t) ≡ e−
1
2 t

2
Hn(t)

Show that
∫ ∞

−∞
hn(t)eiωt dt = in

√
2π hn(ω)

Remark. Thus hn(t) is its own Fourier transform apart from a constant factor. �

21. The Chebysheff polynomials Tn(t) are defined by

T0(t) = 1 Tn(t) =
1

2n−1
cos(n cos−1 t)

(n = 1, 2, . . .).

(i) Show that Tn(t) is indeed a polynomial of degree n.

(ii) Show that the {Tn(t)} are orthogonal polynomials on the interval −1 ≤ t ≤ 1 for
suitably chosen weight function w(t) [which you should find].

Find normalization constants Cn that make the {Tn(t)} into a complete orthonormal
system.
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22. Consider the Bessel function Jλ(x) defined by Eq. (5.162) as a solution of Bessel’s equa-
tion (5.158)

d2u

dx2
+

1
x

du

dx
+
(

1 − λ2

x2

)
u = 0

(i) Show that

d

dx

{
x

[
Jλ(αx)

d

dx
Jλ(βx) − Jλ(βx)

d

dx
Jλ(αx)

]}
= (α2−β2)xJλ(αx)Jλ(βx)

(ii) Then show that

∫ b

a

xJλ(αx)Jλ(βx) dx = (α2 − β2)xJλ(αx)Jλ(βx)
∣∣∣∣
b

a

Remark. This shows that if α and β are chosen so that the endpoint terms vanish, then
Jλ(αx) and Jλ(βx) are orthogonal functions on the interval [a, b] with weight function
w(x) = x (we assume 0 ≤ a < b here). �

23. Consider the spherical Bessel function jn(x) defined in Section 5.6.3 as a solution of the
differential equation (5.180)

d2u

dx2
+

2
x

du

dx
+
[
1 − n(n+ 1)

x2

]
u = 0

(i) Show that

d

dx

{
x2

[
jn(αx)

d

dx
jn(βx) − jn(βx)

d

dx
jn(αx)

]}
= (α2−β2)x2jnαx)jn(βx)

(ii) Then show that

∫ b

a

x2jn(αx)jn(βx) dx = (α2 − β2)x2jn(αx)jn(βx)
∣∣∣∣
b

a

Remark. Again, if α and β are chosen so that the endpoint terms vanish, then
jn(αx) and jn(βx) are orthogonal functions on the interval [a, b] with weight function
w(x) = x2 (again we assume 0 ≤ a < b). �

24. Consider the “hat” function g(t) defined by

g(t) =






t 0 < t ≤ 1
2 − t 1 < t < 2
0 otherwise
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(i) Show that g(t) satisfies the relation

g(t) = 1
2g(2t) + g(2t− 1) + 1

2g(2t− 2)

(ii) Show that g(t) is obtained from the Haar function h0(t) by convolution,

g(t) =
∫ ∞

−∞
h0(τ )h0(t− τ ) dτ

(iii) Show that the Fourier transform of g(t) is given by

ĝ(ω) ≡
∫ ∞

−∞
eiωtg(t) dt = eiω

(
sin 1

2ω
1
2ω

)2

(iv) Evaluate the function H(ω) defined by Eq. (6.199), and verify Eq. (6.198).

(v) Evaluate the sum

Mg(ω) ≡
∞∑

m=−∞
|ĝ(ω + 2mπ)|2

and then use Eq. (6.222) to construct the Fourier transform Φ(ω) of a scaling function
φ(t) for which the {φ(t− k)} form an orthonormal system.

(vi) From the analytic properties of the Φ(ω) just constructed, estimate the rate of expo-
nential decay of φ(t) for t→ ±∞.

25. For n = 1, the simplest nonminimal solution to Eq. (6.228) can be written as

P (y) = 1 + 2ν(ν + 2)y(y − 1
2 )

(the parametrization in terms of ν is chosen for convenience in the solution). In terms of
the Fourier transform variable ω, we have

P (sin2 1
2ω) = 1 − 1

2ν(ν + 2) cosω(1 − cosω)

Now find constants a, b, c such that

P (sin2 1
2ω) =

∣∣a+ beiω + ce2iω
∣∣2 ≡ |K(ω)|2

where K(ω) has been introduced in Eq. (6.224) [note that K(0) = 1]. For what range
of values of ν are these constants real? For what value(s) of ν does the function H(ω)
reduce to the case of n = 2 with minimal polynomial? For what values of ν does the
scaling function reduce to the “box” function?
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The theory of linear operators on a Hilbert space H requires deeper analysis than the study
of finite-dimensional operators given in Chapter 2. The infinite dimensionality of H allows
many new varieties of operator behavior, as illustrated by three examples.

First is a linear operator A with a complete orthonormal system of eigenvectors, whose
eigenvalues are real but form an unbounded set. A cannot be defined on all of H, but only on
an open linear manifold which is, however, dense in H. Thus care must be taken to character-
ize the domain of an operator on H.

Second is the linear operator X that transforms a function f(x) in L2(−1, 1) to the func-
tion xf(x), which is also in L2(−1, 1). X is bounded, self-adjoint, and everywhere defined on
L2(−1, 1), but it has no proper eigenvectors. We need to introduce the concept of a continuous
spectrum to describe the spectrum of X.

The third example is an operator U that shifts the elements of a complete orthonormal
system so that the image of U is a proper (but still infinite-dimensional) subspace of H. U
preserves the length of vectors (U is isometric) but is not unitary, since U† is singular. U has
no eigenvectors at all, while U† has an eigenvector for each complex number λ with |λ| < 1.

The general properties of linear operators introduced in Section 2.2 are reviewed with
special attention to new features allowed by the infinite dimensionality of H. Linear operators
need not be bounded. Unbounded operators cannot be defined on the entire Hilbert space H,
but at best on a dense subset D of H, the domain of the operator, which must be carefully
specified. Bounded operators are continuous, which allows them to be defined on all of H.
Convergence of sequences of operators has three forms—uniform, strong, and weak—the
latter two being related to strong and weak convergence of sequences of vectors.

Some linear operators on H behave more like their finite-dimensional counterparts. Com-
pact operators transform every weakly convergent sequence of vectors into a strongly conver-
gent sequence. Hilbert–Schmidt operators have a finite norm, and themselves form a Hilbert
space. Many of the integral operators introduced later are of this type. Finally, there are
operators of finite rank, whose range is finite dimensional.

The adjoint operator is defined by analogy with the finite-dimensional case, but questions
of domain are important for unbounded operators, since there are operators that are formally
Hermitian, but which have no self-adjoint extension. There are operators that are isometric
but not unitary, for example, the shift operator U cited above. Further illustrations of potential
pitfalls in infinite dimensions are given both in the text and in the problems.

The theory of the spectra of normal operators is outlined. Compact normal operators
have a complete orthonormal system of eigenvectors belonging to discrete eigenvalues, and
the eigenvalues form a sequence that converges to 0. A noncompact self-adjoint operator
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A may have a continuous spectrum as well as a discrete spectrum. A formal construction
admitting this possibility is obtained by introducing the concept of a resolution of the identity,
a nondecreasing family Eλ of projection operators that interpolates between 0 for λ → −∞
and 1 for λ → ∞. For every self-adjoint operator A there is a resolution of the identity in
terms of which A can be expressed as

A =
∫

λ dEλ

This generalizes the representation of a self-adjoint operator in terms of a complete orthonor-
mal system of eigenvectors to include the continuous spectrum.

The definition of a linear differential operator as a Hilbert space operator must include
associated boundary conditions. The formal adjoint of a differential operator is defined by in-
tegration by parts, which introduces boundary terms. In order to make an operator self-adjoint,
a set of boundary conditions must be imposed that insure that these boundary terms vanish for
any function satisfying the boundary conditions. There are various possible boundary condi-
tions, each leading to a distinct self-adjoint extension of the formal differential operator.

These ideas are illustrated with the operator

P =
1
i

d

dx

which is a momentum operator in quantum mechanics, and the second-order operator

L =
d

dx

[
p(x)

d

dx

]
+ s(x)

(the Sturm–Liouville operator), which often appears in physics after the reduction of second-
order partial differential equations involving the Laplacian (see Chapter 8) to ordinary differ-
ential equations.

If Ω is a region in Rn, an integral operator K on L2(Ω) has the form

(Kf)(x) =
∫

Ω

K(x, y)f(y)dy

If
∫

Ω

∫

Ω

|K(x, y)|2 dxdy <∞

then K is compact, and if K is self-adjoint, or even normal, it then must have a complete
orthonormal system of eigenvectors belonging to discrete eigenvalues. Such an integral op-
erator often appears as the inverse of a differential operator, in which context it is a Green
function. If the Green function of a differential operator L has a discrete spectrum, so does
the differential operator itself, although it is unbounded. This is most important in view of
the other possibilities for the spectrum of a noncompact operator. If the Green function of L
can be constructed explicitly, then it also provides the solution to inhomogeneous differential
equation

Lu = f
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7.1 Some Hilbert Space Subtleties

Many of the concepts that were introduced in the study of linear operators on finite-
dimensional vector spaces are also relevant to linear operators on a Hilbert spaceH.1 However,
there are new features in H, as illustrated by the following three examples.

Example 7.1. Let φ1, φ2, . . . be a complete orthonormal system on the Hilbert space H,
and define the linear operator A by

Aφn = nφn (7.1)

(n = 1, 2, . . .). A has a complete orthonormal system of eigenvectors, and A is defined
on any finite linear combination of the φ1, φ2, . . ., a set that is everywhere dense in H.
However, A is not defined everywhere in H. The limit as N → ∞ of the vector

φN ≡
N∑

n=1

1
n
φn (7.2)

is an element φ∞ of H, but the limit of the vector

AφN =
N∑

n=1

φn (7.3)

is not. Hence Aφ∞ is not defined.
Moreover, if we try to define an inverse Ā of A by

Āφn =
1
n
φn (7.4)

then we have AĀ = 1 (there is no problem here since the range of Ā is a subset of the
domain of A), but it is not exactly true that ĀA = 1 since A is not defined on the entire
Hilbert space. Thus it is necessary to pay careful attention to the domain of an operator.

In general, a linear operator A is defined on H by specifying a linear manifold DA ⊂ H
(the domain of A) and the vectors Ax at least for some basis of DA. The vector Ax is
then defined for any finite linear combination of the basis vectors, but it may, or may not
be possible to extend the domain of A to include the entire space H, or even all the limit
points of sequences in DA. As we have just seen, the sequence {φN}) is bounded (in fact,
convergent), but for the linear operator A defined by Eq. (7.1), the sequence {AφN} is
unbounded, and hence has no limit in H.

If a linear operator A′ can be defined on a larger manifold DA′ ⊃ DA , with A′x = Ax
on DA, then A′ is an extension of A (A′ ⊃ A or A ⊂ A′). Thus, to be precise, we should
write ĀA ⊂ 1 for the operator A in the present example, but often we will just write
ĀA = 1 anyway.

1We remind the reader that by our convention, a Hilbert space is infinite dimensional unless otherwise stated.
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Remark. The domain of the operator A defined by Eq. (7.1) can be characterized precisely.
The vector

φ =
∞∑

n=1

cnφn (7.5)

is in DA if and only if

∞∑

n=1

n2 |cn|2 <∞ (7.6)

DA is dense in H, but does not include the vector φ∞, for example. �

Example 7.2. In the preceding example, the unboundedness of the operator A defined
by Eq. (7.1) led to the lack of an extension of A to all of H. In this example, we will see
that even for a bounded operator, there can be something new in Hilbert space.

Consider the Hilbert space L2(−1, 1) of functions f(x) that are square integrable on
the interval −1 ≤ x ≤ 1, and define the linear operator X by

Xf(x) = xf(x) (7.7)

X is self-adjoint, and it is bounded, since

‖Xf‖2 =
∫ 1

−1

|xf(x)|2 dx <
∫ 1

−1

|f(x)|2 dx = ‖f‖2 (7.8)

Moreover, it is defined everywhere on L2(−1, 1).
However, the eigenvalue equation

Xf(x) = λf(x) (7.9)

has no solution in L2(−1, 1), since the eigenvalue equation implies f(x) = 0 for x �= λ,
and this in turn means
∫ 1

−1

|f(x)|2 dx = 0 (7.10)

as a Lebesgue integral. There is a formal solution

fλ(x) = δ(x− λ) (7.11)

for any value of λ between −1 and 1, but the Dirac δ-function is not in L2(−1, 1). Thus X
is a bounded self-adjoint linear operator that does not have a complete orthonormal system
of eigenvectors. The concept of discrete eigenvalues must be generalized to include a
continuous spectrum associated with solutions to the eigenvalue equation that are almost,
but not quite in the Hilbert space. This will be explained in detail in Section 7.3.
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Example 7.3. Let φ1, φ2, . . . be a complete orthonormal system on the Hilbert space H,
and define the linear operator U (the shift operator) by

Uφn = φn+1 (7.12)

Then

U

( ∞∑

n=1

cnφn

)
=

∞∑

n=1

cnφn+1 (7.13)

is defined for every vector x =
∑

cnφn in H, and ‖Ux‖ = ‖x‖, so that U†U = 1.
Nevertheless, U is not unitary. We have

U†φn+1 = φn (7.14)

(n = 1, 2, . . .), but

U†φ1 = θ (7.15)

since (φ1,Ux) = 0 for every vector x. Thus

UU† = 1− P1 (7.16)

where P1 is the projection operator onto the linear manifold spanned by φ1.
The spectrum of the operators U and U† is also interesting. U has no spectrum at all

since there are no solutions to the eigenvalue equation

Ux = λx (7.17)

On the other hand, the eigenvalue equation

U†x = λx (7.18)

requires the coefficients cn in the expansion of x to satisfy the simple recursion relation

cn+1 = λcn (7.19)

Thus U† has eigenvectors of the form

φλ = Nλ

(
φ1 +

∞∑

n=1

λnφn+1

)
(7.20)

that belong to H for any λ with |λ| < 1. Note that φλ is a unit vector if we chose the
normalization constant Nλ so that

|Nλ|2 = 1 − |λ|2 (7.21)

Eigenvectors belonging to different eigenvalues are not orthogonal, since

(φλ, φµ) =
N∗
λNµ

1 − λ∗µ
(7.22)

and there is no completeness relation for these eigenvectors.
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7.2 General Properties of Linear Operators on Hilbert
Space

7.2.1 Bounded, Continuous, and Closed Operators

A linear operator A on a Hilbert space H is defined on a domain DA ⊂ H. It is generally
assumed that DA contains a basis of H (if there is a nonzero vector x in D⊥

A , then Ax can
be defined arbitrarily). Then A is also defined on any finite linear combination of the basis
vectors, and, in particular, on the complete orthonormal system formed from the basis by
the Gram–Schmidt process. Hence we can assume that DA contains a complete orthonormal
system of H, and thus is dense in H.

Definition 7.1. The linear operator A is bounded if there is a constant C > 0 such that
‖Ax‖ ≤ C‖x‖ for all x in DA. The smallest C for which the inequality is true is the bound
of A (|A|).2

Definition 7.2. A is continuous at the point x0 in DA if for every sequence {xn} of vectors
in DA that converges to x0, the sequence {Axn} converges to Ax0.

Since A is linear, it is actually true that A is continuous at every point in DA if it is
continuous at x = θ. For if {Ayn} converges to θ whenever {yn} converges to θ, then also
{A(xn − x0)} converges to θ whenever {xn − x0} converges to θ.

An important result is that if A is bounded, then A is continuous. For if A is bounded and
{xn} converges to θ, then {‖Axn‖} converges to 0, since ‖Axn‖ ≤ |A| ‖xn‖ and {‖xn‖}
converges to 0. Conversely, if A is continuous (even at θ), then A is bounded. For suppose
A is continuous at x = θ, but unbounded. Then there is a sequence {yn} of unit vectors such
that ‖Ayn‖ > n for all n. But if we let xn ≡ yn/n, then {xn} converges to θ, but ‖Axn‖ > 1
for all n, so {Axn} cannot converge to θ, contradicting the assumption of continuity.

Definition 7.3. A is closed if for every sequence {xn} of vectors in DA that converges to x0

for which the sequence {Axn} is also convergent, the limit x0 is in DA, and the sequence
{Axn} converges to Ax0.

If A is bounded, then A has a closed extension (denoted by [A]) whose domain is H. For
if x is a vector, then there is a Cauchy sequence {xn} of vectors in DA that converges to x. But
if A is bounded, then the sequence {Axn} is also convergent, and we can define the limit to
be Ax. An unbounded operator A may, or may not, have a closed extension. The operator A
introduced in Example 7.1 is closed when its domain is extended to include all vectors

φ =
∞∑

n=1

anφn (7.23)

for which
∑∞
n=1 n

2 |an|2 <∞.

2The bound |A| defined here is sometimes called the norm (or operator norm) of A. The norm introduced below
is then called the Hilbert–Schmidt norm to distinguish it from the operator norm.
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However, consider the linear operator B defined by Bφn = φ1 (n = 1, 2, . . .), so that3

B

(
n∑

k=1

akφk

)
=

(
n∑

k=1

ak

)
φ1 (7.24)

If we let

xn ≡ 1
n

n∑

k=1

φk (7.25)

then {xn} → θ (note that ‖xn‖ = 1/n). However,

Bxn = φ1 (7.26)

for all n, so {Bxn} is convergent, not to Bθ (= θ), but to φ1. Hence B is not closed.

Remark. Note also that B is unbounded, even though ‖Bφn‖ = ‖φ1‖ = 1 for every
element of the complete orthonormal system {φn}. Hence it is not enough that B is bounded
on a complete orthonormal system for B to be bounded. �

7.2.2 Inverse Operator

The inverse of a linear operator on a Hilbert space must be carefully defined. Recall that the
linear operator A is nonsingular if Ax = θ only if x = θ. Here we add the new

Definition 7.4. The linear operator A is invertible if (and only if) it is bounded and there is
a bounded linear operator B such that

BA = AB = 1 (7.27)

If such a B exists, then B = A−1 is the inverse of A.

An invertible operator is nonsingular, but the converse need not be true. The operator U
in Example 3 is nonsingular, bounded, and U†U = 1, but U is not invertible, since there is
no operator V such that UV = 1. For the operator A in Example 1, we have AĀ = 1, and
ĀA ⊂ 1 (it can be extended to 1 on all of H, but that is not the point here), although it is
common to see Ā treated as A−1 (and we will also do so when no harm is done). However,
it should be kept in mind that neither A nor Ā are invertible, strictly speaking, since A is
unbounded. A general criterion for invertibility is contained in the

Theorem 7.1. If A is a linear operator on H whose domain DA and range RA are the entire
space H, then A is invertible if and only if there are positive constants m, M such that

m ‖x‖ ≤ ‖Ax‖ ≤M ‖x‖ (7.28)

for every x in H.

3It is amusing to observe that B transforms the sum of a linear combination of orthogonal vectors into the sum
of the components, with a unit vector included for appearance. This operator is often (too often!) used by first-year
students in physics.
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Proof. If A is invertible, then the inequalities in (7.28) are satisfied with m = 1/
∣∣A−1

∣∣ and
M = |A|. Conversely, if the inequalities are satisfied, then for any y in H, we know that
y = Ax for some x in H (recall that RA, the range of A, is the set of all y such that y = Ax
for some x in DA) and we can define a linear operator Ā by

x ≡ Āy (7.29)

Evidently Ā is defined on all of H, with

ĀA = AĀ = 1 (7.30)

and Ā is bounded, with
∣∣Ā
∣∣ = 1/m. Hence Ā = A−1.

7.2.3 Compact Operators; Hilbert–Schmidt Operators

A stronger concept than continuity or boundedness of an operator is compactness.

Definition 7.5. The linear operator A is compact (or completely continuous) if it transforms
every weakly convergent sequence of vectors into a strongly convergent sequence, that is, if
{xn}⇀ θ implies {Axn} → θ.

Thus, for example, if A is compact and {φn} is any orthonormal system, then
{Aφn} → θ. Every compact operator is continuous, but the converse is not true (the identity
operator 1 is continuous, but not compact). The importance of compact operators becomes
clear in the next section, where it will be seen that every compact normal operator has a
complete orthonormal system of eigenvectors.

Definition 7.6. Let A be a linear operator on H, and {φn}, {ψn} a pair of complete or-
thonormal systems. The norm of A is defined by

‖A‖2 ≡ trA†A =
∞∑

n=1

‖Aφn‖2 =
∞∑

n,m=1

|(Aφn, ψm)|2 (7.31)

A is a Hilbert–Schmidt operator if ‖A‖ is finite. Here trX denotes the trace of the opera-
tor X, defined as usual as the sum of diagonal elements (the sum, if it exists, is independent
of the choice of complete orthonormal system).

The Hilbert–Schmidt operators themselves form a linear vector space S, which is a Hilbert
space with scalar product defined by

(A,B) ≡ trA†B =
∞∑

n=1

(Aφn,Bφn) =
∞∑

n,m=1

(Aφn, ψm)(ψm,Bφn) (7.32)

This claim requires proof, especially of the property of closure, but details will be left to the
problems. Any Hilbert–Schmidt operator is compact, but not conversely. For ‖A‖ to be finite,
it is necessary that {Aφn} → 0, but {Aφn} → 0 does not guarantee convergence of the
infinite series defining ‖A‖2.
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Example 7.4. Consider the function space L2(a, b) over the finite interval I : a ≤ t ≤ b,
and suppose K(t, u) is a function in L2(I × I). Corresponding to K(t, u) is the linear
operator K in L2(a, b) defined by

(Kx)(t) =
∫ b

a

K(t, u)x(u) du (7.33)

K is an integral operator of a type we will encounter again later in the chapter. Note that

‖K‖2 =
∫ b

a

∫ b

a

|K(t, u)|2 dt du (7.34)

is finite by assumption, so K is a Hilbert–Schmidt operator.

Finally, a linear operator A is of finite rank if the range of A (RA, or imA) is finite
dimensional. A projection operator onto a finite-dimensional linear manifold is of finite rank.
The operator B defined by Eq. (7.24) is of rank 1. An operator of finite rank is certainly a
Hilbert–Schmidt operator, hence compact and bounded.

Remark. Every linear operator on a finite-dimensional vector space Vn is of finite rank.
Hilbert–Schmidt and compact operators on H share many of the properties of operators of
finite rank. For example, compact normal operators have a complete orthonormal system
of eigenvectors belonging to discrete eigenvalues that in fact form a sequence converging
to 0. Merely bounded operators are essentially infinite dimensional, with new characteris-
tics not seen in finite dimensions, as illustrated by the examples in this and the preceding
section. Unbounded operators can have even more unusual properties, since they have no
finite-dimensional counterparts; it is for these that special care must be given to questions of
domain, range, and closure. �

7.2.4 Adjoint Operator

Definition 7.7. The adjoint A† of the linear operator A is defined for the vectors y for which
there exists a vector y∗ such that

(y∗, x) = (y,Ax) (7.35)

for every x in DA. Then define

A†y ≡ y∗ (7.36)

corresponding to the finite-dimensional definition.

Remark. Note that DA must be dense in H to define A†, for if there is a nonzero vector y0
in D⊥

A , then

(y∗ + y0, x) = (y∗, x) = (y,A, x) (7.37)

for every x in D⊥
A , so that y∗ is not uniquely defined. �
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To completely define A†, it is necessary to specify the domain DA† . If A is bounded,
then A can be defined on all of H, and (y,Ax) is a bounded linear functional. Hence, by
Theorem 2.2, there is a unique y∗ satisfying (7.35), and thus DA† is all of H. Furthermore, A†

is bounded, and
∣∣A†∣∣ = |A| (7.38)

Even if A is not bounded, the adjoint A† is closed, since if {yn} is a sequence of vectors
in DA† such that {yn} → y and {A†yn} → y∗, then

(y,Ax) = lim
n→∞(yn,Ax) and (y∗, x) = lim

n→∞(A†yn, x) (7.39)

for every x in DA, so A†y = y∗. Note that A†x = θ if and only if (x,Ay) = 0 for every y
in DA; in short, kerA† = R⊥

A .
The operator (A†)† is well defined if (and only if) DA† is dense in H. This need not be the

case, for if we consider the operator B defined by Eq. (7.24), we have

(B†φn, φk) = (φn,Bφk) = (φn, φ1) = 0 (7.40)

and hence B†φn = θ for n = 2, 3, . . .. However,

(B†φ1, φk) = (φ1,Bφk) = 1 (7.41)

for every k. Hence B†φ1 is not defined, nor can B†φ be defined on any vector φ with a
nonzero component along φ1. Thus φ1 is in D⊥

B† , and DB† cannot be dense in H.
On the other hand, if the operator (A†)† does exist, then it is a closed extension (even the

smallest closed extension) of A, so that

A ⊂ (A†)† = [A] (7.42)

Definition 7.8. The linear operator A is self-adjoint if

A = A† (7.43)

where equality includes the requirement DA = DA† .

In a finite-dimensional space Vn, this is equivalent to the condition

(y,Ax) = (Ay, x) (7.44)

for every x, y in DA.
For an operator A on H that is bounded, it is also true that (7.43) and (7.44) are equivalent

if DA is dense in H, since in that case, we can always find a closed extension of A that is
bounded. For unbounded operators, Eq. (7.44) defines a symmetric4 operator, for which it is
true that A ⊂ A†, but A may have no closed extension, in which case it cannot be self-adjoint.
See Problem 12 for an important example from quantum mechanics.

4This terminology is suggested by Halmos. Equation (7.44) is often used in physics to characterize a Hermitian
operator, but it is implicitly assumed that Eq. (7.43) is then automatically satisfied. It is not, but the examples seen
here are too subtle to merit an extended explanatory digression in the standard exposition of quantum mechanics.
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7.2.5 Unitary Operators; Isometric Operators

The operator U is unitary if U† = U−1, which requires

U†U = UU† = 1 (7.45)

In Vn, U†U = 1 is sufficient to have U be unitary, but the example of the shift operator
defined by Eq. (7.12) shows that this is not the case in H; the two conditions in Eq. (7.45) are
independent. The operator U is isometric if

‖Ux‖ = ‖x‖ (7.46)

for all x in DU. The shift operator is isometric, but not unitary, since its range is not the entire
space H. In general, an isometric operator U in H maps an infinite-dimensional subspace
DU into an infinite-dimensional subspace RU. H is large enough that DU⊥ and RU⊥ can be
non-trivial (they can even themselves be infinite-dimensional). If we let

m ≡ dimDU⊥ , n ≡ dimRU⊥ (7.47)

then the ordered pair [m,n] is the deficiency index (DI, for short) of U.

Example 7.5. The deficiency index of the shift operator U is [0, 1], and that of U† is
[1, 0]. It is true in general that if U has DI=[m,n], then U† has DI=[n,m] (show this).

U is maximal isometric if it has no proper isometric extension. This will be the case if the
deficiency index of U is of the form [m, 0] with m > 0, or [0, n] with n > 0. U is unitary if
its DI is [0, 0]. It is essentially unitary if its DI is [m,m], since we can then define a unitary
extension of U by adjoining a unitary operator from D⊥

U onto R⊥
U (this extension is far from

unique, since any m-dimensional unitary operator will do).

7.2.6 Convergence of Sequences of Operators in H
For sequences of vectors in H, there are two types of convergence, weak and strong. Conver-
gence of sequences {An} of operators in H comes in three varieties:

(i) uniform convergence. The sequence {An} converges uniformly to 0 ({An} ⇒ 0) if
{‖Anx‖} → 0 uniformly in x, that is, if for every ε > 0 there is anN such that ‖Ax‖ ≤ ε‖x‖
for every n > N and all x in H.

(ii) strong convergence. The sequence {An} converges strongly to 0 ({An} → 0) if
{‖Anx‖} → 0 for every x in H.

(iii) weak convergence. The sequence {An} converges weakly to 0 ({An} ⇀ 0) if
{(y,Anx)} → 0 for every y and x in H.
Convergence to a limit is then defined in the obvious way: the sequence {An} converges to
A in some sense, if the sequence {An − A} converges to 0 in the same sense. If the limit is
an unbounded operator, it must also be required that each of the An and the limit A can be
defined on a common domain D∗ that is dense in H, and “for all x in H” is to be understood
as “for all x in D∗.”
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These types of convergence are ordered, in the sense that uniform convergence implies
strong convergence, and strong convergence implies weak convergence. In fact, only in
infinite-dimensional space are these types of convergence distinct. In Vn the three types of
convergence are equivalent, as are strong and weak convergence of sequences of vectors (the
reader is invited to show this with the help of the following example).

Example 7.6. Let {φk} be a complete orthonormal system, and Pk be the projection
operator onto the linear manifold spanned by φk. Then the sequence {Pk} → 0 (strong,
but not uniform convergence). The sequence {An}, with

An ≡
n∑

k=1

Pk (7.48)

converges strongly, but not uniformly, to 1.

7.3 Spectrum of Linear Operators on Hilbert Space

The spectra of linear operators on an infinite-dimensional Hilbert space have a rich structure
compared with the spectra of finite-dimensional operators, much as the theory of analytic
functions of a complex variable is rich compared to the theory of polynomials. In this section,
we will consider the spectra of normal operators5 (recall A is normal if AA† = A†A). Since
A is normal if (and only if) it has the form

A = X + iY (7.49)

with X and Y self-adjoint, [X,Y] = 0 (and DA = DX ∩DY dense in H if A is unbounded),
it is actually sufficient to work out the theory for self-adjoint operators.

7.3.1 Spectrum of a Compact Self-Adjoint Operator

To begin, suppose A is a compact, self-adjoint operator. A compact operator converts a
weakly convergent sequence into a strongly convergent one (by definition), so the influence
of distant dimensions is reduced in some sense, and it turns that a compact, self-adjoint op-
erator has a complete orthonormal system of eigenvectors with real eigenvalues, just as its
finite-dimensional counterpart, and the eigenvalues define a sequence that converges to zero.

Since A is compact, it is bounded and closed, and (x,Ax) is real for every x in H, since
A is self-adjoint. If we let

λ+ = sup
‖x‖=1

(x,Ax), λ− = inf
‖x‖=1

(x,Ax) (7.50)

then the bound of A is the larger of |λ+| and |λ−|. Since λ+ is the least upper bound of
(x,Ax) on the unit sphere (‖x‖ = 1) in H, there is a sequence {xn} of unit vectors such

5The shift operator introduced in Section 7.1 and other operators introduced in the problems, as well as any
isometric operator that is not essentially unitary, are not normal. Those examples illustrate the additional spectral
types that can occur with nonnormal operators.
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that the sequence {(xn,Axn)} converges to λ+. Since {xn} is bounded, it contains a subse-
quence {yn} that converges weakly to a limit y (see Section 6.1). Then the compactness of A
implies that the sequence {Ayn} converges strongly to a limit y∗ = Ay. Then we have

‖Ayn − λ+y‖2 = ‖Ayn‖2 − 2λ+(y,Ayn) + λ2
+ → ‖y∗‖2 − λ2

+ ≤ 0 (7.51)

(note that {(y,Ayn)} → λ+). But {‖Ayn − λ+y‖} ≥ 0, so the only consistent conclusion is
that {‖Ayn − λ+y‖} → 0, which implies

Ay = λ+y (7.52)

Thus y is an eigenvector of A belonging to eigenvalue λ+. The same argument shows that
there is an eigenvector of A belonging to the eigenvalue λ−. Thus every compact self-adjoint
operator has at least one eigenvector belonging to a discrete eigenvalue.

Once some eigenvectors of A have been found, it is straightforward to find more. Sup-
pose φ1, . . . , φn is an orthonormal system of eigenvectors of A belonging to eigenvalues
λ1, . . . , λn, that spans a linear manifold M = M(φ1, . . . , φn). Then M(φ1, . . . , φn) is an
invariant manifold of A, and, since A is normal, it follows that so is M⊥. But A is a compact
self-adjoint operator on M⊥, and thus has at least one eigenvector φn+1 in M⊥ belonging
to a discrete eigenvalue λn+1. Continuing this procedure leads to a complete orthonormal
system {φ1, φ2, . . .} of eigenvectors belonging to discrete eigenvalues, and we have the

Theorem 7.2. Every compact normal linear operator on a Hilbert space H has a com-
plete orthonormal system of eigenvectors belonging to discrete eigenvalues; the sequence
{λ1, λ2, . . .} of eigenvalues converges to zero.

Proof. The convergence of the sequence of eigenvalues follows from that fact that the se-
quence {φn} of eigenvectors converges weakly to zero, and hence the sequence {Aφn =
λnφn} → θ strongly since A is compact. A corollary of this result is that the eigenmanifold
Mλ belonging to an eigenvalue λ �= 0 of A must be finite dimensional.

7.3.2 Spectrum of Noncompact Normal Operators

Now suppose A is normal (but not necessarily compact, or even bounded), with a complete
orthonormal system of eigenvectors and distinct eigenvalues λ1, λ2, . . . (such an operator is
separating). If Mk is the eigenmanifold belonging to eigenvalue λk, with corresponding
eigenprojector Pk, then we have the spectral representation

A =
∑

k

λkPk (7.53)

as in the finite-dimensional case (compare with Eq. (2.167)), except that here the sum may
be an infinite series. If the series (7.53) is actually infinite, then it converges uniformly if A
is compact, strongly if A is bounded; if A is unbounded, the series converges only on the
domain DA of A.

Normal operators that are not compact need not have a complete orthonormal system of
eigenvectors belonging to discrete eigenvalues. The concept of spectrum for such operators
must be generalized to include a continuous spectrum.
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Definition 7.9. The spectrum Σ(A) of the normal operator A consists of the complex num-
bers λ such that for every ε > 0, there is a vector φ in DA for which

‖Aφ− λφ‖ < ε‖φ‖ (7.54)

The point spectrum (or discrete spectrum) Π(A) of A consists of the eigenvalues of A. The
elements of Σ(A) spectrum of A not in Π(A) form the continuous spectrum (or approximate
point spectrum) Σc(A) of A.

Example 7.7. Consider the operator X defined on the Hilbert space L2(−1, 1) by

Xf(x) = xf(x) (7.55)

as in Example 7.2. As already noted, X has no point spectrum, but every x in the interval
−1 ≤ x ≤ 1 is included in the continuous spectrum of X. To see this, suppose −1 <
x0 < 1, and define the function fε(x0;x) by

fε(x0;x) =

{
1/
√

2ε x0 − ε ≤ x ≤ x0 + ε

0 otherwise
(7.56)

We have ‖fε(x0)‖ = 1, and

‖(X− x01)fε(x0)‖2 < 1
3ε

2 (7.57)

This works for any ε > 0, so x0 is in the continuous spectrum of X. The discussion must
be modified in an obvious way for x0 = ±1, but the conclusion is the same. The only
“eigenfunction” of X belonging to the eigenvalue x0 is the Dirac δ-function δ(x − x0),
which is not in L2(−1, 1).

Exercise 7.1. Find the point spectrum and the continuous spectrum of the shift operator
U defined by Eq. (7.12). Also, find the spectra of its adjoint U†. �

7.3.3 Resolution of the Identity

Equation (7.53) is a formal representation of the operator A in terms of its eigenvalues and
eigenvectors. To generalize this representation to include operators with a continuous spec-
trum, we need to introduce the concept of a resolution of the identity. This is a family of
projection operators {Eλ} defined for the real λ, with the properties:

(i) The projection manifold Mλ of Eλ shrinks to {θ} for λ→ −∞ and grows to all of H
for λ→ +∞. or

lim
λ→−∞

Eλ = 0 and lim
λ→∞

Eλ = 1 (7.58)

(ii) The projection manifold Mλ ⊆ Mµ if λ < µ, so that Eλ ≤ Eµ if λ < µ. Thus Eλ
is a nondecreasing function of λ that interpolates between 0 at −∞ and 1 at ∞.
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(iii) The limits

lim
ε→0+

Eλ−ε ≡ E−
λ and lim

ε→0+
Eλ+ε ≡ E+

λ (7.59)

exist for each λ. Note that while the limits E±
λ must exist for each finite λ, they need not be

equal, and the points where

∆Eλ = E+
λ − E−

λ ≡ Pλ �= 0 (7.60)

are the discontinuities of Eλ. Pλ is a projection operator onto a manifold of positive dimen-
sion, which may be finite or infinite. There may also be points at which Eλ is continuous,
but

Eλ+ε − Eλ−ε �= 0 (7.61)

for every ε > 0. These are the points of increase of Eλ.
If there is a finite a such that Eλ = 0 for λ < a, but Eλ > 0 for λ > a, then the family

{Eλ} is bounded from below (with lower bound a). If there is a finite b such that Eλ = 1 for
λ > b, but Eλ < 1 for λ < b, then {Eλ} is bounded from above (with upper bound b). If
{Eλ} is bounded both above and below, it is bounded and [a, b] is the interval of variation of
{Eλ}. If it is only bounded on one end, it is semi-bounded.

If Eλ is a resolution of the identity, then the operator A defined formally by

A =
∫

λ dEλ (7.62)

is self-adjoint, and bounded if and only if Eλ is bounded. The meaning of Eq. (7.62) is that6

(y,Ax) =
∫

λ d(y,Eλx) =
∫

λ
d

dλ
(y,Eλx) dλ (7.66)

If A is unbounded, then the domain of A is the set of all vectors x for which the integral

‖Ax‖2 =
∫

λ2d‖Eλx‖2 <∞ (7.67)

6We have the natural definition
R

df(x) =
R

f ′(x)dx, which is known as a Stieltjes integral. If f(x) is not
strictly differentiable, this definition must be used with care, integrating by parts if necessary to give the integralZ

g(x) df(x) =

Z
g(x)f ′(x) dx = −

Z
g′(x)f(x) dx (7.63)

whenever g(x) is differentiable. The Stieltjes integral also provides an alternative definition of the Dirac δ-function.
If θ(x) is the step function defined by

θ(x) =

(
1 x > 0

0 otherwise
(7.64)

then we haveZ ∞

−∞
g(x) dθ(x) = g(0) =

Z ∞

−∞
g(x)δ(x) dx (7.65)

if g(x) is continuous at x = 0.
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Equation (7.62) shows how a resolution of the identity defines a self-adjoint operator on H.
The converse of this is Hilbert’s fundamental theorem:

Hilbert’s Fundamental Theorem. To every self-adjoint linear operator A on a Hilbert
space H, there is a unique resolution of the identity Eλ such that

A =
∫

λ dEλ (7.68)

Remark. This is the Hilbert space analog of the theorem that every self-adjoint operator has
a complete orthonormal system of eigenvectors belonging to real eigenvalues. �

Example 7.8. To see how the resolution of the identity works, consider again the operator
X defined by Eq. (7.9), but now let the function space be L2(a, b). If a < λ < b, we then
let

Eλf(x) =

{
f(x) a ≤ x ≤ λ

0 λ < x < b
(7.69)

or, more simply,

Eλf(x) = θ(λ− x)f(x) (7.70)

where θ(ξ) is the standard step function defined by Eq. (7.64). Eλ is evidently a resolution
of the identity, and

X =
∫ b

a

λdEλ (7.71)

since

dEλf(x) = δ(x− λ)f(λ)dλ (7.72)

Here δ(x− λ) is the Dirac δ-function, and we have used the formal result θ′(ξ) = δ(ξ). If
a and b are finite, then X is a bounded operator. X is unbounded in the limits a→ −∞ or
b→ ∞, but the spectral representation with Eλ given by Eq. (7.70) is still valid.

Exercise 7.2. The self-adjoint operator

P ≡
[
1
i

d

dx

]

on L2(−∞,∞) has the standard spectral representation

P =
∫ ∞

∞
λ dEλ

with the Eλ being a resolution of the identity. If f(x) is in the domain of P, find an expression
for Eλf(x). Hint. Consider the Fourier integral representation of f(x). �

Remark. In quantum mechanics, P is the momentum operator for a particle moving in one
dimension. �
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7.3.4 Functions of a Self-Adjoint Operator

Functions of self-adjoint operators have an elegant definition in terms of the spectral repre-
sentation: if f(x) is defined for x in the spectrum of the self-adjoint operator A defined by
Eq. (7.62), then

f(A) =
∫

f(λ) dEλ (7.73)

with domain Df(A) containing those vectors x for which

∫
|f(λ)|2 d‖Eλx‖2 <∞ (7.74)

The resolvent Rα(A) of the linear operator A is defined by

Rα(A) ≡ (A − α1)−1 (7.75)

If A is a differential operator, the resolvent Rα(A) is often known as a Green function. The
resolvent Rα(A) is bounded unless α is in the spectrum of A. If α is in the point spectrum
Π(A) of A then (A−α1) is singular, and Rα(A) can only be defined on M⊥

α , where Mα is
the eigenmanifold of A belonging to eigenvalue α. If α is in the continuous spectrum Σc(A)
of A, then Rα(A) is unbounded, but defined on a dense subset of H.

If A is self-adjoint, with resolution of the identity {Eλ}, then the resolvent Rα(A) is
given formally by

Rα(A) =
∫

1
λ− α

dEλ (7.76)

This expression will be used to provide a more explicit construction of the resolvent operators
for certain differential operators to appear soon.

If A is a normal operator, then it can be written in the form A = X + iY, with X and Y
self-adjoint and [X,Y] = 0. If

X =
∫

λdEλ, Y =
∫

µdFµ (7.77)

then [Eλ,Fµ] = 0 for every λ, µ. If U is a unitary operator, then there is a resolution of the
identity Hφ with interval of variation ⊆ [0, 2π] such that

U =
∫

eiφ dHφ (7.78)

Now that we have reviewed the abstract properties of linear operators on a Hilbert space, it
is time to turn to the concrete examples of linear differential and integral operators that appear
in practically every branch of physics.
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7.4 Linear Differential Operators

7.4.1 Differential Operators and Boundary Conditions

Linear differential operators of the form

L ≡ p0(x)
dn

dxn
+ p1(x)

dn−1

dxn−1
+ · · · + pn−1(x)

d

dx
+ pn(x) (7.79)

were introduced in Chapter 5 (see Eq. (5.50)) and described there from an analytical point
of view. Now we consider L as a linear operator on a Hilbert space of the type L2(a, b).
Note that L is unbounded, since the derivative of a smooth function can be arbitrarily large.
The formal domain of L as a differential operator includes the class Cn(a, b) of functions
that are continuous together with their first n derivatives on the interval (a, b), and Cn(a, b) is
everywhere dense in L2(a, b).

But to consider L as a Hilbert space operator, we must define the domain of L more
precisely. In particular, we must carefully specify the boundary conditions to be imposed on
functions included in the Hilbert space domain of L in order to verify properties, such as self-
adjointness, that are critical to understanding the spectrum of L. Indeed, we will see from the
examples given here that the spectrum can be more sensitive to the boundary conditions than
to the operator itself.

The simplest linear differential operator is the derivative D defined by

Df(x) =
d

dx
f(x) (7.80)

for functions that are differentiable on a ≤ x ≤ b, and extended by closure. Now integration
by parts gives

(g,Df) =
∫ b

a

g∗(x)
d

dx
f(x) dx

= [g∗(b)f(b) − g∗(a)f(a)] −
∫ b

a

f(x)
d

dx
g∗(x) dx (7.81)

= −(Dg, f) +B(g, f)

where the boundary term B(g, f), also known as the bilinear concomitant,

B(g, f) ≡ g∗(b)f(b) − g∗(a)f(a) (7.82)

contains the endpoint terms from the integration by parts.
In order to make a self-adjoint operator from D, we first need to fix the minus sign on the

right-hand side of Eq. (7.81). To do this, simply define

P ≡ −iD (7.83)

(the factor −i is chosen so that P can be identified with the usual momentum operator in
quantum mechanics for appropriate boundary conditions). Then we need to choose boundary
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conditions on the values of the functions at the endpoints to make the boundary term B(g, f)
vanish identically. This can be arranged by imposing the periodic boundary condition

f(b) = f(a) (7.84)

With this boundary condition, P is a self-adjoint operator on L2(a, b).
Remark. More generally, it is sufficient to require

f(b) = αf(a) (7.85)

with |α| = 1. Thus α has the form α = exp(2πiξ) and there is a continuous family Pξ

(0 ≤ ξ ≤ 1) of self-adjoint extensions of the linear operator −iD. Which extension is ap-
propriate for a particular physical problem must be determined by the physics. The boundary
condition (7.84), corresponding to α = 1, is most often physically correct, but there are
fermionic systems for which (7.85) with α = −1 is relevant. �

With the periodic boundary condition (7.84), P has a complete orthonormal system
{φn(x)} of eigenvectors given by

φn(x) =
1√
b− a

exp
(

2nπix
b− a

)
(7.86)

(n = 0,±1,±2, . . .) belonging to eigenvalues

λn =
2nπ
b− a

(7.87)

This analysis must be modified if a → −∞ or b → ∞. P is already self-adjoint
on L2(−∞,∞); the boundary term B(g, f) vanishes automatically, since f(x) → 0 for
x → ±∞. But the discrete eigenvalues merge into a continuous spectrum, and the complete
orthonormal system (7.86) of eigenvectors must be replaced by a continuous resolution of the
identity (see Exercise 7.2). On a semi-infinite interval (L2(0,∞) for example) the behavior of
P is more complicated; see Problem 12.

Exercise 7.3. Consider the linear operator Pξ defined by

Pξ φ(x) ≡ 1
i

d

dx
φ(x)

for differentiable functions φ(x) in L2[−π, π] that satisfy the boundary condition

φ(π) = e2πiξ φ(−π)

with ξ real. Find the eigenvalues of Pξ, and construct a complete orthonormal system of
eigenvectors. Then characterize the domain of the closure of Pξ in terms of these eigenvectors.
Is Pξ self-adjoint for any (real) ξ? �
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7.4.2 Second-Order Linear Differential Operators

The general second-order linear differential operator on L2(a, b) has the form

L = p(x)
d2

dx2
+ q(x)

d

dx
+ r(x) (7.88)

Here integration by parts gives

(g,Lf) =
∫ b

a

g∗(x)L[f(x)]dx =
∫ b

a

(L̃[g(x)])∗f(x)dx+B(g, f) (7.89)

where the adjoint differential operator L̃ is defined by

L̃[g(x)] =
d2

dx2
[p∗(x)g(x)] − d

dx
[q∗(x)g(x)] + r∗(x)g(x) (7.90)

and the boundary term is given by

B(g, f) = p(x) [g∗(x)f ′(x) − g′∗(x)f(x)]
∣∣b
a

+ g∗(x) [q(x) − p′(x)] f(x)
∣∣b
a

(7.91)

For L to be symmetric (L̃ = L) we have the requirements:

(i) p∗(x) = p(x) (p(x) must be real),

(ii) p′(x) = Re q(x) and

(iii) Im q′(x) = 2 Im r(x).
If these conditions are satisfied, then L has the form

L =
d

dx

[
p(x)

d

dx

]
+ iξ(x)

d

dx

[
ξ(x) ·

]
+ s(x) (7.92)

with p(x), ξ(x) =
√

Im q(x) and s(x) = Re r(x) real functions. The term containing ξ(x)
is absent if the operator L is real, which is often the case in practice.

To consider the boundary term let us suppose that L is real, to simplify the discussion.
Then we have p′(x) = q(x) and the boundary term is simply

B(g, f) = p(x) [g∗(x)f ′(x) − g′∗(x)f(x)]
∣∣∣∣
b

a

(7.93)

If p(x) = 0 at an endpoint, the differential equation is singular at the endpoint, but we can
require that the solution be regular at that endpoint, which eliminates the contribution of that
endpoint to the boundary term. If p(x) �= 0 at the endpoint x = τ (τ = a, b), then the
endpoint contribution to B(g, f) from x = τ will vanish if both f(x) and g(x) satisfy a
boundary condition of the form

cf(τ ) + c′f ′(τ ) = 0 (7.94)

with c, c′ being constants, one of which may vanish.
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The operator L in the form

L =
d

dx

[
p(x)

d

dx

]
+ s(x) (7.95)

is a Sturm–Liouville operator, and the boundary conditions required to make L self-adjoint
are precisely those encountered in physical systems governed by the Laplace equation or the
wave equation, as will be seen shortly.

Remark. Note that the differential operator L can be multiplied by a function ρ(x) without
changing the solutions to the differential equation. Thus an operator that is not symmetric at
first sight may in fact be converted to one which is by an inspired choice of multiplying factor
ρ(x). For examples, see Problems 13 and 14. �

One important tool to analyze the spectrum of a Sturm–Liouville operator L, or any linear
differential operator for that matter, is to find, or prove the existence of, a linear integral
operator K such that LK = 1. For if the integral operator K is compact (which it certainly
will be if the domain of integration is bounded) and normal, then it has a complete orthonormal
system of eigenvectors belonging to discrete eigenvalues λn, and these eigenvectors will also
be eigenvectors of L, with eigenvalues 1/λn. We now turn to the study of integral operators.

7.5 Linear Integral Operators; Green Functions

7.5.1 Compact Integral Operators

Consider the function space L2(Ω) with Ω being a bounded region in Rn (often Ω is just an
interval [a, b] in one dimension). Suppose K(x, y) is a function on Ω × Ω such that

‖K‖2 =
∫

Ω

∫

Ω

|K(x, y)|2 dx dy <∞ (7.96)

Then corresponding to K(x, y) is a linear operator K on L2(Ω) defined by

g(x) ≡ (Kf)(x) =
∫

Ω

K(x, y)f(y) dy (7.97)

K is an integral operator; K(x, y) is the kernel 7 corresponding to K. The condition (7.96)
insures that K is a Hilbert–Schmidt operator, and hence compact.

Remark. Other operators can be expressed as integral operators, even if they do not satisfy
the condition (7.96). For example, the identity operator 1 can be represented as an integral
operator with kernel

K(x, y) = δ(x− y) (7.98)

where δ(x−y) is the Dirac δ-function, even though this kernelK(x, y) does not satisfy (7.96),
and the representation is valid only on the linear manifold of functions that are continuous on

7The term “kernel” introduced here is not to be confused with the kernel of an operator introduced in Chapter 2
as the linear manifold transformed into the zero vector by the operator. The double usage is perhaps unfortunate, but
confusion can be avoided by paying attention to context.
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Ω. Note, however that this manifold is dense in L2(Ω). Integral operators are also useful when
defined on unbounded regions, when (7.96) need not be satisfied even by bounded continuous
kernels K(x, y). �

The adjoint operator K† is given by

(K†f)(x) =
∫

Ω

K∗(y, x)f(y) dy (7.99)

which corresponds to the expression for the matrix elements of the adjoint operator given in
Eq. (2.2.88). Thus K is self-adjoint if and only if

K(y, x) = K∗(x, y) (7.100)

almost everywhere.
If K is self-adjoint, and compact due to condition (7.96), then we know that it has a com-

plete orthonormal system {φn(x)} of eigenvectors belonging to discrete real eigenvalues, and
the sequence {λn} of eigenvalues converges to zero. This leads to the formal representation

K(x, y) =
∑

n

λnφn(x)φ∗n(y) (7.101)

which is valid in the sense of strong L2(Ω × Ω) convergence.
Somewhat stronger results can be derived if the kernel K(x, y) is continuous, or even if

the iterated kernel

K2(x, y) ≡
∫

Ω

K(x, z)K(z, y) dz (7.102)

which corresponds to the operator K2, is a continuous function of x in Ω for fixed y, or even
if K2(x, x) is continuous in x. In that case

K2(x, y) =
∑

n

λ2
nφn(x)φ∗n(y) (7.103)

is uniformly convergent in Ω × Ω, and any function g(x) in the range of K has an expansion

g(x) =
∑

n

cnφn(x) (7.104)

that is uniformly convergent in Ω.
These results follow from the continuity of K2(x, y), which implies that eigenvectors

{φn(x)} of K belonging to nonzero eigenvalues are continuous functions of x. To see this,
suppose Kφ = λφ with λ �= 0. Then

λφ(x) =
∫

Ω

K(x, y)φ(y) dy (7.105)

and

λ [φ(x) − φ(x′)] =
∫

Ω

[K(x, y) −K(x′, y)]φ(y) dy (7.106)
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The Schwarz inequality then gives

λ2 |φ(x) − φ(x′)|2 ≤ ‖φ‖2

∫

Ω

|K(x, y) −K(x′, y)|2 dy (7.107)

and the right-hand side is continuous, hence vanishes when x→ x′.
Equation (7.101) gives the expansion ofK(x, y) with respect to the complete orthonormal

system {φm(x)φ∗n(y)} on Ω × Ω. Expansion in terms of y alone has the form

K(x, y) =
∑

n

fn(x)φ∗n(y) (7.108)

when fn(x) = λnφn(x) follows from the fact that the {φn(y)} are eigenvectors of K. Then
also

K2(x, x) =
∫

Ω

|K(x, y)|2 dy =
∑

n

λ2
n |φn(x)|2 (7.109)

and the convergence is uniform since the limit is continuous.8 The uniform convergence in
Eq. (7.103) then follows using the Schwarz inequality again.

7.5.2 Differential Operators and Green Functions

Now suppose L is a self-adjoint linear differential operator with boundary conditions that
allow L to be defined as a self-adjoint operator on L2(Ω). If λ is a real constant not in the
spectrum of L, consider the inhomogeneous equation

(L − λ1)u(x) = f(x) (7.110)

The solution to Eq. (7.110) has the general form

u(x) =
∫

Ω

Gλ(x, y)f(y) dy (7.111)

where Gλ(x, y), the Green function for (L − λ1), is the solution of the formal differential
equation

(L − λ1)xGλ(x, y) = δ(x− y) (7.112)

satisfying the appropriate boundary conditions when x is on the boundary of Ω. That the
solution has the form (7.111) is clear from the linearity of L, and Eq. (7.112) is a formal
expression of the linearity.

What is less obvious, but also true, is that Gλ(x, y) satisfies the symmetry condition

Gλ(x, y) = G∗
λ(y, x) (7.113)

8This is Dini’s theorem in real analysis.
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This is plausible, since Gλ(x, y) is the kernel of an integral operator Gλ that is the inverse of
a self-adjoint operator (L−λ1). Rather than give a more rigorous proof, we will illustrate the
construction of the Green function Gλ(x, y) for various differential operators in the examples
and problems.

The main significance of the existence of the self-adjoint inverse Gλ of L−λ1 is that Gλ is
compact so long as the region Ω is bounded. Hence it has a complete orthonormal system {φn}
of eigenvectors, with corresponding discrete eigenvalues {γn} forming a sequence converging
to zero. Then the differential operator L − λ1 has the same eigenvectors, with

(L− λ1)φn = (1/γn)φn (7.114)

and L itself has the same eigenvectors {φn}, with eigenvalues

λn = λ+
1
γn

(7.115)

obtained directly from the eigenvalues of Gλ. The consequences of this discussion are impor-
tant enough to state them as a formal theorem:

Theorem 7.3. Let L be a self-adjoint linear differential operator on the space L2(Ω), with Ω
a bounded region. Then

1. L has a complete orthonormal system {φn} of eigenvectors belonging to discrete eigen-
values {λn} such that the sequence {1/λn} converges to zero; hence the sequence {λn} is
unbounded.

2. For every λ not in the spectrum of L, the inhomogeneous equation (7.110) has the
solution

f(x) = (L − λ1)−1u(x) =
∫

Ω

Gλ(x, y)f(y) dy (7.116)

with Green function Gλ(x, y) in L2(Ω × Ω). The Green function has the expansion

Gλ(x, y) =
∑

n

φn(x)φ∗n(y)
λn − λ

(7.117)

in terms of the normalized eigenvectors {φn} of L.

Example 7.9. Consider the differential operator

∆ ≡ d2

dx2
(7.118)

on L2(0, 1), defined on functions u(x) that satisfy the boundary conditions

u(0) = 0 = u(1) (7.119)

These boundary conditions define ∆ as a self-adjoint linear operator (other self-adjoint
boundary conditions appear in Problem 15). Since λ = 0 is not an eigenvalue of ∆ (show
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this), we can find the Green function G0(x, y) for ∆ with these boundary conditions as a
solution of

∂2

∂x2
G0(x, y) = −δ(x− y) (7.120)

(the minus sign here is conventional), with

G0(0, y) = 0 = G0(1, y) (7.121)

For x �= y, Eq. (7.120) together with symmetry requires

G(x, y) =

{
ax(1 − y) x < y

a(1 − x)y x > y
(7.122)

while as x→ y, it requires

lim
ε→0+

{[
∂G0

∂x

]

x=y+ε

−
[
∂G0

∂x

]

x=y−ε

}
= −1 (7.123)

Thus we need a(1 − y) + ay = 1, whence the constant a = 1.
For λ = −k2 �= 0, the Green function Gλ(x, y) must satisfy

(
∂2

∂x2
+ k2

)
Gλ(x, y) = −δ(x− y) (7.124)

with the same boundary conditions as above. Then we have

Gλ(x, y) =

{
A sin kx sin k(1 − y) x < y

A sin k(1 − x) sin ky x > y
(7.125)

and the condition (7.123) now requires

Ak [cos ky sin k(1 − y) + cos k(1 − y) sin ky] = Ak sin k = 1 (7.126)

This uniquely determines A if sin k �= 0, and we have

Gλ(x, y) =






sin kx sin k(1 − y)
k sin k

x < y

sin k(1 − x) sin ky
k sin k

x > y

(7.127)

when sin
√
−λ �= 0.

Remark. Note that the eigenvalues of ∆ have the form

λn = −n2π2 (7.128)
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with corresponding normalized eigenfunctions

φn(x) =
√

2 sinnπx (7.129)

(n = 1, 2, . . .). Thus sin k = 0 corresponds to a value of λ in the spectrum of ∆, except for
the case λ = 0 (k = 0) which is not an eigenvalue for the boundary condition given here.
Note also that

lim
λ→0

Gλ(x, y) = G0(x, y) (7.130)

The expansion (7.117) then implies
∞∑

n=1

sinnπx sinnπy
n2π2 − k2

=
sin kx sin k(1 − y)

2k sin k
(7.131)

for x < y, with the corresponding result for x > y obtained by interchanging x and y. An
independent verification of this result follows from the integral

∫ 1

0

Gλ(x, y) sinnπy dy =
sinnπx
n2π2 − k2

(7.132)

which is obtained by a straightforward but slightly long calculation. �
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Problems

1. Let {φn} (n = 1, 2, . . .) be a complete orthonormal system in the (infinite-dimensional)
Hilbert space H. Consider the operators Uk defined by

Ukφn = φn+k

(k = 1, 2, . . .).

(i) Give an explicit form for U†
k.

(ii) Find the eigenvalues and eigenvectors of Uk and U†
k.

(iii) Discuss the convergence of the sequences {Uk}, {U†
k}, {U†

kUk}, {UkU
†
k}.

2. Let {φn} (n = 1, 2, . . .) be a complete orthonormal system in H, and define the linear
operator T by

Tφn ≡ nφn+1 (n = 1, 2, . . .)

(i) What is the domain of T?

(ii) How does T† act on {φ1, φ2, . . .}? What is the domain of T†?

(iii) Find the eigenvalues and eigenvectors of T.

(iv) Find the eigenvalues and eigenvectors of T†.

3. Let {φn} (n = 0,±1,±2, . . .) be a complete orthonormal set in the Hilbert space H.
Consider the operator A defined by

Aφn = a(φn+1 + φn−1)

(i) Is A bounded? compact? self-adjoint?

(ii) Find the spectrum of A.

Hint. Try to find an explicit representation of A on the function space L2(−π, π).

4. Suppose we add a “small” perturbation to the operator A in the preceding problem. Let

B ≡ A + V ≡ A + ξP0

where P0 projects onto the linear manifold spanned by φ0, and ξ is a real constant that
may be either positive or negative.

(i) Is B bounded? compact? self-adjoint?

(ii) Find the spectrum of B.

5. Let {φn} (n = 0,±1,±2, . . . ) be a complete orthonormal set in the Hilbert space H.
Consider the operators UN defined by

UNφn = φn+N
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(N = ±1,±2, . . . ). These are not the same operators as in Problem 1, since the range of
indices on the complete orthonormal system is different!

(i) Give an explicit form for U†
N .

(ii) Is UN bounded, compact, unitary?

(iii) Find the spectra of UN and U†
N .

(iv) Find a unitary operator SN such that U†
N = SNUNS†

N . Is SN unique?

(v) Discuss the convergence of the sequences {UN}, {U†
N}, {U†

NUN} and {UNU†
N}

in the limit N → ∞.

Hint. Again, try to find an explicit representation of U on the function space L2(−π, π).

6. Consider the three-dimensional Lie algebra spanned by the linear operators Ā, A and 1,
satisfying the commutation relations

[A,1] = 0 = [Ā,1], [A, Ā] = 1

Remark. Strictly speaking, the last commutator should be written as
[
A, Ā

]
⊂ 1

since the domain of the commutator cannot be the entire space H. There is a general
theorem, which we will not prove here, that if [B,C] is a constant, then B and C must
be unbounded. Note that the results found here are consistent with the theorem. �

(i) Show that the operator N ≡ ĀA satisfies the commutation relations

[N,A] = −A,
[
N, Ā

]
= Ā

(ii) Suppose φλ is an eigenstate of N with Nφλ = λφλ. Show that

N(Aφλ) = (λ− 1)Aφλ

N(Āφλ) = (λ+ 1)Āφλ

Remark. Thus Ā and A are ladder operators (or raising and lowering operators for
N, since they raise (Ā) or lower (A) the eigenvalue of N by 1. In a quantum mechanical
context, N is an operator representing the number of quanta of some harmonic oscillator
or normal mode of a field (the electromagnetic field, for example), in which case the
operators represent creation (Ā) and annihilation (A) operators for the quanta. �

(iii) Since N ≥ 0, the lowest eigenvalue of N must be λ = 0, and thus the eigenvalues
of N are λ = 0, 1, 2, . . ., with unit eigenvectors φn corresponding to λ = n. Show that

‖Aφn‖ =
√
n, ‖Āφn‖ =

√
n+ 1

and then that phases can be chosen so that

Aφn =
√
n φn−1, Āφn =

√
n+ 1 φn+1
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Remark. The creation and annihilation operators introduced in this problem satisfy
commutation rules, and the quanta they create obey Bose–Einstein statistics. Hence they
are known as bosons. In our world, there are also spin-1

2 particles (electrons, protons,
neutrons, quarks, etc.) for which the number of quanta present in a specific state can only
be zero or 1 (this is often stated as the Pauli exclusion principle). These particles obey
Fermi–Dirac statistics, and hence are known as fermions. A formalism that incorporates
the Pauli principle introduces creation and annihilation operators for fermions that sat-
isfy anticommutation rules, rather than the commutation rules for boson operators—see
Problem 8. �

7. Suppose A is a linear operator whose commutator with its adjoint is given by
[
A,A†] ≡ AA† − A†A = 1

as in the preceding problem (where Ā is identified with A†).

(i) Show that A has a normalized eigenvector ψα for any complex number α, and find
the expansion of the ψα in terms of the φn.

(ii) Show that any vector x in H can be expanded in terms of the normalized φα as

x =
∫

ψα (ψα, x) ρ(α) d2α

for suitable weight function ρ(α), and find ρ(α).

Remark. As noted above, N corresponds in quantum theory to the number of quanta of
some harmonic oscillator, and A and A† act as annihilation and creation operators for the
quanta. The eigenvectors ψα are coherent states of the oscillator, corresponding in some
sense to classical oscillations with complex amplitude α. See the quantum mechanics
books cited in the notes for more discussion of these states. �

(iii) Find the eigenvectors of A†.

8. Let a†σ, aσ be the creation and annihilation operators for a spin-1
2 fermion in spin state σ

[σ = ±1
2 , or spin up (↑) and spin down (↓)]. These satisfy the anticommutation rules

{a†α, aβ} = a†αaβ + aβa
†
α = δαβ1

{a†α, a
†
β} = 0 = {aα, aβ}

(i) Show that the number operator

Nα ≡ a†αaα

satisfies
[
Nα, a

†
]

= −δαβaβ ,
[
Nα, a

†
β

]
= δαβa

†
β

(ii) Show that Nα has eigenvalues 0, 1.
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Remark. Hence the Pauli exclusion principle follows from the anticommutation rules. �

(iii) From (ii) it follows that a basis for the fermion states is the set

|0〉 | ↑ 〉 ≡ a†↑|0〉 | ↓ 〉 ≡ a†↓|0〉 | ↑↓ 〉 ≡ a†↑| ↓ 〉

Write down the matrices representing the operators aα, a†α, and Nα in this basis.

Remark. Both here and in Problem 6, the creation and annihilation operators are those
for a single mode of the relevant particle. For physical particles, there are many modes,
labeled by momentum, energy and other possible quantum labels, and we will have cre-
ation and annihilation operators defined for each such mode. �

9. Let {Ak} and {Bk} be two sequences of operators on the (infinite-dimensional) Hilbert
space H such that

{Ak} → A and {Bk} → B

(i) Show that {AkBk} → AB.

(ii) If {Ak} → A and {Bk} ⇀ B, what can you say about the convergence of the
sequence {AkBk}?

(iii) If {Ak} ⇀ A and {Bk} ⇀ B, what can you say about the convergence of the
sequence {AkBk}?

10. Consider a pair of operators Q and P that satisfy the commutation rules

[Q,P] ≡ QP − PQ = ε1

Remark. Again, this should be written [Q,P] ⊂ ε1 to be precise. �

(i) Show that

[Q,Pn] = nεPn−1

[Qn,P] = nεQn−1

(ii) Show that if A, B are two operators that are polynomials in Q and P, then we have

[A,B] = ε

{
∂A
∂Q

∂B
∂P

− ∂B
∂Q

∂A
∂P

}

to lowest order in ε.

11. Consider the linear operator

P ≡
[
1
i

d

dx

]



Problems 349

defined on L2(−π, π) (here the bracket [ ] denotes the closure of the operator). The
functions φn(x) ≡ einx/

√
2π (n = 0,±1,±2, . . .) are eigenvectors of P, with

Pφn(x) = nφn(x)

However, it also appears that the functions

φλ(x) ≡
1√
2π

eiλx

are eigenvectors of P for any complex λ. This seems puzzling, since we know from the
theory of Fourier series that the {φn(x)} with integer n form a complete orthonormal
system of eigenvectors of P. To clarify the puzzle, first calculate the coefficients cn(λ)
in the expansion

φλ(x) =
∞∑

n=−∞
cn(λ)φn(x)

Then find the expansion of Pφλ(x). Is this the expansion of a vector in the Hilbert
space? Explain and discuss.

12. The linear operator

A =
[
1
i

d

dx

]

is symmetric on L2(0,∞) when restricted to functions f(x) for which f(0) = 0. How-
ever, A† is defined on a larger domain, whence A ⊂ A†, and A need not be self-adjoint.

(i) Show that A has eigenvectors fα(x) = exp(iαx) that are in L2(0,∞) for any α in
the upper half α-plane (Im α > 0).

Remark. This shows that A cannot be self-adjoint, since a self-adjoint operator has
only real eigenvalues. �

(ii) Find formal eigenvectors of the operator

Aκ ≡ A − iκ

x

corresponding to eigenvalues α in the upper half α-plane. For what values of κ are these
eigenvectors actually in L2(0,∞)?

Remark. The operators Aκ satisfy the commutation rule [Aκ, x] ⊂ 1 for any κ. This
commutator is required in quantum mechanics of an operator corresponding to the mo-
mentum conjugate to the coordinate x, which might be a radial coordinate in spherical
or cylindrical coordinates, for example. Quantum mechanical operators corresponding
to observables must also be strictly self-adjoint, and not merely symmetric. Hence the
naive choice of A = A0 as the momentum conjugate to the radial coordinate does not
work, and a suitable Aκ must be used instead. The reader is invited to decide which Aκ

might be appropriate in spherical or cylindrical coordinates. �
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13. (i) Under what conditions on the parameters a, b, c is the differential operator

L = x(x− 1)
d2

dx2
+ [(a+ b+ 1)x− c]

d

dx
+ ab

in the hypergeometric equation (5.5.A13) symmetric, and self-adjoint in L2(0, 1)?

(ii) Under what conditions is there a function ρ(x) such that ρ(x)L is symmetric, and
self-adjoint in L2(0, 1)?

14. (i) Under what conditions on the parameters a and c is the differential operator

L = x
d2

dx2
+ (c− x)

d

dx
− a

in the confluent hypergeometric equation (5.5.B38) symmetric, and self-adjoint in
L2(0,∞)?

(ii) Under what conditions is there a function ρ(x) such that ρ(x)L is symmetric, and
self-adjoint in L2(0,∞)?

15. Consider the operator

∆ ≡ d2

dx2

defined on the (complex) function space L2(−1, 1).

(i) If f and g are two functions that are twice differentiable, compute

B(f, g) ≡ (f,∆g) − (∆f, g)

in terms of the boundary values of f and g at x = ±1.

(ii) Find the complete class of boundary conditions on f and g that lead to a self-adjoint
extension of the operator ∆ to a maximal domain.

(iii) The functions exp(αx) are formal eigenfunctions of ∆ for any complex α. What
values of α are consistent with each of the boundary conditions introduced in part (ii)?
In other words, find the spectrum of ∆ for each boundary condition that defines ∆ as a
self-adjoint operator on L2(−1, 1).

(iv) Find the Green function Gλ(x, y) = (∆−λ1)−1 for each of the self-adjoint bound-
ary conditions introduced in parts (ii) and (iii).
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16. Consider the linear differential operator

K ≡ − d2

dx2
+ x2

defined on L2(−∞,∞).

(i) Show that K is self-adjoint.

(ii) Show that the Hermite functions

hn(x) = CnHn(x)e−
1
2x

2

defined in Problem 6.20 are eigenfunctions of K, and find the corresponding eigenvalues.
Here the Hn(x) are the Hermite polynomials introduced in Chapter 6.

(iii) Find the normalization constants Cn.

Remark. The operator H is obtained by change of variables from the Hamiltonian

H = − �
2

2m
d2

dx2
+
mω2

2
x2

for the one-dimensional quantum mechanical harmonic oscillator (frequency ω). �

17. Consider the linear differential operator

K ≡ − d2

dx2
+

U

cosh2 x

defined on L2(−∞,∞).

(i) Show that K is self-adjoint.

(ii) Introduce the variable ξ = tanhx, and show that the eigenvalue equation for K
is the same as the differential equation for associated Legendre functions introduced in
Exercise 6.8.

(iii) What can you say about the spectrum of K? Consider the cases U > 0 and U < 0
separately.

Remark. The operator K is related to the Hamiltonian for a particle in a potential

V (x) =
V0

cosh2 x

Thus the discrete spectrum of K is related to the existence of bound states in this poten-
tial. Note that there is always at least one bound state in the potential for V0 < 0. This
potential also plays a role of the theory of the KdV equation discussed in Chapter 8. �
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18. The integral operator K on L2(Ω) is separable if its kernel K(x, y) has the form

K(x, y) = α u(x)v(y)

with α being a constant, and u, v functions in L2(Ω).

(i) Show that K has at most one nonzero eigenvalue. Find that eigenvalue and a corre-
sponding eigenvector.

(ii) Under what conditions on α, u, v is K self-adjoint?

More generally, K is degenerate if K(x, y) has the form

K(x, y) =
n∑

k=1

αk uk(x)vk(y)

with α1, . . . , αn constants, {u1, . . . , un} and {v1, . . . , vn} each sets of linearly indepen-
dent functions in L2(Ω).

(iii) Show that K is of finite rank, and characterize the range RK.

(iv) Show that the nonzero eigenvalues of K are determined by finding the eigenvalues
of a finite-dimensional matrix; give explicit expressions for the elements of this matrix.



8 Partial Differential Equations

Ordinary differential equations describe the evolution of a curve in a manifold as a variable,
often understood as time, increases. A common example is the evolution of the coordinates
in the phase space of a Hamiltonian dynamical system according to Hamilton’s equations of
motion. However, there are many physical variables that are described by functions, often
called fields, defined on a manifold of space and time coordinates. The evolution of these
variables is described by equations of motion that involve not only time derivatives, but also
spatial derivatives of the variables. Such equations involving derivatives with respect to more
than one variable are partial differential equations.

A linear first order partial differential equation of the form

n∑

k=1

vk(x)
∂u

∂xk
= −→v · −→∇u = f(x)

can be analyzed using geometrical methods as introduced in Chapter 3. The equation de-
termines the evolution of the function u(x) along the lines of flow of the vector field v, the
characteristics of the equation. A particular solution is defined by specifying the values of the
function u(x) on a surface that intersects each of the lines of flow of the vector field v exactly
once.

Many equations of physics are second-order linear equations for which the Hilbert space
methods introduced in Chapter 7 are especially useful. Maxwell’s equations for the electro-
magnetic field and the nonrelativistic Schrödinger equation for a particle moving in a potential
are two examples of such equations that involve the Laplacian operator

∆ ≡ ∇2 ≡
(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)

The boundary conditions needed to make the Laplacian a self-adjoint linear operator in a
Hilbert space are derived, and the spectrum of the Laplacian determined for some examples.

Green functions, representing the solution due to a point source with homogeneous bound-
ary conditions on the surface of some region are introduced. They are then used to construct
formal solutions of Laplace’s equation

∆u = 0

with inhomogeneous boundary conditions, and the related Poisson’s equation

∆u = −4πρ
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To construct the Green functions requires knowledge of solutions to the eigenvalue equation

∆u = λu

(and thus of the spectrum of the Laplacian). This equation is closely related to the Helmholtz
equation

(∆ + κ2)u = −4πρ

that appears in the analysis of wave equations for waves with a definite frequency. The method
of choice for finding the spectrum of the Laplacian is the method of separation of variables,
which is feasible in various coordinate systems. This method is based on seeking solutions to
the eigenvalue equation that are expressed as products of functions, each depending on only
one of the coordinates. These functions then satisfy ordinary differential equations in a singe
coordinate. For the coordinate systems in which Laplace’s equation is separable, many of
the ordinary differential equations that arises are closely related to the hypergeometric and
confluent hypergeometric equations studied in Chapter 5.

Equations of motion that involve both time derivatives and the Laplacian are introduced.
The diffusion equation (or heat equation)

∂χ

∂t
= a∇2χ

describes the evolution of the temperature distribution in a heat conducting material, for ex-
ample. A general solution to this equation, given a fixed set of initial conditions, is based on
the eigenvalues and eigenfunctions of the Laplacian; one key result is that solutions to this
equation decrease exponentially in time with time constant depending on the spectrum of the
Laplacian.

The Schrödinger equation

i�
∂ψ

∂t
= Hψ

governs the time development of the state vector ψ of a quantum mechanical system with
Hamiltonian H. States of definite energy E satisfy the eigenvalue equation Hψ = Eψ; hence
finding the spectrum of the Hamiltonian is a critical problem. We discuss the solutions for
the problem of a charged particle (for example, an electron) moving in the Coulomb field of a
point charge (an atomic nucleus, for example).

Two second-order equations of interest are the wave equation
(
∇2 − 1

c2
∂2

∂t2

)
φ = −4πρ

satisfied by the amplitude φ of a wave from a source ρ propagating with speed c. We look
at Green functions corresponding to retarded and advanced boundary conditions; these are
obtained from the same Fourier transform by choosing different contours in the complex fre-
quency plane for the Fourier transform that returns from frequency space to real time. We also
look at the multipole expansion for the radiation from a known source.
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Finally, we introduce the Klein–Gordon equation
[

1
c2
∂2

∂t2
−∇2 +

(mc
�

)2]
φ = 0

which is a relativistic wave equation for a free particle of mass m, although we pay more
attention to nonlinear variations of this equation than to the Klein–Gordon equation itself.

Nonlinear partial differential equations are increasingly important as linear systems have
been more thoroughly studied. We begin with a look at a quasilinear first-order equation

∂u

∂t
+ s(u)

∂u

∂x
= 0

that describes wave propagation with speed s(u) that depends on the amplitude of the wave.
We analyze this equation using the method of characteristics, and see how shock waves can
arise when characteristics join together. Addition of a dispersive term proportional to the third
derivative of the wave amplitude leads to the Kortweg–deVries (KdV) equation

∂u

∂t
+ 6u

∂u

∂x
+
∂3u

∂x3
= 0

This equation has solutions that can be characterized as solitary waves, or solitons—these are
sharply peaked pulses that propagate with speed proportional to their height, and also with
a width that decreases for taller pulses. Even more remarkable, though we do not derive the
results here, is the fact that these pulses can propagate, passing through other pulses, with form
unchanged after the interaction. There is also an infinite set of conservation laws associated
with solutions to the KdV equation; again we refer the reader to other sources for the details.

The Klein–Gordon equation augmented by a cubic nonlinear term corresponds to an equa-
tion of motion for an interacting classical relativistic field. While the equation is generally
difficult to study, it happens that in one space dimension there are solitary waves that appear
to be similar to the solitons of the KdV equation. But the shape of these pulses is altered by
interaction with other pulses, and there is no infinite set of conservation laws.

Another variation on the Klein–Gordon equation is derived from a potential

U(φ) = λv4

[
1 − cos

(
φ

v

)]
= 2λv4 sin2

(
φ

2v

)

This leads to the equation of motion

∂2φ

∂t2
− ∂2φ

∂x2
= −λv3 sin

(
φ

v

)

that is known as the sine-Gordon equation. This equation appears in several branches of
physics. Here we note that it has shares many features with the KdV equation; it has solitonic
solutions that can pass through each other without distortion, and there is an infinite set of
conservation laws.

In Appendix A, we describe the basic ideas of how classical field theories are derived
from a Lagrangian density, with symmetries such as Lorentz invariance incorporated in the
Lagrangian.
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8.1 Linear First-Order Equations

The general linear first order partial differential equation on an n-dimensional manifold M
has the form

n∑

k=1

vk(x)
∂u

∂xk
= −→v · −→∇ = f(x) (8.1)

If the coefficients vk(x) are well-behaved functions on M, they form the components of a
vector field v, and Eq. (8.1) defines the rate of change of u(x) along the integral curves of v.
Thus Eq. (8.1) becomes

du

dλ
= f(x(λ)) (8.2)

along each integral curve of v. To generate a solution of Eq. (8.1) valid on the entire manifold
M except possibly at singular points of v, we need to specify the values of u on an (n − 1)-
dimensional surface through which every integral curve of v passes exactly once.

Remark. The integral curves of v are characteristics of Eq. (8.1), and the method outlined
here of finding solutions to Eq. (8.1) is the method of characteristics. This method transforms
the partial differential equation into a set of ordinary differential equations—first to deter-
mine the characteristic curves, and then to evaluate the projection of the solution along each
characteristic curve. �

Example 8.1. The simplest linear first-order equation is

∂u

∂t
+ s

∂u

∂x
= 0 (8.3)

where s is a constant. Here u = u(x, t) describes a wave that propagates in one space
dimension with speed s. Equation (8.3) is obtained from the usual second-order wave
equation by restricting solutions to waves that propagate only in one direction, here the
positive X-direction.

If we begin with the amplitude

u(x, 0) = ψ(x) (8.4)

at t = 0, then the solution to Eq. (8.3) that develops from this initial condition is exactly

u(x, t) = ψ(x− st) (8.5)

Thus Eq. (8.3) describes propagation of the initial wave form ψ(x) with constant speed s
in the X-direction.

The characteristic curves of Eq. (8.3) are straight lines of the form

x− st = ξ (8.6)
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and a typical surface on which to specify the value of u is t = 0. With coordinates
ξ = x− st and τ = t, Eq. (8.3) is simply

du

dτ
= 0 (8.7)

with solution u(ξ, τ) = ψ(ξ) as already noted.
The inhomogeneous equation corresponding to Eq. (8.3) is

∂u

∂t
+ s

∂u

∂x
= f(x, t) (8.8)

In terms of the variables ξ, τ this equation is

∂u

∂τ
= f(ξ + sτ, τ ) (8.9)

and the solution with u(x, 0) = ψ(x) is

u(x, t) = ψ(x− st) +
∫ t

0

f [x− s(t− τ ), τ ] dτ (8.10)

Thus the initial condition is propagated along each characteristic curve; there is also a
contribution from sources at points looking backward in time along the characteristic.

Exercise 8.1. Consider the linear partial differential equation

∂u

∂t
+

n∑

k=1

sk
∂u

∂xk
= f(x, t) (8.11)

with constant coefficients {sk}, on a manifold with n spatial coordinates x = (x1, . . . , xn)
and a time coordinate t. Find the solution to this equation corresponding to the initial condition
u(x, 0) = ψ(x), and give a physical interpretation of this solution. �

If we can express the initial condition in Example 8.1 as a Fourier integral

ψ(x) =
∫ ∞

−∞
χ(k)eikx dk (8.12)

then the solution (8.5) is given by

u(x, t) =
∫ ∞

−∞
χ(k)eikx−iωt dk (8.13)

Here

ω = 2πf = ks (8.14)

is the (angular) frequency (the usual frequency is f ) corresponding to wave vector k = 2π/λ
(λ is the wavelength). The relation (8.14) between ω and k is generally determined by the
physics leading to Eq. (8.3); it is often called a dispersion relation. A strictly linear relation
between ω and k, corresponding to a speed of propagation independent of ω, is unusual—
except for electromagnetic waves propagating in vacuum, ω cannot be exactly linear in k.
However, the speed of propagation may vary slowly enough over the range of k contained in
the initial amplitude that the approximation of constant speed is reasonable.
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To go beyond the approximation of constant speed, we can expand the expression for
ω = ω(k) as a power series,

ω = ks(1 − α2k2 + · · · ) (8.15)

where α is a constant. Note that the dispersion relation (8.15) can only be valid for kα < 1; it
is a long-wavelength (λ > 2πα) approximation. However, it leads to a wave equation

∂u

∂t
+ s

∂u

∂x
+ sα2 ∂

3u

∂x3
= 0 (8.16)

that involves a third order partial derivative. Nevertheless, the solution is straightforward;
starting from an initial condition (8.12), we have the solution given by a Fourier integral

u(x, t) =
∫ ∞

−∞
χ(k)eikx−iω(k)t dk (8.17)

with ω(k) given by Eq. (8.15). Equation (8.16) is a linear version of the Kortweg–deVries
equation that will appear in nonlinear form in Section 8.4.

Equation (8.17) is the most general expression for a linear wave propagating in one direc-
tion, although it does not arise from a linear partial differential equation unless the dispersion
relation for ω(k) is a polynomial in k. The energy associated with such a wave is typically
quadratic in the amplitude u(x, t) and its derivatives, or proportional to an integral of |χ(k)|2
times a polynomial in k2. Thus a solution of finite energy cannot be a pure plane wave, but
must be a superposition of plane waves integrated over some finite interval in k.

Suppose |χ(k)|2 is sharply peaked around some value k0, so that we can expand

ω(k) � ω(k0) +
dω

dk

∣∣∣∣
k=k0

(k − k0) (8.18)

Then the solution (8.17) can be approximated as

u(x, t) � eik0x−iω0t

∫ ∞

−∞
χ(k)ei(k−k0)(x−vgt) dk (8.19)

Such a solution is called a wave packet. It can be understood as a phase factor propagating
with speed vph = ω0/k0 (the phase velocity) times the integral, which propagates with speed

vg =
dω

dk

∣∣∣∣
k=k0

(8.20)

Here vg is the group velocity; it is the speed with which energy and information in the wave
are transmitted.

Linear waves described by the standard second-order wave equation are treated later in
Section 8.3.2. Nonlinear waves are described by generalizations of Eq. (8.3) in which the
wave speed depends also on the amplitude of the wave. Some examples of these are analyzed
in Section 8.4.
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8.2 The Laplacian and Linear Second-Order Equations

8.2.1 Laplacian and Boundary Conditions

Much of the physics of the last two centuries is expressed mathematically in the form of linear
partial differential equations. Laplace’s equation

∆u ≡ ∇2u =
(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)
u = 0 (8.21)

and its inhomogeneous version (Poisson’s equation)

∇2u = −4πρ (8.22)

describe many physical quantities—two examples are the electrostatic potential u(r) due to a
fixed distribution ρ(r) of charge and the temperature distribution u(r) of a system in thermal
equilibrium with its surroundings. The factor 4π is conventional.

The linear operator ∆ (or ∇2) is the Laplace operator, or simply Laplacian. Is the
Laplacian a self-adjoint linear operator? From the discussion of differential operators in Sec-
tion 7.5.2, we expect the answer depends critically on the boundary conditions imposed on
the solutions to Eqs. (8.21) or (8.22). Suppose we seek solutions in a region Ω bounded by a
closed surface S. Integration by parts gives

(v,∆u) =
∫

Ω

v∗
(
∇2u

)
dΩ = −

∫

Ω

(
∇v∗

)
·
(
∇u
)
dΩ+

∫

S

v∗ n̂ ·
(
∇u
)
dS (8.23)

where n̂ is the normal to the surface S directed outward from the region Ω. A second integra-
tion by parts gives

∫

Ω

v∗∇2u dΩ =
∫

Ω

(
∇2v∗

)
u dΩ +

∫

S

[
v∗ n̂ ·

(
∇u
)
− u n̂ ·

(
∇v∗

)]
dS (8.24)

Equation (8.24) is Green’s theorem. It follows that ∆ is a self-adjoint operator if the boundary
conditions on the solutions insure that the surface integral in Eq. (8.24) vanishes automatically.

One boundary condition that makes ∆ self-adjoint is the Dirichlet condition

u(r) = v(r) = 0 on S. (8.25)

For example, this boundary condition is appropriate for the electrostatic potential on a con-
ducting surface, in order to have no current flow along the surface. Another boundary condi-
tion that makes ∆ self-adjoint is the Neumann condition

n̂ · ∇u(r) = n̂ · ∇ v(r) = 0 on S. (8.26)

This condition is physically relevant for the temperature distribution for a system bounded
by an insulating surface, for example; it prohibits heat flow across the boundary. A general
self-adjoint boundary condition for ∆ is the mixed boundary condition

α(r)u(r) + β(r)n̂ · ∇u(r) = α(r)v(r) + β(r)n̂ · ∇ v(r) = 0 on S. (8.27)

with α(r) and β(r) are real functions on S (see Problem 1). All these boundary conditions
are homogeneous. However, solutions that satisfy inhomogeneous boundary conditions can
generally be found using the Green function with homogeneous boundary conditions.
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8.2.2 Green Functions for Laplace’s Equation

The solution to the inhomogeneous equation (8.22) is obtained formally by finding a solution
to the equation

∇2
rG(r, s) = −4πδ(r − s) (8.28)

with appropriate homogeneous boundary conditions. The solution G(r, s) is the solution with
the prescribed boundary conditions for a unit point source at s; it is the Green function for the
Laplacian with the given boundary conditions.

The solution to Eq. (8.22) with an arbitrary source ρ(r) and homogeneous boundary con-
dition is then given by

u(r) =
∫

Ω

G(r, s)ρ(s) dΩs (8.29)

The Green function also provides a solution to Laplace’s equation with inhomogeneous
boundary conditions. Green’s theorem (8.24) with v(s) = G(r, s) gives the general result

u(r) =
∫

S

[
G∗(r, s) n̂ · ∇s u(s) − u(s) n̂ · ∇s G∗(r, s)

]
dSs (8.30)

This can be simplified in a particular problem using the (homogeneous) boundary condition
satisfied by G(r, s).

One important consequence of the results (8.29) and (8.30) is that there are no nontrivial
solutions to Laplace’s equation in a region Ω that satisfy homogeneous boundary conditions
on the boundary of Ω. There must either be explicit sources within Ω that lead to the solution
in Eq. (8.29), or sources on the boundary of Ω whose presence is implied by inhomogeneous
boundary conditions, as seen in Eq. (8.30). Of course both types of sources may be present,
in which case the full solution is obtained as a linear combination of the two solutions.

A simple example is the construction of the Green function for the Laplacian on the entire
n-dimensional space Rn, with boundary condition simply that the Green function vanish far
from the source. In this case, we expect that the Green function should depend only on the
relative coordinate of source and observer, so that

G(r, s) = G(r − s) (8.31)

Introduce the Fourier integral

G(r − s) =
1

(2π)n

∫
ei
�k·(�r−�s)G̃(k) dnk (8.32)

and note that the Fourier integral theorem can be expressed formally as
∫

ei
�k·(�r−�s) dnk = (2π)n δ(r − s) (8.33)

Poisson’s equation (8.28) requires k2G̃(k) = 4π, so that

G̃(k) =
4π
k2

(8.34)



8.2 The Laplacian and Linear Second-Order Equations 361

The Green function in coordinate space is then given by

G(r, s) =
4π

(2π)n

∫
ei
�k·(�r−�s)

k2
dnk (8.35)

In three dimensions, this integral can be evaluated in spherical coordinates. We have

G(r, s) =
4π

(2π)3

∫
ei
�k·(�r−�s)

k2
d3k =

8π2

(2π)3

∫ ∞

0

∫ 1

−1

eikρµ dµ dk (8.36)

with ρ ≡ |r − s|. Now
∫ 1

−1

eikρµ dµ =
1
ikρ

(
eikρ − e−ikρ

)
=

sin kρ
kρ

(8.37)

and
∫ ∞

0

sin kρ
kρ

dk =
π

2ρ
(8.38)

which leads to the final result

G(r, s) =
1

|r − s| (8.39)

The reader will recognize this as the Coulomb potential due to a point charge (in Gaussian
units obtained from SI units by setting 4πε0 = 1).

If we imagine Eq. (8.22) to be Poisson’s equation for the Coulomb potential u(r) due to a
charge distribution ρ(r), then the solution (8.29) has the expected form

u(r) =
∫

ρ(s)
|r − s| d

3s (8.40)

apart from the factor 4π due to the unrationalized units. If the charge distribution is of finite
extent, we can use the generating function (5.137) for the Legendre polynomials to expand

1
|r − s| =

∞∑

n=0

sn

rn+1
Pn(cosΘ) (8.41)

outside the charge distribution, where r > s for all s in the integral. Here Θ is the angle
between r and s, and we have

Pn(cosΘ) =
4π

2n+ 1

n∑

m=−n
Y ∗
nm(θs, φs)Ynm(θ, φ) (8.42)

from the spherical harmonic addition theorem (Eq. (6.159)).
Finally, we have

φ(r) =
∞∑

n=0

4π
2n+ 1

1
rn+1

n∑

m=−n
qnmYnm(θ, φ) (8.43)
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for r → ∞. This is the multipole expansion of the potential; the coefficients

qnm =
∫

Y ∗
nm(θs, φs) snρ(s) d3s (8.44)

are the multipole moments of the charge distribution.

Remark. The multipole expansion (8.43) is also valid as an asymptotic series even if the
charge density decreases exponentially for r → ∞, rather than having a sharp cutoff at some
finite distance. The expansion is limited only by the requirement that it can only include terms
for which the multipole moments are finite. �

Remark. The normalization of the multipole moments is somewhat arbitrary, and various
conventions are used in the literature. For example, the quadrupole moment of an atomic
nucleus is defined by

Q =
∫

(3z2 − r2)ρ(r) d3r

where ρ(r) is the nuclear charge density. More precisely, if the nucleus has angular momen-
tum J , then ρ(r) is the charge density in the state with Jz = J , where Jz is the Z-component
of the angular momentum. �

Exercise 8.2. A localized charge distribution has charge density

ρ(r) = γr2e−αr cos2 θ

in terms of spherical coordinates.

(i) Find the total charge q of the distribution in terms of γ and α.

(ii) Find the quadrupole moment of the charge distribution, using the nuclear convention
introduced above, and find the asymptotic expansion (for r → ∞) of the potential due to this
distribution in terms of q and α. �

The Green function (8.35) is similar to the eigenfunction expansion (7.117) of the Green
function for an ordinary differential operator introduced in Chapter 7. However, the Laplacian
defined on all of Rn has a continuous spectrum that covers the entire negative real axis. There
are continuum eigenvectors, or almost eigenvectors, of the form

φ�k(r) = Ck e
i�k·�r (8.45)

for every real vector k, with Ck a normalization constant, and

∆φ�k = −k2φ�k (8.46)

The sum in Eq. (7.117) is replaced in Eq. (8.35) by an integral over the continuous spectrum

of ∆, with Ck taken to be 1/(2π)
n
2 .
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8.2.3 Spectrum of the Laplacian

In order to analyze the various partial differential equations that involve the Laplacian oper-
ator, we need to understand the spectrum of the Laplacian. This spectrum depends both on
the region Ω on which the operator is defined, and on the boundary conditions imposed on the
boundary of Ω. For any function u satisfying boundary conditions that make ∆ self-adjoint,
integration by parts gives

(u,∆u) =
∫

Ω

u∗
(
∇2u

)
dΩ = −

∫

Ω

(
∇u∗

)
·
(
∇u
)
dΩ < 0 (8.47)

Note that the surface integral omitted here is zero for function that satisfy self-adjoint bound-
ary conditions; it is precisely the vanishing of the surface terms that is required for ∆ to be
self-adjoint.

If the region Ω is bounded, then the Green function G(r, s) is a Hilbert–Schmidt operator,
and ∆ has a discrete spectrum as in the one-dimensional examples studied in Chapter 7. Then
the Green function can be expressed, formally at least, as an infinite series of the form (7.117).
If Ω is unbounded, then ∆ has a continuous spectrum, and the infinite series is replaced by an
integral over the continuous spectrum.

The eigenvalue equation for the Laplacian

∆u = λu (8.48)

is the same as the homogeneous version of the Helmholtz equation

(∆ + k2)u = −ρ (8.49)

that arises from equations of motion such as the wave equation or the heat equation after
factoring out an exponential time dependence. Thus determining the eigenvalues and eigen-
vectors of the Laplacian also generates Green functions for the Helmholtz equation and related
equations, examples of which we will soon see.

The importance of the spectrum of the Laplacian, and of related Hilbert space operators
that include the Laplacian, has led to the development of a variety of methods, both analytic
and approximate, for determining this spectrum for various regions and boundary conditions.
The book by Morse and Feshbach cited in the bibliography gives a good sample of standard
analytical methods. Beyond this, the widespread availability of modern high-speed computers
has stimulated the analysis of a broad range of numerical approximation methods that can
generate highly accurate results for specific problems of practical interest.

One classical method for finding the spectrum of the Laplacian works is the method of
separation of variables. This method is most useful for problems in which the boundaries of
the region Ω coincide with surfaces of constant coordinate in some special coordinate system.
Here we give examples that use cartesian coordinates and spherical coordinates; some other
useful coordinate systems are noted in the problems (see also Chapter 3). The book by Morse
and Feshbach has a comprehensive list of coordinate systems in which Laplace’s equation
is separable, as well as detailed discussions of solutions to both Laplace’s equation and the
Helmholtz equation in these coordinate systems.
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Example 8.2. Consider the eigenvalue equation

∆u = λu (8.50)

in a rectangular box characterized by

0 ≤ x ≤ a 0 ≤ y ≤ b 0 ≤ z ≤ c (8.51)

with boundary condition u(r) = 0 on the surface of the box. Since the boundaries of the
box coincide with surfaces of constant coordinate, it is plausible to look for solutions of
the form

u(r) = X(x)Y (y)Z(z) (8.52)

that is, solutions that are products of functions of one coordinate only. Then the eigenvalue
equation (8.50) is reduced to three eigenvalue equations

d2X

dx2
= λxX

d2Y

dy2
= λyY

d2Z

dz2
= λzZ (8.53)

with boundary conditions

X(0) = 0 = X(a) Y (0) = 0 = Y (b) Z(0) = 0 = Z(c) (8.54)

whose solutions will produce an eigenvector of ∆ with eigenvalue

λ = λx + λy + λz (8.55)

The solutions to the one-dimensional problems are the (unnormalized) eigenvectors

Xk(x) = sin
lπx

a
Yl(y) = sin

mπy

b
Zm(z) = sin

nπz

c
(8.56)

(k, l,m = 1, 2, 3, . . .) with corresponding eigenvalues

λx = −
(
lπx

a

)2

λy = −
(mπy

b

)2

λz = −
(nπz

c

)2

(8.57)

These solutions generate the three-dimensional eigenvectors

ulmn(r) = sin
lπx

a
sin

mπy

b
sin

nπz

c
(8.58)

(k, l,m = 1, 2, 3, . . .) with corresponding eigenvalues

λlmn = −
{(

lπx

a

)2

+
(mπy

b

)2

+
(nπz

c

)2
}

(8.59)

The spectrum with periodic boundary conditions is considered in Problem 4.
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Example 8.3. We now want to find the eigenvalues λ and eigenvectors u(r) of the Lapla-
cian defined inside a sphere of radius R, with the boundary condition

u(r) = 0 for r = R (8.60)

on the surface of the sphere. To this end, we recall from Chapters 3 and 6 that the Laplacian
in spherical coordinates is given by

∆ =
1
r2

{
∂

∂r

(
r2

∂

∂r

)
+

1
sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

∂2

∂φ2

}
(3.193)

We then look for solutions of the eigenvalue equation (8.50) that have the form

u(r) = R(r)Y (θ, φ) (8.61)

The angular part of the Laplacian has already been discussed in Section 6.5.3. There
we found angular functions, the spherical harmonics Ynm(θ, φ) with n = 0, 1, 2, . . . and
m = n, n− 1, . . . ,−n+ 1,−n, that satisfy
{

1
sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

∂2

∂φ2

}
Ynm(θ, φ) = −n(n+ 1)Ynm(θ, φ) (8.62)

The radial equation for the corresponding function Rn(r) then has the form

1
r2

{
d

dr

(
r2

d

dr

)
− n(n+ 1)

r2

}
Rn(r) = λRn(r) (8.63)

Now let λ = −κ2, and introduce the variable x = κr. Then, with Rn(r) = Xn(κr), the
function Xn(x) must satisfy the equation

X ′′
n(x) +

2
x
X ′
n(x) +

[
1 − n(n+ 1)

x2

]
Xn(x) = 0 (8.64)

which is same as the differential equation satisfied by the spherical Bessel function jn(x)
(see Eq. (5.180)).

To satisfy the boundary condition u(R) = 0, we need to have

jn(κR) = 0 (8.65)

Now each of the functions jn(x) has an infinite sequence {xn,1, xn,2, . . .} of zeroes, with
corresponding values κn,q = xn,q/R of κ. Thus we have a set of eigenvectors of the
Laplacian that have the form

upnm( r) = Ap,njn(κn,pr)Ynm(θ, φ) (8.66)

with eigenvalues related to zeroes of the spherical Bessel functions by

λp,n = − κ2
n,p (8.67)

Note that the orthogonality of the jn(κn,pr) for fixed n, different p follows from general
principles, but can also be proved directly from Bessel’s equation (see Problem 5.23).
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8.3 Time-Dependent Partial Differential Equations

Time-dependent systems are described by equations such as
(i) the diffusion equation

∂χ

∂t
= a∇2χ (8.68)

with diffusion constant a > 0. In this equation, χ might be the concentration of a solvent in
a solution, or the temperature of a system (in the latter context, the equation is also known as
the heat equation.

(ii) the time-dependent Schrödinger equation

i�
∂ψ

∂t
= Hψ (8.69)

for the wave function ψ of a quantum mechanical system, where H is a self-adjoint operator,
the Hamiltonian, of the system.

(i) the wave equation
(

1
c2
∂2

∂t2
−∇2

)
φ = 4πρ (8.70)

This describes the amplitude φ of a wave propagating with speed c emitted by a source ρ—
electromagnetic waves and sound waves are two examples. The equation also describes the
transverse oscillations of a vibrating string.

(iv) the Klein–Gordon equation
(

1
c2
∂2

∂t2
−∇2 + a2

)
φ = 0 (8.71)

that describes a wave with a nonlinear dispersion relation

ω2 = (k2 + a2)c2

The equation appears as a relativistic equation of motion for a scalar field φ whose quanta are
particles of mass m in a quantum theory (in this context we have a = mc/�).

One typical problem is to find the time evolution of the variable φ = φ(r, t) (or χ or ψ) in
a spatial region Ω, starting from an initial condition

φ(r, t = 0) = φ0(r) (8.72)

and, for an equation that is second order in time,

∂

∂t
φ(r, t)

∣∣∣∣
t=0

= π0(r) (8.73)

In addition, φ must satisfy boundary conditions on the boundary S of Ω. These boundary
conditions may be inhomogeneous, but they must be of a type that would make ∆ self-adjoint
if they were homogeneous.
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8.3.1 The Diffusion Equation

Consider the diffusion equation (8.68)

∂χ

∂t
= a∇2χ (8.68)

with diffusion constant a > 0. This equation describes diffusion phenomena in liquids and
gases. It can also describe heat flow, and thus temperature changes, in a heat-conducting
medium. If κ is the thermal conductivity, ρ the mass density and C the specific heat of the
medium, then the temperature distribution satisfies Eq. (8.68) with

a = κC/ρ (8.74)

Now suppose we have an infinite medium with initial temperature distribution χ0(r). Then
we introduce the Fourier transform χ̃(k, t) by

χ(r, t) =
∫

χ̃(k, t)ei�k·�r d3k (8.75)

The diffusion equation for the Fourier transform χ̃(k, t) is simply

∂χ̃(k, t)
∂t

= −ak2χ̃(k, t) (8.76)

with the solution

χ̃(k, t) = e−ak
2tχ̃(k, 0) (8.77)

Since χ̃(k, 0) is simply the Fourier transform of the initial distribution,

χ̃(k, 0) =
1

(2π)3

∫
e−i�k·�sχ0(s) d3s (8.78)

we then have

χ(r, t) =
1

(2π)3

∫
e−ak

2tei
�k·(�r−�s)χ0(s) d3s d3k (8.79)

The integral over d3k can be done by completing the square in the exponent and using the
standard Gaussian integral

∫ ∞

−∞
e−αx

2
dx =

√
π

α
(8.80)

This leads to the final result

χ(r, t) =
(

1
4πat

)3/2 ∫
χ0(s) exp

(
− (r − s)2

4at

)
d3s (8.81)
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What this result means is that any disturbance in χ(r) decreases in time, spreading out on
a distance scale proportional to � =

√
at and thus over a volume proportional to �3. That the

distance is proportional to
√
t rather than to t is similar to a random walk process, in which

the mean distance from the starting point increases with time only as
√
t.

Now consider the diffusion equation in a finite region Ω bounded by a closed surface S. A
typical boundary condition might be that the temperature is held fixed with some distribution
on the surface S, or that the normal derivative of the temperature should vanish on the surface
so that no heat flows across the surface.

The homogeneous version of these and other boundary conditions on S will guarantee that
∆ is a self-adjoint operator. Since the region Ω is bounded, there will be a complete orthonor-
mal system {φn} of eigenvectors of ∆, with corresponding eigenvalues λn = −κ2

n < 0. The
general solution χ(r, t) of the diffusion equation can then be expanded as

χ(r, t) =
∞∑

n=1

cn(t)φn(r) (8.82)

with time-dependent coefficients cn(t) that must satisfy the equations

d

dt
cn(t) = aλncn(t) = −aκ2

ncn(t) (8.83)

These equations have the elementary solutions

cn(t) = cn(0)e−aκ
2
nt (8.84)

and the initial values cn(0) are determined simply from

cn(0) = (φn, χ0) (8.85)

The formal solution to the original problem is then

χ(r, t) =
∞∑

n=1

cn(0)φn(r)e−aκ
2
nt (8.86)

Note that the convergence is exponential in time; it is an important property of the diffusion
equation that solutions approach their asymptotic limit exponentially in time.

Remark. If χ(r, t) satisfies an inhomogeneous boundary condition χ(r, t) = χs(r) on S,
then a formal solution χ(r) to Laplace’s equation that satisfies these boundary conditions can
be obtained from the Green function as in Eq. (8.30). Here we have

χ(r) = −
∫

S

χs(r) n̂ · ∇s G∗(r, s) dSs (8.87)

χ(r) is the steady-state solution; the difference χ(r, t)− χ(r) then has the form of Eq. (8.86)
with the initial condition

χ(r, t = 0) = χ0(r) − χ(r) (8.88)

and homogeneous boundary conditions on S. �
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8.3.2 Inhomogeneous Wave Equation: Advanced and Retarded Green
Functions

Another typical problem is to find the wave amplitude due to a known source ρ(r, t). Here the
relevant Green function G(r, t;s, u) must satisfy the equation

(
∇2
r − 1

c2
∂2

∂t2

)
G(r, t;s, u) = −4πδ(r − s) δ(t− u) (8.89)

with appropriate conditions on the boundary of the region Ω in which the waves propagate.
In addition, G(r, t;s, u) must satisfy suitable initial conditions. In classical physics, the most
relevant Green function is the retarded Green functionGret(r, t;s, u) defined by the condition

Gret(r, t;s, u) = 0 for t ≤ u. (8.90)

This condition is consistent with the intuitive notion of causality, which requires that the re-
sponse appear later in time than the source that produces it. The wave amplitude due to the
source ρ(r, t) is then given by

φ(r, t) =
∫ ∞

−∞

∫

Ω

Gret(r, t;s, u)ρ(s, u) dΩs du (8.91)

If we consider the wave equation in n space dimensions and require that the amplitude
vanish far from the source, the retarded Green function should depend only on the relative
coordinates of the source and the observer, so that it can be expressed as a Fourier integral

Gret(r, t;s, u) =
4π

(2π)n+1

∫
G̃ret(k, ω)ei�k·(�r−�s)e−iω(t−u) dnk dω (8.92)

where the signs in the exponent of the Fourier integral are chosen so that the results have
a natural interpretation for electromagnetic waves. The inhomogeneous wave equation then
requires

(
ω2

c2
− k2

)
G̃ret(k, ω) = −4π (8.93)

so that

G̃ret(k, ω) = − 4πc2

ω2 − k2c2
(8.94)

and

Gret(r, t;s, u) = − 4πc2

(2π)n+1

∫
1

ω2 − k2c2
ei
�k·(�r−�s)e−iω(t−u) dnk dω (8.95)

The integration over ω requires a choice of contour in the complex ω-plane to avoid the
singularities of the integrand at ω = ±kc. This choice of contour can be used to satisfy
the initial conditions. For example, the contour Cret in Fig. 8.1 is correct for the retarded
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X X

Cret

ω

ω =  kc ω = + kcCadv

Figure 8.1: Contours of integration in the complex ω-plane used to evaluate various Green
functions for the wave equation. The upper contour Cret gives the retarded Green function; the
lower contour Cadv the advanced Green function. The middle contour gives the Feynman Green
function, which is the photon ‘propagator’ in quantum field theory.

condition (8.90). For t < 0 the contour can be closed in the upper-half plane, where there
are no singularities of the integrand, while for t > 0 the contour must be closed in the lower
half-plane, and the integral picks up contributions from both poles of the integrand. Then for
t > 0, we have

Gret(r, t;s, u) =
4πc
(2π)n

∫
sin kcτ
k

ei
�k·�ρ dnk (8.96)

where ρ ≡ r − s and τ ≡ t− u.
In three dimensions, the integral can be evaluated in spherical coordinates to give

Gret(ρ, τ ) =
4πc
(2π)2

∫ ∞

0

∫ 1

−1

sin kcτ
k

eikρµ dµ k2 dk

(8.97)

=
2c
πρ

∫ ∞

0

sin kρ sin kcτ dk

Here the Fourier integral theorem gives

∫ ∞

0

sin kρ sin kcτ dk =
π

2
[δ(ρ− cτ ) − δ(ρ+ cτ )] (8.98)

where here δ(ρ+ cτ ) = 0 since ρ > 0 and τ > 0. Thus, finally,

Gret(ρ, τ ) =
c

ρ
δ(ρ− cτ ) =

1
ρ
δ
(
τ − ρ

c

)
(8.99)
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This result has the natural interpretation that the wave propagates outward from its source with
speed c, with amplitude inversely proportional to the distance from the source.

Remark. The retarded Green function has this sharp form only in an odd number of spatial
dimensions. In an even number of dimensions there is a trailing wave in addition to the sharp
wave front propagating outward from the source. The interested reader is invited to work this
out for n = 2, which is realized physically by waves emitted from a long linear source. �

The advanced Green function Gadv(r, t;s, u) is defined by the condition

Gadv(r, t;s, u) = 0 for t ≥ u. (8.100)

An appropriate contour for this Green function is also shown in Fig. 8.1. The contour be-
tween Cret and Cadv defines the Feynman, or causal Green function. This contour gives a
contribution to the Green function from the pole at ω = −kc for t < 0, and from the pole at
ω = +kc for t > 0. This Green function is especially important since it is the “propagator” of
the photon in quantum electrodynamics. A derivation of this propagator can be found in most
textbooks on quantum field theory.

If the radiation source is oscillating at a single frequency, so that

ρ(r, t) = ρω(r)e−iωt (8.101)

then the wave amplitude also has the same frequency, so that

φ(r, t) = φω(r)e−iωt (8.102)

and φω(r) must satisfy
(

∆ +
ω2

c2

)
φω(r) = − 4πρω(r) (8.103)

which is the scalar Helmholtz equation.
The Green function for this equation is a resolvent of the Laplacian and can be formally

expressed in terms of the eigenfunctions and eigenvalues of ∆. The boundary condition on
the Green function is that the waves should look asymptotically like waves radiating outward
from the source; this corresponds to the retarded condition (8.90) on the full Green function.

Example 8.4. In three dimensions, the wave amplitude φω is given by

φω(r)e−iωt =
∫

ρω(s)
|r − s|δ

(
t− u− |r − s|

c

)
e−iωu d3s du (8.104)

using the retarded Green function (8.99), so that

φω(r) =
∫

eik|�r−�s|

|r − s| ρω(s) d3s (8.105)

(k = ω/c), corresponding to the Green function

Gω(r, s) =
eik|�r−�s|

|r − s| (8.106)
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Note that far from the source (which supposes that the source is of finite extent), the am-
plitude has the asymptotic form

φω(r) r→∞−→ eikr

r

∫
e−i�k·�sρω(s) d3s (8.107)

where k = kr̂ points radially outward from the source to the point of observation. This
corresponds to a wave radiating outward from the source, with amplitude depending on
direction through the spatial Fourier transform of the source density.

From the result of Problem 5.14, we have the expansion

e−i�k·�s =
∞∑

n=0

(−i)n(2n+ 1)jn(ks)Pn cos θ (8.108)

where the jn(ks) are spherical Bessel functions and the Pn are Legendre polynomials.
Using the spherical harmonic addition theorem, we have the asymptotic expansion

φω(r) r→∞−→ 4π
eikr

r

∞∑

n=0

(−i)n
n∑

m=−n
qnm(ω)Ynm(θ, φ) (8.109)

where the multipole moments qnm(ω) are here given by

qnm(ω) =
∫

Y ∗
nm(θs, φs)jn(ks)ρω(s) d3s (8.110)

As with the multipole expansion for the Coulomb potential, there are various normalization
conventions in use.

Remark. The full Green function (8.106) for the scalar Helmholtz equation also has a mul-
tipole expansion; for r < s, we have

eik|�r−�s|

absr − s
= 4πik

∞∑

n=0

(−i)njn(ks)hn(kr)>
n∑

m=−n
Ynm(θ, φ)Y ∗

nm(θs, φs) (8.111)

It is left to the reader to verify this expansion. �

Analysis of the Klein–Gordon equation and its Green functions proceeds in a similar way.
The details are left to Problem 10. See also Section 8.4.3 for a Klein–Gordon equation with
an additional nonlinear term.
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8.3.3 The Schrödinger Equation

The time-dependent Schrödinger equation for a quantum mechanical system with Hamiltonian
H is

i�
∂Ψ(t)
∂t

= HΨ(t) (8.112)

The Hamiltonian may be constructed by correspondence with the classical Hamiltonian of the
system (see Chapter 3), or by other physical principles for a system, such as a spin system,
with no classical analog. In any case, physics requires H to be a self-adjoint operator; the
eigenstates of the Hamiltonian are states of definite energy of the system, and only energies in
the spectrum of H are possible for the system. A formal solution to Eq. (8.112) can be given
in terms of the resolution of the identity of the Hamiltonian—see Problem 8—but it is purely
formal.

An eigenstate ψ of H satisfies the time-independent Schrödinger equation

Hψ = Eψ (8.113)

Then Ψ(t) = ψ exp(iωt) is a solution of the time-dependent Schrödinger equation (8.112),
where

E = �ω (8.114)

and � is Planck’s constant; Eq. (8.114) is essentially the relation between energy and frequency
suggested by Planck. Since Ψ(t) changes in time only by a phase factor exp(iωt), all matrix
elements (Ψ,AΨ) = (ψ,Aψ) are independent of time; hence ψ is a stationary state of the
system. Equation (8.113) is also known as the (time-independent) Schrödinger equation.

For a particle of mass µ moving in a potential V (r), the Hamiltonian is

H = − �
2

2µ
∆ + V (r) (8.115)

Equation (8.113) is a (partial) differential equation for the particle wave function ψ(r). The
physical boundary conditions on the wave function are such that If V (r) is real, then H is
a self-adjoint operator whose spectrum is determined by the properties of the solutions of
Eq. (8.113).

Example 8.5. For an electron in the Coulomb potential of a point nucleus with chargeZe,
we have V (r) = −Ze2/r (again we set 4πε0 = 1). The time-independent Schrödinger
equation is then

Hψ(r) =
{
− �

2

2me
∆ − Ze2

r

}
ψ(r) = Eψ(r) (8.116)

where me is the mass of the electron. We can separate variables in spherical coordinates,
and look for solutions of the form

ψ(r) = RE�(r)Y�m(θ, φ) (8.117)
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where Y�m(θ, φ) is a spherical harmonic as introduced in Section 6.5.3. We note that � is
related to the angular momentum of the electron, as explained further in Chapter 10.

The radial function RE�(r) must then satisfy the equation

− �
2

2mer2
d

dr

(
r2
dRE�
dr

)
+
[
�(�+ 1)�2

2mer2
− Ze2

r

]
RE� = ERE� (8.118)

This equation has a regular singular point at r = 0 and irregular singular point at ∞,
suggesting that it might be related to the confluent hypergeometric equation introduced in
Chapter 5. To proceed further, we introduce the parameter aZ = �

2/Zmee
2 to set the

length scale (note that for Z = 1, a = �
2/mee

2 = 52.9 pm is the Bohr radius). Then
introduce the dimensionless variable ρ = 2r/aZ (the reason for the factor two will become
apparent soon), and let

RE�(r) = u(ρ) (8.119)

(we drop the subscripts E and � for now). The radial equation (8.118) then becomes

u′′(ρ) +
2
ρ
u′(ρ) +

[
1
ρ
− �(�+ 1)

ρ2

]
u(ρ) = −1

4λu(ρ) (8.120)

Here λ = E/EZ , with energy scale EZ defined by

EZ =
Ze2

2aZ
=
Z2mee

4

2�2
= 1

2Z
2α2mec

2 (8.121)

where α = e2/�c is the dimensionless fine structure constant and c is the speed of light.
We will soon see that EZ is the binding energy of the ground state of the electron.

The indices of Eq. (8.120) at ρ = 0 are � and −(�+ 1), so there are solutions propor-
tional to ρ� and ρ−�−1 for ρ → 0. The second solution is singular at ρ = 0 and must not
be present. Only the first solution is allowed. Thus we let

u(ρ) = ρ�v(ρ) (8.122)

Then v(ρ) must be a solution of the equation

ρv′′(ρ) + 2(�+ 1)v′(ρ) + ( 1
4λρ+ 1)v(ρ) = 0 (8.123)

For ρ→ ∞, this equation has the asymptotic form

v′′ + 1
4λv = 0 (8.124)

For positive energy E, we can let λ = κ2 and there are solutions v±(ρ) that have the
asymptotic behavior exp(±1

2 iκρ) for ρ → ∞, corresponding to incoming (−) or outgo-
ing (+) spherical waves. These solutions have logarithmic phase factors in addition to the
usual exp(ikr) and exp(ikz) forms, arising from the long-range nature of the Coulomb po-
tential. These subtleties are best seen in parabolic coordinates introduced in Problem 3.9.
We leave them for the reader to work out in Problem 9.
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For E < 0, we let λ = −β2. Then there are solutions with asymptotic behavior
exp(±1

2βρ) for ρ → ∞. Only the exponentially decreasing solution, corresponding to
a bound state of the electron, is allowed. In general, the solution v(ρ) that is analytic at
r = 0 will not be exponentially decreasing as ρ→ ∞; there will be a discrete set of values
of β for which this is the case, and the corresponding values of energy E < 0 define the
discrete spectrum of the Hamiltonian (8.116). If we now let

v(ρ) = e−
1
2βρw(ρ) (8.125)

then w(ρ) must satisfy

ρw′′(ρ) + [2(�+ 1) − βρ]w′(ρ) + [1 − β(�+ 1)]w(ρ) = 0 (8.126)

To transform this to the confluent hypergeometric equation, we now let x = βρ and f(x) =
w(ρ). Then f(x) satisfies the equation

xf ′′(x) + [2(�+ 1) − x]f ′(x) + (β−1 − �− 1)f(x) = 0 (8.127)

This is the confluent hypergeometric equation (5.B38), with

a = �+ 1 − β−1 and c = 2(�+ 1)

The solution F (a|c|x) that is analytic at x = 0 has a part that grows exponentially, unless
a is zero or a negative integer, when there is a polynomial solution. Here that requirement
means that we must have

1
β

= k + �+ 1 ≡ n (8.128)

with k = 0, 1, 2, . . ., or n = �, � + 1, � + 2, . . .. In this case, the solution is a polynomial
of degree k, proportional to an associated Laguerre polynomial defined in Appendix A.
Explicitly, we have a solution

f(x) = F (�+ 1 − n|2(�+ 1)|βρ) = AL2�+1
n−�−1(βρ) (8.129)

where A is a normalization constant. Returning to the original variables, we can write the
wave functions ψn�m(r) corresponding to energy

En = − Ze2

n2aZ
(8.130)

as

ψn�m(r) = AL2�+1
n−�−1

(
2r
naZ

)
exp

(
− r

naZ

)
Y�m(θ, φ) (8.131)

with n = 1, 2, . . ., � = 0, 1, . . . , n− 1 and m = �, �− 1, . . . ,−�.
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8.4 Nonlinear Partial Differential Equations

8.4.1 Quasilinear First-Order Equations

In Section 8.1, we studied a linear first order partial differential equation that describes a wave
propagating in one space dimension with speed s. Suppose now that the speed s depends on
the amplitude of the wave, so that we have a nonlinear wave equation

∂u

∂t
+ s(u)

∂u

∂x
= 0 (8.132)

This equation can arise from a conservation law for a system described by a density u(x, t)
and a flux density Φ, such that

d

dt

∫ b

a

u(x, t) dx = Φ(a) − Φ(b) = −
∫ b

a

∂Φ(x, t)
dx

dx (8.133)

for any a and b. From this equation it follows that

∂u

∂t
+
∂Φ
∂x

= 0 (8.134)

Equation (8.134) is a equation of continuity similar to Eq. (3.138); it expresses a local version
of conservation of a charge q defined by

q =
∫ ∞

−∞
u(x, t) dx (8.135)

since Eq. (8.133) means that charge can leave the interval [a, b] only if there is a flux across
the endpoints of the interval.

Example 8.6. In the book by Billingham and King cited at the end of the chapter, this
equation appears as a model to describe the flow of traffic on a highway. u(x, t) is the
density of cars, and the flux Φ(x, t) is expressed as vu(x, t), where v is the speed of the
cars. With the empirical assumption that v depends only on the density—there is data that
is consistent with this assumption, at least as a first approximation—the conservation law
leads to Eq. (8.132) with

s(u) = v(u) + uv′(u) (8.136)

Note here that s(u) is not the speed of the cars, but the speed of propagation of fluctuations
in the density of cars.

In general, if the flux Φ is a function of u only, with no explicit dependence on x or t,
Eq. (8.134) can be written as

∂u

∂t
+ Φ′(u)

∂u

∂x
= 0 (8.137)

which is the original Eq. (8.132) with speed s(u) = Φ′(u).
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We want to find solutions to Eq. (8.132) starting from an initial condition

u(x, 0) = u0(x) (8.138)

As with the linear equation with constant s, we can construct characteristics of the partial
differential equation as curves x = x(t) on which the wave amplitude u is a constant. Along
a characteristic, we have

du =
∂u

∂x
dx+

∂u

∂t
dt =

∂u

∂x
[dx− s(u)dt] = 0 (8.139)

Thus the characteristics are straight lines, and the characteristic passing through the point x at
t = 0 is determined from its slope

dx

dt
= s0(x) = s[u0(x)] (8.140)

Then to find the amplitude u at a later time t > 0, we need to solve the implicit equation

u(x, t) = u(x− s(u0)t, 0) (8.141)

as we trace the solution along its characteristic so that

u(x+ s(u0)t, t) = u(x, 0) = u0 (8.142)

However, the solution is not as simple as that in general. If the wave speed depends on the
amplitude, then the characteristics are not parallel, and two characteristics will meet, either in
the future or in the past. Since waves are propagating to the right along the X-axis, it is clear
that a faster wave coming from the left will catch up with a slower wave starting to the right
of the fast wave. Thus some characteristics will meet at some time after t = 0 unless s(u0) is
a nondecreasing function of x. In that case, the wave is described as a rarefaction wave, since
there are no faster waves coming from the left; all the intersections of the characteristics lie
on the past (i.e., for t < 0).

What happens, then, when two characteristics meet? Consider the characteristics coming
from x = a and x = b, and suppose the initial conditions are such that

u(a, 0) = ua and u(b, 0) = ub

If sa = s(ua) and sb = s(ub), then the characteristics from a and b will meet

at x =
a+ b

2
+
sa + sb

2
a− b

sb − sa
when t =

a− b

sb − sa

The characteristics cannot continue beyond this point, and if they have not already encoun-
tered other characteristics, they will form a point of discontinuity in the solution of the partial
differential equation (8.132). The discontinuities formed by merging characteristics will form
a line that is understood as a shock wave or shock front, across which the solution u(x, t) has
a discontinuity in x.
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We can compute the discontinuity of the solution across a shock using the original partial
differential equation. If the discontinuity of u(x, t) is at x = X(t), then we can integrate
Eq. (8.132) from a < X to b > X . This gives

∂

∂t

∫ b

a

u(x, t) dx = Φ(a) − Φ(b) (8.143)

With u± = limε→0+ u(X ± ε, t), we then have

∂

∂t

[
(b−X)u+ + (X − a)u−

]
= Φ(a) − Φ(b) (8.144)

The velocity of the shock wave is V = dX/dt; if we pass to the limit ε→ 0 we find a relation

V (u− − u+) = Φ(u−) − Φ(u+) (8.145)

between the discontinuities and the velocity of the shock wave. Most often this allows us to
compute V as

V =
Φ(u−) − Φ(u+)

u− − u+
(8.146)

Problem 12 gives an explicit example of such a shock wave.

8.4.2 KdV Equation

The linear wave equation for a wave with a dispersion relation ω = ks(1 − α2k2) was given
in Eq. (8.16). Now we are interested in the waves that result when the speed of propagation
also depends on the amplitude u of the wave as in the preceding section. Thus we start with a
general equation of the form

∂u

∂t
+ s(u)

∂u

∂x
+ sα2 ∂

3u

∂x3
= 0 (8.147)

If we consider only the equation when s(u) is a linear function of u, then linear transforma-
tions of the variables (u, x and t) allow Eq. (8.147) to be cast in the form

∂u

∂t
+ 6u

∂u

∂x
+
∂3u

∂x3
= 0 (8.148)

This is a standard form of the Kortweg–deVries or KdV equation.

Exercise 8.3. Find a set of linear transformations of the variables that change Eq. (8.147)
to Eq. (8.148). �

One important property of this equation is that it has travelling wave solutions of the form

u(x, t) = U(x− st) ≡ U(ξ) (8.149)

that travel to the right with speed s = κ2; here we have introduced the variable ξ = x − st.
The KdV equation requires U(ξ) to satisfy the equation

U ′′′(ξ) + 6U(ξ)U(′(ξ)− κ2U ′(ξ) = 0 (8.150)
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Equation (8.150) can be immediately integrated to give

U ′′(ξ) + 3[U(ξ)]2 − κ2U(ξ) = 0 (8.151)

where a constant of integration on the right-hand side has been set to zero so that U(ξ) tends
to zero for |ξ| → ∞. Then multiply by U ′(ξ) and integrate once more to give

1
2 [U ′(ξ)]2 + [U(ξ)]3 − 1

2κ
2[U(ξ)]2 = 0 (8.152)

where another integration constant has been set to zero so that U(ξ) will vanish for |ξ| → ∞.
We now have the differential equation

dU

dξ
= U(ξ)

√
2U(ξ) − κ2 (8.153)

The integral of this differential equation is not immediately obvious, but it is not too difficult
to verify that the solution

U(ξ) =
κ2

2
sech2( 1

2κξ) =
κ2

2 cosh2( 1
2κξ)

(8.154)

actually satisfies Eq. (8.153).
The solution (8.154) is sharply peaked around ξ = 0 and vanishes exponentially for

ξ → ∞. The one parameter κ characterizes both the height and width of the peak, as well
as the speed of the wave—larger κ means a more rapid wave, with a higher and narrower
peak. The shape of the wave is constant in time, in contrast to linear waves with no disper-
sion, i.e., a speed of propagation independent of frequency. The solution is called a solitary
wave, or soliton. However, we note that in modern terminology, the term soliton actually im-
plies further properties of the equations—especially that there are multisoliton solutions that
correspond to solitons that pass through each other maintaining their shape both before and
after interacting. The KdV solitons have all these properties, but we do not discuss them fur-
ther here—see the books cited in the bibliography, as well as many others, for further details.

Exercise 8.4. One property of the KdV equation is that it admits an infinite set of conser-
vation laws. Show that it follows from the equations of motion that the following quantities
are conserved:

m =
∫ ∞

−∞
u dx

P =
∫ ∞

−∞
u2 dx

E =
∫ ∞

−∞
( 1
2u

2
x − u3) dx

Assume that u and its derivatives vanish as x → ±∞. We note that these three laws corre-
spond to conservation of mass, momentum and energy, and are quite general. It is the laws
beyond this that are special for the KdV equation. �
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8.4.3 Scalar Field in 1 + 1 Dimensions

The Klein–Gordon equation (8.71) for a scalar field φ(x, t) in one space (+ one time) dimen-
sion can be derived from a Lagrangian density

L = 1
2

(
φ2
t − φ2

k −m2φ2
)

(8.155)

as explained in Appendix A. Here φt = ∂φ/∂t and φt = ∂φ/∂x. As already noted, the
Klein–Gordon equation describes the propagation of waves with a dispersion relation

ω2 = k2 +m2 (8.156)

that is associated waves with a free relativistic particle m in units with � = c = 1. The
dispersion relation also describes propagation of electromagnetic waves in an ideal plasma,
where m is the plasma frequency.

The Lagrangian (8.155) is a special case of the Lagrangian

L = 1
2

(
φ2
t − φ2

k

)
− U(φ) (8.157)

with potential U(φ)= 1
2m

2φ2, for which the equation of motion is

∂2φ

∂t2
− ∂2φ

∂x2
= −dU(φ)

dφ
(8.158)

as derived in Appendix A. Also noted there was the energy of the field, which is given by

E[φ] =
∫ ∞

−∞

[
1
2

(
φ2
t + φ2

x

)
+ U(φ)

]
dx (8.159)

Now assume that the potential U(φ) is non-negative, and that U(φ) = 0 only for a discrete
set of values φ = v1, v2, . . . , vN . Then these values of φ are absolute minima of U(φ), and

E[φ] = 0 if and only if φ(x, t) = vk

for some k = 1, . . . , N . These (trivial) static solutions minimize the energy E [φ].
If the potential has more than one minimum, there may also be nontrivial static solutions

of the field equation (8.158) that have finite total energy. These solutions must satisfy the
equation

d2φ

dx2
=
dU(φ)
dφ

(8.160)

This equation has an integral

W =
1
2

(
dφ

dx

)2

− U(φ) (8.161)

W must be constant, independent of x, for any solution of Eq. (8.160). For the solution to
have finite energy, it is necessary that

E[φ] =
∫ ∞

−∞
dx

[
1
2

(
dφ

dx

)2

+ U(φ)

]
<∞ (8.162)
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This requires

lim
x→±∞φ(x) ≡ v± (8.163)

with v+ and v− among the {v1, . . . , vN}, since Eq. (8.163) implies U(φ) → 0 as well as
W → 0 for x → ±∞. Then also W = 0 for all x. However, if N > 1, we need not
have v+ = v−, and there may be nontrivial solutions of W = 0 that interpolate between two
minima of U(φ), as well as solutions for which v+ = v−.

Remark. Equation (8.160) has the same form as Newton’s equation of motion for a particle
with potential energy −U(x). A finite energy static solution of the field equation corresponds
to a finite action zero-energy solution of the particle equation of motion, in which the particle
moves between two adjacent zeros of U . �

Remark. Static finite-energy solutions to the field equations derived from the Lagrang-
ian (8.157) can only exist in one space dimension (this result is known as Derrick’s theorem).
To see this, consider a field configuration φα(x) ≡ φ(αx) with rescaled spatial coordinates.
The energy associated with this configuration in q space dimensions is

Eα ≡ E[φα] =
∫ ∞

−∞
dqx

[
1
2 (
−→∇φα · −→∇φα) + U(φα)

]
≡ Kα + Vα

(8.164)

=
∫ ∞

−∞
dqξ

[
1
2
α2−q(

−→∇φα · −→∇φα) + α−qU(φ)
]

= α2−qK + α−qV

with ξ = αx. Here K, V are the values of the integrals for α = 1. Since Eα must have an
extremum at α = 1, it follows that

(2 − q)K = qV (8.165)

which is consistent with positivity of K and V only for 0 < q < 2. �

The equation W = 0 can be solved by quadrature to give

x− x0 = ±
∫ φ

φ0

1√
U(ψ)

dψ (8.166)

with φ0 = φ(x0). This shows how the solutions interpolate between minima of U(φ), which
by assumption have U(φ) = 0. If U(φ) is O(φ− vk)2 near the minimum at φ = vk, then the
integral diverges as the minimum is approached, corresponding to x→ ±∞.

Example 8.7. For the (1 + 1)-dimensional φ4 field theory, the potential is

U(φ) =
1
2
λ

(
φ2 − m2

λ

)2

(8.167)

with U(φ) = 0 at the degenerate minima φ = ±v ≡ v±, where v2 = m2/λ. Static
solutions of the field equations satisfy

d2φ

dx2
= 2λφ3 − 2m2φ (8.168)
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whence

x− x0 = ±
√

1
λ

∫ φ

φ0

1
ψ2 − v2

dψ (8.169)

This equation can be inverted to give

φ(x) = ±v tanh [m(x− x0)] ≡ φ±(x;x0) (8.170)

The solution φ+(x;x0) [φ−(x;x0)] interpolates between −v [+v] as x → −∞ to +v
[−v] as x→ +∞, while vanishing at x0. Hence φ+ [φ−] is a known as a kink [antikink].

The energy density of the kink (or antikink) solution is given by

E(x) = 2U(φ) =
m4

λ

1
cosh4[m(x− x0)]

(8.171)

which is sharply localized near x = x0. The total energy of the kink solution (the classical
mass M∗) of the kink is

E[φ±] ≡M∗ =
∫ ∞

−∞
E(x)dx =

4m
3λ

(8.172)

where we have used the integral
∫ ∞

0

dξ

cosh4 ξ
=

1
3

[
sinh ξ
cosh3 ξ

+ 2
sinh ξ
cosh ξ

]∞

0

=
2
3

(8.173)

Since Eq. (8.158) is invariant under Lorentz transformations (in 1 + 1 dimensions),
we can transform of the kink and antikink solutions to find solutions that correspond to
moving kinks or antikinks. We have

φu±(x;x0) = ±v tanh

[
m(x− x0 − ut)√

(1 − u2)

]
(8.174)

with energy

E[φu±] = M∗/
√

1 − u2 (8.175)

appropriate to a particle of mass M∗ with speed u (note that we have set c = 1).

Remark. For any field φ in 1 + 1 dimensions, there is a topological current density

Kµ ≡ εµν
∂φ

∂xν
(8.176)

that automatically satisfies ∂Kµ/∂xµ = 0 for nonsingular fields. Hence the topological
charge

Q ≡
∫ ∞

−∞
K0 dx = v+ − v− (8.177)

is conserved. Then the space of nonsingular finite-energy solutions can be divided into topo-
logical sectors associated with distinct values of the topological charge. �

Exercise 8.5. Find the topological charge (in units of 2v) for the static kink and antikink
solutions. Is this charge the same for the corresponding moving solitons? �
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8.4.4 Sine-Gordon Equation

A special potential U(φ) which has applications in nonlinear optics, in addition to its interest
as a toy model, is

U(φ) = λv4

[
1 − cos

(
φ

v

)]
= 2λv4 sin2

(
φ

2v

)
(8.178)

where v is a dimensional constant which we can identify with m/
√
λ of the φ4 theory. This

potential is bounded, and has zeros for

φ = 2nπv ≡ φn (8.179)

(n = 0,±1,±2, . . .). The field equation for this potential is

∂2φ

∂t2
− ∂2φ

∂x2
= −λv3 sin

(
φ

v

)
(8.180)

For small φ, the right-hand side is approximated by −m2φ, and the equation looks like the
Klein–Gordon equation in this limit. This has led to the slightly whimsical name sine-Gordon
equation for (8.180).

Equation (8.180) has static finite energy solutions obtained from

x− x0 = ±
∫ φ

φ0

1
2
√
λv2 sin(ψ/2v)

dψ (8.181)

This can be evaluated using the integral
∫

dξ

sin ξ
= ln

(
tan 1

2ξ
)

(8.182)

to give

ln
(

tan
φ

4v

)
= ln

(
tan

φ0

4v

)
±m(x− x0) (8.183)

If we choose x0 such that

φ0 = φ(x0) = (2n+ 1)πv (8.184)

(n = 0,±1,±2, . . .), then we have

φ

4v
= (−1)n tan−1

[
e±m(x−x0)

]
(8.185)

where each choice of branch of the arctangent leads to a solution which interpolates between
a different pair of adjacent zeros of U(φ).

Exercise 8.6. If we choose the branch of the arctangent for which tan−1(0) = nπ, find
the limits

φ± = lim
x→±∞ φ(x)

for each of the choices of sign in the exponent in Eq. (8.185). �
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A Lagrangian Field Theory

In Section 3.5.3, we described the Lagrangian and Hamiltonian dynamics of systems with a
finite number of degrees of freedom. Here we present the extension of that theory to systems
of fields, i.e., by functions of space and time coordinates defined on some spacetime manifold.
There are some subtleties in that extension, especially when dealing with fields such as the
electromagnetic field with its gauge invariance. However, we will not be concerned with such
points here, as we simply present the basic ideas of classical Lagrangian field theory.

Consider first a real scalar field φ(x, t), whose dynamics is to be described by a Lagrangian
density L that depends on φ and its first derivatives, which we denote by φt for the time
derivative ∂φ/∂t and by φk for the spatial derivatives ∂φ/∂xk. The dynamics is based on an
extension of Hamilton’s principle (see Section 3.5.3) to require that the action

S[φ(x)] =
∫

L(φ, φk, φt) dnx dt (8.A1)

be an extremum relative to nearby fields (n is the number of space dimensions). This leads to
a generalization of the Euler–Lagrange equations of motion,

∂

∂t

∂L
∂φt

+
∂

∂xk
∂L
∂φk

− ∂L
∂φ

= 0 (8.A2)

(summation over k understood) that provides equations of motion for the fields.
Canonical momenta for the field can be introduced by

π(x, t) ≡ ∂L
∂φt(x, t)

(8.A3)

The Hamiltonian density H defined by

H = π(x, t)
∂L

∂φt(x, t)
− L(φ, φk, φt) (8.A4)

can often be identified as an energy density of the field. The total field energy is then given by

H = E[φ] =
∫ (

π(x, t)
∂L

∂φt(x, t)
− L(φ, φk, φt)

)
dnx (8.A5)

The wave equation for the scalar field φ(x, t) can be derived from the Lagrangian density

L =
1
2

(
1
c2
φ2
t − φ2

k

)
(8.A6)

(again with implied summation over k), The canonical momentum density is then given by
π(x, t) = φt(x, t) and the Hamiltonian density is

H =
1
2
{
[π(x, t)]2 + [φk(x, t)]2

}
(8.A7)
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Symmetry principles can be enforced by constraining the Lagrangian density to be in-
variant under the desired symmetry transformations. This is especially useful in constructing
theories of elementary particles that are supposed to possess certain symmetries, as mentioned
in Chapter 10. Here we note that a relativistic field theory can be constructed by requiring L
to be invariant under Lorentz transformations.

Example 8.8. For a relativistic scalar field φ(x, t) in one space dimension, the principle
of invariance under Lorentz transformations requires Lagrangian density to have the form

L =
1
2

(
1
c2
φ2
t − φ2

x

)
− U(φ) 8.157

as already noted in Section 8.4.3. in order to be invariant under Lorentz transformations.
Here U(φ) is a functional of φ (and not its derivatives) that is often referred to as the
potential for the field φ. Stability requires U(φ) to be bounded from below, and we will
generally assume that U(φ) ≥ 0 for all φ. The equation of motion for the field is

1
c2
∂2φ

∂t2
− ∂2φ

∂x2
= −dU(φ)

dφ
(8.A8)

The conserved energy functional for the field is

E[φ] =
∫ ∞

−∞

[
1
2

(
φ2
t + φ2

x

)
+ U(φ)

]
dx (8.A9)

The Klein–Gordon equation is the equation of motion derived from a Lagrangian density
with potential

U(φ) = 1
2m

2φ (8.A10)

Other potentials U(φ) lead to interesting phenomena, some of which are described in
Sections 8.4.3 and 8.4.4.

For a scalar field in n space dimensions, the Lorentz invariant Lagrangian density is

L = 1
2 (φ2

t − φ2
k) − U(φ) (8.A11)

with U(φ) a potential that is fairly arbitrary for a classical field, but more constrained in a
quantum theory. The canonical momentum is π = φt leading to the Hamiltonian density

H = 1
2π

2 + 1
2∇φ · ∇φ+ U(φ) (8.A12)

The momentum and energy can be derived from the stress-energy tensor Tµν defined by

Tµν ≡ ∂φ

∂xµ
∂φ

∂xν
− Lgµν (8.A13)

We then have

Pµ =
∫

T0µ d
nx (8.A14)

Conservation of four-momentum follows from the equations of motion (show this).
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A monumental treatise with an extensive discussion of methods to find both exact and approx-
imate solutions to linear partial differential equations involving the Laplace operator is

Philip M. Morse and Herman Feshbach, Methods of Theoretical Physics, (two vol-
umes) McGraw-Hill (1953)

Laplace’s and Poisson’s equations, the scalar Helmholtz equation, the wave equation, the
Schrödinger equation, and the diffusion equation are all discussed at length. The method of
separation of variables, the ordinary differential equations that arise after separating variables,
and the special functions that appear as solutions to these equations are thoroughly analyzed.
The coordinate systems in which Laplace’s equation and the scalar Helmholtz equation are
separable are analyzed at length. Complex variable methods are thoroughly described, but
abstract linear vector space methods are presented only in a very archaic form.

A handbook that has many useful formulas—differential equations, generating functions,
recursion relations, integrals and more—is

Milton Abramowitz and Irene Stegun, Handbook of Mathematical Functions, Dover
(1972).

This book has extensive graphs and tables of values of the functions, as well as the formulas.
While the tables are less important with the availability of high-level programming systems
such as Matlab and Mathematica, the graphs are still of some use for orientation. It is also
available online as a free download; it was originally created as a project of the (U. S.) National
Bureau of Standards and thus not subject to copyright.

A classic text from the famous Sommerfeld lecture series is

Arnold Sommerfeld, Lectures on Theoretical Physics VI: Partial Differential Equa-
tions in Physics, Academic Press (1964)

This book is an outstanding survey of methods for analyzing partial differential equations
that were available in the 1920s and 1930s. These methods go far beyond the discussion of
separation of variables given here, and cover many applications that are still interesting today.

A modern survey of various topics in linear and nonlinear wave motion is

J. Billingham and A. C. King, Wave Motion, Cambridge University Press (2000).

This book starts an elementary level, but moves on to describe elastic waves in solids, water
waves in various limiting cases both linear and nonlinear, electromagnetic waves, and waves
in chemical and biological systems.

Another introduction that emphasized nonlinear partial differential equations that have
solitonic solutions is

P. G. Drazin and R. S. Johnson, Solitons: An Introduction, Cambridge University
Press (1989).

This book treats the Kortweg-de Vries equation in great detail, but considers other nonlinear
equations as well.
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Problems

1. Consider the operator

∆ ≡ ∇2 =
(
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

)

defined on the (complex) function space L2(Ω), where Ω is three-dimensional region
bounded by a closed surface S. Show that this operator is self-adjoint when defined on
the subspace of twice differentiable functions that satisfy the mixed boundary condition
(see Eq. (8.27))

α(r) u(r) + β(r) n̂ · ∇u(r) = α(r) v(r) + β(r) n̂ · ∇ v(r) = 0 on S.

with α(r) and β(r) real functions on S.

2. Evaluate the Green function for the Laplacian in two dimensions, with boundary condi-
tion that n̂ · ∇rG(r, s) vanish far from the source, from its Fourier transform

G(r, s) =
1

(2π)2

∫
ei
�k·(�r−�s)

k2
d2k

and compare this result with the standard result for the electrostatic potential due to a
line charge. (Note. The evaluation is tricky. With ρ ≡ |r − s|, you might want to first
evaluate dG/dρ.)

3. Use the continuum eigenvectors defined in Eq. (8.45) to construct an explicit represen-
tation of the operators Eλ that define a resolution of the identity (Section 7.3.3) for the
operator ∆ on Rn.

4. Consider the eigenvalue equation

∆u = λu

in a rectangular box characterized by

0 ≤ x ≤ a 0 ≤ y ≤ b 0 ≤ z ≤ c

with periodic boundary conditions

u(r + aêx) = u(r) u(r + bêy) = u(r) u(r + cêz) = u(r)

(here êx, êy, and êz are unit vectors along the coordinate axes, which are parallel to the
edges of the box).

(i) Show that ∆ is a self-adjoint operator with the periodic boundary conditions.

(ii) Find a complete orthonormal system of eigenvectors of ∆ with periodic boundary
conditions. What are the corresponding eigenvalues?
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5. Consider the Laplacian ∆ inside a cylinder of radius R and length L.

(i) Express ∆ in terms of partial derivatives with respect to the standard cylindrical co-
ordinates ρ, φ, and z (see Eq. (3.194)).

(ii) Consider solutions to the eigenvalue equation

∆u = λu

of the form

u(ρ, φ, z) = G(ρ)F (φ)Z(z)

Find the differential equations that must be satisfied by the functions G(ρ), F (φ), and
Z(z), introducing additional constants as needed.

(iii) Find solutions of these equations that are single valued inside the cylinder and that
vanish on the surface of the cylinder.

(iv) Then describe the spectrum of the Laplacian in the cylinder with these boundary
conditions, and find the corresponding complete orthonormal system of eigenvectors.

6. (i) Show that the retarded Green function for the wave equation (8.70) can be written as

Gret(ρ, τ ) = − c2

(2π)n+1
lim
ε→0+

∫
1

(ω + iε)2 − k2c2
ei
�k·�ρ−iωτ dnk dω

with ρ ≡ r − s and τ ≡ t− u.

(ii) Show that the Feynman Green function GF can be written as

GF (ρ, τ ) = − c2

(2π)n+1
lim
ε→0+

∫
1

ω2 − k2c2 + iε
ei
�k·�ρ−iωτ dnk dω

Remark. The problem here is simply to show that each so-called “iε prescription”
given here is equivalent to the corresponding contour in Fig. 8.1. �

7. Show that the solution (8.99) for the retarded Green function in three dimensions leads
to the potential

φ(r, t) =
1
4π

∫
1

|r − s| ρ
(
s, t− |r − s|

c

)
d3s

Remark. This potential is the retarded potential. The potential at the point P = (r, t)
is determined by the sources on the “backward light cone” from P . Draw a picture to
explain this statement. �

8. (i) Show that a formal solution to the Schrödinger equation (8.69)

i�
∂ψ

∂t
= Hψ
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is given by

ψ(t) = exp(− i

�
Ht)ψ(0) ≡ U(t)ψ(0) (*)

(ii) If the Hamiltonian H has a resolution of the identity Eω such that

H = �

∫
ωdEω

then

ψ(t) =
∫

e−iωtdEω ψ(0)

(iii) For a particle of mass m with potential energy V (r) the Hamiltonian is

H = − �
2

2m
∇2 + V (r)

The formal solution (∗) can be expressed as

ψ(r, t) =
∫

G(r, t;s, 0)ψ(s, 0) d3s

where G(r, t;s, 0) is the Green function for this Schrödinger equation.

(iv) Evaluate the Green function G0(r, t;s, 0) for a free particle (V = 0).

9. Parabolic coordinates ξ, η, φ were introduced in Problem 3.9 in terms of Cartesian coor-
dinates x, y, z.

(i) Show that ξ, η can be expressed in terms of the spherical coordinates r and θ as

ξ = r(1 − cos θ) = r − z η = r(1 + cos θ) = r + z

(ii) Show the Laplacian ∆ in parabolic coordinates is

∆ =
4

ξ + η

[
∂

∂ξ

(
ξ
∂

∂ξ

)
+

∂

∂η

(
η
∂

∂η

)]
+

1
ξη

∂2

∂φ2

(iii) Show that the Schrödinger equation (8.116) can be separated in parabolic coordi-
nates.

(iv) Find scattering solutions corresponding to an incoming plane wave plus outgoing
scattered wave, including the logarithmic corrections to the phase that are related to the
long-range character of the Coulomb potential.

10. (i) Show that the Green function for the Klein–Gordon equation (8.71) in n space di-
mensions has the general form

G(ρ, τ ) = − c2

(2π)n+1

∫
1

ω2 − k2c2 − (mc2/�)2
ei
�k·�ρ−iωτ dnk dω
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(again ρ ≡ r−s and τ ≡ t−u) where, as for the wave equation, the contour of integration
in the complex ω-plane must be chosen so that G satisfies the desired initial conditions.

(ii) Show that the contour Cret in Fig. 8.1 again gives a retarded Green function.

(iii) Show that doing the integral over ω gives

Gret(ρ, τ ) =
c2

(2π)n

∫
sinωkτ
ωk

ei
�k·�ρ dnk

with ωk =
√
k2c2 + (mc2/�)2.

11. Show that the Schrödinger equation for a particle of mass m moving in a potential V (r)
can be derived from a Lagrangian

L =
i

2
(ψ∗ψt − ψ∗

tψ) − �
2

2m
ψ∗
kψk − ψ∗V (r)ψ

Treat ψ and ψ∗ as independent fields.

12. Consider the partial differential equation

∂u

∂t
+ (1 + u)

∂u

∂x
= 0

with u(x, 0) given by a “hat” function

u(x, 0) =






u0(1 + x) −1 < x ≤ 0
u0(1 − x) 0 < t < 1
0 otherwise

(i) Draw a sketch in the x–t plane of the characteristics of this equation starting from the
X-axis at t = 0.

(ii) Find the trajectory of the shock wave associated with these initial conditions.

(iii) Then find the complete solution u(x, t) of the partial differential equation with these
initial conditions.

13. Derive Eq. (8.175) for the energy of the moving kink solution (8.174).



9 Finite Groups

Symmetries and invariance principles lead to conservation laws that are at the foundation of
physical theory. The idea that physical laws should be independent of the coordinate system
used to describe spacetime leads to the fundamental conservation laws of classical physics.
That laws are independent of the choice of origin of the spatial coordinate system (transla-
tion invariance) is equivalent to conservation of momentum; independence of the choice of
initial time is equivalent to conservation of energy. Rotational invariance of physical laws is
equivalent to conservation of angular momentum. Even in systems such as solids, where the
full symmetries of spacetime are not present, there are discrete rotational and translational
symmetries of the lattice that have consequences for the physical properties of such systems.

Systems of identical particles have special properties in quantum mechanics. All known
elementary particles are classified as either bosons (with integer spin) or fermions (spin 1

2 ).
The requirement that any state of a system of bosons (fermions) be symmetric (antisymmetric)
under the exchange of any pair of particles leads naturally to study of the properties of per-
mutations. Antisymmetry of many-electron states under permutations is the basis of the Pauli
exclusion principle, which leads to an elementary qualitative picture of the periodic table of
the elements. Moreover, the theory of atomic and molecular spectra requires knowledge of
the constraints on the allowed states of atoms and molecules imposed by the Pauli exclusion
principle. The allowed states of atomic nuclei are also restricted by the Pauli principle applied
to the constituent protons and neutrons.

These and other symmetries are described by a mathematical structure known as a group,
and there is a highly developed theory of groups with physical applications. In this chapter,
we introduce some general properties of groups derived from the group axioms that were in-
troduced in Chapter 1, and give examples of both finite and continuous groups. These include
symmetry groups of simple geometric objects such as polygons and polyhedra that appear in
molecules and crystal lattices, as well as the group of permutations of N objects, the sym-
metric group SN . Space–time symmetries such as rotations and translations are described by
continuous groups, also known as Lie groups, as are the more abstract symmetries associ-
ated with conservation of electric charge and with the fundamental interactions of quarks and
leptons. Lie groups are described in detail in Chapter 10.

In this chapter, we study groups with a finite number n of elements (n is the order of the
group). An important element of this study is to find the (conjugacy) classes of G. Two group
elements a and b are conjugate (a ∼ b) if there is an element g of G such that b = gag−1. A
class of G contains all the group elements conjugate to any one element of the class. A group
of finite order n has p (≤ n) classes with h1, . . . , hp elements, with

∑
hk = n.
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In physical applications, we are most often interested in the representation of a group by
linear operators on a linear vector space, such as the coordinate space of a system of coupled
oscillators, or the state space of a quantum mechanical system. A representation is a map
g → D(g) such that the group multiplication is preserved, i.e.,

g = g1g2 if and only if D(g) = D(g1)D(g2)

Of special interest are the irreducible representations, in which the group acts on a vector
space that has no proper subspace invariant under the action of the entire group. For a finite
group, any irreducible representation is equivalent to a representation by unitary matrices.

The theory of irreducible representations of finite groups starts from orthogonality re-
lations based on two lemmas due to Schur. The first lemma states that any operator that
commutes with all the operators in an irreducible representation is a multiple of the identity
operator. The second states that if Γ [g → D(g)] and Γ′ [g → D′(g)] are two inequivalent
irreducible representations and A is a linear operator such that

AD(g) = D′(g)A

for all g, then A = 0. From these lemmas, we derive the fundamental theorem on represen-
tations of finite groups, which states that a finite group G with p classes has exactly p distinct
inequivalent irreducible representations, of dimensions m1, . . . ,mp such that

p∑

k=1

m2
k = n

We give special attention to the symmetric groups SN , as these are important both for the
quantum-mechanical description of systems of identical particles and for the representation
theory of continuous groups. Each class of SN is associated with one of the π(N) partitions
of N and its corresponding Young diagram, as every permutation with a cyclic structure de-
scribed by one partition belongs to the same class of SN . Then SN also has π(N) inequivalent
irreducible representations, each of which can also be associated with a partition of N and its
Young diagram.

There is a remarkable generating function, due to Frobenius, for the simple characters
χ

(λ)
(m) of SN . This function, derived in Appendix B, allows us to develop graphical methods

based on Young diagrams for computing the characters, for the reduction of tensor products
of irreducible representations of SN , and for the reduction of outer products Γ(µ) ◦ Γ(ν) of
irreducible representations of Sm and Sn. The outer products are representations of Sm+n

induced by representations of the subgroup Sm⊗Sm using a standard procedure for obtaining
representations of a group from those of its subgroups. These graphical methods can be used
to compute various properties not only of SN , but also of Lie groups and their Lie algebras,
as explained in Chapter 10.
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9.1 General Properties of Groups

9.1.1 Group Axioms

The essential properties of a group are that (i) multiplication is defined for any two elements
of the group, (ii) there is an identity element that leaves any element unchanged under mul-
tiplication, and (iii) for every element of the group, there is an inverse under multiplication
that brings the group element back to the identity under multiplication. These properties are
formalized in the following definition.

Definition 9.1. A group G is a set of elements with a law of composition (multiplication) that
associates with any ordered pair (g, g′) of elements of G a unique elements gg′, the product of
g and g′, such that

(i) (associative law) for every g, g′, g′′ in G, it is true that

(gg′)g′′ = g(g′g′′); (9.1)

(ii) there is a unique element in G (the identity) denoted by 1 or by e, such that eg = g for
every g in G;

(iii) for every g in G, there is a (unique) element g−1, the inverse of g, such that

g−1g = e = gg−1. (9.2)

The group G is finite if it contains a finite number of elements, otherwise infinite. If G is
finite, the number of elements of G is the order of G. A subset H of G that is a group under
multiplication in G is a subgroup of G, proper unless H = G or H = {e}.

Definition 9.2. The group G is Abelian if gg′ = g′g for every pair g and g′ in G. The law of
composition of an Abelian group is often called addition; the group is additive.

Example 9.1. The set {1,−1} is a group (of order 2) under ordinary multiplication; it is
evidently Abelian. This group is denoted by Z2.

Example 9.2. The integers Z = {0,±1,±2, . . .} form an (infinite) Abelian group under
addition.

Example 9.3. The permutations of N distinct objects form a group SN , the symmetric
group, since the result of applying two permutations of the N objects is another permuta-
tion. SN is of order N ! (there are N ! distinct permutations of N objects).

Example 9.4. The complex numbers z on the unit circle (|z| = 1) form an Abelian group
under the usual complex multiplication. The elements of this group depend on a single
real parameter θ [with z = exp(iθ)] in the range 0 ≤ θ < 2π.

Example 9.5. The n × n unitary matrices U form the unitary group U(n) (recall from
Chapter 2 that the product of unitary matrices is unitary). U(n) is non-Abelian for n > 1;
U(1) is equivalent to the group of complex numbers on the unit circle. The subgroup of
U(n) containing those matrices U with detU = 1 is the special unitary group SU(n).
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Example 9.6. The rotations in the plane depicted in Fig. 2.3 form the group SO(2),
which is equivalent to the group U(1) in the preceding example. The three-dimensional
rotations depicted in Fig. 2.4 form the group SO(3).

Example 9.7. The orthogonal (real unitary) linear operators in an n-dimensional real
vector space form a group O(n). O(n) has a subgroup SO(n) containing the rotations
that are connected continuously to the identity transformation; reflections are excluded
from SO(n).

Two groups appearing in different contexts may have the same abstract structure, and are
thus equivalent from a mathematical viewpoint. This equivalence is called isomorphism. For
computational purposes, we do not need to distinguish between groups that are isomorphic.

Definition 9.3. The groups G and G′ are isomorphic (G ∼= G′) if there is a one-to-one mapping
G ↔ G′ that preserves multiplication, so that if a, b in G are mapped to a′, b′ in G′, then

a′b′ = ab

Definition 9.4. A group element g is of order n if n is the smallest integer for which gn = e.
If no such integer exists, then g is of infinite order. The group G is periodic if every element is
of finite order. G is cyclic if there is an element a in G such that every g in G can be expressed
as g = am for some integer m. The cyclic group of order n is denoted by Zn. It contains
elements e, a, a2, . . . , an−1.

Example 9.8. Zn and Z are cyclic groups. Z is of infinite order.

Example 9.9. The smallest non-Abelian group is the group D3 of order 6 whose elements
{e, a, b, c, d, d−1} have the properties

a2 = b2 = c2 = e ab = bc = ca = d ac = cb = ba = d−1

The elements a, b, c are evidently of order 2.

Exercise 9.1. (i) For the group D3, show that

aba = c = bab bcb = a = cbc aca = b = cac

(ii) What is the order of d? of d−1?
(iii) Show that the elements d and d−1 of D3 can be identified with rotations in a plane

through angles ±2π/3, while the elements a, b, and c can be identified with reflections through
three axes making angles of 2π/3 with each other.

(iv) Finally, show that these elements contain all six permutations of the three vertices of
an equilateral triangle.

Remark. This exercise shows that the group D3 is isomorphic to S3. D3 is the smallest of a
class known as dihedral groups (see Section 9.2.2). �
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Definition 9.5. The direct product G1 ⊗ G2 of the groups G1 and G2 contains the ordered
pairs (g1, g1) with g1 from G1 and g2 from G2. With a1, b1 from G1 and a2, b2 from G2,
multiplication is defined by

(a1, a2)(b1, b2) = (a1b1, a2b2) (9.3)

If G ∼= G1 ⊗ G2, then G is decomposed into the direct product of G1 and G2.

Exercise 9.2. Consider the cyclic groups Z2 = {e, a} and Z3 = {e, b, b2}. The direct
product Z2 ⊗ Z3 is a group of order 6, with elements

1 = (e, e), (a, e), (e, b), (e, b2), (a, b), (a, b2) (9.4)

Show that Z2 ⊗ Z3
∼= Z6. Hint. Consider the element g = (a, b) and its powers. �

9.1.2 Cosets and Classes

Definition 9.6. Suppose G is a group with subgroup H, and g an element of G. The set
gH consisting of the elements of G of the form gh with h in H, is a (left) coset of H in G.
Similarly, the set Hg is a (right) coset of H in G.

An important property of cosets is that if g1 and g2 are two elements of G, then the cosets
g1H and g2H are either (i) identical, or (ii) contain no common element. To show this, suppose
g1H and g2H have a common element. Then there are elements h1 and h2 in H such that
g1h1 = g2h2. Thus g2 = g1h1h

−1
2 is in g1H, and so is g2h for any h in H. Thus g1H = g2H.

It follows that if G is a group of finite order n with subgroup H of order m, we can find
group elements g1 = e, g2, . . . , gt such that the cosets g1H, g2H, . . . , gtH are disjoint, but
every element of G is in exactly one of these cosets. Then n = mt, so that the order of H is a
divisor of the order of G (Lagrange’s theorem). The integer t is the index of H in G.

An important corollary of Lagrange’s theorem is that if g is an element of order m in the
group G of finite order n, then m is a divisor of n. Thus, for example, every element g in
a group of prime order p has order p (except the identity element, of course), and the group
must be isomorphic to the cyclic group Zp with elements e, g, g2, . . . , gp−1.

Definition 9.7. Two elements a and b of a group G are conjugate (a ∼ b) if there is an element
g of G such that

b = gag−1 (9.5)

If gag−1 = a for every g in G, then a is self-conjugate.

A group can be divided into (conjugacy) classes, such that each class contains the group
elements conjugate to one member of the class. The identity element is in a class by itself.
In an Abelian group, every element is in a class by itself. Every self-conjugate element is in
class by itself. All the elements of a class have the same order (show this).

Remark. Understanding the class structure of a finite group G is especially important, since
the number of inequivalent irreducible representations of G is equal to the number of distinct
classes of G, as will soon be shown. �
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Example 9.10. In D3, the elements a, b, c form a class, as do the rotations d, d−1.

Example 9.11. The class structure of the rotation group SO(3) is determined by noting
that a rotation in SO(3) can be characterized by a unit vector n defining an axis of rotation
and an angle Φ of rotation (0 ≤ Φ ≤ π). Two rotations are conjugate if and only if
they have the same angle of rotation (see Problem 2.13). Thus the classes of SO(3) are
characterized by a rotation angle Φ (in [0, π]).

Definition 9.8. If a is self-conjugate, then ga = ag for every g in G, so that self-conjugate
elements of G form an Abelian subgroup of G, the center ZG of G.

Example 9.12. The group U(n) of n× n unitary matrices has as its center the group of
matrices of the form U = exp(iα)1, which is isomorphic to the group U(1).

Definition 9.9. Two subgroups H and H′ of the group G are conjugate if there is an element
g of G such that

H′ = gHg−1 (9.6)

The subgroup H is a invariant subgroup, or normal subgroup, if gHg−1 = H for every
element g of G. The invariant subgroup H of G is maximal if it is not an (invariant) subgroup
of any proper invariant subgroup of G, minimal if it contains no proper subgroup that is an
invariant subgroup of G. G is simple if it contains no proper invariant subgroups, semisimple
if it contains no Abelian invariant subgroups.

Example 9.13. The center ZG of G is an Abelian invariant subgroup of G.

If H is an invariant subgroup of G, then the cosets of H in G form a group under multipli-
cation, since we then have

gH = (gHg−1)g = Hg (9.7)

(the left cosets and the right cosets of H coincide), and then

g1Hg2H = g1g2H (9.8)

This group defined by the coset multiplication is the factor group, or quotient group, denoted
by G/H (read G mod H).

Example 9.14. The group H ≡ {e, d, d−1} ∼= Z3 is an (Abelian) invariant subgroup of
D3, but d, d−1 do not commute with every element of G, so not every Abelian invariant
subgroup of a group G is in the center ZG of G. The factor group D3/Z3

∼= Z2. Note that
it is not true that D3

∼= Z2 ⊗ Z3.

Example 9.15. The group 2Z ≡ {0,±2,±4, . . .} of even integers is an invariant sub-
group of Z. Note that 2Z is isomorphic to Z (!) Again, the factor group Z/(2Z) = Z2,
but it is not true that Z ∼= Z2 ⊗ Z.
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Definition 9.10. A mapping f of a group G onto a subgroup H that preserves multiplication

is a homomorphism, written as G f→ H. The elements g in G that are mapped into the identity

on H form a group ker f , the kernel of f . The elements h of H such that g
f�→ h for some g in

G form a group im f , the image of G (under f ).

Remark. Compare these definitions of kernel and image with those in Chapter 2. Note that
a linear vector space V is an Abelian group under vector addition, with identity element θ (the
zero vector), and a linear operator can be described as a homomorphism of V into itself. �

Exercise 9.3. Show that the kernel of the homomorphism f is an invariant subgroup of G,
and im f ∼= G/ ker f . �

Exercise 9.4. Show that if H is an invariant subgroup of G, then there is a homomorphism

f with ker f = H such that G f→ G/H. �

Definition 9.11. Let G be a group with invariant subgroup H, and K = G/H. Then G is an
extension of K by the group H. If H is in the center of G, then G is a covering group of K, or
central extension of K by H.

Remark. The concept of covering group is important in the discussion of the global proper-
ties of Lie groups. �

9.1.3 Algebras; Group Algebra

A linear vector space is an Abelian group under addition of vectors, but it has more structure in
the form of multiplication by scalars, and the existence of norm (and scalar product in unitary
spaces). Still more structure is obtained, if there is a rule for multiplication of two vectors to
produce a third vector; such a space is called an algebra. We have the formal

Definition 9.12. An algebra is a linear vector space V on which is defined, in addition to
the usual vector space operations, an operation ◦, multiplication of vectors, that for every pair
(x, y) of vectors defines a unique vector x ◦ y, the product of x and y. This multiplication
must satisfy the axioms.

(i) For every scalar α and every pair of vectors x, y,

(αx) ◦ y = α(x ◦ y) = x ◦ (αy) (9.9)

(ii) For every triple of vectors x, y, and z,

(x+ y) ◦ z = x ◦ z + y ◦ z
(9.10)

x ◦ (y + z) = x ◦ y + x ◦ z

In addition to these mandatory distributive laws, special types of algebras can be defined by
further axioms.

Example 9.16. The linear operators on a linear vector space V form an algebra O(V)
with multiplication defined as operator multiplication, the operator algebra of V . If V is
of finite dimension n, then O(V) has dimension n2.
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Example 9.17. The linear operators on a linear vector space form another algebra L(V),
the Lie algebra of V , with multiplication of two operators A and B defined as the com-
mutator,

A ◦ B ≡ [A,B] = AB − BA (9.11)

Lie algebras play an important role in the theory of continuous groups.

Example 9.18. The linear operators on a linear vector space form yet another algebra
J(V) with multiplication of two operators A and B defined as the anticommutator,

A ◦ B ≡ 1
2{A,B} = 1

2 (AB + BA) (9.12)

J(V) is a Jordan algebra. While Jordan algebras are encountered in axiomatic formula-
tions of quantum mechanics, they are not discussed at length here.

Definition 9.13. An algebra is commutative if for every pair of vectors x, y we have

x ◦ y = y ◦ x

Example 9.19. J(V) is commutative; O(V) and L(V) are not.

Definition 9.14.
An algebra is associative if for every triple of vectors x, y, and z we have

x ◦ (y ◦ z) = (x ◦ y) ◦ z

Example 9.20. O(V) is associative; L(V) and J(V) are not.

Definition 9.15. An algebra has a unit if there is an element 1 of the algebra such that for
every vector x, we have

1 ◦ x = c = x ◦ 1

Example 9.21. O(V) and J(V) have a unit; L(V) does not.

If G is a finite group, the group algebra A(G) consists of linear combinations of the group
elements with scalar coefficients (complex numbers in general). Multiplication of vectors is
simply defined by the group multiplication table, extended by the distributive laws (9.9) and
(9.10). If G is of finite order n, then A(G) is of dimension n. A(G) has a unit, the identity
element of G. It is associative since the group multiplication is associative; it is commutative
if and only if the group is Abelian. We use the group algebra of the symmetric group SN to
construct projection operators onto irreducible representations of SN . The group algebra can
also be used to construct a more abstract theory of representations than required here.
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9.2 Some Finite Groups

9.2.1 Cyclic Groups

The cyclic group ZN is generated from a single element a; it has elements 1, a, . . . , aN−1

with aN ≡ 1. A concrete realization of the group ZN is obtained with

a = exp
(

2πi
N

)
(9.13)

using the ordinary rules of complex multiplication.

Exercise 9.5. Show that if p and q are prime (even relatively prime), the cyclic group Zpq
can be factorized into the direct product Zp ⊗ Zq. �

As already noted, the only group of prime order p is the cyclic group Zp, which is Abelian.
If the integer N is a product of distinct primes p1, . . . , pm, then the only Abelian group of
order N is the cyclic group ZN , for in that case we have

ZN ∼= Zp1 ⊗ Zp2 ⊗ · · · ⊗ Zpm
(9.14)

However, if p is prime, then the cyclic group Zpm is not factorizable into the product of smaller
groups. Hence there are distinct Abelian groups of order pm of the form

Zpm1 ⊗ Zpm2 ⊗ · · · ⊗ Zpmq

where m1,m2, . . . ,mq is a partition of m into q parts (see the discussion of permutations
below for a definition of partitions). The number of such distinct groups is evidently the
number π(m) of partitions of m.

Example 9.22. The group Z4 has elements {1, a, a2, a3} with a4 = 1. The elements
a, a3 have order 4, while the element a2 is of order 2. On the other hand, the group Z2⊗Z2

has elements {1, a, b, ab = ba}, and the elements a, b, ab are each of order 2.

9.2.2 Dihedral Groups

The rotations in the plane that leave a regular N -sided polygon invariant form a group iso-
morphic to the cyclic group ZN . Further transformations that leave the polygon invariant are
(i) inversion σ of the axis normal to the plane of the polygon, (ii) rotation πk through angle π
about any of N symmetry axes v1, . . . , vN in the plane of the polygon, and (iii) inversions σk
of an axis in the plane normal to one of the vk.

Each of the transformations σ, σk, and πk has order 2, and

σπk = σk = πkσ (9.15)

(k − 1, . . . , N ). If a denotes rotation in the plane through angle 2π/N , then also

σkaσk = a−1 = πkaπk σaσ = a (9.16)
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If we let ρ denote any one of the rotations πk about a symmetry axis, then each of the trans-
formations b = ρ, b1 = ρa, . . . , bN−1 = ρaN−1 is of order 2 (show this). The elements 1, a,
. . . , aN−1, b = ρ, b1 = ρa, . . . , bN−1 form a group of order 2N , the dihedral group DN .

Remark. Note that if N is odd, the symmetry axes in the plane pass through one vertex of
the polygon and bisect the opposite edge. On the other hand, if N = 2m is even, then m of
the axes join opposite vertices, and the other m axes bisect opposite edges of the polygon. �

Exercise 9.6. Analyze the class structure of the dihedral group DN . Find the classes, and
the number of elements belonging to each class. Explain geometrically the difference between
the structure when N is even and when N is odd. �

Exercise 9.7. Show that ZN is an invariant subgroup of the dihedral group DN . What is
the quotient group DN/ZN? �

9.2.3 Tetrahedral Group

The tetrahedral group T is the group of rota-
tions that transform a regular tetrahedron into
itself. Evidently this group contains rotations
through angles ±2π/3 about any of the four
axes X1,X2,X3,X4 that pass through the cen-
ter and one of the four vertices of the tetrahe-
dron. These rotations generate three further
transformations in which the vertices are inter-
changed pairwise. Thus T is of order 12; it is
in fact isomorphic to the group A4 of even per-
mutations of the four vertices (see Problem 8).

•

•

•

•

3

1

4

2

Figure 9.1: A regular tetrahedron viewed
from above one vertex, here labeled “4.”

The tetrahedron has additional symmetry if reflections are included. There are six planes
that contain one edge of the tetrahedron and bisect the opposite edge. The tetrahedron in in-
variant under reflections in each of these planes. Each reflection exchanges a pair of vertices of
the tetrahedron; denote the reflection exchanging vertices j and k by Rjk. Then more symme-
tries are generated by following the reflection Rjk by a rotation through angles ±2π/3 about
either of the axes j and k. Only six of these combined reflection–rotation transformations
are distinct, so there are a total of 12 new symmetry transformations including the reflections.
Thus the complete symmetry group Td of the tetrahedron is of order 24, which is the same as
the order of the group S4 of permutations of the four vertices. This suggests that Td ∼= S4; it
is left to Problem 8 to show that this is actually the case.

Remark. In addition to the tetrahedral groups, the symmetry groups of the three-dimensional
cube are important in the theory of solids. These are the octahedral groups O and Od, which
are analyzed in Problems 9 and 10. �
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9.3 The Symmetric Group SN

9.3.1 Permutations and the Symmetric Group SN

Permutations arise directly in the quantum description of systems of identical particles, since
the states of such systems are required to be either symmetric (Bose–Einstein statistics) or
antisymmetric (Fermi–Dirac statistics) under permutations of the particles. Also, the clas-
sification of symmetry types is important in the analysis of representations of other groups,
especially the classical Lie groups (orthogonal, unitary, and symplectic) described in the next
chapter.

Definition 9.16. A permutation (of degree N ) is a one-to-one mapping of a set ΩN of
N elements onto itself. The permutation is a rearrangement, or reordering, of ΩN . If the
elements of ΩN are labeled 1, 2, . . . , N , and the permutation P maps the elements by

P : 1 → i1, 2 → i2, . . . , N → iN (9.17)

then we can write

P = (i1i2 · · · iN ) (9.18)

A longer notation that is useful when considering the product of permutations is to write

P =
(

1 2 · · · N
i1 i2 · · · iN

)
=
(
α1 α2 · · · αN
iα1 iα2 · · · iαN

)
(9.19)

where α1, α2, . . . , αN is an arbitrary reordering of 1, 2, . . . , N .

With this notation, the inverse of the permutation (9.19) is evidently given by

P−1 =
(
i1 i2 · · · iN
1 2 · · · N

)
(9.20)

Also, given two permutations

P =
(

1 2 · · · N
i1 i2 · · · iN

)
Q =

(
i1 i2 · · · iN
j1 j2 · · · jN

)
(9.21)

we have the product

QP =
(

1 2 · · · N
j1 j2 · · · jN

)
(9.22)

Thus the permutations of ΩN form a group, the symmetric group SN (of degree N). SN is of
order N !, since there are N ! distinct permutations of N objects.

Definition 9.17. A permutation Pjk that interchanges elements (j, k) of ΩN , leaving the
other elements in place, is a transposition. A transposition is elementary if the transposed
elements are adjacent, i.e., if k ≡ j ± 1 (mod N ).

Every permutation P can be expressed as a product of transpositions, even of elementary
transpositions. If the permutation P is the product of n transpositions, then the parity of P is
defined by εP = (−1)n. P is even if εP = +1, odd if εP = −1.
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The expression of a permutation P as a product of transpositions is not unique. However,
the parity εP of P is unique. To show this, consider the alternant A(x1, . . . , xN ) of the N
variables x1, . . . , xN , defined by

A(x1, . . . , xN ) ≡
∏

j<k

(xj − xk) (9.23)

Under a permutation P = (i1 · · · iN ) of the x1, . . . , xN , the alternant transforms according to

A(x1, . . . , xN ) → A(xi1 , . . . xiN ) ≡ εPA(x1, . . . , xN ) (9.24)

In fact, Eq. (9.24) is an alternate definition of εP. It shows that the parity of the product of
two permutations P1, P2 is

εP1P2
= εP1

εP2
= εP2P1

(9.25)

It follows from this that the even permutations form a subgroup of SN , (since the product of
two even permutations is an even permutation) the alternating group AN . It is an invariant
subgroup as well, since if P is an even permutation, so is QPQ−1 for any permutation Q
(even or odd).

Example 9.23. In the group S3, the transpositions are P12 = (213), P13 = (321),
P23 = (132). The remaining two permutations (apart from 1) are

(231) = P13P12 = P12P23 = P23P13

(312) = P12P13 = P23P12 = P13P23 (9.26)

The transpositions are odd, while 1, (231), and (312) are even. Note that here the alternat-
ing group A3

∼= Z3 is cyclic, and S3/A3
∼= Z2. Nevertheless, S3 is not a direct product

Z2 ⊗ Z3.

Exercise 9.8. Express the permutations in S4 as products of the elementary transpositions
P12, P23, P34, P41. �

Exercise 9.9. Show that SN/AN
∼= Z2. �

Definition 9.18. Let P = (i1 · · · iN ) be a permutation of degree N . Associated with P is the
N ×N permutation matrix A = A(P) with elements

Ajk = δjik (9.27)

Exercise 9.10. Show that the matrix A is orthogonal, and that detA(P) = εP. �

Definition 9.19. A permutation P mapping the elements a1, a2, . . . , ap of ΩN by

a1 → a2 , a2 → a3 , . . . , ap → a1 (9.28)

leaving the other elements fixed, is a cycle of length p, or p-cycle. Such a cycle can be
represented by the abbreviated notation

P = (a1 a2 · · · ap) = (a2 · · · ap a1) = · · · = (ap a1 a2 · · · ap−1)
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Exercise 9.11. If P is a p-cycle, then εP = (−1)p+1. �

Every permutation can be expressed as a product of disjoint cycles, uniquely, apart from
ordering of the cycles. For we can choose an element a1 of ΩN and follow the chain a1 →
a2 → · · · → ap → a1 to the end of its cycle. Next we choose an element b1 not in the
previous cycle, and follow the chain b1 → b2 → · · · → bq → b1 to the end of its cycle. Then
we end up with P expressed as

P = (a1 a2 · · · ap)(b1 b2 · · · bq) · · · (9.29)

where, if the degree of P is clear, the 1-cycles can be omitted.

Example 9.24. In cyclic notation, the transpositions of the group S3 are

P12 = (12) P13 = (13) P23 = (23) (9.30)

and the 3-cycles are

(123) = (13)(12) = (12)(23) = (23)(13)
(321) = (12)(13) = (23)(12) = (13)(23) (9.31)

Note that the 3-cycles are even, since they are products of two transpositions. Be careful
to distinguish the cyclic notation here and the notation in Example 9.23.

Exercise 9.12. Find the cycle structure for each of the permutations in S4. �

Exercise 9.13. If the permutation P in SN is a product of p disjoint cycles, then

εP = (−1)N+p (9.32)

Note explicitly how this works for S3 and S4. �

The classes of SN are determined by the cycle structure of permutations, since two per-
mutations with the same cycle structure belong to the same class of SN . To see this, note that
if the permutation P is expressed as a product of disjoint cycles,

P = (a1 a2 · · · ap)(b1 b2 · · · bq) · · · (9.33)

and Q is the permutation

Q =
(
a1 a2 · · · ap b1 b2 · · · bq · · ·
a′1 a′2 · · · a′p b′1 b′2 · · · b′q · · ·

)
(9.34)

then

P′ ≡ QPQ−1 = (a′1 a
′
2 · · · a′p)(b′1 b′2 · · · b′q) · · · (9.35)

is a permutation with the same cycle structure as P. Conversely, if P1 and P2 are two per-
mutations of degree N with the same cycle structure, then there is a (unique) permutation Q
such that

P2 = QP1Q−1 (9.36)

Thus any two permutations with the same cycle structure belong to the same class of SN .
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9.3.2 Permutations and Partitions

The cycle structure of a permutation, as noted in Eq. (9.29), is defined by a setm1,m2, . . . ,mp

of (positive) integers such that

(i) m1 ≥ m2 ≥ · · · ≥ mp > 0 and (ii) m1 +m2 + · · · +mp = N (9.37)

A set (m) = (m1m2 · · ·mp) of positive integers that satisfies (i) and (ii) is a partition of N
(into p parts). We have just shown a one-to-one correspondence between classes of SN and
partitions of N ; let K(m) denote the class whose permutations have cycle structure (m).
Remark. An integer q that is repeated r times in the partition (m) can be expressed as qr.
Thus the partitions of 2 are (2) and (11) = (12), for example. �

Example 9.25. The partitions of 3 are (3), (21), and (13). The partitions of 4 are (4),
(31), (22), (212), and (14).

To each partition (m) = (m1m2 · · ·mp) of N into p parts corresponds a Young diagram
Y(m) constructed with N boxes placed into p rows, such that m1 boxes are in the first row,
m2 boxes in the second row, and so on.

Example 9.26. The Young diagrams

(2) = (12) = (9.38)

correspond to the partitions of 2. The diagrams

(3) = (21) = (13) = (9.39)

correspond to the partitions of 3, and the diagrams

(4) = (31) = (22) = (212) = (14) =

correspond to the partitions of 4.

Partitions of N can be ordered by the (dictionary) rule:

(m) = (m1m2 · · ·mp) precedes (m′) = (m′
1m

′
2 · · ·m′

q)

[or simply (m) < (m′)] if the first nonzero integer in the sequence {m1 −m′
1,m2 −m′

2, . . .}
is positive. The partitions of N = 2, N = 3, and N = 4 in the preceding example have been
given in this order.

Exercise 9.14. Enumerate the partitions of N = 5 and N = 6 in dictionary order, and
draw the corresponding Young diagrams. �
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To each partition (m) of N is associated a conjugate partition (m̃) whose diagram is
obtained from that of (m) by interchanging rows and columns.

Example 9.27. (ñ) = (1n) (2̃1) = (21) (2̃2) = (22) (3̃1) = (212).

Remark. The partitions (21) and (22) are self-conjugate. �

If (m) = (m1m2 · · ·mp) is a partition of N , let νk ≡ mk − mk+1 (k = 1, . . . , p),
with mp+1 ≡ 0. Then the conjugate partition (m̃) can be written in the form (m̃) =
(pνp · · · 2ν21ν1), omitting the term kνk if νk = 0. Conversely, if (m) = (qνq · · · 2ν21ν1)
is a partition of N , then the conjugate partition is (m̃) = (m̃1m̃2 · · · m̃q), with

m̃1 = ν1 + ν2 + · · · + νq

m̃2 = ν2 + · · · + νq
... (9.40)

m̃q = νq

These relations are easily verified by drawing a few diagrams.
Associated with a Young diagram corresponding to a partition (m) of N is a set of d[(m)]

regular (or standard) tableaux obtained by assigning the numbers 1, 2, . . . , N to the boxes
of the Young diagram such that the numbers increase (i) across each row and (ii) down each
column of the diagram. For the diagrams with either a single row or a single column, there
is associated a unique regular tableau, since rules (i) and (ii) require the numbers 1, 2, . . . , N
to appear in order across the row or down the column of the diagram. However, d[(m)] > 1
for other Young diagrams, and we shall see that d[(m)] is the dimension of the irreducible
representation of the symmetric group SN corresponding to the partition (m).

Example 9.28. d[(21)] = 2, since

→ 1 2
3

+ 1 3
2

Similarly, d[(22)] = 2, since

→ 1 2
3 4

+ 1 3
2 4

d[(31)] = 3, since

→ 1 2 3
4

+ 1 2 4
3

+ 1 3 4
2

Computation of the d(m) for partitions of N > 4 is left to the exercises.

Exercise 9.15. Show that d[(m)] = d[(m̃)] for any conjugate pair (m), (m̃). �

There is also a normal (dictionary) ordering of the standard tableaux associated with a parti-
tion. Comparing elements of two standard tableaux while reading across the rows in order, we
place the tableau with the first smaller number ahead of the comparison tableau. The tableaux
in the examples above have been written in normal order.

Exercise 9.16. Enumerate the regular tableaux (in normal order) associated with each
partition (m) of N = 5, 6. Then find the dimension d[(m)] for each (m). �
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9.4 Group Representations

9.4.1 Group Representations by Linear Operators

Of prime importance for physical applications is the study of group representations on a linear
vector space V , especially in quantum mechanics, where V is often the space of states of a
physical system. In this and the next section, we develop the general theory of representations
of finite groups; in Section 9.5 we work out the theory of representations of SN in great detail.

Definition 9.20. If G is a group and Γ a group of linear operators on a linear vector space V ,
with a homomorphism G → Γ, then Γ is a representation of G. V is the representation space,
dimV the dimension of the representation.

In other words, to each element g of G, there corresponds a linear operator DΓ(g) on V such
that

DΓ(g2)DΓ(g1) = DΓ(g2g1) (9.41)

so that the DΓ(g) follow the multiplication law for the group G. For every group G, the map
g → 1 for every g in G is a representation, the trivial representation, or identity representa-
tion. The representation Γ is faithful if every element of G is represented by a distinct linear
operator, so that

DΓ(g2) = DΓ(g1) (9.42)

if and only if g2 = g1.

Definition 9.21. Two representations Γ1 and Γ2 of G on V are equivalent (Γ1 ∼ Γ2) if there
is a nonsingular linear operator S on V such that

DΓ2(g) = SDΓ1(g)S−1 (9.43)

for every g in G; if this is the case, Γ1 and Γ2 differ only by a change of basis in V .

Definition 9.22. If V contains a subspace M invariant under Γ, so that M is an invariant
manifold of DΓ(g) for every group element g, then Γ is reducible. It is fully reducible if M⊥

is also invariant under Γ; in this case the representation Γ can be split into two parts acting
on M and M⊥ with no connection between the subspaces. If there is no subspace invariant
under Γ, then Γ is irreducible.

A general problem for any group G is to find all the possible inequivalent irreducible repre-
sentations of G. We will find the solution to this problem for finite groups in Theorem 9.4.

Example 9.29. A representation Γm of the cyclic group ZN = {1, a, . . . , aN−1} is
defined by setting

a = exp
(

2πim
N

)
(9.44)

for any m = 0, 1, . . . , N − 1. Each Γm is one-dimensional, hence irreducible, and the
N different values of m correspond to inequivalent representations. Γm is faithful unless
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either m = 0 (identity representation) or m is a divisor of N . Furthermore, these repre-
sentations provide a complete construction of the irreducible representations of Abelian
groups, since we have seen in Section 9.2.1 that every Abelian group can be expressed as
a direct product of cyclic groups whose order is a prime number raised to some power,

Example 9.30. The symmetric group SN has two one-dimensional representations, the
symmetric representation Γs with P → 1 for every P, and the antisymmetric representa-
tion Γa with P → εP for every P. These representations are inequivalent.

Example 9.31. The action of the permutations of three objects can be represented on C3

by 3 × 3 matrices,

P12 =




0 1 0
1 0 0
0 0 1



 P13 =




0 0 1
0 1 0
1 0 0



 P23 =




1 0 0
0 0 1
0 1 0



 (9.45)

(123) =




0 0 1
1 0 0
0 1 0



 (321) =




0 1 0
0 0 1
1 0 0



 1 =




1 0 0
0 1 0
0 0 1



 (9.46)

that permute the basis vectors of C3. This representation of S3 is reducible, since the
vector φ0 = (1, 1, 1) is an eigenvector (eigenvalue +1) of each permutation in S3. Thus
M(φ0) is invariant under the representation. However, the representation restricted to
M⊥(φ0) is irreducible.

Exercise 9.17. In the three-dimensional space of the preceding example, let

ψ1 ≡
√

1
2 (1,−1, 0) ψ2 ≡

√
1
6 (1, 1,−2) (9.47)

(i) Show that M(ψ1, ψ2) = M⊥(φ0).
(ii) Construct the 2 × 2 matrices representing S3 on M(ψ1, ψ2) in the basis {ψ1, ψ2}.

(iii) Show that this representation is irreducible. �

Definition 9.23. If Γ [g → D(g)] is a representation of the group G, then g → D∗(g) defines
a representation Γ∗ of G, the complex conjugate of Γ. There are three possibilities:

1. Γ is equivalent to a real representation (Γ is real);

2. Γ ∼ Γ∗, but Γ cannot be transformed to a real representation (Γ is pseudoreal);

3. Γ is not equivalent to Γ∗ (Γ is complex).

Remark. This classification of representations is especially useful in quantum physics, where
complex conjugation is related to time reversal and charge conjugation. �

Definition 9.24. If Γ [g → D(g)] is a representation of the group G, then g → D†(g−1)
defines a representation Γ of G, the dual of Γ. If the D(g) are unitary, then Γ = Γ; in general
the representation Γ is unitary if it is equivalent to a representation by unitary operators.

Exercise 9.18. Verify that Γ actually is a representation. �
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Theorem 9.1. Any finite-dimensional representation of a group of finite order is equivalent
to a unitary representation.

Proof. Suppose G is a group of order n, and Γ a representation of G with g → D(g). Let

H ≡
n∑

k=1

D(gk)D†(gk) (9.48)

Then H is positive definite, and if the D(g) are unitary, then H is simply n times the unit
matrix. In any case, however, the matrix ∆ = H1/2 can be chosen to be positive definite. If
we now define

U(g) ≡ ∆−1D(g)∆ (9.49)

then the U(g) define a representation of G equivalent to Γ. Now

U(g)U†(g) = ∆−1D(g)HD†(g)∆−1 (9.50)

However,

D(g)HD†(g) = D(g)
n∑

k=1

D(gk)D†(gk)D†(g) =
n∑

k=1

D(ggk)D†(ggk) (9.51)

and as k runs from 1 to n, the {ggk} range over the entire group, so that

n∑

k=1

D(ggk)D†(ggk) =
n∑

�=1

D(g�)D†(g�) = H (9.52)

It follows that U is unitary, since

U(g)U†(g) = ∆−1D(g)HD†(g)∆−1 = ∆−1H∆−1 = 1

Remark. Since every representation of a finite group is equivalent to a representation by
unitary operators, it is no loss of generality to assume that the linear operators are actually
unitary, unless explicitly stated otherwise. �

Definition 9.25. Let Γ be a representation of the group G with g → D(Γ)(g). The character
χ(Γ)(g) of g in Γ is

χ(Γ)(g) ≡ trD(Γ)(g) (9.53)

If g1 and g2 are in the same class of G, then χ(Γ)(g1) = χ(Γ)(g2) in every representation Γ of
G, so the character is a class function. If K is a class in G, then the character χ(Γ)(K) of K
in Γ is the character of any element of K in Γ. The set {χ(Γ)(K)} of class characters is the
character of the representation Γ, simple if Γ is irreducible, otherwise compound.

Example 9.32. Since all the irreducible representations of an Abelian group are one-
dimensional, the character of a group element represents the element itself in an irreducible
representation.
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Example 9.33. The characters of the classes of S3 (labeled by partitions of 3) in the
reducible three-dimensional representation of Example 9.31 are

χ(Γ)(3) = 0 χ(Γ)(21) = 1 χ(Γ)(13) = 3 (9.54)

As an exercise, find these characters in the two-dimensional irreducible representation
defined on M⊥(φ0) (see also Exercise 9.17).

Example 9.34. The character of a rotation through angle θ in the defining representation
of SO(2) is

χ(θ) = 2 cos θ (9.55)

since the matrix for rotation through angle θ is

Rz(θ) =
(

cos θ − sin θ
sin θ cos θ

)
(9.56)

as given in Eq. (2.107).

Example 9.35. The character of a rotation through angle θ in the defining representation
of SO(3) is

χ(θ) = 1 + 2 cos θ (9.57)

To see this, recall the matrix for rotation through angle θ about the Z-axis,

Rz(θ) =




cos θ − sin θ 0
sin θ cos θ 0

0 0 1



 (9.58)

and note that rotations through angle θ about any axis belong to the same class of SO(3)
(see Exercise 2.13).

One observation that can be useful for constructing representations is that if the group G
has an invariant subgroup H, with factor group F ≡ G/H, then every representation of F is
also a representation of G in which h→ D(h) = 1 for every h in H. Other representations of
G can be constructed from nontrivial representations of H; this is discussed later on.

Example 9.36. The alternating group AN is an invariant subgroup of the symmetric
group SN , and SN/AN = Z2. The factor group Z2 has two inequivalent irreducible
representations; the corresponding irreducible representations of SN are the symmetric
(P → 1) and antisymmetric (P → εP) representations.
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9.4.2 Schur’s Lemmas and Orthogonality Relations

The basic properties of finite-dimensional unitary representations of groups are derived from
two fundamental theorems, both due to Schur.

Theorem 9.2. (Schur’s Lemma I) Let Γ [g → D(g)] be an irreducible representation of the
group G by unitary operators on the linear vector space V and suppose A is a bounded linear
operator on V such that

AD(g) = D(g)A (9.59)

for every g in G. Then A = α1 for some scalar α.

Remark. In other words, any operator that commutes with every matrix in an irreducible
unitary representation of a group is a multiple of the identity. The restriction to bounded
operators ensures that the theorem also works for infinite-dimensional representations. �

Proof. If A commutes with D(g) for every g, so does A†, since Eq. (9.59) implies

A†D†(g) = D†(g)A† (9.60)

and unitarity means that D†(g) = D(g−1) is in Γ for every g. Hence we can take A to be
self-adjoint, with a spectral resolution. If the spectrum of A contains more than one point,
then V can be decomposed into a direct sum V1 ⊕V2 such that the spectra of A on V1 and V2

are disjoint. But V1 and V2 are invariant under Γ, so that Γ would be reducible. Since it is not,
the spectrum of A can contain only one point, i.e., A= α1 for some scalar α.

Theorem 9.3. (Schur’s Lemma II) Let Γ [g → D(g)] and Γ′ [g → D′(g)] be inequivalent
unitary irreducible representations of the group G on linear vector spaces V and V ′ of finite
dimensions m and m′, respectively. Let A be an m×m′ matrix mapping V ′ to V such that

D(g)A = AD′(g) (9.61)

for every g in G. Then A = 0.

Proof. Suppose m > m′. Then AV ′ defines a linear manifold MA in V of dimension
dimMA ≤ m′ < m. But MA is invariant under Γ if D(g)A = AD′(g), and thus Γ is
reducible if dimMA �= 0. Hence A = 0. If Γ and Γ′ are irreducible representations of the
same dimension, then either dimMA = 0, in which case A = 0, or dimMA = m, in
which case Eq. (9.61) implies D(g) = AD′(g)A−1 and thus Γ ∼ Γ′. The latter is contrary
to hypothesis, hence A = 0.

Remark. The statements of the two lemmas are valid for an arbitrary group, not necessarily
finite. However, the lemmas apply to only to finite-dimensional unitary representations, which
may, or may not, exist for an infinite group. �

Two corollaries of Schur’s lemmas lead to a set of orthogonality relations for the represen-
tation matrices of finite groups. These relations lead to a fairly complete theory of representa-
tions of finite groups, part of which is outlined here.

Corollary 1. Let G be a finite group of order n, Γ [g → D(g)] an irreducible representation
of G on the m-dimensional linear vector space V . If X is any linear operator on V , then there
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is a scalar α = α(X) such that

A(X) ≡
n∑

k=1

D(gk)XD(g−1
k ) = α(X) 1 (9.62)

Proof. We have

A(X)D(g) =
n∑

k=1

D(gk)XD(g−1
k )D(g) = D(g)

n∑

k=1

D(g−1gk)XD(g−1
k g) (9.63)

But, as noted earlier, the sum over the elements {ggk} is equivalent to a sum over all the
elements of G, so we have

A(X)D(g) = D(g)A(X) (9.64)

whence A(X) must be a multiple of the identity by Schur’s Lemma I.

Corollary 2. Let Γ [g → D(g)] and Γ′ [g → D′(g)] be inequivalent irreducible representa-
tions of the group G of order n on the linear vector spaces V and V ′ of dimension m and m′,
respectively. Let X be an m×m′ matrix mapping V ′ to V . Then

F(X) ≡
n∑

k=1

D(gk)XD′(g−1
k ) = 0 (9.65)

Proof. By the same argument used in the preceding proof, we have

D(g)F(X) = F(X)D′(g) (9.66)

for every g in G. Hence F(X) = 0 by Schur’s Lemma II.
Since the results (9.62) and (9.65) are true for any matrix X, we can use the special matri-

ces Xjk with a single nonvanishing matrix element,
(
Xjk

)
j′k′ ≡ δjj′δ

k
k′ (9.67)

to derive some useful properties of the representation matrices. In particular, if G is a finite
group of order n with an m-dimensional representation Γ [g → D(g)], we can treat each set
of matrix elements Djk(g�) (� = 1, . . . , n) as the components of a vector in an n-dimensional
vector space Vn. Here Vn is exactly the vector space underlying the group algebra A(G)
introduced in Section 9.1.3.

In particular, suppose Γ [g → D(g)] is an m-dimensional irreducible representation of G.
Then from Eq. (9.62), we have

A(Xkk′
) =

n∑

�=1

D(g�)X
kk′

D(g−1
� ) = λkk′1 (9.68)

for some scalar λkk′ , and, since the D(g) are unitary, we then have

n∑

�=1

Djk(g�)D
∗
j′k′(g�) = λkk′δjj′ (9.69)
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The scalar λkk′ is evaluated by taking the trace of this equation to give

mλkk′ =
n∑

�=1

tr
{
D(g�)X

kk′
D(g−1

� )
}

=
n∑

�=1

tr
{
Dk′k(g−1

� g�)
}

= nδkk′ (9.70)

so that we have, finally,

n∑

�=1

Djk(g�)D
∗
j′k′(g�) =

n

m
δjj′δkk′ (9.71)

Thus the Djk form a set of m2 orthogonal vectors in Vn.
Furthermore, if Γa [g → Da(g)] and Γb [g → Db(g)] are two inequivalent finite-

dimensional unitary irreducible representations of G, then Eq. (9.65) tells us that

F(Xkk′
) =

n∑

k=1

D(gk)X
kk′

D′(g−1
k ) = 0 (9.72)

and then

n∑

�=1

Da
jk(g�)D

b∗
j′k′(g�) = 0 (9.73)

Thus the Da
jk(g�), considered as components of vectors Da

jk in Vn, define an orthogonal
system in Vn. We can then sum over all the inequivalent irreducible representations Γa of G
to obtain

∑

a

m2
a ≤ n (9.74)

(ma is the dimension of Γa), since there are at most n orthogonal vectors in Vn, In fact, the
equality is always true, as shown in Theorem 9.9.4.

Equations (9.71) and (9.73) can be expressed simply in terms of the characters of the
representations: If χa(g), χb(g) denote the characters of g in the inequivalent irreducible
finite-dimensional representations Γa and Γb of G, then

n∑

�=1

χa(g�)χb∗(g�) = n δab (9.75)

The character of g depends only on the class of G to which g belongs. If K1 =
{e},K2, . . . ,Kp are the classes of G, with h1 = 1, h2, . . . , hp elements, and that χ ak is the
character of the class Kk in the irreducible representation Γa. Then Eq. (9.75) is equivalent to

p∑

k=1

hkχ
a
kχ

b∗
k = n δab (9.76)



9.4 Group Representations 413

Thus the p-dimensional vectors va with components

vak ≡
√
hk
n
χak (9.77)

(k = 1, . . . , p) form an orthonormal system, so there are at most p inequivalent finite-
dimensional irreducible representations of G.

Remark. There are exactly p inequivalent finite-dimensional irreducible representations of
G, and the p× p matrix V = (vak) is unitary, but more work is needed to derive that result. �

Now suppose Γ is a finite-dimensional representation of G. In general, Γ is reducible, but
we can express it as a direct sum of inequivalent irreducible representations of G,

Γ = ⊕a cΓ
a Γa (9.78)

with nonnegative integer coefficients cΓ
a . If χΓ

k is the character of the classKk of G in Γ, then
we also have the expansion

χΓ
k =

∑

a

cΓ
a χ

a
k (9.79)

in terms of the characters of the χak irreducible representations of G. The orthogonality rela-
tion (9.76) then gives

p∑

k=1

hkχ
a∗
k χ

Γ
k = ncΓ

a and
p∑

k=1

hk
∣∣χΓ
k

∣∣2 = n
∑

a

∣∣cΓ
a

∣∣2 (9.80)

Hence the representation Γ is irreducible if and only if

p∑

k=1

hk
∣∣χΓ
k

∣∣2 = n (9.81)

Remark. Thus we can reduce any representation Γ of G to a direct sum over the inequivalent
irreducible representations using the characters χak once we have the characters χΓ

k of Γ. �

Definition 9.26. If G is a group of finite order n, then every element g of G defines a permu-
tation Pg (gk → ggk, k = 1, . . . , n). The map g → Pg is a permutation representation of G.
If A(Pg) is the permutation matrix associated with Pg (see Eq. (9.27)), then the representation
ΓR [g → A(Pg)] is a faithful representation, the regular representation, of G.

The characters of ΓR are given by χR1 = n, χRk = 0 (k = 2, . . . , p). From Eq. (9.80) we
have cRa = ma, where ma is the dimension of the irreducible representation Γa. Thus ΓR is
expressed as a direct sum of the inequivalent irreducible representations Γ1, . . . ,Γq of G as

ΓR = ⊕qa=1 maΓa (9.82)

Then also
q∑

a=1

m2
a = n and

q∑

a=1

maχ
a
k = 0 (9.83)
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Now suppose Γ = Γa [g → D(g)] is an irreducible representation of G (dimension ma),
and Kk is a class of G with hk elements. Then the class matrix D Γ

k of Kk in Γ is defined by

D Γ
k ≡

∑

g in Kk

D(g) (9.84)

Since g(Kk) = (Kk)g follows directly from the definition of a class, the class matrix D Γ
k

commutes with every g in G. Since Γ = Γa is irreducible, we must have

D Γ
k ≡ Da

k = λak 1 (9.85)

by Schur’s Lemma I; here λak is computed by taking traces on both sides to give

maλ
a
k = hkχ

a
k (9.86)

In general, the class matrices satisfy

D Γ
k D Γ

k =
p∑

�=1

c�jkD
Γ
� (9.87)

where the c�jk are the class multiplication coefficients of G (see Problem 2). If Γ = Γa, then

hjhk χ
a
jχ

a
k = ma

p∑

�=1

c�jkh�χ
a
� (9.88)

If we now sum Eq. (9.88) over the inequivalent irreducible representations of G, we obtain

hjhk

q∑

a=1

χajχ
a
k =

p∑

�=1

c�jkh�

q∑

a=1

maχ
a
� = nc1jk (9.89)

in view of Eq. (9.83). Now c1jk is the number of times the identity element appears in the
product of the classes Kj and Kk. Clearly c1jk = 0 unless Kj is the class Kk̄ inverse to Kk;
in that case, c1jk must be the number hk of group elements in the class Kk. Thus we have

c1jk = hkδjk̄ (9.90)

Since Γa is unitary, we also have χa
k̄

= χa∗k , and then

hk

q∑

a=1

χa∗j χ
a
k = nδjk (9.91)

Thus the q-dimensional vectors uk with components uak = χak (a = 1, . . . , q) form an orthog-
onal system. Hence there are at most q classes of G.

The preceding results taken together form the fundamental theorem on the inequivalent
irreducible representations of a finite group.
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Theorem 9.4. (Fundamental Representation Theorem) Suppose G is a group of finite order n
containing the classesK1 = {e},K2, . . . ,Kp with h1 = 1, h2, . . . , hp elements, respectively.
Let Γ1, . . . ,Γq be the inequivalent irreducible representations of G, and let χak be the character
of the class Kk in the irreducible representation Γa. Then

(i) q = p, and
(ii) the p× p matrix V = (vak) with matrix elements

vak ≡
√
hk
n
χak (9.92)

is unitary.

Remark. The characters of the group can then be presented as a p× p matrix, the character
table of the group, as illustrated in the examples below. �

Thus the number of inequivalent irreducible representations of G is equal to the number of
classes of G. The characters form an orthonormal system (with appropriately chosen weights)
considered as vectors with components either along the classes of G, or along the inequivalent
irreducible representations of G. Equations (9.76) and (9.88), together with Eq. (9.83), are
enough to completely determine the characters and even the representations for small groups,
and lead to general methods for computing the characters and representations of larger groups.

Example 9.37. The symmetry group of a square consists of rotations in the plane
through an integer multiple of π/2, and any of these rotations combined with a rotation ρ
through π about a diagonal of the square. This group has elements that we can denote by
e, a, a2, a3, ρ, ρa, ρa2, ρa3, with

a4 = e ρ2 = e ρaρ = a3 = a−1 (9.93)

The group is in fact isomorphic to the dihedral group D4 introduced in Section 9.2 (show
this). The classes of the group are easily identified:

K1 = {e} K2 = {a, a3} K3 = {a2}

K4 = {ρ, ρa2} K5 = {ρa, ρa3}
With five classes, there are five inequiva-
lent irreducible representations. It is clear
from Eq. (9.83) that of these, four are one-
dimensional and one is two-dimensional.
For the one-dimensional representations,
we can identify a = ±1 and ρ = ±1 inde-
pendently. For the two-dimensional repre-
sentation, the requirement ρ2 = e allows

K1 K2 K3 K4 K5

h 1 2 1 2 2

Γ1 1 1 1 1 1

Γ2 1 1 1 −1 −1

Γ3 1 −1 1 1 −1

Γ4 1 −1 1 −1 1

Γ5 2 0 −2 0 0

Character table for D4.

us to identify ρ = σ1; then ρaρ = a−1 leads to the choice a = iσ2, unique up to sign, to
obtain a real representation (it is also possible to start with ρ = σ3). The characters of the
group are then easily computed and can be arranged in the character table shown at the
right (check the orthogonality relations as an exercise).
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Example 9.38. The alternating group A4 contains the 12 even permutations of degree 4.
These permutations have cycle structure (14), (22), and (4), but from Eq. (9.83) we can
be certain that at least one of these classes of S4 must divide into smaller classes in A4. In
fact, a short computation shows that the classes of A4 are

K1 = {e} K2 = {(12)(34), (13)(24), (14)(23)}

K3 = {(123), (134), (421), (432)}

K3̄ = {(321), (431), (124), (234)}

Thus there must be three one-dimensional
and one three-dimensional irreducible rep-
resentation. Since the 3-cycles are of or-
der 3, they must be represented in the one-
dimensional representations by cube roots of
unity, which are 1, ω, and ω∗, where

K1 K2 K3 K3̄

h 1 3 4 4

Γ1 1 1 1 1

Γ2 1 1 ω ω∗

Γ3 1 1 ω∗ ω

Γ4 3 −1 0 0

Character table for A4.

ω = exp
(

2πi
3

)

Note that the classesK1 andK2 form an invariant subgroup of A3 isomorphic to Z2⊗Z2,
with factor group Z3. Hence we expect three one-dimensional representations correspond-
ing to those of Z3. Note also that K3 and K3̄ are inverse classes, so χ(K3̄) = χ∗(K3) in
any representation. To construct the three-dimensional representation, start with the fun-
damental permutation representation on C4 and consider the three-dimensional subspace
spanned by the orthonormal system

ψ1 = 1
2 (1, 1,−1,−1) ψ2 = 1

2 (1,−1, 1,−1) ψ3 = 1
2 (1,−1,−1, 1) (9.94)

On this subspace, the elements of the class K2 of A4 are represented by

(12)(34) =




1 0 0
0 −1 0
0 0 −1



 (13)(24) =




−1 0 0

0 1 0
0 0 −1





(14)(23) =




−1 0 0

0 −1 0
0 0 1



 (9.95)

while the 3-cycles in the classes K3 and K3̄ are represented by

(123) =




0 1 0
0 0 −1

−1 0 0



 = (̃321) (421) =




0 −1 0
0 0 −1
1 0 0



 = (̃124)

(9.96)

(134) =




0 −1 0
0 0 1

−1 0 0



 = (̃431) (432) =




0 1 0
0 0 1
1 0 0



 = (̃234)

This is the irreducible representation Γ4 of A4.
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9.4.3 Kronecker Product of Representations

There are many systems in which we encounter a space that is a tensor product of group rep-
resentation spaces. In quantum mechanics, for example, we consider separately the symmetry
of a two-electron state under exchange of the spatial and spin coordinates of the two electrons.
The combined state must be antisymmetric according to the Pauli principle, but this can be
achieved either with symmetric space and antisymmetric spin states, or vice versa. This exam-
ple is simple enough, but when more particles are involved, the implementation of the Pauli
principle requires further analysis.

Definition 9.27. Let Γa [g → Da(g)] and Γb [g → Db(g)] be irreducible representations of
G on Va and on Vb. Then the representation Γa × Γb of G on Va ⊗ Vb defined by

Γa × Γb : g → Da×b ≡ Da ⊗ Db (9.97)

is the Kronecker product (or tensor product) of Γa and Γb.
The Kronecker product can be reduced to a sum of irreducible representations of the form

Γa × Γb = ⊕c Cabc Γc (9.98)

The coefficients Cabc in this reduction are called the coefficients of composition of G.
The character of Γa × Γb is simply the product of the characters of Γa and Γb,

χa×bk = χakχ
b
k (9.99)

It follows from the orthogonality relation (9.76) that

nCabc =
p∑

k=1

hkχ
a
kχ

b
kχ

c∗
k =

p∑

k=1

hkχ
a∗
k χ

b∗
k χ

c
k (9.100)

Thus the Cabc can be computed directly from the character table.
One useful general result can be obtained if we let Γc be the identity representation. Then

Eq. (9.100) becomes

nCab1 =
p∑

k=1

hkχ
a
kχ

b
k = nδāb (9.101)

where Γā = Γa∗ is the complex conjugate of Γa, and Γ1 denotes the identity representation.
Hence Γ1 appears only in the Kronecker product of an irreducible representation with its
complex conjugate.

There are also symmetries of the Cabc that follow directly from Eq. (9.100). For example,

Cabc = Cbac = C āb̄c̄ = Cac̄b̄ (9.102)

These symmetry relations simplify the evaluation of many Kronecker products.

Example 9.39. Consider the group D4 with character table given in Example 9.37. For
the one-dimensional representations, Kronecker products can be read off directly from the
character table to give

Γ2 × Γ3 = Γ4 Γ2 × Γ4 = Γ3 Γ3 × Γ4 = Γ2 (9.103)
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Note that the characters of the one-dimensional representations themselves form an
Abelian group, the character group, here isomorphic to Z2 ⊗ Z2. Also,

Γa × Γ5 = Γ5 (9.104)

(a = 1, . . . , 4), and finally,

Γ5 × Γ5 = Γ1 ⊕ Γ2 ⊕ Γ3 ⊕ Γ4 (9.105)

This result follows directly from the symmetry relations (9.102), though it can also be
obtained by calculation using Eq. (9.100) and the character tables.

Exercise 9.19. Compute the reduction of the Kronecker product Γ4 × Γ4 in the group A4

from the character table given in Example 9.38. �

9.4.4 Permutation Representations

In Section 9.4.2, we introduced the representation of a group G of order n by the permutations
of the n group elements associated with group multiplication, i.e., if g1 = e, g2, . . . , gn are
the elements of G, then

ggk → gik (9.106)

defines a permutation Pg = (i1, . . . , in) of n. The regular representation ΓR of G was then
introduced (Definition 9.26) as the representation [g → A(Pg)] of G by the permutation
matrices A(P) corresponding to these permutations.

There are other useful representations of groups by permutations and their associated ma-
trices. Every element P of the symmetric group SN corresponds to an N × N permutation
matrix A(P); this is the fundamental (or defining) representation of SN . The fundamental
representation is reducible, since the vector ξ0 = (1, 1, . . . , 1) is transformed into itself by
every permutation of the basis vectors. However, the representation of SN on the (N−1)-
dimensional manifold M⊥(ξ0) actually is irreducible, as we now show for the case of S3.

Example 9.40. For the group S3 of permutations of three objects, the fundamental three-
dimensional representation was introduced in Example 9.31, with representation matrices
given in Eq. (9.46). This representation of S3 is reducible, since one-dimensional subspace
M(ξ0) is invariant under S3. We have

A(P)ξ0 = ξ0 (9.107)

for every permutation P in S3. This defines the identity (symmetric) representation of S3.
To construct a two-dimensional representation on M⊥(ξ0), note that the vectors

ψ1 ≡
√

1
2 (1,−1, 0) ψ2 ≡

√
1
6 (1, 1,−2) (9.108)

form a complete orthonormal system on M⊥(ξ0). These vectors are chosen so that (i)
they are orthogonal to ξ0 and (ii) they are either symmetric (ψ2) or antisymmetric (ψ1)
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under the transposition of φ1 and φ2. A short calculation shows that in this basis, the
transpositions are represented by the 2 × 2 matrices

(12) =
(
−1 0
0 1

)
(13) =

1
2

(
1 −

√
3

−
√

3 −1

)
(23) =

1
2

(
1

√
3√

3 −1

)

(9.109)

Then also

(123) = (13)(12) =
1
2

(
−1 −

√
3√

3 −1

)
(321) = (12)(13) =

1
2

(
−1

√
3

−
√

3 −1

)

(9.110)

This representation is irreducible, since the matrices do not commute with each other, and
thus cannot have common eigenvectors.

Remark. The group S3 thus has three inequivalent irreducible representations: Two one-
dimensional representations, symmetric (P → 1) and antisymmetric (P → εP), and the
two-dimensional representation found here, the mixed symmetry representation. �

If a group G of order n has a subgroup H of order m, index t = n/m, then permutations
of the cosets of H in G associated with the group multiplication define a permutation represen-
tation P(G,H) of G, in which P(g,H) is the permutation of the cosets of H in G associated
with multiplication by the group element g. To understand this representation, note that there
are elements g1 = e, g2, . . . , gt of G such that g1H, g2H, . . ., gtH are the disjoint cosets of H
in G. Then we can form the t× t matrices σ(g, h) such that

σαβ(g, h) =

{
1, if ggβ = gαh

0 otherwise
(9.111)

These matrices have at most one nonzero element in any row or column, since given g in G,
and β = 1, . . . , t, the element ggβ belongs to exactly one coset of H, say gαH. Then let

π(g,H) ≡
∑

h∈H
σ(g, h) = A(P(g,H)) (9.112)

where A(P(g,H)) is the permutation matrix associated with the permutation P(g,H).
Exercise 9.20. Show that

π(g1,H)π(g2,H) = π(g1g2,H)

so that the π(g,H) actually form a representation of G. �

The π(g,H) define the principal representation of G induced by H. Other representations
of G can be constructed from those of H using the matrices σ(g, h). If ∆ [h → D∆(h)] is a
representation of H, then

DΓ(g) ≡
∑

h in H
σ(g, h) ⊗ D∆(h) (9.113)
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is a representation Γ ≡ ∆ind of G, the representation of G induced by ∆. The principal
representation [g → π(g,H)] of G is evidently induced by the identity representation of H.

Example 9.41. Consider the alternating group A4 introduced in Example 9.38. This
group has an Abelian subgroup H isomorphic to Z2 ⊗ Z2 with elements

e a = (12)(34) b = (13)(24) c = (14)(23) (9.114)

with

a2 = b2 = c2 = e and abc = e (9.115)

H has four inequivalent irreducible representations: The identity representation Γ0, and
three representations labeled Γa, Γb, and Γc, in which the elements a, b, c, respectively,
are represented by +1 and the other two elements of order 2 by −1. The cosets of H are
H = {K1 ∪K2}, K3, and K3̄, using the notation of Example 9.38, and we can take the
coset representatives to be e, (123) and (321).

In the principal representation ΓH of A4 induced by H, all the elements of each coset
are represented by the same matrix, and we have

H →




1 0 0
0 1 0
0 0 1



 K3 →




0 1 0
0 0 1
1 0 0



 K3̄ →




0 0 1
1 0 0
0 1 0



 (9.116)

These matrices have common eigenvectors ψλ = (1, λ, λ2) with λ3 = 1, so that ΓH is
reducible; in fact,

ΓH = Γ1 ⊕ Γ2 ⊕ Γ3 (9.117)

where the Γ1,2,3 are the irreducible representations of A4 constructed in Example 9.38.
The three-dimensional irreducible representation Γ4 of A4 appears only in the rep-

resentations of A4 induced by one of the representations Γa, Γb, Γc of H. Since these
lead to equivalent representations of A4, we can choose Γa. We then find solutions to the
following equation

ggβ = gαh (9.118)

as g runs through A4 and gβ runs through the set {e, (123), (321)}. The results are shown
in the table, together with the corresponding matrices in the induced representation. The
matrices for the 3-cycles in the class K3̄ of A4 are not given explicitly; the matrix such a
3-cycle is simply the transpose of the matrix for its inverse in the class K3.
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Table 9.1: Multiplication table for generating representations of A4 induced by an irreducible
representation of its Z2 ⊗ Z2 subgroup. The rightmost column gives the matrices for the rep-
resentation of A4 induced by the representation of Z2 ⊗ Z2 in which the elements e and a are
represented by +1, the elements b and c by −1.

g gβ gα h
∑

h

σαβ D(h)

a e e a

a (123) (123) b

a (321) (321) c




1 0 0
0 −1 0
0 0 −1





b e e b

b (123) (123) c

b (321) (321) a




−1 0 0

0 −1 0
0 0 1





c e e c

c (123) (123) a

c (321) (321) b




−1 0 0

0 1 0
0 0 −1





(123) e (123) e

(123) (123) (321) e

(123) (321) e e




0 0 1
1 0 0
0 1 0





(134) e (123) a

(134) (123) (321) b

(134) (321) e c




0 0 −1
1 0 0
0 −1 0





(421) e (123) c

(421) (123) (321) a

(421) (321) e b




0 0 −1

−1 0 0
0 1 0





(432) e (123) b

(432) (123) (321) c

(432) (321) e a




0 0 1

−1 0 0
0 −1 0





Remark. The matrices in the table are not exactly the same as those given in Example 9.38.
However, the two representations are in fact equivalent, since one can be transformed into the
other by a rotation through π/2 in the ψ2-ψ3 plane. The details are left to the reader. �
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9.4.5 Representations of Groups and Subgroups

Any representation of a group G is a representation of a subgroup H, but in general, an irre-
ducible representation of G is reducible when restricted to H. As explained in the preceding
section, a representation of H induces a representation of G, which is also reducible in general.
The Frobenius reciprocity theorem, explained below and derived in Appendix A, provides a
fundamental relation between the reduction of irreducible representations of G restricted to a
subgroup H and the representations of G induced by irreducible representations of H.

Suppose G is a group of order n, with inequivalent irreducible representations Γ1, . . . ,Γp,
of dimensions m1, . . . ,mp, respectively. Also, suppose H is a subgroup of G of order m with
inequivalent irreducible representations denoted by ∆1, . . . ,∆q , with µc the dimension of ∆c

(c = 1, . . . , q). A representation Γ of G restricted to H defines the representation Γsub of H
subduced by Γ. The irreducible representation Γa of G subduces a representation Γasub of H
that can be reduced to a sum of irreducible representations of H,

Γasub = ⊕c αca∆c (9.119)

with nonnegative integer coefficients αca. On the other hand, the irreducible representation
∆c of H induces a representation ∆c

ind of G, also reducible in general,

∆c
ind = ⊕a βcaΓa (9.120)

with nonnegative integer coefficients βca. The Frobenius reciprocity theorem states that

αca = βca (9.121)

In words, the coefficients that appear in the reduction of an irreducible representation of G
restricted to a subgroup H are equal to the coefficients in the reduction of the representation of
G induced by an irreducible representation of H. A proof of this crucial theorem is presented
in Appendix A for the curious reader.

An important corollary that is extremely useful in practical computations is

Γa × ∆c
ind = [Γasub × ∆c]ind (9.122)

This allows Kronecker products obtained for a subgroup H to be used to reduce those in G.
This result will be applied to the the symmetric group in the next section.

Representations of direct product groups are often useful in constructing representations
of larger groups. If G1 and G2 are groups with representations Γ(1) [g1 → D(1)(g1)] and Γ(2)
[g2 → D(2)(g2)], respectively, then

(g1, g2) → D(g1, g2) ≡ D(1)(g1) ⊗ D(2)(g2) (9.123)

is a representation Γ(1) ⊗ Γ(2) of G1 ⊗ G2, irreducible if and only if both Γ(1) and Γ(2)
are irreducible. If {Γa(1)} and {Γc(2)} are the inequivalent irreducible representations of G1

and G2, then the inequivalent irreducible representations of G1 ⊗ G2 have the form

Γ(a,c) ≡ Γa(1) ⊗ Γc(2) (9.124)
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The representations of G induced by those of G1 ⊗ G2 have a special name:

Definition 9.28. If G is a group with subgroup G1 ⊗G2, then the representation of G induced
by the representation Γ(1) ⊗ Γ(2) of G1 ⊗ G2, using the construction of Eq. (9.113), is the
outer product [Γ(1) ◦ Γ(2)]G of Γ(1) and Γ(2) (with respect to G). The subscript G may be
omitted if the group G is understood.

Example 9.42. A rather simple illustration of these ideas can be extracted from the dis-
cussion of the alternating group A4 and its Z2 ⊗ Z2 subgroup in examples 9.38 and 9.41.
Denote the irreducible representations of Z2 by

ΓS = {1, 1} and ΓA = {1,−1}

(S = symmetric, A = antisymmetric), those of Z2 ⊗ Z2 by

Γ0 = ΓS ⊗ ΓS Γa = ΓS ⊗ ΓA Γb = ΓA ⊗ ΓS Γc = ΓA ⊗ ΓA

as in Example 9.41, and those of A4 by Γ1,2,3,4 as in Example 9.38. Under the restriction
of A4 to its Z2 ⊗ Z2 subgroup, we have

Γ1,2,3 → Γ0 Γ4 → Γa ⊕ Γb ⊕ Γc (9.125)

The Frobenius reciprocity theorem then requires that the representations of A4 induced by
those of Z2 ⊗ Z2 satisfy

Γ0
ind = ΓS ◦ ΓS = Γ1 ⊕ Γ2 ⊕ Γ3 (9.126)

Γa,b,cind = ΓS ◦ ΓA = ΓA ◦ ΓS = ΓA ◦ ΓA = Γ4 (9.127)

as already derived in Example 9.41.

Outer products of representations of SN are especially important, as they play a central
role in the reduction of Kronecker products of Lie groups. As we shall see in the next chap-
ter, irreducible representations of Lie groups are associated with irreducible representations
of SN . For example, consider the group U(n) of unitary operators on an n-dimensional linear
vector space Vn. Tensors of rank N are defined on the tensor product ⊗NVn of N identical
copies of Vn. These tensors define a reducible representation of U(n); irreducible tensors are
those that transform as irreducible representations of SN under permutations of theN indices.

If Γa and Γb are representations of a Lie group corresponding to representations SM
and SN , respectively, then the Kronecker product of these representations corresponds to the
representation of SM+N defined by the outer product Γa◦Γb. Thus we are interested in finding
the irreducible representations contained the reduction of outer products of irreducible repre-
sentations of SN . Some elegant graphical techniques are available to perform this reduction;
these are described in the next section.
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9.5 Representations of the Symmetric Group SN

9.5.1 Irreducible Representations of SN

The symmetric group SN of permutations of N elements has classes corresponding to parti-
tions of N , as described in Section 9.3. Each permutation has a cycle structure that can be
identified with a partition (ξ) of N , and the class K(ξ) of SN consists of all the permutations
in SN with cycle structure characterized by (ξ). Thus there are π(N) classes in SN . It follows
that there are also π(N) inequivalent irreducible representations of SN , and these can also be
associated with partitions of N ; denote the irreducible representation of SN associated with
the partition (λ) of N by Γ(λ).

The simple characters of SN are given by a remarkable generating function due to Frobe-
nius. This generating function (Eq. (9.B42)) and the graphical methods that can be used to
actually compute the characters are derived in detail in Appendix B. Here we simply note
that the dimension d(λ) of Γ(λ) is given, as already noted in Section 9.3.2, by the number of
regular Young tableaux that can be associated with the Young diagram Y(λ), or by the elegant
hook formula (9.B48).

The regular tableaux can be used to define projection operators that act on a general func-
tion of N variables to project out functions transforming among themselves under an irre-
ducible representation on SN under permutations of the variables. For example, the operators
S and A defined by

S =
∑

P∈SN

P and A =
∑

P∈SN

εPP (9.128)

project out the symmetric and antisymmetric components of a function of N variables. These
components may not be present, of course, in which case the projection gives zero.

For a general regular tableau t associated with a partition (λ) of N , we let Ht (Vt) denote
the subgroup of SN that leaves the rows (columns) of the tableau unchanged. Then define

St =
∑

P∈Ht

P and At =
∑

P∈Vt

εPP (9.129)

St (At) projects out components of a function that are symmetric (antisymmetric) under per-
mutations of variables in the same row (column) of t. We then define the Young symmetrizer
associated with t as

Yt = AtSt (9.130)

Note that if t and t′ are two distinct regular tableaux, there is necessarily at least one pair
of elements in some row of t′ that appears in the same column of t. Then St′At = 0,
since At projects out the component antisymmetric under exchange of this pair, which is then
annihilated by St′ . Thus

Yt′Yt = 0 (9.131)
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Example 9.43. For the symmetric group S3, the operators S and A are given by

S = e+ (12) + (13) + (23) + (123) + (321)
(9.132)

A = e− (12) − (13) − (23) + (123) + (321)

(here e is the identity permutation), with S2 = 6S and A2 = 6A so that the actual
projection operators are S/6 and A/6. As noted in Example 9.28, there are two regular
tableaux associated with the partition [21] of 3 (here we use square brackets to denote
partitions to avoid confusion with permutations). These are

(a) 1 2
3 and (b) 1 3

2

For the tableau (a), we have

Sa = e+ (12) Aa = e− (13) (9.133)

and then

Ya = e+ (12) − (13) − (123) (9.134)

while for the tableau (b), we have

Sb = e+ (13) Ab = e− (12) (9.135)

and then

Yb = e− (12) + (13) − (321) (9.136)

Now YaYb = 0 as expected, and also Y2
a = 3Ya and Y2

b = 3Yb so that the actual
projection operators here are Ya/3 and Yb/3.

Note that the projection operators in the example satisfy

1
6 (S + A) + 1

3 (Ya + Yb) = e (9.137)

thus defining a resolution of the identity on the six-dimensional space of arrangements of three
objects. S and A project onto the one-dimensional spaces of symmetric and antisymmetric
combinations, while Ya and Yb project onto two-dimensional manifolds in which permuta-
tions are represented by an irreducible representation Γ(21) of S3, so the total dimension of
the projection manifolds is six, as required.

However, if we consider the projection operators as elements of the group algebra intro-
duced in Section 9.1.3, there are only four projection operators, while the group algebra is
six-dimensional. Thus we need two more independent vectors to define a basis of the group
algebra. We can choose these to be (23)Ya and (23)Yb. It can be verified by direct calcu-
lation that these vectors are independent of the projection operators; hence, we have a set of
basis vectors for the group algebra.
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Now recall the regular representation of a group introduced in Definition 9.26; it is equiv-
alent to representing the group by its action as a linear operator on the group algebra. Intro-
ducing the Young symmetrizers allows us to reduce the regular representation of SN on its
own group algebra into its irreducible components, as here the group algebra is spanned by
the one-dimensional vector spaces VS and VA defined by S and A, together with the two-
dimensional spaces Va and Vb spanned by {Ya, (23)Ya} and {Yb, (23)Yb}, span the entire
group algebra.

Exercise 9.21. Show that

(23)Ya = Yb(23) and (23)Yb = Ya(23)

How are these identities related to the fact that the Young tableaux (a) and (b) are transformed
into each other by interchanging 2 and 3? �

Young symmetrizers can be constructed for any irreducible representation of any SN using
the standard tableaux. They provide a separation of a general function of N variables into
parts that have a definite symmetry, i.e., parts that transform according to definite irreducible
representations of SN under permutations of the variables. There are various methods for
constructing explicit representation matrices if these are actually needed. We have given the
matrices for the mixed [(21)] representation of S3 in Example 9.40, and invite the reader to
find matrices for the irreducible representations of S4 in Problem 16. General methods are
described in the book by Hamermesh cited in the bibliography, among many others.

9.5.2 Outer Products of Representations of Sm ⊗ Sn

One avenue to study the irreducible representations of a symmetric group is to understand
the relations between representations of the group and those of its subgroups, as described
in general in Section 9.4.5. Of particular interest here are the representations of a symmetric
group Sm+n induced by irreducible representations Γ(µ) ⊗ Γ(ν) of a subgroup Sm ⊗ Sn;
these representations are the outer products defined in Section 9.4.5 (see Definition 9.28).
The outer products of symmetric groups are also related directly to the Kronecker products of
representations of Lie groups, as we will soon see in Chapter 10. The outer product Γ(µ)◦Γ(ν)

is in general reducible; we have

Γ(µ) ◦ Γ(ν) =
∑

(λ)

K{(µ)(ν)|(λ)}Γ(λ) (9.138)

where the summation is over partitions (λ) of m + n. The expansion coefficients
K{(µ)(ν)|(λ)} can be evaluated by graphical methods that we describe here; some deriva-
tions are given in Appendix B.3.

We first consider the case where the partition (µ) = (m), i.e., the partition has a single
part, corresponding to a Young diagram with m nodes in a single row. Then, as derived in
Appendix B, the coefficient K{(m)(ν)|(λ)} is equal to one if and only if the diagram Y(λ)

can be constructed from Y(ν) by the addition of m nodes, no two of which appear in the same
column of Y(λ). Otherwise, the coefficient is zero.
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Example 9.44. For S2 ⊗ S2, we have the products

◦ = 1 1 ⊕ 1
1

⊕
1 1

◦ = 1 1 ⊕
1

1
For S2 ⊗ S3, we have the products

◦ = 1 1 ⊕ 1 ⊕ 1 1

◦ = 1 1 ⊕ 1
1 ⊕

1

1
⊕ 1

1

◦ =
1 1

⊕
1

1
These should show the general picture.

Exercise 9.22. Show that if m ≤ n, then we have

Γ(m) ◦ Γ(n) =
m∑

k=0

Γ(m+n−k k)

Draw a picture of this in diagrams. �

It remains to reduce the outer product Γ(µ) ◦Γ(ν) of a general pair of irreducible represen-
tations of Sm and Sn. An algebraic expression is given in Appendix B (Eq. (9.B53)), but a
graphical rule that is more useful in practice is also given there (Theorem 9.5). This rule states
that if (µ) = (µ1 µ2 . . . µq) is a partition of m and (ν) is a partition of n, then the coefficient
K{(µ)(ν)|(λ)} in the reduction (9.138) is equal to the number of distinct constructions of
the diagram Y(λ) from the diagram Y(ν) by successive application of µ1 nodes labeled 1, µ2

nodes labeled 2, . . . , µq nodes labeled q such that

(N) no two nodes with the same label appear in the same column of Y(λ), and

(R) if we scan Y(λ) from left to right across the rows from top to bottom, then the ith
node labeled k + 1 appears in a lower row of Y(λ) than the ith node labeled k.

Example 9.45. A very simple example is

◦ = 1
2 ⊕ 1

2
but not 1 2 or 1 2

where the latter two diagrams are excluded by rule (R). This result also agrees with the
outer product in the previous example.
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Example 9.46. We have

◦ = 1 1 1 ⊕ 1 1
1

⊕
1 1

1
⊕

1
1

1

The same product in reverse order is given by

◦ = 1 1
2

⊕ 1
1 2

⊕
1

1
2

⊕ 1 1
2

Thus the outer product does not depend on the order of the terms in the product.

Exercise 9.23. Evaluate the outer product Γ(21) ◦ Γ(21). �

Example 9.47. As a final example, we have

◦ = 1 1 ⊕ 1
1 ⊕

1

1

⊕ 1 1 ⊕ 1
1

The evaluation of Γ(2) ◦ Γ(22) is left to the reader.

9.5.3 Kronecker Products of Irreducible Representations of SN

Consider now the Kronecker product

Γ(µ) × Γ(ν) =
∑

(λ)

C{(µ)(ν)|(λ)}Γ(λ) (9.139)

of the irreducible representations Γ(µ) and Γ(ν) of SN . A formal expression for the coefficients
C{(µ)(ν)|(λ)} is

C{(µ)(ν)|(λ)} =
∑

(m)

N(m)

N !
χ

(µ)
(m)χ

(ν)
(m)χ

(λ)
(m) (9.140)

which shows that the coefficients C{(µ)(ν)|(λ)} are symmetric in (µ), (ν) and (λ) (the char-
acters of SN are real). Also,

C{(µ̃)(ν̃)|(λ)} = C{(µ)(ν)|(λ)} (9.141)

so that we can conjugate any two of the partitions in C{(µ)(ν)|(λ)} and have the same result.
Finally,

C{(µ)(ν)|(N)} = δ(µ)(ν) and C{(µ)(ν)|(1N)} = δ(µ)(eν) (9.142)
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Thus the Kronecker product of an irreducible representation with itself, and only with itself,
contains the identity representation, while the antisymmetric representation is contained only
the product of an irreducible representation with the irreducible representation belonging to
the conjugate partition.

Actual computation of the coefficients C{(µ)(ν)|(λ)}, or of the complete reduction
(9.139), is aided by the symmetry of the coefficients and the dimension check

d(µ)d(ν) =
∑

(λ)

C{(µ)(ν)|(λ)} d(λ) (9.143)

The full calculation of the reduction can be done either with the character tables, or graphically
with the aid of Eq. (9.122). If (ξ) = (ξ1 ξ2 . . . ξq) is a partition of N , let

G(ξ) ≡ Sξ1 ⊗ Sξ2 ⊗ · · · ⊗ Sξq

and let Γ(ξ) be the representation of SN induced by the identity representation of G(ξ). If (µ)
another partition of N , then Eq. (9.122) has the form

Γ(µ) × Γ(ξ) = [Γ (µ)
(ξ) ]ind (9.144)

Here Γ (µ)
(ξ) is the (reducible) representation of G(ξ) subduced by Γ(µ). By the Frobenius

reciprocity theorem, this representation contains all the representations

Γ(ξ1) ⊗ Γ(ξ2) ⊗ · · · ⊗ Γ(ξq)

for which Γ(µ) is contained in the outer product

Γ(ξ1) ◦ Γ(ξ2) ◦ · · · ◦ Γ(ξq)

To compute all the coefficients C{(µ)(ν)|(λ)} for fixed N , we can proceed through the

partitions (ξ) of N in order. The representation Γ (µ)
(ξ) can be reduced with the aid of graphical

rules and the Frobenius reciprocity theorem, and the reduction of [Γ (µ)
(ξ) ]ind is done with the

graphical rules for outer products. Since the reduction of Γ(ξ) involves only (ξ) and partitions
of N that precede (ξ), the product Γ(µ) × Γ(ξ) can then be obtained by subtraction.

Example 9.48. The Kronecker products in S3 are straightforward. The nontrivial result

× = ⊕ ⊕

follows directly from counting dimensions and the general result (9.142).

Example 9.49. For S4, the Kronecker products of the identity representation are trivial.
Next, note that

× ( ◦ ) =
[
Γ(31)

(31)

]

ind
= ( ◦ ) ⊕

(
◦

)
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since

Γ(31)
(31) = ( ⊗ ) ⊕

(
⊗

)

is computed by noting all the ways in which a single node can be removed from the dia-
gram Y(31). Then note that

◦ = ⊕ , ◦ = ⊕ ⊕

Since

= ◦ −

we then have

× = ⊕ ⊕ ⊕

Note that the dimension check is satisfied. Also

× ( ◦ ) =
[
Γ(31)

(22)

]

ind

Now Γ(31)
(22) contains the representations of S3 ⊗ S1 obtained by removing a single node

from the diagram Y(22). Thus

Γ(31)
(22) = ⊗

and then

[
Γ(31)

(22)

]

ind
= ⊕ ⊕

so that

× = ⊕

This actually could have been deduced from the dimension check alone, using the symme-
try relation (9.142).

Exercise 9.24. Reduce the Kronecker products

× and ×

using the graphical methods given here. �
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9.6 Discrete Infinite Groups

The simplest discrete infinite group is the group Z of integers under addition, which corre-
sponds to the group of translations of a one-dimensional lattice. If we let T denote the transla-
tion of the lattice by one unit, then the group consists of the elements Tn (n = 0,±1,±2, . . .).
For every complex number z, there is an irreducible representation Γ(z) of the group, in which

T → z and Tn → zn (9.145)

(n = 0,±1,±2, . . .). The representation is unitary if and only if |z| = 1, in which case let
z = exp(ik) and then

Tn → eikn (9.146)

Remark. This example shows that representations of an infinite group need not be unitary,
unlike those of a finite group. �

For an N -dimensional lattice, there are N fundamental translations T1, . . . ,TN , and the
group elements have the form

T(x) = T x1
1 · · · T xN

N (9.147)

with x = (x1, . . . , xN ) and xm = 0,±1,±2, . . . (m = 1, . . . , N ). There is an irreducible
representation Γ(z1, . . . , zN ) for every N -tuple (z1, . . . , zN ) of complex numbers, with

T(x) → z x1
1 · · · z xN

N (9.148)

The representation is unitary if and only if |zm| = 1 (m = 1, . . . , N ), in which case let
zm = exp(ikm) and then

T(x) → eik·x (9.149)

with k = (k1, . . . , kN ), and k · x the usual scalar product of k and x. This representation is
also denoted as Γ(k).
Remark. The constraint |zm| = 1 means that km is only definedmodulo 2π. For the infinite
lattice, this constrains the vector k to lie on an N -dimensional torus with period 2π/L along
any coordinate axis. Thus in three dimensions, we can restrict k to the cube

− π

L
≤ kx ≤ π

L
− π

L
≤ ky ≤ π

L
− π

L
≤ kz ≤

π

L
(9.150)

with points on opposite faces of the cube identified with the same representation Γ(k). The
constraints (9.150) define the (first) Brillouin zone for the vector k. �

Remark. The vector k is the wave vector of the representation Γ(k), since the function
exp(ik · x) corresponds to a wave propagating in the direction of k with wavelength 2π/ |k|
in units of the lattice spacing. In a quantum-mechanical system on the lattice, �k is also
interpreted as the quasi-momentum associated with the representation. �
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Remark. An alternative to using an infinite lattice is to consider a very large lattice with
LN points and impose periodic boundary conditions, which is equivalent to the requirement
TN = 1. Then the components km are constrained to have the values of the form

km =
2πκm
L

(9.151)

with κm an integer (κm = 1, . . . , N or κm = −1
2N,−

1
2N + 1, . . . , 1

2N − 1, 1
2N with

κm = ±1
2N identified as the same point). For practical purposes, this lattice is equivalent to

the infinite lattice if L >> 1. �

The full symmetry group of a cubic lattice, denoted here by GC , includes not only trans-
lations of the lattice, but also the group Od of rotations and reflections that leave the cube
invariant. The group GC is not a direct product, since the rotations do not commute with the
translations. In fact, if R is an element of Od, then

RT(x)R−1 = T(Rx) ⇒ RT(x) = T(Rx)R (9.152)

where Rx is the image of x under the rotationR. Equation (9.152) shows that the translations
are an invariant subgroup of GC , and if |k〉 is an eigenvector of T(x) with

T(x) = |k〉 (9.153)

then D(R)|k〉 will be an eigenvector of T(x) with eigenvalue Rk. This observation leads
to a method for constructing irreducible representations of GC that can be generalized to
other groups, notably the group of inhomogeneous Lorentz transformations, also known as
the Poincaré group, whose irreducible representations are constructed in Chapter 10.

We start with fixed k and let Gk denote the subgroup of rotations of the cube that leave the
vector k invariant. Gk is the isotropy group, or little group, at k. For a general k, Gk is the
trivial group, but if two (or all three) components of k have the same magnitude, there will be
nontrivial rotations that leave k invariant. There is even more symmetry if one or more of the
components of k is equal to ±π/L (i.e., if k lies on the boundary of the Brillouin zone).

Example 9.50. If k is in the direction of one of the coordinate axes (so that two com-
ponents of k vanish), then Gk

∼= D4 is the dihedral group generated by (i) a rotation ρ
through π/2 about the direction of k, and (ii) reflection σ of an axis perpendicular to k,
which can be represented as space inversion P combined with rotation through π about
the axis of reflection. If further |k| = π/L, so that k is on the boundary of the Brillouin
zone, then k and −k are equivalent. In this case, both P and rotations through π about
any coordinate axis perpendicular to k each leave k invariant, and the isotropy group is
enlarged to D4 ⊗ Z2. This group is the largest isotropy group for any nonzero k.

Example 9.51. If k is along one of the main diagonals of the cube,

k = κ (±ex ± ey ± ez)

then Gk
∼= Z3 contains the rotations through ±π/3 about the direction of k. If κ = π/L

(so that k is on the boundary of the Brillouin zone), then Gk contains space inversion as
well, and the isotropy group is Z6

∼= Z3 ⊗ Z2.
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Exercise 9.25. Other classes of k that have nontrivial isotropy groups are

(i) k1 = ±k2 k3 = 0 and (ii) k1 = ±k2 k3 �= 0

Find the largest isotropy group (including reflections) for each of these classes. Describe the
extra symmetry if k is on a boundary of the Brillouin zone. �

Next choose an irreducible representation of Gk of dimension d, say, and let |k, α〉 (α =
1, . . . , d) be a basis for this representation. Then if R is an element of Gk,

D(R)|k, α〉 =
∑

β

Dβα(R)|k, β〉 (9.154)

where D(R) is the linear operator representing R in the chosen irreducible representation of
Gk. If R is not in Gk, then

D(R)|k, α〉 =
∑

β

Cβα(R)|Rk, β〉 (9.155)

with matrix elements Cβα(R) constructed to be consistent with the group multiplication rules.
The set of vectors {Rk} as R runs through the full point symmetry group Od of the cube is
the orbit Λ(k) of k under Od.

Example 9.52. Consider the case k = kez for which the isotropy group Gk is the dihedral
group D4 generated by the rotation a through π/2 about the Z-axis and the reflection σ of
the X-axis. Note that

a4 = e σ2 = e σaσ = a−1 (9.156)

As shown in Section 9.4, this group has four one-dimensional representations, in which

a→ ±1 ≡ α σ → ±1 ≡ η (9.157)

and a two-dimensional irreducible representation with

a→ iσy =
(

0 1
−1 0

)
σ → σz =

(
1 0
0 −1

)
(9.158)

The orbit of Λ(k) under Od contains the vectors ±kex, ±key , ±kez . Thus if we start
with a one-dimensional representation of the isotropy group, we need to consider a set of
six basis vectors

| ± kex〉 | ± key〉 | ± kez〉 (9.159)

We then have

P|k〉 = η| − k〉 (9.160)

while the Od rotations Rx(π/2),
Ry(π/2), Rz(π/2) act on these
states as shown in the table at the
right. The remaining elements of
Od can be expressed as products
of P and these rotations. Starting

|kex〉 |key〉 |kez〉

Rx(π/2) α|kex〉 α| − kez〉 α|key〉

Ry(π/2) α|kez〉 α|key〉 α| − kex〉

Rz(π/2) α| − key〉 α|kex〉 α|kez〉

Action of rotations on basis vectors.
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with the two-dimensional irreducible representation of the little group, acting on basis
states |kez,±〉, leads to a twelve-dimensional representation of Od on a space with basis
vectors

| ± kex,±〉 | ± key,±〉 | ± kez,±〉 (9.161)

Equation (9.158) corresponds to

Rz

(π
2

)
|kez,±〉 = ∓|kez,∓〉 and PRx(π)|kez,±〉 = ±|kez,±〉 (9.162)

whence also

Rz(π)|kez,±〉 = −|kez,±〉 (9.163)

For the action of P and Rx(π) separately, it is convenient to take

P|kez,±〉 = ±| − kez,±〉 (9.164)

Rx(π)|kez,±〉 = | − kez,±〉 (9.165)

(this is no more than a phase convention for the basis vector | − kez,−〉). From the group
multiplication Rx(π)Ry(π) = Rz(π), it then follows that

Ry(π)|kez,±〉 = −| − kez,±〉 (9.166)

It is consistent with Eq. (9.165) to choose

Rx

(π
2

)
|kez,±〉 = |key,∓〉 Rx

(π
2

)
|key,±〉 = | − kez,∓〉 (9.167)

It is further consistent with Eq. (9.166) to choose

Ry

(π
2

)
|kez,±〉 = ±|−kex,∓〉 Ry

(π
2

)
|−kex,±〉 = ±|−kez,∓〉 (9.168)

The group multiplication rules then lead to a complete construction of the twelve-
dimensional representation of Od. The full representation follows from the preceding,
and the additional results

Rx

(π
2

)
|kex,±〉 = ∓|kex,∓〉 Ry

(π
2

)
|key,±〉 = ∓|key,∓〉 (9.169)

derived from the group multiplication rule

Rx

(π
2

)
Ry

(π
2

)
Rx

(
−π

2

)
= Rz

(π
2

)
(9.170)

It is an instructive exercise to reduce this six-dimensional representation of Od into irre-
ducible components.
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A Frobenius Reciprocity Theorem

In Section 9.4.5, we presented the Frobenius reciprocity theorem, which states that the co-
efficients that appear in the reduction of an irreducible representation of G restricted to a
subgroup H are equal to the coefficients in the reduction of the representation of G induced by
an irreducible representation of H. Here we present a proof of the theorem and an important
corollary.

Suppose G is a group of finite order n whose classes K1 = {e},K2, . . . ,Kp contain
h1 = 1, h2, . . . , hp elements, respectively. Denote the inequivalent irreducible representations
of G by Γ1, . . . ,Γp, with ma the dimension of Γa and χak the character of the class Kk in Γa.
The matrix representing g� in Γa is Da(g�), with matrix elements Da

jk(g�).
Now let H be a subgroup of G of order m, index t = n/m. The classes Kk of G split into

classes L1k, . . . , Lnkk of H, with �jk elements in the class Ljk (j = 1, . . . , nk). Some classes
of G may not be in H, so that k = 1, . . . , s ≤ p, and others may be only partially included
in H, so that

nk∑

j=1

�jk ≤ hk (9.A1)

in general. The total number of classes of H is given by

q =
s∑

k=1

nk (9.A2)

Then we can denote the inequivalent irreducible representations of H by ∆1, . . . ,∆q , the
dimension of ∆c by µc (c = 1, . . . , q), and the character of Ljk in ∆c by φcjk.

The irreducible representation Γa of G subduces a representation Γasub of H, which can be
reduced according to

Γasub = ⊕c αca∆c (9.A3)

with nonnegative integer coefficients αca. The character χak can be expressed in terms of the
characters in H as

χak =
q∑

c=1

αcaφ
c
jk (9.A4)

it follows from the orthogonality relation (9.75) that

mαca =
∑

k

nk∑

j=1

�jkφ
c∗
jkχ

a
k (9.A5)

Thus the integers αca are determined from the characters of H and G, as expected. But using
the second orthogonality relation (9.91), we have

p∑

a=1

αcaχ
a
k =






nk∑

j=1

(
n�jk
mhk

)
φcjk j = 1, . . . , s

0 otherwise

(9.A6)
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This defines the character of a (reducible) representation Γ of G in terms of the character φcjk
of an irreducible representation of H. We shall see that Γ is precisely the representation of G
induced by Γc of H in the construction of Eq. (9.113).

Now suppose ∆c is an irreducible representation of H. Then the representation ∆c
ind of G

induced by ∆c is reducible in general,

∆c
ind = ⊕a βcaΓa (9.A7)

with nonnegative integer coefficients βca. The character ξck of the class Kk of G in ∆c
ind is

ξck =
p∑

a=1

βcaχ
a
k (9.A8)

Now recall the definition (Eq. (9.111))

σαβ(g, h) =

{
1, if ggβ = gαh

0 otherwise
(9.A9)

and note that σαα(g, h) = 1 if and only if g = gαhg
−1
α , i.e., if and only if g and h belong to

the same class of G. Thus

∑

g in Kk

trσ(g, h) =

{
t (= n/m), if h in Kk

0 otherwise
(9.A10)

Also, recall the definition (Eq. (9.113))

DΓ(g) ≡
∑

h in H
σ(g, h) ⊗ D∆(h) (9.A11)

Then we have

hkξ
c
k =

∑

g in Kk

ξc(g) =
∑

g in Kk

∑

h in H
[trσ(g, h)]φc(h) = t

nk∑

j=1

�jkφ
c
jk (9.A12)

and then

ξck =
p∑

a=1

βcaχ
a
k =

nk∑

j=1

(
n�jk
mhk

)
φcjk =

p∑

a=1

αcaχ
a
k (9.A13)

where the last equality follows from Eq. (9.A6). Since Eq. (9.A13) is true for all k = 1, . . . , p,
it must be that

αca = βca (9.A14)

which is the Frobenius Reciprocity Theorem.
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A corollary of this result is

Γa × ∆c
ind = [Γasub × ∆c]ind (9.A15)

as noted in Eq. (9.122), so that Kronecker products in H can be used to reduce those in G.
This corollary is quite useful in practice. To derive the result, note that the character of the
class Kk of G is given in the representation Γa × ∆c

ind by

ξckχ
a
k =




nk∑

j=1

(
n�jk
hkm

)
φcjk



χak =
nk∑

j=1

(
n�jk
hkm

)[
φcjkχ

a
k

]
(9.A16)

But the last expression is the same character of the class Kk in the induced representation
[Γasub × ∆c]ind. Hence the two representations must be the same.

B S-Functions and Irreducible Representations of SN

B.1 Frobenius Generating Function for the Simple Characters of SN

In Eq. (9.24), we introduced the alternant A(x1, x2, . . . , xN ) as an antisymmetric function of
the N variables x1, x2, . . . , xN . Now we can also write

A(x1, x2, . . . , xN ) =
∏

j<k

(xj − xk) =
∑

P=(i1i2···iN )

εP x
N−1
i1

xN−2
i2

· · ·xiN−1 (9.B17)

where the sum is over all permutations P = (i1i2 · · · iN ) of N . This form shows that the
alternant is actually the determinant of the matrix A defined by

A =





1 x1 x2
1 · · · xN−1

1

1 x2 x2
2 · · · xN−1

2

...
...

...
. . .

...
1 xN x2

N · · · xN−1
N




(9.B18)

Note that the alternant is homogeneous of degree 1
2N(N − 1) in the x1, x2, . . . , xN .

We can also define an antisymmetric polynomial A(λ)(x1, x2, . . . , xN ) associated with a
partition (λ) = (λ1 · · ·λs) of N by

A(λ)(x1, x2, . . . , xN ) ≡
∑

P=(i1i2···iN )

εP x
λ1+N−1
i1

xλ2+N−2
i2

· · ·xλN
iN

(9.B19)

A(λ)(x1, x2, . . . , xN ) is homogeneous of degree dN = 1
2N(N + 1) in the x1, x2, . . . , xN .

The homogeneous antisymmetric polynomials of degree dN form a linear vector space V ,
and the exponents of every monomial in such a polynomial must correspond to the exponents
in Eq. (9.B19) for some partition (λ) of N . Thus the A(λ) define a basis of V , and V has
dimension π(N), the number of distinct partitions of N .
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Exercise 9.B1. Show that if (λ) = (λ1 · · ·λs) is a partition of N , then the function
A(λ)(x1, x2, . . . , xN ) can be expressed as the determinant of the matrix A(λ) defined by

A =





xλN
1 x

λN−1+1
1 x

λN−2+2
1 · · · xλ1+N−1

1

xλN
2 x

λN−1+1
2 x

λN−2+2
2 · · · xλ1+N−1

2

...
...

...
. . .

...
xλN

N x
λN−1+1
N x

λN−2+2
N · · · xλ1+N−1

N





(again, if s < N , define λs+1 = · · · = λN = 0). �

Now define the symmetric functions

sk = sk(x1, x2, . . . , xN ) ≡
N∑

i=1

(xi)k (9.B20)

The functions s1, s2, . . . , sN are functionally independent, since the Jacobian determinant is

det
(
∂sk
∂xi

)
= N !

∑

P=(i1i2···iN )

εP x
N−1
i1

xN−2
i2

· · ·xiN−1
= N !A(x1, x2, . . . , xN )

(9.B21)

where the sum is over permutations of (1 · · ·N), and the alternantA(x1, x2, . . . , xN ) vanishes
only if two of the variables are equal. Note that powers of the {sk} are expressed as

(sk)
ν =

∑

(ν)

∑

P=(i1i2···iN )

ν!
ν1! ν2! · · · νN !

xkν1i1
xkν2i2

· · ·xkνN

iN
(9.B22)

where the summation is over partitions (ν) of ν; if the number of parts q is less than N , we
define νq+1 = · · · = νN = 0. Then if (m) = (m1m2 · · ·mt) = (pνp · · · 2ν21ν1) is a partition
of N , define

S(m) = S(m)(x1, x2, . . . , xN ) = sm1sm2 · · · smt
=

p∏

k=1

[sk(x1, x2, . . . , xN )]νk (9.B23)

Evidently S(m)(x1, x2, . . . , xN ) is a symmetric, homogeneous polynomial of degree N in the
x1, x2, . . . , xN . The S(m) are known as Schur functions, or simply S-functions.

Consider now the product S(m)(x1, . . . , xN )A(x1, . . . , xN ). It is a homogeneous poly-
nomial of degree in the variables x1, . . . , xN , antisymmetric under interchange of any pair of
variables. Thus it must be a linear combination of the polynomials A(λ)(x1, . . . , xN ), and we
can write

S(m)(x1, . . . , xN )A(x1, . . . , xN ) =
∑

(λ)

χ
(λ)
(m)A

(λ)(x1, . . . , xN ) (9.B24)

Remarkably, the coefficients χ (λ)
(m) are exactly the simple characters of SN .
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To prove this, we will show that the χ (λ)
(m) satisfy the orthogonality relations

∑

(m)

N(m)χ
(λ)
(m)χ

(ξ)
(m) = N ! δ(λ)(ξ) (9.B25)

where N(m) is the number of elements in the class K(m).

Remark. In Section 9.3, we identified the classes of SN with the π(N) partitions of N ,
and denoted the class whose cycle structure belongs to the partition (m) = (m1m2 · · ·mt) =
(pνp · · · 2ν21ν1 by K(m). The number of elements in the class K(m) is given by

N(m) =
N !

(1ν1 2ν2 · · · pνp) (ν1! ν2! · · · νp!)
≡ N(ν1 ν2 · · · νp) (9.B26)

To see this, note that there are N ! arrangements of 1, . . . , N in the given cycle structure. But
there are n equivalent expressions of each n-cycle, and νn! arrangements of the νn n-cycles,
each of which corresponds to the same permutation in SN . �

Remark. Equation (9.B24) serves to define the association of the partition (λ) with a par-
ticular irreducible representation. In addition to the orthogonality relations, we need to show
that

χ
(λ)

(1N )
> 0 (9.B27)

since that character is the dimension of the representation Γ(λ). We also need to verify the
identification of (N) with the symmetric, and (1N ) with the antisymmetric, representation. �

Now introduce a second set (y1, . . . , yN ) of N variables, and note that
∑

(m)

N(m)S(m)(x1, . . . , xN )S(m)(y1, . . . , yN )
(9.B28)

= N !
∑

{(νk)| P
k kνk=N}

p∏

k=1

[sk(x)sk(y)]νk

kνkvk!

where N(m) is the number of elements in the class K(m) of SN given by Eq. (9.B26). Then
keep the number of variables fixed at n, and sum over N to determine a function S(x, y)
defined by

S(x, y) ≡
∞∑

N=0

∑

(m)

N(m)

N !
S(m)(x1, . . . , xn)S(m)(y1, . . . , yn)

(9.B29)

=
∞∏

k=1

∞∑

vk=0

1
νk!

[
sk(x)sk(y)

k

]νk

= exp

{ ∞∑

k=1

sk(x)sk(y)
k

}

The series in the exponential can be summed in closed form to give

∞∑

k=1

sk(x)sk(y)
k

=
n∑

i=1

n∑

j=1

∞∑

k=1

(xiyj)k

k
= −

n∑

i=1

n∑

j=1

ln(1 − xiyj) (9.B30)
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and then

S(x, y) = exp




−
n∑

i=1

n∑

j=1

ln(1 − xiyj)




 =
n∏

i=1

n∏

j=1

(
1

1 − xiyj

)
(9.B31)

Next define the n× n matrix

M = (Mij) =
(

1
1 − xiyj

)
(9.B32)

The determinant of M can be evaluated formally by expanding the denominators and using
the definition of the determinant to obtain

detM =
∞∑

µ1=0

· · ·
∞∑

µn=0

∑

P=(i1i2···in)

εP (xi1y1)
µ1(xi2y2)

µ2 · · · (xinyn)
µn (9.B33)

Note that the exponents µ1, µ2, . . . , µn in a single monomial in this series must all be distinct,
due to the antisymmetry in the x and y variables enforced by the factor εP. We can reorder
the exponents in each term are so that we always have

µ1 > µ2 > · · · > µn

and the last equation can be written as

detM =
∞∑

N=0

∑

(λ)

∑

P=(i)

∑

Q=(j)

εP εQ(xi1yj1)
λ1+n−1(xi2yj2)

λ2+n−2 · · · (xinyjn)λn

(9.B34)

where for each N , the sums on P and Q are over permutations i1, i2, . . . , iN and
j1, j2, . . . , jN of N , and the sum on (λ) is over the partitions of N . Strictly speaking,
the (λ) are partitions into not more than n parts, but the proof of the result (9.B41) for a
particular N only requires n ≥ N , which can always be arranged since n is arbitrary. From
the definition of the A(λ)(x) in Eq. (9.B19), it follows that Eq. (9.B34) is equivalent to

detM =
∞∑

N=0

∑

(λ)

A(λ)(x)A(λ)(y) (9.B35)

On the other hand, we also have

detM =
∥∥∥∥

1
1 − xiyj

∥∥∥∥ = A(x1, . . . , xn)A(y1, . . . , yn)
n∏

i=1

n∏

j=1

(
1

1 − xiyj

)
(9.B36)

This follows from the observation that after extracting the product of the factors 1/(1− xiyj)
from the determinant, there remains a numerator that is a polynomial in the x and y antisym-
metric under exchange of any two x or any two y variables, since this exchange corresponds
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to exchanging two rows or two columns, respectively, of the matrix M. To evaluate this
polynomial, consider first the 2 × 2 determinant, given by

(
1

1 − x1y1

)(
1

1 − x2y2

)
−
(

1
1 − x1y2

)(
1

1 − x2y1

)

(9.B37)

=
(x1 − x2)(y1 − y2)

(1 − x1y1)(1 − x1y2)(1 − x2y1)(1 − x2y2)

To generalize this formula to arbitrary n, subtract the ith row of the determinant from the first
row, and then subtract the jth column of the resulting determinant from the first column. The
result will be a product of the form

detM =
1

1 − x1y1

(
n∏

i=2

xi − x1

1 − xiy1

) 


n∏

j=2

yj − y1
1 − x1yj



 detM′ (9.B38)

where M′ is the (n− 1)× (n− 1) matrix obtained from M by removing the first row and the
first column. Thus Eq. (9.B36) is true by induction on n.

Using the result (9.B31) in Eq. (9.B36), and then the definition in Eq. (9.B29), we have

detM = S(x, y)A(x)A(y) =
∞∑

N=0

∑

(m)

N(m)

N !
S(m)(x)A(x)S(m)(y)A(y) (9.B39)

From definition (9.B24) of the χ (λ)
(m), we then have

detM =
∞∑

N=0

∑

(λ)

∑

(ξ)

∑

(m)

N(m)

N !
χ

(λ)
(m)χ

(ξ)
(m)A

(λ)(x)A(ξ)(y) (9.B40)

Comparing Eqs. (9.B35) and (9.B40) gives the required orthogonality relation
∑

(m)

N(m)χ
(λ)
(m)χ

(ξ)
(m) = N ! δ(λ)(ξ) (9.B41)

The orthogonality relations alone are not quite enough to show that the χ (λ)
(m) are simple char-

acters. There is a possible sign ambiguity, since χ (λ)
(m) → −χ (λ)

(m) (for all λ) is consistent with
orthogonality. But the graphical calculation in Example 9.55 in the next section shows that
the sign is given correctly.

Anticipating this calculation, we have thus derived the Frobenius generating function

S(m)(x1, . . . , xN )A(x1, . . . , xN ) =
∑

(λ)

χ
(λ)
(m)A

(λ)(x1, . . . , xN ) (9.B42)

for the simple characters χ (λ)
(m) of SN . The graphical methods of the next section flow from

this generating function.
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B.2 Graphical Calculation of the Characters χ
(λ)
(m)

Suppose (m) = (m1m2 · · ·mt) and (λ) = (λ1 · · ·λs) are two partitions ofN . The Frobenius

generating function (Eq. (9.B42)) tells us that the simple character χ (λ)
(m) of the class K(m) of

SN in the irreducible representation Γ(λ) associated with (λ) is given by the coefficient of the
monomial

xλ1+N−1
1 xλ2+N−2

2 · · ·xλN

N (9.B43)

in the product

S(m)(x1, x2, . . . , xN )A(x1, x2, . . . , xN ) =

=

[
N∑

i=1

(xi)m1

][
N∑

i=1

(xi)m2

]
× · · · ×

[
N∑

i=1

(xi)mt

]
(9.B44)

×
∑

P=(i1i2···iN )

εP xN−1
i1

xN−2
i2

· · ·xiN−1

A graphical method to evaluate this coefficient is based on the observation that the product



t∏

j=1

smj



xN−1
i1

xN−2
i2

· · ·xiN−1

can be depicted as the construction of the Young diagram Y(λ) of the partition (λ) from an
empty diagram by successive addition ofm1, . . . ,mt nodes. This construction must be subject
to rules that exclude monomials in which two variables have the same exponent, since such
monomials disappear from the sum over permutations due to the antisymmetry introduced by
the εP factor.

Now suppose (µ) = (µ1µ2 · · ·µq) is a partition of m, and consider the product

[
N∑

i=1

(xi)�
]
A

(µ)(x1, . . . , xN ) ≡
∑

(ν)

c
(µ)(ν)
� A

(ν)(x1, . . . , xN ) (9.B45)

where the summation is over partitions (ν) of n = �+m. In a term of the form

[
N∑

i=1

(xi)�
]
xµ1+N−1

1 xµ2+N−2
2 · · · xµN

N

there will be nominal contributions from partitions of the form

(µ1 + � µ2 · · · µN ), (µ1 µ2 + � · · · µN ), . . . , (µ1 µ2 · · · µN + �)

However, one or more of these modified partitions may not satisfy the ordering condition
(νk ≥ νk+1). If a partition does not satisfy the condition, then either
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(i) µk = µk+1 + � − 1, in which case two variables have the same exponent in the new
monomial, and the term disappears from the sum, or

(ii) µk < µk+1 + �− 1, when the variables xk and xk+1 must be transposed, providing a
factor (−1), and the partition modified so that

µ′
k = µk+1 + �− 1 and µ′

k+1 = µk + 1 (9.B46)

This continues until the partition is in standard order (with an overall sign factor ±1), or the
partition is dropped because condition (i) has been encountered at some stage.

In graphical terms, this analysis leads to the result that the coefficient c(µ)(ν)
� in Eq. (9.B45)

vanishes unless the diagram Y(ν) can be constructed from the diagram Y(µ) by the regular
application of � nodes, as defined below. If the construction is possible, then c(µ)(ν)

� = ±1
according to whether the application is even or odd.

Definition 9.29. The addition of � nodes to the Young diagram associated with a partition
(µ) = (µ1, . . . , µq) of m is a regular application (of � nodes) if nodes are added to one row,
row r say, until the number of nodes in row r is equal to µr−1 + 1, after which nodes are
added to row r − 1 until the number of nodes in this row is equal to µr−2 + 1. The process
continues until either the nodes are exhausted at the diagram of a properly ordered partition
or row 1 is reached, in which case the remaining nodes are added to row 1. The parity of the
application is even (+1) or odd (−1) according to whether nodes are added in an odd or even
number of rows of the diagram.

The parity rule is based on the fact that changing rows in a diagram during the application of
nodes corresponds to a transposition of variables, with the associated sign factor.

Example 9.53. The product

[
N∑

i=1

(xi)3
]
A(21)(x) (9.B47)

corresponds to adding three nodes to the par-
tition (21) of 3. This leads to the four nonva-
nishing contributions shown (with appropriate
signs) at the right. Algebraically, we look at a
term of the form (with N = 5 variables)

1 1 1 − 1
1 1

+ 1
1
1

− 1
1 1

[
5∑

i=1

(xi)3
]
x6

1x
4
2x

2
3x4

which gives after expansion

x9
1x

4
2x

2
3x4 + x6

1x
7
2x

2
3x4 + x6

1x
4
2x

5
3x4 + x6

1x
4
2x

2
3x

3
5

(a vanishing term x6
1x

4
2x

2
3x

4
4 has been dropped). The second and third terms each require

a single transposition to order the exponents correctly, so they require a minus sign, while
the last term requires two transpositions (x5 → x4 → x3), so it has a positive sign.
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To compute the character χ (λ)
(m), we then enumerate the possible constructions of Y(λ)

starting from the empty diagram and making successive regular applications of m1, . . . ,mt

nodes. The number of such constructions, counted with weight ±1 equal to the product of the
parities of the t regular applications, is equal to the character χ (λ)

(m). The order of the t regular
applications does not matter, so long as it is the same for each construction.

Example 9.54. Evidently χ (N)
(m) = 1 for every partition (m) of N , so the partition (N)

is identified with the symmetric representation. Also, χ (1N )
(m) = ε(m), where ε(m) is the

parity of the permutations in the class K(m), since the parity of a regular application of
p nodes in a single column is the same as the parity of a p-cycle. Thus we identify the
partition (1N ) with the antisymmetric representation.

Example 9.55. The dimension d[(λ)] of the irreducible representation Γ(λ) is just the
character of the class K(1N ) of the identity, i.e., the trace of the unit matrix. By the rule
just given, this is equal to the number of ways of constructing the diagram Y(λ) by N
successive regular applications of a single node. This in turn is the number of regular
tableaux (defined in Section 9.3.2) associated with Y(λ). Note that this fixes the sign of
the character χ (λ)

(1N )
, removing the sign ambiguity in the orthogonality relations.

Example 9.56. To calculate the dimension of the irreducible representation Γ(321) of S6,
consider

(6)
1 2
3 + (6)

1 3
2 + (2)

1 2 3
4 + (2)

1 4
2
3

= 16

In the first two diagrams, the numbers 4, 5, and 6 can be entered in any of 3! = 6 ways. In
the last two, the number 5, 6 can be entered in either of two ways. Thus the dimension of
the irreducible representation is 16.

Example 9.57. The symmetric group S4 has five classes, and five inequivalent irreducible
representations. Of the permutations, we know that 12 are even, 12 are odd, and the parities
of the classes and the number h of ele-
ments of each class are shown in the ta-
ble at the right. The dimensions of the
representations have been computed
in Section 9.3.2. From Problem 14, we
have

χ
(eλ)
(m) = ε(m)χ

(λ)
(m)

where ε(m) is the parity of the permuta-
tions in the class K(m). The remaining
characters of the group are computed
with the graphical methods, and produce
the character table shown at the right.

(14) (212) (22) (31) (4)

ε + − + + −
h 1 6 3 8 6

4 1 1 1 1 1

31 3 1 −1 0 −1

22 2 0 2 −1 0

212 3 −1 −1 0 1

14 1 −1 1 1 −1

Character table for S4.
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We have

χ
(31)
(212) = 1 2 2

3 = 1 χ
(31)
(22) = 1 2 2

1 = −1

χ
(31)
(31) = • = 0 χ

(31)
(4) = 1 1 1

1
= −1

where the “•” signifies that it is impossible to proceed with another regular application, so
the character vanishes (we have used the freedom to order the regular applications at will).
Also

χ
(22)
(22) = 1 1

2 2 + 1 2
1 2 = 2 χ

(22)
(212) = 1 1

2 3 − 1 2
1 3 = 0

The first character shows that the elements of the class K(22) are represented by the unit
matrix. How is this possible? The second is an explicit example to show that the character
of an odd class vanishes in a self-conjugate partition.

The path traced out by the nodes added in a regular application of nodes can be described
as a hook, or skew hook; it is a sequence of nodes that traces a path of single steps, each of
which is upward or to the right. For example, the set of added nodes in each of the diagrams
in Example 9.53 is a hook of length three. In general, a regular application of � nodes to a
Young diagram is equivalent to adding a hook of length �.

With each node in a Young diagram is associated a hook consisting of the node together
with all the nodes to the right of it in the same row, and all the nodes below it in the same
column. The number of nodes in this hook is the hook length of the node. The hook diagram
of a Young diagram is obtained by assigning to each node in the diagram the hook length
of the node. The hook product H[(λ)] of a partition (λ) is the product of the hook lengths
assigned to the nodes of the corresponding Young diagram Y(λ).

Example 9.58. The hook diagrams associated with the partitions of 3 are

3 2 1 3 1
1

3
2
1

with hook products 6, 3, and 6, respectively.

Example 9.59. The hook diagrams associated with the partitions of 4 are

4 3 2 1 4 2 1
1

3 2
2 1

4 1
2
1

4
3
2
1

with hook products 24, 8, 12, 8, and 24, respectively.

Exercise 9.B2. Construct the hook diagrams and the corresponding hook products H(λ)

for each of the partitions of N = 5 and N = 6. �
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The dimension of the irreducible representation Γ(λ) can be calculated without counting
diagrams by means of the hook formula

d[(λ)] =
N !

H[(λ)]
(9.B48)

where H[(λ)] is the hook product just introduced. Note that this works for the examples
above, but it is left as an exercise for the reader to find a general proof of this formula.

B.3 Outer Products of Representations of Sm ⊗ Sn

If Γ(µ) and Γ(ν) are irreducible representations of Sm and Sn, respectively, then the outer
product Γ(µ) ◦ Γ(ν) of Γ(µ) and Γ(ν) is the representation of Sm+n induced by the irreducible
representation Γ(µ) ⊗ Γ(ν) of Sm ⊗ Sn, as introduced above in Definition 9.28. The outer
product is important both in the context of the symmetric group and in the context of the
classical Lie groups, whose Kronecker products are directly related to the outer products of
the symmetric group. Γ(µ) ◦ Γ(ν) is in general reducible; we have

Γ(µ) ◦ Γ(ν) =
∑

(λ)

K{(µ)(ν)|(λ)}Γ(λ) (9.B49)

where the summation is over partitions (λ) of m + n. The expansion coefficients
K{(µ)(ν)|(λ)} can be evaluated by graphical methods that we will explain without giv-
ing a full derivation.

First suppose (λ) = (λ1 · · ·λp) is a partition of some integer t into p parts. Define

F (λ)(x1, . . . , xN ) ≡ A(λ)(x1, . . . , xN )
A(x1, . . . , xN )

(9.B50)

where A(λ)(x1, . . . , xN ) has been defined in Eq. (9.B19) and A(x1, . . . , xN ) is the alternant.
If (ξ) = (ξ1 . . . ξq) is another partition of t, then the Frobenius generating function (9.B42)
is equivalent to

S(ξ)(x1, . . . , xN ) =
∑

(λ)

χ
(λ)
(ξ) F

(λ)(x1, . . . , xN ) (9.B51)

where S(ξ) is defined in Eq. (9.B23). Then orthogonality relation (9.B41) then gives

F
(λ)(x1, . . . , xN ) =

∑

(ξ)

N(ξ)

N !
χ

(λ)
(ξ) S(ξ)(x1, . . . , xN ) (9.B52)

Thus the functions F(ξ), also known as Schur functions, are actually homogeneous symmetric
polynomials of degree N .

Now it is true that

F (µ)(x1, . . . , xN )F (ν)(x1, . . . , xN ) =
∑

(λ)

K{(µ)(ν)|(λ)}F (λ)(x1, . . . , xN ) (9.B53)
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This is not obvious, and actually requires a careful derivation of its own, but we do not provide
that here. However, we now derive a graphical expression of the product F (µ)(x)F (ν)(x) that
will allow us to calculate the reduction coefficients K{(µ)(ν)|(λ)}.

To this end, consider first the partition of m with a single part. Then we have

mA(m)(x1, . . . , xN ) =
m∑

k=1

sk(x1, . . . , xN )A(m−k)(x1, . . . , xN ) (9.B54)

To show this, recall Eq. (9.B45) and the subsequent discussion, from which we have

s1(x)A(m−1)(x) = A(m)(x) +A(m−1 1)(x)

s2(x)A(m−2)(x) = A(m)(x) +A(m−2 2)(x) −A(m−2 12)(x)

... (9.B55)

sm−1(x)A(1)(x) = A(m)(x) −A(m−2 2)(x) +A(m−3 2 1)(x) + · · · − (−1)mA(1m)

sm(x)A(x) = A(m)(x) −A(m−1 1)(x) +A(m−2 12)(x) + · · · + (−1)mA(1m)

In each of the m products, A(m)(x) appears with coefficient +1. If (µ) is any other partition
of m, then either

(i) the diagram Y(µ) has at most two rows containing more than one node, in which case
A(µ)(x) appears in exactly two products, once each with coefficient +1 and −1, or

(ii) the diagram Y(µ) has more than two rows with more than one node, in which case
A(µ)(x) appears in no product, since there is no way to construct the diagram Y(µ) by a
regular application of k nodes to the diagram Y(m−k).
Remark. To show the point of (i), suppose for example that m = 6, and note that the
partition (42) appears in the products s2A(4) and s5A(1), shown graphically as

◦ ⊃ × × and ◦ ⊃ − × × ×
× ×

while it seems clear without a picture that a regular application of nodes to a graph with only
one row leads to a graph with at most a second row containing more than one node. �

Remark. An equivalent statement is that in the product skA(m), there can appear only graphs
with at most two hooks, one of which has only one row [A(m−k)]. �

Remark. Note that Eq. (9.B54) is equivalent to

mF (m)(x1, . . . , xN ) =
m∑

k=1

sk(x1, . . . , xN )F (m−k)(x1, . . . , xN ) (9.B56)

after dividing both sides by the alternant A(x1, . . . , xN ). �
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Now consider the product

F (m)(x)F (ν)(x) =
∑

(λ)

K{(m)(ν)|(λ)}F (λ)(x) (9.B57)

The coefficient K{(m)(ν)|(λ)} is equal to one if and only if the diagram Y(λ) can be con-
structed from the diagram Y(ν) by the addition of m nodes, no two of which appear in the
same column of Y(λ). Otherwise, the coefficient is zero.

To show this, note that the result is obviously true for m = 0, 1. Suppose the result is true
for 0, 1, . . . ,m− 1. Then, with Eq. (9.B56) in mind, we have three following possibilities.

(i) Y(λ) can be constructed from Y(ν) by the addition ofm nodes, no two of which appear
in the same column of Y(λ). Then F (λ)(x) appears in the product sk(x)F (m−k)(x)F (ν)(x)
with coefficient equal to the number of different rows of Y(λ) that contain at least k added
nodes. Thus F (λ)(x) appears in the product

mF (m)(x)F (ν)(x) = [s1(x)F (m−1)(x) + · · · + sm(x)F (x)]F (ν)(x)

with total coefficient m, or
(ii) Y(λ) is constructed from Y(ν) by the addition ofm nodes, of which at least two appear

in the same column of Y(λ). Then either
(a) F (λ)(x) appears in no product sk(x)F (m−k)(x)F (ν)(x), or
(b) it appears in exactly two products, once with coefficient +1 and once with coefficient

−1 (an illustration of this is given below), or
(iii) Y(λ) cannot be constructed from Y(ν) by the addition of m nodes, in which case

F (λ)(x) appears in no product sk(x)F (m−k)(x)F (ν)(x).
Remark. To illustrate the argument in (ii)(b), consider the product of (3) and (312). We
have

s1F
(2) × =

1
1
×

and s2F
(1) × = −

1
×
×

since the second product corresponds to a term x2
3 (x6

1x
2
2x3) that acquires a minus sign when

variables are reordered. Thus the product (3) × (312) does not contain the partition (422). �

Thus we have a graphical rule to construct the outer product of the identity representation
of Sm with an arbitrary representation of Sn. Some examples were given in Section 9.5.2;
here we offer a few more.

Example 9.60. We have

◦ = 1 1 1 ⊕ 1 1
1

⊕ 1
1 1

⊕
1 1 1

This is a special case of the rule given in Exercise 9.22.

Definition 9.30. Suppose (ν) is a partition of n with Young diagram Y(ν). The construction
of the diagram Y(λ) of a partition (λ) of m+ n by the addition of m nodes to Y(ν), no two of
that appear in the same column of Y(λ), is a normal application of m nodes to Y(ν).
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Remark. Thus what we have shown above is that the outer product Γ(m) ◦ Γ(ν) contains
the irreducible representations of Sm+n whose Young diagrams can be constructed from the
diagram Y(ν) by the normal application of m nodes. �

Exercise 9.B3. Explain with words and diagrams the difference between a normal and a
regular application of m nodes to a Young diagram. �

Now suppose (ξ) = (ξ1 ξ2 · · · ξq) is a partition of n. The principal representation Γ(ξ) ≡
Γ(ξ1 ξ2···ξq) induced by the subgroup G(ξ) ≡ Sξ1 ⊗ Sξ2 ⊗ · · · ⊗ Sξq

is reducible; let

Γ(ξ) =
∑

(λ)

H{(ξ)|(λ)}Γ(λ) (9.B58)

From the preceding discussion, it is clear that H{(ξ)|(λ)} is the number of distinct con-
structions of the diagram Y(λ) from the empty diagram by successive normal applications of
ξ1, . . . , ξq nodes. Note that H{(ξ)|(λ)} = 0 if (λ) comes after (ξ) in the dictionary ordering
of the partitions, as seen in the next example.

Example 9.61. The principal representation of S6 induced by the subgroup S3⊗S2⊗S1

is given by

Γ(321) = ◦ ◦ =

= 1 1 1 2 2 3 ⊕ 1 1 1 2 2
3

⊕ 1 1 1 2 3
2

(9.B59)

⊕ 1 1 1 2
2 3

⊕ 1 1 1 3
2 2

⊕
1 1 1 2
2
3

⊕ 1 1 1
2 2 3

⊕
1 1 1
2 2
3

This example was chosen to show that an irreducible representation can occur more than
once if the partition (ξ) has more than two parts. Note that the partitions on the right-hand
side have been given in order, and (321) is the last partition to occur.

Then we have also (see Eq. (9.B53))

F (ξ1)(x1, . . . , xN ) · · ·F (ξq)(x1, . . . , xN ) =
∑

(λ)

H{(ξ)|(λ)}F (λ)(x1, . . . , xN ) (9.B60)

This reduction allows us the compute the outer product Γ(µ) ◦ Γ(ν) by proceeding down the
list of partitions of m. If (µ) = (µ1 µ2 . . . µq) is a partition of m , we can reduce the product

Γ(µ1) ◦ Γ(µ2) ◦ · · · ◦ Γ(µ1q) ◦ Γ(ν)

by finding the number of constructions of each diagram Y(λ) (corresponding to a partition of
m + n) from Y(ν) by successive normal applications of µ1, µ2, . . . , µq nodes. Subtracting
the contributions of those partitions of m that precede (µ) – these having been previously
computed – from this product leaves the reduction of Γ(µ) ◦ Γ(ν). This leads to the result
given in the following theorem, but we leave out further details of the proof.
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Theorem 9.5. Suppose (µ) = (µ1 µ2 · · ·µq) is a partition of m and (ν) a partition of n.
Then the coefficient K{(µ)(ν)|(λ)} in the reduction (Eq. (9.B49))

Γ(µ) ◦ Γ(ν) =
∑

K{(µ)(ν)|(λ)}Γ(λ)

of Γ(µ) ◦ Γ(ν) into a sum of irreducible representations of Sm+n is equal to the number of
distinct constructions of the diagram Y(λ) from the diagram Y(ν) by successive application of
µ1 nodes labeled 1, . . . , µq nodes labeled q such that

(N) no two nodes with the same label appear in the same column of Y(λ) (the applications
of the µ1, . . . , µq nodes are normal applications), and

(R) if we scan Y(λ) from left to right across the rows from top to bottom, then the ith
node labeled k + 1 appears in a lower row of Y(λ) than the ith node labeled k.

Exercise 9.B4. Show that

K{(µ̃)(ν̃)|(λ̃)} = K{(µ)(ν)|(λ)}

This symmetry relation reduces the number of explicit calculations that need to be done. �

Example 9.62. For S2 ⊗ S3, direct application of the graphical rule gives

◦ = 1
2

⊕
1

2
⊕ 1

2
⊕

1
2

although this is more easily derived from the result for Γ(2) ◦ Γ(λ) given above using the
symmetry relation in Exercise 9.B4. Note that diagrams such as

2
1

,
2

1
and 2

1

are eliminated by rule (R).

Example 9.63. For S3 ⊗ S3, we have

◦ = 1 1
2

⊕
1 1

2
⊕ 1

1 2

⊕
1

1
2

⊕
1

2
1

⊕
1

1
2

⊕ 1
1 2

⊕ 1
1
2

Note that the partition (321) appears twice, since there are the two distinct constructions
shown of the diagram of (321) from that of (21) consistent with the rule (R).

Exercise 9.B5. Compute the remaining outer products for S3⊗S3. Use the relation given
in Exercise 9.B4 to simplify the calculations. �
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Bibliography and Notes

An old classic that emphasizes many physical applications is

Morton Hamermesh, Group Theory and its Application to Physical Problems,
Addison-Wesley (1962), reprinted by Dover (1989).

Chapter 7 of this book has an especially detailed treatment of the symmetric group SN , upon
which much of our discussion here is based. There is also a solid discussion of the classical
Lie groups, and the connection of the representations of Lie groups with those of SN .

Another classic is

Michael Tinkham, Group Theory and Quantum Mechanics, McGraw-Hill (1964),
reprinted by Dover (2003).

This book has a thorough treatment of discrete symmetry groups that are relevant to molecules
and crystal structure. In addition, there is a useful discussion of the full rotational symmetry
as applied to atomic systems. The physical relevance of group theory to selection rules and to
level structure in systems perturbed by external fields is clearly explained.

A brief introduction is

H. F. Jones, Groups, Representations, and Physics, Adam Hilger (1990).

A longer introduction that covers a broad range of applications is

W. Ludwig and C. Falter, Symmetries in Physics: Group Theory Applied to Physical
Problems (2nd extended edition) , Springer (1996).

A new book that deals with the crystallographic groups is

Richard L. Liboff, Primer for Point and Space Groups, Springer (2004).

There are many other books that combine the analysis of the symmetric group with the
study of rotational symmetry and the angular momentum algebra to the spectra of atoms,
molecules, and nuclei. A sampling of these is listed at the end of Chapter 10.

Problems

1. Show that if K is a class of the group G, then the set K of elements g−1 with g in K is
also a class of G.

Remark. K is the inverse class of K. If K = K, the class K is ambivalent. �

2. Suppose the finite group G has classes K1 = {e},K2, . . . ,Kp.

(i) Show that the product KkK� contains only complete classes of G.

Remark. Thus we can write

KkK� =
∑

m

cmk�Km

with integer coefficients cmk� that are the class multiplication coefficients of G. �
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(ii) Show that if Kk̄ denotes the inverse class to Kk, then the cmk� satisfy

hmc
m
k� = h�c

�̄
km̄

(iii) Find the class multiplication coefficients of S3 and S4.

3. H is an invariant subgroup of G if and only if every class of H is also a class of G.

4. Find the number of distinct Abelian groups of order 720.

5. Consider the group Q with elements 1,−1, a,−a, b,−b, c,−c such that

a2 = b2 = c2 = −1 abc = 1

(i) Complete the multiplication table of Q.

(ii) Find the conjugacy classes of Q.

(iii) Show that an irreducible two-dimensional representation of Q is given by

1 = 1 a = iσx b = iσy c = iσz

where σx, σy, σz are the 2 × 2 Pauli matrices introduced in Eq. (2.81) of Chapter 2.

Remark. This group is the quaternion group discovered by Hamilton. The elements a,
b, and c are three independent roots of x2 = −1, but they do not commute under mul-
tiplication. The (noncommutative) algebra generated by linear combinations of 1, a, b, c
with multiplication as given here is the quaternion algebra. �

6. Describe the inequivalent groups of order 8 (there are five of them).

7. The benzene ring has a hexagonal structure with symmetry group D6 generated by the
elements

a—rotation through angle π/3 about an axis normal to the plane of the hexagon
passing through its center, and

σ—reflection of an axis joining two opposite vertices of the hexagon.

These elements satisfy the relations

a6 = 1 σ2 = 1 (σa)2 = 1

(i) Show that D6 is of order 12.

(ii) Find the classes of D6.

(iii) What are the dimensions of the irreducible representations of D6?

(iv) Construct the character table for D6.

(v) Express the matrices for the two-dimensional irreducible representation(s) of D6 in
terms of the 2 × 2 unit matrix and the Pauli matrices.
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8. Consider the symmetries of the tetrahedron (see Section 9.2) as permutations of the four
vertices of the tetrahedron.

(i) Show that the group T is isomorphic to the alternating group A4.

(ii) Show that each of the six reflections corresponds to a transposition in S4, while the
combined reflection–rotations correspond to the 4-cycles.

(iii) Finally, show that the complete symmetry group Td is isomorphic to the symmetric
group S4.

9. Consider the group of rotational symmetries of the cube in three dimensions. Draw a
right-handed set of axes through the center of the cube, with each axis bisecting a pair
of opposite faces. Let a, b, c denote rotations through angle π/2 about X , Y , Z axes,
respectively.

(i) Show that

a4 = b4 = c4 = e

a2b2c2 = e = c2b2a2

(ab)3 = (bc)3 = (ca)3 = e = (ac)3 = (cb)3 = (ba)3

(ii) Express each element of the group as a (nonunique) product of powers of a, b, c.
What is the order of the group?

(iii) Express each element of the group as a permutation of the six faces of the cube.

(iv) Express each element of the group as a permutation of the eight vertices of the cube.

(v) Find the classes of the group.

(vi) Is the group isomorphic to S4?

10. The cube is also symmetric under the operation of reflection through the origin, denoted
by P. Show that P commutes with all the rotations of the preceding problem, and thus
that the complete symmetry group of the cube is the direct product O ⊗ Z2 ≡ Od (here
the cyclic group Z2 = {1,P} – note that P2 = 1).

Remark. The symmetry group of the cube is the same as the symmetry group of the
octahedron whose vertices are the centers of the six faces of the cube. Hence O and Od

are also known as the octahedral groups. �

11. Show that the coefficients of composition of a group G defined by Eq. (9.98) satisfy

p∑

c=1

[
Cabc

]2
=

p∑

c=1

Caāc Cbb̄c̄

12. Show that the coefficient an of xn in the formal power series expansion

E(x) ≡
∞∏

k=1

(
1

1 − xk

)
=

∞∑

n=1

anx
n
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is equal to π(n), the number of partitions of n. What is the radius of convergence of this
power series?

Remark. Thus E(x) is a generating function for the π(n). �

13. Let P = (i1i2 · · · iN ) be a permutation of degree N . Associated with P is the N × N
permutation matrix A = A(P) with elements

Ajk = δjik

(see Eq. (9.27)). Show that P → A(P) is a reducible representation of SN , and express
it as a direct sum of irreducible representations.

14. If (m) = (m1 · · ·mt) and (λ) are partitions of N , and χ (λ)
(m) is the character of the class

K(m) in the irreducible representation Γ(λ) of SN , then

χ
(eλ)
(m) = ε(m)χ

(λ)
(m)

where (λ̃) is the partition conjugate to (λ), and ε(m) is the parity of the permutations in
the class K(m).

Hint. Show that for every construction of the diagram Y(λ) by regular applications of
m1, . . . ,mt modes to the empty graph, there is a similar construction of the diagram
Y(eλ), not necessarily of the same parity.

Remark. Thus the character of the irreducible representation associated with the con-
jugate partition (λ̃) is simply related to the character of (λ). Note that this result implies
that the character of an odd permutation vanishes in an irreducible representation associ-
ated with a self-conjugate partition. �

15. (i) Compute the characters for the representation of S4 induced by the antisymmetric
representation of the S2 ⊗ S2 subgroup.

(ii) Reduce this representation to a sum of irreducible representations of S4.

16. Find a set of matrices representing the transpositions in each of the irreducible represen-
tations of S4.

17. (i) Find the parity and the number of elements N(m) for each class K(m) of S6.

(ii) Compute the character table of S6.

18. Let X1 = Ya and X2 = (23)Ya, where

Ya = e+ (12) − (13) − (123)

is the projection operator introduced in Example 9.43.

(i) Find the action of each of the transpositions in S3 on X1 and X2, and thus show that
X1 and X2 form a basis for the two-dimensional representation of S3.

(ii) Transform this basis to that in which the transpositions are represented by orthogonal
matrices.
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19. We know from Example 9.48 that the Kronecker product of the mixed symmetry two-
dimensional irreducible representation of S3 with itself is given by

× = ⊕ ⊕

Explicit matrices for the two-dimensional irreducible representation were given in Ex-
ample 9.40. Now let φ1, φ2 and ψ1, ψ2 be orthonormal bases for copies of this repre-
sentation on the vector spaces V1 and V2. Find basis vectors for each of the irreducible
representations in the Kronecker product defined on V1⊗V2 in terms of the basis vectors
φa ⊗ ψb.

20. Reduce the outer products of the irreducible representations of S4 ⊗ S4 in S8.

21. Reduce the Kronecker products of the irreducible representations of S5 and S6



10 Lie Groups and Lie Algebras

It has long been understood that conservation laws of energy, momentum, and angular mo-
mentum are related to the invariance of physical laws of a closed system under translations
and rotations of the system. These invariance principles are described by continuous groups
(Lie groups), as already noted in Chapter 9, with examples given in Section 9.1. In quantum
mechanics, the connection between conservation laws and the corresponding symmetries is
made explicit, as the conserved quantities are represented by operators that are directly related
to the generators of translations and rotations:

P = i�∇ and L = i�r ×∇

Here Planck’s constant � sets a scale for quantum physics. Having introduced it, we follow
standard usage and set � = 1.

Symmetries other than spacetime symmetries have become increasingly important in mod-
ern physics. The special nature of two standard dynamical systems, the harmonic oscillator
and the Kepler–Coulomb problem, is related to the existence of higher symmetries. The har-
monic oscillator in n dimensions has a U(n) symmetry associated with rotations in the 2n-
dimensional phase space of the oscillator. The Kepler–Coulomb problem of motion in an
inverse square potential has an SO(4) symmetry associated with the existence of a second
conserved vector, the Runge–Lenz vector, in addition to the usual angular momentum.

Shell models of atomic and nuclear structure have approximate symmetries associated
with states of several fermions in a single shell, that are useful in understanding atomic and
nuclear spectra of atoms and nuclei. Rotational symmetry also leads to the existence of ro-
tational bands in molecular spectra. Applications of group theory to atomic, molecular, and
nuclear systems are described in the books cited in the bibliography.

The similarity of proton and neutron, apart from a small difference in mass and the absence
of electric charge on the neutron, led Heisenberg in the 1930s to propose an approximate
SU(2) symmetry (isotopic spin, or simply isospin) in which proton and neutron form an
elementary doublet. Discovery of exotic (“strange”) baryons and mesons led to attempts to
generalize this symmetry to SU(3) and beyond. The approximate SU(3) symmetry, known
today as flavor SU(3), is an important tool for analyzing the spectra of mesons and baryons,
and stimulated conjectures in the 1960s about the existence of quarks that eventually led to
the standard model of quarks and leptons as we know it today.

Higher symmetries are also of interest in condensed matter physics. The Hubbard model,
in which electrons move freely on a lattice except for a strong repulsion when two electrons
occupy the same site, is used as a starting point for the analysis of many solids, notably
including high Tc superconductors as well as antiferromagnetic systems. This model has an
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exact SO(4) symmetry that was explicitly recognized only after the model had been studied
for over twenty years. Further work has led to introduction of groups as large as SO(8) to
classify the spectrum of states in the Hubbard model.

Conservation of electric charge implies a continuity equation for the charge and current
densities. In quantum mechanics, this is equivalent to invariance under arbitrary phase trans-
formations of the wave function of a charged particle. These transformations form a group
U(1), and allowing phase transformations that vary (smoothly) as a function of spacetime
point (gauge transformations) leads to the principle of gauge invariance, from which follows
the long-range nature of the Coulomb force and the existence of a massless photon.

Yang and Mills extended the idea of local gauge invariance to non-Abelian groups such
as SU(2), later enlarged to larger groups such as SU(3) and beyond. This led to the unified
gauge theory of the weak and electromagnetic interactions based on a gauge group SU(2) ⊗
U(1), after the problem of how to generate masses for the weak gauge fields was solved by
Higgs and others. Further work led to the development of quantum chromodynamics as a
theory of the strong interactions based on an unbroken gauge group SU(3).

Generalizations of these symmetries are at the center of contemporary attempts to con-
struct a unified theory of all interactions, beginning with the grand unified theories of the
1970s and early 1980s and continuing with the various string theories that are at the front of
the stage in the early part of the 21st century. Less obvious symmetries have also been dis-
covered in certain nonlinear systems that are described in Chapter 8. The infinite hierarchy of
symmetries discovered in integrable systems have led to a deeper insight into the structure of
these systems, and are also relevant to string theory research.

These higher symmetries are examples of Lie groups, which have been studied since the
middle of the 19th century. The classical groups include the groups GL(n,C) [GL(n,R)]
of nonsingular linear operators on an n-dimensional linear vector space with complex [real]
scalars. Of special importance in physics are the subgroups U(n) and O(n) of unitary and
orthogonal operators, and the corresponding subgroups SU(n) and SO(n) of operators whose
matrices have determinant +1. Also of interest are the groups Sp(2n) of linear operators
that leave invariant the canonical 2-form on the phase space of a Hamiltonian system with
n coordinates. There are also exceptional Lie groups that are mentioned only in passing,
although they may turn out to be important to elementary particle theory. Beyond that, there
are groups associated with the infinite hierarchies in the integrable systems just mentioned, as
well as with possible string theories, but these are relegated to the problems.

Closely related to a Lie group is its Lie algebra, which is obtained from the structure of the
group elements near the identity element. The Lie algebra is a linear vector space of operators
whose commutators are also elements of the vector space. The example best-known in physics
is the algebra of angular momentum operators L = (Lx,Ly,Lz). These operators satisfy the
commutation relations

L× L = iL

They also generate rotations of the coordinate axes in three dimensions.
One method to find the irreducible representations of a Lie group is to start from irre-

ducible representations of its Lie algebra. To construct these, we start with a maximal set of
commuting elements of the algebra (a Cartan subalgebra) and find simultaneous eigenvectors
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of this set. The commutation rules then determine the action of the other elements of the Lie
algebra on these eigenvectors. In general, we can find elements that serve as ladder operators,
transforming eigenvectors of the Cartan subalegbra into eigenvectors with shifted eigenvalues.
In finite-dimensional representations, the chains of states connected by the ladder operators
must terminate. This condition leads to a discrete set of finite-dimensional irreducible repre-
sentations of the classical groups.

The simplest example of this method is the construction the irreducible representations of
the algebra of angular momentum operators. We look for eigenstates |m〉 of one component,
Lz say, with

Lz|m〉 = m|m〉

Then the operators L± = Lx ± iLy have the property that they shift the eigenvalue of Lz by
one unit of �:

LzL±|m〉 = (m± 1)L±|m〉

For a finite-dimensional unitary representation, m must have a maximum value, j, say, and
a minimum value that must be −j since the operators L must be Hermitian. The fact that
the ladder operators shift the eigenvalues by integer steps then requires that the number 2j of
steps from j to −j be an integer.

We work out the application of this method to find some irreducible representations of
the Lie algebra of the group SU(3), and explain how this method can be extended to other
representations and other Lie algebras. The flavor SU(3) symmetry of baryons and mesons is
used as an illustrative example.

The extension of symmetries to local gauge symmetries is important both in classical
electromagnetic theory and in the SU(3) × SU(2) × U(1) model (the standard model) of
quarks and leptons, as well as further symmetries that are a focus of research in elementary
particle physics. Here we offer a brief introduction to these symmetries.

An alternative approach to classifying irreducible representations of a Lie group is to re-
duce the group representations on tensor products of identical copies of the defining vector
space. These tensor representations can be reduced according to their symmetry under per-
mutations of the spaces in the product, leading to a correspondence between representations
of the Lie group and irreducible representations of the symmetric group with their associated
Young diagrams. The diagrammatic methods introduced for the symmetric groups can then
be applied to the study of Lie group representations. For the general linear and unitary groups,
this classification actually gives irreducible representations. For the orthogonal and symplec-
tic groups, there are further reductions associated with the metric tensors left invariant by these
groups. These ideas are developed in Appendix A.

An important problem is to reduce the tensor product, or Kronecker product, of irreducible
representations of a Lie group into a sum of irreducible representations. This appears in
quantum mechanics as the problem of finding the allowed states of total angular momentum
of two or more particles each of which has a definite angular momentum. For the classical
Lie groups, the irreducible representations are associated with those of the symmetric groups
SN , and the tensor product corresponds to an outer product of irreducible representations of
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symmetric groups. We show how to use the graphical rules developed in Chapter 9 for the
outer products of symmetric groups to reduce these tensor products.

Principles of relativity from Galileo to Einstein have been based on the idea that observers
moving at a constant velocity relative to each other should observe the same physical laws.
Application of this idea to Maxwell’s equations led to the Lorentz transformation law relating
the spacetime coordinates in two coordinate systems moving with a constant relative velocity,
and invariance under Lorentz transformations is a key ingredient in constructing theories of
elementary particles. At its deepest level, independence of physics from the coordinate system
used to describe spacetime leads to Einstein’s theory of gravitation (general relativity). In Ap-
pendix B, we discuss the Lorentz group and the Poincaré group (the Lorentz group augmented
by translations of the spacetime coordinates) and their representations.

10.1 Lie Groups

In addition to the discrete groups discussed in Chapter 9, there are continuous groups that
are of fundamental importance in physics. Space–time translations, rotations, and transfor-
mations between coordinate systems moving with constant relative velocity are all expected
to be symmetries of closed systems; other continuous symmetries mentioned at the top of the
chapter have become increasingly important in microscopic physics. These groups are charac-
terized by the dependence of group elements on a set of parameters, or coordinates, that vary
continuously as we move through the group. If we denote these parameters collectively by ξ,
we can express the group multiplication law in the form

g(ξ) = g′(ξ′)g′′(ξ′′) (10.1)

with a relation

ξ = φ(ξ′, ξ′′) (10.2)

The group is continuous if we can choose coordinates so that the function φ(ξ′, ξ′′) is con-
tinuous in each of its variables. The group is a Lie group if we can choose coordinates so
that φ(ξ′, ξ′′) has derivatives of all orders in its variables. Note that the coordinates are taken
here to be real, but there are circumstances in which it is useful to extend the range of the
coordinates into the complex plane.

Example 10.1. The translations of an n-dimensional vector space Vn form a group T n,
the translation group in n dimensions. If T(a) denotes translation of the origin by a, then
the coordinates of a vector are transformed by

T(a) x = x− a (10.3)

Evidently

T(a2)T(a1) = T(a2 + a1) (10.4)

so that T n is an n-parameter Abelian Lie group.
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Example 10.2. The nonsingular linear operators on an n-dimensional linear vector
space Vn form a group. This group is the general linear group, denoted by GL(n,R)
or GL(n,C) depending on whether the scalars of Vn are real or complex. The groups
GL(n) are non-Abelian for n > 1, since matrix multiplication is noncommutative. The
operators whose matrix has determinant equal to +1 form an invariant subgroup known as
the special linear group, denoted by SL(n,R) or SL(n,C).

Example 10.3. Linear operators that preserve the vector space scalar product also form
groups, as noted in Section 9.1. In a complex Vn, we have the unitary group U(n) of
unitary operators, and its subgroup SU(n), the special unitary group, of unitary operators
with determinant +1. On a real vector space, these groups are the orthogonal group O(n)
and the special orthogonal group SO(n), since real unitary operators are orthogonal.

Example 10.4. There are spaces with a symplectic (antisymmetric) metric, notably the
phase space of classical mechanics introduced in Chapter 3 (Section 3.5.3). These spaces
are necessarily even-dimensional due to the antisymmetry of the metric. Linear operators
that preserve the symplectic scalar product belong to the symplectic group Sp(2n).

10.2 Lie Algebras

10.2.1 The Generators of a Lie Group

If A is a linear operator on the finite-dimensional vector space Vn that can be reached contin-
uously from the identity, then A can be expressed as an exponential

A = exp (iξX) (10.5)

where X is another linear operator on Vn, and ξ is a real parameter.
The operators A(ξ) form a one-parameter subgroup, the subgroup generated by X. X

is the generator of the subgroup. The factor i in the exponential is conventional in physics,
since it associates unitary operators A with self-adjoint generators X for a real parameter ξ.
The factor is sometimes −i, as is the case for the rotation groups presented from the passive
point of view in Section 2.2 (see Eqs. (2.2.107) and (2.2.113), and Problems 2.16 and 2.18,
for example). It is often omitted in the mathematical literature, where unitary group elements
are associated with anti-Hermitian generators.

The collection of operators X such that A = exp(iX) is a group element forms the
set of generators of the group. It is clear that a generator multiplied by a scalar is also a
generator. Perhaps less obvious, but true, is that a linear combination of two generators is
again a generator, so that the generators form a linear vector space. For example, a unitary
matrix U on Vn can be expressed as

U = exp[iX] (10.6)

with X Hermitian. But the sum of two Hermitian operators X and Y is also Hermitian, so
that exp[i(X + Y)] is unitary.
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Note however, that

ei(X+Y) �= eiX eiY (10.7)

in general. The equality is true if and only if X and Y commute. Also, if

A = exp (iξX) B = exp (iηY) (10.8)

then we can expand the exponentials in formal power series to get

ABA−1B−1 ∼= 1 + 2ξη [X,Y] + · · · (10.9)

where

[X,Y] ≡ XY − YX (10.10)

is the commutator of X and Y.

Exercise 10.1. Show that the terms proportional to ξ2 and η2 in Eq. (10.9) vanish. �

10.2.2 The Lie Algebra of a Lie Group

Since the left-hand side of Eq. (10.9) is a group element, the term proportional to the commu-
tator on the right-hand side must be a group generator,

[X,Y] = iZ (10.11)

with Z a generator of the group. Thus the set of generators of the group is closed under
commutation, and the generators form a Lie algebra, as defined in Section 9.1.3.

The commutation relations (10.11) can be given a concrete form if we introduce a basis
X1, . . . ,XN on the vector space defined by the group generators. Then we have

[Xj ,Xk] = i
∑

�

c�jkX� (10.12)

which defines the structure constants c�jk = −c�kj of the Lie algebra, also called the structure
constants of the Lie group. The structure constants are real if the group coordinates are real.

Example 10.5. The operators Sk on V2 defined in terms of the matrices σk by

Sk ≡ 1
2 σk (10.13)

(k = 1, 2, 3) satisfy the commutation relations

[Sk,S�] = i
∑

m

εk�mSm (10.14)

(see Problem 2.18). These matrices generate the group SU(2) of unitary 2 × 2 matrices
with determinant equal to one (see Problem 2.17).
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Example 10.6. From Eq. (10.6), it follows that the group U(n) of unitary n×n matrices
is generated by the Hermitian n× n matrices. These matrices form a Lie algebra, since if
X and Y are Hermitian, then the operator Z defined by Eq. (10.11) is also Hermitian. The
unit matrix 1 commutes with every element of the algebra; it defines a (one-dimensional)
invariant subalgebra as defined in Section 10.2.3.

The exponentiation of a Lie algebra A, as in Eq. (10.5), defines a Lie group G(A), but this
may not be the only Lie group with A as its Lie algebra. For example, the 3 × 3 matrices Lk
(k = 1, 2, 3) defined in Problem 2.16 form the Lie algebra of the group SO(3) of rotations in
three (real) dimensions, and satisfy the same commutation relations as the Sk in Example 10.5,
so the Lie algebras of SU(2) and SO(3) are isomorphic. However, the groups SU(2) and
SO(3) are not quite isomorphic. SU(2) has an invariant subgroup Z2 = {1,−1}, the center
of SU(2). The group SO(3) is isomorphic to the factor group SU(2)/Z2. There are two
SU(2) matrices ±U(R) corresponding to each rotation R in SO(3). Rotation about any axis
through angle 2π, which is the identity in SO(3), corresponds to the matrix −1 in SU(2).

Following Definition 9.20 of a group representation, we have for a Lie algebra:

Definition 10.1. A representation of a Lie algebra A is a one-to-one mapping between the
Lie algebra and an algebra R of matrices that preserves the commutation relations (10.12).
The representation is reducible if R can be expressed a direct sum R1⊕R2 of two commuting
subalgebras, each of which is a representation of A. Otherwise, R is irreducible.

There may be groups other than G(A) that have the same Lie algebra, as seen in the
example just discussed, but the problem of finding representations of a Lie group is essentially
reduced to finding representations of its Lie algebra. For example, the Lk that generate SO(3)
also define a three-dimensional (irreducible) representation of the group SU(2).

Example 10.7. A 3 × 3 generalization of the Pauli matrices is the set {λA} defined by

λ0 =

√
2
3

1 λA =
(
σA 0
0 0

)
(A = 1, 2, 3)

λ4 =




0 0 1
0 0 0
1 0 0



 λ5 =




0 0 −i
0 0 0
i 0 0





λ6 =




0 0 0
0 0 1
0 1 0



 λ7 =




0 0 0
0 0 −i
0 i 0



 (10.15)

λ8 =

√
1
3




1 0 0
0 1 0
0 0 −2





These matrices are Hermitian, and normalized so that

trλAλB = 2δAB (10.16)

consistent with the standard normalization of the Pauli matrices for A = 1, 2, 3.
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Exercise 10.2. (i) Show that any 3 × 3 matrix M can be expressed as

M =
8∑

A=0

αAλA with αA = 1
2 trλAM (A = 0, 1, . . . , 8) (10.17)

(ii) Show that M is Hermitian if and only if all the αA are real.

(iii) Show that any unitary 3 × 3 matrix U can be expressed as

U = exp

(
i

8∑

A=0

αAλA

)
(10.18)

with the αA real (A = 0, 1, . . . , 8). Express detU in terms of the αA. �

It follows from Exercise 10.2 that the λ0, λ1, . . . , λ8 generate the group U(3) of unitary
3 × 3 matrices, and the λ1, . . . , λ8 generate the subgroup SU(3) of unitary matrices with
determinant equal to one. The matrix λ0 commutes with all matrices since it is a multiple of
the identity; the commutators of the λ1, . . . , λ8 have the form

[λA, λB] = 2i
8∑

C=1

fABCλC (10.19)

which defines the structure constants fABC of SU(3)—the factor two on the right-hand side
is to insure that the structure constants for the SU(2) subgroup generated by λ1, λ2, λ3 are
the same as those introduced above (fABC = εABC ). We can introduce generators

FA ≡ 1
2λA (10.20)

satisfying commutation relations

[FA,FB] = i
8∑

C=1

fABCFC (10.21)

by analogy to the SU(2) generators Sk = 1
2σk.

Exercise 10.3. Show that the structure constants fABC defined in Eq. (10.19) are an-
tisymmetric under any permutation of the indices A,B,C. Note that while antisymmetry
under interchange of A,B follows from the antisymmetry of the commutator, the remaining
antisymmetry does not. Hint. Use the Jacobi identity introduced in Problem 2.7. �

Exercise 10.4. The anticommutators of the λA can be written as

{λA, λB} = 2

(
δAB +

8∑

C=1

dABCλC

)
(10.22)

(A,B,C = 0, 1, . . . , 8). Show that the dABC defined here are symmetric under any permuta-
tion of the indices A,B,C. Hint. Use Eq. (10.17) �
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Remark. Thus the product λAλB is given by

λAλB = δAB +
8∑

C=1

(dABC + ifABC)λC

This is the SU(3) analog of the relation between Pauli matrices in Exercise 2.8. �

10.2.3 Classification of Lie Algebras

There are classifications of Lie algebras that are parallel to those of groups. For example,

Definition 10.2. The Lie algebra A is Abelian if

[X,Y] = 0 (10.23)

for every X, Y in A. Evidently the Lie group generated by an Abelian Lie algebra is an
Abelian group. A linear subspace B of the Lie algebra A is a subalgebra of A if the commu-
tator [X,Y] is in B for every pair (X, Y) in B. It is an invariant subalgebra of A if [X,Y] is
in B for every Y in B and every X in A.

If B is a subalgebra of A, then the Lie group L(B) generated by B is a subgroup of the Lie
group L(A) generated by A, and L(B) is an invariant subgroup of L(A) if B is an invariant
subalgebra of A.

Example 10.8. The one-dimensional group with elements of the form (eiα)1, with α
real, is an Abelian invariant subgroup of the group U(n) of unitary n × n matrices. The
corresponding generator, also proportional to the unit matrix, is an Abelian invariant sub-
algebra of the Lie algebra of U(n), since it commutes with all the generators.

Definition 10.3. The Lie algebra A is simple if it is non-Abelian, and contains no proper
invariant subalgebra. It is semisimple if it contains no Abelian invariant subalgebra. A Lie
group L(A) is simple (semisimple) if its Lie algebra A is simple (semisimple).

The Lie algebra of U(n) is not simple, or even semisimple, since the unit matrix T1
defines a (one-dimensional) Abelian invariant subalgebra. However, the Lie algebra of SU(n)
excludes the unit matrix, and is simple for any n ≥ 2. The Lie algebra of SO(n) is also simple,
except in the case of SO(4), whose Lie algebra can be expressed as a direct sum

A[SO(4)] ∼ A[SO(3)] ⊕A[SO(3)]

of two SO(3) subalgebras (see Problem 7).
Note, however, that a Lie group can be simple even if it contains discrete Abelian invariant

subgroups. For example, the group SU(n) has an Abelian invariant subgroup isomorphic to
the cyclic group Zn with elements of the form U = ω1, with ωn = 1 so that detU = 1. In
fact, we have

U(n)/U(1) ∼ SU(n)/Zn (10.24)
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Whether or not a Lie algebra A is semisimple can be determined by direct computation
from the structure constants. Consider the matrix g = (gjk) with

gjk = 1
2

∑

�,m

cmj�c
�
mk (10.25)

A is semisimple if and only if g is nonsingular, though we do not prove that here. If g is
nonsingular, it has an inverse

ḡ = g−1 = (gjk) (10.26)

and we can form the (quadratic) Casimir operator

C2 ≡
∑

jk

gjkXjXk (10.27)

Exercise 10.5. Show that C2 commutes with every element of the Lie algebra, i.e.,
[C2,X] = 0 for every X in A. Thus g serves as a metric tensor on the Lie algebra. �

Exercise 10.6. Show that a Casimir operator for the Lie algebra of SU(3) as defined by
the operators FA introduced in Eq. (10.20) is given by

C2 =
8∑

A=1

F2
A

Hint. Use the commutation relations (10.21) and the results of Exercise 10.3. �

The matrix g is real and symmetric. If all its eigenvalues have the same sign (here posi-
tive), the algebra A is compact, since a constant value of C2 defines the surface of a general-
ized ellipsoid in A. If one or more of the eigenvalues is negative, then A is noncompact, since
a constant C2 then defines the surface of a generalized hyperboloid, which is unbounded.

Example 10.9. For the group SU(2), with generators Sk = 1
2σk and commutation

relations given by Eq. (10.14), we have

gjk = 1
2

∑

�,m

εj�mε�mk = δjk (10.28)

Thus the Casimir operator is given by

C2 =
−→
S · −→S = S2

1 + S2
2 + S2

3 (10.29)

Hence the Lie algebra is compact. To show that C2 commutes with all the Sk, consider

[Sk,C2] = [Sk,
∑

�

S�S�] = i
∑

�,m

εk�m (SmS� + S�Sm) = 0 (10.30)

since (SmS� + S�Sm) is symmetric in � and m. It is not enough to show that C2 is a
multiple of 1 in the defining representation.
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Example 10.10. A basis of generators of the Lie group SL(2, R) of real unimodular
2 × 2 matrices is

K1 = 1
2 iσ3 K2 = 1

2 iσ1 J3 = 1
2σ2 (10.31)

Note the generators must be imaginary so that exp(iξX) will be real, and traceless so the
determinant will be +1. These generators satisfy

[J3,K1] = iK2 [J3,K2] = −iK1 [K1,K2] = −iJ3 (10.32)

These commutation relations are similar to those for the algebra of SU(2), but there is a
critical sign difference in the commutator [K1,K2]. As a result of this sign difference, we
have g11 = g22 = −1, g33 = 1, and the quadratic Casimir operator has the form

C2 = J2
3 − K2

1 − K2
2 (10.33)

This Lie algebra is simple, but noncompact. It generates homogeneous Lorentz transfor-
mations in the plane (see Problem 25).

Example 10.11. Another three-dimensional Lie algebra is defined by elements P1, P2,
and J3 that satisfy the commutation relations

[J3,P1] = iP2 [J3,P2] = −iP1 [P1,P2] = 0 (10.34)

The matrix g is singular (g33 = 1, but all other matrix elements vanish), so the Lie algebra
is not simple, or even semisimple. Here P1 and P2 generate a two-dimensional Abelian
invariant subalgebra.

Exercise 10.7. Show that the group of rotations and translations in two dimensions has
a Lie algebra defined by generators P1, P2, and J3, with commutators given by Eq. (10.34).
In particular, show that J3 generates rotations, while P1 and P2 generate translations in the
plane. Then show that

P2 = P2
1 + P2

2 (10.35)

commutes with all three generators. �

Remark. The group of translations and rotations in the plane is the Euclidean group E(2).
Its generalization to n dimensions is denoted by E(n). �

Remark. P2 is a Casimir operator for the Lie algebra of E(2). In general, any function of
the generators that commutes with every element of the Lie algebra is a Casimir operator. �

Definition 10.4. A Lie group is compact or noncompact according to whether or not its Lie
algebra is compact or noncompact.

Definition 10.5. The rank r of a semisimple Lie algebra A is the dimension of a maximal
Abelian subalgebra of A (one that is not contained in a larger Abelian subalgebra). Such a
maximal Abelian subalgebra is a Cartan subalgebra of A. The rank of a semisimple Lie group
is the same as the rank of its Lie algebra.
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The rank of a semisimple Lie algebra A is the maximum number of linearly independent
commuting elements of the algebra. The rank of the Lie algebra SU(2) is one; any of the Sk
(S3, say) commutes with itself, but then S1 and S2 do not commute with S3. The rank of the
Lie algebra SU(3) is two, since λ3 and λ8 commute, but no independent element commutes
with both of these. In general, the rank of the Lie algebra of SU(n) is n − 1. There are n
linearly independent diagonal n× n matrices. But since

det (exp iX) = exp (i trX)

we must have trX = 0 in order to have det (exp iX) = 1 This eliminates the unit matrix 1,
and there are only n− 1 independent diagonal traceless n× n matrices.

Remark. For a compact semisimple Lie algebra of rank r, there are actually r independent
Casimir operators. For the Lie algebras of GL(n) and U(n) of rank n, this is equivalent to
the statement that the trace tr(Ak) of any power of a matrix A in invariant under unitary
transformations, and the traces are independent for k = 1, . . . , n. �

It is true that every semisimple Lie algebra is a direct sum of simple Lie algebras, though
we again omit the proof. The compact simple Lie algebras have been completely classified
since the work of E. Cartan in the late 19th century. There are four infinite series:

An (n = 1, 2, . . .) containing the generators of the group SU(n+ 1),

Bn (n = 1, 2, . . .) containing the generators of the group SO(2n+ 1),

Cn (n = 2, 3, . . .) containing the generators of the group Sp(2n), and

Dn (n = 3, 4, . . .) containing the generators of the group SO(2n).

Here Sp(2n) denotes the symplectic group in 2n dimensions, the group of matrices on V2n

that leave invariant an antisymmetric (symplectic) quadratic form

〈x, y〉 ≡
n∑

k=1

(x2k−1 y2k − x2k y2k−1) (10.36)

(see also Section 3.5.3 and Problem 3.12). In addition to these infinite series of Lie algebras
associated with classical groups, there are five exceptional algebras G2, F4, E6, E7, and E8.
These are of interest in elementary particle theory and string theory; the report by Slansky and
books cited in the bibliography contain more details.

Remark. The subscript on the label denotes the rank of the algebra. We have just shown that
the rank of SU(n) is n− 1. The rank of the orthogonal groups is examined in Problem 6. �

Noncompact Lie algebras and groups are also important in physics. The most prominent
noncompact group is the group of Lorentz transformations that appears in the special theory
of relativity. Both the Lorentz group and its extension to include spacetime translations (the
Poincaré group), are discussed in Appendix B. Other useful noncompact groups are described
in the book by Wybourne cited in the bibliography.
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10.3 Representations of Lie Algebras

Irreducible representations of Lie algebras can be constructed on vector spaces in which the
basis vectors are eigenstates of the Cartan subalgebra. For simple or semisimple algebras, the
other independent elements of the Lie algebra can be expressed in terms of ladder operators
that transform these eigenstates into eigenstates with new eigenvalues shifted by characteristic
values (the roots of the algebra) associated with the ladder operators. An example of the use
of ladder operators was seen in Problem 7.6, for example. Here we use ladder operators to
construct irreducible representations of SU(2) and SU(3).

It is also important to reduce the tensor product, or Kronecker product, of irreducible
representations, as introduced in Section 9.4.3. One physical context where this reduction is
needed is in the study of shell models of atoms or nuclei. We want to characterize the allowed
states of multiparticle systems in which each particle has a definite angular momentum in
terms of states of definite total angular momentum, and also in terms of the symmetry of the
states under permutations of the particles. The ladder operators also play an important role in
this reduction, as we show in examples again chosen from SU(2) and SU(3).

Irreducible representations of any of the simple Lie algebras can be built up from the defin-
ing representation using Kronecker products of this representation with itself. Once again we
use SU(2) and SU(3) as examples, but in Appendix A we consider the analysis of irre-
ducible representations of the classical Lie algebras in terms of tensors whose components
have definite symmetry properties under permutations of the indices. This analysis relates
representations of the classical algebras to those of the symmetric groups SN , which allows
us to make use of the graphical methods for the symmetric group introduced in Chapter 9 to
study the simple Lie algebras.

10.3.1 Irreducible Representations of SU(2)

To see how this method works for the Lie algebra of SU(2) [or SO(3)], consider a standard
basis J1, J2, J3 with commutators

[J3,J1] = iJ2 [J3,J2] = −iJ1 [J1,J2] = iJ3 (10.37)

Introduce the operators

J± ≡ J1 ± iJ2 (10.38)

These satisfy the commutation relations

[J3,J±] = ±J± [J+,J−] = 2J3 (10.39)

If |m〉 is an eigenvector of J3 with eigenvalue m, then the vectors J±|m〉 are, if nonzero,
eigenvectors of J3 with eigenvalues m ± 1. That is, the J± act as ladder operators for J3,
raising (J+) or lowering (J−) the eigenvalue of J3 by one.

The Casimir operator C2 for the Lie algebra can be expressed as

C2 = J · J = J2 = J2
1 + J2

2 + J2
3 = J+J− + J2

3 − J3 = J−J+ + J2
3 + J3 (10.40)
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Since this operator commutes with the entire algebra, it will be a multiple of the identity on
any irreducible representation, by Schur’s lemma. For a unitary representation of the group
SU(2), the Jk must be represented by Hermitian matrices. Then

J− = J†
+ (10.41)

so that J+J− and J−J+ are nonnegative operators. Hence the eigenvalues of J3 must be
bounded on an irreducible representation. Thus there must be eigenvectors | ± j〉 of J3 with
eigenvalues ±j, such that

J+|j〉 = 0 J−| − j〉 = 0 (10.42)

These vectors are also eigenvectors of the Casimir operator, with eigenvalue j(j + 1). Since
we must be able to reach the vector |j〉 from the vector | − j〉 by repeated application of the
operator J+, the difference 2j must be an integer. Hence j is restricted to the set

j = 0, 1
2 , 1,

3
2 , 2, . . . (10.43)

of integer or half-integer values, and the dimension of the representation is 2j + 1. Hence for
any dimension n = 2j + 1, there is an irreducible representation Γ(j) of SU(2), with basis
vectors {|j m〉,m = −j,−j + 1, . . . , j − 1, j} such that

J2|j m〉 = j(j + 1)|j m〉 J3|j m〉 = m|j m〉 (10.44)

Also,

J±|j m〉 = C±(j,m)|j m± 1〉 (10.45)

with coefficients C±(jm) determined using Eqs. (10.40) and (10.41). This gives

|C±(j,m)|2 = j(j + 1) −m(m± 1) = (j ∓m)(j ±m+ 1) (10.46)

The standard phase convention is to choose the coefficients C±(jm) to be real and positive,
so we have

C±(j,m) =
√

(j ∓m)(j ±m+ 1) (10.47)

In the context of quantum mechanics, the operators J correspond to the components of the
angular momentum of a system (in units of Planck’s constant �). For a system in a state |jm〉,
j is called the angular momentum, or simply spin, of the system. The eigenvalue m of J3

is the Z-component of the angular momentum. It is sometimes called the magnetic quantum
number, because the energy levels of a system in a magnetic field are split by the interaction
of the magnetic moment of the system with the magnetic field, and the interaction energy is
proportional to the component of the angular momentum along the magnetic field direction.
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10.3.2 Addition of Angular Momenta

Consider two quantum-mechanical systems with angular momentum states belonging to irre-
ducible representations Γ(j1) and Γ(j2) of SU(2) defined on vector spaces V(1) and V(2) of
dimension 2j1 + 1 and 2j2 + 1, respectively. Let J(1) and J(2) denote the angular momentum
operators acting on V(1) and V(2). If we now consider these two systems as a single com-
pound system defined on the product space V(1)⊗V(2), we want to find states that correspond
to definite values of the total angular momentum

J = J(1) + J(2) (10.48)

These states are obtained by reducing the representation Γ(j1) ⊗ Γ(j2) in terms of irreducible
representations of SU(2).

Example 10.12. An elementary example is the problem of combining states of the orbital
angular momentum L of a particle with states of the intrinsic spin S (often s = 1

2 ) to find
states of total angular momentum J = L + S.

Example 10.13. An example often encountered in shell models of atomic or nuclear
structure is the problem of finding the allowed angular momentum states of two or more
particles with angular momentum j in a single shell, subject to the constraint of the Pauli
principle that the state be antisymmetric under exchange of any pair of particles.

Suppose then that we start with two sets of states, {|j1 m1〉 (m1 = j1, j1 − 1, . . . ,−j1)}
(angular momentum j1) and {|j2 m2〉 (m2 = j2, j2 − 1, . . . ,−j2)} (angular momentum j2),
on which

J(k) · J(k)|jk mk〉 = jk(jk + 1)|jk mk〉 J(k)
3 |jk mk〉 = mk|jk mk〉 (10.49)

(k = 1, 2). In the tensor product space, define states

|j1 j2 ;m1 m2〉 ≡ |j1 m1〉 ⊗ |j2 m2〉 (10.50)

We are looking for states |j1 j2 J ;M〉 that belong to irreducible representations of SU(2),
i.e., states of definite total angular momentum. These must satisfy

J · J |j1 j2 J ;M〉 = J(J + 1)|j1 j2 J ;M〉 (10.51)

J3 |j1 j2 J ;M〉 = M |j1 j2 J ;M〉 (10.52)

The |j1 j2 J ;M〉 can be expanded in terms of the |j1 j2 ;m1 m2〉 as

|j1 j2 J ;M〉 =
∑

m1,m2

|j1 j2 ;m1 m2〉〈j1 j2 ;m1 m2|j1 j2 J ;M〉 (10.53)

where j1 and j2 are often omitted when their values are clearly understood. The coefficients
in this expansion, also denoted by

C(j1 j2 J ;m1 m2 M) = 〈j1 j2 ;m1 m2|j1 j2 J ;M〉 (10.54)

are called vector coupling coefficients, or Clebsch–Gordan coefficients.
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To determine the allowed values of total angular momentum J , note first that

M = m1 +m2 (10.55)

in view of Eq. (10.48). The largest value of m1 (m2) is j1 (j2); hence the largest value of M
is j1 + j2. Then the largest value of J is also given by

Jmax = j1 + j2 (10.56)

and we have

|Jmax Jmax〉 = |J = Jmax M = Jmax〉 = |j1 j2〉 (10.57)

There are two independent states with M = j1 + j2 − 1, namely |j1 j2 − 1〉 and |j1 − 1 j2〉.
One linear combination of these is the state |J = Jmax M = Jmax − 1〉, and it is given by

J−|Jmax Jmax〉 = C−(Jmax, Jmax)|Jmax Jmax − 1〉
(10.58)

= C−(j2, j2)|j1 j2 − 1〉 + C−(j1, j1)|j1 − 1 j2〉

where the coefficients C−(J,M) were introduced in Eq. (10.47). The state orthogonal to this
must belong to J = Jmax − 1. It can be constructed either by orthogonality or by noting that

J+|Jmax − 1 Jmax − 1〉 = 0 (10.59)

We can continue to look at states with smaller values of M , and we find that the number of
states increases by one each time we lower M by one until we reach M = |j1 − j2|. Thus the
smallest value of J is given by

Jmin = |j1 − j2| (10.60)

and the allowed values of J are given by

J = j1 + j2, j1 + j2 − 1, . . . , |j1 − j2| + 1, |j1 − j2| (10.61)

Thus j1, j2 and J must satisfy the triangle inequality even while restricted to integer or half-
integer values. As a dimension check, note that (and prove as an exercise).

j1+j2∑

J=|j1−j2|
(2J + 1) = (2j1 + 1)(2j2 + 1) (10.62)

Exercise 10.8. Show that

J−|j j〉 =
√

2j|j j − 1〉 and J+|j j − 1〉 =
√

2j|j j〉

This result is very useful, and it is used in the following examples. �
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Example 10.14. For two spin-1
2 particles, the allowed values of total spin are S = 0, 1.

The eigenstates |S M〉 of total spin can be expressed in terms of eigenstates |m1 m2〉 of
individual spin Z-components as

|1 1〉 = | 12
1
2 〉 |1 0〉 =

√
1
2

(
| 12 − 1

2 〉 + | − 1
2

1
2 〉
)

|1 − 1〉 = | − 1
2 − 1

2 〉

|0 0〉 =
√

1
2

(
| 12 − 1

2 〉 − | − 1
2

1
2 〉
)

(10.63)

Note that the S = 1 states are symmetric, the S = 0 state antisymmetric.

Example 10.15. Consider a spin-1
2 particle with orbital angular momentum � = 1 (an

electron in an excited state of a hydrogen atom, for example). The total angular momentum
j of the particle can be 1

2 or 3
2 . To construct the states |j m〉 from the states |m� ms〉, we

can start with

|32
3
2 〉 = |1 1

2 〉 (10.64)

Then , using Eq. (10.47), we have

J−|32
3
2 〉 =

√
3 | 32

1
2 〉 = |1 − 1

2 〉 +
√

2 |0 1
2 〉 (10.65)

As noted above, the state | 12
1
2 〉 can then be constructed either by orthogonality or by the

requirement that J+|12
1
2 〉 must be zero. The result is

|12
1
2 〉 =

√
2
3 |1 − 1

2 〉 −
√

1
3 |0 1

2 〉) (10.66)

Here we have used the convention (Condon–Shortley convention) that the Clebsch–Gordan
coefficient C(j1 j2 J ; j1 J − j1 J) must be positive (provided that j1, j2 and J satisfy the
triangle inequality, of course). The remaining states can then be constructed by applying
the lowering operator J− to the states already given. The construction of the states for
j = �± 1

2 for arbitrary � is left to Problem 13.

Example 10.16. The allowed values of total angular momentum from combining j1 = 3
2

and j2 = 1 are j = 5
2 ,

3
2 ,

1
2 . To construct states |j m〉 in terms of the states |m1 m2〉, we

can follow the line outlined in the previous examples. However, if we only need the state
|12

1
2 〉, for example, then a more direct route is to let

|12
1
2 〉 = a| 32 − 1〉 + b| 12 0〉 + c| − 1

2 1〉 (10.67)

Then J+|12
1
2 〉 = 0 requires

(
√

2a+
√

3b)|32 0〉 + (
√

2b+ 2c)| 12 1〉 = 0 (10.68)

Thus we need

b =
√

2c and a =
√

3c

so that after normalizing the state, we have

|12
1
2 〉 =

√
1
2 |32 − 1〉 −

√
1
3 |12 0〉 +

√
1
6 | − 1

2 1〉 (10.69)

The remaining states are left to Problem 14.
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10.3.3 SN and the Irreducible Representations of SU(2)

The irreducible representations of SU(2) can also be constructed from tensor products of the
fundamental two-dimensional (spin-1

2 ) representation with itself. Example 10.14 shows that
the product of two spin-1

2 representations leads to the j = 1 and j = 0 representations.
For three spin-1

2 particles, the total angular momentum j = 1
2 ,

3
2 . It is clear that the

j = 3
2 representation is symmetric in the three particles. There are two independent j = 1

2
representations, one in which the first two particles have total spin j12 = 0 and another in
which they have j12 = 1. These two representations will transform under the (21) mixed
symmetry representation of S3 under permutations of the three particles.

To see this explicitly, start with the states |m1 m2 m3〉 defined by

|m1 m2 m3〉 = | 12 m1〉 ⊗ |12 m2〉 ⊗ |12 m3〉 (10.70)

(j1 = j2 = j3 = 1
2 is understood) with m1,m2,m3,= ±1

2 , so there are eight states in total.
The states with definite total angular momentum can be denoted by | 32 m〉 (m = ±1

2 ,±
3
2 )

and |12 (j12) m〉 (m = ± 1
2 ), where we need the extra label j12 = 0, 1 to distinguish the

independent j = 1
2 states. We have

|32
3
2 〉 = | 12

1
2

1
2 〉 |32 − 3

2 〉 = | − 1
2 − 1

2 − 1
2 〉

|32
1
2 〉 =

√
1
3

(
| 12

1
2 − 1

2 〉 + | 12 − 1
2

1
2 〉 + | 12

1
2 − 1

2 〉
)

(10.71)

|32 − 1
2 〉 =

√
1
3

(
| 12 − 1

2 − 1
2 〉 + | − 1

2
1
2 − 1

2 〉 + | − 1
2 − 1

2
1
2 〉
)

Also,

|12 (1) 1
2 〉 =

√
1
6

(
2|12

1
2 − 1

2 〉 − |12 − 1
2

1
2 〉 − |12

1
2 − 1

2 〉
)

(10.72)

|12 (1) − 1
2 〉 =

√
1
6

(
| 12 − 1

2 − 1
2 〉 + | − 1

2
1
2 − 1

2 〉 − 2| − 1
2 − 1

2
1
2 〉
)

and finally,

|12 (0) ± 1
2 〉 =

√
1
2

(
| 12 − 1

2 ± 1
2 〉 − | − 1

2
1
2 ± 1

2 〉
)

(10.73)

Exercise 10.9. Find the matrices representing the permutations of the three particles in
the two-dimensional space spanned by | 12 (0) 1

2 〉 and | 12 (1) 1
2 〉 �

In general, the allowed values of total angular momentum j for N spin-1
2 particles are

j = 1
2 N,

1
2 N − 1, . . . , 0 ( 1

2 ) (10.74)

where j = 0 ( 1
2 ) is the smallest allowed value for N even (odd). Each value of j corresponds

to a definite irreducible representation of SN and thus to a Young diagram as introduced
in Chapter 9. The distinct N -particle states associated with a given Young diagram can be
enumerated by counting the number distinct ways of assigning a single-particle label to each
node of the diagram, noting that the N -particle state must be symmetric (antisymmetric) with
respect to permutations of labels on the same row (column) of the diagram.
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In this counting, we can have n+ states |12
1
2 〉 and n− states | 12 − 1

2 〉 in the first row of
the diagram and n2 ≤ n+ states | 12 − 1

2 〉 in the second row of the diagram. If we let “±” be
shorthand labels for the single-particle states | 12 ± 1

2 〉, then the allowed states correspond to
assigning “+” to the first n+ nodes in the first row, “−” to the remaining n− nodes in the first
row, and “−” to the n2 nodes in the second row, which necessarily have a “+” assigned to the
nodes above them in the first row. To illustrate for N = 3, we have

+ + + + + − + − − − − − (j = 3
2 ) and + +

−
+ −
− (j = 1

2 )

Young diagrams with more than two rows, (i.e., partitions into more than two parts) do not
correspond to irreducible representations of SU(2), as there are only two single-particle states
with which to fill a column. Thus the partitions ofN that correspond to irreducible representa-
tions of SU(2) have the form (m1 m2) withm1 ≥ m2 andm1 +m2 = N , so thatm1 ≥ 1

2N .
Such a partition corresponds to an angular momentum j = m1 −m2, and the allowed values
of j are precisely those given by Eq. (10.74).

Addition of angular momenta can also be expressed in terms of Young diagrams. Two
irreducible representations with angular momenta j1 and j2 can be described by partitions
of n1 = 2j1 and n2 = 2j2 with a single part, i.e., whose Young diagrams have only a
single row. The tensor product of these representations is described by a set of partitions of
n1 + n2 obtained by taking the outer product Γ(n1) ◦ Γ(n2) of the corresponding irreducible
representations of the symmetric groups Sn1 and Sn2 and discarding partitions with more than
two rows (in fact there are none of these). This gives exactly the result of Eq. (10.61).

Example 10.17. The outer product corresponding to the addition of j1 = j2 = 1 was
given in Exercise 9.22. The addition of j1 = 2 and j2 = 3

2 , for example, is shown
graphically as

× = +

+ +

What values of total angular momentum J are present on the right-hand side?

The use of methods based on Young diagrams is somewhat superfluous for SU(2), since
the Lie algebra has rank one, and all the irreducible representations are simply derived from
the spin-1

2 representation. However, the graphical methods are more essential when we deal to
SU(3) and even larger groups; understanding how they work in SU(2) may be helpful then.

Beyond that, understanding the symmetry properties of tensor products is important be-
cause of the Pauli exclusion principle that forces the total state of a system of identical spin-1

2
particles to be antisymmetric under permutations of the particles. Since a typical state is a
product of a space wave function and a spin function (and, in the case of nuclei, an isospin
function), it is not necessary that each component be antisymmetric. Thus it is necessary to
analyze the symmetry properties when identical angular momenta for two or more particles
are combined. Here we leave this to Problems 16 and 17.
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Figure 10.1: Roots and root vectors for the Lie algebras of SU(2) and SU(3). The root vectors
for SU(2) are defined in Eq. (10.38); those for SU(3) in Eq. (10.76).

10.3.4 Irreducible Representations of SU(3)

The method used in Section 10.3.1 to generate irreducible representations of SU(2) can be
generalized to larger Lie algebras. For example, consider the Lie algebra of SU(3) with
standard generators FA defined by Eq. (10.20) (A = 1, . . . , 8). Here there are two commuting
generators, and we can choose, for example,

T3 = F3 and Y = 2√
3
F8 (10.75)

Then we can use simultaneous eigenstates of T3 and Y as basis vectors in a representation;
these can be denoted by | T3 Y 〉. The eigenvalue pairs (T3, Y ) of states in a representation are
the weights of the representation. In some irreducible representations there are multiple states
with the same weight; then further labels are needed to identify the states.

The remaining generators can be rearranged to form ladder operators for the eigenvalues
of T3 and Y. Define

T± = F1 ± iF2 U± = F6 ± iF7 V± = F4 ± iF5 (10.76)

Then

[T3,T±] = ±T± [T3,U±] = ∓1
2U± [T3,V±] = ±1

2V± (10.77)

and

[Y,T±] = 0 [Y,U±] = ±U± [Y,V±] = ±V± (10.78)

The generators T±,T3 define an SU(2) subalgebra of SU(3) that commutes with Y; hence
the T± change the eigenvalue of T3 by ±1 and leave the eigenvalue of Y unchanged. The
generators U± and V± change the eigenvalue of Y by ±1; U− and V+ (U+ and V−)
change the eigenvalue of T3 by +1

2 (−1
2 ). The changes in the eigenvalues induced by the

ladder operators are the roots of the algebra. The ladder operators are also known as root
vectors; there is one for each root. The roots for SU(2) and SU(3) are shown in Fig. 10.1.

Remark. The notation for the generators is based on the historical development of SU(3)
as an approximate symmetry of the strong interactions. The SU(2) subalgebra generated
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by T±,T3 is the isotopic spin (or simply isospin) introduced by Heisenberg in the 1930s
as an approximate symmetry of protons and neutrons in atomic nuclei. The later extension to
SU(3) was suggested by the discovery of “strange” baryons and mesons that fit into multiplets
corresponding to irreducible representations of SU(3) described here and in Exercises 10.13
and 10.16. The generator Y corresponds to what is now known as hypercharge. �

Exercise 10.10. Define operators U3, V3 by

[U+,U−] = 2U3 [V+,V−] = 2V3 (10.79)

U±, U3 (V±, V3) define an SU(2) subalgebra of SU(3) called U-spin (V-spin).

(i) Express U3 and V3 in terms of T3 and Y.

(ii) There are “hypercharge” operators YU (YV ) that commute with all components of
U-spin (V-spin). Express these operators in terms of T3 and Y. �

To construct irreducible representations of SU(3), we can start with the three-dimensional
representation defining the λA in Example 10.7. This is the fundamental representation of
SU(3), often denoted simply by its dimension 3. The basis vectors of this representation are
eigenstates of T3 and Y, and can be expressed as

u = | 12
1
3 〉 d = | − 1

2
1
3 〉 s = |0 − 2

3 〉

where u, d, s denote the quarks corresponding to these states in the flavor SU(3) classification
of quarks.

The complex conjugate of a group representation is obtained by changing all generators
FA to −F∗

A. Thus we have the conjugate fundamental representation 3∗ with basis vectors

s̄ = |0 2
3 〉 d̄ = |12 − 1

3 〉 ū = | − 1
2 − 1

3 〉

with ū, d̄, s̄ corresponding to antiquarks in the flavor SU(3) scheme.
The basis vectors of a representation of a Lie algebra can be shown graphically as points

on a weight diagram. The weight diagrams for the irreducible representations 3 and 3∗ are
shown in Fig. 10.2, together with the matrix elements of the root vectors T±, U±, and V±.

Remark. We adopt the sign convention that the matrix elements of T± and U± must be pos-
itive. The matrix elements of V± are then determined by the commutation relations derived
in the following exercise. �

Exercise 10.11. Show that the ladder operators satisfy the commutation relations

[T+,U+] = V+ [T+,V+] = 0 [U+,V+] = 0
(10.80)

[T+,U−] = 0 [T+,V−] = −U− [U+,V−] = T−

and then derive the signs for the matrix elements of V± in the representations 3 and 3∗. �

To proceed further, note that in any irreducible representation Γ of SU(3), there must be
an eigenvector |w∗(Γ)〉 of T3 and Y such that

T+|w∗(Γ)〉 = 0 = U+|w∗(Γ)〉 (10.81)



478 10 Lie Groups and Lie Algebras

T3

Y

T3

Y

3 3*

1

11

1

1

− 1
1
2
_

1
2
__ 1

2
_

_ 1
3
_

_ 2
3
_

2
3
_

1
3
_

_ 1
2
_

Figure 10.2: Weight diagrams for the irreducible representations 3 and 3∗ of SU(3). Also
shown are the matrix elements of the root vectors T±, U±, and V± in each representation.

The action of V+ then follows from the commutation rule in Eq. (10.81),

V+|w∗(Γ)〉 = [T+,U+]|w∗(Γ)〉 = 0 (10.82)

w∗(Γ) is the highest weight of Γ, and |w∗(Γ)〉 is the state of highest weight. The states of
highest weight for the irreducible representations 3 and 3∗ are

|w∗(3)〉 = u = | 12
1
3 〉 and |w∗(3∗)〉 = s̄ = |0 2

3 〉 (10.83)

respectively, so that

w∗(3) = ( 1
2

1
3 ) and w∗(3∗) = (0 2

3 ) (10.84)

Now consider the tensor product of two copies of the fundamental representation 3. This
nine-dimensional representation splits into a six-dimensional symmetric part and a three-
dimensional antisymmetric part. Each part is in fact irreducible, and looking at the weight
diagrams in Fig. 10.2 shows that the antisymmetric part is equivalent to the representation 3∗,
while the symmetric part defines a new irreducible representation 6 with highest weight

w∗(6) = (1 2
3 ) (10.85)

This reduction is expressed simply as

3⊗ 3 = 6 ⊕ 3∗ (10.86)

Exercise 10.12. Find the eigenstates | T3 Y 〉 of T3 and Y in the representations 6 and 3∗

contained in the product 3 ⊗ 3 in terms of “quark states” |qa qb〉. �

Remark. If states in representation 3 are identified as “quark states,” and the states in 3∗ as
“antiquark states,” then the states in 6 are identified as “diquark states.” �
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Exercise 10.13. Draw the weight diagrams for the irreducible representations 6 and 6∗ of
SU(3). Indicate graphically the effects of the operators T±, U±, and V± on the eigenstates
of T3 and Y in each of these representations, including numerical values of the relevant matrix
elements as in Fig. 10.2. �

In general, the tensor product of N copies of the fundamental representation splits into
irreducible representations Γ(m1 m2 m3) of SU(3) corresponding to partitions (m1 m2 m3)
ofN into not more than three parts, as explained in greater detail in Appendix A. In fact, since
the antisymmetric product of three fundamental representations is equivalent to the identity
representation, Γ(m1,m2,m3) is equivalent to representation Γ(m1 −m3,m2 −m3) associ-
ated with a partition into at most two parts. This representation is contained in the product of
µ1 = m1−m2 copies of 3 and µ2 = m2−m3 copies of 3∗, and its highest weight w(µ1, µ2)
is given by

w(µ1, µ2) = µ1w∗(3) + µ2w∗(3∗) (10.87)

The dimension of the irreducible representation Γ(m1,m2) is equal to the number of ways of
filling the diagram Y(m1 m2) with the numbers 1, 2, 3 such that the numbers are (i) nondecreas-
ing across each row (since other orderings of the indices will be included after symmetrization
of the row indices), and (ii) strictly increasing down each column (since antisymmetrization
will eliminate indices that are the same in two nodes of the column).

Example 10.18. Consider the irreducible representation of SU(3) associated with the
partition (21). Using the quark labels (with u ∼ 1, d ∼ 2, and s ∼ 3), we have

∼ u u
d

+ u u
s

+ u d
d

+ u d
s

+ u s
d

+ u s
s

+ d d
s

+ d s
s

so the corresponding irreducible representation Γ(2, 1) is eight-dimensional (hence it is
known as the octet representation 8). The eight tableaux correspond to the baryon octet—
can you identify the proton and neutron? the remaining members of the octet?

The weight diagram for the octet representation is shown in Fig. 10.3, together with the
matrix elements of the root vectors, where again we adopt the sign convention that matrix
elements of T± and U± must be positive. Note that there are two states at the center of the
diagram, corresponding to the weight (0 0). These can be distinguished by the total isospin
quantum number T; one state is the T3 = 0 member of a T = 1 triplet and the other has
T = 0. We denote these states by |(1)0 0〉 and |(0)0 0〉, respectively.

Exercise 10.14. Derive the matrix elements in Fig. 10.3. �

Exercise 10.15. The two states with (0 0) can also be distinguished as eigenstates of U -
spin with U = 0, 1 or V -spin with V = 0, 1 (see Exercise 10.10). Express these eigenstates
in terms of the isospin eigenstates. �

Remark. The octet representation has a special role in SU(3) corresponding to the role of
the j = 1 representation of SU(2). In each case, the dimension of the representation is equal
to the dimension of the Lie algebra. This is not coincidental; the structure constants of the
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Figure 10.3: Left: Weight diagram for the irreducible representation 8 (the octet) of SU(3).
Right: Matrix elements of the root vectors T±, U± and V± in the octet representation.

algebra define a matrix representation on the algebra itself, as explained more fully in Appen-
dix A, and the generators themselves form a basis for the representation. This representation
is known as the adjoint representation, and it is a necessary ingredient of gauge theories—the
vector gauge fields in these theories necessarily belong to the adjoint representation, and there
is a one-to-one correspondence between generators and gauge fields.

The relation between the generators and the basis vectors of the adjoint representation can
be seen by comparing Figs. 10.3 and 10.1. The weights correspond to the roots except for the
weight (0 0) at the center, which corresponds to the two commuting generators T3 and Y.
The state |(1)0 0〉 corresponds to T3; the state |(0)0 0〉 to Y. �

Example 10.19. The irreducible representation of SU(n) associated with the partition
(3) is symmetric in the three indices. The number of independent components of such
a tensor is given in general by 1

6n(n + 1)(n + 2), which is ten for SU(3); hence the
irreducible representation Γ(3, 0) of SU(3) is known as the decuplet, denoted by 10.

Tensor products in SU(3) can be reduced using the rules for constructing outer products
of representations of symmetric groups. For example, the product 3 ⊗ 3∗ is given by

× = + → 3 ⊗ 3∗ = 8 ⊕ 1

while the product 6⊗ 3 is given by

× = + → 6 ⊗ 3 = 10 ⊕ 8

Thus in the product 3⊗3⊗3 of three fundamental representations, we have a symmetric 10,
an antisymmetric 1 and two octets that transform as the mixed symmetry representation under
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permutations of the three fundamentals:

3 ⊗ 3 ⊗ 3 = 10S ⊕ (2 ∗ 8)m ⊕ 1A (10.88)

Remark. These states can be identified as flavor states for three quarks. The total wave
function of a three-quark system can be expressed as a product of a space wave function and
a spin-flavor function for the three spin-1

2 quarks. For the lowest state of such a system, the
space wave function is symmetric, so one might expect to find a spin-1

2 octet and a spin-3
2

flavor singlet in order to be consistent with the antisymmetry of the three-quark wave function
required the exclusion principle. Instead, the spin- 3

2 baryons form a flavor decuplet, and the
spin-1

2 octet has a symmetric product of spin and flavor functions (see also Problem 20). This
puzzle was resolved by the introduction of the SU(3) “color group” for quarks. An antisym-
metric singlet color wave function for the three quarks in the observed baryons restored the
consistency with the Pauli exclusion principle. �

As a final example, we reduce the product of two octet representations. The outer product
of Young diagrams leads to

× 1 1
2 = 1 1

2 +
1 1

2
+ 1

1 2 +
1

1
2

+
1

2
1

+ 1
1 2

(see Exercise 9.23) where we have omitted the partitions (313) and (2212) since they have
more than three rows and thus do not correspond to irreducible representations of SU(3).
Also, the partitions (412), (321), and (23) have three rows, and for SU(3) these partitions are
equivalent to the partitions (3), (21), and (0), respectively. Finally, the partition (32) is dual
to the partition (3) in SU(3); hence the irreducible representation (32) is equivalent to the
complex conjugate of (3). Thus we end up with the reduction

8 ⊗ 8 = (27⊕ 8 ⊕ 1)S ⊕ (10⊕ 10∗ ⊕ 8)A (10.89)

where the subscripts S and A refer to the symmetric and antisymmetric parts of the product.
The split into symmetric and antisymmetric parts is fairly straightforward. The 27 must be
symmetric, since it is the only representation that can contain the product of two copies of
the highest weight state of 8, and the remaining assignments follow directly from counting
(the singlet is clearly symmetric, and of the two octets, one must be symmetric, the other
antisymmetric; then the only possibility for 10 and 10∗ is antisymmetric).

Exercise 10.16. Draw the weight diagrams for the irreducible representations 10 and 10∗

of SU(3). and indicate graphically the effects of the operators T±, U±, and V± on the
eigenstates of T3 and Y in each of these representations, including numerical values of the
relevant matrix elements as in Fig. 10.2. �

Exercise 10.17. Reduce the SU(3) tensor product representation 10 ⊗ 8 using Young
diagrams. Compute the dimension of any new irreducible representation(s) that appear. �
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A Tensor Representations of the Classical Lie Groups

A.1 The Classical Lie Groups

The classical groups are the linear groups GL(n) and SL(n), the unitary groups U(n)and
SU(n) defined on a complex n-dimensional linear vector space Vn, the orthogonal groups
O(n) and SO(n) defined on a real n-dimensional space, and the symplectic groups Sp(2n)
defined on a 2n-dimensional space. These groups were introduced briefly in Section 10.1.
Here we construct representations of these groups using tensor methods whose origins can be
traced to the works of Herman Weyl. Another approach is to study representations of the Lie
algebras, generalizing the standard treatment of angular momentum in quantum mechanics.
This has been worked out in detail for SU(2) and SU(3) in Section 10.3.

The fundamental representation of each of these groups is the defining representation, in
which each element A of the group is represented by itself in the vector space Vn on which it
is defined (Rn for the orthogonal groups and the real linear groups, Cn for the others). There
are other representations on the same vector space Vn, namely,

A → A∗ A → Ã−1 A → (A†)−1 (10.A1)

where A∗ denotes the complex conjugate of A (this definition depends on the basis in Vn, but
all such representations are evidently equivalent), and Ã denotes the transpose of A.

For the group SL(2, C), the representation A → Ã−1 is equivalent to the defining rep-
resentation (see Problem 2). We note that the group SL(2, C) is closely related to the group
of homogeneous Lorentz transformations. This relations is similar to the relation between
SU(2) and the three-dimensional rotations group SO(3), as explained in detail in Appen-
dix B. However, for n > 2, Eq. (10.A1) defines four inequivalent irreducible representations
of the groups GL(n,C), and SL(n,C). For the groups GL(n,R) and SL(n,R), the repre-
sentation matrices are real (A = A∗), but A → Ã−1 provides an inequivalent representation
except in the case of SL(2, R).

For the unitary groups U(n) and SU(n), unitarity of the matrices implies

A = (A†)−1 A∗ = Ã−1 (10.A2)

so that of the representations in Eq. (10.A1), only the map A → A∗ gives a new inequivalent
irreducible representation, the conjugate fundamental representation, that is not equivalent to
the fundamental representation, again apart from the special case of SU(2) (see Problem 1).
For the orthogonal groups SO(n), the four representations are identical, since

A = A∗ = Ã−1 = (A†)−1 (10.A3)

for real orthogonal matrices. For the symplectic groups Sp(2n), the four representations are
again equivalent, though we will not prove that here.

An irreducible representation of the general group GL(n,C) [SL(n,C)] is also irre-
ducible for the subgroupU(n) [SU(n)] of unitary matrices, since the Lie algebra ofGL(n,C)
is obtained from the real Lie algebra of U(n) by allowing the parameters of the algebra to be
complex. Thus we consider here only the irreducible representations of U(n) and SU(n).
The reduction of these irreducible representations under restriction to the subgroups SO(n)
or Sp(2n) will also be described.
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A.2 Tensor Representations of U(n) and SU(n)

To construct irreducible representations of U(n) and its subgroup SU(n), we start with a
basis for the complex linear vector space Vn on which these groups are defined. Then a linear
operator A has a matrix representation A = (ajk) so that when acting on a vector x with
components ξ1, . . . , ξn, it gives the vector Ax with components

[Ax]j ≡ ξ′j = ajkξ
k (10.A4)

Remark. We recall the (Einstein) summation convention from Chapter 3, which requires us
to sum over a repeated pair of indices (one subscript and one superscript) such as the index k
in the last equation, unless explicitly instructed not to by writing

S = akb
k (no sum)

Since we deal here only with linear manifolds, we do not need the full geometric apparatus of
Chapter 3, but we use superscripts to denote the components of a vector in Vn, and subscripts
to denote components of vectors in the dual space to Vn. In Chapter 3, elements of the
dual space are identified with the space differential forms on a manifold; here they are linear
functionals on Vn as introduced in Chapter 2. For a complex vector space, the dual space
can be envisioned as the “complex conjugate” space, though that identification depends on an
explicit basis. In a real unitary vector space, forms and vectors are equivalent, and we then
sum over any pair of repeated indices. �

If we now take the tensor product of Vn with itself N times,

⊗NVn ≡ Vn ⊗ · · · ⊗ Vn︸ ︷︷ ︸
N times

(10.A5)

we have a representation of U(n) on the space ⊗NVn. The elements X of this space are
tensors of rank N 1 whose components ξj1···jN are labeled by a set of N indices. When acted
on by a linear operator A from U(n), these components are transformed according to the rule

(AX)j1···jN ≡ ξ′j1···jN = aj1k1
· · · ajNkN

ξk1···kN (10.A6)

This representation is reducible, since the transformation coefficients

Aj1···jNk1···kN
≡ aj1k1

· · · ajNkN
(10.A7)

are unchanged if we apply any permutation of {1, . . . , N} to both sets of indices j1 · · · jN and
k1 · · · kN . That is, permutations of the indices commute with the tensor transformation law.

Thus we can collect the tensor components into sets that transform among themselves
under permutations of the indices. For the unitary groups U(n) and SU(n), these sets define
irreducible tensor representations, though we do not prove irreducibility here. An irreducible
tensor of rank N is associated with an irreducible representation of the symmetric group SN ,
with a partition of N and its Young diagram (see Section 9.5) that define the symmetry type
of the tensor.

1Caution. The rank of a tensor is not the same as the rank of a Lie algebra defined in Definition 10.5.
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Not every partition of N corresponds to an irreducible representation of U(n), however.
Since the tensor corresponding to a Young diagram is antisymmetric when we interchange
elements in the same column of the diagram, the partition of N for a U(n) tensor of rank N
can have no more than n rows. Furthermore, an antisymmetric tensor of rank n is necessarily
proportional to the Levi-Civita symbol

εi1···in =






+1 if i1 · · · in is an even permutation of {1 . . . n}
−1 if i1 · · · in is an odd permutation of {1 . . . n}
0 if any two indices are equal

(10.A8)

which is antisymmetric in its n indices. Under transformations of U(n), we have

εi1···in → Ai1···ink1···kn
εk1···kn = (detA) εi1···in (10.A9)

so the Levi-Civita symbol is transformed into a multiple of itself by an element of U(n). It is
a numerical tensor, the ε-tensor, which provides a one-dimensional representation of U(n).
Under SU(n), whose elements have detA = 1, the Levi-Civita tensor is transformed exactly
into itself; it is an invariant of SU(n).

Now suppose (m) = (m1m2 · · ·mp) is a partition of N into p parts. Then

• for p > n, there are no irreducible representations of U(n),

• for p ≤ n, there are two irreducible representations of U(n) on the tensor product space,
corresponding to the direct tensor product representation and the conjugate representation
introduced in Eq. (10.A1).

In the case p ≤ n, we can use the Young diagram Y(m) of (m) to compute the dimension
of the corresponding irreducible representation of U(n). Recall that indices are symmetric
(antisymmetric) with respect to permuting the elements of a row (column) of the diagram.
Then the dimension of the irreducible representation of U(n) corresponding to a partition (m)
is equal to the number of ways to fill the boxes of Y(m) with numbers in the range {1, . . . , n},
not necessarily distinct, such that

(i) the indices are nondecreasing across each row, and

(ii) the indices are strictly increasing down each column.

This procedure counts the number of independent components of a tensor of the symmetry
type (m); the remaining components are determined by permuting indices of the tensor.

Example 10.20. The irreducible representations of U(n) associated with the partitions
(2) and (12) are the symmetric and antisymmetric tensors of rank two, with 1

2n(n + 1)
and 1

2n(n−1) independent components, respectively. The diagrammatic rule gives exactly
this result for the dimension of the corresponding irreducible representation.

Example 10.21. In Example 10.18, the dimension of the irreducible representation of
SU(3) associated with the partition (21) and (3) was found to be 8, using the procedure
just described.
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Exercise 10.A1. Show that the dimension of the irreducible representation Γ(m1 m2) of
SU(3) is

d(m1,m2) = 1
2 (m1 + 1)(m2 + 1)(m1 −m2 + 1)

by actually counting the number of ways to fill the boxes of of Y(m1 m2) with numbers 1, 2, 3
consistent with the rules given above. Then use this result to compute the dimension of the
irreducible representation Γ(4 2). �

Remark. The irreducible representations of U(n) can alternatively be defined in terms of an
n-tuple [m] = [m1 m2 · · ·mn] of integers with

m1 ≥ m2 ≥ · · · ≥ mn ≥ 0 (10.A10)

The difference between this label and the label by a partition is that the n-tuple may have
zeros at the end, while the zeros are omitted from a partition); we can think of this n-tuple
as an extended partition. These representations can be denoted by Γ[m] and Γ∗[m], In this
notation, the irreducible representations of U(3) associated with the partitions (21) and (321)
are denoted by Γ[210] and Γ[321], while the irreducible representations of U(4) associated
with the same partitions are denoted by Γ[2100] and Γ[3210], respectively. �

If we restrict U(n) to the subgroup SU(n), then a column with n rows can be omitted
from the Young diagram for the symmetry type. Such a column is antisymmetric in n indices,
and hence must be correspond to a factor proportional to the ε-tensor, which is invariant under
SU(n). The column can then be eliminated from the diagram. Thus only diagrams with
at most n − 1 rows give distinct irreducible representations of SU(n). These irreducible
representations can then be labeled by an (n−1)-tuple (m]) = (m1m2 · · ·mn−1) of integers,
and denoted by Γ(m1 m2 · · ·mn−1]).

Example 10.22. In SU(3), the partition [321] reduces to (21), shown graphically as

[321] = → = [21]

Thus [321] ∼ [21] for SU(3) and the representation is denoted simply by Γ(2 1).

Now let

Ā ≡ A−1 =
(
ājk

)
(10.A11)

and introduce dual vectors y, with components η1, . . . , ηn that transform under A by the rule

y → yĀ : [yĀ]k = η′k = ājkηj (10.A12)

Thus the representation A → Ã−1 (= A∗ for unitary operators), the dual, or conjugate,
fundamental representation, acts in a natural way on the space Vn∗ dual to Vn. Dual tensors
of rank N can be introduced on the space ⊗N Vn∗, with components ηj1···jN labeled with
N superscripts. Dual tensors can be split into irreducible representations associated with an
irreducible representation of SN in the same way as ordinary tensors.
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Tensor indices that are antisymmetric can be raised and lowered using the ε-tensor. If T
is an antisymmetric SU(n) tensor of rank p with components T i1···ip , then there is a corre-
sponding antisymmetric dual tensor ∗T of rank (n− p) with components given by

∗Tip+1···in = ε̄i1···in T
i1···ip (10.A13)

where ε̄ i1···in = εi1···in is the completely antisymmetric dual tensor. This dual ∗T is the same
as the Hodge dual introduced in Chapter 3. Conversely, the antisymmetric SU(n) dual tensor
∗T of rank (n − p) corresponds to an antisymmetric tensor T of rank p, with components
related by

T i1···ip = εi1···in ∗Tip+1···in (10.A14)

The construction of dual tensors extends to tensors of general symmetry. If T is a SU(n)
tensor of rank N , with symmetry associated with the partition (m) = (m1 · · ·mq) of N , then
the dual tensor has the symmetry of a partition (m)∗ of nm1 − N constructed by assigning
to (m)∗ those boxes of a rectangle with n rows and m1 columns that are not in the partition
(m), and rotating the diagram to the standard position. Note that (m)∗ depends both on n
and (m). The dual representation is equivalent to the (complex) conjugate representation of
SU(n). Tensors whose dual is equivalent to the original tensor are self-dual; the correspond-
ing representation of SU(n) is then real.

Example 10.23. The fundamental representation of SU(3) is 3 = (10). The six-
dimensional irreducible representation 6 = (20) is a symmetric tensor of rank two; the
corresponding dual tensor is 6∗ = (22). The antisymmetric rank two tensor is associated
with the partition (11); it is equivalent to the conjugate fundamental 3∗ for SU(3).

Irreducible representations can be denoted simply by their dimension (3, 3∗, . . .) when the
context is clear. We have shown in Example 10.18 that the irreducible representation (21) of
SU(3) is eight-dimensional; it can be denoted by 8. It is also self-dual, and hence real.

Example 10.24. Consider a rank three tensor of symmetry type (21). For an SU(3)
tensor, we can construct the diagram

x x
x y
y y

→ + = (21) + (21)

so we conclude that the SU(3) tensor dual to (21) also has symmetry type (21) and is thus
self-dual. For an SU(4) tensor, on the other hand, we have

x x
x y
y y
y y

→ + = (21) + (221)

Hence the SU(4) tensor dual to (21) has symmetry type (221), and is not self-dual.
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Exercise 10.A2. Find the symmetry types of the SU(3) tensors dual to tensors of types
(212), (22), (321), and (42). Repeat for SU(4) tensors of the same symmetry types. �

Invariants can be formed in the usual way by combining vectors with dual vectors. For
example, the scalar product

(y, x) = ηkξ
k (10.A15)

is invariant under any U(n) transformation A, since under the transformation

ηkξ
k → ηj Āj

kA
k
� ξ

� = ηj (A−1A)j� ξ
� = η�ξ

� (10.A16)

In fact, any summation over a pair of indices, one vector (superscript) and one dual vector
(subscript), reduces the rank of a mixed tensor by two. This will be significant when we
discuss the reduction of Kronecker products of representations.

Remark. The invariance of the scalar product is equivalent to the existence of a second
numerical tensor, the Kronecker delta, with components δ kj = δkj , since

Aj
�δ
�
mĀm

k = (AA−1)jk = δjk (10.A17)

is equivalent to Eq. (10.A16). �

A.3 Irreducible Representations of SO(n)

The orthogonal groups SO(2n) and SO(2n+ 1) each have rank n. To see this, note that any
rotation matrix in 2n dimensions can be brought to the standard form

R =





cos θ1 − sin θ1 0 0 · · · 0 0
sin θ1 cos θ1 0 0 · · · 0 0

0 0 cos θ2 − sin θ2 · · · 0 0
0 0 sin θ2 cos θ2 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · cos θn − sin θn
0 0 0 0 · · · sin θn cos θn





(10.A18)

as noted in Problem 2.20, while the standard form in 2n + 1 dimensions has an added row
2n + 1 and added column 2n + 1 in which all the entries are zero except for the diagonal
element in the lower right corner. The matrices

Hk = i
∂

∂θk
R
∣∣∣∣
θk=0

(10.A19)

(k = 1, . . . , n) define a set of n commuting generators of SO(2n) or SO(2n + 1), and
it is clear that there are no other generators that commute with all of these. As with the
unitary groups, we can now construct tensors of rank N , with components ξj1···jN labeled by
a set of N indices, and sort these into sets of components with definite symmetry type under
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permutations of the indices. These sets are associated with a partition of N and its Young
diagram. However, there are two distinctions compared with the unitary groups:

1. There is no distinction between upper and lower indices, so that the invariant δjk can
be used to contract pairs of indices (recall that this contraction corresponds to taking the trace
of a matrix). Thus, in addition to the original Young diagram, we also have irreducible parts
corresponding to Young diagrams constructed from the original by removing pairs of boxes
from the diagram, subject only to the condition that the two boxes are not removed from
the same column (recall that the tensor is antisymmetric with respect to indices in the same
column, so that contracting with respect to those indices gives zero).

Example 10.25. We provide some simple reductions to illustrate the method:

• For n ≥ 4, an SU(n) tensor corresponding to partition (4) is reduced to irreducible
SO(n) tensors by

→ + + ·

For n = 4, this corresponds to

35 → 25 + 9 + 1

• Again for n ≥ 4, the reduction of the SU(n) tensor corresponding to partition (31) is
given by

→ +

which for n = 4 corresponds to

45 → 39 + 6

where we note that the partition (12) is irreducible both for SU(4) and SO(4) since no
contractions are possible.

2. The ε-tensor transforms an antisymmetric tensor of rank p into a antisymmetric tensor
of rank 2n − p. Hence we only need to consider tensors that are antisymmetric in at most n
indices. That is, we only need to consider partitions into at most n parts, or Young diagrams
that have at most n rows.
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B Lorentz Group; Poincaré Group

B.1 Lorentz Transformations

The principle of relativity, that the laws of physics should appear the same to observers moving
with a constant velocity relative to each other, is traced to Galileo. In its early versions, this
principle took for granted that the relation between the spacetime coordinates (t, �x) of an event
seen by an observer O and the coordinates (t′, �x′) of the same event seen by an observer O′

moving with constant velocity �v relative to O is

t′ = t �x′ = �x− �vt (10.B20)

However, the success of Maxwell’s equations for the electromagnetic field cast doubt on this
transformation law. Maxwell’s equations are not invariant under transformation (10.B20), and
the Michelson–Morley experiment failed to detect an absolute frame in which the equations
were valid.

As we now know, extending the principle of relativity to Maxwell’s equations requires a
modification of this transformation law: The relation between the spacetime coordinates must
be given by the Lorentz transformation law

�x′⊥ = �x⊥ x′‖ = γ (x‖ − vt) t′ = γ (t− vx‖/c2) (10.B21)

where

γ = 1/
√

1 − v2/c2 (10.B22)

(c = speed of light). Here x‖ denotes the component of �x along the velocity �v, while �x⊥
denotes the components perpendicular to �v. The transformation to a moving coordinate sys-
tem, without rotation of the coordinate axes, is a pure Lorentz transformation (or boost), with
velocity �v, to be denoted by B(�v). See Problem 24 for the transformation properties of the
electromagnetic field needed to make Maxwell’s equations invariant under the boost.

The physical interpretation and consequences of the transformation law (10.B21) are dis-
cussed in many places. Here we are concerned with the group theoretic structure of the Lorentz
transformations, including as well translations of the spacetime origin, and the information
that can be extracted from the principle of invariance under these transformations (Lorentz in-
variance). In particular, we construct some irreducible representations of various groups that
include Lorentz transformations.

Since the Lorentz transformation mixes space and time coordinates, we can imagine these
transformations acting on a four-dimensional spacetime (Minkowski space) in which points x
(events) are labeled by four coordinates,

x = (x0 = ct, �x) = {xµ} (10.B23)

that form the components of a four-vector, with x0 the time component and �x = (x1, x2, x3)
the space components, The index µ ranges over the values µ = 0, 1, 2, 3; a popular convention
is to use Greek letters µ, ν, λ, . . . to denote four-vector indices ranging over 0, 1, 2, 3, and
Roman letters j, k, �, . . . for the space components with range 1, 2, 3. Repeated indices are to
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be summed over the appropriate range, following the Einstein summation convention. The use
of superscripts rather than subscripts is conventional, but see Chapter 3 for further discussion
of the relation between superscripts and subscripts as labels for components.

Linear transformations of the spacetime coordinates will be denoted by Λ, with explicit
transformation law

x → x′ = Λx : x′µ = Λµν x
ν (10.B24)

with the summation convention in effect. Note that when a matrix has one subscript and one
superscript index, the row index should be placed clearly to the left of the column index.

The difference between four-vectors and vectors in a vector space V4 of Chapter 2 is that
here we define the scalar product of two four-vectors

a = (a0,�a ) b = (b0,�b ) (10.B25)

as

(a,b) = a · b = aµgµνb
ν = a0b0 − �a ·�b (10.B26)

The matrix

g = (gµν) = diag(1,−1,−1,−1) (10.B27)

is a metric tensor, the Minkowski metric, and a · b is a Lorentz scalar. The metric g is not
positive definite, and a four-vector a is

(i) timelike if a · a > 0,

(ii) spacelike if a · a < 0, or

(iii) lightlike if a · a = 0 (a �= 0).

Example 10.26. An important four-vector is the four-momentum p of a particle, which
has components

p = (E/c, �p ) (10.B28)

where E is the energy of the particle. We have the Lorentz scalar

p · p = m2c2 (10.B29)

where m is the mass of the particle.

Remark. In the older literature m was often called the “rest mass” of the particle, and E/c2

the “relativistic mass.” The modern view refers to the invariant m simply as the “mass.” The
energy

E =
√

(pc)2 + (mc2)2 (10.B30)

includes a contribution mc2 from the rest energy of the particle. �
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The rotations of the spatial coordinate axes, as described in Section 2.2.4, define the ro-
tation group. Including the transformations to moving coordinate systems leads to a larger
group, the homogeneous Lorentz group, which contains those linear transformations Λ of
four-vectors such that

(Λa,Λb) = (a,b) (10.B31)

for all four-vectors a and b. In terms of the matrix elements of Λ, this requires

Λµα gµν Λνβ = gαβ (10.B32)

Any such transformation is a Lorentz transformation. As already noted, the transformation to
a coordinate system moving with constant velocity is a boost, or pure Lorentz transformation.

Exercise 10.B3. (i) Show that the matrix elements of the inverse transformation Λ satisfy

gµα Λ
α

ν = Λβµ gβν

(ii) Show that the matrix elements Λµν satisfy

∣∣Λ0
0

∣∣2 − Λ0
jΛ

j
0 = 1

Remark. Thus
∣∣Λ0

0

∣∣ ≥ 1. If
∣∣Λ0

0

∣∣ = 1, then Λ is just a rotation of the coordinate axes. �

(iii) Show that

det Λ = ±1

for any Lorentz transformation. �

The preceding exercise shows that detΛ = ±1 and
∣∣Λ0

0

∣∣ ≥ 1, but only restricted Lorentz
transformations, those with detΛ = +1 and Λ0

0 ≥ 1, can be reached continuously from the
identity. Other Lorentz transformations are obtained as the product of a restricted Lorentz
transformation and one or both of the discrete transformations

space reflection Σ : �x→ −�x, t→ t

time inversion Θ : �x→ �x, t→ −t.

Remark. Note that time reversal in quantum mechanics is not simply time inversion. Re-
versing the role of initial and final states in a scalar product

〈φ|ψ〉 → 〈ψ|φ〉 = 〈φ|ψ〉∗ (10.B33)

involves complex conjugation as well. �

Thus the full Lorentz group L has four connected components:

L↑
± : det Λ = ±1 Λ0

0 ≥ 1 and L↓
± : detΛ = ∓1 Λ0

0 ≤ −1

and the subgroups L↑
+, the restricted Lorentz group, L+ ≡ L↑

+ ∪ L↓
+, the proper Lorentz

group, L↑ ≡ L↑
+ ∪ L↑

−, the orthochronous Lorentz group, and L0 ≡ L↑
+ ∪ L↓

+.
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The restricted Lorentz group is also characterized as SO(3, 1) in a notation where
SO(p, q) denotes the group that leaves invariant a metric of the form

g = diag(1, . . . , 1︸ ︷︷ ︸
p times

,−1, . . . ,−1︸ ︷︷ ︸
q times

) (10.B34)

The matrix Λ corresponding to a rotation of the coordinate axes has the form

Λ =
(

1 0
0 R(φ, θ, ψ)

)
(10.B35)

where R(φ, θ, ψ) is the rotation matrix given in Eq. (2.113), and any Lorentz transformation
with Λ0

0 = 1 is a rotation (proper or improper, as the case may be). For a boost in the direction
n with velocity

�v = (c tanhχ) n (10.B36)

the matrix elements of Λ ≡ Bn (χ) are given by

Λ0
0 = coshχ Λj0 = −(sinhχ) nj = Λ0

j
(10.B37)

Λjk = δjk + (coshχ− 1) njnk

Remark. The matrix for a boost is symmetric. The converse is almost true: A symmetric
Lorentz transformation is a pure boost, possibly accompanied by a rotation through a multiple
of π about the boost axis. The proof of this statement is left to Problem 26. �

The generator Ln for rotations about the axis n are obtained from the rotation matrix
Rn(Φ) by (see Problem 2.16)

Ln = iR′
n(Φ)

∣∣∣∣
Φ=0

(10.B38)

Similarly, the generator Kn for boosts in the direction n is given by

Kn = iB′
n(χ)

∣∣∣∣
χ=0

(10.B39)

The generators satisfy the commutation rules

[Lα,Lβ] = i
∑

γ

εαβγLγ [Lα,Kβ] = i
∑

γ

εαβγKγ

(10.B40)
[Kα,Kβ] = −i

∑

γ

εαβγLγ

where εαβγ is the usual antisymmetric symbol on three indices. The minus sign on the right-
hand side of the [Kα,Kβ] commutator distinguishes the Lorentz algebra from that of SO(4)
(see Problem 7).
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Exercise 10.B4. (i) Find explicit matrices for the Lα, Kα. Then verify the commuta-
tors (10.B40)

(ii) The Lα, Kα span the Lie algebra of the group L↑
+. Find quadratic Casimir operators

for the Lie algebra using the results of Section 10.2.3. Is L↑
+ compact? �

Now introduce the operators

−→
M ≡ 1

2 (
−→
L + i

−→
K)

−→
N ≡ 1

2 (
−→
L − i

−→
K) (10.B41)

The operators
−→
M and

−→
N each satisfy standard angular momentum commutation rules

[Mα,Mβ ] = i
∑

γ

εαβγMγ [Nα,Nβ ] = i
∑

γ

εαβγNγ (10.B42)

while commuting with each other ([Mα,Nβ ] = 0).
Thus finite-dimensional representations of the homogeneous Lorentz algebra can be con-

structed from the finite-dimensional representations of the angular momentum algebra. There
are irreducible representations Γ(m,n) of the homogeneous Lorentz algebra with basis vec-
tors Φm,nµ,ν such that

−→
M · −→M Φm,nµ,ν = m(m+ 1)Φm,nµ,ν

−→
N · −→N Φm,nµ,ν = n(n+ 1)Φm,nµ,ν (10.B43)

M3 Φm,nµ,ν = µ Φm,nµ,ν N3 Φm,nµ,ν = ν Φm,nµ,ν (10.B44)

(M1 ± M2) Φm,nµ,ν =
√

(m∓ µ)(m± µ+ 1) Φm,nµ±1,ν (10.B45)

(N1 ± N2) Φm,nµ,ν =
√

(n∓ ν)(n± ν + 1) Φm,nµ,ν±1 (10.B46)

Here m,n = 0, 1
2 , 1,

3
2 , . . . ; µ = −m,−m+1 · · · ,m−1,m ; ν = −n,−n+1, . . . , n−1, n

as worked out in Section 10.3.1.
The representations Γ(m,n) do not generate unitary representations of L↑

+, since the rep-
resentations of the Kα are not Hermitian. This is consistent with the general rule that a
nontrivial unitary representation of a noncompact group is necessarily infinite-dimensional (a
finite-dimensional unitary representation would be compact). However, these representations
are still useful in constructing representations of the Poincaré group.

B.2 SL(2, C) and the Homogeneous Lorentz Group

The fundamental representation of SL(2, C) is defined on a two-dimensional vector space
whose elements are two-component spinors

u ≡ (ua) (a = 1, 2 is a spinor index). Under an SL(2, C) transformation A,

u→ u′ = Au : u′a = A b
a ub (10.B47)

(summation convention here on spinor indices). There are also conjugate spinors v ≡ (vā)
(ā = 1, 2 is a conjugate spinor index, sometimes called a dotted index and expressed as ȧ).
Conjugate spinors transform under the conjugate representation

v → v′ = A∗v : v′ā = A∗ b̄
ā ub̄ (10.B48)
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These representations can be ntified with the irreducible representations Γ( 1
2 , 0) and Γ(0, 1

2 )
of the L↑

+ once we have derived the equivalence between L↑
+ and SL(2, C) transformations.

Under restriction the subgroup SU(2), the representations are both equivalent to the j = 1
2

representation (see Exercise 1).
The analysis of rotations, and more generally Lorentz transformations, is simplified if we

introduce a 2 × 2 matrix representation for four-vectors. Then Lorentz transformations can
also be represented as complex 2 × 2 matrices, which are easier to manipulate than 3 × 3
rotation matrices or 4× 4 Lorentz transformation matrices. The representation of rotations by
2 × 2 matrices was introduced in Problem 2.18. We can extend the Pauli matrices to form a
basis

σ = {σµ} ≡ (σ0 = 1, �σ) ≡ σ̄µ (10.B49)

of four-vectors, and a basis σ̄ of dual four-vectors, with elements

σ̄µ = ζσ∗
µζ

−1 = (σ̄0 = 1,−�σ) ≡ σµ (10.B50)

Then to each real four-vector x = (x0, �x ) corresponds a Hermitian 2 × 2 matrix

X(x) ≡ σ · x = σµx
µ = σ0 x

0 + �σ · �x =
(
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
(10.B51)

and a dual matrix

X(x) ≡ σ̄ · x = σ0 x
0 − �σ · �x (10.B52)

This correspondence can be inverted: To each Hermitian 2 × 2 matrix X corresponds a four-
vectors x(X) and x̄(X) with components given by

xµ = 1
2 tr(σ̄µX) x̄µ = 1

2 tr(σµX) (10.B53)

Exercise 10.B5. Show that

X(x)X(x) = (x · x)1 = X(x)X(x)

detX(x) = x · x = detX(x)

for any four-vector x. �

Now suppose A is an element of SL(2, C), that is, a 2 × 2 matrix with detA = 1. Then
the transformation

X → XA ≡ AXA† (10.B54)

of the 2 × 2 matrix X corresponds to a linear transformation

x = x(X) → xA ≡ x(AXA†) (10.B55)

of four-vectors, with detX = detXA since detA = 1, and hence

x · x = xA · xA (10.B56)
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Thus x → xA is a Lorentz transformation, to be denoted by Λ(A). It follows from
Eq. (10.B53) that

xµA = 1
2 tr(σ̄µAσνA†) xν (10.B57)

so that the Lorentz transformation matrix is given by

Λµν(A) = 1
2 tr(σ̄µAσνA†) (10.B58)

Remark. In terms of components, the four-vector transformation law (10.B54) is

Xac̄ → A b
a Xbd̄ A

∗ d̄
c̄ (10.B59)

with one spinor and one conjugate spinor index. This is exactly the transformation law for the
irreducible representation Γ( 1

2 ,
1
2 ) of SL(2, C). �

Now

Λ0
0(A) = 1

2 tr(AA†) ≥ 1 (10.B60)

(see Problem 2.19), so that Λ(A) is orthochronous, and detΛ(A) = 1 since the determinant
is a continuous function of A. Thus we have a mapping from SL(2, C) onto the restricted
Lorentz group L↑

+. The mapping is two-to-one, since the matrices ±A correspond to the same
Lorentz transformation; we have

L↑
+ � SL(2, C)/Z2 (10.B61)

Note that Λ(A) is a rotation (Λ0
0 = 1) if and only if AA† = 1, that is, if and only A is

unitary (Problem 2.19 again). We have already noted the relation between SU(2) and SO(3)
in Section 10.2.2. Also, if A is Hermitian, then Λ(A) is symmetric, and thus represents a
boost in some direction, perhaps with rotation through a multiple of π about the boost axis
(see Problem 26).

Exercise 10.B6. Show that the matrix

An(χ) ≡ exp
(
−1

2�σ · nχ
)

corresponds to a boost in the direction n with velocity �v = (c tanhχ) n. �

Remark. Thus in the fundamental representation, the generators are represented by

−→
L = 1

2�σ
−→
K = −1

2 i�σ (10.B62)

and hence

−→
M = 1

2�σ
−→
N = 0 (10.B63)

consistent with the identification of the fundamental representation as Γ( 1
2 , 0). �
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B.3 Inhomogeneous Lorentz Transformations; Poincaré Group

Translation of the origin in Minkowski space by a four-vector a changes coordinates of a
spacetime point x by

xµ → x′µ = xµ − aµ (10.B64)

Since this translation has the same effect on all spacetime points, the relative spacetime co-
ordinate (x–y) of two points x and y is invariant under the translation. Since interactions
between particles (both classical and quantum) generally depend only on this relative coor-
dinates, translation invariance is a general principle of physics. This principle is so deeply
ingrained that the freedom to translate a system is often implicitly removed from considera-
tion, by working in the center-of-mass system at the start, for example. Only when we deal
with cosmological scales does translation invariance become problematic.

The translations form an Abelian group, as already noted. They can be combined with the
Lorentz group to form a larger group, the inhomogeneous Lorentz group, or Poincaré group P .
The general Poincaré transformation acts on the coordinates of a spacetime point according to

xµ → x′µ = Λµν x
ν − aµ (10.B65)

combining a translation a with a homogeneous Lorentz transformation Λ. The transformation
(10.B65) is denoted by (a,Λ); we have the rules

(a,Λ) = (a,1)(0,Λ) (10.B66)

(a2,Λ2)(a1,Λ1) = (a2 + Λ2 a1,Λ2Λ1) (10.B67)

Exercise 10.B7. Show that the inverse transformation to (a,Λ) is

(a,Λ)−1 = (−Λ−1a,Λ−1)

Exercise 10.B8. Show that the translations form an invariant subgroup of P , i.e., if g is a

Poincaré transformation and (a,1) is a translation, then g(a,1)g−1 is also a translation. �

The Poincaré group has subgroups P↑
+, the restricted Poincaré group, P+ ≡ P↑

+ ∪ P↓
+,

the proper Poincaré group, P↑ ≡ P↑
+ ∪ P↑

−, the orthochronous Poincaré group, and P0 ≡
P↑

+ ∪P↓
+. These subgroups consist of Poincaré transformations (a,Λ) with Λ from the corre-

sponding subgroup of the homogeneous Lorentz group.
The translations can be expressed as

(a,1) = exp (−iPµaµ) (10.B68)

where the generators P = {Pµ} = (P0,
−→
P ) are identified with the four-momentum of a

system. These generators satisfy the commutation rules

[Lα, P0] = 0 [Lα, Pβ] = iεαβγ Pγ (10.B69)

[Kα, P0] = Pα [Kα, Pβ] = δαβ P0 (10.B70)
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and

[Pµ, Pν ] = 0 (10.B71)

(verify these as an exercise).
The quadratic Casimir operators for the homogeneous Lorentz group do not commute with

the Pµ. However, the operator

P2 ≡ P · P = P 2
0 −−→

P · −→P (10.B72)

commutes with
−→
L and

−→
K, since it is by construction a scalar, invariant under homogeneous

Lorentz transformations. It also commutes with the Pµ, so it provides a Casimir operator for
the Poincaré group. For a single particle of mass m, this invariant is proportional to m2; in
general it is the square of the total energy of a system in a frame where the total momentum−→
P = 0.

To find a second invariant, introduce the four-vector

W ≡
(
W0 =

−→
L · −→P ,−→W =

−→
LP0 +

−→
K ×−→

P
)

(10.B73)

The components {Wµ} satisfy the standard four-vector transformation rules (10.B69)
and (10.B70)

[Lα,W0] = 0 [Lα,Wβ ] = iεαβγ Wγ (10.B74)

[Kα,W0] = Wα [Kα,Wβ ] = δαβ W0 (10.B75)

They also commute with the Pµ. Hence the scalar

W2 ≡ W · W = W 2
0 −−→

W · −→W (10.B76)

is a second quadratic Casimir operator for the Poincaré group. In the rest frame of a particle,
we have W0 = 0 and

−→
W = m

−→
L (10.B77)

where
−→
L is the angular momentum. Thus

−→
W is proportional to the instrinsic spin of a particle

or the total angular momentum of a composite system.
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Problems

1. To show the equivalence of the complex conjugate representations of SU(2), we need a
matrix ζ such that

ζUζ−1 = U∗ (*)

for every U in SU(2). In fact, such a matrix is given by

ζ = −iσ2 =
(

0 1
−1 0

)

(i) First, show that ζMζ−1 = −M∗ for every hermitian 2 × 2 matrix M.

(ii) Then show that (∗) is satisfied for every unitary 2 × 2 matrix U with determinant
+1.

(iii) Why does the equivalence require detU = +1?

2. Show that for the group SL(2, C), the representation A → Ã−1 is equivalent to the
defining representation. That is, find a matrix U such that

UAU−1 = Ã−1

for every A in SL(2, C). Hint. See Problem 1.

3. Using the Jacobi identity (see Problem 2.7)

[[X,Y],Z] + [[Y,Z],X] + [[Z,X],Y] = 0

show that the structure constants defined in Eq. (10.12)) satisfy
∑

�

(
c�jkc

n
�m + c�kmc

n
�j + c�mjc

n
�k

)
= 0

4. Consider the coefficients ejk� defined by

ejk� ≡ 1
2

∑

m,p,q

cmjkc
q
�pc

p
qm =

∑

m

cmjkgm�

where the gm� are elements of the metric introduced in Eq. (10.25). Use the relation
between the structure constants derived from the Jacobi identity in the preceding problem
to show that the ejk� are completely antisymmetric in the indices j, k, �.

Remark. Antisymmetry in j, k follows from the antisymmetry of the commutator, of
course, but the remaining antisymmetry does not. �

5. To construct a standard basis for the Lie algebras of U(n) and SU(n), let Tab be the
n× n matrix with 1 in position (a, b) and zeros elsewhere, so that

(Tab)jk = δaj δ
b
k
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and introduce the Hermitian matrices (a �= b)

Xab ≡ Tab+Tba = Xba Yab ≡ −i
(
Tab − Tba

)
= −Yba Za ≡ Taa

(i) Express commutators [Xab,Xcd], [Xab,Ycd], [Yab,Ycd], [Xab,Zc], [Yab,Zc] and
[Za,Zb] in terms of the Xab, Yab and Za, and thus show that these matrices define a Lie
algebra.

Remark. Since there are 1
2n(n − 1) independent Xab, the same number of Yab, and

n distinct Za, there are n2 matrices in all, which form a basis for the Hermitian n × n
matrices. Exponentiating these matrices generates the unitary n× n matrices, so the Lie
algebra here is that of the group U(n). �

(ii) The matrix

Z =
n∑

a=1

Za = 1

generates the Abelian U(1) invariant subgroup of U(n) whose elements are of the form
U = expiα 1, and commutes with all the generators Xab, Yab, and Hn. In order to
find a set of generators of the group SU(n) of unitary n × n matrices with determinant
equal to one, we need to find a set {H1,H2, . . . ,Hn−1} of traceless diagonal matrices
in addition to the Xab, Yab. Show that one such set is given by the matrices

Hk =

√
2

k(k + 1)

{
k∑

a=1

Za − kZk+1

}

(k = 1, . . . , n− 1), and that the Hk satisfy

trHk = 0 trHkH� = 2δk�

The Xab, Yab and Hk form a standard n× n generalization of the Pauli matrices.

6. (i) Show that the 1
2n(n− 1) independent Yab introduced in the preceding problem form

by themselves a Lie algebra.

Remark. Since the Hermitian Yab are imaginary, exponentiation (with the factor ±i)
leads to real unitary (i.e., orthogonal) matrices. Thus the Yab define the Lie algebra of
the group SO(n) of orthogonal n× n matrices with determinant equal to one. �

(ii) How many independent commuting matrices are there among the Yab? Find a max-
imal set of commuting matrices.

7. Show that the Lie algebra of SO(4) can be expressed as a direct sum of two commuting
copies of the Lie algebra of SO(3) [or SU(2)].

Hint. With generators of SO(4) denoted by Yab (a �= b) as in the preceding problems,
consider the generators

J±
k ≡ 1

2

(
Y�m ± Yk4

)

where k = 1, 2, 3 and (k�m) is a cyclic permutation of (123).
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8. (i) How many independent generators are there for the group SU(4)? How many for the
group SO(6)?

(ii) Use the results of Problems 5 and 6 to find explicit bases of generators for each of
these groups.

(iii) Find an isomorphism between these two sets of generators.

Remark. This isomorphism between the Lie algebras of SU(4) and SO(6) is similar
to the isomorphism between those of SU(2) and SO(3), but in each case the groups are
not exactly isomorphic because they have different discrete invariant subgroups. �

(iv) Does this pattern of isomorphism persist? Is there an isomorphism between the Lie
algebras of SU(6) and SO(9)?

9. Consider a particle of mass m moving in a potential

V (r) = − κ

r

The Runge–Lenz vector for the particle is defined by

A = p × L −mκ
r
r

where L = r × p is the angular momentum. In quantum mechanics, r and p are repre-
sented by operators that satisfy the canonical commutation relations

[rj , pk] = iδjk

(i) Show that L and A satisfy the commutation relations

[Lj ,Ak] = iεjk�A�

Remark. This commutation relation with L is actually satisfied by any vector A; it is
one definition of a vector. �

(ii) With Hamiltonian given by

H =
p2

2m
+ V (r)

show that

[H,A] = 0

Remark. Thus A is a constant of motion for this Hamiltonian. �

(iii) Show that

[Aj ,Ak] = −2imHεjk�L�



502 10 Lie Groups and Lie Algebras

Remark. From this result it follows that on an eigenmanifold of H with energy E, the
operators

D ≡ A/
√

2m |E|

together with the L define a Lie algebra. �

(iv) Use the results of Problem 7 to show that for E < 0, the L and D together form a
Lie algebra of SO(4).

Remark.

Thus the energy levels of the hydrogen atom correspond to representations (irreducIble,
in fact) of SO(4). For extra credit, describe these representations. �

(v) What is the Lie algebra defined by the L and D for E > 0?

10. Let a†σ, aσ be the creation and annihilation operators for a spin-1
2 fermion in spin state σ

(σ = ±1
2 ), as introduced in Problem 7.8. The spin operators for the fermion are

−→
S ≡ 1

2

∑

α,β

a†α�σαβaβ

(i) Show that the Sk are generators of SU(2) [see Eq. (10.14)].

(ii) Show that the fermion number operator

N =
∑

σ

a†σaσ

commutes with the Sk.

11. Introduce fermion pairing operators

B† ≡ 1
2

∑

α,β

a†αζαβa
†
β = a†↑a

†
↓

B ≡ 1
2

∑

α,β

aβζαβaα = a†↓a
†
↑

where ζ = iσ2 has been introduced in Problem 1 (in some contexts, ζ serves as a spinor
metric). B† creates a pair of fermions, one with spin up and one with spin down, in the
same mode, while B annihilates a pair.

(i) Show that the fermion number operator

N =
∑

σ

a†σaσ

satisfies the commutation rules

[N,B†] = 2B† [N,B] = −2B
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(ii) Show that

[B†,B] = N− 1 ≡ 2B3

so that the operators B†, B and B3 generate an SU(2) group (the pairing group).

(iii) Show that this SU(2) pairing algebra commutes with the SU(2) spin algebra just
introduced in Problem 10, so the two algebras can be combined to form an SO(4) Lie
algebra.

12. We want to consider the group of 2N × 2N matrices that define linear transformations
of the coordinates q1, . . . , qN and momenta p1, . . . , pN such that the canonical 2-form

ω ≡
N∑

k=1

dpk ∧ dqk

is invariant. Such matrices are symplectic matrices, and the corresponding group is the
symplectic group Sp(2N).

(i) For N = 1, use your detailed knowledge of the properties of 2× 2 matrices to give a
complete characterization of Sp(2). Find the subgroups of Sp(2) for which the matrices
are (a) orthogonal and (b) unitary.

(ii) For N = 2, try to construct a set of generators of the group Sp(4) (such a set would
correspond to the angular momenta that generate the group of rotation matrices). Note
that symplectic matrices A must satisfy

AT ζA = ζ

where AT is the transpose of A and ζ is the symplectic metric defined by

ζ ≡





0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0





Find also the generators of the subgroups of Sp(4) for which the matrices are (a) orthog-
onal and (b) unitary.

Remark.

Having done the construction for N = 2, you might want to extend it to arbitrary N , but
that is not needed here. �

13. Consider a spin-1
2 particle with orbital angular momentum � (the case � = 1 was dis-

cussed in Example 10.15). The total angular momentum j of the particle can be � ± 1
2 .

Derive general formulas for the states |j m〉 in terms of the states |m� ms〉.

14. Consider the addition of angular momenta j1 = 3
2 and j2 = 1. Construct the eigenstates

|j m〉 of J · J and J3 in terms of the eigenstates |m1 m2〉 of J(1)
3 and J(2)

3 .

Note. In Example 10.16, we gave a direct method to compute the state | 12
1
2 〉. Now we

want all the eigenstates |j m〉.
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15. The interaction between an electron and a nucleus has a relatively small term that can be
expressed as

Hint = aL · S

where L is the orbital angular momentum operator, S the spin, and a is a constant that can
be evaluated with some precision. Show that states of definite total angular momentum
j (such as those constructed in Problem 13 are also eigenstates of Hint, and find the
eigenvalues of Hint in terms of l, s, j (here we do not require s = 1

2 ).

Remark. Hint is the fine structure Hamiltonian, responsible for splitting atomic energy
levels that are degenerate when only the classical Coulomb interaction is considered. �

16. Consider the addition of angular momentum for two particles each with j = 1.

(i) What are the allowed values of the total angular momentum J of the two particles?

(ii) Which of these values correspond to symmetric states? antisymmetric states?

Now consider three j = 1 particles.

(iii) What are the allowed values of the total angular momentum J of the three particles,
and how many independent states are there for each J?

(iv) Classify the states into irreducible representations of S3.

17. Consider the addition of angular momentum of j = 3
2 particles.

(i) What are the allowed values of the total angular momentum J of two particles?
Which of these values correspond to symmetric (antisymmetric) states?

(ii) What are the allowed values of the total angular momentum J of three particles?
Classify these states into irreducible representations of S3. What value(s) of J corre-
spond to antisymmetric states?

(iii) What are the allowed values of the total angular momentum J of four particles?
Classify these states into irreducible representations of S4. What value(s) of J corre-
spond to antisymmetric states?

18. Consider the linear operators Au, Ad, As, Āu, Ād, Ās such that

[Aa, Āb] = δab

(a, b = u, d, s) and introduce the operators

T+ ≡ ĀuAd , U+ ≡ ĀdAs , V+ ≡ ĀuAs

T− ≡ ĀdAu , U− ≡ ĀsAd , V− ≡ Ās Au

as well as

T3 ≡ 1
2

(
ĀuAu − ĀdAd

)

Y ≡ 1
3

(
ĀuAu + ĀdAd − 2ĀsAs

)
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(i) Show that these eight operators define a Lie algebra, and that T3 and Y can be si-
multaneously diagonalized.

(ii) Indicate graphically the effects of the operators T±, U± and V on the eigenvalues
of T3 and Y.

(iii) Show that each of the eight operators commutes with the operator

N ≡ ĀuAu + ĀdAd + ĀsAs

so that subspaces corresponding to definite eigenvalues N of N = Nu + Nd + Ns are
invariant under the Lie algebra. What further subspaces are invariant? (For definiteness,
discuss the cases of N = 2 and N = 3.)

(iv) Express the operators introduced in part (i) in terms of the standard generators of
SU(3) introduced in Eq. (10.20).

Remark. This explicit formulation of the SU(3) Lie algebra works just as well if the
operators Aa and Āa satisfy anticommutation rules

{Aa, Āb} = AaĀb + ĀbAa = δab

(show this). These operators can be visualized as creation and annihilation operators for
quarks, and the picture can be extended to describe SU(n) for any value of n. �

19. There are eight spin- 1
2 baryons, including the proton and neutron, that form an octet

under the old flavor SU(3) approximate symmetry of the strong interactions. Draw the
weight diagram of the octet (see Fig. 10.3) and label the weights with the symbols for the
baryons.

20. Consider an octet state of three spin-1
2 quarks u, d, s. Both spin and flavor states have

mixed symmetry under permutations of the three quarks, so the combined spin-flavor
states can be symmetric, antisymmetric or mixed symmetry (see Example 9.48). These
states can be denoted by |s j3;T3 Y 〉, where α = S,A, (j12) characterizes the symmetry
type of the product function (j12 identifies a basis vector in the mixed representation).

(i) Construct both symmetric and antisymmetric product states for j3 = 1
2 in terms of

the basic quark states (see Problem 9.19).

(ii) Suppose the magnetic moment operator �µ for quarks is

�µ =
{(

2
3 + Y

) [
( 1
2 + T3)µu + ( 1

2 − T3)µd
]
+
(

1
3 − Y

)
µs
}
�σ

where µu,d,s denote the quark magnetic moments. Compute the magnetic moment matrix
elements

〈|α 1
2 ; (T ) T3 Y | µ3 |α 1

2 ; (T ) T3 Y 〉

between the octet states for possibilities α = S,A.

Remark. The actual baryon magnetic moments can be explained very well if the prod-
uct wave function is symmetric. By comparison, the magnetic moments of the nuclei 3H



506 10 Lie Groups and Lie Algebras

and 3He are very close to the values obtained for the antisymmetric wave function with
µu and µd replaced by measured proton and neutron magnetic moments. The observed
baryon moments provided another piece of evidence for the existence of an SU(3) color
degree of freedom; as already noted, this allows an antisymmetric singlet color wave
function to provide the antisymmetry required by the Pauli principle. �

21. Compute the dimensions of irreducible representations of SU(4) associated with the
partitions (212) and (22).

22. (i) Find the conjugate representations to the irreducible representations of SU(6) corre-
sponding to each of the partitions (2), (12), (3), (21), (13), and (214). Which represen-
tations are self-conjugate?

(ii) Find the dimension of each of these irreducible representations.

23. Show that the irreducible representation of SL(n,C) dual to Γ(m1 m2 · · ·mn−1) is
Γ(m1 m1 −mn−1 · · · m1 −m2).

24. Consider the behavior of Maxwell’s equations (3.141), (3.142), (3.145), (3.148) under
the Lorentz transformation (10.B21). Find the transformation laws for the electric and
magnetic fields needed for the equations to be invariant under the transformation.

Remark. One hint is to look at the four-vector potential {Aµ} = (φ,
−→
A ) as a one-form,

and the electromagnetic field as a two-form F = dA or, with explicit components,

Fµν =
∂Aν
∂xµ

− ∂Aµ
∂xν

The transformation laws for the two-form follow directly from the Lorentz transforma-
tion (10.B21). �

25. Show that the generators of SL(2, R) introduced in Eq. (10.31), with commutators given
by Eq. (10.32), are suitable generators for the homogeneous Lorentz transformations in
two space dimensions (+time). In particular, J3 generates rotations in the plane, while
K1 and K2 generate transformations to coordinate frames moving with constant velocity
in the plane. Show further that the quadratic Casimir operator

C2 = J2
3 − K2

1 − K2
2

actually commutes with all three generators.

26. (i) Show that a boost commutes with a rotation about the boost axis.

(ii) Show that a symmetric Lorentz transformation is a boost, possibly accompanied by
a rotation through a multiple of π about the boost axis (see also Problem 2.15).

27. Use the fact that the operators
−→
M and

−→
N defined in Appendix B are angular momentum

operators to construct two quadratic Casimir operators for the homogeneous Lorentz
group in terms of the generators

−→
L and

−→
K.
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adjoint operator, 56

matrix elements of, 56
algebra, 397

associative, 398
commutative, 398
exterior, 119
Fundamental Theorem of, 185
Heisenberg, 346
Jordan, 398
Lie, see Lie algebra
of a group, 398
operator, 397
quaternion, 452

almost everywhere, 265, 272
alternant, 402, 437
alternating group, 402

A4, 416, 420, 421, 423
character table, 416

alternating series, see series, alternating
Ampère’s Law, 127
amplitude

Jacobi elliptic function, 252
of oscillator, 142

analytic continuation, 179, 181
of geometric series, 181
uniqueness of, 181

analytic function, 179–190
entire, 184
meromorphic, 185
natural boundary of, 182
power series expansion, 180

regular part, 187
singular part, 187
singular point of, 182

branch point, 173, 183
essential singularity, 182
pole, 182

singularity
residue at, 187, 190

angular momentum, 87, 144
and SU(2), 470
in quantum mechanics, 470

addition of, 471–473, 503–504
annihilation operator, 347

fermion, 347
fermion pair, 502

anticommutator, 55
of λA, 464

antikink solution, 382
antilinear, 51
associative law, 3, 393

vector space, 41
asymptotic series, 19–25, 34, 35

Laplace’s method, 23–24, 35
atlas, 98
attractor, see fixed point, stable
autocorrelation function, 285

Bn, 99, 103
volume of, 209

ball
n-dimensional, see Bn

baryon
as three-quark state, 481, 505
decuplet

in flavor SU(3), 481
octet

in flavor SU(3), 479, 505

Introduction to Mathematical Physics. Michael T. Vaughn
Copyright c© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40627-2

Introduction to Mathematical Physics 

Michael T. Vaughn 
 2007 WILEY-VCH Verlag GmbH & Co. 



508 Index

basis
change of, 57, 105
coordinate, 105, 107
dual, 50, 107
of a linear vector space, 42, 57
orthogonal, 44
overcomplete, 84

benzene ring, 452
Bernoulli

equation, 217
numbers, 202, 210

Bernoulli’s principle, 150
Bessel function, 237–240

and confluent hypergeometric function,
237

asymptotic behavior, 239
generating function, 238
integral representation, 238, 258
modified, 24, 35
of first kind, 237
of second kind, 238
of third kind, 239

asymptotic behavior, 239
order of, 237
orthogonality relation, 317
recursion relation, 238
spherical, 240, 317, 365

differential equation, 240
integral representation, 258
orthogonality relation, 317

Bessel’s equation, 237
Laplace transform of, 314

Bessel’s inequality, 44
B-function, 203

infinite series, 203
integral representation, 203

beta function, see B-function
bifurcation, 28
bilinear, 43

concomitant, 336
transformation, 172

Bloch’s theorem, 197
Bohr radius, 374
Boltzmann factor, 33, 35
Bolzano-Weierstrass theorem, 7
boost, 489, 506

matrix elements, 492
boson, 347
bound

of functional, 49
of linear operator, 53

boundary conditions, 336, 359
and Laplacian, 359
Dirichlet, 359
mixed, 359
Neumann, 359
periodic, 337, 387
self-adjoint, 342, 350

branch
cut, 173, 184
point, 173, 183, 184

Brillouin zone, 431
bundle

cotangent, 108
fiber, 106
structure group of, 106
tangent, 106
vector, 106

Cn, 46
calculus of variations, 152–153
canonical 2-form, 145
canonical momentum, see conjugate momen-

tum
Cantor set, 271
Casimir operator, 466

E(2), 467
Lorentz group, 506
Poincaré group, 497
SL(2, R), 467, 506
SU(2), 466
SU(3), 466

Cauchy
integral formula, 178
residue theorem, 191
sequence, 5

in Hilbert space, 265
of vectors, 49

Cauchy’s theorem, 177, 190
Cauchy–Riemann conditions, 169, 177
Cayley transform, 76
center

of SU(2), 463
of group, 396, 397

change of basis
active point of view, 59
passive point of view, 59

chaos, 28
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character
group, 418
of SO(2), 409
of SO(3), 409
of group representation, 408
table

A4, 416
D4, 415
for finite group, 415
S4, 444

characteristic
equation, 64
function, 294
of PDE, 356, 377
polynomial, 64, 72, 74

charge, 126
density, 126
topological, 382

chart, 98
Chebysheff polynomials, 316
Christoffel symbols, 136, 137

of first kind, 136
of second kind, 136
on S2, 137

class (of group), see group, class
Clebsch-Gordan coefficient, 471

Condon-Shortley convention, 473
closed

extension, 324
form, 128
interval, 7
linear manifold

in Hilbert space, 265
linear operator

on Hilbert space, 324
manifold, 102
set, 7
vector space, 264

coherent state, 347
commutative law, 3

vector space, 41
commutator, 55, 112, 114, 462
compact

Lie algebra, 466
linear operator, 326, 339

self-adjoint, 330
manifold, 102
support, 303

compactification

one-point, 100
of Rn, 100, 103

comparison test, 10
complete orthonormal system, 45

in Hilbert space, 265
complex

plane, 5, 99
unit circle, 9

structure on torus, 197
variable, 169

components
contravariant, 108
covariant, 108
of a form, 107

transformation law, 107
of a tensor, 109
of a vector, 42, 104

transformation law, 105
compressibility, 157
configuration space, 100
confluent hypergeometric

equation, 246–248, 350, 375
and Coulomb wave functions, 375
Laplace transform of, 286
polynomial solutions, 289

function, 246, 259
and Bessel function, 237
integral representation, 247
of third kind, 248
recursion formulas, 259

series, 246
conformal mapping, see map, conformal
conjugate

group elements, 395
representation, 407, 417, 485
subgroups, 396

conjugate momentum, 143, 144
in field theory, 384

conjugate partition, see partition, conjugate
conservation

of electric charge, 126
of energy, 150
of mass, 126
of matter, 149

constant
Euler–Mascheroni, 201
Euler-Mascheroni, 19, 34
Feigenbaum, 29
fine structure, 374
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of motion, 144
Planck, 32, 35, 207, 288, 373, 431, 470
Stefan–Boltzmann, 207

contour
for Green function

for wave equation, 369
integral, 176

evaluation of real integrals, 191
independence of path, 176

keyhole, 193, 194, 209, 210
contraction, see tensor, contraction of
contravariant, 108
convergence

absolute, 8
conditional, 8, 11
in the mean, 270
of infinite product, 13
of infinite series, 8
of sequence, 6

in Hilbert space, 267
of linear operators, 75
of vectors, 49

pointwise, 14, 276
strong, 75, 329
uniform, 14, 75, 329
weak, 15, 75, 267, 329

convolution
integral, 284
theorem, 284

coordinate
atlas, 98
basis, 57, 105, 107, 109
chart, 98
cyclic, 144
patch, 97
transformation, 98, 159

coordinates, 97
4-d spherical, 161
Cartesian, 132
cylindrical, 135
generalized, 142
oblate spheroidal, 160
of a vector, 57
on a manifold, 97
parabolic, 161
polar, 113, 132
prolate spheroidal, 160, 163
spherical, see spherical coordinates

correlation function, 285

coset, see group, coset
cotangent

bundle, 107, 108
space, 107

Coulomb potential, 160, 308, 361, 373
in quantum mechanics, 373, 389
multipole expansion, 361

covariant, 108
creation operator, 347

boson, 347
fermion, 347
fermion pair, 502

current, 126
density, 126
displacement, 127

curvature, 132
curve

geodesic, 135
in a manifold, 104
integral, 110

cylinder function, see Bessel function

de Moivre’s formula, 174
deficiency index, 329
degree of freedom, 100
delta-function, see Dirac δ-function
derivative

co-moving, 115
directional, 104, 114, 120
exterior, 120
interior, 122
Lie, see Lie derivative

Derrick’s theorem, 381
diffeomorphism, 102, 159
differential equations

ordinary, see ODE
partial, see PDE

differential form, 107
closed, 128
exact, 128

differential operator, 336
adjoint, 338
and boundary conditions, 336
boundary term, 336, 338
Green function for, 341, 350
linear, 336

second order, 338
diffusion equation, 366, 367
dihedral group, see group, dihedral
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dimension
of linear vector space, 42
of manifold, 98

Dirac
δ-function, 16
bracket, 51
quantization condition, 129

Dirichlet
boundary condition, 359
kernel, 275

dispersion relation, 357
distance

Euclidean, 133
geodesic, 135
in linear vector space, 43

distribution, see functional
distributive law, 4

vector space, 41
divergence

of vector field, 122
theorem, 125

domain
of holomorphy, 182
of linear operator, 51

on H, 321
dual

basis, 50, 107
Hodge-*, 119, 486
representation, 407, 485
space, 50
tensor, 486, 487
vector, 485

dynamical system, 26, 139
as vector field, 140
discrete, 139
equations of motion, 139
linear, 77–79

E(2), 467
Casimir operator, 467

eigenmanifold, 64
eigenvalue, 64, 321, 331

algebraic multiplicity, 64, 65, 67
degenerate, 65
geometric multiplicity, 64, 65, 67
multiplicity, 64, 65, 67

eigenvalues
lower bound, 71
minimax properties, 71–74

upper bound, 71
eigenvector, 64, 321

continuum, 362, 387
of compact self-adjoint operator, 331

elliptic function, 197, 210, 249–253
Jacobi, 249, 252–253
order of, 198
periods of, 251

elliptic integral, 249, 260
analytic continuation of, 250
complete, 260

of first kind, 249
of second kind, 260

modulus, 260
energy

potential, see potential energy
energy levels, see quantum mechanics, energy

levels
fine structure, 504
in magnetic field, 470
of H atom, 502

energy-momentum relation
freeparticle

nonrelativistic, 288
enthalpy, 156
entire function, 184
ε-neighborhood, 7
ε-tensor, 117, 118, 484, 486
equation

Bessel, 237
confluent hypergeometric, see confluent

hypergeometric equation
differential, see differential equation
hypergeometric, see hypergeometric

equation
Klein–Gordon, see Klein–Gordon equa-

tion
Kortweg-deVries, see KdV equation
Laplace, 151, 170
Legendre, 231
of continuity, 126, 127, 149, 376
of motion

Hamilton, 143
Lagrange, 142

of state, 100
Ricatti, 218
Schrödinger, see Schrödinger equation

equilibrium, see fixed point
error function, 34
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essential singularity, 182
Euclidean

group, 467
Euler angles, 59, 87
Euler’s equation, 150
Euler–Lagrange equations, 136, 142, 153, 165
Euler-Mascheroni constant γ, see constant,

Euler-Mascheroni
event, 489
everywhere dense, 7, 264
exact

differential, 220
form, 128

exclusion principle, see Pauli, principle
exponential integral, 19
exterior algebra, 119
exterior derivative, see derivative, exterior
exterior product, see product, exterior

Faraday’s law, 127
Feigenbaum constant, see constant, Feigen-

baum
fermion, 347, 502

pairing operators, 502
field, 4

1-form, 114
electric, 110
electromagnetic, 114

under Lorentz transformation, 506
magnetic, 110, 125

of magnetic dipole, 125
of monopole, 129

scalar, see scalar, field, 384
vector, see vector field
velocity, 110, 149

fine structure, 504
constant, 374

finite group, see group, finite
fixed point, 26, 36, 79, 111

asymptotically stable, 79
center, 141
hyperbolic, 79
of inversion, 171
of linear fractional transformation, 172
of linear transformation, 171
of logistic map, 26
stable, 26, 79
stable manifold of, 79
superstable, 27, 35

unstable, 26, 79
unstable manifold of, 79

fluid mechanics, 148–151
flux line, 110
form

1-form, 107
closed, 128
differential, 107
exact, 128
p-form, 117
volume, 119

four-vector, 489, 490
and 2 × 2 matrix, 494
electromagnetic potential, 506
energy-momentum, 490, 496
lightlike, 490
spacelike, 490
timelike, 490

Fourier
coefficients, 196, 274
integral, 192, 281
series, 273–280, 311

convergence, 275
cosine, 279
Gibbs phenomenon, 278
real form, 274
sine, 279

transform, 281, 312
finite, 85, 313, 314
in quantum mechanics, 288
multidimensional, 287
of ‘hat’ function, 318
of convolution, 284
of Haar functions, 300

Fourier series, 196
in complex plane, 195–197

fraction, 4
free energy, 155
frequency

angular, 141, 357
carrier, 294
fundamental, 273, 281
natural, 81

Frobenius
generating function, 446

for simple characters of SN , 424,
438, 441

method for ODEs, 226
reciprocity theorem, 422, 435–437



Index 513

function
analytic, see analytic function
autocorrelation, 285
characteristic, 294
correlation, 285
doubly periodic, 197, 251
elliptic, see elliptic function
entire, 184
Green, see Green function
measurable, 272
of a complex variable

analytic, see analytic function
differentiable, 169
holomorphic at a point, 169
meromorphic, 185
regular at a point, 169

of a linear operator, 89
periodic, 195, 273
quasi-periodic, 197
rational, 185
scaling, 297, 299
spline, 302
step, 272, 277
weight

in scalar product, 268
function space, 268

scalar product, 268
weight function, 268

functional, 49, 152
bounded, 49
linear, 49
on tangent space, 107

fundamental
frequency, 273
period, 195, 273

second, 197, 198
representation

of SU(2), 474
of SU(3), 477
of classical Lie group, 482
of group, 418

wavelet, 299, 301
Fundamental Theorem

of algebra, 185
of Hilbert Space, 334
on finite group representations, 415
on normal operators, 68

Γ-function, 22, 25, 199–202, 209

analytic continuation of, 200
analytic properties, 200
duplication formula, 201
infinite product, 200
infinite series, 200
logarithmic derivative of, 201
recursion formula, 200
Stirling’s formula, 25
Stirling’s series, 202

Gamma function, see Γ-function
gauge

invariance, 125, 129
in quantum mechanics, 129

transformation, 125
Gauss’ law, 126
Gaussian integral, 367
Gaussian pulse, 312
Gegenbauer polynomials, 306, 316

and Jacobi polynomials, 307
properties, 306

general linear group, 461
generalized function, see functional
generating function

Bessel function, 238
for π(N), 453
for simple characters of SN , 424, 438,

441
Frobenius, 424, 438, 441
Legendre polynomials, 233, 257, 290

generator
of Lie group, 461
of one-parameter subgroup, 461

generators
of SU(3), 464

geodesic, 135
equation, 137
null, 138, 139
on S2, 138, 162
spacelike, 139
timelike, 139

Gibbs
function, 165
phenomenon, 278

GL(n,C), 461, 482
GL(n,R), 461, 482
gradient, 114, 120
Gram–Schmidt process, 289, 290
Gram-Schmidt process, 45
great circle, 138, 162
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Green function, 285, 335, 341, 350, 359–362
advanced, 371
causal, 371
Coulomb potential, 361
Feynman, 371, 388
for damped oscillator, 285
for Helmholtz equation, 371
for Laplace’s equation, 360
for wave equation, 369–371, 388
retarded, 369, 388

group, 4
A4, 416, 420, 421, 423
Abelian, 4, 393
additive, 393
algebra, 398

of S3, 425
alternating, see alternating group
axioms, 393
center, see center, of group
central extension, 397
class, 395

inverse, 451
multiplication, 451

coefficients of composition, 417
continuous, 460
coset, 395
covering, 397
cyclic, 394, 399

Zn, 394, 399
Z, 394

dihedral, 394, 399
D4, 415
D6, 452

direct product, 395
element

conjugate, 395
order, 394
self-conjugate, 395

Euclidean, 467
extension, 397
finite, 393, 399–400

character table of, 415
GL(n,C), see GL(n,C)
GL(n,R), see GL(n,R)
homotopy, 103
infinite

discrete, 431
isomorphism, 394
isotropy, 432

Lie, see Lie group
‘little’, see isotropy group
Lorentz, see Lorentz, group
O(n), see O(n)
octahedral, 400, 453
order, 393
periodic, 394
Poincaré, see Poincaré, group
quaternion, 452
renormalization, 209
representation, see group representation
simple, 396
SL(2), see SL(2)
SL(n,C), see SL(n,C)
SL(n,R), see SL(n,R)
SO(2), see SO(2)
SO(3), see SO(3)
SO(n), see SO(n)
Sp(2n), see Sp(2n)
SU(2), see SU(2)
SU(3), see SU(3)
SU(n), see SU(n)
subgroup

conjugate, 396
coset, 395
index of, 395
invariant, 396

symmetric, see symmetric group
symplectic, 468
tetrahedral, 400, 453
translation, 460
U(n), see U(n)
Z, 393, 431

group representation, 406–423
character, 408

compound, 408
simple, 408

complex, 407
complex conjugate, 407

and quantum mechanics, 407
defining, 418
dimension, 406
dual, 407
equivalent, 406
faithful, 406
fully reducible, 406
fundamental, 418
identity, 406
induced by subgroup, 419, 422
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principal, 419
irreducible, 406, 413
Kronecker product, 417
of finite group

Fundamental Theorem, 415
of subgroup

subduced, 422
orthogonality relations, 412
outer product, 423
permutation, 413, 418

induced by subgroup, 419
pseudoreal, 407
real, 407
reducible, 406
regular, 413
tensor product, 417
unitary, 407

group velocity, 358

Haar functions, 294–295
Fourier transform, 300

Hamilton’s
equations of motion, 143
principle, 142

Hamiltonian, 96, 143, 147, 164, 501
and Poisson bracket, 164
density, 384
fine structure, 504
for central potential, 143
in quantum mechanics, 39, 40, 71, 351,

366, 373, 388
energy levels, 71
for H atom, 373
harmonic oscillator, 351

spectrum
for H atom, 375

system, 100, 108, 143–148
Hankel function, 239

and Whittaker function, 239
asymptotic behavior, 239

harmonic
series, 9
spherical, see spherical harmonics

harmonic oscillator
coupled, 80
damped, 77, 283

Green function for, 285
forced, 283
nonlinear, 164

one-dimensional, 142, 147
quantum, 32, 309, 351

‘hat’ function, 317, 390
heat capacity, 156
heat equation, see diffusion equation
Heaviside function, 277
Heisenberg algebra, 346
Helmholtz equation, 363, 371
Hermite functions, 316, 351
Hermite polynomials, 309, 316, 351
Hermitian, see linear operator, Hermitian
highest weight

of representation of Lie algebra, 478
Hilbert space, 264–268

axioms, 264
closed, 264
separable, 264, 265

compact self-adjoint operator
spectral representation, 330

complete orthonormal system in, 265
convergence of sequences

of linear operators, 329
of vectors, 267
weak, 267

differential operator
and boundary conditions, 336

linear manifold, 265
closed, 265

linear operator, 321–335
adjoint, 327
bound, 324
bounded, 324
closed, 324
compact, 326, 330
continuous, 324
deficiency index, 329
differential, 336
domain, 321, 324
essentially unitary, 329
extension, 321, 328
Hermitian, 328
Hilbert–Schmidt norm, 326
Hilbert–Schmidt type, 326
inverse, 325
invertible, 325
isometric, 329
maximal isometric, 329
nonsingular, 325
normal, 330
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of finite rank, 327
operator norm, 324
resolvent, 335
self-adjoint, 328
self-adjoint extension, 337
separating, 331
shift operator, 323, 345
spectrum, see spectrum
symmetric, 328
unitary, 329

self-adjoint operator
compact, 330
functions of, 335
spectral representation, 331

holomorphic, 169
holomorphy

domain of, 182
homeomorphism, 102
homomorphism, 397
homotopy group, 103
hook, 445

diagram, 445
formula for dimension ofSN irreducible

representations, 446
length, 445
product, 445

hypercharge, 477
hypergeometric

confluent, see confluent hypergeometric
equation, 241–245, 350

polynomial solutions, 289
function, 243, 258

and Legendre function, 234, 235
integral representation, 244
recursion formulas, 258

series, 242
hypergeometric equation, 259

identity, 3
image

of homomorphism, 397
of linear operator, 52

incompressible flow, 148
indicial equation

at regular singular point, 227
inequality

Bessel, 44
Schwarz, 44
triangle, 43

infinite group
discrete, 431

infinite product, 13
convergence of, 13
representation

of Γ-function, 200
of analytic functions, 188

infinite series, 8–13
convergence of, 8
convergence tests, 10–11
of functions, 14–18

uniform convergence, 14
weak convergence, 15

rearrangement of, 12
infinity

in Rn, 100
in complex plane, 171, 183
in stereographic projection, 99

integral
Cauchy formula, 178
contour, 176, 191–194
curve, 110
Lebesgue, 271, 272
operator, 327, 339–341

adjoint, 340
compact, 339
degenerate, 352
iterated kernel, 340
kernel, 339
separable, 352

test, 10
interval, 7

closed, 7
open, 7
semi-closed, 7
semi-open, 7

invariant
manifold, 61
of vector field, 115
Poincaré, 147
subalgebra, 465
subgroup, 396

maximal, 396
minimal, 396
quotient group, 396

tensor, 484
ε-tensor, 484
Kronecker delta, 487

topological, 103
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inverse, 3
of linear operator

on Vn, 53
on H, 325

permutation, 401
inversion, 171
island of stability, 28
isometry, 47, 58
isomorphism, 47

of groups, 394
of vector spaces, 47

isospin, 477
isotropy group, 432

Jacobi identity, 86, 464, 499
Jacobi polynomials, 307

and Gegenbauer polynomials, 307
and Legendre polynomials, 307
properties, 307

Jacobian determinant, 105, 117, 118

KdV equation, 351, 358, 378–379
conservation laws, 379

kernel
of homomorphism, 397
of integral operator, 339
of linear operator, 52

kink solution, 382
Klein–Gordon equation, 366, 380, 389

in one space dimension, 380
Lagrangian for, 380

Kronecker delta, 487
Kronecker product, see tensor product

L2(Ω), 272
�2(C), 264
�p, 43
ladder operator, 347, 469, 476

for SU(3), 476, 477
Lagrange’s theorem, 395
Lagrangian, 142

density, 384
field theory, 384–385
for Klein–Gordon equation, 380, 385
for wave equation, 384
system, 142–143

Laguerre polynomials, 308, 316
associated, 314, 375

Laplace

integral
and asymptotic series, 23
for Legendre polynomials, 233

operator, see Laplacian
transform, 263, 286, 314

of confluent hypergeometric equation,
286

Laplace’s equation, 151, 170, 359
Green function for, 360
on a sphere, 292
separation of variables, 363

Laplace’s method, see asymptotic series
Laplacian, 134–135, 292, 359

and boundary condtions, 387
in cartesian coordinates, 364
in cylindrical coordinates, 135, 388
in spherical coordinates, 135, 292, 365

lattice, 86, 431
dual, 86
reciprocal, 86
translation, 431

Laurent series, 186–187
singular part of, 190

Lebesgue integral, 271, 272
Legendre function, 234–236

and hypergeometric function, 234
associated, 291

differential equation, 291
normalization, 291
orthogonality, 291

of first kind, 234
of second kind, 235, 236, 257, 258

Legendre polynomials, 231, 257, 290
and Jacobi polynomials, 307
generating function, 233, 257, 290, 315
Laplace integral, 233
normalization, 290
orthogonality, 290
recursion relations, 234, 290
Rodrigues’ formula, 232
Schläfli integral, 233

Legendre’s equation, 231, 232, 234
and hypergeometric equation, 234
associated Legendre functions, 291

Leibniz rule, 115
Levi-Civita symbol, see ε-tensor
Levinson’s theorem, 191
Lie algebra, 87, 398, 462–470

Abelian, 465
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Cartan subalgebra, 467
classical, 482
classification of, 465–468
compact, 466
E(2), 467
exceptional, 468
exponentiation of, 463
metric tensor, 466
noncompact, 466, 467
of a Lie group, 462
of rotations in three dimensions, 87
rank, 467
representation, 463, 469

adjoint, 480
irreducible, 463
reducible, 463
tensor, see tensor, representation
weight diagram, 477

root vectors, 476
roots, 469, 476
semisimple, 465
simple, 465
SL(2, R), see SL(2, R)
SO(n), see SO(n)
structure constants, 462
SU(2), see SU(2)
SU(3), see SU(3)
SU(n), see SU(n)
subalgebra, 465

invariant, 465
U(n), see U(n)

Lie bracket, 113
Lie derivative, 104, 122

of vector field, 114
Lie group, 460–461

Abelian, 460
classical, 482

fundamental representation, 482
general linear, 461
generator, 461
Lie algebra of, 462
orthogonal, 461
special linear, 461
structure constants, 462
subgroup

one-parameter, 461
symplectic, 461
unitary, 461

limit point, 7

linear independence, 41, 223
linear manifold, see manifold, linear
linear operator, 51–70

adjoint, 56, 327
anticommutator, 55
bound, 324
bounded, 53, 324
Cartesian decomposition, 91
characteristic polynomial, 64
commutator, 55, 462
diagonalizable, 65
differential, 221, 336
domain, 51, 321, 324
eigenmanifold, 64
eigenprojectors, 69
eigenvalues, 64
eigenvectors, 64
functions of, 75
Hermitian, 57, 328
idempotent, 63
image, 52
integral, 327, 339
invariant manifold, 61
inverse, 53, 325
isometric, 329
kernel, 52
matrix representation, 54
multiplication of, 54
negative definite, 70
nilpotent, 62
non-singular, 52

on Vn, 38
nonsingular, 325
normal, 68, 330

spectral representation, 67–70
null space, 52
of finite rank, 327
on Hilbert space, see Hilbert space, lin-

ear operator
orthogonal, 58
polar decomposition, 91
positive definite, 70
range, 52
rank, 52
restriction, 61
self-adjoint, 57, 328
semi-definite, 70
sequences of, 75
shift, 323, 345
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singular, 52
spectral representation, 331
spectrum, 64–70, 330
Sturm-Liouville, 339
trace, 58
unitary, 58, 329

linear vector space, 41–51
basis of, 42, 84
change of basis in, 57
dimension of, 42
direct sum, 47
distance, 43
infinite-dimensional, see Hilbert space
polynomials, 84
tensor product, 48
unitary, 43

Liouville’s theorem, 147
Lipschitz condition, 111
‘little’ group, 432
logarithmic derivative, 187, 191

of Γ-function, 201
poles of, 187, 191

residue at, 187
logistic map, 26, 28, 35
Lorentz

group, 468, 491
and SL(2, C), 493–495
and SO(3, 1), 492
homogeneous, 491
inhomogeneous, 496–497
orthochronous, 491
proper, 491
restricted, 491

invariance, 489
transformation, 467, 489, 491

and SL(2, C), 482
boost, 489
in 2-d and SL(2, R), 506
in one space dimension, 382
in two dimensions, 467
law, 489
pure, see boost
restricted, 491

Lotka-Volterra model, 140–141, 162
lower bound, 6

greatest, 6
to eigenvalues, 71

magnetic

dipole, 125
field, see field, magnetic
flux, 125
moment, 505

of baryons, 505
monopole, 129
quantum number, 470

magnitude, 5
manifold, 97–103

analytic, 98
closed, 102
closure of, 102
compact, 102
complex, 98
coordinates in, 98
differentiable, 97, 98
invariant, 61
linear, 42
orientable, 119
product, 101
Riemannian, 132
stable, see fixed point
symplectic, 146
unstable, see fixed point

map
conformal, 170, 171, 205
iterated, 27
logistic, see logistic map

mass, 490
matrix

adjoint, 56
diagonal, 65
Jordan canonical form, 67
orthogonal, 88
Pauli, see Pauli, matrices
rotation, 59, 61
similarity transformation, 58
symplectic, 503
trace, 58

matrix elements, 54
Maxwell relations, 155
Maxwell’s equations, 126, 127, 489
measure

of a set, 271
measure theory, 271
Mellin transform, 315
meromorphic, 185
metric tensor, 108, 130–134

and distance, 135
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and volume, 133
Euclidean, 132
for spinors, 502
in spherical coordinates, 133
induced, 133
nondegenerate, 130
of LIe algebra, 466
SU(2), 466

of manifold, 132
pseudo-Euclidean, 132
signature, 130
to raise and lower indices, 131
vector space, 130

Minkowski
metric, 43, 130, 490
space, 139, 489

Mittag–Leffler theorem, 190
momentum

in quantum mechanics, 288, 334
multiplicity

algebraic, 64, 65, 67
geometric, 64, 65, 67
of root, 185

multipole expansion, 361
for Helmholtz equation, 372

multipole moment, 362
multiresolution analysis, 297, 299

N -particle states
spin- 1

2
particles, 474

natural frequency, see frequency, natural
neighborhood, 7, 97

ε-, 97
Neumann function, 238

asymptotic behavior, 239
nonlinear realization

of SL(2), 205
norm, 43

vector, 43
normal subgroup, see invariant subgroup
number operator, 347
numbers, 3–6

algebraic, 4
complex, 4–6
irrational, 6
prime, 4
rational, 4
real, 3–4, 6
transcendental, 6

O(n), 394, 461
ODE, 213–230

and vector fields, 111, 213
autonomous, 215
factorizable, 219
first order, 216–220

exact differential, 220
linear, 216

linear, 215, 221–230
nth order, 221
constant coefficients, 92, 225
first order, 216
power series solutions, 222
second order, 226
Wronskian, 223

linear second order, 226–230
and Ricatti equation, 219
boundary conditions, 338
confluence of singularities, 230, 247
exponents at singular point, 226, 227
indicial equation, 227
irregular singular point, 226
one regular singular point, 229
regular point, 226
regular singular point, 226
second solution, 228
singular point, 226
three regular singular points, 241
two regular singular points, 229

method of Frobenius, 226
order, 213
Ricatti equation, 218
scale covariant, 215
scale invariant, 215
Sturm–Liouville equation, 226
system of first order, 111, 213

one-parameter subgroup, 461
generator of, 461

orbit, 433
ordinary differential equations, see ODE
orthogonal

complement, 48
group, 461

special, 461
matrix, 88
polynomials, 289

weight function, 289
zeroes of, 289

system, 44
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orthonormal system, 44
complete, 45

oscillator
anharmonic, 259
harmonic, see harmnic oscillator

outer product
for S3 ⊗ S3, 450
for S4 ⊗ S4, 455
for SU(2), 475
of group representations, 423
of representations of SN , 426

and Young diagrams, 426

P -symbol, see Riemann P -symbol
pairing

group, 503
operators, 502

Papperitz equation, 241
parabolic coordinates, 389
parity

of permutation, 401, 402
Parseval’s theorem, 275
partial differential equations, see PDE
partial sum, 8
partition

conjugate, 405, 454
dual, 506
extended, 485
of N , 404
ordering of, 404
self-conjugate, 405
Young diagram of, 404

Pauli
matrices, 55, 494
SU(3) generalization, 463

principle, 347, 348, 481
PDE

linear first order, 356
method of characteristics, 356
nonlinear, 376–383
time-dependent, 366–372

period, 195
doubling, 28
fundamental, 195, 273

permutation, 401
cycle, 402
cycle structure, 424
cyclic representation, 403
degree of, 401

inverse, 401
matrix, 402, 454
parity, 401
representation

of group, 413, 418
perturbation, 345
perturbation theory

classical, 164
phase

of oscillator, 142
space, 100, 108

phase velocity, 358
π(N), 424, 437

classes of SN , 424
generating function, 453
partitions of N , 424

π2(C), 265
Picard’s theorem, 184
Planck radiation law, 207
plasma frequency, 380
Poincaré

1-form, 145
group, 432, 468, 496–497

Casimir operator, 497
orthochronous, 496
proper, 496
restricted, 496

invariant, 147
lemma, 120, 128

Poisson bracket, 145, 164
Poisson’s equation, 359, 360
pole, 182

order of, 182
residue at, 187

polynomial, 184
root of, 184
trigonometric, 273

polynomials
orthogonal, see orthogonal polynomials

potential
central, 143
Coulomb, see Coulomb potential
electromagnetic, 506
electrostatic, see scalar potential
energy, 80–82, 144, 389
for scalar field, 380, 385
gravitational, 150
inverse square, 457
retarded, 388
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vector, see vector potential
velocity, 151

potential energy, 176, 259
power series, 17–18, 180

circle of convergence, 17
expansion of analytic function, 180
radius of convergence, 17, 180
solutions to linear ODEs, 222

predator-prey system, 140, 162
primitive cell, 197
probability amplitude, 288

momentum, 288
position, 288

product
exterior, 116
Grassmann, 116
infinite, see infinite product
interior, 122
manifold, 101
of linear operators, 54
scalar, see scalar, product
vector, 120
wedge, 116

projection
operator, 63
orthogonal, 48
stereographic, 99, 159

projector, see linear operator, projection
proper length, 139
proper time, 139

quadrupole moment, 362
quantum mechanics

angular momentum, see angular mo-
mentum, in quantum mechanics

energy levels, 39, 71
variational bounds, 71, 74

excited states, 74
Fourier transform in, 288
Hamiltonian, see Hamiltonian, in quan-

tum mechanics
linear operators in, 70
momentum operator, 334, 336
observables, 70
Schrödinger equation, see Schrödinger

equation
states of a system, 70
variational principle, 71

quarks

and flavor SU(3), 477
quasi-momentum, 431
quaternion, 452

R3, 102
Rn, 46, 103
range

of linear operator, 52
rank

of Lie algebra, 467
of linear operator, 52
of tensor, 109
of tensor representation of U(n), 483

ratio test, 10
rational function, 185
rearrangement, see permutation
renormalization group, 209
representation

of group, see group representation
of Lie algebra, see Lie algebra, repre-

sentation
permutation, see group representation,

permutation
residue

at singularity, 190
resolution of the identity, 332–334, 373, 387,

389
response function, see Green function
rest energy, 490
Ricatti equation, 218

and second-order linear equation, 219
Riemann ζ-function, 9, 206, 210
Riemann P -symbol, 241
Riemann surface, 173, 205, 208

n-sheeted, 174
∞-sheeted, 175
of ln(z), 174
of n

√
w, 174

of
√
w, 173

of inverse trigonometric functions, 175
two-sheeted, 173, 206

Riemannian geometry, 132
Riesz–Fischer theorem, 272
ring, 4

commutative, 4
Rodrigues’ formula

Legendre polynomials, 232
root

multiplicity of, 185
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of SU(2), 476
of SU(3), 476
of analytic function, 185
of characteristic polynomial, 64, 72, 225
of Lie algebra, 469
of polynomial, 184, 185

with real coefficients, 88
test for convergence, 10
vectors

of SU(3), 477
of Lie algebra, 476

rotation
in n dimensions, 89
in complex plane, 171
in three dimensions, 59, 86, 87

2 × 2 representation, 88
axis of rotation, 87
Lie algebra, 87

in two dimensions, 59
Runge–Lenz vector, 501

S3, see symmetric group, S3

S4, see symmetric group, S4

S5, see symmetric group, S5

S6, see symmetric group, S6

S1, 98
S2, 99, 103, 137
Sn, 99, 103

volume of, 209
SN , see symmetric group
S-function, see Schur function
scalar, 41

field, 102
gradient of, 114

potential, 361
product, 43, 130

scalar field
kink solution, 382
static solutions, 383

scalar potential, 108, 160
Coulomb, 457
electrostatic, 161, 359, 362, 387

Schrödinger equation, 288, 373–375
for Coulomb potential, 373, 389
time-dependent, 366, 373
time-independent, 373

Schur function, 438
Schur’s lemmas, 410–415
Schwarz inequality, 44

self-adjoint, see linear operator, self-adjoint
semi-group, 3
separation of variables, 363–365

Laplace’s equation, 363
sequence, 5

bounded, 5
Cauchy, see Cauchy sequence
chaotic, 28
convergence of, 6
logistic map, 26
monotonic, 5, 6
of functions, 14–16, 269

convergence, 269, 270
uniform convergence, 14
weak convergence, 15

of linear operators, 75
strong convergence, 75
uniform convergence, 75
weak convergence, 75

of linear operators on H
convergence, 329

of points in manifold
convergence, 102

of vectors, 49
series

alternating, 11
arctangent, 18, 206
asymptotic, see asymptotic series
binomial, 18
confluent hypergeometric, 246
exponential, 18
Fourier, see Fourier series
geometric, 8

analytic continuation of, 181
harmonic, 9
hypergeometric, 242
infinite, see infinite series
Laurent, 187
logarithmic, 18
power, see power series
Riemann ζ-function, 9

set, 7
bounded, 7
Cantor, 271
closed, 7
dense, 7
measure of, 271
of measure zero, 271
open, 7
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shock wave, 377
signal processing, 294
sine-Gordon equation, 383
singular point

at infinity, 183
of analytic function, 182
of ODE, see ODE, linear second order
of scalar field, 102
of vector field, 111

sink, see fixed point, stable
SL(2), 205

nonlinear realization of, 205
SL(2, C), 493

and Lorentz group, 493–495
SL(2, R), 467

and 2-d Lorentz transformation, 467,
506

SL(2, C), 482, 499
SL(n,C), 461, 482, 506
SL(n,R), 461, 482
small oscillations, 80–82
SO(2), 394
SO(3), 103, 394, 396

Lie algebra, 87
SO(3, 1), 492

and Lorentz group, 492
SO(4)

Lie algebra, 500
SO(6), 501
SO(n), 394, 461

irreducible representations, 487–488
solitary wave, see soliton
soliton, 379
source, see fixed point, unstable
Sp(2n), 461, 503
Sp(4), 503
space

cotangent, 107
fiber, 106
function
L2(Ω), 272

linear vector, 41
reflection, 491
state

thermodynamic, 153
tangent, see tangent space
wavelet, 298

special
linear group, 461

orthogonal group, 461
unitary group, 461

spectral density, 285
spectral representation

of compact self-adjoint operator
on H, 331

of normal operator
on Vn, 69

of self-adjoint operator
on H, 334

spectrum, 64
continuous, 322, 332
discrete, 332
empty, 323
of Laplacian, 363

cartesian coordinates, 364
of linear operator

on Vn, 64
on H, 323, 330–335

point, 332
speed

of light, 130, 207, 374, 489
of propagation, 356, 357, 366, 371

sphere
n-dimensional, see Sn

spherical coordinates, 99, 132, 143
in four dimensions, 161
volume element, 134

spherical harmonics, 292–293
addition theorem for, 293, 361, 372

spin- 1
2

particle, 347, 473, 474, 502, 503
creation and annihilation operators, 502
N -particle states, 474
pairing operators, 502

spin-orbit coupling, 504
spinor, 493

conjugate, 493
index

dotted, 493
undotted, 493

metric, 502
two-component, 493

spline function, 302
state space

quantum mechanical, 70
thermodynamic, 153

Stefan–Boltzmann law, 207
step function, 272
Stokes’ theorem, 123–127, 162
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in two dimensions, 125
streamline, 110, 149
stress tensor, 150
structure constants

of SU(3), 464
of Lie algebra, 462

Sturm–Liouville
equation, 226
operator, 339

and boundary conditions, 339
SU(2), 102, 462, 499

and angular momentum, 470
and rotations in three dimensions, 88
Casimir operator, 466
irreducible representations, 469–475

and Young diagrams, 475
Lie algebra, 462
pairing group, 503

SU(3)
Casimir operator, 466
color, 481
flavor, 477

anti-quarks, 477
baryon octet, 479, 481, 505
diquarks, 478
quarks, 477
three-quark states, 479, 481

irreducible representations, 476–481
dimension formula, 485

Lie algebra, 464, 504
representation

conjugate fundamental, 477
decuplet, 481
fundamental, 477
octet, 479

root vectors, 476
roots, 476
structure constants, 464
tensor product

of irreducible representations, 480
U -spin, 477, 479, 481
V -spin, 477, 479, 481

SU(4), 501, 506
SU(6), 506
SU(n), 393, 461, 482

invariant tensor, 484
Lie algebra, 499
representation

conjugate fundamental, 482

irreducible tensor, 483
tensor, 483

tensor product
of irreducible representations, 483

summation convention (Einstein), 104, 483,
490

symmetric group, 393, 401, 424–430
and irreducible representations

of SU(2), 474
of U(n) and SU(n), 484

character
simple, 438

classes and cycle structure, 403
irreducible representations, 424–430

and Young diagrams, 424–430
antisymmetric, 407, 409
outer products of, 426–428, 446–450
symmetric, 407, 409
tensor products of, 428–430

regular representation, 418
S3, 402, 403, 407, 409, 418

mixed symmetry representation, 419
tensor products in, 429
Young symmetrizers, 425

S4

character table, 444
irreducible representations, 454
tensor products in, 429

S5

tensor products in, 455
S6

tensor products in, 455
simple characters, 438, 441

and Young diagrams, 442
symplectic

group, 461
matrix, 503
metric, 461

T 2, 103
T n, 101
tangent

bundle, 106
space, 105, 159
vector, 104

tensor, 109
components, 109
contraction of, 110, 122
dual, 109
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inertia, 109
metric, see metric tensor
rank of, 109
representations

of SO(n), 487–488
of U(n) and SU(n), 483–487

stress, 150
tensor product, 48, 116

in S3, 429
in S4, 429
in S5, 455
in S6, 455
in SU(2), 471–473
in SU(3), 478, 480
in SN , 428

and Young diagrams, 429
of group representations, 417, 483
of vector spaces, 48

thermodynamics, 153–157
time

inversion, 491
reversal, 491

topological charge, 382
torus, 101

n-dimensional, see T n

trace, 58, 110
of linear operator, 326
of Pauli matrices, 55

transform
Cayley, 76
Fourier, see Fourier transform
Laplace, see Laplace transform
Mellin, 315

transformation
bilinear, 172
canonical, 147
exponential, 174
gauge, 125
inversion, 171
linear, 171
linear fractional, 172, 205

and SL(2), 172, 205
Lorentz, see Lorentz, transformation
of coordinates, 98
orthogonal, 58
powers and roots, 172
reciprocal, 171
rotation, 171
scale, 171

similarity, 58
symplectic, 147
translation, 171
unitary, 58

translation, 171, 496
group, 460

transposition, 401
triangle inequality, 43
twin paradox, 163

U -spin, see SU(3), U -spin
U(n), 393, 461, 463, 482

Lie algebra, 499
representation

conjugate fundamental, 482
irreducible tensor, 483
tensor, 483

tensor product
of irreducible representations, 483

unit circle, 9
unitary

group
special, 461

operator, 58, 329
vector space, 43

upper bound, 6
least, 6
to eigenvalues, 71

V -spin, see SU(3), V -spin
variational principle

in quantum mechanics, 71
vector, 41

bundle, 106
component, 42
contravariant components, 108
cotangent, 107
covariant components, 108
field, see vector field
norm, 43
orthogonal, 44
Runge-Lenz, 501
space, see linear vector space
tangent, 104

vector coupling coefficient, see Clebsch-
Gordan coefficient

vector field, 110
and differential equations, 111
curl of, 125
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divergence of, 122
Hamiltonian, 144
integral curves of, 110

vector potential, 125
of magnetic dipole, 125
of magnetic monopole, 129

velocity
group, 358
phase, 358

velocity potential, 151
volume

of Bn, 209
of Sn, 209

volume element, 119, 121
from metric tensor, 133
in spherical coordinates, 134

volume form, see volume element
vorticity, 151, 165

Watson’s lemma, 22
wave equation, 366, 369–372

first order, 356
characteristics, 356
nonlinear, 376

Lagrangian for, 384
second order, 369

wave packet, 358
wavelet

basis, 301
fundamental, 299, 301
mother, 299
scaling function, 297, 299
space, 298

wavelets, 294–305
Daubechies, 303
with compact support, 303

wedge product, see product, wedge
Weierstrass

approximation theorem, 268, 269

factorization theorem, 189
weight diagram

for 3 and 3∗ of SU(3), 478
for 8 of SU(3), 480
for representation

of Lie algebra, 477
weight function, 289

and orthogonal polynomials, 289
in scalar product, 268

Whittaker function, 248
and Hankel function, 239

winding number, 103
Wronskian determinant, 223, 257

Young diagram, 404
and irreducible representations

of SU(2), 475
of SU(3), 479
of U(n) and SU(n), 484
of SN , 424–430

and outer products in SN , 426, 446–450
and tensor products in SN , 429
associated Young tableaux, 405
hook diagram of, 445
normal application of nodes, 448
of partition, 404
regular application of nodes to, 443

Young symmetrizer, 424
in S3, 425

Young tableau, 405
ordering, 405
Young symmetrizer for, 424

zero, 3
mode, 81
of analytic function, see root
vector, 41

ζ-function, see Riemann ζ-function
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