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Abstract
In this paper a theoretical model for transient behaviour analysis of the
discharge current pulse in the transversely excited atmospheric pressure CO2
laser with dielectric corona pre-ionization is presented. The laser discharge
tube is modelled by a non-linear distributed RLC electric circuit. The
transmission line method is applied to the non-linear distributed circuit and
it is approximated by a lumped non-linear RLC circuit. By this method the
governing partial differential equations are reduced to a system of ordinary
differential equations. The governing ordinary differential equations of the
lumped non-linear RC electric circuit are solved numerically. On the basis
of this model the pre-ionization and main discharge energies are evaluated.
Our theoretical results are in good agreement with the published
experimental observations.

1. Introduction

After the discovery of the transversely excited atmospheric
pressure (TEA) CO2 laser by Dumanchin [1] and Beaulieu
several ultraviolet (UV) [2–7] and electron beam (EB) [8–10]
pre-ionization techniques have been developed. Experiments
have also indicated that uniform pre-ionization is highly
desirable. So it is very important that the UV source be uniform
and extends over an area equal to the length of the electrodes
times their separation distance. The most successful technique
for achieving this is the use of a dielectric corona discharge,
which was pioneered by Ernst and Boer [11–14]. For nearly
all other UV pre-ionization laser systems, theoretical and
experimental investigations have been carried out by previous
investigators [2–7]; the electric equivalent models are ordinary
electric circuit [15, 16] and can be analysed by commercial
electric circuit analysis packages [17].

In dielectric corona discharge techniques, the UV pre-
ionization is different from other UV pre-ionizations by the
fact that no additional UV source is present, the UV source
is uniformly and continuously distributed along the laser tube
and the excitation rate is very fast.

The mechanism of the corona pre-ionization is reflected
in the laser current pulse waveform. The electric equivalent
circuit of the TEA CO2 laser with dielectric corona pre-
ionization is a non-linear distributed RC circuit that is
presented in this paper and analysed by the transmission line
method (TLM) [18]. The method is applied to numerical
analysis of the transient behaviour of the TEA CO2 laser with
dielectric corona pre-ionization. The numerical results are in
good agreement with the previous experimental data, which
are published by Ernst and his colleagues [12]. The theory is
also applied in order to determine the variation of the radiated
UV intensity with respect to variation of the geometrical and
physical parameters of the dielectric.

In section 2 of this paper the structure of the laser tube and
its equivalent circuit are described; on the basis of the formula
of Morrow and Sato the parameters of the equivalent circuit
are evaluated. The current and voltage propagation on the
dielectric plates are given by the TLM in section 3 of this paper.
In this section, the continuity equations for the main discharge
region and the regions near the dielectric plates, with the
related photo-ionization, sources are also discussed. Since the
continuity equations are of ordinary type and the transmission
line equations are partial differential equations, instead of the
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solution of the partial differential equation in section 4, the
transmission line is approximated by a lumped RLC network,
and the partial differential equations are approximated by a
system of ordinary differential equations. Then by the solution
of this system of ordinary differential equations the transient
behaviour of the anode current of the laser tube is obtained. In
sections 5 and 6 the results of the calculations and conclusions
are presented, respectively.

2. Laser tube structure and its equivalent circuit

For a homogeneous self-sustained discharge in the TEA laser
tube an initial distribution of free electrons within the discharge
volume would be required. Such an initial distribution of free
electrons or pre-ionization can be provided by any suitable
volume ionization source such as UV light, x-ray and γ -ray,
particle and electron beams, etc [19].

When a dielectric plate is subjected to a high electric
voltage, the field polarizes the dielectric plate and a high field
is presented at its surface. The high electric field produces a
partial breakdown or corona discharge in the surrounding gas
near the dielectric.

This mechanism has been applied to several different
laser structures. Ernst and Boer use two suitable dielectric
sheets parallel to the optical axis and perpendicular to the
electrodes, as shown in figure 1(b), through an electric circuit
(a Marx bank generator), as shown in figure 1(a); a high voltage
pulse is suddenly applied to the electrodes of this structure.
Since the cathode has a metallic extension bent around the
two dielectric plates and closely approaching the anode, the
dielectric plates are subjected to a very strong electric field.
They become polarized with surface charges as shown in
figure 1(b). The strong electric field in the surrounding
gas produces a surface corona discharge. The electrons are
accelerated in the strong electric field and the ions formed in
the surrounding gas are attracted by the dielectric plates. The
electrons are easily pulled out from the gas layer via the strong
electric field in the corner formed by the dielectric and the
anode. Once sufficient electrons are present in the gas layers,
streamers are formed and rapidly develop into avalanches
[20]. Because of the non-conductivity of the dielectric, the
surface discharge is uniform in the direction of the optical

(b)(a)

Figure 1. A schematic of a TEA CO2 laser system with dielectric corona pre-ionization: (a) electrical system of the laser system, (b) a cross
section perpendicular to the optical axis of the laser tube.

axis, i.e. perpendicular to figure 1(b). The plasma produced
near the dielectric plates forms a channel with a width equal
to the length of the electrodes for passage of current from the
anode to the cathode. The corona surface current emits UV
photons [21].

The UV photons emitted by this uniform dielectric corona
discharge illuminate the cathode gap uniformly in the direction
of the optical axis. This is not necessarily the case in
the direction across the width of the plate. A gradient in
the direction of the current does not influence the quality
of the resulting main discharge [8]. A major uniformity
of glow discharge in the main discharge region is given by
the pre-ionization density. In this vein, Levatter and Lin
modelled the early stages of development of high pressure pre-
ionized pulsed gas discharges [22]. Using the Levatter and
Lin criterion, microscopically uniform CO2 laser discharges
can only be obtained if the initial pre-ionization electron
density (ne)0 is:

(ne)0 �
(

5 × 106

t
2/3
0

)
p3/2,

where t0 is the voltage rise time (ns) and p is the gas pressure
(atm). For typical discharges (t0 = 100 ns, p = 1 atm) one
must have (ne)0 � 105 cm−3. This is a value that is easily
obtained in TEA CO2 laser discharges using dielectric corona
pre-ionization [23].

Electrically, the gas discharge in the laser channel
constitutes an element of the entire electric circuit of the laser
system and this represents a time dependent and non-linear
RLC electric circuit. The study of the laser tube structure
can be divided into two separate parts, the main discharge
region and the pre-ionization section. Persephonise et al have
modelled the main discharge section of the pulsed gas-laser
tube by a time dependent resistor and an inductor in series
combination [24–28], They have assumed that in the inter-
electrode space of the gas laser chamber, a strong source of pre-
ionization provides the initial electron number density, which is
sufficiently higher than the minimum necessary pre-ionization
density for a homogeneous glow discharge.

In this work we use the Morrow and Sato formula [29, 30]
for the current flowing in an external circuit due to the motion
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of charged particles in a gas with a time dependent external
applied voltage:

I =
(

e

VA

) ∫
V

(npVp − neVe − nnVn − Dp∇np + De∇ne

+Dn∇nn) · E0 dV +

(
ε0

VA

) ∫
V

∂E0

∂t
· E0 dV, (1)

where ne, np, and nn are the electron density, the positive ion
density and the negative ion density, respectively, Ve, Vp and Vn

are the electron, positive ion and negative ion velocity vectors,
respectively, De, Dp and Dn are the electron , positive ion and
negative ion diffusion coefficients, respectively, and E0 is the
electric field vector due to the external voltage, VA, and it is a
solution of the Laplace equation:

∇ · E0 = 0. (2)

On the timescale of interest in a typical short duration
pulsed discharge, the electrons are free to move towards
the anode while the ions are essentially frozen in space;
furthermore, since the diffusion coefficient relative to the
mobility coefficient in high pressure gases is very low [8], the
pre-ionization process makes the diffusion of charged particles
nearly uniform in the space discharge region [22] and the
electron and ion diffusion times are much larger than the
applied voltage pulse width time [31], the diffusion and ion
current densities are negligible with respect to the electron
drift current density [32]. Hence Morrow and Sato’s formula
can be rewritten as follows:

I = −
(

e

VA

) ∫
V

neVe · E0 dV +

(
ε0

VA

) ∫
V

∂E0

∂t
· E0 dV.

(3)

For a laser tube with maximally uniform electric field
electrodes, such as Ernst, Rogrowsky and Chang types, the
electric field is nearly constant in the main discharge region
(E0 = VA/d) and the electron drift velocity is:

Ve = µe(E0 + E′), (4)

where µe is the electron mobility and E′ is the electric field due
to the space-charge in the main discharge region. It is noted
that E′ is a solution of the Poisson equation:

∇ · E′ = e

ε0
(np − ne − nn). (5)

With the assumption that the electric field is uniform in
the main discharge region (VA = E0d), equation (3) can be
rewritten in the following form:

I = gVA + Cs
∂VA

∂t
, (6)

where Cs is the stray capacitance between the laser electrodes
[33], V the discharge volume, S the electrode surface area and
g is the conductance of the plasma in the discharge region:

g = eµeS

d

1

V

∫
V

ne

(
1 +

E′

E0

)
dV , (7)

where d is the separation distance between the laser electrodes.
The electron number density, ne, is time dependent and is

Figure 2. An electric equivalent circuit for a TEA CO2 laser system
with dielectric corona pre-ionization: (a) equivalent circuit of the
driving circuit of the laser tube, (b) electric equivalent circuit of the
main discharge part of the laser tube, (c) electric equivalent circuit
of the pre-ionizer part of the laser tube. The resistance in (b) and all
resistances in (c) coupled through the UV radiation emitted by
resistances.

a solution of the continuity equation. Equation (1) shows
that the main discharge region of the laser tube is electrically
the same as a parallel combination of a capacitor and a time
dependent resistor. If the inductance of the laser tube is not
neglected, then, as shown in figure 2, the main discharge region
is equivalent to an electric circuit that consists of the stray
capacitance parallel with a series combination of an inductor
and a time dependent resistor (see figure 2(b)).

A transient gas discharge, such as a micro-discharge or
dielectric barrier discharges, occurs at atmospheric pressure
between electrodes where at least one electrode is covered
with a barrier dielectric discharge. These discharges consist
generally of a large number of short lived parallel filaments
also called micro-discharges. Theoretical and experimental
studies of the atmospheric pressure micro-discharges have
been reported by previous investigators [34].

The pre-ionization part of the laser tube consists of the
metallic extensions of the cathode, which are covered by the
dielectric plates, and the anode of the laser tube. Electrically
the pre-ionization part of the laser tube is equivalent to a
distributed time dependent non-linear RC circuit in which each
of the capacitances (Cj ) consists of an infinitesimal portion of
the dielectric plates and their back metallic extensions. The
capacitances are charged through the micro-discharges. On
the basis of equation (1) the micro-discharges electrically have
the same behaviour as a time dependent non-linear resistance
(Rj ). In the distributed time dependent non-linear equivalent
RC circuit, the secondary cathode photo-emission effect is
considered as the boundary condition and in a lumped RC
equivalent circuit, as shown in figure 2(c), it is represented
by a current source IS. Finally, the driving circuit of the
laser system is represented by an RLC network, as shown in
figure 2(a), where RLC is the representation of the ignition
and transmission part of the system and CM is the main energy
storage capacitance of the laser system. The time dependent
behaviour of the laser circuit is obtained from network analysis
of figure 2.

3. Model simulation

A schematic representation of the equivalent electric circuit of
the TEA CO2 laser tube with dielectric corona pre-ionization
is shown in figure 2. In order to determine the distribution
of the discharge input energy that is transferred to various
vibrational modes, excited electronic states, dissociation
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ionization as well as transport coefficients, detail knowledge
of the electronic density and its energy distribution function,
f (ε), are required. The most important transport coefficients
determining macroscopic properties of the discharge are
the electron drift velocity and ionization and attachment
coefficients, which can be calculated as a function of (E/N0).
Lowke et al [35] have numerically calculated the electron
distribution function for a variety of experimentally interesting
electric discharge conditions using the measured cross sections
for elastic and inelastic collisions. We have used their analysis
with the presumption of spatial uniformity and steady state
calculation. We can do this because the discharge operates
at a high pressure and therefore the distribution of electron
energies is practically always in equilibrium with the applied
field. The time constant of the inherent changes in the electric
field due to space-charges build up, and it is of the order of
10−9 s. On the other hand, the time it takes for the electrons to
reach equilibrium at 1 atm is of the order of 10−11 s or less [31].

The basic assumptions of the model are as follows:

(1) The charged particles are in local equilibrium states for
local electric fields. All transport coefficients, such
as drift velocity, diffusion coefficients and ionization
coefficients, are assumed to be dependent only on the local
electric field over background gas density (E/N0); with
these assumptions, the electron and ion transport can be
described by using the continuity equation instead of the
Boltzmann equation [36, 37].

(2) The particle flux is described by the drift approximation
where the effect of convective and diffusion gas flow is
negligible. Convective and diffusion gas flow will not be
an important factor when the gas diffusion time is much
greater than the applied voltage pulse time width.

(3) Since ions are much heavier than electrons, ions cannot
gain enough energy from the applied field and the ion
currents are negligible.

(4) Negative ions are neglected.
(5) The inductance and stray capacitance of the main

discharge region are neglected.

The continuity equation for electrons is:
dnei (r, t)

dt
= Si(r, t) + αi |Vei |nei (r, t) − βn2

ei (r, t),

i = M, T, (8)

where β, α, Ve and Si(r, t) are the recombination rate
coefficient, the ionization coefficient, the drift velocity of
electrons and the rate of photo-ionization, respectively. The
indices i = M, T correspond to the main discharge region and
the near dielectric plates region, respectively.

Near the dielectric plates, barrier discharges or micro-
discharges are developed. In developing the streamer theory
of gaseous breakdown, Loeb and Meek [38] took as a basis the
fact that strong photo-ionization occurs in the vicinity of an
avalanche, thus ensuring a continuous and adequate supply of
new electrons that will create secondary avalanches [39]. The
latter will be drawn into the space-charge channel, and it will
in this way advance towards the anode. A detailed criticism of
the Loeb–Meek theory is given in Firsov’s dissertation [40, 41].
The photo-ionization source near the dielectric plates is written
as follows:

ST(x, t) = Ar0

∫
K(|x − x ′|)ne(x

′, t) dx ′, (9)

where Ar0 is the transition probability for the resonance
transition and K(|x − x ′|) is the law of absorption of the
photo-ionizing radiation, which is a function of the absorption
coefficient of the medium and the line form of the radiation.
The law of absorption K(|x − x ′|) is determined by Lozanskii
and Holstien for different absorption coefficients and line
forms [42, 43]. In this work we have assumed that the
absorption coefficient and line forms have a Lorentzian line
shape. According to Lozanskii [44–47] calculations, the law
of absorption can be shown in the following form:

K(|x − x ′|) = 1√
(4π)3κ0|x − x ′|7/2

, (10)

where κ0 is the absorption coefficient of a central photon at the
resonance frequency. Equation (9) is used in the continuity
equation for the near dielectric plate regions.

The UV radiation emitted by the micro-discharges on the
dielectric plates also propagated in the main discharge region.
In this investigation we use the Beverly method [21, 48–51],
where the rate of photo-ionization is given by

SM(y, t) =
∫ λ2

λ1

σt (λ)N0ϕ(λ, y, t) dλ, (11)

where σt (λ) is the photo-ionization cross section, ϕ is photon
flux at a wavelength λ, nm, which reaches a distance (b/2−y)

and (b/2 + y) from the photon sources right and left dielectric
plates, respectively, and is given by

ϕ(λ, y, t) =
(

λP (λ, t)

hc

)
·
{

exp

[
−σa(λ)N0

(
b

2
− y

)]

+ exp

[
−σa(λ)N0

(
b

2
+ y

)] }
, (12)

whereh, σa(λ) and c are the Plank constant, the total absorption
cross section and the light velocity. b is the distance between
the dielectric plates and P(λ, t) is the spectral irradiance [21].
We are assuming that it is proportional to the instantaneous
wasted power in the surface resistance, R(x, t):

P(λ, t) = η(λ)

∫ d/2

−d/2
R(x, t) i2(x, t) dx, (13)

where R(x, t) and i(x, t) are the resistance of the plasma layer
on the dielectric per unit width and the current at an instant t

and at a point on the dielectric plate that is at a distance x from
the anode. η(λ) is a spectral characteristic of the radiation
source and is determined by the experimental results [5]. The
spectral irradiance is strongly related to (i) the mixture of
the gas environment, (ii) the magnitude and rate of energy
deposition into the corona discharge region and (iii) a weaker
dependence, the gas pressure.

In the corona discharge region, the effects of the electrode
substance and dielectric composition on the spectral irradiance
are negligible, and the UV spectrum of the emitted light is
strongly determined by the mixture of the environment. Our
calculations are based on the experimental results of Seguin
et al [4, 52] and Babcock et al [5], which are also in agreement
with the data used by Ernst and his colleagues [11–14].

A vast amount of data exist for the absorption of CO2,
N2 and He in the 115–200 nm regions [8, 52]. There is no
appreciable absorption in these gases at wavelengths greater
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than 200 nm, and laser gases containing about 0.1 atm of CO2

are essentially black for wavelengths shorter than 115 nm.
Experimental observations show that nitrogen gas is the
primary source of hard UV photons in dielectric surface
discharge. This intense and relatively broad emission from
nitrogen is rapidly attenuated and filtered by the CO2 molecules
present in the laser mixture such that only two useful bands
remain, one ∼5 nm wide centred at 120 nm and another
about 10 nm wide centred near 175 nm. The photo-ionization
obtained in the laser mixture is found to correlate well with
these two narrow transmission bands [4, 5, 8]. In each of
the above bands, there are many narrowband emissions. The
envelope of the spectrum of the filtered emission is normalized
to the total radiation energy emitted by the nitrogen molecule
on the surface of the dielectric and it is denoted by fs(λ).
This function is approximated by two Lorentzian lines centred
at 120 nm (λA) and 175 nm (λB) and being 5 nm (�λA) and
10 nm (�λB) wide, respectively:

fs(λ) = 2A/(π�λA)

1 + 4((λ − λA)/�λA)2

+
2B/(π�λB)

1 + 4((λ − λB)/�λB)2
(nm−1), (14)

where the constants A and B are obtained from experimental
results [52] and are presented in table 2. The spectral
characteristic of the radiation is given by

η(λ) = ζ fs(λ), (15)

where ζ is the electrical energy to radiation energy conversion
efficiency [53].

Previous theoretical and experimental research have
shown that the electric field distribution, as influenced by the
electrode profiles and the uniformity of the photo-electron
density in planes parallel to the main discharge electrodes,
plays an important role in UV recognized self-sustained glow
discharges in CO2 laser gas mixtures [8]. Their parameters
affect the homogeneity of the glow discharge and hence the
maximum energy loading into the discharge volume. It is
also shown that there is a threshold density of initial photo-
electrons for formation of a uniform glow for each specified
set of discharge parameters. Increasing the energy supplied to
the pre-ionization source has minimal impact on the discharge
[21]. Estimates of this pre-ionization threshold density,
however, show that this must be some orders of magnitude
greater than that attributed to natural background radiation,
typically 109–1011 cm−3 [22], compared with a background of
102 cm−3 [54]. In this analysis we have assumed that there
exist all the necessary conditions for the existence of uniform
and homogeneous self-sustained glow discharge in the active
medium of the TEA CO2 laser [22]. The photo-ionization rate
given by equation (11) is used in the continuity equation for
the main discharge region.

Let the distance between two adjacent electric nodes in
the circuit of figure 2(c) be an infinitesimal (dx); then the
Kirchhoff current and voltage laws are written as follows:

∂V (x, t)

∂x
= i(x, t)R(x, t), (16)

∂V (x, t)

∂t
= i(x, t)

C(x, t)
, (17)

where V (x, t) is the voltage at instant t and at a point on the
dielectric plate that is at a distance x from the anode electrode
and C(x, t) is the capacitance constructed between the plasma
layer and metallic extension bent around the two dielectric
plates per unit width. The capacitance per unit width is:

C = kε0

(
l

w

)
, (18)

where k, l and w are dielectric relative permittivity, laser length
and dielectric thickness, respectively. The resistance per unit
width of the plasma column is from equation (7). For a
homogeneous self-sustained gas discharge, the conductance
between the laser electrodes in the main discharge region
(g(t) = 1/R(t)) can be approximated by a parallel
combination of some conducting strips.

The continuity and transmission line equations are
coupled through the electron density dependence of the
resistance of each of the regions and the electric field
dependence of the Townsend ionization coefficients [8].

The boundary conditions for the electronic current on the
cathode and external applied voltage on the anode are given by
Morrow [30]:

V

(−d

2
, t

)
= VA(t),

Ic

(
d

2
, t

)
= 1

τ

∫ t

0
exp

(
− t − t ′

τ

)

×
∫ d/2

−d/2
γpδ(x, t ′)Ic(x, t ′) · exp(−µx) dx dt ′, (19)

where γp is the secondary electron emission coefficient
due to photon impact and the excited state, µ is the
absorption coefficient, τ is the lifetime and δ(E/N0) is the
electron excitation coefficient for the excited state [55]. By
solving the continuity equations (8) and the transmission line
equations (16) and (17) with the boundary conditions (19), the
transient behaviour of the anode current of the laser tube can
be obtained.

4. Method of solution

In the previous section we concluded that the system of
governing equations is a mixed system of ordinary and partial
differential equations, i.e. the continuity equations are a system
of ordinary differential equation (8), while the transmission
line equations are a system of partial differential equations (16)
and (17). Since the Townsend coefficients are dependent on the
electric field and the resistance of each medium is a function
of the electron concentration, the continuity equations and the
network equations are coupled. There are many numerical
methods for solution of the system of partial differential
equations (16) and (17) [56–68]. In order to convert the
transmission line system of partial differential equations into
a system of ordinary differential equations, the strip line
constructed by the dielectric plates is approximated by a
lumped non-linear RC circuit as shown in figure 2. The
transmission line equations, which are written for a distributed
RC circuit, are converted into a system of ordinary differential
equations for a lumped non-linear RC circuit.
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Table 1. Erorr function values (e1) for some values of dielectric plates division (N).

N 10 15 20 25 30 35 40

e
(N)

1 35 × 10−2 46 × 10−4 29 × 10−5 52 × 10−6 93 × 10−7 12 × 10−7 41 × 10−8

0
0

1

2

3

4

0.2 0.4 0.6

Time (µs)

C
ur

re
nt

 (
kA

)

0.8 1

Figure 3. The anode current versus time for a TEA CO2 laser; the
Marx generator voltage is 95 kV and the gas mixture is
CO2 : N2 : He = 1 : 1 : 8.

For the equivalent circuit (figure 2), the Kirchhoff current
law at the nodes VC, VA, Vj (j = 1, . . . , N − 1) and VN are
written. With some mathematical manipulation, we have:

dVC

dt
= −g + g1

CM
VA +

g1

CM
V1, (20)

dVA

dt
= 1

L(g + g1)
VC − 1/L + dg/dt + dg1/dt − g2

1/C1

g + g1
VA

+
dg1/dt − (g1/C1)(g1 + g2)

g + g1
V1 +

g1g2

C1(g + g1)
V2,

(21)

dVj

dt
= gj

Cj

Vj−1 − gj + gj+1

Cj

Vj +
gj+1

Cj

Vj+1,

j = 1, . . . , N − 1, (22)

dVN

dt
= gN

CN

VN−1 − gN

CN

VN − IS

CN

, (23)

where g(1/R) is the conductance of the plasma between the
anode and the cathode electrodes in the main discharge region,
gj (1/Rj ) is the conductance of the plasma channel between
the (j − 1)th and j th divisions on the dielectric plates, Vj is
the voltage of the j th division on the dielectric plates, VA is the
voltage of the anode, VC is the voltage of the main capacitor
relative to the cathode, Cj is the capacitance of the j th portion
of the dielectric plates and L is the inductance of the ignition
and the transmission line of the laser system. It should be
noted that the inductance of the laser tube and the resistance
of the transmission line and resistance of the ignition system
are neglected. Generally, for non-uniform divisions on the
dielectric plates or for non-uniform thickness dielectric plates,
the Cj values are unequal. In this work, it is assumed that the
capacitance per unit width (C) is constant over the dielectric
plates [65–68] and the widths of the dielectric plates are
divided uniformly; hence, in our calculations, Cj is constant

Table 2. Parameter values.

Symbol Quantity Values

d Electrode separation distance 2 (cm)
b Distance between the 3.85 (cm)

dielectric plates
µe Electron mobility 3427 (cm2 V−1 s−1)
l Length of the laser tube 60 (cm)
k Relative permittivity 7
w Dielectric thickness 0.4 (cm)
L Self-inductance of the 200 (nH)

driving circuit
CM Main capacitance 360 (nF)
β Recombination rate coefficient 10−7 (cm3 s−1)

N0 Background gas density 2.45 × 1019 (cm−3)

κ0 Absorption coefficient of 10−6 (cm−1)
a central photon at the
resonance frequency

τ Lifetime of the excited states 10−8 (s)
γp Secondary electron emission 10−3

coefficient due to photon
impact

c Light velocity 3 × 1010 (cm s−1)

h Planck’s constant 6.6253 × 10−34 (J s)
Ar0 Transition probability for the 6.8 × 107 (s−1)

resonance transition
ζ Electrical energy to the 0.1

radiation energy
conversion efficiency

A Constant 3.011 37 × 10−3

B Constant 84.6956 × 10−3

over j . The conductances g and gj are related to the electron
concentration by equation (7).

In addition to the above equations the electron continuity
equation is written for each of the plasma channels between two
adjacent sections on the dielectric plate, and it is also written
for the plasma in the main discharge region:

dnej

dt
= Sj + αj |Vj |nej − βn2

ej , j = 0, 1, . . . , N, (24)

where ne0 is the electron concentration in the main discharge
region and nej (j = 1, . . . , N) is the electron concentration in
the plasma channels on the dielectric plates. The Townsend
ionization coefficients are determined by the following
relations [36]:

αj (Ej/N0)

p
= 2 · 13 × 109 exp

(
−100

∣∣∣∣Ej

N0

∣∣∣∣
0.57

)
,

j = 0, 1, . . . , N (cm−1 atm−1), (25)

where αj (cm−1) is the Townsend ionization coefficient,
p (atm) is the pressure of the laser medium, N0 (cm−3) is the
molecule concentration and Ej (V cm−1) is the electric field
and is derived from the following relations:

Ej =
√

N

(
Vj+1 − Vj−1

2d

)2

+

(
k
Vj

w

)2

,

j = 1, . . . , N (26)
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Figure 4. Some physical parameters along the width of the dielectric plates as functions of time: (a) electric potential along the width of the
dielectric plates, (b) electric field along the width of the dielectric plates, (c) Townsend first ionization coefficient (α) along the width of the
dielectric plates versus time; the Marx generator voltage is 95 kV and the gas mixture is CO2 : N2 : He = 1 : 1 : 8.

and

E0 = VA

d
for j = 0. (27)

Let the state variable vector XT
N = (VC, VA, V1, . . . , VN ,

ne0, . . . , neN) and the right-hand side of equations (20)–(24)
be denoted by F(XN); then, the state variable equations are

written in the standard form:

dXN

dt
= F(XN). (28)

For N -sections on the dielectric plates XN ∈ �2N+3,
F : �2N+3 → �2N+3 instead of a mixed system of non-linear
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Figure 5. Some physical parameters of the plasma column on the dielectric plates: (a) density of free electrons along the width of dielectric
plates versus time, (b) resistance per unit length of the plasma column along the width of the dielectric plates versus time, (c) radiated power
in the ultraviolet region by the plasma column on the dielectric plates versus time; the Marx generator voltage is 95 kV and the gas mixture
is CO2 : N2 : He = 1 : 1 : 8.

partial and ordinary differential equations, a system of ordinary
differential equations is now obtained.

The system of ordinary non-linear differential
equation (28) is solved by the fourth order Runge–Kutta
numerical method.

In the lumped circuit model, the number of governing
differential equations (Neq = 2N + 3) is determined by the

number of divisions on the dielectric plates. The error function
(e1) for numerical calculations is given by:

e
(N)
1 =

∫ ∞
0 (iA(t, N) − iA(t, N − 1))2 dt∫ ∞

0 i2
A(t, N) dt

, (29)

where iA(t, N − 1) and iA(t, N) are the anode currents for
(N − 1) and N divisions on the dielectric plates, respectively.
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This means that the results of the N -divisions on dielectric
plates model is compared with the results of the (N − 1)

divisions model. If the error is acceptable, the problem is
solved and if not, the solution of the (N +1)th division problem
is obtained and so on.

The speed of convergence of the numerical solution of
the system of ordinary differential equation (28) is shown in
the table 1. In table 1, values of e

(N)
1 for some N values are

compared. As shown in table 1 the speed of convergence of
the numerical process is very fast. For an error less than 1%,
13 divisions on the dielectric plates is enough. The calculated
anode current versus time is presented in figure 3, which is
in good agreement with the Ernst experimental published data
[11–14].

5. Results and discussion

The purpose of this study was to focus on the electrical transient
behaviour of a TEA CO2 laser with dielectric corona pre-
ionization. As mentioned in the previous sections the transient
behaviour of the anode pulse current versus time is determined
by (i) the separation distance between the electrodes, (ii) the
main discharge capacitance, (iii) the discharge voltage, (iv) the
gas pressure in the discharge region and (v) the gas mixture.
The distance between electrodes is 2 cm and the parameter
values used for calculation are shown in table 2. Unless noted
otherwise, the conditions were at their base value (table 2).
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Figure 6. Some physical parameters of the plasma in the main
discharge region of the laser tube: (a) resistance of the plasma
column in the main discharge region as a function of time,
(b) concentration of free electrons in the main discharge region
versus time; the Marx generator voltage is 95 kV and the gas
mixture is CO2 : N2 : He = 1 : 1 : 8.

The transient voltage, electric field and Townsend
ionization coefficient on the dielectric surfaces are shown
in figure 4. As expected, the electric field and ionization
coefficient near the anode electrode are extremely high and
decreasing rapidly towards the cathode surface.

Figure 5 shows the electron concentration on the dielectric
plates, plasma surface resistance per unit width and the radiated
UV intensity by surface plasma versus time. With the arrival
of a voltage pulse at the anode, a sharply inhomogeneous
electric field having a large normal component is presented.
The ensuing impact ionization of gas near the surface of the
dielectric produces a weak pre-discharge streamer travelling
along the surface towards the anode. Upon completion of the
discharge circuit, the current flow in the conducting channel
produces a plasma column just above the surfaces.

The UV photons radiated by the plasma column produce
photo-electrons in the main discharge region and the resistance
of the main discharge region decreases rapidly. Figure 6
shows the resistance of the main discharge region and electron
concentration in the laser active medium. As shown in
figure 1(b) and seen in Ernst experimental observations, the
surface capacitance charges before the first maximum value of
the anode current and when the electron concentration in the
laser active medium reaches its maximum value the second
maximum of the anode current occurs.

The results of this theoretical study are in agreement with
the Ernst experimental observations. The UV energy per pulse
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Figure 7. Energy radiated by the plasma column on the dielectric
surfaces in the ultraviolet region per pulses: (a) versus the dielectric
permittivity (k), (b) versus the inverse of the dielectric thickness
(w−1); the Marx generator voltage is 95 kV and the gas mixture is
CO2 : N2 : He = 1 : 1 : 8.
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versus the dielectric relative permittivity (k) and the inverse of
the dielectric plates thickness (w−1) are shown in figure 7.
Since the calculations are based on equilibrium models, the
spark breakdown on the dielectric surfaces is not predictable
by this theory. As expected, as a result of the increases in the
dielectric relative permittivity or decreases in the thickness of
the dielectric plates, the normal component of the electric field
increases. This means that if we forget the spark breakdown
effects on the dielectric plates, the energy of the UV pulses are
increasing functions versus the dielectric relative permittivity
and the inverse of the dielectric thickness. Beverly shows that
the initial rate of energy input in the surface discharge channel
and also its light emission are largely dependent on the initial
rate of current change with time [21]. The initial rate of change
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Figure 8. Energy radiated by the plasma column on the dielectric
surfaces in the ultraviolet region per pulses: (a) versus the equivalent
inductance of the driving circuit. The dashed and solid curves
correspond to the Beverly approximation and our calculations,
respectively, (b) versus the gas pressure, (c) versus the electrode
distance; the Marx generator voltage is 95 kV and the gas mixture is
CO2 : N2 : He = 1 : 1 : 8.

of current is proportional to the applied voltage and it is also
proportional to the inverse of the inductance of the driving
circuit. A rapid change of current requires a low inductance
of the circuit. Since in this model the effects of surface
evaporization due to the strong discharge region are neglected,
no limitation is applied to the lower limit of the inductance
of the driving circuit. Figure 8(a) shows the UV energy per
pulse versus the equivalent inductance of the driving circuit
and the results are in good agreement with the experimental
and theoretical results presented by Beverly [21, 48]. In
figure 8(b) the UV energy per pulse versus the gas pressure is
presented. The UV energy produced by the dielectric surfaces
for a constant voltage decreases as pressure increases because
at a constant voltage with increasing pressure the rate of current
change decreases. As stated before, the rate of current change
with time determines largely the light emission energy. The
greater the rate of change of current with time, the more intense
is the light emission. The UV energy per pulse is calculated
for different electrode distances and the results are presented
in figure 8(c). As expected for a constant voltage and dielectric
thickness, the UV radiation energy decreases as the electrode
distance increases.

6. Conclusions

As a result of this theoretical analysis we arrived at an
explanation of the transient behaviour of the anode current
pulse in a TEA CO2 laser with dielectric corona pre-ionization.
In this equilibrium model, the discharge tube of the laser
is modelled by a non-linear RC electric circuit. In this
model the effect of external circuit is also considered. By
this model, the effects of the dielectric relative permittivity,
dielectric thickness and pressure of gas in the laser active
medium on the laser anode current are obtained. Moreover, it
is clear that closer agreement between theory and experiment
is possible and work is proceeding towards this end. In
our opinion the dominant processes should be included in
the theory; however, further considerations need to take into
account the effects of non-equilibrium, detachment, stochastic
delay, formation delay and meta-stable atoms in the model.
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