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Preface

Electrostatic phenomena have been known for the past few thousand
years. In 1600 Sir William Gilbert, the court physician to Queen Elizabeth I
wrote a somewhat scientific description of electrostatics called De Mag-
neto. From the earliest days of the use of electrostatic processes in indus-
try, however, no comprehensive handbook has existed for someone new
to the field who is looking for both an introduction and enough specific
information to solve an immediate problem. This handbook was written
by practicing engineers and scientists, who are recognized experts in their
respective specialties, and has been designed to provide as comprehensive
and detailed a description of electrostatic processes and related phenom-
ena as possible within the confines of a single volume. A balance has been
established between the competing needs of those individuals requiring
reliable information on specific topics for immediate application and those
who wish to use this book as a general, central reference. Accordingly,
the book has been organized to provide a compendium of our current
understanding of the field and accepted practices; to facilitate access to
the extensive worldwide literature base; and to introduce the experts in
the various disciplines, who collectively form a unique resource base.
Sufficient background or ‘‘tutorial’’ material has been included to make
this field accessible to the technically trained individual who is confronting
an electrostatically related problem for the first time. Various topic areas
are organized to help the reader identify the necessary resource materials

iii



iv PREFACE

whether they be the text, the literature base, or the individual experts to
enlist these resources in the solution at whatever level of sophistication
is ultimately required.

Chapters 1 to 11 cover fundamental phenomena and general informa-
tion. Chapter 1 introduces electrostatic fundamentals. Electrical phenom-
ena for solids and liquids are discussed in Chapters 2 through 5. Numerical
techniques for the solution of problems in electrostatics are summarized
in Chapter 6. Chapters 7 and 8 deal with fundamental phenomena in elec-
trohydrodynamics. Gas discharge physics and chemistry are summarized
in Chapter 9. Generation and measurement techniques for high voltages
and electrostatic fields are described in Chapters 10 and 11, respectively.

Chapters 12 to 29 cover the applications area of electrostatics. Chapters
12 and 13 deal with fluid flow measurements using electrostatic tech-
niques. Printers, electrophotography, and displays are summarized in
Chapters 14, 15, and 16, respectively. Electrostatic separation and coales-
cence techniques are introduced in Chapters 17 and 18, respectively.
Chapter 19 deals with electrorheological applications. Electrostatic atom-
ization and spraying for agricultural applications is summarized in Chapter
20. Industrial dust particle precipitation and filtering are discussed in
Chapters 21 and 22. Applications of electrostatic principles in electronics
devices, chemical reactors, and heat exchangers are summarized in Chap-
ters 23, 24, and 25, respectively. Chapters 26 and 27 deal with the applica-
tion of gas discharges to water and pollutant gas clean-ups. Chapter 28
covers atmospheric electricity, and Chapter 29 introduces electrostatic
applications for biomedical engineering.

The final chapters cover static electricity hazards and charge elimina-
tion techniques. Electrostatic hazards in electronic industries and in solid
and liquid transport processes are summarized in Chapters 30, 31, and
32, and charge elimination techniques are introduced in Chapter 33.

We thank all the authors for their contributions.

Jen-Shih Chang
Arnold J. Kelly
Joseph M. Crowley
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Electrostatic Fundamentals

Joseph M. Crowley

Electrostatic Applications
Morgan Hill, California

. INTRODUCTION

Electrostatics is used in a wide range of applications ranging from the
calculation of atomic forces to wrapping of leftover food items. All of
these applications can be understood by the application of a few principles
based on numerous observations. This chapter describes these principles
and gives the formulas used to calculate the magnitude of the effects. The
ideas presented here will be used repeatedly in the later chapters to discuss
particular aspects of electrostatics.

II. COULOMB’S LAW

Electrostatics is based primarily on the observation that like charges repel
and unlike charges attract, as indicated in Fig. 1. The force is observed
to increase linearly with each of the two charges, so that

Fi»~ q1q2 (D

The magnitude of the force falls off quadratically as the charges are sepa-
rated, so the force expression can be further specified as

41492
-2

FlZ r

2
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Figure 1 The basic electrostatic interaction.

where r is the distance between the charges. The constant of proportional-
ity in this force expression depends on the units chosen to express the
other quantities. For SI units, with charge in coulombs and distance in
meters, the force expression becomes

_ 9192
F= 4regr? @)

The constant 41 is included because it simplifies some calculations. The

other constant, €, is called the permittivity of free space and has the
value

€ = 8.854 X 10712 F/m = 8.854pFim 4)

The force acts along the line of centers of the two charges, so its direc-
tion can be included by referring to the vector distance between the two
charges, ry,. With this addition, the vector force on the first charge caused
by its interaction with the second charge can be written as

_ q> .
Fi=q [—47‘_60'%2 112] &)

This expression is simple when only two charges are involved, but with
many charges the force is expressed as a vector sum of the contributions
from all the other charges. The force on the first charge is then

Fi=F+ Fi3+ Fuu + - (6)

or taking the vectors into account,

- q . 3 . 91 .
F, a [4‘”60"%2 he + 41T€ol’%3 hs + 411"-0"%4 ha + } 0
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Since any material is composed of numerous positive and negative
charges, it is clear that a more compact expression must be used in most
applications. This simplified form is obtained by defining the term in the
brackets as the electric (force) field acting on the ith charge,

Ei=2

= dmeory Y ®
It contains contributions from all the other charges that interact with the
charge of interest. Thus the electric force on the ith charge can be written
more simply as

Fi = qE )]

ill. DIELECTRIC MATERIALS

So far, the force has been described as acting in a vacuum between discrete
charges. In many applications of electrostatics, however, the charges exist
in a material medium. Materials contain numerous charged particles such
as protons and electrons, and the task of describing all these interactions
on an atomic scale is impossible. The principal effect of all the other
charges, however, is to decrease the net electric field at the location of
the test charge. This occurs because the other charges rearrange them-
selves so as to neutralize the externally applied fields. For example, posi-
tive charges will tend to move toward a negative charge, so the force acts
on this intermediate charge, rather than the test charge.

The net decrease in apparent field can be determined experimentally
fairly easily. The decrease is expressed by the dielectric constant k, which
is defined by the decrease in apparent force through the relation

FVBC

= Fmalerial (10)
Thus the basic expression for the electrostatic force between two charges
in a material, when modified to include the effect of the intervening mate-
rial, becomes

__4q2 .
F = dmrreor:

(1)

Sometimes the dielectric constant is lumped with the permittivity of free
space to give the permittivity of the material as

€ = K€ (12)
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IV. GAUSS’S LAW

The electrostatic force, like gravity, depends on the inverse square of the
distance between charges. If we consider a large spherical shell enclosing
a single charge, the electric field associated with that charge has the form

1

E ~ = (13)
while the surface of the spherical shell is proportional to the radius,
A = 4mr? (14)
Clearly, the product of the two is a constant.
__4 2 _ 4
FA = yp—; 4y < (15)

This relation is true regardless of the shape of the enclosing surface, and
can be written more generally as

gfﬁ(eE)-ds —q (16)

which is called Gauss’s law. From this it is clear that the integrand is

essentially related to the charge per unit area. It is called the electric
displacement field, defined by

D = ¢E an
The integral form of Gauss’s law can be rewritten in the differential form
VD =p (18)

where p is charge per unit volume.

V. THE ELECTROSTATIC POTENTIAL

While the definition of the electric field vector simplifies writing the Cou-
lomb force equation, it still leaves the problem of finding the vector sum
of all of the electric fields in the system. Usually it is easier to work with
a single scalar quantity, and this is the role of the electrostatic potential
energy. The Coulomb force on a charge is a function of position given by

F = qE = f(r) (19)

The electrostatic force is conservative, so it can be written as the gradient
of a scalar function, called the electrostatic potential energy W:

F(r)y = —VW(r) (20)
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The spatial dependence comes only from the electric field, so the charge
is usually removed from the equation, giving the electric field as

E(r) = —=V®(r) (2n

where ®(r) is the electrostatic potential energy per unit charge (also called
the voltage or electric potential). This defines the potential but does not
tell us how to find it.

By combining Gauss’s law with the electric potential, we can eliminate
the unknown electric field from Eq. (8, yielding a single equation for the
scalar electrostatic potential as

VD = —V-(eVd) = p (22)

If the permittivity does not depend on the spatial coordinates (the usual
case), this equation simplifies to

Vi) = —g 23)

This is Poisson’s equation, which gives the potential in terms of the vol-
ume charge density. In regions where there is no net charge density, it
simplifies to Laplace’s equation,

Vip =0 (24)

This is the equation most often used to find electrostatic fields in practice.
It is particularly useful when the fields are generated by electrodes con-
nected to voltage sources. Typically, its solution requires boundary condi-
tions related to the voltage or its derivatives. These boundary conditions
must be specified around a surface that completely encloses the region
of interest.

Laplace’s equation has been extensively studied for over a century,
and numerous books have been written to discuss its solution. For most
applications, only a few of the simplest solutions are needed. These special
cases include most of the basic engineering geometries and shapes and
often serve to model the effects expected in practice. If more detailed
results are required, numerical techniques must be used.

Both the analytical and the numerical techniques rely heavily on the
linearity of Laplace’s equation, which allows us to construct complete
solutions by adding together partial solutions that satisfy only one bound-
ary condition. For example, the potential between two cylinders at differ-
ent voltages can be constructed by solving for the potential with first
the inner and then the outer cylinder grounded, and then adding the two
solutions. These superposed solutions have the general form

® = fi(r)B, + f2(r)B, + - (25)
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Here B; represents boundary conditions on the ith boundary, and f; repre-
sents the solution for the special case when the condition at the ith bound-
ary is set to unity and the conditions at all the other boundaries are set
to zero.

This technique is valid for combinations of different types of boundary
conditions, including voltage, charge, surface charge density, volume
charge density, and normal electric fields. The tables at the end of this
chapter give the partial solutions for a number of common situations.

VI. CAPACITANCE

In practical electrostatics, it is often necessary to connect an electrostatic
device to an external electrical circuit. In a circuit context, this requires
a relation between the charge supplied to the electrical terminals and the
voltage applied there. As an example of how the charge and voltage can
be related, consider the basic parallel plate arrangement of Fig. 2. The
electric field between the two plates can be obtained by applying the
formulas of Table 1 at the end of this chapter. In this example, the bound-
ary conditions are

Vi=0 (26)
Vo=V
and the plates are separated by a distance
d=b-a (27)
"so the electric field between the plates (Region 1) is given by
E=—blav=—§ (28)

The total charge on a plate is calculated by using Gauss’s law over a

g

Figure 2 The parallel plate capacitor.
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volume that encloses the plate, giving the total charge on the electrode
as

0= @—ds——v 29)

Note that the charge is linearly related to the voltage in this example. The
constant of proportionality is defined as the capacitance of the device,

€A
c-4 (30)

It is a measure of the amount of charge that can be stored on an electrode
for a given voltage. Much of electrostatics can be explained by considering
how such a capacitor behaves as its dimensions are changed, or the dielec-
tric constant varies.

VII. CONSERVATION OF CHARGE

Ultimately, charge is always associated with mass through its association
with a proton or electron. Like mass, it is also conserved, but its conserva-
tion law needs some additional consideration because charge can be either
positive or negative, and opposite charges can neutralize each other even
though the associated masses always add together. Consider an enclosed
volume in space, as shown in Fig. 3. The net amount of charge inside the
volume is denoted by Q. A flow of charge (called an electric current) can
enter or leave the volume, leading to an increase or decrease of the net
charge inside. This conservation law is written as

ag _ . .
E = lin — lout @31

in 'out

Figure 3 Conservation of charge in a volume.
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where i is the electric current, in coulombs per second (amperes). This
conservation law can also be written in differential form by defining a
current density J that gives the current per unit area at any point. Using
this definition, the conservation law first takes the form

g—tﬂjpdw fFaas = o (32)

where the surface integral is positive if the current density J is flowing out
of the surface. Using standard vector identities gives the corresponding
differential form of charge conservation as

dp
E +VJ=0 : (33)

Vill. ELECTRIC CURRENT

The electric current density is a crucial quantity in electrostatics, since
it determines where charges are located at any instant. Occasionally, we

observe a linear relation between the current and the electric field, of the
form

J =oE (34)

where o is called the conductivity of the material through which the cur-
rent flows. In most electrostatic applications, however, the relation be-
tween current and field is more complicated. To understand why, and to
decide which relation is appropriate in a given instance, we need to exam-
ine the conduction process more closely.

To begin, we consider the case of unipolar conduction, where only a
single type of charge carrier is present. These carriers have a volume
density of n per cubic meter, and they are all moving with a velocity u.
The current density is given by

J = nqu (395)

There are three quantities that affect the current density, so changes in
any one of them will affect the current flow. Note that this current is
associated with a local charge density

p = nq (36)

If the moving charge is the only charge present, there will be a net space
charge density, which leads to variations in the local electric field. This
situation often occurs when current is flowing through good insulators
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like gases,. oils, or plastics. In other cases, there are additional charges
that do not participate in the motion but are available to neutralize the
space charge of the carriers. This situation is common in good conductors
like metals or water.

The current density is proportional to the velocity of the charge car-
riers, which is determined by their response to applied forces. They can
be swept along by surrounding material, as in a flow of insulating liquid,
or they can be moved by a force that acts directly on the associated mass,
such as gravity or inertia. They can also be moved by the electric field.
When a field is applied, the charge at first accelerates inertially, but it
usually reaches a terminal velocity depending on the nature of the sur-
rounding material. After this inertial transient, the charge velocity is re-
lated to the applied field by

u=pE (37

where . is the mobility of the carrier in that material. This relation is only
valid after some delay time in normal fluids and solids. In thin materials
like gases and vacuum, the delay time may exceed the time available for
the experiment. In those cases, mobility has no meaning.

Note that the mobility relation includes the sign of the charge, since
the velocity will be reversed if the sign changes. A negative carrier, for
example, will have a negative mobility. Often the sign is omitted from
discussions, but it must be replaced in the equations when needed to avoid
incorrect results.

So far we have seen a number of ways in which the current density
can vary in time and space. The number density of carriers, their charge,
and their velocity can all vary in a particular situation, invalidating the
concept of conductivity. It is still possible to define a material conductiv-
ity, however, if these sources of variations are absent or weak. In particu-
lar, if the number of available carriers and their charge is constant, and
if the velocity is linearly related to the electric field through the mobility
relation, then we can write the current as

J = (ngp)E = ok (38)

which serves to define the conductivity.

These considerations remain valid if there is more than one available
carrier, since the total current density can be expressed as the sum of
contributions from each carrier as

J = z Ji = 2 n;q;u; (39)
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In the mobility limit, this takes the form

J= 2 nqiE = (2 niq.'}ki) E =oE (40)

which gives an expanded definition of conductivity. Note that the charge
on each particle is multiplied by its mobility, so that the correct result is
obtained by taking the magnitude of these quantities.

In some studies, the relation between current density is described by
resistivity instead of conductivity. Normally the resistivity is defined by

1
a

p 41
If resistivity is used, care should be taken not to confuse it with the space
charge density, which often uses the same symbol, p.

IX. ELECTROSTATIC FORCE EXPRESSIONS

Coulomb’s law describes the electrostatic forces exerted between pairs
of charges, but practical situations are rarely that simple. A number of
alternate formulations have arisen in practice to simplify the task of finding
force in a particular situation. The most popular formulations are de-
scribed below.

A. Monopoles and Dipoles

The force on a single charge in an electric field is given by the monopole
force expression as

F = gE (42)

This is often used when there is a single charged object. In many cases,
there will be two equal and opposite charges on a single object, as shown
in Fig. 4. To first order, the forces on the two charges oppose each other,
yielding a net force of zero on the object. If the electric field is stronger
at the location of one of the charges, however, it will exert a slightly
greater force. The net force on the entire object depends on the size of
the object, and on the difference in electric field across the object. In Fig.
4, this gives a net force in the x direction of

g
Fx—qa' ax (43)
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Figure 4 A dipole in a nonuniform field.

The coefficient of the derivative is called the dipole moment of the object.
It is a vector quantity, defined by

p=gqd (44)
The net vector force on the dipole can therefore be written as
F = (p-V)E (45)

Since most materials consist of atoms or molecules that contain equal
numbers of electrons and protons, the dipole force can always occur if
the electric field is nonuniform. In studying dipole forces in bulk materials,
it is more convenient to combine the force contributions of all the individ-
ual dipoles into a single expression for the dipole force density per unit
volume (or dielectrophoretic force),

f = (P-V)E (46)
Here P is the polarization vector, defined as

= np (47)
where n is the number density of dipoles.
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B. Stress Tensor

When dealing with bulk materials, and when formulating boundary condi-
tions for motion, it is usually simplest to use the Maxwell stress tensor

to describe the force. This expression is based on the volume force density
expression

f=od -k (48)

Volume

When the charge density is eliminated by using Gauss’s law, this takes
the form

f = (V-DE (49)
which can be rewritten using vector identities as
S

fi=2

Jj=1

(50)

axj

Each component of the force is the sum of partial derivatives of a new
quantity called the stress tensor. It is defined by

Ty = eEE; — YeE}D; (51

where §; is the Kronecker delta,

U 0=
a,,_{o 2 (52)

This formulation of the electrostatic force has the advantage that only a
single quantity, the electric field, need be known in order to apply it.

The stress tensor is widely used to find forces on entire bodies, and
also to derive boundary conditions by converting to a surface integral.
This conversion relies on vector identities to produce the expression for
the net force on a closed volume as

3
F, = @ (_2 T,-jn,-) ds (53)

Just as for the volume force density, this allows calculation of force solely
from knowledge of the electric fields, without the need to determine the
charge distribution.

C. Lumped Force

When dealing with macroscopic bodies subject to electrostatic forces, a
lumped parameter formulation can often be made. This approach assumes
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that the charge on an object can be described by a capacitance relation.
For a single body, this takes the form

0=cCvV (54)

This approach can also be used when there are multiple charges and volt-
ages by extending the definition. The electrostatic force can be written
as a derivative of a potential energy function as

ow’
f= e (55)

The energy function W' is called the electric coenergy and is calculated
for a two-terminal device as (Woodson and Melcher, 1968)

W' = KhCV? (56)

Only the capacitance factor depends on position, so the force has the
simpler form

f=vX (57)

ox
Similar expressions can be calculated for forces in other directions. For
example, the torque on the object would be given as

—_ 2=
T=V 3 (58)

if the capacitance varies with the angular position.

NOMENCLATURE

area, m?

capacitance, F
electric displacement field, C/m?
distance, m

electric field, V/m
force, N

force density, N/m?
current, A

unit vector

current density, A/m?
number density, 1/m?
normal unit vector
polarization, C/m?
electric dipole, C-m

VB I N OS>
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charge, C

charge on particle, C

radial distance

surface area, m?

electric stress tensor, Pa

velocity, m/s

voltage, V

potential energy, J

electric coenergy, J

Kronecker delta, also dielectric thickness, m
permittivity, F/m

permittivity of vacuum, 8.854 pF/m
potential, V

dielectric constant

mobility, m*/Vs

3.14159 -

charge density, C/m?, or resistivity, Q-m
linear charge density, C/m
conductivity, S/m

torque, N-m

angular position, radians

=

== B = T > B :]';:z.e.gmmg§<= ~N T

TABULATED SOLUTIONS OF LAPLACE’S EQUATION

These tables give the solutions of Laplace’s equation for a number of
useful geometries and boundary conditions. In each geometry, there are
several boundary conditions that can give rise to fields. Each of the partial
solutions associated with a boundary condition is given in the table. They
may be superposed to find the total solution. An example of the application
of these tables is shown in Sec. VI.
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Table 1 Flat Parallel Electrodes

Boundary Conditions
b‘( N\\\\\\\\\\\\\\\\\ v, g v
il \\\\\\\\\\\\\\\\§“ ::éé: ::x{ii:

Region 1
a<x<b b—x x—a
—0SySeo ®= b-a b-a
-0 <78
- 1 1
* b-a b-a
E = 0 0
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Table 2 Parallel Dielectric Sheets

Boundary
Conditions
X qQ
£ I Vi \7) o
b ¢ at at at
x=a x=¢ =b
31 Vl —c-oSySc-o —ooSySoa —“xsysoﬂ
—0S 7500 ~—00 S zS 00 —0< 7S 00
Region 1
_i<sx<sbw o 8, +(b-x)/x, (x-a)/x, 8, (x-a)o
_NS;’S‘” 5, +6, 5,+6, 5,+8, xg
E = l/xl llxl 52 (e}
* 8,+94, 8, +6, 8, + 6, g,
E = 0 0 0
E= 0 0 0
Region 2
b<x<c o (c=x)/x, 8 +(x-b)/x, 8 (c=x)o
2ot = 8,+6, 8,+86, 5+8, K8,
E = _1&2__ - VKZ 451 o
x 8, +6, 8, +8, & + 8, x,&,
E = 0 0
E = 0 0

This table uses the definitions 8, = (b — a)/k; and 8, = (¢ — b)/k>. The ratio of thickness
to dielectric constant is often called the (apparent) dielectric thickness.
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Table 3 Coaxial Circular Cylinders

17

Boundary Conditions
\‘},\2 \Q Vi \'/]
b
Vi -
a r=a r=>b
0<6<2x 0<0<2n
& —00S 7S 00 —0<L 7L 00
Region 1
a<r<b In(b/r) In(r/a)
2 o=| 4
ghz2n In(b/a) in(b/a)
- 1 I
- rin(b/a) rin(b/a)
E, = 0 0
E = 0 0
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Table 4 Charged Cylinder

Boundary Conditions
r PL \Y
a
r=a r=oo
0<0<2x 0<6<2x
—00< 7L 00 -0 7< 00
Region 1
0< 6527 o=| 20
< n = Ao 1
o <7< 00 2K E,
1
E=| ———
’ 27 K€y 0
E, = 0 0
E = 0 0

The quantity p,, is the net charge per unit length in C/m.
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Table 5 Isolated Sphere
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Boundary Conditions
r V1 V2
a
r=a r=oo
0<6sn~m 0<f<nm
0<s¢<2=n 0<¢<2n
Region 1
a<r<oo a
0<6<nrn b= 7 1
0<¢<2m
a
Er_ r2 0
E, = 0 0
E, = 0 0
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Table 6 Concentric Spheres
Boundary Conditions
W \ v v,
b
1
a r=a r=>b
0<sf<n 0<8<~r
N 0s¢<2z 0<¢p<2n
Region 1
a<r<b b/r-1 b/a-bjr
0<6<7 o= bja—1 bla—1
O0<¢<2m
E=| —%_ __a
" (b—a)r (b-a)r?
E, = 0 0
E, = 0 0
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Table 7 Surface Charge on Sphere

Boundary Conditions
r c A\
()
\ 0<0<r 0<6<~m
0<sos<s2m 0<s¢<2rm
Region 1

O<r<a a
0<s6s<x o= E 1

0<S¢<s2w 260
E = 0 0
Ey= 0 0
E, = 0 0

Region 2

a<r<eoco &
0<é<n o= 1

0<s¢<2rz Ka€oT

2

E = a
K,E,r” 0
E, = 0 0
E,= 0 0
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Table 8 Point Charge at Origin

Boundary Conditions
q \"
r
q 0 o
05657 0<0<n
0<¢p<2n 0<¢<2m
Region 1
a<r<e 1
0<é6s<nm o= 1
0<p<2n 4AmKE,r
1
E = Axke,r’ 0
E, = 0 0
E, = 0 0
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Electrification of Solid Materials

Alexander A. Berezin

McMaster University
Hamilton, Ontario, Canada

. INTRODUCTION

This article provides a brief overview of physical aspects related to the
electrification mechanisms of solid materials.

With the exception of lightning, frictional electrification of material
objects is probably the earliest electrophysical phenomenon known to
people from their direct experience. Yet in contemporary electrical sci-
ence, engineering, and modern society at large, electrostatics and its appli-
cations attract relatively little attention. It is not difficult to indicate sev-
eral reasons for such an apparent neglect of electrostatics:

(1) Almost all modern technology and the entire society relies on elec-
tricity in its, so to say, electrodynamical form. Production, distribution,
and utilization of electric power along with many industries related to
electronics (computing, musical entertainment equipment, radio and cable
communication systems including TV and VCR technologies) employ the
lion’s share of all electrically related professionals. On the background of
these populous occupations and trades, those few who are professionally
engaged into electrostatics are almost unnoticeable.

(2) Accumulation of a static charge is often perceived as a source of
parasitic and undesirable effects, i.e., largely as a “‘pest’” phenomenon.
This is the typical feeling of those involved in the home insulation, stereo
equipment, conveyor belts, etc. For them, static charging is primarily
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something to avoid rather than a fundamental and applicationally useful
physical phenomenon. Effects like electrification due to engine belts are
of direct concern to car manufacturers. For the general public, static
charging of synthetic cloth and apparel leads to additional (though usually
relatively minor) expenditures on antistatic sprays and laundry additives.

(3) Skeptical overtones toward electrostatics have even some effect
on electrical and electronics professionals. Many of them perceive the
whole lore of static electricity and electrostatic charging in an essentially
negative way, sometimes even with near disdain. Such an attitude is easily
recognizable from the typical present-day university curriculum in electri-
cal or civil engineering, which as a rule gives almost no serious exposure
to electrostatics problems.

(4) Likewise, among ‘‘pure’’ physicists, electrostatically related areas
(such as static charging, dielectrics, and breakdown phenomena) are not
usually taken as exciting and promising research directions for the near
future.

To summarize, electrostatics does not generally enjoy the same level
of respect and social support as many other, currently more fashionable,
areas of physics and electronics. Few will be willing to support a major
electrostatics project with even 1% of the costs of the now notorious
superconducting supercollider (its current price tag is about $11 billion).
Few believe that electrostatics could be a likely or inspiring source for
important breakthroughs in fundamental and applied areas of science and
technology. The overview of electrification phenomena presented in this
article provides some arguments to offset such a widespread negative
image of electrostatics. Following a more optimistic note, this paper em-
phasizes the present development of new and important links between
electrification phenomena and certain fundamental aspects of quantum
physics and other key areas of modern science, technology, and engi-
neering.

ll. PHENOMENOLOGY OF A STATIC CHARGE
A. Conductors and Insulators

The traditional division of materials into two opposite classes, conductors
and insulators, is valid only in a crude sense. In reality there is a tremen-
dous diversity of properties of solid materials in terms of their electrical
conductivity characteristics, their dielectric properties, and their ability
to accumulate and hold a static electric charge.
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B. Electrical Conductivity and Charging

Materials differ in physical types and concentrations of electrical charges
and in the ability of these charges to move freely or quasifreely. The
latter type of motion means a wide variety of propagation mechanisms of
charges, e.g., by quasicontinuous diffusion or by ‘‘hopping’’ over the
atomic impurities and other microscopic defects in a crystal lattice. The
generation and recombination mechanisms are also quite versatile, as well
as the delivery mechanisms of charges from the surrounding objects,
which are especially important for the kinetics of static charging (Loeb,
1958; Harper, 1967; Krupp, 1971; Shinbrot, 1985; Schein et al., 1992; Horn
and Smith, 1992).

Charging is mainly (but not exclusively) a surface-dominated process.
It is, of course, trivial that any local charging is a result of an imbalance
between the positive and negative charges at a particular spot. However,
the specific mechanisms of this charging allow for numerous scenarios in
terms of the nature of the charge carriers, their mobility, their dynamics
of accumulation on surfaces and defects, etc.

C. Charge-Holding Characteristics

Conductivity and charge-holding characteristics of solids are, of course,
primarily defined by their physical and chemical nature. However, even
for a given material (with a specified chemical structure and composition),
the nature and magnitude of the fundamental electroconductivity and elec-
trostatic characteristics can exhibit an additional dependence on the size,
shape, degree of polycrystallinity, and all possible varieties of chemical
impurities and structural imperfections. Among the characteristics show-
ing sample-dependent variability are relaxation (‘‘leaking’’) times of the
accumulated charges, thresholds of breakdown and arcing, and local val-
ues of dielectric losses.

The charge-holding capacity of bodies varies greatly and is limited by
a whole range of discharge effects. For example, for electrostatic charging
of powder-type materials it is quite typical to achieve charge-to-mass ra-
tios on the order of 10~* C/kg. Typical scenarios of electrostatic charging
are shown in Fig.la,b. Generically, three main types of behavior can be
identified:

(a) Linear charge accumulation with a subsequent abrupt (‘‘cata-
strophic’’) breakdown (curve Lin-Break in Fig. 1). This type of breakdown
happens mostly as a spark-type discharge. The threshold voltage for such a
discharge usually has a poor predictability. It may change quite erratically
depending on the size and shape of the charging objects, the state of their
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Figure 1 Three scenarios of static charging as functions of time: (a) linear
charge accumulation (Lin) followed by an abrupt breakdown discharge (Break);
(b) Nonlinear saturation restricted by charge repulsion effects (Sat) or followed
by gradual leaking of the charge (Leak). o is a surface charge density.

surfaces (dry or wet, etc.), the configuration and placement of surrounding
objects, and other environmental factors (e.g., presence of moisture or
dust particles).

(b) Saturation-type characteristics of charge accumulation. In this
case the accumulation of charges on solids during the triboelectrification
process saturates in time (curve Sat in Fig. 1). This happens when the
effects of electrostatic repulsion noticably precede the spark breakdown.
The saturation happens because of the effects of the electrostatic repulsion
(Berezin, 1986) that the newly arriving charges experience from the al-
ready accumulated charges, which resist their further accumulation. This
process can be delayed for some special geometries favoring charge accu-
mulation on the outer surfaces of the charging bodies (e.g., in a van der
Graaff electrostatic accelerator or a Leyden jar).

(c) Charge accumulation limited by gradual leaking effects. In this
case the nonlinearity of a process arises as a result of a competition be-
tween charge arrival and a setup of various leaking currents (curve Leak
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in Fig. 1). To some extent, such a scenario can include corona discharge
effects.

D. Randomness and Chaos in Charging

Erratic and often highly unpredictable chains of breakdown onsets accom-
panying triboelectrical charging can lead to chaotic time patterns of dis-
charges as illustrated in Fig. 2. This sketches a typical plot of spark dis-
charges in systems like conveyor belts. Due to sporadic discharges, the
total instantaneous charge Q varies. In most cases (but not always) the
total charge at each discharge reduces to near zero and then accumulates
again. Although the discharges normally happen with a certain average
frequency (repetition rate), they as a rule do not form a periodic train and
appear to have some stochasticity.

Furthermore, as the discharge events are very sensitive to the initial
conditions, the time instances of discharges (1, 12, 3, etc.) may not be
just a random time series but can form (at least sometimes) correlated
patterns according to recent theories of chaos and fractal dynamics. These
“‘hidden’’ correlations are usually described as a presence of some intri-
cate structures in a phase space of a system in question. Such mathemati-
cal objects have a fractal-like topology and are presently known under
the name of strange attractors (Berezin, 1991).

. OVERVIEW OF CHARGING MECHANISMS
A. Charge Geometry and Charge Stability

The distribution of static charges on solid or polymer objects is defined
by an interplay of several factors: (a) the geometry of charge generation
areas (e.g., ‘*hot spots’’ on surfaces under friction), (b) the degree of ease

AQ |
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Figure 2 Chaotic sequence of tribochargings and discharge breakdowns.



30 BEREZIN

with which charges move, and (c) the electrostatic (Coulombic) repulsion
between charges of a given sign. Additionally, polarization effects (forma-
tion of dielectric dipoles) can sometimes play a role in defining the terminal
charging pattern.

If charges have some positional flexibility, their distribution can experi-
ence sharp spacial rearrangements (Berezin, 1986). This can be interpreted
as electrostatic phase transitions, which are similar to structural phase
transitions in crystals. Generally speaking, the charges are more stable
when they are highly localized (Harper, 1967), and their self-stabilization
is often due to polarization effects. Polarization effects can sometime facil-
itate nonuniform charge distributions and asymmetrical charge clustering.
The physical basis for this is illustrated in Fig. 3 with the simple example of
two identical neutral impurity atoms immersed in a polarizable insulator.
Polarization of a medium by a net electrical charge leads to a decrease of
the total potential energy of the system. As a result, it may be energetically
advantageous for a system of two neutral atoms (Fig. 3a) to ‘‘decay’’ into
the asymmetrical state of one positive and one negative ion. Such a pro-
cess of spontaneous charge asymmetrization is shown by the dashed arrow
in Fig. 3a. Physically, it can proceed by a (‘‘cold’’) quantum mechanical
tunneling or a (‘‘hot’’) thermally activated hopping process. Either of
these routes results in the state shown in Fig. 3b. The polarization energy

Figure 3 Formation of charge nonuniformities due to polarization effects. Ver-
tical axis indicates the energy of an individual atomic state relative to the energy
band structure of a given solid material. (a) Two identical electrically neutral
atoms in a polarizable medium. (b) Asymmetrical stable state formed by charge
redistribution.
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is always negative, as it is proportional to the minus square of the electric
field of a net charge, i.e., both + Q and — Q contribute separately to a net
decrease of the potential energy. This means that at both (so originating)
charged sites the whole system gains negative contributions to the total
net potential energy. These energy shifts are shown in Fig. 3b by the two
downward-pointing arrows.

The process sketched in Fig. 3 is an example of a general physical
phenomenon known as spontaneous symmetry breaking. It is also akin
to a polaron effect in solid state physics (Emin, 1982). In the case when
such spontaneous charge asymmetrization leads to the formation of a poly-
electronic localized charge, the whole phenomenon is refered to as *‘polar-
ization catastrophe.”” These aspects of static charging are especially im-
portant for electrification effects in microparticles, e.g., in dusty plasmas,
aerosoles, sprays.

B. Classification of Charging Mechanisms

It is possible to indicate several distinguishably different mechanisms of
the charging process as it applies to solids (Harper, 1967). Any possible
classification of charging mechanisms has, of course, some degree of sub-
jectivity and can depend on a desired emphasis under consideration. For
instance, the optimal classification of charging mechanisms will likely be
different whenever the point of major interest lies in a fundamental micro-
scopic dynamics of charging, the relationship of charging to other physical
and chemical processes, or various objectives of engineering related to
charging. As a compromise between diverse fundamental and applied as-
pects of various processes of electrification of solid materials, the follow-
ing classification of charging mechanisms is adopted in the present review.
We can, roughly speaking, separate all charging phenomena into three
categories:

1. Charging involving relative mechanical motion of objects and surfaces

2. Charging as a pure contact phenomenon (no relative macroscopic mo-
tion occurs)

3. Charging as a primarily chemical (or electrochemical) process

The first category involves various processes like sliding, rolling, the flow
of a liquid or a gas around solid objects, etc. (Horn and Smith, 1992). This
class of phenomena is generally known as triboelectric (Sec. II1.C). It
also may include charging by a mechanical collision between particles or
between particles and surfaces (‘‘hit-and-run’’ charging).

The second category encompasses many phenomenologically and mi-
croscopically different processes like charge redistribution due to contact
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potential difference, charging due to electron tunneling, etc. (Sec. II1.D).
Formation of regions of spacial net charge and built-in electric fields at
semiconductor pn junctions and more complicated semiconductor struc-
tures also falls into this category. The latter effects are due to the different
electronic affinity of donor- and acceptor-type impurities, with the conse-
quence that their charged (and not neutral) state leads to the configurations
of the least potential energy (Streetman, 1990).

The third category includes such phenomena as electrification as a re-
sult of electrolytic charge separation (e.g., in batteries) or during some
corrosion processes (Sec. I11.E). In most cases, charges released in chemi-
cal processes do not accumulate in significant quantities but are diffused
away by net electric currents.

Additionally to the above categories, the (partial) electrical charging of
solids can be achieved through their illumination by light (photoelectric
effect) or by a direct extraction of electrons by the application of strong
electric fields (autoelectronic emission). These effects are outside the
scope of this article.

C. Triboelectric Charging

Triboelectrification or frictional charging is one of the oldest known forms
of charging, yet it is perhaps iess understood in its fundamental mecha-
nisms than such processes as contact or electrochemical charging. The
major body of data related to triboelectrification is mostly of a phenomeno-
logical nature. In some cases it is not even clear how to explain the sign
of a charge on a particular surface for a given pair of surfaces experiencing
a frictional contact.

1. Types of Triboelectrification

Generally speaking, frictional charging can happen at any dynamical con-
tact of surfaces. The main forms of such dynamical triboelectric contact
(Harper, 1967) are

Sliding

Rolling

Vibration of surfaces at a contact

Impact charging

Charging at a rupture or a separation of solid/solid or solid/liquid sur-
faces (Loeb, 1958)

6. Deformation-induced charging due to a charge redistribution at stress
7. Charging at cleavage of crystals (Krupp, 1971)

R

Additionally, a noticeable charging can sometimes result from a periodi-
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cally varying pressure between the two surfaces, even when they are not
moving against each other. This is a subcase of case (6) above.

2. Volta-Helmholtz Hypothesis

Experiment generally shows that the level of a triboelectric charging de-
pends on the relative velocity of surfaces moving against each other and on
the pressure acting between them. In most cases the accumulated charge
increases with pressure at rubbing. This could be simply explained as a
multiplication of the density of contact points with pressure increase. This
is known as the Volta-Helmholtz hypothesis. Surface charge density at
these processes can be up to 10 electrostatic units per cm?, which corre-
sponds to about 2-10'? electronic charges per cm?. The latter means that
the average distance between the two neighboring electrons at the surface
is less than 10 interatomic distances. Such charge densities, which are
quite rare at frictional electrification processes, can lead to electric fields
in the range of thousands of kV/cm near a charged surface.

D. Contact Charging

Contact charging (Volta effect) is a process of charge redistribution result-
ing from a direct contact of two surfaces without their relative macro-
scopic motion or application of a pressure (these are at least not the essen-
tial aspects of contact charging). Contrary to mechanical triboelectrical
charging, the physical mechanisms of contact charging are quite well
understood.

The physical reason for contact charging is the gain of potential energy
of a system that can be achieved when two surfaces of different chemical
and/or structural nature are brought into contact. Usually contact charging
is treated as the formation of a double electrical layer (DEL), as shown
in Fig. 4. This layer spontaneously originates between (almost) any two
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Figure 4 Double dielectric layer between two materials (M1 and M2). Electric
potential V changes over the microscopic distance, usually of several atomic lay-
ers. Del = double electrical layer.
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dissimilar materials (M1 and M2). In Fig. 4 the x-axis shows the direction
perpendicular to the interface between both materials. The DEL, also
known as a Helmholtz double layer, is somewhat similar to a charged
capacitor (Harper, 1967; Loeb, 1958). Its formation is due to the differ-
ences in the original energies of mobile electrons in the two contacting
materials. For the case of two metals in contact these energies are referred
to as the Fermi energies of the two respective metals. The actual charge
redistribution is usually described as a quantum mechanical tunneling ef-
fect through the potential barrier, as shown in Fig. 5. The potential barrier
between two metals is usually caused by a thin layer of oxide forming at
the interface.

As such, contact charging does not necessarily involve mechanical mo-
tions. In this way it differs from triboelectrical effects. However, the main
physical aspect of contact charging (quantum tunneling of electrons) can
also be present during the process of frictional charging.

E. Chemically Induced Charging

Contact charging (Sec. I11.D) does not as such presume chemical changes
in the materials in contact. When such chemical changes have taken place,
the charging is referred to as chemically induced charging. This features
chemical reactions involving charge transfer and various electrochemical
processes when a system is subjected to the voltage differences imposed
from outside (external biases). An example is the electrochemical corro-
sion of a metallic surface or other surface oxidation reactions. Depending
on the circumstances, charging or voltage biasing can affect the rate of
such processes. Usually, depending on the interplay of the polarity and
a magnitude of biasing with the material and environmental parameters
(type of metals, acidity of solutions, etc.), both rate-accelerating and rate-
inhibiting effects can be actualized.

\'}

electron

Figure 5 Quantum mechanical tunneling of an electron through the potential
barrier.
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F. Charging Oscillations and Sign Reversals

Unpredictability of frictional charging can sometime elevate to a random
or quasirandom (chaotic) change of the magnitude (and even sign) of a
static charge during the charging process. For instance, electrification
by repeated contacts of an epoxy resin with a copper plate leads to a
nonmonotonic (oscillating) dependence of total charge as a function of
the number of contacts made (Kwetkus et al., 1991). Most of these effects
remain at a largely phenomenological level and await a truly quantitative
theoretical explanation. It is quite likely that many of these observations
will require explanation at a quantum mechanical level using theoretical
tools such as quantum nonlocalities in electrostatic interactions. The latter
are represented, for instance, by an electrostatic version of the Aharonov-
Bohm effect (Matteucci and Pozzi, 1990) or some other recent develop-
ments in the area of quantum chaos (Gutzwiller, 1991).

G. Triboelectric Series

Mutual charging of two frictionally interacting materials usually preserves
the sign of a charge induced on each of the participating surfaces. For
example, rubbing of zinc over glass results in the glass being charged
positively and the zinc negatively (Harper, 1967). Sometimes (but not
always!) several materials can be arranged into a so-called triboelectric
series so that each material is charged positively when it is rubbed against
the previous. Sometimes these series are closed (i.e., form loops). An
example of such a loop involving five materials is (Harper, 1967)

- — zinc — glass — cotton — filter paper — silk — zinc — ---

It should be noted, however, that such loops are reproducible only quite
poorly, and often the sign of the induced charge shows the reverse of the
expected. This reversal may be influenced by such circumstances as the
shape of the surfaces. For example, convex and concave surfaces may
acquire different signs of charge. Similar erratic changes of sign (*‘temper-
amental charging’’) may be due to variations in the degree of smoothness
of the participating surfaces, etc.

IV. SOME APPLIED ASPECTS OF CHARGING
A. Static Charge Monitoring

In practical static electrification we need means of dealing with essentially
opposite tasks:

1. Getting rid of a static charge when it is not needed
2. Keeping a static charge when it facilitates the desired effects
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For the first task we need means of suppressing the charge separation in
various mechanical processes and/or neutralizing the accumulated charge.
For the latter we need various antistatic circuits and other ways of increas-
ing the ambient electrical conductivity (e.g., antistatic sprays). The second
task must be accomplished relatively less often and is mostly attained by
designing surface geometries that are beneficial for charge accumulation
and subsequent charge stabilization. A typical example of the latter is an
electrostatic van de Graaff generator.

B. Industrial Implications of Triboelectricity

Along with some applications mentioned in the introduction, the following
industries and technologies are fundamentally affected by the effects of
static charging: photocopying, laser printing, electrostatic dust coliection,
electrostatic precipitation, etc. Paper and textile industries have special
facilities to reduce static charging. Another problem is a static charge in
an aircraft induced during flight. As many areas of manufacturing (like
the auto industry) are now moving from metals to plastics and ceramics,
the role of static charging is getting more and more important.

C. Electrostatic Effects in Microelectronics and Related
Areas

A special facet of electrostatic effects is opened up by microelectronic
technology. Here it becomes more and more important to take into ac-
count the fundamentally discrete nature of electrical charge. In systems
of submicron size the motion and locations of individual electrons can
significantly affect the dynamics and the performance of a device. Effects
like single electron charging and the Coulomb blockade (when the repul-
sion between just a few electrons inhibits electrical conductivity) are
sometime vitally important in submicron electronics.

Interactions between the individual elementary charges also may be
instrumental for some nonelectronic aspects of microelectronics and mi-
crotechnology in general (here by ‘‘electronics’ in a proper sense we
mean the processing of information). Examples for such ‘“‘extended’’ use
of electrostatic charging could be drawn from such different directions
as corrosion passivation for microscale devices, implanted charges for
structural stabilization in microtechnological applications (‘‘electrostatic
glue’"), electrostatic effects for controlling the rate of catalytic reactions,
and electrostatically operated micromotors (Pool, 1988). The latter may
soon find important applications in medicine, e.g., as microdrills to clean
clogged blood vessels.
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Another area of recent opportunities is opened up by a possibility of
electrostatic control of the behavioral response of the so called ‘‘smart
materials’’ in their numerous emerging applications for fundamental re-
search and engineering (Newnham and Ruschau, 1991). An example of the
latter is electrostatic switching in rheological ‘*smart’’ materials (Filisko,
1992). Here the application of an electric field induces fast and reversible
transitions between liquid and solid phases. This new direction, interdisci-
plinary between electrostatics, materials science, and control systems,
has many potential technical applications ranging from automobile trans-
missions and house plumbing to some facets of microelectronics and mi-
cromanipulators.

V. EPILOG

Electrification of materials can be seen in the wider context of the physics
of charge separation. In this way it is akin to a magnetically induced charge
separation attained in electrical generators. The latter are, of course,
among the main technological instruments of modern civilization.

The classical foundational basis of electrostatic charging is the Coulomb
interaction, which defines the kinematics and dynamics of charge separa-
tion and subsequent charge holding. Coulomb interaction determines the
configurations of charge stability, the thresholds of sudden charge rear-
rangements and breakdowns, the effects of charge correlations (electro-
static ordering, Coulomb blockade, etc.), and electrostatic instabilities
and gradual charge leaking processes. Quantum corrections to these ef-
fects are becoming important at the submicron scale and also in the pres-
ence of a long-range quantum coherency, as in e.g. the electrostatic Aharo-
nov-Bohm effect mentioned above. As the latter (the change of an
electronic interference pattern by an electrostatic field) belongs to the
class of macroscopic quantum phenomena, it may have nontrivial implica-
tions for the electrostatic charging of macroscopic and mesoscopic solid
objects (e.g., dust particles) in the presence of electric fields. Most of
these effects are still largely unexplored.

To conclude, electrostatic charging effects are related to many funda-
mental physical, mechanical, and chemical processes. As is true for many
other technological frontiers, the effects related to electrostatic charging
have both macroscopic and microscopic terms of reference. On the micro-
scopic side, the study of electrification phenomena is becoming more and
more related to quantum mechanical effects. The applicational potential
of quantum and chaotic aspects of charging is not yet fully appreciated.
However, they are presently becoming more and more visible in
microelectronics and other areas.
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Electrostatic Charging of Particles

Jen-Shih Chang

“McMaster University
Hamilton, Ontario, Canada

I. INTRODUCTION

When particles flow through an ionized zone, some ions will be deposited
to the particle’s surface and become charged particles. The amount of ion
deposition on the particle surface depends on resident time, particle radius
and shape, external electric and magnetic fields, particle velocity, etc. In
this chapter, the effect of these parameters will be discussed in detail.
The effect of particle size and the ion species can be observed in Fig.
1. Depending on the ion species, the mean free path of the ion varies from
10~ to 1072 wm. Small ions such as O;" and N5~ have a longer mean free
path (~10~"' wm), and larger ions such as H-(H,O); and NH,-(NH,)+
have a shorter mean free path (~1072 um). Hence for larger ions the
usual continuum mechanics only apply to the particle size larger than 10!
pm at one atmospheric gas pressure as shown in Fig. 1. For particle size
smaller than 10~3 wm, the behavior of larger ions must be analyzed by
free molecular flow. The effect of particle shape can be observed in Fig.
1 by the /' ratio, where x and k’ are the shape factors defined in Sec.
I1.B; the x/k’ ratio becomes unity for spherical particles. The effect of
particle velocity and external electric field can be observed in Fig. 1 and
Table 1, where three dimensionless numbers, Re (Reynolds number), Pe
(Peclet number) and Fg (field charging factor), are introduced (see Secs.
I1.C and III.A for detailed definitions). Depending on these factors, the
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Figure 1 The relations between various charging processes and the effective
aerosol particle radius kR,/k’ (um) for atmospheric pressure at 300K in air.

particle charging process may be controlled by convective motion of ions
or drift motion of ions by external electric fields. Typical values of Pe
and Fg are compared in Table 1 for atmospheric pressure at 300K in air.
Table 1 shows that for aerosol particle size R, = 10 wm, the gravitational
motion will dominate most charging processes, even under the presence
of an external electric field.

Il. DIFFUSION CHARGING

The theory of diffusion charging of particles by unipolar ions has been
developed by numerous authors (Arendt and Kallman, 1925; White, 1951;
Gunn, 1954; Murphy et al., 1959; Natanson, 1960; Gentry and Brock 1967;
Liuetal., 1967; Gentry, 1972; Parker, 1975); however, all of these theories
assume spherical particles with continuum (Kn < 1) or free-molecule (Kn
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Table 1 Typical values of Peclet number for ions Pe and field charging factor Fg
for atmospheric pressure at 300K in air, where the value of the diffusion coefficient
for small (2 x 10~* wm), medium (2 X (073 um), and large ions (2 X 1073 wm)
used here are 3.3 X 107!, 3.2 x (073, and 4.0 X 103 (cm?/sec), respectively.

Pe for
R, Pe for small medium  Pe for large  Fg for | Fefor 10 Fg for 10* Fg for 10°
(em) Re ions ions jons kV/m kV/m kV/m kV/m
1 1S x 100 73 x 107% 7.5 x 107* 6.0 x 1072 33 x 10 * 33 x 10°' 33 33 % 10
10 1.5 x 1002 7.3 x 107 7.5 x 100" 6.0 x 10 33 x 1070 33 3.3 x 10 3.3 x 10°
10° 1.1 x 10 5.5 5.5 x 10° 4.5 x 10¢ 33 33 x 10 3.3 x 100 3.3 x 10°
10° 1.2 x 10° 5.8 x 100 5.8 x 10° 4.8 x 107 33 x 10 3.3 x 10? 3.3 x 100 3.3 x 10¢

> 1) conditions, where Kn is the Knudsen number (= Ai/R,; \; is the
mean free path of the ion, and R, is the particle radius). However, particles
in nature can have a wide variety of shapes and sizes and hence a wide
range of the ratio of mean free path to characteristic length. Recently, the
theory of diffusion charging on aerosol particles of arbitrary shape has
been developed by Chang (1981).

A. Charging of Spherical Particles

Based on the diffusion charging model of Chang (1981), particle charging
can be expressed as

4nRye*N.Dt 1 i { o kPp * ! } kD,

Kor = CokT(1 + k) 1 + « mm!  (m + 1)m! T

m—=1

(N

where C,, is the capacitance of particles, & is the Boltzmann constant, T
is the temperature, k is [(2 — a)v)Kn/[3a{y)J]] (= Kn for most cases),
(v) is the ion thermal velocity (8kT/wm)"?, (u;) is the average ion velocity
parallel to ion flux, o« is the sticking probability of the ion in particle
surfaces, e is the elemental charge, N.. is the ion density far from particles,
D is the ion diffusion coefficient, and Ko = 4wR}e*N/KT(1 + x)eo.

For short charging time ¢, we obtain

®, = Kot (P, <0.1)

' (2a)
o, = 2+ 1 \/1+(1+2K)K0¢—1 @, < 1)

I + 2« 1 + k
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For the free molecule limit (Kn — «) and the continuum limit (Kn — 0),
Eq. 1 reduces to

2
<Dp=ln(l+e§:j#t) (Kn — )
(2b)
= @t eN.Dt
©p + mz=2 m(m + D' €kT (Kn— 0)

respectively, when C, = 4meoR, (M.K.S.). Equation 2a for the free mole-
cule case agrees with White (1951) and Liu et al. (1967).

Nondimensional surface potential is shown as a function of characteris-
tic time Ko in Fig. 2 using Eq. 1 for various effective Knudsen numbers
k. Figure 2 shows that Eqs. 2a and 2b are accurate to within 10% for K1
values up to 0.3 and 2.0, respectively. Here @, = 0.3 and 2.0 are equiva-
lent to N, = 3.4 and 35.7 charges on the surface of R, = 1 (um) particle
at 300 (K), where ®, = 5.56 x 107°N,/R, (cm).

/OE —T T T TTTTI T T T | B e e i
P |

J —

10" I llJ_HLl oL b by [ b Yl

107! / 10 102

Figure 2 Nondimensional surface potential (or surface charge density) @, as
a function of characteristic time Kot for various values of effective Knudsen
number.
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B. Charging of Arbitrarily Shaped Particles
In the continuum limit (Kn — 0), we obtain (Chang, 1981)

& (@) e NuDt
Kim = m2=1 {m'm!} Tk e (3)
and
e*N,
Qo = CAT |
= K1 (Pp < 0.1) 4)

=2[(K;r + DV — 1] (P, < 1)

Equation 3 shows that the number of charges on the aerosol particle
surface at any moment can be calculated knowing the capacitance (not
the surface area) of aerosol particles in the continuum case.

In the free molecule limit (Kn — «) we obtain

@, = In(] + Ko7)

= JI + 2Kot = 1 P, <1 ‘ | (5)

= K)ot ((bp < 11)

where K>1 = (e?Nu(v)Spt)/(4kTC,). Equation 4 shows that the number of
charges on the aerosol surface at any moment can be calculated knowing
the capacitance and surface area of the aerosol particle. However, the
effect of capacitance is small as we can see from Egs. 5.

In the transition region (0.1 = Kn =< 10), an exact numerical treatment
is required. However, if we may approximate the shape of the aerosol
particle by the family of oblate or prolate spheroids (L = major axis/
minor axis), the approximate solution can be obtained by modification of
the work of Laframboise and Chang (1977) as

B Sy kept! K @y
Kor =150 2 {m ml " (m ¥ 1)-m!} S
e?  N.Dt ©
= ﬁ—(l‘*'—'(')ﬁo (for any L)
and
cosh~'(1/L
ey
—1
- os~I(1/L) L=

In(L + JLT - 1)
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For small ®,, Eq. 6 reduces to (Chang 1981)
21 + )P+ (1 + )+ 2k)Kst — (1 + k)]
P 1 + 2k’ (@=1
= K1 (®=0.1)
(7
where
4nR, /1 — L?
L A (=D

4nR,\J1 - L?

LT ar-nm E=D

Equations 4, 5, and 7 show that numerical values for the spherical
particle in Fig. 2 can be applied to the arbitrarily shaped particle by replac-
ing Ko and k by K3 and k', respectively.

The shapes of aerosol particles in nature vary widely. However, it is
possible to use a family of oblate or prolate spheroids to approximate the
capacitance. For example, a chain of spherical aerosol particles is typical
in nature (Fuchs, 1964). The exact solutions of the capacitance for
bispheres (Smythe, 1968, p. 138, p. 226) are, for spheres with radii R, and
Ry that intersect orthogonally,

(Ra + Rb) \/Rg + Rb - RaRb)

Cp = 41’1‘60 \/R§ 1 Rg (8)
and for spheres with radii R, and Ry that are in contact,
_ 41TEoRaRb , : Ra Ra
¢ = R, + Re [ZC * W(Ra ¥ Rb) * \F(Ra m Rbﬂ ©)

where C' = 0.5772 and ¥(x) = I''(2)/T(2). ‘
The case for R, = Ry is one of the most interesting ones (Megaw and
Wiffen, 1963). Equation 9 then becomes

C, = 8meoR,, In 2 = 5.51R €0 (10)

If we approximate a bisphere of R, = Ry = R, by a prolate spheroid of
R, and L = 2R,, we obtain

C, ~ 53R e (1)

By comparison between Eqs. 10 and 11, it can be seen that differences
between the two values are less than 5%.
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The other example is wire particles (Cooke et al., 1977). The exact
numerical solution of the capacitance of a cylinder is given by Smythe
(1968, p. 211) with an error of 0.2% or less in the approximate form of

Cp = 4R, €0(8 + 6.95L°7%) (12)
for (0 = L < 8).

C. Convection Effect

When the aerosol particle size is larger than | wm, gravitational motion
becomes more important than random motion. However, the gravitational
force balances the drag force, and the particle almost immediately reaches
its terminal settling velocity U, (Fuchs, 1964). In this case, the particle
charging equation (Chang, 1981) becomes

e’N..D [ , Pe In Pe/Z]
g + zd

“iTes — + &(Fi)Pe T

®, = .

(Pp < 1) (13)
where i4 is the nondimensional deposition current for Pe = 0, (F-i) is the
dimensionless resistive force, F is a dimensionless vector equal to the
ratio of the resistive force F, of the aerosol particle to the Stokes resistive
force of a solid sphere of radius R, and i is the unit of vector of the rate
of flow U, at infinity. Here we assume that the Reynolds number Re is
small enough so that the flow is Stokes flow (Re = 1), and for small sizes,
the Cunningham factor is required (R, < 5 wm). Here, Pe is 2UR,/D;
(the Peclet number for ions), and Re = 2U,R,/v, where v is the kinematic
viscosity.

The nondimensional resistive forces (F-i) for the prolate and oblate
spheroid (Happel and Brenner, 1965) are

1
(Fi) = §8C + %83 _ (14)
where
2L% — | '
B = -1 [((L — ).,)2 In(L + VLT = 1) - L] (L=1)
- 2L2% NI ~1
= - LY [((11 — 22)”2 arctan(—Lz—) + L] (L=
S P KA ! -
3—3(L—1)( —l)”z nlL + JL* - 1] - L (L=1
2L? I-L -
=3 (l L?) |:( (Lz)l/)z arctan(—L2—> - L] (L=1
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The terminal settling velocity for the prolate and oblate spheroid (Happel
and Brenner, 1965) is

1 2
U,(spheroid) = U,(sphere)L'? [-3- dc + 3 83]" (15)
where the volume of the sphere equals the volume of the spheroid.
For spherical particles, an exact numerical simulation has been con-
ducted by Chang et al. (1978) for wide range of Reynolds and Peclet
numbers.

D. Effect of Nonthermal Equilibrium

The surface temperature of dust particles is often not in thermal equilib-
rium with a surrounding gas when introduced to a hot or cold ionized gas.
Therefore a nonuniform temperature field exists about the dust particles.
If a temperature gradient exists in space, charged particles will move
toward lower temperature locations. This phenomenon is called thermo-
phoresis, and various theories have been proposed (Springer, 1970;
Chang, 1986). For a charged aerosol particle, the deposition of the particle
can also be controlled by a surface electric potential, since charged particle
drift motion, thermophoresis, and natural convection as well as a tempera-
ture-dependent charged particle transport coefficient coexist under these
conditions. Chang (1991) shows that the particle charging equation under
unipolar diffusion charging can be modified simply by replacing &, with
{p (= ®, + o;) in Egs. 1| through 7, where o; is the dimensionless thermo-
phoresis coefficient (T, — T-)G/D-.; T and D.. are the temperature and
ion diffusion coefficients, respectively, far from the particle surface, and
G is the thermophoresis coefficient.

ill. FIELD CHARGING
A. Electric Field

In particle charging under an external electric field E, the field charging
becomes dominant when the field charging factor Fg becomes much larger
than unity (Chang, 1981), where Fg = e¢ERp/KT.

For a pure field charging case with Kn — 0 (Pauthenier and Moreau-
Hanot, 1932), the surface charge density becomes

!

Ne = Nst + 7

;o 4&0 ’
T= BN;[J..i (16)
N, = 12meoREE¢;

€ + 2
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By solving for the dimensionless surface ion density ®,, one can deter-
mine the number of elementary charges acquired by the particle.

The theory of unipolar charging of fine particles under an electric field
(free molecule limit, Kn — ) has been developed by Brock (1970), Brock
and Wu (1973), and Parker (1975); however, all of these theories assume
spherical particles at rest conditions. Numerical simulations have been
conducted for the unipolar charging of ultrafine aerosol particles under
an electric field (Parker, 1975). Numerical simulation of ultrafine particles,
which considers particle motion under an electric field, is based on the
kinetic theory, since the mean free path of the ion is much longer than
the particle radius, and the mobility of the charged ultrafine particles in-
creases with increasing surface charges. Parker (1975) and Chang et al.
(1984) used the dimensionless factor S; = Ui/(2kT/wm;)'"? to analyze the
effect of an external field on the particle charging, where U; = ewE is
the drift velocity of the ion, £ is the external electric field, w; is the mobility
of the ion, and m; is the mass of the ion.

The effect of an applied electric field on the motion of the ultrafine
particles (R, < 1072 pm) will be an important factor in the charging pro-
cess, since mobility of charged ultrafine particles increases with increasing
surface charge and becomes comparable with the ionic mobility. Here the
mobility of the charged aerosol particles is given by

_ 1 Ng Ao\ 5
P = BmnaRy, 300 (1 + Rp) (cm*®/V sec) (17)

where g is the viscosity expressed in poise, \ is the mean free path of
the gas given in cm, A, is the correction factor (= 1.25 + 0.42 exp(—0.87
Rp/\)), and e and R, are expressed in units e.s.u. and cm, respectively.
Therefore Uy in the charging rate calculation with consideration of charged
particle motion is (Chang et al., 1984)

Uo = (ni — m)E
or in nondimensional form
Si = Sip(1 — A D) (18)

where Sio = wE/(2kT/m)"? and A; = wi/W(N, = 1).

The numerical charging characteristics with and without the aerosol
particle’s motion for particle radius 102 pm are shown in Fig. 3 for var-
ious values of effective speed ratio S; for initially uncharged particles,
®o(t = 0) = 0. Figure 3 shows that the effect of aerosol particle motion
on the charging rate increases with increasing Siy and decreases with

particle size, and that the effect of field charging can be neglected
when S;0 <0.1.
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B. Magnetic Field

Due to the existence of an external magnetic field, ions near the particle
surface are influenced by ion gyromotions, and the charging speed will
be reduced. Chang and Ono (1987) and Chang (1992) analyzed particle
charging under an external magnetic field and concluded that no significant
external magnetic field B exists in particle charging phenomena when the
magnetic field charging factor § < 1 and when B = 1, conditions only
exist for electron charging cases where

B = [wkTm/2¢*B*]"? (19)
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Electrical Phenomena of Dielectric
Materials

R. Tobazéon
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Grenoble, France

I. INTRODUCTION

If we exclude metals, all remaining materials are dielectrics, whatever the
state of the matter in question (solid, liquid, gas), and a permittivity e can
be ascribed to any substance, with vacuum as the reference dielectric.

Dielectrics can be employed either as passive devices (capacitors, ca-
bles) or in active devices (electrets, electrostatic motors), and they are
required to function in our near or far environment (air, seawater, soil,
space). Generally, materials are subjected to a voltage (dc, ac, impulse),
and, in exceptional cases, to an electromagnetic field produced by, for
example, an intense laser beam. The spatiotemporal distribution of the
field inside the matter not only is imposed by the geometry of the elec-
trodes (whether to insure a uniform or a nonuniform field) and the shape
of the voltage wave but also depends on space charges: charge carriers
can be generated or blocked at interfaces or interphases, when different
dielectric substances come into contact with each other.

Among environmental constraints, we may consider the actions of pres-
sure, temperature, radiation, chemical attack, etc. Time is often a funda-
mental parameter in the study of dielectrics, e.g.:

A perfect insulator would be a medium through which no conduction
current could flow. In fact, the transition from ‘‘capacitive’’ behavior
to ‘‘resistive’’ behavior depends on the conduction relaxation time

51
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7. = €p (insofar as a resistivity p can be ascribed to the material). Thus
a dielectric may behave in a completely different manner under dc, ac,
or impulse voltages.

Generally, electrical devices are built to operate over years or decades,
which means that they must sustain a voltage without failure despite
any possible modifications induced by the combined action of the elec-
tric stress and the other constraints (thermal, mechanical, chemical,
etc.). It can thus be easily understood that aging of materials is an
important subject of research.

The physicist or the engineer tries to employ materials that are as ‘‘per-
fect’ as possible. However, imperfections are often present at the molecu-
lar or atomic level, and on the macroscopic scale (presence of foreign
bodies and voids). The study of dielectrics is characterized by its multidis-
ciplinary nature, since it involves chemistry, electrochemistry, wave the-
ory, fluid mechanics, etc. For a comprehensive and realistic survey of
most insulating materials, the reader is referred to the book by Clark
(1962).

The aim of this chapter is to describe concisely the various electrical
phenomena produced inside materials subjected to an electric field and
to give orders of magnitude to the various quantities involved. In Sec. II,
we shall present a bird’s-eye view of the action of the field on matter. Sec.
III considers the “‘pure’’ dielectric properties (polarization, relaxation). In
Sec. IV, we address conduction and losses in materials (linear or nonlinear
effects). Sec. V is dedicated to the most important and most difficult
problem, breakdown.

Il. EFFECTS OF THE ELECTRIC FIELD ON MATTER

According to the nature of the stressed medium and the amplitude of the
field, we can make the following classification of the different effects
produced on dielectric materials.

A. Effects Due to Charge Displacement

Effects due to charge displacement result either from the (limited) motion
of ‘‘linked’” charges (polarization phenomena) or from that of ‘‘free”
charges (conduction phenomena).

1. Linear Phenomena
Linear phenomena take place at “‘low’’ fields.

Polarization: electronic polarization is a universal characteristic of dielec-
trics and is due to the distortion of electron clouds in atoms; ionic
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polarization, due to ion displacement, is quite general (it is large in
certain solids); dipolar polarization dominates in polar fluids and in
certain solids and is due to the rotation of molecules.

Conduction: ionic conduction happens in all liquids and gases and in cer-
tain solids; electronic conduction is observed in gases and solids, but
only in ultrapure liquids; heterogenous conduction (also called **interfa-
cial polarization’ or, rather unfortunately, since there is no space
charge, ‘‘space charge polarization®’) results from the association of
two (or more) dielectrics of different permittivities and conductivities
placed in series.

2. Nonlinear Phenomena

Nonlinear phenomena generally appear for ‘‘high’ fields.

In polarization, they are usually negligible.

In conduction, they dominate as a general rule; for instance, injection(s)

or blocking of charge carriers at the electrode(s), electrohydrodynamic
charge transport in fluids (see Chapter 8).

3. Instabilities
Instabilities are most often produced for high field values.

They can lead to breakdown through various mechanisms: electronic (ava-
lanches), thermal (heat generation), mechanical (collapse of soft materi-
als), chemical (degradation).

They can also be limited: partial discharges in voids (in solids), in bubbles
(in liquids); oscillations of current (gun mechanism in solids).

B. Coupling Effects

Coupling effects are studied both fundamentally and through their applica-
tions mainly to conversion processes.

1. Electrical-Electrical Coupling

The most common example is the capacitor used to store electrostatic
energy.

2. Electrical-Thermal Coupling

Pyroelectricity typifies a reversible conversion, whereas electric losses
of any kind (dipolar, conduction) cause irreversible dissipation.

3. Electrical-Mechanical Coupling

Reversible conversion takes place in piezoelectric or electrostrictive phe-
nomena, or with electrets, electrostatic motors, or ion drag pump in fluids.
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However, turbulence induced in fluids by electrohydrodynamic motion is
an irreversible effect.

4. Electrical-Optical Coupling

An electric field induces a birefringence in the medium across which polar-
ized light propagates; the effect is linear (Pockels effect) in some materials
and quadratic (Kerr effect) in others; diffusion of ordinary light is another
optical effect widely used in liquid crystal displays.

ll. POLARIZATION BY AN ELECTRIC FIELD

According to the principle of electroneutrality, any material medium con-
tains in equal quantities—at thermal equilibrium—positive and negative
charges, embedded in atoms or molecules. The electric field E produces
some displacement of these linked charges (approximately proportional
to E); the combined action of these dipoles (in general oriented parallel
to the field) produces the polarization of the dielectric. Each elementary
dipole, comprising the charges +g and —q separated by a distance /,
possesses an electric moment: M = g/ (directed from —g to +¢q). The
sum of these elementary moments is equivalent to a single dipole of mo-
ment M. A simple approach is to define the polarization vector P as the
electric moment per unit volume w: P = dM/dw.

Several mechanisms can produce charge displacement and are causes
of polarization. The consequences on the behavior of different kinds of
dielectric materials will be outlined in the following sections. For more
detailed treatments, the reader is referred to the following books: Ander-
son, 1964; Boticher, 1973, 1978; Coelho, 1979; Daniel, 1967; Purcell, 1965.

A. The Mechanisms of Polarization

1. Electronic Polarization

An electric field distorts the electron cloud of any atom with respect to
the positive nucleus. The atom acquires an induced dipolar moment p =
aeE;, where a. is the electronic polarizability and E; is the local field to
which the atom is subjected. This field is the same as the applied field
when dipoles are far from each other (as in gases at low pressure, for
instance); otherwise, as will be shown later on, E; is higher than the applied
field E because of the polarization of the surroundings. For a given atom
or molecule, a. is a constant even for very high applied fields (MV/cm),
but it can vary over two orders of magnituce when comparing different
media (Purcell, 1973). For a monoatomic gas, simple models allow the
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calculation of a. (Coelho, 1979): a. = 4mepa® for an atom of “‘radius’’ a
(a~0.5 x 10~ ' mfor the hydrogen atom). Measured values of a. are 0.73
X 107 C-m?*V for hydrogen and 2.9 x 107%° C-m?/V for the methane
molecule. The moment p is thus very small, and the displacement of
charges at high field is generally less than [0~ %a. Indeed, electronic polari-

zation always exists in any material, but the following effects can be super-
imposed on it.

2. lonic Polarization

For certain ionic solids, the polarization is created by the displacement
of charged atoms. The ionic polarizability o; varies widely according to
the structure of the material, from values comparable to a. to much higher
values, e.g., in ferroelectric materials.

3. Molecular Polarization

Many molecules are disymmetric and possess a permanent dipolar mo-
ment. The applied field tends to orient the permanent dipoles in its direc-
tion. These polar molecules produce a dipolar polarizability ag4. The elec-
tric dipole moments are comparable in many polar media since interatomic
distances are close to 10~ '® m. This moment is expressed in debye units:
one debye is equal to 3.33 X 1073 C-m. The permanent dipole moments
are thus several orders of magnitude higher than electronic moments, even
those induced by high applied fields.

Remark: We have considered above the motion of linked charges. If the
motion of free charge carriers is impeded either by traps in the bulk, or
on interfaces, or on electrodes, space charges build up. This accumulation
of charges behaves like a macroscopic dipole. This mechanism is called
space charge (or interfacial) polarization and can be characterized by a
space charge polarizability as. This subject of relaxing space charges is
of major practical importance and will be considered again in Sec. IV.

B. Relation Between Microscopic and Macroscopic
Properties

We shall present only a brief outline of how the microscopic parameters
relate to those that are experimentally measurable (permittivity, apphed
field). As a simple model, let us consider the polarization as a vector P.
It is linked to the microscopic parameters N (the number of contributing
molecules per unit yo]ume), a (the sum of their polarizabilities) and E;
(the local field) by P = NoE;. We know that the electrical induction D
is linked to the absolute permittivity e = €€, (€, relative permittivity)
and to the macroscopic field E by D = e, + P. Hence

P = eo(e; — DE = NaF; (1)
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Depending on the nature of the dielectric, the calculation of E; can be
quite straightforward or rather complicated. Let us simply point out that
the field acting on a dipole sufficiently far from its neighbors is close to
the applied field: E; = FE; otherwise, the combined action of the other
dipoles in the vicinity of the dipole in question would always increase the
local field: E; > E. A few simple illustrations of these statements are given
in the following.

1. Gases

It follows from Eq. I, since E; = E, that ¢, = | + No/e,. Thus, €, is
always very close to 1, since both a and N are small (N = 2.7 x 10%
m~* at 0°C and atmospheric pressure).

2. Condensed Nonpolar Phases

The simplest way to calculate E; is to consider the dipole alone in the
center of an empty spherical cavity. On the boundary of the sphere, the
charges produced by the oriented dipoles increase the field inside. A clas-
sical treatment gives F; = E + P/3e,. Then

e — | Na
e 71 3 2)

This relation is valid for nonpolar materials (liquids or solids). Since « is
small and N ~ [0°® m ~3, then ¢, > 1 (from 1.5 to 2.2 typically). It applies
also to dilute solutions of polar molecules in a nonpolar medium.

3. Other Materials

More refined treatments accounting for the presence of permanent dipoles
or specific local interactions are necessary to describe the properties of
particular materials, whether liquid (e, from 3 to 200), solid (e, over 10,000
for certain ferroelectric materials) or liquid crystals.

4. Influence of Pressure and Temperature

Moderate pressures (up to 10 MPa) have no appreciable effects on the
dielectric properties of condensed phases (except piezoelectric solids, as
will be seen later on). However, temperature does play an important role,
especially in polar materials. The applied field tends to orient the perma-
nent dipoles parallel to its own direction, but this orientation, counteracted
by thermal agitation, is only partial. An order of magnitude is easily ob-
tained: a dipole of rather large moment py = 1.6 x 10 C-m acquires
in a field of 100 kV/cm a maximum electric energy of puE; > 1.6 x 10~ 22
J, whereas at T = 300K, KT ~ 4 x 102! J, If py is unaffected by the
field and the temperature and if there is no mutual interaction between
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the dipoles, the statistical mean moment p, using Langevin’s calculation,
is plpa = (coth x — 1/x) = L(x), with x = pgE;/KT. L(x) is known as
the Langevin function. Saturation is approached only for very high field
strengths (several MV/cm); for usual fields, x < 1, L(x) ~ x/3, and p ~
p3E/3KT. The molecular polarizability is then ag = p3/3KT. From Eq. 2
it follows that e, decreases when T increases. This model has been verified
in polar gases and in dilute solutions of polar molecules in nonpolar liquids.
For polar liquids, €, always decreases when T increases (from 80 at 20°C
to 56 at [00°C for water). Elaborate models have been established to relate
€. to T in various classes of polar liquids.

It is interesting to note that in Eq. 2, if Na/3¢, approaches unity, then
¢ tends to infinity. This in fact occurs at a critical temperature Tc known
as the Curie temperature in ferroelectric materials (which possess sponta-
neous polarization). This polarization decreases when the temperature is
increased, and vanishes at T, while €, goes to a sharp maximum. For
T > Tc, there is transition to a nonferroelectric phase, and €, decreases.
The most characteristic properties of a ferroelectric are hysteresis of D
with E and nonlinearity of the polarization versus the applied field. Ferro-
electrics belong to a wider class of materials presenting spontaneous polar-
ization, called pyroelectrics. The prefix pyro (from the Greek: fire) indi-
cates that temperature plays a dominant role in their electric properties
(for instance, charges appear on each side of an appropriately shaped
plate, when heated).

C. Dielectric Response in Variable Fields

1. Relaxation

In the previous sections, o and P were regarded as real quantities resulting
from the application of a static (dc) field. If the applied field is a rectangular
pulse, a temporal phase shift may occur between the driving field and the
resulting polarizability. If the response is linear, the polarizability follows
an exponential growth or decay characterized by a relaxation time r. In-
deed, this time is extremely short for a., since electrons are quite easily
displaced even at optical frequencies (1o ~ 16~ 16—107 15 s).

For «;, the relaxation time is in the range 10~ "=10~'? s, since ions
are less easily displaced. For aq4, 74 can be as short as 107" s (for water
at room temperature) and as long as 1072 s (for viscous polychlorobiphe-
nyls at —40°C). For space charge polarization, 7, can reach hours or more.
Consequently, the polarization P (and also the electric induction D) will

follow the field after a certain delay depending on the nature of the ma-
terial.
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2. Complex Permittivity

A vacuum insulated plane capacitor of capacitance Cy = €¢S/d (S: surface
area of the electrodes, d: gap distance) acquires a charge Qo = CoV on its
electrodes, in phase with the applied ac voltage V = V¢, The current in
the external circuit is a displacement current Iy = dQo/dt = jwCoV, with
an advance of w/2 over V. There are no losses. If a perfectly insulating
nonpolar dielectric of permittivity e, fills the capacitor, its capacitance
becomes C = €.Cp; the charge Q is €,Qp and the current I = jwe CoV.
This last is w/2 ahead of V since, again, there are no losses. However, if
the dielectric is not a perfect insulator, a component of the current due
to conduction, in phase with V, appears, and this is independent of w:
I = VIR (R is the resistance: R = pd/S). The resultant current is now (m/
2 — 3) ahead of V, & being the loss angle. Thus tan 8, the ratio of the
conduction current to the displacement current, is simply tan 8 = [/RCw.
If the dielectric is a polar material, the orientation of dipoles by the field
introduces losses, and therefore a component of current in phase with V.
This depends on w, as does the capacitive component, which decreases
from its high static value to a lower value at high frequency (the dipoles
no longer being able to keep up with the field reversals). In fact, conduc-
tion losses contribute to the in-phase current and can be very high, espe-
cially in polar liquids of low viscosity. With a variable frequency bridge,
we can measure the real part of the capacitance C' and tan 8 versus o,
and deduce the imaginary part C” = C’ tan 8. To the complex capacitance
C* = (C'(w) — jC"(w) corresponds the complex permittivity e€* =
e'(w) — je'(w).

3. Polar Dielectric with a Single Relaxation Time

The dielectric is supposed to be a perfect insulator; e is the static permit-
tivity (at very low frequency, or dc); €. is the permittivity at very high
frequency. e lies between | and 3, since, at optical frequencies, €, ~ n’.
This follows from the fact that the refractive index n is the ratio of the
velocity of an electromagnetic wave in vacuo 1/(eojro)'’? to the velocity
in the medium 1/(ep)2. In a nonmagnetic material, the magnetic per-
meability w is equal to wo. It can be shown that e*(w) = €. + (&5 — ex)/
(1 + jwr), where €' (w) = €. + (€, — €)/(1 + w?1?) is the real part of €*
and €'(w) = (es — €.) 017/(l + w>?) is the imaginary part. These are
represented in Fig. 1.

A useful representation consists in plotting €” as a function of €’. If we
eliminate ot from the above expressions, we get [e' — (€5 + €)2)* +
€”? = [(e; — €)/2]% This is the equation of a circle. Figure 2 shows the
semicircle representing e€* (w). Notice that tan & exhibits a peak: tan 8,

= (es + €.)/2\Jese. when o = Jes€x/T.
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Figure 1 Polar dielectric with a single relaxation time 7.

Such a semicircle is obtained with many pure polar liquids (water, alco-
hols, nitrobenzene), and 7 can vary by several orders of magnitude for
liquids of comparable static permittivity (nitrobenzene: €, = 36,7~ 10~ '°
s; methanol: €, = 33,1~ 107%s).

4. Other Materials

Most other materials do not give a semicircle as in the €"(e’) diagram.
Nevertheless, we can separate them into two classes. (1) One class con-
tains those for which €"(w) shows a peak. It is however flattened and
broadened. €"(e’) either approaches a circular arc centered below the €’
axis (observed in vulcanized rubber and in polychlorobiphenyl liquids) or
is asymmetric, in the form of a half-pear (observed in polychlorobiphe-
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®=1/t
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y
(Do | =0
- (%w&, Y2~ Ese

Figure 2 The semicircle representing e*(w).
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nyls). This is usually explained by considering that there is not a single
relaxation time, and many distribution functions have been proposed to
fit the experimental data. (2) The other class contains those for which there
is no marked peak, which is frequently the case for cellulosic materials in
electrical engineering.

D. Forces Exerted on Polarized Dielectrics

1. Electrostriction

Solids always have some elasticity and liquids are slightly compressible.
The permittivity varies when such deformations take place. This produces
an energy variation, and the action of the electric field induces an extra
pressure that is linked to the compressibility. This pressure tends to con-
tract the material and is called electrostriction. For nonpolar condensed
materials, this excess pressure is comparable to the electrostatic pressure
eE?2 (~0.1 MPa for e, = 2 and E = | MV/cm) and is very weak indeed.
On the contrary, the electrostriction of piezoelectric materials is very large
and has important applications.

Electrostriction has no ‘‘inverse,”” as far as nonpolar materials are con-
cerned: a mechanical pressure does not induce any dielectric phenomena.
In contrast, a compression (or a traction), applied in a specific direction,
induces an extra polarization in solid polar materials (a voltage can then be
generated). This so-calied piezoelectric effect—observed in asymmetrical
mineral crystals (quartz, tourmaline) or in semicrystalline polymers (poly-
vinylidene fluoride: PVDF)—is a reversible one.

2. Dielectrophoresis

This concerns the motion of matter due to the polarization force (not the
Coulomb force). A demonstrative example, treated in many textbooks, is
that of a plane capacitor with vertical electrodes, filled with a gas (¢, =
1). If a solid foil or a liquid (of higher permittivity) is allowed to enter the
electrode gap, energy considerations show that it will tend to occupy the
whole gap.

In a nonuniform electric field, polarization effects may induce vigorous
motion of particulate bodies (conducting or insulating), particularly so in
fluids. Since a particle is polarized by the field, the separation into positive
and negative charges produces a dipole that is subjected to a net force in
a divergent field. If its permittivity is higher than that of the host medium,
this force tends to pull it toward the region of the higher field (whatever
the sign of the field, e.g., even in an ac field). The translation force is
given by F' = [i.-grad E, . being the field induced dipolar moment of
the particle. This moment can be calculated for objects of particular shape
subjected to a field E and is maximum for conducting materials. A classical
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result is that for a sphere of radius R in a medium of permittivity €., p. =
4mepe R3E. The effect only concerns macroscopic objects and does not
apply on a molecular scale. The volumic force density in a homogeneous
medium is written f = —(E?/2) grad e. Thus a thermal gradient will pro-
duce a gradient in €. For example, warm liquid of a lower e value will be
set in motion toward the low electric field regions.

IV. CONDUCTION CURRENT AND LOSSES IN DIELECTRIC
MATERIALS

This section is concerned with the electrical phenomena produced by the
motion of free charge carriers in dielectric materials. The resulting effects,
always dissipative, can be linear or nonlinear (e.g., the conduction current
is not proportional to the voltage).

A. Nature, Origin, and Behavior of Charge Carriers

1. Nature

Basically, electrons and ions are the most common charge carriers what-
ever the nature of the material. In certain solids, holes can also be present.
In fluids, aggregates of molecules, inside of which are trapped one or a few
elementary charges, are often involved in conduction processes. Excess
electrons are observed only in ultrapure liquids, ions being mostly prev-
alent.

2. Origin

The carriers may preexist or they may appear in the bulk of the dielectric.
The field can displace the thermodynamic equilibrium of generation and
recombination of charges. It can also generate excess charge carriers, by
enhancing the process of generation.

Carriers can be generated at the electrodes: at the cathode, at the
anode, or at both. These so-called *‘injections’” (unipolar or ambipolar)
are governed by many different mechanisms: for instance, Schottky injec-
tion and tunnel injection in solids (O’Dwyer, 1973; leda, 1984); electro-
chemical reactions in polar liquids (Félici, 1971); field emission and field
ionization in nonpolar liquids (Halpern and Gomer, 1969; Schmidt, 1984;
Denat et al., 1988). Natural radiation or controlled local irradiation (UV,
x-rays, etc.) can enhance the charge generation either in the bulk or at
the electrodes.

3. Behavior

When subjected to a field E, the charge carriers acquire a drift velocity
v. In many materials, and up to very high fields (hundreds of kV/cm), the
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ratio k = v/E, called the mobility, is constant. However, in certain particu-
lar cases, the mobility can increase or decrease when the field is increased.

In solids, the mobility of carriers can vary over an extraordinarily wide
range: in ordered materials, electron or hole mobility can approach 1 m?/
V-s, while in polymers it can be lower by up to twelve orders of magnitude.
Ion mobility is lower than electron mobility and varies over a much nar-
rower extent. In liquids, ions are generally solvated, i.e., they attract
several neutral molecules and their motion is thus slowed down by the
viscosity m of the medium. The relation nk = constant, known as Wal-
den’s rule, is well verified (k ~ 107® m?V-s with y = 1073 P), except
when specific conduction mechanisms take place (in water, H,. and OH _
have mobilities around 20 times higher), or in liquid crystals (due to large
anisotropic viscosity effects). Electron mobilities are in the range
1077-107% m?/V-s in ultrapure hydrocarbon liquids, and in the range
10721 m?/V's in liquefied rare gases. In gases at atmospheric pressure,
ion mobility is around 10~% m2/V-s. Since electrons are accelerated by
the electric field, we cannot consider an electronic mobility, but we may
refer to the electron drift velocity (for typical fields, the apparent mobility
is 107 '=1 m3/V:-s).

The recombination constant (expressed in m3/s) between positive and
negative carriers present in a gas has been shown by Langevin to reach
a maximum value: Kr = (k. + k_)ele. This has been found to hold for
gases, for liquids, and for many solids.

4. Influence of Pressure and Temperature

Pressure p and temperature T play dominant roles for gases, since they
are linearly linked to the gas density (via the equation of state of a perfect
gas). Charge carrier mobility decreases quasilinearly with an increase in
pressure. In fluids, viscosity decreases with an increase in t- mperature,
and then an ionic mobility increase is observed, whereas even a substantial
increase in pressure (several tens of bars) has but a negligible effect. For
solids, the effect of pressure on mobility is weak in general. The effect
of temperature; can be very important, with particularly fast increases in
mobility being found in polymers for small increases in temperature.

The diffusion coefficient is linked to the mobility through the relation
D. = k. (KT/e), known as the Einstein relation (K: Planck constant; T
absolute temperature; ¢: electronic charge). At room temperature, the
thermal voltage is KT/e = 1/40 volt.

B. Conduction Under Direct Current and Step Voltages

1. Conduction Equations

We shall limit ourselves to the case of plane parallel electrodes with the
following assumptions: (1) € is independent of E; (2) only a single type of
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carrier of each sign is involved in the conduction process; (3) the dielectric
medium is at rest (there is no convective motion, if a fluid is considered);
(4) the applied voltage V is much higher than the thermal voltage, and
thus diffusion currents can be neglected. The equations are

oF
J(t) = (k+Q+(X, t) + k_q_(x, t))E(X, [) + € (é‘;’ 1) (3)
dE(x, 1)  q+(x,1) — q_(x, 1)
dx € 4)
x=d
[ e nac=v 5
x=0

j(1), the current density defined as the ratio of the current / to the surface
area of the electrodes, is strictly a function of time ¢ (hence, in the external
circuit). The volumic charge densities q. and the electric field are func-
tions both of the distance x and the time ¢. The gap distance is d. The
current-voltage relationships can differ widely according to the mecha-
nisms and location of charge generation, and the steady state (dc) current
and the transient current following a voltage step are quite distinctive.

2. Volumic Conduction Due to a Dissociation-Recombination
Process

Initially proposed for ionized gases (Thomson and Thomson, 1928), the
model may apply to any material. They used the equilibrium reaction
between neutral molecules AB (either the molecules of the dielectric itself
or those of a dissociable compound) and dissociated charge carriers A+
andB": AB=2 A* + B~. At thermodynamic equilibrium (with no applied
field), the number of generated carriers is equal to the number of those
that recombine. If Kp (expressed in s~ ') is the kinetic constant of dissocia-
tion and v the number of dissociated carriers per unit volume, this equality

is written Kpv = Krnin_,and n, = n_ = JKpv/Kg.
3. The Steady State Regime

Two distinct situations may be examined.

1. The field is low enough to hardly perturb the thermodynamic equi-
librium; Eq. 3 is, with g. = n.e,

Jo = (k+ + k-)e \JKpvIKxE = oE (6)

This is Ohm’s law. ¢ is the characteristic conductivity of the medium.
The field is uniform in the bulk (q+ = g-). In the two layers \., close
to the electrodes (see Fig. 3), heterocharges are present, and these in-
crease the field in accordance with Poisson’s equation (Eq. 4). Note that
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Figure 3 Steady state regime of conduction:ohmic regime (I), and saturation
regime (II).

in this Ohmic regime, the conduction relaxation time v = ep is much lower
than the transit time to, = d/kE = d*/kV (time needed for one carrier of
mobility & to cross the gap, since E ~ V/d). :

In air, a few pairs of ions per cm® per sec are typically created by
natural radiations, and the calculated resistivity p = /o ~ 101* QO'm s in
agreement with the measured value.

This is also found to be the case for pure water. The limiting resistivity
corresponding solely to the dissociation of water molecules is 2 x 10°
Q-m.

2. The field is high enough so that recombination is weak and can be
neglected. All the carriers are readily swept away by the field, and the
current reaches a limit (saturation current). Its density is

Js = Kpved (7)
1t is reached beyond the saturation voltage: Vs = od?/(k. + k_) e (defined
by jO = J;)

4. The Transient Behavior

The transient behavior, under a voltage step, is schematically depicted in
Fig. 4. If V < V,, the initial current j,, - ¢y is barely above the steady state
value. If V > V., j, - 0y = oV/d can be much higher than j; it decreases
to js in a time almost equal to the transit time of the slowest carriers.
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Figure 4 The transient behavior under a voltage step.

The applicability of the Thomson model has been demonstrated in gases
and liquids (containing known additives) in both steady and transient
states.

5. A Few Remarks on Field-Enhanced Volumic Conduction

Increasing the electric field produces a lowering of the charge separation
energy and then an increase in the charge carrier density. This field-en-
hanced dissociation theory was established for weak electrolytes by On-
sager (1934). The dissociation constant is supposed to increase with the
field, thus Kp(E) = Kp(E = 0)-%(b), F(b) being a function of the field,
with b = e3E/8weK>T?. F(b) can be written F(b) = 1 + b + (b*/3) +
(b*/18) + --- and at high fields takes the asymptotic form %(b) = (2/m)'"?
(8b) ¥4 exp(8b)"2. As an example, for €, = 2, K is doubled for E ~ 15
kV/cm.

The ohmic behavior will be modified, since it follows from Eq. 6 that
o(E) = o(E = 0):[F(b)]"?, whereas from Eq. 7, j{ E) = j(E = 0)-F(b).
This has been shown to apply to hydrocarbon liquids containing a single
electrolyte. It should also apply to solids in which ionic dissociation takes
place.

In solid materials, however, generally only electrons coming from ioniz-
able centers are mobile. The Poole-Frenkel effect refers to a decrease in
ionization energy (hence a higher concentration of charge carriers) due
to the combined potentials of the ionization center and of the applied field.
The increase in conductivity at high fields follows a similar law to that
above. This model has undergone many refinements (O’Dwyer, 1973) in
order to improve the interpretation of experimental results. Their validity,
however, is often restricted to particular materials.
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6. Injection of Charge Carriers

Let us suppose that in a perfect insulator (o = 0), carriers of the same
sign as that of one electrode (located at x = 0) are produced at the metal/
dielectric interface. If the density of injected charges (of mobility k) is
very high (g - 0)— @), then E, = o) ~ 0, and it follows from expressions
Eqgs. 3 to S that the stationary current density is

. 9ekV?
I=3 5 (8)

This is the ‘‘space charge limited current’’ (SCLC) law for unipolar injec-
tion. The field distribution is now given by E(x) = +/2jx/ek. The
“*strength’’ of the injection, governed by g;, is characterized by the nondi-
mensional number C; = qid*/eV. If C > 5, ‘‘strong’’ injection is almost
indistinguishable from the SCLC regime. If C; < 0.2 (‘*weak injection’’),
the current depends on the injection law. If g; is a constant (independent
of V), at low values of V (high values of C;), jaV?/d®, whereas at high
values of V (low values of C;), j = kq;V/d (e.g., analogous to an ohmic
variation). However, if g; increases with V, the reverse can happen: an
ohmic behavior of low V, followed by a regime of sharp increase in current
eventually reaching SCLC.

The transient current due to unipolar injection following a voltage step
exhibits, according to the value of C, a more or less marked peak (Fig.
5) corresponding to the arrival of the injected carriers on the collecting
electrode (Atten and Gosse, 1969).

Since injection can take place at both electrodes, and since bulk and
electrode effects are generally combined, experimental studies must be
as wide as possible (influence of gap distance, of nonplanar geometry,
stationary and transient regimes, etc.), and great care must be taken with
the interpretation of results (see also Chapter 8 and references therein).

7. Injection Mechanisms

The mechanisms of charge injection from a metal into a dielectric have
received considerable attention. We shall restrict ourselves to discussing
some of the more well-documented models. Schottky injection is the en-
hancement of thermoionic emission from a metal cathode due to the lower-
ing of the potential barrier by the field, with the image force correction
being taken into account. The injected current f varies as exp(Ele) ', Field
emission (or Fowler-Nordhein emission) is the tunnelling of electrons from
the metal through the potential barrier. At room temperature, this mecha-
nism predicts a much higher current density than Schottky injection, for
fields of several hundred kV/cm. Since this model predicts that I/E? «
exp(l/E), it might appear easy to separate Schottky emission from field
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Figure 5 The transient current density due to unipolar injection following a
voltage step exhibits a more or less marked peak corresponding to the arrival of
the injected carriers on the collecting electrode.

emission. This, in fact, is not often possible. In general, experimental
results follow the expected variations qualitatively (with unrealistic barrier
heights, for instance), and it can be quite difficuit to separate bulk effects
from injection effects in solids (O’Dwyer, 1923).

The basic work concerning field-emission in a number of ultrapure lig-
uids and liquefied gases is that of Halpern and Gomer (1969a). It has
been recently extended to many other liquids (Denat et al., 1988). Indeed,
injection can also take place at the anode: hole injection is possible in
solids, and also in certain liquids. In ultrapure liquids, field ionization is
the process by which the liquid yields electrons to the anode (Halpern
and Gomer, 1969b). Field emission and field ionization give rise to high
current densities at fields in excess of say 20 MV/cm.

Other mechanisms of charge injection at both electrodes are electro-
chemical in nature. They can take place in solids or liquids, via the inter-
vention of the double layer. In liquids of high permittivity, the ‘‘compact™’
part of the double layer—in which a field on the order of 108 V/cm is built
up between undischarged ions and the metal—facilitates the metal-to-
liquid electron exchange. Oxidation of neutral species produces positive
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ions at the anode (H. in water, for instance), and negative ions are in-
jected at the cathode by reduction (Félici, 1971). In nonpolar liquids, ions
are extracted from a charged layer made up of ions coming from the bulk,
by a mechanism similar to that used by Onsager (Denat et al., 1982).

8. Multiplication of Charge Carriers

The current-voltage curve for a gas shows that at high field strengths, the
current rises rapidly (saturation is no longer observed). This is due to
an increase in the number of charge carriers by avalanches (Townsend
mechanism). An electron, liberated at (or near) the cathode in a uniform
field, acquires energy from the field. When this energy is greater than the
ionization energy of the gas molecules, the electron/molecule collision
releases a second electron and there are now two electrons that ionize
again giving four new electrons, and so on. If o new electrons are created
per unit length of path in the field direction, n electrons present at a
distance x increase to n + dn, where dn = na dx and n = exp(ox). An
electron current I, beginning at the cathode will increase as I = I, exp(ox).
The first Townsend coefficient a is found to obey a relation, characteristic
of each gas, of the form a/p = A expl— B/(E/p)], where p is the gas
pressure and A and B are constants. The avalanches may develop from
one or several initiating electrons, which can be, though not necessarily,
produced at the same time. According to the particular conditions of elec-
tron production near the cathode, breakdown may or may not ensue (see
Sec. V). Since the velocity of electrons is much higher than ionic velocity,
the electronic current is followed by an ionic one. Raether (1964) has
calculated and measured these currents in different gases in a uniform
field. These avalanches are the sites of luminous phenomena. In divergent
geometry (point-plane, wire-cylinder), the luminous zone, concentrated
near to (or around) the sharp electrode, resembles a ‘‘corona.’’” The mech-
anisms of positive or negative corona are widely different and depend on
the nature of the gas. An extensive review of this subject is found in Loeb
(1975) and Meek and Craggs (1978).

Multiplication of electrons has also been observed in solids (O’ Dwyer,

1973) and very recently in ultrapure liquids and liquefied gases (Denat et
al., 1988).

C. Dielectric Losses Under Alternating Fields

Consider a plane capacitor filled with a single or an association of dielec-
tric materials. The permittivity of each material is supposed to be indepen-
dent of the applied sinusoidal voltage V. (r.m.s. value) and of the fre-

quency f (o = 2muf), whereas the conduction may possibly depend on
them.
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1. A Single Dielectric

If the conditions are fulfilled to get ohmic behavior, the material of resistiv-
ity p will simply behave as a capacitance C in parallel with a resistance
R. The amplitude of the conduction current (in phase with the voltage) is
Va/R; that of the displacement current (at w/2 from the voltage) is Co Vo,
where V,, = \/f V.. The loss angle between these two components of
the total current is such that

1
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The power dissipated by conduction losses is then P = CwV?2tan 3. If we
consider the nonlinear conduction due to dissociation/recombination pro-
cesses, we must compare the transit time of carriers (having the same
mobility k) in a uniform ac field (1, = 2d*/koV,)"?) to the half period
12 = mwlw. If t, = T/2, the regime remains ohmic. If 7, < T/2, and if we
suppose that the saturation regime is quickly reached, we can evaluate a
generalized value of tan & (ratio of the energy dissipated to the energy
stored per cycle) as

eoV, (10)

As for the unipolar injection regime (each electrode is supposed to be an
injector during each half wave), if £, < T /2, then

t Sockh
an o’ (11)

2. Two Dielectrics in Series

The simplest situation is that of two ohmic materials of permittivities €,
€, and resistivities p;, p2. Such a model has been proposed to explain
relaxation in heterogeneous materials, e.g., the ‘‘response’’ to an ac volt-
age of variable frequency. It is also known as the Maxwell-Wagner effect,
or interfacial polarization. Very simple arguments allow us to present the
main features of the frequency response. Suppose that one of the materials
is perfectly insulating and is represented by a pure capacitance C; (R1-2),
whereas the other dielectric is represented by C, in parallel with R,. At
very high frequency, the system behaves as capacitances in series. On
the Argand plot of the complex capacitance C*, Cx = C,C/(Cy + C3),
C~ = 0. At very low frequency, only the pure capacitance C, is charged,
so that Cp = C,, Cs = 0. When the frequency is varied from zero to
infinity, C* is a semicircle centred on the C' axis. The representation is
similar to that of Debye relaxation (see Fig. 2), although the mechanisms
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are obviously completely different. As a general rule, the study of the
variation of the capacitance and of tan 3 versus the frequency at low
voltage is very useful in characterizing such dielectric associations. If
the two dielectrics are not perfectly insulating, C* follows only the high-
frequency part of the semicircle circumference, if the time constants T,
= R, Cyand 1, = R,C; are not very different.

More complex situations can result from the different fates of charge
carriers at interfaces or in the bulk of the dielectrics. Some examples of
nonlinear behavior will be outlined in the following. In a liquid impreg-
nated insulation considered for the sake of simplicity as a liquid and a
solid in series, two effects can simultaneously be present, to a greater or
lesser extent: jons arriving from the slightly conducting liquid may either
be blocked against the solid walls or they may enter the solid through the
action of the field. In the former case, named the barrier effect or the
Garton effect (Garton, 1941), ions swept in from the bulk of the liquid
remain stuck on the solid during the greater part of the half wave until
reversal of the field. If they cross the liquid gapin a time t, <€ T/2, the losses
due to the liquid alone (with some simplifying assumptions) decrease when
the voltage applied to the liquid increases according to

w"2d3

tanSOfEkTV—’}n,—z (12)

Consequently, the losses of the whole insulation decrease. This is cur-
rently observed with impregnated cellulosic materials. It must be realized
that the blocking effect is not purely a mechanical effect but corresponds
to a specific ion/cellulose interaction (acting as a semipermeable material).

In the latter case, the field forces liquid ions to penetrate into the solid;
this field-enhanced absorption effect (Tobazéon and Gartner, 1975) can
produce a drastic reduction in the ionic density in the liquid (and so a
considerable decrease in the liquid losses). The ion mobilities in the solid
are lower by several orders of magnitude, and the increase in losses in
the solid is low, and thus the losses of the whole insulation decrease. The
process takes a rather long time (minutes or more) to reach an equilibrium
at constant voltage, in contrast with the barrier effect. This effect is mainly
observed with impregnated synthetic polymers.

It is also possible, however, that losses may increase with the applied
voltage. This is typical of ‘‘partial discharges’’ that take place in gaseous
cavities accidentally present in solid insulations. When the voltage across
each gas cavity exceeds its own ‘‘Paschen voltage’ (see Sec. V), dis-
charges take place in the gas, which then becomes suddenly conductive.
Anincrease in the applied voltage causes more and more cavities to ignite,
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and this lasts a longer time during each period. It can thus be understood
that the losses of the whole insulation increase with the voltage.

Finally, it must be mentioned that the brief presentation given above
should not give the impression that few other situations can be encoun-
tered. For example, dielectric walls can be essentially parallel to the direc-
tion of the field, e.g., solid spacers in fluids (or in a vacuum). The mecha-
nisms of conduction along interfaces are governed by electrokinetic
phenomena (Hunter, 1981), and the spontaneous presence of excess uni-
polar charges in these interphase regions may introduce nonlinear losses
and can be at the origin of breakdown along spacers. The paper by H. J.
Wintle (1990), covering such topics as mathematical and numerical tech-
niques, numerical and analytical results, advances in fundamental under-
standing of insulators, and new and enhanced experimental techniques,
is recommended not only for its content but also for its extensive bibliog-
raphy.

V. BREAKDOWN OF DIELECTRIC MATERIALS

Electrical breakdown of dielectric media is the ultimate stage of a succes-
sion of events that leads to an arc, a luminous channel of high conductivity,
passing through the dielectric between conductors once the voltage ex-
ceeds a certain value. This breakdown voltage depends on the particular
situation for which it is measured (geometry, wave form, polarity . . .)
and is generally not a characteristic of the dielectric itself. The conse-
quences are more or less catastrophic according to the nature of the mate-
rial: a fluid can be renewed, whereas a solid (impregnated or not) is locally
destroyed and unable to sustain the voltage thereafter. Indeed, breakdown
mechanisms are governed by the electric field acting locally rather than on
a macroscopic scale. Thus the breakdown field (or rigidity) of a dielectric
material expresses the mean value (processed by statistical analysis) that
it is able to sustain under well-specified conditions (generally, between
plane electrodes, at a given gap distance, subjected to a certain voltage
wave, during a certain lapse of time). The breakdown fields usually ob-
served are always lower by several orders of magnitude than the fields
inside atoms or molecules. Although under careful Jaboratory conditions
the impulse strength of thin films can reach 10 MV/cm (10~ V per ang-
strom), in industrial practice, working fields are limited (to insure a *‘life”’
of several decades to the insulation). Under power frequency, for in-
stance, these values are reduced to a few kV/mm in the windings of power
transformers (several cm thickness of oil-impregnated cellulosic materi-
als), but can reach exceptionally high maximum values (100 V/pm or 100
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kV/mm) in capacitors using polypropylene films impregnated with new
liquid impregnants.
Several features are common to all materials:

Breakdown is localized, the spark or arc being preceded by luminous
treelike patterns.

The actual strength depends on the form and the duration of the applied
voltage wave, generally being much higher for impulses of short du-
ration.

Scale effects are important: the lower the gap, or the area, or the volume
subjected to the field, the higher the strength.

Polarity effects are often very important in divergent fields: the breakdown
voltage is generally much lower when the sharp electrode is positive,
especially under impulse voltage; this situation, considered the most
‘‘dangerous,’’ has been the most widely studied.

The surface state of the electrodes (roughness, presence of oxides, ad-
sorbed layers, etc.) may result in conditioning processes, and contrib-
ute to give, especially in uniform fields, a more or less large dispersion
in rigidity measurements.

Conducting particles (either isolated or in chains in fluids) can reduce the
strength by a tenth or more of the ‘‘uncontaminated’’ value, by locally
enhancing the field or by triggering microdischarges when approaching
an electrode surface.

Breakdown is facilitated along solid spacers (in fluids or in a vacuum).

A. Gas Breakdown

1. Breakdown in Uniform Fields

In Sec. IV, it was shown how an electron produces an avalanche by impact
ionization. One single avalanche does not lead to a breakdown. A subse-
quent mechanism creating new electrons at the cathode or in the gas is
necessary. Then, it can be shown that: I = I, [exp(ad))/(1 — W), where
= vylexp(ad) — 1] is the number of new electrons capable of producing
new avalanches. The coefficient v (second Townsend coefficient) depends
on several mechanisms: e.g., positive ion impact at the cathode (observed
preferentially in rare gases); photon-induced electron extraction from the
cathode (in common gases); photoionization in the gas. Values of y depend
also on electrode surfaces and on impurities in the gas and often increase
with E/p. They lie in the range 107 to 10~ ! (the lowest values in hydrocar-
bon vapors, the highest in rare gases). If w = 1, the current after a few
series of avalanches become constant (“‘self-sustaining discharge’’); if
i < 1, it would decrease to zero, whereas, if o > 1, it would increase



ELECTRICAL PHENOMENA OF DIELECTRIC MATERIALS 73

continuously, resulting in breakdown. This is the Townsend criterion for
breakdown:

ylexp(ad) — 1] ~ y exp(ad) =1 (13)

A very important law in practice is Paschen’s law, which follows analyt-
ically from Eq. 13 and from the functions «/p and vy versus E/p. In a
uniform gap either between metallic electrodes or between dielectric sur-
faces, the breakdown voltage V, is a function of pd and has a marked
minimum (Fig. 6).

The minimum Paschen voltages and the behavior at high pd are widely
different in air, in SF¢ (an electronegative gas used in high voltage insula-
tion) and in helium or neon (used in lasers or luminescent light sources).
The breakdown voltage of air at atmospheric pressure with d = 1 cm is
30 kV (the corresponding field is 30 kV/cm). For SF it is 89 kV (89 kV/
cm). However, for the same pressure but at the Paschen minimum on the
curve, the breakdown field is one order of magnitude higher in each gas.
Deviations from Paschen’s law have been reported at very high or very

low values of p and for small gaps (microns).
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Figure 6 Inauniform gap either between metallic electrodes or between dielec-
tric surfaces, the breakdown voltage V, is a function of pd and has a marked
minimum. (From CIGRE-Working Group 15-03, 1974, 1977.)
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There exists a much faster and more localized mechanism of prebreak-
down when the space charge at the head of the avalanche transforms it
into a streamer. A semiempirical criterion for the transition of the streamer
mechanism based on the magnitude of the space charge field was proposed
by Raether (1964) and by Meek and Craggs (1978):

exp(ad) > 108 or ad > 20 (14)

The mechanism is very rapid: the ‘‘anode-directed’’ streamer develops
out of the avalanche tip at a velocity ~10° m/s. Further increase in the
amplitude of the voltage pulse produces the development of a ‘‘cathode
directed’’ streamer, also with a high velocity (~10° m/s).

2. Breakdown in Nonuniform Fields

The beginning of breakdown takes place at the electrode with the smaller
radius of curvature. Due to the field asymmetry, there are major differ-
ences with a change in polarity, in both the nature of the breakdown events
and in the breakdown voltage values. Streamers originating from the
anode or the cathode are luminous filamentary channels of discharges,
which propagate partly or fully across the gap (causing breakdown).
Streamers may proceed by steps and be followed by leaders in large gaps
in air (lightning) or in pressurized SFs. The extremely great variety of
breakdown mechanisms in divergent fields is examined in the book by
Meek and Craggs (1978).

It is worth noting that the presence of conducting particles (even of
a single particle) in a uniform field can substantially increase the field,
particularly at the tips of elongated particles. Such particles can acquire
a net charge by contact with the electrodes and move rapidly in the gap.
The breakdown voltage can be reduced by a factor of 5 or more.

B. Vacuum Breakdown

If the mean free path of an electron is greater than the distance between
the electrodes (A > | m if p < 1072 Pa), the multiplication of charged
carriers by collision cannot occur and then the initiation of breakdown
has to be found either in surface effects (metallic or insulating) or in the
exchange of micro particles between the electrodes.

1. Prebreakdown

Breakdown is always preceded by prebreakdown currents that can take
the form of current pulses due to random bursts of charges. A number of
different mechanisms have been put forward to explain the causes of such
charge transfer (Meek and Craggs, 1978, Chapter 2): (1) field emission
and associated pulse phenomena (for very clean electrodes, in an ultrahigh
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vacuum, with a macroscopic cathode field >10° V/cm); (2) micro-
discharges, if adsorption on surfaces is likely to occur; (3) microparticle
transfer, e.g., extraction from electrode surfaces and movement across
the gap of atom clusters, which may occur at any gap spacing. All of
these processes can occur simultaneously. The geometrical and physical
properties of the electrodes and their surroundings play a considerable
role on the performance of a vacuum gap.

2. Breakdown in Uniform Field

Breakdown curves are usually drawn with averaged values, since the
breakdown voltage varies with each measurement. The process of reach-
ing relatively constant values for the breakdown is a consequence of elec-
trode surface conditioning. The general form of variation of the breakdown
voltage Vg with the spacing & of a uniform field gap is Vg « d"2. This
variation is followed over a very large range of gap separations; for exam-
ple, breakdown (Eg = Vp/d)is ~10® V/cm for d ~ 100 wm; it falls to 104
V/em (or even less) for d = 10 cm.

3. Breakdown in Nonuniform Fields

The general trends are the same as those for short gaps (<1 cm); the
smaller the radius of curvature of the sharp electrode (opposite a plane
electrode), the higher the breakdown voltage. This voltage is higher when
the sharp electrode is the anode. For larger gaps, this effect is reversed.
Such configurations give higher strengths than a uniform field geometry.

4. Vacuum-Solid Insulation Arrangements

There is evidence to indicate that the breakdown is initiated at the junction
between the cathode and the insulator. Significant improvement can be
achieved in practice by ensuring very close contact between them, and
proper choice of shape and properties of the insulator (Birks, 1967, Vol.
7).

C. Liquid Breakdown

In most applications, liquids are used in association with solid insulators.
Their main role is to replace air, in order to avoid partial discharges in
cavities possibly subjected to voltages above the Paschen threshold. The
wide variety of applications of liquid impregnants has led to the use of
either natural or synthetic products, polar or nonpolar, of high or low
viscosity, etc. Although, for certain applications, liquids offer the advan-
tage of a high permittivity, their breakdown strength is often as low as
that of gases under moderate pressure (a few bars). Their conductivity
(and the corresponding ac losses) is not negligible (as for gases), and ther-
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mal breakdown of the insulation may occur. Compared to gases, break-
down in liquids shows many phenomenological similarities. If there is no
doubt that electronic processes are at work, many other specific phenom-
ena take place (thermal, hydrodynamical, mechanical), which have been
shown to be at the origin of breakdown (Gallagher, 1975; Sharbaugh et
al., 1978). Examples include moisture content, especially in uniform fields
when it approaches and exceeds the saturation level (reductions of break-
down voltage by a factor of 3 have been reported); gas extracted from
the bulk (dissolved gas), from the electrodes or insulating solids (occluded
gas), or gas generated by electrochemical processes, thermal heating, or
(as we shall see later) more complicated electronic processes.

1. Prebreakdown Phenomena in Liquids

The statistical study of breakdown time lags in liquids has shown, as in
gases, that breakdown takes place after a certain time delay, which in-
cludes the following successive steps:

An ‘“‘initiation phase,” which corresponds to the onset and development
of a precursor event (or succession of events) capable of giving rise to
a following phase

A ‘‘propagation phase’’ of figures identified as luminous and conducting
treelike patterns exiting from a highly stressed region (generally called
“streamers’’) and capable of crossing part of all of the gap

An ‘“‘arcing phase,”’ where the ‘‘main stroke’’ is established, in a very
short time 1 ns or less)

This separation into distinct phases is questionable, especially when
breakdown takes place within a very short time (ns). Breakdown could
then take place via means somewhat different from the so-called streamer
mechanism. This term has been used to name the luminous figures preced-
ing the arc in gases, solids, or liquids. In gases, a terminology is well
established, and the processes leading to breakdown by the streamer or
the leader mechanisms are well documented, whereas, in general, almost
any detectable treelike event in a liquid is called a streamer.

In divergent fields, the development of streamers is much less limited
before breakdown than in uniform fields, and whatever the liquid, they
have the following general characteristics (Tobazéon, 1988): their optical
index is different from that of the liquid; their velocity varies over a large
range, from lower than acoustic velocities (around | km/s), for negative
streamers in hydrocarbons (100 m/s) to much higher velocity in haloge-
nated compounds (10-80 km/s) (both polarities); for a given liquid, posi-
tive streamers are faster than negative ones; their shapes can be markedly
different, but *‘slow’’ subsonic figures are bushlike, while ‘‘fast’’ super-
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sonic streamers are filamentary. Streamers produce a current composed
of either discrete pulses or of a dominant continuous component, and also
emit light; current and emitted light signals generally have similar shapes;
fast streamers are the seat of energetic processes, a large amount of de-
composition products being produced; shock waves are associated with
the propagation of streamers; the streamer is arrested if the amplitude or
the duration of the voltage is not large enough, and it then decomposes
into a string of microbubbles; an increase in the hydrostatic pressure
impedes the propagation of slow streamers, the fast form being much less
sensitive to pressure.

It has been well established that in point-plane geometry, with a nega-
tive point, electron multiplication by avalanches in the liguid phase does
exist, producing in hydrocarbons a regular current pulse regime under a
dc voltage (Denat et al., 1988). Each impulse systematically produces a
bubble. The sequence of generation, growth, and collapse of bubbles has
been characterized and shown to follow the Rayleigh model (Kattan et
al., 1989). The transition to streamer occurs when the voltage is increased:
a train of bubbles is produced by successive current pulses, the new grow-
ing bubbles being generated ahead of the preceding ones. When the so-
called slow bushlike streamer develops, the processes are controlled by
discharge in the gas-phase (liquid vapor). The propagation of fast super-
sonic streamers is more related to ionization in the liquid phase at the tip
of the branches of the channel(s), since they are loaded with highly excited
and ionized species, reminiscent of *‘leaders’’ in gases.

2. Breakdown

This is controlled either by initiation or by propagation of streamers. The
lengths streamers travel before stopping as a function of voltage can be
widely different according to the nature of the liquid, the polarity, the
shape of the voltage wave. Thus not only the velocity of streamers but
also their ability to propagate are the factors controlling breakdown.
Under impulse waves, breakdown voltage is usually lower (or much
lower) at large gaps for a positive point, which exemplifies the ‘‘danger”’
of easily propagated streamers. Slow negative streamers cannot propagate
very far, so the negative lightning impulse breakdown values are high. In
uniform fields, the conditions necessary for the streamer to reach the
other electrode are generally fulfilled, and breakdown is controlled by
initiation either in the bulk of the liquid or at the electrodes. Exceptionally
high values (several MV/cm) are attainable for small sphere gaps (tens of
microns) and short pulses (microseconds), whereas with large plane gaps
it is reduced by around two orders of magnitude. We do not yet possess
the quantity of data that we do for gases: there is still no classification of
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liquids (there is for gases) according to their density and to their electronic
affinity.

Under ac voltage, streamer appearance is randomly distributed in time,
the mean appearance frequencies increasing with the applied voltage. In
point-plane geometry, both the field divergence and the gap distance con-
trol the breakdown voltage. At large gaps (a few cm or tens of cm), since
positive streamers are more easily propagated, breakdown takes place
when the point is positive at very low mean fields (tens of kV/cm). Such
very low values of rigidity have also been reported in transformer oil,
with large plane gaps. Any positive streamer generated by a protrusion
or a sharp particle is easily propagated and can produce breakdown. Under
dc voltages, similar trends to those found under impulse or ac have been
reported. However, space charge can significantly modify the actual field
on sharp electrodes. The study of high field dc conduction has highlighted
many of the basic processes implied in prebreakdown phenomena, as
shown in Sec. IV.

D. Solid Breakdown

Failure of solid dielectrics generally results from cumulative effects, pro-
ducing a gradual formation of one or several conducting channels, in the
material, such as discharges in the ambient medium, discharges the dielec-
tric itself, chemical and electrochemical degradation, and thermal runa-
way. Apart from these extrinsic types of breakdown, there are more intrin-
sic mechanisms, genuinely characteristic of certain materials, that we shall
now consider.

1. Purely Electric Breakdown

Breakdown is considered as a continuation of the conduction processes;
thus there are bulk-limited theories, electrode-limited theories, and combi-
nations of the two. For the former theories, an ‘‘intrinsic critical field
strength’’ is reached when some instability occurs in the electronic con-
duction current. Several models have been proposed (Frolich high energy
criterion, von Hippel low energy criterion, for instance) which differ by
considering different mechanisms of energy transfer from the conduction
electrons to the lattice.

Theories of ‘‘avalanche breakdown’’ are basically extensions to solids
of the avalanche model for gases: the avalanche arises by field emission
from the valence to the conduction band (Zener model), or by collision-
ionization. Space charge enhanced critical field theories are developments
of the collision-ionization theories. In the book by O’Dwyer (1973), a
detailed review of these mechanisms will be found, as well as experimental
data on alkali halides, glass, and quartz.
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2. Thermal Breakdown

Dielectric losses (either by conduction or by relaxation) produce heat
dissipation in a lossy material. If heat is not extracted fast enough by
conduction and/or convection, the material temperature rises. Severe
damage may occur: chemical decomposition, melting of a solid, boiling
of liquid. According to the thermal and electrical properties of the material
and its surroundings, breakdown can happen either at very short times
(<1073 s) or after a rather long period of voltage application (hours).
Breakdown voltage is lower for ac than for dc and decreases when the
ac frequency is increased. If Joule heating and thermal conduction are
the only processes considered, there exists a critical field strength E,, for
which the temperature of the material approaches some critical tempera-
ture Tn. For E > E,,, the temperature reaches T, in a fixed time and
increases thereafter. Various situations have to be considered: dc, ac,
impulse voltages; thin or thick samples; field-independent or field-depen-
dent conductivity; electrode configurations, etc. (O’Dwyer, 1973; Coelho,
1979). It is important to note that a maximum thermal voltage is obtained
for the frequently encountered situation where one electrode is thermally
insulated, the other being maintained at a constant temperature. For thick
samples of thermal conductivity A, under an ac voltage of frequency f,
the maximum thermal voltage varies as V, « /A/ef. For many low-loss
solid insulators, V,, exceeds | MV at power frequency, though this voltage
is rarely reached. In contrast, thermal breakdown is likely to occur at
high frequency; for example, for polyethylene, V,, ~ 50 kV at 1 MHz.
Indeed, an increase in temperature favors thermal breakdown since, in
general, the electrical conductivity increases while the thermal conductiv-
ity decreases. Nonuniformity of the electric field may be an important
factor in the production of hot spots.

3. Electromechanical Breakdown

The Young’s modulus Y of soft materials (especially polymers) decreases
when the temperature is raised. The electrostatic pressure causes a
compression of the dielectric of initial thickness dy. If d is the strained
thickness, we get €V?/2d* = Y In(do/d). Failure occurs due to mechanical
collapse at an (apparent) critical field: E. = V./dy, = 0.61\/We. This
model, proposed by Stark and Garton, has been shown to apply success-
fully to many polymers (O’Dwyer, 1973).

4. Partial Discharge Induced Breakdown

This is one of the most frequent causes of failure in high voltage ac insula-
tors. It is always difficult to avoid the presence of gaseous cavities. For
plane-shaped cavities, the field in the gas Eg will be higher than in the
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solid (or liquid) of relative permittivity e,: Eg = €.E (E being the mean
field applied to the insulation). When the voltage Vg across each cavity
exceeds its Paschen voltage, which depends on its thickness d and the
gas pressure p inside it (Fig. 6), discharges are produced in the gas

Charges are deposited on the cavity walls that tend to reduce (or cancel)
the field in the gas. The physics of these partial discharges has recently
been investigated in detail (Devins, 1984). Depending on the thickness of
the cavity, the overvoltage, and the nature of the gas, Townsend dis-
charges or streamerlike discharges may occur. The dissipated power den-
sity can be high, and since it is concentrated on localized areas of the
walls, detrimental effects are likely to occur. In addition to the chemical
action of aggressive substances (such as ozone) resulting from gas ioniza-
tion, physical effects favoring the initiation of breakdown take place. In
organic products particularly, carbonization occurs, and from some punc-
tured area(s), thin conducting channels (at the tip(s) of which the field is
enhanced) propagate until breakdown occurs. In many failures, the final
arc may have been preceded by the development of branched hollow chan-
nels, resembling trees: this is electrical treeing. Trees may be caused by
other phenomena, essentially by the field enhanced penetration of water
(or other particular substances): water treeing and electrochemical tree-
ing. Animpressive amount of work has been devoted to this subject during
the two last decades. It has mainly concerned the dielectric materials used
for nonimpregnated power cables (particularly polyethylene). A compre-
hensive presentation of discharge measurements and their interpretation
will be found in the books by Kreuger (1964) and Bartnikas and McMahon
(1979).

As a closing remark, new liquid impregnants used for high-voltage im-
pregnated power capacitors possess excellent ‘‘gassing’” properties. This
changes the way a trapped gaseous cavity or one created within a liquid
will expand or shrink when subjected to discharges. The collapse of the
cavity leads to the extinction of discharges and to an increase of the life
of the insulation.
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Flow Electrification of Liquids

G. Touchard

Centre Nationale de la Recherche Scientifique
Poitiers, France

I. INTRODUCTION

When a dielectric liquid flows through a pipe from one vessel to another,
the potential difference that appears in the collecting vessel is due to the
accumulation of charges. These charges result from the convection of a
part of the electrical double layer existing in the tube at the contact be-
tween the liquid and the inner wall (Boumans, 1957; Klinkenberg, 1967;
Gavis, 1964; Gibbings, 1970). Indeed, at the liquid/solid interface, the
electrochemical reaction induces an electrical double layer composed of
two layers in the liquid: the compact layer very close to the wall (unaf-
fected by the flow), and a diffuse layer that can be convected (Touchard
et al., 1985). Then the space charge density Q convected in a pipe by a
flow is given by the ratio of the charge convected to the flow rate Q =
[spuds/fsids, where s is the section of the pipe, p the space charge density,
and # the mean axial velocity. To compute this quantity, we need to
know the velocity profile and the space charge density profile, which is
a function of three parameters: the electrochemical reaction at the inter-
face, the diffuse layer thickness, and the characteristic of the flow. To
analyze the phenomenon, first it is important to know the space charge
density profile for a diffuse layer at rest in the pipe (without flow), and
then we must understand how it is affected by the flow (Touchard, 1978).

83
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II. FUNDAMENTAL EQUATIONS OF A DIFFUSE LAYER AT
REST

The phenomenon is controlled by the diffusion and the migration and can
be expressed by five fundamental equations (Touchard and Romat, 1981):
two equations of current densities, two conservation equations, and the
Poisson equation for the potential.

But for a steady state, an infinite length, a cylindrical pipe, and appro-
priate reference quantities, the five previous equations may be reduced
to two nondimensional equations (Touchard, 1978):

dp+ 2 ayie Qb+ _

dr. + (p% + of) dr. - 0 )]
1 4 df.\ B

:m(lu _dr.,.) = P+ 2

where p. is the nondimensional space charge density, {. the nondimen-
sional potential, and a = 2(DpDn)V*/(Dp + Dy), Dp and Dy being the
cation and the anion diffusion coefficients. In practice, a is very close to
1, and @ = 1 is a good approximation.

Then these equations can be solved for different cross-section configu-
rations of the pipe. The nondimensional space charge density is a function
of the nondimensional space charge density on the wall py, + (which trans-
lates the intensity of the electrochemical reaction at the interface) and the
geometry of the pipe compared to the diffuse layer thickness. For an
example, in the case of circular pipe and for pw+ <€ 1, we have p = pu(lor/
30)/(Io(R/3p)), where I, is the modified Bessel function of zero order, 8
the diffuse layer thickness, and R the radius of the pipe.

lll. SPACE CHARGE DENSITY CONVECTED BY A FLOW IN
A CIRCULAR PIPE

A. Laminar Flow

For a laminar flow and for a very long pipe, the diffuse layer at the exit
of the pipe is fully developed, so the space charge density profile is the
same as the one for a diffuse layer at rest. For example, with the same

conditions as previously, the space charge density convected Q; is given
by

5 [1 _ 26011(R/80)]

Q1= 80w 2 | 1~ RI(Rlso) G)

where /, is the Bessel modified function of first order.
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B. Turbulent Flow

In the case of a turbulent flow, two different modelizations have already
been performed. They both supposed that the space charge density on
the inner wall p,, remains the same as the one for a laminar flow. One is
based on the competition between the fluctuant radial velocity and the
diffuse layer relaxation velocity (Touchard, 1978), the other one on the
eddy diffusivity (Marcano et al., 1987). For the same example mentioned
above, Q1 = 2pw(8/R)(11(R/30))/(1o(R/80)).

IV. EXPERIMENTAL APPARATUS

Different equipments can be considered to investigate the flow electrifica-
tion, which depends on the kind of liquids used (hydrocarbons, liquefied
gas, etc.) (Touchard, 1978; Marcano et al., 1987), but some general precau-
tions must be taken in order to keep the liquid in the same state of purity
(Touchard et al., 1985). If they are not taken then it will be very difficult
to settle precisely the influence of one parameter, because the whole phe-
nomenon can be radically different with only some ppm of impurities
added to the liquid. Nevertheless, in industrial installations, where such
conditions are impossible, the value of the current taken on an insulated
part of the pipe gives an idea of the intensity of the phenomenon (Touchard
et al., 1988).

V. DETERMINATION OF THE ELECTRICAL QUANTITIES IN
A DIFFUSE LAYER

The conductivity, the ion diffusion constant, and the space charge density
on the wall are needed to analyze the flow electrification. The first two
quantities can be obtained by experiments in a conductivity cell. The third
one is computed from the experimental value of the space charge density

convected in a long pipe and for a very low laminar Reynolds number
(Touchard and Romat, 1981).

VI. GENERAL RESULTS ON FLOW ELECTRIFICATION

The analysis of both theoretical and experimental results enables us to
express some general predictions concerning the evolution of the space
charge density convected in terms of different parameters.

A. In Terms of the Reynolds Number

For a laminar flow and for a very long pipe, the space charge density
convected is constant in terms of the Reynolds number, as could be pre-
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dicted by the theory. Nevertheless, if the pipe is not long enough, it de-
creases with the mean velocity or the Reynolds number. Then, at the
transition, it increases and reaches a new level in turbulent flow two or
three times greater than in laminar. Last, for a turbulent flow, it is in
many cases nearly constant again in terms of the Reynolds number
(Touchard and Dumargne, 1983).

B. In Terms of the Radius of the Pipe

For very small pipe radii (smaller than the diffuse layer thickness), it
is nearly constant with the radius; then for large diameters it decreases
proportionally to 1/R? (Touchard and Romat, 1981).

C. In Terms of the Length

For lengths smaller than one hundred times the diameter, it is nearly
proportional to the length; then it reaches an asymptotic value for very
long pipes, in which the diffuse layer is fully developed at the exit (Gib-
bings, 1970; Touchard and Romat, 1982).

D. In Terms of the Temperature

As the conductivity and the viscosity of the liquid as the electrochemical
reactions on the wall are all functions of the temperature, the space charge
density convected is also affected by this parameter. When the tempera-
ture increases, the rate of reaction increases; thus the charge convected
tends to increase, but the resistivity of the liquid decreases as the diffuse
layer thickness, which reduces the charge convected. Thus the space
charge density passes normally through a maximum when the temperature
is increasing. In fact, very often we just observe an increasing of the
charge convected (Touchard et al., 1985).

E. In Terms of the Concentration of Additives

If the concentration of additives increases, then the conductivity and the
space charge density on the wall increase. But these two parameters act
in opposite direction, so the space charge density convected generally
passes through a maximum, which is very often observed (Klinkenberg,
1967; Benyamina et al., 1987).

F. In Terms of the Roughness of the Pipe

The charge convected in a rough pipe is smaller than in a smooth pipe
for a laminar flow (Touchard et al., 1989) but greater for a turbulent flow
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(Gavis, 1964). This phenomenon can be explain by the development of
eddies close to the roughness in the case of laminar flows in a rough pipe.
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Numerical Techniques for Electrostatics

R. Godard

Royal Military College of Canada
Kingston, Ontario, Canada

I. INTRODUCTION

A mathematical model is always an approximation to real physical prob-
lems. We can distinguish from a mathematical point of view two different
kinds of problems that are of interest to electrostatics.

The first one is a time dependent problem or a problem of evolution
as a function of time from time to. An example of the Cauchy problem is
particle kinetics:

w' = f(t,u,u')  ulte) = o u'(te) =B

where u is the dependent variable. This is also called the initial value

problem. The generalization in several dimensions would be parabolic
equations.

The second kind of problem is a problem of equilibrium. It is also called
the boundary value problem. An example of the Dirichlet problem is the
computation of electric potentials and particle charging:

u = f(x,u,u) u(xg) = ulx)) =

and we seek a solution a < x < B. The problem is time independent.
When generalizing in several dimensions, the mathematical problem is

L(u) = f(u) in D Biu) = g; on C
89



90 GODARD

where C is the border of the domain D. & is an operator applied to the
dependent variable u(x, y, z). This operator may be linear or nonlinear.
The subscript i may indicate different types of boundary conditions.

The mathematical model is translated into a numerical code that should
follow the best algorithm. An algorithm is defined with respect to its ro-
bustness, its speed, its flexibility, and its portability, while the program
must be readable, user-friendly, and divided into small subroutines. We
shall describe only a few basic ideas and basic algorithms with some em-
phasis toward modern algorithms.

When possible, it is recommended not to write all of the programs but
rather to use library programs. They may belong to the IMSL library or
the NAG library or to some more specialized library such as the French
library MODULEEF on finite elements.

In this chapter, we examine in Sec. II the numerical solution of the
initial value problem and also the problem of stiff differential equations.
In Sec. 11, we examine the problem of equilibrium and we introduce the
concept of finite differencing and finite elements. In Sec. V, we comment
on some basic algorithms for parabolic equations and the stability of the
algorithms. In Sec. V, we consider the elliptic problem.

II. THE INITIAL VALUE PROBLEM

The initial value problem for a system of ordinary differential equations,
in vector form, is

u' = fx,u) a=s=x=b ula)=A (1N

where fis a continuous function for a = x = b and all u. Equation | may
have more than one solution, and it is generally assumed that f satisfies
a Lipschitz condition, i.e., that all the first partial derivatives of f are
bounded by a constant L.

g_f,: (x, u)

1

=L  Vxela, b) and u (2)

Any differential equation of order n > | can be transformed into a system
of first-order equations. A numerical code will find an approximate solu-
tion V,, at step x,. If h, = h is the step size, then we seek a solution at
the next step x,+; = x, + h,. The local error is u, — V,, and indeed
the code should control this local error at each step size.

A. The Runge-Kutta Method

The fourth-order Runge-Kutta method (denoted RK4) is based on the
Taylor expansion about the current point x,. Starting at (xo, uo), four
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function evaluations per step generate the approximation (a,, V,),
h
vn+l = Vn + g(fl + 2f2 + 2f3 + f4)

where

fl = f(xna Vn)

fo= il + 5o v 511

fo=dlo 5 Va4 5 12)

f4 = f(-xn + h7 Vn + th)

The local error is in O(h*). The control of the local error E,, is the critical
step in the algorithm, which has to adapt itself to the rate of variation of
the function. Gustafson (1991) analyzed the error control strategies. The
step is accepted if E,(h) is less than a given tolerance. Classical Runge-
Kutta codes may be found in the IMSL Library.

Two advantages of the RK method are low storage and good stability.
It can treat linear and nonlinear problems as well. Also, RK methods do
not use previously computed solution values. Such methods are called
explicit methods. For special classes of problems, they become unstable.

B. Stiff Problems

Consider the generalized linear constant coefficient system of equations

u = Au + o(x) u, beR”

where A is an n X n matrix. The eigenvalues of the matrix A are \;, i =

1,2, ..., n Assume that the eigenvalues are distinct. The differential
system is stiff (Lambert, 1980) if
(1) R.\) <0 i=12,...,n
Max | RO\
() S > |

Min TR S

S is called the stiffness ratio. This situation arises if the solution of the
differential system has a fast transient and a slow transient. Explicit algo-
rithms have the tendency to become unstable, if it is necessary to utilize

an implicit scheme such as the implicit Euler method or the more sophisti-
cated implicit Runge-Kutta (Brenan, 1986).
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IIl. THE BOUNDARY VALUE PROBLEM

Boundary value problems are more complicated than initial value prob-
lems. They can be transferred to initial value problems by shooting meth-
ods (Fox, 1980). We shall consider here only the finite difference method
and the finite element method.

A. The Finite Difference Method

Finite difference approximations are based on the use of the Taylor series:
’ sz "
flx + Ax) = f(x) + Axf'(x) + S /() + - 3)

The forward and backward approximations to the derivative f'(x) are,
respectively

— - flx — A
f,(X)+ = f(x + AAX; f(x) f’(X)_ ~ f(x) \Z(; X) (4)

The central approximation comes from averaging Eqgs. 4, thus obtaining

flx + Ax)zgxf(x — Ax) )

f'(x) =
By using Eq. 5, a central approximation to the second derivative can be
obtained, i.e.,

- - A
Fx) = flx + Ax) 2;:;,2) + f(x x) ©)

when the derivatives are approximated by finite differencing; i.e., by trun-
cating the Taylor series, we introduce a truncating error. This truncation
error is local, in the neighborhood of the current point x. If feC*[a, b],
the truncation error is —Ax*6f*(C) for Eq. 5. The error is
—AXH12f™(C") for Eq. 4. It is the step size Ax = h that controls the
local error.

For the solution of the linear second-order boundary value problem,

u’' = px)u' g(x)u + r(x) usx=<»b u(a) = o, u(b) = B (7

The finite difference approximations are used to approximate both u' and
¢ (Burden and Faires, 1985, p. 533). We divide the interval [a, b] into N
+ 1 subintervals with Ax = h = (b — a)/(N + 1). The numerical grid
corresponds to the nodes x; = a + ih, i = 0, ..., N + 1, and the
approximate solution v is computed at each node. Equation 7 becomes
the finite difference equation
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v(x;i +1) — 2v(xy) + v(xi—1)
h2

= p(x;) [u(x,-+,)2—h vxi )l + q(x) v(x;) + r(x)  (B)

If the resulting system of equations is expressed in matrix form, taking
into account the boundary conditions, we obtain a tridiagonal system of
equations that requires small storage. If g(x) = 0, the main diagonal is
dominant. The system is positive definite and the solution is unique pro-
vided that & < 2/Max|p(x))|,i = 1, ..., N (Burden and Faires, 1985, p.
535). The accuracy of the solution is controlled by the step size 4 and the
local truncation errors. The program must be run at least twice, say with
astep hy, and a step A, = h,/2. In the Richardson extrapolation technique,
we combine the numerical solutions v, and v, to obtain more accurate
results, so that v = (4v, — v,)/3, and the truncation error becomes O(h?).

Indeed, Eq. 7 represents a linear differential equation. If the differential
equation is nonlinear, the concept of finite differencing can still be applied
except that an iterative process is required for the solution (Burden and
Faires, 1985, p. 539).

Another problem requiring some mathematical attention is the treat-
ment of infinite intervals, which often occur in electrostatics. A condition
on the electric potential like

u(x)— 0 as x— ®

may be approximated by a finite boundary at a distance sufficiently large.
In some cases, a change of variable such as + = 1/x is recommended.
Finally, a uniform numerical grid is not always the best way to solve
problems that have locally strong rates of variations.

B. Finite Element Methods

The self-adjoint differential equation

d d
P (p(x) EH) + g(x) u = f(x) q(x) = 0, p(x) > 0, 9)

for0=x=1

with boundary conditions u(0) = u(1) = 0, belongs to an important class
of differential equations. The differential equation can be transformed into
a minjmization of the integral (Burden and Faires, 1985, p. 547)

I(u) = fo {p)' () + q(x) [u(x)]? — 2f(x) u(x)} dx (10)
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Let us consider u,, = >/ Cibi(x) as an approximation to the solution
u(x); the functions ¢; are linearly independent and constitute a basis. An
example of a piecewise linear function ¢; is the “‘chapeau function”

(x—-xi—l/hi—l Xic1 =X =X
bilx) = §(xivr — x)/h; Xi =X = X4
0 elsewhere

We now have to find the constants C; of the combination of the basis
functions &;. Therefore the integral of Eq. (10) is a function of C;, C,,
..., C,. The values of the coefficients C; that minimize the integral are
given by

ol .
a_CJ-_O foreachj =1,2,...,n (11)

The following algorithm sets up a tridiagonal linear system. To the
contrary of the finite difference technique, where we minimize the local
errors, in the Rayleigh-Ritz Method, the method just described, we try
to minimize the global error over the interval {a, b].

The main deficiency of the Ritz method is that it is applicable only
to self-adjoint differential equations. The Galerkin method is free of this
constraint. Let us consider

Lu=f with v, =2 Cibi(x) (12)
i=1

For the determination of the coefficients C; we then orthogonalize the
residual (Lv, — f) with respect to all the functions d{x),j =1, ..., n.

IV. THE INITIAL BOUNDARY VALUE PROBLEM:
PARABOLIC EQUATIONS

Let us consider the linear diffusion equation

d 9
a—Lt'=Da—;2’ a<x<b t>0 (13)

subject to the conditions

u®©,H =0 ul,np=0 >0 (14)
ux,0) = f(x) 0=x=I (15)

Equations 14 constitute the boundary conditions. Equation 15 is an initial
condition. D is a diffusion constant. A parabolic equation may be consid-
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ered as a stiff problem. The classical way to solve Eq. 13 is by finite
differencing in space and time. Standard implicit methods to solve Eq. 13
require the solution of large systems of algebraic equations (Hundsdorfer,
1992). The classical numerical implicit scheme is the Crank-Nicholson
representation

Dlvici kvt = 2001k + Ysr k-1 b Ykt = 2056 + U, k-1
2 Ax? Ax?
vj+l.k_vjak
BRI T
A7 (16)
=Uj+l.k_vj.k
At

The left side of the equation is an average of central difference expressions
for d%ulax? at the points (j + 1, k) and (J, k). The right side is the central
approximation of du/dt but at a virtual point (j + 1/2, k). The advantage
of the Crank-Nicholson method is a relatively small truncation error, and
it is unconditionally stable.

A method that has achieved some popularity is the box method devel-
oped by Keller. Equation 13 can be written as a system of coupled first-
order equations:

ou
¢~a (17)
bu_ pob
at 7 ox

To discretize these equations, Keller integrates Eq. 5 over a box. It is
possible to build algorithms that are almost as efficient as the Crank-
Nicholson method. Finally, we can use Galerkin’s finite element proce-
dures for the solution of parabolic problems (Dawson and Dupont, 1992).
It is recommended to use specialized libraries such as MODULEF for
finite element routines. '

V. THE ELLIPTIC PROBLEM: THE GENERALIZED
BOUNDARY VALUE PROBLEM

Boundary value problems generally model steady-state (time independent)
phenomena. Classical examples are the steady-state diffusion-convection
equation

VIDV4) - ViuV) + f =0 onD (18)
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where D is the domain, u = u(x, y, z) is the dependent variable, and
V = V(x, y, 2) is the velocity.

Another example is the Poisson equation V2u + pley = 0. To these

equations, we have to associate the appropriate boundary conditions,
which may be

(i) The Dirichlet condition: u is specified at the border C of the
domain D

(i) The Newman condition: the normal derivative du/on is specified
at the border C

(iii) Mixed conditions: u + o du/dn = 0 is specified on C
(iv) Periodic boundary conditions

In this section, we shall consider only the diffusion problem with no con-
vection.

A. The Finite Difference Method

Consider the two-dimensional linear Poisson equation in a domain D, with
boundary C

u  u .
-2t P f(x,y) for(x,y)inD (19)

with the Dirichlet boundary condition
ulx,y) = glx, y) for (x, y)on C (20)

A rectangular grid on the region D is set up so that every interior point
(i, /) has four neighbors. If the domain is irregular, a special treatment
has to be done at the border C.

Approximating Eq. 19 at each interior point by finite difference, we
obtain for the approximate solution v; to u(x;, y;):

Vier = 2Vi+ Viri | Ve =2V + Vi
NG + Ay = fy (21)

where f; = f(x;, y;); at each boundary point v; = g(x;, y;). After eliminat-
ing from Eq. 21 the boundary points, we obtain a sparse system of linear
equations where the V; are the unknowns. This is the generalization of
the two point boundary value problem. This system of equations AV =
b can be solved by iterative or direct methods.

1. Ilterative Methods

In all iterative methods, we need a guess field, a starting point, and the
convergence is independent of the value of this guess field. We transfer
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all the nondiagonal elements of AV = b to the right side, thereby consider-
ing that the only unknown at row i is

b,‘ — 2 a,-J-Vj
Jj=1

V= ——"—— @i #0 (22)
By a process of updating the current solution, the system of equations
converge toward an approximate solution. The advantage of the iterative
techniques is small storage and the possibility to treat nonlinear equations
while the techniques are easy to code. The main consideration is the rate
of convergence. A more powerful version of the classical Gauss-Seidel
method of Eq. 22 is the successive overrelaxation method (SOR method),
which is an extrapolation method for a system that is already convergent.
If k is an index of iteration, we obtain

VD = P g (PRD e (23)

Here o is called the overrelaxation factor, and for a convergence consider-
ation, 1 < @ < 2. V&*D is the Gauss-Seidel approximation to the (k +
1) iteration. More information about the overrelaxation factor w can be
found in Forsythe and Wasov (1960).

Perhaps just as important is the case of higher nonlinear systems of
equations, which have the tendency to diverge. Then w < 1 has the prop-
erty of damping the solution.

2. Direct and Semidirect Methods

In elliptic problems, the matrix A of AV = b is a structured and sparse
matrix. An algorithm for block tridiagonal systems can be found in Golub
and Van Loan (1983). Finally, a system of linear equations can be trans-
formed into a minimization problem, and a combination of both direct
and iterative techniques seems to be the right direction toward robust and
fast numerical algorithms.

B. Finite Element Methods

Herein we lack the space to describe in detail the finite element methods.
One clear disadvantage of the finite difference method is the treatment of
irregular boundaries. If the domain is complex, the finite element method
is more flexible. Sewell’s (1988) book is a good introduction to finite ele-
ment methods. We recommend the French finite element library called
MODULEF. This library is distributed by INRIA, Rocquencount,
France.
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VI. CONCLUSIONS

In this brief presentation, we have tried to classify the principal numerical
problems that may occur in electrostatics. We have distinguished the lin-
ear problem and the nonlinear problems, which are more computer time
consuming. The main difficulty is in the choice of stable algorithms and
the control of errors. The difficulty in finite element methods is the genera-
tion of the grid, and the tendency is to introduce multigrids or windows
of importance in the regions where the rate of variation of the function is
particularly important. Finally, we omitted discussion of the more com-
plex diffusion-convection process, which has a tendency to destabilize
the numerical solution, and which requires a special treatment; and also
the particle collection with turbulent gas flow. Finally, the book written

by Birdsall and Langdon (1981) links problems of electrostatics and plasma
physics.
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Electrohydrodynamics
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I. INTRODUCTION

Electrohydrodynamics is often carried out by persons trained in either
electrostatics or fluid mechanics, but rarely both. As a result, it is often
difficult to foresee how the electrical and mechanical effects will interact
in the laboratory. One useful approach to this problem is the comparison
of the various forces that arise naturally in electrohydrodynamics. By
sorting and comparing these quantities, it is usually possible to predict
the overall results of an experiment by using ‘‘back of the envelope”’
calculations. In many cases, the systematic study of dimensionless ratios
can also expose the possibility of new interactions not considered in the
initial planning.

In this chapter, the principal electrical and mechanical forces are com-
pared, and dimensionless ratios that characterize the relation are formu-

lated. These ratios are then used to explain several experiments taken
from the literature.

Il. ELECTRIC PRESSURE

In any discussion of fluid mechanics, the most important aspect is the
forces or pressures that are exerted on the fluid. In electrohydrodynamics,
these forces are ultimately generated by Coulomb interactions between
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charges, which can either attract or repel each other. These forces are
communicated to the surrounding fluid by the reaction between the
charged entities (ions, electrons, particles, etc.) and the fluid. Inside a
fluid, the charges move in response to electric forces, dragging the fluid
with them. At fluid surfaces, the charges are held in check by the balance
between the electric force and the surface forces. In any event, the central
idea in electrohydrodynamics is the transfer of force from charges to
fluids.

The electrical forces can be expressed in a number of ways that are all
equally valid but that involve different physical variables. In electrohydro-
dynamics, the most convenient variable is the electric field strength E.
This is preferred over charge density, voltage, or other possibilities be-
cause we observe that the magnitude of the electric field in practical appli-
cations is usually confined to a relatively small range, regardless of the
size scale. Normally, the electric field is on the order of 0.1 to 50 MV/m.
The upper limit is set by the occurrence of electrical breakdown, while
the lower gives forces too small to be useful.

The electrostatic force on a fluid can be expressed in terms of electric
field strength by using the stress tensor (Crowley, 1986), but for most
experimental work it is possible to estimate the magnitude of this force
by using a scalar quantity called the electric pressure, which has a magni-
tude on the order of

Pe = eE? (1

(Since we are only concerned with estimates of effects, we dispense with
the customary factor of 1/2.) The first factor in the pressure is the permit-
tivity of the material, which is proportional to its dielectric constant. The
second factor is the electric field strength. These two parameters are all
that is needed to estimate the pressures that an electric field can exert on
a fluid.

The permittivity can be written as

€ = Ko (2)

where € is the permittivity of free space. This constant depends on the
choice of units and is needed to reconcile the electrical and mechanical
units. In the SI system, its value is

€ = 8.854 x 10~'?2 farads/m (3)

All other materials are referred to free space through the dielectric con-
stant k. Gases have dielectric constants close to unity. Most liquids lie in
the range from 2 to 80, increasing with conductivity.
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We normally try to make the electric field as large as possible, to en-
hance the desired effect. Practically, the field is limited either by the ability
of the power supply to furnish current (for conductive liquids) or by the
occurrence of electrical breakdown (for insulating fluids). Breakdown usu-
ally occurs when the field is in the range

1 MV/m < Ep <20 MV/m (4)

The field can be higher for very small gaps (<100 wm) and for some
insulators, but the range given here is usually appropriate for EHD.

Since both the dielectric constant and the electric field are limited in
practice, there will clearly be a practical limit on the electric pressure
available to work on the fluid. In macroscopic air gaps, for example, the
breakdown field is approximate 3 MV/m, so the electric pressure is on
the order of

Pe ~ keoE? = (1)(8.854 x 107 '2)(3 x 10%)?> = 79.7 Pa (5)

This pressure is equivalent to that exerted by 8 mm of water. Since this is
the highest pressure to be expected in air, the opportunities for electrically
driven motion under normal conditions are clearly limited. If the air gaps
are very small, however, the breakdown field can be much higher, due
to the Paschen effect. Fields as high as 50 MV/m are commonly reached
when the gaps are smaller than 5 pwm, and worthwhile improvements are
evident below 100 pwm.

The situation is somewhat better in liquids. Dielectric constants are
typically higher, and so are the breakdown fields. In a typical oil, for
example, the dielectric constant might be on the order of 3 and the break-
down field as high as 20 MV/m. For this fluid, the electric pressure is on
the order of

pe ~ keoE? = (3)(8.854 x 10~ '?)(20 x 10%)? = 10.6 kPa (6)

This is a substantial pressure, on the order of 0.1 atmosphere, and allows
a wider range of applications.

Electrohydrodynamic motion is only practical when these limited pres-
sures will be adequate for the intended motion. There are a variety of fluid
mechanical situations of interest, however, depending on the mechanical
nature of the fluid and its velocity. In addition, various fluids will have
different electrical properties that influence the effect. To avoid a confus-
ing mélange of results, the experimenter should have an approximate idea
of the expected interaction between the field and the fluid. The simplest
way to gain this perspective is to consider the relative magnitude of the
effects by using dimensionless ratios.
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lll. ELECTROHYDROSTATICS

The simplest fluid situations are those with no motion. Normally gravity
and surface tension will be the only forces opposing the electric pressure.
Often, only one of these will be important, so the experimental design
can be simplified by knowing which fluid force dominates. This can be
determined by comparing the ratio of pressures generated by surface ten-
sion and gravity.

Surface tension generates a pressure difference only when an interface
between two fluids is curved. This is commonly the case with jets and
drops, but of less importance for large masses of fluids. The surface ten-
sion pressure is on the order of

pe~% ™

where T is the surface tension coefficient and R is the radius of curvature
of the surface. For most common liquids,

[5 mN/m<7T<80 mN/m (8)

Thus the surface tension pressure on a size scale of 1 mm is approximately
0.050

Pe = m =50 Pa (9)

This pressure level is well below the limits on electric pressures, indicating
that EHD effects can be more significant than surface tension.
The gravity pressure is given approximately by

ps =~ Y¥8L (10)

where vy is the mass density, g is the gravitational constant, and L is a
typical height. For example, a column of water 10 mm high exerts a pres-
sure of

g = (1000)(9.8)(0.01) = 98 Pa (1

Again, this pressure is one that can be matched by electrostatic forces.

The relative importance of gravity and surface tension is expressed by
the ratio of the two pressures, called the gravity-capillary number (or the
Bond number):

h L?
TR="T )

Ngc =

where the typical length L is used for both the height and the curvature of
the liquid. When the two pressures are comparable, the gravity-capillary
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number will be on the order of unity. This will occur when the surface
deformation has a characteristic length given by

L= \/—]; (13)
Y8

For a typical liquid, with y = 1 Mg/m® and T = 50 mN/m, the length is
on the order of

[ (005
L = W = 2.26 mm (14)

For larger sizes, gravity dominates, while for much smaller sizes only
surface tension will play a significant role in static situations. Of course,
if there is no free interface, surface tension will always be negligible.

A. Gravity Dominated Electrohydrostatics

Now that the nature of the fluid force has been determined, the experimen-
ter can turn to the effect of the electric pressure. The relative magnitude
of this effect is expressed by the ratio of the electric to mechanical pres-
sures. For the case where gravity is more important than surface tension,
this ratio is given by the electrogravity number,
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