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Vector-Sensor Array Processing for
Electromagnetic Source Localization

Arye Nehorai, Fellow, IEEE, and Eytan Paldi, Member, IEEE

Abstract— We present a new approach for localizing electro-
magnetic sources using sensors where the output of each is a
vector consisting of the complete six electric and magnetic field
components. Two types of source transmissions are considered: 1)
single signal transmission (SST), and 2) dual signal transmission
(DST). The model is given in terms of several parameters, includ-
ing the wave direction of arrival (DOA) and state of polarization.
A compact expression is derived for the Cramér-Rao bound
(CRB) on the estimation errors of these parameters for the multi-
source multi-vector-sensor model. Quality measures including
mean-square angular error (MSAE) and covariance of vector
angular error (CVAE) are introduced, and their lower bounds
are derived. The advantage of using vector sensors is highlighted
by explicit evaluation of the MSAE and CVAE bounds for source
localization with a single vector sensor. A simple algorithm for
estimating the source DOA with this sensor is presented along
with its statistical performance analysis.

L. INTRODUCTION

HE localization of source signals using sensor data pro-
Tcessing has attracted significant attention lately. Most
existing methods employ sensor arrays in which the output
of each sensor is a scalar corresponding, for example, to
the pressure in the acoustic case or to a scalar function of
the electric field in the electromagnetic case. This paper (see
also [1]) considers new methods for multiple electromagnetic
source localization using sensors whose output is a vector
corresponding to the complete electric and magnetic fields
at the sensor. These sensors, which will be called vector
sensors, can consist for example of two orthogonal triads
of scalar sensors that measure the electric and magnetic field
components. The main advantage of the vector sensors is that
they make use of all available electromagnetic information
and, hence, should outperform the scalar-sensor arrays in
accuracy of direction of arrival (DOA) estimation. Vector
sensors should also allow the use of smaller array apertures
while maintaining performance. (Note that we use the term
“vector sensor” for a device that measures a complete physical
vector quantity.)

Section II derives the measurement model. The electro-
magnetic sources considered can originate from two types of
transmissions: 1) single signal transmission (SST), in which
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a single signal message is transmitted and 2) dual signal
transmission (DST), in which two separate signal messages
are transmifted simultaneously (from the same source); see,
for example, [2] and [3]. The interest in DST is due to the fact
that it makes full use of the two spatial degrees of freedom
present in a transverse electromagnetic planewave. This is
particularly important in the wake of increasing demand for
economical spectrum usage by existing and emerging modern
communication technologies.

Section III analyzes the minimum attainable variance of
unbiased DOA estimators for a general vector-sensor array
model and multi-electromagnetic sources that are assumed
to be stochastic and stationary. A compact expression for
the corresponding Cramér-Rao bound (CRB) on the DOA
estimation error that extends previous results for the scalar-
sensor array case in [4] (see also [5]) is derived.

A significant property of the vector sensors is that they
enable DOA (azimuth and elevation) estimation of an elec-
tromagnetic source with a single vector sensor and a single
snapshot. This result is explicitly shown by using the CRB
expression for this problem in Section IV. A bound on
the associated asymptotic normalized mean-square angular
error (MSAE), which is invariant to the reference coordinate
system, is used for an in-depth performance study. Compact
expressions for this MSAE bound provide physical insight into
the SST and DST source localization problems with a.single
vector sensor.

The CRB matrix for an SST source in the sensor co-
ordinate frame exhibits some nonintrinsic singularities (i.e.,
singularities that are not inherent in the physical model while
being dependent on the choice of the reference coordinate
system) and has complicated entry expressions. Therefore, we
introduce a new vector angular error defined in terms of the
incoming wave frame. A bound on the asymptotic normalized
covariance of the vector angular error (CVAE) is derived. The
relationship between the CVAE and MSAE and their bounds is
presented. The CVAE matrix bound for the SST-source case is
shown to be diagonal, easy to interpret, and has only intrinsic
singularities.

A simple algorithm is proposed for estimating the source
DOA with a single vector sensor, motivated by the Poynting
vector. The algorithm is applicable to various types of sources
(e.g., wide-band and non-Gaussian); it does not require min-
imization of a cost function and can be applied in real time.
Statistical performance analysis evaluates the variance of the
estimator under mild assumptions and compares it with the
MSAE lower bound.
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Section V extends these results to the multi-source multi-
vector-sensor case with special attention to the two-source
single-vector-sensor case. Section V1 summarizes the main
results and gives some ideas of possible extensions.

The main difference between the present paper and pre-
vious papers on source direction estimation is in our use
of vector sensors with complete electric and magnetic data.
Most previous papers dealt with scalar sensors. Other papers
that considered estimation of the polarization state and source
direction are [6]-[11]. Reference [6] discussed the use of
subspace methods to solve this problem using diversely po-
larized electric sensors. References [7]-[9] devised algorithms
for arrays with 2-D electric measurements. Reference [10]
provided performance analysis for scalar arrays with two
types of electric sensor polarizations (diversely polarized). An
earlier reference [11] proposed an estimation method using a
3-D vector sensor and implemented it with magnetic sensors.
All these references used only part of the electromagnetic
information at the sensors, thereby reducing the observability
of DOA’s. In most of them, time delays between distributed
sensors played an essential role in the estimation process.

For a planewave (which is typically associated with a single
source in the far field), the magnitude of the electric and
magnetic fields can be found from each other. Hence, it
may be felt that one (complete) field is deducible from the
other. However, this is not true when the source direction
is unknown. Additionally, the electric and magnetic fields are
orthogonal to each other and to the source DOA vector; hence,
measuring both fields significantly increases the accuracy of
the source DOA estimation. This is true in particular for an
incoming wave that is nearly linearly polarized, as will be
explicitly shown by the Cramér-Rao bound.

Our proposed use of the complete electromagnetic vector
data enables source parameter estimation with a single vector
sensor (even with a single snapshot) where time delays are not
used at all. In fact, this is shown to be possible for at least
two sources. As a result, the derived CRB expressions for this
problem are applicable to wide-band sources. The source DOA
parameters considered include azimuth and elevation. This
paper also considers, to the best of the authors’ knowledge,
for the first time direction estimation to DST sources, as
well as the CRB on wave ellipticity and orientation angles
(which will be defined later) for SST sources using vector
sensors. The MSAE and CVAE quality measures and the
associated bounds are also new. Their application is not limited
to electromagnetic vector-sensor processing.

II. THE MEASUREMENT MODEL

This section presents the measurement model for the esti-
mation problems that are considered in the later parts of the
paper.

A. Single-Source Single-Vector-Sensor Model

1) Basic Assumptions: Throughout this paper, it will be
assumed that the wave is traveling in a nonconductive, homo-
geneous, and isotropic medium. Additionally, the following
will be assumed:

z

Fig. 1. The orthonormal vector triad (u, vy, v2).

A1: Planewave at the sensor: This is equivalent to a far-
field assumption (or a maximum wavelength that is much
smaller than the source-to-sensor distance), a point-source
assumption (i.e., the source size is much smaller than the
source-to-sensor distance), and a point-like sensor (i.e., the
sensor’s dimensions are small compared with the minimum
wavelength).

A2: Band-linited spectrum: The signal has a spectrum
including only frequencies w satisfying wmin < |w| € Wmax,
where 0 < Wpin < Wmax < 0. This assumption is satisfied
in practice. The lower and upper limits on w are also needed,
respectively, for the far-field and point-like sensor assumption.

Let £(t) and H(t) be the vector-phasor representations (or
complex envelopes, see, e.g., [12], [13], and Appendix A) of
the electric and magnetic fields at the sensor. In addition, let
be the unit vector at the sensor pointing towards the source, i.e.

cos 8 cos 0,
sin #, cos 62
sin 64

u=

@.1)

where 6, and 6, denote, respectively, the azimuth and el-
evation angles of u; see Fig. 1. Thus, 6; € [0,2x), and
|62 < /2.

In Appendix A it is shown that for planewaves Maxwell’s
equations can be reduced to an equivalent set of two equa-
tions without any loss of information. Under the additional
assumption of a band-limited signal, these two equations can
be written in terms of phasors. The results are summarized in
the following theorem.

Theorem 2.1: Under assumption A1 Maxwell’s equations
can be reduced to an equivalent set of two equations. With the
additional band-limited spectrum assumption A2, they can be
written as

u X E(t) = ~nH(t)
u-£(t)=0

(2.2a)
(2.2b)

where 7 is the intrinsic impedance of the medium, and “x”
and “-” are the cross and inner products of R® applied to
vectors in C3. (That is, if v,w € €3, then v-w = I; vw;.
This is different from the usual inner product of €2).
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Proof: See Appendix A. (Note that u = —x, where & is
the unit vector in the direction of the wave propagation).

Thus, under the plane and band-limited wave assumptions,
the vector-phasor equations (2.2) provide all the information
contained in the original Maxwell equations. This result will
be used in the following to construct measurement models in
which the Maxwell equations are incorporated entirely.

2) The Measurement Model: Suppose that a vector sensor
measures all the six components of the electric and magnetic
fields. (It is assumed that the sensor does not influence the
electric and magnetic fields). The measurement model is based
on the phasor representation of the measured electromagnetic
data (with respect to a reference frame) at the sensor. Let yz(t)
be the measured electric field phasor vector at the sensor at
time ¢ and eg(t) its noise component. Then, the electric part
of the measurement will be

ye(t) = E(t) + ex(t).

Similarly, from (2.2a), after appropriate scaling, the magnetic
part of the measurement will be taken as

v (t) = ux £(t) + en(?).

In addition to (2.3) and (2.4), we have the constraint (2.2b).

Define the matrix cross product operator that maps a vector
v € R¥! to (u x v) € R®! by

(2.3)

2.4)

0 —u., uy
A
(ux) = | u, 0 —uy 2.5)
—Uy  Ugp 0

where uz, uy,u, are the z,y, z components of the vector u.
With this definition, (2.3) and (2.4) can be combined to

][ oo 5
= t) +

e3] = e Jeo+ o260

where I3 denotes the 3 x 3 identity matrix. For notational
convenience, the dimension subscript of the identity matrix
will be omitted whenever its value is clear from the context.

The constraint (2.2b) implies that the electric phasor £(t)
can be written

(2.6)

E(t) = VE(t)

where V' is a 3 x 2 matrix whose columns span the orthogonal
complement of u and &(t) € C€2*!. It is easy to check that
the matrix

2.7

—sinfl; —cosf;sinfy
V=/| cosfy —sinbsinbs 2.8)
0 cos 5

whose columns are orthonormal, satisfies this requirement. For
future reference, we note that since ||u||? = 1, the columns of
V, which are denoted by v; and v, can be constructed, for
example, from the partial derivatives of u with respect to 6,
and 2 and post normalization when needed. Thus

1 Ou
=— 2.9
U= Cos 0, 06, (2-92)
u
Vs = XV} = 8_0.2 (29b)

and (u, vy,v2) is a right orthonormal triad; see Fig. 1. (Observe
that the two coordinate systems shown in the figure actually
have the same origin). The signal £(¢) fully determines the
components of £(t) in the plane where it lies, namely, the
plane orthogonal to w spanned by w;,v,. This implies that
there are two degrees of freedom present in the spatial domain
(or the wave’s plane) or that two independent signals can be
transmitted simultaneously.
Combining (2.6) and (2.7), we now have

ye®) | _ | 1 eg(t)
o=t ] - o Ve + o)
This system is equivalent to (2.6) with (2.2b).
The measured signals in the sensor reference frame can be
further related to the original source signal at the transmitter
using the following lemma.
Lemma 2.1: Every vector £ = [£1,&]T € €**! has the
representation

(2.10)

€= ||¢lle*Quw (2.11)
where
| cosf3 sinfs
Q= [— sinfl3 cos#fs :‘ (2.122)
_ | cosb,
w= [,L sin 04] (2.12b)

and where ¢ € (—m,7),03 € (—7/2,7/2),04 € [-7/4,7/4].
Moreover, ||€||, ¢, 03,64 in (2.11) are uniquely determined if
and only if &2 + £ # 0.

Proof: See Appendix B.

The equality £Z + £€2 = 0 holds if and only if |0, = 7 /4,
corresponding to circular polarization (defined below). Hence,
from Lemma 2.1, the representations (2.11) and (2.12) is
not unique in this case, as should be expected, since the
orientation angle 63 is ambiguous. It should be noted that the
representations (2.11) and (2.12) are known and were used
(see, e.g., [14]) without a proof. However, Lemma 2.1 of
existence and uniqueness appears to be new. The existence and
uniqueness properties are important to guarantee identifiability
of parameters.

The physical interpretations of the quantities in the repre-
sentations (2.11) and (2.12) are as follows:

|I€]le**

Complex envelope of the source signal
(including amplitude and phase)

w normalized overall transfer vector of the
source’s antenna and medium, i.e., from the
source complex envelope signal to the principal
axes of the received electric wave

() rotation matrix that performs the rotation from

the principal axes of the incoming electric wave
to the (v1,v2) coordinates.

Let w. be the reference frequency of the signal phasor
representation; see Appendix A. In the narrow-band SST case,
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the incoming electric wave signal Re {e*<*||€(t)]}e** (t)Qu}
moves on a quasistationary ellipse whose semi-major and
semi-minor axes’ lengths are proportional, respectively, to
cos 64 and sin 84; see Fig. 2 and [15]. The ellipse’s eccentricity
is thus determined by the magnitude of 4. The sign of
04 determines the spin sign or direction. More precisely, a
positive (negative) 64 corresponds to a positive (negative) spin
with right- (left)-handed rotation with respect to the wave
propagation vector £ = —u. As shown in Fig. 2, 43 is the
rotation angle between the (v;, v2) coordinates and the electric
ellipse axes (#1,92). The angles 63 and 6, will be referred
to, respectively, as the orientation and ellipticity angles of
the received electric wave ellipse. In addition to the electric
ellipse, there is also a similar but perpendicular magnetic
ellipse.

It should be noted that if the transfer matrix from the source
to the sensor is time invariant, then so are 3 and 6.

The signal £(¢) can carry information coded in various
forms. In the following, we discuss briefly both existing forms
and some motivated by the above representation.

3) Single Signal Transmission (SST) Model: Suppose that
a single modulated signal is transmitted. Then, using (2.11),
this is a special case of (2.10) with

&(t) = Qus(t)

where s(t) denotes the complex envelope of the (scalar)
transmitted signal. Thus, the measurement model is

ye(®) | _ | 1 ex(?)

[ve(3] = Ly vt + [220]
Special cases of this transmission are linear polarization with
84 = 0 and circular polarization with |64] = 7 /4.

Recall that since there are two spatial degrees of freedom
in a transverse electromagnetic planewave, one could, in
principle, transmit two separate signals simultaneously. Thus,
the SST method does not make full use of the two spatial
degrees of freedom present in a transverse electromagnetic
planewave.

4) Dual Signal Transmission (DST) Models: Methods of
transmission in which two separate signals are transmitted
simultaneously from the same source will be called dual
signal transmissions. Various DST forms exist, and all of
them can be modeled by (2.10), with £(t) being a linear
transformation of the 2-D source signal vector.

One DST form uses two linearly polarized signals that are
spatially and temporally orthogonal with an amplitude or phase
modulation (see, e.g., [2], [3]). This is a special case of (2.10),
where the signal §(¢) is written in the form

&0 =00

(2.13)

(2.14)

2.15)

where s1(t) and s(t) represent the complex envelopes of the
transmitted signals. To guarantee unique decoding of the two
signals (when 63 is unknown) using Lemma 2.1, they have to
satisfy s1(t) # 0, s2(t)/s1(t) € (—1,1). (Practically, this can
be achieved by using a proper electronic antenna adapter that
yields a desirable overall transfer matrix.)

sin 04

Fig. 2. Electric polarization ellipse.

Another DST form uses two circularly polarized signals
with opposite spins. In this case

() = Qlwir (1) + ()
w=(/VDIL T

where w denotes the complex conjugate of w. The signals
531(t), $2(t) represent the complex envelopes of the transmitted
signals. The first term on the r.h.s. of (2.16) corresponds to a
signal with positive spin and circular polarization (6, = 7/4),
whereas the second term corresponds to a signal with negative
spin and circular polarization (§; = —n/4). The uniqueness
of (2.16) is guaranteed without the conditions needed for the
uniqueness of (2.15).

The above-mentioned DST models can be applied to com-
munciation problems. Assuming that u is given, it is possible
to measure the signal £(t) and recover the original mes-
sages as follows. For (2.15), an existing method resolves
the two messages using mechanical orientation of the re-
ceiver’s antenna (see, e.g., [3]). Altemnatively, this can be
done electronically using the representation of Lemma 2.1
without the need to know the orientation angle. For (2.16),
note that £(t) = we®®* §; (t) + we =% 3,(t), which implies the
uniqueness of (2.16) and indicates that the orientation angle
has been converted into a phase angle whose sign depends on
the spin sign. The original signals can be directly recovered
from £(t) up to an additive constant phase without knowledge
of the orientation angle. In some cases it is of interest to
estimate the orientation angle. Let W be a matrix whose
columns are w, . For (2.16), this can be done using equal
calibrating signals and then premultiplying the measurement
by W~! and measuring the phase difference between the two
components of the result. This can also be used for real-time
estimation of the angular velocity dfs/dt.

In general, it can be stated that the advantage of the DST
method is that it makes full use of the spatial degrees of
freedom of transmission. However, the above DST methods
need the knowledge of u and, in addition, may suffer from
possible cross polarizations (see, e.g., [2]), multi-path effects,
and other unknown distortions from the source to the sensor.

The use of the proposed vector sensor can motivate the
design of new improved transmission forms. Here, we suggest

(2.16a)
(2.16b)
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a new dual signal transmission method that uses on-line
electronic calibration in order to resolve the above problems.
Similar to the previous methods it also makes full use of
the spatial degrees of freedom in the system. However, it
overcomes the need to know u and the overall transfer matrix
from source to sensor.

Suppose the transmitted signal is z(t) € €Y (this signal
is as it appears before reaching the source’s antenna). The
measured signal is

et = cws+ [0

2.17)
where C(t) € €%*? is the unknown source-to-sensor transfer
matrix that may be slowly varying due, for example, to the
source dynamics. To facilitate the identification of z(t), the
transmitter can send calibrating signals, for instance, transmit
z1(t) = [1,0]7 and z(¢) = [0,1])7, separately. Since these
inputs are in phasor form, this means that actually constant
carrier waves are transmitted. Obviously, one can then estimate
the columns of C(t) by averaging the received signals, which
can be used later for finding the original signal z(t) by
using, for example, least-squares estimation. Better estimation
performance can be achieved by taking into account a priori
information about the model.

In future research, it would be of interest to develop optimal
coding methods (modulation forms) for maximum channel ca-
pacity while maintaining acceptable distortions of the decoded
signals despite unknown varying channel characteristics.

Observe that actually, any combination of the variables
[€]], ¢, 63, and 64 can be modulated to carry information. A
binary signal can be transmitted using the spin sign of the
polarization ellipse (sign of #4). Lemma 2.1 guarantees the
identifiability of these signals from &(t).

B. multi-source multi-vector-Sensor Model

Suppose that waves from n distant electromagnetic sources
are impinging on an array of m vector sensors and that
assumptions A1 and A2 hold for each source. To extend the
model (2.10) to this scenario, we need the following additional
assumptions, which imply that A1 and A2 hold uniformly on
the array:

A3: Planewave across the array: In addition to A1, for
each source, the array size d 4 has to be much smaller than the
source-to-array distance so that the vector u is approximately
independent of the individual sensor positions.

A4: Narrow-band signal assumption: The maximum fre-
quency of £(t), which is denoted by wy,, satisfies w,, d4/c <
1, where c is the velocity of wave propagation (i.e., the
minimum modulating wavelength is much larger than the array
size). This implies that £(t — 7) ~ £(t) for all differential
delays 7 of the source signals between the sensors.

Note that (under the assumption w,, < w.) since wy, =
max {|wmin — We|, |Wmax — wel}, it follows that A4 is satisfied
if (Wmax — Wmin) da/2¢ < 1, and w, is chosen to be close
enough t0 (Wmax + Wmin)/2.

Let yp 4 (t) and egg(t) be the 6m x 1-dimensional electro-
magnetic sensor phasor measurement and noise vectors

yen() 2 (5O, R )T, G5 0)7,
Wi ()17 (2.18a)
een(t) £ (8’ (0)T, (€ W), -, (57 ()7,
(€5 ®)TI" (2.18b)
where yg)(t) and y(};)(t) are, respectively, the measured

phasor electric and magnetic vector fields at the jth sensor
and similarly for the noise components eg) (t) and eg)(t).
Then, under assumptions A3 and A4 and from (2.10), we
find that the array measured phasor signal can be written as

Yeu(t) =D e ® [(uf’x)] Vibo(t) +ep(t)  (2.19)
k=1

where ® is the Kronecker product and e; denotes the kth
column of the matrix E € C™*™ whose (j, k) entry is

— W Tk

Ejr=e (2.20)
where 7 is the differential delay of the kth source signal
between the jth sensor and the origin of some fixed reference
coordinate system (e.g., at one of the sensors). Thus, 7, =
—(ug - 7;)/c, where uy is the unit vector in the direction from
the array of the kth source, and 7; is the position vector of
the jth sensor in the reference frame. The rest of the notation
in (2.19) is similar to the single-source case, cf., (2.1), (2.8),
and (2.10). The vector £,(t) can have either the SST or the
DST form described above.

Observe that the signal-manifold matrix in (2.19) can be
written as the Khatri-Rao product (see, e.g., [16], [17]) of
E and a second matrix whose form depends on the source
transmission type (i.e., SST or DST).

III. CRAMER-RAO BOUND FOR A VECTOR-SENSOR ARRAY

A. Statistical Model

Consider the problem of finding the parameter vector 8 in
the following discrete-time vector-sensor array model associ-
ated with n vector sources and m vector sensors

y(t) = A(0)z(t) + e(t) t=1,2.-- 3.1
where y(t) € C**! are the vectors of observed sensor outputs
(or snapshots), z(t) € €”*! are the unknown source signals,

and e(t) € €**! are the additive noise vectors. The transfer

matrix A(f) € C**¥ and the parameter vector # € R?*! are
given by

A(B) = [41(6D) - An(6™)] (3.22)

8 ={(8M)7, -, (8")T|" (3.2b)

where 4;(8%)) € €**"* and the parameter vector of the kth
source 8%) € R**!, thus 7 = ©F_, v, and § = Z7_, gk
The following notation will also be used

y(t) =[P )T, @™ @))T]"
z(t) = [(z(l)(t))T, . (x(n)(t))T]T

(3.3a)
(3.3b)
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where y()(t) € € is the vector measurement of the jth
sensor, implying Z = ST, u;, and z®)(¢) € €+ is the
vector signal of the kth source. Clearly, &z and ¥ correspond,
respectively, to the total number of sensor components and
source signal components.

The model (3.1) generalizes the commonly used muiti-
scalar-source multi-scalar-sensor one (see, e.g., [6], [18]). It
will be shown later that the electromagnetic multi-vector-
source multi-vector-sensor data models are special cases of
(3.1) with appropriate choices of matrices.

For notational simplicity, the explicit dependence on @ and
t will be occasionally omitted.

We make the following commonly used assumptions on the
model (3.1):

A5:  The source signal sequence {z(1),z(2),---} is a
sample from a temporally uncorrelated stationary (complex)
Gaussian process with zero mean and

Exz(1)z*(s) = Pbs

Ez(t)zT(s) =0 (foralltand s).

ek

where E is the expectation operator, the superscript
denotes the conjugate transpose, and 6 is the Kronecker
delta.

A6: The noise e(t) is (complex) Gaussian distributed
with zero mean and

Ee(t)e*(s) =o%I6; s
Ee(t)eT(s) =0 (foralltand s).

It is also assumed that the signals z(¢) and the noise e(s) are
independent for all ¢ and s.

AT: The matrix A has full rank 7 < 7z (thus, A*A is p.d.)
and a continuous Jacobian JA/96 in some neighborhood of
the true §. The matrix APA* + 0?1 is assumed to be positive
definite, which implies that the probability density functions of
the model are well defined in some neighborhood of the true
0, P, 02. Additionally, the matrix in braces in (3.4) is assumed
to be nonsingular.

The unknown parameters in the model (3.1) include the
vector 8, the signal covariance matrix P, and the noise variance
o?%. The problem of estimating @ in (3.1) from N snapshots
y(1),---,y(N) and the statistical performance of estimation
methods are the main concerns of this paper.

B. The Cramér-Rao Bound

Consider the estimation of @ in the model (3.1) under the
above assumptions and with 8, P, o2 unknown. We have the
following theorem.

Theorem 3.1: The Cramér-Rao lower bound on the covari-
ance matrix of any (locally) unbiased estimator of the vector
# in the model (3.1), under assumptions A5-A7 with 8, P, a?
unknown and v, = v for all k, is a positive definite matrix
given by

CRB () = %{Re [btr (1R U)D(D*I.DYT)]} ! (3.9
where

U=P(A*AP + 0’I)7A*AP (3.5a)

O, =1-T (3.5b)
I=A(A*A)" 1A (3.5¢)
D=[D"...DM...D{M...D™]  (3.5d)
(k) _ OAg

= (3.5¢e)
™

and where 1 denotes a § X ¢ matrix with all entries equal to
one, and the block trace operator btr (-), the block Kronecker
product X, the block Schur-Hadamard product (I, and the
block transpose operator bT are as defined in Appendix I with
blocks of dimensions v X v, except for the matrix 1 that has
blocks of dimensions ¢; X g;.

Furthermore, the CRB in (3.4) remains the same indepen-
dently of whether ¢2 is known or unknown.

Proof: See Appendix C.

Remarks: The assumption v, = v was necessary to cast
the above result in a matrix form. When this condition is
not satisfied, a scalar expression for the entries of the inverse
CRB matrix that appears in Appendix C can be used. Observe
that for n = 1, the block Kronecker product reduces to
the usual Kronecker product. If v = 1, then all the block
operators reduce to the usual scalar operators. If » = 1 and
gr = 1,k = 1,---,n then (3.4) reduces to the scalar case in [4]
(see also [5)). In addition, note that U = PA* R~ AP where

R= APA* +o°I. (3.6)

Theorem 3.1 can be extended to include a larger class of
unknown sensor noise covariance matrices (see Appendix D).

IV. MSAE, CVAE AND SINGLE-SOURCE
SINGLE-VECTOR-SENSOR ANALYSIS

This section introduces the MSAE and CVAE quality mea-
sures and their bounds for source direction and orientation
estimation in 3-D space. The bounds are applied to analyze
the statistical performance of parameter estimation of an
electromagnetic source whose covariance is unknown using
a single vector sensor. Note that single-vector-sensor analysis
is valid for wide-band sources as assumptions A3 and A4
are not needed.

A. The MSAE

We define the mean-square angular error, which is a qual-
ity measure that is useful for gaining physical insight into
DOA (azimuth and elevation) estimation and for performance
comparisons. The analysis of this subsection is not limited to
electromagnetic measurements or to Gaussian data.

The angular error, say 8, corresponding to a direction error
Au in u, can be shown to be § = 2arcsin (||Aul|/2). Hence,
82 = ||Au||®> + O(||Au||*). Since Au = (du/061)A6, +
(0u/302) A0z + O((AB1)? + (Ab82)?), where Af), Af, are
the errors in #; and 5, we have

§2 = (cosfa - Af1)? + (A63)% + O(|AG: P + |A8°). (4.1)

We introduce the following definitions.

Definition 4.1: A model will be called regular if it satisfies
any set of sufficient conditions for the CRB to hold (see, e.g.,
[19] and [20]).
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Definition 4.2: The asymptotic normalized mean-square
angular error of a direction estimator will be defined as
MSAE £ Iim {NE(6%)} 4.2)
N—oo
whenever this limit exists.

Definition 4.3: A direction estimator will be called regular
if its errors satisfy E[|A6;[3 +|A62(3] = o(1/N), the gradient
of its bias with respect to 01, 62 exists and is 0(1) as N — oo,
and its MSAE exists. (If |§2| = /2, then 6, is undefined, and
we can use the equivalent condition E{||Aul|?] = o(1/N)).

Equation (4.1) shows that under the assumptions that the
model and estimator are regular, we have

E(8)? > [cos®82 - CRB(6;) + CRB(65)]

+o(1/N)
where CRB(6;) and CRB(6,) are, respectively, the
Cramér-Rao bounds for the azimuth and elevation. Using
(4.3) we have the following theorem.

Theorem 4.1: For a regular model, the MSAE of any
regular direction estimator is bounded from below by

asN — o0 4.3)

MSAEcg £ Nicos?6, - CRB(6)) + CRB(6,)]. (4.4)

Observe that MSAEc g is not a function of N. Additionally,
MSAEckr is a tight bound if it is attained by some second-
order efficient regular estimator (which is usually the maxi-
mum likelihood (ML) estimator; see e.g., [21]). For vector-
sensor measurements, this bound has the desirable property
of being invariant to the choice of reference coordinate frame
since the information content in the data is invariant under
rotational transformations. This invariance property also holds
for the MSAE of an estimator if the estimate is independent
of known rotational transformations of the data.

For a regular model, the bound (4.4) can be used for
performance analysis of any regular direction (azimuth and
elevation) finding algorithm.

B. DST Source Analysis

Assume that we wish to estimate the direction to a DST
source whose covariance is unknown using a vector sensor.
We will first present a statistical model for this problem as a
special case of (3.1) and then investigate in detail the resulting
CRB and MSAE.

The measurement model for the DST case is given in (2.10).
Suppose the noise vector of (2.10) is (complex) Gaussian with
zero mean and the following covariances:

sfllanon-[5 4,

E[:igg][eg(s),eg(s)] =0 (forallt and s).
Our assumption that the noise components are statistically in-
dependent stems from the fact that they are created separately
at different sensor components (even if the sensor components
belong to a vector sensor). Note that under assumption A1 the
measurement includes a source plane-wave component and
sensor self noise.

To relate the model (2.10) to (3.1), define a scaled measure-
ment y(t) 2 [ryL(t), 5 ()], where r £ oy /o pis assumed
to be known. (The results of this section actually hold also
when 7 is unknown as will be explained later). The resulting
scaled noise vector e(t) 2 [reL(t),eL(t)]T then satisfies
assumption A6 with 0 = oy. Assume further that the signal
£(t) satisfies assumption A5 with z(t) = £(¢). Then, under
these assumptions, the scaled version of the DST source (2.10)
can be viewed as a special case of (3.1) withm =n =1 and

A=l bv] w0-e0 o=

0=1[61,6]T 4.5)

where the unknown parameters are 8, P,o2. The parameter
vector of interest is #, whereas P and o2 are the so-called
nuisance parameters. :

The above discussion shows that the CRB expression (3.4)
is applicable to the present problem with the special choice
of variables in (4.5). Since n = 1 and § = 2, we have
1X U = 1, ® U, where 15 is a 2 x 2 matrix with all entries
equal to one. Hence, in this case

2
CRB(0) = ;—N{Re [btr (12 ® U) O (D*IL.D)*T)]} L.
(4.6)
To compute the matrices U and II., it is useful to note the
following general properties of u and V

(uwx)* =—(ux) (4.7a)
(ux)? = —(I — uu*) (4.7b)
VV* =1 — uu*. 4.7¢)

From the orthonormality of u and the columns of V' and using
(4.5) and (4.7), we find that

A*A=r2V*V + V*(ux)*"(ux)V = (1 + ), (4.8)

A4 — [7“2(:(;:)“)* ;(:‘f")‘] 4.9)
Substitution of (4.8) into (3.5a) yields
U=P[P+o}l]'P (4.10)
where
ot a % 4.11)
ETOH

The variance aﬁ can be viewed as an equivalent noise variance
of two measurements with independent noise variances o2, and
0% (The subscript “|/” is chosen by the analogy between the
total information in these measurements (sum of the inverses
of noise variances) and the conductivity of two resistors in
parallel). Substitution of (4.8) and (4.9) in (3.5b) gives
1 [I +r%wu* r(ux) ] “.12)

T T+r2| r(ux)* 2+ uu

The derivative matrix D (3.5d) specializes in this case to
_ {6A aA}

=|—— = 4.13
06, 06, “.13)
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To compute these derivatives note that

g—;: =sinfy - vy —cosfy - u (4.14a)
g_;: -0 (4.14b)
‘;_'djf = —sind; -, (4.14c)
%’z — (4.14d)

Hence, from (4.5)

0A _ [r(sinfy - vy — cosfy - u) ~rsinfy - v,

86, —sinfy - vy —~(sinf - v3 — cosbs - u)
(4.15a)

0A 0 -ru

pa {_u : ] (4.15b)

Substituting (4.15) into (4.13) and using (4.12), we obtain

72 cos? 6, 0 0 r2 cos O,
" _ 0 cos?20y —cosfs 0
DD = 0 —~cos b, 1 0
r2 cos Oy 0 0 r2
(4.16)
Hence

btr (1, ® U) @ (D*11.D)*T)
(12U + Usy) cos? 85
(T’zU]*Z - Ulz)COS 92

(r2Uy2 — Upy) cos by

Uy + r2Us; } @.17)

where U;; denotes the (i, j) entry of U. Substituting (4.17) in
(3.4), we find that the CRB for a DST source and a single
vector sensor is

CRB(8) = -2
)= 2NA
_ Uy + 72Uy (1—7‘2)00502- Re Ui 4.18)
(1 =12 cosfy- Relys  (r2Ury + Uszs)cos? b ’
where
A =[r?(trU)? + (1 - r%)? det (ReU)] cos® B (4.19)

Recall that CRB(#) takes into account the fact that P and
o = oy are unknown, whereas 7 = oy /og is known.

The case of unknown r can be analyzed using the ap-
proach of Appendix D with §(t) = [yL(t),y5(t)]T and
T = block diag{rI3, I3}. We find that if oy is unknown, then
the CRB (4.18) is the same whether 7 is known or unknown. In
addition, it follows from Theorem 3.1 that if r is known, then
(4.18) remains the same whether oy is known or unknown.
Thus

CRB(H)GH known,r known — CRB(B)U;{ unknown,r unknown-
(4.20)

The Lh.s. and r.h.s. of (4.20) furnish lower and upper bounds
on CRB(#) under any prior information about ¢ g, o . Hence,
CRB(#) is independent of any prior information on og,0q.
In other words, # is decoupled from these noise parameters.
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Substituting the (1, 1) and (2, 2) entries of the CRB matrix
(4.18) into (4.4), we find that the MSAEcg for the present
DST problem is

(0% +04)okoy trU
2[c%0% (trU)2 + (6% — 0%)2det (Re U)]”
EOH E~OH

MSAEZy =

4.21)

Observe that MSAEg g 1s symmetric with respect to o, 0y,
as should be expected from the Maxwell equations. MSAES
is not a function of 6,65, 83, as should be expected, since for
vector-sensor measurements the MSAE bound is by defini-
tion invariant to the choice of coordinate system. Note that
MSAEg g is independent of whether og and oy are known
or unknown.

Similar analysis shows that when only the electric field is
measured, (4.21) simplifies to

o%trU

D _
MSAECR = 535 (Rel)”

(4.22)

Expression (4.21) can be applied to various signal transmis-
sion models to obtain more explicit physical interpretations.
Consider, for example, the case in which P = ¢2]. Equation
(2.15) shows that this may correspond to transmission of
two uncorrelated orthogonal linearly polarized signals, each
of which has variance 2. Alternatively, from (2.16), this may
correspond with two uncorrelated circularly polarized signals
with opposite spins and equal variances ¢2. Inserting P = 02
into (4.10) and (4.21), we obtain

1+p¢
02

MSAEZ, = (4.23)

where o 2 a2/ (rﬁ is an effective signal-to-noise ratio (SNR);
see also the comment after (4.11). Observe that when p is
small, (4.23) behaves as 1/ 02, whereas for large g, it behaves
as 1/p. When only the electric field is measured, (4.23) still
holds but with aﬁ = o%.

C. SST Source (DST Model) Analysis

Consider the MSAE for a single signal transmission source
when the estimation is done under the assumption that the
source is of a dual signal transmission type. In this case, the
model (2.10) has to be used but with a signal in the form of
(2.13). The signal covariance is then

P = oQu(Qu)"

where 02 = Es%(t) and @ and w are defined in (2.12). Thus,
rank P = 1 and P has a unit-norm eigenvector Qw with an
eigenvalue 2. We use the following lemma to express the
matrix U in terms of P.

Lemma 4.1: If P is an Hermitian matrix of rank = 1, and
if f(2) is a function defined on the spectrum of P, which
satisfies f(0) = 0, then

(4.24)

f(ir P)

f(P) = S5 P. 4.25)
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Proof: See Appendix E.
To apply the lemma to our case, note from (4.10) that here
U = f(P) with f(z) = 22/(z +aﬁ) and rank P = 1. Hence,
since f(0) = 0, we have

4
U=—"UP 4.26
140 ( )
where
trP o2 @27
0= — = —. .
o o
Using (4.26), we get
_ @ 2
trU = T+ gas (4.28a)
2
4
det (R = — .
et( eU) (l+gImP12) (428b)

where the fact that det P = 0 has been used. Using (4.24) and
(2.12), it is found that Im P = —02 sin 04 cos 4. Using this
relation and substituting (4.28a), (4.28b) into (4.21) and using
the fact that 02 = o%, we find that

(1 +0)(o} + o)’
20%[0%0% + (0% — 0%)? sin? 4 cos? 4]
_ (1+o)(1+r%)?

B 20%[r2 + (1 — r2)2sin? 6, cos? 04]

MSAEZ, =

(4.29)

where MSAEZ , denotes the MSAEcg bound for the SST
problem under the DST model. (It will be shown later that
the same result also holds under the SST model). Observe
that MSAEg g is symmetric with respect to og,og. It is also
independent of whether oy and o g are known or unknown, as
can be shown from Theorem 3.1 and Appendix D. In addition,
MSAE(% R is not a function of 6, 02, 85 since for vector-sensor
measurements, the MSAE bound is invariant under rotational
transformations of the reference coordinate system. On the
other hand, MSAE(S;R is influenced by the ellipticity angle
64 through the difference in the electric and magnetic noise
variances.

Table I summarizes several special cases of the expression
(4.29) for MSAEg gr- The elliptical polarization column cor-
responds to an arbitrary polarization angle 0, € [—n/4,7/4].
The circular and linear polarization columns are obtained,
respectively, as special cases of (4.29) with |64] = 7/4 and
84 = 0. The row of precise (noise-free) electric measurement
(with noisy magnetic measurements) is obtained by substitut-
ing 0% = 0 in (4.29). The row of electric measurement only is
obtained by deriving the corresponding CRB and MSAEg R
Alternatively, MSAEZ,  can be found for this case by taking
the limit of (4.29) as 0% — oo.

Observe from (4.29) that when 0% # o%, MSAES, is
minimized for circular polarization and maximized for linear
polarization. This result is illustrated in Fig. 3, which shows
the square root of MSAE(S;R as a function of r = op/og
for three types of polarizations (fy = 0,7/12,7/4). The
equivalent SNR = 2/ aﬁ is kept at one, whereas the individual
electric and magnetic noise variances are varied to give the
desired value of r. As r becomes larger or smaller than

TABLE [
MSAE BOUNDS FOR A SINGLE SIGNAL TRANSMISSION SOURCE

Elliptical Circular Linear
2(1+¢) (1 +o)(o} +03)
General MSAE (4.29) " 29:3 2
o?
Precise Electric Measurement 0 0 2

20}

o}(of +02) | 20%(0f+0})
204 5in? B, cos? 0, ad

Electric Measurement Only

10

N {

L Linea\r\\

—— N
Elliptical ™. \_

‘, Circular o
100 L—*K—A_A—A_J
101 100 100
T

Fig. 3. Effect of change in r = o5 /o on MSAEZ , for three types of
polarizations (84 = 0,7 /12, w/4). A single SST source, SNR = 0?/0[2l =1

one, MSAEZ ,, increases more significantly for sources with
polarization closer to linear.

When the electric (or magnetic) field is measured pre-
cisely and the source polarization is circular or elliptical, the
MSAEE g 18 zero (i.e., no angular error), whereas for linearly
polarized sources, it remains positive. In the latter case, the
contribution to MSAEZ ;, stems from the magnetic (or electric)
noisy measurement. When only the electric (or magnetic)
field is measured, MSAEZ , increases as the polarization
changes from circular to linear. In the linear polarization case,
MSAEg g tends to infinity. In this case, it is impossible to
uniquely identify the source direction u from the electric field
only since u can then be anywhere in the plane orthogonal to
the electric field vector.

The immediate conclusion is that as the source becomes
closer to being linearly polarized it becomes more important
to measure both the electric and magnetic fields to get good
direction estimates using a single vector sensor.

These results are illustrated in Fig. 4, which shows the
square root of MSAEZ , as a function of 0% and three po-
larization types (64 = 0,7/12,7/4). The standard deviations
of the signal and electric noise are o, = op = 1. The left
side of the figure corresponds to (nearly) precise magnetic
measurement, whereas the right side corresponds to (nearly)
electric measurement only.

It is also of interest to note that the MSAEZ, 5, for a circularly
polarized SST source is twice the MSAEg r for a DST source
with two uncorrelated signals of circular polarization, opposite
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Fig. 4. Effect of change in magnitude of 0?{ on MSAE% g for three types
of polarizations (64 = 0, 7/12, 7 /4). A single SST source, 05 = o = 1.

spins, and of equal power to the SST source; see (4.23). Thus,
the quality of the DOA estimation is the same in these two
cases. However, a similar comparison of the MSAEZ ;, for a
linearly polarized SST source with that of a DST source with
two uncorrelated linearly polarized signals (4.23) shows that
the latter has in general a smaller MSAEcg. This may be
explained by the fact that both the electric and the magnetic
fields of the DST source move in a plane rather than on a line,
which makes it easier to estimate its direction.

D. SST Source (SST Model) Analysis

Suppose we wish to estimate the direction to an SST source
whose variance is unknown using a single vector sensor, and
the estimation is done under the correct model of an SST
source. In the following, the CRB for this problem will be
derived, and it will be shown that the resulting MSAE bound
remains the same as when the estimation is done under the
assumption of a DST source, that is, knowledge of the source
type does not improve the accuracy of its direction estimate.

To get a statistical model for the SST measurement model
(2.14) as a special case of (3.1), we will make the same
assumptions on the noise, and use a similar data scaling as in
the above DST source case. That will again give equal noise
variances in all the sensor coordinates. Assume that the signal
envelope s(t) satisfies assumption A5 with z(t) = s(t) in
(2.14). Then, the resulting statistical model becomes a special
case of (3.1) with

A= [( 'rXV)V}Qw 2(t) = s(t) o =0l

0 =101,02,03,04)%. (4.30)

The unknown parameters are 8, P, o2

Since in this case n = m = v = 1, the CRB matrix (3.4)
reduces to
2

g * -1
= — 31
CRB (8) INT [Re (D*11.D)] (4.31)
where U = go2/(1 + ). The matrix expression (4.31) was
calculated, and its entries are presented in Appendix F. The
results show that the ellipticity angle 64 is decoupled from the

rest of the parameters and that its variance is not a function
of these parameters. Additionally, the parameter vector @ is
decoupled from op and og.

The MSAE bound for an SST source under the SST model
was calculated by inserting (F.l1a) and (F.le) with a proper
normalization into (4.4). The result coincides with (4.29), that
is, the MSAE bound for an SST source is the same under both
the SST and the DST models.

Observe that (F.1h) implies that the CRB variance of the
orientation angle 63 tends to infinity as the elevation angle
6 approaches m/2 or —m/2. This singularity is explained by
the fact that the orientation angle is a function of the azimuth
(through v1,v3), and the latter becomes increasingly sensitive
to measurement errors as the elevation angle approances the
zenith or nadir. (Note that the azimuth is undefined in the
zenith and nadir elevations). However, this singularity is not
an intrinsic one as it depends on the chosen reference system,
whereas information in the vector measurement does not.

E. CVAE and SST Source Analysis in the Wave Frame

In order to get performance results intrinsic to the SST
estimation problem and thereby solve the singularity problems
associated with the above model, we choose an alternative
error vector that is invariant under known rotational transfor-
mations of the coordinate system. The details of the following
analysis appear in Appendix G.

Denote by W the wave frame whose coordinate axes are
(u,®;,v2), where ¥, and ¥, comrespond, respectively, to the
major and minor axes of the source’s electric wave ellipse
(see Fig. 2). For any estimator §;,i = 1,2,3, there is an
associated estimated wave frame W. Define the vector angular
error ¢y, which is the vector angle by which W is (right-
handed) rotated about W, and by [¢y;3,]w the representation
of ¢y, in the coordinate system W (see Appendix G). The
proposed vector angular error will be [dy, v 1w

Observe that [¢y, 4, ]w depends, by definition, only on the
frames W,W. Thus, for an estimator that is independent of
known rotations of the data, the estimated wave frame W, the
vector angular error, and its covariance are independent of the
sensor frame. We introduce the following definitions.

Definition 4.4: The normalized asymptotic covariance of
the vector angular error in the wave frame will be defined as

CVAE £ lim {NE(iwwlwlbwwliv)} (432

whenever this limit exists.

Definition 4.5: A direction and orientation estimator will
be called regular if its errors satisfy E £3_; |A6;|> = o(1/N)
and the gradient of its bias with respect to 61,602,603 is o(1)
as N — oo.

Then, we have the following theorems.

Theorem 4.2: For a regular model, the CVAE of any reg-
ular direction and orientation estimator, whenever it exists, is
bounded from below by

CVAEcr 2 N-KCRB(8;,62,03)K” 4.33)
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where

sin 0 -1
~cosfysinfls —cosfs 0
cosfacosfl3 —sinflz O

K= 4.34)

and CRB(6;, 04, 03) is the Cramér-Rao submatrix bound for
the azimuth, elevation, and orientation angles for the particular
model used.

Proof: See Appendix G.

Observe that the result of Theorem 4.2 is obtained using
geometrical considerations only. Hence, it is applicable to
general direction and orientation estimation problems and is
not limited to the SST problem only. It is dependent only
on the ability to define a wave frame. For example, one can
apply this theorem to a DST source with a wave frame defined
by the orientation angle that diagonalizes the source signal
covariance matrix.

For vector-sensor measurements, CVAE-g has the desir-
able property of being invariant to the choice of reference
coordinate frame. This invariance property holds also for the
CVAE of an estimator if the estimate is independent of known
rotational transformations of the data. Note that CVAEcR is
not a function of N.

Theorem 4.3: The MSAE and CVAE of any regular esti-
mator are related through

MSAE = [CVAE]y; + [CVAE]3 3. (4.35)
Furthermore, a similar equality holds for a regular model
where the MSAE and CVAE in (4.35) are replaced by their
lower bounds MSAEcg and CVAEck.

Proof: See Appendix G.

In our case, CRB(61,6,,03) is the 3 x 3 upper left block
entry of the CRB matrix in the sensor frame given in Appendix
F. Substituting this block entry into (4.33) and denoting the
CVAE matrix bound for the SST problem by CVAEZ , we
have that this matrix is diagonal with nonzero entries given by

s __(1+0
[CVAECR]I,I - 292 cos? 294 (4.363)
1+ 0)(0% +0%)
CVAES _ ( ET9H 4.36b
[ crl22 202[0% sin® 04 + 0% cos? f4] (3360
2 2
[CVAEgR]&s = L+ o)lop + o) (4.360)

20202 sin® 04 + 0% cos? 0]

Some observations on (4.36) are summarized in the following:

* Rotation around u: Nonidentifiable only for a circularly
polarized signal.

¢ Rotation around #; (electric ellipse’s major axis): Non-
identifiable only for a linearly polarized signal and no
magnetic measurement.

* Rotation around #9 (electric ellipse’s minor axis): Non-
identifiable only for a linearly polarized signal and no
electric measurement.

* The rotation variances around #; and ¥, are symmetric
with respect to the electric and magnetic measurements.

¢ All the three variances in (4.36) are bounded from below
by (1 + 0)/20% (independent of the wave parameters).

The nonidentifiable (or singular) cases above are found by
checking when their variances in CVAEZ, g tend to infinity
(see, e.g., Theorem 6.3 of [21]). The three nonidentifiable
cases above should be expected as the corresponding rotations
are unobservable. These singularities are intrinsic to the SST
estimation problem and are independent of the reference
coordinate system. The symmetry of the variances of the
rotations around the major and minor axes of the ellipse with
respect to the magnetic and electric measurements should be
expected as their axes have a spatial angle difference of 7 /2.

The fact that the resulting singularities in the rotational
errors are intrinsic (independent of the reference coordinate
system) as well as the diagonality of the CVAEZR bound
matrix with its simple entry expressions indicate that the wave
frame is a natural system in which to do the analysis.

Now, consider the augmented error vector

b £ [dyywlh. 2647

where Ad, is the estimation error in §4. Combining the results
of Appendices F and G, we find that for regular models and
estimators, the normalized asymptotic covariance of the error
vector 0 is bounded from below by

BSp & N-KCRB(O)K”

4.37)

(4.38)
where

K = blockdiag {K,1} (4.39)

and CRB(#) is the 4 x4 CRB matrix in the sensor coordinates
given in Appendix F. Substituting this matrix in (4.38) and
using (4.33) with the fact that CVAES , is diagonal, we find
that B is a diagonal matrix with

[Biglii =[CVAEZRlii, $=1,2,3 (4.402)
(I+o)
[BERlsa = TR (4.40b)

F. A Cross-Product-Based DOA Estimator

We propose a simple algorithm for estimating the DOA of
a single electromagnetic source using the measurements of a
single vector sensor. The motivation for this algorithm stems
from the average cross-product Poynting vector. Observe that
—u is the unit vector in the direction of the Poynting vector
given by [22]

S(t) = E(t) x H(t) = Re {e™t€(t)} x Re{e™<'H(t)}
=1 Re{€(t) x H(t)} + L Re {?*&(t) x H(t)}

where H denotes the complex conjugate of M. The car-
rier time average of the Poynting vector is defined as
(S)e 2 1Re{&(t) x H(t)}. Note that unlike £(t) and H(2),
this average is not a function of w.. Thus, it has an intrinsic
physical meaning.
At this point, we can see two possible ways for estimating u:
1) Phasor time averaging of (S), yielding a vector denoted
by (S) with the estimated u taken as the unit vector in
the direction of —(S)
2) estimation of » by phasor time averaging of the unit
vectors in the direction of Re {£(t) x H(t)}.



NEHORAI AND PALDI: VECTOR SENSOR PROCESSING FOR ELECTROMAGNETIC SOURCE LOCALIZATION 387

Clearly, the first way is preferable since then u is estimated
after the measurement noise is reduced by the averaging
process, whereas the estimated u in the second way is more
sensitive to the measurement noises that may be magnified
considerably.

Thus, the proposed algorithm computes

1y

F=5 ) Refyp(t) xa(t)} (4l
t=1

@ =35/||3||. (4.41b)

The statistical performance of this estimator % is ana-
lyzed in Appendix H under the previous assumptions on
&(t),er(t),en(t) except that the Gaussian assumption is
omitted. The results are summarized by the following theorem.
Theorem 4.4: The estimator 4 has the following properties
(for both DST and SST sources):
D If [|E®)2, llex(®)], ||lea(t)]| have finite first-order mo-
ments, then # — u almost surely.
2) If |e@®)11?, llee(®)|l, ller (t)]| have finite second-order
moments, then v/ N(#& — u) is asymptotically normal.
3) If ||| llee(®)|], llex (t)]] have finite fourth-order
moments, then the MSAE is
MSAE = {p7'(1+ 407 H)(r +r71)? (4.42)
where ¢ = tr(P)/of = SNR.
4) Under the conditions of 3), N6 is asymptotically x?
distributed with two degrees of freedom.
Proof: See Appendix H.
For the Gaussian SST case, the ratio between the MSAE of
this estimator to the MSAEZ , in (4.29) is

A MSAE  o+4

eff = ——— =
MSAEZ, o+1

[1 4 (r —r71)?sin” 64 cos® 8,).

(4.43)
Hence, this estimator is nearly efficient if the following two
conditions are met

o>1

r~1 or

(4.44a)

04 ~ 0. (4.44b)
Fig. 5 illustrates these results using plots of the efficiency
factor (4.43) as a function of the ellipticity angle 64 for SNR
= p = 10 and three different values of r.

The estimator (4.41) can be improved using a weighted
average of cross products between all possible pairs of real and
imaginary parts of yz(t) and y(s) taken at arbitrary times ¢
and s. (Note that these cross products have directions nearly
parallel to the basic estimator 4@ in (4.41); however, before av-
“eraging, these cross products should be premultiplied by +1 or
—1 in accordance with the direction of the basic estimator .)
A similar algorithm suitable for real-time applications can also
be developed in the time domain without preprocessing needed
for phasor representation. It can be extended to nonstationary
inputs by using a moving-average window on the data. It is
of interest to find the optimal weights and the performances
of these estimators.

l()zér\ ‘—.—\E

] V=10
5] mIL E
L r=2 ;[
r=1
100 —
0.1 0.2 03 04 0.5 0.6 0.7 0.8 0.9 1
78
/4
Fig. 5. Efficiency factor (4.43) of the cross-product-based direction esti-

mator as a function of the normalized ellipticity angie for three values of
r = 6 /oE. A single source, SNR = 10.

The main advantages of the proposed cross-product-based
algorithm (4.41) or one of its variants above are as follows:

o It can give a direction estimate instantly, i.e., with one
time sample.

« It is simple to implement (does not require minimization
of a cost function) and can be applied in real time.

« It is equally applicable to sources of various types,
including SST, DST, wide-band, and non-Gaussian.

« Its MSAE is nearly optimal in the Gaussian SST case
under (4.44).

e It does not depend on time delays and therefore does
not require data synchronization among different sensor
components.

V. MULTI-SOURCE MULTI-VECTOR—-SENSOR ANALYSIS

Consider the case in which we wish to estimate the direc-
tions to muitiple electromagnetic sources whose covariance
is unknown using an array of vector sensors. The MSAEcgr
and CVAEcR bound expressions in (4.4) and (4.33) are
applicable to each of the sources in the multi-source multi-
vector-sensor scenario. Suppose that the noise vector epg (t)
in (2.19) is complex white Gaussian with zero mean and
diagonal covariance matrix (i.e., noises from different sensors
are uncorrelated) and with electric and magnetic variances
0% and o%, respectively. Suppose also that r = oy /og is
known. Similar to the single-sensor case, multiply the electric
measurements in (2.19) by 7 to obtain equal noise variances in
all the sensor coordinates. The resulting models then become
special cases of (3.1) as follows.

For DST signals, the block columns Az € €™*? and the
signals z(t) € C***! are

Ay =er ® [( rls )]Vk (5.1a)

ur X

z(t) =[€] (), -, €~ (] (5.1b)

The parameter vector of the kth source includes here its
azimuth and elevation.
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For the SST case, the columns A, € €*™*! and the signals
z(t) € € are

I
Ar=er ® [(:ki) } ViQrwy

z(t) =[s1(t), -, sa(t)]T.

The parameter vector of the kth source includes here its
azimuth, elevation, orientation, and ellipticity angles.

The matrices A whose (block) columns are given in (5.1a)
and (5.2a) are the Khatri-Rao products (see, e.g., [16] and
[17]) of the two matrices whose (block) columns are the
arguments of the Kronecker products in these equations.

Mixed single and dual signal transmissions are also special
cases of (3.1) with appropriate combinations of the above
expressions.

(5.2a)

(5.2b)

A. Results for Two Sources—Single Vector Sensor

We present some observed behavior of the two-source model
and a single vector sensor. It is assumed that the signal and
noise vectors satisfy, respectively, assumptions A5 and A6.
The results are applicable to wide-band sources since a single
vector sensor is used, and thus, A3 and A4 are not needed.
In general, the analytical expressions involved are found to be
intractable, and hence, the results given below are obtained by
numerical evaluation, assuming r is known.

The following is a summary of results concerning the
localization of two uncorrelated sources:

1) Identification of two sources’ DOA’s is generally possi-

ble with only one vector sensor.

2) When only the electric field is measured, the DOA’s
(azimuths and elevations) are nonidentifiable (singular
information matrix).

3) When the electric measurement is precise, the CRB
variances are generally nonzéro.

4) The MSAEZ, can increase without bound with de-
creasing source angular separation for sources with the
same ellipticity and spin direction, but remarkably, it
remains bounded for sources with different ellipticities
or opposite spin directions.

Properties 2 and 3 are in general different from the single-
source case. Property 2 shows that it is necessary to include
both the electric and magnetic measurements to estimate the
direction to more than one source. Property 4 demonstrates
the great advantage of using the electromagnetic vector sensor
in that it allows high resolution of sources with different
ellipticities or opposite spins. Note that this generally requires
a very large aperture using a scalar-sensor array.

The above result on the ability to resolve two sources that
are different only in their ellipticity or spin direction appears to
be new. Note also the analogy to Pauli’s “exclusion principle.”
In our case, two narrow-band SST sources are distinguishable
if and only if they have different sets of parameters. The set
in our case includes wavelength, direction, ellipticity, and spin
sign.

Figs. 6 and 7 illustrate the resolution of two uncorrelated
equal power SST sources with a single electromagnetic vector
sensor. The figures show the square root of the MSAEZ , of

lO‘E— e
: é
101; _
&
101;‘ Same Spin B
10!“5 ‘} Opposite Spin
] o /
1006;,

Fig. 6. MSAEZj for two uncorrelated equal-power SST sources and a
single vector sensor as a function of the source angular separation. Upper

= 932) = w/12); lower two
—9‘(,2) = 7/12): solid curves:
= w/4); dashed curves: different

two curves: same spin directions (9‘(11)
curves: opposite spin directions (821) =
= ¢{»
orientation angles (0;1) = —0§2) = =/4); remaining parameters are
o) =0 =6 = 0,26, 2 62 P=lop =0y =1

same orientation angles (Hgl)

one of the sources for a variety of spin directions, elliptic-
ities, and orientation angles as a function of the separation
angle between the sources. (The MSAEL ; values of the two
sources are found to be equal in all the following cases.) The
covariances of the signals and noise are normalized such that
P = I5,0p = og = 1. The azimuth angle of the first source
and the elevation angles of the two sources are kept constant
(09) = 951) = 0%2) = 0). The second source’s azimuth is
varied to give the desired separation angle Af; = 0&2) . In Fig.
6, the cases shown are of same spin directions (9511) = 052) =
w/12) and opposite spin directions (04(11) = —022) = w/12),
same orientation angles (Bél) = 0:(,,2) = 7/4), and different
orientation angles (9@1) = —0§2) = n/4). The figure shows
that the resolution of the two sources with a single vector
sensor is remarkably good when the sources have opposite
spin directions. In particular, the MSAEg g Temains bounded
even for zero separation angle and equal orientation angles. On
the other hand, the resolution is not as significant when the two
sources have different orientation angles but equal ellipticity
angles (then, for example, the MSAE% g tends to infinity for
zero separation angle). In Fig. 7, the orientation angles of the
sources is the same (6&1) = 0;2) = w/4), and the polarization
of the first source is kept linear (9511) = 0), whereas the
ellipticity angle of the second source is varied (\922)| =
w/12,m /6,7 /4) to illustrate the remarkable resolvability due
to different ellipticities. It can be seen that the MSAEgR
remains bounded here even for zero separation angle.

Thus, Figs. 6 and 7 show that with one vector sensor, it
is possible to resolve extremely well two uncorrelated SST
sources that have only different spin directions or different
ellipticities (these sources can have the same direction of
arrival and the same orientation angle). This demonstrates a
great advantage of the vector sensor over scalar-sensor arrays
in that the latter require large array apertures to resolve sources
with small separation angle.
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Fig. 7. MSAEZj for two uncorrelated equal-power SST sources and a
single vector sensor as a function of the source an%ular separation. Sources

are with the same orientation angles ( 1) = 0( = 7/4) and different

ellipticity angles (9‘(11) = 0 and 93 ) as shown in the figure). Remaining
parameters are as in Fig. 6.

B. Resolution Capacity and Degrees of Freedom

The maximum number of sources whose directions can be
found (the so-called resolution capacity) using a single vector
sensor is of great interest.

The results above have shown that it is possible to estimate
the DOA (azimuth and elevation) of at least two sources
using the instantaneous electromagnetic phasor measurement
of a vector sensor. For a single source and and electric
measurement only, the electric phasor £ defines an ellipse that
determines a plane whose binormal determines the direction to
the source. Alternatively, the relationship u - £ = 0 gives two
equations in its real and imaginary parts that can be solved
for #, and 6, if the source is not linearly polarized. Note that
with scalar sensors, it is necessary to use a plane array for the
same purpose.

A preliminary heuristic discussion on the resolution capacity
of a single sensor can also be based on the fact that the
total number of scalar measurements (or degrees of freedom)
of the instantaneous electric and magnetic phasors £ and H
is 12. Since each DOA has two parameters, this gives an
upper bound of six sources for DOA estimation per vector
sensor for one time sample. If also the complex signal of each
source has to be estimated, the upper bound is reduced to
three SST sources or two DST sources per vector sensor. The
determination of the exact resolution capacity for each case
and for the multi-vector-sensor case is left for future research.

VI. CONCLUDING REMARKS

A new approach for the localization of electromagnetic
sources using vector sensors has been presented. We summa-
rize some of the main results of the paper and give an outlook
to their possible extensions.

Models: New models that include the complete electro-
magnetic data at each sensor have been introduced. Further-
more, new signal models and vector angular error models
in the wave frame have been proposed. The wave frame
model provides simple performance expressions that are easy
to interpret and have only intrinsic singularities. Extensions

of the proposed models may include additional structures for
specific applications.

Cramér—Rao Bounds and Quality Measures: A  compact
expression for the CRB for multi-vector-source multi-vector-
sensor processing has been derived. The derivation gave rise
to new block matrix operators. New quality measures in 3-
D space, such as the MSAE for direction estimation and
CVAE for direction and orientation estimation, have been
defined. Explicit bounds on the MSAE and CVAE, having
the desirable property of being invariant to the choice of the
reference coordinate frame, have been derived and can be
used for performance analysis. These bounds are not limited
to electromagnetic vector-sensor processing. Performance
comparisons of vector-sensor processing with scalar-sensor
counterparts are of interest.

Identifiability: The derived bounds were used to show
that the fusion of magnetic and electric data at a single
vector sensor increases the number of identifiable sources
(or resolution capacity) in 3-D space from one source in the
electric data case to at least two sources in the electromagnetic
case. For a single signal transmission source, in order to
get good direction estimates, the fusion of the complete data
becomes more important as the polarization gets closer to
linear. Finding the number of identifiable sources per sensor in
a general vector-sensor array is of interest. This can be done,
for example, by extending the results in [23].

Resolution: Source resolution using vector sensors is in-
herently different from scalar sensors, where the latter case is
characterized by the classical Rayleigh principle. For example,
it was shown that a single vector sensor can be used to resolve
two sources in 3-D space. In particular, a vector sensor exhibits
remarkable resolvability when the sources have opposite spin
directions or different ellipticity angles. This is very different
from the scalar-sensor array case in which a plane array with
large aperture is required to achieve the same goal. Analytical
results on source resolution using vector-sensor arrays and
comparisons with their scalar counterparts are of interest.

Algorithms: A simple algorithm has been proposed and
analyzed for finding the direction to a single source using a
single vector sensor based on the cross-product operation. It is
of interest to analyze the performance of the aforementioned
variants of this algorithm and to extend them to more general
source scenarios (e.g., larger number of sources). It is also of
interest to develop new algorithms for the vector-sensor array
case.

Communication: The main considerations in communica-
tion are transmission of signals over channels with limited
bandwidth and their recovery at the sensor. Vector sensors
naturally fit these considerations as they have maximum ob-
servability to incoming signals, and they can be used to
recover DST signals. Future goals will include development of
optimum signal estimation algorithms, communication forms,
and coding design with vector sensors.

Implementations: The proposed methods should be imple-
mented and tested with real data.

Sensor Development. The use of complete electromagnetic
data seems to be virtually nonexistant in the literature on
source localization. It is hoped that the results of this research
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will motivate the systematic development of high-quality
electromagnetic vector sensors. A recent reference on this topic
can be found in [24].

Other Extensions: The vector-sensor concept can be ex-
tended to other areas and open new possibilities. An example
of this can be found in [25] for the acoustic case.

APPENDIX A
PROOF OF THEOREM 2.1

We prove first that, for plane waves, Maxwell’s equations
can be reduced to a system of two equations without any loss
of information.

Under the assumption of nonconductive, homogeneous, and
isotropic medium, the Maxwell equations become (see e.g.,

[22))

OH
VxFE=- —5 (A.la)
OF
VxH=e— 1
X €5 (A.1b)
V-E=¢1p (A.lc)
V-H=0 (A.1d)

where E and H are, respectively, the electric and magnetic
fields and € and p are the permittivity and permeability of the
medium,

Let c be the velocity of wave propagation in the medium and
& be the unit vector in the direction of the wave propagation.
Then, under assumption A1 we have

E(r,t) = E(0,t — 1), H(r,t)=H(0,t—1) (A2

where 7 = (K - r)/c and r is the location vector relative
to the reference coordinate frame; thus 7 is constant in a

plane. Equation (A.2) is equivalent to a constant delay of
wave in a plane. Let £ 2 E(0,¢) and_H(t) e H(0,t).
Then E(r,t) = E(t —7) and H(r,t) = H(t — 7).

Equation (A.2) shows that for plane waves the operator V is
equivalent to —(k/c)(8/8t), hence (A.1) can now be written

K

&
Il

-2 x —uH (A.3a)
—g x H=cE (A.3b)
—S E’ =€_1p (A.3c)
-=. H=0 (A.3d)
where E & dE/dt and e dH /dt.

Using (A.3b) and (A.3d), we get, respectively, E =
—(ec)™'s x H and k- H = 0, hence (E,H, ) is a right
orthogonal triad. Using (A.3c), it then follows that p = 0. In
addition, from (A.3b) and (A.3a) we obtain

E=—(e¢) ' x H= —(enc®) 1k x (K x E‘) = (epcz)"lﬁ’
(A4

where the last equality follows from the orthogonality of &
and E. Therefore, under the assumption that E varies with

time, we have ¢ = (ex)~ /2. Denoting n = (p/e)'/2, ie.,
7 is the so-called intrinsic impedance of the medium, (A.3)
may now be written

xx E=nH (A.52)
K X nﬁ = 71;" (A.5b)
k-E=0 (A5¢)
k- H=0. (A.5d)

Clearly, (A.52) and (A.5c) are equivalent to (A.5b) and (A.5d).
Thus, under the assumptions of a plane wave at the sensor and
that E' varies with time, it follows that the Maxwell equations
are equivalent to either of these sets of two equations, i.e.,
they can be reduced to either set without loss of information.

Now consider the reduction of the Maxwell equations under
the additional assumption A2 of band-limited waves.

Let w. > 0 and let E,(t) be the signal corresponding
to the positive frequency component of E(t). The phasor
representation or the complex envelope (see e.g. [12], [13])
of E(t) with respect to w, is defined by

£(t) & et 2B, (). (A.6)

Since E(t) is real it can be recovered from £(¢) using
E(t) = Re{e™t&(t)} where Re{-} denotes the real part
of its argument. A sufficient condition for the uniqueness of
£(t) in the representation of E(t) is that the spectrum of £(t)
is contained in (—w,, 0).

Recall that for plane waves it is sufficient to consider only
(A.5a) and (A.5c). From (A.5a) it is clear that

K X E(t) = nl:I(t) + const (A7)

where the constant term is zero from assumption A1 or A2.
Hence, E(t) and H(t) contain the same spectral components.
Therefore, applying the phasor operator as in (A.6) to both
sides of (A.7) and applying the same approach to (A.5c), we
get the phasor representations (2.2a), (2.2b), which completes
the proof of the theorem. |

APPENDIX B
PROOF OF LEMMA 2.1

For notational convenience it will be useful to rewrite the
lemma with a slight change of notation.
Lemma 2.1: Every vector £ = [¢1,&]T =€ C? has the

representation
_ e | cOSC sina || cos B.1
E=re [—sina cosa | |isinf (B.1)
where 7+ > 0,0 € (-m,7),a € (-7/2,7/2],8 €

[-7/4,7/4]. Moreover, r,¢,a,3 in (B.1) are uniquely
determined if and only if £ + ¢2 # 0.

Proof: Let & + i€y = ri1e*t & — iy = ree’?2, for
some 71,72 > 0 and 1,92 € (-7, 7). Take 7 > 0 and
/1 € [0,7/2] such that r1 + ir, = /2re*?t, and define
yej a p1—n/4 € [-n /4,7 /4]. Define @3 € (—m, 7] to be the
argument of ¢/(#2=%1) and take & 2 Los € (—7/2,7/2)
and define ¢ € (—m, ] to be the argument of e*(¥1+e),
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Then, & + 2 = re®l = 2rcosf; - ev =
V2rcos (B + w/4)ete=) = reil¥=(cos B — sinB).
Similarly, & — i€y = rpe™2 = V2rsinf; - ellP1193) =
V2rsin (8 + 7/4)e (#1129 = red$+9)(cos § + sin ).

cos

Thus
rei® 1 sina | | cos 3
1 —i|{—sina cosaj|ising
— i e~%(cos 3 — sin 3)
- e*(cos 3 + sin 3)

=|:§1+i£2]= 1 Z][l
& — 162 1 —]{&
which gives (B.1).

To prove the uniqueness part, suppose that £7 + ¢2 # 0
and (B.1) holds for some 7, ¢, a, 3. Thus & + i€ # 0 and
& — ik # 0.

Using (B.1) we have in the same manner

&+ | _ , ei.(“’_“)(cosﬂ —sin B)

& —ily| |t (cos B +sinf) |
Thus, & + i€y = r(cosﬁ - sinﬂ)e"(?*") = 71" and
& — i€z = r(cos B+sin B)ei#te) = 1,2 Hence, r(cos B—

(B.2)

(B.3)

sinf) = r; > 0 and r(cosf@ + sinff) = 7o > 0 and v

also ef¥~® = ¢i1 ¢il¢Fe) = %2 We have 77 + 7% =
r2[(cos B — sin 3)2 + (cos B +sin §)%] = 2r2, so r is uniquely
determined. Also, cos 3 = (ry +72)/2r,sin 8 = (rg —r1)/2r,
so (3 is uniquely determined in [—7/4,7/4]. In addition,
eiP2—91) = o2ia 5o o is uniquely determined in (—7 /2, 7 /2).
Also ¥ = ei(¥112) 50 ¢ is uniquely determined.

To prove the “only if” part, observe that if &2 + ¢ = 0,
there are three cases to be checked. Case 1: &; + €3 = 0 and
& — i€y # 0. In this case, r; = 0,3 = 7/4, and ¢ — « is not
determined. Case 2: & + i€s # 0 and & — i€ = 0. In this
case, 72 = 0,3 = —n /4, and ¢ + o is not determined. Case
3: & +i€s = €1 — i€ = 0. In this case, r = 0 and 3, ¢, «
are not determined.

APPENDIX C
PROOF OF THEOREM 3.1

To find the CRB of @ when 8, P, 52 are unknown in (3.1), we
use the notion of the concentrated log-likelihood function. The
normalized (i.e., multiplied by —1/N) log likelihood function
for (3.1) is given (up to an additive constant independent of
0, P,0?) by

L(0,0%, P) 2 IndetR+ tr[R™'R)
where R is defined in (3.6) and

(C.1)

L1
R= 53 uby'(®). (C2)
t=1

Under the restrictions that det (A*A) > 0, R > 0 (where P
is assumed to be Hermitian), the unique global minimizer of
L(8, P,0?) with respect to P and o2 is given by

P =(A*"A)TA*RA(A*A)™! - 52(A*A)7!
52 tr[[I.R)

(C.3a)
(C.3b)

nL—v

N

(see e.g., [26]-[29]). The normalized log-likelihood function
concentrated with respect to P and o? is given by

F(0) £ L(6,5%,P) = Indet [[IRII + 62I1.] + 5. (C4)

Next, to avoid certain technical assumptions related only to
the method of proof used in [30] (e.g., existence of Hessian
of the log-likelihood function), we need the following two
lemmas.

Lemma C.1: Under the assumptions of Theorem 3.1 and
the additional assumption that A(@) is linear in @, the inverse
Cramér-Rao bound matrix for 8, when 8, P, 5% are unknown
in (3.1), is given (elementwise) by

20—1: Re {tr [U%HC%] } (C.5)
where U and II, are defined in (3.5) and 1 < r,s < §G. (An
implicit assumption is that the matrix whose entries appear on
the r.h.s. of (C.5) is nonsingular.)

Proof: Tt is known (see [30]) that under the above
assumptions the following limit

[CRB_l (0)]rs =

2
F3(6) £

N 56067 €9
exists almost surely and is a deterministic p.s.d. matrix (the
primes symbolically denote derivatives with respect to 8).
From [4], the (r, s) entry of F}/(8) is given by N~! times the
r.hs. of (C.5) (thus by the above implicit assumption Fy'(8)
is nonsingular). Using (C.3), the linear parametrization (3.6)
of R by P,o? is identifiable, thus it has a full-rank matrix
representation and by [21, Lemma 6.1, p. 601] it has a positive-
definite information matrix (w.r.t. P, ¢2), and by [30] the CRB
for @ when 0, P,0? are unknown is given, for a fixed N,
through

F(0)

CRB~1(8) = N - Fy(8). (ok))

This gives the result. ]
Lemma C.2: Lemma C.1 remains true without the assump-
tion that A(@) is linear in @.
Proof: We use the fact that from a well-known formula
(see e.g., [31]) that holds under the assumptions of Theorem
3.1, the dependence of the Cramér—Rao bound on @ is only
through A(#) and its Jacobian JA(f)/08 at the true parameter
vector. Let A(6) be the linear interpolation of A(f) and its
Jacobian OA(#)/80 at the true 6 (ie., A(@) is the first-order
Taylor expansion of A(#) at the true #). Using the above fact,
the two models given by A(#) and A(#) have the same CRB.
From Lemma C.1 (applied to A(#)), CRB(#) is given by a
modified (C.5) in which A(8) is replaced by A(8#). The result
then follows from the fact that the dependence of this last
expression on @ is only through A(#) and its Jacobian at the
true 6. )
Proof of the Theorem: Let 01(1) denotes the lth entry of
9(i),1 <i<mand 1 <! < g. Observe that
9A

=[0---0D0---0] (C.8)
N A S —

a7~

i—-1 v
E vy Vi
k=1

k=i+1
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where
p® & 94
a6
Using Lemma C.1, we extend the definition (C.6) for F}(8)
by redefining it as N~! times the matrix whose entries appear
on the r.hs. of (C.5). As a result F(8) is still defined even
if the Hessian of F'(8) does not exist. From Lemma C.2, it
remains to cast Fy/ () in a form that implies (3.4), which in
turn implies (by assumption A7) that the implicit assumption
of Lemma C.1 holds.
Let [Fg'];jy € C%% denote the (¢,7) block entry of
F{(8). Then, the (I,p) entry of this matrix is

v g, 24
865" “ 06"

2 , ;
=5 Refr [Ui) DYDY (C.10)

(C9)

2
(Eo e = — Re [tr

where 1 < p < g; and Uyj, € €7 denotes the (4, j)
block entry of U with 1 < i, < n. Observe that D,(l) is the
(324 @i +1)th block column of D, cf. (3.5d), or notationally

(1) _
DY = DE;_:‘) el (C.1D)
Hence
2 *
(o) inp = —5 Re {tr [Ugis) (D=1 4, 4,)
Me(Dgis )N} (C.12)

Assume now that v; = v for all {, then collecting terms we
have that

[Fgls = btr[(Leij) ® Ugisy) B(D*ILD)5)*T] (C.13)

where ® is the Kronecker product, and the block trace operator
btr, the block Schur-Hadamard product (3 and the block
transpose operator b7 are as defined in Appendix I, with
blocks of dimension v x v, except for 1(;, which is a
g; X g; matrix with all entries equal to one. Note that the
matrices (1) ® Ugjy) and (D*II.D)jy are of dimensions
g:v X g;v. Collecting the above block results and using the
block Kronecker product definition of Appendix I, we obtain
the desired matrix expression (3.4). The proof of the last
statement of the theorem (i.e., CRB(#) remains the same
independently of whether o2 is known or unknown) follows
in the same manner for the case in which o2 is known. ]

APPENDIX D
EXTENSION TO UNKNOWN SENSOR NOISE COVARIANCE

The results of Theorem 3.1 can be extended to a larger class
of unknown (structured) sensor noise covariance matrices as
follows. Suppose that the model is

§(t) = A®)z(t) + &) (D.1)

where the assumptions are as above, except that the noise
covariance is

E&(£)é*(s) = 56, (D.2)

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 42, NO. 2, FEBRUARY 1994

and ¥ is a positive definite matrix. Assume that there exists
a matrix I' € €™*™ such that

I'xr* = o%l, (D.3)
for some unknown parameter o2, and I' is parametrized by
an unknown parameter vector v that is assumed to have the
local identifiability property (see e.g., [21]). From the Gaussian
assumption, the negative log-likelihood function of %(¢), up to
additive and multiplicative constants is

L(8.,0% P) & t[R(APA* + )Y
+Indet [APA* + 5]
= tr[R(APA* + ¢21)7)
+1Indet[APA* + ¢%I] — In det[[T*]
(D.4)

where R = (1/N)SN, §(#)§*(t) and

A=TA R=TRr. D.5)

The first two terms on r.h.s. of (D.4) have a similar form
to the corresponding ones in (C.1). The last term in (D.4) is
a function of vy only. Hence, we can concentrate (D.4) with
respect to P and ¢? as is done in [26]-[29] for ¥ = ¢2].
The result is

F(8,7) = Indet [IIRT + 6°I.] — Indet [[T*]  (D.6)

where the variables in the first term on the r.h.s of (D.6) are
the same as for ¥ = 21 but with A andAIAi{ given in (D.5).
Observe that all the terms (in particular, R) in (D.6) depend
on the unknown vector y. When « is known, Theorem 3.1
can be applied to find CRB(8). When -y is unknown, the joint
CRB of 8, is given through the deterministic a.s. limit of the
Hessian of the r.h.s. of (D.6), see [30] and Appendix C. (The
submatrix of [CRB(#,7)]~! corresponding to # remains the
same as for the case with v known.)

APPENDIX E
PROOF OF LEMMA 4.1

For any Hermitian matrix P with unit-norm eigenvectors
v; and eigenvalues );, we have

F(PY=" fvi} E.1)

for any f defined on the spectrum of P. In our case, rank
P =1 and hence P has only a single nonzero eigenvalue
A1 = tr P with an eigenvector v;. With f(0) = 0 it is found
that

F(P) = fOn)vavl + Y fvv] = fAn)mvi.  (E2)
i>1
Using P = X; \iv;v7 = A1vjv] we get
A
f(P)= f—(/\L)P. (E.3)
1
But since A; = tr P we get the desired result (4.25). [ ]
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APPENDIX F
CRB FOR AN SST SOURCE (SST MODEL)

This appendix presents the entries of CRB(#) for the special
case of an SST source, SST model, and a single vector sensor,
see (4.30). These entries were calculated using the symbolic
software program MACSYMA. For notational simplicity, the
entries of a normalized matrix C defined through CRB(6) =
[(1+¢)(1+7%)/2Ng?|C are presented. Also, since this matrix
is symmetric only the upper triangular entries are shown in the
equation at the bottom of the page.

APPENDIX G
PROOFS OF THEOREMS 4.2 AND 4.3

A. Background

For ease of reference, it is useful to review some basic
principles on rotation of coordinate systems in R® needed for
the proofs. For more details, see, for example, {32], [33].

Fact 1: To every nonsingular matrix A € ]R3><3’ there
is a corresponding coordinate system, denoted also by A,
such that every v € R**? has its representation in A given
by [vJa = A™'v. If A,B € R*®*? are nonsingular, then
[v]a = CA[v]s where CA 2 A~1B serves as a translation
matrix from vector representation in B to that in A. Note that
the columns of C§ are the columns of B represented in A,
e, CA = [B]a. For nonsingular A, B,C, € R3*2, we have

¢ € R*** is defined as follows: If ¢ = 0, then the rotation of
v is v. If ¢ # 0 then v is right-handed rotated around the axis
$ 2 |$|~1¢ by an angle |@|. We say that B is a rotation of
A by a vector angle ¢ if the columns of B are the rotations
of the corresponding columns of A by ¢. For ¢,v € R3*!,
the matrix form of the cross-product operator v — ¢ X v is
defined by ($x).

Fact 2: .If A can be rotated to B, then B is a rotation of
A by a vector angle ¢4p such that |¢,5| < 7 and

Ch = e(@anlax), (G.1)

It follows that [¢AB]A = Cg[‘bAB]B = [¢AB]B and
tr(C4) = 1+ 2cos |p,5|- Moreover, if tr (CA) > -1,
then |¢, 5| < 7 and ¢,p is uniquely determined, and if
tr (C4) = —1 then |¢ 45| = 7 and ¢, is determined up to
a multiplication by —1. Thus, the matrix [$4p5]a([pan]a)T
is uniquely determined (by A and B or C4) in all cases.

B. Proof of Theorem 4.2

Denote by I the sensor reference frame, by A the frame
(4,v1,v,), and by W the wave frame (u,#;,;). Let C} be
the translation matrix from a vector representation in A to that
in I, and similarly let Ci} be the translation matrix from W
to A. We have

the composition rule C§ = C§C%. ; o cosfycosby —sinfy —cosbysinf;
Definition: Given nonsingular A, B € R>*3, we say that C4 = [uww1iv2] = |sin 9} cosfz cosfhy —sinf;sinb,
the system A can be rotated to B if C‘? is orthogonal and sin 8, 0 cos b
det CB = 1. The rotation of v € R3 by a vector angle (G.2a)
A
Cn = (1 = r2){(1 — 2cos®f3) sin® By + cos® O3} + 72 (F.1a)
b [(1 ~ r2)2sin® B4 cos? 84 + 72] cos? 62
Croe (1 = 72)(1 — 2sin® f,4) sin f3 cos O3 (F.1b)
b2 [(1 = r2)2 sin® B4 cos? O + 72] cos B
Crv e {(1 = rH)[(1 = 2cos?® 83) sin H; sin> B4 + cos? #3] + 72} sin b, (F.10)
b3 [(1 = r2)2 sin? 84 cos? 4 + 2] cos? B, '
Ci14=0 (F.1d)
1—r2){(1 — 2cos?63)sin? 04 + cos? b3} — 1
Cpy=— (F.le)
' (1—72)? sin? 04 cos? 84 + 12
o :_(1—r2)(1—2sin204)sin0300s03sin02 E16
238 [(1 — r2)2 sin® 84 cos? B4 + 72] cos Bz
Coy=0 (F.1g)
Cun = (Acos? 8y — B)sin® s — (1 — r*)sin® B, cos? 83 — r sin” f — 72
837 {(1 = r2)[—4(1 — r4)sin® 5 cos? 0, + (1 — 5r2)] sin® 6, cos? O + (7 + 72)} cos? O,
A= —4(1 - r*)sin® B, cos® 3 — (1 — r2)% cos? B + 4(1 + %) sin” 8,
B = (1 -r*)sin®3(2cos? 83 — 1)(1 + 4cos §,) (F.1h)
C3’4 =0 (F.1i)
Cag= — (E.1j)

1472
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1 0 0

Ciy = |0 cosfs sinbs |. (G.2b)
0 —sinf; coséfs

Then C{V = Cj;C{,‘V is the translation matrix from W to I.

Since Cj, is unitary and its determinant equals to one, the
system I can be rotated to W.

Let 0; = 0; + Af;,i = 1,2,3, thus Af; are the estimation
errors, and let W be the coordinate frame associated with
these estimates.

Using first-order Taylor expansion, we get

3
8
I _ I I ) 2
Cf = Cly + ; 75, (CW)A6: + 0(120F) (G
where A8 £ [AB;, Ay, A83]T. Thus
8
oy =cyol = 1+Z Iwaa (C)A8; + O(|A0)?).

(G.4)
On the other hand

Oy = @il >0 = Lt (g lwx) + Ol ).
(G.5)
Define the components of the vector angular error in the wave

frame by {¢WVAV]W = [¢17¢27 ¢3}T7 then

0 —¢3 ¢
¢3 0 -
—¢2 0

Using (G.6), (G.4) it then follows that
(CH)az

[Swwlw = [(C%)l 3} + O(|¢WW|2)
(Cy)

= KA + O(|A0}2) + O(lgyys )

cy =1+ [ } +O0(l$ww ). (G.6)

(G.7

where K is given in (G.8) (see bottom of page). That is
oF =5 ’)) , 1<i,5<3 (GY)
( 80 i—1,4+41

where i + 1 is a positive cyclic shift of the index 7 € {1,2,3}
and 7 — 1 is a negative cyclic shift of z (e.g., 1 —1 = 3, 1
+1=2,3+1=1.

Using (G.2a), (G.2b), and (G.9), we find that K is given by
(4.34). Also, from Fact 2 and (G.4) we have

tr(CF) = 1+ 2cos |pyy;,| = 3+ O(|AB]*)  (G.10)
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where we used the fact that
tr[CT (0/06:)(Cl)] = (1/2) tr ((8/86:)(CT Ty )] = 0.

Hence, (2sin (|¢y,141/2))? = 2cos ¢y | — 2 = O(|AB[?)

and the inequality sin (|@y1i,[/2) > (1/7)|dy4s,| implies
Py ] = O(AD). (G.11)

Thus, using (G.7) and (G.11)

E({$yvlwldwwlly) = KEAB(ADT)KT + O(E|AGP).

(G.12)

Now assume that the model and estimator are regular, see
definitions 4.1 and 4.5. It follows that

E([¢wwlwbwwlly) > KCRB(8:,05,03)KT + o(1/N).
(G.13)

Multiply both sides by N and let N — oo; the result completes
the proof of Theorem 4.2. |

C. Proof of Theorem 4.3

To prove (4.35), recall the definition of § as the angular
error between u and 4. Since [62 — 2(1 — cos §)]/(1 — cos 6)2
has a continuous extension to [0, 7], we have for § € [0, 7]

862 =2(1 — cos §) + O((1 — cos §)?)

=2(1-u-4)+O0((1 - u-4)?). (G.14)
From (G.5)
C:;V =1+ ([¢WW]WX) + %([ﬁbWW]Wx)?
+ (B lwx)® + Ollpywl®).  (G.15)

Observe that the entries of C:VV are the inner products of the
orthonormal bases of W and W. Also, for any vector angle
¢ the mairices (¢x) and ($x)3 = —|@|>(¢px) are skew-
symmetric (hence with zero diagonal entries). Using these
facts we find from (G.15)

21— u- ) =2(1 - [C]1.)
~[(Bwwlwx)l1 + Olldww!*)
=¢5 + 85 + O(yw ). (G.16)
Using (G.14) and (G.16) we now get
=63 + 93 + Olbwul")- G.17)

Formula (G.17) gives the representation of ¢ in terms of the
tilt angles ¢2, 3. Note that § obeys a Pythagorean relationship

(o 3 o <cw>) . (cF it >)3’2 (o otk >)

— w W_
K= |(OF ggy(ch )> CF
d ]
W
(C’ 36,

(e 2

k). . (cl )) .

(@) (cragen),  (oF b))
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for infinitesimal ¢, ¢3. From the estimator’s regularity and
since |y yi,| < 7, it follows that E[jgy,i|*] = o(1/N).
Multiply both sides of (G.17) by N, take their expectation,
and let N — oo. Then, from the definitions (4.2), (4.32) and
using (G.17), we find the desired result (4.35).

To prove that for a regular model (4.35) holds also when re-
placing the MSAE and CVAE by their lower bounds MSAEc g
and CVAEcr, it is sufficient to prove this for an equivalent
linear model (as in the proof of Lemma C.2) for which these
bounds are asymptotically attained by the ML estimate. Hence,
applying (4.35) to this estimate, we find that this relationship
holds also for the lower bounds.

APPENDIX H
PERFORMANCE ANALYSIS OF THE
CROSS-PRODUCT-BASED ESTIMATOR

To prove Theorem 4.4, we need the following two lemmas.
Lemma H.1: If z1,--- %, are iid. random vectors in R,
with Ez; = 0, E||z1]|* < oo, then E||Z; z;|[P = O(n?/?) for
any p € [0,4].
Proof: Put s = %;z;. Clearly ||s||* = (sTs)? =
(27 x;)? = %; k1% ;71 3;. From the i.id. property
we have

E|ls||* =E Z zl—szzle+ Z Tz zlx

i=j=k=l i=j#k=l

+ Z I?Ijﬂ:{fl'i‘ E a:isz:rfkrzl
i=k#j=l i=l#j=k

<ED sl + 3l Pl
i i#k
+ llaalPll;1?

i)

+ 3 llil Pl
i#j
=nEl|z,||* + 3n(n — 1)(Ellz1[*)* = O(n?).

Since p/4 € [0,1], the function f(z) = xP/* is concave for
z > 0. Thus, by Jensen’s theorem, E||s|[P = Ef(|ls||*) <
F(Ellsl|*) = (O(n?))P/* = O(m?/?). n

Lemma H.2: Assume that z1,- - - £, are i.i.d. random vec-
tors in R? with Ez; = 0, E||z1]|> < oo, and let u be a
unit vector in R?. Let y E (1/n) Z; z;, denote by 4 the unit
vector in the direction of u + y, and by « the angle between
u and #. Then

1) i=u+ T - uul)y+op(n~/?) and

2) when also E||z1||* < oo, then o? = yT(I — uwuT)y +
' op(n~1) and

nEa? = tr[(I — uul) cov(z)] + O(n—l/z)'

Proof: We have & = (u +y)/|lu+y|| and ||u+y||> =
1+ 2u”y + ||yl If |lyl| < 1/2, we have 2uTy + ||y||* >
llyll* - 2llll > -3/4.

From the expansion (1+z)~1/2 = 1—(1/2)z+0(z?), (z >
—-3/4), we obtain

llu+ g™ = 1-u"y+ O(lyll*),
Thus

(Ilyll < 1/2).

=|lu+yl M(e+y) =ut+ I —ul)y+O(lyl?).
(H.1)

Note that if ||y|| > 1/2, then [|i—u—(I-uuT)y|| < 2+||y|| <
2(2llyl))* + 2llyl* = O(llyll*)
Since o = 2sin~" ((1,/2)[6-uil) = lla—al|+O(l[a—u"),
we have
o® =l - ul® + O(||& - ul|*)
=y"(I - uw")y + O(llyll®). H2)

Note that if |ly|| > 1/2, then |o? — yT(I — wuT)y| <
% + |yl < 7*(2llyl))® + 2llyll® = Ollyl])*.
1) Since E||y}|> = n~1E||z:1||?, we have from Markov’s
inequality ||y||? = op(n~1/2) and (H.1) gives the result.
2) By Lemma H.1, we have E||y||* = O(n/2). Thus, by
Markov’s inequality ||y]|> = op(n~!) and (H.2) gives
the result.

Proof of Theorem 44: Using the measurement model
(2.6), the estimator computes § = N1 TN, Re {yg(t) x
gy (t)} and then & = §/||8||. To examine the properties of
this estimator, we compute from (2.3), (2.4)

ye(t) X ¥u(t) = {£@t) +ep(t)} x {ux E(t) +En(t)}
=E(t) x (ux E(t)) + ep(t) x (v x E(t))
+ E(t) x €g(t) + ep(t) x ex(t). (H.3)
The computation can be done most easily in the A frame (i.e.,

(8,v1,v2), see Appendix G). From (2.7) we have [£(¢)]a =
[Oagl(t)7§2(t)]T. Thus

0 1 0
E@ x@xEB]a=[&| x| |0]| X |&
& 0 &2
0 0 €l
la|x|-&|=]0 | ©s
62 fl 0

That is, £(t) X (u x £(t)) = [l€(t)|]*u.
Next, denote
A
[EE]A a [eEu,eE‘UlveE'UZ]T7 [CH]A = [CHmeHvlyeHvz]T

where the time dependence is omitted for notational simplicity.
A similar computation gives

6Eulzl + e_E’UQZZ

lee(t) x (ux E(t)))a = —epué) (H.5a)
_CEHEZ
€181y, — §2€8Hy,
[S(t) X EH(t)]A = € (H.5b)
—EIEHu
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eEleHvz - eE‘U2EH'U1
€Ev;€Hu — €Eu€Hv,
€Eu€Hv, — eEmEHu

lee(t) xen(t)]a =

(H.5¢)

Combining these results, we have

[ye(t) xGu(t)]a =

1)

2)

€)1 epn & + eEuﬁg + 181y, — £2€H0,
0 + —epué) + §2€Hu
0 —epués — §18Hu

. eEmEH'uz - eEUQEH‘U‘
+ eEugEHu - eEu—éHuQ
eEuEHvl - eEU‘EHu

(H.6)

Since § = N~! SN, Re {yp(t) x g (t)} is an average
of i.id. random vectors that have finite expectation
(since E[||€(¢)]|?] = tr(P) < o0), we have by Kol-
mogorov’s strong law of large numbers [34, Theorem
5421 325 E[||€@®)||*Jw = tr(P) - u. Thus

= —_— = o d .
T e o N
Denote  As(t) 2 Refyg(t) x yut)} -
tr(P) - w. We have under the assumption
that  [I€O)II, Nleg(t)ll lles(t)]| are independent
and have finite second-order moments, that
{As(t),t > 1} are iid. with zero mean and

covariance given by the equation at the bottom
of the page. Denote zy = N-VZEN As(t).
Since E|[|As(t)||> < oo, we have by the central
limit theorem [35, ch. 2, Theorem 9.6] that zy
converges in distribution to A(0, cov(As(t))). Denote
5 & (trP)'5 = uw+ NV2(trP)lzy. Thus,
@ = 3|3l = 8/l3ll. Since EJAs()| < oo,
the stochastic expansion of Lemma H.2 gives

3)

4)

@ = u+ N"V2(tr P)7 I — uuT)zy + op(N~1/2),
Since N'/2(& — u) — (tr P)~}[I — uuT)zy converges
in probability to zero, we have by Slutsky’s theorem,
[34, Theorem 4.4.6] that the scaled estimation error of
u (e, N1/2(@ — u)) converges in distribution to the
limit distribution of (tr P)~!{I — uuT]zy, which is
N0, (tr P)~%(I — uuT)cov(As(t))( — uul)).

If eI, llee(®)l], llex(t)]] have finite fourth-
order moments, then As(¢) are ii.d. random
vectors with zero mean and finite fourth-order
moment. Let & be the angle between = and
@ = (u + NIZN (P)lAs(t))/lju +
N-1EN, (tr P)~*As(t)|]. Thus, by Lemma H.2
we have (with a = 6)

MSAE = lim NE§®
N—oo B
= tr[(I — uu)ecov((tr P)"1As(t))].
To get an explicit expression for the MSAE, we exploit

its invariance to the reference coordinate frame and work
in the A frame. We have

tr [(I — wuT)cov(As(t))]

g 0 0

=tr¢ |0 1 0] E[As(t)As®)T]a
0 0 1

= %(a%; +04)tr (P) + 2020,

Thus MSAE = (tr P)~2tr [({ - uul)cov(As(t))]a =
(1/2)(0%+0%)(tr P)~1+20Z 0% (tr P)~2 which gives
the result.

From Lemma H.2 and Slutsky’s theorem, it follows that
Né6? and (tr P)~22%(I — wul)zy converge in law to
the same limiting distribution. This gives the result. W

140

E[As(t)As(t)T]4 =cov 0
0

+ cov ¢ R

‘2}
eE'"lZl + eEUzEZ + glEHtu - 62_éHv1
€ _eEu§1 + 28Ry

_eEu€2 - €1€Hu

€Ev, €EHyy, — €Ev, €Hu,

+ cov ¢ Re

€FBv, €Hu + eEuEva

eEuEHvl — €Ev, EHu

0 0
0 0
0 0
(o% + a?,) tr (P)
+1 0
0

1
= var(|[€(t)[* |0
0

+ 0’%0%{[3

U%Pn + ngzz
(0% — o%) Re (Pr2)

0 0
(6} — 0%) Re(Pr2)
U%PQQ + U%{PH
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APPENDIX 1
DEFINITIONS OF SOME BLOCK MATRIX OPERATORS

This appendix defines several block matrix operators found
to be useful in this paper. The following notation will be used
for a blockwise partitioned matrix A
A Aqin)

A= (I.1)

A(ma) Amn)

with the block entries A(;;, of dimensions u; x v;. Define
I 2 PIARNTIN) 2 ¥2_1vj, s0 Ais a I X U matrix. Since the
block entries may not be of the same size, this is sometimes
called an unbalanced partitioning. The following definitions
will be considered.

Definition: Block transpose. Let A be an my X nv block-
wise partitioned matrix, with blocks A(;;y of equal dimensions
i x v. Then the block transpose AT is an nu x my matrix
defined through

(A7) i) = Ay 12

Definition: Block Kronecker product. Let A be a blockwise
partitioned matrix of dimension &z x 7, with block entries A
of dimensions p; X v;, and let B be a blockwise partitioned
matrix of dimensions 7 x p, with block entries B;j; of
dimensions 7; X p;. Also, £ = X%, p;, vV = X7 v, =
Y71 n,P = Xj_, pj- Then the block Kronecker product
AR B is an (E2, pimi X X7, v;p;) matrix defined through

(AN B)ij) = Agj) ® Bujy (1.3)
ie., the (i,7) block entry of AR B is Ayj ® By of
dimension p;7; X v;jp;. Note that this definition generalizes the
so-called unbalanced block Kronecker product in [36], (24).

Definition: Block Schur-Hadamard product. Let A be an
m X nv matrix consisting of blocks A;;y of dimensions pX v,
and let B be an mv x nn matrix consisting of blocks B;;) of
dimensions v x 7. Then, the block Schur-Hadamard product
ADB is an my x nn matrix defined through
Thus, each block of the product is a usual product of a pair
of blocks and is of dimension p X 7.

Definition: Block trace operator: Let A be an mp X np
matrix consisting of blocks A;; of dimensions x x p. Then
the block trace matrix operator btr [A] is an m x m matrix
defined by

(btl‘ [A])ij = tr A(ij)- 1L5)
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