
Self-Complementary Antennas 
Principle of Self-Complementarity for Constant Impedance 



Yasuto Mushiake 

Self·Complementary 
Antennas 
Principle of Self-Complementarity for 
Constant Impedance 

With 93 Figures 

, Springer 



Yasuto Mushiake, B.Eng, PhD 

Tohoku University and Tohoku Institute of Technology 
2-18 Akebonomachi 
Aobaku 
Sendai 981 
JAPAN 

ISBN-13: 978-1-4471-1255-6 e-ISBN-13: 978-1-4471-1003-3 

DOl: 10.1007/978-1-4471-1003-3 
Springer-Verlag Berlin Heidelberg New York 

British Library Cataloguing in Publication Data 
Mushiake, Yasuto 

Self-complementary antennas: principle of self-complementarity for constant 
impedance 

I. Antennas (Electronics) 2. Radio - Antennas 3. Impedance (Electricity) 
I. Title 
621.3'824 

Library of Congress Cataloging-in-Publication Data 
Mushiake, Yasuto, 1921-

Self-complementary antennas: principle of self-complementarity for constant 
impedancefYasuto Mushiake. 
p. cm. 

Includes bibliographical references and index. 

I. Adaptive antennas. 2. Impedance matching. I. Title. 
TK7871.6.M87 1996 
621.384'135-dc20 95-25745 

Apart from any fair dealing for the purposes of research or private study, or criticism or 
review, as permitted under the Copyright, Designs and Patents Act 1988, this publication 
may only be reproduced, stored or transmitted, in any form or by any means, with the 
prior permission in writing of the publishers, or in the case of repro graphic reproduction 
in accordance with the terms of licences issued by the Copyright Licensing Agency. 
Enquiries concerning reproduction outside those terms should be sent to the publishers. 

© Springer-Verlag London Limited 1996 
Softcover reprint of the hardcover 1st edition 1996 

The publisher makes no representation, express or implied, with regard to the accuracy 
of the information contained in this book and cannot accept any legal responsibility or 
liability for any errors or omissions that may be made. 

Typesetting: Keyword Typesetting Services Ltd., Wallington, Surrey 

69/3830-543210 Printed on acid-free paper 



Contents 

Preface. . . 

Acknowledgements 

1 Introduction 

1.1 Self-complementary and related broad-band 
antennas. . . . . 

1.2 Background to the emergence of the 
self-complementary antenna 

1.3 Brief history of self-complementary antennas. 

ix 

.Xlll 

2 
3 

2 Fundamental Theories of Complementary Structures. 7 

2.1 A pair of mutually dual structures . . 7 
2.2 Symmetrical and anti-symmetrical electromagnetic 

fields .. .... .... 9 
2.3 Electromagnetic fields for complementary planar 

structures. 13 

3 Impedance Relationships for Complementary Planar 
Structures . 15 

3.1 Input impedances of mutually complementary 
two-terminal planar structures. 15 

3.2 Input impedances of mutually complementary 
multi-element planar structures . . . 17 

3.3 Examples of complementary planar structures 21 

4 Origination of Self-Complementary Planar 
Structures and Discovery of their Constant-Impedance 
Property. .... 25 

4.1 Origination of self-complementary planar 
structures. . . . . . . . 25 

4.2 Constant-impedance property of self-complementary 
planar structures . . 26 

4.3 Examples of self-complementary planar structures . 27 



vi Contents 

5 Multi-Terminal Self-Complementary Planar Structures 31 

5.1 Rotationally symmetric multi-terminal 
self-complementary planar structures 31 

5.2 Single-phase excitations for rotationally symmetric 
multi-terminal self-complementary planar structures 35 

5.3 Axially symmetric multi-terminal self-complementary 
planar structures 37 

5.4 Axially symmetric two-port self-complementary planar 
structures. 40 

5.5 Coupling-less property between loaded unipole-notch 
type self-complementary planar structures. 42 

6 Three-Dimensional Self-Complementary Structures 49 

6.1 A pair of dual structures consisting of crossed 
infinite planar sheets of compound perfect 
conductors 49 

6.2 Three-dimensional complementary structures. 50 
6.3 Three-dimensional self-complementary structures 51 
6.4 Examples of three-dimensional self-complementary 

structures. 54 

7 Stacked Self-Complementary Antennas. 57 

7.1 Stacking of self-complementary antennas 57 
7.2 Co-planar stacked self-complementary antennas. 58 
7.3 Some variations of co-planar stacked 

self-complementary structures. 60 
7.4 Side-by-side stacked self-complementary antennas 63 
7.5 Compound-stacked self-complementary antennas 67 

8 General Considerations about Approximations and 
Modifications of Self-Complementary Antennas 71 

8.1 Approximations and modifications for practical 
purposes. 71 

8.2 Approximation by truncation . 71 
8.3 Approximation by replacement with conducting 

rods 72 
8.4 Modification by deformation . 75 
8.5 Modification by partial excision . 75 
8.6 An example of transformation from a 

self-complementary sheet structure to the conducting 
rod structure - 75 



Contents vii 

9 Developmental Studies of Rotationally Symmetric 

10 

11 

Self-Complementary Antennas. 81 

9.1 Alternate-leaves type self-complementary antenna 81 
9.2 Approximation and modification of alternate-leaves 

type self-complementary antennas . . 86 
9.3 Modified four-terminal self-complementary antenna 

on conical surface. . 88 
9.4 Non-constant-impedance property of incorrectly 

arranged log-periodic structures . 93 
9.5 Other developmental studies for derivatives of 

rotationally symmetric self-complementary 
structures. ... 96 

Developmental Studies of Axially Symmetric 
Self-Complementary Antennas. 99 

10.1 Experimental study of equally spaced unipo1e-notch 
array antenna 99 

10.2 Equally spaced unipo1e-notch array antenna on a 
conical ground plane for the circularly polarized 
wave · 101 

10.3 Unipole-notch alternate array antennas stacked on 
both edges of an angular conducting sheet · 103 

lOA Unipole-notch array antennas formed on the 
substrate of a printed circuit .108 

Monopole-Slot Type Modified Self-Complementary 
Antennas · 111 

11.1 Monopole-slot type antennas derived from the 
three-dimensional self-complementary antenna · 111 

11.2 A monopole-slot antenna element as a limiting case 113 

12 Conclusion. .119 

References . · 121 

Subject Index. · 125 

Author Index . · 127 



Preface 

Remarkable developments have been made in the utilization of radio 
waves, and a number of antennas with various characteristics designed 
for specific systems are being used. Those antennas are essential com
ponents as radiators, not simply for the radio-wave utilization systems 
themselves but also for a variety of other systems related to associated 
test equipment, radio environmental measuring equipment, and so on. 
In such circumstances, the significance of antenna technology is 
becoming increasingly important. 

For the antennas used in these systems, an efficient transducing 
capability of the electric power between the electric circuits and the 
electromagnetic waves is required for the assigned frequencies. 
Moreover, such a capability is very often necessary for broad-band 
frequencies also. Accordingly, broad-band characteristics of input 
impedances and power gains are desirable for practical antennas 
that are connected to transmission lines. 

On this account, the realization of broad-band frequency character
istics for antennas has been a constant endeavour of the engineers and 
scientists working in this field, and numerous attempts have been made 
to this end since research began on the subject. Among the historic 
events in the development of the broad-band antennas, 'the discovery 
of the Principle of self-complementarity, which realizes constant-impe
dance structures, can be regarded as one of the most distinctive events, 
because this principle provided the origin of frequency-independent 
antennas, subsequently developed to the so-called log-periodic anten
nas and log-periodic dipole array. Although the names for these· 
antennas were inadequate, this type of modified self-complementary 
antenna and its derivatives are still being used extensively in practice as 
extremely broad-band practical antennas. 

The above-mentioned principle, discovered in 1948, created a break
through in antenna evolution by providing theoretically constant
impedance structures for antennas, and various extremely broad
band antennas have been developed under its application. Also, 
viewed from the standpoint of electromagnetic wave theory, the prin
ciple created an entirely new concept for structures with conducting 
planes and excitation sources. Furthermore, extension of the prin
ciple to various other cases can be anticipated, even to cases other 
than those of antennas. However, the technical value of the self-
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complementary structures and the theoretical significance of this prin
ciple have not been properly recognized until quite recently. 

For this reason, it has been a long-cherished plan of the present 
author to publish a compact monograph that describes the comprehen
sive results of studies based on the Principle of self-complementarity 
and its application to extremely broad-band antennas. Thus the present 
text came into existence. 

In this book, the fundamental theories related to this principle are 
first rigorously treated, and then the origination of self-complementary 
planar structures and the discovery of their constant-impedance prop
erty are briefly explained. Next, extensions of the principle to various 
other cases are discussed theoretically. 

In the latter half of the book, the results of developmental studies 
are described, approximations and deformations from the original 
structures derived by the theory are discussed, and the application of 
the theory to extremely broad-band practical antennas is explained. 
Many experimental data are given as examples of the results obtained 
from experimental studies. 

To aid better understanding for readers, a number of figures and 
tables have been introduced into the text. This is because structural 
shapes are especially important for self-complementary structures. 
Furthermore, practically useful fundamental data for designing 
extremely broad-band antennas are included in these figures and 
tables. 

In this book, however, in general results of archival importance 
related to the subject are described by placing particular emphasis 
on those results obtained by the author himself and the associated 
group. Related papers and other reports are listed in the References 
located at the end of the book. The author earnestly hopes that this 
short book will have significant impact upon the developments of 
science and technology, not only in the field of antennas and electro
magnetic waves but also in other related fields. 

The plan to publish this book was encouraged and supported by 
Professor Chen-To Tai, University of Michigan, and Dr W. Ross 
Stone, Editor-in-Chief, IEEE Antennas and Propagation Magazine. 
Also, in the course of arranging this manuscript, the advice of 
Emeritus Professor Saburo Adachi and Professor Kunio Sawaya, 
Tohoku University, was very helpful, and suggestions from 
Professor Akira Ishimaru, University of Washington, Emeritus 
Professor Toshio Sekiguchi, Tokyo Institute of Technology, Dr 
Kiyoshi Nagai, Toshiba Corporation, Professor Hisamatsu Nakano, 
Hosei University, and Dr Ken-ichi Kagoshima, Nippon Telegraph and 
Telephone Corporation, were really valuable. 

Publication of this volume has been made possible through the 
generous co-operation of the Springer-Verlag group, especially helpful 
being the thoughtful assistance of Mr Nicholas Pinfield, Engineering 
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Editor of Springer-Verlag London Ltd, and the weighty support of 
Professor Peter J.B. Clarricoats, University of London. 

The author would like to take this opportunity to express his sincere 
gratitude to all the persons mentioned above for their warm-hearted 
courtesy. 

At Sendai, May 1995 Yasuto Mushiake 
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1 • INTRODUCTION 

1.1 Self-complementary and related broad-band 
antennas 

An antenna with a self-complementary structure has a constant input impe
dance, independently of the source frequency and shape of the structure. The 
practical realization of such a structure, and an explanation of the remarkable 
principle of constant impedance, were accomplished by Yasuto M ushiake [l.l-
1.3] in 1948. Various other types of self-complementary structures were then 
developed successively over a fairly long period of time until quite recently 
[1.4-1.9]. 

The principle of self-complementary antennas was also introduced into the 
investigation of extremely broad-band, or frequency-independent antennas, 
proposed by V.H.Rumsey [1.10, 1.11], and lead to the development of the 
log-periodic antenna [1.12] and the log-periodic dipole array [1.13]. These 
developmental studies in the United States concerned just one basic type of 
self-complementary structure. Further intensive developmental studies were 
carried out at Tohoku University and its related institutions in Japan, to 
investigate other types of self-complementary antenna. 

In this connection, it should be noted that the log-periodic structure does not 
automatically ensure frequency-independent characteristics for antennas, as 
explained in The New IEEE Standard Dictionary of Electrical and Electronics 
Terms,1 although self-complementary structures and their modifications do 
guarantee the constant impedance of an antenna. This means that the broad
band characteristics of the log-periodic antenna have their origin not in the log
periodic shape, but rather in those aspects of the shape that are derived from 
the self-complementary antenna.2 

However, since the self-complementary property of an antenna prescribes 
nothing about the broad-band nature of its radiation properties, information 
about the radiation characteristics of other existing antennas must be 

I Log-periodic antenna Anyone of a class of antennas having a structural geometry such that its 
impedance and radiation characteristics repeat periodically as the logarithm of frequency. 

21t was confirmed that an antenna with a log-periodic structure arranged in an anti
complementary manner has a log-periodic input impedance which varies distinctly with respect 
to the source frequency [1.6]. This fact suggests that the log-periodic dipole array, excited by a feed 
line without transposition, does not have good broad-band characteristics. 
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considered if practical broad-band antennas are to be developed. In addition, 
self-complementary antennas have infinitely extended structures, and reduction 
of the effects of truncation is very important in practice. Experimental "hard" 
studies are therefore usually needed for this purpose. 

Properly arranged log-periodic structures have various well-known merits as 
extremely broad-band antennas, but this is not so for such badly arranged 
structures. Reduction of truncation effects, mentioned above, can be achieved 
satisfactorily for log-periodic structures, as for other cases of "teeth-type" 
array structures in general. 

In this book, a series of studies on self-complementary antennas will be 
described in detail, with particular emphasis being placed on the results of 
original work performed by the present author. 

The theory of the self-complementary antenna provides a firm foundation 
and effective guidance principles for technological investigations of extremely 
broad-band antennas. 

1.2 Background to the emergence of the self
complementary antenna 

During the early 1940s, the vital importance of radio equipment was recog
nized, and investigations in related fields, especially concerning antennas, 
attracted considerable attention in Japan. Above all, studies on sharp-beam 
and low-profile antennas, effective in the very-high-frequency region, were 
considered to be especially important and to merit urgent investigation. 

In such circumstances, the present author started his graduate study at 
Tohoku Imperial University, in 1944, under the direction of Professor 
Shintaro Uda, who was the successor to Professor Hidetsugu Yagi at the 
same university. 

Initially, this research was concerned with the theoretical method of design
ing Yagi-Uda antenna [1.14). In that connection, the determination of current 
distributions along antenna conductors is very important. Hallen's theory 
[1.15] was therefore introduced to resolve this problem, based on the boundary 
conditions on the surfaces of the conductors. 

However, the slie antenna had already been proposed in Japan as an ideal 
low-profile antenna on a conducting surface. The author believed that intro
ducing such a slit antenna into the sharp-beam antenna system might be 
advantageous. However, at that time, the method used to analyse slit antennas 
was based on the assumed magnetic current distribution over the slit surface. 
By comparing this situation with that of wire antennas, the author became 
convinced that a new theory had to be originated for slot antennas, which did 
not involve any such assumptions. 

3The slot antenna was called the slit antenna in Japan at that time. 
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In the meantime, the author had been deeply impressed by Electromagnetic 
Theory by J.A. Stratton [1.16],4 and he studied this book very carefully during 
his undergraduate and graduate studies. In addition, some basic studies were 
done in Japan during the mid-l 940s on the application of Babinet's principle to 
electromagnetic fields. 

Under such circumstances, the present author regarded slit antennas as a 
secondary subject of his investigations, his principal studies being the Yagi
Uda antenna. Unexpectedly, however, study of the secondary subject lead to 
the emergence of self-complementary antennas. 

1.3 Brief history of self-complementary antennas 
As a result of the theoretical and fundamental investigations of slot antennas 
performed by the author, he succeeded in obtaining a general and innovative 
mathematical relationship between two input impedances for mutually com
plementary planar structures. This relationship was derived via an exact and 
general theory, and holds for an arbitrarily shaped planar structure. However, 
the form of the new relationship was identical with that of the previous one, 
which had been obtained by several other investigators, for a narrow slot 
antenna and a complementary wire antenna, after making various assump
tions. For this reason, the author's work was disregarded by his colleagues 
and his superiors, and he was discouraged from making any report on the 
result. 

However, on reconsidering the matter, he realized that, to be taken seriously, 
he must describe convincing examples of applications that clearly highlighted 
the distinctive features of the innovative relationship. After intensive studies to 
this end, an entirely new type of structure was originated by the author, in 1948. 
This was the self-complementary planar structure having a constant input 
impedance. Such was the discovery of the Principle of self-complementarity. 

The first report on this work was presented at a local convention in 1948 
[1.1], and the second contributed to the Journal of the Institute of Electronic 
Engineers of Japan (in Japanese), an abstract becoming available in 1949 [1.2]. 
However, the scheduled six-page text ultimately remained unpublished, 
because of a paper shortage in Japan just after World War II. The third report 
[1.3] was hence published as a university report (in English) in 1949. The types 
of self-complementary structure illustrated in these reports were of two kinds: 
(1) the balanced type two-terminal structure; and (2) the unbalanced type two
terminal structure. 

Around that time, preparations were being made for the inauguration of 
television broadcasting in Japan. Under such circumstances, the establishment 
of a reliable design method for Yagi-Uda antenna became urgent, and the 

4Jurius A. Stratton's letter of 24 November 1947 to Yasuto Mushiake, in response to a letter of II 
October 1947, pointed out certain misprints in the first edition of his book Electromagnetic Theory. 
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author had to concentrate his energy to that end [1.17, 1.18]. Consequently, his 
studies on self-complementary structures had to be temporarily suspended. 
However, the importance of such structures was firmly embedded in his 
mind, and he was always on the look-out for opportunities to resume research 
into the use of self-complementary structures as antennas. 

Meanwhile, the paper published in English in 1949 attracted the attention of 
V.H. Rumsey in the United States, and the principle of self-complementary 
structure was introduced into the developmental studies of frequency
independent antennas proposed by him in 1957 [1.10]. Furthermore, related 
studies were actively performed in the United States. 

On learning about these developments, the author realized that a good 
opportunity might have come to resume his own studies on self-complementary 
antennas. However, investigations into linear antennas were still being actively 
continued at Tohoku University [1.19, l.20], and he therefore resumed that 
study as a secondary objective, although it progressed very slowly. The results 
made available in 1959 were an extension of the principle to the case of rota
tionally symmetric multi-terminal self-complementary antennas [1.4]. 

In contrast, developments on frequency-independent antennas in the United 
States were outstanding [1.11]. The developmental studies on log-periodic 
antennas by R.H. Duhamel and D.H. Isbell [1.12], which lead to the log-peri
odic dipole arrays by D.H. Isbell [1.13], and the detailed discussions on multi
terminal self-complementary antennas by G.A. Deschamps [l.21], should par
ticularly be emphasized as examples of the excellent achievements in this field. 

In Tohoku University, however, studies in this field were continued by the 
author, although very slowly because it was still only a secondary subject. This 
research aimed at extending the principle to constant-impedance antennas in 
general, and the three-dimensional self-complementary antenna was originated 
in 1963 [l.5]. 

Around the mid-1970s, T. Ishizone, N. Inagaki, N. Nasu and T. Kasahara 
joined in developmental studies on self-complementary antennas, which were 
performed not just in Tohoku University but extended to related institutions, 
all being under the direction of the present author. The studies performed by 
this group were supported by financial assistance from the Hoso Bunka 
Foundation, Japan (1976-77), and Grant-in-Aid for Scientific Research, 
Ministry of Education, Japan (1980-83). Thus, intensive studies were contin
ued until the mid-1980s. During that period, the strong and earnest co-opera
tion of K. Sawaya and other members of the Mushiake Laboratory, Tohoku 
University, was also made available. 

As a result of the theoretical and developmental studies by this group, sev
eral new types of self-complementary antenna were originated, and the effects 
of approximation and modification were clarified [l.8, l.22]. These results 
provided various important information and data essential for the practical 
development of extremely broad-band antennas. Various types of self-comple
mentary antenna, originated by the author himself, are listed in Table 1.1. 

Some supplementary studies were continued until quite recently, and these 
results are also included in this book. 
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Table 1.1 Various types of seif-complementary antennas (SCA) originated by Yasuto Mushiake 

No. Year Type 01 SCA structure' Input impedance (11) 

1948 Rotationally symmetric 2-terminal planar SCA 
(balanced type) 601r 

2 1948 Axially symmetric 2-terminal planar SCA 
(unbalanced type) 601r 

3 1957 Rotationally symmetric 4-terminal planar SCA 
(tumstile) 30V211" each 

4 1963 Three-dimensional multi(N)-planar 2-terminal 
SCA 601I"/N 

5 1982 Co-planar stacked SCA 6011" each 

6 1982 Side-by-side stacked SCA 6011" each 

7 1985 Compound-stacked SCA" 6011" each 

'Restricted to the types of SCA originated personally by Mushiake. 

"Japanese Patent No. 1594525, Y. Mushiake, 27 December 1990. 



2· FUNDAMENTAL THEORIES OF 
COMPLEMENTARY STRUCTURES 

2.1 A pair of mutually dual structures 
For the purpose of developing the theory of self-complementary antennas, some 
preliminary considerations will be made in this chapter, and electromagnetic 
fields for a pair of mutually dual structures will be discussed in this section. 

Initially, a structure with the general configuration shown in Fig. 2. I (a) will 
be considered, where an arbitrarily shaped perfect electric conductor (PEC) 
and a perfect magnetic conductor (PMC) are used, and arbitrarily distributed 
electric and magnetic source currents are assumed [2.1]. Next, the structure 
shown in Fig. 2.1 (b) will be considered, where the geometrical structure is 
identical to that of Fig. 2.1(a), except that the electric and the magnetic proper
ties are mutually interchanged between them. 

Then, the electromagnetic fields, EJ, HI for Fig. 2.l(a) and E2, H2 for Fig. 
2.l(b), and the electric and magnetic source currents, J o and J Om , satisfy the 
Maxwell's equations as follows: 

(a) 

} 
Jo=-'YM 

/ 

e Jom~ 
(b) 

Fig. 2.1 A pair of dual structures. 

7 

(2.1) 
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(2.2) 

\7 X H2 - (jwc + a)Ez = Jo = -"1M 
} 

Here, the MKS rational unit system is adopted, and the sinusoidal time depen
dence with the factor of expGwt) is assumed. The constants c, It and a are 
permittivity, permeability and conductivity of the medium, respectively, and 

"I = (jwc + a)jjwlt (2.3) 

Also, the distributions of the electric and magnetic source currents, J 0 and J Om' 

are assumed to be Nand M in Fig. 2.I(a), and -"1M and N in Fig. 2.I(b), 
respectively. 

At the same time, the boundary conditions for the PEC and the PMC must 
be satisfied on the surfaces SI and S2 in Fig. 2.1(a), and S2 and SI in Fig. 
2.I(b), respectively, and we have 

EI x n = HI· n = 0 on SI } HI x II = EI . n = 0 on S2 
(2.4) 

E2 x II = H 2 . II = 0 on S2 } H2 x II = E2 · II = 0 on SI 
(2.5) 

where II denotes the unit normal on the surfaces of the perfect conductors. 
Now, let the vector symbols E2, H2 in (2.2) and (2.5) be replaced by HI, EI 

using the relationships: 

Then we have [2.2] 

-HI x II = EI . II = 0 on S2 

} 

} 

(2.6) 

(2.7) 

(2.8) 

By comparing (2.7) with (2.1), and (2.8) with (2.4), it is found that they are 
respectively identical, except that the order of the description is interchanged 
between them. This means that the field intensities, E" HI and E2, H 2, in the 
relationships are expressed by (2.6) everywhere in space. Consequently, if a 
solution to either one of Fig. 2.1(a) or 2.1(b) can be obtained, then the 
solution to the other is immediately given by relationship (2.6). 
Furthermore, if the magnitudes of the electric and magnetic source currents 
in Fig. 2.1(b) are varied proportionally by a factor K, then the field intensities 
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E2, H2 will also be changed proportionally by the same factor K everywhere 
in space, and we have 

(2.9) 

instead of (2.6), where K is an arbitrary factor which could be negative. 
Hereafter in this book, a pair of structures such as that shown in Figs 2.1(a) 

and (b) will be referred to as "mutually dual structures", and relationships (2.6) 
and (2.9) will be called "duality relations for the electromagnetic fields". 

2.2 Symmetrical and anti-symmetrical 
electromagnetic fields 

In this section, the properties of the electromagnetic fields induced by the 
electric or magnetic source currents that are symmetrically or anti-symmetri
cally distributed with respect to the plane x = 0 of the rectangular coordinates, 
x, y, z, will be investigated. 

Initially, a pair of symmetrical electric source currents, J 01 (x', y', z') and 
J02 (-x',y',z'), as shown in Fig. 2.2, will be considered. 

It is easily found from the symmetry that their components are given by the 
relationships 

JOl.x(x',y',z') = -J02A-x',y',z') 

JOly(x',y',z') = J02y (-x',y',z') (2.10) 

JOlz(x',y',z') = J02z(-x',y',z') 

x=o-x 
Fig. 2.2 Symmetrical electric source currents. 
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Hereafter, three-dimensional functions, f(x,y,z) and f(-x,y,z), will be 
denoted by f(x) andf( -x) for simplicity. Consequently, the Hertzean vector, 
"(x), can be expressed as: 

where 

"I (x) = J JOI (x')¢1jdv 

"2(X) = J J 02 (x')¢2jdv 

exp(-jkrij ) 
¢ij = --:":. ~-----,c:.. 

J41l"wErij 

(k2 = w2ILc - jWJ.La) 

(2.11 ) 

(2.12) 

(2.13) 

and rij is the distance between the two points JOi(x') and Pj(x), which is given 
as in Fig. 2.2 by 

r~ = (x' - X)2 + (y' - y)2 + (z' - zl 
(i,j=1,2) 

(2.14) 

By introducing relationships (2.10) into (2.12), IIIAP2) and 1I2AP2 ) can be 
transformed as follows: 

IlIA -x) = J JOlx(x')¢l2dv 

= - J J02x ( -x')¢2I dv 

= -1I2Ax) 

1I2A -x) = J J02A -x')¢22dv 

= - J JolxCx')¢lIdv 

= -I1 l xCx) 

Hence we have from (2.11) 

Likewise, similar transformations can be made as follows: 

IIly( -x) = J JOly ( -x')¢l2dv 

= J J02y(x')¢2Idv 

= 1I2Y(x) 

(2.15) 
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II 1z ( -x) = J JOiz ( -x')<P12dv 

= J J02z(X')<P21dv 

= II2z (x) 

Hence we have from (2.11) 

} 
Now, the electromagnetic fields can be calculated from n as 

E = ,7'v·· n +l!n 

H =jW€V' x n } 

11 

(2.16) 

(2.17) 

By introducing relationships (2.15) and (2.16) into (2.17) and performing some 
mathematical manipulations, we obtain: 

EA-x) = -EAx) HA-x) =HAx) 

(2.18) 

These relationships show that the electromagnetic fields induced by a pair of 
symmetrical electric source currents are electrically symmetrical with respect to 
the plane x = O. However, it is found that the same fields are magnetically anti
symmetrical with respect to the same plane. Furthermore, by interchanging the 
positive and negative signs for three components of J 02 ( -x) in relationship 
(2.10), it is easily found that the electromagnetic fields induced by a pair of 
anti-symmetrical electric source currents are electrically anti-symmetrical but 
magnetically symmetrical with respect to the plane x = O. 

Similarly, it can easily be shown that the fields induced by the anti-symme
trical magnetic source currents are magnetically anti-symmetrical but electri
cally symmetrical. Accordingly, compound sources of symmetrical electric 
currents and anti-symmetrical magnetic currents also induce electrically sym
metrical fields. 

Next, let us consider a case where a pair of symmetrical structures, PEC-l 
and PEC-2, are placed in the electromagnetic fields excited by a pair of sym
metrical electric source currents, as shown in Fig. 2.3. 

The primary electromagnetic fields in the present case are symmetrical, as 
explained above, and hence the induced electric currents over the surfaces of 
the symmetrical PEC structures must be symmetrical with respect to the 
reference plane. Consequently, it is concluded that the total electromagnetic 
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x=o -x 

Fig. 2.3 Symmetrical electric source currents with symmetrical perfect electric conductors. 

fields, including the secondary fields scattered from the PEe structures, are also 
symmetrical. In this case, the structures of the PEe could be a single body with 
symmetrical shape or any portion of a planar PEe sheet inserted on the refer
ence plane. Furthermore, such a symmetrical property is retained even when 
the symmetrical electric source currents in Fig. 2.3 are replaced by anti-sym
metrical magnetic source currents or a combination of symmetrical electric 
source currents and anti-symmetrical magnetic source currents. 

Next, the properties of the symmetrical and the anti-symmetrical electro
magnetic fields on the plane of reference will be examined. According to rela
tionships (2.18), the Ex-component of the electrically symmetrical fields is anti
symmetrical with respect to the reference plane x = 0 and it is also continuous, 
and hence we have 

EA-O) = -EA+O) = 0 (2.19) 

or 

E·n=O on x= 0 (2.20) 

where n is the unit normal on the plane x = O. At the same time, from (2.18) we 
find 

or 

Hy(-O) = -Hy(+O) = o} 
Hz(-O) = -HzC+O) = 0 

H x n = 0 on x = 0 

(2.21 ) 

(2.22) 

In addition, magnetically anti-symmetrical fields can be expressed also by 
(2.18), hence from (2.22) and (2.20) we have 
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H x n = E . n = 0 on x = 0 (2.23) 

In conclusion, the electromagnetic fields induced by the symmetrically distrib
uted electric source currents or anti-symmetrical magnetic source currents in 
the presence of symmetrical PEC structures have the properties given by (2.23), 
except within the conductors and on their surfaces. 

2.3 Electromagnetic fields for complementary 
planar structures 

If a planar sheet structure with infinite extent is divided into two arbitrary 
portions, SI and S2, then these two planar structures SI and S2 are comple
mentary to each other. Either one may be of finite extent, or both may be of 
semi-infinite extent. 

In this section, the electromagnetic fields for mutually complementary PEC 
planar sheet structures excited with symmetrical electric source currents or 
anti-symmetrical magnetic source currents will be investigated. 

To this end, a pair of mutually dual structures formed of PEC and PMC 
planar sheets, as shown in Figs 2.4(a) and (b) will initially be considered, where 
SI and S2 are arbitrarily shaped, mutually complementary structures formed of 
different kinds of perfect conductor. However, their electric and magnetic 
properties are interchanged between (a) and (b), as indicated in the figure. 
Besides, a pair of symmetrical electric source currents, N +, N _, are assumed 
in Fig. 2.4(a), while anti-symmetrical magnetic source currents, N +, -N _, are 
assumed in Fig. 2.4(b). 

Fig. 2.4 A pair of infinite planar sheets of compound perfect conductors with source currents. 
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In these two cases, the planes of the perfect conductors, SI + Sb extend to 
infinity, and the whole space in (a) and that in (b) are respectively divided into 
two independent half-spaces. Therefore, the two half-spaces on the right-hand 
sides of structures (a) and (b) are mutually dual, and the duality relationships 
(2.9) hold for the electromagnetic fields E I , HI and E2, H2 in the two half
spaces. Also with the same argument, similar relationships (2.9) hold for the 
two half-spaces on the left-hand sides of structures (a) and (b). However, it 
should be noted here that the directions of the source currents on the left-hand 
sides are in the opposite direction, while those on the right-hand sides are in the 
same direction. Therefore, the value of the factor K is -1 for the half-spaces on 
the left-hand sides of (a) and (b), but + 1 for the right-hand sides of (a) and (b). 
Consequently, the duality relationships for the electromagnetic fields (2.9) 
reduce to 

(2.24) 

where the upper and the lower signs apply to the half-spaces on the right-hand 
side and the left-hand side of the conducting planes, SI + S2, respectively. 

In addition, a pair of symmetrical electric source currents induce electrically 
symmetrical electromagnetic fields. However, in the presence of the arbitrarily 
shaped PEC planar sheet, SI, relationships (2.20) and (2.22) do not hold on SI, 
owing to the effects of the discontinuity of the fields. Hence, we have 

EI . n = HI x n = 0 on S2 (2.25) 

These relationships show that the boundary conditions for the PMC are auto
matically satisfied on S2 in Fig. 2.4(a). Also, the anti-symmetrical magnetic 
source currents induce magnetically anti-symmetrical fields, and in the presence 
of the arbitrarily shaped PEC planar sheet, S2, we find 

H2 x n = E2 . n = 0 on SI (2.26) 

These relationships also show that the boundary conditions for the PMC in 
Fig. 2.4(b) are automatically satisfied on S\. 

The properties shown above mean that the PMC sheets on S2 in Fig. 2.4(a) 
and on S\ in Fig. 2.4(b) can be removed, without causing any variation in the 
original electromagnetic fields. Therefore, we can conclude that relationship 
(2.24) is also true for a pair of mutually complementary PEC structures, 
derived from Figs. 2.4(a) and (b), by eliminating the fictitious PMC sheets. 
Note that, although in the present theory PMC sheets are assumed initially, 
such a technique is quite helpful for developing the theory to more complicated 
cases. This is because the introduction of the PMC sheets, as shown in Fig. 2.4, 
divides the whole space into two perfectly shielded independent half-spaces. 



3 • IMPEDANCE RELATIONSHIPS FOR 
COMPLEMENTARY PLANAR 
STRUCTURES 

3.1 Input impedances of mutually 
complementary two-terminal planar 
structures 

For the purpose of investigating the relationship between the input impedances 
for mutually complementary planar structures, an arbitrarily shaped plate 
antenna and its complementary hole antenna, as shown in Figs 3.1(a) and 
(b) are considered. 

The electric source current in Fig. 3.1(a) can be regarded as a pair of sym
metrical electric source currents whose total magnitude is equal to that of the 
input current. In contrast, the magnetic source current in Fig. 3.1 (b) circulates 
around the bridging conductor, and it is regarded as a pair of anti-symmetrical 

(a) (b) (e) 

Fig. 3.1 Excitation of mutually complementary planar structures. 
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magnetic source currents. In addition, the hole antenna in Fig. 3 .1 (b) is equiva
lent to that in Fig. 3.l(c) which is excited by an electric source current. 

Now, apply the result obtained in Chapter 2, section 2.3 to the electromag
netic fields E" H] for the structure in Fig. 3.1(a) and to the electromagnetic 
fields, E2, H2 for the structure in Fig. 3.1(b) or (c). Then, from the duality 
relationships (2.24) we have 

(3.1 ) 

under the condition that the magnitudes of the electric and magnetic source 
currents in Figs 3.I(a) and (b) have the same relationships as those in Figs 
2.4(a) and (b). However, the input impedance of the antenna does not depend 
on the magnitude of the source current, but rather on the ratio of the electric 
and magnetic field intensities. For this reason, analysis can be continued based 
on relationship (3.1). 

Let the input impedances of the plate antenna and the hole antenna in Figs 
3.1(a) and (c) be Z] and Z2, respectively. They can thus be expressed by the 
ratios of the input voltages and the input currents at the respective feeding 
terminals as follows: 

Z] = 1: E] . dl / 2 r H] . dl 

Z2 = 1: E2 · dl / 21: H 2 · dl 

(3.2) 

where dl denotes the line element, and the integrations are performed in the 
vicinity of the input terminals, which are assumed to be sufficiently small 
compared with the wavelength. The line integrals for the magnetic fields should 
ideally be performed around the complete paths of the fed currents, but they 
are expressed in (3.2) as twice the integrations on the front side of the con
ducting sheets, since they are anti-symmetrical with respect to these sheets. 

By taking the product of Z] and Z2 as given by (3.2), and introducing 
relationship (3.1) into the integrands, the following relationship can be derived: 

(3.3) 

where Zo is the intrinsic impedance of the medium. Expression (3.3) had been 
derived by several investigators in Japan prior to the end of World War II [3.1, 
3.2], as the impedance relationship between a slot antenna and its complemen
tary wire antenna, although the results remained unpublished until after the 
war [see, for example, 3.3, 3.4]. However, it should be stressed here that rela
tionship (3.3) in the author's theory is derived without any restriction being 
placed on the shape of the antennas, such as whether it is a slot or a wire. 
Accordingly, this is an innovative and generalized relationship for a pair of 
arbitrarily shaped, mutually complementary two-terminal planar structures 
[1.l-1.3]. 
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3.2 Input impedances of mutually 
complementary multi-element planar 
structures 

17 

As the simplest case of a multi-element planar structure, arbitrarily shaped 
two-element plate antennas and their complementary hole antennas as 
shown in Fig. 3.2 will be initially discussed. 

#1 

#2 

~ 
g. • h 

I 
(a) 

(b) (e) 

Fig. 3.2 Excitation of mutually complementary two-element planar structures (Case 1). 
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In Fig. 3.2(a), antenna 1 of the two co-planar plate antennas is excited by 
electric source current I" and antenna 2 is opened. Then, the induced electro
magnetic fields, Ell, H 11, for this case are proportional to I" and hence the 
terminal voltages, V,,, V2" of antennas 1 and 2 are also proportional to I,. 
Accordingly, the terminal voltages can be written as 

(3.4) 

where ZIl is the self-impedance of antenna 1, and Z2' is the mutual impedance 
between the two antennas. 

Next, let us consider another case, as shown in Fig. 3.3(a), where antenna 1 is 
opened and antenna 2 is excited by the electric source current h Then, the 
induced electromagnetic fields, E\2, H'2, and the terminal voltages V'2, V22 , of 
the two antennas are proportional to h. Accordingly, the terminal voltages can 
be written as 

(3.5) 

where Z'2 and Z22 are the mutual impendance and the self-impedance. 
A general case, where both antennas are excited at the same time, can be 

treated by applying the principle of superposition for electromagnetic fields. 
Let the total terminal voltages of the two antennas be V, and V2, when both 
are excited by electric source currents I, and h, respectively. Then, by taking 
the sum of (3.4) and (3.5) we obtain 

} (3.6) 

Now, the complementary structures for Figs 3.2(a) and 3.3(a) are shown in 
Figs 3.2(b) and 3.3(b), respectively, and the equivalent structures of the latter 
ones are shown in Figs 3.2(c) and 3.3(c), respectively. For these two equivalent 
structures of two-element hole antennas, the principle of superposition can also 
be applied. For this purpose, let the input voltages for Figs 3.2(c) and 3.3(c) be 
V/ and V2', respectively, so that the total input currents I,' and 1/ for the two 
hole antennas are given by 

} (3.7) 

where Y,', and Y2~ are the self-admittances, and Y,~ and Y2; are the mutual 
admittances. 

Now, the electric source currents in Figs 3.2(a) and 3.3(b) can be regarded as 
symmetrical, and the magnetic source currents in Figs 3.2(b) and 3.3(b) as anti
symmetrical with respect to the planar sheets. Accordingly, the duality rela
tionships corresponding to (3.1) can be expressed as: 
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#1 

I 
c. • d 

#2 

E'2,H'2 

(a) 

(b) (c) 

Fig. 3.3 Excitation of mutually complementary two-element planar structures (Case 2). 

} (3.8) 

where K\, K2 are constants which depend on the ratios of the electric source 
currents for the mutually complementary structures in Figs 2.2 and 2.3, respec
tively. Hence, the impedances in (3.6) and the admittances in (3.7) can be 
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expressed by the corresponding electromagnetic fields in a similar way to that 
of (3.2), as follows: 

ZII = 1: Ell . dl / 2 r HII . dl 

Z21 = 1; Ell . dl / 2 r HII . dl 

(3.9) 

Z\2 = 1: E 12 · dl / 21: H\2 . dl 

Z22 = 1; E\2 . dl / 2 1: H\2 . dl 

(3.10) 

By introducing relationships (3.8) into the integrands of (3.9) and (3.10), we 
find 

} (3.11 ) 

These relationships can be expressed in matrix form as 

(3.12) 
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or 

(3.13) 

In general, n-element mutually complementary, co-planar structures can be 
treated similarly, and their impedance relationships are also given by expres
sions (3.l2) or (3.13). 

3.3 Examples of complementary planar 
structures 

Some typical examples of mutually complementary planar structures where 
impedance relationship (3.3) can be applied, will be shown in this section, 
though numerous other structures are conceivable. 

Well-known examples of complementary structures are the conducting sheet 
strip antenna and the slot antenna as shown in Figs 3.4(a) and (b). When the 
width, W, of the strip and the slot is sufficiently small compared with the 
wavelength, a long strip antenna is equivalent to a wire antenna with a circular 
cross-section. The equivalent radius, Pe, of such an antenna is given [1.18] by 

Pe= Wj4 (3.l4) 

Accordingly, various characteristics of a slot antenna with a narrow width can 
easily be obtained from those of a corresponding cylindrical antenna which has 
a circular cross-section with the equivalent radius mentioned above. 

w 

(a) (b) 

Fig. 3.4 (a) Strip antenna and (b) complementary slot antenna. 
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Other examples of mutually complementary antennas are shown in Fig. 3.5. 
Though the slot of Fig. 3.4(b) is made in an infinitely extended conducting 
planar sheet, that of Fig. 3.5(b) is made in a semi-infinite conducting plane. 
However, the following property can be deduced from Fig. 3.5: the effects of 
truncation of the conducting sheet for the slot antenna can be determined from 
the effects of the introduction of the semi-infinite conducting sheet for the strip 
antenna, as shown in Fig. 3.5(a). This is so because the corresponding electro
magnetic fields for the two cases are always in the relationship given in (3.1). 

Various characteristics of a notch antenna, as shown in Fig. 3.6(b), can be 
obtained by analysing the unipole (or monopole) antenna located at the edge of 
a semi-infinite plane of conducting sheet, as shown in Fig. 3.6(a) [3.5]. 

The structures shown in Figs 3.7(a) and (b) can be considered as types of 
transmission lines, if the transverse dimensions of the strips are sufficiently 
small compared with the wavelength. In such cases, their characteristic impe
dances, Zj and Z2, become pure resistances, see relationship (3.3), and no 
radiation takes place from these structures. 

(a) (b) 
Fig. 3.5 (a) Strip antenna with semi-infinite plane of perfect conductor and (b) its complementary structure 
(slot antenna on semi-infinite plane of perfect conductor). 
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(a) (b) 

Fig. 3.6 (a) Unipole antenna and (b) complementary notch antenna. 

(a) (b) 

Fig. 3.7 Mutually complementary strip lines located along the edges of a semi-infinite planar sheet of perfect 
conductor. 



4 • ORIGINATION OF SELF
COMPLEMENTARY PLANAR 
STRUCTURES AND DISCOVERY OF 
THEIR CONSTANT-IMPEDANCE 
PROPERTY 

4.1 Origination of self-complementary planar 
structures 

According to the result obtained in Chapter 3, section 3.1, the input impe
dances, 2\ and 2 2, for mutually complementary planar structures are given by 
relationship (3.3), that is 

(4.1 ) 

where 20 is the intrinsic impedance of the medium, which is approximately 
equal to 1201f [0] in free space. This relationship was derived by the author in 
1948 [1.1-1.3]. As mentioned in section 3.1, however, the same expression had 
already been obtained by several other investigators, after making various 
assumptions, as the relationship between the input impedances for a slot 
antenna and its complementary wire antenna [3.1-3.4]. However, expression 
(4.1) in the present theory is derived without any assumptions being made, and 
it is always exact for any shape of mutually complementary structure. 
Therefore, expression (4.1) is an innovative and generalized relationship for 
a pair of arbitrarily shaped complementary planar structures. Nevertheless, the 
originality or novelty of the author's theory was not appreciated when it first 
appeared. 

For that reason, the author's main aim was to describe some definite exam
ples which exhibited the distinctive feature of this relationship (4.1), and inten
sive considerations and studies were hence continued over a fairly long period. 
After repeated attempts to this end, an entirely new concept became apparent 
to the author. This was the self-complementary planar structure, where the 
shape of the original sheet structure is identical to that of its complementary 
planar structure. In other words, the self-complementary structure is a struc
ture that is complementary to the original structure itself. 

25 
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The simplest structures that were shown in the original papers to illustrate 
this principle are reproduced in Fig. 4.1 [1.l-1.3]. 

The points indicated by "a" and "b" in the figures are feed terminals. The 
structure in Fig. 4.1(a) is rotationally symmetric, where four contour lines of 
two conducting sheets are formed from one arbitrarily curved generating line 
by rotating it through 90° steps. In contrast, the structure in Fig. 4.1 (b) is 
axially symmetric, where one of two contour lines for both of two conducting 
sheets are on the axis of symmetry, while the other contour lines are formed 
from axially symmetric curved lines with an arbitrary shape. 

The examples shown are two fundamental types of self-complementary pla
nar structure. In these structures, the contour lines can be deformed in any 
way, even to the extent where one edge line is composed of several separated 
lines, rather than a single continuous curved line. Examples of such structures 
derived from sophisticated edge lines are shown in Figs 4.2(a) and (b). 

4.2 Constant-impedance property of self
complementary planar structures 

The input impedances of the self-complementary planar structures derived in 
the preceding section will be investigated in this section. As a natural conse
quence of the self-complementary configuration of the structure, the input 
impedance Z\ of the original structure is identical to that of its complementary 
structure Z2, and they have a common value Z. That is 

Z\ =Z2=Z 

Introducing this relationship into (4.1), we obtain 

Z = Zo/2 

(a) (b) 

Fig. 4.1 Simplified shapes of self-complementary structures to illustrate the principle. 

(4.2) 

(4.3) 
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Fig. 4.2 Sophisticated shapes of self-complementary structures to illustrate the principle. 

which in free space reduces to 

Z ~ 60n ~ 188 [OJ (4.4) 

Expressions (4.3) and (4.4) mean that the input impedance of the self-comple
mentary planar structure is always constant whatever the source frequency and 
shape of the structure. As this remarkable constant-impedance property was 
discovered by the present author, expression (4.3) is called "Mushiake's rela
tionship" [1.11]. Fortunately, the input impedance given by (4.3) or (4.4) is 
adequate for an antenna in practical use. Therefore, the constant-impedance 
property of self-complementary structures provides an important and effective 
technological guidance principle for developmental investigations of extremely 
broad-band practical antennas. 

The constant-impedance property described above is the distinctive charac
teristic of a particular planar structure whose geometry is identical with that of 
its complementary planar structure. However, such a property is not restricted 
only to structures made from a single planar sheet. In practice, the principle 
can be extended from the basic structure to various other cases having rather 
more complicated structure, as will be explained in the following chapters. For 
this reason, the fundamental Principle of self-complementarity discovered by 
the author can be extensively applied in a broad sense. 

4.3 Examples of self-complementary structures 
Some examples of self-complementary antennas corresponding to the two fun
damental types are shown in Figs 4.3 and 4.4. 

The structures in Fig. 4.3 are rotationally symmetric, and they work as 
balanced-type constant-impedance antennas. In contrast, the structure in 
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(a) 

Fig. 4.3 Examples of the bal anced-typ e of self-complem 
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entary I p anar antennas (Z ~ _ 60,. [I). 
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Fig. 4.4 An example of an unbalanced-type of self-complementary planar antenna (Z '" 6071" 11). 

Fig. 4.4 is axially symmetric, and it works as an unbalanced-type constant
impedance antenna. In these structures, Figs 4.3(a) - (d) and Fig. 4.4 are in 
equally spaced forms, but Figs 4.3(e) and (f) are in compound-spaced forms. 
Furthermore, proportionally spaced forms, or log-periodic forms, and various 
other forms of constant-impedance antennas, could be easily conceived via this 
principle. 

Also, for the structure shown in Fig. 4.5(a), if the transverse dimensions of 
the strip and the gap are sufficiently small compared with the wavelength, then 
this structure works as a non-radiative transmission line with characteristic 
impedance Zo/2. Therefore, an infinitely long portion of the strip in Fig. 
4.5(a) can be substituted by a load impedance Zo/2, as shown in Fig. 4.5(b), 
without disturbing any electromagnetic fields. Similarly, an infinitely long strip 
in Fig. 4.4 can also be substituted by a load impedance Zo/2 without disturbing 
any characteristics of that antenna. For interest, Figs 4.5(c) and (d) show series 
and parallel connections of such self-complementary transmission lines. 
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(b) 

Zo 

(c) 
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r"7"'"?-rrrr7"7'T77'7"rTT777 1/IIIJ"7'T'.1$r77 

~ 

==== 0%W 
(d) 

Fig. 4.5 Self-complementary transmission line (constituted along the edge of a semi-infinite planar sheet of 
perfect conductor): (a) without termination, (b) terminated by 4,/2 (both Z "" 60". 0), (c) series connection 
(Z"" 120". 0), (d) parallel connection (Z"" 30". 0). 



5 • MULTI-TERMINAL SELF
COMPLEMENTARY PLANAR 
STRUCTURES 

5.1 Rotationally symmetric multi-terminal self
complementary planar structures 

A simple and typical example of a rotationally symmetric multi-terminal self
complementary planar structure is shown in Fig. 5.1, where all of the eight 
contour lines of the four conducting planar sheets are generated with a single 
bent line by rotating it by 45° steps. 

Now, let us assume that the four terminals are excited by symmetrical four
phase electric sources in star connection, as shown in Fig. 5.2(a). 

By examining the directions of the magnetic field vectors at these feed points, 
it is found that the electric sources are equivalent to the magnetic current 
sources in ring connection, respectively on the front side and the reverse side 

Fig. 5.1 An example of a four-tenninal self-complementary planar turnstile antenna (Z '" 30V21f fl). 
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(a) (b) 

Fig.5.2 Four-terminal structure excited by four-phase electric sources: (a) star connection, (b) ring connection. 

of the planar structure. Therefore, the source currents in its complementary 
structure are in ring connection as shown in Fig. 5.2(b), though the shapes of 
the original and the complementary planar structures are identical. 
Incidentally, it should be noted here that the excitation in Fig. 5.2(b) corre
sponds to that in Fig. 3.1(c) in the case ofa two-terminal structure, or to that in 
Fig. 3.2(c) in the case of a two-element structure. 

To deal with the structure in Fig. 5.2 that is similar to that of a two-terminal 
in Fig. 3.1, let the input impedances for each electric source in Figs 5.2(a) and 
(b) be Z, and Z2; respectively. Then these two impedances are given by the 
same expressions as (3.2) [l.4,1.6], that is 

Z, = VII/Ill = V12/Ii2 = Vl3/Il3 = V'4/I'4 

= J: E, . dl / 2 r HI' dl 

(5.1 ) 

By taking the product of the expressions for Z, and Z2, and introducing 
relationships (1.25) into the integrands, we find 

(5.2) 
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This is exactly the same expression as (3.2) for two-terminal structures. 
However, the input impedances for electric sources in star connection are 

different from those in ring connection, when they are connected to the same 
multi-terminal loads. Accordingly, this difference must be taken into account 
in the present treatment. For this purpose, the impedances for the electric 
sources in two types of connection as shown in Figs 5.3(a) and (b), will be 
analysed. 

As indicated in the figures, let Vs, Is and V" I, be the voltages and the 
currents of the four-phase electric sources respectively in star connection and 
ring connection. For these two cases, identical four-terminal symmetrical loads 
are assumed. Then, we find 

Vr = jVs - Vs 

Is = -jI, - I, 
} (5.3) 

and hence, the impedance Zs for each electric source in star connection, and the 
impedance Zr for each electric source in ring connection, are related by 

Z, = V,/Ir = 2VslIs = 2Zs (5.4) 

By applying this result to the two geometrically identical structures in Fig. 5.2, 
we find 

(5.5) 

This means that the two structures in Fig. 5.2 are geometrically self-comple
mentary but the impedances are not identical, owing to the difference in their 
configurations as a whole. The introduction of this relationship into (5.2) for 
the elimination of Z2 leads to 

[D] (5.6) 

Vs Is 

-jI, V 
r 

(a) (b) 

Fig. 5.3 Four-phase electric sources and their equivalent transformation: (a) star connection, (b) ring 
connection. 
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(a) 
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/ 

(b) 

Fig. 5.4 n-terminal structure excited by n-phase electric sources: (a) star connection, (b) ring connection. 

Next, the general case shown in Figs 5.4(a) and (b), where a rotationally 
symmetric n-terminal self-complementary planar structure is excited by sym
metrical n-phase electric sources in star and ring connections with mth-order 
rotation, is considered. Here, the same expressions as (5.1) and (5.2) also hold 
for these structures. However, the relationship between the two impedances in 
the star connection and in the ring connection is not the same as (5.5). 

Referring to Figs 5.5(a) and (b), we find that relationships (5.3) must be 
replaced by 

Vr = 8Vs - Vs 

} (5.7) 

Is = 8-1Ir - Ir 

where 

8 = expU2mnjn) (5.8) 

0= exp (j2mTCIn) 0 = exp (j2mTCIn) 

(a) (b) 

Fig. 5.5 n-phase electric sources with mth-order rotation and their equivalent transformation: (a) star 
connection, (b) ring connection. 
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Hence, we have 

(5.9) 

= {2sin(mll'/n)}2Zs 

Accordingly, the impedances Zl and Z2 for the two geometrically identical 
structures in Fig. 5.4 are related by 

(5.10) 

Consequently, the input impedance Zl for star connection in Fig. 5.4(a) is 
given by 

Zl = Zo/4sin(mll'/n) (5.11 ) 

Expressions (5.6) and (5.11) mean that the input impedances for rotationally 
symmetric multi-terminal self-complementary planar structures are always 
constant, independently of the source frequency and of the shape of the planar 
structures. 

5.2 Single-phase excitations for rotationally 
symmetric multi-terminal self-complementary 
structures 

The input impedances for various single-phase excitations of rotationally sym
metric multi-terminal self-complementary antennas will be discussed in detail 
in this section. 

Let Zlmn be the input impedance of rotationally symmetric n-terminal self
complementary planar structures excited by n-phase electric sources in star 
connection with mth-order rotation. Then, Zlmn is given by (5.11) as 

Zlmn = Zo/4sin(mll'/n) (5.12) 

Forthe simplest case of n = 3, (5.12) reduces to 

Zll3 = Zl23 = Zo/2../3 

~ 20../3 11' [OJ (5.13) 

The value of the impedance given by (5.13) is for each phase of the three-phase 
electric source in star connection. However, if the three terminals for this 
structure are rearranged as shown in Fig. 5.6, where in (a) two terminals are 
short-circuited, and in (b) one terminal is floating, then the three terminals can 
be excited by a single-phase electric source, and the values of the input impe
dance must be different from the original one. 

In order to obtain the input impedances for such single-phase excitations, 
two cases of rearranged connections as shown in Figs 5.6(a) and (b) are con-
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1 1 
0 )( 

3 0 O 2 0 O 2 3 

(a) (b) 

Fig. 5.6 Single-phase connections of three terminals. 

sidered. In the case of three-phase electric sources, all possible modes are for 
m = 1 and m = 2, and the mode voltages Vmn can be assumed for these two 
modes as follows: 

VB = AI exp( -j21T/3), v23 = A2 exp(j21T/3) 

The condition for Fig. 5.6(a) is given by 

which leads to 

(5.14) 

(5.15) 

Accordingly, the total voltage VI between terminals "I" and "2" is given by 

On th'e other hand, the total current It for terminal "1" is given by 

It = (Vll/ZI13) + (v2dZ123) = 2AdZ1I3 

(5.16) 

(5.17) 

By taking the ratio of Vt and It, the input impedance Zt for the connection in 
Fig. 5.6(a) can be determined as 

Zt = 3ZI13 /2 = v'3 Zo/4 ~ 30v'3 11' [n] 

Similar consideration of Fig. 5.6(b) leads to 

AI = -A2 

(5.18) 

(5.19) 

Accordingly, the total voltage Vt between terminals" 1" and "2", the input 
current It, and the input impedance Zt for the connection in Fig. 5.6(b), are 
respectively determined as 
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1/ = j2A\ sin(27rj3)jZl\3 (5.20) 

Next, let us deal with the four-terminal symmetrical structure. In this case, 
three modes of four-phase electric sources must be taken into account, corre
sponding to the two modes in (5.14) for three-phase sources. The four-phase 
voltages in star connection, and the impedances for three modes are listed in 
Table 5.1. 

Table 5.1 Four-phase voltages in star connection and the input impedances for three modes 

Terminal Mode 

m=l m=2 m=3 

A, ~ A3 

2 jA, -A2 jA3 

3 -A, ~ A3 

4 -jA, -~ jA3 

Impedance Zo/2/2 Zo/4 Zo/2/2 
(star conn.) 

After some straightforward calculations, the total input impedances of the 
four-terminal structure for various connections of single-phase excitation can 
be determined. The results of the calculations are listed in Table 5.2. 

Further calculations for larger values of n could be performed. Some detailed 
examples were shown by G.A. Deschamps [1.21]. 

5.3 Axially symmetric multi-terminal self
complementary planar structures 

An example of a three-terminal geometrically self-complementary planar struc
ture as shown in Fig. 5.7(a) is considered. 

In this structure, an electric source V" is connected between terminals "a" 
and "b", but terminals "b" and "d" are terminated by a load impedance Z/I 
instead of an electric source. Its complementary structure is shown in Fig. 
5.7(b), where an electric source V2\ and a load impedance Zl2 are connected 
between the terminals as illustrated. In these two structures, their shapes are 
geometrically self-complementary. However, when the configurations as a 
whole, including the conditions for the feed points, are taken into account, 
there is no assurance of the self-complementary nature. In addition, even the 
mutually complementary nature is not guaranteed in general. 
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Table 5.2 Total input impedances of four-tenninal self~plementary antennas for various single-phase 
connections 

Connection 

Expression 

X 41/4 

<>---<I 

41/2./2 
0----<> 

:J 41/(1 +./2) 

/. 41(1 +./2) 

4./2 

x 

I 41/2 
0 

x x 

41(1 + ./2)/4 
0 0 

x 0 

41/./2 
0 x 

0: feeding tenninals in two groups. 
x: floating terminals. 

(8) 

Total input impedance 

Value in free space (11) 

301r '" 94.2 

1.2D1r '" 156.1 
1 +./2 

(2 + ./2)1511" '" 160.8 

so,.. '" 188.4 

(1 + ./2)3011" '" 227.4 

60./211" '" 266.4 

(b) 

Fig. 5.7 Axially symmetric three-terminal loaded self-complementary planar structure. 
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However, let us assume here that these two structures are mutually comple
mentary. Then, the input impedances Z" Z2 and the load impedances Zll, Z12 
at their terminals can be expressed as follows: 

Z, = V"j!" = 1: E, . dl / 2 r H, . dl 

(5.21 ) 

(5.22) 

Z12 = V22 / /22 = J~ E2 . dI / 2 I H2 . dl 

Introducing relationships (3.1) into the integrands of these expressions, we find 

(5.23) 

(5.24) 

Expression (5.24) is a condition for the load impedances to make these struc
tures mutually complementary, while relationship (5.23) is derived as a conse
quence of the mutually complementary nature. Furthermore, if load 
impedances Zll and Z12 are identical, then the two structures become identical 
and they are self-complementary. Accordingly, from condition (5.24) we find 

ZII = Z12 = Zo/2 

Under this condition, relationship (5.23) yields 

Z, = Z2 = Zo/2 

(5.25) 

(5.26) 

However, if condition (5.24) is not satisfied, then the two structures are not 
mutually complementary. Therefore, no relationship such as (5.23) or (5.26) 
can be obtained between the two structures in Fig. 5.7 unless (5.24) is satisfied. 

Also, if load impedances ZII, Z12 in Fig. 5.7 are replaced by electric sources, 
then the relative directions of the electric sources in the respective structures 
cannot be identical for these two structures. Accordingly, their configurations 
as a whole are not mutually complementary, and a relationship such as (2.23) 
or (2.26) cannot be obtained in this case either. 

In conclusion, only when both of the load impedances in Fig. 5.7 are equal to 
Zo/2 can the constant-impedance property for the input impedances be proved 
to be independent of the source frequency and shape of the structure. 
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5.4 Axially symmetric two-port self
complementary planar structures 

For the purpose of investigating two-port self-complementary planar struc
tures, a pair of geometrically self-complementary structures as shown in 
Figs. 5.8(a) and (b) will be considered. One port of each structure is excited 
by an electric source, VII or V21 , but the other port is terminated by an 
impedance, Z/l or Z12. 

For these structures, there is no assurance of the complementary relation
ship, in general, if configurations as a whole are taken into account. However, 
these structures can be treated similarly to those in the preceding section, by 
replacing the limits of integration in expressions (5.22) as follows: 

(5.27) 

Then, the series of relationships from (5.23) to (5.26) also hold for the struc
tures in Fig. 5.8. 

Consequently, only when the load impedances Z/l and Z12 are equal to Zo/2 
can the constant-impedance property (5.26) for the input impedances be 
obtained as independent of the source frequency and shape of the structures, 
as in the case of the preceding section. 

(a) (b) 

Fig. 5.8 Axially symmetric two-port self-complementary planar structure. 
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In connection with this conclusion, some supplementary discussion needs to 
be added for a better understanding of the properties of two-port complemen
tary structures. 

A simple example of the structures to be examined is shown in Fig. 5.9. The 
directions of the electric sources are shown by the solid arrows in the figure, and 
the broken arrows show the directions of the impressed magnetic fields on the 
front side of the conducting sheet. In general, the direction of the electric source 
in the complementary structure is in the direction of the magnetic field around 
the source in the original structure. Accordingly, the relative directions between 
the two electric sources, VII and V12 , in Figs 5.9(a) and (c) are not maintained in 
their complementary structures (b) and (d), which is easily understood by exam
ining the relative directions of V21 and V22 in the figures. This is also true when a 
phase difference is introduced between two electric sources. 

This means that the two-port structures in Fig. 5.9 cannot be self-comple
mentary, in spite of the fact that their geometrical shapes are evidently self
complementary. Consequently, no constant-impedance property can be 
derived for these two-port structures. 

In addition, if one of their two ports is opened as shown in Fig. 5.1O(a), then 
the corresponding port in its complementary structure becomes short-circuited 
as shown in Fig. 5.l0(b). On the other hand, a short-circuited port in Fig. 5.l0(c) 
corresponds to the opened port in its complementary structure as shown in Fig. 
5.1 O( d). Accordingly, the structures mentioned above are evidently not 

(b) 

(d) 

Fig. 5.9 Explanation of pseudo-self-complementary and axially symmetric two-port structures: (a) and (b) are 
complementary but not identical, the same is true also for (c) and (d). 
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(a) ~ 

(d) 

Fig. 5.10 Explanation of pseudo-self-complementary structures: (a) and (b) are complementary but not 
identical. the same is true also for (e) and (d). however (e) and (I) are self-complementary s1ruetures. 

self-complementary, though the structures in Figs 5.1 O( e) and (f) are definitely 
self-complementary owing to their proper termination [see, for example, 5.1]. 

5.5 Coupling-less property between loaded 
unipole-notch type self-complementary 
structures 

The shape of the unipole-notch type antenna is geometrically self-complemen
tary, but the configuration as a whole is not necessarily self-complementary. It 
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actually becomes self-complementary only when one of its two ports is loaded 
with an impedance Zo/2, as explained in the preceding section. In this section, 
the existence of the mutual coupling between such loaded unipole-notch type 
self-complementary antennas will be investigated. 

For that purpose, two loaded unipole-notch type self-complementary 
antennas as shown in Fig. S.ll(a) will be considered, where two antennas 
are excited with the electric source currents J o and aJo, respectively. The 
factor a in the source current is an arbitrary constant. The complementary 
structure is given in Fig. S.ll(b), where the sources are replaced by the 
magnetic source currents JOm and aJOm • These sources can be transformed 
again to the equivalent electric source currents J~ and aJ~, respectively, as 
shown in Fig. S.ll(c). 

(a) 

(b) 

(c) 

Fig. 5.11 Loaded unipole-noteh type two-element self-complementary antennas: (a) and (b) are 
complementary, (b) and (e) are equivalent. 
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Now, let the electromagnetic fields for Figs 5.11(a) and (b) or (c) be E" HI 
and E2, H 2, respectively, and the terminal voltages and the input currents for 
(a) and (c) be V" V2, VI', V{ and I" h, II', h', respectively. Then, the terminal 
voltages can be expressed as: 

VI = ZlllII + Zll2h } 
V2 = Z l2l II + Z122h ) 

(5.28) 

VI' = Z21 1 II' + Z212h' 

} 
V{ = Z22lII' + Z222h' 

(5.29) 

where the Zirs terms are the self-impedances and mutual impedances of these 
antenna systems. 

By comparing the two structures in Figs 5.11(a) and (c), it is found that they 
are identical. Hence the impedances in (5.28) and those in (5.29) must be 
common, and thus 

(5.30) 

Z122 = Z222 = Z22 

In addition, the structures in Figs 5.11(a) and (c) are mutually comple
mentary, and an impedance relationship (3.13) exists between them. This 
leads to 

(r = 1 2' s = 1 2) , , , 

Introducing expressions (5.30) into (5.31), we find 

[Zrs] = [Zr[I(Zo/2)2 

or 

where [1] is the unit matrix. This expression can be explicitly written as 

(5.31) 

(5.32) 

(5.33) 

(5.34) 
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Decomposing this matrix expression into four relationships, we obtain 

Zil + Z12Z21 = (ZO/2)2 

From the condition 

we finally obtain 

ZI2 = Z21 = 0 

Zll = Z22 = Zo/2 
} 

45 

(5.35) 

(5.36) 

(5.37) 

Consequently, it is found that the loaded unipole-notch type two-element 
self-complementary antennas shown in Fig. 5.11 have no mutual coupling 
between the two elements that is independent of the source frequency, their 
shapes, and the spacing between the two elements. At the same time, the input 
impedances of the two respective elements are always constant, irrespective of 
the existence of the other element and the magnitudes of their exciting currents. 

Next, the general case of an n-element system of a loaded unipole-notch type 
self-complementary antenna will be considered. In this case the matrix repre
sentations of the terminal voltages corresponding to relationships (5.28) and 
(5.29) are given as 

(5.38) 

(r= 1,2,3,···,n; s= 1,2,3,···,n) 

[V,'l = [Z2rs][Is'l = [Z2rs][aslII' ( 5.39) 

for two complementary antenna systems, where 

Is = asfl (5.40) 

and a2, a3, ... are independent arbitrary constants with al = 1. Furthermore, 
these two antenna systems are identical, and the impedances in (5.38) and 
(5.39) must have common values, so we can write 

[Zlrsl = [Z2rsl = [Zrsl (5.41) 

Hence we have 

Vr/Ir = V,' / I,' = (Zrl + a2Zr2 + a3Zr3 + ... + a,Zrr + ... + anZrn) jar 
( 5.42) 
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These ratios of voltages and currents for the corresponding two terminals of 
mutually complementary structures can be expressed respectively by the inte
grations of the electromagnetic fields using the same expressions as given in 
(5.21). Accordingly, we find 

(Vr/lr)(V,'/I,') = (ZO/2)2 

From (5.42) and (5.43) we obtain 

(Zrl + a2Z r2 + a3Z r3 + ... + arZrr + ... + anZrn)/ar = Zo/2 

(5.43) 

(5.44) 

This expression holds for any arbitrary values of a r , hence the relationships 

Zrr = Zo/2 

} ( 5.45) 

Zrs = 0 (r =1= s) 

correspond to the general case of (5.37). 
Results (5.45) can be checked from another stand-point. Matrix expression 

(5.33) is the relationship obtained for the case of two elements, but an identical 
expression must be derived using the same procedure, also for the case of n 
elements. Thus 

and if we introduce the relationship 

Zrs = 0 (r =1= s) 

into (5.46), then this reduces to 

and we obtain 

Zrr = Zo/2 (r= 1,2,3,···,n) 

( 5.46) 

(5.47) 

(5.48) 

Consequently, relationships (5.45) are proved to be sufficient as the solution 
for a general case of n elements. 

As an example of the application of the coupling-less property between the 
loaded unipole-notch type elements described above, the four-element antenna 
system shown in Fig. 5.12(a) will be considered. The input impedances of these 
four elements are always Zo/2, irrespective of the existence of other elements. 
This is a natural consequence of the coupling-less property of these elements. 
Accordingly, the load impedance for the fed element can be replaced by the 
element located second from the left, by connecting through a transmission line 
with the characteristic impedance Zo/2. Likewise, the load impedance for the 
second element can be replaced by the third element connected by a feed line. 
Thus, all the four elements can be connected in tandem as shown in Fig. 
5.l2(b). This structure is a general case of the axially symmetric self-comple
mentary antenna, which has already been shown in Fig. 4.4. 
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(a) 

(b) 

Fig.5.12 Tandem connection of loaded unipole-notch type antennas. 

Incidentally, the coupling-less property between loaded unipole-notch type 
self-complementary planar structures has recently been experimentally con
firmed by T. Kasahara. 



6 • THREE-DIMENSIONAL SELF
COMPLEMENTARY STRUCTURES 

6.1 A pair of dual structures consisting of 
crossed infinite planar sheets of compound 
perfect conductors 

A cross of infinite planar sheets of compound perfect conductors, as shown in 
Fig. 6.1(a) will now be considered, where the crossing angle is rectangular and 
the shapes of the perfect electric conductor (PEC) and the perfect magnetic 
conductor (PMC) are both symmetrical with respect to the crossing axis. 
Furthermore, in the two mutually perpendicular infinite sheets, the shapes of 
the portions of the PEC and the PMC are identical, but their properties are 
interchanged. In such a structure, the whole space is divided into four perfectly 
shielded and independent partial spaces. For these four partial spaces, we 
assume four symmetrical electric source currents JOb J o2 , J 03 and J 04 , respec
tively. 

Next, let the electric and magnetic properties in the structure of Fig. 6.1 (a) be 
interchanged, producing another structure as shown in'Fig. 6.1(b), where the 
symmetrical electric source currents are replaced by the anti-symmetrical mag
netic source currents, J Omb J Om2 , J Om3 and J Om4 . The magnitudes of these 
currents are assumed to be in the following relationships: 

J Om3 = J 03 , J Om4 = -J04 
} (6.1) 

Thus, Figs 6.I(a) and (b) form a pair of dual structures. Accordingly, the 
electromagnetic fields, EJ, HI for (a) and E 2, H2 for (b), are expressed in 
the duality relationships given by (2.24), that is 

E2 = ~HI' H2 = ±"(EI (6.2) 

The double signs here show that the sign must be changed for the two sides of 
every semi-infinite wing of compound perfect conductors. The upper signs 
apply for the partial spaces where the two kinds of source current are in the 
same direction for the mutually dual structures. 

49 
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00 

(a) 

00 

00 

(b) 

00 

Fig. 6.1 Crossed infinite planar sheets of compound pertee! conductors: .(a) and (b) are dual structures. 

6.2 Three-dimensional complementary structures 
Three-dimensional mutually complementary structures can be easily derived 
from the dual structures described in the preceding section, by eliminating the 
fictitious PMC sheets from them. For that purpose, the symmetries of the 
electromagnetic fields for the structures in Figs 6.I(a) and (b) will be examined, 
and it will be found that the boundary conditions for the PMC surface are 
automatically satisfied, as in the case of two-dimensional planar structures as 
discussed in section 2.3. Therefore, all the PMC sheets in Figs 6.I(a) and (b) 
can be taken away without disturbing any electromagnetic fields. By eliminat
ing such PMC sheets, we obtain the PEC structures as shown in Figs 6.2(a) and 
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00 

00 

(a) (b) 

Fig. 6.2 Crossed semi-infinite planar sheets of perfect electric conductor: semi-infinite conducting sheets are 
complementary in (a) and (b), and the structures in (a) and (b) are mutually complementary. 

(b). The electromagnetic fields for these two structures must also be as given in 
relationship (6.2). 

As is apparent from the derivation procedure, the PEe structures in Fig. 6.2 
are mutually complementary. In addition, the mutually perpendicular PEe 
sheets in the respective structure (a) or (b) are also mutually complementary. 

6.3 Three-dimensional self-complementary 
structures 

The excitations for the structures shown in Fig. 6.2 are generalized source 
distributions. As a particular case of the excitation, consider the example 
illustrated in Fig. 6.3(a), where an electric source is connected between two 
terminals located on two mutually complementary portions of an infinite PEe 
planar sheet. The shapes of both portions are symmetrical with respect to the 
crossing axis, and these two portions are twisted with respect to each other by 
90° around the crossing axis, as illustrated in Fig. 6.3. 

The electric source here can be divided into four equal partial currents, and 
they are assumed to be included in the four respective quarter-spaces around 
the crossing axis. Hence, these partial currents constitute the symmetrical elec
tric source currents, and such a structure is evidently a particular case of Fig. 
6.2(a). 

In order to facilitate further analysis, a detailed illustration of the feed points 
in a quarter-space is shown in Fig. 6.4(a). Its complementary structure with the 
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00 

00 00 

00 

00 00 00 

00 

(a) (b) 

Fig. 6.3 Three-dimensional self-complementary structures: (a) and (b) are complementary and identical. 

00 

! 
I 

/; 
00 I 

(b) 

1. 

00 

00 

00 

00 

00 

(e) 

Fig.6.4 Magnified iUustrations of quarter-spaces for the structures in Fig. 6.3: (a) and (b) are complementary, 
(b) and (c) are equivalent. 
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magnetic source current is shown in Fig. 6.4(b), which is equivalent to the 
structure in Fig. 6.4(c). By comparing the structures in Figs 6.4(b) and 
6.2(b), it is easily understood that the former structure is a quarter-space of 
the latter. Also, by comparing the structures in Figs 6.4(c) and 6.3(b), we find 
that the former structure corresponds to a quarter-space of the latter. 

Therefore, the structures in Figs 6.3(a) and (b) are mutually complementary, 
and their electromagnetic fields, EJ, HI and E 2, H 2, related as expressed in 
(6.2). Furthermore, it is easily understood from their derivation procedure that 
the configurations of the structures in (a) and (b) are wholly identical. This 
means that the structures in Figs 6.3(a) and (b) are self-complementary. Thus, 
we finally obtain a three-dimensional self-complementary structure. 

Now, the input impedance of the three-dimensional self-complementary 
structure can be discussed by considering the quarter-space illustrated in Fig. 
6.4. Let the partial input impedances for the quarter-spaces in Figs 6.4(a) and 
(c) be respectively Zpl and Zp2, and their values are given by the ratios of the 
integrations for the two electromagnetic fields [l.5, 1.6] as follows: 

Zpl = 1: EI . dl / r HI· dl 

(6.3) 

Zp2 = J: E2 . dl / 1: H2 . dl 

These expressions are similar to those in (3.2), which were obtained for the 
structures consisting of a single sheet of PEC, but in expressions (6.3) the factor 
"2" does not appear, because the integration of the magnetic field must be 
performed only in the quarter-space. 

Since this antenna is self-complementary, as mentioned above, Zpl and Zp2 
have a common value, Zp' hence from (6.2) and (6.3) we find that 

(6.4) 

which leads to 

(6.5) 

for a quarter-space. However, the total current for the structure in Fig. 6.3 is 
four times larger than the current in a quarter-space, while the terminal vol
tages are common between them. 

Consequently, the input impedance Z of the three-dimensional four-wing 
self-complementary structure is given by 

Z = Zo/4 ~ 3071" [OJ (6.6) 

In general, a 2N-wing three-dimensional self-complementary structure can be 
treated similarly, and the input impedance ZN is given as 

ZN = Zo/2N ~ 607r/N [OJ (6.7) 
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Relationships (6.6) and (6.7) show that the constant-impedance property is 
proved also for this type of three-dimensional self-complementary structure. 

6.4 Examples of three-dimensional self
complementary structures 

One of the simplest examples of a three-dimensional self-complementary struc
ture is shown in Fig. 6.S(a). 

If the transverse dimensions of the strip and the slot in that structure are 
sufficiently small compared with the wavelength, then this structure works as a 
non-radiative transmission line with the characteristic impedance Zo/4. This is 
one type of self-complementary transmission line. It is interesting to see the 
difference between the two self-complementary transmission lines in Figs 6.S(a) 
and 4.S(a), where the characteristic impedances are respectively Zo/4 and Zo/2. 
Also, it is understood that the infinitely long portion of the structure in Fig. 
6.S(a) can be substituted by a load impedance Zo/4 as shown in Fig. 6.S(b), in a 
similar way to the case of the structure in Fig. 4.S(b). Such a substitution does 
not cause any appreciable variations in the electromagnetic fields, except in the 
vicinity of the truncated portion of the strip line. 

Another simple example is shown in Fig. 6.6, where the widths of the strips 
and the slots are assumed to be sufficiently small compared with the wave
length. Hence, the infinitely long strip and the infinitely long slot can be sub
stituted by a load impedance Zo/4, as explained above. With such a 
substitution, the structure in Fig. 6.6 reduces to a pair of monopole-slot anten
nas mounted in opposite directions to each other on both sides of an infinite 
ground plane. 

A typical example of a three-dimensional self-complementary antenna is 
shown in Fig. 6.7. 

The bandwidth of the radiation characteristics of this antenna is much 
broader than that for Fig. 6.6, though the input impedances for both antennas 

(a) 

~, . . . .. . ~ 
(b) 

Fig. 6.5 Self-complementary transmission line consisting of a strip line and a slotted infinite planar sheet of 
perfect conductor: (a) without termination, (b) with termination (both Z :::: 3cm n). 
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Fig. 6.6 A simple type of three-dimensional self-complementary antenna (N = 2, Z '" 30" 0). 

Fig. 6.7 An example of a three-dimensional self-complementary antenna (N = 2, Z", 30rr 0). 

are always Zo/4, independently of the source frequency and the shape of the 
structures. Some related discussions will be made later in Chapter 11. 



7· STACKED SELF-COMPLEMENTARY 
ANTENNAS 

7.1 Stacking of self-complementary antennas 
In order to improve the radiation characteristics of antennas, especially to 
increase their directivities or power gains, the stacked antenna technique is 
often utilized effectively in practice. In such cases, there are mutual interactions 
between the element antennas, mainly owing to the effects of the mutual impe
dances. Accordingly, the constant-impedance property of self-complementary 
antennas is not necessarily preserved when they are introduced as element 
antennas into a stacked antenna. However, the author has proposed various 
types of stacked self-complementary antenna, where all the element antennas 
have constant impedance, independently of the source frequency and their 
shapes. 

In this chapter, various conceivable types of stacked self-complementary 
antenna systems are presented, and their configurations as a whole, including 
their feeding methods, are examined. It is found from the results of these 
studies that some of these types are actually self-complementary as a whole, 
and also have the constant-impedance property at each feed point, although 
others do not possess such properties. This means that not all structures that 
are geometrically self-complementary will invariably be self-complementary in 
stacked antenna systems. 

Some proposed ways of stacking are as follows: 

Co-planar stacking of self-complementary antennas [1.7, 1.8]. 
(a) Periodic stacking 
(b) Alternate periodic stacking 

2 Side-by-side stacking of self-complementary antennas [1.7,1.8]. 
(a) Periodic stacking 
(b) Alternate periodic stacking 

3 Compound-stacking of self-complementary antennas [1.8, 1.9]. 

In addition, some variations of these arrangements will also be discussed in this 
chapter. 
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7.2 Co-planar stacked. self-complementary 
antennas 

In order to explain the principle of co-planar stacked self-complementary 
antennas, let us consider a co-planar periodic structure as shown in Fig. 
7.I(a), where a unipole-notch antenna with tail line is mounted on each PEe 
parallel belt. In this structure, the unipole-notch antenna on the PEe belt is not 
self-complementary, in the strict sense, when such a single element is isolated in 
free space, because this antenna becomes self-complementary only when it is 
mounted on a semi-infinite PEe planar sheet. 

As a natural consequence of the property of periodic structure of Fig. 7.I(a), 
all the electric sources for the element structures must be identical. For this 
reason, detailed discussions will be continued by selecting just one of the elec
tric sources, as shown in Fig. 7.2(a). 

The electric current here can be divided into two equal portions, where one 
portion is on the front side of the conducting sheet belt and the other portion is 

(a) (b) 

Fig. 7.1 Periodically stacked co-planar antennas: (a) and (b) are complementary and identical. 
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(a) 

(b) (c) 

Fig.7.2 Magnified illustration of feed points for Fig. 7.1: (a) and (b) are complementary. (b) and (c) are 
equivalent. 

on the reverse side. These electric currents together make symmetrical electric 
source currents. Accordingly, the structure that is complementary to Fig. 7.2(a) 
is given in Fig. 7.2(b), where the excitation sources are transformed to the anti
symmetrical magnetic source currents. Consequently, the electromagnetic fields 
EJ, HI for the structure in Fig. 7.2(a), and E2, H2 for the structure in Fig. 
7.2(b), are in the duality relationships given by (2.24), that is 

and (7.1) 

where the double signs are explained in Chapter 2, section 2.3. 
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Now, the magnetic source currents in Fig. 7.2(b) circulate from terminal "a" 
to terminal "b" on the front side and then to "a"on the back side. This means 
that they are equivalent to the electric current source shown in Fig. 7.2(c). 
Accordingly, the input impedances ZI and Z2 for the structures in Figs 
7.2(a) and (c) are given by the same expressions as (3.2), that is 

ZI = J: EI . dl / 2 r HI . dl 

(7.2) 

and hence we obtain 

(7.3) 

Next, let us consider a periodic structure as shown in Fig. 7.1(b), where the 
shape of the PEC sheets is complementary to that of Fig. 7.1(a), and all of their 
electric sources are also identical. Furthermore, the excitation for the structure 
in Fig. 7.1(b) corresponds to the transformed one shown in Fig. 7.2(c), and 
hence we find that the configurations as a whole for the structures in Figs 
7 .1 (a) and (b) are mutually complementary. Also, inspection readily reveals 
that they are identical. This means that they are self-complementary and so 

ZI = Z2 (7.4) 

Consequently, the introduction of (7.4) into (7.3) leads [1. 7, 1.8] to 

ZI = Z2 = Zo/2 (7.5) 

This result shows that the input impedance at each feed point is always con
stant, independently of the source frequency and the shape of the element 
antennas, including the effects of the mutual coupling between the element 
antennas. Thus, the constant-impedance property is also proved for periodi
cally stacked co-planar self-complementary antennas. 

7.3 Some variations of co-planar stacked self
complementary structures 

As an example of the variations of co-planar periodically stacked self-comple
mentary structures, an alternate periodic structure is proposed as shown in Fig. 
7.3(a). The alternate periodic electric source currents are assumed to be as 
indicated in the figure by 10 and 010 , where 0: is an arbitrary constant, and 
it may include phase difference. 

For the purpose of confirming the self-complementary nature of this struc
ture, another structure which is complementary to it is considered in Fig. 
7.3(b), where the excitation sources are the equivalent electric currents 10 
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(a) (b) 

Fig. 7.3 Alternately periodic co-planar stacked antenna: (a) and (b) are complementary and identical. 

and al ~ , which are transformed from the anti-symmetrical magnetic source 
currents. Hence, the input impedance at each terminal can be expressed by the 
ratio of the integrations of the electromagnetic fields in a similar manner to 
those in (7.2). Therefore, the input impedances Zll, Zl2 for Fig. 7.3(a) and 
Z2t. Z22 for Fig. 7.3(b) are in the same relationship as (7.3), namely 

, 2 
Z12Z22 = (Zo/2) 

} (7.6) 

Now, a careful comparison between the two structures mentioned above, 
especially on their relative geometrical arrangements, shows that these two struc
tures are identical, including their excitation arrangements. Hence they are self
complementary and the corresponding impedances are respectively identical: 

and (7.7) 

Introduction of (7.7) into (7.6) leads to 

Zll = Z21 = Zl2 = Z22 = Zo/2 (7.8) 



62 Self-Complementary Antennas 

Consequently, it is proved that the input impedances for all terminals of the 
structures in Fig. 7.3 are always constant, independently of the source fre
quency, the shapes of the two types of element structure, and the relative 
geometry between the two types of element structure. Furthermore, this is 
also true for any arbitrary value of the constant n, including its phase constant. 

From this conclusion, it is easily understood that the various forms of any 
further variations of alternate periodic co-planar stacked self-complementary 
antennas can be derived from the procedure discussed above. 

Next, an unusual example of a pseudo-self-complementary co-planar 
stacked structure will be explained. The structure shown in Fig. 7.4(a) is just 
such an example. 

This appears to be a self-complementary structure, although actually it is 
not. In order to deal with this structure, a geometrically complementary struc
ture as shown in Fig. 7 .4(b) must be considered. Careful inspection of these two 
structures seems to show that they are identical. However, it must be appre
ciated that the relative geometry of any particular corresponding input term
inals for the two mutually complementary structures is different for each case. 

00 

(a) 
00 

(b) 

Fig. 7.4 Pseudo-self-complementary co-planar stacked structures: (a) and (b) are complementary but relative 
constitutions are not identical. 
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Therefore, the relationships between the input impedances of two mutually 
complementary structures are given by 

Z\2 = Z21 and ZI1 = Z22 (7.9) 

where no impedance relationship between mutually complementary input 
terminals is obtained. 

Also, from the complementary nature of these two structures we obtain 

Zl1Z21 = (ZO/2)2 

} (7.10) 

Unfortunately, combinations of (7.9) and (7.10) do not provide any additional 
relationship. This is a natural consequence of the non-self-complementary 
nature of the structure in Fig. 7.4(a) or (b), although the structure as a 
whole appears to be self-complementary. Such a structure is termed a 
"pseudo-self-complementary structure" in this book. 

7.4 Side-by-side stacked self-complementary 
antennas 

In general, side-by-side stacking of element antennas is very effective for 
improving the radiation characteristics of antenna systems in practice. In this 
section, several methods of stacking for self-complementary structures will be 
investigated. 

For this purpose, a unipole-notch antenna on a semi-infinite PEC planar 
sheet, as shown'in Fig. 7.5(a), is considered as a simple example of an element 
antenna. An exciting electric current 2Jo is assumed there. Next, this current 
can be divided into two equal portions, located on opposite sides of the PEC 
planar sheet. In the following discussions, the structure and the excitation 
illustrated in Fig. 7.5(a) will be symbolized by the greatly simplified figure 
shown in Fig. 7.5(b). Similarly, Fig. 7.5(c) will be symbolized by Fig. 7.5(d). 
In this connection, it should be noted that the declination angles of the arrows 
of the symbols in (b) and (d) are different, corresponding to the difference in 
the directions of the exciting currents 2Jo in (a) and 2J~ in (c). 

By using such symbols, a side-by-side periodically stacked antenna system of 
unipole-notch antennas can be shown as in Fig. 7.6(a). By inspecting this 
figure, it is easily understood that the entire configuration of this structure, 
including the electric source current Jo terms, are always symmetrical with 
respect to any plane of the element structures. Accordingly, semi-infinite 
PMC sheets that are complementary to the original PEC structures of the 
element antennas can be introduced, without any appreciable difference 
being made to the electromagnetic fields, and this process leads to the structure 
shown in Fig. 7.6(b). Thus a structure is obtained which divides the whole 
space into independent slab-shaped partial spaces stacked in parallel. 
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PEe 

PEe 

(a) (b) (c) (d) 

Fig. 7.5 Illustration of the symbolized sketches of the self-complementary element structures: the structures 
(a) and (c) are shown by symbolized sketches at (b) and (d), respectively. 

Next, consider another structure as shown in Fig. 7.6(c), which is the dual of 
the structure in Fig. 7.6(b). In these two structures, the electric and magnetic 
properties are interchanged. Furthermore, the signs of the electromagnetic 
fields are reversed alternately at every adjacent parallel partial space so as to 
form anti-symmetrical magnetic source currents, JOm ' Such a technique can be 
applied in this treatment because the partial spaces are perfectly shielded by the 
compound perfect conductors. 

On the other hand, the original electromagnetic fields E I , HI are transformed 
to E2, H 2, and from the duality relationship between these two fields we obtain 

and (7.11) 

where the upper and the lower signs apply to the partial spaces indicated 
alternately by the plus and minus signs in Fig. 7.6(c). 

Now, the anti-symmetrical magnetic source currents can be replaced with the 
equivalent electric source current terms J~, and the structure in Fig. 7.6(c) 
transforms to that in (d). Hence, the entire distributions of these electric source 
currents are always symmetrical with respect to any plane of the element 
structures. Accordingly, all the fictitious structures of the PMC sheets can be 
removed from Fig. 7.6(d) without disturbing any electromagnetic fields. This 
finally leads to the PEC structures shown in Fig. 7.6(e), where the electric 
source current terms, J~, are alternately reversed as illustrated in the figure. 



Stacked Self-Complementary Antennas 65 

(a) 

PEC 

- + - + - + 

PEC PEC 
(b) 

PMC 
(c) 

Fig.7.6 Illustration of side-by-side periodically stacked pseudo-seH-complementary structures: 

(a)-(b) introduction of MPC sheets; 

(b)-(c) transformation to the dual structure; 

(c)-(d) equivalent transfonnation of source currents; 

(d)-(e) elimination of MPC sheets. 

(a) and (e) are complementary but not identical. 

By comparing the structure (e) finally obtained with the original structure 
(a), it is found that their geometrical shapes are identical although the distribu
tions of the source currents are different. This means that the configurations of 
the two structures in (a) and (e) are not identical as a whole, and hence both are 
not self-complementary as an antenna system, though all of the element anten
nas are themselves self-complementary. 

Incidentally, it can easily be appreciated that the input impedances for all 
elements in (a) and (e) are respectively identical. Let their values be Z\ and Z2 
for (a) and (e), respectively. Then, from the mutually complementary relation
ship between them we obtain 

(7.12) 

However, no further analysis can be made for the structures in (a) and (e), since 
they are not self-complementary. 
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In order to avoid the difficulty explained above, an alternate periodic 
arrangement of a side-by-side stacked antenna system is proposed, where 
semi-infinite PEC sheets are inserted at the centre of every partial space 
between two adjacent element antennas, as illustrated in Fig. 7.7(a). 

The same procedure of transformations as shown in Fig. 7.6 can be applied 
to this structure. In other words, introduction of complementary PMC sheets [ 
(a) -t (b) ], transformation to the dual structure [ (b) -t (c) ], equivalent 
transformation of source currents [ (c) -t (d) ], and the elimination of PMC 
sheets [ (d) -t (e) ] finally leads to the PEC structure (e). By comparing the 
original structure (a) with the structure (e) finally derived in Fig. 7.7, it will be 

(a) PEC (b) PEC 

PEC PEC 

1.'\1.' loll.' ) X 1.11.' L: l.l1.' .\/ \/ ,1/·-v ~! V 
(e) I P~C I 

; i 
(d) 

Fig. 7.7 Illustration of side-by-side periodically stacked self-complementary structure with semi-infinite 
periodical shields: 

(a)--->(b) introduction of MPC sheets; 

(b)--->(c) transformation of the dual structure; 

(c)-.(d) equivalent transformation of source currents; 

(d)-.(e) elimination of MPC sheets 

(a) and (e) are complementary and identical. 
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found that their entire configurations are identical. In addition, they are 
mutually complementary owing to the procedures used in their derivation. 
This actually implies that the structures are self-complementary. 

Accordingly, the input impedance Z\ for each terminal in (a) and Z2 for each 
terminal in (e) are equal, and they have a cornmon value of Z. In addition, 
from the complementary relationship between (a) and (e) we have 

(7.13) 

and consequently, we find 

(7.14) 

This equation means that the input impedance at each terminal of Fig. 7.7(a) or 
(e) is always constant, independently of the source frequency and shape of the 
element antennas, including the effects of mutual coupling between the element 
antennas of this antenna system. 

Thus, the stacked antenna in Fig. 7.7 has been proved to be self-comple
mentary, but it includes semi-infinite PEe sheets where no radiation element is 
mounted. For this reason, another stacked antenna is proposed, for the pur
pose of avoiding the introduction of such useless elements. 

The proposed structure is shown in Fig. 7.8(a), where all element antennas 
are self-complementary and all adjacent elements are mutually complementary. 
Hence it is an alternate periodic structure. This stacked antenna system can be 
treated by the same procedure used in the case of Fig. 7.7, and we obtain the 
structure given in Fig. 7.8(e). By comparing the structures in (a) and (e), we find 
that they are identical. Furthermore, they are evidently mutually complemen
tary as a consequence of their derivation procedure. 

Accordingly, the input impedance Z at each terminal in (a) and (e) is also 
given by 

Z = Zo/2 (7.15) 

Figure 7.9 illustrates an example of a side-by-side stacked self-complementary 
antenna more explicitly, since the structures in Figs 7.7 and 7.8 show only the 
principle of the stacking. 

Incidentally, many other types of alternate periodic side-by-side stacked self
complementary antennas are conceivable as variations of the antennas 
described above. 

7.5 Compound-stacked self-complementary 
antennas 

By combining the principles of co-planar stacking and side-by-side stacking, 
compound-stacked self-complementary antennas can be derived as shown in 
Fig. 7.10. 
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1.1. 1.1. J,(, J,:1. 

(a) PEC (b) 

PEC 

1.1. L1. , 1.1.:1.1., 

&.M &.~ 
(e) (d) 

Self-Complementary Antennas 

-- PEC 

............. PMC 

E2. H2 

- +!- +!- + 
-J _ _ i-Jo J_i-J_ JOIft 

:~~:: :\~:::~ 

IJ--Jl--Jl 
(c) 

Fig. 7.8 Illustration of side-by-side altemately periodical stacked self-complementary structure: 

(a)-+(b) introduction of MPC sheets; 

(b)-+(c) transfonnation to the dual structure; 

(c)-+(d) equivalent transfonnalion of source currents; 

(d)-+(e) elimination of MPC sheets 

(a) and (e) are complementary and identical. 

Fig. 7.9 An example of a side-by-side stacked self-complementary antenna (Z"" 6011" n each). 
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Fig.7.10 Principle of the compound-stacked self-complementary antenna (Z "" 607r n each). 

The input impedance at each terminal in this structure can easily be obtained as 

Z= Zo/2 (7.16) 

which is always constant, whatever the source frequency and shape of the 
structure. 

The example mentioned above illustrates the principle for a typical case of 
two-dimensional stacking. However, many other variations of such stacking 
are conceivable, and some are discussed below. 

For this purpose, greatly simplified symbols are used in Fig. 7.11. The open 
small circle stands for a radiation element with its exciting current as shown in 
Fig. 7.5(a), and the filled small circle stands for that shown in Fig. 7.5(c). 
Under such definitions of the symbols, Fig. 7.11(a) represents the structure 
in Fig. 7.10. 

The structure symbolized by Fig. 7.11(b) represents one variation of the 
structure in (a). As understood from 7.11(b), one of two kinds of element 
structure is shifted in the vertical direction by a half-period. For such a struc
ture, it is not difficult to show that the shape of the complementary structure is 
identical to the original one, and that the structure is self-complementary. In 
this case, however, if the shift distance is not equal to the half-period, then the 
complementary structure is not identical to the original one, and it is not self
complementary. 
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(a) (b) (e) 

Fig. 7.11 Various types of compound-stacked self-complementary antennas sketched in greatly simplified 
symbols (Z"" 6011" n each): 

(a) same as Fig. 7.10; 
(b) elements altemately shifted in the y-direction by half-period; 
(c) elements altemately shifted in the z-direction. 

Another variation is shown in Fig. 7.11(c), where the element structures 
symbolized by a 'star' are shifted in the z-direction uniformly with reference 
to the structure in (a). This structure can be proved to be self-complementary 
as a whole, and the input impedance at each feed point is also given by (7.16). 
Other variations of compound stacking are conceivable, but no further descrip
tion will be given here. 



8· GENERAL CONSIDERATIONS ABOUT 
APPROXIMATIONS AND 
MODIFICATIONS OF SELF
COMPLEMENTARY ANTENNAS 

8.1 Approximations and modifications for 
practical purposes 

According to the theory of the self-complementary antenna (SeA), the basic 
structures of this type of antenna consist of infinitely extended planar sheets of 
perfect electric conductors. In addition, in the case of stacked antennas, an 
infinite number of element antennas are arranged periodically. Therefore, the 
theoretically obtained self-complementary antenna can only be approximated 
by limited size of structure and limited number of element antennas, when this 
principle is applied to extremely broad-band practical antennas. 

Furthermore, for the purpose of avoiding mechanical structural weakness in 
this type of antenna, most of the conducting sheet structures must be approxi
mated by electrically equivalent and mechanically firm conducting structures. 

Additionally, since the self-complementary property of an antenna pre
scribes nothing about the broad-band nature of its radiation properties, var
ious information about the radiation characteristics of other existing antennas 
must be introduced, for the purpose of developing practical broad-band anten
nas. In this connection, various results of experimental studies show that some 
modifications to the shapes of antennas are very effective in improving their 
radiation characteristics, without causing much deterioration to the frequency 
band-width of their input impedances. 

In the following sections, the approximations and modifications mentioned 
above for self-complementary antennas will be discussed, the aim being the 
practical application of this type of antenna in extremely broad-band antennas. 

8.2 Approximation by truncation 
The most indispensable approximation to theoretically derived self-comple
mentary antennas is truncation of their infinitely extended conducting sheets, 
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for the cases of both the single antenna and the stacked antenna. In the course 
of such approximations, if the current distributions on the planar sheets are 
disturbed by the truncation, then there will be some harmful effects at the feed 
point as a result of reflected currents from the truncated ends. Such truncation 
effects cause deterioration of the constant-impedance property assured by the 
theory. 

For this reason, the reduction of the truncation effects is very important, and 
the truncation must be made at a location where the current distribution 
density is sufficiently attenuated. However, it is very difficult to estimate the 
precise current distributions, and hence experimental "hard" studies are mainly 
needed for the purpose of reducing the truncation effects. 

In this connection, an instructive fact has been found from the results of 
experimental studies performed by the author's group: namely, the reduction 
of truncation effects in the "teeth-type" array structure is satisfactory in gen
eral [see, for example, 8.1-8.3]. This property can be explained as follows. 

The "teeth-type" array structure enhances radiation, and attenuation of the 
current distribution from the feed point is very rapid. This reduces the reflected 
current from the truncated end, and reduction of the truncation effects 
becomes satisfactory. The equally spaced tapered array [8.1] and the log
periodic tapered array [1.12] are typical examples of such structures. In these 
cases, however, the largest dimensions of the truncated antennas determine the 
low-frequency limit for the constant-impedance property of antennas in prac
tice. 

8.3 Approximation by replacement with 
conducting rods 

In general, a narrow strip of conducting sheet in an antenna structure can be 
replaced by an equivalent conducting rod, under the condition that the width 
of the strip is sufficiently small compared with the wavelength. Such a replace
ment is very effective for improving the mechanical strength of sheet structure 
in self-complementary antennas. 

Now, according to the theory of linear antennas, an equivalent radius Pe of a 
narrow strip of conducting sheet, as shown in Fig. 8.1(a), is given [1.18] by 

Pe= W/4 (8.1) 

where W is the width of the strip, and "equivalent radius" means the radius of 
the circular cross-section of a conducting rod that has the same characteristics 
as a linear antenna. 

On the other hand, the equivalent radius of two parallel rods is given [1.18] 
by 

(8.2) 
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(a) (b) (c) 

Fig. 8.1 A narrow strip of conducting sheet and its approximation by equivalent conducting rods. 

where r is the radius of the circular cross-sections of the rods and d is the 
separation distance between the centre-lines of the rods, as shown in Fig. 
8.l(c). Therefore, a narrow strip of conducting sheet can also be approximated 
by two parallel conducting rods using relationship (8.2), though there is free
dom in choosing the dimension of either one or the other so as to give a 
particular value to Pe' For example, the following two particular cases are 
practically interesting. 

Case (I): When d = W is assumed, then from (8.1) and (8.2) we find 

r':::!. W/16 (8.3) 

Case (2): When d = W /2 is assumed, then, also from (8.1) and (8.2) we obtain 

r':::!. W/8 (8.4) 

These results for the two cases show that a narrow conducting strip sheet as 
shown in Fig. 8.2(a) can be replaced equivalently with a trapezoidal wire 
structure either as in Fig. 8.2(b) or in Fig. 8.2(c). The structure in Fig. 8.2(b) 
corresponds to Case (I), where the centre-line of the wire coincides with the 
outer edge of the sheet [8.4]. In contrast, Fig. 8.2(c) corresponds to Case (2), 
where the gap width between the two rods is equal to the diameter of the rod. 

Also, a fan-shaped conducting sheet with narrow apex angle (), as shown in 
Fig. 8.3(a), can be approximated by a circular cone as shown in Fig. 8.3(b). The 
equivalent cone angle 'IjJ can be given as 

'IjJ ':::!. ()/4 (8.5) 
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FIQ. 8.2 Examples of approximation by conducting rods: (a) is original structure, (b) and (c) are approxi
mations. 
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Fig. 8.3 Fan-shaped conducting sheet and its equivalent conducting cone. 
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corresponding to (8.1). Incidentally, the characteristic impedance Z of the 
conical transmission line in Fig. 8.3(b) for transverse electromagnetic mode 
(TEM) is given [8.5] by 

Z ~ 120Incot("p/2) ~ 120Incot(B/8) [0] (8.6) 

Fortunately, the equivalent radii of the rod structures and the equivalent 
cone angle discussed above are independent of the source frequency provided 
the radii remain sufficiently small compared with the wavelength. For this 
reason, substitution with the rods is an advantageous approximation for the 
sheet structures of self-complementary antennas. 

8.4 Modification by deformation 
The broad-band nature of the input impedances of self-complementary antennas 
is well preserved, even when their planar structures are deformed by bending or 
folding, although the values of their input impedance are transformed to other 
values. On the other hand, the radiation patterns of antennas that consist of 
planar structures can be changed considerably by deformations such as bending 
or folding. By making use of such effects of deformation, the radiation charac
teristics of self-complementary antennas can be improved in practice, without 
causing much deterioration in the broad-band nature of the input impedance. 

Although the introduction of a ground plane may not be considered as a 
deformation, it is evidently a type of modification. In general, it is often effective 
to use the ground plane for the purpose of improving the radiation character
istics of antennas. In principle, however, the introduction of the ground plane 
disturbs the self-complementary configuration, but sometimes the broad-band 
characteristics of the input impedance are preserved to some extent [8.6, 8.7]. 

8.5 Modification by partial excision 
During the studies of three-dimensional self-complementary antennas, it was 
found that the lower half of the vertical portion shown in Fig. 6.7 can be excised 
without losing the constant-impedance property, although the value of the 
impedance transforms from Zo/4 to Zo/ v'2 [8.8-8.10]. This type of modified 
self-complementary antenna (MSCA) will be discussed later in Chapter 11. 

8.6 An example of transformation from a self
complementary sheet structure to the 
conducting rod structure 

The log-periodic antenna and the log-periodic dipole array have excellent 
characteristics as extremely broad-band antennas. However, the broad-band 
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characteristics of these antennas have their origin not in the log-periodic shape, 
but rather in the aspects of the shape that are derived from the self-comple
mentary antenna, as explained in Chapter 1, section 1.1. 

The above-mentioned broad-band property of log-periodic structures is a 
natural consequence for derivatives of self-complementary structures. In order 
to make this reason more understandable, the detailed procedures of the trans
formation will be explained below [8.10], as an example of the modification and 
approximation described in the preceding sections. 

For this purpose, the equally spaced self-complementary antenna shown in 
Fig. 4.3(a) is considered as an original structure. The oblique view of the same 
structure is shown in Fig. 8.4, where only the principal portion of the structure 
near to the feed point is shown, for simplicity. It is easily understood that the 
radiation from this antenna is bi-directional. However, for obtaining uni-direc
tional radiation, a modification to the conical shape as shown in Fig. 8.5 is 
conceivable, and has been successfully performed by investigators in the 
United States [1.12, 1.13, 8.4]. 

The next step of transformation is modification of the shapes of the sheet 
strips, that is, deformation from circular arcs to the straight strips as shown in 
Fig. 8.6. 

radiation 

radiation 

Fig. 8.4 Equally spaced SeA in finite size. 
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radiation 

Fig. 8.5 MSCA on an angularly bent plane. 

Fig. 8.6 MSCA in conical shape. 

This structure can also be derived from the self-complementary antenna shown 
in Fig. 4.3(b), which has straight branch-strips, instead of the circular-arc 
branch-strips shown in Fig. 4.3(a). Hence, the straight strips in Fig. 8.6 can 
be approximated by conducting rods with an equivalent circular cross-section, 
as illustrated in Fig. 8.7. 

Also, another approximation with two parallel rods can be made by applying 
the principle shown in Fig. 8.2, and this leads to the structure shown in Fig. 8.8. 

This last structure corresponds to the so-called log-periodic antenna if the 
original antenna is replaced by the log-periodic self-complementary antenna. 
Incidentally, an example of such a modified self-complementary antenna in 
practical use is shown in Fig. 8.9, which is widely known under the name of 
"log-periodic antenna". 
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Fig.8.7 MSCA formed with conducting rods. 

Fig. 8.8 MSCA formed with bent conducting rods. 

As understood from the procedure of transformation described above, the 
antenna shown in Fig. 8.8 is evidently a derivative of the self-complementary 
antenna, and the broad-band property of such a type of antenna comes from 
the self-complementary nature of the original antenna. Accordingly, if one of 
the two wings of the antenna in Fig. 8.8 is arranged upside-down, then the 
broad-band characteristics cannot be assured in such a structure, even when 
the original structure is log-periodic. In fact, it was confirmed by experiment 
that an antenna with log-periodic structure, but arranged improperly as men
tioned above, has distinctly varying log-periodic input impedance for the 
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Fig. 8.9 An example of MSCA in practical use (known as log-periodic antenna, by courtesy of Denki Kogyo 
Co., Ltd., Tokyo). 

source frequency [1.6]. Hence, it does not have frequency-independent charac
teristics as mentioned in Chapter 1, section 1.1, and also as explained in 
Chapter 9, section 9.4. 

Finally, a rather bold modification as illustrated in Fig. 8.10 is considered. 
The two-wing conical structure in Fig. 8.7 is completely folded, to form a co

planar dipole array. In this structure, it should be noted that the directions of 
the excitation from the parallel-conductor line to the dipoles are alternately 
interchanged. In other words, this dipole array is in transposed excitation. For 
this reason, it can be understood that the transposed excitation is a natural 
consequence of its derivation procedure from the self-complementary struc
ture. Therefore, if the original antenna is assumed to be a self-complementary 
log-periodic structure, then the final structure becomes a so-called log-periodic 
dipole array. This means that the log-periodic dipole array excited without 
transposition is not a derivative of the self-complementary antenna, and the 
good broad-band characteristics cannot be assured for such a structure. 

In conclusion, the so-called log-periodic antenna and the log-periodic dipole 
array are derivatives of the self-complementary antenna, and the origin of their 
broad-band characteristics is in the self-complementary nature of their original 
structure, and not in their log-periodic shape. 
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Fig.8.10 MSCA formed with conducting rods on a folded plane. 



9· DEVELOPMENTAL STUDIES OF 
ROTATIONALLY SYMMETRIC SELF
COMPLEMENTARY ANTENNAS 

9.1 Alternate-leaves type self-complementary 
antenna 

In the process of developing extremely broad-band practical antennas on the 
basis of the theoretical principle of self-complementary antennas, it is always 
necessary to make some additional experimental studies as mentioned in 
Chapters land 8. For this reason, any basic information related to the mea
sured characteristics of practical self-complementary antennas (SCA) will be 
helpful for their developmental investigations in general. Therefore, it is worth
while obtaining various experimental data to the greatest extent possible. 

To this end, the characteristics of equally spaced alternate-leaves type SCA 
have been studied experimentally from various points of view, as a typical 
example of rotationally symmetric SCA in finite size. The geometry of this 
type of antenna is shown in Fig. 9.1, where the various dimensions for 
Antenna A are indicated [9.1]. 

During experimental studies of this type of antenna, four different models 
were prepared, and these were designated respectively as Antenna A, Antenna 
B, Antenna C and Antenna D. The dimensions of various parts of the struc
tures for these four antennas are listed in Table 9.1. Here, it must be noted that 
Antenna C is not self-complementary, since it was prepared just for compar
ison purposes. 

The measured input impedance of Antenna A for frequencies from about 0.5 
to 2.3 GHz is plotted as a Smith chart in Fig. 9.2, where the values of impe
dance are normalized by 50 n corresponding to the impedances of the feeder 
and the measuring equipment. This chart shows that the variation of the input 
impedance is extremely small for frequencies higher than 0.61 GHz, where the 
length L of the longest leaf of the antenna is equal to a quarter-wavelength for 
that frequency. Let such a frequency be denoted by fL hereafter. Incidentally, 
at this frequency the total length of the periphery of this antenna is approxi
mately equal to the corresponding wavelength. 

It is found from this experiment that the constant-impedance property of 
this type of self-complementary antenna has been well proven for frequencies 

81 
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s = 6mm 

L = 126 

WI= 21 
W2= W3= W4=14 

W5= 7 

Fig. 9.1 Alternate-leaves type SCA. 

Table 9.1 . Dimensions of alternate-leaves type SCAs in mm (see Fig. 9.1) 

Antenna A Antenna B Antenna C" 

Numbers of 5x2 9x2 5x2 
leaves 

S 6 6 6 
L 126 126 126 (112) 
W1 21 14 14 (21) 
W2 14 7 21 (7) 
Wa 14 7 7 (21) 
W4 14 7 21 (7) 
Ws 7 7 7 
Wa 7 
Wt 7 
Ws 7 
Wg 7 
~o 
~1 
W12 

"Antenna C is not self-complementary. 

Antenna D 

12 x 2 

6 
322 
21 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 
14 

higher thanjL, the quarter-wave frequency for the longest leaf of this antenna. 
In other words, the effects of truncation of finite size are sufficiently small for 
such frequencies, notwithstanding that the constant-impedance property is 
theoretically true only for infinitely extended self-complementary structures. 
This means that reduction of truncation effects is very pronounced for an 
equally spaced teeth-type structure, and such a benefit is not limited just to 
log-periodic structures. 
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2 

Fig. 9.2 Measured input impedance of Antenna A (0.5-2.3 GHz). (Zo = 50 n). 

Next, the measurements of the frequency characteristics of the input impe
dance were also made for Antenna B. Here, the geometrical outer size of this 
antenna is exactly equal to that of Antenna A, but the incision of the teeth-type 
leaves for Antenna B is twice as fine as that for Antenna A, as understood from 
the dimensions listed in Table 9.1. It was found from the results of the mea
surements that the frequency characteristics of the input impedance of Antenna 
B are almost in the same form as those in Fig. 9.2 obtained for Antenna A, and 
hence the impedance chart is not shown here. 

In order to examine the frequency characteristics of the input impedance 
for other structures of this type, measurements have also been made for 
Antenna C, which is not self-complementary. This antenna is derived as a 
modification of Antenna A, by making the width of its alternate-leaves 
narrower to become one-half of that for Antenna A, without changing the 
original skeletal structure, as understood from Table 9.1. Accordingly, the 
gaps between the adjacent leaves in this antenna become larger than the 
widths of the leaves, and hence the self-complementary condition is not satis
fied for Antenna C. 

The measured impedance for Antenna C is plotted in Fig. 9.3. This Smith 
chart shows that the concentration of values of input impedance to 601T n has 
deteriorated distinctly when compared with that of Fig. 9.2, as expected from 
existing theory. 

In order to obtain further experimental data, input impedance measurements 
were also made for Antenna D, which is the largest model among the prepared 
four antennas. The results of the measurements are plotted in the Smith chart 
shown in Fig. 9.4. 
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Fig. 9.3 Measured input impedance of Antenna C (0.5-2.3 GHz). (~ = 50 fl) . 

2 

3 

Fig. 9.4 Measured input impedance of Antenna D (0.23-2.3 GHz). (~ = 50 fl). 

By comparing this figure with Fig. 9.2, a distinct difference can be seen 
between the behaviour of the impedances for the frequencies below 0.6 GHz. 
In other words, the concentration of impedance values to 188 n for Antenna D 
occurs over the frequency range from 0.23 to 2.3 GHz, while the corresponding 
frequency range for Antenna B is from 0.61 to 2.3 GHz. This means that the 
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band width of the input impedance for Antenna D is much broader than that 
for Antenna B, as a natural consequence of the difference in antenna size. 
Incidentally, the quarter-wave frequency for the longest leaf is given as fL = 

0.23 GHz for Antenna D, while the frequency fL is equal to 0.61 GHz for 
Antenna B. 

The discussions above have been limited to the impedance properties of the 
alternate-leaves type antenna. However, for the purpose of developing practi
cal broad-band antennas, it is also indispensable to secure the broad-band 
property of their radiation characteristics as well as their constant-impedance 
property. For this reason, the radiation patterns of alternate-leaves type SeA 
have also been studied experimentally. 

In this experiment, the rectangular coordinates, x, y, z, and the angular 
coordinates, B, ¢, are assumed as indicated in Fig. 9.5. 

From the measured radiation patterns of Antenna A in the yz-plane and the 
xz-plane for various frequencies from 0.6 to 1.9 GHz, it is found that the 
patterns remain almost unchanged over this frequency range. Some examples 
of the measured patterns for 0.8 and 1.6 GHz are shown in Figs 9.6(a) and (b). 
In these measurements, it should be noted that the major electric field of 
radiation is in the y-direction. 

The measurements for Antenna B were also made in the same way, and it 
was found that the radiation patterns were almost identical to those in Fig. 9.6 
obtained for Antenna A, except that the cross-polarization components that 
exist for Antenna A in the range of higher frequencies are suppressed for 
Antenna B. Such an improvement in polarization of the radiated field can be 

x 

¢ 
6=0 
---3~-~~==~~==~--y 

Cable 

Fig. 9.5 Coordinates for the antenna. 
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(a) 

O.8GHz 
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(b) 

'", , 
\ 
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Fig. 9.6 Measured field patterns for Antenna A: (a) yz-plane, (b) xz-plane. 

attributed to the finer incision of the alternate-leaves for Antenna B. For this 
reason, it can be understood from the results of these experiments that the finer 
structure is desirable for shorter leaves in the range of higher frequencies. 

Further measurements were made for Antenna D in the broader frequency 
range of 0.2-1.9 GHz, and almost the same results as in the case of Fig. 9.6 were 
obtained, except for small irregularities in the radiation patterns for frequencies 
higher than 1.4 GHz. As mentioned above, such a difficulty could be avoided by 
designing finer structures for shorter leaves, instead of adopting uniform width 
for all leaves. One example of such a structure is the alternate-leaves type log
periodic SeA, though the periodicity is not a necessary condition. 

9.2 Approximation and modification of alternate
leaves type self-complementary antennas 

A simple approximation for the structure of the alternate-leaves type SeA is 
the replacement of its leaves with equivalent conducting rods, as explained in 
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Chapter 8. Such an example of approximated structure was fabricated by 
applying relationship (8.1) to the structure of Antenna A [9.1]. The results of 
impedance measurements for this antenna showed that the same level of con
stant-impedance property as that for Antenna A is also well preserved for this 
approximated antenna, as expected from the theory. 

Incidentally, the truncation of the infinitely extended theoretical self-com
plementary structure to a certain finite size, is an indispensable approximation 
in the process of developing a practical broad-band antenna. However, the 
results of impedance measurements for Antennas A, Band D show that the 
truncation effects are extremely small for this kind of teeth-type array struc
ture, except for frequencies lower than fL' This means that the truncation of 
.structures designed for lower frequencies must be made at larger dimensions 
corresponding to the wavelength. 

Next, an example of modification of Antenna A was studied by deforming 
this planar structure into a bent structure. That is, the two wings of this 
antenna were on different surfaces of a wedge-shaped bent plane. A side 
view of such a deformed antenna with slanted wings is shown in Fig. 9.7, 
where the angle 'if; becomes 1800 for Antenna A, the original structure. 

The results of impedance measurements for varying angles of 'if; showed that 
the constant-impedance property is well preserved even when the angle 'if; is 
decreased to 300

, though values of the input impedance are shifted a little lower 
as angle 'if; decreases. 

For such modifications of Antenna A, variations of the radiation patterns 
were also studied. Results of the measurements showed that the bi-directional 
radiation pattern for 'if; = 1800 transforms gradually to a uni-directional pat
tern for decreasing angles of 'if;. It was also found from experiments that the 
front-to-back r~tio of the radiation is 7-13 dB for 'if; = 90° and 8-16 dB for 
'if; = 60°, for frequencies higher than 1.0 GHz. 

x 
Ant. 

z 
Back 

y 
Front 

Cable 

Fig. 9.7 Coordinates for MSCA on an angularly bent plane. 
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The results described above show that the modified alternate-leaves type 
SCA illustrated in Fig. 9.7 can be used as a uni-directional broad-band 
antenna. 

In addition, another modification of Antenna A was studied experimentally, 
where the original shape of the square structure was deformed into a rhombic 
structure. In that deformation, the dimensions in the y-direction remain 
unchanged but the dimensions in the x-direction are proportionally reduced. 
In such a deformation, the flare angle of alternate leaves is increased from 90° 
to 120°. Here, a 90° flare angle is the condition for self-complementary 
structure, and hence the structure with 120° is not self-complementary. The 
results of impedance measurements on this deformed structure showed that 
the impedance values normalized to 188 fl in the Smith chart occur approxi
mately around or in the loci of voltage standing-wave ratio (VSWR) c::: 4. 
This means that the constant-impedance property is not preserved in such a 
modification, though a trace of the original property can still be found. 

9.3 Modified four-terminal self-complementary 
antenna on conical surface 

As an example of a developmental study of the self-complementary antenna 
(SCA) for practical use, a conically deformed four-terminal modified SCA for 
circularly polarized waves will be discussed [9.2]. The objective of this investi
gation was to develop a broad-band uni-directional practical antenna for cir
cularly polarized waves, by making use of the principle of the SCA. For that 
purpose, three kinds of model antenna were fabricated. As the basic structure 
of these antennas, a proportionally spaced teeth-type array, or log-periodic 
structure, as shown in Fig. 9.8 was adopted. 

Cones 1 and 2 are circular while Cone 3 is square pyramidal. All the cone 
angles are 2() = 48°, and the lengths of the antenna wings are 55 cm, as shown 
in Figs 9.9(a), (b) and (c). 

However, the dimensions in the horizontal direction are correctly reduced 
for all three models. For Cone 1, the horizontal lengths of the conducting 
sheets are equal to those of the space in every circular cross-section, or its 
dimensions in the horizontal direction are reduced by a factor of sin 24° com
pared with those in Fig. 9.8. In contrast, the horizontal lengths of the conduct
ing sheets for Cone 2 are the maximum possible, in order that the dimensions 
of the gaps between the conductors in every horizontal cross-section are smal
ler than those for the conductors. Also, for Cone 3, the lengths of the con
ductors in horizontal cross-sections are equal to those for Cone 2 in cross
sections at the same height. 

The measured input impedances between two opposite terminals are plotted 
as Smith charts, normalized to 50 fl, in Figs 9.1O(a), (b) and (c). 

The filled circles show the values when the other two terminals are short 
circuited, while the open circles or squares show those when the terminals 
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Fig. 9.8 Proportionally spaced SeA. 

are opened. The theoretical impedance between two opposite terminals for 
the structure in Fig. 9.8 is 60v!27r 0 ':::' 266.4 O. For Cone 1, the values of the 
input impedance on the chart are approximately around this value, in spite 
of the fact that the actual dimensions of the conducting sheets are reduced in 
the transverse direction by the factor of sin 24°. This fact suggests a very 
important property which is useful when a planar SCA is modified by 
deformation into a conical structure. Also, it is found experimentally that 
the input impedance between two opposite terminals is independent of the 
other two terminals, as expected from the theory. On the other hand, the 
concentration of impedance values on the chart is somewhat worse for Cone 
2. In addition, the mean value of the impedance for the same cone becomes 
a little lower. For Cone 3, the concentration of impedance values on the 
chart is satisfactory, though the mean value becomes a little lower than 
60v!27r O. 

Furthermore, various measurements of the radiation characteristics of these 
three antennas have also been made for turnstile excitation, but the results for 
Cone 2 will be omitted here, because the urn-directional property is a little 
worse than those of other models. Figures 9.1l(a) and (b) show the field 
patterns for Cones 1 and 3. 

Figure 9.12 shows the variation of the beam width with respect to the angle 
¢, while Fig. 9.13 shows the frequency dependence of the beam width in the 
plane ¢ = 0°, and Fig. 9.14 shows the axial ratios of the polarization, also for 
Cones I and 3. 

The various experimental results described above will provide very useful 
data for developmental studies for the urn-directional broad-band antennas, 
especially where the technique of deforming the planar SCA into a modified 
SCA of conical shape is to be applied. 
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2 

( • ) For CONE j = 0.6S - 2Gliz ( SOM slep ) 

2 

b ) For CONE 2 j = 0.5- 2 GHI (50 M step 

2 

( c ) For SQ. PYRAMID j ~ O.5 - 2GH. ( 50M step ) 

o 0, a : opened : shorted 

Fig.9.10 Measured input impedances for MSCA on conical surface (~ = 50 f1): (a) Cone 1, (b) Cone 2, 
(c) Cone 3. 
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(a) For CONE 1 
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(b) For SQ. PYRAMID 

Fig. 9.12 Measured beam widths for varied </J: (a) Cone 1, (b) Cone 3. 

9.4 Non-constant-impedance property of 
incorrectly arranged log-periodic structures 

Often, there are serious misunderstandings that the log-periodic structure in 
itself will confer the constant-impedance property on antennas. It seems that 
such ignorance can be attributed to the term "log-periodic antenna" for the self
complementary log-periodic antenna, withQut reference to the most important 
fact that it is a derivative of the self-complementary structure [1.12, 1.13, 9.3]. 
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Fig. 9.13 Frequency characteristics of measured beam width: (a) Cone 1, (b) Cone 3. 

In order to correct such misunderstandings, experimental tests have been 
done by taking a conically-bent modified SeA which is arranged in the log
periodic manner as shown in Fig. 9.15(a). As the most straightforward arrange
ment of non-self-complementary log-periodic structure, the antenna shown in 
Fig. 9 .15(b) was constructed, where one wing of the two half-structures of the 
antenna is upside-down [1.6]. 

The measured values of input resistance for these two antennas are com
pared in Fig. 9.16, and a significant difference is apparent between them, in 
spite of the fact that the two wings of both antennas are identical. The input 
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Fig.9.14 Measured axial ratios for circularly polarized wave. 

(a) (b) 

Fig.9.15 Two kinds of log-periodic antenna: (a) log-periodic MSCA, (b) log-periodic antenna arranged in anti
complementary manner. 

resistance for the incorrectly arranged log-periodic structure, as shown in 
Fig. 9.16(b), varies distinctly in a log-periodic manner for varying frequency, 
though the constant-resistance property is satisfactory for the modified seA 
shown in Fig. 9.15(a). 

From the results described above, it can be concluded that the origin of the 
broad-band property of the "log-periodic antenna" is not in its log-periodic 
shape, but rather in the aspect of the shape that is derived from the self
complementary structure. 
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Fig. 9.16 Measured input resistances: 0 log-periodic MSCA; x log-periodic antenna, arranged in anti-com
plementary manner. 

9.5 Other developmental studies for derivatives 
of rotationally symmetric self-complementary 
structures 

Various developmental studies of rotationally symmetric self-complementary 
antennas, in addition to those discussed above, have been made incorporating 
approximations and modifications by means of deformations. Only those stu
dies performed at Tohoku University and its related institutions are briefly 
described below. 

The first is another alternate-leaves type SeA, where the shape of the leaves 
is in the form of quadratic curves [9.4] instead of linear strips or circular arcs. 

The second is dipole arrays incorporating tapered distributions of the dipole 
lengths, where the directions of excitation are alternately interchanged for 
every adjacent dipole element. These are tapered dipole arrays with transposed 
excitation. Accordingly, if such a structure is arranged log-periodically, then it 
reduces to the log-periodic dipole array (LPDA) [1.13]. For this reason, this 
kind of dipole array can be considered as a modification of the LPDA. 

Developmental studies in this category include the compound-spaced dipole 
array with distribution of dipole lengths tapered as a catenary curve [9.5], and 
the log-periodic dipole array with parasitic elements [9.6]. 
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A completely different type of planar self-complementary antenna was pro
posed by N. Inagaki. This consists of a two-dimensional array of square con
ducting sheets arranged as a chequer-board [9.7]. When this structure is excited 
by periodic sources, it forms a rotationally symmetric self-complementary 
structure. It is called the "Ichimatsu moyou antenna". 



10· DEVELOPMENTAL STUDIES OF 
AXIALLY SYMMETRIC SELF
COMPLEMENTARY ANTENNAS 

10.1 Experimental study of equally spaced 
unipole-notch array antenna 

As an example of an axially symmetric self-complementary antenna for prac
tical application, an equally spaced unipole (or monopole)-notch type array 
antenna with tapered distribution of the unipole-Iengths as shown in Fig. 10.1 
has been experimentally studied [8.1-8.3, 10.1-10.4]. According to the theory 
described in Chapter 4, this has a constant input impedance of 607r 0 under the 
condition that the end terminals are terminated by a lumped resistance or a 
transmission line with 607r O. However, the end terminals of the tested struc
ture are opened as shown in the same figure. 

Measurements' of the input impedance have been made in the frequency 
range of 1.0-2.0 GHz by varying the pitch of the teeth in the teeth-type 
array. Figures 1O.2(a) and (b) show examples of the results for just two cases 
from the results obtained for S = 1,2, 3 and 4 cm. 

"1 ( 31cm~ 

t\ 
26.=40° 

x"""'-

8 1 
LO 
cD 

LJ~r=~~~~-=~~~~~~~)I 
Fig. 10.1 Equally spaced axially symmetric SeA. 
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2.0 

(a) (b) 

Fig. 10.2 Measured inpu1 impedance of equally spaced SeA (~ = 50 0): (a) S = 2 cm, (b) S = 4 cm. 

The impedances are normalized to 50 n in these Smith charts. It is found 
from the charts that concentration of the values of impedance around the point 
607l' n on the chart is satisfactory for all cases. 

Measurements of the radiation characteristics of unipole-notch (U-N) type 
antennas have also been made by varying their various parameters. Examples of 
field patterns Eo in the xz-plane are shown in Fig. 10.3. The cross-polarization 

f 

S G~H_Z_) __ ~1.~0~ ____ ~1.~2~ ____ ~1.~4~ ____ ~I ~. 6~ ____ ~1.~8 ________ ___ 
(em) ,.. x 

2.0 

,i 1--~ l--~- -~---~ 
2 ~-~-

3 

4 

Fig. 10.3 Measured field patterns of equally spaced SeA (20 = 40°, A = 31, B = 8, C = 36.5 cm). 
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Fig. 10.4 Measured maximum gains of the equally spaced SeA for various frequencies. 

component of the radiation field does not occur in the same plane as that which 
includes the antenna structure, but rather in the xy-plane as two side-lobes, one 
on each side of the x-axis. 

According to the results of Fig; 10.3, uni-directional patterns remain almost 
unchanged for varying dimensions of S so long as it has small values. However, 
the uni-directional property deteriorates for antennas with increased dimen
sions of S near to a quarter-wavelength or larger. The direction of maximum 
radiation is tilted a little away from the x-axis, and slightly off the edge of the 
antenna sheet in the xz-plane. 

Absolute gains in the direction of maximum radiation are plotted in Fig. 10.4. 
The results show that the curves of the gains are almost independent of the 
dimensions of S so long as it remains under a limit that is slightly smaller than a 
quarter-wavelength. The gradual slopes in the curves can be attributed to the 
effects of finiteness in the dimensions of the antenna sheet. The gain increases to 
some extent as the edge of the sheet in the x-direction becomes longer. 

10.2 Equally spaced unipole-notch array antenna 
on a conical ground plane for the circularly 
polarized wave 

As an application of the equally spaced U-N type array antenna for the circu
larly polarized wave, four structures of such an antenna are mounted on a 
conducting conical surface as illustrated in Fig. 10.5 [8.2, 8.3, 10.4]. 
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(a) Top view 

(b) Side view 

Fig. 10.5 Equally spaced axially symmetric SeA mounted on a conical surface: (a) top view, (b) side view. 

In these structures, it should be noted that the actual shape of antennas 
mounted on opposite sides of the cone are different. Although they are almost 
identical, the phases of the periodic structures are shifted by a half-period so 
that the radiated fields are in opposite phase. For this reason, a pair of these 
antennas in alternate form can be excited in parallel connection, as shown in 
Fig. IO.5(a). This connection reduces the feeding impedance to half the original 
value, and the difference between the impedances of the antenna and that of 
the feeding cable can be reduced to a great extent. 
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Fig. 10.6 Measured input impedances for one pair of SeA (~ = 50 n. 211 = 30°). 

The measured input impedance of such a pair of antennas is plotted in Fig. 
10.6. The concentration of the values of impedance around 3011" n is quite good 
for frequencies from 0.85 to 2.4 GHz. Figures 10.7(a) and (b) show the mea
sured radiation patterns of Ell in the xz-plane (¢ = 0°) and the yz-plane 
(1) = 90°), while Fig. 10.8 shows the measured absolute gain for the same 
pair of antennas. 

The cross-pol'1rization components of the radiated fields have been found to 
be quite small. 

Figure 10.9 shows the measured axial ratio for two pairs of array antennas 
which are excited with 90° phase difference as illustrated in Fig. 10.5(a). 

The effects of the hybrid circuit are included in these results. Another feeding 
method which does not use the hybrid circuit has also been studied by applying 
the phase rotation principle [10.4]. 

10.3 Unipole-notch alternate array antennas 
stacked on both edges of an angular 
conducting sheet 

As mentioned in section 10.1, the direction of maximum radiation of a U-N 
array antenna is slightly tilted from the direction of the symmetrical axis. By 
making use of this property, two U-N arrays stacked on both edges of an 
angular conducting sheet have been studied [10.3, 10.4]. This type of structure 
is conceivable also as a simplified deformation of a pair of arrays on a conical 
ground plane, as explained in section 10.2. Figure 10.10 shows two examples of 
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Fig. 10.8 Measured absolute gains for xz-polarization. 

Fig. 10.9 Measured axial ratios for circularly polarized wave. 

such a structure, where a pair of arrays are placed in alternate form, as shown in 
Fig. 10.5(b). Accordingly, these two array antennas can be excited in parallel 
connection as illustrated in Fig. lO.lO(a). The structure in the same figure shows 
a proportionally spaced array, and Fig. lO.lO(b) shows an equally spaced array. 

The measured input impedances of these two antennas for frequencies from 
0.8 to 2.0 GHz are normalized to 50 n and plotted in Figs lO.l1(a) and (b). 
Concentrations of the values of impedance around 30n n on Smith charts are 
fairly good for both cases, in spite of the fact that the structures are drastically 
modified compared with the originals, which are placed on a semi-infinite 
planar conducting sheet. 

The measured radiation patterns for these two antennas are fairly similar 
and remain unchanged for frequencies from 0.8 to 2.0 GHz. The beam widths 
in the H- or xy-plane are always broader than those in the E- or xz-plane. 
Examples of the field patterns Eo for 1.0 GHz and 1.6 GHz are shown in Figs. 
lO.l2(a) and (b). 
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Fig. 10.10 Stacked U-N altemate array antennas: (al proportionally spaced, Q = 28°, {3 = 40° , 
T = ri!r;- l = 1;//;-1 = 0.9, (r; - r;_1)/4/; = 0.1, rn = 36 em, In = 9.2 em, W = 4 mm; (bl equally spaced, 
Q = 28°, g = 1 em, d = 2 em, rn = 36 em, In = 9.2 em, W = 4 mm. 

The cross-polarization component, Eq" of the radiation field does not exist in 
the xz-plane which includes the antenna structure, but a small amount of 
Eq,-component is observed in the xy-plane. Most of the cross-polarization 
component observed for the single array shown in Fig. 10.1 is suppressed in 
these stacked structures. The directive gains obtained for these antennas are 
more than 9 dBi. 



108 Self-Complementary Antennas 

(a) (b) 

Fig. 10.11 Measured input impedances for stacked U-N alternate array antennas (20 = 50 11): (a) propor
tionally spaced, (b) equally spaced. 

XZ-Plane XY-Plane XZ-Plane XY-Plane 

iU-1ll jL-ID 
f"I.OGHz f=I.OGHz 

-W- ill-
f"1.6GHz f"1.6GHz 

(a) (b) 

Fig. 10.12 Measured field patterns Eo for stacked U-N alternate array antennas: (a) proportionally spaced, 
(b) equally spaced. 

10.4 Unipole-notch array antennas formed on 
the substrate of a printed circuit 

For the purpose of improving the mechanical strength of D-N array antennas, 
the substrate of a printed circuit has been introduced into these structures, and 
the effects of the dielectric plate have been studied from various points of view 
[8.3, 10.3, 10.5]. 

In these developmental studies, Teflon glass substrate of several thicknesses 
(for example, 0.9-2.0 mm) have been used in the experiments. The numerical 
results obtained from the effects of the dielectric plates depend on the thick
ness. For this reason, some of the important results or useful information are 
itemized below: 
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The wavelength and the characteristic impedance of the self-complementary transmission line 
both decrease on the substrate. 

2 The resonant lengths of a slender unipole and a slender notch become shorter on the substrate. 
3 The shortening percentage for the resonant length of the unipole on the substrate is a little 

smaller than that of the notch. 
4 The input resistance at resonance decreases for the unipole, but increases for the notch. 
5 U-N array antennas can be formed on the substrate of a printed circuit by reducing various 

dimensions compared with those in free space. The concentration of the input impedance on a 
Smith chart is satisfactory. 

6 U-N alternate array antennas stacked on both edges of an angular conducting sheet can be 
formed on the substrate, without appreciable deterioration of the constant-impedance property 
and the radiation characteristics. 

Some numerical values for an example of the substrate of a printed circuit 
are shown in Table 10.1, and numerical examples for U-N array antennas on 
that substrate are listed in Table 10.2. 

These data have been obtained as the results of the developmental studies 
mentioned above. 

Table 10.1 Example of numerical constants for a printed-circuit substrate 

No. Item Numerical constant 

2 

3 

4 

5 

Specific permittivity 

Loss tangent 

Intrinsic impedance 

Wavelength reduction factor 

Thickness of the dielectric 

<r = 2.6 

tan 8 = 0.0022 

Zs = 233.611 

62% 

1 mm 

Table 10.2 Numerical examples obtained for U-N array antennas on a printed-circuit substrate" (0.8-
7.0GHz) 

No. 

2 

3 

4 

5 

6 

7 

8 

9 

Description In free space 
(in dielectric) 

Wavelength along self-complementary transmission 100% 
line (62%) 

Resonant length of unipole (versus quarter
wavelength) 

Resonant length of notch (versus quarter
wavelength) 

Designed length of unipole (versus quarter
wavelength) 

Designed ratio of notch length to unipole length 

Input resistance of unipole at resonance 

Input resistance of notch at resonance 

Characteristic impedance of self-complementary 
transmission line 

Centre of concentration for input impedance 

93-94% 

93-94% 

100% 

about 8011 

about 44011 

18811 
(11711) 

18811 
(11711) 

"Widths of the self-complementary transmission line, unipole and notch: 1 mm. 

On substrate 

77% 

80-81% 

73-76% 

88% 

0.92--0.97 

about 7011 

450-50011 

about 14511 

about 14511 



11 • MONOPOLE-SLOT TYPE MODIFIED 
SELF-COMPLEMENTARY ANTENNAS 

11.1 Monopole-slot type antennas derived from 
the three-dimensional self-complementary 
antenna 

The radiation of the three-dimensional SCA shown in Fig. 6.7 is separated into 
two portions which are respectively in the upper and the lower half-spaces 
divided by the infinite horizontal plane of the conducting sheet. By taking 
this property into account, a practical application of this antenna is conceiva
ble, where only the upper half of its radiation is utilized. 

To realize such a practical antenna, a monopole-slot (M-S) type new 
antenna, as shown in Fig. 11.1 is proposed [8.8, 8.9, 11.1]. 

The top view of this antenna is identical to that of the three-dimensional 
SCA as shown in Fig. 6.7, but the lower half of the vertical structure is excised 
from the original structure. Accordingly, the radiation to the lower half-space 
from the new structure must be considerably reduced, though the radiation to 
the upper half-space is expected to be unchanged. However, it seems that a 
theoretical general treatment of such a structure is not straightforward. For 
this reason, the author and his colleagues have studied this type of modified 
SCA (MSCA) mainly by experiment. 

Initially, the frequency characteristics of the input impedance of this antenna 
over the frequency range 0.95-2.2 GHz were studied. The measured results are 
plotted in Fig. 11.2, where the values of impedance are normalized at 50 O. The 
chart shows that the constant-impedance property is preserved quite well, in 
spite of a great deal of deformation from the self-complementary structure. 
However, the centre of the concentration is evidently shifted towards a higher 
value compared with the original impedance of 307r O. Incidentally, further 
discussions about the value of the input impedance of this type of structure will 
be made in the next section by considering some limiting cases. 

The radiation characteristics of this antenna were also studied. The mea
sured results show that the radiation patterns are almost independent of the 
frequencies in the range 1.0-2.0 MHz. An example of the pattern E</> in the xy
plane is shown in Fig. 11.3. 
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36 

"'0 
z 

Fig. 11.1 M-S type MSCA. 

2.0 

Fig. 11.2 Measured input impedance of M-S type MSCA (.2iJ = 50 (1). 

The elevation angles for the maximum radiation cPmax are around 25° or a 
little larger. The radiations to the lower half-space below the horizontal plane 
are at the level of ab~ut -5 dB or less, compared with the maximum radiation. 
Figure 11.4 shows an example of the measured field pattern in the plane which 
includes the direction of the maximum radiation and the z-axis. 

The variations of cPmax and the maximum power gain for various values of 
parameters are shown in Figs 11.5 and 11.6. 
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y ~------~~~--------~ 

f= t.5G 

x 
Fig. 11.3 Measured field pattem Eo of M-S type MSCA in the xy-plane. 

z 

f= t.5G 

Fig. 11.4 Measured field pattem of M-S type MSCA in the plane that includes the direction of "'max and the 
z-axis. 

Further developmental studies on this type of MSCA have also been made 
from the view-point of practical applications [8.3, 8.7, 10.3, 10.4]. 

11.2 A monopole-slot antenna element as a 
limiting case 

The most simplified structure of a monopole-slot type antenna is the slender 
monopole-slot antenna element illustrated in Fig. 11.7(a). This is equivalent to 
the three-dimensional SCA shown in Fig. 6.6. Such an antenna can be easily 
analysed by the conventional theories of the linear antenna and the slot 
antenna. 
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Fig. 11.6 Measured absolute gains of M-S type MSCA. 

Let the voltages and currents at the two ports in Fig. 11. 7(a) be VI,II and 
V2 , h, respectively, and those of the monopole antenna and the slot antenna be 
Va,Ia and Vs, In respectively. 

Then, from the equivalent connection of the feeding circuits illustrated in 
Fig. 11.8, we obtain 
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(a) (b) 

2Va 
10 
Za 
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(e) 

Fig. 11.7 Slender M-S antenna element and corresponding elementary antennas: (a) M-S element 
(Z", 30V21l" 0), (b) dipole antenna, (c) slot antenna. 

Fig. 11.8 Equivalent connection of feeding circuit. 

} (11.1 ) 

h = (1/2)la - Is 

In addition, the input impedances Za and Zs for the dipole antenna shown in 
Fig. 11.7(b) and the slot antenna shown in Fig. 11.7(c), which are derived 
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respectively from the monopole portion and the slot portion of the structure in 
Fig. 11. 7(a), are given in the relationships 

and ( 11.2) 

Furthermore, from the complementary relationship between these two anten
nas, we find that 

(11.3) 

Now, let port 2 be terminated by ZJ, and the input impedance at port 1, under 
such a condition, be Z. These are written as 

and (11.4) 

Some straightforward manipulations with relationships (11.1)-(11.4) lead to 

Z = 2ZaZs + 2ZaZ, + ZsZ, 
2Za+Zs+4Z, 

(11.5) 

In this equation, if we assume that the input impedance is equal to the loaded 
impedance, then we obtain 

[0] ( 11.6) 

This value of impedance is evidently independent of source frequency and sizes 
of the monopole and slot antennas. Here, the dipole antenna which corre
sponds to the monopole is complementary with the slot antenna. 

As mentioned in section 11.1, the centre of the concentration for the mea
sured values of impedance, as seen in Fig. 11.2, has not yet been determined 
theoretically. However, the chart evidently shows that the impedance at the 
centre of the concentration coincides approximately with 30V27r 0 which is 
theoretically obtained from (11.6). 

This particular value of impedance can be confirmed by a limiting case of the 
characteristic impedance for a modified self-complementary transmission line, 
which is shown in Fig. 11.9. 

Fig. 11.9 Geometry of modifiedself-complementary transmission line (Z :oe 30V2". 0). 



Monopole-Slot Type Modified Self-Complementary Antennas 117 

This transmission line can be derived from the self-complementary transmis
sion line in Fig. 6.5(a), by excising the lower half of the vertical structure. If we 
assume that the transverse cross-section of the new transmission line is suffi
ciently small compared with the wavelength, then the characteristic impedance 
Zc can be calculated by the method of conformal mapping, as a limiting case 
where the electromagnetic fields are reduced to the static fields [10.3, 10.4]. 
Thus, the impedance was obtained by T. Ishizone as 

(11. 7) 

This impedance is identical to the value obtained from (11.6). 
These interesting theoretical results suggest that the experimentally obtained 

broad-band characteristics and the value of the input impedance for monopole
slot type antennas must have some theoretical foundation. However, such a 
new theory is still to be investigated, as well as other problems related to 
modified self-complementary structures. 



12 • CONCLUSION 

Self-complementary antennas have constant input impedance, independently 
of the source frequency and of the shapes of their structures. This nature has its 
origin in the "principle of self-complementarity", and various types of extre
mely broad-band antennas have been developed from this basic principle as its 
practical applications. In this book, such types of self-complementary antenna 
and their origin, the "principle of self-complementarity", are treated in detail. 

Initially, the background to the emergence of these new types of antenna 
structure was reviewed, and a brief history of self-complementary antennas was 
chronologically traced, placing particular emphasis on the research performed 
by the author. 

Next, the rigorous treatments of the fundamental theories that lead to the 
discovery of the "principle of self-complementarity" were made in detail, and 
the derivation process for self-complementary planar structures in basic form 
was clearly explained. 

After this, extensions of the theory to various other cases were discussed, 
including multi-terminal planar structures, three-dimensional structures and 
periodically stacked structures. All the self-complementary structures derived 
from theory have the constant-impedance property, but unfortunately they 
contain infinitely extended conducting sheets. 

To overcome the inconveniences that arise from the theory, various approx
imations and/or modifications of self-complementary structures have been 
made for practical applications. Some of the results obtained from the mainly 
experimental extensive studies performed at Tohoku University, and its related 
institutions, are explained in the latter part of the book. However, the descrip
tions are limited to only important results that are essential to the process of 
developmental investigations for extremely broad-band practical antennas. 

It is made plain in the text that there are still certain problems to be inves
tigated in connection with various shortcomings. But the theory nonetheless 
provides a firm foundation and effective technological guidance principle for 
investigations into extremely broad-band practical antennas. Furthermore, 
extensive applications of the "principle of self-complementarity", a significant 
and effective basic principle, may be expected not only for practical antennas, 
but also for various problems in other fields. 

The author earnestly hopes for further developments and more extensive 
applications of this theory, both in pure science and in technological applica
tions. 
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