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PREFACE

Electromagnetic fields is one of the classical disciplines that has been around for
some time. However, still today new scientific and technological applications in
this area keep on growing. Therefore electromagnetic fields is a core subject not
only for electrical engineering and physics majors, but also for students coming
from many other disciplines. There are a number of excellent textbooks that were
developed to meet the requirements of traditional curricula. These are mostly
suited for introductory one- and two-semester sequences in electrical engineering
or physics programs. Since many of the new areas developed lately warrant
integration into the electrical engineering curriculum, it is often difficult to accom-
modate a traditional two-semester sequence in electromagnetic fields along with the
suitable prerequisite courses. Further there is almost no room left for an upper-level
course that includes some contemporary applications of electromagnetic fields. This
book is attempting to address these issues.

The subject matter of this book is arranged such that it is suitable for students
with the basic calculus and basic physics that are required at the college level.
After a brief review of the fundamental units and prefixes, electrical sources and
fundamental quantities are introduced in Chapter 1. This is followed by the charac-
teristics of sinusoidal waves. A working introduction of complex numbers is also
included in this chapter. Chapter 2 begins with the definitions of vectors and
the manipulation techniques of vectors in rectangular, cylindrical, and spherical
coordinates. The concepts of scalar and vector fields are introduced. Vector
calculus is briefly reviewed along with the gradient of scalar fields, and the
divergence and curl of vector fields. The relevant theorems are covered as well in
this chapter.

ix
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Maxwell’s equations in their large-scale form are introduced in Chapter 3 as
experimental facts expressed mathematically. A number of examples are used to
illustrate their importance. After introducing the equation of continuity, Maxwell’s
equations in point form are found via the divergence and Stokes theorems. Sections
on the constitutive relations and the boundary conditions follow. The chapter ends
with introductions of the Lorentz force equation and the Poynting theorem. Chapter
4 presents the propagation characteristics of uniform plane waves along with some
simple applications. The formulation of Helmholtz’s equation is summarized and
used in the construction of uniform plane waves propagating in various media of
infinite extent. The concepts of reflection and transmission of these waves at an
interface with another medium are also discussed in this chapter.

Chapter 5 begins with the fundamentals of signal propagation in frequency
domain. The Smith chart technique is presented for analyzing transmission line
circuits. This chapter concludes with an introduction to time-domain analysis of sig-
nals traveling on a transmission line. The concepts of magnetic charge and current
are the subject of Chapter 6. After a brief discussion of the modified Maxwell
equations, vector and scalar potentials are introduced. The techniques covered
in this chapter are used to construct solutions of electromagnetic problems in
rectangular, cylindrical, and spherical coordinate systems.

Chapter 7 begins with an analysis of electromagnetic fields produced by an
infinitesimal current element in an unbounded medium. After a discussion of
antenna parameters, the radiation behavior of a linear antenna is presented. Follow-
ing this, the concepts of antenna arrays are presented along with broadside and
end-fire arrays. This chapter includes a section on the Friis transmission formula
and the radar range equation.

Electrostatic and magnetostatic fields are considered in Chapters 8 and 9 as a
special case of time-varying electrical sources. A number of electrostatic problems
are analyzed via Poisson’s and Laplace’s equations. Energy storage in electrical
capacitors and inductors is introduced along with a few application examples. The
fundamentals of magnetic materials and the magnetic circuits are also discussed
in Chapter 9.

Further applications of the solution techniques of Chapter 6 are found in Chapter
10 where the signal propagation is studied in cylindrical waveguides of rectangular
and circular cross sections. This chapter includes sections on rectangular and circu-
lar cylindrical cavity resonators. Chapter 11, the last chapter of this book briefly
explains two widely used numerical techniques to solve electromagnetic problems.
The concepts of finite difference are illustrated by a few simple examples. A section
on the method of moments is included in this chapter. The problem formulation
required for the method of moments is the topic of the last section of this chapter,
and it covers the scattering of a planar electromagnetic wave from a conducting
cylinder as well.

There are eight appendixes providing relevant mathematical formulas, Bessel
functions, and Legendre functions. An appendix is also devoted to the concept of
the delta function along with its application in finding electromagnetic fields in an
unbounded medium.
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Some of the highlights of the book are as follows:

« The fundamentals of complex numbers and vector analysis are presented at the
beginning along with a number of solved examples. Readers already familiar
with these topics can easily skip the first two chapters.

- Maxwell’s equations are introduced early in Chapter 3 as mathematical rep-
resentations of experiments. After a brief presentation of constitutive relations
and boundary conditions, the Lorentz force equation is introduced. A number of
examples are used to illustrate applications of the various formulas.

Uniform plane waves are presented in Chapter 4. The chapter includes a
number of simple application examples.

- Transmission line circuits are presented in Chapter 5. This discussion can be
easily moved to the beginning of a semester’s work if an instructor prefers that.

The rest of the material can be used for upper level technical elective or a begin-
ning graduate level courses. Also the last section of Chapter 4 can be easily
replaced with Chapters 8 and 9 in a first course.

. There are some 170 fully solved examples that are closely connected to the
material presented in each chapter. The book includes over 225 practice
problems as well.
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INTRODUCTION

The area of electromagnetic fields plays a central role in numerous scientific and
technical applications. It includes television and audio broadcasting, optical
communication, and wireless communications. We not only can communicate
from virtually anywhere on the planet but can get detailed pictures of distant planets
at the speed of light. Civilian and military personnel in aviation, law enforcement,
remote sensing, weather forecast, to name a few, currently use a variety of radars.
Physicians can get a detailed image and better diagnostics of the patient through
devices and instruments developed via the principles of electromagnetic fields.
Since electrical signals generate and propagate inside the human body to manage
various functions, these electrical fields (e.g., the electrocardiogram) are monitored
in diagnostics as well.

The concept of electromagnetic fields is believed to have originated in ancient
Greece. The Greeks observed electric and magnetic phenomenon perhaps as
early as 800 Bc. They noticed that a piece of amber attracts pieces of feather after
rubbing. In Greek, amber is called “elecktron” and the word “electric” comes
from that. Further they found that certain naturally found stones attracted pieces
of iron. These are now called magnetite, perhaps after the shepherd named
Magnes who got stuck due to the iron nails in his shoes. Magnetite was found in
a northern central district of Greece named Magnesia, the word “magnetic”
comes from that. It was found through systematic experiments that there are
two different kinds of electrical charges. Benjamin Franklin named them positive
and negative. Perhaps most significant developments in electromagnetic fields

Practical Electromagnetics: From Biomedical Sciences to Wireless Communication.
By Devendra K. Misra
Copyright © 2007 John Wiley & Sons, Inc.



2 INTRODUCTION

TABLE 1.1 Fundamental SI Units

Quantity Unit Symbol
Length meter m
Mass kilogram kg
Time second s
Current ampere A
Temperature Kelvin K
Luminous intensity candela cd

TABLE 1.2 Multiplying Prefixes for Units

Multiplying Multiplying
Prefix Prefix Symbol Prefix Prefix Symbol
10'® exa E 1072 centi c
10" peta p 1073 milli m
102 tera T 1076 micro 0
10° giga G 10°? nano n
106 mega M 10712 pico p
107 kilo k 107" femto f
10718 atto a

happened during nineteenth century when it was established that electric and mag-
netic fields are related phenomena. Principles of electrical generators and motors
were established, and the light being an electromagnetic wave was recognized.
In 1873 Maxwell elegantly summarized various observations and experimental
facts through a set of equations that formed the foundation of technological
advances of today.

The SI system of units is followed in this book, as it is standard practice in
modern science and engineering. Fundamental SI units are given in Table 1.1
along with their symbols. Other units that we will need to express electromagnetic
field quantities can be expressed in terms of these, and therefore those units are
regarded as secondary. Further sometimes we come across so small or so large a
quantity that usual unit becomes inconvenient. This can be avoided via the prefixes
that are listed in Table 1.2.

1.1 ELECTRICAL SOURCES AND FUNDAMENTAL QUANTITIES

Now we know that there are positive and negative electrical charges as protons and
electrons in an atom. Electrical charge cannot be created or destroyed, but it can be
transferred. In the case of biological systems, such as the human body, positive and
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negative ions of sodium, potassium, and chloride play role in transferring infor-
mation from one point to the other. For instance, the action potentials propagate
through the nerve fibers, carrying information to or from the brain. Similarly the
pacemaker cells found at SA node of the human heart generates an electrical
signal that propagates through cells to control the blood flow.

Electrical charge is measured in coulombs (denoted as C), after the great French
physicist Charles Coulomb. For example, the charge on an electron is
—1.602 -10" ' C. Thus 1 C of charge will require over 6 - 10'® electrons. The elec-
trical current is found when the electrical charge moves. A unit of electric current is
an ampere (denoted as A), which is equivalent to coulomb per second. A volume
charge density p is defined as the charge per unit volume. Note that the volume
has to be small enough to represent point-to-point variations accurately; at
the same time it should be large enough to contain a fairly large number of discrete
charges. Mathematically

.8
pzsl‘}goﬁc{, C/m’, (1.1.1)

where 8¢ is the charge in coulomb that exists in a small volume 8V.

In certain physical situations the charge may exist only on an area element s or
even on a length element 8/. Surface or length charge densities are more appropriate
in such cases. These densities are defined as

. 8q 2
ps = ggglog C/m (1.1.2)
and
. 6q
Py = slelino§ C/m. (1.1.3)

The electrical current / is defined as follows:

_do,

1= . 1.14
I (1.1.4)

Since current must flow through a finite area, it is not defined at a point. An
associated point function used in electromagnetic fields is the current density J
that is defined as the current per unit area:

N DU
J= lim =i = pv A/nv, (1.1.5)

where 7 is the unit vector normal to the elemental area 6A (therefore in the direction
of current flow) and v is velocity of the charge flow.
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The surface current is defined as

- .ol
Js = 5113131067 A/m. (1.1.6)

Electric Field Intensity

It is found that like charges repel and unlike charges attract one another. Electric
field intensity E (also known as the electric field strength) at a point in space is
defined as the electric force acting on a positive test charge placed at that point
divided by the magnitude of that test charge. It is assumed that the test charge is
small enough such that it does not disturb the original charge distribution. Hence

-

-

F
E=lim—. (1.1.7)
q9—>0qg

According to this definition, a unit of the electric field intensity is Newton per
coulomb. A more commonly used unit is volt per meter, which is defined via the
electrical potential. The work done by an external source to move a charge of 1 C
from one point to another is defined as the potential difference:

b
WabzA(I):—J E-dt]/C. (1.1.8)

a

The joule per coulomb unit for the potential difference A® is defined as volt (V), and
therefore electric field intensity is expressed in volt per meter.

Electric Flux Density

Michael Faraday was the first to develop the concept of electric flux by way of an ice
pail experiment. His experiments showed that if two concentric spheres, isolated
from each other, are used and a positive charge is placed on the inner sphere,
then the positive charge induces a negative charge of equal amount. He concluded
that there was some electric flux proportional to the charge. Today electric flux den-
sity D is defined as the electric flux passing through per unit area. Sometimes it is
also called the electric displacement. It is expressed in coulombs per square meter
(C/m?). This provides a clue to understanding the interaction of electric fields
with material media.

Magnetic Flux Density

As mentioned earlier, Greeks knew about magnetism from around 700 BC. Pierre de
Maricourt used a spherical natural magnet in 1269 to map out the direction that a
needle took when placed at various points on a spherical surface. He found that
the directional lines originated from one point and terminated at an entirely opposite
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TABLE 1.3 Fundamental Field Quantities

Field Vectors Symbol SI Unit
V/m

e

Electric field Electric field intensity or
electric field strength

Electric flux density or D C/m?
electric displacement _
Magnetic field Magnetic flux density B T or Wb/m?
Magnetic field intensity or H A/m

magnetic field strength

point. He named these points the poles of the magnet. It was found later on that these
poles existed for all magnets and so were termed north and south poles. Further
it was found that the two poles could not be separated the same way as negative
and positive electrical charges. Electrical lines of force emanate from positive
charges and terminate at negative charges. Similarly magnetic lines of force orig-
inate from the north pole and sink at the south pole.

Experiments showed that the magnetic field cannot change the velocity of a
moving electrical charge, but it can change the direction of its motion. The force
per unit charge was found to be proportional to the velocity as well as a magnetic
quantity that is called the magnetic flux density B. It is also known as the magnetic
induction and expressed in weber per square meter (Wb/ m?) or more commonly in
tesla (T).

Magnetic Field Intensity

A current-carrying conductor has an encircling magnetic field. If a conducting wire
loop of enclosed area A has current I, then its vector magnetic moment is defined
as JA with its direction normal to the loop. Since there are electrons orbiting and
spinning in atoms, they produce equivalent magnetic moments. The magnetiza-
tion vector M describes the magnetic state of a substance. The magnitude of this
magnetization vector is defined as the magnetic moment per unit volume of the
substance. When there are magnetic fields due to the current flow as well as those
produced by the substance, it becomes convenient to introduce another vector
field quantity H that represents the magnetic field intensity or the magnetic field
strength. It is expressed in amperes per meter (A /m). Fundamental electromagnetic
field quantities are listed in Table 1.3 along with their symbols and units.

1.2 STATIC AND DYNAMIC FIELDS

Electrical charges that are constant with time produce electrical fields that do not
vary with time, and therefore these fields are called electrostatic fields. Similarly
a constant current produces a magnetostatic field. The static fields are independent
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of each other. On the other hand, time-varying sources—both currents and
charges—produce electric as well as magnetic fields that change with time, and
therefore these are called dynamic fields. Dynamic electric fields are related to
dynamic magnetic fields. In other words, time-varying electric fields are not inde-
pendent of magnetic fields generated by the source. In general, the time variation
of these fields can have any form. However, if they change with time following a
sine function, then we call them the time-harmonic fields. Since even nonsinusoidal
signals can be expressed as a sum of many (theoretically infinite) sinusoidal signals,
we will focus mainly on time-harmonic fields. It is also easier to analyze time-
harmonic fields than other dynamic fields.

Propagating Sinusoidal Waves

When a string is disturbed at its one end, the signal travels along its length. This may
be called a one-dimensional propagation of the wave. Similarly a wave propagating
over a drumhead is two-dimensional. In case of electromagnetic fields we deal with
three-dimensional waves. The direction of propagation is normal to a surface over
which electrical characteristics are the same. If this surface represents a plane,
then it is called a uniform plane wave. If the surface is cylindrical, then it is a
cylindrical wave. Similarly the spherical waves have uniform characteristics over
the spherical surfaces.

A wave traveling through a medium that does not absorb its energy is expressed as

v(z, ) = Acos(wt — Bz + 0), (1.2.1)

where A is known as amplitude of the wave; w is the angular frequency in rad/s
and ¢ is the time variable in s; B is called the propagation constant in rad/m and z
is the space variable in m, and 6 is an arbitrary constant phase angle in rad.
Figure 1.1(a) shows typical characteristics of v as a function of time # when keeping

vz, t=c)

FH

Figure 1.1 (a) v(z, 1) as a function of ¢ with z constant and (b) as a function of z with ¢
constant.

vz=c¢t)

whlo
on

(b)
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the distance z constant (i.e., at a fixed location). The time over which a wave goes
through a 27rrad (i.e., 360°) phase change is known as the wave’s time period 7.
The inverse of the time period in seconds is known as the wave’s frequency
f, which is expressed in hertz (Hz). Angular frequency w is related with this as 27f,
and itis expressed in radian per second (rad/s). Figure 1.1(b) shows the characteristics
of v as a function of distance z while time ¢ is kept fixed. Thus it represents a snapshot
of v. The amplitude of the wave is the same as that in Figure 1.1(a), so the general
behavior looks the same. However, the amplitude is a function of distance now.
The distance over which the wave goes through a 27 rad change is called the wave-
length A of the wave. The wavelength is expressed in meters. The propagation
constant B is equal to 27/\. The ratio of the angular velocity to its propagation
constant gives the phase velocity v, of the wave:

_ o 2nf
vy = 5= 27T/)\_f)\. (1.2.2)

The velocity of any electromagnetic wave in free space is the same as that of the
speed of light, which is approximately equal to 3 -10® m/s. The electromagnetic
spectrum is given in Table 1.4. Note that the visible light, infrared, X rays,
gamma rays, and radio waves all belong to the family of electromagnetic waves.
Table 1.5 lists commercial broadcast TV and radio channels that are also part of
this family.

Example 1.1

Wavelength of a laser signal in air is found to be 632.8 nm. Find its frequency
in Hz and in rad/s, and the time period.
From (1.2.2) we have

3. 108
I = 28107
w="2mf =29787 - 10" rad/s = 2.9787 Prad/s,

= 474.08 - 10" Hz = 474.08 THz,

and

1 1
T:J?:mzz.n 107 P s =211 fs.

Example 1.2

The dipole antenna shown in Figure 1.2 is found to be very effective in sensing
electromagnetic radiation when its length is close to one-half of the signal
wavelengths. Find a suitable length that works for the FM band.
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TABLE 1.5 Frequency Bands Used in Commercial Broadcasting

Channels Frequency Range Wavelength Range
AM 107 535 kHz-1605 kHz 186.92 m-560.75 m
TV 2-4 54 MHz-72 MHz 4.17 m-5.56 m

5-6 76 MHz-88 MHz 341 m-395m
FM 100 88 MHz-108 MHz 278 m-3.41m
TV 7-13 174 MHz-216 MHz 1.39m-1.72 m

14-83 470 MHz-890 MHz 33.7cm-63.83 cm

i< A2 >‘

Dipole antenna

Transmission
line

M
receiver

Figure 1.2 A dipole antenna with a receiver.

From Table 1.5, the FM band includes 88 MHz to 108 MHz. The signal wave-
lengths at these two extremes are found to be

3. 108
B
% =gg 106 oM
and
3.108
Ao = Tog 108 — 278

Therefore, if we select 1.7 m long antenna, then its length is exactly one-half
wavelength at 88 MHz, and it will be longer at other frequencies in the band.
On the other hand, a 1.39 m long antenna will be exactly one-half wavelength
at 108 MHz but shorter than one-half at lower frequencies in the band. A
1.5 m long antenna should be a good compromise for the band.

Example 1.3

A satellite is being used for the wireless communication at 2.5 GHz. If its altitude
is 10,370 km, find minimum possible time lag in signal reception between
the two ground stations.
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Since all electromagnetic signals propagate with speed of light, the time lag At by
the signal to reach at the receiver is

2.10370- 103
At="—"  —69133-102s = 69.1
t 3 108 6.9133-107%s = 69.13 ms

1.3 WORKING WITH COMPLEX NUMBERS AND FUNCTIONS

Complex numbers are used to simplify mathematical analysis in many areas invol-
ving sinusoidal signals. This includes the electrical circuits and electromagnetic
fields. Therefore this section reviews the complex numbers and functions briefly.
Consider a point P on the complex plane as shown in Figure 1.3. Its coordinates
are (a, b). This point may be identified in polar coordinates as ¢/ ¢. Using complex
algebra, we can express this as follows:

c=a+jb, (1.3.1)
where
j=v-1—j*=-1 (1.3.2)

From Figure 1.3 we find that

lc| = Va2 + b? (1.3.3)

and
b
¢ = tan~! () (1.3.4)
a
Imaginary
axis
A
(a,by=cL®
bp---------- P
!
¢ |
0 Lll P Real axis

Figure 1.3 Graphical representation of the complex number.



1.3 WORKING WITH COMPLEX NUMBERS AND FUNCTIONS 11

Similarly

a=|c|cos ¢ (1.3.5)
and

b = |c|sin ¢. (1.3.6)
Therefore

c=lc|Lp=a+jb=|c|cosd+jlc|sin ¢ = |c|(cos p+jsin Pp) = |c|e’® (1.3.7)

We can switch back and forth as needed in the analysis. Equation (1.3.7) includes
De Moivre’s formula, which is written as follows:

et = cos nx + j sin nx, (1.3.8)

where the + sign on the left goes with the 4 on the right. Similarly two minus signs
go together. Also

(™" = (cosx +j sinx)" (1.3.9)

From (1.3.8) we find that

ejnx _ e—jnx

sinnmx=—— (1.3.10)
2j
and
inx —jnx
cos nx:%. (1.3.11)

Addition and Subtraction of Complex Numbers

Consider two complex numbers ¢ and 4 that can be expressed as follows:
c=a+jb=|c|Lp=]|cle® (1.3.12)
and
h=f+jg = |h| L) = |h|e/®. (1.3.13)

Addition of these two complex numbers is done by adding the real and imaginary
parts of ¢ and & as follows:

ct+h=(a+jb)+(f+jg = @+f)+jb+g. (1.3.14)
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Imaginary

c
1
1
P Real

Figure 1.4 Graphical representation of addition and subtraction of two complex numbers.

The addition process is depicted graphically in Figure 1.4. If ¢ and & form the
two sides of a parallelogram, then its diagonal represents the sum of two complex
(1.3.15)

numbers. Subtraction is just an extension of this addition. It is defined as follows:

c—h=(a+jb)—(f+jg) =(a—f)+jb—g.

Complex Conjugate of a Complex Number
Complex conjugate of ¢ is denoted by c¢*. It is defined as follows:
c*=a—jb. (1.3.16)

Multiplication and Division of Complex Numbers
The product of two complex numbers is found after multiplying the numbers term

by term as follows:
c-h=(a+jb)-(f +jg) = af +jbf +jag +/°bg.

(1.3.17)

Using (1.3.2), we find that
c-h=(af —bg) +jbf +ag).

Using polar representations for complex numbers, we find the equivalent result to be
(1.3.18)

= c| - |h|ej(¢‘+¢2).

c-h=lcle® - |hle/®
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Therefore, if a complex number is multiplied by its conjugate, then we have
c-c* =(a+jb)-(a—jb)=a*+b* = |c| (1.3.19)

Division of a complex number with another is found after multiplying the numerator
and the denominator by the complex conjugate of the denominator as follows:

c_a+jbf—jg _(af +bg) +jbf —ag)

g : ° — (1.3.20)
h f+igf—Js [+
Using polar representations, we find the equivalent result to be
c _ lele™ 1l i -4
—-= — = — . 1.3.21
h (hei®  (n© ( )

Example 1.4

Forc=1+j2and h = —2 —jl, find (a) c+ A, (b) ¢ — h, (c) ¢ -h, and (d) c¢/h.
We can find polar representations for the both as follows:

c=14j2=22361/11
and

h=-2—jl =22361e7>77,

@ c+h=14+724+(-2—j1)=—-1+jl.

b)) c—h=1+2—-(—2—j1)=3+]3.

(©) c-h:(1+j2)(—2—j1)=—2—j4—j1—j22=—j5.
Alternatively,

c-h=2.2361e/171 . 22361726770 = 507715708 — _j5

@ Co L2 2ol 2-pdjlo2 4o 43
T —2—jl —2—j1 (2P +(-1)’  4+1 5 75
— —0.8 —j0.6.
Alternatively,

c 2.2361¢/1-1071

_ i3.7850 __ .
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Square Root of a Complex Number

The square root of a complex number is multivalued because
¢ = |cle’® = |c|e/ ¢ ™, n=0,1,2,.... (1.3.22)
Therefore

Ve =[lelel P2 = il p =0, 1,2, (1.3.23)

Example 1.5

Find the square root(s) of a complex number ¢ = 1+ j2.

c=14j2=22361¢/"171 = 22361 ¢/™+1107D n=0,1,2,....

Therefore
Je = [2.236lej(2n17+1.1071)]1/2 — /2.236]¢/@nmt1.1071)/2
— 1.4954 £/(nm+0.5536)
For n =0,
Ve = 1.4954¢70336 = 1.2720 4 j0.7862.
Forn =1,

Ve = 1.4954¢/(mH0:3539) — 12720 — j0.7862.

These two roots repeat for higher order n.

Complex Representation of Time-Harmonic Signals

A time-harmonic real physical quantity v(f) is expressed mathematically as follows:
v(t) = V,cos(wt + 0), (1.3.24)

where V, is called the amplitude, w = 27f is the angular frequency in radian
per second, f'is frequency in Hz, and 0 is the phase angle of v(z).
We can also write (1.3.24) using complex representation as follows:

v(t) = Re[V, cos(wt + 0) + jV, sin(wt + 6)].

Note that Re stands for “real part of .
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Using (1.3.7), we find that
v(f) = Re | Voe/ 9| = Re | V,e/%e/® | = Re| Ve ], (1.3.25)
where V= Voe/? is called the phasor representation of v(f). In general, the
phasor is a complex number, whereas the actual quantity is a purely real function
of time. '
In practice, Re and e/“" are suppressed for simplicity. However, whenever we

need an expression for v(7) from a given V, the complex quantity V' is multiplied
by ¢’“" and then the real part of that is taken as the desired v(Z).

Addition and Subtraction of Phasors
If u(t) = U, cos(wt + 6;) and v(t) = V, cos(wt + 6,), then

u(f) + v(t) = Re{Ue’™} + Re{Ve’*'} = Re{(U + V)e/*'}, (1.3.26)
where U = erj % and V= Voej % are the phasors of u(f) and u(f), respectively.

Therefore the phasor equivalent for u(f) 4+ v(f) is U + V. Similarly it can be verified
that the phasor equivalent for u(f) — v(¢) is U — V.

Derivative and the Phasor

For v(t) = V,, cos(wt + 0) we find that

0 0 .

EU(I) = &[V0 cos(wt + 0)] = —V,w sin(wt + 6).
If we use the phasor representation, then we find that

9 9 9 o .
gv(t) = g[Vocos(wt +0)] = Reg[Voe/("e/“’t] = Re[jwVe']

= Re[joVoe/ ] = Re[ joV,{cos(wt + 6) + jsin(wt + 6)}]
= —wV, * sin(wt + 0).

Therefore the phasor equivalent for duv(r)/dr is joV.

Integration and the Phasor

For v(f) = V, cos(wt + 6) we find that

Jv(t)dt = JVO cos(wt + O)dt = Yo sin(wt + 6).
w
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If we use the phasor representation, then we find that

) vV jo ,jwt vV .
Jv(t) dt = J V, cos(wt + 0) dt = Re J Voe/lt0 — Re [W] =Re |: glw’]
jo

jw

—Re |:V0 cos(wtf + 6) ‘.*‘J'VO sin(e + 0)i| _Y sin(t + 6)
jo @

Therefore the phasor for [v(r)dr is V/jw.

Example 1.6

Current i(f) flowing through a capacitor C produces the voltage v(f) =V,
cos(wt + 0) across it, as shown in Figure 1.5. Establish the relation between
current and voltage phasors.
If g(¢) is the electrical charge on one side of the capacitor, then its relation with
the capacitance C and the voltage v(¢) is given as follows:
Q) dq(7) c4v®

= (t)—Cv(f)—>7 i(t)y=C I

(1.3.27)
For v(f) =V, cos(wt + 6) we have

. d . T

(1) = C =V cos(wr + )] = —aCVasin(wi + 6) = oCVicos (E + ot + 0).
If we use phasors, then we get

i(t) = Re[wCV,elH Tl | = Re[ jwCVoePe/*'] = Re[ joCVe!].
Therefore
I =jwCV,

where I and V are current and voltage phasors, respectively. Note that the same
result is found from (1.3.27) after switching to phasors and replacing the
time derivative by jw. Reactance X, of a capacitor is defined as

_V_ 1
‘T 17 joC
C
Yy |
| -
v()

Figure 1.5 Current and voltage on a capacitor.
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L
ity —p / ( S \
+ _

(1)

Figure 1.6 Voltage and current in an inductor.

Example 1.7

Current i(f) flowing through an inductor L produces the voltage v(f) =V,
cos(wt + 60) across it, as shown in Figure 1.6. Establish the relation between
current and voltage phasors.

Current i(f) and voltage v(¢) in an inductor are related as follows:

. 1( 1( Vo .
i) = ZJ v(PdT = ZJ V, cos(wT+ 0)dT = w—Zsm(wt +0)
v,
= w—Zcos(wt + 60— %)

If we use phasors, then we have

1( 1( v .
i(t) = fJ v(ndT = fJ Vocos(wr + 0)dT = Re| — e/ |. (1.3.28)
L L joL
Therefore
=
JjoL

where [ and V are current and voltage phasors, respectively. Note that the same
result is found from (1.3.28) after switching to phasors and replacing the time
integral by 1/jw. Reactance Xi of an inductor is defined as

1%
X = = jol.

Time Averages

The time average of a periodic signal is found by averaging the signal over a full
period. Therefore for u(f) = U, cos(wt + 6,), the time average is found to be
(" U, (" U
(u(t)y = TJO u(t)dt :%JO cos(wt + ;) dt = w—;sin(wt + 6))p = 0.

As expected, the time average of a sinusoidal signal is zero.
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On the other hand, the time average of the product of two sinusoidal signals
is nonzero. For example, if we have another sinusoidal signal v(r) such that
v(t) = V, cos(wt + 6,), then

T
w(Hv(t)) = UOTV(’J cos(wt + 6)) cos(wt + 6,) dt
0

AL JT cosQQwt + 0 + 6) + cos(6; + oz)dt
T 2

OV()

U,
= > cos (6; + 6,).

PROBLEMS

1.1.

1.2.

1.3.

1.4.
1.5.
1.6.
1.7.
1.8.

1.9.

The wavelength of a laser signal in air is found to be 589.3 nm. Find its
frequency in Hz and in rad/s, and the time period.

The dipole antenna shown in Figure 1.2 is found to be very effective in sensing
electromagnetic radiation when its length is close to one-half of the signal
wavelengths. Find a suitable length that works for the VHF band.

A satellite is being used for the wireless communication at 5.9 GHz. If its
altitude is 36,000 km, find minimum possible time lag in signal reception
between the two ground stations.

Forc =3+ j4dand h = —4 43, find (a) c + h, (b) c — h, (c) ¢ - h, and (d) ¢/h.
Forc = 3 —j4andh = —4 —j3,find (a) c + h, (b) ¢ — h,(c) ¢ - h, and (d) ¢/h.
Find the square root(s) of a complex number ¢ = 3 — j4.

Find the square root(s) of a complex number ¢ = —3 — j4.

Voltage v(f) = 2 cos(1207t + 0.15) V is measured across a 2 wF capacitor.
Find the phasor current flowing through it.

Voltage v(f) = 2 cos(200077) V is measured across a 2 mH inductor. Find its
reactance and the phasor current.



VECTORS AND FIELDS

As mentioned in the preceding chapter, certain electromagnetic quantities require
two associated numbers (its magnitude and the direction) to uniquely specify it
at a given point while only one (the magnitude) suffices for others. These quantities
can be categorized as vector and scalar quantities, respectively. The representation
of quantities as vector and scalar quantities not only simplifies the notation, it also
helps in the analysis of an electromagnetic system. A scalar quantity f'is completely
specified by a single number along with its dimensional unit, whereas two numbers
are associated with a vector quantity; one specifies its magnitude and the other its
direction. For example, electrical charge and potential are scalar, while electric
field intensity and magnetic field intensity are vector quantities. Other examples
of scalar quantities are the volume or mass of an object or the temperature at a
given point because these require only one number along with its appropriate
unit. The velocity and the force are vector quantities because these require one
number specifying the magnitude and the other its direction. Similarly a scalar
function f(x, y, z) is completely specified by a single number at the point (x, y,
z), whereas a vector function ﬁ(x, v, Z) requires two numbers, one for its magnitude
and the other for its direction at a given point (x, y, z). The analysis and manipu-
lation techniques of vectors and scalars are presented in this chapter.

Practical Electromagnetics: From Biomedical Sciences to Wireless Communication.
By Devendra K. Misra
Copyright © 2007 John Wiley & Sons, Inc.
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20 VECTORS AND FIELDS
2.1 WORKING WITH VECTORS

Unit Vectors and Vector Components

Unit vectors are helpful in analyzing systems involving vectors. A unit vector
always has unit length (or the magnitude) in a_given direction. Since the length
of an arbitrary vector A can be expressed as |A| = A, a unit vector a along this
vector will have |a| = 1, while its direction will be the same as that of the vector A.
Mathematically

a=2. 2.1.1)
A

Figure 2.1 shows a vector Ain the rectangular (Cartesian) coordinate system. In the
figure X, y, and Z are the unit basis vectors along the x, y, and z axes, respectively. The
vector can be resolved first into two components, A, along the y axis and A, that is on
the x-z plane. A, can be resolved subsequently into A, and A, along the x and y axes,
respectively. Thus the components of a vector in a given coordinate system are the

set of its projections along the three unit basis vectors:
A=AR+A+AL (2.1.2)

The magnitude (or length) of this vector is clearly

Al =A = A2+ A2+ A2, (2.1.3)

Z

Figure 2.1 Projections of a vector along the three axes of the rectangular coordinates.
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Example 2.1

ForA = 4% — 6y + 12z, find its magnitude |A| and a unit vector in the direction of
the vector.
Find the magnitude as

Al = /42 4+ (=6)* + 122 = 14,

The unit vector along A is then

L 4i—6p+ 122 2
a=——=—
7

14

Position Vector

As shown in Figure 2.2, a point P(x, y, z) in the rectangular coordinate system can be
expressed uniquely via a vector 7 as follows:

F=xx+yy+ 22 (2.1.4)
This vector 7 is called the position vector of point P. Hence

P(x,y,z) = P(7). (2.1.5)

Scalar Fields

A scalar quantity that varies with the coordinates (x, y, and z in the rectangular
system) can be expressed in terms of a variable position vector 7 as f(7). The

v P(x,y,2) = P(7)

Figure 2.2 Position vector of a point P(x, y, z) in the rectangular coordinate system.
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| g

Figure 2.3 A scalar field f(7) in the rectangular coordinate system.

scalar field is f(7) with continuous first partial derivatives at almost every point in its
domain of definition V. As illustrated in Figure 2.3, a scalar field assigns a number
f(#) to each point 7 in its domain V. Points where f(7) or its derivatives are discon-
tinuous are the source points of the field. Examples of scalar fields include tempera-
ture, pressure, electric charge, and electrical potential.

Vector Fields

A vector quantity that varies with the coordinates (x, y, and z in the rectangular
system) can be expressed in terms of a variable position vector 7 as A(7). The
vector field is A(7) with continuous first partial derivatives at almost every point
in its domain of definition V. Points where A(7) or its derivatives are discontinuous
are the source points of the vector field. As illustrated in Figure 2.4, a vector field can
be expressed in terms of three scalar component fields as follows:

AR = 2AF) + FAF) + 2A.(P). (2.1.6)

Thus a vector field assigns a vector A(F) to each point 7 in its domain V.
Examples of vector fields include current density, electric field intensity, mag-
netic field intensity, electric flux density, magnetic flux density, force, and the
velocity.
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y
A

Z

Figure 2.4 A vector field ;X(?) in the rectangular coordinate system.

Addition and Subtraction of Vectors

The sum of two vectors A and B is expressed as C =A+B. It is defined as the
componentwise sum of the two vectors. If

A=Y iAq (2.1.7)

and
B=Y"iB.. (2.1.8)

then
A+B=) ii(Aa+Ba) = C. (2.1.9)

Consider vectors A and B in rectangular coordinate system, as illustrated in
Figure 2.5. These vectors can be expressed as follows:

A=AR+AJ+AZ (2.1.10)

and

B=B3&+B,J+B.2: 2.1.11)
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(oY)

?%
[

|
|
|

Figure 2.5 Graphical addition of vectors A and B in the rectangular coordinate system.

Therefore
C=A+B=(A+B)i+ @A +B)j+ A +B)2
=Cx+CYy+C.z, (2.1.12)
where
Cx =Ax+Bx, (2113)
C, =A,+B,, (2.1.14)
and
C,=A,+B.. (2.1.15)

Figure 2.5 illustrates this mathematical process graphically. Note that a single vector
equation is equivalent to a set of three scalar equations. This feature of vector
equations helps to keep the electromagnetic field analysis compact and simple.

The following relations can be verified easily using the addition procedure of the
vectors.

A+B=B+A, (2.1.16)

A+B+CO)=A+B) +C. (2.1.17)
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Thus we find that the vector addition follows the commutative and the associative
laws. Further the negative of a vector has the same length as the original vector,
but its direction is reversed. This property can be used to find the difference of
two vectors as follows:

C=A-B=A+(-B). (2.1.18)
In other words, if
A=AR+AJ+AS (2.1.19)
and
B =B +B,5+ B, (2.1.20)
then
C=A—-B=(A,—B)i+ (A —B)y+ (A, — B.)2. (2.1.21)

Therefore the subtraction of vectors may be interpreted as a generalization of the
addition, with the direction of the vector to be subtracted reversed.

Example 2.2

A vector A is defined in the rectangular coordinate system as being directed from
(0, =1, 3) to (5, 1, —2). Find (a) a vector expression for A, (b) the magnitude
of A, and (c) a unit vector pointing in the direction of A.

(a) As shown in Figure 2.6, position vectors for the two points are found to be
Fl=-y+32

and

Therefore

(b) From (a),

IA| = /52 + 22 + (=5)* = /54 ~ 7.35.
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Figure 2.6 Points and related vectors for Example 2.2.

(c) Unit vector along

A 5i+2)-52
A V54

A=a= ~ 0.68% + 0.27) — 0.683.

Scalar and Vector Products

Two different kinds of multiplications are defined for the vectors. Scalar (or dot)
multiplication of two vectors produces a scalar quantity, whereas a vector (or
cross) product results in another vector that is perpendicular to the plan that contains
the two vectors. The scalar or dot product of two vectors is a scalar quantity defined
as follows:

A+ B = |A||B| cos(6), (2.1.22)

where 0 is the smaller angle between the two vectors, as illustrated in Figure 2.7.
The scalar product is commutative as well as distributive. This can be proved easily
via the definition of the dot products. These properties can be written as follows:

A-B=B-A (2.1.23)
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=1

>

A

Figure 2.7 Two vectors A and B used for scalar multiplication.

and
A+B):C=A-C+B-C. (2.1.24)

As an example, consider the unit basis vectors (¥,y,Z) in rectangular coordinate
system (x, y, z). Note that the unit basis vectors are mutually orthogonal (i.e.,
XL 31 7). From (2.1.22) and the Figure 2.7, we find that

cos(A=0)=1—>xx=yy=22z2=1 (2.1.25)
and
T A A A A A A
cos<0=§>:O—)x-y:y-z:z°x=0. (2.1.26)
Further
A+ B = RA, + A, +2A;) + (B, + B, + 2B.)
=X *XD)AB+()AB, +(Z*2)A.B;
+ (5E ° j\’)(AxBy +AyBx) + (57 ° 2)(Asz +AZB)')
+ (5Z ° 2)(Asz + A.B,).
Therefore

A+“B=AB, +AB,+A.B.. (2.1.27)

As a special case, consider the scalar product of a vector with itself. It may be found
from (2.1.27) as follows:

= AP cos(0) = JAP = A2 = A2 + A2 + A%, (2.1.28)

As shown in Figure 2.8, the scalar product of two vectors can be interpreted as
the product of the length of one vector with the component of other vector that
is parallel to it. Further, if A#0 and B # 0, then A-B=0 implies that the two
vectors are mutually orthogonal (i.e. A 1 B)
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A « B=AB cos(6)

i >

B cos(0)

Figure 2.8 Physical interpretation of the scalar multiplication.

As mentioned earlier, tlle vector or Cross product of two vectors A and B is a
vector quantity written as A X B. As illustrated in Figure 2.9, the direction of this
new vector is perpendicular to the plane containing the two vectors and its sense
is such that if the right-handed screw at A is rotated from A to B following the smal-
ler in-between angle (6), then this will advance in the direction of A x B. The length
of this vector is found to be

IA x B| = |A||B| sin(®). (2.1.29)

As illustrated in Figure 2.10, geometrically |;\ X ﬁ | represents the area of a paralle-
logram formed by the two vectors. Note that if A # 0 and B#0thenAxB=0
implies that the two vectors are parallel or collinear.

It can be proved easily via its definition that the cross product is anticommutative
but follows the distributive law. Mathematically

AxB=-BxA (2.1.30)

and

- -

A+B)xC=AxC+BxC. (2.1.31)

Consider the unit basis vectors (%,y,2) in rectangular coordinate system (x, y, z).

Note that the unit basis vectors are mutually orthogonal (i.e., x Ly L 7). From
(2.1.29) we find that

sin@=0)=0—>xixx=yxy=2zx2=0 (2.1.32)

AXB

> A

Figure 2.9 Two vectors A and B used for vector multiplication.
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|B|sin(6) L

Figure 2.10 Physical interpretation of the vector multiplication.

and

sin(&:g)zl—m%x&:%

<>
X
2>
I
u><>
2>
X
=>
I
<

Therefore

-

A xB=RA,+3A, +3A.) x (B, + 9B, +%B.)

29

Area =|A| |E|sin(0)= |A X B‘

(2.1.33)

= (),e X j\‘C)A)«CBX + 6’ X 5))AyBy + (2 X 2)AZBZ + ()% X j})(AxBy - AyBx)

+ (5\’ X 2)(Asz - AZB_V) + (2 X )%)(Asz - Asz)-
This equation can be simplified, via (2.1.32) and (2.1.33), as follows:

A x B = %(A,B. — A.By) + $(A.B; — AB.) + 3(A,B, — A,B,).

(2.1.34)

Note that this result can be obtained by expanding the following determinant about

its first row:

o Xy oz
AxB=|A, A, Al
B, B, B.

Example 2.3

(2.1.35)

Find the position vectors for points P(2, 5, 7) and P,(4, —3, 6). If a parallelo-
gram is formed with these two position vectors as its two adjacent sides, then

prove that the diagonals of this parallelogram bisect each other.

Points P; and P, are located using the rectangular coordinates as shown in
Figure 2.11. This includes the corresponding position vectors 71 and 7, and the
associated parallelogram. Vectors D; and D, are drawn along the diagonal of the

parallelogram. Thus the two position vectors can be found as follows:
1 =2X4+5y+72
and

P = 4% — 3 + 62
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I/~
-

P, (4,-3,6)

(0,0,0)

Figure 2.11 Points and related vectors for Example 2.3
Therefore
Dy =7 +7 =68+25+ 132
and

The position vector for the point P at which the two diagonals intersect can be

expressed as aD; or 7, + BD,, where a and B8 are unknown constants. These
can be evaluated as follows:

For aD| = 17'2 + BD»,

(63 429 + 132) = 4% — 39 + 62 + B(—23 + 89 + 2)

=4 —-2B)x+ (=3 +8B)y+ (6 + B).

Equating coefficients of each component on the two sides, we get

6a=4-28,
20 = =3 488,
and
13a =6+ 8.

Coefficients « and 3 of any two of this set of equations can be easily evaluated to
be 0.5. This proves that the two diagonals bisect each other.

Example 2.4

Find a vector B that is perpendicular to A=-8%4+99—2 hasnoz component,
and has a magnitude of unity.
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Since the vector has no z component, it can be assumed to be
B = xx +yy.
Further, it is perpendicular to A therefore

- 9
A-B:O—>(—8)Ac+9§)—2)-(xfc+y9)=—8x+9y=0—>x=§y.

We need one more independent relation between x and y to evaluate the unknown
vector. This can be found using the condition that this vector has a magnitude of
unity (hence it is a unit vector):

2
B|=1— x2+y2=1—>y2=1—x2=1—<y)—><1+64)y2=1.

Solving for y and x, we find that

=
5
(9}

and

<
5
|91

Therefore the desired vector is

B=+ 9% + 89).

1
145 (
Example 2.5

IfA = X+ 2y —3zand B = 2% — § + 2 then find (a) the component of B in direc-
tion of A, (b) the smallest angle between the two vectors, and (c) a unit vector
perpendicular to the plane that contains two vectors.

(a) Unit vector along Z,

A X+29-32 k+29-3%

Al Vit Vi

A== = 0.27% + 0.539 — 0.82.

Then the component of B along A, B,, is found to be

By=|B+a|=|2% —$+2) - (0.27% + 0.53) — 0.83)| = 0.8.
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(b) If angle between the two vectors is 6, then

—0.33 > 0 =cos™' (—0.33) = 109°.

COS(@)_A-E a-B_ -3
AlBl 1Bl V146

(c) Let C be perpendicular to the plane that contains A and Z?, then
F4
—3|=—-x—-7y—-52.
-1 1

[\S IS

C=AxB=

N = =

Therefore the unit vector parallel to Cis

—3-7-5% R . .
X S 4(0.1155% + 0.80835 — 0.57742)

R —
V1477452

Ao

é=+

Example 2.6

A triangle ABC is found by connecting the points A (— 1, 0, 2), B (0, 1, 0), and C

(1, —1, 0). Find the point D that makes the plane a parallelogram ABDC.
Various points and associated vectors are illustrated in Figure 2.12. The

position vectors for points A, B, and C are found to be

4= —Xx+ 22,
?B:j},
and
fe=%—3
A
A(-1,0,2)
_ / P
C Rl
,,7/" \‘ B B (0, 1,0)
c,-1,0 N |3
p) R
\
\
X
D (x1, y1, 21)

Figure 2.12 Points and related vectors for Example 2.6.
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Therefore

and

O=Fe—Ty=28—9—25

Since P and é are two sides of the parallelogram ABDC, vector R along the diag-
onal must be

R=P+Q=3%—4%
Now the position vector 7p for point D can be determined as follows:
Fp =74+ R=2%—2%

Therefore the coordinates of point D are (2, 0, —2).

Scalar and Vector Triple Products

The scalar triple product of three vectors A, 73, and C may be shown to be
ABxC)=@AxB)+C=C+(AxB)=(CxA)-B. (2.1.36)

The vector triple product of these three vectors A, B, and Cis given as
Ax(BxC)=B@A-C)—C(@A-B). (2.1.37)

As obvious from the right-hand side, this product sometimes referred as the “BAC
CAB” rule.

Example 2.7

Verify (2.1.36) for A = 4% + 39 + 22, B = 28 + 5%, and C = —75.
From (2.1.35),

I N A
BxC=|2 0 5|=35x-14z
0 -7 0

Now using (2.1.27), we get

A+(BxC)=@Ax+39)+2%) (358 — 143) = 140 — 28 = 112.
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Similarly
L
AxB=|4 3 2|=15x—16y—6Z
2 05
and

C+(AxB)=—T75-(15% — 16§ — 62) = 112.
Repeating one more time for the last term of (2.1.36), we get
y
-7
3

CxA= — 143 + 283

O =
N O e

and

-

B-(CxA)=(CxA)+B=(—14%+283) + (2% + 53) = —28 + 140 = 112.

Thus we find that all the sides of (2.1.36) produce 112 for the given vectors. This
verifies the relation.

Example 2.8

Verify (2.1.37) for A = 4% + 39 + 22, B = 2% + 52, and C = —75.
Since the given vectors are same as in Example 2.7, we already know that

-

= 35x — 14z.

Using (2.1.35) along with this result, we find that

R Xy z
AxBxCO=|4 3 2 |=—42%+1269 — 1052
35 0 —14

Since A + C = (4% + 39+ 22) + (=79) = —21,
BA - C) = (2% + 53)(—21) = —42% — 105%.
Similarly

A*B=(@43+3)+22) 2% +55)=8+10=18



2.2 COORDINATE SYSTEMS 35

and
CA - B) = —75(18) = —1265.
Therefore

BA+C)—CA+B)=—42% — 1055 + 1269 = A x (B x C).

2.2 COORDINATE SYSTEMS

Systems of orthogonal coordinates are useful in the analysis and manipulation of
vectors. We have already used orthogonal coordinates in the preceding section for
rectangular coordinates. This section presents more detail on rectangular coordi-
nates along with two other commonly used coordinate systems, namely cylindrical
(p, ¢, 7) and spherical (r, 6, ¢) coordinates.

Rectangular Coordinates

We showed extensively how to use these coordinates in the preceding section.
Mathematical expressions are relatively simple to manipulate in the rectangular coor-
dinates system, especially because the unit basis vectors do not change directions from
point to point. Figure 2.13 shows incremental length d¢ projected along the three axes.
This incremental length can be expressed mathematically as follows:

df = Rdx + dy + 2dz. 2.2.1)

X

Figure 2.13 Incremental length and an infinitesimal volume in the rectangular coordinates
system.
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The figure also gives a detailed representation of the small rectangular volume’s six
bounding surfaces +ds;, +ds,, and +ds3. The surface areas of the incremental
volume can be expressed mathematically as follows:

ds) = +3xdydz, (2.2.2)
ds, = +ydzdx, 2.2.3)
ds3 = +Zdxdy, 2.2.4)
and
dv = dxdydz. 2.2.5)

Cylindrical Coordinates

If a structure under consideration has a cylindrical geometry, then employing the
rectangular coordinates system can make the analysis too complex and even imposs-
ible to solve. In such cases a cylindrical coordinates system is used. As illustrated in
Figure 2.14, the unit basis vectors in cylindrical coordinates are p, ¢, and Z. The
angle ¢ is specified with respect to the +x axis. The expressions for an incremental
unit of length along the surfaces bounding a cylinder in the shape of a pillbox, and

Figure 2.14 Incremental length and a pillbox-shaped volume in the cylindrical coordinates
system.
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the volume of that pillbox, can be found easily as follows:

dl = pdp + Ppdep + 2dz, (2.2.6)
ds, = + ppdddz, (2.2.7)
ds, = + ¢dpdz, (2.2.8)
dss = +2pdpdd, (2.2.9)
and
dv = pdpddpdz. (2.2.10)

Note that in this coordinates system the two unit vectors p andq'; change directions
from point to point, whereas Z stays in same direction. The mathematical manipu-
lation rules described in the preceding section are still applicable after appropriate
modifications. The scalar multiplications of the unit basis vectors expressed by
(2.1.25) and (2.1.26) take the following form in cylindrical coordinates:

cos@=0=1— pep=d+d=52-2=1 (2.2.11)
and
cos(@:g):O%f)-(z):q?w%:E'[):O. (2.2.12)

Similarly the cross products of unit vectors expressed by (2.1.32) and (2.1.33)
become

sin@=0)=0 - pxp=bxp=2x2=0 (2.2.13)

and

sin(G:%):leﬁxq}:E, bxi=p itxp=d. (2214

Spherical Coordinates

Figure 2.15 shows another orthogonal coordinates system that facilitates the study of
systems with spherical geometry. As illustrated, the unit basis vectors in this case are
7, 0, and ¢ . Note that the angle 0is specified with respect to the +z axis, whereas ¢ is
with respect to the x axis (the same as in the cylindrical coordinates system). Further
all three unit vectors change directions from point to point. The rules described in the
preceding section for mathematical manipulations are then applicable after appropri-
ate modifications. The scalar multiplications of the unit basis vectors expressed by
(2.1.25) and (2.1.26) take the following form in spherical coordinates:

cos(@=0)=1—> F-7=0+0=d-d=1 (2.2.15)
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\4
<>

X

Figure 2.15 Incremental length and a small unit of volume in the spherical coordinates
system.

and
cos(@:%):O—)f'*é:é'cf):(z)‘f’:O. (2.2.16)

Similarly the cross products of the unit vectors expressed by (2.1.32) and (2.1.33)
become

sin(0=0)=0 > Px?=0x0=¢p xp =0 (2.2.17)
and

sin(@:%):le?xé:d), bxd=r dxi=0. (22.18)

With the help of Figure 2.15, expressions for the surfaces bounding a small
volume of incremental length can be easily found as follows:

dl = ?dr + 0rdo + $rsinbde, (2.2.19)
ds) = + Fr2sin0ddgp, (2.2.20)
ds, = + Orsinbdrde, (2.2.21)

dsy = + $rdrds, (2.2.22)
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and
dv = r*sin 0drd0dd. (2.2.23)

Occasionally a problem under consideration involves a combination of different
coordinate systems. In other words, a part of the problem may be specified in one
system of coordinates while the other is conveniently described in another system
of coordinates. In such situations the description in one coordinate system can be
transformed into the other with the help of Figure 2.16. These conversions are
summarized in Tables 2.1 through 2.4.

x = pcos(¢)=rsin(@)cos(p)

X

Figure 2.16 Conversions among the representations of coordinates.

TABLE 2.1 Conversions of the Coordinates

From (x, y, z) From (p, ¢, 2) From (r, 0, ¢)
To (x, y, 2) X x = pcos(¢p) x = r sin(6) cos(¢p)
y y = psin(¢) y = r sin(0) sin(¢p)
z z7=72 z=rcos(6)
To (p, ¢, 2) p=x*+y? p p = rsin(6)
¢ =tan" (y/x) ¢ ¢=¢
z7=72 z z=rcos(6)

To(r, 0, ¢) r=y2+y +2 r=JpP+2 r
6 = cos™! (z/\/x2 +y*+ zz) 6 =tan"! (p/2) 0
¢ =tan" (y/x) o=1¢ ¢
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TABLE 2.2 Conversions of Unit Vectors to Rectangular Coordinates
To (%, 3, 2)

From (p, ¢. 2) p = cos(¢) + Jsin(e)
b = —isin(¢) + Hcos(¢)
p=3%

From (7, 6, $) 7 = % sin(6) cos(¢) + 9 sin(6) sin(¢h) + 2 cos(6)
6 = % cos(6) cos(¢h) + § cos() sin(¢h) — 2 sin(6)
b = —isin(¢) + Hcos($)

TABLE 2.3 Conversions of Unit Vectors to
Cylindrical Coordinates

To (5, ¢. %)
From (%, 3, 2) % = peos(¢) — ¢ sin(¢h)
§ = psin(¢) + ¢ cos(¢h)

2>
I
2D

p sin(6) + z cos(6)

~>
I

From (7, @, <2>)
p cos(0) — z sin(6)

<> D
Il
<>

TABLE 2.4 Conversions of Unit Vectors to Spherical Coordinates
To (7, 6, )
7 sin(6) cos(¢) + 0 cos(6) cos(¢p) — <2> sin(¢)

From (&, 9, %) x
y = rsin(6) sin(¢) + 6 cos(0) sin(¢) + (2) cos(¢)

7 cos(6) — 0 sin(6)

b4

From (p, $. ) p = Fsin(6) + 0 cos(0)
b =0

3 = 7cos(8) — 0 sin(8)
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Example 2.9

A receiver antenna produces an electromotive force (voltage) proportional to the
y component of the incident electric field intensity. Assume that the proportion-
ality constant is 0.25 m. If the electric field intensity is given by the following
expression, then find the voltage induced at the receiver:

-~ 1+cos*(¢h)
E=¢p—————V/m
PV
In this case the electric field intensity is given in cylindrical coordinates,
whereas the antenna responds to y component. Therefore the given electric
field intensity must be converted into rectangular coordinates. This can be
easily done via the Tables 2.1 and 2.2. Hence

- ) . 1 2
E:(—xsinq’>+ycosq’))1—_|—i_i+s+(f2)V/m
Since ¢ = tan"!(y/x),
sin(b:L,
/x2 +y2
cosd):#,
Vx4 y?
and
- o . 1 + cos®(¢) A 2x% + y?
E=(—xsinp+ycos¢p)——— = (—xx+ V/m.
(CHme e DT oy =T e i

The induced voltage Vj,quceq 1S found to be

22% +y? v
4+ +x2+y?)

Vinduced = 025E_: * )A/ = 025y

Example 2.10

A receiver antenna produces an electromotive force (voltage) proportional to the
x component of the incident electric field intensity. Assume that the proportion-
ality constant is 0.25 m. If the electric field intensity is given by the following
expression, then find the induced voltage at the receiver:

E= 4(9 cos ¢ — (2) sin ¢ cos ) V/m.
In this case, the electric field intensity is given in spherical coordinates, whereas

the induced voltage is proportional to x component. Therefore the given electric
field intensity must be converted into rectangular coordinates. This is easily
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done via the Tables 2.1 and 2.2. Hence

E = 4[(% cos 0 cos ¢+ 9 cos 0 sin ¢ — 2 sin 6) cos ¢
— (=X sin ¢+ cos @) sin ¢ cos 0].

The induced voltage can be found as follows:

Vinduced = 0.25% * E = cos 0 cos? ¢ + sin® ¢ cos O = cos G[COS2 ¢ + sin’ q,’)]
Z

—_—V
VX2 3y 422

=cos 0 =

Volume Integrals

Figure 2.17 shows a scalar field f(7) in a volume V. The volume integral of this field
over V (a scalar quantity) is expressed mathematlcally as fv f(7)dv. Since the volume
region V can be considered as V = Zl | Av;, the volume integral may be defined
mathematically as

J fdv = lim Z FF)A;. (2.2.23)

Av,—>0 i=1

Z

Figure 2.17 A scalar field in volume V and its volume integral.
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Thus the volume integral in rectangular coordinates can be written as follows:

J f(Fdv = JJJ f(x,y, 2dxdydz (2.2.24)
1% 1%

The volume integral of mass density m(7) over aregion V gives the total mass in V. Simi-
larly the volume integral of a charge density gives the total charge contained in region V.

Example 2.11

The electrical charge density in a volume is given by
py=1—-050"+y*+7%)C/m>.

Determine the total charge enclosed in a cube defined by —1m <x < 1m,
—Im<y<lmyand - 1m<z<l1lm.

1 1 1
Q:J pvdv:J J J [1 0507 +y* + ) ]dxdydz
\%4 —1J-1J-1

1 1 1 1 1 1
:J J J dxdydz—O.SJ J J o +y* + Pdxdydz
—-1J-1J-1 —1J-1J-

31

X 3 !
=xL iyt 2l —0.5[

y
y|1_|Z|1_] +X|1_]§ Z|1_1 +x|1_1y|1_
1 -1

30

31

Z

Z | =4c
13 _]}

Example 2.12

Electrical charge density in a volume is given by
py=1-050"+y*+7)C/m™?

Determine the total charge enclosed in a volume defined by 0 < p < 1m,
(m/4) < ¢p<(m/2),and —Im<z<Im.

J ydo = Jl Jm Jl [1—0.5(p° + 2°)] pdpdepdsz

w/4 J—

1 pm/2 ¢l
J J J pdpdq’)dz—O.SJ J J (0* + 2)pdpddz
/4 1

0Jm/4 J—

41

71'/2 1 5 & /2 |1 77TC
s ‘ [4 1] 48

'n'/ZZ
aaZlog +

77/4
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Example 2.13
Electrical charge density in a volume is given by
py=1— 0.5 +y* + ) C/m™>.

Determine the total charge enclosed in a wedge defined by 0 < r <1m,
(m/4) < 0 < (7/2), and (7/4) < ¢ < (7/2).

Q

1 pm/2 pm/2
J py dv = J J J [1 — 0.52]+* sin 6drdbde
14 0 Jm/4 Jm/a

1 pm/2 pm/2 1 pm/2 pm/2
J J J 2 sin Odrdedqb—O.SJ J J (p” + ) sin Odrddde
0Jm/4 Jm/4 0 Jm/4 Jmw/4

31 5
r T a r

3 O(—cos O idlm; —0.5 [3

1
T
—cos O)|2p|™2 | = —"_C.
0( s bl 12042

2.3 DIFFERENTIATION AND INTEGRATION OF VECTORS

Differentiation of Vectors

The partial derivative of a vector field ;\(7) = ;l(x, v, z) is defined as follows:

(2.3.1)

3 - . A(x+Ax,y,2) — A, y, 2)
—A =1 .
ox (x, 3, 2) A;E}O Ax

Since the unit basis vectors are constant in the rectangular coordinates system, this
equation may be expressed as

Ax+Ax, y,2) —Ai(x, v, 2)

q - .
aA(x, »)=x Algo

Ax
+5 lim Ay(x+Ax, y,2) —A)x, y, 2)
Ax—0 Ax
A A+ Ax Y, 2) —Adx, Y, 2)
+z lim .
Ax—0 Ax
Therefore
0 - .0 .0 .0
—AX, Y, 2 =X —Ax, ¥, )+ —Ax ¥, 2) +Z2—Ax, Y, 2). (2.3.2)
ox 0x ox - 0z

In the product of a vector field ;l(x, v, z) with a scalar field f(x, y, z), the following
property can be easily verified:

iy il A
ﬁ(fA) _Aax +f ax (233)
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Similarly the following relations hold for two vector fields g(x, v, z) and é(x, ¥, 2):

3 - - A B

—A+B)=—+—, 234

Bx( +B) 3x+8x ( )

3 - - A - - OB

—A*B)=—+*B+A+ —, 2.3.5

8x( ) ox + ox ( )
R -

3(A><B):a—><B—|-A><a—. (2.3.6)

0x ox ox

Note that these derivatives require extra care in the cylindrical and spherical coor-
dinates systems. If a unit vector is not constant, then }he effect of its variation must
be included when taking derivatives. For example, if A(x, y, z) = u(x, y, 2) A(x, v, 2),
then

0 - 0 . R 0
—A,y,2) =AW, y, D) —ux, y, 2) + ulx, y, 2) — A, y, 2). (2.3.7)
ox ox ox

Integration of Vectors

There are two significantly useful integration operations involving vectors. Depend-
ing on the quantities involved, the line integral of a vector field can lead to the work
done by a force or the electromotive force induced by an electromagnetic field.
Similarly the surface integral of a vector field over a closed surface can provide
information about the enclosed source (or sink). These two operations of vector
fields are described below.

Line Integral of a Vector Field Consider a vector ﬁeldﬁﬁ(?) and a path I" (a scalar
quantity) as shown in Figure 2.18. The line integral of A(¥) along the contour T is

P x
jl"

Figure 2.18 A vector field and its line integral along the path I.

Z
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expressed as fr;i(?) . dZ, where d¢ is a differential displacement along and tangent
to the contour I'.

Suppose that path I" is made up of differential lengths A¢; and 7 is tangent at
every point on this path. The line integral of A(7) is then interpreted geometrically
as

= iAE, (2.3.8)
i=1
where
Al = 7ML (2.3.9)
and
0= /(% AG)). (2.3.10)
The line integral can be expressed as
- o N oL -
L A(r)-dt = i\’le%) ;A(r,-) « A, (2.3.11)

provided that the limit exists and it is finite.
Further

A« AL = AGy) + 7ML = |A(F)| cos(B)AL;. (2.3.12)

Therefore the line integral is an integration of the component of ;1(7’) along and tan-
gent to the contour I" with respect to the arc length along I'.

For example, consider a force field F(7). At a given point the force field can be
resolved into two components as shown in Figure 2.19. Component F 2(7) is normal

F, (P

<

Z

Figure 2.19 Physical interpretation of the line integral.
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and F +(7) is tangential to the path I'. The work required to move a particle along I
from point 1 to point 2 against this force field F(7) is found to be

2
Wi, = —J F@) - de. (2.3.13)
1

Note that if the contour I' is a closed curve, then sometimes it is called a “circula-
tion” integral (the closed line integral), and it is denoted as follows:

5’;2(?) < dl = %% - A(P)dL. (2.3.14)

Example 2.14

Find the work done by the following force in moving a particle from P, to P,
shown in Figure 2.20: (a) over the straight line connecting (0, 0, 2) and (1, 3,
0); (b) over the straight line path connecting (0, 0, 2) — (0, 0, 0) — (1, O,
0) — (1, 3, 0); and (c) over the straight line path connecting (0, 0, 2) — (0, O,
0) — (1, 3, 0). Assume that all distances are in meters.

F = %12xy* 4+ $15yz + 2922 N.

Since df = Xdx + vdy + zdz in the rectangular coordinates,

-

F +dl = 12xy* dx + 15yzdy + 922dzNm.
The work done can be determined by evaluating the line integrals as follows:

(a) When moving on the straight line that connects points P, and P, directly, the
relations among x, y, and z are found to be

y=23x — dy = 3dx

and
z:—%y—i—Z — dz:—%dy.
Therefore
P, N o 3 d 3 2 0
J F~d£=J 12(X)y2—y+J 15y<—y+2>dy+J 972d; — 48 Nm.
" o 3 E T TS .

(b) When moving on the path that follows the points (0, 0, 2) — (0, 0, 0) —
(1, 0, 0) — (1, 3, 0), the line integral is evaluated in three parts. Note that
x and y both remain zero for (0, 0, 2) — (0, 0, 0), y and z both remain
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|

0,0,2)

(0,0, 0) ©,3,0)

\ p »y
1,0,0) -2 %
(1,0,0) 5 (1.3.0)

X

Figure 2.20 Geometry and integration paths for Example 2.14.

zero for (0, 0, 0) — (1, 0, 0), and z remains zero and x at 1 for (1, 0, 0)
— (1, 3, 0). Therefore the line integral simplifies to

(c) In this case the line integral splits into two parts. First segment is same as in
(b) above and y = 3x for (0, 0, 0) — (1, 3, 0). Therefore the line integral sim-
plifies to

P> N N 0 1
J Fedt= J 972dz + J 12x(3x)%dx = —24 + 27 = 3 Nm.
P 2 0

Example 2.15

Find the circulation of the electric field intensity E= p150pcos ¢ +
$200sin ¢ V/m over a semicircular path of radius 1.5 m with its center at
(1.5 m, 0°, 0), as shown in Figure 2.21.

Since this problem calls for integrating over a circular path, use of cylindrical
coordinates is appropriate. The electric field intensity is already given in cylind-
rical coordinates, and for the incremental length we can use the following
expression:

dl = pdp + dpdd + 3dz.
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(0,0,0) (1.5,0,0) (3,0,0)

Figure 2.21 Geometry and integration path for Example 2.15.

Therefore

E-dl = 150p cos ¢ dp 4 200p sin ¢ de.

Note that d¢ is zero over the path (0, 0, 0) to (3, 0, 0). However, both dp and d¢
are nonzero over the circular arc. Therefore a relation between p and ¢ is found as
follows:

The equation of a circle whose center is at (x; = 1.5 m, y; = 0) and radius is
1.5 m can be written as

(x— 1.5 4+y* =15 > ¥ +y* = 3x.

Using Table 2.1, we can transform this equation into cylindrical coordinates as
follows:

p = 3cos ¢.
Therefore

3 0
fi;E cdl = J 150pcos¢>dp‘ +J 150pcos ¢pdp
$=0

0 3 cos p=p/3
/2
+ J 200psin ¢ dp
0 p=3cos ¢
3 0 72
_ J 150pdp + J 150p<§>dp + J 200(3 cos &) sin pdep = 525 V.
0 3 0

Example 2.16

Find the circulation of the following magnetic field intensity around the contour
ABCDA, as shown in Figure 2.22:

H= ppsin ¢+ cf)sz A/m.
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|

Figure 2.22 Geometry and integration path for Example 2.16.

The geometry indicates that the cylindrical coordinates are appropriate for this
problem. Therefore

H-dl = psin pdp + 2p°dd A.

Dividing the integration path as indicated in the figure, the circulation integral
can be written as follows:

fii-ai=| gt | di-ai | 7i-at | 7i-at
1 p=a—b b p=b 3 p=b—a 4 p=a
$=0 ¢=0—1 =17 P=m—0
Therefore
N N b T a 0
f’;H-cM:J psinq’)dp‘ +J 2p%d +J psinq&dp‘ +J 2p%do
a =0 0 p=b b d=m T p=a

=2m(b’ —a’)A.

Surface or Flux Integral of a Vector Field A surface (or flux) integral of the
vector field A(7) over the surface S (a scalar quantity) is defined as follows:

J A - dE:J 7 e A(P)ds, (2.3.15)
S S

where d s = fids and 71 is a unit outward normal vector at each point on the surface S.

Consider a vector field A(7) that passes through an open surface S bound by a
closed contour C. This surface may be considered as composed of N small areas
As. As shown in Figurg 2.23, i is a unit vector normal to the surface at point 7
and the vector field A(7;) makes an angle  with the normal at this point.
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y
A

Figure 2.23 Surface integral of a vector field.

Mathematically
N
S = Z AS,’,
i=1

A:S:i = flASi.

The surface integral is expressed as

JA(r) ds = 11m Zn A(rl)As,

Av/—>0 i=1

provided that the limit exists and it is finite.

Physically the surface integral can be interpreted as follows:

i« A()As; = |AG)| cos (B)As;.

51

(2.3.16)

(2.3.17)

(2.3.18)

(2.3.19)

Hence the surface (or flux) integral expresses the “flux” of the normal component of
A(r) over the surface S. For example, the surface integral fs neJ (r)ds of the current
density J (7) over a surface S gives the total current / that flows across S.

Note that if S is a closed surface, then the notation becomes
§ AG) - d5 :fi; i+ A(F)ds.
s S

Example 2.17

(2.3.20)

For an electric flux density given as D= p(5/p) C/m?, find the total electric flux
emanating from a closed surface that bounds (a) a cylindrical volume of 3 m in
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radius, with0 < ¢ <27,and — 1 m <z < 1m, (b)acube with —1m<x<1m,
—Im<y<1lm,—1m<z<1m,and(c)asphere of | m radius centered at
the origin.

(a) Note that the given electric flux density has only radial component in cylind-
rical coordinates, and therefore the flux emanates only from the lateral
surface of the cylinder:

R 1 2775
{)D-aﬁzj J = pdddz
s —-1Jo P

(b) Since rectangular coordinates are appropriate for a cube, electric flux density
given in cylindrical coordinates is converted into rectangular coordinates as
well. This can be done easily via Tables 2.1 and 2.3 as follows:

=5¢3™z|", =207 C.

p=3

- .5 .. 5 5(Gx+y
D =p—=(xcos¢+ysin¢) = (2 );y)
p Vai4yr Xty

Note that the given vector has no component in z direction. Therefore only
four lateral surfaces will contribute to surface integral:

1 1
- Sydxd. Sydxd
f5ra-] [ e [ [ g
s S RS “h i a NRUR ST ST b ol N
N Jl Jl 5xdydz Jl Jl Sxdydsz
Sy a2y

1 1 1

d d

zzoj 7’(+20J 9 40tanx
142 1 14y?

1

=207wC.
0

+40tan"'y
0

(c) In this case the given vector field need to be converted into spherical coor-
dinates. This can be done as follows by using Tables 2.1 and 2.4:

>, A A 5
D= = —_—
o (rsm6)+0005(7?)rsin(9

T W

Since d's = 7rsin 0d0d ,

2T P LD o P
}D-d?:] J 5(rsmt9j|—(9cos(9).?rsin(%ﬂﬁq5
K 0 0 rsin 6

r=I1

27 T
=5 J J sin 6dfd¢p = 207 C.
0 Jo
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2.4 GRADIENT OF THE SCALAR FIELD

The gradient of a scalar field f(7) is a vector field that points in the direction of its
maximum rate of change at each point 7. The magnitude of this vector field is equal
to maximum directional derivative df /0€|.«- It is denoted by Vf or grad(f), where

V is a vector differential operator called “del.” In rectangular coordinates, it is
defined as follows:

Vo3 8+A 8+A8
=i—4+y— .
ox yay Zaz

(2.4.1)

Consider the contours of constant f(7) as illustrated in Figure 2.24. Assume that the
scalar field on the contour S, is f(¥) = f (x,,2), and let there be a point P((#) on

this contour. The field changes to f (F+ dt) = f(x + dx,y + dy, z + dz) at a nearby
point P,(7 + d¢). Since

dl = 3dx + $dy + 3dz (2.4.2)
and from calculus (the total differential), we find that

df = f(F+db) — f(F) = f(x +dx, y + dy, 2+ d2)
Y e Ty T

X + + —dz; 2.4.3
ox ady Y 0z ( )
X
A
N
AN
N N
S N PaF+do) N
N
\\\ \\\ \ \\
AN \
N NG
A N 7 T at Vf N \
. F+dl \ = \
. Py(F) \ \
\\ \ \
N Y \ I
\
7\ ! ! |
roo \ ]
‘\ | ] ,
? '1 .’ ' >
: 1 S31 Sy
! Sy 1
Sii |
1
1
1

y

Figure 2.24 Contours of constant f(F) and the definition of its gradient.
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the gradient of f(7) is defined as

= Jof L Of .0
Vf:grad(f):G:x—f+yl+zl.
ox ay 0z

Therefore, by the properties of scalar (dot) product of two vectors,

- dl.

Il
QL

af

-

If & is a unit vector along df, then d€ = ii1d¢ and

df =G +dl = (G- )de.

Therefore

a _

dg_(G-u):‘G‘cose.

VECTORS AND FIELDS

(2.4.4)

(2.4.5)

(2.4.6)

(2.4.7)

Note that this directional derivative has its maximum value when # is parallel to G.
Further, suppose that P, lies on the same equipotential surface S, as shown in

Figure 2.25. Therefore

df =G+dl =0
X
A
N
N
, S ~ N
~ o=\ AN
. \\Pz(r+d€) \\ \
) 0 <G \
\\\7+d€ dz \ \
Py(P) \ \
\\ \ \
'\ Y \ I
A ! ! |
roo \ |
\ | I |
° ! ! ' 1
i I 51 Sa
| Ss I |
N I
1
1
1

Figure 2.25 Interpretation of the gradient of a scalar field.

(2.4.8)
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Since both poLnts P, anq P, are on the same surface, dlis tangent to S,. Note that the
magnitudes |G| and |d{| are not zero. For (2.4.8) to be true, G and d¢ got to be
orthogonal to each other. Therefore G is normal to contour S5.

Example 2.18

Find the unit vector normal to a surface described by xy + yz+zx — 5 = 0.
Since the gradient of a scalar field is normal to the surface, we can find a unit
vector in that direction as follows.

U=Vf=3%y+2)+5x+2) +3+x).

Therefore a unit vector normal to the surface is found to be

U Xy +2) +yx+2)+2(y +x)

12:7:

U VO+2P+@+22+G+x°

Example 2.19

Determine the rate of change of a scalar field f(F) = x* +y* 427 at (1, 2, 3) in
the direction of A = 2% + 4y +4z.
A unit vector a is the direction of A is found to be

A 2449442 2%+ 4P+4r R429+22
A VZE+aE+e2 6 3

a=

and the directional derivative of the scalar field is
VI(F) = 3x°% + 3y*9 4 3222 = 3Gx? + 9y* + 229).
Therefore

7). a A2 82 s X4+2y422
vf(r) M a|(1’2’3) = 3(.xx2 +yy2 + 77 ) . (+)

(1,2,3)

= +2y° + 2|12y = 1 +8+ 18 =27.

Example 2.20

Source and field points are generally specified via primed and unprimed coordi-
nates respectively:

F=x+3y +z7
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y Field
point

Source
point

Z

Figure 2.26 Geometry of the problem described in Example 2.20.

and

F=ixx+yy+ 2z

For R = \17 — ?’{, Determine the gradient of 1/R with respect to unprimed coor-

dinates. What will be its gradient in primed coordinates?
Figure 2.26 shows the geometry that is used in this example. Since
7 =xX+yy+ 2z,
F=xX3i+y9+7%,
and

R=7F-7 =@-X)i+(y—y)H+@c-2)%

Therefore

R=[F=7] = Ja—xP + (=) + -2
Hence the scalar field for this case is

1
Va—xP+( -y +Ge-27

1) =

The gradient of this field with respect to unprimed coordinates is found

follows:

v(z) = (i tig+in) 1
R o Sy )\ =P+ (= -2

).

as
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The first term simplifies to

8C>‘3< ! )
WARS V=) + (v —yP + =2

—3/2

1 / A /
= o=+ G-y +e@-}) T2 -
(x—x)
_ -
Similarly
91y _ -y
ay\R) R3
and
(L _G=D
0z \R R3
Therefore

1 =X+ G-y)P+Gc-22% R R
V ey = — S e
R R3 R3 R?

where R is a unit vector along R.
Similarly it can be proved that

where

P | @
(o5

V =% 0 +3
:x—
o y

Gradient in Other Common Coordinates

The gradient of a scalar field in cylindrical coordinates (p, ¢, z) is given by

_ ¥ ¥ LY
Vf_pap—l—(i)pad)—i—zaz. (2.4.9)

In spherical coordinates (7, 0, ¢) it is given as follows:

Lo I s of
Vf =2+ 60— +¢Wﬁ'

ot (2.4.10)
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Note that the notation Vf is used for the gradient of fin every coordinate system.
Vf should not be confused with the operator V, which is defined by (2.4.1) only

in rectangular coordinates.

Example 2.21

Find the gradient of the following scalar fields:

(@ fx,y,z)=x(a+bz—cy)+d
(b) flp, ¢, 2) = asin p—bpz+d
(¢) f(r, 6, ) = a sin O cos ¢/r

Assume that a, b, ¢, and d do not change with space coordinates.

(a) Since the gradient in rectangular coordinates is defined as

AV I f f
f= 8 8 8
then

Vf = X(a + bz — cy) + $(—cx) + %(bx).

(b) Similarly, using the expression for the gradient in cylindrical coordinates,

1
V= bt b iy

we find that

n ~ 1 R N ~a R
Vf =p(=bz)+ ¢ ;(a cos ¢) +2(—bp) = —pbz+ ¢ 5C08 ¢ — 2bp.

(c) Using the expression for the gradient in the spherical coordinates,

S S 1o
\v/ A S .
f= or +o 80+¢rsin08¢’

we find that

v/ = ;’<_ 3a sin’zcos (b) . él <a cos fcos qﬁ)

r r3

~ 1 asin #sin ¢
#d g (-
rsin 6 r

.3asin 0
_ asin cosq§+

éacos Ocos ¢ _

q?> asin ¢
4 e :

4
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2.5 DIVERGENCE OF THE VECTOR FIELD

The divergence of a vector field A(F) is generally denoted as V - A(F) or divA®). Tt
is a scalar field that is defined mathematically as follows:

- _ §ehe A ds’
VeA(r)= lim =———, (2.5.1)
AV(P)—0 AV(r)
where S is the closed surface that bounds the incremental volume region AV(¥)
located by the position vector 7. Primed coordinates are used for as integration vari-
ables over this surface.

By its definition, the divergence of a vector at a point is the net outflux of that
vector per unit volume. Thus it gives a measure of the strength of the sources that
produce the vector field. If the divergence of a vector field A(¥) is zero at every
point 7, then it is called to be a solenoidal field. .

Consider an incremental volume AV(7) and the vector A(¥) in the rectangular
coordinates as shown in Figure 2.27. Equation (2.5.1) can be evaluated after
integrating the closed-surface integral over each of six faces as follows. On the
right-hand-side face, it gives

- > d. R d
J i A(F)ds' :J A(x—i—zx,y, z) * Xdydz ’A\‘«Ax<x+2x,y, z)dydz
Sx S,

x1

0 d.
= A(x, y, 2)dydz + a—xAx(x, ¥, 2) ?xdde-

A(F) = %A, +JA, + ZA,
VD gy

Idy
d 1
< '/%__ Va2

| dz/2
7 dxi2f dx/2

7 |

\

Figure 2.27 Incremental volume AV(7) and the vector ;\(7).
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On the left face, it is found to be

A P > d. R d
J neA®F)ds = J A(x — —x, v, Z) s (—X)dydz ~ Ax(x — —x, v, Z)dydz
Sx2 sz 2 2
d dx
= —A(x, y, 2dydz — —A(x, y, 2)| = |dydz.
ox 2
Adding the results of these two side-faces, we have
P N el
ne+A(r)ds = —Ax(x,y, 2)dxdydz.
S+ dx
Similarly the top and bottom surfaces of incremental volume produce
AT ’ el
neA(r)ds = —Ayx, y, 2)dxdydz.
Sy, Sy, ay
The remaining two surfaces (front and back) give

- d
J i A )ds = —A.(x, v, 2)dxdydz.
S, +S 0z

Adding the results from all six faces of AV(7), we have

., 9A, A, 9A
i; neAF)ds = 2+ — 2 )dxdydz.
s ox ay 0z

Therefore

VA= g SEACS_ 0 4, 04
F)— AV(r 0 0 )
AV(FH—0 (r) x y 74 (2.52)

N I
_< w gt a) (A, + 9A, + 2A,).

Divergence in Other Common Coordinates

The divergence of a vector field in cylindrical coordinates (p, ¢, z) is given by

VeA=19 a1 % 8AZ (2.5.3)
. o 5.
pop " T p 3¢>
In spherical coordinates (r, 0, ¢) it is given as follows:
- 120 1 0 1 0A
Ved=——(4,)+——(sinfA ¢, 2.5.4
2 AT i eae S04 T G 0 2.5.4)
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Example 2.22

Find the divergence of the following vector fields:

(@) A=ix2+3y+22

(b) B= —pbz+ ¢(a/p)cos ¢ — zbp, where a and b are constant.
(c) E = #4rcos 6 — 06rsinf +<2>sin 0

(a) From (2.5.2),

0A, 0A, 0A,
+ = ==2x+14+1=2+2x
ox ay 0z

VA=

(b) From (2.5.3),

- 10(pB,) 10B; 0B. 10d(— 1 —
v.p= 100y 108y  0B.  13(=pb) 8<a OS¢)+3( bp)
p dp pdp 3z p Ip pid \p 0z
b
:——Z—ism(ﬁ
p p?

(¢) From (2.5.4),

- 2 0E 4
V<E= sm@ (r E,)—}—r—(smOEg)—i—r—

1
r?sin @ [ ¢

d 0 0
= s [Sin 05(r24r cos 0) + r%{sin 0(—6rsin 6)} + rﬁ(sin 9)i|

1
= [sin t9(12r2 cos ) + r{—12rsin 6cos 9}] =0
r-sin 0

2.6 CURL OF THE VECTOR FIELD

The curl of a vector field A(7) is generally denoted by V x A(7) or curl A(7). Ttis a
vector field whose scalar component along a particular coordinate i is given as
follows:

j;rA( ) - dr

- 2.6.1
AS(r)—)O AS,(I’) ( )

{v x A( r)} -
where AS;(7) is an elemental surface area perpendicular to the direction i and located
at 7. The closed contour I represents the boundary of elemental area AS;(7). It is
taken in the right-hand sense relative to the external normal vector to AS; (7).

By its definition, V x A( 7) at a point is the net circulation of A( 7) per unit area at
point 7. Thus it gives a measure of the strength of the sources producing A( 7) ateach
point. If the curl of A( 7) is zero at every point 7, then it is said to be irrotational or
conservative vector field.
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Consider an elemental area AS,(7) and the vector j(;) in the rectangular coordi-
nates as shown in Figure 2.28. Equation (2.6.1) can be evaluated after integrating the
circulation integral over the edge 1 to 4 as follows:

For
A() = FAP) + 5A,(P) + 2A.(P),
jE AGF) - di = {> (RA, + A, + 24.) » (idx + Sdy + 3d)
T I
= J Aydy + J A.dz + J Aydy + J A.dz,
1 2 3 4
where

d ) d
J Ady ~ Ay(x.y. 2= 5 )dy = Ay(xy, ) + Ay y, D) =5 )y,
. 2 0z 2
dy 9 dy
JAde %Az<x,y+ 5 )dz—A(x ¥ z)+ayAz(x s z)< )
2

dz 0 dz
J Aydy =~ A\ x,y, 2+ = |dy = —A,(x, ¥, 2) — —Ay(x, ¥, D| = |dy,
3 2 0z 2
and

d 9 d
J Adz ~ —A, <x, y— 2y )dz = A3 D)~ A, z)< 2y )dz.
4

i AS.(7)
T 6 /vA A+ A+ ZA,

ds =X dydz ﬂ‘dz/Z
2
— 4 _______
r J ¢ | dz2
[ [T
a7y
r |
iz R
: P
] //’
] -
: oTx
] Pl
I//’
______________________________ -+

X y

Figure 2.28 Elemental surface AS(7) perpendicular to x-axis and the vector A(r) for
calculating {V x A(r)}x
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Substituting these results back, we get

- A, A,
%A(r) de = 2 )dydz.
r 8y aZ

Therefore
A(F) - dt { A(F) - dl

£ _Jr _ 4, a4y

dydz dy Iz

{V x A(r)} - AS}g)ILO AS,(F)

X

Similarly y and z components are found to be
A7) - dl j{; A7) - dt
4} r A, 04,
dxdz

o

V x A(F } = lim -
{ ") vy As®—-0  AS ()

and
A(F) - dl Sjﬂ A(F) - dl

jLF _ _ 04y oA
dxdy ax Ay

V x A(F } = lim -
i (r) : AS.H—0 AS(7)

On combining the results for all three components, we have

A, 0A, 0A, 0A; A, 0A
V x A(F) = 2 y = . 2.6.2
x A = x(a 81) (81 3x> <8x 8y> ( )

This can also be written in determinant form as follows

(2.6.3)

Flo =
|

V x A(F) =

S

=

E>@J‘ Q <>
&

Curl in Other Common Coordinates
The curl of a vector field in cylindrical coordinates (p, ¢, z) is given by
0A, 8AZ> ! |: 04, ]
+z (pPAg) — .
p 9

- L (10A, 0Ay -
A—=pf=222_ £__= 2.6.4
x ( 0z ) * d)( oz dp ( )

p 9

Alternatively,
(2.6.5)

Rl

B
<
2
<
=
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In spherical coordinates (r, 0, ¢) it is given as follows:

- 1 [ . ag] A1] 1 oA, 9
VxA=i—| 2 (Agsin@) — 0| + - |— L Ta
* rrsin@[aﬂ( ¢sin 6) a¢]+ r|:sin08q,‘> o ¢’)}
1T 9 oA
- Ag) — —=|. 2.6.6
+¢>r[8r(r 0) 30} (2.6.6)

This can also be written in a determinant form as follows:

Poore rsin(9)é
__! |8 3 KA 2.6.7)
r2sin(0) | ar 96 dp

A, Ay rsin(B)As

- 1
VxA

(o]

Note that the notation V x X(?) is used for the curl of X(?) in every coordinate
system; it should not be confused with the operator V in rectangular coordinates.

Example 2.23

Find the curl of the following vector fields:
@ U=%y+2+5x+2+2y+x
(b) E = p150p cos ¢+ ¢200 sin ¢

(¢) H="#rcos 0— O(sin 0/r) + $2r* sin 0

(a) From (2.6.3), we have

X 0y z X y Z
Vil a 09 0 0 d 0
X = | — — — | = — — —_—
ox dy 0z ox ay 0z

u. U, U, y+2 +2) (y+x

31 —=D+51 =1 +31-1)=0.

(b) From (2.6.5), we get

1 ppd 2z | p pe Z
VxB=-|2 9 0111 3 K
plop ¢ 0z p ap lo} 0z

E, pEy E; 150p cos¢p 200psin¢g O

2
= 2(00 + 150) sin ¢.
p
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(¢) From (2.6.7), we get

F o rf  rsin 0({5
- 1
VxHe—o— |9 2 3
rrsin(0) | or 06 dp

H, rHy rsin6H,

r 0 rsin 9(?5
1 0 ki 9
= 72 sin(6) ar a0 o}

rcos 0 r(— SI—HO) rsin (22 sin 6)

1 r ~ ~
= ——| 747’ sin Ocos 0) + r(—6r° sin® 6) + rsin O rsin 0]
r2sin(6) L

= 74rcos @ — 06rsin 6 + <2> sin 6.

2.7 THE DIVERGENCE THEOREM

Consider a vector field A(?) defined throughout a volume region V that is bound by
the surface S. According to the divergence theorem (also known as the Gauss’s
theorem), the integral of the divergence of A(r) in V is equivalent to integrating
the normal component of A(r) over S. Mathematically

J V- A(P)dv = i; i e A(F)ds. (2.7.1)
S

This theorem can be proved easily using (2.5.1), which defines V - A(r) Consider
a vector field A(r) in a volume V bound by the surface S, as shown in Figure 2.29.

y
A

>
<
S

Z

Figure 2.29 Geometry of the subdivided volume for establishing the divergence theorem.
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Imagine that the volume V is made up of N volume-elements AV; that is bound by a
closed surface S;. Therefore

Using (2.5.1) for /X(?i) in this volume element, we get
. e A(R)ds
V-AG) = lim u

AVGEY—0  AV(FR)

As AV; — 0, this equation can be written as follows:
V- ARAY, :fi; i+ Ads.
Writing similar expressions for each volume-element and adding, we find that
N . N .
V- A(F)AV; = J) n+ Ads.
; Z Si

i=1

As illustrated in Figure 2.30, integrations over adjacent surfaces of neighboring
volume-elements cancel each other, leaving only the integral over boundary
surface S. Therefore this expression reduces to

N
Jim Z V- A(F)AV; = iﬁ - Ads.
AV;—0 =1

N\
&

Figure 2.30 Cancellation of surface integrals over internal volume-elements.
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Now using the definition of volume integral for the left-hand side of this, we have
J Ve AF)dv = } 7+ Ads.
v N

Example 2.24

Verify the divergence theorem for a vector A = 75 when a closed surface is (a)a
cylinder with p=1m, and 0 < z < 1 m, (b) a sphere of r = 1 m, and (c) a cube
with0<x<1mO<y<Im,and ) <z<1m.

(a) Since both, the given vector as well as the closed surface, are in spherical
coordinates, the corresponding formulas can be easily applied as follows:

2 ™
jﬂ Avds= J J (F5r) = #r° sin 0d6ddp|_ =5 x 2 x 27 = 20.
N ¢=0 J 6=0 -

Since

- 1 9
VeA=——sin0—(@*5r) = 15
r2 sin Hsm@ar(r r) ’

2 T 1
J VeAdv = 15J J J r* sin 0 drdfde
v ¢=0 J6=0 Jr=0
31
r 2
=15x 3 x(—cos 0|]) x ¢|,"= 207
0

(b) In this case the closed surface is in cylindrical coordinates whereas the given
vector is in spherical coordinates. Therefore it needs to be converted into
cylindrical coordinates before integrations. From the Tables 2.1 and 2.3

we get
A = 75r = (p sin 6+ 2cos 0)5/p? + 2.
Since
sinezL and cos@:;,
p*+22 pr+22

this simplifies to

-

A =75r = (pp+ 22)5.

Therefore

- 19 3
VeA=——0Gp)+0+—(52) =15
pop 0z
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and
. 1 a1
J V+Adv = J J J 15pdpdpdz = 157.
v =0 J =0 Jp=0

Since there are three surfaces in a cylinder to form a closed surface, we
evaluate the integrals individually as follows:

For the side surface of the cylinder,

1 21T 1 2
J A-ds= J J A- ﬁpdq’)dz‘ - SJ J ddz = 10,
S =0 J =0 p=1 =0 J =0

For the top surface of the cylinder,

2 1 21T 1
J A'ds:J J A« Zpdpdd 1:5J J pdpdp = 5.
$ =

¢»=0 J p=0 =0 J p=0
For the bottom surface,
. 27 1 N
J A'dS:J J A-zpdpd(b) —0.
S5 =0 Jp=0 z=0

Therefore

jﬁj-dhj@ E-dﬂ} Z-dﬂ} A+ds=10m+57= 157
S S» S3

In this case the closed surface is in rectangular coordinates whereas the given
vector is in spherical coordinates. Therefore it needs to be converted into rec-
tangular coordinates before integrations. From the Tables 2.1 and 2.2 we get

A = 757 = (Rsin 0 cos ¢ + Psin 0 sin ¢ + 2 cos §)5v/x2 + y2 + 2.

Further, since
Z

V242
VX2 +y?
VY 2

X

NeES

cos 0 =

sin 6 =

cosp =
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and
. y
sin¢p = ——,
VX2 +y2

we get

A =5@x+ 3y +22).
Therefore

- 9 0 0
VeA=—050)+—=0y)+—=0B2) =15

ox dy 0z

and

1 gl
J V-Adv= J J J 15dxdydz = 15.
% z=0 Jy=0 Jx=0

Since there are six surfaces on a cube, we evaluate the integrals individually as
follows:

For the surface at x =1,
R 1 1
J A-ds) = J J 5xdydz|x_1 =5.
S =0 Jy=0 -
For the surface at x = 0,

1 1
J A-ds; = —J J Sxdydz| _,= 0.
S 7=0 Jy=0 -

For the surface at y = 1,
. 1l
J Acdsy = J J 5ydxdz| =5
S5 2=0 Jx=0 =
For the surface at y = 0,
R 1 gl
J A-ds) = —J J Sydxdz’ 0= 0.

54 2=0 Jx=0 =

For the surface at z =1,

1ol
J A - dss = J J Szdxdy| _ =5.
s y=0 Jx=0 =
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For the surface at z =0,

Therefore

%X-ds:J A-ds1+J A’-ds2+---+J [{-ds6=15=J V - Adv.
S M S Se 14

2.8 STOKES THEOREM
Consider a vector field A(?) defined over the surface S bound by a closed boundary

contour I'. Stolies’s theorem states that total flux of the curl of X(?) over S is equal to
circulation of A(7) along the contour I". Mathematically

J i [v x A’(?)]ds = {S AG) - de. 2.8.1)
S T

Z

Figure 2.31 Geometry of the subdivided surface for establishing Stokes’s theorem.
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This theorem can be easily proved using (2.6.1), which defines V x A(r) Consider a
vector field A(r) over the surface S bound by a boundary contour I', as shown in
Figure 2.31. Imagine that the surface S is made up of N area-elements AS; that is
bound by the closed boundary T';. Therefore

Using (2.6.1) for X(?,-) in this area-element, we get

{> AG) - dE
x| =[x ] = B2
x (r)n n x A(ri) Asl,-rilo AS;
or
lim 7 - [VxA(r,)]AS,-:J) A() - dE
AS;—0 .
or

Y i [v x A(F) ]AS,- - ZNA; AG) - di.
T;

i=1 i=1

As illustrated, integrals over adjacent contours cancel out except the integral
around boundary contour I' of S. Hence the expression reduces to

N

im S 7 - [v x X(?i)]ASi - jE AG) - dE.
; I

Using the definition of a surface integral on the right-hand side of this expression,
we get

Lﬁ . [v x /i(?)]ds = fﬂ"@ - di.

Example 2.25

Verify Stokes’s theorem for the case of Example 2.16.
For H = pp sin ¢ + ¢2p A/m,

b opdp Z
| 0 0 d o 2
VxH=-| — — —| =2(6p—cosd)A/m-.
ol % 96 B (6p DA/
psing 2p° 0
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Therefore
N T b
J (VxH)-dE:J J 2(6p — cos @) * Zpdpdd
N $=0 J p=a
T 3 o\ |0
P P
= 6— — cos d)) do,
Jqﬁ() ( 3 2 a
or

J (Vx H)+ds =20b° — a’)|g—3(b? — aP)sin d| ;= 27(b* — @®) A,
N

Now applying the result from Example 2.16, we find that

J (Vxﬁ)-d§:2w(b3—a3)A=j£ H - de.
S r

Example 2.26

Verify Stokes’s theorem for the case of Example 2.15.
In this case E = p150p cos ¢+ ¢200 sin ¢ V/m, and from the results
obtained in Example 2.15,

fi; E-+di =525V.
r

Note that p is dependent on ¢, which was found to be p = 3 cos ¢. The relation
and curl of the vector was evaluated in Example 2.23 as follows:

.2
V x E:2<00+ 150) sin ¢.
p

Therefore

N R 77/2 3 cos ¢ 200
J (VxE)*ds:J J 2(4—150) sin ¢ * zpdpdd
s ¢=0 J p=0 P

/2 3cos P
= J J (200 + 150p) sin ¢dpdd,
=0 Jp=0

or

3cos ¢

. w2 P
J (VXE)-ds= J <200p + 1502) sin ¢pdp
s

$=0

0

/2
= J (600 cos ¢ + 675 cos’ ) sin Ppdd.
0
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The integral can be evaluated by changing the integration variable (and the
associated integration limits) as follows:

cos¢p =t — —sinpde = dt,

d=0—>t=1,

and

—t=0

(SIS

Therefore

0
J (VxE)-d}:—J (600t—675t2)dt:525V:+ E - dC.
N 1 r

2.9 OTHER OPERATIONS INVOLVING V
Laplacian of the Scalar Field f(7)

The Laplacian of a scalar field is defined in rectangular coordinates as follows

N I AN i)
V-Vf=V¥=V (a +3 ay+ 81)_8x2 TR (2.9.1)

In cylindrical coordinates, it is given by

19 ( 9 1 &f &
vr_ld <pf> +7if;+7f;_ (2.9.2)
pop \' dp p*od° 0z
The Laplacian of a scalar field is given in spherical coordinates as follows
5 of 1 Bf 1 &f
\2 _— . 293
f= r Br( Br) +r2 sin 03(9( sin 89) +r2 sin” 0 3¢” ( )

Laplacian of the Vector Field A(?)
From V x V x A = V(V + A) — V24, we get
V2A(F) = v[v . /K(?)] —Vx VxA®. (2.9.4)

Note that the Laplacian of a vector is separable only in the rectangular coordinates
as follows:

VA = iV2A, + VA, + 3V2A.. (2.9.5)
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Two Important Differential Identities

The curl of the gradient of any scalar field is always zero. In other words, the
gradient of a scalar field is always irrotational. Mathematically

V x Vf = 0. (2.9.6)

The divergence of the curl of a vector field is always zero. In other words, the curl of
a vector field is always solenoidal. Mathematically

V.eVxA=0. (2.9.7)
Several Often Used Identities
Ve (fA)=fV-A+A-Vf, (2.9.8)
V x (fA) = fV x A + Vf x A, (2.9.9)
V(i) =AYV + AL V], (2.9.10)
V(A X Ay) =Ay+ (VX A) —A; +(V x Ap). (2.9.11)

2.10 HELMHOLTZ THEOREM

As was mentioned earlier, a vector field is solenoidal if its divergence vanishes
everywhere in the spatial domain. If the curl of a vector field vanishes everywhere,
then it is called an irrotational field. Physically the former situation arises in magne-
tostatics in response to a current density, and the latter one is associated with the
electrostatics created by a charge density. If both the divergence and the curl of a
vector field are zero, then the field has no source. A general vector field A(7) is
uniquely specified if both its divergence and its curl are given within a region,
and its normal component is specified over the boundary. Furthermore such a
field may always be expressed as follows:

A(F) = VIR + V x F(P), (2.10.1)

where f(7) and F (7) are called scalar and vector potential fields, respectively.

Note that according to the Helmholtz theorem, the divergence and curl of a vector
field cannot simultaneously vanish at every point in space if the field A(7) is to be
nonvanishing; that is,

VXAF) =0 — V-A®F) # 0, (2.10.2)
VAR =0 — VxA®F) # 0. (2.10.3)

In other words, a vector field A(?) is completely specified if both its divergence and
curl are given at each point 7 in its domain V.
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For V « X(r) =g(¥) and V x A(?) — J(7), if we take divergence of (2.10.1) and
use (2.9.7), then we find that

VeA() = V- VF(F)+ V- [v x 13(?)] s V- V() = o(P),
or
V2f(r) = g(7). (2.10.4)

This is Poisson’s equation as found in electrostatics. It is called a Laplace equation
when its right-hand side is zero.
On the other hand, if we take curl of (2.10.1) and use (2.9.6), then we find that

VxA(r) =V x VA(F)+ V x [v x ﬁ(?)] =V x [v x 13(?)] —J(F).
Therefore

V x V x F(F) = J(F). (2.10.5)

PROBLEMS

2.1. ForA = —2% + 39 — z, find the magnitude ‘/_( ‘ and the unit vector in the direc-
tion of the vector.

2.2. A vector A is defined in the rectangular coordinate system as being directed
fI‘OIll (1,2,3)to0(3,4,5). Find (a) a vector expression fog A, (b) the magnitude
of A, and (c) a unit vector pointing in the direction of A.

2.3. Find the position vectors for points P(1, 3, 5) and P»(2, 4, —1). If a paralle-
logram is formed by these two position vectors as its two adjacent sides, then
verify if the diagonals of this parallelogram bisect each other.

2.4. Find a vector B that is perpendicular to A=3%—2§+2hasnoz component,
and has a magnitude of unity.

2.5. IfA = 2% — y+4Zand B = —%+$ — 22, then find (a) the component of B in
direction of A, (b) the smallest angle between the two vectors, and (c) a unit
vector perpendicular to the plane that contains two vectors.

2.6. A triangle ABC is found by connecting the points A (1, 2, 0), B (0, 0, 1), and C
(=2, 1, 0). Find the point D that gives a plane parallelogram ABDC.

2.7. Verify (2.1.36) for A = X + 49 + 32, B =39 + 2, and C = 43.
2.8. Verify (2.1.37) for A = % + 45 + 3%, B = 3§ + 2, and C = 4.

2.9. A receiver antenna produces an electromotive force (voltage) proportional to
the z component of the incident electric field intensity. Assume that the
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2.10.

2.11.

2.12.

2.13.

2.14.

2.15.

2.16.

VECTORS AND FIELDS

proportionality constant is 0.3 m. If the electric field intensity is given by the
following expression, then find the voltage induced at the receiver:

A 2+cos(¢)V

E:
¢ N /m

A receiver antenna produces an electromotive force (voltage) proportional to
the z component of the incident electric field intensity. Assume that the pro-
portionality constant is 0.2 m. If the electric field intensity is given by the fol-
lowing expression, then find the induced voltage at the receiver:

E= 3(?) sin 6 + (2) sin ¢ cos ) V/m
The electrical charge density in a volume is given by
py =2—02C/m™3.

Determine the total charge enclosed in a cube defined by —1 <x < 1m,
—l<y<Im,and -1 <z<1m.

The electrical charge density in a volume is given by
py =2—0.2rC/m™>.

Determine the total charge enclosed in a volume defined by 0 < p < 1m,
(m/4)<¢dp<(m/2),and 1 <z<1m.

The electrical charge density in a volume is given by

py =2—0.2rC/m™>.
Determine the total charge enclosed in a wedge defined by 0 <r < 1m,
(m/4) < 0 < (m/2), and (7/4) <0 < (7/2).

Find the work done by the following force in moving a particle from P to P,
(a) over the straight line connecting (0, 0, 2) and (1, 3, 0), (b) over the straight-
line path connecting (0, 0,2) — (0,0,0) — (1,0,0) — (1, 3, 0), and (c)
0,0,2) — (0,0,0) — (1,3, 0). Assume that all distances are in meters:

F = 3222 + 9> + 2yz N.

Find the circulation of the electric field intensity E= pp’ cos ¢ +
¢5sin? ¢ V/m over a semicircular path of radius 1.5 m with its center at
(1.5 m, 0°, 0) as shown in Figure 2.21.

Find the circulation of the following magnetic field intensity around the con-
tour ABCDA, as shown in Figure 2.22.

H= pp*sin ¢ + <2>4p A/m.
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2.17.

2.18.

2.19.

2.20.

2.21.

2.22.

2.23.

2.24.
2.25.
2.26.

2.27.

Find the circulation of the following magnetic field intensity around the con-
tour ABCDA, as shown in Figure 2.22.

H= pp sin® ¢ + c2>4pA/m.

For an electric flux density given as D= p(3/p*) C/m?, find the total electric
flux emanating from a closed surface that bounds (a) a cylindrical volume of
2 m in radius, with 0 < ¢ <7, and —1 <z < 1m, (b) a cube with —1 <
x<Im,—1<y<1lm,and —1 <z<1m, and (c) a sphere of 1 m radius
centered at the origin.

Determine th§ rate of change of a scalar field f(7) = X+ yzat(l,2,3)in the
direction of A = X + 2y + 3z.

Find the gradient of the following scalar fields:

@ fix,y,20=z06x+3y+2)
(b) f(p, ¢, 2) =5 cos” +2pz
(c) f(r, 6, ) = 2(sin” 0 cos ¢/r?)

Find the divergence of the following vector fields:
(a) A= —%x+ y4y? — 297

(b) B=—pcos— (5/p*) +22°

(c) E=79r — Osinp+  cos? 0

Find the curl of the following vector fields:

(@) U =502 +(x2) + 20m)

) E = pSp* + <2>2p sin ¢

(¢) H= F(cos 6/r) — Orsin 6+ <2> cos ¢

Verify the divergence theorem for a vector A = 7 when a closed surface is

(a) a cylinder with p = 1 m, and 0 < z < 1 m, (b) a sphere of r = 1 m, and (c)
acubewith0<x<Im0<y<Im,and0<z<Im.

Verify Stokes’s theorem for the case of Problem 2.16.
Verify Stokes’s theorem for the case of Problem 2.15.

Points P(1,0,2), P>(—3, 1, 5), and P5(3, —4, 6) form a right triangle in space.
Find the point where the angle is a right angle.

Determine the work done in carrying a 5 pC charge from point Py(1, 2, —4)

to point Po(—2, 8, —4) in the field E = yx + xy V/m along the parabola
2

y=2x".
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2.28.

2.29.

2.30.

2.31.

2.32.

2.33.

2.34.

2.35.

2.36.
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Points P,(—2, 0, 3) and P,(0, 4, — 1) are given in space. Find (a) length of the
line that joins P, and P,. (b) How much is the perpendicular distance from
point P5(3, 1, 3) to the line.

Find component of the vector A=2%— 59 + 3Z that is perpendicular to the
vector B = —x + 43.

If A= pp cosd+ (2) p’sin(¢), then evaluate §X . dZ, going counter-
clockwise around the contour bound by circles of radii 1 and 2 in the first
quadrant.

Three vectors are given as follows:

-

A=5+25—32
B=-3%+35—23,

and

Find (a) A x C, and (b) (C x B) + A.

For points P;(3, 2, —1), P»(3, 8, —5), and P3(1, 3, 0) given, find (a) the vector
drawn from P; to P, (b) the straight line distance from P, to P3, and (c) the
unit vector along the line from Py to Ps.

Three vectors are given as follows:

A=6%+2)—32
B=4%— 6+ 123,

and

-

C=5x-2z

Find (a) C x B, and (b) A * (C x B).

Given a vector field A= p*p + 222, compute the total outward flux
(§gA - d5) from the surface of a 10 m high cylinder of radius 2 m.

For a vector function A = pp’> + 2z, verify the divergence theorem over a cir-
cular cylindrical region bound by p =3, z =0, and z = 2.

For the vector field A = #3x%y? — yx3y?, verify the Stokes’s theorem over a
square region bound by 1 < x <2and 1 <y < 2.
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2.37. Find the unit vector normal to the surface defined by

2= +y2 + 2.
2.38. Evaluate the curl of

,
147

A=} + 62rsin(¢)
at the point (3, /4, 27/7).

2.39. For A = (xy — DX — y* + (yz + 2)3, find 5{555 - d’s, where S is the surface of
a rectangular box bounded by the planes x =0, x=2,y=0,y=1, z =0,
and z = 0.5.



BASIC LAWS OF
ELECTROMAGNETICS

This chapter begins with an introduction to fundamental laws of electromagnetic
fields. These laws were formulated on the basis of various experimental obser-
vations. Historically static electric and magnetic fields were studied long before
time-varying fields. Hence a number of laws (Coulomb’s law, Biot-Savart law,
Ampere’s law, etc.) were formulated for static fields. Faraday’s law for time-varying
fields set the foundation for electrical generators. Later on Maxwell not only sum-
marized elegantly the previous works through his celebrated equations but also
introduced a displacement current term in the Ampere’s law. This was a significant
contribution that established relations between the electric and the magnetic fields,
predicted the propagation of electromagnetic waves in the space, and set the foun-
dation for modern wireless communication. Earlier results of static fields become
mostly a special case of Maxwell’s equations. In this chapter Maxwell’s equations
in integral (or large-scale) form are introduced initially because these are relatively
easier to correlate with the experimental observations. The corresponding differen-
tial expressions (or point forms) are obtained via the Stokes and Gauss theorems.
After a brief discussion on time-harmonic fields and constitutive relations, the
boundary conditions are summarized next along with a few of its application. The
chapter ends with sections on the Lorentz force equation and the Poynting vector.

Practical Electromagnetics: From Biomedical Sciences to Wireless Communication.
By Devendra K. Misra
Copyright © 2007 John Wiley & Sons, Inc.
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3.1 MAXWELL’S EQUATIONS IN LARGE-SCALE OR
INTEGRAL FORM

In general, electromagnetic fields and sources vary with space-coordinates and the
time. In vector notation these may be represented as follows:

&(F, 1) Electric field intensity in V/m

J (F, 1) Magnetic field intensity in A/m
9(F, 1) Electric flux density in C/m?
%(F, ) Magnetic flux density in Tesla
;ﬁ (7, 1) Electric current density in A/ m?
p(7, 1) Electric charge density in C/ m’

Laws using these notations are presented here, the same as they appear in the
Maxwell’s equations. For simplicity, the space and time dependences of these
field quantities are not shown explicitly but are implied.

Faraday’s Law of Induction

Faraday discovered that if a conducting wire loop is exposed to magnetic flux, it can
induce an electromotive force (emf). The induced emf depends on the time-rate of
change of the magnetic flux that leaves the surface bound by the loop. Induction is
possible only when the magnetic flux is changing with time or the loop is moving
through a nonuniform magnetic field. Consider a loop ¢ that bounds the surface s,
as illustrated in Figure 3.1. The magnetic flux leaving the surface can be evaluated
by integrating the normal component of magnetic flux density at every point on it.

\ 4
v

Figure 3.1 Magnetic flux density # passing through an area s bound by curve c.
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Mathematically

. Al -
Cedl = —— | A -ds. 3.1.1
fl;c ath * G1D

Example 3.1

As shown in Figure 3.2, a metal bar oscillates over a pair of conducting rails, with
its position given by x = 2 — cos(207t) m. The system lies on z = 0 plane, and
the magnetic flux with a density of 5 mT is in the z direction. Find the current
i due to the induced emf. What happens if the magnetic flux varies with time
as follows?

B =25 cos(20mf) mT.

The voltage induced across R is found to be

- - a9 * RO 9 d
i;@@‘dzz—fj J Betdildy=—>(5x2xx)=-10%
c ot Jy—o Jy=o ot dt

= —2007 sin(207) mV

and

200
qusin(207Tt) mA = 27sin(2071) A.

For the case of magnetic field changing with time,

R N 9 X 2 N )
?f é“’-dﬁ:——J J B+ 7dx'dy = ——[2 x x x 5¢cos (207t)]mV
c ot x'=0Jy=0 ot

d
— —10cos (2077;)% 42007 xsin(2071) mV

= 2007[2 — cos(207t)] sin(207rt) — 2007rsin(2077t) cos(207rt) mV
= 2007[2 5in(2077) — sin(407H)] mV = 0.277[2 sin(2077¢) — sin(4071)] V.

Z
A /y
f—2m i—»

R=0.1Q

Figure 3.2 System geometry for Example 3.1.
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Therefore
i = —2m[2sin(207rt) — sin(4071)] A.

Example 3.2

A rigid rectangular loop is lying on the xy-plane with its vertices at (1, y, 0), (3, y, 0),
(3,y+2,0), and (1, y+ 2, 0), as shown in Figure 3.3. It is immersed in a mag-
netic field E(F, 1) = z5 cos[(my/2) — 2507t] mT. (a) For a stationary loop find the
electromotive force induced counterclockwise around it. (b) How will the
induced emf change if the loop is moving with velocity = $500m/s.

The magnetic flux passing through the loop area is found to be

o(F, 1) =J B 1) ds
N

y+2 (3 /
= J J Z5cos (Wzy - 2507Tt) * Zdxdy’
1

y=y Jx=

y+2 ’
- 10J cos(Trzy —250m‘>dy’,

y'=y

or

sin[(ry//2) — 2507r1]] >

/2

o7, 1) = 10

7

y=y

- —Osin(%y _ 250m) mWb

_ —'—sin(? - 250m) Wh.

>y

(1,y,0) 1,y+2,0)

B, 1)=125 cos(% - 250m)mT

(3vy’ O) (3,y+2, O)

Figure 3.3 System geometry for Example 3.2.
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(a) When the loop is stationary, the time derivative of y is zero. Therefore
L d
} & il = induced emf = — ¥ = ~10cos( 2> ~ 250 )V.
c dt 2

(b) Because the loop is moving in the y direction at a velocity of 500 m/s,

> - d
fl; & + dl = induced emf = _Ff
Cc
40 my wdy ay B
=-= [cos(2 —250mt) 72 — 250 cos( - — 25071 | = 0.

Example 3.3

A rigid rectangular loop of 3x2 m is situated on the yz-plane, as shown in
Figure 3.4. It is rotating symmetrically about the z-axis with an angular velocity
of w;rad/s. If there is a magnetic field with its flux density 4(r, 1) =
X5 cos(wyf) mT, find the open-circuit voltage V, induced in the loop.

Small area on the surface rotating about z-axis can be expressed as follows:

ds = ¢dydz, ~15<y<15m, 0<z<2m.

Since the magnetic flux density is directed along x-axis, it can be transformed to
cylindrical coordinates as well with the help of Table 2.3. Hence

BG, t) = (pcos ¢ — qASsin )5 cos(wyt) mT

>

. WL

/47

Figure 3.4 System geometry for Example 3.3.
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and
. 2 15
o, 1) = J B, 1) » ds = —5 cos(wyt) sin d)J J dydz
S z=0 Jy=—15
= —30 cos(wyt) sin g mWD,
or
o(7, 1) = —30 cos(w,t) sin(w;t)
= —15[sin(w; + @)t + sin(w; — w,)t]mWb.
Therefore
% é-dZ:_a¢(r’ )]
B ot

= —0.015[(w; + wy) cos(w; + wr)t + (w; — wp) cos(w; — w] V.

Note that w, is zero for the static magnetic field, and therefore the expression for
total magnetic flux simplifies to

@(F, 1) = —30 sin(w; ) mWb.

In this case the induced electromotive force is found to be

- 5 op(F, t
ff) &edil =— ‘Dg ) 0,030, cos(ay1) V.
C

Example 3.4

A conducting fluid is flowing through a plastic tube of 3.5 cm in diameter, as
shown in Figure 3.5. The flow rate is 0.24 L/s along the z-axis. It is subjected
to a magnetic field with its flux density %(7, 1) = 345mT. As Shown in
the figure, there are two electrodes placed across its diameter along the y-axis.
Determine the voltage induced across these electrodes.

For a constant uniform magnetic flux density of B,T along the x-axis, tube
radius a and diameter Dm, we can write

jﬁé-di——ﬁr r ch-fcdd/——ﬁ(Bza)——zaB%——DBU
. =Ty o o yaz = g oo ) = o olz.

y=—a
If the fluid flow rate is Q m> /s, then

0T, 40
T4 T gy
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Figure 3.5 System geometry for Example 3.4.

On substituting it back, we find that

- 4 408,
Fj;é”-déz—DBo—Q:— 0B,
. wD? 7D

Using the given data, we find that

-3
V= - 22X 02X 107X 008 _ 3959, 103V = 3029 V.
70.035

Note that the flow rate is given in L/s and the diameter of the tube in cm, whereas
the formula derived is in SI units. Commercial flow meters are designed using
this kind of arrangement.

Generalized Ampere’s Law

The generalized Ampere’s law is based on the experiments conducted by Oersted
and Ampere and the theoretical reasoning of Maxwell. Oersted found that the elec-
tric current flowing through a conductor generates an encircling magnetic field.
Maxwell introduced the displacement current term along with the conduction cur-
rent. This significant contribution could explain the current flow through capacitors
in a circuit as well as predict the propagation of electromagnetic waves in space.
Consider a closed path ¢ that bounds the surface s, as illustrated in Figure 3.6.
Integration of the tangential component of the magnetic field intensity along this
closed path (the line integral of vector magnetic field intensity along c¢) gives the cir-
culation of the magnetic field intensity, which is called the magnetomotive force
(mmf). It is found that this mmf is equal to the net current enclosed by the closed
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9.5

Figure 3.6 Electric flux density & and current density _# passing through an area s bound by
curve c.

path c. Mathematically

El;y?-dZ:J}-dﬂﬁjé-dsﬁ (3.1.2)
c S at s

Thus Ampere’s law is analogous to the Faraday’s law. Since the electric field
intensity is expressed in volt per meter, its line integral (the emf) is in volts. Simi-
larly the unit of magnetic field intensity is ampere per meter, and therefore the mmf
has unit of ampere. The first term on right-hand side of (3.1.2) represents the con-
duction currents (net transfer of electric charge) and its second term is the time
rate of change of electric flux that leaves the surface s (the displacement current).
There is no term analogous to the conduction current in Faraday’s law because in
reality there is never a net transfer of magnetic charge. As mentioned earlier, this
term is significant because it establishes the link between electric and magnetic
fields. Further Ampere’s law sets the foundation for the wireless communication.

Example 3.5

An infinitely long solid cylindrical wire with a radius of 2 m lies along the z-axis.
It carries a current with density #(p) = #,(1 — 0.5p)2 A/m?. Find the magnetic
field intensity inside as well as outside the wire.

From the given condition it is clear that only the encircling magnetic field H,
exists. Hence Ampere’s law for inside the wire gives

N N N 2 27 rp
+ A+ di = J Jeds — J Hypdd = J J 7.,(1 = 0.50)pdpldd,
c s 0

0 Jo
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or

e e 2
27TpH¢,:27T/0<2—0.53) —>H¢:f0<—)A/m, 0<p<?2.

Similarly, for outside the wire,

. 2T 27 (2
1; Hoodl = J S ds — J Hypdd = J J S(1 —0.50)pdpdd,
c s 0 0 Jo

or
2? 23 2
P

Example 3.6

A coaxial line with its inner and outer conductor radii a and b, respectively,
carries a current constant with time. The outer conductor has a finite thickness,
as shown in Figure 3.7. The current densities on the two conductors are given
as follows:

- 1 By > . 1 ’
Ja = zﬂ_—a2 A/m”~ and Jp= —Zm A/m

Find the corresponding magnetic field intensity everywhere.
The geometry of this problem requires cylindrical coordinates. From the
symmetry of the problem, only the ¢ component of the magnetic field exists.

<

\

Figure 3.7 System geometry for Example 3.6.
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MAXWELL’S EQUATIONS IN LARGE-SCALE OR INTEGRAL FORM
Therefore Ampere’s law can be used for four regions as follows:

For0 <p <a,
2

i;%di: L}-d§->J Hyd + dpddp

0
27 p I .
:J J — 2 * zpdpd¢,
0 Ta

or

p
— P A
2ma? /m

Fora < p < b,

§ i 7dis JZWHd)(z’ - dpde

0

27 a I
[N =t
¢=0 Jp=0 TA

or

I r2|a
Hy2mp = $2ﬂ'—

1
> — Hy=—A/m.

27p

=0

Forb<p<e,

§ i 7di J?Hw?w&pw

27 ra | 27 rp I
:J J —zz-zp’dp’d(b—J J ——
¢=0 J =0 Ta =0 Jp'=b m(c? — b?)
or
I 1214 I 2P
Hy2mp = —2277'0 — 75 L
TTa 2 =0 7T(C —b ) 2 p=b
or

I |cc—p
H A
¢~ 2mp [c2 b2:| /m.

2« zpdp'dd

89
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Finally, for ¢ < p,

2
jﬁyf-de J/-d§—>J Hyd - dpdd
c S 0

2w ra 1 L 27 e I L
—2-2pdpd¢—j J L s,
Lo Jno ma® =0 J y—p T2 = b?)

or
I p/Z ¢
Hy2mp = ——2m7—

$£TP ma? ™

a I p/2

gt
gy TE D)2

:0—>H¢=0.
p'=b

Gauss’s Law for the Electric Field

Gauss’s law is based on his experimental observations and those of Faraday. Gauss’s
law for the electric field relates the enclosed charge with total displacement flux that
emanates from the closed surface s. Consider a closed surface s that bounds a
volume v, as shown in Figure 3.8. There is electric charge distributed in volume
v, with a charge density of p. This electrical charge sets up a displacement flux
with its density as .

According to Gauss’s law, the electric displacement flux that emanates from a
closed surface s is equal to the net charge contained within the volume v. Mathemati-
cally

jﬁ G - ds = J pdv. (3.1.3)

Example 3.7

A spherical volume of radius a contains electrical charge with p = p, C/m3.
Find the corresponding electric flux density everywhere. (Assume that p, is a
constant.)

Figure 3.8 Electric flux density & emanating from a volume v bound by the surface s.
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Using spherical symmetry, we find that only radial component of the flux
density exists. Therefore Gauss’s law gives

r=ro

2 T
jﬁ D+ ds = J p,dv —> J J D ¥+ #risin 0dod |
S \4 ¢$=0J 6=0

2 T o
= J J J por” sin 0drdde.
¢=0 J =0 Jr=0

ForO0<r, <a,

ro

3

r
D, r}2m(—cos 0]7_) = poy| 2m(—cosbliy) — I, = pq“ C/m?.
r=0
Fora < r,,
2 il @ 2
9D ,ri2m(—cos Olg_) = pf’? 2m(—cos Olg_y) — Z, = poﬁ C/m”.
r=0 o

Gauss’s Law for the Magnetic Field

This law is analogous to Gauss’s law for the electric field. Since the magnetic
flux lines are always closed and magnetic charges do not separate like positive or
negative electric charges, net magnetic charge in a volume v has to be zero. As
illustrated in Figure 3.9, the magnetic flux emanating from the closed surface s is
therefore equal to zero. Mathematically

El;é-ds*zo. (3.1.4)

Figure 3.9 Magnetic flux density 4 emanating from a volume v bound by the surface s.
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Figure 3.10 Electric charges leaving a volume v bound by the surface s.

Maxwell studied the preceding four laws that were formulated purely based on the
experimental observations, and added the displacement current term to the original
Ampere’s law (hence, generalized it). Therefore Equations (3.1.1) through (3.1.4)
are known as Maxwell’s equations. Since these equations involve integrals, this for-
mulation is known as the integral or large-scale form of the Maxwell’s equations.

Equation of Continuity/Conservation of Charge

Consider a closed surface s that bounds a volume v, as shown in Figure 3.10. There is
an electrical charge distributed in this volume that has a charge density p. If there is a
current flow across the closed surface s, then there is an effect on the charge distri-
bution. If the net current flowing through the surface s is zero, then there is no
change in total charge. The net current emanating from the surface s is equal to
the time rate of decrease in the charge enclosed. Mathematically this is stated as

iﬁj-ds“:—gj pdu. (3.1.5)

3.2 MAXWELL’S EQUATIONS IN POINT OR
DIFFERENTIAL FORM

As mentioned earlier, Equations (3.1.1) through (3.1.4) are known as the Maxwell
equations in integral (or large-scale) form. A differential (or point) form of these
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equations can be obtained via the application of Stokes and Gauss’s theorems as
follows:
From (3.1.1), (3.1.2), and (2.8.1) we have

- o - d - 0%
fi;(o@-dﬁzj(VX(E)-ds: JﬁOdS—)VX(E———
. P at ), ot
and
- o - . -39
Hoedb=| (VX H)+ds= / ds+8t Gods— Vx H = /+§.
Similarly from (3.1.3), (3.1.4), and (2.7.1) we write
%@-d*:J V'@duzj pdv— V% =p
K v v
and
jﬂéz-ds*zj VeBdv=0—>V+%=0.
Application of the divergence theorem (2.7.1) to (3.1.5) gives
- - d - ap
cds=| Vs gdv=——| pd Ved=——.
ist v aerH 7=
These results may be summarized as
. R
Vx&=——, 3.2.1
X o (3.2.1)
N
Vx%:fﬁ-ﬁ, (3.2.2)
V.9 =p, (3.2.3)
V% =0, (3.2.4)
and
dp
Ve d=—— 3.2.5
J==7 (3.25)

Equations (3.2.1) through (3.2.4) are known as the Maxwell equations in point (or
differential) form, whereas (3.2.5) is the equation of continuity in differential form.
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Example 3.8

The electric flux density in a spherical volume is given as follows:
= ~ TPy 3
9 =r—C/m’.
r 3 /m

Find the associated electrical charge density. (Assume that p, is a constant.)
Using (3.2.3), we have

- 1 d 1 p,dr’
p=V-9= |:sin6’ar(r2p°r) +0—|—01| —*&L_P C/m’.

r2sin 0 3 23 dr

Note that this example verifies the result obtained in Example 3.7.

Example 3.9

The current density in a region is given as follows:

-

I =3yz+Iyz + 2zx A/m?.

Find the current leaving the surface that bounds a unit cube in first quadrant, as
shown in Figure 3.11.

This problem can be solved two different ways. One way is to evaluate the
left-hand side of (3.1.5). That is, since there are six surfaces in a cube, the evalu-
ation can be carried out individually on each, and then the final result found after
summing. Hence the current /; leaving the front surface is written as

1 gl 1 gl
11=J J J * xdydz =J J yzdydz

z=0 Jy=0 x=1 =0 Jy=0

—1
=1A

x=1

-t )--———-Pp~

|
|
|
1
|
|
:
|
|
|
|
v
~<

N

N

Figure 3.11 Unit cube for Example 3.9.
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Current I, leaving back surface is

xX=

1 gl 1 gl
L = J J 7 (—)%)dydz‘ 0= —J J yzdydz|x:1 = —ﬁ A.
-0

z=0 Jy=0 z=0 Jy=

Current /5 leaving right-side surface is
[ 1l
@:J J‘éfﬁﬂ&) =J J vedxdz|_ =1 A,
7z=0 Jx=0 y=1 z=0 Jx=0 =
Current 1, leaving left-side surface is
I R 1l
Iy = J J g (_jz)dxdz‘ = —J J yzdxdz|v:0 =0.
=0 Jx=0 y=0 =0 Jx=0 ’

Current /5 leaving the top surface is

1l 1l
Is = J J S o zdxdy| = J J xzdxdy| _, =3 A.
=0 =0 -

X y=0 z=1 X y=0

Finally, current /s leaving the bottom surface is

1 1 1 1
k:J J J + (—2)dxdy 0=—J J MM@L£=Q
=0

X y=0 = x=0 Jy=0
Therefore the total current I leaving the closed surface is found to be
—_1_141 1 _
I=3—3+5+0+5+0=1A.

Alternatively, from (3.2.5),

= 0(yz) | a(yz)  dxz) 3 ap
V ° = = A = ——,

4 ox + ay + 0z et A/m ot

Therefore the current leaving the unit cube is
11 gl 21 21
1 1
1=J J J (z+x)dxdydz=z— Tl T TN

=0 Jy=0 Jx=0 210 20400 2 2

Time-Harmonic Fields

95

Electromagnetic fields and sources considered up to this point were assumed to be
arbitrary function of time and space. The analysis can be simplified significantly
with the assumption that these vary sinusoidally with time. It is to be noted that
this assumption includes a large number of cases. Further this formulation can be
extended to include nonsinusoidal cases via Fourier series or Fourier integrals, as

necessary.
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Consider a vector field a(7, t) that is sinusoidal with time. Using complex nota-
tions, it can be expressed as follows:

&7, 1) = A(F) cos(wt + 0) = Re[{j(f)efe}ef‘“']. (3.2.6)

Therefore the time derivative of this vector can be written as
- L2y 0y jot
—a(F. 1 = Re[{ jwAF)e")el ] (3.2.7)

This indicates that a complex vector g(? )e/? (a phasor quantity) can be used in
place of &(7, 1), jo can replace the time derivative, and ¢/’ can be suppressed
during the field analysis. Further, it can be proved that a division by jw will
replace the time integral. The time dependence can be recovered after multiplying
the given complex vector by ¢/’ and then extracting the real part of that. This is
a familiar process used in ac circuit analysis to define the reactance of an inductor
or a capacitor.

Using phasor representations for the field quantities, Equations (3.2.1) through
(3.2.5) can be written as follows:

V x E(F) = —jwB(F), (3.2.8)

V x H(F ) = J(7) + joD(), (3.2.9)

vV« D(F) = p(F). (3.2.10)

and V- B(F) =0, (3.2.11)
V- J(F) = —jop(). (3.2.12)

Upright print notation is now employed in place of script notation to distinguish the
phasor field quantities. Further the space dependence of the field quantities will not
be included explicitly from this point on in order to simplify the notation.

3.3 CONSTITUTIVE RELATIONS

A general analysis involves the evaluation of E, 13, FI, and B for given sources (cur-
rent and charge densities). Maxwell’s equations represent only 8 scalar equations
whereas unknown fields have 12 scalar components. Further the two Gauss laws
can be found from the other two Maxwell equations and the equation of continuity.
Therefore Maxwell’s equations give only 6 independent scalar equations whereas 12
are needed to find 12 unknown field components. The constitutive relations provide
the remaining 6 independent scalar equations as follows:

-

D =s,E+ P, (3.3.1)
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where

P XoeoE  for a linear medium (3.3.2)

X.€oE  for a linear and isotropic medium.

P is the polarization density vector, g, is permittivity of free space
(8.854 x 10712F/m), X, is a dimensionless electrical susceptibility tensor, and x,
is a dimensionless electrical susceptibility scalar.

Therefore, for a linear and isotropic medium,

D = &o(1 + x,)E = ¢E = &,8,E, (3.3.3)

where &, is called relative permittivity (or dielectric constant) of the medium and ¢ is
its permittivity in F/m. Similarly

B = p,(H+ M), (3.3.4)

where

iy ! X,H for a linear medium (3.3.5)

XnH for a linear and isotropic medium.

M is called the magnetization density vector, w, is permeability of free space
47 x 10_7H/ m), X,, is a dimensionless magnetic susceptibility tensor, and y,, is a
dimensionless magnetic susceptibility scalar.

Therefore, for a linear and isotropic medium,

B = po(1 + x,)H = pH = pop,H, (3.3.6)

where u is permeability of the medium and p, is its relative permeability. Also the
current density term in (3.2.9) can have two parts, one due to an impressed source
and the other due to conduction. Conduction current density can be found via
Ohm’s law as follows:

-

J=0oE, (3.3.7)

where o is conductivity of the medium in S/m.
Equation (3.2.9) can be also expressed as

vXﬁ:i“+oE+ﬁmE:ihum{Lﬂfgéziefmﬁé (3.3.8)
we

where

g = (8 —j%) =¢(l —jtand) — & :f—jwz =¢ —j&’, (3.3.9)
(¢] o

tan & = . (3.3.10)

we
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T is the impressed current source density, €* is the complex permittivity of the
material, €; is the complex relative permittivity, and tan 6 is what is known as a
loss tangent. This loss tangent is a ratio of the magnitude of conduction current
density to the magnitude of displacement current density in the medium.

The conduction current is defined here in a broad sense. When a dielectric
material is subjected to time-varying fields, its bound electrons move back and
forth following the Lorentz force. However, movement of the bound charges can
lag behind the applied force at high frequencies. As a result there can be some
power loss, which is represented by an equivalent conduction current as well. It is
included here in the conduction current term. In other words, the conductivity is
assumed to include a time-dependent term that is zero at dc but increases with the
frequency.

Example 3.10

The electric field intensity in a source-free region is given as follows:

E = 24e 7" v/m.

If e = &, and w = w, in that region, find the signal frequency.

Since all electromagnetic fields must satisfy Maxwell’s equations, we first
determine the corresponding magnetic field and then try to find the electric
field back. We proceed as follows:

[SLRNA M

-

. 128 +49) _;
V x E = —jou,H — __U2RAHD) e

oy
1 g 9
Jjop, | 9x 3y 0z B W,
0 0 4e 703

T

and
x y z
1 0 0 d
Vx H=jwe,E — E=—- ox ay 0z
J@WE | 1 4
e =3 T i3y
W, WL,
40 i
—204+50+3 —J(X—3y)‘
X0 +y ~|—Zw2,u080€
Therefore
40 3.16
=4 — 0= =9.49 x 10%rad/s.

w2 Mo €o \/m
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3.4 BOUNDARY CONDITIONS

The electromagnetic field problems considered so far involved a single medium of
infinite extent. However, there are numerous real-world problems that require analy-
sis of electromagnetic fields in the presence of more than one medium. Therefore it
is important to know the behavior of electromagnetic fields across the interface of
two media.

Consider an interface of the two media, as illustrated in Figure 3.12. Electrical
characteristics of these media are as indicated. When (3.1.2) is applied to an infini-
tesimal area across the interface and its side A# is reduced to zero under the limit, the
result is the relation

(Hoy — H1) X A= (3.4.1)

where subscripts 1 and 2 are used to indicate the magnetic field intensity in the cor-
responding medium, _Z, represents the surface current density in A/m on the bound-
ary, and the unit vector 7 is directed into medium 1.

Similarly, when (3.1.1) is applied to this infinitesimal area across the interface
and its side A# is reduced to zero under the limit, the result is the relation

Ax (&) — &) =0. (3.4.2)

Again, subscripts 1 and 2 are used to indicate the electric field intensity in the cor-
responding medium. Now consider a pillbox volume across the interface of the two
media, as shown in Figure 3.13. When (3.1.3) is applied to this volume and the side
Ah is reduced to zero under the limit, the results is the relation

i (D1 — D) = p,, (3.4.3)

where subscripts 1 and 2 are used to indicate the electric flux density in the corre-
sponding medium, p represents the surface charge density in C/ m? on the boundary,
and the unit vector 7 is directed into medium 1.

Similarly the following relation is found via (3.1.4) for the magnetic flux
densities in the two media:

i (B — B) = 0. (3.4.4)

Medium 1

Medium 2

Figure 3.12 An infinitesimal area across the interface of medium 1 and medium 2.
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Medium 1 et

Hys &
Medium 2

Figure 3.13 Pillbox volume across the interface of medium 1 and medium 2.

Equations (3.4.1) through (3.4.4) can be used to determine the electromagnetic fields
from one medium to the other medium across the boundary. It is to be noted that
(3.4.3) and (3.4.4) are formulated via Gauss’s laws and are not independent. There-
fore these conditions are automatically satisfied if (3.4.1) and (3.4.2) are met.
Further, if medium 2 is a perfect conductor, then the fields inside it vanish. Therefore
the boundary conditions (3.4.1) through (3.4.4) reduce to

hx =7, (3.4.5)
Ax & =0, (3.4.6)
i 9 =p,, (3.4.7)
and
i %) =0. (3.4.8)

If the second medium is a good conductor (finite conductivity), then the fields
penetrate mostly up to its skin depth. In such a case the following Leontovich’s
impedance boundary condition can be used provided that the radius of curvature
of the surface is significantly greater than the skin depth (2/ wmr)l/ 2

&, = Z(h x H), (3.4.9)

Z :ﬁ@ [IRe (3.4.10)
E ag

The region x > 0 is a perfect dielectric with &, = 2.25 while the regionx < O1is a
free space. At the interface, subscript 1 denotes the field components on the
+x side of the boundary and the subscript 2 on the —x side. If 51 =
%+ 29C/m?, find Ds, Ey, and E,.

where

Example 3.11
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Medivm2 A Medium 1

free space
£,=225

Figure 3.14 Geometry used for Example 3.11.

Conditions stated in the problem are illustrated in Figure 3.14. The interface is
x = 0 plane. Therefore the x component will be normal while the y component
tangential to this plane:

>

51:8151%131:&: ! X+
e 2.25¢g, 2.25¢,

y V/m.

From the boundary conditions, the x component of electric flux density and the y
component of electric field intensity in medium 2 will be same as in medium 1.
Hence

Dy =1 and E;, :%580.
Therefore
D, =%+ % $ C/m?
and
B=2otey $V/m

Example 3.12

A sphere of 2 m radius is made of a perfect dielectric material (medium 1). It is
surrounded by free space (medium 2). The electric field intensities in the two
media are given as follows:

EleOI(f'cosﬁ—ésine) for r<2m
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P2

x ¢
Figure 3.15 Geometry used for Example 3.12.
and
- N 8 A 41 .
Ey =Ep|ril+—5pcos— 611 ——=¢sinb for r>2m.
r r
Find the permittivity of the spherical medium.

As indicated in Figure 3.15, the r components of the electric fields are normal
while the 8 components are tangential at the interface. Therefore

—sin 0E01 = —(1 —%) sin 0E02 —> E02 = 2EQ|
and
Ep
e1Ep cos 0 = goEpp2cos 0 — g1 = 280E— =4e, F/m.
01

3.5 LORENTZ’S FORCE EQUATION

This equation facilitates determining the force experienced by a charged particle in
presence of electromagnetic fields. According to the Lorentz equation, if an electri-
cal charge g Cis subjected to an electric field, then it experiences a force that is equal
to the charge times the electric field’s intensity E. The direction of this force is same
as that of the electric field’s intensity. On the other hand, if the electrical change is
subjected to a magnetic field with a flux density of é, then the charge experiences a
force only if it is moving. In this case the direction of the force is orthogonal to both
the velocity of the charge and the direction of magnetic flux. These two results can
be expressed mathematically as follows:

- -

F =g(E + 7 x B). (3.5.1)

Equation (3.5.1) is called the Lorentz force equation. Thus the total force comprises
of two parts. This equation is significant in the sense that it links electrical and
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mechanical quantities. A number of engineering concepts and applications are
understandable via this force equation. Some of these applications are illustrated
in this section.

Motion of a Charged Particle in a Uniform Electric Field

For simplicity, we consider the motion of a charged particle only in the presence of a
uniform electric field. Therefore the second term (the one with the magnetic flux
density) in (3.5.1) is assumed to be zero. As illustrated in Figure 3.16, there are
two conducting plates on the y-z plane that have a separation of d m. A voltage V
is applied to this set of parallel plates that produces an electric field as follows:

. vV
E =XxE; = —xg V/m. (3.5.2)

Asillustrated, a particle with an electrical charge of g C and velocity v, enters this
system. Since there is an electric field in the medium, the particle experiences a force
that can be expressed using (3.5.1) as follows:

- .V
F = —xqg N (3.5.3)

By Newton’s law, this force will accelerate the particle only in x direction. Therefore

- dug .~ qV doy qV
F:xmzz—x— = =

—> = .
d dt md

Note that this formulation is valid only when the velocity v, is very small in com-
parison to speed of light (so that the relativistic effects are negligible). Recall that

my

V1= (@)

m =

X
A
X |
< w >
! +V i
3 I ! T
vV . E
- | d >
o \ 2 A /
// !
» p—

Figure 3.16 A charged particle moving through a uniform electric field.
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where m,, is mass of the particle when it is stationary and c is speed of light in free
space.
On integrating, we get
qV qV

oy =—|—dt=——1t+C.

* de md :
Because the initial velocity o(f = 0) = U = XUyxo + J0yo + 200, the integration
constant C; can be easily evaluated. Hence

qV

y = —— 1+ Uxo. 354
v mal T (3.54)

Further

_dx gV _ qV 49V,
UX—E— m—dt+uxo—>x— J(r}ult+uxo>dl_ m—dt + Uyot + Cs.

Because the particle starts from (0, 0, 0), C, = 0. Therefore

1%
x=-2p2 Ly (3.5.5)
md

The total velocity and the location of the particle inside the parallel plates is then
written as

R . 1% . .
() = x(— KAdPan vx(,) + 50 + 2020 (3.5.6)
md
and
1%
Hr) = 3c<— q—dﬁ + umt) + Y0y0t 4 2051 (3.5.7)
= :

For v,, and vy, zero, t = z/v,,. Therefore (3.5.5) gives

2
1 <Z> . (3.5.8)

md \ vy

Thus the particle follows a parabolic path up to z = w (between the parallel plates)
and then traces a straight line that is tangential to this parabola at the exit point.

Example 3.13

As shown in Figure 3.17, the anode accelerates an electron emitted by the cathode
in an electron gun. If its initial velocity is zero and the anode is at 182 V with
respect to the cathode, then find the electron’s final velocity.
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Figure 3.17 Simplified arrangement of an electron gun.

Since F = gE, the work done in moving a particle over a distance d¢ is
written as

Fedi=gE-dfl.

Using Newton’s law, this expression can be rewritten as follows:

-

dv
dt

dodi=1F-af - % cai =vav=2E - ai,
m m

where v is the velocity and 4 is the acceleration of the particle.
As the particle moves from point a to point b,

Up b R 2 _ 42 V,
J vdv:gJE-dE—>vb Ya_ 4V
mJ, 2 m

Va

Note that —j: E-dl = Vi 1s the potential at point b with respect to point a. If
the charge is negative (as in case of an electron), then the right-hand side of the
equation becomes positive. The positive or negative sign can be traced back to
whether the energy is supplied or released in moving the charge g. Assume
zero initial velocity so that this relation can be simplified to

quba
Up = 4/ m/s.
m

Since the electronic charge and mass are 1.602 x 10~ ' Cand 9.11 x 10! kg,

. \/2qv,,a \/2 x 1.602 x 1019 x 182
b = =
m

5 11 % 1070 = 8.0006 x 10°m/s.

Example 3.14

Electron generated by the electron gun described in Example 3.13 enters between
the parallel plates of Figure 3.16. There is a fluorescent screen placed at z = 40
cm. Forw=d = 1cmand V=15V, find the point where this electron hits the
screen. Ignore the fringing fields of the deflecting plates.
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For v, = 0, v, at z = w may be found from (3.5.4) as follows:

< w) qV w
vl t = =——x—.
Voo md vy

Z

Since the charged particle velocity does not change beyond this point, it traces a
straight line that make an angle 6 with z-axis. This angle may be found as

6 =tan"! 70)‘(1 =" = tan”! —LVW
s mdv2, )

For the screen to be at z; = 40 cm such that w < z,, the x coordinate x, of the
point where the charge particle hits the screen can be approximated as

qVwz

X A zgtan 0 = — .
P mdv?,

Therefore for the present case

1.602 x 1071 x 5 x 0.01 x 0.4

_ — 0.0055m = 0.55 cm.
9.11 x 1031 x 0.01 x (8.0006 x 1062 o cm

Xs

Motion of a Charged Particle in a Uniform Magnetic Field

Consider a particle moving along the z-axis with velocity v m/s. The particle enters a
region that has a y-directed magnetic field of BT. On entering, it experiences a force
due to the magnetic field that can be found from Lorentz’s force equation as follows:

Fo = q(3v) x (§B) = —iquB. (3.5.9)

Therefore the direction of the moving charge changes. Since F= qu x B has to hold
everywhere, the moving charge keeps changing its direction as illustrated in
Figure 3.18. This movement traces a circle of radius R provided that the magnetic
region is sufficiently large. The centrifugal force acting on the charged particle
balances this radial inward force due to the magnetic field. Hence

m1)2 mv
— = quB R=—. 3.5.10
R 9B — 4B ( )

The cyclotron frequency (also known as the gyro frequency) of the charged
particle is defined as the number of revolution per second. Therefore

v B
1. _9v

T2mR " 2am’
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Figure 3.18 Charged particle moving through a uniform magnetic field.

or
B
we =2mf. =12 (3.5.11)
m

The force acting on the charged particle is always perpendicular to its velocity, and
therefore there is no work done by the magnetic field.

Magnetic fields have been used in television picture tubes. There are a number of
other applications including the separation of isotopes that have different velocities
and the masses. A typical procedure used for such separation is as follows: Anionized
compound of isotopes is accelerated through a constant voltage. If all particles have
equal electrical charge but different masses, then they acquire different velocities. As
these particles pass through a magnetic field in a perpendicular direction as shown in
Figure 3.19, their paths take on different curvatures. This phenomenon is explained
further in Example 3.16.

Example 3.15

A particle with a charge ¢ = 1.602 x 10~'° C and a mass m = 1.6725 x 10~
kg is at rest. It is accelerated for 2 ws by an electric field of 5 kV/m on the xz-
plane. The particle then enters a magnetic field where B = 35 mT, as illustrated
in Figure 3.18. Find the velocity before it enters the magnetic field region, and the
radius of the circle that it will trace in the magnetic field.

Since

- - dv - o g - .. -
a:ﬁE—>—=1E—>J du:J YEar— 5, —5,=2LE:
m dt m om m

[
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Ionized
isotopes

wA

oy

Figure 3.19 Ionized isotopes moving through a uniform magnetic field.

for v, = 0,

g = 1602x 1079 x5000x2x 1076, S
- —39.5785 x 10> m/s.
= 16725 x 1027 1=z x 107m/s

Now from (3.5.10),

_mv 16725 x 10727 x 9.5785 x 10°

_m_ —2m.
gB~  1.602x10 0 x5x102 M

Example 3.16

A compound of isotopes is vaporized and then ionized. The charge on the ions is
1.602 x 10~ C. A constant 1000 V accelerates these ions before they enter a
region within a magnetic field of 5 mT in the perpendicular direction, as shown
in Figure 3.19. If two of the charge particles have masses of m; = 10~ > kg and
my = 10~ ** kg, determine the radii of the circles they trace.

Since %mu2 = qV, both particles acquire the same energy, but they will have
different velocities. These velocities can be found as follows:

2 2% 1602 x 1079 x 1
b = /n‘ivz\/ x 1602 x 1077 > 1000 _ 5 6604 x 10* mys
1

1025

and

—19
b 2qV _ \/2 x 1.602 x 1071 x 1000 _ 179 x 10° m/s.
my 10—24

For B =5 mT, from (3.5.10) we find that

_omuuy 1073 x 5.6604 x 10*

'TUB T 1602 x 1000 x5 x 103 m
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and
_ mty 107 x 1.79 x 10*

R, — M2 _ —2235m.
2778 T 1602 x 100 x5 x 103 m

Motion of a Charged Particle in Uniform Electric
and Magnetic Fields

We considered so far the cases when a charged particle moves in presence of only a
static electric field or a magnetic field. Now we consider this in presence of both
fields simultaneously. In order to keep the analysis simple, assume that B = B, T
and E = XE, V/m. Using the Lorentz force equation, we find that

F = md = g[XE, + Giv, + Yoy +20;) X $B] —

dv N A R

Y _9RE, + Go,+0 — 30.)Bo]. (3.5.12)
d m

Equating vector components on the two sides of this equation, we get

dv. _qE, 4B,

s 3.5.13
dt m m ( )
dv,
2 =0, 3.5.14
i ( )
and
dv, qBov,
—_— = 3.5.15
dt m ( )

According to (3.5.14) the particle does not accelerate in the y direction (as expected,
since we assumed that the magnetic field is directed this way). Therefore the particle
continues with the initial velocity v,, (if not zero) in this direction. Equations
(3.5.13) and (3.5.15) are solved, as follows, to determine the other two velocity
components.

Differentiating (3.5.15) with respect to time, we get

d*v, _ qBO@
. m dt’

Substituting (3.5.13) on its right-hand side, we have

m d21)z qE, ¢gB,
= — U,,
gB, dr? m m
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or

d?v, B,\> 2
o (qm") b, = (%) BoE,. (3.5.16)

Since gB,/m = w,, (3.5.16) can be rewritten as follows:

21) 2
TR (%) BoE,. (3.5.17)

Equation (3.5.17) is a nonhomogeneous linear differential equation that can be
solved using one of the standard techniques. Since its general solution has two
parts—a solution to the corresponding homogeneous equation and its particular
solution—we proceed with the homogeneous equation.

For the homogeneous equation (d 2vz/dt %) + w?v, = 0, two possible solutions
can be found easily as v,; = sin(w,?) and v,, = cos(w.f). Hence the general solution
of (3.5.17) may be written as

v, = Cy sin(wt) + C; cos(wet) + vzp. (3.5.18)

where C; and C; are the integration constants, and v, is the particular solution that
can be found through the method of variation of parameters.

The method of finding variation of the parameters proceeds as follows: We take
the Wronskian W to be

|V v | sin(wcl) cos(wt) | . 2 ) _
R AT _‘wccos(wct) —wesin(wt)| @c[sin(@ef) +cos™ (weh)] = —we.
From this the particular solution is found to be
2 . 2
. cos(w.t B.E sin(w.t B.E
Usz—SHl(wcf)J (wet)(g/m)" B, Odt-I-COS((x)CZ‘)J (wet)(g/m)" B, Odl‘,
—w, —
or
sin(wt 2 sin(w.t) cos(w.t 2 cos(wt
b= 1 (wc)(g) B.E (1) (c%)(g) B.E, _cos(wc1) ’
we m we W W,
or
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Therefore the general solution of (3.5.17) is found to be

E, .
v, = 3 + Cisin(wt) + Crcos(wet). (3.5.19)
o

Then, using (3.5.15), we get
m dv, m

Uy = oBu di :a[Cl w:cos(w.t) — Crw sin(w,t)]. (3.5.20)

Next, the integration constants are determined from initial velocities (the initial
conditions). For v (t = 0) = v,, and v (t = 0) = v,,, (3.5.19) and (3.5.20) give

Cl = Uxo
and
E,
Cr=0U,——.
2="Uz B,
Therefore
Eo . EO
U, =—~+ UgoSin(wet) + | U0 —— ) cos(wct) (3.5.21)
B, B,
and
E
Uy = i |:Ux0wc COS(wct) - <UZO _O) W Sin((l)ct)i| . (3522)
C[Bo Bo
Hall Effect

Consider a metallic bar of cross section w x h immersed in an x-directed magnetic
field, as shown in Figure 3.20. If there is an electron moving through the bar with a
velocity v, in the —z direction, then it will experience the Lorentz force in the +y

direction (due to ¢ = —e, the negative charge on an electron). Mathematically
B = 3B,, (3.5.23)
U= —Z0,, (3.5.24)

F = —e(—3v0) x (RBo) = HevoBo. (3.5.25)
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I .

[ N\

Figure 3.20 Simplified setup to demonstrate the Hall effect.

The electric field created by this effect is given as follows:

b
Vu = —J E-+dl =—v,BowV. (3.5.26)

This is known as the Hall voltage after the scientist who first observed it. Note that
the negative sign indicates the polarity of the voltage on the front side of the bar with
respect to its back. In other words, the dc voltmeter shown in the figure will give a
negative reading.

Since there is a current / flowing through the bar as shown in the figure, there is a
stream of electrons flowing in — z direction. If the electron density in the bar is n per
m? then the current density J is found to be nev, A/m?. Since

I = Jwh = nevowh — v, = L,
newh
(3.5.26) may be rewritten as follows:
IB
Vi=——V (3.5.27)

neh
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Note that if this current is due to the motion of positive charges (e.g., holes in a
p-type semiconductor), then (3.5.27) will result in a positive Hall voltage. In case
of intrinsic semiconductors, the Hall voltage will be zero because of equal concen-
trations of electrons and holes. Thus the Hall effect can be used to identify the type
of a semiconductor as well as its charge density. Further there are Hall probes
available commercially for sensing the unknown magnetic fields that are directly
related to the Hall voltage, as (3.5.27) indicates.

Example 3.17

As shown in Figure 3.20, there is a 5 mA current flowing through the rectangular
block of a semiconductor. It is subjected to an x-directed magnetic field of 5 T. If
its cross section is a square of 1 cm on each side and the Hall voltage is found to
be 1 mV, then find the concentration of charge (the charge density) and also the
their polarity.

Since the meter reading is positive in this case, the semiconductor block is a
p-type extrinsic semiconductor. Substituting a commonly used notation p for
concentration of holes (in place of n for the electrons) into (3.5.27) gives

_IB, _ 5x107% x5
~ehVy 1602 x 1071° x 1072 x 10

P — = 15.6055 x 10" m™>.

dc Generators and Motors

Consider a conducting rigid rectangular loop with sides a x b and the commutator,
as shown in Figure 3.21a. The loop is exposed to an x-directed uniform magnetic
field with a flux density B, T. The same kind of magnetic field can be generated
by a permanent magnet, as illustrated in Figure 3.21b. However, for the time
being, assume that the dc source is not connected to the commutator and the loop

Figure 3.21 Rotating rectangular loop with a commutator to demonstrate the working
principle of dc motors and generators.
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is lying on the xz-plane. In this case the magnetic flux passing through the loop is
zero (because the loop area, which is perpendicular to the magnetic flux, is zero).
If instead the loop is repositioned to lie on the yz-plane, then the magnetic flux
that passes through the loop becomes a x b x B, Wb. In other words, if the loop
is rotated via an external force, the magnetic flux passing through the loop changes,
and the emf induced as a result of this follows Faraday’s law. We considered this
situation earlier in Example 3.3. In that case there were two slip rings on the loop
in place of the commutator. It can be easily verified that the commutator flips the
negative half cycle of the sinusoidal voltage to the positive side, making the voltage
unidirectional. The same result can be found via the Lorentz force equation as fol-
lows: A conductor is moving with a velocity v in a magnetic field B, and the Lorentz
force g x Bis applied to the charge in that loop. As a result the free electrons of the
conductor move to one side leaving behind a positive charge. This charge distri-
bution creates a potential difference (and hence an electric field) that exerts a qE
force on the moving charges. In equilibrium, the two forces balance each other out:

b b
:E:ExB—>Vba:—J E-dﬁ:—J (@ x B)+dC.

a

In case of a closed circuit this expression can be written as follows:
V= —{ (Tx B)-deV. (3.5.28)
r

This emf is called a motional or a flux-cutting electromotive force. Because the elec-
tric field intensity is directed from the positive to the negative potential, a negative
sign is needed to indicate correct polarity of this emf.

Next, before discussing the basic principle of a dc motor, we analyze further the
case of a conductor with its cross section A m* immersed in a uniform magnetic
field. The conductor’s electronic charge carriers have density nm > and are
moving with velocity v m/s along its length d/. The force acting on this loop can
be found by using the Lorentz force equation:

dF = gi x B = —nA|dl|ei x B = —nA|tledl x B = Id€ x BN, (3.5.29)

where e is the charge of an electron and / is the current through the conductor. Note
that the velocity @ is in the direction of length d¢ and that —nA|v|e = 1.

To determine the total magnetic force on a closed circuit of contour I' we
integrate equation (3.5.29). Hence

ﬁ=1+ dExE:—I+ B x di N. (3.5.30)
r r

For a conductor length b that makes an angle 6 with the magnetic field, the magnitude
of the force is

|F| = Ib|B]| sin ON.
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If there are N such conductors with the current in the same direction, then the total
magnetic force is added:

|F| = NIb|B|sin ON. (3.5.31)

Now consider the case where the dc source is connected as shown in
Figure 3.21a but the external force that was rotating the loop is removed. This
time there is a current / that flows through the loop. It can be easily found that
the magnetic field parallel to the loop (the surface bound by the loop) produces
a torque about the axis of the loop that is perpendicular to it. The fields normal
to the surface, however, produce forces that try to move the side conductors
either inward or outward. The loop experiences no net force in any of these situ-
ations. Because the loop is lying on xz-plane, its arms BC and DA are perpendicular
to the x-directed magnetic field while CD and AB are in the same direction. There-
fore the latter two sides experience no force at all. Nevertheless, sides BC and DA
experience a force that is equal in magnitude but opposite in direction, as shown in
the figure. There is then no net force applied to the loop but the two forces create a
torque that rotates the loop counterclockwise. Once the loop is rotated, components
of the force responsible for the torque change by a factor of cos ¢ because the
forces only normal to the loop can produce it. Therefore the torque T is found
to be

T = 2(3)?) x (ylaB, cos ¢) = zlabB, cos ¢ = zlabB, cos ( — 90°)
= zlabB, sin i,
or
—IAxB=mxB, (3.5.32)

where A is the area bound by the loop and as usual, its direction is normal to the
surface; m = IA is called the magnetic dipole moment. Note that the torque is zero
at = 0° (¢ = 90°). The commutator helps keep the torque going the same way
by changing the direction of I. Also (3.5.32) stays the same for loops of any
other shape, although it is formulated here for a rectangular loop.

Example 3.18

A conducting disk of radius b is rotating about its axis with an angular velocity of
w rad/s, as shown in Figure 3.22. It is immersed in a uniform magnetic field with
flux density B= 7B, T. A voltmeter is connected between the center and the edge
of disk through sliding contacts. This arrangement is known as a Faraday disk
generator. Find the reading of the voltmeter. Hint: v = d)wp and df = pdp.
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Figure 3.22 Circular rotating disk in the presence of a magnetic field.

Applying (3.5.28) gives

b b 2
) Bob
V:—J {(d)wv) szo}-,Sdp=—wBoj pdp = — 227y,
0 0 2

Example 3.19

A circular metallic loop of radius a lies on the x-y plane, as shown in Figure 3.23.
The loop carries a current [ in the ¢ direction. If there is a magnetic field with
flux density B = (¥ + 2)B, T, find the resulting torque on the loop.

P

y

Figure 3.23 Circular metallic loop in the presence of a uniform magnetic field.
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Using (3.5.29) for a small length de at ¢, we find that

dF = Id€ x B = I($padp) x (3 + 2)B, = IBo(dpadd) x (psin ¢+ dcos -+ 2),

or
dF = IBoadd(—2sin ¢+ p).

Note that a conversion of unit vectors was needed here, for which we used
Table 2.3. Further the radial component of this force works outward uniformly
everywhere, whereas its z component provides a torque about the x-axis because
of a similar element at — ¢, as shown in the figure. The separation d between
these two elements is found to be 2asin ¢. Therefore

dT = —X(dF)2asin ¢ = —3(IByasin ¢pdp)2asin ¢ = —32IBoa’ sin’ ddp
and

. i ™1 —cos2
T= —;%21Boa2J sin” ¢ dp = _)zzzganJ y
0

0

dp = —xI(ma*)ByN - m.

Applying (3.5.32) gives the same result in one line, as follows:
T =1IA x B=m x B=I1(ma*%) x ($ +2)By = —3(ma*)B,N - m.

Example 3.20

Suppose that the rectangular loop of Figure 3.21 is 0.2 x 0.3 m and has 50 turns.
If it carries a 10 A current and is immersed in a magnetic field of flux density
B =X 0.5T. Find the resulting torque.

Since there are 50 turns in the loop, (3.5.31) and (3.5.32) give

-

T=NIAxB=mxB=(50+10+0.2+0.35) x (:0.5) = —315N - m.

Lenz’s Law

We saw above that when a loop is rotated in the presence of a magnetic field, the emf
induced is the same as in dc generators. If there is a current flowing through the loop,
then it experiences torque, the same as in dc motors. In other words, we find that
there is a current through the loop if the generator has a load. That means that the
loop is experiencing a force as well following the working of the motor. This
force is known to be opposing the force applied to rotate the loop. In a similar
way a motor generates an emf that opposes an applied dc voltage. This phenomenon
in generators of an induced emf always countering an applied voltage, as well as the
counter-rotation generated in motors, well reminds us of the basic physical fact that
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energy is conserved. The tendency of systems to resist change is formally termed
Lenz’s law. The minus sign in Faraday’s law of induction (3.1.1) can be used to
explain this phenomenon as well.

Example 3.21

A large sheet of thickness ¢ at 1 cm is falling with velocity v at 5 m/s through the
magnetic field of B at 5 mT, as shown in Figure 3.24. The magnetic field is per-
pendicular to the velocity and the conductivity o of the sheet is 5.8 x 10’ S /m.
Find the force per unit area of the sheet that resists its motion.

If there is a charge of p C per cubic meter (i.e., the charge density of sheet
material), then the current density due to motion of charge is found to be

-

J=pi—>i=

'D\\l

Since ¢ = p x AV (where AV is small volume),

qu(axé)szV(axé)szv(jxé> = AV(J x B).
p

For & = —$v, and B = 3B,
—E =0 x B = (—Hvo) x (Bo) = 30oB,

The motional emf produces a current in the sheet (known as the eddy current)
with a current density of J=0oE = Zov,B, that creates a secondary force.
(Note that the primary force is along the —y-axis and moves the sheet with

Figure 3.24 Geometry of Example 3.21.
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Metal plate

Permanent
magnet

Figure 3.25 Oscillating metal plate near a magnetic field.

velocity v.) This secondary force is found to be
F = AV(J x B) = AV(E01,B,) x (iBo) = YAV v,B>.
Since AV = AA x t, the force per unit area is found to be

F
— = $tov,B2 N/m>.
AA = 1o rB N

Since the primary force on the sheet is in the —y direction, this force opposes
the motion, in accordance with Lenz’s law. Substituting in the given numbers, we
find that

F .
Vi JtoveB: =3 x 0.01 x 5.8 x 107 x 5 x (5 x 107°)* = 72.5N/m”.
The idea illustrated in Example 3.21 has a number of applications. For instance, it
can be used to design a magnetic brake, as illustrated in Figure 3.25. The metal
plate can move freely if there is no magnetic field. When the plate enters the

magnetic field of a permanent magnet (in this case), eddy currents are induced.
These currents create a force that opposes the plate’s motion.

3.6 POYNTING’S VECTOR AND POWER FLOW

The Poynting vector represents power flow through a unit area. In this section we
start with the power associated with instantaneous electromagnetic fields and formu-
late Poynting’s theorem. Note that sinusoidal fields are fairly common in practice,
easy to analyze using phasors, and can be used as a basis for analyzing any other
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type of instantaneous field (via the Fourier series or Fourier integrals, as the case
may be). Therefore the complex Poynting’s theorem is considered and the relation
for time-average power flow is formulated.

Instantaneous Poynting Vector

Consider the cross product of an instantaneous electric field intensity with a mag-
netic field intensity in a volume V that is bound by the closed surface S. Begin by
taking the scalar product of (3.2.1) with instantaneous magnetic field intensity
A and of (3.2.2) with instantaneous electric field intensity &, to get

- - - Y,
HNXE=—H- 0% 3.6.1)
or
and
5 N
é“‘-Vx%:(E’-ij@@-E. (3.6.2)

§ubtract £3.6.2) from (%.6.1), and noting by vector identity that B- (V XX)—
A+ (VxB)=V-+(A x B), obtain

>

N s o - 5 - B - - = 3T
HVxE—ENXH =V ExH) =~ A= Ef = .

_ Now assume that the medium is linear and isotropic such that B = pw;f and
9 = €&, and p and € do not change with time. Then find

. oA - Y
V(6 xH)= —,u.]f — =& f eé - . (3.6.3)
ot at
Since
-9 19
=)
and

(3.6.3) may be rewritten as

- - 9 - -
Vel xH)=—6- f_ia?(g )—gg(%'%)- (3.6.4)
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>

i

Figure 3.26 Volume V bounded by the surface S.

This equation is in point (differential) form. The large-scale (integral) form can be
easily obtained by integrating both sides over the volume V, as shown is Figure 3.26.
Further, using the divergence theorem, write

J v-(éx,if)dv:—J & - fdv—fﬁj (& * &)dv —73J (H + H)dv,
\%4
or
- o 19 - o o
—% (é”x%)-ds_E—J é - / -Qﬁ’)du+J &+ Jdv. (3.6.5)
S 14

The first term on the right-hand side of (3.6.5) is recognized as the time rate of
change of energy stored in electric and magnetic fields, respectively, and the
second term, in conjunction with (3.3.7), is identified as the power dissipated in
this volume because of the conductivity of the medium. The left-hand side of
(3.6.5) represents power entering the surface & x S has the unit of watt per
square meter (volt per meter times ampere per meter). Thus the equation simply
says that the power entering the closed surface is equal to the rate of energy
stored in electric and magnetic fields, and the power dissipated in the medium
bound by the surface. This effect is consistent with the conservation of energy.
Equation (3.6.5) is generally referred to as Poynting’s theorem, and & x # is
regarded as the Poynting vector .%.

Complex Poynting Vector

In case of sinusoidal signals we work with phasor fields. Multiplying (3.2.8) by a
complex conjugate of magnetic field intensity and (3.2.9) by electric field intensity,
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we have, respectively,
H (") * V x E(F) = —joH*(F) * BG) (3.6.6)

and

E(F)+V x H*(F) = EF) * J*(F) — joE(F) » FD*(F). (3.6.7)
Subtracting (3.6.7) from (3.6.6), we get

H*(F) * V x E(7) — E(F) + V x H*(F) = —joH*(F) * B(F) — E(F) * J*(F)
+ jwE(F) » D*(F).

Since H*(F) + V x E(F) — E(F) » V x H*(F) = V « {E(F) x H*(F)}, we can rewrite
the expression above as

V - (E(F) x H(¥)} = —jwH*(F) * B(F) — E(F) * J*(F) + jwE(F) « D*(F).

To find its integral form we combine this point form equation with the divergence
theorem as follows:

— %i {E(F) x FI*(F)} . ds
=1J E(f)-f*(?)dwrjﬁj (H*(F) * B(F) — E(F) * D*(¥)}dv. (3.6.8)
2)y 2y

The result is Poynting’s theorem for complex fields. As was noted earlier in
relation to (3.3.8), J(r) can include the conduction current as well as the source
current. Because the time average power is of most interest to us, we reformulate
the expression for the time average Poynting vector in terms of phasor fields. We
proceed by assuming that

E(F) = Ewe(7) + jEm(F)
and

H(F) = Heo(F) + jHim(F).
Therefore

E(F, 1) = Re[E(F)e’™] = Re[{ Exe(F) + jEim(7) }{cos(wr) +j sin(wr)}]
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or

E(F, 1) = Re[Ee(F) cos (t) + jEin(F) cos(wt) + jErw(F) sin (wf) + 2Eim(7) sin (o1)]

or
E(F, 1) = Eve(F) cos(t) — Eyn(F) sin(or). (3.6.9)
Similarly
H(F, 1) = Heo(7) cos(wt) — Him(7) sin(ot). (3.6.10)
Therefore
E(F, 1) x HF, 1) = [Ere(F) cos(wrf) — Eim(F) sin(wt)]
X [Ijlre(F) cos(wt) — Hi(F) sin(wt)]
or

EG, 1) X H G 1) = E(F) X Heo(7) cos*(ot) — Ein(F) x Hye(7) sin(wt) cos(wt)

— E7) X Hipy(7) cos(wt) sin(of) + Ein(F) x Hin(F) sin?(wf)

or
EG, 1) X H (T 1) = En(F) X Hee(7) cos*(wt) + Eim(7) X Him(7) sin(wt)
— {Eim(F) X Hyo(F) + Ere(F) X Hip(F)} cos(r) sin(wr)
or
- - - -  _ [14cosRwt s> - _ [1—=cosQwt
F Gty x H G0 = En(®) xHre(r){z()} +Em(®) x Him(r>{2()}

B i)+ Eve P i)} sin 2.

Now, multiplying both sides by dt in order to integrate the last equation over the
time period T and then dividing that by T (time averaging process), we have

(G0 % H G 0) =) =S =} Ee) x He(P)+ EiP x Hin)]. - 3.6.11)
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If instead we take the cross product of phasor electric field intensity with complex
conjugate of magnetic field intensity, we get

EG) x H' ()= Ee(®) +En® | x (He?) —jHin())
or

E(F) x H*(F) = Exe(F) X Ho(F) +jEim(P) X Hyo(F) — jExe(F) X Hi(F) + Ein(F) X Hign ()

or
E(7) X H*(F) = Ewe(F) X He () + Einn(7) X Hinn(7)
1 Ein®) X HeoP) = Ere(P) x Hin(P)}.
Therefore

Re{E@) x H' ()| = Exe(® x Hee®) + Ein(P) X Hin(P).
Combining it with (3.6.11), we have
Sov = HE® x Ho®) + En(®) x Fin(®| =1Re[ EG x ')}, (3.6.12)

Example 3.22

The electromagnetic fields of an antenna at a large distance are found as follows:
> ~ . 120 .
EF 0) = 0j— " cos(Z cos(e))e*ﬂ‘v’ V/m

rsin(6) Cos(z
and

5 A 1 T .
B 0) = bj o scos <§cos(e)>e Jhor A Jm.

Find the power radiated by this antenna.
- 1 > o . 60
Sav = ERe(E X H*) = riﬂ cos2<7—7 cos(O)) W/m?

r2 sin’(6) 2
and

T 277'_' R ) T P27 60 T
Pradiated = JO JO Sav + 712 in@) dOdp = L L ) cos? (Ecos (0)>d0d¢

= 1443.5W = 1.4435kW.
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Example 3.23

There is a 1 A current flowing through a solid metallic wire of 5 cm in radius. If
the conductivity o of metal is 11 x 10> S/m, then verify the Poynting theorem
for a unit length of the wire.

Using cylindrical coordinates, we write the expressions for the current density
J and the electric field intensity in the wire as follows:

- I 1
J

:A—:AiA
AT mxo0s MM
and
- T I I
E:7:A7:A7V
o A0 “mx 00590 /M
Therefore

Lo 1 2m (005 2 2 5

E-Jdv= —  pdpdpdz=— (7 x 0.05

Jv ’ LZOLZOLZO(wxo.oy)ZUPd Pz = 05 )
=11.57x 107> W.

Following the Example 3.6, we get

-~ ]
H=¢—A/m.
21p

Therefore
o _oop . 2 .
i (ExH)+ds= L:o LZO (—pzwpa(w » 0052)),;0.05 + p(0.05 dpdz)
12
=~ X000 —11.57 x 107> W.

This verifies the Poynting’s theorem.

Induction Heating

We found that a time-varying magnetic field induces an electromotive force in con-
ducting materials, which in turn produces eddy currents. These currents produce
localized heat in conducting material due to the ohmic loss of electrical power. It
is highly desired that the currents be minimized when designing electrical devices
(motors, generators, transformers, etc.). The loss of electrical power, however,
can be maximized when designing a furnace for melting metals. This is the working
principle of commercially available induction furnaces. In order to get a better
understanding, consider a thin metallic cylindrical shell shown in Figure 3.27. Its
radius and wall thickness are a and d, respectively.
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Figure 3.27 Metallic cylindrical shell in the presence of a time-varying magnetic field.

If a magnetic field with flux density B = ZB, cos(wt) T is applied to the shell of
Figure 3.27, then a ¢-directed voltage &4 is induced, following Faradays’ law. This
voltage, in turn, generates the eddy currents J4 = o€y, as shown in the figure.
Following Lenz’s law, these currents produce a magnetic field that opposes the
applied field. The flux density of this opposing magnetic field can be found through
Ampere’s law as uo/,d. Therefore the effective magnetic flux density at the shell
may be written as follows:

B = 3B, cos t + ou,db)T. (3.6.13)
Using Faraday’s law, we write

- - al = . d
% E-dl = —gj B +ds — Ep2ma = —g['n'az(B0 cos wt + ou,déy)].

This relation can be simplified as follows:

3 2 Bow
had:s 6o =—2" sin . (3.6.14)
a  ouyda ou,d

Instead of looking for the solution to this differential equation, we switch to the cor-
responding phasor equation (we could have used phasor fields from the beginning
of this formulation). Alternatively, we can apply the conversion rules discussed in
Section 3.2 to (3.6.14). This way we find that

B —B d
JoEg + E¢:—j£—>E¢:¢
ou.da ou.d 142/ jwou,da
—jwBoa/2
E,—_ J®Ba/2 (3.6.15)

71+ jwop,daj2’
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Therefore the average power dissipated per unit length in the shell is found to be
1 . 1 )
Pgiss = ERe JoEpdv = E(Zﬂmd)0'|E¢|
v

(wBoa/2)’

= mado

Since the energy U required to raise the temperature of a mass m of the conducting
material by AT is m x specific heat x AT, the time ¢ required for the magnetic field
(and the eddy currents) to do that may be found as

.s- AT
p= A (3.6.17)
Pdiss

Example 3.24

A 0.5 mlong cylindrical shell of copper is at the room temperature (20°C), as shown
in Figure 3.27. Its radius and wall thickness are 1 cm and 0.1 cm, respectively. If the
shell is placed in a 60 Hz z-directed magnetic field with a flux density of 2 T, find
the time required to melt the shell. For copper, the electrical conductivity
o= 5813 x 10’ S/m, specific heat = 387 J/kg - °C, density = 8.92 x 10° kg/
m?, and melting point = 1083.4°C.

From (3.6.16), we can find the total power dissipated (for 4 = 0.5 m) as follows:

(wBoa/2)*

4
Wk - 12736 . 10 W

Pgyiss = mado

The total mass m of the material is found to be
m=8.92-10%- 7[(0.01 4+ 0.001)> — 0.01%] - 0.5 = 0.2942 kg.

Therefore (3.6.17) gives

,_m-s-AT _ 02942387 (1083.4 —20)

— =9.51s.
Piss 1.2736 - 10 s

PROBLEMS

3.1. A metal bar oscillates over a pair of conducting rails, with its position given by
x =35 —sin(7 t) m, as shown in Figure 3.2. The system lies on the z=10
plane, and there is a magnetic flux density of 3 mT in the z direction. Find
the current i due to the induced emf. What happens if the magnetic flux
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3.2.

3.3.

3.4.

3.5.

3.6.

3.7.

3.8.

3.9.

3.10.
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varies with time as follows?

B = 3 cos(art) mT.

A rigid rectangular loop lies on the xy-plane with its vertices at (1, 0, z) ,~(3, 0,2),
(3, 0, z +2), and (1, 0, z +2). It is immersed in a magnetic field B(F, f) =
v5 cos((mz/2) — 1207rt) mT. (a) For the loop being stationary, find the electro-
motive force induced around it in the counterclock sense. (b) How will the
induced emf change if the loop is moving with velocity ¥ = 22 m/s.

A rigid rectangular loop of 1 x 4 m is situated on the yz-plane, as shown in
Figure 3.4. It is rotating symmetrically about the z-axis with an angular velocity
of 500 rad/s. If there is a magnetic field with a flux density (¥, 1) = X2 cos(t +
0.15) mT, find the open-circuit voltage V,, induced in the loop.

A conducting fluid is flowing through a plastic tube of 2 cm in diameter, as
shown in Figure 3.5. The flow rate is 0.6 L/s along the z-axis. It is subjected
to a magnetic field with a flux density #(7, t) = X80 mT. As shown in the
figure, there are two electrodes placed across the tube’s diameter along the
y-axis. Determine the voltage induced across these electrodes.

Aninfinitely long solid cylindrical wire with its radius at 1.5 mis laying along the
z-axis. It carries a current with density given as #(p) = 2(1 4 0.2p%)z A/m>.
Find the magnetic field intensity inside as well as outside the wire.

A coaxial line with inner and outer conductor radii of 2 cm and 5 cm, respect-
ively, carries a dc of 5 A. The outer conductor is 2 mm thick. Find the
magnetic field intensity everywhere.

A spherical volume of 5cm radius contains an electrical charge of
p=3C/ m®. Find the electric flux density everywhere.

The electric flux density in a spherical volume is given as follows:
7 =272 C/m’.
Find the associated electrical charge density.
The current density in a region is given as follows:
J =5 5y 4y Ajm

Find the current leaving the surface that bounds a unit cube in the first
quadrant.

Electric field intensity in a source-free region is given as follows:
E = $2.5¢%%V/m.

If e = ¢, and u = p, in the region, find the signal frequency.
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3.11.

3.12.

3.13.

3.14.

3.15.

3.16.

3.17.

3.18.

The region x > 0 is a perfect dielectric with &, = 6.25 while the region x < 0
is a perfect dielectric with g, = 21.25. At the interface, subscript 1 denotes
field components on the +x side of the boundary while the subscript 2 on
the —x side. If D; = 6x + 12yC/m find D, El, and Ez

A sphere with its radius as 1 m is made of a perfect dielectric material
(medium 1). It is surrounded by a perfect dielectric medium of &, = 2.25
(medium 2). The electric field intensities in the two media are given as
follows:

El = Ey(¥cosH — fsin 0) for r<1m

and

o 1 A 1
Er=Ep|(ril+—}tcosf—0}1 ——1sinf for r > 1 m.
r4 2r2

Find the permittivity of the spherical medium.

As shown in Figure 3.17, an anode accelerates an electron emitted by a
cathode in an electron gun. If its initial velocity is zero and the anode is at
250 V with respect to the cathode, find its final velocity.

An electron generated by the electron gun described in Problem 3.13 enters
between the parallel plates of Figure 3.16. There is a fluorescent screen
placed at z=60cm. For w=d = 1cm and V=2V, find the point where
this electron hits the screen. Ignore the fringing fields of the deflecting plates.

A particle with g = 3.2 x 107" C and m = 3.35 x 10~%" kg is at rest. It is
accelerated for 3 ps using an electric field of 2 kV /m on the x-z plane. This
particle then enters a magnetic field with B= y10mT, as shown in
Figure 3.18. Find the velocity before it enters the magnetic field and the
radius of the circle that it will trace due to the magnetic field.

A compound of isotopes is vaporized and then ionized. The charge on the ions
is 3.2 x 1072 C. A constant 2 kV accelerates these ions before they enter a
region with a magnetic field of 10 mT in the perpendicular direction, as
shown in Figure 3.19. If mass of these charge particles are m; = 10~ > kg
and m, = 10~ 24 kg, determine the radii of the circles that are traced.

As shown in Figure 3.20, there is a 10 mA current flowing through a rec-
tangular block of a semiconductor. The semiconductor is subjected to an
x-directed magnetic field of 8 T. If its cross section is a square of 5 cm on
each side and the Hall voltage is found to be 0.5 mV, find the concentration
of charge (the charge density) and also the charge particles’ polarity.

In a Faraday disk generator, the conducting disk of radius b is rotating
about its axis with an angular velocity of 150 rad/s. The disk is immersed
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3.19.

3.20.

3.21.

3.22.

3.23.

3.24.

3.25.

3.26.

3.27.
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in a uniform magnetic field with flux density B=210T. A voltmeter is
connected between the center and the edge of the disk through sliding
contacts. Find the reading of the voltmeter.

A circular metallic loop of 9 cm in radius lies on x-y plane. The loop carries a
current of 2 A in the ¢ direction. If there is a magnetic field with flux density
B = (y+2)10T, find the resulting torque on the loop.

Suppose that the rectangular loop of Figure 3.21 is 50 cm x 40 m and has 100
turns. If the loop carries a 5 A current and is immersed in a magnetic field of
flux density B = 0.2 T, find the resulting torque.

A large sheet of thickness 7 at 2 mm is falling with velocity v at 2 m/s through
a magnetic field of B at 20 mT. The magnetic field is perpendicular to the
velocity, and the conductivity o of the sheet is 5.8 x 10’ S /m. Find the
force per unit area of the sheet that resists its motion.

The electromagnetic fields of an antenna at a large distance are found as follows:
— ~ 400 B}
E(r, 6) = '] —— COS (2 cos(6)) cos d)e jkor V/m
r

and

I_:I( 7,0 = q@j%cos(Z cos(6)) cos e %" A /m.

Find the power radiated by this antenna.

There is a 2 A current flowing through a solid metallic wire of an 8 cm radius.
If the conductivity o of the metal is 7 x 10° S /m, verify the Poynting theorem
for a unit length of the wire.

A 20 cm long cylindrical shell of copper is at the room temperature (20°C). Its
radius and wall thickness are 5 cm and 0.2 cm, respectively. If it is placed in a
60 Hz z-directed magnetic field with a flux density of 5 T, find the time required
to melt the shell. For copper, electrical conductivity o= 5.813 x 10’ S /m,
specific heat = 387 J/kg°C, density = 8.92 x 10’ kg/m’, and melting
point = 1083.4°C.

For the following charge distribution, find the displacement flux emanating
from a cubical surface bounded by x = +0.5, y = +0.5, and z = +0.5:
plx,y,2)=3 - —y3 -7 C/m3.

If % =35 cos[10°t — (0.57x) — (w¥)] T, find the emf induced around a closed
loop formed by connecting successively the points (0, 0, 0), (2, 0, 0), (2, 1, 0),
(0, 1, 0), and (0, 0, 0).

Find the charge densities that produce the following electric flux densities:
(a) D= XyX + yz9 + zx2 C/m? and (b) D= psin(¢)p C/m?.
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3.28.

3.29.

3.30.

3.31.

3.32.

If J=x%+y)+2z2A/m?% find the time rate of decrease of the charge
contained within a volume bounded by the planes x= +0.5m,
y=+405m,and z= +0.5m.

If an electric field E = E, cos(6 * 108t — x + ky)z V/m in free space, find the
value(s) of k for which the field satisfies Maxwell’s equations.

The electric flux density in a medium is given as follows:
D = xy’k + %29 + 222 C/m>.

Find the associated electric charge density p,.

The region x > 0 is a perfect dielectric of &, = 2, and the region x < 0 is a
perfect dielectric of &, = 4.2. Consider the field components at point 1 on
the +x side of the boundary, to be denoted by subscript 1, and the field com-
ponents at the adjacent point 2 on the —x side of the boundary, to be denoted
by subscript 2. If D = 4% + 29 C/m?, find D,, E;, and E,.

A wire of circular cross section with its radius as 1 mm carries a conduction
current of 0.4 cos (67 - 10%) pA. If its conductivity and dielectric constant
are2-10° S /mand 4.5, respectively, determine the magnitude of the displace-
ment current density.
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UNIFORM PLANE WAVES

This chapter begins with formulation of the Helmholtz equation and its solutions for
uniform plane waves. Propagation characteristics of uniform plane waves in linear,
isotropic, and homogeneous media are studied. Phase and group velocities of the
wave are defined along with its polarization behaviors. The chapter concludes
with sections on the wave reflections and transmission for normal as well for oblique
incidence. A number of engineering applications are included throughout the
chapter.

41 WAVE EQUATION AND UNIFORM PLANE WAVE
SOLUTIONS

In a source-free, linear, isotropic, and homogeneous region, Maxwell’s curl
equations (3.2.8) and (3.2.9) combined with (3.3.6) and (3.3.8) can be written in
phasor form as follows:

x E = —jouH, (4.1.1)

\Y
V x H = —jws*E. (4.12)

Practical Electromagnetics: From Biomedical Sciences to Wireless Communication.
By Devendra K. Misra
Copyright © 2007 John Wiley & Sons, Inc.
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After taking the curl of (4.1.1) and substituting (4.1.2) on its right-hand side, we get

V x VxE=—jopV x H=—jou(jus*E) = k’E, (4.1.3)
where
k= o/ pe* =B —ja, (4.1.4)

and k, o, and B are the wave number, the attenuation constant, and the phase
constant, respectively.
Further

VxVxE=VV +E)—V2E = k*E — V*E + K*E = 0. 4.1.5)
Similarly, starting with (4.1.2), we find that
V2H + k*H = 0. (4.1.6)

Equations (4.1.5) and (4.1.6) are known as Helmholtz equations or as vector wave
equations for the electric field and magnetic field, respectively. As noted earlier in
Section 2.9, these equations are separable only in rectangular coordinates.

Consider an electric field that is directed along the x-axis. The field is uniform in x
and y directions (i.e., with no variations in x or y). Therefore the wave equation
(4.1.5) for this case reduces to

d?*E,(z)

= + k%E((z) = 0. 4.1.7)

This is an ordinary differential equation of the second order that can be solved as
follows: Assume that E . (z) = ¢, and substitute it back into (4.1.7) to find that

(C*P +KHe =0 —> C = +jk.
Then write the two solutions E,;(z) and E»(z) of (4.1.7) as

Eu(z) = Ete (4.1.8)

and
En(z) = E~ /¥, 4.1.9)

where ET and E~ are the integration constants.
The complete solution to (4.1.7) is found to be

Ez) = Ete /M 4 E=e/¥ = Etem %P 4 =% elF, (4.1.10)
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Similarly (4.1.6) can be solved to find the corresponding magnetic fields. Alterna-
tively, (4.1.1) can be used to find the two solutions of (4.1.6) as follows: First,

x y oz
- 1 . 1 3 3 9| [k .
H=-—VXQGE)=———| 7+ — - |=3—|Ete?™,
Jjou jou| ox - dy 9z Wi
Ete™ 0 0
or
N
H, =5(—)E.. (4.1.11)
Wi
Next,
x y oz
1 3 9 k 4
Hy=———VXQ@Ex)=——| = = =—|=-9—)E",
T jou X O jou| - dy 9% y(‘”M) ¢
E~e 0 0
or
o [k
H, = —j— )En. (4.1.12)
o

We proceed to determine the Poynting vector and hence the power flow due to these
fields. Using (4.1.8) and (4.1.11) with the assumption that u is real, we get

3‘+—1R e iy = L 2 .k y 21 i 2
aw =7Re(ExH )_iRe (XEx) x | y—Ex z5Re |Eal” ),
op wp

N

or
- 1 1 R
S = 2Re(B+]a |E+|2) —: B e (4.1.13)
2 wp 20u

Similarly, using (4.1.9) and (4.1.12) in (3.6.12), we find that
= 1l - - 1 . .k Y N k* 2
S, ==Re(E x H) = —Re|REx) x |}—En | | = —2=Re| —|Enl* |,
2 2 oy 2 oy

or

X .
2Re(ﬁ+]a |E|2) P g (4.1.14)
o o
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Equation (4.1.13) says that the first solution of the wave equation (the one with
¢ /%) represents the power flow in +z direction. Equation (4.1.14) says that the
second solution of the wave equation (the one with e’%) represents the power
flow in the — z direction. In other words, the first solution represents a wave traveling
along +z (as an outgoing wave), and the second solution represents a wave traveling
along —z (as an incoming wave). Therefore the electric field, the magnetic field, and
the direction of wave-propagation are orthogonal to each other. Since the electric
and magnetic field intensities of the wave are transverse to the direction of propa-
gation, the wave is called a transverse electromagnetic (TEM) wave. To analyze
this wave further, we need to determine the time-dependent expression of the
electric field intensity from (4.1.10), which is written as follows:

E(7, 1) = Re[RE ™) = | |ET e cos(wt — Bz + 61) G.115)
+ |E”|e cos(wt + Bz + 6)], o

where

ET = |Et|e/®

and
E™ =|E |/

Each of the two terms on the right-hand side of (4.1.15) can be graphed as a function
of distance z, while keeping other parameters same. Figure 4.1 shows the typical
characteristics of these terms. As the figure shows, the first sinusoidal term is expo-
nentially decreasing in amplitude as z increases, and the second sinusoidal term is
exponentially increasing with z. As is easily intuited, the wave’s amplitude in a
lossy medium (a # 0) decreases as the wave moves further away from the
source. Thus the first term of (4.1.15) represents a wave that propagates away

Figure 4.1 Graphical representation of the two solutions of (4.1.7) at a given time.
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from a source, or origin. The second term represents a wave moving toward the
origin (moving in the —z direction). The distance over which a wave traverses in
a 360°-phase change is called a wavelength. A wavelength is generally denoted
by A, as is shown in the figure. A is defined as

A=—. 4.1.16
B ( )

There is still another way to interpret the two solutions of (4.1.7). Equation
(4.1.15) can be re-arranged as follows:

t_o‘;(?, 1) = )%[|E+|eazcos{w(t —%) + 01} + |E”|e* cos{w<t+BwZ> + 02”.

Both terms have corrections in their time variables. The first cosine function needs
the correction term to be subtracted, whereas the second one needs it to be
added in order to get the correct time. Thus the first term represents a phenomenon
that occurred earlier, whereas the second term represents one that will be occurring
in future. This is possible only when E,; represents an outgoing wave and E,, an
incoming wave. This correction in time (and hence the phase of the wave) has
distance z in its numerator, and therefore it should be divided by the velocity in
order to obtain the correction. This velocity is known as the phase velocity, v,, of
the wave. Hence

©_ 2 _

=BT o

fA. 4.1.17)

The ratio of electric and magnetic field intensities of a wave is known as the wave
impedance. Hence from (4.1.11), or (4.1.12), and (3.3.9) we find that

E, E,
Lo Be_on__on _ [Rg_,, (4.1.18)
Hy, H, k W/ pe* &*

ZtEm =

where 7 is the intrinsic impedance of the medium.
For « = 0in (4.1.4), and hence o = 0in (3.3.9), k is real, and (4.1.18) reduces to

n:\/EQ. (4.1.19)

Note that in the case of free space, o =0 (true for any lossless medium),
and therefore k=w /ue = and a=0. Since w= u,=4m 10"’ H/m
and e = g, =8.854 - 10712 F/m for free space, we find that

) 1) 1 1

vp=—= = = =12.998 - 10° m/s
B o/pe JpE 4w 1077-8.854.10-12

=c~3-108m/s




4.1 WAVE EQUATION AND UNIFORM PLANE WAVE SOLUTIONS 137

m o 471077
\/; Ve, V8854.10-12

Example 4.1

and

The electric field intensity of a uniform plane wave propagating through a
nonmagnetic medium is given as follows:

&(z,1) = $10cos(10° — 5z)mV/m.

Find (a) the direction of wave travel, (b) the phase velocity of the wave, (c) the
wavelength, and (d) the associated magnetic field intensity.

(a) On the basis of —5z term in the argument, we conclude that the wave is
propagating in the +z direction.

(b) vy =w/B=10°/5=2-10"m/s.

() A=27w/B=27/5=047m= 12566 m.

(d) There are a number of ways to determine its magnetic field intensity. One is
to use (3.2.1) and (3.3.6) with w, = 1 (because the medium is nonmagnetic).
Perhaps the easiest way is as follows! Since the wave is propagating in the
+z direction and it has an electric field in the +y direction, with the help
of right-hand rule (note that S=&x Jf) we find that its magnetic field
has to be in the —x direction. Hence

E, 10e5:

H(z) = —% =% mA/m.
ZtEM n

Note that we are using phasor fields with wave impedances. It is essential when
the wave impedance is a complex number (and therefore the medium conduc-
tivity is not zero). From the given field we find that the attenuation constant
a is zero, and therefore the medium is lossless. Hence
9 -7
ZTEM :%:%:m:80ﬂﬂzzsl.3274 Q,
k B 5
-5z

- % -5z
251 3274 mA/m=—x0.0398¢ > —

H(z)=
H(z,1) = —339.8cos(10% — 52) WA /m.

Example 4.2

The time-harmonic electric field intensity of a uniform plane wave propagating in
free space is given as follows:

E =31 — je 7™ mV/m.
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Find (a) the direction of propagation, (b) the wavelength, (c) the frequency, and
(d) the associated magnetic field intensity.

(a) Comparing the given expression with (4.1.8) and (4.1.9), we find that this
wave is propagating in the +x direction.

(b) A=27w/B=2m/4m=0.5m.

(©) f= (3 x 10*)/A =6 x 10® Hz = 600 MHz.

d

Xy z

- - 1 19 8 9 4 :

He—e—VxE=—— |2 & 2N 52T (o™ mA/m

Jo, Jop,|dx dy 0z WLk,

0 0 E.

or

H= _Aﬂe—jw mA/m = —92.6526(1 —j)e’j‘“”‘ RA/m.
376.9911

Alternatively, following the procedure used in previous example, we find
that its magnetic field should be in the —y direction. Therefore

E.  op, 2mx6x108x47x 1077
—Hy_ k 41

=376.9911Q —

H=—— .
4 376.9911

Example 4.3

A safe radio frequency and microwave exposure standard for the humans is set at
5mW/ cm?. Find the corresponding electric and magnetic field intensities in air.
How these fields compare with 1.5 kW /m? radiation arriving typically from the
sun (even though not at a smgle frequency)?

Since S| = |E?/2m = Iq|H|* and 5 mW /cm? = 50 W /m?,

E| = \/2m|Sa| = ~/2-377 50 = 194.16 V/m

and

- 28wl 250
H| =,/ - ,/377 0.5150 A/m
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Similarly for 1.5 kW /m?* we get

|E| = /27|84 ] = v/2-377 - 1500 = 1063.48 V/m

and

- 28w 21500
H| =,/ Sav] =,/ —2.8209 A/m.
] 377

The electric and magnetic field intensities of a uniform plane wave are given as
follows:

Example 4.4

&(F,1) = #100cos(10°f — Bz) V/m

and

H (G, 1) =$0.2cos(10° — Bz) A/m.

If the wave’s phase velocity is 108 m /s, find (a) the wavelength A, (b) the intrinsic
impedance 7, (c) the relative permeability u,, and (d) the dielectric constant €, of
the medium.

Note that there is no exponential decay (or growth) term in the field amplitude.
Therefore the medium is lossless, meaning a = 0. Further the wave is propagat-
ing in the +z direction. The corresponding phasor fields can be found as follows:

E = £100e 7% V/m
and

H=7%02¢7PA/m.

(a) B= w/v,=10°/10° = 10 rad/m — A = 27/B = 2/10 = 0.27 = 0.6283 m.

(b) m=E,/H,=100/0.2 =500 Q.

(c) Since n = +/u/e and v, = 1/,/1e,
n 500

=—=""=5.10"°H =
o oy 108 /m—

7 5.107°

o 4w 107

0

= 3.97809.

(d) e=1/v,m=1/(10°-500)=2-10""" F/m— &, = &/e,
&= (2-10""")/(8.854-107'%) = 2.2589.
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Uniform Plane Wave Propagating at an Arbitrary Angle

The preceding analysis can be easily extended to the case of a wave that propagates
at an angle from a given axis. Consider a uniform plane wave propagating along r at
an angle 0 from the z-axis, as illustrated in Figure 4.2. This wave has an x component
of the electric field intensity, which can be written as

-

E = XE,e /%, (4.1.20)

Since the magnetic field intensity must be orthogonal to both its electric field and the
direction of propagation, it will have a y as well as a z component.

We select a point B at r on the propagation path and drop a perpendicular on the
y-axis from that point. Further we drop a perpendicular from point C to point A in the
direction of the propagation. As indicated in this figure, the angle ABC is equal to 6
as well. Assume that the Cartesian coordinates of point B are y and z. Hence

r = OA 4+ AB = OC ssin(6) + BC cos(60) = ysin(6) + zcos(6) (4.1.21)
and
ky.r =k, sin(0)y + k, cos(0)z = kyy + k.z, (4.1.22)
where
ky = k;, sin(0)
and

k, = k, cos(6).

Therefore (4.1.20) can be written as follows:

-

E = XE e /hvtka), (4.1.23)

>y

O C

Figure 4.2 Geometry for a uniform plane wave propagating at an angle 0 from the z-axis.



4.1 WAVE EQUATION AND UNIFORM PLANE WAVE SOLUTIONS 141

The phase velocities vy, and vy, of this wave with respect to the y- and z-axes can be
found as follows:

w

Upy = ka) (4124)
and
w
.= . 4.1.25
Upz Re(k.) ( )

Equation (4.1.23) can be generalized for a plane wave propagating in an arbitrary
direction z as follows:

EF) = Ae %7, (4.1.26)

where k = kit = kX + kyy + k.2 and 7 = xx +yy + zZ. The associated magnetic
field intensity is

HGF) = i x E() (4.1.27)

Example 4.5

The electric field intensity of a time-harmonic wave traveling in a source-free
free space is given as follows:

E = (45 + 32)e 7 ©39 mV/m

Assuming that y and z represent their respective distances in meters, determine (a)
the angle of the propagation direction relative to the z-axis, (b) the wavelengths of
the wave along the r, y, and z directions, (c) the phase velocities along the r, y, and
z directions, (d) the energy velocities along the r, y, and z directions, (e) the
frequency of the wave, and (f) the associated magnetic field intensity.

From the given information, k, =k sin@ = 6, k, = kcos 0 = 8. Therefore

k= k2 + K2 =62 + 8 = 10m~'.

(a) sinf =k,/k, =0.6 — 0=36.87" An analysis of the given electric field
indicates that this angle is from the —z direction, and therefore it should
be subtracted from 180° to obtain the angle measured from +z. Hence
0= 180° — 36.87° = 143.13".

(b) A =27/k, =27/10 =0.6283 m, A, =27/k, =27/6 = 1.0472m, and
A, =2m/k, =2m/8 = 0.7854 m.

(c) Since the wave is propagating in free space, its phase velocity along r is
3 x 10® m/s. The frequency of this wave may be found as follows:

3108
w:vr-k,:3x109rad/s, or f=

Hz = 477.47MHz,

r
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3:10°
Upy =k—a;= G =5x10°m/s,
and
3:10°
Upz =kg: T = 3.75 x 103 m/s.

Z

d) ve, =3 x 108 m/s, Uy = UgrSin = 1.8 x 108 m/s, and ve; = Uer COS O =

2.4 x 103 m/s.
(e) The frequency is 477.47 MHz, as found in (c) above.
()

x 3y z
i Vx B 1 a d9 0
= — X = — —_— —_— —_—
Jjou, Jjop, | 0x  dy 0z
0 E, E;

= %13.2629 x 107678 A/m,

Example 4.6

Phase velocities of a plane wave propagating in a lossless medium are measured
in three different directions with unit vectors y, (3x + 4y)/5, and (2x + 2y — 2)/3
at 4-10m/s, 2-108 m/s, and 3-10® m/s, respectively. Find the direction of
propagation and phase velocity of the wave along 4y + 32)/5.

For k = k& + k9 + k.2, ky = 0/(4 - 10%)m™1,

n R . 3x+4y ) 3k, + 4k, 1)
k3 + kS + k.2) - - -
(ot + Ky + he2) ( 5 ) 2108 5 2108
__ v -1
k=3 ™

and

o (2R429-3 0 k4% -k o
k& + k5 +k.2) - = ‘=
(et h) + k) ( 3 ) 3108 3 3108

w -1

k=51 ™
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Therefore the direction of wave propagation is

Lok
U=—-==-2x+y+22).
k[ 3
Since
. . . (49 +32 ® o oa o (4437 w
kx+k k.2) . = 2 22) ¢ = .
(kex + kyy + Lz)( 5 ) 4_108(x+y+ z)( 5 ) 2108

The velocity along the vector is 2 - 10 m/s.

Phase and Group Velocities

Single-frequency (monochromatic) waves are ideal but not practically realizable.
According to the Fourier theorem, any information-carrying wave may be con-
sidered as a superposition of ideal waves of different frequencies. In other words,
a real wave will have a finite bandwidth. If this bandwidth is narrow, then the
wave may be considered as almost single frequency. For a bandwidth of 2Aw
about the central frequency w, we consider two waves as follows:

E; = Acos{(w+ Aw)t — (B + AB)z} (4.1.28)

and
E; = Acos{(w— Aw)t — (B — AB)z}. (4.1.29)

Note that the propagation constant B8 also changes with w. The sum of these two
waves is found to be

E=E|+E; =A[cos{(w+ Aw)t — (B+AB)z} +cos{(w+ Aw)t — (B+AP)z}],
or
E =2Acos(Awt — ABz) cos(wt — Bz). (4.1.30)

Equation (4.1.30) is graphically displayed in Figure 4.3 for a selected set of
parameters. The amplitude shown is that of a typical modulated sinusoidal signal.
Note that the wave with frequency w has an amplitude modulated by a wave of
frequency Aw. Thus, for a narrow Aw, the wave may be considered as a single fre-
quency w. The phase of this central frequency signal is moving with a phase velocity
vp, as was defined earlier. In the case where a wave group (or wave packet) moves
with a different velocity, the velocity is called group velocity.
Thus the group velocity v, is defined as

Aw

=35 (4.1.31)

Ug



144 UNIFORM PLANE WAVES

-1

Figure 4.3 Graphical display of (4.1.30) showing the wave group.

For plane waves propagating in a lossless medium, the phase constant 3 is line-
arly related with o if its permittivity and permeability parameters are frequency
independent. However, this relation may be nonlinear for certain other media
(e.g., media with finite loss or with a permittivity /permeability change with fre-
quency). In this case the phase velocity will vary with frequency. Figure 4.4
shows the typical characteristics of such media. Since an information-carrying
signal has a group of frequencies, each signal will travel at a different velocity.
This behavior of the medium will distort the information. Such media are called dis-
persive and the phenomenon is called dispersion.

For a dispersive medium, v, and v, are

Wo

up|BO= B (4.1.32)
(¢}
and
ow
els, = 5 R (4.1.33)

Thus the group velocity will be equal to the phase velocity if w is linearly related
with 3 (i.e., o versus 3 is a straight line). Such materials are called nondispersive.
If vy < vp, then the medium is said to be exhibiting normal dispersion. It exhibits
anomalous dispersion instead if vy > vj,.

Example 4.7

A uniform plane wave of 1 GHz is propagating through a lossless medium that
exhibits the following relation between the phase velocity v, and the wavelength A.

vy = XU/,
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(0]
A
Wy J 0
5B
B >F

Figure 44 The w—pf diagram.

where & is a constant. The phase velocity of this signal is 1.5-10® m/s. Find the
group velocity.

(173)
vy = = w= Py = B = 35(2;) = £@m1P B,

Therefore

Sw 2 2 2m\1?
_ow _ (/3% p(=1/3) _ =
=g =ECmV38 35(/3)

2 2 2
= ggf\“/” =3I =3 1.5-10% = 108 m/s.

The medium exhibits normal dispersion.

Polarization

Consider the general case of a uniform plane wave that propagates along the +z axis.
It has two electric field components, one along the +x-axis and the other along the
+y-axis. The corresponding magnetic field components are along the +y-axis and
the —x-axis, respectively. The resulting electric and magnetic fields maintain the
usual characteristics (i.e., electric and magnetic fields are orthogonal to each other
and also to the direction of propagation). The wave is assumed to be propagating
in a lossless medium (i.e., « = 0). Hence the electric field intensity in time
domain can be expressed as follows:

EG. 1) =36, + 96, = 3A,cos(wl — Bz + 0y) + A, cos(wr — Bz + 62).  (4.1.34)
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The corresponding phasor expression is found to be
E(F) =3E, +JE, = (RA, + A,/ =0 P= ) (4.1.35)

Note that the phase of each term in (4.1.34) is changing with time ¢ as well as with
distance z. If we track the characteristics of the total electric field on a fixed plane
(i.e., at constant z), we find that the field vector rotates with time and traces an ellipse
or a circle provided that 8; # 6,. The field vector moves in a straight line when
0, = 0,. The polarization of the wave is specified by the curve this field traces.
The polarization behavior can be found from the magnetic field as well because
the wave is always orthogonal to it. This information has many practical appli-
cations. For example, if a receiving antenna is not polarization matched, then the
power input to the receiver may not be maximized. This characteristic is also
used in wireless communication area to maximize usage of the available frequency
spectrum. Some more details of each example are included below.

Linear Polarization Consider the case where 6, = 6, = 6. Equation (4.1.34) sim-
plifies to

EF 1) = (A, + HA,) cos(wt — Bz + ). (4.1.36)

Over time this field traces a straight line on the z = z; plane, as shown in Figure 4.5a.
The angle ¢ may be found as follows:

A,
=tan"' (=2 ). 4.1.37
¢ = tan (Ax> ( )

Thus the wave is horizontally polarized (along the y-axis) if A, is zero, and it is
vertically polarized (along the x-axis) for A, zero.

X
A
X
A
€@, 1) AR
& E(zn
7 x (21) e
. |- |- |-
e v »y g, »> »y
(a) Linear polarization (b) Left-handed circular polarization

Figure 4.5 Linear and circular polarizations.
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Circular Polarization Consider now the situation where A, =A, = A and 6, =
(m/2) + 6;. In this case E, leads E, by 90°, and (4.1.34) simplifies to

&G, 1) = XA cos(wt — Bz + 0)) — YA sin(wt — Bz + 6). (4.1.38)

Thus the magnitude of the total electric field intensity with time remains constant on
a given plane z = z,. However, the vector rotates counterclockwise as time lapses. This
can be found by analyzing the right-hand side of (4.1.38). To begin with, assume that
the argument wt — Bz 4 6, is zero. This gives the y component of the field zero,
whereas the x component is A. As the argument increases with time, the magnitude
of the x component decreases whereas the y component’s increases to a negative
value. Thus the vector in Figure 4.5b seems to rotate counterclockwise. Since the
wave is propagating along +z (into the page), this wave is left-handed circularly polar-
ized (LHCP).

Similarly, for A, = A, = A, and 6, = —(7/2) + 6,, E, lags behind E, by 90°. In
this case two components of the electric field are found to be

&y = A, cos(wt — Bz + 6)) (4.1.39)
and
T .
Ey=A, cos(wt — Bz+ 6, — 5 ) = A, sin(wt — Bz + 6). (4.1.40)

Looking along the +z-axis from the origin, the electric field vector in this case is
found to rotate with time in clockwise direction. This kind of wave is called the
right-handed circularly polarized (RHCP).

Elliptical Polarization In a most general case, two components of the electric field
can be expressed as follows:

Ex
= cos(wt — Bz + 0;) =cos x 4.1.41)

X

and

Y

&
Yo cos(wt — Bz + 6,) = cos(x + #) = cos x cos 6 — sin y sin 6, 4.1.42)
y

where wt — Bz + 0; = xy and 0 = 6, — 0,. Therefore

P 2
<A} — COS y cos 0) = (—sin y sin 0)2.

After simplifying it, we have

EN (6N (6 (éx L,
— — ) 21—=)— = . 4.1.43
(Ay) +<Ax) <Ay A, cos 6 = sin” 6 ( )
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P =

Figure 4.6 Elliptical polarization.

As shown in Figure 4.6, equation (4.1.43) represents equation of an ellipse.
Therefore the electric field vector traces an ellipse in this case, and the wave is ellip-
tically polarized. Further it is left-handed elliptically polarized (LHEP) for E, lead-
ing the E, component. It is right-handed elliptically polarized (RHEP) if E, lags
behind E,. It can be proved that circular and linear polarizations are special cases

of the elliptical polarization.

Example 4.8
A uniform plane wave propagating in free space has the following magnetic field
intensity:

H= (3™ 4 2)eP* mA /m.

Find the instantaneous electric field intensity, time-average power per unit area,
and the polarization of the wave. The signal frequency is 1 GHz.

x y z

VxH = josE > E=——| 2 20
x H = —E= — — —
@ jwe, | 0x ay 0z
0 oiBrmD) b

B (—9e’P* 4+ 2 je/PymV /m,
wE,

where B/we, = \/ho/0 = 1207 = 377 ().

Therefore the instantaneous electric field intensity is found to be

&(x, 1) = Re(Eel™) = —377{(3 cos(wt + Bx) + 2 sin(wt + )},

where w = 27r-10° rad/s and 8 = 207/3 = 20.944 rad/m.
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The time average power per unit area, S,,, is found to be
Sy =1Re(E x H*) = %Re[377{—§e’ﬁx + 2elBrmID)
x {§eiBetm2 _,_zeijX}] 1076 W/m?

or
S = —%377-107 W/m? = —30.377 mW/m>.

For (wt 4+ Bx) = 0 the electric field is along the — y-axis. As this argument increases
over time, the z component of the field increases on the negative side while the y
component starts decreasing. The resultant vector of the total electric field rotates
counterclockwise (left hand) when moving in the direction of the wave’s propa-
gation. Therefore it is a LHCP wave.

4.2 PLANE ELECTROMAGNETIC WAVES IN LOSSY MEDIA

From (4.1.4) and (3.3.9), we have
k=PB—ja=w/uel —jtand) > B> — o® — 2jBa = v’ pe(l —jtan §).
Therefore

B — o = o’ pe 4.2.1)

and
B+ a? = (B —ja)B —ja)* = w’puey/(1 + tan? §). (4.2.2)

From (4.2.1) and (4.2.2), we have

B:w\/p;( 1 +tan28+ 1) (4.2.3)

and

o= w\/";(\/l Ttan2s— 1) (4.2.4)
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Low-Loss Dielectric Media

For a low-loss dielectric medium, tan 6 ~ 9§, and therefore (4.2.3) and (4.2.4)
simplify to

1/0\2
—w /—M8<1 +§(—> ) 4.2.5)
and
~ % (1 & 1 — f 42.6
“”“’2<+2_> SVEE=T e (4:2.6)

The penetration depth of the wave is defined as the distance dj, over which the
amplitude of electric field decays to 1/e of its value at z = 0. Hence

1
dp=—. 4.2.7)
63
Conducting Media
For good conductors, o >>we and tan 6 >>1. Therefore
v 1+ tan? § ~ tan 6.
In this case (4.2.3) and (4.2.4) can be approximated as follows:
o s+ 1)~ o [Eans= [P rad/m (4.2.8)
2 2 2
and
a~ w\/%(tan S—1)~ w\/“;tan 5= /# np/m. (4.2.9)

Note that « =  in this case. Therefore

n=—F ~ ]2 \/7(1+)Q (4.2.10)
B—ja 1—] oy
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When the medium is highly conductive, the depth of penetration is called the skin

depth, 6. It is found to be
| 2
o= [—. (4.2.11)
wpo

A uniform plane wave of 1 MHz propagates in a certain material. Its phase
decreases by 90° over a distance of 33 m and the fields are attenuated by a
factor of e~ ' for every 120 m. Further the ratio of its electric and magnetic
field intensities at a point in the medium is 163.39 (). Find the wave number &,
the intrinsic impedance 7 of the medium, the conductivity o, and the permittivity
e of the medium, and the permeability u of the medium.

Since the phase of the wave decreases by 90° over a distance of 33 m, its
wavelength is 132 m. Also the depth of penetration is given at 120 m. Therefore

Example 4.9

1
a=-—=28.3333-10"°Np/m

120
and
27 2

B= Y1 0.0476 rad/m.

Hence
k=B —ja=0.0476 —j8.3333 - 10 > m .

Since

k=B—-jo=w /Ms(l —ji)

we

and

g Ok OB _ W :W
k  B—ja Jue[l —j(o/we)] &[l — j(o/we)]

K o’pel —j(o/we)]
o ()7

k .
— = = W& — JO.
n

The magnitude of 7 is given at 163.39. Its phase angle ¢ is found to be

8.3333. 1073
¢ = tan™! <g> =tan~! (00476) = 0.1733 rad.



152 UNIFORM PLANE WAVES

Therefore, n = 163.39 ) £0.1733 rad

o= —1m<k) =1.0048 - 10~*S/m,
n

o =1 Re<k> = 5.0002,
]

g, W&,

and

Therefore the wave is traveling through a nonmagnetic material.

Example 4.10

Two submerged submarines are using a 10 kHz plane electromagnetic wave for
their communication. The magnitude of the electric field at the transmitter is
100 mV /m, whereas the receiver requires at least 1 mV/m (peak value) for a
reliable communication. Assuming that the conductivity and the dielectric con-
stant of the seawater are 4 S/m and 81, respectively, find (a) the wavelength,
(b) the attenuation constant, (c) the phase velocity, (d) the skin depth of the
wave, and (e) the maximum range over which a reliable communication is
possible.
Since the seawater is nonmagnetic, u = f,,

k = Cl)v /J«OSOS* = w\//“l‘oso(sr _J 7 )

we,
Further
a 4
— = = 7190.2 > 81.
we, 2 x 10* x 8.854 x 10~12 >
Therefore
k~ o | e —j— ) = 2T [PRT _ (3974 j0.3974 m™! = B—ja.
wEe, 2 2
Hence
2 2
(a) =—= = 15.8107 m.
B~ 03974 o

(b) a =0.3974 Np/m.
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(©) ®w 27 x 10 15.810 .
' =87 703974 x 107 m/s
(d) 6=t L1 _55163m.
a 03974

(e) Since |I§(r)| =100 - ¢7%39%" mV /m, the distance d over which the magni-
tude reduces to 1 mV/m is found to be

1n(0.01)

1 — 1 . —0.3974.d — _
00-e = d==13974

=11.59m.

Example 4.11

An airplane wants to communicate with a submerged submarine using a 10 MHz
transmitter. Transmitted uniform plane wave travels downward in the +z direc-
tion and produces a magnetic field at the ocean surface (z = 0), which is given as
follows:

H(z=0, 1) =$300cos(27 - 10'f) mA/m.

(a) Express the magnetic field intensity in the ocean. (b) If the submarine requires
at least 3 mA /m (peak value) for a reliable communication, how deep it can go
without losing the link? (c) How deep the submarine can go if the transmitter
frequency is switched to 10 kHz? Assume that the ocean water is nonmagnetic
with &, =72, and 0 =4 S/m.

Since
k= w\/ﬂogo(sr —J - )
wE,
4
=27-107 [47-10-7 - 8.854 - 10-12( 72 — ,
m / m ( I 2w 107 - 8.854 - 1012>
or
k =12.6294 —j12.5036 m~! = B — ja.
(a) H(z, 1) = $300e1250362 05277 1071 — 12.6294 - 7) mA/m.

(b) Assume that the peak magnetic field reduces to 3 mA/m at z = d. Therefore

In(0.01)

300e—125036d _ 3 _y g — _
¢ - 12.5036

=0.3683 m.
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(c) For f= 10 kHz,

4
— . 104 . 107 . . 1012 —_q
k=2m-10 \/477 10-7 - 8.854 - 10 <72 127.104.3.854.10—12>

=0.3974 — j0.3974m™".
Therefore the attenuation rate « is smaller at this frequency and

_ In(0.01)
0.3974

300e 039744 — 3 5 g = = 11.5888 m.

Example 4.12

An electronic circuit is designed to operate at 1 MHz. To minimize the electro-
magnetic interference with nearby systems, it is desirable to enclose the circuit
in an aluminum box. If the radiation set by the circuit produces an electric
field of 100 mV/m on the inner surface of the box and no more than 1 mV/m
is permissible outside, then determine the minimum thickness of aluminum
required. Can this shield your circuit from electromagnetic radiations above
1 kHz? Determine the minimum aluminum thickness required to shield the cir-
cuit. Assume o = 3.54-10" S/m.
For aluminum, w = w, and &€ = g,. Therefore at 1 MHz,

. T
k= w\/,uoso<8,—] )
we,

. 7

I 107 -8.854 - 1012
=1.1822-10%(1 —j) = B — jeu.

If the required thickness of the aluminum sheet is 7, then

I In(0.01) _
10011822100 — ¢ . MUUD g g4,
e - 1.1822 - 10* "

At 1 kHz,

.o
k=o [pneo|&r—J
wEe,

54107
:27r~103\/47-r-107~8.854~1012(1—' 3.54-10 )

T2 105 -8.854. 10-12
— 373.8363(1 — j) = B — jau.
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Now the attenuation constant is smaller than its earlier value. Therefore it will
require a thicker sheet, which can be determined as follows:

In(0.01)

100 —373.8363-t — 1 t=—
¢ - 373.8363

=0.0123m

Thus 0.4 mm thick sheet is good at 1 MHz but has problem at 1 kHz. A much
thicker sheet of about 1.2 cm is needed to shield radiation above 1 kHz.

4.3 UNIFORM PLANE WAVE INCIDENT NORMALLY
ON AN INTERFACE

Figure 4.7 shows a uniform plane electromagnetic wave that is propagating
along +z in medium 1. Its electric field E'is along the y-axis and the magnetic
field H' is in the —x direction. The wave strikes normally a plane interface of
medium 2 with medium 1. As shown in the figure, the conductivity, permittivity,
and permeability of medium 1 are oy, €, and u,, respectively. The corresponding
parameters for medium 2 are o», &;, and u,. Since the wave experiences a change
in electrical characteristics in its path, a part of incident signal is reflected back as
an echo signal while the rest of the power is transmitted into medium 2. Thus the
medium 1 has two waves propagating in opposite directions, whereas there is only
one forward-moving wave in medium 2.

The time-harmonic electromagnetic fields associated with the incident wave can
be expressed as follows:

E' = $Eqe 4.3.1)

Medium 1 Medium 2
o1, &, Iy _ 02, €3, 1y
g H" H!

3

Figure 4.7 Normal incident uniform plane electromagnetic wave.
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and
. . E
H = —3Hje /M = =2
m

ek, (4.3.2)

where E, and H, are arbitrary constants, k; is the complex wave number, and 7, is
the complex intrinsic impedance of medium 1. If the medium 1 is a perfect dielec-
tric, then these parameters will be real.

Similarly the electromagnetic fields associated with the reflected wave (E’ and
H’) as well as the transmitted wave (E’ and H' ) can be expressed as follows:

E" = $RE,eth3, (4.3.3)
_ ~ . E, .
H" = XRHye /017 = an—"e*fklZ, (4.3.4)
1
| E' = 3TE e 7™, (4.3.5)
an

- . E
H' = —3THy e 7% = —3T n" ekt (4.3.6)

2

where R and T are reflection and transmission coefficients, respectively, k, is the
wave number in medium 2, and 7, is intrinsic impedance of medium 2. These par-
ameters are complex because o, # 0. Note that the ratio of reflected-to-incident
electric field is +R. On the other hand, the corresponding ratio of the magnetic
field intensity is —R. This happens everywhere because of their fundamental
relation. Similar behavior may be observed in case of transmission lines where
we deal with voltage and current reflection coefficients.

Now enforcing the boundary conditions (tangential components of the fields are
continuous across the boundary) at z = 0, we get

E,+RE,=TE, > 14+R=T 4.3.7)
and
E E E
SR e s or="7 (43.8)
™ m m Uy

Equations (4.3.7) and (4.3.8) can be solved for R and T as follows:

2m,

== 4.3.9)
m+m
and

p=Tr_"M (4.3.10)
m+m
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Further the total electric field at any point in medium 1 is found to be
E| = $E,e % + JRE e "%,

Therefore the magnitude of the total electric field intensity in medium 1 is

E12 = Ey + B, = |Eo|*{e 2% + p2e* + 2pcos(2B,z + 0)}. 4.3.11)
where

R = pe’?, (4.3.12)

ki =B, —ja. (4.3.13)

As defined earlier, B is the phase constant in rad/s and «; is the attenuation constant
in Np/m for medium 1. If medium 1 is lossless, then (4.3.11) simplifies to

|E1|? = |Eo*{1 + p* + 2pcos(2B,z + 0)}. (4.3.14)

This relation indicates that the magnitude of total electric field in medium 1 varies
with z. Its maximum and minimum values are found as

IE |max = |EolV/ {1+ 02 +2p} = |Eo|{1+ p} (4.3.15)

and
IE min = |EolV {1+ 02 —2p) = |E,|{1 - p). (4.3.16)

At the maximum magnitude,
cos(2Biz+ 6 =1 — 2B,z+ 0 =2nm, n=0,1,2.... 4.3.17)

At the minimum magnitude,
cos(2Biz+ 60) = —1 — 2B;z+ 6 = 2m + ), m=0,1,2.... (4.3.18)

Equation (4.3.17) indicates that the magnitude maxima are separated by A/2.
Similar results are found from (4.3.18) for minima as well. Further maxima and
minima are A/4 apart and alternate. The maximum occurs where the incident and
reflected waves are in phase, and the two wave types are out of phase at the mini-
mum. The standing wave ratio (SWR) is defined as the ratio of the maximum to
the minimum of the total electric field. Hence

Ellny 1
Etlmax _ 14 p (4.3.19)

SWR = .
|Etlmae =P
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These characteristics are similar to those of a wave propagating on a trans-
mission line.

Example 4.13

A uniform plane electromagnetic wave propagating in free space impinges nor-
mally on a lossless nonmagnetic medium of &, = 2.25 in the z > 0 region. The
electric field intensity of the incident wave is given as follows:

&(z, 1) = $4.8 cos(10°t — koz) V/m.

Find k., k>, R, T, SWR, and the average power transmitted into the medium.
Wave numbers and the intrinsic impedance of the wave in the two media are
found as follows:

ko = w/fiogg = 10°v/4m x 107 x 8.854 x 10~12 = 3.3356 rad/m,

ky = 0 /Tigges, = kon/2.25 = 5.0034 rad/m,

Lo 4ar x 1077
= [Bo_ [ 2TXTT 3767343 Q.
M=\, T V8854 x 10-12

and

Ho 41 x 1077
= [Ho _ —251.1562 Q).
™=\ e, \/8.854 % 10-12 x 2.25

From (4.3.9) and (4.3.10) we get

_M—m —02
m+m
and
2
T=—"" _~os.
m+m

The SWR in medium 1 is found from (4.3.19) as follows:

I1+p 1402
VSWR = —— =
l—-p 1-02

=1.5.

The electric field intensity in medium 2 is

&'(z, ) = $3.84 cos(10°f — 5.0034z) V/m.
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Therefore the time average power transmitted into medium 2 is found as follows:

1. - =~ 1|Ef* 1 3842 5
Po=-Re(Ex H)=-" 1 —_ — 0.0294 W/m’.
w = R ) = = 35511562 /m

Example 4.14

A uniform plane wave of 500 MHz propagating in air is incident normally on the
interface with a semi-infinite dielectric slab. If it shows a SWR of 1.8 and the
electric field has a minimum right at the interface, find the intrinsic impedance
and the dielectric constant of this slab. Further find the average power density
of the wave in the slab if the incident wave has a peak electric field of 100 V/m.

From (4.3.19),
I+p SWR—-1 18-1

SWR=—+-—

_ - — 0.2857.
1—p PTSWR+1 18+1

Since minimum occurs right at the interface (z = 0), 6 = .
For free space, m;, = /i, /€0 = 376.7343 Q). From (4.3.10),

< n, — M 1 4 (—=0.2857)
R=02857¢m =" — 299D 376.7343 = 209.3033 Q).
Tt T 1 (Z0.2857)

Since 1, = \/o/E0Er = N1/ \/Ers
2
e, = <"1> = 3.2398.
Uyl

1+R=T—T=1-0.2857 =0.7143.

Further

The power density S, in the slab is found to be

1 (TE,* 1(0.7143 - 100)?
T2 m, 2 209.3033

S, = 12.1886 W/m>.

The power densities associated with incident and reflected waves are

_ L&) 1 (100

Sin = =
2 m, 23767343

=13.272 W/m?

and

_ 1IRE,* _ 1(0.2857 - 100)*
T2 m 2 3767343

S, = 1.0833 W/m?>.

As expected, S; = Sin — S
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Example 4.15

A uniform plane wave of 100 MHz propagating in air is incident normally on
the interface with a semi-infinite medium. If it shows a reflection coefficient of
0.25£15°, find the intrinsic impedance of the material and the standing wave
ratio in air. Further find the total electric field at the boundary if the incident
wave has a peak electric field of 100 V/m.

For air n; = 376.7343 (),

M= M 1+R

R="2"1 . =—"— .5 =615.2107¢"12Q = 609.4319 + j84.1241 Q
m + 1 1-R
and
1+p 14025
SWR=—"=_—"""=—1.6667.
1—p 1-025

The total electric field |E| at the boundary is found as

|E1| = Eo/1+ p2 4 2pcos 6= 100y/1 +0.252 +2-0.25 - cos(15°) = 12432 V.

Since the tangential electric field is continuous across the boundary, the trans-
mitted field at the boundary should give same results as well. This can be verified
as follows:

|Ey| =100 - |T| = 100 - |1 + R| = 100 - [1.2415 + j0.0647| = 124.32 V.

Example 4.16

An airplane communicates with a submerged submarine using a uniform plane

wave of 100 MHz. The wave propagating along +z (downward) in air is incident

normally on the seawater (interface at z = 0) with a power density of 20 W/ m>.

Find the electric and magnetic fields in the seawater. If the submarine requires at

least 1 pW/ m? for a reliable communication, find the depth up to which it can go

without losing the signal. Assume ¢, = 80 and o = 4.5 S/m for the seawater.
For air, 1, = 376.7343 (). For seawater,

gf=¢ 8—'0 =g,[80—7 4.5
=8\ &r T e ) T I 108 -8.854 - 10-12

= £,(80 — j808.8968) F/m.

Therefore

m = /“—jj =9.7927 +8.8719 Q = 13.2139¢/07361 (),
&
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Using the relation (4.1.13) for the power density, we find that

1(E,)? 1 )
= 5 n = 57]1(1'10) —- E, = vV 2Sin""h
1

=+2-20-376.7343 = 122.7574 V/m

Sin

and
H, = 0.3258 A/m.
The reflection and transmission coefficients are found to be

_T— ™ _ 0.949473-0945

S mtm
and
T =1+ R =0.0684¢7132,

Since |E,T| = 8.391 V/m, the electric and magnetic fields in seawater can be
expressed as follows:

E = 8.391¢ 700713 v /m
and
H = 50.635¢ /400229 A /.

Therefore the average power density in seawater can be written as follows:

Savg = %Re[é X ﬁ] = 1Re[8.391 - 0.635 - ¢/(07132+0.0229) . p=2e:2]
= 1.9744¢7 20T W /m>.

Assume that 1 pW/ m? is available at a depth of d. Therefore

6
-6 __ —2ayd — — =
1076 = 1.9744e = d =5z [In(10) — In(1.9744)) = 0.1213 m.

Note that the skin depth for medium 2 (seawater) is only 0.0249 m.

Example 4.17

A uniform plane wave of 5 MHz is incident normally on a thick copper sheet. If
its incident electric field is 1000 V/m, find the electric and magnetic fields inside
the sheet. What is the wave-velocity inside the sheet? What happens if the signal
frequency decreases to 5 kHz? For copper, o = 5.813-10” S/m.
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For air, n; = 376.7343 (), whereas 1), and k, for copper are found to be

M= | — 8241074078 = 58273 . 1074(1 + ) Q
& — (jo/w)
k= /Mo(ao —jg) —3.3874-10%(1 — ) m~".

Therefore the reflection and transmission coefficient at the air—copper
interface are

and

_ T — " — 131416
n + M

and

T=1+R=4375-10"%/784

The magnitude of the transmitted electric field is found to be 1000|7| =
4375-107°V/m, and the corresponding magnetic field is (1000-T)/
1> = 5.3088-¢ /1948 1° A /m  The skin depth = 2.9521-10 °m, and the
phase velocity in copper v, = w/B = 927.4379 m/s.

When frequency changes to 5 kHz, 7, and k, change as follows:

m= — 260610750785 = 1.8427 - 1075(1 +) Q
80—(0'/(1))
.0 3 N1
ky=w /[.L0<80 —]—) =1.0712-10°(1 —j)ym™".
w

Therefore the new reflection and transmission coefficients are

and

_ M~ _ 1 /31416
n+ M

and

T=1+R=1.3835-10""¢/784,

Now the magnitudes of the electric and magnetic fields are found to be
1000|7] = 1.3835-10"* V/m and (1000-T)/n, = 5.3088 - ¢ /+814- 107 A /.
respectively. The skin depth is increased to 9.3354 - 10~ * m, whereas the phase
velocity is reduced to v, = w/B = 29.3282 m/s.

Example 4.18

A wireless communication network is allowed to use a 1V/m radiation
at 2.45 GHz. Find the magnetic field intensity in humans working there if the
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wave is incident normally and also the depth over which fields decrease by 1/e.
Assume that the human body is a semi-infinite plane medium with &, = 47 and
0=2.21S/m and that the radiation is in the form of a uniform plane wave.
How do these results compare if the radiation frequency decreases to 40 MHz,
with &, =97 and o = 0.7 S/m at this frequency?

For f=2.45GHz, ¢, =47, and 0 = 2.21 S/m,

M= — = 53.429010166 = 52,6936 + j8.834 Q)
£o08r — j(0/ W)

kb = o u, (808, —ji') — 357.0755 — j59.8629 m™".
w

Therefore the reflection and transmission coefficients are found to be

and

R— T — "M — 0.7547¢73:0938
m+mMm

and

T =1+ R = 0.2488¢1%%.
The magnitude of transmitted magnetic field is found to be T/n, =
4.6564-10 3. ¢ /%029 A /m. The skin depth = 0.0167 m, and the phase velocity
v, = 0/B=43111-10"m/s.

When the frequency changes to 40 MHz, €, = 97 and o = 0.7 S/m, 7, and &,
change to

M= |—F _20.7641/063% = 167062 + j12.331 Q
g8, — j(o/w)

ky = @ /,Lo(sos, —jg) — 122377 — j9.0327m~".

Therefore the new reflection and transmission coefficients are found to be

and

R= T — M — 0.9152613'076

m+mn

and

T =1+ R =0.1055¢/00%%



164 UNIFORM PLANE WAVES
Hence the magnitude of the transmitted magnetic field is found as follows:

T .
— =5.0809 - 1073 . ¢ /0013 A /m,
Uy

The skin depth at this frequency is found to be 0.1107 m, and the phase velocity is

e

vp =— =2.0537-10" m/s.

=

Reflection with Multiple Interfaces

Consider a medium of thickness d sandwiched between two semi-infinite media, as
illustrated in Figure 4.8. A part of the wave incident from medium 1 is transmitted
into medium 2 and the remaining power is reflected back from the interface. The
wave transmitted into medium 2 splits again into two parts at the interface. One
of these parts is reflected back into medium 2, and the other propagates forward
into medium 3.

On the basis of the preceding analysis, the total electric and magnetic fields in
medium 2 can be expressed as follows:

E@) = FEo(e 7 + Rye™?) = E,(2) (4.3.20)
and
- Ey . . N
H(z) = —x— (e — Rye/™%) = —xH,(2), (4.3.21)
Ly

! 1
1 1
1 1
! 1
! 1
| 1
| 1 1
{ 1
| 1
—
. 1 I
H! : !
| : Transmitted
H't —— 1 wave
4—/\/\/3) | !
! 1
1 1
Reflected Er :
wave i :
i :
1
kl~ 771 : kz, 772 E k3, 713
| 1
Medium 1 | Medium2 | Medium 3
! 1
dl ----------- l >,
—, | | 0

Figure 4.8 Geometry of three media with interfaces at z = 0 and z = —d.
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where R, is the reflection coefficient at the interface between medium 2 and
medium 3. Therefore the wave impedance Z(z) in medium 2 is found to be

Ey(Z) B e Jkz + Rzejkzz . ekt + [(773 _ ,,72)/(,'73 + nz)]ejkzz
2 et —[(my — my)/(ms + Myl

Z(z) =

T —H.(2) ™ Sor Ryeikez

This relation can be simplified to

15 — jm, tan(kyz)

Z(z) = - . (4.3.22)
" My — M tan(kyz)
The wave impedance at z = —d in medium 2 is
i1, tan(kod
2(z = —d) = , B HIm tantd) (4.3.23)

2 1y + jms tan(kod) |

Note that (4.3.23) represents the wave impedance on the medium 2 side of the inter-
face. If this is equal to the wave impedance 7, of medium 1, then there will be no
reflected wave in medium 1. In other words, medium 1 will be the impedance
matched at the interface. For the lossless medium, k, = 35, and (4.3.23) may be
written as follows:

15 +Jjm, tan(B,d)

Z(z=—-d) = - .
( )= M, +Jjm; tan(B,d)

(4.3.24)

In fact there are two cases of practical interests that can be studied at this point.
Consider the case of tan(B,d) =0 that occurs when Bhd =nm— d=nA/2,
n=20,1,2.... Then (4.3.24) reduces to

Z(z = —d) = ns. (4.3.25)

This says that there will be no reflection in medium 1 if 1; = m3. This relation is
useful to observe in designing protective enclosures (known as the radome) for out-
door antennas. There are many other possible design applications of this case.
Now consider the case where medium 1 is different from medium 3 (i.e., 1, # n3).
Ifd=Q2n+ 1)(\/4),n=0,1,2, ..., then tan(B,d) = o, and (4.3.24) reduces to

2

Zz=—-dy="2
UL
Since
Z(—d) —
R, = (=d) —my
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medium 1 will be matched (no reflection in medium 1) if
2
- m

) 7]7 — My = /N s (4.3.26)
3

This case is known as the quarter-wave plate matching technique.

Example 4.19

An LED light source operating at 0.9 wm is generating uniform plane waves
that are incident at a semi-infinite glass (g, = 4.82). Determine its reflection
coefficient. Suggest a mechanism to reduce this reflection to zero.

The reflection coefficient is found as follows:

R — \/Mo/Soﬁ‘r — \/Mo/so _ L1954
' \//.LO/SOS,.—F\//.LO/SO 0 3.1954

We need a quarter-wave plate to reduce this reflection to zero. Therefore

[ & [ e [ m
M=M= — = —_ 70_)81'22\/8r1'8r3
E0€r2 E0&r1 E0€r3

g0 =+1-4.82=2.1954

—0.3741.

and
M i 09
4 4 e 4.421954

=0.1519 um

Example 4.20

A wireless network using a 1.9 GHz signal is established in an office. A few
cubicals are needed for the office staff, and these are to be made from wooden
boards of maple (¢, = 2.1). Find the appropriate thickness of the boards so that
the partitions will not affect the signal strength. Assume that the network uses
the uniform plane waves.

In this case there is air on two sides of the board. Therefore we need half-
wavelength thick boards to reduce the reflections. Since A, = (3- 108) /
(1.9-10°) m = 15.7895 cm,

A Aair 15.7
2 _ 15785 _ 5 479em.

d:—:
2 2-Jen 2-4/21

44 UNIFORM PLANE WAVE INCIDENT OBLIQUELY
ON AN INTERFACE

When a uniform plane wave is obliquely incident on an interface, the reflected wave
does not trace back the path. The plane normal to the interface that contains incident
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and reflected wave paths is called the plane of incidence. The electric field of the
incident wave may be perpendicular or parallel to this plane. The former situation
is referred as the perpendicularly polarized or the TE wave and the latter as the par-
allel polarized or the TM wave. These two cases are separately analyzed below.

Electric Field Perpendicular to the Plane of Incidence

Consider a perpendicularly polarized uniform plane wave incident on an interface of
two lossless dielectric media, as shown in Figure 4.9. The plane of incidence is y-z
plane (the same as the plane of this sheet of paper) and the electric field is x directed
(coming out of the paper). As indicated, the angle of incidence is 6;. A part of the
incident signal is transmitted into medium 2 at an angle 6, while the remaining
signal is reflected into medium 1 at 6,.

From (4.1.21) and (4.1.22) the electric field intensities associated with incident,
reflected, and transmitted signals can be found to be

Ei(;) — RE e h(ysin bitzcos 6) 4.4.1)
E.(F) = AR | EyeM(ysinbr—zcos 6) (4.4.2)
and
E\(F) = AT E ek (rsinitzcos ) (4.4.3)

where subscripts i, 1, and t are used to represent incident, reflected, and transmitted
(also known as refracted) signals, and R, and T, are the reflection and transmission
coefficients at the interface. From

- S BN i (.0E, . OE, R R
V x E(F) = —jopH® — HF) = - <y : ) — $H, —2H..

_Z <
oy 0z ay
T T T TS Tttt TTT T TTTTT Tttt TTTTTTTTTTTTTTTTTTTTTTTh
1 % :
i A )
1 1
' )
1
: Medium 2 |
1 & !
i 0/ Transmitted 2,42 !
1
i |
j N |
Incident Reflected
wave wave Medium 1
€1, L
Ey(7)

H(#

Figure 4.9 TE wave incident on a planar interface.
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Therefore

Hyl — klEO [COS Oie—jkl(ysin 0i+zcos 0;) _ RJ_ cos Gre—jkl(ysin 6,—zcos 0,)] (444)
WhL

and

k .
Hy = T; T E, cos fhe R0y sinbitzcos ), (4.4.5)
2

Application of the boundary condition that the tangential electric intensity must be
continuous across the interface yields

i [EGz=0+E(rz=0)] =5 - E(.2=0).

Next we find that
e—jkly sin 6; + RLe—jkly sin 6, — TLe—jkzy sin Gl. (446)

Since (4.4.6) should hold for all y, the phase terms must be identical for each term.
Therefore

ky sin 6; = k; sin 6, = k, sin 6;. “4.4.7)

This equation is known as the phase-matching condition. The following two
relations, known as the Snell laws for reflection and refraction, respectively, are
direct consequence of this requirement:

kisin@; = k;sin 6, — 0; = 0,
and

[ad !
o€

ky sin 0; = k, sin 6, — sin 6, = sin 6;. 4.4.8)

For nonmagnetic dielectric materials, i = w,, and therefore (4.4.8) simplifies to

sin 6, = \/asin 0, = Lsin 0, (4.4.9)
& ny

where n = \/e/e, = /&, is refractive index of the material.
With the phase-matching condition satisfied, (4.4.6) reduces to

1+R. =T,. (4.4.10)

From the continuity of tangential magnetic fields at the interface, we have

Hyl |z:0 = Hy2|Z:0-
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From (4.4.4), (4.4.5), and the phase-matching condition (Snell’s laws satisfied) this
boundary condition gives

l—Rl:m~COSGt
7, cos b,

T,. 4.4.11)

Equations (4.4.10) and (4.4.11) can be solved to find R, and T, as follows:

1M, cos 8; — m; cos 6
R, =

= (4.4.12)
1, cos 0; + m; cos 6

and
2m, cos 0;

T, = .
M, cos B; + 1, cos 6

(4.4.13)

Electric Field Parallel to the Plane of Incidence

Now consider the case when a parallel-polarized uniform plane wave is incident on
an interface of two lossless dielectric media, as shown in Figure 4.10. The plane of
incidence is y-z plane (plane of the paper) and the magnetic field is x directed
(coming out of paper). As indicated, the angle of incidence is 6;. A part of incident
signal is transmitted into medium 2 at an angle 6, while the remaining is reflected
into medium 1 at 6,.

Following (4.1.21) and (4.1.22), expressions for the magnetic field intensities
associated with incident, reflected, and transmitted signals can be found to be

Hi(7) = kH e hivsinditzeos0) (4.4.14)
H,(7) = iR Hoe M 0sin0—zcos b0, (4.4.15)
and
H(F) = 3Ty Hoe /0sintzeos ) (4.4.16)
T T Tttt T Tt TTTTTTTTToTTTTToTTT T mT T I
i z |
i A |
|
! |
i |
! Medium 2 )
i €, 12 :
| Transmitted )
! wave )
| e l
Incident
wave Reflected
R wave Medium 1
Ei(7) E1, 1y

Hi(F)

Figure 4.10 TM wave incident on a planar interface.
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where R and T are the reflection and the transmission coefficients, respectively.
From

. L i (. OH, .0H,
V x HF) = josEG) — EG) = — L (522 3
0z ay

):ygf+ag
wEe

Therefore the associated electric field intensities are

kiH,

E; = we| [—3 cos 0; + Zsin §;]e k1 (vsinbitzcos i) (4.4.17)

E = k‘ﬁigl‘) [5cos O, — Zsin ,Je Fki(sindimzcos ) (4.4.18)
and

E = k%f"[-& cos 6 + Zsin @ Je k0 sinbi+zcos ) (4.4.19)

The boundary conditions require that the tangential electric and magnetic fields
be continuous across the boundary. Enforcing the continuity of magnetic fields, we
have

&+ (Hi() + H(F) — H(P}|.—o = 0.
Therefore

eHhwysint y R eIysint — T, p=kaysinbe (4.4.20)

As in the previous case, (4.4.20) should hold for all y, and therefore the phase terms
must be identical for each term:

ky sin 0; = ky sin 6, = k» sin 6. 4.4.21)

Note that it is same phase-matching condition as for the TE case. Therefore the laws
of reflection and refraction (transmission) are same as well:

kysin 0; = k;sin 6, — 0; = 0, (4.4.22)
and

Hi1€1
K82

ky sin 0; = k; sin 6, — sin 6, = sin 6;. (4.4.23)

For the wave traveling from a nonmagnetic dielectric material to air, relation

(4.4.23) reduces to
. & . ny .
sin 6, = /—sin ; = —sin 6.
&y ny
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where n = \/e/e, = /e, is refractive index of the material. With the phase-
matching condition satisfied, (4.4.20) reduces to

1+R =Ty (4.4.24)
The continuity of tangential electric field across the boundary requires that
Ey |z:0 = Ey2|z:0'
Therefore, from (4.4.17) through (4.4.19) along with (4.4.21), we have

7, COS 6

1-Rj=—=- B (4.4.25)
My cos 0;
Equations (4.4.24) and (4.4.25) can be solved for R and T as follows:
= 1, cos 0; — m, cos 6 (4.4.26)

1 cos 0; + m, cos 6

T T
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Figure 4.11 Reflection coefficient versus the incident angle for TE (a) and TM waves in air
to selected dielectrics (b).
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and
21, cos 6;

= . 4.4.27
1y cos 0; + m, cos b ( )

T

Typical characteristics of the reflection coefficients for the two cases are illustrated
in Figure 4.11.

Total Transmission
Note that Ry = 0 for m, cos 6, = 1, cos 6. Hence the signal is transmitted totally

into medium 2 if the incident angle satisfies the following condition:

€
cos 0; = mcos 6, = Ka®1
m €24

cos 6;. (4.4.28)

If both media are nonmagnetic, then u, = | = u, and we denote this incident
angle as ;5. Therefore (4.4.28) can be written as follows:

cos fig = \/acos 6;. (4.4.29)
&2

Since sin6; = (k,/k;)siné,, we find that for p, = w; = o,

sin eiB = 2 sin 6[
Vel
. e .
sin §; = _/—sin O;g. (4.4.30)
€2

Equation (4.4.30) is used to draw the right-angle triangle of Figure 4.12a. From this
figure we find that

or

cosf = [1— <‘°’1> sin® 0;. (4.431)
&

1 e ez
& gin O
l‘32

6, O
£
1—[2) sin®6;5 ﬂ
&
(@) ()

Figure 4.12 Trigonometric relations of (4.4.30) and (4.4.32).
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Using (4.4.31), (4.4.29) can be written as follows:

cosOg = e, [1— <81> sin? 6ig — cos’ g = 1 —sin’ O
&7 &)
& L5%)

1 e
) . 2
sin“fg=—————>sinfp=_ |———. 4.4.32
P T 14 (e1/22) P Vet e, ( )

Equation (4.4.32) is used to draw the right-angle triangle of Figure 4.12b. From the
figure we find that

or

tan O = |22, (4.4.33)
€1

The incident angle for which total transmission takes place is known as the Brewster
angle. Note that Brewster’s angle ;g exists only for TM waves unless the media

involved are magnetic, meaning p; # o # Mo
Since total transmission of the incident signal in a nonmagnetic dielectric
medium can occur only for TM waves, the Brewster’s window can be employed
to filter out TE waves. As illustrated in Figure 4.13, Brewer’s windows are used
to generate a linearly polarized gas laser source. The gas discharge tube has
Brewster’s windows, one on each side. As a mixture of TE and TM waves propa-
gates along the z-axis, the TM waves, which are y-polarized, are transmitted through
the windows because they are set such that the incident angle is equal to the
Brewster angle. However, some of the TE waves, which are x-polarized are reflected
in the opposite direction, as shown. If quartz (¢, = 2.25 at optical frequencies) is
used for the windows, the Brewster angle is about 56.31°. Then a parallel-polarized
(TM) wave will pass through the windows without reflection and a perpendicularly
polarized (TE) wave will be reflected at an angle of 26;5 from the z-axis (axis of the
discharge tube). The reflection coefficient for this case is found to be —0.3846. The

\ y
T T
I l’ A [ ll
S I A e PE Z
] O, 1
1 elB I
I / r | !
L 1 4 1
Completely AN - > ~ Partlal.ly .
reflecting mirror NN P reflecting mirror
AN s T Part of x-polarized
~ Brewer’s -
. wave
windows

Figure 4.13 Brewster’s windows in a typical gas laser source.
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wave traveling along — z is reflected back completely from the mirror set on the left,
and the wave traveling along +z is partially reflected back. The rest of the signal is
available as the output of the laser source. Note that the output is y-polarized.

Total Internal Reflection

Consider the situation where a planar electromagnetic wave is incident upon an
interface with a nonmagnetic material of a lower dielectric constant (i.e.,
€1 > g;). Since the phase-matching conditions for TE and TM both require that
ki sin 6; = k, sin 6, as given by (4.4.8) and (4.4.23), respectively, sin 6, can
exceed unity for certain ;. The incident angle, for which 6, is 90°, is known as
the critical angle. Hence

NI
ky sin 6; = k, sin 6, — sin 6; = ﬂsin 0, — sin 6;, = 2. (4.4.34)
Mo€1 €1

If the incident angle is increased beyond 6., then in order to satisfy the phase
matching, 6, becomes an imaginary number. Using the analysis of a uniform
plane wave that propagates at an arbitrary angle, and (4.1.19) through (4.1.22),
we find that

kp = \/k§ — K3 sinf, = \/kg — K2sin® 0, = +j\/k} sin? 6; — k3. (4.4.35)

In this case the wave is propagating along the y-axis without attenuation, whereas it
is attenuated in the z direction. Note that a negative sign is physically appropriate in
(4.4.35) for such TE and TM wave propagations because of the resulting exponential
decay of the fields. Further (4.4.35) gives

k 2
cos b = +j /<k‘> sin? 6, — 1 = +j /(?) sin® 6; — 1. (4.4.36)
2 2

Therefore (4.4.12) and (4.4.26) simplify in this case to

. -2

i i— _ 1 .

RL:COSG + jy/sin” 6 (sz/sl)zletan 1 sin 6,-—<82> 4.437)
cos 0; — jy/sin® 0; — (e2/€1) cos 6; el

and

A/ (e2/€1)cos 0; + j+/ (sl/sz)sin2 0, —1
V(e /er)cos b — j/(e1/e2)sin 6; — 1

V(&1 /&) sin 6; — 1]

(4.4.38)

=1/2tan”!
an [ S(&2/61)cos b;
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Hence the magnitude of the reflection coefficient is unity for both polarizations.
Since the wave is totally reflected back for 6; > 6, this situation is known as
total internal reflection.

Another way to analyze this phenomenon is as follows: For a perpendicularly
polarized wave the transmitted electric and magnetic fields in medium 2 are

Et _ )'ETJ_Eoe—jkz(y sin 6,+z cos 6,)

and
d k2 ~ e —jka(y sin 64z cos 6;)
H =T E,——[ycos 6 — zsin §]e /s ATzcos ),
w, 0
Then the average power flow in this medium is found to be
1 S 1 k A N
Sav = 3 Re(Ey x H)) = Ej T E,|* Re[ §sin 6, + 2 cos 6,]. (4.4.39)
(9

Since cos 6, is imaginary if the incident angle is greater than the critical angle,
(4.4.39) says that there is no power flow in the z direction. However, there is
power transfer in the y direction because sin 6, is a real number. Similar results
can be found for TM waves. Note that the transmitted waves no longer exhibit
the uniform plane wave characteristics. These waves are called surface waves
because they are transmitted only along the boundary surface. It is by this principle
that optical signals are transmitted through fibers. A dielectric rod can be used to
guide any electromagnetic signal.

Example 4.21

A 2mm thick quartz panel (e, = 2.25) lies on the x-y plane, as shown in
Figure 4.14. An optical uniform plane wave is incident upon its surface at
y =0 with an incident angle of 89°. Determine if the panel will guide this
wave. What happens if incident angle reduces to 30°?

For the quartz-to-air signal, the critical angle is found to be

1 1
b = sin1< =sin~'( — ) = 41.8103°.
,/8,) 1.5

P

6;) 6, 6>

\
\
\
\
\
v
<

Figure 4.14 Geometry of a quartz panel and an incident optical signal.
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Note that 6;, = 90° — 6,. Further

/1
sin 6, = /Mls] sin 6; = . /—sin89° = 0.6666 — 6, = 41.8025°.
Mr€2 er

Therefore

0 =90° — 0, = 48.1975°.

Since 6, is larger than the critical angle, this wave will be totally reflected back
and strike the other side of the panel as shown. Thus this wave will be guided
along the panel.

If incident angle reduces to 30°, then

. /‘ngl . 1 : o o
sin 0, = sin §; = ,/—sin30° = 0.3333 — 6, = 19.4712
o2 &r

0 = 90° — 6, = 70.5288°.

and

This also meets the requirement of total internal reflection, and it too will be
guided.

Example 4.22

An LED is submerged in a swimming pool. If the light seen on the surface is a
circle of radius 2 m, find its depth d in the pool. Assume that the water is lossless
and its dielectric constant is 1.77 in the optical range.

Note that the signal travels from water to air, and therefore there will be total
internal reflection after the critical angle is reached. The light is visible on the
surface up to this angle that forms a circle. Further

1 1
0. = sin1< = sin~! = 48.7332°
,/—sr> 1.3304

Therefore

2
tan(?iczg—>d= a

_ — 1.775m.
d tan 6, tan(48.7332°) m

Example 4.23

A TM polarized uniform plane wave traveling in water (g, = 81) is incident upon
its boundary with air. The angle of incidence is 30°. Find the reflection
and transmission coefficients, and the transmitted electric and magnetic fields
into the air.

Taking the wave number in air as k,, we find that

ki sin 6; = v/ 81k, sin30° = 4.5k, = k, sin 6,.
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The angle of transmission must be imaginary in this case. To verify that further,
the critical angle is obtained as

1
e = sin”! T 6.3794°

Since the incident angle is larger than the critical angle, the transmission angle
will be an imaginary number. From (4.4.38) we have

V(&1 /&) sin® 6; — 1
A/(&2/81) cos 6;

R = ILZtanll: } =12£177.4872°

and
Ty=14+Ry =14+1£177.4872° = 0.0438.£88.6934°.

Since k, = k,, sin 6, = 4.5, and cos 6, = —j4.3875, the electric and magnetic
fields transmitted into air are found from (4.4.16) and (4.4.19) as follows:

Ht(;) — )’ET”Hoefjkz(ySin 6(+zcos 6y) — )’E. 0.0438 H0€74'3875k()z e*j(4-5ku}‘*1-548) A/m

and

> kTyH, . Ao
Et — w[_y CcoS Ht + zsin Ot]e
we)

—jka(y sin 64z cos 6;)

— [Ho15 j4.3875 + 54.5]0.0438 Hye~4387oz =it Shay=1.548) 7 /g
€o

Note that the fields quickly attenuate along the z-axis while propagating in the
y direction. The field attenuation rate in the z direction is 38.1 dB for each wave-
length, and the power density is 76.2 dB for each wavelength.

PROBLEMS

4.1. The electric field intensity of a uniform plane wave propagating through a
nonmagnetic medium is given as follows:

&(x, 1) = $5cos(10°f + 5x) mV/m.

Find (a) the direction of wave travel, (b) the phase velocity of the wave, (c) the
wavelength, and (d) the associated magnetic field intensity.

4.2. The time-harmonic electric field intensity of a uniform plane wave propagat-
ing in free space is given as follows:

E = 3(1 + j)e™*™ mV /m.
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4.3.

4.4.

4.5.

4.6.

4.7.

4.8.

UNIFORM PLANE WAVES

Find (a) the direction of propagation, (b) the wavelength, (c) the frequency,
and (d) the associated magnetic field intensity.

Assume that a safe radio frequency and microwave exposure standard for the
humans is set at 2 uW/ cm?. Find the corresponding electric and magnetic
field intensities in air.

The electric and magnetic field intensities of a uniform plane wave are given
as follows:

E(F, 1) = —$150cos(10° — Bz) V/m
and
H(F, 1) = 30.15 cos(10°r — Bz) A/m.

If its phase velocity is 2 - 10% m/s, find (a) the wavelength A, (b) the intrinsic
impedance m, (c) the relative permeability w,, and (d) the dielectric constant &,
of the medium.

The electric field intensity of a time-harmonic wave traveling in a source-free
free space is given as follows:

E = (79 + 52)e 71019 v /m,

Assuming y and z represent their respective distances in meters, determine
(a) the angle of the propagation direction relative to the z-axis, (b) the wave-
lengths of the wave along the r, y, and z directions, (c) the phase velocities
along the r, y, and z directions, (d) the energy velocities along the r, y, and
z directions, (e) the frequency of the wave, and (f) the associated magnetic
field intensity.

The phase velocities of a plane wave propagating in a lossless medium are
measured in three different directions with unit vectors x, (4% + 3z)/5 and
(2% — 29 +22)/3 at 4-10* m/s, 10° m/s, and 3- 10® m/s, respectively. Find
the direction of propagation and phase velocity of the wave along (3y + 4z)/5.

A uniform plane wave of 500 MHz is propagating through a lossless medium
that exhibits the following relation between the phase velocity v, and the
wavelength A.

by = a3,

where £ is a constant. The phase velocity of this signal is 10® m/s. Find the
group velocity.

A uniform plane wave propagating in free space has the following magnetic
field intensity:

H = (§ + 2¢/™)e~7P* mA /m.
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4.9.

4.10.

4.11.

4.12.

4.13.

Find the instantaneous electric field intensity, the time-average power per unit
area, and the polarization of the wave. The signal frequency is 9.375 GHz.

When a uniform plane wave of 1 MHz propagates in a certain material, it is
found that its phase decreases by 90° over a distance of 50 m and the fields
are attenuated by a factor of e~ ! for every 170 m. Further the ratio of the
wave’s electric and magnetic field intensities at a point in the medium is
163.39 ). Find the wave number k, the intrinsic impedance n of the
medium, the conductivity o, the permittivity & of the medium, and the per-
meability w of the medium.

Two submerged submarines are using a 10 kHz plane electromagnetic wave
for their communication. The magnitude of the electric field at the transmitter
is 200 mV /m, whereas the receiver requires at least 50 WV /m (peak value) for
a reliable communication. Assuming that the conductivity and the dielectric
constant of the seawater are 4 S/m and 81, respectively, find (a) the wave-
length, (b) the attenuation constant, (c) the phase velocity, (d) the skin
depth of the wave, and (e) the maximum range over which a reliable com-
munication is possible.

An airplane wants to communicate with a submerged submarine using a
100 MHz transmitter. The transmitted uniform plane wave travels downward
in the +z direction and produces a magnetic field at the ocean surface (z = 0)
that is given as follows:

H(z=0,1) = $500cos(27 - 108) mA /m.

(a) Express the magnetic field intensity in the ocean. (b) If the submarine
requires at least 500 nA/m (peak value) for a reliable communication, how
deep it can go without losing the link? (c) How deep the submarine can go
if the transmitter frequency is switched to 100 kHz? Assume that the ocean
water is nonmagnetic with &, = 72, and o =4 S/m.

An electronic circuit is designed to operate at 800 MHz. To minimize the elec-
tromagnetic interference with nearly systems, it is desired to enclose the
circuit in an aluminum box. If the radiation set by the circuit produces an elec-
tric field of 100 mV/m on the inner surface of the box and no more than
100 wV/m is permissible outside the box, determine the minimum thickness
of aluminum required. Can this shield your circuit from electromagnetic radi-
ations above 60 Hz? Determine the minimum aluminum thickness required to
shield the circuit. Assume o = 3.54-10" S/m.

A uniform plane electromagnetic wave propagating in free space impinges
normally on a lossless nonmagnetic medium of &, = 5.2 in a z > 0 region.
The electric field intensity of the incident wave is given as follows:

&'z, 1) = Hcos2m- 10° — koz) V/m.

Find k,, k», R, T, SWR, and the average power transmitted into the medium.
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4.14

4.15.

4.16.

4.17.

4.18.

4.19.

4.20.

4.21.
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A uniform plane wave of 1 GHz propagating in air is incident normally on an
interface with a semi-infinite dielectric slab. If the wave shows an SWR of 2.3
and the electric field has a minimum right at the interface, find the intrinsic
impedance and the dielectric constant of this slab. Further find the average
power density of the wave in the slab if the incident wave has a peak electric
field of 5 V/m.

A uniform plane wave of 1 GHz propagating in air is incident normally on the
interface with a semi-infinite medium. If the wave shows a reflection coeffi-
cient of 0.3 £ —30°, find the intrinsic impedance of the material and the stand-
ing wave ratio in air. Further find the total electric field at the boundary if the
incident wave has a peak electric field of 5 nV/m.

An airplane communicates with a submerged submarine using a uniform
plane wave of 5 GHz. The wave propagating along +z (downward) in air is
incident normally on the seawater (interface at z = 0) with a power density
of 1 W/m?. Find the electric and magnetic fields in the seawater. If the sub-
marine requires at least 1500 pW /m? for a reliable communication, find the
depth up to which it can go without losing the signal. Assume &, = 80 and
o =4.5S/m for the seawater.

A uniform plane wave of 800 MHz is incident normally on a thick copper
sheet. If the incident electric field is 2 V/m, find the electric and magnetic
fields inside the sheet. What is the wave velocity inside the sheet? What happens
if the signal frequency decreases to 500 Hz? For copper, o = 5.813-10” S/m.

A wireless communication network is allowed to use a 10 mW /cm® power
density at 915 MHz. Find the power density in humans working there if the
wave is incident normally, and find also the depth over which the fields
decrease by 1/e. Assume that the human body is a semi-infinite plane
medium with &, =47 and o =2.21S/m and that the radiation is in the
form of a uniform plane wave. How do these results compare if the radiation
frequency decreases to 50 MHz (g, = 97 and o = 0.7 S/m at this frequency)?

An LED light source operating at 0.65 wm is generating uniform plane waves
that are incident at a semi-infinite glass (g, = 4.82). Determine the reflection
coefficient of the glass. Suggest a mechanism to reduce this reflection to zero.

A wireless network is established in an office using a 5.6 GHz signal. The
office needs a few cubicals for its staff, and these are to be made from
wooden boards of maple (e, = 2.1). Find the appropriate thickness of the
boards that keeps the partitions from affecting the signal strength. Assume
that the network uses the uniform plane waves.

A 5 mm thick quartz panel (g, = 2.25) lies on the x-y plane, as shown in
Figure 4.14. An optical uniform plane wave is incident upon the panel’s sur-
face at y = 0 with an incident angle of 85°. Determine if the panel will guide
this wave. What happens if the incident angle reduces to 15°?
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4.22.

4.23.

4.24.

4.25.

4.26.

4.27.

4.28.

4.29.

An LED is submerged in a swimming pool. If the light seen on the surface is a
circle of radius 3.5 m, find its depth d in the pool. Assume that the water is
lossless and its dielectric constant is 1.77 in the optical range.

A TM-polarized uniform plane wave traveling in water (g, = 81) is incident
upon its boundary with air. The angle of incidence is 45°. Find the reflection
and transmission coefficients and the transmitted electric and magnetic fields
into the air.

The magnetic field intensity of a uniform plane wave propagating through a
certain nonmagnetic medium is given by

H(x, f) = 2(0.03) cos(10%¢ — 4x) A/m.

Find (a) the direction of wave travel, (b) the velocity of wave, (c) the wave-
length, and (d) the associated electric field intensity.

A uniform plane wave propagating in a lossless nonmagnetic dielectric
medium has power density of 5 W/m? and an rms electric field intensity of
31.62 V/m. Find (a) the intrinsic impedance, (b) the rms value of the mag-
netic field intensity, and (c) the velocity of the wave.

A 100 MHz plane wave is normally incident from air onto a semi-infinite
nonmagnetic dielectric slab (region 2). If the standing wave ratio in front of
the slab is 1.5 and if E,;, is at the boundary, find (a) 7,, (b) &, (c) R, and
(d) distance d from the boundary to the nearest E,,, of the standing wave
pattern.

Liquid glycerol has the following electrical characteristics at 500 MHz:
g, =114, 0=0.235S/m, and p, = 1. Find (a) the complex propagation
constant, (b) the phase velocity, and (c) the penetration depth. (d) Assume
that a communication link is set up in this medium and that the transmitting
antenna can produce an electric field intensity of 1 mV/m and the receiver
can detect signal stronger than 1 wV/m. Under these conditions will it be
possible to reliably transmit through 50 cm of glycerol?

For a uniform plane wave propagating in the +z direction in a nonmagnetic
material medium with o= 10 S/m and &, = 9, the magnetic field intensity
in the z = 0 plane is given as follows:

H(z=0,1) =$0.25cos(27- 10% — 0.2) mA /m.

Find the associated electric field intensity & (z, 1) in the medium.

A uniform plane wave propagating in a lossless nonmagnetic dielectric
medium has a power density of 0.25 W/ m? and an rms electric field intensity
of 10 V/m. Find (a) the intrinsic impedance, (b) the rms value of the magnetic
field intensity, and (c) the velocity of the wave.
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4.30.

4.31.

4.32.

4.33.

4.34.

4.35.

4.36.

4.37.
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The magnetic field intensity of a uniform plane wave propagating through a
nonmagnetic medium is given as follows:

H(x, 1) = 22.5c0s(10°t — 6x) mA/m.

Find (a) the direction of wave propagation, (b) the velocity of wave, (c) its
wavelength, and (d) the associated electric field intensity.

An electromagnetic source radiating in free space sets the instantaneous mag-
netic field intensity

-

H =75 cos(lOgt — By +g> wA/m.

Find (a) B and (b) the associated electric field intensity.

For a uniform plane wave of 15 GHz propagating in seawater (0 =4 S/m,
g, = 80, and u, = 1) compute the propagation constant y and intrinsic impe-
dance 7 of the medium. Also find the distance over which the fields attenuate
by the factor of e~ .

The fields of a uniform plane wave of frequency 100 kHz propagating in a
material medium are attenuated by a factor e ' over a distance of 1205 m
while their phase changes by 27 rad in a distance of 1321 m. Further a
ratio of the amplitudes of its electric and magnetic field intensities at a
point in the medium is found to be 163.54 ). Find the wave’s propagation
constant y and complex intrinsic impedance n of the medium.

A uniform plane wave of 3 GHz propagating through free space is incident
normally on a lossless dielectric medium with €, = 4 and w, = 1. The incident
electric field at the interface has a value of 2 mV/m right before it strikes
the interface. In free space, find (a) the reflection coefficient, (b) the
VSWR, (c) the positions (in meters) of the maxima and minima of the electric
field, and (d) the maximum and minimum values of the electric field.

The electric field intensity of a uniform plane wave propagating through a
lossless nonmagnetic medium is given by

&(z, 1) = £0.2 cos(10°t + 2rz) V/m.

Find (a) the direction of propagation, (b) velocity of the signal, (c) the
wavelength, and (d) associated magnetic field intensity.

A material has an intrinsic impedance of 120£24° Q) at 320 MHz. If its
relative permeability is 4, find its (a) loss tangent, (b) the dielectric constant,
(c) the conductivity, and (d) the complex permittivity.

Region 1 (x < 0) is air whereas the region 2 (x > 0) is a nonmagnetic medium
characterized by o= 10"*S /m and &, = 4. A uniform plane wave, with an



PROBLEMS 183

4.38.

4.39.

4.40.

4.41.

4.42.

4.43.

electric field intensity as given below, is incident on the interface at x =0
from region 1:

- 2
En =5 cos<277 x 10% — ;x> V/m.

Find the reflected and transmitted wave electric fields.

A uniform plane wave propagates in a nondissipative medium in the + z direc-
tion. The frequency of the wave is 20 MHz. A probe located at z = 0 measures
the phase angle of the wave to be 98°. An identical probe located at z =2 m
measures the phase angle to be —15°. What is the relative permittivity of the
medium? (Assume that u = u,.)

A uniform plane wave, E(z) = (5% +j10§)e > V/m, has a frequency of
50 MHz in a lossless dielectric material for which w, = 1. Find v,, 1, and
the instantaneous electric field intensity.

The electric field intensity of a uniform plane wave propagating in a
nonmagnetic medium of zero conductivity is given as follows:

8(y, 1) = 37.7cos(97- 10"t + 0.37y)i V/m.

Find (a) the frequency, (b) the wavelength, (c) the direction of propagation of
the wave, (d) the dielectric constant of the medium, and (e) the associated
magnetic field intensity.

A medium with u = 4u, has an intrinsic impedance of 100422.5° Q) at
318.31 MHz. Find its (a) loss tangent, (b) dielectric constant, (c) conductivity,
and (d) complex permittivity.

The instantaneous expression for the magnetic field intensity of a uniform
plane wave propagating in the +y direction in free space is given by

H =34 % 107 cos<107m — By +§) A/m.

(a) Determine 3 and the signal wavelength.
(b) Write the instantaneous expression for the electric field intensity.

A 3 GHz uniform plane wave is propagating in a nonmagnetic medium that
has a dielectric constant of 2.5 and a loss tangent of 0.05.

(a) Determine the distance over which the amplitude of the propagating wave
will reduce by 50%.

(b) Determine the intrinsic impedance, the wavelength, and the phase vel-
ocity of the wave in the medium.
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4.4.

445.

4.46.

UNIFORM PLANE WAVES

A uniform plane wave in air with Ein(z) = %¥10e7/% V/m is incident normally
on an interface at z = 0, with a lossy medium having a dielectric constant 2.25
and a loss tangent 0.3. Find the following:

(a) The phasor expressions for the reflected and transmitted electric and mag-
netic fields.

(b) The time-average power flow per unit area in the lossy medium.

The electric field intensity of a uniform plane wave traveling through a material
medium (g, =4, 0= 0.1 S/m, w, = 1) is given by $100e™ V/m. If the signal
frequency is 2.45 GHz, find the associated magnetic field intensity and the
propagation constant 7.

A uniform plane wave traveling through a dielectric medium with &, = 3 and
m,- = 1 is incident normally upon a free-space medium. The incident electric
field is given by

-

Ein = 33720 mV /m.

Find (a) The corresponding magnetic field intensity, (b) the reflected electric
field intensity, (c) the reflected magnetic field intensity, (d) the transmitted
electric field intensity, and (e) the transmitted magnetic field intensity.



TRANSMISSION LINES

Every electrical circuit requires transmission lines to connect the various circuit
elements and systems together. Power companies use open-wire lines for distribut-
ing electrical power from the generating stations to consumers. The telephone indus-
try commonly employs coaxial lines to connect their subscribers. These typical
transmission lines are common at low operating frequencies. The transmission
lines can experience significant loss of signal if the frequency is in the RF or micro-
wave range. A specially designed coaxial line, the stripline, the microstrip line, and
the waveguide are used at radio and microwave frequencies. There are several other
transmission lines that are used at higher frequencies. Among these are the dielectric
rods (similar to optical fibers) used in microwave bands. A comprehensive analysis
of electromagnetic fields is required for each transmission line in order to learn their
signal propagation characteristics. The analysis is significantly simplified for a gen-
eralized circuit approach, and the line parameters are found via electromagnetic field
analysis of each transmission line.

This chapter begins with a distributed model of a transmission line using line para-
meters. The characteristic impedance is defined and the transmission line equation is
solved to show a signal’s behavior over infinitely long lines. The terminated trans-
mission lines are then analyzed, and the concepts of reflection coefficient, return
loss, and insertion loss are introduced. After a brief discussion of the quarter-wave
impedance transformer technique, the voltage standing wave ratio and the impe-
dance measurement methods are presented. Next the Smith chart is introduced

Practical Electromagnetics: From Biomedical Sciences to Wireless Communication.
By Devendra K. Misra
Copyright © 2007 John Wiley & Sons, Inc.
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along with its application in analysis and design of simple circuits. The chapter ends
with a brief discussion of the excitation of transients on the transmission line.

5.1 TRANSMISSION LINE EQUATIONS

A transmission line can be modeled as a distributed electrical circuit comprised of
inductors and resistors connected in series, and capacitors and resistors connected in
parallel, as illustrated in Figure 5.1. These circuit elements are known as the line
parameters that are defined per unit length as follows:

L = Inductance per unit length (H/m)
R = Resistance per unit length ({)/m)
C = Capacitance per unit length (F/m)
G = Conductance per unit length (S/m)

The line parameters are determined theoretically by electromagnetic field analysis of
a transmission line. The cross-sectional geometry of a transmission line and the elec-
trical characteristics of the material used in its design determine these parameters.
Table 5.1 lists the line parameters of selected transmission lines. The conductivity
of the conductors used in the transmission line is o, and the dielectric constant
and loss tangent of nonmagnetic dielectric material used in these lines are ¢, and
tan 8, respectively.

Characteristic Impedance of a Transmission Line

Consider a semi-infinitely long transmission line that is excited by a voltage
source. The voltage-to-current ratio at any point on this line is found to be a constant,
which is referred to as its characteristic impedance. Another way to look at the
characteristic impedance is as follows: An electrical signal continues propagating
in the forward direction without hindrance if the transmission line is infinitely
long. However, there may be some backreflection when the signal comes across a
discontinuity, such as a load that terminates it after a finite length. The reflected
signal varies with the terminating load and can go to zero for a certain unique ter-
mination. Thus this load absorbs the entire incident signal, and the voltage source

LAz R LAz

0 g o ), —
PR

LAz

CAz T GAz

< »

Figure 5.1 Lumped element model of the transmission line.
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TABLE 5.1 Selected Line Parameters

187

i 211; i 2a i E‘— D —’i
<« a > 4
‘ ‘ —
Coaxial Line Two-Wire Line Parallel-Plate Line
L (nH/m) 200 In(b/a) 400 cosh™!(d/2a) 4007h/D
55.6313¢, 27.8157¢, 8.854¢,D
C (pF Bl B Rl
(pF/m) In (b/a) cosh ' (d/2a) h
0.1F/1 1 1 Jo.4af 1 [1.6f
R (mQ — |-+ - — — . —
(md2/m) o <a+b> aV o DYV o
.3495¢, 8 .1748¢, 8 . S D )
G (nS/m) 0.3495¢,f tan 0.1748¢,f tan 0.0556¢,fD tan

In(b/a) cosh™'(d/2a) h

sees an infinite electrical length. In this situation the voltage-to-current ratio at any
point on the line is found to be equal to the terminating impedance. This impedance
is called the characteristic impedance of that transmission line.

With line parameters R, L, G, and C of a transmission line, we can define Z and Y
as its impedance and admittance per unit length at the signal frequency w to be

Z=R+joL
and
Y=G+jwC.

Therefore, using the definition of characteristic impedance and the distributed cir-
cuit model shown in Figure 5.1, we can write

_ (Zo+ZA)(1/YAr) Zo + ZAz
© T Zo+ZAz+ (1/YAZ) 14+ YAz(Zy + ZA2)

\/Z R+ joL
Zo === [——.
Y G+ joC

Note that the characteristic impedance is a complex number for the lossy line. How-
ever, it is a real number if the transmission line is lossless, meaning for R — 0 and

= ZoY(Zo + ZAz) = Z.

For Az — 0, it reduces to

(5.1.1)
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G — 0, Z, = +/L/C. Further the characteristic impedance reduces to this value if
the operating frequency is such that wL > R and oC > G.

Example 5.1

The inner and outer conductor diameters of a Teflon-filled (e, = 3.3) coaxial line
are given as follows: 2a = 0.032 inch and 2b = 0.176 inch. Find its characteristic
impedance if the operating frequency is such that wL > R and oC > G.

From the Table 5.1,

55.6313¢ 55.6313 3.3
_ 33.6313s, = 2209000 407.7 pF
/e D™ T n(0.176/0.032) pF/m
and
b 0.176
- 2 - =) _ 340.95nH/m.
L =200 ln<a>nH/m 200 1n<0_032> 340.95 nH/m
Therefore

L [340.95- 1079
© \fc 107.7 - 10— 12

Transmission Line Equations

Figure 5.2 shows an equivalent distributed circuit of the transmission line that is ter-
minated by a load impedance Z; . A voltage source connected at its other end. Assume
that voltages at its nodes A and B are v(z, f) and v(z 4+ Az, ), respectively. Currents
leaving these two nodes are assumed to be i(z, ) and i(z + Az, 1), respectively.

We can now write the loop equation for a small length Az of this line as follows:

a )
(e, = L8 4 RAGiG, 1 4o+ Az 1),
or
viz+Az, ) —v(z, 1) . 0i(z, 1)
A = —Ri(z,t)— L rrat

RAz LAz

L
ozt /V RA: V(z +Az.1) @ -
CAz %G z(z 13} CAz "l—\ % i(z+ Az, 1) %ZL

N—Az—h

Figure 5.2 Distributed circuit model of a transmission line.
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With the limit Az — 0, it reduces to

ov(z, t 0i(z, t
LSRN PGl | (5.1.2)
0z ot
The nodal equation at its node B is found to be
. . ov(z+ Az, t
i(z, 1) = i(z 4+ Az, t) + GAzo(z + Az, 1) + CAZ%,
or
] Az, 1) —i(z, t a Az, t
i(z+ Az, 1) l(z’):—G-v(z+Az,t)+C v(z + z,).
Az ot
Again, under the limit Az — 0, it reduces to
0i(z, 1) d(z, 1)
- _G- f— ) 1.
% G-vz,t)—C o (5.1.3)
Equations (5.1.2) and (5.1.3) can be solved for v(z, t) or i(z, t) as follows:
vz, 1) w(z, 1) vz, 1)
=R R L L .14
P Gu(z, t) + (RC + LG) o +LC o (5.1.4)
and,
PIED _ rie, 1)+ (RC +16) &0 1 o T (5.1.5)
= 1 . .
022 “ ot or

For a lossless line, R = 0 and G = 0. Therefore these two simplify to scalar wave
equations as follows:

Po(z, 1) Fo(z, 1)
7 = L0 (5.1.6)
and
3%i(z, 1) 3%i(z, 1)
=LC . 5.1.7
972 or? ( )

Note that the velocity of these waves is 1/+/LC. The partial differential equations
(5.1.6) and (5.1.7) are further simplified to ordinary differential equations by
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using phasor voltages and currents if the source is sinusoidal with time (i.e., time
harmonic). Hence

2
d de) =ZYV(2) = y*V() (5.1.8)
74
and
2
1D _ 2v16) = v1c0) (5.19)
dz

where V(z) and I(z) represent phasor voltage and current, respectively. Z and Y are
impedance per unit length and admittance per unit length, respectively, as defined
earlier. Therefore

y=~ZY = /(R + joL)(G + joC) = a + jp. (5.1.10)

It is known as the propagation constant of the line. « is the attenuation constant
expressed in neper per meter and 3 is the phase constant in radian per meter. Note
the similarities of (5.1.8) and (5.1.9) with (4.1.7). The propagation constant vy is
equal to jk, where k is the wave number defined by (4.1.4). Thus (5.1.8) and
(5.1.9) are homogeneous Helmholtz equations for voltage and current, respectively,
and their solutions are similar to (4.1.10). Once (5.1.8) is solved, the phasor form of
(5.1.2) can also be used to find the current on the line.

Solution of the Helmholtz Equation

Assume that V(z) = €%, and substitute it back into (5.1.8) to find that C = ++. The
complete solution to (5.1.8) is then

V(2) = Vipe™ ¥ + Ve, (5.1.11)
where V;, and Vs are integration constants that are complex, in general. They are
evaluated through the boundary conditions. We can express these two constants
in polar form as follows:

Vin = Uinej¢ and Viet = Urefejqp-
Therefore the voltage v(z, f) is found to be
v(z, 1) = Re[V(2)e’™"] = Re[Vipe ™ “HP%e 1 Ve @HPeIe1]

or

0(z, 1) = vine” % cos(wt — Bz + @) + vereT cos(wt + Bz + @). (5.1.12)
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Figure 5.3 Graphical representation of the two solutions of (5.1.12) relative to distance.

Again, note the similarity of this equation to (4.1.15). To understand the behavior
of each term on the right-hand side of this equation, we can get help from Figure 4.1,
which is redrawn as Figure 5.3 for a ready reference. Note that the first term
vi(z, t = 1)) changes sinusoidally with distance z, while its amplitude decreases expo-
nentially. On the other hand, the amplitude of the second sinusoidal term v,(z, t = #))
increases exponentially. Further the argument of the cosine function decreases with
distance in the first term while it increases in the second term. When a signal is pro-
pagating away from the source along the +z-axis, its phase should be delayed.
Further, if it is propagating in a lossy medium, then its amplitude should decrease
with distance z. Therefore the first term on the right-hand side of equation
(5.1.12) represents a wave traveling along the +z-axis (an incident or outgoing
wave), and the second term represents a wave traveling in the opposite direction
(a reflected or incoming wave).

The current I(z) on the line can be found via (5.1.2) and (5.1.11) as follows:
Equation (5.1.2) in phasor form is written as

d‘[’;) — R +jol)() = —ZI(). (5.1.13)

On substituting (5.1.11), we have
_‘}'[Vine_yz - Vrefeyz] =—ZI2) — I(z) = %[Vine_’yZ - refeyz]~ (5.1.14)

Note that

z z _\F_Z Vi Vi
Y VZY Y ? Ii Iref.
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Therefore (5.1.14) may be rewritten as follows:

Vin — vz Vl' C vz
I(Z) — Ze Y _ 7?67~" (5115)

The incident and reflected waves change sinusoidally with both space and time. The
time duration over which the phase angle of a wave goes through a change of 360°
(27 radians) is known as its time period. The inverse of the time period in seconds is
the signal frequency in Hz. Similarly the distance over which the phase angle of the
wave changes by 360° (27 radians) is known as its wavelength (A). Therefore the
phase constant B is equal to 27 divided by the wavelength in meters.

Phase and Group Velocities

As discussed in preceding chapter for uniform plane waves, the velocity with which
the phase of a time-harmonic signal moves is called its phase velocity. That is to say,
if we tag a phase point of the sinusoidal wave and monitor its velocity, then we
obtain the phase velocity, vp, of this wave. Mathematically

vp =—=fA. (5.1.16)

A transmission line has no dispersion if the phase velocity of a propagating signal is
independent of frequency. Hence a graphical plot of w versus 8 will be a straight line
passing through the origin. This kind of plot is called the dispersion diagram of a
transmission line. An information-carrying signal is composed of many sinusoidal
waves. If the line is dispersive, each of these harmonics will travel at a different vel-
ocity. Therefore the information will be distorted at the receiving end. The velocity
with which a group of waves travels is called the group velocity, v,. It is equal to the
slope of the dispersion curve of the transmission line.

Consider two sinusoidal signals with angular frequencies w + dw and w — dw,
respectively. Assume that these waves of equal amplitudes are propagating in the
z direction with corresponding phase constants 8+ 683 and 8 — 5. The resultant
wave can be found as follows:

flz, 1) = Re{Aej((w+5w)t*(B+BB)Z) _i_Aej((w*Sw)f*(B*SB)Z)}
= 2A cos(éwt — 63z) cos(wt — Bz).

Hence the resulting wave, f(z, t), is amplitude modulated. The envelope of this
signal moves with the group velocity

Vg = —. (5.1.17)
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Example 5.2

A telephone line has the following parameters: R = 14 ohm/mile, G =0,
L =5 mH/mile, and C = 0.02 pF/mile.

For the operating frequency of 1 kHz, calculate its characteristic impedance Z,
and the propagation constant v. If its characteristic impedance terminates the line
and input voltage is 10 V £0°, find total voltage at 30 miles from its input:

R+ joL 14+,2m7-10%.5.1073
Zy = - hm = 52320 /£ —12°
\/G~|—ij \/o+j277-103.0.02-10—6°m

=511.8 —;108.9 ohm

and

vy =+ZY = 0.0657 £78° mile™! = 0.01368 + j0.0643 mile ™! = a + jB.

Therefore o = 0.01368 Np/mile and 8 = 0.0643 rad/mile.
Since the line terminates in its characteristic impedance, there is only incident
wave:

V(z = 30mile) = 10¢~ 0130830700680 — 6 634,719 v

Example 5.3

An infinitely long lossless 50 () transmission line is connected to a signal genera-
tor with its open-circuit voltage uv(f) = 3 cos(2 - 1081) V, as shown in
Figure 5.4a. The generator has an internal resistance of 25 (). If the signal pro-
pagates with a velocity of 2 - 10* m /s on the line, find the instantaneous voltage
and the current at an arbitrary location on the line.

25 Q

259! >z

] N 50 Q
3VZ0 50Q 3VL0°

(@) ()

Figure 5.4 (a) Transmission line circuit for Example 5.3 and () its equivalent at the
input point.
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Since the transmission line extends to infinity, there is only a forward propa-
gating (incident) wave. An equivalent circuit at its input end may be drawn, as
shown in Figure 5.4b. By the voltage division rule and Ohm’s law, incident vol-
tage and current can be determined as follows:

Incident voltage at the input end,

Vinz =0) = %3 £0°=2V.,0°.
Incident current at the input end,
3.20°
In(z=0)= 50525 0.04A 20°

and

B:l?:’:z;'llo(fz 7 rad/m.
Therefore

V(@ =27V and  I(z) =0.04e /™ A.

Hence

v(z, 1) =2 cos(2m-10% — m) V
and

i(z, 1) = 0.04 cos(27- 1087 — m2) A.

5.2 FINITE LENGTH TRANSMISSION LINE

Consider a transmission line of length / and a characteristic impedance Z,. The line
terminates in a load impedance Z; , as shown below in Figure 5.5. Assume that the
incident and reflected voltages at its input (z = 0) are V;, and V., respectively.

If V(z) represents the total phasor voltage at point z on the line and 1(z) is the total
current at that point, then according to (5.1.11) and (5.1.15) we have

V(Z) = Vi1137yZ + VrefeyZ (521)
and

1
I(Z) = Zi(vineiyZ - Vrefe’yz), (522)



5.2 FINITE LENGTH TRANSMISSION LINE 195

Iin —»
Ior 4—
A
I::|L0ad
Zin —» Z, Z
Vin + Vref

|-
Ll

Z=0 zzl

Figure 5.5 Transmission line with termination.

where Vi, and V¢ are the incident and reflected voltages, respectively, at z = 0.
Therefore the impedance Z;, at the input terminals of this transmission line is
found by dividing the total voltage by the total current at z = 0 as follows:

_VEz=0)  _ Vin+ Veer

Zi — — 49
I(Z = 0) Vi - Vref

or

1+ (Vref/vin) 1+ 1_‘0
Zin =72 =Z , 523
° 1- (Vref/vin) ¢ 1 - 1—‘0 ( )
where I', = p ¢/% is called the input reflection coefficient.
Equation (5.2.3) can be rearranged to define the normalized input impedance Z;,
as follows:
Zin = 1+ Fo
- = Zin = .
Z, 1-T,

(5.2.4)

The voltage and current at z = ¢ are related through the load impedance Z; as
follows:

V=0 Vine " 4 Ve e Y 4 Toet?t

7 = = = .
I(Z = E) ° Vineiw - Vrefe+7l ° ei‘yl - FoeerK

Therefore

e 4 Tpe” Zu—1 5y
_— = =2e .
eV —T et? ° T Zi+1

L= (5.2.5)
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Using (5.2.5), (5.2.4) can be written as follows:

5 1+ [ZL—1D/EZL+D]e™™"  Zi[l +e ] +[1 —e ]
P —[ZL - D/@L+ Dle "t Zi[l — e ]+ [1 + e ]

Since
1— —2yt +yl _ 9l inh(v¢
e _e e” _sin (v0) — tanh(y0),
1+e 2t et 4 e=¥  cosh(yl)
we find that
5 Z1 + tanh(y£)
"7 14 Z, tanh(y)’
or

Z. —Z 71, + Z, tanh(yf)

e — A 5.2.6
®Zo + Z;, tanh(yf) ( )

Further y= a+jB =jB for a lossless line. Therefore tanh(y/) = tanh(jB/) =
j tan(B/), and (5.2.6) simplifies to

Z. —Z 71, + jZ, tan(BY)

"tz an Bl (5.2.7)

Note that Z;, repeats periodically over the transmission line’s length. In other words,
the input impedance on a lossless transmission line is the same for all points at d +
nA/2, where n is an integer. It happens so because of the tangent function. Since

2 nA 2rd
e =""(a+"2) =" 1 nm,
k /\< - 2) A T

and therefore

tan(B¢) = tan(zzd + n7r> = tan<2:d).

There are three cases of special interests here. If Z; = 0 (i.e., a lossless line is short-
circuited), then (5.2.7) reduces to

Zin = Zy = jZ, tan(BYL). (5.2.8)



5.2 FINITE LENGTH TRANSMISSION LINE 197

TABLE 5.2 Input Impedance of a 50 ) Line
Terminated by a 10 k Load

Frequency (Hz) Impedance ({2)

60 9999.9994 — j2.5132
6-10° 9993.6875 — j251.1625
60 - 10° 9405.8879 — j2363.8959
6-10° 15.8901 — j395.1618
60 - 10° 0.2764 — j16.2455

On the other hand, if Z; = oo (i.e., alossless line has an open circuit at the load), then
(5.2.7) gives

Zin = Zoc = —jZ, cot (BZ) (5.2.9)

Last, if £ = A/4, then B/ = /2, and therefore (5.2.7) simplifies to

_%

Zn =32 (5.2.10)

According to (5.2.8) and (5.2.9) a lossless line can be used to synthesize an arbitrary
reactance, as is used in microwave circuits. Equation (5.2.10) indicates that a
quarter-wavelength-long line of a suitable characteristic impedance can be used to
transform a load impedance Z; to Z;,. This kind of transmission line is called the
impedance transformer, and it is useful in certain impedance-matching applications.
Further this equation can be rearranged as follows:

Zin = YL.

1
=7

This says that the value of a normalized impedance at a quarter-wavelength away
from the load is same as the normalized load admittance.

Consider a 50 () transmission line that is one meter long. A 10 k resistance
terminates it. We can find impedance as a function of frequency at its input
end using (5.2.7). These results are given in Table 5.2 at selected frequencies.
Note that the impedance found at its input terminals differs significantly with
the frequencies.

Example 5.4

A lossless transmission line of length d and characteristic impedance Z, is used as
an impedance transformer to match a 1.8 k() load to a 200 () line, as shown in
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S
&
A

200 Q N 1.8 kQ

Figure 5.6 Impedance transformer arrangement for Example 5.4.

Figure 5.6. If the signal wavelength is 3 m, find (a) d, (b) Z,, and (c) the reflection
coefficient at the load.

(@) d=A/4 > d=075m.
() Zo = /ZinZi — Zo = (1800 - 200)!/* = 600 ohm.
(©)

Zu—1 7, —Z, 1800—600
T ZL+1 Zu+7Z, 18004600

L 0.5.

Example 5.5

A 75 Q outdoor antenna is being used to receive 850 MHz FM signal. If the
receiving circuit uses a 50 () line, design a quarter-wavelength transformer to
match the antenna with this transmission line. To calculate its length (in cm),
assume that the transformer is made from a Teflon-filled (e, = 2.1) coaxial
line. Also determine the diameter of its inner conductor if the inner diameter
of the outer conductor is 0.5 cm.

Zo = NZinZs = <75 - 50 = 61.2372.Q

and
L 200 x 10~° b b 61.2372
Zo =4/—== In{ —) = 61.2372 Infl-)=———
° \/; \/55.63 X & x 1012 n<a> - n(a> 413762
= 1.48.
Therefore
b 2 2% 0.5

- e'®=4393 = 2a=-—""

a 2a 2303 4393~ OH138em.
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Since B = wvLC and

1
—:ﬁzﬂx/E:fx\/ZOOXSS.@xs,x10*21
A 2w 2@

=850 x 10° x 107'° x +/200 x 55.63 x 2.1 x 0.1

=4.1086m™!,

then A = 0.2434 m and d = A/4 = 0.0608 m = 6.08 cm.

Example 5.6

A 100 km long telephone line is terminated by a 150—;200 ) load. The line
parameters are as follows: R =2 Q/km, G = 0.2 pS/km, L = 5 mH/km, and
C =8 nF/km. If this line is being used at 4 kHz, find its (a) characteristic
impedance Z,, (b) propagation constant vy, and (c) input impedance Z;,,.

(@) Z=R+joL=2+27-4-10>-5-10"° =2 +,125.6637 Q/km and
Y=G+joC=02-10"°4j27-4-10°-8-107° = (0.2 4 ,201.06) pnS/
km. Therefore

Z
Z, = \/; = 790.5973 — j5.8977 Q).

(b) y=+/ZY =1.3439 - 1073 +j0.159km™".
(c)

Z1. + Z, tanh(yf) .
Zin=2Zy————"—— =242.5993 — j49.8975 Q.
°Zo + 71 tanh(ye) /
Note that the line parameters are given in kilometers and therefore the propa-
gation constant is also in kilometers. Since the given length is in kilometers as
well, there is no need to convert the units to meters.

Reflection Coefficient, Return Loss, and Insertion Loss

The voltage reflection coefficient is defined as the ratio of the reflected to incident
phasor voltages at a location in a circuit. In the case of a transmission line terminated
by a load Z; , the voltage reflection coefficient at a distance / from the load is given
by (5.2.5). Hence

Vref o ZL - Zo —29¢

_ e — p oSO AaHBE
Vin ZL + Zo

I — = pLe 2 e IR0, (5.2.11)

where p e 70 = (ZL — Zo)/(Zy + Z,) is called the load reflection coefficient.
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Equation (5.2.11) indicates that the magnitude of the reflection coefficient
decreases according to e ~>* as the observation point moves away from the load
on the transmission line. Further its phase angle changes by —23/. Therefore a
polar (magnitude and phase) plot of this equation will look like a spiral. However,
the magnitude of the reflection coefficient remains constant for a lossless line
(¢ =0). As the line length 7 increases, the reflection coefficient point moves
clockwise on a circle of radius equal to its magnitude. It makes one complete
revolution for each half-wavelength distance away from the load (because
—2BA/2 = —2m).

Similarly the current reflection coefficient I'; is defined as the ratio of reflected to
incident signal —current phasors. It is related to the voltage reflection coefficient as
follows:

— ref/Zo _

5.2.12
Vin/Zo ( )

FC :ﬁ:
Iin

The return loss of a device is defined as the ratio of the reflected power to
the incident power at its input. Since power is proportional to the square of a
voltage, the return loss may be expressed as a square of the magnitude of the
voltage reflection coefficient p. Generally, the return loss is expressed in dB as
follows:

Return loss = 20 log;,(p) dB. (5.2.13)

The insertion loss of a device is defined as the ratio of transmitted power (power
available at the output port) to that of the power incident at its input. Since the trans-
mitted power is equal to the difference of incident and reflected powers for a lossless
device, the insertion loss can be expressed as follows:

Insertion loss of a lossless device = 10 log,(1 — p*)dB. (5.2.14)

Example 5.7

A radio-frequency filter exhibits 75 ) at its input as well as at its output. If the
filter is inserted in a 50 ) system, find its insertion loss.
Since

0.2,

75—50‘_ 25

p:‘75+50 T 125

then

Insertion loss = 10 log (1 — 0.22) = —0.1773dB.
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Low-Loss Transmission Lines

Most transmission lines used in practice are not lossless but possess very small
losses of the propagating signals. Therefore the propagation constant and the charac-
teristic impedance of such lines can be found as follows:

y=~ZY = /(R + joL)(G + joC) = \/—szC<1 +R) (1 —l—G)
joL joC

For R « wL and G <« wC, a first-order approximation is

R G R G
= a+jB~jovIC(1+——)(1+—"—=) ~jovIC[1 + —— +——).
y=atiprje ( +j2wL>( +j2wC> @ < +j2a)L+j2wC>

Therefore

1 C L
am s (R\/; + G\/;> Np/m (5.2.15)

and

B~ wvLC rad/m. (5.2.16)

Similarly an approximate characteristic impedance of this line is found to be

R+jolL [L R\'? G\ '?
Zo = i:\/: l+— l+-— )
G+ joC C joL joC

Zo~ JE(1+- B V(1= )~ JE(14+-R G
°“Vc 20l 20C) VN C 0L j20C)

or

Hence

L 1 (R G
Z, = C(1+j2w(L_C>>' 5.2.17)

According to (5.2.15) and (5.2.16), the attenuation constant of a low-loss line is
independent of frequency, while its phase constant is close to the case of a lossless
line. However, (5.2.17) indicates that the characteristic impedance of a low-loss line
is dependent on frequency and therefore it will distort the signal. This frequency
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dependency of the characteristic impedance can be removed for RC = GL. If a low-
loss line meets this condition, it is called a distortionless line. Since G = RC/L for
such lines, the propagation constant simplifies to

y=~ZY = /(R +joL)(G + joC) = (R + ij)\E = a+jB. (5.2.18)

Example 5.8

A signal attenuates by 0.02 dB for every meter traveled on a 50 () distortionless
transmission line. If this line has a capacitance of 80 pF per meter, find (a) R,
(b) L, (¢c) G, and (d) vp,.

Since the line is distortionless,

Z —\/Z—SO
o0 = C— .

Further 8.6859 dB = 1 Np, and therefore & = 0.02dB/m = 0.02/8.6859 Np/m =
2.3026 - 107> Np/m. Hence

(@) R=ayL/C =2.3026-10"%-50 =0.1151 Q/m.

(b) L=CZ2=80-10""2.50>H/m = 0.2 wH/m.

(¢) G=RC/L=R/Z:= (0.1151/50%)S/m = 46.04 wS/m.
(d) v, =1/+/LC =2.5-10%m/s.

Measurement of Characteristic Impedance and Propagation
Constant of a Transmission Line

The characteristic impedance and propagation constant of a transmission line can
be found after performing open- and short-circuit tests on it as follows: The trans-
mission line under test is kept open at one end, and the impedance at its other end
is measured using an impedance bridge. Assume that it is Z,.. The process is
repeated after placing a short circuit at its open end, and this impedance is recorded
as Zs.. The line’s length d is measured. Then from (5.2.6) we find that

Zy. = Z, coth(yd) (5.2.19)

and
Zs. = Z, tanh(yd). (5.2.20)

Therefore

Zo = 2oLy (5221)
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and

Z, 1 7.
tanh(yd) = |=£ =—tanh ' ,/=X). 5.2.22
anh(yd) Z.. = y=tan < Zoc> ( )

Equations (5.2.21) and (5.2.22) can be solved to determine Z, and +y. The following
identity can be used to facilitate the evaluation of the propagation constant:

1 1+Z
L7y =~ In[ 1=
tanh™ (Z) 2ln<1 Z>'

Example 5.9

A load Z; is connected at one end of the transmission line and its input
impedance is measured using an impedance bridge that gives Z;, =
60 — j30 Q). The experiment is repeated twice with the load replaced first by a
short circuit and then by an open circuit. These data are recorded as j10 () and
—Jj250 €, respectively. Find the characteristic resistance of this line and the
load impedance

Zo = A Zs. - Zo. =+/J10 - (—j250) = 50Q).
Since the measured input impedance data with both the open and short circuits

are pure imaginary and the characteristic impedance is a real number, the line is
lossless. Therefore

ZL +jZO tan(BE) —7 ZL + Zsc

Zin = . - . 9
©Zo+jZi tan(Bl) ~ °Zo +jZy tan(B)
_ Zo % ZL + Zsc _ ZL + Zsc
Cjan(Bl) ” Zu +{Z/[j tan(BON T 7L+ Zoo
and
Zs — Zin . J10 — (60 — j30) .
71 = Zoe =220 — _j250 =75—j25Q.
L e T 17 60— j30 — (—j250) /

Example 5.10

Measurements are made on a 1.5 m long transmission line using an impedance
bridge. After short-circuiting at one of the ends, the impedance at the other
end is found to be j103 (). Repeating the experiment with the short circuit now
replaced by an open circuit gives —;54.6 (). Determine the propagation constant
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and the characteristic impedance of this line.
Zo = N ZoZse = +/—j54.6 x j103 =74.99 ~ T5Q).

From (5.2.22) we have

1103
tanh(1.5y) = |-L—— = j1.8969 = 1.5y = tanh~' (j1.8969)
~j543
1, (1418969
2 "\1=/1.8969)°
or
1 (1+/1.8969\ 1 U s
15y == In[ %) _ 2401 22,1713 1ad) = » In(e1713) = j1.08565.
Y 2n<1—j1.8969) 5 In rad) =7 In(e™ ) =J

Therefore y = j0.7238 m ™',
Note that the measured data indicate that the line is lossless, so the results
obtained are consistent.

Example 5.11

As shown in Figure 5.7, a 5 m long 50 () lossless transmission line is terminated
by 50 — j100 €. The circuit is driven by a 3.1831 MHz signal generator with its
open-circuit voltage 100 V £0° and an internal impedance 50 (). If the propagat-
ing signal has a phase velocity of 200 m/.S, find the impedance at its input end
and the phasor voltages at both of its ends.

w _277-3.1831 -10°

B=—

- = 0.1 rad
vy 200 - 106 rad/m

'i\“'““““““"“
N

5m >

Figure 5.7 Circuit arrangement for Example 5.11.
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and
Z _7 7y, +jZ, tan(Be) 50 50 —j100 4+ j50 tan(0.5)
A +jZ tan(Bl) 50 4 j(50 — j100) tan(0.5)
=40.7917 Q£ —1.2236rad,
or

Zin = 13.8799 — j38.3577 Q).

The equivalent circuits at its input and at the load can be drawn as shown in
Figure 5.8.
Voltage at the input end,

Vs 100 -40.7917 £ —1.2236 rad

Va = in = ,
AT Zs+Zn ™ 50+ 13.8799 — j38.3577

or
Va = 54.7456 V£ —0.6828 rad.

The equivalent circuit shown in Figure 5.8b can be used to determine the load’s
voltage. Since the source impedance is the same as the characteristic impedance
of the line, Zy, is found to be

Zo =7 Zs +jZo tan(BE)

=7, =500)
Zo + jZs tan(BY)

and

Vth = (Vin + Vref)|alo.c.: (2 : Vin)|ato.c.: 100 V£ —0.5rad.

—
®  sE®

(@) ®

Figure 5.8 Equivalent circuits at the input (a) and at the load (b).



206 TRANSMISSION LINES

Therefore

Vin

V=
YT Zn+ 7

Z1, =79.0569 V£ —0.8218 rad.

Alternately,

V(Z) = VineijﬁZ + VrefejﬁZ = Vin(eijﬁz + 1-‘inejﬁz)’

where V;, is incident voltage at z = 0 while I';, is the input reflection coefficient.
Since Vi, = 50 V£0°, and

[ 138799 —38.3577 — 50
i = 13.8799 — j38.3577 + 50

= 0.7071 £—1.7854 rad,

then

VL = V(z=5m) = 50(e 7% +0.7071¢/ >~ 759

=79.0569 V£ —0.8218 rad,

Standing Wave and Voltage Standing Wave Ratio

Consider a lossless transmission line that is terminated by a load impedance Z; , as
shown in Figure 5.9. The time-harmonic incident and reflected voltages at its input
(i.e., at z=0) are assumed to be V;, and V., respectively. Therefore the total
voltage V(z) can be expressed as follows:

V(Z) = Vineijﬁz + VrefeJerZ-

—>

Vi —> <+ V.

Vier €— Zy

l—bz x4—l

Figure 5.9 Terminated lossless transmission line.
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In practice, it is more convenient to use the load as the reference point instead of the
source. Therefore we switch to the x variable in place of z and express the total vol-
tage at a point on the line as follows:

V(x) = VeeP 4 Vo P = v, [P+ TLe 7P,
or
V(x) = Vi[eF 4 p e /Pt (5.2.23)

where

Iy = jb — =
L =pLe V.

and V, and V_ represent incident and reflected wave voltage phasors, respectively,
at the load point (i.e., at x = 0).

Let us first consider two extreme conditions at the load. In one case, the trans-
mission line has an open-circuit termination while, in the other, it has a short-circuit
termination. Therefore the magnitude of the reflection coefficient, py, is unity in both
cases. However, the phase angle, ¢, is zero for the former while it is 7 for the latter
case. Phasor diagrams for these two cases are depicted in Figure 5.10a and 5.100,
respectively. As distance x from the load increases, phasor e ¥#* rotates counterclock-

wise because of the increase in its phase angle Bx. On the other hand, phasor ¢ /#*

BT '
Vi(x) P
—Bx V(x)
e iBx \

(a) (b)

Figure 5.10  Phasor diagrams of line voltage with (a) an open-circuit and () a short-circuit
termination.
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rotates clockwise by the same amount. Therefore the phase angle of the resultant
voltage, V(x), remains constant with space coordinate x while its magnitude varies
sinusoidally between +2V,. Since the phase angle of the resultant signal V(x)
does not change with distance, it does not represent a propagating wave. Note
that there are two waves propagating on this line in opposite directions. However,
the resulting signal represents a standing wave.

For an arbitrary termination that is different from characteristic impedance of the
line, there are two waves propagating in opposite directions. The interference pattern
of these two signals is stationary with time. Assuming that V is unity, a phasor dia-
gram for this case is drawn as shown in Figure 5.11. The magnitude of the resultant
signal, V(x), can be determined using the law of parallelogram as follows:

V@I = Vi /1462 + 20 cos 2Bx — ). (5.2.24)

The reflection coefficient, I'(x), can be found as follows:

V_e IBx 0B
I'x) = VooiBr =pLe J2Br—) (5.2.25)
+

According to (5.2.24), the magnitude of a standing wave is a function of the location
on transmission line. Since x appears only in the argument of the cosine function, the
extreme value of the voltage-magnitude occurs whenever this argument is an integer
multiple of 7. It is a maximum whenever the reflected wave is in phase with the

eIBx

‘\X

Figure 5.11 Phasor diagram of the line voltage with an arbitrary termination.
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incident, and that requires the following condition to be satisfied:
(2Bx — ¢y ) = £2nm, n=0,1,2,.... (5.2.26)
On the other hand, V(x) is a minimum wherever the reflected and incident signals
are out of phase on the line. Hence x satisfies the following condition at a minimum
of the interference pattern:
@2Bx—¢) = +Cm+ ), m=0,1,2,.... (5.2.27)
Further these extreme values of the standing wave are
IV max = [V {1 + L} (5.2.28)
and
V) lmin = [V {1 = pL}- (5.2.29)
The voltage standing wave ratio (VSWR) is defined as follows:

% 1
VSWR = § = Vlmax _ 1+ py (5.2.30)

V@lnin 1 —pL°

Since 0 < pp. < 1 for a passive load, minimum value of the VSWR is unity (for a
matched load) while its maximum value can be infinity (for total reflection, with
a short circuit or an open circuit at the load).

Assume that there is a voltage minimum at x; from the load. As one keeps
moving toward the source, the next minimum occurs at x,. In other words, there
are two consecutive minimums at x; and x, with x, > x;. Hence

2(Bxy — ) = Cmy + D7
and
2(Bxy — pp) = [20m + 1) + 1] 7.
Subtracting the former equation from the latter, we have

A

2B —x1) =27 = X2 — X =5 (5.2.31)
where (x, — x;) is separation between the two consecutive minimums.
Similarly it can be proved that two consecutive maximums are a half-wavelength
apart and also that the separation between the consecutive maximum and minimum

is a quarter-wavelength. This information can be used to measure the wavelength of
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With unknown load With short- circuit

20—
= [
< 1.5
—
=] -
P2
o
2
= 1.0
&b
S
E -

0.5+

0-0 L 1 1 1 l 1 1 1 ,\ 1 1 1 : 1 1 1 : 1 1 1 I

0.0 1.0 2.0 3.0 4.0 5.0

Figure 5.12 Standing wave pattern on a lossless transmission line.

a propagating signal. In practice, the location of a minimum is preferred over that of
a maximum. This is mainly because of minimums being sharper in comparison with
maximums, as illustrated in Figure 5.12. Further a short (or open) circuit must be
used as the load for the best accuracy in the wavelength measurement.

Measurement of Impedance

The impedance of a one-port microwave device can be determined from measure-
ment of the standing wave at its input. The required parameters for that are the
VSWR and the location of first minimum (or maximum) from the load. A slotted
line that is equipped with a detector probe is connected before the load to facilitate
the measurement. Since the output of a detector is proportional to power, the square
root of the ratio is taken to find the VSWR. Since it is not possible in most cases to
probe up to the input terminals of the load, location of the first minimum is deter-
mined as follows: An arbitrary minimum is located on the slotted line with the
unknown load. The load is then replaced by a short circuit. As a result there is a
shift in minimum, as shown in Figure 5.12. The shift of the original minimum
away from the generator is the same as the location of first minimum from the load.

Since the reflected voltage is out of phase with that of the incident signal at the
minimum of the standing wave pattern, the relation between the reflection coeffi-

cient, I'; = —p, and impedance, Z,, at this point may be written as follows:
Z—1
Fl = —p = — .
Z1+1

where Z; is normalized impedance at the location of the first minimum of the
voltage’s standing wave.
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Since the VSWR § = (1 4 p)/(1 — p),

and therefore

V4 .
S+1 Z+1 S

S—1 Z; -1 = 1
1

This normalized impedance is equal to the input impedance of the line that is termi-
nated by load Z; and has a length d,. Hence

| Zy+jtanBd) _ 1S tan(Bd))

Z:*_,—:>Z— .
'S T 147 tan(Bdy) ¢ S—j tan(Bd,)

(5.2.32)
Similarly the reflected voltage is in phase with the incident signal at the maximum of
the standing wave. Assume that the first maximum is located at a distance d, from
the unknown load and that the impedance at this point is Z,. Therefore

Z-1_S-1_ . _
Zo+1 S+1 2

Fz:p:

and

7 _ Z, —j tan(Bds)

ey it (5.2.33)

Since the maximum and minimum are measured on a lossless line that feeds the
unknown load, the magnitude of the reflection coefficient p does not change at differ-
ent points on the line.

Example 5.12

A 50 () transmission line is terminated by a 25+ ;100 ) load. Find the load
reflection coefficient and the voltage standing wave ratio on this line.

_ZL—Z, 25+100—50
S ZL+Z, 254100+ 50

I = 0.8246 £50.91°

and

I+p 140.8246

VSWR = =
1—p 1-0.8246

= 10.4039.
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Example 5.13

A 75 Q transmission line is used to feed a transmitting antenna. In order to find
the antenna impedance Z; , measurements are conducted using a slotted line. It is
found that it has a VSWR of 1.8 and the standing wave minimums are 1.5 cm
apart. The scale reading at one of these minimums is found to be 2.75 cm.
When the antenna is replaced by a short circuit, the minimum moves away
from the generator to a point where the scale shows 2.35 cm. Determine the
signal wavelength and the load impedance.

Since the minimums are 1.5 cm apart, the signal wavelength A =2 x 1.5 = 3cm.
Therefore

27 2
B= 777 - 777 rad/cm = 209.4395 rad/m,
dy = 2.75 — 2.35 = 0.4cm, Bd, = 0.8378.

Hence

- 1 —j1.8tan(0.8378)
b7 1.8 — @an(0.8378)

= 0.8987 — j0.5561

or

Z;, = 67.4013 — j41.7089 ().

5.3 SMITH CHART

According to (5.2.4), the normalized impedance at a point on the transmission line is
related to its reflection coefficient as follows:

14+T 141, +T
1-T 1-T,— /I

Z=R+X= (5.3.1)

where I'; and I'; are real and imaginary parts of the reflection coefficient, respec-
tively, and R and X are real and imaginary parts of the normalized impedance,
respectively. Two real equations are found from (5.3.1) as follows after equating
the real and imaginary components on its two sides:

- 2 2
R 1
Fr —_ T = 1“2 - D E—— 5.3.2
< 1 +R> T <1 +R) ( )

T, — 1)+ (F —1>2— (1>2 (5.3.3)
; -z =(5) 3.

and
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Equations (5.3.2) and (5.3.3) represent a family of circles on the complex I'-plane.
The circle in (5.3.2) has its center at ([R/(1 + R)], 0) and a radius of 1/(1 + R). For
R = 0, the circle is centered at the origin with unity radius. As R increases, the center
of the constant resistance circle moves on the positive real axis and its radius
decreases. When R = oo, the radius reduces to zero and the center of the circle
moves to (1, 0). These plots are shown in Figure 5.13. Note that for passive impe-
dance, 0 < R < o while —0 < X < 400.

Similarly the circle of (5.3.3) has its center at (1, 1 /Y) with a radius of 1/X. For
X = 0, center of the circle lies at (1, o) with an infinite radius. Hence it is a straight
line along the I',-axis. As X increases on the positive side (i.e., 0 < X < 00), the
center of the circle moves toward point (1, 0) along the vertical line defined by
I', = 1, whereas its radius becomes smaller and smaller in size. For X = o, it con-
verges to a point that is located at (1, 0). Similar characteristics are observed for
0> X > —o0. As shown in Figure 5.13, a graphical representation of these two
equations for all possible normalized resistance and reactance values is known as
the Smith chart. Thus a normalized impedance point on the Smith chart represents
the corresponding reflection coefficient in polar coordinates on the complex I'-plane.
According to (5.2.11) the magnitude of the reflection coefficient on a lossless

90°
(1,1)

Constant Ror
G circles

Constant X or
B arcs

Figure 5.13 The Smith chart.
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transmission line remains constant at p; while its phase angle decreases by —23/.
Hence it represents a circle of radius pp. As we move away from the load (i.e.,
toward the generator), the reflection coefficient point moves clockwise on this
circle. Since the reflection coefficient repeats periodically at every half-wavelength,
the circumference of the circle is equal to A/2. For a given reflection coefficient, the
normalized impedance may be found using the impedance scale of the Smith chart.
Further R in (5.3.1) is equal to the VSWR for I', > 0 and I'; = 0. On the other hand,
it equals the inverse of VSWR for I', < 0 and I'; = 0. Hence the R values on the
positive I',-axis also represent the VSWR.
Since inverse of the impedance is the admittance, we find that

1 1-T
TZ 14T

=~

Hence a similar analysis can be performed with the normalized admittance as well.
This results in a same kind of chart except that the normalized conductance circles
replace the normalized resistance circles while the normalized susceptance arcs
replace the normalized reactance.

The normalized resistance (or conductance) of each circle is indicated on the I',-axis
of the Smith chart. Normalized positive reactance (or susceptance) arcs are shown on
the upper half while negative reactance (or susceptance) arcs are seen in the lower
half. The Smith chart in conjunction with equation (5.2.5) facilitates the analysis and
design of transmission line circuits.

Example 5.14

A load impedance of 100 — j50 () terminates a 50 () lossless quarter-wavelength-
long transmission line. Find the impedance at its input end, the load reflection
coefficient, and the VSWR on this transmission line.

This problem can be solved using (5.2.4) through (5.2.7) or the Smith chart.
The former method proceeds as follows:

20 AT
= —.— =—=90°
B A4 2 0%,
71, +jZ, tan(B¢) _ 50 (100 — j50) 4 j50 tan(90°)

Zin =Z N - s s 5
°Zo +jZ. tan(Bf) " 50 + j(100 — j50) tan(90°)
or
j50 2500 .
Z. =50 = =20+4;10Q.
7100 —=750) _100—j50 1/
Further

_ Zu—Z, 100 —j50—50 50— ;50
T ZL+Z, 100—j50+50 150 —j50

I =0.4472 £ —26.5651°
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and

1+ [T 1404472

VSWR = —
1— || 1—0.4472

= 2.618.

To solve this problem graphically using the Smith chart, the normalized load
impedance is determined as follows:

_ Z 100 —j50 .
Z =L PP 5,
L=z 50 J

This point is located on the Smith chart as shown in Figure 5.14. A circle that
passes through 2 — j1 is then drawn with point 14 ;O as its center. Since the
radius of the Smith chart represents unity magnitude, the radius of this circle is
equal to the magnitude of the reflection coefficient py . In other words, the normal-
ized radius of this circle (i.e., the radius of this circle divided by the radius of the
Smith chart) is equal to p; . Note that a clockwise movement on this circle corres-
ponds to a movement away from the load on the transmission line. Hence a point
d meters away from the load is located at —28d on the chart. Therefore the input

Figure 5.14 Solution to Example 5.14 using a Smith chart.
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port of the line that is a quarter-wavelength away from the load (i.e., d = A/4)
can be located on this circle after moving by — 7 to a point at 0.037A on “wave-
lengths toward generator” scale.

From the Smith chart, VSWR = 2.6, I', = 0.452-26.5°, and Z;, = 0.4+
j0.2. Therefore

Zin = (0.4 450.2) - 50 = 20 + 10 Q.

Example 5.15

A 50 Q lossless transmission line is terminates in 100 — j100 Q. Using the Smith
chart, find (a) I', (b) VSWR, (c) Z;, at a distance of 0.125A from the load, (d) the
shortest length of the line for which impedance is purely resistive, and (e) the
value of this resistance.

100 —j1
100 —j100

=2—j2.
L 50 J

After locating this normalized impedance point on the Smith chart, the constant
VSWR circle is drawn as shown in Figure 5.15.

Figure 5.15 Solution to Example 5.15 using a Smith chart.
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(a) The magnitude of the reflection coefficient is equal to the radius of the
VSWR circle (with the radius of the Smith chart as unity). The angle
made by the radial line that connects the load impedance point with the
center of the chart is equal to the phase angle of reflection coefficient. Hence

' =0.62 £-30°.

(b) VSWR is found to be 4.25 from the scale reading for the point where the
circle intersects the +I'-axis.

(¢) For d =0.125A, —2Bd = —1.5708 radians = —90° (clockwise from the
load). This point is located after moving on the VSWR circle by 0.125A
from the load (at 0.417A on “wavelengths toward generator” scale). The cor-
responding normalized impedance is found to be 0.31 — j0.55. Therefore

Zin(£ = 0.12510) = (0.31 — j0.55) = 15.5 — j27.5Q.

(d) While moving clockwise from the load point, the VSWR circle crosses the
I'-axis for the first time at 0.5A. The imaginary part of the impedance is
zero at this intersection point. Therefore d = (0.5 — 0.292)A = 0.208A.
The normalized impedance at this point is 0.23. The next point on the
transmission line where the impedance is purely real occurs a quarter-
wavelength from it (i.e., 0.458A from load). The normalized impedance at
this point is 4.5.

(e) Since normalized resistance at this point is 0.23,

R=0.23-50=11.5Q.

Example 5.16

A 50 () lossless transmission line is terminated by 50 + j50 ). Find the location
of the first Vi, first Vi,in, and the VSWR if the operating wavelength is 10 cm.

= 50+;50 )

As shown in Figure 5.16, this point is located on the Smith chart and the
VSWR circle is drawn. From the chart, VSWR = 2.6. The scale reading on the
“wavelengths toward generator” is 0.162A at the load point. As one moves
away from this point clockwise (toward generator) on this VSWR circle, the vol-
tage maximum is found first at 0.25A and then a minimum at 0.5A. If the first
voltage maximum is at d,,, from the load, then d,,x = (0.25 — 0.162)\ =
0.088A = 0.88 cm from the load.



218 TRANSMISSION LINES

Figure 5.16 Solution to Example 5.16 using a Smith chart.

The first minimum is a quarter-wavelength away from the point of voltage
maximum. Hence d,;, = (0.5 — 0.162)A = 0.338A = 3.38 cm.

Example 5.17

A 100 € lossless transmission line is terminated by a 200 () load. Find impedance
at points 1.65A and 4.25A from the termination.

7, 20 _
L~ 700~

As illustrated in Figure 5.17, this point is located on the Smith chart and the
VSWR circle is drawn. Note that the VSWR on this line is 2 and the load reflec-
tion coefficient is about 0.3320°. As we move on the transmission line toward the
generator, the phase angle of the reflection coefficient changes by —2d, where d
is the distance away from the load. Hence one revolution around the VSWR circle
is completed for every half-wavelength. Therefore the normalized impedance
will be 2 at every integer multiple of a half-wavelength from the load. It will
be true for a point located at 1.5A as well as at 4.0A. For the remaining 0.15A,
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Figure 5.17 Solution to Example 5.17 using a Smith chart.

the impedance point is located on the VSWR circle at 0.40A (i.e., 0.25A 4+ 0.15A)
on the “wavelengths toward generator” scale. Similarly the point corresponding
to 4.25A from the load is found at 0.5A.

From the Smith chart, the normalized impedance at 1.65A is 0.68 — j0.48,
while it is 0.5 at 4.25A. Therefore, for impedance at 1.65A,

Z, = (0.68 —j0.48) - 100 = 68 — j48 (),
and for impedance at 4.25A,

Z» = (0.5)- 100 = 50 Q).

Example 5.18

A 50 Q) lossless transmission line is terminated by 5 — j5 mS load. Find the impe-
dance at a point 2.65A away from load and the VSWR on this line.

6

Vo= F=F-Z, =025 —j0.25.
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Figure 5.18 Solution to Example 5.18 using a Smith chart.

As before, this normalized admittance point is located on the Smith chart and the
VSWR circle is drawn. It is shown in Figure 5.18. There are two choices available
at this point. The given normalized load admittance is converted to the corres-
ponding impedance by moving to a point on the diametrically opposite side of
the VSWR circle. It shows a normalized load impedance 2 + j2. Moving from
this point by 2.65A toward the generator, the normalized impedance is found
as 0.55 — j1.1. Alternately, we can first move from the normalized admittance
point by 2.65A toward the generator to a normalized admittance point
0.37 4-0.75. This is then converted to the normalized impedance by moving
to the diametric opposite point on the VSWR circle.

Thus the normalized impedance at a point 2.65A away from the load is

0.55 —j1.1. The impedance at this point is (0.55 — j1.1) - 50 = 27.5 — j55 Q,
and the VSWR is approximately 4.25.

Example 5.19

An experiment is performed using the circuit shown in Figure 5.19. First, a load
Z; is connected at the end of a 50 () transmission line and its VSWR is found to
be 1.8. After that, the detector probe is placed at one of the minimums on the line.
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Z,=50Q
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Figure 5.19 Experimental setup used in Example 5.19.
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It is found that this minimum shifts toward the load by 9 cm when the load is
replaced by a short circuit. Further two consecutive minimums are found to be

30 cm apart. Determine the load impedance.

Since the separation between consecutive minimums is 30 cm, the signal wave-
length on the line is 60 cm. Therefore the first minimum of the standing wave pat-
tern occurs at 0.15A from the load. Further the VSWR on the line is measured to be
1.8. This circle is drawn on the Smith chart as shown in Figure 5.20. As discussed

Figure 5.20 Solution to Example 5.19 using a Smith chart.
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earlier, a minimum in a voltage standing wave occurs when the phase angle of the
reflection coefficient is 180°. It is located on the Smith chart at a point where the
VSWR circle intersects the —1I';-axis. From this point we move toward the load
by 0.15A (i.e., counterclockwise) to locate the normalized load impedance point.
It is found to be 1.02 — j0.6.

Therefore,

Zi = (1.02 — j0.6) - 50 = 51 — j30 Q.

5.4 TRANSIENTS ON TRANSMISSION LINES

We have analyzed the propagation characteristics of sinusoidal signals on the trans-
mission line. This study was simplified by phasor representations of these signals.
As was mentioned earlier, nonsinusoidal signals can be represented by an appropri-
ate sum of sinusoidal signals using a Fourier analysis. Therefore the preceding
results can be applied to a variety of cases. We discuss analyzing nonsinusoidal
signal characteristics directly in the time domain in this section. However, to sim-
plify the analysis, we assume that the transmission line is ideal. We begin our
study with the propagation of narrow pulse signals on a lossless transmission line.
The excitation of a finite length transmission line with resistive terminations by
step voltages is considered next. The section ends with a step-voltage excitation
of a transmission line terminated by a reactive element.

Pulse Excitation of Transmission Line

Consider an ideal transmission line terminated by Ry, as shown in Figure 5.21a. A
voltage source with internal resistance R, is connected at its input end. The charac-
teristic impedance of the line is assumed to be Z,. Recall that the term “impedance”
is defined for sinusoidal signals when we use phasor representation. In time-
domain analysis all quantities must be real. Since the line is lossless, its characteristic
impedance is areal number Z,, and its use can safely follow the preceding convention.
The transmission line’s length is / and the wave velocity acting on it is v.

—

A

.
| i Vs
! Z | (N i
| |
i o | >
o= i=t S<<tlv
(@) ()]

Figure 5.21 (a) An ideal transmission line with source and termination and (b) a narrow
pulse.
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Assume that a source excites the transmission line with a narrow pulse, as shown
in Figure 5.21b. As indicated, the pulse-width is very much narrower than the time it
takes to travel from one end of the line to the other. Since the pulse is unaware of the
termination, it sees an infinite length to begin with. Therefore voltage V;, and current
I, at z = 0 are found to be

Z,
Vin = \% 5.4.1
m ZO _+_RS S ( )
and
14
I, = . (5.4.2)
Zo + R

This signal travels over the transmission line with velocity v and reaches the load Ry,
after 7 = //v seconds. It sees the discontinuity at this point, and therefore a part of
the pulse is reflected back. The reflection coefficient I'y can be easily found as
follows:

Ry — 7,
= . 5.4.3
LT R Z ( )
The reflected pulse with its voltage and current V.= I'tV;, and L. = — 'L 1,

respectively, now propagates toward the source. The reflected pulse arrives at
z =0 after a time 7 where a part of it is again reflected toward the load because
of the change in impedance from Z, to R,. The reflection coefficient I'y for this
signal is found to be

Ry — Zo
r= . (5.4.4)
Ry + Zo

@

@

This process of the pulse bouncing back and forth continues indefinitely. Note that
the reflection coefficients are fractional numbers, and therefore the pulse’s ampli-
tude goes down with each reflection. A graphical representation helps track this
bouncing pulse, as shown in Figure 5.22. This diagram is called a bounce (or
reflection) diagram. It can be used to find voltage at any point on a line as a func-
tion of time. For example, the bounce diagram shows that three pulses pass
through z=//2 point with amplitudes Vi,, I'LVi,, and I\ Vi, respectively,
during 0 < ¢ < 37

Example 5.20

For the circuit shown in Figure 5.21, assume that R; = 25 ), R, =40 (), and
Z, =50 (). The transmission line is 4 m long and the wave velocity on it is
2.10% m/s. If the source excites a narrow pulse of 5 V at ¢ = 0, plot the voltage
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0 o) ¢

Figure 5.22 Bounce diagram for a transmission line circuit.

and the current at z = 1 m as functions of time over first 50 ns.

_Z ., 50
Zo+R, © 50440
Ve 5 1
= ZoFR 50440 18T O00mA
R.—Z, 25-50 1
TR.+Z, 25+50 3
R.—Z, 40-50 1
TR +Z, 40+50 9

Vi 5=2.7718V,

Iin

I'e

I

and

e_ 4
v 2-108

s = 20ns.

Therefore V;, reaches z = 1 m in 5 ns, and the pulse after reflecting from the load
arrives at this point in another 30 ns. The pulse is reflected back by R, and arrives
in another 10 ns. These three pulses take 45 ns. Next the reflection from the load
takes another 30 ns, and therefore it is out of the duration of 50 ns. The various
pulses are illustrated in Figure 5.23.
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A A

27778 V 55.6 mA
[} —
£ 5
g L:) 18.52 mA
0.1029 V 2.06 mA
t (ns) t (ns)
0 20 40 0 20 40
-0.9259 vV

(a) (b)

Figure 5.23 Voltage and current pulses on the transmission line of Example 5.20.

Example 5.21

Reconsider the transmission line circuit of Example 5.4. Using time-domain
analysis, show that the quarter-wavelength transformer indeed matches the
1.8 k() load with a 200 () line.

Assume that a sinusoidal signal of unit magnitude is incident at the 600 () line
at z = 0. The reflection and transmission coefficients at this junction are

600 —200

= 6004200 0

Iy

and
Ti=Vpa=1+T;=1.5.

Vin propagates over the A/4 section and hits the 1.8 k() load where it is partly
reflected back with a reflection coefficient I'y. The reflected signal bounces
back and forth as shown in Figure 5.24b. This signal has a reflection coefficient
I'g at z = 0. The reflection coefficients are

1800 — 600

i =—MmM =
L 71800 + 600

0.5

and

200 - 600

M =-I=2__"""=
200 + 600

—0.5.

Note that unlike the pulse signal of the previous example, it is a continuous
sinusoidal signal. Therefore all components at a point on the line need to be
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Figure 5.24 Circuit arrangement (a) and bounce diagram (b) for Example 5.21.

summed up in order to find total voltage. Also the signal is delayed by 7 for each
round trip over the A/4 section. Thus the total reflected signal into the 200 () line
is found to be

Vref = l_‘1 - VinFL(l + Fs) + erirg(l + Fs) - Vlnrirz(l + Fs) + -,

or
Viet = [y = Vi l'L(1 + Tl = [ T + 502 =702 + -+ ]
= - ViaI'td +Ty) - ES T
Therefore
Vil'L(1 +T7) 1.5-0.5-(1-0.5) 1.5-0.25
Vig =Ty — LU 28] 5 — 05—
e 1+ 10T, 1+0.5-(=0.5) 0.75

As expected, the signal reflected back into 200 () line is zero.

Transients on Transmission Line with Resistive Termination

Consider a transmission line of length / terminated by Ry, as shown in Figure 5.25.
The line is excited by a dc source V; with its internal resistance R, when the switch
closes at = 0. Since electrical signal is not aware of the condition at z = / at this
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Figure 5.25 Step voltage excitation of a terminated line.

point, a forward traveling step signal V;, is introduced at z = 0. The voltage V;, and
the current [, are found to be

Zy

Vin = V. 5.4.5
1 RS +ZO S ( )
and
Vs
I, = . (5.4.6)
R, + Z,

The signal arrives at z = ¢ after a time 7= //v, where v is signal velocity on the
line. Since the load is different from Z,, the reflected voltage V., is sent toward the
source. Therefore the following condition must be true at this point:

RL RL - Zo
Vi Viet = RL(in + Liet) = — (Vin — V, Viet = ——Vj
n + Vit L( nt ref) Zo ( ref) —> Vref RL + Zo n

Viet = I Vin. (5.4.7)

Note that the reflected current due to Ve is — Vier/Z,. At t = 27, it is reflected again
because the source resistance is different from Z,. Therefore the total voltage at
7= 01is now Vi, + V,er + Vi, which should meet the following condition:

Vs_(Vin+Vref+Viln)_Vi _Vref+‘/11n N 1 _RS_ZO
R, - Z, T R+ Z,

Vier = LV (5.4.8)

Vl

in

The signal keeps bouncing back and forth at every 7until steady state is reached. The
reflection diagram of Figure 5.22 holds for this situation as well if we sum all the
terms up to the desired time. In steady state, voltage Vj;,. will be given as follows:

Vine = ————V,. (5.4.9)
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These results can be verified easily after adding all the bouncing terms of
Figure 5.22. For ¢t = oo, we have the following infinite series.

V=Vi(1+ Tl + [T+ T + T + T 4+ T8 4

V(14 T0)

T, (5.4.10)

Substituting for I'; and I'y, reduces the equation to (5.4.9).

Transients on Transmission Line with Reactive Termination

Consider a transmission line of length / and characteristic impedance Z, that is ter-
minated with a capacitor C, as shown in Figure 5.26a. For simplicity we assume that
the source is matched with the line (i.e., Ry = Z,). As before, when the switch is
closed at t = 0, V;, and [;,, at z = 0 are found from (5.4.5) and (5.4.6) as follows:

Vs
Vip = — 5.4.11
> (5.4.11)
and
Vs
I, = . 5.4.12
7 ( )

This forward-traveling step signal reaches at z = / in time 7 = //v. Since there is
a capacitor terminating the line, reflection takes place. Assume that the capacitor has
no charge initially, and V. is the reflected voltage. Therefore the total voltage on the
line for 0 < ¢t < 7is Vj,, and the voltage appearing across the capacitor at t = 7 is
VL = Vin+ Vier. A Thevenin equivalent can be found for #= 7, as shown in
Figure 5.26b. The Thevenin voltage Vqy, is found to be 2V;, = V; and Zy, = Z,.

)|
)
a
a

(@) ()

Figure 5.26 (a) Transient on a transmission line with capacitive termination and (b) the
Thevenin equivalent at z = /.
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Figure 5.27 (a) Reflected voltage Vi (f) at = 7and (b) total voltage V(z) for 7 < r < 27.

This circuit can now be analyzed by the usual approach as follows:

dVL VS—VL dVL 1 1
o ad Vi = ——V..
di Zo a TzcvTzc”

(5.4.13)

Equation (5.4.13) can be solved via usual mathematical methods, such as the
Laplace transforms, as follows:

VL = (1 —2e” /=Gy, (5.4.14)
Therefore the reflected voltage V. at the load is found to be

Vs

Vs g
Vieg = Vi — Viy = (1 — e~ =7/2C)y, — =502 =n/ZCy  (5.4.15)

The Vs propagates toward the source for 7 < ¢ < 27 and is absorbed by the source
impedance. Remember that the source is matched with the line, so no further reflec-
tion takes place. A similar analysis can be carried out for an inductive termination.

PROBLEMS

5.1. The inner and outer conductor diameters of a Teflon-filled (e, = 3.3) coaxial
line are given as follows: 2a = 0.028 inch and 2b = 0.182 inch. Find its
characteristic impedance if the operating frequency is such that wL > R
and oC > G.

5.2. A telephone line has the following parameters: R = 23 ohm/mile, G = 0.02
pS/mile, L =3.2 mH/mile, and C = 0.01 nF/mile For the operating fre-
quency of 800 kHz, calculate its characteristic impedance Z, and the
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propagation constant vy. If its characteristic impedance terminates the line and
the input voltage is 4.8 V £0°, find total voltage at 25 miles from its input.

An infinitely long lossless 75 () transmission line is connected to a signal gen-
erator with an open-circuit voltage v(f) = cos(2 - 10°) V. The generator has
an internal resistance of 50 (). If the signal propagates with a velocity of
1.5-10°m /s on the line, find instantaneous voltage and current at an arbitrary
location on the line.

Alossless transmission line of length d and characteristic impedance Z,, is used as
an impedance transformer to match a 1.2 k() load to a 50 €} line. If the signal
wavelengthis 5.7 m, find (a) d, (b) Z,, and (c) the reflection coefficient at the load.

A 75 Q outdoor antenna is being used to receive a 95 MHz FM signal. If the
receiving circuit uses a 50 (2 line, design a quarter-wavelength transformer to
match the antenna with this transmission line. Assume that the transformer is
made from a Teflon-filled (e, = 2.1) coaxial line to calculate its length (in
cm). Also determine the diameter of its inner conductor if the inner diameter
of the outer conductor is 6.5 mm.

A 100 km long telephone line is terminated by 25 + j75 () load. The line para-
meters are as follows: R = 1.5 Q/km, G = 150 nS/km, L = 6.2 mH /km, and
C =9 nF/km. If this line is being used at 3 kHz, find its (a) characteristic
impedance Z,, (b) propagation constant vy, and (c) input impedance Z;,,.

A radio-frequency filter exhibits 50 ) at its input as well as at its output. If it is
inserted in a 75 () system, find the filter’s insertion loss.

A signal attenuates by 0.015 dB for each meter traveled on a 50 () distortion-
less transmission line. If this line has a capacitance of 65 pF per meter, find (a)
R, (b) L, (¢) G, and (d) vy,

A load Z; is connected at one end of the transmission line and its input impe-
dance is measured using an impedance bridge that gives Z;, = 40 4 j50 Q).
The experiment is repeated twice, with the load replaced first by a short circuit
and then by an open circuit. The data are recorded as j20 () and —;150 (), res-
pectively. Find the characteristic resistance of this line and the load impedance.

Measurements are made on a 1.5 m long transmission line using an impedance
bridge. After short-circuiting at one of its ends, the impedance at the other end
is found to be j130 (). Repeating the experiment with the short circuit now
replaced by an open circuit gives —j61 €). Determine the propagation constant
and the characteristic impedance of this line.

A 2 m long 50 ) lossless transmission line is terminated by 100 + j50 €. The
circuit is driven by a 6.3662 MHz signal generator with its open-circuit vol-
tage 100 V £0° and the internal impedance 50 (). If the propagating signal
has a phase velocity of 100 m/pS, find the impedance at its input end and
the phasor voltages at both its ends.
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5.12.

5.13.

5.14.

5.15.

5.16.

5.17.

5.18.

5.19.

5.20.

5.21.

5.22.

A 50 Q) transmission line is terminated by a 75 — j25 () load. Find the load
reflection coefficient and the voltage standing wave ratio on this line.

A 75 Q) transmission line is used to feed a transmitting antenna. In order to
find the antenna impedance Z; , measurements are conducted using a slotted
line. It is found that it has a VSWR of 1.4 and the standing wave minimums
are 2.3 cm apart. The scale reading at one of these minimums is found to be
3.25 cm. When the antenna is replaced by a short circuit, the minimum moves
away from the generator to a point where the scale shows 2.92 cm. Determine
the signal wavelength and the load impedance.

A load impedance of 100+ ;50 ) terminates a 50 () lossless quarter-
wavelength-long transmission line. Find the impedance at its input end,
the load reflection coefficient, and the VSWR on this transmission line.

A 50 Q lossless transmission line is terminates in 100 47100 ). Using the
Smith chart, find (a) I't, (b) VSWR, (c) Z;, at a distance of 0.125\ from the
load, (d) the shortest length of the line for which impedance is purely resistive,
and (e) the value of this resistance.

A 75 Q lossless transmission line is terminated by 75 — j75 (). Find the
location of the first V., first Vi,i,, and the VSWR, if the operating wave-
length is 15 cm.

A 50 ) lossless transmission line is terminated by a 150 ) load. Find the
impedance at points 1.65A and 4.25A from the termination.

A 50 Q) lossless transmission line is terminated by 5 4 j5 mS load. Find the
impedance at a point 3.15A away from load and the VSWR on this line.

An experiment is performed using the circuit shown in Figure 5.19. First, a
load Z;_ is connected at the end of a 50 () transmission line, and its VSWR
is found to be 1.45. After that, the detector probe is placed at one of the
minimums on the line. It is found that this minimum shifts toward the
load by 6.5 cm when the load is replaced by a short circuit. Further two
consecutive minimums are found to be 24 cm apart. Determine the load
impedance.

For the circuit shown in Figure 5.21, assume that Ry = 15 Q, R, = 50 , and
Z, =75 Q. The transmission line is 1 m long and the wave velocity on it is
2.10% m/s. If the source excites a narrow pulse of 1 V at z =0, plot the
voltage and the current at z = 50 cm as functions of time over first 50 ns.

Consider the transmission line circuit of Problem 5.4. Using time-domain
analysis, show that the quarter-wavelength transformer indeed matches the
1.2 kO load with a 50 () line.

A given transmission line has the following parameters: Z, = 1204 —8° (),
a=2-10"°dB/m, v, = 1.8 - 10® m/s, and f= 2.0 MHz. Find the phasor
V(2) and I(z), and the corresponding instantaneous values for a wave traveling
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in the z direction, if maximum value of the current wave at z = 0 is 3 mA and
it has maximum positive value with respect to time at t = 0.

5.23. Determine the characteristic impedance and the phase velocity of a 25 cm
long lossless transmission line from the following experimental data:
Zo=—j18Q, Z,c =j48 Q, and f= 900 MHz. Assume that the line’s
length is smaller than A/2.

5.24. A 17.5 m long lossless transmission line with Z, = 50 (), is short-circuited at
one end, and a voltage source Vs = 2 cos(507 - 10% — 7/6) V is connected at
its input terminals. If the source impedance is 50 () and the phase velocity on
the line is 2 - 10°m /s, find the total currents at its input and through the short
circuit.



MODIFIED MAXWELL’S
EQUATIONS AND POTENTIAL
FUNCTIONS

This chapter begins with the concepts of magnetic charge and magnetic current. Vector
and scalar potential functions are introduced. Also wave functions in rectangular,
cylindrical, and spherical coordinates are presented in order to construct solutions in
the various orthogonal coordinates. The discussion includes brief descriptions of
Bessel functions, Hankel functions, and Legendre functions. Solutions are constructed
for a few simple problems.

6.1 MAGNETIC CHARGE AND CURRENT

Recall equation (3.2.4). It implies that unlike the electric flux there is no possibility
of net magnetic flux leaving or entering a closed surface. This is due to the fact that
the magnetic charges (north and south poles) do not exist independently. If we break
a magnet, each piece will still have both north and south poles. In other words, mag-
netic monopoles do not exist. The smallest unit of a magnetic source is a magnetic
dipole, which is actually an infinitesimal current loop.

Consider a general case where the source consists of two types of currents—a
linear current that flows or oscillates in linear direction and a circulatory current
that flows or oscillates around an infinitesimal loop. For this case it is rather hard
to mathematically describe the electric current density J that includes both parts.
Mathematically it is sometimes advantageous to recognize the electric current’s
linear part as J; and imagine its infinitesimal circulatory current as an equivalent
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magnetic dipole source. If the circulatory current varies in magnitude and direction
or oscillates around the loop with time, the equivalent magnetic dipole strength
oscillates with time likewise. When the magnetic dipole oscillates with time, it
can be considered an imaginary magnetic current flowing up and down. This is com-
pletely analogous to a time-varying electric dipole. Therefore an equivalent mag-
netic current density J,, and a charge density p,, can represent a time-varying
circulatory current.

Imagine now that the magnetic charge p,, produces a magnetic flux, analogous to the
electric charge p. producing the electric flux. Then (3.2.4) should be modified to

-

V%=p,.
If (3.2.4) is modified, then (3.2.1) also needs a correction because divergence of the curl

of a vector is always zero. However, it is not true here because p,, is a function of time,
which can be found as follows:

- 9% 3 R 3
V(v = v- (&)= ELwv-5)=-2 .
(Vx &) (8t> 8t( A ) atpnﬁéo

Ifitis assumed that the usual continuity equation should hold between p,, and j m, then

- ap
Veg =-——21,
Hence equation (3.2.1) should be modified to
Y
Vx&§=—-¢ ——.
X Im o

Therefore the modified Maxwell equations for a time-harmonic field and the two
continuity equations can be expressed as follows:

V x E(F) = —Jn(F) — joB(F), 6.1.1)
V x HF) = J.(F) + joD(F), (6.1.2)
V « D(F) = p,(¥), (6.1.3)
V « B(F) = p,,(F), 6.1.4)
V- Jo(F) = —jwp,(F), (6.1.5)

and

Ve Tn(F) = —jwp, (7). (6.1.6)
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6.2 MAGNETIC VECTOR AND ELECTRIC SCALAR
POTENTIALS

Potential functions are introduced to transform Maxwell’s equations mathematically
and facilitate solutions to electromagnetic problems.

Suppose that there are only electric sources (current and charge) present in a
volume under consideration (i.e., J #0,p, #0, Jm =0, and p,, = 0). Therefore
Maxwell’s equations for time- harmomc fields and the equation of continuity can be
written as follows:

V x E = —jwB, 6.2.1)
V x H =J, + jwD, (6.2.2)
V-D=p, (6.2.3)
V.B=0, (6.2.4)
and
Vel =—jop,. (6.2.5)

As defined earlier, the constitutive relations are

B=pH (6.2.6)

and

-

D = ¢E. 6.2.7)

Since the divergence of the curl of a vector is always zero, the magnetic flux density
in (6.2.4) can be assumed to be the curl of vector A. Hence

VeB=0 = B=VxA. (6.2.8)

Substituting B from (6.2.8) into (6.2.1), and recognizing the fact that the curl of a
gradient of a scalar is always zero, gives

VxE=—joVxA=Vx{E+jwA) =0 = E+jwA=—V,.
Therefore
E=-Vé, —jwA, (6.2.9)

where A is called the magnetic vector potential and ¢, the electric scalar potential.
Combining (6.2.6), (6.2.7), and (6.2.9), we can rewrite (6.2.2) as follows:

VxA|l - . -
VX{ x }:Je+jwsE:Je+jwe{—V¢e—ij}.
I
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If w is not changing with the space coordinates, this relation further simplifies to

VxVxA=V(V-A)— VA = ul. — joeuVe, + o’ peA

or

VA + wz,u,g/_( = —/.Je + jwepuVe, + V(V + X)

or
VA + o’ueA = —pulJ. + V{V+ A + jwspud,}. (6.2.10)
Similarly, for & not changing with space coordinates, (6.2.3), (6.2.7), and (6.2.9) give

Ve~V —jwd) =2 & Vg +jw(V-A)= (6.2.11)
&

_Pe

=
Equations (6.2.10) and (6.2.11) represent a pair of coupled partial differential
equations for ¢ and A. These equations can be uncoupled via Helmholtz’s theorem,
which states that a vector is completely specified by its curl and divergence. Since
only the curl of A is defined via (6.2.8), we are at liberty to specify its divergence.
The Lorentz condition may be used to define it as follows:

VA= —joeud,. (6.2.12)
Thus (6.2.10) and (6.2.11) simplify to

VA + k%A = —p .. (6.2.13)
and
Ve + K. = —%, (6.2.14)
where
k* = o’ ue (6.2.15)

and k is the wave number. Equation (6.2.13) represents a vector Helmholtz equation,
whereas (6.2.14) a scalar Helmholtz equation.

Note that (6.2.8) and (6.2.9) include the interdependence of time-varying electric
and magnetic fields. As w — 0, the two fields become independent of each other.
In this case (6.2.8) still holds, whereas (6.2.9) reduces to

E=—-Vd,. (6.2.16)

Further (6.2.13) and (6.2.14) reduce to

-

VA = —uJ. (6.2.17)
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and
Ve, = . (6.2.18)
&

This is the well-known Poisson equation, which reduces to the Laplace’s equation
for the source-free case.

6.3 ELECTRIC VECTOR AND MAGNETIC
SCALAR POTENTIALS

The electric vector and magnetic scalar potentials are introduced when the presence
of only a magnetic current and a magnetic charge is assumed in a region (i.e., p. = 0
and J. = 0). Maxwell’s equations and the equation of continuity for this case are
found to be

VxE=—Jn—joB, 6.3.1)
V x H = jwD, 6.3.2)
VD=0, (6.3.3)
VeB=p,, (6.3.4)
and
Voedm=—jop,. (6.3.5)

As before, D= sE, and B = ,ufl. Because of (6.3.3) it is assumed that

D=-VxF, (6.3.6)

where F is called the electric vector potential.
After substituting (6.3.6) into (6.3.2) and noting that curl of the gradient of a
scalar is always zero, we get

VxH=—joVxF — Vx{H+joF} =0 > H+joF =—-Vé,.
Therefore
H=-Vé$, —joF, 6.3.7)

where ¢, is called the magnetic scalar potential. Now from (6.3.1), (6.3.6), and
(6.3.7) we have

VxF . -
v x {— . }:—Jm — jop{ =V, —jo F},
&
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or

~VxVxF= —sjm + jopueVe, — wzusﬁ,

or
—{V(V +F) = V2F} + o*ueF = —&Jp, + joueV,,. (6.3.8)

As in the previous case, if the following Lorentz condition
V-F = —joucd,, (6.3.9)

is introduced, then (6.3.8) reduces to

-

V2F + o’ ueF = —&Jp. (6.3.10)

Further (6.3.4), (6.3.7), and (6.3.9) give
Ve {I‘L(_V(bm _Jwﬁ)} =Pm = _vzd)m —](1){ _jw/“'“a(bm} = p;m

or

V2, + oPued, = —Pm (6.3.11)
w
Note from (6.3.6) and (6.3.7) that interdependency of electric and magnetic fields
ceases as w — 0. Simplified expressions similar to (6.2.16) through (6.2.18) can
be obtained for this case as well.

Any electromagnetic field problem can be divided into these two categories and
solved for each case; a complete solution is constructed after superimposing these
individual solutions. Thus the electromagnetic fields can be found easily after deter-
mining the vector potentials via (6.2.13) and (6.3.10) and the corresponding Lorentz
conditions. This procedure is used in the following sections to further formulate the
general solution techniques for source-free cases.

6.4 CONSTRUCTION OF A SOLUTION IN
RECTANGULAR COORDINATES

The analysis presented in the preceding sections is specialized here for a source-free
region with a rectangular coordinate system. It is further divided into two categories.
The electric vector potential is assumed to be zero in one, and the magnetic vector
potential is zero in the other case, which results in TM? (transverse magnetic to z)
and TE? (transverse electric to z) mode fields, respectively.
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For the transverse magnetic to z case, assume A= ZA, and F = 0. Then (6.2.8),
(6.2.9), and (6.2.12) give

- 1 1[.0A 0A
H=—-VxZA)=—{i—+3[-—)+20 (6.4.1)
m nl dy dx
and
. 1 0A;
E=—jwzA, +_V<”>. (6.4.2)
joue 0z

For this case equation (6.2.13) simplifies to,

PA, PA, FA
2 24 _ z z T, 24
VA, + K*A, =0 — e T Tz + kKA. =0. (6.4.3)

After (6.4.3) is solved for a given problem, the field components are found from
(6.4.1) and (6.4.2) as follows:

10A
H,=——°, (6.4.4)
M Oy
1 0A
Hy=———, 6.4.5
y o (6.4.5)
H, =0, (6.4.6)
1 &A
= - =5 (6.4.7)
Jjoue 0x9z
1 &A
y == :, (6.4.8)
Jjoue 0yoz
and
1 0?
=- (2 + kZ)AZ. (6.4.9)
joue \ 0z

Since the magnetic fields are transverse to the z-axis (H, = 0), these fields are known
as TM” (transverse magnetic to z) mode fields.

For the transverse electric to z case, assume F= zF, and A = 0. Then (6.3.6) and
(6.3.7) give

~ 1 1[.0F, oF,
E:—VX(QFZ):—{ —X4 ( )+ O} (6.4.10)
e e ay ox
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and
= R 1 oF
H=—jwiF,+- V(2>. 6.4.11)
joue 0z
For this case equation (6.3.10) simplifies to
PF, &FF, F,
V2F, +kK*F, =0 — — < L4 KF,=0. (6.4.12)

A

After (6.4.12) is solved for a given problem, the field components are found from
(6.4.10) and (6.4.11) as follows:

1 9F,
E, = —;8—;, (6.4.13)
1 9F.
= EaTxZ’ (6.4.14)
E, =0, (6.4.15)
1 &F.
= it 6.4.16
joue 0x0z ( )
1 &F.
H, =- g ‘. (6.4.17)
Jjoue dyoz
and
1 [
= s <3z2 + k2>FZ. (6.4.18)

Since the electric fields are transverse to the z-axis in this case, these fields are
known as TE” (transverse electric to z) mode fields.

Note that similar formulations are possible for the TM and TE mode fields with
respect to the x- or y-axis. Alternatively, the rectangular coordinate system can be
rotated to match the TM” and TE” modes.

The Wave Functions

Since both (6.4.3) and (6.4.12) are similar, we consider the following partial differ-
ential equation, which is called a scalar Helmholtz equation:

82 X, V, 82 X, Y, 82 XY,
o yz)Jr o yz)Jr o(x, y, 2)

o 07 G ey, ) =0. (6.4.19)

Assume

@(x, y, 2) = ()2 (y)h3(2). (6.4.20)
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In other words, we assume that solutions to (6.4.19) are the product of three functions of
one coordinate each and we use the method of separation of variables. Substituting
(6.4.20) into (6.4.19) and rearranging, we have

1 dzhl(x) 1 dth(y) 1 d2h3(Z) .
no a2 o) dr e 42 -k (6.4.21)

Each term on the left-hand side of this equation depends on only one coordinate. Since
each can be changed independently and still the sum remains constant at —k %, each of
these terms must remain constant independently. Therefore we conclude that

1 Ph)

e ae (6.4.22)
hzi ) dzz;gy) =K. (6.4.23)
ful(z)dzc}llzgz( 2 k. (6.4.24)
and
Kk =k, (6.4.25)

where k,, k, and k_ are arbitrary constants at this point that will be evaluated for specific
boundary conditions of the problem (the boundary-value problem). These specific
values are called eigenvalues or characteristic values and the corresponding solutions
are known as the eigenfunctions. Equation (6.4.25) is called the separation equation.

Equations (6.4.22) through (6.4.24) have a similar form. We considered this kind
of equation earlier in Chapters 4 and 5 where we have found that harmonic functions
satisfy this kind of equation. In other words, the solutions to (6.4.22) are

h(x) — e e5 sin(kyx), cos(kyx). (6.4.26)

A linear sum of any two harmonic functions of (6.4.26) is a complete solution to
(6.4.22). The selection of some of these functions may simplify the analysis of a par-
ticular problem if the characteristics of the function are matched with the physical
situations, as listed in Table 6.1. Further the solutions to (6.4.23) and (6.4.24) can
be constructed by a similar process. Thus, using (6.4.20) and (6.4.22) through
(6.4.24), we can write the solution to (6.4.19) as follows:

@e(x, ¥, 2) = hy(kex) - ho(kyy) - h3(kz). (6.4.27)
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TABLE 6.1 Characteristics of the Harmonic Functions

h(kx) Special Cases of k = 8 — ja Physical Interpretation
cos(kx) ca=0 . Standing wave
. =0 - Two evanescent fields
ca#0and B #0 . Localized standing waves
sin(kx) ca=0 . Standing wave
. =0 - Two evanescent fields
ca#0and B #0 . Localized standing waves
e Ik ca=0 . Traveling wave along +x
. =0 - Evanescent field

ca#0and B #0 Attenuated traveling

wave along +x.

e~ ca=0 . Traveling wave along —x
. B=0 . Evanescent field
ca#0and B #0 . Attenuated traveling

wave along —x.

Together, the preceding solutions are known as the elementary wave function.
Note that only two eigenvalues k; are independent, while the third eigenvalue has
to satisfy the separation equation. Since linear combinations of elementary wave
functions also satisfy (6.4.19), we can construct more general wave functions by
summing over one or two eigenvalues as follows:

0, y,2) = > > Crahi(kex) - ha(kyy) - ha(k:2). (6.4.28)
ke  ky

As was mentioned earlier, this formulation facilitates analysis of a large class of
problems in the rectangular coordinate system. We consider a few such applications
below. A number of other applications will be considered in later chapters.

Metallic Parallel-Plate Waveguide

Consider a parallel-plate waveguide that consists of two perfectly conductive plates
extending to infinity on the y-z plane, as illustrated in Figure 6.1. The separation
between the two plates is assumed to be a. There is an electromagnetic signal
that propagates along the z-axis. Therefore h3(k.z) — e /%%, Further ky is zero for
d/dy — 0, meaning the fields remain constant along the y-axis. Therefore the
separation equation (6.4.25) reduces to

ki 4+ k2 =k (6.4.29)
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Figure 6.1 Metallic parallel-plate waveguide.

243

For analyzing the TM modes between the two plates for the conditions specified,
the solution to (6.4.3) is determined after selecting an appropriate wave function

from (6.4.28) as follows:

A; =) Cihkex)e s,
k,

X

where
hy(kyx) = C cos(k,x) + C; sin(k,x).
Therefore (6.4.4) through (6.4.9) simplify to

104
Ho=——"=0
W dy

El

1 .
Hy=— ;[—Clkx sin(kex) + Caky cos(kyx)]e 7%,

HZ = 07
—jk.k )
E, = 250y sinker) + Co cos(ken)le 74,
joue
1 A
Ey = - e — 0
Jjope dyoz

and

1 o
E; = .—(—kz2 + KH[C) cos(kex) + Cs sin(kyx)]e 7.
Jjoue

(6.4.30)

(6.4.31)

(6.4.32)

(6.4.33)
(6.4.34)

(6.4.35)

(6.4.36)

(6.4.37)
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Since the boundary conditions require that the tangential electric fields be zero on
the conducting surfaces at x = 0 and at x = a, E, must be zero on these surfaces.
Note that E, is already zero according to (6.4.36), and E, is normal to conducting
surfaces. Hence

C; =0,

E| =0 — (6.4.38)
Z|§22 L="" m=0,1,2,....
a
Also (6.4.29) gives
2
k.= ]k — (ml) . (6.4.39)
a

Therefore the signal will propagate without attenuation if k > mar/a, and it will
attenuate for k < mar/a. The cutoff occurs at k = m/a.
Next the field components (6.4.32) through (6.4.37) can be expressed as follows:

H, =0, (6.4.40)
C .

H, = _Jﬂcos(ﬂx)ﬂkzz, (6.4.41)
L oa a

H.=0, (6.4.42)

E =X Tcos(ﬂx)e—fkﬂ, (6.4.43)
wue a a

E, =0, (6.4.44)

TABLE 6.2 Signal Propagation in Parallel-Plate Waveguides

TE,,c Modes TM,,,o0 Modes
K mm mm
¢ a a
k. NI k2 — k2
k o
H.(x, z) — —H, cos(kex)e 7*z 0
jop
k. .
E,(x, 2) 0 FE,— sin(kca)e 7
k _ we
H.(x, 2) — —= Hy sin(kex)e 7% 0
wp _
Hy(x, z) 0 E, cos(kcx)e_fklz
E.(x, 2) 0 2 E, cos(kex)e
we

E,(x, 2) H, sin(kcx)e 72 0
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and

C 2 .
E =2 (m—”) sin(’ﬂx)eﬂkﬂ. (6.4.45)
joue \ a a

These results are summarized in Table 6.2, assuming that —C; (k. /) = E,. A simi-
lar procedure can be used to determine the characteristics of the TE mode fields
propagating through this waveguide. The final results are summarized in Table 6.2.

Example 6.1

A metallic parallel-plate waveguide is air-filled, and the separation between the

plates is 4.5 cm. Investigate the characteristics of a 12 GHz signal propagating in
the TM,,,0 modes.

kc:T_H\czzjzziazzm.sXm*Z

meters
a ke m m

and

3% 10% 3x10%xm
T 9x102

fe Hz = 3.3333m GHz

Hence the cutoff frequencies for first four TM modes are found as follows:

T™,o — f. = 3.3333 GHz
TMao — f. = 6.6667 GHz
TMs — f.= 10 GHz

TMy — f. = 13.3333 GHz

Since the cutoff frequency for TM, mode is higher than the signal frequency of
12 GHz, only the TM;o, TM,q, and TM3, modes will exist for this signal. The
corresponding cutoff wavelengths are 9 cm, 4.5 cm, and 3 cm, respectively.
The signal wavelength inside the guide for each mode can be found as follows:

A 2.

T = Ay = 2 = > cm = 2.6024 cm,
V1= /2?1 -(2.5/9)

TMy — Ay = Ao = 25 cm = 3.0067 cm,
VI= /A V1 —(2.5/4.5)7

and
A 2.
TM;) — Ay = ° > cm = 4.5227 cm.

JT—o/A? 1= @25/37
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The Dielectric Slab Guide

As indicated in Chapter 4, nonconducting structures such as dielectric slabs and rods
can guide electromagnetic waves as well. Dielectric rods in the form of fibers are
commonly used at optical frequencies. Here we consider a slab as shown in
Figure 6.2 and analyze its waveguiding characteristics.

As in the preceding case we consider TM” and TE” modes of propagation in this
slab. Further we subdivide the wave functions in each case into even and odd along
the x-axis. Therefore /(k,x) will be cos(k,x) for even modes and sin(k,x) for the odd
modes inside the slab. However, the fields must attenuate with x in the air regions.
Therefore k,, must be equal to —ja,,. Assume that the signal is guided along the
z-axis and therefore h3(k.z) — e 7%, Since the fields must satisfy the boundary con-
ditions for all z, h3(k.z) is the same in the dielectric as well as in air. Further k, is zero
for 9/dy — 0, meaning the fields remain constant along the y-axis. Therefore the
separation equations (6.4.25) for the dielectric and air regions are found to be

Ky + k2 = k] = o’ pyeq (6.4.46)
and
—al + kK =k = o’ pyeo. (6.4.47)

For odd TM” modes, A, in the dielectric and air is found to be

AY, = Cysin(kgr)e ™, x| < g (6.4.48)
and
Coe*amxe*jkzz’ X > %3
A = (6.4.49)
; —a
—Coee ki, x < -5
X
A
#0780
. 1
M4, €& i ’z
Mo, €

Figure 6.2 Dielectric slab in air.
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As we saw in (6.4.32) through (6.4.37), in (6.4.4) through (6.4.9) there are only
H,, E,, and E in the two media, and E| is normal to the air—dielectric interfaces.
These field expressions simplify to

cd ;

Hy = ———hy(kx)e 7%, (6.4.50)
ndx

k, d ;

Ex - - . Cihl(kx-x)e_jkzza (6451)

wue  dx
and
C > —jk
E, = —— (K — k)hy(kux)e 75 (6.4.52)
Jjoue

Similarly the tangential fields for odd modes are found to be

k)zcd : —jk.z a
- Cysin(kgx)e ™, |x| <3,
JopgEq 2
a)zm —aox ,—jk.z a
E, =] ——X Cye¥re %, x> —, (6.4.53)
JopyEy 2
o? . —a
0O et efjkzz’ x < ,
Jou,Ey 2

and

k : a
— 2 ¢y cos(kax)e 7, x| <=,

Mq 2
H, = N . (6.4.54)
*0 Coe—amlx\e—jkzz’ x| > =.
Mo 2

The boundary conditions require continuity of tangential fields at x = +a/2. By

the continuity of H,, we have

ky ky » _
ey cos( d“) — 20 0 pawar? (6.4.55)
Mg 2 Mo

Similarly, by continuity of E,
2 2

k k.
e cdsin< "“) = — %0 g a2, (6.4.56)
Jopgeg 2 JO/E
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On dividing (6.4.56) by (6.4.55), we have

&0 kyaa keaa Aol
eq 2 an( 2 ) 2 (6.4.57)

In case of even TM” modes, A, in the dielectric and the air can be found as
follows:

AS, = Cye c0s (kygx)e 5, x| < ; (6.4.58)
and
A% = Cope~ bl k2, x| > g (6.4.59)

The separation of parameter equations (6.4.46) and (6.4.47) still hold, and the fields
are given by equations (6.4.50) through (6.4.52). Following a procedure similar to
the preceding case, the continuity of the tangential fields is enforced at the bound-
aries, yielding

(6.4.60)

&g 2 2

g0 kwa kyaa ol
cot = —
&d 2

Similarly the nonzero TE? fields can be found from (6.4.12) through (6.4.18) as
follows:

F, = Chy(kx)e 7%, (6.4.61)
Therefore
Ccd ,
E, = ;ahl(kxx)eﬂkﬂ, (6.4.62)
C d ,
H, = _wTwahl(kxx)e—f"ﬂ, (6.4.63)
and
C .
H, =m(k2 — k2hy (kx)e =, (6.4.64)

After the boundary conditions are matched, the characteristic equations for the odd
and the even TE” modes, respectively, can be found:

kx kx X
Holudd@ o n (299 — St (6.4.65)
1y 2 2 2
and
kX kX X
Ho Xl 99 — Yot (6.4.66)
) 2 2
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Note that the propagation characteristics (and hence the field distributions) can be
found after evaluating k.4, k,, and «,, via (6.4.46) and (6.4.47) along with
(6.4.57) for odd TM?, or (6.4.60) for even TM”, or (6.4.65) for odd TE” or
(6.4.66) for even TE” modes. Thus (6.4.46) and (6.4.47) are common in all four
cases, whereas the third equation is specific to the mode under consideration.
Eliminating k, from (6.4.46) and (6.4.47), we have

K2+ ok = ki — k2. (6.4.67)

(8]

Now k.q and a,, can be evaluated by (6.4.67), and by (6.4.57) for odd TM*, by
(6.4.60) for even TM?, by (6.4.65) for odd TE”, or by (6.4.66) for even TE* fields.
Numerical techniques can be used for this purpose, or alternatively, a graphical
method can be used to find the roots of these equations. For the graphical approach,
(6.4.67) can be re-arranged as follows:

kwa 2+(axoa)2_ 212 <a>2_ koa\® Ha®a 6.4.68
> 3 —(d 0)5_7 Moo ' ()

This is the equation of a circle on the ka/2 — a,,a/2 plane. Any of the other four
equations are plotted on the same plane, and the intersections of two curves are
found as roots of the equations. Examples are included below to demonstrate the
procedure.

In general, k, = B, — ja,. However, a, must be zero for a propagating mode.
Therefore a,, in (6.4.47) can be only a real or an imaginary number (i.e., it cannot
be a complex number). If the fields are guided along the z-axis, then a,, cannot be
an imaginary number and therefore k, must be larger than k,. Further k.4 has to be
a real number in (6.4.46) for real k, and k4. Hence k, < k, < kq if the fields are pro-
pagating in the z direction. On the other hand, «,, becomes imaginary for k, smaller
than k,, and therefore these modes start propagating continuously along the x-axis as
well. This phenomenon is present in dielectric antennas. Thus the guided fields
are cut off for k, — k,. Therefore (6.4.47) and (6.4.46) reduce to a,, =0 and
kg = \/k(zl — k(%, respectively. Consequently (6.4.57) and (6.4.65) require that

tan(,/kg — 12 ;) —0. (6.4.69)

Similarly (6.4.60) and (6.4.66) at the cutoff give

cot< K2 — K2 ;) =0. (6.4.70)

Combining these two requirements, we find that

a
pVi TR T T 2

2ma [ugeq nm
— —1=—, =0,1,2,....
2% V 1ot 2> "

2
et ka (kd> o
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Here we have used k, = 27/, because it is associated with the cutoff condition.
Therefore the cutoff wavelength A. is found to be

2
N =24 [Ha®d (6.4.71)
n MOSO

The cutoff frequency f, for nth mode is found to be

1 n
- Ae/BoEo - 2a,/ig€d — 8o

Je (6.4.72)

Note that the lowest order modes have zero cutoff frequency. Hence the TE, and TM,
modes exist in all dielectric guides, along with possibly other higher orders that the
slab thickness can support.

Example 6.2

A 0.76 cm thick polystyrene slab is being used at 30 GHz. If its dielectric
constant is 2.56, calculate the cutoff frequencies of the TM modes that this
structure supports. Determine the propagation parameters of these modes.
Repeat your calculations for a slab thickness of 0.5 cm, and compare the two
sets of results.

Note that polystyrene is nonmagnetic, and therefore uqy = w,. We know that
the cutoff frequency for the TMy mode is zero. For TM;, we find from (6.4.72)
that it is 15.8021 GHz for 0.76 cm, and 24.0192 GHz for 0.5 cm. For n > 2,
the cutoff frequencies are found to be higher than 30 GHz, and therefore those
modes are not supported at either thickness.

Equations (6.4.57) and (6.4.60) are graphed on the k.q4a/2-a,.a/2 plane,
as shown in Figure 6.3. In order to plot (6.4.68) on it, radius of the circle is
found to be

koa\ [q€d 2mca  [uged 27r-3-10.0.76
_ 1= — 1= /256 —1
( 2 > MoEo 2V s 30-10°-2

= 2.9821 rad.

In graphing this circle, the solution points 1 and 2 are identified. The approximate
coordinate values of these points may be further improved using an iterative
numerical method. Thus the coordinates of these two points are found to be
(1.37122, 2.6481) and (2.56151, 1.5269), respectively. The corresponding k,q
and a,, for the TMy mode are found to be 3.6085 rad/cm and 6.9687 Np/cm,
respectively. Similarly the second point gives k.4 and «,, for the TM; mode as
6.7408 rad/cm and 4.0181 Np/cm, respectively. Equation (6.4.46) or (6.4.47)
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can now be used to find k, for the TMy and TM; modes as 9.383 rad/cm and
7.458 rad /cm, respectively.

When the slab thickness is 0.5 cm, a new circle can be drawn on the same graph.
Its radius r, is found to be

_ koa MaBd | _ 27Tca Ma€d 277 3 100 05 556
2V oo oo ©30-109-2

= 1.9619rad.

The precise coordinates for solution points 3 and 4 are found to be (1.25606,
1.5071) and (1.94, 0.2931), respectively. The corresponding k,4 and «,,, for the
TM, mode are found to be 5.02424 rad/cm and 6.0284 Np/cm, respectively.
Similarly point 4 gives k4 and a,, for the TM; mode as 7.76 rad/cm and
1.1724 Np/cm, respectively. Hence k, for the TMy and TM; modes are found
to be 8.7075 rad/cm and 6.3916 rad/cm, respectively.

A comparison of the two set of results indicates that k4 for a given mode
increased with decreasing thickness whereas the corresponding «,, decreased.
Therefore the fields will extend farther along the x-axis in air for the thin slab.

k,qal2

3 5 6

Figure 6.3 Graphical solutions for Example 6.2 to determine the propagation parameters.
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Example 6.3

Repeat the preceding example for TE* modes.

Note that the cutoff frequencies for TE” modes are same as for the correspond-
ing TM” fields. Hence the TE, mode has no cutoff frequency at either thickness of
the slab. For the TE; mode, it is 15.8021 GHz for 0.76 cm and 24.0192 GHz for a
0.5 cm thick slab. As shown in Figure 6.4, (6.4.65) and (6.4.66) are graphed on
the k.qa/2—a,.a/2 plane. Since (6.4.68) still holds, this circle of radius 2.9821 is
traced on this graph and the solution points 1 and 2 are identified.

The coordinates of points 1 and 2 are found to be (1.16826, 2.74374) and (2.27423,
1.92894), respectively. The corresponding k.4 and ¢, for the TEy; mode are found
to be 3.0744 rad/cm and 7.2204 Np/cm, respectively. Similarly the second point
gives ky and a,, for the TE; mode as 5.9848 rad/cm and 5.0712 Np/cm, respect-
ively. As before, (6.4.46) or (6.4.47) can be used now to find k, for the TE, and
TE; modes as 9.5714 rad/cm and 8.0743 rad/cm, respectively.

When the slab thickness is 0.5 cm, a new circle of radius 1.9619 is drawn on the
same graph, and solution points 3 and 4 are identified. The precise coordinates of
these points are found to be (1.02254, 1.67436) and (1.873, 0.58389), respectively.
The corresponding k.4 and a,, for the TE, mode are found to be 4.0902 rad/cm

O(ma/Z
4r /
/Il
3.5 (6.4.65) |
Vel
3 — !
e ~~1 (6.4.66)
~
N I
2.5 I !
| A !
| \ |
| N 1
o : : N |//
I 32
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I
1.5 | /'/: \\
I : \ /| \
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| : : / : \
| ' \:// | \
- LN S - \
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Figure 6.4 Graphical solutions for Example 6.3 to determine the propagation parameters.
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and 6.6974 Np/cm, respectively. Similarly point 4 gives k.4 and e, for the TE;
mode as 7.492 rad/cm and 2.3355 Np/cm, respectively. Hence k, for the TEq
and TE; modes are found to be 9.1833 rad/cm and 6.7032 rad/cm, respectively.

As in the case of TM”, a comparison of the two set of results indicates that k4
for a given mode increases with decreasing thickness whereas the corresponding
o, decreases. Therefore in air the fields will extend farther along the x-axis for
the thin slab.

6.5 CONSTRUCTION OF A SOLUTION IN
CYLINDRICAL COORDINATES

As in the preceding section, the solutions in cylindrical coordinates are categorized
as TM” and TE”. These two modes are analyzed as follows.
For TM”, assume A = zA; and F = 0. Then from (6.2.8), (6.2.9), and (6.2.12), get

L] . 1,104, ~( a4 .
H:Vx(zAz)z{pz+¢<—z>+10} (6.5.1)
M wl pod ap
and
, 1 0A
E = —jw?A, + - v<z). (6.5.2)
joue 0z

Equation (6.2.13) is rewritten in cylindrical coordinates as follows:

19
VA, + KA, =0 — (
pap

0A, 1 A, PA,
0z

)+ S+ 4 KPA=0. 6.5.3
pap 7 o z (6.5.3)

Once the solutions to (6.5.3) are found, the electromagnetic fields are determined
from (6.5.1) and (6.5.2) as follows:

1 94,

=% (6.5.4)
P up 3¢
10A
Hy=———23%, (6.5.5)
¢ e 9p
H, =0, (6.5.6)
1 &A,
= — < 6.5.7)
Jjoue 0poz
1 PA,
Ey=——, 6.5.8
¢ Jjopep 0oz ( )

and

1@,
E=— 12 tiela (6.5.9)
Jjoue | 8z2
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Because there is no magnetic field along the z-axis, this is the case of the TM* mode
(magnetic field transverse to the z-axis) in cylindrical coordinate system.
For TE”, assume F = ZF, and A = 0. From (6.3.6), (6.3.7), and (6.3.9) obtain

- 1 1 10F, - oF
E=—-VXQ@GF)=—1p-———+ ¢l —5) +20 (6.5.10)
e el pod ap
and
- 1 oF
H = —jwiF, +,V<z>. (6.5.11)
Jjoue 0z

Then (6.3.10) reduces to

19
VF, +k*F, =0 — (
pop

oF 1 #F, &F
Z) — L KF. =0. (6.5.12)

PHT) ? ) ¢2 + 972
After (6.5.12) is solved, the field components are found from (6.5.10) and (6.5.11) as
follows:

1 9F,

= o (6.5.13)
1 0F
Ey=—=— (6.5.14)
& dp
E. =0, (6.5.15)
1 8°F,
= = (6.5.16)
Jjope 9pdz
Hy— L PF: (6.5.17)
= ouep dddz’ o
and
1 9
= e (822 + k2>Fz- (6.5.18)

This is the case of the TE* mode (electric field transverse to the z-axis) in the cylind-
rical coordinate system because there is no electric field component in the z direction.

Note that unlike z (and all three in rectangular coordinates), the unit vectors along
the p and ¢ axes change their directions from point to point. In other words, these
two unit vectors do not stay parallel from one point to the other. This adds some
complication to the analysis. However, the unit vector along the z-axis stays in
the same direction at every point. Therefore only the TM” and TE” modes are con-
sidered. We defer to the next section the case where all three unit vectors of the
spherical coordinates change directions from point to point, and where we have
no choice but to deal with the situation directly.
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The Wave Functions

Since both (6.5.3) and (6.5.12) are similar, we consider the following partial differ-
ential equation, which is a scalar Helmholtz equation in cylindrical coordinates:

1 Pe(p, b, z) 32<P(P, $,2)

2 —

19 a
——{p o(p, b, )}
po

Assume
o(p, b, 2) =f1(p) f2(D) 3(2). (6.5.20)

In other words, assume that the solutions to (6.5.19) are the product of three functions
of one coordinate each and use the method of separation of variables. Substituting
(6.5.20) into (6.5.19) and rearranging gives

1 dzfl(p)_"_ 1 dfi(p) 1 dh(d) 1 dhE

= k> 6.5.21
R dp? Tphip) dp o) d T AG d2 (6521)

Note that first three terms on the left-hand side of (6.5.21) are dependent on both p
and ¢. However, the last term is only dependent on z. Hence the last term can be
equated to a constant k, as follows:

1 d’i(z) 2, dfs(Z)

]%dZZ - Z

+E fi(2) = (6.5.22)

Next (6.5.21) can be rearranged to get

PP dhp) p dfilp) 1 d*(d)
fp) dp*  filp) dp  fo(¢) dg’

Since the third term of (6.5.23) is only dependent on ¢, write

L &h(d)_ 5, ()

=—n"—
) de? ¢’
Therefore (6.5.23) reduces to

p2d2f1(P) dfi(p)

= — (K2 —k2)p (6.5.23)

Z

+n*fo(h) = 0. (6.5.24)

a2 TP, +H{® —k)p* —n*} fi(p) =0,
or
d*fi(p) | dfi(p)
2 2 2 —
P +p dp +{tkop)* =’} f1(p) =0, (6.5.25)
where

k2 =k*—k? — k) +k2 =k (6.5.26)
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As was considered earlier, harmonic functions satisfy (6.5.22) and (6.5.24).
Therefore we can denote solutions to these equations by h3(k.z) and h,(n¢), respect-
ively. Appropriate harmonic functions can be selected following the characteristics
given in Table 6.1. Equation (6.5.25) is known as Bessel’s equation of order n. Satis-
fying this equation are Bessel’s functions of the first kind J,,(k,p), Bessel’s functions
of the second kind Y, (k,p) that are known also as Neumann functions, Hankel’s
functions of first kind H,(ll)(kpp), and Hankel’s functions of second kind H ;2)(kpp),
as can be seen in Appendix C. Any two of these functions are linearly independent
solutions to the Bessel equation. We denote these by Z,(k,p). Hence

Zu(kop) = Jullpp), Yu(kpp), H\V (kpp), H (kpp). (6.5.27)

The characteristics of these functions are summarized in Table 6.3. Appendix C
includes a number of relevant relations, graphical characteristics of a few Bessel
and Neumann functions, tabulated zeros of J,(x) and Y,(x), and zeros of their
derivatives.

Therefore the elementary wave functions satisfying (6.5.19) are

@e(p, &, 2) = Zy(kyp) - ho(n) - h3(k:z). (6.5.28)

Note that (6.5.26) relates the eigenvalues k, and &, so only one of these two is inde-
pendent. We can construct more general wave functions by summing the elementary
wave functions over one of these eigenvalues and n as follows:

¢(p, b, 2) =) Y CuZulkop) - a(ngh) - h3(k:2) (6.5.29)
n ok,

or

op. b= Y Cut Zulkyp) - ho(nd) - hi(hc2). (6.5.30)
n  k

P

If the region under consideration includes all ¢ from O to 27, then n in hy(n¢) has to
be an integer so that the wave function is single-valued. As the graphs in Appendix C
show, only Bessel functions of the first kind have finite values at the origin. This is
the only possible Z,(k,p) if the fields are to be finite at p = 0. Similarly H'"(k, p)
is selected for Z,(k,p) if the wave is incoming, whereas it is Hff)(kpp) if the
wave is traveling outward. Note that this selection of the Hankel functions is
based on our assumption of time-harmonic variation to be e’*. In case of e~/
time variation, Hfll)(kpp) will represent the outgoing wave and H 5,2)(kp p), the incom-
ing wave. This behavior can be easily understood by the waves’ asymptotic formulas
given in Table 6.3. Further the modified Bessel functions 7,(x) and K,,(x) are used if
k, = jx. The characteristics of these functions are included in Appendix C. As shown
in Figure C.3, magnitude of I,(x) increases (similar to ¢*) with x but deceases
(similar to e~ ™) in case of K,,(x).
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The Parallel-Plate Radial Waveguide

The two conducting parallel plates considered in the preceding section can also sup-
port radial waves. In the present analysis we consider the parallel-plate geometry
shown in Figure 6.5. We assume that the distance a separates the two plates that
extend to infinity.

Note in the figure that ¢ ranges from 0 to 2. Therefore only integer values of n
are possible in this case. Further only Hff)(kpp) are possible solutions to Bessel’s
equation for the outgoing waves. Therefore the suitable solution to (6.5.3) for A, is

A, = {C cos(k,z) + Cy sin(k,2)} { Dy cos(nd) + Dy sin(nd) }HP (k,p).  (6.5.31)

Since the boundary conditions require that the tangential electric field components
must be zero on conducting plates, E, and E4, must be zero at z=0 and z = a.
Therefore (6.5.7) and (6.5.8) require that

0A; C,=0
872220:0 — kz :@’ m:O’]’z’.” (6532)
Z=a a
Then (6.5.31) and (6.5.26) give
mm '
4= {C ! °°S(7Z) } (D1 cos(ng) + Dy sin(n)} H (k,pp) (6.5.33)

Figure 6.5 Geometry of a parallel-plate radial waveguide.
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and

(6.5.34)

Note that there are no boundary conditions along ¢ to satisfy, so D; and D, cannot

be evaluated. Since the sine functions represent 90° phase-shifted cosine functions

(and vice-versa), the field distributions obtained with the sine function simply

change to the other as we rotate the coordinate system by 90°. The complete set

of field components can be found now using (6.5.33) and (6.5.4) through (6.5.9).
For m = 0 and n = 0, (6.5.33) reduces to

Ao = CooHY (kp). (6.5.35)

Therefore it is found from (6.5.4) through (6.5.9) and (6.5.35) that only the follow-
ing field components exist for the TMg, mode:

Coo d .0
Hy = — 22 gD kp) (6.5.36)
¢ i dp 0
and
2 2
E, = —— CooH (kp). (6.5.37)
wune

Note that these fields represent an electromagnetic wave that is TEM to p. It is a
transmission line mode because it is close to the plane transmission line mode.
By the corresponding formula in Appendix C, (6.5.36) can be simplified to

kC,
Z0(x) = —~Zpi1 (1) + gZ”(x) > Hy= %Hiz)(kp). (6.5.38)

Similarly F, can be found via the suitable wave functions, and the TE* mode fields
can be determined subsequently from (6.5.13) through (6.5.18), as follows:

F, = {C} cos(k.2) + Cysin(k.z) }{ D cos(ng) + Dy sin(n) }HP (k,p).  (6.5.39)

Since the boundary conditions require that the tangential electric field components
must vanish on the conducting plates, E, and E4 must be zero at z =0 and z = a.
Therefore (6.5.13) and (6.5.14) require that

C =0,
Flg=0=1, ™™ 01,2, (6.5.40)
a
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Therefore

F.=C sin(?z){Dl cos(n) + Dy sin(nh) | HO (k p). (6.5.41)

Equation (6.5.34) holds for TE” modes as well. A mode is propagating if k,, is real,
and it is evanescent if k, is imaginary. The cutoff occurs for k = k. where

ke = e =22, (6.5.42)

For an air-filled waveguide, the cutoff frequency f. is found to be

3.108.
fo=Tm" " Ha. (6.5.43)
a

Note that F_ in (6.5.41) goes to zero for m = 0, so TEG, mode does not exist. There-
fore the lowest order mode (known as the dominant mode) in the parallel-plate
waveguide is TMgy.

Example 6.4

Find the separation between the two plates of a radial waveguide that guarantees
lowest order single TM” mode up to 500 MHz. Repeat your calculations for the
lowest order TE” mode. Assume that the medium between the plates is air.

Since the lowest order TM” mode is for m = 0 and has no cutoff, we need to
make sure that cutoff frequency for m = 1 mode is higher than 500 MHz. Hence
(6.5.43) gives

In the case of TE” modes the lowest order mode that exists is for m = 1. There-
fore we need to stop m = 2 mode. Hence (6.5.43) gives

3-10%.2
<

@=5 5 108 - 06m

The Wedge Radial Waveguide

Consider two inclined conducting sheets that also support propagation of radial
waves. As shown in Figure 6.6, that angle between the two planes is ¢, and the con-
ducting sheets extend to infinity along the p- and z-axes. Therefore consider it to be a
two-dimensional problem with no variation of the field along the z-axis and the wave
propagating along p. Equation (6.5.26) reduces to k, = k. By the appropriate wave
functions, A, for the TM” modes is found to be

A, = {D; cos(nd) + D, sin(nd) }HP (kp). (6.5.44)
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s

Figure 6.6 Geometry of a wedge radial waveguide.

The boundary conditions require that the tangential electric field components must
be zero on the conducting plates. Hence E, and E, must be zero at ¢ =0 and
¢ = ¢,. Therefore (6.5.7) and (6.5.8) require that

D, =0,
Al =0 6.5.45
doso =00 _mT o (6.5.43)
b
Then (6.5.44) reduces to
A. =D, sm<¢o ¢>)H<2>/¢ (kp), m=1,2,.... (6.5.46)

TM? mode fields can now be found after substituting (6.5.46) in (6.5.4) through
(6.5.9). In this case TM7 is the lowest order mode, and the corresponding field com-
ponents are found to be

1 0
H, —M—%[Dzmn((bo c/)) 572/)%( )i|

19 D d
Hy :—;a)[Dzsm( y ¢>H(2)¢( )] =——251n< y ¢) HS), (kp). (6.5.48)

=2 d) (¢1¢> HD, (kp).  (6.5.47)

and

2
E, =

“ons D, s1n< Y ¢>H<2>¢ (kp). (6.5.49)

Note that the remaining TM7 field components are zero.
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Similarly the appropriate F_ for the TE* modes is written as follows:

F, = {D; cos(nd) + D sin(nd) }H? (kp). (6.5.50)

The boundary conditions require that the tangential electric field components be

zero on the conducting plates. Hence E, must be zero at ¢ =0 and ¢ = ¢,. Note
from (6.5.15) that E, is already zero in this case. Therefore we find from (6.5.13) that

IF D=0,
1 =0 - mir (6.5.51)
b | p=0 =—, =12,....
1, " "
Then (6.5.50) reduces to
F.=D, COS(T¢>H§$;/¢O(@), m=0,1,2, ... (6.5.52)

The TE* mode fields can now be found after substituting (6.5.52) in (6.5.13) through
(6.5.18). In this case TEj is the lowest order mode, and the corresponding field com-
ponents are found to be

1d D d Dk
Eg = ——[DiHP(kp)] = = —[HP (kp)| = ——H®(k 6.5.53
0 Sap[lo(p)] Sdp[o(p)] - Hi (kp) ( )
and
_ ke
H, = —— D H? (kp). (6.5.54)
jop

The remaining field components of this mode are zero. Note that (6.5.53) and
(6.5.54) are analogous to (6.5.37) and (6.5.38), and therefore this mode is the
dual of TM§ mode of the parallel-plate waveguide. These fields are TEM to p repre-
senting the transmission line mode.

6.6 CONSTRUCTION OF A SOLUTION IN
SPHERICAL COORDINATES

As was mentioned earlier, the procedure used in the preceding sections does not
work when we work in spherical coordinates. This is because all three unit vectors
change directions from point to point, and (6.2.13) and (6.3.10) cannot be separated
into scalar wave equations. Nevertheless, there is a way to formulate the wave
equations in the radial components A, and F,. The electric and magnetic field inten-
sities can be expressed in terms of these components of the vector potentials. If there
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is only the radial component A, of the magnetic vector potential nonzero, then

(6.2.8) gives
- 1 ~10A,
B=V rA,) = .6.1
x (FA,) rs1n98d) BT 6.6.1)

and

1V><I?I—V><V><A)—V>< 6 I a4, $18Ar
- - rsin 0 ¢ r a6

VxB=
o

or
- I (8 sin6dA\ [ 1 oA
VX VxA=p o f ry ¢ r

v rrsin@{i)@( r aa) a¢(rsinea¢>}

19/ A, 1 1 A,
+9{_(_ ae)} ¢r{8r<sm08q§>}

ror

(6.6.2)

Similarly, if only radial component F, is nonzero in the electric vector potential

then (6.3.6) reduces to

- ~ 1 0F., ~10F
—_V A _ r - r 6.
b X (Fy) 0rsin68q’>+¢r a6 (6.63)

and

VxDe VxEe VxVxFevxlgL O Lo
e rsin 6 0¢ r 06

or

, I [ sin6dF\ ([ 1 0F,
VXVxF=} 9 _ (19
=T {ae( r ae> a¢(rsinea¢>}
YAV K
r 00 rlor\sinfop /|’

Note that the medium is assumed to be linear, isotropic, and homogeneous. For a
source-free region, J =0 and ]m =0, and (6.6.1) through (6.6.4), along with

(6.1.1) and (6.1.2), give

(6.6.4)

VXVXA—fvxF (6.6.5)

D'u

Jw,us
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and

- 1 -1 -
H=—VxVxF+—-—VxA. (6.6.6)
Jjoue ©

Therefore (6.6.5), along with (6.6.1) through (6.6.4), gives

1 d in 60A, a 1 oA,
[oy—— A L A I
Jjouersin 6 |06 r 06 ¢ \rsin 6 d¢

P " 1 OF,
"7 joperord®  ersin og’

B 1 #A, 1 0F,

" jouersin 03rddp  er 960

(6.6.8)

Ey (6.6.9)

Similarly (6.6.6), along with (6.6.1) through (6.6.4), gives

1 ad in 6 OF, a 1 0oF,
H = — _Jo(_sm 4 . (6.6.10)
Jjopersin 6 |00 r 06 d¢ \rsin 6 3¢

1 PF, 1 0A,
© 7 joperardd  ursin@ og’
_ 1 PF, 1 0A,
 jopersin 03rdp  ur 96

6.6.11)

Hy (6.6.12)

Note that (6.6.7) can be simplified further using the formulation included below for

(6.6.18) as
'1 9 ( sinfdA\ D 1 AN _ A, LA
rsin 6 |06 r 00 d¢p \rsin 6 9¢ or?

A similar expression for F, can be used to simplify (6.6.10) as well.

Hence the electric and magnetic field components are found in (6.6.7) through
(6.6.12) in terms of radial components of two vector potentials. The wave equations
for A, and F, are formulated as follows: For F, = 0, (6.6.5) and (6.2.9) give

V x Vx (FA,) = jope{—Vd, — FjowA,}. (6.6.13)
Similarly, for A, = 0, (6.6.6) and (6.3.7) give
V x V x (FF,) = jope{—V,, — FjoF,}. (6.6.14)

These equations can be expanded using (6.6.2) and (6.6.4), respectively. Since both
equations have a similar form, we consider below only (6.6.13). A similar process
can be used for (6.6.14).



6.6 CONSTRUCTION OF A SOLUTION IN SPHERICAL COORDINATES 265

Equating the § components on the two sides of (6.6.13), we have

19 (04, b, 0 [0A,
19 __ 9 —0. 6.1
r8r(86) JORESg ae{ or +J“’“g¢e} 0 (6.6.15)

Similarly, equating the ¢ components on the two sides of (6.6.13) gives

N
or

1 9 (oA,
rsin 0 d¢ oo

9 o, a [0A,
rsin Qor \ ¢

) = —joue —i—jw,uscf)e} =0. (6.6.16)

Both conditions (6.6.15) and (6.6.16) are satisfied if

0A,
or

= —ja),u,sd)e_ (6.6.17)

Now equating the r components on the two sides of (6.6.13), we have

1 (8 singda\ 9 [ 1 o4, onee
_ | —— R — = —JWLE W ULEA,,
rsin6 |30\ 86) o \rsin6 o JORE T TR

or
L [0 (_sin6dA\ 9 (1 04| _ PA, L RAL
rsin 6 | a6 r 00 d¢p \rsin 6 d¢ or?
or
A, 1 9 0A 1 &4
"t ———|sin0—~ ) + ————> + kA, =0,
o " 2sin 096 (Sm aa> Penl 094t
or

AN 20 (AN 1 (0 (A,
o2\ r ror\ r r2sin 090 a0\ r
1 ? (A A
r2sin208¢2(r> <r> ( )

The equation can also be expressed in compact form using the Laplacian in spherical
coordinates (2.9.3) as follows:

(V2 + k2)<Ar’> =0. (6.6.19)
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By a similar procedure with (6.6.14), we can find another equation like (6.6.18)
except that F, replaces A,. Therefore we attempt to construct the solutions to the
following wave equation:

& 290 1 8{

a 1 9
- ————1{sin 0— k2 =0. 6.6.20
8r2¢+r8r¢+rzsin080 - ¢}+ ek ( )

00 r2sin”@ ?&

As before, we use the separation of variables technique to solve this equation. We
assume that ¢ is a product of three functions R(r), ®(6), and ®(¢p). After substituting
o(r, 6, ) = R(r)O(0)D(¢) into (6.6.20), and following the same procedure we used
earlier to separate the equations, we get

2

e D(P) + m>P(¢) = 0, (6.6.21)
Ay ei(a(e) +{n(n+1) ’ A0 =0 (6.6.22)
sin6do | a6 nn 1) =290 =0 .
and
2 d2 d 2
r WR(r) + ZrER(r) + [(kr)” —n(n+ 1]R(r) = 0. (6.6.23)

The first two terms of the last equation can be rearranged to get

4 {erR(r)} +[(kr)* = n(n + DIR(r) = 0. (6.6.24)
dr | dr

The odd choice of n(n + 1) as the separation constant in (6.6.22) is made because
this leads to a standard differential equation known as an associated Legendre
equation. This time, unlike the preceding cases, the separation constants m and n
are not related.

Note that (6.6.21) is the familiar harmonic equation, so sin(me), cos(mdo), e-im‘[’,
and e’ are its solutions. We can select any two of these harmonic functions as a
complete solution to (6.6.21). As in the case of cylindrical coordinates, m has to be
an integer if ¢ is single-valued for 0 < ¢ < 2.

A comparison of (6.6.22) with (D.1) of Appendix D confirms that it is an associated
Legendre equation; its solutions are called associated Legendre functions. There are
two kinds of associated Legendre functions included in Appendix D. P;(cos ) are
the associated Legendre functions of the first kind and Q)'(cos ) are the associated
Legendre functions of the second kind. In general, we can represent both types of
solutions as L;(cos 6). Further, it is found that out of all solutions of this equation
only P;'(cos ) is finite at 6 = 0 and 6 = r, provided that n is an integer.
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Finally, a comparison of (6.6.23) with (C.39) of Appendix C indicates that its
solutions must be a spherical Bessel type of function, which is related to ordinary
Bessel functions as follows:

Zlkr) = ,/Q—Zrznﬂ ja(kr). (6.6.25)

As summarized in Appendix C, the characteristics of spherical Bessel functions are
similar to the corresponding cylindrical Bessel functions. Hence j,(kr) and y,(kr)
represent standing waves, h,(f)(kr) represents outward traveling waves, and hﬁll)(kr)
represents an inward traveling wave. The elementary wave functions that satisfy
(6.6.20) are found to be

@pn = h(mp)L} (cos 0)z,(kr), (6.6.26)

where the complete solution is
¢=Y_Y Cuh(md)L} (cos 6)z,(kr). (6.6.27)

Since ¢ represents A,/r or F,/r, a new kind of spherical Bessel functions is com-
monly used for this purpose. As indicated in Appendix C, the components of
these functions are generally identified by a caret, and they are related with cylind-
rical Bessel functions as follows:

A Tkr
Z,(kr) =, /TZ,,H/Q(kr). (6.6.28)

The qualitative characteristics of spherical Bessel functions are also similar to the
corresponding cylindrical Bessel functions. Only the spherical Bessel function of
the first kind is finite at the origin (i.e., at r = 0). The spherical Hankel functions
of the second kind likewise represent outgoing waves. The zeros of the spherical
Bessel functions of the first kind as well as their derivatives are included in
Tables C.5 and C.6, respectively.

The Conducting Spherical Cavity

Figure 6.7 shows the geometry of a conducting spherical shell that forms a resonant
circuit (known as the cavity resonator) at microwave frequencies. The radius of this
cavity is assumed to be a. When properly excited, an electromagnetic field can arise
inside the shell. We divide this problem into TE" and TM" modes. For TE" modes, A,
is zero and only F, exists.

Since 0 < ¢ < 27, m has to be an integer. Further there are no boundary con-
ditions to satisfy in this direction, and therefore the integration constants used
with solutions cannot be determined. We can use e /"% or sine and cosine functions
as solutions to this harmonic equation. Sometimes only one of the sine and cosine
functions is used, and the modes are subdivided into odd (with sine functions)
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X

Figure 6.7 Geometry of a spherical cavity.

and even (with cosine functions) types. We select P, (cos 6) as the appropriate
associate Legendre function because the fields have to be finite at 6 =0 and
0 = . Similarly we select spherical Bessel functions of first kind to meet the
requirement that fields have to be finite at r = 0. Hence

cos(m¢) for even modes,

sin(m¢)  for odd modes. (6.6.29)

F,= Cm,,fn(kr)Pf(cos 0){

In the equation C,,, is a constant. The electric and magnetic fields can be found now
using (6.6.7) through (6.6.12) with A, zero. Since E, is zero in this case, these fields
can be designated as TE" modes. The boundary conditions require that the tangential
electric field components be zero on the conducting surface at r = a; therefore

1 OF,
Ey|l,_, =0 — = 6.6.30
th=a =0 = = n 96| . (6.6.30)
and
1 oF,

Eyl._. =0 — =0. 6.6.31
#lr=a ~ or 00 —a ( )

Both conditions will be satisfied if
Jn(ka) = 0 = J,(v,) (6.6.32)

where v,,, is the pth zero of the nth order spherical Bessel function of the first kind.
There is an infinite set of these zeros. Lower order zeros are listed in Table C.5 of
Appendix C. Hence

k=l 2T U e Uw m<n. (6.6.33)
a
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where A, is wavelength at the resonance and ,z,f;, is the resonant frequency for
TE" modes; p is the permeability and ¢ is the permittivity of medium filling the
cavity.

Similarly we select F,. = 0 and A, nonzero to find the TM" mode fields. In this
case

cos(m¢) for even modes,

sin(m¢) for odd modes. (6.6.34)

Ar = Dmnj,,(k}’)PZL(COS 0){

D, is a constant. The electric and magnetic fields can now be found using (6.6.7)
through (6.6.12) with F, zero. Since the tangential electric field components must be
zero on the conducting surface at r = a, we find that

1 A,
Egl,_y =0 — - =0 (6.6.35)
jouer orob)|,_,
and
1 A,
Eplieg=0 > ——— = (6.6.36)
Jjouersin 0 0rdd|,_,
Both conditions will be satisfied if
T(ka) =0=1J1],), (6.6.37)

where the prime over the Bessel function is used to indicate the derivative, and vy, is
pth zero of the derivative of the nth-order spherical Bessel function of first kind.
There is an infinite set of these zeros. Lower order zeros are listed in Table C.6
of Appendix C. Hence

/ /

v 20 U . v
kzﬂ_)izﬂ — ’;5}1\/{ :7}”’ . m=<n, (6638)
a A a 7 27a,. /ue
where A, is wavelength at the resonance and ,E/P is the resonant frequency for the
TM" modes; w is the permeability and € is the permittivity of the medium filling the
cavity.

Example 6.5

The radius of an air-filled spherical cavity is 3 cm. Find the resonant frequencies
of first five modes that it supports.

From Tables C.5 and C.6 we find that first zero of the spherical Bessel function
(for TE" modes) occurs at v,, = 4.4934 for n = p = 1. However, there are two
zeros of derivatives (for the TM" modes) that occur at Uy = 2.7437 and 3.8702
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for n = 1, and 2 with p = 1. Thus we can write these modes in ascending order as
TMp11, TMj;; (even and odd), TMG,,, TM],; (even and odd), and TMj3,; (even
and odd). Note that we have five modes. If even and odd modes are counted
separately, then we will have eight modes.

. . 2.7437 -3 - 108
™" _ pTM (eventodd) _ =" 727~ 7 43667 - 10° Hz = 4.3667 GH
o =Jim 27--0.03 ’ i

and

r r s 3.8702-3 - 108
™" _ TM"(even+odd) — TM'(eventodd) __ 2-0/Y&- 201U~ —61 1 9 H
021 121 foon 27 003 6.1596 - 10" Hz

= 6.1596 GHz.

PROBLEMS

6.1

. A metallic parallel-plate waveguide is air filled, and the separation between its
plates is 3.5 cm. Investigate the characteristics of a 9 GHz signal propagating in
TM,,,o modes.

6.2. A 0.6 cm thick polystyrene slab is being used at 25 GHz. If its dielectric con-

stant is 2.56, calculate the cutoff frequencies of the TM modes this structure
supports. Determine the propagation parameters of these modes. Repeat your
calculations for the slab thickness of 0.35 cm, and compare the two sets of
results.

6.3. Repeat Problem 6.2 for TE* modes.

6.4. Find the separation between the two plates of a radial waveguide that guaran-

6.5.

tees lowest order single TM” mode up to 950 MHz. Repeat your calculations
for the lowest order TE” mode. Assume that the medium between the plates
is air.

Radius of an air-filled spherical cavity is 4.5 cm. Find the resonant frequencies
of first five modes that is supports.
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SOURCE IN INFINITE SPACE

This chapter begins with an analysis of electromagnetic fields of an infinitesimal cur-
rent element. The magnetic vector potential set up by the element is evaluated to
determine the various fields. An expression for the complex power density is formu-
lated to find the real power flow. After introducing the basic parameters of antennas,
linear antennas are analyzed. A section on linear antenna arrays follows it. The chap-
ter ends with a section on the Friis transmission formula and the radar range equation.

7.1 FIELDS OF AN INFINITESIMAL SOURCE

Consider an infinitesimal current element of total length d/ and cross section da, as
shown in Figure 7.1. At the origin the source element is aligned symmetrically on
the z-axis and carries a current i(f) = I cos(wf)A. The current density phasor may
be expressed as follows:

- W

J=2,=7— (7.1.1)

da

Our goal is to solve (6.2.13) and find the magnetic and electric fields using (6.2.8),
(6.2.9), and (6.2.12) as given by

-1 -
H=-VxA (7.1.2)
m

Practical Electromagnetics: From Biomedical Sciences to Wireless Communication.
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X

Figure 7.1 Infinitesimal current element in the spherical coordinate system.

and
R L - .
E=—jwA—-V¢, = —jwA+—V(V-A)=—V x H. (7.1.3)
Jjoue Jjwe

A z-directed current will produce the vector potential in the same direction. Hence
(6.2.13) simplifies to

VA, + KA, = —u .. (7.1.4)

Further the source element occupies an infinitesimal volume dv = da - d¢, so,
there is spherical symmetry in the source’s distribution. In other words, /06 = 0
and 9/9¢ = 0. For the time being, we exclude a small spherical volume of radius
1, that contains the source. Therefore (7.1.4) reduces to

1d/(,dA, 2,
rzdr(’ dr>+kAz_0’
or
d’A, 2dA,
ST 4 KPA, =0, 7.1.5
dr? + r dr A ( )
Assume A, = ¢/r. Then
dA, 1d
A N o (7.1.6)



7.1 FIELDS OF AN INFINITESIMAL SOURCE 273

and

A, 1d*¢ 2de 2
= —— 4+ —0. 7.1.7
dz2  rdr? rdr + r3 ¢ ( )

Substitution of (7.1.6) and (7.1.7) into (7.1.5) gives

d¢

- + ko =0. (7.1.8)

This is the harmonic equation that we have analyzed earlier. A general solution may
be written as follows:

o= Cire " 4+ Cre*. (7.1.9)

Since the fields due to this source must be bounded (zero at the infinity) and rep-
resent only an outward traveling wave, the constant C, must be zero. Therefore

e*jkr

Azzfzcl (7.1.10)
p

, .

The constant C; must be related to source strength. To do so, we integrate both
sides of (7.1.4) over the small volume of radius r, that we excluded earlier and force
the radius to zero. Then with dv = 72 sin 0drdfde¢, we have

G=21 0= (r=r,
lim J J J (V2A. + k*A,)r* sin 0drdfde
=0 Jg=0 Jo=0 Jr=0

G=2m pb=7 pr=r,
= —pu lim J J J er2 sin 0drdfda. (7.1.11)
70=0 Jp=0 Jo=0 Jr=0

By the divergence theorem, the first term on the left-hand side of this equation
reduces to

¢=2m pO=m pr=r, 21T T d e—jkr
limJ J J V2A_1? sin Odrdfdd = limj J (C1 )

>0 J¢—0 Jo=0 Jr=0 r0=0 ) p— Jo=o dr r

o —jkr =1\ _;
x r? sin0dfde| _ = lim J J Ci ()wkrﬂ sin 0dfd|,_,
o 0 —lo

ro—0 $=0 J o= r2
21 T
= —Clj J sinf0dfd¢p = —47 Cy. (7.1.12)
¢»=0 J 6=0
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The second term on the left-hand side of (7.1.11) reduces to

21T T To —jkr
lim J J J 12Cy £ 2 sin 0drdodd = 0, (7.1.13)
70=>0 ) =0 J o=0 J r=0 4r

and the right-hand side of (7.1.11) gives

G=2m (O0=7 pr=r,
—u limOJ J J J.r? sin Odrdfde
o=V )¢p=0 Jo=0 Jr=0

I
= —p lim J —odtda = —pldt. (7.1.14)
\%4

Substituting (7.1.12) through (7.1.14) into (7.1.11), we find that

_plde

G 4qr

(7.1.15)

Therefore the magnetic vector potential associated with the current element may be
expressed in spherical coordinate system as follows:

. plde
g——e€

/"’“IdZ e*jkr'
4arr

Z:?Az: A (?cos@—ésin@) (7.1.16)
4arr

Thus the magnetic vector potential represents an outward traveling wave whose
amplitude decreases inversely with distance. This kind of wave is called a spherical
wave (the amplitude and phase remain constant on an spherical surface). In (7.1.16),
for convenience, we already transformed the unit vector from rectangular to spheri-
cal coordinates.

We can now evaluate the magnetic and electric fields using (7.1.2) and (7.1.3)
as follows:

. R 1de ~ jkIde si 4 1
H=—Vx (?cos@—@sinﬂ)ue_fk’ :d)weﬂk’ 1—j—),
7 47y 4qr kr

or

1

. jkIdesing
Jsme—fk’[1 —j}, (7.1.17)

ﬁ:$H¢:¢ kr

d7r

and

- 1 A 1 I 9 /A ~19
E=—V ( H)=— A%—(0H>—(97— H
joe <\ $Hy jws|:rrsm086 ¢ rar(r ¢)

= FE, + 0 Eg+ ¢ Ey,
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where
nld¢ cos6 A
E,=—(1-— e 7.1.18
27 r? Thr )¢ ( )
.nkldl sinf ! 1 i
Egy=j——m— (1 —j———=—= |7 7.1.19
6=J 4ar Jkr k2r? ¢ ( )
and

E4 =0. (7.1.20)

The complex Poynting vector (or the complex power density) associated with
these fields can be evaluated as follows:

S=3(E < ") =3 (+E, + 6E,) x ($H;) =4 (7EoH; — OE,H})
= 7S, + 65, (7.1.21)

where

1 (k|I|desin 6\ 1 1 (||d¢sin 6\ 1
S,=-n[——) (1-j—— ) = —) [1—j— 7.1.22
2 7’( 4o ) ) T8N N Tarp] 0122

and

So=Jjm

KlIde|sin6 0080[ ! } (7.1.23)

167253 (kr)?

Here ) = k*/we = /i/¢ is the intrinsic impedance of the medium, as defined ear-
lier in Chapter 4. Note that S, is complex and Sy is purely imaginary. Further the
reactive power densities (imaginary parts of the two) decrease at much faster rate
with distance r in comparison to the real part of S,. There is a real power flow
only in the radial direction. This represents the power radiated by this current
element. The field components responsible for the radiated power are identified in
(7.1.17) through (7.1.20) to be

> ~ jkIdlsing _,. A
Hyg=¢ Jie e — DH g rad (7.1.24)

dar

and

. ~ mkldlsin6
B = ;042507

T — OE g raa. (7.1.25)
Aar
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Dividing (7.1.24) by (7.1.25), we have

EO rad

=n. (7.1.26)
H¢rad K

The total radiated power P,,4 can be found after integrating the power density over a
spherical surface as follows:

27 T 2 52 2 pm
1 |ld¢e 0 2 l1de
Prg = J J —n%rz sin0dOdd = —7Tn| 2' J sin®0do,
$=0 0:08 )\ r2 8 )\ 6=0
or
|l de)?
Prg = 3/\2 . (7127)

The infinitesimal current element considered in this section is a building block for
the linear antenna analyzed in Section 7.3. It is also called an ideal electric dipole or
a Hertzian dipole.

Example 7.1

A 1 cm long Hertzian dipole antenna is located at the origin of the spherical
coordinates. It carries a current of 1 A at 100 MHz. Find the power density per
unit area that leaves a spherical surface of 1 km radius. Plot its normalized

Figure 7.2 Power density of a current element as a function of 6.
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characteristics (divide by the maximum power per unit area) on the ¢ = 90° and
0 = 90° planes.

Since A =(3 - 108)/(100 -10% = 3m and n = 377 Q for the free space, from
(7.1.22) we have

1 _(Wdesing\* 377 (1-1072 :
h 3.103

Re(S,) =-7 ——sinf) =5.24-10"%sin?0 W/m?.
8 Ar 8

This expression is independent of ¢. Therefore the normalized power character-
istics on the 6 = 90° plane will be a circle of unity radius; only the ¢ = 90° plane
is illustrated in Figure 7.2.

7.2 ANTENNA PARAMETERS

Figure 7.3 illustrates some of the antennas that are commonly used in wireless com-
munication systems. These can be grouped as wire-type antennas and aperture-type
antennas. Electric dipole and the loop (also known as the magnetic dipole) antennas
belong to the former group, whereas horn, patch, reflector, and lens belong to the
latter group. The aperture antennas can be further subdivided into primary and sec-
ondary (or passive) antennas. Primary antennas are directly excited by a source and
can be used independently for the transmission or reception of signals. A secondary
antenna requires another antenna as its feeder. Horn and patch antennas fall in the
first category and the reflector and lens in the second. Various kinds of horn antennas
are commonly used as feeders in reflector and lens antennas.

O T

(a) ) ©

5 =¥

d
@ )

Figure 7.3 Some of the commonly used antennas: (a) electric dipole, (b) loop, (c) conical
horn, (d) patch (e) reflector, and (f') lens.
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When an antenna is energized, it generates two types of electromagnetic fields. As
(7.1.22) and (7.1.23) indicate, the reactive power stays near the antenna whereas the
real power propagates outward as radiation. The propagating power represents radi-
ation fields that are inversely related to distance r. Nonpropagating power represents
the reactive (capacitive or inductive) components of electromagnetic fields that
decrease in magnitude at the rate of »~ % and r~°. Thus the space surrounding an
antenna can be divided into three regions. The reactive fields dominate in nearby
regions but reduce in strength at a faster rate in comparison with fields associated
with the propagating signal. If the largest dimension of an antenna is D and the
signal wavelength is A, then the reactive fields dominate up to about 0.62 /(D 3//\)
and diminish after 2D /A. The region beyond 2D ?/A is called the far-field (or radi-
ation field) region.

Power radiated by an antenna per unit solid angle is known as the radiation inten-
sity U. Itis a far-field parameter that is related to power density (power per unit area)
Wiaq and distance r as follows:

U= r*W. (7.2.1)

Directive Gain and Directivity

If an antenna radiates uniformly in all directions, then it is called an isotropic
antenna. This is a hypothetical antenna that helps in defining the characteristics
of a real one. The directive gain Dg is defined as the ratio of radiation intensity
due to the test antenna to that of an isotropic antenna. It is assumed that total radiated
power remains the same in the two cases. Hence
U 4aU

DG:7 s
Uo Prad

(7.2.2)

where U is radiation intensity due to the test antenna in watts per unit solid angle, U, is
radiation intensity due to the isotropic antenna in watts per unit solid angle, and P,.q is
the total radiated power in watts. Since U is a directional dependent quantity, the direc-
tive gain of an antenna depends on the angles 6 and ¢. If the radiation intensity assumes
its maximum value, then the directive gain is called the directivity D,. That is,

Umax _ 47TUde
Uo P rad .

D, = (7.2.3)

Example 7.2

Find the directive gain and the directivity of an infinitesimal current element.

Since we have already analyzed the fields generated by the current element,
we can use those expressions to find its directive gain. Note that real part of S,
in (7.1.22) is W,,q used in (7.2.1). Hence

n (|l|d¢sin 6\° 7 o
U= (2220 = L (11desin 0)2.
r 8( P 8A2(|| sin 6)
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Using (7.1.27) and (7.2.2), we have

U U I|d¢sin 6)°/82% 3
DG = —= 4777 = 47Tn(| | S1n2 ) /2 = *Sin2 0
U, Prad m|Ide)? /31 2

Therefore, the directivity of the current element is

Do = Dg|max=1.5.

Gain of an Antenna

The power gain G of an antenna is defined as the ratio of its radiation intensity
U(0, ¢) at a point to the radiation intensity that results from a uniform radiation
of the same input power P;,. We can express it as follows:

Radiation intensity 4 U, ¢)
T =4 .
Total input power P,

(7.2.4)

Most of the time we deal with relative gain. Relative gain is defined as a ratio of the
power gain of the test antenna in a given direction to the power gain of a reference
antenna. Both antennas must have the same input power. The reference antenna
may be a dipole, horn, or any other antenna of known gain or it can be calculated.
However, it is a lossless isotropic radiator in most cases. Hence

u(o, ¢)

G =47 - - .
Pin(Lossless isotropic antenna)

(7.2.5)

When the direction is not stated, the power gain is usually taken in the direction of
maximum radiation.

Radiation Patterns and Half-power Beam Width (HPBW)

Far-field power distribution at a distance r from the antenna depends on the spatial
coordinates 6 and ¢. The graphical representations of these distributions on the
orthogonal plane (6 plane or ¢ plane) at a constant distance r from the antenna
are called its radiation patterns. Figure 7.2 shows the radiation pattern of an infini-
tesimal current element on the 6 plane. Its ¢-plane pattern is a circle that can be
found easily after rotating this pattern about the 6 = 0 axis. The three-dimensional
picture of this radiation pattern is doughnut shaped. Similarly the power distri-
butions of other antennas generally show peaks and valleys in the radiation
zone. The highest peak between the two valleys is termed the main lobe and the
others peaks the side lobes. The total angle about the main peak over which
power falls by 50% of its maximum value is called the half-power beam width
on that plane.
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The following relations are used to estimate the power gain G and the half-power
beam width HPBW (or BW) of an aperture antenna:

47 4ar
G= FAe = ?AK (7.2.6)
and
5x A

4

6
BW(in degrees) = (7.2.7)
where A, is the effective area of radiating aperture in square meters, A is its physical
area (7rd 2/4, for a reflector antenna dish with its diameter d), « is the efficiency of
antenna (ranges from 0.6 to 0.65), and A is the signal wavelength in meters.

Example 7.3

Calculate the power gain (in dBi) and the half-power beam width of a parabolic
dish antenna of 25 m in diameter that is radiating at 3 GHz.
The signal wavelength and the area of the aperture are

3. 108
R
and
42 25
A= WT = - = 490.8738 m’.

If we assume that the aperture efficiency is 0.6, the antenna gain and the half-
power beam width are found to be

4
G= 0—;2490.8738 -0.6 = 370110.1257 = 1010g(370110.1257) = 55.6833 dBi
and
65 x 0.1
BW = 5 = 0.26 deg.

Radiation Resistance

Radiation resistance is an equivalent resistance dissipating the same amount of
power that an antenna radiates when the current flowing through the resistance is
equal to the current input to the antenna.

Example 7.4

Find the radiation resistance R, .4 of an infinitesimal current element as a function
of its length d/ and the signal wavelength A.
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Since we have already formulated in (7.1.27) an expression for the power that
this current element radiates, we can find R.,q as follows:

1 T dey’ 2mm (de)?
5 117Rag =3”|1|2(A> — Rug :;’(A) :

Since n ~ 1207 Q (=377 Q) for free space, this expression simplifies to

de\?
R4 = 8072 () )
A

Antenna Efficiency

If an antenna is not matched with its feeder, then a part of the signal available
from the source is reflected back. This is considered reflection (or mismatch) loss.
Reflection (or mismatch) efficiency is defined as a ratio of the power input to the
antenna to the power available from the source. Since the ratio of reflected power
to the power available from the source is equal to the square of the magnitude of
the voltage reflection coefficient, the reflection efficiency e, is given by

ey = 1- |F|2»

where

I" = Voltage reflection coefficient = M,
Zn+7Z,

Zx is the antenna impedance, and Z, is the characteristic impedance of the feeding
line.

Besides the power loss due to mismatch, a signal energy may dissipate in an
antenna because of an imperfect conductor or dielectric material. These efficiencies
are hard to compute. However, the combined conductor and dielectric efficiency e.q
can be experimentally determined after measuring the input power P;, and the
radiated power P,,q. This is given as:

Prad
Pin )

€cd =
The overall efficiency e, is a product of the efficiencies above. Therefore
e, = € ecq. (7.2.8)

Example 7.5

A 75 Q transmission line feeds a lossless one-half wavelength long dipole
antenna. If the antenna impedance is 73 () and its radiation intensity U(6, ¢) is
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given as follows, find the maximum overall gain:
U = B, sin’ (6).

The maximum radiation intensity, Upax, is B,, which occurs at 6 = 77/2. The
total radiated power is found to be

2 e
Prg = J J By sin® 0 sinfdfd¢ = 3 2B,
0 Jo

Hence

Unon _ 478y 16 _ ) (007

D0=47T :27:
Paa  37w*B,/4 3w

or
D,(dB) = 10 log,,(1.6977)dB = 2.2985 dB.

Since the antenna is lossless, there is no conductor or dielectric loss. Therefore its
radiation efficiency e.q is unity (0 dB). However, there is power loss due to its
mismatch with the feeding line. The mismatch efficiency is computed as follows:

The voltage reflection coefficient at the input of antenna is found to be

Za—Z, T3-75 2
T Za+Z, T34+75 148

r = —0.0135.

The mismatch efficiency of this antenna then is
e = 1 —(0.0135)* = 0.9998 = 10 log,,(0.9998) dB = —0.0008 dB.

The overall gain G, (in dB) is obtained as:

Go(dB) = 2.2985 — 0 — 0.0008 = 2.2977 dB.

Bandwidth

Antenna characteristics, such as gain, radiation pattern, and impedance are fre-
quency dependent. The bandwidth of an antenna is defined as the frequency band
over which its performance with respect to some characteristic (HPBW, directivity,
etc.) conforms to a specified standard.

Polarization

The polarization of an antenna is same as the polarization of its radiating wave. As
considered in Chapter 4, it is the property of an electromagnetic wave describing the
time-varying direction and relative magnitude of an electric field vector. The curve
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traced by an instantaneous electric field vector over time is the polarization of that
wave. The polarization characteristics are summarized below for the ready reference:

- Linear polarization. If over time the tip of the electric field intensity traces a
straight line in some direction, then the wave is linearly polarized.

Circular polarization. If over time the end of the electric field traces a circle in
space then the electromagnetic wave is circularly polarized. Further the wave
may be right-handed circularly polarized (RHCP) or left-handed circularly
polarized (LHCP), depending on whether the electric field vector rotates clock-
wise or counterclockwise.

Elliptical polarization. If over time the tip of the electric field intensity traces
an ellipse in space, then the wave is elliptically polarized. As in the preceding
case, the wave may experience either right-handed or left-handed elliptical
polarization (RHEP and LHEP).

In areceiving system the polarization of the antenna and the incoming wave need to
be matched for maximum response. When this is not the case, there will be some
signal loss, which is known as polarization loss. For example, if there is a vertically
polarized wave incident on a horizontally polarized antenna, then the induced
voltage available across the terminals will be zero. In this case the antenna is charac-
terized as cross-polarized with an incident wave. The square of the cosine of the
angle between the wave-polarization and antenna-polarization is a measure of the
polarization loss. It can be determined by squaring the scalar product of the unit
vectors representing the two polarizations.

Example 7.6

A uniform plane electromagnetic wave propagating in the z direction is incident
upon an antenna that is polarized as follows:

E(F) = G+ HE().
The electric field intensity of the incoming electromagnetic wave is
E(?, 1) = JE, cos(wt — kz) V/m.
Find the polarization loss factor.

In this case the incident wave is linearly polarized along y-axis whereas the
receiving antenna is linearly polarized at 45° from it. Therefore one-half of the
incident field is cross-polarized with the antenna, and its polarization loss can
be found as follows:

The unit vector along the polarization of incident wave is

up =Y.
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The unit vector along the antenna polarization is

A

G )
Uy = —=(x .
20
Hence the polarization loss factor is
|it - fa)*= 0.5 = —3.01 dB.

Effective Isotropic Radiated Power

Effective isotropic radiated power (EIRP) is a measure of the power gain of an
antenna. It is equal to the power that an isotropic antenna needs to provide the same
radiation intensity at a given point as the directional antenna. If the power input to
the feeding line is P, and the antenna gain is G, then EIRP is defined as follows:

PG,

EIRP = ,
L

(7.2.9)

where L is the input-to-output power ratio of a transmission line that connects the
output of the transmitter and the antenna. It is given by

L 7.2.10)
PZm[ (
Alternatively, the EIRP can be expressed in dBW as follows:
EIRP(dBW) = P,(dBW) — L(dB) + G(dB). (7.2.11)

Example 7.7

A transmitter has 1 kW power at the output of its final high-power amplifier. If
the gain of the transmitting antenna is 60 dB and its feeding line has an attenu-
ation of 20%, find the EIRP in dBW.

P, =1000W = 30dBW,

P = 0.8 x 1000 = 800 W,
G, = 60dB = 10°,

and

1000
= — =125 =10 log(1.25) = 0.9691 dB.
%00 5 =10 log(1.25) = 0.9691 d

Hence

EIRP(dBW) = 30 — 0.9691 + 60 = 89.0309 dBW,
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or

1000 - 106
EIRP = 5 = 800 - 10° W = 89.0309 dBW.

Space Loss

A transmitting antenna radiates in all directions depending on its radiation character-
istics. However, a receiving antenna receives only the power that is incident on it.
Hence the rest of the power is not used and is lost in space. It is regarded as space loss.

Space loss can be determined as follows: The power density w, of a signal trans-
mitted by an isotropic antenna is given by

T 42

Wy W/m?, (7.2.12)

where P, is the transmitted power in watts and r is the distance from the antenna in
meters. The power received by a unity gain antenna located at r is found to be

Py = wheu, (7.2.13)

where A., is the effective area of an isotropic antenna.
From (7.2.6), for an isotropic antenna

4
G="7Au=1,
or
/\2
Aeu == ET .
Hence (7.2.13) can be rewritten as
P, A
Pp=—us - —, 7.2.14
" 4AmR? 4 ( )
and the space loss ratio is found to be
P A
—=—]). 7.2.15
This is usually expressed in dB as follows:
A
S 1 tio = 20 1 —— | dB. 7.2.16
pace loss ratio 0g10(47TR> ( )

Example 7.8

A geostationary satellite is 35860 km away from the earth’s surface. Find the
space loss ratio if it is operating at 6 GHz.

R = 35860000 m
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and
3.108
A= 6100 = 0.05 m.
Hence
0.05

2
Space loss ratio = ( > =1.2311 x 1072° = —199.1 dB.

47 - 35860000

7.3 LINEAR ANTENNAS

Equation (7.1.16) gives the magnetic vector potential due to a z-directed infinitesi-
mal current element located at the origin. This can be generalized easily for the
z-directed current source located at 7’ as follows:

—jkR

A, = J wJ; dv, (7.3.1)
v

where R = |7 — 7”\ is the distance from source point to the field point (observation

point) as shown in Figure 7.4. In the figure the primed coordinates represent the

source point, the unprimed coordinates are the field points.

Similar expressions can be used for the x- and y-directed current sources. A gen-
eral formulation based on the impulse response (Green’s function) and the super-
position integral are summarized in Appendix B. A general expression for the
magnetic vector potential is

. L eJkR
A(F) = dv'. 732
® JV/”“J gt (7.32)
Z
A v
JZ

=i

T T >y 2
T(x', Y, Z')T

=

X

Figure 7.4 Coordinate system used for fields due to a z-directed current source.
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In this section we consider the radiation characteristics of only thin linear antennas.
We assume that the antenna is a thin wire lying along the z-axis and carrying a
current I, with x’ =y ~ 0. Hence (7.3.1) can be simplified by the coordinate
geometry illustrated in Figure 7.5.

Consider an incremental length dz’ of thin linear wire antenna centered on point
(0, 0, ). The coordinates of the field point are (x, y, 7). Therefore the separation R
between the source and the field points is found to be

R:}7—7/|:\/x2+y2+(z—z’)2

= V2 +y2 +22 =277+ 72 =12 —27rcos 0+ 22

Here we have switched the field point (unprimed) coordinates from rectangular to
spherical coordinates. Using binomial expansion (formula 47 in Appendix A) and
simplifying it we obtain

Z/2 /

3
R=r—7cos 0+ sin 0+~ cos B sin® +---. (7.3.3)
2r 2r3

Since r >> 7/, the magnitude of A in (7.3.1) is not significantly altered if we keep just
the first term of this expansion as the approximate value of R. However, we also keep
the second term in its phase term e Jkseost pecause it contributes significantly. For
example, if 7'cos 6 changes from O to A/2 (where A is the signal wavelength),
then e 7*¥°°% changes from 1 to —1. As illustrated in Figure 7.5b, this approxi-
mation leads to ¥ &~ 6. Hence (7.3.1) is approximated as follows for determining
the field radiated by a linear antenna:

" 2 .
A, = J 1(Z)e* s g7 (7.3.4)
d7r —0/2
z Z A
A A \\.(x, y, Z)
¥, 2) \\(r, 0. 9)
”213 R r, 6. 9) )
I
dz’_§£(0,0,7) $
-T 7 7\
[] 7 O\ 7
>y » >y
N
7 cos@
X X
-l2 -2
(@) ()

Figure 7.5 Linear antenna geometry (a) and an approximation of its radiation analysis ().
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After (7.3.4) is evaluated for a given current distribution on a linear antenna, its
fields are found from (7.1.2) and (7.1.3). Alternatively, (7.1.24) and (7.1.25) can
be used as the radiated fields from an infinitesimal element that is integrated
over the length of the linear antenna. To use this approach, we need to define the
incremental electric field in the radiation zone via (7.1.25). The approximation
proceeds as follows:

> ~ nkld7 sin _, .
AEqq ~ 49j%e_’k’eﬂ‘z cosf, (7.3.5)
Therefore
. jmksing _, [Y? o
Epq~ 0 JnKsin e—jer I(Z/)e/kz cos HdZ/. (7.3.6)
dar —£/2

Since the current must be zero at the ends of the thin wire, the following
distribution of current is usually assumed for a center-driven linear antenna.
Assume that the peak value of the current is /,. Then

¢ ¢ ¢
1(Z) =1, sin|:k<2 - |z’|>], -3 = 7 < 3 (7.3.7)
Hence

- ~jmklysin® . (7 14 o
Epa=10 %e—jkrj Sil’l|:k<2 - |Z/|)i|€jkZ cos odZ/. (7.3.8)

aur —2/2

This integral can be evaluated with the help of integration formula 28 in Appendix A.
Alternatively, because the sine function in the integrand of (7.3.8) is an even func-
tion (because of |7/|) and exponential term can be split into even and odd terms via
Euler’s formula (equation 24 in Appendix A), this integral can be simplified to

- ~ imkl, si (42 ¢
Eoa=6 w)eﬂkrzj sin [k( - z’>:| cos(kz cos 0)d7. (7.3.9)
4y 0 2

Now this integral can be easily evaluated using software with symbolic mathematics
capability (e.g., Mathcad®). This gives

E»md _é jnl, ik cos[(k€/2) co§ 0] — cos(kf/2) ‘ (7.3.10)
2ar sin 6
The corresponding magnetic field can be found from (7.1.26) as follows:
A= d; &e_jk’ cos[(k€/2) cos 0] — cos(k€/2) . 7.3.11)

27r sin 0



7.3 LINEAR ANTENNAS 289

Therefore the radiation power density (power flow per unit area) W ,q is found
to be

(7.3.12)

nl2 {cos[(ké/Z) cos 0] — cos(kﬁ/Z)}2
Wiaa = .

8m2r2 sin 0
The radiated power P4 can be obtained now:

T 2
Prd = J J Wyaar? sin 0d0dep
6=0 J $p=0

_ g JW [cos[(k€/2) cos 6] — cos(kt/ 28 4o, (7.3.13)
47 ) oo sin O

At this point we consider a special case where the total length of the antenna is
equal to one-half of the signal wavelength:

A ke 1 27 A
/N
2 2 2 A 2 2
Therefore (7.3.10) through (7.3.13) reduce to
. ~inl, . 2)cos 6
Erg = 0 212 ¢ cosl(m/2)cos 6] (7.3.14)
27r sin 6
. ~ il 2)cos 6
Hia = ¢ ]—"e""’M, (7.3.15)
27r sin 6
2
nI2  [cos[(m/2)cos 6]
Wonqg = , 7.3.16
0T S22 { sin 6 ( )
and
2
12 (™ {cos[(7/2)cos O 12
J J { [(W/. ) I 46 =" . 12186. (7.3.17)
41 ) oo sin 6 4

Note that this definite integral requires numerical integration. It can be easily
carried out on a programmable calculator. The radiation resistance R4 can
then be found as follows:

i 0.6093

1
—I’Ryg = Praa = ~2-1.2186 — Rpg = ———nQ =73.1 Q. (7.3.18)
ar

2°° 4

Radiation patterns of selected linear antennas are shown in Figure 7.6.
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Figure 7.6 Radiation patterns of linear antennas on the ¢ = 0 plane.

Next, the directivity D, of a half-wavelength dipole can be found from (7.2.1),
(7.2.2), (7.3.16), and (7.3.17) as follows:

u. s [eosltm/DeosO))*| - _ mig
max T g2 sin 0 82
max
and
12 /852
_ nly /87 — 1.6412. (7.3.19)

D, = -
Tni2/4m) - 12186 1.2186

74 ANTENNA ARRAYS

Consider an array of two infinitesimal current elements along the x-axis, as shown in
Figure 7.7. The separation between the two elements is d. Using (7.1.25), we can
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y
A

P x

Figure 7.7 Linear array of two antennas along the x-axis.

express the total radiated electric field on the x-y plane (i.e., § = 90°) as follows:

Ey

ikIde [ . e~ikn gk
_Jn [eme ¢ } (7.4.1)

4ar r )

As indicated in Figure 7.7, the field point is far away from the two sources such
that the two signal paths can be assumed to be almost parallel. Therefore the
distances r; and r, are assumed to be equal in the two magnitude terms. However,
1, is approximated by r; — d cos ¢ in the phase term (similar to the approximation
used for linear antennas in the preceding section) for better accuracy. As a result
(7.4.1) reduces to

_ jmkldt
T 4w ¢
_ jmkldt
T 4w

Ey 7j(kr1*al)[1 4 eflar—a) | jkd cos qb]

e*j(krlfal)[l +ej(kdcos¢+a)]’ (742)

where a = a, — a;.

A comparison of the multiplying coefficient on the right-hand side of (7.4.2) with
that of radiation field given in (7.1.25) shows that the two are identical. This term is
called the element factor, and the remaining term (inside the square brackets) is
called the array factor (AF'). Hence

AF =1+ ej(kd cos p+a) _ ej(kd cos p+a)/2 [efj(kd cos p+a)/2 + ej(kd cos (bJra)/Z]

— Dpltkdcos pta)/2 (kd COS;[’ + CY)'
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For kd cos ¢ + a = i this relation can be expressed as follows:

AF = 2¢/V? Cos<;b). (7.4.3)

Note that the e/*/? term in AF reduces to 1 if the reference is moved to the center of
the array. Since the maximum possible magnitude of AF is 2, it can be normalized as
follows:

AF, = M = cos (f) (7.4.4)

2

The array factor depends only on the separation between the two radiators and the
relative phase of their excitation. If we use different antennas in place of infinitesi-
mal current elements, only the element factor will change. The total radiated field is
found after multiplying the new element factor by the array factor of (7.4.3). This is
known as the principle of pattern multiplication, which states that the radiation
pattern of an array is the product of the element factor of an individual antenna
with the array factor.

Example 7.9

Find the radiation field pattern on the x-y plane of a two-element short dipole
array with in-phase excitation (i.e., « = 0) and d = 0.5A.
From (7.4.4) we have

_ AN kdcos+ a\ 27rd a) T
AFH—C0S<2)—COS< 5 = cos N coscﬁ—i—2 _cos<2cos¢).

This AF, is displayed in Figure 7.8. Since the element factor in this case is simply
a circle, the radiation pattern of this array is simply the array factor shown. Note
that the maximums are at ¢¢ = +90° and nulls along the +x-axis (i.e., ¢ = 0°
and 180°). This characteristic of the pattern can be explained easily via wave
propagation as follows: Since the two antennas are excited in-phase (i.e.,
a = 0), waves reaching in the direction of ¢ = +90° from the two antennas
are added. The two cancel out along the + x-axis because of d = 0.5\ (hence
the phase delay of 180° of the wave arriving at one antenna from the other).
This kind of arrangement is known as a broadside array.

Example 7.10

Find the radiation field pattern on the x-y plane of a two-element short dipole
array with &« = 7/2 and d = 0.25A\.
In this case (7.4.4) gives

27rd -A
AF, = cos(f) = cos(zﬂ)-\coscb + l;) = 005(2.4 cos ¢ + Z)

= cos(j{ cos ¢ + g)
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oo

270°

Figure 7.8 Pattern of a two-element linear array of Example 7.9 on the x-y plane.

This AF, is displayed in Figure 7.9. As before, AF, represents the radiation
pattern of this array because the element factor is simply a circle. Note that
there is only one maximum in this case occurring at ¢» = 180° and a null along
the x-axis (i.e., ¢ = 0°). This characteristic of the pattern can be explained
easily via wave propagation as follows: Since the second antenna is excited by
the /2 phase advanced with respect to the first antenna and the separation d

90°

0 050 00t

o,

270°

Figure 7.9 Pattern of a two-element linear array of Example 7.10 on the x-y plane.
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introduces a phase delay of 7/2, the waves from the two antennas cancel out each
other along ¢ = 0°. However, the two waves are added up along ¢ = 180°. This
kind of arrangement is known as an end-fire array.

Example 7.11

Find the radiation field pattern on the x-y plane of a two-element short dipole
array with @ =— /2 and d = 0.25A.
In this case (7.4.4) gives

. AN kdcos ¢+ o\ T A T
AFn_cos<2>_cos( 5 = cos /\.4005(75 7

= cos <Zcosd>—Z).

This AF,, is displayed in Figure 7.10. As before, it represents the radiation pattern of
this array because the element factor is simply a circle. Note that this time there is
only one maximum occurring at ¢ =0° and a null along the —x-axis (i.e.,
¢ = 180°). Since the second antenna is excited by a 7r/2 phase delay with respect
to the first antenna and the separation d introduces a phase delay of 77/2, waves from
the two antennas cancel out each other along ¢ = 180°. However, the two waves are
added up along ¢ = 0°. This is another end-fire array arrangement.

These examples demonstrate a few significant characteristics that have a number
of practical applications. The radiation beam width (or HPBW) of the array is much
smaller than that of the individual antenna. This plays important role in many

90°

180°

T

270°

Figure 7.10 Pattern of a two-element linear array of Example 7.11 on x-y plane.
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applications including the radar and point-to-point communication systems. Note
that separation d between the elements is the same in Examples 7.10 and 7.11. How-
ever, the radiation beam peaks along +x in one case and along —x in the other. This
occurs only because the excitation phase « changes from — /2 to /2. Because of
this phenomenon the main beam can be moved electronically from one location to
other continuously as we vary «. It is by this principle that the phased array radar
works to track various targets without mechanically moving its antenna system.

Example 7.12

Find the radiation field pattern on the x-y plane of a two-element short dipole
array with in-phase excitation (i.e., @« = 0) for d = 0.5, 0.9A, 1A, and 2A.
In this case (7.4.4) gives

AF, = cos(f) = COS(deOS;‘[)—i—a) = COS(TX dcos d)).

This relation is graphed in Figure 7.11 for four different cases with —7 < ¢ < 7.
As the figure shows, there are two broadside main lobes (peaks) for d = A/2. As
the separation increases to 0.9, the broadside lobes become narrower. However,
there is another lobe located at ¢ = 0 with a peak strength of over 0.9. The main
lobes on the broadside further narrow down as the separation between the two
elements increases. However, the strength of the lobe at ¢» = 0 not only becomes
equal to that of the main lobe, but also there are two more lobes of equal strength
for d = 2A. The extra lobes with main beam strengths are referred to as grating
lobes. In most applications only one main lobe with narrow beam width is
desired. This example indicates that the element separation must be kept smaller
than a wavelength to avoid grating lobes.

Figure 7.11 Pattern of a two-element linear array of Example 7.12 on x-y plane.
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Linear Array of N Elements

Consider an array of N uniformly spaced antennas, as shown in Figure 7.12. The
excitation magnitude is assumed to be same, but there is a progressive phase
increase. As in the preceding analysis of a two-element array, we can find
the array factor as follows:

N
AF =1+ ej(kdcos b+a) + ej2(kdcos b+a) Feet e_i(N—l)(kdcos dta) _ Ze.i(ll—l)(kdcos d+a)

n=1

or
N .
AF=> """, (7.4.5)
n=1
where
Yy=kdcosp+ a. (7.4.6)

Equation (7.4.5) represents a geometric series that can be added (see Appendix A,
formula 46) to get

=iV U2 (VB2 NV Sin(Nyy2)
=e

AF = — = - - = TP
1 —eit eIP2(e=i/2 — i¥/2) sin(y/2)

(7.4.7)

If the reference point is moved to the midpoint, the phase shift term (first coeffi-
cient) disappears. Therefore (7.4.7) reduces to

Fo sin(Nys/2)
© sin(y/2)

(7.4.8)

y
A
d=dcos¢
. r
/ \
5 N
\
N R
\\ ¢

|<— d —;|<— d —44————- ) g

Figure 7.12 Linear array of N antennas.
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The maximum value of this array factor is found to be N, which occurs when ¢y = 0.
Hence the normalized array factor is found to be

Fy= S0 WV/2) (7.4.9)

Nsin(/2)
When the number of antenna elements N is large (typically 10 or so), the sine term in
the denominator varies much more slowly around ) = 0 in comparison with the
numerator. Therefore (7.4.9) can be approximated around the maximum at ¢y =0
as follows:

__sin(Ny/2)
AN

Note that —1 < cos¢ < 1, and therefore —kd + @ < ¢ < kd + «. This is called the
visible range of the array. As we saw in Example 7.12, grating lobes are possible if
the element separation d is larger than a wavelength.

The array factor peaks whenever the signals radiated from various antennas
arrive in phase (constructive interference of waves). However, it falls when the
signals arriving are out of phase (destructive interference of waves). The maximums
occur at

(7.4.10)

sin(f):O:sin(imﬂ'), m=0,1,2,....

Therefore
] A
kdcos¢dp,+ a= +2mm — ¢, =cos™ |— (+2mm— @) ]|. (7.4.11)
P P 27rd

The peaks occur at ¢ = ¢,. The major maximum occurs at m = 0. There are smaller
peaks that are called side lobes occurring whenever the numerator of AF is maxi-
mized. This happens when

N N
sin(M) — 41 o Ndeosd + )= +@p+ DT p=1.23...
2 2 P 2
Hence
A T
cos == I:i(2p +13- a], (7.4.12)

277

or

a4 A T
¢, = cos I{W[i(Zp—i-l)z—a]}. (7.4.13)
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Alternatively, (7.4.12) can be expressed as follows:
A
sm( ¢>p) [+(2p n 1)— - a] (7.4.14)
Therefore

_ T A m_
gy =5 — sin {2 d[+(2p+l) a” (7.4.15)

Note that the maximum of the first minor lobe occurs at p = 1. Therefore

N
5 dcos gy + ) ~ & 37 — kdcos b + WW (7.4.16)
Further the peak magnitude of the first side lobe is found to be
in(N/2 2
AF,| ) ~ sin(Vi/2) == —02122. (7.4.17)
NY/2  wypy=t3mpn 3T

Since the maximum value of the normalized AF is unity, the first side lobe is fairly
small. It can be expressed in dB as follows:

2
AF, = 2010g(> = —13.4648 dB. (7.4.18)
P1(dB) 3

The array factor is zero at

N
sin(lll) =0 =sin(+nm), n=123,...,butn#N,2N,3N,....

2
Therefore
2 A 2
kd cos ¢ + a|¢:¢: = i% — ¢Z = cos™! |:27Td <i]r\l;7— a>i| (7.4.19)
The principal lobe maximum occurs at m = 0. Hence
1f A
d’max = €08 1(2’776[) (7.4.20)

The HPBW (3 dB beam width) of this array can be found if we can determine
¢ = ¢, when peak power reduces by one-half. Therefore

kdcosth—i-a

sin(Ny/2)\
(Ve ) |,

Ny/2

1 .
:—>s1n< kdcosq&,]—i-a) \/,2

=0,
(7.4.21)
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Equation (7.4.21) can be solved numerically using software (or a graphing
calculator) to find

N A 2.7832
E(kdcoscbh—i—a): +1.3916 — cos ¢, :277d<i N —a) ZSin(%T—%)-

Therefore

A 2.7832 A 2.7832
(bh:cos_l[m<i N —a>:|:;—sin_l|:2ml<i N —a>:| (7.4.22)

and

HPBW =2, — |- (7.4.23)

As we saw earlier with the two-element array, there are two special cases of particu-
lar interest: broadside and end-fire arrays.

Broadside Arrays
For a =0, (7.4.11) gives
aa

p=kdcosp,=0 —cosp, =0 — ¢, = i2

(7.4.24)

Therefore, if the antennas are excited in phase, the main beam is on the broadside for
all N and d. However, there will be grating lobes in the visible range if the separation
between the elements is larger than a wavelength.

End-Fire Arrays
For o« = —kd, (7.4.11) gives

p=kdcos¢p, —kd =0 — kd(cosp, —1) =0 - cosp, =1 — ¢, =0.
(7.4.25)
Similarly, if @ = kd, then from (7.4.11) we have
p=kdcos¢p,+kd =0 — kd(cosp,+1) =0 —> cosp, = -1 = ¢, =
(7.4.26)

These two cases give the end-fire arrays with two elements considered in Examples
7.10 and 7.11.
Example 7.13

Find the phase of excitation for an 8-element array that has its main beam at 60°
from the array’s axis. Let the separation between the elements be 0.3183A.
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AL >

1 2 3

Figure 7.13 Radiation patterns of the array in Example 7.13.

How will this change if only four elements are used instead? Plot the array pat-
terns for both cases.

Assume that the array is along the x-axis. Therefore, for the main beam at
¢, = 60°,
27-0.3183A

p=kdcosp,+a=0 - a=— X

cos(60°) = —1.

The normalized array factor for 8 elements is found to be

_ sin(Ny/2)  sin(8cos ¢ — 4)
"7 Nsin(/2) ~ 8sin(cos ¢ —0.5)

When there are only 4 elements in the array, the array factor changes to

_sin(N¢/2)  sin(4cos ¢ —2)
"7 Nsin(y/2)  4sin(cos ¢ — 0.5)°

AF,

Figure 7.13 shows the array patterns for both cases.

7.5 FRIIS TRANSMISSION FORMULA AND THE
RADAR RANGE EQUATION

The analysis and design of communication and monitoring systems often require an
estimation of transmitted and received powers. The Friis transmission formula and
the radar range equation provide the means for such calculations. The former is
applicable to a one-way communication system where the signal transmitted at
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one end is received at the other end of the link. In the case of the radar range equation
the transmitted signal hits a target, and the reflected signal is generally received at
the location of transmission. We consider these two formulations in this section.

Friis Transmission Equation

Consider the simplified communication link illustrated in Figure 7.14. A distance R
separates the transmitter and the receiver. The effective apertures of the transmitting
and receiving antennas are A and A.,, respectively. Further the two antennas are
assumed to be polarization matched.

If the power input to the transmitting antenna is P, then isotropic power density
W, at a distance R from the antenna is given as follows:

Ptet
Wo = s
° " 4mR?

(7.5.1)

where e, is the radiation efficiency of the transmitting antenna. For a directional
transmitting antenna, the power density w, is found to be

_ PGy _ PreDy
" 4mR? T 4AmRY’

(7.5.2)

Wi

where G, is the gain and D is the directivity of transmitting antenna. The power col-
lected by the receiving antenna is

P, = Agwy. (7.5.3)
From (7.2.6),
)\2
A = —G;, (7.5.4)
4ar

where the receiving antenna gain is G,. Therefore from (7.5.2) through (7.5.4)
we have

A2 A . PG
P.=—Gw =—0G;
4 " 49 4mR?

Transmitter Receiver

Figure 7.14 Simplified block diagram of a communication link.
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or

P, A\ A\
Ft = (477R) GG = ereq (477'R> D, D;. (7.5.5)

If the signal frequency is f, then for a link in free space we find that

47R  4mfR’

A 3108

where fis in Hz and R is in meters.

Generally, the link distance is long and the signal frequency is high such that kilo-
meter and megahertz are more convenient units than the usual meter and hertz,
respectively. For R in km and fin MHz, we find that

A 3.10° _ 03 1
4R o 4qr- 106 'fMHz . 103 . ka o dar fMHz . ka )

Hence (7.5.5) may be expressed as follows:

0.3
P.(dBm) = P(dBm) + 20 10g10<4> — 201log,o( fmaz Rkm) + Gi(dB) + G,(dB),

v
or

P.(dBm) = P(dBm) + G(dB) + G,(dB) — 2010g,o( furiz Rkm) — 32.4418, (7.5.6)

where the transmitted and received powers are in dBm while the antenna gains
are in dB.

Example 7.14

A 20 GHz transmitter on board a satellite uses a parabolic antenna that is 45.7 cm
in diameter. The antenna gain is 37 dB and its radiated power is 2 W. The ground
station, which is 36941.031 km away from the transmitter, has an antenna gain of
45.8 dB. Find the power collected by the ground station. How much power will
be collected at the ground-station if there are isotropic antennas on both sides?
The transmitted power P, (dBm) = 10 log;¢ (2000) = 33.0103 dBm, and

2010g,o( fuirz Rim) = 2010g,4(20 - 10* - 36941.031) = 177.3708 dB.
Hence the power received at the earth station is found as follows:

P.(dBm) = 33.0103 + 37 +45.8 — 177.3708 — 32.4418 = —94.0023 dBm,
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or
P, =3.979- 107" mW.
If the two antennas are isotropic, G; = G, = 1 (or 0 dB), and therefore
P.(dBm) = 33.0103 4+ 0 4+ 0 — 177.3708 — 32.4418 = —176.8023 dBm,

or

P, =2.0882- 10" mW.

Radar Equation

In a radar system the transmitted signal is scattered by a target in all possible direc-
tions. The receiving antenna collects part of the energy that is scattered back toward
it. Generally, a single antenna is employed for both the transmitter and the receiver,
as shown in Figure 7.15.

If the power input to a transmitting antenna is P, and its gain is G, then the power
density wj,. incident on the target is

PG _ PAa
47R2  \2R?’

(7.5.7)

Wine =

where A is the effective aperture of the transmitting antenna.

The radar cross section o of an object is defined as the area intercepting that
amount of power that, when scattered isotropically, produces at the receiver a
power density that is equal to that scattered by the actual target. Hence

Scattered power )
m

Radar cross section = — -
Incident power density

Transmitter

Circulator Antenna

Receiver

Figure 7.15 Simplified block diagram of a radar system.
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TABLE 7.1 Radar Cross Sections of Selected Objects

Radar Cross
Object Section (m?)
Pickup truck 200
Automobile 100
Jumbo-jet airliner 100
Large bomber 40
Large fighter aircraft 6
Small fighter aircraft 2
Adult male 1
Conventional winged missile 0.5
Bird 0.01
Insect 0.00001
Advanced tactical fighter 0.000001
or
2
o= FTRW: (1.5.8)
Wince

where w;, is the isotropically backscattered power density at distance R and wy, is the
power density incident on the object. Thus the radar cross section of an object is its
effective area, which intercepts an incident power density w;,. and gives an isotro-
pically scattered power of 47R *w, for a backscattered power density. Radar cross
sections of selected objects are listed in Table 7.1.

From the radar cross section of a target the power intercepted by the object can be
found as follows:

(TPtG[

—_—. 7.5.
47R? (7:59)

Pinc = O Winc =

The power density arriving back at the receiver is

Pin
Wscatter = FI;Z’ (75 10)
and the power available at the receiver input is
GN 0P Gy 0AcAP
4m(4mR?)?  AmNRY

(7.5.11)

P = AgWscatter =

Example 7.15

As shown in Figure 7.16 a distance of 100 A separates two lossless X-band horn
antennas. The reflection coefficients at the terminals of the transmitting and
receiving antennas are 0.1 and 0.2, respectively. The maximum directivities of
the transmitting and receiving antennas are 16 and 20 dB, respectively.
Assume that the input power in the lossless transmission line connected to the
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—<<— 100% —>>‘

Transmitter i . Receiver
P={1-|TP} Ps Py= {1~} Pg [ Receiver |

Figure 7.16 X-band communication link for Example 7.15.

transmitting antenna is 2 W, and that the two antennas are aligned for maximum
radiation between them and are polarization matched. Find the power input to the
receiver.

As discussed in Chapter 5, an impedance discontinuity generates an echo
signal very similar to that of an acoustical echo. Hence the signal power available
beyond the discontinuity is reduced. The ratio of the reflected signal voltage to
that of the incident is called the reflection coefficient. Since power is proportional
to the square of voltage, the power reflected from the discontinuity is equal to the
square of the reflection coefficient times the incident power. Therefore the power
transmitted in the forward direction will be given by

P =1 —[LPP.
The power radiated by the transmitting antenna is then found to be
Pi={1-0.1}2=1.98W.

Since the Friis transmission equation requires antenna gain as a ratio instead of in
dB, G, and G; are calculated as follows:

G, = 16dB = 10"% = 39.8107,
G, = 20dB = 10*° = 100.

Hence from (7.5.5) we get

A 2
Pr=(—2—) - 100-39.8107 - 1.98,
\ (477'100)\) 00 -39.8107 - 1.98

or
P, =5mW,

and the power delivered to the receiver, Py, is
Py =(1—-02%5=48mW.

Example 7.16

Radar operating at 12 GHz transmits 25 kW through an antenna of a 25 dB
gain. A target with its radar cross section at 8 m* is located at 10 km from
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the radar. If the same antenna is used for the receiver, determine the received
power.

P, = 25kW,
3.108
G, = G, = 25dB — 10*° = 316.2278,
R = 10km,
o= 8m>.
Hence
G,GP.oA*  316.22782 - 25000 - 8 - 0.0252
p= T S — 6310 W,
4m(47R?) (4m)’- (104
or

P, = 0.63 pW.

Doppler Radar

An electrical signal propagating in free space can be represented by the simple
expression

v(z, t) = A cos(wt — kz). (7.5.12)

The signal frequency is w radians per second, and & is its wavenumber (equal to w/c,
where c is speed of light in free space) in radians per meter. Assume that there is a
receiver located at z = R, as shown in Figure 7.14, and R is changing with time
(the receiver may be moving toward or away from the transmitter). In this situation
the receiver response v,(t) is given as follows:

Uo(f) = V cos(wt — kR). (7.5.13)

The angular frequency w,, of v,(t) can be easily determined after differentiating the
argument of the cosine function with respect to time. Hence

dR

. S.14
I (7.5.14)

d
woza(wt—kR): w—k
Note that & is time independent, and the time derivative of R represents the velocity,

v, of the receiver with respect to the transmitter. Hence (7.5.14) can be written as
follows:

w(,zw——zw(l——>. (1.5.15)
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Figure 7.17 Simplified block diagram of a Doppler radar.

If the receiver is closing in, then v, will be negative (negative slope of R), and
therefore the received signal will indicate a signal frequency higher than w. On
the other hand, it will show a lower frequency if R is increasing with time. It is
the Doppler frequency shift that is employed to design the Doppler radar.

Consider the simplified block diagram of the radar illustrated in Figure 7.17. The
microwave signal generated by the oscillator is split into two parts via the power
divider. The circulator feeds one part of this power to the antenna that illuminates
the target while the mixer uses the remaining fraction as its reference signal. Further
the antenna intercepts a part of the signal that is scattered by the object. It is then
directed to the mixer through the circulator. The output of the mixer includes a
difference frequency signal that can be filtered out for further processing. The two
inputs to the mixer will have the same frequency if the target is stationary, and there-
fore the Doppler shift dw will be zero. The mixer’s output will have Doppler
frequency if the target is moving. Note that the signal travels twice over the same
distance, and therefore the Doppler frequency shift in this case will be twice that
found via (7.5.15). Mathematically

W, = w(l —%> (7.5.16)

c

and

Sw =", (7.5.17)

PROBLEMS

7.1. A 2 cm long Hertzian dipole antenna is located at the origin of the spherical
coordinates. It carries a current of 2 A at 10 MHz. Find the power density per
unit area that leaves a spherical surface of 1 km radius. Plot its normalized
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7.2.

7.3.

74.

7.5.

7.6.

7.1.

7.8.

7.9.

7.10.

7.11.

7.12.

SOURCE IN INFINITE SPACE
characteristics (divide by the maximum power per unit area) on ¢ = 90° and
0 = 90° planes.

Calculate the power gain (in dBi) and the half-power beam width of a para-
bolic dish antenna of 35 m in diameter that is radiating at 5.9 GHz.

Find the radiation resistance R,,q of a 1 cm long current element operating at
10 MHz in free space.

A 50 Q) transmission line feeds a lossless dipole antenna. If the antenna impe-
dance is 76 () and its radiation intensity, U(0, ¢), is given as follows, find the
maximum overall gain:

U(6,¢) = B, sin” 0 cos 6.

A uniform plane electromagnetic wave propagating in the z direction is
incident upon an antenna that is polarized as follows:

EJ(7) = SE(7).
The electric field intensity of the incoming electromagnetic wave is
E(?, 1) = (X + $)E, cos(wt — kz) V/m.

Find the polarization loss factor.

A transmitter has 100 kW power at the output of its final high-power ampli-
fier. If the gain of the transmitting antenna is 15 dB and its feeding line has
an attenuation of 5%, find the EIRP in dBW.

A geostationary satellite is 35,860 km away from the earth’s surface. Find the
space-loss ratio if the satellite is operating at 26 GHz.

Find the radiation field pattern on the x-y plane of a two-element short dipole
array with in-phase excitation (i.e., « = 0) and d = 0.35A.

Find the radiation field pattern on the x-y plane of a two-element short dipole
array with « = 7/2 and d = 0.5A.

Find the radiation field pattern on the x-y plane of a two-element short dipole
array with @ = —77/2 and d = 0.5A.

Find the radiation field pattern on the x-y plane of a two-element short dipole
array with @ = /2 for d = 0.9, 1A, and 2A.

Find the phase of excitation for a 10 element array that has its main beam at
45° from the array’s axis. Assume that the separation between the elements is
0.3183A. How will this change if only four elements are used instead? Plot the
array patterns of both cases.
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7.13.

7.14.

7.15.

7.16.

A 30 GHz transmitter on board the satellite uses a parabolic antenna. Its
gain is 45 dB and the radiated power is 2 W. The ground station that is
36941.031 km away from it has an antenna gain of 50 dB. Find the power col-
lected by the ground station. How much power will be collected at the ground-
station if there are isotropic antennas on both sides?

A distance of 150 A separates two lossless X-band horn antennas. The reflec-
tion coefficients at the terminals of the transmitting and receiving antennas are
0.05 and 0.15, respectively. The maximum directivities of the transmitting
and receiving antennas are 18 dB and 22 dB, respectively. Assuming that
the input power in a lossless transmission line connected to the transmitting
antenna is 2.5 W, and that the two antennas are aligned for maximum radi-
ation between them and are polarization matched, find the power input to
the receiver.

A radar operating at 26 GHz transmits 5 kW through an antenna of a 45 dB
gain. A target with its radar cross section at 4 m? is located 10 km from the
radar. If the same antenna is used for the receiver, determine the received
power.

An AM broadcast station is to be located east of the area it is to serve. Design
an antenna for this station that gives a broad coverage to the west (from SW
through W to NW) with reduced field intensity in the other directions. How-
ever, to obtain FCC approval, the pattern must have a null NE at 120° from
W. The antenna is to consist of an in line array of A/4 vertical elements
oriented along an east—west line. A minimum number of elements must be
used.



ELECTROSTATIC FIELDS

When the electrical charge and current sources remain constant over time, the
associated fields also do not change over time. As (3.2.1) and (3.2.2) indicate, the
electric and magnetic fields become independent in this situation. In other words,
the electrical charge that is constant over time is responsible for the electric
fields, and the electrical current that is constant over time is responsible for the
magnetic fields. These are known respectively, as electrostatic and magnetostatic
fields. This chapter begins with the various laws used to analyze electrostatic
fields. Poisson’s and Laplace’s equations are solved for a few boundary value pro-
blems. Electrical capacitors are considered, and the energy storage in an electrical
field is formulated. A number of practical applications are included throughout
the chapter.

8.1 LAWS OF ELECTROSTATIC FIELDS

The electric scalar potential ¢. due to a volume charge density p, in unbounded
space is found in Appendix B (B.35) as follows:

—jkR

‘ Ve /
b, = dav’, 8.1.1
¢ JV 47eR v ( )

Practical Electromagnetics: From Biomedical Sciences to Wireless Communication.
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where
R=|F—7| (8.1.2)

For an electrical charge that is constant over time, @ — 0 and k — 0. Therefore
(8.1.1) reduces to

pV /
= dv'. 8.1.3
e JV 47reR v ( )

If there is a point charge of Q C located at the origin R = ‘7! =r, then (8.1.3)
gives

Q

darer

b, (8.1.4)

The corresponding electric field intensity can be found from (6.2.16) as follows:

T Py ’ 1 1 /
E=-V¢, =-V dv = —— Vi=)dv. 8.1.5
P JV 4R’ 41re JV Py (R) v ( )

From Example 2.20 we know that

Therefore (8.1.5) simplifies to

- R
E=— — dv'. 8.1.6
4WSJVPVR2 v ( )

The Lorentz force on a test point charge Q, at 7 can found via (3.5.1) as follows:

- - R
F=QE= & J p,—dv. (8.1.7)
\4

If the source of electric field is a point charge Q located at 7, the force of the test
point charge Q at 7 reduces to

Q0

F=R .
41eR?

(8.1.8)

This relation is known as Coulomb’s law. Here it is assumed that the test charge Q, is
small enough such that it does not disturb the electric field produced by Q.
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Example 8.1

A thin circular ring of radius a carries an electrical charge with density p, C/m.
Find the electrical potential and the electric field intensity at a point (0, 0, z) on
its axis.

The field and source points in this case are

F=zz

and

Therefore

R| = [F =7| =Va? + 2.

As shown in Figure 8.1, incremental length along the ring is given by d/ = add'.
Hence the potential at a point on the axis can be found from (8.1.3) as follows:

pedt sz peadd/ _ Pea
o dmeai+ 72 2eal + 22

¢e(07 Ov Z) - J -
c4e|R)|

The electric field intensity is found to be

- .d Ped APN[ z }
EQ0,0,2) =—-V¢, = -7 | —F———=| =27 | 55755 | V/m.
( ) ¢e dz |:28 /2 1+ 2 +Z2:| e (az +22)3/2 /

Example 8.2

A point charge Q of 10 nC is located at point (2, 3, 4). Find the electric field
intensity at (—2, —3, —4) and the force on a charge g of —10 nC at this point.
Position vectors for the field and the source points are

F= 2% 3p— 4

>N

~
~

[N
N ~

&

X

o Y

Figure 8.1 Thin circular ring with uniform charge.
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and
F=2x+3y+4z.
Therefore
R=F—7 =4t —6) -8
and

IR =4 + 6>+ 8 = 116 — |R| = v/116 = 10.7703.
The unit vector R is found to be
R —4%—6)—82

R= Ro 070 = —0.3714% — 0.55719 — 0.74285.

Therefore the electric field intensity due to Q is

> A 1073 N . .
E = Qq R = (—0.3714x — 0.5571y — 0.71282) V/m.
47e|R|? 47e - 116

The force on the test charge g located at R is found to be

4 o (107107
47T8|R|2 o d7e - 116

F=qgE= (—0.3714% — 0.55715 — 0.71282) N.

Example 8.3

A uniformly charged thin conductor is lying along the z-axis, as shown in
Figure 8.2. If the conductor is infinitely long and carries a straight-line charge
density of p, C/m, find its electric field intensity.

Figure 8.2 Geometry of the infinitely long straight-line charge.
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For this geometry the position vectors in the field and the source points are
found to be

7 =pp
and
2/ ~ L
=2z7.
Therefore
R=7—7 =pp—177.

Using (8.1.7) we get

E: 1 Jp R dv’: 1 J~oo pl[ﬁp_iz,]dz/Zf)E +2E
dme |y v|fg|2 4mre | o [p? + 722 P z

Since E, is an odd function of 7/, it goes to zero on integration. However, the
integral associated with E, is an even function of 7' that can be evaluated
using the integration formula 4 of Appendix A to get

peP 5 (7 1 / Pe
Ey=—2| ——=zdi=—"-V
P 4me JO [p? +Z’2]3/2 ¢ 2mep /m

Example 8.4

A uniformly charged disk of radius a lies on the x-y plane, as shown in Figure 8.3.
If the surface charge density on the disk is p, C/ m?, find scalar electrical potential
and the electric field intensity on its axis.

Since 7 = zZ and ¥ = pp,

and ds' = p'dp'dd’.

Figure 8.3 Geometry of the uniformly charged disk.
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Therefore

27 ra / / a /7
'dp'd d
(0,0, 2) = P J J pdp 2¢>1/2 psj LA
dmeo Jo Jy=o (p'? +2%) 280 Jo (P2 4+ 22)

The last integral can be evaluated easily via the integration formula 12 from
Appendix A to get

$.(0,0,2) =

¢ pdp Ps
0 (P2 + D) 2e
o | VE+T -z 220,
T2 | V@ T2 42 z<0.

Note that the sign in front of z is selected such that the potential is zero at + oo.
Now the electric field intensity can be found as follows:

[(p/z + Zz)l/z](:/zo

«/%_1’ z>0,
E(0,0,2) = —V.(0,0, z) = —Z*¢e— P ) Vat+z
260 | = _ 41, z<o.
N
Therefore
1_; z>0
- > > 0,
E0,0,7) = Var+72
280 1_}_;’ ZEO

Example 8.5

Two equal and opposite point charges +¢q and —g are separated by a small
distance d, as shown in Figure 8.4. This kind of arrangement is known as the

rn

»y

X

Figure 8.4 Geometry of the electric dipole charge.
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electric dipole. Find scalar potential and electric field intensity at an arbitrary far
point P (r > d).

q g  q (n—r)

" 4mer, A4dmer, 4me rin

be

For 0, = 6, ~ 0, rir, & r2, and (rp — 1) =~ d cosb,

q dcos6
Ame 12

¢ I~
S

dae  r

and

~ 8¢e é la(ﬁe _ qd

E=-V¢, =+ (72 cos 6+ 6 sin 6).

or r 30  4mer?

Here gd is called the electric dipole moment.

The electric dipole source is commonly employed as a simplest representation
in bioelectric sources where a current source and a current sink are quite close.
For example, the current may be flowing out of the membrane of a cell and
sinking in another one nearby. Assume that the source strength at one point is
I, and at the other it is —1,. The two points are separated by a small distance
d. The biological medium is highly conducting (a general characteristic) with
its conductivity o. Following the procedure of this example, the electric potential
. at a distance R is found to be

_Iydcos®  pcos6

© 7 4moR?  4moR2’ (8.1.9)

where p = I,d is the dipole moment.

8.2 GAUSS’S LAW

It is one of the four Maxwell’s equations (Gauss’s law for the electric field) that
we have already used earlier in Section 3.1. It is restated below both in integral
and in differential forms:

fj; D-ds= J p, dv (8.2.1)
S 14

and

-

V-D=p,. (8.2.2)

This simply states that the electric flux emanating from a closed surface is equal to
the net electrical charge enclosed by that surface.
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Example 8.6

Reconsider Example 8.3 in which an infinitely long charge filament has a charge
density of p, C/m. Use Gauss’s law to determine its electric field intensity.
Using (8.2.1) over a unit length of the charge filament, we get

2
2 e Py
D-ds:JpvdvaJ D,pd¢p =p, > D, = —
i 14 o ! t P 2mp
and
g,=De_ P
e 2mpe

Thus we got the same result as in Example 8.3 with relatively less effort.

8.3 POISSON’S AND LAPLACE’S EQUATIONS

It was noted in Chapter 6 that (6.2.14) reduces to (6.2.18) when the source is con-
stant over time. This is known as Poisson’s equation, as given again below:

Py

Vi, = — (8.3.1)
&
In the case of a source-free region, (8.3.1) reduces to
Vi, = 0. (8.3.2)

This is known as Laplace’s equation. Both equations provide significant understand-
ing of many scientific phenomena including the analyses of various electronic
devices, biomedical systems, sensors, and actuators. The basic principles of a few
of these applications are included in the examples presented in this chapter.

Example 8.7

A perfectly conducting sphere of radius a, as shown in Figure 8.5, has an electri-
cal potential V,,. Use Laplace’s equation to find the electrical charge density on its
surface and the electric field intensity around it.

If we rotate the sphere along 0 or ¢, nothing seems to be changing and we
can conclude that it is a case of symmetry. Therefore 3/3¢ = 0 and 9/360 = 0,
and Laplace’s simplifies to

10,00\ 1d/[.,do
VZ — 0 - 2 (S - 2 e — O
¢ - ror (r or ) rdr (r dr

Integrating once, we get
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Figure 8.5 Geometry of the conducting sphere.

where K is the integration constant. Integrating one more time, we find that
K, K,
b, = szdr = ——+K;,
r r

where K, is another integration constant.

Both integration constants need to be evaluated such that the solution satisfies
the conditions at its boundaries. The boundary conditions are that the potential
must be zero at infinity (because there is no source at infinity), and the potential
is V,, on the surface of sphere. Hence

(;be’r_)w: 0—->K,=0

and
be|,_,= Vo = Ki = —aV,.
Therefore
\%
b, = @Yo s r>a.
P

Now we can find the electric field intensity as follows:

- .do, ~d (aV, aV,
E=-V = — = —ry— =r—:—,
. 4 dr rdr( r ) d r2

The electric flux density is found to be

.. V.
D=cE =32

r>a.
2’
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Since electric field originates from the positive charge and terminates on the
negative, (3.4.7) can be used to find the surface charge on the conducting
sphere as follows:

eaV, &V,
Psa = Drlr=a = ) =

a .

8.4 CAPACITORS AND ENERGY STORAGE

An electrical voltage source connected between two conductors sets up the electrical
lines of force that originate from the conductor with positive charge and terminate
on the other with negative charge. Further these lines of force are always perpen-
dicular to the conducting surface because the tangential component of electric
field has to be zero on a conducting surface. A change in the source voltage changes
the charge on the conductors accordingly. This voltage-to-charge relation is
expressed as follows:

c-9
Vv

, (8.4.1)
where Q is the charge in coulombs on each conductor, V in volts is the applied vol-

tage, and the constant C is known as the capacitance in farads. This device is known
as the capacitor.

Example 8.8

Find the capacitance of the conducting sphere considered in Example 8.7.
Recall from Example 8.7 that the surface charge density on the sphere is given
as follows:

Psa = D=y =

Therefore the total charge Q on the sphere is

T 21T SVO 5 .
0= J Pads = J J a” sin 0dfdp = 4masV,.
N 0=0Jp=0 4

The capacitance C is now found to be

Q

C = — = 4ae.

Energy Storage in Electrical Systems

The electric field intensity due to a point charge ¢, is found to be

q1

E=R .
41eR?

(8.4.2)
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If there is another point charge ¢, located at R, then it experiences a repulsive force
that is found to be

E—PR q192

F=qFE= : 8.4.3
P 47eR? ( )
The work required against this force in moving ¢, to R from infinity is
Ri> Ri>
Fa 9192 q192
Wi =— F+RdR = — dR = . 8.4.4
12 Jw Joo 41reR? 4aeR |y ( )

This represents a gain in energy that is now stored in the system. Since there are
two charges now, their total potential field is found to be

q1 q2
= —_— 8.4.5
Per2 4aeR, + 47eR, ( )

Next consider the case where another charge g; is brought in from infinity.
It requires more work, and therefore the total energy stored increases to

q193 q293 q192
W3 =

= . 8.4.6
4778R13 47T8R23 4’778[\’12 ( )

If generalized for N charges, the total electrical energy stored is found to be

Vg = LS gt 8.4.7
E_EZZMTSR,W' ®47

First summation in (8.4.7) is identified as the electric potential ¢, due to N — 1
charges (because it excludes nth charge). Therefore (8.4.7) reduces to

1 N
Ue =3 > bedn. (8.4.8)
n=1

Now consider the situation where the charge is distributed over a volume V with
a density p, C/m’. The total energy stored may be found after summing the
contributions of each infinitesimal volume as follows:

1
Us :,J bep, dv. (8.4.9)
2)y

Since V+ D = p, (Gauss’s law in the point form), we can write

UEzéj ¢8(V°l3)dv=;“ v-(qbef))dv—J v¢e-i)du}. (8.4.10)
\%4 Vv Vv
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Here we used vector identity 6 from Appendix A. This can be further simplified
by the divergence theorem (Appendix A) to get

UE:;H ¢>el3°d5—J vqge.f)dv} (8.4.11)
S \%4

Since the integration is carried over the entire volume V that extends to infinity,
the first integral goes to zero when evaluated over the surface S that bounds this
volume. It is so because the potential ¢, is zero at the infinity. Using the relations
among the electric potential, the electric field intensity, and the electric flux density,
the second integral may be expressed as follows:

[ = = > 2 (-
UE:fJ E-Ddu:fj E-(sE)dv:fJ e|E| dv. (8.4.12)
Vv \4 2 Vv

Note that this relation was part of (3.6.5) when we considered the Poynting vector.
For example, take the energy stored in the capacitor formed by the sphere
of Example 8.7. From the results obtained in preceding two examples, we find that

1 I, L(® (™ 2™ [(aVo)? 1
Ug =7J S‘E‘ dvzfj J J 8(20> r? sin 0 drdbdd 278V§47Ta
2)y —aJo=0Jp=0 \ T 2

1
= E CV&
This is a general result in the sense that it holds good for all kinds of capacitors.

Example 8.9

A distance d separates two conducting sheets, each with a surface area of A as
shown in Figure 8.6. A dielectric material of permittivity ¢ fills the space between
the two plates. Neglect the fringing fields at the edges to find the capacitance of
this arrangement. Also find the energy stored in this capacitor.

Figure 8.6 Parallel-plate capacitor.
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Note that the electric field distribution shown in Figure 8.6 is uniform. This is
still true in the region away from the edges. However, this distribution changes at
its edges in order to meet the continuity of tangential electric fields across the
boundary. Evaluation of the fields at the edges is rather complex, and therefore
these fringing fields are ignored here. If the surface area of each plate is large,
the error introduced by this assumption is negligible.

In order to determine the capacitance, we need to find the charge on one plate
that is set up by V,. Laplace’s equation can be solved for the space in between
the two plates to find the potential. This leads to the electric field intensity and
the electric flux density in the space. The surface charge on the conductor can
be found via (3.4.7). Alternatively, we enclose one conductor by a surface s
and apply Gauss’s law as follows:

jgb-dEZJ p,dv — DA = pA — eEA = Q.
S \%4

Since the electric field is uniform, E = V,/d, and therefore this relation gives

v, 0 A
egA=C =y €4

We can find the energy stored in this capacitor as follows:

[ =2 1 Vo 1 V2 1 V2 1,
Us==| elE[dv==| e(=2) dv ==e-2| dv==e-2Ad =-CV>.
. 2JV8| ['do ZJVS(d) ! 28d2JV B AVE 270

Example 8.10

Two conducting parallel plates are used to form a capacitor. Each plate has an
area of 1 m? and a distance of 1 mm separates the plates. The space between
the two plates is filled with a dielectric material. However, its dielectric constant
is not known. Based on the capacitance bridge, its capacitance is found to be
22.135 nF. Find the dielectric constant of the material.

Since C = ¢(A/d),

_Cd 22135 1079 .1073
A 1

& =22.135- 10" F/m.

The dielectric constant g, is found to be

e 221351072

&0 8.854.10-12 =23

& =

This kind of technique can be used to find the dielectric constant of a material.
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C(nF)
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9.5 |
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8.5 |
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Figure 8.7 Variation of capacitance over time.

Example 8.11

The parallel-plate capacitor of Example 8.10 uses air as its dielectric. If separ-
ation d of the parallel-plate capacitor is changing over time, as given below,
find the capacitance as function of time and plot the characteristics.

d =1+ 0.1cos(200077¢) mm,
A 1
d "~ %[+ 0.1cos(200070)] - 10-3

= 8.854 - 10~°[1 4 0.1 cos(200071)] ' F,

C=c¢

or
C ~ 8.854[1 — 0.1 cos(2000 )] nF.

This shows that the capacitance variation follows the change in separation
closely. This is the principle on which the capacitive microphones work.
The capacitance variation with time is displayed in Figure 8.7.

Example 8.12

Reconsider the capacitor of Example 8.10. However, the space in between the
plates has two different dielectric materials, as shown in Figure 8.8. If a
0.9 mm thick dielectric sheet of &, = 2.5 is used as one medium and the rest
is filled with air, find its capacitance.

Assume that the area of each plate is A, and electric field intensities in two
dielectric media are E; and E,, respectively. As before, we ignore the fringing
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]+

Figure 8.8 Parallel-plate capacitor with two dielectrics.

field at its edges, and the uniform electric field is directed from the top plate to the
bottom plate. Since the normal component of electric flux density D is continuous
across an interface, we find that

&
D1 :Dz — 81E1 = 82E2 — E2 :JEI’
&2

& to
V, = Ed) + E2dy = Ed; +8—1E1d2 —E (dl +81d2>.
2 2

Total charge Q on the top plate is found to be
Q =Ap, =AD| = A¢g E,.
Therefore

C—g— AS]E] _ A8|82 _ 1
Vo Eildi +(e1/e2)da]  dier +e1dy  (di/Agr) + (dr/Asr)

1 G

TA/C)+(/C) G+ G

Thus the two dielectric layers work as two capacitors connected in series, even
though there is no conducting sheet at the interface.
Using the given data, we find that

A 1
C,=g,—=28854-100"—— F=288.54nF
1= 8y 01-103 n

and

A 1
Cr=e,—=25-8854-100"2—— __F=124.5944nF
2= 82 09107 !
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Therefore

o G _ 8854245044

- _ F = 19.251F.
Ci+C, 8854+24594" n

Example 8.13

Actuators are employed in nanotechnology area to perform various tasks.
One such arrangement is shown in Figure 8.9 in which a conducting plate
makes an angle of ¢, with the anode. This kind of system has been used
in the MEMS-based electrostatic projection displays. Assume that the plate
width is W and the fringing fields negligible. Find the capacitance of this
arrangement.

For 3/0p — 0 and 8/3z — 0, Laplace’s equation simplifies as follows:

10 d?
Vi, =0 — — d’;:o — d’;:o.
p 3¢ d¢
On integrating it once, we get
dg. _
d(b 17

where K is an integration constant.
Integrating it one more time, we find that

¢e =K ¢ + K.
K> is another integration constant. These two integration constants are evaluated
via the boundary conditions of the problem that require the potential ¢, to be V,,

for ¢ = 0, and it is zero at ¢ = ¢,. Hence

¢e|¢:0: Vo = Ky =V,

7 ____________ | Anode

Figure 8.9 Actuator arrangement.
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and

K 2 Vo

:0 —)Klz—iz——.
b b

Fel gy,

Therefore

_ _¢
‘z’e_V”(l ¢o)'

The electric field intensity in the region is found to be

S L N ] AN P 7
E=—Ve="9% ¢pd¢[v"<1 %ﬂ oty ™

Assuming that € is the permittivity of the medium, the electric flux density is
found to be

L L eV
D=¢E=¢222

C/m?.
pd, /m

Therefore the surface charge p; on the anode is

Total charge Q is found to be

Q

V, (* Wd VoW _ (b
A
a

¢O (17 B ¢0

Therefore its capacitance is

Example 8.14

A coaxial line of inner and outer conductor radii a and b, respectively, has
a voltage V, as shown in Figure 8.10. The uniform surface charge density
on its inner conductor is ps,, Whereas on inside surface of the outer conductor
it is pyp. Using Gauss’s law, find the potential distribution in the space between
its conductors, the electric field intensity, and its capacitance per meter of
its length.
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Figure 8.10 Geometry of a coaxial line.

From Gauss’s law, we find that

2

i;ﬁd?:J py dv —>J Dypd¢
s v ¢=0

21
ZJ psaadd)/ _)Dpzpsaa, aSPSb,
p

¢'=0
and
D,=0, p>b, and p<a.
Therefore
Ep_&_apsa7 a§p<b,
e ep
and

b= = | Epdp =~ [P dp= Lot ki,
ep e

where K is the integration constant that can be found from the condition that
¢. = 0 at p = b. Hence

bo=0=—Papp g - K =Py,
& &
Therefore

dev =22 {Inb — Inp]




328 ELECTROSTATIC FIELDS

and

b
bews = Vo = P4 Inb — Ina] = P ln<).
& & a

The capacitance per unit length C is found to be

0 2map, 2me

= Vo~ (apu/e) (o) in(b/a)

/m

Example 8.15

The inner and outer sphere radii of two conducting concentric spheres are a and b,
respectively, as shown in Figure 8.11. The inner sphere is at a potential V,, with
respect to outer one. Use Gauss’s law to find the potential distribution, the electric
field intensity, and the capacitance of this system.

Since the problem has symmetry in the 6 and ¢ directions (rotating the spheres
makes no difference in these directions), Gauss’s law 3% D -ds = fv p,dv for the
space between the two spheres gives

2 T 2 T
J J D,r” sin 0 ddep = J J P @’ sin BdOde,
¢=0J =0 ¢=0J =0

or

4m’D; = dmd’p, = Q — D, = 1

L3 y

. ¢

Figure 8.11 Geometry of the concentric spheres.
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where pq, is the charge density on the inner sphere and Q is the total charge on it.
Note that the electric flux density is zero for » > b as well as for r < a because
there is no net charge enclosed in these cases.

Therefore the electric field intensity in the space between the two spheres is

z Q

E=r—"—_.
4qrer?

The corresponding electric potential is found to be

qﬁe:—JE-dZ:—J @ 4w-2 k.

41rer? dmer

The integration constant K; is evaluated from the boundary condition that the
potential is zero at r = b, meaning ¢e| , = 0. Hence

r=i

0 0
Ki=0 K =- .
4reb +& - 4reb

Therefore

08 o |:1—1i|, a<r<=<bh.

zmrb

Using this relation, we find that
o1 1
Vo=—"|——-—
° " dmela b

Q_ 4w
Vo [(1/a)—Q/b)]

and

C =

Example 8.16

Reconsider Example 8.14. Use Laplace’s equation to find the potential’s distri-
bution inside the coaxial line, the electric field intensity, and its capacitance
per meter of its length.

Since 3/d¢ = 0 and 3/3z = 0 in this case, Laplace’s equation simplifies to

Vi, =0 —>1d< dd’e):o

——\P
pdp\" dp
On integrating once, we get

dé. _
P dp
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K is the integration constant. Integrating it one more time, we find that
K,
¢, = J?dp = KiIn(p) + K>.

K, is another integration constant. Both integration constants are evaluated from
the boundary conditions ¢. = 0 at p = b, and ¢. = V,, at p = a. Hence

0= Kl ll’l(b) —|—K2
and
Vo = K In(a) + K.

These two equations are solved to find the integration constants as follows:

" In(a/b)

K,
and

Vo
K, =— In(a/b) In(b).

Therefore

v, v,
b = oy IO — IO = EnInGp/b), < p=b

and

7 Aad) A~ Vo
E=-V¢,=—p—=—p—=> .
=P =P slntasb)

The corresponding electric flux density is found to be

N > R 8V0
D=sE=—p—0
o TP onGab)
Since
eV, eV,
. =D = — ° = ° C 2,
P =Dy, alna/b) ~ atnbja) /™
2meV,
Q=2mp, =% C/m

In(b/a)
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Therefore

0 2me

Vo  In(b/a)

F/m

As expected, the results are same as we found earlier in Example 8.14.

Example 8.17

Reconsider Example 8.15 and use Laplace’s equation to find the potential’s
distribution in between the concentric spheres, the electric field intensity, and
its capacitance.

If we rotate the sphere along 6 or ¢, then nothing seems to be changing and
we can conclude that it is a case of symmetry. Therefore 9/d¢ =0 and
9/90 = 0, and Laplace’s equation simplifies to

10 a9, 1d do,
VZ =0 - 2 () e 2 e) 0.
¢ ~ ror <r or ) rdr (r dr )

Integrating once, we get

d¢,
2 e
r =K,
dr :
where K is the integration constant. Integrating it one more time, we find that
K K
b, = J—zdr =——+K,
r r

where K, is another integration constant.

Both integration constants need to be evaluated such that the solution satisfies
the conditions at its boundaries. The boundary conditions are that the potential is
zero on the outer spherical surface and it is V,, on the surface of inner sphere.
Hence

K
¢e|r~>b:0 g _?14_[(2:0
and
K
d’e’,:a: Vo — _;I+K2 = V.

These two equations are solved to find K| and K>, as follows:

Vo

K= "taa — azey
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and
e Vo
27 T b[(1/a) — (1/b)]
Therefore
Vs 1 1
¢e=[<1/a>—<1/b>][r_b]’ asr=b

The corresponding electric field intensity and the electric flux density are
found to be

= _ 0% Vo 1
E= Vo= = i —a/pir
and

Voe l
[(1/a) = (1/b)] >~

-

D=gE="/

Hence the surface charge density on the inner sphere is

Voe 1

:Drr:azii'
P = Drl== 70 — (b @

The total charge Q on this sphere is found to be

Voe 1 47V, e

[(1/a) = (1/b)]a® — [(1/a) — (1/B)]

Q = 4md’p,, = 4mad®

Hence its capacitance can be found now as follows:

0 dme
S L)
=y, T W = p)

8.5 FURTHER APPLICATIONS OF POISSON’S AND
LAPLACE’S EQUATIONS

As was mentioned earlier, Poisson’s and Laplace’s equations are used to solve a
number of scientific and engineering problems. Here we consider two such cases.
One of them is a pn-junction diode used in electronic circuits and the other is a
simple model for understanding electroencephalography (EEG).
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The pn-Junction Diode

Poisson’s equation is employed to analyze semiconductor diodes and transistors.
Here we consider a simple case of the pn-junction diode with an abrupt junction.
A p-type semiconductor has a deficiency of electrons (hence it is said to have
holes) whereas the n-type has excess electrons. These semiconductors are known
to have acceptor and donor impurities, respectively. When a junction of these two
is formed, the excess electrons start leaving the donor atoms to combine with the
holes of the acceptors. Similarly the holes try to leave from the p-side and combine
with electrons on the n-side. The electrons moving from the n-side leave behind
positively charged donor atoms and the holes leave behind negatively charged
acceptors, as illustrated in Figure 8.12a. The donor and acceptor atoms are bound
charges that cannot move, and therefore a space charge layer is formed across the
junction with positive charges on the n-side and negative charges on the p-side.
Since there are no free charges left in this region for conduction, this layer is
called the depletion layer. The bound charges in this depletion region give rise to
an electric field that is directed from the positive charges left on the n-side to the
negative charges on the p-side of the junction. The electric field opposes the move-
ment of electrons and holes across the junction, thus creating equilibrium.

Assume that the donor and acceptor impurity concentrations are Ny and N,
per cubic meters, respectively. The depletion layer extends up to x, meters on
the n-side and up to —x, on the p-side. With the electronic charge denoted as
qe, the charge distribution in depletion region is shown in Figure 8.12b. Since
semiconductor is neutral,

qeNaXpA = qeNgxnA — Naxp = Nogx,. (8.5.1)

Poisson’s equation for the space charge region may be written as follows:

N,
d2¢ - M 5 0<x< Xn,
y 2e = Ns (8.5.2)
X eV s —xp, <x<0.
€
Integrating it once, we find that
N,
dlﬂ _6] dx+Kl’ 0<x<x,
£ = & (8.5.3)
dx qua
x+ K>, —xp, <x <0.
€
Since di./dx = —E, is the electric field intensity that starts from positive charge
and terminates on the negative,
d
Eeen =2 —0. (8.5.4)
X=—Xp dx X=X,



334 ELECTROSTATIC FIELDS
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Figure 8.12 A pn-junction diode (a), the charge density (), the electric field intensity
(c), and the potential’s distribution in depletion region (d).

From these two conditions the integration constants K; and K, are found to be

N,
K, = Lk (8.5.5)
to
and
CNH
K, = 2% (8.5.6)
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Therefore (8.5.3) can be expressed as

N,

dy, C]es d()crl —x), 0<x<ux,,

=1 an (8.5.7)
< a(xp+x) —x, <x <0.

Integrating (8.5.7), we get

N
e — 2+ Ks, 0 <x < x,,
b, = 28 (8.5.8)
geN a(xp+x)2+K4, —xp <x<0.
For an arbitrary reference point at x = —x,, the integration constant K, is found
to be
Yelimr, =0 — K4 = 0. (8.5.9)

Further the potential . must be continuous at x = 0 because Ex = dis./dx is finite
at this point. Hence the integration constant K3 is found to be

geNa » _4eNa 5 _Ye 2 2
5 Wt K= > K _E[Ndxn—}—Naxp]. (8.5.10)

Therefore (8.5.8) gives

N,
— 9y — 2 + [Nx +Naxp], 0<x<x,
po=1{ 2 (8.5.11)
GeN. =y + 0 —xp, <x<0.
This equation represents the potential in the depletion layer with respect to x = —x;,

Therefore the potential difference ., across the junction is found to be

N +Nd 2 Na+Nd 2
Nax® +N, N N, ,
Yoo = 50 S [Next + Naxj ] = 28[ Na+Ndxn+ "Ny + NP
or
Yoo = 5 [NaNox + NaNuiP, + N32 + N2 (8.5.12)
ce 28(N +Nd) n a~’p

Since N,x, = Ngx, from (8.5.1), we find that

Nox Naxn
Noxp + Nix, = Na =1} Jrzxfaxd'—xzp = 2NgNoX pXo.
n P
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Hence (8.5.12) can be expressed as

_ qe NdNa

weo_g.Nd‘i‘Na

2 2 de NdNa
2apxp] = 5
[xn+xp+ XX p] % Nai M.

[ + xp] (8.5.13)

The total length d, = x, + x,, of the depletion region is found to be

2ei,, [N, + Ng ey [1 1
d? =" dy = ol — 4 —|. 8.5.14
° e |: NaNd i| e e Nd+Na ( )

Example 8.18

A silicon pn-junction diode has Ng= 102 m > and N, =4 - 10**m > on its
n- and p-sides, respectively. If the built-in potential is 0.8531 V, find the length
d, of the depletion region and the lengths of the space-charge regions on each
side of the junction. Assume that the dielectric constant of silicon is 11.8.

g 2, L+L _[2-11.8-8.854-10-12.0.8531 [ 1 N 1
TV g |Ng N 1.602 - 10-19 1022 ° 4.10% )

or

do =333.99- 107" m = 333.99 nm,
Xp _ Nd . 1022

X, N, 4-10%
X+ xp =do, =333.99nm,
X, = 333.16 nm,

= 0.0025 — x, = 0.0025 xy,

and

xp = 0.83nm.

The Electroencephalography (EEG)

The electrical activities occurring within the human body produce potentials on
the skin. These electrical potentials are monitored for diagnostic and other purposes.
For example, electrical potentials measured on the chest provide the information
about activities of the heart. Over time these recordings became known as
electrocardiograms (ECG or EKG). Similarly recordings of the electrical potentials
on the scalp provide information about the electrical activities of the brain. These are
called electroencephalograms (EEG). The amplitudes of the EEG signals range from
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Figure 8.13 Simplified model of the human head.

about 1 wV to 100 pV peak to peak at the cranial surface and can increase by a
factor of 10 on the surface of the cerebrum. The frequencies of these signals
range from 0.5 to 100 Hz. On the other hand, EKG chest surface signals are about
0.5 to 100 mV peak to peak. Since EEG signals are much smaller, special care is
needed in placing the electrodes and in designing the associated electronics.
Theoretical modeling, computer simulations, and experiments help in this respect.
Figure 8.13 shows a simplified model of the human head that consists of three
concentric spheres with an electric dipole source at the center. This model provides
the most simple way to understand the potential field setup on the surface of
the scalp.

As illustrated in Figure 8.13, the dipole source of the three concentric spheres
is confined to a small sphere of radius 8. The brain is considered to be a sphere of
radius r; and conductivity ;. The skull is a spherical shell with a thickness
r, — ry and conductivity o,. The scalp is a spherical shell with a thickness of
r3 — rp and a conductivity of 3. Usually o is nearly equal to o3, and o, is much
smaller than o;. Excluding the small spherical volume that encloses the dipole
source, Laplace’s equation can be used to find the potential at any point in the
brain, skull, and scalp.

Assume that the potential does not change azimuthally, (i.e., 3/d¢ — 0). Then
Laplace’s equation simplifies to

L9 (20 [ A
r28r(r 8r>+r2sin080<5m680 =0 (8.5.13)
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This assumption holds if the polar axis of the spherical coordinates is chosen to be
parallel with the axis of dipole source. If we assume that u = cos(6), then

0 ou\ 0 d 0
20 (ae) = S0, o (8.5.16)
and
1 0 d
_— 5.17
sin 026 ou 8.5.17)
With this change of variable, (8.5.15) becomes
9 ( 500, 9 2, 09,
— — |1 —-u)—|=0. 8.5.18
E)r(r 8r)+8u|:( ”)au ( )

Since the potential ¢.(r, 6) is a function of r and 6 only, (8.5.18) can be solved by
the method of separation of variables as follows: Assume

e = f1(r) Lo (), (8.5.19)

where fi(r) is a function of r only and f>(«) is a function of only u (or cos 6).
Substitution of (8.5.19) into (8.5.18) results in

d [ ,dfi(r) d »dhw)|
fZ(u)dr[r dr } +fl(r)du|:(1 v )du] =0
or
1 d[,din] . 1 d S dh)]
f1(r)dr|:r dr i|+f2(u)du[(l_u) du :|_O' (8.5.20)

Since (8.5.20) holds for all r and 6, each term must be equal to a constant. Therefore

L d| ,dh() o
and
1 4 2dpw|
fz(u)du[(l_u) du }“C— n(n+ D). (8.5.22)

Mathematically ¢ can be any constant. However, n should be an integer, including
zero for f>(u) to be well-behaved (see Appendix D). The negative value of n is
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degenerate and therefore is not considered. Hence (8.5.22) can be expressed as

fru) dfz( )
du? du

(1 —u?) +n(n+ 1) fo(u) = 0. (8.5.23)

This is Legendre’s equation, and solutions for f>(«) are the Legendre polynomials
considered in Appendix D. Hence

Hu) = P,(u) = P,(cos b). (8.5.24)
Equation (8.5.21) can be rearranged as follows:

2 dzfl(r) 5, 4
dr? dr

n(n+1)fi(r) = 0. (8.5.25)

Assume that
filr) =71 (8.5.26)
On substituting (8.5.26) into (8.5.25), we have
P00 — Drt 2 4+ 2rer ™ —n(n + Drf = [ + £ —n(n+ 1)] = 0.

The quadratic equation in / gives two solutions as follows:

2 f—
[f-4+L—nn+1)]=0—> €= { i+ 1),
Hence two possible solutions to (8.5.25) are found:
fir) = { _(n+1) (8.5.27)

Then, on substituting (8.5.24) and (8.5.27) into (8.5.19), also two possible solutions
of (8.5.15) are found:

B { P, (cos 6), (5.5.28)

=P, (cos 6).

Since n can be 0 or any positive integer, the general solution of (8.5.15) is

= Z [@,r"P(cos 0) + b,r "V P,(cos 0)], (8.5.29)
n=0

where a,, and b, are arbitrary constants to be evaluated by the boundary conditions.

Since the source is a dipole, only a discrete mode of solution is allowed in
(8.5.29). This is because the finite boundaries have little effects at points close to
the dipole source (i.e., r — &) and therefore the potential setup by the dipole
must behave as if it is in an infinite medium. From Example 8.5, we know that
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the potential of a dipole in an infinite region behaves as follows:

¢e|r—>5 ~ ﬁ

That means only n = 1 mode is the possible solution in (8.5.29) for this dipole
source. Therefore (8.5.29) reduces to

¢, = (a1r + bir>)Pi(cos ) = (a;r + b1r~>) cos 6. (8.5.30)
Using this solution, we can express the potential field in each region as follows:

In brain: 6 < r < ry,

¢be1 = (Arr +Bir?)cos 6. (8.5.31)
In skull, r; < r <,
bey = (Aar + Byr™?) cos 6. (8.5.32)
In scalp, r, <r <rs,
be3 = (A3r + B3r~?) cos 6. (8.5.33)
In space, r > r3,
ey = Byr*cos 6. (8.5.34)

The A4r term is not allowed in (8.5.34) because the potential ¢4 must be zero
as r — 00,

There are seven unknown integration constants in (8.5.31) through (8.5.34).
The coefficient By can be related to the intensity of the dipole and the remaining
six coefficients can be determined from six independent boundary conditions
at r =ry, r = rp , and r = r3. As mathematically expressed below, these boundary
conditions require that the potential and the normal component of current density
be continuous across the boundaries.

Atr=ry,

¢el(r1a 0) = ¢e2(r11 0)7 (8535)

0'1% (8.5.36)
or

_ ad)eZ
- ar

r=r r=ri
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At r=r,,
¢ez(r29 0) = ¢e3(r29 G)a (8537)
@%@ =@%@ (8.5.38)
o |{,_, or |,
Atr=rs,
be3(r3, 0) = bey(r3, 0), (8.5.39)
sl o, (8.5.40)
or r=r3

Equation (8.5.40) is based on the fact that no normal component of the electric field
(or normal component of the current) exists at the boundary between the biological
body and air. This condition is also evident if the conductivity of the air is assumed
to be zero.

Substitution of (8.5.31) through (8.5.34) into (8.5.35) through (8.5.40) leads to
the following six equations for the unknown coefficients:

1
r1A1 — }’1A2 — 732 = —731, (8541)
i n
2 2
g1A| — 0nA> +¥Bz = %Bl, (8.5.42)
T n
1 1
r2As — rAs +— By — — B3 =0, (8.5.43)
r r
2 2
ToAy — 03A3 — 2By + =2 By =0, (8.5.44)
) L)
1 1
I’3A2 +sz3 - 734 = O, (8545)
T3 3
2
A3 —5B; = 0. (8.5.46)

3

From (8.5.41) through (8.5.46), A, A,, A3, B>, B3, and B, can be expressed in terms of

By, which, in turn, can be related to the magnitude of the dipole source. We are mainly

interested in A5 and Bj because these describe the scalp potential distribution that is

the source of the EEG signal. Therefore we determine only A3 and B; here as follows.
From (8.5.46),

3

B; = %A3 (8.5.47)
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Substituting (8.5.47) into (8.5.43) and (8.5.44) and then eliminating A5 from (8.5.43)
and (8.5.44), we find that

B, = MA,, (8.5.48)

where

_ B = o3/02) + (R/r)l(o3/02) + (1/2)]]
[(o3/02) + 2] — (13 /r)(03/ o) — 1]

At the same time, A5 is found to be

(8.5.49)

1+ M/

=TTt (8.5.50)

3

Next, substituting (8.5.48) into (8.5.41) and (8.5.42), and then eliminating A,
we have
_ 3

[l = (o2/aD]r} +[1 + Qoa/a)IM

Az By. (8.5.51)

Combining (8.5.50) and (8.5.51), we find that

9B,

Ay =——. 8.5.52

= ( )
where

3
I G I
g o r; \o2

and

2 3 1
M, = <1 +"2> [(1 —"3) +r§<(’3+)r§]. (8.5.54)
o2l (op) ry\ox 2
As was mentioned earlier, B, is related to the magnitude of the dipole source.

Recall from (8.1.9) that the potential produced at a point (r, 6) by the dipole
immersed in an infinite medium of conductivity oy is given as

I,d
b (r, ) = —— cos 6. (8.1.9)
47012

The potential near the dipole source located at the center of the brain is expected
to behave similarly. Hence

B Id 1
G (7, O =703 0% 12 = cos (8.5.55)
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Then the determination of B, proceeds as follows:

1,d

B, = .
: 4707,

Therefore the potential’s distribution on the scalp is found to be

2r2

2
= r—3A3 |:2<r> + (r—3> :| cos 0,
2 r3 r

B; 3
Be3(r, 0) = (Asr +— | cos 0 = Az| r+ =5 | cos 6
I

or

I,d r 73\ 2
Dalr 0) = - N|:2(r3) + (7) ] cos 6,
where

No_
2(My + M)

343

(8.5.56)

(8.5.57)

(8.5.58)

Potential difference between a lead pair placed at the front and the back of scalp (or

aligned in the direction of dipole moment) is found to be

31,d N,

V= ¢63(r31 O) - ¢e3(r3, 7T) = Fo.l

(8.5.59)

The potential difference between any two other points can be found directly from

(8.5.57).

PROBLEMS

8.1. The radius of a thin circular ring is 30 cm. It carries an electrical charge with
density 5 C/m. Find the electrical potential and the electric field intensity at a

point (0, 0, 10 m) on its axis.

8.2. A point charge Q of 25 wC is located at point (3, 1, 5). Find electric field
intensity at (7, 9, 1) and the force on a charge ¢ of 2 nC at this point.

8.3. A uniformly charged thin conductor is lying along the z-axis. If the conductor
is infinitely long and carries a straight-line charge density of 15 C/m, find its

electric field intensity.
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8.4.

8.5.

8.6.

8.7.

8.8.
8.9.

8.10.

8.11.

8.12.

8.13.

8.14.

ELECTROSTATIC FIELDS

The radius of a uniformly charged disk is 1 m. If the surface charge density on
the disk is 3.5 C/m?, find the scalar electrical potential and the electric field
intensity on its axis.

Two charges of 5 C and —5 C are separated by 1 cm. Find the scalar potential
and electric field intensity at an arbitrary point 2 m away from it.

An infinitely long charge filament with a charge density of 5 C/m lies along
the z-axis. Use Gauss’s law to determine the electric field intensity.

The radius of a perfectly conducting sphere is 50 cm. It has an electrical
potential of 50 V. Use Laplace’s equation to find the electrical charge density
on the sphere’s surface and the electric field intensity around it.

Find the capacitance of the conducting sphere of Problem 8.7.

A distance of 1 cm separates two conducting sheets, each with a surface area
of 4 m?. A perfect dielectric material of &, = 2.3 fills the space between the
two plates. Neglect the fringing fields at the edges to find the capacitance
of this arrangement. Also find the energy stored in this capacitor.

Two conducting parallel plates are used to form a capacitor. Each plate has an
area of 0.5 m” and a distance of 1 mm separates the plates. The space between
the two plates is filled with a dielectric material. However, its dielectric con-
stant is not known. By way of a capacitance bridge, its capacitance is found to
be 120 nF. Find the dielectric constant of the material.

The parallel-plate capacitor of Problem 8.10 uses air as its dielectric.
If the separation d of the parallel-plate capacitor is changing over time
as given below, find the capacitance as a function of time and plot the charac-
teristics:

d = 0.9 — 0.1 sin’ (60777) mm.

Consider the capacitor of Example 8.10. However, the space between the
plates has two different dielectric materials. A 0.6 mm thick dielectric sheet
of &, = 4.3 is used as one medium and another dielectric fills the remaining
space. If second medium has a dielectric constant of 2.1, find the total
capacitance.

An air-filled coaxial line of inner and outer conductor radii 1 mm and 3 mm,
respectively, has a voltage of 5V. Using Gauss’s law, find potential
distribution in the space between its conductors, the electric field intensity,
and the capacitance per meter of its length.

The inner and outer radii of two conducting concentric spheres are 1 mm and
3 mm, respectively. The inner sphere is at a potential of 5 V with respect to the
outer one. Use Gauss’s law to find the potential’s distribution, the electric field
intensity, and the capacitance of this system.
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8.15. Consider Problem 8.13 and use Laplace’s equation to find the potential’s
distribution inside the coaxial line, the electric field intensity, and the capaci-
tance per meter of its length.

8.16. Reconsider Example 8.14 and use Laplace’s equation to find the potential’s
distribution between the concentric spheres, the electric field intensity, and
its capacitance.

8.17. A silicon pn-junction diode has Ny = 10> m™> and N, = 10 m™> on its
n- and p-sides, respectively. If the built-in potential is 0.62 V, find length d,,
of its depletion region and the lengths of the space-charge regions on each
side of the junction. Assume that the dielectric constant of silicon is 11.8.



MAGNETOSTATIC FIELDS

As was mentioned earlier, electric and magnetic fields become independent of each
other when the electrical charge and current sources producing them are constant
over time. In other words, the electrical charge that is constant over time is respon-
sible for the electric field and the electrical current that is constant over time is
responsible for the magnetic field. These fields of constant charge and current are
known as the electrostatic and magnetostatic fields, respectively. Electrostatic
fields were considered in Chapter 8. Here we cover magnetostatic fields. The chapter
begins with a section on the laws that govern magnetostatic fields. Concepts of
inductance and energy storage in magnetic fields are presented. A brief discussion
on magnetic materials is included in a separate section. The chapter ends with an
introduction to magnetic circuits.

9.1 LAWS OF MAGNETOSTATIC FIELDS

For an electrical source constant over time Ampere’s law (3.1.2) reduces to

+ ﬁ-dﬁ”zji-ds*zl. ©.1.1)
C N
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Similarly its differential form (3.2.9) is
VxH=]J. 9.1.2)

Gauss’s law for the magnetic field (3.1.4) in a homogeneous medium gives
1;9}-d§=0—>J V-(Mﬁ)dv:0—>j£ﬁ~d§=0. 9.1.3)
s 14 s

Its differential form (3.2.11) gives
VeB=0—>V-(uH)=0 > V+-H=0. (9.1.4)
Equation (9.1.2) is used to find the so-called vector Poisson’s equation:

VxVxA=—ul.. 9.1.5)

The magnetic vector potential given by (B.33) simplifies for magnetostatic fields as
follows:

>

iy M e
A(r)_47TJVRdv. 9.1.6)

The magnetic flux ¢, passing through a given area S bound by C is found to be
gpmzjé-ds*/:J(szi)-d?:%ﬁ-d[ 9.1.7)
S S c

Example 9.1

An infinitely long solenoid of radius a has » turns per unit length of a filamentary
wire, as shown in Figure 9.1. It carries a current /. Find its magnetic field using
Ampere’s law.

Two different views of the solenoid are included in Figure 9.1. As the problem
statement says, the wire is assumed to be thin and the turns are close to each
other. Since its geometry is circularly symmetric and the solenoid is infinitely
long, the magnetic field that it produces is independent of ¢ and z. Hence its
magnetic field intensity can be expressed as follows:

H = pHy(p) + $Hy(p) + 2H.(p).

In order to determine the radial component of magnetic field, we imagine a
cylindrical volume of radius p and length 7 inside the solenoid, as shown in
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(@) (b

Figure 9.1 Geometry of a solenoid.

Figure 9.1b. Using (9.1.4), we find that the surface integrals on its two ends
cancel out each other because H, enters one end surface and leaves from the
other. On the lateral surface we have

¥4 2
jl; H-ds= J J H,(p)p * ppdpdz = 2 ptH,(p) = 0.
N =0 Jp=0

We conclude that
H,(p) = 0.

Next, we consider the two circular surfaces S and S, that are bounded by C; and
C,, respectively, shown in Figure 9.1a. As indicated, surface S, is inside the sole-
noid whereas S extends outside. The current flowing through the winding is
along the boundary, and therefore it does not leave (or cut) these surfaces.
Hence applying (9.1.1) on either surface gives

} H-dl = + Hy(p)pdd =0 — Hy(p) = 0.
C Cl OrC2

Now using (9.1.1) on the area bound by 3—4—5-6, as shown is Figure 9.15, we
find that

e 5 6 3
b i-ai= [ v+ | Hpap+ [ Bt | Hpdp=o.
c 3 4 5 6
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Since we have already found that the radial magnetic field is zero, this expression
reduces to

4 6
L H (p)dz + L Hp)dz = ([ HA)]3 — Hp)]5] = 0.
This condition is satisfied even when H, is constant in this region. However, the
field is bounded, so it has to be zero at infinity. Thus we can conclude that it is
zero everywhere outside the solenoid.

Finally, using (9.1.1) over the area bound by 1-2-3-4, as shown in
Figure 9.1b, we have

4

3 2
Hy(p)dp + J H.(p)dz + J Hy(p)dp = ntl.
4 3

1
jﬁ i;-dzzj HZ(P)dz—i-J
C

2 1

Note that the radial magnetic field is zero everywhere and also H, is zero outside
the solenoid. Therefore this expression reduces to

1
J H.(p)dz = H,(p){ = nll — H,(p) =nl, p<a.
2

We can conclude that

- wl, p<a,
H_
{O, p> a.

The corresponding magnetic flux density is give by
B zunl, p<a,
10, p <a.

Example 9.2

The mean radius of the toroid shown in Figure 9.2 is a, and it has N turns of a
filamentary wire covering it. The cross section of the core is circular with a
radius b. There is a current / flowing through the winding. Find the magnetic
flux density using Ampere’s law.

Figure 9.2 Geometry of a toroid.
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The toroid may be considered a solenoid with two ends brought together as
shown in Figure 9.2. Therefore Ampere’s law gives

21
%j}dgz HMMJ¢JW¢=ZWHMMZNL a—-b<p<a+b,
; -~

0, p<a—b,p>a+b.

The magnetic flux density is found to be

~ wWNI
-~ — —b<p< b
B— 2p’ a p<a-+bo,

0, p<a—b,p>a+b.

For a > b this relation simplifies to

~ wNI
B~ ¢27m’ a—b<p<a-+b,
0, p<a—b,p>a-+b.

Biot-Savart Law

Ampere’s law is easy to use when the structure under consideration possesses certain
symmetry. It is not that useful if the symmetry does not exist. All kinds of problems
can be solved using the potential functions discussed in Chapter 6. In magnetostatic
fields we work with (9.1.6) as follows: If an incremental length of the conductor with
its cross section S’ carries a current I, then we find that

Jdv = JSde = Ide'.

Therefore (9.1.6) may be written as follows:

re /"Lol 1 o
A(r) = —de'. 9.1.8
(r) yp= L R ( )
The corresponding magnetic flux density is found to be
- = Lo wl dav
B=VxAr) = \Y —. 9.1.9
x A(r) dar JL, % (R ) ( )
Since
AN B 1 . 1 B R - di'xR
V x av =—-Vxdl' +V|[=) xdt! =V|= xdﬂ’:——xdﬁ/:dzx ,
R R R R R? R?

(9.1.9) simplifies to

B=

MOIJ’ dZ’xie_MOIJ dt' x R

= .1.10
4 R? 4 R3 © )

c
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This relation is known as the Biot-Savart law because it was originally proposed by
these two great scientists. The Biot-Savart relation can be used to find the magnetic
flux density (and hence the magnetic field’s intensity as well) for the cases even
without symmetry.

Example 9.3

A thin wire of length 2L lies symmetrically along the z-axis, as shown in
Figure 9.3. If this wire carries a current /, determine its magnetic field at a
point on the x-y plane using the Biot-Savart law.

The position vector for point P is 7 = pp. We consider a small length on this
wire with its position vector as 7' = z7. Therefore the vector distance from the
source point to P on the x-y plane is found to be

-

R=7r—-7 =pp—2Z.

The magnitude (separation between the incremental length and point P) is given
as follows:

R = |1$| — /P2+Z/2-

Using (9.1.10), we find that

B=

;LOIJ dl’ x R ol JL dz’z x (pp—27) é wolp JL d7
4 ). R 4 | (> +22)Y? 4 )L (0 + 22

P2

R
— >y
\\\4
- ‘.P
X —_
5

Figure 9.3 Geometry of a thin wire of length 2L with current /.
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Since the integrand is an even function of 7/, by the integration formula 4 from
Appendix A we find that

L

EZ(Z)MOIPJL d7 _ g Hlp. 4 _g I o
e A TN N Ty 2

For L — oo, the formula reduces to

This result can be verified easily using Ampere’s law.

Example 9.4

A loop filament of radius « lies on the x-y plane, as shown in Figure 9.4. It carries
a current /. Find the magnetic flux density at a point on the loop’s axis.
The vector incremental length can be expressed as follows:

dl' = ¢'add) = (—Zsin ¢’ + $ cos ¢)addp.

Note that the unit vector ¢ changes its direction from O to 2. Therefore it is
changed to unit vectors in rectangular coordinates. The position vector for the
field point is 7 = Zz. The position vector for a source point (the incremental
length) is

>/

7 =p'a= (xcos d + ysin¢)a.

A
A
\
‘\
\
Pl \R
\
‘\
l\
\
-~ a ‘\‘
b o = >y
d¢ Eas

X

Figure 9.4 Geometry of the wire loop lying on the x-y plane.
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Therefore the vector directed from the field point to the source point is found to be
I_é:?—?’:(iz—ﬁ’a).
The separation between the field and source points is

R=IR| =a +2.

Using (9.1.10), we have

21 n !’ / A N o
=l (T Padd’ x (zZ — p'a) wola J L
B = _ J "
41 Jo (a® + 22)%? amd + 297 ), [p'zd¢" + zadd']
or
27 5
=~ Mola A ’ A . , , n P /“L()Ia
B | (eosd 4 sin et +2aad) = 25w
Example 9.5

Using the results of Example 9.4, find the magnetic flux density due to current /
flowing through a solenoid with N turns over its length /. Compare your result
with that obtained in Example 9.1.
The expression of magnetic flux density obtained in Example 9.4 can be gener-
alized for an incremental length dz of a solenoid if we replace its current as follows:
NI
I - —dz.
g 7 Z
Therefore the magnetic flux density due to an incremental length dz may be
expressed as follows:

T, (i
dB=7——"——>dz T.
2@ + 27"

To find the magnetic flux density in the middle of solenoid, we integrate this
expression as follows:

- . w,Nla? r/z dz
B(z=0)=z2 T
20 )_gpp(a® +22)%?

woNla? b4 2
2¢ a’a? + 72 =—0)2
MoV

2@ + ()2

=z

=z
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For a « /2, this simplifies to

Since N/¢ represents n (the number of turns per unit length), this result is the
same as found in Example 9.1.

Further we can find the magnetic flux density at the end of the solenoid if we
change the integration limits as follows:

Bz=0)=2

w,Nla? JZ dz T
20 Jo(a? +22)%

4
z=0

Hence the magnetic flux density decreases at the ends to half of its value that
existed in the middle of solenoid.

oI [ z

20 | a2Va2+ 2
s oM
2+/a% + ¢2

Example 9.6

A filamentary wire loop of radius a lies on the x-y plane, as shown in Figure 9.5.
The loop carries a current /. Find its magnetic field at a faraway point (r > a).

There are at least two different ways to find the magnetic vector potential for
this case. Since there is symmetry in ¢ direction, a field point can be selected on
the y-z plane without loss of generality. Hence the position vector for the field
point P is

- A A A
r=rr=xx+zz.

P

P x

%

Figure 9.5 Current loop magnetic dipole.
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The Position vector for the incremental length (the source point) is
¥ =p'a=(Xcosd + ysinda.
Therefore
R=7—F =%(x—acosd) — Jasin ¢ + 2z

and

R=|R| = \/(x —acosd) +a2sin® § + 22 = /x2 + 22 +a? — 2axcos .

This can be changed to spherical coordinates as follows:

R=+/r*+a®—2arsin 6 cos .
For r > a, we find that
1 1

1 a
= ~ —(1+ —sin fOcos />_
R [l + (a® — 2arsin fcos ¢)/r2]'/? 1 ( p ¢

The vector representation for the incremental length is
dl = ¢'add) = (—%sin @ +  cos ¢)add .
Therefore (9.1.10) gives

Kola

2
A= J (=xsin ¢ + ycos qﬁ’)[l + %in 6cos qﬁ’]d(b/
0 r

_ Rola®sin GJZ”

o (—xsin @ + ycos ¢)cos p'dd,

0

or

la*sin 0 (*™ . . N , Mol 7ma® sin 0
LJ (—Xsin ¢ + ycos ¢)cos d'dd :yw

472 0 4712
Since the rotation of the loop on x-y plane does not change its response (rotational
symmentry of the loop), it can be expressed as follows:

i_d polma*sin®  mx 7
=¢ 412 — Boym2

where m = zIma®> = magnetic dipole moment.
Alternatively, we start with (9.1.8) as follows:

A:& IdZ’:,u,oI i@
47TcR 4 CR.
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Using vector identity 15 from Appendix A, we find that

dv 1
+ — = J 7 % V()ds/,
c R s R

where the surface S is bound by C.
From Example 2.20 we know that

v(L)_ R
R} R*
dv 1 tx R
§7ZJ EXV/(>ds/=J sz ds'.
c R s R s R

For r>> ', R/R? ~ #/r%, and therefore it simplifies to

Therefore

v xR IXF IxXT
—_— = 5 dS/% 5 dS/ZTS.
CR Ky R I K r

Note that this expression is independent of the shape of the loop.
Hence (9.1.8) gives

KolS
47 r?

A A IS /., A A n .

(zxr):“o (rcosG—GsmH)xr:q’) sin 6.
4arr?

This expression is same as what we found earlier. However, it is the most general

formulation that shows the vector magnetic potential of the loop to be a function

of the surface area S and independent of the surface’s shape. The corresponding

magnetic flux density is found to be

B=VxA=r/ ! 8<M°ISsin29>+él|:—8(rM°ISsin0>i|,

rsin 090 \ 4772 r| or\ 4mr?
or
- IS . AL
B="% 2 cos0+ 6sin0) T
473
and
. B IS .
H=—= 5 (r2cos 0+ 6 sin 6) A/m.
M, 4mr

A comparison of this result with that in Example 8.5 indicates that the magnetic
field produced by a magnetic dipole is similar to the electric field of the electric
dipole. The two are numerically equal if
qd _
el

IS.
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9.2 INDUCTORS AND ENERGY STORAGE

We have found that the magnetic field encircles the current-carrying conductor.
Consider two loops of arbitrary shapes with currents /; and I, as shown in
Figure 9.6. These currents each generate a magnetic field that links itself as well
as the nearby circuit. For example, magnetic flux line ¢;; encircles I; of loop 1,
whereas i, links the other loop. The magnetic flux generated by I, linking itself
externally gives rise to the external self-inductance L; of loop 1. Similarly magnetic
flux lines such as i, are responsible for the external self-inductance L, of loop
2. There may be a small magnetic flux that links partially with the current itself.
This flux linkage is responsible for the internal self-inductance. Note that this
field may be linking only a part of the current, and therefore special care is
needed in determining its flux linkage. The magnetic flux line s, (or ¢»;) generated
by current /; links with the current in the other loop (and vice-versa), and therefore
this gives rise to a mutual inductance M, (or M5;). The inductors are used exten-
sively in various electronic circuits such as the oscillators for generating sinusoidal
signals, filtering, and the impedance matching circuits. The mutual inductance
concept provides a neat way to couple ac signals while blocking the dc bias voltages.
Another important application of this concept is in understanding electromagnetic
interference (EMI). This section includes discussions on self-inductance, energy
storage, and mutual inductance.

The magnetic flux ¢, through the open surface S; due to current /; in loop 1 is
defined as follows:

¥, :J B, - ds. 9.2.1)
S

Using the Biot-Savart law (9.1.10), we find that

L [ de xR\ . wl i xR\ .
" :J Koli fi; >2< .ds:MJ j{; 7;( -ds.  (9.2.2)
Si 4’7T Ci R 47T Si C R

S
Electrical
circuit 2

G

Figure 9.6 Magnetic flux produced by two wire loops of arbitrary shape.



358 MAGNETOSTATIC FIELDS

This relation indicates that the magnetic flux ¢ is directly proportional to the
current /1. The proportionality constant is known as inductance (in fact it is a case
of self-inductance L;). Hence

o mJ %thk .
Li=—="—> .« ds. 9.2.3
! I] 47T Sy C R2 s ( )

Since i is measured in webers and /; in amperes, the unit of inductance is webers
per ampere, which is commonly called henrys.

To get larger inductance values, practical inductors are designed as coils using
several turns of wire generally on a cylindrical or toroidal core. If there are N
turns in the loop then the flux linkage A;; increases by N times. Hence

Ay N Ni[ =
L= N *‘J B, - ds. 9.2.4)
A I LI s,
Similarly
N, N[ =
L, = 2 _ JJ B, « ds. 9.2.5)
I L s,

The magnetic field produced by a current-carrying conductor links itself. The
associated inductance is called its internal self-inductance. In such a case the mag-
netic flux links only a part of the current, and therefore special care is needed in its
evaluation. One way is to find the differential flux linkage that can be integrated over
a cross section of the conductor. Inductance is found as the differential flux times the
enclosed fraction of the total current /. Therefore it can be expressed as follows:

1 Ienclosed
L=- diy. 2.
1 L [ Y } v 620

We found earlier that a capacitor stores energy in the form of an electric field or a
charge. Similarly an inductor stores energy in the form of a magnetic field. Inductance
L and current [ are related with stored energy Uy as follows:

1 U
Uy=-LI* > L =1

As expected, this relation of inductance is identical to (9.2.3). It can be proved as
follows: Since the total energy is found after integrating the energy density over the
entire volume V, we write

| 1 - -
UHZ*J B.Hdvzfj (VXA>'Hdv. (9.2.8)
2 4 2 14

Using vector identity 4 from Appendix A, we find that

(VxA)+H=V+-AxH) +A-(V xH). (9.2.9)
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Therefore
1 - -
Us==| V+*(A x H)dv
2)y

1{ - - 1 - - T N
+7J A-(VxH)dvzfi; (AxH)-ds—i-fJ A« Jdv. (9.2.10)
2)v 2Js 2)v

The First integral on the right-hand side of (9.2.10) reduces to zero because the
surface S encloses all the fields that are zero at infinity. The second integral can
be expressed as follows:

(- = 1[ = - I[ - -
Uﬁzfj A-Jdu:—{) A-(Idﬁ):—j£ A-de. (9.2.11)
v 2)c 2Je

Using the Stokes theorem and then the relation between the magnetic vector potential
and the magnetic flux density, we find that

If - - 1 AU (B
UH:—+ A-dﬁ:—J (VxA)-ds:—J B-ds. (9.2.12)
2)c 2)s 2)s

On substituting (9.2.12) into (9.2.7), we find that

12([.B-d5)/2 R
L:("&)—IJ B-d5. (9.2.13)
S

12/2 T
This expression is the same as (9.2.3) defined earlier.

Example 9.7

Find the inductance of the solenoid considered in Example 9.5. Assume that the
length of the solenoid is large in comparison with its radius.

From Example 9.5 the magnetic flux density inside this solenoid is given as
follows:

From (9.2.4) the inductance of this solenoid is found to be

— Nlrl"ll — /J‘ON27Ta2

L
1 14

H.
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Example 9.8

Find the inductance of the toroid considered in Example 9.2. Assume that a > b.
From Example 9.2 the magnetic flux density of the toroid is found to be

~ o NI
i ¢§(;m’ a—b<p<a+hb,
0, p<a—b,p>a+b.

Therefore the flux linkage is written as

w NI 7h* . o NIb?

Vi = 27a 2a
Hence the inductance of the toroid is
I = Ny, o Moszz
I 2ma

Example 9.9

(a) Find the inductance of a 30 cm long solenoid with 2000 turns and a radius of
2 cm. (b) Find the inductance of a toroid with 2000 turns, mean radius of 5 cm,
and a cross-sectional area of the core of 1.2566 - 107> m>.

(a) From the result obtained in Example 9.7, we find that the inductance of this
solenoid is

poN2ma® 4. 1077 - (2000)* - 7 - (0.02)*

—0.021H = 21 mH.
; 03 0.0 m

L~

(b) The inductance of the toroid may be found from the result obtained in
Example 9.8 as follows:

e NA(mb?) 41077 - (2000)% - 1.2566 - 1073

— 0.02H = 20 mH.
2ma 27-0.05 0.0 Om

L

Example 9.10

Find the inductance per unit length of the coaxial line considered in Example 3.6.
Since B = u,H in a nonmagnetic medium, using the results obtained in
Example 3.6, we find that

Molp
2ma?’ p=a
1
By = Z‘;p, a<p<bh,
2 2
/J’ol c—p
27Tp(02—b2) b<p<ec.
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In order to evaluate the internal self-inductance per unit length as well, we use
(9.2.6) as follows:

LY (" TIEHa)] [ molp LY [ e
L=- | dpdz °— dpd.
IL:OJ:O[ I :||:27Ta:| +IJZ=0JP= |:i|2 P

LY (¢TI =)@ =) [ ol (= p?)
* IL:O L:b [ 1 i| |:27TP. (¢ — bz):| Aoz

or

_ b @ —p)|d
_8TT+ET1<)+%J [(c2 b2)]

The remaining integral can be evaluated easily after expanding the square in its
integrand. The total inductance is found to be

C2 2 c Mo C2
L= 87 + -— ln(b/a) + I:cz — b2i| ln(z) - ZT |:c2 — b2]

2 2
Mo [¢”+D
+§T|:C2 —b21| H/m

Note that the external self-inductance per unit length of coaxial line is

L=Foy (b> H/m.
21

Mutual Inductance

Mutual inductance between the two circuits characterizes the magnetic flux linkage
with one circuit per unit current in the other. Therefore it can be found as follows:
The magnetic flux generated by N, turns of loop 1 that links loop 2 is found to be

S NI [ df xR\ .
¢21:J Bl'dS:J Ho ll+ >2< ~ds
S, S, 47T C R

LN i x R\
- MJ fi; =2 - as. (9.2.14)
477 S, Ci R

Note that this flux must be multiplied by the number of turns N, of loop 2 to find the
total flux linkage. Therefore the mutual inductance M, is given as follows:

N, NoN v x R\ .
My = V2o _ Naligty ‘“"J ff) ) .45 (9.2.15)
11 dar Y
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Similarly

N, NINQMOJ 1; dt xR\ _
My, =—112 -T2 - d5. 9.2.16
12 L e 2 s ( )

We expect M, to be equal to M;,. However, it is not that obvious from these two
relations. Using the following alternative formulation for the flux linkage between
two loops with single turns, we find that

Uy :J El -ds
S>

D I L di\ -
=J (VxAl)-ds={> Al-d@:# “‘”i; L)ede,. (9.2.17)
S, e} G 4 c Ra

Therefore
di; - de
M21:@:b§f jE et (9.2.18)
L 47]e, Je, Ra
Similarly
- N - . - d I dZ e
lplz:J Bz-ds=J (VxAz)-ds=jl; Az-dﬁlzi; Mﬂ; 2. 4d,.
Sy Sy Ci o \ 47 Jo, Rz
(9.2.19)

Since R;» = R,;, we find that

dty « di.
My, =02 Ho fF b s WY VA (9.2.20)
12 47T G Jc R12

Coupling Coefficient

Consider the case where coil 1 produces a magnetic flux ¢;; because of its
current [;. However, only a fraction «; of this flux links with coil 2. Therefore we
can write

LI
) = Kihy = K % (9.2.21)
1

Hence the mutual inductance M5, is found to be

_ Mooy _ g N2 (9.2.22)

M.
21 2 N,
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Similarly
My, = N‘I‘f‘z = Ksz%. (9.2.23)
For My, = M, = M, we have
M? = koL Ly > M = + kL1, (9.2.24)
where
K = /KIK2. (9.2.25)

k is called the coupling coefficient. Note that k; < 1 and k, < 1, and therefore
k<1.

Example 9.11

The axes of two concentric solenoids of lengths 7/ are aligned to the z-axis, as
shown in Figure 9.7. The inner solenoid has N; turns while the outer one has
N,. The radii of the two solenoids are a and b, respectively. Find their mutual
inductance.

Assume that current through inner and outer solenoids are /; and I,, respect-
ively. Therefore the magnetic flux density due to the outer solenoid is found to be

_ Mool
==

The flux linkage though each turn of the inner solenoid is given by

B,

Figure 9.7 Concentrically arranged solenoids.
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The mutual inductance M, is found from (9.2.16) as follows:

woN \Nomra?

M = 7

Alternatively, the magnetic flux density due to /; in the inner solenoid is given as
follows:

_ MM

B 7

The flux linkage of the outer conductor is found to be (remember that the flux out-
side solenoid is zero and there are N, turns in outer solenoid)

/.L0N2N1117Ta2
Py = -
Therefore (9.2.15) gives
NoNmwa?
My, = Mo 2£ 17Ta =M,,.

We can determine the coupling coefficient if the expressions of self-inductances
L, and L, of solenoids are known. These can be found easily as follows:

L = o Nima?
£
and
L, = M0
£
Therefore

Example 9.12

A distance h separates two conducting wire loops of radii a; and a,, as shown in
Figure 9.8. The cross section of the loop’s wire is circular with radius a. Find their
mutual inductance.

Assume that the radii a; and a, of the primary and secondary loops, respect-
ively, are measured to the wire axis. The two loops are separated by a distance A,
and ¢ = a; — a s the radius of the inner periphery of the primary loop. The incre-
mental lengths d¢; and d¢, can be expressed as follows:

dEl = (;Ablcdqﬁ1 = (—Xxsin ¢, + ycos ¢;)c dop,
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Figure 9.8 Two magnetically coupled loops.

and
dby = $rarddpy = (=% sin ¢, + § cOSs by)ardeh,.
Therefore
by + dly = cay(, * br)depydpy = caz cos(y — b)deb,deps.
The position vectors for le and dé;, respectively, are given as follows:

71 = Xccos ¢ + Yesin ¢,
and

72 = Xap cos ¢, + Ya, sin ¢, + Zh.

Therefore the separation between dZ 1 and de is found to be

R12 = |;:1 — ?2| = \/h2 =+ C2 =+ a% — 26‘(12 COS(d)l — ¢2)

Alternatively, this result can be found via the so-called cosine law.
Using (9.2.18), we find that

M, = PoC® sz r” cos(¢py — ¢y)dd¢p,
4 g =0 Jg,=0 /h2 + 2 + a3 — 2cas cos(dy — ¢y)
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Note that when integrating over ¢», ¢; is constant and the integration can be
performed after changing the variable as follows: For ¢, — ¢, = 0, dp, =
—d0, and the new integration limits are found to be

b, =0 —> 0=2¢,

and
b, =271 — 0= ¢, — 2.
Therefore
M MoCa2 Jz" J¢' cos 0 dode,
12 = .
41 Jg,=0 Jo=¢,—27 \/h? + 2 + a3 — 2cay cos O

Since the inner integral is evaluated for the closed loop such that 6 varies over a
total interval of 2, the origin for 6 is unimportant. Further the integrand is now
independent of ¢, so the outside integral is trivial. Consequently the expression
for the mutual inductance between the two loops simplifies to

21
6do
My, — ,uocaQJ cos

2 Jo—o /2 + 2 +a} —2caycos O

This integral cannot be evaluated analytically. However, the mutual inductance
M, can be expressed in terms of the complete elliptic integrals of the first and
second kinds that are generally tabulated in many mathematics handbooks.
This transformation is possible via the following change in the variable.

For 6 = m — 2x, d6 = —2dx, and limits on the integral change as follows:
a
0=0 =—
— X 5
and
T
0=2 =——.
T X >
Further
cos 0 = cos(7m — 2x) = —cos(2x) =2 sinx — 1.
Therefore
/2 (2sin® x — 1)dx
M, = Moca2J
x=—m/2 \/hz + 2 +a} — 2cax(2 sinx — 1)
J”/z (2sin® x — 1)dx
=2u,caz

*=0 \/hz + 2+ a5 — 2cax(2 sinfx — 1)
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Since

R, =W +c* 4 a5 —2caycos 0 = h* + ¢* + a5 — 2car(2sin® x — 1),

or
R%z =h+ (c2 + a% + 2cay) — 4cay sinx = h> + (c+ a2)2 —dcay sin® X,
dca .
R, = Tzz (1 — k% sin® x),
where
2 4dca,
TR+ (cta)?
Further
2 2
2sinx—1= i 1 —ﬁ(l — k% sin” x).
Therefore
cos 0
VR + ¢ + a3 — 2ca; cos 0
. 2sin’x — 1
P+ 4 @ = 2ca2sin’x — 1)
Kk [(2/k2) —1— (/) — k?sin® x)]
2 /caz V1=K sin®x
and

1 2 /2 d 2 /2
M12:2/J,0ca2|:<—k)J al J \/l—kzsinzxdx:|,

2 /ca; | \k o Vi—Rsintx klo
or

M = e (2 k)F (k) %E(k )

12 = Mo/ Can X ) 2 )1
where
/2
F(k,71>=J B o=r=l
2 0 ~1—K2sin’x
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and

/2
E(k,z)zj VI ksinixdy, 0<K<I.

2 0

F(k, /2) and E(k, 7/2) are known as complete elliptic integrals of the first
and the second kinds, respectively. These can be expressed in infinite series as
follows:

N 1\N°, (1-3\*, [(1-3-5\°;
F(k’2)‘2[1+<2>k+(z.4)k+<2.4.6)k+"'

w7 1N, [(1-3\’k* [1-3.5\%°
E(k, z)—z[l‘@ k _<2-4)3_<2-4-6) 5T

Example 9.13

and

A circular loop of a 0.25 m mean radius is lying symmetrically on the x-y plane.
The wire used for this loop is circular in its cross section with a radius of 1 mm.
Find the inductance.

The external self-inductance of a loop can be found after specializing the
results obtained for M/, in Example 9.12. Equations (9.2.3) and (9.2.17) indicate
that the external self-inductance can also be expressed as

. de,
L, :@{; de, - + ikt
47T Ci C; R11

This expression can be obtained from the mutual inductance formula of (9.2.18)
after replacing a, by ay, i by zero, and R, by R;,. Hence specializing the results
of Example 9.12, we find that

2 T 2 T
L1 = MoV (a1 — a)al |:(k — k)F(k, E) —%E(k, 2):|»
where
2 4(a) — a)ay

B Qa; —a)*
Since

k
Via —a)a; = 5(201 —a),

2

Ly = p,(2a; — a)[(l —]‘2>F(k, %) —E(k, 727)]
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Further, if a;/a > 1, then k — 1, and the asymptotic values of the complete
elliptic integrals for this case are found to be

F(k — 1, g) ~ ln(«/%>

and
T
E(k 1, —) ~ 1.

)

Therefore
4 8
L = poar | In| —— | = 2| = poar [m(‘”) - 2].
V(a/2ar)? a

For a; = 0.25m and ¢ = 1 mm,

3 8a; 3 . 8-0.25
L= ,u,oal[ln( ; ) —2} = 4710 -0.25[111( 001 ) —2}1{

= 1.7596 puH.

9.3 MAGNETIC MATERIALS

According to the atomic structure of materials, electrons orbit around the nucleus
and also spin around their axes. As in the wire loops considered in Examples 9.4
and 9.6, the orbital motion of electrons produce a magnetic field. The angular
momentum of spinning electrons can be related to tiny current loops in the material.
Mathematically the concept of magnetization can be written as follows:

- . . my

M = hmAlvlzl()AU A/m, 9.3.1)
where i, is an average dipole moment of billions of tiny magnetic dipoles in a macro-
scopically small volume. The magnetization of a material facilitates the analysis
without considering individual tiny magnets. As indicated earlier in (3.3.4), the total
magnetic field in a medium depends on both the applied field and the magnetization
of the substance. Hence

B = p,(H+ M. 9.3.2)

Intwo different classes of materials, known as diamagnetic and paramagnetic materials,
the magnetization is linearly related with the external (applied) magnetic field intensity.
For such cases, (9.3.2) may be written as follows:

B = u,(1 + x)H = pH. (9.3.3)
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TABLE 9.1 Magnetic Susceptibilities of Selected Diamagnetic and
Paramagnetic Materials at 300 K

Diamagnetic Materials Paramagnetic Materials

Copper -0.95-107° Aluminum 23-107°
Diamond -22-107 Calcium 19-107°
Gold —-3.6-107° Chromium 0.27-107°
Germanium -0.8-107° Magnesium 0.12-107*
Graphite -12-107° Platinum 29.-107*
Silver -26-107° Tungsten 0.68-10"*
Silicon -042-107° Air 3.6-1077
Sodium —0.24-107° Liquid oxygen 3.5-107°
Water —-0.88-107° Nickel chloride 0.4-107*

As noted earlier in Chapter 3, x, is the magnetic susceptibility of a material and
M is the magnetic permeability of a material. This relation becomes particulary com-
plex in certain materials known as ferromagnetic (e.g., iron, nickel, and cobalt) and
ferrimagnetic (e.g., ferrites) materials. The magnetic susceptibilities of some
diamagnetic and paramagnetic materials are listed in Table 9.1.

In diamagnetic materials, the atoms and molecules have no magnetic moment
because the magnetic fields produced by orbiting and spinning electrons cancel
out. The external magnetic field only weakly affects this balance, and a small mag-
netic moment is induced that opposes the applied field. As a result the magnetic
susceptibility of these materials is negative, and the relative permeability is less
than unity (i.e., permeability of the material is smaller than the permeability of
free space).

In paramagnetic materials the atoms have magnetic moments that point in
random directions because of thermal agitation. When an external magnetic field
is applied, these elementary magnets rotate and align in the direction of applied
field. As Table 9.1 indicates, these materials have positive magnetic susceptibility,
and therefore the relative permeability is just larger than unity.

In ferromagnetic materials, large magnetic moments exist within microscopic
regions, called domains because of the alignment of all magnetic moments in
each region. These domains have volumes on the order of 10~ % to 10~ ® m? contain-
ing 10" to 10*' atoms. As shown in Figure 9.9, the directions of the magnetic
moments differ from one to the other domain in virgin ferromagnetic material.
The magnetic state of the material corresponds to the origin o of the magnetization
curve (B—H curve) shown in Figure 9.10. When an external magnetic field is
applied, the domain structure changes as shown in Figure 9.9b. Domains with
magnetic moments in the direction of the applied field grow in size, whereas
others shrink. The magnetic flux reaches to a point e following the path o—e—c in
Figure 9.10. If the applied magnetic field is further increased to a large strength,
then all the magnetic moments align to form a single domain as shown in
Figure 9.9¢. This alignment corresponds to point ¢ on the magnetization curve of
Figure 9.10. The magnetic flux density B experiences a negligible change if the
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Figure 9.9 Domains in a virgin ferromagnetic material (a), under the influence of small
magnetic field (b), and in saturation when a large magnetic field is applied (c).

applied magnetic field is increased further. This is known as the saturation point of
the material.

Consider a situation where the applied magnetic field is reduced from the satur-
ation point c. The B—H characteristic of the material follows the c—d—a path instead
of c—e—o0. Some magnetic flux remains in the material even when the applied
magnetic field is reduced to zero. At this point the material is said to have a remanent
magnetization. If the applied magnetic field is now reversed, then the magnetic flux
goes to zero for — H,., which is known as the coercive force. The material saturates at
point a for large reverse magnetic field. If the applied magnetic field is reversed
again, then it follows the path a—b—c of the B—H curve. The closed path a—b—
c—d—a is known as the hysteresis loop. The hysteresis loop of a hard ferromagnetic
material is wide, and it is narrow for a soft material. Hard materials are used to
design permanent magnets that maintain magnetization as long as it is kept below
a critical temperature, called the Curie temperature. Characteristic parameters of
selected magnetic materials are listed in Tables 9.2 and 9.3.

(@) (b

Figure 9.10 Hysteresis curve for a hard (a) and a soft (b) ferromagnetic material.
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TABLE 9.3 Curie Temperature of Selected Magnetic

Materials

Curie Temperature,
Material T. (K)
Iron 1043
Cobalt 1394
Gadolinium 317
Nickel 893

The area enclosed by the magnetization curve represents the work required to
take the material through the hysteresis cycle. This way the material acquires
energy from the external source. When the magnetization cycle is repeated, the mag-
netic energy is transformed to thermal energy because of the realignment of the
domains, and the temperature of the material increases.

9.4 MAGNETIC CIRCUITS

From Example 9.8, magnetic flux in a toroid is given as follows:

’ _ pNImb®  uNIS NI Vn
W7 2@ T 4 T (/uS) R

(9.4.1)

where S is the cross-sectional area of the core and / is its mean circumferential
length. 2 is called the reluctance in per henrys (H™ ') and V,,, is the magnetomotive
force (mmf) in ampere-turns (At) defined as follows:

12

= (9.4.2)

and
Vin = NI. 9.4.3)
Note the similarity between (9.4.1) and the electrical circuit relation

Vv 1%
I=—=——, 944
R (£/aS) ( )
where [ is the current that flows through resistance R when an electrical voltage V is
applied. The resistance is made of a material of conductivity o with length / and
cross sectional area S.
Further we find that

fi; H+dl =Nl — Y Huly=NI (9.4.5)
c m
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and
fF B+ds=0 — Y B,S,=0. (9.4.6)
N m

These relations are analogous to Kirchhoff’s voltage and the current laws used in
electrical circuit analysis. Therefore the magnetic circuits can be easily analyzed
following the analogy of electrical circuits.

Example 9.14

A toroid has 500 turns on an iron core of 30 cm mean length and an air gap of
1 cm, as shown in Figure 9.11. It is being used to write on a magnetic tape
that requires a magnetic flux density of 1.6 T in the air gap (ignore fringing
fields). If the relative permeability of the core at the given condition is 4897,
find the required current /.

Assume that the magnetic field intensity in core is H;, whereas it is H, in the
air gap. From (9.4.5) we find that

H,-03+H,-001=500-1
Since

B 1.6
T 4897 -4 w1077

B
H == A/m = 260A/m
m

and

B 1.6
Hy=—

= 1o A/m= 12732 10° A/m,
Mo ST

260-0.3 4 1.2732-10°.0.01 = 78 4 12732 = 12810
=500-1 - 1=25.62A.

Figure 9.11 Geometry of the toroid in Example 9.14.
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Example 9.15

There is a current of 10 A flowing through 100 turns of the magnetic circuit
shown in Figure 9.12. All branches have 8 cm? as their cross-sectional areas
(S1) except in the middle, which is 10 cm? (S5). Lengths /; and /3 are 28 cm
each, and 7, is 10 cm long. The relative permeability of the core is 400. Find
the magnetic flux densities through lengths 7, and /5.

Assume that the magnetic field intensities in three lengths are H;, H», and H3,
respectively. From (9.4.5) we find that

0.28-H; +0.1-H, =10-100
and
0.1-H,—0.28-H3; =0 — H, =2.8-Hj.
We use (9.4.6) to get
wHS) — wH>S; — wHsS; =0 — Hy = Hy + 3 H,.
Solving these three equations, we find that
H, = 1818.1818 A/m

and
H; = 649.3506 A/m.
The corresponding magnetic flux densities are found to be

B, =400-4-7-107 -H, = 09139 T

10A —P» P

Figure 9.12 Geometry of the magnetic circuit in Example 9.15.
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and

By =400-4-7-107 - Hy = 0.3264T.

Example 9.16

The magnetic circuit shown in Figure 9.13 has two symmetrical windings, each
with 9783.2455 At. All branches of the core are 2 cm thick, and its relative
permeability is 1000. Find the total magnetic flux in the air gap.

An equivalent magnetic circuit is drawn in Figure 9.14 using the concepts of
reluctance and the magnetic voltage defined in (9.4.2) and (9.4.3). The reluctance
values for each branch, as indicated in Figure 9.13, are found to be

¢ 0.11
Ry = = =29.1784 - 10*H!,
T uS T 10004 - - 1077 - 0.015 - 0.02
¢ 0.05
Ry = — = =13.2629 - 10*H !,
7 S 1000-4--10-7-0.015-0.02
¢ 0.06
Ry = =23.8732-10*H7!,

uS ~ 1000-4- - 107 -0.01 -0.02

and

14 0.01

- = =26.5258 - 10°H~".
£ uS 4-m-10-7.0.015-0.02

We can use the superposition principle to find the total magnetic flux in the air
gap. With a short circuit replacing one source, the magnetic flux ¢ supplied by

Zl =15cm
R A T i I
! R3 | —_f_" R3 1.6 ¢g=5cm
| f ly=1cm
.5/12 é3 ZS =6 cm
4 —p
'</’ Air gap ! <\:
NI 9. Y, B SV {
4B Ry —1—a 4 d P
g \<
<« |
' R
R, Ra| g I
| v
I R3 =Y %3 | _“__*ez
I [ P
>l >0 >l

Figure 9.13 Geometry of the magnetic circuit in Example 9.16.
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Ry 9& 933% RV

9783.2455 At

9783.2455 A_t___ R, —

Ra

Figure 9.14 Equivalent of magnetic circuit shown in Figure 9.13.

the other source to the circuit is found to be

NI

¥ 28+ O+ 20 [y + 2)

Since

(R +2%3) = (29.1784 + 2 - 23.8732) - 10* = 76.9248 - 10* H!,
(Rg +2%2) = (2652.58 + 2 - 13.2629) - 10" = 2679.1058 - 10*H ™",

we find that

(Z1 +2R3) - (Rg + 2R>)
(R +2R3) + (Ry + 2R>)

= 747777 - 10°H .

(%1 +2R3) (%) + 223) =

Therefore

9783.2455

- - 107* = 64.4897 - 10~* Wb.
76.9248 + 74.7777

W

Since ¢ is similar to electrical current, we use the current division rule to find the
magnetic flux ¢, in the air gap as follows:

_ Ry + 2R = 76.9248
T (R +2%) + (Ry + 2R>) " 76.9248 - 2679.1058

i . 64.4897 - 1074

=1.8-10"*Wb.
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Since the other source is identical and the circuit is symmetrical, the total
magnetic flux in the air gap will be doubled. Hence the total magnetic flux in
the air gap is 3.6- 10~ Wb.

PROBLEMS

9.1.

9.2.

9.3.

94.

9.5.

9.6.

9.7.
9.8.

9.9.

9.10.

9.11.

9.12.

The radius of an infinitely long solenoid is 1 cm. It has 200 turns per cm over
its length and carries a current of 100 mA. Find the magnetic field using
Ampere’s law.

The mean radius of a toroid is 3 cm, and it has 1500 turns of a filamentary
wire. The cross section of the core is circular with a radius of 1 mm. There
is a current of 100 mA flowing through the winding. Find the magnetic flux
density using Ampere’s law.

A 1 m long thin wire lies symmetrically along the z-axis. If this wire carries a
current of 2 A, determine its magnetic field at a point on the x-y plane using
the Biot-Savart law.

The radius of a loop filament is 10 cm. The loop lies on the x-y plane and carries
a current of 2 A. Find the magnetic flux density at a point 1 m away on the axis.

The radius of a filamentary wire loop is 1 cm. The loop lies on the x-y plane. It
carries a current of 1 A. Find the magnetic field on a spherical surface of 1 km
in radius.

Find the inductance of a 20 cm long solenoid with 20 turns per cm. The radius
of the solenoid is 1 cm.

Find the inductance of the toroid described in Problem 9.2.

Find the inductance of a 10 cm long solenoid with 1500 turns and a radius of
5 mm.

Find the inductance of a toroid with 5000 turns, mean radius of 8 cm, and

cross-sectional area at the core of 10™* m2.

Find the inductance per unit length of a coaxial line with inner and outer con-
ductor radii of 1.325 mm and 4.16 mm, respectively. Assume that the outer
wall is 0.1 mm thick and the &, of the medium between the conductors is 2.1.

The axes of two concentric 15 cm long solenoids are aligned to the z-axis. The
inner solenoid has 150 turns, and the outer solenoid has 250 turns. The radii of
the two solenoids are 1cm and 3 cm, respectively. Find their mutual
inductance.

A distance of 5 cm separates two conducting wire loops of radii 10 cm and
6 cm. The cross section of the loop wire is a circle of 2 mm in radius. Find
the loops’ mutual inductance.
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9.13.

9.14.

9.15.

9.16.

A circular loop of a 0.25 m mean radius is lying symmetrically on the x-y
plane. The wire used for this loop is circular in its cross section with a
radius of 1 mm. Find its inductance.

A toroid has 200 turns on an iron core of 12 cm mean length and an air gap
of 5 mm, as shown in Figure 9.11. The toroid is being used to write on a
magnetic tape, which requires a magnetic flux density of 0.9 T in the air
gap (ignore fringing fields). If the relative permeability of the core at the
given condition is 5000, find the required current /.

There is a current of 15 A flowing through 150 turns of the magnetic circuit
shown in Figure 9.12. All branches have 10 cm? as their cross-sectional
areas (S) except in the middle, which is 15 cm? (Sy). Lengths /] and /4 are
35 cm each, whereas /5 is 15 cm long. The relative permeability of the core
is 250. Find the magnetic flux densities through lengths 4 and 4;.

A magnetic circuit shown in Figure 9.13 has two symmetrical windings, each
with 5423.2 At. All branches of the core are 1.5 cm thick, and the core’s relative
permeability is 2000. Find the total magnetic flux in the air gap.
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WAVEGUIDES AND CAVITY
RESONATORS

Hollow metallic tubes of rectangular and circular cross sections are commonly
employed in high-power microwave systems. These transmission lines are known
as waveguides. When conducting walls are placed at two open ends of a waveguide
of finite length, a cavity resonator is found. These resonators are used as resonant
circuits at microwave frequencies. The electromagnetic fields in these structures
are analyzed here by the procedure discussed earlier in Chapter 6. The chapter
begins with an analysis of signals propagating through a metallic waveguide of rec-
tangular cross section. The following section considers the TE and TM modes of
metallic waveguides of circular cross section. Cavity resonators are commonly
employed as resonant circuits at frequencies higher than 1 GHz. These resonators
provide much higher quality factor (Q-factor) with respect to their lumped-element
counterparts. The characteristic behaviors of cavity resonators of rectangular and
circular cross sections are discussed in last two sections of this chapter.

10.1 METALLIC RECTANGULAR WAVEGUIDE

This section presents an analysis of electromagnetic signals propagating through a
hollow metallic cylindrical waveguide of rectangular cross section, as shown in
Figure 10.1. Assume that its cross section is a x b, and the electromagnetic signal
is propagating along the z-axis. As discussed in Section 6.4, the analysis is divided
into TE and TM modes. TE mode fields are found from (6.4.13) through (6.4.18),

Practical Electromagnetics: From Biomedical Sciences to Wireless Communication.
By Devendra K. Misra
Copyright © 2007 John Wiley & Sons, Inc.
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| )

o

a

4

Figure 10.1 Metallic rectangular waveguide.

after identifying appropriate harmonic functions for (6.4.28). Similarly (6.4.4)
through (6.4.9) give TM mode fields.

TE” Modes in the Rectangular Waveguide

Since the signal is propagating along the z-axis, #3(k.z) — e /%% in (6.4.28), whereas
the sine and cosine functions are appropriate solutions for A;(k.x) and hy(k,y).
Therefore F, for (6.4.12) is found to be

F.(x,y,2) = {c1 cos (kyx) + c3 sin (k,x)}{c3 cos (kyy) + ¢4 sin (kyy)}e_jkzz, (10.1.1)
where ¢y, ¢,, c3, and ¢4 are the integration constants.

Since tangential electric fields must be zero on the conducting surfaces, the
boundary conditions for the fields in conjunction with (6.4.13) through (6.4.14) give

oF.
Edy—0=0 > —| = (10.1.2)
y=b ay izg
and
oF
Eio=0 —>—| =0. (10.1.3)
x=a ox ;zg

In order to satisfy these boundary conditions, (10.1.1) in conjunction with (10.1.2)
and (10.1.3) gives

et =0, (10.1.4)
ni
k= (10.1.5)

c; =0, (10.1.6)
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and

k=27 (10.1.7)

a
where m and n are integers including zero, except that both cannot be zero at the

same time (which makes all fields zero, and therefore a trivial case).
Equation (10.1.1) reduces to

F.(x,y,2) =cic3 cos(mij) cos(%y)e*jklz. (10.1.8)

Further k, is found after substituting (10.1.5) and (10.1.7) into the separation
equation (6.4.25) as follows:

kz=\/k2— (?)2— (%7)2. (10.1.9)

For example, if a waveguide is air-filled, k = k, is a pure real number. There are
following three possibilities in the air-filled case.

- The quantity under the square root is negative in (10.1.9) if

K < (%T)zjt (%7)2. (10.1.10)

Therefore k, is imaginary. This represents a purely attenuating signal without
propagating along the waveguide. This condition may be used to design
attenuators.

« The quantity under the square root is positive in (10.1.9) if

K2 > (%7)2+ (%7)2. (10.1.11)

Therefore k, is real, and the signal propagates through the waveguide without
attenuation (ideally).

. The quantity under the square root goes to zero in (10.1.9) if

K2 = (%T)ZJr (%7)2: K2 (10.1.12)

Therefore k, is zero, which is the cutoff condition. This wave number is known
as the cutoff wave number k., and the corresponding wavelength of the signal is
called the cutoff wavelength A.. The corresponding frequency f, is called a
cutoff frequency of the waveguide. Thus the waveguide works as a high-pass
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filter. A signal propagates only when its frequency is greater than the cutoff fre-
quency of the waveguide.

The wavelength and the phase velocity of a propagating signal are found to be

2 27 Ao A

Ao = = = = 0 10.1.13
VR ko T—(ke/ko)® V1= o/A? V1= (f)f)? ( :
and
w fAo 3x 108
=—= : = 10.1.14
Tk V1I=o/A) ¢1—<A0/Ac)2ms ( :

where f is the signal frequency, k, is its wave number in free space, and A, is the
signal wavelength in free space.

The fields inside the waveguide are found after substituting (10.1.8) into (6.4.13)
through (6.4.18) as follows:

E.(x,y,2) Zme,lw,u,<T)cos(mx> sin(gy)e_jkzz, (10.1.15)
b a b
Ey(x,y,2) = —menw,u<m—7T> sin(yx) cos(gy)e_jkfz, (10.1.16)
a a b
E.(x,y,2)=0, (10.1.17)
H\(x, y, 2) = jHuk, (@>Sin(@x) cos Ty)e’jkfz, (10.1.18)
a a b
Hy(x, y, 2) = jHymk: (g>cos<@x) sin(Ty)e*fkﬂ, (10.1.19)
b a b
and
Ho(x, . 2) = Hypk? cos<m—”x) cos (”—77 y)e*f":i (10.1.20)
a b
where
. 1
H,, = —jcics—. (10.1.21)
wue

Note that the fields do not exist for m and n both zero. Therefore m or n has to be a
nonzero integer for a nontrivial solution. For a > b, the lowest order mode that pro-
pagates is TE ¢ (i.e., for m = 1 and n = 0). It will be shown later that the lowest
order TM mode that can propagate through the waveguide is TM;; (i.e., for
m =1, and n = 1). Therefore the TE;, mode is known as the dominant mode for
rectangular waveguides. Only H,, H,, and E, field components are nonzero in this
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ST
6 ¢ .

Figure 10.2 TE,, fields decomposed into two uniform plane waves bouncing off the
conducting sidewalls of a rectangular waveguide.

mode. Also A, = 2a, and therefore (10.1.13) can be rewritten as follows:
Ao

Ag(TEm) = m :

Further the only nonzero component of the electric field is E, that can be found
from (10.1.16):

(10.1.22)

Ey(x,y, 2) = —jH,op, (71) Sin(zx>g*jk;z
a a

— “Hyop, (%) (elml—z] _ =i/ tical) (10.1.23)

Note that this relation represents two plane electromagnetic waves propagating at
angles +6 after reflection from the sidewalls of the waveguide, as shown in
Figure 10.2. This angle is found to be

A
6 =sin"! (") (10.1.24)
2a

Therefore § — 90° as A, — 2a (i.e., A.), and the wave ceases to propagate.

Example 10.1

The inside cross section of an air-filled rectangular metallic waveguide is
1.58 x 0.79 cm. (a) Determine the cutoff frequencies for the TEy, TE,g, TEq,
and TE; modes. (b) Find the mode(s) that will propagate through this waveguide
if the signal frequency is anywhere between 12 and 18 GHz. (c) If this waveguide
is being used to send a 15.8 GHz signal in TE;, mode, find the phase velocity.

(a) Since

= Y s o) G
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the cutoff frequencies for different modes are found to be,

1 . 0 2
TE =3-108 Hz = 9.4937 GHz,
o = fe \/(2 : 0.0158> +<2 : 0.0079) ? ?

2 2 0 2
TEy — f. =3-10% ( ) +< ) Hz = 18.9873 GHz,

2-0.0158 2-0.0079

0 2 1 2
TE =3.108 Hz = 18.9873 GHz,
o = fe /(2 : 0.0158> +<2 : 0.0079) ‘ “

and

1 . 1 .
TE =3.10% Hz = 21.2285 GHz.
= fe=3-10 \/<2-0.0158> +(2-0.0079) z 85 GHz

(b) From (a) the cutoff frequency for the TE;o mode is 9.4937 GHz. Since next
higher modes have cutoffs at 18.9873 GHz, only the TE;; mode will exist for
a signal frequency band of 12 to 18 GHz.

©)
Lo 30t 3108 3108
VT W/A) VI (R V1= (9.4937/15.8)

=3.7531 - 108 m/s.

TM” Modes in the Rectangular Waveguide

In the case of TM” modes, the fields are found from (6.4.4) through (6.4.9), after
constructing an appropriate solution to (6.4.3). As in the previous -case,
hs(k.z) = e 7% in (6.4.28) because the signal is assumed to be propagating
along the z-axis. Similarly the sine and cosine functions are appropriate solutions
for hy(k,x) and hy(k,y). Therefore A, for (6.4.3) is found to be

A (x, Y, 2) = {c1 cos(kux) + ca sin(kex) } ez cos(kyy) + cq sin(kyy) Je 7%, (10.1.25)

where ¢y, ¢,, c3, and ¢4 are the integration constants.
Since tangential electric fields must be zero on the conducting surfaces, boundary
conditions for the fields in conjunction with (6.4.7) through (6.4.9) give

Eiy=0 =0 = A;ly—0 =0, (10.1.26)
y=b y=b
Eylx=0 =0 — A;|i=0 =0, (10.1.27)
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=0. (10.1.28)

Note that if (10.1.26) and (10.1.27) are satisfied, (10.1.28) will hold automatically.
In order to satisfy (10.1.26), we use (10.1.25) to find that

C3=0
and
ni
ky, = —
) b

(10.1.29)

(10.1.30)

Similarly the boundary condition (10.1.27) requires that

C1 =0
and
mir
kX =
a

(10.1.31)

(10.1.32)

where m and n are integers excluding zero (which makes all fields zero, and

therefore a trivial case).
Equation (10.1.25) reduces to

(10.1.33)

A (x,y,2) =cacy sin(ﬂx) sin(%y)e_ﬂ‘fz.
a

Note that k, remains the same as in (10.1.9) for the TE case, and the TM modes
degenerate as a result. After substituting (10.1.33) into (6.4.4) through (6.4.9), the
field components are found to be

Ho(x, y, 2) = jEmnws;(%T) sin(%rx) cos(%T y)e*f"za (10.1.34)
Hy(x,y,z) = —jEmnws(mjﬂ') cos(mij) sin(%y)e*jklz, (10.1.35)
H.(x,y,2) =0, (10.1.36)
E.(x,y,2) = —j<mZkZ)Emn cos(?x)sin(%y)e‘jkﬂ, (10.1.37)
Ey(x,y,2) = —j<nZkz)Emn sin(mTﬂ-x) cos(?y)e‘jkfz, (10.1.38)
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TABLE 10.1 Fields in Metallic Rectangular Waveguide

TE,,, Modes T™,,,, Modes
¢ () +(5) () +(5)
¢ a b a b
k, K2 —k? VK> — k2

A A
he VT = (ke J5)? VT = (ke J1)?
H/(x,y) Hmnkg cos (%T x) cos (%T y) 0
E.(x.y) 0 E,pk? sin (’%”x) sin ("7” y)
H(x,y) JHumk, (m%) sin (m777 x) cos (%T y) JEmwe (%1) sin (m777 x) cos (%T y)
Hy(x, y) JHuk, (n?ﬂ-) cos (mjﬂ- x) sin (%T y) —jEmwe (%') cos (mjﬂ- x) sin (%T y)
By it (T )eos("Tx)sin("Ty) _,(@)E cos("27 ) sin (")
By o (" )sin("7x)cos(*T) _,-("gkz)Em ("7 x) cos (")
and
E.(x,y,2) = E,,,,,kg sin (%Tx) sin(?y)e’jkzz, (10.1.39)
where
E,, = —jcacy %w (10.1.40)

Note that the lowest order TM mode that exists is for m =1 and n =1 (i.e., the
TM;; mode). Since TE;( is lowest among all possible modes, it is known as the
dominant mode. The electromagnetic fields and the related characteristics of
the TE and TM modes are summarized in Table 10.1.

The Wave Impedance
The wave impedance of a rectangular waveguide operating in the TE* mode is

defined as follows:

(10.1.41)
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Using (10.1.15) through (10.1.20), we find that

Ok o _ ad = i
ke JIZ—02 kST =KD 1 —(A/A)?

. — (10.1.42)

V1=l

Similarly the wave impedance for TM” modes in a rectangular waveguide is
defined as follows:

ZTEZ =

E E,
Tz = — = — 2 10.1.43
™ H, . ( )

Using (10.1.34) through (10.1.39), we find next that

k. k1T — (ke/k)? k)2 NG
ZTMzziszn 1—- k> =7 1—|—

we Ac

f 2
=n/1— (°> ) (10.1.44)
f

Equations (10.1.42) and (10.1.44) are displaced graphically for the air-filled
waveguide in Figure 10.3. As the figure indicates, wave impedances are purely
imaginary (inductive for TE and capacitive for TM modes) for a signal frequency
f smaller that the cutoff frequency f.. The wave impedance becomes infinite for
the TE and zero for the TM modes when the signal frequency is equal to the
cutoff. As the signal frequency increases higher than the cutoff frequency, the
wave impedance becomes purely resistive in both cases.

3000
2500 |
2000 |
1500 |-
1000 [

500 F

L 5' Normalized frequency

Figure 10.3 Wave impedance versus normalized frequency (f./f).
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Power Flow and the Signal Attenuation

Poynting’s vector for the TE* modes is
Swv = SRe[GE, + JE,) x GH? + FH; + 2H?)]
= IRe[XE,H — YEH! + UEHY — EHY)).

Using (10.1.15) through (10.1.20) obtains
= ot () o (275 ()
< Tr) sin ( )cos2<nbﬂy)i| =z8§,. (10.1.45)

Note that the other two components of the Poynting vector are purely imaginary.
From Poynting’s vector the power-flow through a waveguide is found to be

a b 2
! |Hmn| a b n\ 2 mm 2
PlE = | 8§, -ds= J J S.dxdy = =" ok, — . = 7”) 77) ’
J =0 Jy=0 e 2 “H “&n & <b +( a

y

or

) ;.
PTE:I ' kkz——l (fc) (10.1.46)

mn
2 8}’)’1 87! f

where ¢,, and g, represent Neumann’s number, which is defined as follows:

|1, ¢g=0,
8‘1_{2, 7> 0. (10.1.47)

For the dominant mode in a rectangular waveguide, (10.1.46) reduces to

. H / -
PTE _| “" 7T)ab - f (10.1.48)

Similarly Poynting’s vector for the TM” modes is

Suv = LRe[RE, + JE, + 2E.) x GHY + 5H)]
= JRe[—XE.H} + YE.H} + 2(E.H;} — E,H})].
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Using (10.1.34) through (10.1.39) obtains

._S"dV = z |E,,m| wek, |:< aﬂ')zcosz<?x) s1n2(%7y)
+<%T)Zsin2 (%Tx) cos? ("b”y)} —35.. (10.1.49)

Again, the other two components of the Poynting vector are purely imaginary.
From the above the power-flow is found to be

| sy =" o L () (7]

a

PL¥Z:J§aV'ﬁ:J
S

x=|

z Emn
P,Tnl,‘f_l " ksz‘/ f° (10.1.50)

When the waveguide walls have a finite conductivity, there is power loss in the con-
ductors. Further there is power loss in the dielectric medium if it is imperfect. It is
assumed that the attenuation constant «, due to conductor loss is separable from the
attenuation constant ay due to the dielectric loss and consequently the two can be
determined independently. The boundary conditions are modified to account for
the power loss in the conductors. Since this exact field analysis becomes much
more involved, we use an alternative approach that may be called a perturbation
method. This formulation suffices for most practical cases. In this approach it is
assumed that the finite conductivity of the walls does not change the fields appreci-
ably. However, there is power loss due to the surface resistance Ry, which is defined

as follows:
. wp wp [
Zi=R;+jX,=— = = - .
ST T T oSl —jo@] Ve —jo/w)

For (o/w) > & we find that

Zo=R 4 jX ~ |— P OB OB (10.1.51)
—jlo/w) N —jo V2o

The power loss on each wall is found from the corresponding surface current as
follows:

or

1 5 o 1
P, = fRSJ K, * Kids = fRsJ |K,|*ds. (10.1.52)
2 S ) 2 s
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For the sake of simplicity we consider only the dominant mode fields here. Since the
surface current can be found from K =hxH | the surface current on the wall
at y = 0 is found to be

Ka = GH. —zH))| _, [ (Z)cos(Z )—Ejkzsin(gx)](g)Hloe’jkzz. (10.1.53)

Similarly the surface current on the wall at x = 0 is

surface’

- A ~ T\ 2 —ik
Ko = —5H|_y= ~5Ho( 7 ) 7. (10.1.54)
- a

Therefore the power loss per unit length for the wall at y =0 is found as
follows:

Py :;RS|H10|2<Z)2J1 (,Ja X [(Z)zcos <a >+k2 sin (a )]dxdz,

z=0 Jx=

or

1 m\2a | /m\2 1 T\ 2
Pyt = =Ri|Hio2 f)f (7) 2| =—R|H 2(7) K2 10.1.
L= 3R (2 2[a +i2 | = R0l (Z) @ (10.1.55)

Similarly power loss per unit length for the wall at x =0 is

1 oA 1 it
Pu> =5 Ri|Hl (Z) LO Jyodydz_stlHlol (9 b. (10.1.56)

When there is a signal propagating through a waveguide that is made up of walls
with finite conductivity, its power is attenuated. If the attenuation constant is «,
then the power-flow can be expressed as follows:

Py = Poe—Zacz.

Therefore
AP (dP,n/dz)dz P, /length
dz = —2a.P,,,d = = . 10.1.57
dz CT T Amdn T Qe =T o 2P ( )

Since walls at y =5 and x = a are identical to those at y=0 and at x =0,
respectively, the total power loss per unit length is found to be twice that of
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Py 1+ Py». Therefore the attenuation constant a. is found from (10.1.48),
(10.1.55), and (10.1.56) as follows:

2(Py1 + Pw2) 2Ry [af[/m\2 ., m\2
e e ] )
e 2P wpk.ab |:2{(a) Tt a

_ 2R [aku(ﬂ)zb],
wpkab 2 a

or

Rk2 2b (mw/a)?]  Rk2 26 (£.)
e = 1+=- = 1+= (=) [Np/m. 10.1.58
“ w,ukzb|: + a k2 wuk,b + a \[f p/m ( )

Since wu/k=m and k/k,=1/,/1 —(f./f)%, (10.1.58) can be expressed as

follows:

_ R D+@/a)- (Rl]

e =—"

mb 1= (f/f)

(10.1.59)

The attenuation constant ay due to power loss in the dielectric medium is found
from the complex k, as follows:

k. =B, —joa = \[k* — ki = \/wzﬁL(s —j%) —k2 = \/wz/.w — k — jopo,

or
. 1/2 .
[ jopo / jopo
k. = 2ue — kK21 —————| =~ Zue — k2|1 — ——7——|.
z W~ e c|: wz,us—kgi| W ue °|: 2w2,us—2kg]
Therefore
1 opo no no
2 (x/wzus - k%) 2 pell = (/) 2V 1= (fe/f)
Alternatively,

k=B, —jag = [k — k2 = [P peo(e’ —je") — K2,
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Therefore

1 W’ pueoe” e’ &'
g ~ —-

= :7/\
2 Jruss = N1 (f)f)? €N

A
:%tanBNp/m. (10.1.61)

Example 10.2

The cross section of a rectangular waveguide is 2.286 x 1.016 cm. It is made of
copper (o= 5.813- 107 S/m) and filled with Plexiglas (g, = 2.6, tan 6 = 0.0057).
Find its attenuation constants a4 and o, at 5.4 GHz. The waveguide operates in

TE,o mode.
Since
3108 3108
f= = = 4.0694 - 10° Hz = 4.0694 GHz
2a./e;  2-2.286-1072/2.6
and
3108 3108
A= = =0.0345m,
V& 54100426
A
Ag = ———-=10.0524m.

V1I=(f/p)?

Therefore (10.1.61) gives
TAg
og = Y2 tan 6 = 0.7907 Np/m.

The conductor attenuation ¢ is found as follows:

R, = |2 — 001920
20

n= [t 23364070
EoEr
Therefore (10.1.59) gives

_ R L+ @0y (DT _ (o165 Np/m.

RN 7

and
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10.2 METALLIC CIRCULAR WAVEGUIDE

This section presents an analysis of electromagnetic signals propagating through a
hollow metallic cylindrical waveguide of circular cross section, as shown
in Figure 10.4. Assume that its radius is a and the field variation in the z direction
is ¢ /%% (because the signal is propagating along z). As discussed in Section 6.5,
the analysis is divided into TE and TM modes. The TE mode fields are found
from (6.5.13) through (6.5.18) after selecting appropriate harmonic and Bessel
functions for (6.5.28). Similarly (6.5.4) through (6.5.9) give the TM mode fields.

TE” Modes in the Circular Waveguide

Since the signal is propagating along the z-axis, hs(k,z) — e 7%, in (6.5.28),
whereas the sine and cosine functions are appropriate for h,(n¢) with n being an
integer. Note that a sum of sine and cosine functions with each multiplied by a
different constant is the general expression for h,(n¢). However, one of these can
be forced to zero by rotating the coordinate system appropriately along ¢. Since
fields must be finite at p = 0, only Bessel functions of the first kind are appropriate
for Z,(k,p). Therefore F, for (6.5.12) is found to be

sin(nag)

cos(ng), (10.2.1)

Fp, &, 2) = Anm-ln(kpp)e_jkzz{

where A, is a constant.
Since tangential electric fields must be zero on conducting surfaces, the boundary
conditions for the fields in conjunction with (6.5.13) through (6.5.14) give

oF
E¢’p=a= 0—>— =o. (10.2.2)

[

Figure 10.4 Metallic circular waveguide geometry.
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There is only one boundary condition in this case because E, is zero everywhere and
E, is normal to the boundary. Therefore from (10.2.1) and (10.2.2) we find that

0 0
—J.(k,p) =0 > —J,(k,p) = J;l(k ) =0.
o, Ak TP
Therefore
J,;(kpa) =0 — kpa= x;m -k, = x’:l”’ =k, (10.2.3)

where the prime on the Bessel function indicates the derivative with respect to its

argument k,p; X, is mth zero of Bessel function of the first kind and order n,

which are listed in Table C.2. A prime on x is used to differentiate the zeros of

the derivatives of Bessel functions from the zeros of the Bessel functions.
Therefore (10.2.1) can be expressed as follows:

F.p. ¢.2) = AnmJn(kcp)ef"zZ{ 210“5((’;‘2) (10.2.4)

Further £, is found after substituting (10.2.4) into (6.5.26) as follows:

’ 2
— /kz—kgz /kz_(xnm>_
a

N 27 A
sk k- VT A

nm

Therefore

(10.2.5)

The field components are found next after substituting (10.2.4) into (6.5.13) through
(6.5.18):

ik | cos(ne)
Eyp, . 2) = k2 PO (ke p)e {_Sm (nb). (10.2.6)
ke sin(n¢)
E(p, &, =2k A HnmJ (kep)e {Cos(n . (10.2.7)
E(p, $.2) =0 (10.2.8)
k sin(n¢)
Hy(p, ¢, 2) = s = HunJ(kepe™ {COS (nb). (10.2.9)

_ ke cos(ng)
Hy(p, ¢, 2) = —j sznmJ n(kep)e {_Sin(n &), (10.2.10)
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and
_ —jk.z sin (”¢)
H (p, ¢, 2) = HunJn(kcpe { cos (nh)’ (10.2.11)
where
2
Hyp, :A.’ch. (10.2.12)
joue

The wave impedance for the TE* modes in a circular waveguide is found to be

Ep_ _Ep_op_ M (10.2.13)

Hy  Hy, ko J1—(f/f)

TM” Modes in the Circular Waveguide

Similar to the TE? case, the signal is propagating along the z-axis, and therefore
hi(k,z) — e Ik in (6.5.28), whereas the sine and cosine functions are appropriate
for hy(n¢) with n being an integer. Since the fields must be finite at p = 0, only
Bessel functions of the first kind are appropriate for Z,(k,p). Therefore A, for
(6.5.3) is found to be

sin(na¢)

cos(nd)” (10.2.14)

A(p, §, 2) = Cundu(kpp)e = {

where C,,,, is a constant.
Since the tangential electric fields must be zero on the conducting surfaces, the
boundary conditions for the fields in conjunction with (6.5.8) and (6.5.9) give

Eglpa =0 — Az|p:a: 0 (10.2.15)
and

Elpa=0 — A1|p=a: 0. (10.2.16)
Both of these conditions are met if

]n(kpa) =0 — kp = xnl = ke, (10.2.17)
a

where x,,, is the mth zero of J,(k,a).
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Further k, is found after substituting (10.2.17) into (6.5.26) as follows:

k= k-2 = [k — (x”’”)z.

a
Therefore

)\g=27T= 27 A

ke /T = Comfka? 1= (fffR

(10.2.18)

The field components are found as follows after substituting (10.2.14) and (10.5.17)
into (6.5.4) through (6.5.9).

Hy(p, b, 2) = j':;’éaEn,an(kcp)e‘szZ{ C_Ozi(z((i)@, (10.2.19)
Hylp, b, 2) = —j(;(:aEnmJ,’l(kcp)E‘jku{ EZ((Z(Z), (102.20)
Hy(p, ,2) =0, (10.2.21)
E)p, ¢, 2) = —jllenmJ,;(kcp)efk:Z{ zi(&(:) (10.2.22)
Eg(p, . 2) = —j/';zE,,mJn(kcp)e‘f'kﬂ{ C—Ozi(:((i)@, (10.2.23)
and

E(p, ¢, 2) = EnmJn(kcp)e‘f"zZ{ Zg(gl‘fb)) (10.2.24)

where
Eun = JCCUMS k. (10.2.25)

The wave impedance for the TM” modes in a circular waveguide is found to be

E Ey k ?
Zrw = L=—"0 1 - ). (10.2.26)
H‘f’ Hp we f

The characteristics of the TM and TE modes in the circular waveguide are listed in
Table 10.2.
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TABLE 10.2 Signal Propagation in Circular Cross-sectional Waveguides

TE,,, Modes T™™,,,,, Modes
k. X X
a a
k, k> — kg \/Im
sin(ng)
H(p, ¢) Hym Jn(kcp){ cos(ne) 0
sin(n¢)
Ep. §) 0 o Jn(kcp){ osny
K , sin(n¢) Nwe cos(ne)
Hp(pa d)) _]EHnmJ;z(kcp){ COS(}’l(i)) ]TkgEnmJn(kcp){ _ Sll’l(}’ld))
.nk; cos(ne) . WE , sin(n¢)
Hd)(p’ d)) —J 3 k2 Hyndn (kcp) _ sm(n(b) _JkicEnm Jn(kcp) COS(n¢)
an cos(ne) Jk; , sin(n¢)
Ep(p, ¢) k2 HnmJn(kcp){ _ sin(nd)) _]FCErlmJn(kcp){ COS(H¢)
; / sin(ne) nk; cos(n¢)
E¢(p, ¢) jTCHllann(ka) COS(H¢) k2 Enm‘] (kcp) _ Sll'l(}’ld))

Example 10.3

The inner radius of an air-filled circular cylindrical waveguide is 3.81cm.
Assume that its walls are perfectly conducting to find the seven lowest modes
that it can support. Determine the cutoff frequency of each mode.

The zeros of Bessel functions of the first kind and their derivatives are listed in
Appendexes C.1 and C.2, respectively. The waveguide modes can be found via
(10.2.3) and (10.2.17) after arranging these zeros in ascending order. The
cutoff frequency f. can be found as follows:

3-108
k

20

fC:

Therefore the modes in ascending order (corresponding zeros are included in
parentheses) and their cutoff frequencies are found to be

1.84118

TE(1.84118) — k. = =381.102 rad/m — f, = 2.3073 GHz,
2.40483
3.05424

TE,(3.05424) — k. rad/m — f. = 3.8275GHz,

~3.81-102
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3.83171
TE01(383171) and TM11(383171) =d kc = W rad/m —)fc

= 4.8019 GHz,

4.20119

and

5.13562

rad/m — f. = 6.4359 GHz.

10.3 RECTANGULAR CAVITY RESONATORS

When conducting walls are added at each end of the rectangular waveguide, a
rectangular cavity is formed. Therefore these structures also support the TE” and
TM? modes. In this section the resonator fields are analyzed to find the relations
for its resonant frequency and the quality factor.

TE” Modes in Rectangular Cavities

Consider a rectangular cavity made of conducting walls with dimensions a X b X c,
as shown in Figure 10.5. It is filled with a dielectric material of dielectric constant &,
and the relative permeability w,. Since it is a closed box, the signal cannot propagate
along the z-axis. Therefore the sine and cosine functions are appropriate solutions
for hy(kyx), hy(k,y), and hs(k.z). Further the conditions along the x- and y-axes are
same as in the case of the rectangular waveguide. Therefore F, can be found from
(10.1.8) after changing h3(k.z) appropriately as follows:

F.(x,y,2) =cic3 cos(?x) cos (%y) [d cos(k,z) + d; sin(k;z)], (10.3.1)

where d; and d, are the integration constants.
There are following two more boundary conditions now need to be satisfied:

Ei;:=0 =0 — Fz|§

- 0o=0 (10.3.2)
7=c C
and

Eyl;=0=0 — F;|;=0 = 0. (10.3.3)
z=c z=c

These conditions are satisfied if

d =0 (10.3.4)
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7 —

Yy

c

Figure 10.5 Geometry of the rectangular cavity resonator.

and
. . pm
sin(k,c) = 0 = sin(pm) — k, = = p=123,.... (10.3.5)
Therefore (10.3.1) reduces to
_ mT N cos("y ) sin( 2T
F.(x,y,2) =cic3dy cos( P x)cos( b y)sm( - z). (10.3.6)
In this case (10.1.9) gives
_fyma\? o mam\2pm\2? _\/mﬂ'2 nmw\2 /pm\2
O G ) = o= )+ () ()

Therefore the resonant frequency f; = w/2m is found to be

£(MHz) = jﬂ [(m)2+ (Z”b)2+ (2”)2] MHz. (10.3.7)

Fields inside the cavity resonator are found after substituting (10.3.6) into
(6.4.13) through (6.4.18) as follows:

E.(x,y,2) :men,,w,u<n7qT)cos (%Wx) sin (%Ty) sin(%z), (10.3.8)
Ey(x,.2) = —jH,,m,,wM("g ) sin (’"7@) cos<”§ y) sin(pTTrz), (10.3.9)
Ey(x,y,2) =0, (10.3.10)

H.(x,y,2) = m,,p( )(p77>sm( ) (b y)cos(p%rz), (10.3.11)
[ i . . AT RTINS
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and

H.(x,y,2) = Hyyp [(HZT>2+ (n;)z} COS(?X)COS(%y) sin(?z), (10.3.13)

where

1
Hmnp = _jclc3d27- (10314)
wue

TM* Modes in Rectangular Cavities

As in the preceding case, A, can be found from (10.1.33) after changing hs(k.2)
appropriately as follows:

A.(x, Y, 2) = cacy sin (%Tx) sin(%T y) [d) cos(k.z) + dasin(k,2)]  (10.3.15)

where d; and d, are integration constants. The TM” mode fields of the cavity
resonator must satisfy two more boundary conditions:

0A
Exl,mo=0 - =— =0 (10.3.16)
=c 07 |z=0
7=c
and
0A
Ey:=0=0 — —= =0. (10.3.17)
T oz=c 32 z=0
7=c
Both of these conditions are satisfied if
d,=0 (10.3.18)
and
. . pm
sin(k,c) =0 =sin(pm) - k,=—, p=0,1,2,.... (10.3.19)
c

Therefore the resonant frequency for these modes will be given by (10.3.7) as well.
Note that a rectangular cavity resonator can support any degenerate TE,,,, and
TM,,,,, modes. The cutoff frequencies of the TE,,, and TM,,, modes can be deter-
mined from the following formula:

fu(MHz) = j% [(;;)ﬁ(z';)z} MHz. (10.3.20)
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Further (10.3.15) reduces to

Ax,y,z) = ciead; sm(m—x) sm(n;y>cos<¥z). (10.3.21)

The TMj,,, fields inside the cavity resonator can be found after substituting
(10.3.21) into (6.4.4) through (6.4.9) as follows:

H.(x,y,z) _]Emnpws(n;)mn(n:T )cos(%y) cos(%z), (10.3.22)
Hy(x, y,2) = —jEmnpwe(%T>cos<n:T )sm(n;y) cos(?z), (10.3.23)
H (x,y,2) =0, (10.3.24)

m<%’><ﬂ:>cos< un(a)sin(7T). 00329
B 3.9 = () (7 s )eos () sin(E75). 11032
and
£ = B | (%) (57 ) | sin(2)sin(FTy)eos(272). (10327
where
Epnp = —jcacad, w%w (10.3.28)

The Quality Factor

The quality factor (or Q-factor) of a resonant circuit is defined as follows:

l_ Ploss _Pdl+Pcl_L+l
0 20W, 20 W, Os O

(10.3.29)

where Pj. is the power loss in resonant circuit, w;, is the resonant frequency, W, is
the energy stored in the electric field, Py, is the power loss in the dielectric material
that fills the cavity, and P, is the power loss in the conducting walls.

If the cavity is made of a perfect conductor and filled with a perfect dielectric, it
will have infinite Q. However, it is not possible in practice. Therefore Q. and Q4
need to be determined to find the Q of a cavity resonator. Since the TE;o mode is
dominant in rectangular waveguides, the lowest order mode in rectangular cavity
resonators is TE q;, whereas the lowest order TM” mode is TM, . Therefore we
consider here only a resonator that operates in the TE;j; mode. The power loss
Py in the dielectric medium can be found as follows:

1 , [ - -
Py = EJ « J*dv = EJ E + (weoe"EN)dv =
Vv 1%

WELE

0 J|E|2dv. (10.3.30)
2y

e
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Since for the TE;¢; mode, only E| is nonzero, and it is found from (10.3.9) to be

E' = §7Ey = —)Alel(n (1)/.},(17) sin(zx) Sin(lTZ).
a a c

Equation (10.3.30) gives

2 [a b c
Pq = wreo |H101|2 ( ) J J J sin’ (Zx> sin ( )dXdde’
x=0 0 Jz=0 a ¢

y=l

or

1 2
Py = 28 w3,u2(7—7) abe. (10.3.31)
8 a
Similarly W, is found via the following relation

W, :@J \E2dv. (10.3.32)
4 )y

On substituting E, and integrating over the volume of the cavity, we find that

/ 2 ra b c
£ |H101|2wr2/u2(7—7) J J J sin2<7T )sm ( )dxdydz,
4 a =0 Jy=0 Jz=0 a

X y z

or

We =

202 2( )abc. (10.3.33)

Now from (10.3.31) and (10.3.33), Q4 can be found:

20,W, ¢ 1

Qu= Py & tand’

(10.3.34)

Note that (10.3.34) is valid for all modes because (10.3.30) and (10.3.32) have a
common integral that cancels out when substituted in (10.3.34).

The power loss in conducting walls can be found via (10.1.52) and (10.3.11)
through (10.3.13) as follows:

1
Pa=3R J \HanPds = Ry\Hior P + I + 15 + 1], (10.3.35)

walls
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where

I = ; z=o (g)4sin2(gz)dydz: (%)4% (10.3.36)
n=] (5) () sine (Tx)asay = (Z)' (2)' 5 (10.3.37)
L= :0 0 (%7)2(g)zsin2<gx)cosz(gz)dxdz = (’g)z(g)z% (10.3.38)
and

= [ [ G o oo (o= (5. oo

X

Therefore (10.3.35) simplifies to

1 41 243 a®
Po = =R, J \Hyo|?ds = Ry|Hioy |2(1T) - [Zbc Tl aci|. (10.3.40)
2 walls a ¢ ¢

Using (10.3.33) and (10.3.40), we find that

2w, W, wr3,u2a3s(,8’

P 2Rm[2{1 +(a/o)’} + (a/b){1 + (a/e))]

O (10.3.41)

Example 10.4

An air-filled rectangular cavity is made from a piece of copper WR-90 wave-
guide. If it resonates at 9.379 GHz in the TE,y; mode, find the required length
c and the Q of this resonator.

For WR-90, ¢a=0.9 in=2286cm, and b»=0.4in=1.016 cm. From
(10.3.7), we find that

1 9379\% [/ 1)?
e \/< 300> <2a) 3383 — ¢ 38 cm

Next the surface resistance R, is found from (10.1.51) to be 0.0252 (), and the Q.
is found from (10.3.41) to be about 7860.

Example 10.5

A rectangular cavity made of copper has its inner dimensions a = 1.6 cm,
b=0.71cm, and c¢=156cm. It is filled with Teflon (g, =2.05 and
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tan 6 = 2.9268 x 10_4). Find the TEy; mode resonant frequency and Q of this
cavity.
The resonant frequency is found from (10.3.7) as follows:

fi 500 ! 2+ 1 ’ 9379.4 MHz = 9.3794 GH
= ~ . z=9. Z.
T V/205V \2-0.016 2.0.0156

Since power dissipates both in the dielectric filling as well as in the sidewalls, we

need to find Q4 and Q.. Overall, Q is then found from (10.3.29). Using (10.3.34),
Qq is found to be 3417. Q. is found from (10.3.41) as follows:

 fop, 2 m93794-10° 4.7 107
R=V2s _\/ 2-5.813- 107 = 0025202

Therefore Q. is found from (10.3.41) to be 5492. After substitution of Q4 and Q.
into (10.3.29), O of this cavity is found to be 2106.

10.4 CIRCULAR CYLINDRICAL CAVITY RESONATORS

When conducting walls are added at each open end of a circular cylindrical wave-
guide, a circular cavity resonator is formed. Therefore the TE* and TM” modes exist
in such structures. In this section these fields are analyzed to find the relations for the
resonant frequency and the quality factor of the circular cavities.

TE” Modes in Circular Cavities

Consider a circular cylindrical cavity of radius a and height 4, as shown in
Figure 10.6. It is filled with a dielectric material of a dielectric constant €, and a
relative permeability u,. Since the cavity is a closed box, a signal cannot propagate

Z

A

a

e ]

X

Figure 10.6 Geometry of the circular cylindrical cavity resonator.
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along the z-axis. Therefore the sine and cosine functions are appropriate solutions
for h3(k.z). Further the conditions along the p- and ¢-axes are the same as in the
case of the circular waveguide. Therefore F, can be found from (10.2.1) after
appropriate changes as follows:

sin (n¢)

cos (nh), (10.4.1)

F.(p, ¢, 2) = Apndu(kpp)ld; cos(k.z) + d5 sin (kzz)]{

where d; and d, are integration constants.
Since tangential electric fields must be zero on the added conducting surfaces as
well, these boundary conditions in conjunction with (6.5.13) and (6.5.14) give

E,,|z=2 =0 — Fz{z:<h) =0 (10.4.2)
= =

and

Ey =0 = 0 — F;|;=0 =0. (10.4.3)
7=

z=h

Both conditions are satisfied if

d =0 (10.4.4)
and
. . pT
sin(k,h) = 0 = sin(pm) — k, = o p=1,2,3,.... (10.4.5)
Therefore the resonant frequency can be found from (10.2.2) as follows:
‘ xiﬂﬁ(@)gw—s_ )iszr(ﬂTY
N a h V= a h/
The resonant frequency f; is found to be
300 2\ 2
f.(MHz) = — 2 __ (x") +(M) MHz. (10.4.6)
27, [ a h

As was defined earlier, xj,, represents the mth zero of the derivative of a Bessel
function of the first kind and order n. Further (10.4.1) reduces to

. Ym N i (PT\ | sin(ne)
F.(p, ¢, 2) = A,,mdz./n< P p) sm( p z){ cos (nh). (10.4.7)
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The field components can be determined now after substituting (10.4.7) into (6.5.13)
through (6.5.18) as follows:

_ now X p \ [ cos(ng)
Ep(pv d)7 Z) - _JT (Xnm> Hnmp Jn( )Sln< h Z) { _ Sin(n(ﬁ), (1048)
Eolp. b, 2) = joou (xa) Honp (x';’" p) sin(272) { ilons((':z (10.4.9)
E(p. ¢,2) =0, (10.4.10)
paN{ a\, (X, p \ [ sin(ng)
p(p» ¢ )= nmp (T) (x/nm>.ln <a p) Ccos (7 Z) { Cos(nd)), (10.4.11)

2 /
Hd’(p? ¢’ Z) = (pTW-) (xfl > %Hnmp Ju (lemp) COS (pTW-Z) { C_Ozf:((i)(b) (10412)

nm

and

x! p
H.(p, ¢, 2) = Hump I < “p >sm( z){zlons((’f% (10.4.13)
where
2
Hymp = Aund ( > . (10.4.14)
Jjoue

TM” Modes in Circular Cavities

As in the preceding case, (10.2.14) can be used and A, found after appropriate
changes as follows:

sin(ng)
Alp, b, 2) = Cod, ( )[dl cos(k,z) + d, sin (kvz)]{ cos(nd), (10.4.15)
where d; and d, are the integration constants.
Since the tangential electric fields must be zero on the added conducting surfaces
as well, these boundary conditions in conjunction with (6.5.7) and (6.5.8) give

0A,
E |z 0=0—>— (10.4.16)
—h E)z z=l 0
z=h
and
0A,
Eypl,.—0 = — =0. 10.4.17
olcp =0 =27 =0 ( )

z=h
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Both conditions are satisfied if

d=0 (10.4.18)
and
. . p
sin(k;h) = 0 = sin(pm) —>kzz7, p=0,12,.... (10.4.19)
The resonant frequency w, for these modes can be found as follows:
X' 2 pm\?2 X'\ 2 p2
=)+ () = evime = () +(F)
a + h B2 a + h
The corresponding resonant frequency f; in megahertz is found to be
300 '\ 2 2
F(MHz) = — (x ) +(E) MHz. (10.4.20)
2 JEr a h

As was defined earlier, x,,, is the mth zero of a Bessel function of the first kind and
order n. Further (10.4.15) reduces to

sin(n¢)

cos(ndb). (10.4.21)

xnm
Adlp, 6. 2) = Cundi 1o (%2 p) cos(kzo{

The TM,,,,, field components inside this cavity resonator are found after substituting
(10.4.21) into (6.5.4) through (6.5.9) as follows:

Hy(p, . 2) =] n% ( a) 2Enm,, 7 (%" p) cos (%77 z) { C—():i(:((i)@, (10.4.22)
Hyp. §, 2) = —jwe (x”m)Enm,, Jn< )oos(%T z> { 22((';‘(’;))’ (10.4.23)
H(p, ¢,2) =0, (10.4.24)
Ey(p, b, 2) = )( nm)Emp 7 (L p) sin(% z){ zz(('ji)’ (10.4.25)

Esp, b, 2) = g (25 (xj) Eunp 9 (22 p) sin (£ 2) { C_O;(ZZ)@, (10.4.26)

and

Ez(p7 q[), Z) EnmpJ ( = )COS(%TZ) { zl()ns((’;l’l(s))), (10427)
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where

~ Cundy (xnm)Z.

Epp = — (10.4.28)
jope\ a

The Quality Factor

Similar to rectangular cavity resonators, the quality factor of the circular cavity has
two parts. Power loss can occur in the dielectric as well as in the conducting walls.
Therefore we need the means to find Qg4 as well as Q... As indicated earlier, Q4 can be
found from (10.3.34) because of its general formulation. However, we need to find
the expression for Q.. This can be done following the procedure we used for the case
of rectangular cavity resonators. For simplicity we consider here the cavity support-
ing only the TMg;o mode. Fields of this mode can be found from (10.4.22) through
(10.4.27) as follows:

Hy(p, $,2) =0, (10.4.29)
a , (X
Hy(p, b, 2) = —jw8<)5010 Jo<ﬂp), (10.4.30)
X01 a
H;(p, ¢, 2) =0, (10.4.31)
Ey(p, ¢, 2) =0, (10.4.32)
Ey(p, $,2) =0, (10.4.33)
and
X
Ep, . 2) = E01010(ﬂp)- (10.4.34)
a
Therefore
E 2 ra 21T h )
We: =fj IE, Pdv =MJ J J [70(*2p) | pdodea:
4y 4 p=0J =0 Jz=0 a
whe |Egiol* r [ Xo1 \7?
_ mhelBool [T (1 ),
2 0 0( a p) pap

The remaining integral can be evaluated via the following formula available in
mathematical handbook and others listed in Appendix C:

2

Jx[],,(ax)]zdx - % [{Jp(ax)}z— 7, 1(ax)J,,H(ax)]. (10.4.35)
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Hence
mhea® |Eoo
L = %U] xoD)]- (10.4.36)
Similarly
R ~ 2
Pcl=i1; H| ds
2 Js
R522a2 N “OPT L xor
=2 w6 () [Eonl J2(xon)adddz +2 Ji (—p)pdpdd).
Xo1 ¢=0 Jz=0 p=0 J ¢p=0 a

Using the formula (C.23) from Appendix C, we find that

2 a
a X
P, = stw282(> |E010|2[ahJ12(x01) +2J J%(Olp)pdp}.
X01 0 a

Using (10.4.35) and noting that Jo(x;) = 0, we find that
a X (12

J Jf(ﬂp)pdp =—Ji(xo).
0 a 2

Therefore

2
Pa = Romw’s? (;’) \Eo1ol[h + alaJ?(xor). (10.4.37)
01

The quality factor Q. for the TMy;(o mode can be found now using (10.4.36) and
(10.4.37) as follows:

_ 2w, W, _ x(2)lh
T Py 2Rw.eath+a)’

O (10.4.38)

Since k2 +kZ = k* = k = ke("kzlo10 = 0) > @ /& = x01/a, (10.4.38) can be
expressed as follows:

_ xgm_ 2.40483n 1202429
G = 2R([1 4 (a/h)] ~ 2R[1+ (a/h)] ~ Rl + (a/h)]’ (10.4.39)

Similarly the Q. of a circular cylindrical cavity operating in the TE,,,,,, mode and filled
with a lossless dielectric can be found from the following formula:

o [1 = 2/ 1[5)” + (pra/h?]
2R [{x2, + a/h) (pma/h)*} + {1 — Qa/h) }(npma/x,, )]

Q.

(10.4.40)
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In the case of the TM,,,,;,, mode with p > 0, Q. is given by

n \ [%, + (pma/h)’]
2R, 1+ (a/h)

0. = p >0, (10.4.41)

and

]) -Cnm
N p = 0. 10.4.42
O 2R, 1+ (a/h) ( )

Example 10.6

Determine the dimensions of an air-filled circular cylindrical cavity that
resonates at 10 GHz in TMy;o mode. The cavity should be made of aluminum
(0=354-10"S /m) and its height should be equal to its diameter. Find Q of
this cavity. How will this Q be affected if the inside of the cavity is coated
with silver (o= 6.12 - 107 S/m)?

For the TM;9 mode, xq; is found to be 2.40483 from Table C.1. Therefore
(10.4.20) gives

fi(MHz) = g <2'4(31483) —a= % m = 1.1482cm
and
h=2a=2.29cm
Since
1010 .4 41077
R=\5e = \/2 s 21.03.544. T = 003340
and

n= *— 3767343 Q,

€o

Equation (10.4.39) gives

1.202427

c =m= 9042.

If the cavity is silver coated, then R, changes to

W 2.a-1010.4.47.1077
R o= [2F_ — 0.0254 Q.
20 \/ 2.6.12-107

Therefore Q. increases to 11890. Note that it is a significant increase in Q over the
uncoated cavity.
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Example 10.7

Determine the dimensions of an air-filled circular cylindrical cavity that res-
onates at 5 GHz in TE,;; mode. It should be made of copper, and its height
should be equal to its diameter. Find Q of this cavity.

From (10.4.6), with xg; as 3.83171 from Table C.2, we get

3.831712 2)?
= (/27 0395 m
(5000 - 277/300)
and
h=2a=0.079m.
Since
L, \/2.77-5-109.4-77.107
R, = = =0.0184 O
* 20 2.5.813-107
and
n=_[H—376.7343 Q.
o
Q of the cavity can be found from (10.4.40) as
3.831712 221"
0, =1 1 + @277 s,

2Ry 3.831712 + (1/2)?

Further there is no loss of power in air (tan 6 ~ 0). Therefore Q4 is infinite and Q
is the same as Q..

PROBLEMS

10.1. The cross section of a rectangular waveguide is 7.21 x 3.40 cm. Find the
mode types that can be transmitted at (a) 3 GHz and (b) 6 GHz.

10.2. Find the phase constant, the phase velocity, the group velocity, the wavelength
inside the guide, and the wave impedance Z;z for an air-filled 2.4 x 1.01 cm
rectangular waveguide that carries a 7.5 GHz signal.

10.3. Repeat Problem 10.2 for a waveguide filled with a perfect dielectric medium
of g, = 2.1.
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10.4.

10.5.

10.6.

10.7.

10.8.

10.9.

10.10.

10.11.

10.12.

10.13.

The wavelength of a signal propagating through an air-filled WR-340 rec-
tangular waveguide is found to be 20 cm. Determine its frequency in GHz.

The inside cross section of an air-filled rectangular waveguide is 2.286 x
1.016 cm. (a) Determine its cutoff frequencies for TE;q, TE,o, TE¢;, and
TE;; modes. (b) Which mode(s) will propagate through this waveguide if
the signal frequency is anywhere between 8 and 12 GHz? (c) Determine the
phase velocity of a 9.375 GHz signal propagating in TE, mode.

The inner radius of an air-filled circular cylindrical waveguide is 5.2 cm.
Assume that its walls are perfectly conducting to find the seven lowest
modes that it can support. Determine the cutoff frequency of each mode.

Find first eight lowest order modes and their resonant frequencies for an
air-filled lossless rectangular cavity of 8 x 6 x 5 cm.

An air-filled rectangular cavity is made from a piece of copper WR-430
waveguide. If it resonates at 2 GHz in TE;3; mode, find the required
length ¢ and the Q of this resonator.

An air-filled rectangular cavity with a =4 cm, b =3 cm, and ¢ = 5 cm is
the mode of brass. Find its dominant mode frequency and the Q.

An air-filled rectangular cavity is made from a piece of copper WR-137
waveguide. If it resonates at 5.9 GHz in TE,y; mode, find the required
length ¢ and the Q of this resonator.

Determine the dimensions of an air-filled circular cylindrical cavity that
resonates at 2.45 GHz in TMy;o mode. It should be made of aluminum
(0=13.54-10" S/m), and its height should be equal to its diameter. Find
Q of this cavity. How will this Q be affected if the inside of the cavity is
coated with silver (o= 6.12- 10" S/m)?

Determine the dimensions of an air-filled circular cylindrical cavity that
resonates at 9.375 GHz in TE,;; mode. It should be made of copper, and
its height should be equal to its diameter. Find Q of this cavity.

Design an air-filled circular cylindrical cavity that resonates at 9 GHz in
TEq;; mode. It should be made of copper, and its height should be equal
to its diameter. Find Q of this cavity.
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NUMERICAL TECHNIQUES

Electromagnetic problems involve solutions to differential equations, integral
equations, or mixed integro-differential equations. A number of techniques have
been developed to cast electromagnetic problems in the form of integral equations.
The solution procedures require partitioning of the problem space to convert the
given equation into a set of algebraic equations that are solved using matrix manipu-
lation techniques. The numerical procedures used to solve electromagnetic problems
include the finite-difference time-domain (FDTD) technique, the finite element
method (FEM), and the method of moments (MoM). Some other procedures trans-
form an electromagnetic problem into an electrical circuit to find associated alge-
braic relations. The transmission line matrix (TLM) technique is one of them. The
finite difference schemes are employed to transform the differential equation into
algebraic equations. So-called absorbing boundary conditions are developed to
tackle large problem spaces (e.g., the radiation problem). Integral equations are
solved using suitable expansion and weighting functions.

Available in the literature in this area is a huge amount of material that cannot the
covered here. This chapter introduces the fundamentals of the finite difference
method and the method of moments. Much more detail can be found in books
listed in the bibliography.

Practical Electromagnetics: From Biomedical Sciences to Wireless Communication.
By Devendra K. Misra
Copyright © 2007 John Wiley & Sons, Inc.
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11.1 FINITE-DIFFERENCE METHODS

This section begins with the procedure for transforming a differential equation in
single dimension into a finite difference equation. A few examples are included to
find the eigenvalues and to solve the boundary-value problems. The procedure is
then extended to two and three dimensions. A brief overview of the FDTD is also
included in this section.

Finite-Difference in One Dimension

Figure 11.1 shows an arbitrary function f(x). Consider its values at an arbitrary
point x and also at points +A closely around it. Three different derivatives of
this function are defined at point x. The forward difference of the function is
defined as follows:
Y _ o SO A) —f(x0)
—= l1im .
ox A—0 A

(11.1.1)

The backward difference of the function f(x) at point x is

Y _ L fO-fx=)

11.1.2
ox A—0 A ( )

The central difference of f(x) is found to be

YO _ . fEHD —fa—A) (11.1.3)

ox A—0 2A
A
|
f) L
| |l |i+l
LA ¥
o
|
B >
X X
x—=A X+ A

Figure 11.1 Function f(x) and its derivatives.
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In many instances we also need the second derivative of the function. It may be
found as follows:

PI@) _ o (Fa+8) = f@)/A) = (f0) = flx = A))/A)
w2 ’

X A—0 A
or

2
P _ SO ) W) +fr— )

o= lim a7 (11.1.4)

Since the derivative of a function is defined three different ways we need to know
the order of error associated with each approximation for a finite A. This can be
achieved via the following two Taylor series representations of the function:

Py APf(x) A Ff()
ax T 30

fx+A) =f)+A ST T ae T (11.1.5)
and
fx—4) _f(x)_Aaf(x)JrAjaZf(x)_A:a3f(x)+m (11.1.6)
B ox 2 w2 3! axd ' o
From (11.1.5) we find that
_ 2 2 a3
) _ fe+8)—f) AP Aiaf(x)_m. (11.1.7)

ax A 2 a2 3l ol

A comparison of (11.1.1) with (11.1.7) shows that the error involved in approxi-
mating the derivative of the function with its forward difference is on the order
of A. From (11.1.6) a similar conclusion is reached for the backward difference
approximation as well:

Y@ _f)—fxr—8) AP AP
o A 2! ox2 31 ax?

If we subtract (11.1.6) from (11.1.5) and rearrange, we find that

I _fe+d —fa=d) A Pf(x)
ax 2A 2.3 ax3

e (11.1.8)

Therefore the error associated with the central difference approximation is on the
order of A% which is much smaller than the other two. If we add (11.1.5) and
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TABLE 11.1 Finite-Difference Approximations of a Function

Order of Finite-Difference Order of
Derivative Formula Type Representation Error

1) — G

f Forward difference w A
N fG— 1

f Backward difference % A

i+1)—fGi—1
f(x) Central difference % A?
[+ 1) — 2f(i i — 1
f'(x) Forward difference G 2(21) -1 A?

(11.1.6), we find that

P fa+A) =2 +fx—4) A o)
w2 A2 41 oaxt

SE. (11.1.9)

Table 11.1 summarizes these results.

Example 11.1

Using the finite-difference scheme, find the lowest eigenvalue of a TM” mode
propagating between two conducting parallel plates that are separated by one
meter.

We analyzed the parallel-plate waveguide in Section 6.4. Since the wave is
propagating along the z-axis and the conducting plates extend to infinity along
the y-axis, (6.4.3) gives

a;?; + (K~ kDA =0 — a;?; +K2A, =0, @)
where
kX =k — k. (ii)
From (6.4.9) the boundary conditions require that
EZ|§2(]) =0 — Az}ﬁz? =0. (i)

After partitioning the separation distance along the x-axis, (i) can be approxi-
mated using (11.1.4) as follows:

A1 — 245 + A
A2

+ kA, =0,
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where subscripts i, i + 1, and i — 1 represent centers of the corresponding par-
tition. This equation can be rearranged as follows:

—Azio1 + EA; — A =0, (iv)

where
E=2— A2 (v)
For A = 0.25, there are only three internal points where A, is unknown. Note

that it is known at the boundary points. Using (iv) on these points, we get the
following set of three equations:

& -1 0 0[Aa 0
-1 & —1llAan]|=]0]. vi)
0 —1 ¢ ||Aas 0

For a nontrivial solution of this, we find that
& -1 0
—1 ¢ —1|=0=4&-2=0.
0o -1 ¢

Therefore £ = 0, 1.4142, —1.4142, and the corresponding eigenvalues are

1.4142
= 0 k2 = — = ; - 5.6568,
§=0 =k =325 7 =733
2 - 14142 J/0.5858
— 14142 > R =2 T g VOO0 30615
¢ e 0252 T 7025 ’

and

24 1.4142 V34142
14142 =2 O NERRS 53000,
¢ B 025 025 ?

According to the exact analysis presented in Section 6.4, (6.4.39) gives

ke=k, o ="2 Ske=mm m=123, .
k=0 a

Therefore the lowest eigenvalue (m = 1) is about 2.55% below the exact value of
7. However, the next eigenvalue (m = 2) is about 17.63% higher than the corre-
sponding exact solution of 2. The accuracy of the results increases with decreas-
ing partition length (i.e., increasing the number of partitions).
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Example 11.2

Use the finite-difference scheme to solve the following differential equation:

d’f(x)

dx?

+ 9f(x) = 0.

The solution must satisfy the boundary conditions f(x = 0) = Oand f(x = 1) = 1.
The corresponding finite difference is found via (11.1.4) as follows:

Jio1 = 2fi + fin

A2 +96=0 — fi.;y — (2 = 9AYf; 4+ fis1 = 0.

If only four partitions are used over 0 < x < 1, then A = 0.25. The boundary con-
ditions translate to f, = 0 and f; = 1. There are three internal points where f(x) is
to be determined. Since (2 — 9A%) = 1.4375, the difference equation gives

—1.4375 1 0 S 0 fi 10.4757
1 —1.4375 1 L= 0 | =1/ |=]| 150588
0 1 —1.4375 3 -1 3 11.1714

As we know that the error in the finite difference formulation decreases with an
increase in the number of partitions (i.e., a smaller A), we repeat it with 8 par-
titions. Therefore the partition length A now reduces to 0.125, and f, = 0 and
fs will be 1. There are seven internal points where the function will be determined
using the finite difference procedure. With £ = (2 — 9A%) = (2 —9-0.125%), we
find that

&1 0 0 0 0 O01[A 0 AT 298467
1 =& 1 0 0 0 0||p 0 £ 5.5496
0 1 —¢1 0 0 01l|A 0 f 7.3341
0 0 1 —&£1 0 ofl|lfa|l=lo]|—>]|f]|=]s0872]
0 0 0 1 —¢ 1 01l|s 0 fs 7.7031
0 0 0 0 1 —& 1||f 0 f 6.2358
o 0o 0 0o o 1 —£|lp]| [-1] gl [38915]

Note that the differential equation can be solved analytically for given boundary
conditions to find

sin(3x)
sin(3) °

fx) =

Therefore the computed results can be compared with the exact solution to get a
feel of the accuracy. This comparison is shown in Table 11.2.
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TABLE 11.2 Comparison of Results of Example 11.2

Exact 4-Partitions FD 8-Partitions FD
X Solution Approximation Approximation
0 0 0 0
0.125 2.5955 2.9846
0.25 4.8302 10.4757 5.5496
0.375 6.3936 7.3341
0.5 7.0684 15.0588 8.0872
0.625 6.7608 7.7031
0.75 5.5136 11.1714 6.2358
0.875 35 3.8915
1 1 1 1

In the preceding examples, the function is specified on the boundaries. This
kind of boundary-value problem is known as the Dirichlet problem. Another
possibility is that the derivative of the function is specified instead. This kind
of boundary condition is known as the Neumann condition. It becomes a mixed
problem if the function is specified on a part of the boundary and a derivative
on the other. Consider the construction of a solution to the Neumann problem
illustrated in Figure 11.2. The derivatives f'(x,) and f'(x;) of the function are
specified at the boundary points x, and x;. The space between the boundary
points is partitioned such that 0 <i < N. In order to implement the Neumann con-
ditions, an extra partition is added on each side as the false boundary, and there-
fore =1 <i < N+1.

Sx)

» x

Figure 11.2 False boundaries introduced for a Neumann problem.
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Hence
O e R ) (11.1.10)
and
v —fn-1 . ,
P =PI = fe e, (1.1.11)

Thus there are two extra equations available for the two boundary points. The
following example illustrates this solution procedure.

Example 11.3

Using the finite difference scheme, find the lowest eigenvalue of a TE* mode pro-
pagating between two conducting parallel plates that are separated by 1 m, as
shown in Figure 11.3.

We earlier analyzed the parallel-plate waveguide in Section 6.4. Since the TE
wave is propagating along the z-axis and the conducting plates extend to infinity
along the y-axis, (6.4.12) gives

3’F, 3’F, .
5 T (& —kF: = F2 =0, (i)
where
kX =k — k2. (ii)
2 =2
A i=-1 i=|0 i=1 l_l i=3 '=I4 i=5
|
L e
i Real boundary
I
]
[}

=

I
I
|
I
|
I
]
|
! False boundary
]
]
]
|
]
I
I
I
|

P x

Figure 11.3 Parallel-plate waveguide.
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The boundary conditions require that the tangential electric field be zero on the
conducting surfaces. Therefore (6.4.14) gives

Eyimg=0 > — =0. (iii)
° 1

Note that the other two electric field components are already zero in this case.
There are four partitions made between the plates. In order to implement the
boundary conditions, one extra partition is added on each side, as shown in
Figure 11.3. Therefore (iii) gives

oF, F,—F,_
- ZO%J%IQ:0%64=& (iv)
x=0
and
oF’ F, —F,
a—xz :0—>ZST"3:0—>FZ5:FZ3. )
x=1

Following the procedure used in Example 11.1, (i) can be approximated using
the points at i = 0 to 4:

—Fi 1+ E&F;—Fip1 =0, (vi)
where
E=2— AU (vii)

For A = 0.25, there are five points where F, is unknown. Using (vi) at these
points, we get the following set of five equations:

—F 1+ §Fo—F,; =0, (viii)
—Fpo+E&Fy —Fp=0, (ix)
—Fa+§&Fp—F;3=0, (x)
—Fp+E&éF53—F4 =0, (xi)

and

—F3+&F4—F5=0. (xii)
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Note that F,_; and F,s in (viii) and (xii), respectively, can be replaced via the
boundary conditions (iv) and (v). Hence the set of equations reduces to

E -2 0 0 0 Fy 0
-1 & -1 0 0 F, 0
0O -1 ¢ -1 0 Fprl|l=1]0 (xiii)
0 0o -1 ¢ -1 Fxs 0
0 0 0o -2 ¢ F 0
For a nontrivial solution of (xiii) we find that
E -2 0 0 0
-1 & -1 0 0
0 -1 & —1 0|=0—->8—-68+8:=0
0 0o -1 ¢ -1
0 0 0o -2 ¢
— =0, + 2, +2. (xiv)

The corresponding values of k. are found via (vii) as follows:
k. = 5.6568, 3.0615, 7.3910, 0, 8.

As found in Chapter 6, the exact eigenvalues of the TE” mode are integer multiple
of 7 (because the plates are separated by 1 m) and degenerate with TM?*.

In this example we get the lowest value close to 7 if we ignore 0. In general,
Neumann boundary value problems are difficult to handle and often require extra
conditions (e.g., an analytic requirement) for a finite difference solution.

Finite Difference in Two Dimensions

The finite-difference technique can be used to solve Laplace’s equation in two and
three dimensions. It has several practical applications, including TEM and quasi-
TEM characterizations of transmission lines.

Consider four infinitely long conducting plates of equal width arranged as shown
in Figure 11.4a. The plates are insulated from each other at the corners and are at
potentials Vt, Vg, Vg, and Vi, as indicated. Further the plates enclose a uniform
medium. The potential distribution over a cross-sectional plane can be found after
solving Laplace’s equation. To that end, a uniform grid is created, and a finite-differ-
ence star (or molecule) is identified along with its node indexes as shown in
Figure 11.4b. Using (11.1.4), we find that

b bipr; =200+ b
ax2 AZ

(11.1.12)
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Figure 11.4 Partition grid in two dimensions and the finite-difference star or
molecule.

and

o b =20+ i

11.1.13
02 A2 ( )
Therefore the Laplace’s equation gives
Fdlx,y) | Fx,y)
V2 . = ’ ’ - O
d(x, y) w2 T 02 -
i+1,j T Pic1, it D1 + P
b~ Pivrj b i P ijor. (11.1.14)

Thus the potential at the node point (i, j) is approximately equal to the average of
potentials at the other four nodes of the molecule. As was mentioned earlier, the
accuracy of this expression increases as the spacing A reduces. The potential at
node (i, k) can be found from (11.1.14) if the potentials at the four nearby nodes
are known. One method to find the potential distribution is to use an iterative
procedure. Note that the potential on its boundary is known. Therefore the nodes
that lie on the boundary have fixed known potentials. The iteration can be started
with the assumption that the internal nodes have zero potential. On each scan the
potential found via (11.1.14) replaces the old value at that node. This process
continues until the difference obtained in the node voltages between the successive
iterations reduces to an acceptable tolerance limit. After generating the grid, a
computer program can be developed to find the node potentials. Example 11.4
illustrates the procedure.
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Figure 11.5 Partition grid and nodes for Example 11.4.

Example 11.4

METHODS

Vg=5V

_>x
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Find the potential distribution inside the space enclosed by four infinitely long
conducting plates arranged as shown in Figure 11.5. The boundary potentials
are as given in the figure.

Figure 11.5 shows a 6x 6 grid along with the node indexes. However, we con-
sider first only a coarse grid of 3 x 3 for simplicity. Therefore there are only (2, 2),
2, 4), (4, 2), and (4, 4) internal nodes in this case. The iterations are started,
assuming zero initial potential at these nodes. There are updates in each scan
as listed in Table 11.3 for first five iterations.

A computer program was developed for the 6 x 6 grid with a tolerance limit for
successive potentials at the nodes as 0.001. These results are summarized in
Table 11.4. Since there are a few nodes common with the 3x3 grid used earlier,
we can compare the results. For example, ¢,, is found as 9.983 V after the fifth

TABLE 11.3 Successive Values of the Potential at the
Nodes within a Coarse Grid

Iteration

Number b2 b4 b4z bas

1 6.25 5.3125 5.3125 3.9063
2 8.9063 6.9532 6.9532 4.7266
3 9.7266 7.3633 7.3633 49317
4 9.9317 7.4659 7.4659 4.9829
5 9.983 7.4915 7.4915 4.9947




426 NUMERICAL TECHNIQUES

TABLE 11.4 Potential at Various Grid Points (i, j) of

Figure 11.5
PN 1 2 3 4 5

0 0 0 0 0
5 15 7.50 4.57 3.30 2.84 3.12 5
4 15 10.42 7.50 5.80 4.92 4.66 5
3 15 11.69 9.19 7.50 6.38 5.61 5
2 15 12.16 10.07 8.61 7.50 6.40 5
1 15 11.87 10.33 9.38 8.59 7.50 5

10 10 10 10 10

iteration in Table 11.3. The corresponding result with a 0.001 tolerance limit is
10.07, which is fairly close. Similar observations can be made for other results.
Thus the convergence rate appears to be quite fast.

Single Dielectric, Nonuniform Grid

A uniform grid was used in the preceding example. However, there are many
instances where a nonuniform grid is helpful. For example, if a particular subregion
is of more interest than the rest of the region and the computer resources are limited,
then a finer grid can be employed only there. This formulation is also useful for
regions with curved boundaries in single dielectric medium.

Consider the situation where node 3 is A, away from node 0 whereas node 1 is at
Ay, as shown in Figure 11.6a. Using a Taylor’s series at node 1, we find that

I ATEf)| AP
— A | L 11.1.15
fOr) =f(xo) + A1 = x0+2 o W e | T ( )
X0 X0
y
A
y
A
2 2
RN PN
BRI iAi:zA 0
AT A Bt
14
4
| P x
(a) (b)

Figure 11.6 Nonuniform grid (a) and the curved boundary (b).
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Similarly for node 3 we have

A3 P
v 2 0x

f (x)
ox

AP
31 o3

Xo

f(x3) = f(xo) — A +---. (11.1.16)

X0

Multiplying (11.1.15) by « and (11.1.16) by B, and then adding the two, we get
af f(x1) — f(xo)] + BLf(x3) — f(x0)]

2 A2\ 2
:(aAl_,BAz)af(X) 1o BA2)af(f) SREEE (11.1.17)
ox |, 2 ox y
For
A7
a=—-—=pB, (11.1.18)
A7

(11.1.17) gives

)| ML) — )] = Aflf () — f(xo)]

x|, A AR F Ay . (11.1.19)
If instead
o _EB’ (11.1.20)
then from (11.1.17) we get
Pf(x) ~ 2A2[f(x1) — fxo)] + Ai[f(x3) — f(x0)] . (11.1.21)

8x2 X0 AlAz(Al + Az)
Now consider the situation depicted in Figure 11.6b where we have a curved bound-
ary in a single dielectric medium. Equations (11.1.19) and (11.1.21) can be used to
find the derivatives for this case as follows: For A; = @A and A, = A, Equations
(11.1.19) and (11.1.21), simplify to

)| f) = @) — (1 = a®)f(xo) (11.122)
ox |, a(l + o)A
and
P 2 fe) fl)  fxo)
o M[a(l+a>+(1+a>_ a ] (129
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Note that (11.1.22) and (11.1.23) reduce to (11.1.3) and (11.1.4), respectively, for
a=1.

A similar procedure can be used to find the derivatives along the y-axis. The
results are

FW| o) = bf(y3) — (1 =) f (o)
ay ,vON b(1 +b)A (11.1.24)
and
oy? yoNA2|:b(1+b)+(l+b)_ b ] (11.1.25)

Example 11.5

Find the potential distribution ¢(x, y) inside the region shown in Figure 11.7. The
curved portion of the boundary is an arc of radius R = 10 m about the origin. The
boundary conditions are given as follows:

0, y) =0,

P(x, 0) = x°,

(8, y) = 512 — 24y?,
d(x, 9) = x° — 243x,

—478 V_-908 V

8 ————— R -
I(1.4)  1(2.4)
A

6 |----- R NP P —352V
1(1L3) 12.3),713.3)

0v | b

I I // I

4f----- Looooo Floeee T 128V

i(1,2),712,2) 13,2)
1 s 1
] 7

I
2=~ e P Ao 416 v
/i(l,l) 12, ;

R

|

’ |
s

1

I
I
I
1 1
X
8V 64V 216V SV >
4

0 2 6 8

Figure 11.7 Partitions and nodes for Example 11.5.
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and

d(x, V100 — x2) = 4x> —300x  (on the arc).

From these boundary conditions the potentials on the boundary nodes are found
as indicated in the figure.
From (11.1.23) and (11.1.25),

P P 1{ 201, 24y 2%}

— L — =0~ —
2 9y? A2 la(l+a) (4+a) a

_|_i 2¢2 2(1,)4 _L@SO
A2|b(1+b)  (1+b) b
Therefore
_ | ab ol b, ¢s o .
d)o_{a—f—b}{a(1+a)+b(1+b)+(1+a)+(l+b)}' ®

First consider a coarse 4 x 4 grid such that there are only two nodes, so we need
to find potentials at (2, 2) and (2, 4) only. For node (2, 2), a=b =1, and
therefore

128 + ¢, + 0+ 64

¢22 = 4

— 4y — pyy = 192. (i1)

For node (2, 4), a=2/3 and b = 1/3. Hence ab/(a + b) = 2/9, and (i) gives

¢24 =

2{ —936 . =908 . ¢ }_>
92014+@2/3)1/3  [1+1/3)]/3 1+(2/3)

1
Boy — g by =—641.2 (iii)

Equations (ii) and (iii) can be solved for ¢,, and ¢,4. These are found to be
—117.1826 V and —660.7304 V, respectively.

Obviously, with so few grid points, we cannot expect great accuracy. The cor-
responding exact values are — 128 V and —704 V, respectively.

Now we consider the entire system of grids shown in Figure 11.7. Note that it
is uniform except for nodes (1, 4) and (2, 4), @ = 1 and b = 1/3. Therefore for
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these nodes

ab

a+b

(iv)

I

Various node potentials can be expressed as follows via (11.1.14) or (i)
and (iv):

Py + b +0+38

g =ttt > Ay — b — I =8, ™
R T M e (vi)
g = IFOEOER g gy~ - dm =0, (vl

16y — 33 — 2¢byy = —4302, (viii)

T T N ey ) ()

B N N

L L S S A
O R U T e e 7]

5 16¢hy, — 3y — 26y, = —10044, (xii)
by = 416 + ¢, 1— ¢y +216 s ddhy, — by — by, = 632, (xiii)
by = 28T P I P2t B 4 by — by — oy = 128, (xiv)
and
by = —352—-936 4 ¢y + 3, s depys — by — by = —1288. xv)

4
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Equations (v) through (xv) can be expressed in matrix form, as follows:

FINITE-DIFFERENCE METHODS

[ 4

1

=
—_

eNeBoleoNeNel

-1 0
4 -1

oo |

o
|
Lo

|
—_
o o

S OO OO

—10044
632
128

| —1288 |

0O -1 0
0o 0 -1
-1 0 O
16 0 O
0o 4 -1
0o -1 4
0o 0 -1
-2 0 0
0O -1 0
0 0 -1
O 0 O

0
0
—1
0
0
-1

0 0
0 0
0 0
-2 0
0 -1
0 O
-1 0
16 0
0 4
0 -1
0 0

0 (o
0 1
0 i3
0 o
0 o
0 o35
23
0 b
0 31
3

4 ¢33 |
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(xvi)

Therefore potentials at these nodes can be found after solving (xvi) through
standard matrix manipulation techniques. Note that the coefficient matrix is
diagonal dominant and a large number of off-diagonal entries have zeros.

TABLE 11.5 Comparison of Results for Example 11.5

Computed with Computed with Analytical
Nodes Coarse Grid Fine Grid Result
b1 —18.13 —16
b1 —93.68 —88
b13 —221.00 —208
b4 —404.15 —-376
b1 13.16 16
b —117.18 —135.59 —128
b3 —386.19 —368
b4 —660.73 —750.68 —704
bs1 142.37 144
b3 —75.67 -72
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Further this problem has been solved analytically for the given boundary
conditions, and the exact solution is found to be ¢(x,y) = x> — 3xy?. The com-
putational and analytical results of these potentials are compared in Table 11.5.

Example 11.6

Find the eigenvalues of a hollow metallic rectangular waveguide operating
in TM? mode. Its cross section is 0.75 x 0.25 m. Use the uniform grid shown
in Figure 11.8. Repeat the problem with the nonuniform grid shown in
Figure 11.9. Analyze the results.
For the TM” modes, we use (6.4.3) to find that
FPA. A,

+

e T g TRA=0. @M

where kg =k* — kz2. The associated boundary conditions are found in (10.1.26)
through (10.1.28) that require A, to be zero on the boundary.
Using (11.1.12) and (11.1.13), (i) transforms to

A, j—24; j+Ai1; Aijp —2A+A -1,
J Azj J + J Azj J + kCAi,j — 0,
or
Aipr,j+Ai—1j+A j A o — (4 — kgAz)Ai,j =0. (>i1)

Using (ii) and the boundary conditions that A, is zero on the boundary nodes, we
find that

— 1 Al. 1| 0 eee

i) o

A=0.25

>‘<

Figure 11.8 Uniform grid structure with nodes for Example 11.6.
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Figure 11.9 Mixed grid structure with nodes for Example 11.6.

where
a =4 —A* =4 —0.257A% @iv)

For a nontrivial solution of (iii), it is required that

‘_‘f _]’:0—>a:i1:4—ka2. (v)
For a = —1,
3 .
KA —4=—-1 -k = o5 ke = 6.9282, (vi)
and for a = 1,
22 2 5 ..
KA —4=1 -kl =—5 — k. =8.9443. (vii)

- 0.252

Its analytical expression may be found in Table 10.1 as k. = v (m/a)* + (n/b)*.
Therefore, for a = 0.75 and b = 0.5, the first four eigenvalues are found as 7.551,
10.472, 13.246, and 15.103 withm as 1,2 and n as 1, 2.

When the grid is nonuniform as given in Figure 11.9, (11.1.25) and (11.1.23)
need to be employed at nodes (1, 2), (2, 2), (3, 1), and (3, 2). For these nodes,

0.15
a= 02 = 0.75 (viii)
and
1
p=2t_gs, (ix)
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The finite-difference equations for nodes (1, 1) through (3, 2) are found to be

and

0.22

Ay —2A11+0 Ap —2A114+0
0.22 0.22
=0 — Ay +Ap — (4 —02%)A; =0,

Ay —241,40 2 Ay A

+ KAy

0.22 0.22 1.5 05

4
=0 > 2An +4n - (6 - 0.2%kH)A1, = 0,
A31 —2A3 +An | Ap —2A5+0
0.22 0.22
=0 — A + 431 +An — (4 —0.2%kD)Ay =0,

Az —2An +Ap 2 Ay Ap 2
e i B 0422220 2g
[ s o.s]Jr o2

+ kazl

0.22 0.22

4
=0 —>Ap+ §A21 + Az — (6 — 0.22]{2)1422 =0,

+ ka31

2 n Ay Aj Az —2A31+0
0.22 1.75 0.75 0.22

2 14
=0 = —ZAy +An— <3 — 0.22k§>A31 =0,

1.75

175 075| To22

2 0 A22 A32 2 A31 A32
1.5 0.5

2 4 20
=0 > ——Ap +-A3 — (3 - 0.22k§>A32 =0.

1.75 3

o+—} + kA3

()

(xi)

(xii)

(xiii)

(xiv)

(xv)

For the nontrivial solution of (x) through (xv), the following condition must

hold:
—(4-0.2%2) 1 1 0 0
4
3 —(6-02%% 0 1 0
1 0 —(4-02%2) 1 1
4
0 1 3 —(6-0.2%k2) 0
2 14
= — = —0.2%?
0 0 1.75 0 <3 -0 )
2 4 20
0 0 = = (=
0 1.75 3 <3

o o O

C

—0.22k2)
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TABLE 11.6 Comparison of the Results of Example 11.6

k. with 6 k. with 12

Partitions of Partitions of

Figure 11.8 Figure 11.9 Exact Value
1 6.9282 7.3239 7.55
2 8.9443 9.7062 10.47
3 11.4024 13.25
4 13.0609 15.1

Therefore

k. =7.3239,9.7062, 11.3689, 11.4024, 13.0609, 14.3398.

These results are compared with the corresponding analytical (exact) values
in Table 11.6.

Finite Difference in Three Dimensions

The preceding formulations can be easily extended to three-dimensional problems.
The FD molecule will now have seven nodes as shown in Figure 11.10. The squares
generated by the uniform grid in 2D area become cubes to represent the volume in

Z
A (i, j, k+1)
(i7 lsj’ k)
Gj— 1.k
° ® (ij+1.k
i),k
i+ 1.0
®ijk-1

>y

Figure 11.10 3D molecule as the finite-difference molecule.
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3D. The finite-difference approximation for the added term may be found as follows:

P it — 2+ b

= e (11.1.26)
Therefore
V2 A Givt, ik TPtk t ikt ik T Dt + Pkt — 6Dk
¢ ~ A2 .
(11.1.27)
Laplace’s equation in three dimensions gives
i1,k T Pitjik t Pijrik T Pk T Pijkrt + Pk
bk = Pivtjiet Pt Pipx F bijorat Pujrt F Pt g g

6

Similarly (11.1.22) through (11.1.25) can be extended for three-dimensional finite-
difference problems.

Finite Difference at the Interface of Two Dielectrics

Up to this point we considered the situation where the region is uniform. However,
there are many practical situations that involve more than one dielectric media. This
kind of situation is depicted in Figure 11.11. We would like to find ways to handle

P <

(i+1,))

Figure 11.11 Mesh with nodes at the interface of two dielectrics.
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such cases. Therefore we start with Gauss’s law for a charge-free region as follows:

VeD=p—>V-D=0. (11.1.29)
For the two-dimensional case, (11.1.29) reduces to

oD, aD,
dx ay

=0. (11.1.30)

As Figure 11.11 indicates, the problem assumes a uniform grid with &, and &, as
the dielectric constants of the two media. Further the electric flux densities above
and below the interface are assumed to be Dy and D, respectively. Therefore

—808r1(¢i,j+1 - ¢>i,j)
A

+ ~
Dy = 808r]Ey ~

(11.1.31)

and

_808r2(¢i,j - (l)i,jfl)

A (11.1.32)

D; = SOSrQEy ~

Using (11.1.31) and (11.1.32), we find that

oD, Dt —D; g
87yy ~ % = _P {8r1(¢i,j+1 - d’i,j) - 8r2(¢;,j - ¢i,171)}~ (11.1.33)

A similar expression can be formulated for the x direction provided that &, at node
points (i — 1, j) and (i + 1, j) is known. If we assume, for the time being, that it is
€3, then

8Dx ~ E0&r3

T = O G+ b~ 200) (11.1.34)

Substituting (11.1.33) and (11.1.34) into (11.1.30), we find that
_d)i,j(grl + & +2e3) + &n ¢i,j+1 + 8r2¢i,j71 + £r3(¢i+1,j + d)ifl,j) =0,

or

&l ¢i,j+1 + 8r2¢[,j71 + 8r3(d)i+1,j + d)i—l,j)
&1+ &n + 2853 .

& ; (11.1.35)
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If it is assumed that the node potentials along the x-axis contribute an equal amount
to ¢; ; as those along the y-axis, then (11.1.35) gives

&rl ¢i,j+1 + €r2¢i,j71 = 8r3(¢i71,j + ¢i+1,j)-
Therefore

e &rl ¢[,J‘+1 + 8r2d)i,j—1
3 =
Gio1j+ b

(11.1.36)

A further simplification is possible if we assume that the potentials at adjacent nodes
are similar. In that case (11.1.36) reduces to

e &1+ é&n
3 =
2

(11.1.37)

Finite-Difference Time-Domain Method

The finite-difference time-domain (FDTD) method has been used to solve a number
of electromagnetic problems. We consider here the solution to the following wave
equation in one spatial dimension and the time:

FPE(z, 1) _ 2 FEz, 2

o P (11.1.38)
The associated boundary conditions are

E.(x=0,1=fi@) (11.1.39)
and

E.(x =d, t) =f2(2). (11.1.40)

Further the solution must satisfy the following initial conditions:

Ey(z,t=0)=gi1(2) (11.1.41)
and

L2ICR) 22(2). (11.1.42)

L P
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To set up the finite-difference method, we select a space-step size A > 0 and time-

step size 6 > 0. With M space and N time partitions, we have

A=l
M
and
s=_.
N

Therefore the grid points (z, ¢,) in space and time are defined by
7 = kA, k=0,1,2,...,M,
and
t, = néd, n=0,1,2,...,N.
Following (11.1.4), (11.1.38) is quantized in time and space to find

Eu(k, n+ 1) — 2Ex(k, n) + Ex(k, n — 1)

82
2 Ex(k+1,n) —2E(k,n) + Ex(k — 1,n) 0
— U Az - 9
or
E(k,n+1)—2E.(k,n)+ E.(k,n—1)
= E{E(k+ 1, n) — 2E,(k, n) + E.(k — 1, n)},
where

vo
E=%
Rearranging (11.1.47), we find that
E(k,n+1) =2(1 — &)E(k, n) — Ex(k,n — 1)

+ EE(k—1,n) +E k+ 1, n)).

(11.1.43)

(11.1.44)

(11.1.45)

(11.1.46)

(11.1.47)

(11.1.48)

(11.1.49)

Equation (11.1.49) holds foreachk=1,2,...,(M — 1)andn=1,2,... . Fork=0
and M, E, is known from the boundary conditions (11.1.39) and (11.1.40), which
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give
E(0, n) = fi1(nd) (11.1.50)

and

E.M, n) = f>(nd). (11.1.51)

Equation (11.1.49) can be used to find E, at all internal space nodes at ¢, = (n + 1)6
that can be expressed in matrix form as follows:

E(l,n+1) [20-¢) & 0 - 0
EX(Z, n—+ 1) §2 2(1 _ 52) §2 .
' - 0 0
. : - - . 52
EX(M—I,n+1) | 0 0 52 2(1_52)_
E.(1, n) E(1,n—1)
E.(2, n) E.2,n—1)
% . _ .
EM —1,n) EM—1.n—1)

(11.1.52)

Thus E, at the kth node in space and at 26th time step can be found if its values for
t, = 0 and 6 are known. Initial conditions (11.1.41) and (11.1.42) provide the data.
From (11.1.41), we find that

Edk,0) = g1(zx) = g1(kd),  k=1,2,...,(M—1). (11.1.53)

Instead of using (11.1.42) directly, the following procedure may be adopted to
minimize the error in E(k, 1). From the Taylor series expansion

AE(z, 1) 8 PE(z, 1)
E(z,8) =E(z,0)+ 66— Y a— ’
(z, 6 (z, 0) + o N o2
(2, 0) (2, 0)
we find that

0E,(z, t

E(z, 0) ® Ex(z,0)+ 6 &0
(z,0)

252
+Z?{Ex<z + A, 0) — 2E,(z, 0) + Ex(z — A, 0)},
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or

2 &

E (k, 1) ~ E\(k, 0) + g2(k)6 +
(k, 1) (k, 0) + g2(k) A2

{Ex(k+1,0) — 2E,(k, 0) + E (k — 1, 0)}.
Therefore

E (k, 1) ~ (1 — §)E,(k, 0)
2
-|—%{Ex(k+ 1,0+ E(k—1,0)} + g2(k)é. (11.1.54)

Thus a computer program can be developed using (11.1.52) through (11.1.54) to find
E, at various nodes in space successively beginning with initial two time steps. It can
be proved that this process is stable for & < 1. In order to investigate the conditions
under which the finite-difference approximation will provide reasonable accuracy,
we consider one set of continuous solutions of the wave equation (11.1.38) as
follows:

E(z, t):cos(wt—gz). (11.1.55)
v
The corresponding discrete solution can be written as follows:
E(k, n) = cos(an _ %kA). (11.1.56)

Using (11.1.55), (11.1.56), and (11.1.38), we find that

8211;52’ D_ —<C—;>zcos<wt—%z) (11.1.57)
and
Ek+1.m - 2E(Ak2, mrEk=-1n :é{cos(%A) — l}cos(wnS—(—;kA).
(11.1.58)

On comparing (11.1.57) and (11.1.58), we conclude that the following condition
must hold for the approximation to be valid:

® ?A?
cos(TA) —1= -2, (11.1.59)
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Note that (11.1.59) has the first two terms of the cosine series expansion given as
follows:

x x4

W=
cos(x) = D=1 == ...
ra (2k)! 224

Thus for (wA /v)max = 0.35 (i.e., A/A < 0.0557) the error in the approximation will
be less than 1%. This means that we should have at least 18 points per wavelength. A
similar analysis for the time derivative indicates that with (wd)n.x = 0.35, the
approximation will be good to 1%, which is automatically satisfied if £ is less
than 1 for stability. This can be verified using (11.1.48) as follows:

wﬁzwész—A.
v v

The following example illustrates the procedure.
Example 11.7
Use the FDTD technique to solve the wave equation

PEGz 1) 4 PE(z, 1)
- 0z

0<z<I1,t>0.

The solution satisfies the following boundary and initial conditions:

EO,1) =E(, 1) =0,
E(z,0) = sin(7z), 0<z=<1,

and

0E(z, 1)
o (z,0)

=0, 0<z=<l

Compare the results at r = 0.1 s for €= 0.5, 1, and 2.
The exact solution to this wave equation is found to be

E(z, t) = sin(mz) cos(2t).

E (z, 0.1) was computed using (11.1.52) through (11.1.54) for three different &,
and the space step A = 0.1. The results are compared in Table 11.7.

Note that the numerical results are identical to the corresponding exact values
for £at 0.5. There are slight differences at 7th decimal place in some cases when ¢
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TABLE 11.7 Comparison of the Results of Example 11.7

FD Solution Exact Solution FD Solution FD Solution
z t=01,¢& =1 t=0.1 t=01,&=2 t=0.1,£&=05
0 0 0 0 0
0.1 0.25 0.25 0.2485196 0.25
0.2 0.4755283 0.4755283 0.4727121 0.4755283
0.3 0.6545085 0.6545085 0.6506327 0.6545085
0.4 0.7694209 0.7694209 0.7648644 0.7694209
0.5 0.8090169 0.809017 0.804226 0.809017
0.6 0.7694209 0.7694209 0.7648646 0.7694209
0.7 0.6545084 0.6545085 0.6506323 0.6545085

is increased to 1. Further deviations are found for & at 2. The space step is 0.1 in
all computations, and therefore the time step 0 increases with &.

Maxwell’s Equations in FDTD

Two curl equations of the set can be expanded as follows:

0B, 9OE, OE;
d oz Ay
. OB .
vxE—_0B _ )98 _0E OE (11.1.60)
ot ot ox 0z
B. 9OE. OF,
o dy  ox
and
oD, 0H, 9H,
a  dy oz
- - 0 oD, O0H oH.
VxH=J+% y_Tx_ Tz g 11.1.61
X or | a2 ax Y ( .

oD, _oH, oH,
ot ox  dy o

For simplicity, assume that only the E, and H, field components are present (i.e., £,
E., H,, and H, are zero) in a lossless, isotropic, linear, and source-free medium.
Further these field components vary only with space variable z and time ¢. Therefore
(11.1.60) and (11.1.61) reduce to

oH,  10E,

ot pooz

(11.1.62)
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Figure 11.12 Nodes for Maxwell’s equation in one spatial dimension and instant in time.

and

oE, 1 0H,
=———=, 11.1.63
ot e 0z ( )

Note that if (11.1.62) is differentiated with respect to the space variable z one more
time and then (11.1.63) is substituted, the wave Equation (11.1.38) results. Thus we
find that these two first-order partial differential equations replace one second-order
partial differential equation. Further (11.1.62) and (11.1.63) are considered to define
E, and H, at the same space and time point (z, ). However, this is not the case
with the finite-difference equations. As illustrated in Figure 11.12, when the derivative
of E, is taken with respect to z for the right-hand side of (11.1.62), H,, is considered to
be located between those two space points. For the left-hand side, the derivative of H,
with respect to time should be evaluated about that instant. Therefore (11.1.62) trans-
forms to

Hy05,n+05 = Hir05,n-05 _ 1 Eitt,n — Bk (11.1.64)
5 " A . 1.
Following similar considerations, (11.1.63) gives
E, n — E n 1H n+0.5 — Hy_ .3, n+0.
k, nt1 kn __ 1Hk405, 0105 k=05, n+0.5 (11.1.65)
19 € A

Equation (11.1.64) corresponds to the continuous Equation (11.1.62) at
(k+ 0.5, n), whereas (11.1.65) corresponds to (11.1.63) at (k, n + 0.5). The initial
conditions can be imposed as values of E for n = 0 and as values of H for n = 0.5.

The preceding concept is extended for the three-dimensional case using a unit
cell as shown is Figure 11.13. This is called the Yee’s cell, named after the
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Figure 11.13 Finite-difference scheme (Yee’s cell) for Maxwell’s equations in 3D.

researcher who first proposed it.* The finite-difference equations for (11.1.60)
and (11.1.61) can be found via this method. The first of each of the equations
transform to

n+0.5 -0.5
Bx(i,j+0.5, k+0.5) — ;Z(i,j+045, k+0.5) E;l(i,j+0.5, k+1) — Ef‘(i,j-‘rO.S, k)
1 A
E". . —E™. .
_ 2(i, j+1, k4+0.5) 2(i, j, k4+0.5) 11.1.66
- (11.1.66)

and

n n—1 n—0. n—1
Dx(i+0.5,j, k)~ Dx(iJrO.S,j, k) H7(i+0.5,j+0.5,k) — M2(i40.5,-0.5,k)

8 A

Hn—O.S _ Hn—O.S
¥(i+0.5,, k+0.5) ¥(i+0.5, 7, k—0.5) n—0.5 11.1 67)
- A T Yx(i+0.5,5, k)" ( oA

Similar equations can be found for other equations as well. The interested reader can
find details in the reference books listed in the section Selected Reference Books.

*K. S. Yee, “Numerical Solution of Initial Boundary Value Problems Involving Maxwell’s Equations in
Isotropic Media,” IEEE Trans. Antennas Prop.: 14, 302-307, May 1966.
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11.2 METHOD OF MOMENTS

This section begins with a brief introduction to the linear operator notation because
it provides a most convenient way to describe the method of moments. The concepts
of linear function space are summarized along with the inner product suitable for the
application. A large class of linear operator equations can be solved by this method.
It is especially useful in solving integral equations that arise in the areas of electro-
magnetic radiation and scattering. After classifying the integral equations, the sol-
ution procedure is summarized.

Linear Operator Notation

Linear differential and integral operator equations can be expressed using the linear
operator ¥ as follows:

L{f)} =g, a<x<bh. (11.2.1)

By definition,
Llafx)+Bhx)} =aZ{f(x)} + BZL{h(x)}. (11.2.2)

The method of moments is most conveniently described in the notation of linear
function spaces with an appropriately defined inner product. In the present simplistic
specialization it is assumed that

- Elements {f,} of the function space ¥ are defined with the domain spanning
the interval a < x < b.

- Elements of ¥ are continuous, differentiable, and integrable such that they
belong to the domain or the range of the linear operator.

« The linear inner product (f, g) between the elements of . is defined by the

properties
(f.8) = (g.f)
(af +Bg, h) =alf, h)+ Bg h),
and
o >0, forf #0,
<f’f)_{0, if f=0.

A suitable inner product for the space of integrable functions is frequently

b

(f.8) =J W) g, (112.3)

a

where w(x) is a weighting function, often equal to 1.
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Classification of Integral Equations

An integral equation (IE) in the domain a < x < b can be expressed as follows:

b
J JOOK@IX) dx' =y f(x) + g(x), (11.2.4)

where K(x|x') is called the kernel of the integral equation, g(x) is the driving source
or the excitation function, <y is a constant parameter, and f(x') is the unknown
response.

Integral equations are classified as follows:

« If one of the integration limits in (11.2.4) is the variable x, then it is called the
Volterra integral equation; otherwise, it is known as the Fredholm integral
equation.

. If yin (11.2.4) is zero, then it is an integral equation of the first kind; otherwise,
if y is not zero, it is an integral equation of the second kind.

- For a zero g(x) in (11.2.4), the integral equation is homogeneous; it is inhomo-
geneous (forced) if g(x) is not zero.

The linear integral operator equation (11.2.4) can be expressed in inner product
notation as follows:

(f&), K(x | x)) = yf(x) + g(), (11.2.5)

with f and K in the domain, and f and g in the range of Z.

The procedure used to solve a linear operator equation (11.2.1) via the method of
moments can be summarized as follows: The unknown function f(x) is expanded
using an appropriate set of expansion functions (or basis functions):

N
[0 =Y anfu(), (11.2.6)
n=1

where { f,,(x)} is a complete set of appropriate functions if N = oo, or an appropriate
set to approximate f(x) if N is finite.
On substituting (11.2.6) into (11.2.1), we find that

N N
L) = y{Zanfn(x)} =Y @ Z{fi(0} =gw). (11.27)
n=1 n=1

Note that (11.2.7) involves N unknown expansion coefficients «,, and it should be
satisfied continuously for all x in the range. The latter requirement can be satisfied
only for N — oo. If N is finite for an approximate solution, the operator equation
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must be discretized to allow the evaluation of «,,. For that, {w,,(x)} is selected as an

appropriate set of weighting or testing functions in the range of .#. On discretizing,
the original operator equation transforms to

N N
<Wm’ Z;anff{fn}> = Z;amvm, LU = W g)y  m=1,2,...,N,

(11.2.8)
or
N
> oy =gn.  m=12,... N, (11.2.9)
n=1
where
Ln = (W L{Lf}) (11.2.10)
and
gm = (W, &). (11.2.11)

Special Cases

1. If a weighting function w, and an expansion function f, are the same, the
general moment method is known as Galerkin’s method.

2. If {f,} are eigenfunctions of . such that L{f,} = A, f, and w,, = f,, then

N
Z an)\n(fm’ fn) = <fm’ g)'
n=1

If {f,} are ortho-normal with {f,,, f,) = 8,., the Kronecker delta, such that

s 1, forn=m,
=10, forn # m,

then

am:%. (11.2.12)

If {f,} are complete, an exact solution of (11.2.1) is obtained as N — co.
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3. If the Dirac delta functions (see Appendix B) are selected as the weighting
functions such that w,, = 6(x — x,,,), then discretization of the continuous
operator equation corresponds to point-matching it at N discrete points
X = X, that is,

bon = (8(x = x). 2{£,}) = 2{ 1.} (11.2.13)

X=X,

and

gm = (8(x — xm), 8) = 8(xm). (11.2.14)

Example 11.8

A 1 m long conducting wire is held at an electrical potential of 1 V. Its radius is
1 mm. Use the method of moments to find electrical charge distribution on it.
Consider the geometry of a thin straight wire as shown in Figure 11.14. The
wire’s radius a is assumed to be very small in comparison with length &
(a < h). Since itis desired to find the charge distribution whenitis at 1 V potential,
we need an integral equation to relate the electrical potential with the charge. We
find a relation in Appendix B (equation B.35) that can be specialized for this case:

00 = e[ e = 0 = [ P
F)=-—o —dv — ,2) =— | =24y,
¢ dme vpev R Y = e . R

or

| 2y = a2 0

0>

T
ot

+A,2
~~_ LS A7
o — 1 ——p

.
[efere®

/
/
/
/
/
/

-~ A2

Figure 11.14 Geometry of a wire.
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where

R=\/a®+(z— )" (ii)

We find that it is a Fredholm integral equation of the first kind that can be
solved using the method of moments as follows: The length of the wire is divided
into N partitions with A, as the interval along z spanning the nth partition. Further
we can assume that the charge density p.s changes only from one to the other
partition (i.e., it is uniform on a given partition). In other words, the unknown
surface charge density can be expressed in terms of the pulse expansion functions
as follows:

Pes(a, 2) = 2:: an, pa(2), (iii)
where
m“*{& ctherwie, (i)
and
A= % (v)

Therefore the integral equation (i) transforms to

ds' .
D an J — =47, ¢e(p, 2), (vi)
n=1 A, R
where
ds/ 2 Zn+A/2 adq,')’dz/ Znt+A/2 dZ/
R A e
s, B Jy—ode—an a4+ (z - 27 w-A2 V@ +(z—2)

The remaining integral can be evaluated, with the help of integration formula
13 of Appendix A, as follows:

J ds' , 2=+ Q)+ )+ {z—z + (A/2)}2
—_— — 27Ta 1IN
VBT G2 == B/D + i+ ez — A/

(vii)
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We now have (vi) with unknown coefficients a,, n = 1,2, ..., N. Since p is a
continuous function of z, we enforce this relation on each partition to find N alge-
braic equations. This process is known as point-matching. Mathematically we
take the inner product of (vi) with the delta function as follows:

0z — zm) ia] d—S/ —ﬁ:<6(z—z ) aJ ds/>
mVn:l n A R - mJs n A R

n n—=1 n

= (8(z — zm), 4mEodb(p, 7)),  m=1,2,...,N,

or
N
Z lmnan = 8m> m = 1» 27 ey N’ (an)
n=1
where
ds'
lmn = {6z — m)s Un - i
< (2 —zm), a L” R> (ix)
and
8m = (0(z = zm), 470 P (p, 7)) = d7E0 (P, Zm) = 47780, (x)

From (vii) and (ix) we find that

n— 20+ A/ + )@ + [z — 2+ A/}
Ly = 27 n L (i)

o= — A2+ Ja + {zn — 2 — (A/2))

For m = n, (xi) reduces to
Lym ~ 4maln (A/a). (xii)

If m # n, then (xi) can be approximated to

I, = 27a 1n[|z’" —al+4/ 2] (xiii)

|Zm - Zn' - A/2

Since m=0Cm—1DA/2, m=1,2,...,N, and z,=(@2n—1)A/2,
n=1,2,...,N, we find that |z,, — z,| = |m — n|A. Therefore (xiii) reduces to

(xiv)

Ly = 277 1n|:|m —nlA+ A/z].

lm—n|A—A/2



452 NUMERICAL TECHNIQUES

Thus the length A of the partition is found from (v) for a given N. I,,,,, for (viii)
is found from (xii) if m = n; otherwise, (xiv) is used for it. g,, is evaluated from
(x). This facilitates determination of a,,, the distribution of charge.

Following this procedure for the given problem, we find that A = 1/3 m for
N = 3, and therefore

— 1 -1
2-In <()3()()) In(3) In (2) o0
aj €o
1000

a | = In (3) 2-1n (3) In(3) 2000¢,
as s 1000 2000¢,

i ln(3> In(3) 2. ln< 3 ) |

[151.9025¢,

= | 143.4150¢,
| 151.9025¢,

As expected, the charge distribution on the wire is symmetrical about the middle
partition. Recall that a,, is the amplitude of the pulse and represents the charge
density on the nth partition. This can be exploited to minimize the use of comput-
ing resources. For example, if N =35 is desired, then a; = a5 and a, = ay4, and
only three coefficients are unknown. Since A = 1/5 in this case, using (viii),

we find that
T 9 7 5\ 1
2 -1n(200) + In <7> In(3)+In <5> In (3)
“ 7 5
a | = In(3) + ln<5) 2 -In(200) + ln(3) In(3)
a3 5 1000
I 2-1n<3) 2-1n(3) 2-ln(3>_
2000¢, 158.3800¢,
x | 2000e, | = | 145.4214¢,
2000¢, 143.3160¢,

Similarly A = 1/9 for N = 9, and following the procedure, the coefficients are
found to be
a; = ag = 167.6894 ¢,
a, = ag = 150.6483 ¢,
as; = a7 = 145.8831 g,,
as = ag = 143.8210 ¢,,
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and

as = 143.2204 &,

Thus, for even shorter A, a program can easily be developed to find the charge
distribution using a computer.

11.3 SCATTERING OF PLANAR EM WAVES FROM
AN INFINITELY LONG CYLINDER

As was mentioned in the preceding section, the method of moments is commonly
employed to analyze radiation and scattering problems. In this section we consider
the scattering of an incident electromagnetic plane wave on an infinitely long cylin-
der of arbitrary cross-sectional shape. We begin with the formulation of an electric
field integral equation (EFIE) that can be solved via the method of moments.
When an infinitely long cylinder is excited in such a manner that its induced cur-
rent and charge are independent of the location along its axis, the problem becomes
two dimensional. All field quantities are independent of the axial coordinate in such
cases. The appropriate geometry of the problem is shown in Figure 11.15. From the
notations shown in this figure, the position vectors for the field and source points are

F=p+2z2 (11.3.1)
and
¥=p +7z (11.3.2)
Ve
A

Figure 11.15 Geometry of the problem.
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Therefore the distance R from source point to field point is

R=[F=71=1G -+ e- Dl =\JB—pP+e-2F  (1133)

Since all the fields are independent of axial coordinate z, 3/dz = 0, and therefore the
differential operator V reduces to transverse del, V,, as follows:

.0
V=Vi+7— — V;
0z

The electric and magnetic field expressions, (6.2.9) and (6.2.8), respectively,
reduce to

E(p) = —Vi(p) — jwA(p) (11.3.4)

and
- 1 -
H(p) = ;Vt X A(p). (11.3.5)

Next the general expressions (B.33) and (B.35) found for the magnetic vector and
electric scalar potentials in free space (in Appendix B) can be simplified:

A=t ity 33
N / B.
@ 4va @) do (B.33)
and
oIkR
5) = N ar B.35
o.(p) 47TSOJVP(/J) R (B.35)

Since the 7’ dependence of integrands in (B.33) and (B.35) is known, the integrals
along 7' can be carried out leaving only 2D potential integrals as follows:

5 w N e~k 1p—P'1+(z=2)
A(p) :4—J dS’J(p/)J —— d7 (11.3.6)
7 Jes ~o/Ip =P +(2—2)

and

e
ds/p(p/)J — d7 (11.3.7)
: o Ip—pP+@—2)

R 1
b.(p) = mj

C.S
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Hence we find that the following integral is common in both relations. It can be
evaluated as

o =ikl +a—2)
— dz. (11.3.8)
—o/1p = PP+ (@ —2)

1G-7)= |

If we change the variable, then its integration limits are affected as follows: For
=) =u,

d7 = —du, 7 =—-0 >u=0, and 7 =00 — y= —oo.

Therefore (11.3.8) can be written as follows:

« e*jk\/m 00 —jka/ 1p—p' P+
——————du = ZJ _—
d =12 Iy >,02
—oy/lp—p'|" +u? o Vip—pl +u
This integral can be evaluated using scientific software with a symbolic engine.

Alternatively, one can use a mathematical handbook, such as Gradshteyn and
Ryzhik’s Tables of Integrals.* For example,

J“’ BV E
0 \/fz +u?

where Ky(z) is the modified Bessel function of the second kind with order zero and
generally complex argument z.

For a=0, B=jk, and é=|p —p/| we get &/a?+ B° =jk|p — p'|. Using
formula (C.36) from Appendix C, we find that

1p—p) = J du  (11.3.9)

cos(au)du = K, (5 o2+ [32>, (11.3.10)

1(p — p') = —jmHS kIp — p)). (11.3.11)

Therefore (11.3.6) and (11.3.7) simplify to

Zx@):—jﬂ J@HHS (klp — p')ds (11.3.12)
C.s.
and
-] gDz 2 g
$e(p) = — 5| P(B"HG KIp — ')y’ (11.3.13)
C.S.

*See T. S. Gradshteyn and I. M. Ryzhik, Tables of Integrals, Series, and Products, Academic Press, 1980,
p. 498, entry 3.961-2.
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From (11.3.12) and (11.3.13), Green’s function G(p|p’) for a 2D Helmholtz
equation can be identified as

G@IB) = — L HEKIp — 7). (11.3.14)

Therefore the potential functions can be expressed in terms of the Green function
(see Appendix B) as

Z\@):J WI@)GEIF)ds
and
4.6 = | PP GG,

On substituting (11.3.12) and (11.3.13) into (11.3.4), we have

B = | [”(g” VUHO (1P — 1)) +jond GOHO K | 5 - ﬁ’|>]ds’. (11.3.15)

From the continuity equation we have
P . - - J -
Vi J(p) = —jwp(p’) — p(p') = ;V{ < J(p").

Therefore (11.3.15) can be expressed as follows:

Ty 1 T T, - -
E(p) = —@J AV, - J@EVe+ RIGEDHY (klp — B'hds’. (11.3.16)
C.S.

Similarly from (11.3.5) and (11.3.12) we find that

. - ' - .
H(p) =;Vr x A(p) = —ﬁj Ve x {J(BHHP (k|p — ')} ds’,

C.S.

or
H(p) = —ﬁj [HY (KIp — B'DV: x J(B) + VHP k|p — p')) x J()]ds'.
C.s.

The first term of the integrand is zero because the curl operation requires
derivatives with respect to the unprimed coordinates, whereas the current density
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is a function of only the primed coordinates. Therefore

H(p) = ﬂ J(3) x VHP (k|p — p')ds . (11.3.17)
C.S.

Thus (11.3.16) and (11.3.17) can be used to find the fields produced by the current
density J(p').

Formulation of the Integral Equation for 2D Scattering from
Cylinders of Arbitrary Cross-sectional Shape

The preceding analysis is used for formulating an integral equation to study the scat-
tering of electromagnetic fields from perfectly conducting, infinitely long cylinders
of arbitrary cross-sectional shape. The moments method is then used to solve the
integral equation for the unknown surface current induced on the cylinder. Electro-
magnetic fields anywhere in space can be easily found once the surface current
distribution is found. Here we consider the case where the electric field of an
incident uniform plane wave is along the axis of the cylinder (i.e., the TM*
wave). A similar procedure can be used for the case where the magnetic field of
this wave is along the axis of the cylinder (i.e., the TE” wave). ~

Consider an axially polarized incident (impressed) electric field E = EEé(ﬁ) that
illuminates an infinite cylinder of arbitrary cross-sectional shape, as illustrated in
Figure 11.16. The induced currents excited on the cylinder maintain a scattered field
Es(ﬁ), and therefore the total electric field outside the cylinder is given as follows:

E(p) = E'(®) + E(). (11.3.18)
y
E(p) 4

(& W)

Figure 11.16 Cross section of an infinitely long cylinder illuminated by the TM” wave.
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The boundary conditions on the conducting cylinder require that for all p on T,
2-E(p) =2+ {E'(p) +E(p)} = 0.

Therefore

Ei(p) = —E.(p)

(11.3.19)

ponl”

Since

LI/ N T

we o/ue o /pe\e k’
where { is the intrinsic impedance of the medium, and

J() = K@)8(p' — pr)

as the volume density of surface current on the perfectly conducting cylinder, (11.3.16)
gives

E(p) = —é ] [v; <KV, + sz((ﬁ’)]H((f’(km —phadr. (11.3.20)

Note from (11.3.19) that only the z component of the scattered field Esis required to
satisfy the boundary condition. It is expected that only the z component of the induced
surface current K Willﬁbe excited, and it becomes clear that K = ZK, is adequate to
maintain the required EZ. Therefore

S 2 ~ _'s - g ! I =/ A =/ d =/ /
Ep)=2E®) =—-—>¢ [V, KE))2* Ve + K POIHS (klp — p' de,
4k Jr

or

S = gk >/ > >/ ’
EXp) = ‘ngr K.GOHE K — Bl de’ (113.21)

Hence it is concluded that the induced surface current capable of satisfying the
boundary condition is

K(p) = 2K.(p).

Furthermore, since V| * K(p7) = 0 in this case, no transverse components of E* are
excited.
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Integral Equation for the Surface Current on the Cylinder

Using the boundary condition (11.3.19) and the expression (11.3.21) for a scattered
field, we find that the following relation must hold for all p on the boundary I:

k >/ = =/ / i
%f{’r K.(OHG (k|p — B'|) dt’ = EX(p), (11.3.22)

for p on the boundary I'. In (11.3.22) the surface current K, is unknown and can be
found after solving the equation. A comparison of this equation with (11.2.4) indi-
cates that it is a Fredholm integral equation of the first kind. It can be solved via the
method of moments as follows.

As indicated in Figure 11.17a, the boundary contour I' is partitioned into N total
number of partitions with AT, as the interval along I' spanning the nth partition.
The unknown surface current is expressed in terms of a pulse expansion function
as follows:

N

K(p) = anpa(®), (11.3.23)
n=1
where
~n |1, p’onAl,
Palp) = { 0, otherwise . (11.3.24)

y

A
Field Arm ——
PO (3 A7 TN

a = N
/ -§ N\_ AT, Source
/ P = A\ (x,, ¥,,) point A,/2
| P, \I ~ L
> x —A,/2
,' , o
/ B
\\ / m
S / -
= =~ ~ - _ —~ -
(@) )

Figure 11.17 Geometry of the partitioned boundary with source and field points (a), and a
special case where the source and field points are on the same partition (b).
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Therefore (11.3.22) transforms to

Lk B -
TZan . HY (klp — p'l) d¢’ = EL(p) (11.3.25)

n=1

for p on the boundary I'. There are N unknown coefficients a,, in (11.3.25). To evalu-
ate these coefficients N independent equations are required. To generate a system of
N algebraic equations for these N unknown amplitude coefficients a,, n =1, 2,
3,..., N, (11.3.25) is point-matched at N discrete points ﬁm, m=1,2,3,...,N
Mathematically we are using the delta function here as the test function. Therefore
(11.3.25) transforms to

N
> Ay = EXB,,). m=1,2,3,...,N, (11.3.26)
where
k ..
Ay = QJ HY k|, — ') de’ (11.3.27)
4 Jar,

Equation (11.3.26) can be written in matrix form as follows:

CAn A o A Aw ([ar ] [EG) T
Ay Axp - Ay Ay as Ei(p,)
= : ) (11.3.28)
A A - Au A am Eé(ﬁm)
LAn1 Av2 -+ A Aw llav]  LElpy) ]

Note that the column vector on the right-hand side of (11.3.28) is known from the
incident field. Therefore a,, can be found from (11.3.28) once the matrix elements
A, are determined from (11.3.27). There are two distinct situations in evaluation
of matrix elements.

The first case is m # n. In this case, p’ # p,, in integration over AT',,, and there-
fore (11.3.27) can be simplified to

k AI‘

A ~ =HP (k[p,, — .
k AT,
= gT HY <k\/ o — X0)> + (O — yn)z). (11.3.29)

The second case is m = n. In this case, p’ = p,, during integration over AT, and the
integrable singularity of the Hankel function H{(—) must be handled analytically
as follows.
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As shown in Figure 11.17b, the length AT, is approximated as a straight-line
segment of length A, centered at p,, = p,. Therefore (11.3.27) gives

k A, /2 k A, /2
Ay = %J . H (k|u|)du = %2J HP (klul)du. (11.3.30)
- n/2 0

Since the argument of the Hankel function is small, this can be approximated to
2 2
HY @)~ 1+j= m(),
T \KZ

where
k=¢e"~ 1781, vy=0.5772156649- .. (the Euler’s constant).

Equation (11.3.30) can be rewritten as follows:

k (A 2 (2

o

For n = 0, the integration formula 30 of Appendix A gives
x

Jln(ax)dx =xlIn(ax) —x=x ln(af).
e

Therefore the integral of (11.3.31) can be evaluated as follows:

lk JAn/z 2 1 Ck JA"/ 2 2 (Kku
A X 1421 du = 1= 2 () |,
2 ), U ™ k2) [T 7, s W

%

or
Lk 2 el =22
Am,_2 u—j—uln e .
Hence
kA, 2 KA,
A, A 44 [1 —jﬂ_ln<K4e )} (11.3.32)

Therefore the matrix elements can now be found via (11.3.29) and (11.3.32).
Induced surface current can then be found via (11.3.28).
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Determination of the Scattered Electric Field

An unknown surface current K, =a, on AT, is obtained from (11.3.28), as
discussed above. An efficient numerical method can be employed to solve this
matrix equation. The scattered field E] anywhere in space is found via (11.3.21)
using the now known a,, as follows:

o ko - . .
Eip) ~ — %ZanH(()z) (k|p — p,|)AT, = scattered field  (valid for p & ).
n=1

(11.3.33)
PROBLEMS
11.1. Using the finite-difference scheme, find the two lowest eigenvalues of a TM”

mode propagating between two conducting parallel plates that are separated
by 60 cm. Compare your results with those obtained analytically in Chapter 6.

11.2. Use the finite-difference scheme to solve the following differential equation:

d*f (x)

dx?

+25f (x) = 0.

The solution must satisfy the boundary conditions f(x =0)=0 and
fx=1)=4.

11.3. Using the finite-difference scheme, find the lowest eigenvalue of a TE* mode
propagating between two conducting parallel plates that are separated by
75 cm.

11.4. Find the potential distribution inside the space enclosed by four infinitely long
conducting plates arranged as shown in Figure 11.5. The boundary potentials
are as follows: V1 =20V, Vg =10V, Vg =0,and V, =10 V.

11.5. Refer to Example 11.5. Find the potential distribution ¢(x, y) inside the region
after reducing the horizontal grid to three.

11.6. Find the eigenvalues of a hollow metallic rectangular waveguide operating in
TM? mode. Its cross section is 18.0 x 9.0 inches.

11.7. Use the FDTD technique to solve the following wave equation:

PE@z 1) 9 PE(z, 1)

> o 0<z<lLi>0.
Z

The solution satisfies the following boundary and initial conditions:

EO,n)=E(,1) =0,
E(z, 0) = sin (3mz), 0<z<l,
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and

0E(z, 1)

= 0<z<l
G I

s

Compare the results at r = 0.1 s for €= 0.5, 1, and 2.

11.8. Use at least 15 partitions to find the charge distribution on the wire considered
in Example 11.8. Compare your results with those found in the example.

11.9. An infinitely long circular cylinder is exposed to a TM” polarized uniform
plane wave propagating along the y-axis. The radius of the cylinder is 2 m,
and the signal frequency is 2.45 GHz. Use the method of moments to find
the electric field at p = 2.5 m, 2.75 m, and 3 m along ¢ = 0°, 90°, and 180°.



APPENDIX A

MATHEMATICAL FORMULAS

TRIGONOMETRIC AND OTHER RELATIONS

1. sin(A 4+ B) =sinAcosB + cosAsin B
2. sin(A — B) =sinAcosB — cosAsinB
3. cos(A+ B) =cosAcosB —sinAsinB
4. cos(A —B) =cosAcosB+sinAsinB
tanA + tan B
5. tan(A+B) = 1 —tanAtan B
tanA —tan B

6. tanA—-B)=————
an ( ) 1 +tanAtan B

7. sin®A + cos? A = 1
8. tan’A + 1 =sec’A
9. cot?A + 1 =csc?A

A+ B A—B
10. sinA + sin B = 2sin + cos
2 2
. . A+B\ . (A—-B
11. s1nA—smB:2cos< )sm( > >

2
A+ B A—B
12. cosA +cosB = 2cos< -; )cos( )

2

Practical Electromagnetics: From Biomedical Sciences to Wireless Communication.
By Devendra K. Misra
Copyright © 2007 John Wiley & Sons, Inc.
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13. cosA —cosB = 25in<A —; B)sin<B ;A>

14. 2sinA cos B = sin(A + B) + sin(A — B)
15. 2cosAsinB = sin(A + B) — sin(A — B)
16. 2cosAcos B = cos(A + B) + cos(A — B)
17. 2sinAsin B = cos(A — B) — cos(A + B)

A 1 —cosA

18. sin| =) = +,/———
sm<2) + 5

A 1+ cosA

19. —|=+—
cos<2> + >

20. sin2A = 2sinAcosA

21. cos2A = cos®?A —sin?A = 2cos?A — 1 =1 —2sin’A
2tanA

1 —tanZA

2 ¢ A n /1 —cosA sin A 1 —cosA
. an| — = = =
2 “Y14cosA 1+4cosA sin A

24. e/ =cosA +jsinA
25. e =cosA —jsinA

22. tan2A =

. et — e A A AT
26. smA:T:A—i_Fg_W_F...
e A AYAS
217. A= -] —— 4+ ...
cos 2 TS
e_.iA_ejA A3 5 A7
MA=] i e - Atz et laEt
_ A
29. sinha = & —¢"
2
—A
30. coshA:eA%
sinhA et —e™
31. tanhA = —
an CosA et 4eA
—A
3. cothd = SOShA _ " +e

sinhA ~ eA —eA

tanh A + tanh B

33. tanhA +B) =—————
anh(4 + B) 1 4+ tanh A tanh B

tanh A — tanh B
34. tanh(A —B) = — =

35. cosh(A + B) = cosh A cosh B + sinh A sinh B



466

36.
37.
38.
39.
40.
41.
42.
43.
44.
45.

1 —
46. a+ar+ar* + -+ ar®V :M
—r
-1 — D(n —
47. (a+x)"=d" +na" 'x + an' )a"_2x2 + nn = Dn = 2)
(Binomial series)
1 1 1-3
48. (1+x)'? =1 ——x 3 ...,
(1+x R R SR R
1 1-3 1-3-5
49. (1 2 x 34
9. (1+x) Yty Ty e o
oA A2 A Af
50. _1~|—A~|—2'+3|+4+
A AP Af
51. e —I—A—i—? ?_‘_ﬁ_
) A —e A A A
52. s1nhA=?—A+ 3 4+ 5 + ot
e A AY A6
53. coshA:?—l—f—z' —1—4' +6 + -
54. log, (xy) = log, (x) +log, ()
55. log, (x) = log, (x) — log, ()
y
56. log, () = ylog, (x)
57. log, (x) = log, (x) x log, (b) = logy ()
log, (a)
58. In(x) = log;( (x) x In(10) = 2.302585 x log;, (x)
59. log;o (x) = In(x) x log;, () = 0.434294 x In(x)
60. e =2.718281828
INTEGRATION
xn+1
1. fx”dx: +c (n# —1)

sinh(A + B) = sinh A cosh B + cosh A sinh B
sinh(A — B) = sinh A cosh B — cosh A sinh B
cosh(A — B) = cosh A cosh B — sinh A sinh B
cos(jA) = coshA

sin(jA) = jsinh A

sinh(jA) = jsinA

cosh(jA) = cos A

tanh(jA) = jtan A

cosh’ A — sinh? A = 1

APPENDIX A

a+(a+d)+(a+2d)+--~+{a+(n—l)d}=g{20+(N—1)d}

(Arithmetic series)

n+1

(Geometric series)

2) an—3 3

x4+

—1<x<l

—-1<x<l1
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[\

ax 1 ax
. Je dx—ge +c

1
3. |-dx=In|x|+¢
X

1 +x
4. dx = = +c
] (a2 + x2)3/2 a2Ja2 + 2
1
5. s +c

A p——
LN
2

A U /2 2
6. (a2+x2)3/2dx_ m—i—ln(x—i— a +x>—|—c

1 1
[ e bt (F) e
a’ +x? a a
8. J ——dx = sin’l(f> +c
a

1
/a2 — 2
1 X
9, | ——dx = sinh’l(f) +c
J Ja? 4+ x? a
1
/2 — &2

10. | ————dx = cosh™! (f) te
a
1 Yy = Lnga? + 22
. mx—in(a +X)+C
12 #dx: a2 +x24c
") Va2 + 22
1
]3 ﬁdlen()(«"i‘ a2+x2)+c
JNa? 4+ x
14 édx—lln atva +x° Vaz +x* +e
a2 a X
15. [sinxdx = —cosx+c¢

16. [cosxdx =sinx+c

17. [tanxdx = —In|cosx| + ¢

18. [cotxdx =In|sinx| + ¢

19. [secxdx =In[secx + tanx| + ¢
20. [cscxdx = In|cscx — cotx| + ¢

+c

2 4
x sin2x
22. 2xdy =2
Jcosx Ix 2—}— n
23. [tan’xdx = tanx —x + ¢
24. [cot?xdx = —cotx —x+c

in 2
21. Jsinzxdx:{—sm al

+c
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APPENDIX A

1
25. | xsinaxdx = ;(sin ax — axcos ax)
1
26. | xcosaxdx = — (cos ax + ax sin ax)
a
27. flnxdx =xlnx—x+c¢
- e™ .
28. | e sinbxdx = m(a sinbx — bcos bx) + ¢
- e™ .
29. | e™ cosbxdx :m(acos bx + bsinbx) + ¢
n+1 xn+1
30. [x"1 dx = 1 -
X" In (ax)dx P n (ax) n 1)2+c
DIFFERENTIATION
d d
L. 7(f1f2) =fi ﬁ—#fz f]
5 ( 1) fo(dfy/dx) —fl(dfz/dx)
Cax\f V5
3. d— ") ="t
d
4. p — (™) = ce™
d
5. I — (@) =d'Ina
d .
6. —(sinax) = acos ax
dx
d .
7. —(cosax) = —asinax
dx
d 2
8. —(tanax) = asec” ax
dx
d 2
9. —(cotax) = —acosc ax
dx
d
10. —(sinh ax) = acosh ax
dx
d .
11. —(coshax) = asinh ax
dx
d
12. a(lnax) =
d 1
13. < (log, x) = —2a®
dx X
d . _, 1
14. a(sm .X) = ﬁ
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15.

16.

17.

d 1
& V=T e
d 1
—(tan_' X) =

dx 1+ x2

d 1
A

VECTOR IDENTITIES

-
e

11.

12.

13.

14.
15.

D Al o A

A-BxC)=B+(CxA) =C-AxB)
Ax(BxC)=BA-C)—C@A-B)

V(e ¢,) = ol Y¢2 + ¢V R
VeAxB)=B+:(VxA)—A-+(VxB)

V x (pA) = Vb x A + H(V x A)

Ve (pA) =V A+ P(V+A)

Ve(VxA) =0

Vx(Vep)=0

VX VxA=WVV-A)— VA

Stokes’s Theorem: The circulation around a simple closed curve is equal to
the integral over any simple surface spanning the curve, of the normal com-
ponent of the curl, in the positive sense of the curve being counterclockwise

as seen from the side of the surface toward which the positive normal points.
Mathematically

fi;A°dZ:J (V x A) + d5.
C N

Divergence Theorem (also known as Gauss’s theorem): The integral of the
divergence of a vector field over a region of space is equal to the integral over
the surface of that region of the component of the field in the direction of the
outward directed normal to the surface. Mathematically

J (V-K)du:{)g-dﬁ.
\%4 S

Helmholtz’s Theorem: A vector is uniquely specified if its divergence and
curl are given within a region and its normal component is given over the
boundary.

J,V x Adv = §, d5 x A
JyVédv=§dds
Jsdsx V=§ ddt



470

Cartesian Coordinates

Bf Jof L Of

\v/ i a e
f= 8 Y 8 te 0z

Ff | ¥f | ¥f

Vi ==

f axZz - 9y? +8z
VoGt 0 0
ox ay a

X y z

vxi=|2l 20

T lax dy oz

A Ay A

Cylindrical Coordinates

af Lof  .of
\Y% — + - t7-
f = ¢ 03 iz
) 1 & 0
v < AT
pap p)  p*od’
voi Ay | 10Ay 94
p dp  pid
popd 2
plop 0¢p 0z
A, pAgs A,
Spherical Coordinates
f 1of 1 o
\Y 46 -= —
f= 8 + r89+¢rsin(0)3¢
Vif =

1 a0 o 1
_rzsin(0)|:sm(9)8r< a>+ae(5m(9) ) sm(e)aqbz}

A ! 2 0A 4
VA= Z5in(0) |:s n(9)*(r A, + r—(sm(H)A{,) + ra¢>]
Foorb rsin()¢
V x A = # 3 3 i
r2sin(6) | or 96 9
Ar rAe rsin(())A¢
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APPENDIX B

DELTA FUNCTION AND
EVALUATION OF FIELDS
IN UNBOUNDED MEDIA

DIRAC DELTA FUNCTION

In electromagnetic field analysis we come across the source density and the point
source. Take the situation of a point charge ¢ and the corresponding charge density
py- Obviously the charge density must be zero everywhere in space and become infinite
at the location 7 of the point charge such that

- g ¥ ev,
JVP(”,V)dU—{O 7. (B.1)

In other words, when the charge density p, is integrated over volume V, it will result in
total point charge ¢ only if the volume V includes its location 7. Otherwise, the integral
will be zero. The delta function (or more precisely, it is called the Dirac delta function)
meets this functional description of the charge density. It is also known as the impulse
function. In the one-dimensional case the delta function can be defined as follows:
Because the height of a pulse is equal to the inverse of its width, as shown in
Figure B.1, the area of the pulse is unity. As a goes to zero, the pulse width reduces
to zero whereas its height goes to infinity such that the area stays constant at unity.

Practical Electromagnetics: From Biomedical Sciences to Wireless Communication.
By Devendra K. Misra
Copyright © 2007 John Wiley & Sons, Inc.
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px)
A
1/a
— | —
Figure B.1 Pulse of a unit area.
Therefore the delta function 6(x) is
8(x) = ling)pl(x). (B.2)
a—

This delta function is located at the origin. If it is located at x = b, then it is represented
by 8(x — b). In a strict mathematical sense, the delta function is not a function but a
distribution.

Some of the properties of delta function are as follows:

10.

AN

&(—x) = 8(x)
J(0)8(x — ¢) = f(c)6(x — ¢)
&' (x) = —& (—x), where prime denotes the derivative with respect to x
x6(x) =0
x8(x) = —8(x)
o(ax) = — &(x)
T al

B _[fe) fora<ec<b
af(X)S(x C)dx_{o forc<aorc>b

1 fora<ce<b

b
aS(x—c)dx:{O forc<aorc>b

b
o — e — | 1@ fora<c<b
af(x)5(x C)dx_{() forc<aorc>b

df (x)
dx

X=C

J S(x — xX)8(x" —x)dx = 8(x" —x') = 8(x —x"

where §'(x — ¢) = %5@ —c¢)and f'(c) =
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In three-dimensional rectangular coordinates the delta function is given as
follows:

8(F —7) = 8(x —x)8(y —y)8(z — 7). (B.3)
Therefore
e s  [f®) TEV,
JV f )8 = rydo = { 0 otherwise. (B.4)

Equation (B.4) gives the defining relation of the delta function. It helps in representing
the point source. As was mentioned earlier, the delta function is not a function but a
distribution or generalized function in the strict mathematical sense. It cannot be an
end result because of its singular character and can only appear inside an integral,
where it is meaningful.

The delta function in three-dimensional circular cylindrical and in spherical
coordinates, respectively, is given as follows:

_ p= (¢ - ¢)o(z —2)

S —7) p R (B.5)
- oy O =180 - 6)d(p— ¢)
8 —7)= r2 sin (0) ' ®.6

The concept of the delta function is embedded in various integral transforms. For
example, consider the following Fourier transform pair:

00

0 =5 J Fla)e™da, B.7)

where
o0

F(a) = J f(x)e 7 dx. (B.8)

—00

On substituting (B.8) into (B.7) and changing the order of integration, we can
identify the embedded delta function as follows:

—00

o0 1 00 . ) ,
— J f(x/){z,nj e]a(a—x)da}dx/

= J‘” FN8(x — xdx/,

f) = LJDO ”‘” f(x/)e_j“x/dx/}ejw‘da
27 ) o
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where

1~ . / 1(®
o(x —x) = ETJ e/ = —J cos a(x — xXda. (B.9)
PSS 0

v

If instead we substitute (B.7) into (B.8) and change the order of integration, then we
find the embedded delta function in the transform domain as follows:

00 1 [ y )
Fla) = {J F(o/)e’”da’}e’axdx
27 ) _o

r00 1 [® ] ;
— F(O/){ZW_J e*](afa )xdx}da/

00

= F(d)8(a — o)de!,

—00

where

00 o0

o 1
o la—ax g —J cos (a — o )xdx. (B.10)
T Jo

1
S(a— o) :ZTJ

—00

Similarly consider the Fourier series of f(x),

f@= )" ae™, (B.11)
where
L7 N ,—jnx g,/
a, = — f&Ne™ dx'. (B.12)
27 ) _,

After substituting (B.12) into (B.11) and changing the order of integration and
summation, we find that

o0 1 o o, ) T 1 00 ) )
fl) = Z {MJ_Wf(x/)e‘f"" dx'}e/”x = J_Wf(x/){zﬂ Z ejn(x—x)}dx/.

n=—0o n=—oo

(B.13)
The embedded delta function in (B.13) is identified to be

1 e TS
S(x—x) = oy Z /M) — ZTZ gycosn(x —x), (B.14)
0

n=—00
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where g, is the Neumann factor given by

)L, n=0,
=12, n#0.

Similarly, using the cylindrical Fourier-Bessel transform pair, we can find that

dp—p) _8p' =p) _
P p

J alt,(ap),(ap)da. (B.15)
0

Using the spherical Fourier-Bessel transform pair, we find that

dr=r) _&'=n_ ir Pjulan)j(arda. (B.16)
0

r r

GREEN’S FUNCTIONS

Green’s function provides a general method to solve linear, inhomogeneous partial
differential equations. This technique is motivated by the intuition that the simplest
solution to such an equation is that relating to the excitation of a unit point source
function of dimensionality matching that of the differential operator. The solutions
excited by more complex source functions are finally obtained by the linear super-
position of the point source responses. In linear system analysis, if the impulse
response is known, then the system response to a complex source at its input can
be found via a convolution integral. Thus Green’s function is the impulse response
of the system. Green’s function for the linear differential operator in question is
defined as the solution corresponding to unit point source excitation.
Consider a three-dimensional operator equation as follows:

Lo(r) = S(7), (B.17)

where 7 is a three-dimensional position vector, . is an arbitrary three-dimensional
partial differential operator, and ¢(7) is an unknown scalar field excited by a known
source density function S(7). Assume that G(7|7) represents the solution ¢(7) to
(B.17) when S(7) is replaced by a unit point source 8(7 — ) at 7 = 7. Therefore

PCEHT) = 6GF — 7 (B.18)

where G(7|r') is the response at ¥ due to a unit point source at 7'.
Therefore the response at 7 due to a source S(7)dv’ located at ¥’ can be expressed
as

din(r) = S(F)dv' G(F|F). (B.19)
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Using the linear superposition of point source responses, we find that
¥ (F) :J SFGFF ). (B.20)
4

In order to verify the validity of this solution, we apply the operator ¥ on both sides
of (B.20) as follows:

LY = _seJ SF)GGH v .
14

Now moving the operator inside the integral, and using (B.18) and the property of
the delta function, we find that

LY = J S LG )dv = J S — )t = S(F). B.21)
\% |4

We can use this method to find electromagnetic fields produced by sources pje, s}m,
p./€, and p /. We have found in Chapter 6 that

- - ' - -
H=-VxA-—L_VV+F)—joF (B.22)
s wue
and
. - - S
E=——L V(V-A) —jwA —-VxF, (B.23)
WWE €

where A and F are solution to following equations,

VA + KA = —pd, (B.24)
and
V2E + I2F = —&],. (B.25)

Also we found in Chapter 6 the following relations for scalar electric and magnetic
potentials:

V2, + k3¢, = — e (B.26)
&
and
V2, + Kb, = — O, (B.27)
I

where k2 = w’pe.
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The solutions to (B.24) through (B.26) can be constructed if the corresponding Green
function is known. It can be determined by solving the following Green function
equation:

V2GFHF) + KGHTF) = =8¢ = 1), (B.28)

where G(7|F) represents the scalar components of VeCtOI‘A, orF , or the scalar potentials
¢, or ¢,, generated by a unit point source.

For an unbounded space, (B.28) can be solved following the procedure used in
Section 7.1 of the Chapter 7. To simplify this, the point source can be moved to
the origin of coordinate system. After finding the solution (Green’s function), the
point source can be moved back to 7. For the solution to (B.28), after excluding
the source region and selecting only an outward going wave (bounded at infinity),
we find from (7.1.10) that

. efjkr
GF|r) = C; et (B.29)
Now, following (7.1.11), we can write
G=2m O=7 (r=r,
lim J J J (V2G + K*G)r* sin 0drdbdd
70=>0 Jp=0 Jo=0 Jr=0
G=2m =7 pr=r,
= — lim J J J a(r)r? sin Odrdodé, (B.30)
10=>0J¢=0 Jo=0 Jr=0
or
1
—47Ci=-1 - Ci=—. (B.31)
4

Using (B.29) and (B.31), and moving the source back to its original position, we
find the solution to (B.28) as follows:
—jkR

GGHF) =S

— B.32
47R’ ( )

where R = |7 — 7'|. Then the solutions to (B.24) through (B.27) for sources located
in unbounded space can be expressed as follows:

- [ = e ®

AR = T —av, B.
%) 47TJVJ v (B.33)
- e N g_ij

FG)=—| Jn——av, B.34
(r) 47TJV R ( )

av, (B.35)

N 1 e
b (1) = RJV Pe
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and

- 1 /

b(r) = —J p,,,e dv', (B.36)
4 )y

where R = |F — 7|. Once these integrals are evaluated, the corresponding electric

and magnetic fields can be found after substituting that solution into (B.22) and
(B.23).
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BESSEL FUNCTIONS

Bessel’s equation of order v is given as follows:

d d s 9
X {xdxy(x)} + (" = v7)y(x)

2

d
d Y0 +xy @) + (& — vH)y(x) = 0.

The solutions to this equation can be found as

2 (=1 2s+v
o) = Zs'(s + v)! ( )

and

where

sl=T(s+1).
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Figure C.1 Bessel functions of the first kind.

Jy(x) and J_ ,(x) represent two independent solutions to the Bessel equation (C.1) if v
is not an integer or zero. These are known as the Bessel functions of the first kind of
order v. In the case of v being an integer n, the two are related as follows:

Jn(x) = (=1)"Ju (). (C5)

The Bessel functions of the first kind of the first few integer orders are shown in
Figure C.1. As this figure indicates, Jo(0) is unity whereas all Bessel functions of
higher orders are zero at the origin.

The second solution to Bessel’s equation is then found as follows:

Jy(x) cos(mv) — J_y(x)
sin(7rv) '

Y,(x) = (C.6)

Y,(x) is known as the Bessel function of the second kind or the Neumann function.
Sometimes it is also denoted as N,(x). Neumann functions of the first few integer
orders are displayed in Figure C.2. As shown in this figure, these functions have a
pole at the origin (i.e., all of them go to infinity for x = 0).

The tables of the Bessel functions have been around for some time. In these tables
are found the desired value(s) for any given argument, order, and kind of function.
Nowadays these functions are included in scientific software (e.g., Mathematica®).
Further a number of scientific calculators have capabilities to generate these functions
easily via suitable programming.

There are many instances where the argument of the Bessel function is either too
small or too large. The following approximate expressions can be used to find the
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Figure C.2 Bessel functions of the second kind.

desired value in such cases:

Jo() — 1, (C.7)

2
Yo(x) —>0 —{In(x/2) + v}, vy=0.5772156... is Euler’s constant. (C.93)
X—> ar

For n > 0,
1 /x\n
I — 5(5) : (C.9)
— 1) 2}
Vo) — )<> (C.10)
x—0 s X
To(x) —> icos( —f—ﬂ) (C.11)
T oo Voamx 4 2/ ‘
and
Y, (x) —> isin( —f—ﬂ) (C.12)
T xsoo \ mx 4 2 /) ’

The wave propagation phenomena in cylindrical coordinates can be more con-
veniently expressed by two linear combinations of the Bessel functions, as follows:

HP(x) = Ju(x) + jYa(x) (C.13)
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and
HP (x) = J,(x) = jY,(x). (C.14)

These are called Hankel functions of the first and second kinds, respectively. The
approximate expressions for small and large arguments can be easily obtained
from (C.7) through (C.12). When x is large, the expressions for the Hankel functions
reduce to

2 .
Hr(zl)(x) X%oo; 71-xej[xf(‘ﬂ'/4)7(m'r/2)] (C.15)
and
@ 2 i (m/—um/2)]

Therefore, for the time-harmonic fields of e’ , the Hankel function of the first kind
represents a wave propagating in the —x direction, whereas the Hankel function of
the second kind represents a wave propagating in the +x direction.

The recurrence relations for the Bessel function are as follows:

2
Toc1 () + Ty (6) = fJn<x>, (C.17)
d
Dt @) = 1 () = 2 20,0, (C.18)
X
It @ =200 +-L g, (C.19)
X dx
D, (0] = 2 (0, (C.20)
dx
d
0] = X ), (€.21)
X
d
Tt @) = 1 () = 2 20,0, (C.22)
X

For Z,(x) being a solution to Bessel’s equation, the following relations hold:

dizn(x) = Zy 1 () — S Zy(x) = —Zyp1 (¥) + —Zy(), (C.23)
X X X

2(n—1)

Z,(x) = Zn—1(x) = Zp—2(x). (C.24)
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A few useful formulas are as follows:

1 w
J.(x) = —J cos (nf — xsin 6)d0, n=0,1,2, ..., (C.25)
T Jo

elxcost Z J,(x)e+ 21 (known as the Jacobi-Anger expansion), (C.26)

n=—00

pJxsin® _ Z J,,(x)ej”e. (C.27)

n=—o0

The associated Wronskian formulas are as follows:

J, (x) RACESACES J LX) = 2x (C.28)
Jn (x) H(l)(x) H,(ll)(x)—J,,(x) = ’—i (C.29)
a0 H<2>(x) H<2>(x) () = —7% (C.30)
Yn(x)EH,g”(x) - H,§‘>(x)a Yo(x) = —%, (C.31)
Y,l(x)%Hff)(x) - H,?)(x)d% Y, (x) = — % (C.32)
HPHY, (x) — HY0H?  (x) = j%, (C.33)

Ju 1 (OHD () — J,(0H", (x) = 2x (C.34)

The first few zeros of the Bessel’s functions and their derivatives are listed in
Tables C.1 through C.4.

C.1 MODIFIED BESSEL’S FUNCTIONS

The modified Bessel functions are defined for x = ja. I,(«) and K,,(«) are known as
modified Bessel functions of the first and second kinds, respectively. These are

TABLE C.1 Zeros of Bessel’s Functions of the First Kind

Number of Zeros Jo(x) Ji(x) Jo(x) J3(x) J4(x) J5(x)

1 2.40483 3.83171 5.13562 6.38016 7.58834 8.77148
2 5.52008 7.01559 8.41724 9.76102 11.06471 12.3386
3 8.65373 10.17347 11.61984 13.0152 14.37254  15.70017
4 11.79153  13.32369 14.79595 16.22347 17.61597 18.98013
5 14.93092 16.47063 17.95982 19.40941 20.82693 22.2178
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TABLE C.2 Zeros of the Derivatives of Bessel’s Functions of the First Kind

Number of Zeros Jo(x) Ji(x) J5(x) J5(x) Ji(x) J5(x)

1 3.83171 1.84118 3.05424 4.20119 5.31755 6.41562
2 7.01559 5.33144 6.70613 8.01524 9.2824 10.51986
3 10.17347  8.53632 9.96947 11.34592 12.68191 13.98719
4 13.32369 11.706 13.17037 14.58585 15.96411 17.31284
5 16.4706 14.86359 16.34752 17.78875 19.19603 20.57551

TABLE C.3 Zeros of Neumann Functions

Number of Zeros Yo(x) Y (x) Y5 (x) Y3(x) Yi(x) Y5(x)

1 0.89358 2.19714 3.38424 4.52702 5.64515 6.74719
2 3.95768 5.42968 6.79381 8.09755 9.36162 10.59718
3 7.08605 8.59601 10.02348 11.39647 12.73014 14.0338
4 10.22234  11.74915 13.20999 14.62308 15.99963 17.34709
5 13.3611 14.89744  16.37897 17.81846 19.22443  20.6029

TABLE C.4 Zeros of the Derivatives of Neumann Functions

Number of Zeros Yo(x) 1(x) 5(x) 5(x) Yi(x) Y5(x)

1 2.19714 3.68302 5.00258 6.25363 7.46492 8.64956
2 5.42968 6.9415 8.35072 9.69879 11.00517  12.28087
3 8.59601 10.1234 11.5742 12.97241 14.33172  15.6608
4 11.74915 13.28576 14.76091 16.19045 17.58444 18.94974
5 14.89744  16.44006 17.93129 19.38239 20.80106 22.19284

related to the regular cylindrical Bessel and Hankel functions as follows:

Li(a) = j"Tu(—jo) = j" T (o) = j " Ju(j) (C.35)
and
Tty T bl g
Kn(a)—z.] H, (]01)—5(—]) H,”(—ja). (C.36)

Sometimes these are also referred as hyperbolic Bessel functions. A few of these
modified Bessel functions are shown in Figure C.3. Since Hankel functions are
singular at the origin (due to the characteristic of Neumann functions), the modified
Bessel function of the second kind goes to infinity as well. For large arguments, the
modified Bessel functions can be approximated to

a

(C.37)

I(a) —
a—o /D Ta
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Figure C.3 Modified Bessel functions.

and

Ki(e) — 27; e (C.38)

C.2 SPHERICAL BESSEL’S FUNCTIONS

When the Helmholtz equation is separated into spherical coordinates, the radial
equation reduces to

2 &’f (V) df (V)
dr?

+ (K’ —n(n+ 1)}f(r) = 0. (C.39)

The following functions satisfy this equation:

Sfkr) = ,/ Zyy12(kr). (C.40)

These functions are conveniently known as spherical Bessel functions, which are
related to cylindrical Bessel functions as follows:

Jn(X) = \/z Jug12(x), (C.41)
Yulx) = \/Z Yiy10) = (—1)"+1\/Z J_n12(x), (C.42)

P () = \/jx H| () = j(x) + jyn(0), (C.43)
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0.5

-1

Figure C.4 Spherical Bessel functions of the first kind used in EM waves.

TABLE C.5 Zeros of Spherical Bessel Functions of the First Kind

Number of Zeros Ji() J2(x) J3(x) J4(x) Js(x) Je(x)

1 4.4934 5.7635 6.9879 8.1826 9.3558 10.5128
2 7.7253 9.0950 104171 11.7049  12.9665  14.2074
3 10.9041 123229  13.6980  15.0397  16.3547  17.6480
4 14.0662 155146 169236 183013  19.6532  20.9835
5 17.2208  18.6890  20.1218  21.5254 229046  24.2628
6 203713 21.8539 233042  24.7276  26.1278  27.5079

TABLE C.6 Zeros of the Derivatives of Spherical Bessel Functions of the First Kind

Number of Zeros J /I (x) f;(x) JAg(x) JA;(x) f/s(x) JA;(x)

1 2.7437 3.8702 4.9734 6.0619 7.1402 8.2108

2 6.1168 7.4431 8.7217 9.9675 11.1890 12.3915
3 9.3166 10.7130 12.0636 13.3801 14.6701 15.9387
4 12.4859 13.9205 15.3136 16.6742 18.0085 19.3212
5 15.6439 17.1027 18.5242 19.9154 21.2815 22.6263
6 18.7963 20.2720 21.7139 23.1278 24.5178 25.8873
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and
T
BP0 = [T L2 p() = jn(6) — (@), (C.44)

In time-harmonic field analysis, it is convenient to define the alternative spherical

Bessel functions as follow:
A |TTx
Z,(x) = 72'1+1/2(x)' (C.45)

Note that the caret over Z, is used in practice only as notation. The cylindrical
Bessel function of the (n+ 1/2)th order is used in (C.45) to determine the corre-
sponding spherical Bessel function. The characteristics of spherical Bessel functions
of the first kind are shown in Figure C.4 for n = 1 to 5. The first six zeros of the six
spherical Bessel functions of the first kind and their derivatives are given in Tables
C.5 and C.6, respectively.
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LEGENDRE FUNCTIONS

When we use the separation of variables method to solve a scalar wave equation in
spherical coordinates, we end up with an equation as follows:

d (. If m? .

This is known as the associated Legendre equation. If we substitute cos 6§ = x into
this equation, we get another common form of Legendre’s equation given by

& d 2
(1 —xz)ﬁ—Zxd—i-i— |:n(n+ 1)—&}.;0:0. (D.2)

For m = 0, this reduces to the following ordinary Legendre equation

2
(l—xz)%—Zx%+n(n+l)f:O. (D.3)

The ordinary Legendre equation has two linearly independent solutions called
Legendre functions of the first and the second kinds. These are denoted by P,(x)
and Q,(x), respectively. If n is an integer, then the Legendre function of the first
kind is a polynomial of order n. The second solution Q,(x) is a polynomial of

Practical Electromagnetics: From Biomedical Sciences to Wireless Communication.
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TABLE D.1 First Few Legendre Functions P,(x) and Q,,(x)

Legendre Function of First Kind Legendre Function of Second Kind
1 14+x
Po(x) 1 Qo(x) 5In
2 \l—-x
1
Pi(x) x Qi(x) () -
2 \1—x
Po) 3x% — 1 0:() 3x2—1ln 14+x —gx
2 2 2 4 1—-x) 2
5x3 — 3x 5% —3x. (1+x 5, 2
P;(x) 5 0s) 7 ln(] N x) —50 43

order n — 1 with a logarithmic singularity. The first few of these polynomials are
given in Table D.1.

Most often our interest will be over the range —1 < x < 1 because 6 ranges from
0 to 7 in the spherical coordinate system. Therefore the first five Legendre functions
of the first kind, P,(x), are illustrated in Figure D.1, and those of the second kind,
0,(x), are displayed in Figure D.2.

From these characteristics, it may be evident that only P,(x) are finite in the range
of our interest. Q,(x) have infinite values (the singularity) at x = +1 (i.e.,at 0 =10
and 0 = 7). The useful formulas are as follows:

n

P,(x) = (x2 -1 (known as Rodrigues’s formula), (D.4)
21! dxn 4 4
X—Py(x) — —Pp_1(x) = nPy(x), (D.5)
dx dx
(0 =) 2P0 = nePy () — 1Py 1), D.6)
§ t
\\ ’ /1
|\ 0.75 ///
\ / }
\ \\ o~ 05} // //
AN T b X /
250 . /
BRANIA L PN
T\7 7
-1 285/ TN N'E /1
/ \ L F - /
// 05 —
/ ~0.75
L -1

Figure D.1 Legendre polynomials of the first kind for n = 0 to 5.
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Figure D.2 Legendre polynomials of the second kind for n = 0 to 5

(n+ DP,y(x) + xiPn(x)
dx

T

@n+ DPyx) + - d o P10,

= (2n+ DxP,(x),

ZJ (2n + 1)ju(kr)P,(cos 6),

ejkrcos 0
n=0

(D.7)
(D.8)

(D.9)

Now we consider the solution to the associated Legendre equation (D.2). One
way to do so is to start with (D.3) and differentiate it m times. This results in
. (D.10)

(1—x)—=
Then we can define
d"f
—( NP
y=(0-x9) e
On substituting (D.11) into (D.10), we get
)

2 (m+1)i£+(n—m)(n+m+1)f 0

2
)——2xa |:n(n+1)—]_

-

which is the associate Legendre equation (D.2)

P}'(x), and they can be found as follows

The regular solutions are known as associated Legendre functions of the first and
second kinds. The associated Legendre functions of the first kind are denoted by

)m/2 ; (x)

=P/ =

(D.11)

(D.12)

(D.13)
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TABLE D.2 Associated Legendre Functions of the First Kind

P'(x) = P'(cos 6)

Plx) (1—x1)Y? sin 6

Pix)  3x(1 —x2)? 3cos fsin 0

Pix) 3(1-x?) 3sin’ @

Pi(x) %(sz — D =xH'? %(5 cos® 6 — 1)sin 6
Pix)  15x(1 — x?) 15 cos Osin® 6

Pi(x)  15(1 —x2)*? 15sin® 0

Pi(x) %(7):3 —3x)(1 —xH)2 %(7 cos® 6 — 3 cos B)sin 0

15 15

P3(x) - (76 = D1 = ) 7(7 cos? § — 1)sin® 6
Pi(x)  105x(1 —x%)*? 105 cos #sin® 6

Pix)  105(1 — x2)? 105 sin* 6

Since the highest power of x in P,(x) is x", we must have m < n. Sometimes an
additional factor (—1)™ is included in (D.13) to define the associated Legendre func-
tions. Some lower order associated Legendre functions of the first kind are listed in
Table D.2.

The recurrence relations for the associated Legendre functions of the first kind are
as follows:

2n+ DxP)'(x) = (n +m)P,"_(x) + (n+ 1 —m)P)’,  (x), (D.14)
Z(LHRJZP?“()C) = P"2(x) + (n — m)(n + m + DP"(x), (D.15)
(1 —x»)l

P (x) = (n — m)(1 — x*)2P"(x) + P (x), (D.16)

P ) = xP ) + (n +m + 1D(1 — xH) 2P (x), (D.17)

(1 =P (x) = (n+ m)xP) ' (x) — (n — m + )P (x), (D.18)
(1- xz)%an(x) = (n+m)P,’_,(x) — nxP}'(x). (D.19)

The orthogonality of the associated Legendre functions of the first kind are found
using

1 0, forn # ¢,
J P (x)P} (x)dx = { 2 (n+m)! forn — £ (D.20)
-1 2n+1(m—m)’
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The associated Legendre functions of the second kind are defined as follows:

dm
oMx) = (1 — x2)’"/2cb€—an<x>. (D.21)

These functions satisfy the same recurrence relations as Pj,'(x). Note that P}, (x) are
bounded at x = +1, whereas Q,(x) are unbounded at those points.
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CHARACTERISTICS OF
SELECTED MATERIALS

TABLE E.1 Conductivity of Some Materials at
Room Temperature

Conductivity
Material in S/m
Aluminum 3.54 x 107
Brass 1.57 x 107
Bronze 1.0 x 107
Constantan (55 Cu, 45 Ni) 2.26 x 10°
Copper 5.813 x 10’
Gold 4.1 x 107
Iron 1.04 x 10’
Lead 4.57 x 10°
Nichrome 0.09 x 107
Nickel 1.15 x 107
Platinum 9.52 x 10°
Silver 6.12 x 107
Sodium 2.17 x 107
Stainless steel 0.11 x 107
Titanium 2.09 x 10°
Tungsten 1.82 x 107
Zinc 1.67 x 107

Practical Electromagnetics: From Biomedical Sciences to Wireless Communication.
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TABLE E.2 Dielectric Constant and Loss Tangent
of Some Materials at 3 GHz

Dielectric Loss
Material Constant, &,  Tangent, tan &
Alumina 9.6 0.0001
Carbon tetra chloride 2.17 0.00037
Glass (Pyrex) 4.82 0.0054
Mica (ruby) 54 0.0003
Nylon (610) 2.84 0.012
Polystyrene 2.55 0.0003
Plexiglas 2.60 0.0057
Quartz (fused) 3.8 0.00006
Rexolite (1422) 2.54 0.00048
Styrofoam (103.7) 1.03 0.0001
Teflon 2.1 0.00015
Titanium dioxide (Rutile) 96 0.001
Water (distilled) 77 0.157

TABLE E.3 Dielectric Properties of Biological Tissues at Selected Frequencies

10 kHz 1 MHz 10 MHz 100 MHz 1 GHz

& o(S/m) & o(S/m) & o(S/m) & o(S/m) & o (S/m)

Brain 15 x 10> 0.1 900 0.18 300 0.3 90 0.7 60 1.2
(gray
matter)

Heart muscle 6 x 10* 0.15 2000 0.35 350 0.5 80 09 60 1.2

Kidney 3x 10 0.14 2000 035 350 0.6 8 1 60 1.5
(cortex)

Liver 2 x 10* 0.05 1000 0.2 200 035 65 0.5 50 0.9

Lung 9 x 10° 0.07 500 0.12 130 0.2 30 0.3 25 04
(inflated)

Spleen 12 x 10> 0.1 2000 0.2 450 04 75 085 55 1.2

Muscle 35 x 10" 04 1500 0.5 150 0.65 80 0.8 60 1.2
(across)

Muscle 2 x10* 0.5 350 0.6 120 0.7 80 0.8 60 1.2
(along)

Uterus 2 x10* 05 1000 0.5 300 0.65 80 1 60 1.5

Skin 2 x 10 0.005 1000 0.3 150 04 60 0.5 55 09

Source: S. Gabriel, R. W. Lau, and C. Gabriel, “The Dielectric Properties of Biological Tissues: II.
Measurements in the Frequency Range 10 Hz to 20 GHz,” Phys. Med. Biol., 41: 2251-2269, 1996.



APPENDIX F

PHYSICAL CONSTANTS

Permittivity of free space, &, 8.8542 x 10~ 12 F/m
Permeability of free space, u, 47 x 1077 H/m
Impedance of free space, n, 376.7 Q

Velocity of light in free space, ¢ 2.997925 x 108 m/s
Charge of electron, g, 1.60210 x 10" C
Mass of electron, m, 9.1091 x 1073! kg
Boltzmann’s constant, k 1.38 x 1072 J/K
Planck’s constant, i 6.6256 x 107> J-s
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APPENDIX G

DECIBELS AND NEPER

Consider an amplifier with the voltage and the power at its input V; and P, respect-
ively. The corresponding output of voltage and power is V, and P, respectively. The
voltage gain G, of this amplifier is expressed in dB as follows:

1%
G, = 20 1og10(v2>d13. (G.1)
1

Similarly the power gain of this amplifier in dB is

P
G, = 10logy, (Pj)dB. (G.2)

Thus the dB unit provides a relative level of the signal. For example, if we are asked
to find P, in watts for G, as 3 dB, then we also need P;. Otherwise, the only infor-
mation we can deduce is that P is twice P;.

Sometimes power is expressed in logarithmic units, such as dBW and dBm.
These units are defined as follows:

If P is power in watts, then it can be expressed in dBW as

G = 10log,, (P) dBW. (G.3)
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DECIBELS AND NEPER 497

If instead P is in mW, then the corresponding dBm power is found as

G = 10log,, (P)dBm. (G.4)

Thus the dBW and dBm units represent power relative to 1 W and 1 mW,
respectively.

Another decibel unit that is commonly used to specify the phase noise of an oscil-
lator or the strength of various sidebands of a modulated signal is dBc. It specifies
the signal strength relative to the carrier. Consider a 100 MHz oscillator that has an
output power of —10 dBm. Suppose that its output power is —30 dBm in the fre-
quency range of 105 to 106 MHz. Then the power per Hz in the output spectrum
is —90 dBm, and the phase noise is —80 dBc.

In general, if the amplitudes of the sideband and the carrier are given as V, and
V., respectively, then the sideband in dBc is found as follows:

Gy =20 1og10<¥2). (G.5)

Cc
As discussed in Chapter 7, the gain G of the antenna is defined relative to an isotropic
antenna. Therefore sometimes it is expressed in dBi as follows:

GdBi = IOIOgIO(G). (G6)

Consider now a 1 m long transmission line with an attenuation constant «. If V| is
the signal voltage at the input port, then the voltage V, output is given as follows:

[Val = [Vile™ (G.7)
Therefore the voltage gain G, of this circuit in neper is

[Val

Gy(neper) = 1n<|V|) = —aneper. (G.8)
1

On the other hand, G, in dB is found to be

v
G,(dB) = 20 1og(:V2:) = 201log(e™®) = —20a log(e) = —8.6859a dB.
1

Therefore
1 neper = 8.6859 dB. (G.9)

The negative sign indicates that V, is smaller than V; and there is loss of signal.



APPENDIX H

NOMENCLATURE AND
CHARACTERISTICS OF STANDARD
RECTANGULAR WAVEGUIDS

Recommended

EIA Nomenclature TE o Mode Cutoff = Frequency Band for

WR (—) Inside Dimension (in) ~ Frequency (GHz) TE ;o Mode (GHz)
2300 23.0 x 11.5 0.2565046 0.32-0.49
2100 21.0 x 10.5 0.2809343 0.35-0.53
1800 18.0 x 9.0 0.3277583 0.41-0.62
1500 15.0 x 7.5 0.3933131 0.49-0.75
1150 11.5 x 5.75 0.5130267 0.64-0.98
975 9.75 x 4.875 0.6051054 0.76-1.15
770 7.7 x 3.85 0.7662235 0.96-1.46
650 6.5 x 3.25 0.9077035 1.14-1.73
510 5.1 x 255 1.1569429 1.45-2.2
430 4.3 x 2.15 1.3722704 1.72-2.61
340 34 x 1.7 1.7357340 2.17-3.30
284 2.84 x 1.34 2.0782336 2.60-3.95
229 2.29 x 1.145 2.5779246 3.22-4.90
187 1.87 x 0.872 3.1530286 3.94-5.99
159 1.59 x 0.795 3.7125356 4.64-7.05
137 1.372 x 0.622 4.3041025 5.38-8.17
112 1.122 x 0.497 5.2660611 6.57-9.99
90 09 x 04 6.5705860 8.20-12.5
75 0.75 x 0.375 7.8899412 9.84-15.0

(Continued)
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NOMENCLATURE AND CHARACTERISTICS

Appendix H (Continued)

499

EIA Nomenclature

TE,o Mode Cutoff

Recommended
Frequency Band for

WR (—) Inside Dimension (in) Frequency (GHz) TE,; Mode (GHz)
62 0.622 x 0.311 9.4951201 11.9-18.0
51 0.51 x 0.255 11.586691 14.5-22.0
42 0.42 x 0.17 14.088529 17.6-26.7
34 0.34 x 0.17 17.415732 21.7-33.0
28 0.28 x 0.14 21.184834 26.4-40.0
22 0.244 x 0.112 26.461666 32.9-50.1
19 0.188 x 0.094 31.595916 39.2-59.6
15 0.148 x 0.074 40.058509 49.8-75.8
12 0.122 x 0.061 48.54910 60.5-91.9
10 0.1 x 0.05 59.35075 73.8-112

8 0.08 x 0.04 74.44066 92.2—-140
7 0.065 x 0.0325 91.22728 114-173
5 0.051 x 0.0255 116.47552 145-220
4 0.043 x 0.0215 137.93866 172-261
3 0.034 x 0.017 174.43849 217-330
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INDEX

Acceptor, 333
Action potentials, 3
Ampere’s law, 86, 346
Antenna efficiency, 281
Antenna(s), 271
directive gain, 278
electric dipole, 277
isotropic antenna, 278
lens, 277
power gain, 279
pyramidal horn, 277
Array factor, 292
Associated Legendre function,
266, 490
Attenuation constant, 133, 190

Backward difference, 416

Bandwidth, 282

Basis functions. See Expansion
functions

Bessel functions, 256, 479

Bessel’s equation, 256, 479

B-H curve, 371

Biot—Savart law, 350

Bounce diagram, 224
Brewster’s angle, 173
Brewster’s windows, 173
Broadside arrays, 299

Central difference, 416
Characteristic impedance,
experimental determination
of, 202
Charge density, 3
length, 3
surface, 3
volume, 3
Circular cross-section waveguides,
signal propagation in, 398
Complex numbers, 10
addition and subtraction, 11
multiplication and division, 12
Complex permittivity, 98
Complex Poynting vector, 121
Conducting spherical cavity, 267
Conservation of charge.
See Equation of continuity
Conservative vector field, 61
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Conversions of unit vectors

to cylindrical coordinates, 40

to rectangular coordinates, 40

to spherical coordinates, 40
Coordinates, conversion, 39
Coulomb’s law, 80, 311
Coupling coefficient, 362
Critical angle, 174
Curie temperature, 371
Curl of a vector field, 61
Current density, 3
Current reflection coefficient, 200
Cutoff frequency, 245, 250, 260, 398
Cutoff wavelength, 244, 250, 382
Cylindrical Bessel functions, 267, 485
Cylindrical cavity, 405
Cylindrical coordinates, 36
Cylindrical waveguide, 398

3D molecule, 435

dB, 496

dBc, 497

dBW, 496

dc generators and motors, 113
De Moivre’s formula, 11
Depletion layer, 333
Diamagnetic materials, 369
Dielectric constant, 97
Dielectric slab guide, 246
Dirac delta function, 471
Directive gain, 278
Directivity, 278

Dirichlet problems, 420
Distortionless line, 202
Distributed elements, 186
Divergence of a vector field, 59
Divergence theorem, 65, 469
Dominant mode, 260, 383
Donor, 333

Doppler radar, 306

Dynamic fields, 6

Effective area, 280

Effective isotropic radiated
power (EIRP), 284

EIRP. See Effective isotropic radiated
power

Electric dipole moment, 316

Electric field integral equation, 453

INDEX

Electric field intensity, 4

Electric field strength. See Electric
field intensity

Electric flux density, 4

Electric scalar potential, 235

Electric vector potential, 237

Electrical charge, 2

Electrical current, 3

Electrical susceptibility tensor, 97

Electrocardiograms, 336

Electroencephalograms, 336

Electromagnetic interference, 154, 357

Electromagnetic spectrum, 8

Electromotive force, 81

Elementary wave function, 242

End-fire arrays, 299

Energy storage in electrical
systems, 319

Energy storage in magnetic fields, 358

Equation of continuity, 92

Expansion functions, 447

Far field, 278
Faraday’s law of induction, 81
FDTD. See Finite difference
time-domain
FEM. See Finite element method
Ferrimagnetic, 370
Ferromagnetic, 370
Finite difference
at the interface of two-dielectrics, 436
single dielectric nonuniform grid, 426
Finite difference method, 415
Finite-difference time-domain
(FDTD), 438
Finite element method (FEM), 414
Flux integral. See Vector field,
Surface integral
Forward difference, 416
Fourier—Bessel transform, 475
Fredholm integral equation, 447
Frequency bands, 9
Friis transmission formula, 300
Fundamental field quantities, 5

Galerkin’s method, 448
Gauss’ law, 90, 316
for the electric field, 90
for the magnetic field, 91



INDEX

Gauss’s theorem. See Divergence theorem

Generalized Ampere’s law, 86
Gradient of a scalar field, 53
Green’s function, 286, 475
Group velocity, 143, 192

Half-power beam width, 279

Hall effect, 111

Hankel function, 256, 482

Hard materials, 372

Harmonic functions, 241, 256, 260
Helmholtz equation, 133, 190, 236
Helmholtz’s theorem, 74, 236, 469
Hertzian dipole, 276

Hysteresis curve, 371

Impedance, measurement of, 210
Incident wave, 155, 191
Inductance, 357

Induction heating, 125
Infinitesimal current element, 271
Input impedance, 198

Input reflection coefficient, 198
Insertion loss, 199

Intrinsic impedance, 136
Isotropic antenna, 278

Jacobi—Anger expansion, 483
Kronecker delta, 448

Laplace’s equation, 237, 317
Laplacian of the scalar field, 73
Laplacian of the vector field, 73
Legendre equation, 266, 488
Legendre functions, 266, 488
Legendre polynomials, 489
Lenz’s law, 117

Line integral of a vector field, 45
Line parameters, 186

Load reflection coefficient, 199
Lorentz condition, 236, 238
Loss-tangent, 98

Low-loss transmission lines, 201

Magnetic charge, 234
Magnetic current, 234
Magnetic dipole, 233, 277, 354
Magnetic field intensity, 5

Magnetic flux density, 4

Magnetic monopoles, 233

Magnetic scalar potential, 237

Magnetic susceptibility, 97, 370

Magnetic susceptibility tensor, 97

Magnetic vector potential, 235

Magnetization curve, 370

Magnetization density vector, 97

Magnetomotive force, 86

Main lobe, 279

Maxwell’s equations, 81, 96, 234

Metallic parallel-plate waveguide, 242

Metallic rectangular waveguide,
fields in, 387

Method of moments (MoM), 446

Microstrip line, 185

Mixer, 307

Modified Bessel function, 455, 483

MoM. See Method of moments

Motion of a charged particle, 103,
106, 109

Mutual inductance, 361

Neper, 497

Neumann function, 256, 480
Neumann problem, 420
Normalized input impedance, 195

Parallel-plate capacitor, 324
Parallel-plate radial waveguide, 258
Paramagnetic materials, 370
Permeability of the medium, 97
Permittivity, 97
Phase constant, 133, 190
Phase matching condition,
168, 170

Phase velocity, 7, 143, 192
Phasor, 15

addition and subtraction, 15
pn-junction, 333
Point-matching, 451
Poisson’s equation, 237, 317
Polarization, 145, 282

circular, 146, 283

elliptical, 147, 283

linear, 147, 283
Polarization density vector, 97
Position vector, 21
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Potential function
scalar, 233
vector, 233
Power density, 278
Poynting’s theorem, 119
Propagation constant, 7, 190
experimental determination of, 202
Pulse excitation of transmission
line, 222

Q. See Quality factor
Q-factor. See Quality factor
Quality factor, 402, 409

Radar cross-sections, 303
Radar equation, 303

Radar range equation. See Radar equation

Radiated power, 276, 278

Radiation efficiency, 281

Radiation field, 278

Radiation intensity, 278

Radiation pattern, 279

Radiation patterns and half-power
beam width (HPBW), 279

Radiation resistance, 280

Radome, 165

Rectangular cavity, 399

Rectangular coordinates, 35

Rectangular waveguide, modes in, 380

Reflected wave, 156, 192

Reflection coefficient, 156, 199

Reflection with multiple
interfaces, 164

Refractive index, 168

Reluctance, 373

Resonant frequency, 400, 406

Return-loss, 199

SA node, 3

Scalar field, 21

Scalar quantity, 19

Scattered electric field, 457

Self-inductance, 358

Semiconductor diodes, 333

SI system of units, 2
multiplying prefixes, 2

Sinusoidal waves, 6

Soft materials, 372

Space loss, 285

Spherical Bessel function,
267, 485

Spherical coordinates, 37

Standing wave, 206

Standing wave ratio, 157, 206

Static fields, 5

Stokes theorem, 70, 469

Stripline, 185

Surface current, 4

Taylor series, 416
TE wave, 167
TE wave incident on a planar
interface, 167
Testing functions, 448
TE?, 238, 254
Time-average, 17
Time-domain analysis, 225
Time-harmonic fields, 95
Time-harmonic signals, 14
complex representation of, 14
Time-period, 7, 192
T™ wave, 167
TM wave incident on a planar
interface, 169
TM?, 238, 254
Total internal reflection, 172
Total transmission, 172
Transients on transmission line
with reactive termination, 228
with resistive termination, 226
Transmission coefficients, 156
Transmission line
attenuation constant, 190
characteristic impedance, 187
distributed network model, 188
line parameters, 186
phase constant, 190
propagation constant, 190
Transmission line equations, 189
Transmission line matrix, 414
Transmitted wave, 156

Ultra high frequency (UHF), 8
UHF. See Ultra high frequency
Uniform plane wave

in conducting media, 150

in low-loss dielectric, 150
Unit vectors, 20

INDEX
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Vector(s)

addition and subtraction, 23

differentiation, 44

integration, 45

scalar and vector products, 22
Vector field, 22

surface integral, 50
Vector function, 19
Vector quantity, 19
Vector wave equation, 133
Very high frequency (VHF), 8
VHF. See Very high frequency
Voltage reflection coefficient, 199
Voltage standing wave ratio

(VSWR), 209

507

Volterra integral equation, 447

Volume integrals, 42

VSWR. See Voltage standing
wave ratio

Wave functions, 240, 255
Wave number, 133
Wavelength, 7, 136, 192
Wedge radial waveguide, 260
Weighting function. See Testing function
Wire antennas, 277
electric dipole, 277
loop antennas, 277

Yee’s cell, 445
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