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PREFACE

It is my belief that the concepts of wave polarization, even though they are
not difficult to understand, are not known as widely as they should be.
Introductory electromagnetics texts normally restrict discussions of wave
propagation to linearly polarized waves, and the more advanced texts that
are widely used in this country devote only little attention to elliptical
waves. Antenna textbooks, with that of Kraus a notable exception, either
ignore the questions of polarization and polarization match or treat them
too lightly. Principles of Optics by Born and Wolf has a good discussion of
wave polarization, and Clarke and Grainger (Polarized Light and Optical
Measurement) treat polarized light extensively. Beckman (The Depolariz-
ation of Electromagnetic Waves and The Scattering of Electromagnetic Waves
from Rough Surfaces, the latter book written with A. Spizzichino) discusses
polarization changes caused by scattering. None of these books is readily
usable by many who must deal with polarization problems, particularly
those associated with radar and antennas, and they must gather their
information from several sources, with incomplete coverage and inconsistent
notation.

Polarization effects can provide significant identification information
about radar targets, and the use of an optimum polarization can increase
target cross sections, decrease rain and ground clutter, and ameliorate the
effects of jamming on radar and communication systems. Adaptive arrays
can be used for polarization adaptivity as well as for beam forming and null
steering, and an example of such use is given in this book. Other examples
can be cited for microwave and millimeter-wave radar and communications,
and for optics. There is a clear need for a wider dissemination of the
methods of treating polarization problems, and I hope to answer that need
with this book.

The text is intended for use at the graduate or advanced undergraduate
level for engineering and physics students and as a reference for radar and
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viii PREFACE

communications engineers. It is expected to be useful also for those working
with coherent light sources. It has been used for a one-semester course for
graduate students and seniors, with good results. The necessary background
is a good understanding of calculus and vector analysis, some knowledge of
matrices, and a knowledge of electromagnetics equivalent to that acquired
by completing the study of a good undergraduate text. The chapter on
antennas will provide a satisfactory base for those without such a back-
ground. The chapter necessarily omits a discussion of many types of
antennas and of many of the methods for determining radiation patterns and
impedances. It does, however, include definitions of the more important
antenna parameters (from the 1983 IEEE Standard) and developments of
the equations for using them in a communications or radar system. In fact,
Chapters 1 through 4 can be used for a one-semester course in antennas for
students interested in the use of antennas rather than in their design, if it is
supplemented by material on arrays. Chapter 3 discusses polarization match-
ing for antennas in more detail than any of the standard antennas texts, and
it analyzes transmission between antennas that are not pointing at each
other and are not polarization matched. Euler angle transformations be-
tween coordinate systems are given for use in the analysis. Such a complete
discussion is not commonly included in antennas texts, many of which are
oriented toward design rather than use of antennas. The analysis will also be
useful for optical and infrared systems. Chapter 4 describes polarization
properties of several antennas and appropriate test antennas for use with
them, to determine the degree to which they meet design criteria. Chapter 5
describes methods for generating waves with any desired polarization and
analyzes a system that is polarization adaptable. .

Chapter 6 is a discussion of polarization changes by reflection and
transmission. It introduces the scattering matrix and includes scattering
matrices for some common reflecting objects. Also presented is the de-
polarization by reflections from an arbitrarily oriented plane. Chapter 7
develops the theory of partially polarized waves, which is useful in radio
astronomy and has applications to jamming in radar. Finally, in Chapter 8,
standard techniques (and one nonstandard) for measuring wave polarization
are presented.

In the text the polarization ratio P (or its modified form jP) and the
circular polarization ratio g are the primary descriptors of a wave or an
antenna. The Poincaré sphere is an elegant device for presenting polar-
ization information, and it is useful in developing certain theorems, for
example, the theorem that three polarization match factors (amplitudes)
between an unknown antenna and three antennas of known polarization
suffice to determine the polarization of the unknown antenna. Many of the
text developments, therefore, utilize the Poincaré sphere, and since P is a
projection, onto a plane, of the polarization point on the sphere, any text
equation using P can be easily converted to coordinates on the Poincaré
sphere. Description of wave polarization by axial ratio, tilt angle, and
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rotation sense of the polarization ellipse is useful for visualization but
awkward mathematically. This description is therefore not extensively used
in the book.

Some of the material presented here is original, but much of it comes
from developments or presentations by others, most notably on the subject
of antennas by Kraus, Collin and Zucker, and Balanis, and on the subject of
polarization by Rumsey, Sinclair, Deschamps, Born and Wolf, and Beck-
mann. I wish to acknowledge a great debt to them.

HaroLD MoTtT

University, Alabama
May 1986
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1

AN INTRODUCTION
TO ANTENNAS

1.1. INTRODUCTION

This chapter introduces the concepts of antenna pattern, antenna input
impedance, gain, effective area of a receiving antenna, losses, the relation-
ship between gain and effective area, the Friis transmission formula, and a
simple form of the radar equation. It is intended to impart a sufficient
knowledge of these concepts so that a reader without previous study in
antennas can readily understand the antenna-related developments in the
remainder of the text. It also can serve as a review for those with some
knowledge of antenna theory. Those with greater experience might well go to
the next chapter.

Antenna concepts cannot be introduced without illustrative examples, so a
linear wire antenna, of which the half-wave dipole is the best-known example,
will be used to illustrate many of the ideas. Radiation from apertures will also
be discussed. Other types of antennas cannot be covered in what must be a
relatively short chapter. In addition, it is not the purpose of this chapter to
cover all of the techniques for finding impedances, current distributions, and
fields of even the antenna types we will discuss. The reader without a
thorough background is referred to the excellent texts by Kraus, Elliott, and
Collin and Zucker [1-3].

The task of designing an antenna system appears to be formidable, but
fortunately it can be broken into simpler tasks that are more easily under-
stood and carried out. The separation is convenient and enlightening.
Consider two antennas as shown in Fig. 1.1: a transmitting antenna (1)
connected to a generator and a receiving antenna (2) connected to a receiver
(which we may treat as a load impedance).

1. To the generator, antenna 1 appears to be a load impedance or

1



2 AN INTRODUCTION TO ANTENNAS
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FIGURE 1.1. Transmitting and receiving antennas.

admittance (perhaps transformed by a connecting transmission line or
waveguide). We wish to find this impedance for matching purposes and to
determine the power accepted by the antenna.

2. A portion of the power accepted by the antenna is radiated and a
portion is dissipated as heat. We need to find the total power radiated.

3. The transmitting antenna does not radiate equally in all directions. We
must determine the directional characteristics of the antenna and find the
power density (Poynting vector magnitude) at the receiving antenna.

4. To the receiver, antenna 2 appears to be a voltage or current source,
with the source value partly determined by the incident power density.
Antenna 2 also appears to have some internal impedance. We must determine
the source value and the receiving antenna internal impedance so that power
to the receiver load can be found.

5. The path from antenna 1 to antenna 2 may not be direct but may
involve a reflection from ground (multipath) or a target (as in radar). Strictly
speaking, these are not antenna problems, but since this book is concerned
with radar applications, we will be interested in appropriate descriptions of
these phenomena.

6. The power to the receiver in Fig. 1.1 depends on the polarization
characteristics of both antennas and any change in polarization during
propagation between the antennas. (This is particularly true in radar.) We
will defer the development of polarization properties to later chapters, to the
greatest extent possible, in order to better construct the foundations of the
development.

7. In general, the factors enumerated above depend on frequency, and
antennas consequently have a finite bandwidth determined by impedance,
radiation pattern, and so on. If all antenna, generator, target, and load
parameters are known as functions of frequency, the bandwidth determin-
ation is straightforward, and we will devote little attention to it here.

1.2. THE VECTOR POTENTIALS

The Maxwell equations in time-invariant form, generalized to include
magnetic sources, are
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VXH=]J+ joD (a) V:-B=p, (¢
VXE=-M-jwB (b) V:-D=p (d) (-1

For linear, isotropic media D is related to E and B to H by the
constitutive equations

D=¢E (a) B=pH (b) (1.2)

and (1.1) becomes

VxH=J+jweE (3 V-H=22 (o)

. (13)
VXE=-M— jouH (b) v-E=-’:; (d)

In (1.1) the magnetic charge density p,, and the magnetic current density M
are fictitious. Physical quantities corresponding to p,, and M do not exist. It is
convenient, however, when considering some antenna problems to replace
the actual sources by equivalent sources on a surface. The magnetic current
density and charge density account for discontinuities in field components
across the boundary surface [2, p. 31; 3, p. 3]

Since the Maxwell equations are linear, we may use superposition to
account for the two sets of sources and solve separately the equations for
electric and magnetic sources:

ELECTRIC SOURCES
VXH,=J+joD,=J+jocE, (2
VXE,=—jwB,=—jopH, (b)

. (1.4)
V:-B,=V:-H,=0 (©)
V-D,=¢V-E,=p (d)

where subscript J refers to the partial fields produced by electric current
density J and electric charge density p.

MAGNETIC SOURCES
VX Hy =jwD, = jocE, (a)
VXE,=-M-joB,,=-M— jouH,, (b)
(1.5)
V:B,, =uV-Hy, =py, (©)

V-D, =V-E, =0 (d)
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where subscript M refers to the partial fields produced by magnetic current
and charge densities M and p,,.

We consider first the Maxwell equations with electric sources (1.4). Since
V-B, =0, B can be represented as the curl of a vector potential A, commonly
called the magnetic vector potential [4]

B,=uH,=VxA (1.6)
Substituting (1.6) in (1.4b) leads to
VX (E, + jwA) =0 (1.7)

Since the curl of the gradient of a scalar function is identically zero, we may
set

E, +joA=-VO, (1.8)
where @, is a scalar potential. It is commonly called the electric scalar
potential.

Equations may be developed for A and ®,, and from their solutions D, and
B, may be found. If we take the curl of (1.6) and substitute in (1.4a), we
obtain

VXVxA=pu(J+ jweE,) (1.9)

Use of a widely used vector identity for VX V X A and the substitution of
(1.8) in (1.9) gives

V(V-A) —V’A = ] — jope VO, + w’neA (1.10)
At this point only VX A has been constrained (=B,). We are free to
choose V- A according to Harrington [5], Sommerfeld [6], and Panofsky and
Phillips [7]:
V-A=—jopsd, (1.11)
With this choice, and with the definition
k= w’ue (1.12)
(1.10) becomes
VA+KA=—-upJ : (1.13)

The introduction of the relationship (1.11) between A and ®, makes it
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unnecessary for us tu find ®,. The magnetic flux density B, may be found
from the vector potential A once (1.13) is solved. Then we may find E, at
points away from the sources by means of (1.4a), or alternatively we may find
E, from (1.8) and (1.11), thus

T
E,=—jwA = V(V- A) (1.14)

Potentials for use when only magnetic sources M and p,, are present may be
developed from the equation set (1.5) by analogy with the process used with
electric sources. Using (1.5d) allows us to define an electric vector potential F
by

D, =¢E, =-VxF (1.15)

where we note that the negative sign is arbitrary.
Substituting (1.15) into (1.5a) leads to

Vx(H,, +joF)=0 (1.16)
and the relationship to a magnetic scalar potential ®,,,
H, + joF= -V, (1.17)
With the substitution of the curl of (1.15) into (1.5b) we obtain
VXVXF=¢gM+ jouH,) (1.18)

and if we follow a process like that used previously and specify the divergence
of F as

V-F=—joue ®,, " (1.19)
we arrive at an equation for F,
V’F + k'F = —eM (1.20)

Once F is found from (1.20) we may find D,, from (1.15) and H,, either
from the appropriate Maxwell equation or from

: ]
H, = —joF — —— V(V- !
w=—joF ~—L-V(V-F) (1.21)

As a final step we superimpose the solutions and find for the total fields due
to electric and magnetic sources
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i 1
Ez—ij—-"'——V(V-A)—~VxF (1.22)
WLE €

; j 1
= — S S x ._v .
H=—jwF —V(V-F)+ = VXA (1.23)

1.3. INTEGRAL SOLUTIONS FOR THE VECTOR POTENTIALS

An integral solution for the vector potential equation (1.13) for A can be
constructed by considering an infinitesimal current element at the origin of a
spherical coordinate system (Fig. 1.2). For a z-directed current, (1.13)
reduces to

VA, + KA, =—ul, (1.24)

If we consider a point source (with source length infinitesimal), A , must be
spherically symmetric. In addition, everywhere except at the origin, J, =0,
and (1.24) becomes

1 d(szz) e o
At i, =0 (1.25)

-4

FIGURE 1.2. Current source at origin.
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This equation has two independent solutions

1 i ) B
—e™ and =e**
¥ r
which represent, respectively, outward- and inward-traveling spherical

waves. From physical considerations we reject the inward-traveling wave and
choose

€. _u
A.=—e ™ (1.26)

Z ’-
where C is a constant. The constant may be quickly determined by noting that
as k—0, (1.24) reduces to Poisson’s equation
VA, =—ul, (1.27)

z

with the well-known solution [5, 8]

A, = ﬁj‘-"f%dv’ (1.28)

where the prime denotes integration around the source point.
If we replace J, dv' by I dz' and integrate, the solution to (1.28) is

_ Kl
" dmr

(1.29)

z

and if this is equated to (1.26) with k zero, we find for the constant

c=-“f£ (1.30)

The solution we then use for the magnetic vector potential of an
infinitesimal current element at the coordinate origin is

A, = %:e_ﬂ” (1.31)

This solution is readily generalized to the case of the infinitesimal element
located at vector distance r’ from the origin and oriented along a line parallel
to a general unit vector u. It is

,U.If) e—jk|r—r'|

Afr) = d7|r —r'|

(1.32)

Finally, if we have a linear current distribution, a current on a relatively
thin wire for example, we obtain a solution to (1.13) in the form of an
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outward-traveling wave

()

D=7 | e

g TRIe=l gt (1.33)

If we wish to return to our original formulation in terms of current density,
the appropriate form is found by replacing 7 d¢" by J dv’, giving

ao-2]] {"r e dv! (1.34)

By analogy we immediately find an integral form for the electric vector
potential F in (1.20). It is

F(r) = f”’ IM(r ) giklrrl gy (1.35)

or if we consider a magnetic current K,

_ £ [ K@)
L 47 ) |r—r'|

e—jkir—r'lder (136)

1.4. APPROXIMATIONS TO THE POTENTIALS

The evaluation of the vector potential integrals can be quite difficult to carry
out in the general case, and approximations are desirable in the factor |r —r’|.
We apply the binomial expansion

k—r'|=[r"=2r-r' +r?]'"?

=r—u, '+ =—[r—(u, )]+ - (1.37)

7 |

for r>r’, where u, =r/r, and terms in r~% r7° and so on, have been
dropped.

Fresnel Zone
At distances from the sources where
rs' kr>1

we may approximate |r —r’| by r in the amplitude of the potential integrals
and by (1.37) in the phase term. Then (1.34), for example, simplifies to
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—w”fJ(r)exp{fk[ Rt o *2“2”“” PR

Fraunhofer Zone (Far Zone)

A(r)=

At still greater distances from the sources we can drop the r~' term of (1.37)
in the phase of the potential integrals, and the equation for A(r), for example,
becomes

Ar) = £ 4 -~ fffj(r  Cainddl” 71 (1.39)

where it may be noted that
u,-r'=r'cosy (1.40)

with ¢ the angle between r and r'.

The boundaries between the zones are not easily chosen and in fact depend
on the distributions J and M. A commonly used dividing line between the
Fresnel and far or Fraunhofer zones for an antenna with greatest linear
dimension L is

r=— (1.41)

With this choice the greatest value of the last two terms in (1.37), which we
dropped in going from Fresnel to far zone, is

kr'* 27, A
2r A 4L%

1.5. FAR-ZONE FIELDS

We can find expressions for the fields from the integral forms for the
potentials. We first use the general forms for the potentials. From (1.6) and
(1.34) we find

= veas g [ fox| e a
= IR faadi Pe o

We then find E, from
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- ()
E, =5 VXH, = ;4WEJ’J,[V" XV ) (1.43)

From the identity

VX(AXB)=AV-B—BV-A+ (B-V)A—(A-V)B (1.44)

and the fact that J is a constant vector in the differentiation, E, becomes

By= ;411'.108 J-ff[']vz( = l) _(J'V)V(%:lj)] dv' (1.45)

Now, the function e *""~"!/|r —r'| is a solution of the scalar Helmholtz
equation [3, p. 38]
” e—ﬂ‘lf—r'l e Tklr=r'|
v-(——lr_ o )+ kz(-—lr_r,l ):0 (1.46)

and, with this, we find for E,

= Mms””"k( .- rl)*” V)V(%:Irl)]d”' (1.47)

If we repeat the above procedure using the electric vector potential F for
magnetic source distribution M, we obtain

E.:M=——V><F——J’JJ.M(r)xV( e M r[l)dv’ (1.48)

-1
=— VX
Hy = - VXE,

;417@””” ( Zhas ]I)HM V)V(""Tfl—rl—l)] dv' (1.49)

We now use the far-field approximation

e-jklr—r'] e-jk(r-ur-r')

I—r;—rT = . (1.50)

If only the terms of order 1/r are retained, the gradient may be shown to be
e TN ke e

V( ) o L (1.51)

r r r

and H, is immediately seen to be
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H,= 2 e [ | [y xue a (1.52)

which may be written as

H, = 47” ‘”"”f(i u, — Jyu,)e™ " du’ (1.53)

The corresponding value of the electric field for an electric source
distribution may be found by substituting (1.50) and (1.51) into (1.47). The
result is [3]

_f kZ{]

By 4ar

e*f’”fjjuauﬂ + Jyu,)e " dv (1.54)

In the same manner we find the fields for a magnetic source distribution
_ —jkr iku, -’

E,=— 4'n'r ! fjj(M u, — Myu,)e’ dv' (1.55)

H _ jk —Jkr M M JLI d i 56

v e (Myu, + Myu,)e v (1.56)

where

Z, = \@ (1.57)

is the intrinsic impedance of the medium of interest.
We can summarize these far fields:

ELECTRIC SOURCES MAGNETIC SOURCES
E =0 (@ H,=0 (g)
E,=-jwA, (b) H,= —juF, (h)
E,=-jwA, (c) H,=—joF, (1)
) (1.58)
H, = (d E-= (1)
JoA,

(e) Ey=—-jwZ,F,=Z,H, (k)

(f) E,=jwZyF,=—-Z,H, O]
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We may see from these equations for the field components that in the far
zone the E and H fields are orthogonal to each other and to r and thus are
TEM-to-r fields. This is true whether the sources are electric or magnetic or a
combination of both.

1.6. USE OF THE POTENTIAL INTEGRALS FOR
PHYSICAL STRUCTURES

The potential integrals for electric and magnetic sources were developed by
considering an infinitesimal current element, with the implication that it was a
current existing in a homogeneous medium throughout the region of interest
to us. Antennas, however, have currents flowing in metallic conductors, and
we must justify the use of the potential integrals for inhomogeneous media.
To do this we use two of the Maxwell equations

VxH=(o+jwe)E+) =yE+]J" (a)
(1.59)
-VXE=jouH+M =ZH+ M’ (b)

where the superscript denotes a source, and the definitions of y and Z are
obvious.

The greater part of the region of interest is free space with parameters g,
and p,, with a small region (the antenna) having different parameters, ¢ and
. We may then rewrite the equations above as

VxHszeuE"'(}‘;"}.wen)E-l'Js:jwsnE_‘—J (a)
(1.60)
~V X E = jopH + (2 — jop, ) H+ M' = jou, H+M (b)

where we have defined

J =Jx F (); - f"-’gn)E (a)
(1.61)
M=M"+(zZ- Jopg)H  (b)

Formally, Eqgs. (1.60) are the free-space Maxwell equations, and we may
use the potential integrals with the sources J and M as if the region were
homogeneous. The sources are now unknown, but we will see how this
problem can be handled for a linear antenna.

Assume that a linear metallic antenna is fed by a current source J'.
Further, for most conductors we can assume that p = w, and ¢ = ¢, (the
assumption about & is unnecessary if we recognize that o > we). Then the
. densities of (1.61) become

J=J+0E (@ M=0 (b) (1.62)
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Under these circumstances for a wire antenna we can write

J + oE -_rklr--r’i ,
417[[] |r—r| £y (165

In (1.63) we have a valid potential integral that is applicable to our antenna
problem even though we are dealing with an inhomogeneous region of space.
The price that we must pay for obtaining this form is that the integrand is un-
known.

Now the current source J' is applied to the feed gap of a linear antenna.
Also oE is the physical current density in the conducting structure of the
antenna. We may then replace the integrand of (1.63) by measured currents
on the antenna and write, for a thin antenna,

u I(r")

= et —jk|r=r'| '
A= e € de (1.64)

which agrees with (1.33). We have thus justificd the use of the potential
integrals to obtain the potentials produced by currents flowing in metallic
antennas [9].

1.7. RADIATION PATTERN

We are now in a position to define the radiation pattern of an antenna and
some related parameters. We will use IEEE Standard 145-1983 definitions for
these and other quantities unless otherwise indicated [10].

In Section 1.3 we found the magnetic vector potential of an infinitesimal
current element at the coordinate origin in order to develop the general
equations for electric and magnetic vector potentials for more general source
distributions. We now let the infinitesimal current element do double duty by
using it as a basis for the definition of radiation pattern.

The magnetic vector potential for the current element of Fig. 1.2, which we
obtained earlier, is

B (1.31)

* 411'.!"

It is desirable to use spherical coordinates, and it is obvious that

,U-I?f? —jkr
A=A =—— /
3 , cos @ 47 o8 e (a)

A sing=— B o ke
Ag=—A,sin0=—7—singe ™ (b) (1.65)
A

=0 (c)
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In order to define pattern and gain we need only the far-field components,
which we may obtain immediately from (1.58)

E =0 (a)
oyt 2 pr"f{ . —jkr
E,=—jwA, i fe (b)
E,=—jwA,=0 (c)
(1.66)
H =0 (d)
H, Lo
0= Z = (e)
_E, _ joull —jkr
Hy,= Z. " dnZy sin fe (f)
where
27
)
The time-average Poynting vector in the far field becomes
S=1Re(ExH*)= 3 Re(E,H})u,
A K
=—-§—A-vsm Gu, (16?)

We found here the time-average Poynting vector in the far field. If we had
used the more general relationships (1.22) and (1.23) for the fields in terms of
A, we would have found the time-average Poynting vector for fields that vary
as 1/r* and 1/r° to be zero, so that (1.67) is correct everywhere in the field. Of
course, energy can be transferred to conducting objects by field terms other
than the far fields (consider a transformer, for example). The difference
is that, in the absence of nearby lossy objects, the energy in the 1/r field terms is
lost to the antenna system, whereas energy represented by near-field terms is
stored.

Radiation Intensity

Radiation intensity in a given direction is the power radiated from the antenna
per unit solid angle. A bundle of rays, not all lying in a common plane, and
intersecting at a common point, forms a solid angle, measured in steradians
(dimensionless). If asphere of radius ris constructed asin Fig. 1.3(a), withcenter
at the ray intersection, the rays subtend area A on the sphere surface. The ratio



(a)

(b)

FIGURE 1.3. [Illustration of solid angles: (a) solid angle and subtended area on a sphere; (b)
elementary solid angle with general surface.

15
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(s (1.68)

r

is independent of the sphere radius and defines the solid angle formed by the
rays. We may also write the infinitesimal element of solid angle in terms of
the elementary area dA on any surface, as in Fig. 1.3(b). The projection of
the surface area element onto a sphere centered at the ray intersection is

u, -ndA
where n is the unit normal vector to the surface, and u, the unit vector in the
direction of r, the vector drawn from the ray intersection to the surface

element. With the use of this surface area element projection, the element of
solid angle is '

dﬂzé-jﬂu ‘n (1.69)
r

r

The radiation intensity U is then related to power radiated within solid
angle () by

U=— (1.70)
if £ is small enough that U is a constant. More generally

W=fUdn=fosineded¢ (1.71)

The radiation intensity is readily related to S, the magnitude of the
time-average Poynting vector, since

W= UQ=SA=S5r"Q
or
U, ¢)=1°s(6, ¢) (1.72)
in which we stress that both U and § are dependent on direction.
Radiation Pattern
The radiation pattern (antenna pattern) represents the spatial distribution of a
quantity that characterizes the electromagnetic field generated by an antenna.

In the usual case the radiation pattern is determined in the far-field region and
is represented as a function of directional coordinates. Radiation properties
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include power flux density, radiation intensity, phase, polarization, and field
strength. (Note: Power flux density is not defined in the IEEE Standards, but
in context it is used as the magnitude of the time-average Poynting vector.
Normally we will use power density.)

The radiation pattern is measured as a function of direction at a constant
radius from the antenna. Absolute or relative measurements may be made,
although it is more common to see plots of relative power density or field
magnitude. It is usual to present the three-dimensional information as a series
of two-dimensional plots, in either polar or rectangular form. Fig. 1.4 shows
the relative field magnitude and power density in constant-azimuth planes for
the z-directed infinitesimal current element, or elementary antenna in our
usage.

One two-dimensional plot is sufficient to describe the radiation pattern of
the infinitesimal current element since the fields and power density are not
functions of azimuth angle ¢. For more general patterns, plots may be shown
for variable polar angle 6 in planes of constant-azimuth ¢, or vice versa. Two

z Z
0.707 B T,
7
90"
0.707
(a) (b)
1
0.5 : 0.5
0
0° 180°
90°
(c)

FIGURE 1.4. Radiation patterns of infinitesimal current element: (a) ficld strength. d = Isin 6]
(b) power density, d = sin” 8; (c) power density.
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A=

7

x

FIGURE 1.5  H-plane pattern for z-directed current element.

patterns of considerable importance for many antennas are the principal
E-plane and H-plane patterns. The principal E plane is a plane containing the
electric field vector and the direction of maximum radiation, and the principal
H plane is one containing the magnetic field vector and the direction of
maximum radiation [8]. Jointly, these are called the principal planes. The
definitions apply only to antennas whose radiated wave is linearly polarized in
the direction of maximum power density. Any constant-azimuth plane is an E
plane for the z-directed current element, so Fig. 1.4 is an E-plane pattern.
The H plane for the element is the plane 6 = 7/2, or the xy plane. The
H-plane pattern for the current element is shown in Fig. 1.5.

Beamwidth

The half-power beamwidth, in a plane containing the direction of the
maximum of a beam, is the angle between the two directions in which the
radiation intensity is one-half the maximum value of the beam. Half-power
beamwidths in the E plane are shown in Figs. 1.4(a) and 1.4(b) for the current
element. In the H plane it is inappropriate to speak of a beamwidth since the
radiation intensity is constant. The current element is an omnidirectional
antenna, one having a nondirectional pattern in a given plane (azimuth) and a
directional pattern in any orthogonal plane.

Radiation Lobe

This is a portion of the radiation pattern bounded by regions of relatively
weak radiated intensity [11]. Our current element fails us as an illustration,
and we must go to a more general antenna that may have a principal plane
pattern like that of Fig. 1.6.
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Relative power density

Major lobe or main beam

Sidelobes or minor lobes

A

First sidelobe

FIGURE 1.6. Radiation lobes of general antenna.

1.8. GAIN AND DIRECTIVITY

The radiation patterns of the previous section show that the radiation
intensity from an antenna is greater in some directions than in others, and this
is of benefit to the user in many applications. This characteristic is usefully
described by the directivity of the antenna. It is in essence a comparison of the
radiation intensity of the antenna in a specified direction to the intensity that
would exist if the antenna were to radiate the same total power equally in all
directions, and can be greater than unity in some directions if it is less than
unity in others. The directivity is the ratio of the radiation intensity in a given
direction from the antenna to the radiation intensity averaged over all
directions. The average radiation intensity is equal to the total power radiated
by the antenna divided by 44 (the solid angle measure of a sphere). If the
direction is not specified, the direction of maximum radiation intensity is
implied [10]."

We may easily determine the directivity of the infinitesimal current source
of Section 1.7. From (1.67) we find the radiation intensity to be

z,|11%¢?

T sin® 0 (1.73)

U, ¢) =

"This represents a change from previous IEEE Standard definitions [11, 12] that used directive
gain for this function and directivity for the maximum value of the directive gain. Earlier, Kraus
(in 1950) used directivity as a function of 8, ¢ [1, Eq. 2-52a]. The author prefers directive gain
(now deprecated by the Standard), but the usage in this text will conform to the current Standard.
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Then the total radiated power is determined by integrating over the surface of
a sphere of very large radius.

_ Z,|1)%¢? f f
W,ad—J’U(&rb)dQ— AT Josnidus sin’ 6 do d¢
2,52
= iznl—{l"ﬂ_ (]_?.4)
317
The average radiation intensity is
Wes _ ZolIIP€?
B 5 1.75
U:l\’ 411. ]2)(_ ( )
and the directivity is
ue,.¢) _3 .-
e e 1.76
D(6, ¢) U 5 sin” 6 (1.76)

Radiation Resistance

The gain of an antenna is closely related to its directivity. Before considering
antenna gain, however, it is useful to consider power losses in the antenna
and also to anticipate a later discussion of antenna impedance by discussing
radiation resistance. Power radiated is lost to the generator—transmission
line—-antenna system, and to the generator the loss is indistinguishable from
heat loss in a resistance of appropriate value. We therefore define an
equivalent resistance called the radiation resistance which is the ratio of power
radiated by the antenna to the square of the rms current referred to a
specified point.

The radiation resistance of the elementary antenna (infinitesimal current
source) whose radiated power is given by (1.74) is obviously

27Z,0° At
= o () (1.77)

where we use 1207 for the characteristic impedance of free space. See Section
1.12 for a further discussion of radiation resistance.

The current is the same at all points of the elementary antenna, and it is
clear that radiated power is divided by the square of that constant current to
obtain the radiation resistance. A widely used antenna that does not have a
constant current throughout it is a circular cylindrical center-fed dipole,
shown in Fig. 1.7. If it is made of a wire whose radius is much smaller than a
wavelength and much smaller than the dipole length, measurements show
that the current, to a good approximation, is sinusoidal [1, p. 139].
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P
b

-

FIGURE 1.7. Center-fed dipole antenna and associated current distribution.

I(z')=1,sin[k(z¢=|2'|)] —3¢=z'=<3¢
At the antenna feed point

Iin = I(O) = Im Sil'l (%ké‘)

21

(1.78)

(1.79)

The last phrase of the definition of radiation resistance is now clear. We may
define the radiation resistance of the dipole referred to a current maximum

rad
R = 2

or we may define the resistance referred to the feed point

R = Wrnd

" I‘{in12
and the relationship between the two definitions is obviously
R, =R, sin® (1k¢)

Both definitions are used in the literature.

(1.80)

(1.81)

(1.82)
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Antenna Losses

Antennas are constructed of conductors, with finite conductivity, and lossy
dielectric materials. It is clear that not all of the power accepted by the
antenna from its feed system is radiated—some is lost as heat. The determin-
ation of the losses is normally quite tedious and requires a knowledge of
tangential magnetic fields (or surface current densities) at conducting surfaces
and the electric fields in lossy dielectrics. We will consider here only one of
the simplest cases, the losses in a circular cylindrical antenna made of a wire
with conductivity o and carrying a known current distribution I(z").

For a wire of radius a, we may treat an axial high-frequency current as
though it flows with constant density to a depth & at the wire surface, where 6
is the skin depth, given by

5= ——— (1.83)

Then the high-frequency resistance per unit length of such a wire is’'

ht = 5"7#; (1.84)
Power loss per unit length then becomes
SR,
and for a finite-length antenna
4
Wi =} f_mw(:/.")raﬁ..r dz’ (1.85)

When applied to the clementary antenna we are using for most of our
illustrations,

wlnsh = %l‘!ithff (] 86)

An cquivalent loss resistance for this antenna can be defined as
R =—T3 =R, ¢ (1.87)

More generally, a loss resistance for a dipole antenna, referred to the

Strictly, this is not quite correct, and the cquation for a conductor of circular cross scction is
more complicated. Typically, for an antenna, § <« and the approximation is excellent.
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input, is 2

l ’ ’
Rlnss = m J’—NZ ‘I(Z )Ithf dz (188)

Radiation Efficiency

In general the transmitter will deliver an incident power to the antenna. Part
will be reflected because of an impedance mismatch and part will be accepted
by the antenna. Of the power accepted, some will be radiated and some lost
as heat in lossy conductors and dielectrics. A radiation efficiency is defined as
the ratio of the total power radiated by the antenna to the net power accepted
by the antenna from the connected transmitter.

We may write the efficiency as

W d W, d
= nd___ o _ra 1.89
¢ Wrad + Wlnss Wncn: ( )

and if we consider radiation resistance and loss resistance, referred to the
same point,

Rr
e m (190)

Gain

We are now in a position to define the antenna gain (sometimes called power
gain). It is the ratio of the radiation intensity, in a given direction, to the
radiation intensity that would be obtained if the power accepted by the
antenna were radiated isotropically (equally in all directions). Thus

__U@ ¢)
G(6, ¢) = (1/4m)W,_. (1.91)
Gain does not include losses arising from impedance and polarization
mismatches. If the direction is not specified, the direction of maximum
radiation intensity is implied.
We may now readily use the relationship between radiated and accepted
power to relate gain and directivity.

U, ¢)

OO Wamw, e

= eD(0, $) (1.92)

1.9. THE DIPOLE ANTENNA: FIELDS

In order to discuss the input impedance of an antenna, as we shall do in a later
section, it is desirable to obtain the fields of a more complex antenna than the
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elementary current source. We will use the center-fed dipole antenna of Fig.
1.8 for this purpose because it is a highly useful antenna and the equations
describing it are readily available. We need both the near- and far-field terms,
and we will save time by finding the complete fields and specializing as

desired.
It was noted earlier that the current distribution of a center-fed dipole is
I(z')=1,sin[k(3¢—|z'|)] —it=2'<if (1.78)

We may write for the magnetic vector potential

= & [J-G * T ' e_ij '
A, = T _msm[k(zf’+z)] R dz
€12 ¢ IR
+L sin [k(3¢—z")] R dz'} (1.93)

FIGURE 1.8. Geometry for determining dipole fields.
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If the sine terms of the integrands are replaced by their exponential
equivalents, A, becomes

-jk(R-z’ —jk(R+2")
I o 0 e jk(R=2") B 0 e i
Az — M ml e;k((-fZ) dz’ — e Jk(£12) e —— dz"
8mj

-2 R -2 R
_ €12 ,=jk(R+z") _ €12 ,=ik(R=2")
+ ™12 J‘ﬂ g dz' — e HE/2) L R a‘z‘] (1.94)

If we use circular cylindrical coordinates, R may be written as
R=\V(z—-2z)+p’ (1.95)
where p is the radial distance shown in Fig. 1.8. The magnetic field intensity is

1 dA
H,=—= "= 1.96
* p dp (1.96)

and if we differentiate in (1.94) we obtain

I . 0 J e-ﬂc(R-—z']
" = m e}k[ﬂ?.) = dz'

- 8mj -0/2 dp R
0 —jk(R+z" —ik(R+2'

= e—;‘k(nz)f i L dz' +e,-‘k(n2)f”2 i e 1ER ] dz'
-¢12 dp R o dp R
02 —jk(R=z")

iz Jd e’

—e ;k({‘IZ)f _—— '} 1.97

o R dz (1.97)

Carrying out the differentiation in the integrands gives us

9 e TKR=:" 1

7 - _ i _) —jk(R=z")
e - p(Rz + R e (1.98)

These terms are exact differentials, and it may be verified in a straightforward
manner that

d M :(ﬁ‘_Jri) SIR=E) (g
dz' RR-z'+2z) \R* R
: (1.99)
i _ﬂl L _(ﬁ 4+ L)e“ﬁ'm*:'l (b)
dz' R(R+z'-2) R* R’

The first integral in Eq. (1.97) therefore becomes
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o ik(R=2") 0 —jkr —jk(Ry+(12) ]
_p[R(R —Z+ z)]~trz = _p[r(r+ Z)  R,(R,+ €/2+2)
{ (r—z)e™ (R,— €12~ z)e-""'wz“r”z)]
— p —

r(r* — 2%) R,[R:— (€/2+ 2)’]
But
rP=z"+p? (a)
Ri=(z—1¢)’+p* (b) (1.100)

Ry=(z+36)'+p" (©

and the integral may be put into the form

_1 [(1 = E)e""’" _ (1 _ w)e—jkmzum]
p r R,

The remaining integrals in (1.97) for H, give in order

Ll (g4 2)gmme (1.4 £242) g oimmarn
pt r R2 ]
L -(1 - Lz__{)e—fkm.”,z) B (1 . E)e_ﬂ”-
Pt R, 7 |
_ l _(1 + _f‘fz_“z)eﬁkm,—nz) _ (l ~ E)e_ﬂ”_
pl R, e

~ If these four terms are substituted into the equation for H,, it becomes

1 [ ~jkR —jkR k€ i ]
- _ m i + JERa _ il jkr .
H, iiin e e 2 cos 5 (1.101)
which is a remarkably simple equation for the field close to an antenna [13].
The electric field components are readily found from one of the Maxwell
equations in circular cylindrical coordinates

. 1 dH,
o~ " jwe 9z (1.102)
B [(o- (1 ) e ]
T amp I\*72) 7R, T\*T2) 7R, TE T,
E,=0 (b)
1 @ H” =G —jkR, —JjkRz —jkr
L= (p I): ] Orri[e +€ _ZCOSEe ] (C)
Jwep ap 4 R, R, 2 r
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These fields may be readily specialized to the far zone. In (1.101) we make
the substitutions

p=rsiné (a)
R,=r—3¢fcosf (b) (1.103)
R,=r+1€cosf (¢
and find for H, and E, in the far zone. |

jI,,e " cos (3k¢ cos @) — cos (3k¢)
- Lz . (a)
wr sin 0

E =7 H ,fzol,ne—mr cos (3k¢ cos 8) — cos (3 k¢)
¢ 20 sin 6

H,
(1.104)

(b)

The power density is readily formed from these far-zone equations for E,
and H . It is true for this antenna, just as for the infinitesimal current source
of Section 1.7, that only the far fields contribute to the time-average Poynting
vector. The power density thus formed may be integrated over a sphere of
large radius to find the total power radiated and the radiation resistance found
from the power. The integration is not easily done. Kraus gives the process
for the half-wave antenna [1, p. 143] and Balanis gives the results for an
antenna of general length [8, p. 120]. The resistance will not be given now but
deferred to a later section when the input impedance will be developed.

1.10. RECIPROCITY THEOREM

In order to complete the center-fed dipole description by finding its input
impedance, we need two theorems, one on reciprocity and one on equivalent
sources. The reciprocity theorem will also be of use when we consider the
receiving pattern of an antenna. We therefore -pause to develop these
theorems.

Consider two sets of sources, J', M' and J* M? in a linear isotropic
medium. Then the Maxwell curl equations are

VxH'=J'+ jweE’ (@) VxH’ =]+ jweE’ (c)
1_ 1. 1 2_ _ag2__ 2 (1.105)
VXE'=-M'—joeH' (b) VXE’=-M’—joeH’ (d)

where E', H' and E? H? are the fields produced by sources 1 and 2,
respectively. Multiplying (a) by E* and (d) by H', adding, and using the
identity V- (A X B) =B+ (V X A) — A - (V X B), and repeating (except with the
multiplication of (b) by H” and (c) by E') leads to [5]
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—V-(E'xH’-E’xH")=E'"-J’-E*-J'+H**M'-H'-M* (1.106)

Integrating over a volume and using the divergence theorem on the left
side yields

—ﬁ;(E‘ xH*-E*xH')-dA
=JJJ(E'-J2—E2-J'+H2-MI—H'-Mz)du (1.107)

This equation represents the Lorentz reciprocity theorem. In a source-free
region it reduces to

ﬁ(EleZ—EZxH‘)-dAﬂ (1.108)

1.11. AN EQUIVALENCE THEOREM

The electromagnetic fields produced by a given source distribution are
unique, but the reverse is not true. A given field within a region can be
produced by more than one source distribution. An electric current above an
infinite conducting plane produces the same field above the plane as the
current and its image acting in free space, for example. Two sources that
produce the same fields within a region are equivalent in that region [5].

Consider sources J and M within a region bounded by surface S, as shown
in Fig. 1.9(a), producing fields E and H internal and external to S. The
internal region may contain matter (conceivably nonlinear and nonisotropic),
but external to S we assume free space without sources. Field values at the
surface are E* and H'. Now consider a second case, shown in Fig. 1.9(b), with
the same surface S the boundary between internal and external regions. We
require that the fields external to S remain the same as for our first case, but

Free space Free space

E H E.H

E°, H* E°, H*

Zero field f.l = fise He
=

4

M,=-nx E°

(@ (b)

FIGURE 1.9. Fields of a source distribution and equivalent sources.
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that the internal fields be zero. Further, we assume free space both internal
and external to § for the second case. This field configuration will be
established if surface currents

J,=nxH" (@ M;=-nxE" (b) (1.109)

flow on surface S. The surface currents J, and M, are equivalent, for the fields
external to S, to the original current distribution J and M. The equivalence
expressed by (1.109), and its interpretation, are commonly called the Love
equivalence principle [3]. It may be expressed more generally, with nonzero
fields internal to S in the equivalent formulation [3, 5], but the form given
here is the one most used.

Note that the fields E’ and H' must be found from the original problem
before the equivalent surface currents can be found. In some cases, such as
apertures in conducting planes, good approximations can be made to the
fields in the aperture. Once the fields over § are known the potential integrals
may be used, since free space exists everywhere in the equivalent problem, to
find the fields at all points external to S.

Two useful variations to the equivalence principle are possible. Since the
fields internal to S are zero, we can place a perfectly conducting (for electric
currents) surface just inside S or fill the entire internal region with a perfect
electric conductor. The internal fields remain zero, and the external fields are
unchanged. The conducting surface short circuits the electric current J, =
n X H’ and leaves only the magnetic surface current to radiate, as shown in
Fig. 1.10(a). We may instead fill the internal region with a perfect magnetic
conductor that short circuits the magnetic surface current M, = —n X E’,
leaving only the electric surface current to radiate, as in Fig. 1.10(b). In the
general situation the potential integrals cannot be used to determine the fields
produced by the equivalent surface current distributions of Fig. 1.10 because
the currents do not radiate into a homogeneous medium. If the fields of the
original problem are insignificant over the greater part of surface S, as in
radiation from an aperture in a conducting plane, for example, and if the radii

Free space Free space

E. H E H

Zero field

Zero field
Electric conductor

Magnetic conductor / 4 J=nxH

(a) (b)

FIGURE 1.10. Equivalent sources in the presence of conductors.
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of curvature of S are large enough, in that part where E° and H’ are
significant, to use image theory, then one of the latter formulations of the
equivalence principle can be useful. We will use this concept in a later section
to determine the fields of an aperture antenna.

1.12. THE DIPOLE ANTENNA: INPUT IMPEDANCE

We shall develop in this section the input impedance of the linear center-fed
antenna using the induced emf method commonly associated with the name of
Carter [14], although Elliott [2] points out that it was introduced by Brillouin.
The treatment here is similar to that of Elliott, with results in the form used
by Balanis [8].

The dipole has a circular cross-section of radius a and length ¢, as shown in
Fig. 1.11. It is fed by an ideal source in an infinitesimally thin gap at the
center. Because of skin effect, the current will flow in a thin layer at the
conductor surface. We approximate this by assuming the layer to be of
infinitesimal thickness with a surface current density J{,(z'). We also assume
a surface current density in the feed gap given by the same function. Now, in
accordance with the development in Section 1.6, we can remove the
conductors and leave the surface current distribution in free space without
altering the external fields. If we surround the current distribution by a
cylindrical surface S infinitesimally greater in length and radius than the
original antenna, then the tangential electric field along the surface,
E%(a, z'), must be zero except at the feed gap. In the original problem,
currents flow on the end caps, z' = % £/2, for a finite radius antenna, but if we
assume the dipole to be thin, with a<<A and a< ¢, we can ignore the
contributions of the end caps.

Consider next a line current I°(z') in free space along the z axis and apply
the reciprocity theorem (1.108) for a source-free region.

#(E“XH”—E”XH")-dA=0 (1.110)

where E°, H" are the fields produced by the surface current J%,, and E*, H” are
those produced by 7°. Then on surface S, if we note that E, and H, are zero
whether produced by the generator in the infinitesimal gap or by the line

current on the axis, we get
€12

2
L [(Ei(a, z')H(a, z') — E’(a, z'YHy(a, z')]adp dz' =0 (1.111)

=£12

Now we have noted that E? is zero on S except at the infinitesimal feed
gap. Further, we let

fm E%(a,z') dz' = —1 (1.112)
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| FIGURE 1.11. Dipole antenna of finite radius.

so that E is a Dirac delta function (and the source voltage is 1 V). In addition
we note that because of symmetry, all scalar quantities in our problem are
independent of ¢. We therefore carry out the integration in (1.111) and
obtain

€12
Hﬁ,(a,O):—J’_m El(a,z')H4(a, 2') dz' (1.113)

Now we note that

Hy(a, z') =T, (2') (1.114)
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and
I°(z')=2mal;,(z") (1.115)

With these substitutions, (1.113) becomes

1 £i2 . . ' ,
H%(a,0)=— —J ) E’(a, z')I°(2") dz (1.116)

2ma J-e

We can develop a second expression for the magnetic field Hf,’,(a, 0). We
consider the thin disc lying between the arms of the dipole (Fig. 1.12) and
integrate the Maxwell equation

VxH’ =)+ jwecE" (1.117)

over one of its flat surfaces. This leads to

3§Hb-d€=”ﬁ-dA+jws”E*’-dA (1.118)

which becomes
27aH’(a,0) = I°(0) + j2mwe fu E%(p,0)p dp (1.119)

where we have treated the top surface of the infinitesimally thin disc as lying
at z=0.

Now we have assumed a < ¢ and a < A. The integral in (1.119) is therefore
negligible in comparison to 1°(0). This may be readily verified for specified
fields, and it is left as an exercise to do so for the field of a sinusoidal current
distribution on the axis. If the integral of (1.119) is neglected, comparison of
the resulting equation with (1.116) leads to

]

d{/

FIGURE 1.12. Disc containing source distribution.
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&2
I"(U) = —J’_m E’;(a, (282 (1.120)

Now /°(z') has not been constrained in any way (in contrast to I, which is
the unknown current in a physical problem). We are therefore free to choose
I’ arbitrarily, and we may choose it equal to I* and drop the superscript. Then
we obtain

£i2
1(0) = —f_m E.(a, z')I(z') dz' (1.121)

where we must remember that E is established by the axial current I” and not
by the surface current distribution of the physical problem.
We may now find the input impedance of the dipole antenna from

vV VI0) 1J"°’2

Z, 2.’i’z(a,z’)}'(z’)afz’ (1.122)

"A0) o) 10 -
since we took V earlier as 1 V. We must bear in mind that /(z") is not known.
It may be measured or assumptions made about its form. Once I(z') is
obtained, the field E,(a, z') may be determined in a straightforward manner
since /(z') is a filamentary current in free space and the potential integral may
be used.

We assumed in Section 1.9 a sinusoidal distribution of current on the z axis

I(z')=1,sin[k(}¢—|2')] -—3€=z's3¢ (L78)

and found E, to be

B .zﬂf,,,[e'f"“f e kR (k{’) e‘f"“]
E,=—j yp R, + R, 2 cos = 7 (1.102¢)

If we substitute these functions into (1.122), we can find the input impedance
of the dipole antenna for the assumed sinusoidal current distribution. In E,
we use values for surface §,

R,=V(i¢-z'V+a (a)

R,=V(i¢+z')V+a* (b) (1.123)

r=Vz'*+a’ (c)

In the integration for the real part of Z, , the approximation a =0 can be
made, but not for the imaginary part since it causes the imaginary part to
become infinite (except for special antenna lengths).
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The results of the integrations are [8]:

R, =Re(Z, )= Zo
m=Re(Zu) = G kerD)

x {c +1n (k€) — Ci (k€) + 1 sin (k€)[Si (2k€) — 2 Si (k¢)]

+ 1 cos (kt”)[C+In%i+Ci (2k¢)—2Ci (kf’)” (1.124)

ZU . . .
X,=Im(Z,)= m {2 Si(k€) +cos (k€)[28Si (k€) —Si(2k()]

~ sin (M)[z Ci (k¢) — Ci (2k¢) — Ci 2"‘;2]}

(1.125)
where
C = Euler’s constant = 0.5772

“ cos u

Ci (x) = cosine integral = —f

x

du (1.126)

Si (x) = sine integral = L S &

du

A commonly used antenna is the half-wave dipole for which the impe-
dance, for a very thin dipole, is

Z, =T3.1+j42.50Q

For a sinusoidal current distribution it is common to reference the
impedance (particularly the resistance) not to the input but to the position of
maximum current (even if the antenna is so short that maximum current [, is
not reached at any point on the antenna). This is done by using I, rather than
I*(0) in (1.122). The relationship between impedance referred to maximum

current and input impedance is

Z,= L = L (1.127
"P0) T sin® (k€/2) 2
The input resistance R,, for the dipole obtained by the induced emf

method is the radiation resistance of the dipole, as defined in Section 1.8. We
could have obtained it by forming the power density from the dipole far fields,
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(1.104), and integrating over a sphere to determine the total power radiated.
The result would have been the same as that found by the induced emf
method. We will more often use the symbol R,, used in Section 1.8, than R,
for radiation resistance.

Equivalent Circuit for Antenna

We now recognize that ar one frequency an antenna is seen by a generator and
associated transmission line as an impedance, and the equivalent circuit of
Fig. 1.13 may be used to determine power accepted by the antenna, power
radiated, and so on. Even though we developed the impedance by consider-
ing a linear wire antenna in which it is reasonable to think of an ohmic loss
resistance in series with a radiation resistance, we must keep in mind that
losses may come from dielectrics or from induced ground currents if the
antenna is near a lossy ground. In such cases a parallel admittance represent-
ation of the antenna (Norton equivalent) may have elements that vary less
with frequency than does the Thevenin circuit of Fig. 1.13. In general,
however, any equivalent circuit representation of an antenna is valid only
over a narrow frequency range.

In considering the dipole antenna it is reasonable to consider feeding it
with a two-wire transmission line with TEM mode fields. Now the concept of
an antenna impedance is clearly dependent on our defining a driving point, or
input port, for the antenna. Silver [15] points out that the current distribution
in the line must be that characteristic of a transmission line up to the assigned
driving point. At higher frequencies, interaction between the radiating system
and the line may disturb the line currents back over a considerable distance,
and there is no definite transition between transmission line currents and
antenna currents. In such a case the concept of ‘“‘antenna impedance™ is
ambiguous. Some antennas are fed by waveguides that do not propagate the
TEM mode. If the waveguide propagates a single mode, as most waveguides
are designed to do, it is equivalent to a two-wire line, and a mode impedance

— ———

= —— — — —
SR 7

/ \ z S
.' p , [ \
S l | |
\ / \ z /

/ \ /

\ / \ /
AN = /
N Generator // Transmission line N ~ Antenna ¥
S~ g gy e -

FIGURE 1.13. Equivalent circuit of transmitting antenna.
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may be defined. The antenna impedance can be expressed in terms of this
mode impedance, but as before the validity of the impedance concept
depends on our ability to define an antenna driving point with only a single
waveguide mode on one side of this driving point. (A single mode on the
other side is not precluded.) We will assume in our work that we have a
situation in which the antenna impedance is clearly defined, and that it does
not matter if the feeding transmission system is a two-wire or coaxial line
carrying the TEM mode or a waveguide propagating some other single mode.
We note that many antenna structures are so complex that their impedances
have not yet been developed to a satisfactory extent, and we must rely on
measurements to determine their impedances.

Finally, it should be noted that matching networks are commonly inserted
between the antenna and the transmission line, and between the generator
and transmission line. In our developments, we will not in general deal with
the transmission line and matching networks since their principles are outside
the scope of this book.

FIGURE 1.14. Waveguide opening into infinite plane.
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1.13. WAVEGUIDE OPENING INTO INFINITE GROUND PLANE

In this section we will examine one of the many possible aperture antennas to
see how the equivalence theorem of Section 1.11 may be used to determine
the fields. Figure 1.14 shows a rectangular waveguide opening into an infinite
ground plane. We assume that the waveguide allows only the dominant TE
mode to propagate, with electric field

E' = E}cos 1;3 e Mt (1.128)

where k, is the propagation constant in the guide. At the guide opening a
portion of the incident wave is reflected, and we take this to be the TE,, mode
also,

E,=TE}cos 1;5 e/t (1.129)

At the guide opening, which we take as the z = 0 plane, the aperture field
is the sum of incident and reflected waves

ap

1
, TX —3a
E}.:(I-FF)EOCOST—EGCOST {—§b (1.130)

Along the ground plane the tangential electric field is zero.

We now apply the equivalence principle of Section 1.11, as illustrated by
Fig. 1.15, to find the fields produced.

Figure 1.15(a) shows the waveguide opening into the ground plane with the
tangential component of E (and H) nonzero in the aperture. In Fig. 1.15(b)
the equivalence principle is used to establish a mathematical surface (an
infinite plane) with equivalent surface currents J, and M, found from

J,=nxH' (@ M,=-nxE (b) (1.109)

where n=u,. Since we will make no use of J, we do not obtain its value. In
Fig. 1.15(c) we use a variation of the equivalence principle discussed in
Section 1.11 to fill the region to the left of the surface (the “internal’ region)
with a perfect electric conductor. Finally, we apply image theory since we
have an infinite conducting plane. The surface electric current that results
from the application is zero since the image of a surface current density vector
is an oppositely directed vector lying just inside the conductor, and the two
add to zero. In the same way the surface magnetic current density is doubled,
as shown in Fig. 1.15(d).

The magnetic surface current density for use in the potential integral is

(1.131)

5

; =1
2M, = —2u, X u E cos = u 2E, cos i { x| = fa
a a ly|=3b
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FIGURE 1.15. Equivalent surface currents for waveguide opening into plane.

and if this is substituted into the electric vector potential specialized to the far
zone,

F(r) = e " ffM r')e* " (1.132)

we obtain

e-—;kr al2 bi2 ax' i )
= jku -r ' '
F(r) = Ty f ae‘ZJ’ s u,2E, cos e dx'dy (1.133)

which becomes in spherical coordinates

al2 bi2 x;
—Jc
4 ’cosecoscf:J’ f —

b.’Z

2¢e
Fﬂ(r) = 4

X exp[jksin @ (x"cos ¢ + y'sin ¢p)] dx’ dy’ (a)

2£E B al2 bl2 '
F,(r)=— m? ”"smq&f [ _x

b.|’2

(1.134)

x exp [ jk sin @ (x' cos ¢ + y'sin ¢)] dx' dy' (b)

where 6 and ¢ are the polar and azimuth angles of Fig. 1.14.
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The integral common to both equations of (1.134) becomes [2]

cos(wX) sin(wY)

2mab 11_2_4(71_)()2 v

where

X=%sin6cos¢: (a)
(1.135)

Y=%sinﬂsinq§ (b)

If these values are substituted into (1.58), we obtain for the far fields of the
waveguide carrying the TE,, mode opening into an infinite ground plane

_ wabE, cos [(7ralA) sin 6 cos ¢]

— —jkr -
E, or ¢ @ 7’ — 4[(walA) sin 6 cos ¢]
sin [(arb/A) sin 6 sin ¢ ] (@)
(7wb/A) sin 8 sin ¢ (1.136)
bE, _ i '
E ©abEy _jkr . < 0 cos 6 ;:os [(mal)A) sin 6 cos ¢| :
cr 7 —4[(mal)) sin 0 cos ¢]
sin [(7b/A) sin 0 sin ¢ ] b
(b/X) sin 0 sin ¢ (b)

1.14. THE RECEIVING ANTENNA
Impedance

If we postulate that all sources and matter are of finite extent, we have, far
from the sources and matter,

E,=ZH, (@) E,=-ZH, (b) (1.137)

and the left side of (1.107), representing the Lorentz reciprocity theorem,
becomes, if we integrate over an infinitely large sphere,

-Z, ﬁ (HyH,+ HyH, — H;Hy— H3H,)dA=0  (1.138)

Equation (1.107) then becomes

J’JJ (B'-J° ~H'-M) dv:fff(Ez-J‘—Hz-M‘)dv (1.139)
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The integrals in (1.139) have been called reaction [16]. The reaction of
field 1 on source 2 is

(1,2) =fff(E‘ J>—H'-M?) dv (1.140)
and in this notation (1.139) may be written as
(1,2) =(2,1) (1.141)
showing that the reaction of field 1 on source set 2 is equal to the reaction of
field 2 on source set 1.

Consider a current source [, with M>=0. Then the reaction (1,2)
becomes

(1,2)=JIJE'-J2 dv=fEl-Iz d€=IZIE1-d€=—V,12 (1.142)

where V, is the voltage across source 2 due to the fields produced by some
source 1 (which may be a voltage or current source, or both).
A linear, two-port network with voltages and currents shown in Fig. 1.16

may be represented by
Vl]_[zn le][fljl
[V2 B ZZI ZZZ I2 (1143)

where the Z matrix is the impedance matrix. We apply current sources at
ports 1 and 2. The partial voltage V,, at port 1 due to the current source at port
2is

Vis =Zsk (1.144)
But
21
V,zz—-(I—} (1.145)
1
I I
—_— ——
+ ¥
Vi Vs

FIGURE 1.16. Two-port natwérk.
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so we may find from these two equations,

ICRY

ZIZ = II‘,E

(1.146)

In the same way, if we apply a current source to port 1 and consider the
partial voltage at port 2, we find

(1.147)

It follows immediately from the equality of the reactions (1,2) and (2,1)
that

Z, =2, (1.148)

The linear two-port network we are considering may be the two antennas
in a transmit-receive configuration shown in Fig. 1.17(a) with the equivalent
circuit of Fig. 1.17(b). It is important to note that (1.143) and the equivalent
circuit of Fig. 1.17(b) hold no matter whether an antenna is used to transmit or
receive. If the antennas are widely separated, Z,, will be small, and an
equivalent circuit (which may be used for the two antennas) with one of them,
say 1, transmitting and the other receiving is as shown in Fig. 1.18 [17]. We
assume that the antennas in Fig. 1.17 are matched in polarization, so that
there are no polarization losses, and defer to a later chapter a discussion of
polarization matching.

\.
S

—/
=g

(a)
2y~ 2y Zyp—Zyp
AWV —ANN
! § Zyp =2y -
(b)

FIGURE 1.17. Polarization-matched antennas in transmit—receive configuration: (a) the anten-
nas; (b) equivalent circuit for two antennas.
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Zy Zsn I

v J@ Il‘l’ Ilzzliég Vi% Z

FIGURE 1.18. Approximate equivalent circuit for transmitting and receiving antenna system.

We may consider Z,, the input impedance of the transmitting antenna, 1,
neglecting the effects of the receiving antenna on the transmitting antenna, an
excellent approximation for widely separated antennas. Likewise Z,, would
be the input impedance of antenna 2 if it were transmitting. If we call Z,, and
Z,, the self-impedances of the antennas, we see that the self-impedance of an
antenna is the same with the antenna transmitting and receiving. Aninteresting
aspect of this equality is that it must hold for lossless antennas and for
antennas with losses. If we think of the self-impedance as consisting of a
radiation resistance in series with a loss resistance, then the total must be the
same with the antenna transmitting and receiving, and the radiation resis-
tance must also be the same with the antenna transmitting and receiving.
(This would be the lossless case.) It follows that the loss resistance and the
antenna efficiency must remain the same with the antenna receiving and for
the transmitting case. We saw, however, in Section 1.8 that the loss resistance
of a wire antenna is a function of the current distribution in the wire, and our
developments therefore imply that the current distribution is the same in
magnitude if the antenna is transmitting or receiving. Slater [18, p. 250] states
that any difference in current distribution between the transmitting and
receiving case is small and the effect may be noticed only at short distances.

While the loss resistance computation of Section 1.8 was done only for a
wire antenna, it is obvious that these concepts can be extended to antennas in
general if we consider efficiency rather than loss resistance. We state then, in
general, that the self-impedance and efficiency of an antenna are the same
when the antenna is receiving a signal as they are when it is transmitting.

Receiving Pattern

It is obvious that an antenna whose radiation pattern is directional in nature
will also receive a wave in a manner that is directional. In other words, an
antenna has a receiving pattern as well as a radiation pattern. We will define
the receiving pattern here as the spatial distribution of the received power
when a polarization-matched plane wave is incident on the antenna. In some
cases the received voltage may be measured rather than the power. Consider
two different positions for antenna 2 of the transmit-receive antenna
configuration we have used previously, as shown in Fig. 1.19. The movement
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FIGURE 1.19. Measurement of antenna patterns.

of antenna 2 from position a to position b is such that the distance from
antenna 1 to antenna 2 is the same, and the orientation of antenna 2 with
respect to a line drawn between the antennas is the same. Antenna 2, in other
words, is moved along the surface of a sphere centered at antenna 1. If the
sphere radius is large and if the absolute phase of the signal at antenna 2 is not
important, the exact location of the sphere center is unimportant. We assume,
as we did earlier, that the antennas are polarization matched, but we defer a
discussion of what that means. We also assume that the antennas are far
enough apart that a wave transmitted by one is for all practical purposes a
plane wave at the other.

We first let antenna 1 serve as the transmitting antenna and use the
equivalent circuit of Fig. 1.18. We note that the mutual impedance term Z,, in
Fig. 1.18 is a function of 6 and ¢. The ratio of powers received (power to Z, )
in positions a and b is, from Fig. 1.18,

Way _ |Z21(6,, )"
W2l’-' [ZZI(ea! ¢a)|2

If we let position a serve as a reference position (it may be the position for
maximum received power if we choose), then (1.149) describes the relative
radiation pattern of antenna 1 as 6,, ¢, take on arbitrary values.

In addition to the above measurement of power to the load on antenna 2,
at each position of antenna 2 we connect the generator to antenna 2 and the
load to antenna 1 and measure the load power. An equivalent circuit similar
to Fig. 1.18, with generator Z,,1,, leads to a ratio of load powers in position a
and b,

(1.149)
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Wlb _ |le(eb’ ¢b)]2
Wi, 2,06, ¢.)I°

This equation is the relative receiving pattern of antenna 1.

Now we showed earlier that Z,,(6,, ¢,) = Z,,(6,, ¢,) and Z,,(6,, ¢,) =
Z,,(6,, ¢,). We conclude that the relative radiation pattern and receiving
pattern of an antenna are equal.

(1.150)

Effective Area

The effective area of a receiving antenna in a given direction is the ratio of the
available power at the terminals of the antenna to the power density of a
polarization-matched plane wave incident on the antenna from that direction.
By ‘‘available power” is meant the power that would be supplied to an
impedance-matched load on the antenna terminals. In Fig. 1.18, impedance
matching means that

#

Z, =25 (1.151)

where Z,, includes radiation resistance and loss resistance of the antenna.
The effective area of an antenna is normally a more useful concept than the
transmitter current and mutual impedance of Fig. 1.18 because it is indepen-
dent of the transmitter parameters and the distance between the antennas. In
addition, for aperture antennas it appears to be a natural characteristic. For
wire antennas the effective area seems somewhat artificial since it does not
correspond to any physical area of the antenna; nonetheless, it is a dimension-
ally correct and highly useful way to describe even a wire antenna.

We saw in previous work that the relative radiation and receiving patterns
of an antenna are the same. It follows that for an antenna the gain and
effective area are related by a constant, that is,

G0, ¢) = CA,(6, ¢) (1.152)

We will in fact find that C is a universal constant for antennas.

Consider two antennas in a transmit-receive configuration, with local
coordinate systems, as shown in Fig. 1.20. The antennas may be of arbitrary
type and may be oriented arbitrarily with respect to their coordinate systems
and to each other. We assume first that antenna 1 is transmitting and 2 is
receiving with a matched load. They are separated by a sufficient distance R
to cause the wave from 1 to be effectively a plane wave at 2 and to make the
equivalent circuit of Fig. 1.18 valid. The receiving antenna and load are
impedance matched. We note specifically that the antennas need not be
lossless.

If antenna 1 accepts power W, from the generator (and radiates a portion
of it) and has gain G,, the power density at 2 is
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FIGURE 1.20. Transmission between two antennas.

W, G(6,, ¢,)

and the power to the impedance-matched load is
W,, = SA (6, 6,) (1.154)

where A, is the effective area of antenna 2. We find immediately from these
equations that

W,
G, (6, ¢1)Ac2(92’ $,) = W * (47R%) (1.155)

a

If we reverse the transmitting and receiving roles of the antennas by
connecting a generator to antenna 2 and causing it to accept power W, , part
of which is radiated, the power to a load that is impedance matched to
antenna 1 is

W,,G,(6,, ¢,) A, (6,, ¢,)
Wi, = 4R’

(1.156)

which gives us

W, '
Gy(6;, 6,) A, (6, $) = 37 (47R”) (1.157)

az
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Let us make use once more of the valuable equivalent circuit of Fig. 1.18.
With antenna 1 transmitting and power W, supplicd to the impedance Z,,.
we find the ratio of load power (to load Z, = Z,,) to the power W, accepted
by Z;i tobe

W*'-z _ |-Zzll2
W, 4Re(Z;)) Re(Z,,)

i

(1.158)

If we reverse the roles of transmitter and receiver, we find from the
equivalent circuit

W 2
Ly — |Zl'l| (1.]59)
W, 4Re (Z,,) Re (Z,,)
and from the equality of Z,, and Z,, it follows that
W, W, -
A = w—: (1.160)
We therefore obtain from a comparison of (1.155) and (1.157)
G,(6,, ¢|)Ac1(92s $,) = G,(6,, fi’g)Arl(ﬂl, b,) (1.161)
or
A, (6, ¢ A, (6,, &
6 8) A0, ) b

Gl(gh d’l) - 62(62? ‘1"’)2)

In (1.162) the angles are arbitrary and have been carried to show for one
antenna that the effective area in a particular direction is being compared to
the gain in the same direction. We note also that the equation holds for lossy
antennas, and will hold also for lossless antennas if G(6, ¢) is replaced by
directivity D(6, ¢) and A,(6, ¢) is determined for the lossless case. Antenna
types were not specified, and it follows that if we can find the ratio A,/G for
one antenna, lossless or lossy, we know it for all.

We found in Section 1.8 that the directivity of the infinitesimal z-directed
current source of Fig. 1.21 is

D=1%sin’ 6 (1.76)

and the radiation resistance is

R,=80w3(f)2 (1.77)
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FIGURE 1.21. Infinitesimal current source.

(Note: In Fig. 1.2, also representing the infinitesimal current element, the
center feed point was not shown, but the difference is obviously irrelevant
since we consider the current to be constant throughout the element for both
Figs. 1.2 and 1.21.)

Consider now a wave incident on the antenna of Fig. 1.21, considering it as
a receiving antenna. The open-circuit voltage induced at the antenna
terminals is

V..=Efsin6 (1.163)

where V,_and E are taken as peak values. Then the power to a matched load
is

V..|*  |E|*¢*sin® 6

W= SR, SR, (1.164)
The power density at the antenna is
P |E|? (1.165)
27, ’
and therefore
Z,S¢*sin” 6
W= T (1.166)

which gives an effective area for the lossless infinitesimal antenna of
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W 3A%sin’ 6

A”:-E 8ar

(1.167)

and a ratio of effective area to directivity of

44

This ratio was obtained for a lossless example, but as we saw earlier it also
holds for the lossy case. We state therefore as a general rule that the effective
area and gain of an antenna are related by

A0.4) A
=B = (1.168)

1.15. TRANSMISSION BETWEEN ANTENNAS

We have at this point defined the necessary terms and developed the
equations that allow us to determine the power in a receiver load if the power
accepted by the transmitting antenna is known. Let the power accepted by
antenna 1 in Fig. 1.20 be W,,. If antenna 1 radiated isotropically, the power
density at 2 would be

W,

at

47 R?

Since antenna 1 does not radiate isotropically, but has gain G,, the actual
power density at 2 is

WﬂfGF(HI'" ¢f)
47 R?

where we use f to indicate a transmitting antenna. The load power W, in the
load on the receiving antenna then is

—= W"”G"(Gf’ ¢1)Acr(6r1 qsr)
' 47 R*

(1.169)

where subscript r indicates the receiving antenna.
Many variations on (1.169) are possible, but we will not write all of the

possible equations. Instead we list here some of the more common alter-
ations:

1. G, may be replaced by e,D,, where e, is the efficiency of the
transmitting antenna and D, its directivity.
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2. W, may be replaced by (1 — |T,|*)W, where W, is the power incident
on the (mismatched) transmitting antenna and I, is the reflection coefficient
obtained by treating the transmitting antenna as a load on the feeding
transmission line.

3. A, may be replaced by the gain G, of the receiving antenna, according
to A,, = G,A"4m.

4. If the receiving antenna is not terminated in a matched load, (1.169)
must be multiplied by an impedance match factor, ranging between 0 and 1,
to account for the mismatch loss. If the receiving antenna is represented by
the series combination of R,, including both radiation and loss resistances,
and X,, the antenna reactance, and the load impedance is R, + jX, , it is easy
to show that this impedance match factor is

4R}
M, = 2 3
(B, +R, ) +{X,+X,)

(1.170)

5. If the antennas are not polarization matched, (1.169) must be
multiplied by a polarization match factor. A discussion of this will be deferred
to a later chapter.

1.16. THE RADAR EQUATION

Figure 1.22 shows a bistatic radar and target. The power density at the target
is given by

G,(6,
. Sf=W,L—?Q (1.171)
4m7R;

where W, is the power accepted by the transmitting antenna. The transmitted
signal may be pulsed or continuous wave, but its characteristics do not affect
the development here.

Ry e //
##### / Target
ek 7
( y
R o
Transmitter 2//
Ve
Ve
7
S
7

Receiver

FIGURE 1.22. Bistatic radar and target.
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The wave striking the target is reradiated in a directional manner, and a
portion of the reradiated, or scattered, power is intercepted by the receiving
antenna. The power received depends on the transmitted power, the antenna
gains, and the scattering cross section of the target. For transmitting and
receiving antennas located apart, the radar is called bistatic, and we are
concerned with the bistatic cross section.

The bistatic or scattering cross section of a target is the (fictional) area that,
when multiplied by the power density of the incident wave, yields a power
that would produce by isotropic radiation the same radiation intensity as that
measured by the receiving antenna. If the transmitting and receiving antennas
are located close to each other, as compared to the antenna-target distance,
the cross section is referred to as monostatic. An alternate form of the
definition is that the bistatic cross section is 47 times the radiation intensity of
the scattered wave in a specified direction divided by the power density of the
incident plane wave. The utility of this definition and the development of it
may not be obvious. The following reasoning makes it clearer: An observer at
the receiver can determine the power density of the scattered wave at the
receiver and (multiplying by R2) the radiation intensity of the scattered wave
in the direction of the receiver. The observer does not know how the target
scatters the incident wave (without much more information than can be
obtained by one measurement), and yet to describe the target a commonly
agreed on assumption is necessary. This assumption is that of isotropic
scattering. With this assumption the observer determines that the total
scattered power is 4 times the radiation intensity in his direction. It is then
reasonable to say that this total power is scattered as a result of the target with
a cross-section area o intercepting an incident plane wave with power density
established at the target by the radar transmitter. This should be clearer as we
develop the radar equation.

The power density at the target is given by (1.171). Then for a target with
cross-section o, the intercepted power is

S =y WGI(B(’ ¢.‘)U

oS, 1173
‘ 47w R? ( )

If this power is scattered isotropically as we assumed in defining o (and as we
must continue to assume), the power density at the receiving antenna is

oS, e W,G;(Q,., ¢,)0"

S = = 1173
" 4mR} (47R\R,)’ (1.173)
The power available to a matched load at the receiver is then
WG (6, 9)A.. (6, b,)o
w = WG(0, )A, (6, 4) .

' (4"7R1R2)2
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Some characteristics of the cross-section o are clear. The first is that the
cross section depends on the direction of the transmitter and receiver from
the target, not merely on the difference in their directions. For a target as
complex as an aircraft a change of transmitter or receiver direction of as little
as a degree can change the cross section by many decibels. A second
characteristic is that the cross section is independent of the distances R, and
R, if they are sufficiently large to cause a wave from either antenna to be
plane at the target.

A third characteristic is that the received power is dependent on the
polarizations of the two antennas, the geometry of the situation, and on the
target itself. The radar cross section is that portion of the scattering cross
section corresponding to a specified polarization component of the scattered
wave [10]. We will defer discussion of polarization in radar to a later chapter.

If transmitter and receiver for a radar are at the same site, (1.174)
simplifies to

— W.G,(6,$)A (60, d)o
- (4w R*)?

(1.175)

where o is the monostatic cross section of the target. In many cases the same
antenna is used for transmitting and receiving, and the received power is

w — WG, $)A(6, $)o _ W,G(6, $)\'o

g (4mR*)’ (47)°R* (.136)
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1.1.

1.2.
1.3.

1.4.

1.5.

PROBLEMS

Show that the integral of (1.28) is a solution to Poisson’s equation
(1.27).

Prove that (1.51) is correct.

Develop (1.54) by substituting (1.50) and (1.51) into (1.47), keeping
only terms that vary as 1/r.

Find the general E and H fields of the infinitesimal electric current
element from the magnetic vector potential of (1.31). Show that the
time-average Poynting vector formed from these fields is the same as
that given by (1.67).

A practical antenna is the very short center-fed dipole shown in Fig.
P1.5. If length ¢ < A, the current distribution on the antenna is, to a
good approximation,

=z

A
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2
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FIGURE P1.5. Short dipole and associated
I current distribution.
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PROBLEMS 53

Assume that, in (1.33), |[r — r’| may be approximated by r in both the
phase and amplitude of the integrand. Find the vector potential and far
fields of the dipole.

Find the directivity of the short dipole of Problem 1.5.
Find the radiation resistance of the short dipole of Problem 1.5.

Find the loss resistance of the short dipole of Problem 1.5. It is made of

copper with length 10cm and diameter 1 mm. The frequency is
100 MHz.

Determine the radiation efficiency of the short dipole of Problem 1.5.



2

REPRESENTATION OF
WAVE POLARIZATION

2.1. INTRODUCTION

The electric vector of a harmonic plane wave traces an ellipse in the
transverse plane with time, as is well known. In this chapter we develop the
equation of the ellipse for a general, nonplane wave and consider the ellipse
and the behavior of the field vectors in detail for a plane wave. The
parameters commonly used to describe wave polarization, namely, the linear
and circular polarization ratios, the ellipse axial ratio, tilt angle, rotation
sense, and the Stokes parameters, are introduced and related to each other.
A polarization chart based on the familiar Smith chart of transmission line
theory, first discussed by Rumsey, is used, and contours for some common
polarization parameters are shown on the chart. The Poincaré sphere is
utilized, and mapping from the sphere onto several complex planes is
described. This process, which results in standard and nonstandard polariz-
ation charts, is illustrated.

2.2. THE GENERAL HARMONIC WAVE

In this section we will show that a general (nonplanar) harmonic wave is
elliptically polarized and find the equation of the polarization ellipse [1]. A
nonplanar single-frequency wave with components

&(r,t)=a,(r) cos [wt — g,(r)] i=1,2,3 (2.1)

where a, and g, are real, may be written as

54
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u,a,(r) Re [/ 5] (2.2)

E(r, 1) = 2 u,a,(r) cos [wt — g,(r)]

and if we let
E,(r) = a,(r)e /*® (2.3)

be the complex, time-invariant term associated with each real, time-varying
electric field component, then

&(r,1)=Re [5) u,.Ef(r)e"“"] (2.4)

where the u, are real orthogonal unit vectors. For a plane wave the phase term
is given by

g(r)=k-r—3§, (2.5)

but at this point we will not restrict ourselves to plane waves.
If we define the complex vector

3
E(r) = E'(r) + JE'(r) = 2 u,E(r) (2.6)
1
then the harmonic vector field may be written as

&(r, 1) = Re [E(r)e’’] (2.7)

Let us assume that E may be transformed to a new set of axes defined by the
orthogonal real vectors m and n, using the relation

E=E'+E"=(m+ jn)e’ (2.8)
Equating real and imaginary parts of this equation yields

E'=mcosf —nsinf

. ) (2.9)
E'=msin 6 + n cos 6
and solving for m and n leads to
m=E'cos 6 + E"sin (2.10)

n=-—E'sinf +E"cos 8
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If we assume, without loss of generality, that |m|=[n|, and require the
orthogonality condition m-n =0, we find from (2.10) that

2E'-E"

b= —5——
tan 2 IE’[z — IE"lz

(2.11)

Since tan 26 as given by (2.11) is real, our assumed transformation may
be carried out.

Next we substitute (2.8) into (2.7) to find the real field components. We
obtain

€ =Re [E¢’'] = Re [(m + jn)e’’e’*'] (2.12)
and since m and n are real,
€ =mcos (wt+ 6) —nsin(wt+ 0) (2.13)

If at each field point we now set up a local coordinate system with two of
the axes directed along m and n, the field components are

g, =mcos(wt+8) (a)
€, =—nsin(wt+0) (b) (2.14)
€,=0 (c)

where m = |m|, n = |n|. In (2.14) subscript 3 refers to the third of the three
coordinates.
From (2.14) we see that
€., €

;2.+—n-i-=c052(w{+9)+sinz (wf+3):1 (2-15)

This is the equation of an ellipse, in the plane defined by m and n, with
semimajor and semiminor axes mm and n. The field intensity ellipse is shown in
Fig. 2.1. The field vector & terminates on the ellipse, since its components &,
and ¥, are not independent but obey the ellipse equation, (2.15). The
direction of & changes with time as its tip moves around the ellipse with a
direction and velocity we will determine in a later section.

We see then that any harmonic wave, planar or nonplanar, is elliptically
polarized. The plane of the ellipse and its shape and orientation in that plane
are functions of the coordinates of the field point, but not of time.

This development has been concerned with the time-varying electric field,
but it is clear that the magnetic field is also elliptically polarized. See problem
2.7 at the end of this chapter.
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FIGURE 2.1. The polarization ellipse: (a) field intensity coordinates; (b) space coordinates.

2.3. POLARIZATION ELLIPSE FOR PLANE WAVES
A plane wave traveling in the z direction
E=(Eu, + Eu)e ™ (2.16)
results if we use the phase term (2.5) and let the propagation constant be
k=u,k (2.17)
In (2.16) both E, and E, are complex and may be written as
E =|E|e™ E,=|E,|e* (2.18)
so that
E=(u,|E,|e™ +u|E |e™)e (2.19)
and the time-varying field is
€ =Re (Ee’")=u,|E,| cos (wt — kz + ¢,) + u |E | cos (wt — kz + ¢,)
(2.20)
and if we set
B=wt—kz (2.21)

the components of & become
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&,
| |—cosBcos¢—smﬁsmd; (a)
: (2.22)
| | =cos f3 cos ¢, —sin Bsin ¢, (b)
Multiplying and subtracting as indicated leads to
% sin ¢, — ! sin ¢, =cos Bsin (¢, — ¢,) ()
[E | o
(2.23)
€ ; ;
[Ex’ cos |E | cos ¢, =sin Bsin (¢, — ¢,) (b)

Squaring and adding (2.23a) and (2.23b) gives

%2 %

X

€,
cos (¢, — ) +

EP IE.] TE,] =sin’ (¢, — ¢,) (2.24)

|E, J2

This is the equation of a conic, and we have already seen in a more general
case that it represents an ellipse. In (2.24) we set

b=, — &, (2.25)
and the equation becomes
. 2 % 5 bt —= %z ¢ (2.26)
= cos = sin’ :
E] 2TE] T, £

We may see from (2.22), which can be rewritten as

58

ETcos(B+6) @ —cos(B+a) (b)  (227)

|E, ]
that the greatest values of &, and &, are, respectively, | E,| and | E,|. Then the
ellipse of (2. 26) can be mscnbed !l'l a rectangle w1th mdes parallel to the x and

From (2.27) we see thaf for &€, to be maximum
B+d,=0
B+o, =B+ ¢ +(d—0,)=¢

and for € maximum

B+d,=0 B+d,=—d



POLARIZATION ELLIPSE FOR PLANE WAVES 59
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2|B,|
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FIGURE 2.2. Tilted polarization ellipse.

and we find that the ellipse of Fig. 2.2 intersects the sides of the rectangle at
+|E,|, £|E,| cos ¢ and *|E | cos ¢, =|E,|.

The angle 7 of Fig. 2.2, measured from the x axis, is called the tilt angle of
the polarization ellipse. We define it between the limits

0

lIA
lIA

TET (2.28)

Let us find 7. From Fig. 2.3 we easily see that

FIGURE 2.3. Coordinate transformations.
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E=xcosT+ysint (a)

(2.29)
n=ycost—xsint (b)
and the field components transform as
& =% cost+ & sint (a)
(2.30)
g,=—€.sinT+ % cost (b)
Now the components &, and & are also given by
€ =mcos(B+d¢,) (a)
(2.31)

€, =*nsin (B + ¢;) (b)

where m and n are the positive semiaxes of Fig. 2.2, and ¢, is some phase
angle. That (2.31) is correct is easily seen by noting that it satisfies

g2 g

1+_2“=1

m n

In (2.31) €, carries the =+ sign since we have not yet determined the rotation
sense of €. If we consider B + ¢, =0, €, =m, and € =0in (2.31), and then
allow B(=wt—kz) to increase infinitesimally, we see that the + sign
corresponds to counterclockwise rotation of & (as we look at Fig. 2.2) as 8 (or
time) increases, and the — sign to clockwise rotation.

We equate (2.31) to (2.30).

& =mcos(B+ ) =% cosT+ & sinT (a)
(2.32)
é,=*nsin(B+¢y)=—%sint+ & cost (b)

n

Expanding the left side and using on the right the wave components as given
by (2.22), we get

m(cos B cos ¢, —sin B sin ¢,)
=|E,_|(cos B cos ¢, — sin B sin ¢, ) cos T
+|E,|(cos B cos ¢, —sin Bsin ¢ )sinT (a)
*+n(sin B cos ¢, + cos B sin ¢,)
= —|E,|(cos B cos ¢, —sin B sin ¢, ) sin T

+ |E,|(cos B cos ¢, —sin B sin ¢,)cos 7 (b)

(2.33)
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Equating the coefficients of cos B and sin B in (2.33) leads to

m cos ¢, = |E, | cos ¢, cos 7+ |E,|cos ¢, sinT  (a)

m sin ¢, = |E,| sin ¢, cos 7+ | E, | sin ¢, sin 7 (b)
(2.34)
+ncos ¢, = |E,|sin ¢, sin 7 — |E,| sin ¢, cos 7 (c)
+nsin ¢ = —|E,| cos ¢, sin 7+ |E | cos ¢, cos 7 (d)
Squaring and adding the four equations of (2.34) results in
m*+n’=|E[|*+|E,|’ (2.35)

Next we multiply the first and third equations of (2.34) and also the second
and fourth, and add the products, obtaining

tmn=—|E,||E,|sin ¢ (2.36)

Dividing the third equation of (2.34) by the first, and the fourth by the
second gives

n |E.|sin ¢, sint—|E|sin ¢, cos 7

" TE|cos ¢, cos T+ |E,| cos ¢, sin

E,

cos ¢, sin 7+ |E | cos ¢, cos T

~ [E.[sin ¢, cos T + |E,|sin ¢, sin T (2:37)
Cross multiplying and collecting terms in (2.37) gives
(|E.|* = |E,|*) sin27 = 2| E,| | E, | cos 27 cos ¢ (2.38)
If we define the auxiliary angle a by
tana=:§i—= Oéaég (2.39)
then (2.38) becomes
tan 27 = tan 2a cos ¢ (2.40)

We have thus obtained the ellipse tilt angle in terms of the field component
magnitudes and phase difference.

In order to find the axial ratio of the ellipse and the rotation sense of the &
vector let us define another auxiliary angle & by
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n T T
, I T o A S B
tan & e 4_6__4 (2.41)
From (2.41) we may obtain
ST o il (2.42)
m- +n”
and the use of (2.35) and (2.36) leads to
n26=—EEEU£ﬂ~mn¢ (2.43)
|E.[*+|E[*

which will give us the axial ratio, n/m, from the field component magnitudes
and phase difference.

Let us next determine the rotation sense of &. The time-varying angle of &,
measured from the x axis, is

o & B |cos (Bt )
Yy [E,[cos (B + &)

(2.44)

where B = wt — kz. Then

o _ (IE|/|E)[—cos (B +¢,)sin (B +¢,) +sin (B + ¢,)cos (B + ¢,)]
B (1+|E,|? cos® (B + ¢,)/|E,|* cos® (B + ¢,)] cos’ (B + &,)

(2.45)

and at some particular 8, say B =0,

d E. ||E,|sin ¢
L - 2JJ|J e (2.46)
B |E,|" cos® ¢, + |E,|” cos” ¢,
Thus we see that
-3% <0, O<op<m
(2.47)

>0, m<¢<2w

If we look in the direction of wave propagation, in this case the + z direction,
dy/dp >0 corresponds to clockwise rotation of the & vector as 8 (or time)
increases. By definition we call this right-handed rotation of the vector.
Conversely, d¢/dB <0 corresponds to counterclockwise or left-handed rot-
ation. We may see from (2.43) and (2.47) that
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sin26 <0, right-handed rotation

(2.48)
>(, left-handed rotation
From (2.39) we can get
Sin 2& — M{i— (2 49)
|E.I* +|E,|* '
and, if this is used in (2.43), we get a simpler equation
sin 26 = sin 2« sin ¢ (2.50)

To summarize, from a knowledge of the field component amplitudes |E |
and |E‘| and their phase difference ¢ = ¢, — ¢,, we first find the auxiliary
angle a from (2.39). Angle é is next found from (2.50). The tilt angle of the
polarization ellipse is then determined from (2.40) and the axial ratio and
rotation sense from (2.41), where positive & corresponds to right-handed
rotation.

2.4. LINEAR AND CIRCULAR POLARIZATION
In the special cases of |E,| =0, or |E | =0, or ¢ =0, the polarization ellipse
degenerates to a straight line, and the wave is said to be linearly polarized.
The axial ratio will of course be zero, and (2.39) and (2.40) may still be used
to obtain the tilt angle.

If |E.|=|E,| and ¢ =+ }, the axial ratio as given by (2.41) becomes
equal to one, the polarization ellipse degenerates to a circle, and the wave is
said to be circularly polarized—right circular if ¢ = — 3, and left circular if
d=+3m

2.5. POWER DENSITY
From

E=(Eu, + Eju )e " (2.16)

and the Maxwell equations, we can find the magnetic field

1 .
H= Z (=E,u, + E,u )e ™ (2.51)

where Z, is the characteristic impedance of the medium defined by
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Z,= \/%

The complex Poynting vector is then

|E,|*+|E,|*

S, =3:ExH*= 2z

(2.52)

M

with the time-average Poynting vector given by

S=Re[S,] (2.53)

2.6. ROTATION RATE OF THE FIELD VECTOR
In the z =0 plane, the field given by (2.20) reduces to
€=u|E |cos(wt+ ¢,)+uy|E|cos (wr + ) (2.54)

Then the angle ¢ between € and the positive x axis is given as a function of
time by

g oo ] e
and the rate of increase of i with time is
—w|E,||E,|sin
Z_If " [E.|Zcos® (wr + ld;_:)|!|- l“l[EyF c‘:zs2 (wt + ¢,) \2.36)
where, as before,
¢=0¢,— ¢, (2.25)

We see that in general the rotation rate of the field vector is not constant. If
we take the special case of circular polarization,

K
E|=IE| ¢=xT

where the upper sign corresponds to left circular rotation and the lower to
right circular, (2.56) reduces to

o _ _
5 = e (2.57)

Figure 2.4 indicates that —w is consistent with left circular polarization.
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\ Right circular

& Left circular
—w

FIGURE 2.4. Rotation relationships for the polarization ellipse.

We can simplify (2.56) if we note that (2.54) gives, at z =0,
|€]°=€- & =|E,|’cos’ (wi + §,) + |E,|* cos® (wr + ¢,)  (2.58)
Using this, the rotation rate of the & vector becomes

a —w|E||E,|sin ¢
ar Efk

(2.59)

On the major axis of the polarization ellipse, | €| is a maximum, given by m.
Thus the rotation rate is a minimum, given by

W
at

~-w|E||E,|sin ¢

(2.60)

min m

On the minor axis, || is minimum (=n), and therefore the maximum
rotation rate occurs on the minor axis and is

ayr
at

—w|E,||E,|sin ¢

max .f]

(2.61)

2.7. AREA SWEEP RATE

The area swept by the & vector in a time dr as it moves through an angle dir
may be seen from Fig. 2.5 to be

dA = L|E|" du (2.62)
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uy

& (t+ dt)
&' (t)

duy

FIGURE 2.5. Area sweep of the & vector.

Then the rate of increase of swept area is

A |12 Y
ar 2| €| at (o)
and the use of (2.59) gives
2 = ulE||E,|sin ¢ (2.64)

A negative value for the rate of area sweep is quite valid and indicates only
that for right-handed rotation the rate of area sweep is positive, and for
left-handed rotation it is negative.

Equation (2.64) shows that the rate of area sweep is not a function of time
or of position of the tip of the electric field vector on the polarization ellipse.
This may be considered a kind of Kepler’s second law for electromagnetics.
The laws are not precisely the same for electromagnetics and planetary
motion, however, since the Kepler laws state that the planets move around
the sun in ellipses with the sun at one focus, and the radius vector from the sun
to a planet sweeps out equal areas in equal time intervals [2]. The electric field
vector drawn from the ellipse origin, not a focus, sweeps out equal areas in
equal intervals of time.

We note also that the & vector completes one rotation in the time

2
e (2.65)

w

2.8. ROTATION OF € WITH DISTANCE

If we set r=0in (2.20), we can find the position angle of & as a function of
distance z,
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= ]E}_| cos (—kz + ¢,)
|E | cos (—kz + ¢,)

¥ = tan (2.66)

A comparison of (2.66) and (2.55) shows that we can find the rotation rate of
% with distance at a fixed time if we replace win (2.59) by —k and t by z. Then
the rotation rate is

ay _ k|E,||E,|sin ¢ (2.67)
iz |E,|*cos® (—kz + ¢,) + |E,|* cos’ (—kz + &,) '
and since the denominator is obviously |&|* at t=0,
W k|E,| |E,|sin ¢ e

iz 18|

This indicates that the rotation rate with z is minimum at the major axis of the
polarization ellipse and maximum at the minor axis, just as it was with the
time rotation rate.

If the rotation of & with increasing time in a fixed plane is clockwise, the
fact that (2.59) and (2.68) have different signs shows that the rotation with
increasing distance at a fixed time is counterclockwise. We may think of a
right-handed circular wave at fixed time in space as looking like a left-handed
screw. With increasing time the screw rotates in a clockwise direction as we
look in the direction of wave motion. This is shown in Fig. 2.6.

w7 =
¥ /
-~
-~ ~ -
~
o ‘)/ -
& U
~ fo -
-~
- )< e

FIGURE 2.6. Rotation of & with time and distance for a right-handed circular wave,
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We may see from (2.66) that the distance between two points of the wave
having parallel field vectors at constant time is

Az==T =) (2.69)

2.9. THE POLARIZATION RATIOS

A description of the elliptically polarized wave in terms of tilt angle, axial
ratio, and rotation sense leads to a good physical understanding of the wave,
but it is not convenient mathematically. In this and the following sections the
wave will be characterized by more tractable mathematical terms.

The time-invariant E field of (2.16) may also be written as

E = Ey(u,a+u,be’*)e’ (2.70)

if we extract a common complex term E,. For convenience we drop the
distance phase term and write

E = E,(u,a+u,be’") (2.71)

Without loss of generality, we can choose E; and ¢ so that a and b are real
and

-

a+b=1 (2.72)

Then E,, has the same phase as E_, and ¢ has the same meaning as in previous
developments, the phase lead of E_ over E..

The value of E, does not affect the wave polarization in any way, and
except in questions concerned with power, we will neglect it. We define a
polarization ratio P, which alone carries all necessary polarization inform-
ation, by

E, b .
P=gl=—¢" (2.73)

This is a commonly used definition, although we will see shortly that a slightly
different definition is sometimes useful. Some special values of the polariz-
ation ratio are:

Wave Characteristics P
Linear vertical E.=a=0 e
Linear horizontal E,=~b={ 0
Right circular a=b, ¢p=—mwl2 —j
Left circular a=b, p=+7l2 +j
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In the following sections we will determine ranges of P for other polariz-
ations.

2.10. CIRCULAR WAVE COMPONENTS
Consider the complex vectors [3]

w, =u, +ju, (a)

(2.74)
wR:“.t_j“y (b)
If we write these in the form of (2.71)
\/_( —+u . e“’z) (a)
x .\/’" .\/"'
(2.75)

1 1 —jmi2

wR=\/§(ux BT e ! ) (b)

itis clear that if we think of w, and w,, as fields propagating in the z direction,

then w, is a left circular wave (a=b, ¢ = 3 ), and w, is a right circular

wave. To put this another way, if we find the real time-varying field associated

with the complex time-invariant fields (2.74) we find

Jole™*] = u_ cos (ot — kz) + u, cos (wt—kz+ im) (a)
(2.76)

|=u, cos (wt — kz) +u, cos (0t — kz — 1@ (b)

Re[w, e
Re [wpe’'e ™™

and these may be recognized as real time-varying vectors of constant
amplitude rotating, in order, in a left- and right-handed sense.
The field E may be expanded in terms of @, and wg, giving

E= Ej(u.a+ube’’)= E(Lw, + Rewp) (2.77)

where @ is the phase difference between left and right circular components,
and if we use (2.74),

ua+ uybejd’ = Lfu, + o)+ Re”’(u, —Jju,) (2.78)
Equating coefficients of like unit vectors we obtain
a=L+Re” (a)

_ ‘ (2.79)
be’* = jL — jRe’ (b)
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and solving for L and Re’” gives

L=1i(a—jbe’") (a)

. . (2.80)
Re’ = L(a+ jbe’*) (b)
Note that L and R, unlike a and b, are complex. The ratio
TN
L =L o _ 4 jbe (2.81)

Re® R® 7~ a+jbe’®
is also in general complex. However, we can absorb the phase angle of
(a — jbe')/(a + jbe’*) into angle 6, so that L/R is real. We could also in
(2.77). by extracting a term, Ej, with a different phase, make L and R real,
but there is little reason to do so.

From (2.80) we may easily obtain

|LI>+|RI>= 4 (2.82)

Just as a and be’® in (2.71) represent the x and y rectangular wave
components, L and Re” represent the left circular and right circular
components of the general elliptical wave.

Let us define a ratio of the circular wave components, in analogy to the
definition of P in (2.73). The complex quantity g is

y= % o i? (2.83)
If E were written as
E=(wE, +wEz)e™ (2.84)
just as we wrote
E=(uE, +uE)e ™ (2.16)
then ¢ would also be
E,
1=F. (2.85)

We will see later that all of the characteristics of the polarization ellipse
may be determined from a knowledge of P or q. We previously used the name

polarization ratio for P. It seems appropriate to call g the circular polarization
ratio.
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2.11 RELATIONSHIP BETWEEN P AND g, AND THE MODIFIED

POLARIZATION RATIO

From (2.83) and (2.81) we see that

ik i = @ ufbe"_"’ _ l~j(bfa)e’:""
17 R a+jbe® 1+ j(blaye’”
and if we use (2.73),
_1-jP
1= 1+jp
Solving for P in terms of g gives
Yl
==t 1+gqg

(2.86)

(2.87)

(2.88)

In both (2.87) and (2.88) P is multiplied by j. To remove this we define [4]

p=jF
and substitute into (2.87) and (2.88), obtaining

1-p
=53 -
. Y=g
1+q

(2.89)

(2.90)

(2.91)

The symmetry is pleasing, but more importantly we will see later that the
form of (2.90) and (2.91) allows polarizations to be plotted on the common
Smith transmission line chart. Much of our later work will be carried out using
p, which will be referred to as the modified polarization ratio. From (2.89)

and (2.73) we have

E b .
=7 _}' = — it
Pl =iyt (2.92)
Some special values of P, p, and g are:
Wave Characteristics P p q
Linear vertical E . =a=0 o j® -1
Linear horizontal E =b=0 0 0 +1
Right circular a=b, ¢ =—3m; —j +1 0
L=1%(a—jbe’*)=0
Left circular a=b, ¢=13m; +j -1 o
Re” = 1(a+ jbe*)=0
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2.12. ELLIPSE CHARACTERISTICS IN TERMS OF g

From (2.77) and (2.83) we can obtain

E = E,Re”(quw, + @) (2.93)
Let
6 = ang (EyR) (2.94)
so that
E= |EnR|€"'aem( qw, + wg) (2.95)
and
&€ =Re[|ER|"" ) (qo, + wp)] (2.96)
If we set
B=wt+8—kz (2.97)
we obtain
= _ Re [P (qo, + wp)] (2.98)
[EoR] qon, +iety -
and
2¢ J(B+0) —~[(B+0)s 4w i
[ER] & Amptug)te (¢'wf+ o)) (2.99)

We see from (2.74) that

W @) =wwp=2 (b)
(2.100)
w cwp=wp o, =2 (c)
W, 0= 0y 0] =0 (d)
If we multiply (2.99) by its conjugate and use (2.100) we obtain
|2 " -
] =1+ |q|* + qe* P 4 gre /2D (2.101)

|ER|?
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and making use of the definitions for 8 and g, we get

&l
|ER[*

=1-+]g]" +{g|e/P 4| gle R

=1+ |q|* +2|q| cos (2wt + 286 — 2kz + 0) (2.102)
We easily see from this equation that the maximum value of |&] is
€] max = | EoRI(1 + |q]) (2.103)
which occurs at
2(wt+8—kz)+6=0 2w, ... (2.104)
and the minimum value is
1€l min = |EoR| [1 =4l | (2.105)
which occurs at
wt+dé—kz)+0=m 3m,. .. (2.106)

The axial ratio of the polarization ellipse is then

—

+ 4]
=l

AR = | { (2.107)

—

Note that this definition of axial ratio is the inverse of the relation n/m used
previously. This should not cause any confusion to the reader. Since we
assumed m > n, an axial ratio greater than one is clearly m/n.

In order to find the tilt angle of the ellipse, we return to (2.99) and
substitute in it the values for ¢, B, w,, and w,. This leads to

=ux[cos(mr+6~* kz +:4) + L2 cos (wt + 8 —kz)}

|ER] R

- uy[sin (wt+8—kz+6)— % sin (wt + & — kz)] (2.108)
Now we recall from (2.104) that |€| is maximum for

wt+8—kz=-310, w—10,. ..

and if we substitute the first of these values into (2.108) we obtain
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iE%RI —u,(cos I+ Ecos 3) +u,(sin s+ Esin D) (2109)
0

The rotation angle of &, which is the tilt angle of the ellipse, since |%] is
maximum, is given by

_, (1+ L/R)sin (6/2)

= -1 _¥ =
TEtan g TN Y LIR) cos (6/2) (A0
Solutions to this equation are
T=30 T+ 36 (2.111)

We wish to keep 7 in the range 0-17, so the first form can be used for 6 positive
and the second for 6 negative.

2.13. ELLIPSE CHARACTERISTICS IN TERMS OF p AND P

Combining (2.107) and (2.90) gives the axial ratio in terms of p. It is

|1+ p|+[1-p
T+ pl—11-pl (e

AR =

The tilt angle can be found from (2.111), (2.86), and (2.90). The result
is

g _ (I1=p)/(1+p)
Tal ~ 1A= p) 1+ p)] (2.113)

These equations are not as convenient as those giving ellipse characteristics in
terms of the circular polarization ratio g. In terms of the common polarization

ratio P, using (2.89) quickly leads to

|1+ jP|+]1—jP|
AR = |3 - —— 2.114
[1+jP| = [1—jP| -
and

e _ (1= jP)I(1 4 jP)
[(T=jP)I(1+ jP)]

e (2.115)

which are also less easy to use than the equations in terms of g.
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2.14. POLARIZATION CHARACTERISTICS FOR
RANGES OF p AND ¢

The complex parameters p and g each contain all the information about the
polarization of a wave. It is not immediately clear, however, from a
knowledge of p or g just what the polarization ellipse characteristics (or more
generally the physical polarization characteristics) are. For example, what are
the tilt angle, axial ratio, and rotation sense of a wave if p = p, = 2¢/™*? For a
second wave, if p,=2e¢’"'°, are the two waves somewhat similar in
polarization characteristics or do they differ greatly? If we have two antennas
that will transmit, respectively, waves with these polarizations, can they be
used satisfactorily in a transmit—receive configuration? The answer to the last
question is reserved for a later chapter, but we will begin here to examine the
first two.

From (2.59)

W —w|E,||E,|sin ¢
i Bk

(2.59)

which gives the rate of increase of ¢, the angle of € measured from the x axis,
we see that y/dt is negative, corresponding to left elliptic rotation (LER), for

0<¢<m LER
and that dyr/dt is positive, corresponding to right elliptic rotation (RER), for
7<¢p<2m RER
The end points of these ranges correspond to linear polarizations. Now
p=fP=jgef'¢=§(fcos¢;—sinqs) (2.116)

and we see that for left elliptic rotation, 0< ¢ <

Re(p)< 0}

Im(P)>0) LER (2.117)
and for right elliptic rotation

Re (p) > 0}

Im(P)<0) RER (2.118)

From (2.116) and the definition of g, it quickly follows that

I = 1-p 1—-p* _1+2(b/a)sin ¢ + (b/a)®
1+p 1+p* 1-2(bla)sin ¢ + (b/a)’

(2.119)
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and we see immediately that for left elliptic rotation, 0 < ¢ < 7, and right
elliptic rotation, 7 < ¢ <2, respectively,

lgl>1 LER (a) |g|<1 RER (b) (2.120)

We might have expected this from the defining relation

G g

= (2.83)

Thus for a general elliptical wave, which we know can be separated into left
and right circular components, |g| <1 corresponds to |L| <|R|, which results
in a right-handed rotation of €.

2.15. THE TRANSFORMATIONS p(q) AND q(p)

Before we consider the transformations

= Lp

q_1+p (2.90)
_1-¢g

p_l+q (2.9%)

let us examine a configuration that gives rise to similar equations, the electric
transmission line shown in Fig. 2.7. In terms of the current at the load or
receiving end, the voltage and current at any point on the line are given by

Ir

V=3 [(Za+ Zy)e" +(Zp~ Z)e ] (a)

I

(2.121)

! -
1 “2_'5; [(Z; + Zo)e?d =(Zg—2Z,)e™] (b)

| < +

.

W\
N
E-]

|
|
|
|
I
[
> |
|
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|
T
[

FIGURE 2.7. The transmission line.
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where Z is the load impedance, Z, the characteristic line impedance, and vy
the propagation constant, given in terms of the line parameters by

_ |R+jwL _ - -
Z,= G+joC y=V(R+ joL)(G + joC) (2.122)

The voltage reflection coefficient K is defined as the ratio of the reflected
voltage wave [second term in (2.121a)] to the incident voltage wave [first term
in (2.121a)]. Similarly, the current reflection coefficient is the ratio of the
reflected current to the incident current. Mathematically, they are

_Zr=Zy 2y
K= Z. % Z, e (a)
w5 (2.123)
— _ LR %0 -2yd _ _
K, Z, + Z, e K (b)
If the impedance of the line at any point is defined as
|4
Z= 7 (2.124)

its normalized value may be found from (2.121) and (2.123) to be

Z 1+K _1-K,

ZZ-Z_(,:l—K_l-E-Kf (2.128)
Solving for K and K, leads to
g=1 1—z
K= P (a) K,= 172 (b) (2.126)

and we see that the transformation between z and K, (not K) is the same as
that between the polarization parameters p and q.

Now it is well known that if curves of constant Re (z) and constant Im (z)
are plotted on the complex K plane, a widely available transmission line
chart, the Smith chart, results. While the common usage of the Smith chart
employs z and K (not K,), nevertheless, it can also be used with the K,
coefficient.

We see here the advantage resulting from the use of the modified
polarization ratio p = jP, rather than P itself. The transformation between p
and g is such that it can be made with the commercially available Smith chart.

We must make a choice at this time. The Smith chart is plotted on the
complex K plane. Shall we consider g analogous to K and plot our curves on
the complex g plane, or shall we plot on the p plane? Rumsey [4] has pointed
out that the simplest type of impedance transformation is that due to adding a
uniform section of lossless transmission line, which causes a phase change at
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constant amplitude of K. The simplest type of polarization transformation is
that caused by rotation of the antenna producing an elliptically polarized
wave that causes a phase change at constant amplitude of g. (It is obvious that
an antenna producing a known pair of circular waves—to produce an elliptical
resulting wave—must still produce the same pair if it is rotated; therefore |q|
is constant.) Then it is convenient to consider the analogs ¢, K, and p, z.

Even more important, on the g plane all right elliptical rotations will fall
within the unit circle |g| < 1. This unit circle is important since the common
Smith chart is restricted (for convenience) to the unit circle. If the p plane
were used for the plot, the left-half plane would contain all LER points and
the right-half plane all RER points [from (2.117) and (2.118)]. Then the p
plane would have to be infinite to contain all polarizations.

We will therefore use the g plane for our plots. Rather than use the
equations for plotting curves on the Smith chart, we will develop new
equations in terms of p and g. We may thus avoid the confusion inherent in
translating, for example, from Re (z) to Re (p) and from K,(= —K) to q.

In (2.90) and (2.91), let

p=u+tjv (a) g=s+jt (b) (2.127)
Then

1-q 1-s—jt 1-s"—1—j2
T 14+g l4s+jt (1+s)P+1

(2.128)

Equating real and imaginary parts of this expression, collecting terms, and
completing the squares gives, if u# —1 and v #0,

o+ i) +o= () @

crre(eng) = (3)

v

(2.129)

The equations (2.129) describe two families of circles on the complex g
plane. One family has centers at

Smfc=“u+1 ) (2.130)
and radii
- - } (2.131)
u+1 '

The second has cc.nters at



THE TRANSFORMATIONS p(g) AND g(p)

1
S by =1, = ;
and radii
1
r=|-
v

79

(2.132)

(2.133)

Some of these circles are shown in Fig. 2.8. It is obvious that the portion of
the complex plane within the circle of unit radius, |g| <1, is identical to the

common Smith chart.

t(f)

g Plane
(w Plane)

-2

s (e)

FIGURE 2.8. The g plane with curves of constant u and v.
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In developing the previous equations for the polarization plot, we excluded
the values u = —1 and v = 0. We see, however, that as u — —1, the first family
of circles with centers and radii given by (2.130) and (2.131) merely
degenerates to a straight line, the vertical line s = —1. As v— 0, the second
family of circles yields the horizontal axis. We are therefore not required to
exclude these values for u and v.

2.16. THE TRANSFORMATION FOR u <0

We see from (2.129) and Fig. 2.8 that for 0 > u > —1, the circle center for the
family of circles u = constant is on the +s axis. Further, all the circles pass
through the point (s = —1, ¢t = 0) since the radius exceeds the location of the
center by

1 |u| _1+u_1
u+1 u+1 u+1

All the circles for 0> u > —1 therefore lie outside the unit circle.

For u < -1, the circle center is on the —s axis. Again the circles pass
through s = —1, 1 =0, since the magnitude of the distance from the origin to
the circle center exceeds the circle radius by

| 1 _
lu+1]  |u+1]

1

We see therefore that all values of u =Re(p)<0 transform to points
outside the unit radius circle |g| = 1. This might have been expected, since
|g| <1 corresponds to right elliptic rotation and Re ( p) > 0 also corresponds
to right elliptic rotation. This appears to leave us in the unsatisfactory
situation of being limited to right elliptic polarizations, at least inside the unit
circle, which is normally all that is considered for the Smith chart.” In order to
eliminate this restriction, for u=Re (p)<0 we define a new circular
polarization ratio in the following way:

First we define a new phase term vy (not to be confused with the
transmission line propagation constant discussed earlier).

y=—0 (2.134)

Then the circular polarization ratio g may be written as

qg= % e P = Qe (2.135)

t

We have set up a correspondence between p and z, and only positive values of Re (z) are needed
for most transmission line studies. It is then not surprising to find ourselves restricted to positive
Re ( p) or right elliptic polarizations.
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where

0=lql=% (2.136)

The phase term 7 is defined in this manner in order to have a symbol for the
phase of g without the confusion of the negative sign. Now if Q > 1, our
polarization point will be outside the unit circle. It then seems appropriate to
define a new polarization parameter involving 1/Q for use when Q > 1. Two
reasonable definitions, 1/q or 1/g*, are possible. Let us use 1/¢*, which has
the same phase angle, v, as g, and in fact is a reflection of g in the unit circle.
Therefore we define

A R
w=—=—c¢ =W 2.137
0 ( )

and consider the transformation from p to w. Substituting (2.137) into (2.91)
gives

v b LTI e

p_1+q_1+1fw*_w*+1 (2325)
and solving for w gives
1+ p*
w= 1—£* (2.139)

We no longer have symmetric transformations as we did between p and g, but
nevertheless the forms (2.138) and (2.139) suit our purpose.” We next let

w=e+jf (2.140)

and repeat the steps leading to (2.129) for the families of circles on the ¢
plane, setting

wt—1 e—jf—1 e —1+f>—2jf
w +1 e—jf+1 (e+1)Y+f°

p=u-+jv= (2.141)

and equating real and imaginary terms and completing squares. The result is
2 2
) -9
+ =
(e w1 ) +f 1 (@)

(~«:+1)2+(,er%)2=(1)2 (b)

v

(2.142)

1 . . ag sgs .
The use of w=1/q, which was mentioned as a possibility, also would not have resulted in
symmetric transforms between p and w.
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These equations represent families of circles on the complex w plane. The

first family, for constant u, has centers at

u,o

e fo=—77 (2.143)

and radii
1
(2.144)

u—1

r:

and the second family, for constant v, has centers at

1
e, f=—1, -2 (2.145)

and radii
e |- (2.146)
Let us compare the g- and w-plane plots
g = s + jt Plane w = e + jf Plane
B pawn el
(3+ui1)2+’2=(ui1)2 (e+uil)2+f2=(ul—l)2

(s+1)2+(r+%)2=(%)2 (e+1)2+(f+%)2=(%)2

Family of Circles, u = Constant

Center at —— , 0 Center at —— ,0
u+1 n—1
5 1 ;
Radius = —’ Radius = ‘—‘
u+1 u—1
Family of Circles, v = Constant
1
Center at —1, — — Center at —1, — —
v v
|
Radius = ‘hl Radius = |l‘
v v



POLARIZATION CHART AS THE p PLANE 83

The comparison of the circle centers and radii for the two planes clearly shows
two facts.

1. The circles on the ¢ plane for some u, say u
circles on the w plane for u = —u,.

2. The circles on the g plane for some v, say v = vy,, are identical to the
circles on the w plane for v =v,.

u,, are identical to the

It follows, therefore, that Fig. 2.8 may be considered the g plane with all
curves u = constant inside the unit circle corresponding to positive values of
u. All polarization points inside the unit circle on the g plane correspond to
right elliptical polarization. With equal justification, Fig. 2.8 may be consi-
dered the w plane with all curves inside the unit circle corresponding to
negative values of u. All polarization points inside the unit circle on the w
plane correspond to left elliptical polarization. A particular circle u = u, on
the g plane would be labeled —u, on the w plane. For the two planes there
is no difference in the constant v circles. In fig. 2.8 all values relating to the
w plane are in parentheses.

We can find the polarization ellipse characteristics in terms of w by use of
the equations for the ellipse characteristics in terms of g and the transform-
ation between q and w. They are:

B ]+]q]|_‘1+|1;’w*]

AR= | = 1ql| = | T= 7w
and since by definition the phase angle of w is the same as that of g, that is, v,
the tilt angle is still

_IPHM
1= v

(2.147)

0=—1y (2.148)

-
[T

S
The rotation sense of the wave is left handed if

lg|>1 |w|<1
and right handed if

lg| <1 |w|>1

2.17. POLARIZATION CHART AS THE p PLANE

Since p(q) and g( p) have the same form, it is obvious that we can consider
the polarization chart, Fig. 2.8, as the p plane, with the circles being curves of
constant Re (¢) and constant Im (¢g). This use has limited value, however,
since all polarizations of interest do not fall within the unit circle.
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2.18. COINCIDENT POINTS ON THE g AND w PLANES

Figure 2.8 represents the g plane for right elliptic polarizations and the w
plane for left elliptic polarizations. Any wave polarization is represented by a
point on this chart. On the other hand, a point on the chart represents two
polarizations, one left handed and the other right handed. Consider the
polarization described by a point g, and that described by the coincident point
w, (not the transformed point w =1/g"). Then

Wo = (g
From (2.147) we see that
1+ |ql ( ‘ 1+ |w,|
AR| = | = AR|,,
w = lfi'n 1- [“’u' | i
and
| =30="1],,

We see then that coincident points on the g and w planes represent waves
having the same axial ratios and tilt angles, but opposite rotation senses, since
the g plane represents all right elliptic rotations and the w plane all left.

2.19 CONTOURS OF CONSTANT AXIAL RATIO AND TILT ANGLE

It is often useful to consider contours of constant axial ratio and tilt angle on
the polarization chart. To obtain the curves of constant axial ratio, we note
from (2.147) that contours of constant axial ratio are also contours of constant
|g| or |w|. These are circles on the g or w planes with centers at the origins.
On the g plane inside the unit circle where |g| < 1, the circle radius is found
from (2.147) to be

o na  AR=]
Radius = |g| = AR 1 (2.149)
and on the w plane, (2.147) likewise yiclds
. 4.4 AR-1
Radius = |w| = VS (2.150)

We see that for a particular axial ratio, the circles on the g and w planes
coincide. This also follows from Section 2.18 where we saw that coincident
points on the g and w planes represent polarizations with the same axial ratio
and tilt angle.
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135°
1 —
3 o
1 \K
o= 45°
| | |
-1 0 1
Refq)

FIGURE 2.9. Curves of constant axial ratio and tilt angle.

Contours of constant tilt angle, for either the g or w plane, are found from
y=ang g =ang w= —27 (2.151)

Since we have constrained 7 to the range 0=7= 7, the range of vy is
O=zy=-2m.

Figure 2.9 shows curves of constant axial ratio and tilt angle on the g and w
plane. Note that left and right circular waves, AR =1, are represented by
points at the origin, |g| = |w| =0, and linear polarizations, AR — o, by points
on the unit circle, |g|=|w|=1.

2.20. CONTOURS OF CONSTANT |p|

In Fig. 2.8 we have curves of constant Re ( p) and Im ( p). Let us now obtain
curves of constant |p|. We take first the RER case and use
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l1—g
pETT - (2.91)
which becomes
— {2 Qe.f'f
|ple’® ™ = 1+ Q" (2.152)

Multiplying both sides by the complex conjugate and rearranging leads to

2

, 1+ |p|? 1+ |p*\? + | p*\?
@*—2 lplec057+( “"2) =(ﬂ) 1 (2.153)
1-|pl| 1-|p| 1-|p]

Now a circle in plane polar coordinates (Q, y) of radius r and center at
(¢, @) is given by

0*—20Qcos(y—a)+ €=’ (2.154)

where 0 < (y — a) < 2. This is readily seen by applying the law of cosines to
Fig. 2.10.

Therefore (2.153) represents a family of circles on the g plane with center
at

1+ |p|
Ot =7—r3 +0 |pl<i (2.155)
1—|p
and with radius
]+ 2y 2 142
;=[(—M) —1] Ipl<1 (2.156)
1—|pl
Q r
(£, a)
Y

T et

FIGURE 2.10. Circle with polar coordinates.
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If |p|>1, we note that (2.153) is not in the correct form (2.154) to
represent a circle. For this case, we rewrite it, dividing numerators and
denominators by |p|% to obtain

1+1/|p|®
1-1/|p|?

1+1/|p|?

2
={——=]| -1
[1—1f|p|2]

(2.157)

1+1f|p|2]2

Q%*-2cos(y =) Q+[1_”“9|2

Comparison to the standard equation shows that this represents a circle on
the g plane with center at

1+1/|p)?
Qi V™ ITl—ft_p:_z 7 |p|>1 (2.158)
and radius
l_i_lfflplz 2 1/2
”=[(1_—‘1;[p|z) -1 |p|>1 (2.159)

We consider next the left elliptical case for which

w*—1 We " —1
P= e Wo " + 1 (2.160)

If we multiply both sides by the complex conjugate, just as we did with the
RER case, we get

_ W?—2Wcosy +1
W?+2Wcosy + 1

|p|* (2.161)

This equation may be put into the form of (2.153). Therefore (2.161)
represents circles on the w plane with centers and radii that may be found
immediately from the preceding equations. The results are

+pl?
WC!yc=i__%10 (a)
2 Ipl<1  (2.162)
1+1p|22 112
(2 R LS
1-|p|
1+1/]pl?
W, = L (a)

c r_]-_‘]"flplz,?r

":[(M)z—llm (b) U
1-1/|p|
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It is obvious from these results that the circles of constant | p| coincide for the
g and w planes.

2.21. CONTOURS OF CONSTANT ¢

Let us now examine contours of constant ¢, the phase difference between x
and y components of the propagating wave. Again we take the RER case
first. If the conjugate of

oy Iy
|eis +miny _ 1= Q€7 (2.152)

p=lp 1+ Qe

is first added to p and then subtracted, and if the difference is divided by the
sum, the result is

_2 1
tan (d, 4 g) = %Z“z—” (2.164)
If we write
7
C=cot ¢ = —tan (q‘;+ 5) (2.165)
then (2.164) becomes
, 20 ( 77) 1 1
S B . i = 2
Q C o8 vy + > + ok 1+ o (2.166)

This is the standard form for a circle, so it represents a family of circles on the
g plane with centers at

0, = lC =tan ¢ (a)
C>0 (2.167)

S

== (b)

and radii

) =G+t gy ohecgl €50 (168

.
C

These equations are restricted to C >0 since (2.166) is in the standard form
for a circle only if Q/C >0, and Q >0 by definition. The condition C >0
requires

C=cot¢ >0 (2.169)
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and this in turn leads to

3
0<¢,<*2Tf LER w<¢<7'” RER

We need not consider the range of ¢ giving left elliptic rotation, since for
LER we do not use the g plane.
For C <0, we may rewrite (2.166) as

1
QZ-%COS()’—;)+L=1+— (2.170)

Now

C=cot ¢ <0 (2.171)

gives ranges of ¢ that are

§<¢<7r LER 37“<¢<2w RER

Again we consider only the right elliptic case. From (2.170) the circle centers
are

1
Q=Te1~ tan ¢| (a)
(2.172)
a
Ye=3 (b)
and the radii are
r=sec ¢ (2.173)
Next, we consider the LER case, for which
|ple v Ny (2.174)

Adding and subtracting the conjugate equations and dividing the difference
by the sum leads to

—2W sin y
tan (q’; + 2) = (2.175)
Again we use
m
C=cot¢p= —tan(d) + ~2—) (2.165)

and this leads to
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2 cos ( W)-ﬁ-L:l-i-iz (2.176)

90

For C >0, this time we exclude the RER case, and ¢ has the range
0<¢<g LER

Then (2.176) represents circles on the w plane with centers

1
WfZE =tan ¢ (a)
(2.177)
w
%=3 (b)
and radii
1\'"? 2 112
r=(1+ 3) =(1+tan” ¢)'"* =sec ¢ (2.178)

For € <0, we once more exclude the RER case and let the range of ¢ be

i

<¢<m LER

e

We rewrite (2.176) to be

LW—@%m(+3%-lﬂ+l 2.179
YT 2T @ & G272

and the circle centers and radii on the w plane turn out to be

W, = 2 [tan | (a)
(b) (2.180)

At this point a summary would be useful, and we show here the centers,
radii, and range of ¢ for the two polarization states.

RER LER
Q,=tan ¢ W, = |tan ¢|
T » T
= P
& 2 : 2
r=|sec ¢| r=|sec ¢| (2.181)
37 T
<< ‘—2— E <¢p<m
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RER LER
Q. = |tan ¢| W, =tan ¢
. .
yc - 2 ,yf - 2
(2.182)
r=seca¢ r=sec ¢
37

o
7<q‘.}<2‘n’ 0<¢<‘2—

We can condense this summary further to

t(f)

-1

g or w Plane

I | |

-1 0 1
s (e

FIGURE 2.11. Curves of constant |p| and ¢.
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RER LER

Q. =tan¢ W_=tan ¢

U y 'n'
YeT T 5 e~ 5
¢ 2 2
(2.183)
r=|sec ¢| r=|sec ¢|
T ¢ <27 <<

if we adopt the convention that Q_and W, can take on negative values. Then
v, is simply increased by 7 whenever tan ¢ becomes negative.

We see from this summary that on the combined g and w plane the g-plane
circles for 7 < ¢ < 37 coincide with the w-plane circles for 7 < ¢ < .
Likewise the g-plane circles for 37 < ¢ <27 coincide with the w-plane
circles for 0< ¢ < 3.

Figure 2.11 shows the circles of constant | p| and constant phase angle ¢ on
the ¢ and w planes. The constant | p| circles are the same for both planes. The
constant ¢ circles are labeled with the value of ¢ and either R or L, meaning,
respectively, right elliptical polarization, in which case the chart is considered
the g plane, and left elliptical polarization, in which case it is the w plane.

We have not plotted all of the contours of constant Re ( p), Im ( p), AR, 7,
| pl, and ¢ on the same polarization chart because on a small chart this would
be confusing. On a large chart, however, these plots allow one to obtain
quickly any polarization parameter from a knowledge of others.

2.22. STOKES PARAMETERS

In his studies of partially polarized (quasi-monochromatic) light, Stokes
introduced four quantities to characterize the amplitude and polarization of a
wave. For strictly monochromatic waves these Stokes parameters are

SU=|E.\‘[2+ |E“y|2 (a)

Sl =|Ex|2-—[Ey|2 (b)
(2.184)
5,=2E,||E|cos ¢ (©

S, =2|E,| |EJ,| sin¢ (d)

where |E,|, |[E,|, and ¢ are, as defined previously, the component amplitudes
and phase difference of the wave.

It is obvious that the parameters are sufficient to describe both amplitude
and polarization. Parameter S, gives the amplitude directly, while |E_ | and
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|E,| can be found from S, and S,. Then ¢ may be determined from either S,
or S,. Only three of the equations are independent since it is easily seen from
(2.184) that

Si=82+85+S? (2.185)

It is not difficult to relate the Stokes parameters to the terms used
previously for describing the polarization ellipse. From (2.43) and the
definitions of the Stokes parameters, we get

_2|E||E,|sin¢ S;

sSin26=———F—5 =
|Ex|2+ |Ej'|2 SO

or
S, =S, sin 28 (2.186)

where & is the auxiliary angle from which we found the axial ratio of the

polarization ellipse.
From (2.40) for the tilt angle of the ellipse and (2.39) we find

2 tan a cos
tan 27 = tan 2a cos ¢ = Zmacoig

1—tan’ a
- 21lillix‘iy1|;0y72¢ - g—‘: (2.187)
If (2.186) and (2.187) are substituted into (2.185) we are led to
S, =S8, co0s28 cos 27 (2.188)
Substitution of this equation into (2.187) in turn gives
S, =8, cos 28 sin 27 (2.189)
2.23. THE POINCARE SPHERE
Collecting some of the previous equations, namely,
So=|E,|*+|E, (2.184a)
S, =S, cos 28 cos 27 (2.188)
S, =S, cos 28 sin 27 (2.189)

S, =S, sin 26 (2.186)
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z

X 27

FIGURE 2.12. The Poincaré sphere.

suggests a geometrical interpretation of the Stokes parameters. S,, S,, and S,
are the Cartesian coordinates of a point on a sphere of radius S,. Then 28 and
27 are the latitude and azimuth angles measured to the point. This interpret-
ation was introduced by Poincaré, and the sphere is called the Poincaré
sphere. Such a sphere, with the Stokes parameters and the angles 26 and 27, is
shown in Fig. 2.12.

Since we can describe the amplitude of a wave by S, and its polarization by
S, S5, and S, it is clear that any wave can be described by a point on the
Poincaré sphere. To every state of polarization there corresponds one point
on the sphere and vice versa.

2.24. SPECIAL POINTS ON THE POINCARE SPHERE
Left Circular
For this case
|E|=|E,| =37

Then the Stokes parameters become



SPECIAL POINTS ON THE POINCARE SPHERE 95
So=|E|* +|E,|*=2|E,|’

SI = ]Exlz - |E‘)'|2 =0

SZ :2|Ex[

Ej,lcosqb =0
SB = 2IE‘,\'[ |E_}| Siﬂ ";6 =".'J‘llf;“xlz = SO

and the point representing the polarization of this wave is the north pole (the
+ z axis) of the Poincaré sphere.

Right Circular
For this case

|E|=|E,| ¢=—3m
¥

So=2|E,|”
$,=5,=0
S,=—5,

which is the south pole of the sphere.
Left Elliptic
For this we have
o<op<m
and it follows from (2.184d) that
5,>0

and all points for left elliptic polarizations are plotted on the upper
hemisphere.

Right Elliptic
For this,
7<¢<2w S, <0

and right elliptic polarization points are in the lower hemisphere.
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Linear
For linear polarizations, if |E,| and |E | are nonzero, then
¢=0,m
and from (2.184d)
S,=0
and all linear polarization points are at the equator.

For linear vertical polarization the polarization point is at the —x-axis
intersection with the sphere and for linear horizontal it is at the +x-axis
intersection. The + y-axis intersection corresponds to linear polarization with
a tilt angle of {7, and the —y-axis intersection to a tilt angle of 3.

Conjugate Point

If a wave with polarization p is represented by S, S,, and S, on the Poincaré

r

sphere, what point, S|, S5, 53, represents p*? From

|E,| |
P=iTET E’| e’
we note that
# |EJ[ —jé _ IEJ'I —j(¢+m)

PEUEDS TIETS
and the primed Stokes parameters are
So=|E]* +|E,[* =S,

§i=IE,

‘= |E,|* =S5,
$;=2|E,||E,| cos (—¢ + m) =-S5,
S;=2|E | |E,|sin(—¢ + ) = S,
We see from Fig. 2.12 that this is a reflection of the first point in the xz plane.
Cross-Polarized Point

We will see later that the polarization ratio p'=—1/p has a special
significance. From
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E
'=—-—-.:'—x e_ﬂb
p P / 2

we find the Stokes parameters of the transformed point to be
= fExlz * JE}-lz =S,
=E,[ - |E["=~s,
S;=2|E[|E,|cos (-d) =S,

S;=2|E,| |EJ| sin(—¢) =-S5,

2.25. OTHER RELATIONSHIPS BETWEEN THE VARIABLES

From (2.184c) and (2.184d) it is noted that

¢ =tan ' o (2.190)
S?

and from (2.184a) and (2.184b) it follows that

|Ex|: Vv %(SD+S1) (a)

(2.191)
|E,|=V32(So—S1) (b)
From these equations we easily find that
_ T8+,
_ (2.192)
s Sl _jSZ (b)
So — 33

We may also find p and g in terms of the angles 28 and 27 on the Poincaré

sphere. Substituting (2.186), (2.188), and (2.189) into (2.192) leads quickly
to

_ —sin 28 + j cos 28 sin 27

1+ cos26 cos2t (a)
) ) (2.193)
_ €05 25 cos 27 — j cos 28 sin 27 (b)
1—sin26

Finally, we note that the Poincaré sphere angles in terms of the Stokes
parameters are
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S
28 =sin (a)

(2.194)
(b)

J
S
A)
— =122
27 =tan s,

2.26. MAPPING THE POINCARE SPHERE ONTO A PLANE

Since the state of wave polarization can be represented by a point on the
Poincaré sphere as well as by a point on the p, g, or w planes, it is not
surprising that the Poincaré sphere may be mapped onto these complex
planes. Before carrying out the mapping, however, let us find the Stokes
parameters in terms of p. From (2.192a) we get

P i S:+ 83
PLmPP = 5+ 5)
and using (2.185)
Su_ SI
=\ 2.195
Solving for §,/§, gives
& =gl 1=FP
- = = 2.196
S 1+ 1pf 1+ |PF e
From
=~ E|
p=jP=j fE| e’*
and the relations
SZ=2rE.1| |E}‘ICOS¢ (C)
(2.184)
S;=2|E,| |EJ,|sin ¢ (d)
we see that
S, =2|E|*Re(P)=2|E |’ Im(p) (a)
(2.197)

S3=2|E ]’ Im(P)=—2|E_[*Re (p) (b)
Substituting (2.197) into
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8 s 5 4| p|?
_§+_§:1__;:_—.|P|” (2.198)
g2 5 S (1+]p[")

which results from (2.185) and (2.196), we obtain

|E.|*= % (2.199)
= 1k[g '
If (2.199) is substituted back into (2.197), there results
S, 2Im(p) .2Re(P)
T g = 2 (a)
0 1+ |P| L4k |P'
(2.200)

S, _ Z2Re(p) _2Im(P)
So  1+|pl* 1+]|P]

We assert now that the Poincaré sphere may be mapped onto the p and P
planes by a stereographic projection. The proof will be deferred until the
projection is described. First, as an aid in orienting the Poincaré sphere, we
tabulate the parameters for various special polarizations:

Polarization P P q w S, S, S,
Right circular I = 0 o 0 0 —8
Left circular i | J © 0 0 0 AYS
Linear vertical (r = }m) joo w -1 -1 =5 0 0
Linear horizontal (v =0) 0 0 So 0 0
Linear (7= i) J 1 —j —j 0 5, 0
Linear (7= 27) s T j 0 -, 0

The stereographic projection of a point on the Poincaré sphere onto the p
or P plane is shown in Fig. 2.13. The sphere is oriented so that its north
pole—south pole axis is parallel to the real axis of the p plane (imaginary axis
of the P plane). Points are projected onto the plane by a ray from the sphere
point farthest from the plane. Note that this projection point itself projects to
o on the polarization plane. At this time it might be wise to refer back to Fig.
2.12 to note that S, S,, and S, are rectangular coordinates of a point on the
sphere measured, respectively, along the x, y, and z axes.

Now the Stokes parameters and the Poincaré sphere give both amplitude
and polarization information about the wave while points on the p plane
describe only the wave polarization, so we expect something to be lost in the
mapping, and this expectation is justified. Since the projection of the south
pole (S, =S5, =0, §; = —§,) onto the plane gives the point p = 1, the sphere
radius must be
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Re(p)

4

m(p)
Re(P)

"

FIGURE 2.13. Stereographic projection of the Poincaré sphere onto the p and P planes.

(2.201)

o

S, =

and we give up amplitude information, commonly not of great interest in
polarization problems, in going from the sphere to the polarization plane.

It is easy to see from the preceding table and Fig. 2.13 that all of the special
points on the sphere project to the correct values of p and P on the
polarization planes, and thus if the stereographic projection is valid, we have
oriented the sphere properly on the plane. It has not yet been established,
however, that the stereographic projection itself is valid. To show this we will
find from Fig. 2.13 a graphical relationship between the Stokes parameters
and their projection on the p plane. We will then compare these results with
(2.195), (2.196), and (2.200) to see if the mapping is valid for the general
case.

From Fig. 2.13

sin 6 \[ Sat 5 \/ So= 5, 5o — i (2.202)
ln = _ —_— 4

(5, +8,)*+S2+52 V282+28,8, 25,
Then

sin 6 2 So — 3,

—— = 2.203
V1—sin’ 6 0 So+ S, ( )

| p| =25, tan 6 =28,
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If we recall that S, = 3, we see that (2.203) is identical to (2.195). Since
(2.196) was derived from (2.195), it also must be satisfied by the mapping.
From Fig. 2.13 we note that for the point to be projected,

S,>0, 5:=>0; S,<0
and for the corresponding polarization plane point
Re(p)>0, Im(p)>0
Then it follows that
S, = (positive constant) Im ( p) = C Im ( p) (a)
(2.204)
S, = (negative constant) Re (p) = —CRe (p) (b)
where the two constants are equal in magnitude. We see that (2.204) agrees

with (2.200) except for our lack of knowledge of the constant C.
To determine this constant, we can derive from (2.203) the relation

which is, of course, (2.196), as we know it must be. Substituting (2.196) and
(2.204) into

52+82+8:=8: (2.185)

gives

2 1—1,0'2 ? 2 2 2 2 _ o2
i 112k + Ctim (2 + ClRe (a1 = 5}

from which it follows that

28
= — (2.205)
1+]p|
and, if we use this constant in (2.204), we get
S, _2Im(p)
5 14 |p|2 (a)
(2.206)
§; —-2R

SU 1+’p|2
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Im(p) ;

T 7

e(p)

FIGURE 2.14. Poincaré sphere projection from below.

which are the same as (2.200). We conclude then that the stereographic
projection of the Poincaré sphere onto the p plane, with the sphere oriented
as in Fig. 2.13, gives the correct correspondence between a polarization point
on the p plane and a polarization point on the Poincaré sphere.

We have discussed the p plane with little mention of the P plane. Figure
2.13 also shows this plane which is, of course, related to the p plane by

p=jP (2.89)

The p and P planes of Fig. 2.13 have an uncommon orientation as we look
down on the planes. If Re ( p) is plotted to the right, then Im ( p) is plotted
downward. This is not of great consequence, but if desired it can be changed
by using left-handed coordinates for the Poincaré sphere (not generally
desirable) or by projecting the Poincaré sphere onto the plane from below as
shown in Fig. 2.14.

2.27. MAPPING ONTO THE g AND w PLANES
Since the transformation between p and g is linear, we might expect that the

Poincaré sphere can be mapped onto the ¢ plane, and this is correct. To
obtain the transformation we substitute

p=p'+jp" gq=q'+jq" (2.207)

into (2.91), obtaining



MAPPING ONTO THE g AND w PLANES 103

o _1-lal®
(2.208)
-2 ()
1+2g"+ ]q|2

If (2.208) is substituted into (2.196) and (2.200), which give the Stokes
parameters in terms of p, and if we note from (2.91) that

1-g'+|q|
Pl Lty (2.209)
' 1+2q"+|q|
we find

S, 2q'
. B 2.210
S T+ af (2.210)
S2 __2q"
22 o 2311
S, 1+|q|2 ( )
S, ' |Q|2
s S 2.212
So 1+|q|? ( )

Before discussing this mapping, we might as well develop the mapping
equations for the w plane, since this is the analog of the g plane for
left-handed polarizations. Substitution of w = 1/¢* into (2.210), (2.111), and
(2.212) leads to

S, 2w’

S w1 @

S —2w"

Si = W1 (b) (2.213)
Sy _ |W!E —1 :

Sn - IWIZ o+ (C)

If we tabulate the equations for the Stokes parameters in terms of p, g, and
2, we have

S _1-lpl' _2Re(q) _2Re(w)

So 1+|pl* 1+]qf*  1+[w]

S, _2Im(p) _ —2Im(q) _ —2Im(w)

So  1+]|p|° - 1+|q]? - 1+ [w]? (b) (2.214)
Sy _—2Re(p) _ _1—|ql’ _1-|wl "

th

o 1+|pl° 1+[qf  1+|w]’
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FIGURE 2.15. Projections onto the ¢ and w planes.
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We see from this summary that the S, (or x) coordinate in the p-plane
transformation is analogous to the —S; (or —z) coordinate in the g-plane
transformation, and so on. It is then obvious that we can project the Poincaré
sphere onto the g or w plane by appropriately interchanging the axes of the
Poincaré sphere of Fig. 2.13. The appropriate interchanges are:

p Plane g Plane w Plane

X — —zZ or +z
y =) —Jor kY
Z —X X or —x

The first coordinate interchange for the w plane gives a left-handed coordi-
nate system for the sphere. Therefore, following a hint given at the end of the
preceding section, we reverse the coordinates to give a right-handed system,
and to compensate we reverse the direction in which Im (w) is plotted.

The projections of the Poincaré sphere onto the g and w planes are shown
in Fig. 2.15. We may see from Fig. 2.15(a) that the lower hemisphere (z <0)
maps into the unit circle on the g plane. This is expected since the lower
hemisphere contains all right elliptically polarized points, and so does the unit
circle on the ¢ plane. From Fig. 2.15(b) we see that the hemisphere, z >0,
which contains all left elliptically polarized points, maps into the unit circle on
the w plane.

Im(q)

]

Re(w)

—Imfw)

z

FIGURE 2.16. Combined projections onto the ¢ and w planes.
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The two figures of 2.15 may be combined into one drawing, and such a
combination is shown in Fig. 2.16. In this figure the g plane is above the
sphere and the w plane below, but the reverse is also possible. The origin of
the projection ray for the g plane is §; = +5§, and for the w plane the ray
origin is §; = —§,,.

In Fig. 2.17 the Poincaré sphere and the three projection planes p, g, and
w are shown together. This drawing suggests that three other planes could be
used in a simple fashion to describe polarization states since Fig. 2.17 shows
only three of a possible six planes. The transformations from §,, S,, and S, to
the remaining three parameters may be found from Fig. 2.17.

Carrying out the transformation to one of the possible planes, the r plane
of Fig. 2.18, with a stereographic projection from the point S, = —§, on the
Poincaré sphere yields the equations

y Im(q)

X

FIGURE 2.17. Poincaré sphere with three projection planes.
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FIGURE 2.18. Mapping onto the r plane.
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It is recommended that the reader develop these transformations.

In Fig. 2.17 we note that the p and g planes are each stereographic
projections of polarization points on the Poincaré sphere, and we recall that p
and g are related by a bilinear transform. The r plane is another projection of
the Poincaré sphere, and it would not surprise us to find that r is a bilinear
transform of p or g. To check this point, substitute (2.214) into (2.215d).
Then we have

L 1-lal+72q' _ (1+jg)(1+jg")
1+|q*-2¢" (+jg)(1-jg%)

_1+jg* w+jl

B 1-jg* w—jl

(2.216)
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We could obtain other polarization parameters either by interchanging the
real and imaginary axes of one of the polarization planes (as in the
relationship p = jP), a process which is not very significant, or by choosing
one of the remaining projection planes of the Poincaré sphere. It appears,
however, that the p and ¢ parameters (together with w for left-handed
polarizations) are the most useful, p because it is so easily obtained in terms of
rectangular wave components. Figure 2.17 shows the utility of g and w. Since
all left-handed polarizations are plotted on the hemisphere z >0 and all
right-handed polarizations are on the hemisphere z <0, then only on the ¢
plane will all right-handed polarizations be plotted in a finite region, and
similarly for left-handed polarization on the w plane.
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PROBLEMS

2.1. A left-handed elliptically polarized wave has a tilt angle of 30° and an
axial ratio of 2. Find the polarization ratios p and g (or w).

2.2. An antenna radiates a wave in the z direction with a polarization ratio
P =2¢’™"" The antenna is rotated in the xy plane by 30° from the x axis
toward the y axis. Find the new value of P.

2.3. Find the points on the g (or w) plane Smith chart representing the two
polarization states of problem 2.2. Can you draw a general conclusion
about the change in polarization state caused by rotating the antenna?

2.4. The polarization parameters P (or p) and g (or w) developed in this
chapter have physical significance, as the ratios, respectively, of
rectangular and circular field components. Try to find a physical
meaning for the parameter r as defined in this chapter.

2.5. Consider the stereographic projection of the Poincaré sphere from the
point §; = +§, onto a complex plane. Find the equation, corresponding
to (2.215), for the complex variable on this plane in terms of the Stokes
parameters.
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2.9.
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The g-plane representation of polarization comes from a stereographic
projection from the S, = S, point on the Poincaré sphere onto a plane
parallel to the xy plane, where S, is measured on the z axis. Consider an
orthographic projection, rather than stereographic, onto the same
plane. Describe the resulting chart. Is it useful in working with
polarization states?

Carry out the suggested work of Section 2.2 to prove that the
polarization ellipse for the magnetic field is identical to that of the
electric field except that it is rotated by angle $# around the z axis.

Make the substitution outlined immediately after Eq. (2.199) to obtain
(2.200).

Use (2.192a) and the relation between p and g to obtain (2.192b).
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POLARIZATION
MATCHING OF
ANTENNAS

3.1. INTRODUCTION

It is obvious that when two antennas are used in a communication system,
they should be matched in polarization so that the available power at the
receiving antenna can be fully utilized. In this chapter a polarization match
factor is developed and is given in terms of the standard polarization
parameters. The relationship between the effective length of a receiving
antenna and the field components of an incident wave necessary to yield
maximum power is developed. In the final section a step-by-step process is
outlined for obtaining the power received when two antennas are mismatched
in polarization and do not have their main beam axes pointing at each other.
It is interesting that this topic is not treated in most of the standard texts on
antenna theory.

3.2. EFFECTIVE LENGTH OF AN ANTENNA

The electric field in the radiation zone of a dipole antenna, which is short
compared to a free-space wavelength, as shown in Fig. 3.1, is given by

JjZ It

—jkr s
2Ar €

E,\(r,0,¢)= sin 6 3.1])

where Z, is the intrinsic impedance of free space, k the free space propagation
constant, A the wavelength, and 7 the current into the antenna terminals of
Fig. 3.1. '

110
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Ef]

1
—Z FIGURE 3.1. Short dipole antenna.

Equation (3.1) may be generalized to give the transmitted field of any
antenna; thus [1]

1Zd

—jkr
s € "h(8, ¢) (3.2)

E'(r,0, ¢) =
where 6 is the colatitude angle of Fig. 3.1 and ¢ is the azimuth angle. The
current [ is an input current at an arbitrary pair of terminals. Equation (3.2)
describes a general antenna in terms of its effective length h(6, ¢). The
effective length does not necessarily correspond to a physical length of the
antenna, although there is a correspondence for the dipole. In fact, compari-
son of (3.1) and (3.2) shows that the effective length of the short dipole
antenna is

h=uy,h, =u,¢ sin 6 (3.3)

We see from this that h is not fixed for an antenna but depends on the angle 6
(and more generally on ¢) at which we measure the radiated field.

As mentioned, / is the current at an arbitrary pair of terminals, and it
follows that the effective length h depends on the choice of terminal pair.
Further, we note that if E' is to describe an elliptically polarized field, it must
be complex, and therefore h is a complex vector. With a proper choice of
coordinate system, E' and h will have only two components since in the
radiation zone E' has no radial component.

3.3. RECEIVED VOLTAGE

We defined the effective length of an antenna in terms of the radiation field
produced by it. We will show in this section that the open-circuit voltage
induced in the antenna by an externally produced field is proportional to this
effective length; in fact, some authors define effective length in terms of the
open-circuit voltage produced when the antenna is receiving a wave.

By the principle of reciprocity, if two antennas are fed by equal current
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sources, the open-circuit voltage produced across the terminals of antenna 1
by the current source feeding antenna 2 is the same as the open-circuit voltage
produced across the terminals of antenna 2 by the current source feeding
antenna 1.

We apply this principle to determine the open-circuit voltage across the
terminals of our general antenna, whose transmitted field is given by (3.2),
when it receives an incident wave. The general antenna is assumed to interact
with a short dipole, as shown in Fig. 3.2, together with the coordinate system
to be used and the assumed current directions and voltage polarities. Note
that the same rectangular coordinate system is used for both antennas,
although €', ¢’ are not equal to 6, ¢.

First, we let the general antenna fed by a current source of 1 A transmit a
wave toward the short dipole. Its field at the dipole is

JZo  _jkr
E'=2",¢" .
hr e h (3.4)
\s
e
+
5
I
T
V] e—
(a)
4
o
&
z LI.__,"’ ) Y
us r _‘_..-—-A/
Y /é.’—’ Uy U
\/"f’r u *
- | ]
j y

(b)

x

FIGURE 3.2. General antenna and short dipole: (a) antennas; (b) coordinates and unit vectors.
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and the open-circuit voltage across the dipole terminals, with the polarity
shown in Fig. 3.2, is

V,=E'-¢ (3.5)

where € is the vector length of the dipole. Here we are considering that the
dipole has infinitesimal length so that the incident field E' is constant over the
dipole length. The dipole may be arbitrarily oriented, but since E' has no
radial component, a radial component of the dipole length will not contribute
to the received voltage. Then, still using the coordinate system of Fig. 3.2,

Vo=ELe, + B4, (3.6)
where the dipole components £, and ¢, are given by
Gy =uy-¢€ €, =u,€ (3.7)

Combining (3.4) and (3.5) gives the voltage induced across the open dipole
terminals by the incident wave from the general antenna:

= 1%

= e *h-¢ (3.8)

Next, suppose the dipole fed by a 1-A current source is transmitting, and
the general antenna, with open terminals, is receiving. The field produced at
the general antenna (1) is given by

E"__iéﬂ_

A 2Ar e_jkr{).‘]' (a)

(3.9)

i —E,D,. —fjkr
Eyi=5sle g, (B)

where we continue to use the same coordinate system but note that 6', ¢’
differ from 6, ¢. We note from Fig. 3.2 that although the angles just
mentioned are different, we have

U, =u, u,=-—n, (3.10)
It follows that
(3.11)
. =€ (b) €, =—¢, (d)

and therefore the wave incident on antenna 1 is
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i }-Z —jkr
Ey=oe™e ()
” (3.12)
_g =120 ke _
Ed» 2/\,. e ( €¢) (b)
or
! LZ_D —jkr
E 7ar € L (3.13)

The opén-circuit voltage induced in the general antenna (1) is V,, which by
the reciprocity theorem is equal to V,, as given by (3.8). Then, from (3.8) and
the reciprocity theorem, we get

_y =1%o e,
vV, =V, 7ar € €-h (3.14)
and if we recognize that the first part of this expression is the incident wave of
(3.13), we get an expression for the received voltage across the open
terminals of antenna 1 in terms of the incident field, E', and its effective
length h. Itis

V,=E'-h (3.15)

It should be noted that in (3.15) both E' and h are measured in the same
coordinate system (in contrast to a situation to be discussed later). The
voltage V, is in general a complex phasor voltage, since both E' and h are
complex. Finally, in specifying the effective length h of an antenna, a terminal
pair at which input current is to be measured must be specified. Then V/ is the
open-circuit voltage measured across those terminals.

3.4. MAXIMUM RECEIVED POWER

It is reasonable to believe from looking at (3.15) that by proper selection of
the effective length h of a receiving antenna, we can increase the open-circuit
voltage and hence the received power. If we neglect the extraneous problems
of, for example, impedance mismatch, the power received by the general
antenna is proportional to the square of the magnitude of the open-circuit
voltage; thus using an equality rather than a proportional symbol (an
inconsequential action since we will later consider a power ratio), we have

W=VV*=|E -h|*>=|h,E} + h,E}|* (3.16)

where an appropriate coordinate system is used so that h has only two
components and so only two are needed for E',
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Let us define

) h h )
pan Jer ol 0 8,
hy =|h,le (a) ] = Tl e (b)
_ _ (3.17)
E'_? = tg e (o) —E"" =_E,, ™ (d)
[E5l 1Al E4l |Eql

with 8, the phase angle by which /1, leads /,,, 8 the angle by which E | leads ,,
and 6, the angle by which E/, leads E|,. Using these equations, the received
power, (3.16), becomes

W= |k |EG| + [hy] |Egle"™ ™ (3.18)

where the angle 2a + 8 has been removed as common to both terms in the
sum.
Clearly W is a maximum, from (3.18), if

5 +8,=0 (3.19)

and has value

W, = (|| |EG| + |h,] |EGIT (3.20)

Now W, can be maximized further, for a fixed incident wave, E', by
varying |h,| or |h,|. Certainly, however, there must be some constraint on
|h,| and |h,|; otherwise, W, could be made as great as we please by
increasing |,| and |h,| arbitrarily. To determine this constraint, return to
(3.2), which gives the transmitted field of an antenna in terms of its effective
length. The transmitted Poynting vector, from (3.2), is obviously proportion-
al to h+-h*. Then a reasonable constraint on an antenna is that this Poynting
vector remain constant as we vary h. Therefore, we vary h to maximize W in

(3.20) with the constraint "
heh*=|hy|* +|h,|*=C (3.21)
Substituting (3.21) in (3.20), we get
W, = [kl |E5 + (€ = ke[| B4 ) (3.22)

and differentiating with respect to |h,| in order to maximize W, gives

ame___ i 231/2) i 2[ i [hGHE;I ]_
§|h3|“2[|ha||53|+(C—|ho|) |Eyl] lEGI-W =

(3.23)
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from which it is clear that

. |hy| | EG] Rl
Eil— ———55 =|E,)| — 55 |EL| =0 3.24
i ﬁl (C_' |h6|2)]f2 | ﬂl |h¢| | d)| ( )
or
lh,|  |Edl
= — 3.25
ARRTA (.23

It seems quite reasonable that (3.25) will give maximum received power,
rather than minimum, since if E' has a large § component, we would expect a
large h, to give best reception. However, we will substitute (3.25) into (3.20)
to see if the received power is maximum. We rewrite (3.20) as

W, = Y| EGl* + |1y PLEG]" + [hol 1EG| [y ] |EG] + 1ol EG] 1| |1 E 4]
(3.26)

In the third term of W

m?

we make the substitution from (3.25) that
|Eal 1ha] =[] |ES| (3.27)
and in the fourth term of W, we make the substitution in reverse. Thus
W = 1| Eol” + [y I EG + 1P| Ey | + [y *| EGl*
= (hol* + |1, )IEGF + [EG %) (3.28)

This is quite obviously maximum power rather than minimum. Finally, (3.28)
may be written as

Wpm = (- 0*)(E'-E™) = [[*[E']* | (3.29)

There may be some concern on the part of the reader that (3.21) is a
legitimate constraint. While we vary h for maximum received power, why
should we apply a constraint that is meaningful only for the transmitting case?
For this reason we return to (3.20), assume that h is fixed, and vary E'in order
to maximize the power. Now in this situation it is quite clear that we can cause
only a fixed power density at the receiving antenna. Therefore

E«E*=C (3.30)

Using this equatidn makes W, become



POLARIZATION MATCH FACTOR 117
W,, = [|he| |EG] + |h,s|(C — |EG))'?T? (3.31)

and differentiation with respect to |E}| gives

W : ; |h¢||EL|
—2 =2 h, | |E, + |h,|(C— E’Z”z[h —-—.—]:
STE =2l 1+ = Y ) - o
(3.32)
from which it follows that

h Ej|

o] _ | ! (3.33)

|h¢| |E¢|

which is the same condition we arrived at previously.
Equation (3.33) gives one condition on h for maximum power reception.
The other is given by

5, +6,=0 (3.19)
where §, is the angle by which A, leads h,and 6, is the angle by which E leads
E!

We rewrite (3.17b) as

h¢ |h¢|

= Th,| | (3.34)
and substitute (3.19) and (3.33) into it, obtaining
h, |E,
¢ $
= — ¢ 3.35
b IE) L

From (3.17d) we recognize that the last term is E,*/E,*, so that the
relationship between h and E' for maximum received power is

h, (E¢)*
— =|— 3.36
hg E::, ( )

3.5. POLARIZATION MATCH FACTOR

If we maintain the same degree of impedance matching for an antenna as we
vary its polarization properties, then the ratio of actual power received to that

received under the most favorable circumstances of matched polarization is,
from (3.16) and (3.29),
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1Ef . h|2
S 3.37
P [E1[2|h|2 ( )
We will refer to p as the polarization match factor, although it is sometimes
called the polarization efficiency. Its range is obviously

O0=sp=1

The polarization match factor shows how well a receiving antenna of
effective length h is matched in polarization to an incoming wave. Now let us
recognize that the incoming wave was transmitted by another antenna and so
introduce the polarization properties of that antenna into the problem.

Figure 3.3 shows two antennas in a transmit—receive configuration. The
transmitting antenna (1) will be described in its polarization properties by
the right-handed coordinate system x, y, z adjacent to antenna 1 since the
polarization of a wave is normally based on a right-handed coordinate system
with one axis pointing in the direction of wave travel. The receiving antenna
will be described by the right-handed &, 7, { system. The antennas need not
have their main beams pointed at each other, but the z and ¢ axes are parallel
and each points at the other antenna.

The incident wave from antenna 1 may be written as

b, . y
E| = Emal(uI +j a—i e'’'e ’"”’uy) = Ega,(u, + pe”’™u) (3.38)

| \
| \

(a)

(b)

FIGURE 3.3. Antennas and coordinate systems used in development of polarization match
factor: (a) antennas; (b) coordinate systems.
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where p, is the modified polarization ratio [2] of the incident wave produced
by antenna 1.

The polarization ratio of an antenna is defined as the polarization ratio of
the field it transmits (far field). Therefore, p, is the modified polarization
ratio of antenna 1. It is a function of 6 and ¢, the colatitude and azimuth
angles measured for the transmission direction.

If antenna 2 were transmitting, its radiated wave could be written as

E, = Eg(ayu, + bye’™u,) (3.39)

where we use appropriate coordinates &, 1, { for the wave propagating in the
{ direction, toward the first antenna. Equation (3.39) may be written in terms
of the modified polarization ratio of antenna 2 as -

B o B
E, = Eﬂzaz(ug +j a_j e%e ’”uun) = Eypa,(u, + p,e ”’Qun) (3.40)

where p, is the modified polarization ratio of antenna 2 in the { direction,
using the appropriate right-handed coordinates at antenna 2.

Now the transmitted field (3.40) is related to the vector length of antenna 2
by

L
E,= % e ""h, (3.41)

Therefore, h, becomes, using (3.40) and (3.41),

2 Y 4, 2AF 4, i
2= Z.1, e R, = 7L e Eg,a,(u, + pye” ’Jzu,l)
= hoy(u, + pye "%u,) (3.42)
where
2A -
hoy = 120;2 NE a, (3.43)

Let us return now to the situation where antenna 1 transmits and antenna 2
receives. The open-circuit voltage across the appropriate terminals of 2 is

V,=E{-h,= E\h,, + E{ h,, (3.44)
If we note from Fig. 3.3 that

El]g — _El'

1x

(a) E\,=E; (b) (3.45)

m

and use the field and effective length components from (3.38) and (3.42), we
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get for the open-circuit voltage

~jmi2p, —jmi2

V,=—E,ahy,+ Eyap.e D5
=—Ega,he,(1+ pip,) (3.46)
We find also, from (3.38) and (3.42), that
[ = | Egya,[*(u, + pre7"u,) - (u, + pte™u,)
=|Eqa[*(1 +pip}) (3.47)
and
jwi2

|hz|2 = |hozlz(“g + p,e Fjﬂz“:?) *(u, +pie

=|hoz|2(1+PzP;) (3.48)

If we substitute (3.44), (3.46), (3.47), and (3.48) into the polarization match
factor (3.37), we obtain

u,)

_ |Eﬂlalh(]2|2|1+p1p2|2 _ (1+p,p,)(1+pip3)
|Ema,|2(1 t PlP’;)'huzlz(l +pop3) (1+ p,p7)(1+ pyp3)

p (3.49)

It is worthwhile to repeat that the definition of p, uses wave components
measured in a right-handed system with the z axis pointing away from
antenna 1 and toward 2. In defining p,, we used a right-handed system with
the m axis parallel to and in the same direction as the y axis and with the { axis
pointing toward antenna 1.

3.6. POLARIZATION MATCH FACTOR: SPECIAL CASES
Polarization-Matched Antennas

If we have two polarization-matched antennas in a transmit—receive system,
the polarization match factor of (3.49) is equal to 1. (Note that it may change
if the orientation of one of the antennas is changed.) Thus

- (A +pp,)(A+pip3) _
(1+p,p7)(A+ p,p3)

Cross multiplying, expanding, and canceling terms gives

(3.50)

(pT—p)(p:—p)=0
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which has a solution

py=p3 (3.51)
In terms of the circular polarization ratio g,

_1-p _1-p7 _ ,

and the axial ratios and tilt angles of the polarization ellipse of tke two
antennas are related by

1+|q|| ‘ +|q,]

AR ‘ 1 = AR a

ST g | T ToTg,f | AR @ s
b m_.nm_ '
n=3= 2—+2— 7 (b)

Now, in (3.53), 7, and T, are described in different coordinate systems, as
shown in Fig. 3.3. It is obvious from Fig. 3.3 that the condition 7, = —7,
means that the major axes of the two polarization axes coincide. Equation
(3.52) also shows that the rotation senses of the two polarization ellipses are
the same when described in the appropriate coordinate systems. Having the
same rotation sense, using the coordinate systems of Fig. 3.3, means that if we
think of both antennas transmitting a right elliptic wave, for example, the two
waves will appear to rotate in opposite directions at a point in space at which
they “meet.”

Cross-Polarized Antennas

Two antennas in a transmit-receive configuration that are so polarized that
no signal is received are said to be cross-polarized. For this situation

(1+p,p,)(1+ pip3)

—0= . 2 3.54
0= AF pp) A+ pop?) Eek
from which it follows that
1
=—— 3.55
P P ( )

Solving for g, we obtain

1- +1
qlz pl P2 _l (3.56)

1+P2 p,—1 q,

We see immediately that the rotation senses of the polarization ellipses of the
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antennas are opposite (so that if both antennas transmitted simultaneously,
their field vectors would appear to rotate in the same direction).
The axial ratios are, from (3.56),

+
T T

Also from (3.56)

0 phtim Q:gm _ 51; oIt
so that

KW=t

and

= IR = IR FiT=—n,F iw (3.58)

Bearing in mind that 7, is measured from the x axis toward the y axis in Fig.
3.3, and 7, is measured from the £ axis toward the 7 axis in Fig. 3.3, we see
that (3.58) means that the major axis of one polarization ellipse coincides
with the minor axis of the other.

Identical, Polarization-Matched Antennas

It would seem to be quite easy to define identical antennas, but surprisingly
there is a degree of arbitrariness involved. When placed side by side and
oriented similarly, identical antennas are indistinguishable except by position.
Although not overly precise, this definition is quite clear. Now we make the
assumption that they are placed into a transmit-receive configuration by
rotating one of them by = radians around a vertical axis (the y axis of Fig.
3.3). We might also consider a rotation about a horizontal axis or the major or
minor axis of the polarization ellipse—hence the arbitrariness mentioned—
but we will rotate first about the vertical axis.

For identical antennas, before one is rotated into a receiving position,

heo=hyy By = h;z

¥

h h!
— S sl y2
pl—fh P2 }h_:'z

(3.59)

where the primes are used with the parameters of the antenna to be rotated.
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After antenna 2 is rotated 180° about the y axis of Fig. 3.3, its new length
components are

hyo=—h, hyZ = h;z (3.60)

Changing these components to the &, n, { coordinates, which are now
appropriate for antenna 2, we have

hey=—h,=h;, (a)

(3.61)
hy=h,= hy, (b)
Then the new value for the polarization ratio p, is
h h!
s Tty P '
=jF=j=2== 3.62
Pr=ly =i =P (3.62)

and thus p, is unchanged by rotation about a vertical axis. A little thought will
show that, in general, the major axes of the ellipses no longer coincide.

Let the antennas be not only identical but polarization matched. Then they
must satisfy (3.51), (3.59), and (3.62), or

pi=p; @ p=p, (b) (3.63)
and also
@=9; @ q¢=q (b) (3.64)
We conclude then that identical, polarization-matched antennas must have
p, = p, = real quantity q, = q, = real quantity (3.65)
from which it follows that |
n=vr=0,x T=7,=0, —3m (3.66)

We see that the major axis of the polarization ellipse must be either vertical
or horizontal if the antennas are to be identical (in our sense of rotation about
a vertical axis) and matched. This does not exclude circularly polarized
antennas for which the concept of major axis is not meaningful.

Antennas that are identical and cross-polarized must satisfy

R S
: o L=
P q

’ ’ (3.67)
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which gives

P =g, =%jl (3.68)
from which we find that
AR— o
(3.69)
r=ln  iw

which describe linearly polarized antennas with tilt angles of 45° or 135°.

When we rotated one of the antennas about a vertical axis, we found that
the two antennas would be matched if their major axes were vertical. Perhaps
then if we started with identical, side-by-side antennas and rotated one of
them about its major axis, we would obtain polarization matching.

Let the polarization parameters before rotation be p,, p;, . .., where the
primes are used with the parameters of the antenna to be rotated. Then for
identical antennas

P =Pa q,=q;
(3.70)
AR, = AR T =T

After antenna 2 is rotated about its major axis, we recognize that the axial
ratio and rotation sense are unchanged, that is,

AR, = AR}
(3.71)

|‘T2|=I‘?5

Since the rotation takes place about the major axis, obviously the major axis
does not change, but as Fig. 3.3 shows, the tilt angle in the &, 7, { system is
measured oppositely from that in x, y, z. Therefore, after rotation the new tilt
angle is given by

R (3.72)
Equations (3.71) and (3.72) lead to
q=q5" (3.73)

and from (3.70)

4, = q) (3.74)
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Now, from (3.52), this is the condition for polarization matching. We
conclude then that identical antennas (indistinguishable when placed side by
side and similarly oriented) will be matched in polarization if one of them is
rotated 180° about its major polarization axis to bring it to a receive position.

3.7. MATCH FACTOR IN OTHER FORMS

Since the modified polarization ratio p is not always the most convenient
parameter for an antenna, we need the equation for p in terms of other
parameters. If we make the substitution

_1-gq
P=11q (2.91)
in (3.49), the match factor is found in terms of g to be
1+ 1+q%tq?

p_..
(1+q,97)(1 + g,9%)

It is not surprising that p has the same form in g as in p, since the form for g in
terms of p is the same as for p in terms of q.

Now (3.75) is valid for any value of ¢, but nonetheless if we treat left
elliptic polarizations by means of the parameter w (|g| > 1, |w| < 1), we might
wish p in terms of w. Substituting

w* —1
p=- T3 (2.138)
into (3.49) leads to
(1 + ww,)(1+ wiw) (3.76)

P+ wwd)(d + wow?)

an equation that also has the same form as (3.49).
A mixed form in terms of ¢, and w, or g, and w, might also be useful.
Replacing g, in (3.75) by 1/w3 leads to

(w3 +q,)(w, + q7)

= ; (3.77)
T @+ gD+ wowd)
and interchanging subscripts in (3.77) gives

P 0+ gag)(T+ wwh)

All four forms (3.75)—(3.78) are valid for any value of g and w, but it
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would be natural to use (3.75) for both antennas right handed, (3.76) for both
left handed, and (3.77) or (3.78) for one left and the other right handed.

We may find p in terms of axial ratios and tilt angles of the polarization
ellipses, but here we must be careful about the rotation sense of the ellipses,
since axial ratio and tilt alone are not sufficient to describe the antenna
polarization. Consider first that both antennas are right handed. We have,
from (2.107), if |g| <1,

1+ |q]
AR = 3.79
=P 3%
In (3.75) we write
' q=|qle”” (3.80)

and p becomes

|2

_ I+2|‘?1in cos 2(r) + 7,) + |Q1€72
1+ [‘f:lﬁ)(l + |Q2|2)

and if |g| from (3.79) is substituted into (3.81), there results, after some
manipulation, '

(3.81)

_ (AR,AR, + 1)’ + (AR, + AR,)’ + (AR} — 1)(AR] — 1) cos 2(r, + 7,)
2(AR? +1)(AR: + 1)

p
(3.82)
If both antennas are left handed, |w|<1, we find from (2.147) that

1+ |w|
e 1—|w|

(3.83)
We also have
w=|w|e > (3.84)

If we substitute (3.83) and (3.84), which have the same forms as (3.79) and
(3.80), into (3.76), which has the same form as (3.75), it is obvious that (3.82)
will result. Therefore, (3.82) holds if both antennas are right handed or if
both are left handed.

If antenna 1 is right handed and 2 is left handed, we substitute

s 1+|(‘?]l _— —j2m
AR, = 1_]‘?1l ‘h‘!‘hl"—’ (a)

3.85
1+ |w,| ( )

= 1_|w2|

Wy = |wyle™** (b)
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into the mixed form (3.77) and obtain

. (AR,AR, — 1)’ + (AR, — AR,)’ + (AR} — 1)(AR? — 1) cos 2(r, + 7,)

2(AR! + 1)(ARZ + 1)
(3.86)

for the match factor in terms of axial ratios and tilt angles.

If antenna 1 is left handed and 2 is right handed, we could make the
appropriate substitutions in (3.78), and (3.86) would again result.

In terms of axial ratios and tilt angles, the polarization match factor may be
found from (3.82) if both antennas have the same polarization rotation sense
and from (3.86) if they are of opposite sense.

Finally, we note that p may be written in terms of a, b, and ¢ of (2.70) as

i 1—-2(b,/a,)(b,/a,) cos (¢, + ¢,) + [(blml)(bz"az)]z

[1+ (b,/a,)’][1+ (b,/a,)’] 0
in terms of left and right circular components as
1+ 2(L,/R,)(L,/R,) cos (6, + 6,) + [(L,/R,)(L,/R,)]
B [1+(L,/R,)[1+ (L,/R,)] (5:88)
and in terms of the common polarization ratio P (=—jp) as
_ALl=PPy)(1~ PIF}) (3.89)

P= @ +P,PH(A+ P,P)

3.8. CONTOURS OF CONSTANT MATCH FACTOR

Examination of one of the equations for polarization match factor, say (3.75),
leads one to suspect that, for a given value of g,, a range of g, values might
give the same polarization match factor p. We consider this point further,
holding p constant and using

g = Qe” (2.135)
With the substitution (2.135), (3.75) may be put into the form

02— 20, cos (y, + %) + Q? _ (1-p)p
Q-0 T QI+ 1p- Qi [p- QYA+ Q)P
(3.90)

Comparison to the standard form (2.154) shows (3.90) to represent a family
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of circles on the g plane (actually the g, plane), with center and radius

Q

Qi s ™ : , =y ()
Qi+ p-07"
U (3.91)
_ |- p)p]
r= 5 = (b)
p—0,/(1+Q7)
Now, Eq. (3.90) is in the correct form (2.154) only if
(Q1+1)p-Q7>0
or
&
p> Qi : (3.92)
I+,
If this condition on p is not met, (3.90) may be rewritten as
o1 2icostntytm o5 __ (-pp
> ja+ohe-Qil TP+ QDe -0 [p-QV(+ QNI
(3.93)
which represents a family of circles with center and radius
9,
ch')’zf= 2 sy Th (a)
’ a+one-0il " "
- (3.94)
[(1—p)p] "~
- 2 2 (b)
p— QY1+ Q)
if
Q;
< 5 3.95
& 18 2005 ( )

These equations, (3.91) and (3.94), represent contours of constant match
factor on the g plane representing antenna 2 in terms of given polarization
characteristics for antenna 1, the other part of a communications system.
Given a transmitting antenna with polarization g,, this family of circles on the
g, plane allows us to determine quickly the effect of varying the receiving
antenna polarization. The words transmitting and receiving were used above
for clarity. Of course, it makes no difference which antenna transmits and
which receives.
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It is tempting at this point to draw these constant p contours on the g plane,
but the temptation should be resisted, since we used an equation, (3.75), in
which both antennas are represented by g, which prevents our considering a
left-handed antenna 2 if we wish to remain in the unit circle on the g, plane.
We therefore will go on to consider, before drawing the contours, antennas
described by w, and w,, ¢, and w,, and g, and w,.

For antennas described by w, and w, we should substitute

w=Wel (3.96)

into (3.76), but (3.96) is identical in form to (2.135) and (3.76) to (3.75). The
result is that contours of constant p on the w, plane are circles with centers
and radii given by (3.91) and (3.94) using W instead of Q.

WI
(1+WhHp—-w?3’

_|_[—-p)p]"
b= WL+ WD)

W2c t] YZC = - 7‘1 (a)

(3.97)

(b)

(3.98)

and
W,
(1+Whp— Wil

[(1 - p)p]™”
p— Wi+ W)

Wit = | s —nt7m o (3)

(3.99)

(b)

2
Wl
1+ w3

p< (3.100)

Now we take the situation of antenna 1 described by g, and antenna 2 by
w,. We substitute (2.135) and (3.96) into (3.77) and obtain

_ W3 +20Q,W,cos(y, +5)+ Q3
(1+ 01+ W3)

(3.101)

This equation may be put into the standard circle form
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20, cos(y + 1) Qi __ (U-=pp
(1+QDp—=1 7 [A+QDp~-1]" [p—1/(1+ QD)

W

1 b

(3.102)

if the denominator of the second term is positive. If the denominator is
negative, the correct form is

W2_2Q|COS('Y|+')’2+W) 1 Q? _ (1=p)p
’ I(1+0%)p — 1] A+ 017 [p-1/0+0)D)

(3.103)
These equations represent circles on the W, plane with centers and radii
_ Q,
200 Y2 T (1 + Q?)P -1 ’ 7 (a)
(3.104)
i = 1/2
= | LA =p)p] : (b)
p—1/(1+07)
if
> L (3.105)
P> :
1+ Q3
and
0,
W’Jcs Y- c T i + a
B v ohp-1 0 T @
[(1-p)p]'" S
res 7 (b)
p—1/(1+ Q)
if
< : (3.107)
p<——— s
1+ Q?

Finally we take the sense of antenna 1 being described by w, and antenna 2
by g,. Substitution of (2.135) and (3.96) into (3.76) gives quickly

_ W? +20,W, cos (y, + ) + Qi
- (1+wWH(1+ Q3) W
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an equation that is the same as (3.101) with Q, replaced by W, and W,
replaced by Q,. We may therefore use the circle equations (3.104) and
(3.106) with the same replacements, giving

W,
O = W y =n (@)
- [(1-—P)P]”2 (b) i
Clp—1/0+Wh
if
1
p> T W (3.110)
1
and
W,
Qres Yac = p T S O
|(1 +Wip - 1|
siciah [(1 "P)P]Hz (b) =
p—1/(1+W?)
if
1
p< W (3.112)
1

All of the preceding equations for centers and radii of the constant p circles
were given in terms of circles on the g, and w, planes. Obviously, the
designations 1 and 2 are arbitrary, so in any equation the subscripts may be
interchanged. Also, it clearly makes no difference which antenna transmits
and which receives.

We have not used any restriction that an antenna must have a particular
rotation sense. However, to stay in the unit circle, if antenna 2 is right
handed, we would normally use circle equations (3.91) and (3.94), or (3.109)
and (3.111), which represents circles on the g plane, on which all polariz-
ations fall within the unit circle.

We can combine these eight equation sets into two if we note first that
(3.91) and (3.94) differ only by the magnitude sign in the form for Q,_and in
the value of v, (and similarly for the other pairs of equations) and, second, if
we recognize, for example, that if we use W, =1/Q, in (3.91), it becomes

B Q1 _ 1/W, _
(1+0Dp-0F (A+1/W)Hp—-1/W3

Qs (3.113)

1
(1+Wip -1

which is the same equation as (3.109a).
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Combining the equations for the constant p circles appropriately leads to

0 = 0, _ W, @
2o ja+ehe-0il |a+Wwhe -1
- oi _ 1
Yoe =~ N p>1+Q‘?—1+Wf (b)
. (3.114)
= —y 4+ < o, __1 ()
Yace " p 1+ Q'_: 1+ W%
| _[a=p)p]'” =’ [(1-p)p]'"” @
p— QYA+ ONI lp—1/Q+W7)
and
W, 0,
W”cz = 2
T arwhe-wi  Jarohe-1 @
_ - wi 1 ’
Yoe = —N p 1+W1:_1+Qf (b)
, (3.115)
=—y + PR P
'},Zc '}’l T p 1+ W:]’, - 1+ Q? (C)
_|_[a=p)p]"* | _| [(1-p)p]""? @
p-Wi(+Wwil lp—1/(1+07)
Example

As an aid in understanding these equations and the constant match factor
curves, consider an example of antenna 1 right handed with

q,= !
Substituting in (3.114) gives

2

Gl

_ {U, p =02
‘}’21' ﬂ, p<0‘2

_11=p)p]”
lp—0.2]
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and (3.115) yields

)

Vo= o
_{0, p>0.8

Y22 la p<0.8

L[ =p)p)™
lp —0.8]

133

Figure 3.4 shows the circles of constant p determined from these equations.
The constant p contours are labeled in decibels, with the negative sign

omitted on the plot.

If we know that antenna 2 is right handed, it is only necessary to show the
first set of circles on the g, plane. However, it is possible that we might wish to
select a left elliptic antenna for antenna 2, so from the second set of equations
the constant p circles are also drawn on the w, plane. When considered as the
q, plane (antenna 2 right handed), the constant p contours are solid in
Fig. 3.4. When considered as the w, plane, the constant p curves are dashed

in Fig. 3.4.

FIGURE 3.4. The g, (or w,) planc with curves of constant polarization match factor: antenna 1
right elliptic, g, = 0.5: antenna 2, right elliptic (solid curves) and left clliptic (dashed curves).
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A study of this example and the resulting Fig. 3.4 illustrates various points
worth considering:

1. The chart, Fig. 3.4, applies for only one value of Q, or W,.

2. The angle v, of g, or w, may change, and the chart will remain valid.
The circles of Fig. 3.4 are drawn with centers on the line —v,, —y, + 7. Then
for an angle vy, #0 the line of circle centers is simply rotated to —vy, by
rotating the chart.

3. A wide range of antenna polarizations will result in the same
polarization match, since in general one of the constant p circles spans a wide
range of values of g,.

4. Some of the constant p circles lie completely in the unit circle, and
some intersect it.

5. For those constant p circles that intersect the unit circle, we have right
elliptic and left elliptic antennas with the same polarization match. This is
shown in Fig. 3.4 by the intersection at the unit circle of solid (right-handed
antenna) and dashed (left-handed antenna) constant p circles having the same
value of p. On the unit circle itself, sense of rotation is meaningless, of course.

6. In the example used, with antenna 1 right elliptic and Q, = 3, the
greatest polarization loss (smallest p value) for any right elliptic receiving
antenna (2) is 10dB, and the smallest loss for any right-handed antenna is
0 dB. Greatest and smallest losses for a left-handed receiving antenna are «
and 0.46 dB. We see from this that the polarization match may be better
between right and left elliptic antennas than between two right-handed
antennas.

7. The circles for different p values never intersect if antenna 2 is right
handed (or left handed), but right elliptic and left elliptic curves do intersect.
For example, if antenna 2 is represented by the point at the center of the unit
circle (circularly polarized), the p loss is 0.97 dB for antenna 2 right handed or
7dB for antenna 2 left handed.

8. The two curves of 7 which intersect at the origin have “‘complemen-
tary” curves (opposite rotation sense and equal polarization loss) that are
straight lines.

9. Curves outside the straight lines mentioned in 8 have reverse cur-
vature.

10. The 3-dB-loss curves intersect at the unit circle bisector 90° from the
center line of the circles.

Special Points

The process of constructing the constant p circles can be shortened by
considering special ranges on the g, or w, plane.

First we note that we need consider only real values of g, since for g,
having a general angle, we need only rotate the constant p curves for g, real.
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FIGURE 3.5. Constant p contours for varying Q,.
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On the unit circle of the g, or w, planes, the equations for p reduce to

Q,cos vy, 1

1 Wcosy
1+0° 2

+
1+ wW?

1
== 3.116
p=5+ (3.116)
Since values of p are the same on the real axis for both the g, and w, planes,

the same equation holds for both planes.
On the real axis of either the g, or w, planes p values are given by

(l:':Q]Qz)z B (inwl)2 : :+Q
: 2N 2 2y ? 2 T,

p=] AF2NA+Q)  (1+ Q)1+ Wh) (3.117)
(12 W, W) - (Q, £ W)’ w,=+W.
LA+WHA+W3) (a+oha+wy T TP

where the upper signs are used for points to the right of the g, or w, plane
origin and the lower for points to the left.

For given Q, or W, values (3.116) and (3.117) can be used to determine p
for values of y, on the unit circle and Q, or W, on the real axis. Circles may
then be drawn through points of equal p values (since the circle center is
known to be on the real axis). Alternatively, for known Q,, (3.116) and
(3.117) may be equated to give y, on the unit circle in terms of the equal p
point, Q,, on the real axis.

Contours for Varying Q,

Figure 3.5 shows a set of contours for p values of 0.1, 0.25, and 0.5 as O,
varies from 0 to 1. For clarity the g, and w, planes are shown separately.
Contour labels are given only for the Q, =1 pair, but they are obvious for all
Q, values.

The choice of the range of O, means that antenna 1 is right elliptic, ranging
from right circular to linear.

We may see from the figure that for antenna 2 right handed, any value of g,
leads to a match for which p =0.5, if the transmitting antenna (1) is right
circular. As the axial ratio of antenna 1 increases, the allowable region of g,,
for a match p =0.5, shrinks.

For antenna 2 left handed and antenna 1 right circular, no value of w, gives
a match p >0.5. As the axial ratio of antenna 1 increases, the allowable
region of w, for a good polarization match increases.

3.9. THE POINCARE SPHERE AND POLARIZATION
MATCH FACTOR

Since we have determined contours of constant polarization match factor p on
the g and w planes, and since the planes are appropriate stereographic
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projections of polarization points on the Poincaré sphere, we might expect to
find constant polarization match curves on the Poincaré sphere itself, and we
are not disappointed.

Two antennas in a transmit-receive configuration are polarization
matched (p = 1) if p, = p3. Thus if the points corresponding to p, and p3 (or
p’ and p,) coincide when plotted on the Poincaré sphere, complete polar-
ization matching exists between the two antennas.

As a matter of notation, let us use p, and p, for antennas A and B to avoid
confusion with the Stokes parameters notation §,, S,, S;.

The polarization match between antennas A and B is

(1+p.py)(+papy)
p= & (3.118)
(1+|p, )1+ p,l*)
where
|ES|
p.=j s € ()
|E%]
(3.119)
g o |E’b"'| e}'d’b (b)

with all quantities measured in the x, y, z or &, 5, { coordinate systems of
Fig. 3.3.
Substitution of (3.119) into (3.118) gives
p —
|EZIP|E¢l* + | ESIP|ES " — 2| ES| | ES| | E¢l | ES|(cos &, cos ¢, —sin &, sin ¢,)
(E* +|ESPYEE + | ESI*)

(3.120)
The Stokes parameters of the waves are
So=|E5I* +|E}|® So=|E¢l* +|E;|*
Si=|E - |} S1=|E¢l* - |E|"
(3.121)
S5 =2|E;| |E}| cos ¢, S; =2|E{||E;| cos ¢,
S5 =2|E;| |E;|sin ¢, S5 =2|E{| |E;| sin ¢,
and if we use these relationships in (3.120), the result is
1 s§7 87 si87 si8
p=§(1+s_gs_g_5§é S—:S—E) (3.122)
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Now if the Stokes parameters corresponding to polarizations p, and p,, are
§5.55.8% and 55,8557
then the Stokes parameters corresponding to p; are
SV, =53, 53

If the two points corresPonding to p, and p; with the Stokes parameters
54, 5%, 8%and S7, —S3, S; are plotted on the Poincaré sphere and two rays
drawn from the origin to these points, the angle between the rays is given by

Su Sb Sﬂ Sb Sa Sf)

: : (3.123)
5o S0 So So S5 S

Comparing this equation to (3.122) shows that
21
p=cos” 3 (3.125)

We see from this equation that if we consider two antennas arranged to
transmit and receive, plot the polarization point (modified polarization ratio)
of one antenna and the conjugate polarization point of the other on the
Poincaré sphere using (2.196) and (2.200) to determine the Stokes parame-
ters for the plot, then the polarization match factor p is the square of the
cosine of half the angle measured at the sphere center defined by the points.

It is evident that we could draw on the Poincaré sphere contours of
constant-polarization match factor for a two-antenna system. These contours
are circles with center at the plotted polarization point of one of the antennas.

3.10. MATCH FACTOR USING ONE COORDINATE SYSTEM

Throughout this chapter we have consistently defined the polarization ratio of
an antenna in terms of a right-handed coordinate system with the z axis
pointing away from the antenna. When two antennas in a transmit—receive
system were considered, as in Fig. 3.3, two right-handed coordinate systems,
one for each antenna, were used, with the z and { axes pointing at each other.
We defined polarization ratios using the two coordinate systems as
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—'Ey —'E" 3.126
PI—JE Pz*f'E_é (3.126)

and obtained a polarization match factor

p= (1 +p1P2)(1 +PTP:'£)
(1+p,p})(1+ p,p3)

(3.49)

Now, some workers prefer to use only one coordinate system, the x, y, z
system of Fig. 3.3, and define both antenna polarizations in this one system.
The change is relatively simple. Let p; be the modified polarization ratio of
antenna 2 defined in the x, y, z coordinate system of Fig. 3.3. Then

E

' -y

Pz=JE

But, from Fig. 3.3,

E,=E, E,=-E, (3.127)
and
P E}' : ETI
Pi=iE =~IE =P (3.128)
Substitution into the equation for p gives
1—p,p)(1—pipi*
B ey —
We may note from this that for matched antennas, p, = —p,;*, and for

cross-polarized antennas, p, = 1/p,.

Similarly, we find, using the common polarization ratio P in (3.89), that if
P; is the polarization ratio of antenna 2 defined in the same x, y, z coordinate
system used for antenna 1, the polarization match factor becomes

_ (1+ P,PY)(1+ PPy¥)
P= @+ P,PHA+ PiPyY)

(3.130)

3.11. POLARIZATION MATCH FACTOR: MISALIGNED ANTENNAS

In Section 3.5 and subsequent sections we considered two antennas in a
transmit-receive configuration with aligned axes (see Fig. 3.3). Orientation
of the antennas was arbitrary, but the fields and effective length components
were known in the particular coordinate systems. In the general case the
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radiated field components and effective length componetits will be known in
some appropriate coordinate system for the antennas, and these coordinate
systems will not be aligned. We must then transform antenna locations and
field components to other coordinate systems before determining the polariz-
ation match factor.

Figure 3.6 shows the coordinate systems we will consider. The system
without subscripts is a ground or reference system. The a system is approp-
riate to the transmitting antenna, with the radiated fields known in that
system. The b system is rotated so that its z axis points toward the receiving
antenna. Likewise, the ¢ system is the natural one for the receiving antenna,
the one in which its radiated field (or equivalently its effective length h) is
known. The d system is rotated so that its z axis points to the transmitting
antenna.

Economy and conciseness of notation are essential to clarity when the
number of coordinate systems is considered. We will use E to represent the
field of the transmitting antenna and h the effective length of the receiving
antenna. A letter superscript refers to the coordinate system in which a
quantity is measured. Vector fields will be represented by the usual boldface
letters and will be treated in this section as column matrices; thus

E=col (E,, E,, E,) (3.131)

iy Vi 2 eI
(x4, ¥4 24) — b
Transmitter
2d
(xp, ¥ 2.)
Fiiet
y eceiver
X
(0,0,0) z

Ground/ reference

FIGURE 3.6. Coordinate systems for misaligned antennas.



POLARIZATION MATCH FACTOR: MISALIGNED ANTENNAS 141

In addition, we define a column matrix to represent the coordinates of a
point; thus

X =col(x,y, 2) (3.132)

A 3 x 3 matrix will be represented by a square bracket; thus

Axx AXJ’ sz
[Al=|4,, A, A, (3.133)
Az.t Azy Azz

The transformation, by rotations, of a point from coordinate system 1 to
system 2, having the same origin, is carried out by the Euler angle matrix,

[E]=
cos B cos y cos f3sin y —sin B
sin a sin B cosy —cos a siny sin a sin Bsiny +cos @ cos y sin a cos f3
cos a sin B cos y +sin asiny cosasin Bsiny —sinacosy cosacos f3

(3.134)

The angles «, B, y are measured from an axis in the old system (1) toward the
corresponding axis in the new (2). The rotations are taken in order:

1. +y around the z axis in the direction x— y.
2. B around the y axis in the direction z— x.
3. « around the x axis in the direction y— z.

Not all authors define the Euler angle transformations in the same manner
[3]'i“he location of point X” in the new system is related to its location X' in
the old system by
X’=[E]X' (3.135)
where
X=col(x, y, 2) (3.136)
Transformation of vector functions is carried out by the same matrix; thus

F> =[EJF' (3.137)

where
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F=col (F,, F,, F,) (3.138)

The transformation from system 2 to 1 is carried out with the inverse
matrix

x'=[E]7'X® (3.139)
But the inverse of the Euler angle matrix is its transpose [E], so that
X'=[E]™X? (3.140)

We will use these Euler angle matrices for the coordinate systems of Fig.
3.6.

[A] from the ground/reference system (translated to x,, y,, z,) to system
a.

[B] from the ground/reference system to system b.

[C] from the ground/reference system to system c.

[D] from the ground/reference system to system d.

Note that in many cases the geometry is simpler than this general case. The
transmitter, for example, may also be the reference system, and z“ may
already point to the receiver, making two transformations unnecessary.

Let us now consider the polarization matching problem for the two
antennas. More generally, we will obtain the received power at the receiving
antenna and separate the effects of polarization mismatch from the antenna
gains. Let us assume that we know the orientations of the transmitting and
receiving antenna systems with respect to the reference system, that is, we
know the matrices [A] and [C]. Further, we know the far fields of the
transmitting antenna in its natural coordinate system, Ej and Ej,. We also
know the effective length components of the receiving antenna in its natural
coordinate system, i, and /. We may proceed using one of two methods,
both of which will be given here, step by step.

Method 1

Step 1. Translate the reference system to the transmitter position. Obtain
the receiver position X! in this translated system.

X! =X, - X, (3.141)

Ster 2. Use the Euler angle matrix [A] to find the receiver position in the
natural system (system a) of the transmitter:



POLARIZATION MATCH FACTOR: MISALIGNED ANTENNAS 143
X =[A]X! (3.142)

Determine the colatitude and azimuth angles of the receiver in system a.

Step 3. From the known properties of the transmitter, find Ej and E}j at the
receiver. The absolute values of Ey and Ej must be found if the receiver
power is needed. This requires a knowledge of transmitted power, and the
distance from transmitter to receiver (easily found from [X, — X,|). If relative
values are sufficient, the transmitter—receiver distance and the transmitter
power may be neglected. In fact, only the effective length h(6, ¢) of the
transmitting antenna is needed. We will continue to use E, however, since it is
more general and so that we may distinguish it easily from the h value used for
the receiving antenna.

Ster 4. Convert Ej and Ej at the receiver to rectangular form.
E.=Ejcosficos¢p —E,singd (a)
E{=Ejcosfsin¢ +E;cosd (b) (3.143)
E’=—Ejsin6 ©

where 6 and ¢ are the known values at the receiver found in step 2. The
subscripts refer to axes in the a system, specifically x°, y*, z°

Step 5. Transform the field components to the receiving antenna system,
going to the reference system as an intermediate step and then to the
receiving antenna system (system c) using the known matrix [C].

E=[A]'E" (3.144)
E°=[CJE=[C][A]"E" (3.145)

Step 6. If the absolute value of E is known, find the receiver open-circuit
voltage using the known receiving antenna value of h in system c:

V=E-h° (3.146)

The received power is found easily if antenna and load impedances are
known.

If the power is not needed, or if only a relative value of E° has been
obtained, find the polarization match factor from

B lEc .hclz

p= W (3.147)
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Method 2

It may have been noted that method 1 did not utilize the polarization ratios of
the antennas, nor did it use the coordinate systems b and d. An alternate
method to obtain the polarization match factor between the antennas does
lead naturally to the use of the polarization ratios.

Steps 1-4. Same as steps 1-4 of method 1.

Step 5. Create two new coordinate systems, b and d of Fig. 3.6, and obtain
the Euler angle matrices [B] and [D]. The z axes are to be antiparallel and so
are the x axes. The y axes are parallel. These systems will then correspond to
those of Fig. 3.3, and equations developed using that figure will be valid. The
requirements on systems b and d are not yet sufficient to yield unique
coordinates. It is convenient to further require that the axes x” and x? lie in
the xz plane of the reference system. In the Euler angle matrices this leads to
the requirement that vy =0. The Euler angle matrices then become

- cos fB, 0 —sin B, 1
[B]=|sinea,sin B, cosa, sina,cos B, (3.148)
Lcos a;, sin B, —sina, cos a, cos 3,
- cos B, 0 —sin B,
[D]=|sina,sin B, cosa, sina,cos B, (3.149)
Lcos a, sin B, —sina,; cos a,cos B,

Consider again the reference system translated to the transmitter position
so that the receiver position in the translated system is

X' =X —X, (3.141)

The receiver position in system b is then

X’ =[B]X! (3.150)
or
b '
X, X,
yo | =1B]| ! (3.151)
z! z!

But in system b, the x and y coordinates, x” and y’, of the receiver are zero.
Then
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cos B,x, —sin B,z,=0 (a)
(3.152)
sin a, sin B,x! + cos a,y. +sin «, cos B,z. =0 (b)

These two equations may be solved to give a, and f3, in terms of the known
quantities x, y., and z.. The solutions are

- -

NlH

- -

(a)

tan B, =

(3.153)
1 Vi3

~cos B, (x1) + ()

(b)

tan a, =

The matrix [B] is thus completely specified.

To find the [D] matrix, we proceed in the manner that led to the [B]
matrix, by first translating the reference system to the position of the
receiving antenna. The location of the transmitter in this translated system is

X =X —X, (3.154)
and the transmitter in system d is at
X?=[D]X" (3.155)

The x¢ and y“ coordinates are zero, which leads to the equations

cos B x" —sin B,z =0 (a)

(3.156)
sin a, sin B,x" + cos a,y" + sin a, cos B,z, =0 (b)
with solutions
tan B, = z—:’ (a)
' (3.157)
1 f:zﬂ
tan @, = — 212} (b)

cos B, (x’;)2 ] 4

Step 6. Transform the field components obtained in step 4 to the b system
using the reference system as an intermediate step:

E’ =[B][A]"E’ (3.158)

It is to be noted that E® will not have a z° component but only transverse
components.
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Ster 7. Use the Euler angle matrix [ C] to find the transmitter position in the
natural system (system ¢) of the receiving antenna:

XS =[C]X" (3.159)

Determine the colatitude and azimuth angles of the transmitter in system c.

Step 8. From knowledge of the receiver effective length h(6,, ¢,) in its
natural coordinate system, find the effective length in the direction of the
transmitter.

Ster 9. Transform the effective length to system d using the reference
system as an intermediate step:

h'=[D][C]"h" (3.160)

Note that in system d, h? will have only transverse components.

Step 10. Define polarization ratios P, and P, (or modified polarization ratios
p, and p,) for the transmitting and receiving antennas

b d
E, hi
P=—25 (@ P,= X (b) (3.161)

The subscripts refer to axes in the proper coordinate system. Thus in defining
P,, the components are those along the y” and x” axes, while in defining P,
the components are along the y? and x“ axes.

?

Step 11. Find the polarization match factor from either

P=a+PPH(A+PPY

(3.162)
or

. (1+pp)1+pip7)

(1+pp7)1+pp7)

(3.163)

It is obvious that the second method laid out here is more cumbersome
than the first. It has the advantage, however, that the polarization ratios are
obtained, and the aids developed for understanding polarization problems,
such as the Poincaré sphere and the complex plane charts, can be readily
applied.
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3.4.

3.5.

PROBLEMS

In a reference coordinate system located at the ground (see Fig. 3.6) a
transmitting antenna is located at 500, 1000, 2000 and a receiving
antenna is located at 0, 500, 5000. Develop a coordinate system at the
transmitting antenna with its z axis pointing at the receiving antenna
and its x axis parallel to the xz plane of the reference system. Find the
Euler angle matrix of this system.

Two short dipoles are used as transmitter and receiver in a communic-
ations link. The first dipole lies along the y axis of the reference
coordinate system of Fig. 3.6. The xz plane of the reference system is
parallel to the ground. The z axis of the reference system points to
the east. The second dipole is located at 400, 400, 2000. It leans toward
the northeast and makes an angle of 75° with the ground. Find the
polarization match factor between the antennas.

Show that the polarization match factor between two antennas can be
written as

p= |, 'hzlz
Iy [, |

where h, and h, are the effective lengths of the two antennas measured
in the same coordinate system.

Show that, for two antennas in a communication link, if the axial ratio
of one antenna is much greater than that of the other, it is of little
concern that the antennas have the same or opposite rotation sense.

Verify the statement following Eq. (3.62) that if two identical antennas
are first placed side by side and then moved into a transmit-receive
configuration by rotating one of them 180° around a vertical axis, the
major axes of their polarization ellipses no longer coincide.



—4

POLARIZATION
CHARACTERISTICS OF
SOME ANTENNAS

4.1. INTRODUCTION

In this chapter we shall obtain the polarization parameters of several common
antennas. We shall also obtain polarization match factors when these
antennas are paired with standard antennas in a transmit-receive configur-
ation. In this way we can compare the off-axis performance of the antennas
of interest to their polarization performance on-axis (or in some design
direction).

In the previous chapters we defined the polarization parameters in the
context of a wave traveling in the z direction as in Fig. 4.1(a). Specifically, we
defined the polarization ratio P as

P=rt (2.73)

The coordinates of Fig. 4.1(a) are common in a discussion of polarization [1].
The value of P clearly depends on the coordinates used. For example, if we
use the ratio P = E /E, for the rotated system of Fig. 4.1(b), it will not be the
same as (2.73). A somewhat more general definition of the polarization ratio
is
Evcrticnl
Pt —=—— (4.1)

horizontal
with unit vectors chosen so that

Uporizontal X Uyertical = upropagalian direction (42)

148



INTRODUCTION 149

Wave travel Wave travel

z Z

(a) (b)

(d) (e)

FIGURE 4.1. Coordinate systems for defining P.

Note that the first coordinate system of Fig. 4.1 satisfies the requirement (4.2)
if x is taken as the “‘horizontal” component and y the “‘vertical,” but the
coordinates of Fig. 4.1(b) do not satisfy (4.2) if y is treated as horizontal.

Near the earth’s surface we may define horizontal somewhat loosely as
parallel to the surface. More precisely, if a line is drawn from the coordinate
origin to the earth’s center and if a tangent plane is drawn at the intersection
of this line and the earth’s surface, then the horizontal axis of the coordinate
system is parallel to the tangent plane. The direction of wave propagation
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may or may not be parallel to this plane, but in either case, vertical is defined
as perpendicular to the horizontal axis and to the direction of propagation.

At points far from the earth the coordinate system for defining the
polarization ratio is essentially arbitrary.

The electric field radiated by an antenna is commonly defined by a
spherical coordinate system as in Fig. 4.1(c). The wave, having only E,and E,
components (in the far field), travels in the radial direction. If the xy plane is
parallel to the earth’s surface, then E, is the horizontal component of the
wave (it is always parallel to the xy plane and hence to the earth’s surface),
and —E, is the vertical component. [To establish this, either lay the
coordinates of Fig. 4.1(a) over those of Fig. 4.1(c) with the z axis coincident
with r or take the cross product u, X (—u,).] The appropriate definition of
the polarization ratio is then

p= (4.3)

Some difficulty arises if we establish a coordinate system whose xy plane is
not parallel to the earth’s surface. Neither E, nor E,, is in general horizontal
(parallel to the earth’s surface), and we cannot define P in terms of vertical
and horizontal components. In this text we will therefore use coordinate
systems, if possible, with the z axis perpendicular to the earth’s surface. If
that is inappropriate, we will continue to use (4.3) to define P and consider
horizontal to mean parallel to the xy plane.

4.2. TEST ANTENNAS FOR DETERMINING EFFECT
OF POLARIZATION

The purpose of obtaining polarization parameters of an antenna is to find the
polarization match factor between that antenna used, for example, as a
transmitter and some other antenna used as a receiver. What antenna should
we use as a receiver, and how should it be oriented? It is reasonable that if the
antenna being examined is intended to produce a circularly polarized wave,
for example, we should see how faithfully it does so by using a circularly
polarized receiving antenna. Since most antennas are meant to produce either
linear or circular polarizations (and we will consider only these in this
chapter), we will use a linearly or circularly polarized antenna, as appro-
priate, to receive the wave.

Now we redefined the polarization ratio in Section 4.1, and we must
determine the effect on the equations for the polarization match factor
developed in Chapter 3. To do this, consider the coordinate systems of Fig.
4.1(c). Antenna 'l is the transmitter and antenna 2 the receiver. The
rectangular coordinate system at antenna 2 is translated from antenna 1. The
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polarization match factor developed in Chapter 3 is

|El' . hlz
? T o

where E'is the field at the receiving antenna caused by the transmitter and h is
the effective length of the receiving antenna. Both E' and h are measured in
the same coordinate system. Let us arbitrarily choose to do so in the receiver
system of Fig. 4.1(c). Then

E'-h=E}.h, + Eyh, (4.4)
From Fig. 4.1(c) it may be seen that

E\=E,, E,=-Ej (4.5)
and therefore

E -h=E'h, — E.h, = E.} (E:’ y. 1)
MW=Ly T Ll S L\t BT
3 hy

Now, it is clear that for the transmitting antenna (1)

£y~ “f‘-fg
E,

(4.6)

and if we think for a moment of antenna 2 as transmitting a wave E toward 1,
its field would be proportional to its effective length. Then

=B . e

P 2s3
2 By h.

(4.7)

If these substitutions are made -above,

E'-h=E,h,(P,P,—1) (a)
[E) =|E[((1+ P,P})  (b) (4.8)
f* =k, [*(1+ P,P)  (©)
and substitution into (3.37) gives for the polarization match factor

_ (- PP)(1-PiPY)
P @+ P PO+ P,PY) )

This equation is identical to (3.89), which we developed using the definition
(2.73) for polarization ratio. We may therefore use (3.89) or any equation for
p involving polarization parameters p, q, w, . .., developed in Chapter 3.
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It may not always be convenient to define P, in the translated coordinate
system of Fig. 4.1(c). If we have, for example, two identical antennas pointing
at each other, a reversed coordinate system would be appropriate for one of
them. Two such systems are shown in Fig. 4.1(d) and (e). If P, is defined in
the manner shown, (4.9) remains valid. While we will define P, in one of the
coordinate systems of Fig. 4.1(c), (d), or (e), it is nonetheless convenient to
express P, in terms of 6 and ¢, the direction of the receiving antenna from the
transmitter. This will be clearer as we discuss the polarization of the.receiving
antenna necessary to give a polarization match with the transmitter.

In order to select the receiving antenna and orient it correctly, we start by
recognizing that a dipole antenna produces a wave that is everywhere linearly
polarized. If we use it as a transmitter, then we should use another linearly
polarized antenna (perhaps another dipole) as a receiver. If the receiver is
correctly oriented, there is no polarization mismatch in any direction from the
transmitter. Figure 4.2 shows the correct orientation for the receiving antenna
if the antenna undergoing examination is a z-directed dipole. The receiving
dipole must lie in the plane containing the transmitting dipole, and the line
from transmitter to receiver must be perpendicular to the receiving dipole.
We anticipate the results of Section 4.3 and note that the z-directed
transmitter has a polarization ratio

P, = (4.24)

except at 6 = 0 where the field is zero. From Fig. 4.2 it is clear that on a line
perpendicular to the receiving dipole /& ,. =0 and the receiver has a polar-
ization ratio

P =c (4.10)

r

Receiver
hy

TransmittE(

FIGURE 4.2. Orientation of receiving dipole for testing z-directed transmitting dipole antenna.
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Substitution in (4.9) shows that the polarization matching requirement is met
for these two antennas.

Let us now suppose that the transmitting antenna is a dipole lying on the x
axis. Again we anticipate the results of Section 4.3 and note that the
polarization ratio in the direction 6, ¢ is

P,=cosfcot¢ (4.22)

For polarization matching the receiving antenna should be a dipole lying in a
plane that contains the x axis, and a perpendicular from the receiving antenna
should point to the transmitter. Since we know that these antennas will be
polarization matched, then the polarization ratio of the receiving antenna
must be

P =—P*=—cos 6 cot ¢ (4.11)

An earlier statement may now be clearer. In this expression, P, is defined as
—hy./hy., using the translated coordinate system of Fig. 4.1(c) [or the
translated and reversed systems of Fig. 4.1(d) or (e)]. Nonetheless, it is
convenient to give P, not in terms of the angles 6', ¢' of Fig. 4.1(c) but in
terms of the direction 6, ¢ of the receiving antenna from the transmitting
antenna.

In Section 4.3 we will find the polarization ratio of a y-directed dipole to be

P, = —cos 6 tan ¢ (4.23)
For test purposes we will use a dipole receiver with polarization ratio
P,=—P} =cos 6 tan ¢ (4.12)

Now suppose that our transmitting antenna is intended to produce a wave
with polarization characteristics similar to one of these x-, y-, or z-oriented
dipoles. The open waveguide antenna of Section 4.8 is an example, with a
polarization similar to that of the y-oriented dipole. For such an antenna we
will continue to use as a test (receiving) antenna a dipole with polarization
ratio given by (4.12), even though there will be a polarization mismatch in
some directions. The antenna is intended to produce a linearly polarized
wave, and it is appropriate to examine how well it does so. We are not
measuring the polarization of the antenna, although we could certainly do so;
rather we are comparing its polarization to a standard, and the dipole is the
standard.

It should be noted that the receiving antenna changes only in orientation as
it is moved from one point to another. The change in polarization ratio is
caused by this change in orientation.

Right and left circularly polarized antennas have polarization ratios of —j
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and +j, respectively. If we have an antenna intended to produce a right
circular wave, whether it does so in all directions or not, we will test it by
obtaining its polarization match factor with a receiving antenna having

-ty (4.13)
Similarly, to test a left circular antenna, we will use a receiver with

P =+j (4.14)

r

In this chapter we will have occasion to consider relative radiation intensity
B8, $)I* +1E, (6, &)
and polarization match factor

p(6, &)

We will refer to a radiation intensity pattern and to the radiation intensity
beamwidth as the angle between the two directions in which the radiation
intensity drops to one-half (—3 dB) of its maximum value.

In the same way the polarization beamwidth is the angle between two
directions for which p is one-half.

If both radiation intensity and polarization effects are used in determining
the 3-dB points for an antenna, we will use overall beamwidth as the angle
between two directions for which received power in an appropriate receiving
antenna drops to one-half the possible received power.

4.3. THE SHORT DIPOLE

We will obtain the far fields produced by short dipoles oriented along the
coordinate axes. The fields of a dipole with any orientation may then be
written as the sum of the fields produced by these.

The magnetic vector potential of a short dipole directed along one of the
coordinate axes is given by (1.31) and similar forms,

_ mI¢

A 411'}'

Xz

g (4.15)

where [ is the value of the current at all points in the dipole length ¢. A more
realistic model for a short antenna is a center-fed dipole having a triangular
current distribution'with maximum current /, at the center and zero current at
the ends. The vector potential for this antenna is (see problem 1.5)
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_ pl € oIk

A 8mr

X Y2

(4.16)

There is no essential difference between these equations, and we will
continue to use (4.15).
We can find the fields of the dipoles by the transformations
A, =A sinfcosd+ A sinfsing+ A, cos6
A,=A, cosfcosp+ A cosfsing— A, sinb (4.17)
A,=—A,sing + A cos ¢
and the far-field equations of (1.58), repeated here for convenience,
E =0 E,=—jwA, E,=—jwA, (4.18)
Fields

The fields that result from these equations are:

x-DIRECTED DIPOLE

E, =0 (a)
E,=— jon’t cos 6 cos pe ™" (b) (4.19)
0 4arr ’
el
E,= a5, SN de (c)

y-DIRECTED DIPOLE

E =0 (a)
_ }‘wlu’na 3 —jkr

E,= A, oS 6 sin e (b) (4.20)
i jwlu"fg —jkr

E,= 2. Cos de (c)

z-DIRECTED DIPOLE
E,=0 (a)

_ Joupl€
E, dqr

E,=0 (c)

sin e %" (b) (4.21)
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Polarization Ratios

x-DIRECTED DIPOLE

p,= 20

2 = cos 6 cot ¢ (4.22)
3 E¢

y-DIRECTED DIPOLE
P, = —cos 0 tan ¢ (4.23)

z-DIRECTED DIPOLE :
P,=o (4.24)

Zz

Polarization Match Factors

This is essentially trivial since we have already postulated that the dipole in
question is to be compared to a correctly oriented receiving antenna, which is
also a dipole with

P,=-P; (4.25)

r X0z

Nevertheless, let us see the process for the x-directed dipole. We substitute

P, =cos 0 cot ¢ (4.22)

and

P, = —cos 6 cot ¢ (4.11)
into the match factor equation

_(-PP)(1-P1P)
P= A+ PP+ PPY

(4.26)

and immediately obtain p = 1. We note that of course the test antenna does
not receive the same power at all points, but the variation is due to the dipole
directive gain, not to its polarization properties.

Received Power

The received power density is quickly found from the fields to be:

x-DIRECTED DIPOLE

1 [ 1 ? 2, 2
sx=§\/£(|50|’*+|5¢,]2)=5 i(——) (1—sin’ 6 cos” ¢) (4.27)

Aar
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y-DIRECTED DIPOLE

1 [Z [oplf)? ; ;
S=is \/E( ) (1—sin” 6sin® ¢) (4.28)

4ar

z-DIRECTED DIPOLE
.. I i(m,u.]f)z .2
S, = 3 \/; 2y ) St 0 (4.29)

4.4. CROSSED DIPOLES (TURNSTILE ANTENNA)

An antenna used to produce a circularly polarized wave is shown in Fig. 4.3.
If the vertical ( y-directed) and horizontal (x-directed) dipoles are identical
and are fed with currents having the same amplitudes and 7 phase
difference, the radiated wave is circularly polarized on the z axis.

Let us take the feed current or voltage to the x-directed dipole as a
reference, and let the feed to the y dipole lead it by 3#. The resulting fields
are the sum of (4.19) and (4.20) multiplied by j. The result is

jwpl€ -
E,=— ‘u:':_r (cos 6 cos ¢ + j cos 0 sin ¢)e ¥ (a)
o]l (4.30)
L J R . % —jkr
E, . (sin ¢ —jcos ¢)e (b)
The polarization ratio is
_cosfcosp+jcosfsingd . :
P,= SN — Joosd =jcosd (4.31)

On the z axis, # =0 and P =j1, which corresponds to a left circular wave
propagating in the z direction. Had the y dipole feed lagged in phase by 3,
the wave would have been right circular along the z axis.

In Section 4.2 we saw that it is appropriate to examine the polarization loss
as a function of propagation direction by allowing the antenna to radiate

h 4

o
/

FIGURE 4.3. Crossed dipoles or turnstile antenna.
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toward a left circular receiving antenna with P, = +j. Then for any angle 6 the
polarization match factor for this antenna pair is

(1—P,P)(1— P*P¥) _ (1+cosb)?

e _ _l cos 6
p(6, ¢) = (1+ P,P*)(1+ P,P*) 2(1+cos’8) 2

1+ cos” @

+ (4.32)

We note from (4.32) that the power received drops to one-half its maximum
value at 6 = i
The antenna gain, neglecting polarization effects, is proportional to

|E,|* + |E,|* =|cos 8 cos ¢ + j cos 6 sin ¢|* + [sin ¢ — j cos ¢’

=1+cos’ 0
and the gain relative to the maximum gain (in the direction 6 =0) is
G, = (1 +cos® 9) (4.33)

Note that the half-power angle for polarization is § = 1, and the half-power
beamwidth for polarization is =. The half-power beamwidth, neglecting
polarization, is also #, from (4.33). When p and G, are combined to
determine the actual power received by a circularly polarized antenna, we
obtain

G p="'(1+cos@) (4.34)
Setting G, p to 3 gives
045 = 65.5°
Half-power beamwidth = 26,,, = 131°

A note of caution is in order. The polarization ratio for the crossed dipoles
was found to be

P,=jcos@ (4.31)

In the xz plane, for large 0 (measured from the z axis), the electric field is
primarily y directed, whereas in the yz plane, for large 6, it is primarily x
directed. The reader incautiously thinking of y as the ‘“‘vertical axis and x as
“horizontal™ in Fig. 4.3, will be concerned that the polarization ratio is the
same in both planes. It was pointed out in Section 4.1, and is repeated here,
that the xy plane must be treated as the horizontal plane in defining
polarization ratio in terms of E, and E,,, even though it need not be parallel to
the earth. In that context, both the x and y axes in Fig. 4.3 are horizontal, and
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it is reasonable that the polarization ratio has the same form in the two cases
described above.

4.5. CROSSED DIPOLES WITH GROUND PLANE

The radiation intensity pattern of the crossed dipoles can be sharpened by
placing the dipoles in front of an infinite conducting plane, as in Fig. 4.4. By
image theory the fields in front of the plane remain the same if the screen is
removed and image dipoles, fed by currents differing in phase from the real
dipoles by 7 radians, are placed at a distance 2a from the real dipoles.
From the pattern multiplication principle of array theory the far-zone field
of a uniform array of identical elements is the product of the field of a single
element and the array factor. The array factor is a function of geometry and
the excitation phases of the elements and is essentially the pattern of an array
of isotropic radiators located at the real antennas [2]. The array factor of two

FIGURE 4.4. Crossed dipoles near infinite conducting plane.
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elements on the z axis separated by distance d is [2]
AF =2cos [3(kd cos 6 + B)] (4.35)

where B is the phase of the excitation of the element at the greater z value
compared to that of the element at the lesser value of z.

If we let the dipoles be a quarter wavelength from the plane, and note that
B = aand d = 2a = ; A, the array factor for the crossed dipoles in front of the
conducting screen becomes

AF =2 cos [3m(cos 6 + 1)] (4.36)

Both E, and E, of (4.30) are multiplied by this array factor to give the new
fields, and since both are altered by the same factor, it is clear that P,, as given
by (4.31), and p, as given by (4.32), are unchanged. On the other hand, the
radiation intensity is multiplied by the square of the array factor, and the
relative gain becomes

G, = 1(1+cos” 8) cos’ [{m(cos 8 + 1)] (4.37)
The product of G, and p is now
G,p = }[(1 + cos 0)*] cos” [Lm(cos 6 + 1)] (4.38)

and if this is set equal to 5, we find for the half-power beamwidth, considering
both radiation intensity and polarization match, that

Beamwidth = 26,,, = 98.4°

It should be noted that the value of p, the polarization match factor, is
0.854 at the overall 3-dB angle for the crossed dipoles without a screen and
0.958 for the crossed dipoles with a screen. Use of the screen produced a
narrower beam and one that is still almost circularly polarized at the beam
edge.

The array principle used here can obviously be extended. The array factor
has no polarization properties, since it is the pattern of an array of isotropic
radiators. By the pattern multiplication principle, both E, and E, produced
by one element are multiplied by the same factor. Then the polarization ratio
of an array of identical elements whose fields are not altered by the presence
of other elements in the array is the same as that of one of the elements. This
may be advantageous in some applications since the radiation intensity
pattern can be primarily controlled by the array geometry, whereas the
polarization of the radiated wave is completely established by the choice of
array element.
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4.6. THE LOOP ANTENNA

The far electric field of a small circular loop antenna with uniform in-phase
current lying in the xy plane as shown in Fig. 4.5 is (2]

‘

E=E,=0 (a)
; (4.39)
wpka’lsing _,
Ed- = “_4’__.__ e 1k (b)
It is obvious that the field is everywhere linearly polarized and horizontal.
as discussed in Section 4.1. We may then use either another circular loop
antenna or a horizontal dipole to receive a field radiated by the transmitting
loop without polarization loss. The receiving loop is oriented so that the
radial line from the transmitting loop center is in the receiving loop planc.
This will keep the receiving loop gain constant as it is moved from onc
location to another. A horizontal dipole receiving antenna must be tangent to
a circle drawn with the z axis as center. With either receiving antenna, p = 1.
We now have two additional test antennas to use with an antenna intended to
produce a ficld linearly polarized in a horizontal direction.
The loop may be considered small, and (4.39) is valid, if a<< A. If that is
not the case, more general equations for the loop fields are [1, p. 161]

™
|

=E,=0 (a)
_ (4.40)
_ wpal, J (kasin 6)

= 2r e (b)

where J, is the Bessel function of the first kind and first order. For loops with

X

FIGURE 4.5, Circular loop antenna and test antennis.
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circumference ;A or greater, phase shifters must be inserted at intervals
around the loop to maintain a uniform in-phasc current in the loop [1].

It should be noted that the radiated field of the large loop is still lincarly
polarized in the azimuth direction.

4.7. LOOP AND DIPOLE

We saw in the previous section that the field of a small loop is azimuthal and
varies as sin 6. In Section 4.3 we noted that the field of a z-directed short
dipole is directed wholly in the 6 direction and also varies as sin 6. It is obvious
then that a combination of the two antennas with proper current amplitudes
and phases can produce a wave that is everywhere circular. Figure 4.6 shows
such a combination.

From a comparison of the E|, field of the short dipole and the E field of a
small loop,

jopl,fsin@ _.,
= B ()

(4.41)
wpka’l, sin 6 5

—jkr
- (b)

E,=

it is obvious that if the wave is to be, for example, right circular, so that

E
P=—-"t=—j
E,
then we must require that
I, mka’
- ¢ (4.42)

Reversing either current will give a left circular wave.

z

1
3{

™y
-

-1
2 .
* FIGURE 4.6. Loop and dipole.
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The use of the loop and dipole antenna with a circularly polarized receiving
antenna, of the correct sense, obviously gives a polarization match factor of
unity. The relative gain is also clearly

G, =sin’ 6 (4.43)
and the pattern is omnidirectional in azimuth with a half-power beamwidth of

Y7 in a constant-azimuth plane.
Let us consider now a longer dipole with a field

_ 121, cos[(k/2)cos 6] — cos (k€/2) oIk

o= For sin 6 (1.104)
and the larger loop of Section 4.6 with field
- w;.LaILle(:ca sin 6) oIk (4.40)

It will be seen that this combination no longer is circularly polarized for all
values of 6. It is clear that by a choice of the relative feed currents of loop and
dipole, the antenna can be made to radiate a circularly polarized wave in one
direction, 6. Let us choose the wave to be right circular at § = = (in the xy
plane).

The polarization ratio is, from the equations for E, and E,,

p = %o [(k€/2) cos 6] — cos (k€/2)
o sin 6J,(ka sin )

(4.44)

where C is a constant. If the wave is to be right circular at 6 = 3,
1—cos (k€/2)
J,(ka)
which gives

—jJ,(ka)

T 1—cos (k€12) G

and for general 6

_ —jli(ka)  cos[(k€/2)cos 8] — cos (k£/2)
‘" 1—cos (k€/2) sin 8J, (ka sin 6)

(4.46)

If we match this transmitting antenna with a right circular antenna having
P, = —j, the match factor can be written as
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(sin O[1 — cos (k¢/2)]J,(ka sin 8) + J,(ka){cos [(k{/2) cos 6] — cos (k€12)})°
sin® 6[1 — cos (k¢/2)]*3(ka sin ) + J%(ka){cos [(k¢/2) cos 8] — cos (k¢/2)}*

(4.47)

This is a rather complicated equation, but matters can be simplified if we
consider the product of p and the relative gain G,. Using (1.104) and (4.40),
we note that

Z LA\ " - A%
IE,|? + |E¢,|2 _ ( - ,,,) {cos [(k€/2) c0§ 2] cos (k€/2)}
2mr sin® 6
. (w,uaf,_

= )fo(ka sin 6) (4.48)

At =3, the two terms above are equal from our choice of circular
polarization at # = i#. In addition, we will use the intensity there to
normalize the intensity at any angle. It follows from these two facts that

_ [cos [(k€/2) cos 8] — cos (k¢/2))? " J%(ka sin 9)

G
’ 2sin® §[1 — cos (k¢/2)]* 273 (ka)

(4.49)

If we take the product of G, and p, the result is

(sin 6[1 — cos (k€/2)]J,(ka sin ) + J,(ka){cos [(k€/2) cos 8] — cos (k£/2)})
sin® O[1 — cos (k¢€/2)]T3(ka)

(4.50)

It may be verified that this is unity in the plane 6 = ;7. For a half-wave dipole
the product is simpler, namely

1 [J,(ka sin ) | cos [(m/2) cos 6] T

Grp|{’=.\!2= z J,(ka) Siﬂe (451)

4.8. WAVEGUIDE OPENING INTO INFINITE GROUND PLANE

In Section 1.13 we developed the equations for the far fields of a rectangular
waveguide carrying the TE,, mode and opening into an infinite ground plane.
With the ground plane taken as the xy plane and with the long dimension of
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the waveguide directed along x, as shown in Fig. 4.7, the far fields are

_ wabE,; . cos [(mal/A) sin @ cos @]  sin[(arb/A) sin 0 sin ¢] @)
? cr > —4[(wa/A) sin 0 cos ¢]°  (wb/A)sin 6 sin ¢
wabE, cos [(mra/X) sin 6 cos ¢ ]
E, =
v o O e > — 4[(mal)) sin 6 cos ¢]’

sin [(7b/A) sin 6 sin ¢ | (b)

(wb/A) sin 6 sin ¢
(1.136)

where a and b are the waveguide dimensions in the x and y directions,

respectively.

In xy plane

2l
_ \ "

FIGURE 4.7. Waveguide opening into plane.
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In spite of the complexity of the field components, the polarization ratio
for this antenna is quite simple. It is

tan ¢
S 4.52
P, cos 6 ( )

On the z axis the wave is polarized in the y direction. (We avoid the use of the
word vertical as ambiguous.)

We earlier considered an antenna that also produces a y-polarized wave on
the z axis, namely, the y-directed dipole of Section 4.3, with a polarization
ratio

P, = —cos 6 tan ¢ (4.23)
Since the polarization is the same in at least one direction, an important
direction at that, it is interesting to compare polarizations in other directions.
It should be noted first that both antennas radiate a wave that is
everywhere linearly polarized and that may be received everywhere without
polarization loss by a correctly oriented, linearly polarized antenna. Since the
polarization ratios are different, we might expect, correctly, that the receiving
antenna orientation will be different for the dipole and the waveguide.
Let us consider first the principal E and H planes and the xy plane. The
polarization ratios and the field components are compared here:

Polarization Fields
Plane Dipole = Waveguide Dipole Waveguide
Principal E plane,
d’ = %'ﬂ' 2 w EB(E)-: Ez) EB(E}H Ez)
Principal H plane,
¢=0 0 0 E‘,,(EJ,) E¢(EJ,)
xy Plane, 6 = 37 0 0 E (E,, E,) E,(E,)

We see from this table that the polarization behavior of the two antennas is
the same in the principal E and H planes but differs markedly in the xy plane
(which is generally of little interest for the waveguide opening).

Let us now consider the reception of the wave transmitted by the
waveguide antenna. It is worthwhile to repeat that the radiated wave is
everywhere linear and can be received without polarization loss by any
linearly polarized antenna that is correctly oriented. We saw in Section 4.2
and Fig. 4.2 that if the transmitter is a dipole, then the receiver can be a
dipole that lies in the same plane as the transmitter and is perpendicular to a
line drawn from-it. That natural orientation will not do for the waveguide
antenna, however. In theory, the field components of the waveguide antenna
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can be calculated and a receiving antenna (dipole) oriented parallel to the
field. This means nothing, however, since, in theory, p = 1. In making gain
measurements of the waveguide antenna, a receiving dipole can be oriented
perpendicular to a line from the waveguide antenna and rotated around that
axis to maximize received power. This eliminates any polarization mismatch
and allows a correct measurement of the gain.

If we wish specifically to consider the polarization behavior of the
waveguide opening into a plane, it is appropriate to use as a receiving antenna
a dipole oriented as it would be if the transmitting antenna itself were a
y-directed dipole. The polarization ratio of the receiver is then to be taken as

P,=cos 6 tan ¢ (4.12)

and the polarization match factor between this dipole and the waveguide
antenna is

_ cos” (1 + tan” ¢)*
(cos® @ +tan” ¢)(1 + cos® @ tan” &)

2 (4.53)

It is quickly noted that p = 1 in the principal E and H planes. It may also be
determined without difficulty that the maximum rate of change of p with angle
0, near 6 = 0, occurs for ¢ = 1, 37, . . . (unsurprising since p is independent
of 0 for ¢ =0, im,...).

Along a line giving maximum rate of change of p with 6 (tan ¢ = 1), the
value of p drops 3dB where 6,,; =65.53°. Then the minimum 3-dB
beamwidth is

for polarization effects alone.

The radiation intensity beamwidth can be found from the fields of (1.136).
The 3-dB beamwidths in the principal E and H planes are given by Balanis [2,
p. 469] as 50.6A/b and 68.8A/a respectively. These beamwidths are on the
order of the polarization beamwidth for standard rectangular waveguides
used in their designed frequency ranges. Polarization effects are therefore
important within the radiation intensity beamwidth, and they decrease the
overall beamwidth of this antenna significantly.

4.9. HORNS

Horns are among the most widely used microwave antennas. In this section
we will consider primarily the polarization properties of a pyramidal horn fed
by a rectangular waveguide carrying the TE,, mode with a y-directed electric
field. The geometry is shown in Fig. 4.8. The radiation fields are relatively
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¥

%
7 P

=

FIGURE 4.8. Pyramidal horn antenna.

complex, and their development is widely available in the literature and thus
is not repeated here. The notation used here is that of Balanis [2, Chapter 12].
The far fields of the pyramidal horn of Fig. 4.8 are given by Balanis as

13
E, = f_f-r_fr— sin ¢(1 +cos 0)1,1, (a)

P (4.54)
E, = —%—— cos ¢(1+cos 0)I,1, (b)

darr
where I, and I, are given by the rather complicated expressions
1 TPy |, jkiip 2k ' ' . ' '
=5\ T2 (@) - Cp] - jIS0) - SE)
+ MR C) — Cn] — 1S() = SN @ (455)
I, = /"TTPI S C(L) = €] = jIS() = ()]} (b)

where
2
k=—- (a)
3 T
k;=ksm{icosq$+a— (b)
1
kjj=ksint‘}cos¢>—aE (c)

k, =k sin @ sin ¢ (d)
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I
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| o=
™
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ET
| —
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()

- kp) (@) (4.56)

i 0
3 3
‘g*- — _?é" —

NH
I
fj
o= =
=]

Clx) = L cos (L) dr (k)

X

S

S(x)=| sin(3wt’)dt (1)

If one looks at the horn in the x direction of Fig. 4.8, the upper and lower
horn surfaces, if extended, meet inside the waveguide. The distance from this
line to the aperture plane z =0 is p,. Similarly, the two side surfaces of the
horn, if extended, meet in a line, and the distance to the aperture plane is p,.
These values occur in (4.56).

It is evident from the field equations that numerical computation of the
radiation pattern of the pyramidal horn is necessary for the best understand-
ing of its radiation characteristics. The reader is referred to Balanis for
three-dimensional patterns [2, pp. 565-576].

In contrast to the radiation intensity, the polarization ratio of the
pyramidal horn is quite simple. From (4.54) it is

Eﬂ
| e E. = “tan ¢ (4.57)
¢

It is noteworthy that the E-plane sectoral horn (flared in the E plane, the y

direction, but not in the x direction) and the H-plane scctoral horn (flared in

the H plane, the x direction, but not in the y direction) have fields that arc

quite different from those of the pyramidal horn [2, Chapter 12] and yet have

the same polarization ratio. Note that the ficlds are everywhere lincarly
polarized, but not in the same direction.

Since these horn antennas are intended to produce a y-polarized lincar
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field in the main beam, it is appropriate to use as a test receiving antenna the
dipole that was also used for the waveguide opening into a plane. The
polarization ratio of that test dipole is

P, = cos 0 tan ¢ (4.12)

Then the polarization match factor between this dipole and any one of the
horn antennas is

(1 + cos 6 tan® @)’
(1+tan® ¢)(1+ cos’ 6 tan” ¢)

p= (4.58)

Let us look first at the principal E and H planes. In the principal E plane
¢ = L, and in the principal H plane ¢ = 0; it is immediately seen from (4.58)
that p = 1. In those planes the field radiated from a horn is indistinguishable
from that of a dipole in its polarization characterlstlcs

By differentiating (4.58) with respect to tan’ ¢, it can be determined that
the greatest rate of change of p with 6 near the d1rcct10n 6=0 occurs as it did
for the waveguide opening into a plane, where tan’ p=lor¢ =jmim,....
If this value is substituted into the polarization match factor equation, it
becomes

_ (1+cos8)’ _m
~ 2(1+cos’ 6) ¢ (4.59)

It is quickly ascertained from this equation that the polarization beamwidth in
a plane tilted at 45° with respect to the principal E and H planes is

20, = 120°

Furthermore, this is the minimum polarization beamwidth.

Typically, a pyramidal horn antenna will have E- and H-plane beamwidths
determined by radiation intensity that are much smaller than the minimum
polarization beamwidth. In many situations we may therefore neglect polariz-
ation in the main beam. It is a different matter for horns other than
pyramidal, however; the E-plane sectoral horn generally has a large H-plane
radiation intensity beamwidth, and the H-plane sectoral horn has a large
E-plane radiation intensity beamwidth. It is necessary therefore to consider
polarization effects in the main beam of the E- and H-plane sectoral horns.

4.10. PARABOLOIDAL REFLECTOR

The surface formed by rotating a parabola about its axis is the most frequently
used reflector antenna. Geometric optics, valid for vanishingly small
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wavelengths, shows that rays from the focal point are reflected in a beam
parallel to the axis. Analyses using finite wavelengths show that the beam
diverges, but the beamwidth is small for a paraboloid whose dimensions are
large compared to a wavelength.

In this section we will carry out an analysis to find the fields produced by a
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FIGURE 4.9. Paraboloidal reflector and aperture plane.
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source at the focal point using the aperture distribution technique. The field
reflected by the paraboloid is found over a plane passing through the focal
point and perpendicular to the paraboloid axis using geometric optics
techniques. Equivalent sources are formed over that plane, and the far fields
are obtained by integration over these sources using the procedures of Section
1.13. This method and others for finding the fields of a paraboloid are
discussed in standard texts [2-4].

The geometry of the reflection problem is shown in Fig. 4.9, and a
cross-sectional view of the reflector in a plane ¢’ = constant appears as Fig.
4.10. From the equation for the paraboloid surfaces the unit normal n may be
found [2],

n=—u, cos(30')+u, sin(10") (4.60)

and from n the angles a and B are easily shown to be equal to each other, and
a=p=30' (4.61)

Since a is the angle from the surface normal measured to an incident ray from
the focal point, and B is the angle from n to a ray parallel to the paraboloid
axis, it is clear that all rays from the focal point are reflected parallel to each

other.
A source at the origin produces a wave that is incident on the reflector
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FIGURE 4.10. Cross section of reflector.
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surface, inducing a surface current with density
J,=nxH=nXx(H,+H,) (4.62)

where H, and H, are incident and refiected fields. If we can approximate the
surface in the vicinity of the reflection point by an infinite plane conductor,
the tangential components of incident and reflected magnetic fields are equal.
and

nxH,=nxH, (4.63)
which allows J, to be written as
J,=2n XH,=2nXxH, (4.64)

We next require all points on the reflecting surface to be in the far field of
the source so that the electric field of the incident wave is transverse to the
magnetic field and the direction of propagation and is related to H, by the
intrinsic impedance of free space, Z,. Then

J, = Z%, [nX (u,. XE,)] (4.65)

where u,. is a unit vector directed from the focal point to the point of
reflection. In the same way the electric field of the reflected wave is related to
the reflected magnetic field, and we have at the reflector surface

J,= % [nx(-u, XE,)] (4.66)

2
Zﬂ
with —u, a unit vector from the reflection point and antiparallel to the z axis.

Let a source at the focal point with gain G accept power W, from a
generator. The power density is then

o ane RGBS
S(r', 0, ¢')= ———— (4.67)
dmr
From the relationship
L |E|* 4.68
57, (S

we can find the field of the incident wave at the reflector surface.

2 =jkr

s, W, L
E(r'.0.¢")=¢e]| Z, o G(o'.¢") 3 (4.69)
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where e, is a unit vector perpendicular to u,.. We extract the constants from
this equation and define

C=VZW2n (4.70)

We may then write

—jkr’

E(r', 0, ¢')=e,CVG(O', @) £

(4.71)

ri’

If this expression for E; is substituted into (4.65), we may write the surface
current density in terms of the source parameters as

—jkr'

J.= & VG, 8) ——a (472)
0
where
a=nX(u,.Xe,) (4.73)

We may also write the second expression for J_, (4.66), as

J,= -ZZ—G E[nx(—u, xe,)] (4.74)

where E, is the reflected field value at the surface and e, is a unit vector
expressing its polarization (considered here a real vector). Since both

n X (ur' X el')
and
nx(-u,Xe,)

are unit vectors, and since both give the direction of J, it is apparent that they
are equal and that at the surface

—jkr!

E =CVG(@, ¢) = ——e, (4.75)

Source Polarized in the y Direction

At this point it is-difficult to proceed further without assuming a polarization
for the source. If we take it to be in the y direction, we may write e; as
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u,. X (u, Xu,)

ej B |ur' X (uy X ur’)l (4’76)
and if u, the unit vector in the y direction, is expanded as
u, =sin 6'sin ¢'u,. +cos 6’ sin ¢'u,. +cos ¢'u,. (4.77)
it is straightforward to show that
cos@'sin¢’'u, +cosd'u,.
e, = ‘ ¢uy (4.78)

\/1 —sin® 6’ sin® ¢’
It is tedious, but not difficult, to obtain a in rectangular coordinates by
substituting e. into (4.73) and transforming all vectors to rectangular coordi-
nates. The result is
—sin 8'sin (0'/2) sin ¢' cos ¢’ 4 cos (8'/2)(cos 8’ sin® ¢’ + cos’ (i:’)u
u, .
\V/1—sin® 0’ sin® ¢’ V1—sin® 6" sin’ ¢’ ¢
_sin (0'/2) cos 0" sin ¢’
\/1 —sin” 6’ sin” ¢’

u, (4.79)

We may next find e, by writing a as
a:n x (—uz x EF) = _(n.er)uz + (“.uz)er
=—(n-e,)u, —cos(30)e, (4.80)

If these expressions for a are equated, we may quickly obtain the components
of e, transverse to z. (We need not be concerned with ascertaining ife, has a z
component since it will not contribute to equivalent surface currents over the
aperture plane.) The result is

sin ¢’ cos ¢'(1— cos 8" )u_ — (cos 8’ sin’ ¢’ + cos® ¢')u,

a V1 —sin? 6’ sin’ ¢’

(4.81)

We now make the assumption that the electric field intensity at a point on
the aperture plane is given by the field intensity transverse to z at a
corresponding point (same x and y coordinates) on the reflector, except for
the phase retardation

kr' cos @'

caused by the path from reflector to aperture [3]. The aperture field is then
given by
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e =fhkr'tl teosn)
E,=CVG/(0'.¢) — ¢ (4.82)
where we use G, as a reminder that the source is y dirccted.
If we write E,, as

E = u.\‘ Eﬂ.l‘ a2 u_\' Er.-_\' (4 u 83)

ﬂjﬂ
where

e Trireos®) gin ' cos ¢'(1 — cos ')

Eﬂ'.\' = C v G‘r(ef? d)') o =T — (Zl)
! \/1—sin" 0'sin” ¢’
—jkr'(1+cosft') 0 2 d 2 d) ) (484)
e N cos f'sin” ¢' +cos” @'
E,=—CVG,(, 9") = — = (b)
) ! \/Iésm” 6'sin” @'
we can find equivalent surface currents on the aperture plane by
M.m = —uz X Eap = u.\' En_\' - u_\' Ea.\' (a)
(4.85)
] x H H +uH Lo Eay (b)
sa = u: i, = _u_\' av u\‘ oy =i u.\' - = u\' =
g : ) v 48 vz

We fill the region on the reflector side of the aperture plane with a perfect
electric conductor, as discussed in Section 1.11, and apply image theory, as in
Section 1.13. The result is that we double M_, over the aperture plane and let
J,, be zero. Further, we assume that M, has value only over the circle on the
aperture plane, which is the projection of the paraboloidal reflector on
the plane. Since we are concerned only with the far fields, we can use the
approximation

B Ee"fkr JJ‘ i\ jheuert A
F(r)= - 2M_ (r')e dA (4.86)
where
u,-r’'=x'sin # cos ¢ + y'sin  sin ¢ (4.87)

Substitution of the magnetic surface current value of (4.85) into the
equation for F(r) gives

";Rr

F:

5 2qr

jJE eﬂ\(\ sin @ cos & +v' sin @ sin &) d.\ d}" (a)
(4.88)

—ik
ge T

F - = JJE e;k(l sin A cos ¢ +v' sin @ sin &) d). dy (b)
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where the integration is carried out over the projection of the reflector onto
the aperture plane.
The electric field components may be found from

E)=—jwZ,F, = —joZ,(—F, sin ¢ + F, cos ¢) (a)
(4.89)
E, =jwZ,F,=jwZ(F, cosfcosd¢+ F, cos@sin¢) (b
4 0fs oLy ) )
Substitution of the components of F leads to
joZ,ee .
Py (E,, cos ¢ + E, sin ¢)
X e;‘k{x'sin ! cos dr+y" sinf sin ) dx' d}” (a)
joZyee " .
E:b = T cos 0 (_E"_r sin ¢ + E““. cos d)) (49[})
5 e_;'k(x‘sinﬂcos 4y sin 0 sin o) dxr dy: (b)

Using the geometry of the reflector, we may change variables in the
integrals and achieve forms that may be easier to evaluate. We may express r’
in Fig. 4.10 as [2]

-
" T T+ cos6’ (4.91)
and also
x'=r'sinf'cos ¢’ (a)
y'=r'sinf@'sin ¢’ (b) (4.92)
z'=r"cos @' (c)
With these changes, the aperture fields become
+ P :17 AT W )
E,=C\JG.(6.9) (1 cosf? )e sin ¢' cos d: (1 C,OS 6') @)
- 2f \/I —sin” 8'sin” ¢’
(4.93)
1 g T s igh it o 5y,
E,=-CVG,(0.¢) (1+cosf')e cos @ ';m- :f; +.Cc15 & -
- 2f \/1 —sin” 0'sin” ¢'

and the radiated ficlds are
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Ey = MZT”:;}—’( ff (E,, cos ¢ + E, sin ¢)
oy B2 O 0)) G .
E,= "w—zgi—_ﬁ cos 6 j f (—E,, sin ¢ + E,, cos ¢) (4.94)
coxp iy SO SR =) GV 4y 441

Principal Plane Fields: y-Polarized Source

The expressions for the fields in general require numerical integration, but
they can be simplified if we consider the principal E and H planes only, given,
respectively, for the y-polarized source by ¢ = 3 and ¢ = 0.
In the principal E plane E, reduces to
—jkr

B jwZ,ce

E cos 6 f J’ E, ™" 5" dx' dy’ (4.95)

¢ 27r

where E, may be written from (4.84) and (4.92) as

—jkr'(1+cos ')

e x'v' (1 —cos @’
E, = VG0, ) 2 )

Dozca ] 2 s
% sin® 0"\/1 —sin® 6 sin’ ¢’

(4.96)
We have previously restricted our development to a y-directed primary
source. Let us now make the assumption that the gain G (9", ¢') is symmetric

so that the x-directed fields over the aperture plane have the same magnitude
at symmetrically located points, as shown in Fig. 4.11. Then

G(x, ¥ =G (—x, )= G, —y) =G, (=x, —y') (4.91)
It follows that
En(x',y') = —E(~x', y) = ~E,(x', ~y") = E,.(~x', ~y") (4.98)
and the contributions to the integral for E, are
Ep(x', y)e 1m0 —E (', yr)e I

~Em.(x', y.-)ejkl,\"l sin # E,,x(l", y,-)e—jkly’] sin 0
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¥

x,y —x', ¥

o o
ﬂb,
X
Source

x, =y —x', =y’

o o

FIGURE 4.11. Aperture plane for y-directed source.

We see that these contributions cancel in pairs. It follows that in the principal
E plane E, =0, and the radiated field has only an E, component.
In the principal H plane, ¢ =0, E, becomes

—jk
i

gy “.E,ue”‘*‘“"”dx' dy' (4.99)

E,=jwZ,
where E__ is given by (4.96).

If the analysis carried out for the principal E plane is repeated, we will find
that E, =0 in the principal H plane.

If the fields in the principal planes are converted to rectangular coordi-
nates, it may be seen that E, =0 in both planes, and in the H plane the field
has only an E, component. We recognize that both statements would be
correct for a y-directed dipole, for example, without the parabolic reflector,
and it is interesting to note that the conditions carry over to the reflector
antenna if the required symmetry conditions are met.

Source Polarized in the x Direction

If the source is x polarized instead of y, the vector (4.76) for the field
incident on the reflector should be altered to

e = u,. X (ux X “r’)
% 1ur' X (ux X ur')l

(4.100)

which becomes
cos@'cos¢p'u,, —sin ¢p'u,.
el = ¢2 L uy (4.101)
\/l—sin 6' cos” ¢’
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The vector a, given by (4.79) for the y-directed source, becomes, for the
x-polarized case,

ot = &8 (6'/2)(sin® ¢' + cos 0’ cos” ') e sin @' sin (6'/2) sin ¢’ cos ¢’ "
'\/1 —sin’ 6’ cos® ¢’ * \/1 —sin’ 0’ cos” ¢’ ¥

cos 8" sin (0'/2) cos ¢
—_ u

\V/1—sin” 6’ cos’ ¢’

The vector e; representing the polarization of the reflected field is found by
the process used earlier and is

(4.102)

sin’ ¢’ + cos ' cos” ¢’ sin ¢’ cos ¢'(1— cos 6
it SO EOR AT, . 06 OO0 N ORB ), ali)
\/I~s1n 0' cos” ¢’ \/l—sm 6' cos” ¢’ ’

This equation can be verified, or in fact could have been derived, by noting
that the x-polarized source is the y-polarized source rotated in azimuth by
—90°. Then we should have

e, (o' +31m)=¢c,(¢') (3)

(4.104)
e, (¢’ +im)=—e,(d) (b)
These equalities are easily verified.
The aperture fields may now be found from
g IKrireos®) gin® ¢’ + cos 0 cos® ¢’
E, =-CVG(8,¢') 7 3 T, @
X \/1—sin® 0’ cos® ¢
i Gl (4.105)
, ¢ PPN sin g’ cos ¢'(1 ~ cos 6
E., = VG, 8) —— 2008 ()
¥ \/1 —sin” 0’ cos” ¢’

and the radiated fields found from (4.90) as before.

Principal Plane Fields: x-Polarized Source
Earlier we considered the fields in the principal planes for a y-polarized
source with gain symmetry and found E, to be zero in the E plane, ¢ = 3,
and E, to be zero in the H plane, ¢ = 0. If this development is repeated for an
x-polarized source with symmetric gain

G,(x', )= G (~x', y')= G (x, =)= G,(—x', —y')  (4.106)

a result is that in the E plane, ¢ =0, of the x-polarized source, E, = 0. In the
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H plane, ¢ = 3, the component E, =0. In both planes the rectangular
component E is zero, an unsurprising result for an x-polarized source. Note
that the E plane for an x-polarized source is the H plane for a y-polarized
source, and vice versa.

Dipole Feed Antenna: y Directed

A commonly used feed antenna is a center-fed dipole. We found in Section
4.3 that the field components of a y-directed short dipole are

E, =0 (a)

_ Jopl€ .

E,= 4qrr'

cos 8'sin ¢’ (b) (4.107)

wpll _p
E¢=%e ' cos ¢ ©

where the factor 4 in the denominators is doubled if a triangular current
distribution is assumed. With this feed the incident field magnitude at the
reflector surface is

16\?
[E,|* = (%) (1—sin” 6’ sin” ¢") (4.108)

Comparison of this equation with that for the incident field, (4.71), shows
that for the y-directed dipole, we should use

jwpI€ s ,
CVG, (0, ¢) = "":"F V1 —sin 6’ sin® ¢’ (4.109)
Substitution into the aperture fields simplifies them to
o jw#"{f 2. ' ' ' —jkr'({1+cos @’
E, =" —sin¢’'cos¢'(1—cos0')e fr'(1+cos6’) (a)
g (4.110)

4 . i g
s 41Tr (COS Grsmz ¢J+C052 (;b,)e jkr'(1+cos@’) (b)

Principal Plane Polarization: y-Directed Dipole

We saw earlier that for a y-directed source with symmetric gain, E, = 0 in the
principal E plane and E, = 0 in the principal H plane. Using this finding, the
fields produced by a y-directed dipole feed become
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E PLANE, ¢ =3

‘Hs:
o 2 ”E &I dx’ dy!

_;Arfj ;w,uf )(cosﬁ' sin® ¢' +cos® ¢')

O 2mr

% e—jkr'(l+coss‘)e;ky'sinﬂ dx’ dyv (a)
(4.111)
E,=0 (b)

E,=juwZ

=jwZ

The polarization ratio is
P=w (4.112)

H PLANE, ¢ =0
E,=0 (a)

—jkr o
E, = jwZ, S — cos GJ’J’EUe”‘-“ R e by (4.113)

—jkr
826 cos BJ’j( ’MP'M)(COS 0'sin® @' +cos® @)

X e—_:'kr'(l-%-cusb")ejkx‘ sin ff dx’ dy: (b)

=jwZ,

The polarization ratio is
P=0 (4.114)
Dipole Feed Antenna: x Directed

We found in Section 4.3 the field components of a short x-directed dipole to
be

—jopll _,,.
E, = —i% e ¥ cos @' cos ' (a)

Ny (4.115)
E,=TE e sin g (b)

It follows from the same reasoning used previously that we should let in

(4.105)

EVG.(0, ¢7) = "“’“M V1—sin 0’ cos’ &' (4.116)
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The aperture fields for the x-directed dipole reduce to
joull . - :
E;x:_f::’:r, (Slnz ¢!+COS 91 COSZ ¢r)e Jjhr'(1+cos8") (a)

' =f'w:‘-'~1€ . ' 1o o\ —jkr'(1+cos8")
Fesy Tnt’ sin ¢’ cos ¢'(1 —cos 8')e (b)

(4.117)

Principal Plane Polarization: x-Directed Dipole
We saw earlier that for an x-polarized source, £, = 0 in the principal E plane,
¢ =0, and E, =0 in the H plane, ¢ = ;7. Using this information and the
fields of the x-directed dipole in (4.90), we find in the principal planes.

E PLANE, ¢ =0
—;kr o
E szo J‘J.E ;kx sin @ dx; dyp

;ﬁ'r
= jwZ, ff( jopt )(sin2¢'+cosﬂ'cosz¢’)

21Tr
% e-jkr'(l+cnsﬂ’)ejkx' sin 0 dx; dy: (a)
| (4.118)
E,=0 (b)
e (c)
H PLANE, ¢ =iw
E,=0 (a)
[ . Ee-ﬁ!’" r jky'sin@
E,=juwZ, S5 cos 0 =Ele dx' dy'
'—jkr (4.119)
—;wZ{, P GJ.I———(n ¢' +cos @' cos’ ¢')
% e—jkr'(l+ms 9‘)ejky' sin 8 dx; dyp (b)
P= O (C)

Crossed-Dipole Feed

A circularly polarized wave can be produced on the paraboloid axis if crossed
dipoles with a 3 7 phase difference are used as the feed antenna. The fields in
a general direction must be computed numerically, but the polarization ratio
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in two planes is relatively simple. We will therefore restrict our consideration
to the planes ¢ =0 and ¢ = ;7.

In the equations for the dipole feeds previously developed we let the
y-directed dipole lead in phase by ;7 and use currents / and jI, respectively, in
the x- and y-directed dipoles. Then, in general, the fields produced by the
crossed-dipole feed are

-

E,=jE,+E, (a)
X (4.120)
E,=jE, +E; (b)

where E,, E,, E;, and E, are given by (4.111), (4.113), (4.118), and (4.119).
In the plane ¢ =0 these equations give
E,=E, ()
) (4.121)
E,=JE, (b)

where E; and E, are given by (4.118) and (4.113). From these equations the
polarization ratio may be written as

po_ b _IE:
Ed'l E'f'

; 1/r')(sin® @' + cos ' cos® ¢p')e A7 (1Heos 0 pikx"sin® gor gy
j y

~ cos @ g S
[J‘(lz’r')(cos B’ sin® @' + cos® ¢p')e /AU Teos O GikxTSInG gyt gy
(4.122)

Now if we use (4.92), portions of the integrands in the numerator and
denominator of this expression can be written as

; ; 1 !
sin® ¢’ +cos 8’ cos® ¢' = ———— (y’z 4 £ x'z) (a)
z

r'“sin” @' 1
cos @' sin’ (,b’-f-cos?'(j)’: . (£ 2y ,,2) b 123)
r2sin’ g \r Y * (b)

We may interchange the variables x" and y' without having any effect on other
terms in the integrands, and we note that the limits on x’ and y' are the same.
Therefore, the numerator and denominator integrals in (4.122) are equal,
and in the plane ¢ = 0 the paraboloidal reflector with crossed-dipole feed has
polarization ratio
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j T

Pocis  SEORY (4.124)
In the plane ¢ = ;7 the fields are
E,=JE, (@)
(4.125)
E,=E; (b)

and the polarization ratio becomes

p=—t2
E‘f’

j J’J’(lh")(COS H’Siﬂz &' +COSZ qb:)e—jkf'(l+cosﬂ')efky'sinﬂ dx' dyr

B cos 6 2 2 —jkr'(1+cos 8') jky' sinf ' '
Jf(lfr’)(sin ¢' +cos B’ cos” ¢p')e”’ ™ dx' dy
(4.126)

As before, it is easily shown that the integrands are equal, and the
polarization ratio in the plane ¢ = ;7 becomes

J
cos 6

P:

S

<6=m (4.127)

which is what it was also for the ¢ =0 plane.
The polarization match factor in either plane is obtained by using a
circularly polarized receiver with

P, =—j (4.128)

since in the region of interest cos @ is negative. The polarization match factor
then becomes

cos @

T 2 4.129
14 cos* 6 ( )

_1_
P=3

If this value of p is compared to that of (4.32) for the crossed dipoles without
the parabolic reflector, it may be seen that they are the same if the different
reference for the measurement of polar angle @ is considered. Another
difference is that for the reflector antenna, the equation (4.129) for p is valid
only in the planes ¢ =0 and ¢ = 1, whereas for the crossed dipoles alone
(4.32) is valid everywhere.

It is obvious from (4.129) that the 3-dB polarization beamwidth for the
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crossed-dipole feed is 7 in the planes ¢ =0 and ¢ = 1. On the other hand,
the 3-dB radiation intensity beamwidth of a parabolic reflector is approxi-
mately A/D for a uniformly illuminated aperture [1]. For a tapered illumin-
ation, which would occur with a crossed-dipole feed, the beamwidth will be
somewhat greater. In addition, the polarization beamwidth obtained here is
valid only in two planes. Nevertheless, it is clear that for large aperture
diameter, polarization effects will be small in the main beam of the parabolic
reflector if received power is the quantity of interest.

4.11. NARROW-POLARIZATION-BEAMWIDTH ARRAY

In our examination of the polarization characteristics of various antennas we
have not yet encountered one with a small polarization beamwidth, even
though some of them have small radiation intensity beamwidths. In this
section we will examine an array, shown in Fig. 4.12, that can produce narrow
beams in both radiation intensity and polarization. The array elements will be
treated as short dipoles, although other linearly polarized elements could be
used. The array is intended to produce a circularly polarized wave in the main
beam, so we assume that the phases of the elements along the y axis lead
those of the x axis elements by ;7 when the beam is broadside. An even
number of elements is shown for each linear array, but an odd number can be
used without changing the equations of this section.

b

x

FIGURE 4.12. Narrow-polarization-beamwidth array.
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For simplicity, a uniform array, with equal feed amplitudes for all elements
and a constant difference between the phases of adjacent elements, is
assumed on both x and y axes. Furthermore, the same number of elements,
with the same spacing, is assumed for the x- and y-axis arrays.

The array factor for a linear array of isotropic elements along the axes is [2]

_ 1 sin[(N/2)y]

AF=N Sn[172)v]

(4.130)

where

=y, =kdsinfcosdp + B,  xaxis (a)
(4.131)
Y =, = kd sin 0 sin ¢ + B, y axis (b)

with B, and B, the feed phase differences.

If we use the pattern multiplication principle of array theory and the fields
of x- and y-directed short dipoles of (4.19) and (4.20), the fields produced by
the x-directed dipoles along the x axis are

E =0 (a)
fole sin [(N/2)(kd sin 6 cos ¢ + B,)]  _i,
By~ cos d/cos ¢ Nsin [(1/2)(kd sin 6 cos ¢ + B,)] < (b)
(4.132)
_joulf . sin [(N/2)(kdsincos ¢ + B,)] _;,
Ey =2 S0 ¢ N [(1/2)(kdsin 6 cos & + B,)] © ©

and the fields produced by the array of y-directed dipoles along the y axis are

E. =0 (a)
 jeplt . sin[(N/2)(kdsin0sin &+ B,)] _,,
0T " agy COSOSNG G A7) (kd sin O sin & + f;y)] L
. o (4.133)
 joult sin [(N/2)(kd sin6sinp + B )]
By = ~4mr % Nsin[(1/2)(kd sin 0 sin ¢ + B ¢ ©)

For convenience, we consider only the broadside case, B, = 8, =0, and
group several factors in the field equations as constant C. If the dipoles along
the y axis lead those along the x axis by phase difference 3, the total fields
are
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sin [(N/2)kd sin 6 cos ¢]
N sin [(1/2)kd sin 6 cos ¢]

sin [(N/2)kd sin 0 sin ¢]

Nsin [(1/2)kd sin 6 sin ¢]
sin [(N/2)kd sin 6 cos ¢]

N sin [(1/2)kd sin 6 cos ¢]

y sin [(N/2)kd sin 6 sin ¢ ]
JCCOS S N ein [(172)kd sin 8 sin &) (®)

E,=—Ccos 6 cos ¢

— JC cos 0 sin ¢

(4.134)

E,=Csin ¢

Radiation intensity and polarization ratio are readily found from (4.134).
It is sufficient here to consider these quantities only in the yz plane, ¢ = } .
The xz plane is obviously like the yz plane. In other planes the beamwidths
are more difficult to determine but still may be found from (4.134).

In the yz plane the radiation intensity, normalized to its maximum value at
0 =0, is

.2 / i
Gl 1 (cos’* sin® [(N/2)kd sin 6] +1)

L # 2

max N? sin® [(1/2)kd sin 6] Rhias)

and if we obtain the radiation intensity half-power beamwidth by setting this
equal to 1, we find

sin” (1 Nkd sin 8) =0 (4.136)

The value of 6 for which this holds is readily recognized as the first array
factor null of the linear array on the y axis.
Still in the yz plane, let us determine the polarization ratio of the wave. It
is
By sin [(N/2)kd sin 6]
P=—F, =7 Nan [(1/2)kd sin 6]

(4.137)

from which it is readily seen that the wave is circularly polarized on the z axis.
If we use a circularly polarized receiving antenna in conjunction with this
array, the polarization match factor in the yz plane is readily seen to be

sin [(N/2)kd sin 0] »  sin” [(N/2)kd sin 6]
Nsin [(1/2)kd sin 6)] (1 008" 0 T i [(1/2)kd sin 9])
(4.138)

1
p—§+COSG

If this expression is set equal to 3 to obtain the polarization beamwidth, we
again obtain (4.136) and conclude that the polarization beamwidth is the
same as the radiation intensity beamwidth and may be quite small for a large
number of array elements.
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The product of G, and p in the yz plane is simpler than either factor alone.
It is

sin [(N/2)kd sin 0] )2

N sin [(1/2)kd sin €] (4139

G,p:%(1+cosﬂ

If we set this to 5 to find the overall beamwidth in the yz plane, we find, not
unexpectedy, that the overall beamwidth is smaller than that for the radiation
intensity or polarization alone.

It is instructive to study the radiation intensity and polarization if all of the
dipole antenna elements are rotated by 3, so that the dipoles on the y axis
are oriented in the x direction, and vice versa. On the z axis the wave is still
circularly polarized, but the off-axis behavior is different. This is left to the
reader as an exercise. One of the problems at the end of this chapter also asks
for the polarization behavior if each element in Fig. 4.12 is replaced by
crossed dipoles, with each element producing a circularly polarized wave on
the z axis.
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PROBLEMS

4.1. Find the fields of a small circular loop antenna, with uniform current,
lying in the xz plane. Hint: Compare the fields of y-oriented and
z-oriented short dipoles. '

4.2. Verify the text statement in Section 4.8 that the maximum rate of
change of p with angle 6 occurs, for example, for ¢ = ;.

4.3. Find the 3-dB polarization beamwidth in the plane ¢ = ;7 of the
waveguide opening into a plane (Section 4.8).

4.4. Plot the relative radiation intensity as a function of @ in the plane
¢ = g m for the waveguide opening into a plane (Section 4.8). Find the
3-dB beamwidth and compare to the polarization beamwidth of
problem 4.3. Assume standard x-band waveguide (¢=0.9in., b=
0.4in.) and a frequency of 10 GHz.
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4.5.

4.6.

4.7.

4.8.

POLARIZATION CHARACTERISTICS OF SOME ANTENNAS

Find the 3-dB polarization beamwidth of the pyramidal horn antenna as
a function of the azimuth angle ¢.

If each dipole element in Fig. 4.12 is rotated by 90° so that the y axis
array consists of x-directed dipoles, and vice versa, find the normalized
radiation intensity in the yz plane. The other conditions of Section 4.11
remain the same. The number of elements on each axis and the element
spacings are the same. All feed amplitudes are equal and the phases of
all element feeds in each linear array are the same. The feed phases of
the elements on the y axis lead those on the x axis by 3. Compare
radiation intensity beamwidth and polarization beamwidth in the yz
plane. The receiving antenna is to be circularly polarized.

If each element in Fig. 4.12 is replaced by crossed dipoles, with the
y-directed dipole leading the x-directed dipole in phase by 7, and if no
phase difference exists between crossed dipoles on the x axis and those
on the y axis, compare the radiation intensity and polarization beam-
widths.

Suppose the turnstile antenna of Section 4.4 is used to transmit from an
unstabilized satellite so that it rolls and tumbles. Let the earth-based
receiving antenna be circularly polarized and always pointing at the
transmitter. If all values of angle 6 in (4.34) are equally probable, find
the expected value of G,p [5, p. 188].
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GENERATION OF
GENERAL
POLARIZATIONS

5.1. INTRODUCTION

It is desirable, when working with elliptically polarized waves, to have an
antenna system that can generate any desired polarization and to know, from
attenuator and phase shifter settings, what this polarization is. Conversely,
we need a receiving antenna that can measure the polarization of an incoming
wave. In this chapter, three such antenna systems are described. All have
been constructed and found to perform satisfactorily.

5.2. SIMPLE WAVEGUIDE SYSTEM FOR ELLIPTICAL
POLARIZATION

Figure 5.1 shows a waveguide and antenna system capable of transmitting a
wave with any desired polarization [1]. It consists of a circular horn fed by a
circular guide loaded with a quarter-wave plate, a circular waveguide to

/- Rotary joints \ /
] | —

Rectangular Quarter-wave
guide Rectangular-to- plate .
circular transducer Circular

horn

FIGURE 5.1. Waveguide system for generating wave with general polarization.

191



192 GENERATION OF GENERAL POLARIZATIONS

circular waveguide rotary joint, a rectangular-to-circular waveguide (TE,,
mode) transducer, and a rectangular-to-rectangular waveguide collinear
rotary joint.

In operation the TE,, mode is established in the first circular guide section
with a plane of symmetry dependent on the orientation of the input
rectangular guide. The quarter-wave plate, whose orientation is independent
of the symmetry plane of the mode, then establishes a phase shift for one
component of this mode with respect to the orthogonal component.

For reference purposes the broadwall of the input waveguide is taken
parallel to the horizontal plane and considered the x axis of the fixed
coordinate system. The broadwall of the rotatable rectangular waveguide
serves as a reference for the angular displaced axis x' with the angle of
displacement B. The angle between the y’ axis and the plane of the
quarter-wave plate (plane in which the linear component is delayed in phase
by 3 ) is denoted by 8. The unit vectors u, and u, are, respectively, in the
plane and perpendicular to the plane of the quarter-wave plate, and both are
transverse to the axis of revolution of the circular horn. Figure 5.2 shows
these coordinates.

It is obvious that the first rectangular guide section, apart from serving a
transmission function, merely establishes a reference frame. It may be
omitted and the rectangular-to-rectangular rotary joint replaced by, for
example, a movable coaxial-to-rectangular transducer. Also, any antenna
with circular symmetry, such as a cylindrical polyrod, may be used in place of
the horn.

The far field transmitted by the antenna is

E(B,8)=Eyu +jE u, (5.1)
where E| and E | are the relative field strengths, in the plane and perpendicu-

lar to the plane of the quarter-wave plate, respectively, on the axis of the horn
at the far-field point. From Fig. 5.2 it is seen that

FIGURE 5.2. Coordinates for waveguide system.
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u,=cos(f+38)u, —sin(B+3d)u, (a)
(5.2)
u, =sin(B+38)u,+cos(B+d)u, (b)

and that

E,=E, cosd (a)
(5.3)
E, =E,sinéd (b)

For convenience, (5.1) can be normalized by requiring |E,.| = 1. Using
(5.2) and (5.3), (5.1) becomes

E(B,8)=cos[cos (B +8)u, —sin (B +38)u,]
+e’™? sin 8[sin (B + & Ju, +cos (B +d)u,] (5.4)
which by simple trigonometric manipulation becomes
E(B,8) = 3{[u, cos B —u,sin B]+[u, cos (B +28)—u,sin (B +25)]
+ e""’rz[uj, cos B —u,sin B]+ e_""’rz[uy cos (B +28)
—u, sin (B +28)]} (5.5)

The first and third bracketed terms in (5.5) are identified as unit vectors in the
y' direction (u,.). The second and fourth terms describe a unit vector leading
u,. by angle 28(u,;) as shown in Fig. 5.2.

The linearly polarized field components of (5.5) may be expressed in terms
of right circular and left circular rotating components.

“L = e“f(”‘rz"';@)wL (a) -
(5.6)

u =e+j(m2+ﬁ)mR (b)
R

where @, and w, are defined by (2.74). The phase angles of u, and uj are
chosen so that at the time origin they coincide with u,.. Then

u,. = 3(u, +ug) (5.7)

¥
Making similar substitutions for u,, causes (5.5) to become

E(B,8) = $V2e/™[e 3D co5 (17 + 8) o,

+ e/ cos (8 — fm)eog] (5.8)
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From (5.8) we obtain the circular polarization ratio

= o i(2B+25+m)

q cot (& + ) (5.9)

A plot of (5.9) is shown in Fig. 5.3 for 8 = 0. It is evident that all possible
axial ratios are included as § increases from — }ar to 0 (left circular to linear
vertical polarization), with the field vector rotating in the left-hand sense. The
polarization changes from linear vertical to right circular as é increases from 0
to + ; 7, with all possible axial ratios included. From (5.9) axial ratio and tilt
angle are

_cos (8 + w/4)+sin (8 + w/4)
" sin (6 + w/4) —cos (8 + 7/4) (@)

(5.10)
r=in+B+8 (b)

where the axial ratio is negative for left elliptical polarization.

qPlane, 0 <8< /4

w Plane, —w/4 < 85<0

FIGURE 5.3. Polarization contour on Smith chart used as ¢ and w planes.



ANOTHER WAVEGUIDE SYSTEM 195

A logical change in this system is the replacement of the quarter-wave
plate with a “‘variable-wave” plate (such as a ferrite slab biased transverse to
the direction of propagation and parallel to the slab) which introduces a phase
delay ¢ into the field component parallel to the plate. Physical considerations
fix the angle of polarization inclination § at % 7 radians. This configuration is
amenable to the same analysis applied to the quarter-wave plate, with the
result

g=e ") cot(Ly + Lar) (5.11)
leading to
AR =cot(3¢) (a)
]—- ir=y=inw
r=im+B8 (b)

(5.12)

TSy =im

AR =tan (3¢) () }
T (d)

This second arrangement allows the replacement of a mechanical rotation by
a bias current.

While this discussion has been concerned with the transmission of an
elliptically polarized wave, it is obvious that the system can also be used to
measure the polarization of an incoming wave. It is left as an exercise to
develop the required equations.

5.3. ANOTHER WAVEGUIDE SYSTEM

Figure 5.4 shows a second waveguide system for radiating an elliptical wave
with any desired polarization ratio. It has been constructed and found to
perform well. The two inputs are fed from a common source using a power
splitter. Placing an attenuator before each input and a phase shifter before

L Circular guide

1 Dielectric rod antenna
TE;; mode A A

Port 17 y,
Vertical post
2 / \ Orthogonal TE;; modes

Horizontal wires 1

Rectangular guide
TE;q mode

Port 2

Broadwall ——==

=

FIGURE 5.4. Two-port waveguide system for elliptical waves.
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one input allows two orthogonal waveguide modes to be established with
relative amplitude and phase controllable over any desired ranges.

The input signal at port 1 establishes a TE,; circular guide mode that
travels toward the dielectric rod radiating element. The electric field of this
mode is horizontal (in the plane of the paper) on the axis of the guide. The
input at port 2 establishes the TE,;, mode in the rectangular guide with a
vertical electric field. At the junction of the rectangular and circular guides,
this TE,, rectangular mode excites a TE,; mode in the circular guide with a
vertical electric field on the guide axis. A vertical post placed in the circular
guide serves to prevent this vertical TE,, mode from traveling to the left,
toward port 1. A grid of horizontal wires at the junction of the guides
similarly serves as a mode filter for the rectangular guide.

We then have two orthogonal TE,, modes in the circular guide with
relative amplitudes and phase difference independently controlled. Off-axis
the fields produced by a dielectric rod antenna excited with a TE |, mode are
complex and will not be discussed here, but on-axis, because of the symmetry
of the TE,, mode, the vertical TE,, mode will produce a vertical linearly
polarized wave in the far field. The orthogonal TE,, mode will produce a
horizontal far field. Since the amplitudes and phase difference can be set at
will, it is clear that on the axis a wave of any desired polarization can be
radiated.

It is quite clear that this system can also be used to measure the
polarization ratio of an incoming wave. The two paths from the rod antenna
to ports 1 and 2 are not equivalent, however, so the system must be calibrated
in order to measure polarization by comparing outputs at ports 1 and 2. In this
respect it is not as convenient as the waveguide system described in Section
5.2 or the one to be discussed in Section 5.4.

5.4. LOSSLESS POWER COMBINER AND DIVIDER SYSTEM

Figure 5.5 shows a lossless power combiner and divider system that is well
suited for generating a wave with arbitrary polarization or measuring the
polarization of an incident elliptically polarized wave [2]. It is based on the
variable-ratio power divider of Teeter and Bushore [3, 4]. The system may be
set up either in waveguide or transmission line. The hybrid tees may be
replaced by circulators, and in fact other variations are possible [3, 5]. One
antenna is linear horizontal and the other is linear vertical. They are placed
adjacent to each other and pointed in the same direction. Either antenna may
be the vertically polarized one, but for definiteness we let this be the one
marked 4. Then 2 is horizontally polarized.

We will utilize scattering matrices [6] in examining the microwave net-
works, with the ports of the hybrid tee numbered as in Fig. 5.6. The scattering
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Antenna 2

—a  )Phase shifter

Antenna 4

a

FIGURE 5.5.

waves.

by

Receiver

> |Hybrid T

Phase
shifter

a3

a) 4 agy

MW
2
< 1 3
b, 4 by
=

Transmitter

Power combiner and divider for transmitting and receiving arbitrarily polarized

matrix is given by

[61=[S]la] = 75

—_— O = D

—1 O (5.13)

S O =

Let us consider first the system as used in receiving, Fig. 5.5(a). We assume
that there is at least one direction in which the effective lengths of the two
antennas used will be equal. For example, crossed dipoles with equal length
transmission paths to the ports of the upper tee of Fig. 5.5(a) have equal
effective lengths along a direction perpendicular to the dipoles. For simplicity
in the initial development we will take this direction to be the z axis of Fig.
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FIGURE 5.6. Port designations for the hybrid tee.
5.7. We will relax this requirement later. The incident wave travels in the ¢
direction in Fig. 5.7.
Let the incident wave, in xyz coordinates, be

E'= E,(u,a +ube’”) (5.14)

4

-

|

]

, _/ Incident wave
7

n

FIGURE 5.7. Antennas and coordinates for the power combiner system.
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Without loss of generality we drop any common amplitude coefficients and
neglect phase shifts common to both input arms of the upper tee of Fig.
5.5(a). Then the inputs to the upper tee are

a,=ae ' (a)
| (5.15)
a,=be’ (b)

where we have made use of the assumption that the effective lengths of the
two antennas are equal in magnitude.
The outputs from the top tee, using the scattering matrix of (5.13), are

b,= % (a,+a,)= % (ae™’* + be’?) (a)
1 1 (5.16)
by= 75 (~ay+a,) = 75 (—ae”" + be™*) (b)

Phase shifts common to both lines or waveguides connecting top and
bottom tees can be neglected. Then if B is the differential phase shift, the
inputs to the bottom tee are

ST
a,=b1=ﬁ(ae % 4+ be'®) (a)

; (5.17)
a,=b,e’f = . (—ae™’" + be'*)e ™" (b)

and the outputs from the bottom tee are

1 iy : i _ .
b, =75 (a, —as) = 3[ae”" + be’* — e F(—ae™'" + be’®)] (a)
(5.18)
b= —\}5 (a, +a;)= Hae™ ™ + be’* + e ’P(—ae™’* + be'*)] (b)
Removing e ’* from each expression leaves
b,=4%e[a+ be' " + e Pa— b (a)
_ _ (5.19)
bd = %e—fﬂ[a 4 be;(da+n) _ (.’L"B(a _ be;(fbﬂl))] (b)
Now we let
d+ta=*ix (5.20)

and require
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b,=0 (5.21)

It follows from (5.19) that

axjb+ePaxjb)=0

or
jp__4a *+ jb
e FET) (5.22)
Using the upper and lower signs, respectively, in (5.22) gives
_ -1 b
B = F2tan . (5.23)

For either of these values, which make b, =0, we get for b,

f‘fi @< jb)] —e T axb)  (5.24)

a
a—+]

b,= %e_”[a + jb +
and it follows that
|b,>=a*+b*=1 (5.25)

We see then that all of the incident energy is directed to port 4 of the
bottom tee by our choices of phase delays

dp+ta=*3m (5.20)

(5.23)

We could just as well direct all of the energy to port 2 of the lower tee by
the choices

dp+ta=x37 (5.26)
- a=xjb
== :::'b (5.27)
B= F2tan"" % (5.28)

Then
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=1 (a)
b,=e"(axjb) (b) (5.29)
|b,|* =1 (c)

This system has several uses. First, it can extract maximum power from an
incident wave of any polarization by appropriate choice of the phase shifts «
and B. Second, it may be used to measure the polarization of an incident
wave, using procedures outlined in Section 8.5. Finally, we will see here that
it allows the formation of a polarization-adaptive two-way communication
system.

Let us consider that the system is set up for maximum output at port 4,
with

d+a=zx1ig (5.20)
et~ 2L i;{g (5.22)
B=w:2tan“§ (5.23)

and is used for transmission, with an input to arm 4 of the lower tee and a
matched load at port 2, as in Fig. 5.5(b). Then at the bottom tee

a,=0 (@ a,=1 (b) (5.30)

The outputs from the bottom tee, using the scattering matrix of (5.13), are

1 1
by=5@ta)=15 (a)
) . (5.31)
by=175 (Cata)=15 (b)
and the inputs to the top tee are
1
a,= V2 (a)
(5.32)
- 1 axjb
— B _ _
a;=b,e Y3 a = jb (b)

where the special value of (5.22) is used for .
The top tee outputs are then
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b=y @me=3 (14 435) -5 @
_ . (5.33)
b=ggray=z (1-525) 725 ©
The waves transmitted fro;n the antennas are
E'=b,e = a_i}E T (a)
. (5.34)
Ey=b,= a;}?b (b)
The total power radiated is of course
E'E! + E;.E;,' =1 (5.35)

and the polarization ratio of the transmitted wave, in the directions for which
|hy| = |k, is

. Ey_ . Fjb b
P'=ig =i pre=m =ige” (5.36)

Now the polarization of the incoming wave is

E E. b
=j—2=—jL=—j—¢* 5.37
p JEg jEx ks (5.37)

and we have
p'=p" (5.38)

The conclusion is that if we set the phase shifters of our power combiner to
give maximum output at port 4 of the bottom tee of Fig. 5.5 on reception, and
then use the system to transmit by applying a signal to port 4, the polarization
ratio of the transmitted wave is the conjugate of the polarization ratio of the
received wave. This would be true also if we maximized the power output of
arm 2 of the lower tee and then applied the generator to the same arm.

Suppose we leave our phase shifters set so that on reception b, =0 and b,
is maximum, with phase shifts given by (5.20) and (5.23). Now, however,
instead of connecting a generator to port 4 for transmission, we connect it to
port 2, so that at the bottom tee inputs are

a,=1 (a) a,=0 (b) (5.39)

An analysis similar to the preceding one gives the transmitted signals as
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- b e
T (2)
B (5.40)
g
E}’ - a ;}b (b)
leading to a polarization ratio
p=jler=-1 (5.41)
b p

Suppose now that we have a communication configuration with this
variable polarization system at one end, as in Fig. 5.8, and a fixed arbitrarily
polarized antenna at the other. The fixed polarization antenna transmits a
wave with polarization p' toward the variable polarization system, which is
then set to receive maximum power. In turn, when used to transmit from the
port at which maximum power is received, the power combiner system
transmits a wave with polarization p' = p'". But this is the polarization that the
fixed polarization antenna receives best. Thus adjustment of the variable
polarization antenna until it receives maximum signal causes it, on transmis-
sion, to transmit a wave from which the fixed polarization antenna receives
maximum power. This offers the opportunity for an automatically adaptive
(in polarization) two-way communication system.

The condition (5.41) may be recognized as the cross-polarization condition
in a communication link. Thus, in the link of Fig. 5.8, if the variable
polarization system on reception is set for maximum power out at port 4,

|
i

_/ Fixed-polarization
— antenna

/

Variable-polarization system

y

4

FIGURE 5.8. Power-maximized communications link.
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connecting the generator to arm 2 on transmission would cause the fixed
polarization antenna in the link to receive no power.

It was mentioned earlier that for simplicity, we would assume that in the z
direction the effective lengths of the two antennas are equal. Now, in general,
the effective lengths are complex functions of direction, and if the reference
points for the effective lengths are taken at the inputs to the upper tee of Fig.
5.5, the effective lengths also depend on the lengths of the transmission paths
to the tee. We therefore use

hy(6, ¢) = |hy|e”™ (a)

hy6, )= Ihqlc“"ﬁ* - |;?4|ej(53+5) (b)

(5.42)
Again, neglecting the common phase shift §,, the inputs to the top tee of Fig.
5.5 change from (5.15) to
a, = |h,|ae”’* (a)
- | (5.43)
a,=|h,le’be’"  (b)

We can find the outputs of the bottom tee replacing a by |h,|a and b by
|h1,]e’b in (5.19). The result is

by, = e [|h,la+ [h,]be"***®) + e B (|hy|a = |h,|be’* 2] (a)
. (5.44)
b, = Lte " [|h,]a+|h,|be" " ") — e P(|hy|a — |hy| be"* TN (b)
If now we set
¢o+a+d==xixw (5.45)
and require
b,=0 (5.46)
it follows from (5.44) that
|yl = jlhy|b + e P(|h,]a T j|h,|b)=0

or

hyla = j|h,|b
|[hyla = jlhu]b

-iB— _

(5.47)

which gives
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5=w¢2tan‘1|~h—“[—b (5.48)
|h2|a
Then
. ; |h,|a = jlh,|b . ]
== 1 Jja e
b= e | ula 2 lhulb + =T (hala = lhlb) o
5.49
= e7"(|hyla = jlh,|b)
which leads to the equation
b,|* = |h,|*a® + | h,|’b? 0
4 2 4

This again is all of the incident power, since b, =0.

If we now use this system for transmission by connecting a generator to
arm 4 of the lower hybrid tee and a matched load to arm 2, while leaving
phase shifts @ and B set as in (5.45) and (5.48), we have lower tee inputs

a,=0 (a) a,=1 (b) (5.51)

The inputs to the top tee may be found from a, = b; exp(—jB), using (5.31)
for b, and (5.47) for exp (—jB). They are

1
b= (a)
2
(5.52)
. 1 |hyla = j| kb (b)
P V2 |hfaFjlhlb
The outputs from the top tee then become
1 B |h,|a
R A N I T N
b (5.53)
1 *Jlh,
= m—— + R o . S £,
Ve T e
The transmitted wave then has components
_; h,|’a o
Ei-: b.e K.l = | i : e}(¢+5+'rr!2) a
- I |hyla = jlh,|b ®
(5.54)

- s _ =jlh,|be”
By bl o= T ®
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and polarization

EV hlPb o, R
r_ gt — 4 s _:qb: 4 i 555
P =i TP a® “ e’ (5.55)

We conclude that in this more general case for which h,# h, in the
direction of the incoming wave (due perhaps to the use of nonidentical
antennas, to improper orientation of the antennas, or to unequal transmission
path lengths between antennas and hybrid tee inputs), if the system is set up
for maximum power reception and then used for transmitting, the transmitted
signal in the direction from which the original signal was received is modified in
its polarization characteristics by the ratio |h4|2a’lhz|z.
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6

POLARIZATION CHANGES
BY REFLECTION AND
TRANSMISSION

6.1. LINEAR POLARIZATION

In this section we shall consider the reflection and transmission of a linearly
polarized plane wave at the plane interface between two media. It is
convenient for this problem to use a rectangular coordinate system with two
axes lying in the plane of the interface, but since the incident wave strikes the
interface at some angle other than perpendicular, we must change its
components to the appropriate coordinates for the interface. The transform-
ations are readily apparent from Fig. 6.1. The plane wave being considered
travels in the { direction. The x and ¢ axes coincide and are into the plane of
the page. From the figure, we see that

[=zcosf + ysinf
n=ycos @ — zsin 0 (6.1)
E=x
and since space vector components transform like the coordinates of a point,
u, =u,cosf+u,sinf
u, =u,cosf —u,sin 0 (6.2)

l.l§=l.l

x

207
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¥

FIGURE 6.1. Coordinate transformations.

We define a plane of incidence as that plane containing a vector in the
direction of wave travel, u,, and a vector normal to the interface, u,. Itis then
convenient to consider linearly polarized waves by two cases, E lying in the
plane of incidence (H perpendicular to the plane) and E perpendicular to
the plane of incidence (H in the plane).

Fields: Polarization Normal to Plane of Incidence

For this case

(6.3)

where Z is the characteristic impedance of the medium.
In the general case, for lossy media, k and Z are given by

k= wVEE 1—;-}8 (6.4)
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_ | _Jou
- o+ jwe 2

and are specialized to the lossless case by setting conductivity o = 0.
Transforming to x, y, and z coordinates gives

E=uwkE,=uwE +uE +ukE,
(6.6)
H=uwH =uH +uH +uH,

and if we substitute (6.2) into (6.6) and equate coefficients of like unit
vectors, then

E,=E,
H,=cos 0H, (6.7)
H, = —sin 0H,

If (6.1) and (6.3) are substituted into (6.7) the result is

E :Ee—jk(zcusﬂi-ysinﬂ)
% 0

Ey itz cososys
o 8 @
H, =cos § - ¢ /K¢ con0mrsmn®) (6.8)
Ey, _; i
i —jk({z cosfi+y sinfd)
H,=-sinf < e

Fields: Polarization in the Plane of Incidence
For this case, H has only a £ component and it is appropriate to write
H,=Hye ™  E,=-ZHe ™ (6.9)

where the negative sign for E, is necessary to give wave travel in the
direction. Obviously, the transformation to new coordinates is the same as for
the electric field normal to the plane of incidence, with the roles of E, and H,
interchanged. The resulting fields are

H =He-—jk(z cos @+y sin @)
x 0
E, = —cos 0 ZH,e /* cos 0y sin®) (6.10)

E =Sil'l 82He—;‘k(zcosﬂ+y sin 8)
z 0
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Region 1 | Region 2

X, xu' xpl 2

FIGURE 6.2. Coordinate systems for wave reflection.

Figure 6.2 is a superposition of all of the rotated coordinate systems we
need to study the reflection problem. The incident wave strikes the plane
boundary at angle 6., a part is reflected at angle 6, and a part transmitted at
angle 6. We restrict our examination to 6, real so that (6.8) and (6.10)
represent uniform plane incident waves.

Snell’s Laws

Boundary conditions at the interface require the sum of two tangential fields
to be equal to a third. It is obvious from the form of the waves [Eqgs. (6.8) and
(6.10) may represent incident, reflected, or transmitted waves with a proper
choice of k£ and Z] that the boundary conditions can be met only if the phase
variation with y in both media is the same for all field terms. These phase
terms are [using the appropriate angles from Fig. 6.2 in (6.8) and (6.10)]:

Incident wave k,y sin 6,
Reflected wave k,ysin(w—0,)=k,ysin6,
Transmitted wave k,y sin 6,

It follows that

k,sin 6, = k, sin 6, = k, sin 6, (6.11)
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and from this equation we obtain Snell’s laws,

6, =0, (a)
sin 6, B E () (6.12)
sinf, k,

Our equations to this point are valid for lossy media, for which k and Z are
complex. In a commonly encountered situation the first medium is air and the
second the lossy earth. Equation (6.12) holds, but the transmitted wave is
nonuniform. In this situation we are normally most interested in the reflected
wave and, for lossy media, will restrict our attention to it.

Reflection and Transmission Coefficients: Perpendicular Polarization
We consider the waves to be composed of incident, reflected, and transmitted

terms with appropriate superscripts. We define reflection and transmission
coefficients as

E; E'
£, = E | =0 T,= Fi | 2=0 (6.13)
X x
The wave components of the incident wave are
i - —jk(z cos O,+y sin 0,)
E.=Ejge™
Hi = E:E e—;k,(a cos O,+y sin 0,)
."r -
- 5 (6.14)
H| =cos 6, 'Z—"} g hiFcoshitysinG)
1
H', = —sin 0, 2 ¢ itz coshrysing)
: Z,

Noting that for the reflected wave the appropriate angle to use in (6.8) is
7 — @, and using the first of Snell's laws, we get from (6.8) and (6.13)

Er S 1—- E ev—;h{-: cos il +y sinf)
X | Bl 1)

H’_ - 5 — l" & e—;hl—: cosfi+vsinf)
T Z b Z,
(6.15)
H! = —cos 6,H]. = —cos T, =2 ¢ ~hi=s costoysna)
J ] | & Z|
L s g
H.=—sin OH .= —sin T, —¢ ¢ M7z enftvenm

N
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For the transmitted wave,

Ef =T E e-jkg(z cos §,+y sin )
x 10

I
Hl L EJ’ — T §_U e—jk;(: cos fh+y sin §,)
vz, *tZ
E (6.16)
H} =cos 6,H,.=cos T, ?" ¢ ~/kalz cos Bty sin @)
) 2

. . D T o

H.=—sin§H'.=—sin§T, zg o HiERoniEy g
’ 2

The boundary condition on the tangential electric field components that
must be met is

Et\lzzn_l_ E.:J:=U:E:'|z=ﬂ (61?)

Use of the appropriate components from (6.14), (6.15), and (6.16) and
noting that the phase terms are equal because of Snell’s laws leads to

14T, =T, (6.18)

Since the magnetic field components are also necessarily continuous across
the boundary, we have

H;-|:=n+H;-|:=(1:H;-|-:=n (6.19)

which becomes, using the field components and Snell’s laws,

cos 6, cos 6,

Z (1-T))= 72 /oA (6.20)
If (6.18) is utilized, we find for the reflection coefficient
_ Z,sec B, — Z, sec,
L™ Z;sec B+ Z 'sec§; 8.2
Reflection and Transmission Coefficients: Parallel Polarization
For this case we define reflection and transmission coefficients as
H, H,
[‘” = — Tj=— (6.22)
H’t z2=0 H*‘_ =0

Some authors define I‘" as E;!E; rather than as above. This definition does
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not utilize the symmetry of the Maxwell equations, and it chooses one of two
electric field components in preference to using the only magnetic field
component. Our choice here agrees with that of Stratton [1].

From (6.10) and (6.22) the wave components are

Hf = H e—jkl(z cos B, +y sin &)
x: 0

Bl e e A —jki{z cos &+y sin §)
El.=-ZH.=-ZHge

. _ . (6.23)
E} =cos §,E|, = —cos Q. Z H e PRy e)
E,=—sin 6E,. =sin 6,Z,H,e /11 o4 sin )
Hr - FltHOe-_:'h(-—z cos fl+y sin 6)
E;',- — ‘_‘Z]H:. - __ZIFHHDe-jkl[-z cos f,+y sin 6)
- (6.24)
r r —jki(—z cos 8;+y sin 6,
E}, = —cos 6,E}. = cos 6,Z,T H,e ™’ tysing)
E. = —sin §,E]. =sin 6,Z,[) Hye /177 cosorysin®)
Hr = T”Hue —Jka(z cos B+ y sin 6)
E;,m = _zﬁHi = _ZZT”HUE —jka(z cos f+y sin 6,)
| | (6.25)
E} =cos §,E,. = —cos 6,Z,T H,e /¥ s 4*ysin )
E, = —sin Q.E . =sin ,Z,T Hye 1 tosttrsing)
Using these fields, the boundary condition
Hi|z=0 + H;|z=ﬂ = HLJ:=U (626)
and Snell’s laws give immediately
The boundary condition
E)l.c0+ E}lm0=E}|.=o (6.28)

and Snell’s laws lead to

Z, cos 6(I'y —1) = = Z, T cos 6, (6.29)
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Then, use of (6.27) gives for the reflection coefficient

Z,cos 0, — Z, cos 6,
Z,cos 6, + Z, cos 6,

I = (6.30)

Alternate Forms for the Fresnel Coefficients

It is obvious that Snell’s laws can be used to remove 6, from Eqgs. (6.21) and
(6.30). At the same time we will use the grazing angle

a=3im—6 (6.31)

and specialize to the interface between air and a lossy medium, replacing w,
and &, by p, and g, and using for the lossy medium u, = p,, & = &, and
o, = 0.

Since ¢ always occurs in the combination o + jwe, we can define a complex
dielectric constant

L LT
o+ jwe —;ws(l J ws) Jwé (6.32)
where

T L

£= s(l j ws) (6.33)
We can also write

k, = oV, V1 - jolwe = 0\, é (6.34)

_ ] Jer K
Zy= - z (6.35)

Substitution into (6.21) and (6.30) causes them to reduce to

~ vz 112 . - 2 172
_cos b, —(é/g,—sin” §,)"°  sina —(é/g, —cos” a)

(6.36)

Y cos + (élg,—sin*6)'"*  sina + (é/g, — cos” a)'"?

)I!2 1/2

r _ (8/g,) cos 6, = (¢/e, - sin® 6)'"? _ (é/e,)sin @ — (é/g, — cos® a)

I (&le,) cos 0, + (é/e, —sin® 0,)"%  (£/e,) sin a + (é /g, — cos® @)

1/2

(6.37)
Power: Perpendicular Polarization

We restrict this discussion to lossless media, although the extension to lossy
media is simple. We also will distinguish between Poynting vectors and the
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proportion of incident power that is reflected and transmitted, a distinction
not often made in texts.
The Poynting vectors, taken from the appropriate fields, are

¢ 1EE 15
=27z "2 zZ
1 8B, 1 EBF.. 4
=3 % 3 z Fd e
1 EXE; 1 |E)
Sr=_ =_‘ Ui |:'il—'1.|2
3 % 3 2%

The ratio of reflected to incident power is the same as the ratio of their
Poynting vectors, thus

W, S,
7 =5 =T (6.39)

However, the ratio of transmitted to incident power is not equal to the
Poynting vector ratio, as may be seen from Fig. 6.3. The power incident on
the interface within the confines of some arbitrary channel is partly reflected
in a channel of equal cross section, and partly transmitted in a channel of
different cross section. Equation (6.39) follows immediately, and we can get
the ratio of transmitted to incident power as

W-‘_ Wr_ _Sr__ 2
W_l—w—l e == (6.40)

i i

Region 2

FIGURE 6.3. Channel widths for reflection and transmission.
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Power: Parallel Polarization
The Poynting vectors for this case are
S, = %Z]H.J::H.i. = %ZlfHolz

S,=31Z H.H

Il

1Z,|Hy)*|ry)? (6.41)
§, = %ZzH:-H: = %ZZ|HU|2|T|||2

The proportions of reflected and transmitted power are

Wr Sr 2
A

6.42
Wr _ Sr 2 ( )

Total Transmission
For parallel polarization an incidence angle, called the Brewster angle, can be
found for which all of the incident power is transmitted across the interface
into the second medium. From (6.30), I, = 0if

Z,cos B, = Z, cos 6, (6.43)

Considering lossless dielectrics, with equal permeabilities, for which

Z:_ £y
7=V @

) (6.44)
sin, _ k, _ [ (b)
sin@ k, B g
we obtain a solution to (6.43),
g,
tan 6, = \/ —= (6.45)

€

At this angle of incidence, all of the wave is transmitted and none
reflected. There is no comparable solution for perpendicular polarization, as
may be seen by setting I', =0 in (6.21). This phenomenon allows the
production of a linearly polarized wave by reflection of a wave with general
polarization. '
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Total Reflection
For lossless media with equal permeabilities, Snell’s law for transmission is

o (6.46)

sin 6, £,

If \e,/e,>1 then sin6,>1 for a range of incidence angles 6. Then the
exponential term for the transmitted fields, with either perpendicular or
parallel polarization, from (6.16) or (6.25), becomes

e—;’kz(: cos 6 +y sin 6,) _ e—jk;[z\/l—sinlﬂ,u- sinf) — e—k;zvsinlﬂ,—le—jku. sin # (6 4?)

which no longer represents a uniform plane wave in region 2. Examination of
the fields shows that no power propagates in the z direction in region 2, and
therefore no wave propagates across the interface. It follows that for this
situation, the magnitude of the reflection coefficients is unity,

I, |= |F“L =1

and all incident power is reflected. The angle

6, = sin_'\/? (6.48)
|

which gives sin §, =1, is called the “critical angle.” All greater angles of
incidence lead to complete reflection at a boundary.

Note from (6.47) that in region 2 a nonuniform wave is set up which
appears to propagate in the y direction and falls off in amplitude with z.
Obviously, this field could have been set up only by waves propagating across
the interface, but this is not predicted by our steady-state solution.

6.2. ELLIPTICAL WAVES

A linearly polarized wave that is neither perpendicular to nor parallel to the
plane of incidence can be broken into perpendicular and parallel components
and each component multiplied by the appropriate reflection and transmis-
sion coefficients in order to obtain the complete reflected and transmitted
fields. As a matter of fact, this procedure can be applied to a generally
polarized incident wave if the phase difference between perpendicular and
parallel components is accounted for.

An incident wave of general polarization may be written, using the primed
coordinate system of Fig. 6.2, as
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E'=E,(u,.a+ u},.bef"’)e_"k‘z’ (6.49)
where E| is taken as real without loss of generality. To assist us in determining

the reflected and transmitted wave components, we find the magnetic field
components corresponding to the electric field.

—_— E ik
E.=E@e ™ () H,= 22 ae M (b) (6.50)
1
. Eb .\ i
E, = Ebe'’e™™" (@) H,.= —ZL elte M (b)  (6.51)
1

From (6.13) and (6.50) the reflected and transmitted fields arising from the
incident E . are
El.=T, Ege ™ (a)
o (6.52)
E!.=T,Ese™*" (b)

X

From (6.22) and (6.51) those fields arising from the incident H,. are

r Eob iy —jkyer
H.=-T) Z, e’Me™! (a)
(6.53)
Byl g0 i
b= _(l_ d —jkaz
Hey=-T, Z e’“e™ (b)
with associated electric fields
Ej.=—2Z,H}, =T Ebe!®e ¥ (a)
(6.54)
Z, T
E,.=-Z,H,.= 72 T\E,be’*e™"" (b)
The total fields, incident, reflected, and transmitted, are then
E'=E,(u,.a+u,be)e (6.49)
E' = Ey(u,T a+u,lbe’)e (6.55)
] ZE jd —jkaz™
E =E\u,.T,a+u,. = T be'")e "™ (6.56)

Z,

Polarization ratios are easily obtained from these fields. They are
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i_.b e

p=]ze (a)

P }Fla FlP .
. Lhh o, 2, Ty

P =] ZlTlae _-Z_]-T_LP (C)

Special Cases
Let us look at a few special cases as a means of verifying (6.57) and perhaps
discovering some physical facts about the reflection of elliptical waves.

1. Let 6, the angle of incidence, be 0. Then 6, =0, and the equations for
reflection and transmission coefficients simplify to

_Zz‘_zl _ ZZ—ZI_
1“l"zza—zl Iy = Z,+Z, L.
2Z 2Z
F, =1 %F = : Ty=1+T) = =—
. L2, I 17 2,+2,

Then, from (6.57)

p=-p" p'=p

and we see that the transmitted wave has the same polarization as the incident
wave, but in general the reflected wave is neither matched to the incident
wave nor cross-polarized.

At this point we must consider our coordinate systems. In Chapter 3, when
we developed the equations for polarization match of two antennas, we used
coordinate systems with coincident vertical axes as shown in Fig. 6.4(a). In
our study of reflection at an interface we have used coordinate systems with
coincident horizontal axes, as in Fig. 6.4(b). Examination of Fig. 6.4 shows
that since

y 7 y
:x ‘ x' S
z z 4 z"
£
(b) d

(a)

FIGURE 6.4. Coordinate systems for (a) transmission between antennas and (b) reflection at
normal incidence.
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E, —-E,. E

G/ S
E, —E. E

"

the polarization parameter p is the same in the £, 9, { system and the x", y”, z"
system. Therefore, our previously developed equations for polarization
match factor apply to reflection at normal incidence.

2. Let =0 and p' = =1, where the upper sign corresponds to right
circular polarization and the lower to left circular. Then

p =1 p'==%1

The reflected wave is circularly polarized, but in the opposite sense to the
incident wave. The incident and reflected waves are related by

which is the condition for cross-polarization. Thus, if a circularly polarized
wave is transmitted normally toward a plane interface, the reflected wave
cannot be received by the transmitting antenna.

3. Let the incident wave be linearly polarized. Then ¢ =0 and

I V)

prejil Ly Ty
rl

_. %

i

p=]j

8o
S| o

a

-

and we see that the reflected and transmitted waves are elliptically polarized
unless both media are lossless or the wave incidence is normal.

4. Let the incident wave be linearly polarized and “‘vertical.”” Note that
vertical here means in the plane of incidence. Then

p'ow p —® p'ow
so the reflected and transmitted waves are also linear vertical.
5. Let the incident wave be linearly polarized and horizontal. Then
p'=p =p'=0

and all waves are linear horizontal.
6. At the Brewster angle, I, =0, and from (6.57),

ro__ f_ZZLr'
p—U p_lelp

We see that the reflected wave is linear horizontal, no matter what the
polarization of the incident wave (except for a linear vertical incident wave,
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which would not be reflected at all). The transmitted wave is in general
different from the incident wave in polarization. This characteristic can be
used to produce a linearly polarized wave. Its use is rare at the lower
frequencies, but more frequent for light.

Reflections from a Conductor

Let a wave in air be reflected from a plane surface that is a good conductor.
From (6.35) we see that Z, =0, and from (6.21) and (6.30) we obtain

' =-1 Fyj=:+1 (6.58)
independent of the angle of incidence. Then (6.57) gives immediately
pr=-p (6.59)
or in terms of the common polarization ratio P,
P'=-P (6.60)
Again we stress that this is independent of the angle of incidence.
The Flat Plate

We consider an infinite (so that edge effects are unimportant) flat plate, Fig.
6.5. Let the incident wave be linearly polarized perpendicular to the plane of

z %

y)/P’

L

By

FIGURE 6.5. Polarization changes by reflection from flat conducting plate.
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incidence, so that Ej, =0, E!#0,p' = jE;fE; = 0. This is a linear horizontal
wave, according to the arbitrary definitions of Chapter 2. Then, from (6.59),

p' =0

which is also a linear horizontal wave. _
‘For a linear vertical wave (polarized in the plane of incidence), £, =0,
E #0, p' = jec. Then

r

p'=j=

which also represents a linear vertical wave.
Let the incident wave be right circular so that

p'=+1
Then from (6.59) we see that

p==1
which represents a left circular wave. The reverse is also true; a left circular
wave will be reflected as a right circular wave. This leads to the well-known
result that a monostatic radar transmitting a circular wave and receiving a
wave of the same sense will be blind to a flat plate. It is clear that this is true
also for a bistatic radar.

Dihedral Corner Reflector

A dihedral corner reflector that can be used for cross-section enhancement of
a radar target is shown in Fig. 6.6. The plane conducting surfaces form a right

L. |
I & =

//

q#
b
\ pr

pr'

L~

FIGURE 6.6. Dihedral corner reflector.
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angle. It is readily apparent that a ray striking one of the surfaces from a
direction perpendicular to the line of intersection of the two planes will be
reflected in the direction from which it came. The scattering matrix for this
reflector will be developed in a later section. We consider now only the
polarization ratios.

Application of (6.59) twice for a dihedral corner oriented so that its fold
line coincides with either the x or y axis gives

(6.61)

and thus the reflected wave has the same polarization as the incident wave,
provided that the plates are large and edge effects may be neglected.

We recall from Section 3.6 that for the reflected wave to be matched to the
same antenna used to transmit the incident wave, it is necessary that

p=p" (6.62)

It follows that a monostatic radar may be blind to a dihedral corner reflector
for some polarizations of the radar. Obviously, linear vertical and linear
horizontal (with respect to the line of intersection of the plates) represent the
polarization-matched cases.

If the incident wave is right circular,

pl=+1
then the reflected wave is also right circular, with

p=+1
which represents a polarization-matched case. These cases should not mislead
one, however, into thinking that any wave reflected from the dihedral corner

reflector is polarization matched to the transmitter. Consider an incident
wave that is linear and tilted at 45°, so that E| = E| and

Then

which represents a linear wave tilted at 45° in a reversed coordinate system
appropriate to the reflected wave. Fig. 6.7. We see that the reflected wave is
cross-polarized and the radar is blind to the dihedral corner.



224 POLARIZATION CHANGES BY REFLECTION AND TRANSMISSION

x x

Y ¥
4 ;
Incident Reflected

FIGURE 6.7. Incident wave with 45° tilt and reflected wave for dihedral corner reflector.
Trihedral Corner Reflector

The dihedral corner reflector has a serious defect as a cross-sectional
enhancement device. The incident ray must lie in a plane perpendicular to the
line of intersection of the planes that form the corner if the reflected ray is to
be directed back to the radar. This deficiency can be overcome by using a
trihedral corner reflector. Figure 6.8 shows a triangular trihedral corner
reflector, although other shapes are possible.

In general, rays that strike an interior surface of the trihedral corner will
undergo three reflections as indicated by Fig. 6.8 and will be returned parallel
to the incident ray. There are exceptions to this rule, however. If the incident
ray is at a sufficiently large angle from the axis of symmetry of the corner
reflector, it will undergo two reflections only. The ray may, for example,
strike plane AOB and be reflected to plane AOC. If plane BOC is not
sufficiently extended, the ray from AOC will not strike it and thus will not be
returned parallel to the incident ray.

P\

FIGURE 6.8. Triangular trihedral corner reflector.

P
B

p"
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It is also obvious that, if the incident ray is parallel to one of the reflecting
planes forming the trihedral corner, it will be doubly reflected back to the
source with polarization

p=p

If we apply (6.59) three times for the triply reflecting case, it is clear for the
trihedral corner reflector that the polarizations of reflected and incident
waves are related by

p'=-p (6.63)

It is quickly seen from this that linear vertical waves are reflected as linear
vertical and linear horizontal as linear horizontal. In fact, any linearly
polarized wave is reflected so that it is polarization matched to the transmit-
ting antenna. To see this, consider Eq. (3.49) which gives the polarization
match factor

_ (A +pp,)(d+pip3)
(1+p,p))(1+ pyp3)

(3.49)

We consider the incident wave to be wave 1 and the reflected wave to be 2. If
the incident wave is linearly polarized, the phase angle in the modified
polarization ratio is zero. Then

i

p=j

2o

with b/a real. For the trihedral reflector

. .b
P = fa

and substitution in (3.49) leads to
p=1

This result is not unexpected because, although we used ‘‘vertical”
polarization as an example, this reflector has no natural vertical axis for an
incident ray directed along the symmetry axis of the trihedral corner. Note,
however, that if the wave is reflected from only two planes of the trihedral
corner, it may be significantly cross-polarized.

Finally, we note that if the incident wave is circularly polarized, the
reflected wave is also circularly polarized with the opposite sense, and thus
the trihedral corner reflector is invisible to a circularly polarized radar using
the same antenna system for transmitting and receiving.
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We can obviously extend the developments for the dihedral and trihedral
corner reflectors to obtain the polarization of a wave reflected by n plane
surfaces (large compared to a wavelength). It is

p'=(1"p' (6.64)

6.3. REFLECTION AND TRANSMISSION MATRICES

In reflection problems we sometimes need to know field magnitudes of the
reflected and transmitted waves, in addition to their polarizations. In the field
equations we can drop the distance exponentials since they do not affect
either the power in a wave or its polarization, and write

E =u_E', + u},.E;,. = Ey(u,.a+ uJ,,beN’)
E' =u.E..+u.E) = Eyu.l a+u,.lbe?) (6.65)

' z f
E'=u,.E,.+u.E. = En(umela +u,. Z—T T"be”’)

It is obvious from (6.65) that we can write the relationships between the
field components as

1-[% 2]
= ; 6.66
[E; 0 T, E,. ( )
and
e
i |5 2 i (6.67)
EJ,-I' O ZT" E}.'

The coefficient matrices are called the reflection and transmission mat-
rices. They are not the scattering matrices commonly encountered in radar (to
be discussed in the next section) because they are concerned with reflections
from an infinite plane, they involve bistatic reflections, and different coordi-
nate systems are used for E' and E".

We may write the fields in terms of left and right circular components using
the relationships developed in Chapter 2. They are

E' = Ey(u,.a+u,be’*)= E(L'@) + R'e Mwj) (a)
E = E,(u.T a+u,.Ibe’")

= Ey(L'w} + R'e w) ®)  (668)

Z ;
E'= En(uwala +u. ZZ T”be’d')
1

= E)(L'w!, + R'e Mwl) (c)
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where we use y = —@ to avoid confusion between the space angles 6,. 6,. 6,
and the phase angles between left and right circular wave components. In
(6.68) the vectors w, and wj are identified as to their corresponding
coordinate system by their superscripts so that, for example, @) # w| .
From (6.68) we find the left and right circular wave components to be

L'= i(a - jbe’?) (a)
. (6.69)
R'e ™= Y(a+ jbe’) (b)
L"=3(T,a —jI"”be”') (a)
(6.70)
Re™=4(T,a +jl""be’d') (b)
Z
L'= %(Txa-j f T“be“") (a)
(6.71)

Z _
R'e™ /= %(Tla +j ?‘* T,,be"”) (b)
1

These equations may also be put into matrix form without difficulty. The

R [ 4 IR! I RR R‘L’ I ¢

— l l:rl + l-‘H I, “rll][ Li ] (6.72)
2 Fl = ru I-‘J_ + I_‘” R*e R

PAN R A
R'e™™ Tre TppilRe™™

ZZ ‘ZZ
== _ (6.73)
2 % 7 Rie™™

We note that since the off-diagonal terms of (6.66) and (6.67) are zcro. an
incident linear vertical wave cannot give rise to a reflected or transmitted
horizontal wave. Since the off-diagonal terms of (6.72) and (6.73) are not
zero in general, an incident circular wave of one sense can create a circular
wave of the other sense, either reflected or transmitted.

We may see also from (6.72) and (6.73) that an incident left circular wave
gives the same reflected and transmitted powers as an incident right circular
wave.
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6.4. BACKSCATTERING FROM A TARGET:
THE SCATTERING MATRIX

The backscattered power from a radar target is dependent on the polarization
of the wave transmitted toward it. Further, many targets can reflect a wave
that is significantly cross-polarized, that is, has a field component not present
in the incident wave. For example, consider the wave to be linear vertical and
the target to be a thin wire transverse to a line from radar to target and
neither vertical nor horizontal in the transverse plane. It is obvious that a
current induced in the wire by the incident vertical field will reradiate a wave
with a substantial horizontal component.

In many cases the transmitting and receiving radar antennas are so close
that one coordinate system may be used for both antennas, as illustrated in
Fig. 6.9, and so that r, = r, = r. In many cases, also, one antenna is used both
for transmitting and receiving so that we need consider only one effective
length and polarization ratio.

The wave incident on the target from the transmitting antenna is

E*’—'ﬂhe 6.74
“12/\," (1d)) (' )

where we have dropped the phase term e /"

The field components are transverse to the direction of propagation, and if
the z axis of Fig. 6.9 is oriented toward the target, these are x and y
components. We may then rewrite (6.74) in a matrix form, and it is desirable

to do so. Then
AFETR
E, avy '

At the target an incident x component of the field gives rise to reflected x
and y components, and similarly for an incident y component. Then we can
write the reflected wave at the radar as

El Vimrla, A lE! (0:76)

x J¥

Yy

x
P R—
2 Target

(/’2

FIGURE 6.9. Backscattering from a target.
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The [ A] matrix is known as the target scattering matrix. Some discussion of
the form chosen for it is in order. Some authors use subscripts L and || rather
than x and y, but in refiection problems it is sometimes desirable to work with
reversed coordinates so that a right-handed system is available for both
incident and reflected waves. This is more easily done when using x and y
rather than with the less versatile L and ||. The use of V4r in the definition
of the scattering matrix is not universal. Here we follow the usage of Sinclair
[2] and Copeland [3]. On the other hand, Ruck et al. [4] use for the scattering

matrix
[2)=[o ]
E3 ay, aylILE]
omitting the distance term. In their definition [ E’] is the scattered field at the
radar and [E'] the electric field of an incident plane wave. The reader is
advised that this usage is widespread.

The scattering cross section of a target, when polarization is not taken into
account, is defined as (see also Chapter 1)

4 2or
o= i ”5’,.5 (6.77)

r—m !

where S§” is the magnitude of the Poynting vector of the reflected wave
measured at the receiver, and §' is the Poynting vector magnitude of the
transmitted wave measured at the target position. If the target depolarizes the
incident wave, we must describe the scattering cross section by a matrix also.

Ruck et al. give the relationship between the scattering matrix elements
and the scattering cross section as

= 2 2
o; =4mr |a”|

However, in the notation of this book the distance term is avoided, which is
desirable, and the relationship is

Top = | A opl? (6.78)

where a and 8 independently take on values x and y. Thus both o and A are
independent of the radar—target distance.

From (6.75) and (6.76) the reflected fields at the receiving antenna may be
written as

E;] JZol [A,, A,{,.][h]
= == ¥ 6.79
[E; Vam(2ar’) LA, A, LA, e

¥y

If the roles of transmitting and receiving antennas are interchanged, the



230 POLARIZATION CHANGES BY REFLECTION AND TRANSMISSION

reciprocity theorem states that the same open-circuit voltage is induced in the
new receiving antenna as in the old. This requires that the scattering matrix
be symmetric, that is

A, ,=A (6.80)

xy »x

To see this, we rewrite (6.79) to show explicitly that [/#] shown there is for the
transmitter

E’ - A, A 1[h.
Rl
E, dmari) LA, A dLp!
Now the voltage induced in the receiver load is

V _ ;r hr [E:]_ jZ{)! ;r ;r [Axx Ax)][h;] 682
R—[Tx J-] E; - 471'(2)\.?‘2} II.\‘ Tj'] Ayx A h;‘ ( i )

Yy

where superscript r denotes the effective length of the receiving antenna. If
we interchange roles of transmitting and receiving antennas while keeping the
same current /, we must have the same open-circuit voltage. Therefore

quI i i [:Axx Ar,\]lih,:]
Vo= ———-[h, h, 6.83
R .\/4—71_(2)0_2) [Ix ?J] Ayx Ayy h" ( )

¥

Equating these two forms for V} gives
" ;,][AU Ax,.][hi] " h,.][AH Ax}.][h:] (6.84)
1, h, : | =By My . :
‘ ’ A yx A »y h y ’ A yx A XX hy

Multiplication of these matrices shows that the equation can be satisfied only
if'd,,=A.

Further, if the target is symmetric about a plane containing a ray from
transmitting antenna to the target, the coordinate system may be chosen so
that A, = 0. To see this, consider a simple target such as two diagonal wires,
as shown in Fig. 6.10. A ray from the transmitter to the target lies in the
symmetry plane and is perpendicular to the wires. We choose the coordinate
system so that the x axis lies in the plane, and transmit a wave with only an x
component, E' in (6.76). At some instant of time the incident wave will set up
currents as shown in Fig. 6.10. Obviously, when these currents reradiate, the
vertical components will cancel. Then in (6.76), E| must be zero, and
therefore

A, =0

yx
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E
b
\Symmetry plane
\I

FIGURE 6.10. Simple target with symmetry plane.

The incident power density at a target may be written, using (6.75), as

i Z{sz 2 2
S = W (lhlxl + |h|y| ) (6'85)
where Z, and ] are taken as real, and / is the amplitude of the sinusoidal feed
current rather than its rms value. If Z; and [ are not real, their amplitudes
should be used in (6.85). We use subscript 1 for the transmitting antenna.
We may write S’ in matrix notation as

i Zf .
o= 8)12 2 [hl] ) (6.86)

where [k,]" is the transpose of the column matrix [4,], and [/,]* is the
conjugate matrix.
The Poynting vector density of the reflected wave at the receiver is
S L r|2 ri2y L T r%
S =57 (EF +1E) = 55 [ETIE) (6.87)

and using (6.79), this becomes

= 2120 (Ze)() s (LA TATR T (6.89)

Now the transpose of the product of two matrices is the product of their
transposes in reverse order, so that

Z,r
e

r

(7] AT AL*[R4]*] (6.89)
Using (6.85) and (6.89) in the backscattering cross section (6.77) we get
_ A ]TTATTIIIAT* [7,]7]

6.90
TRNTAE 0
or if the matrices are multiplied as indicated,
2 2
o= |Ax.\'hl.\' + Axyhlyl * lAyxhlx + A)'_vhlyl (691)

|y, * + [y, |°
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This equation for o- makes it appear that the backscattering cross section of
a target is a function of the effective length components of the transmitting
antenna, but of course this is not the case. We write for the transmitting
antenna the modified polarization ratio p,,

h,.
2 (6.92)

h,,

p=J
and substitute it into (6.91), which then becomes

A_—jp A JP+|A,. —jp,A..|°
P | xx fpl _\l l 2}1 jpl y_\l (693)
1+|p,]

We see that, as expected, the cross section depends on the polarization of the
transmitting antenna but not on its effective length.

If we require in (6.91) that the denominator be constant while we vary h,,
and /i, (a constraint discussed in Chapter 3), then (6.91) is the sum of two
terms like that for received power, (3.16). We may maximize each term
separately, and it follows from (3.28) and (3.36) that the first and second
terms are maximum, respectively, if

hh, (Ax_‘,)*

.. = A (6.94)
and

h'.v _ (Ary)*

i = Z:: (6.95)

The two terms may be maximized simultaneously if we set (6.94) and
(6.95) equal to each other. This leads to

Ay =VALA (6.96)

hly Aﬁy
h Var (6.97)

xx

and

assuming that all parameters are nonzero, giving a maximum cross section
_ 2
Ton = (le.rI + |A”,|) (698)

More often than not the target scattering parameters are not under our
control, and (6.98) cannot be satisfied.
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More generally, (6.91) may be maximized by differentiating with respect
to magnitude and angle of A, /h,,. The choices are

ang (h,,/h, ) =ang (AHA:‘, + A AL) (a)
2 2 2 22 (6.99)
kly = 'Ayyl _IAn'I * (lAny _IAx:I ) (b)
hlx 2|AxxA:)' + AIJ‘AIJ' (ZIAA'xAiy + AX)'A:?J' )2

where again we assume that all parameters are nonzero.

The open-circuit voltage induced in the receiving antenna by the reflected
wave is

V=h, B =[h,]"[E"] = hy E} + hy,E], (6.100)
giving a received power density
S"=VV*=|hy,E,+h, E,|’ (6.101)

where we use an equality rather than a proportional symbol since we will later
take a power ratio.

Now (6.101) is the same as (3.16), and " may be maximized in (6.101) just
as it was in Chapter 3. The result is

St = h,*[E"? = (|hy.[* + |k, 1) EL? + | ES) (6.102)
if we choose
h,, (E;)“
ok E_; (6.103)

The polarization match factor between the receiving antenna and the wave
backscattered from the target is

_ |h2-E'|2 B |y E; + hz,-E;lz
lhzizlErlz (|h'.3112+“12yl2)(|5;|2+|E;lz)

0 (6.104)

where the components of [E"] are given in (6.79).

In terms of the target scattering parameters and the effective length
components of the transmitting antenna, the choice of k, /h,, for maximum
received power becomes, from (6.103) and (6.79) '

hy, (A,‘.J,h,Jr + AJ,_\,hU)*
hy NAghy + Ak,

't lx

(6.105)

where we have used A, = A .. The match factor (6.104) becomes
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234
(6.106)

|}‘I:‘2.l‘(‘/:l \\'hll + A.u'hl_\') + hl_\'(A.l_\‘hl.\ + A_\'_\'h]l)|;‘

) = 5 e 3 5
; ([;}Ell‘_ & Ihl_\"‘_)(|A\'.rhl.r + A.l‘_\‘hl_\'[_ + |A.l_q'hl,l & A\'\'hlrl_}

If the same antenna is used for transmitting and receiving, so that

hl.\ = h!x = h.r hl.\' = hzl\- = hl\- (6107]

then the relationship for maximum received power, (6.105), becomes

L (A.--_\-;I.r + A,\',\'h.v)* 6.108

7

We have used primarily in this chapter the modified polarization ratio p,
but it is convenient here to use the more common ratio P. The ratios are of
course related by p = jP. From the definitions of antenna effective length and

P, (6.108) becomes

p=t (A_\__‘_ tAP ) 6.109
- Z - Ax,\‘ + A,\'_\'P ( ‘ )

Equation (6.109) can be solved for P with some ingenuity. We first write it as

7 Aok AP 6,110

and substitute it into the right side of (6.109) to eliminate the conjugate of P.
The result is a quadratic:
(6.111)

P’+BP+C=0

with solution

P=-1Bx1VB?*-4C (6.112)

where
A XX IE - IA ry IZ
(6.113)

B:A;A”+AUA3

and
A AT +AT A
= T TR (6.114)

= = At‘ Ay Al
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The polarization match factor, if the same antenna is used for transmitting
and receiving (but not configured for maximum received power), becomes

2 2 2
|h2A, +2hh A, +hIA,|

= 6.115
P (lhx|2+|hy|2)(|Axxh.\'+A.\‘yhy|2+|Axyhx+A}'J'h}r|2) ( )
In terms of the polarization ratio P of the antenna, this becomes
|A,, +2A, P+ A P
p (6.116)

- (1 = IP|2)(|A\'\.‘ + AxyP|2 *+ 1A.l',1' + AJ'J'P!Z)

If the polarization ratio P is found from (6.112) and used in (6.116), the
largest polarization match factor (polarization efficiency) is obtained.

6.5. SCATTERING MATRIX FOR CIRCULAR
WAVE COMPONENTS

It is often convenient to use the scattering parameters in left and right circular
component form so that the scattered fields are given by

E;] \/1 [ARR ARL][E%}
= : 6.117
[Ei dmr LA, AL E; ( )

The elements of the circular scattering matrix may be determined by
measurement or by transformation from the rectangular matrix elements. We
will develop the transformation.

A plane wave may be written in right and left circular component form as

E=E,o,+E, 0, (6.118)

where E, and E, are the complex right and left circular field components.
The rotating vectors wj, and w, are related to the rectangular unit vectors by

w, =u, +ju, (a)
(2.74)
wR=u_t _juy (b)

Equating circular and rectangular component forms for the fields leads to

Ep=13(E.+JE,) (a)
(6.119)
E, =3(E,—jE,) (b)
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We substitute into (6.117) these expressions for E, and E,. For the
incident wave E, the substitution is as written, but for the reflected wave we
must go to a right-handed coordinate system with unit vectors —u_, u,, —u,
before transforming to circular form. Therefore, for the reflected wave we
replace E, by —E,, and (6.117) becomes

D B R L] et
2LE +jE}] 2 Vadar LA, AL JLE, -jE]

(6.120)

If the matrices in (6.120) are multiplied and compared to (6.76), also
multiplied out, we obtain the following relationships among the rectangular
and circular scattering matrix elements

ARR = %(Ar\ _jAI." _jA-""‘- - A"."I)

ARL = %(A.rx +}'A_U. th,rx It A,\'J')
(6.121)
ALR = ]E(A,\-x _ij’\‘ +}.A‘\'.l' + AJ'}')
ALL = %(An + )iAx_\' +J"A'.\ - A_\‘J')
A= %(ARR +ARL tARTAL)
A.r}- = %I(ARR - ARL *: ALR - ALL)
(6.122)

B
|

= %J"(Ame tAp AR~ AL

A= 1(—ApptAg. + A~ ALL)
Since A, = A, it follows that A,, = A, ., and these equations simplify
to
A RR ™ %(Ax,\' _szl\ - A;.'_\')

ARL = E(Ax.r it Ay'\')

(6.123)
Ar=AgL
A L= %(An o3 }ZA\} - Ay;r)

B %(A rr T 2Ag, t Au.)
A,r_\» = %)'(A R~ ApL)

(6.124)
A'm_ = AI),

A.vy = %(—ARR +2Am_ - ALL)
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Let us specialize to a target with a plane of symmetry so that
A=A =0 (6.125)
Then
App=13(A, — Ayy)
A=A r=1(A,,+ Ay (6.126)
A= %(Axx - A”»)

Note that a plane of symmetry is sufficient to cause the returns for left and
right circular polarizations to be equivalent.

Finally, let us specialize to a spherical target (or to a target with a plane of
symmetry that also appears to be unaltered by a rotation through 90°) as we
did earlier when we were considering the scattering matrix in rectangular
form. Since A, = A},)_, (6.126) reduces to

Agg =Ry =0 Apgy=Ap=A, (6.127)

This shows clearly that the polarization sense is reversed for a circular wave
incident on a sphere.

Note that we used only one set of coordinates for the scattering matrix in
rectangular form, which is common, but in transforming to the scattering
matrix for circular components we first established a right-handed coordinate
set for the reflected wave because to refer to a wave as right circular in an
improper coordinate system would be quite confusing.

6.6. RELATIONSHIP OF THE SCATTERING MATRIX AND
POLARIZATION RATIO

The scattering matrix and knowledge of the incident wave are sufficient to
describe the properties of the reflected wave, including polarization. Let us
find the polarization ratio of the reflected wave in terms of the scattering
matrix elements and the incident wave. We start with

E; 1 A.rx A.r.\' E;'
" Vamr La, a,llp i
By mTr % wAtE,
Now, substituting
i -"E:\ r -IE;
p I P £
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into (6.76) leads to

A blid
.= ’ i 6.128
[;p 4mr ET LA,, A, llL—jp’ ( )

which is easily solved for p’,

r_ A _\'_\'pi + fA yx

e T (6.129)
xy xx

p

where we assume E’ # 0. The equation simplifies slightly if we recognize that
A=A,

xy yx

If we take the case of a target with a plane of symmetry so that
A,=A, =0, (6.129) reduces to

a result we found earlier for the infinite conducting plane.

We can also relate the circular polarization ratio g to the elements of a
circular scattering matrix. Just as we wrote the reflected wave in terms of a
scattering matrix for rectangular components by (6.76) we can relate the
circular components of the reflected and incident waves by

el 222
= : 5% B )
|:E’L dar LA, AL JLE] ( )

L

We use the definition

q:

D‘Jir_ﬁ'l

=

(2.85)

noting that it applies both to incident and reflected waves, unlike the
rectangular form p (or P), since in writing (6.76) we used the same x and y
axes for the incident and reflected waves, but in writing (6.117) we used a
right-handed system for both incident and reflected waves in order to define
clockwise and counterclockwise rotations. Combining the last two equations
gives

Al ]
.| = ; 6.130
[q dmar Eg Ap A llg ( )
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which leads to

ALLq‘j +Ar
ArLq + Agp

r-_.

(6.131)

Again if we take the symmetric case A, , = A, =0, we get the simpler form
r A i
9=7=q
RR
6.7. SCATTERING MATRICES FOR SOME COMMON
REFLECTORS
In Section 6.2 we developed the polarization ratios for the waves scattered
from a flat plate and dihedral and trihedral corners. In this section we will find
their scattering matrices.

Flat Plate

For an infinite flat conducting plate at normal incidence the reflected and
incident electric fields are related by

E,=-E, E,=-FE, (6.132)
Then from the relationship

2=l 2z]
E! A A, JLE,

yx

where the V4mr of (6.76) is omitted as inappropriate for a flat plate, it is
obvious that the scattering matrix is

[A]= [ *(1) _(1]] (6.133)

For a disc of area 7R’ a physical optics approach gives a normal incidence
cross section [4]

o= %’ (mR*)? (6.134)

Since the cross section is related to the matrix elements by (6.78), it follows
that the scattering matrix of the disc at normal incidence is
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[A] = 2—‘1—_& (wRZ)[ _[1} _{1]] (6.135)

If these values are substituted into (6.129), we find
p'=-p
which we know to be true for a flat plate.
Dihedral Corner

Consider first a dihedral corner oriented so that its fold line (intersection line
between the planes forming the dihedral) is parallel to the y axis. Figure 6.11
shows this corner with incident E, and E, fields. (In the figure a dot represents
an electric field out of the paper and a cross one into the paper.) It is easily
seen from the figure that the £ component is reflected unchanged (except for
the phase change with distance which is not shown), while the E, component
is reversed. No cross-polarized component occurs. Then the scattering matrix
for a corner constructed with semi-infinite plates is

[A]= [ " ?] (6.136)

Consider next a dihedral whose fold line is rotated in the xy plane by angle
6 measured from the y axis toward the x axis, Fig. 6.12. The dihedral plates
are taken to be so large that edge effects are negligible. If the incident field is
y directed, E|, then components parallel and perpendicular to the dihedral
fold line are

E,.=—E,sin@ (a) E,.=E,cosf (b) (6.137)

Reflected
/Reflected / e
¢ —————— E}’ S’
x
S—Inci B
Incident Y Incident *
Reflected ;
o 4 Reflected }}"' Ex
e ——— ]} 4 -
y
R ricidant \ '
Incident
(2) (b)

FIGURE 6.11. Electric field components for dihedral corner.
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A\

6.—-—-

s

-
FIGURE 6.12. Tilted dihedral corner.

After two reflections

E,.=-E.=E,sinf (a)

_ (6.138)
E.=E.=E,cos6 (b)
From the figure, the x and y components of the reflected field are
E.=E,. cosf+Esinf= E; sinfcos @+ E|sinfcos 6 (a)
o - (6.139)
E,=E . cosf—E,.sinf=E cos"—E sin" 0 (b)
From
E; A, ALl 0
[1-laz wlle] (6140
E ¥y AJ'x AJ‘)‘ E y

it follows that
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A,, =2sin 6 cos 0 =sin 26 (a)

(6.141)
A= cos” 6 —sin’ §=cos26 (b)
If the incident field is x directed, then
E.=E,cos (a) E,.=E.sing (b) (6.142)
After two reflections
El.=—-E,cos6 (a) E, =E,sing (b) (6.143)
and
E .= E, (:056‘-#JrE?;,.sinf?=—iE_"r cos’ 0 + E' sin’ 6 (a)
_ (6.144)
E,=E. . cosf—E_.sinf=E sinfcosd+ E sinfcos6 (b)
It is then obvious that
A_. =sin" 0 —cos’ = —cos20 (a)
(6.145)

A, =2sin 6 cos 6 =sin 20 (b)

For a dihedral corner with plate dimensions and @ and b, Fig. 6.12, Ruck et
al. [4] give a scattering cross scction

_ 167a’b’ sin® (7/4 + ¢) (6.146)
A’ |

a

where it is assumed that the incident ray path is perpendicular to the dihedral
fold line. It follows that the scattering matrix for a dihedral rotated by angle 6
in the xy plane from the y axis is

dvTab sin (/4 + @) [ —cos20  sin 29]

[4]= A sin20  cos20

(6.147)

Trihedral Corner

In Section 6.2 we saw that a trihedral corner reflector constructed of very
large plates has the same polarization as one flat plate at normal incidence,
namely, p" = —p". The scattering matrix of the trihedral corner of finite size
can then be expected to approximate that for the flat plate, (6.133), modified
to account for the finite cross section. Ruck et al. give for the maximum cross
sections of the square and triangular trihedral corners of Fig. 6.13:
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Square Triangular

FIGURE 6.13. Trihedral corners.

127L*
Square: o= :‘2 (6.148)
, 4oL*
Triangular: F=—13 (6.149)

Then, if edge effects are neglected, the scattering matrices at angles giving
maximum cross section are

_2V§wL2[—1 0]
Square: [A]= ST i =i (6.150)
vaL’[-1 0
Triangular: [A]= Son, [ ! ] (6.151)
A 0 =1
Sphere

It was pointed out earlier that for a target that is symmetric about a plane
containing a ray from antenna to target, we may choose a coordinate system
so that A, =0. To do so causes (6.115) to become

|hZA, +hZA P
= 2 2 2 2
(A "+ A )AL +]A R D)

p (6.152)

It is obvious that a spherical target is symmetric about any plane containing
a ray from antenna to target, and (6.152) is applicable to the sphere. Further,
for a sphere it is clear that
A= AJ')’

no matter what coordinate system we choose. Therefore
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2, p2)2
|h:+h },|

e 6.153
R (6153}

p

For a linearly polarized incident wave h, and /i are either in phase or 180°
out of phase, except when one is zero. It follows in any case of a linearly
polarized wave that p=1.

For a circularly polarized incident wave we can take &, as real and

h; =xjh, (6.154)
Then (6.153) gives
p=0

and we see that a spherical target is invisible to a circularly polarized radar.
For this reason it is common for radars to use circular polarization to suppress
the return from raindrops, which to a first approximation are spherical. The
return from a desired target in rain may be reduced also, but generally the
ratio of desired signal to rain clutter is improved.

If the raindrops are significantly deformed from the spherical so that, for
example, A, > A, then (6.152) indicates that for maximum rejection of the
rain signal, it would be appropriate to make &, > /. Beckmann has pointed
out that while circular polarization gives the greatest rejection of the return
from a (spherical) raindrop, it does not necessarily allow the greatest degree
of discrimination between rain and the desired target signal because that
discrimination depends on the polarization characteristics of the target [5].

From the discussion given here, it is apparent that for the sphere the
scattering matrix is

1 0]
[A]= AH[O 1 (6.155)
The reader is referred to the extensive discussion by Barrick to find cross
sections of the sphere [4, Ch. 3].

6.8. REFLECTIONS FROM ARBITRARILY ORIENTED PLANE

In this discussion it is convenient to consider the arbitrarily oriented plane as
one that is tilted with respect to a “horizontal” reference surface and to
consider an incident wave to have “vertical”” and “horizontal” components.
The surface in question may be a dielectric with appropriate Fresnel
coefficients or it may be conducting, in which case the Fresnel coefficients are
set to =1. The material in this section was developed to describe the
reflections from Earth that occur with propagation between antennas, or
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between a radar and target, when they are in the vicinity of the earth's
surface. These reflections are commonly referred to as multipath reflections.
The development follows in many respects the work of Beckmann [6.7].
although equations for some angles will be derived by vector methods rather
than by the spherical trigonometry methods of Beckmann and Spizzichino [6].
In addition, Beckmann gives only polarization ratios, not fields.

It may be shown that a wave reflected in the plane of incidence is not
depolarized if the incident wave is either horizontally or vertically polarized.
If the wave is not horizontally or vertically polarized, it will be depolarized
even by pure specular reflection in the plane of incidence from a smooth
surface. This occurs because the incident wave must be split into horizontal
and vertical components and the Fresnel coefficients applied separately to
cach component. Since the Fresnel coefficients are different for the two
polarizations, the reflected components will be differently affected in amp-
litude and phase by the reflection, and the reflected wave will have
polarization properties that differ from those of the incident wave.

If the earth is not flat, specular points may exist that do not lie on the
intersection of the earth with a vertical plane containing radar and target.
Thus, hilly terrain may have multiple specular points. In general, the reflected
wave from such a specular point is depolarized since the incident wave, even
if horizontally or vertically polarized with respect to the average terrain, is not
horizontally or vertically polarized with respect to the local terrain at a
specular point.

In this section we shall use a polarization ratio that is the complex ratio of
vertical to horizontal field components

P=— (6.156)

Figure 6.14 shows the geometry to be used in this discussion. In Fig. 6.14.
the coordinate system is drawn for convenience with the origin at the specular
point, but this does not detract from the generality of the development. We
take the unit vectors in the cyclic order k, u,,, u,.. which are, respectively. a
vector in the direction of propagation, a unit vector parallel to the flat earth
(horizontal), and a unit vector that is “‘vertical.” (It would be perpendicular
to the carth for a wave propagating parallel to the carth. Otherwise it is
merely perpendicular to k and u,,.) When the final equations are given. the
specular point will be taken at (x, y, 0). The incidence planc of Fig. 6.14 is the
“main” planc of incidence determined by the propagation vector k, (or r,)
and the unit vector u_ normal to the average carth plane (the xy plane). Since
in general the specular point lies on a tilted surface. the *‘local™ planc of
incidence is determined by k, and n. where n is a unit vector normal to the
tilted surface at the specular point. The normal vector n can be seen 1o lic in
the planc defined by r, and r, and is given by
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Uy

/ Uz %
LI_‘.
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Reflection plane

Incidence
plane

u

X

FIGURE 6.14. Depolarization by scattering out of incidence plane.

_r,r, i
_|rzfr2—r]fr]| (6.157)

The plane of scattering or reflection is similarly defined by the vectors k, and
u,, while the local scattering plane is defined by k, and n. Note that the local
scattering plane is the same as the local incidence plane, since Snell’s laws
require that k,, k,, and n lie in the same plane.

Figure 6.15 describes the geometry at the scattering point more complete-
ly. The incident wave is taken as linearly polarized without loss of generality
since an elliptically polarized wave can be considered the sum of two
orthogonal linearly polarized waves with an appropriate phase difference.
The local plane of incidence is perpendicular to the reflecting plane surface
and is established by n and k,. We treat E, in Fig. 6.15 as horizontally
polarized and measure 3 as the included angle between it and the reflecting
plane.

A general incident field is shown in Fig. 6.16. Angle f is taken positive as
measured clockwise from u,, of Fig. 6.16 if 6; in Fig. 6.14 is positive as
measured from u, toward u,. The range of B in Fig. 6.16 is —m =B =,
although in practice the range will be much smaller.

In Fig. 6.16, E,,, and E,,, may differ in phase so that E, may be a general
elliptically polarized plane wave.

Beckmann points out [6, p. 170] that if the scattering plane of Fig. 6.16 is
tilted simultaneously about both x and y axes of Fig. 6.14, it is necessary to
consider an angle 3, measured between the horizontal component of the
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FIGURE 6.15. Scattering point geometry.
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FIGURE 6.16. Decomposition of the incident field.
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reflected wave and the intersection of the wave front with the reflecting plane.
Angle B, is approximately equal to 8 and in much of Beckmann’s work the

difference is neglected.

Figure 6.17 shows the ground reflection point at x, y, 0 rather than at the
coordinate origin as in Fig. 6.14. The reflecting surface is not shown and
neither are the various unit vectors and angles. For those refer to Fig. 6.14.

From Fig. 6.17,
r,=xu, +yu, — hu,
r,=(d—x)u,—yu, +hyu,
and from Figs. 6.14 and 6.17

T _ h
0, = = —tan ! !

2 Ve + 52

™ _ h
6,=— —tan"' =

27 @y

(6.158)

(6.159)

(6.160)

(6.161)

Also, from Fig. 6.14 and 6.17, 6, is the angle between a vector drawn from the
point immediately below the transmitter to the scattering point and a vector
from the scattering point to a point immediately below the receiver. (Note

that one of these may be a target.) Then 6, is given by

xu, + yu, (d—xX)u. —yu,

ity Vd-ar iy
x(d—x)—y°

Ve V-

We take 6, as positive for y =0.

u,

:".'2

FIGURE 6.17. Reflection point at (x, y,0).

(6.162)
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In order to use the Fresnel coefficients, it is necessary to know the local
grazing angle y of Fig. 6.15. Now k, (or equivalently r,) and n of Fig. 6.15 arc
coplanar, and y is measured in that plane. Therefore we have

n-r

; =cos(7—r+y)=—sin-y (6.163)
rs 2

Using (6.157) for n gives

"Wry—r, -r,

- (6.164)

|"'1r2 - "2r1|

The equations for 8 and 3, will be derived here using vectors rather than
the spherical trigonometry methods of Beckmann [6]. In Fig. 6.15, B is
defined as the angle between the incident electric field (assumed horizontal)
and the intersection of the wave front with the reflecting plane. Vector t along
this intersection is perpendicular both to n, which is perpendicular to the
reflecting plane, and to r,. Then

nxr,/r, nXr,

£= nxr/r| T Inxr) (6:163)

Also from Fig. 6.14, the horizontal component of the incident electric field is
directed along u,,,, given by

u, Xr,
u,, = m (().]()ﬁ)
Then we can write
608 BI= oty = e Bz 2 F (6.167)
x| fusxr| '

If (6.157) for n is used, the first term of (6.167) can be shown to be

RXTy _ ryXr (6.168)
|11Xl"|! }rz)(l'll S
so that
L% X
s g L 0] o X)) (6.169)

ryXr,| . lu. xr |

Using the identity

(axb)-(exd)=(a-c)(b-d)—(a-d)(b-c) (6.170)
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and introducing rectangular coordinates according to Fig. 6.17 yields
rih, + hyx(d — x) — h,y* — hih,

Vy?(hy = hy)* + [x(hy — hy) + hyd) + y2d* VX + y?

cos B = (6.171)

We can find B, in a similar fashion. It is defined as the angle between the
reflected electric field (horizontal component) and the intersection of the
wave front with the reflecting surface. (Note that this intersection of the wave
front with the reflecting surface is the same for both incident and reflected
waves.) Then

cos B,=t-uy,, (6.172)

Since u,,, is perpendicular to r, and to u,, we can express it as

_u, Xr,
2 Ju, x|

u (6.173)

and

r, Xr, u, Xr,
v, xry| Ju, X7y

cos 3, = (6.174)

which becomes in our coordinate system

hox(d — x) — hyy® — h h3 + rah,
Vy*(h, = hy)* + [x(h, = h,) + h,d] + y*d> \/(d — x)* + y°

(6.175)

cos B, =

Before applying the Fresnel coefficients to the incident field of Fig. 6.16, it
is necessary to find the locally vertical and horizontal field components. They
may be found from

Enn=E;;cos B—E,,sin (a)
(6.176)
E,w=E sinB+E,,cosB (b)

Note that
|E|LH|2 + IEm.r'I2 = |Eml2 g ]Ew|2 = |E1|2 (6.177)
as required by conservation of energy.

Applying the Fresnel coefficients I',(=I')) and I',,(=T", ) gives the locally
horizontal and vertical reflected field components
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Eyu=TuEnn (@) E,v=T,E,y (b) (6.178)

Note that E,, is not perpendicular to the reflecting surface; that is, it is not
directed along n. Instead it is perpendicular to k, and lies in the plane defined
by n and k,.

Now since f3, is the angle between the horizontal component of the
reflected wave and the intersection of the wave front with the reflecting plane,
we can write equations for the locally horizontal and vertical field components
of the reflected wave similar to (6.176) for the incident field

E = E,ycos B, — Eyysin B, (a)
(6.179)
EZLV = EZH Sin Bz 5 Ezv cos Bz (b)

Inverting gives the horizontal and vertical components of the reflected wave
E,.

E,; = E,cos B, + E; ysin B, (a)
(6.180)
E,, = E,ycos B, — E, ysin B, (b)

If (6.176) is first substituted into (6.178) and the resulting forms for E,,
and E, , are inserted into (6.180), the result is

E,p =Ty(Ey cos B — E,y sin B) cos B,

+T'y(E,ysin B+ E;, cos B)sin B, (a)
(6.181)
E,=Ty(E,ysin B+ E,, cos B)cos B,

—TI'y(E,, cos B — E,, sin B)sin B, (b)

All quantities in (6.181) are known: the incident field components E, ,, and
E,, the scattering angles 6,, 6,, and 6,, which allow B and S, to be found, and
the Fresnel coefficients I'; and T',,. The scattered field components may then
be determined.

The polarization ratio P, may be found as the ratio of E,, to E,,,. Dividing
(6.181b) by (6.181a) and removing cos B cos B, from numerator and de-
nominator yields

_Iy(E,, tan B + E,y) —Ty(E,, — Eyy tan B) tan B,

P, =
* Ty(E,; — E,ytan B) + T (E,, tan B + E,;) tan B,

(6.182)

Dividing numerator and denominator by E,, and noting that
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o EIV
Pi=g (6.183)

gives

p. = P,(I';, tan Btan B, +T,)—T, tan B, + I, tan B (6.184)
* I'y+TI, tan B tan B, — P, (T, tan B — T, tan B,) '

At the beginning of this section it was stated that the material was
developed to describe waves reflected from the earth when antennas are in
the vicinity of the earth’s surface. Scattering of the type described here, with
the reflected wave completely polarized (see Chapter 7) is referred to as
specular scarttering. In effect, the earth is considered to be made up of large
tilted facets, and we have considered each facet to be an infinite smooth
plane. In practice multiple specular points will occur for some terrain types. If
s0, the fields reflected from all the specular points add coherently with phases
determined by path lengths. The fields must be weighted by antenna gains
and, for targets, by appropriate cross sections.

Other applications of the developments in this section will certainly occur
to the reader.
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PARTIAL POLARIZATION

7.1. INTRODUCTION

To this point we have considered only monochromatic waves. Such waves are
completely polarized, with the end point of the field vector tracing an ellipse
of constant eccentricity and tilt angle. A wave arising from some physical
source is never completely monochromatic. The amplitude and phase change,
with an irregular variation superimposed on a regular variation, and the tip of
the field vector traces an ellipse whose shape and orientation change with
time. Such a wave is said to be partially polarized. In the limit, as the
amplitude and phase of the wave become more random, the wave is randomly
polarized.

We will consider a quasi-monochromatic field variation, with a wave that
has a finite band width that is small compared to the mean wave frequency.
Such a wave obviously is partially polarized. Note: In this chapter time-
varying fields are not represented by script but by italic letters. Confusion is
unlikely, since partially polarized fields cannot be represented by time-
invariant quantities.

7.2. ANALYTIC SIGNALS
We can represent a field component of a partially polarized wave as
E'(1) = a(t) cos [wt + ¢(1)] (7.1)

where a(t) and ¢(¢) are the real amplitude and phase of the wave component.
Now (7.1) is valid whether we apply the quasi-monochromatic constraint or
not, but if the wave is quasi-monochromatic, a(f) and ¢(¢) vary slowly enough
so that the wave approximates a cosine.

253
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Rather than using (7.1) for our wave component, we will use instead its
analytic signal representation

E(t) = a(t)et ") (7.2)

The analytic signal as developed by Gabor [1] is a complex function
associated with the real field function E’(r). It is a generalization of the
exponential function '’ normally used for convenience to represent the real
function cos wt in many areas of electrical engineering and physics. The
reader is referred to Gabor, Born, and Wolf [2] or other references [3, 4] for a
more extensive treatment of the analytic signal. Here we will assume that the
functions we are concerned with possess Fourier transforms and note that we
can form the analytic signal associated with any real function E’(r) by using
the formulation

E(t)=E"(t)+ JE'(1) (7.3)

where the imaginary part, E'(r), of the analytic signal is the Hilbert transform
of E'(t); thus

; 1 [* E(t
E'(1)= = ]E_z f__(_r_;) dt’ (7.4)

The bar across the integral symbol in (7.4) signifies the Cauchy principal value
of the integral, that is

T r
)d:*=|imf £ dr+l f E(" ar (1.5)
T—i- —tf T—--‘

= Er(r,

7.3. COHERENCY MATRIX OF A QUASI-MONOCHROMATIC
PLANE WAVE

Consider a quasi-monochromatic plane wave traveling in the z direction with
components

E (1) =a, (e (a)
. (7.6)
E,(t)=a (e "1 (b)

where the phase term —kz is omitted from both components. The mean
radian frequency is w, and the a(f) and ¢ (1) are slowly varying time functions.

In analogy to monochromatic waves, we could define a complex vector

a= uxax(r)ef'f’:(f) 4 “"'a}.(f)eﬁf’yl’” (77)
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to represent the wave, but in contrast to the monochromatic case, a varies

with time.
We may write the field as a single component at angle 6 to the x axis by
E(t,0)=E (t)cos 6 + E (t)sin 6 (7.8)

It is convenient to take the time average

I=(E(,0)E*(1,6)) (7.9)
which is defined by
1 T
I=}F1_rrl ﬁJ_TETE%df (7.10)

where E is the truncated function

E.=E(t¢) =T
(7.11)
=0 [t|>T
Substitution of the wave components into the desired time average gives
I={(E (t)E*(t)) cos’ 6 + (E (t)E%(t)) sin” 6
+[(E ()E;(t)) + (E(t)E,(t))]sin 6 cos 0 (7.12)

The presence of the four time averages in (7.12) makes it desirable to
define a matrix, called the coherency matrix [2] of the wave. We do so by

I 3 * E,()E?
= Hr]e L [(EOEO) (EOEO)

[ a7 (EX)E, (1) (EJ.(I)Ej(I))] (7.13)

which may also be written, using (7.6), as

1 [ (a2) {u.a e %) ] (7.14)

=== | ;
[ ] 220 <a‘ra}'ei(¢,—¢.)) <a;>

If the amplitude and phase functions of (7.6) vary so slowly that the time
derivatives in the Maxwell equations, for example, in

VXH=£E (7.15)

can be replaced by jw, as is customary in treating monochromatic waves, the
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time-average Poynting vector of the field we are considering is proportional to
the trace of the coherency matrix

S=({al) +{(a}))=Tr[J] (7.16)

The mixed terms of the coherency matrix may be normalized by setting

j-\"i'
p'_r)' = Ip‘r‘\lle—’ﬁu- = _\/T—_'—_\/J— (717)

It may be shown by the Schwarz inequality that
|, | =1 (7.18)

The term p,, is a measure of the degree of correlation between the x and y
field components, similar to the degree of coherence relating values of the
same wave component at different points as used in scalar diffraction theory.

From (7.14) we note that

J. =1t (7.19)

Then the matrix determinant may be written as
”J“ = ‘}.\'.l"}'_\'_\‘ - I‘}.\'_\'lz (7’20)
or, using (7.17), as

171l = T (0= [, ) (7.21)

Since J,, and J, are positive real and 1,(1._“,[ =1, we see that
17]1z0 (7.22)
Unpolarized Waves

Waves that are unpolarized have the characteristic that the time average,
given by I'in (7.12), is independent of angle 8. In addition, if a fixed phase
retardation is introduced into one of the field components, / is unchanged.
This requires that

Jo=J, @ J,=J,=0 (b) (7.23)

We see then that the components £, and E| are completely uncorrelated and
the coherency matrix’ reduces to
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[Jo O ] 8 [1 0]
m"[ 0 &.d 2l 2 (328

where § is the power density of the wave.
Complete Polarization

Let us first think about monochromatic waves. For these the terms @ and ¢ of
(7.14) are time independent, and the coherency matrix becomes

7 . [ a a"a“e_m] 7.25
[J]1= 2Z, La,a e’ 2’ (7.25)
where
¢ o ¢J' - ¢x (7‘26)
From the coherency matrix elements we can get
? I aae'® .
e s (7.27)

Hey = 3 /7 \fj” - a.a,

and we have complete coherence, since

g | =1

The phase of p is the phase difference between the wave components.
We may also have complete polarization for nonmonochromatic waves. If
a,,a,, ¢, ¢, depend on time in such a way that the ratio of amplitudes and

the difference in phase are independent of time, that is, if

li

C,  ¢=0,0-.()=C, (7.28)

with C, and C, constants, then the coherency matrix, (7.14), becomes

1 (a®) C{a2)e
I s [ Bl NP ] :
=z Leayes i =0
from which we obtain
Py =7 (7.30)

and the wave is completely polarized.
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The coherency matrix for this case is the same as for the monochromatic
wave with components equal to

E =V(a)e™"* (7.31)
E,=C\/{a; )T (7.32)
From (7.21) and (7.30) it is clear that for a completely polarized wave
lI7]/=0
Linear Polarization

For linear polarization the wave must, of course, satisfy the requirements for
complete polarization, and in addition

¢=0,xm, =27,... (7.33)

Then the coherency matrices for monochromatic and completely polarized
polychromatic waves are, respectively,

1 [ a; ("Umaxﬂ,-]

[J]= 27 L (-1)asa, g m=0,1,2,... (7.34)

and

1 [ (a3) (‘1)"'C:(“i>] (7.35)

=z lereay ek

More particularly, the matrices

PP P I ] )

represent linear polarizations that are, respectively, x directed, y directed, 45°
from the x axis, and 135° from the x axis.

Circular Polarization

We saw previously that for circular polarization the component amplitudes
are equal, and

T (7.37)

=

¢ =+

for left and right circular polarization, respectively. Then the coherency
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matrix becomes

T e KL A R

for left and right circular polarization, respectively.

7.4. DEGREE OF POLARIZATION

A plane wave may be considered as the sum of N independent plane waves
traveling in the same direction. In particular, we will consider a quasi-
monochromatic wave to be the sum of a completely polarized wave and a
completely unpolarized wave. We may show that this representation is unique
by showing that any coherency matrix can be uniquely expressed in the form

=[] {7 (7.39)
where |
an_[A 0 2, [ B D
L/ ]_[0 A] L ]"[D* c] (7.40)
with
A=0 B=0 C=0 BC-DD*=0 (7.41)

If we compare (7.40) to the special case (7.24), we see that [J'"] is the
coherency matrix for a completely unpolarized wave. If we use ||J|| = 0 as the
criterion for a completely polarized wave, then [J*'] is the coherency matrix
for a completely polarized wave.

We must next show that the decomposition into completely polarized and
completely unPOIarized waves is unique. This we will do by obtaining the
elements of [J*"] and [J*'] from the known elements of [J]. From (7.39) and
(7.40) we may write

A+B=1, (a) D*=1, (©
(7.42)
D=1J, (b) A+C=J, (d)
Substituting (7.42) into the last equation of (7.41) gives
(oo™ ANy =AY — T yd i =0 (7.43)

which is a quadratic in A with solution
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A=Y, + 1)U, + 0,7 =47 (7.44)
Substituting (7.44) in (7.42a) gives
B=1(J, —J,)F 3l

=1, f.:%

\

T+ 1) =4l
—J, ) +4J, 7% 1" (7.45)

xyvay

((
[V,
From the second form of (7.45) we see that the negative sign for the last term

is not allowed since it would make B negative, contrary to our hypothesis.
Then the A, B, C, D values of (7.42) are found uniquely from

= E(J_\-.\' + j}'J') - %[(‘]cr + JJ.J,)E - 4“.)(”]”2 (a)

— %(Jx, - J ) + 3 [(J' IJ')E _ 4”]”]1;2 (b)

=3, = L)+ 3+ 1) =471 (o) (7.46)
D=1, (d)
D*=1J, (e)

The Poynting vector magnitude of the total wave is
S, =Tell]=2 .+, (7.47)
and that of the polarized part of the wave is
S,=Tr[J¥]=B+C=[(J,+J,)" -4|J]]'"* (7.48)

Quite reasonably, the ratio of the power densities of the polarized part and
the total wave is called the degree of polarization of the wave. It is given by

S ad | A
R=—P=[1————-] 7.49
S! (J_\'x + ‘}‘\')r)z ( )

Now

”]” = "‘T.t.rjyy = %(‘I,rx + ‘I_\"\')Z

and therefore

0=R=1 (7.50)
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Let us consider the two extreme values of R. For R =1, (7.49) requires
that

17 =0

which is the condition for complete polarization. Then |u, | =1, and the x
and y wave components are mutually coherent. For R =0, (7.49) requires
that

Ve = B,y + 4|7, =0
which can be satisfied only by

J.=J J,=17J,=0

xx yy xy yx
It follows that |w, |=0 and E, and E, are mutually incoherent.

As we have just seen, R=0 requires that £, and E, be mutually
incoherent. The converse is not true. For mutual 1nc0herence dy =iy =10
and |p,,|=0. Then

[ 47, J e
R= 1_$J__] =
( xx yy) fxx+j}’}'

We see that |px},| = 0 is not sufficient to give an unpolarized wave. To make it
completely unpolarized, we must also have
‘IA‘.\' = Jyy

We can separate the matrix [J] of (7.24), representing the unpolarized part
of a wave, even further, as

-3 21300

which indicates that an unpolarized wave can be regarded as being composed
of two independent linearly polarized waves orthogonal to each other, each of
equal power density.

Just as readily, we could have written

n-$[L Sl Yl em

showing that with equal validity we could consider an unpolarized wave to be
made up of two independent circular waves of opposite rotation sense.
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7.5. STOKES PARAMETERS OF PARTIALLY POLARIZED WAVES

We previously defined the Stokes parameters of a monochromatic wave by
the equations’

S=|EL+IE" @
S, =|E|* - |E,|* (b)
(2.184)
S1:2|Et| |EJ‘|COS(|1’) (C)
S, =2|E,| |E",| sing  (d)
For quasi-monochromatic waves a more general definition, which reduces

to (2.184) for time-independent amplitude and phase of the wave compo-
nents, is

So=(az) +(a;) (2

S, =(az) —(az)  (b)

(7.53)
S,=2(a,a,cos $) (©)
S;=2(a,a,sin¢) (d)
where
¢=o,— b, (7.54)

If we compare these parameters to the elements of the coherency matrix
(7.14), we see that

Sl} = ZZU(J.\'.\' + ‘}yy) (a)
Sl = 220(‘;.0’ - ‘Iyy) (b)

(7.55)
S2 = ZZG(ny + Jyx) (C)

§3=22yj(J,, = Jy,)  (d)

1 - . . .
The author regrets the conflict in notation where S is used for power density and the Stokes

parameters. The Stokes parameters will have a numerical subscript and the power density will
not.
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or, solving for the coherency matrix elements,
J. = X (S,+S,) )
xx 420 0 1 (.a

1
‘!_vy - 4—20 (S(] - Si) (b)

1 (7.56)
J.ty = 4—Z|] (Sz _)'SS) (C)
1 .
L=z (5:4/5) @
In terms of the Stokes parameters, the statement
171 =0 (7.22)
becomes
S;= 87+ 82+ 52 (7.57)

For a completely polarized wave the requirement
1711=0
gives immediately
Se=82+52+83

in accordance with (2.185).

Just as we separated the coherency matrix of a quasi-monochromatic wave
into the sum of coherency matrices for a completely polarized wave and a
completely unpolarized wave, we can decompose a wave in the same manner
in terms of its Stokes parameters. We write for the general wave

;=SP4 @  5=SP+5P ©
(7.58)
5,=5045P ©)  5=50+5P @

where superscript (1) refers to a completely unpolarized wave and (2) to the
polarized wave.

Unpolarized . Waves
For a completely unpolarized wave we found earlier that

Jo=J, @ J,=J,=0 (b) (7.23)

xx y¥
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Then from (7.55) we have

siP=85"=5{"=0 (7.59)
Complete Polarization
For this case we have, rewriting (2.185),
(S87)2 = (S + (85)° + (s9)° (7.60)
Degree of Polarization
In light of (7.59) the general Stokes parameters of (7.58) simplify to

Sy = Sf.” + 5:12) (a) Sy = 332) (©)
(7.61)
S,=S¢ (b)  S§=87 (@@

Equations (7.60) and (7.61) can be combined to give

5§ =8~ VS +53+5; (7.62)

and
S =V + §Z+85 (7.63)

The degree of polarization was defined earlier as the ratio of power
densities of the polarized part and the total wave. But S{*’ measures the
density of the polarized part and S, the density of the total wave. Then the
degree of polarization of the wave in terms of its Stokes parameters is

_se_VETESTT S
= S, = S, (7.64)

7.6. POLARIZATION RATIO OF PARTIALLY POLARIZED WAVES

We can obtain the polarization ratio and the polarization ellipse characteris-
tics of the polarized part of a wave just as we did for the completely polarized
wave. From (2.192a) and the relation between p and P, we can write the
polarization ratio in terms of the Stokes parameters for the polarized part of
the wave as

(2) -o(2)
Sy +]S;5

= 7.65
S5 +SP e
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and if we use (7.63) and (7.61) to find P in terms of the parameters of the total
wave, this becomes

A A
P= 2
S, +VS8i+ 82+ 82

(7.66)

In the same way the circular polarization ratio g, from (2.192b), is

_SP-isY S-S,
SP-SP VST si+ 8-,

q (7.67)

In terms of the coherency matrix elements for the partially polarized wave,
the polarization ratio becomes, substituting in (7.66) from (7.55) and making
use of (7.64),

2J

— bl
C(RADI+H(R-1), 16

P

where R is the degree of polarization of the wave.
For complete polarization we have

1 1
E.E: J,=5= EE,

R=1 J =57

xx 2Z,

and (7.68) reduces to

P
-

7.7. RECEPTION OF PARTIALLY POLARIZED WAVES

A wave with field intensity E falling on a receiving antenna with effective
length h produces an open-circuit voltage at the antenna terminals,

V=E-h (3.15)

This holds whether E is coherent or not, but we are concerned here with
partially polarized waves and will accordingly consider the power supplied to
a matched load on the antenna to be [5]

_ (v

W="3R

(7.69)

where R, is the antenna resistance (radiation resistance plus loss resistance).
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Using (A.5) and (A.8), R, may be put into the form

Z,h-h*
«= 44 (7.70)
and if we use this and (3.15) in (7.69), we get
W= =2t ((E-h)(E-h)") (7.71)
2Zsh- 2Zh-h* '

If we note that time averaging is unnecessary for the receiving antenna, the
received power becomes

A * 2 E
W= m(“ | (EE )+h ,<EIE},>
+h*h (EXE,) + |h |*(E,E%)) (7.72)

which becomes, using the elements of the coherency matrix of the incident
wave,

W= hA]:* (|h T + HhET + hER T+ |k, | ) (7.73)

Ty yx

We saw earlier that a partially polarized plane wave may be considered the
sum of a completely polarized wave and a completely unpolarized wave. The
coherency matrix elements of the component waves are given by (7.40).
Substituting into the equation for received power then gives

W=

_— (A (A + B)+ hh*(D)+ hth (D*) +|h,|*(A+ C)] (7.74)

This form may be separated to give

W=W'+W'=A_A+ (I |’B + h,h*D + hih,D* +|h °C) (7.75)

h-h*
where the first term,
W'=AA (7.76)

which represents the power received from the unpolarized portion of the
wave, is independent of the polarization characteristics of the receiving
antenna. It is informative to express this power in terms of the degree of
polarization of the wave. From (7.46a) and (7.49) we get

A=1(, +1,)(1-R) (7.77)
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or, in terms of the power density of the wave,
W'=A,iS5,(1-R) (7.78)

Note that if the wave is unpolarized (R = 0), the maximum power that can be
extracted from the wave is one-half the power that could be utilized from a
completely polarized wave polarization matched to the receiving antenna.

We need not be concerned further with W' since nothing we can do with
the polarization of the receiving antenna will either increase or decrease it.
We therefore turn our attention to the power received from the completely
polarized part of the wave and attempt to maximize it. From (7.41) and
(7.46) we note that B and C in

A, .
W= =5 (h, "B+ h,i3D + hih,D* + |h,|*C) (7.79)

are positive real. We therefore first maximize the sum of the two middle terms
of (7.79) by setting

h, =|h|e® (a) h,=|h,|e (b) D=|D|e” (c) (7.80)
It is at once obvious that the sum
hhyD + hih D*
is maximum if we choose
By~ B, =18 (7.81)

Then W" becomes

Al.'
Wy =255 (2B +2|h,| |A,| D]+ |h,FC) (7.82)

m

This is an appropriate constraint and was discussed in Section 3.4. Differen-
tiating W with respect to |k, | given by

We can maximize W, by varying |k, | and | | while holding h - h* constant.

|| = (b = [, )" (7.83)
and setting the derivative to zero gives

Ihyl2 - |h.1:|2 _ C - B
|| |y | |D|

(7.84)

with solution
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h. h
||hJI=I_C_[ @ %T%:% (b) (7.85)

Note that |D|# 0 unless the wave is completely unpolarized. Obviously one
of these forms is the inverse of the other, and this leads to the requirement

BC—|D|*=0

which agrees with (7.41). Since |D|#0, then B #0 and C #0.
Combining (7.85) and (7.81) leads to the relations

R, € h, B

h—’ = D= (a) ) (b) (7.86)
If these values are substituted into the equation for W), the power received
from the polarized part of the wave becomes

Wi, = A(B+C) (7.87)
which is obviously maximum power rather than minimum.

From the equations for B and C, (7.46); the power densities (7.47) and
(7.48); and the definition for degree of polarization, R; the maximum power
that may be received from the polarized part of the wave is

Wh,=AS,=AS5R (7.88)
where S, is the power density of the polarized part of the wave and S, is that of
the total wave.

It may be shown that if the wave is completely polarized, the choices made
for the receiving antenna effective lengths in (7.86) are the same as those
made in (3.36). This is left as an exercise.

It was noted earlier that for the unpolarized part of the wave the maximum
power that can be received is one-half the power that could be received from
a polarized wave of the same power density using a matched polarization
receiver. The received power is independent of the receiver polarization.
Then in order to maximize total received power, we need only to match our
receiver to the completely polarized portion of the wave using (7.86). The
total received power is then the sum

W, =W +W! =14.5(1+R) (7.89)

m nim
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7

PROBLEMS

7.1. Consider a monochromatic wave so that, for example, in (7.79),
B =17, and the coherency matrix elements can be simplified. Show

that the choices made for the receiving antenna in (7.86) reduce to the
choices made for the monochromatic wave in (3.36).

7.2. Derive Eq. (7.87).

7.3. Obtain the effective length components analogous to those in (7.86) if
it is desired to minimize the power received from the polarized part of
the wave.



3

POLARIZATION
CASUREMENTS

8.1. INTRODUCTION

There are several standard techniques for measuring the polarization charac-
teristics of an antenna. It is common to use the antenna under test to transmit
and to use certain standard antennas, or one antenna whose orientation is
varied, as receivers. This is the point of view taken in this chapter. It is, of
course, equally correct to measure the response of the antenna under test
while transmitting toward it waves of known polarization. All of the
techniques described here work better for some antennas than for others, and
there is no “best” method for measuring polarization.

8.2. THE LINEAR COMPONENT METHOD

Since the polarization of a wave, and that of the antenna that transmits it,
is completely defined by the polarization ratio

E_v IE_\'|

E, |E]

X

el? (8.1)

measurement of the amplitudes of the x- and y-directed fields and the phase
difference between them using two linearly polarized receiving antennas is
clearly an effective method for determining the polarization. It is, of course,
power to a receiver load that is measured and not the field strength
components, so it is essential that the two linear antennas have equal gains
and impedances. A receiver can be switched from one antenna to the other so
that no problem will arise from unequal receiver gains in the two channels.

270
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The phase difference can be measured by a slotted line method [1] or by use
of a calibrated phase shifter.

At lower frequencies dipole antennas are satisfactory linearly polarized
standards, while at higher frequencies standard gain horns can be used.
Typically, on axis, their axial ratios are on the order of 40dB, which is
satisfactory for most measurements [2]. Gains of the standard antennas can
be measured at the desired frequencies prior to their use in the polarization
measurement system. Placement of the two receiving standards is critical
when measuring the phase difference between the components, and for this
reason the method is not attractive at high frequencies.

8.3. THE CIRCULAR COMPONENT METHOD

The polarization of a wave is also specified completely by its circular
polarization ratio

(8.2)

. It follows that with two antennas having equal gains and impedances, one left

circularly polarized and the other right circular, we can use the procedures
outlined for the linear component method to measure an antenna’s polariz-
ation. Kraus [1, p. 483] recommends the method and suggests the use of
helices for the standard antennas, but Rubin [3] points out the difficulty of
constructing identical (except for rotation sense) antennas, particularly when
it is necessary to cover a wide frequency range. Another problem exists, also.
Since the axial ratio of an n-turn helix is not 1 but is given by [I, p. 206]

_2n+1

AR 2n

(8.3)

if we require that the helix polarization approach circular as closely as the
standard gain horn approaches linear polarization (AR — 40 dB), it is readily
seen that the helix must have a very large number of turns. This may make the
method impractical for very precise measurements.

An alternative to the measurement of @ is the use of a linearly polarized
receiving antenna to measure the tilt angle of the polarization ellipse [3]. This
climinates the problem of antenna placement when measuring phase differ-
ence of the wave components. The tilt angle, taken together with the rotation
sense, obtainable from |g|, and the axial ratio, which may be found from

1+
AR = ‘ 4] ’ (2.107)

define the polarization completely.
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8.4. THE POLARIZATION PATTERN

Equation (3.82) for the polarization match factor of two antennas with the
same rotation sense and (3.86) for antennas of opposite sense both reduce to

_ AR? cos’ (, + 7,) +sin’ (1, + 7,)
AR? +1

p (8.4)

if antenna 2 is linearly polarized, with AR,— . This equation leads to a
widely used method for obtaining the polarization ellipse of an antenna
experimentally.

Antenna 2 is rotated around a line drawn between the two antennas, say
the z axis of Fig. 3.3. Further, antenna 2 is so oriented that it cannot receive
any z-directed wave components as it is rotated. For a dipole the rotation axis
is perpendicular to the dipole.

At 7, = —7,, which corresponds to coincidence between the major axes of
the ellipses for the two antennas,

AR} (8.5)
PT AR +1 '
which is a maximum. At 7, = —7, % {77, which corresponds to the major axis

of the linearly polarized antenna coinciding with the minor axis of the antenna
being tested.

1

= —— 6
AR +1 We)

p

which is a minimum.
The open-circuit voltage is proportional to the square root of p, so the ratio
of maximum to minimum open-circuit voltage, in magnitude, is

Ivmnx] = AR 8
‘Vminl - ! ( 7)

We thus have the axial ratio of the antenna undergoing test, and of course we
have its tilt angle from the known rotation angle of the linear antenna when
maximum power is received (or better yet, from the angle for minimum
power plus 90°, since the minimum power angle is more sharply defined than
the maximum power angle).

A plot of the square root of p from (8.4) is called the polarization pattern of
the antenna whose polarization is being measured. Figure 8.1 shows the polar
form of the pattern for (a) an antenna with an axial ratio of 2 and (b) a linearly
polarized antenna. Since the ratio of maximum to minimum values of the
polarization pattern is the axial ratio of the antenna under test, the
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(a)

(b)

FIGURE 8.1. Polarization patterns for measuring axial ratio and tilt angle of the polarization
ellipse: (a) AR =2, with inscribed polarization ellipse; (b) AR— 2,

polarization ellipse can be inscribed in the polarization pattern, and Fig.
8.1(a) shows this.

The polarization pattern method lends itself well to the rapid testing of an
antenna’s polarization properties as a function of angle from beam maximum.
The linear sampling antenna is rotated rapidly while the antenna under test is
scanned slowly. A recording of the received voltage shows the antenna
pattern with a rapid cyclic variation on it caused by the spinning of the
sampling antenna. The ratio of amplitudes of adjacent maxima and minima
will yield the axial ratio of the antenna being tested if the antenna pattern
does not change significantly while the sampling antenna rotates through
one-half revolution [2]. This automated process will clearly be more effective
for antennas almost circularly polarized than for linearly polarized antennas.

An obvious deficiency of the polarization pattern method is its failure to
give the rotation sense of the antenna under test. This information sometimes
may be inferred from the antenna construction. It may also be obtained by
making additional measurements with two equal-gain, opposite-sense, circu-
larly polarized antennas.

Since the sampling antenna is mechanically rotated, care must be taken
that the received power is not affected by the motion. In particular, rotary
joints must have a constant output or be calibrated.
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As a final remark about the polarization pattern method, if the antenna
undergoing test is nominally linearly polarized, a measurement of its axial
ratio will be inaccurate unless the axial ratio of the sampling antenna is much
greater than that of the antenna being tested.

8.5. POWER COMBINER AND DIVIDER SYSTEM

The two-antenna (linear vertical and horizontal) lossless power combiner and
divider system shown in Fig. 5.5 and described in Section 5.4 can be used to
measure the polarization of an incoming wave, assuming that the « and 8
phase shifters are calibrated. We take first the case in which all incoming
power is directed to port 4 of the lower hybrid of Fig. 5.5(a). From (5.20) and
(5.23), using the upper signs, we can find the phase difference ¢ between the
incoming linear wave components, and their magnitude ratio, b/a, by

p=ir-a ()
(8.8)
B+
—~ (b)

b
— = —tan
a

These quantities are sufficient to describe the polarization of the incident
wave. The modified polarization ratio of the incident wave may be written as

E E. b .
F =7 _TT = —7 —" = —f — J-‘f'
PElg =g =7Ige (8.9)
and the use of (8.8) gives
p'=+jtan[1(B + m)]e ™" = ¢ 7" cot (1 B) (8.10)

The use of the lower sign in (5.20) and (5.23) gives

p=—3m—a (a)

2 G dou (8.11)
= tan 3 (b)

which when substituted into (8.9) gives
p'=e" cot(3B) (8.12)

which is the same as (8.10).

In the same way the case in which all incoming power is directed to port 2
leads to, using (5.26) and (5.28),
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p'=—e""tan (iB) (8.13)

In use, greater precision is obtained by nulling one of the outputs, say b,,
rather than maximizing the other. Errors will occur if the antennas are not
linearly polarized. The effect of system losses, such as attenuation in the
phase shifters, is not significant unless very high accuracy is desired [4].

The two antennas of Fig. 5.5 may be replaced by a horn of square cross
section with orthogonal feeds or by a circular waveguide supporting two
orthogonal TE,, modes and terminated by a circular horn or polyrod
antenna.

The a and B phase shifters of this measurement system may be calibrated
in the system by transmitting waves of known polarization toward the
measurement system antennas. For example, if the incoming wave is linear
horizontal, so that p' =0, and if B is varied to null the power to port 4, while
is left general, (8.13) requires that 8 =0, which establishes the zero for that
phase shifter. If a left circular wave, with p" = —1, is radiated toward the
system and if 3 is set to # radians, then the output of port 4 can be nulled by
setting @ = 0. Other calibration points can also be determined by rotating the
linear calibration antenna.

This system may also be used to obtain the polarization pattern of an
antenna without the mechanical rotations used in the standard polarization
pattern procedure.

8.6. POLARIZATION MEASUREMENT WITH UNEQUAL
EFFECTIVE LENGTHS

It is not difficult to ensure that the magnitudes of the effective lengths of the
antennas used in the power combiner—divider system of the previous section
are equal, since small pointing errors will change the magnitudes only slightly.
It is more difficult to make certain that the effective lengths have the same
phase, since phase is more sensitive to pointing errors and also depends on
relative path lengths between the antennas and the upper tee of Fig. 5.5.

The system may be calibrated if a wave of known polarization is available.
Once the system parameters are known, polarization of a general wave may
be obtained from the equations

db=—a-6*iw (a)
(8.14)
b |hy B+

which come from (5.45) and (5.48), with maximum output from arm 4 of the
lower tee of Fig. 5.5(a) assumed. From (8.14), we can find
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f |hzl
|h4|

If the system can be rotated about an axis pointing in the direction of the
incident wave without changing the relative amplitudes and phases of 4, and
h,, it may be used for measuring the polarization of an incident wave without
the necessity of calibration.

Let the polarization ratio of the incident wave, which is to be measured, be
p,, and that of our measuring system be p,. The a and S phase shifts are
varied until the output from port 4 of Fig. 5.5(a) is maximum. For this
situation

™18 cot (1 B) (8.15)

p>=pji (8.16)

Next we decrease the setting of the « phase shifter by Aa, which changes
the polarization of the measuring system to

jda e
1

pi=p,e” =pie (8.17)

For this new setting the polarization match factor, which is the ratio of output
at port 4 to the output under polarization-matched conditions, and hence is
known, is

(1 +p,p3)(1+ pipy™)
8.18
~ (1+pp})(1+ pips*) (8.18)

and with the use of (8.17), this becomes

2| p,|’(1 = cos Ae)
(1 +1p )’

p'=1- (8.19)

and since p' is known, |p,| may be found.

We next rotate both receiving antennas through a convenient angle, say
77, about the z axis of Fig. 5.7, as shown in Fig. 8.2. The ficlds received at the
polarization measuring system are E_and E , which become, after the system
is rotated, '

E.=}V2E +E) () E,=iV2-E,+E,) (b) (820)

v

and the polarizations in the original and rotated systems are

p==ig Pi=—iF (8.21)
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Yy

45°
|

2

FIGURE 8.2. Rotation of polarization measurement system.

Using (8.20) the last equation becomes

Ey' 3 Ex - EJ' . 1 _}pl

=] 5 =] =] : (8.22)
L E.. E +E, 1+ jp,
Equation (8.22) may be put into the form
L+]|pi|* 1-1pil®
Im (p,) = — : - (8.23)

1+|pil

Now we found |p,| by introducing a known change A« into the a phase
shifter. We could find | p;| with the physically rotated system in the same way.
Then (8.23) allows Im ( p,) to be found. Finally, from a knowledge of |p,|
and Im (p,), we may find p, itself.

In summary, if we can introduce a known phase shift into the phase shifter,
and if we can physically rotate the antennas of our polarization-measuring
equipment about the z axis of Fig. 5.7 without changing the relative
amplitudes and phases of 4, and h,, we can measure the polarization of an
incoming wave without being concerned with any field phase differences in
our system.

8.7. POLARIZATION PROPERTIES FROM AMPLITUDE
MEASUREMENTS

We found in Section 3.9 that if the modified polarization ratio of a
transmitting antenna and the conjugate of the modified polarization ratio of a
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receiving antenna (or vice versa) are plotted on a Poincaré sphere by means of
the Stokes parameters, using (2.196) and (2.200), the polarization match
factor between the antennas is given by

p=cos’ (1B) (3.125)

where B is the angle between the rays from the sphere center to the two
plotted points. If we have a transmitting antenna with polarization unknown
and a receiving antenna with known polarization, we are assured that a circle
drawn on the Poincaré sphere, with radius compatible with (3.125) and center
at the receiver conjugate polarization point, will pass through the sphere
point defining the transmitter polarization.” If we take a second receiving
antenna, a circle with its conjugate point as center will also pass through the
transmitter polarization point. In general, the two circles will intersect in two
points on the Poincaré sphere. A third receiving antenna can be used to
remove the ambiguity. As a general rule, the three circles generated by using
three receiving antennas paired with the transmitting antenna will intersect at
one point on the Poincaré sphere, thus uniquely defining the polarization of
the transmitting antenna. Note that amplitude measurements only are needed
[5].

If the circles on the Poincaré sphere interact at small angles, it is obvious
that small errors in the amplitude measurements can lead to significant
uncertainty in the polarization. Prior knowledge of the antenna under test can
be used to select the sampling antennas, and in fact, if the rotation sense of
the antenna being tested is known, it may be possible to eliminate one
measurement.

The polarization match factor p is not measured directly; rather, we
measure power 10 a receiver load, and this is determined by polarization,
antenna gains, transmitted power, and so on. It is then clear that additional
measurements are needed to determine an antenna'’s polarization properties.

A convenient method of handling the requirement for additional inform-
ation is by using pairs of receiving antennas that have the same gains but are
orthogonally polarized, such as left and right circular antennas. Power ratios
are then used to determine the polarization of the antenna tested. We
illustrate the method by using three pairs of receiving antennas, linear
horizontal (x directed) and vertical, linear at 45° and 135° from the x axis, and
left and right circular.

Linear Vertical and Horizontal

In terms of the common polarization ratio, the polarization match factor
between a transmitting antenna (1) and a receiving antenna (2) is

1 . . .
We do not consider the case of transmitter and recciver orthogonal.
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p= (]"Plpz)(l"PT‘D;)
L+ P PO P PT)

(3.89)

If a linear vertical receiving antenna is used, with P,— %, the power received
is

|P,[*

W, =C,p, =C, ljr—“;!*z
1

where C, is a constant that includes the antenna gains, power transmitted,
receiver gain, impedance match, antenna separation, and impedance match
but not polarization.

If next we use a linear horizontal receiving antenna, with P, =0, keeping
all other factors the same, the power received is

C

= Con= e
1

and the ratio of the two received powers is

W, Py 2
—=—=|P 8.24
7= 2= p (824

Linear 45° and 135°

If a linearly polarized antenna tilted at 45° (P, = 1) and one at 135° (P, = —1)
are used successively with the antenna under test, the ratio of powers received
is

W,s 1+|P|’—2Re(P,)
Wiss 1+‘P[!2+2R3(P1)

(8.25)
if the gains of the two receiving antennas are equal.

Left and Right Circular

Using left circular (P, = j) and right circular (P, = —j) antennas leads to a
power ratio

W _1+|P[*+2Im (P)) (8.26)
We  1+|P [ -2Im(P) |

Equations (8.24), (8.25), and (8.26) are readily solved to give
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(1 + WV"IIIWH)(I — W45‘{W135)

Re Py~ 21+ W, Woay) @)
(1+ W, /W )(4;11 f;fs -1) (821
Im (P,) = Z?W:;WL s 1)’“ (b)

We see then that six amplitude measurements will lead to the polarization of a
general antenna. In (8.27) the term W,/W,, can be replaced by |P,|’ and
since this is equal to the sums of the squares of (a) and (b) of (8.27), it appears
that P, can be determined by two power ratios, W,;/W ;5 and W /W, .
Ambiguities in P, will appear, however, if this is done.

The choice of antenna pairs utilized to obtain (8.27) may not be optimum
for the measurement of a general antenna, but the chosen antennas are easily
obtained. One linearly polarized antenna may be used for four of the
measurements. If helices are used for the circularly polarized receiving
antennas, their small departure from the circular, indicated by (8.3), will not
affect polarization measurements substantially and, in fact, (8.26) can be
modified to account for the ellipticity. The problem remains, however, of
constructing equal-gain helices of opposite rotation. Nevertheless, the free-
dom from measuring phase, for which accurate positioning of the receiving
antennas is necessary, makes this method attractive.
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PROBLEMS

8.1. A helix is desired for polarization measurements with a quality as high
as that of a good linearly polarized antenna (AR =40dB). Define
equal quality to mean that |Ey|/|E,| for the helix is the same as
|E,|/|E,| for the linear antenna. Find the number of turns needed for
the helix.
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A dipole, a left circular, and a right circular antenna are used on an
antenna range to determine the polarization ratio of a transmitting
antenna. The two circularly polarized antennas have the same gain and
impedance. With respect to a coordinate system at the receiving
antenna having its z axis directed toward the transmitter, the dipole is
successively oriented along the y axis (vertical), along the x axis
(horizontal), and at 45° and 135° from the x axis. The same receiver
load impedance is used for all antennas. The received powers are (in
milliwatts)

Vertical: 3.82 135°: 4.04
Horizontal: 0.95 Right Circular: 7.80
45°:  0.73 Left Circular: 3.34

Find the polarization ratio of the transmitting antenna.
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EAE

RELATION BETWEEN
EFFECTIVE LENGTH
AND GAIN

The effective length of an antenna is defined in terms of its transmitted far
field by

Zd
E(r. 6, ¢) = 22 e *"h(6, ¢) (3.2)

where [ is the input current at an arbitrary pair of terminals.

The directivity of the antenna is, from Section 1.8, the ratio of the
radiation intensity in a specified direction to the radiation intensity averaged
over all space. From

2

U6, $) = r*S(r, 6, ) = 5 E-E* (A.1)
and
U,, = 2 J' U dQ A2
av 4 4o ( ' )
we can obtain the directivity
E-E* h-h*

D(6, ¢) = - (A.3)
(114@”4}-15* dQ (1;417)”“»11* dQ

and gain
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G(60, §) = s (A.4)

(1/47) J LW h-h* dQ

where e is antenna efficiency.
The gain and effective area of the antenna are related by A%/4, so that

2 %

J.J- h-h* dQ)
4

Note that (8, ¢) now refers to the direction from which the wave comes to
strike the receiving antenna.

Radiation resistance of an antenna, from Section 1.8, is the ratio of the
power radiated to the square of the rms current at arbitrarily chosen
terminals. Then

2 J g
R, = 727, ME E* dQ (A.6)
and if we use (3.2),

R =

Z‘LJ’J’ h-h* dQ (A.7)
4x* J Jan

In terms of a total antenna resistance R, (=R, + R,,..), we can use (1.90) and
obtain

Z
3 4;4 . h-h*dQ (A.8)
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ISOTROPIC ANTENNAS
AND NULL-FREE
ANTENNAS

B.1. AN ISOTROPIC ANTENNA

It was shown in Chapter 4 that the relative gain of a crossed-dipole (turnstile)
antenna with the two dipoles lying in the xy plane and fed by equal-amplitude
currents in quadrature phase is

G,=1(1+cos’ 0) (4.33)

The gain is independent of azimuth angle and varies only 3 dB with the polar
angle. Since the fields of an array of identical elements are those of the
individual element multiplied by an array factor, it is apparent that a linear
array of turnstiles on the z axis, with an array factor

. (B.1)

V1 + cos® @

(where C is a constant), would produce a radiation intensity pattern
independent of angles, an isotropic antenna.

Saunders [1] has shown that a continuous even distribution of turnstiles on
the z axis, with feed function K,(kz), where k = 27r/A and K|, is the modified
Bessel function of the second kind and zero order, will produce such an array
factor. Further, he shows that the distribution can be truncated to a
reasonable length without disturbing the radiation pattern significantly. In
fact, he found that with only two discrete turnstiles spaced a quarter of a
wavelength apart, the radiation intensity varied less than 0.5 dB over the full
range of polar angle. We may conclude that for practical purposes it is

284
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possible to construct an isotropic antenna insofar as radiated power density is
concerned. Zaidi [2], using concentric ring radiators, has also shown that it is
theoretically possible to radiate power isotropically.

Now we saw in Chapter 4 that the product G, p, where p is the polarization
match factor between two antennas, determines the power available to a
receiving antenna and is therefore a more useful figure of merit for an
antenna pair than the gain alone. We saw also in that chapter that the
polarization characteristics of a linear array are those of an element of the
array. If a circularly polarized antenna is used to receive the wave radiated
either by the single turnstile of Section 4.4, with a polarization match factor

cos 6

_ 4.32
1 +cos® 6 ( )

P=3

or the turnstile array proposed by Saunders, the polarization loss is zero on
the positive z axis, 3dB in the xy plane and infinite on the negative z axis.
Any other receiving antenna of fixed polarization would show a similar
variation in polarization match, and it is apparent that polarization effects
cannot be neglected in a consideration of the isotropicity of antennas.
Rather than consider further the isotropic antenna, we will examine the
more general class of null-free antennas, those that do not have a zero in the
radiated power density over the far-field sphere of the antenna. We exclude
from consideration systems that create isotropic patterns by exciting different
antennas either by different frequencies or in a time sequence [3].

B.2. BROUWER’S THEOREM

We begin with a theorem of Brouwer [4], slightly restated: A vector
distribution everywhere single valued and continuous on (and tangent to) a
singly connected, two-sided, closed surface must be zero or infinity in at least
one point. The vector distribution we consider is the time-varying radiated
electric far field of an antenna, which meets all the conditions of Brouwer’s
theorem and of course cannot be infinite anywhere, and the surface is a large
sphere, centered at the antenna, over which only the far field exists.
Brouwer’s theorem has served as a basis for developments by Mathis [35, 6],
Saunders [1], and Scott and Soo Hoo [7].

B.3. A THEOREM OF MATHIS

Mathis has shown that the radiation pattern must contain either a null or
some point at which the field is linearly polarized or both. Saunders’ proof of
the theorem is simple. He assumes that the wave is everywhere circularly or
elliptically polarized (excluding linear polarization as a special case of
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elliptical). But the time-varying field of such a wave cannot vanish at a point
unless it vanishes for all time, and we have a contradiction that proves Mathis’s
theorem.

B.4. SAUNDERS’ THEOREM

Saunders went a step further by showing that a null-free radiation pattern
cannot be linearly polarized everywhere. His proof parallels the proof of
Mathis’s theorem in that he assumes that the pattern is null free and linearly
polarized. A linearly polarized wave can be written as the sum of two
oppositely rotating, circularly polarized waves, each of which must satisfy
Brouwer’s theorem. This they can do only by vanishing, but if one circular
component vanishes, the resultant field is circularly polarized, and if both
vanish at the same point, the radiation pattern contains a null. Thus
Saunders’ theorem is proved. '

B.5. ANOTHER PROOF OF MATHIS’S THEOREM

As an introduction to a more general theorem, Scott and Soo Hoo have
presented another proof of the theorem of Mathis [7]. Since it provides
insights into polarization behavior not given by other proofs, it will be given
here.

The far field of the radiating antenna can be written in complex (time-
invariant) form as

—jkr

E(?’, 9? d’) = [Eﬂ(&r (?5)“5 + Ed': (61 qs)urb] (Bz)

-
If we write the real and imaginary parts of the complex fields as
E,=fi+i, (@ E,=g +jg (b) (B.3)

and transform to the time domain, we find the time-varying electric field to be

&(r.0, ¢, t)= % {[f,(6, &) cos (wt — kr) — £,(6, @) sin (wt — kr)]u,

+[8,(6, &) cos (wt — kr) — g,(6, ¢) sin (wt — kr)ju,} (B.4)

Since € is single valued and continuous on, and tangent to, the far-field
sphere, it conforms to Brouwer’s theorem and must be zero at some point
(6, ) on the sphere (we note again that it cannot be infinite). The zero
value in € can be achieved in several ways, and we examine them by case.
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Case 1

F1(6o, &) = f,(6h, &g) = £1(6,, bo) = 82(655 by) =0 (B.5)

This case clearly makes & zero for all time and represents a radiation pattern
null in the direction (6,, ¢,). More than one pattern null can exist, since (B.5)
can have more than one solution.

Case 2
f1(6y> ) = £2(6y, dp) =0 (a)
(60> b0) B8
_ _ &i\%, @
tan (wt, — kr) 8—2(90= ) (b)

Equations (B.6b) and (B.4) show that an instantaneous zero in &, occurs at
time t, in the direction (6,, ¢,). As t, takes on new values, the direction
(6,, ¢,) given by (B.6b) also changes, and the point on the far-field sphere
corresponding to (6, ¢,) traces a path with time. On this path &, is zero at
specific instants (when the radially propagating sinusoidal field instantaneous-
ly becomes zero), but in general, &, is not zero on the path. On the other
hand, (B.6a) and (B.4) show that &, is always zero along the path. It follows
that on this path the radiation intensity is not zero, and the wave is linearly
polarized.

Case 3

fl(eﬂ" d){])
18, ¢0)

816y, Do) = 8:(6y, Pp) =0 (b)

tan (wt, — kr) =

()
(B.7)

This case is the same as case 2 except that the roles of the functions fand g are
interchanged. The wave represented here also has a nonzero radiation
intensity and is linearly polarized.

Case 4

_ fi(6, @) 816y, by)
tan (w0l = k1) =7 Gy, bo) 20y, b0) {E8)

The point on the far-field sphere corresponding to (6,, ¢,) traces a path along
which &, and &, take on instantaneous zero values together, and on which the
radiation intensity is nonzero.

Now if (B.8) is substituted into (B.4), we find on the path defined by
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(6,, ¢,) that the general time-varying fields are

&, = (6, ¢p)[tan (wt, — kr) cos (wt — kr) — sin (wt — kr)] (a)
(B.9)
&, = g,(6,, ¢)[tan (wt, — kr) cos (wt — kr) —sin (wt — kr)] (b)

Equation (B.9) shows that &, and &, are in phase, and the wave along the
path (6,, ¢,) is linearly polarized.

From these four cases we see from the requirement of Brouwer’s theorem
that the time-varying electric field must be zero at some point, it follows that
the radiation intensity must have a null (case 1) or it must have at least one
point at which the field is linearly polarized (cases 2, 3, and 4). This is an
alternate proof of the theorem of Mathis.

B.6. A THEOREM OF SCOTT AND SOO HOO

A theorem by Scott and Soo Hoo contains the theorems of Mathis and
Saunders as special cases. It may be stated as: Elliptical polarization of all
axial ratios, ranging from circular polarization of purely one sense, through
linear, to circular polarization of the opposite sense must exist in the far field
of a null-free antenna. Two comments are in order: The theorem does nof say
that all possible polarizations exist. It does not apply to many standard
antennas, the dipole for example, but it does apply to the turnstile antenna we
have considered.

We may write the electric field (B.2) in terms of right and left circular
components,

—fkr

E(r, 0, ) = —— [E, (6, §)w, + E(6, d)aoy] (B.10)

r

where the vectors w, and w,, if converted to time-varying form by the usual
convention, would represent constant-amplitude waves rotating in opposite
directions. In (2.74), if we use u, =u, and u, = —u,, they become

w, =u, —ju, (a) @z, =u, +ju, (b) (B.11)

With the use of (B.3) and (B.11) the circular waves that sum to give the
general propagating wave may be written as

—jkr

E (.0, 4)= 5~ (8, = ) +(f, + &), (a)
(B.12)

—jkr

Ba(r, 0, 8)= S (8, + £) = iU/, - 8:)]e (b)
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We note that w, and w, are complex, and in finding the time-varying circular
wave components, it is desirable to revert to the u, and u, vectors of (B.11).
The resulting time-varying circular fields are

&, (r,0,¢,1)= % {[fi + &) cos (wt — kr) + (g, — f5) sin (wt = kr)]u,

+[(g — f2) cos (wt — kr) = (f, + g,) sin (w1 — kr)u,} (a)
(B.13)

1
%’R(rs ea (15, f) = E {[fl _gz)cos (wf - k?‘) - (gl +f2) Siﬂ (wf - k?‘)]llﬂ
+[(g, + 1) cos (wt — kr) + (f, — g,) sin (wt — kr)]u,} (b)

The magnitudes of the circular components, from (B.12) or (B.13), are

|‘E§L(r, 0, ¢, f)l = % [(f,+ 82)2 + (g, _fz)z]uz (a)
(B.14)

8,0, 6,0 = 37 (i~ 8+ (g + £ (0)

Now &, and &, must each satisfy Brouwer’s theorem, since each is a
single-valued, continuous vector function tangent to the far-field sphere.
However, a circularly polarized wave cannot be zero at any time unless its
magnitude is zero. It follows that for a null-free radiation pattern (see below)
there are at least two points on the far-field sphere corresponding to the
directions (6,, ¢,) and (6,, ¢,) for which

|%’L(9,, ¢)|=0 (a) |€:(6,, ¢,)| =0 (b) (B.15)

Let us note first that if the wave is to be linearly polarized everywhere,
then

ingzlgnl

everywhere. In turn, this requires that the two directions (6,, ¢,) and (6,. ¢,)
coincide, and the result is a radiation pattern null in that direction. This
explains the restriction to a null-free pattern in the sentence before (B.15).
The development proves Saunders’ theorem that a null-free pattern cannot
be everywhere linearly polarized.

We can deduce another fact very quickly from (B.15). It is clear that for a
null-free antenna |&, | =0 at (6,, ¢,) and |&,| # 0. The radiated wave is then
right circularly polarized in that direction. Further, it is left circular in the
direction (6,, ¢,). A null-free antenna then must have directions of both right
and left circular polarization.
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The intermediate-value theorem of calculus can be used te show that the
locus of points of linear polarization on the far-field sphere will be one or
"~ more closed paths on the sphere. It may be stated as: Suppose § is a
connected set and fis a function that is continuous at each point of S. Suppose
f takes on two different values C, and C, at points P, and P, in §. Then, for
every number K between C, and C,, there is some point of S at which f takes
on the value K [7]. We let S be all points on the far-field sphere; P, and P,,
respectively, correspond to (6,, ¢,) and (6,, ¢,); and f be

16, ¢) =1%.(6, &) — | €(6, ¢)| (B.16)
Now, from (B.15) and (B.16), it is clear that
f(P,)<0 and f(P,)>0 (B.17)

and it follows from the intermediate value theorem that a point P, corres-
ponding to (6,, ¢,) exists such that

f(P)=0 (B.18)
or

|%,L(60’ %)l = |%R(6{}3 ‘i’o)[ (B.19)

But (B.19) is the requirement for linear polarization at (6,, ¢,), and we have
another proof of Mathis’s theorem.

Next let N curves terminating on P, and P, be drawn on surface S, the
far-field sphere (N >1). If the curves do not cross, they divide S into N
closed, connected subsets, each satisfying the intermediate-value theorem.
Since P, and P, are members of each subset, there is at least one point in each
subset for which f=0, and the wave is linearly polarized. If we now let
N— o, the points f=0 approach a continuous, closed curve. Then we see
that the locus of points of linear polarization is one or more closed curves on
the far-field sphere.

We need not restrict the function f to the form we have utilized so far.
Instead, let f be the magnitude of the circular polarization ratio of Chapter 2:

Z, (6,
£(6, ) = | q(6, $)| = {—éﬁﬁ%{ (B.20)

Let S be a simply connected surface on the far-field sphere that includes the
points corresponding to (6,, ¢,) of (B.19) and (6,, ¢,) but excludes the point
corresponding to (6,, ¢,), for which f is infinite. Since f(6,, ¢,) =0 and
f(6y, &) =1, we infer from the intermediate-value theorem that a point on §
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can always be found for which
lg6, ¢)| =k O0=k=1 (B.21)

and we see that the wave takes on all values of | ¢| from 0 (corresponding to a
right circular wave) to 1 (corresponding to linear polarization).

In the same way we can show that a point on S can always be found for
which

I%R(Ga (»b)l -

v O &= g @)

Kk 0sk=1 (B.22)

and we see that the wave takes on all values of | w/|, from that corresponding to
a left circular wave to the value corresponding to a linearly polarized wave.
Since |g| = 1/|w|, we note that the full range of |g| on the far-field sphere of a
null-free antenna is

0=q(0, ¢)| <= (B.23)

The axial ratio of the polarization ellipse is related to the circular
polarization ratio by

AR=HiIgH (2.107)

so it is clear that all axial ratios exist in the radiated field of a null-free
antenna.

In the superb paper of Scott and Soo Hoo it is stated that for any (fixed)
polarization of a receiving antenna and a null-free transmitting antenna that is
rolling and tumbling (as in a satellite vehicle), there exists at least one
orientation of that vehicle for which the antenna would receive no signal. The
conclusion is unjustified. The cross-polarization condition between two
antennas is

1
=—-— 3.56
qi A ( )

For the null-free antennas |q, | is constrained to take on all values, but g, itself
is not so constrained. It is then possible to choose a fixed receiving antenna so
that (3.56) is not met. As an exercise, it is suggested that the reader select a
receiving antenna to pair with the turnstile antenna, for which

_1+4cosé

9= 1—cos@ (B.24)

so that (3.56) cannot be satisfied by any value of 6.
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Analytic signal, 253-254
Antenna(s):

aperture, 37

bandwidth, 2

crossed-dipole, 157-160, 183-186, 190,
284-288

cross-polarized, 121

dipole, 20, 23, 27, 30-35, 154-157, 162,
181-182, 281, 288

efficiency, 23, 42, 53, 283

elementary, 17, 20

E-plane sectoral horn, 169-170

equivalent circuit of, 41-46

gain, 1, 14, 19-20, 23, 44, 282-284

helix, 271, 280

hom, 167-170, 190

H-plane sectoral horn, 169-170

identical cross-polarized, 123

identical polarization-matched, 122-125

impedance, 1, 2, 36, 39

impedance matrix of, 40

infinitesimal, 47

isotropic, 160, 284-285

linear, 12

loop, 161, 189

loop and dipole, 162-164

losses, 1, 22

misaligned, 139-146

null-free, 284-292

omnidirectional, 18

open waveguide, 37-38, 164

parabolic reflector, 170-186

pattern, 1, 13-17, 43-44, 289-291

polarization-matched, 120-125

polarization ratio, 119
pyramidal horn, 168-170, 190
receiving, 1, 39
receiving pattern, 42—-44
transmitting, 1-2
turnstile, 157-160, 183-186, 190,
284-288
Aperture antenna, 37
Aperture plane, 175-176
Area, effective, 1, 44, 47, 283
Area sweep rate, 65-66
Array, narrow polarization beamwidth,
186-189
Array factor, 159, 284
Axial ratio, 54, 61-63, 68, 73, 75, 84-85, 109,
121-122, 126, 291

Balanis, C. A, 27, 30, 51, 167-169, 189
Bandwidth, antenna, 2
Barrick, D. E., 244, 252
Beckmann, P., 244-252
Beamwidth:
half-power, see Beamwidth, radiation
intensity
overall, 154, 158, 167
polarization, 154, 158, 167, 186-189
radiation intensity, 154, 167, 170, 186
Beran, M. J., 269
Bistatic cross section, 50
Born, M., 108, 254, 269
Brewster angle, 216
Brillouin, L., 30
Brouwer, L. E. J., 285-286, 289, 292
Bushore, K. R., 196, 206
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Carter, P. S., 30, 52
Cauchy principal value, 254
Circulator, 196
Coherence:
complete, 257
degree of, 256
mutual, 262
Coherency matrix, 254-259, 262-266
Collin,R.E., 1, 51, 189
Communication system, polarization-adaptive,
201, 203
Complete polarization, 253, 257-259,
263-268
Copeland, J. R., 229, 252
Cosine integral, 34
Critical angle, 217
Crossed-dipole antenna, 157-160, 183-186,
190, 284-288
Cross polarization, 96, 121-123, 240
Cross section:
backscattering, 231
bistatic, 50
monostatic, 50-51
radar, 51
scattering, 50, 229, 232-233
Current element, 6-7, 12-13, 17, 19-20, 47

Degree of coherence, 256

Degree of polarization, 259-261, 264, 268

Depolarization, 229

Dihedral comer reflector, 222-226, 240

Dipole antenna, 20, 23, 27, 30-35, 154-157,
162, 181-182, 281, 288

Directive gain, 20

Directivity, 19-20, 23, 46, 53, 282-283

Effective area, 1, 44, 47, 283
Effective length, 110-120, 146, 151, 233,
268-269. 275, 282-283
Efficiency, see Antenna(s), efficiency;
Polarization, match factor
Electric charge density, 3
Electric current density, 3
Electric source, 3-4, 11
Elementary antenna, 17, 20
Elliott, R. S., 1, 30, 51
Ellipse, polarization, 54, 57-67, 70, 73,75, 83,
93
Elliptically polarized waves, 75, 80, 83-84, 89,
92, 95, 109
generation of, 191-206
reflection of, 217-221
E-plane, 18
Equivalence theorem, 28-30, 37
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Equivalent circuit of antennas, 41, 46
Equivalent current, 37

Equivalent source, 3, 28, 172

Euler angles, 141-146

Euler’s constant, 34

Far zone, 9, 14
Far-zone fields, 9—-12
Feynman, R. P., 108
Field:
complex time-invariant, 69
time-varying, 69
Flat plate, 221-222, 239-241]
Focal point, 171-173
Fourier transform, 254
Fraunhofer zone, 9
Fresnel coefTicients, 214, 244-245, 249-251.
See also Reflection coefficients;
Transmission coefficients
Fresnel zone, 8-9
Friis transmission formula, 1, 48
Fulton, F. F., Jr., 292

Gabor, D., 254, 268

Gain, 1, 14, 19-20, 23, 44, 282-284
Geometric optics, 170-172
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Goldstein, H., 148

Harrington, R. F., 4, 51

Hayt, W. H., 51

Helical antenna, 271, 280

Helmholtz equation, 10

Hickman, T. G., 280

Hilbert transform, 254

Hollis, J. S., 280

Horn antenna, 167-170, 190
E-plane sectoral, 169-170
H-plane sectoral, 169170
pyramidal, 168-170, 190

H-plane, 18

Hybrid tee, 196

Illumination, tapered, 186
Image theory, 37
Impedance:
antenna, 1, 36, 39, 42
mode, 36
mutual, of antennas, 43—-44
transmission line characteristic, 77
Impedance match, 23
Impedance match factor, 49
Impedance matrix, 40
Incidence plane, 208, 245
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Induced emf, 30, 34-35
Infinitesimal antenna, 47
Interface:

reflection from, 207-252

transmission through, 207-221
Intermediate-value theorem, 290
Isotropic antenna, 160, 284-285
Isotropic radiation, 23, 48

Jordan, E. C., 51

Kepler’s laws, 66

Knittel, G. H., 280

Ko, H. C., 269

Kraus, J. D, 1, 27, 51, 108, 189, 271, 280
Krichbaum, C. K., 252

Length, see Effective length

Linear antenna, 12

Lobe, radiation, 18

Loop antenna, 161, 189

Loop and dipole antenna, 162-164
Losses, antenna, 1, 22

Loss resistance, 22-23, 42, 53
Love equivalence principle, 29

Magnetic charge density, 3-4
Magnetic current, 37
Magnetic current density, 3—4
Magnetic source, 2-3, 11
Match factor:
impedance, 49
polarization, 49, 117-147, 150-152, 156,
278
Matching network, 36
Mathis, H. F., 285-292
Maxwell equations, 2
McQuiddy, D. N, 51, 206
Monochromatic wave, 253
Monostatic cross section, 50
Mott, H., 51, 206
Multipath, 2
Mutual coherence, 261

Nonuniform wave, 217

North pole, Poincaré sphere, 95
Null, radiation pattern, 287, 289
Null-free antenna, 284-292

Omnidirectional antenna, 18
Open-waveguide antenna, 37-38, 164

Panofsky, W. K. H., 4, 51
Papas, C. H., 269

Parabolic reflector antenna, 170-186
Parrent, G. B., Ir., 269
Partial polarization, 92, 253-269
Pattern:
antenna, 1, 13-17, 43-44, 289-291
polarization, 272-274
radiation, 13-17, 43-44, 289-291
receiving antenna, 42
Pattern multiplication, 159
Phillips, M., 4, 51
Plane of incidence, 208
local, 245
main, 245
Plane wave, 56-57
Poincaré sphere, 54, 93-109, 136-138, 146,
278
Poisson’s equation, 7, 52
Polarization, 17
chart, 83-84, 92, 109, 146
circular, 63-64, 94-95, 99, 258, 261
complete, 253, 257-268
degree of, 259-261, 264, 268
efficiency, 118. See also Polarization, match
factor
ellipse, 54, 57-67, 70, 73-75, 83, 93
magnetic field, 109
elliptic, 75, 80, 83-84, 89, 92, 95, 109
linear, 63, 96, 99, 207-208, 258, 261
loss, 134. See also Polarization, match factor
match, 23
match factor, 49, 117-147, 150-152, 156,
278
misaligned antennas, 139-146
matching, 110-147
measurement, 270-281
parallel to plane of incidence, 209, 212, 216,
222
partial, 92, 253-269
pattern, 272-274
perpendicular to plane of incidence, 208, 211,
214
random, 253
Polarization-adaptive communications system,
201, 203
Polarization ratio:
circular, 54, 70, 74, 80, 109, 264-265,
271
common, 54, 68-69, 74, 109,127, 138-139,
150, 153, 245, 264-265, 270, 281
modified, 71, 77, 109, 119, 125, 138, 237
Polarization ratio of antenna, 119
Potential:
electric scalar, 4
electric vector, 5, 8, 38
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Potential (Continued )
magnetic scalar, 5
magnetic vector, 4, 7, 13
Potential integral, 12
Power, maximum received, 114-117
Power density, 17, 50
Power flux density, 17
Power gain, 23
Poynting vector, 14, 16, 115
complex, 64
time average, 64
P plane, 102
p plane, 102, 105
Principal plane, 18, 166, 178-183. See also
E-plane; H-plane
Projection:
orthographic, 109
stereographic, 99-102, 109
Propagation constant, 57
transmission line, 77

g plane, 102-106

Quarter-wave plate, 195

Quasi-monochromatic wave, 253-254, 259,
262-263

Radar, 2
bistatic, 49, 222
monostatic, 222-223
Radar cross section, see Cross section
Radar equation, 1, 49
Radar target, 2, 49-50
Radiation:
efficiency, see Antenna(s), efficiency
intensity, 14-20, 50, 282
lobe, 18
pattern, 13-17, 43-44
null-free, 289-291
resistance, 20-23, 34, 46, 53, 283
Raindrops, scattering from, 244
Ramo, S., 52
Random polarization, 253
Reaction, 40-41
Receiving antenna, 1, 39
Receiving pattern, antenna, 42
Reciprocity theorem, 27-28, 39, 111-114
Reflection:
from arbitrarily-oriented plane, 244-252
from conductor, 221
of elliptically-polarized waves, 217-221
at interface, 207-252
total, 217 ;
Reflection coefficients, 211-214
transmission line, 77

Reflection matrix, 226
Reflector:
dihedral corner, 222-226, 240
flat plate, 221-222, 239-241
sphere, 243
trihedral corner, 224-226, 241
Resistance:
high-frequency, 22
loss, 22-23, 42, 53
radiation, 20-23, 34, 46, 53, 283
Riblet, H. J., 206
Rotation rate:
distance, 66
time, 64-65
Rotation sense, 54, 60-63, 68, 75-78, 84, 89,
121, 126
Rubin, R., 271, 280
Ruck, G. T., 229, 241, 252
Rumsey, V. H., 52, 54, 77, 108, 147

Satellite, 190
Saunders, W. K., 284-289, 292
Scattering:
coefficients, 226-235, 239-244
circular, 235-238
cross section, 50, 229
matrix, 226-244
circular, 235-238
* microwave network, 196
specular, 252
Schwarz inequality, 256
Scott, W. G., 285-288, 291-292
Silver, S., 35, 52, 189
Sinclair, G., 146, 229, 252
Sine integral, 34
Skin depth, 22
Slater, J. C., 42, 52
Smith chart, 54, 71, 77-80, 109
Snell’s laws, 210-213, 246
Solid angle, 14
Sommerfeld, A., 4, 51
Soo Hoo, K. M., 285-288, 291-292
Source:
electric, 3-4
equivalent, 3, 172
magnetic, 2—5
Specular scattering, 252
Sphere, 243
Spizzichino, A ., 245-252
Stereographic projection, 99-102, 109
Stokes parameters, 54, 92-109, 137-138,
262-264, 278
Stratton, J. A., 213, 252
Stuart, W. D., 252
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elliptic, 75, 80, 83-84, 89, 92, 95, 109,
191-206, 217-221
harmonic, 54-56

Tilt angle, 54, 59-63, 68, 73-75, 84-85, 93, linear horizontal, 71, 149-150, 158
109, 121, 126 linear vertical, 71, 149-150, 158
Total reflection, 217 monochromatic, 253-254, 257-258, 262,
Transmission: 269
through interface, 207-221 nonmonochromatic, 257-258
line, 76 nonplanar, 54, 56
matrix, 226 nonuniform, 217

Transmission coefficients, 211-212
Transmitting antenna, 1-2

Tranter, W. H., 189

Trihedral corner reflector, 224-226, 241
Turnstile antenna, 157-160, 190, 284

Unpolarized wave, 256, 259-263,
266-268

Vaillancourt, R, M., 206
Van Duzer, T., 52
Vector length, see Effective length

Wave:
circular, 71
completely polarized, 257-259, 263-268

partially-polarized, 92, 253-269
plane, 56-57
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