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PREFACE

This book is the outgrowth of class notes developed for a course on antennas
and radio-wave propagation that has been offered as an elective course for
juniors and seniors at Case Institute of Technology, Case Western Reserve
University, for a number of years. The objective of the course is to provide an
introduction to the fundamental principles of antennas and propagation for
communications-oriented electrical engineers. The book differs from currently
available texts on aitennas in that there is more emphasis on the com-
munications aspects. For example, a whole chapter on the receiving properties
of antennas and communication-link evaluations is included.

In the text fundamental principles are stressed. The treatment in detail of
specific antenna types is based on the need to illustrate the application of basic
principles and to introduce the properties of a reasonable variety of commonly
used antennas. The text extends considerably beyond the needs of a single,
specific, one-semester course. There are two compelling reasons for this—the
first being the need for flexibility in the structure of a course which might be
based on this text, the second being the desire for a degree of completeness
that makes the text a useful reference for practicing engineers who need
occasionally to refer to basic equations in the course of their work. The result is
a text that should, in many ways, fulfill the needs for an introductory course on
antennas alone, at either the senior-year or first-year-graduate level, for a
course with a mixture of antenna and propagation topics, or even for a short
introductory course on radio-wave propagation.

The first chapter is a briefl introduction to antennas and propagation, with a
number of illustrations of real antenna systems. The second chapter develops
the basic principles of radiation and introduces typical antenna concepts such
as gain, directivity, and radiation patterns. The last part of the second chapter
introduces the theory for impedance determination for cylindrical dipole
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antennas based on the Hallén integral equation and the method of moments.
This subject has been treated with more care than usual in order to put into
proper perspecltive the significance of various approximations that are com-
monly made in the practical application of the theory. The fact that the usual
approximate integral equation that many authors adopt does not have an exact
solution is not ignored. An explanation is given for the reason approximate
solutions of a nonsolvable integral equation yield useful results for the antenna
impedance,

The application of transmission-line concepts to dipole and wire antennas
provides a useful insight into how these antennas function. Chapter 3 exploits
these concepts in order to develop an understanding of the behavior of short
dipole antennas and of folded dipoles, the use of loading coils and of capacitive
end loading, and the impedance properties of antennas. Many of the topics are
classical and might be considered outdated in a modern text. However, it is the
author’s experience that these topics precisely treat those antenna configura-
tions with which many students have become acquainted through their in-
volvement in amateur radio work and which spark a considerable amount of
interest on the part of many students. This chapter also develops the principles
of array antennas and treats several useful techniques and concepts for array
synthesis. The chapter concludes with a discussion of long-wire antennas such
as the rhombic and vee antennas.

Chapter 4 is devoted to a treatment of aperture-type antennas, among
which are open waveguides, horns, reflectors, and slotted waveguide arrays and
microstrip antennas. The planar aperture theory is based on Fourier transform
theory and is also developed using field-equivalence principles. The parabolic
reflector antenna is such a widely used and practical antenna, particularly in
satellite communications, that the theory and properties of this type of antenna
are developed in more detail than that found in most texts. Aperture efficiency,
cross-polarization properties, oflset parabolic reflectors, and cassegrain and
gregorian systems are among the topics treated. New material on feeds with
low cross-polarization properties is included. The practicing antenna engineer
will find most of this material useful, since much of it is not available in
convenient textbook form. The last part of Chap. 4 provides an introduction to
slot antennas, slotted waveguide arrays, and microstrip antennas.

The receiving properties of antennas are treated in detail in Chap. 5. The
concepts of effective area, polarization mismatch, effective complex length,
impedance mismatch, and antenna-noise temperature are all developed from
fundamental principles. The evaluation of communication systems, taking into
account antenna noise, lossy transmission-line noise, and receiver noise. is
carried out. Various examples of link evaluations are included to illustrate the
application of the theory (o line-of-sight microwave links, radar systems, and
satellite communication systems. This material will be useful to the com-
I'l“tlll‘l"rCﬂ["rﬂl‘liR engineer whose interests relate to systems evaluation and plan-
ning.

The last chapter is a rather long one that treats a broad spectrum of topics
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related to radio-wave propagation. The primary objective of this chapter is to
introduce the communications engineer to most of the propagation phenomena
likely to be encountered in practice and to present fundamental principles so
that an appreciation of the underlying physical phenomena is obtained. This
chapter serves to introduce and orient the reader to those aspects of pro-
pagation that must be considered in the planning and evaluation of a com-
munication system of a given type and frequency of operation.

The literature on radio-wave propagation is vast and highly specialized. It
is not possible to give a detailed account of the many varied phenomena that
affect the propagation of radio waves in a general introductory text. Neverthe-
less an awareness, general overview, and understanding of propagation
phenomena are necessary for communications engineers if they are to com-
municate in an effective manner with the propagation specialist and be able to
pursue specialized papers and books with an informed perspective.

The following topics are covered: interference effects for antennas located
over a flat earth and a spherical earth, low- and medium-frequency surface-
wave propagation, ionospheric propagation phenomena, microwave attenua-
tion and scattering by atmospheric constituents, tropospheric scatter pro-
pagation, very low frequency propagation in the earth-ionosphere waveguide,
and, briefly, ducting and propagation into seawater. A number of examples
illustrating the application of the theory to the evaluation of communication
links are included.

The treatment of scattering from rain and tropospheric scattering is based
on an application of the reciprocity principle. This method gives an expression
for the received open-circuit voltage caused by the scattered field in terms of
the interaction of the antenna radiation field with the random currents induced
in the scattering medium. The advantage of this method is that the polarization
properties of the scattered field are retained and the resultant polarization
mismatch at the receiving antenna is accounted for. Theorics based on scalar
scattering cross section per unit volume do not account for the polarization
properties of the scattered field.

Any gencral text draws very heavily on the work of many engincers and
scientists. It is not possible to include references to the whole body ol
published work in the field. For the most part only those books and papers that
were consulted in the preparation of the manuscript are referenced, along with
selected references that are appropriate for the reader to obtain more detail
and breadth. |

Several of the author’s colleagues have provided valuable comments and
suggestions for improving the treatment of various topics. In particular, I would
like to acknowledge the critical review of many parts of the manuscript by
Georg Karawas. Subsequent discussions with him led to a clearer presentation
of several topics.

This book is dedicated to my wife, Kathleen, for her love, understanding,
and patience. Her encouragement provided the necessary motivation to com-
plete the project.
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I am also most grateful to Susan F. Sava who typed the manuscript;
corrected my grammar and spelling errors, and assisted me with the proofread-
ing and the preparation of the index. Her expertise, friendship, and good sense
of humor made the overall task a pleasant one.

Robert E. Collin
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CHAPTER

ONE

COMMUNICATION WITH RADIO WAVES

Communication by electrical means began with the introduction of telegraphy
in 1844, followed by telephony in 1878. In these systems electrical signals are
sent over two-wire transmission lines that connect the sender and recipient.
During the same time period that these systems were being developed the
theoretical foundation for electromagnetic radiation was being laid by Maxwell
and others. However, it was not until 1897 that Marconi first patented a
complete wireless telegraphy system based on the use of electromagnetic
radiation (radio waves) that had been predicted theoretically by Maxwell 43
years earlier. The early transmitters were of the spark-gap variety and served
the purpose of sending the on-off pulses characteristic of telegraphy. The actual
transmission of voice by means of electromagnetic radiation did not occur
before the invention of the vacuum tube amplifier and oscillator in the penod
from 1904 10 1915. With these inventions all phases of communication began to
develop at a much more rapid pace, a pace that seems to show no sign of
slowing down.

The engineer who wants to specialize in the communication field needs to
have a basic understanding of the roles of electromagnetic radiation, antennas,
and related propagation phenomena in modern communication systems, in
addition to knowledge of communication systems utilizing various forms ol
transmission lines, such as twisted pairs and coaxial cable. The objective of this
text is to provide this basic background. The intent is not to delve very deeply
into the intricate details of a great variety of antenna types. The objective is to
develop enough of the basic concepts to give a reasonable understanding of
antenna fundamentals and of the basic limitations of antennas, of how antennas
are characterized and of how communication systems incorporating antennas
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are evaluated, and finally to introduce the more common phenomena affecting
the propagation of electromagnetic waves and the influence this elfect has on
the performance of a communication system.

1.1 TYPES OF COMMUNICATION SYSTEMS

There are two broad categories of communication systems: those that utilize
transmission lines in an interconnected network and those that rely on electro-
magnetic radiation with an antenna at both the transmitting and receiving
sites. In cities where the population density is high and in systems where the
required signal bandwidth is small, as in voice communication. it is economic-
ally viable to interconnect the many users with simple, low-cost, twisted-pair
transmission lines. Such lines will introduce an attenuation of around 2 to
3dB/km at frequencies around 10kHz. The twisted pair is not suitable for
high-frequency use, so it is generally limited to the telephone service and
low-data-rate digital transmissions.

In populated areas it is also fairly common to transmit television video
signals over coaxial transmission lines, and the loss is around 4 to § dB/km. A
fundamental characteristic of transmission lines is that the attenuation is
exponential in its behavior. Thus a loss of 5SdB/km becomes a loss of 100 dB
over a 20-km path. If the path is doubled to 40-km an additional loss of 100 dB
is suffered. When it is recalled that a 100-dB loss is a reduction in received
signal power by a factor of 107", it is readily appreciated that the exponential
attenuation law ultimately places a severe restriction on the distance over
which communication can take place without the use of repeater amplifiers.

In communication systems using electromagnetic radiation, the signal
power is radiated into a substantial angular region of space by the tranamit'ting
antenna and only a small fraction of this radiated power is intercepted by the
receiving antenna. There is thus a very significant coupling loss between the
transmitting and receiving antennas. On the other hand. the loss incurred
versus distance is algebraic in behavior rather than exponential. The reason for
this is as follows: For many communication links the radiated power per unit
area incident on the receiving antenna decreases as the inverse square of the
distance bhetween the transmitting and receiving antennas. Every doubling of
the distance decreases the received power by a factor of 4 or 6dB. If in 2
particular system the total loss is 100dB for a 20-km path, a doubling of this
distance would add only an additional 6 dB of loss instead of the 100-dB loss
that occurs with a transmission line system as discussed above. It is apparent
then that beyond a certain distance the loss in a communication system using
electromagnetic radiation will become increasingly less than with transmission
lines. The relative costs of the two systems depend in a complex way on the
number of users, type of service, and distances involved.

The attenuation and cost factors are not the only ones that dictate the
choice between transmission lines and electromagnetic radiation. In any mobile
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communication service such as ship-to-shore, between aircraft and control
centers, between mobile land vehicles, and in satellite systems, transmission
lines obviously cannot be used. In many other cases as well it is not economic-
ally feasible to install transmission lines because of the hostile terrain and
environment. Antennas are clearly essential components in comimunication
systems for many and varied reasons. Consequently, the communication
engineer should have an appreciation and understanding of antenna fun-
damentals and be able to evaluate the performance of a communication system

utilizing this basic knowledge. g

1.2 ANTENNA SYSTEMS

The commonly used “whip” antennas on cars, ‘‘rabbit ears” t:::-n%televifemn
receivers, single-turn loop antennas for UHF (ultrahigh frequency) television
reception, roof-mounted log-periodic TV antennas, and satellite paraboloidal-
reflector receiving antennas are so prevalent that most readers are clearly
aware of the need for antennas in the support of our daily cunn‘:mlni::minn
needs. These commonly occurring antennas represent only a small segment of
the antenna systems that have been developed. For specialized land high-
performance communication links, radar systems, navigational systems, and
scientific studies, highly complex antenna systems are needed. In nréfler to give
an impression of the physical characteristics of some of these complex antenna
systems a number of photographs are included in this section. These should
help the reader to appreciate the creativity of the antenna engineer in having
developed the necessary theory, design methodology, and manufacturing
techniques needed to put such complex systems into use.

Figure 1.1 shows a microwave relay tower on which are mounted two
inclined fat-plate reflectors. These reflectors direct the incoming radiation 1o a
ground-based amplifier which amplifies the signal and retransmits it up to the
seccond reflector. The latter redirects the signal on to the next relay station.
Figure 1.2 shows a microwave relay tower on which are mounted several
paraboloidal-reflector antennas enclosed in plastic radome housings. Rclay
stations of this type are in widespread use by the telephone comparies, public
and private utility companies, and various private corporate communication
links.

The next series of five figures shows several antenna systems and feed
systems that are typical of those used for satellite communications. F?gurc 1.3 s
an artist’'s rendition of a satellite and shows the large outlying solar panels and
two dual-reflector antenna systems with multihorn feed systems. Figure 1.4 is
an artist’s rendition of a cassegrain dual-reflector antenna used for satellite
signal reception. In Fig. 1.5 a dual-mode conical horn is illustrated.| This horn
was designed to be used in an array of many horns (Fig. 1.6) with la reflector
system to provide “trunking” beams in a satellite communication system. The
next two photographs, Figs. 1.6 and 1.7, show multibeam antenna (MBA) feed
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Figure 1.1 A microwave relay system using
two inclined flat refiectors.

Figure 1.2 A microwave relay tower on which
are mounted several radome-enclosed para-
boloidal reflector antennas.

systems consisting of arrays of conical or pyramidal horns. In order to provide
multibeam capability very complex waveguide coupling arrangements are
required, as is apparent from the photographs. These feed systems were
designed by TRW, Inc., for NASA for use in a 20- to 30-GHz communication
satellite,

The last two photographs, Figs. 1.8 and 1.9, are of the antenna facilities at
the M.LT. Haystack Observatory. These antennas are used for scientific
studies. A more detailed description is given in the figure captions.

1.3 PROPAGATION OF ELECTROMAGNETIC WAVES

The performance of a communication link depends not only on the antennas
used but also on a variety of phenomena that affect the propagation of
electromagnetic waves. In the standard AM broadcast band (0.55 to 1.6 MHz)
ground-based vertical towers are generally used for the transmitting antennas.
The reason for this is that an antenna cannot be much shorter than a quarter
wavelength and radiate with high efficiency. Consequently, at the long

Figure 1.3 Artist’s rendition of a satellite showing two dual-reflector antenna systems with multihorn
arrays used for primary illumination of the reflectors. (Photo courtesy of J. Smetana, NASA-Lewis

Research Center, Cleveland, Ohio.)

Figure 1.4 Artist's rendition of a cassegrain dual-reflector satellite receiving antenna. (Photfo courtesy
of J. Smetana, NASA-Lewis Research Center, Cleveland, Ohio.)
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Figure 1.5 A dual-mode conical horn designed for use in a feed array such as shown in Fig. 1.6. (Photo
courtesy of J. Smetana, NASA-Lewis Research Center, Cleveland, Ohio.)

wavelengths only simple antennas with low gain are used, and these ante;naﬁ
are located on the ground because of their large physical size. For ground-
based antennas the ground has a strong influence on the propagation of the
signal. The mode of propagation is called a surface wave, and it attenuates
approximately as the inverse fourth power of the distance. In addition to the

.F'|gur.e 1.6 An array of conical dual-mode horns for use in a multibeam trunk-beam feed system to
illuminate a reflector antenna for satellite communications. (Photo courtesy of J. Smetana, NASA-

Lewis Research Center, Cleveland, Ohio.)
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Figure 1.7 An array of pyramidal horns for a multibeam antenna used to illuminate a reflector for
satellite communications. (Photo courtesy of J. Smetana, NASA-Lewis Research Center, Cleveland,

Ohio.)

attenuation there is a high level of atmospheric noise in the AM broadcast
band as well as human-induced electrical interference that is picked up by the
receiving antenna. Thus, in practice, large transmitter power must be used in
order to provide an adequate signal-to-noise ratio. Transmitter powers of
S0 kW are quite common, and some stations operate with powers as large as
S00 kW. The useful coverage distance is typically only a few hundred miles
because of the large attenuation and high noise level.

The attenuation of the surface wave increases rapidly with an increase in
frequency so that, above 20 MHz, communication is generally not by means of
the surface wave. Fortunately above 10 MHz or so the wavelength is only 30 m
or less, and it becomes practical to build larger antenna arrays with higher gain
and to mount these on towers above the surface of the ground. Communication
then takes place by means of direct line-of-sight propagation plus radiation
reflected from the ground midway between the transmitting and receiving sites.
In communication links of this type the antenna heights must be chosen with
some care in order that the direct line-of-sight propagated field will add 1n
phase with the wave reflected from the ground. Whenever there are two or
more paths that waves can propagate along to reach the receiving antenna,
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Figure 1.8 An aerial view of the antennas used for radio/radar astronomy and atmospheric research at
M.LT.’s Haystack Observatory, Westford, Mass. The geodesic radome in the foreground houses a
steerable 120-ft antenna that retains its paraboloidal shape to within a few millimeters. In the center
are a fixed 220-ft dish and a steerable 150-ft dish that are used for probing the atmosphere and the
ionosphere at 440 MHz. The smaller antenna near the right-hand top is an 84-ft dish used for
deep-space probing at L band by the Lincoln Laboratory. The smaller radome houses a facility for very
long baseline interferometry. (Photo by permission of Lincoln Laboratory, M.1.T.)

interference effects occur. If the propagation path is not a stable one, fading
will occur, and this manifests itself in large variations in signal power taking
place over time intervals typically measured in seconds or minutes. The
instability in the propagation path is caused by variations in the index of
refraction of the atmosphere, which in turn are caused by temperature and
humidity fluctuations. Variations in the index of refraction cause the phase
angle of the signal arriving at the receiving site to vary in a random way. Thus
signals arriving along different paths combine with more or less random phases
and at times tend to cancel one another, which results in fading. In com-
munication systems designed for very high reliability some form of diversity is
generally incorporated to overcome the effects of fading. A typical system
could consist of several spaced receiving antennas with the signals combined in
such a fashion that a useful signal is received with high probability at all times.
With spaced antennas it is unlikely that deep fades will occur at all sites
simultaneously, and hence system reliability is improved by the use of space
diversity.
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Figure 1.9 A close-up view of the fixed 220-ft antenna (foreground) and the fully steerable 150-ft
antenna used for incoherent-scatter radar studies of the ionosphere at 440 MHz. The steerable antenna
is used for studying the morphology of the ionosphere over a very wide geographical region. This radar
is also used for monitoring motions in the stratosphere and troposphere. (Photo by permission of
Lincoln Laboratory, M.I.T.)

In the frequency range from a few megahertz up to 30 to 40 MHz, it is
possible to achieve very long distance communication by ionospheric refraction
of the radio wave back toward the ground. The resulting skip distance can be
several thousand kilometers. The international shortwave broadcast service
utilizes this mode of communication. The refractive properties of the ion-
osphere are dependent on the electron density as produced by solar radiation.
Electron density varies on a daily basis as well as throughout the year and in
accordance with general solar activity, i.e., sun spots. The refractive properties
are also frequency-dependent so that generally above 40 MHz the radiated
wave will penetrate through the ionosphere and not be refracted back to earth
at all. There is considerable fading associated with the ionospheric propagation
path, so again some form of diversity, such as several spaced antennas or
broadcasting on several frequencies simultaneously, is utilized in high-reli-
ability links.

At frequencies above 40 MHz, communication is essentially limited to
line-of-sight paths. A typical line-of-sight link is that used for television




10 ANTEMMNAS

broadcasting. Another example is the line-of-sight microwave link used in the
telephone service,

In order for an antenna to radiate into a small angular region and thereby
provide a higher concentration of power at the receiving site it must be
physically large in terms of wavelength. In the microwdve band where the
wavelength is in the range of 3 to 30 cm, large reflector antennas with gains as
large as 40 to 50 dB are quite common. With the large available antenna gain,
the transmitter power can be reduced accordingly. It is not unusual to use
transmitter powers of a few watts or even as low as a few hundred milliwatts in
the microwave band. There is also much less atmospheric noise at the higher
frequencies so smaller signal levels can be used.

As one moves up into the millimeter wavelength region, atmospheric
attenuation as well as attenuation by rain becomes a serious limiting factor in
the separation between the transmitting and receiving antennas. This attenua-
tion is exponential in character and is in addition to the inverse square of the
distance attenuation. 'As such it can severely limit the useful propagation
distance.

The discussion above has briefly touched on a few of the factors that affect
wave propagation at different frequencies. It points out the necessily to
consider propagation phenomena in the design of a communication link.
Propagation effects are generally analyzed by assuming average typical values
for those physical parameters that characterize the propagation path. The
results of the analysis serve to describe the effects that occur. However, in.the
real physical situation it must be remembered that the relevant physical
parameters change with time in a generally unpredictable manner so that the
design of a communication link should be carried out on a statistical basis. The
level of reliability required, i.e., the percentage of time that a signal of
sufficient strength will be received, will be dependent on the type of service
involved.

1.4 FREQUENCY BANDS

In Table 1.1 we summarize the frequency band designations that are in
common use, along with the typical services provided on each band.

The microwave and millimeter frequency bands cover the range from
500 MHz to 40 GHz and up. This range of frequencies is broken down nto
several bands designated by letters. In Table 1.2 the band designations are
listed. Note that the old letter designations do not coincide with the new
lettering. The older designation was established during the mid-nineteen forties
and 1s still in common use. o
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1.5 OVERVIEW .}'

This text is divided into two major parts. Part 1 discusses antennas and
radiation, and Part 11 covers propagation phenomena. Part I consists of four
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Table 1.1 Frequency hand designation

—_—— S

Frequency

band Designation Typical service

I kHz Very low frequency Mavigation, sonar
(VL)

I0=-300 kHz Low frequency Radio beacons, :lﬂw'igﬂtinnél
(LF) aids

3003000 kHz Medium frequency AM broadcasting, maritime

(MI-) radio, Coast Guard commun-
ication, direction finding

-0 MHz Fhigh frequency Telephone, telegraph, and

(HF) facsimile; shortwave
international broadcasting;
amatecur radio: citizen’s _
band; ship-to-coast and ship-

to-aircralt communication

30-300 MHz Very high frequency Television, FM broadcast,
(VHF) air traffic control, police,
' taxicab maobile radio,
navigational aids

3HH0-3000 MHz Ultrahigh frequency Television, satellite com-

(UHF) munication, radiosonde,

surveillance radar,
) nnvigntinnm aids

A3 GHz Superhigh frequency Adirborne radar, microwave
(SHF) links, common-carrier land
mobile communication, satellite
communication !
30300 GH» Extremely high fre- Radar, experimental

quency (EHF)

chapters covering radiation fundamentals, simple antennas, basic antenna
characteristics, antenna arrays, long-wire antennas, aperture-type antennas
such as horns and paraboloids, and finally the properties of an antenna when
used to receive electromagnetic radiation. Chapter 5 on receiving antennas also
deals with the evaluation of communication links, including the effects of antenna
and receiver noise.

Part I of the text provides an introduction to propagation phenomena.
Among the topics covered are low-frequency surface-wave propagation, inter-
ference effects in line-of-sight communication links, coverage diagrams, the
influence of the ionosphere on shortwave broadcasting in the 1- to 30-Mllz
frequency range, atmospheric and rain attenuation in the microwave and
millimeter bands, scattering by atmospheric constituents, and an introduction
to tropospheric scatter communication systems. Propagation phenomena is a
diverse and extensive subject that cannot be covered in great depth in an




12 ANTENMAS

Table 1.2 Microwave frequency band desig-

nation
Microwave band designation

Frequency Old New
SO0= 1000 Mz VHF C
-2 GHz L B
2-3GHz 5 E
34 GHz S F
46 GHz C G
R CiH7 C H
=10 GHz X |
10-12.4 GHiz X 1
12.4-18 GHz Ku J
1820 GHz K J
20-26.5 GHz K K
26.5-40 GHz Ka K

[ ————————— e LR}

introductory text. Thus we are limiting the discussion to those aspects that are
broadly applicable to communication systems operating at frequencies of a
megahertz or less up through the microwave band with frequencies as high as
30 GHz or more. The problem of statistical evaluation of communication links

and fading phenomena is not dealt with.
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CHAPTER
TWO
FUNDAMENTALS OF ELECTROMAGNETIC

RADIATION, ANTENNAS. AND ANTENN A
IMPEDANCE

An antenna is a structure, usually made from a good conducting material, that
has been designed to have a shape and size such that it will radiate electro-
magnetic power in an eflicient manner. It is a well-established fact that
time-varying currents will radiate electromagnetic waves. Thus an antenna is a
structure on which time-varying currents can be excited with a relatively large
amplitude when the antenna is connected to a suitable source, usually by
means of a transmission line or waveguide. There is an almost endless variety
of structural shapes that can be used for an antenna. However, from a practicn}
point of view those structures that are simple and economical to fabricate are
the ones most commonly used. In order to radiate efficiently, the minimum size
of the antenna must be comparable to the wavelength. A very comimon
antenna is the half-wavelength dipole antenna, which consists of two conduc-
ting rods. Each of the rods are one-quarter wavelength long and are placed end
to end with a small spacing at the center at which point a transmission line is
connected. The properties of this antenna are discussed in a later section of this
chapter.

If the current density J excited on the antenna structure is known, there is
no great difficulty in calculating the radiated field. The difficult problem is the
one of determining the current density J on the antenna such that the resultant
field will satisfy the required boundary conditions on the antenna. i:nrtunaiely
it is often possible to estimate the actual current distribution with sufficient
accuracy to obtain an excellent approximation to the radiated field. However,
in order to calculate the impedance properties of the antenna fhe clrrent

13
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distribution must generally be known with greater accuracy. The boundary-

value problem that must be solved is quite complex.

Maxwell's equations are linear, so if the radiation from a short filament of
current—say I dl—is known, then the principle of superposition may be used to
find the radiated field from an arbitrary distribution of current by superimpos-
ing the field produced by each differential element of current. This is the
approach that is generally used to determine the radiated field from an
antenna.

In this chapter, Maxwell's equations are reviewed, and the vector and
scalar potentials, which form a convenient mathematical tool for solving
Maxwell's equations for a given set of sources, are introduced. The radiation

from a short current filament is then found.
Many of the fundamental characteristics of an antenna, such as the

radiation pattern, beam width, directivity, and radiation resistance, can be
ntroduced in connection with the radiation from a short filament of current.
Hence. this is a basic problem that serves very well to introduce the subject of
antennas and is exploited in this chapter.

The last part of the chapter looks at the radiation from a small loop of wire
with a current I flowing in it and the radiation from a half-wave dipole
antenna. The latter problem illustrates the use of superposition as applied to
the calculation of radiation fields. The chapter concludes with a discussion of
antenna impedance.

2.1 MAXWELL'S EQUATIONS AND BOUNDARY CONDITIONS

Throughout this book we will deal primarily with sinusoidal time-varying fields.
Thus. we follow the usual phasor type of analysis and generally will not show
explicitly the time-dependent factor ¢ The currents and fields are expressed
as vector functions of the spatial coordinates, and each component is, in
general, a complex function with a real and umaginary part. For example, the
electric field is expressed in the form

E(r)= E,(Ma, + E (r)a, + E,(r)a, (2.1)

in rectangular coordinates. Each component, such as E,, is a complex function
of the form E,_ + jE, where E,, is the real parl and E_, is the imaginary part. If
the real physical electric field is required, it may be obtained by multiplying
E(r) by ¢ and taking the real part, that is,

Z(r, t) = Re E(r)e’ (2.2a)

hich gives o
which gives o
€ (r, )= E_(r) cos wt — E;(r)sin wf (2.2b)

for the x component of the physical field. o

Tt oLl R S S, a - -
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| 'H?{: four field quantities of interest are the electric field E(r), the magnetic
intensity H(r), the electric displacement field D(r), and the magnetic flux field
B(r). These fields, along with the source terms—current density J(r) and charge
density p(r)—are related by Maxwell's equations as follows:

VXE=—-jwB (Faraday's law) (2.3a)

VxH=jwD+) (generalized Ampere’s law) (2.3h)

V-D=p (Gauss’ law) (2.3¢)
V-B=0 (continuity of magnetic

flux) (2.3d)

V-J=—jwp (continuity law) (2.3¢)

In a free-space environment (vacuum) the constitutive relations are

= & (2.4a)
B = j1,H (2.4b)

where €,= 107"/367 farad per meter is the permittivity of free space and
o = 47 x 1077 henry per meter is the permeability of free space. In a lossy
(.]Il‘.:lt?fl‘tl’il: medium with permittivity € and conductivity o, a conduction r:urné:ﬁt
j’c given by J, = oE will low, and D= €E. If we include J_ in addition to the
impressed current J, the relation (2.3b6) will become

VxH= (jwe +c)E+]

= jo(e+Z)E+) (2.5)
Jaw

Thus € + o/jw may be viewed as a complex permittivity. In general, a dielectric
material exhibits polarization damping losses in addition to a possible finite
conductivity, so even though ¢ may be zero, € is still complex and of the form
€ — je'. When it is necessary to deal with a lossy dielectric medium we will

simply use a complex permittivity and include any conduction loss as part of
the imaginary component €”.

It is often necessary to find solutions to Maxwell's equations in non-
hnm:ngencmls regions, that is, in regions where there are boundaries separating
medlm with different constitutive parameters. The following situations are of
parl‘lr:ular interest to us: the boundary at a perfect conductor, the boundary at
an imperfect conductor, and the boundary between two different dielectric
media. We will present the appropriate boundary conditions to apply for each
of these situations without going through the detailed derivations which may be
found in most texts covering electromagnetic theory.1

:I_r v i . . i w
- :;hE:! l.'.'!‘."rl"r%'!tl{'r!l'l of the boundary conditions given here may be found in R. E. Collin.
oundations for Microwauve Engineering, McGraw-Hill Book Company, New York, 1966.
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Boundary of a Perfect Conductor

Figure 2.1 shows a perfect conductor (o = ) w'|1!1 a unit normal n at the
lectromagnetic field is zero. At the surface the
field is continuous across the boundary

5

&
H

surface. In the conductor the e
tangential component of the electric
and hence equals zero (Why?); thus

nXxE=0 (2.6a)

. . : 1
Likewise, the normal component of H must be zero, since no magnetic flux
penetrates into the conductor; hence

n-H=10 (2.6b)
On the conductor a surface current of density J, A/m will flow and 1s given by
J =nxH (2.6¢)

5

The current density equals the tangential magnetic field in magnitude but IS
oriented at right angles to it. The surface charge density p, on the conductor is

given by
p,=n-D (2.6d)

The flux lines of D terminate on the charge since there is no field within the
conductor.

Boundary of an Imperfect Conductor

A perfectly conducting metal does not exist, so it is only an approximation, and
usually a very good one, to treat a metal as a perfect Eﬂl“idUEtﬂ-t’: In an actual
conductor, the electromagnetic field will penetrate, but its mnphtudc +fal|s off
exponentially according to the relation e "% where z is lihe distance into the
conductor, as shown in Fig. 2.2, and §, is the skin depth given by

5, = (-.-g._)m (2.7)

Wk o T

Figure 2.1 Boundary conditions at a perfect conductor.
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f_/,{/’ Figure 2.2 Boundary of an imperfect
i ! conductor showing the exponential
decay law. The surface resistance

18, | equals the dc resistance of a4 square of

metal of thickness §,.

For copper with o = 5.8 x 10’ S/m, the skin depth equals only 6.6 % 107 cm at
I MHz and is extremely small at 1000 MHz, where it equals 2.1 % 107" ¢cm. For
most practical purposes, the field can be considered as not penetrating into a
good conductor such as metal.

The fact that a metal has a finite conductivity implies that there will be
some dissipation or ohmic loss in the metal. When it is necessary to account for

this loss, the following approximate procedure, which is widely used to find the
attenuation of transmission lines, waveguides, etc., may be applied. First the
electromagnetic field is found assuming perfect conductivity. From the mag-
netic field H the surface current density J, is then found using Eq. (2.6¢). The

actual electric field tangent to the surface is related to this current density by
the relationship:

nXxE=2Znx], (2.8)
where Z,, the surface impedance of the conductor, is given by
[+
Z, = —— ohms per square (2.9)
a0,

The resistive part 1/a8, is the equivalent static or dc resistance of a square
sheet of metal of a thickness equal to the skin depth 8, and with conductivity o

as shown in Fig. 2.2. There is an equal inductive component due to the
magnetic field penetration.

The power loss that occurs per unit area is given by the real part of the
complex Poynting vector flux normal to the surface and is

P=-3Ren-ExH*
=-3sRenxE-H*
=-3ReZnxJ, -H* f
=5Re Z,J, -nx H"

11

| * IlJ!
':iREZ:J'J =3

o

(2.10)

¥
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The minus sign at the beginning is due to the normal n being directed

outwards. The asterisk denotes the complex-conjugate value.

As o tends to infinity, the skin depth, surface impedance, and power loss
vanish. A measure of how small the surface impedance is can be obtained by
comparing it with the intrinsic impedance Z,= (i,/¢€,)"” = 377 Q of free space.
For copper at 1 MHz, Z, = 2.6 X 107*(1 + j) 2. The small relative value of Z,
means that copper is very nearly a short circuit or zero-impedance surface at

1 MHz, and at other frequencies as well.
The above relations may be applied to any good conductor, i.e., metal, as

long as the radius of curvature at the surface is several skin depths or more.
For a very thin wire of diameter only one or two skin depths in value or less,

the results do not apply.

Example 2.1 AC impedance of a wire Find the ac impedance per unit length
for a copper wire of diameter 0.4 cm at 1 MHz, as shown in Fig. 2.3,

o} gt

:: } Thickness 8,
I
| T R Gras e

R 1.

| I
| I
Lo R

Figure 2.3 A round conductor with an
. applied electric field.

The diameter is more than 66 skin depths so the wire can be described by a
surface impedance Z_. The current density on the wire will be

;- E

5 z!
where E is the axial electric field along the wire. The total currentis I = 2mwaJ,
and the voltage drop per unit length along the wire equals E in value. Hence,

the ac impedance per unit length is E/I or Z /2ma. Numerically,

2.6% 1071 + §)
7= E
27 X 2% 10

=0.0207(1 +j}  /m o

Boundary between Two Dielectric Media

Figure 2.4 shows the boundary between two dielectric media with permittivities
¢, and €, At this boundary the tangential field components are equal on

adjacent sides so that
nxE =nxE, | (2.11a)
nX H, =nxH, (2.11b)
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1
€y €2
'1 i 1
I..-—-=..___...—-.._ Figure 2.4 Boundary between two dielectric media.

In addition, the normal electric flux is continuous, so we also have the relation:

n'D=n-D, (2.11¢)

2.2 VECTOR AND SCALAR POTENTIALS

By taking the curl of Eq. (2.3a), using Eq. (2.3b) and the constitutive relations
(2.4), it will be found that

VXV XE=kiE = —jwu,l (2.12)

where ko= w(j4€0)"” is the free-space wave number. This is the equation that
must be solved to find the electric field directly in terms of the specified current

source J. In practice a simpler equation to solve is obtained by introducing the
vector potential A and scalar potential @,

Since the divergence of B is identically zero, B can be expressed as
B=VxA (2.13)

because V-V x A =0. A is called the vector potential. By using Eq. (2.13) in Iq.
(2.3a), we obtain

VX (E+jwA)=0

Any function with zero curl can be expressed as the gradient of a scalar
function; thus we can assume that

E+joA=-Vb (2.14)
In order that Eq. (2.3b) will hold, we require
VxpuH=VxVxA
= Jopg€k + gl
= jopo€o(~jw A — VD) + 1 '

We can now use the expansion VXV x A =VV-A-V’A to obtain, after a
rearrangement of terms, |

VIA+ kA = —ppd + V(V - A+ jop,e,D)
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So far only the curl of A is fixed by the relation (2.13). Thus, we are still free to
specify the divergence of A. In order to simplily the equation for A we choose

VA= —jwued (2.15)

which is known as the Lorentz condition. Our equation for A now becomes thé
inhomogeneous Helmholtz equation:

VA + kA = —pod (2.16)

If Eqs. (2.14) and (2.15) are used in Eq. (2.3c), it will be found that @
satisfies a similar equation, namely,

Vi + k2 = - & (2.17)

€y

However, the charge is not an independent source term for time-varying fields,
since it is related to the current by the continuity equation (2.3¢), and it is not
necessary to solve for the scalar potential . By using the Lorentz condition in
Eq. (2.14), we can find the electric field in terms of the vector potential A alone

by means of the relation:

VV-A

Jw g€y

(2.18)

E=—jwA+

The simplification obtained by introducing the vector potential A may be
appreciated by considering the case of a z-directed current source J = J,a, in

which case A= A,a, and A, is a solution of the scalar equation
(V24 kDA, = ~po], (2.19)

The equation satisfied by the electric field is a vector equation even when thé
current has only a single component.

2.3 RADIATION FROM A SHORT CURRENT FILAMENT

Figure 2.5 shows a short, thin filament of current located at the origin and
oriented along the z axis. For this source the vector potential has only a 2

component and is a solution of Eq. (2.19), that is,
(V' + ko)A, = —pol,

where J = I/dS and dS is the cross-sectional area of the current filament of
length dl. The volume dV = dSdl occupied by the current is of infinitesimal
size so the source lerm can be considered as located at a point. There is
spherical symmetry in the source distribution, so A, will be a function only of
the radial distance r away from the source. A, will not be a function of thé
polar angle 6 or the azimuth angle ¢ shown in Fig. 2.5. For values of r not

B 0 oy e L w
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Figure 2.5 The short current filament and the spherical coordinate system.

equal to zero, A, satisfies the equation

10, aA; '
2o T TKeA=0 (2.20)

as nht_ained by expressing the Laplace operator V* in spherical coordinates and
dropping the derivatives with respect to 8 and ¢. If we make the substitution

A, = {ir, then dA jdr = r" di/dr - r*y, and th ti i
01 T e b W e equation obtained from Eq.

d*y .-
This is a simple harmonic-motion equation with solutions C, e ™" and C, ™

v:rhcre: C and G, are constants. If we choose the first solution and restore the
time factor we obtain

p(r, 1) = C, e ot
Now k, = w/c, where ¢ = (uq€,) ' is the speed of light in free space, so
Wr, 1) = C, e @)

This is a wave solution corresponding to an outward propagating wave, since
the phase is retarded by the factor kyr and the corresponding time delay is r/c.
The other solution with the constant C, corresponds to an inward propagating
spherical wave and is not present as part of the solution for radiation from a

;::urrent element located at r = 0. Our solution for A, is how seen't8 b& of the
orm ‘ - : S gy

. A: = CI T | (223)
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In order to relate the constant C; to the source strength, we integrate both
sides of Eq. (2.19) over a small spherical volume of radius r,, We note that
VIA, = V-VA,_ so upon using the divergence theorem we obtain

I ‘E”A,dV=J V-VA,dV
Vv Vv
- % VA, - a,rlsin 0 d6 d
5

=-k§] AldV—p.[,J’ J.dV
v v

Now dV = r’sin 8 d@ dp dr and A, varies as 1/r; consequently, if we choose r,
vanishingly small the volume integral of A, which is proportional to re,
vanishes. The volume integral of J, gives J,dSdl = Idl, which is the total

source strength. Also

dA e M
VA, -a, = —== —(1+jkg)C,—5—
ar r

S0

27 m

fim j j (1 + jkyr)C, e *sin 0d6 d = ~4wC, = —poldl
ro+
¢ 0
Our final solution for the vector potential is

e = flgr

A= poldl a, (2.24)

drr

The vector potential is an outward propagating spherical wave with an am-
plitude that decreases inversely with distance. The surfaces of constant phase
or constant time delay are spheres of fixed radius r centered on the source. The
phase velocity of the wave is the speed of light ¢, or 3% 10° m/s. The distance
that corresponds to a phase change of 27 is the wavelength A, and may be
found from the relationship koA, = 27, thus

2 C c
== = 2.25
Ao ke, ol2n f ( .)

From our solution for the vector potential we can readily find the electfo:
magnetic field by using Eqs. (2.13) and (2.18). This evaluation is best dnnfl: .in
spherical coordinates, so we first express A in terms of components in spherical

coordinates by noting that (see Fig. 2.5) : .

a,=a cos @ —a,sind

L

e o SR i

—
P

— m‘:ﬂ'—.l - —a i a . s
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and consequently

_ kol dl

A - e ™ (a, cos @ — a, sin 0) (2.26)
We now use Eq. (2.13) to obtain
1 Idlsin@ jjk, 1\ _
H=—VxA= + =) e
VXA ( : rz) e M, 2.27)
and use Eq. (2.18) to obtain
VV-A
E=—joA+-
Jwito€y
jZoI dl jko 1\ _
— 20,y fkor
2k, cos H( 3 rs) e "a
jZ I dl ki jko 1 ik
- —_— T or
drk, sin ﬂ( St + ,-3) e ""a,
= E,a, + E,a, (2.28)

When r is large relative to the wavelength A,, the only important terms are
those that vary as 1/r. These terms make up the far zone, or radiation field, and
are

E-ﬁ*ur .
E = jZ,I dl k,sin 8 —a, - (2.294)
. ‘ E-.i‘lrur
H = jldlkqsin 6 - —a, (2.29b)

We note that in the far zone the radiation field has transverse components
only; that is, both E and H are perpendicular to the radius vector as well as
perpendicular to each other. The ratio of E, to H, equals the intrinsic
impedance Z,= (u /€)' of free space. This is a general feature of the
radiation field from any antenna. In vector form, one always finds that the
radiation field in the far-zone region satisfies the relations

E= "”zu‘r xH {2.3‘[](1)
H= Y xXE (2.306)

where Y, = Z;'. This spatial relationship is illustrated in Fig. 2.6. ,

We also note that both E, and H, vary as sin 8. Thus the rﬁdiﬁiéﬂ’lﬁcld is
not a spherically symmetric outward-propagating wave as was found for the
vector potential. This is also a general feature of all radiation fields—the

electromagnetic radiation field can never have complete spherical symmetry.
: b
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Source
region

Figure 2.6 Spatial relationship for the electric
and magnelic fields in the radiation zone,

The complex Poynting vector for the radiation field is

Hf
SEx H* TH“Zn(dI]’kﬁain?f?:—ﬁ---';-i (2.31)

wr

and is pure real, and directed radially outward. The radiated power p-::j un-it
area decreases as 1/r°, as expected because of the spreading out of the fiel as it
propagates radially outward. This is the inverse-square-law attenuation

behavior discussed in Chap. 1.

Before we proceed any further with the discussion of the radiation field we

return to an examination of the other terms in Er:]ﬁ. (2.27) and (2.28). Ihf:l.:e
terms, varying as 1/r* and 1/r°, will become pre.ldmmnnnt when r < A, and make
up the near-zone reactive field. It is a rrc:acr:we field helcauz-:e the pe;r-;r.lc:.-ne
magnetic and electric fields have a pure imaginary Pn_yntmg vector, in 11-::3{ ing
reactive power rather than real radiated power. If kyr is very small—so that we
can replace e ™ by unity—then the near-zone fields become

Idlsin@

H " a, (2.32a)

2
& rr

]
fdfznlccrﬁﬂ'(]+ )f",

Py — - - -
11 o A —
4

2
dmor d (2.32b)
_Sin 8 (H_l_.)a
o jkot ’

: . ) he
For k,r <1 we can also replace 1+ 1/jk,r by 1/jker. We quEE-ﬁ.I'If}lﬂ l!m(t?l_ ;
charge Q at the end of the current filament must change according to joQ =

since current is the rate of change of charge. Hence

1Z, _joQ(uye)” _ Q

jke  jo(uee)” €&

and Eq. (2.32b) becomes | T
g = Qdl (2 cos - sin;ﬂ aﬂ) [2315
T r ' r

The results given by Egs. (2.32a) and (2.32¢) can be recognized as the static

=

r—i W e e RN —— e wm

L S

L S
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field distributions from a short current filament and an electric dipole, respec-
tively,

Although the near-zone fields do not contribute to the radiated power,
they do represent a storage of electric and magnetic energy in the space
immediately surrounding the antenna and account for the reactive part of the
impedance seen looking into the antenna terminals. Thus, except for im-
pedance calculations, the near-zone fields are not of great interest.

We could obtain the complete complex Poynting vector sE x H* by using
the complete expressions for the fields. If this is done, it will be discovered that
the real part, the part that will give rise to radiated power, involves only the
radiation field and is given by our earlier expression [Eq. (2.31)].

2.4 SOME BASIC ANTENNA PARAMETERS

Radiation from a short current filament is commonly called dipole radiation.
Since a short current filament may be viewed as an elementary antenna, it has

associated with it a number of basic characteristics described by parametcers
used to characterize antennas in general. In this section we will introduce these
parameters and illustirate them using the short current filament as an example.

Radiation Pattern

The relative distribution of radiated power as a function of direction in space is
the radiation pattern of the antenna. For the elementary dipole the radiated
power varies according to sin’ 6, as Eq. (2.31) shows. The radiation pattern is
similar to the figure 8 revolved about an axis, as shown in Fig. 2.7a. It is
common practice to show planar sections of the radiation pattern instéad of the
complete three-dimensional surface. The two most important views are those
of the principal E-plane and H-plane patterns. The E-plane pattern is a view
of the radiation pattern obtained from a section containing the maximum value
of the radiated field and in which the electric field lies in the plane of the
chosen sectional view. Similarly, the H-plane pattern is a sectional view in
which the H field lies in the plane of the section, and again the section is
chosen to contain the maximum direction of radiation. The E- and H-plane
patterns for the dipole antenna are shown in Fig. 2.7b and 2.7c.

The half-power beam width is usually given for both the principal E- and

f1-plane patterns and is the angular width between points at which the radiated
power per unit area is one-halfl of the maximum. For the dipole the E-plane

half-power beam width is 90°, while the H plane does not show a half-power
beam width, since the pattern is a constant circular pattern in the H plane.

l.r

Directivity and Gain h

An antenna does not radiate uniformly in all directions. The variation of the
intensity with direction in space is described by the directivity function D(0, ¢)
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Figure 2.7 (a) Power radiation pattern for short current filament. (b) Principle E-plane pattern. (c)
Principal H-plane pattern.

for the antenna. The intensity of radiation is the power radiated per u'nit suli;:i
angle, and this is obtained by multiplying the Poynting vector flux density by r.
For the dipole we obtain

dpP, sin” @

1.2 * o =JT* 2
T =it ReExH -a =II Zo(dl) kg5

(2.33)

for the power radiated per unit solid angle. The definition of the directivity
function D(0, ¢) is

power radiated per unit solid angle
average power radiated per unit solid angle

dP/dQ  dPJdQ
= = 41]"
P j4ar P,

where P. is the total radiated power. For the dipole we can compute the total
radiatedrpnwer by integrating the Pnynting—vectnr power flux lh.mu gh a clni;d
spherical surface surrounding the dipole. This is equivalent to mtegratmg. 1:
intensity over the solid angle of a sphere; thus from Eq. (2.33),

+ 242 L2m ow gy
P =H Zy(dl) k"I [ sin’ 8 sin 8 d6 d¢ o

! 3277 o Jo ol

' . .2
since d() = sin 6 d0 dé. The integration is readily done after replacing sin” 8 by
1 —cos’ @ to give |

D(6, 4) = 036

p - I1* Z (ko dly {2:45)

’ 127
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It is now found that by using Eqs. (2.33) and (2.34)
D(0, )= 1.5sin” 8 (2.36)

The maximum directivity is 1.5 and occurs in the 8 = 7/2 plane.

The maximum directivity, which often is referred to simply as the direc-
tivity, is a measure of the ability of an antenna to concentrate the radiated
power in a given direction. For the same amount of radiated power, the dipole
produces 1.5 times the power density in the 6 = #/2 direction that an isotropic
radiator would produce. An isotropic radiator or antenna is a fictitious antenna
that radiates uniformly in all directions and is commonly used as a reference.

The gain of an antenna is defined in a manner similar to that for the
directivity, except that the total input power to the antenna rather than the

total radiated power is used as the reference. The difference is a measure of the
efliciency of the antenna; that is,

P, =P, (2.37)

where 7 is the efficiency, P, is the total input power, and P is the total

radiated power. Most antennas have an efficiency close to unity. The gain of an
antenna may be stated as follows:

ower radiated per unit solid angle
G(0, p)=drm © P g

input power
dP,/dS)
P,

n

= 4

= nD(6, 6) (2.38)

The maximum gain, or simply gain, of an antenna is a more significant
parameter in practice than the directivity, even though the two are closely
related.

The gain of an antenna is often incorporated into a parameter called the
effective isotropic radiated power, or EIRP, which is the product of the input
power and the maximum gain. Its significance is that an antenna with a gain of
10 and I W of input power is just as effective as an antenna with a gain of 2 and
an input power of 5 W. Both have the same 10 W of effective isotropic radiated
power. Thus input power can be reduced by using an antenna with a higher
gain. In later chapters we will find that the gain of an antenna is proportional to
its cross-sectional area measured in wavelengths squared. Thus, very high gain
antennas are usually found only in the microwave band, where a wavelength is
a few centimeters or less.

Radiation Resistance

The radiation resistance of an antenna is that equivalent resistance which
would dissipate the same amount of power as the antenna radiates when the
current in that resistance equals the input current at the antenna terminals. For
the dipole antenna the radiation resistance R, is found from the relation




28 ANTENNAS
JIPR, = P.. When we use Eq. (2.35) for P, we find that
Zo(ko dl)’ dl\?
g, = 2k _ gy () (2.39)

T
a G An

upon using Z,= 120m, ko= 27/A, As an example, consider dl=1m and
Ao = 300 m, corresponding to a frequency of 1 MHz. The radiation resistance
equals 0.0084 (), which is very small. Although the dipole is not a practical
antenna, the above example does illustrate the general result that the radiation
resistance of an antenna that is a small fraction of a wavelength long is very
small. Such antennas usually also exhibit a very high reactance and a very poor
efficiency, which in turn means very low gain. In small antennas most of the
input power is dissipated in ohmic losses instead of being radiated. An efficient
antenna must be comparable to a wavelength in size. It is for this reason that

antennas al low frequencies are of necessity simple structures such as the very
high towers used in the radio broadcast band 500 to 1500 kHz, where the

wavelength ranges from 600 down to 200 m.

2.5 RADIATION FROM A SMALL CURRENT LOOP

Figure 2.8 shows a small current loop of radius r,, area wr}, and with a current
I The axis of the loop is oriented in the z direction. For ry <44 the loop may
be treated as a point source. A small loop of current is called a magnetic dipole,
and its magnetic dipole moment equals the product of the area with the

current; thus
M= mrila, (2.40)

T

Figure 2.8 A small current loop if
the xy plane.
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The field ra::liat:ed by a small magnetic dipole is the dual of that radiated by a
small e!ec}rn::ddlpule, i.e., the short current filament. The roles of electric and
magnetic fields are interchanged so the radiati
e ooty ton field has an E; and an H,
. With re[e:rence' to Fig. g.B, consider the current filament at ¢', which has
€ vector orientation —a, sin ¢’ +a, cos ¢’ = a,. The contribution of the cur-
rent filament of strength Ir, d¢’ to the total vector potential may be found b
using the i:undamental solution [Eq. (2.24)] derived earlier. Thus frnn}:
Ir,dp’(—a, sin ¢’ + a, cos ¢') we obtain a contribution given by

frolry d’
4R

where R = ['EI ~ To €S ¢'Y + (y — rysin ¢') + 27]'. The total vector potential is
obtained by integrating over the current loop; thus

olry I ek
47 J3 R

This mtt:gra'l is difficult to evaluate unless we make certain approximations in
the expression for R. We are primarily interested in the far-zone radiat‘inn
field, so we can assume that r > r,. We have already assumed that r, < A,, so
knrﬂ-:fl. By imposing the above conditions we can replace R by I]1" inn’tﬁe
amplitude factor 1/R. With reference to a spherical coordinate system x =

rsin @cos ¢, y=rsin@sing, and rl= x?+ y> + 22
co ' ’ =x"+ y"+ z°, so the expression
be rewritten in the form pression for R can

(—a,sin¢'+a, cos ¢) e R

A=

(—a,sing’+a cos¢’)de’ (2.41)

R = {7’ + ry— 2rmysin 0(cos & cos &’ + sin  sin ¢)]"”

We now drop r? relativ 2 C
0 e to r° and use the binomial expansi 112
1 + /2 for |u| <€ 1 to obtain pansion (1 +u)™~

R =r—r,sin 8(cos ¢ cos ¢’ + sin ¢ sin ¢)

In the exponential function e we will have a term involving kor, when we
Substltt.!lt qur-aqpmxtmate expression for R. But kyr, <1, so we can use the
approximation e“ = 1 + u for |u| < 1 to obtain the following simplified form:

—jk - : .
e /" ~ e [1 + jkory sin B(cos ¢ cos ' + sin ¢ sin ¢)]

By using these approximations the integral [Eq. (2.41)] for A becomes

oy (7 .
A= AR © ‘"‘“’J; (—a,sind’"+a, cos ¢')

X [1+ jkorysin @{cos ¢ cos ¢’ + sin ¢ sin ) d&h' :

The only tc.rms t'hat do not integrate to zero are the cos’ ¢’ and sin’ @' terms
both of which give a factor of 7. Hence the final expression for ‘the vectm‘*
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botential becomes frequencies atmospheric noise is often the 'llmltlf‘lg factor, so a more efficient
| , | antenna does not necessarily give better reception. Of course, a small loop
A= jk“p“{fr"”qin PR (2.42) E antenna would not be used for transmitting purposes unless very short dis-
- ¢ i tances were involved and the poor gain could be tolerated. The gain of a small
_ . loop antenna is very low because the ohmic resistance of the wire is generall
where we have also put —a, sin ¢ +a, cos ¢ = a,. o mucl . : y
* : , , : 5 1 greater than the radiation resistance.
We can find the magnetic intensity H by using Eq. (2.13), which gives | B
| 1 VXA L9 AL)
=—V¥VXA=———(r a b ' n
H=" o ar (e | 2.6 RADIATION FROM ARBITRARY CURRENT DISTRIBUTIONS
2. ‘ : . '
o f}ikﬂmnﬂp_ﬁwa (2.43) i In this section we will present some useful formulas for calculating the
Ao - - : far-zone radiation field from an arbitrary distribution of current. Consider a

volume V with a current distribution J(r'), as shown in Fig. 2.9. T}
| _ S S . £.4. The current
where M = #r2I and is the dipole moment of the small current loop. In the ) ;

_ _ | element J(r') dV’ will contribute an amount
radiation zone the electric field is related to H by the simple expression (2.30a), |
a E ¢ F
which gives ; ’E’P‘J(r) dv g~ FkoR
2. | 4R
£ -7 x = koS00 i, (2.44) |
) 0@, b to the total vector potential where R = |[r—r'|. In the far-zone region |r|> |r|

for all r" in V. Thus all rays from the various current elements to the far-zone

field point can be considered to be parallel to each other, as shown in Fig. 2.9
Thus a useful approximation for R is

dqrr

These expressions show that the role of the electric and magnetic fields for
magnetic dipole radiation have been interchanged from their role in electric
dipole radiation. However, the radiation pattern and directivity have not

e R rr—

changed. R=r—a, -r (2.47)
I'he total radiated power is given by ' We can replace R by r in the amplitude term for the vector potential, since this
2 o 1' has a negligible effect on the amplitude of each elementary contribution when
P = 1? Re J E,H ';rz sin 0. dO d¢ f r=r'. Hence in the far zone we obtain
' M I I ~ fknr
VAT A(r) = o€ ™" f J(&) e T dv (2.48)
= —:ﬂi -"J J sin” 0 sin 0 d dd { dmr ), |
Iﬁﬂ- ! i if! ——— . .
Sy ;‘ I'his equation superimposes the effects of each current element and takes into
_ M Zyke (2.45)
12
The radiation resistance of the loop may be found by equating IR, to P, ,
After simplification we find that h
4 |
. r
R, = 32“7;’5( 'E) (2.46)
0

As an example, consider a loop with ry=10cm at | MHz. For this loop,
R,=380x107"Q.

It is obvious that a small loop antenna is a very poor radiator. If N turns of
wire are vsed, the radiation resistance is increased by a factor of N?. Small loop
antennas are often used as receiving antennas for portable radios. Although d=r_Rer -4 X
they are very inefficient, they do give an acceptable performance because of the "

, ' Fi . i et rihrt
large available signal level. In a later chapter we will find that at low l gure 2.9 An arbitrary distribution of current.

e ——
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gle or path=|ength phase delay of each con-

tribution. Since the current elements do not, 1n general, contribute in phase,
interference effects are produced that may be exploited to control the shape of
the radiation pattern. In the next chapter we will examine the use of such

interference effects to produce high-gain directive radiation beams.
We can find the fields E and H from Eq. (2.48) by using the relations (2.13)

and (2.18). When only the terms varying as 1/r are retained, it is found that

H(r)=jkﬂz o " J [a, - J(r)a, - J(r)] ™" dV' (2.49a)

Amr

account the relative phase an

H= Y, xE (2.49b)

The form of the integrand in this expression shows that in a given direction, as

specified by the unit vector a,, it is only the current perpendicular to a, that
contributes to the radiation field. The reason for this is that the radiation ficld

along the axis of a current element is zero.
When the current is a line current I along a contour C, then Eq. (2.49a)

can be expressed in the form

ko Zy € .
E(r) = 0t I [(a, - a)a, — alI (I") " dlI (2.50)
L

drr

where a is a unit vector along C in the direction of the current.
From Eqs. (2.49a) and (2.50) we see that the electric field has the form

: LI
jkoZoe
E(r) = ————— (6, ¢) (2.51)
47rr
where (0, ¢), which is given by the integral, describes the radiation amplitude
pattern or the angular dependence of the radiation distribution in space. The
other factor ¢ ™ /dar is the outward-propagating spherical wave function.

2.7 HALF-WAVE DIPOLE ANTENNAS

One of the simplest practical antennas is the half-wave dipole antenna shown in
Fig. 2.10. Tt is usually fed from a two-wire transmission line. Each arm of the
antenna is very nearly one-quarter wavelength long. It has been found both
theoretically and experimentally that the current distribution on a thin half-
wave dipole antenna is closely approximated by a sinusoidal standing wave of

the form

A A
[ =1 coskyz ——<z=- (2.52)

The current is, of necessity, zero at the ends where z = +A,/4. We can find the
far-zone radiated field from the half-wave dipole antenna by using Eq. (2.50),

given in the previous section.

;
— o+ iy e - e
S —— e T
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Y

—Current [y cos kg2

Figure 2.10 The half-wave dipole antenna.

With reference to Fig. 2.10, it is seen that the unit vector a=a, r

and a, -a, = cos 0. Hence Eq. (2.50) gives

E = jkoloZo o ot r jkgz"cos @
=T € (a, cos 8 — a,)cos kyz' e’ dz’
- Ap/d

= 7'A

A

We now note that a, =a, cos 6 —a,sin 0, so a cos f# —a, = agsin 6. Thus we

find that

E=E,a,
. -’!nlr" ﬁ' Il _.k r
_ IREIIIJ 0 jhgr . e’ + e I b o f
= —————¢ ""a,simf — el 0t =t da’
4 A 2
T
, cos| —cos
II"ZU — fkqar
— —— E‘ ; S “ﬂ
27r sin A

The magnetic field is given by Eq. (2.49b) and is

rii
cns(— COS f}‘)
2

The power flux per unit area is given by

'Re Ex H* -a, = 3E,H

2
, cns(z cos H)
_H'Zy 2

- 3 3t .
Br sin 6

(2.53)

(2.54)

(2.55)
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The total radiated power is obtained by integrating this expression over the
surface of a sphere of radius r; thus

1T 2
cns(— cos @

2w w
J sin 8 d0 d¢ (2.56)
M

sin &

P :E‘?‘?]
ST S

This integral can be evaluated in terms of the cosine integralf

_ “cos u
Cix=- du
u

X

The values of this integral are tabulated. The result of carrying out the
integration is
P, = 36.565|1,) (2.57)

When we equate this expression to s|I*R,, we find that the radiation resistance
of the half-wave dipole is 2 X 36.56, or 73.13 Q. The transmission line that feeds
the half-wave dipole should have a characteristic impedance of 73.14 2 for
maximum power transfer.

The directivity function for the half-wave dipole is obtained by using Eq.
(2.55) multiplied by r* and Eq. (2.57) in the defining relation (2.34) and is

cos(/2 cos 8)71°

D(6, ¢) = 1.64{ (2.58)

sin

The maximum directivity is 1.64, which is only a modest increase over the value
of 1.5 for the short current filament. The radiation pattern in the E plane is
shown in Fig. 2.11. The half-power beam width is 78°, which is only a small
amount less than the 90° for the short current filament. The most important
difference between the short electric dipole and the half-wave dipole antenna is
that the latter has a radiation resistance of 73.13 (1, which is much larger than
the ohmic resistance would be for most practical antenna structures. Thus the

Figure 2.11 Principal E-plane radiation pat-
tern for a half-wavelength dipole antenna.

t See 1. A. Stratton, Electromagnetic Theory, McGraw-Hill Book Company, New York, 1941,

Sec. B.7.
t E. Jahnke and F. Emde, Tables of Functions, Dover Publications, New York, 1945,

—
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gain is also very nearly equal to 1.64. It also turns out that when the dipole is a
half-wavelength long (actually a few percent less) the input reactance is zero, so
the input impedance is essentially equal to the radiation resistance.

2.8 ANTENNA IMPEDANCE: EXPERIMENTAL

The impedance seen looking into the terminals of an antenna is an important
parameter that needs to be known in order to design a network that will
provide a conjugate impedance match to the transmission line. The latter is
necessary in order to obtain maximum power transfer from the source genera-
tor to the antenna. Ideally the input impedance should be a constant resistance
equal to the radiation resistance, in which case the antenna can be connected
directly to a transmission line with a characteristic impedance Z_ equal to the
radiation resistance. This ideal condition is essentially achieved for the
resonant half-wave dipole antenna over a band width of a few percent.

Let the antenna impedance be Z, and let the antenna be coupled to a
signal source by means of a transmission line with characteristic impedance Z,.
as shown in Fig. 2.12. At the antenna terminals a reflection coeflicient I' given

by

["= Z"-_Z{ 7 5t
Zﬂ +- Zt ( " }]

is produced. This mismatch results in a partial standing wave on the trans-
mission line, with a voltage standing wave ratio (VSWR) given by
1+l

vg“‘rR = I—”_i {Z_GH}

Figure 2.12 A half-wave dipole antenna coupled to a transmission
[ | line.
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The impedance match is usually considered acceptable .if th{:“‘sfSWR is less than
| 5 A VSWR of 1.5 corresponds to a reflection coeflicient 11| of 0.2 or a power
reflection coefficient of 0.04, or 4 percent, which is acceptable. | ‘

The calculation of antenna impedance 1s difficult because it requires
accurate expressions for the current excited on the antenna and .lhe re?‘.ultant
near-zone reactive fields. The radiation resistance can be found quite easily and
‘<« not a sensitive function of the current distribution. However, an ﬂc?curalf;
evaluation of the reactive component does require an accurate expression for
the current distribution. In the next section the theoretical evaluation of the
antenna impedance is outlined. o

The antenna impedance is related to the radiated power, dissipated power,
and stored reactive energy in the following way:{

Pt Pt 2oy - W (2.61)

a sIad %

where P, is the radiated power, P, is the power dissipated in ohmic lnssc:ﬁ, W,
is the average magnetic energy, W, is the average electric energy stored in the
near-zone reactive field, and I, 1s the input current at the antenna terminals.
When the stored magnetic and electric energy are equal, a condition of
resonance exists, and the reactive part of Z, vanishes. For a thin dipole
antenna this occurs when the antenna length is close to a multiple of a half

wavelength. | | o |
We can calculate the ohmic resistance by finding the power dissipated in

the skin-effect resistance using the results given in Sec. 2.1. Consider a
half-wave dipole made of a copper rod with radius r,. The total current on the
antenna is I, cos k,z, so the surface current density is (1,/27r,) cos kyz. The
power dissipated is given by (we assume that I, is real)

I. \2cos® kaz
(__“) = 0 dz

27T, od

2o Apld

szfi‘J- F‘ndrﬁ[
0 - Apld

Ao T\ 1 2
e | ——} — =3IR
<™y 8 (2 rrrﬁ) rd, ’

T

Fult] wem

Thus the ohmic resistance R is given by

(2.62)

As an example, let r,=0.5cm and let A,=3m (100 MHz). The skin depth i.'i'l
copper at 100 MHz is 8, = 6.6 X 10" m. We then find that R = 0.062 Q, which is
negligible relative to the radiation resistance of 73.13 ). If the current on the
antenna were uniform, the ohmic resistance would be [/(277r08,) =
A /(4 7r,08,), according to Example 2.1. The reason Eq. (2.62) is a factor of 3

t See, for example, Collin, op. ¢it., Sec. 4.2,

ey =T W = =
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less is due to the cosinusoidal current variation. The average value of cos’ k,z
reduces the dissipation by this factor of ; and hence makes the effective ohmic
resistance also less by this same amount.

The general behavior of the input impedance of a dipole antenna of total
length [ made from a cylindrical rod of diameter d is shown in Figs. 2.13 and

2.14. These curves are based on actual measurements carried out by Brown and
Woodward.t

It is seen that when [fA,=0.48 the reactance is zero. This is the first
resonant length and is the length at which R, =73 (1. At resonance there are
equal amounts of reactive energy stored in the near-zone electric and magnetic
fields, that is, W, = W _. Another resonance occurs at [/A, in the range 0.8 to
0.9. At this point the radiation resistance is large because the current at the
feed point is very small, since the current standing wave on the antenna now
has a minimum instead of a maximum at the input terminals. If the antenna is

1600
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Figure 2.13 Input resistance of dipole antenna.

B

F'G. H. Brown, and O. M. Woodward, Jr., “Experimentally Determined Impedance Charac-
teristics of Cylindrical Antennas,” Proc. IRE, vol. 33, 1945, pp. 257-262.
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0.25 0.5 0.75 1.0 .25 1 Fig. 2.15a. It consists of a circular rod of rad re 1s shown in
A ' ‘ rod of radius a and | -
[ 0 - - . ) ength 2[, =
a=* antenna is excited by a uniform applied electric field of str Hl'th cti b The
200} Eng ¢ acting over
) ) N
400}
coof- " 20
=21,
RO0— e |
.E..a:- f E 'I.rrr —— I
400 i . m
ool- %
Figure 2.14 Input reactance of dipole antenna,
made thinner, this second resonance point moves closer to l/A,= 1, and the
radiation resistance can reach values of several thousand ohms. For a thicker L
. ) . . e e
antenna the reactance and resistance are morc nearly uniform, with changes n ol 94 e S’
i/ A,. a feature which is desirable if the antenna is to be operated over a band of @
. . s . . i
frequencies, Additional resonances occur with each increase in [ by Ay/2. Note (c)
. I . -
also that an antenna with /A, much less than ; has a very small radiation
resistance and a large capacitive reactance. The antenna can be tuned to 2
resonance with an inductor at the feed point, but the additional ohmic loss in \J
the inductor reduces the efficiency. The bandwidth is also reduced whenever + % ——=
the antenna has a large input reactance that must be tuned out. . ] lE e
) ; ‘ . " . . . r
It should be kept in mind that the input impedance is influenced in a fnd z
nonnegligible way by the capacitance associated with the physical junction - <
where the transmission line is connected to the antenna. The structure used to - \
support the antenna, if any, will also influence the input impedance. Con- . )
sequently, the curves given in Figs. 2.13 and 2.14 should be viewed as
representative of typical behavior only. Figure 2.15 (a) Dipole antenna w

- . ith applied i . Dy
Simple circuit used to explain anten ,-,I:;F":mﬂ?;:ctnc field E, over a small circular band of length b. (b)

“magnetic™ current. (c) Excitation of dipole antenna by a small loop of

2.9 ANTENNA IMPEDANCE: THEORETICAL _CUNSIDERATIUNS

. tR. W. P. King. Th ;
The theoretical calculation of antenna impedance has heen studied by many 1956, S. A. RcheTkugr;an Tli L.:;tﬂfr Antennas, Harvard University Press, Cambtidge, Mass
: ced Antenna Theo i ;

authors, and a large number of specialized papers and several books deal : t Various dipole antenna models are discussed 7y, John Wiley & Sons, Inc., New York, 1952
: : - scussed in App. I1I

.
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a centered circular band of length b along the antenna axis. The radius a is
assumed to be very small relative to the wavelength A, and the length [, Under
these conditions the near-zone field. and in particular the field at the surface of
the rod. can be found with sufficient accuracy by replacing the circumferentially
uniform current on the rod by a line current of equal total strength located at
the center of the rod. There are, however, fundamental limitations associated
with this assumption, and these are discussed later on. The current is an
unknown quantity and is to be found such that the resultant tangential electric
feld cancels the applied field over the band of length b and equals zero along
the rest of the surface of the perfectly conducting rod. The general nature of
this model may be understood by considering the system shown in Fig. 2.15b.

The system shown in Fig. 2 15b consists of a thin, flat, perfectly conducting
plate to which an electric circuit with impedance Z is connected. A uniform
electric field E,a, is applied to the plate. This will cause a charge displacement
along the plate and a current I, to flow. The charge displacement and current
will produce an induced electric field (scattered field) that will cancel the
applied field on the surface of the plate, since the total tangential electric field
must be zero. The voltage acting across Z equals I,Z and is also given by the
line integral of the applied feld taken from the bottom to the top of the plate,
that is, by Ejp= V. The circuit impedance equals V. /1, The action of the
assumed applied field acting on the dipole antenna is similar. Even though this
i« not a practical way to excite the antenna, it is. nevertheless, a useful model
for impedance calculations, The length b of the band over which the applied
field acts is not critical as long as it is short relative to the antenna length. Later
on in the analysis it will be convenient to make the bandlength b vanishingly
small. The capacitive effects associated with the transmission line-dipole junc-
tion in a real antenna system is nol dealt with when using the above model.
This means that the theoretical values computed for the antenna impedance
will not necessarily agree with measured values. In practice it is found that the
mathematical model leads to impedance values that are surprisingly close to
typical measured values. The mathematical model gives the impedance of the
dipole antenna itself, while measured values include the effects of the input
region circuit.

A somewhat different model for the dipole antenna excitation is shown in
Fig. 2.15¢. In this model the antenna is driven by a small “magnetic’ current
loop either in the form of a band of length b or a disk of radius b. In either case
the impressed electric field is highly peaked near the loop but does extend to
some exient along the antenna. However, this has a rather small effect on the
computed value of impedance, SO W€ will discuss only the simpler model.

The steps involved in calculating the input impedance are as follows: :
1 Assume an unknown current distribution I(z"), with I(0) being the value of

[(z'yat z' =0, that is, at the input, and with J(z") equal to zero at z = *1,.
7 Find the z component of the vector potential and electric field in terms of

I(z").
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3. Impose the boundary conditions

z o | 2 < i~ 5 F =
::[] E*ﬂ:lz'{fn F=
on the electric field a
nd solve t :
unknown current I(z") he resultant integral equation for the
4. The applied vol
_ € tage that excite: ;
impedance is given by > the antenna s Yy = Egb and the input
1)
1(0)
The formal solution f
- or the vector '
. L potential A _(x, v
I(;:l}l[;ctpﬂgjlllnn of the contribution from car:I:{ -:LJ;’ ") iy be found from
z" using Eq. (2.24), and is rent-filament - element
o - fkn R
f“l. X ! = ﬂ €
z( -}‘3) 4 J — I(E'}d:{'
I 1 mJ, R (2.63)
where R = [r" + (z - 2-]:}”2 a ,
o nd r is the cvlindri ., :
The z component of the electric field is ;u:::;:fil radial coordinate (x” + y?)'?
E: = —fmAI + 1 EEA; . 1 3 5:!
. | }rﬂfﬁﬂn ﬂzz ;Im'EmU"n (k" + E;E)A: {Zﬁ‘i}
1e integral equation for J(z') i i
, . s obtained ine F ,
and imposing the boundary conditions on E.: JHI:IEIHR Eq. (2.63) in Eq. (2.64)
i’ PEI ¢ R | ~Jwegk, - Et—; 7 {:E
( "+E;)f I(z') -dz' = 2 2
1 47R b (2.65)
0 -
5= |z| < Iy

where R is set equal t 2
. 5 ¢ ﬂ'[ﬂ +{z_z-}lllfzﬂ th
equation was fi ; = on the surface of the rod. This i
equation was imrsl Idcrwed by Pocklington in 1897. A :Itndiﬁcatizlﬂlni‘egrftl
m“nﬁrical-c};m rnc.uced h}r Hallén in 1938 and is simpler to deal w'T: 'I:‘jII s
putation point of view. Hallén’s ir“cng[ o ¥ tth from a
~ , quation

first solving the differential equation is derived by
2 ) _ '"fmfn#nﬁf - E < 7 < ?_
dz? + k")AI = Jwegp 2, = { 2 2.
(2.66)
0 —<|z] < l
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When b is very small, and in particular as b tends to zero, we can express the
applied electric field as a voltage pulse across a band of infinitesimal length;

thus let

lim bE, = V, (2.67a)
b0
and let
E, = V,5(z) (2.67b)
where 8(z) is the Dirac delta function, which has the properties that
8(z)=10 z#0 (2.68a)
[ sGnde=1 (2.68b)

The delta function used here is the same as that used in circuit theory, except

the argument is z instead of the time . -
With the above idealization to a band of infinitesimal length the vector

potential A, is a solution of the homogeneous equation
d’ ,
(—-r'r k,,)A, 0  z#0 (2.69a)
dz
for all z not equal to zero. In order that at z = 0 we get

d’ _
(5734 K3)A, = ~joeanoV,3(2) (2.69b)
the potential A, must be continuous, and the first derivative of A, namely,
dA,ldz, should have a step change of amount —jwepV, at z =0, so lh?t the
second derivative will have an impulse of the same strength. The behavior of

A, in the vicinity of z = 0 is shown in Fig. 2.16. | |
The general solution to the homogeneous equation over the interval

_ Al
A, dA, d ."II_
dr dz?
Impulse
,d= continuousat z=0
/\ .'1
~fuwegg Vy
! - - 7
=0 z
z 1 7

Figure 2.16 Behavior of the vector potential function A, in the vicinity of the input region of the
antenna.

F =L
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A, =C,cos kyz + C,sin k,z z <)

Sy

= Cyc0s kgz + C,sin kyz z>10

where C| through C, are constants. In order that A, will be continuous at z = 0

we require that C, = C,. The derivative of A, evaluated between z =0 and
z=0_1s l

dAI o k N
dz |, = koCy— ko Cy = ~Jwegity V,
Since the antenna is symmetrical about z = 0, both A, and E, will be even
. ! J:
functions of z; hence C,= —C, and then we find that

) (L o € '
C _/ ‘”"L.F_’V /

"2 Ekn B E ol V_g

upon using wpge, = koYouo. The solution for A, along the antenna surface is
thus

] . .
A, = -3 altg V, sin ko|z| + C| cos k,z (2.70)

where C| is still an unknown constant.

Hallén's integral equation is now obtained by expressing A, in terms of the
current I(z') and is

I In E-ﬁ:nﬁ I
E[h f(z]--uR dz’ = - 7 YoV, sin kolz| + C cos koz (2.71)

, — [ 42 "2 - : .
where R ={a"+ (z — z')]"" and C = C/u,. The solution to Eq. (2.71) may be
found numerically using the method of moments, for which there are several

variations.T The constant C must be determined so that I(z) will equal zero at
the ends of the antenna, that is, at z = +/_

The relationship between Pocklington’s and Hallén's equations may be
established in a more definitive way. We can express Eq. (2.65) in the form

2

i
( ;4' EEE)O[E} = Jwe E, (2.72)

where

fnefkﬂﬁ'
z) = I(z')dz'
Q(2) fﬁndﬂﬁ. () dz

The equation for Q(z) may be solved by first solving the Green’s function

tSee R. F. Harrington, Field Computation by Moment Methods, available from Krieger
Publishing Company, Inc., Melbourne, Fla.
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prn.h'rem ¥

(kl + —aj-)f][z. 2}y =—8(z — z") (2.73)
9z’

“When G is known we can find Q(z)

. : t 2
which is the field from a point source 2 G and Ba. (2.73) by O and subtract

as follows: We first multiply Eq. (2.72) by
the two equations to obtain

? ’ a G
ﬂ_g_ 'G H(IQ O—'—)

0z az

— e

g 9z’ Az’ N az
= jMEnE!G + Qé(z - 2"
—1, to Iy, thus

' ' ' e over z' from
We now interchange z and z and integrat

i

]
J{i@ﬁloﬁﬂ@emw[awmwgm:
ty 0z’ dz’ dz' o
In
+—f 0(2)5(z - 2) dz
-'n
This expression reduces 10 the following:
’ 9Q ﬂj) C e
Q(z) = —jweg J E (z)G(z',z)dz"+ (G P Q ) I

_fn

' ition 1 al plus
The solution for Q is seen 1O be given by a superposition integral p

boundary terms.
A solution for G may be found by

the derivation of Hallén's equation. G nuljﬁt & OO i
when z # z', must be continuous at z = 7, and must ha .

derivative at z = ' that 1s,

using an approach similar to that used in

<atisfy the homogeneous equation
f ous first

aG\ " _ |
Jz -

' —z i these properties we
This will make 32G/laz’ behave like —8(z — 2 ). In view of these prop
ible; see Prob. 2.11)

choose (other forms are possl

G = C,sin kolz - z'|

We now require

ig =" Zkﬂ{’:l o |
0zl ,. i
boundary conditions for G 10 be specified at

i tion to Eq. (2.73) requires C _
O e need to find one particular solution for

e lext we only

G.
For the purpose of discussion in th

z =%l

e, e g g
_

—r—
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Hence a solution for the Green's function is

sin kﬂlz -— E’t
2k,

Ol 2)=- (2.75)

When we apply the boundary condition E, = - V.o(z) we find, from Eq.
(2.74), that
I aQ(z") . o
- sin kolz' — z|
ko

_i'n

Jwey, Voo
Q(z)= - _ﬁ:ﬁ sin ko|z| - >

In

: d
t E_i‘:'_ﬂ Q(z )E;sm kolz' - 2|

- In
Since I(z') is assumed to be an even function of 2', the vector potential Q(z")
will be an even function and 3Q/dz’ will be an odd function of z'. By using
these symmetry properties and replacing wey/k, by Y, we obtain

e ™" Y,V
AR I(z')dz" = -—";—E sin kg z|

Q(2) = J_T

1 aQ(z’
+ Q(l) cos kgl cos kyz — — - Q{:? )| sin kol cos k,z
'Il{“ r?.E' Ia

(2.?!‘3}

This is Hallén's integral equation and shows that the constant C which occurs
in Eq. (2.71) is given by

1
C = Q(l,) cos k,l, - . Q'(1,) sin k,l,
0
where Q' means dQ/dz'. When the dipole antenna is A2 long, kyl, = /2 and
C depends only on Q'({;). For an antenna A, long, C depends only on Q(l,).
When the applied field acts over a finite length b the first term on the
right-hand side of Eq. (2.76) becomes

Y,V b Y,V :
—j 28 (1 — COS k“icm kﬁz) ~—j -2 & kﬁ(sl + EI) lz|=b

feob b O\ 4
YV, sin ky(bl2)
2 k) Sl =

and comes from the integration of the product of the applied field with the
Green’s function. : tl

Hallén's integral equation as given above actually gives the vector potential
on the surface r = a due to a filament of current on the z axis and extending
from —[; to l,. The electric field derived from this potential will be continuous
with continuous derivatives and zero divergence everywhere on the surface
r=a. We therefore cannot make this radiated field cancel an arbitrary im-
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pressed field on the surface r = a. At the ends of the antenna where z = *lo, ELECTROMAGNETIC RADIATION 47

r = a, the field from the line source will be finite. However, it is a well-known
fact that the electric field normal to the surface must become infinite at the
edge. As a result of these required edge conditions, it follows that the
approximate integral equation cannot have an exact solution.

The exact integral equation has the same form as the approximate integral
equation does, except that the integration over the current distribution is taken
over the actual surface of the antenna (see Prob. 2.13). For the exact integral
equation the antenna input current will increase logarithmically if the applied
field is approximated by a delta function. If the applied field extends over a
finite band the input current remains finite.

In spite of these limitations it turns out that approximate solutions to the
approximate integral equation give results thal are in close agreement with
measured data. The reasons for this somewhat unusual situation are explained

| !
: i (1)
more fully in Sec. 2.12. In that section it will be shown that for thin antennas s \_—1_'—\_’;_

with I/a greater than 50 the approximate integral equation will yield good

=i P, s -
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. iy
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>
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e
- ar.
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l.:"

R e s
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results, provided the current can be adequately approximated by a finite I
Fourier series of no more than 25 to 30 terms. Fortunately this turns out to be ' - ' | 1
_ , . h 2h 3
adequate. For thick antennas with ly/a less than about 10, the approximate _ > [ I
solutions to the approximate integral equation become unsatisfactory, but there . Figure 2.17 (a) R :
is a way to correct these solutions, as explained in Sec. 2.12. ’ functions ectangular pulse basis functions. (5) Approximation of I(u) by a series of
: res of pulse

As a preliminary step to obtaining an approximate numerical solution of ;
Hallén's equation we will present some relevant material pertaining to the
method-of-moments technique ; :

II'H
\ Py
2.10 METHOD OF MOMENTS} -
; 2h o : .
(a) “

1’# ':’1 ':"1

-

A typical integral equation that occurs in practice (a Fredholm equation of the .
first kind) and that may be solved numerically by the method of moments is :

! ;
[ G )l (') du’ = [ (i) 2.77) ; - AR
0 i
§

where G(u, u') is a known kernel, or Green's function, f(u) is a known
function, and I'(u) is the unknown function to be determined. The first step is Iu)
to choose a sct of basis functions in which to expand I(u’). These may be, for
example, the Fourier series sine and cosine functions, the unit height-pulse
functions shown in Fig. 2.17a, or the overlapping triangular functions shown in
Fig. 2.18a. We will let & _(u) denote the nth basis function and approximate

|
P T T N N W S S Y T
= L i
t Early work on the method of moments was carried out by N. M. Krylov in the p:ri:;a » ! ‘
10251926, See L. V. Kantorovich and V. 1. Krylov. Approximate Methods of Higher Analysis, Figure 2.18 (a) }
i i : : ! : . a) Triangu . .
Interscience Publishers, Inc., New York, 1958. ! - functions. gular basis functions. (b) Approximation

of I(u) by a series of triangular
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I(u) by the expansion

N
I(“!'} — E j"{b“{l{r]

where I are unknown amplitude constants o be ci:?tﬂrr?11r1fid- ,}ET}EL :u;:i}:;;z
the plllﬁ:‘: functions shown in Fig. 2.17a the Hthx!mm!?'n ? ) h;n{;ti{}nﬁ e
approximation, as shown in Fig. 2.17b. I t-hﬂ TN ;;rh::::;I sample F-*ﬁh]lﬂ
used. the approximation is linear interpﬂ]m"{'“ ”f_ I{uz}lﬂi The Li(atler gives a
represented by the coeflicients I, 31;'5]'.{}*-"-*'1 " hgl f;curéu: fewer terms arc
«moother approximation, and for a given nu:lnaruid a o 1{1]:;-:; o ions are
needed using triangular basis le‘iC['i(‘..lIIS than if rmtnt}g'i' i(n Pﬂéﬁm also exist.t
used. Many other sets of h:asi:‘a functions tha:ﬁa;?”t;!i ;icmtgd‘hy e mumerical
e "““"I":;;fiTf{:":‘;‘:ﬁﬁ:“;:{;"dt;z;x?z“;:'E:; the cost of computing as low as

accuracy
P“-“S:;I};n the expansion for I(w) 1s substituted into the integral equation we
obtain
N | ;
> 1, J G, u)d, (u) du’ = (1)
=1 0 .
=Y 1,G, () (2.78)
A=
where

G (u)= J Glu, u )P, (1) du’

0

The latter integral can be viewed as the mnmmg .
The integral equation [Eq. (2.77)] has been
equation [Eq. (2.78)], and for a
equal f(u) only in an apprc:-mmate se
coefficients I, such that Eq. (2.78) will
+re N unknown constants I, so a system of
will allow these unknown cons
equate both sides of Eq. (2.78)
spaced by increments of h = /(N -
system of equaltions below:

N N

of G(u, u") with respect to b,
approximated by a new
finite N, the left-hand side of Eq. (2.78) can
1se. The objective now 1s to choose the
be satisfied as closely as possible. There
N equations must be nhmined.that
tants to be determined. One procedure is 1O
.t N different values of u, usually .n:-.qually
- 1). This point-matching procedure gives the

= —~ 19
> Gl = >, 1,G (mh)= f(mh)=f, m=0,12...,N-1 d )

"71 ne=

. ' ical Chebyshe
+ When the basis and testing functions are powers of u, the integrals are the classica Y -

nents. This appears 1o be the origin for the name method of momenis.
mof 5.

v
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where G, = G,(mh). In matrix form we can write

[Grnll1.]) =[] (2.80a)

and

[1.]=[G,.]"'[f..] (2.80b)

- -] = - 3 .
where [G,,]7" is the inverse matrix. There are standard computer programs

that will solve a linear system, so the solution of Eq. (2.80b) for the I. can be
readily carried out. "

| In the general method-of-moments procedure a set of N testing or weight-
ing functions, say, ¢ _(u), m=1,2,... N are chosen and Eq. (2.78) is multi-

plied by these in turn and integrated from 0 to 1. This procedure gives the
system of equations:

N
z Gmnjﬂ = ﬁn

row

m=12,....N (2.81)

where now

' I
G, = I b, (u)G, (1) du = J J o, ()G (u, u'yb, (1) du’ du
L1 ' 0 -0
1

fm “:j b, ()f (1) du

I'he above procedure is also called the method of weighted residuals since the
residual error

N
|3 1,6, - f(w)]
n=1]

ts weighted by ¢, (u), integrated, and equated to zero. The point-matching
method corresponds to using delta functions &(u — mlh) as testing (weighting)
functions. When the ¢, are the same functions as the ® . the method is called
Galerkin's method.

The method-of-moments procedure outlined above may be given a
geometrical interpretation that provides a useful insight to the problem. The
function f(u) can be thought of as a vector in an infinite dimensional vector
space and the i, (u) can be viewed as analogous to unit vectors in this space.

The vector components of f(u) are then the projections along the unit vectors
V. (1), the mth component being given by

[ = f [, (1) du

The i, (u) can always be normalized such that

1
J 02 () du = 1
i




S0 ANTENNAS

and thereby made to correspond to unit hasis vectors. When the i, are an
orthogonal set of functions, that is,

J o, (1), (1) du =0 n# m

they correspond to a sct of orthogonal or mutually pcrp:::ndicular unit vecllntr!;
In order to represent f(u) exactly we musl find all of its components, whic
generally requires an infinite number of the functu.:*ms (a cc:mplctc set).
When a finite number of the ¢, are used such that f(u) is approximated by

N
f)= 3 futhn 20
m=1
it is equivalent to finding the projection n.[ the vector f onto an N dimf:m}:r:ma!
subspace spanned by the N functions (unit vectors) i, (u), m=1,2, .. s N,
The method of moments can now be seen (O correspond to ﬁndmg the
projections of the vector f(u) and the vectors I G, (u) onto a ﬁl‘lllh.'i N*duna..e:n-
sional subspace and adjusting the lengths of the I,G,(u) vectors, 1.., Choosing
the I so that the projected components are equal. When the lf:s-:tmg fum_:{l-:':-ns
are arbitrarily chosen, the solution does not have any partlﬂullar optimum
properties in general. 1If a bad choice is mad;: for the N testing funt:lnns
(vectors), it may very well turn out that both E?ﬂ I G,(u) and f(u) have T;g}e;
and very different components that are perpendicular 1::} th:..a subspace on wtl;:
the projection is made. In order to get a good appmxnn‘atum. the 4, must be
chosen so that the N, will give a good representation of _hnth f(.u}land
sV . 1.G.(u). The optimum choice is not always easy to determine a prior. ]
The following vector problem will tllustrate many of the concepts discusse
above. We will assume that we have a problem of the form

ILI=f=@2-a —(1+)a, + @+ 3j)a, (2.82)

where L is a known operator, I is the unknown, and the cxprc:i;sinn on the far
right is the complex vector I'C]"HEEEI‘II:EH:E, f.l The unknown I 1s cxpnnﬂ;:d a;
I = I, @, + 1,0, and the result of the application of the operator L upon @, an
D, is assumed to give

Lb, =k, = (1+))a, + @2~ ))a,
Ld,=k,=a, +ja + (3+2f)a,
Our approximate equation corresponding to Eq. (2.82) is
Ik, + Lk,=1 (2.83)

The equation can hold in an approximate sense only, since we dld; n$ u?;;
complete set of functions (basis vectors) to expand the unknm:.rn I. We o
project both sides onto a two-dimensional space and match projections in e

e o
space. We can use the space span ned by a,, a, or a, a, or a,, i, or Eﬁf‘ll’: ot
pair of noncollinear vectors. A prioti we do not know which pair wi

Py
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best. We wi
e will choose a_ and a, as the test vectors; thus
Ik ,-a, + Lk, a, =f-a
Iik,-a, + Lk,-a, = f-a,

The equations that result from this testing procedure are
IL(A+))+L=2-j

L2~ )+ Ij = —(1+ )

We ma
! ay solve for the unknowns I, and I, and can then compute the error
r

= (Ik,+ Lky)
which is found to be equal to (1+j)a, with a ma
error vector is perpendicular to the subsp

made, since the projected components were

| At this point it should be clear that
minimize the error vector.

gnitude of 1.414. Note that the
ace on which the projection was
made equal.
an optimum objective would be to

This will give the closest approximation to Egq
» we should choose I, and

I, so as to minimize the m |
: S agni
the error vector, that 15, to minimize gnitude of

= (I\k, + Lk, - f)- (I'7k} + 13k3 - i*)

whs.fre the * deﬂnorcs Fhf: .cnmpicx conjugate. The minimization is obtained
setting the partial derivatives of E with respect to the real
of I, and I, equal to zero.

| Ijet Ii=1,+jI, and I,= I, + ji
imaginary components. Since

by
and imaginary parts

a» Where r and i refer to the real and

d d Eu*,_ d d

_ _ and d4 adaa, a4
ar, alal, al, ar, a1 al, " al
and simi ! ! ivati

[ I::m'.l;larly fn: I, and {1, 3, we can take the partial derivatives with respect
o the I, IE,' 1» and I3 The derivatives with respect to I* and I
complex conjugates of those with respect to I, and |

first) pair are needed. We now readily find that

dE .
_‘;E=kl '[fIk,"l-fIkI—f):ﬂ

3 are the
2 S0 only the second (or

(2.84a)

9E -
o =k} - (Ik,+ Lk,~f)=0 (2.84b)

These equations simply state that we should use
veclors to test the system described
for I, and I, the error

k] and k3 as the nptin'nu-m test
by Eq. (2.83). When we solve the above

vector is found to be (0.0864 - 0.0578))a, +
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(—0.1826 — 0.3366f)a, + (0.6922 — 0.3078))a,, with a magnitude of 0.855. Clearly
the error vector is smaller than it was in the previous case. In the minimization
procedure we work in the complete vector space instead of in a subspace and
adjust the lengths I, and I, of k, and k, to get a vector that is as close to being
equal to f as possible.

When the above minimization is applied to the method-of-moments equa-
tion (2.78) the optimum test functions are found to be G(u). If we test Eq.

(2.78) with these we find that

S, God, = /. (2.85)
=l
where now
G, = i G*(u)G,(u) du
K
f..= | Gru)f(u)du
“n

and
1

G (u)= J G(u, u' )b, (u") du’
0

The I determined this way minimizes the expression

|
Jﬂ
which corresponds to matching the two sides of Eq. (2.78) so as to obtain a
minimum mean square error. The method is often called the method of least

squares.

>, fnGﬂ(uj—f(u)l du

Numerical Integration

Many of the integrals that occur in the equations to which the method of
moments is applied cannot be done analytically, It is then necessary to compute
these integrals numerically. One well-known numerical integration algorithm is
Simpson’s rule. Consider a function g(u) and divide the interval of integration
0= u =1 into an even number of subdivisions of length h, as in Fig. 2.19a.
Over each subdivision of length 2Zh we approximate g(u) by a quadratic
function: thus over 0= u =2h let g(u) be approximated by A, + Byu+ C,u.
We now match the two functions at u =0. h, and 2h. If we let g,= g([]j,
g, = g(h), g, = g(2h), etc., we find that -

8ot 8~ 28,
2h? |

A=8 B= & -
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igure 2.19 (a} lllustration for Simpson’s rule. (b) The Lagrange polynomials basis functions
- ks L]

For the nth section we approximate g(u) by
A, + B,[u—2(n~Dh)+ C,Ju—-2(n- i)

The coefficients are given b
: ! th c ‘
: : e g y the fDI’IT‘I%l!’].‘-‘. above with g, g,, g, replaced by
-2 82a-1 AN g5, respectively. The integral of g(u) from 0 to 2h is now
approximated by the area under the quadratic curve from 0 to 2h: thus
n Lol

j g(u) du = A,(2h) +iB,(2h) + 1C,(2h)

i

h
= g(gn+4ﬁ1+gz} . (2.86)
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When we repeat this procedure for the remaining sections and sum the results
we obtain Simpson’s rule:

JI g(u) du = % 2 Sn8n (2.87)

n=

where the Simpson weights S, are equal to 1,4,2,4,2,4, ... .4, 1. An interes-
ting feature of Simpson’s quadratic rule is that it gives the exact answer for the
integral of any cubic polynomial even though g(u)is appmm}mated 1hj,' quadra-
tic polynomials. For example, the integral of C,+ C,u+ Cu+ Cyu from 0 to

2h 15
Cy(2h) + 1C,(2h) + 3C,(2h) + iCy(2h)’

Simpson's rule gives exactly the same result, as may readily be shown by using
Eq. (2.86).

The quadratic approximation corresponds to the use of Lagr.ange ppiy-
nomials of order 2 for the basis functions.t The odd-numbered basis functions
are parabolas of unit height that span an interval 2k, while the even-numbered
ones correspond to two parabolic segments that span an interval of length 4h,

as shown in Fig. 2.19b. The expansion of g(u) is given by

gw) =, a,P, )= 2 8P, (1)

n=0

since at each point u = nh only the nth basis function is nonzero and equal to

unity and thus makes a, equal to g(nh)=g,. o N

We can also use higher-degree polynomial approximations. If we divide Fhﬂ
interval 0 to 1 into subintervals of length h such that the total interval consists
of an integer number of sections of length 3h—that is, Nh is divisible by ”ill——
then over the interval 0 to 3h we can approximate g(u) by A+ Bu+ Cu™+
Du’. When we solve for the constants by matching at u =0, h, 2h, and 3h, the
area under the cubic curve is found to be given by

ik
3}
;:1 (8o+ 381+ 38+ 81) = L g(u) du

which is Newton's 3/8 rule. |
Newton's 3/8 rule will give almost the correct result for the integral of any

polynomial function of degree 4. For a function such as
Cot+ Cu+ C,u’+ Cyu’ + Cu'
the integral from 0 to 3h is
Co(3h) + SC,(3h) + 3Cy(3hY +3C4(3h) + L\C,(3hY
. 5
Newton’s 3/8 rule gives the same first four terms but gives (11/54)C,(3h)

t The author is indebted to Georg Karawas for bringing this to his aftention.

=l =m
PR S E— Cu——

e

a
R TR T ey
—_— g e e i E s
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instead of (1 1/55)Cy(3h) for the last term. However, this
error. For the interval 0 to 1 Newton

g(u) by the following series:

is normally a small
s 3/8 rule approximates the integral of

J’ y 3h X
n g(u) du = " E, S.g. (2.88)

where now the weights S, are 1,3,3,2.3 3 2,...,3,3 1.

I_hr:: number of subdivisions that must be used depends on how rapidly the
function g(u) varies. For

. slowly varying functions only a few subdivisions are
nceded to obtain three-figure accuracy.

2.11 DIPOLE IMPEDANCE: NUMERICAL SOLUTION

ch: will now apply the least-squares method
integral equation, along with
rule, in order to find the inp

-of-moments procedure to Hallén's
numerical integration using Simpson’s quadratic

ut current and hence the impedance of a dipole

antenna. The integral equation to be solved is o
x 1Is given by Eq. (2.71) : ‘
repeated below ° v 7D and s

ln e koR
f = [(2)ydz' = —j27 YoV, sin kylz|+ 47 C cos k,z

-

where R = [(z — 2')’+ a?])"?. We will simplify this equ

| . | ation by introducing the
following normalized variables:

u=zfl, u'=z'/l, kolg= 0 all, = a

The integral from —1I, to 0 is also converted to an int

cgral f 0 ;
changing z' o - B rom O to [ by

. 0 —2" in that part of the integral and using the symmeltry property
I(—2")= I(z’) for the unknown current. The resultant integral equation is |

J' (E[.]f OR, — j sin 6R, , €08 R, — jsin 6R,
0 R, R,

)I{u') du’

= =J2mY,V, sin Qu + 47C cos fu (2.89)

where R, =[(u—u'y+a’]"™ and R,=[(u+ u'y + o’ The
(sin R,)/R, equals (sin O )/ =60 when u=u’,
(cos Ba ) a, which is a large number, when u = u’.

highly peaked functions when u'=u or —u. These
would require dividing the

h in order to carry out a
such a fine division we cap

function
but (cos 6R,)/R, equals
Thus the (cos 8R,)/R, are
hen rapidly varying functions
interval 0 to 1 into many subintervals of small length
N accurate numerical integration. In order lo avoid
1 integrate the singular terms by writing the integral
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of those terms in the following form:

' rcos R, cos fa
J. —— J (") = R I{u}] du’
['I -

1 i

' [cos OR 7 -
+ J rm 2 I(u') - bl I(u}l du’
0 R R

2 2

'rt 1
+ I(u) cos fa J [—~ + —] du’ (2.90)
o LRy R,

The first two integrals are now well behaved at R, = a and R, = a, since the

qnumerator vanishes. The third integral can be done analytically and is given by

},n (L ¥ L) du’ = In [1 —ut \f;gj + (1 - ”)11[11 4-_“ FVald “1 “}1]
o ) (2.91)

2

All of the integrals that remain to be carried out can be evaluated using

Simpson's rule and relatively large values of h.
The integral equation [Eq. (2.89)] is of the form
1
J G(u, u ) (u') du' = f(u)
0
for I(u') can be made in terms of second-degree poly-

binterval of length 2h. Thus over the nth subinterval we
ich we denote by @, (u"))

A suitable expansion
nomials over each su
let [the basis functions are Lagrange polynomials, wh

(W)= A, + B,[u"—2(n— Dh)+ Cfu" — 2(n - DR
= I, 3 Pp, (0} + L 1@y (u) + I,,®,,(u)

ed in terms of I, _5 Tan-1s

where A, B,, and C, are unknown but can be express
the integral is evaluated

and I, When these quadratic functions are used and
using Simpson's rule, we obtain

NCOHDL _
E:] I, —1;‘,} G,(u)S;®,(jH) = f(u) (2.92)

where G;(u)= G(u, jH), H = 1/J, and J is the number of divisions the interval
0<u <1 is divided into in order to carry out the numerical integration. For

convenience let

HZ . ,
(1) = 3 z er{”}sj{hm (JH) ¥

j=0 .l

The optimum testing functions that will give a minimum mean square error for

the solution to Eq. (2.92) are the functions wi(u). When Eq. (2.92) is tested

with these and the integrals are evaluated using Simpson’s rule and a sub-

.

- meimln sb———T -
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interval length H', we obtain

N Hr g r I
CHL o HL
HE_'%] ] 3 E 'ﬁn{r‘pf ]U"'m{“” :I"qf = _5- 2 f(er){ff;(fF;;}Sf

i =i im0

This system of equations may be written as
I N
S Syt [ L (GHY - FGHM ] =
< )_?:‘; L (TH ) f(:H]] = () m=0,1,2,....N

If we cho - : , -
then b E::ETJN 4:"'@' this general result simplifies considerably, for there will
actly - 1 values of i at which each term is evaluated. The resultant

system ol equations is readil
S I y seen to hav ' 1 -
that (note that H' = h = 1/N) ¢ the solution specified by requiring

N
> L Ghy=f(ih)  i=0,1,2,....N

m=i)

fll:::z[irj::I‘t]q:dfnitteir:si‘lngIm that it does not depend on the choice of testing
he pninis !-# < ‘fh ].n simply the result Gl‘ffﬂll‘l.ﬂd by point matching Eq. (2.92) at
I () and £() én ”::saence, Ithe njumencal luntegra!inn limits the knowledge of
oracily at i he sample pmn.ts u = ih, and clearly if Eq. (2.92) holds
. 'ese points the error is zero at these points. Since no other

information about (1) and . _
) is u ' . : ‘
choice of H'. ’ f () sed, this is the optimum solution for this

According to the above, the equations to be solved are
N ‘[][ J
EL I, ?;‘% G,(ih)S®,(jH)=f(ih) i=0,1,2,... N

- ”.:':Ihfl;tllf:;’ sl:npliﬁcalinn of the above equations occurs if we choose J = N
;,m i,:[ I— t also, because if the basis functions are local functions that span

erval 2h 1anc| have the property that & (nh)=1, & (nh+h)= 0 the
system of equations reduces to " ) L

h N
E z Gmn‘qﬂ’rﬂ = fm m = n'r ]- 2- . n oy N (2911)

= pe=f}
where G = _ .

chotce G;Mﬂwﬂﬁgf?i‘fl. ?h) Ir_lﬂd fm = f(mh). This result is independent of the

asis tunctions used and is simply ti l i
 teoral _ : L ply the result of evaluating the
m”:?.m]gf:n”tl‘nz m‘tegfal equation numerically and then using point matt:iing
1e derivation appears to be sound, th i .

§ . , the end result giv Tuti
the I tha _ gives a solution for
e rr(';C: PE:EEEZ{T(E;H';:E ch}-:w:& of the numerical integration algorithm that is
: . . «.10). Thus the nu ' i nat i el
eliable merical results obtained are not, in general,

In the i ;

vart of thE'TEEfﬂ: Equa.tlﬂn for the current on a dipole antenna the dominant
D eation anﬂ(;n;t was integrated exactly. The remainder is a relatively small
1ence may be treated in an approximate manner without

S r




58 ANTENMAS

introducing a large error (see Probs. 2.21 and 2.22). Thus we will use Eq. (2.93)
in spite of its limitations, since it is a numerically very simple and efficient
procedure. The results obtained compare very favorably with those based on
alternative numerical procedures or approximate analytical solutions. The
attractive feature of this method is that the matrix elements are known—they
are simply the values of the kernel function at the sample points multiplied by
the Simpson weights. The method appears to converge quite rapidly with
increasing N, and this is due to the fact that the dominant part of the kernel
was extracted and integrated exactly.

The algebraic equations that will determine the current on the dipole
antenna are obtained by using the final expression (2.93) derived above, after
substituting Eq. (2.91) into Eq. (2.90) and adding the remaining terms from Eq.
(2.89). Tt is found that the system of equations to be solved is

(cos OV (n - m)’hi + o’ - j sin ﬂ\/&r_—mh — I, cos Oa
V(n-myh’+ o
N (cos OV (n + mYh2+a’— jsin 0V (n + m)ih1+ ai)fﬂ - I, cos Eu]
Vin+ m)ih1+ o’

[1—mh+\/?+(l—mh_)f}[l+ mh + Val+ (1+ mhY)

+ I, cos Ba In 5
x

= _IZFYEVJ Sil‘l ﬂfﬂh +4ﬂ'c‘:ﬂ5 ﬂ?"h m = “1: ll 21 SRR | N {2'94}

h

S s

3 n=0

Note that I(l,) = I, must be equal to zero. The constant C may be found from
the equation obtained for m = 0. After the constant C has been eliminated, the
equations that result can be expressed in the following matrix form:

_Rm Ry, Ry RLH—:— -}u ] sin Oh ]
6m .
Rzn Rzl Rz: . RLH—I .fl = -f Hf;- Y“VI s Zﬂh (2”95}
_Rnﬂ Ry, RH: o RH.H—I_ _Inul I_Ein Nﬂh_

where the matrix elements R, are given by

R =5 lcus oV al+ (n— mﬁ:_i ‘ cos OV a’+(n+ H'I)z_h_i
"L Vel (n-mYh’ Valt(n+m)h’

— 2 cos Omh

cos @V a’+ u!hl]

Valt nth?

31n[l—nh+'Va1+(1~—nh)1][l+nh+V(?+U+"h?]
2 e

+ & csﬂ{
”"ﬂah o
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N
_ZS 1 __ 1
j=0 ,Ljﬂ’z"‘ U+ ﬂ)zhz-l- Val+(j- H)EF]}

. nnﬂﬂﬁﬂucclsﬂmh[-qln 1+
h

WV 1+n_'!_ N 26} ]
@ j=o Vi + (jh)’

_anFin Val+ (n - m}’ﬁ’_F sin 0V a’+ (n + m)’h?

\/ufj+(u-m}2h= \/E-z+(n+mjzh_!
— 2 cos fmh sinfVa't ("fl)
Va’+ (nhy (2.9
1050
2001 \
900|
1o n=8f ¥a [>
S 600
o
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300
150}
0.4 0.5 0.6 0.7 0.8 0.9 i.0
o 1 '
T X

Figure 2.20 Computed value
2all = 0.01,

of radiation resistance for a dipole antenna using different values of N
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with §,,, =10 for n # m and 8, = 1. The input impedance Z,= R, +jX, is given
VI, .
" TI"I{\.:;| simplest approximation that can be made is to choose N = 2, vll.rhmh
corresponds to approximating the current on the antenna b;.r_ a pﬂ_h'"“_""al of
degree 2. The numerical results for R, and X, with this dpprf:-mmahnn are
shown in Figs. 2.20 and 2.21 for the case a/ly= 0.01. For comparison, the more
accurate results obtained by using N =4 and N =8 are also shown.t The
results for N = 2 predict the general behavior of Z, and its depende'nce on the
antenna radius quite well, with the exception that the curves are displaced to

= 0.01

~ig

no

150

150

—300

-4 50

—600

7 0.8 09 1.0

=

0.4 0.5 0.6

o=

KA
Ao

Figure 2.21 Computed value of input reactance for a dipole antenna using difierent values of N, .

2afl = 0.01. .

t The author is indebted ta John Silvestro for the numerical computations. : a
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the right relative to the more accurate results obtained using N = 8. In Figs.
2.22 and 2.23 results for R, and X, using N =2, 8, and 12 are given for
a =0.001. Figures 2.24 and 2.25 give corresponding results for a = 0.05. These
curves agree reasonably well with the measured values given in Figs. 2.13 and
2.14. In Figs. 2.26 and 2.27 the computed values of R, and X, using N = & and
12 for a =0.0135 are compared with the results of the King-Middleton im-
proved second-order theory.t The King-Middleton theory has been shown to
agree very well with measured data obtained by Mackt. Since the numerical

24004

=0.001

~I§

2100

1300

1500

12004

900

N=12

N=8

300

0.4 0.5 0.6 0.7 0.8 0.9 1.0
H —
==

KA
iy B -’

Figure 2.22 Computed value nl_tadiatinn fesistance fpr a dipole antenna with hHI= 0.001.

: £ + “ - } : ' , = B TR f
tR. W.P. King, " Cylmdrlcair Antennas and Arrays,” Chap. 9in R, E, Collin ]ﬁﬂd F. 1. Zucker
(eds.), Antenna Theory. Pt. 1, McGraw-Hill Book Company, New York, 1969, ~ 8!

$R. B. Mack. A Study of Circular Arrays, Cruft Laboratory Tech. Repi. Nos. 381-386. Harvard
University, Cambridge, Mass., 1963, ' .
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ERE--1

L
=5
' Figure 2.24 Computed value of radiation resistance for a dipole antenna with 2a/l = 0.05,
i ipole antenna with 2a/l = 0.001.
Figure 2.23 Computed value of input reactance for a dipo
results for N =8 or 12 also agree quite closely it appears that for practical

purposes it is not necessary to use a larger value of N. 4 in Tabt
For reference purposes some specific values of Z, are tabulated in Table

2.1. In Table 2.2 the numerical values Dhlailll:.':d using N =8 and 12 are
ith those from the King-Middleton theory.
mm!;';]:ir?;:r of a finite-length haid over which the applied electric field acts
is very small for thin antennas (a < 0.01) as far as tllw computed value:s‘ of
impedance are concerned. As long as kob is small, a .ﬁmta-lenglh source rcg;'nn
can be accounted for by replacing the source terms in Eq. (2.95) by sin Hrg -
fa(b/4a) cos Bmh. This change comes from sctlvmg for the r:nnstant in
Hallén’s equation by matching at z =0 and using the result given a!te.rtEqé
(2.76), that is, —j Y, V,kob/8, for the source term al z = {l The c?ntnhutm:n kﬂ ‘
from this term can then be absorbed with the source term —(jY,V,/2) sin oz

in Eq. (2.71). Some typical values of Z, using N =2, b = 2a, and a = (.01 are
given in Table 2.3. These show a negligible change for I/A; less than 0.5. The
changes at the larger values of I/A, are actually caused by a shift in the peak
values of R, and X, toward smaller values of IfA, and are not due to any
significant change in the peak values. For a thicker antenna the effect would be
farger if it is assumed that b is made proportional to a.

Since the integral equation that is solved is an approximate one without an
exact solution there is little justification in refining the numerical solution much
beyond that corresponding to using N = 12. Figure 2.28 (page 68) shows the
convergence property of the numerical solutions for R, and X, for a dipole
antenna Ay/2 long and for various values of a = 2a/l. These curves indicate that
very little further change in R, or X, would occur by increasing N beyond 12.
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Figure 2.25 Computed value of input reactance for a dipole antenna with 2a/l = 0.05.

Neff, Siller, and Tillman have used a trigonometric fun
the antenna current, of the form

1G)=S I, sin -’;T”n(rn- 121)

along with point matching
good results are obtained using five terms.T The analyt

tH. P. Neff. C. A. Siller, and J. D. Tillman, “Simple Approximation

i indri .Fed Dipal
Surface of an Isolated Thin Cylindrical Center Fe 3 . !
Trans., Antennas Prop., vol. AP-18, 1970, pp. 399-400. See also “A Trigonometric A

1o the Current in the Solution of Hallén’s Equation,”” IEEE Trans., Antennas Prop
1969, pp. BO5-806.

ction expansion of

to compute the dipole impedance. They r.epnrt that
ical evaluation of the

< by

to the Current on the
e Antenna of Arbitrary Length,” IEEE

pproximation
vol. AP-17,
R

s

L e i e
H §
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Figure 2.26 Comparison of computed values of di iati i i

i _ pole radiation resista th
King-Middleton theory. nee with the results of the

inpt'lt .impedance using the induced electromotive-force (EMF) method, the
variational method, and a discussion of the King-Middleton iteration method
may.be found in the text by Elliott.t This text also discusses numerical
solutions. The numerical solution of Pocklington’s equation is treated by
Stutzman and Thiele in their recent text.t Harrington and Mautz have carried
out extensive computations of the dipole antenna impedance using triangle
expansion functions and point matching.§

=1
A
t R. S. Elliott, Antenna Theory and Design, Prentice-Hall, Inc., Englewood Cliffs, N.J., 198].
t W. L. Stutzman and G. A, Thiele, Antenna Theory and Design, John Wiley & Sons., Inc.,
New York, 1981. T e
§ R. F. Harrington and J. Mautz, Computations for Linear Wire Antennas and Scatterers, Tech.
Rept. No. RADC-TR-66-351, vol. II, Rome Air Development Center, Griffis Air Force Base,
Rome, N.Y., DDC No. AD639745, Aug. 1966,
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Figure 2.27 Comp

arison of computed values of the dipole input reactance with th

King-Middleton theory.

1.0

Table 2.1
N o Zp 1 =10.4544 7o =054 Za =055
8 0.00110 57.49 — j82.02 79.98 + j38.82 111.54-}"':?;.3“
) 0.0100 60.20-j31.9 86.25+ j38.1 :;.;11_1{” )
‘ ' 137.66 0+ j107.
0.0135 6090 —j32.2 Bﬂ.mJﬁ-_{ .
3 00500 67.58 - j11.47 105.70 + jiﬁéﬂj :Tigi;igﬁ o
| —j A3+ ja0. 61 :
0.0010 57.64 — jB0.6 80.4 . .
:i 0.0135 61.50 — j29.99 89.96 + ;39'97 ‘lgg:j;ﬂﬁg
12 ﬂrﬂﬂﬂ'ﬂ' 69.35-j11.46 114,50 + j18.87 1R2. kj24.

e results of the
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Table 2.2

King-Middleton
IfAa Zaoa=00135 N =8 Z,, a =00135, N =12 theory
0.45 60.9 - j32.2 61.5 - j30.0 60.9 - 732.4
0.50 BR.0 + j37.65 89.96 + j39.97 85.3+ 395
0.60 188.6 + j178.6 199.15+ j181.8 181 4187
0.75 620.7 + j254.8 669.5 + j205.8 603 + j281
1.00 343.0 — j482.6 287.9 - j460.8 283 - j449

2.12 ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO HALLEN’S
INTEGRAL EQUATION

In this section we will compare the solutions of Hallén's approximate integral
equation with those of the exact integral equation. The general behavior of the
solutions to the approximate and exact integral equations have been in-
vestigated by many authors, A comprehensive and detailed discussion has been
given by Wu.¥

The model that we will examine consists of a hollow conducting tube of
radius a and length 2/, The walls are assumed to have negligible thickness.
When the applied field acts uniformly around the antenna the induced current
is entirely in the z direction, and the vector potential will have a z component
only. The applied field is assumed to be highly concentrated at the center of the
antenna. For the mathematical model we will assume that this applied field is
constant and equal to V,/b over the band ~b/2 = 2 < b/2 at the surface of the
antenna, as shown in Fig. 2.29. Since the incident field does not vary with the
angle ¢, the induced current J(z") on the antenna surface is a function of z°

Table 2.3
IfAq Za N=2 b=0 a=001 2o N=2,b=2a
0.25 13 - j451 13.0 - j453
0.50 77.1+j21.5 77 +216
0.75 391.6 + j382.5 397.6 + j385 .4
100 966 -j395 043 - j424

FT. T. Wu, “Introduction to Linear Antennas,” chap. 8 in R, E. Collin and F. J. Zucker (cds.),
Antenna Theory, McGraw-Hill Book Company, New York, 1969. See also T. T. Wu and R. W. P.
King, “The Thick Tubular Transmitting Antenna,” Radio Sci., vol. 2, 1967, pp. 1061-1065; R. H.

Duncan and F. A. Hinckey, “Cylindrical Antenna Theory,” NBS Jour. of Res., vol. 64D, no. 5.
Sept.—Oct. 1960, pp. 569-584; and W. A. Imbriale and P. G. Ingerson, “On Numerical Con-

vergence of Moment Solutions of Moderately Thick Wire Antennas Using Sinusoidal Basis
Functions,” IEEE Trans., vol. AP-21, May 1973, pp. 363-366.
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Figure 2.28 (a) Convergence of the radiation resistance as a function of N. (b) Convergence of the
input reactance as a function of N,

only. J(z') represents the total current on the exterior and interior sur[::is.
Since the field will not penetrate very far into the tube at the ends when a <€ A,
the total current at z =0 is essentially just the currlent on the lnute:r surface,
Hence the input current is 2wal(0), and the inp:.ltilrnpedance is V!.-‘Z—:raj_ﬁ).
The exact integral equation for the current J(z') is the same as Eq. (2. ),
except that

R=[(x—xy+(y-yP+@E-zY]"=1G-2)+2a - 2a’ cos(d — )]

since both x, x' and y, y’ lie on the surface r = a. In addition, the right-hand
side of Eq. (2.71) is replaced by the expression given after Eq. (2.70), wheq the
applied field extends over a finite band of length b. | ' o y

Instead of dealing directly with the integral equation we will consider the

differential equation for the vector potential A,, which is ,- o
z P

Lo 28 T ey kA, = —uid (2)0( - a) @97)

rar dar az L

]
-
B
;
§
i
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Figure 2.29 The tubular cylindrical antenna.

We can eliminate the dependence on z by taking a Fourier transform with
respect to 2. Thus if we let

el

Jwy=1 J(z)e™ dz (2.984)
"=ty
. r”
A (nw)=1| A,(r2)e™ dz (2.98h)
we find that A, is a solution of
Lo aA, .
T ot w A, = —uoJ (w)s(r - a) (2.99)

The solution for A,(r, w) in the region r <a must remain finite at the origin
and hence is

A, (r, w)= CJ(rVkI- w?) (2.100q)
where J; is the Bessel function of order zero. For r>a the"mi;u_im.l musl
represent outward-propagating cylindrical waves and therefore must be

A (r, w)= CEH;E,(r\/ k- Lu*} (2.100h)

where H} H the Hankel function of the second kind. The constants C, and C,
are determined by the conditions that A, is continuous at r = a and that the

scattered magnetic field is discontinuous by an amount equal to the current
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density at r = a; thus

1 8A,(r, W) ™

H,(r, w) T - J(w)=

a. Ho ar a_

It is readily found, upon using the Wronskian relationship,
AHYE) oy PoX) 2
Jolx) dx Hfx) dx mX

that the solution for A (r,w)is
7T 3 7T 3
A (r, w)=—j %{-'Zﬂaf(w}fn{r{\/ K- whH . Vii-w)  (2.101)

where r_ is the smaller of r, @ and r, is the greater of 1, a. We can express J(w)
in terms of A, (a, w) as follows:

4jA,(a, w)
nolaVka- whHiaVkg—w’)
The approximate integral equation is obtained when the }ntal antenn1
current 2maJ(z’) is assumed to be concentrated on th:a Z axis. Insteiadhﬂ
making this assumption we will look for an equivalent line current I,{:.:) th;at
will produce the same vector potential function A, at r=a. The relaft:‘nn; ;p
between I, and the total antenna current 2mal = I can then be established. In

the Fourier transform domain it is readily found that for the equivalent line
current we obtain

(2.102)

2mal(w) =

4jA,(a, w)
#n”ﬁ(ﬂvﬁ' w’)
This result may be obtained by replacing 2maj by I, in Eq. (2.101) and then

letting a equal zero, which makes the J, function equal to uhlity. A comparison
of Egs. (2.102) and (2.103) shows that

i (w)=2mal (w)lo(aV K- w?) (2.104)

on i ly equal to unity. For these
For a < A, and |w| = k, the J, function is very near ‘
values of :v we see that [(w)= 2maJ(w), and hence the low spatial-frequency
content of the equivalent line current is the same as for the total antenna

1_ N2
current. On the other hand when w is real and large we have (ki—w’)"
~j|w| and by using the asymptotic formula for J,, that is,

JaVky— wh=Jy(-jlwla)

=2 cos(~jiwla ~ %) "
~ cos| —jlwia — —~ B
wj|wla ! 4
’ 1
N Elwlﬂ
2nlwla

i (w) = (2.103)
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we find that the asymptotic behavior of I,(w) for large w is
lw|a

f(w)=— Isz(w) (2.105)

Consequently, the high spatial-frequency content of the equivalent line current
grows exponentially. This is the fundamental reason why the approximate
integral equation does not have a solution.

A line current that varies rapidly with z (large w) produces a field that
rapidly decays exponentially in the radial direction. Thus if the high spatial-
frequency components of the field are to make a significant contribution on the

surface r = a, the corresponding line current must have exponentially growing
high spatial-frequency components.

The antenna current J(z) can be expanded in a Fourier series of the form
c nmz
J(z)= D I cos (2.106a)
n=13_. ZIU
The equivalent line source has a similar expansion

- nirz
I(z2)= 3 I, cos (2.106h)
n=13,.. Zfﬂ'

The Fourier series coefficients J, and I, can be related to the sample values of

the corresponding Fourier transforms at the points w = na/2l,, as we show
below.

The Fourier transform of Eq. (2.106a) is

Jw)y= % Jﬂj ™ cos ot dz
n=113.. -l Zfﬂ

5 Jﬂ[sm{w + nf2l)1, s sin(w — um’an)In]

1l w+ na/2l, w — nrf2,

If we now let w approach mn/2l,, where m is an odd integer, then every term
in the sum vanishes except the term n = m in the second series which gives

I, = J(’;T:) (2.107a)

and is the desired result, In a similar way we find that

WL, =1, (%E) o @0m)

It is now seen that the Fourier series coeflicients are also related by the
expressions (2.104) and (2.105), that is,

I, = 2nal JfaVki— (nm/2L)] (2.108a)

Enrﬂﬂfu

I,~2mal,

n large 108k
nmall, s ¢ )
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The Fourier coefficients for the high-order harm}'mica of the equivalent line
current must grow exponentially. This exponential growth llakes over whf:n
nmal2l, is of order 2. that is, when n>4l,/ma. For a thin antcnnndx:r]nh
I,/a = 100, this growth manifests itself when n becomes lfirgcr than about 400/
or 130. For a thick antenna with [/a = 10, the exponential growth would show
up for n greater than 13. | | |

The above result shows quite clearly why apprj:mmmif sn'iut!nns to the
approximate integral equation, which is really the integral equation !nrIt the
equivalent line source, are often very gn.nd. h'; long as the antenna c:ure;} ;caﬂ
be approximated by a fimte Fourier series with terms up to n of order 4ly/ma,
then the corresponding equivalent line current has the R&.'HHEI me_cr series.
However. if the solution to the approximate inlcgralr equation is EH.TF'IE{! ml_l to
a higher order of accuracy than this. the solution will ultimately diverge since
the Fourier coefficients for the equivalent line source must grow exponentially
for large n. For thin antennas as many as l[lﬂ‘ harmn:nu:ﬂ or more can ffu‘: u::;::l,
so the approximate solutions to the apprgmmale integral equation F;-r*I |tn
antennas are generally very good. For a thick antenna the Fourier r:ne! lcu:nhs.
begin to grow exponentially for much smaller values of n, an('J thus tt*ﬁ
approximate solutions may not be very accurate al a.[I. However, we may s:
determine the I, for a thick antenna from solutions of .the, H[lpl‘f:)}lumﬂﬂf
integral equation and then use Eq. {2.1{l$a} m'ﬁnd the F{l:runer cnlﬂﬁiments 0
the actual antenna current. The antenna input impedance is then given by

V Vs
Z,= xR | : (2.109)
S 2mal, 3 lJJdaV ki— (nmi24,)]
n=1.3, n=tbd.

It is also possible to establish the asymptotic behavior: of the chr_mdr
coclicients J. for large n from a knowledge of the behavior U:I' the applie
clectric field at the input region and that of the scattered electric field at the
two edges z = £, r = a. o )

The scattered electric field component along z is given by

2

ﬂ
e E, (1, ) = (k;’: + E;)A:{r. 7) (2.110a)

The Fourier transform of this equation is
jmen,unéz(r, w) = (k§- w)A_(r, w) (2.1105)

At r=a and |z| =, the scattered field must cancel the applied field hh"' E?r
lz] = I, let the scattered electric field at r = a ?E d;{.z:}i When 1 E!FF“:H': Fﬂﬁﬂ_-:
r = a. the edge condition requires that ¢ — (27— lg) .7 As a result the ‘D r! '
transform /(w) behaves like w "2 for large values of w, In the Fourer

t R.E. Collin, Field Theory of Guided Waves, McGraw-Hill Book Company, New York, 1960, pp.
18, 421.

- e
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transform domain the boundary condition on the scattered electric feld E (a. w)
at the antenna surface and on the surface r = q, |z| = [, becomes

E (a, w)=—E(w)+ fi(w) @111
With this condition we can use Eq. (2.110b) to express J(w) in Eq. (2.102) as

follows:

. E,(w)— gr(w
2mal(w) =4k, Y, o T '{_3)_.*_!;{ -1—-- ——: (2.112)
(ko= wi(aVky— wHi(aV k- w?)
For w rcal and large, the asymptotic behavior is
A . I;r W) KH-’_”z
2mal(w)~ —jdk,any, ( JFWI —— (2.113)

where K is a suitable constant. When E,(z) is a constant V./b over the band
~h/2 = z = b2, its Fourier transform is

E(w) = 42200

For this case the Fourier coeflicients for large n behave like

J ~ M [_ﬂ- Sin{uﬂbﬁlfu}_ K (2.’1])”2

7 n(nmwb/dl))  n'? (2114)

T'he Fourier series in this case is uniformly convergent since the J decrease
. .
faster than 1/n.

If the applied field is a delta function Ve6(z) with a Fourier transform V

the first Fourier series arising from Eq. (2.113) would give a contribution .f,[;i
to J(z) that behaves asymptotically like |

‘ ] =, cos nirz/2l
2mal\(2) ~ j8kya V,V, 3 T

m=1.273,.., n

The series may be summed to givet

2mal(2) ~ ~jakeaY,V, In tan = 2.115)

L
From this result we find that for a delta-function applied field the total antenna
input current must grow logarithmically at the input. Hence even the exact
integral equation cannot yield a finite solution for the input impedance for a
delta-function applied field.

It is interesting to note that for an applied constant field ovet a band of
length b [sin(wb/2)]/(wb/2) does not depart much from unity before b is of

order 7 which corresponds to n of order 21,/b. When b equals the diameter 2a.

t Ihid.. p. 580, o
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this occurs for n > I/a. It follows that the Fourier series coefficients J, for a
delta-function applied field are essentially the same as those for a uniform
applied field over a band of length 2a for the harmonics up to order n = ly/a,
which is a large number for a thin antenna. It is for this reason that ap-
proximate solutions using a delta-function applied field are satisfactory as long
as only low-order Fourier coefficients up to n of order l/a give a good
approximation for the antenna current. The logarithmic growth in the input
current begins for values of n in the same range as the exponential growth of
the Fourier coefficients for the equivalent line source begins.

On the basis of the analysis given above, the qualitative behavior of the
equivalent line source current and the total antenna current I = 2wal at the
input, as a function of the number of terms used in the Fourier series
expansion, can be expected to be as shown in Fig. 2.30. Initially there is a
region of rapid convergence as the number of harmonics used is increased. This
is followed by a stable region in which the input current changes very slowly
and is nearlv equal to the converged result. As the number of harmonics is
increased beyond n = 4ly/ma, the Fourier coefficients for the equivalent line
source current will begin to grow exponentially. If the applied field is a delta
function the logarithmic growth in the actual antenna current will also begin at
this point. For a thin antenna the stable region is quite wide, and this accounts
for the success of the approximate solutions to the approximate integral
equation. For a thick antenna the stable region is very narrow or may not exist.
Thus for a thick antenna the delta-function applied field should be avoided.
The approximate integral equation may be used, provided the Fourier
coefficients are corrected as explained earlier.

For a solid cylindrical antenna, the edge condition requires that (z)
behave like (27— 12)"? at z = I, r = a, in which case Jr(w) behaves like w™"
for large w. The second Fourier series in Eq. (2.114) will now have coefficients
that vary, like n~*>. For the solid antenna the radial current on the caps must
be included to obtain the correct edge behavior. The axial current also does not

E!pnngnﬁﬂl

Logarithmic

growth, il it exists
(0 ..u'.":::::
/ l 2aaJ(0)
t i PkEd
1 | SE1E
I
Stage of Stable al,  Regionof  n X
rapid early region +a  exponential e
CONVETEEnce growth for

1,(0) e

Figure 2.30 Qualitative behavior of the equivalent line current I.(0) and the total antenna current
2mal(0) as a function of the number of harmonics used in the Fourier series expansion.
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have to vanish at z= [, b
_ = *l, but may flow over the
constant z-directed current at z = I, makes E edge onto the end caps. A

H b L " - r hﬂhavﬂ IikE I — -1
:gﬁeéal:}u; l[t"s 5":%?'“"“}’ is cancelled by the finite radial currt(n': at:? = :E:: :;16
) .7 For a thin antenna th = e
with negligible error. € current can be assumed to be zero at z = +|

2.13 MUTUAL IMPEDANCE

When two dipole antennas are located in close proximity

curr istributi i

o :rr:jte::-llslt:b{;ltmn on one is affected by the field radiated from the other o

mbedance andet;:mme lhg'currenl distributions, and from these the s:ll:.
¢ mutual impedance, a pair of coupled integral equatiun;

must be solved. In this secti i
] . 1on we will provi ;
mutual impedance problem. provide an introductory treatment of the

Figure 2.31 shows two

to each other, the

parallel dipoles of radi |
. _ s a and length
€y are separated by a perpendicular distance d and are r::Igriv:z:n2 f{): ﬂ;ﬂﬁ;;-

:rl:jctl?n applied ﬁel‘d‘s Vi6(z) and V,8(z,), respectively.
%2 measure positions along the axis of each dipole, whil
positions along the surface of each respective dipole e mand 2, ave
Let A,(z,) be the vector potential along z, due l;'n
A,z(z!) be the vector potential along z, due tnl
electric field along the z direction and' on the

The coordinates z|

the current I (z!) and let

the current I(z3). The scattered
surface of dipole 1 is then given

Zyy
M T FET)
7y 44 RE
.—.-:"
4 T ?
2, 20, |2
¥y V,
#
I
—f
.
H_t |
I— Ta Fi.gure 2.31 Two paraliti_dibﬁi&l antennas
with mutual coupling. N
tR. E. Collin, “Equi '
Behavior, » “Equivalent Line Current for Cylindrical Antennas and Its

" IEEE Trans., vol. AP-32, Feb. 1984, pp. 200-204 Revmproti
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by
3’ .
(kﬁ a ?;)[A”[EJ + Au:[31)1 = ﬁ’*’fm’inEl(IJ
LU

= ~ juwegpty V,6(z,) (2.116a)

where the last equality comes from the boundary condition that must hold. On
the surface of dipole 2 we must have a similar equation; thus

3’ *
(k% t '5_1)[A11(31) 4 Azz(fzﬂ = Jmfnﬂnﬁz(zz)
5

ot _j{”Eﬂ“ﬂVIE{EE] (2 1 ]Gh]

This pair of equations may be solved, or integrated, in the same manner as

Hallén's equation was derived and gives

ik Y _ X
Az + Aplzy) =- ko Yolto V,sin kylz,| + C, cos k,2, (2.117a)
A similar equation holds on the surface of dipole 2, that is,
ik Yokto 2.117b
An(z)+ An(z) = T4 V, sin kolz,| + C; cos ko2, ( )

The constants C, and C, must be found such that I(xl)= I,(xl,)=0. The

vector potential functions are given by

m b, fkaRy
0 _T.(z" d

(2.118)

ij=1,2

where

RH = [(31 B z;}z 1 ﬂl]”z

Rl? ~ [{II ) 3'1]1 + "’f:{]”1
Ry = (23— z)' + d’]'"
Ry =1{(2,- IJ:)I 1 Hﬂm

The approximation of placing the total antenna current on. for |
o the vector potential has been made. This approximation
' ave also approximated

the axis for the

purpose of evaluatin _ |
i< valid for thin antennas, as explained in Sec. 2.12. We h

the perpendicular distance from the axis of one dipole to the surface of the

other dipole by d in Ry, and Ry, | _ )
In principle, the pair of integral equations given in Eq. (2.117) can be

solved, using the method of moments, in a manner similar to that for a single
| result can be expressed in the form

V= L0)Z,; + I(0)Z
V,= L(0)Zy + L(0)Z5

dipole. The fina

(2.119)

S 2

—
- e m—— o=

= [ el
i, Sy o S R ol S U
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I'be reciprocity principle requires that Z, = Z,,. In general the self-impedance
Zy, and Z,, are somewhat different from the corresponding input im ed;nccg
nf the isolated dipoles. This is caused by the interaction betweenpth { t {'?S
dipoles, even if one dipole is open-circuited at the center, since this d s o
force the current to be zero everywhere along the dipole e;éru though ilﬂzﬂ o
at the center. Z,, is the mutual impedance. : o
Fnr thin dipoles around A,/2 long and spaced by Ao/5 or more, tl
EE”—IIH[]EE[H.FIEES can be approximated by the isolated-dipole in};ut im edaﬁnce]qe
ﬂ'.'" approximate expression for the mutual impedance Z,, can hepﬂbt ' d
directly from Eq. (2.116), as will be shown below. o e
. TIHE‘: rm:i{pr;::ci!y principle, which is derived in Ch
mteraction ol the electric field E ., radi '
interaction of the field .1 radia;i:ld ?‘:d},rlTji]h}x;ri{lisz}){jl]thlll:i[tffz must equal the
i<y HEAL IS,

ap. 5, shows that the

Iy )
f{ E;EI{EI]I:(EI) d-?;:] EHE(EI)II(EI} dzl
1y )

In terms of the vector potential functions we have

Fz P
3 1 2
5 d
f_’l II(‘?E}(I‘:{I + E)AH{II} dz,= I !I{zlj(kﬁ + 5;})‘412{31) dz,
=1y 1
This result suggests that we should multiply Eq. (2.116a) by I,(2,) and integrate

over z,, an:?l similarly multiply Eq. (2.116b) by I,(z,) and integrate over z.. The
result of this operation on Eq. (2.116a) gives 1

!
i H1i(z))
Tko Y,y V, f <1 5(z,) dz, = —~jk, Y, v

L, 1(0)
I fy I (2 ]I (Er) 32 ~ fkaR
:j(n)f[ REUTNEY (2 e
| - 7= L)1, (0) ( 0 r?'zf) 47R,, dz' dz,

' L) J,;: ]-’z I(z)1(z5) (kz-} i? ) ¢~ MR

4 LOL0) \*° 571 darR,,

dzydz,

N (2.120)
A snfnlar E{]llﬂ?i{:‘rn s obtained from Eq. (2.116b), with the same mutual
m.mrflmg term since R, = R,,. We now assume that the normalized :urrer;t
dlﬁ[rl?}uiltﬁns I\(z,)/1,(0) and I,(z,)/1,(0) are not changed by imeractit-ﬁn between
the ::h;mlIes: that is, I,(z,)/I,(0) is independent of 1,(0) and vice versa. With this
assumption, the integrals in Eq. (2. 120) are not dependent on the amﬁli!udes nlf
the input current, since the currents are normalized. Hence I,(0) and L,(0) in

Eq. (2.120) can be regarded as inde i
| pendent variables. Wh -
(2.120) with Eq. (2.119) we find that o e compare Ea.

Zam g [ [ MG g, 5 e
kYo Lyl LOM0) \*°7 327) TR

dz,dz,  (2:121)

12
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where we have dropped the prime on zj, and
Ry, =z~ 2y + d’"

The corresponding equation that can be derived from Eq. (2.116b) would have
iven Z,, = Z,; because R, = Ry, | |

: 'Ih:mutllllal impedan::e Z,, is not critically dependent on the current

distributions. Hence for dipoles approximately Ay/2 long we may assume that

the normalized current distributions are

sinko(ly=l2) s k?(fz- |23))
sin k!, sin kol

The second term in Eq. (2.121) may be integrated by parts twice with respect to
z,. By using the relations I,(+1,) = 0 and -

"'t'i'" sin ko(l, = 1z]) = —kosgz, c0s ko(l, |z,)
dz,
where sgz, = 1 for z,>0 and -1 for z, <0, and

2
;—1 sin ko{l, — 12,) = —kpsin ko(l, = |z)]) — 2kq8(2,) cos kol,
Z)

The equation for Z,, reduces to

2 jzn ju': (E-I*uﬂi . e TkoR2
27 4 sin kol, sin koly ), \ R, R,
~fkaRn
— 2 coskyl, iﬂ—) sin ko(l,~ 124)) dz, (2.122)

0
where R, =[(l,~ z,)’ + d"]""
R,=[(l, + Iz)z + dllm
Ry=(23+ d)"

The integrals in Eq. (2.122) may be expressed in terms of cosine and sine

integrals or carried out numerically. ' '
Figure 2.32 shows typical results for Z,, = R,,+ jX,, for two parallel dlpqles

Ao/2 long as a function of the spacing d. If V, is zero, then -

- Z 10
1oy ~ZhO .1
Z,(0) | :
and the input impedance for dipole 1 will be | .
% Z, 1,0 Z, "
z'nl__.___“l_: "_l__j_-z-(.-—):‘zu—vzﬂ—u -'ull'.
™ L(0) Z5 1,(0) ) |

which shows that mutual coupling can have a strong in!‘luenca on the input
impedance for closely spaced dipoles, since Z,, is then quite large.
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dfh,

Figure 2.32 Variation of mutual impedance between two parallel dipoles Ao/2 long as a function of the
separation dfA,,

‘ A more complete treatment of the mutual coupling problem has been
given by King,T who finds that for a two-element array of dipoles A long the

self-admittance differs by 10 to 20 percent from that of an isolated dipole for

spacings in the range 0.2, to 0.8A,. Thus the dipole interaction in changing the
current distribution is not entirely negligible.

PROBLEMS

2.1 If magnetic currents J,, and magnetic charge p,. existed, Maxwell's equations would
he

VXE=-jwB-J., VxH=juD

V-B=p, VD=0 V-1, =—jwp.

[etD=-V xlA,... and follow the general procedure of Sec. 2.2 to show that the magnetic
vector potential A, and magnetic scalar potential &,, satisly the equations

{vz_l_ ks}'ﬁ'ﬂl = _E'lfl-]m

V2 + k)b, = -
Mo
and that

VV-A.

Jijlo€g

H = —jwA, +

FR. W. P. King, “Cylindrical Antennas and Arrays,” op. cit,
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. "
i i the field can be expressed as

relationships are useful whenever : |
In antenna theory these " 4 the results are used in connection

that from equivalent magnetic sources. In Chap. |

with radiation from aperture-type anlennas. o _ B ; .
3.2 On a dipole antenna of total length [ the current distribution is Insmhlcn{lzl‘ ; arn Toop
j;.z},fqin{k.,l,fz}, When [ = 0.2 this can be approximated lb? I=1T(l- z'lztﬁ;f)thﬁﬁ 5 E}‘:l"i{:: | : O
Fig.FZZ Find the radiated electric field, the radiated P“"}"’”ul and the I:n:aﬁun |
' o : hat cos(koz cos 8)}= 1, an appro _
i Note that kol/2 is small enough 1 Al : _ |
:ﬁ::t?::: I::ﬂusﬂd to simplify the integration. Show tha.t “:I'E r.admlmn resistance 18 N o
proportional to the square of the area under the current-distribution curve.

2.3 Find the radiation field from a full-wave dipole antenna, as shown in Fig. P2.3, with Figure P2
c;urem I = Ilsin kozl, ~Af2=2 = Aof2. Sketch the radiation patiern. ]‘

el

2.6 Figure P2.6 shows a small electric dipole antenna located

along the bisector of a
large 90° corner reflector. Use ,

1 image theory to find the resultant radiated electric field in

11 the x; pl:me. Stlltctch the radiation pattern. Hint: Each dipole will radiate the same field
as a - - [ ] = [ ]

| ’; ipole at the origin, except for a difference in phase according to the factor e/ i

where r; is the position vector of the ith dipole. Note that the sign of each image source

must also ]:n: taken into account. The scalar products between unit vectors in rectangular
and spherical coordinates are given in App. 1.

An
\ Izl
= fﬂ[l -2 T'] -
/ TN
fﬁ / \
/ g /
W B N 1 4
] - -
Figure P2.2 Figure P2 -
3.4 Find the radiation field, total radiated power, and radiazlinr! re{.;s{llar::;e L{:Ir":::
q;lart::r-wave antenna above an infinite ground plane, as shown in Fig. h. . e current
on the antenna is I = Iycos koz. Hint: By image theory the field above the gr‘n P
is the same as for the half-wave antenna. The field below the ground plane is zero.
“ x Figure P2.6

2.7 A plane wave E = Eoa, ™" is incident on a small dielectri

c sphere at the origin, as

1 shown i'n Fig. P2.7. The sphere has a radius rq <€ Ao and permittivity e. Since ry <€ A, the
= 1 cos koz 5pher'e is ess:znuaﬂy immersed in a constant uniform field Fpa,. The induced dielectric
Ground plane 1 ] polarization in the sphere is the same as in the static case, so the polarization density is
[
Itmage €™ €
| | P = 3( eolFo
l / €+ 2ep
U/ Figure P2.4

The total induced dipole moment is

3.5 A small coil of radius re = 5cm and with N = 10 turns is used as a receiving antenna.
'[:hia am.utnna is located 10 km away from a half-wave dipole and oriented 1:01‘ r.naxu;num
magnetic flux penetration, as shown in Fig. P2.5. Find the mduced‘ open-circuit vo ;ag:
—- ij,,,N(nr%) in the loop when the input power to the half-wave dipole antenna 1§ .
The frequency of operation is 27 MHz.

€ — €n
amrd( S eoFon =
nra e 2e €oFoa, = P

Find the far-zone field radiated by this equivalent electric dipole. This is the field
scaltered by the dielectric sphere. Find the total scattered power. The scattering cross
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section o, is defined as the total scattered power divided by the incident power per unit
area. Show that the scattering cross section 1S given by

128 €— Eo\ /TN
o~ 2 (52 )
3 € + 2eg Ao
Note that the scattering cross section varies as Asd which is known as the Rayleigh
scattering law. Can you use this law to explain why the sky appears blue and why a
sunset appears red? Hint: Since the charge at the end of a current filament is given by

jw(@ =1 then 1dl = joQdl = jwF, where P = Qdl is the dipole moment. Thus Idl can
be replaced by jwP in the formulas for radiation from a short current filament.

Fa |

=

’ Figure P2.7

2.8 Figure 2.14 shows that a dipole antenna with length to diameter ratio I/d = 100 1S
resonant when | = 0.458x,. This antenna is connected to a transmission line with
characteristic impedance Z. = 73 (). The frequency is now increased so that at the new
wavelength Aj< Ao the antenna length [= 0.5A4 (about an 8 percent increase in
frequency). By using the data from Figs. 2.13 and 2.14, find the input reflection
coefficient. the VSWR, and the power reflection coefficient. At the new frequency the
figures give Z, = 100+ j80 (L.

2.9 Let a small single-turn loop be located at x = z = 0 and y = r, and with its axis along
the x direction, as in Fig. P2.9. The loop radius is ro. A small current filament ladl a; is
located at the origin. Find the induced open-circuit voltage in the loop and denote it by
V.. When the current in the loop is i find the electric field impressed along the current
filament. (Note that the current filament is in the far-zone region and oriented to receive
the maximum electric field radiated by the loop.) By multiplying the impressed electric
field by dl the open-circuit induced voltage V4 along the current filament is obtained.
Show that Vuly = ViI,, which is an example of the reciprocity theorem applied to
antennas.

Iy

Loop, radiuns ry

Lidl e — - o - @ Y

Figure P2.9
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2. i ‘ ' ' i
,:1"' psc the reciprocity relation obtained in Prob. 2.9 to derive the expression for the
ectric field radiated by a small loop antenna located at the origin. Hint: Consider

electric di i iti i i '
ric dipoles Inr::ated at various positions in space and with orientations that produce a
maximum magnetic flux in the loop.

2.11 Show that a Green's function that satisfies Eq. (2.73) and vanishes at z’' = +l, is

E e T EE S

kn SiT'I anin

wh-‘:_re z-=zforz>z and z' for 2’ >z, and z- =z for z < z" and z' for z' < z: that is
Z- 18 I.hl."': greater of z and 2’ and z. is the smaller of z and z'. Hint: hs':u;nc lh'.l.t‘
{’1? =Cisinko(z =), 2>z and G = Gsinke(z 4+ 1), z<2z". At z=72' mal-;e ] L‘n:a-
tinuous and make the first derivative be discontinuous by amount —1.

2.12 *:?'r"h::n the Green’s function in Prob. 2.11 is used to integrate Pocklington’s
equation, show that the resultant Hallén’s equation is

YoV, | YoV,
2 cos kaln

Hint: Note that Q(-1Iy) = Q(l) and that
sin ko(lz| — lo) = sin ko|z| cos kalp ~ sin kolo cos koz
sin 2koly = 2 cos kaly sin koly

:‘!.13 Let. the cu}rrr:.nt on a dipole antenna be J,(z') on the surface r = a. Show that the
mtegral in Hallén's integral equation will then be given by

1 2w E--ﬁ:nR‘
- Jﬂ J f(z} 'rE'ﬂrf{fl'rfz'

2ma Iy T

where 2mal,(z") = I(z)

Ri=(x-xV+(y-y)y+(z-2)
=2a’—2a’cos(p - )+ (z - 2)

= 4a® Sin?tﬁT'i‘ {E - I'}I

: In the latter expression ¢» may be set equal to zero when the applied field is independent

o . L : : .
r|¢l~ When this expression is used, the resultant integral equation will have an exacl
solulion,

I‘H_ Derfue the expression given by Eq. (2.122) for the mutual impedance using the steps
outhined in the text.

2.15 Consider the Fredholm integral equation of the first kind

| Koy dy = 1)

USE E:lln'epﬂ?n S rul:;: with a subin.terva] i = 1/N to carry out a numerical integration over
y. By point matching at the points x = mh, m =0,1,2. ... N show that the system of
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equations to be <olved for the sample values I, = I(nh) of the unknown function I'(y)is

n"l M

=S KonSaln=fm  m=0,12,... N

3 A=

}, fm = f(mh), and the S. are the Simpson weights.

where Kmn = K(mh, nh . . | |
em of equations is obtained if I(y) is expanded in a set of

Show that the same sysl
suhdomain or local basis functions ®.(y), that is,

I(y)= 2, In®u(y) ;

m=0

that have the property that d,(nh) =1 and ®,(jh)=10. j#on
2.16 The trapezoidal rule for numerical integration is

i h M B
J g(x) dx = 3 > Sugn

Fio= )

= g(nh) and the weights S, equal 1,2,2,2,2,...,2, 1. 1f this integration

where ga - : :
algorithm is used, show that for the procedure described in Prob. 2.15 now

h = _ - B N
~ N KunSala=fm  m=0,1,2,...,
2 =0
By comparing this system with that in Prob. 2.15, it is clear that
Saln Sl
3 2

the two different numerical integration algorithms give significantly
) at the sample points y = nh. Increasing the
not change this result. Consequently,
kind must be

and consequently
different solutions for the values of I(y

number of basis functions, that is, reducing h, does
the numerical solution of the Fredholm integral equation of the first

handled carefully if a valid solution is to be obtained.
.17 Consider the Fredholm integral equation of the first kind

[ Kex1)dy =160

Let [(y) be approximated by a finite expansion in terms of the basis functions ®.(y):

M
I(y)= 2, Jnba(y)

L

Use Simpson's rule with a subinterval h = 1/J to obtamn

J
LS 1L S K jhya(ins; = 100

A opmi j=0

el
J
I (x) = 2, K(x, jl)YPn(jh)S;

j=0

ons that will give a minimum mean square error are the

The optimum testing functi . . |
R ; using Simpson’s

Jri(x). Test the above equations with these and evaluate the integrals

FUNDAMENTALS OF ELECTROMAGNETIC RADIATION RS

rll|E with a subinterval H = 1/T: show that the system of equations to deterniine the |
is ﬂ

h

LI "E“:‘(I]Li.n 3 I (x) - f(x)_] dx

P

f T
==, wa::(m][

X h
3 & 2 nf!m{fH]—f{rH}]

o= ¥ 3

.—'[] f?l=ﬂ1112l""‘N

Show that these equations may be expressed as

J T

M F
2 Ial 2 % 3 SSSPa(jh) D (ih)K (tH, jRYK* (tH mﬂ

=10 =0 =0 f=}

3 r I
= En E $iS:Po (ih)f (tH)K *(tH, ih)
' =) m=0,1,2,.... N

The sums over i and J will contain only a few terms if the basis functions are local
functions that span an interval only a few increments k in length

‘IJH As‘ a special case of Prob. 2.17 choose a subinterval [ = 1/N in the numerical
integration for the testing procedure. Show that the system of equations for determining
the I, has a solution determined by solving the system

h N -IFI M F
3 > T (tH) = 3 2. I 2. K(tH, jh)®,.(jh)S,

«f m=0 - m=1} f=0
—f[,I'H} rrﬂ,!,Z....,N

With this particular choice for the subinterval length H, the choice of testing functions
!mf;a no effect on tlfr.': solution for the I.. In order that the testing functions should
influence the numerical values of the I, the number of intervals T must be greater than
the number N of basis functions used.

2.19 As a further special case of Probs. 2.17 and 2.18, let the d,(y) be a set of
subdomain basis functions such as the triangle functions, the Lagrange polynomials, or
any .mher set that individually span an interval 2h and have the property &, (n."t): 1
Pa(jh) =0, j # n. Show that the equations for determining the I, now become {aqqunm:
also that H = h) : |

b N
3 z I.K(mh, nh)S, = f(mh) m=012....N
m o=
which is independent of the particular subdomain basis functions that are used. This
problem Islmws that the interval 2h used in Simpson's rule must be smaller than the span
over .meh theisuhdnmam basis function is nonzero if the properties of the basis
functions are to influence the numerical solution.

2.20 Consider a kernel function K(x — y) that has a dominant singular part that can be
represented by a delta function §(x — y), that is,

K(x—-y)= Glx—y)+8(x—y)
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10+ [ G- i)y =19

i ical solution of this
he integral represents a small correction, the numeric
Whenever the inte

" [ 3 - h
N = 2 the solution of Eq. (2.95) for the antenna impedance Za is given by
2.21 For N = .

3 RwRzn— RuRxn v,

N Raufi— Rufs

=0.01, 0 = w/4,
I R... is given by Eq. (2.96). Find Z, [or the caselwhcre o
" ‘Er:hl.s::er: R = —38.4176 - j0.07949
Ry = —2.04035 - j1.19556
R, = 40.362 — j0.3132
Rz = —30.8172 - j0.303478
= 12.97 - j451 o | |
Zé fl N —IZ a =0.01, # = n/4 using the trapc::n;dal énil:it;;::lir?h:
. Py l ‘ S =], —
.1-111 a(éu:;g:psnn‘s rule. (Replace h/3 by h/2 and use Sp = 53 1
inste

i 4, 1.

WE'E'I:;‘;E” ; o= —26.2275~ j[!.{]'f?tlg
Rzl = - Iﬂ!ﬂ ITT—IH.SQTTE
Ry = 27.1572 ~ j0.1566
Ry = —21.4879 - j0.303478

Z, = 12.996 - j468

c Pa =

i i ' sed.
independent of the numerical integration algorithm use

SULE

L1193

-

b - -

T AT T ek b A =

-

= . -
l.l.'l_"'-.- M_'ﬂ - -

CHAPTER

THREE

DIPOLES, ARRAYS, AND LONG-WIRE
ANTENNAS

particular dipole antenna, the biconical antenna, is readily analyzed as 1
transmission line. This structure is therefore examined for the additional insight
it provides into the operation of a dipole antenna. Additional topics of practical
importance in connection with dipole antennas are then taken up. These
include the folded dipole, which has a radiation resistance of 29250 and a
broader band of operation than a conventional half-wave dipole, the short
dipole antenna and the use of loading coils and of capacitive loading to
improve the current distribution, and related quarter-wave antennas,

In order to produce a more concentrated beam of radiation and a larger
antenna gain, several half-wave dipole antennas may be arranged in an array.
Thus the basic properties of arrays are of importance and are discussed. An
important principle, that of pattern multiplication, is introduced as a useful tool
in array analysis. Some final topics on arrays address the problem of array
synthesis to produce certain desirable radiation pattern characteristics. Special
arrays, such as the frequency-independent log-periodic antenna, are also
covered.

The chapter concludes with a discussion of long-wire antennas, which are
useful at the lower frequencies where it s impractical to build arrays.

3.1 BICONICAL ANTENNAS

Schelkunoff, and the material presented here is based on that work.+t

ts. A, Schelkunoff, Advanced Antenna Theory, John Wiley & Sons, Inc., New York. 1953,

87
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Figure 3.1 The bhiconical antenna.

The biconical structure will support a {ransverse spherical (TEM) electro-
magnelic wave analogous 1o that on a conventional transmission line. The
field pattern of the TEM mode is also shown in Fig. 3.1. The in-line orientation
of the two cones in the biconical antenna < such that at r = I, ideal open-circuit
conditions do not exist, even though the cones terminate at this point. In the
space r = Iy, electromagnetic radiation 1s produced, and the presence of this
field beyond the terminating sphere of radius I results in an effective terminat-
ing impedance Z, for the biconical transmission line that is very large but not
infinite. as it would be for an ideal open-circuit termination. If Z, can be
evaluated, then ordinary transmission-line theory can be used to find the input
impedance at the terminals located at r=r, Of course, in practice the
additional impedance, usually capacitance, introduced by the terminal con-
nections to the feed transmission line will modify the value computed by
considering only the biconical transmission line driven by an ideal voltage
source impressed across the spherical gap of radius ry

In order to analyze the TEM wave on a biconical antenna we will begin
with the assumptions that the TEM wave has only E, and H, components and
that these are functions of r and 6 only. It will turn out that a solutiofi to
Maxwell's equations with these restrictions can be found, so our assumptions
will be justified. Obviously we are making use of the work of previous authors
and known results to provide this starting point for the analysis. Without that

g
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know it i i '
{d ledge, it is not necessarily obvious that such assumptions should be
made—but we do not want to “reinvent the wheel” at this point

With the assumptions made above, Maxwell’s curl equations

VXE=—jouH VxH = jwe,E

reduce to the following (see App. 1)

a, d
— —(rE;) = —jou,H,a,

* (3.1a)

a, : a, d
[ .
Tin 0 90 (sin OH,) - - (rH,) = jwe,E,a,

(3.15h)

Clearl is i i
| y Eq. (3.10) is inconsistent unless the term with the factor a, is zero, since
we have assumed that E, is zero. Hence we require that F -

_ )
Mo = Gin g -2)

wher . .
,“1?3 f" |5'.ﬂa cnf‘ismnt and f(r) is as yet an unknown function. The form (3.2)
akes sin #H; independent of 8, as required in order to make the factor

multiplied by a_ in Eq. (3.15) vanish. By using E
_ : q. (3. anish., By using Eq. (3.2 : ite
Eq. (3.1a) and (3.1b) as follows: B - (5:2) we are able o rewrie

o )
py (rEg) = — jwp, g (3.3a)
(O T
o i B jwe,rE, (3.3b)

We now differentiate E '
q. (3.3a) with respect to r and i :
(3.3b) on the right-hand side; thus d substitute from Eq.

2

a”

—s (rEg) = —kirE

5 (1E)) = ~K¥E, ()
Ihis simple harmonic motion equation has the solution

rEy = C/(0) e + C(6)

where C, and C, are functions of # only. Now we note that the right-hand side

of Eq. (3.3a) varies as 1/sin 8, so E, must then also have this same dependence
on 0. Hence our fundamental solution for E, is o

E--fknr Jpr
rsin @ (3.5)

which consists of radially outward- and inward-propagating spherical wa
. "TAVES

E,= ‘o .
rsin #
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H. is given by |4 If the surface at r = [, is an ideal open circuit then at r = Iy the current 1
litudes C' and C . By using Eq. (3.1a) we find that H is g $ will be zero, which requires that V= gf*olo — y/+ PRl ™ this case
ith amplitudes :
" E_ﬂw - Eﬁﬂr (3.15} I=v"' Yc(g—ﬂfu’ - E-l-'lnfnﬂlw)
Hﬂ' = C+an5in ﬂ_c Y“rﬁi“ )

" =2V Y, e " sin ko (1, - r) (3.12)
that o , . L

= (€,/p1)'"” is the intrinsic admittance of free space. :"r; sf; sﬂcuna { Because of the termination of the cones at r = lo, a perturbing field is excited in
where Vui;f;fiﬂ pair of spherical waves. The reversal I::.-I.Ehy s Re E,H 3 in 'Ia lhe' region r-c::!,, corresponding to other non-TEM-type modes as well as a
also cmft‘s cts the reversal in direction of power flow, as Elt 4 !its Poynting radiated field in the region r > [,. The currents induced on the cone by all of
tErm rz_f.; direction. The inward-propagating wave mus | the modes is such that the TEM-mode current by
the radia L

: - irection.

vector in the —a_direc

B |
- ..
L LeTEE . e s
TTE A mmm us. =

itself does not need to vanish.

: : The effect this has on the TEM mode is to produce an effective terminatin
: spherical 3 _ _ p ‘ g
The field found above is a TEM wave, since bc:lth :33 3;‘_;']:1?};:;3 Eetwﬂen Itf lmp.eE'lance Z, at r = Iy that is diﬂerezﬂ I‘rnnT an ideal open circuit. The
hat is, are transverse to the radial coordinate. 6. and ic & additional modes excited at r = ly decay in amplitude as r decreases, so that af
surfaces, L1 've:,n by the line integral of E, from 6, to m = U, a 5 the input where r = rp they produce only a small effect. Consequently, the
the cones Is g ke ey "% L 4 | antenna input impedance is given quite closely by the usual transmission-line
V= (C’+ € . C ; ) I sin @ *E formula (see App. I):
o
r - flg r! ZI' +_fZ= tan kufﬂ.
ke v § Z,:Zfz+, P, (3.13)
= (C*e ™+ C e }ln'[zm2 . i e VJZ, 1an kyl,
3.7 % which for [, = A /4, corresponding to a half-wave dipole, is
= Ve et 5 2 2 2
- 4 - 6,/2) = | Z. _ Z; &
— =Incot(f,/2) and ~—In tan( | Z,= == (In cot —) 3.14
n co ) _ .
In cot(fy/2) and put 2 f voltage waves. ; When the cone half-angle 6, is very small, the characteristic impedance 7
total voltage as the sum of two ) H. by J.=a,xH on the ) 3 .
o t density on the cones is related to H, by ot é : becomes very large. In his book Schelkunoff shows that the terminating
The curre:l by —a, X H on the lower cone. Thus we find tha 5 impedance Z, becomes large also as 6, approaches zero and, in actual fact,
upper cone and by —#e gt o ' increases in value faster than the logarithmic growth of Z,. Consequently, in
I -C'Y € - C Yy, the limit of an infinitely thin cone, an ideal open-circuit condition is achieved,
s " rsin 8, rsin

and the current distribution becomes a pure sinus
{ biconical antenna theory provides a theoretical b
current distribution on thin-wire antennas.

The cylindrical dipole antenna shown in Fig. 3.2 is quite similar to the thin
biconical antenna. Consequently, the dominant field in the region r < ly should

_ be very nearly that of a standing spherical TEM wave. The main difference is
| where the characteristic admittance of the biconical that the boundaries do not coincide with those of a cone with fixed half-angle
for the current waves anc

f- In essence, the cylindrical dipole antenna is analogous to a transmission line

oidal standing wave. Thus the

o is along the z direction. The total current st v, T
on both cones, and the direction of J; is along

i i section
h cone equals I with I = 27 sin 8,J,, since the rftdmds cgplhe. Cross
¢ T, s ! |
f’" Z?n 8. We can now write, after substituting for C a
is r 0

+ - = afkor {3'3)
[=1"e™ =1 " =Y(V e -V e™)

B o gy, 5, b ik e o ek

i

transmission line is given by

whose characteristic impedance changes gradually along its length. For the
'H'Yn (3-9) . . p 1oe . .
Y = cylindrical antenna the equivalent cone angle at the position z is given by
“ Incot 6,/2 en b tan f,= a/z =6, as Fig. 3.2 shows. When we replace cot 0y/2 by 2/8, the
The characteristic impedance is the reciprocal of Y, and is given by expression for the characteristic impedance of the thin cylindrical antenna af
characte : :
€ 7, 6, o cm& | (3.10) the point z is
Z =—Incot—= )
c 2 ZIJ 2 2z
L Z(z)=—"] = =
“ o then (2) —In oal2) 120 In . (3.15)
When 6, is small, say les: =
Z aé{lﬁ 2 In 0;) = 120(In 2— In 6,) (3.11) For a thin antenna Z.(z) varies slowly with Z. so that as a first approximation
C
mw
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o

|-|.|h

By, tan By

Figure 3.2 The cylindrical antenna.

the average value of Z_ may be used. This average value is given by

[Th] 4 2 2
- "?.E] [ In 2z dz = E (In z+1In —) dz

o _l'.l'? 0 a I J, a
2 2
=@(zlnz*---z+zin—)
[ a’ly
[
- lz{l(ln - 1) (3.16)
d

o . : ¢ onen-
The average characteristic impedance, along wnt.h the assumption o pen
circuit terminal conditions and the transmission-line formula for an op

circuited line,

2. = f.7r col kn.!'fz

' indri ipole
mav be used to estimate the input reactance for a shor cylindrical dip
': I L
antenna. For a short dipole, cot kylf2 = 2/kyl, so we obtain

240¢ /
240 (n L 1) - (ln - 1) (3.17)
kol wl a
where ¢ is the speed of light. As expected, the input reactance IS capacitive.
The input resistance may be found in terms of the radiation resistance by using
a triangular current distribution and is (see Prob. 2.2)
[\? :
R = znw?(—) (3.18)
’ 0
Although Eq. (3.17) is not very accurate it does provide a useful estimate for
the input reactance when other information is not available. | )
The evaluation of the terminating impedance Z, has been carried out by

- i L

oy

¢ = rrm—r—— e el momx B P Tome -]
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Schelkunoff for thin cones and may be used to find the input impedance for the
biconical antenna with the aid of formula (3.13). In practice, there is no
advantage in using a thin biconical antenna in preference to a cylindrical
antenna, which is easier to fabricate. However, the wide-angle biconical
antenna has a fairly large bandwidth of operation and is used in practice. For
example, for a half-cone angle of 30° Brown and Woodward found experi-
mentally that for Ao/2<1<3A/2 the reactance does not exceed 50() in
magnitude, and the input resistance remains between 130 and 200 0.1 This
antenna, when fed with a transmission line having a characteristic impedance of
158 02, which is the characteristic impedance of the biconical structure, has an
acceptable impedance match over more than a 3-to-1 frequency band. This
property of the wide-angle biconical antenna is also found for the thick
cylindrical antenna, as shown in Figs. 2.13 and 2.14. However, the biconical
antenna is somewhat beltter than the cylindrical antenna in its impedance
behavior over a broad band.

A simple approximation to the wide-angle biconical antenna is the trian-
gular, or “bow-tie," antenna shown in Fig. 3.3. The impedance properties of
this antenna are not as good as those of the biconical antenna but are
acceptable for use as a simple antenna to cover the UHF television channels 14
to 83 (frequency of 450 to 900 MHz). The bow-tie antenna is preferably made
from a sheet of copper or aluminum but may also be made from wire, although
the latter has a poorer performance. The dimensions shown in Fig. 3.3 are
suttable for use on the UHF television band with a 300 Q) feed line. Further

information on this antenna may be found in the paper by Brown and
Woodward.

3.2 FOLDED DIPOLE ANTENNAS

The folded dipole antenna is shown in Fig. 3.4. It consists of two conductors
of length [ connected together at each end. One conductor is split at the center
and connected to the transmission line. The folded dipole antenna has a

""""'""I*‘

Al
P

300 - £2 line
(a) (h)

15 in.

Figure 3.3 Bow-tie antenna. (a) Solid metal construction. (b} Wire construction.

tG. H. Brown and O. M. Woodward, Jr., “Experimentally Determined Radiation Charac-
teristics of Conical and Triangular Antennas,” RCA Review, vol. 13, no. 4, Dec. 1952, p. 425,
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{a)

SRS ]

(b) @

Stati itation.
Figure 3.4 (a) The folded dipole antenna. (b) Even excitation. (¢} Odd excitation

radiation resistance of 2922 and is therefore UEEEUI;;]T}tr:;;:?:::m?smt?m&;iz
lines having a nominal characteristic impedance of : s. The folded dipole
common impedance level used f(lr.tﬂlf“'ﬂlﬁlﬂl‘l recen:fﬁ-nl_- L line
antenna, by virtue of its construction, has an E'qu.ﬂ“a E? llmet'i;'.tcr;ﬁa input
tuning stub that compensates for some of the varm“l::'l(?ﬂf npf;raiinn for the
impedance with frequency. Thus the usefu frﬂquencr}' {-Imrﬂ dipole antenna of
folded dipole antenna is larger than that of a conventionz

ivalent thickness. |
Efl“‘:ﬂ': the resonant length where [ = Ay/2 the current on each conductor is the

uctors have the same diameter. The reason for this i1s

same, provided these cond S

the strong mutual coupling between the two CIGHC:}’IFPH’;E;:‘;“S“‘;::; Ilh{:
current on each conductor can be M:FT;:S:::K[)[1}; u"ran-a.:ig'm there is
. s are spaced by a very sma : 1* - A
:1{;;::;;;2 phase :iiﬂ::'.rcnce in Thi_:‘. field radiated flrntn} EE:]L 3:1;:’3;2:{['::::]_
Rm“e‘n”}:‘ the radiated field 1s fwie® 2 ﬁ[rmlg'ﬁﬁil w‘1.’ H:'lth;ua:c as great. Since
with current I, cos kyz. The radiated power P, is thus s only I, the radiation
the input current supplied by the t.rﬂnsn_'na.f;um lms 115 ( ffc“;: ot
resistance referred to the input terminals is increase fw]r:Hl f(}l 57), the radiated
of a conventional dipole antenna. That is, in place of Eq. (2.0/),

power IS giw:ﬂ h}r
P = 4x 36.5611,°

and :
R _1,]7 = P, = 4 x 36561
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a0

R,=4x7313=29250 (3.19)

In order to understand the impedance-compensating feature of the folded
dipole antenna, its operation may be viewed as a superposition of the effects
obtained by driving it as an antenna and as a transmission line. Figure 3.4b and
3.4¢ shows two ways of driving the structure. The excitation in Fig. 3.4b will
excite equal currents on both conductors and will function as a conventional
dipole antenna. The excitation in Fig. 3.4c will produce oppositely directed
currents in each conductor or, in other words, will make the structure function
as Iwo series-connected short-circuited transmission lines. Since the trans-
mission line currents are oppositely directed and closely spaced, the radiation
from the two is almost completely cancelled. When the effects of the fwo
methods of exciting the structure are superimposed, the resultant driving
voltage for one conductor becomes V and is reduced to zero for the other. The
input current may be found by adding together the currents in the driven
conductor due to the two separate excitations.

Figure 3.5a shows the equivalent dipole antenna problem for which the
current 21, is given by

v

21 = 5 Y, (3.20)

where Y| is the input admittance of a dipole antenna made from two parallel
conductors connected together at each end and at the center, as shown. The
equivalent transmission-line problem is shown in Fig. 3.5b, from which it is
seen that I, = Y, V/2 and thus

Y !
:—jfcm k“E (3.21)

< |

where Y, is the characteristic admittance of the two-wire transmission line
consisting of the two conductors that make up the folded dipole antenna.
When the two excitations shown in Fig. 3.5a and 3.5b are superimposed we

obtain the original excitation shown in Fig. 3.5¢. The input admittance seen at
the terminals is

I+ 1

e — —
Y, =2

V

Y, .Y, !
y -] 5 cot kng (3.22)

as may be found by using Eqs. (3.20) and (3.21). Note that the antenna dipole
admittance is reduced by a factor of 4, and a compensating admittance
—J(Yy/2) col kylf2 is added in parallel. When = A,/2 the compensating ad-
mittance vanishes, since koll2= /2. For very thin conductors the antenna is
also resonant when [ = Ag/2 and Y, = (73.13)' 1, so Z,= R, =12925(). For
koli2# /2 we have Y, = G, + jB, with B, positive or capacitive for kyl/2 < m/2,
and hence (—jY,/2) cot k,Jj2 is a compensating inductive admittance for | <
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Figure 3.5 Equivalent circuits for folded dipole antenna.

Aof2. For 1> A, 2 the antenna susceptance B, 1s n»*;gatw&, but EE:ﬁkﬂfi;a:Ez
changes sign, so again compensation takes placc. With a proper e 0 e
dimensions of the folded dipole the bandwidth of npm:atmn can. }; b. X
over that of a conventional dipole antenna of equivalent thic nel.qs dr :
substantial amount. In a practical folded dipole antenna the rcsmnan? :lzngalzné
a few percent less than A,/2, and ]!EI‘ICEI”‘IE antenna and transmission
ncies do not coincide exactly. .

rﬂmlﬂl}::-:c;:iuzmnle antenna is not limited to a structure. with two iﬂq\?ah
diameter conductors. By varying the ratio of conductor dlamﬂtﬂrs,lhlﬂ Ilmn
pedance step-up ratio can be varied from less than 2 to .20 or n*lmrlﬂ. ['I;S aie
possible to use three or more conductors connected I para !F.': , with one
conductor driven. For three identical conductors, the input nn;mdd?cellz
increased by a factor of 9. A summary of useful formulas for folded dipole

may be found in the book edited by Jasik.1

, 61.
t H. Jasik, Antenna Engineering Handbook, McGraw-Hill Book Company, New York, 196
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A two-wire transmission line with a characteristic impedance of less than
10082 is not very practical because of the close spacing required for the
conductors. For antennas that must be driven by a two-wire line the much
higher impedance of a folded dipole antenna is a useful feature fof this reason
alone. In certain types of antenna arrays the dipole antenna impedance is
reduced considerably because of the mutual coupling with neighboring ele-
ments. The higher impedance of the folded dipole antenna helps to offset this

decrease and thus to keep the required impedance of the feed line within
reasonable bounds.

3.3 SHORT DIPOLE ANTENNAS

At the lower frequencies where the wavelength is large, space limitations often
do not permit the use of a dipole antenna a full half-wavelength long. As a
consequence the radiation resistance is reduced considerably, and some means
must be employed (o tune out the large capacitive reactance. The latter js
usually accomplished by means of one or more inductors connected in serjes
with the antenna. The additional losses in these tuning coils reduce the antenna
efficiency and gain. A simple tuning arrangement is shown in Fig. 3.6,

If the tuning coils are moved to the center of each arm of the antenna, as
shown in Fig. 3.7, then a more nearly uniform distribution of current on the
antenna is obtained, and this increases the radiation resistance. For a short
dipole the current distribution is triangular (see Prob. 2.2), and the radiated
power is proportional to the area under the current-distribution curve squared.
If a uniform current distribution could be achieved, an increase in the radiation
resistance by a factor of 4 over that for a triangular distribution would be
obtained.

In order to see how tuning coils arranged as in Fig. 3.7 can improve the
current distribution, the antenna is modeled as a loaded open-circuited trans-
mission line, as shown in Fig. 3.8. The inductance of the coils should be chosen
50 as to make the antenna resonant. This is equivalent to making the trans-
mission-line model effectively a quarter-wavelength long, which means that the
input impedance in the transmission line model should vanish. Just to the left
of the coils the input impedance is ~JZ, cot kol/4 + jwl,. This impedance is
transformed to the following value at the iInput:

/ [
~JZ. cot kni + jwlL,+ jZ_tan kna
Zy= Z, —

m 5

: ‘ { !
Z. + (;r:JLn — jZ_cot k”;)’f tan k"i

Figure 3.6 Short dipole dntenna with
tuning coils at the input,
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Figure 3.7 Center-loaded short dipole antenna.

1E

vanishes: thus

[ ! 3
wly,= Z, (cﬂt kn:l_ tan k, fi) (3.23)

which determines the required ind.u-:ta+nr:e. | ven in App. I o find the
We will now use the transmission line equations given in App.

1SS | -hand
ltage and current standing waves on the transmission line. On the left-ha
voltag : _
section we can write -
V= V,sin k,z (3.24a

[ =1,cos kg2 (3.24b)

it i ' standin
since the zero input impedance conditions require the input vnltagle. | aveg
\ ve to hﬁve a node at z = 0 and the current standing wave must.t 1331;;6{2
wav . | . 3 must ¢ ?
maximum. The relationship between V, and I, is obtained by using

Hz) I, l
I'= 1 cos ky2 e 121y cOt kg sin Kp( 35— 2)
V(z) — J
e - 4 y=¥, cot kﬂf-‘cm ko( 5 — 2)
I:":FI gin kg2 o ) 3'}%
=< {2
) S e
Ly
2
Ly
Ein E..' z - ————
— il
|
i - 4
d 2
_ - 7

WaVEes,

proximation made here, the area under the current-distribution curve
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—Jwl ] to obtain

koV,cos kyz = —jwl I, cos kyz

or
Sl L g (3.25)
1 k. 1 Vic 1 JLo ty

upon using k,= oV LC and Z. = V'LIC, which a
a transmission line.
In the section to the right of the coils,

vanish at z = I/2. and the voltage st
Thus we can write

re relationships that hold for

the current standing wave must
anding wave will have a maximum value.

!
V=V, cos k"(i -~ z) (3.26a)
_ [

I =1,sin kn(i — :—:) (3.26h)
where again V,= —jZ I At z = I/4 the current is continuous through the coils:
hence

! ‘ [
I, cos k._-,,;—i= 1, sin f(n-d- (3.27)

The voltage drop across L, is.ijnI, cos kyl/4, and this requires that the volt

age
on the transmission line be discontinuous, so
.o [ , [ !
i il kn; — ‘fECUS kﬂa = }mLﬂII COS kn&
0or
. 1 P P !
—jZ I, sin k”;{ +jZ. 1, cos kna = Jwl I, cos kn-& (3.28)

after expressing the voltages in terms of the currents. When the relation (3.23)
is used, Eq. (3.28) gives

!
I,= I, cot kﬂ; (3.29)

which is consistent with the relation (3.27).

For an antenna with [ < A /4 we can approximate sin ky(l//2— z) by k.(l/2 -
z) and cos kyz by unity, since the maximum value of the argument is only
koll4 = 7l[2Ag < 7/8. In this approximation the current is uniform and equal to
I, for z up to I/4 and then decreases linearly to zero at z = If2. The current and
voltage variations are shown in Fig. 3.8 in the general case. For the ap-

15
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4+ I,1/8) = 3I,l/4 instead of Il/2 for a triangular disti'ibutinn'. Thus the
EEE:l‘iEtinn Irﬂ::}:alan-.:t: is increased by a factor of (L.5), or 2.25, which demon-
strates the advantage gained by placing the tuning coils in tl{:: r.:f:-nter of each
antenna arm, as in Fig. 3.7, instead of at the input, as shown IH*FIE. 36

Another method used to provide a more uniform current distribution on a
short dipole antenna is to provide capacitive loading at the two ends: One
method that may be used is to connect four or more radially oriented
conductors of length I, at each end, as shown in Fig. 3.9. The currr:nt does not
need to vanish at z = +1/2, since it can divide and flow into the radial arms.‘At
the ends of each radial arm the current must go to zero. The overall effect is a
lengthening of the antenna by an amount 2/;, and this will make the current
distribution on the antenna proper more nearly uniform. The current will bF
nearly equal to Iysin ko(If2+ 1, — |z])fsin k(U2 + 1,) up to z = +[/2. 1f the
antenna is short. this current distribution may be approximated by the expres-

sion

2| <! 3.30
=61 5557)  1H1=3 (3.30)
The area under this current distribution curve is
- z AL+ L, (3.31)
H“I (1._ 2+ 1,)dz T2+ 12

0

The improvement over a triangular distribution is (41, + D@1, + ). If 1, =1/4
this is a factor of 4/3 and will increase the radiation resistance by a factor of

16/9, or 1.78.

-

1 et
\( Figure 3.9 A capacitively loaded short dipole antenna. ., ...

o e =
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| ?he icapac-itively loaded dipole antenna may also be modeled by a trans-
mission line with a terminating capacitance, as shown in Fig. 3.10, The current

?tanding wave on this line may be determined in a straightforward manner and
is (see Prob. 3.6)

I :
I(z) = —"—sin(a ~
(2) sinaslﬂ(ﬂ' koz) o (3.32)
where
_ 'j ~ zt
o = k“5+ tan”’' == (3.33)

€

and X_ is the capacitive reactance added at the end. This relation shows that
the antenna is lengthened by an amount 201 =2k, tan"(Z_/X.) or tan k! =
ZJ/X,. The transmission-line model is, of course, not exacl, but it does prgdlict
the general expected effect of capacitive end loading. For a short antenna the
current distribution given by Eq. (3.32) can be approximated by

2|z}
I =JTl1- .
(2) u( T3 Jk.:.x,,) (3.34)

where we have also made use of the approximation tan”(Z,/X_) = Z./X_, which is
normally true in practice since the amount of capacitive loading that can be
obtained is quite small; that is, X is large. o

For the antenna shown in Fig. 3.9 the currents in the radial arms are
oppositely directed and hence produce only a small change in the radiation
pattern from that of a similar antenna without capacitive loading.

| One of the reasons for introducing the biconical antenna and its trans-

mission-line features was to establish a basis for looking at a dipole as an
npe:n-circuited transmission line. This point of view is very helpful in providing
an insight into the various eflects that are produced by loading an antenna with
series coils or using capacitive end loading.

Multiband dipole antennas are sometimes constructed from long dipole

Current /(z)}

.EE J-—f-rr._- :

L
| 2
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structures with parallel-tuned resonant circuits located at suitable points along
the antenna in order to make it function as a shorter dipole antenna at a given
high frequency and yet function as a longer dipole antenna at a given lower
frequency. One structure of this type is shown in Fig. 3.11. The L,C, circuit is
chosen to be resonant at the frequency where I, = Ay/2. The resonant circuit
provides a very high impedance to the current and effectively isolates the outer
portions of the dipole from the inner section at this frequency. At some desired
lower frequency the L,C, circuit has a net inductive reactance and forms a
loading coil to tune the dipole antenna of length I to resonance at this lower
frequency. This antenna may also be analyzed as a transmission-line circuit in
order to establish its main operating characteristics. An approximate analysis of
this antenna is called for in Prob. 3.7.

3.4 MONOPOLE ANTENNAS

A monopole antenna consists of one-half of a dipole antenna mounted above
the earth or a ground plane. It is normally one-quarter wavelength long, except
where space restrictions or other factors dictate a shorter length. The vertical
monopole antenna is used extensively for commercial broadcasting in the AM
band (500 to 1500 kHz), in part because it is the shortest efficient antenna to
use at these long wavelengths (200 to 600 m) and also because vertical
polarization suffers less propagation loss than horizontal polarization does at
these frequencies. The monopole antenna is also widely used for the land
mobile-communication service. Figure 3.12 shows a typical vertical tower used
for AM broadcasting. The support wires are broken up into sections no longer
than one-eighth wavelength by means of insulators in order to keep the
nduced currents in these guy wires small. The base of the tower is insulated
from the ground, and the system is fed by a coaxial transmission line, with the
outer conductor connected to ground. Figure 3.13 shows a monopole anlenna
mounted on a tower above a ground plane consisting of four radial rods
approximately 0.3 wavelengths long. These rods simulate a large ground plane
sufficiently well that the radiation pattern and gain are very close to those of a
half-wave dipole antenna. This antenna is a typical base station antenna used in
mobile communications.

T
I L .,

T LT Wy &
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Insulator

Guy wire

Feed line

Base insulator

Figure 3.12 A vertical quarter-wavelength
[ ¥
2 MHz). gth tower for broadcasting on the lower frequencies (below

]Hrg:m”l]{ii]l qquarterf;wave antenna mn.unteci above a perfectly conducting
g screen has a radiation resistance of 36.56 €). Practical quarter-
wave antennas mounted above a suitable ground screen have a radiati
;?;:atr;:ce close to this_u.alue, For quarter-wave antennas mounted abnvlz :;:::l
inducﬂdecfl:‘:-:;;n;;d:lhc:::g Ej;‘]:izﬂd?ilii ;e;?ults it;] exc&:ssive power loss from the
input resistance of the antenna and a Ergfili;:r::st; ;LSZIIEH??;Z;l]"i"f:leﬂ:rnctuz
E:]':“grsunc] tcnn;:]uctw;ty_ IS overcome l?}' im.:talfing a ground screen, which
y consists o arfprnmmately 120 radial wires extending outward from tl
antenna base for a distance of about A,/3, as shown in Fig. 3.14. The screenf«:

| Coaxial feed line

_— Mast

Frg}tre 3.13 A monopole antenna with a four-
radial-arm ground screen,



104 ANTENMNAS

Maonopole antenna

o

P T 120 radial wires,
0.25-0.35 A,

long and buried .
below ground surface Figure 3.14 A radial ground screen.

yund
ceveral inches below the surface of the ground. A grc
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i represents an efliciency of

normally buried
system of this typ o
resistance at a nominal value of around 2 (1 wh

around 95 percent. . : wer one-quarter
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L st band and below.
wavelength high at the lower frequencies in the AM bmadiat 3 : ek
In this case a base-loading coil or some other form of malc 1:HE e ometimes

n v . b LI K
be used to tune the antenna to resonance. Capacitive top loading

loyed. , - ications, with
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3.5 BALUNS

: a balanced system to an unhalanclﬂd
A balun is A {1{:v]mtP:::Lid[,:?h;u:Tl::;-lvitrﬂ ll'ansmiﬂixinn line is balanced with
system 1 A ?”m;:::df '[’Ht'{‘l"u’idﬂd the two halves of the dipole have tl'u; sa{:gi
TE.S:‘.pﬂC[ ‘tn tu”:dﬁ |q:EI'I."I¢n[ with respect to the ground. I|‘1 the balanced m y
orientator o fpt;m dipole are at potentials V and —V with re.spcct to groun d
the W hah'c; Znnnecléd to a coaxial transmission line, which is ;’;n u::lll;:at::n:fa
then the outer conductor and one arm of the dipole wi er
different potential level with respect to the ground tl.mn th'a: of th]t;:[ ?:T}E.at

ductor { the coaxial line and the other arm of the dipole. The resultis

andUCtTﬂ:; excited on the outside of the outer conductor of the coaxial line,
ents : -

If the dipole
drive system,

CUIT

o -unbalanced.
t The word balun is derived from the word combination balanced-unb:
E‘ =

DIFOLES, ARRAYS. AND LONG WIRE ANTENNAS 105

and the current in the two halves of the dipole antenna will not be the <
The radiation from the current on the outside of the coaxial line will interfere
with the radiation from the dipole antenna, with a resultant modification of the
radiation pattern. The change in the radiation pattern, which is not readily
predicted, and the modification of the antenna input impedance because of the
unbalanced currents are undesirable effects. Therefore, when a coaxial feed

line is used, some form of balun is necessary to convert the unbalanced feed

system to a balanced system before connection to the antenna
are constructed in a variet

4ineg.

is made. Baluns
y of ways, depending on the frequency band
involved. A description of several types of baluns is given in Chap. 31 of Jasik's

book.t

A particular type of balun that is useful at the higher frequencies is shown
in Tig. 3.15a. It consists of a sleeve one-quarter wavelength long placed around
the coaxial line at the position of the antenna. The end farthest away from the
antenna is connected to the coaxial line outer conductor, and the other end is
left unconnected. This sleeve functions as a short-circuited transmission line
one-quarter wavelength long and hence presents a very high impedance at the
input end. This high impedance prevents currents from flowing on the coaxial
line and is said to “choke off”’ the currents. For this reason this balun is
sometimes referred to as a quarter-wave choke.

A very common type of balun that is used in television antenna systems is
shown in Fig. 3.15b through 3.15¢. It consists of two lengths of transmission
line with characteristic impedance Z_, with the load Z, equal to 2Z_ connected
in series, and with the Input terminals connected in parallel. The input
impedance equals Z, /4, so a standard coaxial line with characteristic impedance
of 75 ) may be used at the input when 2 folded dipole with radiation resistance
of 292 1 is used for the antenna. This type of balun thus allows an unbalanced
coaxial line to be used to connect the antenna to the receiver and provides an
impedance match as well.

The operation of this balun may be understood by referring to the series of
Fig. 3.15b through 3.15¢. In Fig. 3.15b the two transmission lines are excited in
balanced modes with respect to ground. From the symmetry of the excitation,
the midpoint a of the load and the point b can be seen to be at zero potential.
Thus these points can be connected together and Z, /2 then becomes the
terminating impedance for each line and should be equal to the characteristic
impedance Z_ of the transmission lines. Hence the matched load impedance
equals 2Z_. In Fig. 3.15¢ all input terminals are driven with the same potential
V' with respect to ground. The four conductors are equivalent to a single
conductor, and the input current will be small, since the load impedance now is
the stray capacitance between the antenna and ground. The inductance of the
four conductors in parallel also presents a high impedance to thé 'current. In
Fig. 3.15d the two modes of excitation are superimposed. The result is that the

terminals 1 and 4 are at a potential 2V and terminals 2 and 3 are at zero
f

t Ibid.
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f - Coaxial sleeve

LU

_—Coaxial feed line

{a)

(c)
(b)

Ferrite

2V

{e)

" [ . (s
ave choke balun. (b) Transmission line balun, balanced mode. (c)
=" :

Figure 3.15 {a) The quarte superposition of balanced

ransmission line balun,
NPT balanced mode. (d) Tran: . ¢ unbalanced
T h“‘““'{”;‘ Transmission line balun wound on ferrite core to suppress i
2) Transmis

and unbalanced modes.

mode currents.

may be connected together and driven by 4

potential. These pairs of terminals that is, the input

' nd;
single voltage source with one end connected to grou

b Wi 0 d.
be unbalanced with respect to groun L o L be
EGUTEZtC?“hE the input current for the balanced mode in Fig. 3.15b and 2

! 1

i ig. 3.15¢. The nput
the input current for the unbalanced mode shown in Fig.

— s -
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impedance for the connection shown in Fig. 3.15d will be

since I is very small and Z, = 2VJ/1,, as Fig. 3.15b shows. In order to increase
the impedance to the flow of the current [,, the transmission lines are often
wound on a ferrite toroidal core, thereby increasing the inductance of the four
parallel conductors (see Fig. 3.15e). This has little effect on the balanced mode
current, since this is a transmission-line mode with equal and opposite currents
in each pair of conductors, and therefore does not produce any magnetization
in the ferrite core.

3.6 INTRODUCTION TO ANTENNA ARRAYS

The dipole antenna is a very simple antenna suitable for use when a nearly
omnidirectional pattern is required. However, its gain is low. In many com-
munication systems one is interested in point-to-point communication, and a
much more highly directive beam of radiation can be used to advantage. By
arranging several dipoles (or other elementary radiators) into an array, a
directive beam of radiation can be obtained. A more directive beam means that
the antenna will also have a higher gain. Simple arrays are readily built that
will give gains of 10 to 15 dB over that of a half-wave dipole. An increase in the
gain by a factor of 10 permits the transmitter power to be reduced tenfold for
the same signal strength at the receiving site. If, in addition, the receiving
antenna also has a gain of 10dB, a further tenfold reduction in power can be
aflorded for the same relative performance. It is apparent that increasing the
gain of the antenna has significant advantages.

In order to establish the basic method used in analyzing arrays, consider
the general array shown in Fig. 3.16. This array consists of N identical antennas
with the same orientation but excited with relative amplitudes C; and phase «,
for the ith antenna. The position of the ith antenna is given by the position
vector r,. For reference purposes we let the electric field radiated by a
reference antenna located at the origin and with an excitation coefficient of
unity be

'.‘.'l'

E(r) = 1(6, $) (3.35)

darr

where £(f, ¢) describes the electric-field radiation pattern of the elementary
antenna used in the array. In the far zone or radiatjon region where [r|> r, the
rays from all of the antennas in the array are essentially parallel. Thus the
distance from the ith antenna to the far-field point of interest is Ri=r—a -r.

The distant field produced by the ith antenna will suffer a propagation-phase
delay by an amount koa, - r, smaller than that of the reference antenna at the
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\ Flementary antenna

Figure 3.16 A general N -element array.

origin. (This antenna is not necessarily present in the ?rray; it serves asba
reference to which the radiated field of the antennas in the array;;n f::
compared.) When the different pmpagatinn—pﬁase delays and thne:I 1::;:111&
amplitudes and phases of excitation are taken into ?ccnunt the resu tan | e
from all the antennas in the array can be expressed in the following form:

N | - flgr fkon, ¥
E(r) = 3 G ei(6, ¢) —
i=1
g ke N _
= C, gl fhaveri (3.36)
[0, ) — 2 :

In this expression we have used the approximation R;=r in the amplitude

factor 1/r. Note that even though R; and r may differ by less than r::rr'uiz1 part Tha
thousand, this could still represent a distance of several “tavelengt S, SO rei
approximation of putting R, equal to r cannot be used in the I;::xpnn;n ia

function. A path difference of one wavel;ngth corresponds to a p a;e change
of 360°. These phase differences due to dlﬂ'erenl path If:nglhs [rm:n the various
antennas in the array are of fundamental importance in controlling the mtert-.
ference effects that enable a directive beam of radiation to be formed. .

Principle of Pattern Multiplication o

is examined, it will be seen to be the product of IhE
cadiation field from the reference antenna and the array factor F(6, ¢) given ‘byh

If the expression (3.36)

F(0,6)= 3, G s

ES, ok
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- =T T R L ey e T e i R w T W . TR e e

=

b b s s ro s

B etraetinek

[T Ty
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The radiation pattern and directivity is proportional to 167°r’|E]* and hence

N
D (ﬂl} b) = H(ﬂ, of,r)lz 2 C, /it ikoser;
=1

LI !

= |1(6, $)'|F (8, $)I’ (3.38)

This relation expresses the very important principle of pattern mulfiplication,
which states that the radiation pattern of an array is the product of the pattern
function of the individual antenna with the array pattern function. The latter is a
function of the location of the antennas in the array and their relative complex
amplitudes of excitation. We will have several occasions to apply this principle
in this chapter. |

The derivation of the principle of pattern multiplication rests on the
assumption that all antennas in the array have the same radiation pattern. This
assumption is generally not correct, because the current distribution on an
antenna is affected by mutual coupling effects with nearby objects, that is, the
other antennas in the array. Thus the elements near the sides of the array will
be influenced in a different manner from those in the center of the array.
However, the modification in the radiation pattern of the individual antennas is
often small enough that it can be neglected. The general behavior of arrays can
be predicted with good accuracy by assuming that the principle of pattern
multiplication is valid, so we will proceed on that basis in the discussion that
follows.

In the study of arrays it is usual to focus attention on the array factor
alone, since in an array with high directivity the individual antennas usually
have a very broad pattern, and most of the directivity is contributed by the
array factor. For the most part we will follow this procedure in the discussion
of various antenna arrays.

Uniform One-Dimensional Arrays

Figure 3.17 shows a line array of N + 1 elements, which for convenience we

= iy

x

Figure 3.17 A line array of N + | haif-wave dipoles.



assume to be half-wave dipoles, spaced by a dist:ii
with the same constant amplitude C = [, but wit
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nce d. Each antenna is excited

h a progressive phase change

ad from element to element, so that a, = nad. For this array direct application

of Eq. (3.37) gives
)
F(H, 0(,.] — Iu 2 Ejnnd'ﬁl:nndcmw
n={)

where i is the angle between the radius vector a, and the array axis, which is

the y axis in this case. Note that r,=nda, so that a, r, = ndcosi=

$. a relation that will display the 6, ¢ dependence of F(0, ¢). The

nd sin @ cos . 5 &)
a geometric series that may be summad using the known

above expression 1S
relation
N -I .— wl"'nl'+1

S wr = L
1 —w

o=l

(3.39)

Thus we find that
'l - Eft””“ﬂ*'ﬁnrncﬁr]d

F=1y | _ platkocos 9

sin{{(V + 1)/2](ex + ko cOs Jr)d} (3.40)
sinf(a + k,cos Jr)di2]

JONI DY + kg cos o)

=I,e

The array field pattern |F| is given by
sinfl(N + 112} + ks cos 4)d) i
sin(a + k,cos ¢)d/2

\Fl =1,

In order to study the array factor it is convenient to introduce the new

variable u given by

= kod cos (3.42)

and also the variable u, given by
(3.43)

i, = ad

The array factor can now be expressed as

| sinf[(N + 1)/2)(u + ug)} 3.44)
|F(u)| = I| - sin[(u + uy)/2] (

'!‘-Ilim function behaves very much like the well-known function {sinr u)/u, except
that it is periodic. In Fig. 3.18 the array factor given by Eq. (3.44) is shown as a

function of u. Note that major maxima occ 1 .
(1 + uy)/2 = mm, where m is an integer. These maxima have a pea

(N + 1)1, corresponding to an in-phase addition of the radiate

value of

ur when u =—u, and whenever

d field from alf
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space *
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Figure 318 Array factor for a uniform line array,

N +1 dipoles. The intervening smaller maxima are called side lobes, with the
largest one occurring a distance

_ *3w +37

AN+ 1)2 N+1
away from —u,. These first side lobes have an amplitude equal to 2/3#, or 0.21
of that of the main lobe when N is large (eight or more). There are N - 1

minor lobes between adjacent major lobes.

| As a function of u the array pattern repeats every 27 units along the u
axis. We now note that since

Au

u = ko,d cos

the range of u corresponding to physical space or the visible region is —k,d <
u = kod since cos s lies between ~1 and 1. Thus the visible region cnrresp;nds
to a value of u equal to *2#d/A, on either side of =0 In practice we
normally want only one main lobe to occur in physical space, and this requires
that we choose the spacing d small enough so that the region a distance of
_iszM“ on either side of u = 0 does not include another major lobe, as shown
in Fig. 3.18. Two special cases of importance are the broadside array and the
end-fire array, which we discuss below.

Broadside Arrays. When we put @ =0 then u, =0, and the major lobe maxi-
mum occurs at u=0 or cosy =0, which gives ¢ = #/2. Thus maximum
radiation occurs broadside to the array axis, as intuition would tell us should be
the case with all elements fed in phase. If we examine Fig. 3.18 we see that
p!‘D‘:-’llEIEd we keep the spacing d between elements somewhat less than A*
ad::!:tmnal major lobes will not occur in visible space since the closest Gihen;
major lobes are 27 away from the lobe at y = 0. The visible region extends

:Zm,\“%d to kod and this will lie within the interval — 27 < u <2, provided
0 '
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It is of interest to determine the angular width of the main lobe between
seros. since this is a measure of the beam concentration achieved. The nulls for
the main beam occur when the argument of the sine function in the numerator
in Eq. (3.44) equals ®; thus

+ 1
!—‘i—— kod cos = xr
2
or
+2m : *+Ag

(N + Dkd (N+1)d

cos ifr =

For N large, cos i is small, so ¢ i< close to 7/2. Hence if we let ¢y = /2 + Ay
we can replace cos(m/2+Ayr) = *sin Ay by *A¢. Consequently the beam
width BW is given by

24 2
(N+1)d L

BW =2Ay = (3.45)
where L= (N +1)d is essentially the length of the array. Equation .[3.45_)
expresses the general property of a broadside line arra}r.that the beam width is
inversely proportional to the array length measured in wavelengths. For a
beam width of 6", or about 0.1rad, an array about 20 wavelengths long is
required. This is quite feasible at high frﬂqucnr{.ms, !?ut at 1 MHz, whzare:
Ao = 300 m, the array length would be ﬁk.m, which might prove to be un{;
practical. (It certainly would be costly to t.uuld 20 or more towers Ao/4 tall an
to purchase the large tract of land required for thf-: installation.) Tl1r:+:1rraj,;
amplitude pattern factor shown in Fig. 3.18 can be easily shown asa function o
9 and &, as in Fig. 3.19a. If the array consists of half-wave {hpfﬂes, tht‘:t:l the
overall resultant pattern is the product of the array paltern with t!‘le dipole
pattern, as shown in Fig. 3.19¢. Note that the null altnng .lhe z axis for t.he:
dipole pattern results in two fan beams along the *y directions, together with
the minor lobes or side lobes. -

It is generally quite difficult to calculate the afnsm.!ule value of the dlrEEIWll};
for an array because the complex patter makes it difficult to evaluate the tn:::ta
radiated power. In the present case it would require evaluation of the following
integral:

A L —--) sin @.d@ do

" cos(m/2 cos @) sin{[(N + 1);"2']‘1_{,}d sin f cos dh’
L J (  sin @ sin[(k,d/2) sin 0 cos ¢]

A reasonable estimate of the directivity may be obtained by dividing 47 by the
solid angle occupied by the main beam and appmxir.nating this by the pmd.uc:t
of the principal E- and H-plane half-power beam widths. For the array u.nder
discussion, the E-plane half-power beam width is that of the half—wave+dtpnl'§
antenna and is 78°, or 1.36rad. The H-plane hali-power beam width 1§
determined by the array factor. This may be obtained by equating Eq. (3.44) to

iy PE——
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¥
. Figure of
"}f revolution
about x axis
(a)

F

—ifliar

Beam

Figure of revolution cross section

about 7 axis

(b) (e)
Figure 3.19 {ﬂ] Array pattern. (b) Half-wave dipole pattern. {c) Resultant pattern obtained by
pattern multiplication but with side lobes not shawn. ’

(N + DI,/V2: thus

'«‘.in?(iii u) _lu j 2
| 2 2 (E) (V+1)

In Irhm expression sin /2 was replaced by 1/2 since the denominator in Eq. (3
varies much more slowly than the numeraior and u is close [

solution for u may be found with adequate accuracy by
remaining sine function by the first two terms in

44)
0 zero. The
approximating the
its series expansion: thus

. (N +1 (o » 3 .
F:In( )u' HL-'(NJF I)E—E{N + U‘*—(E) _ u(N tl)
2 2 2 2V2 L
which gives .

2.65

Uy, =
A TN H
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 kyd cos(mi2— Ay = kyd Adryp 50 the half-power beam width is If we now change variables by letting u = ad + kod cos ¢, du = —k,d sin ¢ di)
' - 0 ’,

and with limits on u from (@ + kg)d to (@ — k,)d we obtain

Now u,,
given by
2.65% 2 2.65A, 2=V o I Pkod
= = = 3.46 D= n=0 “nl "0
BW,, =240, (N + Dkod (N +1)md (3.46) S0 Somag LIX JE1A0 7 m gy
kﬂdlzr-ﬂ IJ'rl1

The directivity is now readily found to be

N+1
D =~ 4 -5y N DA (3.47)

2x 1.36 X BW,, Ag

where the extra factor of 2 in the denominator accounts for the presence of two
beams. As an example, consider a 21-element array with N =20, d = 0.9x, We
then find that BW,,= 0.045 rad, or 2.54°. The estimate for the directivity is

(there are two beams)

dar
~ =103 20.1 dB
D= 136 % 0.045 | o

Thus a 21-element array has a very substantial directivity and also a large gain
since the losses would normally be quite small.
If the array elements were isotropic radiators instead of half-wave dipoles,

the pattern would have rotational symmetry about the array axis. In place of
the factor 1.36, which is the half-power beam width of the dipole antenna, we
must now use an angular width of 27 in the formula for D and also delete the
extra factor 2 in the denominator. Hence, for a uniform line array of N +1
isotropic-radiating elements the estimate for the directivity becomes

_ 4w 2nw {N+1)d_23?(N+l]d
ZWBWm 2;65 'A'ﬂ . hﬂ

D

A theoretical formula for the directivity of a line array of isotropic

radiators can be derived quite readily and will provide a useful check on the
estimate given above. For isotropic radiators the radiated electric field is

proportional to

N
E or 2 In E_,l'n{nd-lrkgd'mﬂ

a=0
The directivity is given by
An|E_ I
I (T\E(6, ¢)F sin 6 d0 d
and then, since E depends nnlfﬁﬁ

D=

We can choose the array axis as the z axis
the polar angle #, we obtain _

arn|E,. I Gy
27 fo |E@W)I sin ¢ dib

D=

: :':i!'!':'r'

~ S BN LI T sin(n =~ mYkod i~ m)  O48)

For the second special case of '
a uniform a i — .
expression becomes rray with all I, = I, and d = Ay/2, this

D= kod(N + 1)
I o Eholsin(n — m)w)i(n - m)
_ kod(N + 1)

d
=2 —
(N + ) (N+l},\ﬂ N+1

ts;n::!e: al,:.lmrmim[thi d:nﬂminatnr vanish except the N + 1 terms corresponding
= m, each of which equals =. When we ¢ [
_ . : ompare this exact expression wit
gur carlier estimate we find that in place of the factor 2.37 we ha'.?e a facto | I;
» SO our estimate was about 18 percent too large. a

In general, for a uniforml i
; ’ y excited array of N + 1 i . ,
expression for [ simplifies to the form ’ ! isotropic radiators, the

D - N+1
L+ 1/kod S¥ [(N 41— s)/(N + 1)s] cos sad sin skod

This form is obtained by i i

- y introducing a new summation index s = n — m in E
Ei;ﬂ) and nﬂt:qg that there are (N + [) s = 0 terms; Ns = +1 t:rm: (;I—T) Eii
*2 terms; or, in general, (N + 1) —|s| terms in +s. When the iis terms ‘an:
combined to give the cos sad factor, Eq. (3.49) is obtained.

(3.49)

E:d-ﬁre_hrrays. If u, 1s chosen equal to —kyd, a beam maximum is formed
when w = —u, = kod = kod cos ¢ or at s = 0, which is along the array axis. The
pangresswa phase chalngﬂ ad along the array is then —k,d, an amount tha.t just
girztsu:lheﬁprnpagalmn-ﬁphase advance from element to element in thje .:r
i E.mal; alrrraj ti:a:hls phased to produce a beam along its axis is called an
enefue ¢ 0 osen equal to k,d then the beam is formed in the —x
. "rli‘::r:rit;aij,r [actﬂrhand resulltanl array pattern are shown in Fig. 3.20. From
his g hav; seen that a spacing d of spmewhat less than Ay/2 is now required
10 avoic g a second beam appear in visible space. The second beam first
gins to appear along the —x direction when d approaches A,/2. The
pattern 1s again a figure of revolution about the array axis ' R
For the end-fire array the array factor is |

sin{{(N + 1)/2]k,d(cos ¢ — 1)}
sin[(kod/2)(cos ¢ — 1)] i

IFl=1, © (3.50)
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|F
Lt eV jsible spAcCE =
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) -kod u=0 kod = tig .
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S%ide-lobe cones

T~Circular cross section

(b)

Figure 3.20 Array factor and array pattern for an end-fire array.

The main beam nulls occur when

.i"j'é_l kod(cos — 1) = %7

For N large, the value A of ¢ al the nulls is small, so that cosAy¢ =

1 - ({:‘;Jff}lfz and we obtain
(Ay) B 2
2 (N + Dkyd

'
.-'Hd.rl

or &
Za:'tn."ld 12 2}.‘{' 112 : .
= =2\ = 2(—~) .(3.51)
BW = 2 Ay z(N > 1) . (
where L = (N + 1)d is essentially the array length. We see that for an end-fire

array the beam width is inversely proportional to the square root of the array
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length measured in wavelengths. The beam is not as narrow in a given plane as
for the broadside array, but this narrowing occurs in two planes. The greater
beam width is compensated by a narrowing of the pattern in both the E plane
and H plane. For a long array the multiplication of the array pattern by the
half-wave dipole pattern has little éffect, since the latter is almost constant over
the angular region occupied by the array pattern. _

We may estimate the directivity by finding the half-power beam width.
When we equate Eq. (3.50) to (J/V2)(N + 1), approximate cos Ain—1 by
(Av,,)’12, use a two-term expansion of the sine function in the numerator. and
approximate the denominator by k,d(Ay,,)’/4, we find that |

_ A 12 b
A, = 1.53[ - 1 3.52
h”r.rz .Trd{N+I} [. )
The solid angle of a conical beam of width A, 1s given by ’

2m A
() = J’ I sin @ df l’f{,f? ~ 2?7(1 — CO3 'ﬂ'j"!.rz) = w{ﬂ‘ﬁlﬂ]z
0 |

The approximate expression for the directivity is thus

(3.53)

Table 3.1 compares the estimated values of D from Eq. (3.53) with the exact
values computed from Eq. (3.49) from some representative cases of end-fire
arrays with ad = —kgd. It can be seen that the approximate formula does give a
good estimate.,

A greater directivity can be obtained by making the total progressive phase
delay along the array 7 rad greater than Nkyd. Thus, instead of choosing Nad
equal to —Nkyd, we choose Nad = —Nk,d — m, or

ad = u, = ~kyd —%:- (3.54)

which is known as the Hansen- Woodyard condition. This choice makes the
main lobe maximum occur where u = —uy,= k,d + n/N or where k,d cos ¢y =
kod + /N, which is in invisible space since it requires cos ¢ > 1. What has
happened is shown in Fig. 3.21 and corresponds to shifting the array factor
pattern to the right by a small amount #/N. The portion of the main lobe that

Table 3.1

N+1 df g D from Eq. (3.53) D from Eq. (3.49)

6 0.4 11.35 12.17
12 0.4 227 26.7

6 0.3 8.51 7.85
12 0.3 17.03 16.04

S — [ -
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IFi

- [N#!]fﬂ

Maximum

Visible space

Figure 3.21 1llustration of the Hansen-Woodyard condition,

remains in visible space is now a narrower lobe with a smaller H‘IHE?II‘HH‘II value.
It may seem a contradiction that reducing the maximum vai}le a-f:lncﬂtfﬂﬁ by iﬂhe
main lobe in visible space should lead to an increase in dlre:ctmty- The
anomaly is resolved by recalling that the directivity is pmpnrhi;mal to th‘E:
maximum power density divided by the total radiated power. The latter 1s
proportional to the area under the curve rapresenting the square of tl.w: array
factor shown in Fig. 3.21. For a small shift of the main lobe into the .mwsmhle
region, this area decreases faster than the square of lhc T?S}l“ﬂl'ﬂ maximum of
\F| in visible space and hence results in increased directivity. H.},w. means of a
graphical evaluation, Hansen and Woodyard arrived at the Icnm..lll.mn given by
Eq. (3.53) as the optimum choice for u, to give maximum directivity.

Uniform Two-Dimensional Arrays

A two-dimensional array of half-wave dipoles is shown in Fig. 3.22. It consists
of N + 1 dipoles along x and M + 1 dipoles along z, ora llmal of (N + I](_M +1)
dipoles. The dipoles are assumed to have the same amphtun?c nf.excnra!mn but
with a progressive phase change along both t.lm X an:;l_”fd*f{]r:;dcclmns. Thus the
phase of the current in the mnth element is given by "™, |

The array described may be viewed as an array of M +.1 hm_ﬂ:ar arrays.
Thus by using the principle of pattern multiplication, the two-dimensional array
factor is the product of the array factor for the M+ 1 antcnnaz_«; marraycd along z
with the array factor for the N + 1 elements arrayed along x. Thus we have

sin{[(N + 1)/2](kod sin 6 cos ¢ + ad)}
(6, #)1 =Ty sin[(d/2)(k, sin 6 cos ¢ + a)] 1

sin{[(M + 1)/2](kqd cos 6 + Bd)) (3.55a)
sin[(d/2)(k, cos 8 + B)]
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l M+ | elements

b=

N+ 1 elements

Figure 3.22 A two-dimensional array,
where we have used a, -a, =sin # cos ¢ and a, -a, = cos 0. It is convenient to
let
u = kyd sin 6 cos ¢ Uy = ad

v = kod cos 0 vy = f3d
and rewrite Eq. (3.55a) as
5i|1{[{_N + D2 (u + ug)} SE'{_[,{M + !);’2](1: + vy}

Fi\= I} — : 3.55
[Fl=1 sinf(u + uy)/2] sin(v + v,)/2 (3.55P)

The array factor has its first principal maximum when u = —-u,, v=—u,,
which defines the direction in space of the main radiation beam. If a = 8 = 0
this direction is perpendicular to the plane of the array, that is, along *+y. For
suitable values of @ and B the beam can be directed in any desired direction. If
the element phasing is controlled by phase changers in each element’s feed
line, control of the beam direction can be obtained electronically so the beam
can be made to scan any desirable angular sector. Arrays of this type are called
phased arrays.

In the case of a broadside array the angular width of the lobe in the xy and
yz planes is obtained by setting

N+ 1. . M+ 1
—— =TT a8 ——— - = =+
5 1 ™ and 5 v=Ew
as was done for the line array. It is readily found that -
94 : L o ant
BW — 0 . | oy = 35{-
BWh =N+ 1yd (1 4856a)
2.’\‘ i PRI
(BW),, = e (3.56h)

(M + 1)d
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The beam width in each plane is inversely proportional to the array length in
that plane. In a similar way the half-power beam widths can be found and are

given by expressions like Eq. (3.46); thus

25 (3.57a)
{Ewlﬂ).ﬂ' o {N + 1]“_d .
2632, (3.57h)
{Bwlﬂ)yl - {M 1 l)ﬂ'd .
The directivity is approximately given by (note that there are two beams)
47r _ 8.83(N + )M + 1)d’
P BW,),, BW,), A
= —3 (3.58)
8.83 ¥ |

where we have replaced (N + 1)(M + 1)d* by the area A D.E{‘:llpiﬂdlby the array.
We see that the directivity of the antenna is proportional to the area measured

in wavelengths squared, a property that is characteristic of all antennas. .
It is interesting to examine how the beam width changes as the beam is

scanned away from the direction normal to the array. If we assume that 8 =0

and choose ad equal to —kyd cos i, then the beam direction is at the angle ¢,
relative to the x axis and in the xy plane. For values of ¢ close to ¢y, we can

use a Taylor series expansion of
kod(cos ¢ — cos i)
to obtain (we expand the function of ¢ about ) h
kod(cos ¢ — cos yry) = (—kod sin Y)($ — )
Thus when we put (N + 1)(u — ty)/2 equal to +7 to find the beam width wg
obtain
N+ 1

5 (—kod sin g — thy) = 7

and hence
4 _ 24,
2=l = 28 = (R Nk d sin gy (N + 1)d sin v

(3.59)

which is the desired result. It is seen that th_ef _bez}m width _is in_creatagg_! by Ih;
factor 1/sin if,, We now note that (N + 1)1:1 §in g is Ih::: prn]ecl‘ed "-'{ldlh of the
array in the direction of the beam, and since Ihelprf:r]ecln::d ':mdth is les_s than
the true width, the beam width is broadened, that is, it varies inversely with the

rojected width. ' _
’ ]'[11.5 two-dimensional, or curtain, array produces a single beam on each side

of the array plane, provided the element spacing d is less than A, for broadside |

Lm0 —
T -

Pt e SO

Bt

e —
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radiation and is reduced to less than Ao/2 for edgeside radiation. If the element
spacing is too large, several beams will be formed in visible space on each side
of the array plane. The extra beams formed with large element spacings are

often referred to as grating lobes, a term that comes from the theory of optical
diffraction gratings. '

3.7 ARRAY PATTERN SYNTHESIS

The preceding discussion was limited to arrays with equal amplitude
excitation. Narrow beams were found to be formed, provided the phasing of
cach element was chosen properly. The relative phasing controls the inter-
ference between the radiation produced by each element so as to permit a
beam of radiation to be formed. If the excitation amplitudes are also varied
from element to element, it then turns out that considerable control can be
exercised on the shape and width of the main beam and on the locations and
amplitudes of the side lobes. Thus it is possible to actually synthesize ari array
to produce a radiation pattern that closely approximates an a priori specificd
pattern. This synthesis is called array pattern synthesis or simply array synthesis.

Different methods have been developed for array synthesis and are too
great in number for discussion in this text.t Instead we will look at some of the
fundamental aspects of array synthesis and discuss a few selected methods only.
We will consider only one-dimensional arrays, but the methods may be applied
to two-dimensional arrays, since for the latter the array factor is the product of

the two one-dimensional array factors, and each array factor may be syn-
thesized separately.

Fourier Series Method

Consider the line array with 2N + 1 elements, as shown in Fig. 3.23. Let the

excitation of each element be proportional to C, for the nth element. For
in-phase excitation the array factor is

N
F= % C,etmics? (3.60)

n==N

If we choose C, = C_, we can write

| N |
F(kod cos 8) = F(u)= Cy+ > 2C, cos nu ’ (3.61)
n=| t
'
which is a finite Fourier cosine series with N +1 unknown amplitudes. By
proper choice of the C,, this series can be used to approximate various desired

radiation patterns F (u). Note that 0< 8 < 7 so the range —kod = u skud IS

f Synthesis methods are reviewed in R. E. Collin and F. J. Zucker, Antenna Theory, vol. 1,
McGraw-Hill Book Company, New York, 1969, Chaps. 5, 7. o
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L |
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Figure 3.23 A line array with 2N + 1 elements.
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' However, the pattern mus
rresponds to physical space.
e fﬂ"E: {:[ y lhlalt T rnprljctf: period —7 = u = . As an example, lef Ff,(u}!h‘e
be specified over the co ert _ AN
the fe-::tangular pattern shown in Fig. 3.24. A least-mean s‘qui::;i:;: O et
pattern is obtained by choosing the C, as the usual Fourier series

that 1s,

” [ hed2
C : [ F (u)cos nudu = — J cos nu du (3.62)

n = E . 2?1‘ —kod/2

FFor the rectangular pattern we find that
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large array, then F as given by Egs. (3.61) and (3.62) will be a good ap-
proximation to the desired pattern. On the other hand, for a small array with
very few elements, the approximation will he poor in general because of the -
few terms in the Fourier series. The Fourier series n
array pattern synthesis that is easy to apply and vy
€rror approximation to the desired pattern.

1ethod is one approach to
ields a least-mean-square

Binomial Arrays

The array factor for an array of 2N -+ 1 elements can be chosen 1o be
- _y y |
.L (”) — {Fﬂkn 2} cos @ ¥ e knd!2) cox n}}h

— (E;'{'w'l} +e --;'[rJFI]-)?N

2 1y 2N L
_ 2 N(ﬂﬂﬁ E) = p - [N z {r_-flh' Ejll'l‘ll {15.;)
ri=0
upon using the binomial expansion. The Ci”ﬂ(ZN].'fn!{ZN—n}! are the

binomial coefficients, and the last form was oblained by factoring out ¢ /2

as
the e ™™ factor. Now C?V = CiN-m 50 Eq. (3.63) is a series of the same form as
Eqs. (3.60) and (3.61), that is.

Fu) = (C5¥ e ™+ O ™)+ [ g itv-1u Con-r € M4 ..
= 2C7" cos Nu +2C% cos(N - Du+ - - O

The binomial array pattern is characterized by the complete absence of side
lobes. The pattern \F(1)] = 2*¥ (cos u/2)’™ has 2N zeros at cos w/2=10 or
=g and thus is maximally flat at these points. To make the visible region
correspond 10 —7 < u < 7 we must choose kod = 7 or d = Ay/2 since u = *+kod
when 6 =10, respectively. The radiation pattern of the binomial array is
shown in Fig. 3.25. The disadvantage with the binomial array is that the

Figure 3.25 Array pattern for the hinom

Fal
'
Visible
~ space
r - i I
_'i:ﬂ-d="" l‘fndzf

1al array.
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half-power beam width is broader than that of a uniform array and the
directivity is lower. Both of these features are caused by the ineflicient use of
- the available array length 2Nd, since the excitation amplitudes are made
proportional to the binomial coeflicients (this is the origin of the name binomial
array), and hence the elements near each end of the array are weakly excited.
The small contribution to the total field from the elements near the ends of the
array is equivalent to a reduction in the effective length of the array, which
results in the decreased directivity and larger beam width noted above.

The Array Polynomial

Let us consider an array of N + 1 elements spaced by equal amounts d along
the z axis (as in Fig. 3.23 but with no elements along —z). The phasing between
elements is ad. For this array the array factor is

w
z C F.l'rt[u*ﬂn}
a €

=0

IF| = (3.64)

where u = k,d cos 0, u, = ad. We now let the complex variable Z be defined as

Z = g/t (3.65)

The array factor can be expressed in terms of this new variable as an N th
degree polynomial:

N
> CZ"

=1l

|F| = (3.66)

This polynomial representation was introduced by Schelkunoff.T It has the
advantage that the properties of a polynomial can be related to properties of
the array factor, and thus it provides a guide to the synthesis of a desirable
pattern, even though it is not a true synthesis method.

Any polynomial of degree N has N zeros, so Eq. (3.66) can be written in
factored form as

IFI=ICy(Z~ZNZ-2Z) .. . (Z~ Zy) (3.67)

Fach factor such as Z - Z, can be interpreted as the array factor for a
two-element array. Thus we have the theorem:

I. The array factor of an (N + l)-element array is the product of the array
factor of N two-element arrays superimposed to produce nulls at the zeros
of F, as given by Eq. (3.67).

Anather basic theorem is:

2. The array factor of an (N + I)-element array is a polynomial of degree N,
and conversely any polynomial of degree N can be interpreted as an
(N + 1) element array factor.

-1

+§ A Schelkunofl, A Mathematical Theory of Linear Arrays,” Bell Svst. Tech. J., vol. 22, no. 1,
1943, pp. 80-107. : <
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Since the product of two polynomials is also a polynomial, the following
theorem holds:
3. The product of two polynomials is the array factor for an array whose

pattern is the product of the patterns associated with each polynomial by
itself.

Visible space corresponds to —k,d < u =< k,d, and since |Z| = 1 for all real
values of u and u,, visible space corresponds to a portion of the unit-circle
circumference extending from —kod + 1y 10 kod + uy in angle measure, as
shown n Fig. 3.26. When d = Ay/2 a full 360° is covered, while if d = A /4 a
range of 180 is covered. For spacing greater than A /2, a portion of the unit
circle is covered twice. As @ increases from 0 to =, the point on the unit circle
moves from an angular position kyd + u,, in a clockwise sense, to the angular
position —k,d + u,. If the coefficients C, are complex, the additional phase of
each C, is added to the progressive phase nad for each element’s excitation.
The zeros Z, correspond to zeros in the radiation pattern whenever they lie on
that part of the unit circle representing visible space.

Main beam

/ region

Main beam
axis

Zeros
{a)

=
fl
k]

Main beam
axis, end fire

xMain beam

region
(b)

Hatm :HTE[} p Figure 3.26 (a) Visible space on unit circle
axis, 8 = 80. . for element spacing greater than Ag/2, up =
ug = - w/ 0, angular extent 2kod, @ increasing. (b)
d =075k visible space for element spacing less than
#=0 ™~ Main beam Aof2, end-fire array. (¢) Visible space for
reglon d = 3Ao/4, wug= —n/4, all zeros located in

(c) overlapping region.
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In order to appreciate how the polynomial representation may be used as a
guide to array design we can imagine |F| to be a stretched rubber band at some
height h above a plane surface. We now imagine pinning this rubber band to
the surface at the points i, corresponding to the zeros Z,. The band will rise
above the surface at the in-between points. If we place the zeros close together
we can keep the band close to the surface over the intervening region, and this
corresponds to low side lobes. If double zeros are used, then \F| and its
derivative are both zero, and this helps to keep the adjacent side lobes small.
Along those intervals where there are no zeros the side-lobe level will be large,
corresponding to a section where the rubber band is not pinned down.

An example that we have already discussed is the binomial array. For an
array with N + 1 elements, u,=0, and d = Ay/2, let us place all of the N
available zeros at u = 1, that is, at Z = —1. This corresponds to the point 8 =0
and 7. The array factor is

IFl=C(Z+ 1)
When this is expanded we obtain
Z+W=Z"+CVZ"'+ CYZM P+ - - C}

where the C¥ are the binomial coefficients. Hence we arrive at the same result
obtained earlier for the excitation coefficients, This approach to the binomial
array demonstrates the additional insight to array behavior obtained with the

polynomial representation.
As a second example, consider a uniform five-element array with array

polynomial
Fl=14+Z+Z"+Z"+ ZY|

For this array the first side lobe is approximately 13.5 dB below the main lobe.
Let us now replace all the single zeros with double zeros, which wiil reduce the

side-lobe level considerably. This is readily accomplished by squaring the array
factor for the uniform array, since every factor Z— Z_ will then appear twice.
Thus for the new array we choose

IFl=|(1+2Z+ 2+ Z'+ Z"| (3.68)

The array pattern is the square of that for the uniform array so the first side
lobe is now 27 dB below the main lobe maximum. The patterns of the two
arrays are shown in Fig. 3.27. Note that if d =A,/2, the unit circle in the Z
plane is covered once by visible space, and four pattern nulls occur. When d
approaches A, the unit circle is covered twice and eight pattern nulls occur. In
addition, grating lobes along the array axis, along with the main lobe at
broadside, will appear when d = A,, :
When Eq. (3.68) is expanded it becomes
Fl=1+2Z+322+42°+5Z°+32°+2Z"+ Z

Y

which represents a nine-element array, with the excitation coeflicients having

T

P T -
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IF1

Visible space

I 9-element
array
l .i sl ! |
28 - ¥ N 2w
z,ma“r\z,{n“:
Lero locations
NV
E'_l Zy

Figure 3.27 Array factor for a uniform five-element array and for a nine-element array with double

FCros,

the triangular distribution
1:2:3:4:5:4-3-2:1

It should be noted that the array with triangular current distribution will have 2
broader beam width and smaller directivity than a uniform array of the same
total number of elements but will have much lower side lobes. The tapering of
the excitation of the elements of an array towards zero as the ends of the arrav
are approached generally results in reduced side-lobe levels and a broader
radiation pattern and lower directivity. The decrease in directivity and increase
In beam width may be viewed as caused by the inefficient use of the available
array length, as discussed earlier in connection with the binomial array. In
general, reduced side-lobe levels are obtained at the expense of a decrease in
directivity and a broader main beam.

For a broadside array with the maximum allowed element spacing, almost
two complete circuits around the unit circle corresponds to visible space. Thus
a broadside array with N + 1 elements will have 2N nulls or zeros in its
radiation pattern, since the N zeros of the array polynomial are encountered
twice, as shown in Fig. 3.26a. For an end-fire array the spacing is restricted to
less than A 2, so less than one complete circuit around the unit circle
corresponds to visible space. Hence an end-fire array with N + 1 elements can
have at most N nulls, or zeros, in its radiation pattern (see Fig. 3.26b). For an
array with the beam pointed away from the array axis, visible space has a
portion of the unit circle traversed twice, and the available N zeros can all be
placed in this region, as shown in Fig. 3.26c. However, this is generally not an
optimum choice, since it leaves a large region without zeros and thus results in
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a broad asymmetrical main lobe. The placement of the pattern zeros controls ] T (x)
the pattern shape and side-lobe level and must be done in an appropriate - ;
manner. |

Chebyshev Arrays 1

One design criterion that is often chosen is that which will produce the j T,
narrowest possible beam width for a given side-lobe level or conversely that |
will produce the smallest side-lobe level for a given beam width. If we had a ] |
polynomial with these properties it would be easy to determine the required {
current distribution in the elements of the array. Fortunately there exists a
series of polynomials known as the Chebyshev polynomials that can be adapted
to the design of optimum arrays according to the criterion given above. The
method was first introduced by Dolph, so this type of array is also called a
Deolph-Chebyshev nrr&y-T The theory of the Chebyshev array is readily
developed by using the Fourier series representation of the array factor. Before !
presenting this theory we will summarize the basic properties of the Chebyshev
polynomials.
The Chebyshev polynomials are defined by the following relations:

Y
-

IR r

A R T B amuam
o)
L]

o N s o

Figure 3.28 The first three Chebyshev polynomials.

T{x)=x | Ln‘:t us now consider the function T,(a + b cos u)=2(a+ b cos u)’ — 1 upon
T,(x)= 2x* -1 using Eq. (3.69). When we expand this and use 2 cos’ u = cos 2u + 1 we obtain
Ty(x) = 4x" - 3x (3.69) Ty(a + b cos u)=(2a’+ b*~ 1)+ dab cos u + b’ cos 2u (3.73)

WI I I._ 3 1 1 4 i M " ¥ B
T(x) = 8x* — 8x? + 1 ?Ich 1S a _{inlle cosine Fourier series up to the term in cos 2u. Similarly, upon
using 4 cos” u = 3 cos u + cos 3u we find that

T,(x)=2xT, ,— T, ,

Ti(a+bcosu)=4(a+ bcosu) —3(a+bcosu)

Thes I ials also satisfy the relationshi
I'hese polynomials also satisly P - (@a’+ 6ab— 3a) + (124% 4 35" - by eos

T, (cos y¥) = cos ny (3.70a)

: + 6ab’ cos 2u + b cos 3u (3.74)
and when ¥ is complex

which is also a finite Fourier series. In general, TI'y(a + bcosu) is a finite
Fourier series with terms up to cos Nu and may therefore be identified as an
array factor for an array with 2N + 1 elements.

For a symmetrical broadside array with 2N + 1 elements. the array factor is
given by Eq. (3.61), which we repeat here for convenience

T (cosh ¥) = cosh ny (3.70b)

The Chebyshev polynomials oscillate between *] for x in the range —1 to 1
and have all n zeros in this interval. For |x|>1 the polynomials increase
monotonically, as shown in Fig. 3.28, The zeros of the Chebyshev polynomials

are given by

M
1+ 2m -
cos hy =0 or y = T 'n' m=0,1,2,...,n—=1 (3.71) F(u)=Cy+2 21 C, cos nu (3.75)
n - "=
The corresponding values of x are This series may be equated to the Chebyshev polynomial of degree N, since
i+ 2m £ Ty(a + b cos u) is also a series of the same form as Eq. (3.75). The constants a
Xp = COS ¥y, = COS 7 m=0,1,2,...,n—-1 (3.72) and b are chosen to make the visible range of u correspond to values of x in
n S

-

t C. L. Dolph. ©“A Current Distribution for Broadside Array Which Optimizes the Ht:lﬂl-ic}nﬁh-iﬁ

Ty (x) that range from x = —1 up to x = x,, where x,> 1. The value of T (x,)
corresponds to the maximum value of F(u), which is greater than 1, and the
side lobes correspond to —1=x <1 and are of unit amplitude. Thete are two
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' is given and
cases that require separate treatment. When the element sparz:cﬂh‘:;hs <mallest
is less than or equal to Ay/2, the parameter x = a + b cos u his case are given
1 lue a + b cos kod for 6 =0, 7. The design formulas for t I?dth tor s Civen

aiu 0 o
;“‘ For spacings d greater than A"n’.ﬂf narrower ?EEmT;I design formulas
side.-lubﬂ level can be achieved by optimizing the spacing. £

| e are piven later. ' |
o IRI: ;a::rics ﬁnm 0 to m/2 to m, the variable u = kod cos @ varies from kod

= ies from a + b cos kyd to
—k.d. The variable a + b cos u = x then varies . _
m:?:{;:z lht*:"t back to a + b cos —kqd = a + b cos kyd. These rela:mn:flphs;:
;:Iustrated in Fig. 3.29. We see that x =a + b = x; is tht::: value ﬂ: xthc;t_ﬂit com
maximum and x = a + b cos k,d should equal —1 to yield the arl
lobes at 8 =0, 7. Hence we require a + b= x,, a ¥ b cos kyd = —1 or

14 x;cos kod (3.76a)
T T cos kad
__rxn (3.76b)
b B 1 — COS knd
If d = A,/2 these constants become
_nzl (3.77a)
T
pot! (3.77b)
2

Figure 3.29 Ilustration of relationship between 8, u, and x,

bl das - .
o i s s e
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If we specify the ratio of the main-beam maximum to the side-lobe level to

be R, we require Tx(x;)= R. We can use Eq. (3.70b) to give x, = cosh y,,
Tn(x,) = cosh Ny, = R, and hence ¥1=N""cosh™ R and then
x; = cosh y, = cnsh(% cosh™ R) (3.78)

The constants a and b can now be found explicitly.
In some designs the beam width

is given. The main beam extends from the
last zero of Ty (x) before x reaches

the value of 1 up to x,. If the beam null is

placed at 6, then the corresponding value of u is u, = k,d cos 0, and x, is given
by
x,=a+bcosu,=a+b cos(k,d cos 6,) (3.79)
Now x,, the zero closest to one, is also given by Eq. (3.72) as
mw
X, = cos N + b cos u, (3.80)

This equation, along with the requirement that a+bcosk

ud= "_1, can hE
solved for a and b to give

. cos u, + x, cos kyd

cos u, — cos k,d (9.81a)
b=t 1.81h
cos u, — cos k,d (3.81b)

The heam-maximum-tu-side-]‘nbe-lcvel ratio R can be found from

Ty(x))= Ty(a+b) = R = cosh|N cosh™'(a + b)] (3.82)
since at u = () we have x = x, = a + b,

In the design of a Chebyshev array we can specify the side-lobe ratio
parameter R, in which case the beam width is fixed and can be found from the
known value of x, and the value of x; given by Eq. (3.80). The value of f, at the
null is given by Eq. (3.79) using Egs. (3.76) or (3.77) for a and b. The
alternative choice is to specily the beam width 8,, in which case there is no
choice available for the parameter R. In this latter case we must find @ and b
using Eq. (3.81) and can find R by using Eq. (3.82). The array excitation
coefficients are determined by expanding Ty(a + b cos u) into a Fourier series
and comparing it with Eq, (3.75). A variety of designs have been worked out,
50 in practice the computation does not need to be repeated.t |

We will illustrate the design theory by considering two examples.

t R. J. Stegen, “Excitation Coefficie

nts and Beamwidths of Chebyshev Arrays,” Proc. IRE., vol,
41, Nov. 1952, pp. 1671-1674,
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i - ide lobes A broadside array

le 3.1: Five-element array with 20-dB ".fldﬂ | |
E:T%T: :Ie:ments. with spacing d = Ay/2 and with side-lobe ?.mplltllﬂl".:s that
are 10 percent of the main-beam maximum, is required (side IuIE:-es 20 i;’IB
below the main lobe). The parameter R = 10 and Eq. (3.78) with N =2

(there are 2N + 1 = five elements) gives
x, = cosh(; cosh™' 10) = 2.3452

From Eq. (3.77) we obtain a = 0.6726, b = 1.6726. We now use EE (3.t?h3]
to obtain F(u)= Tya+bcosu)=2.7+% 4..5 cos u + 2.8 cos 2u. ‘ “25 gsje
current in element number 0 is 2.71,, that in elements —1 and 1 is 2.251,
i nts —2 and 2 is 1.41,.

" .:”:IIHII I:T: i:ﬁ::: null Eq. (3.80) gives x, = cos w/4 = 0.707 and cos :';, j
(0.707 — a)/b = 0206, so u, = 1.5501. But u, = kod cos 0, = frzc;?} I},ﬁsé'ndaa -
cos'(u,/m) = 1.054 rad = 60.43°. Hence the beam width is 2( 3=
59.13°. The array factor is illustrated in Fig. 3.30.

Example 3.2: Five-element array with a 40° beam wiﬂtIT The array of the
preceding example is to be modified to give a 40 beam width. For this beam
width 0. = 90° — 20° = 70° and u, = w cos 0, = 1.074. From the first example,
’ -— -
x, = 0.707, so upon using Eq. (3.81) we get a = 0.156, b = 1:156. rm"; Ei:|3
(3.82) we find that R = 2.44. We note that reducing the beam width from 59.
t;:ml 40° (about a 32 percent reduction) raises the side-lobe level frnm. 2{1' to
7.75 dB. The resultant array design is not a very good one. Tl;]e exmlalt:::;
i ‘ i i vi
coefficients can be found by using Eq. (3.73), as in the pre .

example.

| F(u)!
i

Visible

[

»
|
l
|

=2in

Figure 3.30 A five-element Chebyshev array with 20-dB side lobes.
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Superdirective Arrays

We have found [see Eq. (3.45)] that for a uniform line array the beam width is
inversely proportional to the array length measured in wavelengths. In prin-
ciple it is possible to design arrays with a fixed length L to have as narrow a
beam width and as high a directivity as desired. Any array with a directivity
significantly greater than that of a uniform array is called a superdirective or
supergain array. In practice, it turns out that these superdirective arrays are not
practical for several reasons which we will discuss later. |

If we have an array of fixed length L and use 2N + i elements the spacing
d = L{2N. There are 2N zeros available, and if we locate all of these in visible
space we can keep the side-lobe level as small as possible and still achicve a
narrow beam and high directivity. We will illustrate a superdirective design
with u, chosen equal to zero for simplicity. The major lobe peak will be chosen
to occur at u =0, or 6 = n/2. The visible space corresponds to ~kod = u = kd,
or in view of the restriction placed on d,

koL koL
IN S UEON

We will design the array as a Chebyshev array and restrict the array length I to
equal Ap/4 and use seven elements. The side lobes will be made equal to 0.1 of
the main lobe (20 dB down).

The required element spacing is such that kod = koLi6, or d = A,/24. 1T we
follow the procedure in Example 3.1 we obtain a = =73.01544219, b =
74.55587192, and x, = 1.54042973. The relative values of the currents in the
elements are

-3.99200886 x 10*  element no. 0
3.006383214 x 10° elements no. | and —1

—-1.2175861 x 10°  elements no. 2 and -2
2.072123161 x 10°  elements no. 3 and ~3

In the broadside direction of the main lobe the field is proportional to the
algebraic sum of all the currents, since they all contribute in phase. This sum
equals 10.0002 in spite of the very large currents (millions of amps) in each
element and is due to cancellation effects because the currents alternate in sign.
The beam width can be determined as in Example 3.1 and is 69.7°. It is thus
seen that even though ‘the array length was restricted to Ao/4 a beam width of
69.7° could be obtained with side lobes 20 dB down. The array factor is shown
in Fig. 3.31. Note the small visible region, which does contain six nulls, and the
very large value that [F(u)| reaches in invisible space (1.28 x 107 versus 10 for

P + =

the main lobe). | y o
This example of a superdirective array illustrates very clearly why these
antennas are not practical. The required current in each element is very large
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| F(u)!

—-10

V“ v

Lobe with Lobe with
peak value peak value
1.28 ¥ 107 1.28 % 107

. i ' 2

—m -
12

m ,,'E’? m m:r. iy mM u

| Visible |
f=xn r space | =0

Figure 3.31 Array [actor for a seven-clement supergrain array Ao/4 long (side lobes 20 dB down).

and results in large ohmic losses. The effective current, producing radiation in
the direction of the beam maximum, is very small because the currents in
adjacent elements are of opposite sign. Thus relative to the input currents Iin
each element, the radiated power is very small, and hence the radiation
resistance is small—usually much smaller than the ohmic resistance. The
required tolerance on the current is severe. A change in the current in one
element by ten parts in several million could reduce the main lobe amplitude to
sero. The reactive field is related in amplithde to the value of the array factor
F(u) in the invisible region and is large (due to the large currents), and hence
the input reactance of the antenna is very large and the band width of
operation is vanishingly small. These eflects are so severe that in practice only
a very small amount of supergaining could be incorporated into the antenna
design. A gain greater than that obtained with a uniform array using A,/2
element spacing is difficult to achieve. The term supergain is inappropriate in as
much as the superdirective arrays have a vanishing gain because of the high
ohmic losses relative to the radiated power. Nevertheless, superdirective
antennas are interesting from the mathematical viewpoint and have been the

subject of a large number of papers.1

Chebyshev Arrays with d > Ao/2

The narrowest main beam for a given side-lobe level is achieved by crowding as
many side lobes as possible into the visible range of u. When d is allowed to be

t A. Bloch et al., “Superdirectivity.” Proc. IRE.. vol. 48, 1960, p. 1164 This article contains 3]
references.
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greater than Anﬂ‘the spacing d can be optimized to achieve the narrowest
possible beam width. When d>Ay/2, kod is greater than 7. Thus x =

a4 . .
‘ .‘J.cns u will reach a minimum value of a — b when k,d cos 8 = 7 and will
1Ien increase in value as @ moves further toward the value mr, as shown in Fig

3.32. '
; ;"'v’e can allow x to vary from x, (beam maximum) to —1 and back to |
and this will repeat the side lobes in —1 < x < 1 twice in the vis |

‘ 1 ible range of u.
By referring to Fig. 3.32 we see that we need to choose | °

x;=a+bcos(kydcos@)=a + b 0 = m/2 (3.83a)
-I=a-b kod cos 6 = + 7 = 1y 2o

0 or f=cos '+ >d (3.83h)

l=a+bcosk,d 0=0,m (3.83¢)

I'he first two equations may be solved for @ and b to give

a = Il - ].
5 (3.84qa)

b=~— (3.84h)

while the third equation gives the optimum spacing d, that is

cos k,d = 17a _2TH
b 1+ x,

T <kod <27 (3.84¢)

Equation (3.82) for the beam-maximum-to-side-lobe ratio R is still applicable

When the beam width 6, is given, we require u, = k,d cos @, and
Fq

i
a+bcosu,=x,=cos~—— (3.85)

where x, is the first zero of Ty (x) to the left of x = 1. as given by Eq. (3.80). In

|
o

bl e e ]

for a Chebyshev array with optimum
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addition, Eq. (3.83b) and (3.83¢) must hold, so the required design formulas are

_ x,—cos U, (3.86a)

a-= 1 +cos u,
_ 1+ X, (3.86b)
I+ cosu,
1+2cos u, — X, (3.86¢)
cos kod = 1+ cos u,

array with optimum spacing This examdpli: is
imi i is also optimized. For
lar to Example 3.1, except that the spacing dis a :
Ezt{r}:‘:lﬂ side lobes R = 10 and x, = 2.3452. Hence, from ':?.q. (3.84), we obtain
a = 0.6726, b = 1.6726, and the optimum spacing (kod is greater than r)
d 1 L, 3-x,

— = —— 0S5
Ao 2w 1+ x

The beam width may be found from #8,. The first zero to the left of 1 tc_}r
Ty(x) is at x =0.707 so u, = 1.55, as in Example 311. Thus we obtain
8. = cos '(u,/ked) = cos™' 1.55/(2m x 0.781) = 71.59", which corresponds to a
b;am width of 2(90 - 71.59) = 36.82°. This is cnns:dera!:ly 'less than _thﬁ
50 13° beam width obtained by using d = Ao/2. The reduction in beam widt

is a result of making the overall array lnngf:.r
the maximum possible value without allowing a secon
in visible space. The array pattern is shown in Fig. 3.33.

Example 3.3: Five-element

= (.781

In the discussion
factor it was pointed out that for
zeros could be placed in visible spa
A,/2. For element spacings approaching A,

Faml

Visible Space -
I
|
|

0 | I kld' Ir.-"
—In —'kud =1 X =1y xX=— i :
It] ﬂ_!' ;;ﬂ
f=x T2

Figure 3.33 Array fac
Fig. 3.30).

by increasing the spacing d to
d major lobe to occur

of Schelkunoff's polynomial representation of the array
an array with 2N + | elements a total of 2N

ce when the element spacing is less than
the zeros are repeated, so a total of

or for a five-element Chebyshev array with optimum spacing (compare with
-0

the Relationship Between Beam Width and Sidelobe Level " Pre ol 38
the Relz " Proc. IRE, vol. 35, Ma
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4N zeros can _l:fc placed in visible space. The design procedures described
above do result in the full use of the maximum available number of zeros.
~ The transformation x = a + b cos u was introduced by Riblet and is ap-
phcgb!; to a;r?ys with an odd number of elements only.t It may also be
applied to end-fire arrays, and the design formulas mayv b i
ppied o g ay be found in a paper by
In the original paper by Dolph, the transformation x = bc
: , = 0 cos(u + u,)/2 was
used. A function such_ as cos Na can be expressed as a polynomial :]?1 cos o
of degree N and contains only even or odd powers in accordance with whether

N is even or odd. This propertyis readily verified by repeated application of
the formula

cos Na = 2cos a cos(N = )a — cos(N - 2

The array factor for an array with an odd number of elements and with
symmetrical excitation has the form

N u+tu
F,=1,+3 2 cnsZn( . “)

n=]
while an array with an even number of elements has an array factor of the form

2n—1

N
F,= > 2I cos

(e + u,)
These array factors can be expressed as polynomials of the form

F,=Cy+ i C..(Cns u;“")zn

-1

r ol U+ u,
= 2 Gycos =)
me |

where the C, are suitable constants. Since the Chebyshev polynomial
Talb cos(u + ug)/2] is a polynomial of degree M in cos(u + uy)/2 and contains
only even or odd powers in accordance with the parity of M, it follows that for
both cases the array factor can be represented by a Chebyshev polynomial of
degree one less than the number of elements in the array.

lFﬂr the broadside array case, Dolph's method will not yvield optimum
designs if the spacing is less than A,/2, since it will not allow the full number of
available zeros to be utilized. l-fdwcve;r, for the end-fire array and also for the
broadside array with oplimized spacing, Dolph's method gives optimum
designs. The optimized designs for broadside ‘arrays using either Dolph's

t H. J. Riblet, Discussion on “A Current Distribution for Broadside Arrays Which Optimizes
{1947, pp.

t R. H. DuHamel, "Optimum Patterns for Endfire Arrays,” Proc. IRE, vol. 41, I"uiay i?ﬁl Pp.

652-659.
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t n ra.[ % I{I

Broadside Array with Optimum Spacing

. Side-lobe ratio R specified:

! ' (3.87a)
— ——— c0sh R)
b = cnsll(N . |
k,d cos 8, E{}*:[WI_Z_{N—lH (3.87h)
E';'-'F' - E_ _— = m——————— h
BW 280 (3.87¢)
= 1 — 20,

2. Beam width (7 — 286,) specified:

cos[m/2(N - 1)] (3.884)
) E;IE[(f(nd cos 0,)/2]
R = cosh[(N — 1) cosh™" b] (3.88h)

Eﬂq - l (3.89)
cos — ;
End-fire Arrays
I. Side-lobe ratio R specified:
| ' (3.90a)
X, = mﬂh(;‘é'__i cosh™ R)
(010 20 cos Kod ] (3.900)
b= sin k,d
(x4 1) cot(k,d/2) (3.900)
U, = —2tan  —— -
1 7 )
kod 0 = —u,—2cos | —cos—- -———] (3.90d)
@08 s ’ b 2AN-1)

Beam width = 6,

The spacing must satisfy the condition

12
Lt

kod = 2 tan '(_ )

x,— 1

R

different amplitude levels at the v;
match each element (o

acceptable performance from the array over a band
feed networks the various elements are usy
or bays according to the overall Sym

fed from symmetrical feed networks. As an
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2. Beam width f, specified:

cm(:_i@) — __X: sin(kod/2) - sin[(kod cos 9.)/2]

)
2 {x:+ 1+ 2x, cos[kod(1 + cos 8,)/2]}1 (3.91a)
- i
where x_ = cos Q(E—_ﬁ (3.915)
— kod
b= —sec _”1.2_.1_ (3.91¢)
kod + u
%, = b cos _*13,__“ (3.91d)

R = cosh[(N — 1) cosh™! b] (3.91¢)

For the end-fire array the design is optimum for all values of d < A/2.
The end-fire array design produces the unexpected result that for a given
side-lobe level the beam width becomes smaller as the spacing is reduced.

However, very small spacing results in a superdirective array, along with high
currents and ohmic losses, as explained earlier,

3.8 FEED NETWORKS FOR ARRAYS

The design of 3 transmission-line netw
having a prescribed amplitude
plicated, because the mpu
mutual wnpedance with
impedance of the elemen
from that of the eleme

ork that will provide input currents
and phase at each element can be very com-
t impedance for each element is affected by the
all neighboring elements. [n particular, the input
ts in the central portion of the arr
nts near the sides of (he array.
complicated in the case of nonuniformly excited
o use some form of low-loss power

ay will be different
The problem is furthe
elements because of the need
-splitting circuit element to achieve
irious elements. It is usually necessary to
the transmission line feeding it in order to obtain
of frequencies. In typical
ally grouped into smaller subgroups
metry in the array. Similar bays are then

example, Fig. 3.34 shows g

nine-element 