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Management science is characterized by a scientific approach to managerial decision making. It attempts
to apply mathematical methods and the capabilities of modern computers to the difficult and unstructured
problems confronting modern managers. It is a young and novel discipline. Although its roots can be
traced back to problems posed by early civilizations, it was not until World War 1l that it became identified
as a respectable and well defined body of knowledge. Since then, it has grown at an impressive pace,
unprecedented for most scientific accomplishments; it is changing our attitudes toward decision-making, and
infiltrating every conceivable area of application, covering a wide variety of business, industrial, military, and
public-sector problems.

Management science has been known by a variety of other names. In the United Giataipns
researchhas served as a synonym and it is used widely today, while in Biojaémational researclseems
to be the more accepted name. Some people tend to identify the scientific approach to managerial problem-
solving under such other names as systems analysis, cost—benefit analysis, and cost-effectiveness analysis.
We will adhere tananagement scientleroughout this book.

Mathematical programming, and especially linear programming, is one of the best developed and most
used branches of management science. It concerns the optimum allocation of limited resources among
competing activities, under a set of constraints imposed by the nature of the problem being studied. These
constraints could reflect financial, technological, marketing, organizational, or many other considerations. In
broad terms, mathematical programming can be defined as a mathematical representation aimed at program-
ming or planning the best possible allocation of scarce resources. When the mathematical representation uses
linear functions exclusively, we have a linear-programming model.

In 1947, George B. Dantzig, then part of a research group of the U.S. Air Force known as Project SCOOP
(Scientific Computation Of Optimum Programs), developeddimeplex methodor solving the general
linear-programming problem. The extraordinary computational efficiency and robustness of the simplex
method, together with the availability of high-speed digital computers, have made linear programming the
most powerful optimization method ever designed and the most widely applied in the business environment.

Since then, many additional technigues have been developed, which relax the assumptions of the linear-
programming model and broaden the applications of the mathematical-programming approach. It is this
spectrum of techniques and their effective implementation in practice that are considered in this book.

1.1 AN INTRODUCTION TO MANAGEMENT SCIENCE

Since mathematical programming is only a tool of the broad discipline known as management science,
let us first attempt to understand the management-science approach and identify the role of mathematical
programming within that approach.
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It is hard to give a noncontroversial definition of management science. As we have indicated before,
this is a rather new field that is renewing itself and changing constantly. It has benefited from contributions
originating in the social and natural sciences, econometrics, and mathematics, much of which escape the
rigidity of a definition. Nonetheless it is possible to provide a general statement about the basic elements of
the management-science approach.

Management science is characterized by the usmathematical models providing guidelines to
managers for making effective decisions within the state of the current information, or in seeking further
information if current knowledge is insufficient to reach a proper decision.

There are several elements of this statement that are deserving of emphasis. First, the essence of manage-
ment science is the model-building approach—that is, an attempt to capture the most significant features of the
decision under consideration by means of a mathematical abstraction. Models are simplified representations
of the real world. In order for models to be useful in supporting management decisions, they have to be simple
to understand and easy to use. At the same time, they have to provide a complete and realistic representation
of the decision environment by incorporating all the elements required to characterize the essence of the
problem under study. This is not an easy task but, if done properly, it will supply managers with a formidable
tool to be used in complex decision situations.

Second, through this model-design effort, management science tries to provide guidelines to managers or,
in other words, to increase managers’ understanding of the consequences of their actions. There is never an
attempt to replace or substitute for managers, but rather the aisLipportmanagement actions. Itis critical,
then, to recognize the strong interaction required between managers and models. Models can expediently
and effectively account for the many interrelationships that might be present among the alternatives being
considered, and can explicitly evaluate the economic consequences of the actions available to managers within
the constraints imposed by the existing resources and the demands placed upon the use of those resources.
Managers, on the other hand, should formulate the basic questions to be addressed by the model, and then
interpret the model’s results in light of their own experience and intuition, recognizing the model’s limitations.
The complementarity between the superior computational capabilities provided by the model and the higher
judgmental capabilities of the human decision-maker is the key to a successful management-science approach.

Finally, it is the complexity of the decision under study, and not the tool being used to investigate the
decision-making process, that should determine the amount of information needed to handle that decision
effectively. Models have been criticized for creating unreasonable requirements for information. In fact,
this is not necessary. Quite to the contrary, models can be constructed within the current state of available
information and they can be used to evaluate whether or not it is economically desirable to gather additional
information.

The subject of proper model design and implementation will be covered in detail in Chapter 5.

1.2 MODEL CLASSIFICATION

The management-science literature includes several approaches to classifying models. We will begin with a
categorization that identifies broad types of models according to the degree of realism that they achieve in
representing a given problem. The model categories can be illustrated as shown in Fig. 1.1.

Operational Exercise

The first model type is aoperational exercise This modeling approach operates directly with the real
environment in which the decision under study is going to take place. The modeling effort merely involves
designing a set of experiments to be conducted in that environment, and measuring and interpreting the results
of those experiments. Suppose, for instance, that we would like to determine what mix of several crude oils
should be blended in a given oil refinery to satisfy, in the most effective way, the market requirements for
final products to be delivered from that refinery. If we were to conduct an operational exercise to support that
decision, we would try different quantities of several combinations of crude oil types directly in the actual
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refinery process, and observe the resulting revenues and costs associated with each alternative mix. After
performing quite a few trials, we would begin to develop an understanding of the relationship between the

Human decision maker is Human decision maker is
part of the modeling process external to the modeling process
A A

N\
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Fig. 1.1 Types of model representation.

crude oil input and the net revenue obtained from the refinery process, which would guide us in identifying
an appropriate mix.

In order for this approach to operate successfully, it is mandatory to design experiments to be conducted
carefully, to evaluate the experimental results in light of errors that can be introduced by measurement inac-
curacies, and to draw inferences about the decisions reached, based upon the limited number of observations
performed. Many statistical and optimization methods can be used to accomplish these tasks properly. The
essence of the operational exercise is an inductive learning process, characteristic of empirical research in the
natural sciences, in which generalizations are drawn from particular observations of a given phenomenon.

Operational exercises contain the highest degree of realism of any form of modeling approach, since
hardly any external abstractions or oversimplifications are introduced other than those connected with the
interpretation of the observed results and the generalizations to be drawn from them. However, the method
is exceedingly, usually prohibitively, expensive to implement. Moreover, in most cases it is impossible to
exhaustively analyze the alternatives available to the decision-maker. This can lead tegbuptenization
in the final conclusions. For these reasons, operational exercises seldom are used as a pure form of modeling
practice. It is important to recognize, however, that direct observation of the actual environment underlies
most model conceptualizations and also constitutes one of the most important sources of data. Consequently,
even though they may not be used exclusively, operational exercises produce significant contributions to the
improvement of managerial decision-making.

Gaming

The second type of model in this classificatiorgeming In this case, a model is constructed that is an
abstract and simplified representation of the real environment. This model provides a responsive mechanism
to evaluate the effectiveness of proposed alternatives, which the decision-maker must supply in an organized
and sequential fashion. The model is simply a device that allows the decision-maker to test the performance
of the various alternatives that seem worthwhile to pursue. In addition, in a gaming situation, all the human
interactions that affect the decision environment are allowed to participate actively by providing the inputs
they usually are responsible for in the actual realization of their activities. If a gaming approach is used in our
previous example, the refinery process would be represented by a computer or mathematical model, which
could assume any kind of structure.

The model should reflect, with an acceptable degree of accuracy, the relationships between the inputs and
outputs of the refinery process. Subsequently, all the personnel who participate in structuring the decision
process in the management of the refinery would be allowed to interact with the model. The production man-
ager would establish production plans, the marketing manager would secure contracts and develop marketing
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strategies, the purchasing manager would identify prices and sources of crude oil and develop acquisition
programs, and so forth. As before, several combinations of quantities and types of crude oil would be tried,
and the resulting revenues and cost figures derived from the model would be obtained, to guide us in for-
mulating an optimal policy. Certainly, we have lost some degree of realism in our modeling approach with
respect to the operational exercise, since we are operating with an abstract environment, but we have retained
some of the human interactions of the real process. Howevearpdi®f processing each alternatiras been
reduced, and thepeed of measuring the performarafeeach alternative has been increased.

Gaming is used mostly as a learning device for developing some appreciation for those complexities
inherent in a decision-making process. Several management games have been designed to illustrate how
marketing, production, and financial decisions interact in a competitive economy.

Simulation

Simulationmodels are similar to gaming models except that all human decision-makers are removed from
the modeling process. The model provides the means to evaluate the performance of a number of alterna-
tives, supplied externally to the model by the decision-maker, without allowing for human interactions at
intermediate stages of the model computation.

Like operational exercises and gaming, simulation models neither generate alternatives nor produce an
optimum answer to the decision under study. These types of models are inductive and empirical in nature;
they are useful only to assess the performance of alternatives identified previously by the decision-maker.

If we were to conduct a simulation model in our refinery example, we would program in advance a large
number of combinations of quantities and types of crude oil to be used, and we would obtain the net revenues
associated with each alternative without any external inputs of the decision-makers. Once the model results
were produced, new runs could be conducted until we felt that we had reached a proper understanding of the
problem on hand.

Many simulation models take the form of computer programs, where logical arithmetic operations are
performed in a prearranged sequence. It is not necessary, therefore, to define the problem exclusively in
analytic terms. This provides an added flexibility in model formulation and permits a high degree of realism
to be achieved, which is particularly useful when uncertainties are an important aspect of the decision.

Analytical Model

Finally, the fourth model category proposed in this framework isatieytical model In this type of model,

the problem is represented completely in mathematical terms, normally by means of a criterion or objective,
which we seek to maximize or minimize, subjectto a set of mathematical constraints that portray the conditions
under which the decisions have to be made. The model computes an optimal solution, that is, one that satisfies
all the constraints and gives the best possible value of the objective function.

In the refinery example, the use of an analytical model implies setting up as an objectivedingzation
of the net revenuesbtained from the refinery operation as a function of the types and quantities of the crude
oil used. In addition, the technology of the refinery process, the final product requirements, and the crude
oil availabilities must be represented in mathematical terms to define the constraints of our problem. The
solution to the model will be the exact amount of each available crude-oil type to be processed that will
maximize the net revenues within the proposed constraint set. Linear programming has been, in the last two
decades, the indisputable analytical model to use for this kind of problem.

Analytical models are normally the least expensive and easiest models to develop. However, they intro-
duce the highest degree of simplification in the model representation. As a rule of thumb, it is better to be
as much to the right as possible in the model spectrum (no political implication intended!), provided that the
resulting degree of realism is appropriate to characterize the decision under study.

Most of the work undertaken by management scientists has been oriented toward the development and
implementation of analytical models. As a result of this effort, many different techniques and methodologies
have been proposed to address specific kinds of problems. Table 1.1 presents a classification of the most
important types of analytical and simulation models that have been developed.
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Formulation of Some Examples

Table 1.1 Classification of Analytical and Simulation Models

Strategy evaluation

Strategy generation

Certainty

Deterministic simulation
Econometric models
Systems of simultaneous
equations
Input-output models

Linear programming

Network models

Integer and mixed-integer
programming

Nonlinear programming

Control theory

Uncertainty

Monte Carlo simulation
Econometric models
Stochastic processes
Queueing theory
Reliability theory

Decision theory
Dynamic programming
Inventory theory
Stochastic programming
Stochastic control theory

Statistics and subjective assessment are used in all models to determine values for
parameters of the models and limits on the alternatives.

The classification presented in Table 1.1 is not rigid, since strategy evaluation models are used for
improving decisions by trying different alternatives until one is determined that appears “best.” The important
distinction of the proposed classification is that, for strategy evaluation models, the user must first choose
and construct the alternative and then evaluate it with the aid of the model. For strategy generation models,
the alternative is not completely determined by the user; rather, the class of alternatives is determined by
establishing constraints on the decisions, and then an algorithmic procedure is used to automatically generate
the “best” alternative within that class. The horizontal classification should be clear, and is introduced because
the inclusion of uncertainty (or not) generally makes a substantial difference in the type and complexity of
the techniques that are employed. Problems involving uncertainty are inherently more difficult to formulate
well and to solve efficiently.

This book is devoted to mathematical programming—a part of management science that has a common
base of theory and a large range of applications. Generally, mathematical programming includes all of
the topics under the heading of strategy generation except for decision theory and control theory. These
two topics are entire disciplines in themselves, depending essentially on different underlying theories and
techniques. Recently, though, the similarities between mathematical programming and control theory are
becoming better understood, and these disciplines are beginning to merge. In mathematical programming,
the main body of material that has been developed, and more especially applied, is under the assumption of
certainty. Therefore, we concentrate the bulk of our presentation on the topics in the upper righthand corner
of Table 1.1. The critical emphasis in the book is on developing those principles and techniques that lead
to good formulation®f actual decision problems asdlution procedurethat are efficient for solving these
formulations.

1.3 FORMULATION OF SOME EXAMPLES

In order to provide a preliminary understanding of the types of problems to which mathematical programming
can be applied, and to illustrate the kind of rationale that should be used in formulating linear-programming
problems, we will present in this section three highly simplified examples and their corresponding linear-
programming formulations.

Charging aBlast Furnace* Aniron foundry has afirm order to produce 1000 pounds of castings containing
atleast 0.45 percent manganese and between 3.25 percentand 5.50 percent silicon. Asthese particular castings
are a special order, there are no suitable castings on hand. The castings sell for $0.45 per pound. The foundry
has three types of pig iron available in essentially unlimited amounts, with the following properties:

* Excel spreadsheet availablehdtp://web.mit.edu/15.053/www/Sectl.3 Blast_Furnace.xls
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Type of pig iron

A B Cc

Silicon 4 % 1% 0.6%
Manganese | 0.45% 0.5% 0.4%)

Further, the production process is such that pure manganese can also be added directly to the melt. The costs
of the various possible inputs are:

Pig A $21/thousand pounds
Pig B $25/thousand pounds
PigC $15/thousand pounds

Manganese  $ 8/pound.

It costs 0.5 cents to melt down a pound of pig iron. Out of what inputs should the foundry produce the castings
in order to maximize profits?

The first step in formulating a linear program is to definedgeision variablesf the problem. These are
the elements under the control of the decision-maker, and their values determine the solution of the model.
In the present example, these variables are simple to identify, and correspond to the number of pounds of pig
A, pig B, pig C, and pure manganeseto be used in the production of castings. Specifically, let us denote the
decision variables as follows:

x1 = Thousands of pounds of pig iron A,
X2 = Thousands of pounds of pig iron B,
x3 = Thousands of pounds of pig iron C,
X4 = Pounds of pure manganese.

The next step to be carried out in the formulation of the problem is to determine the criterion the decision-
maker will use to evaluate alternative solutions to the problem. In mathematical-programming terminology,
this is known as thebjective functionln our case, we want to maximize the total profit resulting from the
production of 1000 pounds of castings. Since we are producing exactly 1000 pounds of castings, the total
income will be the selling price per pound times 1000 pounds. That is:

Total income= 0.45 x 1000= 450,

To determine the total cost incurred in the production of the alloy, we should add the melting cost of
$0.005/pound to the corresponding cost of each type of pig iron used. Thus, the relevant unit cost of the pig
iron, in dollars per thousand pounds, is:

Pig iron A 21+ 5 = 26,
PigironB  25+5 = 30,
Pig iron C 15+ 5 = 20.
Therefore, the total cost becomes:
Total cost= 26x1 + 30x2 + 20x3 + 8X4, 1)
and the total profit we want to maximize is determined by the expression:
Total profit= Total income— Total cost.
Thus,
Total profit= 450— 26x; — 30x2 — 20Xz — 8x4. (2)
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It is worthwhile noticing in this example that, since the amount of castings to be produced was fixed in
advance, equal to 1000 pounds, the maximization of the total profit, given by Eq. (2), becomes completely
equivalent to the minimization of the total cost, given by Eqg. (1).

We should now define theonstraintsof the problem, which are the restrictions imposed upon the values
of the decision variables by the characteristics of the problem under study. First, since the producer does not
want to keep any supply of the castings on hand, we should make the total amount to be produced exactly
equal to 1000 pounds; that is,

10001 + 1000, + 10003 + X4 = 100Q 3)

Next, the castings should contain at least 0.45 percent manganese, or 4.5 pounds in the 1000 pounds of
castings to be produced. This restriction can be expressed as follows:

4.5X7 + 5.0x2 + 4.0X3 + X4 > 4.5. (4)

The term 45x; is the pounds of manganese contributed by pig iron A since each 1000 pounds of this pig iron
contains 4.5 pounds of manganese. Xhexs, andx4 terms account for the manganese contributed by pig
iron B, by pig iron C, and by the addition of pure manganese.

Similarly, the restriction regarding the silicon content can be represented by the following inequalities:

40x1 4+ 10xo + 6x3 > 325, (5)
40x; + 10x, 4 6x3 < 55.0. (6)
Constraint (5) establishes that the minimum silicon content in the castings is 3.25 percent, while constraint

(6) indicates that the maximum silicon allowed is 5.5 percent.
Finally, we have the obvious nonnegativity constraints:

Xx1>0, x>0, x3>0, x4>0.
If we choose to minimize the total cost given by Eq. (1), the resulting linear programming problem can
be expressed as follows:

Minimize z = 26x1 + 30xo + 20x3 + 8x4,

subject to:
1000« + 1000k + 100x3 + X4 = 100Q

45x1 + 5.0xo + 4.0x3 + Xq4 > 4.5,
407 + 10x2 + 6X3 > 325,
407 + 10x2 + 6X3 < 55,0,
X1>0, x2>0, Xx3>=0, xa>0.
Often, this algebraic formulation is representedhibleau formas follows:

Decision variables
X1 X2 X3 X4 Relation| Requirements

Total Ibs. 1000 1000 1000 1 = 1000
Manganese 45 5 4 1 > 45
Silicon lower 40 10 6 0 > 325
Silicon upper 40 10 6 0 < 55.0
Objective 26 30 20 8 = z (min)
(Optimal solution) 0.779 0 0.220 0.111 25.54

The bottom line of the tableau specifies thgtimal solutionto this problem. The solution includes
the values of the decision variables as well as the minimum cost attained, $25.54 per thousand pounds; this
solution was generated using a commercially available linear-programming computer system. The underlying
solution procedure, known as teamplex methodwill be explained in Chapter 2.
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Fig. 1.2 Optimal cost of castings as a function of the cost of pure manganese.

It might be interesting to see how the solution and the optimal value of the objective function is affected
by changes in the cost of manganese. In Fig. 1.2 we give the optimal value of the objective function as this
costis varied. Note that if the cost of manganese rises above/#9.86ennopure manganese is used. In the
range from $0.014b. to $9.86 Ib., the values of the decision variables remain unchanged. When manganese
becomes extremelypexpensiveless than $0.0148b., a great deal of manganese is used, in conjuction with
only one type of pig iron.

Similar analyses can be performed to investigate the behavior of the solution as other parameters of the
problem (for example, minimum allowed silicon content) are varied. These results, known as parametric
analysis, are reported routinely by commercial linear-programming computer systems. In Chapter 3 we will
show how to conduct such analyses in a comprehensive way.

Portfolio Selection* A portfolio manager in charge of a bank portfolio has $10 million to invest. The

securities available for purchase, as well as their respective quality ratings, maturities, and yields, are shown
in Table 1.2.

Table 1.2
Bond Bond Quality scales Yearsto| Yieldto | After-tax
name type Moodys | Banks maturity | maturity | yield
A Municipal Aa 2 9 4.3% 4.3%
B Agency Aa 2 15 5.4 2.7
C Government Aaa 1 4 5.0 25
D Government Aaa 1 3 4.4 2.2
E Municipal Ba 5 2 45 45

The bank places the following policy limitations on the portfolio manager’s actions:

1. Government and agency bonds must total at least $4 million.

2. The average quality of the portfolio cannot exceed 1.4 on the bank’s quality scale. (Note that a low
number on this scale means a high-quality bond.)

3. The average years to maturity of the portfolio must not exceed 5 years.

Assuming that the objective of the portfolio manager is to maximize after-tax earnings and that the tax rate is
50 percent, what bonds should he purchase? If it became possible to borrow up to $1 million at 5.5 percent

* Excel spreadsheet availabléntip://web.mit.edu/15.053/www/Sect1.3_Portfolio_Selection.xls
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before taxes, how should his selection be changed?
Leaving the question of borrowed funds aside for the moment, the decision variables for this problem are
simply the dollar amount of each security to be purchased:
Xa = Amount to be invested in bond A; in millions of dollars.
Xg = Amount to be invested in bond B; in millions of dollars.
Xc = Amount to be invested in bond C; in millions of dollars.
Xp = Amount to be invested in bond D; in millions of dollars.
Xe = Amount to be invested in bond E; in millions of dollars.

We must now determine the form of the objective function. Assuming that all securities are purchased at par
(face value) and held to maturity and that the income on municipal bonds is tax-exempt, the after-tax earnings
are given by:

z = 0.043xa + 0.027xg + 0.025x¢c + 0.022xp + 0.045xg.

Now let us consider each of the restrictions of the problem. The portfolio manager has only a total of ten
million dollars to invest, and therefore:

Xa + Xg + Xc + Xp + Xg < 10.
Further, of this amount at least $4 million must be invested in government and agency bonds. Hence,
X + Xc + Xp > 4.

The average quality of the portfolio, which is given by the ratio of the total quality to the total value of the
portfolio, must not exceed 1.4:

2Xp + 2Xg + Xc + Xp + 5Xg -
Xa+ Xg+Xc+Xp+ Xg =

Note that the inequality is less-than-or-equal-to, since a low number on the bank’s quality scale means a
high-quality bond. By clearing the denominator and re-arranging terms, we find that this inequality is clearly
equivalent to the linear constraint:

0.6xa + 0.6xg — 0.4%Xc — 0.4xp + 3.6xg < O.

The constraint on the average maturity of the portfolio is a similar ratio. The average maturity must not
exceed five years:

14.

9Xa + 15xg + 4Xc + 3Xp + 2Xg <5
XA + Xs+ Xc+ Xp+ Xg =
which is equivalent to the linear constraint:

’

4xp + 10xg — Xc — 2Xp — 3xg < 0.

Note that the two ratio constraints are, in faggnlinear constraints, which would require sophisticated
computational procedures if included in this form. However, simply multiplying both sides of each ratio
constraint by its denominator (which must be nonnegative since it is the sum of nonnegative variables)
transforms this nonlinear constraint into a simple linear constraint. We can summarize our formulation in
tableau form, as follows:

XA XB Xc Xp Xg |Relation Limits
Cash 1 1 1 1 1 < 10
Governments 1 1 1 > 4
Quality 06 06 -04 —-04 36 < 0
Maturity 4 10 -1 -2 -3 < 0
Objective 0.043 0.027 0.025 0.022 0.045 = z (max)

(Optimal solution) 3.36 0 0 6.48 0.16 0.294
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The values of the decision variables and the optimal value of the objective function are again given in the last
row of the tableau.

Now consider the additional possibility of being able to borrow up to $1 million at 5.5 percent before
taxes. Essentially, we can increase our cash supply above ten million by borrowing at an after-tax rate of 2.75
percent. We can define a new decision variable as follows:

y = amount borrowed in millions of dollars.

There is an upper bound on the amount of funds that can be borrowed, and hence
y<1

The cash constraint is then modified to reflect that the total amount purchased must be less than or equal to
the cash that can be made available including borrowing:

XA + X8+ Xc+ Xp + Xg <10+ y.
Now, since the borrowed money costs 2.75 percent after taxes, the new after-tax earnings are:
z = 0.043xa + 0.027xg + 0.025%c + 0.022xp + 0.045xg — 0.0275y.

We summarize the formulation when borrowing is allowed and give the solution in tableau form as follows:

XA XB Xc XD XE y Relation| Limits
Cash 1 1 1 1 1 -1 < 10
Borrowing 1 < 1
Governments 1 1 1 > 4
Quality 0.6 06 -04 -04 36 < 0
Maturity 4 10 -1 -2 -3 < 0
Objective 0.043 0.027 0.025 0.022 0.045-0.0275 = Z (max)
(Optimal solution) 3.70 0 0 7.13 0.18 1 0.296

Production and Assembly A division of a plastics company manufactures three basic products: sporks,
packets, and school packs. A spork is a plastic utensil which purports to be a combination spoon, fork, and
knife. The packets consist of a spork, a napkin, and a straw wrapped in cellophane. The school packs are
boxes of 100 packets with an additional 10 loose sporks included.

Production of 1000 sporks requires 0.8 standard hours of molding machine capacity, 0.2 standard hours
of supervisory time, and $2.50 in direct costs. Production of 1000 packets, including 1 spork, 1 napkin, and 1
straw, requires 1.5 standard hours of the packaging-area capacity, 0.5 standard hours of supervisory time, and
$4.00 in direct costs. There is an unlimited supply of napkins and straws. Production of 1000 school packs
requires 2.5 standard hours of packaging-area capacity, 0.5 standard hours of supervisory time, 10 sporks,
100 packets, and $8.00 in direct costs.

Any of the three products may be sold in unlimited quantities at prices of $5.00, $15.00, and $300.00 per
thousand, respectively. If there are 200 hours of production time in the coming month, what products, and
how much of each, should be manufactured to yield the most profit?

The first decision one has to make in formulating a linear programming model is the selection of the
proper variables to represent the problem under consideration. In this example there are at least two different
sets of variables that can be chosen as decision variables. Let us represent tkisrariay’s and define
them as follows:

x1 = Total number of sporks produced in thousands,
X2 = Total number of packets produced in thousands,
x3 = Total number of school packs produced in thousands,
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and

y1 = Total number of sporks sold as sporks in thousands,
y» = Total number of packets sold as packets in thousands,
y3 = Total number of school packs sold as school packs in thousands.

We can determine the relationship between these two groups of variables. Since each packet needs one
spork, and each school pack needs ten sporks, the total number of sporks sold as sporks is given by:

Y1 = X1 — X2 — 10x3. (7)
Similarly, for the total number of packets sold as packets we have:
y2 = X2 — 100xs. (8)
Finally, since all the school packs are sold as such, we have:
Y3 = Xa. )
From Egs. (7), (8), and (9) it is easy to expressxtsin terms of they’s, obtaining:

X1 = Y1+ Y2 + 110y3, (10)
X2 = y2 + 100y, (11)
X3 = Y3. (12)

As a matter of exercise, let us formulate the linear program corresponding to the present example in two
forms: first, using the's as decision variables, and second, usingytBeas decision variables.

The objective function is easily determined in terms of bpthndx-variables by using the information
provided in the statement of the problem with respect to the selling prices and the direct costs of each of the
units produced. The total profit is given by:

Total profit= 5y; + 15y» + 300y3 — 2.5x1 — 4x2 — 8Xa. (13)

Equations (7), (8), and (9) allow us to express this total profit in terms okihariables alone. After
performing the transformation, we get:

Total profit= 2.5x1 + 6x2 — 12583. (14)

Now we have to set up the restrictions imposed by the maximum availability of 200 hours of production
time. Since the sporks are the only items requiring time in the injection-molding area, and they consume 0.8
standard hours of production per 1000 sporks, we have:

0.8x; < 200, (15)
For packaging-area capacity we have:
1.5xo 4+ 2.5x3 < 200, (16)
while supervisory time requires that
0.2x1 + 0.5%2 + 0.5x3 < 200, (17)

In addition to these constraints, we have to make sure that the number of sporks, packets, and school packs
sold as such (i.e., thg-variables) are nonnegative. Therefore, we have to add the following constraints:
X1 — X2 — 1OX3 > O, (18)
X2 — 100x3 > 0, (29)
x3 > 0. (20)
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Finally, we have the trivial nonnegativity conditions
X1 >0, X2 > 0, x3 > 0. (21)

Note that, besides the nonnegativity of all the variables, which is a condition always implicit in the
methods of solution in linear programming, this form of stating the problem has generated six constraints,
(15) to (20). If we expressed the problem in terms of yheariables, however, conditions (18) to (20)
correspond merely to the nonnegativity of theariables, and these constraints are automatically guaranteed
because thg's are nonnegative and thxés expressed by (10), (11), and (12), in terms ofyte are the sum
of nonnegative variables, and therefore Xfeare always nonnegative.

By performing the proper changes of variables, it is easy to see that the linear-programming formulation
in terms of they-variables is given in tableau form as follows:

Y1 Y2 y3 | Relation| Limits
Molding 0.8 0.8 88 < 200
Packaging 15 1525 < 200
Supervisory 0.2 0.7 72.5 < 200
Objective 2.5 85 —-383 = Z (max)
(Optimal solution) 116.7 133.3 0 1425

Since the computation time required to solve a linear programming problem increases roughly with the
cube of the number of rows of the problem, in this exampleyfeeconstitute better decision variables than
thex’s. The values of th&'s are easily determined from Eqgs. (10), (11), and (12).

1.4 A GEOMETRICAL PREVIEW

Although in this introductory chapter we are not going to discuss the details of computational procedures for
solving mathematical programming problems, we can gain some useful insight into the characteristics of the
procedures by looking at the geometry of a few simple examples. Since we want to be able to draw simple
graphs depicting various possible situations, the problem initially considered has only two decision variables.

The Problem* Suppose that a custom molder has one injection-molding machine and two different dies to

fit the machine. Due to differences in number of cavities and cycle times, with the first die he can produce 100
cases of six-ounce juice glasses in six hours, while with the second die he can produce 100 cases of ten-ounce
fancy cocktail glasses in five hours. He prefers to operate only on a schedule of 60 hours of production per
week. He stores the week’s production in his own stockroom where he has an effective capacity of 15,000
cubic feet. A case of six-ounce juice glasses requires 10 cubic feet of storage space, while a case of ten-ounce
cocktail glasses requires 20 cubic feet due to special packaging. The contribution of the six-ounce juice
glasses is $5.00 per case; however, the only customer available will not accept more than 800 cases per week.
The contribution of the ten-ounce cocktail glasses is $4.50 per case and there is no limit on the amount that

can be sold. How many cases of each type of glass should be produced each week in order to maximize the
total contribution?

Formulation of the Problem
We first define the decision variables and the units in which they are measured. For this problem we are
interested in knowing the optimal number of cases of each type of glass to produce per week. Let
x1 = Number of cases of six-ounce juice glasses produced per
week (in hundreds of cases per week), and

X2 = Number of cases of ten-ounce cocktail glasses produced
per week (in hundreds of cases per week).

* Excel spreadsheet availablehdtp://web.mit.edu/15.053/www/Sectl.4_Glass_Problem.xls
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The objective function is easy to establish since we merely want to maximize the contribution to overhead,
which is given by:
Contribution= 500x; + 450x>,
since the decision variables are measured in hundreds of cases per week. We can write the constraints in
a straightforward manner. Because the custom molder is limited to 60 hours per week, and production of
six-ounce juice glasses requires 6 hours per hundred cases while production of ten-ounce cocktail glasses
requires 5 hours per hundred cases, the constraint imposed on production capacity in units of production
hours per week is:
6x1 + 5x2 < 60.

Now since the custom molder has only 15,000 cubic feet of effective storage space and a case of six-ounce
juice glasses requires 10 cubic feet, while a case of ten-ounce cocktail glasses requires 20 cubic feet, the
constraint on storage capacity, in units of hundreds of cubic feet of space per week, is:

10x1 + 20x2 < 150

Finally, the demand is such that no more than 800 cases of six-ounce juice glasses can be sold each week.
Hence,
X1 < 8.

Since the decision variables must be nonnegative,
X1 >0, Xx2>0,

and we have the following linear program:
Maximizez = 500x; + 450x,,
subject to:

6x1 + 5% < 60 (production hours)
10x7 + 20x2 < 150  (hundred sq. ft. storage)
X1 < 8 (saleslimit 6 0z. glasses)

X1> 0, Xo> 0.

Graphical Representation of the Decision Space

We now look at the constraints of the above linear-programming problem. All of the values of the decision
variablesx; and x, that simultaneously satisfy these constraints can be represented geometrically by the
shaded area given in Fig. 1.3. Note that each line in this figure is represented by a constraint expressed as
an equality. The arrows associated with each line show the direction indicated by the inequality sign in each
constraint. The set of values of the decision variakleandx, that simultaneously satisfy all the constraints
indicated by the shaded area are the feasible production possibilitteasible solutiongo the problem.

Any production alternative not within the feasible region must violate at least one of the constraints of the
problem. Among these feasible production alternatives, we want to find the values of the decision variables
X1 andxz that maximize the resulting contribution to overhead.

Finding an Optimal Solution

To find an optimal solution we first note that any point in the interior of the feasible region cannot be an
optimal solution since the contribution can be increased by increasing gitloex, or both. To make this
point more clearly, let us rewrite the objective function

z = 500x1 + 450x5,
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Fig. 1.3 Graphical representation of the feasible region.
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If zis held fixed at a given constant value, this expression represents a straight Iine,—égmi@ the

intercept with thex, axis (i.e., the value ok, whenx; = 0), and—%g is the slope (i.e., the change in the

value ofx, corresponding to a unit increase in the valuexgf Note that the slope of this straight line is
constant, independent of the valuezofAs the value ok increases, the resulting straight lines move parallel
to themselves in a northeasterly direction away from the origin (since the intef&gﬂhcreases when

increases, and the slope is constant %g%). Figure 1.4 shows some of these parallel lines for specific values

of z. At the point labeled P1, the line intercepts the farthest point from the origin within the feasible region,
and the contributiorz cannot be increased any more. Therefore, point P1 represents the optimalsolution.
Since reading the graph may be difficult, we can compute the values of the decision variables by recognizing
that point P1 is determined by the intersection of the production-capacity constraint and the storage-capacity
constraint. Solving these constraints,

in terms ofx, as follows:

6x1 + 5xo = 60,
10x1 + 20xo = 150,

yieldsx; = 63, xo = 42; and substituting these values into the objective function yieles5142 as the
maximum contribution that can be attained.

Note that the optimal solution is at a corner pointyertex,of the feasible region. This turns out to be a
general property of linear programming: if a problem has an optimal solution, there is always a vertex that is
optimal. Thesimplex methotbr finding an optimal solution to a general linear program exploits this property
by starting at a vertex and moving from vertex to vertex, improving the value of the objective function with
each move. In Fig. 1.4, the values of the decision variables and the associated value of the objective function
are given for each vertex of the feasible region. Any procedure that starts at one of the vertices and looks for
an improvement among adjacent vertices would also result in the solution labeled P1.

An optimal solution of a linear program in its simplest form gives the value of the criterion function, the
levels of the decision variables, and the amount of slack or surplus in the constraints. In the custom-molder
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Fig. 1.4 Finding the optimal solution.

example, the criterion wasmaximum contributionwhich turned out to be = $5142$; the levels of the
decision variables arg; = 6% hundred cases of six-ounce juice glasses gne- 4% hundred cases of
ten-ounce cocktail glasses. Only the constraint on demand for six-ounce juice glasses has slack in it, since
the custom molder could have chosen to make an additic&hbihdred cases if he had wanted to decrease

the production of ten-ounce cocktail glasses appropriately.

Shadow Prices on the Constraints

Solving a linear program usually provides more information about an optimal solution than merely the values
of the decision variables. Associated with an optimal solutionsheelow pricegalso referred to adual
variables, marginal valuesyr pi valueg for the constraints. The shadow price on a particular constraint
represents the change in the value of the objective function per unit increase in the righthand-side value of
that constraint. For example, suppose that the number of hours of molding-machine capacity was increased
from 60 hours to 61 hours. What is the change in the value of the objective function from such an increase?
Since the constraints on production capacity and storage capacity remain binding with this increase, we need
only solve

6X1 + 5x» = 61,
10x1 + 20x2 = 150,

to find a new optimal solution. The new values of the decision variablex;iafe6§ andxp = 4%, and the
new value of the objective function is:

z = 500x1 + 450k, = 500(63) + 450(41) = 5,2213.
The shadow price associated with the constraint on production capacity then becomes:
3 4
52213 — 51425 = 783.

The shadow price associated with production capacity i§$)'£8 additional hour of production time. This

is important information since it implies that it would be profitable to invest up té%h week to increase
production time by one hour. Note that the units of the shadow price are determined by the ratio of the units
of the objective function and the units of the particular constraint under consideration.
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Fig. 1.5 Range on the slope of the objective function.

We can perform a similar calculation to find the shadow priéeaﬁsociated with the storage-capacity

constraint, implying that an addition of one hundred cubic feet of storage capacity is Wértﬁ'ﬁé shadow

price associated with the demand for six-ounce juice glasses clearly must be zero. Since currently we are not
producing up to the 800-case limit, increasing this limit will certainly not change our decision and therefore
will not be of any value.

Finally, we must consider the shadow prices associated with the nonnegativity constraints. These shadow
prices often are called threduced costand usually are reported separately from the shadow prices on the
other constraints; however, they have the identical interpretation. For our problem, increasing either of the
nonnegativity constraints separately will not affect the optimal solution, so the values of the shadow prices,
or reduced costs, are zero for both nonnegativity constraints.

Objective and Righthand-Side Ranges

The data for alinear program may not be known with certainty or may be subject to change. When solving lin-
ear programs, then, itis natural to ask aboustesitivityof the optimal solution teariations in the dataFor
example, over what range can a particular objective-function coefficient vary without changing the optimal so-
lution?

It is clear from Fig. 1.5 that some variation of the contribution coefficients is possible without a change
in the optimal levels of the decision variables. Throughout our discussion of shadow prices, we assumed that
the constraintsdefining the optimal solution did not change when the values of their righthand sides were
varied. Further, when we made changes in the righthand-side values we made them one at a time, leaving
the remaining coefficients and values in the problem unchanged. The question naturally arises, over what
range can a particular righthand-side value change without changing the shadow prices associated with that
constraint? These questions of simple one-at-a-time changes in either the objective-function coefficients or
the right-hand-side values are determined easily and therefore usually are reported in any computer solution.

Changes in the Coefficients of the Objective Function

We will consider first the question of making one-at-a-time changes in the coefficients of the objective function.
Suppose we consider the contribution per one hundred cases of six-ounce juice glasses, and determine the
range for that coefficient such that the optimal solution remains unchanged. From Fig. 1.5, it should be clear
that the optimal solution remains unchanged as long as the slope of the objective function lies between the



1.4 A Geometrical Preview 17

slope of the constraint on production capacity and the slope of the constraint on storage capacity.

We can determine the range on the coefficient of contribution from six-ounce juice glasses, which we
denote bycy, by merely equating the respective slopes. Assuming the remaining coefficients and values in
the problem remain unchanged, we must have:

Production slope< Obijective slope< Storage slope.

Sincez = c1x1 + 450x, can be written as, = (z/450) — (c1/450)x1, we see, as before, that the objective
slope is—(c1/450). Thus
6 C1 1
55 750° 2
or, equivalently,
225 < ¢ < 540,

where the current values of = 500.
Similarly, by holdingc; fixed at 500, we can determine the range of the coefficient of contribution from
ten-ounce cocktail glasses, which we denotehy

6 500 1

< e <

57 ¢ - 2
or, equivalently,

416% < ¢ < 100Q

where the current value @b = 450. The objective ranges are therefore the range over which a particular
objective coefficient can be varied, all other coefficients and values in the problem remaining unchanged, and
have the optimal solution (i.e., levels of the decision variables) remain unchanged.

From Fig. 1.5 it is clear that the same binding constraints will define the optimal solution. Although
the levels of the decision variables remain unchangedvahes of the objective function, and therefore the
shadow prices, will change as the objective-function coefficients are varied.

It should now be clear that an optimal solution to a linear program is not always unique. If the objective
function is parallel to one of the binding constraints, then there is an entire set of optimal solutions. Suppose
that the objective function were

z = 540x1 + 450x>.

It would be parallel to the line determined by the production-capacity constraint; and all levels of the decision
variables lying on the line segment joining the points labeled P1 and P2 in Fig. 1.6 would be optimal solutions.

Changes in the Righthand-Side Values of the Constraints

Now consider the question of making one-at-a-time changes in the righthand-side values of the constraints.
Suppose that we want to find the range on the number of hours of production capacity that will leave all of
the shadow prices unchanged. The essence of our procedure for computing the shadow prices was to assume
that the constraints defining the optimal solution would remain the same even though a righthand-side value
was being changed. First, let us consider increasing the number of hours of production capacity. How much
can the production capacity be increased and still give us an increase%ap$r780ur of increase? Looking

at Fig. 1.7, we see that we cannot usefully increase production capacity beyond the point where storage
capacity and the limit on demand for six-ounce juice glasses become binding. This point is labeled P3 in
Fig. 1.7. Any further increase in production hours would be worth zero since they would go unused. We can
determine the number of hours of production capacity corresponding to the point labeled P3, since this point
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Fig. 1.7 Ranges on the righthand-side values.

is characterized by; = 8 andx, = 3%. Hence, the upper bound on the range of the righthand-side value
for production capacity is@) + 5(33) = 653 hours.

Alternatively, let us see how much the capacity cadbereasedtbefore the shadow prices change. Again
looking at Fig. 1.7, we see that we can decrease production capacity to the point where the constraint on
storage capacity and the nonnegativity constraint on ten-ounce cocktail glasses become binding. This point
is labeled P4 in Fig. 1.7 and corresponds to onlg Bdurs of production time per week, singge= 0 and

Xo = 7%. Any further decreases in production capacity beyond this point would result in lost contribution of
$90 per hour of further reduction. This is true since at this point it is optimal just to produce as many cases
of the ten-ounce cocktail glasses as possible while producing no six-ounce juice glasses at all. Each hour
of reduced production time now causes a reductioé of one hundred cases of ten-ounce cocktail glasses

valued at $450, i.e.%(450) = 90. Hence, the range over which the shadow prices remain unchanged is the
range over which the optimal solution is defined by the same binding constraints. If we take the righthand-
side value of production capacity to bg, the range on this value, such that the shadow prices will remain
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unchanged, is:
375 < by < 653,

where the current value of production capadity= 60 hours. It should be emphasized again that this
righthand-side range assumes that all other righthand-side values and all variable coefficients in the problem
remain unchanged.

In a similar manner we can determine the ranges on the righthand-side values of the remaining constraints:

128 < by < 240,
6% < bg.

Observe that there is no upper bound on six-ounce juice-glass ddmasidce this constraint is nonbinding
at the current optional solution P1.

We have seen that both cost and righthand-side ranges are valid if the coefficient or value is varied by
itself, all other variable coefficients and righthand-side values being held constant. The objective ranges
are the ranges on the coefficients of the objective function, varied one at a time, such that the levels of the
decision variables remain unchanged in the optimal solution. The righthand-side ranges are the ranges on the
righthand-side values, varied one at a time, such that the shadow prices associated with the optimal solution
remain unchanged. In both instances, the ranges are defined so that the binding constraints at the optimal
solution remain unchanged.

Computational Considerations

Until now we have described a number of the properties of an optimal solution to a linear program, assuming
first that there was such a solution and second that we were able to find it. It could happen that a linear program
hasnofeasible solution. An infeasible linear program might result from a poorly formulated problem, or from
a situation where requirements exceed the capacity of the existing available resources. Suppose, for example,
that an additional constraint was added to the model imposing a minimum on the number of production hours
worked. However, in recording the data, an error was made that resulted in the following constraint being
included in the formulation:

6x1 + 5x2 > 80.

The graphical representation of this error is given in Fig. 1.8.

The shading indicates the direction of the inequalities associated with each constraint. Clearly, there are
no points that satisfy all the constraints simultaneously, and the problem is therefore infeasible. Computer
routines for solving linear programs must be able to tell the user when a situation of this sort occurs. In
general, on large problems it is relatively easy to have infeasibilities in the initial formulation and not know
it. Once these infeasibilities are detected, the formulation is corrected.

Another type of error that can occur is somewhat less obvious but potentially more costly. Suppose that
we consider our original custom-molder problem but that a control message was typed into the computer
incorrectly so that we are, in fact, attempting to solve our linear program vgthdterthan or equal to”
constraints instead ofléssthan or equal to” constraints. We would then have the following linear program:

Maximizez = 500x; + 450x,

subject to:
6x1 + 5x2 > 60,
10x1 + 20x2 > 150,
X1 > 8,

x1> 0, X2 > 0.
The graphical representation of this error is given in Fig. 1.9.
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Fig. 1.8 An infeasible group of constraints.

Clearly, the maximum of the objective function is now unbounded. That is, we apparently can make
our contribution arbitrarily large by increasing eithgror xo. Linear-programming solution procedures also
detect when this kind of error has been made, and automatically terminate the calculations indicating the
direction that produces the unbounded objective value.

Integer Solutions

In linear programming, the decision spacecantinuous in the sense that fractional answers always are
allowed. This is contrasted with discrete or integer programming, where integer values are required for
some or all variables. In our custom-molding example, if the customer will accept each product only in
even hundred-case lots, in order to ease his reordering situation, and if, further, we choose not to store either
product from one week to the next, we must seeknéeger solutiorto our problem. Our initial reaction is

to round off our continuous solution, yielding

X1 =6, X2 =4,

which in this case is feasible, since we are rounding down. The resulting value of contributierti¢800.
Is this the optimal integer solution? We clearly could increase the total contribution if we could round either
X1 Or X2 up instead of down. However, neither the poiat= 7, X2 = 4, nor the poinx; = 6, xo = 5 is
within the feasible region.

Another alternative would be to start with our trial solutispn= 6, x» = 4, and examine “nearby”
solutions such as; = 5, xo = 5, which turns out to be feasible and which has a contributian-ef$4750,
not as high as our trial solution. Another “nearby” solutionxgs = 7, xo = 3, which is also feasible
and has a contribution = $4850. Since this integer solution has a higher contribution than any previous
integer solution, we can use it as our new trial solution. It turns out thaigtimal integer solutiorfior our
problem is:

X1=8, X2=2,

with a contribution ofz = $4900. It is interesting to note that this solution is not particularly “nearby” the
optimal continuoussolutionx; = 63, x, = 43.
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Fig. 1.9 An unbounded solution.

Basically, the integer-programming problem is inherently difficult to solve and falls in the domain of
combinatorial analysisather than simple linear programming. Special algorithms have been developed to
find optimal integer solutions; however, the size of problem that can be solved successfully by these algorithms
is an order of magnitude smaller than the size of linear programs that can easily be solved. Whenever it is
possible to avoid integer variables, itis usually agood ideato do so. Oftenwhat atfirstglance seemto be integer
variables can be interpreted as production or operaditeg and then the integer difficulty disappears. In our
example, if it is not necessary to ship in even hundred-case lots, or if the odd lots are shipped the following
week, then it still is possible to produce at ratgs= 6% andx, = 4% hundred cases per week. Finally, in
any problem where the numbers involved are large, rounding to a feasible integer solution usually results in
a good approximation.

Nonlinear Functions

In linear programming the variables are continuous and the functions involved are linear. Let us now consider
the decision problem of the custom molder in a slightly altered form. Suppose that the interpretation of
production in terms of rates is acceptable, so that we need not find an integer solution; however, we now have
anonlinearobjective function. We assume that the injection-molding machine is fairly old and that operating
near capacity results in a reduction in contribution per unit for each additional unit produced, due to higher
maintenance costs and downtime. Assume that the reduction is $0.05 per case of six-ounce juice glasses and
$0.04 per case of ten-ounce cocktail glasses. In fact, let us assume that we have fit the following functions to
per-unit contribution for each type of glass:

Z1(X1) = 60— 5x1 for six-ounce juice glasses
Z2(X2) = 80— 4xo for ten-ounce cocktail glasses

The resulting total contribution is then given by:
(60 — 5x1)X1 + (80 — 4x2)X>.
Hence, we have the following nonlinear programming problem to solve:

Maximizez = 60x; — 5x§ + 80xp — 4x3,
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subject to:
6x1 + bBxo < 60,
10x; + 20x2 < 150,
X1 < 8,

X1 > 0, Xo > 0.

This situation is depicted in Fig. 1.10. The curved lines represent lines of constant contribution.

Note that the optimal solution is no longer at a corner point of the feasible region. This property alone
makes finding an optimal solution much more difficult than in linear programming. In this situation, we
cannot merely move from vertex to vertex, looking for an improvement at each iteration. However, this
particular problem has the property that, if you have a trial solution and cannot find an improving direction
to move in, therthe trial solution is an optimal solutionlt is this property that is generally exploited in
computational procedures for nonlinear programs.
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Fig. 1.10 The nonlinear program.

1.5 A CLASSIFICATION OF MATHEMATICAL PROGRAMMING MODELS

We are now in a position to provide a general statement of the mathematical programming problem and
formally summarize definitions and notation introduced previously. Let us begin by giving a formal repre-
sentation of the general linear programming model.

In mathematical terms, the linear programming model can be expressed as the maximization (or mini-
mization) of anobjective(or criterion)function subject to a given set of lineaonstraints Specifically, the

linear programming problem can be described as finding the valuesletision variabless, Xo, .. ., Xn,
such that they maximize the objective functiowhere
Z=C1Xy + CoX2 + - - - + CnXn, (22)

subject to the following constraints:
ajiXy + aipXe + -+ + ainXn < by,

ap1Xy + agXp + -+ + agnXn < by,
(23)

amiX1 + am2X2 + -+ + amnXn < bm,
and, usually,
X1 > 0, X2 > 0, Xn > 0, (24)
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wherecj, a;j, andb; are given constants.

It is easy to provide an immediate interpretation to the general linear-programming problem just stated
in terms of a production problem. For instance, we could assume that, in a given production facility, there
aren possible products we may manufacture; for each of these we want to determine the level of production
which we shall designate by, xo, ..., X5. In addition, these products compete forlimited resources,
which could be manpower availability, machine capacities, product demand, working capital, and so forth,
and are designated iy, by, ..., by. Leta;; be the amount of resourceequired by producf and letc; be
the unit profit of producf. Then the linear-programming model seeks to determine the production quantity
of each product in such a way as to maximize the total resulting @r¢ft. 22), given that the available
resources should not be exceeded (constraints 23), and that we can prodysesdiigor zeroamounts of
each product (constraints 24).

Linear programming is not restricted to the structure of the problem presented above. First, it is perfectly
possible to minimize, rather than maximize, the objective function. In addition, “greater than or equal to” or
“equal to” constraints can be handled simultaneously with the “less than or equal to” constraints presented
in constraints (23). Finally, some of the variables may assume both positive and negative values.

There is some technical terminology associated with mathematical programming, informally introduced
in the previous section, which we will now define in more precise terms. Values of the decision variables
X1, X2, ..., Xp that satisfy all the constraints of (23) and (24) simultaneously are said to fdaaséble
solutionto the linear programming problem. The setdifvalues of the decision variables characterized by
constraints (23) and (24) form tHeasible regiorof the problem under consideration. A feasible solution
that in addition optimizes the objective function (22) is calledbptimal feasible solution

As we have seen in the geometric representation of the problem, solving a linear program can result in
three possible situations.

i) The linear program could be infeasible, meaning that there are no values of the decision variables
X1, X2, .. ., Xn that simultaneously satisfy all the constraints of (23) and (24).

ii) It could have an unbounded solution, meaning that, if we are maximizing, the value of the objective
function can be increased indefinitely without violating any of the constraints. (If we are minimizing, the
value of the objective function may be decreased indefinitely.)

iii) In most cases, it will have at least one finite optimal solution and often it will have multiple optimal
solutions.

The simplex methodor solving linear programs, which will be discussed in Chapter 2, provides an
efficient procedure for constructing an optimal solution, if one exists, or for determining whether the problem
is infeasible or unbounded.

Note that, in the linear programming formulation, the decision variables are allowed to take any continuous
value. For instance, values such that= 1.5, x» = 2.33, are perfectly acceptable as long as they satisfy
constraints (23) and (24). An important extension of this linear programming model is to require that all or
some of the decision variables be restricted to be integers.

Another fundamental extension of the above model is to allow the objective function, or the constraints,
or both, to be nonlinear functions. The general nonlinear programming model can be stated as finding the

values of the decision variables, xo, .. ., X, that maximize the objective functianwhere

z= fo(X1, X2, ..., Xn), (25)
subject to the following constraints:

fl(X17 X27 MR Xn) E bl!

fZ(X]_’ Xza ce ey Xn) S b29

(26)

fm(X19 X2’ ceey Xn) S bm,
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and sometimes
X1 > 0, Xo > 0, Xn > 0. 27)

Often in nonlinear programming the righthand-side values are included in the definition of the function
fi (X1, X2, ..., Xn), leaving the righthand side zero. In order to solve a nonlinear programming problem,
some assumptions must be made about the shape and behavior of the functions involved. We will leave
the specifics of these assumptions until later. Suffice it to say that the nonlinear functions must be rather
well-behaved in order to have computationally efficient means of finding a solution.

Optimization models can be subject to various classifications depending on the point of view we adopt.
According to the number of time periods considered in the model, optimization models can be classified as
static (single time period) omultistage(multiple time periods). Even when all relationships are linear, if
several time periods are incorporated in the model the resulting linear program could become prohibitively
large for solution by standard computational methods. Fortunately, in most of these cases, the problem
exhibits some form of special structure that can be adequately exploited by the application of special types
of mathematical programming methods. Dynamic programming, which is discussed in Chapter 11, is one
approach for solving multistage problems. Further, there is a considerable research effort underway today, in
the field of large-scale linear programming, to develop special algorithms to deal with multistage problems.
Chapter 12 addresses these issues.

Another important way of classifying optimization models refers to the behavior of the parameters of
the model. If the parameters are known constants, the optimization model is saidgtelministic If the
parameters are specified as uncertain quantities, whose values are characterized by probability distributions,
the optimization model is said to Béochastic Finally, if some of the parameters are allowed to vary systema-
tically, and the changes in the optimum solution corresponding to changes in those parameters are determined,
the optimization model is said to Iparametric In general, stochastic and parametric mathematical program-
ming give rise to much more difficult problems than deterministic mathematical programming. Although
important theoretical and practical contributions have been made in the areas of stochastic and parametric
programming, there are still no effective general procedures that cope with these problems. Deterministic
linear programming, however, can be efficiently applied to very large problems of up to 5000 rows and an
almost unlimited number of variables. Moreover, in linear programming, sensitivity analysis and parametric
programming can be conducted effectively after obtaining the deterministic optimum solution, as will be seen
in Chapter 3.

A third way of classifying optimization models deals with the behavior of the variables in the optimal
solution. If the variables are allowed to take any value that satisfies the constraints, the optimization model
is said to becontinuous If the variables are allowed to take on only discrete values, the optimization model
is calledintegeror discrete Finally, when there are some integer variables and some continuous variables
in the problem, the optimization model is said to ié&xed In general, problems with integer variables
are significantly more difficult to solve than those with continuous variables. Network models, which are
discussed in Chapter 8, are a class of linear programming models that are an exception to this rule, as their
special structure results in integer optimal solutions. Although significant progress has been made in the
general area of mixed and integer linear programming, there is still no algorithm that can efficiently solve all
general medium-size integer linear programs in a reasonable amount of time though, for special problems,
adequate computational techniques have been developed. Chapter 9 comments on the various methods
available to solve integer programming problems.

EXERCISES

1. Indicate graphically whether each of the following linear programs has a feasible solution. Graphically determine
the optimal solution, if one exists, or show that none exists.

a) Maximizez = x; + 2Xo,
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subject to:
X1 — 2X2 < 3,

X1+ X2 <3,
X1 > 0, Xo > 0.
b) Minimize z = x1 + X2,

subject to:
X1 — X2 <2,

X1 — X2 > =2,
X1 >0, X2 > 0.
¢) Redo (b) with the objective function

Maximizez = X1 + Xo.

d) Maximizez = 3x1 + 4Xo,
subject to:
X1 — 2X2 > 4,
X1+ X2 <3,
X1 > 0, X2 > 0.

. Consider the following linear program:

Maximizez = 2X; + Xo,
subject to:

A

12x7 + 3x2 < 6,
—-3X1 + X2

A

— s

10,
X1 > 0, X2 > 0.

X2

IA

a) Draw a graph of the constraints and shade in the feasible region. Label the vertices of this region with their
coordinates.

b) Using the graph obtained in (a), find the optimal solution and the maximum value of the objective function.

¢) What is the slack in each of the constraints?

d) Find the shadow prices on each of the constraints.

e) Find the ranges associated with the two coefficients of the objective function.

f) Find the righthand-side ranges for the three constraints.

. Consider the bond-portfolio problem formulated in Section 1.3. Reformulate the problem restricting the bonds
available only to bonds A and D. Further add a constraint that the holdings of municipal bonds must be less than or
equal to $3 million.

a) What is the optimal solution?

b) What is the shadow price on the municipal limit?

¢) How much can the municipal limit be relaxed before it becomes a nonbinding constraint?

d) Below what interest rate is it favorable to borrow funds to increase the overall size of the portfolio?
e) Why is this rate less than the earnings rate on the portfolio as a whole?

. Aliquor company produces and sells two kinds of liquor: blended whiskey and bourbon. The company purchases
intermediate products in bulk, purifies them by repeated distillation, mixes them, and bottles the final product under
their own brand names. In the past, the firm has always been able to sell all that it produced.

The firm has been limited by its machine capacity and available cash. The bourbon requires 3 machine hours per
bottle while, due to additional blending requirements, the blended whiskey requires 4 hours of machine time per
bottle. There are 20,000 machine hours available in the current production period. The direct operating costs, which
are principally for labor and materials, are $3.00 per bottle of bourbon and $2.00 per bottle of blended whiskey.
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The working capital available to finance labor and material is $4000; however, 45% of the bourbon sales revenues
and 30% of the blended-whiskey sales revenues from production in the current period will be collected during the

current period and be available to finance operations. The selling price to the distributor is $6 per bottle of bourbon

and $5.40 per bottle of blended whiskey.

a) Formulate a linear program that maximizes contribution subject to limitations on machine capacity and working
capital.

b) What is the optimal production mix to schedule?

¢) Can the selling prices change without changing the optimal production mix?

d) Suppose that the company could spend $400 to repair some machinery and increase its available machine hours
by 2000 hours. Should the investment be made?

e) What interest rate could the company afford to pay to borrow funds to finance its operations during the current
period?

5. The truck-assembly division of a large company produces two different models: the Aztec and the Bronco. Their
basic operation consists of separate assembly departments: drive-train, coachwork, Aztec final, and Bronco final.
The drive-train assembly capacity is limited to a total of 4000 units per month, of either Aztecs or Broncos, since it
takes the same amount of time to assemble each. The coachwork capacity each month is either 3000 Aztecs or 6000
Broncos. The Aztecs, which are vans, take twice as much time for coachwork as the Broncos, which are pickups.
The final assembly of each model is done in separate departments because of the parts availability system. The
division can do the final assembly of up to 2500 Aztecs and 3000 Broncos each month.

The profit per unit on each model is computed by the firm as follows:

Aztec Bronco
Selling Price $4200 $4000
Material cost $2300 $2000
Labor cost 400 2700 450 2450
Gross Margin $1500 $1550
Selling & Administrative $210 $200
Depreciatior 60 180
Fixed overheall 50 150
Variable overhead 590 910 750 1280
Profit before taxes $590 $ 270

* 5% of selling price.
T Allocated according to planned production of 1000 Aztecs and 3000 Broncos per monthfor the coming year.

a) Formulate a linear program to aid management in deciding how many trucks of each type to produce per month.
b) What is the proper objective function for the division?
¢) How many Aztecs and Broncos should the division produce each month?

6. Suppose that the division described in Exercise 5 now has the opportunity to increase its drive-train capacity by
subcontracting some of this assembly work to a nearby firm. The drive-train assembly department cost breakdown
per unit is as follows:

Aztec Bronco
Direct labor $80 $60
Fixed overhead 20 60
Variable overhead 200 150

$300 $270

The subcontractor will pick up the parts and deliver the assembled drive-trains back to the division. What is the
maximum amount that the division would be willing to pay the subcontractor for assembly of each type of drive-train?
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7. Suppose that the division described in Exercises 5 and 6 has decided against subcontracting the assembly of drive-
trains but now is considering assembling drive-trains on overtime. If there is a 50% overtime labor premium on each
drive-train assembled on overtime and increased fixed overhead of $150,000 per month, should the division go on
overtime drive-train production? Formulate a linear program to answer this question, but do not solve explicitly.

8. A manufacturer of wire cloth products can produce four basic product lines: (1) industrial wire cloth; (2) insect
screen; (3) roofing mesh; and (4) snow fence. He can sell all that he can produce of each product line for the next
year.

The production process for each product line is essentially the same. Aluminum wire is purchased in large
diameters of approximately 0.375 inches and drawn down to finer diameters of 0.009 to 0.018 inches. Then the fine
wire is woven on looms, in much the same manner as textiles. Various types of different wire meshes are produced,
depending on product line. For example, industrial wire cloth consists of meshes as fine as 30 wires per inch, while
snow fence has approximately 6 wires per inch. The production process is limited by both wire-drawing capacity
and weaving capacity, as well as the availability of the basic raw material, large-diameter aluminum wire.

For the next planning period, there are 600 hours of wire-drawing machine capacity, 1000 hours of loom capacity,
and 15 cwt (hundred weight) of large-diameter aluminum wire. The four product lines require the following inputs
to make a thousand square feet of output:

Aluminum Wire drawing Weaving
wire (cwt) (100’s of hrs) (100’s of hrs)

Industrial cloth 1 1 2
Insect screen 3 1 1
Roofing mesh 3 2 15
Snow fence 25 1.5 2

The contributions from industrial cloth, insect screen, roofing mesh, and snow fence are 2.0, 3.0, 4.2, and 4.0,
respectively, in 100’s of dollars per thousand square feet.

a) Formulate a linear program to maximize the firm’s contribution from the four product lines.
b) Since roofing mesh and snow fence are really new product lines, analyze the problem graphically, considering
onlyindustrial wire cloth and insect screen.

i) What is the optimal solution using only these two product lines?

if) Over what range of contribution of screen cloth will this solution remain optimal?

iii) Determine the shadow prices on the resources for this solution. Give an economic interpretation of these
shadow prices.

iv) Suppose that the manufacturer is considering adding wire-drawing capacity. Over what range of wire-
drawing capacity will the shadow price on this constraint remain unchanged? In this range, what happens to
the other shadow prices?

¢) Now, considering th&ull line of four products, answer the following, making use of the information developed
in (b).
i) Will it pay to transfer resources into the production of roofing mesh or snow fence?
ii) Without performing the calculations, what will be the form of the optimal solution of the full product line?

What is the largest number of product lines that will be produced?
iii) Suppose that in the future some new product line is developed. Is it possible that one of the productlines

presently included in the optimal solution will then be included? Explain.

9. The Candid Camera Company manufactures three lines of cameras: the Cub, the Quickiematic and the VIP, whose
contributions are $3, $9, and $25, respectively. The distribution center requires that at least 250 Cubs, 375 Quick-
iematics, and 150 VIPs be produced each week.

Each camera requires a certain amount of time in order to: (1) manufacture the body parts; (2) assemble the
parts (lenses are purchased from outside sources and can be ignored in the production scheduling decision); and (3)
inspect, test, and package the final product. The Cub takes 0.1 hours to manufacture, 0.2 hours to assemble, and 0.1
hours to inspect, test, and package. The Quickiematic needs 0.2 hours to manufacture, 0.35 hours to assemble, and
0.2 hours for the final set of operations. The VIP requires 0.7, 0.1, and 0.3 hours, respectively. In addition, there
are 250 hours per week of manufacturing time available, 350 hours of assembly, and 150 hours total to inspect, test,
and package.

Formulate this scheduling problem as a linear program that maximizes contribution.
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10. A leather-goods factory manufactures five styles of handbags, whose variable contributions are $30, $40, $45, $25,
and $60 per dozen, respectively. The products must pass through four work centers and the man-hours available
in each are: clicking (700), paring (600), stitching (400), and finishing (900). Hourly requirements for each dozen

handbags are:

Style Click Pare  Stitch Finish

341 3 8 2 6
262 4 3 1 0
43 2 2 0 2
784 2 1 3 4
5-A 5 4 4 3

To prevent adding to inventory levels already on hand, the production manager, after reviewing the weekly sales
forecasts, has specified that no more than 100, 50, 90, 70, and 30 dozen of each style respectively may be produced.

Each handbag is made from five materials as specified in the following table:

Style Leather  Fabric Backing Lining Accessories
341 0 1 4 2 3
262 4 0 7 4 4

43 5 7 6 2 0
784 6 4 1 1 2

5-A 2 3 3 0 4

Total
available 300 400 1000 900 1600

Formulate a linear program for next week’s optimum manufacturing schedule if overall contribution is to be maxi-
mized.

11. Acorporation that produces gasoline and oil specialty additives purchases three grades of petroleum distillates, A, B,
and C. The company then combines the three according to specifications of the maximum or minimum percentages

of grades A or C in each blend.

Max % Min % Selling

allowed for allowed for price

Mixture AdditiveA AdditiveC $/gallon
Deluxe 60% 20% 7.9
Standard 15% 60% 6.9
Economy — 50% 5.0

Supplies of the three basic additives and their costs are:

Maximum quantity Cost
Distillate available per daygals) $/gallon
A 4000 0.60
B 5000 0.52
C 2500 0.48

Show how to formulate a linear program to determine the production policy that will maximize profits.

12. Universal Aviation currently is investigating the possibility of branching out from its passenger service into the
small-plane air-freight business. With $4,000,000 available to invest in the purchase of new twin-engined cargo
aircraft, Universal is considering three types of planes. Aircraft A, costing $80,000, has a ten-ton payload and is
expected to cruise at 350 knots, while airplane B can haul 20 tons of goods at an average speed of 300 knots. Aircraft
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B will cost $130,000. The third aircraft is a modified form of B with provisions for a copilot, a 300-knot cruising
speed, a reduced capacity of 18 tons, and a cost of $150,000.

Plane A requires one pilot and, if flown for three shifts, could average 18 hours a day in the air, as could
aircraft B. While transports B and C both require a crew of two, C could average 21 hours of flying per day on a
three-shift pilot basis due to superior loading equipment. Universal's operations department currently estimates that
150 pilot-shifts will be available for each day’s cargo operations. Limitations on maintenance facilities indicate that
no more than thirty planes can be purchased. The contributions of planes A, B, and C per ton-mile are, respectively,
$1, $8, and $120. 3,500,000 ton-miles of shipping must be completed each day, but deliveries not completed by the
in-house fleet can still be sub-contracted to outside air carriers at a contribution of $0.20 per ton mile. What “mix”
of aircraft should be purchased if the company desires to maximize its contribution peNtztg?Qonsider a knot
=1 mile/hour.)

A mobile-home manufacturer in Indiana channels its mobile-home units through distribution centers located in
Elkhart, Ind., Albany, N.Y., Camden, N.J., and Petersburg, Va. An examination of their shipping department records
indicates that, in the upcoming quarter, the distribution centers will have in inventory 30, 75, 60, and 35 mobile
homes, respectively. Quarterly orders submitted by dealerships serviced by the distribution centers require the
following numbers of mobile home units for the upcoming quarter:

Number of units Number of units
Dealer A 25 Dealer D 25
Dealer B 40 Dealer E 50
Dealer C 15 Dealer F 45

Transportation costs (in dollars per unit) between each distribution center and the dealerships are as shown in the
table below.

Dealers
Distribution
centers A B C D E F
Elkhart 75 65 | 175 90 | 110 | 150
Albany 90 30 45 50| 105 | 130
Camden 40 55 35 80 70 75
Petersburg 95 150 | 100 | 115| 55 55

a) Formulate this problem as a linear-programming problem with the objective of minimizing the transportation
costs from the distribution centers to the dealerships.

b) Suppose Dealer E had placed an order for 65 units, assuming all other data remain unchanged. How does this
affect the problem? (Note that total supply is less than total demand.)

A strategic planner for an airline that flies to four different cities from its Boston base owns 10 large jets (B707’s),
15 propeller-driven planes (Electra’s), and two small jets (DC9’s).

*)
%,

Assuming constant flying conditions and passenger usage, the following data is available.
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Average flying
City  Trip cost*  Trip revenue timénhours)

B707 A $ 6,000 $ 5,000 1

B 7,000 7,000 2

C 8,000 10,000 5

D 10,000 18,000 10
Electra A $ 1,000 $ 3,000 2

B 2,000 4,000 4

C 4,000 6,000 8

D - - 20
DC9 A $ 2,000 $ 4,000 1

B 3,500 5,500 2

C 6,000 8,000 6

D 10,000 14,000 12

* Data is for a round trip.

Formulate constraints to take into account the following:

i) city D must be served twice daily; cities A, B, and C must be served four times daily;
i) limitation on number of planes available, assuming that each plane can fly at most 18 hours/day.

Formulate objective functions for:

i) cost minimization;
i) profit maximization;
iii) fleet flying-time minimization.

Indicate when a continuous linear-programming formulation is acceptable, and when an integer-programming for-
mulation is required.

The Temporary Help Company must provide secretaries to its clients over the next year on the following estimated
schedule: spring, 6000 secretary-days; summer, 7500 secretary-days; fall, 5500 secretary-days; and winter, 9000
secretary-days. A secretary must be trained for 5 days before becoming eligible for assignment to clients.

There are 65 working days in each quarter, and at the beginning of the spring season there are 120 qualified
secretaries on the payroll. The secretaries are paid by the company and not the client; they earn a salary of $800 a
month. During each quarter, the company loses 15% of its personnel (including secretaries trained in the previous
quarter).

Formulate the problem as a linear-programming problafint( Usex; as the number of secretaries hired at
the beginning of seasdnand$ as the total number of secretaries at the beginning of sdason

16. Animaginary economy has six distinct geographic regions; each has its own specific economic functions, as follows:

Region  Function

Food producing

Manufacturing—Machinery
Manufacturing—Machinery and consumer durables
Administrative

Food-producing

Manufacturing—Consumer durables and nondurables

TmMmOO W >

The regions also have the following annual requirements (all quantities measured in tons):
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Consumer Consumer
Region Food Machinery durables nondurables

A 5 30 20 10
B 15 100 40 30
C 20 80 50 40
D 30 10 70 60
E 10 60 30 20
F 25 60 60 50

Using the national railroad, shipping costs are $1/ton per 100 miles for all hauls over 100 miles. Within 100
miles, all goods are carried by truck at a cost of $1.25/ton per 100 miles ($1/ton minimum charge). The distances
(in miles) between regions are as follows:

AL B C D E F
500 |
200 | 400

75 | 500 | 150 |
600 | 125 | 350 | 550 | _
300 | 200 | 100 | 400 | 300

TmMOoOO >

Assume producing regions can meet all requirements, but that, due to government regulation, food production in
sector A is restricted to half that of sector E.

Formulate a linear program that will meet the requirements and minimize the total transportation costs in the
economy.

17. The Environmental Protection Agency (EPA) wants to restrict the amount of pollutants added by a company to the
river water. The concentrations of phenol and nitrogen in the water are to be restricted to, respéttaly\
Ibs. MG (million gallons) on a daily basis. The river has a flonfMG/day. The company diverts a portion of
the river water, adds the pollutants, namely, phenol and nitrogen, to it, and sends the water back to the river. The

company has four possible ways to treat the water it uses before returning it to the river. The characteristics of each
treatment are given in the following table:

(Ibs. of pollutan}/MG after treatment

Treatment 1 2 3 4

Phenol Py P> P3 Ps
Nitrogen N1 N> N3 Ng

Cost/MG c1 (03 C3 Ca

Assume: (i) that the river is initially free of pollutants; (ii) that addition of pollutants does not affect the amount
of water flow; and (iii) that the company has to process at IKa@¥IG/day) of river water.

a) Set up a linear program to solve for the amount of water to be processed by each treatment, so that total cost of
treatment is minimized.

b) How does the formulation change if the EPA regulations apply not to total river concentration downstream from
the plant, but rather to the concentration of effluent from the plant?

18. Suppose the company of Exercise 17 has three plants, A, B, and C, in a river network as shown below:

River water can be clean enough for (1) swimming, or (2) to support bio-life (but not clean enough for swimming).
Maximum permissible concentrations of pollutants for both cases are given in the table below.
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M, (MG/day) lMZ (MG/day)

L@,)
M, + M, (MG/day)
River network

Maximum permissible concentratiofiss./MG)

Swimming | Biological life .

Phenol Ps Pg ‘

Nitrogen Ns Ng

Assume again that each plant has four different alternatives for water treatment, as in the table of Exercise 17,
and that A, B, and C must process at leldgt Kg, Kc MG/day, respectively. It is necessary that water in sections
(1) and (3) be clean enough for swimming and that water in section (2) be clean enough to support bio-life.
Further, assume: (i) that the river is free of pollutants upstream from plants A and B; and (ii) that adding
pollutants does not affect the amount of water flow.
a) Formulate a linear program, including plants A, B, and C, that minimizes total treatment costs.
b) How would the formulation change if all the plants did not necessarily have the same capabilities and cost
structure for each treatment? Indicate modifications only—do not reformulate completely.
“Chemico” company produces 3 products from a certain mineral. The production process consists of 2 stages:
mining the crude mineral, and processing the mineral to produce 3 different products.
The crude mineral can be mined by one of 5 methods. The quality of the mineral depends on the method used
and is measured by the percentage of the quantity of the final products that are produced from 1 ton of crude mineral.
Furthermore, the distribution of products obtained from 1 ton of crude mineral depends on the mining method used.

A limited amount of the crude mineral can be mined by each method. In addition, the capacity of the production
process is limited to 850 tons of crude mineral. The following table gives the relevant data.

Mining Cost Production Production
(per ton of | No. of hours capacity Distribution
Mining |final products) per 1 ton of (tons of  |Product Product Product
Mine|Method (€)] final productsQuality|crude material) | I 1]

A 1 250 50 65% 300 20% 30% 50%
2 320 62 80% 280 25% 35% 40%
3 260 63 76% 400 15% 45%  40%
B 4 210 55 76% 250 7% 24%  69%
5 350 60 78% 500 35% 40% 25%

Note that the mining costs are per 1 ton of final products, and not per 1 ton of crude mineral. The production

capacity of each mining method is in terms of crude material.

There are 2 mines: Mine A uses methods 1 and 2, whereas Mine B uses methods 3, 4, and 5. The total number
of work hours available in Mines A and B are 13,000 and 15,000, respectively (for the planning period). Itis possible
to transfer workers from A to B and vice versa, but it costs $2 to transfer 1 work hour, and 10% of the transferred

work hours are wasted.
The company sells its products in 5 markets. The selling price depends on the market, and in each market the

amount that can be sold is limited. The relevant data are given in a second table:
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Price per1ton | Max. amount
Market | Product (%) (tons)
1 I 1550 150
2 | 1600 100
3 I 1400 200
4 i 1000 50
5 1 850 400

Management wants to plan the production for the next period such that the profit will be maximized. They want
to know how many work hours to assign to each mine, what amount to sell in each market, and what is the expected
profit. Formulate the problem as a linear program.

From past data, the production manager of a factory knows that, by varying his production rate, he incurs additional

costs. He estimates that his cost per unit increases by $0.50 when production is increased from one month to the next.

Similarly, reducing production increases costs by $0.25 per unit. A smooth production rate is obviously desirable.
Sales forecasts for the next twelve months are (in thousands):

July 4 October 12 January 20 April 6
August 6 November 16 February 12 May 4
September 8 December 20 March 8 June 4

June’s production schedule already has been set at 4000 units, and the July 1 inventory level is projected to be 2000
units. Storage is available for only 10,000 units at any one time. Ignoring inventory costs, formulate a production
schedule for the coming year that will minimize the cost of changing production rates while meeting all sales
demands. Hlint: Express the change in production from montb montht + 1 in terms of nonnegative variables

xim andx; asx;” — ;. Variablex;" is the increase in production amg the decrease. It is possible for bogfi

andx; to be positive in the optimal solution?)

Videocomp, Inc., a new manufacturer of cathode ray tube (CRT) devices for computer applications, is planning to
enlarge its capacity over the next two years. The company’s primary objective is to grow as rapidly as possible over
these two years to make good on its marketing claims.

The CRT's are produced in sets of 200 units on modular assembly lines. It takes three months to produce a
set of 200 units from initial chemical coating to final assembly and testing. To ensure quality control, none of the
units in a set is shipped until the entire set has been completed. Videocomp has three modular assembly lines and
thus currently can produce up to 600 units in a quarter. Each set of 200 units requires $15,000 at the beginning of
the quarter when production is initiated for purchasing component parts and paying direct labor expenses. Each set
produces revenue of $35,000, of which 20% is received at the time of shipment and the remaining 80% a full three
months later.

Videocomp has negotiated the terms for adding modular assembly lines with a number of contractors and
has selected two possible contractors. The first contractor requires an investment of $60,000 paid in advance and
guarantees that the assembly line will be completed in three months. For the same assembly line, the second
contractor requires an investment of $20,000 in advance and an additional investment of $20,000 upon completion;
however, his completion time is six months.

The present assets of Videocomp for investment in new modular assembly lines and financing current operations
are $150,000. No further funds will be made available except those received from sales of CRT’s. However, as the
market is expanding rapidly, all CRT’s produced can be sold immediately.

Formulate a linear program to maximize Videocomp’s productive capacity at the end of two years using eight
planning periods of three months’ duration each.

Arent-a-car company operates a rental-agent training program, which students complete in one month. The teachers
in this program are trained rental agents, at a ratio of one for every fifteen students. Experience has shown that
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twenty-five students must be hired for every twenty who successfully complete the program. The demand for rental
cars is seasonal and, for the next six months, requires rental agents as follows:

January 135 April 170
February 125 May 160
March 150 June 180

As of 1 January, 145 trained rental agents are available for counter work or teaching, and the personnel records
indicate that 8% of the trained rental agents leave the company at the end of each month. Payroll costs per month
are:

Student $350
Trained agent renting of teaching $600
Trained agent idle $500

Company policy forbids firing because of an excess of agents.

Formulate a linear program that will produce the minimum-cost hiring and training schedule that meets the
demand requirements, assuming that average labor turnover rates prevail and ignoring the indivisibility of agents.
Assume also that in June the training school closes for vacation.

The Radex Electronics Corporation is a medium-size electronics firm, one division of which specializes in made-to-
order radar and ship-to-shore radio equipment. Radex has been awarded an Army contract to assemble and deliver a
number of special radar units that are small enough and light enough to be carried on a man’s back. Radex receives
$500 for each radar unit and the delivery schedule is as follows:

Shipping date Requirements Cumulative shipments

1 April 300 300
1 May 400 700
1 June 300 1000

The actual cumulative shipments cannot exceed this schedule, since the Army, in order to have time for effective
testing before accepting all units, will refuse to accept any faster delivery. Further, it is permissible in the terms of
the contract to ship the radar units late; however, a penalty cost of $50 is assessed for each radar unit that is shipped
late. If this division of Radex produces faster than the given schedule, then it must purchase storage space in the
company warehouse at $10 per assembled radar unit on hand on the first of the month (after the shipment is sent
out).

Production requirements are as follows: One radar unit requires 43 standard hours of assembly labor; one
trained man (with more than one month’s experience), working at 100% efficiency, produces 172 standard hours
of output per month, regular time; one new man (with less than one month’s experience), rated at 75% efficiency,
produces 129 standard hours of output per month.

The labor requirements are as follows: Employees are paid $5.00 per hour of regular time and $7.50 per hour
of overtime; a maximum of 35 hours of overtime is allowed per month, but new men may not work overtime; each
man on the payroll is guaranteed 172 regular-time hours (that is, $860 per month); at the end of the month, five
percent of the labor force quits; hiring costs are $200 per man, and all hiring is done on the first of the month.

On 1 March, Radex begins work on the government contract with 90 trained men on the payroll, and new men
can be hired immediately. On completion of the contract 1 June, Radex will begin work on a new contract requiring
200 trained men.

Construct the coefficient matrix for a linear program to optimize the operations of this division of the Radex
Electronics Corporation over the indicated time periBdefly define the variables and explain the significance of
the equations. Suggestion Set up the block of the coefficient matrix corresponding to the March decisions first,
then indicate how additional blocks should be constructed.)
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Construct the coefficient matrix, define each of the variables, and explain briefly the significance of each equation
or inequality in the linear-programming model for optimal operation, during March and April, of the hydroelectric
power system described as follows:

The system consists of two dams and their associated reservoirs and power plants on a river. The important
flows of power and water are shown in the accompanying diagram.

In the following table, all quantities measuring water are in units 6f d€re-feet (KAF). Power is measured in
megawatt hours (MWH).

A B Units

Storage capacity 2,000 1,500 KAF
Minimum allowable level 1,200 800 KAF
Predicted inflow:

March 200 40 KAF

April 130 15 KAF
March 1 level 1,900 850 KAF
Water-power conversion 400 200 MWH/KAF
Power-plant capacity 60,000 35,000 MWHY/per month

Power can be sold at $5.00 per MWH for up to 50,000 MWH each month, and excess power above that figure can
be sold for $3.50 per MWH.

Assume flow rates in and out through the power plants are constant within the month. If the capacity of the
reservoir is exceeded, the excess water runs down the spillway and by-passes the power plant. A consequence of
these assumptions is that the maximum and minimum water-level constraints need to be satisfied only at the end of
the month. $uggestionFirst set up the model for the March operating decisions, then modify it as necessary to
extend the planning horizon to the end of April.)

A problem common to many different industries entails “trim” losses in cutting rolls of paper, textiles, foil, or
other material in the process of filling the orders of its customers. The problem arises from the fact that, due to
production economies, a factory normally produces rolls of material in standard widths (for example, 100 inches) of
fixed length (say, 500 feet). Customers who order from the factory, however, usually require rolls of smaller width
for the purposes of their own industrial uses. The rolls are cut on a large cutting machine, the knives of which can
be set for virtually any combination of widths so long as the combined total does not exceed the width of the roll.
Thus the problem becomes one of assigning the orders in such a manner that the number of standard rolls used to fill
the orders is minimized. All wasted material, or “trim loss,” represents a loss to the firm. This loss can sometimes
be alleviated, however, through recycling or selling as “scrap” or “seconds.”

For purposes of illustration, assume that a factory produces newsprint in standard rolls, each having a width of
100 inches, and a fixed length of 500 feet. The factory must fill the following orders: 75 rolls of 24-inch width; 50
rolls of 40-inch width; and 110 rolls of 32-inch width. For simplicity, assume that the factory delivers all orders (no
matter what the width) in the standard length of 500 feet. Further, assume that there are on hand as many standard
rolls as necessary, and that only the widths on order are cut. Set up the problem as a linear program with integer
variables that minimizes the trim losses.

(Hint: Completely itemize the number of possible wayia which a 100-inch roll can be cut into combinations
of 24-, 40-, and 32-inch widths; i.e., one 24-inch roll, one 40-inch roll, one 32-inch roll, with 4 inches of trim waste.
Then let the decision variable represent the number of rolls cut as combinatian= 1, 2, ..., n. For simplicity
in itemizing the possible combinations, assume that each standard roll is cut into as many smaller rolls as possible.
Thus, if any smaller rolls are produced in excess of the number ordered, they are counted as waste.)
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26. For the trim problem described in Exercise 25, assume that the factory has two cutting machines available; machine
#1 is capable of cutting a standard roll of 100 inches, and machine #2 is capable of cutting a standard roll of 90
inches. Each machine can be used to cut no more than 400 rolls. The following orders must be filled: 225 rolls of
40-inch width; 180 rolls of 32-inch width; and 300 rolls of 24-inch width. Using applicable assumptions and hints
given in the statement of Exercise 25, formulate this problem as a linear program to allocate the orders to the two
cutting machines so as to minimize trim losses.

27. The U.S. Supreme Court decision of 1954derjuresegregation of schools, and recent decisions derygnigcto
segregation and barring “freedom-of-choice” pupil assignments, have forced school districts to devise plans for
integrating public schools. Finding a feasible method of achieving racially balanced schools is, at best, difficult. A
great number of factors must be taken into consideration.

For a given school district the following is known. There &grades and) schools. Each school has a
capacityCjq for gradeg. In each ofl neighborhoods in the district, there is student populafigrior neighborhood
i and gradey. Let the distance from neighborhootb schoolj be represented ;.

a) Formulate a model to assign all students to schools, minimizing total distance.

b) Now let Skg = the number of students in neighborhdoof racek and gradey; ax = the maximum percent of
racial groupk assigned to a school; amg = the minimum percent of racial grodp Reformulate the model
while also satisfying the racial-balance constraints.

¢) Minimizing total distance might lead to some students having to travel great distances by bus, while others would
be within walking distance. Reformulate the problems in (a) and (b) to minimize the maximum distance traveled
by any student.

28. The selling prices of a number of houses in a particular section of the city overlooking the bay are given in the
following table, along with the size of the lot and its elevation:

Selling price Lot sizésqg. ft.)  Elevation(feet)

P Li Ej
$155,000 $12,000 350
120,000 10,000 300
100,000 9,000 100
70,000 8,000 200
60,000 6,000 100
100,000 9,000 200

A real-estate agent wishes to construct a model to forecast the selling prices of other houses in this section of
the city from their lot sizes and elevations. The agent feels that a linear model of the form

P =bp+ biL + boE

would be reasonably accurate and easy to use. biemadb, would indicate how the price varies with lot size and
elevation, respectively, whilley would reflect a base price for this section of the city.

The agent would like to select the “best” linear model in some sense, but he is unsure how to proceed. It he
knew the three parametdig by andby, the six observations in the table would each provide a forecast of the selling
price as follows:

P=bo+bli+bE i=12...,6

However, sincéyo, b1, andb, cannot, in general, be chosen so that the actual pAca® exactly equal to the forecast
pricesP for all observations, the agent would like to minimize the absolute value of the resi@ualsP, — B,
Formulate mathematical programs to find the “best” valuebpb;, andb, by minimizing each of the following
criteria:

6
a) Y (P —P)%  Leastsquares
i=1
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6

b) > IR - Al Linear absolute residual
i—1

c) Max|P, — R|, Maximum absolute residual
1<i<6

(Hint: (b) and (c) can be formulated as linear programs. How should (a) be solved?)

A firm wishes to maximize its total funds accumulated aletime periods. It receives; dollars in external
income in periodi, wherei = 1,2,..., N, and can generate additional income by making any of 10 invest-
ments in each time period. An investment of $1 in ftike investment in period produces nonnegative income

(ai”iJrl) , (ai{iJrz) e, (aij,N) inperiods +1,i+2,..., Nrespectively. For examplai,\, is the return in period
N for investing $1 in the third investment opportunity in period 1. The total cash available for investment in each

period equalsl, plus yield in period from previous investments, plus savings of money from previous periods.
Thus, cash can be saved, invested, or partially saved and the rest invested.

a) Formulate a linear program to determine the investment schedule that maximizes the accumulated funds in tirNe period

b) How does the formulation change if the investment opportunities vary (in number and kind) from period to
period?

¢) What happens if savings earn 5% per time period?
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Solving Linear Programs

2

In this chapter, we present a systematic procedure for solving linear programs. This procedure, called the
simplex methodyroceeds by moving from one feasible solution to another, at each step improving the value
of the objective function. Moreover, the method terminates after a finite number of such transitions.

Two characteristics of the simplex method have led to its widespread acceptance as a computational tool.
First, the method is robust. It solvesy linear program; it detects redundant constraints in the problem
formulation; it identifies instances when the objective value is unbounded over the feasible region; and it
solves problems with one or more optimal solutions. The method is also self-initiating. It uses itself either
to generate an appropriate feasible solution, as required, to start the method, or to show that the problem has
no feasible solution. Each of these features will be discussed in this chapter.

Second, the simplex method provides much more than just optimal solutions. As byproducts, itindicates
how the optimal solution varies as a function of the problem data (cost coefficients, constraint coefficients,
and righthand-side data). This information is intimately related to a linear program calledah® the
given problem, and the simplex method automatically solves this dual problem along with the given problem.
These characteristics of the method are of primary importance for applications, since data rarely is known
with certainty and usually is approximated when formulating a problem. These features will be discussed in
detail in the chapters to follow.

Before presenting a formal description of the algorithm, we consider some examples. Though elementary,
these examples illustrate the essential algebraic and geometric features of the method and motivate the general
procedure.

2.1 SIMPLEX METHOD—A PREVIEW
Optimal Solutions

Consider the following linear program:

Maximizez = 0Ox1 + Oxo — 3x3 — X4 + 20, (Obijective 1)

subject to:
X1 — 3x3+ 3x4 = 6, 1)
Xo — 8X3 + 4Xa = 4, 2)

Xj>0 (j=1234).

Note that as stated the problem has a very special form. It satisfies the following:

1. All decision variables are constrained to be nonnegative.
2. All constraints, except for the nonnegativity of decision variables, are stated as equalities.

38
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3. The righthand-side coefficients are all nonnegative.

4. One decision variable is isolated in each constraint witHlLacoefficient k1 in constraint (1) and in
constraint (2)). The variable isolated in a given constraint does not appear in any other constraint, and
appears with a zero coefficient in the objective function.

A problem with this structure is said to beg¢anonical form This formulation might appear to be quite
limited and restrictive; as we will see later, howewanylinear programming problem can be transformed so
that it is in canonical form. Thus, the following discussion is valid for linear programs in general.

Observe that, given any values fof and x4, the values ok, andx, are determined uniquely by the
equalities. In fact, settings = x4 = 0 immediately gives a feasible solution with = 6 andx, = 4.
Solutions such as these will play a central role in the simplex method and are referredagiateasible
solutions In general, given a canonical form for any linear program, a basic feasible solution is given by
setting the variable isolated in constrajptcalled thejth basic-variable equal to the righthand side of the
jth constraint and by setting the remaining variables, call@abasic all to zero. Collectively the basic
variables are termedtzsis*

In the example above, the basic feasible solukipa- 6, xo = 4, x3 =0, X4 = 0, is optimal. For any
other feasible solutiorxs andx4 must remain nonnegative. Since their coefficients in the objective function
are negative, if eithexz or x4 is positive,z will be less than 20. Thus the maximum value fds obtained
whenxz = x4 = 0.

To summarize this observation, we state the:

Optimality Criterion.  Suppose that, in a maximization problem, every nonbasic variable has a non-
positive coefficient in the objective function of a canonical form. Then the basic feasible solution given
by the canonical form maximizes the objective function over the feasible region.

Unbounded Obijective Value
Next consider the example just discussed but with a new objective function:

Maximizez = 0xg1 + OX2 + 3x3 — X4 + 20, (Obijective 2)

subject to:
X1 —3x3+3x4 = 6, 1)
Xo — 8X3 + 4x4 = 4, (2)

Xj>0 (j=1234).

Sincexs now has a positive coefficient in the objective function, it appears promising to increase the value
of x3 as much as possible. Let us maintain= 0, increase to a valuet to be determined, and update
andxy to preserve feasibility. From constraints (1) and (2),

X1 = 6+ 3t,
X2 = 44 8t,

z= 20+ 3t.

* We have introduced the new termanonical, basisandbasic variableat this early point in our discussion because
these terms have been firmly established as part of linear-programming vernﬁlalﬂanicalis a word used in many
contexts in mathematics, as it is here, to mean “a special or standard representation of a problem or concept,” usually
chosen to facilitate study of the problem or concepasisandbasicare concepts in linear algebra; our use of these
terms agrees with linear-algebra interpretations of the simplex method that are discussed formally in Appendix A.
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No matter how large becomesx; andx, remain nonnegative. In fact, aapproaches-oco, z approaches
+o00. In this case, the objective function is unbounded over the feasible region.
The same argument applies to any linear program and provides the:

Unboundedness Criterion. Suppose that, in a maximization problem, some nonbasic variable has a
positive coefficient in the objective function of a canonical form. If that variable has negative or zero
coefficients in all constraints, then the objective function is unbounded from above over the feasible
region.

Improving a Nonoptimal Solution

Finally, let us consider one further version of the previous problem:

Maximizez = Ox1 + Ox2 — 3x3 + X4 + 20, (Objective 3)

subject to:
X1 —3x3+3x4 = 6, 1)
Xo — 8X3 + 4x4 = 4, (2)

Xj >0 (j=1,2349.

Now asx4 increasesz increases. Maintainings = 0, let us increasg, to a valuet, and update; andx»
to preserve feasibility. Then, as before, from constraints (1) and (2),

X1 = 6-—3t,
X2 = 4 -4,
z=20+ t.

If X1 andx, are to remain nonnegative, we require:

6—3t>0, thatis t < §=2
and
44t >0, thatis t < § = 1.

Therefore, the largest value fothat maintains a feasible solutiontis= 1. Whent = 1, the new solution
becomesx; = 3, x2 = 0, x3 = 0, X4 = 1, which has an associated valuezof 21 in the objective
function.

Note that, in the new solutioxg has a positive value ang has become zero. Since nonbasic variables
have been given zero values before, it appearsdhhas replaced; as a basic variable. In fact, it is fairly
simple to manipulate Egs. (1) and (2) algebraically to produce a new canonical form xylaeiax, become
the basic variables. K, is to become a basic variable, it should appear with coefficidnin Eq. (2), and
with zero coefficients in Eq. (1) and in the objective function. To obtaiplacoefficient in Eq. (2), we
divide that equation by 4, changing the constraints to read:

X1 —-3x3+3xa= 6 1)
Xo—23+ xa= L )

Now, to eliminatexs from the first constraint, we may multiply Eq.’{dy 3 and subtract it from constraint
(1), giving:

X1 — X2+ 3x3 = 3 (1)
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Xo—23+ xa= 1 2)
Finally, we may rearrange the objective function and write it as:
(-2 —3X3+ X4=-20 3)

and use the same technique to elimimagethat is, multiply (2) by —1 and add to Eq. (1) giving:

(—2) — 3x2— Xg =21

Collecting these equations, the system becomes:

Maximizez = Ox; — 3% — Xz + Ox4 + 21,
subject to:
X1 — 3Xp + 33 = 3, (1)
Xo—2X3+ Xa= 1, 2)
Xj >0 (j=1234%.

Now the problem is in canonical form witky and x4 as basic variables, arelhas increased from
20 to 21. Consequently, we are in a position to reapply the arguments of this section, beginning with
this improved solution. In this case, the new canonical form satisfies the optimality criterion since all
nonbasic variables have nonpositive coefficients in the objective function, and thus the basic feasible solution
X1 =3, X2=0, x3=0, x4 =1, is optimal.

The procedure that we have just described for generating a new basic variable igpoaitety It is
the essential computation of the simplex method. In this case, we say that we have just pivoteal thie
second constraint. To appreciate the simplicity of the pivoting procedure and gain some additional insight, let
us see that it corresponds to nothing more than elementary algebraic manipulations to re-express the problem
conveniently.

First, let us use constraint (2) to solve farin terms ofx, andxs, giving:

xa=1(4—x2+8x) Or xg=1-1x+2xs. )

Now we will use this relationship to substitute for in the objective equation:

2= 0xg + 0% — 33 + (1= $x2 + 2x3) + 20,
Z = 0xq — X2 — X3+ Oxq+ 21,
and also in constraint (1)
X1 —3x3+ 3(1 — 1%+ 2x3) = 6,
or, equivalently,

X1 — 3Xp + 3x3 = 3. 1)

Note that the equations determined by this procedure for eliminating variables are the same as those given
by pivoting. We may interpret pivoting the same way, even in more general situations, as merely rearranging
the system by solving for one variable and then substituting for it. We pivot because, for the new basic
variable, we want a1 coefficient in the constraint where it replaces a basic variable, and 0 coefficients in
all other constraints and in the objective function.

Consequently, after pivoting, the form of the problem has been altered, but the modified equations still
represent the original problem and have the same feasible solutions and same objective value when evaluated
at any given feasible solution

Indeed, the substitution is merely the familiar variable-elimination technique from high-school algebra,
known more formally as Gauss—Jordan elimination.
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In summary, the basic step for generating a canonical form with an improved value for the objective
function is described as:

Improvement Criterion.  Suppose that, in a maximization problem, some nonbasic variable has a
positive coefficient in the objective function of a canonical form. If that variable has a positive coefficient
in some constraint, then a new basic feasible solution may be obtained by pivoting.

Recall that we chose the constraint to pivot in (and consequently the variable to drop from the basis) by
determiningwhich basic variabldirst goes to zero as we increase the nonbasic variabl€he constraint is
selected by taking the ratio of the righthand-side coefficients to the coefficiernidgrothe constraints, i.e.,
by performing theatio test

min { s j—,r‘} .

Note, however, that if the coefficient &f in the second constraint wered instead oft+-4, the values for
X1 andx2 would be given by:

X1 = 6-—3t,
Xo = 4+ 4t,

so that a4 = t increases from Ox2 never becomes zero. In this case, we would increaset = g = 2.
This observation applies in general for any number of constraints, so that we need never compute ratios for
nonpositive coefficients of the variable that is coming into the basis, and we establish the following criterion:

Ratio and Pivoting Criterion. When improving a given canonical form by introducing variakj@to
the basis, pivot in a constraint that gives the minimum ratio of righthand-side coefficient to corresponding
xs coefficient. Compute these ratios only for constraints that have a positive coefficient for

Observe that the valueof the variable being introduced into the basis is the minimum ratio. This ratio is
zero if the righthand side is zero in the pivot row. In this instance, a new basis will be obtained by pivoting,
but the values of the decision variables remain unchanged siada

As afinal note, we point out that a linear program may have multiple optimal solutions. Suppose that the
optimality criterion is satisfied and a nonbasic variable has a zero objective-function coefficient in the final
canonical form. Since the value of the objective function remains unchanged for increases in that variable,
we obtain an alternative optimal solution whenever we can increase the variable by pivoting.

Geometrical Interpretation

The three simplex criteria just introduced algebraically may be interpreted geometrically. In order to represent
the problem conveniently, we have plotted the feasible region in Figs. 2.1(a) and 2.1(b) in terms of only the
nonbasic variablegs andxs. The values ok3 andx4 contained in the feasible regions of these figures satisfy
the equality constraints and ensure nonnegativity of the basic and nonbasic variables:

X1 = 6+ 3x3 —3x4 > 0, D)
X2:4+8X3—4X420, (2)
X3 > 0, X4 > 0.



2.1 Simplex Method—A Preview 43

):‘ 4+8x3—4x,=0 li.e., x;=0
v \\ 6+3x;—3x,=0 (i.e., x;=0)
VL &\\\\\\\\\\\\\\
\ \ \ (Constraint 2, x,2 0
oy QN \\\\
\ \ (Constramt1 X 0\
\\ \ \ satisfied )
3
v\
VAT \
Objective <\ )
function \\2 FEASIBLE REGIONY

\

\

increases

X
Ty ) 3 e
\ "\ z=17
20 z=18.5
Figure 2.1(a)
Xg 4 +8x3—4x,=0 li.e., x,=0)
A
6 +3x3—3x4=0 (i.e., x; =0)
A AR
41 (Constraint 2, x,2 0

// AW )\\\\\Q

(Constraint 1 x1
satisfied )

R
A FEASIBLE REGIO \
N

* \\

% Objectuve (3)

increases
14 \\\\ SHN
/ Objective (2)\\
|ncreases
J ,
-2 —1 3 o
/
/
! z=20

(Objectives 2 and 3)

Figure 2.1(b)



44 Solving Linear Programs 2.2

Consider the objective function that we used to illustrate the optimality criterion,
zZ= —3x3— Xq4+ 20. (Objective 1)

For any value ok, sayz = 17, the objective function is represented by a straight line in Fig. 2.1(a). As
Zincreases to 20, the line corresponding to the objective function moves parallel to itself across the feasible
region. Atz = 20, it meets the feasible region only at the poigit= x4 = 0; and, forz > 20, it no longer
touches the feasible region. Consequenthy 20 is optimal.

The unboundedness criterion was illustrated with the objective function:

Z=3X3 — X4 + 20, (Objective 2)

which is depicted in Fig.2.1(b). Increasing while holdingxs = 0 corresponds to moving outward from
the origin (i.e., the poinkg = x4 = 0) along thexz-axis. As we move along the axis, we never meet either
constraint (1) or (2). Also, as we move along theaxis, the value of the objective function is increasing to
+00.

The improvement criterion was illustrated with the objective function

Z= —3X3+ X4 + 20, (Obijective 3)

which also is shown in Fig. 2.1(b). Starting fromp= 0, x4 = 0, and increasings corresponds to moving
from the origin along theu-axis. In this case, however, we encounter constraint (Xyat t = 1 and
constraint (3) at, =t = 2. Consequently, to maintain feasibility in accordance with the ratio test, we move
to the intersection of thes-axis and constraint (2), which is the optimal solution.

2.2 REDUCTION TO CANONICAL FORM

To this point we have been solving linear programs posed in canonical form with (1) nonnegative variables,
(2) equality constraints, (3) nonnegative righthand-side coefficients, and (4) one basic variable isolated in each
constraint. Here we complete this preliminary discussion by showing how to transform any linear program
to this canonical form.

1. Inequality constraints
In Chapter 1, the blast-furnace example contained the two constraints:

40x; + 10xp 4 6x3 < 55.0,

40x1 + 10xo + 6x3 > 32.5.
The lefthand side in these constraints is the silicon content of the 1000-pound casting being produced. The
constraints specify the quality requirement that the silicon content must be between 32.5 and 55.0 pounds.

To convert these constraints to equality form, introduce two new nonnegative variables (the blast-furnace
example already includes a variable denotgddefined as:

X5 = 55.0 — 40x7 — 10x2 — 6X3,
X = 40x1 + 10x2 + 6x3 — 32.5.

Variablexs measures the amount that the actual silicon contentdhtist of the maximum content that can
be added to the casting, and is calleslack variable xg is the amount of silicon iexces®f the minimum
requirement and is calledsarplus variable The constraints become:

40x1 + 10x2 + 6X3 + Xg = 55.0,
40x1 4+ 10xp + 6x3 — Xg = 325.

Slack or surplus variables can be used in this way to convert any inequality to equality form.



2.2 Reduction to Canonical Form 45

2. Free variables
To see how to treat free variables, or variables unconstrained in sign, consider the basic balance equation of
inventory models:

Xt + lt—1 = d + It.
Production Inventory Demand in Inventory at
in periodt from period(t — 1) periodt end of period
In many applications, we may assume that demand is known and that prodxctinrst be nonnegative.

Inventoryl; may be positive or negative, however, indicating either that there is a surplus of goods to be stored
or that there is a shortage of goods and some must be produced later. For insthnee; i 1;_1 = 3, then

It = —3 units must be produced later to satisfy current demand. To formulate models with free variables,
we introduce two nonnegative variablgs andl;”, and write

as a substitute fok, everywhere in the model. The variallg represents positive inventory on hand and
I, represents backorders (i.e., unfilled demand). Whenigwer0, we setItJr = Iy andl;” = 0, and when
It < 0, we setl;" = 0 andl;” = —I;. The same technique converts any free variable into the difference
between two nonnegative variables. The above equation, for example, is expressed with nonnegative variables
as:

X+ =1 — I+ 1 =dh.

Using these transformations, any linear program can be transformed into a linear program with nonnega-
tive variables and equality constraints. Further, the model can be stated with only nonnegative righthand-side
values by multiplying by-1 any constraint with a negative righthand side. Then, to obtain a canonical form,
we must make sure that, in each constraint, one basic variable can be isolatednditpafficient. Some
constraints already will have this form. For example, the slack variablatroduced previously into the
silicon equation,

40x1 + 10x2 + 6x3 + X5 = 55.0,

appears in no other equation in the model. It can function as an intial basic variable for this constraint. Note,
however, that the surplus variabtgin the constraint

40x1 + 10xp + 6x3 — Xg = 32.5

does not serve this purpose, since its coefficientls

3. Artificial variables

There are several ways to isolate basic variables in the constraints where one is not readily apparent. One
particularly simple method is just to add a new variable to any equation that requires one. For instance, the
last constraint can be written as:

40x1 + 10xp 4+ 6X3 — Xg + X7 = 32.5,

with nonnegative basic variabbe;. This new variable is completely fictitious and is calledatificial
variable Any solution withx; = 0 is feasible for the original problem, but those wih > 0 are not
feasible. Consequently, we should attempt to drive the artificial variable to zero. In a minimization problem,
this can be accomplished by attaching a high unit bbst-0) to x7 in th objective function (for maximization,

add the penalty- M x7 to the objective function). Fav sufficiently large x7 will be zero in the final linear
programming solution, so that the solution satisfies the original problem constraint without the artificial
variable. Ifx; > 0 in the final tableau, then there is no solution to the original problem where the artificial
variables have been removed; that is, we have shown that the problem is infeasible.
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Let us emphasize the distinction between artificial and slack variables. Whereas slack variables have
meaning in the problem formulation, artificial variables have no significance; they are merely a mathematical
convenience useful for initiating the simplex algorithm.

This procedure for penalizing artificial variables, calledidlggM methodis straightforward conceptually
and has been incorporated in some linear programming systems. There are, however, two serious drawbacks
to its use. First, we don’'t knoa priori how largeM must be for a given problem to ensure that all artificial
variables are driven to zero. Second, using large numberbfanay lead to numerical difficulties on a
computer. Hence, other methods are used more commonly in practice.

An alternative to the bigl method that is often used for initiating linear programs is calledptigese
I-phase Il procedurand works in two stages. Phase | determines a canonical form for the problem by solving
a linear program related to the original problem formulation. The second phase starts with this canonical
form to solve the original problem.

To illustrate the technique, consider the linear program:

Maximizez = —3x1 + 3X2 + 2X3 — 2X4 — X5 + 4Xe,

subject to:
X1— X2+ X3—Xa—4X5+ 2X6 — X7 + Xg =4,
—3X1 + 3X2 + X3 — X4 — 2Xs5 + Xg = 6,
— X3+ X4 + Xe + X10 =1,
X1 — Xo4+X3—Xa— Xs +X11 =0,
Xj >0 (j=12,...,11). Artificial variables
added

Assume thakg is a slack variable, and that the problem has been augmented by the introduction of artificial
variablesxg, X109, andxys in the first, third and fourth constraints, so tixgt xg, X109, andxy1 form a basis.
The following elementary, yet important, fact will be useful:

Any feasible solution to the augmented system with all artificial variables equal to zero provides a feasible
solution to the original problem. Conversely, every feasible solution to the original problem provides a feasible
solution to the augmented system by setting all artificial variables ta zero

Next, observe that since the artificial variabkgs x19, andxy1 are all nonnegative, they are all zero only
when their sunxg + X10-+ X11 is zero. For the basic feasible solution just derived, this sumis 5. Consequently,
the artificial variables can be eliminated by ignoring the original objective function for the time being and
minimizing Xg + X10 + X11 (i.€., minimizing the sum of all artificial variables). Since the artificial variables
are all nonnegative, minimizing their sum means driving their sum towards zero. If the minimum sum is O,
then the artificial variables are all zero and a feasible, but not necessarily optimal, solution to the original
problem has been obtained. If the minimum is greater than zero, then every solution to the augmented system
hasxg + X10 + X11 > 0, so thasomeatrtificial variable is still positive. In this case, the original problem has
no feasible solution.

The essential point to note is that minimizing the infeasibility in the augmented system is a linear program.
Moreover, adding the artificial variables has isolated one basic variable in each constraint. To complete the
canonical form of the phase | linear program, we need to eliminate the basic variables from the phase | objective
function. Since we have presented the simplex method in terms of maximizing an objective function, for the
phase | linear program we will maximize defined to beninusthe sum of the artificial variables, rather than
minimizing their sum directly. The canonical form for the phase | linear program is then determined simply
by adding the artificial variables to the equation. That is, we add the first, third, and fourth constraints in
the previous problem formulation to:

(—w) — X9 — X10 — X11 =0,
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and express this equation as:
w = 2X1 — 2X2 + X3 — X4 — 5X5 + 3Xg — X7 + OXg + Ox10 + OX17 — 5.

The artificial variables now have zero coefficients in the phase | objective.

Note that the initial coefficients for the nonartificial variabdg in the w equation is the sum of the
coefficients ofx; from the equations with an artificial variable (see Fig. 2.2).

If w = 0 is the solution to the phase | problem, then all artificial variables are zero. If, in addition, every
artificial variable is nonbasic in this optimal solution, then basic variables have been determined from the
original variables, so that a canonical form has been constructed to initiate the original optimization problem.
(Some atrtificial variables may be basic at value zero. This case will be treated in Section 2.5.) Observe that
the unboundedness condition is unnecessary. Since the artificial variables are nonnegativeunded
from above by zero (for example, = —xg — X190 — X11 < 0) so that the unboundedness condition will never
apply.

To recap, artificial variables are added to place the linear program in canonical form. Maximizing
either

i) gives maxw < 0. The original problem is infeasible and the optimization terminates; or

i) gives maxw = 0. Then a canonical form has been determined to initiate the original problem. Apply
the optimality, unboundedness, and improvement criteria to the original objective fuacttarting
with this canonical form.

In order to reduce a general linear-programming problem to canonical form, it is convenient to perform
the necessary transformations according to the following sequence:

1. Replace each decision variable unconstrained in sign by a difference between two nonnegative variables.
This replacement applies to all equations including the objective function.

2. Change inequalities to equalities by the introduction of slack and surplus variables iftemualities,
let the nonnegativeurplus variablerepresent the amount by which the lefthand side exceeds the
righthand side; fokx inequalities, let the nonnegatistack variablerepresent the amount by which the
righthand side exceeds the lefthand side.

3. Multiply equations with a negative righthand side coefficienttly

4. Add a (nonnegative) artificial variable to any equation that does not have an isolated variable readily
apparent, and construct the phase | objective function.

To illustrate the orderly application of these rules we provide, in Fig. 2.2, a full example of reduction to
canonical form. The succeeding sets of equations in this table represent the stages of problem transformation
as we apply each of the steps indicated above. We should emphasize that at each stage the form of the given
problem is exactly equivalent to the original problem.

2.3 SIMPLEX METHOD—A FULL EXAMPLE

The simplex method for solving linear programs is but one of a number of methods, or algorithms, for solving
optimization problems. By an algorithm, we mean a systematic procedure, usually iterative, for solving a class
of problems. The simplex method, for example, is an algorithm for solving the class of linear-programming
problems. Any finite optimization algorithm should terminate in one, and only one, of the following possible
situations:

1. by demonstrating that there is no feasible solution;
2. by determining an optimal solution; or
3. by demonstrating that the objective function is unbounded over the feasible region.
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We will say that an algorithm solves a problem if it always satisfies one of these three conditions. As we shall
see, a major feature of the simplex method is that it solves any linear-programming problem.

Most of the algorithms that we are going to consider are iterative, in the sense that they move from one
decision poinis, Xo, ..., X, to another. For these algorithms, we need:

i) a starting point to initiate the procedure;
i) atermination criterion to indicate when a solution has been obtained; and
iii) an improvement mechanism for moving from a point that is not a solution to a better point.

Every algorithm that we develop should be analyzed with respect to these three requirements.

In the previous section, we discussed most of these criteria for a sample linear-programming problem.
Now we must extend that discussion to give a formal and general version of the simplex algorithm. Before
doing so, let us first use the improvement criterion of the previous section iteratively to solve a complete
problem. To avoid needless complications at this point, we select a problem that does not require artificial
variables.

Simple Example* The owner of a shop producing automobile trailers wishes to determine the best mix for
his three products: flat-bed trailers, economy trailers, and luxury trailers. His shop is limited to working 24
days/month on metalworking and 60 days/month on woodworking for these products. The following table
indicates production data for the trailers.

Usage per unit of trailer Resources
Flat-bed Economy Luxury | availabilities
Metalworking days i 2 1 24
Woodworking days 1 2 4 60
Contribution ($x 100) 6 14 13

Let the decision variables of the problem be:

x1 = Number of flat-bed trailers produced per month,
X2 = Number of economy trailers produced per month,
x3 = Number of luxury trailers produced per month.

Assuming that the costs for metalworking and woodworking capacity are fixed, the problem becomes:

Maximizez = 6x; + 14x2 + 13x3,

subject to:
X1+ 2%+ X3 < 24,
X1+ 2%z + 4x3 < 60,

X1 > 0, X2 > 0, x3 > 0.

Letting x4 and x5 be slack variables corresponding to unused hours of metalworking and woodworking
capacity, the problem above is equivalent to the linear program:

Maximizez = 6x; + 14x2 + 13xs,
subject to:
%X1+2X2+ X3+ Xq = 24,
X1+ 2X2 +4X3+ X5 = 60,

* Excel spreadsheet availablehdtp://web.mit.edu/15.053/www/Sect2.3_Simple_Example.xls
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Xj>0 (j=1,2...,5).

This linear program is in canonical form with basic variablgandxs. To simplify our exposition and to

more nearly parallel the way in which a computer might be used to solve problems, let us adopt a tabular
representation of the equations instead of writing them out in detail. Tableau 1 corresponds to the given
canonical form. The first two rows in the tableau are self-explanatory; they simply represent the constraints,
but with the variables detached. The third row representg-tgguation, which may be rewritten as:

(—2) 4+ 6xX1 + 14xo + 13x3 = 0.

By convention, we say that-z) is the basic variable associated with this equation. Note that no formal
column has been added to the tableau for(the)-variable.

Tableau 1 Equation
identification

Basic Current and Ratio

variables values Xy X, X5 X o transformations  test

T X 24 4 ©) 1 1 (1] 24/2
X5 60 1 2 4 1 [2] 60/2

(—2) 0 +6 | +14 | +13 3]
)

The data to the right of the tableau is not required for the solution. It simply identifies the rows and
summarizes calculations. The arrow below the tableau indicates the variable being introduced into the basis;
the circled element of the tableau indicates the pivot element; and the arrow to the left of the tableau indicates
the variable being removed from the basis.

By the improvement criterion, introducing either, X2, or X3 into the basis will improve the solution.

The simplex method selects the variable with best payoff per unit (largest objective coefficient), in this case
X2. By the ratio test, a%; is increasedxs goes to zero befongs does; we should pivot in the first constraint.
After pivoting, X2 replaces¢, in the basis and the new canonical form is as given in Tableau 2.

l'ableau 2 Equation
identification
Basic Current and Ratio
variables values Xy X, X3 X4 X5 transformations test
|
X3 12 i 1 3 5 (4] = 3[1] o 12/172)
s 36 1 —1 1| [5]= [2]- 24| 36/3
(—2) —168 +3 +6 -7 6] = [3]— 14[4]
1

Next, X3 is introduced in place ofs (Tableau 3).

Tableau 3 . qu_]atim_l
identification
Basic Current and Ratio
variables values X4 X X3 X4 Xs transformations test
X2 6 ®| 1 3| ¢ | [2l= [4]-38] 6/1/6)
X3 12 s | -3 5| B]=45] 12/(1/6)
(—2) 240 | +3 -5 | =2 | [9]= [6] - 6[8]
)

Finally, x1 is introduced in place of, (Tableau 4).

Tableau 4 satisfies the optimality criterion, giving an optimal contribution of $29,400 with a monthly
production of 36 flat-bed trailers and 6 luxury trailers.

Note that in this examplex, entered the basis at the first iteration, but does not appear in the optimal
basis. In general, a variable might be introduced into (and dropped from) the basis several times. In fact, it
is possible for a variable to enter the basis at one iteration and drop from the basis at the very next iteration.
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2.4

Variations

The simplex method changes in minor ways if the canonical form is written differently. Since these modi-
fications appear frequently in the management-science literature, let us briefly discuss these variations. We
have chosen to consider the maximizing form of the linear program @namrd have written the objective
function in the canonical form as:

(—2) + C1X1 + CoX2 + - - - + CnXn = — 20,

sothatthe currentsolution has= zo. We arguedthat, ifatlj < 0, thenz = zp4-C1X1+CoXo+- - -+CnXn = Zo
for any feasible solution, so that the current solution is optimal. If instead, the objective equation is written
as:

(2) + CiX1 + CoXo + - - + CXn = 2o,

wherec/j = —Cj, thenz is maximized if each coefficierdj > 0. In this case, the variable with the most

negative coefficiend,“j < Ois chosen to enter the basis. All other steps in the method are unaltered.
The same type of association occurs for the minimizing objective:

Minimize z = ¢c1X1 + CoX2 + - - - + CnXn.
If we write the objective function as:
(—2) + C1X1 + C2X2 + - - - + CnXn = — 20,

then, since = zp + C1X1 + - - - + CnXn, the current solution is optimal if evey > 0. The variablexs to
be introduced is selected froog = minc; < 0, and every other step of the method is the same as for the
maximizing problem. Similarly, if the objective function is written as:

(2) + CX1 4 CoXo + - - + CXn = 20,

wherec; = —c;, then, for a minimization problem, we introduce the variable with the most posiiirgo
the basis.

Note that these modifications affect only the way in which the variable entering the basis is determined.
The pivoting computations are not altered.

Given these variations in the selection rule for incoming variables, we should be wary of memorizing
formulas for the simplex algorithm. Instead, we should be able to argue as in the previous example and as in
the simplex preview. In this way, we maintain flexibility for almost any application and will not succumb to
the rigidity of a “formula trap.”

2.4 FORMAL PROCEDURE

Figure 2.3 summarizes the simplex method in flow-chart form. It illustrates both the computational steps of
the algorithm and the interface between phase | and phase Il. The flow chart indicates how the algorithm is
used to show that the problem is infeasible, to find an optimal solution, or to show that the objective function
is unbounded over the feasible region. Figure 2.4 illustrates this algorithm for a phase I-phase Il example



by solving the problem introduced in Section 2.2 for reducing a problem to canonicaf faime.remainder
of this section specifies the computational steps of the flow chart in algebraic terms.

At any intermediate step during phase Il of the simplex algorithm, the problem is posed in the following
canonical form:

X1 + a1, m1Xm+1 + o0+ AQwsXs + -0 + QXn = [31,
X2 + 52, m+1Xm+1 + - =+ éann = b2’
Xr + ar, myiXm+1 + -0 + Xs + - + &nXn = by,

Xm —+ am m+1Xm+1 + o + @8msXs + -+ + @mnXn = bm,
(_Z) + Em+1xm+1 + -+ + CsXs + - +ChXn = —2p,

Xj >0 (j=212,...,n).

* Excel spreadsheet availablehdtp://web.mit.edu/15.053/www/Fig2.4_Pivoting.xls
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Initialization
Place constraints in
canonical form.

Lse Arti- Termi_nate
phase | ficial There is no
objective variables feasible
(w-equation). added? solution.
YES
Make phase | —
Place pha_lse Il tran-
objective Use sition. Now NO
function in phase Il use phase Il
canonical objective objective*
form. (z-equation). (z-equation).
r——7T T - - - - - - Y 1 YES
' |
|
| Optimality test |
[ Is any objective | NO Phase I?
| functlggsﬁ?\;agwlent Tl (Optimality condition)
| [Step (1)] |
| | NO
[
| _ _ |
| Select variable x to intro- | | Terminate
| duce into the basis as the | The current
| variable with the largest | solution is
objective coefficient (arbi- optimal.
I trary choice if ties). |
I (Step (2)] |
|
' !
|
| Improve solution l
| Pivot on variable xin | Terminate
| the rth constraint to Unboundedness test | NO z is unbounded
| substitute x into the Does x, appear with a T from above over
| basis in place of the positive coefficient | (Unboundedness the feasible
rthbasic variable. in some con- | condition) region.
: (Step (4)] straint? |
| \
[ |
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| Select the pivot row rasthe | |
| row with the minimum ratio |
of righthand-side coefficient |
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| [Step (3)] |
e m e i

Figure 2.1 Simplex phase I-phase || maximization procedure.
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Originally, this canonical formis developed by using the procedures of Section 2.2. Tlag dbtazg, wo,
andc; are known. They are either the original data (without bars) or that data as updated by previous steps
of the algorithm. We have assumed (by reindexing variables if necessarythxat . . ., Xy are the basic
variables. Also, since this is a canonical fotn> 0 fori = 1,2, ..., m.

Simplex Algorithm  (Maximization Form)
STEP (0) The problem is initially in canonical form andll> 0.

STEP (1) Ifci <Oforj =1,2,...,n,thenstog we are optimal. If we continue then
there exists some; > O.
STEP (2) Choose the column to pivot in (i.e., the variable to introduce into the basis)
by:
Cs = max{CTj [Cj > 0}.*
j

If ais < O0fori =1,2,...,m,thenstop the primal problem is unbounded.

If we continue, thergjs > O forsome =1,2,..., m.
STEP (3) Choose rowto pivot in (i.e., the variable to drop from the basis) by the
ratio test:
b b;
— —min] =| @s>0}.
ars i dis

STEP (4) Replace the basic variable in nowith variables and re-establish the
canonical form (i.e., pivot on the coefficieats).

STEP (5) Go to step (1).

These steps are the essential computations of the simplex method. They apply to either the phase | or
phase Il problem. For the phase | problem, the coefficientae those of the phase | objective function.

The only computation remaining to be specified formally is the effect that pivoting in step (4) has on the
problem data. Recall that we pivot on coefficiand merely to isolate variablgs with a +1 coefficient in
constraint . The pivot can be viewed as being composed of two steps:

i) normalizing ther th constraint so thats has a+1 coefficient, and
i) subtracting multiples of the normalized constraint from the order equations in order to eliminate variable
Xs.

These steps are summarized pictorially in Fig. 2.5.
The last tableau in Fig. 2.5 specifies the new values for the data. The new righthand-side coefficients,
for instance, are given by:

Brnew: _b_r and Bi”eW: bi — 3 <E) >0 fori#r.

ars s

Observe that the new coefficients for the variahldeing removed from the basis summarize the computa-
tions. For example, the coefficient gf in the first row of the final tableau is obtained from the first tableau

by subtractingais/ars times therth row from the first row. The coefficients of the other variables in the
first row of the third tableau can be obtained from the first tableau by performing this same calculation. This
observation can be used to partially streamline the computations of the simplex method. (See Appendix B
for details.)

* The vertical bar within braces is an abbreviation for the phrase “such that.”
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Figure 2.5 Algebra for a pivot operation.
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Note also that the new value famwill be given by:

- ( br ) _
20 + j— CS.
drs

By our choice of the variables_to introduce into the basi§s > 0. Sinceb; > 0 anda,s > 0, this implies
thatz"®W > z°d_ |n addition, ifb, > 0, thenz"Vis strictly greater tham®!d.

Convergence

Though the simplex algorithm has solved each of our previous examples, we have yet to show that it solves
anylinear program. A formal proof requires results from linear algebra, as well as further technical material
that is presented in Appendix B. Let us outline a proof assuming these results. We assume that the linear
program has variables anan equality constraints.

First, note that there are only a finite number of bases for a given problem, since a basis cantains
variables (one isolated in each constraint) and there are a finite number of variables to select from. A standard
result in linear algebra states that, once the basic variables have been selected, all the entries in the tableau,
including the objective value, are determined uniquely. Consequently, there are only a finite number of
canonical forms as well. If the objective valsigictly increases after every pivot, the algorithm never repeats
a canonical form and must determine an optimal solution afferite number of pivots (any nonoptimal
canonical form is transformed to a new canonical form by the simplex method).

This argument shows that the simplex method solves linear programs as long as the objective value strictly
increases after each pivoting operation. As we have just seen, each pivot affects the objective function by
adding a multiple of the pivot equation to the objective function. The current value pfdfjaation increases
by a multiple of the righthand-side coefficient; if this coefficient is positive (not zero), the objective value
increases. With this in mind, we introduce the following definition:

A canonical form is callechondegeneratd each righthand-side coefficient is strictly positive. The
linear-programming problem is called nondegenerate if, starting with an initial canonical form, every
canonical form determined by the algorithm is nondegenerate.

In these terms, we have shown that the simplex method solves every nondegenerate linear program using
a finite number of pivoting steps. When a problem is degenerate, it is possible to perturb the data slightly
so that every righthand-side coefficient remains positive and again show that the method works. Details are
given in Appendix B. A final note is that, empirically, the finite number of iterations mentioned here to solve
a problem frequently lies between 1.5 and 2 times the number of constraints (i.e., betBraemd 2n).

Applying this perturbation, if required, to both phase | and phase Il, we obtain the essential property of
the simplex method.

Fundamental Property of the Simplex Method. The simplex method (with perturbation if necessary)
solves any given linear program in a finite number of iterations. That is, in a finite number of iterations,
it shows that there is no feasible solution; finds an optimal solution; or shows that the objective function
is unbounded over the feasible region.

Although degeneracy occurs in almost every problem met in practice, it rarely causes any complications.
In fact, even without the perturbation analysis, the simplex method never has failed to solve a practical
problem, though problems that are highly degenerate with many basic variables at value zero frequently take
more computational time than other problems.

Applying this fundamental property to the phase | problem, we see that, if a problem is feasible, the
simplex method finds a basic feasible solution. Since these solutions correspond to corner or extreme points
of the feasible region, we have the
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Fundamental Property of Linear Equations. If a set of linear equations in nonnegative variables is
feasible, then there is an extreme-point solution to the equations.

2.5 TRANSITION FROM PHASE | TO PHASE I

We have seen that, if an artificial variable is positive at the end of phase I, then the original problem has no
feasible solution. On the other hand, if all artificial variables are nonbasic at value zero at the end of phase
I, then a basic feasible solution has been found to initiate the original optimization problem. Section 2.4
furnishes an example of this case. Suppose, though, that when phase | terminates, all artificial variables are
zero, but that some artificial variable remains in the basis. The following example illustrates this possibility.

Problem. Find a canonical form foks, X2, and x3 by solving the phase | problenx4, xs, and xg are
artificial variables):

Maximizew = —X4 — X5 — Xg,
subject to:
X1 — 2X2 + X4 =2,
X1 — 3X2 — X3 + Xs =1,
X1 — Xo+ axs + Xg = 3,
Xj >0 (j=12,...,6).

To illustrate the various terminal conditions, the coefficientis unspecified in the third constraint. Later
it will be set to either O or 1. In either case, the pivoting sequence will be the same and we shall merely carry
the coefficient symbolically.

Putting the problem in canonical form by eliminatimg, xs, andxs from the objective function, the
simplex solution to the phase | problem is given in Tableaus 1 through 3.

Tableau 1
Basic Current
variables values X4 X, X3 X4 X5 X
X4 2 1 -2 0 1
4 x5 1 @®| -3 ~1 1
X 3 1 =] a 1
(—w) +6 +3 -6 (a—1)
i)
Tableau 2
Basic Current
variables values b X, X3 Xy X5 X
o Xy 1 @ 1 1 =1
Xy 1 1 -3 —1 1
Xe 2 2 a+1 -1 1
(—w) +3 +3 a+ 2 -3

Fora = 0 or 1, phase | is complete sinCe = a — 1 < 0, but with xg still part of the basis. Note that
in Tableau 2, eitheky or xg could be dropped from the basis. We have arbitrarily selexfedA similar
argument would apply ks were chosen.)
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Tableau 3
Basic Current
variables values X Xy X3 X4 Xz X¢
X5 1 1 1 1 -1
Xi 4 1 2 3 -2
X 0 a— 1 -2 1 1
(—w) 0 a—1 -3 0

First, assuma = 0. Then we can introduce; into the basis in place of the artificial variablg pivoting
on the coefficiena — 1 or x3 in the third constraint, giving Tableau 4.

Tableau 4
Basic Current
variables values X4 X, X3 X4 Xs X6
X, 1 1 -1 0 1
X4 4 1 —1 0 2
X3 0 1 2 -1 -1
(—w) 0 —1 —1 —1

Note that we have pivoted on a negative coefficient here. Since the righthand-side element of the third
equation is zero, dividing by a negative pivot element will not make the resulting righthand-side coefficient
negative. Droppings, Xs, andxg, we obtain the desired canonical form. Note tkaits now set to zero and
is nonbasic.

Next, suppose that = 1. The coefficienta— 1) in Tableau 3 is zero, so we cannot pixgtinto the basis
as above. In this case, however, dropping artificial variakjesndxs from the system, the third constraint
of Tableau 3 readgs = 0. Consequently, even though is a basic variable, in the canonical form for the
original problem it will always remain at value zero during phase Il. Thus, throughout phase Il, a feasible
solution to the original problem will be maintained as required. When more than one artificial variable is in
the optimal basis for phase |, these techniques can be applied to each variable.

For the general problem, the transition rule from phase | to phase Il can be stated as:

Phase I-Phase Il Transition Rule. Suppose that artificial variabbg is theith basic variable at the
end of Phase | (at value zero). |z{ be the coefficient of the nonartificial variablgin thei th constraint
of the final tableau. If somajj # 0, then pivot on any sudhj, introducingx; into the basis in place of
xi. If all &jj = 0, then maintairx; in the basis throughout phase Il by including theconstraint, which
readsx; = 0.

As afinal note, observe that if &l; = 0 above, then constraints a redundant constraint in the original
system, for, by adding multiples of the other equation to constraus pivoting, we have produced the
equation (ignoring artificial variables):

OX1 +0x2 +---+0xn =0.

For example, whea = 1 for the problem above, (constraint 3) = 2 times (constraint 1)—(constraint 2), and
is redundant.

Phase I-Phase Il Example

Maximizez = —3x; + X3,
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subject to:

X1+ X2+ X3+ X4 = 4,
—2X1 + X2 — X3 =1,
X2+ X3+ X4 =9,

Xj >0 (j=1,234).

Adding artificial variablescs, Xg, andxz, we first minimizexs 4+ X + X7 or, equivalently, maximize
w = —X5 — Xg — X7. The iterations are shown in Fig. 2:6The first tableau is the phase | problem statement.
Basic variablexs, Xg andx7 appear in the objective function and, to achieve the initial canonical form, we
must add the constraints to the objective function to eliminate these variables.
Tableaus 2 and 3 contain the phase | solution. Tableau 4 gives a feasible solution to the original problem.
Artificial variable x7 remains in the basis and is eliminated by pivoting on-tfiecoefficient forxs. This
pivot replacexz = 0 in the basis by, = 0, and gives a basis from the original variables to initiate phase II.
Tableaus 5 and 6 give the phase Il solution.

* Excel spreadsheet availablerdtp://web.mit.edu/15.053/www/Fig2.6_Pivoting.xls
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2.6 LINEAR PROGRAMS WITH BOUNDED VARIABLES

In most linear-programming applications, many of the constraints merely specify upper and lower bounds on
the decision variables. In adistribution problem, for example, variaglespresenting inventory levels might

be constrained by storage capacitigsand by predetermined safety stock levejsso that?; < xj < uj.

We are led then to consider linear programs veittunded variables

n
Maximizez = ) " cjx;,
=1
subject to:

n
dajxj=hb, (=12..m 3)
j=1

Grsxp<u, (=120, (@)

The lower boundd; may be—oo and/or the upper bounds; may be+oo, indicating respectively that
the decision variable; is unbounded from below or from above. Note that when &3ck- 0 and each
uj = +oo, this problem reduces to the linear-programming form that has been discussed up until now.

The bounded-variable problem can be solved by the simplex method as discussed thus far, by adding
slack variables to the upper-bound constraints and surplus variables to the lower-bound constraints, thereby
converting them to equalities. This approach handles the bounding constraints explicitly. In contrast, the
approach proposed in this section modifies the simplex method to consider the bounded-variable constraints
implicitly. Inthis new approach, pivoting calculations are computed only for the equality constraints (3) rather
than for the entire system (3) and (4). In many instances, this reduction in pivoting calculations will provide
substantial computational savings. As an extreme illustration, suppose that there is one equality constraint
and 1000 nonnegative variables with upper bounds. The simplex method will maintain 1001 constraints in
the tableau, whereas the new procedure maintains only the single equality constraint.

We achieve these savings by using a canonical form with one basic variable isolated in each of the equality
constraints, as in the usual simplex method. However, basic feasible solutions now are determined by setting
nonbasic variables to either their lower or upper bound. This method for defining basic feasible solutions
extends our previous practice of setting nonbasic variables to their lower bounds of zero, and permits us to
assess optimality and generate improvement procedures much as before.

Suppose, for example, thet andx4 are nonbasic variables constrained by:

4 < xp <15
2<% <5
and that
zZ =4— 3%+ 34,
X2 = 4,
X4 =5,
in the current canonical form. In any feasible solutiag, > 4, so—;llxz < —1; also,x4 < 5, so that
3X4 < 3(5) = 23. Consequently,
Z=4— 3%+ 3x4 <4—1+25 =53

for any feasible solution. Since the current solution with= 4 andxs = 5 attains this upper bound, it

must be optimal. In general, the current canonical form represents the optimal solution whenever nonbasic
variables at their lower bounds have nonpositive objective coefficients, and nonbasic variables at their upper
bound have nonnegative objective coefficients.
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Bounded Variable Optimality Condition. In a maximization problem in canonical form, if every
nonbasic variable at its lower bound has a nonpositive objective coefficient, and every nonbasic variable
at its upper bound has a nonnegative objective coefficient, then the basic feasible solution given by that
canonical form maximizes the objective function over the feasible region.

Improving a nonoptimal solution becomes slightly more complicated than before. If the objective coef-
ficientT; of nonbasic variable; is positive andkj = £j, then we increasg;; if Cj < 0 andxj = uj, we
decrease;. In either case, the objective value is improving.

When changing the value of a nonbasic variable, we wish to maintain feasibility. As we have seen, for
problems with only nhonnegative variables, we have to test, via the ratio rule, to see when a basic variable first
becomes zero. Here we must consider the following contingencies:

i) the nonbasic variable being changed reaches its upper or lower bound; or
i) some basic variable reaches either its upper or lower bound.

In the first case, no pivoting is required. The nonbasic variable simply changes from its lower to upper
bound, or upper to lower bound, and remains nonbasic. In the second case, pivoting is used to remove the
basic variable reaching either its lower or upper bound from the basis.

These ideas can be implemented on a computer in a number of ways. For example, we can keep track of
the lower bounds throughout the algorithm; or every lower bound

Xj = €]

can be converted to zero by defining a new variable

i
Xj

and substitutingq/ + ¢; for x; everywhere throughout the model. Also, we can always redefine variables

so that every nonbasic variable is at its lower bound. xfjedienote the slack variable for the upper-bound
constraintxj < uj; thatis,

=Xj—£j >0,

Xj +Xj = uj.

Whenevek; is nonbasic at its upper boung, the slack variable; = 0. Consequently, substituting — X;
for xj in the model makex} nonbasic at value zero in place »f. If, subsequently in the algorithnx,}
becomes nonbasic at its upper bound, which is alsave can make the same substitution oy replacing
it with u; — x;, andx; will appear nonbasic at value zero. These transformations are usually referred to as
the upper-bounding substitution

The computational steps of the upper-bounding algorithm are very simple to describe if both of these
transformations are used. Since all nonbasic variables (eitlex;) are at value zero, we increase a variable
for maximization as in the usual simplex method if its objective coefficient is positive. We use the usual ratio
rule to determine at what valugfor the incoming variable, a basic variable first reaches zero. We also must
ensure that variables do not exceed their upper bounds. For example, when increasing nonbasicyariable
to valuet, in a constraint withx; basic, such as:

X1 — 2%Xs = 3,

we require that:

. up —3
X1=34+2t<up (thatlstf 12 )

We must perform such a check in every constraint in which the incoming variable has a negative coefficient;

thusxs < to where:
| uk — b
tzzmln[ k_ ! EiS<O],
|

—djs
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anduy is the upper bound for the basic variakign thei th constraintb; is the current value for this variable,
anda;js are the constraint coefficients for variable This test might be called thegper-bounding ratio test
Note that, in contrast to the usual ratio test, the upper-bounding ratio uses negative coeffigientfor
the nonbasic variabbe; being increased.

In general, the incoming variable (or xJ) is set to:

Xs = min {Us, t1, to}.
If the minimum is

i) us, then the upper bounding substitution is madexpfor x);
i) t1, then a usual simplex pivot is made to introdugento the basis;

iii) t2, then the upper bounding substitution is made for the basic varialpte x, ) reaching its upper bound
andxs is introduced into the basis in placexjf (or x) by a usual simplex pivot.

The procedure isillustrated in Fig. 2.7. Tableau 1 contains the problem formulation, which is in canonical
form with X1, X2, X3, andx4 as basic variables ang andxg as nonbasic variables at value zero. In the first
iteration, variablexs increases, reaches its upper bound, and the upper bounding substfutiot — xs
is made. Note that, after making this substitution, the variableas coefficients opposite in sign from the
coefficients ofks. Also, in going from Tableau 1 to Tableau 2, we have updated the current value of the basic
variables by multiplying the upper bound xf, in this casaus = 1, by the coefficients oks and moving
these constants to the righthand side of the equations.

In Tableau 2, variablgg increases, basic variablg reaches zero, and a usual simplex pivot is performed.
After the pivot, it is attractive to increasg in Tableau 3. A increases basic varialig reaches its upper
bound atx4 = 5 and the upper-bounding substitutixjp= 5— x4 is made. Variable; is isolated as the basic
variable in the fourth constraint in Tableau 4 (by multiplying the constraint byafter the upper-bounding
substitution); variable then enters the basis in placexdf Finally, the solution in Tableau 5 is optimal,
since the objective coefficients are nonpositive for the nonbasic variables, each at value zero.
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Solving Linear Programs

EXERCISES
1. Given:
X1 + 24 = 8,
X2 + 3x3 = 6,
X3+ 8x4 = 24
-z +10x4 = —32,

3.

X1>0, x>0, x3>0, x4>0.

a) What is the optimal solution of this problem?
b) Change the coefficient ad; in the z-equation to—3. What is the optimal solution now?
c) Change the signs on ad} coefficients to be negative. What is the optimal solution now?

. Consider the linear program:
Maximizez = I+ X3 — 2X5 — Xg,
subject to:
5x2 +50x3 + X4 + Xs = 10,
X1 — 15x2 + 2X3 = 2,
X2+ X3 + Xs+Xg = 6,

x>0 (j=12....6).

a) Find an initial basic feasible solution, specify values of the decision variables, and tell which are basic.

b) Transform the system of equations to the canonical form for carrying out the simplex routine.

¢) Is your initial basic feasible solution optimal? Why?

d) How would you select a column in which to pivot in carrying out the simplex algorithm?

e) Having chosen a pivot column, now select a row in which to pivot and describe the selection rule. How does this
rule guarantee that the new basic solution is feasible? Is it possible that no row meets the criterion of your rule?
If this happens, what does this indicate about the original problem?

f) Without carrying out the pivot operation, compute the new basic feasible solution.

g) Perform the pivot operation indicated by (d) and (e) and check your answer to (f). Substitute your basic feasible
solution in the original equations as an additional check.

h) Is your solution optimal now? Why?

a) Reduce the following system to canonical form. Identify slack, surplus, and artificial variables.

21+ X2 < 4 D

X1 +4x = 2 2

51 +9% = 8 3

X1+ X2 = 0 %

2X1+ X2 > —3 )]

—3X1— X2 < =2 (6

3x1 +2x2 < 10 @)

X1 >0, X2 > 0.

b) Formulate phase | objective functions for the following systems wiitht 0 andx, > 0O:
i) expressions 2 and 3 above.
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if) expressions 1 and 7 above.
iii) expressions 4 and 5 above.

4. Consider the linear program

Maximizez= Xxq,
subject to:
X1+X2 < 8§
X1 > 0, X2 >0

a) State the above in canonical form.
b) Solve by the simplex method.
¢) Solve geometrically and also trace the simplex procedure steps graphically.

d) Suppose that the objective function is changeritox; + cxp. Graphically determine the valuesofor which
the solution found in parts (b) and (c) remains optimal.

e) Graphically determine the shadow price corresponding to the third constraint.

5. The bartender of your local pub has asked you to assist him in finding the combination of mixed drinks that will
maximize his revenue. He has the following bottles available:

1 quart (32 0z.) Old Cambridge (a fine whiskey—cost $8/quart)
1 quart Joy Juice (another fine whiskey—cost $10/quart)

1 quart Ma’s Wicked Vermouth ($10/quart)

2 quarts Gil-boy’s Gin ($6/quart)

Since he is new to the business, his knowledge is limited to the following drinks:

Whiskey Sour 2 oz. whiskey Price $1

Manhattan 2 0z. whiskey $2
1 oz. vermouth

Martini 2 0z. gin $2
1 oz. vermouth

Pub Special 2 0z. gin $3

2 0z. whiskey

Use the simplex method to maximize the bar’s profit. (Is the cost of the liquor relevant in this formulation?)

6. A company makes three lines of tires. Its four-ply biased tires produce $6 in profit per tire, its fiberglass belted line
$4 atire, and its radials $8 a tire. Each type of tire passes through three manufacturing stages as a part of the entire
production process.

Each of the three process centers has the following hours of available production time per day:

Process Hours
1 Molding 12
2 Curing 9
3 Assembly 16

The time required in each process to produce one hundred tires of each line is as follows:
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Hours per 100 units
Tire Molding | Curing Assembly
Four-ply 2 3 2
Fiberglass 2 2 1
Radial 2 1 3

Determine the optimum product mix for each day’s production, assuming all tires are sold.

. An electronics firm manufactures printed circuit boards and specialized electronics devices. Final assembly oper-

ations are completed by a small group of trained workers who labor simultaneously on the products. Because of
limited space available in the plant, no more then ten assemblers can be employed. The standard operating budget
in this functional department allows a maximum of $9000 per month as salaries for the workers.

The existing wage structure in the community requires that workers with two or more years of experience receive
$1000 per month, while recent trade-school graduates will work for only $800. Previous studies have shown that
experienced assemblers produce $2000 in “value added" per month while new-hires add only $1800. In order to
maximize the value added by the group, how many persons from each group should be employed? Solve graphically
and by the simplex method.

. The processing division of the Sunrise Breakfast Company must produce one ton (2000 pounds) of breakfast flakes

per day to meet the demand for its Sugar Sweets cereal. Cost per pound of the three ingredients is:

Ingredient A $4 per pound
IngredientB  $3 per pound
Ingredient C  $2 per pound

Government regulations require that the mix contain at least 10% ingredient A and 20% ingredient B. Use of
more than 800 pounds per ton of ingredient C produces an unacceptable taste.

Determine the minimum-cost mixture that satisfies the daily demand for Sugar Sweets. Can the bounded-
variable simplex method be used to solve this problem?

. Solve the following problem using the two phases of the simplex method:

Maximizez = 2x1 + X2 + X3,

subject to:
2X1 43X — X3 < 9,
2X2 + X3 > 4,
X1 + X3 = 6,
X1 >0, X2 > 0, X3>0
Is the optimal solution unique?
Consider the linear program:
Maximizez = —3x3 + 6X»,
subject to:
5X1 + 7X2 < 35,
X1 > 0, X2 >0
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a) Solve this problem by the simplex method. Are there alternative optimal solutions? How can this be determined
at the final simplex iteration?
b) Solve the problem graphically to verify your answer to part (a).

11. Solve the following problem using the simplex method:

Minimize z = X1 — 2X2 — 4X3 + 2X4,
subject to:
—2X1+ Xo+8Xz3+ Xq < 12

X1>0, x>0, x3>0, x3=>0.

12. a) Setupalinear program that will determine a feasible solution to the following system of equations and inequalities
if one exists.Do not solvehe linear program.

|
o

X1 —6X2+ Xz3— X4
—2X2+2X3 — 3X4 = 3,
3x1 —2X3 +4xq4 = —1,

X1 >0, X3 >0, X4 > 0.
b) Formulate a phase | linear program to find a feasible solution to the system:

3X1+2X0 — X3 <
—X1— Xo+2X3 < —1,

Show, from the phase | objective function, that the system contains no feasible solution (no pivoting calculations
are required).

13. The tableau given below corresponds to a maximization problem in decision vakable®(j = 1,2, ..., 5):
Basic Current
variables values X1 X2 X3 | X4 | Xs
X3 4 -1 a 1
X4 1 a -4 1
Xg5 b as 3 1
(-2 -10 c | -2

State conditions on all five unknowas, az, as, b, andc, such that the following statements are true.

a) The current solution is optimal. There are multiple optimal solutions.

b) The problem is unbounded.

¢) The problem is infeasible.

d) The current solution is not optimal (assume that 0). Indicate the variable that enters the basis, the variable
that leaves the basis, and what the total change in profit would be for one iteration of the simplex method for all
values of the unknowns that are not optimal.
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14.

15.

16.

17.

Solving Linear Programs

Consider the linear program:

Maximizez = axy + 2x2 + X3 — 4Xa,

subject to:
X1+ X2 — X4 =442A (2)
2X1 — Xo+3X3—2X4 = 54+ 7A (2)
X1 >0, Xo > 0, x3 >0, X4 > 0,

wherex and A are viewed as parameters.

a) Form two new constraints as)* (1) + (2) and (2) = —2(1)+ (2). Solve forx; andx, from (1) and (2), and
substitute their values in the objective function. Use these transformations to express the problem in canonical
form with x; andx, as basic variables.

b) AssumeA = 0 (constant). For what values @farex; andx, optimal basic variabletn the problem?

¢) Assumex = 3. For what values oA dox; andx, form an optimal basic feasible solution?

Let
(—w) + diXg + doXo + - - + OnXm =0 ()

be the phase | objective function when phase | terminates for maximizirigjscuss the following two procedures

for making the phase | to Il transition when an artificial variable remains in the basis at value zero. Show, using
either procedure, that every basic solution determined during phase Il will be feasible fanighmal problem
formulation.

a) Multiply each coefficient in«) by —1. Initiate phase Il with the original objective function, but maintaihig
the tableau as a new constraint with)(as the basic variable.

b) Eliminate ) from the tableau and at the same time eliminate from the problem any vaxiallgh d; < 0.
Any artificial variable in the optimal phase | basis is now treated as though it were a variable from the original
problem.

In our discussion of reduction to canonical form, we have replaced variables unconstrained in sign by the difference
between two nonnegative variables. This exercise considers an alternative transformation that does not introduce as
many new variables, and also a simplex-like procedure for treating free variables directly without any substitutions.
For concreteness, suppose tiiat yo, andys are the only unconstrained variables in a linear program.

a) Substitute for,, y2, andys in the model by:

Y1 = X1 — Xo,
Y2 = X2 — Xo,
Y3 = X3 — Xo,

with xo > 0, X1 > 0, X2 > 0, andxsz > 0. Show that the models are equivalent before and after these
substitutions.

b) Apply the simplex method directly witky, y», andys. When are these variables introduced into the basis
at positive levels? At negative levels? yf is basic, will it ever be removed from the basis? Is the equation
containingy; as a basic variable used in the ratio test? Would the simplex method be altered in any other way?

Apply the phase | simplex method to find a feasible solution to the problem:
X1 — 2X2 + X3 = 2,
—X1—3X2+ Xz =1,
2X1 — 3Xo +4X3 = 7,

X1 >0, X2 > 0, X3 > 0.

Does the termination of phase | show that the system contains a redundant equation? How?
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18. Frequently, linear programs are formulated viitierval constraintof the form:
5<6x; — X2+ 3x3 < 8.
a) Show that this constraint is equivalent to the constraints
6X1 — X2 + 3X3 + X4 = 8,

0<x4 <3

b) Indicate how the generaiterval linear program
n
Maximizez = Z CjXj,
i=1
subject to:

n
b{izaijxj <b (=12....,m,
=1
Xj =0 (j=12,...,n),

can be formulated as a bounded-variable linear programmviglquality constraints.
19. a) What is the solution to the linear-programming problem:
Maximizez = c1X1 + CpX2 + - - - + CnXn,

subject to:
aixi + axxz + - - + anXn < b,

0 < xj < uj (j=212,...,n),

with bounded variables and one additional constraint? Assume that the cormgtaais anduj for j =

1,2,...,n,andb are all positive and that the problem has been formulated so that:
R
a @ an

b) What will be the steps of the simplex method for bounded variables when applied to this problem (in what order
do the variables enter and leave the basis)?

20. a) Graphically determine the steps of the simplex method for the problem:

Maximize 81 + 6Xo,

subject to:
3X1 4+ 2% < 28,
5X1 + 2% < 42,
X1 < 8
X2 < 8,
X1 >0, X2 >0

Indicate on the sketch the basic variables at each iteration of the simplex algorithm in terms of the given variables
and the slack variables for the four less-than-or-equal-to constraints.

b) Suppose that the bounded-variable simplex method is applied to this problem. Specify how the iterations in the
solution to part (&) correspond to the bounded-variable simplex method. Which variables; from and the
slack variable for the first two constraints, are basic at each iteration? Which nonbasic variables are at their upper
bounds?

c) Solve the problem algebraically, using the simplex algorithm for bounded variables.
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3

We have already been introduced to sensitivity analysis in Chapter 1 via the geometry of a simple example.
We saw that the values of the decision variables and those of the slack and surplus variables remain unchanged
even though some coefficients in the objective function are varied. We also saw that varying the righthand-
side value for a particular constraint alters the optimal value of the objective function in a way that allows us
to impute a per-unit value, ahadow priceto that constraint. These shadow prices and the shadow prices

on the implicit nonnegativity constraints, calleeluced costsemain unchanged even though some of the
righthand-side values are varied. Since there is always some uncertainty in the data, it is useful to know over
what range and under what conditions the components of a particular solution remain unchanged. Further,
the sensitivity of a solution to changes in the data gives us insight into possible technological improvements
in the process being modeled. For instance, it might be that the available resources are not balanced properly
and the primary issue is not to resolve the most effective allocation of these resources, but to investigate what
additional resources should be acquired to eliminate possible bottlenecks. Sensitivity analysis provides an
invaluable tool for addressing such issues.

There are a number of questions that could be asked concerning the sensitivity of an optimal solution to
changes in the data. In this chapter we will address those that can be answered most easily. Every commercial
linear-programming system provides this elementary sensitivity analysis, since the calculations are easy to
perform using the tableau associated with an optimal solution. There are two variations in the data that
invariably are reported: objective function and righthand-side ranges. The objective-function ranges refer to
the range over which an individual coefficient of the objective function can vary, without changing the basis
associated with an optimal solution. In essence, these are the ranges on the objective-function coefficients
over which we can be sure the values of the decision variables in an optimal solution will remain unchanged.
The righthand-side ranges refer to the range over which an individual righthand-side value can vary, again
without changing the basis associated with an optimal solution. These are the ranges on the righthand-side
values over which we can be sure the values of the shadow prices and reduced costs will remain unchanged.
Further, associated with each range is information concerning how the basis would change if the range were
exceededThese concepts will become clear if we deal with a specific example.

3.1 AN EXAMPLE FOR ANALYSIS

We will consider for concreteness the custom-molder example from Chapter 1; in order to increase the
complexity somewhat, let us add a third alternative to the production possibilities. Suppose that, besides
the six-ounce juice glasseg and the ten-ounce cocktail glasses our molder is approached by a new
customer to produce a champagne glass. The champagne glass is not difficult to produce except that it must
be molded in two separate pieces—the bowl with stem and then base. As a result, the production time for the
champagne glass is 8 hours per hundred cases, which is greater than either of the other products. The storage
space required for the champagne glasses is 1000 cubic feet per hundred cases; and the contribution is $6.00

76
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per case, which is higher than either of the other products. There is no limit on the demand for champagne
glasses. Now what is the optimal product mix among the three alternatives?

The formulation of the custom-molding example, including the new activity of producing champagne
glasses, is straightforward. We have exactly the same capacity limitations—hours of production capacity,
cubic feet of warehouse capacity, and limit on six-ounce juice-glass demand—and one additional decision
variable for the production of champagne glasses. Letting

x1 = Number of cases of six-ounce juice glasses, in hundreds;
X2 = Number of cases of ten-ounce cocktail glasses, in hundreds;
x3 = Number of cases of champagne glasses, in hundreds;

and measuring the contribution in hundreds of dollars, we have the following formulation of our custom-
molder example:

Maximizez = 5x1 +4.5x, + 6X3, (hundreds of dollaps
subject to:
6X;1 + 5x2+ 8xz < 60, (production capacity;
hours
10x; + 20x2 + 10x3 < 150, (warehouse capacity; (1)
hundreds of sq. ff.
X1 < 8, (demand for 6 oz. glasses;

hundreds of cases
Xy >0, X2 > 0, X3 > 0.

If we add one slack variable in each of the less-than-or-equal-to constraints, the problem will be in the
following canonical form for performing the simplex method:

6x1 + 5x2 + 8x3 + X4 = 60, (2
10Xy + 20x2 + 10x3 + Xsg = 150, 3)

X1 + +X = 8, 4)
5x1 + 4.5%x2 + 6X3 —z= 0. (5)

The corresponding initial tableau is shown in Tableg&uAfter applying the simplex method as described

Tableau 1
Basic Current
variables values X1 X2 X3 X4 | X5 | Xg
X4 60 6 5 8 1
X5 150 10 20 10 1
X6 8 1 0 0 1
(=2 0 5 45 6

in Chapter 2, we obtain the final tableau shown in Tabledu 2.

Since the final tableau is in canonical form and all objective-function coefficients of the nonbasic variables
are currently nonpositive, we know from Chapter 2 that we have the optimal solution, consiskng=of
63, xp = 42, xg = 13, andz = 513.

In this chapter we present results that depend only on the initial and final tableaus of the problem.
Specifically, we wish to analyze the effect on the optimal solution of changing various elements of the
problem data without re-solving the linear program or having to remember any of the intermediate tableaus

* Excel spreadsheet availabletdtp://web.mit.edu/15.053/www/Sect3.1_Tableaus.xls
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Tableau 2
Basic Current

variables values X1 X2 X3 X4 X5 Xg

2 2 1 3

X2 47 1] =7] -7 3

4 11 2 1
X6 17 -7 | 7 | 1

3 11 2 1

X1 67 1 7 7| —1a

3 4 11 1

(-2 —-517 7| "1 | %

generated in solving the problem by the simplex method. The type of results that can be derived in this way are
conservative, in the sense that they provide sensitivity analysis for changes in the problem data small enough
so that the same decision variables remain basic, but not for larger changes in the data. The example presented
in this section will be used to motivate the discussions of sensitivity analysis throughout this chapter.

3.2 SHADOW PRICES, REDUCED COSTS, AND NEW ACTIVITIES

In our new variation of the custom-molder example, we note that the new activity of producing champagne
glasses is not undertaken at all. Animmediate question arises, could we have known this without performing
the simplex method on the entire problem? It turns out that a proper interpretation of the shadow prices in
the Chapter 1 version of the problem would have told us that producing champagne glasses would not be
economically attractive. However, let us proceed more slowly. Recall the definition of the shadow price
associated with a particular constraint.

Definition. Theshadow priceassociated with a particular constraint is the change in the optimal value
of the objective function per unitincrease in the righthand-side value for that constraint, all other problem
data remaining unchanged.

In Chapter 1 we implied that the shadow prices were readily available when a linear program is solved.
Is it then possible to determine the shadow prices from the final tableau easily? The answer is yes, in general,
but let us consider our example for concreteness.

Suppose that the production capacity in the first constraint of our model

6X1 + 5x2 + 8x3 + X4 = 60 (6)

is increased from 60 to 61 hours. We then essentially are procuring one additional unit of production capacity
at no cost. We can obtain the same result algebraically by allowing the slack vatdiableake on negative
values. Ifx4 is replaced by, — 1 (i.e., from its optimal valugs = 0 to x4 = —1), Eq.(6) becomes:

6X1 + 5Xo + 8X3 + X4 = 61,

which is exactly what we intended.

Sincexy is a slack variable, it does not appear in any other constraint of the original model formulation,
nor does it appear in the objective function. Therefore, this replacement does not alter any other righthand-
side value in the original problem formulation. What is the contribution to the optimal profit of this additional
unit of capacity? We can resolve this question by looking at the objective function of the final tableau, which
's given by: z= 0Xy + OXp — 3%3 — 13Xa — 2Xs5 + Oxg + 513. (7)

The optimality conditions of the simplex method imply that the optimal solution is determined by setting the
nonbasic variablegs = x4 = x5 = 0, which results in a profit of 5§L Now, if we are allowed to make

X4 = —1, the profit increases @11 hundred dollars for each additional unit of capacity available. This, then,
is the marginal value, or shadow price, for production hours.
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The righthand side for every constraint can be analyzed in this way, so that the shadow price for a
particular constraint is merely the negative of the coefficient of the appropriate slack (or artificial) variable
in the objective function of the final tableau. For our example, the shadow pric% humdred dollars per

hour of production capacit;,gl5 hundred dollars per hundred cubic feet of storage capacity, and zero for the
limit on six-ounce juice-glass demand. It should be understood that the shadow prices are associated with
the constraints of the problem and not the variables. They are in fact the marginal worth of an additional unit
of a particular righthand-side value.

So far, we have discussed shadow prices for the explicit structural constraints of the linear-programming
model. The nonnegativity constraints also have a shadow price, which, in linear-programming terminology,
is given the special name of reduced cost.

Definition. Thereduced costssociated with the nonnegativity constraint for each variable is the shadow
price of that constraint (i.e., the corresponding change in the objective function per unit increase in the
lower bound of the variable).

The reduced costs can also be obtained directly from the objective equation in the final tableau. In our
example, the final objective form is

z=0xy + OX2 — 3x3 — Hx4 — 35X5 + Oxg + 513. (8)

Increasing the righthand sidexf > 0 by one unit toxz > 1 forces champagne glasses to be used in the final
solution. From (8), the optimal profit decreases—b%. Since the basic variables have valxgs= 6% and

Xo = 4%, increasing the righthand sidesxaf > 0 andx, > 0 by a small amount does not affect the optimal
solution, so their reduced costs are zero. Consequently, in every case, the shadow price for the nonnegativity
constraint on a variable is the objective coefficient for this variable in the final canonical form. For basic
variables, these reduced costs are zero.

Alternatively, the reduced costs for all decision variables can be computed directly from the shadow
prices on the structural constraints and the objective-function coefficients. In this view, the shadow prices
are thought of as the opportunity costs associated with diverting resources away from the optimal production
mix. For example, considess. Since the new activity of producing champagne glasses requires 8 hours of
production capacity per hundred cases, whose opportunity cﬁsmmdred dollars per hour, and 10 hundred

cubic feet of storage capacity per hundred cases, whose opportunity é@ﬁdadred dollars per hundred
cubic feet, the resulting total opportunity cost of producing one hundred cases of champagne glasses is:

(H)e- (po- 9 -4

Now the contribution per hundred cases is only 6 hundred dollars so that producing any champagne glasses
is not as attractive as producing the current levels of six-ounce juice glasses and ten-ounce cocktail glasses.
In fact, if resources were diverted from the current optimal production mix to produce champagne glasses,
the optimal value of the objective function would be reduced‘%hyundred dollars per hundred cases of
champagne glasses produced. This is exactly the reduced cost associated with xari@bis operation
of determining the reduced cost of an activity from the shadow price and the objective function is generally
referred to agricing out an activity

Given the reduced costs, it becomes natural to ask how much the contribution of the new activity would
have to increase to make producing champagne glasses attractive? Using the opportunity-cost interpretation,
the contribution clearly would have to be%(h order for the custom-molder to be indifferent to transferring
resources to the production of champagne glasses. Since the reduced cost associated with the new activity
6— 6‘7‘ = —‘7‘ is negative, the new activity will not be introduced into the basis. If the reduced cost had been
positive, the new activity would have been an attractive candidate to introduce into the basis.

The shadow prices determined for the Chapter 1 version of the custom-molder example are the same
as those determined here, since the optimal solution is unchanged by the introduction of the new activity
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of producing champagne glasses. Had the new activity been priced out at the outset, using the shadow
prices determined in Chapter 1, we would have immediately discovered that the opportunity cost of diverting
resources from the current solution to the new activity exceeded its potential contribution. There would have
been no need to consider the new activity further. This is an important observation, since it implies that the
shadow prices provide a mechanism for screening new activities that were not included in the initial model
formulation. In a maximization problem, if any new activity prices out negatively using the shadow prices
associated with an optimal solution, it may be immediately dropped from consideration. If, however, a new
activity prices out positively with these shadow prices, it must be included in the problem formulation and
the new optimal solution determined by pivoting.

General Discussion

The concepts presented in the context of the custom-molder example can be applied to any linear program.
Consider a problem in initial canonical form:

Shadow
price
ap1X1 + a;oXe +- -+ + anXn +Xnt1 = by Y1
a1X1 + aXp +- -+ 4 anXn + Xny2 =by Y2
amiX1+amaX2 +- -+ + amnXn+ -+ + Xnym = bm Ym
(=2) + Cc1X1 +CX2 +--++ CiXn + OXnr1+O0Xni2+ -+ +0Xnym=0
The variablesh+1, Xn+2, . . ., Xntm are either slack variables or artificial variables that have been introduced

in order to transform the problem into canonical form.
Assume that the optimal solution to this problem has been foundand the corresponding final form of the
objective function is:

(—=2) + CiXg + CoX2 + - - - + CnXn + Cny1Xnyl
+ Cht2Xnt+2 + - - + CnyrmXngm = —20. )

As we have indicated beforg; is the reduced cost associated with variagleSince (9) is in canonical form,
Cj = 01if x; is a basic variable. Ley; denote the shadow price for thih constraint. The arguments from
the example problem show that the negative of the final objective coefficient of the vagjapErresponds
to the shadow price associated with ttie constraint. Therefore:

Cht1 = —VY1, Chi2 = —Y2, ceey Chim = —Ym. (10)

Note that this result applies whether the variable; is a slack variable (i.e., thi¢h constraint is a less-than-
or-equal-to constraint), or whethry; is an artificial variable (i.e., thigh constraint is either an equality or
a greater-than-or-equal-to constraint).

We now shall establish a fundamental relationship between shadow prices, reduced costs, and the prob-
lem data. Recall that, at each iteration of the simplex method, the objective function is transformed by
subtracting from it a multiple of the row in which the pivot was performed. Consequently, the final form of
the objective function could be obtained by subtracting multiples of the original constraints from the original
objective function. Consider first the final objective coefficients associated withthe original basic variables
Xn+1, Xn+2, - - -, Xn+m- L€tmw1, w2, ..., my be the multiples of each row that are subtracted from the original
objective function to obtain its final form (9). Sineg4; appears only in théth constraint and has &1
coefficient, we should have:

Cnyi = 0— 1.
Combining this expression with (10), we obtain:

Cnti = —7i = =Y.
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Thus the shadow pricag are the multiplesr;.
Since these multiples can be used to obtain every objective coefficient in the final form (9), the reduced
costC; of variablex; is given by:

Cj=Cj—Zaijyi (j=1,2,...,n), (11)

and the current value of the objective function is:

m
—2=—) by
i=1
or, equivalently,
m
2= by (12)
i=1

Expression (11) links the shadow prices to the reduced cost of each variable, while (12) establishes the
relationship between the shadow prices and the optimal value of the objectivefunction.

Expression (11) also can be viewed as a mathematical definition of the shadow pricest; Sin@éor
them basic variables of the optimal solution, we have:

m
O=cj— ) ajy forj basic
i=1
This is a system ofn equations irm unknowns that uniquely determines the values of the shadow pfices

3.3 VARIATIONS IN THE OBJECTIVE COEFFICIENTS

Now let us consider the question of how much the objective-function coefficients can vary without changing
the values of the decision variables in the optimal solution. We will make the changes one at a time, holding
all other coefficients and righthand-side values constant. The reason for this is twofold: first, the calculation
of the range on one coefficient is fairly simple and therefore not expensive; and second, describing ranges
when more than two coefficients are simultaneously varied would require a system of equations instead of a
simple interval.

We return to consideration of the objective coefficientgifa nonbasic variable in our example. Clearly,
if the contribution is reduced from $6 per case to something less it would certainly not become attractive
to produce champagne glasses. If it is now not attractive to produce champagne glassesiuitingthe
contribution from their production only makes it less attractive. However, if the contribution from production
of champagne glasses is increased, presumably there is some level of contribution such that it becomes
attractive to produce them. In fact, it was argued above that the opportunity cost associated with diverting
resources from the optimal production schedule was merely the shadow price associated with a resource
multiplied by the amount of the resource consumed by the activity. For this activity, the opportunity cost
is $6‘71 per case compared to a contribution of $6 per case. If the contribution were increased above the
break-even opportunity cost, then it would become attractive to produce champagne glasses.

Let us relate this to the procedures of the simplex method. Suppose that we increase the objective function
coefficient ofxz in the original problem formulation (5) bcs, giving us:

5X1 4+ 4.5%2 + (6 + Ac3)x3 —z=0.
\_\,—/

_ hew
=cj
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Tableau 3
Basic Current

variables values X1 X2 X3 X4 X5 Xg

2 2 1 3

X2 47 1 —7 —7 35

4 11 2 1
X6 17 -7 7| 1!

3 11 2 1

(-2) -513 ~d+acg | B -4

In applying the simplex method, multiples of the rows were subtracted from the objective function to yield
the final system of equations. Therefore, the objective function in the final tableau will remain unchanged
except for the addition oAczx3. The modified final tableau is given in Tableau 3 .

Now x3 will become a candidate to enter the optimal solution at a positive level, i.e., to enter the basis,
only when its objective-function coefficient is positive. The optimal solution remains unchanged so long as:

~3+Ac3<0 or Acz<i.

Equivalently, we know that the range on the original objective-function coefficieng,ofay c5®", must
satisfy

new 4

if the optimal solution is to remain unchanged.

Next, let us consider what happens when the objective-function coefficient of a basic variable is varied.
Consider the range of the objective-function coefficient of variafile It should be obvious that if the
contribution associated with the production of six-ounce juice glasses is reduced sufficiently, we will stop
producing them. Also, a little thought tells us that if the contribution weceeasedsufficiently, we might
end up producin@nly six-ounce juice glasses. To understand this mathematically, let us start out as we did
before by addingAc; to the objective-function coefficient of in the original problem formulation (5) to
yield the following modified objective function:

(54 Acp)X1 + 4.5%xp + 6x3—z=0.

If we apply the same logic as in the case of the nonbasic variable, the result is Tableau 4.

Tableau 4
Basic Current
variables values X1 X2 X3 X4 X5 | Xg
2 2 1 3
X2 49 1| =7 -7 3
4 11 2 1
X6 17 -7 | —7 3 | 1
3 11 2 1
X1 67 1 7 7| ~1a
4 11 1
(-2) ~513 ACy -2 -8 | %

However, the simplex method requires that the final system of equations be in canonical form with respect
to the basic variables. Since the basis is to be unchanged, in order to make the coefficiergrofin the
final tableau we must subtragic; times row 3 from row 4 in Tableau 4. The result is Tableau 5.

By the simplex optimality criterion, all the objective-function coefficients in the final tableau must be
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Tableau 5
Basic Current

variables values X1 | X2 X3 X4 X5 X6

2 2 1 3

X2 47 1 7 —7 35

4 11 2 1
X6 17 -7 -7 14 1

3 11 2 1

X1 67 1 7 7 ~1a

3 3 4 _ 11 1 _ 2 1,1

nonpositive in order to have the current solution remain unchanged. Hence, we must have:

~4 - Ha =0 (thatis Ac = —4).
~H - %A =0 (thatis Aci = %),
_3i5 + 1—14AC1 <0 <that is Acg < +%) :

and, taking the most limiting inequalities, the bounds/an are:
4 2
11 = Acy < 5-

If we let c}®" = c1 + Acy be the objective-function coefficient &f in the initial tableau, then:

7 new 2
where the current value af = 5.

Itis easy to determine which variables will enter and leave the basis when the new cost coefficient reaches
either of the extreme values of the range. Wb’ = 5%, the objective coefficient ofs in the final tableau
becomes 0; thuss enters the basis for any further increaseft". By the usual ratio test of the simplex

method,
2 414

_ 42 13 .
ajs > O} = Min 31 (= Min {50, 22},
3 14
and the variablexg, which is basic in row 2, leaves the basis whenis introduced. Similarly, when
= 4-Z . the objective coefficient of; in the final tableau becomes 0, axglis the entering variable. In

11
this case, the ratio test shows thxatleaves the basis.

Min {E

| Ajs

General Discussion

To determine the ranges of the cost coefficients in the optimalsolution of any linear program, it is useful to
distinguish between nonbasic variables and basic variables.

If Xj is @ nonbasic variable and we let its objective-function coeffiggiie changed by an amounc;
with all other data held fixed, then the current solution remains unchanged so long as the new reduced cost

C?e‘” remains nonnegative, that is,

m
(—;?ew: Cj + Acj — Zaijyi =Cj + Acj <0.
i=1
The range on the variation of the objective-function coefficient of a nonbasic variable is then given by:

—00 < Acj < —Cj, (13)
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so that the range on the objective-function coeffic@fit' = c; + Acj is:

—00 < C?ewf cj —Cj.

If X, is a basic variable in rol and we let its original objective-function coefficiasptbe changed by an
amountAc; with all other data held fixed, then the coefficient of the variapla the final tableau changes
to:

m
(—:PeW:Cr + AG —Zair)/i =G + AG.

i=1
Sincex; is a basic variableg; = 0; so, to recover a canonical form wigh®" = 0, we subtracf ¢, times the
kth constraint in the final tableau from the final form of the objective function, to give new reduced costs for
all nonbasic variables,

¢ =¢j — Aca;. (14)
Heredy; is the coefficient of variablg; in thekth constraint of the final tableau. Note ti&dt" will be zero
for all basic variables.
The current basis remains optima€{®¥ < 0. Using this condition and (14), we obtain the range on the

variation of the objective-function coefficient:
Cj . [ G
Max{_—"akj > 0} < AG < Min {_—J
il i '

o aj < O}. (15)
The range on the objective-function coefficiefit” = ¢; + Ac, of the basic variable; is determined by
addingc; to each bound in (15).

The variable transitions that occur at the limits of the cost ranges are easy to determine. For nonbasic
variables, the entering variable is the one whose cost is being varied. For basic variables, the entering
variable is the one giving the limiting value in (15). The variable that leaves the basis is then determined by
the minimum-ratio rule of the simplex method. X is the entering variable, then the basic variable in row

r, determined by: ) )
P—r = Min {_b—'
ars i dis

is dropped from the basis.

Since the calculation of these ranges and the determination of the variables that will enter and leave
the basis if a range is exceeded are computationally inexpensive to perform, this information is invariably
reported on any commercially available computer package. These computations are easy since no iterations
of the simplex method need be performed. It is necessary only (1) to check the entering variable conditions
of the simplex method to determine the ranges, as well as the variable that enters the basis, and (2) to check
the leaving variable condition (i.e., the minimum-ratio rule) of the simplex method to compute the variable
that leaves the basis.

éi5>o}a

3.4 VARIATIONS IN THE RIGHTHAND-SIDE VALUES

Now let us turn to the questions related to the righthand-side ranges. We already have noted that a righthand-
side range is the interval over which an individual righthand-side value can be varied, all the other problem
data being held constant, such that variables that constitute the basis remain the same. Over these ranges,
the valuesof the decision variables are clearly modified. Of what use are these righthand-side ranges? Any
change in the righthand-side values that keep the current basis, and therefore the canonical form, unchanged
has no effect upon the objective-function coefficients. Consequently, the righthand-side ranges are such that
the shadow pricegwhich are the negative of the coefficients of the slack or artificial variables in the final
tableau) and theeduced costsemain unchanged for variations of a single value within the stated range.
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We first consider the righthand-side value for the demand limit on six-ounce juice glasses in our example.
Since this constraint is not binding, the shadow price associated with it is zero and it is simple to determine
the appropriate range. If we add an amontg to the righthand side of this constraint (4), the constraint
changes to:

X1 + Xg = 8 + Aba.

In the original problem formulation, it should be clear that, sirgethe slack in this constraint, is a basic
variable in the final system of equationg,is merely increased or decreasedAlys. In order to keep the
current solution feasible must remain greater than or equal to zero. From the final tableau, we see that the
current value okg = 12: thereforexg remains in the basis if the following condition is satisfied:

X6 = 13 + Abg > 0.

This implies that:
Absz > —l%‘

or, equivalently, that:
b§®™" = 8 + Abz > 63.

Now let us consider changing the righthand-side value associated with the storage-capacity constraint of
our example. If we add b, to the righthand-side value of constraint (3), this constraint changes to:

10x3 + 20%o + 10x3 + X5 = 150+ Absy.

In the original problem formulation, as was previously remarked, changing the righthand-side value is essen-
tially equivalent to decreasing the value of the slack variablef the corresponding constraint yb,; that

is, substitutingks — Aby for x5 in the original problem formulation. In this case, which is zero in the final
solution, is changed tgs = —Ab,. We can analyze the implications of this increase in the righthand-side
value by using the relationships among the variables represented by the final tableau. Since we are allowing
only one value to change at a time, we will maintain the remaining nonbasic varigbtagjx,, at zero level,

and we letxs = —Abp. Making these substitutions in the final tableau provides the following relationships:

X2 — %Abz = 42,
X6 — 1—14Ab2 =14,
X1 + 1—14Ab2 = 6%.

In order for the current basis to remain optimal, it need only remain feasible, since the reduced costs will
be unchanged by any such variation in the righthand-side value. Thus,

X =42+ ZAb, >0  (thatis Ab, > —50),
Xe = 15 + ;A >0 (thatis Abp > —22),
X1 = 63— LA, >0  (thatis Aby < 90),

which implies:
—22 < Aby <90,

or, equivalently,
128 < by®" < 240,

where the current value @ = 150 ando)®" = 150+ Abs.

Observe that these computations can be carried out directly in terms of the final tableau. When changing
theith righthand side byAb;, we simply substitute- Ab; for the slack variable in the corresponding constraint
and update the current values of the basic variables accordingly. For instance, the change of storage capacity
just considered is accomplished by settkgg= — Ab, in the final tableau to produce Tableau 6 with modified
current values.

Note that the change in the optimal value of the objective function is merely the shadow price on the
storage-capacity constraint multiplied by the increased number of units of storage capacity.
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Tableau 6
Basic Current
variables values X1 X2 X3 X4 X5 Xg
2,3 2 1 3
4 1 11 2 1
3_1 11 2 1
X1 67 —1a0b2 | 1 7 7| —1a
3_ 1 4 11 1
(=2 =517 — 35Ab2 -7 | 14| ~ %

Variable Transitions

We have just seen how to compute righthand-side ranges so that the current basis remains optimal. For
example, when changing demand on six-ounce juice glasses, we found that the basis remains optimal if

new 3

and that fob§®" < 63, the basic variablegs becomes negative. K" were reduced below® what change
would take place in the basis? Firgg would have to leave the basis, since otherwise it would become
negative. What variable would then enter

the basis to take its place? In order to have the new basis be an optimal solution, the entering variable
must be chosen so that the reduced costs are not allowed to become positive.

Regardless of which variable enters the basis, the entering variable will be isolated in row 2 of the final
tableau to replacas, which leaves the basis. To isolate the entering variable, we must perform a pivot
operation, and a multiple, sayof row 2 in the final tableau will be subtracted from the objective-function
row. Assuming thab3®" were set equal to%in the initial tableau, the results are given in Tableau 7.

Tableau 7
Basic Current
variables values X1 X2 X3 X4 X5 X6
2 2 1 3
X2 49 1 -7 —7 35
11 2 1
X6 0 7 -7 12 1
3 11 2 1
X1 67 1 7 7 ~14
4,11 1, 2 11
(-2) ~513 —3+ 8t | st | — -t |t

In order that the new solution be an optimal solution, the coefficients of the variables in the objective
function of the final tableau must be nonpositive; hence,

4 11 ;
~$+%t <0 (thatist <

sE Bl

N—

1, 2 i
—+5t<0 <that is,t <

11 '
—x—t <0 <that IS,t > —

—t<0 (thatis,t > 0),

ainNy

).

which implies:

4
05'[51—1.

Since the coefficient ofs is most constraining an x3 will enter the basis. Note thatthe range on the righthand-
side value and the variable transitions that would occur if that range were exceeded by a small amount are
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easily computed. However, the pivot operation actually introdugirigto the basis and eliminating need
not be performed.

As another example, when the chantyb, in storage capacity reache22 in Tableau 6, therg, the
slack on six-ounce juice glasses, reaches zero and will drop from the basis, andzagaiars the basis.
When Ab, = 90, though, therxs, the production of six-ounce glasses, reaches zero and will drop from
the basis. Sinca; is a basic variable in the third constraint of Tableau 6, we must pivot in the third row,
subtracting times this row from the objective function. The result is given in Tableau 8.

Tableau 8
Basic Current
variables values X1 X2 X3 X4 X5 X6
X2 12 1 -2 -3 =
@ : B3 H |0
X1 0 1 & g —1a
(—2) —54 —t ~4-e | M2 | L4 Lt

The new objective-function coefficients must be nonpositive in order for the new basis to be optimal;
hence,

—t<0 (thatist > 0),
4 1 i 4
—3-%t=<0 (thatlstz—l—l),
11 2 i 11

- z2t<o (thatlstz—7

(thatist < 2),

o

_|_

t <

Gl
N[

which implies0<t < % Consequentlyxs enters the basis. The implication is that, if the storage capacity
were increased from 150 to 240 cubic feet, then we would produce only the ten-ounce cocktail glasses, which
have the highest contribution per hour of production time.

General Discussion

In the process of solving linear programs by the simplex method, the initial canonical form:

A11X1 + a1pXo + -+ 4+ AinXn + Xn41 = by,
a1X1 + axXo + --- + aosnXp + Xnt2 = by,
am1X1 + am2X2 + -+ + amnXn + Xntm = bm

Original basic variables

is transformed into a canonical from:

ariX1 +apxe + -+ + anXn + Br1Xn+1 + P12Xn+2 + -+ + BimXnem = b,
Ap1X1 + agaXo + -+ + anXn + PorXns1 + Bo2Xny2 + -+ BomXngm = b2,

am1X1 + a@meX2 + -+ +amnXn + BmiXn+1 + Bm2Xn+2 + -+ + BmnXn+m = bm.

Of course, because this is a canonical form, the updatecigadad gj; will be structured so that one basic
variable is isolated in each constraint. Since the updated coefficients of the initial basic (slack or artificial)
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variablesxn+1, Xn+2, - - ., Xn+m in the final tableau play such an important role in sensitivity analysis, we
specifically denote these valuesfs.

We can change the coefficidntof thekth righthand side in the initial tableau by with all the other data
held fixed, simply by substituting,x — Aby for X, in the original tableau. To see how this change affects
the updated righthand-side coefficients, we make the same substitution in the final tableau. Only the terms
Bikxnyk fori = 1,2, ..., mchange inthe final tableau. They becogyeXn+k — Abk) = BikXn+k — Bik Abk.
SincepBik Aby is a constant, we move it to the righthand side to give modified righthand-side values:

bi + Bik Abk i=212...,m.

As long as all of these values are nonnegative, the basis specified by the final tableau remains optimal, since
the reduced costs have not been changed. Consequently, the current basis is optimal WwhefAgveb, > 0
fori =1,2,..., mor, equivalently,

Max{_—Bi
i Bik

Bik > 0} < Abx < Min {;—Q
|

— |Bik < O} . (16)
ik
The lower bound disappears if @l < 0, and the upper bound disappears iféall > 0.

When Aby reaches either its upper or lower bound in Eq. (16), any further increase (or decrease) in its
value makes one of the updated righthand sidesbsayp;k Abk, negative. At this point, the basic variable
inrowr leaves the basis, and we must pivot in noim the final tableau to find the variable to be introduced in
its place. Since pivoting subtracts a multiplef the pivot row from the objective equation, the new objective
equation has coefficients:

Cj — tay (j=1,2...,n). (17)

For the new basis to be optimal, each of these coefficients must be nonpositive CStadefor the basic

variable being dropped and its coefficient in constraista,; = 1, we must havé > 0. For any nonnegative

t, the updated coefficier® — ta;; for any other variable remains nonpositiveijf > 0. Consequently we
need only conside®; < 0, andt is given by

t = Min {?—J

il

& < 0}. (18)

The indexs giving this minimum hags — tas = 0, and the corresponding variablgcan become the new
basic variable in row by pivoting ong,;s. Note that this pivot is made on a negative coefficient.

Since the calculation of the righthand-side ranges and the determination of the variables that will enter
and leave the basis when arange is exceeded are computationally easy to perform, this information is reported
by commercially available computer packages. For righthand-side ranges, it is necessary to check only the
feasibility conditions to determine the ranges as well as the variable that leaves, and it is necessary to check
only the entering variable condition (18) to complete the variable transitions. This condition will be used
again in Chapter 4, since it is the minimume-ratio rule of the so-called dual simplex method.

3.5 ALTERNATIVE OPTIMAL SOLUTIONS AND SHADOW PRICES

In many applied problems it is important to identify alternative optimal solutions when they exist. When
there is more than one optimal solution, there are often good external reasons for preferring one to the other;
therefore it is useful to be able to easily determine alternative optimal solutions.

As in the case of the objective function and righthand-side ranges, the final tableau of the linear program
tells us something conservative about the possibility of alternative optimal solutions. First, if all reduced
costs of the nonbasic variables are strictly negative (positive) in a maximization (minimization) problem,
then there imoalternative optimal solution, because introducing any variable into the basis at a positive level
would reduce (increase) the value of the objective function. On the other hand, if one or more of the reduced
costs are zero, theraayexist alternative optimal solutions. Suppose that, in our custom-molder example,
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the contribution from champagne glasseg,had been é From Section 3.1 we know that the reduced cost
associated with this activity would be zero. The final tableau would look like Tableau 9.

Tableau 9
Basic Current Ratio
variables values X1 X2 X3 X4 X5 Xg | test
2 2 1 3
X2 47 1| -7 | -7 35
4 11 2 1
X6 17 -7 | 7 1 | 1
3 11 2 1 3,11
T X 67 1 7 7| —1a 67/5
(-2) -513 o | -8 | -%
T

This would imply thatxs, production of champagne glasses, could be introduced into the basis without
changing the value of the objective function. The variable that would be dropped from the basis would be
determined by the usual minimume-ratio rule:

b |42 62 .
I\/I_m{_—I éj3>0} = Min 771—I :Mln{14,i'—f}.
bolais 77

In this case, the minimum ratio occurs for row 3 so thakeaves the basis. The alternative optimal solution
is then found by completing the pivot that introducgsand eliminates<;. The values of the new basic
variables can be determined from the final tableau as follows:

X3=‘11—f,

o= 433 =45 - (%) =3,
X5=1‘71+1—71X3=l‘71+1—71(11—§)=8,
v = 63 - 1o = 63 - (1) ~o.
z =513,

Under the assumption that the contribution from champagne-glass productiém vgebhave found an
alternative optimal solution. It should be pointed out that any weighted combination of these two solutions
is then also an alternative optimal solution.

In general, we can say that thareyexist an alternative optimal solution to a linear program if one or
more of the reduced costs of the nonbasic variables are zero. dbesexist an alternative optimal solution
if one of the nonbasic variables with zero reduced cost can be introduced into the basis at a positive level.
In this case, any weighted combination of these solutions is also an alternative optimal solution. However,
if it is not possible to introduce a new variable at a positive level, then no such alternative optimal solution
exists even though some of the nonbasic variables have zero reduced costs. Further, the problem of finding
all alternative optimal solutions cannot be solved by simply considering the reduced costs of the final tableau,
since there can in general exist alternative optimal solutions that cannot be reactsaudbgavot operation.

Independent of the question of whether or not alternative optimal solutions exist in the sense that different
values of the decision variables yield the same optimal value of the objective function, there may exist
alternative optimal shadow prices. The problem is completely analogous to that of identifying alternative
optimal solutions. First, if all righthand-side values in the final tableau are positive, then there do not exist
alternative optimal shadow prices. Alternatively, if one or more of these values are zero, thandljerést
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alternative optimal shadow prices. Suppose, in our custom-molder example, that the value of storage capacity
had been 128 hundred cubic feet rather than 150. Then from Tableau 6 in Section 3.4 /detting-22,
we illustrate this situation in Tableau 10.

Tableau 10
Basic Current
variables values X1 X2 X3 X4 X5 Xg
12 2 1 3
X2 5 1] -7 —7 35
11 2 1
X6 0 -7 | 7 i | 1
11 2 1
X1 8 1 - 7 —1a
4 4 11 2
(=2) —505 ~7 ~1 | ~70

Since the righthand-side value in row 2 of Tableau 10 is zero, it is possible toglrthpe basic variable
in row 2 of the final tableau, from the basis as long as there is a variable to introduce into the basis. The
variable to be introduced into the basis can be determined from the entering variable condition, Eq. (18):

4 11
-4 -4 (411
ayj <O} = Min {—171—124} = Min {1—17}

In this case the minimum ratio implies that the production of champagne glassesters the basis. The
values of the reduced costs for the new basis can be determined by subttfédﬁmgs row 2 in the final
tableau from the objective function in the final tableau. Thus we have:

. Cj
Min { —
j azj

. 4 11(4a)\_

Cs —7+7(1—1>—,

Gp — —1 ., 2(4)__ 15
G4 = 14+7<11>— 22
G- _L_1(a)__3
5= T3 14\11) T T 55
Cr = — 4

C6=—11

Since the shadow prices are the negative of the objective-function coefficients of the slack variables in the
final tableau, the alternative optimal shadow prices in this caségal%, andli1 for the three constraints,
respectively.

In general we can say that thareyexist alternative optimal shadow prices for a linear program if one
or more of the righthand-side values in the final tableau are zero. Tomgexist an alternative set of
optimal shadow prices if the variable to enter the basis determined by the minimume-ratio rule has a strictly
negative reduced cost. As in the case of alternative optimal solutions, any weighted combination of these
sets of shadow prices is also an alternative set of optimal shadow prices. Finding all such sets of alternative
optimal shadow prices is of the same degree of complexity as finding all alternative optimal solutions, since
in general there can exist alternative sets of shadow prices that cannot be reachiedliepavot. Finally, it
should be pointed out that all four cases can take place: unique solution with unique shadow prices; unique
solution with alternative optimal shadow prices; alternative optimal solutions with unique shadow prices; and
alternative optimal solutions and alternative shadow prices simultaneously.

3.6 THE COMPUTER OUTPUT—AN EXAMPLE

We have remarked that any commercially available linear-programming package routinely reports a great
deal of information besides the values of the decision variables at the optimal solution. In this section we
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illustrate the typical computer output for the variation of the custom-molder example presented in the first few
sections of this chapter. The results shown in Fig. 3.1 were obtained on a commercial time-sharing system.
Note that the output includes a tabular display of the problem as stated in Eqg. (1).

The first four numbered sections of this output should be compared to Tableau 12 for this example, given
in Section 3.1. The optimal value of the objective functiom isSl% hundred dollars, while the associated

values of the decision variables are as follows: production of six-ounce juice giqss@é hundred cases,
and production of ten-ounce cocktail glasges 4% hundred cases. Note that there is slack in the constraint

on demand for six-ounce juice glasses @fliundred cases, which corresponds to variadgle Finally,
champagne glasses are not produced, and henc6. Note that the reduced cost associated with production
of champagne glasses—i-sé, which is the amount the objective function would decrease per hundred cases if
champagne glasses were in fact produced.

In our discussion of shadow prices in Section 3.2, it is pointed out that the shadow prices are the negative
of the reduced costs associated with the slack variables. Thus the shadow price on production caﬁacity is

hundred dollars per hour of production time, and the shadow price on storage cap%itwmdred dollars

per hundred square feet of storage space. The shadow price on six-ounce juice glasses demand is zero, since
there remains unfulfilled demand in the optimal solution. It is intuitive that, in general, either the shadow
price associated with a constraint is nonzero or the slack (surplus) in that constraint is nonzero, but both will
not simultaneously be nonzero. This property is referred tmagplementary slacknesnd is discussed in

Chapter 4.

Sectionsk5x ands7x of the computer output give the ranges on the coefficients of the objective function
and the variable transitions that take place. (This material is discussed in Section 3.3.) Note that the range
on the nonbasic variabbes, production of champagne glasses, is one-sided. Champagne glasses are not
currently produced when their contribution is $6 per case, so that, if their contribution were reduced, we
would certainly not expect this to change. However, if the contribution from the production of champagne
glasses is increased to$6er case, their production becomes attractive, so that vargeuld enter the
basis and variablg,, production of six-ounce juice glasses, would leave the basis. Consider now the range
on the coefficient ok, production of six-ounce juice glasses, where the current contribution is $5 per case. If
this contribution were raised to %@er case, the slack in storage capacity would enter the basis, and the slack
in juice glass, demand would leave. This means we would meet all of the juice-glass demand and storage
capacity would no longer be binding. On the other hand, if this contribution were reduceé ekdase,
variablexs, production of champagne glasses, would enter the basis and vagiapleduction of six-ounce
juice-glasses, would leave. In this instance, juice glasses would no longer be produced.

Sections:6x and*8x* of the computer output give the ranges on the righthand-side values and the variable
transitions that result. (This material is discussed in Section 3.4.) Consider, for example, the range on the
righthand-side value of the constraint on storage capacity, where the current storage capacity is 150 hundred
square feet. If this value were increased to 240 hundred square feet, the slack in storage capacity would enter
the basis and variabbe;, production of six-ounce glasses, would leave. This means we would no longer
produce six-ounce juice glasses, but would devote all our production capacity to ten-ounce cocktail glasses. If
the storage capacity were reduced to 128 hundred square feet, we would begin producing champagne glasses
and the slack in the demand for six-ounce juice glasses would leave the basis. The other ranges have similar
interpretations.

Thus far we have covered information that is available routinely when a linear program is solved. The
format of the information varies from one computer system to another, but the information available is always
the same. The role of computers in solving linear-programming problems is covered more extensively in
Chapter 5.

* Excel spreadsheets availablehttp://web.mit.edu/15.053/www/Sect3.6_Glasses.xls and
http://web.mit.edu/15.053/www/Sect3.6_Sensitivity.xls
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TITLE: CUSTOM MOLDER
PROCEED, DISPLAY, OR REJECT? DISPLAY

FORMAT? @
OBJECTIVES:

SIX-0Z TEN-0Z CHAMP
CONTRIB 5.000 4.500 6.000
CONSTRAINTS:

SIX-02 TEN-0Z CHAMP RELATION RHS
PROD-HR 6.000 5.000 8.000 LE 60.00
STORAGE 10.00 20.00 10.00 LE 150.0
DEMAND 1.000 .0000 .0000 LE 8.000

PROCEED OR REJECT? PROCEED
PARAMETRICS? NO
MAXIMIZE OR MINIMIZE? MAX

OPTIMAL SOLUTION FOUND.
CONTRIB 51.4286

OUTPUT OPTION? ALL
ALL ITEMS NOT LISTED IN SECTIONS 1 - 4 HAVE THE VALUE ZERO.

*1* DECISION VARIABLES

1. SIX-02 6.42857
2. TEN-02Z 4.28571
*2* SLACK(+) AND SURPLUS(-) IN CONSTRAINTS

3. +DEMAND 1.57143

*3* SHADOW PRICES FOR CONSTRAINTS
1. PROD-HR .785714
2. STORAGE .285714E-01

*4* REDUCED COSTS FOR DECISION VARIABLES
3. CHAMP =4 571429

*5% RANGES ON COEFFICIENTS OF OBJECTIVE CONTRIB
VARIABLE LOWER BOUND CURRENT VALUE UPPER BOUND

1. SIX-02Z 4.6364 5.0000 5.4000
2. TEN-02Z 4.1667 4.5000 6.5000
3. CHAMP UNBOUNDED 6.0000 6.5714

*6* RANGES ON VALUES OF RIGHT-HAND-SIDE RHS
CONSTRNT LOWER BOUND CURRENT VALUE UPPER BOUND

1. PROD-HR 37.500 60.000 65.500
2. STORAGE 128.00 150.00 240.00
3. DEMAND 6.4286 8.0000 UNBOUNDED
*7* VARIABLE TRANSITIONS RESULTING FROM RANGING OBJECTIVE CONTRIB
VARIABLE LOWER BOUND UPPER BOUND
VAR. IN VAR. OUT VAR. IN VAR. OUT
1. SIX-0%z CHAMP SIX-0%Z +STORAGE +DEMAND
2. TEN-02Z +STORAGE +DEMAND CHAMP SIX-02Z
3. CHAMP CHAMP SIX-02Z
*8* VARIABLE TRANSITIONS RESULTING FROM RANGING RHS RHS
CONSTRNT LOWER BOUND UPPER BOUND
VAR. IN VAR. OUT VAR. IN VAR. OUT
1. PROD-HR +STORAGE SIX-0Z CHAMP +DEMAND
2. STORAGE CHAMP +DEMAND +STORAGE SIX-02
3. DEMAND CHAMP +DEMAND

OUTPUT OPTION? NO

Figure 3.1 Solution of the custom-molder example.
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3.7 SIMULTANEOUS VARIATIONS WITHIN THE RANGES

Until now we have described the sensitivity of an optimal solution in the form of ranges on the objective-
function coefficients and righthand-side values. These ranges were shown to be valid for chamges in
objective-function coefficient or righthand-side value, while the remaining problem data are held fixed. Itis
then natural to ask what can be said about simultaneously chamgireghan one coefficient or value within

the ranges. Inthe eventthat simultaneous changes areonbyiieobjective-function coefficients efonbasic
variables and righthand-side valuesnoinbindingconstraints within their appropriate ranges, the basis will
remain unchanged. Unfortunately, it is not true, in general, that when the simultaneous variations within the
ranges involve basic variables or binding constraints the basis will remain unchanged. However, for both the
ranges on the objective-function coefficients when basic variables are involved, and the righthand-side values
when binding constraints are involved, there is a conservative bound on these simultaneous changes that we
refer to as the “100 percent rule.”

Let us consider first, simultaneous changes in the righthand-side values involving binding constraints for
which the basis, and therefore the shadow prices and reduced costs, remain unchanged. The righthand-side
ranges, as discussed in Section 3.4, give the range over whigparticular righthand-side value may be
varied, with all other problem data being held fixed, such that the basis remains unchanged. As we have
indicated, it is not true that simultaneous changes of more than one righthand-side value within these ranges
will leave the optimal basis unchanged. However, it turns out that if these simultaneous changes are made in
such a way that the sum of the fractions of allowable range utilized by these changes is less than or equal to
one, the optimal basis will be unchanged.

Let us consider our custom-molder example, and make simultaneous changes in the binding production
and storage capacity constraints. The righthand-side range on production capacity is 37.5 to 65.5 hundred
hours, with the current value being 60. The righthand-side range on storage capacity is 128 to 240 hundred
cubic feet, with the current value being 150. Although it is not true that the optimal basis remains unchanged
for simultaneous changes in the current righthand-side values anywhere within these ranges, it is true that the
optimal basis remains unchanged for any simultaneous change that is a weighted combination of values within
these ranges. Figure 3.2 illustrates this situation. The horizontal and vertical lines in the figure are the ranges
for production and storage capacity, respectively. The four-sided figure includes all weighted combinations
of these ranges and is the space over which simultaneous variations in the values of production and storage
capacity can be made while still ensuring that the basis remains unchanged. If we consider moving from the
current righthand-side values of 60 and 150%8" andb}®" respectively, wherb;®" < 60 andb®" > 150,
we can ensure that the basis remains unchanged if

60— bieW  plew_ 150
+ <1
60— 37.5 ' 240— 150

As long as the sum of the fractions formed by the ratio of the change to the maximum possible change in
that direction is less than or equal to one, the basis remains unchanged. Hence, we have the 100 percent rule.
Since the basis remains unchanged, the shadow prices and reduced costs also are unchanged.

A similar situation exists in the case of simultaneous variations in the objective-function coefficients
when basic variables are involved. Itis not true that the basis remains unchanged for simultaneous changesin
these coefficients anywhere within their individual ranges. However, it is true that the optimal basis remains
unchanged for any simultaneous change in the objective-function coefficients that is a weighted combination
of the values within these ranges. If, for example, we were to increase all cost coefficients simultaneously,
the new optimal basis would remain unchanged so long as the new eififes}®", andc;®" satisfy:

-5 c*—-45 c*"-6
+ =<1
54—-5  65-45 65714-6

Again, the sum of the fractions formed by the ratio of the change in the coefficient to the maximum possible
change in that direction must be less than or equal to one.
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Figure 3.2 Simultaneous variation of righthand-side values.

General Discussion

Letus analyze the 100 percentrule more formally. If we first consider simultaneous variations in the righthand-
side values, the 100 percent rule states that the basis remains unchanged so long as the sum of the fractions,
corresponding to the percent of maximum change in each direction, is less than or equal to one. To see
that this must indeed be true, we look at weighted combinations of the solution for the current values and
the solutions corresponding to particular boundaries of the ranges. In Fig. 3.2, the shaded area contains all
weighted combinations of the current values, the lower bourith pand the upper bound d».

Letx?, j = 1,2, ...,n, beanoptimal solution to the given linear program, andjlebe the coefficients
of the initial tableau corresponding to the basic variables. Then,
Zaijx?:bi (i=12...,m), (19)
is
where jg indicates that the sum is taken only over basic variables. Furthe«|gt= 1,2, ..., n, be the

optimal solution at either the upper or lower limit of the range when changirajone, depending on the
direction of the variation being considered. Since the basis remains unchanged for these variations, these
solutions satisfy:

ok v b+ AR fori =Kk,
Za,,xj =b= {bi fori # k. (20)
IB

It is now easy to show that any nonnegative, weighted combination of these solutions must be an optimal
feasible solution to the problem with simultaneous variations. Agebe the weight associated with the
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optimal solution corresponding to the current values, Eq. (19), and, le¢ the weight associated with the
optimal solution corresponding to the variatiorbjpnin Eq. (20). Consider all solutions that are nonnegative
weighted combinations of these solutions, such that:

m
Y =1 (21)
k=0
The corresponding weighted solution must be nonnegative; that is,
m
Xp=Y Mx=0 (j=12....n), (22)
k=0

since bothi, andxX are nonnegative. By multiplying thh constraint of Eq. (19) byo and theth constraint
of Eq. (20) byAik and adding, we have

m m
Z)\k Zaijx'j‘ :Z)‘kbi/'
k=0

k=0 iB
Since the righthand-side reduces to:
m
Zkkb{ = Z)\kbk + A (b + AB™®) = by + A AR
k=0 ki
we can rewrite this expression by changing the order of summation as:

m
D_ai (Zkkxlj(> =bi +A5AD"  (i=12...,m). (23)
is k=0
Expressions (22) and (23) together show thatthe weighted solytign= 1, 2, . . ., n, isafeasible solution to

the righthand-side variations indicated in Eq. (20) and has the same basis as the optimal solution corresponding
to the current values in Eq. (19). This solution must also be optimal, since the operations carried out do not
change the objective-function coefficients.

Hence, the basis remains optimal so long as the sum of the weights is one, as in Eq. (21). However,
this is equivalent to requiring that the weighig k = 1, 2, ..., m, corresponding to the solutions associated
with the ranges, whilexcludingthe solution associated with the current values, satisfy:

m
> sl (24)
k=1
The weightig on the solution corresponding to the current values is then determined from Eq. (21). Expres-
sion (24) can be seen to be the 100 percent rule by defining:
Aby = kkAbLnaX

or, equivalently,
Aby

M= A

which, when substituted in Eq. (24) yields:

Aby
Y s <L (25)
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Since it was required thag > 0, Abg andAbkmax must have the same sign. Hence, the fractions in the 100
percent rule are the ratio of the actual change in a particular direction to the maximum possible change in
that direction.

A similar argument can be made to establish the 100 percent rule for variations in the objective-function
coefficients. The argument will not be given, but the form of the rule is:

n

A% o1 (26)

max —
1 AC,

3.8 PARAMETRIC PROGRAMMING

In the sensitivity analysis discussed thus far, we have restricted our presentation to changes in the problem
data that can be made without changing the optimal basis. Consequently, what we have been able to say is
fairly conservative. We did go so far as to indicate the variable that would enter the basis and the variable
that would leave the basis when a boundary of a range was encountered. Further, in the case of alternative
optimal solutions and alternative optimal shadow prices, the indicated pivot was completed at least far enough
to exhibit the particular alternative. One important point in these discussions was the ease with which we
could determine the pivot to be performed at a boundary of a range. This seems to indicate that it is relatively
easy to make systematic calculations beyond the indicated objective-function or righthand-side ranges. This,
in fact, is the case; and the procedure by which these systematic calculations are made | cathedric
programming

Preview

Consider once again our custom-molder example, and suppose that we are about to negotiate a contract for
storage space and are interested in knowing the optimal value of the objective function for all values of
storage capacity. We know from Section 3.2 that the shadow price on storage capég:hwimlred dollars

per hundred cubic feet, and that this shadow price holds over the range of 128 to 240 hundred cubic feet.
As long as we are negotiating within this range, we know the worth of an additional hundred cubic feet of
storage capacity. We further know that if we go above a storage capacity ok248¢ slack variable in

the storage-capacity constraint, enters the basixgrtie production of six-ounce juice glasses, leaves the
basis. Since slack in storage capacity exists beyond 240, the shadow price beyond 240 must be zero. If we go
below 128, we know thatz, production of champagne glasses, will enter the basis and the slack in six-ounce
juice-glass demand leaves the basis. However, we do not know the shadow price on storage capacity below
128.

To determine the shadow price on storage capacity below 128, we need to perform the indicated pivot
and exhibit the new canonical form. Once we have the new canonical form, we immediately know the new
shadow prices and can easily compute the new righthand-side ranges such that these shadow prices remain
unchanged. The new shadow price on storage capacity turns oug’gﬁml this holds over the range 95 to
128. We can continue in this manner until the optimal value of the objective function for all possible values
of storage capacity is determined.

Since the shadow price on a particular constraint is the change in the optimal value of the objective
function per unit increase in the righthand-side value of that constraint, the
optimal value of the objective function within some range must be a linear function of the righthand-side value
with a slope equal to the corresponding shadow price. In Fig. 3.3, the optimal value of the objective function
is plotted versus the available storage capacity. Note that this curve consists of a number of straight-line
segments. The slope of each straight-line segment is equal to the shadow price on storage capacity, and the
corresponding interval is the righthand-side range for storage capacity. For example, the slope of this curve
is 3i5 over the interval 128 to 240 hundred cubic feet.

In order to determine the curve given in Fig. 3.3, we essentially need to compute the optimal solution for
all possible values of storage capacity. It is intuitive that this may be done efficiently since the breakpoints
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Figure 3.4 Objective parametrics.

in the curve correspond to changes in the basis, and the optimal solution need only be calculated at these
breakpoints. From a given solution the next breakpoint may be determined, since this is the same as computing
a righthand-side range.

Now let us fix the storage capacity again at 150 hundred cubic feet and consider solving our custom-molder
example as a function of the contribution from six-ounce juice glasses. Since the basis will remain unchanged
for variations within the objective-function ranges, we might expect results similar to those obtained by varying
arighthand-side value. In Fig. 3.4, the optimal value of the objective function is plotted versus the contribution
from six-ounce juice glasses. Note that this curve also consists of a number of straight-line segments. These
segments correspond to ranges on the objective-function coefficient of six-ounce juice glasses such that the
optimal basis does not change. Since the curve is a function of the contribution from production of six-ounce
juice glasses, and the basis remains unchanged over each interval, the slope of the curve is given by the value
of xq in the appropriate range.

In general then, it is straightforward to find the optimal solution to a linear program as a function of
any oneparameter: hence, the namarametric programming In the above two examples, we first found
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the optimal solution as a function of the righthand-side vdipieand then found the optimal solution as a
function of the objective-function coefficient. The procedure used in these examples is easily generalized
to include simultaneous variation of more than one coefficient, as long as the variation is made a function of
oneparameter.

Righthand-Side Parametrics

To illustrate the general procedure in detail, consider the trailer-production problem introduced in Chapter
2. That example included two constraints, a limit of 24 days/month on metalworking capacity and a limit
of 60 days/month on woodworking capacity. Suppose that, by reallocating floor space and manpower in
the workshop, we can exchange any number of days of woodworking capacity for the same number of days
of metalworking capacity. After such an exchange, the capacities will becgme 6) days/month for
metalworking capacity an¢60 — 0) days/month for woodworking. The initial tableau for this problem is
then given in Tableau 11. What is the optimal contribution to overhead that the firm can obtain for each value
of 62 In particular, what value d@f provides the greatest contribution to overhead?

Tableau 11
Basic Current
variables values X1 X2 X3 X4 X5
X4 24+0 3 2 1] 1
X5 60—0 1 2 4 1
(-2 0 +6 +14 +13

We can answer these questions by performing parametric righthand-side analysis, starting with the final
linear-programming tableau that was determined in Chapter 2 and is repeated here as Tableau 12.

Tableau 12

Basic Current
variables values X4 X, X3 X4 X5
atf=-74 & x 36 + 50 1 6 41 €)
atf = 4 L x 6 — 30 )| 1 - 1
(—2) —294 — 1040 -9 —11 -3
T i
ath = 4 atf) = —74

In Tableau 12 we have introduced the changes in the current values of the basic variables implied by the
parametric variation. These are obtained in the usual way. Increasing metalworking capaciiypits/is
equivalent to setting its slack variablg = —6, and decreasing woodworking capacitythis equivalent to
setting its slack variables = +6. Making these substitutions simultaneously in the tableau and moving the
parameted to the righthand side gives the current values specified in Tableau 12.

Since the reduced costs are not affected by the valdée wk see that the basis remains optimal in the
final tableau so long as the basic variabtggndx, remain nonnegative. Hence,

x1 =36+5) >0 (thatis6 > —73%),
Xo= 6-—30>0 (thatisé < 4),
which implies that the optimal contribution is given by
z=1294+1030 for—-7i <0 <4

At 0 = 4, variablexs becomes zero, while &t = —7%, variablex; becomes zero, and in each case a pivot
operation is indicated. As we saw in Section 5 on variable transitions associated with righthand-side ranges,
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Tableau 13
Basic Current
variables values X1 X2 X3 X4 X5
X5 —36—50 -1 -6 4 1
atg = —241—  x3 24+0 3 2 1 1
(-2) -312- 1% -1 -12 -13

the variable to be introduced at these valueg fdetermined by pivoting on the negative coefficient in the
appropriate pivot row that gives the minimum ratio as follows:

_& = Min {?—'
%j

&j <O}.

Ato = —7%, only variablexs has a negative coefficient in the pivot row, so we pivot to introdugdeato
the basis in place of;. The result is given in Tableau 13.
Tableau 13 is optimal for:

xs=—-36—50 >0 (thatis6 < —7%),

and
X3= 24— 0 >0 (thatis9 > —24),

and the optimal contribution is then:
z=312+1% for—24<6 < -7i

At 6 = —24,x3 is zero and becomes a candidate to drop from the basis. We would like to repliace
the basis with another decision variable fox —24. We cannot perform any such pivot, however, because
there is no negative constraint coefficient in the pivot row. The row reads:

:—ZLX1—|-2X2+X3—}—X4: 244+ 6.

Foro < —24, the righthand side is negative and the constraint cannot be satisfied by the nonnegative variables
X1, X2, X3, andx4. Consequently, the problem is infeasibledfoe —24. This observation reflects the obvious
fact that the capacity24 + 0) in the first constraint of the original problem formulation becomes negative
for & < —24 and so the constraint is infeasible.
Having now investigated the problem behaviordox 4, let us return to Tableau 12 with= 4. At this
value,x, replacess in the basis. Performing the pivot gives Tableau 14.

Tableau 14
Basic Current

variables values X X, X3 X X5
atfd =18 «  x, 72 — 40 1 6 | €2 2
X, -6 + 30 1 -1 1 -1
(—2) —348 + 30 -9 -2 -5

4

T

The basic variables are nonegative in Tableau 14 fop4< 18 with optimal objective value = 348—36.
At 6 = 18, we must perform another pivot to introducginto the basis in place of1, giving Tableau 15.

The basic variables are nonnegative in Tableau 15 for<l® < 60 with optimal objective value
z = 420-76. At6 = 60, no variable can be introduced into the basis for the basic vasigbhhich reaches
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Tableau 15
Basic Current
variables values X1 X2 X3 X4 X5
X4 20-36 | -3 -3 1 -1
_ 1 1 1
atd = 60 X2 30— 36 5 1 2 5
(-2) —420+ 76 -1 -15 -7
Optimal
contribution
|
| i |
| [
| ! l
| : I
l i I!
Infeasible / } | | Infeasible
—24 -7t 0 4 18 60 "o

Parameter value

Figure 3.5 Parametric righthand-side analysis.

zero. This is caused by an infeasibility in the original problem formulation, since the woodworking capacity
60 — 6 becomes negative for any valuetin excess of 60.
By collecting the various pieces of the optimal contribution as a function of the paraimetedetermine
the graph givenin Fig. 3.5. The highest contribution that can be obtained is $33,600 per month, which occurs
até = 4, with
24+ 0 = 28 days/month of metalworking capacity

and
60 — 6 = 56 days/month of woodworking capacity

By exchanging 4 days of capacity, we can increase contribution by more than 15 percent from its original
value of $29,400 permonth. This increase must be weighed against the costs incurred in the changeover.

Obijective-Function Parametrics

To illustrate parametric programming of the objective-function coefficients, we will consider the trailer-
production example once again. However, this time we will keep the capacities unchanged and vary the
contribution coefficients in the objective function. Suppose that our trailer manufacturer is entering a period
of extreme price competition and is considering changing his prices in such a way that his contribution would
become:

c1=6+0,
c; = 14+ 20,
c3 = 13+ 26.

How does the optimal production strategy change when the contribution is reduced (i.be@smes more
and more negative)?
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Tableau 16
Basic Current
variables | values X1 X2 X3 X4 X5
X4 24 3 2 1 1
X5 60 1 2 4 1
(-2 0 64+6 | 14+29 13+ 20

The initial tableau for this example is then Tableau 16, and the final tableau, assusmifigs Tableau 17.

Tableau 17
Basic Current
variables values X4 X5 X3 X4 Xs
4+ x 36 I ©® 4 ~1
X3 6 -1 1 —1 1
(—2) —294 — 4860 (=9 — 20) (=11 — 20) -1
1
at) = —3

As 6 is allowed to decrease, the current solution remains optimal so Io@@as%. At this value of9,
the reduced cost of, becomes zero, indicating that there may be alternative optimal solutions. In fact, since
a pivot is possible in the first row, we can determine an alternative optimal solution whengers the basis

andx; leaves. The result is given in Tableau 18.

Tableau 18
Basic Current
variables values X X, X3 X4 X5
X2 6 s 1 3 -3
<« X3 12 % 1 _% @
(—2) —240 — 360 3+ 30) (=5 —30) (=2 —16)
i
atg = —6

The new basis, consisting of variabbesand x3, remains optimal so long as6 < 6 < —4%. Once
# = —6, the reduced cost of; is zero, so thaks becomes a candidate to enter the basis. A pivot can be

performed so thats replaces<s in the basis. The result is given in Tableau 19.

Tableau 19
Basic Current
variables values X4 X X3 X Xs
T Xy 12 1 1 4 €
X5 36 1 3 —1 1
(—2) —168 — 2460 G+ 10 6 + 0) (=7 —0)
T
atf = —7

The new basis, consisting of the variables andxs, remains optimal so long as7 < 6 < —6. At
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0 = —7, X4 enters the basis, replacing, and the resulting tableau is identical to Tableau 16 that has the
slack basis¢4 andxs and so will not be repeated here.

N
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g
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— 100
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=
jo3 .
o X,, X3 basic
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Figure 3.6 Parametric objective-function analysis.

In Fig. 3.6, we plot the optimal value of the objective function as a functioh &s 6 is decreased to
—4%, the contributions of the three products becoréeSL and 4, respectively, and is replaced in the basis
by x2. As we continue to decreaseto —6, the contributions become 0, 2, and 1, andeplacesxs in the
basis. Itis interesting to note that is not in the optimal basis with = 0, but eventually is the only product
produced. A = 0, even thouglx, has the highest contribution, it is not produced because a combination of
X1 andxgs is a better match with the productive resources available. As the relative contributions are reduced,
X2 eventually becomes more attractive tharand finally is the only product manufactured.

The algorithm for objective-function parametrics is clearly straightforward to apply and consists of
computing a sequence of optimal bases by the primal simplex method. At each stage, a range is computed on
the parametef such that the current basis remains optimal. The variable transition at the boundary of this
range is easily determined, and one pivot operation determines a new basis that is optimal for some adjacent
range.

EXERCISES

1. [Excel spreadsheet availablehdtp://web.mit.edu/15.053/www/Exer3.1.xls ] Outdoors, Inc. has,
as one of its product lines, lawn furniture. They currently have three items in that line: a lawn chair, a standard
bench, and a table. These products are produced in a two-step manufacturing process involving the tube-bending
department and the welding department. The time required by each item in each department is as follows:

Product Present

Lawn chair Bench Table|capacity
Tube bending 1.2 1.7 1.2 1000
Welding 0.8 0 2.3 1200

The contribution that Outdoors, Inc. receives from the manufacture and sale of one unit of each product is $3
for a chair, $3 for a bench, and $5 for a table.

The company is trying to plan its production mix for the current selling season. It feels that it can sell any
number it produces, but unfortunately production is further limited by available material, because of a prolonged
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strike. The company currently has on hand 2000 Ibs. of tubing. The three products require the following amounts
of this tubing: 2 Ibs. per chair, 3 Ibs. per bench, and 4.5 Ibs. per table.

In order to determine the optimal product mix, the production manager has formulated the linear program shown
in Fig. E3.1 and obtained the results shown in Fig. E3.2.

Chair Bench Table Relation Limit
D-Tube 1.2 1.7 1.2 =< 1000
D-Weld 0.8 0 2.3 < 1200
TSuply 2.0 3.0 4.5 < 2000
Contrib. 3.00 3.00 5.00 = z (max)

Figure E3.1 Formulation of Outdoors, Inc.

TITLE: OUTDOORS
PROCEED, DISPLAY, OR REJECT? PROCEED

MAXIMIZE OR MINIMIZE? MAX

OPTIMAL SOLUTION FOUND.
CONTRIB. 2766.67

OUTPUT OPTION? EXTEND
ALL ITEMS NOT LISTED IN SECTIONS 1 - 4 HAVE THE VALUE ZERO.

*1* DECISION VARIABLES

1. CHAIR 700.000
3. TABLE 133.333
*2* SLACK(+) AND SURPLUS (=) IN CONSTRAINTS

2. +D-WELD 333.333

*3* SHADOW PRICES FOR CONSTRAINTS
1. D-TUBE 1.16667
3. TSUPLY .800000

*4* REDUCED COSTS FOR DECISION VARIABLES
2. BENCH -1.38333

*5* RANGES ON COEFFICIENTS OF OBJECTIVE CONTRIB.
VARIABLE LOWER BOUND CURRENT VALUE UPPER BOUND

1. CHAIR 2.2222 3.0000 5.0000
2. BENCH UNBOUNDED 3.0000 4.3833
3. TABLE 3.0000 5.0000 6.7500

*6* RANGES ON VALUES OF RIGHT-HAND-SIDE LIMIT
CONSTRNT LOWER BOUND CURRENT VALUE UPPER BOUND

1. D-TUBE 533,33 1000.0 1200.9
2. D-WELD 866.67 1200.0 UNBOUNDED
3. TSUPLY 1666.7 2000.0 2555..6

OUTPUT OPTION? NO

Figure E3.2 Solution of Outdoors, Inc.

a) What is the optimal production mix? What contribution can the firm anticipate by producing this mix?

b) What is the value of one unit more of tube-bending time? of welding time? of metal tubing?

¢) Alocal distributor has offered to sell Outdoors, Inc. some additional metal tubing 8048 Should Outdoors
buy it? If yes, how much would the firm’s contribution increase if they bought 500 Ibs. and used it in an optimal
fashion?

d) If Outdoors, Inc. feels that it must produce at least 100 benches to round out its product line, what effect will
that have on its contribution?
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e) The R&D department has been redesigning the bench to make it more profitable. The new design will require
1.1 hours of tube-bending time, 2.0 hours of welding time, and 2.0 Ibs. of metal tubing. If it can sell one unit of
this bench with a unit contribution of $3, what effect will it have on overall contribution?

f) Marketing has suggested a new patio awning that would require 1.8 hours of tube-bending time, 0.5 hours of
welding time, and 1.3 Ibs. of metal tubing. What contribution must this new product have to make it attractive
to produce this season?

g) Outdoors, Inc. has a chance to sell some of its capacity in tube bending &t $©&0/hour. If it sells 200 hours
at that price, how will this affect contribution?

h) If the contribution on chairs were to decrease tdb$2 what would be the optimal production mix and what
contribution would this production plan give?

2. [Excel spreadsheet availablehtp://web.mit.edu/15.053/www/Exer3.2.xls ] A commercial print-
ing firm is trying to determine the best mix of printing jobs it should seek, given its current capacity constraints in
its four capital-intensive departments: typesetting, camera, pressroom, and bindery. It has classified its commercial
work into three classes: A, B, and C, each requiring different amounts of time in the four major departments.

The production requirements in hours per unit of product are as follows:

Class of work
Department | A B C
Typesetting | O 2 3
Camera 3 1 3
Pressroom | 3 6 2
Bindery 5 4 0

Assuming these units of work are produced using regular time, the contribution to overhead and profit is $200
for each unit of Class A work, $300 for each unit of Class B work, and $100 for each unit of Class C work.

The firm currently has the following regular-time capacity available in each department for the next time period:
typesetting, 40 hours; camera, 60 hours; pressroom, 200 hours; bindery, 160 hours. In addition to this regular time,
the firm could utilize an overtime shift in typesetting, which would make available an additional 35 hours in that
department. The premium for this overtime (i.e., incremental costs in addition to regular time) would be $4/hour.

Since the firm wants to find the optimal job mix for its equipment, management assumes it can sell all it produces.
However, to satisfy long-established customers, management decides to produce at least 10 units of each class of
work in each time period.

Assuming that the firm wants to maximize its contribution to profit and overhead, we can formulate the above
situation as a linear program, as follows:

Decision variables:

Xar = Number of units of Class A work produced on regular time;
Xgr = Number of units of Class B work produced on regular time;
Xcr = Number of units of Class C work produced on regular time;
Xgo = Number of units of Class B work produced on overtime typesetting;
Xco = Number of units of Class C work produced on overtime typesetting.

Objective function:

Maximizez = 200Xar + 300XgRr + 100XcR + 292Xgo + 88Xco,
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Constraints:

Regular Typesetting ®sr+  3XcRr < 40,
Overtime Typesetting 2go + 3Xco = 35,
Camera XaAR + XBr + 3XcR + Xgo + 3Xco < 60,
Pressroom Bar + 6XBr+ 2Xcr+ 6Xpo + 2Xco < 200,
Bindery 5Xar + 4Xgr + 4XBo <160
Class A—minimum  XaRr > 10,
Class B—minimum XBR + Xpo > 10,
Class C—minimum Xcr + Xco = 10,

Xar >0, Xgr >0, Xcr>0, Xgo >0, Xco =0.

The solution of the firm’s linear programming model is given in Fig. E3.3.

a) What is the optimal production mix?

b) Is there any unused production capacity?

¢) Is this a unique optimum? Why?

d) Why is the shadow price of regular typesetting different from the shadow price of overtime typesetting?

e) Ifthe printing firm has a chance to sell a new type of work that requires 0 hours of typesetting, 2 hours of camera,
2 hours of pressroom, and 1 hour of bindery, what contribution is required to make it attractive?

f) Suppose that both the regular and overtime typesetting capacity are reduced by 4 hours. How does the solution
change? Kint: Does the basis change in this situation?)

. Jean-Pierre Leveque has recently been named the Minister of International Trade for the new nation of New France.
In connection with this position, he has decided that the welfare of the country (and his performance) could best be
served by maximizing the net dollar value of the country’s exports for the coming year. (The net dollar value of
exports is defined as expotessthe cost of all materials imported by the country.)

The area that now constitutes New France has traditionally made three products for export: steel, heavy
machinery, and trucks. For the coming year, Jean-Pierre feels that they could sell all that they could produce of
these three items at existing world market prices of $900/unit for steel, $2500/unit for machinery, and $3000/unit
for trucks.

In order to produce one unit of steel with the country’s existing technology, it takes 0.05 units of machinery,
0.08 units of trucks, two units of ore purchased on the world market for $100/unit, and other imported materials
costing $100. In addition, it takes .5 man-years of labor to produce each unit of steel. The steel mills of New France
have a maximum usable capacity of 300,000 units/year.

To produce one unit of machinery requir@$ units of steel, 0.12 units of trucks, and 5 man-years of labor. In
addition, $150 of materials must be imported for each unit of machinery produced. The practical capacity of the
country’s machinery plants is 50,000 units/yeatr.

In order to produce one unit of trucks, it takes one unit of steel, 0.10 units of machinery, three man-years of
labor, and $500 worth of imported materials. Existing truck capacity is 550,000 units/year.

The total manpower available for production of steel, machinery, and trucks is 1,200,000 men/year.

To help Jean-Pierre in his planning, he had one of his staff formulate the model shown in Fig. E3.4 and solved
in Fig. E3.5. Referring to these two exhibits, he has asked you to help him with the following questions:

a) What is the optimal production and export mix for New France, based on Fig.E3.5? What would be the net dollar
value of exports under this plan?
b) What do the first three constraint equations (STEEL, MACHIN, and TRUCK) represent? Why are they equality

constraints?

¢) The optimal solution suggests that New France produce 50,000 units of machinery. How are those units to be
utilized during the year?

d) What would happen to the value of net exports if the world market price of steel increased to $1225/unit and the
country chose to export one unit of steel?
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TITLE: COMMERCIAL PRINTING
PROCEED, DISPLAY, OR REJECT? PROCEED

MAXIMIZE OR MINIMIZE? MAX

OPTIMAL SOLUTION FOUND.
CONTRIB 10110.0

OUTPUT OPTION? EXTENDED
ALL ITEMS NOT LISTED IN SECTIONS 1 - 4 HAVE THE VALUE ZERO.

*1* DECISION VARIABLES
1. CLASS-AR 12.5000
2. CLASS-BR 20.0000
4. CLASS-BO 2.50000
5. CLASS-CO 10.0000

*2* SLACK(+) AND SURPLUS (-) IN CONSTRAINTS
4., +PRESS 7.50000
5. +BINDERY 7.50000
6. -CLA-MIN 2.50000
7. -CLB-MIN 12.5000

*3* SHADOW PRICES FOR CONSTRAINTS

1. TYPE-REG 116.667
2. TYPE-OVT 112.667
3. CAMERA 66.6667
8. CLC-MIN -450.000

*4* REDUCED COSTS FOR DECISION VARIABLES
3. CLASS-CR .000000

*5% RANGES ON COEFFICIENTS OF OBJECTIVE CONTRIB
VARIABLE LOWER BOUND CURRENT VALUE UPPER BOUND

1. CLASS-AR .19073E-05 200.00 876 .00
2. CLASS-BR 300.00 300.09 UNBOUNDED
3. CLASS-CR UNBOUNDED 100.00 100.90
4. CLASS-BO 66.667 292.00 292.00
5. CLASS-CO 88.000 88.000 538.00

*6* RANGES ON VALUES OF RIGHT-HAND-SIDE CAPACITY
CONSTRNT LOWER BOUND CURRENT VALUE UPPER BOUND

1. TYPE-REG 15.000 40.000 43.000
2. TYPE-OVT 30.000 35.000 38.000
3. CAMERA 82.500 90.000 94.500
4. PRESS 192.50 200.00 UNBOUNDED
5. BINDERY 152.50 160 .00 UNBOUNDED
6. CLA-MIN UNBOUNDED 10.000 12.500
7. CLB-MIN UNBOUNDED 10.000 22.500
8. CLC-MIN 9.1176 10.000 11.667

OUTPUT OPTION? NO

Figure E3.3 Solution for commericial printing firm.

e) If New France wants to identify other products it can profitably produce and export, what characteristics should
those products have?

f) There is a chance that Jean-Pierre may have 3800 to spend on expanding capacity. If th!s investment will
buy 500 units of truck capacity, 1000 units of machine capacity, or 300 units of steel capacity, what would be the
best investment?

g) If the world market price of the imported materials needed to produce one unit of trucks were to increqse by
$400, what would be the optimal export mix for New France, and what would be the dollar value of their net
exports?



Variables

X1 = Steel production for export (EXSTEE),

X2 = Machinery production for export (EXMACH),

X3 = Truck production for export (EXTRUC),
X4 = Total steel production (TOSTEE),
X5 = Total machinery production (TOMACH),
Xg = Total truck production (TOTRUC).

Constraints

Steel output (STEEL)
Machinery ouput ~ (MACHIN)
Truck output (TRUCK)
Steel capacity (CAPSTE)
Machinery capacity (CAPMAC)
Truck capacity (CAPTRU)

Manpower available (AVAMAN)

TITLE: NEW FRANCE INTERNATIONAL TRADE
PROCEED, DISPLAY, OR REJECT? DISPLAY

OBJECTIVES:
EXSTEE
EXPORTS 900.9
CONSTRAINTS:
EXSTEE
RELATION
STEEL -1.000
EQ
MACHIN .0000
EQ
TRUCK .0000
EQ
CAPSTE 0000
LE
CAPMAC 0000
LE
CAPTRU 0000
LE
AVAMAN 00009
LE

EXMACH

2500.

EXMACH
CAPACITY

.0000
.0000
-1.000
.0000
.0000
.0000
0000
.3000E+06
.0000
.5000E+@5
.0000
.5500E+06
.0000
.1200E+07

EXTRUC

3000.

EXTRUC

.0000
L0009
-1.000
L0000
.0000
.0000

.0000

TOSTEE TOMACH
-300.0 -150.0

TOSTEE TOMACH

1.000 -.7500

-.5000E-01 1.000

-.8000E-01-.1200

1.000 .0000
.0000 1.000
.0000 .0000
.5000 5.000
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TOTRUC

-500.0

TOTRUC

-1.000
-.1000
1.000
.0000
.0000
1.000

3.000

Figure E3.4 Formulation of optimal production and export for New France.

h) The Minister of Defense has recently come to Jean-Pierre and said that he would like to stockpile (inventory) an
additional 10,000 units of steel during the coming year. How will this change the constraint equation STEEL,
and what impact will it have on net dollar exports?

i) Agovernment R&D group has recently come to Jean-Pierre with a new product, PXodbhet can be produced
for export with 1.5 man-years of labor and 0.3 units of machinery for each unit produced. What must Rroduct
sell for on the world market to make it attractive for production?

j) How does this particular formulation deal with existing inventories at the start of the year and any desired
inventories at the end of the year?

4. Another member of Jean-Pierre’s staff has presented an alternative formulation of New France’s planning problem
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TITLE: NEW FRANCE INTERNATIONAL TRADE
PROCEED, DISPLAY, OR REJECT? PROCEED

MAXIMIZE OR MINIMIZE? MAX

OPTIMAL SOLUTION FOUND.
EXPORTS 0.490625E+09

OUTPUT OPTION? EXTENDED
ALL ITEMS NOT LISTED IN SECTIONS 1 - 4 HAVE THE VALUE ZERO.

*1* DECISION VARIABLES

2. EXMACH 8750.00
3. EXTRUC 232500.
4. TOSTEE 300000.
5. TOMACH 50000.0
6. TOTRUC 262500.

*2%* SLACK(+) AND SURPLUS(-) IN CONSTRAINTS
6. +CAPTRU 287500.
7. +AVAMAN 12500.0

*3* SHADOW PRICES FOR CONSTRAINTS

1. STEEL -2250.00
2. MACHIN -2500.00
3. TRUCK -3000.00
4, CAPSTE 1585.00
5. CAPMAC 302.500

*4%* REDUCED COSTS FOR DECISION VARIABLES
1. EXSTEE -1350.00

*5% RANGES ON COEFFICIENTS OF OBJECTIVE EXPORTS
VARIABLE LOWER BOUND CURRENT VALUE UPPER BOUND

1. EXSTEE UNBOUNDED 909 .00 2250.0
2. EXMACH 2218.6 2500.0 13067.
3. EXTRUC 1650.0 3000.0 3347.7
4., TOSTEE -1885.0 -300.00 UNBOUNDED
5. TOMACH -452.50 -150.00 UNBOUNDED
6. TOTRUC -1850.0 -500.00 -96.667

*6* RANGES ON VALUES OF RIGHT-HAND-SIDE CAPACITY
CONSTRNT LOWER BOUND CURRENT VALUE UPPER BOUND

1. STEEL -4166.7 .00000 .23250E+06
2. MACHIN UNBOUNDED .00000 8750.0

3. TRUCK UNBOUNDED .00000 .23250E+06
4. CAPSTE 47283. .30000E+06 .30357E+06
5. CAPMAC 41860. 50000. 54545,

6. CAPTRU .26250E+06 .55000E+06 UNBOUNDED
7. AVAMAN .11875E+07 L12000E+07 UNBOUNDED

OUTPUT OPTION? NO

Figure E3.5 Solution of New France model.

as described in Exercise 3, which involves only three variables. This formulation is as follows:

Y, = Total steel production
Y, = Total machinery productign
Y3 = Total truck production

Maximizez = 900(Y1 — 0.75Y2 — Y3) — 300Y1 + 250QY2 — 0.05Y1 — 0.10Y3)
—150Y, + 300Q(Y3 — 0.80Y1 — 0.12Y7) — 500Y3,
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subject to:
Y1 < 300,000,
Y2 < 50,000,
Y3 < 550,000

0.5Y1 + 5Y2 + 3Y3 < 1,200,000, Y1, Y2, Y3 > 0.

a) Is this formulation equivalent to the one presented in Fig. E3.4 of Exercise 3? How would the optimal solution
here compare with that found in Fig. E3.5?

b) If we had the optimal solution to this formulation in terms of total production, how would we find the optimal
exports of each product?

¢) What assumption does this formulation make about the quantities and prices of products that can be exported
and imported?

d) New France is considering the production of automobiles. It will take 0.5 units of steel, 0.05 units of machinery,
and 2.0 man-years to produce one unit of automobiles. Imported materials for this unit will cost $250 and the
finished product will sell on world markets at a price of $2000. Each automobile produced will u&euwrts of
the country’s limited truck capacity. How would you alter this formulation to take the production of automobiles
into account?

. Returning to the original problem formulation shown in Fig. E3.4 of Exercise 3, Jean-Pierre feels that, with existing
uncertainties in international currencies, there is some chance that the New France dollar will be revalued upward
relative to world markets. If this happened, the cost of imported materials would go down by the same percent as
the devaluation, and the market price of the country’s exports would go up by the same percent as the revaluation.
Assuming that the country can always sell all it wishes to export how much of a revaluation could occur before the
optimal solution in Fig. E3.5 would change?

. After paying its monthly bills, a family has $100 left over to spend on leisure. The family enjoys two types of
activities: (i) eating out; and (ii) other entertainment, such as seeing movies and sporting events. The family has
determined the relative value (utility) of these two activities—each dollar spend on eating out provides 1.2 units
of value for each dollar spent on other entertainment. Suppose that the family wishes to determine how to spend
this money to maximize the value of its expenditures, but that no more than $70 can be spent on eating out and no
more than $50 on other entertainment (if desired, part of the money can be saved). The family also would like to
know:

a) How the total value of its expenditures for leisure would change if there were only $99 to spend.

b) How the total value would change if $75 could be spend on eating out.

¢) Whether it wouldsaveany money if each dollar of savings would provide 1.1 units of value for each dollar spent
on other entertainment.

Formulate the family’s spending decision as a linear program. Sketch the feasible region, and answer each of
the above questions graphically. Then solve the linear program by the simplex method, identify shadow prices on
the constraints, and answer each of these questions, using the shadow prices.

. [Excel spreadsheet availablehdtp://web.mit.edu/15.053/www/Exer3.7.xls ] Consider the linear
program:

Maximizez = x1 + 3X2,

subject to:
X1+ X2<8 (resource 1)

X1+ X2<4 (resource 2)
X1 <6 (resource 3)
X1 >0, X2 > 0.

a) Determine graphically:
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i) the optimal solution;
ii) the shadow prices on the three constraints;
iii) the range on the objective coefficient of each variable, holding the coefficient of the other variable at its current
value, for which the solution to part (i) remains optimal;
iv) the range on the availability of each resource, holding the availability of the other resources at their current
values, for which the shadow prices in part (ii) remain optimal.

b) Answer the same question, using the following optimal tableau determined by the simplex method:

Basic Current
variables | values | xi X2 X3 X4 Xg
X1 2 1 1] -1
X2 6 1 i 3
X5 4 -3 3 1
(=2 -20 -2 -1

8. Determine the variable transitions for the previous problem, when each objective coefficient or righthand-side value

is varied by itself to the point where the optimal basis no longer remains optimal. Carry out this analysis using the
optimal tableau, and interpret the transitions graphically on a sketch of the feasible region.

9. [Excel spreadsheet available fatp://web.mit.edu/15.053/www/Exer3.9.xls ] A wood-products

10.

company produces four types of household furniture. Three basic operations are involved: cutting, sanding, and
finishing. The plant’s capacity is such that there is a limit of 900 machine hours for cutting, 800 hours for sanding,
and 480 hours for finishing. The firm’s objective is to maximize profits. The initial tableau is as follows:

Basic Current
variables values X1 X2 X3 X4 X5 Xg X7
X5 480 2 8 4 2 1
X6 800 5 4 8 5 1
X7 900 7 8 3 5 1
(=2 0 +90 +160 +40 +100
Using the simplex algorithm, the final tableau is found to be:
Basic Current
variables values X1 X2 X3 X4 X5 X6 X7
1 5 1
3 1 1
X4 140 5 1 -3 i
11 5 3
X7 0 2 _— 7 —g _— Z 1
(-2 —18000 | —-10 —-130 —12% -15

a) What are the shadow prices on each of the constraints?

b) What profit forxz would justify its production?

¢) What are the limits on sanding capacity that will allow the present basic variables to stay in the optimal solution?

d) Suppose management had to decide whether or not to introduce a new product requiring 20 hours of cutting, 3
hours of sanding, and 2 hours of finishing, with an expected profit of $120. Should the product be produced?

e) If another saw to perform cutting can be rented for $10/hour, should it be procured? What about a finisher at the
same price? If either is rented, what will be the gain from the first hour’s use?

[Excel spreadsheet availablehdtp://web.mit.edu/15.053/www/Exer3.10.xls ] The Reclamation
Machining Company makes nuts and bolts from scrap material supplied from the waste products of three steel-using
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firms. For each 100 pounds of scrap material provided by firm A, 10 cases of nuts and 4 cases of bolts can be made,
with a contribution of $46. 100 pounds from firm B results in 6 cases of nuts, 10 cases of bolts, and a contribution
of $57. Use of 100 pounds of firm C’s material will produce 12 cases of nuts, 8 of bolts, and a contribution of
$60. Assuming Reclamation can sell only a maximum of 62 cases of nuts and 60 of bolts, the final tableau for a
linear-programming solution of this problem is as follows:

Basic Current
variables values X1 X2 X3 X4 X5
X1 3.421 1 0.947 0.132 | —-0.079
X2 4.632 1 0.421 —0.052 0.132
(-2 —421368 —7.759 | —-3.053 | —-3.868

a) What is the optimal solution?

b) Is the solution unique? Why?

c) For each of the three sources, determine the interval of contribution for which the solution in part (a) remains
optimal.

d) What are the shadow prices associated with the optimal solution in (a), and what do they mean?

e) Give an interval for each sales limitation such that the shadow prices in (d) remain unchanged.

[Excel spreadsheet availablentp://web.mit.edu/15.053/www/Exer3.11.xls ] Consider the linear
program:

Maximizez = 2x1 + X2 + 10xs,
subject to:

X1 — X2 + 3X3 =10,
X2 + X3 + Xg = 6,
Xj >0 (j =1,2,3,4).
The optimal tableau is:

Basic Current
variables values X1 X2 | X3 X4
X3 4 3 1 3
X2 2 -1 1 3
(-2) —24 -1 -31

a) What are the optimal shadow prices for the two constraints? Can the optimal shadow price for the first constraint
be determined easily from the final objective coefficientxtg? (Hint: The initial problem formulation is in
canonical form if the objective coefficient &f is changed to % .)

b) Suppose that the initial righthand-side coefficient of the first constraint is changed+o 4.0For what values
of § do x2 andxs form an optimal basis for the problem?

[Excel spreadsheet availablehdtp://web.mit.edu/15.053/www/Exer3.12.xIs ] Consider the fol-

lowing linear program:

Minimizez=2X; + X2 + 2X3 — 3Xa,

subject to:
8X1 — 4Xo — X3 + 3x4 < 10,
2X1 + 32 + X3 — X4 < 7,
— 2%X2 — X3 + 4x4 <12,
X1 >0, x2>0, x3>0, x3>0.

After several iterations of the simplex algorithm, the following tableau has been determined:
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Basic Current

variables values X1 X2 X3 X4 X5 Xg X7
Xs 11 | 10 i 11| -3

4 3 2 1

X2 4 5| 1 10 5 | 10

2 1 1 3

X4 S 5 -0 | 1 5 | 10

12 7 1 4

(=2 —-11 5 5 5 5

a) What are the values of the decision variables? How do you know this is the optimal solution?
b) For each nonbasic variable of the solution, find the interval for its objective-function coefficient such that the

solution remains optimal.
c) Do the same for each basis variable.

d) Determine the interval for each righthand-side value such that the optimal basis determined remains unchanged.
What does this imply about the shadow prices? reduced costs?

13. A cast-iron foundry is required to produce 1000 Ibs. of castings containing at least 0.35 percent manganese and
not more than 3.2 percent silicon. Three types of pig iron are available in unlimited amounts, with the following
properties:

Type of pig iron
A B C
Silicon 4% 1% 5%
Manganese |0.35% 0.4% 0.3%
Cost/1000 Ibg. $28 $30 $20

Assuming that pig iron is melted with other materials to produce cast iron, a linear-programming formulation that

minimizes cost is as follows:

Minimize z = 28x; + 30x2 + 20x3,

subject to:
dx; + Xo + 5x3 <3.2 (Ib. Six 10),
3.5X1 + 4x2 + 3x3 > 3.5 (Ib. Mn),
X1+ Xo+ Xz3=1 (Ib. x 10’3),
X1 20, x>0, x3>0
Initial tableau
Surplus Slack Artificial
Basic Current
variables values X1 X2 X3 X4 X5 v1 v2
X5 3.2 4 1 5 0 1
V1 3.5 35 4 3 -1 1
V2 1 1 1 1 0 1
(—=2) 0 28 30 20 0

Final tableau



14.

Exercises 113

Basic Current
variables values X1 X2 X3 X4 X5 V1 v
X5 0.2 1 -4 1 4 -17
X3 0.5 0.5 1 -1 1 -3
X2 0.5 0.5 1 1 -1 4
(=2 -25 3 10 -10 10

a) Atwhat cost does pig type A become a candidate for entry into the optimal basis? What activity would it replace?
b) How much can we afford to pay for pure manganese to add to the melt?

¢) How much can the manganese requirement be reduced without changing the basis? What are the values of the
other basic variables when this happens?

d) How much can the cost of pig type B change without changing the optimal basis? What are the new basic
variables when such a change occurs?

e) How can the final tableau be optimal if the reduced cost & —10?

[Excel spreadsheet availabletdtp://web.mit.edu/15.053/www/Exer3.14.xls ] The Classic Stone
Cutter Company produces four types of stone sculptures: figures, figurines, free forms, and statues. Each product
requires the following hours of work for cutting and chiseling stone and polishing the final product:

Type of product
Operation Figures Figurines Free Forms Statues
Cutting 30 5 45 60
Chiseling 20 8 60 30
Polishing 0 20 0 120
Contribution/unit $280 $40 $500 $510

The last row in the above table specifies the contribution to overhead for each product.

Classic’s current work force has production capacity to allocate 300 hours to cutting, 180 hours to chiseling,
and 300 hours to polishing in any week. Based upon these limitations, it finds its weekly production schedule from
the linear-programming solution given by the following tableau.

Cutting| Chiseling| Polishing

slack, | slack, slack,
Basic Current| Figures| Figurines| Forms| Statues hours | hours hours
variables | values X1 X2 X3 X4 X5 X6 X7
Statues 2 — & —6 1 & —3
Figures 6 1 8 L — i
Slack 60 76 360 -8 12 1
—Contrib.| —2700 -30 —70 —6 -5

a) Determine a range on the cutting capacity such that the current solution remains optimal.
b) Busts have the following characteristics:

Cutting 15 hrs.
Chiseling 10 hrs.
Polishing 20 hrs.

Contribution/unit $240
Should Classic maintain its present line or expand into busts?
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¢) Classic can buy 5 hours of cutting capacity and 5 hours of chiseling capacity from an outside contractor at a total
cost of $75. Should Classic make the purchase or not?

d) Byhow much does the contribution from free forms have to be increased to make free forms profitable to produce?

e) Give a range on the contribution from figures such that the current solution remains optimal. What activities
enter the basis at the bounds of this range?

15. [Excel spreadsheet availabléntp://web.mit.edu/15.053/www/Exer3.15.xls ] The Concrete Prod-
ucts Corporation has the capability of producing four types of concrete blocks. Each block must be subjected to
four processes: batch mixing, mold vibrating, inspection, and yard drying. The plant manager desires to maximize
profits during the next month. During the upcoming thirty days, he has 800 machine hours available on the batch
mixer, 1000 hours on the mold vibrator, and 340 man-hours of inspection time. Yard-drying time is unconstrained.
The production director has formulated his problem as a linear program with the following initial tableau:

Basic Current
variables | values X1 X2 X3 | X4 | X5 | Xg | X7
X5 800 1 2 10 | 16 1
X6 1000 1.5 2 4 5 1
X7 340 0.5 0.6 1 2 1
(-2 0 8 14 30 | 50

wherexy, X2, X3, X4 represent the number of pallets of the four types of blocks. After solving by the simplex method,
the final tableau is:

Basic Current
variables values X1 X2 X3 X4 Xs Xg X7
X2 200 1 +11 19 15 -1
X1 400 1 -12 -22 -2 2
X7 20 0.4 1.6 0.1 -0.4 1
(-2 6000 —-28 —-40 -5 -2

a) By how much must the profit on a pallet of number 3 blocks be increased before it would be profitable to
manufacture them?

b) What minimum profit orx must be realized so that it remains in the production schedule?

¢) Ifthe 800 machine-hours capacity on the batch mixer is uncertain, for what range of machine hours will it remain
feasible to produce blocks 1 and 27?

d) A competitor located next door has offered the manager additional batch-mixing time at a ra@Ogiéhour.
Should he accept this offer?

e) The owner has approached the manager with a thought about producing a new type of concrete block that would
require 4 hours of batch mixing, 4 hours of molding, and 1 hour of inspection per pallet. What should be the
profit per pallet if block number 5 is to be included in the optimal schedule?

16. [Excelspreadsheetavailablétp://web.mit.edu/15.053/www/Exer3.16.xIs ] The linear-programming
program:
Maximizez = 4X4 + 2X5 — 3Xg,
subject to:
X1 + X4 — X5 +4Xg =2,

X2 4+ X4+ X5 —2Xs =6,
X3 — 2X4 + X5 — 3Xg = 6,

Xi>0 (j=12,...,6

has an optimal canonical form given by:
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Basic Current
variables values X1 X2 X3 | X4 | Xs Xg
X4 4 3 3 1 1
X5 2 -3 i 1| -3
X3 12 3 : 11 2
(-2 -20 -1 -3 -1

Answer the following questions. All parts are independent and refer to changes arigiiveal problem
formulation as stated above. That s, do not consider parts (a), (b), and (c) together, but refer to the original problem
formulation in each part.

a) Suppose that the objective function changes to
Z = 4xq + 2x5 + Oxg.

Find the new optimal solution. Is the solution to the new problem unique? Explain your answer.
b) Consider the parametric-programming problem with the objective function:

Maximizez = (4 + 20)X4 + (2 — 49)Xs + (—3 + 6)Xs.

For what valueg < 0 < 0 of # do the variablesy, x5, andxz remain in the optimal basis (e.g.df= —1 and
0 = 2, then the interval is-1 < § < 2). What are the variable transitionséat § andd = 6?
¢) Consider the parametric programming problem with the righthand sides

24 49,
6 — 20,
6 — 6.

Forwhat valueg < 6 < §of_9 do the variablegy, x5, andxs remain in the optimal basis? What are the variable
transitions ab = § andd = 67

17. The Massachusetts Electric Company is planning additions to its mix of nuclear and conventional electric power
plants to cover a ten-year horizon. It measures the output of plants in terms of equivalent conventional plants.
Production of electricity must satisfy the state’s additional requirements over the planning horizon for guaranteed
power (kW), peak power (kW), and annual energy (MWh). The state’s additional requirements, and the contribution
of each type of plant to these requirements, are as follows:

Requirements
Guaranteed Peak power| Annual energy
power(kW) (kW) (MWh)
Conventional 1 3 1
Nuclear 1 1 4
Additional
requirements 20 30 40

The costs for each type of plant include fixed investment costs and variable operating costs per year. The
conventional plants have very high operating costs, since they burn fossil fuel, while the nuclear plants have very
high investment costs. These costs are as follows:

Investment costs| Annual operating costs
Type of plant (millions) (millions)
Conventional $ 30 $20
Nuclear 100 5
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For simplicity, we will assume that the annual operating costs are an infinite stream discounted at@rétetaf))
per year. The present value of this infinite stream of operating costs is:

>/ 13\" 1 1
'°V=n§<1+r> Cz[l—[1/<1+r>]_1]°=r_°

and the term Ar is sometimes referred to as tbeefficient of capitalization

a) Formulate a linear program to decide what mix of conventional and nuclear power plants to build, assuming
that you must meet or exceed the state’s three requirements and you want to minintizel theestment plus
discounted operating costs.

b) There has been a debate at Massachusetts Electric as to what discourib nase in making this calculation.
Some have argued for a low “social” rate of about 2 or 3 percent, while others have argued for the private “cost
of capital” rate of from 10 to 15 percent. Graphically determine the optimal solution for all values of the discount
rater, to aid in settling this question. Comment on the implications of the choice of discount rate.

¢) Another difficulty is that there may not be sufficient investment funds to make the decisions independently of
an investment limitation. Assuming the “social” discount rate of 2 percent, find the optimal solution for all
conceivable budget levels for total investment. What is the impact of limiting the budget for investment?

[Excel spreadsheet availablé&p://web.mit.edu/15.053/www/Exer3.18.xIs ] Consider the parametric-
programming problem:
Maximizez = (—3 + 30)x1 + (1 — 20)x>,

subject to:
X1 — 2X2 < 2,
X1 — X2 <4,
X1 > 0, X2 > 0.

Letting x3, X4, andxs be slack variables for the constraints, we write the optimal canonical fofra=ad as:

Basic Current

variables values X1 X2 X3 X4 | Xs
X2 2 -2 1 1

Xa 6 -3 2 1
X5 6 -1 1 1
(=2 -2 -1 -1

a) Place the objective function in this tableau in canonical form for valu@sottfier than 0. For what values 6f
is this canonical form optimal?

b) What are the variable transitions when this canonical form is no longer optimal? Does the problem become
unbounded at either of the transition points?

¢) Use the parametric programming algorithm to find the optimal solution for all valués &lot the optimal
objective value as a function 6f

d) Graph the feasible region and interpret the parametric algorithm on the graph.

[Excel spreadsheet availablehdtp://web.mit.edu/15.053/www/Exer3.19.xls ] Consider the fol-
lowing parametric linear program:

Z*(8) = Max X1 + 2xo,
subject to:
2X1 + X2 <14
X1 + X2 <10,
X1 <1+ 20,
Xo < 8— 0,
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a) Graph the feasible region and indicate the optimal solutiof fer0,6 = 1, andd = 2.

b) For what values of is this p

roblem feasible?

¢) From the graphs in part (a), determine the optimal solution for all valugs@faph the optimal objective value

z*(0).

d) Starting with the optimal canonical form given below foe= 0, use the parametric simplex algorithm to solve

for all values ofg.

Basic Current
variables values X1 X2 X3 | Xa X5 Xe
X3 4—30 1 -2 | -1
Xa 1-6 1 -1 -1
X1 1+26 1 1
X2 8-10 1 1
(-2) -17 -1 -2

Consider the linear program:

Minimize z = —10x1 + 16X — X,

subject to:

whered is a parameter.

a) For6 =0

X1 — 2X2 + X3 <2 + 26,

XL — X2 <4 +0,

i) Solve the linear program.
i) What are the optimal shadow prices?
iii) Suppose that the constant on the righthand side of the second inequality is changed from 4 to 6. What is the

new optimal value og?

X3 >0,

b) For what values of does the optimal basis to part a(i) remain optimal?
¢) Solve the linear program for all valuesaf

When discussing parametric analysis in Section 3.8, we considered reallocating floor space for a trailer-production
problem to trade off woodworking capacity for metalworking capacity. The trade-off was governed by the parameter

6 in the following tableau:

Basic Current
variables values X1 X2 X3 X4 X5
X4 24+ 0 : 2 | 1|1
X5 60— 6 1 2 4 1
(=2 0 6 14 13

Woodworking capacity
Metalworking capacity

We found that the following tableau was optimal for value$ @f the range 0< 6 < 4:

Basic Current
variables values X1 X2 X3 X4 X5
X1 354 50 1 6 4 -1
X3 — 30 -1] 1| -1 i
(—2) —294- 1030 -9 -11 | -3
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Minimize return _-Slope = 4
5100 c
: Minimize risk «<—
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Figure E3.6 Risk-return trade-off.

The optimal solution af = 4isx; = 56,X2 = X3 = X4 = X5 = 0, andz = 336. At6 = 5, we found that
the optimal basic variables arg = 52, x, = 1.5, and that the optimal objective valuezis= 348 — 3(5) = 333.
Therefore a® increases from 4 to 5,

Az =333-336= -3

The previous optimal tableau tells us that for<0 & < 4, woodworking capacity is worth $11/day and
metalworking capacity is worth $80/day. Increasing from 4 to 5 increases woodworking capacity by one
day. Using the prices $11/day and.$0/day, the change in the optimal objective value should be:

Az = 11(1) + 0.50(—1) = 10.50.

We have obtained two different values for the change in the optimal objective vetue,—3 andAz = 10.50.
Reconcile the difference between these values.

An investor has $5000 and two potential investmentsx | &ir j = 1 andj = 2 denote her allocation to investment

j inthousands of dollars. From historical data, investments 1 and 2 are known to have an expected annual return of
20 and 16 percent, respectively. Also, the total risk involved with investments 1 and 2, as measured by the variance
of total return, is known to be given b2+ x2 + (X1 + X2), so that risk increases with total investmext + x2)

and with the amount of each individual investment. The investor would like to maximize her return and at the same
time minimize her risk. Figure E3.6 illustrates the conflict between these two objectives. ARwirthis figure
corresponds to investing nothing, polto investing all $5000 in the second alternative, and pGitd investing
completely in the first alternative. Every other point in the shaded region of the figure corresponds to some other
investment strategy; that is, to a feasible solution to the constraints:

X1+ X2 <5

27
xlzo, Xzzo. ( )

To deal with the conflicting objectives, the investor decides to combine return and risk into a single objective
function.

Objective = Return — 0 (Risk)

= 20x1 4+ 16x2 — 0[2X1 + X2 + (X1 + X2)]. (28)

She uses the parametein this objective function to weigh the trade-off between the two objectives.

Because the “most appropriate” trade-off parameter is difficult to assess, the investor would like to maximize
the objective function (28) subject to the constraints (27), for all valu@sarid then use secondary considerations,
not captured in this simple model, to choose from the alternative optimal solutions.
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a) Use parametric linear programming to solve the problem for all nonnegative val@ies of

b) Plot the optimal objective value, the expected return, and the risk as a function of

¢) Interpret the solutions on Fig. E3.6.

d) Suppose that the investor can save at 6% with no risk. For what valdewitifshe save any money using the
objective function (28)?

An alternative model for the investment problem discussed in the previous exercise is:
Maximizez = 20x; + 16xo,

subject to:
X1 + X <5,
2X1 + X2 + (X1 +X2) <,

X1 >0, X2 > 0.

In this model, the investor maximizes her expected return, constraining the risk that she is willing to incur by the
parametey .

a) Use parametric linear programming to solve the problem for all nonnegative values of
b) Plot the expected return and risk as a functior of
c) Interpret the solutions on Fig. E3.6 of Exercise 22.

The shadow-price concept has been central to our development of sensitivity analysis in this chapter. In this ex-
ercise, we consider how changing the initial problem formulation alters the development. Suppose that the initial
formulation of the model is given by:

n
Maximizez = " ¢jX;.
j=1

subject to:

n
Zainjf b i=12...,m),
j=1
Xj >0 (j=212,...,n).
Solving this problem by the simplex method determines the shadow prices for the constrgint®as ., ym.

a) Suppose that the first constraint were multiplied by 2 and stated instead as:

n
Z(Zalj)xj < (2by).

=1

Let ¥1 denote the value of the shadow price for this constraint. Hojly related toy;?

b) What happens to the value of the shadow prices if every coefficigatmultiplied by 2 in the original problem
formulation?

c) Suppose that the first variabtg in the model is rescaled by a factor of 3. That isdgt= 3x; and replace
everywhere in the model bgk; /3). Do the shadow prices change? Would it be possiblecfdo appear in an
optimal basis, ifx; could not appear in an optimal basis of the original formulation for the problem?

d) Do the answers to parts (a), (b), and (c) change if the original problem is stated with all equality constraints:

n
Zaijj:bi i=212,...,m?
=1
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25. [Excel spreadsheet available hdtp://web.mit.edu/15.053/www/Exer3.25.xIs ] Shortly after the
beginning of the oil embargo, the Eastern District Director of the Government Office of Fuel Allocation was
concerned that he would soon have to start issuing monthly allocations specifying the amounts of heating oil that
each refinery in the district would send to each city to ensure that every city would receive its quota.

Since different refineries used a variety of alternative sources of crude oil, both foreign and domestic, the cost
of products at each refinery varied considerably. Consequently, under current government regulations, the prices
that could be charged for heating oil would vary from one refinery to another. To avoid political criticism, it was
felt that, in making allocations of supplies from the refineries to the cities, it was essential to maintain a reasonably
uniform average refinery price for each city. In fact, the Director felt that the average refinery price paid by any city
should not be more than 3% above the overall average.

Another complication had arisen in recent months, since some of the emergency allocations of supplies to certain
cities could not be delivered due to a shortage in tanker capacity. If deliveries of the allocated supplies were to be
feasible, the limited transportation facilities on some of the shipping routes would have to be recognized. Finally,
it would be most desirable to maintain distribution costs as low as possible under any allocation plan, if charges of
government inefficiency were to be avoided.

Data for a simplified version of the problem, with only three refineries and four cities, are given in Fig. E3.7.
The allocation problem can be formulated as the linear program shown in Fig. E3.8. The decision variables are
defined as follows:

A — n = Barrels of heating oil (in thousands) to be supplied from Refinery A to
City nwheren =1, 2, 3, or 4.

B — n = Barrels of heating oil (in thousands) to be supplied from Refinery B to
City nwheren =1, 2, 3, or 4.

C — n = Barrels of heating oil (in thousands) to be supplied by Refinery C to
City nwheren =1, 2, 3, or 4.

PMAX = A value higher than the average refinery price paid by any of the four
cities.

There are four types of constraints that must be satisfied:

1. Supply constraints at each refinery.

2. Quota restrictions for each city.

3. Average price restrictions which impose an upper limit to the average refinery price which will be paid by any
city.

4. Shipping capacity limits on some of the routes.

All the constraints are straightforward except possibly the average price reductions. To restrict the average refinery
price paid by City 1 to be less than the variable PMAX, the following expression is used:

(1053 (A—-1)+(9.39(B—-1) + (1243 (C —-1)

< PMAX
55 -

or
0.1915A — 1) + 0.1704B — 1) + 0.2260C — 1) — PMAX < 0.

Such arestriction is included for each city, to provide a uniform upper bound on average prices. The value of PMAX
is limited by the prescribed maximum of #D = 11.07 x 1.03 by the constraint

PMAX < 11.40.

The computer analysis of the linear programming model is given in Fig. E3.9

a) Determine the detailed allocations that might be used for December.

b) Evaluate the average refinery prices paid by each city under these allocations.

c) Determine the best way to utilize an additional tanker-truck capacity of 10,000 barrels per month.
d) Discuss the inefficiency in distribution costs resulting from the average refinery price restrictions.
e) Evaluate the applicability of the model in the context of a full allocation system.
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December December
availability Price at refinery quotas
Refinery (barrels) (8 per barrel) City (barrels)
A. Norton 95,000 10.53 1. Westville 55,000
B. Chatham 63,000 9.39 2. Bridgeton 73,000
C. Eastport 116,000 12.43 3. Brookfield 105,000
Average Refinery Price $11.07 4. -Darysl i
capacities
Shipping costs (thousands
(§ per barrel) of barrels per month)
City City
Refinery 1 2 3 -+ Refinery 1 2 3 4
A 0.10 0.16 032 0.28 A ¥ 25 ¥ %
B 020 034 030 0.12 B * 20 20 *
& 034 038 022 0.18 C 25 ® &

* No effective limit.

Figure E3.7 Data for heating oil allocation problem.

f) Discuss any general insights into the fuel allocation problem provided by this model.

The Krebs Wire Company is an intermediate processor that purchases uncoated wire in standard gauges and then
applies various coatings according to customer specification. Krebs Wire has essentially two basic products—
standard inexpensive plastic and the higher quality Teflon. The two coatings come in a variety of colors but these
are changed easily by introducing different dyes into the basic coating liquid.

The production facilities at Krebs Wire consist of two independent wire trains, referred to as the Kolbert and
Loomis trains. Both the standard plastic-coated and the quality Teflon-coated wire can be produced on either
process train; however, production of Teflon-coated wire is a slower process due to drying requirements. The
different production rates in tons per day are given below:

Process train Plastic Teflon
Kolbert 40 tons/day | 35 tons/day
Loomis 50 tons/day | 42 tons/day

It has been traditional at Krebs Wire to view production rates in terms of daily tonnage, as opposed to reels per day
or other production measures. The respective contributions in dollars per day are:

Process train Plastic Teflon
Kolbert 525 $/day | 546 $/day
Loomis 580 $/day | 590 $/day

Planning at Krebs Wire is usually done on a monthly basis. However, since most employee vacations are
scheduled over the two summer months, management feels that production planning for the two summer months
should be combined to facilitate vacation scheduling. Each month the process trains must be shut down for scheduled
maintenance, so that the total days available for production per month are as follows:
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A-1 A-2 A-3 A—-4 B—1 B—-2 B—-3 B—4 C—-1 C—-2 C-3 C—-4 PMAX | Relation | Righthand-side

REF-A 10000 1.0000 1.0000 1.0000 < 95.0000

REF-B 10000 1.0000 1.0000 1.0000 < 63.0000 } Supply
Constraints

REF-C 10000 1.0000 1.0000 1.0000 < 1160000

CIT-1 1.0000 1.0000 1.0000 = 55.0000

CIT-2 1.0000 1.0000 1.0000 = 73.0000 | Quota

CIT-3 1.0000 1.0000 1.0000 = 11050000 [ Restrictions

CIT-4 10000 1.0000 1.0000 = 38.0000

AP-CIT-1 0.1915 1.701 0.2260 —1.0000 | < 0.0000

AP-CIT-2 0.1442 0.1286 0.1703 —1.0000 | < 0.0000 | Average

AP-CIT-3 0.1003 0.0894 0.1184 ~1.0000 | < 0.0000 p Price

AP-CIT-4 02771 0.2471 03271 —10000| < 0.0000 | Restrictions

PRICELIM 10000 | < 11.4000

ROUTE-A2 1.0000 < 25.0000) o

ROUTE-B2 1.0000 < 20,0000 { PP

ROUTE-B3 1.0000 < 20.0000 If‘"““”’

ROUTE-C1 1.0000 < 25.0000 )~

Shipcost 01000 01600 03200 02800 0.2000 0.3400 03000 0.1200 03400 03800 0.2200 0.1800  0.0000 | = 2(min) Objective

Figure E3.8 Formulation of the heating-oil allocation model.

Process train July August
Kolbert 26 days | 26 days
Loomis 28 days | 27 days

The scheduling process is further complicated by the fact that, over the two summer months, the total amount of
time available for production is limited to 102 machine days due to vacation schedules.
The amounts of wire that the management feels it can sell in the coming two months are:

Product July August
Plastic 1200 tons | 1400 tons
Teflon 800 tons 900 tons

Both types of wire may be stored for future delivery. Space is available in Krebs’ own warehouse, which has a
capacity of 20 tons. The inventory and carrying costs in dollars per ton for wire produced in July and delivered in
August are:

Product Inventory and carrying cost

Plastic 1.00 $/ton
Teflon 1.20 $/ton

Due to a commitment of warehouse capacity to other products in September, it is not possible to stock any wire

in inventory at the end of August.
To help in planning production for the two summer months, Krebs Wire management has formulated and solved

a linear program (see Figs. E3.10 and E3.11) in order to determine the production schedule that will maximize
contribution from these products.

a) What does the output in Fig. E3.12 tell the production manager about the details of scheduling his machines?
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b) There is the possibility that some employees might be persuaded to take their vacations in June or September.

Should this be encouraged?
¢) The solution in Fig. E3.12 suggests that Teflon should be made only on the Loomis train in July and only on the

Kolbert train in August. Why?
d) Should Krebs Wire lease additional warehouse capacity at a costff §2ove the inventory and carrying costs?

If so, how would the optimal solution change?
e) The sales manager feels that future sales might be affected if the firm could not meet demand for plastic-coated

wire in August. What, if anything, should be done?

f) One of Krebs’ customers has requested a special run of twenty tons of corrosion-resistant wire to be delivered
at the end of August. Krebs has made this product before and found that it can be produced only on the Loomis
machine, due to technical restrictions. The Loomis machine can produce this special wire at a rate of 40 tons
per day, and the customer will pay $12 per ton. Krebs cannot start production before the 1st of August due to a
shortage of raw materials. Should the firm accept the order?

27. Consider the computer output for the Krebs Wire case in Exercise 26. What does the “100 percent rule” tell us in
each of the following situations?

TITLE: FUEL ALLOCATION
PROCEED, DISPLAY, OR REJECT? PROCEED

MAXIMIZE OR MINIMIZE? MIN

OPTIMAL SOLUTION FOUND.
SHIPCOST 61.6563

OUTPUT OPTION? USUAL
ALL ITEMS NOT LISTED IN SECTIONS 1 - 4 HAVE THE VALUE ZERO.

*1* DECISION VARIABLES

1. a-1 54.4253
2. A-2 15.6023
3. A-3 24.9724
5+ B=1 .574694
6. B-2 14.9803
7. B-3 20.0000
8. B-4 27.4459
lp. c-2 42.4174
11. C-3 60.0276
12. C-4 19.5550
13. PMAX 11.40090
*2* SLACK(+) AND SURPLUS (-) IN CONSTRAINTS
3. +REF-C 3.00000

11. +AP-CIT-4 1.16580
13. +ROUTE-A2 9.39768
14. +ROUTE-B2 5.01967
16. +ROUTE-C1 25.0000

*3* SHADOW PRICES FOR CONSTRAINTS

1. REF-A ~.232518
2. REF-B -.600000E~-01
4. CIT-1 .341718
5. CIT-2 .461679
6. CIT-3 2.39515
7. CIT-4 .180000
8. AP-CIT-1 -.480411E-g1
9. AP-CIT-2 -.479616

10. AP-CIT-3 -18.3712
12. PRICELIM -18.8988
15. ROUTE-B3 -.392764

*4* REDUCED COSTS FOR DECISION VARIABLES
4., A-4 .332518
9. C-1 .913941E-02

OUTPUT OPTION?

Figure E3.9 Solution of the allocation modelCpntinued on next page.
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*5% RANGES ON COEFFICIENTS OF OBJECTIVE SHIPCOST
VARIABLE LOWER BOUND CURRENT VALUE UPPER BOUND

1. a-1 .27482E-01 .10000 .10935
2. A-2 .15065 .16000 .23252
3. A-3 .74861E-01 .32000 .13630E+06
4, A-4 -.52518E-01 .28000 UNBOUNDED
5. B-1 UNBOUNDED .20000 27252
6. B-2 .32000 .34000 .35494
7. B-3 UNBOUNDED .30000 .69276
8. B-4 .108559 .12000 .14000
9. €-1 .33086 .34000 UNBOUNDED
19. C-2 .18615 .38000 .40000
11. C-3 -.13630E+06 .22000 .55252
12. C-4 .16000 .18000 .19441
13. PMAX UNBOUNDED .00000 18.899

*6* RANGES ON VALUES OF RIGHT-HAND-SIDE RHS
CONSTRNT LOWER BOUND CURRENT VALUE UPPER BOUND

1. REF-A 92.000 95.000 104.40
2. REF-B 60.000 63.000 73.555
3. REF-C 113.00 116.00 UNBOUNDED
4. CIT-1 46.660 55.000 58.000
5. CIT-2 70.415 73.000 74.229
6. CIT-3 193.56 105.00 106.23
7. CIT-4 27.445 38.000 41.000
8. AP-CIT-1 -.86750 .00000 14.186
9. AP-CIT-2 -.20932 .00000 .44014
19. AP-CIT-3 -.14516 .00000 .17019
11. ApP-CIT-4 -1.1658 .00000 UNBOUNDED
12. PRICELIM 11.315 11.400 11.568
13. ROUTE-AZ2 15.602 25.000 UNBOUNDED
14. ROUTE-B2 14.980 20.000 UNBOUNDED
15. ROUTE-B3 14.994 20.000 25.865
16. ROUTE-C1 -.23842E-06 25.000 UNBOUNDED

OUTPUT OPTION? NO

Figure E3.9 (Cont)

a) The objective-function coefficients changed as follows:

K-T-J from 546 to 550,

L-T-A from 590 to 600.
b) The objective-function coefficients changed as follows:

L-P-J from 580 to 585,

L-T-J from 590 to 585.
¢) The objective-function coefficients changed as follows:

L-P-J from 580 to 585,

L-T-J from 590 to 588.
d) The righthand-side values changed as follows:

L-Day-J from 28 to 25,

War-Cap from 20 to 24.
e) The righthand-side values changed as follows:

L-Day-J from 28 to 23,
P-Dem-A from 1400 to 1385.

28. [Excel spreadsheet availabletdtp://web.mit.edu/15.053/www/Exer3.28.xls ] Mr. Watson has

100 acres that can be used for growing corn or soybeans. His yield is 95 bushels per acre per year of corn of 60

bushels of soybeans. Any fraction of the 100 acres can be devoted to growing either crop. Labor requirements are

4 hours per acre per year, plus 0.70 hour per bushel of corn and 0.15 hour per bushel of soybeans. Cost of seed,
fertilizer, and so on is 24 cents per bushel of corn and 40 cents per bushel of soybeans. Corn can be sl for $1

per bushel, and soybeans for.$3 per bushel. Corn can be purchased fa083er bushel, and soybeans for8%
per bushel.
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525 580 546 590 —-1.0 —1.2 525 580 546 590
JULY AUGUST Rela- Constraint
K-P ‘ L-P ’ K-T | L-T | INV-P INV-T K-P ‘ L-P 1 K-T } L-T tion Limit name
1 0 1 0 0 0 0 0 0 0 = 26 K-Days-July
0 1 0 | 0 0 0 0 0 0 < 28 L-Days-July
40 50 0 0 —1 0 0 0 0 0 < 1200 P-Dem-July
0 0 35 42 0 -1 0 0 0 0 < 800 T-Dem-July
0 0 0 0 1 1 0 0 0 0 < 20 Warehouse
0 0 0 0 0 0 1 0 1 0 < 26 K-Days-August
0 0 0 0 0 0 0 1 0 1 = 27 L-Days-August
0 0 0 0 1 0 40 50 0 0 < 1400 P-Dem-August
0 0 0 0 0 1 0 0 35 42 = 900 T-Dem-August
| 1 1 1 0 0 1 1 1 1 < 102 Max-days-total
z (Max) Contribution
INDEX
K : Kolbert
L : Loomis
P : Plastic
T : Teflon
INV : Inventory
DEM : Demand maximum

Max-days-total :

In the past, Mr. Watson has occasionally raised pigs and calves. He sells the pigs or calves when they reach
the age of one year. A pig sells for $80 and a calf for $160. One pig requires 20 bushels of corn or 25 bushels
of soybeans, plus 25 hours of labor and 25 square feet of floor space. One calf requires 50 bushels of corn or 20
bushels of soybeans, 80 hours of labor, and 30 square feet of floor space.

Mr. Watson has 10,000 square feet of floor space. He has available per year 2000 hours of his own time and

The maximum number of days available for production due to vacation constraints.

Figure E3.10 Formulation of the Krebs Wire linear program.

another 4000 hours from his family. He can hire labor ab®3er hour. However, for each hour of hired labor,
0.15 hour of his time is required for supervision.

Mr. Watson'’s son is a graduate student in business, and he has formulated a linear program to show his father how
much land should be devoted to corn and soybeans and in addition, how many pigs and/or calves should be raised

to maximize profit.

In Fig. 3.12, Tableau 1 shows an initial simplex tableau for Watson’s farm using the definitions of variables and

constraints given below, and Tableau 2 shows the results of several iterations of the simplex algorithm.

Variables

ok wn P

Grow 1 acre of corn

Grow 1 acre of soybeans

Buy 1 bu

Buy 1 bu. of soybeans

Sell 1 bu
Sell 1 bu

Constraints

. of corn

. of corn
. of soybeans

7. Raise 1 pig on corn
8. Raise 1 pig on soybeans
9. Raise 1 calf on corn
10. Raise 1 calf on soybeans
11. Hire 1 hour of labor
12-15. Slack variables
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OPTIMAL SOLUTION FOUND.
CONTRIB 56839.0

OUTPUT OPTION? EXTENDED
ALL ITEMS NOT LISTED IN SECTIONS 1 - 4 HAVE THE VALUE ZERO

*1* DECISION VARIABLES

1. K-P-J 26.0000
2. L-P-J 3.20000
4. L-T-J 19,5238
6. INV-T 20.0000
7. K-P-A .857143
8. L-P-A 27.0000
9. K-T-A 25.1429

*2* SLACK(+) AND SURPLUS (-) IN CONSTRAINTS
2. +L-DAY-J 5.27619
8. +P-DEM-A 15.7143
16. +M-DAY-T .276191
*3* SHADOW PRICES FOR CONSTRAINTS
1. K-DAY-J 61.0000
3. P-DEM-J 11.6000
4. T-DEM-J 14.0476
5. WAR-CAP 12.2476
6. K-DAY-A 525.000
7. L-DAY-A 580.000
9. T-DEM-A .600000

*4* REDUCED COSTS FOR DECISION VARIABLES

3. K-T-J -6.66667
5. INV-P -1.64762
10. L-T-A -15.2000

*5%* RANGES ON COEFFICIENTS OF OBJECTIVE CONTRIB
VARIABLE LOWER BOUND CURRENT VALUE UPPER BOUND

1. K-P-J 518.33 525.00 UNBOUNDED
2+ L-P-J .00000 580.00 588.33
3. K-T-J UNBOUNDED 546.00 552.67
4. L-T-J 582.00 590.00 UNBOUNDED
5. INV-P UNBOUNDED -1.0000 .64762
6. INV-T -2.8476 -1.2000 UNBOUNDED
7. K-P-A 467.33 525.00 537.67
8. L-P-A 564.80 580.00 UNBOUNDED
9. K-T-A 533.33 546.00 603.67
19. L-T-A UNBOUNDED 590.00 605.20

*6* RANGES ON VALUES OF RIGHT-HAND-SIDE CONSTRAI
CONSTRNT LOWER BOUND CURRENT VALUE UPPER BOUND

1. K-DAY-J 19.405 26.000 27.381
2. L-DAY-J 22.724 28.000 UNBOUNDED
3. P-DEM-J 1040.0 1200.0 1213.8
4. T-DEM-J -20.000 800.00 811.60
5. WAR-CAP .00000 20.000 31.600
6. K-DAY-A 25.143 26.000 26.276
7. L-DAY-A .00000 27.000 27.276
8. P-DEM-A 1384.3 1400.0 UNBOUNDED
9. T-DEM-A 886.25 900.00 930.00
19. M-DAY-T 101.72 102.00 UNBOUNDED

Figure E3.11 Solution of the Krebs Wire model.
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Tableau 1
Xy X, X3 X4 Xs Xg X4 Xg Xo X10 X{1 X12 X13 X4 X;5 | Relation | RHS
1. Land | 1 1 = 100
2. Corn -95 -1 1 20 50 = 0
3. Soybeans —60 —1 1 25 20 = 0
4. Space 0.25 0.25 0.30 0.30 1 = 100
5. Labor 0.705 0.13 0.25 0.25 0.80 0.80 —0.85 1 = 60
6. Farmer 0.15 1 = 20
$ 22.8 24 300 500 —1.90 —3.50 —80 —80 —160 —160 300 e 0
Tableau 2
X{ X, X3 X4 Xs Xg X4 Xg Xg Xi0 X11 X1s X13  X14 X;s | Relation RHS
1. Land 1 —0.0105 0.0105 0.2105 0.5264 1 = 100
2. Corn —0.00756 0.00756 04638 0.3125 1378 1 —1.065 —0.1625 1.25 = 58.75
3. Soybeans —0.4803 -1 0.4803 1 3.355 18.75 4.014 21.25 6325 =250 = 4825
4. Space 0.0023 —0.0023 0.1109 0.1562 —0.1134 0.319 0.0488 —0.375 1 e 82.375
5. Labor 1 0.0105 —0.0105 —0.2105 —0.5264 = 0
6. Farmer 0.15 1 = 20
$ 0.1212 1.5 09788 5701 35.625 7394 204.38 171375 112.50 = 23887.5

Figure E3.12 Initial and final tableaus for Watson’s model.

1. Acres of land
2. Bushels of corn
3. Bushels of soybeans

4. Hundreds of sq. ft. floor space
5. Hundreds of labor hours
6. Hundreds of farmer hours

Objective

Dollars of cost to be minimized.

a) What is the optimal solution to the farmer’s problem?

b) What are the binding constraints and what are the shadow prices on these constramtsPhe initial tableau
is not quite in canonical form.]

¢) Atwhat selling price for corn does the raising of corn become attractive? At thisp$@€5, what is an optimal
basic solution?

d) Thefarmer’s city nephew wants a summer job, but because of his inexperience he requires 0.2 hours of supervision
for each hour he works. How much can the farmer pay him and break even? How many hours can the nephew
work without changing the optimal basis? What activity leaves the basis if he works more than that amount?

e) One of the farmer’s sons wants to leave for the city. How much can the old man afford to pay him to stay? Since
that is not enough, he goes, reducing the family labor pool by 2000 hours/year. What is the optimal program
now?

f) How much can the selling price of soybeans increase without changing the basis? Decrease? For both of these
basis changes, what activity leaves the basis? Are these basis changes intuitively obvious?

g) Does there exist an alternative optimal solution to the linear program? Alternative optimal shadow prices? If so,
how can they be found?

29. The initial data tableau, in canonical form, for a linear program to be minimized is given below:
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Basic Current
variables values X1 X2 X3 X4 X5 Xg X7
X5 3 1 1 1 1 1
Xs 2 3 4 1 1 1
X7 1 1 3 2 1 1
(-2 0 -4 -6 -1 -3

A standard commercial linear-programming code employingetised simplex methaslould have the following
information at its disposal: (1) the above initial data tableau; (2) the current values of the basic variables and the
row in which each is basic; and (3) the current coefficients of the initial unit columns. Items (2) and (3) are given

below:
Basic Current
variables values X5 Xs X7
12 2 1
Xs 5 1 —5 5
2 3 4
X1 5 5 ~5
1 1 3
X2 5 B 5
14 6 2
(-2 5 5 5

a) What is the current basic feasible solution?

b) We can definsimplex multiplierso be the shadow prices associated with the current basic solution even if the
solution is not optimal. What are the values of the simplex multipliers associated with the current solution?

¢) The current solution is optimal if the reduced costs of the nonbasic variables are nonnegative. Which variables
are nonbasic? Determine the reduced cost of the nonbasic variables and show that the current spbition is
optimal.

d) Suppose that variabbe; should now be introduced into the basis. To determine the variable to drop from the
basis, we use the minimum-ratio rule, which requires that we know not only the current righthand-side values
but also the coefficients of; in the current tableau. These coefficientxgheed to be computed.

In performing the simplex method, multiples of the initial tableau have been added to and subtracted from one
another to produce the final tableau. The coefficients in the current tableau of the initial unit columns summarize
these operations.

i) What multiple of rows 1, 2, and 3, when added togethaustproduce the current row 1 (even though we do
not know all the current coefficients in row 1)? The current row 2? The current row 3?
i) Using the rationale of (i) determine the coefficients«afin the current tableau. Note that it is unnecessary to
determine any of the other unknown columns.
iii) How should the pivot operation be performed to update the tableau consisting ofsymy; andx7?

You have now completed an iteration of the simplex algorithm usimg (1) the initial data, (2) the current
values of the basic variables and the row in which each is basic, and (3) the current coefficients of the initial unit
columns. This is the essence of the revised simplex method. (See Appendix B for further details.)
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Exercises 13 and 28 are variations of problems used by C. Roger Glassey of the University of California,
Berkeley, and Exercise 28 is in turn based on a formulation exercisefirear Programmingby G. Hadley,
Addison-Wesley Pyblishing Company, Inc., 1963.

Exercise 17 is inspired by the French Electric Power Industry case written by John E. Bishop, based on
“Application of Linear Programming to Investments in the Electric Power Industry,” by P. Masd R.

Gibrat, which appeared iMlanagement Sciencg957.

Exercise 25 is based on the Holden Consulting Company case written by Basil A. Kalyman.

Exercise 26 is based on the Krebs Wire Company case written by Ronald S. Frank, based on a case of one of
the authors.



Duality in Linear Programming

A

In the preceding chapter on sensitivity analysis, we saw that the shadow-price interpretation of the optimal
simplex multipliers is a very useful concept. First, these shadow prices give us directly the marginal worth
of an additional unit of any of the resources. Second, when an activity is “priced out” using these shadow
prices, the opportunity cost of allocating resources to that activity relative to other activities is determined.
Duality in linear programming is essentially a unifying theory that develops the relationships between a
given linear program and another related linear program stated in terms of variables with this shadow-price
interpretation. The importance of duality is twofold. First, fully understanding the shadow-price interpretation
of the optimal simplex multipliers can prove very useful in understanding the implications of a particular
linear-programming model. Second, it is often possible to solve the related linear program with the shadow
prices as the variables in place of, or in conjunction with, the original linear program, thereby taking advantage
of some computational efficiencies. The importance of duality for computational procedures will become
more apparent in later chapters on network-flow problems and large-scale systems.

4.1 A PREVIEW OF DUALITY

We can motivate our discussion of duality in linear programming by considering again the simple example
given in Chapter 2 involving the firm producing three types of automobile trailers. Recall that the decision
variables are:

X1 = humber of flat-bed trailers produced per month,
X2 = humber of economy trailers produced per month,
x3 = number of luxury trailers produced per month.

The constraining resources of the production operation are the metalworking and woodworking capacities
measured in days per month. The linear program to maximize contribution to the firm’s overhead (in hundreds
of dollars) is:

Maximizez = 6x; + 14xy + 13xs,

subject to:

%Xl + 2%+ X3 <24
X1+ 2x2+ 4x3 < 60, 1)
X1 > 0, X2 > 0, X3 > 0.
After adding slack variables, the initial tableau is stated in canonical form in Tableau 1.

In Chapter 2, the example was solved in detail by the simplex method, resulting in the final tableau,
repeated here as Tableau 2.

130
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Tableau 1
Basic Current
variables values X1 X2 X3 X4 | Xsg
X4 24 3 2| 1|1
X5 60 1 2 4 1
(-2 0 6 14 | 13
Tableau 2
Basic Current
variables | values X1 X2 X3 X4 X5
X1 36 1 6 4 -1
X3 6 -1 | 1 -1 3
(-2) —294 -9 -1 | -3

As we saw in Chapter 3, the shadow pricgs,for metalworking capacity ang for woodworking
capacity, can be determined from the final tableau as the negative of the reduced costs associated with the
slack variables4 andxs. Thus these shadow prices are= 11 andy, = % respectively.

We can interpret the shadow prices in the usual way. One additional day of metalworking capacity is worth
$1100, while one additional day of woodworking capacity is worth only $50. These values can be viewed as
the breakeven rents that the firm could pay per day for additional capacity of each type. If additional capacity
could be rented folessthan its corresponding shadow price, it would be profitable to expand capacity in
this way. Hence, in allocating the scarce resources to the production activities, we have determined shadow
prices for the resources, which are the values imputed to these resources at the margin.

Let us examine some of the economic properties of the shadow prices associated with the resources.
Recall, from Chapter 3, Eqg. (11), that the reduced costs are given in terms of the shadow prices as follows:

m
G=ci-Yay (=12...n.
i=1

Sinced;j is the amount of resourgeused per unit of activity, andy; is the imputed value of that resource,
the term

m
D iy
i=1

is the total value of the resources used per unit of actiyityt is thus the marginal resource cost for using
that activity. If we think of the objective coefficients as being marginal revenues, the reduced astse
simply net marginal revenues (i.e., marginal revenue minus marginal cost).

For the basic variables, andxz, the reduced costs are zero,

& =6-113) - 31 =0,
C3 = 13— 11(1) — 3(4) =0.
The values imputed to the resources are such that the net marginal revenue is zero on those activities operated

at a positive level. Thatis, for any production activity at positive lewelrginal revenue must equal marginal
cost
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The situation is much the same for the nonbasic variakieg,, andxs, with corresponding reduced
costs:

T = 14— 11(2) — 3(2) = -9,
Cs = 0—11(1) — 3(0) = —11,
Cs = 0—11(0) — 3(1) = —3.

The reduced costs for all nonbasic variables are negative. The interpretation is that, for the values imputed
to the scarce resourcasarginal revenue is less than marginal céstthese activities, so they should not be
pursued. In the case &}, this simply means that we should not prodacg economy trailers. The cases of

X4 andxs are somewhat different, since slack variables represent unused capacity. Since the marginal revenue
of a slack activity is zero, its reduced cost equalaus its marginal costwhich is just the shadow price of

the corresponding capacity constraint, as we have seen before.

The above conditions interpreted for the reduced costs of the decision variables are the familiar optimality
conditions of the simplex method. Economically we can see why they must hold. If marginal revenue exceeds
marginal cost for any activity, then the firm would improve its contribution to overhedddrgasingthat
activity. If, however, marginal cost exceeds marginal revenue for an activity operated at a positive level, then
the firm would increase its contribution ldyecreasinghat activity. In either case, a new solution could be
found that is an improvement on the current solution. Finally, as we have seen in Chapter 3, those nonbasic
variables with zero reduced costs represent possible alternative optimal solutions.

Until now we have used the shadow prices mainly to impute the marginal resource cost associated with
each activity. We then selected the best activities for the firm to pursue by comparing the marginal revenue of
an activity with its marginal resource cost. In this case, the shadow prices are interpreted as the opportunity
costs associated with consuming the firm’s resources. If we now value the firm’s total resources at these
prices, we find their value,

v =11(24) + 3(60) = 294

is exactly equal to the optimal value of the objective function of the firm’s decision problem. The implication
of this valuation scheme is that the firm’s metalworking and woodworking capacities have an imputed worth
of $264 and $30, respectively. Essentially then, the shadow prices constitintersal pricing system for

the firm’s resources that:

1. permits the firm to select which activity to pursue by considering only the marginal profitability of its
activities; and
2. allocates the contribution of the firm to its resources at the margin.

Suppose that we consider trying to determine directly the shadow prices that satisfy these conditions,
without solving the firm’s production-decision problem. The shadow prices must satisfy the requirement
that marginal revenue be less than or equal to marginal cost for all activities. Further, they must be non-
negative since they are associated with less-than-or-equal-to constraints in a maximization decision problem.
Therefore, the unknown shadow pricgson metalworking capacity angb on woodworking capacity must
satisfy:

i+ Y2= 6
2y1 + 2y, > 14,
y1+4y, > 13,

y1 >0, y2 > 0.

These constraints require that the shadow prices be chosen so that the net marginal revenue for each activity
is nonpositive. If this were not the case, an improvement in the firm'’s total contribution could be made by
changing the choice of production activities.
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Recall that the shadow prices were interpreted as breakeven rents for capacity at the margin. Imagine for
the moment that the firm does not own its productive capacity but has to rent it. Now consider any values for
the shadow prices, or rental rates, that satisfy the above constraintg, sa§ andy, = 4. The total worth
of the rented capacities evaluated at these shadow prices i84(4) + 60(4) = 336, which is greater than
the maximum contribution of the firm. Since the imputed value of the firm’s resources is derived solely from
allocating the firm’s contribution to its resources= 336 is too high a total worth to impute to the firm’s
resources. The firm clearly could not break even if it had to rent its production capacity at such rates.

If we think of the firm as renting all of its resources, then surely it should try to rent them at least cost.
This suggests that we might determine the appropriate values of the shadow prices by minimizing the total
rental cost of the resources, subject to the above constraints. That is, solve the following linear program:

Minimize v = 24y, + 60y»,

subject to:
i+ y2> 6
2y1 + 2y2 > 14,
Y1+ 4y2 > 13, 2

y1 >0, y2 > 0.

If we solve this linear program by the simplex method, the resulting optimal solutigrssll,y> = %
andv = 294. These are exactly the desired values of the shadow prices, and the valvefletts that
the firm’s contribution is fully allocated to its resources. Essentially, the linear program (2), in terms of the
shadow prices, determines rents for the resources that would allow the firm to break even, in the sense that its
total contribution would exactly equal the total rental value of its resources. However, the firm in fact owns
its resources, and so the shadow prices are interpreted as the breakeven rates fadditiimgl capacity.

Thus, we have observed that, by solving (2), we can determine the shadow prices of (1) directly. Problem
(2) is called thedual of Problem (1). Since Problem (2) has a name, it is helpful to have a generic name for
the original linear program. Problem (1) has come to be callegtingal.

In solving any linear program by the simplex method, we also determine the shadow prices associated
with the constraints. In solving (2), the shadow prices associated with its constraints-ard6, u, = 0,
anduz = 6. However, these shadow prices for the constraints of (2) are exactly the optimal values of the
decision variables of the firm’s allocation problem. Hence, in solving the dual (2) by the simplex method,
we apparently have solved the primal (1) as well. As we will see later, this will always be the case since “the
dual of the dual is the primal.” This is an important result since it implies that the dual may be solved instead
of the primal whenever there are computational advantages.

Let us further emphasize the implications of solving these problems by the simplex method. The opti-
mality conditions of the simplex method require that the reduced costs of basic variables be zero. Hence,

if % >0, thenCi= 6—391— ¥»=0;
if X3 > 0, thentc3=13—- ¥y1 —4y, =0.
These equations state that, if a decision variable of the primal is positive, then the corresponding constraint

in the dual must hold with equality. Further, the optimality conditions require that the nonbasic variables be
zero (at least for those variables with negative reduced costs); that is,

if Co=14—291 — 29> < 0, thenxy,=0.

These observations are often referred to@aplementary slacknessnditions since, if a variable is positive,
its corresponding (complementary) dual constraint holds with equality while, if a dual constraint holds with
strict inequality, then the corresponding (complementary) primal variable must be zero.
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These results are analogous to what we have seen in Chapter 3. If some shadow price is positive, then
the corresponding constraint must hold with equality; that is,

if y1 > 0, then%f(l + 2% + X3 = 24;
if o> 0, then X1+ 2% + 4%3 = 60.

Further, if a constraint of the primal is not binding, then its corresponding shadow price must be zero. In
our simple example there do not happen to be any nonbinding constraints, other than the implicit nonnega-
tivity constraints. However, the reduced costs have the interpretation of shadow prices on the nonnegativity
constraints, and we see that the reduced costs ahdxs are appropriately zero.

In this chapter we develop these ideas further by presenting the general theory of duality in linear
programming.

4.2 DEFINITION OF THE DUAL PROBLEM

The duality principles we have illustrated in the previous sections can be stated formally in general terms.
Let the primal problem be:

Primal
n

Maximizez = ) " c¢jx;,
=1
subject to:

n
Zainj < by i=212,...,m), 3)
=1

Xj >0 (j=1,2,...,n).

Associated with this primal problem there is a corresponding dual problem given by:
Dual

m
Minimize v = Z biyi,
i=1
subject to:

m
Yajyizc  (j=12....m, @)
i=1

Yi >0 i=12...,m.

These primal and dual relationships can be conveniently summarized as in Fig. 4.1.

Without the variablegs, yo, ..., Ym, this tableau is essentially the tableau form utilized in Chapters 2
and 3 for a linear program. The firstrows of the tableau correspond to the constraints of the primal problem,
while the last row corresponds to the objective function of the primal problem. If the varbabbes . .. xn,
are ignored, the columns of the tableau have a similar interpretation for the dual problem. Thedioshns
of the tableau correspond to the constraints of the dual problem, while the last column corresponds to the
objective function of the dual problem. Note that there is one dual variable for each explicit constraint in the
primal, and one primal variable for each explicit constraint in the dual. Moreover, the dual constraints are the
familiar optimality condition of “pricing out” a column. They state that, at optimality, no activity should
appear to be profitable from the standpoint of its reduced cost; that is,

m
Cj = Cj —Za”yi < 0.
i=1
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Figure 4.1 Primal and dual relationships.

Primal Primal
. rima .

Dual variables e Min v

; relatio
variables 20 x,20 x3=20 -+ x,20 relation
»1z0 Aayy aiz ais Ayp = b,
y220 dzy dz2 azs T U2n = b,
Vm g 0 A1 A2 A3 oy g hm
Dual Relation Y2 v % 1\%
Max z ¢y Cy C3 ? ot Cp

To illustrate some of these relationships, let us consider an example formulated in Chapter 1. Recall the
portfolio-selection problem, where the decision variables are the amounts to invest in each security type:

Maximizez = 0.043xa + 0.027xg + 0.025xc + 0.022xp + 0.045xg,

subject to:
Cash XA+ X+ Xc+ xp+ xg <10,
Governments X+ Xc+ Xp > 4,
Quality 0.6xp + 0.6xg— 0.4Xc— 0.4xp + 3.6xg < O,
Maturity Axp + 10xg — Xc— 2Xp — 3Xxg < 0,
Xa > 0, Xg > 0, Xc >0, Xp > 0,

Xg > 0.

The dual of this problem can be found easily by converting it to the standard primal formulation given in (3).
This is accomplished by multiplying the second constraintly thus changing the “greater than or equal
to” constraint to a “less than or equal to” constraint. The resulting primal problem becomes:

Maximizez = 0.043xa + 0.027xg + 0.025x¢c + 0.022¢p + 0.045%g,

subject to:
J XA+ X+ Xc+ Xp+ xg < 10,
— X8— Xc— XD < -4
0.6xp + 0.6xg — 0.4xc — 04xp + 3.6xg < O,
4xp + 10xg — Xc — 2Xp — 3Xe < O,
Xa > 0, xg > 0, Xc > 0, Xp > 0,

According to expression (4), the corresponding dual problem is:
Minimize v = 10y1 — 4yo,
subject to:
Y1 +0.6ys + 4ys > 0.043
y1— Y2+ 0.6y3 + 10ys > 0.027,
yi— Y2 —04y;— y4 > 0.025

y1— Y2 —0.4y3 — 2ys > 0.022
Y1 + 3.6y3 — 3y > 0.045
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y1 >0, y2 > 0, y3 > 0, ya > 0.
By applying the simplex method, the optimal solution to both primal and dual problems can be fourid to be:

Primal: xo =336, xg=0, Xc=0, Xxp=6.48,
Xe = 0.16, andz = 0.294;

Dual: y;=0.0294 1y, =0, y3=0.00636,
ya = 0.00244  andv = 0.294.

As we have seen before, the optimal values of the objective functions of the primal and dual solutions
are equal. Furthermore, an optimal dual variable is nonzero only if its associated constraint in the primal is
binding. This should be intuitively clear, since the optimal dual variables are the shadow prices associated with
the constraints. These shadow prices can be interpreted as values imputed to the scarce resources (binding
constraints), so that the value of these resources equals the value of the primal objective function.

To further develop that the optimal dual variables are the shadow prices discussed in Chapter 3, we note
that they satisfy the optimality conditions of the simplex method. In the final tableau of the simplex method,
the reduced costs of the basic variables must be zero. As an example, consider basioyariBidereduced
cost ofxa in the final tableau can be determined as follows:

5
CA =Ca— Z AYi
i=1
= 0.043— 1(0.0294 — 0(0) — 0.6(0.00636 — 4(0.00244 = O.

For nonbasic variables, the reduced cost in the final tableau must be nonpositive in order to ensure that no
improvements can be made. Consider nonbasic varahehose reduced cost is determined as follows:

5
Cs =C — Z aiBYi
i=1
— 0.027— 1(0.0294 — 1(0) — 0.6(0.00636 — 10(0.00244 = —0.0306

The remaining basic and nonbasic variables also satisfy these optimality conditions for the simplex method.
Therefore, the optimal dual variables must be the shadow prices associated with an optimal solution.

Since any linear program can be put in the form of (3) by making simple transformations similar to those
used in this example, then any linear program must have a dual linear program. In fact, since the dual problem
(4) is a linear program, it must also have a dual. For completeness, one would hope that the dual of the dual
is the primal (3), which is indeed the case. To show this we need only change the dual (4) into the form of
(3) and apply the definition of the dual problem. The dual may be reformulated as a maximization problem
with less-than-or-equal-to constraints, as follows:

m
Maximizev’ = Z —biyi,
i1
subject to:

m
Yo —ajyi<—¢  (=12...n, (5)
i=1

>0 (i=12...m).

* Excel spreadsheet availablehdtp://web.mit.edu/15.053/www/Sect4.2_Primal_Dual.xls
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Applying the definition of the dual problem and letting the dual variables;b¢ =1, 2, ..., n, we have

n
L .
Minimize z = E —CjXj,
j=1
subject to:

n
Z—aijsz—bi (i=212...,m), (6)
j=1

Xj =0 (j=212,...,n),

which, by multiplying the constraints by minus one and converting the objective function to maximization,
is clearly equivalent to the primal problem. Thus, th&l of the dual is the primal

4.3 FINDING THE DUAL IN GENERAL

Very often linear programs are encountered in equality form with nonnegative variables. For example, the
canonical form, which is used for computing a solution by the simplex method, is in equality form. It is of
interest, then, to find the dual of the equality form:
n
Maximizez = ) " ¢;jx;.
j=1
subject to: n
dajxg=b (i=12...m), 7)
j=1

Xj >0 (j=1,2,...,n).

A problem in equality form can be transformed into inequality form by replacing each equation by two
inequalities. Formulation (7) can be rewritten as
n
Maximizez = ) " c;x;.
j=1
subject to:

n
Z gjjXj < by
=1

n
Y —aijx < b
j=1

Xj >0 (j=2L12,...,n).

The dual of the equality form can then be found by applying the definition of the dual to this problem. Letting
yandy~ (i = 1,2,...,m) be the dual variables associated with the firsand secondan constraints,
respectively, from expression (4), we find the dual to be:

m m
Minimize v = Z byt + Z —biy,
i=1 i=1
subject to:

m m
DAy + ) —ajy ¢ ((=12...,n),
i=1 i=1
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yr>0, y" >0 (i=12..,m).

Collecting terms, we have:

m
Minimize v = Y~ bi(yt — y).
i=1
subject to:
m
DAt -y =c ((=12....n),
i=1

yi+20, y_ >0 i=12...,m).

Lettingy; = yiJr — Yy, and noting thay; is unrestricted in sign, gives us the dual of the equality form (7):

m
Minimize v = Z biyi,
i=1

subject to:

m
doajyizc  (j=12....n), ®)
i=1

yi unrestricted (i =1,2,...,m).

Note that the dual variables associated with equality constraints are unrestricted.

There are anumber of relationships between primal and dual, depending upon whether the primal problem
is a maximization or a minimization problem and upon the types of constraints and restrictions on the variables.
To illustrate some of these relationships, let us consider a general maximization problem as follows:

n
Maximizez = ) " c;jx;.
i=1

subject to:
n
Zainj < by i=12....,m),
=1
n
Za;,-xj > by i=m+1m+2....,m", (9)
=1

n
Za”xj:bi i=m'+1,m'+2,...,m),
=

Xj >0 (j=1,2,...,n).
We can change the general primal problem to equality form by adding the appropriate slack and surplus

variables, as follows:
n

Maximizez = ) " c¢;jx;.
i=1
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subject to:
n
> aijXj + Xnyi = b
j=1
n
> aijx —Xnti =Dy
j=1

n
PBEIES = b
=1

Xj >0

(i=12..
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G=m+1m+2....m",

i=m"+1m"+2 ....,m),

Ln4+m’).

Letting yi, y/, andy,” be dual variables associated respectively with the three sets of equations, the dual of

(9) is then
m m’
Minimizev =) "biyi + > by +
i=1 i=m'+1
subject to:

m/
D v+
i=1

Yi

i=m'+1

-¥

m”’ m
Yo oapy+ Y ay =

i=m’+1

m
> by,

i=m’+1

(10)

\%
L

[V 1V
o o

wherey/” is unrestricted in sign and the last inequality could be writer: 0. Thus, if the primal problem
is a maximization problem, the dual variables associated with the less-than-or-equal-to constraints are non-
negative, the dual variables associated with the greater-than-or-equal-to constraints are nonpositive, and the
dual variables associated with the equality constraints are unrestricted in sign.

These conventions reflect the interpretation of the dual variables as shadow prices of the primal problem.
A less-than-or-equal-to constraint, normally representing a scarce resource, has a positive shadow price,
since the expansion of that resource generates additional profits. On the other hand, a greater-than-or-
equal-to constraint usually represents an external requirement (e.g., demand for a given commaodity). If that
requirement increases, the problem becomes more constrained; this produces a decrease in the objective
function and thus the corresponding constraint has a negative shadow price. Finally, changes in the righthand
side of an equality constraint might produce either negative or positive changes in the value of the objective
function. This explains the unrestricted nature of the corresponding dual variable.

Let us now investigate the duality relationships when the primal problem is cashimization rather

than maximization form:

n
Minimize z = " ¢;X;.
=1



140 Duality in Linear Programming 4.4

subject to:

n

Zainjfbi (i=212..,m),

=1

n

Za,-x,- > by i=m+1m+2...m), (11)
j=1

n
Zaijxj:bi i=m'+1,m'+2,...,m),
=1

xi=0 (j=12...,n).

Since the dual of the dualis the primal, we know that the dual of a minimization problem will be a maximization
problem. The dual of (11) can be found by performing transformations similar to those conducted previously.
The resulting dual of (11) is the following maximization problem:

/

m m’ m
Maximize v = Y biyi+ Y by + Y by
i=1 i=m'+1 i=m’+1
subject to:
m m”’ m
Yoaiyi+ Y @+ Y, ajy =g (12)
i=1 i=m'+1 i=m’+1

yi <0 i=12....,m),
y >0 G=m+1m+2....m.

Observe that now the sign of the dual variables associated with the inequality constraints has changed,
as might be expected from the shadow-price interpretation. In a cost-minimization problem, increasing the
available resources will tend to decrease the total cost, since the constraint has been relaxed. As a result, the
dual variable associated with a less-than-or-equal-to constraint in a minimization problem is nonpositive. On
the other hand, increasing requirements could only generate a cost increase. Thus, a greater-than-or-equal-to
constraint in a minimization problem has an associated nonnegative dual variable.

The primal and dual problems that we have just developed illustrate one further duality correspondence.

If (12) is considered as the primal problem and (11) as its dual, then unrestricted variables in the primal are
associated with equality constraints in the dual.

We now can summarize the general duality relationships. Basically we note that equality constraints in the
primal correspond to unrestricted variables in the dual, while inequality constraints in the primal correspond
to restricted variables in the dual, where the sign of the restriction in the dual depends upon the combination of
objective-function type and constraint relation in the primal. These various correspondences are summarized
in Table 4.1. The table is based on the assumption that the primal is a maximization problem. Since the dual
of the dual is the primal, we can interchange the words primal and dual in Table 4.1 and the correspondences
will still hold.

4.4 THE FUNDAMENTAL DUALITY PROPERTIES

In the previous sections of this chapter we have illustrated many duality properties for linear programming. In
this section we formalize some of the assertions we have already made. The reader not interested in the theory
should skip over this section entirely, or merely read the statements of the properties and ignore the proofs.
We consider the primal problem in inequality form so that the primal and dual problems are symmetric. Thus,
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Table 4.1
Primal (Maximize) Dual (Minimize)
ith constraint< ith variable> 0
ith constraint> ith variable< 0
ith constraint= i th variable unrestricted
jth variable> 0 jth constraint>
jth variable< 0 jth constraint<
jth variable unrestricted jth constraint=

any statement that is made about the primal problem immediately has an analog for the dual problem, and
conversely. For convenience, we restate the primal and dual problems.

Primal
n
Maximizez = ) " ¢jx;.
j=1
subject to:
n
Zaijxj < by (i=12....,m), (13)
j=1
Xj >0 (j=2L12,...,n).
Dual
m
Minimize v = Z bi Vi,
i=1
subject to:

m
Yajyizc  (j=Ll2...n), (14)
i=1

yi >0 i=212,...,m.

The first property is referred to as “weak duality” and provides a bound on the optimal value of the
objective function of either the primal or the dual. Simply stated, the value of the objective function for any
feasible solution to the primal maximization problem is bounded from above by the value of the objective
function for any feasible solution to its dual. Similarly, the value of the objective function for its dual is
bounded from below by the value of the objective function of the primal. Pictorially, we might represent the
situation as follows:

Dual :
feasibl v decreasing

PrimalJ I . .
zincreasing

feasibl

The sequence of properties to be developed will lead us to the “strong duality" property, which states
that the optimal values of the primal and dual problems are in fact equal. Further, in developing this result,
we show how the solution of one of these problems is readily available from the solution of the other.
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Weak Duality Property. If Xj, ] = 1,2,...,n, is a feasible solution to the primal problem and
Vi, i =1,2,...,m, is afeasible solution to the dual problem, then

n m
ZCJ'YJ' < Zbiyi.
=1 i—1

The weak duality property follows immediately from the respective feasibility of the two solutions. Primal
feasibility implies:

n
Zaijijgbi i=12....,m and X;>0 (j=1,2,...,n),
j=1

while dual feasibility implies
m
Zaijyizcj (j=12,...,n) and y;>0 (i =12....,m).
i=1

Hence, multiplying theth primal constraint byy; and adding yields:
m n m
YD aiXy <) by,
i=1j=1 i=1
while multiplying the jth dual constraint bX; and adding yields:
n m n
DY aivixj = ) ciXj.
j=1i=1 j=1

Since the lefthand sides of these two inequalities are equal, together they imply the desired result that

n m
ZCJ'YJ' < Zbiyi.
=1 i—1

There are a number of direct consequences of the weak duality property. If we have feasible solutions
to the primal and dual problems such that their respective objective functions are equal, then these solutions
are optimal to their respective problems. This result follows immediately from the weak duality property,
since a dual feasible solution is an upper bound on the optimal primal solution and this bound is attained
by the given feasible primal solution. The argument for the dual problem is analogous. Hence, we have an
optimality property of dual linear programs.

Optimality Property. If Xj, j = 1,2,...,n, is a feasible solution to the primal problem afdi =
1, 2, ..., m,is afeasible solution to the dual problem, and, further,
n m
D ociRi =) by,
j=1 i=1
thenXj, j = 1,2,...,n, is an optimal solution to the primal problem agidi = 1,2,..., m, is an

optimal solution to the dual problem.

Furthermore, if one problem has an unbounded solution, then the dual of that problem is infeasible. This
must be true for the primal since any feasible solution to the dual would provide an upper bound on the primal
objective function by the weak duality theorem; this contradicts the fact that the primal problem is unbounded.
Again, the argument for the dual problem is analogous. Hence, we have an unboundedness property of dual
linear programs.
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Unboundedness Property. If the primal (dual) problem has an unbounded solution, then the dual (pri-
mal) problem is infeasible.

We are now in a position to give the main result of this section, the “strong duality” property. The
importance of this property is that it indicates that we may in fact solve the dual problem in place of or
in conjunction with the primal problem. The proof of this result depends merely on observing that the
shadow prices determined by solving the primal problem by the simplex method give a dual feasible solution,
satisfying the optimality property given above.

Strong Duality Property. If the primal (dual) problem has a finite optimal solution, then so does the
dual (primal) problem, and these two values are equal. Thatisy where

n m
Q:Machjxj, ﬁ:Mianiyi,
j=1 i=1
subject to: subject to:

n m
Y aijx < b, > aijyi > ¢,
j=1 i=1

Xj > 0; yi > 0.

Let us see how to establish this property. We can convert the primal problem to the equivalent equality

form by adding slack variables as follows:
n

Maximizez = ) " ¢jx;.
j=1
subject to:

n
Zaijxj+xn+i=bi i=212...,m),
i=1

Xj >0 (j=212,...,n+m).

Suppose that we have applied the simplex method to the linear prograimgnegt 1, 2, .. ., n,istheresulting

optimal solution. Let, i =1, 2,..., m, be the shadow prices associated with the optimal solution. Recall
that the shadow prices associated with the original constraints are the multiples of those constraints which,
when subtracted from the original form of the objective function, yield the form of the objective function in
the final tableau [Section 3.2, expression (11)]. Thus the following condition holds:

n m
—Z+Zﬁij =—Zbi)7i, (15)
j=1 i=1
where, due to the optimality criterion of the simplex method, the reduced costs satisfy:
Ci=ci—Y aj%i <0 (j=12...n, (16)

and
tj=0-y <0 (j=n+1n+2,...,n+m). a7
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Conditions (16) and (17) imply that, fori = 1, 2, ..., m, constitutes a feasible solution to the dual problem.
Whenx; is replaced by the optimal valugin expression (15), the term

n
D TR
j=1

is equal to zero, sincej = 0 whenX;j is basic, an&kj = 0 whenX; is nonbasic. Therefore, the maximum
value ofz, sayz, is given by:
m
—2=- "bij.
i=1

Moreover, sincej, for j = 1,2, ..., n, is an optimal solution to the primal problem,
n m
D% =2=> by
This is theoptimality propertyfor the primal feasible solutio®j, j = 1,2,...,n, and the dual feasible
solutiony;, i = 1,2,...,m, so they are optimal for their respective problems. (The argument in terms of

the dual problem is analogous.)

It should be pointed out that it isot true that if the primal problem is infeasible, then the dual problem
is unbounded. In this case the dual problem may be either unbounded or infeasible. All four combinations
of feasibility and infeasibility for primal and dual problems may take place. An example of each is indicated
in Table 4.2.

In example (2) of Table 4.2 it should be clear tlxatmay be increased indefinitely without violating
feasibility while at the same time making the objective function arbitrarily large. The constraints of the dual
problem for this example are clearly infeasible siyger y» > 2 andy; + y» < —1 cannot simultaneously
hold. A similar observation is made for example (3), except that the primal problem is now infeasible while
the dual variabley; may be increased indefinitely. In example (4), the fact that neither primal nor dual
problem is feasible can be checked easily by multiplying the first constraint of each by minus one.

4.5 COMPLEMENTARY SLACKNESS

We have remarked that the duality theory developed in the previous section is a unifying theory relating the
optimal solution of a linear program to the optimal solution of the dual linear program, which involves the
shadow prices of the primal as decision variables. In this section we make this relationship more precise by
defining the concept of complementary slackness relating the two problems.

Complementary Slackness Propertylf, in an optimal solution of a linear program, the value of the dual
variable (shadow price) associated with a constraint is nonzero, then that constraint must be satisfied with
equality. Further, if a constraint is satisfied with strict inequality, then its corresponding dual variable
must be zero.

For the primal linear program posed as a maximization problem with less-than-or-equal-to constraints,
this means: .
) if % >0, then) ajXj =bi;
j=1
n
i) if ) &%) <bi, theny; =0.
j=1



Table 4.2

Complementary Slackness

1 Primal feasible

Maximizez = 2xq + X2,

Dual feasible

Minimize v = 4y; + 2y»,

subject to: subject to:
X1+ X2 <4, yi+ Y2 =2,
X1 — X2 <2, y1— Y2>1,
X1 >0, x2>0. y1 >0, y2 > 0.
2 Primal feasible and unbounded Dual infeasible

Maximizez = 2Xq + X,

Minimize v = 4y + 2y»,

subject to: subject to:
X] — X2 < 4, yi+ Y2 =2,
X1 — X2 <2, -y1— Y2>1
X1 >0, x2>0. y1 >0, y2 > 0.
3 Primal infeasible Dual feasible and unbounded

Maximizez = 2xXq + X,

Minimize v = —4y; + 2y,

subject to: subject to:
—X1 — X2 < —4, Y1+ Y2=2,
X1 + X2 <2, -yi+ y2>1
X1 >0, x>0 y1 >0, y2 > 0.
4 Primal infeasible Dual infeasible

Maximizez = 2x1 + Xo,

Minimize v = —4y; + 2y»,
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subject to: subject to:
—X1 + X2 < —4, -1+ Y2>2,
X1 — X2 <2, yi— y2=1,
X1 >0, Xp>0. y1>0, y2 > 0.

We can show that the complementary-slackness conditions follow directly from the strong duality property
just presented. Recall that, in demonstrating the weak duality property, we used the fact that:

n

n m m
doci% <Y D ai%yi <y by (18)
j=1 i=1 i=1

=1
foranyXj, j =1,2,...,n,andy;, i =1,2,..., m, feasible to the primal and dual problems, respectively.

Now, since these solutions are not only feasible but optimal to these problems, equality must hold throughout.
Hence, considering the righthand relationship in (18), we have:

which implies:
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Since the dual variable are nonnegative and their coefficients
n
D &% —b
j=1
are nonpositive by primal feasibility, this condition can hold only if each of its terms is equal to zero; that is,
n
Zaij)A(j—bi yi =0 i=12,...,m.
j=1

These latter conditions are clearly equivalent to (i) and (ii) above.
For the dual linear program posed as a minimization problem with greater-than-or-equal-to constraints,
the complementary-slackness conditions are the following:

m
i) if %j >0, then) ajy =g,
i=1
m
iv) if Y aj%i >cj, thenkj =0.
i=1
These conditions also follow directly from the strong duality property by an argument similar to that given
above. By considering the lefthand relationship in (18), we can easily show that

m
|:Zaini—Cj:|Xj=0 (j=212,...,n),
i=1

which is equivalent to (iii) and (iv).

The complementary-slackness conditions of the primal problem have a fundamental economic interpre-
tation. If the shadow price of thigh resource (constraint) is strictly positive in the optimal solufjps- O,
then we should require that all of this resource be consumed by the optimal program; that is,

n
Z ajjXj = by.
j=1
If, on the other hand, thigh resource is not fully used; that is,
n
> &R < b,
j=1

then its shadow price should be zefp~= 0.
The complementary-slackness conditions of the dual problem are merely the optimality conditions for
the simplex method, where the reduced @ysissociated with any variable must be nonpositive and is given

by .
Tj =¢j _Za”yi <0 (j=12,...,n).
i=1

If Xj > 0, thenk; must be a basic variable and its reduced cost is defined to be zero. Thus,

m
ci=) ajb.
i—1
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If, on the other hand,
m
cj— Y aj% <O,
i=1

thenX; must be nonbasic and set equal to zero in the optimal solwjos; 0.

We have shown that the strong duality property implies that the complementary-slackness conditions
must hold for both the primal and dual problems. The converse of this also is true. If the complementary-
slackness conditions hold for both problems, then the strong duality property holds. To see fhisjlet
1,2,....,nandy;, i =1,2,..., m, befeasible solutions to the primal and dual problems, respectively. The
complementary-slackness conditions (i) and (ii) for the primal problem imply:

m n

S ajxj—bi | % =0,

i=1| j=1

while the complementary-slackness conditions (iii) and (iv) for the dual problem imply:

n m
Z [Za,-jyi —ij|)A(j =0.

j=1Li=1

These two equations together imply:

and hence the values of the primal and dual objective functions are equal. Since these solutions are feasible
to the primal and dual problems respectively, dpéimality propertyimplies that these solutions are optimal

to the primal and dual problems. We have, in essence, shown that the complementary-slackness conditions
holding for both the primal and dual problems is equivalent tostineng duality property For this reason,

the complementary-slackness conditions are often referred to agtingality conditions

Optimality Conditions. If Xj, j = 1,2,...,n,andy;,i = 1,2,..., m, are feasible solutions to the
primal and dual problems, respectively, then they are optimal solutions to these problems if, and only if,
the complementary-slackness conditions hold for both the primal and the dual problems.

4.6 THE DUAL SIMPLEX METHOD

One of the most important impacts of the general duality theory presented in the previous section has been
on computational procedures for linear programming. First, we have established that the dual can be solved
in place of the primal whenever there are advantages to doing so. For example, if the number of constraints
of a problem is much greater than the number of variables, it is usually wise to solve the dual instead of the
primal since the solution time increases much more rapidly with the number of constraints in the problem
than with the number of variables. Second, new algorithms have been developed that take advantage of the
duality theory in more subtle ways. In this section we present the dual simplex method. We have already
seen the essence of the dual simplex method in Section 3.5, on righthand-side ranging, where the variable
transitions at the boundaries of each range are essentially computed by the dual simplex method. Further, in
Section 3.8, on parametric programming of the righthand side, the dual simplex method is the cornerstone of
the computational approach. In this section we formalize the general algorithm.
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Recall the canonical form employed in the simplex method:

X1 + 81m1Xm+1 + o+ ApnXn = by,
X2 + A mr1Xmel+ -+ A2nXn = by,

Xm + amm+1Xm+1 + - - - + @m,nXn = bm,

(=2 + CmyiXme1+ -+ CnXn = —Z0.
The conditions foiy, X2, ..., Xm to constitute an optimal basis for a maximization problem are:
)} Cj <0 (j=212,...,n),
i) bi >0 i=12,...,m).

We could refer to condition (i) as primal optimality (or equivalently, dual feasibility) and condition (ii) as
primal feasibility. In the primal simplex method, we move from basic feasible solution to adjacent basic
feasible solution, increasing (not decreasing) the objective function at each iteration. Termination occurs
when the primal optimality conditions are satisfied. Alternatively, we could maintain primal optimality (dual
feasibility) by imposing (i) and terminating when the primal feasibility conditions (ii) are satisfied. This latter
procedure is referred to as tdeial simplex methodnd in fact results from applying the simplex method
to the dual problem. In Chapter 3, on sensitivity analysis, we gave a preview of the dual simplex method
when we determined the variable to leave the basis at the boundary of a righthand-side range. In fact, the
dual simplex method is most useful in applications when a problem has been solved and a subsequent change
on the righthand side makes the optimal solution no longer primal feasible, as in the case of parametric
programming of the righthand-side values.

The rules of the dual simplex method are identical to those of the primal simplex algorithm, except for
the selection of the variable to leave and enter the basis. At each iteration of the dual simplex method, we
require that:

m
Ci=cj—) viaj <0
i=1

and sincey; > Ofori = 1,2, ..., m, these variables are a dual feasible solution. Further, at each iteration
of the dual simplex method, the most negatiiyes chosen to determine the pivot row, corresponding to
choosing the most positivgy to determine the pivot column in the primal simplex method.

Prior to giving the formal rules of the dual simplex method, we present a simple example to illustrate the
essence of the procedure. Consider the following maximization problem with nonnegative variables given
in Tableau 3. This problem is in “dual canonical form" since the optimality conditions are satisfied, but the
basic variables are not yet nonnegative.

Table 4.3
Basic Current
variables values X1 X2 X3 X4
X3 -1 -1 -1 1
<+ X4 -2 -2 -3 1
(-2 0 -3 —}

In the dual simplex algorithm, we are attempting to make all variables nonnegative. The procedure is
the opposite of the primal method in that it first selects the variable to drop from the basis and then the new
variable to introduce into the basis in its place. The variable to drop is the basic variable associated with
the constraint with the most negative righthand-side value; in thisxasBhext we have to determine the
entering variable. We select from only those nonbasic variables that have a negative coefficient in the pivot
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row, since then, after pivoting, the righthand side becomes positive, thus eliminating the primal infeasibility
in the constraint. If all coefficients are positive, then the primal problem is clearly infeasible, because the
sum of nonnegative terms can never equal the negative righthand side.

In this instance, both nonbasic variablasandx, are candidates. Pivoting will subtract some multiple,
sayt, of the pivot row containingy from the objective function, to give:

(=3 +20)X1 + (=14 3t)xo —txg — z = 2t.

Since we wish to maintain the optimality conditions, we want the coefficient of each variable to remain
nonpositive, so that:

342t <0 (thatist < ),
—-1+3t <0 (thatis t < %),
—t<0 (thatis t > 0).

Settingt = % preserves the optimality conditions and identifies the new basic variable with a zero coefficient
in the objective function, as required to maintain the dual canonical form.
These steps can be summarized as follows: the variable to leave the basis is chosen by:

br = Min {bj} = Min {—1, =2} = b,.
|

The variable to enter the basis is determined by the dual ratio test:

C . Cj . [—-3 -1 C
_—SZMJH{_—J g <0} =M|n{—,—} .
ars ] rj -2 -3 ar

Pivoting inxz in the second constraint gives the new canonical form in Tableau 4.

Table 4.4

Basic Current

variables | values X1 X2 X3 X4
o [ 3[4 [t
e | B 3 3

(-2 5| -3 -3

+
Clearly,xs is the leaving variable sind® = —3 is the only negative righthand-side coefficient; ands

the entering variable sin@a/ai14 is the minimum dualratio in the first row. After pivoting, the new canonical
form is given in Tableau 5

Table 4.5
Basic Current
variables values X1 X2 X3 X4
X4 1 1 -3 1
X 1 1 1 -1
(-2 1 -2 -1
Sinceb; > 0fori =1, 2, andcj <Oforj=1,2,...,4, we have the optimal solution.

Following is a formal statement of the procedure. The proof of it is analogous to that of the primal
simplex method and is omitted.
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Dual Simplex Algorithm
STEP (0) The problem is initially in canonical form and@ll< O.

STEP (1) Ifb; >0, i =1, g, ..., m, thenstop we are optimal. If we continue, then
there exists soml < 0.

STEP (2) Choose the row to pivot in (i.e., variable to drop from the basis) by:
by = Min {B. Ibi < 0} .
|
Ifaj >0, j =12, ...,n, thenstop the primal problem is infeasible (dual
unbounded). If we continue, then there exigts < 0 forsomej =1,2,...,n.
STEP (3) Choose columsito enter the basis by:
C ) Cj
—5 = Min { il

ars ] arj

STEP (4) Replace the basic variable in nowith variables and reestablish the canonical
form (i.e., pivot on the coefficierds).

STEP (5) Go to Step (1).

Step (3) is designed to maintain < 0 at each iteration, and Step (2) finds the most promising candidate for
an improvement in feasibility.

4.7 PRIMAL-DUAL ALGORITHMS

There are many other variants of the simplex method. Thus far we have discussed only the primal and dual
methods. There are obvious generalizations that combine these two methods. Algorithms that perform both
primal and dual steps are referred to as primal-dual algorithms and there are a number of such algorithms. We
present here one simple algorithm of this form calledghemetric primal-dual It is most easily discussed

in an example.

—2X1 + 3X2 = z(max).

The above example can easily be put in canonical form by addition of slack variables. However, neither
primal feasibility nor primal optimality conditions will be satisfied. We will arbitrarily consider the above
example as a function of the parameten Tableau 6.

Clearly, if we choosé large enough, this system of equations satisfies the primal feasibility and primal
optimality conditions. The idea of the parametric primal-dual algorithm is to chédaege initially so
that these conditions are satisfied, and attempt to re@lucezero through a sequence of pivot operations.
If we start withd = 4 and letd approach zero, primal optimality is violated wheén< 3. If we were to
reduced below 3, the objective-function coefficient g would become positive. Therefore we perform a
primal simplex pivot by introducing, into the basis. We determine the variable to leave the basis by the
minimume-ratio rule of the primal simplex method:

b b; 6 21 b
_—r=M|n - ﬁ|s>0 = —,—2 =_—2
1 2 aro

ars | a
X4 leaves the basis and the new canonical form is then shown in Tableau 7.

djs
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Mathematical Economics

Tableau 6
Basic Current
variables values X1 X2 X3 X4 X5
X3 6 1 1 1
“ x -i+6 | -1 2 1
X5 -1+6 1 -3 1
(-2 0 -2 (3-0)
T
Tableau 7
Basic Current
variables values X1 X2 X3 X4 Xsg
' o3 — 39 1|
X2 -1+30 -3 1 1
7.5 1 3
T X —3+ 30 —3 3 1
-2 | —B-0(7+30 | (-3~ 30 (-3 +36)

I

The optimality conditions are satisfied fg% < 6 < 3. If we were to reducé below1—70, the righthand-
side value of the third constraint would become negative. Therefore, we perform a dual simplex pivot by
droppingxs from the basis. We determine the variable to enter the basis by the rules of the dual simplex

method:
1 1 —
—5+—30
i, <o}:{#}—ﬂ

Min = .
j 1 asi

i | asgj

After the pivot is performed the new canonical form is given in Tableau 8.

2

Tableau 8

Basic Current

variables values X1 X2 X3 X4 X5
X3 1470 1 4 3
X2 3 -2 1 -1 -1
X1 5 -5 1 -3 -2

(-2) ~B—0)(—3 + 30) (-3-6) | (-1-9)
+(3 + 36)(3 —50)

As we continue to decreaseto zero, the optimality conditions remain satisfied. Thus the optimal final
tableau for this example is given by settifig¢qual to zero.

Primal-dual algorithms are useful when simultaneous changes of both righthand-side and cost coefficients
are imposed on a previous optimal solution, and a new optimal solution is to be recovered. When parametric
programming of both the objective-function coefficients and the righthand-side values is performed simulta-
neously, a variation of this algorithm is used. This type of parametric programming is usually referred to as
therim problem (See Appendix B for further details.)

4.8 MATHEMATICAL ECONOMICS

As we have seen in the two previous sections, duality theory is important for developing computational
procedures that take advantage of the relationships between the primal and dual problems. However, there is
another less obvious area that also has been heavily influenced by duality, and that is mathematical economics.
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In the beginning of this chapter, we gave a preview of duality that interpreted the dual variables as shadow
prices imputed to the firm’s resources by allocating the profit (contribution) of the firm to its resources at
the margin. In a perfectly competitive economy, it is assumed that, if a firm could make profits in excess
of the value of its resources, then some other firm would enter the market with a lower price, thus tending
to eliminate these excess profits. The duality theory of linear programming has had a significant impact on
mathematical economics through the interpretation of the dual as the price-setting mechanism in a perfectly
competitive economy. In this section we will briefly sketch this idea.

Suppose that a firm may engage in argroduction activities that consume and/or prodoceesources
in the process. Letj > 0 be the level at which thgth activity is operated, and lef be the revenue per
unit (minus means cost) generated from engaging injtheactivity. Further, let;j be the amount of the
i th resource consumed (minus means produced) per unit level of operationjdif thetivity. Assume that
the firm starts with a position df; units of theith resource and may buy or sell this resource at a price
yi > 0 determined by an external market. Since the firm generates revenues and incurs costs by engaging in
production activities and by buying and selling resources, its profit is given by:

n m n
dleixp+ Y v b= ax . (19)
i—1 i—1 =1

where the second term includes revenues from selling excess resources and costs of buying additional re-
sources.

Note that ifby > Y7, aj x;, the firm sellsb; — >"7_; &; x; units of resourcesto the marketplace at
a pricey;. If, howeverb < ZTzlaij Xj, then the firm buy{rj‘zla;j Xj — by units of resource from the
marketplace at a pricg .

Now assume that the market mechanism for setting prices is such that it tends to minimize the profits of
the firm, since these profits are construed to be at the expense of someone else in the market. That is, given
xj for j = 1,2,...,n, the market reacts to minimize (19). Two consequences immediately follow. First,
consuming any resource that needs to be purchased from the marketplace, that is,

n
b — Z ajjXj <0,
j=1
is clearly uneconomical for the firm, since the market will tend to set the price of the resource arbitrarily high

so as to make the firm’s profits arbitrarily small (i.e., the firm’s losses arbitrarily large). Consequently, our
imaginary firm will always choose its production activities such that:

n
Yajxp<b  (i=12...m.
j=1

Second, if any resource were not completely consumed by the firm in its own production and therefore became
available for sale to the market, that is,

n
b —Za;jxj > 0,
j=1

this “malevolent market" would set a price of zero for that resource in order to minimize the firm’s profit.
Therefore, the second term of (19) will be zero and the firm’s decision problem of choosing production
activities so as to maximize profits simply reduces to:

n
Maximize " ¢;x;.
i=1
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subject to:

n
Zaijxj < by (i=12....,m), (20)
=1

Xj >0 (j=212,...,n),

the usual primal linear program.
Now let us look at the problem from the standpoint of the market. Rearranging (19) as follows:

n

Z(CJ_Zaijyi)xj"‘Zbiyi, 1)
i=1 i=1

j=1
we can more readily see the impact of the firm’s decision on the market. Note that th® {8ryay; y; is
the market opportunity cost for the firm using the resoumgsayj, ..., amj, in order to engage in thith

activity at unit level. Again, two consequences immediately follow. First, if the market sets the prices so that
the revenue from engaging in an activity exceeds the market cost, that is,

m
Cj —Zaini > 0,
i=1

then the firm would be able to make arbitrarily large profits by engaging in the activity at an arbitrarily high
level, a clearly unacceptable situation from the standpoint of the market. The market instead will always
choose to set its prices such that:

m
Yajyizc  (j=12....n).
i=1

Second, if the market sets the price of a resource so that the revenue from engaging in that activity does not
exceed the potential revenue from the sale of the resources directly to the market, that is,

m
cj— > ajy <0,
i=1

then the firm will not engage in that activity at all. In this latter case, the opportunity cost associated with
engaging in the activity is in excess of the revenue produced by engaging in the activity. Hence, the first term
of (21) will always be zero, and the market's “decision" problem of choosing the prices for the resources so
as to minimize the firm’s profit reduces to:

m
Minimize ) "y,
i=1
subject to:

m
dlajyi=c  (j=12....n), (22)
i=1

yi >0 i=12,...,m).

The linear program (22) is thdual of (20).
The questions that then naturally arise are “When do these problems have solutions?" and “What is the
relationship between these solutions?" In arriving at the firm’s decision problem and the market’s “decision”
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problem, we assumed that the firm and the market would interact in such a manner that an equilibrium would
be arrived at, satisfying:

n
bi—zaijf(j 9%=0 (i=12...,m),
=1
(23)

m
(cj—Za”yi>>2j=O (j=1,2,...,n).
i=1

These equations are just tbemplementary-slackness conditia@iginear programming. The first condition
implies that either thamountof resourceé that is unused (slack in théh constraint of the primal) is zero, or
theprice of resource is zero. This is intuitively appealing since, if a firm has excess of a particular resource,
then the market should not be willing to pay anything for the surplus of that resource since the maket wishes
to minimize the firm’s profit. There may be a nonzero market price on a resource only if the firm is consuming
all of that resource that is available. The second condition implies that either the amount of excess profit on
the jth activity (slack in thejth constraint of the dual) is zero or the level of activjtys zero. This is also
appealing from the standpoint of the perfectly competitive market, which acts to eliminate any excess profits.

If we had an equilibrium satisfying (23), then, by equating (19) and (21) for this equilibrium, we can
quickly conclude that the extreme values of the primal and dual problems are equal; that is,

n m
D oCi%i =) by
i=1

j=1
Observe that this condition has the usual interpretation for a firm operating in a perfectly competitive market.
It states that the maximum profit that the firm can make equals the market evaluation of its initial endowment
of resources. That s, the firm makes no excess profits. The important step is to answer the question of when
such equilibrium solutions exist. As we have seen, if the primal (dual) has a finite optimal solution, then so
does the dual (primal), and the optimal values of these objective functions are equal. This result is just the
strong duality property of linear programming.

4.9 GAME THEORY

The example of the perfectly competitive economy given in the previous section appears to be a game of
some sort between the firm and the malevolent market. The firm chooses its strategy to maximize its profits
while the market behaves (“‘chooses" its strategy) in such a way as to minimize the firm’s profits. Duality
theory is, in fact, closely related to game theory, and in this section we indicate the basic relationships.

In many contexts, a decision-maker does not operate in isolation, but rather must contend with other
decision-makers with conflicting objectives. Consider, for example, advertising in a competitive market,
portfolio selection in the presence of other investors, or almost any public-sector problem with its multifaceted
implications. Each instance contrasts sharply with the optimization models previously discussed, since they
concern a single decision-maker, be it an individual, a company, a government, or, in general, any group
acting with a common objective and common constraints.

Game theory is one approach for dealing with these “multiperson” decision problems. It views the
decision-making problem asgamein which each decision-maker, player, chooses atrategyor an action
to be taken. When all players have selected a strategy, each individual player recpasgsifa As an
example, consider the advertising strategies of a two-firm market. There are two players firm R (row player)
and firm C (column player). The alternatives open to each firm are its advertising possibilities; payoffs are
market shares resulting from the combined advertising selections of both firms. The payoff table in Tableau
9 summarizes the situation.
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Tableau 9 Market Share of Firm R

Game Theory

Firm C
alternatives
Firm R
alternatives

Advertising
campaign 1

Advertising
campaign 2

Advertising
campaign 3

Advertising campaign 1
Advertising campaign 2

30%
20%

40%
10%

60%
30%
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Since we have assumed a two-firm market, firm R and firm C share the market, and firm C receives
whatever share of the market R does not. Consequently, firm R would like to maximize the payoff entry from
the table and firm B would like to minimize this payoff. Games with this structure are dallegherson
zero-sum games hey arezero-sumsince the gain of one player is the loss of the other player.

To analyze the game we must make some behavioral assumptions as to how the players will act. Let us
suppose, in this example, that both players are conservative, in the sense that they wish to assure themselves
of their possible payoff level regardless of the strategy adopted by their opponent. It selecting its alternative,
firm R chooses a row in the payoff table. The worst that can happen from its viewpoint is for firm C to select
the minimum column entry in that row. If firm R selects its first alternative, then it can be assured of securing
30% of the market, but no more, whereas if it selects its second alternative it is assured of securing 10%, but
no more. Of course, firm R, wishing to secure as much market share as possible, will select alternative 1,
to obtain the maximum of these security levels. Consequently, it selects the alternative giving the maximum
of the column minimum, known asraaximinstrategy. Similarly, firm C’s security levels are given by the
maximum row entries; if it selects alternative 1, it can be assured of losing only 30% of the market, and no
more, and so forth. In this way, firm C is led teranimaxstrategy of selecting the alternative that minimizes
its security levels of maximum row entries (see Tableau 10).

Tableau 10 Market Share of Firm R

Firm C Security level
Firm R Alternative 1 Alternative 2 Alternative 3 for firm R
Alternative 1 30 40 60 30| oanita =
Alternative 2 20 10 30 jo MR =30
Security level for 30 40 60
firm C

minimax = 30

For the problem at hand, the maximin and minimax are both 30 and we say that the problem has a
saddlepoint We might very well expect both players to select the alternatives that lead to this common
value—both selecting alternative 1. Observe that, by the way we arrived at this value, the saddlepoint is an
equilibriumsolution in the sense that neither player will move unilaterally from this point. For instance, if
firm R adheres to alternative 1, then firm C cannot improve its position by moving to either alternative 2 or 3
since then firm R’s market share increases to either 40% or 60%. Similarly, if firm C adheres to alternative 1,
then firm R as well will not be induced to move from its saddlepoint alternative, since its market share drops
to 20% if it selects alternative 2.

The situation changes dramatically if we alter a single entry in the payoff table (see Tableau 11).

Now the security levels for the two players do not agree, and moreover, given any choice of decisions
by the two firms, one of them can always improve its position by changing its strategy. If, for instance, both
firms choose alternative 1, then firm R increases its market share from 30% to 60% by switching to alternative
2. After this switch though, it is attractive for firm C then to switch to its second alternative, so that firm R’s
market share decreases to 10%. Similar movements will continue to take place as indicated by the arrows in
the table, and no single choice of alternatives by the players will be “stable".

Is there any way for the firms to do better in usiagpdomized strategi@sThat is, instead of choosing
a strategy outright, a player selects one according to some preassigned probabilities. For example, suppose
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Tableau 11 Market Share of Firm R

Firm C Security level
Firm R Alternative 1 Alternative 2 | Alternative 3 Jor firm R
Alternative 1 30 40 60 30 .
: ¥ + maximin = 30
Alternative 2 60 10 30 10
Security level for 60 40 60

Jom minimax = 40
that firm C selects among its alternatives with probabilikigsx,, andxs, respectively. Then the expected
market share of firm R is

30x1 4+ 40xo 4+ 60x3  if firm R selects alternative,1

or
60x; + 10x2 4 30x3

Since any gain in market share by firm R is a loss to firm C, firm C wants to make the expected market
share of firm R as small as possible, i.e., maximize its own expected market share. Firm C can minimize the
maximum expected market share of firm R by solving the following linear program.

if firm R selects alternative.2

Minimize v,
subject to:
30x1 + 40x2 + 60x3 — v < O,
60X, + 10x2 + 30x3 — v < 0, (24)
X1+ X+ X3 =1,
X1 >0, X2 > 0, X3 > 0.

The first two constraints limit firm R’s expected market share to be less than or equal teach of firm
R’s pure strategies. By minimizing from C limits the expected market share of firm R as much as possible.
The third constraint simply states that the chosen probabilities must sum to one. The solution to this linear
program isx; = % X2 = % x3 = 0, andv = 35. By using a randomized strategy (i.e., selecting among
the first two alternatives with equal probability), firm C has improved its security level. Its expected market
share has increased, since the expected market share of firm R has decreased from 40 percent to 35 percent.
Let us now see how firm R might set probabilitigsand y» on its alternative selections to achieve its
best security level. When firm R weights its alternativeg/pandys, it has an expected market share of:

30y + 60y> if firm C selects alternative,1
40y1 + 10y> if firm C selects alternative,2
60y; + 30y» if firm C selects alternative.3

Firm R wants its market share as large as possible, but takes a conservative approach in maximizing its
minimum expected market share from these three expressions. In this case, firm R solves the following linear
program:
Maximizew,

subject to:

30y1 + 60y, —w > 0O,

40y1 + 10y2 —w =0,

60y; + 30y2 —w > 0, (25)

yi+ y2 =1
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y1 >0, y2 > 0.

The first three constraints require that, regardless of the alternative selected by firm C, firm R’s market share
will be at leastw, which is then maximized. The fourth constraint again states that the probabilities must
sum to one. In this case, firm R acts optimally by selecting its first alternative with probq@il&y% and

its second alternative with probabiliyp = %, giving an expected market share of 35 percent.

Note that the security levels resulting from each linear program are identical. On closer examination
we see that (25) is in fact the dual of (24)! To see the duality correspondence, first convert the inequality
constraints in (24) to the standa¢d) for a minimization problem by multiplying by-1. Then the dual
constraint derived from “pricing-outXs, for example, will read-30y; — 60y> + w < 0, which is the first
constraint in (25). In this simple example, we have shown that two-person, zero-sum games reduce to primal
and dual linear programs. This is true in general, so that the results presented for duality theory in linear
programming may be used to draw conclusions about two-person, zero-sum games. Historically, this took
place in the reverse, since game theory was first developed by John von Neumann in 1928 and then helped
motivate duality theory in linear programming some twenty years later.

General Discussion

The general situation for a two-person, zero-sum game has the same characteristics as our simple example.
The payoff table in Tableau 12 and the conservative assumption on the player’s behavior lead to the primal
and dual linear programs discussed below.

Tableau 12 Payoff to Row Player (—Payoff to Column

Player)
Column player
alternatives
Row player
alternatives 1 2 3 -+
1 dyp dyz Qg3 770 Ay
2 Adzy  dpp da3 Aan
dszy A3y ds3 Aazp
m A1 A2 (2% e Amn

The column player must solve the linear program:
Minimize v,
subject to:

aj1X1 + aj2X2 +---+ anXn —v <0  (Ii=12,...,m),
X1+ Xo 4o+ X =1,

Xj >0 (j=212,...,n);
and the row player the dual linear program:

Maximizew,
subject to:
aijyr + &jy2 +---+ a8mnym —w =0 (j=1,2,...,n),
y1 + Y2 -+ Ym =1,
yi >0 i=212,...,m.
The optimal values foky, Xo, ..., Xy, andys, Vo, ..., Ym, from these problems are the probabilities that

the players use to select their alternatives. The optimal solutions(igivev) = (maxw) and, as before,
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these solutions provide a stable equilibrium, since neither player has any incentive for improved value by
unilaterally altering its optimal probabilities.

More formally, if the row player uses probabilitigs and the column player uses probabilitigs then
the expected payoff of the game is given by:

m n
> viaix;.
i=1j=1
By complementary slackness, the optimal probabilifieandX; of the dual linear programs satisfy:
9 =0 if ) &% <
j=1
and N
$i =0 onlyif Y aj% =9.
j=1
Consequently, multiplying thigh inequality in the primal by, and adding gives
m n m
DO Giakj =) §iv =0, (26)
i=1j=1 i=1

showing that the primal and dual solutiokisandy; lead to the payoff. The last equality uses the fact that
the probabilities); sum to 1.
Next, consider any other probabilitigsfor the row player. Multiplying théth primal equation

by y; and adding, we find that:

m
DO viakj <Y yiv =9 (27)

n
DD Giajxp = ) ix =b. (28)
Sincev = w by linear programming duality theory, Egs. (26), (27), and (28) imply that:

m n m n m n

DIPREREDIPI LIS IPINEILE

i=1j=1 i=1j=1 i=1j=1
This expression summarizes the equilibrium condition. By unilaterally altering its selection of probabilities
yi to y;, the row player cannot increase its payoff beyond
Similarly, the column player cannoéducethe row player’s payofbelow v by unilaterally changingts
selection of probabilitieX; to xj. Therefore, the probabilitieg andX; acts as an equilibrium, since neither
player has an incentive to move from these solutions.
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EXERCISES
1. Find the dual associated with each of the following problems:

a) Minimizez = 3x1 + 2x2 — 3X3 + 4x4,
subject to:

X1 — 2X2 + 3X3 + 4X4
X2 + 3X3 + 4%y
2X1 — 3Xp — TX3 — 4Xq

IV 1A

Il
N

X1 > 0, X4 < 0.
b) Maximizez = 3x1 + 2Xo,

subject to:

A
w

X1+ 3%z <
6X1 — X2 = 4,
X1+ 2X2 < 2,
X1 >0, X2 > 0.
2. Consider the linear-programming problem:

Maximizez = 2X1 + X2 + 3X3 + Xa,

subject to:
X1+ X2+ X3+X4 < 5
2X1 — X2 + 3X3 =—4,
Xt —X3 +x = 1

X1>0, x3>0, X2 andx4 unrestricted

a) State this problem with equality constraints and nonnegative variables.
b) Write the dual to the given problem and the dual to the transformed problem found in part (a). Show that these

two dual problems are equivalent.

3. The initial and final tableaus of a linear-programming problems are as follows:

Initial Tableau
Basic Current
variables | values X1 X2 X3 Xa X5 Xs
X5 6 4 9 7 10 1
X6 4 1 1 3 40 1
(-2 0 12 20 18 40

a) Find the optimal solution for the dual problem.
b) Verify that the values of the shadow prices are the dual feasible, i.e., that they satisfy the following relationship:

m
Tj =C; —Zaij_i <0
i=1

where the terms with bars refer to data in the final tableau and the terms without bars refer to data in the initial
tableau.
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Final Tableau

Basic Current

variables| values | x1 X2 X3 X4 X5 Xg
4 7 5 4 1
X1 3 1 3 3 5 | 15

1 1 1 1 2
X4 15 ~30 o | 1| —1m0 75

56 20 10 44 4

(=2) —3 -3 | "3 15 | 5

c¢) Verify the complementary-slackness conditions.

4. In the second exercise of Chapter 1, we graphically determined the shadow prices to the following linear program:

Maximizez = 2x1 + X,

subject to:
12x1 + X2 < 6,
Xo < 10,
X1 >0, X2 >0

a) Formulate the dual to this linear program.
b) Show that the shadow prices solve the dual problem.

. Solve the linear program below as follows: First, solve the dual problem graphically. Then use the solution to the
dual problem to determine which variables in the primal problem are zero in the optimal primal solidiatr. [

Invoke complementary slackness.] Finally, solve for the optimal basic variables in the primal, using the primal
equations.

Primal
Maximize — 4xp + 3x3 + 2Xq4 — 8Xs,
subject to:
3X1 + X2 4+ 2x3 + Xg = 3,
X1 — X2+ X4 — X5 > 2,

xj >0 (j=123405).

6. A dietician wishes to design a minimum-cost diet to meet minimum daily requirements for calories, protein, car-

bohydrate, fat, vitamin A and vitamin B dietary needs. Several different foods can be used in the diet, with data as
specified in the following table.
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Content and costs per pound consumed

Food Food Food Food Daily

1 2 i n requirements
Calories a1 aio a;j ain b1
Protein a1 ao ap; aon by
(grams)
Carbohydrate | ag; ag2 agj agn b3
(grams)
Fat a1 a2 au; aun b
(grams)
VitaminA as1 as» as;j asn bs
(milligrams)
Vitamin B a1 as2 agj a6n bs
(milligrams)
Costs C1 ) Cj Cn
(dollars)

a) Formulate a linear program to determine which foods to include in the minimum cost diet. (More than the
minimum daily requirements of any dietary need can be consumed.)

b) State the dual to the diet problem, specifying the units of measurement for each of the dual variables. Interpret

the dual problem in terms of a druggist who sets prices on the dietary needs in a manner to sell a dietary pill with
b1, by, bz, by, bs, andbg units of the given dietary needs at maximum profit.

7. In order to smooth its production scheduling, a footwear company has decided to use a simple version of a linear
cost model for aggregate planning. The model is:

;
i Xit + G lit) + >_ (W +00),
t=1

-

N
Minimize z = Z
i=1t

1
N

subject to:

t=12,...
Xit + lit—1— lit = dit {i 12 N

N
Zkixit—vvt—otzo t=12...,T
i=1

oO<W=<(m t=212...,T
-pW+ 0O <0 t=1,2...,T
i=12...,N
XitJitZO{t:l’z’ T

with parameters:
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vi = Unit production cost for produétin each period,

¢ = Inventory-carrying cost per unit of producin each period,
r = Cost per man-hour of regular labor,

0 = Cost per man-hour of overtime labor,
dit = Demand for produdtin periodt,
ki = Man-hours required to produce one unit of prodyct
(rm) = Total man-hours of regular labor available in each period,
p = Fraction of labor man-hours available as overtime,
T = Time horizon in periods,
N = Total number of products.

The decision variables are:
Xit = Units of produci to be produced in period

lit = Units of produci to be left over as inventory at the end of period
W; = Man-hours of regular labor used during period (fixed work force),
Ot = Man-hours of overtime labor used during peitod

The company has two major products, boots and shoes, whose production it wants to schedule for the next three
periods. It costs $10 to make a pair of boots and $5 to make a pair of shoes. The company estimates that it costs $2
to maintain a pair of boots as inventory through the end of a period and half this amount for shoes. Average wage
rates, including benefits, are three dollars an hour with overtime paying double. The company prefers a constant
labor force and estimates that regular time will make 2000 man-hours available per period. Workers are willing
to increase their work time up to 25% for overtime compensation. The demand for boots and shoes for the three
periods is estimated as:

Period Boots Shoes
1 300 pr. | 3000 pr.

2 600 pr. | 5000 pr.
3 900 pr. | 4000 pr.

a) Set up the model using 1 man-hour f%‘lman-hour as the effort required to produce a pair of boots and shoes,
respectively.

b) Write the dual problem.

c) Define the physical meaning of the dual objective function and the dual constraints.

. In capital-budgeting problems within the firm, there is a debate as to whether or not the appropriate objective function

should be discounted. The formulation of the capital-budgeting problem without discounting is as follows:

Maximize vy,
subject to Shadow
prices
J
d(—cixp<fi  (i=012.. N-1
j=1
J
Z(—CNij)+UN < fn, YN

j=1

0 < Xxj < uj (j=212,...,9),
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whereg; is the cash outflowcjj < 0) or inflow (cjj > 0) in periodi for projectj; the righthand-side constarit

is the net exogenous funds made availableffo> 0) or withdrawn from( f; < 0) a division of the firm in period

i, the decision variablg; is the level of investment in projegt u; is an upper bound on the level of investment in
projectj; andvy is a variable measuring the value of the holdings of the division at the end of the planning horizon.

If the undiscounted problem is solved by the bounded variable simplex method, the optimal solurgidlmris
j =1,2,..., 3 with associated shadow prices (dual variablgsfori =0,1,2,..., N.

a) Show thayy, = 1.
b) The discount factor for timeis defined to be the present value (tiine- 0) of one dollar received at timie
Show that the discount factor for tingp;* is given by:

W

o == i=012...,N).
i v

(Assume that the initial budget constraint is binding so §ifat- 0.)
¢) Why shouldog = 1?

. Thediscountedormulation of the capital-budgeting problem described in the previous exercise can be stated as:

J /N
Maximize Z (Z 0i cij> Xj,
i=1 \i—o

subject to Shadow
prices
J
Z(—Cinj)f fi i=012...,N), A
j=1

0 < Xj < uj (j=212,...,9),

where the objective-function coefficient
N
Z 0i Gij
i=0

represents the discounted present value of the cash flows from investing at unit level in pragedt,; for
i =1,2,..., N are the shadow prices associated with the funds-flow constraints.

Suppose that we wish to solve the above discounted formulation of the capital-budgeting problem, using the
discount factors determined by the optimal solution of the previous exercise, that is, setting:

, * yi>x< :
IO|:p|=_* (|:051’25'~'7N)'
Yo
Show that the optimal solutior? for j = 1,2,..., J, determined from the undiscounted case in the previous

exercise, is also optimal to the above discounted formulation, assuming:
pi=pf (=012..N).
[Hint: Write the optimality conditions for the discounted problem, using shadow-price vajues O fori =

1,2,...,N. Doesx¥ (j = 1,2,...,J) satisfy these conditions? Do the shadow prices on the upper bounding
constraints for the discounted model differ from those of the undiscounted model?]
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An alternative formulation of the undiscounted problem developed in Exercise 8 is to maximize tearoiads
on the projects rather than the horizon value. Earnings of a project are defined to be the net cash flow from a project
over its lifetime. The alternative formulation is then:

3 /N
Maximize Y " ( > "cj | xj.
=1 \i=0

subject to Shadow
prices
J
Z(_CIJX])E fl (I =O5 1725""N)1 yi/
j=1
0 < Xj < uj (j=212,...,9).
Letx}k forj =1,2,..., J solve this earnings formulation, and suppose that the funds constraints are binding at all
timesi =0, 1, ..., N for this solution.
a) Show thaIx}k for j =1,2,...,J also solves the horizon formulation given in Exercise 8.
b) Denote the optimal shadow prices of the funds constraints for the earnings formulafiéoras= 0, 1,2, ..., N.
Show thaty; =1+ y/ fori =0,1,2,..., N are optimal shadow prices for the funds constraints of the horizon

formulation.

Suppose that we now consider a variation of the horizon model given in Exercise 8, that explicitly includes one-period
borrowingb; at raterp and one-period lending at rater,. The formulation is as follows:

Maximizevy,
subject to
Shadow
prices
J
> (—cojxj) +£o — bo < fo, Yo
j=1
J
Z(—Cijxj) —A+rtica+bi+Q+rpbi—-b < fi (=12....,N=-1),y
j=1
J
Z(—CNij)—(1+rz)€N—1+(1—fb)bN—1+vN < fn, YN
j=1
bi <B (=01...,N=1),uwj
O<xj=u; (j=L12...,0),
bi>0, ¢ >0 ((=01,...,N—-1).
a) Suppose that the optimal solution includes lending in every time period; tiiatisQ fori =0,1,..., N — 1.

Show that the present value of a dollar in perias

1 i
= <1+rz) .

b) Suppose that there is no upper bound on borrowing; th&;jiss +oo fori = 0,1,..., N — 1, and that the
borrowing rate equals the lending rates rp, = ry. Show that
It g4y,

Yi




and that the present value of a dollar in periad

Pi

. 1
T\ 14t

)i.
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¢) Letw; be the shadow prices on the upper-bound constrhints B;, and letr = rp, = r,. Show that the shadow
prices satisfy:

Yi-1

141 <= <141 +wig

i

d) Assume that the borrowing rate is greater than the lendingrgate r,; show that the firm will not borrow and
lend in the same period if it uses this linear-programming model for its capital budgeting decisions.

12. As an example of the present-value analysis given in Exercise 8, consider four projects with cash flows and upper
bounds as follows:

Endof | Endof | Endof | Upper
Project | yearO year 1 year 2 bound
A —1.00 0.60 0.60 00
B —1.00 1.10 0 500
C 0 —1.00 1.25 00
D —1.00 0 1.30 (%)

A negative entry in this table corresponds to a cash outflow and a positive entry to a cash inflow.
The horizon-value model is formulated below, and the optimal solution and associated shadow prices are given:

Xa Xg X¢ Xp v Relation RHS

1 1 1 = 1000 1.35
—-0.60 —1.1 1 = 0 125 | Shadow
—0.60 —125 —130 1 & 0 1.00 | prices

1 = 500 0.025
1 z(max)
500 500 850 0 —1362.5
Solution

a) Explain exactly hoveneadditional dollar at the end of year 2 would be invested to return the shadow price 1.25.
Similarly, explain how to use the projects in the portfolio to achieve a return of 1.35 for an additional dollar at

the end of year 0.

b) Determine the discount factors for each year, from the shadow prices on the constraints.
¢) Find the discounted present valﬁg’\':0 picij of each of the four projects. How does the sign of the discounted
present value of a project compare with the sign of the reduced cost for that project? What is the relationship
between the two? Can discounting interpreted in this way be used for decision-making?
d) Consider the two additional projects with cash flows and upper bounds as follows:

Endof | Endof | Endof | Upper

Project | yearO | yearl | year2 bound
E —1.00 0.75 0.55 00
F —1.00 0.30 1.10 00

What is the discounted present value of each project? Both appear promising. Suppose that fun ds are transferred
from the current portfolio into projedE, will project F still appear promising? Why? Do the discount factors

change?
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In the exercises following Chapter 1, we formulated the absolute-value regression problem:

m
Minimize » " |yi — Xi11 — Xi2B2 — - -+ — Xinfnl
i1

as the linear program:

m
Minimize Z(P. + Np),
i=1
subject to:

Xi1f1+Xi2B2+ -+ Xinpn+ P =N = ys fori=12....,m,
P>0 N=>0 fori=12....,m
In this formulation, they; are measurements of the dependent variable (e.g., income), which is assumed to be
explained by independent variables (e.g., level of education, parents’ income, and so forth), which are measured as
Xi1, Xi2, . . ., Xin. A linear model assumes thaidepends linearly upon th&s, as:

9 = X181+ Xi2B2 + - -+ + XinBn. (29)

Given any choice of the parameteds B2, ..., Bn, ¥ is an estimate of;. The above formulation aims to minimize
the deviations of the estimates @f from y; as measured by the sum of absolute values of the deviations. The
variables in the linear-programming model are the paramgieisy, . . ., Bn as well as thé andN;. The quantities
Vi, X1, X2, . . ., Xin are known data found by measuring several values for the dependent and independent variables
for the linear model (29).

In practice, the number of observatiomsfrequently is much larger than the number of paramaterShow
how we can take advantage of this property by formulating the dual to the above linear program in the dual variables
ui, Uz, ..., Un. How can the special structure of the dual problem be exploited computationally?

The following tableau is in canonical form for maximizingexcept that one righthand-side value is negative.

Basic Current
variables values X1 X2 X3 X4 X5 Xg
X1 14 1 2 3 -2
X2 6 1 1 -2 -2
X3 -10 1 -1 -2 0
(-2 —40 -1 | -4 | =2

However, the reduced costs of the nonbasic variables all satisfy the primal optimality conditions. Find the optimal
solution to this problem, using the dual simplex algorithm to find a feasible canonical form while maintaining the
primal optimality conditions.

In Chapter 2 we solved a two-constraint linear-programming version of a trailer-production problem:
Maximize 6y + 14xo + 13xs,

subject to:

Ixq + 2% + 4x3
X1 + 2X2 + 4X3

24  (Metalworking capacity)
60 (Woodworking capacity)

=
=

X1>0, x>0, x3>0,

obtaining an optimal tableau:
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Basic Current
variables values X1 X2 X3 X4 X5
X1 36 1 6 4 | -1
X3 6 -1 1 -1 3
(-2) —294 -9 -11 | -3

167

Suppose that, in formulating this problem, we ignored a constraint limiting the time available in the shop for

inspecting the trailers.

a) If the solutionx; = 36, X2 = 0, andxz = 6 to the original problem satisfies the inspection constraint, is it

necessarily optimal for the problem when we impose the inspection constraint?

b) Suppose that the inspection constraint is

X1 + X2 + X3 + Xg = 30,

wherexg is a nonnegative slack variable. Add this constraint to the optimal tableawyvéth its basic variable
and pivot to eliminate the basic variablesandxs from this constraint. Is the tableau now in dual canonical

form?

¢) Use the dual simplex method to find the optimal solution to the trailer-production problem with the inspection
constraint given in part (b).

d) Can the ideas used in this example be applied to solve a linear program whenever a new constraint is added after

the problem has been solved?

Apply the dual simplex method to the following tableau for maximizingith nonnegative decision variables

X1, X2, ..., X5.

Is the problem feasible? How can you tell?

Consider the linear program:

subject to:

xi >0 fori=1,23

a) Write the associated dual problem.
b) Solve the primal problem, using the dual simplex algorithm.

c¢) Utilizing the final tableau from part (b), find optimal values for the dual variagleand yo. What is the
corresponding value of the dual objective function?

Basic Current
variables values X1 X2 | X3 X4 Xg
X1 -3 1 -1 2 -2
X2 7 1 3 —4 8
(-2 -5 -1 -5 -6
Minimize z = 2x1 + Xo,
—4X1 + 3Xo — X3 > 16,
X1 + 6X2 + 3X3 > 12,

18. For what values of the parametfes the following tableau in canonical form for maximizing the objective vaftie
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Basic Current
variables values |[x1 X2 X3 X4 X5
X1 —2+6 -1 2 -3
X2 1 1 1 0 1
(=2 -20 3—-6 4—-0 -6

Starting with this tableau, use the parametric primal-dual algorithm to solve the linear program(at

19. After solving the linear program:

Maximizez = 5x1 + 7X2 + 2X3,

subject to:

20.

21.

2X1 + 3X2 + X3 + X4 =5,
Ixq + %2 +x5 = 1,
Xi>0 (j=12...,5),
and obtaining the optimal canonical form
Basic Current

variables values X1 X2 X3 X4 X5
X3 1 -1 1 1 -4
X1 2 1 2 0 2
(-2 -12 -1 -2 -2

we discover that the problem was formulated improperly. The objective coefficiext &trould have been 11 (not
7) and the righthand side of the first constraint should have been 2 (not 5).

a) How do these modifications in the problem formulation alter the data in the tableau above?

b) How can we use the parametric primal-dual algorithm to solve the linear program after these data changes,
starting withx; andxs as basic variables?

¢) Find an optimal solution to the problem after the data changes are made, using the parametric primal-dual
algorithm.

Rock, Paper, and Scissors is a game in which two players simultaneously reveal no fingers (rock), one finger (paper),
or two fingers (scissors). The payoff to player 1 for the game is governed by the following table:

Player 2
Player 1 Rock Paper Scissors
Rock 0 -1 1
Paper 1 0 —1
Scissors —1 1 0

Payoff to player 1
(or minus payoff to player 2)

Note that the game is void if both players select the same alternative: otherwise, rock breaks scissors and wins,
scissors cut paper and wins, and paper covers rock and wins.

Use the linear-programming formulation of this game and linear-programming duality theory, to show that both
players’ optimal strategy is to choose each alternative with probaéllity

Solve for an optimal strategy for both player 1 and player 2 in a zero-sum two-person game with the following
payoff table:

Is the optimal strategy of each player unique?
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Alternative
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Game Theory

Payoff to player 1
(or minus payoff to player 2)

22. In a game of tic-tac-toe, the first player has three different choices at the first move: the center square, a corner
square, or a side square. The second player then has different alternatives depending upon the move of the first
player. For instance, if the first player chooses a corner square, the second player can select the center square, the
opposite corner, an adjacent corner, an opposite side square, or an adjacent side square. We can picture the possible
outcomes for the game in a decision tree as follows:

Center

Figure E4.1

Node<D correspond to decision points for the first player; nd@eare decision points for the second player.
The tree is constructed in this manner by considering the options available to each player at a given turn, until either
one player has won the game (i.e., has selected three adjacent horizontal or vertical squares or the squares along one
of the diagonals), or all nine squares have been selected. In the first case, the winning player receives 1 point; in the
second case the game is a draw and neither player receives any points.

The decision-tree formulation of a game like that illustrated here is calledtansive forniormulation. Show
how the game can be recast in the linear-programming form (calfextraal form) discussed in the text. Do not
attempt to enumerate every strategy for both players. Just indicate how to construct the payoff tables.

[Hint: Can you extract a strategy for player 1 by considering his options at each decision point? Does his
strategy depend upon how player 2 reacts to player 1's selections?]
The remaining exercises extend the theory developed in this chapter, providing new results and relating some of the
duality concepts to other ideas that arise in mathematical programming.
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23. Consider a linear program with bounded variables:
n
Maximizez = " ¢jX;.
j=1
subject to: Dual
variables

n
Za”—xj=bi i=12...,m), Vi
=1

Xj <uj (j=12,...,n), Wi

Xp=0 (j=L12,...,n),

where the upper bounds are positive constants. Lgtfori =1,2,..., mandwjforj =1,2,..., mbe variables
in the dual problem.

a) Formulate the dual to this bounded-variable problem.

b) State the optimality conditions (that is, primal feasibility, dual feasibility, and complementary slackness) for the
problem.

c) Letcj = cj—> ", yia; denote the reduced costs for variakjeletermined by pricing out the; constraints and
not the upper-bounding constraints. Show that the optimality conditions are equivalent to the bounded-variable
optimality conditions

Cj <0 ifx;=0,
Cj >0 ifxj=uj,
Cj =0 if0<xj <uj,
given in Section 2.6 of the text, for any feasible solutign(j = 1, 2, ..., n) of the primal problem.
24. Letx}k for j =1,2,...,nbe an optimal solution to the linear program with

n
Maximize > cjXj,
j=1
subject to: Shadow
prices

n
Zainjfbi i=12...,m), Vi
=1
n
Zandei i=12...,9), Wi
=1

Xp=0 (j=12,...,n),

two groups of constraints, tha; constraints and thej constraints. Lety; fori = 1,2,..., m andw; for
i =1,2,...,qdenote the shadow prices (optimal dual variables) for the constraints.
a) Show thakj for j = 1,2, ..., nalso solves the linear program:

n m
Maximize » |:Cj - ZYiaij:| Xj,
i=1

j=1
subject to:

n
dejxj<d (=12....0,
=1

Xp =0 (j=1,2,...,n),
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in which thea;j constraints have been incorporated into the objective function as in the method of Lagrange
multipliers. Hint: Apply the optimality conditions developed in Section 4.5 to the original problem and this
“Lagrangian problem.”]

b) lllustrate the property from part (a) with the optimal solutign= 2, x5 = 1, and shadow priceg = % w1 =
%, wz = 0, to the linear program:

Maximize X1,
subject to:
X1+ X2 <3 [ajj constraint,
X1 — ;(; i ;} [8j constraint§
X1 > 0, X2 > 0.
c) Show that an optimal solutiax; for j = 1,2,..., nfor the “Lagrangian problem” from part (a) need not be

optimal for the original problem [see the example in part (b)]. Under what conditions is an optimal solution to
the Lagrangian problem optimal in the original problem?

d) We know that if the “Lagrangian problem” has an optimal solution, then it has an extreme-point solution. Does
this imply that there is an extreme point to the Lagrangian problem that is optimal in the original problem?

25. The payoff matriXa;j ) for a two-person zero-sum game is said teskew symmetriif the matrix has as many rows
as columns andj; = —a;i for each choice of andj. The payoff matrix for the game Rock, Paper and Scissors
discussed in Exercise 20 has this property.

a) Show that if players 1 and 2 use the same strategy,
X1=1Y1, X2=Y2, ..., Xn=Yn,

then the payoff

n n
ZZYiainj

i=1j=1
from the game is zero.
b) Given any strategyy, X2, ..., X, for player 2, i.e., satisfying:
a11X1 + apX2 + --- + amXn = w,
a1X1 + agXz + -+ + anXn = w,
aniX1 + an2X2 + -+ + annXn = w,
X1+ X2+ + Xn = 1,
multiply the firstn constraints byyr = X1, y2 = Xo,..., andy, = Xp, respectively, and add. Use this

manipulation, together with part (a), to show that 0. Similarly, show that the value to the player 1 problem
satisfiess > 0. Use linear-programming duality to conclude that w = 0 is the value of the game.

26. In Section 4.9 we showed how to use linear-programming duality theory to model the column and row players’
decision-making problems in a zero-sum two-person game. We would now like to exhibit a stronger connection
between linear-programming duality and game theory.

Consider the linear-programming dual problems

n m
Maximizez = » " ¢;X;j. Minimize w =) " yib;,
=1 =
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subject to: subject to
n m
> aijxj < b, Y viaij > ¢j,
j=1 i=1
Xj >0, Vi >0,
where the inequalities apply for=1,2,...,mandj = 1, 2,..., n; in addition, consider a zero-sum two-person

game with the following payoff table:

Y1 Y2 Ym X1 X2 Xm t
0 0 0 ay a2 - am  —b
0 0 0 a1  axp - ay —bp
0 o .- 0 am am - amn —bm
—a;1  —a1 -+ —am 0 o - 0 C1
—a2  —a&2 - —am 0 0 0 C2
—ai;n —&n -+ —amn 0 0 e 0 Cn
by b, e Pm —-c —-C -+ —Cp 0

The quantitiex;, y;, andt shown above the table are the column players’ selection probabilities.

a) Is this game skew symmetric? What is the value of the game? (Refer to the previous exercise.)
b) Suppose thatj for j = 1,2,...,nandy; fori = 1,2,..., msolve the linear-programming primal and dual

problems. Let
1

X Xy + L
letXj =txj for j =1,2,...,n,and lety; =ty fori =1,2,..., m. Show thai;, y;, andt solve the given

t

game.
c) Letxjforj=1,2,...,n ¥y fori =12, ..., m andt solve the game, and suppose that 0. Show that

X.
Xj = TJ andy; =

<l

— |

solve the primal and dual linear programs. (&tet.)
[Hint: Use the value of the game in parts (b) and (c), together with the conditions for strong duality in linear

programming.]

27. Suppose we approach the solution of the usual linear program:

n
Maximize » _ ¢jX;.
i=1

n
Y ocix <
j:l

Xp =0 (j=12,...,n),

subject to:
(30)

A
o
Il
P
N
3

by the method of Lagrange multipliers. Define the Lagrangian maximization problem as follows:

n m n
LA, A2, ..., Am) = Maximize { > cjxj — > "4 | D_cijxj — by
=1 i-1  \j=1



28.

29.

30.
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subject to:
Xj >0 (j=212,...,n).

Show that the dual of (30) is given by:
Minimize L(A1, A2, ..., Am),

subject to:

A>0 (i=1,2,...,m.
[Note The Lagrangian functioh (11, A2, ..., Am) Mmay equah-oo for certain choices of the Lagrange multipliers
A1, A2, ..., Am. Would these values forthe Lagrange multipliers ever be selected when minimi2ing.o, . . ., Am)?]
Consider the bounded-variable linear program:

n
Maximize » " ¢jX;j.
j=1
subject to:

n
j=1
¢j<xj<ujp (j=212....n).

Define the Lagrangian maximization problem by:

n m n
L(A1, A2, ..., Am) = Maximize ZCJX]' —Z)\i Za”xj — b
=1 i1 \j=1

subject to:
£j < Xj < uj (j=212...,n.
Show that the primal problem is bounded above gy, A2, ..., Am) Solongas,; > 0fori =1,2,..., m.

Consider the bounded-variable linear program and the corresponding Lagrangian maximization problem defined in
Exercise 28.

a) Show that:

n
Maximize ch Xj = MinimizeL (A1, A2, . ., Am),
=1
subject to: subject to
n
Zaijxjfbi, A =0,
=1
£j < Xj < uj, ,

which is a form of strong duality.
b) Why is it thatL (A1, A2, ..., Am) in this case does not reduce to the usual linear-programming dual problem?

Suppose that we define the function:

n m n m
FOX0 X2, o Xnt YL Y2, Ym) = Y CiXj— > Y @&jXjyj + Y biyi.
=1

i=1j=1 i=1
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Show that the minimax property

Max Min f(xq,..., Xn; Y1i,..., VYm) = Min Max f(xq,..., Xn; Y1i,..., Ym)
xj>0 yj=0 yj=0 xj=0

implies the strong duality property.
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In management science, as in most sciences, there is a natural interplay between theory andpractice. Theory
provides tools for applied work and suggests viable approaches to problem solving, whereas practice adds
focus to the theory by suggesting areas for theoretical development in its continual quest for problem-solving
capabilities. Itis impossible, then, to understand fully either theory or practice in isolation. Rather, they need
to be considered antinually interactingwvith one another.

Having established linear programming as a foundation for mathematical programming theory, we now
are in a position to appreciate certain aspects of implementing mathematical programming models. In the
next three chapters, we address several issues of mathematical-programming applications, starting with a
general discussion and followed by specific applications. By necessity, at this point, the emphasis is on linear
programming; however, most of our comments apply equally to other areas of mathematical programming,
and we hope they will provide a useful perspective from which to view forthcoming developments in the text.

This chapter begins by presenting two frameworks that characterize the decision-making process. These
frameworks suggest how modeling approaches to problem solving have evolved; specify those types of
problems for which mathematical programming has had most impact; and indicate how other techniques
can be integrated with mathematical-programming models. The remainder of the chapter concentrates on
mathematical programming itself in terms of problem formulation and implementation, including the role of
the computer. Finally, an example is presented to illustrate much of the material.

5.1 THE DECISION-MAKING PROCESS

Since management science basically aims to improve the quality of decision-making by providing managers

with a better understanding of the consequences of their decisions, itis important to spend some time reflecting
upon the nature of the decision-making process and evaluating the role that quantitative methods, especially
mathematical programming, can play in increasing managerial effectiveness.

There are several ways to categorize the decisions faced by managers. We would like to discuss two
frameworks, in particular, since they have proved to be extremely helpful in generating better insights into
the decision-making process, and in defining the characteristics that a sound decision-support system should
possess. Moreover, each framework leads to new perceptions concerning model formulation and the role of
mathematical programming.

175
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Anthony’s Framework: Strategic, Tactical, and Operational Decisions

The first of these frameworks was proposed by Robert N. Antliéte/classified decisions in three categories:
strategic planning, tactical planning, and operations control. Let us briefly comment on the characteristics of
each of these categories and review their implications for a model-based approach to support management
decisions.

The examples given to illustrate specific decisions belonging to each category are based primarily on
the production and distribution activities of a manufacturing firm. This is done simply for consistency and
convenience; the suggested framework is certainly appropriate for dealing with broader kinds of decisions.

a) Strategic Planning

Strategic planning is concerned mainly with establishing managerial policies and with developing the neces-
sary resources the enterprise needs to satisfy its external requirements in a manner consistent with its specific
goals. Examples of strategic decisions are major capital investments in new production capacity and expan-
sions of existing capacity, merger and divestiture decisions, determination of location and size of new plants
and distribution facilities, development and introduction of new products, and issuing of bonds and stocks to
secure financial resources.

These decisions are extremely important because, to a great extent, they are responsible for maintaining
the competitive capabilities of the firm, determining its rate of growth, and eventually defining its success
or failure. An essential characteristic of these strategic decisions is that they have long-lasting effects, thus
mandating long planning horizons in their analysis. This, in turn, requires the consideration of uncertainties
and risk attitudes in the decision-making process. Moreover, strategic decisions are resolved at fairly high
managerial levels, and are affected by information that is both external and internal to the firm. Thus, any
form of rational analysis of these decisions necessarily has a very broad scope, requiring information to be
processed in a very aggregate form so that all the dimensions of the problem can be included and so that top
managers are not distracted by unnecessary operational details.

b) Tactical Planning

Once the physical facilities have been decided upon, the basic problem to be resolved is the effective alloca-
tion of resources (e.g., production, storage, and distribution capacities; work-force availabilities; marketing,
financial, and managerial resources) to satisfy demand and technologicalrequirements, taking into account
the costs and revenues associated with the operation of the resources available to the firm. When we are
dealing with several plants, many distribution centers, and regional and local warehouses, having products
that require complex multistage fabrication and assembly processes, and serving broad market areas affected
by strong randomness and seasonalities in their demand patterns, these decisions are far from simple. They
usually involve the consideration of a medium-range time horizon divided into several periods, and require
significant aggregation of the information to be processed. Typical decisions to be made within this con-
text are utilization of regular and overtime work force, allocation of aggregate capacity resources to product
families, definition of distribution channels, selection of transportation and transshipment alternatives, and
allocation of advertising and promotional budgets.

¢) Operations Control

After making an aggregate allocation of the resources of the firm, it is necessary to deal with the day-to-day
operational and scheduling decisions. This requires the congpisagggregation of the information generated

at higher levels into the details consistent with the managerial procedures followed in daily activities. Typical
decisions at this level are the assignment of customer orders to individual machines, the sequencing of these

* Robert N. AnthonyPlanning and Control Systems: A Framework for Analysiarvard University Graduate School
of Business Administration, Boston, 1965.
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orders in the work shop, inventory accounting and inventory control activities, dispatching, expediting and
processing of orders, vehicular scheduling, and credit granting to individual customers.

These three types of decisions differ markedly in various dimensions. The nature of these differences,
expressed in relative terms, can be characterized as in Table 5.1.

Table 5.1 Distinct Characteristics of Strategic, Tactical, and

Operational Decisions

Strategic Tactical Operations
Characteristics planning planning control
Objective Resource Resource Execution
acquisition utilization
Time horizon Long Middle Short
Level of management
involvement Top Medium Low
Scope Broad Medium Narrow
Source of
information (External & Internal) Internal
Level of detail Highly Moderately | Low
of information aggregate aggregate
Degree of
uncertainty High Moderate Low
Degree of risk High Moderate Low

Implications of Anthony’s Framework: A Hierarchical Integrative Approach

There are significant conclusions that can be drawn from Anthony’s classification, regarding the nature of the

model-based decision-support systems. First, strategic, tactical, and operational decisions cannot be madein
isolation because they interact strongly with one another. Therefore, anintegrated approachis requiredin order
to avoid suboptimization. Second, this approach, although essential, cannot be made without decomposing
the elements of the problem in some way, within the context of a hierarchical system that links higher-level
decisions with lower-level ones in an effective manner. Decisions that are made at higher levels of the system
provide constraints for lower-level decision making, and decision-makers must recognize their impact upon
lower-level operations.

This hierarchical approach recognizes the distinct characteristics of the type of management participation,
the scope of the decision, the level of aggregation of the required information, and the time frame in which
the decision is to be made. In our opinion, it would be a serious mistake to attempt to deal with all these
decisions at once via a monolithic system (or model). Even if computer and methodological capabilities
would permit the solution of large, detailed integrated models—clearly not the case today—that approach is
inappropriate because it is not responsive to management needs at each level of the organization, and would
prevent interactions between models and managers at each organization echelon.

In designing a system to support management decision-making, it is imperative, therefore, to identify
ways in which the decision process can be partitioned, to select adequate models to deal with the individual
decisions at each hierarchical level, to design linking mechanisms for the transferring of the higher-level
results to the lower hierarchical levels, which include means to disaggregate information, and to provide
guantitative measures to evaluate the resulting deviations from optimal performance at each level.

Mathematical programming is suited particularly well for supporting tactical decisions. This category
of decisions, dealing with allocation of resources through a middle-range time horizon, lends itself quite
naturally to representation by means of mathematical-programming models. Typically, tactical decisions
generate models with a large number of variables and constraints due to the complex interactions among
the choices available to the decision-maker. Since these choices are hard to evaluate on merely intuitive
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grounds, a decision-maker could benefit greatly from a model-based support effort. Historically, mathematical
programming has been the type of model used most widely in this capacity, and has contributed a great deal
to improving the quality of decision-making at the tactical level.

As we indicated before, tactical decisions are affected by only moderate uncertainties. This characteristic
is useful for the application of linear programming, since models of this kind do not handle uncertainties
directly. The impact of moderate uncertainties, however, can be assessed indirectly by performing sensitivity
analysis. Furthermore, sensitivity tests and shadow price information allow the decision-maker to evaluate
how well the resources of the firm are balanced.

For example, a tactical linear-programming model designed to support production-planning decisions
might reveal insufficient capacity in a given stage of the production process. The shadow price associated
with that capacity constraint provides a local indication of the payoff to be obtained from a unit increase in
that limited capacity.

The role of mathematical programming in supporting strategic and operational decisions has been more
limited. The importance of uncertainties and risk in strategic decisions, and the great amount of detailed
information necessary to resolve operational problems work against the direct use of mathematical program-
ming at these levels. In the decision-making hierarchy, mathematical-programming models become the links
between strategic and operational decisions. By carefully designing a sequence of model runs, the decision-
maker can identify bottlenecks or idle facilities; and this information provides useful feedback for strategic
decisions dealing with acquisition or divestment of resources. On the other hand, by contributing to the
optimalallocation of the aggregate resources of the firm, mathematical-programming models generate the
broad guidelines for detailed implementation. Operational decisions are reduced, therefore, to producing the
appropriate disaggregation of the tactical plans suggested by the mathematical-programming model against
the day-to-day requirements of the firm.

The design of a hierarchical system to support the overall managerial process is an art that demands a
great deal of pragmatism and experience. In Chapter 6 we describe anintegrated system to deal with strategic
and tactical decisions in the aluminum industry. The heart of the system is formed by two linear-programming
models that actively interact with one another. In Chapter 10 we analyze a hierarchical system to decideon
the design of a job-shop facility. In that case a mixed-integer programming model and a simulation model
represent tactical and operational decisions, respectively. Chapter 7 presentsanother practical application of
linear programming, stressing the role of sensitivity analysis in coping with future uncertainties. Chapter 14
discusses the use of decomposition for bond-portfolio decisions.

Simon’s Framework: Programmed and Nonprogrammed Decisions

A second decision framework that is useful in analyzing the role of models in managerial decision-making
was proposed by Herbert A. SimérSimon distinguishes two types of decisiormogrammedand non-
programmedwhich also are referred to asructuredand unstructureddecisions, respectively. Although
decisions cover a continuous spectrum between these two extremes, it is useful first to analyze the character-
istics of these two kinds.

a) Programmed Decisions

Programmed decisions are those that occur routinely and repetitively. They can be structured into specific
procedural instructions, so they can be delegated without undue supervision to the lower echelons of the
organization. As Simon put it, programmed decisions are normally the domain of clerks. This does not

necessarily imply that high-level managers do not have their share of programmed decision-making; it simply
indicates that the incidence of programmed decisions increases the lower we go in the hierarchy of the
organization.

* Herbert A. Simon;The Shape of Automation for Men and Managemidatper and Row, 1965.
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b) Nonprogrammed Decisions

Nonprogrammed decisions are complex, unique, and unstructured. They usually do not lend themselves to a
well defined treatment, but rather require a large amount of good judgment and creativity in order for them
to be handled effectively. Normally, top managers are responsible for the more significant nonprogrammed
decisions of any organization.

Implications of Simon’s Framework: The Degree ofAutomation of the Decision-Making Process

Simon'’s framework is also very helpful in identifying the role of models in the decision-making process. Its
implications are summarized in Table 5.2 which shows the contribution of both conventional and modern
methods to support programmed and nonprogrammed decisions.

Table 5.2 The Implications of Simon’s Taxonomy

Type of Conventional Modern
decision methods methods
Programmed Organizational Structure | Electronic data processing
(Structured) Procedures and Mathematical models
Routine regulations
Repetitive Habit-forming
Nonprogrammed Policies Hierarchical system design
(Unstructured) Judgment and intuition Decision theory
Unique Rules of thumb Heuristic problem solving
Complex Training and promotion

A major issue regarding programmed decisions is how to develop a systematic approach to cope with
routine situations that an organization faces on a repetitive basis. A traditional approach is the preparation of
written procedures and regulations that establish what to do under normal operating conditions, and that signal
higher-management intervention whenever deviations from current practices occur. If properly designed and
implemented, these procedures tend to create desirable patterns of behavior and habits among the personnel
dealing with routine decisions. Control mechanisms normally are designed to motivate people, to measure
the effectiveness of the decisions, and to take corrective actions if necessary.

What allows the proper execution and management of programmed decisions is the organizational struc-
ture of the firm, which breaks the management functions into problems of smaller and smaller scope. At the
lower echelons of the organization, most of the work assumes highly structured characteristics and, therefore,
can be delegated easily to relatively unskilled personnel.

During the last twenty years, we have withessed a tremendous change in the way programmed decisions
are made. First, the introduction of computers has created new capabilities to store, retrieve, and process
huge amounts of information. When these capabilities are used intelligently, significant improvements can
be made in the quality of decision-making at all levels. Second, the data bank that usually is developed
in the preliminary stages of computer utilization invites the introduction of models to support management
decisions. In many situations, these models have been responsible for adding to the structure of a given
decision. Inventory control, production planning, and capital budgeting are just a few examples of managerial
functions that were thought of as highly nonprogrammed, but now have become significantly structured.

Conventional methods for dealing with nonprogrammed decisions rely quite heavily on the use of judg-
ment. Policies and rules of thumb sometimes can be formulated to guide the application of sound judgment
and lessen the chances that poor judgment is exercised. Since good judgment seems to be the most precious
element for securing high-quality decision-making in nonprogrammed decisions, part of the conventional
efforts are oriented toward the recognition of those individuals who possess this quality. Management-
development programs attempt to stimulate the growth of qualified personnel, and promotions tend to raise
the level of responsibility of those who excel in their managerial duties.
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One of the greatest disappointments for the advocates of management science is that, in its present
form, it has not had a strong impact in dealing with nonprogrammed decisions. Broad corporate models
have been constructed to help the coordination of the high-level managerial functions. Also, hierarchical
systems are beginning to offer meaningful ways to approach problems of the firm in which various echelons
of managers are involved. In addition, disciplines like decision theory and heuristic problem-solving have
made contributions to the effective handling of nonprogrammed decisions. However, it is fair to say that we
are quite short of achieving all the potentials of management science in this area of decision-making. This
situation is changing somewhat with all the interest in unstructured social problems such as energy systems,
population control, environmental issues, and so forth.

We can conclude, therefore, that the more structured the decision, the more it is likely that a meaningful
model can be developed to support that decision.

5.2 STAGES OF FORMULATION, SOLUTION, AND IMPLEMENTATION

Having seen where mathematical programming might be most useful and indicated its interplay with other
managerial tools, we will now describe an orderly sequence of steps that can be followed for a systematic
formulation, solution, and implementation of a mathematical-programming model. These steps could be
applied to the development of any management-science model. However, due to the nature of this book, we
will limit our discussions to the treatment of mathematical-programming models.

Although the practical applications of mathematical programming cover a broad range of problems, it
is possible to distinguish five general stages that the solution of any mathematical-programming problem
should follow.

A. Formulating the model.

Gathering the data.

Obtaining an optimal solution.
Applying sensitivity analysis.

Testing and implementing the solution.

mOUOw

Obviously, these stages are not defined very clearly, and they normally overlap and interact with each
other. Nevertheless we can analyze, in general terms, the main characteristics of each stage.

A) Formulating the Model

The first step to be taken in a practical application is the development of the model. The following are
elements that define the model structure:

a) Selection of a Time Horizon

One of the first decisions the model designer has to make, when applying mathematical programming to a
planning situation, is the selection of the time horizon (also referred to as planning horizon, or cutoff date).
The time horizon indicates how long we have to look into the future to account for all the significant factors of
the decision under study. Its magnitude reflects the future impact of the decision under consideration. It might
cover tento twenty years in a major capital-investment decision, one year in an aggregate production-planning
problem, or just a few weeks in a detailed scheduling issue.

Sometimes it is necessary to divide the time horizon into several time periods. This is done in order to
identify the dynamic changes that take place throughout the time horizon. For example, in a production-
planning problem itis customary to divide the one-year time horizon into time periods of one month'’s duration
to reflect fluctuations in the demand pattern due to product seasonalities. However, if the model is going to
be updated and resolved at the beginning of each month with a rolling one-year time horizon, it could be
advantageous to consider unequal time periods; for example, to consider time periods of one month’s duration
during the first three months, and then extend the duration of the time periods to three months, up to the end
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of the time horizon. This generally will not adversely affect the quality of the decisions and will reduce the
computational burden on the model significantly.

b) Selection of Decision Variables and Parameters

The next step in formulating the mathematical-programming model is to identify the decision variables, which
are those factors under the control of the decision-maker, and the parameters, which are beyond the control
of the decision-maker and are imposed by the external environment.

The decision variables are the answers the decision-maker is seeking. If we are dealing with production-
planning models, some relevant decision variables might be the amount to be manufactured of each product at
each time period, the amount of inventory to accumulate at each time period, and the allotment of man-hours
of regular and overtime labor at each time period.

On some occasions, a great amount of ingenuity is required to select those decision variables that most
adequately describe the problem being examined. In some instances it is possible to decrease the number of
constraints drastically or to transform an apparent nonlinear problem into a linear one, by merely defining
the decision variables to be used in the model formulation in a different way.

The parameters represent those factors which affect the decision but are not controllable directly (such as
prices, costs, demand, and so forth). In deterministic mathematical-programming models, all the parameters
are assumed to take fixed, known values, where estimates are provided via point forecasts. The impact of this
assumption can be tested by means of sensitivity analysis. Examples of some of the parameters associated
with a production-planning problem are: product demands, finished product prices and costs, productivity of
the manufacturing process, and manpower availability.

The distinction made between parameters and decision variables is somewhat arbitrary and one could
argue that, for a certain price, most parameters can be controlled to some degree by the decision-maker.
For instance, the demand for products can be altered by advertising and promotional campaigns; costs and
prices can be increased or decreased within certain margins, and so on. We always can start, however, from
a reference point that defines the appropriate values for the parameters, and insert as additional decision
variables those actions the decision-maker can make (like promotions or advertising expenditures) to create
changes in the initial values of the parameters. Also, shadow-price information can be helpful in assessing
the consequences of changing the values of the initial parameters used in the model.

c) Definition of the Constraints

The constraint set reflects relationships among decision variables and parameters that are imposed by the
characteristics of the problem under study (e.g., the nature of the production process, the resources available to
the firm, and financial, marketing, economical, political, and institutional considerations). These relationships
should be expressed in a precise, quantitative way. The nature of the constraints will, to a great extent,
determine the computational difficulty of solving the model.

It is quite common, in the initial representation of the problem, to overlook some vital constraints or to
introduce some errors into the model description, which will lead to unacceptable solutions. However, the
mathematical programming solution of the ill-defined model provides enough information to assist in the
detection of these errors and their prompt correction. The problem has to be reformulated and a new cycle
has to be initiated.

d) Selection of the Objective Function

Once the decision variables are established, it is possible to determine the objective function to be minimized
or maximized, provided that a measure of performance (or effectiveness) has been established and can be
associated with the values that the decision variables can assume. This measure of performance provides
a selection criterion for evaluating the various courses of action that are available in the situation being
investigated. The most common index of performance selected in business applicatmles igalue thus,

we define the objective function as the minimization of cost or the maximization of profit. However, other
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objective functions could become more relevant in some instances. Examples of alternative objectives are:

Maximize total production, in units.

Minimize production time.

Maximize share of market for all or some products.

Maximize total sales, in dollars or units.

Minimize changes of production pattern.

Minimize the use of a particular scarce (or expensive) commodity.

The definition of an acceptable objective function might constitute a serious problem in some situations,
especially when social and political problems are involved. In addition, there could be conflicting objectives,
each important in its own right, that the decision-maker wants to fulfill. In these situations it is usually helpful
to define multiple objective functions and to solve the problem with respect to each one of them separately,
observing the values that all the objective functions assume in each solution. If no one of these solutions
appears to be acceptable, we could introduce as additional constraints the minimum desirable performance
level of each of the objective functions we are willing to accept, and solve the problem again, having as an
objective the most relevant of those objective functions being considered. Sequential tests and sensitivity
analysis could be quite valuable in obtaining satisfactory answers in this context.

Another approach available to deal with the problem of multiple objectives is to unify all the conflicting
criteriainto a single objective function. This can be accomplished by attaching weights to the various measures
of performance established by the decision-maker, or by directly assessing a multiattribute preference (or
utility function) of the decision-maker. This approach, which is conceptually extremely attractive but requires
a great deal of work in implementation, is the concern of a discipline caiision theoryor decision
analysis) and is outside the scope of our present Work.

B) Gathering the Data

Having defined the model, we must collect the data required to define the parameters of the problem. The data
involves the objective-function coefficients, the constraint coefficients (also called the matrix coefficients)
and the righthand side of the mathematical-programming model. This stage usually represents one of the
most time-consuming and costly efforts required by the mathematical-programming approach.

C) Obtaining an Optimal Solution

Because of the lengthy calculations required to obtain the optimal solution of a mathematical-programming
model, a digital computer is invariably used in this stage of model implementation. Today, all the computer
manufacturers offer highly efficient codes to solve linear-programming models. These codes presently can
handle general linear-programming problems of up to 4000 rows, with hundreds of thousands of decision
variables, and are equipped with sophisticated features that permit great flexibility in their operation and
make them extraordinarily accurate and effective. Instructions for use of these codes are provided by the
manufacturers; they vary slightly from one computer firm to another.

Recently, very efficient specialized codes also have become available for solving mixed-integer program-
ming problems, separable programming problems, and large-scale problems with specific structures (using
generalized upper-bounding techniques, network models, and partitioning techniques). Models of this nature
and their solution techniques will be dealt with in subsequent chapters.

When dealing with large models, it is useful, in utilizing computer programs, to input the required data
automatically. These programs, often called matrix generators, are designed to cover specific applications.
Similarly, computer programs often are written to translate the linear-programming output, usually too tech-
nical in nature, into meaningful managerial reports ready to be used by middle and top managers. In the next

* For an introduction to decision theory, the reader is referred to Howard RBiffaision Analysis—Introductory
Lectures on Choices under Uncertainfyddison-Wesley, 1970.
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section, dealing with the role of the computer in solving mathematical-programming models, we will discuss
these issues more extensively.

D) Applying Sensitivity Analysis

One of the most useful characteristics of linear-programming codes is their capability to perform sensitivity
analysis on the optimalsolutions obtained for the problem originally formulated. These postoptimum analyses
are important for several reasons:

a) Data Uncertainty

Much of the information that is used in formulating the linear program is uncertain. Future production
capacities and product demand, product specifications and requirements, cost and profit data, among other
information, usually are evaluated through projections and average patterns, which are far from being known
with complete accuracy. Therefore, it is often significant to determine how sensitive the optimal solutionis

to changes in those quantities, and how the optimal solutionvaries when actual experience deviates from the
values used in the original model.

b) Dynamic Considerations

Even if the data were known with complete certainty, we would still want to perform sensitivity analysis
on the optimal solution to find out how the recommended courses ofaction should be modified after some
time, when changes most probably will have taken place in the original specification of the problem. In other
words, instead of getting merely a static solution to the problem, it is usually desirable to obtain at least some
appreciation for a dynamic situation.

c) Input Errors

Finally, we want to inquire how errors we may have committed in the original formulation of the problem
may affect the optimalsolution.

In general, the type of changes that are important to investigate are changes in the objective-function
coefficients, inthe righthand-side elements, and in the matrix coefficients. Further, itis sometimes necessaryto
evaluate the impact on the objective function of introducing new variables or new constraints into the problem.
Although itis often impossible to assess all of these changes simultaneously, good linear-programming codes
provide several means of obtaining pertinent information about the impact of these changes with a minimum
of extra computational work.

Further discussions on this topic, including a description of the types of output generated by computer
codes, are presented in the next section of this chapter.

E) Testing and implementing the Solution

The solution should be tested fully to ensure that the model clearly represents the real situation. We already
have pointed out the importance of conducting sensitivity analysis as part of this testing effort. Should the
solution be unacceptable, new refinements have to be incorporated into the model and new solutions obtained
until the mathematical-programming model is adequate.

When testing is complete, the model can be implemented. Implementation usually means solving the
model with real data to arrive at a decision or set of decisions. We can distinguish two kinds of implementation:
a single or one-time use, such as a plant location problem; and continual or repeated use of the model, such
as production planning or blending problems. In the latter case, routine systems should be established to
provide input data to the linear-programming model, and to transform the output into operating instructions.
Care must be taken to ensure that the model is flexible enough to allow for incorporating changes that take
place in the real operating system.
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5.3 THE ROLE OF THE COMPUTER

Solving even small mathematical-programming problems demands a prohibitive amount of computational
effort, if undertaken manually. Thus, all practical applications of mathematical programming require the use
of computers.

In this section we examine the role of digital computers in solving mathematical-programming models.
The majority of our remarks will be directed to linear-programming models, since they have the most advanced
computer support and are the models used most widely in practice.

The task of solving linear programs is greatly facilitated by the very efficient linear-programming codes
that most computer manufacturers provide for their various computer models. In a matter of one or two days,
a potential user can become familiar with the program instructions (control language or control commands)
that have to be followed in order to solve a given linear-programming problem by means of a specific
commercial code. The ample availability of good codes is one of the basic reasons for the increasing impact
of mathematical programming on management decision-making.

Commercial mathematical-programming codes have experienced an interesting evolution during the last
decade. At the beginning, they were simple and rigid computer programs capable of solving limited-size
models. Today, they are sophisticated and highly flexible information-processing systems, with modules that
handle incoming information, provide powerful computational algorithms, and report the model results in
a way that is acceptable to a manager or an application-oriented user. Most of the advances experienced
in the design of mathematical-programming codes have been made possible by developments in software
and hardware technology, as well as break-throughs in mathematical-programming theory. The continual
improvement in mathematical-programming computational capabilities is part of the trend to reduce running
times and computational costs, to facilitate solutions of larger problems (by using network theory and large-
scale system theory), and to extend the capabilities beyond the solution of linear-programming models into
nonlinear and integer-programmingproblems.

The field mathematical-programming computer systems is changing rapidly and the number of computer
codes currently available is extremely large. For these reasons, we will not attempt to cover the specific
instructions of any linear-programming code in detail. Rather, we will concentrate on describing the basic
features common to most good commercial systems, emphasizing those important concepts the user has to
understand in order to make sound use of the currently existing codes.

Input Specifications

The firsttask the user is confronted with, when solving a linear-programming model by means of acommercial
computer code, is the specification of the model structure and the input of the corresponding values of the
parameters. There are several options available to the user in the performance of this task. We will examine
some of the basic features common to most good codes in dealing with input descriptions.

In general, a linear-programming problem has the following structure:

n

Maximize (or Minimize)z = Z CjXj, (1)
j=1
subject to:
n

D ax (== 9hb, (=12...m), ()

j=1
Xj >0, for some or allj, 3)
X; free, for some or allj, (4)
Xj >4j, £ #0), for some or allj, (5)

Xj < uj, (Uj # 00), for some or allj. (6)
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This model formulation permits constraints to be specified either as “greater than or equgtXo”
inequalities, “less than or equal to{(<) inequalities, or simple equalities=). It also allows for some
variables to be nonnegative, some to be unconstrained in sign, and some to have lower and/or upper bounds.

a) Reading the Data
The most important elements the user has to specify in order to input the problem data are:

Names of the decision variablesonstraints objective functiofs), and righthand sidés). Names have

to be given to each of this model's elements so that they can be identified easily by the user. The names
cannot exceed a given number of characters (normally 6 or 8), depending on the code being used. Moreover,
it is important to adopt proper mnemonics in assigning names to these elements for easy identification of the
actual meaning of the variables and constraints. For instance, instead of designating by X37 and X38 the
production of regular and white-wall tires during the month of January, it would be better to designate them
by RTJAN and WTJAN, respectively.

Numerical values of the parametegg, bj, andcj. Only nonzero coefficients have to be designated. This
leads to significant savings in the amount of information to be input, since a great percentage of coefficientsare
zero in most linear-programming applications. The specification of a nonzero coefficient requires three pieces
of information: the row name, the column name, and the numerical value corresponding to the coefficient.

Nature of the constraint relationshipThe user should indicate whether a given constraint khas=a, or <
relationship. Also, many systems permit the user to specify a range on a constraint consisting of both the
and< relationships.

Free and bounded variablesAlmost all codes assume the variables to be nonnegative unless specified
otherwise. This reduces the amount of data to be input, since in most practical applications the variables are
indeed nonnegative. Thus the user need only specify those variables that are “free” (i.e., bounded neither
from above nor from below), and those variables that have lower and upper bounds. The lower and upper
bounds may be either positive or negative numbers.

Nature of the optimization commandnstructions have to establish whether the objective function is to be
minimized or maximized. Moreover, most linear-programming codes allow the user to specify, if so desired,
several objective functions and righthand sides. The code then proceeds to select one objective function and
one righthand side at a time, in a sequence prescribed by the user, and the optimal solution is found for eachof
the resulting linear programs. This is a practical and effective way to perform sensitivity analysis. Whenever
several objective functions and righthand sides are input, the user should indicate which one of these elements
to use for a given optimization run.

Title of problem and individual runs.It is useful to assign a title to the overall problem and to each of the
sensitivity runs that might be performed. These titles have to be supplied externally by the user.

The information given to the computer is stored in the main memory core or, if the problem is extremely
large, in auxiliary memory devices. Needless to say, the computational time required to solve a problem
increases significantly whenever auxiliary memory is required, due to the added information-processing
time. Within the state of the current computer technology, large computers (e.g., IBMZ)0can handle
problems with up to 4000 constraints without using special large-scale theoretical approaches.

b) Retrieving a Summary of the Input Data

Most codes permit the user to obtain summarized or complete information on the input data. This information
is usefulin identifying possible errors due to careless data specification, or to inappropriate model formulation.
In addition, the input summary can be of assistance in detecting any special structure of the model that can
be exploited for more efficient computational purposes.
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The following are examples of types of summary information on the data input that are available in many
codes:

Number of rows and columns in the coefficient matrix,

Number of righthand sides and objective functions,

Density of the coefficient matrix (i.e., the percentage of nonzero coefficients in the
total number of coefficients),

Number of nonzero elements in each row and column,

Value of the largest and smallest element in the coefficient matrix, righthand side(s),
and objective function(s),

Printout of all equations in expanded form,
Picture of the full coefficient matrix or a condensed form of the coefficient matrix.

c) Scaling the Input Data

The simultaneous presence of both large and small numbers in the matrix of coefficients should be avoided
whenever possible, because it tends to create problems of numerical instability. This can be avoided by
changing the unit of measure of a given variable (say, from Ibs to 100 Ibs, or from $1000 to $)—this change
will reduce (or increase) the numerical values on a given column; or by dividing (or multiplying) a row by a
constant, thus reducing (or increasing) the numerical values of the coefficients belonging to that row.

d) Matrix Generators

When dealing with large linear-programming models, the task of producing the original matrix of coeffi-
cients usually requires an extraordinary amount of human effort and elapsed time. Moreover, the chance of
performing these tasks without errors is almost nil. For example, a problem consisting of 500 rows and 2000
variables, with a matrix density of 10 percent, has 5@000x 0.10 = 100,000 nonzero coefficients that need

to be input. As we indicated before, most linear-programming codes require three pieces of information to
be specified when reporting a nonzero coefficient; these are the corresponding row name, column name, and
coefficient value. Thus, in our example the user will need to input 300,000 elements. If the input operations
are to be performed manually, the chance of absolute freedom from error is extremely low.

Moreover, in most practical applications, there is a great need for restructuring the matrix of coefficients
due to dynamic changes in the problem under study, to model-formulation alternatives to be analyzed, and to
sensitivity runs to be performed. A matrix generator helps address these difficulties by providing an effective
mechanism to produce and revise the coefficient matrix.

A matrix generator is a computer program that allows the user to input the linear-programming data in a
convenient form by prescribing only a minimum amount of information. Normally, it takes advantage of the
repetitive structure that characterizes most large linear-programming models, where many of the coefficients
are+1, —1, or zero. The matrix generator fills in those coefficients automatically, leaving to the user the
task of providing only the input of those coefficients the program cannot anticipate or compute routinely.
Multistage or multiperiod models have the tendency to repeat a given submatrix of coefficients several times.
The matrix generator automatically duplicates this submatrix as many times as necessary to produce the final
model structure. Matrix generators also provide consistency checks on input data to help detect possible
sources of error.

Matrix generators also can be used to compute the values of some of the model coefficients directly from
raw data provided by the user (e.g., the program might calculate the variable unit cost of an item by first
evaluating the raw material costs, labor costs, and variable overhead). Moreover, the matrix generator can
provide validity checks to ensure that no blunt errors have been introduced in the data. Simple checks consist
of counting the number of nonzero coefficients in some or all of the rows andcolumns, in analyzing the signs
of some critical variable coefficients,and so forth.

Sophisticated mathematical-programming codes have general-purpose matrix generators as part of their
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system. Instances are also quite common where the user can prepare his own special-purpose matrix generator
to be used as part of the linear-programming computations.

Solution Techniques

There has been considerable concern in the development of mathematical-programming systems to reduce
the computational time required to solve a linear-programming problem by improving the techniques used
in the optimization stage of the process. This has been accomplished primarily by means of refinements in
the matrix-inversion procedures (derived from matrix triangularization concepts), improvements in the path-
selection criterion (by allowing multiple pricing of several columns to be considered as possible incoming
variables), and use of more efficient presolution techniques (by provedarstpningoptions to be used in order
to obtain an initial feasible solution, or by permitting the user to specify starting columns in the initial basis).
Other important issues associated with the use computers in solving linear-programming problems are
the presence of numerical errors and the tolerances allowed in defining the degree of accuracy sought in
performing the computations. Most codes permit the user to exercise some options with regard to these
issues. We will comment briefly on some of the most important features of those options.

A. Reinversion

Since the simplex method is a numeric computational procedure, it is inevitable for roundoff errors to be
produced and accumulated throughout the sequence of iterations required to find the optimal solution. These
errors could create infeasibility ornonoptimal conditions; that is, when the final solution is obtained and the
corresponding values of the variables are substituted in the original set of constraints, either the solution might
not satisfy the original requirements, or the pricing-out computations might generate some nonzero reduced
costs for the basic variables.

To address these problems, most codes use the original values of the coefficient matrix to reinvert the
basis periodically, thus maintaining its accuracy. The frequency of reinversion can be specified externally by
the user; otherwise, it will be defined internally by the mathematical-programming system. Some computer
codes fix the automatic reinversion frequency at a constant number of iterations performed; e.g., the basis
is reinverted every 50 to 100 iterations. Other codes define the reinversion frequency as a multiple of the
number of rows in the problem to be optimized; e.g., the basis is reinverted every 1.25rtoiterlions,
wherem is the number of constraints.

Most codes compute a basis reinversion when the final solution has been obtained to assure its feasibility
and optimality.

B. Tolerances

In order to control the degree of accuracy obtained in the numerical computations, most linear-programming
codes permit the user to specify the tolerances he is willing to accept. Feasibility tolerances are designed to
check whether or not the values of the nonbasic variables and the reduced cost of the basic variables are zero.
Unless otherwise specified by the user, these checks involve internally set-up tolerance limits. Typical limits
are—0.000001 and{0.000001.

There are also pivot rejection tolerances that prevent a coefficient very close to zero from becoming a
pivot element in a simplex iteration. Again, 19is a normal tolerance to use for this purpose, unless the
user specifies his own limits.

C. Errors

Aswe have indicated before, errors usually are detected when the optimal values of the variables are substituted
in theoriginal set of constraintsRow errorsmeasure the difference between the computed values of the
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lefthand sides of the constraints, and the original righthand-side value, i.e., for equality constraints:

n
Za;jxjo— b = ith row error
=1

where thex’s are the corresponding optimal values ofthe variable. Similarly, thereoéuen errorswhich
are calculated by performing similar computations with the dual problem, i.e., for a basic column:

m
Z jj yio — ¢ = jth column error
i=1

where they;”’s are the corresponding optimal values for thedual variables. Some codes have an internally
determined or externally specified error frequency, which dictates how often errors are calculated and checked
against the feasibility tolerances. If the computed errors exceed the prescribed tolera@asesteinversion

is called for automatically. Restoring feasibility might demand a Phase | computation, or a dual simplex
computation.

Many codes offer options to the user with regard to the output of the error calculations. The user might
opt for a detailed printout of all column and row errors, or might be satisfied with just the maximum column
and row error.

Whenever extra accuracy is required, some codes atawle precisiorio be used. This means that the
space reserved in the computer for the number of significant figures to represent the value of each variable
is doubled. Computing with the additional significant digits provides additional precision in the calculations
required by the solution procedure.

Output Specifications

Once the optimal solution has been obtained, most computer codesprovide the user with a great amount of
information that describes in detail the specific values of the optimal solution and itssensitivity to changes
in some of the parameters of the original linear-programming problem. We will review some of the most
important features associated with output specifications.

a) Standard Output Reports
Typical information produced by standard commercial codes might include:

Optimal value of the objective functionThis isobtained by substituting the optimal values of the decision-
variables in the original objective function. When the model has been constructed properly, the value of
the objective function is a finite number. If no feasible solution exists, the computerprogram will indicate
that the problem is infeasible, and no specific value of the objective function will be given. The remaining
alternative occurs when the objective function can be increased (if we are maximizing) or decreased (if we
are minimizing) indefinitely. In this situation, the program will report an unbounded solution, which is a
clear indication in any practical application that an error has been made in the model formulation.

Optimal values of the decision variables:or each ofthe decision variables the program specifies its optimal
value.Except for degenerate conditions, all the basic variables assume positive values. Invariably, all nonbasic
variables have zero values. There are as many basic variables as constraints in the original problem.

Slacks and surpluses in the constraintd_ess than or equal to’'{<) constraints might have positive slacks
associated with them. Correspondingly, “greater than or equal(te)’ constraints might have positive
surpluses associated with them. The program reports the amount of these slacks and surpluses in the optimal
solution. Normally, a slackcorresponds to an unused amount of a given resource, and a surplus corresponds
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to an excess above a minimum requirement.

Shadow prices for constraintsThe shadow price associated with a given constraint corresponds to the
change in the objective function when the original righthand side of that constraint is increased by one unit.
Shadow prices usually can be interpreted as marginal costs (if we are minimizing) or marginal profits (if we
are maximizing). Constraints that have positive slacks or surpluses have zero shadow prices.

Reduced costs for decision variableReduced cost can be interpreted as the shadow prices corresponding to
the nonnegativity constraints. All basic variables have zero reduced costs. The reduced cost associated with
a nonbasic variable corresponds tothe change in the objective function whenever the corresponding value of
the nonbasic variable is increased from 0 to 1.

Ranges on coefficients of the objective functidtanges are given for each decision variable, indicating the
lower and upper bound the cost coefficient of the variable can take without changing the current value of the
variable in the optimalsolution.

Ranges on coefficients of the righthand sideanges are given for the righthand-side element of each con-
straint, indicating the lower and upper value the righthand-side coefficient of a given constraint can take
without affecting the value of the shadow price associated with that constraint.

Variable transitions resulting from changes in the coefficients of the objective functghenever a coeffi-

cient of the objective function is changed beyond the range prescribed above, a change of the basis will take
place. This element of the output report shows, for each variable, what variable will leave the basis and what
new variable will enter the basis if the objective-function coefficient of the corresponding variable were to
assume a value beyond its current range. If there is no variable to drop, the problem becomes unbounded.

Variable transitions resulting from changes in thecoefficient of the righthand sRimilarly, whenever a
coefficient of the righthand side of a constraint is changed beyond the range prescribed above, a change in
the current basis will occur. This portion of the report shows, for each constraint, which variable will leave
the basis and which new variable will enter the basis if the righthand-side coefficient of the corresponding
constraint were to assume a value beyond its current range. If there is no variable to enter, the problem
becomes infeasible.

In the next section we present a simple illustration of these output reports.

b) Sensitivity and Parametric Analyses

In addition to providing the information just described, most codes allow the user to perform a variety of
sensitivity and parametric runs, which permit an effective analysis of the changes resulting in the optimal
solution when theoriginal specifications of the problem are modified. Quite often the user is not interested in
obtaining a single solution to a problem, but wants to examine thoroughly a series of solutions to a number
of cases. Some of the system features to facilitate this process are:

Multiple objective functions and righthand sided/e noticed before that provisions are made in many codes

for the user to input several objective functions. The problem is solved with one objective function at a time,
the optimal solution of oneproblem serving as an initial solution for the new problem. Sometimes only a few
iterations are required to determine the new optimum, so that this process is quite effective. In this fashion,
changes of the optimal solution with changes in the cost or revenue structure of the model can be assessed
very rapidly. Similar options are available for processing the problem with one righthand side at a time,
through a sequence of righthand sides provided by the user. Some codes use the dual simplex method for this
purpose.

Parametric Variation. Another way to assess sensitivity analysis with regard to objective functions and
righthand sides is to allow continuous changes to occur from a specified set of coefficients for the objective
function or the righthand side to another specified set. This continuous parametrization exhaustively explores
the pattern of the solution sensitivity in a very efficient manner. Some codes allow for a joint parametrization
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of cost coefficients and righthand-side elements.

Revisions of the original model formulationFinally, many codes allow revisions to be incorporated in the
model structure without requiring a complete reprocessing of the new problem. These revisions might effect
changes in specific parameters of the model, as well as introduce new variables andnew constraints.

c) Report generators

Given the massive amount of highly technical information produced by a linear-programming code, it is
most desirable to translate the output into a report directed to an application-oriented user. This is almost
mandatory when using linear programming as an operational tool to support routine managerial decision-
making. The most sophisticated mathematical-programming systems contain capabilities for the generation
of general-purpose reports. Special-purpose reports easily can be programmed externally in any one of the
high-level programming languages (like FORTRAN, APL, or BASIC).

5.4 A SIMPLE EXAMPLE

The basic purpose of this section is to illustrate, via a very small and simple example, the elements contained in
a typical computer output of a linear-programming model. The example presented is a multistage production-
planning problem. In order tosimplify our discussion and to facilitate the interpretation of the computer output,
we have limited the size of the problem by reducing to a bare minimum the number of machines, products, and
time periods being considered. This tends to limit the degree of realism of the problem, but greatly simplifies
the model formulation. For some rich and realistic model-formulation examples, the reader is referred to the
exercises at the end of this chapter, and to Chapters 6, 7, 10,and 14.

A Multistage Planning Problem

An automobile tire company has the ability to produce both nylon and fiberglass tires. During the next three
months they have agreed to deliver tires as follows:

Date Nylon Fiberglass
June 30 4,000 1,000
July 31 8,000 5,000
August 31 3,000 5,000
Total 15,000 11,000

The company has two presses, a Wheeling machine and a Regal machine, and appropriate molds that can
be used to produce these tires, with the following production hours available in the upcoming months:

Wheeling Regal

machine machine
June 700 1500
July 300 400
August 1000 300

The production rates for each machine-and-tire combination, in terimsus$ per tire are as follows:

Wheeling Regal

machine machine
Nylon 0.15 0.16
Fiberglass 0.12 0.14

The variable costs of producing tires are@bper operating hour, regardless of which machine is being
used or which tire is being produced. There is also an inventory-carrying chargel 6f(&f tire per month.
Material costs for the nylon and fiberglass tires ard 8&nd $30 per tire, respectively. Finishing, packaging
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and shipping costs are $B per tire. Prices have been set at0®7per nylon tire and $90 per fiberglass
tire.

The following questions have been raised by the production manager of the company:

a) How should the production be scheduled in order to meet the delivery requirements at minimum costs?
b) What would be the total contribution to be derived from this optimal schedule?

¢) A new Wheeling machine is due to arrive at the beginning of September. For a $200 fee, it would be
possible to expedite the arrival of the machine to August 2, making available 172 additional hours of
Wheeling machine time in August. Should the machine be expedited?

d) When would it be appropriate to allocate time for the yearly maintenance check-up of the two machines?

Model Formulation

We begin by applying the steps in model formulation recommended in Section 5.2.

Selection of a Time Horizon

In this particular situation the time horizon covers three months, divided into three time periods of a month’s
duration each. More realistic production-planning models normally have a full-year time horizon.

Selection of Decision Variables and Parameters

We can determine what decision variables are necessary by defining exactly what information the plant
foreman must have in order to schedule the production. Essentially, he must know the number of each type of
tire to be produced on each machine in each month and the number of each type of tire to place in inventory
at the end of each month. Hence, we have the following decision variables:

Wh.t = Number of nylon tires to be produced on the Wheeling machine during

montht;

Rn.t = Number of nylon tires to be produced on the Regal machine during
montht;

Wg.t = Number of fiberglass tires to be produced on the Wheeling maching in .
montht: In general there are six

Rg.t = Number of fiberglass tires to be produced on the Regal machine in
montht;

Int = Number of nylon tires put into inventory at the end of motith
lgt = Number of fiberglass tires put into inventory at the end of maonth

variables per time period and since there are three months under consideration, we have a total of eighteen
variables. However, it should be clear that it would never be optimal to put tires into inventory at the end of
August since all tires must kieliveredby then. Hence, we can ignore the inventory variables for August.

The parameters of the problem are represented by the demand requirements, the machine availabilities,
the machine productivity rates, and the cost and revenue information. All these parameters are assumed to
be known deterministically.

Definition of the Constraints

There are two types of constraint in this problem representing production-capacity available and demand
requirements at each month.

Let us develop the constraints for the month of June. The production-capacity constraints can be written
in terms of production hours on each machine. For the Wheeling machine in June we have:

0.15Wh,1 4 0.12Wg 1 < 700,
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while, for the Regal machine in June, we have:
0.16R, 1 + 0.14Ry; < 150Q

The production constraints for future months differ only in the available number of hours of capacity for the
righthand side.

Now consider the demand constraints for June. For each type of tire produced in June we must meet the
demand requirement and then put any excess production into inventory. The demand constraint for nylon
tires in June is then:

Wh,1 + Rn1 — In,1 = 4000

while for fiberglass tires in June it is:
Wg,l + Rg,l — |g,1 = 1000

In July, however, the tires put into inventory in June are available to meet demand. Hence, the demand
constraint for nylon tires in July is:

In1+ Wh2+ Ry2—In2=3800Q
while for fiberglass tires in July it is:
lg1 + Wg2+ Rg2 — Ig2 = 5000Q

In August it is clear that tires withot be put into inventory at the end of the month, so the demand constraint
for nylon tires in August is:
In,2 + Wh 3+ Ry 3 =300Q

while for fiberglass tires in August it is:

Finally, we have the nonnegativity constraints on all of the decision variables:

Wn,t Z 09 Wg,t Z 05 (t = 15 27 3)9
Rat > 0, Rgt =0, (t=123);
Int > 0, lgt >0, (t=12).

Selection of the Objective Function

The total revenues to be obtained in this problem are fixed, because we are meeting all the demand re-
quirements, and maximization of profit becomes equivalent to minimization of cost. Also, the material-cost
componentis fixed, since we know the total amount of each product to be produced during the model time hori-
zon. Thus, a proper objective function to select is the minimization of the variable relevant cost components:
variable production costs plus inventory-carrying costs.

Now, since each kind of tire on each machine has a different production rate, the cost of producing a tire
on a particular machine will vary, even though the variable cost per hour is constant for each tire-and-machine
combination. The variable production cost per tire for the fiberglass tires made on the Regal machine can
be determined by multiplying the production rate (in hours/tire) by the variable production cost (in $/hour)
resulting in(0.14)(5) = $0.70/tire. The remaining costs for producing each tire on each machine can be
computed similarly, yielding

Wheeling machin# Regal machine

Nylon 0.75 0.80
Fiberglass 0.60 0.70
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Table 5.3 Multistage Planning Model*

June July August
Nylon Glass Inventory Nylon Glass Inventory Nylon Glass
Wt [Ray [ Wt [Re o | Ty | Ly [Wao|Raa|We2|Roo| Lz | Too [Wos|Rys| W, Ry s RHS
hmc{thcling 0.15 0.12 <| 700
© Regal 0.16 0.14 < (1500 | 2
o E {thcling 0.5 0.12 <] 00| %
%‘; Regal 0.16 0.14 <| 400 S
28, {thcling 0.15 0.12 <1000] 2
Aug. = 2
Regal 0.16 0.14] = | 300
June Nylon 1 1 —1 = | 4000
” Glass 1 1 -1 = | 1000 IS
- E « 2
,:f; July{Nyl(in 1 1 1 —1 = 8000 © =
§ é Glass 1 1 1 —1 = | 5000 _‘g’_f
UAUO'{N}'lon 1 I 1 = 3000 | 3 &
| Glass I 1 I | =1]5000" "
Objective 0.75 1 0.80| 0.60 | 0.70 0.10 0.10| 0.75 | 0.80| 0.60 | 0.70 0.10 0.10] 0.75 { 0.80 | 0.60 | 0.70 | Minimum

* All blanks are zeros.

Given the inventory-carrying cost of 8D per tire per month, we have the following objective function
for minimizing costs:

3
> "(0.75Wh, t + 0.80Ry, ¢ + 0.60W, ¢ + 0.70Ry,t + 0.10In ¢ + 0.10lg, ¢);
t=1
and we understand thit 3 = 0 andlg 3 = 0.

The formulation of this problem is summarized in Table 5.3. This problem is what we call a multistage
model, because it contains more than one time period. Note that the constraints of one time period are linked
to the constraints of another only by the inventory variables. This type of problem structure is very common
in mathematical programming. Note that there are very few elements different from 0, %;laimdthe
tableau given in Table 5.3. This problem structure can be exploited easily in the design of a matrix generator,
to provide the input for the linear-programming computation.

Computer Results

We will now present the computer output obtained by solving the linear-programming model set forth in
Table 5.3 by means of an interactive system operated from a computer terminal.

The notation describing the decision variables has been changed slightly, in order to facilitate computer
printouts. For example:

WN-T = Number of nylon tires produced
on the Wheeling machine in month T

Similar interpretations can be given to variables WG-T (number of fiberglass tires on the Wheeling
machine), RN-T, and RG-T (number of nylon and fiberglass tires, respectively, produced on the Regal
machine at month T). IN-T and IG-T denote the number of nylon and fiberglass tires, respectively, left over
at the end of period T.

The production constraints are represented by W-T and R—T, meaning the hours of Wheeling and Regal
machine availability at period T. N-T and G—T stand for the demand at period T of nylon and fiberglass tires,

respectively.
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Figure 5.1 is the computer output of the problem. The reader should reflect about the meaning of each
of the elements of the output. The output provides exactly the same information discussed under the title
Standard Output Reports in Section 5.3. The reader is referred to that section for a detailed explanation of

each output element.

Answering the Proposed Questions

With the aid of the optimal solution of the linear-programmingmodel, we can answer the questions that were
formulated at the beginning of this problem.

a) Production Scheduling

Examination of the optimal values of the decision variables in thelinear-programming solution reveals that
the appropriate production schedule should be:

Wheeling| Regal
machine | machine
No. of nylon tires 1867 7633
June { No. of fiberglass tires 3500 0
Hrs. of unused capacity, 0 279
No. of nylon tires 0 2500
July No. of fiberglass tires 2500 0
Hrs. of unused capacity, 0 0
No. of nylon tires 2667 333
August]{ No. of fiberglass tires 5000 0
Hrs. of unused capacity 0 247

The unused hours of each machine are the slack variables of the computer output.
The resulting inventory at the end of each month for the two types of products is as follows:

June July  August

Inventory of nylon tires 5500 0 0
Inventory of fiberglass tires 2500 0 0
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TITLE:

RUBICON RUBBER

PROCEED, DISPLAY, OR REJECT? PRO

MAXIMIZE OR MINIMIZE? MIN

OPTIMAL SOLUTION FOUND.

COsT

19173.3

OUTPUT OPTION? USUAL

A Simple Example

ALL ITEMS NOT LISTED IN SECTIONS 1 - 4 HAVE THE VALUE ZERO.

*1* DECISION VARIABLES

1. WN-1 1866.67
2. RN-1 7633.33
3. We-1 3506. 66
5, IH-1 5564 . 69
6. IG-1 2506 66
8. RN-2 250960
9, WE~2 2580, 60
13. WE-3 2666.67
14. BN-3 333,333
15, WE=3 5660. 08
#2*% SLACK(+) AND SURPLUS (-) IN CONSTRAINTS
. #R~1 278.667
6. +R-3 246.667
#3* SEADOW PRICES FOR CONSTRAINTS
1.-W-1 ~.333333
3. W2 -1.16667
4. R-2 ~. 625608
5, W-3 ~.333333
7. B-1 . 866500
8. G=1 . 640086
9, H-2 . 988600
18. G~2 . 7406908
11, “N=3 . 869090
12, G=3 . 648088
#4% REDUCED COSTS FOR DECISION VARIABLES
. RG-1 . 60800E-81
7. WH-2 . 258888E-91
16, RG=2 8.71668
1. IN-2 . 208080
12. 1G=2 . 208606
16. RG-3 . 609860801

OUTPUT OPTION? 5 7

¥5% RANGES ON_ COEFFICIENTS OF OBJECTIVE COST

16.

Figure 5.1

VARIABLE LOWER BOUND CURRENT VALUE UPPER BOUND

WN~-1
RN=-1
WG~1
RG~-1
IN-1
IG=1
W2
BN-2
WG-2
RG-2
IN~2
IG=2
WN-3
RN=-3
WG~-3
RG-3

. 67508 .75869
. 75800 RITIT
. 58000 60008
. 64008 . 76864

- 45714E~63 . 10088
. 86600E-51 16888

. 72560 75688
UNBOUNDED - 80006
UNBOQUNDED 60888
-8.0168 710088
~. 18800 100068
-, 180006 18868

67588 75088

. 75808 . 86060
UNBOUNDED -6BEEH

54080 16008

.77568
.8756¢
66008
UNBOUNDED
.12588
§.8199
UNBOUNDED
©.89954
62688
UNBOUNDED
UNBOUNDED
UNBOUNDED
880489
87568
66000
UNBOUNDED

Computer printout of solution of the problenCdnt. on next pagg.

195
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*7% VARIABLE TRANSITIONS RESULTING FROM RANGING OBJECTIVE COST

VARIABLE LOWER BOUND UPPER BOUND
VAR. IN VAR. OUT VAR. IN VAR. OUT
1. WN-1 RG-1 WG-1 WN-2 WN-1
2. RN-1 +W-1 +R-1 RG-1 WG-1
3. WG-1 WN-2 WN-1 RG-1 WG-1
4. RG-1 RG-1 WG-1
5. IN-1 RG-2 +R-1 WN-2 WN-1
6. IG-1 WN-2 WN-1 RG-2 +R~-1
7. WN-2 WN-2 WN-1
8. RN-2 RG-2 +R-1
9. WG-2 WN-2 WN-1
18. RG-2 RG-2 +R-1
11. IN-2 IN-2 RN-3
12. IG-2 I1G-2 RN-3
13. WN-3 RG-3 RN-3 +W-3 +R-3
14. RN-3 +W-3 +R-3 RG-3 RN-3
15. WG-3 RG-3 RN-3
16. RG-3 RG-3 RN-3

OUTPUT OPTION? 6 8

*6* RANGES ON VALUES OF RIGHT-HAND-SIDE RHS1
CONSTRNT LOWER BOUND CURRENT VALUE UPPER BOUND

1. w-1 438.75 700.00 1845.0
2. R-1 1221.:3 1500.0 UNBOUNDED
3. WwW-2 38.750 300.00 600.00
4. R-2 121.33 400.00 1280.0
5. W-3 768.75 1000.0 1950.0
6. R-3 53.333 300.00 UNBOUNDED
7. N-1 -3633.3 4000.0 5741.7
8. G-1 -2500.0 1000.0 3177.1
9. N-2 2500.0 8000.0 9741.7
18. G-2 2500.0 5000.0 7177.1
11, KR=3 2666.7 3000.0 4541.7
12, G=3 4583.3 5000.0 6927.1
*8* VARIABLE TRANSITIONS RESULTING FROM RANGING RHS RHS1
CONSTRNT LOWER BOUND UPPER BOUND
VAR. IN VAR. OUT VAR. IN VAR. OUT
1. w-1 +W-3 +R-1 +W-1 RN-1
2: R-1 +W-3 +R-1
3. W-2 +W-3 +R-1 WN-2 IG-1
4. R-2 +W-3 +R-1 RG-2 IN-1
5. W-3 IN-2 +R-3 +W-3 RN-3
6. R-3 IN-2 +R~3
7. N-1 +W-1 RN-1 +W-3 +R-1
8. G-1 WN-2 WG-1 +W-3 +R~1
9. N-2 RG-2 IN-1 +W-3 +R-1
18. G6~2 WN-2 IG-1 +W-3 +R-1
11l. N=3 +W-3 RN-3 IN-2 +R-3
12. 'G=3 +W-3 RN-3 IN-2 +R-3

OUTPUT OPTION? NO
PARAMETRICS? NO

OPTION? TER

Figure 5.1 (Concluded
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b) Summary of Costs and Revenues

Total costs.The total costs are the variable production costs, the inventory costs, the cost of raw materials,
and the finishing, packaging, and shipping costs.

The variable production and inventory costs are obtained directly from the optimal value of the objective
function of thelinear-programming model. These costs are equal to $19,173.30.

Raw-material costs are $3.10 per nylon tire and $3.90 per fiberglass tire. The total production of nylon
and fiberglass tires is given in the delivery schedule. The total material costs are therefore:

Raw material cost for nylon tires .30 x 15,000= $46,500
Raw material cost for fiberglass tires .98 x 11,000= 42,900
Total raw material cost $89,400

The finishing, packaging, and shipping costs are $0.23 per tire. Since we are producing 26,000 tires, this
cost amounts t0.23 x 26,000= $5,980.
Thus the total costs are:

Variable production and inventory $19,173.30
Raw material 89,400.00
Finishing, packaging and shipping 5,980.00

Total cost $114,553.30

Total revenues. Prices per tire are $7.00 for nylon and $9.00 for fiberglass. Therefore, the total revenue is:

Nylon revenues $D0 x 15,000= $105,000
Fiberglass revenues $® x 11,000= 99,000
Total revenues $204,000

Contribution. The contribution to the company is:
Total revenues $204,000.00
Total cost 114,553.30
Total contribution  $89,446.70

From this contribution we should subtract the corresponding overhead cost to be absorbed by this contract,
in order to obtain th@et contribution before taxde the company.

c) Expediting of the New Machine
The new machine is a Wheeling machine, which is preferred to the Regal equipment. The questioh is
be used, anlow mucl? Even if the machine were fully utilized, the hourly marginal cost would be:
$200
172 hrs

= $116/hr.

Examination of the shadow price for Wheeling machines in August reveals that it would be worth only
$0.33 to have an additional hour of time on Wheeling equipment. We should therefore recoagaersd
expediting the additional machine.
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d) Maintenance Schedule

We are not told in the problem statement the amount of time required to service a given machine, or whether
maintenance can just as well be performed later, or how much it would cost to do it at night and on weekends.
We therefore cannot tell the maintenance department exactly what to do. We can, however, tell them that the
Wheeling machines are completely used, but 278 hours are available on the Regal machines in June and 246
in August. These hours would be “free.”

The shadow prices show that, by adjusting the production schedule, Wheeling machine time could be
made available in June and August at a cost of $0.33/hr. During June we can have, at this cost, a total of
261.25 hours (the difference between the current availability, 700 hours, and the lower bound of the range
for the W-1 righthand-side coefficient, 438.75). During August we will have available at $0.33/hr a total of
231.25 hours (the difference betweenthe current availability, 1000 hours, and the lower bound of the range
for the W=3 righthand-side coefficient, 768.75).

EXERCISES

1. The Pearce Container Corporation manufactures glass containers for a variety of products including soft drinks,
beer, milk, catsup and peanut butter. Pearce has two products that account for 34% of its sales: container Type 35
and container Type 42. Pearce is interested in using a linear program to allocate production of these two containers
to the five plants at which they are manufactured. The following is the estimated demand for the two types of
containers for each quarter of next year: (1 #ait00,000 containers)

Type | Plant | 1stQtr. | 2nd Qtr. | 3rd Qtr. | 4th Qtr.
35 1 1388 1423 1399 1404
35 2 232 257 256 257
35 3 661 666 671 675
35* 4 31 32 34 36
42 1 2842 2787 3058 3228
42 2 2614 2551 2720 2893
42 3 1341 1608 1753 1887
42 4 1168 1165 1260 1305
42 5 1106 1138 1204 1206

* Plant 5 does not produce Type 35.

Pearce has ten machines at the five plants; eight of the machines can produce both Types 35 and 42, but two
of the machines can produce only Type 42. Because the ten machines were purchased singly over a long period of
time, no two machines have the same production rate or variable costs. After considerable research, the following
information was gathered regarding the production of 1 unit (100,000 containers) by each of the ten machines:
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Plant  Machine Type Cost Machine-days Man-days

1 D5 35 760 0.097 0.0194
42 454 0.037 0.0037

D6 35 879 0.103 0.0206

42 476 0.061 0.0088

C4 35 733 0.080 0.0204

42 529 0.068 0.0083

2 T 42 520 0.043 0.0109
u2 35 790 0.109 0.0145

42 668 0.056 0.0143

3 K4 35 758 0.119 0.0159
42 509 0.061 0.0129

J6 35 799 0.119 0.0159

42 521 0.056 0.0118

70 35 888 0.140 0.0202

42 625 0.093 0.0196

4 1 35 933 0.113 0.0100
42 538 0.061 0.0081

5 V1 42 503 0.061 0.0135

During production a residue from the glass containers is deposited on the glass machines; during the course of
a year machines are required to be shut down in order to clean off the residue. However, four of the machines are
relatively new and will not be required to be shut down at all during the year; these are machines: C4, D5, K4, and
V1. The following table shows the production days available for each machine by quarters:

Machine 1stQtr. | 2nd Qtr. | 3rd Qtr. | 4th Qtr.
C4 88 89 89 88
D5 88 89 89 88
D6 72 63 58 65
uz2 81 88 87 55
T 88 75 89 88
K4 88 89 89 88
J6 37 89 39 86
70 54 84 85 73
1 42 71 70 68
\l 88 89 89 88

Days in quarter 88 89 89 88

In order to meet demands most efficiently, Pearce ships products from plant to plant. This transportation process
ensures that the most efficient machines will be used first. However, transportation costs must also be considered.
The following table shows transportation costs for shipping one unit between the five plants; the cost is the same
for Type 35 and Type 42; Type 35 is not shipped to or from Plant 5.

Inter-plant transport{100,000 containers)
To Plant
From Plant 1 2 3 4 5
1 — 226 274 933 357
2 226 — 371 1022 443
3 274 371 — 715 168
4 941 1032 715 — 715
5 357 443 168 715 —
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It is possible to store Type 35 and Type 42 containers almost indefinitely without damage to the containers.
However, there is limited storage space at the five plants. Also, due to storage demands for other products, the
available space varies during each quarter. The space available for Types 35 and 42 is as follows:

Inventory capacity{100,000 bottles= 1 unit)

Plant 1st Qtr. 2nd Qtr. 3rd Qtr. 4th Qtr.
1 376 325 348 410
2 55 48 62 58
3 875 642 573 813
4 10 15 30 24
5 103 103 103 103

It was found that there was no direct cost for keeping the containers in inventory other than using up storage
space. However, there were direct costs for handling items, i.e., puttingditaking out of inventory. The costs
for handling containers was as follows by type and by plant for one unit:

Handling costgin $/unit)
Plant Type 35 Type 42
1 85 70
2 98 98
3 75 75
4 90 80
5 — 67

a) Apply the stages of model formulation discussed in Section 5.2 to the Pearce Container Corp. problem. Precisely
interpret the decision variables, the constraints, and the objective function to be used in the linear-programming
model.

b) Indicate how to formulate the linear program mathematically. It is not necessary to write out the entire initial
tableau of the model.

c) Determine the number of decision variables and constraints involved in the model formulation.

2. The Maynard Wire Company was founded in 1931 primarily to capitalize on the telephone company’s expanding
need for high-quality color-coded wire. As telephone services were rapidly expanding at that time, the need for
quality color-coded wire was also expanding. Since then, the Maynard Wire Company has produced a variety of
wire coatings, other wire products, and unrelated molded-plastic components. Today a sizable portion of its business
remains in specially coated wire. Maynard Wire has only one production facility for coated wire, located in eastern
Massachusetts, and has sales over much of the northeastern United States.

Maynard Wire is an intermediate processor, in that it purchases uncoated wire in standard gauges and then
applies the various coatings that its customers desire. Basically there are only two types of coatings requested—
standard inexpensive plastic and the higher-quality Teflon. The two coatings then come in a variety of colors,
achieved by putting special dyes in the basic coating liquid. Since changing the color of the coating during the
production process is a simple task, Maynard Wire has essentially two basic products.

Planning at Maynard Wire is done on a quarterly basis, and for the next quarter the demands for each type of
wire in tons per month are:

Product July August | September
Plastic coated | 1200 1400 1300
Quality Teflon 800 900 1150

The production of each type of wire must then be scheduled to minimize the cost of meeting this demand.

The Production process at Maynard Wire is very modern and highly automated. The uncoated wire arrives in
large reels, which are put on spindles at one end of the plant. The uncoated wire is continuously drawn off each
successive reel over some traverse guides and through a coating bath containing either the standard plastic or the
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more expensive Teflon. The wire then is pulled through an extruder, so that the coating liquid adheres evenly to the
wire, which then continues through a sequence of four electric drying ovens to harden the coating. Finally, the wire
is reeled up on reels similar to those it arrived on. Different dyes are added to the coating liquid during the process

to produce the various colors of wire ordered.

Maynard Wire has two, basically independent, wire trains within the plant, one engineered by the Kolbert
Engineering Corporation and the other purchased secondhand from the now defunct Loomis Wire Company. Both
the standard plastic and the quality Teflon types of wire can be produced on either process train. The production

rates in tons per day are:

Process train | Plastic | Quality Teflon
Kolbert 40 35
Loomis 50 42

Producing the quality Teflon wire is a slower process due to the longer drying time required. The associated
variable operating cost for the month of July in dollars per day are:

Process train | Plastic Quality Teflon
Kolbert 100 102
Loomis 105 108

However, because each month the process trains must be shut down for scheduled maintenance, there are fewer
days available for production than days in the month. The process-train availabilities in days per month are:

Process train | July August September
Kolbert 26 26 29
Loomis 28 27 30

Both types of wire may be stored for future delivery. Space is available in Maynard Wire’s own warehouse,
but only up to 100 tons. Additional space is available essentially without limit on a leased basis. The warehousing
costs in dollars per ton between July and August are:

Product Warehouse | Leased
Plastic 8.00 12.00
Quality Teflon 9.00 13.00

A linear program has been formulated and solved that minimizes the total discounted manufacturing and
warehousing costs. Future manufacturing and warehousing costs have been discounted at approximately ten percent
per month. The MPS input formigtpicture, and solution of the model are presented (see Figs. E5.1 and E5.2). Also,
there is a parametric righthand-side study that increases the demand for standard plastic-coated wire in September
from 1300 to 1600 tons. Finally, there is a parametric cost run that varies the warehousing cost for quality Teflon-

coated wire from $8.00 to $12.00.

Typical rows and columns of the linear program are defined as follows:

x MPS stands for Mathematical Programming System. It is a software package that IBM has developed to solve general

linear-programming models.



Rows

COST Objective function

DCOST Change row for PARAOBJ

1P Demand for plastic-coated wire in month 1

1K Process-train availability in month 1

2WS Warehouse limitation in month 2

Columns

1K-P Production of plastic-coated wire on Kolbert train in month 1

WP12 Warehousing plastic-coated wire from the end of month 1 to the end of month 2

LP12 Leasing warehouse space for plastic-coated wire from the end of month 1 to the
end of month 2

RHS1 Righthand side

RHS2 Change column for PARARHS

a) Explain the optimal policy for Maynard Wire Company when the objective function is COST and the righthand
side is RHS1.

b) What is the resulting production cost for the 300-ton incremental production of plastic-coated wire in month 3?

¢) How does the marginal production cost of plastic-coated wire vary when its demand in month 3 is shifted from
1300 to 1600 tons?

d) How does the operating strategy vary when the warehousing cost for quality Teflon-coated wire shifts from $8.00
to $12.00 with the demand for plastic-coated wire in month 3 held at 1600 tons?

. Toys, Inc., is a small manufacturing company that produces a variety of children’s toys. In the past, water pistols
have been an exceptionally profitable item, especially the miniature type which can be hidden in the palm of one
hand. However, children recently have been buying water rifles, which permit the stream of water to be projected
much farther. Recognizing that this industry trend was not a short-lived fad, Toys, Inc., started to produce a line of
water rifles.

After several months of production, Toys’ General Manager, Mr. Whett, ran into a storage problem. The older
and smaller water pistols had not occupied much space, but the larger water rifles were quite bulky. Consequently,
Mr. Whett was forced to rent storage space in a public warehouse ate2@ase per month, plus Aper case for
cost of handling. This made Mr. Whett wonder whether producing water rifles was profitable. In addition, Mr.
Whett wondered whether it might not be better to increase his production capacity so that fewer cases would be
stored in the slack season.

Data:

The following information was obtained from Toys’ accounting department:

Desired return on investment: 10% after taxes
Tax rate: 55% (including state taxes)
Variable manufacturing cost: $21.00/case, or $9.50/case after taxes

(Variable costs include all overhead and so-called “fixed" costs, except for the cost of production equipment. This
seems appropriate, since the company has expanded so rapidly that “fixed" costs have actually been variable.)

Warehousing: $0.28/case per month, or $0.126/case per month after taxes

Handling: $0.44/case, or $0.198/case after taxes

Opporturnity cost of tying up capital in inventory: ($21.8010%) - 12 months= $0.18/case per month

Selling price: $28.10/case, or $12.61 after taxes

Existing production capacity: 2750 cases per month

Cost of additional production capacity: $6400/year after taxes, for each additional 1000 cases/month. This figure
takes into accountthe investment tax credit and the discounted value of the tax shield arising out of future depreciation.

The anticipated demand, based on past sales data, for the next 12 months is given below. The first month is
October, and the units are in cases.
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Month DemandCases)
October 1490
November 2106
December 2777
January 843
February 1105
March 2932
April 1901
May 4336
June 4578
July 1771
August 4745
September 3216
Total 31800

Formulating the model:
The program variables are defined as follows:

PRD-1 to PRD12 identify thproductionconstraints for the 12 periods.

DEM-1 to DEM12 identify thedenand constraints for the 12 periods.

CAP-1 to CAP12 identify theapacity constraints for the 12 periods.

CNG-1 to CNG12 identify the constraints describing mfgpasin inventory levels for the 12 periods.

X1 to X12 are the cases produced in each period. Associated with these variables are production costs of $9.50.
S1to S12 are the cases sold in each period. Associated with these variables are revenues of $12.61 per case.

Y1to Y12 are the cases in inventory at the beginning of the designated period. Associated with these variables are
storage and cost of capital charges, totaling $0.306/case per month.

U1 to U12 are the unfilled demand in each period. No attempt has been made to identify a penalty cost associated
with these variables.

Q1 to Q11 are the changes in inventory levels from one period to the next. Since a handling charge of $0.198/case
is associated only with increases in inventory, these variables have been further designateéd @4-Qltc. to
indicate increasesH) and decreases-{ in inventory levels.

+CAP-1 to+CAP12 are the slack variables supplied by the computer to represent unused production capacity in
the designated period.

A typical production constraint, PRD-2, is shown below:
Y2+ X2-S2-Y3=0.

This expression indicates that the beginning inventory, plus the production, minus the sales must equal the ending
inventory.

In the beginning of period 1 and at the end of period 12, the inventory level is set equal to zero. Hence, these
equations become:
X1-S1-Y2=0 and Y124+ X12-S12=0.

A typical demand constraint, DEM-2, is shown below:
S2+ U2 = 2106

This expression indicates that the cases sold, plus the unfilled demand, must equal the total demand for that period.
A typical capacity constraint, CAP-2, is shown below:

X2 <2750
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This inequality indicates that the maximum number of cases that can be produced in any given month is 2750.
And lastly, a typical inventory level constraint, CNG-2, is shown below:

Y3-Y2=0Q2=(Q24) — (Q2-).

This expression indicates that Q2 must equal the change in inventory level that occurs during period 2.
Since there is no beginning inventory, the change in inventory level that occurs during period 1 must equal the
beginning inventory for period 2. Hence,

Y2 =0Q1+ Q1- must be zero, since negative inventories are impossible.

Theobjective functions to maximize the contribution, which equals:

12 12 12 12
$1261) Si —950) Xi —0306) Yi —0.198) Qi+
i=1 i=1 i=1 i=1

The following 9 pages provide the output to be used in discussing the Toys, Inc. problem.

Page 257 gives the optimum solution for the initial problem statement. Capacity is fixed at 2750 cases per
month at every time period.

Pages 258 and 259 contain, respectively, the cost ranges and righthand-side ranges associated with the optimum
solution of the initial problem.

Pages 260 through 264 give details pertaining to a parametric analysis of the capacity availability. In each time
period, the capacity is increased from its original value of 2750 to 273BHETA x 1375. The computer reports
only solutions corresponding to a change of basis. Such changes have taken place at values of THETA equal to
0.235, 0.499, 1.153, 1.329, and 1.450, which are reported on pages 260 to 264, respectively.

Page 265 presents a parametric study for the cost associated with unfilled demand. The cost of unfilled demand
is increased from its initial value of 0 to PH 1, for every demand period. Page 257 gives the optimum solution
for PHI = 0; page 265 provides the optimum solution for PH0.454. Beyond this value of PHI the solution does
not change.
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Figure E5.1 Model of program for manufacturing and warehousing co€€sn(inued on next page.)

Exercises

COMPUTER INPUT
We first present the basic input of the linear programming model.

The ROWS listing provides the names given to every row in the linear program-
ming model. The first two rows are, respectively, the original cost objective
function and the elements to be added to the objective function later in order
to perform sensitivity analysis. The first letter in each heading specifies the
nature of the constraint represented by the corresponding row.

(N = unrestricted; E = equality; L = less-than-or-equal-to constraint; G = greater-
than-or-equal-to constraint.)

Under the COLUMNS heading every nonzero
COST 100.0 coefficient is identified by indicating the col-
1p 40.0 umn name, the row name, and the corres-
1K 1.0 ponding numerical value of the coefficient.
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2L-P COST 95.0
2L-P 2P 50.0
2L-P 2L 1.4
2L-Q COST 98.0
2L-Q 2Q 42.0
2L-Q 2L 1.0
WP23 COST 71+@
WP23 2P -1.0
WP23 3p 1.0
WP23 3WS 1.0
wWQ23 COST 8.0
wWQ23 DCOST 1.0
wQ23 2Q -1.0
WQ23 3Q 1.0
w023 3WS 1.@
LP23 COST 11.0
LP23 2P -1.0
LP23 3p 1.0
LO23 COST 12.0
LQ23 2Q -1.9
LQ23 30 1.0
3K-P COST 80.0
3K-P 3P 40.0
3K-P 3K 1.0
3K-Q COST 82.0
3K-0 30 35.4
3K-Q 3K 1.0
3L-P COST 85.0
3L-P 3P 50.0
3L-P 3L 1.0
3L-Q COST 88.0
3L-Q 30 42.0
3L-Q 3L 1.0
RHS Under the RHS heading every nonzero right-
RHS1 1p 1200.0 hand-side value is given. In our case there
RHS1 10 8n0.a are three different righthand-side values that
RHS1 1K 26.0 will be presented one at a time to perform
RHS1 1L 28.0 the required sensitivity analysis.
RHS1 2P 1400.0
RHS1 20 900.0
RHS1 2K 26.0
RHS1 2L 27.0
RHS1 3p 1300.0
RHS1 3Q 1150.0
RHS1 3K 29.0
RHS1 3L 30.0
RHS1 2WS 100.0
RHS1 3WS 100.0
RHS 2 3P 1.0
RHS2 3P 1.0
RHS3 1P 1200.4
RHS3 1Q 807.0
RHS3 1K 26.0
RHS3 1L 28.0
RHS3 2P 1400.0
RHS 3 20 900.0
RHS3 2K 26.4@
RHS3 2L 27.0@
RHS3 3P 1600.0
RHS3 30 1150.0
RHS3 3K 29.0
RHS3 3L 30.0
RHS3 2WS la8.¢
RHS3 3WSs 100.0
ENDATA The ENDATA command instructs the com-

puter program that all the required data
has been specified.

Figure E5.1 (Continued



CONTROL PROGRAM COMPILER

0001
0002
0003
0060
0061
0062
0063
0064
0065
0066
0067
0068
0069
0070
0071
00872
0073
0074
0075
0076
0077
0078
00879
0080
0081
0082
0083
0084
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1ip
10
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1L
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3L
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3ws
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PROGRAM
TITLE ('MAYNARD WIRE COMPANY')
INITIALZ

MOVE (XDATA, 'MAYNARD')

MOVE (XPBNAME, 'PBFILE')
CONVERT (' SUMMARY ')

SETUP ('MIN"')

MOVE (XOBJ, 'COST')

MOVE (XRHS, 'RHS1')

PICTURE

PRIMAL

SOLUTION

RANGE

MOVE (XCHCOL, 'RHS2")
XPARAM=0.0

XPARDELT=50.0

XPARMAX=300.0

PARARHS

SOLUTION

MOVE (XRHS, 'RHS3"')

MOVE (XCHROW, 'DCOST"')
XPARAM=0.0
XPARDELT=1.0
XPARMAX=4.0

The CONTROL PROGRAM COMPILER
represents the commands which are given

PARAOBJ to solve the problem with the data set
SOLUTION specified before. They pertain to the type
EXIT of analysis and output information to be
PEND obtained from the computer.
WWWWLLLL2222WWLL 3 3 3 3 RRR
PPOQQPPQOQEKKLTLP QPQKKLLHHH
11111111 ===m2222====88§8
23232323PQPQ3333PQeP Q123
AAAABBBBBBBBAABGBGBTBB B
11 1
1-1 -1-1 D D
-1-1 -1-1 v C C
B B
B B
1 1 B B -1 -1 D D
1 1 B B -1 -1 C C
11 B B
11 B B
1 1 i 1 B B D1D
1 1 1 1 B B D D
11 B B
118B B
1.1 11 B B
1 1 L B B B

This exhibit is a pictorial representation of the initial tableau showing the position and
magnitude of the nonzero coefficients in the tableau. The following conventions have

been used:

NOTATION I0_
A (0]
B 100
C 1000
D 10000

Figure E5.1 (Concluded

Exercises
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Mathematical Programming in Practice

- MAYNARD WIRE COMPANY

SECTION 1 — ROWS

FOR: COST AND RHS 1

NUMBER ..-ROW.. AT .<-ACTIVITV... SUACK ACTIVITY ..LOWER LIMIT. ..UPPER LIMIT. .DUAL ACTIVITY
1 cosT BS 15013.12143 15013.12143— NONE NONE 1.00000
2 DCOST 8S 33.75000 33.75000- NONE NONE . .
3 1P EQ 1200.00000 . 1200. 00000 1200.00000 2.38800—
4 1Q EQ 800.00000 " 800.00000 800.00000 2.91429-
5 1K 8S 19.02143 6.97857 NONE 26.00000 .

6 1L uL 28,00000 5 NONE___ 28.00000 14. 40000
7 2p EQ 1400.00000 % 1400.00000 1400.00000 10.37500~
8 2Q EQ 900.00000 e 900. 00000 900.00000  11.91429-
9 2K UL 26.00000 5 NONE 26.00000 325.00000
10 2L u _27.00000 e NONE 27.00000 423.75000
11 3p EQ 1300.00000 ‘ 1300. 00000 1300.00000 1.90800~
12 30 EQ 1150.00000 - 1150.00000 1150.00000 236286~
13 3K BS 28.05714 .94286 NONE 29.00000 %
14 3L uL 30.00000 . NONE 30.00000 10.40000
15 2WS BS 33, 75000 66.25000 NONE 100.00000 =
16 3WS 8S " 100.00000 _____NONE 100.00000 .
SECTION 2 - COLUMNS . __. S MR

NUMBER  .COLUMN. AT ...ACTIVITY... ..INPUT COST.. ..LOWER LIMIT. ..UPPER LIMIT. .REDUCED COST.
17 1K-P LL . 100.00000 . NONE 4.48000
18 1K-Q BS 19.02143 102,00Q00 & NONE .

19 1L-P 8S 24.00000 105.00000 . NONE .

20 _1L-Q BS __ ___4.00000 108.00000 . NONE .

21 wp12 LL . 8.00000 ¥ NONE .01300
22 _wWp13 LL . . 8.00000 M NONE 8.48000
23 wWQl2 8S 33.75000 9.00000 A NONE "

24 __WQl3 LL . ) 9.00000 . B NONE  9.57143 _
25 LP12 LL . 12.00000 3 NONE 4.01300
26 LP13 LL . 14.00000 e NONE 14.48000
27 LQ12 LL " 13.00000 . NONE 4.00000
28 1013 aL . _15.00000 N NONE 15.57143
29 2Kk-P BS 1.25000 90.00000 R NONE &

30 2Kk-Q BS 24.75000 92.00000 o NONE 5

31 2L-P BS 27.00000 95.00000 . NONE .

32 21-Q LL s 98,00000 H NONE _____ 21.35000 _
33 wWp23 LL . 7.00000 v NONE 15.46700
36 4023 1L % 8.00000 i _NONE 17.57143
35 (P23 LL % 11.00000 “ NONE 19.46700
36 LQ23 LL i 12.00000 s NONE 21.57143
37 3k-P LL n 80.00000 P NONE 3.68000
38  3K-Q BS .. 28,0571% 82,00000 " . e NONE -« .
39 3L-p BS 26.00000 85.00000 P NONE v

40 3L-Q BS 4400000 88.00000 . NONE i

Figure E5.2 Solution of program. Cont)



~MAYNARD WIRE CQMPANY

_PARARHS ____ 0BJ = COST RHS = RHS1 __.CHCOL = RHS2 P
_TIME = 0.34_ MINS. .
ITER NUMBER VECTOR VECTOR REDUCED _ FUNCTION _ PARAM
NUMBER NONOPT ouT N cosT VALUE VALUE
M 13 0 13 .24 9.57143  15088.1 _ 39.2857
SECTION 1 - ROWS ___ _ FOR: COST AND RHS1  50.0+ RHS2L __ -

NUMBER .. .ROW AT
1 cosT BS.
o 2 pcosT BS
3 1p €Q
e 5% 10 EQ
5 1K 8S
s o B uL
7 2p EQ
8 20 EQ
9 2K uL
10 2L uL
11 3p EQ
1230 EQ
13 3K uL
14 3L uL
15 2WS BS
16 3WS BS.

SECTION 2 = COLUMNS

TNUMBER  .COLUMN. AT

Ve ACTIVITY

42.75000
1200.00000
800.00000
19.27857
28.00000
1400.00000
900.00000
26.00000
27.00000
1350.00000
1150.00000
29.00000
30.000900
42.75000
9.00000

oo ACTINI TYiisa

15194.66429

" SLACK ACTIVITY

T 15194.66429-
42.75000-

6.72143

o e e e

57.25000
91.00000

«« INPUT COST..

OWER LIMIT.
NONE
NONE
1200.00000
800.00000
NONE
_NONE_
1400.00000
900.00000
NONE
NONE
1350.00000

1150.00000 _ _

NONE
NONE
NONE
NONE

«« LOWER LIMIT.

Exercises

«<UPPER LIMIT.

.DUAL ACTIVITY

NONE 1.00000
NONE e
1200. 00000 2.38800-
800.00000 2.91429-
26.00000 .
28.00000  _ _ 14.40000 .
1400.00000 10.37500—
900. 00000 11.91429-
26.00000 325.00000
27.00000 423.75000_
1350. 00000 9.94800-
1150,00000 11.91429~
29.00000 335.00000
30.00000 412.40000
100.00000 ‘
100.00000 _ i

««UPPER LIMIT.

<REDUCED COST.

17 1K-P Ll 8 100.00000 P NONE 4.48000
18 1k-Q BS 19.27857 102.00000 s o NONE o
19 1L-P 8S 24.00000 105.00000 i NONE .
20 1L-Q 8S 4.00000 108.00000 . B NONE . _—
21 wWp12 LL : 8.00000 . NONE .01300
22 wWP13  LL_ e W 8.00000 - - _ __NONE _ 244000
23 wWQl2 8S 33.75000 9.00000 . NONE ¥
24 wWQl3 8S 9.00000 9.00000 . - NONE e
25 LP12 LL : 12.00000 . NONE 4.01300
26 LP13. LL . 14.00000 . NONE 6.44000
27 LQ12 LL M 13.00000 . NONE 4.00000
. .28.1013 _ _ LL e 15,00000 _ 8 g — .. ..NONE_ = ____ 6.00000
29 2k-p 8S 1.25000 90.06000 . NONE i
_ 30 2k-Q _BS 24.75000 92.00000 > _ NONE i
31 2L-P 8S 27.00000 95.00000 . NONE g
B 32 2L-Q . LL . 98.00000 o . NONE 21.35000
33 wp23 LL . 7.00000 . NONE 7.42700
34 4023 T —— e ——._B.00Q0Q ee — . _NONE .
35 LP23 LL . 11.00000 @ NONE 11.42700
36 1023 LL . __12.00000 N __NONE 12.00000
37 3Kk-P LL . 80.00000 % NONE 17.08000
38_3K-Q __ BS  _ 29.00000 82.00000 R S SE. B
39 3L-p BS 27.00000 85.00000 s
40 31-Q BS_ . ___3.00000 _88,00000

1 the reader should refer to the picture of the initial tableau to visualize

is the resulting righthand-side of the problem formed by RHS1 + 50 RHS27)

Figure E5.2 Solution of program.

g MONE-— o g
the type of analysis being performed (What
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Mathematical Programming in Practice

- MAYNARD WIRE COMPANY
FOR:  COST AND RHS1 + 100.0 RHs2

SECTION 1 = ROWS

NUMBER ~ ...ROW.. AT

eeeACTIVITY. ..

SLACK ACTIVITY

«<LOWER LIMIT.

+<UPPER LIMIT. .DUAL ACTIVITY

1 cosT 8S 15692.06429 15692.06429— NONE NONE 1.00000
2 _DCOST BS 84,75000 84.75000-  __ NONE _ _~ _ NONE____ _ o
3 1P EQ 1200.00000 B 1200.00000 1200. 00000 2.38800-
4 10 EQ 800.00000 .« 800.00000 _ _  800.00000 2.91429-
5 1K BS 20.47857 5.52143 NONE 26.00000 .
6 1L uL 28.00000 § NONE _____ 28.00000 ___ 14,40000 _
7 2P €Q 1400.00000 1400.00000 1400.00000 10.37500-
8 _2Q EQ 900.00000 _ 900.00000 900.00000 11.91429-
9 2K uL 26.00000 NONE 2600000 325.00000
102t uL _27.00000 NONE 27.00000 423,75000
11 3p EQ 1400.00000 1400.00000 1400.00000 9.94800—
12 .30 EQ 1150.00000. . s
13 3K uL 29.00000 NONE 29.00000 335.00000
14 3L uL . NONE _____30.00000 412.40000
15 2WS 8S NONE 100.00000 3
16 _3WS 8S __.51.00000 | 49.00000_ ___NONE_____100.00000 .

SECTION 2 = COLUMNS

NUMBER ~.COLUMN. AT ...ACTIVITY... <.UPPER LIMIT. .REDUCED COST.
17 1K=P LC e 100.00000 " NONE 4.48000
18 1K-Q __ . BS______20.47857 __ __102,00000 _ e o _______ NONE .

19 1L-P 8S 24.00000 105.00000 " NONE .
20 1L-Q _ BS 4.00000 108.00000 e _ . _NONE s
21 TwP12 LL : 8.00000 § NONE .01300
o o uF s 8.00000 . NONE 44000
33.75000 9.00000 = NONE ‘
51.00000 ______ 9.00000 . . NONE .
. 12.00000 2 NONE 4.01300
14.00000 . B NONE o _6.44000
13.00000 . NONE 4.00000
s e 150 00000: 0 . NONE_ 6.00000
90.00000 . NONE E
. ...92.00000 . . NONE s
27.00000 95.00000 . NONE .
C 98.00000 . . NONE 21.35000
s 7.00000 . NONE 7.42700
8.00000
@ 11.00000 s NONE 11.42700
g 12.00000 A NONE
P 80.00000 . NONE
__29.00000___ _82.00000 _ . NONE . .
28.00000 85.00000 . NONE o
2.00000 88.00000 . i

Figure E5.2
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Exercises

_PARARHS __0BJ = COST RHS = RHS1 | CHCOL = RHS2 _ PARAM = 100,00000
TIME = 0.41 MINS. ) R P ——
. ITER _ NUMBER _VECTOR _VECTOR REDUCED __ FUNCTION __PARAM e

NUMBER  NONOPT ouT IN cosT VALUE VALUE
M 14 0 15 _ 27  4.00000 15872.7 118.155 _
SECTION 1 = ROWS FOR: COST AND RHS1 + 100.0 RHS2 =

NUMBER .+ sROW AT ...ACTIVITY... SLACK ACTIVITY ..LOWER LIMIT. ««UPPER LIMIT. .DUAL ACTIVITY

1 COST BS 16296.46429 16296.46429- NONE NONE 1.00000

_ __ __ 2 Dbcost B8S _ 100.00000 100.00000- _. ____NONE B NONE .

3 1P EQ 1200.00000 . 1200.00000 1200.00000 2.38800-
4 _1Q EQ 800.00000 o ~_800.00000 _ _ 800.00000 2.91429-
5 1K BS 21.67857 4.32143 NONE 26.00000 -

6 1L _ _ UL __ .28.00000 e NONE - 28.00000 14,40000

T 2P EQ 1400.00000 . 1400.00000 1400.00000 13.87500—
.8 .20 __ EQ 900.00000 u 900.00000 .900.00000 15.91429-

9 2K uL 26.,00000 . NONE 26.00000 465.00000
1o 2L T | 1 _  27.00000 . _ NONE __598.75000

11 3P EQ 1450.00000 . 1450.00000 13.30800-

1230 EQ ___ 1150.00000 . _ _ . 1150.00000 _

13 3K uL 29.00000 . NONE 29.00000 475.00000
14 3L uL 30.00000 W NONE  30.0 _ 5 -

15 2WS uL 100.00000 . NONE 100

_BS R 93.00000 7.00000 _NONE I

SECTIUN 2 - COLUMNS

«-LOWER LIMIT. ..UPPER LIMIT. .REDUCED COST.

NUMBER .COLUMN. AT +..ACTIVITY... ..INPUT COST..
17 3 LL 3 100.00000 . NONE 4.48000
, 18 1K-Q 8BS .21.67857 102.00000 . NONE .
19 1L-P S 24.00000 105.00000 . NONE .
_ 20 1L-Q 8S 4.00000 108.00000 e _____ NONE_ M i
21 wWP12 LL 7 8.00000 " NONE .51300
22 wWP13 LL : . _ .8.00000 e N NONE 1.08000
23 wal2 BS 7.00000 9.00000 = NONE B
24 WQl3 _ 8S 93.00000 9.00000 o . _ NONE 8
25 LP12 LL . 12.Q0000 v NONE .51300
26 _LP13  LL_ e __14.00000 e s _ NONE 3.08000
27 LQ12 8S 26.75000 13.00000 . NONE B
28 1013 LL =~ ___15.00 . NONE 2200000
29 8S 1.25000 90.00000 5 NONE .
30 BS _ 24.75000 _92.00000 i NONE . B
31 8S 27.00000 95.00000 . NONE .
32 2l-Q L . . .._98.00000 * — e NONE = 28.35000
33 wWP23 L 4 7.00000 . NONE 7.56700
34 W023 1L 8.00000 8.00000
35 LP23 LL . 11.00000 . NONE 11.56700
36 LQ23 LL e 12.000¢ “ NONE 12.00000
37 3K-P LL B 80.000 “ NONE 22.68000
38 3k-Q BS __29.00000 82.00000 8 NONE B
39 3L-P 8S 29.00000 85.00000 s NONE -
40  31-Q BS 1.00000 _ _ _ 88.00000 i NONE g

Figure E5.2
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Mathematical Programming in Practice

. _MAYNARD MWIRE COMPANY ___ L
PARARHS 0BJ_= COST RHS = RHS1 __.CHCOL = RHS2 ____ __PARAM = 150.00000 ~
TIME = 0.45 MINS. s o R - — s [
ITER _ NUMBER VECTOR VECTOR REDUCED . _FUNCTION __PARAM___
NUMBER  NONOPT out IN cosT VALUE VALUE
.. 0. _16 28 2.00000  16407.4 158.333 o o
SECTION 1 - ROWS FOR: COST AND RHS 1 + 200,0 RHS 2 - S

T NUMBER ...ROW.. AT ...ACTIVITY...

SLACK ACTIVITY ..LOWER LTMIT. ..UPPER LIMIT. .DUAL ACTIVITY

1 cosT BS 17031.86429 17031.86429- NONE NONE 1.00000
2 pcost BS 100.00000 100.00000~ _____NONE _ NONE .
3 1P EQ 1200.00000 v 1200.00000 1200.00000 2.38800-
4 10 EQ "800.00000 P 800.00000 800.00000 _ 2,91429-_
5 1K 8S 22.87857 3.12143 NONE 26.00000 “
6 1L uL 28.00000 e e NONE 28.00000 14.40000
7 2P €Q 1400.00000 . 1400.00000 1400.00000 13.87500-
e B 20 EQ _ 900.00000 . ___900.00000 _ 900.00000 = 15.91429-
9 2K uL 26.00000 » NONE 26.00000 465.00000
10 2L UL 27.00000 T e e __ _NONE _ ____27.00000 _ _ 598.75000 _
11 3p EQ 1500.00000 o 1500.00000 1500.00000 14.98800-
12 3Q EQ 1150400000 . 1150,00000  1150,00000 __ 17.91429-
13 3K uL 29.00000 p NONE 29.00000 545.00000
14 3L UL ____ 30.00000 . N NONE _30.00000  664.40000
15 2WS uL 100.00000 . NONE 100.00000 4.00000
16 __3WS uL 100.00000 . NONE 100.00000 _ __2.00000 _
SECTION 2 — COLUMNS = . -

T NUMBER .COLUMN. AT ...ACTIVITY...

«.INPUT COST.. ..LOWER LIMIT. ..UPPER LIMIT. .REDUCED COST.

17 1K-P LL . 100.00000 - NONE 4.48000
18 1K-Q  BS _22.87857 _ 102.00000 . NONE e

19 1L-P BS 24.00000 105.00000 . NONE «

20 _1L-Q BS _ __4.00000 _ _ 108.00000 . NONE PR
21 wWpP12 LL ‘ 8.00000 ® NONE .51300
22 WP13 LL . 8.00000 . - _ NONE 1.40000
23 WQl2 BS 3 9.00000 . NONE s

24 _wWQl3 _ BS _ 100.00000 _ . 9.00000 % = __NONE .

25 LP12 LL i 12.00000 o NONE .51300
26, LP13 LL . 14.00000 _ s NONE o oo 15400000
27 LQ12 BS 33.75000 13.00000 ® NONE "

28 19013 BS *35.00000 15.00000 NONE .

29 2Kk-P BS 1.25000 90.00000 5 NONE "

30 2K-Q BS 24.75000 _ 92.00000 . ______NONE o o
31 2L-P BS 27.00000 95.00000 " NONE

32 2L-Q LL PR . 98.00000 . I NONE _
33 WP23 LL . 7.00000 . NONE

34 WQ23 Ll 800000 ___NONE  8,00000
35 LP23 LL s 11.00000 - NONE 9.88700
36 1Q23 L PR 12,00000 . _ R _ NONE __10.00000
37 3K-P LL . 80.00000 . NONE 25.48000
38 3K-Q BS 29,00000 82,00000 . . _NO e
39 3L-P BS 30.00000 85.00000 . NONE .

40 3L-Q BS 2 88.00000 . NONE .

Figure E5.2 (Cont)



Exercises

I ___MAYNARD WIRE COMPANY R I
PARARHS ~ 0BJ = COST _ _ RHS = RHSL ____CHCOL = RHS2 PARAM_= 200.00000
TIME = 0.49 MINS. D
TER MBER__VECTOR VECTOR REDUCED __FUNCTION _PARAM e e - .
NUMBER  NONOPT out IN cosT VALUE VALUE
0. ___ 40 37 25.4800  17031.9  200.000 - _
SECTION 1 — ROWS__ __ _ FOR: COST AND RHS 1 + 250.0 RHS 2 - = — .
NUMBER  ...ROW.. AT ... ACTIVITY... SLACK ACTIVITY ..LOWER LIMIT. ..UPPER LIMIT. .DUAL ACTIVITY
1 cost B8S 17813.11429  17813.11429- NONE NONE 1.00000
2 DCOST 8BS __ 100.00000 . 100.00000- . _NONE - NONE _ - .
3 1e €Q 1200.00000 . 1200.00000 1200.00000 2.38800-
_ 4 1Q __EQ _800.00000 _ M 80000000 800.00000 2.91429-
5 1K BS 24.12857 1.87143 “NONE 26.00000 p
6 1L UL 28.00000 e . __NONE ..28.00000 14.40000 _
7 2p EQ 1400.00000 " 1400.00000 1400. 00000 13.87500-
_ 8 20 _EQ 900.00000 s 900.00000 900.00000 _15.91429-
9 2K uL 26.00000 % NONE 26.00000 465.00000
10 2L uL _ 27.00000 g NONE 27.00000 _ 598.75000
1L 3p EQ 1550.00000 . 1550.00000 1550.00000 15.62500-
12 3Q EQ 0000 . 1150, 00000, =
D UL 29.0000C . NONE 29, 00000 545, 06000
e RE U UL 30,0000 . s e e o NONET o 30,00000 | 696,23000
3 15 26S uL 100.0G000 . BONE 10000660 4 0D00:
6 34$ UL . _ .100,0 PR B N L RN NONE . - 100.00000.. ... . 20000
SECTION 2 — COLUMMS . . . R B @ el aee "o s e R REen S
NUMBER ™ LCOLUMN, AT oo ACTIVITYo oo

<o ENPUT COST.. o LOWER LIMIT, o UPPER LIMET. . REDUCED cobi,

17 iN=f i el i 1.00. 00000 - HONE 4. 48000
PO 1 S BS. _24.32857 . 102.00000 S CHMONE . e
18 M-P 85 2480000 £05. 00000 . HONE .
—20 10 B8 .. 5200000 10800000 B e e e JIONE e
2% P2 {28 Tgpd W &.00000 ® | NOME 051300
22 WPiA3 L8 % 80! : a NONE 276300
23 HQi2 BS g 300000 - HONE I
% e 200000000 9400000 .. e HOBE_ e
2% LPl2 LL e it 12.00000 . . NONE » SL3I0O
_26 _1p13 Li i e 1800000 .. .. e MONE 76300
27 LGi2 BS 3%, 7500 23.00000 - © NONE. 2
28 1813 BS 18,75000 L5 00000. ) i
29 2K~p 85 L 25000 B0 QG080 ° hong .
30 26~Q as 26275000 2. 80000 P ROKE s
31 2L-P [ 27.00000 %5»;6@,009 - NOHE -
32 20, AL P e i 2B 00000 - HONE 28.35000
33 WP23 LL » E T 00000 @ WONE 425000
EVER Y Y G TR B 00000 = LBa00000
35 Lp23 |45 . ® v 1100000 » HONE G 250060
36 L9239 i3 - - 2% N HONE 1800000
37 =P 88 . 125000 80500000 » HONE ®
=G a8 27,5000 82400000 . HLGHE —
39 3i~p BS 30.00000 B85 00000 @ HORE .
405 -0 (¥ b i = AkaBE000
Figure E5.2 (Cont)
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214

Mathematical Programming in Practice

. MAYNARD WIRE COMPANY ___
SECTION 1 - ROWS_ _ FOR: COST AND RHS 1 +

eeeACTIVITY.0o

300.0 RHS2

SLACK ACTIVITY ..LOWER LIMIT.

«.UPPER LIMIT.

.DUAL ACTIVITY

NUMBER  .COLUMN. AT

es s ACTIVITY. o

«« INPUT COST.. ..LOWER LIMIT.

««UPPER LIMIT.

18594.36429 18594.36429- . NONE NONE 1.00000
_ 100.00000 100.00000— ___NONE _ NONE e L
1200.00000 . 1200.00000 1200.00000 2.38800-
800.00000 e 800.00000 800.00000 2.91429-
25.37857 .62143 NONE 26.00000 .
_.28.00000 _ s . _NONE 28.00000 14.40000
1400.00000 “ 1400.00000 1400.00000 13.87500-
900.00000 " 900.00000 900.00000 15.91429—
26.00000 = NONE 26.00000 46500000
B _27.00000 = - ! NONE _27,00000 _ _ 598.75000
1600.00000 3 \ 1600.00000 1600.00000 15.62500-
1150.00000 . 1150.00000 1150.00000 17.91429-
29.00000 & NONE 29.00000 545,00000
30.00000 P NONE ~30.00000 696.25000
100.00000 . NONE 100.00000 4.00000
100.00000 . . . _NONE 2.00000._

.REDUCED COST.

17 1K-P [ : 100. 00000 ‘ NONE 4.48000
18 1K-Q 8S 37857 102,00000 o NONE Bl s
19 1L-P BS 0000 105.00000 : NONE 3

20 1L-Q BS ____ _4.00000 108.00000 e s NONE o e
21 wWP12 LL . 8.00000 . NONE .51300
22 WP13 LL . 8.00000 _ . . _____NONE__ __ ___,16300
23 wQl2 8S v 9.00000 ¥ NONE .

24 _WQl3 ___ BS _ _ 100.00000 9.00000 . NONE N i ospoe s
25 LP12 LL o 12.00000 N NONE .51300
26 LP13 LL e _. .. ... 14.00000 - .. NONE _+76300
27 LQ12 8BS 33.75000 13.00000 N NONE .

28 1013 BS _15.00000 __NONE

29 2K-P 8BS 1.25000 90.00000 A NONE

30 2k-Q _BS ___ 24.75000 _92.00000_ e . _NONE . e
31 2L-P BS 27.00000 95.00000 ¥ - NONE
3 -0 WLt _ 98,00000 e s ___NONE_______ 28.35000 _
33 wp23 LL . 7.00000 P NONE 7.25000
34  WQ23 L 8.00000

35 LP23 LL A 11.00000 P NONE 9.25000
36 1923 L . 12.00000 . NONE 10.00000
37 3K-P BS 2.50000 80.00000 . NONE .

38 3K-Q BS, 26450000 .. B2,000000 . . . caqoe. _ NONE T, msee
39 3L-P BS 30.00000 85.00000 . NONE =

40 31-Q LL 88.00000 . ___NONE  31,85000

Figure E5.2 (Cont)



Exercises 215

——__MAYNARD WIRE COMPANY _ _ . - S —

PARAOBJ ___ 0BJ = COST RHS =_RHS3 __CHROW = DCOST . PARAM = a NS -
TIME = _ 0.57__MINS. _ Note: RHS3 = RHS1 + 300.0 RHS2 o
ITER NUMBER VECTOR _VECTOR _REDUCED _ FUNCTION _ PARAM o i 1 s . _
NUMBER NONOPT ourt IN cosT VALUE VALUE
M 17 .0 23 21 «51300 18645.7 51300 A
M 18 0 24 22 +25000 18670.7 . 76300

_NO MAXIMUM FOR PARAMETER (ic. no basis change for increases in the parameter above this level)

SECTION 1 = ROWS .. FOR:  COST + 4.0 DCOST AND RHS3 - : -

" NUMBER .. .ROW AT ... ACTIVITY... SLACK ACTIVITY ..LOWER LIMIT. ..UPPER LIMIT. .DUAL ACTIVITY

18670.66429 18670.66429~- NONE NONE 1.00000
o “ _NONE NONE  __ _ 4.00000
1200.00000 s 1200.00000 120000000 2.38800-
800.00000 v 800.00000 800.00000 . 2.91429-
25.27857 72143 NONE 26.00000 "
28.00000 N 5 .- _ ___NONE  28.00000  __ 14,40000 _
1400.00000 % 1400.00000 1400.00000 13.87500-
900.00000 . 900.00000 900. 00000 15.91429-
26.00000 i NONE 26.00000 465.00000
127.00000 : NONE 27.00000 = _ 598.75000
1600.00000 . 1600,00000 1600.00000 15.62500~
1150.,00000 e . .. —.1150,00000 _ _ 1150.00000 .. ____ 17.91429-
29.00000 . NONE 29.00000 545.00000
30.00000 . NONE 30.00000 69625000
10000000 . NONE 100.00000 3.48700
100.00000 ¢ NONE 100, 00000 . 1.75000

SECTION 2 = COLUMNS N - -

T NUMBER  .COLUMN. AT ...ACTIVITY... ..INPUT COST.. ..LOWER LIMIT. ..UPPER LIMIT. .REDUCED COST.

17 1K-P LL . 100.00000 ¥ NONE 4.48000
,,,,,,, 18 1k-Q __ BS 25.27857 102.00000 . NONE ..
19 1L-P 8BS 26.00000 105.00000 o NONE .
20 1L-Q BS .. 2.00000 108.00000 s NONE e
21 WP12 BS - s 8.00000 5 NONE .
22 w13 8S ..100.00000 . 8.00000 . . ~ ___NONE_ .
23 WQl2 LL . 13.00000 . NONE 3.48700
24 WQ13 1L . ) 13.00000 & _ NONE_ _3.23700
25 LP12 L . 12.00000 - NGNE .51300
26 LP13 LLo oo o e o 14500000 _ e . _ NONE 76300
27 LQ12 BS 33.75000 13.00000 o NONE "
28 1013 BS 135.00000 15.00000 NONE
29 2K-P 8S 1.25000 90.00000 . NONE v
30 2K-Q BS _24.75000.  92.00000 SV WO Ot | |, | -SRI =
31 2L-p BS 27.00000 95.00000 . NONE .
32 21-Q LL - 98.00000 . ... NONE___ 28.35000
3) wWp23 LL . 7.00000 . NONE 7.00000
34 WQ23 1y - 12.00000 NONE 11.75000
35 LP23 LL . 11.00000 8 NONE 9.25000
36 LQ23 LL . e 12.00000 . NONE .10.00000
37 3K-P BS . 80.00000 B NONE .
— 38 3k-Q  BS = _ 29.00000 _ 82,00000 _ . .o ____ __ _____ NONE _ o
39 3L-P 8BS 30.00000 85.00000 . NONE .
40  3L-Q i N 88,00000 . NONE 31.85000

Figure E5.2 (Concluded



245800, BRADLEY TOYS, INC. PRODUCTION SCHEDULING

TOTAL NU. FTA ROW CURRENT  CHOSEN VECTR RHS C/V CURRENT D/J
ITERS CTAS REC IDENT. VALUE VECTOR REMVD NO. NO. THETA/PHI OPTIMAL PRIt
54 54 0 08471 90159.351 1 * k& %
JiH) BETAL{H} ROWLT B PI(TY BV
o ao0co 90159.3%199931 08471 1. 00000000 N
0 60000 466 . COON0000- aBgY2 . .
51 1491, 00000000 PRD~1 9. 50000000~ .
s2 23106, 00000000 PRD=2 ‘.50000000~ .
53 - 2T77.00000000 pep-3 10. 00400000~ °
54 843, 00000000 PRO=~4 10.11200000~ o
s$5 110%.90000000 PRD~5 10.41800000~ .
$6 2932.00000000 PRD=6 10,92200000- B
57 1961, 00000000 PRD~T 11.03000000- e
$8 4336, 00000000 . PRO=-8 11.53400000~ .
s9 &3TH, NOCCGO00 BRN -9 11.84000000~ s
S10 1771, 00000000 PROLC ’ 1194800000~ B
Si1 4 T44 , 00000000 PRD1Y 12,45200000~ B
si2 2750, 00000000 PRDLZ 12,610000600- .
X1 1491. 00000000 DEM-1 3, 11000000 1491, 00000000
X2 2343 ,H000C0O000 NEM=2 3,11000000 2106.00000000
a2+ 237 . 80000009 NEM=3 2.460600000 2TT7.00000000
X4 2750.00000000 DEM=~& 2.49800000 843, 00000000
x5 2750. 00000000 DEM~5 2.19200000 . 1105.00000000
Q5+ 1645, 00000000 DEM-6 1.68800000 2932.00000000
K7 2750. 00000000 DEM-7 1.58000000 1961. 00000000
Y7 3580.00000000 DEM-8 1.07600000 4336.00000000
0é+ 1907. 00020000 DEM~3 < TTO0C0000 4578.00000000
Xie 2750,00000000 DEMLN «&65200000 1771, 00000000
Ya 210. 00060000 DEMLL 15800000 4764.00000000
yl2 %84 NHO0GHONEG DEML2 B 3215. 00000000
4 LAP-} 1359.00000000 + CAP-1 . . 2750. 000006060
# TAP~2 %07. 00006000 + CAp~2 . 2750. 00050300
- X3 2750, 00000000 + CAP-3 « 50400000 2750, 00000000
Y10 1015.00000000 + CAP-4 «61200000 2750. 00060000
Q9 1828,00000000 + CAP-5 » 91800000 2750, 00000000
X 2750.00000000 + CAP-6 1.42200000 2750, 000000650
8- 1586, 00000000 * CAP-T . L.530800000 2780, 00000000
%8 2780, 80006000 + CAP-B 203400000 2750, 60000000
xn 2750 . 0800000 + CAP-9 2.34000000 - 2750. 00000000
gil- 1994, GCOD0000 + CAPLD 244800000 2750. 00000000
X1l 2750. 00000000 + CAPLL 2495200000 2750, 00000000
Xi2 2750, 00000000 + CAPLZ2 ¢ 3.11C00000 2750, 00000000
Y2 - CNG-1 « 10800000~ .
¥3 23700000000 CNG~2 + 19800000 .
Q3~ 27.00000000 CNG~3 B .
Y5 2117. 00000000 CNG-4 T 819800000 .
Yé 3762.00000000 CNG=-5 19800000 B
96~ L82.,00000000 LHG~& . -
ye 5429, GOODGROD0 CHE-7 19800000 .
QFe 849, 00000000 CNG~8 . .
¥9 ‘2843 . 0O0E0060 CNG~9 . -
¥i1 1994, 0000000 CHELO « 19800000 .
a10s G779, 00000000 CHGLY ® ®

Figure E5.3 Optimum solution for Toys, Inc., cost and righthand-side ranges; parametric RHS
analysis, and parametric cost ranging. Cofit)
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BASIS
VECTOR

S1
S2
S3
S4
S5
Sé6
S7
S8
S9
S1n
S11
S12
X1
X2
Q2+
X4
X5
05+
X7
Y7
Q4+
X10
Y4
ul1z
+ CAP-1
+ CADP-2

245807, BRADLEY TOYS,

BETA VALUF

1491.0000
2106.0000
2777.0000
842,99999
1105.0000
2932.0000
1901.0020
4336.0000
4578.0000
1771.0000
4744.0000
2750,0000
1491.0000
2343.0000
237.00000
2750.0000
2750.0000
1645.0000
2750.0000
3580.0000
1807.0000
2750.0000
210.00000
466.C0000
1259.0000
407, 060000
2750.0000
1015.0000
1828.0000
2750,000¢C
1586.0000
2750.0000
2750.0000
1994.C000
2759.0000
2750.0000

237.0000€
27.000000
2117.0000
3762.0000
182,00000
4429.0000
849.00000
2843,0000
1994.0000
978.99999

COST RANGES

COST IN
PRNRLEM

-12.610000
-12.610000
-12.610000
-12.610000
-12.610000
-12.610000
-12.610000
-12.610000
-12.610000
-12.610000
-12.610000
-12.610000
9.5000000
9.5000000
.19800000
9.500000N
9.5000000
.19800000
9.5000000
+«30600000
.19800000
9.500000C
30600000

9.5000000
30607000

9.5000000

9.5000000
9.5000000

9.5000000
9.5000000
+30600000
230600000

«30600000
.30600000

+30600000
. 19800000
30600000
30600000
19800000

INC.

PRODUCT ION SCHEDULING

'_
z

% 3t 9 3t 3t 3 % 3

*

-12.758000
9.1940000
9.3520000
.05000000

% 4 3 3 3t 3 3 &

*

—

LR BRI B R A

x

3 % 3 F 3t % 3 H % M

*

* k Xk X
* ¥ kX

* ok ok Kk

-15800000

* K ok &

.15800000
-3.1100000
-3.1100000
-.15800000

LR I 3

15800000
-.19800000

L

-.19800000

* ok kK
* * %k %k

-.19800000

B
* ok & %

15800000
-.13800000
15800000
.15800000
-.19800000
.15800000

.15800000
15800000

LIMIT 2

-9.5000000
-9.5000000
-10.004000
-10.112000
-10.418000
-10.922000
-11.0309000
-11.534000
-11.840000
-11.948000
-12.452000
-9,5000000
12.610000
9.6579999
.35600000
10.112000
10.418000
1.1160000
11.030000
.46400000
.80999999
11.948000
.46400000
.14800000
.30600000
. 14800000
10.004000
46400000
. 77000000
10.922000
1.0760000
11.534000
11.840000
.15800000
12.452000
12.610000
* X ¥k X
. 46400000
2.6060000
. 46400000
46400000
1.6880000
46400000
1. 7280000
46400000
.46400000
2.6460000
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INCOMING
AT LIM 1

UNBOUNDED
UNBOUNDED
UNBOUNDED
UNBOUNDED
UNB OUNDED
UNBOUNDED
UNBOUNDED
UNBOUNDFD
UNBOUNDED
UNBOUNDED
UNBOUNDED
Y12

Ql+

Y12

Y12
UNBOUNDED
UNBOUNDED
Q5-
UNBOUNDED
Yi2

Q4-
UNBOUNDED
Y12

+ CAP12
ul

Uil
UNBOUNDED
Y12

Q9+
UNBCUNDED
Q8+
UNBOUNDED
UNBOUNDED
Qll+
UNBOUNDED
UNBOUNDED
Q1+

Y1z

Q3+

Y12

Y12

Q6+

Y12

Q7-

Yi2

Y12

Q10—

VEC
AT

o+

4+

+

+
UNB

+

+

TOR
LIM 2

ul

uz

u3

U4

us

ue

u7

us

use
u1o0
ull
CAP12
Ul
Uil
Ut
CAP-4
CAP-5
CAP-5
CAP-7
ul1
CAP-4
CAP10
ull
Y12
Ql+
Y12
CAP-3
ull
u9
CAP-6
us
CAP-8
CAP-9
Ull
CAP11
CAP12
BUNDED
Uil
u3
Uil
ull
veé
ull
CAP-7
Uil
ull
CAP10



LR R RS S s

ROW
NAME

PRD-1
PRD-2
PRD-3
PRN-4
PRD-5
PRD-6
PRD-7
PRD-8
PRD-9
PRD10O
PRD11
PRD12
DEM-1
DEM-2
DFEM-3
DEM-4
DEM-5
DEM-6
DEM-7
DEM-8
DEM-9
NEM10
DEM11
DEM12
CAP-1
CAP-2
CAP-3
CAP-4
CAP-5
CAP-6
CAP-7
CAP-38
CAP-9
CAP1D
CAP11
CAP1?2
CNG-1
CNG-2
CNG-3
CNG-4
CNG-5
CNG-6
CNG-7
CNG-8
CNG-9
CNG1D
CNG11

245800, BPANLFY

CURRENT
RHS VAL

1491.000
2106.000
2777.000
842.9999
1105.000
2932.000
1901.000
4336.000
4578.000
1771.000
4744.000
3216.0Q00
2750.900
2750.000
2750.000
2750.000
2750.000
2750.000
2750.000
2750.000
2750.000
2750.000
2750.000
2750.000

RIGH

PI
VALU=

-9.5000000
-9.500C000
-10.004000
-10.112000
-172.418000
-10.922000
-11.03¢C000
-11.53400¢C
-11.840000
-11.948000
-12.452000
=12:610000
3.11000090
3.1100000
2.6060000
2.4980000
2.1922000
1.6880C00
1.5800000
1.0760000
- 77000000
< 66200000
15800000

«50400000
«61200000
.91800000
1.4220000
1.5300000
2.0340000
2.3400000
2.4480000
2.9520000
3.110n000
-.10800000
19800000

19800000
19800000

.19800C0C0

.19800000

TOYS, INC. PRODUCTINN SCHFDULING

T HAND SIDC RANGES

MINIMUM
VALUR

-1491.0000
—2343.0000
-27.000000
-210.00000
=210.00000
-182.00090
-210,00020
-210.00000
-21%2.00000
-210.00000
=210.00000
=466.00000

2750.0000
632,99999
895.00000
2750.0000
1691.0000
4126.0000
4368.0000
1561.0000
4534, 0000
2750.0000
1491.00060
2343.0000
2343,0000
2343,0000
2343.0000
2343,0000
2343.0000
2343.0000
2343,0000
2343.0000
2343,0000

UNBOUNDED
-27.000000
UNBOUNDED
UNBOUNDEND
-182.00000
UNBOUNDED
-1586.0000
-1828.0000
UNBOUNDED
-1994.0000

Figure E5.3
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MAX IMUM
VALUE

1259.0000
407,000C0
407.00000
407.00000
407.00000
407.00000
407.00000
407.00000
407.00000
407.00000
407.00000
2750.0000
2750.0000
2513.0000
3184.0000
1250.2000
1512.0000
3339,0000
2308.000C
4743.0000
4985.0000
2178.0000
5150.9999
UNBOUNDED
UNBOUNDED
UNBOUNDED
2777.000¢
2960.0000
2960.0000
2932.C000
2960.0000
2960.0000
2960.0000
2960.000C
2960.0000
3216.0000
237.C0000
237.00000
UNBOUNDED
1907.0000
1645.,0000
UNBOUNDED
849.00000
UNBOUNDED
UNBOUNDED
978.99999
UNBOUNDED

(Cont)

S T S S

OUTGNING VECTNR

AT MIN

X1

X2
Q3-
Y4

Y4
06—
Ya

Y4

Y4

Y4

Y4
u12
s1

s2
Q3-
Y4

Y&
Q6-
Y4

Y4

Y4

Y4

Y4
u12
CAP-1
CAP-2
CAP-2
CAP-2
cAP-2
CAP-2
CAP-2
cAP-2
CAP-2
CAP-2
cAP-2
S12
Y2

Q3-

Q6-

Q8-
Q9-

Qll-

R e

R A

AT MAX

CAP-1
CAP-2
CAP-2
CAP-2
CAP-2
CAP=-2
CAP-2
CAP-2
CAP-2
CAP-2
CAP=-2

S12
CAP-1
CAP-2
CAp-2
CAP-2
CAP-2
CAP-2
CAP-2
CAP-2
CAP-2
CAP-2
CAP-2

Q3-
Y4
Y4

Q6-
Y4
Y4
Y4
Y4
Ya

u12

02+
02+

Q4+
Q5+

Q7+

Q10+



PARAMETRIC RIGHT-HAND-SIDE RANGING
245802, BRAODLEY TOYS, INC. PRODUCTION SCHEDULING

TOTAL NO. ETA PQOW CURPENT CHOS:EN VECTR RHS C/V CURRENT D/J
ITERS ETAS REC IDENT. VALUE VECTOR REMVD NO. NO. THETA/PHI CURRENT RT,
62 62 0 0BJT1 94366.246 Q4- Q4+ 1 2 -23481818
J(H) BETA(H) ROW(I) PILI) BUI)+T*C(1)
0 00000 94366.24799940 0BJT1 1.0G6C0C000 .
0 oooce . aBIT2 . .
Sl 1491.0C0CC000 PRD-1 9.50000000- .
S2 2106.00000000 PRD-2 9.50000090- .
S3 2777.00000000 PRND-3 9.50000000~ .
S4 B843.,00C0C000 PRD-4 9.50000000- .
S5 1105.00000000 PRD-5 9.80600000- .
Sé6 2932.0000c0C00 PRD-6 10.112000C0- .
S7 1901.000000C0 PRD-7 10.418C0000- .
S8 4336.20000000 PRN-8 1C.92200000~ .
<9 4578.,00000000 PRD-9 11.22800000- .
slo 1771.00C00000 PRDO1D 11.33600000- .
S11 4744.00G00000 PRD11 11.84000000- .
S12 3216.00000000 PRN12 12.14600000- .
X1 1491.00000N00 DEM-1 3.11000000 1491.00000000
X2 2106.00000000 DEM-2 3.11000000 2106.00000000
+ CAP-4 2229.875C0000 DEM-3 3.11000000 2777.00000000
X4 843.,00000000 NFM-4 3.11000000 843.00000000
X5 3072.R7500000 DEM-5 2.80400000 1105.00000000
05+ 1967.8750C000 DEM-6 2.49800000 2932,00000000
X7 3072.87500C00 DEM-7 2.19200000 1901.00000000
Y7 2108.75020000 DEM-8 1.68800000 4336,00000000
04— . DEM-9 1.38200000 4578.00000000
X190 3072.87500000 NEM1N 1.27400000 1771.00000000
Y12 142,12500000 DEM11 77000000 4744,00000000
Q2- . DEM12 46400000 3216.00000000
+ CAP-1 1581.875C0000 + CAP-1 . 3072.87500000
+ CAP-2 966.87500000 + CAP-2 . 3072.87500000
X3 2777.00000000 + CAP-3 . 3072.87500000
Y10 512.37500000 + CAP-4 . 3072.87500000
Q9- 1505.125C0000 + CAP-5 «30600000 3072.875C0000
X6 3072.87500009 + CAP-5 61200000 3072.87500000
Q8- 1263.12500000 + CAP-7 .91800000 3072.87500000
X8 3072.8750C0C9 + CAP-3 1.42200000 3072.87500C00
X9 3072.8750n0000 + CAP-9 1.72800000 3072.87500000
Q11— 1671.125C0000 + CAPI1N 1.83600000 3072.87500000
X11 3072.87500000 + CAP1l 2.34C00000 2072.87500000
X12 3072.87500000 + CAP12 2.64600000 3072.87500000
Y2 . CNG-1 +30600000- o
+ CAP-3 295.87500000 CNG-2 . .
Q3+ . CNG-3 19800000 .
Y5 . CNG-4 19800000 .
Y6 1967.87500000 CNG-5 .19800000 .
Q6+ 140.87500000 CNG=-6 19800000 .
Y8 3280,62500000 CNG-7 19800000 -
QT+ 1171.87500000 CNG-8 . .
Y9 2017.50000000 CNG-9 . B
Yil 1814.250000C0 CNGLC . 19800000 -
Qlo+ 1301.87500000 CNG11 . B

Figure E5.3 (Cont)
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245800, BRADLEY TOYS, INC. PRODUCTIGN SCHEDULING

TOTAL NU. ETA FROW CURRENT CHOSEN VECTR RHS C/V CURRENT D/J
ITERS ETAS REC IDENT. VALUF VECTOR REMVD NO. NO. THETA/PHI CURRENT RT.
66 66 0 0BJT1 96707.057 Q5- Q5+ 1 2 «49945454
J(H) BETA(H) ROW(T) PICT) BUI)#T*C(T)
0 o0nono 96707.05799949 08yT1 1.00000000 .
0 oooce . 0BJT2 . .
St 1491.000060000 PRD-1 9.5%000000- .
S2 2196.00000CC0 PRD-2 9.5000C000~ .
S3 2777.00000C00 PRN-3 9.5C0C0000~ .
S4 843,00000000 PRD-4 9.50000000~- .
S5 1105.0000nC0CN PRD-5 9.50000000~ .
) 2932.000002000 PRD-6 9.8060C000- .
S7 1901.00000000 PRO-7 10.11200000- .
S8 4336.00C0C0CO PRND-8 10.61600000- .
S9 4578.00000000 PRN-9 10.92200000- .
S1Q L771.2000000C PRD10 9.50000000- .
SL1 4744.0N0000000 PRD11 10.00400000- .
S12 3216.00000000 PRD12 9.50000000- B
X1 1491.00000C00 NEM-1 3.11000000 1491.00000000
X2 2106.00300000 NEM-2 3.11000000 2106.00000000
CAP-4 2593.,750C0000 NEM-13 3.11000000 2777.00000000
X4 843.00000000C DEM-4 3.1100C000 843.00000000
X5 1105.00000000 NEM=-5 3.11006000 1105.00000000
Q5- . DEM=-5H 2.80400000 2932.00000000C
X7 3436,75000000 DEM-T 2.49800000 1991.00050000
Y7 504.750000C¢C DEM-8 1.99400000 4336.000C0000
Q4- . DEM-9 1.68800000 4578.00000000
X10 3078.250060000 DEM1D 3.11000000 1771.00000000
+ CAP12 220.75000000 DEM11 2.60600000 4744,00000000
Q2- . NDEM12 3.11000000 3216.00000000
+ CAP-1 1945.75000000 + CAP-1 . 3436.75000000
+ CAP-2 1330.75000000 + CAP-2 . 3436, 75000000
X3 2777.C0000000 + CAP-3 . 3436.75C00000
+ CAP1O 358.50000000 + CAP-4 . 3436.75000000
09— 1141.25000000 + CAP-5 . 3436, 75000000
X6 3436.75000000 + CAP-6 «30620000 3436.75000000
98- 899.25000000 + CAP-7 61200000 3436.75000000
X8 3436,75C00000 + CAP-3 1.11600000 3436, 75000000
X9 3436.75000C00 + CAP-9 1.42200000 3436.75000000
Ql1- 1307.250060000 + CAP10 . 3436.75000000
X11 3436.75000N00C + CAP11 . 50400000 3436.75000000
X12 3216.70000000 + CAP12 . 3436, 75000000
Y2 . CNG-1 +3060000C- .
+ CAP-3 659.750000C0 CNG-2 . .
Q3+ . CNG-3 .19800C00 B
+ CAP-5 2331.750C0000 CNG-4 B .
Y6 . CNG-5 . 19800000 .
Q6+ 504.75000000 CNG-6 .19800000 .
Y8 2040.50000000 CNG-7 . 19800000 -
QT+ 1535.75000000 CNG-8 . .
Y9 1141.25000000 CNG-9 . .
Yil 1307.2500C0C0 ENG10 . 19800000 .
Q10+ 1307.25008008C0 CNG11 . .

Figure E5.3 (Cont)
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245800, BPADLEY TOYS, INC. PRODUCTION SCHENULING

TOTAL NO. ETA ROW CURFENT CHOSEN VECTR FHS C/V  CURRENT D/J
ITERS ETAS REC IDENT. VALUE VECTOR REMVD NO. NO. THETA/PHI  CURRENT RT.
70 70 0 0BJT1 98496.347 Q8+ Q8- 1 2 1.1534545
JH) RETA(H) ROW(T) PI(I) B(I)+T*C(1)
0 00000 98496.34799954 NeJT1 1.20000000 .
0 0n000 . 0BJT?2 . .
S1 1491.0C2000072 PRO-1 9.50000000- .
$2 2106.00000000 PEN-2 9.500000006- .
S3 2777.00050C00 PRD-3 9.5000C000- .
S4 843.20000000 PRD-4 9.50000000- .
S5 1105.00000000 PRN-5 9.5000C000- .
S6 2932.00000000C PRD-6 9.50000000- .
ST 1901.000C0000 PRO-T7 9.50C000000- .
sea 4336.00000000 PRD-8 10.00400000- .
59 4578.00000000 PRD-9 10.31000000- .
SIC 1771.00000000 PRD1O 9.50000000— .
S11 4744 .,00000000 PRDI11 10.00400000- .
Sie 3216.00C00CN0 PRD12 9.50000000- .
X1 1491.000000C0C NDEM-1 3.11006000 1491.00000000
X2 2106,C0000000 NEM=-2 3.11000000 2106.00000000
+ CAP-4 3493.000000G0 DEM-3 3.11000000 2777.0000000C
X4 843.02000000C DEM-4 3.11000C00 843.,00000000
X5 1108.00000000 NFM-5 3.11000000 1105.00000700
Q5- . NEM-6 3.11000000 2932.00000000
X7 2143.,00000000 DEM-T7 3.11000000 1901.00000000
+ CAP-7 2193.00000000 DEM-8 2.60600000 4336.,00000000
Q4= . DEM-9 2.30000000 4578.0000C000
X1a@ 2179.00000000 DEM10 3.110C0000 1771.00000000
+ CAP12 1126.00C07000 nEmMLl 2.60600000C 4744.00000000
Q2- . DEM12 3.11000000 3216.00000000
+ CAP-1 2845,C00000000 + CAP-1 . 4336,00000000
+ CAP-2 2230.000000¢C0 + CAP-2 . 4336.00000000
X3 2777.0000C0000 + CAP-3 . 4336,00000000
+ CAP1C 2157.00000000 + CAP-4 . 4336.,00000000
Q9- 242 .00000000 + CAP=5 . 4336,00000000
X6 2932.00000000 + CAP-6 . 4336,0000000C
08+ - + CAP-T7 . 4336,00000000
X8 4336 .0Q0000C2 + CAP-8 50400000 4336.00000C00
X9 4336.00000000 + CAP-9 . 81000000 4336.00000000
Q11- 408.00000000 + CAP10 . 4336.00000000
X11 4336.00000000 + CAP11 .50400000 4336.,00000000
X12 3216.00000000 + CAP12 . 4336.00000000C
¥2 . CNG-1 +30600000- .
+ CAP-3 1559.00000000 CNG-2 . .
Q3+ . CNG-3 . 19800000 .
+ CAP-5 3231.000000C0C CNG-4 . .
+ CAP-6 1404.00000000 CNG-5 . .
Qh= . CNG-6 . B
Y8 242.00000000 CNG-7 19800000 .
Q7+ 242.00000000C CNG-8 . .
Y9 242.00000000 CNG-9 . .
¥Yil 408.,00000000 CNG10 .19800000 “
Q10+ 408.00000050 CNG11 . .

Figure E5.3 (Cont)

221



245800, BRADLEY TOYS, INC. PRODUCTION SCHEDULING

TOTAL NO. ETA ROW CURRENT  CHOSEN  VECTR  RHS C/V CURRENT D/J
ITERS ETAS REC IDENT. VALUE  VECTOR  REMVD  NO, NO. THETA/PHI  CURRENT RT.
73 73 0 O0BJT1 98814.335 Q8- Q8+ 12 1.3294545
J(H) BETA(H) ROW(T) PI(T) BIT)+T*C(1)
0 00000 98R14.33599G55 nRJTL 1.00000000 ‘
0 noono : 0BJT?2 . .
S1 1491.,00000000 PRN-1 9.50000000- g
s2 2106,00000000 PRD-2 9.50000000- .
53 2777.0000C000 PRD-3 9.50000000- .
S4 843.00000000 PRD-4 9.50000000— s
S5 1105.00000000 PRN-5 9.50000000- .
Se 2932.00000000 PRD-6 9.50000000- :
57 1901.00000000 PRN-7 9.50000000- s
S8 4336,00000000 PRDO-8 9.50000000- .
S9 4578, 000000006 PRD-9 10.00400000- s
510 1771.00000000 PRDLO 9.50000000- s
S11 4744,00000000 PRO11 10.00400000- .
S12 3216.00000000 PRN12 9.50000000- :
X1 1491.000000C0 NDEM-1 3.110000¢0 1491.0000C900
X2 2106,00000000 NEM-2 3.11000000 2106.000060000
+ CAP-4 3735.00000000 NEM-3 3.11000000 2777.00000000
X4 843.00000000 DEM=4 3.11000000 843,00000000
X5 1105.000000C0 DEM-5 2,11000000 1105.00000000
15— 4 DEM-6 3.11000000 2932.00000000
X7 1901.00000000 DEM-T7 3.11000000 1901.000600000
+ CAP-7 2677.00000000 DEM-8 3.11000000 4336.00000000
Q4- s DEM-9 2.60600000 4578.00000000
X10 1937.00000000 DEM1D 3.11000000 1771.00000000
+ CAP12 1362.00000000 NEMLL 2.60600000 4744,00000000
02- S NEM12 3.11000000 3216.00000000
+ CAP-1 3087.00000000  + CAP-1 . 4578.00000000
+ CAP-2 2472.00000000  + CAP-2 s 4578.00000000
X3 2777.00000000  + CAP-3 " 4578.00000000
+ CAPL1OD 2641.00000000  + CAP-4 . 4578,00000000
29— . + CAP-5 § 4578.00000000
X6 2932.00000000  + CAP-6 5 4578,00000000
08- . + CAP-7 . 4578,00000000
X8 4336,00000000  + CAP-3 : 4578,00000000
X9 4578,00000000  + CAP-9 .50400000 4578,00000000
Q11— 166.000000C0  + CAP10O . 4578.00000000
X11 4578.00000000 4 CAP11 .50400000 4578.00000000
X12 3216.00000000  + CAP12 . 4578.00000000
Y2 s CNG-1 .30600000- .
+ CAP-3 1801.000000C0 CNG=-2 . .
Q3+ i CNG-3 .19800000 5
+ CAP-5 3473,00000000 CNG=4 . .
+ CAP-6 1646.00000000 CNG=5 = .
Q5- E CNG-6 . N
+ CAP-8 242.00000000 CNG-7 . “
Q7- . CNG-8 .19800000 .
Y9 p CNG-9 . .
Y11 166.00000000 CNG10 .19800000 -
Q10+ 166.00000000 CNG11 5 .

Figure E5.3 (Cont)
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245800, BPADLEY TNYS, INC. PRCDUCFINN SCHEDULING
TOTAL NO. ETA ROW CURRENT CHOSEN VECTR RHS C/V  CURRENT D/J
ITERS E£TAS REC INENT. VALUE VECTNOR REMYD NO. NN. THETA/PHI THETA AT MA
78 78 0 0BJT1 98897.999 1 2 1.4501818
J(H) BETA(H) ROW(T) oI (1) BLI)+TxC(1)
¢ 0000C 983897.99999956 NDBJT1 1.00000000 .
0 ocoeen . 0ORJT2 . .
S1 1491.9000C0CC0 PRD-1 9.50000000- B
S2 2106.000600000 PRD-2 9.50000000- .
§3 2777.000C0000 PRN-3 9.50000000- .
S4 843.00000000 PRD-4 9.50000000- .
S5 1105.,00000000 PEN-5 Q2.50000000- .
Sé 2932.00C00000 PRD-6 9,.50000000- .
S7 1901.720C0C000 PRD-7 9.50000000- .
se 4336.00000000 PRD-8 9.50000000- .
89 4578.0000G00C0 PRD-9 9.50000000- .
sie 1771.0000000° PRN1D 9.50000000- .
S11 4744 ,00000000 PRD11 2.50000000- .
S12 3216, 00000000 PRD12 Q.500N00000- .
X1 1491.000009000 DEM-1 3.1100C000 1491.00000000
X2 2106,00020000 DEM=-2 3.11000000 2106.,0000Q000
+ CAP-4 3901.0¢0C0000 3.11000000 2777.00000000
X4 843.000c0000 3.11000000 843.00000000
X5 1105.00000067 3.11000007 1105.00000000
05— . 3,11000000 2932.00000000
X7 1901.000C0000 3.1100000¢C 1901.00000000
+ CAP-T7 2843,00000000 3.11000000 4336,00000000
N4— . 3.11e00000 4578.00000000
X1C 1771.000000C0 3.11000000 1771.00000000
+ CAPL12 152R.00000000 3.11000000 4744,000C0000
Q2- B 3.11000000 3216.0000C000
+ CAP-1 3253.00000000 + CAP-1 . 4744,00000000
+ CApP-2 2638,00200000 + CAP-2 B 474%4.00000000
X3 2777.000000C0 + CAP-3 . 4744,00000000
+ CAP1C 2973.00000000 + CAP-4 . 4744.,000000CO
Q9o+ . + CAP-5 . 4744,00000000
Xé 2932.00000000 + CAP-6 . 4T744,0000000C
Q8- . + CAP-7 . 4744.00000000
X8 4336.,00000000 + CAP-8 . 4744,00000002
X9 4578.00000000 + CAP—9 . 4744,.00000000
Q11+ . + CAP1D . 4744,02000000
X11 4744.,00200000 + CAP11 . 4744,00000000
X12 3216.0000C000 + CAP12 . 4744,00000000
Y2 . CNG-1 +3060C0CO- .
+ CAP-3 1967.000C0000 CNG-2 . .
Q3+ . CNG-3 . 13800000 .
+ CAP-5 3639.0000C000 CNG-4 B .
+ CAP-6 1812.00C00000 CNG-5 . .
Q6— . CNG-6 . .
+ CAP-8 408.000000C0 CNG-7 . .
Q7- . CNG-38 B .
CAP-9 166 .00000000 CNG-9 .19800000 .
CAP11 . CNG10 . .
Q1c- . CNG11 .19800000 .
THETA UNBOUNDED ABOVE THIS VALUE
Figure E5.3 (Cont)
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PARAMETRIC

COST RANGING

245800, PRADLLCY 7NYS, INC. PRODUCTION SCHENULING
TOTAL NO. ETA ROW CURRENT  CHOSEN VECTR RHS C/V  CURRENT D/J
ITERS ETAS REC IDENT. VALUE VECTOR REMVD NO . THETA/PHI SOLUTION PR
107 107 0 DBJT1 S0072.329 Ql+ U1z 1 «454C000C
J(H) RETA(H) ROWLT) PI(CI) 3(1)
0 0002C 9NGT72.32999925 0BRJ4T1 1.00900000 .
0 ccoee . 0ByT? 45400000 .
S1 1491.00C00000 PRD-1 9.50000000~- .
$2 2106.00cc000N PRND-2 9.8062000C- .
53 2777.00000000 PRD-3 10.31000000~ .
S4 843,00000000 PRN-4 10.41800000~ .
S5 1105.70C20000 PRO-5 10.72400000- .
Sé6 2932.020000C0 PRD-6 11.22800000- .
S7 1901.000000C0 PRD-7 11.33600000- .
S8 4336,.00000060 PRD-R 11.840000C0- .
S9 4578.0C000000N PRD-9 12.14600000- .
sio 1771.00Cc000C0 PRDLA 12.25400000- .
51 4744.,00000000 PRN11 12.75800000~ B
Siz2 3216.00CCC000 PRD12 13.06400000- .
X1 155C.000022000 DEM-1 3.11000000 1491.0G000C00
X2 2750.00000000 NEM-2 2.80400000 2106.00000000
Y19 1481.20000000 DFM-3 2.30000000 2777.00000000
X4 2750.00000009 DEM-¢4 2.19200000 843.00000000
X5 275C.00000000 DEM=-5 1.88600000 1105.00000000
Y6 4228.00CG00CO DEM-6 1.38200000 2932.00000000
X7 2750.00CC0000 NEM=-T7 1.27400000 1901.00000000
Q7+ 849.C0CC0000 DEM-8 « 77000000 4336.00000000
Y5 2583,00C00000 DEM=9 «46400000 4578,00000000
X10 2750.00000000 NEM12 35600000 1771.00000000
Cl0+ 979.0n000NCO NEM11L . 14800000~ 4744.00000000
Y3 703.000000¢C0 DEM12 45400000~ 3216.00000000
+ CAP-1 1206.000000CC + CAP-1 . 2750.00000000
Yiz 466,00000000 + CAP-2 30600000 2750.,0000C000
X3 275C. 00000000 + CAP-3 .81000000 2750.00000000
Qll- 1994.C0C0000N + CAP-4 «9180C7200 2750.0000000C
Y9 3309.,000020000 + CAP-5 1.224000C0 2750.0C2000000
X6 2750.0000C0000 + CAP-6 1.72800000 2750.00000000
Q8- 1586, 000600C0 + CAP-7 1.83600000 2752.00000000
X8 2750.00000000 + CAP-8 2.34000000 2750.00000000
X9 275C. 00060000 + CAP-9 2.64600000 2752.00000000
Yll 2460.00000000 + CAP1D 2.75400000 2750.00000000
X11 2750.0000C000 + CAPll 3.25800000 2750.0000C000
X1z 275C. 00006000 + CAP12 3.56400000 2750.00000000
Y2 59.00000000 CNG-1 +19800000 .
Q3- 27.0000C000C CNG=-2 .19800000 .
Q2+ 644 ,000000CH CNG=-3 . .
09- 1828.000C0000 CNG-4 .19800000 .
Q5+ 1645.00000C00 CNG-5 .19800000 .
Q6- 182.00000CC0 CNG-56 . .
b4 4046, 00000000 CNG-7 . 19800000 .
Y8 4895.000090CC0 CNG-8 . B
Q4+ 19C7.00000000 CNG-9 B .
Y4 676.,000C00C0 CNG10 .19800000 .
Q1+ 59.0C000000 CNG11 . .

PHI UNBOUNDED ABOVE THIS VALUE

Figure E5.3 (Concludedl
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Exercises 225

Using the computer output supplied, answer the following questions.
a) Draw a graph depicting the following as a function of time, assuming a capacity of 2750 cases per month.

i) Cases demanded
ii) Cases produced
iii) Cases in inventory
iv) Cases of unfilled demand
Explain thoroughly what this graph implies about the optimal operations of Toys, Inc.
b) Give a complete economic interpretation of the dual variables.
c) Give a concise explanation of the righthand-side and cost ranging output.
d) Use the parametric programming of the righthand side as a basis for discussion the optimal production capacity.
e) Use the parametric programming of the cost function as a basis for discussing the “value” of goodwill loss
associated with unfilled demand. (When demand is not met, we lose some goodwill of our customer. What is
this loss worth?)

. Solving an LP by computerYour doctor has found in you a very rare disease, ordinarily incurable, but, in your
case, he believes that perhaps something can be done by a series of very elaborate treatments coupled with a strict
diet. The treatments are so expensive that it becomes necessary to minimize the cost of the diet.

The diet must provide minimum amounts of the following items: calories, calcium, vitamin A, riboflavin, and
ascorbic acid. Your daily requirement for these items (in the above order) may be determined by reading off the
numerical values corresponding to the first five letters of your name on Table 5.4. The following are the units used:
107 calories, 102 grams, 18 international units, 10 milligrams, and milligrams.

Table 5.4 Diet Requirements

Diet ProductX Diet ProductX

A 7 63 N 6 91

B 60 52 (0] 10 45
C 83 59 P 32 82
D 10 85 Q 51 98
E 39 82 R 47 67
F 59 58 S 20 97
G 38 50 T 66 28
H 30 69 U 78 54
| 65 44 Vv 81 33

J 27 26 " 81 59
K 91 30 X 61 61

L 68 43 Y 0 39
M 49 90 Z 86 83

Your choice of foods is somewhat limited because you find it financially advantageous to trade at a discount
store that has little imagination. You can buy: (1) wheat flour (enriched), (2) evaporated milk, (3) cheddar cheese,
(4) beef liver, (5) cabbage, (6) spinach, (7) sweet potatoes, (8) lima beans (dried).

The nutritional values per dollar spent have been tabulated by Dantzig (who regularly patronizes the store) in
Table 5.5. In addition, the store features a grayish powder, Product X, sold in bulk, whose nutritional values per unit
cost are also given in Table 5.4. The units (same order of items as before§ asddriegdollar, 101 gramgdollar,

10 international unitgdollar, 10~ milligrams/dollar, milligramg/dollar.

Your doctor has coded your diet requirements and the nutritional properties of Product X under the first five

letters of your name in Table 5.4.

a) Find your minimum-cost diet and its cost.
b) How much would you be willing to pay for pure vitamin A? pure riboflavin?



226 Mathematical Programming in Practice

Table 5.5 Nutritive Values of Common Foods Per Dollar of Expenditure

Ascorbid
Calorieg Protein|Calcium Iron | Vitamin A|Thiaming Riboflavin Niacin| Acid
Commodity (1000) |(grams) (grams)|(mg.)|(1000 I.U.) (mg.) (mg.) | (mg.)| (mg.)
1. Wheat flour (enriched) 44.7 | 1411 2:0 | 365 — 55.4 33.3 441 —
5. Corn meal 36.0 897 1.7 99 30.9 17.4 7.9 106 —
15. Evaporated milk (can) 8.4 422 | 151 9 26.0 3.0 235 11 60
17. Oleomargarine 20.6 17 .6 6 55.8 2 — — —
19. Cheese (cheddar) 7.4 448 | 16.4 19 28.1 .8 10.3 4 —
21. Peanut butter 15.7 661 1.0 48 — 9.6 8.1 471 —
24. Lard 41.7 — — — 2 — 5 5 —
30. Liver (beef) 2.2 333 2 139 | 169.2 6.4 50.8 316 525
34. Pork loin roast 4.4 249 3 37 — 18.2 3.6 79 —
40. Salmon, pink (can) 5.8 705 6.8 45 35 1.0 4.9 209 —
45, Green beans 2.4 138 3.7 80 69.0 4.3 5.8 37 862
46. Cabbage 2.6 125 4.0 36 7.2 9.0 4.5 26 | 5369
50. Onions 5.8 166 3.8 59 16.6 4.7 5.9 21 | 1184
51. Potatoes 14.3 336 1.8 | 118 6.7 29.4 7.1 198 | 2522
52. Spinach 1.1 106 — 138 | 918.4 5.7 13.8 33 | 2755
53. Sweet potatoes 9.6 138 2.7 54| 290.7 8.4 5.4 83 | 1912
64. Peaches, dried 8.5 87 1.7 173 86.8 1.2 4.3 55 57
65. Prunes, dried 12.8 99 25 | 154 85.7 3.9 4.3 65 257
68. Lima beans, dried 17.4 | 1055 3.7 | 459 5.1 26.9 38.2 93 —
69. Navy beans, dried 26.9 | 1691 | 114 | 792 — 38.4 24.6 217 —

* Source G. B. Dantzig,Linear Programming and ExtensipRrinceton University Press, Princeton, N.J., 1963.

¢) A new food has come out (called GLUNK) having nutritional values per dollar of 83, 17, 25, 93, 07 (values are
in the same order and same units as for Product X). Would you want to include the new food in your diet?

d) By how much would the cost of lima beans have to change before it would enter (or leave, as the case may be)
your diet?

e) Over what range of values of cost of beef liver would your diet contain this wonderful food?

f) Suppose the cost of foods 1, 3, 5, 7, and 9 went up 10% but you continued on the diet found in (a). How much
would you be willing to pay for pure vitamin A? pure riboflavin?

g) If the wheat flour were enriched by 10 units of vitamin A without additional cost, would this change your diet?

ACKNOWLEDGMENTS

Exercise 1 is based on Chapter 14Agiplied Linear Programmindyy Norman J. Driebeck, Addison-Wesley
Publishing Company, Inc., 1969.

Exercises 2 and 3 are based on cases with the same names written by one of the authors.

Exercise 4 is a variation of the diet problem used by John D.C. Little of the Massachusetts Institute of
Technology.



Integration of Strategic and Tactical
Planning in the Aluminum Industry

As we have indicated several times before, problem formulation usually is not
straightforward; on the contrary, it requires a great deal of creativity on the part of
the model builder. It also is often the case that a single model cannot provide all the
support managers need in dealing with a complex set of decisions. This chapter
describes a practical application to illustrate the complexities inherent in model
design when both strategic and tactical decisions are involved. The emphasis is on
the formulation and linking of two separate models representing distinct levels of
decision making.

6.1 THE PLANNING APPROACH

Industrial logistics is concerned with the effective management of the total flow of
materials, from the acquisition of raw materials to the delivery of finished goods to
the final consumer. It is an important and complex field of management, which
encompasses a large number of decisions and affects several organizational echelons.
Included in the logistics process are decisions determining the resources of the firm
(number and location of plants, number and location of warehouses, transportation
facilities, communication equipment, data-processing facilities, and so forth) and the
proper utilization of these resources (capacity planning, inventory control, production
scheduling, dispatching, and so forth). Commonly, the resource-acquisition decisions
are associated with the strategic-planning efforts of the firm, and the resource-
utilization decisions are considered tactical-planning activities.

These two types of decisions, resource acquisition and resource utilization,
differ in scope, level of management involvement, type of supporting information,
and length of their planning horizons. If formal systems are to be designed to support

269



270 Integration of Strategic and Tactical Planning 6.2

these two widely different types of logistics decisions, it is logical to develop two
distinct systems: one addressing the strategic-planning issues and one addressing the
tactical-planning issues of the firm. However, the two systems should interact
strongly with one another, since strategic decisions provide constraints that tactical
planning decisions have to meet, and the execution of tactical decisions determines
the resource requirements to be supplied by the higher-level strategic decisions. This
suggests the development of a hierarchical planning system that is responsive to the
organizational structure of the firm and defines a framework for the partitioning and
linking of the planning activities.

It is the purpose of this chapter to describe an actual study dealing with the
development of an integrated system to support the strategic and tactical planning
of an aluminum company. The production of aluminum is a continuous process;
therefore, it does not introduce the problems associated with discontinuities in lot-
size production required in batch-processing operations. Linear programming
becomes a very appropriate model to use in connection with the production-planning
activities.

The heart of the planning system to be described is formed by two linear-
programming models that interact with each other. One of these models addresses
the long-range strategic issues associated with resource planning, while the other is
an operational model oriented toward the tactical problems of short-range resource
utilization.

We will first provide a brief background of the aluminum industry. Subsequently,
we will describe the structure of both models and the way in which they are integrated
to form a comprehensive planning system. Special attention should be paid to the
different characteristics of the models in terms of time horizon and number of time
periods, level of aggregation of the information processed, and the scope and level of
management interaction.

6.2 THE ALUMINUM INDUSTRY AND SMELTER OPERATIONS

The production of aluminum from raw materials to finished goods is a fairly involved
process but the smelting part of the process is straightforward (see Fig. 6.1). Calcined
alumina is reduced to aluminum metal in electrolytic cells or “pots.” The passing of
electric current through the molten electrolyte causes an electrolytic action that
reduces the alumina into two materials, molten aluminum and carbon dioxide.
Periodically the aluminum is drawn off through a siphon into large crucibles, which
are then used to transfer the molten aluminum to a holding furnace, where the
blending or alloying of the metal takes place. Next the aluminum is cast into ingots
of various sizes and shapes ranging from 5 Ibs to 20,000 1bs depending on the type of
equipment that will be used in processing the metal. The smelting operation is the
major point of the process that is of concern to us in the present study.

The aluminum company where this project took place is one of the largest fully
integrated aluminum companies in the world; the company supplies its products to
approximately a hundred different countries. It has six smelters, all operating near
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Fig. 6.1 The aluminum production process.

capacity, and the demand for ingot aluminum is expected to continue to grow. Of
the six smelters, four are located in domestic locations and two are in foreign locations.

In addition to its own facilities, the company also is able to procure aluminum
from external sources through “swapping” contracts. Swapping is the term used for
the common practice in the aluminum industry of having a competitor produce one
of your orders for a particular type of aluminum alloy and deliver it directly to your
end-use customer under your label. The reason a company might want to do this may
vary but the most common one is to save on transportation costs of the finished
product by selecting a competitor’s smelter that is in production closer to your
customer area. These agreements generally are reciprocal in nature and are negotiated
prior to the start of a year. They are actually a trade of material, since usually no
money is exchanged and the major part of the negotiation concerns the amount of
material that one company will produce for the other. All warrantees, complaints,
and the like, will fall back on the company doing the contracting and not the company
producing and delivering the aluminum. Such swapping agreements also are common
in industries such as petroleum and fertilizer.

In view of the then current level of operations and the forecast growth in demand,
the company was considering various alternatives for smelter-capacity expansion.
One of the alternatives was the construction of a new smelter. A major concern of
top management was the decision affecting the location, capacity, and the date for
starting construction of the new smelter. In addition, a capacity-expansion program
was required in the existing facilities. It was imperative to organize this effort in a
well balanced form, allocating the resources of the company in those areas that
offered the highest potential payofTs.

The first model to be presented is used to assess various options for capacity
expansion at existing or new smelters, and for swapping contracts. It determines the
sources of aluminum for meeting customer demands. A second model is used to
assign incoming ingot orders to the various sources of supply, according to the
capacity available at each source.
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6.3 OVERVIEW OF THE STRATEGIC PLANNING MODEL

Objectives of the Strategic Logistics Model

An effective strategic model should be able to support the development of corporate
logistics policies and to provide top managers with a better understanding of decisions
on design of new production facilities, capacity expansion of existing facilities,
acceptance of long-term contracts, and development of marketing and distribution
strategies.

Specifically, our strategic-planning model was designed to assist managers in:

1. evaluating different options for increasing capacity at the existing aluminum
smelters of the company;

2. measuring the economic consequences of installing a new smelter, whose size
and location had yet to be determined;

3. defining the desired quantity and the price to be paid for various purchasing and
swapping contracts;

4. setting general guidelines for the levels of operation at the company’s smelters;
and

5. assessing the attractiveness of each of the present market areas and defining a
strategy for potential growth in these areas.

The Strategic Model—General Characteristics

In order to fulfill the objectives stated above, the planning model should have an
overall corporate approach and should deal with aggregate information without
going into details pertinent only for operating decisions. Due to the large number of
interactions involved in the planning process and the continuous nature of the
production activities, it was soon recognized that the most appropriate model to use
in this kind of problem was a linear-programming model.

One of the first decisions that has to be made regarding the design of a model is
the total time horizon covered and the number of time periods into which that time
horizon is divided. In order to maintain as simple a model structure as possible, only
one time period was included in the model. (This does not represent a shortcoming
in an aggregated model such as this one, since multistage decisions affecting several
years can be studied by changing the input to the one-time-period model properly in
a sequential fashion.)

The model considers eleven different metal sources, six existing smelter locations,
one new smelter, three swapping sources, and one other possible swapping source.
The use of eleven sources makes it possible to (1) evaluate precisely what value to
attach to current swapping agreements, (2) evaluate the marginal economic worth
of the various alternative locations for a new smelter, and (3) allow for an unan-
ticipated source of metal. At the same time, the model provides management with
sufficient detailed information to answer questions regarding the operation of existing
smelters (capacity planning, the level of operation desired, and so forth).
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Customer areas and swapping destinations are broken into forty different market
groups. These forty locations provide sufficient segmentation of the total market by
allowing us to partition the market into demand centers, which have distinct trans-
portation costs, customs duties, and in-transit inventory charges.

An analysis of the product line of the company revealed that, while the variety
was extensive, an aggregation into only eight major categories provided sufficient
detail for the strategic-planning model.

The primary constraints that are imposed on the planning process are the
existing capacities of hot-metal and casting equipment, as well as the limits imposed
on the purchasing or swapping contracts. In addition, the demand generated at each
customer area should be satisfied with the present capacity ; otherwise expansions of
the current installations have to be made.

An important cost element in the production of aluminum ingot is the metal
reduction cost. Large amounts of electricity are consumed in that process (approxi-
mately 8 KWH/Ib), making the cost of electricity the single most important considera-
tion in determining a smelter’s location. The choice of location for a new smelter
thus is limited to a small number of geographic areas where electrical costs are
significantly low.

A second major cost factor is the cost of blending and casting the aluminum. A
third relevant cost that affects decisions concerning either a new smelter location or
order allocations among existing smelters is that for transportation—the total cost
involved for both shipping the raw materials to a smelter and shipping the finished
goods to a given customer. Because of the nature of the material (weight and volume)
and the wide dispersion of the company’s customers, transportation represents a
large portion of the controllable variable cost of aluminum ingots. The problem is
simplified in our case because the company owns its own shipping line for delivering
raw materials to the smelters. The cost of transporting materials to the smelter then
can be treated as a fixed cost in a first approximation. This assumption can be relaxed
in a subsequent stage of the model development.

The final two major cost items to be considered when making logistic decisions
are in-transit inventory and customs duties. While both of these costs are relatively
small when compared with the other variable costs, they nonetheless are still large
enough to warrant consideration.

Minimization of cost, instead of maximization of profit, was selected as the
objective function because cost information is more readily available and prices
depend on quantities purchased, type of contracts, and clients. Moreover, if demand
has to be met, the resulting revenues are fixed and minimization of cost becomes
equivalent to maximization of profit.

6.4 MATHEMATICAL FORMULATION OF THE STRATEGIC PLANNING MODEL

The Strategic Model—Notation

We now will describe the symbolic notation that is used in delineating the mathe-
matical formulation of the strategic model.
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Smelter and Purchase Source Locations

The letter “s” represents the location of smelters or purchase sources according to
the following convention:

s=1,2,...,6 existing smelter locations
s=7 new smelter

s =28,9,10 swapping

s =11 other

Customer Areas

The letter “a” represents the forty locations of the various customer areas and swap-
ping recipients.

Product T ypes
The letter “p” represents the eight different product types.

Data Requirements

. i)

r, = Reduction cost of product “p” at source “s”, in §/ton;

€69 FTPx L)

¢, = Casting cost of product “p” at source “s”, in $/ton;

[Pl [T t)

t,, = Transportation cost from source “s” to customer area “a”, in
$/ton (the cost/ton is the same for all product types);

[T

0., = Customs duty charged for the shipments from source “s” to

“, 9

customer area “a”, in §/ton (the cost is the same for all product
types);
/., = Lead time and in-transit time required to ship from source “s”

6,

to customer area “a” (the time is the same for all product types);
h, = Inventory-holding cost for product “p”, in §/ton/day:

[T}

= Forecast demand for product “p” at customer location “a”,
in tons;

m,, M, = Lower and upper bounds respectively, for the hot-metal

Rt}

capacity at source “s”, in tons;

JS
i

Lower and upper bounds, respectively, for the casting-equip-

[l [T

ment capacity at source “s” for product “p”, in tons.

Esp’ sp

Decision Variables

[yl)

Q.p = Quantity of product “p” to be shipped from source “s” to

Pl

customer area “a”, in tons;

[T}
S

M, = Total hot-metal output at source “s”, in tons;
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D = Total overseas customs duties for all products shipped from all
sources to all foreign customer areas, in dollars;

[T L)

I, = Total in-transit inventory costs for product “p”, in dollars;
E,, = Total amount of product “p” to be cast at source “s”, in tons.

The last four decision variables (M,, D, I,, and E,) are introduced only for
convenience in interpreting the results, as will be seen in the next section.

The Strategic Model—Formulation

Using the notation described above, we can now formulate the strategic model in
mathematical terms.

The Objective Function—Logistics Cost

The objective of the model is the minimization of the total logistics cost incurred,
which is represented by the following expression:

Minimize cost = Z Z Z (rp + Cp + 1) Quap + Z I, + D.
s a P p

The first term is the sum of reduction, casting, and transportation costs; the
second term is the in-transit inventory cost; and the third term, D, is the total customs
duties. (In-transit inventory costs and customs duties are defined in the constraint
set as a function of the variable Ocap-)

Metal-Supply Constraint at Sources

ZZQSW—M5=0, s=1,2..., 11,
a p

m, < M, < m,, s=1,2,...,11.

The first equation merely states that the total amount shipped from location s
to every customer, considering all products, should be equal to M., which is the total
metal supply at smelter (or purchasing location) s. This equation serves to define
the variable M,.

The second constraint set represents the upper and lower bounds on the total
metal supply at each smelter or puchase location. Recall that constraints of this type
are handled implicitly rather than explicitly whenever a bounded-variable linear-
programming code is used (see Chapter 2, Section 2.6). The upper and lower bounds
define the maximum hot-metal capacity and the minimum economical operational
level of the smelter, respectively. When dealing with swapping or puchasing locations,
they provide the range in which purchasing or swapping agreements take place.

Shadow prices associated with the metal-supply constraints indicate whether
expansion (or contraction) of a smelter hot-metal capacity or purchase contract are
in order.
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Equipment Casting Capacity at Smelters
s =1,2,...,11
_ E — 0 b tl b b
ZQS” ® {p—l,Z,...,S.
_ s =1,2,...,11,
ep = Ep = % p=12...,8

The first equation is used as a definition of variable E ,. It indicates that E,
the total amount of product p cast at smelter s, must be equal to the total amount of
product p shipped from location s to all customers.

The second set of constraints imposes lower and upper bounds on the amount
of product p cast in smelter s. These bounds reflect maximum casting capacity and
minimum economical levels of performance, respectively, and again do not add signifi-
cant computational time to the solution of the model when a linear-programming
code with bounded-variable provisions is used.

Shadow prices associated with the casting-equipment capacity constraint allow
the efficiencies of the various casting equipment to be ranked and suggest expansion
or replacement of current equipment.

Demand Constraints
ZQsap=dap {a_l,Z,...,40,
- p=12...,8.

This set of equations specifies that the amount of each product p received at
customer region a, from all sources s, has to be equal to the demand of product p
at customer region a.

The shadow prices of these constraints allow the relative attractiveness of each
product group at each customer area to be defined and therefore serve as basic in-
formation for marketing-penetration strategies. By ranking each market in accor-
dance with the marginal returns to be derived by expanding its current requirements,
priorities can be assigned that provide guidelines for marketing penetration. In
addition, shadow prices indicate when swapping is of interest, since swapping means
simply a trade-off between two customer areas. Ideally, we would like to swap an

area with a very small marginal return with one that provides a very high marginal
return.

Total Overseas Customs Duties

Y3 0ulup — D =0.

This equation is used to define the total amount spent in customs duties, D, and
permits the company to keep track of this expenditure without performing additional
computations.
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Total In-Transit Inventory Cost

Zth/san—Ip=0, p=12...8

S

This equation records the total in-transit inventory cost for each product group p-

Nonnegativity of the Variables

All the variables should be nonnegative.

6.5 THE TACTICAL PLANNING MODEL

Objectives of the Tactical Model

The basic objective of the tactical model is to assist middle management in assigning
ingot orders to the various possible sources of supply, in a way that is consistent with
upper-level decisions, which are made with the help of the strategic planning model.
The tactical model deals only with the order assignments to the four domestic smelters,
although extensions of the model to incorporate the foreign smelters are straight-
forward. The assignments are performed on a week-by-week basis for a four-week
time horizon, followed by two months of planned operations based on orders actually
received and forecasts for orders to be expected in those periods.

Each order refers to a demand for a single product type. If an original order
contains requirements for more than one product, the order is broken into various
individual single-product orders.

The model is intended to support management decisions in the following areas:

1. Assignment of ingot orders to specific casting machines at each smelter (initially
only domestic smelters are considered);

Effective utilization of existing production equipment;

Assignment of labor crews to each production center;

Determination of aggregated inventory levels for each product type;
Specification of transportation requirements, in deciding ship reservations; and

A

Identification of operational bottlenecks, which could suggest capacity expansion
opportunities.

Linking the Strategic and Tactical Models

Figure 6.2 is a diagram of the total logistics system, illustrating the relationships
between the strategic and tactical models. It is important to notice the hierarchical
nature of this approach, in which decisions made at the strategic level define some of
the constraints that have to be observed at the tactical level. Specifically, the strategic
model defines the capacity expansion that should take place in the hot-metal and
casting facilities to cope with the increasing aluminum demand, including the location,
size, and timing of construction of a new smelter. In addition, it fixes operational
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Fig. 6.2 The logistics system.

levels for hot-metal capacity, it defines swapping sources and the quantities to be
swapped with these sources, and it prescribes allocation of market areas to metal
sources. The strategic model essentially determines the capacity of all sources in-
cluding new plants, old plants, and swapping points. The tactical model makes the
most effective use of the existing production facilities by providing production, casting,
and transportation schedules. Feedback from the actual implementation of the
tactical-model decisions will in turn provide an important input to the strategic model
to obtain a better balance between resource acquisition and resource utilization.

Segmentation of the Tactical Model

The design of the tactical model poses some serious difficulties. First, there are a
number of institutional constraints resulting from the company’s traditional practices
in dealing with specific customers and from priority requirements of some orders,
which force the schedule to allocate an order to a specific machine. These constraints
must be considered in any realistic order-assignment procedure. Second, due to the
large number of constraints and decision variables involved in the order-assignment
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process, it is mandatory to make every effort to produce a good starting solution to
the model and to reduce, as much as possible, the number of constraints to be con-
sidered; otherwise the model would become computationally or economically infea-
sible to run and update every week. There were about one thousand outstanding
customer orders to be assigned during the three-month time horizon considered in
the tactical model. Thus, the dimension of the problem is such that linear pro-
gramming becomes the only viable approach to consider. However, since splitting
an order between two smelters was not acceptable from an operational point of view,
and since the use of integer linear programming was out of the question due to the
large model dimensions, extreme care had to be exercised to avoid order-splitting
problems.

These considerations led to the design of an operating system composed of three
segments: the preprocessor, which establishes a preliminary operation plan; the linear-
programming model, which computes an optimal order assignment; and the post-
processor, which consolidates the orders that might be split and produces relevant
management reports. Figure 6.3 illustrates how the system has been decomposed
and how the three segments interact.

The first of these segments is a preprocessor subsystem. This is a computer
program that performs the following functions:

1. determines the date by which the order should be completed at each smelter
(known as the ex-mill date) to satisfy the promised delivery date to the client. The
ex-mill date is determined by subtracting the transportation time, from the
smelter to the customer location, from the promised delivery date;

2. accepts constraints on orders that must be processed at a given smelter because
of purity specifications that can be met only by using a specific machine at that
smelter;

3. accepts reservations for certain blocks of casting-capacity time that are required
for some special purpose; and

4. accepts the demand-forecast estimates for the two look-ahead months (orders
for the current month always will be known).

The preprocessor then constructs an initial order-assignment plan, based on the
minimization of freight and in-transit inventory costs. This order-assignment plan
does not consider any capacity constraints and thus represents an ideal plan for
distribution. The ideal plan rarely would be feasible, but it constitutes an effective
solution to initiate the linear-programming model that will be formulated in terms
of order reassignments. Only freight and in-transit inventory costs are selected in
this initial plan assignment, in order to simplify the cost computations. F reight and
in-transit inventory costs are the predominant cost elements in the operating model.
Other cost elements are incorporated into the subsequent linear-programming model.
The total demand determined for each product type at each smelter during each time
period is accumulated, for comparison with actual casting and hot-metal capacity
limitations. The final output of the preprocessor system is a list for each time period,
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Fig. 6.3 General flow chart of the tactical system.

in order-number sequence, showing the freight-plus-in-transit-inventory cost for each
order if it were shipped from each of the four smelters. Figure 6.4 is an example of

this listing.

The second part of the system is the linear-programming model. This program
accepts the output from the preprocessor program together with the operational
constraints. The program outputs an optimum order assignment which minimizes
the total logistics costs, taking into account all the constraints imposed by the pro-
duction operations.
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Source cost
(Freight and in-transit inventory cost)
Order Order Smelters
number quantity 1 1 I v
49001 350 10 12 27 28
49002 1000 25 20 41 44
49003 200 7 8 4 3
49999 290 18 16 10 8
Total
assignment 6540 1554 1462 1632 1892
Note. The preprocessor produces one of these reports for each product group
and for each time period. It assigns each order to minimize these costs,
¢.g., 49001 to smelter I, 49002 to smelter IL.
Figure 6.4 Preprocessor order-assignment listing, for time period 1
and product group 1
The third segment of the system is a postprocessor program. This program is
intended:

1. toconsolidate those orders that may have been split between two or more smelters
by the linear-programming model, since shipment from more than one source is,
in general, not economical, because of the complexities created in controlling the
order-processing procedures;

2. to provide the inventory policy the company should follow in order to minimize
the cost of operating inventories (it should be noted that this is only for operating
inventories; inventories carried for safety-stock purposes must be considered
separately);

3. to provide the order-assignment output from the linear-programming model in
an easily readable format;

4. to describe the marginal costs and shadow prices for the various distribution
alternatives; and

5. to compute the size of the labor crews to be assigned in the coming weeks to each

production center.

The main purposes of this segmented approach are to reduce the complexity and

scope of the problem to a manageable size; to provide a means of seeing easily which
orders could and should be changed from one time period to another; to greatly
reduce the number of constraint equations in the linear-programming part of the
model; to provide easy means of quickly viewing the variability of ideal demand for
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each of the smelters on a week-to-week basis; and to produce a report from the linear-
programming output that managers can read and use for day-to-day planning
operation.

There are two basic ways to reduce the number of constraint equations in the
linear-programming model. One is simply to preassign some orders that must be
produced on a particular machine for quality-control reasons. This preassigning is
easily done in the preprocessor by reducing the capacities of the appropriate machines
by the amount preassigned, and those orders will never reach the linear-programming
model. The second way to reduce the size of the linear-programming model is by
reducing the alternatives available for the reassignment of each order. If the choice
for order assignment can be limited to only two smelters, then the corresponding
constraint equation is reduced to a simple upper-bound type of constraint. The com-
putational advantage of this approach will become clear when the linear-programming
model is explained in detail.

Both the preprocessor and the postprocessor segments are relatively straight-
forward computer programs, which do not require much explanation. We now will
review in detail the structure of the linear-programming model.

Tactical Linear-Programming Model—General Characteristics

As we indicated before, the model considers only the four smelters located in the
U.S. It covers a three-month time horizon divided into six time periods of uneven
duration. The first four time periods are one week each; the remaining two time
periods cover the second and third months, respectively.

For scheduling purposes, each year is split into 13 periods, each of four weeks’
duration. (This is an easy way to handle the uneven length of the calendar months.)
A second convention adopted is the assignment of orders to time periods in terms of
when the order must be completed at the smelter, rather than the required delivery
date of the customer. This use of an ex-mill date (in lieu of a customer delivery date)
is a common way to deal with the problem of deliveries to customer areas that are
widely scattered.

An analysis of the product types revealed that while it is possible to use only
eight different types for the strategic model, it is necessary to consider at least thirteen
for the tactical model. The reason is the fact that, while some of the more subtle
distinctions between product types can be ignored for long-range planning, they have
to be considered for day-to-day assignments.

A number of capacity constraints must be considered in the program formulation.
The first is that all the hot metal produced must be cast into some form, due to the im-
possibility of stocking hot metal as such. (This must be done even if there is insufficient
current demand for the hot metal.) A second general constraint is that each product
type requires a certain variety of production equipment. The total time required on
a given machine must not exceed the capacity for that machine at the assigned
smelter. This consideration is critical since, while some of the machinery is required
for only one product type, other machines are jointly used for a number of different
product types.
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As indicated before, the preprocessor routine assigns orders based on minimizing
freight and in-transit inventory costs without regard to the capacity constraints of the
system. The preprocessor also lists the reassignment penalty associated with pro-
ducing the order in an alternative smelter, measured by the extra freight and in-transit
inventory cost that will result if a reassignment takes place. Another way to reassign
an order is to produce it earlier than the time originally listed in the preprocessor
program. This change results in an additional charge for inventory costs. The basic
function of the linear-programming model is to decide on the best reassignment of
orders, considering the capacity constraints at the smelters and all the logistics cost
components (rather than only freight and in-transit inventory) as a basis for order
allocation.

To account for the inherent uncertainties in each product demand, which cause
unavoidable errors in the forecasts, and to prevent the model from exhausting the
inventories at the end of each time period, constraints are imposed requiring the
closing inventories to be at least equal to the safety stock associated with each product
group.

The model is designed to minimize the total logistics cost. Major items of that
cost are the order-reassignment penalties, the inventory-carrying charges, and the
casting cost.

6.6 MATHEMATICAL FORMULATION OF THE TACTICAL PLANNING MODEL

The Tactical Linear-Programming Model—Notation

To facilitate the mathematical formulation of the model, a symbolic notation will
be introduced to characterize its elements.

Time Periods

Each time period will be represented by the letter “t.”

Smelter Locations

The four domestic smelters are represented by the subscript letter “s,” where
s=1,23o0r4.

When considering transfers between smelters, instead of saying that the transfer
will go from smelter “s” to smelter “s,” the letter “/” will be used to designate the
receiving smelter. Thus the transfer will read as going from smelter “s” to smelter
“{',9

Casting Machines

Each individual casting machine at each smelter is identified with a different number.
This number is represented by the subscript “m” (m = 1,2,...,40). Thus it is
possible to assign each order to a specific machine in a given smelter, since this is
the way in which orders are scheduled. The model handles forty different machines,
ten in each of the four smelters.
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Product Groups

The 13 different product groups are represented by the letter “p” (p = 1, 2,..., 13).
Combinations of product groups that require the use of some additional processes
are represented by the letter “c” as a subscript. These product combinations introduce
additional constraints imposed by secondary operations that require processing steps
that use other than casting equipment (such as bundling, sawing, acid-dipping, and
so forth). There are three such combinations.

Order Number

Each order is identified with a different number represented by the letter “k”. This
unique number is needed if we are to be able to identify where each order will be
produced and whether an order has been split. It should be noted that no order
contains more than one product group, and all the material in that order is to be
delivered in only one time period.

Data Requirements

d Number of tons of product-group p assigned by the preprocessor to smelter

s for production during time period t;

tsp

h,  Number of tons of hot-metal capacity available at smelter s in time period t;

e.n Number of hours available for the use of casting machine m during time
period t;

'mp  Production rate of machine m for product-group p, in tons/hour;

gx  Number of tons of safety stock of product group p to be carried at smelter s
during time period t;
dx Number of tons of aluminum contained in order k;

Wy Upper bound of product-group p that can be produced at smelter s during
time period t, in tons;

u,, Upper bound of combination c¢ that can be produced at smelter s in time
period t, in tons;

f.« Reassignment cost of transferring order k from smelter s to smelter 7, in
dollars per ton;

dn, Casting cost for the production of product-group p on machine m, in dollars
per ton;

i;, Weekly inventory-carrying cost per week for product-group p, in dollars
per ton;

i, Monthly inventory-carrying cost for product-group p, in dollars per ton per
month.
Decision Variables

P, Number of tons of product group p to be produced on machine m during
time period t;
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I,s .« Number of tons of inventory of product-group p at smelter location s at the
énd of time period t;

| .
Ry 'Number of tons of order k to be reassigned from smelter s to smelter 7.

!
The Tactical Linear-Programming Model—Formulation

|
With th;e notation defined above, we now can describe in exact mathematical terms

the stryicture of the tactical linear-programming model.

The OAjective Function—Logistics Cost

The objective function is to minimize the total logistics cost while fulfilling the
operational constraints. The elements of the logistics cost are as follows:

Minimize cost = Z Z Z SfonRan Order reassignment
s ¢#s k
+ Z Z Z i1plips Weekly inventory-carrying charges
t<4 p s

+ Z Z Z i2p]ips Monthly inventory-carrying charges
=5,6 p N

+ Z Z Z AmpPimp Casting
t m p

Demand Constraint

t=12...,6:
Z Ptmp+I(t-1)sp_Itsp+ZZRs(k_Zthsk:dtsp p= 132a,13,
mins k ¢#s k (¢#s s =1, 2’ 3, 4)

This equation indicates that, for each time period, for each smelter, and for
each product group, the total production in that smelter, plus the initial available
inventory, minus the ending inventory, plus the reassignments out of the smelter,
minus the reassignments to that smelter, should be equal to the demand assigned
to the smelter by the preprocessor program. It is the material-balance equation for
each product group. The quantity d,, has been determined by the preprocessor.

Hot-Metal Constraint

t=12,...,6;
P m — h . 9 b b bl
NI A
ponm mins
This equation states that the total casting production at a smelter during time

period t must equal the hot metal available for that smelter. The quantity h,, has been
determined by the strategic model.
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Casting-Machine Capacity

Pinp < t=12...,6;
m m=12...,20.

ponm

This constraint merely states that the total machine time used cannot exceed
the total machine time available for time period t. The conversion into hours for
each machine (from tons) is based on the productivity factor for each machine. The
summation is made over all product-groups p that require machine m. The quantity
€. 1s suggested by the strategic model.

Production Bounds

t=12,...,6;
p=12,...,13;
Z P = Wips s =1,23 4

mins

m=12,...,20.

The production of product-group p on machine m for time period t cannot
exceed the capacity of that smelter for that product during that time period.

Combination Constraints

t = 1,2,...,6;
DD P S e =1,2,3,4;
pinc mins Cc = 1,2,3.

The number of tons of the product-group p in the combination ¢ that are pro-
duced on machine m in smelter s during time period t cannot exceed the capacity
for combination ¢ during time period t at smelter s. This is a secondary constraint
involving the capacity of a process step for certain of the product groups.

Ending-Inventory Constraints

s=1,2,3,4;
Iy Z G t=1,2,...,6;
p=12,...,13.

The amount of inventory of product-group p that is available at smelter s at the
end of time period t should be greater than or equal to the safety stock required for
product group p at smelter s.

Reassignment Balance

) Ra S, forallk.

(#s

The amount of order k that is reassigned from smelter s to all other smelters
cannot exceed the total order quantity.
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Note that neither the time period nor the product type is specified, since order k
contains only one product type and it has an ex-mill date within just one time period.

This set of equations explains the role that the preprocessor plays in reducing
the number of constraints of the linear-programming model. Since there are about
one thousand orders to be scheduled during the three-month time horizon, in theory
we should have that many reassignment constraints. However, for most orders we
need only consider two alternative smelter locations; the first one corresponds to
the location to which the order has been preassigned, and the second one presents a
reassignment alternative. This means that only one variable is required in most
reassignment-balance constraints, making that constraint a simple upper bound for
that variable. This type of constraint is handled with little additional computational
time by an upper-bounded linear-programming code. In the subject company, if
the order assignment is to be made properly, about one hundred orders might be
assigned to more than two alternative smelter locations. Therefore, using the pre-
processor reduced the total set of constraints from one thousand to one hundred.
Moreover, even the general reassignment-balance constraint can be handled easily
by a special linear-programming code known as generalized upper bounding, which is
available on many commercial programming systems.

Given the tendency of the linear-programming solutions to drive toward extreme
points, in practice very few orders are split. The problem of split orders is thus very
easy to resolve at the postprocessor level.

Nonnegativity of the Variables

All of the variables should be nonnegative.

6.7 CONCLUSION

We have described, with a fair amount of detail, a formal, integrated system to deal
with some important logistics decisions in an aluminum company. We purposely
have emphasized the formulational aspects of this project in order to illustrate the
modeling effort required in many mathematical-programming applications.

This project also can be viewed as an example of the hierarchical planning ap-
proach, which was discussed in Chapter 5.

EXERCISES

I. Strategic Planning Model
1. Time Horizon of the Strategic Planning Model

Make a list of the objectives of the strategic planning model. What is the time horizon
required to address each one of these specific objectives? Do these time horizons have the
same length? If not, how do you think a single model could deal with the different time
horizons? What is the proposed time horizon of the strategic-planning model? How many
time periods does the model consider? How will the model handle the dynamic changes
throughout the time horizon required to deal with each of the specified objectives?
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Objective Function of the Strategic Planning Model

Review the elements of the objective function of the strategic-planning model. Why dces the
model minimize cost rather than maximize profit? Are reduction, casting, and transportation
costs really linear? How might any nonlinearities be modeled?

How do the costs associated with the new smelter enter into the objective function?
What could you do if there are trade-offs between fixed cost and variable-reduction cost in
the new smelter (i.e., if there is one option involving a small fixed cost but high variable-
reduction cost, which should be compared against an option consisting of a high fixed cost
that generates a smaller variable-reduction cost)?

Why does the model ignore the procurement and transportation cost of raw materials
to the smelters? Why are customs duties included in the objective function? (Aren’t customs
duties unavoidable, anyhow?)

Why aren’t inventory costs other than in-transit inventory costs included in the model?
Why doesn’t the model impose costs for safety stocks, cycle stocks, stock-piling costs,
seasonal stocks, work-in-process inventory, and so on? Why aren’t the in-transit inventory
costs and customs duties expressed directly in terms of the quantities Q,,?

Metal-Supply and Casting-Equipment Capacity Constraints

Consider the metal-supply constraint

ZZQW—M =0, s=1,2..,11
a p

M

®

A
3

s=1,2...,11, 1)

s

M, = m, s=1,2,...,1L 2)

In total, there are 33 constraints used to express the metal-supply availability. An equivalent
form for expressing these conditions will be:

ZZQsapéms s:I’z,...,ll,
a p

ZZQsapgr—ns S
a p

which gives a total of 22 constraints. Why do you think the model uses the first formulation,
which appears to unnecessarily increase the numbers of constraints required?

Consider constraints (1). What are the possible signs (positive, zero, negative) of the
shadow prices associated with these constraints? How would you interpret the shadow
prices? Answer the same questions with regard to constraints (2). From the values of these
shadow prices, when would you consider expanding the metal capacity of a given smelter?
When would you consider closing down a given smelter?

Similar questions can be posed with regard to casting-equipment capacity.

I
—_
N
—_
=

. Demand Constraints

How many demand constraints are there in the strategic-planning model? What implications
does the number of these constraints impose with regard to aggregation of information into
product types and market regions?
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What are the possible signs (positive, zero, negative) of the shadow prices associated
with these constraints? How would you use this shadow-price information to decide on
market-penetration strategies, and on swapping agreements? How could you deal with
uncertainties in the demand requirements?

Customs Duties and In-Transit Inventory Constraints

Can these constraints be eliminated from the model? How would you accomplish this?

Use of the Strategic-Planning Model to Support Managerial Objectives

Refer to the list of objectives stated for the strategic-planning model, and discuss in detail
how you think the model should be used to provide managerial support on each one of the
decisions implied by the stated objectives. In particular, analyze how the model should be
used in connection with the decision affecting the size and location of the new smelter.

Il. Tactical Planning Model

1.

Time Horizon of the Tactical Planning Model

Discuss each objective of the tactical model. How long is the time horizon required to
address each of the specific objectives? How many time periods does the model consider?
Why are multiple time periods essential in the tactical model?

Segmentation of the Tactical Model

Discuss the proposed segmentation of the tactical model. What are the functions, inputs,
and outputs of the demand-forecasting module, preprocessor, matrix generator, linear-
programming optimization routine, postprocessor, and report generator? How does the
preprocessor help in reducing the computational requirements of the linear-programming
model?

Objective Function of the Tactical Linear-Programming Model

Why is cost minimization preferred over profit maximization? What cost elements are
implicit in the order-reassignment cost? Why are inventory-carrying charges divided into
weekly and monthly charges? What additional cost elements might you include in a tactical
model such as this one?

Demand Constraints

Discuss each term in the demand constraint. How is the righthand-side element of these
constraints determined? How many constraints are there? What are the implications of
these constraints with regard to aggregation of information? How would you interpret the
shadow prices associated with these constraints? What feedback would these shadow prices
provide to the strategic-planning model?

Hot-Metal, Casting-Machine Capacity, Production Bounds, and Combination
Constraints

Analyze the nature of these constraints. Discuss their shadow-price interpretations, and the
feedback implications to the strategic-planning model.
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6. Ending-Inventory Constraints

Discuss the nature of these constraints. How would you specify the value of the righthand
sides of these constraints? Are there alternative ways of expressing inventory targets,
particularly when only safety stocks are involved and the model is going to be updated every
review period? How taxing are these constraints in terms of computational requirements?

Reassignment-Balance Constraints

These constraints are critical for understanding the computational economies introduced
by the preprocessor. Discuss what happens when only one reassignment alternative is
considered for every order; what computational implications does this have? Interpret the
shadow price associated with these constraints. Indicate an alternative formulation of the
tactical-planning model without using the preprocessor or reassignment-decision variables.

Ill. Interaction between Strategic and Tactical Models

Analyze the hierarchical nature of the proposed planning system. Which outputs of the
strategic model are transferred to the tactical model? What feedback from the tactical model
can be useful for defining new alternatives to be tested by the strategic model? How might
the problem be approached by a single model incorporating both tactical and strategic
decisions? What would be the advantages and disadvantages of such an approach?

IV. Data Requirements

How much data do the strategic and planning models require? What would you do to
collect this data? Which elements of the data would be most costly to collect? Which must
be estimated most carefully?
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Planning the Mission and
Composition of the U.S. Merchant
Marine Fleet

7

As we have indicated in Chapter 3, it is quite easy to perform sensitivity analyses for
linear-programming models. This is one of the most important features of linear
programming, and has contributed significantly to its usefulness as a tool to support
managerial decisions. The project described in this chapter provides a practical
application where sensitivity analysis plays a major role in understanding the im-
plications of a linear-programming model. The project aims to identify the mission
and the optimum composition of the U.S. Merchant Marine Fleet. The fleet should
be designed to carry fifteen percent of the U.S. foreign trade in the major dry and
liquid bulk commodities—oil, coal, grains, phosphate rock, and ores of iron, alumi-
num, manganese, and chromium. The study was conducted to design a fleet intended
to be operational by 1982. A linear-programming model was used to obtain pre-
liminary guidance with regard to the best ship designs, the sizes, and the mission of
the resulting fleet. Subsequently, extensive sensitivity analysis was employed to
evaluate the changes resulting in the fleet composition when trade forecasts and port
conditions were varied.

For a long time, ships flying the American flag have faced construction and
operating costs higher than those of most of their foreign competitors. The gap has
widened and, in recent years, shipbuilding in the U.S.A. has cost about twice, and
wages for American crews four times, the figures for representative foreign equivalents.
This situation has been recognized in legislation. The Merchant Marine Act of 1936
instituted cost-equalizing subsidies in order to maintain U.S.-flag general-cargo liner
service. As a result, a substantial share of our foreign general-cargo liner trade is
carried by ships built, registered, operated, and crewed by Americans. No similar
assistance was available to bulkers and tankers, and so U.S.-flag ships have almost
disappeared from such service, apart from certain protected trades. In addition,
American shipyards have not had the market or the incentives to share in the modern-
ization of facilities and the mass production of large ships that have been offered in
Europe and Japan.

291
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A program intended to cure this situation was announced in 1969. Some of the
characteristics of the program were:

1. Subsidies to be extended to construction and operation of tankers and bulkers;

2. Design studies were commissioned for ships that could be mass-produced and
that would be economical to build and operate; and

3. Funds were to be appropriated on a large enough scale to enable shipyards to
pay off the large capital investment required for modernization.

This effort entailed building 300 ships over the ten years between 1972 and 1982,
and in the latter years carrying at least 15 percent of the foreign trade of the U.S.A.

7.1 STRUCTURE OF THE PROBLEM

There are four elements that characterize the structure of this problem: the com-
modities to be hauled; the types of ships to be included in the overall fleet design; the
missions assigned to the ships; and the physical constraints imposed by the loading
and unloading capabilities of the ports. We begin by reviewing the impact that these
elements have on the problem formulation.

Commodity Movements

Commodity movements are the basic element of the problem’s structure. They are
tonnages of the commodities in question to be moved in 1982 from a loading port to
a discharge port, and they define the mission of the fleet to be optimized. It obviously
was impossible to include in our analysis all the details of origins and destinations.
Instead, representative (although specific) loading and discharging ports were used.

A trade forecast provided estimates of the origins and destinations of the com-
modities and their expected volumes of flow. For the purposes of this study, the
target for the 1982 U.S. bulk fleet was set by the Maritime Administration at 15 percent
of the total foreign trade of the U.S.A. This figure was not applied rigidly for all
commodities, but was used as a guide to informed judgment. For example, the goals
for individual commodities also were affected by projections of national and industrial
behavior, which make U.S. penetration of certain trades quite unlikely. A typical
mission for 1982, consisting of tonnages of seven major bulk commodities to be
moved along 23 trade routes, is shown in Table 7.1.

Voyages

Voyages essentially consist of round trips from a port of origin with at most two
destination ports of call, for example, Canada to Baltimore then back to Canada, or
Guinea to New Orleans, New Orleans to Japan, and Japan back to Guinea. The
primary leg is always loaded, while the return trip may be an empty (“ballast”) leg.
Backhauls, which are shipments to be obtained from a destination port and brought
back to the port of origin, are of major economic importance in bulk shipping. As
a result, our structure included voyages with up to two loaded legs and either a back-
haul or ballast leg. After at most two loaded legs, a voyage was arbitrarily closed
by a return to the port of origin, although this may or may not be the case in practice.
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Table 7.1 A Typical Mission (Mission No. 4)
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Million tons
Commodity Origin Destination per annum
Iron ore Canada Baltimore 0.85
Canada Philadelphia 0.85
Peru Baltimore & Philadelphia 1.1
Venezuela Baltimore & Philadelphia 1.6
Brazil Baltimore 0.5
Liberia Baltimore & Philadelphia 0.8
Bauxite Surinam New Orleans 1.9
Guinea New Orleans 1.0
Manganese/chrome ore South Africa Baltimore 0.8
Grain New Orleans East Coast India 0.6
New Orleans West Coast India 0.6
New Orleans Japan 1.3
New Orleans Brazil 12
New Orleans Rotterdam 2.8
Portland Japan 1.3
Portland Southeast Asia 1.3
Coal Hampton Roads Rotterdam 3.1
Hampton Roads Japan 1.1
Phosphate rock Tampa Rotterdam 1.6
Oil Persian Gulf Philadelphia 5.6
Libya Philadelphia 5.6
Venezuela Philadelphia 11.3
Venezuela New Orleans 34

Each commodity movement along a trade route generates at least one voyage;
there may be two if alternative routings exist, e.g, New Orleans to Japan via the
Panama Canal or via the Cape of Good Hope. Also, there may be no appropriate
backhaul for some geographical region, or there may be one or several voyages com-
bining a given commodity movement, with another as a backhaul. Hence the list
(“menu”) of voyages is much longer than the list of a mission’s commodity movements.

The menu of voyages is put together from the mission of the fleet with a table
of distances between ports. It is reasonably inclusive, rejecting only such unattractive
backhauls as those with less than 50 percent of loaded miles per voyage.

Menu of Ships

The third structural element is the menu of ships from which fleets can be chosen to
execute the mission. We consider three ship types: tankers, with pumps and small
hatches, which can carry liquids and also (with some cost penalty) grains that can be
handled pneumatically ; bulkers, with large hatches, suitable for dry bulks (grains, ores,
coal, phosphate rock); and OBO’s* with both pumps and large hatches, which can

* OBO stands for Oil-Bulk—Ore, a ship that can handle these three types of cargos.
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lift any of the major bulk commodities, liquid or dry. Within these types, ships are
defined by physical characteristics—cargo capacity, speed, dimensions (especially
draft)—and have cost characteristics such as: construction cost as a function of number
built, fuel per day at sea and in port, and other operating costs.

Port Constraints

Voyages also suggest the fourth structural element, port constraints. There are two
kinds: loading and discharging rates, which control the port times, and their asso-
ciated costs; and dimensions, especially depth of water, which limits the load that a
ship can carry. Canals also form a type of port constraint; the Panama Canal, for
instance, imposes a toll and a time delay on a ship passing through, and also limits
all three dimensions (length, beam, and draft) of a large vessel. These constraints
were enumerated from standard sources such as Ports of the World, from the Corps
of Engineers, and from industry information. Projection of this information to 1982
was very uncertain and was the subject of sensitivity testing.

As an objective function in the optimization, it would have been most appro-
priate to use the return on investment of the fleet of the given mission. In the present
study, however, there were several difficulties that prevented its use, most notably the
need for a forecast of revenue rates in 1982. This would have been as large a task as
our whole project. Therefore, it was decided to take as the criterion the discounted
present value of the life-cycle costs of the fleet.

Each of the alternatives considered, then, had the following structure. We selected
a fleet mission, a set of constraints, and menus of ships and of voyages that could
fulfill the mission. The menus, of course, included more types of ships and voyages
than ultimately were chosen. The optimum choice (types and numbers) of ships and
voyages then was determined. Because of the target date (1982), there were many
uncertainties in the trade forecasts, definition of missions, constraints, and details of
ship-allocation practices. Therefore it was necessary to make a number of studies—
sensitivity tests, in effect—with various missions and menus and constraints. Thus,
we could explore the significance of the uncertainties. Nonlinearities relating ship-
construction cost to number ordered also called for multiple studies.

There is a significant difference between ship optimization and fleet optimization.
Both have been practiced for some time, manually or by computer. Ship optimization
is usually done by the naval architect, who varies the characteristics of a fairly well-
defined ship design so as to minimize cost or maximize profit in one or a few well-
defined trade routes. Fleet optimization is more likely to be done by a ship operator,
who optimizes the allocation of a number of vessels of various types of designs (in
existence or to be built) to various trade routes or missions or contracts of affreight-
ment. The result may be a plan of allocation, an evaluation of a mission or contract,
or a choice among design for ships to be built. Our project was of the second type.
It differs from ship optimization in that a range of ship designs and trades is studied
as a whole, and it differs from the fleet optimization usually performed (say, by an oil
company) in that the target date is well into the future and none of the fleet currently
exists.
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7.2 THE LINEAR-PROGRAMMING MODEL

A linear-programming model was developed to obtain the optimum composition
and mission of the fleet. The basic characteristics of the model were as follows.

1. The mission was satisfied by allowing ships to make the required number of
voyages per year.

2. These voyages may include one load-carrying leg and a return leg in ballast, or
two load-carrying legs plus one or two in ballast.

3. The number of ships required depended on the number of voyages and their
duration; the linear-programming solution normally involved fractional numbers
of ships. This was not considered a source of difficulty. The missions were
arbitrary, to a certain extent, and an adjustment to the number of ships, bringing
them to integral values, could have been made by adjusting the size of the
demands. The aim was to produce an informative set of values rather than a
precise set of numbers that would perform a required mission exactly.

4. For each possible voyage, various ships may be employed; the role of the linear
program was to select that combination of voyages and ships that executes the
assigned mission at minimum life-cycle cost. Several computations were required
in order to define data for the linear-programming model.

5. For each leg of a voyage, a calculation was needed to determine the maximum
cargo that an eligible ship may carry. This was a function of the ship’s char-
acteristics, including physical constraints (especially draft restrictions) and cargo
characteristics.

6. For each voyage, a calculation was required to ascertain the time taken by any
eligible ship. The time at sea depended on the ship’s speed; the time in port
depended on the quantity of cargo and the rate of loading and discharging. The
latter rates were considered to depend primarily on the port and the cargo in
question, and differential loading or discharging rates between different ships were
not considered.

7. As implied in the foregoing, the cost of the voyage by a candidate ship was re-
quired. This consisted primarily of the fuel cost while at sea, and the port costs,
which were based on daily rates and hence depended on loading rates.

8. The capital costs of the ships and their annual fixed costs were included. The
linear-programming model that was used assumes constant costs per ship, inde-
pendent of the number of ships. In order to allow a varying cost structure, in
which costs per ship decrease with both the number built and the modularity of
design, an iterative procedure was followed. The iterative approach consisted
of solving the problem under one set of cost assumptions and then re-doing the
problem with adjusted costs if the resulting solution was not consistent with the
initial cost estimates. As it was the aim of the study to investigate the effectiveness
of different combinations of ships in a variety of situations rather than to produce
an exact optimum, this approach proved entirely satisfactory. More formal pro-
cedures, employing integer programming, could have been used to address this
issue.
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7.3 MATHEMATICAL DESCRIPTION OF THE MODEL

Decision Variables

The decision variables adopted were those that defined the composition and employ-
ment of the optimum fleet and were denoted, respectively, by », and x,,, where

n, = Number of ships of type s;
x,, = Number of voyages per annum assigned to ship s along route r.

The selection of these variables implied not only the specification of a variety of ship
types considered appropriate for inclusion in the fleet, but also the determination of
adequate voyages to comprehensively describe the mission to be accomplished by
the fleet.

Time Horizon and Number of Time Periods

As stated before, the basic problem was to determine the optimum fleet composition
for foreign trade in 1982. Thus, it was necessary to deal only with fairly aggregated
information, without regard to detailed information relevant only to decisions affect-
ing the operating schedule of the fleet. Consequently, in the model we considered
only one time period, corresponding to the year 1982. No attempt was made to
subdivide this year into shorter time intervals, since no great advantage would have
been derived from such an approach. Neither did we attempt to examine explicitly
the intervening years prior to 1982. That, again, could have been accomplished by
using a model similar to that adopted, but incorporating each of the intervening
years, in order to explore the evolution of the optimum fleet from the present until
1982. However, the development of a construction schedule for the fleet was not the
objective of the study.

Constraints

There were two basic constraints imposed upon the fleet. The first one referred to
the mission of the fleet and can be represented by the following set of equations:

Z Z VireXer = i

for all commodity movements k, where:

|4

S

« = Maximum amount of commodity k that can be carried by ship type s
along route r;

d, = Total annual tonnage (forecast for 1982) of commodity k specified
in the mission for the pertinent pair of ports (one for loading, one for
discharging).

The summation on r is carried over all routes that connect a particular pair of ports.
This constraint, therefore, merely states that the amount carried by all ships, following
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every possible route, should satisfy the demand in the mission for each commodity
and each pair of loading and discharging ports, such as those shown in Table 7.1.
The maximum tonnage of a given commodity that can be carried by a ship type was
computed outside the model, and was a function of the cargo weight and volume
capacities of the ship, the density of the cargo, the maximum ship draft allowed on
each leg of each voyage, and further canal or port constraints.

The second set of constraints affecting the fleet referred to the total time consumed
by the fleet in performing its mission. It simply indicated that the total time used by
every ship type could not exceed the number of ship-days available during the year.
Assuming that all ships were available 345 days per year, the constraints can be ex-
pressed as follows:

Z teXs — 345n, < 0,

r

for all ship types s, where
t, = Voyage time for ship type s along route r.

These voyage times also were evaluated outside the model, as the sum of times at
sea and times in port. Times at sea were calculated from the ship speed and distance.
A safety factor of 10 percent was included to allow for weather, mechanical, and other
contingencies. The time in port was considered to be dependent on the type and
quantity of cargo and the ports concerned. (Additional constraints could have been
incorporated to introduce lower or upper bounds on the number of ships of any type.)

Objective Function

As indicated before, the objective function selected for our model was the minimiza-
tion of the life-cycle cost of the fleet. One element of the life-cycle cost was the operat-
ing cost for a given ship type, which can be expressed by the following relationship:

C, = Z CyXer,

C,, = Variable operating cost incurred by ship type s along route r;

for all ship types s, where

C, = Total variable cost of ship type s.
Now, if we let
a, = Annual fixed operating cost of ship type s,
then the total annual operating cost for all ships is given by:

> (C, + nay)

S

Allowing for an inflation rate of 4 percent and considering a discount rate o, a 25-year
life for each ship, and a capital cost I for ship type s, the total life-cycle cost of the
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ship can be expressed as follows:

Life-cycle cost = Z nlg + Z(C + nay) i ( 4a>t

—Z[ﬁc + ny(I, + Bay)],

where

In the standard cases the discount rate « was set at 10 percent, giving a value of
B = 13.0682.

The model was solved under a variety of assumptions on the data. The aim of
these investigations was to produce a combination of ships and voyages that was
optimum, not merely in the sense that it minimized the life-cycle cost of the fleet for
given values for the problem data, but also that it produced a minimum or near-
minimum cost over as wide a range of probable values for the data as possible. Be-
cause of the long time horizon involved in the study, uncertainties in the data cannot
be ignored, and must be addressed in a meaningful way. In particular, we would like
to consider uncertainties inherent in the trade forecasts, the operating costs, and the
physical constraints. Other problem parameters were subject to policy decisions,
e.g., major port developments. By performing many sets of optimization computa-
tions, it was possible to investigate how stable the solution was with respect to
uncertainties in the numerical data.

7.4 BASIC FINDINGS

Ship Designs

The primary objective of this project was to provide guidance as to the optimum ship
sizes and types. The relevant experiments and their output are discussed below.

Size and Standardization

A modular set consists of ships having the same bow, stern, machinery, and super-
structure, but with options (tanker, bulker, OBO) for the cargo-containing midbody.
The modular sets offer large economies for multiple production.

Table 7.2 summarizes studies of both ship size and standardization. The three
sections of the table compare the optimum fleet and its total cost for a representative
mission for three different ship menus:

1. a menu containing a wide range of ships, considered to be designed and built in
small lots;

2. amenu consisting solely of a PanMax (maximum ship able to transit the Panama
Canal) modular set “P” and a modular set “O” at about 110,000 dwt (dwt stands
for the deadweight of the ship); and
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Table 7.2 Standardization Economies

Menu 1—Without modular construction

dwt Draft
Ship (thousands of tons) (feet) Number used
FP (B)* 45 35 1.6
FI (B) 66 39 4.7
FO (B) 105 45 45
TP (T)* 73 44 14.4
YO (T) 111 45 189
MO (O)* 108 45 6.2

Cost: $2293 million

Menu 2—W ith modular construction (1)

BP (B) 67 43 1.4} .
TP (T) 73 44 1445 @
FO (B) 105 45 8.2

YO (T) 11 45 18.9}(b)*
MO (O) 108 45 6.2

Cost: $2267 million (saving: $26 million)

Menu 3—With modular construction (2)

BP (B) 67 43 1.4
TP (T) 73 44 1535 @
BQ (B) 128 51 8.5
TQ(T) 120 49 20.1 }(c)T
0Q (0) 130 52 50

Cost: $2356 million (extra cost: $63 million)

* (B) = Bulker; (T) = Tanker; (O) = OBO.
1 (a) Modular set “P”; (b) Modular set “O”; (c) Modular set “Q”.

3. amenu of the PanMax modular set “P” and a larger modular set “Q” at 120,000—
130,000 dwt.

When a number of ships are going to be constructed, it is possible to take advantage
of a modular design, primarily with regard to large ship sizes.

Each ship type is represented by a code of two alphabetic characters. Its dead-
weight (in thousands of long tons) and design draft (feet) are given. The final column
of each section of the table shows the number of the various types chosen in the
optimum fleet, and the bottom of each section indicates the cost of the mission. The
fractions of ships were not rounded off, since the purpose was guidance and analysis,
rather than an exact fleet-construction program.

Comparing the first and second parts of the table shows that the voyages opti-
mally assigned to nonmodular ships FP and FI in the first menu are shifted to larger
and more costly modular ships in the second. The added cost of this change is more



300 Mission and Composition of Merchant Marine Fleet 7.4

than offset by the savings in multiple modular construction, and the total cost drops
by $26 million. If we insist on the larger modular set “Q”, however, the third part of
the table shows that the third menu produces costs $89 million higher than the
second menu, so the smaller set “O” is unequivocally preferred. The difference
between “O” and “Q” can also be looked at another way. Draft restrictions force
the use of more ships (33.6 versus 32.8) of the larger “Q” sets than of the smaller “O”
set. A higher total cost is therefore inescapable.

OBO’s

The analysis that we have performed underestimates the attractiveness of the OBO
design. We allow a payoff in return for the extra cost and flexibility of the OBO only
within the deterministic confines of single backhaul voyages. That is, only if oil and
a dry commodity are attractive for backhauling in a single voyage will the OBO even
be considered, since an OBO costs more than a tanker or dry-bulker of similar size
and speed. The flexibility of the OBO, however, permits the ship operator to move
from any trade to any other in response to demand and good rates. The need for this
flexibility might arise on successive voyages, or over a period of a year or more.

A fair evaluation of the OBO design could not be made straightforwardly, so
instead we investigated the reverse question: What would be the extra cost if a
certain number of OBQO’s (say, 15) were forced into the fleet, and then employed as
near optimally as possible? Table 7.3 gives the result for two possible missions. This
major shift in fleet composition cuts back only slightly on the tankers; dry-bulkers
almost disappear; but the cost of the fleet rises by only about $20 million, or one
percent. Such a cost could well be offset by only a slightly higher utilization during
the life of the ships.

Table 7.3 Effect of Requiring at Least 15 OBO’s (modular P, O ships)

Mission 3.3 Mission 4.3
No No

dwt Draft restriction 15 restriction 15
Ship (thousands of tons) (feet) on OBO’s OBO’s on OBO’s OBO’s
Bulkers:
BP 67 43 2.3 23 1.4
FO 105 45 53 23 8.2 1.5
Tankers:
TP 73 44 144 144
YO 111 45 29.3 29.3 18.9 18.2
OBO’s:
oP 67 43 1.4
MO 108 45 12.0 15.0 6.2 13.6
Life-cycle cost ($ millions) 2340 2362 2267 2284
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7.5 SENSITIVITY ANALYSIS

Variations of Mission

A major change of mission, of course, will produce some change in fleet composition
because of different requirements. It also will lead to a change of total cost because
of new mission size. As an example, we generated a pair of basic missions, of which
one, identified as “Mission No. 4,” included a number of cargo types that were omitted
from “Mission No. 3.” The more inclusive mission called for a different number of
ton-miles and had many combinations of a commodity with a particular pair of
loading and discharge ports. Further, it introduced some special requirements, and
also gave many new backhaul opportunities.

Despite this major change, only one new design was accepted by the linear
program, although the number of ships was, of course, considerably changed. The
two fleets are compared in Table 7.4. It can be seen that, of the ship menu of 28
designs, the less inclusive mission called for six designs, and the more inclusive one
used the same six plus one other. The total cost was affected only slightly (less than 4
percent), and the change had the same sign as the change of ton-miles.

Table 7.4 Comparison of Two Basic Missions

Mission
identification
number
No. 3 No. 4
Description of mission:
Total tonnage, dry bulk (millions) 24.3 243
liquid bulk (millions) 259 259
Total ton-miles (billions) 290 260
Total combinations of commodities,
loading ports, and discharging ports 15 23
Description of optimum fleet:
Bulkers: FP (45,000 dwt) 2.7 1.6
F1 (66,000 dwt) 32 4.7
FO (105,000 dwt) 1.5 3.7
BQ (128,000 dwt) 0.8 0.6
Tankers: TP (73,000 dwt) 144
YO (111,000 dwt) 29.3 189
OBO’s: MO (108,000 dwt) 12.2 6.2
Total number of ships 49.7 50.1
Unused designs in ship menu 22 21
Approximate total cost* (§ millions) 2373 2293

* Adjusted for serial production and quantity discounts; not ad-
justed for modularity.
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The foregoing major variation of missions tests the fleet’s sensitivity to uncer-
tainty as to the trades in which it will be engaged. We also made experiments with a
larger number of smaller variations, which would correspond to uncertainties in the
trade forecast of U.S.-flag share of trade. Each of the two basic missions was trans-
formed into a set of five variant missions, by increasing or decreasing each tonnage in
the basic mission by a random amount bounded by “high” and “low” trade forecasts.
The optimum fleets for the variant missions then were determined. In the case of the
variants of Mission No. 4, the same seven designs appear, plus (in two variants) a
small fraction of a ship of an eighth design. Furthermore, the number of ships does
not change greatly. On this basis, we conclude that the fleet is not very sensitive to
uncertainties in the mission. Extended experiments on Mission No. 3 show even
less sensitivity, since the same six designs were used throughout the basic mission
and its variants.

The fleet’s lack of sensitivity to variations of mission is a fact of profound im-
portance. If the opposite had been found, the linear-programming model as for-
mulated could not have been used as a basis for planning 1982’s ships. The
uncertainties in the employment of the fleet would have had to be included explicitly
in any model in order to perform such advance-design work. Since the optimum
ship types are not sensitive to the uncertainties of trade forecasting and market
capture, we can have confidence that the design work suggested by the model is
appropriate, although, as time proceeds, we may have to adjust the numbers to be
built of the various types.

Oil Demand

At one point in marketing research, it was felt that the oil companies generally
might have little interest in a U.S.-flag fleet. We therefore studied the effect of this
possibility on the optimum fleet by making computations for a basic mission and for
missions in which the oil demand was cut in half and finally reduced to zero. The
fleet composition changed in a predictable manner. Tankers decreased, and OBO’s
disappeared, of course, since their pumps and piping no longer provided any
advantages.

Backhauls

Several runs indicated the major importance of backhauls to the fleet. One pair is
summarized in Table 7.5. If backhauls are used to the optimum extent, fleet life-cycle
cost is cut by 15 percent, from $2.7 to $2.3 billion. The comparison is against a run in
which no backhauls are permitted, but the mission and ship menu and the other data
were otherwise identical. The number of ships also is cut by 20 percent. Naturally.
the OBO design disappears in the no-backhaul case, as there is no payoff for its
flexibility.

The conclusion is that good utilization is very important to the economic success
of a bulk fleet. Backhauls must be found, and for the situations where they are
elusive because of markets or geography, crosshauls of foreign-to-foreign cargoes
will be needed.
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Sensitivity Analysis

Table 7.5 Effect of Utilizing Backhaul Opportunities (Mission No. 4)

Number of ships

dwt Draft Without With
Ships (thousands of tons) (feet) backhaul backhaul
Bulkers:
FP* 45 35 6.1 1.6
BP* 67 43
FG 50 35
FI 66 39 1.9 4.7
HI 38 39
GN 103 48
FO 105 45 8.7 3.7
BQ 136 53 47 0.6
FQ 129 51
GQ 132 52
FT 152 55
Tankers:
UD* 35 37
UG* 50 37
YP* 69 42
TP* 73 44 14.4
YG 50 35
JI 65 38
YI 65 38
YO 103 44 38.1 189
TQ 120 49
YT 142 49
YU 150 52
TY 300 80
OBO’s:
NI* 62 41
MP* 63 41
OP* 67 43
MG 51 36
MI 69 40
MO 110 46 6.2
0oQ 139 54
MQ 133 52
NQ 136 53
MT 157 57
QT 170 63
Total cost ($ millions) 2721 2293
Utilization 50% 67%

* Able to transit Panama Canal.
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Grain Stevedoring

The costs of loading and discharging grain were subject to considerable uncertainty.
We therefore made some sensitivity tests on these costs.

Carriage of grain in tankers imposes substantial extra stevedoring costs, com-
pared with dry-bulk or OBO designs with large hatches. We received estimates of
this cost ranging from 40¢/per long ton to $1.20 or $1.50, depending on the ports con-
cerned and the particular experience of the estimator. Most of the runs reported here
were made with the minimum penalty cost of 40¢/long ton, which had little effect
against the low construction cost of tankers and the backhaul utilization by oil. We
also tried calculations with 80¢ and $1.20 penalties, as well as a flat prohibition (which
corresponds to an infinite penalty).

The estimated range of this penalty or extra cost was just about sufficient to drive
most grain shipments out of tankers and into dry-bulkers or OBO’s. In view of the
scale of the penalty, it is clear that variations of the relative charter-market rates for
tankers and dry-bulkers or OBO’s will strongly affect the fraction of grain shipped in
tankers. This aspect of tanker utilization, therefore, was extremely difficult to predict
for 1982.

Port Constraints

It was very difficult to predict harbor depths for 1982; therefore, several experiments
were made to explore the sensitivity of the fleet to these constraints. It turns out that
this is an area of great sensitivity.

In discussion of our first round of results, the question was put to us: What
would happen if all the ports in the study were deepened by 10 percent? At that time,
the ship menu contained very few designs larger than those already used in the
optimum solution. The linear program seemed unlikely to be able to take advantage
of the greater draft limits, since the port constraints reflecting draft limits were not
binding. We then looked at the effect of decreasing all depths by 10 percent. (The
Panama Canal was held constant in the process.) Table 7.6 gives the result. The
largest dry-bulker (BQ) and OBO (OQ) were forced out of the optimum fleet entirely,
and the number of each remaining design was increased, because shallower drafts
cut the payloads. The total number of ships in the fleet and the total cost both in-
creased by over 15 percent, a substantial change.

Another study focused on oil imports. For the major portion of this tonnage,
Philadelphia had been taken as a representative port with a depth of 50 ft in 1982
(38-ft draft limit). Much oil goes into the North Jersey area also, with a similar
limitation. The large tonnage suggests the question: What if the Delaware were
deepened? Two cases are reported in Table 7.7. The first column is the basic optimum
fleet; the second shows the change if the Delaware were dredged to equal the Chesa-
peake (48.5-ft draft); and the third removes the limitation entirely by assumption of an
offshore discharge terminal. The trend toward larger tankers and OBQ’s is obvious.
More dry-bulkers are used in the offshore-terminal case because the very large
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Table 7.6 Effect of Decreasing All Port Draft Limitations by 10 Percent

Number of ships
Variant of Variant of
Mission No. 4 Mission No. 3
dwt Draft | Standard | Decreased | Standard | Decreased

Ships (thousands of tons) | (feet) drafts drafts drafts drafts
Bulkers:
FP* 45 35 1.6 1.8 2.7 29
FI 66 39 2.0 23 0.1
FO 105 45 2.5 8.2 1.0 6.3
BQ1 136 53 45 45
Tankers:
YP* 69 42 152 18.0
YOl 103 44 21.5 249 326 38.0
OBO’s:
MO 110 46 1.4 2.1 7.7 8.5
0Q1 139 54 0.6
Total ships in fleet 49.3 57.6 48.6 55.7
Total cost ($ millions) 2203 2550 2287 2643

* Able to transit Panama Canal.

tankers are unsuitable for any backhaul service. As the draft constraint is relaxed,
the corresponding decreases in fleet cost are quite large, and they are even larger in a
similar experiment using the other basic mission. These reductions should be
compared with the costs of dredging, or of building the offshore terminal and atten-
dant storage and pipelines. In that comparison, the savings should be multiplied by
perhaps 5 or 6, since only about 15 percent of the U.S. trade is included in the mission,
whereas the improvement would cut costs for all of the cargo shipments.

Note of Design and Operating Drafts

Draft limitations play a central role in this study of large dry- and liquid-bulk carriers,
since the shipment sizes that are available are almost unconstrained. We therefore
requested that ship costs and characteristics be supplied for conceptual designs
optimized for a given draft, rather than for a given deadweight as is the usual custom.
This objective function caused the ships to be just as long and as wide for their draft
as is reasonable, and so they differ from the ordinary vessels designed without this
purpose.

Another peculiarity also was observed in our fleet optimization: ships often are
not fully loaded. This may arise from two causes. First, even on a voyage without
backhaul, it is not novel to find that a fully loaded smaller ship is less economical
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Table 7.7 Effect of East Coast Oil Draft Changes

Number of ships
dwt Mission No. 4 Mission No. 3

(thousands | Draft | Standard | 48.5-ft | No limit | Standard | 48.5-ft | No limit
Ships of tons) (feet) | draft draft for oil draft draft for oil
Bulkers:
FP* 45 35 1.6 1.6 6.0 2.7 2.7 2.5
BP* 67 42 0.4
FG 50 35
FI 66 39 4.7 34 1.9 3.2 39 1.1
HI 69 39
GN 102 47
FO 105 45 3.7 5.0 6.5 L.5 20 6.9
BQ 128 51 0.6 0.8 2.5 0.8 1.2 0.3
GQ 132 52
FT 150 55
Tankers:
UD* 35 35
UG* 50 37
TP* 73 44 144 7.0
YG 50 35
JI 65 38
YI 65 38
YO 111 45 18.9 5.4 54 29.3 1.5 8.5
TQ 120 49 6.5 12.8
YT 140 52 6.4 2.3 54
TY 302 80 7.1 1.8
OBO’s:
Op* 67 43
MG 52 36
MI 69 40
MO 108 45 6.2 12.2
0Q 130 52 2.8 49
NQ 136 53 2.8 39
MT 153 56
QT 168 62 33 9.2
Life-cycle cost 2293 2003 1872 2373 1986 1884

* Able to transit Panama Canal.

than a part-empty larger ship. The latter has a greater area (equivalent to tons per
inch immersion), so it carries a greater payload at a given draft. Also, vessel con-
struction costs, and especially operating costs, increase very gradually with size. This
is especially true for U.S.-flag operation, where crew wages are expensive. The cost
data supplied to us assumed no increase of crew with size. These two effects, in
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general, produce an optimum (lowest cost per ton-mile) ship size so large that oper-
ating partly empty was economically feasible. Of course, if this is carried to an
extreme, light ship-weight and similar counterbalancing variables finally produce
rising costs. One wonders whether shipowners often take this view into consideration
in planning new construction.

Second, partial loading of ships is enhanced because of the availability of back-
hauls. It may well be that the backhaul ports are shallower than those of the primary
haul,but the limited load of backhaul cargo is still feasible and attractive economically.

SUMMARY AND CONCLUSIONS

The work described hereinabove produced results as summarized below.

Guidance as to Ship Designs

1. A modular set of ships (tanker, bulker, OBO) of about 110,000 dwt is distinctly
preferred over a similar but somewhat larger set (120,000—130,000). Hence, the
technique is able to indicate optimum ship designs fairly precisely.

2. The savings of multiple modular construction more than offset the extra costs of
ship standardization.

3. Forcing 15 OBO’s into the fleet causes only a very small increase in total cost,
which most likely is more than offset by the advantages of the OBO’s flexibility.

Sensitivities
1. The composition of the optimum fleet was insensitive to small changes in the
mission to be performed, and even fairly large changes had no serious effect.

This result is essential for using deterministic linear programming for planning
the optimal fleet in 1982.

2. Deletion of half or all the oil from a mission has the expected effect. OBO’s
disappear, and tankers are reduced in importance.

3. The fleet cost and composition are very sensitive to the opportunities for back-
hauls. If the latter are excluded arbitrarily, the fleet cost rises by 20 percent.

4. Port constraints have a major influence on optimum ship designs and fleet
life-cycle costs. In the Delaware—North Jersey area, an extra 10 ft in the channel,
or an oil discharge terminal of unlimited depth, would cause a major decrease
in overall fleet life-cycle costs.

Techniques Used

The linear-programming approach used in this study has many important advantages.
For one thing, it provides a systematic framework in which a very large number of
details can be accommodated. For example, the calculations of the effect of port
constraints on shiploads were handled easily within the linear program as part of its
input calculations. The system also keeps track of all the various voyages and port
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calls that are involved. Even if it were only a bookkeeping device, the program would
be very useful.

The important thing, however, is that it permits the analyst to view the problem
from a systems standpoint. Thus, ships were optimized, not with respect to a few
specific voyages or ports, but rather as part of the overall system of ships, ports,
voyages, and commodity flows. Ships interact with each other because one can
partly, but not completely, substitute for another (as to backhauls, payloads, and so
on), and also because of serial production economies. It is important to take these
interactions into account.

Finally, the approach provides a ready means for performing sensitivity analysis.
The importance of being able to explore variations in the data was demonstrated by
our analysis of the future uncertainties in the mission.

In this study we have not dealt with the complete shipping system by any means.
However, the approach could be extended easily to include more elements in this
system. For example, if we were concerned about new materials-handling methods,
a slight extension would include these activities in the linear program and thereby
optimize both the ship type and the loading and discharging facilities at the ports. As
indicated by our studies of port depths, we could extend it still further to perform a
simultaneous optimization of terminals and harbors as well as of the ships themselves.

EXERCISES

1. Problem Definition

Discuss the characteristics of the problem presented by the design of the U.S. Merchant
Marine Fleet. What are the basic elements of the problem? What assumptions are being
made in order to develop a mathematical model? Do these assumptions reduce the realism
and, therefore, the usefulness of the model significantly? What is the primary role of the
model? How do you envision that the model will be used in supporting decisions regarding
the planning of the fleet? What important considerations are omitted from the model
formulation?

2. Time Horizon and Number of Time Periods

The model considers only one time period, corresponding to the year 1982. Why not use
a multiperiod planning model? How can one study the dynamic issues associated with
developing the proposed fleet for 1982? What would be a reasonable way of exploring the
evolutionary development of one fleet from 1970 to 19827

3. Decision Variables and Constraints

Discuss the selection of the decision variables. Are there alternative formulations of the
model based upon other decision variables? Should the variables be constrained to be
integers? What are the implications of these additional constraints? Is there any useful
information that can be obtained from the shadow prices of the constraints? Can you provide
an estimate of the number of variables and the number of constraints involved in a typical
fleet-composition problem?
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4. Objective Function

Do you agree with the objective function used in the model? What assumptions are implicit
in the computations of the life-cycle cost? Isit reasonable to use life-cycle cost in a one-period
model? What alternatives might you consider? How would you determine the value of
the discount rate « to use? What about the inflation rate?

5. Basic Findings

Analyze the results provided in Table 7.2. What conclusions can be drawn from these
results? Discuss the interpretation of the results given in Table 7.3. Would you favor the
introduction of OBO?s into the fleet?

6. Sensitivity Analysis

List the kinds of sensitivity analyses you would propose to run for this problem. How would
you program the runs to make the computational time required to process them as short as
possible? Interpret the results given in Tables 7.5, 7.6, and 7.7.

7. Multiple origins

In practice, some voyages will not be closed by a return to the port of origin after at most
two loaded legs, as assumed in the model. Rather, a ship might embark on a new voyage
from another origin or might make several loaded legs prior to a return to the origin. How
would these modifications be incorporated into the model? Is this omission serious?

8. Detailed Scheduling

The planning model analyzed in this chapter has as a viewpoint the overall optimization of
the Merchant Marine Fleet. Contrast this viewpoint with the attitude of the owner of a small
subset of this fleet who is interested in optimizing the performance of his available ships.
Indicate what should be the characteristics of an appropriate model to support his decisions.
Particular emphasis should be given to the degree of detail required in this new model, and
the timing implications. Suggest a hierarchical procedure that links the planning and the
detailed scheduling models.
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There are several kinds of linear-programming models that exhibit a special structure that can be exploited
in the construction of efficient algorithms for their solution. The motivation for taking advantage of their
structure usually has been the need to solve larger problems than otherwise would be possible to solve with
existing computer technology. Historically, the first of these special structures to be analyzed was the trans-
portation problem, which is a particular type of network problem. The development of an efficient solution
procedure for this problem resulted in the first widespread application of linear programming to problems of
industrial logistics. More recently, the development of algorithms to efficiently solve particular large-scale
systems has become a major concern in applied mathematical programming.

Network models are possibly still the most important of the special structures in linear programming. In
this chapter, we examine the characteristics of network models, formulate some examples of these models,
and give one approach to their solution. The approach presented here is simply derived from specializing the
rules of the simplex method to take advantage of the structure of network models. The resulting algorithms are
extremely efficient and permit the solution of network models so large that they would be impossible to solve
by ordinary linear-programming procedures. Their efficiency stems from the fact that a pivot operation for
the simplex method can be carried out by simple addition and subtraction without the need for maintaining
and updating the usual tableau at each iteration. Further, an added benefit of these algorithms is that the
optimal solutions generated turn out toib&egerif the relevant constraint data are integer.

8.1 THE GENERAL NETWORK-FLOW PROBLEM

A common scenario of a network-flow problem arising in industrial logistics concerns the distribution of a
single homogeneous product from plants (origins) to consumer markets (destinations). The total number of
units produced at each plant and the total number of units required at each market are assumed to be known.
The product need not be sent directly from source to destination, but may be routed through intermediary
points reflecting warehouses or distribution centers. Further, there may be capacity restrictions that limit
some of the shipping links. The objective is to minimize the variable cost of producing and shipping the
products to meet the consumer demand.

The sources, destinations, and intermediate points are collectively oakksdof the network, and the
transportation links connecting nodes are termed. Although a production/distribution problem has been
given as the motivating scenario, there are many other applications of the general model. Table E8.1 indicates
a few of the many possible alternatives.

A numerical example of a network-flow problem is given in Fig 8.1. The nodes are represented by
numbered circles and the arcs by arrows. The arcs are assumeditediedso that, for instance, material
can be sent from node 1 to node 2, but not from node 2 to node 1. Generic arcs will be deniet¢dday
that 4-5 means the aftom node 4to node 5. Note that some pairs of nodes, for example 1 and 5, are not
connected directly by an arc.

227
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Table 8.1 Examples of Network Flow Problems

Urban Communication  Water
transportation | systems resources
Product Buses, autos, etc|Messages Water
Nodes Bus stops, CommunicationLakes, reservoirs,
street intersectionsenters, pumping stations
relay stations
Arcs Streets (lanes) |CommunicationPipelines, canals,
channels rivers

Figure 8.1 exhibits several additional characteristics of network flow problems. First, a flow capacity is
assigned to each arc, and second, a per-unit cost is specified for shipping along each arc. These characteristics
are shown next to each arc. Thus, the flow on arc 2—4 must be between 0 and 4 units, and each unit of flow
on this arc costs $00. Theoo's in the figure have been used to denote unlimited flow capacity on arcs 2—-3
and 4-5. Finally, the numbers in parentheses next to the nodes give the material supplied or demanded at that
node. In this case, node 1 is an originsource nodeupplying 20 units, and nodes 4 and 5 are destinations
or sink nodesequiring 5 and 15 units, respectively, as indicated by the negative signs. The remaining nodes
have no net supply or demand; they are intermediate points, often referrettansshipment nodes

The objective is to find the minimum-cost flow pattern to fulfill demands from the source nodes. Such
problems usually are referred tommimum-cost flowr capacitated transshipmeptoblems. To transcribe
the problem into a formal linear program, let

Xij = Number of units shipped from nodeo j using ard—j.

Then the tabular form of the linear-programming formulation associated with the network of Fig. 8.1 is
as shown in Table 8.2.
The first five equations are flow-balance equations at the nodes. They state the conservation-of-flow law,

Flowout) (Flowinto\ _ (Netsuppl
of a nod a node ~ \atanode /-
As examples, at nodes 1 and 2 the balance equations are:
X12 + X13 =20
X23 + Xo4 + Xo5 — X2 = O.
Itis important to recognize the special structure of these balance equations. Note that there is one balance
equation for each node in the network. The flow variablg$ave only 0+1, and—1 coefficients in these

(4, $2)
A@ (-5)

(15, $4)

(20) (o0, $2)

(15, $1)

(4,81)

Figure 8.1 Minimum-cost flow problem.



8.2 Special Network Models 229

Table 8.2 Tableau for Minimum-Cost Flow Problem

Righthand

X12 | X13 | X23 | X24 | X5 | X34 | X35 | X45 | X53 | side
Node 1 1 1 20
Node 2 -1 1 1 1 0
Node 3 -1 -1 1 1 -1
Node 4 -1 -1 1 -5
Node 5 -1 -1 -1 1 —15
Capacities| 15 8| 4 | 10| 15 5| o
Objective
function 4 4 2 2 6 1 3 2 1| (Min)

equations. Further, each variable appears in exactly two balance equations, oncepdittoafficient,
corresponding to the node from which the arc emanates; and once withcaefficient, corresponding to

the node upon which the arc is incident. This type of tableau is referred toaeaarc incidence matrjix
completely describes the physical layout of the network. It is this particular structure that we shall exploit in
developing specialized, efficient algorithms.

The remaining two rows in the table give the upper bounds on the variables and the cost of sending one
unit of flow across an arc. For examplgp is constrained by G< x12 < 15 and appears in the objective
function as Z12. In this example the lower bounds on the variables are taken implicitly to be zero, although
in general there may also be nonzero lower bounds.

This example is an illustration of the following genenaihimum-cost floyproblem withn nodes:

Minimize z= "> " cij Xj.
j

subject to:
Z Xij — Z i=h (=212...,n), [Flow balance]
i k
lij < xij < ujj. [Flow capacities]

The summations are taken only over the arcs in the network. That is, the first summatioritim filbe-
balance equation is over all nodgsuch thai—j is an arc of the network, and the second summation is over
all nodesk such thatk— is an arc of the network. The objective function summation is overiarcshat

are contained in the network and represents the total cost of sending flow over the netwarth Gdlance
equation is interpreted as above: it states that the flow out of hataus the flow intad must equal the

net supply (demand Ifi is negative) at the nodey; is the upper bound on arc flow and may-bec if the
capacity on ar¢—j is unlimited. ¢jj is the lower bound on arc flow and is often taken to be zero, as in the
previous example. In the following sections we shall study variations of this general problem in some detail.

8.2 SPECIAL NETWORK MODELS

There are a number of interesting special cases of the minimum-cost flow model that have received a great
deal of attention. This section introduces several of these models, since they have had a significant impact
on the development of a general network theory. In particular, algorithms designed for these specific models
have motivated solution procedures for the more general minimum-cost flow problem.
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The Transportation Problem

Thetransportation problemis a network-flow model without intermediate locations. To formulate the problem,
let us define the following terms:

a; = Number of units available at sourc¢i =1, 2, ..., m);

b; = Number of units required at destinatigr{j = 1,2, ..., n);

c¢ij = Unit transportation cost from sourceo destinationj
i=212...mj=12...,n).

For the moment, we assume that the total product availability is equal to the total product requirements; that
is,

m n
2 a =) b
i=1 j=1

Later we will return to this point, indicating what to do when this supply—demand balance is not satisfied. If
we define the decision variables as:

Xij = Number of units to be distributed from sourict® destinationj
i=22....mj=12...,n),
we may then formulate the transportation problem as follows:
m

n
Minimize z =" "G xij. (1)
=1

i=1j

subject to:
n
Y xij=a (i=12...,m, )
j=1
m
d(=xp=-bj (=12...m, (3)
i=1
Xij >0 i=212...mj=12...,n) (4)

Expression (1) represents the minimization of the total distribution cost, assuming a linear cost structure
for shipping. Equation (2) states that the amount being shipped from sotwcal possible destinations
should be equal to the total availabilit,, at that source. Equation (3) indicates that the amounts being
shipped to destinatiopfrom all possible sources should be equal to the requiremigntat that destination.
Usually Eq. (3) is written with positive coefficients and righthand sides by multiplying through by minus one.

Let us consider a simple example. A compressor company has plants in three locations: Cleveland,
Chicago, and Boston. During the past week the total production of a special compressor unit out of each
plant has been 35, 50, and 40 units respectively. The company wants to ship 45 units to a distribution center
in Dallas, 20 to Atlanta, 30 to San Francisco, and 30 to Philadelphia. The unit production and distribution
costs from each plant to each distribution center are given in Table E8.3. What is the best shipping strategy
to follow?

The linear-programming formulation of the corresponding transportation problem is:

Minimize z = 8Xq1 + 6X12 + 10X13 + 9X14 + 9X21 + 12X22 + 13X23
+ TXo4 + 14X31 + 9X32 + 16X33 + 5X34,
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Table 8.3 Unit Production and Shipping Costs

Distribution centers
San Availability

Plants Dallas | Atlanta | Francisco| Phila. | (units)

Cleveland 8 6 10 9 35

Chicago 9 12 13 7 50

Boston 14 9 16 5 40

Requirementéunits) | 45 20 30 30 [125]

subject to:
X11 + X12 + X13 + X14 = 35,
X21 +X22 + X23 + Xo4 = 00,
X31 + X32 + X33 + X34 = 40,
—X11 —X21 —X31 = —45,
—X12 —X22 —X32 = —20,
—X13 —X23 —X33 = —30,
—X14 —X24 —X34 = —30,
Xij >0 (i=1,2,3; |=1,2,3,4)

Because there is no ambiguity in this case, the same numbers normally are used to designate the origins and
destinations. For example;; denotes the flow from source 1 to destination 1, although these are two distinct
nodes. The network corresponding to this problem is given in Fig. 8.2.

The Assignment Problem

Though the transportation model has been cast in terms of material flow from sources to destinations, the
model has a number of additional applications. Suppose, for example) heople are to be assignedrto
jobs and thatj; measures the performance of persamjob j. If we let

1 if personi is assigned to jol,
Xij = .
0 otherwise

Figure 8.2 Transportation network.
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we can find the optimal assignment by solving the optimization problem:

n n
Maximizez = Z Z Gij Xij »

i=1j=1

subject to:

n
inj =1 (=212...,n),
i=1

n
Yoxj=1 (j=12...m,
i=1

Xij:O or 1 (i=1,2,...,n;j:1’2,“.’n).

The first set of constraints shows that each person is to be assigned to exactly one job and the second set of
constraints indicates that each job is to be performed by one person. If the second set of constraints were
multiplied by minus one, the equations of the model would have the usual network interpretation.

As stated, this assignment problem is formally an integer program, since the decision vagiables
restricted to be zero or one. However, if these constraints are replaggd:by, the model becomes a special
case of the transportation problem, with one unit available at each source (person) and one unit required by
each destination (job). As we shall see, network-flow problems have integer solutions, and therefore formal
specification of integrality constraints is unnecessary. Consequently, application of the simplex method, or
most network-flow algorithms, will solve such integer problems directly.

The Maximal Flow Problem

For the maximal flow problem, we wish to send as much material as possible from a specifieslimade
network, called theource to another specified nodecalled thesink No costs are associated with flow. If
v denotes the amount of material sent from nede nodet andx;; denotes the flow from nodeto node;j
over arci—]j the formulation is:

Maximizev,
subject to:

v if i = s (source),

doxij =Y xi=1{-v ifi=t(sink),
j k

0 otherwise
0 < Xjj < uijj i=212...,nj=212...,n).

As usual, the summations are taken only over the arcs in the network. Also, the uppeufjdianthe flow
on arci—j is taken to betoo if arci—j has unlimited capacity. The interpretation is thainits are supplied
ats and consumed at

Let us introduce a fictitious artte-s with unlimited capacity; that igyis = +00. Now x;s represents the
variablev, sincexis simply returns the units of flow from node back to nodes, and no formal external
supply of material occurs. With the introduction of the &s, the problem assumes the following special
form of the general network problem:

Maximize X;s,

inj—Zxki=O i=212,...,n),
j ”

subject to:
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Figure 8.3

0 < Xxjj < uijj i=12....,nj=212,...,n).

Let us again consider a simple example. A city has constructed a piping system to route water from a lake
to the city reservoir. The system is now underutilized and city planners are interested in its overall capacity.
The situation is modeled as finding the maximum flow from node 1, the lake, to node 6, the reservoir, in the
network shown in Fig. 8.3.

The numbers next to the arcs indicate the maximum flow capacity (in 100,000 gallons/day) in that section
of the pipeline. For example, at most 300,000 gallons/day can be sent from node 2 to node 4. The city now
sends 100,000 gallons/day along each of the paths 1-2—-4—-6 and 1-3-5—6. What is the maximum capacity of
the network for shipping water from node 1 to node 6?

The Shortest-Path Problem

The shortest-path problem is a particular network model that has received a great deal of attention for both
practical and theoretical reasons. The essence of the problem can be stated as follows: Given a network with
distancec;j (or travel time, or cost, etc.) associated with each arc, find a path through the network from a
particular origin (source) to a particular destination (sink) that has the shortest total distance. The simplicity
of the statement of the problem is somewhat misleading, because a humber of important applications can be
formulated as shortest- (or longest-) path problems where this formulation is not obvious at the outset. These
include problems of equipment replacement, capital investment, project scheduling, and inventory planning.
The theoretical interest in the problem is due to the fact that it has a special structure, in addition to being
a network, that results in very efficient solution procedures. (In Chapter 11 on dynamic programming, we
illustrate some of these other procedures.) Further, the shortest-path problem often occurs as a subproblem in
more complex situations, such as the subproblems in applying decomposition to traffic-assignment problems
or the group-theory problems that arise in integer programming.

In general, the formulation of the shortest-path problem is as follows:

Minimize z = E E Cij Xij »
i
subject to:
1 if i = s (source)

Z Xij — Zxki —1 0 otherwise
j K “1 ifi =t (sink)

Xij = 0 forall arcsi—j in the network

We can interpret the shortest-path problem as a network-flow problem very easily. We simply want to send
one unit of flow from the source to the sink at minimum cost. At the source, there is a net supply of one unit;
at the sink, there is a net demand of one unit; and at all other nodes there is no net inflow or outflow.
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As an elementary illustration, consider the example given in Fig. 8.4, where we wish to find the shortest
distance from node 1 to node 8. The numbers next to the arcs are the distance over, or cost of using, that arc.
For the network specified in Fig. 8.4, the linear-programming tableau is given in Tableau 1.

Tableau 8.4 Node—Arc Incidence Tableau for a Shortest-PathProblem

Rela
X12 X13 X24 X25 X32 X34 X37 X45 X46 X47 X52 X5 X58 Xe5 X67 Xeg X7 Xyg|tions| RHS
Nodel 1 1

Node2 | —1 1 1 -1 -1
Node3 -1 1 1 1 =
Node4 -1 -1 1 1 1 =
Node5 -1 -1 1 1 1 -1 =
Node6 -1 -1 1 1 1 -1 =
Node7 -1 -1 -1 1 1| =
Node8 -1 -1 -1 = -1
Distance| 5.1 3.4 05 2.0 10 15 50 20 3.0 42 10 3.0 6.0 15 05 22 20| 24 |z(min)

O O O O O O

8.3 THE CRITICAL-PATH METHOD

The Critical-Path Method (CPM) is a project-management technique that is used widely in both government
and industry to analyze, plan, and schedule the various tasks of complex projects. CPM s helpful in identifying
which tasks are critical for the execution of the overall project, and in scheduling all the tasks in accordance
with their prescribegrecedence relationship that the total project completion date is minimized, or a
target date is met at minimum cost.

Typically, CPM can be applied successfully in large construction projects, like building an airport or a
highway; in large maintenance projects, such as those encountered in nuclear plants or oil refineries; and
in complex research-and-development efforts, such as the development, testing, and introduction of a new
product. All these projects consist of a well specified collection of tasks that should be executed in a certain
prescribed sequence. CPM provides a methodology to define the interrelationships among the tasks, and to
determine the most effective way of scheduling their completion.

Although the mathematical formulation of the scheduling problem presents a network structure, this is
not obvious from the outset. Let us explore this issue by discussing a simple example.

Suppose we consider the scheduling of tasks involved in building a house on a foundation that already
exists. We would like to determine in what sequence the tasks should be performed in order to minimize

—_—
Source
+1

Figure 8.4 Network for a shortest-path problem.
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the total time required to execute the project. All we really know is how long it takes to carry out each task
and which tasks must be completed before commencing any particular task. In fact, it will be clear that we
need only know the tasks thatmediatelyprecede a particular task, since completion oéallier tasks will

be implied by this information. The tasks that need to be performed in building this particular house, their
immediate predecessors, and an estimate of their duration are give in Table E8.4.

It is clear that there is no need to indicate that the siding must be put up before the outside painting can
begin, since putting up the siding precedes installing the windows, which precedes the outside painting. It
is always convenient to identify a “start” task, that is, an immediate predecessor to all tasks, which in itself
does not have predecessors; and a “finish” task, which has, as immediate predecdbsasks that in
actuality have no successors.

Table 8.4 Tasks and Precedence Relationships

Immediate Earliest

No. Task predecessoruration|starting times
0 |Start — 0 —
1 |Framing 0 2 t1
2 |Roofing 1 1 to
3 |Siding 1 1 to
4 |Windows 3 2.5 13
5 |Plumbing 3 15 t3
6 |Electricity 2,4 2 t4
7 |Inside Finishing 56 4 tg
8 |Outside Painting 2,4 3 ty4
9 |Finish 7,8 0 ts

Although it is by no means required in order to perform the necessary computations associated with the
scheduling problem, often it is useful to represent the interrelations among the tasks of a given project by
means of a network diagram. In this diagram, nodes represent the corresponding tasks of the project, and
arcs represent the precedence relationships among tasks. The network diagram for our example is shown in
Fig. 8.5.

——
Source
+1

Figure 8.5 Task-oriented network.

As we can see, there are nine nodes in the network, each representing a given task. For this reason, this
network representation is called a task- (or activity-) oriented network.

If we assume that our objective is to minimize the elapsed time of the project, we can formulate a linear-
programming problem. First, we define the decision variablés i = 1,2, ..., 6, as the earliest starting
times for each of the tasks. Table 8.4. gives the earliest starting times where the same earliest starting time
is assigned to tasks with the same immediate predecessors. For instance, tasks 4 and 5 have task 3 as their
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immediate predecessor. Obviously, they cannot start until task 3 is finished; therefore, they should have the
sameearliest starting time. Letting be the earliest completion time of the entire project, out objective is to
minimize the project duration given by

Minimize tg — tq,

subject to the precedence constraints among tasks. Consider a particular task, say 6, installing the electricity.
The earliest starting time of task 6tig and its immediate predecessors are tasks 2 and 4. The earliest starting
times of tasks 2 and 4 ate andts, respectively, while their durations are 1 and 2.5 weeks, respectively.
Hence, the earliest starting time of task 6 must satisfy:

t4 > to+ 1,
ty > t3+ 2.5.

In general, itj is the earliest starting time of a tagkis the earliest starting time of an immediate predecessor,
anddij is the duration of the immediate predecessor, then we have:

tj >t +dij.

For our example, these precedence relationships define the linear program given in Tableau E8.2.

Tableau 8.2
tp tp t3 ts ts tg|Relation RHS
-1 1 > |2
-1 1 > |3
-1 1 > |1
-1 1 > |25
-1 1 > |15
-1 1 > |2
-1 1 = |3
-11| > |4
-1 1 = T (min)

We do not yet have a network flow problem; the constraints of (5) do not satisfy our restriction that each
column have only a plus-one and a minus-one coefficient in the constraints. Howeves, tthes for the
rows, so let us look at the dual of (5). Recognizing that the variables of (5) have not been explicitly restricted
to the nonnegative, we will have equalityconstraints in the dual. If wgjdie the dual variable associated
with the constraint of (5) that has a minus one as a coefficiertf ford a plus one as a coefficienttpf the
dual of (5) is then given in Tableau 3.

Tableau 8.3
X12 X23 X24 X34 X35 X45 X46 X5 | Relation RHS
-1 = -1
1 -1 -1 = 0
1 -1 -1 = 0
1 1 -1 -1 = 0
1 1 -1 = 0
1 1 = 1
2 3 1 25 15 2 3 4 = z(max
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Now we note that each column of (6) has only one plus-one coefficient and one minus-one coefficient, and
hence the tableau describes a network. If we multiply each equation through by minus one, we will have the
usual sign convention with respect to arcs emanating from or incident to a node. Further, since the righthand
side has only a plus one and a minus one, we have flow equations for sending one unit of flow from node 1 to
node 6. The network corresponding to these flow equations is given in Fig. 8.6; this network clearly maintains
the precedence relationships from Table 8.4. Observe that we have a longest-path problem, since we wish to
maximizez (in order to minimize the project completion ddtg Note that, in this network, the arcs represent

(5) Plumbing

(1) Framing

Figure 8.6 Event-oriented network.

the tasks, while the nodes describe the precedence relationships among tasks. This is the opposite of the net-
work representation given in Fig. 8.5. As we can see, the network of Fig. 8.6. contains 6 nodes, which is the
number of sequencing constraints prescribed in the task definition of Table 8.4. since only six earliest starting
times were required to characterize these constraints. Because the network representation of Fig. 8.6 empha-
sizesthe eventassociated with the starting of each task, itis commonly referred to as an event-oriented network.

There are several other issues associated with critical-path scheduling that also give rise to network-model
formulations. In particular, we can consider allocating funds among the various tasks in order to reduce the
total time required to complete the project. The analysis of thewogime tradeoff for such a change is an
important network problem. Broader issues of resource allocation and requirements smoothing can also be
interpreted as network models, under appropriate conditions.

8.4 CAPACITATED PRODUCTION—A HIDDEN NETWORK

Network-flow models are more prevalent than one might expect, since many models not cast naturally as
networks can be transformed into a network format. Let us illustrate this possibility by recalling the strategic-
planning model for aluminum production developed in Chapter 6. In that model,bauxite ore is converted to
aluminum products in several smelters, to be shipped to a number of customers. Production and shipment
are governed by the following constraints:

ZZQsap— Ms =0 (s=12...,11), (7)
a p
ZQsap —Egp=0 (s=1,2,...,1 p=1,2,...,8), (8)
a
> Qsap —dyp (@=12...,406p=12...,8), 9)
S
mg < Mg < Mg (s=1,2,...,11),

gspf ESpSéSp (p=l,2,,40)
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VariableQsapis the amount of product p to be produced at smelter s and shipped to customer a. The constraints
(7) and (8) merely define the amoudt produced at smelter s and the amoBgg of product p (ingots) to be
“cast” at smelter s. Equations (9) state that the total production from all smelters must satisfy the demand
dap for product p of each customer a. The upper bounddoand Egp reflect smelting and casting capacity,
whereas the lower bounds indicate minimum economically attractive production levels.

As presented, the model is not in a network format, since it does not satisfy the property that every variable
appear in exactly two constraints, once with & coefficient and once with-al coefficient. It can be stated
as a network, however, by making a number of changes. Suppose, first, that we rearrange all the constraints

of (7), as
> (Z Qsap> —Ms=0,
p a

and substitute, for the term in parenthesis, defined by (8). Let us also multiply the constraints of (9) by
(—1). The model is then rewritten as:

ZESp_Ms =0 (s=1,2,...,11), (10)
p

> Qsap—Eyp =0 (s=12....1Lp=12....8) (11)
a

Y —Qsap = —dp (@a=1,2...,40 p=1,2....8), (12)
S

mg < Mg < Ms (s=12,...,11),

gspf ESpSéSp (p:1,2,,8)

Each variableEsp appears once in the equations of (10) with-h coefficient and once in the equations of
(11) with a—1 coefficient; each variabl@sapappears once in the equations of (11) with hcoefficient and
once in the equations of (12) with-al coefficient. Consequently, except for the varialgs the problem

is in the form of a network. Now, suppose that agd all the equations to form one additional redundant
constraint. As we have just noted, the terms involving the varia@lggand Egp will all vanish, so that the
resulting equation, when multiplied by minus one, is:

Y Ms=>"3 "dap (13)
s a p

Each variabléevis now appears once in the equations of (10) withlacoefficient and once in the equations of
(13) with a—1 coefficient, so appending this constraint to the previous formulation gives the desired network
formulation.

The network representation is shown Fig. 8.7. As usual, each equation in the model defines a node in the
network. The topmost node corresponds to the redundant equation just added to the model; it just collects
production from the smelters. The other nodes correspond to the smelters, the casting facilities for products at
the smelters, and the customer—product demand combinations. The overall supply to theEésEgdap,
as indicated at the topmost node, is the total production at the smelters, and must equal the demand for all
products.

In practice, manipulations like these just performed for re-expressing problems can be used frequently
to exhibit network structure that might be hidden in a model formulation. They may not always lead to pure
network-flow problems, as in this example, but instead might show that the problem has a substantial network
component. The network features might then be useful computationally in conjunction with large-scale
systems techniques that exploit the network structure.
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Smelters

Product
casting

Customer
demand

Figure 8.7 Network formulation of the aluminum production-planning model.

Finally, observe that the network in Fig. 8.7 contains only a small percentage of the arcs that could
potentially connect the nodes since, for example, the smelters do not connect directly with customer demands.
This low density of arcs is common in practice, and aids in both the information storage and the computations
for network models.

8.5 SOLVING THE TRANSPORTATION PROBLEM

Ultimately in this chapter we want to develop an efficient algorithm for the general minimum-cost flow problem
by specializing the rules of the simplex method to take advantage of the problem structure. However, before
taking a somewhat formal approach to the general problem, we will indicate the basic ideas by developing
a similar algorithm for the transportation problem. The properties of this algorithm for the transportation
problem will then carry over to the more general minimum-cost flow problem in a straightforward manner.
Historically, the transportation problem was one of the first special structures of linear programming for
which an efficient special-purpose algorithm was developed. In fact, special-purpose algorithms have been
developed for all of the network structures presented in Section 8.1, but they will not be developed here.
As we have indicated before, many computational algorithms are characterized by three stages:

1. obtaining an initial solution;

2. checking an optimality criterion that indicates whether or not a termination condition has been met (i.e.,
in the simplex algorithm, whether the problem is infeasible, the objective is unbounded over the feasible
region, or an optimal solution has been found);

3. developing a procedure to improve the current solution if a termination condition has not been met.

After an initial solution is found, the algorithm repetitively applies steps 2 and 3 so that, in most cases, after
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Tableau 8.4
Destinations
Sources 1| 2[[---] n[|Supply
Clll Clzl Clnl
1 X11 | X12 |-+ | Xn || @&
o1 co2] Con |
2 X21 | X22 |-+ | Xon || @2
le‘ Cm2‘ Cmn‘
m Xm1 | Xm2 |- | Xmn || @m
’Demanc' by | by ‘| bn H Total‘

a finite number of steps, a termination condition arises. The effectiveness of an algorithm depends upon its
efficiency in attaining the termination condition.

Since the transportation problem is a linear program, each of the above steps can be performed by the
simplex method. Initial solutions can be found very easily in this case, however, so phase | of the simplex
method need not be performed. Also, when applying the simplex method in this setting, the last two steps
become particularly simple.

The transportation problem is a special network problem, and the steps of any algorithm for its solution
can be interpreted in terms of network concepts. However, it also is convenient to consider the transporta-
tion problem in purely algebraic terms. In this case, the equations are summarized very nicely by a tabular
representation like that in Tableau E8.4.

Each row in the tableau corresponds to a source node and each column to a destination node. The numbers
in the final column are the supplies available at the source nodes and those in the bottom row are the demands
required at the destination nodes. The entries iniegllin the tableau denote the flow allocatizi from
source to destinationj and the corresponding cost per unit of flovgis The sum ofkj; across row must
equalg; in any feasible solution, and the sumygf down columnj must equab;.

Initial Solutions

In order to apply the simplex method to the transportation problem, we must first determine a basic feasible
solution. Since there angn + n) equations in the constraint set of the transportation problem, one might
conclude that, in a nondegenerate situation, a basic solution will(nave n) strictly positive variables. We

should note, however, that, since

m n m n

da=) b=3 > xi

i=1 j=1 i=1j=1
one of the equations in the constraint set is redundant. In fact, any one of these equations can be eliminated
without changing the conditions represented by the original constraints. For instance, in the transportation
example in Section 8.2, the last equation can be formed by summing the first three equations and subtracting
the next three equations. Thus, the constraint set is compoged-pfn — 1) independent equations, and a
corresponding nondegenerate basic solution will have exéuthy n — 1) basic variables.

There are several procedures used to generate an initial basic feasible solution, but we will consider only

a few of these. The simplest procedure imaginable would be one that ignores the costs altogether and rapidly
produces a basic feasible solution. In Fig. 8.8, we have illustrated such a procedure for the transportation
problem introduced in Section 8.2. We simply send as much as possible from origin 1 to destination 1, i.e.,
the minimum of the supply and demand, which is 35. Since the supply at origin 1 is then exhausted but the
demand at destination 1 is not, we next fulfill the remaining demand at destination 1 from that available at
origin 2. At this point destination 1 is completely supplied, so we send as much as possible (20 units) of the
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Table 8.5 Finding an Initial Basis by the Northwest Corner Method

Distribution centers
Plants 1. Dallag2. Atlanta 3. San Fran4. Philaj| Supply
1. Clevelang 35 135
2. Chicago | 10 20 20 150 40 2(
3. Boston 10 30 |4030
Demand A5 20 30 30
A0 A0

remaining supply of 40 at origin 2 to destination 2, exhausting the demand there. Origin 2 still has a supply
of 20 and we send as much of this as possible to destination 3, exhausting the supply at origin 2 but leaving a
demand of 10 at destination 3. This demand is supplied from origin 3, leaving a supply there of 30, exactly
corresponding to the demand of 30 needed at destination 4. The available supply equals the required demand
for this final allocation because we have assumed that the total supply equals the total demand, that is,

m n
2 4 =) b
i—1 i—1

This procedure is called theorthwest-cornerule since, when interpreted in terms of the transportation
array, it starts with the upper leftmost corner (the northwest corner) and assigns the maximum possible flow
allocation to that cell. Then it moves to the right, if there is any remaining supply in the first row, or to the
next lower cell, if there is any remaining demand in the first column, and assigns the maximum possible flow
allocation to that cell. The procedure repeats itself until one reaches the lowest right corner, at which point
we have exhausted all the supply and satisfied all the demand.

Table E8.5 summarizes the steps of the northwest-corner rule, in terms of the transportation tableau, when
applied to the transportation example introduced in Section 8.2.

The availabilities and requirements at the margin of the table are updated after each allocation assignment.
Although the northwest-corner rule is easy to implement, since it does not take into consideration the cost of
using a particular arc, it will not, in general, lead to a cost-effective initial solution.

An alternative procedure, which is cognizant of the costs and straightforward to implementisithem
matrixmethod. Using this method, we allocate as much as possible to the available arc with the lowest cost.
Figure 8.9 illustrates the procedure for the example that we have been considering. The least-cost arc joins
origin 3 and destination 4, at a cost of $5/unit, so we allocate the maximum possible, 30 units, to this arc,

Figure 8.8 Finding an initial basis by the northwest-corner method.
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1 2 3 4
1 i‘15 i'20 E‘ —SJ 35
o] 2 8] 2]
2 30 20 50
1] o]  [e] 5]
3 10 30 40
45 20 30 30

Figure 8.9 Finding an initial basis by the minimum-matrix method.

completely supplying destination 4. Ignoring the arcs entering destination 4, the least-cost remaining arc
joins origin 1 and destination 2, at a cost of $6/unit, so we allocate the maximum possible, 20 units, to this arc,
completely supplying destination 2. Then, ignoring the arcs entering either destination 2 or 4, the least-cost
remaining arc joins origin 1 and destination 1, at a cost of $8/unit, so we allocate the maximum possible,
15 units, to this arc, exhausting the supply at origin 1. Note that this arc is the leasewmshingarc

but not the next-lowest-cost unused arc in the entire cost array. Then, ignoring the arcs leaving origin 1 or
entering destinations 2 or 4, the procedure continues. It should be pointed out that the last two arcs used by
this procedure are relatively expensive, costing $13/unit and $16/unit. It is often the case that the minimum
matrix method produces a basis that simultaneously employs some of the least expensive arcs and some of
the most expensive arcs.

There are many other methods that have been used to find an initial basis for starting the transportation
method. An obvious variation of the minimum matrix method isrfigimum rowmethod, which allocates
as much as possible to the available arc with leastioasach rowuntil the supply at each successive origin
is exhausted. There is clearly the analogmilsimum colummethod.

It should be pointed out that any comparison among procedures for finding an initial basis should be
made only by comparingolution timesincluding both finding the initial bas&nd determining an optimal
solution. For example, the northwest-corner method clearly requires fewer operations to determine an initial
basis than does the minimum matrix rule, but the latter generally requires fewer iterations of the simplex
method to reach optimality.

The two procedures for finding an initial basic feasible solution resulted in different bases; however, both
have a number of similarities. Each basis consists of exactly n — 1) arcs, one less than the number of
nodes in the network. Further, each basis is a subnetwork that satisfies the following two properties:

1. Every node in the network is connected to every other node by a sequence of arcs from the subnetwork,
where the direction of the arcs is ignored.

2. The subnetwork contains no loops, where a loop is a sequence of arcs connecting a node to itself, where
again the direction of the arcs is ignored.

A subnetwork that satisfies these two properties is callggbaning tree

It is the fact that a basis corresponds to a spanning tree that makes the solution of these problems by the
simplex method very efficient. Suppose you were told that a feasible basis consists of arcs 1-1, 2-1, 2-2, 2—4,
3-2, and 3-3. Then the allocations to each arc can be determined in a straightforward way without algebraic
manipulations of tableaus. Start by selecting angl(a node with only 1 arc connecting it to the rest of the
network) in the subnetwork. The allocation to the arc joining that end must be the supply or demand available
at that end. For example, source 1 is an end node. The allocation on arc 1-1 must then be 35, decreasing
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Figure 8.10 Determining the values of the basic variables.

the unfulfilled demand at destination 1 from 45 to 10 units. The end node and its connecting arc are then
dropped from the subnetwork and the procedure is repeated. In Fig. 8.10, we use these end-node evaluations
to determine the values of the basic variables for our example.

This example also illustrates that the solution of a transportation problem by the simplex method results
in integervalues for the variables. Since any basis corresponds to a spanning tree, as long as the supplies and
demands are integers the amount sent across any arc must be an integer. This is true because, at each stage
of evaluating the variables of a basis, as long as the remaining supplies and demands are integer the amount
sent to any end must also be an integer. Therefore, if the initial supplies and demands are integers, any basic
feasible solution will be an integer solution.

Optimization Criterion

Because it is so common to find the transportation problem written wittcoefficients for the variables
xij (i.e., with the demand equations of Section 8.2 multiplied by minus one), we will give the optimality
conditions for this form. They can be easily stated in terms of the reduced costs of the simplex method. If

xijfori =1,2,...,mandj =1,2,...,nis afeasible solution to the transportation problem:
m n
Minimize z = Zquxij,
i=1j=1
subject to: Shadow

prices

n
doxj=a  (=LlL2..m. u
j=1
m
inj:bj (j=212,...,n), Vj
i=1

Xij >0,

then it is optimal if there exist shadow prices (or simplex multiplieisassociated with the origins ang
associated with the destinations, satisfying:

Cj =Gj—Uui—vj>0 if xij =0, (14)
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Figure 8.11 Determining the simplex multipliers.

and
Cij=¢Cj—Uui—vj=0 if xij > 0. (15)

The simplex method selects multipliers so that condition (15) holds for all basic variables, even if some basic
variablexjj = 0 due to degeneracy.

These conditions not only allow us to test whether the optimalsolution has been found or not, but provide
us with the necessary foundation to reinterpret the characteristics of the simplex algorithm in order to solve
the transportation problem efficiently. The algorithm will proceed as follows: after a basic feasible solution
has been found (possibly by applying the northwest-corner method or the minimum matrix method), we
choose simplex multipliers; andvj(i =1,2,...,m; j =1, 2,...,n) that satisfy:

Ui +vj = Gij (16)

for basic variables. With these values for the simplex multipliers, we compute the corresponding values of
the reduced costs:

Cij =GCjj — Ui — vj a7

for all nonbasic variables. If eveiy;j is nonnegative, then the optimal solution has been found; otherwise,
we attempt to improve the current solution by increasing as much as possible the variable that corresponds
to the most negative (since this is a minimization problem) reduced cost.

First, let us indicate the mechanics of determining from (16) the simplex multipliers associated with a
particular basis. Conditions (16) consist(@i + n — 1) equations inm + n) unknowns. However, any
one of the simplex multipliers can be given an arbitrary value since, as we have seen, any onmofthe
equations of the transportation problem can be considered redundant. Since th@re-are 1) equationsin
(16), once one of the simplex multipliers has been specified, the remaining valyesol; are determined
uniquely. For example, Fig. 8.11 gives the initial basic feasible solution produced by the minimum matrix
method. The simplex multipliers associated with this basis are easily determined by first arbitrarily setting
u; = 0. Givenu1 = 0, v1 = 8 andvy = 6 are immediate from (16); thanp = 1 is immediate fromy, and
so on. It should be emphasized that the set of multipliers is not unique, since any multiplier could have been
chosen and set to any finite value, positive or negative, to initiate the determination.

Once we have determined the simplex multipliers, we can then easily find the reduced costs for all
nonbasic variables by applying (17). These reduced costs are given in Tableau 5. The —'’s indicate the
basic variable, which therefore has areduced cost of zero. This symbol is used to distinguish between basic

variables and nonbasic variables at zero level.
Since, in Tableau ;3 = —2 andc3» = —1, the basis constructed by the minimum matrixmethod does

not yield an optimal solution. We, therefore, need to find an improved solution.
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Tableau 5 Reduced Costs

8] [ 6] [10] [9]
- [ =2 8 0
ol [12] [ 3] [ 7] |
5 5 1
| 14] [ 9 6] [ 5]
2 | =1 — | 4
u,
8 6| 12 .
Uj

Improving the Basic Solution

As we indicated, every basic variable has associated with it a valtig ef 0. If the current basic solution is
not optimal, then there exists at least one nonbasic variaple value zero witlTj; negative. Let us select,
among all those variables, the one with the most negatjvéties are broken by choosing arbitrarily from
those variables that tie); that is,

Cst = Niljin {Cij = Gjj — Ui —vj[Cjj < O}.

Thus, we would like to increase the corresponding value,pds much as possible, and adjust the values of
the other basic variables to compensate for that increase. In our illustrédjos,C13 = —2, SO we want
to introducexs 3 into the basis. If we consider Fig. 8.5 we see that adding the arc 1-3 to the spanning tree
corresponding to the current basis creates a unique lqefp£-0,—D;—01 where O and D refer to origin
and destination, respectively.

It is easy to see that if we malkg; = 6, maintaining all other nonbasic variables equal to zero, the flows
on this loop must be adjusted by plus or midugo maintain the feasibility of the solution. The limit to which
0 can be increased corresponds to the smallest value of a flow on this loop froméarhigst be subtracted.
In this exampled may be increased to 15, correspondingtpbeing reduced to zero and therefore dropping
out of the basis. The basis hag replacingx; 1, and the corresponding spanning tree has arc 1-3 replacing
arc 1-1 in Fig. 8.12. Given the new basis, the procedure of determining the shadow prices and then the
reduced costs, to check the optimality conditions of the simplex method, can be repeated.

Figure 8.12 Introducing a new variable.

It should be pointed out that the current solution usually is written out not in network form but in tableau
form, for case of computation. The current solution given in Fig. 8.12 would then be written as in Tableau 6.
Note that the row and column totals are correct for any value sdtisfying 0< 6 < 15. The tableau
form for the current basic solution is convenient to use for computations, but the justification of its use is
most easily seen by considering the corresponding spanning tree. In what follows we will use the tableau
form to illustrate the computations. After increasingp 15, the resulting basic solution is given in Tableau
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7 (ignoring#) and the new multipliers and reduced costs in Tableau 8.

Tableau 6

15 -6

20

30+ 0

10 30 40

45

l’_.\)

30 30

Tableau 7 Current Basic Solution

20 — 0 154+ 0

s
N
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45 20 30 30

Tableau 8 Reduced Costs

5] 6] 3] 9]
2 10 | o
o] [12] [13] [ 7]
— 3 51 3
4] [ 9] [16] | 5]
2 [ -3 — | "B
Uu;
6 6| 10 | -1 |,
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Since the only negative reduced cost correspondstc= —3, X32 is next introduced into the basis.
Adding the arc 3-2 to the spanning tree corresponds to increasing the allocation to cell 3—-2 in the tableau and
creates a unique loop®EOD,—01—D3—03. The flowé on this arc may be increased umti= 10, corresponding
to xz3 dropping from the basis. The resulting basic solution is Tableau 9 and the new multipliers and reduced

costs are given in Tableau 10.

Tableau 9 Current Basic Solution

10

o]
wn
os)
N

45 5

wh

10 30 40

Tableau 10 Reduced Costs

T T Tl o)
2 | — 71 0

ST A [
3 2 | 3

R EROEE
5 | — 3| - 3
u;

6 6 10 | 2

1 '

Since all of the reduced costs are now nonnegative, we have the optimal solution.

8.6 ADDITIONAL TRANSPORTATION CONSIDERATIONS

In the previous section, we described how the simplex method has been specialized in order to solve trans-
portation problems efficiently. There are three steps to the approach:

1. finding an initial basic feasible solution;

2. checking the optimality conditions; and

3. constructing an improved basic feasible solution, if necessary.
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The problem we solved was quite structured in the sense that total supply equaled total demand, shipping
between all origins and destinations was permitted, degeneracy did not occur, and so forth. In this section,
we address some of the important variations of the approach given in the previous section that will handle
these situations.

Supply Not Equal to Demand

We have analyzed the situation where the total availability is equal to the total requirement. In practice, this is
usually not the case, since often either demand exceeds supply or supply exceeds demand. Let us see how to
transform a problem in which this assumption does not hold to the previously analyzed problem with equality
of availability and requirement. Two situations will exhaust all the possibilities:

First, assume that the total availability exceeds the total requirement; that is,

m n
> a—) bj=d>0.
i=1 j=1

In this case, we create an artificial destinatjoe= n + 1, with corresponding “requirementb, 1 = d,
and make the corresponding cost coefficients to this destination equal to zero, thatis= 0 fori =
1,2,..., m. The variablex n+1 in the optimal solution will show how the excess availability is distributed
among the sources.

Second, assume that the total requirement exceeds the total availability, that is,

m

n
Y bj-Y a=d>0.
j=1

i=1

In this case, we create an artificial origie= m+ 1, with corresponding “availability’am+1 = d, and assign
zero cost coefficients to this destination, thatjs;1,; = O0for j = 1,2,...,n. The optimal value for the
variablexm41,j will show how the unsatisfied requirements are allocated among the destinations.

In each of the two situations, we have constructed an equivalent transportation problem such that the total
“availability” is equal to the total “requirement.”

Prohibited Routes

If it is impossible to shipany goods from sourcé to destinationj, we assign a very high cost to the
corresponding variable;jj, that is,cij = M, whereM is a very large number, and use the procedure
previously discussed. If these prohibited routes cannot be eliminated from the optimal solution then the
problem is infeasible.

Alternatively, we can use the two-phase simplex method. We start with any initial basic feasible solution,
which may use prohibited routes. The first phase will ignore the given objective function and minimize the
sum of the flow along the prohibited routes. If the flow on the prohibited routes cannot be driven to zero, then
no feasible solution exists without permitting flow on at least one of the prohibited routes. If, on the other
hand, flow on the prohibited routeanbe made zero, then an initial basic feasible solutitthoutpositive
flow on prohibited routes has been constructed. It is necessary then simply to prohibit flow on these routes
in the subsequent iterations of the algorithm.

Degeneracy

Degeneracy can occur on two different occasions during the computational process described in the previous
section. First, during the computation of the initial solution of the transportation problem, we can simultane-
ously eliminate a row and a column at an intermediate step. This situation gives rise to a basic solution with
less thanim + n — 1) strictly positive variables. To rectify this, one simply assigns a zero value to a cell in
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either the row or column to be simultaneously eliminated, and treats that variable as a basic variable in the
remaining computational process.
As an example, let us apply the northwest-corner rule to the case in Tableau 11.

Tableau 11
D1 | D2 | D3 | D4 Supply
Ol 20 5 0 25 50
02 30 30
03 10 10
04 10 40 50 40
| Demand | 20 | 5 | 50 | 40
0 0 20
10

In this instance, when making, = 5, we simultaneously satisfy the first row availability and the second
column requirement. We thus make; = 0, and treat it as a basicvariable in the rest of the computation.

A second situation where degeneracy arises is while improving a current basic solution. A tie might be
found when computing the new value to be given to the entering basic varkgpte,6. In this case, more
than one of the old basic variables will take the value zero simultaneously, creating a new basic solution
with less thanim 4+ n — 1) strictly positive values. Once again, the problem is overcome by choosing the
variable to leave the basis arbitrarily from among the basic variables reaching zgfe=af, and treating
the remaining variables reaching zerxat= 6 as basic variables at zero level.

Vogel Approximation

Finally, we should point out that there have been a tremendous humber of procedures suggested for finding
an initial basic feasible solution to the transportation problem. In the previous section, we mentioned four
methods: northwest corner, minimum matrix, minimum column, and minimum row.

The first of these ignores the costs altogether, while the remaining methods allocate costs in such a way
that the last fewassignments of flows often results in very high costs being incurred. The high costs are due
to the lack of choice as to how the final flows are to be assigned to routes, once the initial flows have been
established. The initial flows are not chosen with sufficient foresight as to how they might impair later flow
choices.

The Vogel approximation method was developed to overcome this difficulty and has proved to be so effec-
tive that it is sometimes used to obtain an approximation to the optimal solution of the problem. The method,
instead of sequentially using the least-cost remaining arc, bases its selection on the difference between the
two lowest-cost arcs leaving an origin or entering a destination. This difference indicates where departure
from the lowest-cost allocations will bring the highest increase in cost. Therefore, one assigns the maximum
possible amount to that arc that has the lowest cost in that row or column having the greatest cost difference.
If this assignment exhausts the demand at that destination, the corresponding column is eliminated from
further consideration; similarly, if the assignment exhausts the supply at that origin, the corresponding row
is eliminated. In either case, the origin and destination cost differences are recomputed, and the procedure
continues in the same way.

The Vogel approximation method is applied to our illustrative example in Tableau 12, and the result-
ing basic feasible solution is given in Fig. 8.13. It is interesting to note that the approximation finds the
optimal solution in this particular case, as can be seen by comparing the initial basis from the Vogel approx-
imation in Fig. 8.13 with the optimal basis in Tableau 7. This, of course, does not mean that the Vogel
approximation is the best procedure for determining the initial basic feasible solution. Any such compari-
son among computational procedures must compare total time required, from preprocessing to final optimal
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Figure 8.13 Initial basis for Vogel approximation method.

solution.
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Tableau 12 Applying the Vogel Approximation Method

First iteration:

8.7

San Phila- Row
Dallas Atlanta Francisco delphia Supply difference
8 6 10 9
Cleveland 35 2
9 12 13 7
Chicago 50 2
14 9 16 5
Boston 30 40 10 4 P
Demand 45 20 30 30
Column
difference 1 3 3 2
Second iteration:
San Row
Dallas Atlanta Francisco Supply difference
8 6 10
Cleveland 35 2
9 12 13
Chicago 50 3
14 9 16
Boston 10 10 S
Demand 45 20 10 30
Column
difference 1 3 3
Third iteration:
San Row
Dallas Atlanta Francisco Supply difference
8 6 10
Cleveland 10 35 25 2
9 12 13
Chicago 50 3
Demand 45 10 30
Column
difference 1 6 3
+
Fourth iteration:
San Row
Dallas Francisco Supply difference
8 10
Cleveland 25 25 2
9 13
Chicago 45 5 50 45 4
Demand 45 30
Column
difference 1 3
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8.7 THE SIMPLEX METHOD FOR NETWORKS

The application of the simplex method to the transportation problem presented in the previous section takes
advantage of the network structure of the problem and illustrates a number of properties that extend to the
general minimum-cost flow problem. All of the models formulated in Section 8.2 are examples of the general
minimum-cost flow problem, although

a number, including the transportation problem, exhibit further special structure of their own. Historically,
many different algorithms have been developed for each of these models; but, rather than consider each model
separately, we will develop the essential step underlying the efficiency of all of the simplex-based algorithms
for networks.

We already have seen that, for the transportation problem, a basis corresponds to a spanning tree, and
that introducing a new variable into the basis adds an arc to the spanning tree that forms a unique loop. The
variable to be dropped from the basis is then determined by finding which variable in the loop drops to zero
first when flow is increased on the new arc. It is this property, that bases correspond to spanning trees, that
extends to the general minimum-cost flow problem and makes solution by the simplex method very efficient.

In what follows, network interpretations of the steps of the simplex method will be emphasized; there-
fore, it is convenient todefine some of the network concepts that will be used. Though these concepts are
quite intuitive, the reader should be cautioned that the terminology of network flow models has not been
standardized, and that definitions vary from one author to another.

Formally, anetworkis defined to be any finite collection of points, called nodes, together with a collection
of directed arcs that connect particular pairs of these nodes. By convention, we do not allow an arc to connect
a node to itself, but we do allow more than one arc to connect the same two nodes. We will be concerned
only with connectedhetworks in the sense thewerynode can be reached from every other node by following
a sequence of arcs, where the direction of the arcs is ignored. In linear programming, if a network is
disconnectedthen the problem it describes can be treated as separate problems, one for each connected
subnetwork.

A loopis a sequence of arcs, where the direction of the arcs is ignored, connecting a particular node to
itself. In Fig. 8.1, the node sequences 3—-4-5-3 and 1-2—-3-1 are both examples of loops.

A spanning treas a connected subset of a network including all nodes and containing no loops. Figure
8.7 shows two examples of spanning trees for the minimum-cost flow problem of Fig. 8.1.

Itis the concept of a spanning tree, which proved most useful in solving the transportation problem in the
previous section, that will be the foundation of the algorithm for the general minimum-cost flow problem.

Finally, anendis a node of a network with exactly one arc incident to it. In the first example of Fig. 8.7,
nodes 1,2, and 4 are ends, and in the second examples, nodes 1, 2, and 5 are ends. It is easy to see that every
tree must have at least two ends. If you start with any rnddea tree and follow any arc away from it, you
eventually come to an end, since the tree contains no loops. Ifingdin end, then you have two ends. If
nodei is not an end, there is another arc from nodeat will lead to a second end, since again there are no
loops in the tree.

In the transportation problem we saw that there(@ne+ n — 1) basic variables, since any one of the
equations is redundant under the assumption that the sum of the supplies equals the sum of the demands. This
implies that the number of arcs in any spanning tree corresponding to a basis in the transportation problem is

Figure 8.14 Examples of spanning trees.
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Tableau 8.13 Tree Variables

X13 X5 X34 X35|Righthand side
1 20
1 0
-1 1 1 0
-1 -5
-1 -1 -15

alwaysone less thamhe number of nodes in the network. Note that the number of arcs is one less than the
number of nodes in each of the trees shown in Fig. 8.14, since they each contain 5 nodes and 4 arcs. In fact,
this characterization of spanning trees holds for the general minimum-cost flow problem.

Spanning-Tree Characterization. A subnetwork of anetwork with nodes is a spanning tree if and
only if itis connected and contairga — 1) arcs.

We can briefly sketch an inductive proof to show the spanning-tree characterization. The result is clearly
true for the two node networks containing one arc. First, we show that is a subnetwork-obae network
is a spanning tree, it contaiiis — 1) arcs. Remove any end and incident arc fromritreode network. The
reduced network witlin — 1) nodes is still a tree, and by our inductive assumption it must frave2) arcs.
Therefore, the original network with nodes must have had — 1) arcs. Next, we show that if amnode
connected subnetwork h&s — 1) arcs and no loops, it is a spanning tree. Again, remove any end and its
incident arc from the-node network. The reduced network is connected,(has 1) nodes,(n — 2) arcs,
and no loops; and by our inductive assumption, it must be a spanning tree. Therefore, the original network
with n nodes andn — 1) arcs must be a spanning tree.

The importance of the spanning-tree characterization stems from the relationship between a spanning
tree and a basis in the simplex method. We have already seen that a basis for the transportation problem
corresponds to a spanning tree, and it is this property that carries over to the general network-flow model.

Spanning-Tree Property of Network Bases. In a general minimum-cost flow model, a spanning
tree for the network corresponds to a basis for the simplex method.

This is an important property since, together with the spanning-tree characterization, it implies that the
number of basic variables is always one less than the number of nodes in a general network-flow problem. Now
let us intuitively argue that the spanning-tree property holds, first by showing that the variables corresponding
to a spanning tree constitute a basis, and second by showing that a set of basic variables constitutes a spanning
tree.

First, assume that we have a network withodes, which is a spanning tree. In order to show that the
variables corresponding to the arcs in the tree constitute a basis, it is sufficient to show thatthb tree
variables are uniquely determined. In the simplex method, this corresponds to setting the nonbasic variables
to specific values and uniquely determining the basic variables. First, set the flows on all arcs not in the tree
to either their upper or lower bounds, and update the righthand-side values by their flows. Then choose any
node corresponding to an end in the subnetwork, say kolEnere must be at least two ends in the spanning
tree since it contains no loops.) Nokleorresponds to a row in the linear-programming tableau for the tree
with exactly one nonzero coefficient in it. To illustrate this the tree variables of the first example in Fig. 8.14
are given in Tableau 13.

Since there is only one nonzero coefficient in hovthe corresponding arc incident to nddeust have
flow across it equal to the righthand-side value for that row. In the example abave,20. Now, drop node
k from further consideration and bring the determined variable over to the righthand side, so that the righthand
side of the third constraint becom&f0. Now we have atn — 1)-node subnetwork witlin — 2) arcs and
no loops. Hence, we have a tree for the reduced network, and the process may be repeated. At each iteration
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exactly one flow variable is determined. On the last iteration, there are two equations corresponding to two
nodes, and one arc joining them. Since we have assumed that the total net flow into or out of the network is
zero, the last tree variable will satisfy the last two equations. Hence we have shown that a spanning tree in a
network corresponds to a basis in the simplex method. Further, since we have already shown that a tree for a
connected network with nodes containén — 1) arcs, we have shown that the number of basic variables for
a connected network-flow problem(s — 1).

Now assume that we have a network witthodes and that we know th@ — 1) basic variables. To
show that these variables correspond to a tree, we need only show that the subnetwork corresponding to the
basic variables does not contain any loops. We establish this property by assuming thiatdHeop and
showing that this leads to a contradiction. In Fig. 8.15, we have a four-arc network containing a loop and its
associated tableau.

X132 X33 Xas X35 Righthand
side

1 20
—1 1 1 0
—1 1 0

—3
= —1 —~15

Figure 8.15 Network containing a loop.

If there exists a loop, then choose weights for the column corresponding to arcs in the loop such that the
weight is+1 for a forward arc in the loop andl for a backward arc in the loop. If we then add the columns
corresponding to the loop weighted in this manner, we produce a column containing all zeros. In Fig. 8.15,
the loop is 2-5-3-2, and adding the columns for the variakigsxss, andxs» with weights 1,—1, and
—1, respectively, produces a zero column. This implies that the columns corresponding to the loop are not
independent. Since a basis consists of a sétef 1) independent columns, any set of variables containing
a loop cannot be a basis. Therefoge,— 1) variables corresponding to a basis in the simplex method must
be a spanning tree for the network.

If a basis in the simplex method corresponds to a tree, what, then, is the interpretation of introducing a
new variable into the basis? Introducing a new variable into the basis adds an arc to the tree, and since every
node of the tree is connected to every other node by a sequence of arcs, the addition will form a loop in the
subnetwork corresponding to the tree. In Fig. 8.16, arc 4-5 is being introduced into the tree, forming the loop
4-5-3-4. ltis easy to argue that adding an arc to a tree creatégweloop in the augmented networlt
least one loopnust be created, since adding the arc connects two nodes that were already connected. Further,
no more than one loojs created, since, if adding the one arc created more than one loop, the entering arc
would have to be common to two distinct loops, which, upon removal of their common arcs, would yield a
single loop that was part of the original network.

Figure 8.16 Introducing a new arc in a tree.
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To complete a basis change in the simplex method, one of the variables currently in the basis must be
dropped. ltis clearthatthe variable to be dropped must correspond to one of the arcs in the loop, since dropping
any arc not in the loop would leave the loop in the network and hence would not restore the spanning-tree
property. We must then be able to determine the arcs that form the loop.

This is accomplished easily by starting with the subnetwork including the loop and eliminating all ends
in this network. If the reduced network has no eritispust be the loop. Otherwise, repeat the process of
eliminating all the ends in the reduced network, and continue. Since there is a unique loop created by adding
an arc to a spanning tree, dropping any arc in that loop will create a new spanning tree, since each node will be
connected to every other node by a sequence of arcs, and the resulting network will contain no loops. Figure
8.16 illustrates this process by dropping arc 3-5. Clearly, any arc in the loop could have been dropped, to
produce alternative trees.

In the transportation problem, the unique loop was determined easily, although we did not explicitly show
how this could be guaranteed. Once the loop is determined, we increased the flow on the incoming arc and
adjusted the flows on the other arcs in the loop, until the flow in one of the arcs in the loop was reduced to zero.
The variable corresponding to the arc whose flow was reduced to zero was then dropped out of the basis. This
is essentially the same procedure that will be employed by the general minimum-cost flow problem, except
that the special rules of the simplex method with upper and lower bounds on the variables will be employed.
In the next section an example is carried out that applies the simplex method to the general minimum-cost
flow problem.

Finally, we should comment on the integrality property of the general minimum-cost flow problem. We
saw that, for the transportation problem, since the basis corresponds to a spanning tree, as long as the supplies
and demands are integers, the flows on the arcs for a basic solution are integers. This is also true for the
general minimum-cost flow problem, so long as the net flows at any node are integers and the upper and lower
bounds on the variables are integers.

Integrality Property. In the general minimum-cost flow problem, assuming that the upper and lower
bounds on the variables are integers and the righthand-side values for the flow-balance equations are
integers, the values of the basic variables are also integers when the nonbasic variables are set to their
upper or lower bounds.

In the simplex method with upper and lower bounds on the variables, the nonbasic variables are at either
their upper orlower bound. If these bounds are integers, then the net flows at all nodes, when the flows
on the nonbasic arcs are included, are also integers. Hence, the flows on the arcs corresponding to the
basic variables also will be integers, since these flows are determined by first considering all ends in the
corresponding spanning tree and assigning a flow to the incident arc equal to the net flow at the node. These
assigned flows must clearly be integers. The ends and the arcs incident to them are then eliminated, and the
process is repeated, yielding an integer assignment of flows to the arcs in the reduced tree at each stage.

Tableau 8.14 Basis variables

X13 X5 X34 X35|Righthand sideRow no
1 20 1
1 0 2
-1 1 1 0 3
-1 -5 4
-1 -1 -15 5

The integrality property of the general minimum-cost flow problem was established easily by using the
fact that a basis corresponds to a spanning tree. Essentially, all ends could be immediately evaluated, then
eliminated, and the procedure repeated. We were able to solve a system of equations by recognizing that at
least one variable in the system could be evaluated by inspection at each stage, since at each stage at least
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Tableau 15 A basis is triangular.

\N\ X34 X35 X13 Righthand side Row no.
1
-1
—1
1

—1 —15
1 —1 0

|
v
W wn BN

one equation would have only one basic variable in it. A system of equations with this property is called
triangular.

In Tableau E8.14 we have rewritten the system of equations corresponding to the tree variables given
in Tableau E8.13. Then we have arbitrarily dropped the first equation, since a connected netwark with
nodes hagn — 1) basic variables. We have rearranged the remaining variables and constraints to exhibit
the triangular form in Tableau 15.

The variables on the diagonal of the triangular system then may be evaluated sequentially, starting with
the first equation. Clearlys = 0. Then, moving the evaluated variable to the righthand side, we have a new
triangular system with one less equation. Then the next diagonal variable may be evaluated in the same way
and the procedure repeated. It is easy to see that, for our example, the values of the variables-dre
X34 = 5, X35 = 15, X33 = 20. Note that the value of;3 satisfies the first equation that was dropped. It
should be pointed out that many other systems of equations besides network-flow problems can be put in the
form of a triangular system and therefore can be easily solved.

8.8 SOLVING THE MINIMUM-COST FLOW PROBLEM

In this section we apply the simplex method to the general minimum-cost flow problem, using the network
concepts developed in the previous section. Consider the minimum-cost flow problem given in Section 8.1
and repeated here in Fig. 8.17 for reference.

(4, $2)
o

(20) (o0, $2)

(4, $1)

Figure 8.17 Minimum-cost flow problem.

This problem is more complicated than the transportation problem since it contains intermediate nodes
(points of transshipment) and capacities limiting the flow on some of the arcs.

In order to apply the simplex method to this example, we must first determine a basic feasible solution.
Whereas, in the case of the transportation problem, an initial basic feasible solution is easy to determine
(by the northwest-corner method, the minimum matrix method, or the Vogel approximation method), in the
general case an initital basic feasible solution may be difficult to find. The difficulty arises from the fact that
the upper and lower bounds on the variables are treated implicitly and, hence, nonbasic variables may be at
either bound. We will come back to this question later. For the moment, assume that we have been given the
initial basic feasible solution shown in Fig. 8.18.

The dash—dot arcs 1-3 and 3-5 indicate nonbasic variables at their upper bounds of 8 and 5, respectively.
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(20)

Figure 8.18 Initial basic feasible solution.

The arcs not shown are nonbasic at their lower bounds of zero. The solid arcs form a spanning tree for the
network and constitute a basis for the problem.

To detemine whether this initial basic feasible solution is optimal, we must compute the reduced costs
of all nonbasic arcs. To do this, we first determine multipligié = 1, 2, ..., n) and, if these multipliers
satisfy:

Gj =Gj—Yi+Yyj =0 ifxj=4¢j,
Gj=¢Gj—VYi+y; =0 if £ij < Xj < uij,
Gj =cGj—Y+y <0 ifx;=uj,

then we have an optimal solution. Since the network-flow problem contains a redundant constraint, any one
multiplier may be chosen arbitrarily, as was indicated in previous sections. Suppese is set arbitrarily;
the remaining multipliers are determined from the equations:

Gj —Yi+Yyj=0

for basic variables. The resulting multipliers for the initial basis are given as node labels in Fig. 8.19. These
were determined from the cost data given in Fig. 8.17.

y;=4
(20)

Figure 8.19 Iteration 1.

Given these multipliers, we can compute the reduced costs of the nonbasis variahles loy —y; + ;.
The reduced costs are determined by using the given cost data in Fig. 8.17 as:

Ciz=4-4+(-1) =-1,
C3=2-0+ (-1 = 1,
C35=3— (-1 +(-6) =-2,
Cas=2—(—2)+(—6) = -2, «
Cs3=1-(-6+(-1)= 6.
In the simplex method with bounded variables, the nonbasic variables are at either their upper or lower
bounds. An improved solution can be found by either:
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1. increasing a variable that has a negative reduced cost and is currently at its lower bound; or
2. decreasing a variable that has a positive reduced cost and is currently at its upper bound.

In this case, the only promising candidatexis, since the other two negative reduced costs correspond to
nonbasic variables at their upper bounds. In Fig. 8.19 we have added the arc 4-5 to the network, forming the
unique loop 4-5—-2—4 with the basic variables. If the flow on arc 4-5 is increaggdligy remaining arcs in

the loop must be appropriately adjusted. The limit on how far we can incéeigsgiven by arc 2—4, which

has an upper bound of 4. Hené&e= 2 andxy4 becomes nonbasic at its upper bound. The corresponding
basic feasible solution is given in Fig. 8.20, ignoring the dashed arc 2-3.

Figure 8.20 Iteration 2.

The new multipliers are computed as before and are indicated as node labels in Fig. 8.20. Note that not
all of the multipliers have to be recalculated. Those multipliers corresponding to nodes that are connected to
node 2 by the same sequence of arcs as before will not change labels. The reduced costs for the new basis
are then:

Ciz=4-4+(-3) =-3
Cx3=2—-0+ (-3 = -1, «
Copu=2—04+ (-9 = -2,

Cis=3—-(-3)+(-6)= 0,
Csz3=1—(—-6)+(-3) = 4

Again there is only one promising candidates, since the other two negative reduced costs correspond
to nonbasic variables at their upper bounds. In Fig. 8.20 we have added the arc 2—3 to the network, forming
the unique loop 2—3-4-5-2 with the basic variables. If we increase the flow on arc 2-8noyadjust the
flows on the remaining arcs in the loop to maintain feasibility, the increageésitimited by arc 2-5. When
0 = 8, the flow on arc 2-5 is reduced to zero ang becomes nonbasic at its lower bound. Figure 8.21
shows the corresponding basic feasible solution.

The new multipliers are computed as before and are indicated as node labels in Fig. 8.8. The reduced
costs for the new basis are then:

Ciz=4-4+(-2) =-2
Couu=2—-04+(-3) =-1,
Cos=6-0+(-5 = 1,

Cs=3—-(-2)+ (-5 = 0,
Csz3=1—(-5+(—2)= 4
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y1=4
(20)

va==2 vs= 5

Figure 8.21 Optimal solution.

This is an optimal solution, since all negative reduced costs correspond to nonbasic variables at their upper
bounds and all positive reduced costs correspond to nonbasic variables at their lower bounds.

The reduced cogis = O indicates that alternative optimal solutions may exist. Infact, itis easily verified
that the solution given in Fig. 8.22 is an alternative optimal solution.

y,=0 ya=—1
4
2 P S e AU ST 4 ) (-5)
12 /
y,=4 *
/
(20) 8 15 - 14
e
N A
8~ e
\Q\/C ] /5 (—15)
Y3=_2 y5:_3

Figure 8.22 Alternative optimal solution.

Hence, given an initial basic feasible solution, it is straightforward to use the concepts developed in
the previous section to apply the simplex method to the general minimum-cost flow problem. There are
two essential points to recognize: (1) a basis for the simplex method corresponds to a spanning tree for the
network, and (2) introducing a new variable into the basis forms a unique loop in the spanning tree, and the
variable that drops from the basis is the limiting variable in this loop.

Finally, we must briefly discuss how to find an initial basic feasible solution if one is not readily available.
There are a number of good heuristics for doing this, depending on the particular problem, but almost all of
these procedures involve adding some artificial arcs at some point. It is always possible to add uncapacitated
arcs from the points of supply to the points of demand in such a fashion that a basis is formed. In our
illustrative example, we could have simply added the artificial arcs 1-4 and 1-5 and had the initial basis given
in Fig. 8.23.

Then either a phase | procedure is performed, minimizing the sum of the flows on the artificial arcs, or
a very high cost is attached to the artificial arcs to drive them out of the basis. Any heuristic procedure for
finding an initial basis usually attempts to keep the number of artificial arcs that have to be added as small as
possible.
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Figure 8.23 Artificial initial basis.

EXERCISES

1. A gas company owns a pipeline network, sections of which are used to pump natural gas from its main field to its
distribution center. The network is shown below, where the direction of the arrows indicates the only direction in
which the gas can be pumped. The pipeline links of the system are numbered one through six, and the intermediate
nodes are large pumping stations. At the present time, the company nets 1200 mcf (million cubic feet) of gas per
month from its main field and must transport that entire amount to the distribution center. The following are the
maximum usage rates and costs associated with each link:

1(12(3|4|5)| 6

Maximum usage: mcf/mon{500|900| 700{400|600| 1000
Tariff: $/mcf 20| 25| 10| 15| 20| 40

The gas company wants to find those usage rates that minimize total cost of transportation.

a) What are the decision variables?
b) Formulate the problem as a linear program.
¢) For the optimal solution, do you expect the dual variable associated with the maximum usage of link 1 to be
positive, zero, or negative and why?
d) Suppose there were maximum usage rates on the pumping stations; how would your formulation change?
2. On a particular day during the tourist season a rent-a-car company must supply cars to four destinations according
to the following schedule:

DestinationCars required
A 2
B 3
C 5
D 7

The company has three branches from which the cars may be supplied. On the day in question, the inventory status
of each of the branches was as follows:
Branch Cars available
1 6
2 1
3 10
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The distances between branches and destinations are given by the following table:

Destination
BranchA|B |C D
1 |7(113 2
2 |1] 6|0 1
3 19|15/8 5

Plan the day’s activity such that supply requirements are met at a minimum cost (assumed proportional to car-miles
travelled).

3. The National Association of Securities Dealers Automated Quotation Systems (NASDAQ) is a network sys-
tem in which quotation information in over-the-counter operations is collected. Users of the system can re-
ceive, in a matter of seconds, buy and sell prices and the exact bid and ask price of each market maker that
deals in a particular security. There are 1700 terminals in 1000 locations in almost 400 cities. The central
processing center is in Trumbull, Conn., with concentration facilities in New York, Atlanta, Chicago, and San
Francisco. On this particular day, the market is quiet, so there are only a few terminals being used. The in-
formation they have has to be sent to one of the main processing facilities. The following table gives termi-
nals (supply centers), processing facilities (demand centers), and the time that it takes to transfer a message.

Terminals | Trumbull |N.Y. | Atlanta] Chicagd San Frar|| Supply
Cleveland 6 6 9 4 10 45
Boston 3 7 5 12 90
Houston 8 5 6 95
Los Angeles 11 12 9 5 2 75
Washington,D.C, 4 3 4 5 11 105
Demand 120 80 50 75 85

a) Solve, using the minimum matrix method to find an initial feasible solution.
b) Are there alternative optimal solutions?

4. A large retail sporting-goods chain desires to purchase 300, 200, 150, 500, and 400 tennis racquets of five different
types. Inquiries are received from four manufacturers who will supply not more than the following quantities (all
five types of racquets combined).

M1 600
M2 500
M3 300
M4 400

The store estimates that its profit per racquet will vary with the manufacturer as shown below:

Racquets
Manufacturef R1 | R2 | R3 R4 R5

M1 5.507.008.50| 4.50 |3.00
M2 6.006.50[9.00 3.50 |2.00
M3 5.007.009.50 4.00 |2.50
M4 6.50/5.50/8.00 5.00 |3.50
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How should the orders be placed?

5. A construction project involves 13 tasks; the tasks, their estimated duration, and their immediate predecessors are
shown in the table below:

Immediate
Task |predecessor®uration
Task 1 — 1
Task 2 1 2
Task 3 — 3
Task 4 — 4
Task 5 1 2
Task 6 2,3 1
Task 7 4 2
Task 8 5 6
Task 9 5 10
Task 10 6,7 5
Task 11 8,10 3
Task 12 8,10 3
Task 13 12 2

Our objective is to find the schedule of tasks that minimizes the total elapsed time of the project.

a) Draw the event- and task-oriented networks for this problem and formulate the corresponding linear pro-
gram.
b) Solve to find the critical path.

6. The Egserk Catering Company manages a moderate-sized luncheon cafeteria featuring prompt service, delectable
cuisine, and luxurious surroundings. The desired atmosphere requires fresh linen napkins, which must be available
at the start of each day. Normal laundry takes one full day at 1.5 cents per napkin; rapid laundry can be performed
overnight but costs 2.5 cents a napkin. Under usual usage rates, the current napkin supply of 350 is adequate to
permit complete dependence upon the normal laundry; however, the additional usage resulting from a three-day
seminar to begin tomorrow poses a problem. It is known that the napkin requirements for the next three days will
be 300, 325, and 275, in that order. It is now midafternoon and there are 175 fresh napkins, and 175 soiled napkins
ready to be sent to the laundry. It is against the health code to have dirty napkins linger overnight. The cafeteria
will be closed the day after the seminar and, as a result, all soiled napkins on the third day can be sent to normal
laundry and be ready for the next business day.

The caterer wants to plan for the napkin laundering so as to minimize total cost, subject to meeting all his fresh
napkin requirements and complying with the health code.

a) What are the decision variables?

b) Formulate the problem as a linear program.

c) Interpret the resulting model as a network-flow problem. Draw the corresponding network diagram.

d) For the optimal solution, do you expect the dual variable associated with tomorrow’s requirement of 300 to be
positive, zero, or negative, and why?

e) Suppose you could hold over dirty napkins at no charge; how would your formulation change?

7. An automobile association is organizing a series of car races that will last for four days. The organizers know that
rj > 0 special tires in good condition will be required on each of the four successivejdays, 2, 3, 4. They can
meet these needs either by buying new tird® dollars apiece or by reshaping used tires (reshaping is a technique by
which the grooves on the tire are deepened, using a special profile-shaped tool). Two kinds of service are available
for reshaping: normal service, which takes one full daM atollars a tire, and quick service, which takes overnight
at Q dollars a tire. How should the association, which starts out with no special tires, meet the daily requirements
at minimal cost?
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a) Formulate a mathematical model for the above problem. Does it exhibit the characteristics of a network prob-
lem? Why? Hint. Take into account the fact that, at the end of daypome used tires may not be sent to
reshaping.)

b) If the answer to (a) i®o, how can the formulation be manipulated to become a network problem? Draw the
associated networkH{nt. Add a redundant constraint introducing a fictitious node.)

¢) Assume that a tire may be reshaped only once. How does the above model change? Will it still be network
problem?

8. Conway Tractor Company has three plants located in Chicago, Austin (Texas), and Salem (Oregon). Three cus-
tomers located respectively in Tucson (Arizona), Sacramento (California), and Charlestown (West Virginia) have
placed additional orders with Conway Tractor Company for 10, 8, and 10 tractors, respectively. It is customary for
Conway Tractor Company to quote to customers a price dgliseredbasis, and hence the company absorbs the
delivery costs of the tractors. The manufacturing cost does not differ significantly from one plant to another, and
the following tableau shows the delivery costs incurred by the firm.

Destination
Plant |TucsornSacramenttCharlestown
Chicagq 150 200 70
Austin 70 120 80
Salem 80 50 170

The firm is now facing the problem of assigning the extra orders to its plants to minimize delivery costs and
to meet all orders (The Company, over the years, has established a policy of first-class service, and this includes
quick and reliable delivery of all goods ordered). In making the assignment, the company has to take into account
the limited additional manufacturing capacity at its plants in Austin and Salem, of 8 and 10 tractors, respectively.
There are no limits on the additional production capacity at Chicago (as far as these extra orders are concerned).

a) Formulate as a transportation problem.
b) Solve completely.

9. A manufacturer of electronic calculators produces its goods in Dallas, Chicago, and Boston, and maintains regional
warehousing distribution centers in Philadelphia, Atlanta, Cleveland, and Washington, D.C. The company’s staff
has determined that shipping costs are directly proportional to the distances from factory to storage center, as listed
here.

Warehouses

Mileage from: |Philadelphia| Atlanta| Cleveland Washington

Boston 300 1000 500 400
Chicago 500 900 300 600
Dallas 1300 1000 1100 1200

The cost per calculator-mile is $02 and supplies and demands are:

Supply Demand

Boston 1500Philadelphia 2000
Chicago 2500Atlanta 1600
Dallas 4000Cleveland 1200
Washington 3200

a) Use the Vogel approximation method to arrive at an initial feasible solution.
b) Show that the feasible solution determined in (a) is optimal.



10.

11.

12.

13.

Solving the Minimum-Cost Flow Problem 263

¢) Why does the Vogel approximation method perform so well, compared to other methods of finding an initial
feasible solution?
Colonel Cutlass, having just taken command of the brigade, has decided to assign men to his staff based on previous

experience. His list of major staff positions to be filled is adjutant (personnel officer), intelligence officer, operations
officer, supply officer, and training officer. He has five men he feels could occupy these five positions. Below are
their years of experience in the several fields.

Adjutant]| Intelligencel Operations Supply Training
Major Muddle 3 5 6 2 2
Major Whiteside 2 3 5 3 2
Captain Kid 3 — 4 2 2
Captain Klutch 3 — 3 2 2
Lt. Whiz — 3 — 1 —

Who, based on experience, should be placed in which positions to give the greatest total years of experience for all
jobs? Hint. A basis, even if degenerate, is a spanning tree.)
Consider the following linear program:

Minimize z = 3x12 + 2X13 + 5X14 + 2X41 + X23 + 2X24 + 6X42 + 4X34 + 4X43,

subject to:
X12 + X13 + X14 — Xa1 <8,
X12 — X23 — X24 + Xa2 > 4,
X34 — X13 — X23 — X43 <4,
X14 + X34 + Xo4 — X42 — X42 — X43 =5,
all xjj > 0.

a) Show that this is a network problem, stating it in general minimum-cost flow form. Draw the associated network
and give an interpretation to the flow in this network.

b) Find an initial feasible solutionHint. Exploit the triangular property of the basis.)

¢) Show that your initial solution is a spanning tree.

d) Solve completely.

A lot of three identical items is to be sequenced through three machines. Each item must be processed first on

machine 1, then on machine 2, and finally on machine 3. It takes 20 minutes to process one item on machine 1, 12

minutes on machine 2, and 25 minutes on machine 3. The objective is to minimize the total work span to complete

all the items.

a) Write a linear program to achieve our objectivéling. Let xj; be the starting time of processing iténon
machinej. Two items may not occupy the same machine at the same time; also, an item may be processed on
machine(j + 1) only after it has been completed on machijng

b) Cast the model above as a network problem. Draw the associated network and give an interpretation in terms of
flow in networks. Hint. Formulate and interpret the dual problem of the linear program obtained in (a).)

¢) Find an initial feasible solution; solve completely.

A manufacturer of small electronic calculators is working on setting up his production plans for the next six months.

One product is particularly puzzling to him. The orders on hand for the coming season are:

Month |Orders
January| 100
February 150
March 200
April 100
May 200
June 150
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The product will be discontinued after satisfying the June demand. Therefore, there is no need to keep any inventory
after June. The production cost, using regular manpower, is $10 per unit. Producing the calculator on overtime costs
an additional $2 per unit. The inventory-carrying cost issS80per unit per month. If the regular shift production

is limited to 100 units per month and overtime production is limited to an additional 75 units per month, what

is the optimal production schedule™i(t. Treat regular and overtime capacities as sources of supply for each
month.)

Ships are available at three ports of origin and need to be sent to four ports of destination. The number of ships

available at each origin, the number required at each destination, and the sailing times are given in the tableau below.
Our objective is to minimize the total number of sailing days.

Destination Number of ships
Origin 1 2 3 4 || available
1 5 4 3 2 | 5
2 10 8 4 7 5
3 9 9 8 4 5
Number of ships
required 1 4 4 6 15

a) Find an initial basic feasible solution.

b) Show that your initial basis is a spanning tree.

¢) Find aninitial basic feasible solution using the other two methods presented in the text. Solve completely, starting
from the three initial solutions found in parts (a) and (c). Compare how close these solutions were to the optimal
one.

d) Which of the dual variables may be chosen arbitrarily, and why?

e) Give an economic interpretation of the optimal simplex multipliers associated with the origins and destinations.

A distributing company has two major customers and three supply sources. The corresponding unit from each
supply center to each customer is given in the following table, together with the total customer requirements and
supply availabilities.

Custome )
Available
Supply centerl 2 |[supplies
1 -1 3 300
2 1| 6 400
3 1] 5 900
Customer
requirements800| 500

Note that Customer 1 has strong preferences for Supplier 1 AND will be willing not only to absorb all the trans-
portation costs but also to pay a premium price of $1 per unit of product coming from Supplier 1.

a) The top management of the distributing company feels it is obvious that Supply Center 1 should send all its
available products to Customer 1. Is this necessarily $tiit.( Obtain the least-cost solution to the problem.
Explore whether alternative optimal solutions exist where not all the 300 units available in Supply Center 1 are
assigned to Customer 1.)

b) Assume Customer 2 is located in an area where all shipments will be subject to taxes defined as a percentage of
the unit cost of a product. Will this tax affect the optimal solution of part (a)?

c¢) Ignore part (b). What will be the optimal solution to the original problem if Supply Center 1 increases its product
availability from 300 units to 400 units?

After solving a transportation problem with positive shipping cogtslong all arcs, we increase the supply at
one source and the requirement at one destination in a manner that will maintain equality of total supply and total
demand.
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a) Would you expect the shipping cost in the modified problem with a larger total shipment of goods to be higher
than the optimal shipping plan from the original problem?
b) Solve the following transportation problem:

Unit shipping costs to destinatiops
Source D1|D2 D3 Supplies
S1 4|2 4 15
S2 12| 8 4 15
Requirementsl0| 10 10

¢) Increase the supply at source S1 by 1 unit and the demand at demand@@rigrl unit, and re-solve the
problem. Has the cost of the optimal shipping plan decreased? Explain this behavior.

17. Consider a very elementary transportation problem with only two origins and two destinations. The supplies,
demands, and shipping costs per unit are given in the following tableau.

Units
DI D2 supplied
S1 5 2 20
S2 8 | 4 80
Units
demanded 50 50

Since the total number of units supplied equals the total number of units demanded, the problem may be formulated
with equality constraints. An optimal solution to the problem is:

X11 = 20, X12 =0, X21 = 30, X22 = 50;

and a corresponding set of shadow prices on the nodes is:
Ys1 = 4, Ys2 =0, Ya1 =1, Ya2 = 4.

a) Why is the least expensive route not used?

b) Are the optimal values of the decision variables unique?

c) Are the optimal values of the shadow prices unique?

d) Determine the ranges on the righthand-side values, changed one at a time, for which the basis remains un-
changed.

e) What happens when the ranges determined in (d) are exceeded by some small amount?

18. Consider a transportation problem identical to the one given in Exercise 17. One way the model may be formulated
is as a linear program with inequality constraints. The formulation and solution are given below.

X11 X12 X34 X5s Relation RHS
Supply 1 1 1 0 0 < 20 -3
Supply 2 0 0 1 1 < 80 0| Shadow
Demand 1 1 0 1 0 = 50 8 [ prices
Demand 2 0 1 0 1 = 50 4
Costs 5 2 8 4 = z (min)

20 0 30 50

Solution

For this formulation of the model:
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a) Are the optimal values of the shadow prices unique?

b) Determine the ranges on the righthand-side values, changed one at a time, for which the basis remains un-
changed.

¢) Reconcile the results of (b) with those obtained in Exercise 17.

Suppose that there are three supplfrsS, and S in a distribution system that can supply 5, 5, and 6 units,
respectively, of the company’s good. The distribution system contains five demand centers, that require 2, 2, 4, 4,
and 3 units each of the good. The transportation costs, in dollars per unit, are as follows:

< T
N D [ D] Ds| D[ D

| S | 2 1 2 3 3
s, | 2 ) D L | e
| s, | 3 3 2 1 2 |
L

a) Compute an optimum shipping schedule. Is the optimal solution unique?

b) Find the range over which the cost of transportation frto D3z can vary while maintaining the optimal basis
found in part (a).

¢) To investigate the sensitivity of the solution to this problem, we might consider what happens if the amount
supplied from anynesupplier and the amount demanded by angdemand center were both increased. Is
it possible for the total shipping costs to decrease by increasing the supply and the demand for any particular
choice of supply and demand centers? Establish a limit on these increases as specific pairs of supply and demand
centers are selected.

d) A landslide has occurred on the route fr@nto Ds. If you bribe the state highway crew with $10, they will
clear the slide. If not, the route will remain closed. Should you pay the bribe?

An oil company has three oil fields and five refineries. The production and transportation costs from each oil field
each refinery, in dollars per barrel, are given in the table below:

Refineries
Oilfield |R1|R2|R3|R4|R5||Availability
OF1 5(3|3|3]|7 4
OF2 514|14|2|1 6
OF3 514(2|6]|2 7
Requirements2 [ 2 |3 | 4 | 4

The corresponding production capacity of each field and requirements of each refimaijioims of barrelsper
week, are also given.

a) What is the optimum weekly production program? Parts (b), (c), and (d) are independent, each giving modifica-
tions to part (a).

b) Suppose that field OF1 has workedder capacity so far, and that its production increases by one unit (i.e.,
1 million barrels). What is the new optimal production plan? Has the optimal basis changed? How does the
objective function change? What is the range within which the production of field OF1 may vary?

¢) Because of pipeline restrictions, it is impossible to send more than 1 million barrels from OF2 to R5. How would
you have formulated the problem if it has been stated in this form from the very beginmiig? Decompose
R5 into two destinations: one with a requirement of one unit (i.e., 1 million barrels), the other with a requirement
of three. Prohibit the route from OF2 to the second destination of R5.) Change the optimum solution in (a) to
find the new optimum program.
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d) Suppose that fields OF1, OF2, and OF3 have additional overtime capacities of 1, 1, and 1.5 units, respectively
(thatis, 1, 1, and 1.5 million barrels, respectively). This causes an increase in the corresponding production costs
of 0.5, 1.5, and 2 dollars per barrel, respectively. Also assume that the refinery requirements are increased by
one million barrels at each refinery and that there is no convenient route to ship oil from field OF2 to refinery
R3. What is the optimum program?

21. Consider the following transshipment problem where goods are shipped from two plants to either a warehouse or
two distribution centers and then on to the two end markets.

Distribution
Plants Warehouse centers Markets

The production rates in units per month are 250 and 450 for plants 1 and 2, respectively. The demands of the two
markets occur at rates 200 and 500 units per month. The costs of shipping one unit over a particular route is shown
adjacent to the appropriate arc in the network.

a) Redraw the above transshipment network as a network consisting of only origins and destinations, by replacing
all intermediate nodes by two nodes, an origin and destination, connected by an arc, from the destination back
to the origin, whose cost is zero.

b) The network in (a) is a transportation problem except that a backwards arc, witRjfldwom newly created
destination to its corresponding newly created source, is required. Convert this to a transportation network by
substitutingx|;, = B — xii. How do you choose a value for the constart

c) Certain arcs are inadmissible in the original transshipment formulation; how can these be handled in the refor-
mulated transportation problem?

d) Interpret the linear-programming tableau of the original transshipment network and that of the reformulated
transportation network.

e) Can any transshipment problem be transformed into an equivalent transportation problem?

22. Consider the following minimum-cost flow model:

(6, $5.5)

(5, $6.1) (5, $3)

® —>() (-8)

(4, $4.4) (4, $3.2)

We wish to send eight units from node 1 to node 5 at minimum cost. The numbers next to the arcs indicate
upper bounds for the flow on an arc and the cost per unit of flow. The following solution has been proposed, where
the numbers next to the arcs are flows.
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(8} —> e (-8)

The total cost of the proposed solution is $66

a) Is the proposed solution a feasible solution? Is it a basic feasible solution? Why?

b) How can the proposed solution be modified to constitute a basic feasible solution?

c) Determine multipliers on the nodes associated with the basic feasible solution given in (b). Are these multipliers
unique?

d) Show that the basic feasible solution determine in (b) is not optimal.

e) What is the next basis suggested by the reduced costs? What eakigmf the new basic variables? Nonbasic
variables?

For the minimum-cost flow model given in Exercise 22, suppose that the spanning tree indicated by the solid lines
in the following network, along with the dash—dot arcs at their upper bounds, has been proposed as a solution:

a) What are the flows on the arcs corresponding to this solution?
b) Determine a set of shadow prices for the nodes.

¢) Show that this solution is optimal.

d) Is the optimal solution unique?

For the minimum-cost flow model given in Exercise 22, with the optimal soldgébermined in Exercise 2answer
the following questions.

a) For each nonbasic variable, determine the range on its objective-function coefficient so that the current basis
remains optimal.

b) For each basic variable, determine the range on its objective-function coefficient so that the current basis remains
optimal.

c) Determine the range on each righthand-side value so that the basis remains unchanged.

d) In question (c), the righthand-side ranges are all tight, in the sense that any change in one righthand-side value
by itselfwill apparently change the basis. What is happening?

The following model represents a simple situation of buying and selling of a seasonal product for profit:

T T

Maximizez = —Z PeX¢ + ZStYI»
t=1 t=1



Solving the Minimum-Cost Flow Problem

269

26.

subject to:
t
I+ Xj—y) <C  (t=12..T),
j=1
y1 <1,
Y2 < I+ (X1 —y),
y3 < | + (X1 —y1) + (X2 — Y2),
t—1
< +Y (- (t=45..T),
j=1
X >0 y% >0 fort=12,...,T.

In this formulation, the decision variablgsandy; denote, respectively, the amount of the product purchased and
sold, in time period. The given data is:

pt = per unit purchase price in period

& = per unit selling price in period

I = amount of the product on hand initially,

C = capacity for storing the product in any period.

The constraints state (i) that the amount of the product on hand at the end of any period cannot exceed the storage
capacityC, and (ii) that the amount of the product sold at the beginning of pergahnot exceed its availability
from previous periods.

a) Let
t t—1
UJtZC—|—Z(Xj—yj) and Zt:|+Z(Xj—yJ')—yt,
j=1 j=1
denote slack variables for the constraints (with= | — y;). Show that the given model is equivalent to the
formulation on page 363.
b) State the dual to the problem formulation in part (a), lettinglenote the dual variable for the constraint;,
andv;j denote the dual variable for the constraint containing
¢) Into what class of problems does this model fall? Determine the nature of the solutibn=oi3.

A setofwords (forexample, ace, bc, dab, dfg, fe) isto be transmitted as messages. We want to investigate the possibil-
ity of representing each word by one of the letiarthe wordsuch that the words will be represented uniquely. If such
arepresentation is possible, we can transmit a single letter instead of a complete word for a message we want to send.

a) Using as few constraints and variables as possible, formulate the possibility of transmitting letters to represent
words as the solution to a mathematical program. Is there anything special about the structure of this program
that facilitates discovery of a solution?

b) Suppose that you have a computer code that computes the solution to the following transportation problem:

Minimize z = Z Zzij Xij,
i

subject to:
n
inj = & i=12...,n),
j=1
m
inj = bj (j=212...,m),
i=1

and requires that:
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0] a, bj, g; >0 and integer (i =1,2,....m; j=12,...,n),
m n

(i) doa=) b
i=1 j=1

T T
Maximizez = — Z Pt Xt + Zstyt,
t=1 t=1
subject to:
X1 -\ + w1 =C-1,

X2 D7) — w1 + w2 =0,
X3 — Y3 - w2 + w3 =0
X7 - yr —wr-1 t+wy =0,
y1 T =1
- X1 + Y2 -1+ 2 =0,
— X2 + V3 — 722+ 73 =0,
— X1 +y7 —z7-1 + 21 =0,

X >0,y >0,w; >0,z >0fort=1,...,T.

How would you use this code to solve the problem posed in (a)? Answer the question in general, and use the
specific problem defined above as an illustration.

27. The Defense Communications Agency is responsible for operating and maintaining a world-wide communications
system. It thinks of costs as being proportional to the “message units” transmitted in one direction over a particular
link in the system. Hence, under normal operating conditions it faces the following minimum-cost flow problem:

Minimize z = chijxij,
i

subject to:
inj —ZxkiZbi i=12....n),
j k
0 < xij < uij,
Gj = costper message unit over ligk— j).
b, = message units generated (or received) at station
where _ .
ujj = upper bound on number of message units that can be

transmitted over linKi — j).
Suppose that the agency has been given a buddatdafilars to spend on increasing the capacity of any link in
the system. The price for increasing capacity on link- j) is pjj.

a) Formulate alinear program (not necessarily a network) with@nly 1) constraints, that will minimize operating
costs subject to this budget constraitdint. You must allow for investing in additional capacity for each link.)

b) How can the “near” network model formulated in (a) be analyzed by network-programming technidiies? (
How could parametric programming be used?)

28. The general minimum-cost flow problem is given as follows:

Minimize z = ZZCinij,
i
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subject to:

ZX”‘ —Zxki:bi i=12...,n),
i k

Lij < Xij =< Uij.

a) Assuming that the lower bounds on the variables are all finite, thig is; —oo, show that any problem of this
form can be converted to a transportation problem with lower bounds on the variables of zero and nonnegative,
or infinite, upper bounds Hint. Refer to Exercise 22.)

b) Comment on the efficiency of solving minimum-cost flow problems by a bounded-variables transportation
method, versus the simplex method for general networks.

One difficulty with solving the general minimum-cost flow problem with upper and lower bounds on the variables
lies in determining an initial basic feasible solution. Show that an initial basic feasible solution to this problem
can be determined by solving an appropriate maximum-flow probléfimtg (1) Make a variable substitution to
eliminate the nonzero lower bounds on the variables. (2) Form a “super source,” connected to all the source nodes,
and a “super sink,” connected to all the sink nodes, and maximize the flow from super sink to super source.)
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9

The linear-programming models that have been discussed thus far all haveobéenousin the sense that
decision variables are allowed to be fractional. Often this is a realistic assumption. For instance, we might
easily produce 10?gallons of a divisible good such as wine. It also might be reasonable to accept a solution
giving an hourly production of automobiles at%SB the model were based upon average hourly production,
and the production had the interpretatiorpedduction rates

At other times, however, fractional solutions are not realistic, and we must consider the optimization
problem:

n
Maximize » " cjX;j,
j=1
subject to:

n
Za”xj:bi i=12...,m),
=1

Xj >0 (j=212,...,n),
Xj integer (forsomeorallj =1,2,...,n).

This problem is called the (lineainteger-programming problenit is said to be anixedinteger program
when some, but not all, variables are restricted to be integer, and is cqllee mteger program wheall
decision variables must be integers. As we saw in the preceding chapter, if the constraints are of a network
nature, then an integer solution can be obtained by ignoring the integrality restrictions and solving the resulting
linear program. In general, though, variables will be fractional in the linear-programming solution, and further
measures must be taken to determine the integer-programming solution.

The purpose of this chapter is twofold. First, we will discuss integer-programming formulations. This
should provide insight into the scope of integer-programming applications and give some indication of
why many practitioners feel that the integer-programming model is one of the most important models in
management science. Second, we consider basic approaches that have been developed for solving integer
and mixed-integer programming problems.

9.1 SOME INTEGER-PROGRAMMING MODELS

Integer-programming models arise in practically every area of application of mathematical programming. To
develop a preliminary appreciation for the importance of these models, we introduce, in this section, three
areas where integer programming has played an important role in supporting managerial decisions. We do
not provide the most intricate available formulations in each case, but rather give basic models and suggest
possible extensions.

272
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Capital Budgeting In a typical capital-budgeting problem, decisions involve the selection of a number of
potential investments. The investment decisions might be to choose among possible plant locations, to select
a configuration of capital equipment, or to settle upon a set of research-and-development projects. Often it
makes no sense to consider partial investments in these activities, and so the problem begmmesgn

integer program, where the decision variables are taken xg be0 or 1, indicating that the¢th investment

is rejected or accepted. Assuming thats the contribution resulting from thgth investment and tha; is

the amount of resourde such as cash or manpower, used on jttieinvestment, we can state the problem
formally as:

n
Maximize » " ¢jXj,
=1

subject to:
n
Zainjfbi i=12....,m),
j=1

Xj=0 or 1 (j=212,...,n).

The objective is to maximize total contribution from all investments without exceeding the limited availability
b; of any resource.
One important special scenario for the capital-budgeting problem involves cash-flow constraints. In this
case, the constraints ]
Zai iXi <bj
j:l

reflect incremental cash balance in each period. The coefficigntepresent the net cash flow from in-
vestmentj in periodi. If the investment requires additional cash in penodhena;; > 0, while if the
investmenigeneratesash in period, thenaj; < 0. The righthand-side coefficients represent the incre-
mental exogenous cash flows. If additional funds are made available in peti@hb; > 0, while if funds
are withdrawn in periodl, thenb; < 0. These constraints state that the funds required for investment must
be less than or equal to the funds generated from prior investments plus exogenous funds made available (or
minusexogenous funds withdrawn).

The capital-budgeting model can be made much richer by including logical considerations. Suppose, for
example, that investment in a new product line is contingent upon previous investment in a new plant. This
contingencys modeled simply by the constraint

Xj > Xi,

which states that ik; = 1 and project (new product development) is accepted, then necessagriy 1 and
projectj (construction of a new plant) must be accepted. Another example of this nature concerns conflicting
projects. The constraint

X1+ X2+ X3+ x4 <1,

for example, states that only one of the first four investments can be accepted. Constraints like this commonly
are calledmultiple-choice constraintsBy combining these logical constraints, the model can incorporate
many complex interactions between projects, in addition to issues of resource allocation.

The simplest of all capital-budgeting models has just one resource constraint, but has attracted much
attention in the management-science literature. It is stated as:

n
Maximize » " cjxj.
i=1
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subject to:

n
Zanj < b,
j=1
Xj=0 or 1 (j=2L12,...,n).

Usually, this problem is called the O-Khapsackproblem, since it is analogous to a situation in which a

hiker must decide which goods to include on his trip. Hgres the “value” or utility of including goodj,

which weighsa; > 0 pounds; the objective is to maximize the “pleasure of the trip,” subject to the weight
limitation that the hiker can carry no more thlapounds. The model is altered somewhat by allowing more

than one unit of any good to be taken, by writing> 0 andx;-integer in place of the 0-1 restrictions on

the variables. The knapsack model is important because a number of integer programs can be shown to be
equivalent to it, and further, because solution procedures for knapsack models have motivated procedures for
solving general integer programs.

Warehouse Location In modeling distribution systems, decisions must be made about tradeoffs between
transportation costs and costs for operating distribution centers. As an example, suppose that a manager must
decide which oh warehouses to use for meeting the demands ofistomers for a good. The decisions to

be made are which warehouses to operate and how much to ship from any warehouse to any customer. Let

)1 if warehouse is opened
i = 0 if warehouseé is not opened

Xij = Amount to be sent from warehouséo customer;.

The relevant costs are:

fi = Fixed operating cost for warehouiséfopened (for example, a cost to
lease the warehouse),

cij = Per-unit operating cost at warehougglus the transportation cost for
shipping from warehouseto customerj.

There are two types of constraints for the model:

i) the demanadi; of each customer must be filled from the warehouses; and
i) goods can be shipped from a warehouse only if it is opened.

The model is:
m n m
Minimize Y~ "cjxij + > _ fiyi, (1)
i=1j=1 i=1
subject to:
m
> X =dj (=12...,n), )
i=1
n n
doxij-w (> dj] <o (i=1,2...,m), (3)
j=1 j=1

i=12....m j=12,...,n),
i=12,...,m).
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The objective function incorporates transportation and variable warehousing costs, in addition to fixed
costs for operating warehouses. The constraints (2) indicate that each customer’'s demand must be met. The
summation over the shipment variabigsin theith constraint of (3) is the amount of the good shipped from
warehouse. When the warehouse is not opengd,= 0 and the constraint specifies that nothing can be
shipped from the warehouse. On the other hand, when the warehouse is openpgd=ahdthe constraint
simply states that the amount to be shipped from warehiooae be no larger than the total demand, which
is always true. Consequently, constraints (3) imply restriction (ii) as proposed above.

Although oversimplified, this model forms the core for sophisticated and realistic distribution models
incorporating such features as:
multi-echelon distribution systems from plant to warehouse to customer;
capacity constraints on both plant production and warehouse throughput;
economies of scale in transportation and operating costs;
service considerations such as maximum distribution time from warehouses to customers;
multiple products; or
conditions preventing splitting of orders (in the model above, the demand for any customer can be supplied
from several warehouses).

These features can be included in the model by changing it in several ways. For example, warehouse
capacities are incorporated by replacing the term involyinop constraint (3) withy; K, whereK; is the
throughput capacity of warehousemulti-echelon distribution may require triple-subscripted variakigs
denoting the amount to be shipped, from plat customek through warehousg. Further examples of
how the simple warehousing model described here can be modified to incorporate the remaining features
mentioned in this list are given in the exercises at the end of the chapter.

oOgswWNE

Scheduling The entire class of problems referred to as sequencing, scheduling, and routing are inherently
integer programs. Consider, for example, the scheduling of students, faculty, and classrooms in such a way
that the number of students who cannot take their first choice of classes is minimized. There are constraints on
the number and size of classrooms available at any one time, the availability of faculty members at particular
times, and the preferences of the students for particular schedules. Clearly, thémsthdents scheduled

for the jth class during thenth time period omot, hence, such a variable is either zero or one. Other
examples of this class of problems include line-balancing, critical-path scheduling with resource constraints,
and vehicle dispatching.

As a specific example, consider the scheduling of airline flight personnel. The airline has a number of
routing “legs” to be flown, such as 10 A.M. New York to Chicago, or 6 P.M.Chicago to Los Angeles. The
airline must schedule its personnel crews on routes to cover these flights. One crew, for example, might be
scheduled to fly a route containing the two legs just mentioned. The decision variables, then, specify the
scheduling of the crews to routes:

i 1 if a crew is assigned to roufe
=10 otherwise
Let
N i iflegi is included on routg,
4 =o otherwise
and

cj = Cost for assigning a crew to roufe

The coefficientsy; define the acceptable combinations of legs and routes, taking into account such charac-
teristics as sequencing of legs for making connections between flights and for including in the routes ground
time for maintenance. Then model becomes:

Minimize " ¢jX;.
=1
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subject to:

n
> ajx =1 (i=12...,m, (4)
j=1

Xj =0 or 1 (j=212,...,n).

Theith constraint requires that one crew must be assigned on a route to iflyAegalternative formulation
permits a crew to ride as passengers on a leg. Then the constraints (4) become:

n
Za,-jszl (i=212...,m). (5)
=1

If, for example,
n
Z aijXj =3,
j=1

then two crews fly as passengers on leg 1, possibly to make connections to other legs to which they have been
assigned for duty.

These airline-crew scheduling models arise in many other settings, such as vehicle delivery problems,
political districting, and computer data processing. Often model (4) is cafletdgartitioning problemsince
the set of legs will be divided, or partitioned, among the various crews. With constraints (5), it is called a
set-covering problepsince the crews then will cover the set of legs.

Another scheduling example is the so-caltealveling salesman problemStarting from his home, a
salesman wishes to visit each(of— 1) other cities and return home at minimal cost. He must visit each city
exactly once and it costs; to travel from cityi to city j. What route should he select? If we let

1 if he goes from city to city |,
Xij = .
0 otherwise

we may be tempted to formulate his problem as the assignment problem:
n n
Minimize Y "% Gjx;j.
i=1j=1

subject to:

n
Yoxj=1 (j=12...n)
i=1

n
quzl i=12...,n),
j=1

Xj =0 (i=12...nmj=12..,n

The constraints require that the salesman must enter and leave each city exactly once. Unfortunately, the
assignment model can lead to infeasible solutions. It is possible in a six-city problem, for example, for the
assignment solution to route the salesman through two disjoint subtours of the cities instead of on a single
trip or tour. (See Fig. 9.1.)

Consequently, additional constraints must be included in order to eliminate subtour solutions. There are
a number of ways to accomplish this. In this example, we can avoid the subtour solution of Fig. 9.1 by
including the constraint:

X14 + X15 + X16 + X24 + X25 + X26 + X34 + X35 + X36 > 1.



9.2 Formulating Integer Programs 277

Figure 9.1 Disjoint subtours.

This inequality ensures that at least one leg of the tour connects cities 1, 2, and 3 with cities 4, 5, and 6. In
general, if a constraint of this form is included for each way in which the cities can be divided into two groups,
then subtours will be eliminated. The problem with this and related approaches is that citids, (2" — 1)
constraints of this nature must be added, so that the formulation becomes a very large integer-programming
problem. For this reason the traveling salesman problem generally is regarded as difficult when there are
many cities.

The traveling salesman model is used as a central component of many vehicular routing and scheduling
models. It also arises in production scheduling. For example, suppose that we wish to s€équerige
jobs on a single machine, and thgt is the cost for setting up the machine for jppgiven that jobi has
just been completed. What scheduling sequence for the jobs gives the lowest total setup costs? The problem
can be interpreted as a traveling salesman problem, in which the “salesman” corresponds to the machine
which must “visit” or perform each of the jobs. “Home” is the initial setup of the machine, and, in some
applications, the machine will have to be returned to this initial setup after completing all of the jobs. That
is, the “salesman’ must return to “home” after visiting the “cities.”

9.2 FORMULATING INTEGER PROGRAMS

The illustrations in the previous section not only have indicated specific integer-programming applications,
but also have suggested how integer variables can be used to provide broad modeling capabilities beyond those
available in linear programming. In many applications, integrality restrictions reflect natural indivisibilities

of the problem under study. For example, when deciding how many nuclear aircraft carriers to have in the
U.S. Navy, fractional solutions clearly are meaningless, since the optimal number is on the order of one or
two. In these situations, the decision variables are inherently integral by the nature of the decision-making
problem.

This is not necessarily the case in every integer-programming application, as illustrated by the capital-
budgeting and the warehouse-location models from the last section. In these models, integer variables arise
from (i) logical conditions, such a$ a new product is developethena new plant must be constructed,
and from (ii) non-linearities such as fixed costs for opening a warehouse. Considerations of this nature
are so important for modeling that we devote this section to analyzing and consolidating specific integer-
programming formulation techniques, which can be used as tools for a broad range of applications.

Binary (0-1) Variables

Suppose that we are to determine whether or not to engage in the following activities: (i) to build a new plant,
(ii) to undertake an advertising campaign, or (iii) to develop a new product. In each case, we must make a
yes—noor so-callecgo—no—gadecision. These choices are modeled easily by lekjng 1 if we engage in
the jth activity andx; = O otherwise. Variables that are restricted to 0 or 1 in this way are tehinedy,
bivalent logical, or 0-1 variables Binary variables are of great importance because they occur regularly in
many model formulations, particularly in problems addressing long-range and high-cost strategic decisions
associated with capital-investment planning.

If, further, management had decided thatmost oneof the above three activities can be pursued, the
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following constraint is appropriate: 2
ZXJ' <1
j=1

As we have indicated in the capital-budgeting example in the previous section, this restriction usually is
referred to as anultiple-choiceconstraint, since it limits our choice of investments toalbenost oneof the
three available alternatives.

Binary variables are useful whenever variables can assume one of two values, as in batch processing. For
example, suppose that a drug manufacturer must decide whether or not to use a fermentation tank. If he uses
the tank, the processing technology requires that he rBalmits. Thus, his productiog must be 0 o1B,
and the problem can be modeled with the binary variable- 0 or 1 by substitutindx; for y everywhere
in the model.

Logical Constraints

Frequently, problem settings impose logical constraints on the decision variables (like timing restrictions,
contingencies, or conflicting alternatives), which lend themselves to integer-programming formulations. The
following discussion reviews the most important instances of these logical relationships.

Constraint Feasibility

Possibly the simplest logical question that can be asked in mathematical programming is whether a given
choice of the decision variables satisfies a constraint. More precigady)is the general constraint

f(X1, %2,...., X)) <b (6)
satisfied?
We introduce a binary variablewith the interpretation:
_]0 if the constraint is known to be satisfied
y= 1 otherwise
and write
f(xl,XZ,---aXn)_BySb, (7)

where the constarB is chosen to be large enough so that the constraint always is satisfied If, that is,

f(X]_, X25--'7Xn) S b+ B’
for every possible choice of the decision variablesxo, . . ., X, at our disposal. Whenevgr= 0 gives a
feasible solution to constraint (7), we know that constraint (6) must be satisfied. In practice, it is usually very
easy to determine a large number to servB aalthough generally it is best to use the smallest possible value
of B in order to avoid numerical difficulties during computations.
Alternative Constraints
Consider a situation with thalternativeconstraints:

f1(X1, X2, ..., Xn) < by,

At least one, but not necessarily both, of these constraints must be satisfied. This restriction can be modeled
by combining the technique just introduced with a multiple-choice constraint as follows:

fl(le XZv L) Xn) - Blyl S bla
fa(X1, X2, ..., Xn) — B2y2 < by,
yi+y2=<1,

y1, Y2 binary.
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The variablesy; andy, and constant8; and B, are chosen as above to indicate when the constraints are
satisfied. The multiple-choice constraint+ y, < 1 implies that at least one variabyg equals 0, so that,
as required, at least one constraint must be satisfied.

We can save one integer variable in this formulation by noting that the multiple-choice constraint can be
replaced byy; + y» = 1, ory, = 1 — vy, since this constraint also implies that eitlygror y» equals 0. The
resulting formulation is given by:

fl(xlv X2’ LRI Xn) - Blyl S b17
fo(X1, X2, ..., Xn) — B2(1—y1) < by,
yi=0 or 1

As an illustration of this technique, consider again the custom-molder example from Chapter 1. That
example included the constraint

6X1 + 5%2 < 60, (8)

which represented the production capacity for produgirtiundred cases of six-ounce glasses@aaindred
cases of ten-ounce glasses. Suppose that there were an alternative production process that could be used,
having the capacity constraint

4x1 + 5x2 < 50. (9)

Then the decision variableg andx, must satisfyeither(8) or (9), depending upon which production process
is selected. The integer-programming formulation replaces (8) and (9) with the constraints:

6X1 + 5x2 — 100y < 60,
4x1 4+ 5% — 100(1 — y) < 50,

y=0 or 1

In this case, botlB; andB; are set to 100, which is large enough so that the constraint is not limiting for the
production processot used.

Conditional Constraints
These constraints have the form:

f1(X1, X2, ..., Xn) > by implies thatfo(xq, X2, ..., Xn) < bo.
Since this implication is not satisfiedonly when both fi(x1, X2, ..., Xn) > by and
fa(x1, X2, ..., Xn) > by, the conditional constraint is logically equivalent to the alternative constraints
fa(X1, X2, ..., Xn) < by and/or fa(xg, X2, ..., Xn) < b2,

whereat least onemust be satisfied. Hence, this situation can be modeled by alternative constraints as
indicated above.

k-Fold Alternatives
Suppose that we must satisfy at lelastf the constraints:

fi(xe, X2, ..., xn) =bj (j=1.2,....p).

Forexample, these restrictions may correspond to manpower constraipsfi@ntial inspection systems
for quality control in a production process. If management has decided to adopt &tilesgstction systems,
then thek constraints specifying the manpower restrictions for these systems must be satisfied, and the
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remaining constraints can be ignored. Assuming Byator j = 1,2, ..., p, are chosen so that the ignored
constraints will not be binding, the general problem can be formulated as follows:

fj(X1, X2, ..., Xn) = Bj(1 = Yyj) < b; (j=212,...,p),

p
>y =k,
j=1

yj =0 or 1 (j=L12,...,p.

That is,yj = 1 if the jth constraint is to be satisfied, and at leasif the constraints must be satisfied. If
we definey} = 1 —yj, and substitute foy; in these constraints, the form of the resulting constraints is
analogous to that given previously for modeling alternative constraints.

Compound Alternatives

The feasible region shown in Fig. 9.2 consists of three disjoint regions, each specified by a system of
inequalities. The feasible region is defined by alternative sets of constraints, and can be modeled by the
system:

fi(X1, X2) — Biyr < bz Region 1
fa(X1, X2) — Boy1 < by constraints

f3(X1, X2) — B3y2 < b3 Region 2
fa(X1, X2) — Bay2 < by constraints

f5(X1, X2) — Bsysz < bs
fe(X1, X2) — Bgys < be
f7(X1, X2) — Brys < by

Region 3
constraints

Yi+ Y2+ Y3 <2,
X1>0, x>0,

Y1, Y2, y3 binary.
Note that we use the same binary variapjefor eachconstraint defining one of the regions, and that the

X

f2 by

Figure 9.2 An example of compound alternatives.
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Feasible region
for constraint 2

Feasible region
for constraint 1

e :
\ f1< by

Figure 9.3 Geometry of alternative constraints.
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constrainty; + y» + y3 < 2implies that the decision variablgsandx; lie in at least oneof the required
regions. Thus, for example, g = 0, then each of the constraints

fs(X1, X2) < bs, fg(X1,X2) <bs, and fz(xq1,x2) < by

is satisfied.
The regions do not have to be disjoint before we can apply this technique. Even the simple alternative
constraint
fi(xa, x2) < b1 or fa(xy, x2) < by

shown in Fig. 9.3 contains overlapping regions.

Representing Nonlinear Functions

Nonlinear functions can be represented by integer-programming formulations. Let us analyze the most useful
representations of this type.

i) Fixed Costs
Frequently, the objective function for a minimization problem contains fixed costs (preliminary design costs,
fixed investment costs, fixed contracts, and so forth). For example, the cost of proguriitg of a specific
product might consist of a fixed cost of setting up the equipment and a variable cost per unit produced on the
equipment. An example of this type of cost is given in Fig. 9.4.

Assume that the equipment has a capaciti ohits. Definey to be a binary variable that indicates when
the fixed cost is incurred, so thgt= 1 whenx > 0 andy = 0 whenx = 0. Then the contribution to cost
due tox may be written as

Ky + cx,

with the constraints:
X < By,
X > 0,
y=0 or 1

As required, these constraints imply that= 0 when the fixed cost is not incurred, i.e., whes= 0. The
constraints themselves do not imply that= 0 if x = 0. But whenx = 0, the minimization will clearly
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Cost

K+ cx 0 if x=0
Cost =
K+ex ifx>0
K
X
Figure 9.4 A fixed cost.
f (x)
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Expansion (1000 items/year)

Figure 9.5 Modeling a piecewise linear curve.

selecty = 0, so that the fixed cost is not incurred. Finally, observe that=f 1, then the added constraint
becomes< < B, which reflects the capacity limit on the production equipment.

ii) Piecewise Linear Representation
Another type of nonlinear function that can be represented by integer variables is a piecewise linear curve.
Figure 9.5 illustrates a cost curve for plant expansion that contains three linear segments with variable costs
of 5, 1, and 3 million dollars per 1000 items of expansion.

To model the cost curve, we express any valug ak the sum of three variablésg, &>, 83, so that the
cost for each of these variables is linear. Hence,

X =681+ 82 + 83,
where

0<é1 <4
0<8,<86, (10)
0<483<5;

and the total variable cost is given by:
Cost= 51 + 82 + 383.
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Note that we have defined the variables so that:

81 corresponds to the amount by whiglexceeds 0, but is less than or equal to 4;
82 is the amount by whicl exceeds 4, but is less than or equal to 10; and

83 is the amount by whicl exceeds 10, but is less than or equal to 15.

If this interpretation is to be valid, we must also require that= 4 whenevers; > 0 and thats, = 6
wheneverss > 0. Otherwise, whe = 2, say, the cost would be minimized by selecthag= 63 = 0 and
82 = 2, since the variablé, has the smallest variable cost. However, these restrictions on the variables are
simply conditional constraints and can be modeled by introducing binary variables, as before.

If we let

_ if 81 is at its upper bound
Y1710 otherwise

i if §2 is at its upper bound
Y2=10 otherwise

then constraints (10) can be replaced by

4wy < 61 < 4,
6wy < 87 < Bwy,
0 < 63 < Bwo, (11)

w1 and w2 binary,

to ensure that the proper conditional constraints hold. Note thati 0, thenw, = 0, to maintain feasibility
for the constraint imposed updp, and (11) reduces to

0<d81 <4, 6,=0 and 63=0.
If wy =1 andw, = 0, then (11) reduces to
51=4, 0<4<6, and 53=0.
Finally, if wy = 1 andw, = 1, then (11) reduces to
51=4, 82=6 and 0<é3<5.
Hence, we observe that there are three feasible combinations for the valueard w-:

w1 =0, wz2=0 correspondingto®& x <4 sinces, =483 =0;
w1 =1 w2=0 correspondingto 4 x <10 sinced; =4 andsz = 0;

and
w1 =1 wp2=1 correspondingto 1& x <15 since’; = 4 ands> = 6.

The same general technigue can be applied to piecewise linear curves with any number of segments. The
general constraint imposed upon the variahléor the jth segment will read:

Liwj =éj = Ljwj-1,

wherelL j is the length of the segment.
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Figure 9.6 Diseconomies of scale.

iii) Diseconomies of Scale
Animportant special case for representing nonlinear functions arises when only diseconomies of scale apply—
that is, when marginal costs are increasing for a minimization problem or marginal returns are decreasing
for a maximization problem. Suppose that the expansion cost in the previous example now is specified by
Fig. 9.6.

In this case, the cost is represented by

Cost = §1 + 362 + 663,
subject only to the linear constraints without integer variables,

0<é1<4
0 <2 <6,
0<é3<5b.

The conditional constraints involving binary variables in the previous formulation can be ignored if the
cost curve appears in a minimization objective function, since the coefficiebts 65, andss imply that it
is always best to séy = 4 before taking»> > 0, and to sef, = 6 before takings > 0. As a consequence,
the integer variables have been avoided completely.

This representation without integer variables is not valid, however, if economies of scale are present; for
example, if the function given in Fig. 9.6 appears in a maximization problem. In such cases, it would be best
to select the third segment with varialdigbefore taking the first two segments, since the returns are higher
on this segment. In this instance, the model requires the binary-variable formulation of the previous section.

iv) Approximation of Nonlinear Functions

One of the most useful applications of the piecewise linear representation is for approximating nonlinear
functions. Suppose, for example, that the expansion cost in our illustration is given by the heavy curve in
Fig. 9.7.

If we draw linear segments joining selected points on the curve, we obfigcawise linear approx-
imation, which can be used instead of the curve in the model. The piecewise approximation, of course, is
represented by introducing integer variables as indicated above. By using more points on the curve, we can
make the approximation as close as we desire.
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Figure 9.7 Approximation of a nonlinear curve.

9.3 A SAMPLE FORMULATION T

Proper placement of service facilities such as schools, hospitals, and recreational areas is essential to efficient
urban design. Here we will present a simplified model for firehouse location. Our purpose is to show
formulation devices of the previous section arising together in a meaningful context, rather than to give a
comprehensive model for the location problper se As a consequence, we shall ignore many relevant
issues, including uncertainty.

Assume that population is concentrated idistricts within the city and that districtcontainsp; people.
Preliminary analysis (land surveys, politics, and so forth) has limited the potential location of firehouses to
J sites. Letd;; > 0 be the distance from the center of distritd site j. We are to determine the “best” site
selection and assignment of districts to firehouses. Let

1 if site | is selected
Yi=1o otherwise
and
i — 1 if districti is assigned to sitg,
710 otherwise

The basic constraints are that every district should be assigned to exactly one firehouse, that is,

J
injzl i=12,...
=1

and that no district should be assigned to an unused site, that4s,0 impliesxijj =0( =1,2,...,1).
The latter restriction can be modeled as alternative constraints, or more simply as:

DR

|
Yxj<yl  (=12...J.
i=1

Sincexjj are binary variables, their sum never excekdso that ify; = 1, then constrainj is nonbinding.
If yj = 0, thenx;j = 0O for alli.

T This section may be omitted without loss of continuity.
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Next note thatl;, the distance from distrigtto its assigned firehouse, is given by:

J
&= dijxij,
j=1

since one;jj will be 1 and all others 0.
Also, the total population serviced by sités:

I
Sj = Z Pi Xij -
i=1

Assume that a central district is particularly susceptible to fire and that either sites 1 and 2 or sites 3 and
4 can be used to protect this district. Then one of a number of similar restrictions might be:

yi+Yy2>2 or Y3+ Yyas> 2
We lety be a binary variable; then these alternative constraints become:
y1it+Yy2 > 2y,
Y3+ ys > 2(1-y).

Next assume that it cost§ (s;j) to build a firehouse at sitpto services; people and that a total budget
of B dollars has been allocated for firehouse construction. Then

J
Z fi(sj) < B.
=1

Finally, one possible social-welfare function might be to minimize the distance traveled to the district
farthest from its assigned firehouse, that is, to:

Minimize D,
where
D = maxd;;
or, equivalently: to
Minimize D,
subject to:
D>d (@(=12...,1).

Collecting constraints and substituting abovedpin terms of its defining relationship

J
di = Zdij Xij
j=1
we set up the full model as:
Minimize D,

* The inequalitiesD > d; imply thatD > maxd;. The minimization ofD then ensures that it will actually be the
maximum of thed; .
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subject to:

J

D— > dijxj=0 (=12...1),
j=1
J
in,-zl i=212...,1),
j=1
|
injfyjl (j=212...,),
i=1
|

Sj— Zpixijzo (j=212,...,9),
i=1

J
Z fj(sj) < B,
=1

yi+Y2—2y >0,
Y3+ Yya+2y > 2,

Xij, Yj, Y binary i=22...,1,1]=12,...,39).

Atthis pointwe might replace each functidj(s;j) by aninteger-programming approximation to complete
the model. Details are left to the reader. Note thdj ;) contains a fixed cost, then new fixed-cost variables
need not be introduced—the varialyleserves this purpose.

The last comment, and the way in which the conditional constrayjt = 0 impliesxjj = 0 (i =
1,2, ...,1)" has been modeled above, indicate that the formulation techniques of Section 9.2 should not
be applied without thought. Rather, they provide a common framework for modeling and should be used in
conjunction with good modeling “common sense.” In general, it is best to introduce as few integer variables
as possible.

9.4 SOME CHARACTERISTICS OF INTEGER PROGRAMS—A SAMPLE PROBLEM

Whereas the simplex method is effective for solving linear programs, there is no single technique for solving
integer programs. Instead, a number of procedures have been developed, and the performance of any particular
technique appears to be highly problem-dependent. Methods to date can be classified broadly as following
one of three approaches:

i) enumeration techniques, including the branch-and-bound procedure;
i) cutting-plane techniques; and
iif) group-theoretic techniques.

In addition, several composite procedures have been proposed, which combine techniques using several of
these approaches. In fact, there is a trend in computer systems for integer programming to include a number
of approaches and possibly utilize them all when analyzing a given problem. In the sections to follow, we
shall consider the first two approaches in some detail. At this point, we shall introduce a specific problem
and indicate some features of integer programs. Later we will use this example to illustrate and motivate the
solution procedures. Many characteristics of this example are shared by the integer version of the custom-
molder problem presented in Chapter 1.

The problem is to determing* where:

Z* = maxz = 5x1 + 8xo,
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subject to:

X1+ X2
5X1 + 9o

IAIA

X1, X2 >0

9.5

6,
45,

and integer

The feasible region is sketched in Fig. 9.8. Dots in the shaded region are feasible integer points.

X3

X1+ x,=6

Optlgnal continuous solution
X, =
1

T X,= % z=41.25

7 5x;+9x,=45
2 : = :

/ Lo z=5x,+8x,=41.25
1% .
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Figure 9.8 An integer programming example.

If the integrality restrictions on variables are dropped, the resulting problem is a linear program. We will
call it the associated linear programWe may easily determine its optimal solution graphically. Table 9.1
depicts some of the features of the problem.

Table 9.1 Problem features.

Nearest
Continuous Round feasible | Integer
optimum off point optimum
x1| 9=225 2 2 0
xp | =375 4 3 5
z 41.25 Infeasible 34 40

Observe that the optimal integer-programming solution is not obtainexingingthe linear-programming
solution. The closest point to the optimal linear-program solution is not even feasible. Also, note that the
nearest feasible integer point to the linear-program solution is far removed from the optimal integer point.
Thus, itis not sufficient simply to round linear-programming solutions. In fact, by scaling the righthand-side
and cost coefficients of this example properly, we can construct a problem for which the optimal integer-
programming solution lies as far as we like from the rounded linear-programming solution, inzeitilee

or distance on the plane.

In an example as simple as this, almost any solution procedure will be effective. For instance, we could
easily enumerate all the integer points with< 9, X2 < 6, and select the best feasible point. In practice, the
number of points to be considered is likely to prohibit such an exhaustive enumeration of potentially feasible
points, and a more sophisticated procedure will have to be adopted.
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Optimal continuous solution

T2
o 1 2 3 4 5 6 7

Figure 9.9 Subdividing the feasible region.
9.5 BRANCH-AND-BOUND

Branch-and-bounds essentially a strategy of “divide and conquer.” The idea is to partition the feasible
region into more manageable subdivisions and then, if required, to further partition the subdivisions. In
general, there are a number of ways to divide the feasible region, and as a consequence there are a number of
branch-and-bound algorithms. We shall consider one such technique, for problems with only binary variables,

in Section 9.7. For historical reasons, the technique that will be described next usually is referréfieto as
branch-and-bound procedure.

Basic Procedure

An integer linear program is a linear program further constrained by the integrality restrictions. Thus, in a
maximization problem, the value of the objective function, at the linear-program optimum, will always be an
upper bound on the optimal integer-programming objective. In addition, any integer feasible point is always
a lower bound on the optimal linear-program objective value.

The idea of branch-and-bound is to utilize these observations to systematically subdivide the linear-
programming feasible region and make assessments of the integer-programming problem based upon these
subdivisions. The method can be described easily by considering the example from the previous section.
At first, the linear-programming region is not subdivided: The integrality restrictions are dropped and the
associated linear program is solved, giving an optimal valu€&rom our remark above, this gives the upper
bound orz*, z* < 20 = 41;11. Since the coefficients in the objective function are integraust be integral
and this implies that* < 41.

Next note that the linear-programming solution kas= 24—11 andxp = 3%. Both of these variables must
be integer in the optimal solution, and we can divide the feasible region in an attemakéeither integral.

We know that, in any integer programming solutiggmust be either an integer 3 or an integep 4. Thus,

our first subdivision is into the regions whexg < 3 andx; > 4 as displayed by the shaded regiansand

L, in Fig. 9.9. Observe that, by making the subdivisions, we have excluded the old linear-program solution.
(If we selectedk; instead, the region would be subdivided with< 2 andx; > 3.)

The results up to this point are pictured conveniently ineanimeration tregFig. 9.10). HerelLg
represents the associated linear program, whose optimal solution has been included witQibakeand
the upper bound om* appears to the right of the box. The boxes below correspond to the new subdivisions;
the constraints that subdivideg) are included next to the lines joining the boxes. Thus, the constraiits of
are those of_g together with the constraint > 4, while the constraints df, are those ot g together with
the constraink, < 3.

The strategy to be pursued now may be apparent: Simply treat each subdivision as we did the original
problem. Considek ; first. Graphically, from Fig. 9.9 we see that the optimal linear-programming solution
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x;= 2.25
x,= 3.75
z=41.25

Figure 9.10 Enumeration tree.

Figure 9.11 Subdividing the regiort. 1.

lies on the second constraint wika = 4, giving X1 = %(45 —94)) = % and an objective value =
5(§)+8(4) = 41. Sincex, is notinteger, we subdivide; further, into the regionk 3 with x; > 2 andL 4 with
X1 < 1. Lzisaninfeasible problem and so this branch of the enumeration tree no longer needs to be considered.
The enumeration tree now becomes that shown in Fig. 9.12. Note that the constraints of any subdivision
are obtained by tracing back tq. For examplel 4 contains the original constraints together with> 4
andx; < 2. The asterisk«) below boxL 3 indicates that the region need not be subdivided or, equivalently,
that the tree will not be extended from this box.
At this point, subdivisiond., and L4 must be considered. We may select one arbitrarily; however,
in practice, a number of useful heuristics are applied to make this choice. For simplicity, let us select the
subdivision most recently generated, here Analyzing the region, we find that its optimal solution has

X1 =1, X, = §(45-5) = L.

Sincexy is not integerL 4 must be further subdivided intios with xo < 4, andLg with x» > 5, leavingL »,
Ls andLg yet to be considered.
TreatingLs first (see Fig. 9.13), we see that its optimum Ras= 1, xo = 4, andz = 37. Since this is
the best linear-programming solution fiog and the linear program contains every integer solutidbsimno
integer point in that subdivision can give a larger objective value than this point. Consequently, other points
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X2§4 X253
L, Ly
x;= 1.8
x,= 4
z = 41
22 x; =51
Ly L,
Infeasible
*
Figure 9.12
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Figure 9.13 Final subdivisions for the example.

in Ls need never be considered anglneed not be subdivided further. In fact, singe= 1, xo = 4,z = 37,
is a feasible solution to the original probleai, > 37 and we now have the bounds 37z* < 41. Without
further analysis, we could terminate with the integer solutigpr= 1, x = 4, knowing that the objective
value of this point is within 10 percent of the true optimum. For convenience, the lower zbun@7 just
determined has been appended to the right oL.thbox in the enumeration tree (Fig. 9.14).

Althoughx; = 1, xo = 4 is the best integer point ibs, the regions., and Lg might contain better
feasible solutions, and we must continue the procedure by analyzing these regibgstha only feasible
pointisx; = 0, Xo = 5, giving an objective value = +40. This is better than the previous integer point and
thus the lower bound or* improves, so that 46 z* < 41. We could terminate with this integer solution
knowing that it is within 2.5 percent of the true optimum. Howe\ercouldcontain an even better integer
solution.

The linear-programming solution b, hasx; = X2 = 3 andz = 39. This is the best integer point in
L, but is not as good as; = 0, x» = 5, so the later point (il.g) must indeed be optimal. It is interesting
to note that, even if the solution tio, did not givex; and xy integer, but hadz < 40, then no feasible
(and, in particular, no integer point) in; could be as good ag = 0, x = 5, with z = 40. Thus, again
x1 = 0, X2 = 5 would be known to be optimal. This observation has important computational implications,
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since it is not necessary to drive every branch in the enumeration tree to an integer or infeasible solution, but
only to an objective value below the best integer solution.

The problem now is solved and the entire solution procedure can be summarized by the enumeration tree
in Fig. 9.15.
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Further Considerations
There are three points that have yet to be considered with respect to the branch-and-bound procedure:

i) Can the linear programs corresponding to the subdivisions be solved efficiently?

i) Whatisthe bestway to subdivide a given region, and which unanalyzed subdivision should be considered
next?
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iif) Canthe upper boundz(=41, in the example) on the optimal valeieof the integer program be improved
while the problem is being solved?

The answer to the first question is an unqualifred When moving from a region to one of its subdivisions,
we add one constraint that is not satisfied by the optimal linear-programming solution over the parent region.
Moreover, this was one motivation for the dual simplex algorithm, and it is natural to adopt that algorithm
here.

Referring to the sample problem will illustrate the method. The first two subdividig@sdL in that
example were generated by adding the following constraints to the original problem:

For subdivision x> 4 or Xo—S3=4 (s3> 0);
For subdivision2 x> <3 or Xo +54=3 (54>0).

In either case we add the new constraint to the optimal linear-programming tableau. For subdivision 1, this
gives:

5 3 _ _a11 .
(=2 — 251 — 3% = —41; Constraints from the
X1 +9s — 1 = 1 optimal canonical
form
R-im+ie = 2
—Xo + 853 = —4, Added constraint

X1, X2, S1, &2, 8 > 0,

wheres; ands, are slack variables for the two constraints in the original problem formulation. Note that
the new constraint has been multiplied by, so that the slack variabks can be used as a basic variable.
Since the basic variabbe appears with a nonzero coefficient in the new constraint, though, we must pivot
to isolate this variable in the second constraint to re-express the system as:
(—2) —351 —3% = —413,
X1 +2s —Is = 3
Xo =281 +3% .
+i%2 +8 = -3,

X1, X2, S1, S2, S3 > 0.

These constraints are expressed in the proper form for applying the dual simplex algorithm, which will pivot
next to makes; the basic variable in the third constraint. The resulting system is given by:

(-2) — 5 - s =-41
X1 +i +2m = 2,

X2 -8 = 4

SL—5% —g = &,

X1, X2, S1, S, s3> 0.

This tableau is optimal and gives the optimal linear-programming solution over the tegamx, = %, Xo =
4, andz = 41. The same procedure can be used to determine the optimal solutign in

Whenthe linear-programming problem contains many constraints, this approach for recovering an optimal
solution is very effective. After adding a new constraint and making the slack variable for that constraint
basic, we always have a starting solution for the dual-simplex algorithm with only one basic variable negative.
Usually, only a few dual-simplex pivoting operations are required to obtain the optimal solution. Using the
primal-simplex algorithm generally would require many more computations.
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Issue (ii) raised above is very important since, if we can make our choice of subdivisions in such a way
as to rapidly obtain a good (with luck, near-optimal) integer solutighen we can eliminate many potential
subdivisions immediately. Indeed, if any region has its linear programming ¥atué, then the objective
value of no integer point in that region can exceeand the region need not be subdivided. There is no
universal method for making the required choice, although several heuristic procedures have been suggested,
such as selecting the subdivision with the largest optimal linear-programming'value.

Rules for determining which fractional variables to use in constructing subdivisions are more subtle.
Recall that any fractional variable can be used to generate a subdivision. One procedure utilized is to look
ahead one step in the dual-simplex method for every possible subdivision to see which is most promising. The
details are somewhat involved and are omitted here. For expository purposes, we have selected the fractional
variable arbitrarily.

Finally, the upper bounzlon the value* of the integer program can be improved as we solve the problem.
Suppose for example, that subdivisiopwas analyzed before subdivisiohs or Lg in our sample problem.

The enumeration tree would be as shown in Fig. 9.16.

At this point, the optimal solution must lie in eithérn or L4. Since, however, the largest value for
any feasible point in either of these regions i§,4the optimal value for the problert cannotexceedflog.
Because* must be integral, this implies that < 40 and the upper bound has been improved from the value
41 provided by the solution to the linear programlapn In general, the upper bound is given in this way as
the largest value of any “hanging” box (one that has not been divided) in the enumeration tree.

Summary

The essentialidea of branch-and-bound is to subdivide the feasible region to demaeholz < z* < Zon z*.

For a maximization problem, the lower bounts the highest value of any feasible integer point encountered.
The upper bound is given by the optimal value of the associated linear program or by the largest value for
the objective function at any “hanging” box. After considering a subdivision, we rrgstichto (move to)
another subdivision and analyze it. Alsoeither

T One common method used in practice is to consider subdivisions on a last-generated—first-analyzed basis. We used
this rule in our previous example. Note that data to initiate the dual-simplex method mentioned above must be stored for
each subdivision that has yet to be analyzed. This data usually is stored in a list, with new information being added to the
tOP of the list. When required, data then is extracted frondpef this list, leading to the last-generated—first-analyzed
rule. Observe that when we subdivide a region into two subdivisions, one of these subdivisions will be analyzed next.
The data required for this analysis already will be in the computer core and need not be extracted from the list.
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i) the linear program ovel j is infeasible,
ii) the optimal linear-programming solution ovkj is integer;or
iii) the value of the linear-programming solutiah overL; satisfiesz) < z (if maximizing),
thenLj need not be subdivided. In these cases, integer-programming terminology sal$ tie been
fathomed' Case (i) is termed fathoming by infeasibility, (ii) fathoming by integrality, and (iii) fathoming by

bounds.
The flow chart in Fig. 9.17 summarizes the general procedure.

Initialization

Solve the associated linear
program.

Let z be its optimal value.

Set z = value of best known
teasible solution
(— o if none known).

(z£7*2 2)

Solution

- Linear i
Solve linear progam Letzbe :,‘,’;g;?,:
Pfog;?”? over infeasible over its op|t|ma| > has all
subdivision. ivisi value. ;
subdivision? alue variables

integer
N ?

YES (fathomed by
infeasibility)

(fathomed by bound) YES

Every
subdivision
analyzed
completely
?

Select subdivision
not yet analyzed
completely.

ztoz.

NO
(fathomed by
integrality)

YES

Termination
z = z is optimal.

Generate new sub-
divisions from a
fractional variable
in the linear —
programming solution.

Figure 9.17 Branch-and-bound for integer-programming maximization.

T To fathomis defined as “to get to the bottom of; to understand thoroughly.” In this chaattigmecdmnight be more
appropriately defined as “understood enough or already considered.”



296 Integer Programming 9.7

Lo
X1=5)(2=03 2*$10
X3=73, X4:7
z=10
X352 X3=3
Ly Ly
=5 Xy 0 | #>81 x1=0, x,=17
Xy=2 Xg=y X3=3,X,=%
87 z=93
*
x2§0 XZé"
Ly Ly
x3=0, x,=1
Infeasible x373 el
T 21747 2
z=8
* *
Figure 9.18

9.6 BRANCH-AND-BOUND FOR MIXED-INTEGER PROGRAMS

The branch-and-bound approach just described is easily extended to solve problems in which some, but not
all, variables are constrained to be integral. Subdivisions then are generated solely by the integral variables.
In every other way, the procedure is the same as that specified above. A brief example will illustrate the
method.

*

Z" = maxz = —3x1 — 2X» + 10,
subject to:

X1 — 2Xo+ X3 =

’

21+ X2 X =3,
Xj 20 (J :172’394)7

w Nlg1

X2 and xsz integer

The problem, as stated, is in canonical form, witrandx4 optimal basic variables for the associated linear
program.

The continuous variabbe, cannot be used to generate subdivisions since any vakie>10 potentially
can be optimal. Consequently, the subdivisions must be defined by 2 andxz > 3. The complete
procedure is summarized by the enumeration tree in Fig. 9.18.

The solution inL 1 satisfies the integrality restrictions, 80> z = 8%. The only integral variable with a
fractional value in the optimal solution &b is x2, so subdivision& 3 andL 4 are generated from this variable.
Finally, the optimal linear-programming value lof is 8, so no feasible mixed-integer solution in that region
can be better than the valué already generated. Consequently, that region need not be subdivided and the
solution inL1 is optimal.

The dual-simplex iterations that solve the linear program&inlLo, L3, and L4 are given below in
Tableau 1. The variabless in the tableaus are the slack variables for the
constraints added to generate the subdivisions. The coefficients in the appended constraints are determined
as we mentioned in the last section, by eliminating the basic variablé®m the new constraint that is
introduced. To follow the iterations, recall that in the dual-simplex method, pivots are made on negative
elements in the generating row; if all elements in this rowgarsitive as in regionL 3, then the problem is
infeasible.
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Tableau 1
L, Basic Current }
variables values Xy X5 X3 X4 S
(—2) —10 -3 -2
X3 3 1 -2 1
p 3 2 1 1
‘ ————]
| s | -3 1 €D 2 | \ 11 (e, x3 =£2)
* : ‘ S \ \ \ [ 3=
1
Basic Current |
variables values Xy Xy X3 Xy 5, }
***** 1
(—2) —83% — ¢ -3 }
X5 2 0| 1 1
c |
X 1 5 1 2
X ! | } —2 —1
Ls Basic Current |
variables values b X X3 Xy o }
——
(—2) —10 -3 2
X3 5 1 -2 1
Xy > 2 1 1 |
S3 -3 1 1 €D | | L] (ie,x3 23)
)
Basic Current |
variables values X, X, X3 X4 s |
(—2) —9} —4 —1 |
X3 3 0 1 -1
X4 3 3 1 3 }
‘ ey
X \ =1 1 \ -1
’ ¢ ’ 2]

- | | | il |

9.7 IMPLICIT ENUMERATION

A special branch-and-bound procedure can be given for integer programs with only binary variables. The
algorithm has the advantage that it requires no linear-programming solutions. Itis illustrated by the following
example:

*

Z'=maxz= —8x;y — 2Xp — 4X3 — 7X4 — 5x5+ 10,

subject to:
=3x1 — 32 + X3 + 2% + 3X5 < =2,
=5x1 — 3 — 23 — X4 + X5 < —4,

Xj=0 or 1 (j=12,...,5).

One way to solve such problems is complete enumeration. List all possible binary combinations of the
variables and select the best such point that is feasible. The approach works very well on a small problem
such as this, where there are only a few potential 0—1 combinations for the variables, here 32. In general,
though, am-variable problem contains'®—1 combinations; for large values of the exhaustive approach
is prohibitive. Instead, one might implicitly consider every binary combination, just as every integer point
was implicitly consideredbut not necessarily evaluated, for the general problem via branch-and-bound.

Recall that in the ordinary branch-and-bound procedure, subdivisions were analyzed by maintaining the
linear constraints and dropping the integrality restrictions. Here, we adopt the opposite tactic of always

=
=
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Tableau 1 (Continued)

L5 Basic Current ‘
variables values Xy X, X3 X4 S, S3 :
]
(—2) —94 —4 1 |
, | |
X3 3 0 1| —1 \
Xq 3 1 i ‘
X 3 -3 1 —3 |
1 B ! . >
S3 =7 é | ; 5 | | (e, x, =0)
| |
No pivot possible, problem infeasible
L, Basic Current |
variables values X1 X X3 X4 S, Sy }
|
(—2) -9 -4 —] ‘
X3 3 0 1 —1 |
Xg 3 5 1 3 ‘
b -1 - |
s | 3 -1 | 6 | (e, x; = 1)
4 i 4 2 2 | |
< —
1
Basic Current }
variables values X, X5 X3 X4 S, Sy }
-——
(—2) —8 -3 -2
\
X3 2 1 1 -2
X4 3 2 1 1
X, 1 0 1 -1
3
7

S» ‘ 5 1 | 1 =2

maintaining the 0—1 restrictions, but ignoring the linear inequalities.

The idea is to utilize a branch-and-bound (or subdivision) process to fix some of the variables at 0 or
1. The variables remaining to be specified are cdiled variables Note that, if the inequality constraints
are ignored, the objective function is maximized by setting the free variables to zero, since their objective-
function coefficients are negative. For examplegifindx, are fixed at 1 ands at 0, then the free variables
arexy andxs. Ignoring the inequality constraints, the resulting problem is:

max[—8(1) — 2x2 — 4x3 — 7(1) — 5(0) + 10] = max[—2xo — 4x3 — 5],

subject to:
X2 and Xz binary.

Since the free variables have negative objective-function coefficients, the maximization setes = 0.
The simplicity of this trivial optimization, as compared to a more formidable linear program, is what we
would like to exploit.
Returning to the example, we start withfixed variables, and consequently every variable is free and set
to zero. The solution does not satisfy the inequality constraints, and we must subdivide to search for feasible
solutions. One subdivision choice might be:
For subdivision 1 X1 =1,

For subdivision 2 X1 = 0.

Now variablex; is fixed in each subdivision. By our observations above, if the inequalities are ignored, the
optimal solution over each subdivision hgs= x3 = X4 = x5 = 0. The resulting solution in subdivision 1
gives

z=-8(1) — 2(0) — 4(0) — 7(0) — 5(0) + 10= 2,
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and happens to satisfy the inequalities, so that the optimal solution to the original probldeas2, z* > 2.

Also, subdivision 1 has been fathomed: The above solution is best among all 0—1 combinations=with

thus it must be best among those satisfying the inequalities. No other feasible 0—1 combination in subdivision
1 needs to be evaluated explicitly. These combinations have been considered implicitly.

The solution withx, = x3 = X4 = X5 = 0 in subdivision 2 is the same as the original solution with
every variable at zero, and is infeasible. Consequently, the region must be subdivided further, say with
X2 =1l orxy =0, giving:

For subdivision 3 X1 =0, % =1,
For subdivision 4 x1=0,%x2 =0.

The enumeration tree to this point is as given in Fig. 9.19.

Figure 9.19

Observe that this tree differs from the enumeration trees of the previous sections. For the earlier proce-
dures, the linear-programming solution used to analyze each subdivision was specified explicitly in a box.
Here the 0-1 solution (ignoring the inequalities) used to analyze subdivisions is not stated explicitly, since
it is known simply by setting free variables to zero. In subdivis®nfor examplex; = 0 andx, = 1 are
fixed, and the free variables, x4 andks are set to zero.

Continuing to fix variables and subdivide in this fashion produces the complete tree shown in Fig. 9.20.

The tree is not extended after analyzing subdivisions 4,5, 7,9, and 10, for the following reasons.

i) At ©), the solutiorx; = 0, x, = X3 = 1, with free variablesxs = x5 = 0, is feasible, witte = 4 ,
thus providing an improved lower bound ah

i) At (@, the solutiorx; = x3 = 0, X, = X4 = 1, and free variables = 0, hasz = 1 < 4, so that no
solution in that subdivision can be as good as that generatgd at

i) At @ andd0 , every free variable is fixed. In each case, the subdivisions contain only a single point,
which is infeasible, and further subdivision is not possible.
iv) At @, the second inequality (with fixed variabbles= x, = 0) reads:

—2X3 — X4+ X5 < —4.

No 0-1 values oks, Xa, Or X5 “‘completing” the fixed variablesx; = xo = 0 satisfy this constraint,
since the lowest value for the lefthand side of this equatiechdsvhenxs = x4 = 1 andxs = 0. The
subdivision then has no feasible solution and need not be analyzed further.

The last observation is completely general. If, at any point after substituting for the fixed variables,
the sum of the remaining negative coefficients in any constraint exceeds the righthand side, then the region
defined by these fixed variables has no feasible solution. Due to the special nature of the 0—1 problem, there
are a number of other such tests that can be utilized to reduce the number of subdivisions generated. The
efficiency of these tests is measured by weighing the time needed to perform them against the time saved by
fewer subdivisions.

The techniques used here apply to any integer-programming problem involving only binary variables,
so that implicit enumeration is an alternative branch-and-bound procedure for this class of problems. In this
case, subdivisions are fathomed if any of three conditions hold:
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Optimal solution at (5)
X1=X4=x5=0
Xy=X3=1

z*=4

*(No feasible completion)

x3=0

Figure 9.20

i) theinteger program is known to be infeasible over the subdivision, for example, by the above infeasibility
test;
i) the 0—1 solution obtained by setting free variables to zero satisfies the linear inequalities; or
iif) the objective value obtained by setting free variables to zero is no larger than the best feasible 0-1
solution previously generated.

These conditions correspond to the three stated earlier for fathoming in the usual branch-and-bound procedure.
If a region is not fathomed by one of these tests, implicit enumeration subdivides that region by selecting any
free variable and fixing its values to 0 or 1.

Our arguments leading to the algorithm were based upon stating the original 0—1 problem in the following
standard form:

1. the objective is a maximization with all coefficients negative; and
2. constraints are specified as “less than or equal to” inequalities.

As usual, minimization problems are transformed to maximization by multiplying cost coefficientd.by

If xj appears in the maximization form with a positive coefficient, then the variable substitytierl — x}
everywhere in the model leaves the binary varia@lavith a negative objective-function coefficient. Finally,
“greater than or equal to” constraints can be multiplied-bi/to become “less than or equal to” constraints;

and general equality constraints are converted to inequalities by the special technique discussed in Exercise
17 of Chapter 2.

Like the branch-and-bound procedure for general integer programs, the way we choose to subdivide
regions can have a profound effect upon computations. In implicit enumeration, we begin with the zero
solutionx; = xo = - - - = X5 = 0 and generate other solutions by setting variables to 1. One natural approach
is to subdivide based upon the variable with highest objective contribution. For the sample problem, this
would imply subdividing initially withxo = 1 orx = 0.

Another approach often used in practice is to try to drive toward feasibility as soon as possible. For
instance, wherx; = 0, x2 = 1, andxs = 0 are fixed in the example problem, we could subdivide based
upon eitherxy or X5. Settingxs or x5 to 1 and substituting for the fixed variables, we find that the constraints
become:
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xg=1 xs(free)=0: x5 =1, x4(free)=0:
-30 -3+ 0+ 21)+30) <-2, =30 —31)+ (0 +20 +3(1 < -2,

—50) -3 -20) -1+ ©O) <-4, -50-31)—-20-10+ 1) =<-4

For x4 = 1, the first constraint is infeasible by 1 unit and the second constraint is feasible, giving 1 total unit
of infeasibility. Forxs = 1, the first constraint is infeasible by 2 units and the second by 2 units, giving 4
total units of infeasibility. Thuxs = 1 appears more favorable, and we would subdivide based upon that
variable. In general, the variable giving tleast total infeasibilitiedy this approach would be chosen next.
Reviewing the example problem the reader will see that this approach has been used in our solution.

9.8 CUTTING PLANES

The cutting-plane algorithm solves integer programs by modifying linear-programming solutions until the
integer solution is obtained. It does not partition the feasible region into subdivisions, as in branch-and-bound
approaches, but instead works with a single linear program, which it refines by adding new constraints. The
new constraints successively reduce the feasible region until an integer optimal solution is found.

In practice, the branch-and-bound procedures almost always outperform the cutting-plane algorithm.
Nevertheless, the algorithm has been important to the evolution of integer programming. Historically, it was
the first algorithm developed for integer programming that could be proved to converge in a finite number of
steps. In addition, even though the algorithm generally is considered to be very inefficient, it has provided
insights into integer programming that have led to other, more efficient, algorithms.

Again, we shall discuss the method by considering the sample problem of the previous sections:

Z" = max 5 + 8xo,

subject to:

X1+ X2 +$1 = 6,
5X1 + 9%o + s = 45 (11)
X1, X2, 81, 2 > 0.

s1 andsp are, respectively, slack variables for the first and second constraints.
Solving the problem by the simplex method produces the following optimal tableau:

5 3 1

(=2 —251 —3% = —413,
9 1 9

X1 +281 — 3% = s

5 1 15

X2 =781 +7%2 = =z

X1, X2, S1, S, S3 > 0.

Let us rewrite these equations in an equivalent but somewhat altered form:

(-2) —25 —5 +42=3 -3 —1s,
X1 251 — — 2=} —351 —3%,
Xp—2s1 - 3=3-3s—i%

X1, X2, 81, 2 > 0.

These algebraic manipulations have isolated integer coefficients to one side of the equalities and fractions to
the other, in such a way that the constant terms on the righthand side are all nonnegative and the slack variable
coefficients on the righthand side are all nonpositive.
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In any integer solution, the lefthand side of each equation in the last tableau must be integes; &ice
Sy are nonnegative and appear to the right with negative coefficients, each righthand side necessarily must
be less than or equal to the fractional constant term. Taken together, these two observations show that both
sides of every equation must be an integer less than or equal to zero (if an integer is less than or equal to a
fraction, it necessarily must be 0 or negative). Thus, from the first equation, we may write:

335 -15<0 and integer

or, introducing a slack variabk,

3 35 -1+5=0 $>0 and integer (C1)
Similarly, other conditions can be generated from the remaining constraints:

i-is—-3%+2=0, >0 and integer C2)

3 35 -is+5=0, s$s>0 and integer (Ca)

Note that, in this cas€(C1) and(C3) are identical.

The new equationéC1), (C»), and(Cg) that have been derived are callaatsfor the following reason:
Their derivation did not exclude any integer solutions to the problem, so that any integer feasible point to the
original problem must satisfy the cut constraints. The linear-programming solutiosi kad, = O; clearly,
these dmot satisfy the cut constraints. In each case, substitiging s, = 0 gives eithess, s, or s5 < 0.
Thus the net effect of a cut is to cut away the optimal linear-programming solution from the feasible region
without excluding any feasible integer points.

The geometry underlying the cuts can be established quite easily. Recall from (11) that slack variables
s1 ands; are defined by:

Ss= 6— X3 — X
S =45 — 5x1 — 9xo.

Substituting these values in the cut constraints and rearranging, we may rewrite the cuts as:

2X1 + 3X2 < 15, (CrorCs)

4x1 + 7% < 35. (C2)

In this form, the cuts are displayed in Fig. 9.21. Notethat they exhibit the features suggested above. In each
case, the added cut removes the linear-programming solxlj_ieﬂ% Xo = 175, from the feasible region, at
the same time including every feasible integer solution.

The basic strategy of the cutting-plane technique is to add cuts (usually only one) to the constraints
defining the feasible region and then to solve the resulting linear program. If the optimal values for the
decision variables in the linear program are all integer, they are optimal; otherwise, a new cut is derived from
the new optimal linear-programming tableau and appended to the constraints.

Note from Fig. 9.21 that the c@; = Cg3 leads directly to the optimal solution. CGb does not, and
further iterations will be required if this cut is appended to the problem (without th€cut C3). Also
note thatC; cuts deeper into the feasible region than dGes For problems with many variables, it is
generally quite difficult to determine which cuts will be deep in this sense. Consequently, in applications, the
algorithm frequently generates cuts that shave very little from the feasible region, and hence the algorithm’s
poor performance.

A final point to be considered here is the way in which cuts are generated. The linear-programming
tableau for the above problem contained the constraint:

9 1 9
X1+ 281 — 2% =3
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. . . . .

Optimal continuous solution
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=%, x,=% 2=41.25
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Figure 9.21 Cutting away the linear-programming solution.

Suppose that we roundbwnthe fractional coefficients to integers, that %to 2, _%1 to —1, and% to 2.
Writing these integers to the left of the equality and the remaining fractions to the right, we obtain as before,
the equivalent constraint:

X1+28 —H—2=73F— 35— 3%
By our previous arguments, the cut is:

s1— 3% <0 and integer

Bl

Bl

Another example may help to clarify matters. Suppose that the final linear-programming tableau to a
problem has the constraint

X1 + %Xs— %X7+3X8 = 4%.
Then the equivalent constraint is:
X1 —2%7+3Xg— 4= 2— X — X7,

and the resulting cut is:
5_ 1

2—Ixe—32x7 <0 and integer

Observe the way that fractions are determined for negative coefficients. The fraction in the cut constraint
determined by th&; coeﬁicient—% = —1% is not%, but rather it is the fraction generated by rounding down
to —2; i.e., the fraction is-1§ — (=2) = 2.

Tableau 2 shows the complete solution of the sample problem by the cutting-plane technique. Since cut
C1 = Cgs leads directly to the optimal solution, we have chosen to start witiCguiNote that, if the slack
variable for any newly generated cut is taken as the basic variable in that constraint, then the problem is in
the proper form for the dual-simplex algorithm. For instance, the cut in Tableau 2(b) generated fbam the
constraint

X+ is—g=% o x+28--2=3-

wIN

S1 — 32

Wl

is given by:
1-3s-25 <0 and integer

Letting s4 be the slack variable in the constraint, we obtain:

—351 - s+ m=—1
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Tableau 2 Dual Simplex Iterations for the Cutting-Plane Algorithm.

(a)

Basic Current 7‘
variables | values Xy | X, S1 S, S3 }
———
(—2) —413 —4 | —% |
9 9 1
X s 1 2 7 |
15 5 1
X, T 1 | =3 3 |
+ S3 ! -1 | -1 @ 1 | (cut generated from x, constraint)
|
T
(b)
5 B 1
Basic Current |
variables | values X; | X, Sy Sy S3 Sa4 }
]
(—2) —41 —1 —1 1
. 7 7 1
Xq 3 1 3 —3 |
- 11 4 1 !
X3 3 L | —3 3 |
S2 3 3 1 _% }
1 1 71
. S | -3 | } } —3 } I @ l 1 } (cut generated from x;,
\ | N :
1 constraint)
(c)
Basic Current ;
variables values Xy | X, 51 S5 S3 S4 Ss J
~ , 1 3 |
(—2) — 403 -3 =2 }
b ) 2 1 3 -1 \
= |
X 2 1 —3 3 }
Sy 1 1] 1 -2 |
S3 3 3 1 =g }
1 17
+ Ss el | | | =R (cut generated from
L | - — .
1 X; constraint)
(d)
Basic Current
variables | values Xy | X, 8y S, S3 S Ss
(—2) —40 —1 =
X 0 1 3 5
X, 5 1 2 | =3
S, 0 1 -3 2
S3 0 | -2 1
St 1 1 1| =2

Sinces; ands, are nonbasic variables, we may takao be the basic variable isolated in this constraint (see
Tableau 2(b)).

By making slight modifications to the cutting-plane algorithm that has been described, we can show that
an optimal solution to the integer-programming problem will be obtained, as in this example, after adding
only a finite number of cuts. The proof of this fact by R. Gomory in 1958 was a very important theoretical
break-through, since it showed that integer programs can be solveahisglinear program (the associated
linear program plus the added constraints). Unfortunately, the number of cuts to be added, though finite, is
usually quite large, so that this result does not have important practical ramifications.
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EXERCISES

1. Asthe leader of an oil-exploration drilling venture, you must determine the least-cost selection of 5 out of 10 possible
sites. Label the siteS;, S, ..., S, and the exploration costs associated with eadha€o, .. ., Cio.

Regional development restrictions are such that:
i) Evaluating sitess; and S will prevent you from exploring sit&s.
ii) Evaluating siteS3 or S prevents you from assessing sig
iii) Ofthe groupSs, &, S, Ss, only two sites may be assessed.

Formulate an integer program to determine the minimum-cost exploration scheme that satisfies these restrictions.

2. A company wishes to put together an academic “package” for an executive training program. There are five area
colleges, each offering courses in the six fields that the program is designed to touch upon.

The package consists of 10 courses; each of the six fields must be covered.

The tuition (basic charge), assessed when at least one course is taken, aticllégéindependent of
the number of courses taken). Moreover, each college imposes an additional charge (covering course materials,
instructional aids, and so forth) feachcourse, the charge depending on the college and the field of instructions.
Formulate an integer program that will provide the company with the minimum amount it must spend to meet
the requirements of the program.

3. The marketing group of A. J. Pitt Company is considering the options available for its next advertising campaign
program. After a great deal of work, the group has identified a selected number of options with the characteristics
shown in the accompanying table.

Total
Trade Popular |Promotionallresource
TV  |magazineNewspaper Radio |[magazinecampaign || available

Customers
reached |1,000,000 200,000/ 300,000 |400,000 450,000 450,000 —
Cost ($) 500,000 150,000 300,000 (250,000 250,000 100,000 |/1,800,000
Designers
needed
(man-hours 700 250 200 200 300 400 1,500
Salesmen
needed
(man-hours 200 100 100 100 100 1,000 1,200

The objective of the advertising program is to maximize the number of customers reached, subject to the
limitation of resources (money, designers, and salesman) given in the table above. In addition, the following
constraints have to be met:

i) If the promotional campaign is undertaken, it needs either a radio or a popular magazine campaign effort to
support it.
i) The firm cannot advertise in both the trade and popular magazines.

Formulate an integer-programming model that will assist the company to select an appropriate advertising campaign
strategy.

4. Three different items are to be routed through three machines. Each item must be processed first on machine 1, then
on machine 2, and finally on machine 3. The sequence of items may differ for each machine. Assume that the times
tij required to perform the work on iteimby machinej are known and are integers. Our objective is to minimize
the total time necessary to process all the items.

a) Formulate the problem as an integer programming problétint.[ Let xjj be the starting time of processing
itemi on machingj. Your model must prevent two items from occupying the same machine at the same time;
also, an item may not start processing on machjir€l() unless it has completed processing on macljihe
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b) Suppose we want the items to be processed in the same sequence on each machine. Change the formulation in
part (a) accordingly.

Consider the problem:
Maximizez = X1 + 2xo,
subject to:
Xy + X2 < 8,
X1 — X2 < 4,
X2 > 0 and integer,

X1 =0,1,4, or6.

a) Reformulate the problem as an equivalent integer linear program.
b) How would your answer to part (a) change if the objective function were changed to:

Maximizez = x? + 2xp?

. Formulate, butlo not solvethe following mathematical-programming problems. Also, indicate the type of algorithm

used in general to solve each.

a) A courier traveling to Europe can carry up to 50 kilograms of a commaodity, all of which can be sold for $40 per
kilogram. The round-trip air fare is $450 plus $5 per kilogram of baggage in excess of 20 kilograms (one way).
Ignoring any possible profits on the return trip, should the courier travel to Europe and, if so, how much of the
commodity should be taken along in order to maximize his profits?

b) A copying service incurs machine operating costs of:

$0.10 for copies 1 to 4,
0.05 for copies 5to 8,
0.025 for copies 9 and over,

and has a capacity of 1000 copies per hour. One hour has been reserved for copying a 10-page article to be sold
to MBA students. Assuming that all copies can be sold for $0.50 per article, how many copies of the article
should be made?

c) A petrochemical company wants to maximize profit on an item that sells for $0.30 per gallon. Suppose that
increased temperature increases output according to the graph in Fig. E9.1. Assuming that production costs are
directly proportional to temperature as $7.50 per degree centigrade, how many gallons of the item should be
produced?

. Suppose that you are a ski buff and an entrepreneur. You own a set of hills, any or all of which can be developed.

Figure E9.2 illustrates the nature of the cost for putting ski runs on any hill.

The costincludes fixed charges for putting new trails on a hill. For each,ltiiere is a limid; on the number
of trails that can be constructed and a lower litpibn the number of feet of trail that must be developed if the hill
is used.

Use a piecewise linear approximation to formulate a strategy based on cost minimization for locating the ski
runs, given that you desire to hai total feet of developed ski trail in the area.

. Consider the following word game. You are assigned a number of tiles, each containinga letter, or z from

the alphabet. For any letter from the alphabet, your assignment includés (a nonnegative integer) tiles with
the lettera. From the letters you are to construct any of the wardsws, ..., wy. This list might, for example,
contain all words from a given dictionary.

You may construct any word at most once, and use any tile at most once. You ngceiv@points for making
word wj and an additional bonus bf; > 0 points for makindoothwordsw; andw;j (i =1,2,...,n; j =1, 2, ...,
n).

a) Formulate dinear integer program to determine your optimal choice of words.
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b) How does the formulation change if you are allowed to select 100 tiles with no restriction on your choice of
letters?

9. In Section 9.1 of the text, we presented the following simplified version of the warehouse-location problem:

MinimizeZquxij —i—Z fivi,
i j i

subject to:
inj:dj (j=12,...,n)
i
ZXij—yi(Zdj>§0 (i=12...,m)
j j
X”ZO (i=l,2,...,m;j=1,2,...,n)
yi=0orl i=12...,m.

a) The above model assumes only one product and two distribution stages (from warehouse to customer). Indicate
how the model would be modified if there were three distribution stages (from plant to warehouse to customer)
andL different products. Hlint. Define a new decision variabigjx equal to the amount to be sent from plant
i, through warehousg, to customek, of product.]
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b) Suppose there are maximum capacities for plants and size limits (both upper and lower bounds) for warehouses.
What is the relevant model now?

¢) Assume that each customer has to be served from a single warehouse; i.e., no splitting of orders is allowed. How
should the warehousing model be modifietfinf. Define a new variablejy = fraction of demand of customer

k satisfied from warehousg]

d) Assume that each wareholsexperiences economies of scale when shipping above a certain threshold quantity
to an individual customer; i.e., the unit distribution costiiswhenever the amount shipped is between 0 and
dij, andc]; (lower thancjj) whenever the amount shipped exceegls Formulate the warehouse location model
under these conditions.

10. Graph the following integer program:
Maximizez = x1 + 5x2,
subject to :

—4X1 + 3X2 < 6,
3X1 + 2% < 18,

X1, X2 >0 and integer

Apply the branch-and-bound procedure, graphically solving each linear-programming problem encountered. Inter-
pret the branch-and-bound procedure graphically as well.

11. Solve the following integer program using the branch-and-bound technique:
Minimize z = 2x1 — 3X2 — 4Xa,
subject to:

8’
10,

—X1 + X2 + 3X3
3X1 + 2X2 — X3

IAITA

X1, X2, X3 > 0 and integer

The optimal tableau to the linear program associated with this problem is:

Basic Current
variables| values| X1 X2 | X3 | Xa X5
6 5 2 1
X3 7 | ~7 11371 -7
38 8 1 3
X2 7 7 |1 7 7
138 18 11 5
-2 | 7 | 7 7|7

The variablex4 andxs are slack variables for the two constraints.

12. Use branch-and-bound to solve the mixed-integer program:
Maximizez = —5X; — Xo — 2x3 + 5,
subject to:

—2X1 + X2 — X3 +Xa =
2X1 + X2 + X3 + X5 =

NN~

x>0 (j=12....5

X3 andxs integer.
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13. Solve the mixed-integer programming knapsack problem:
Maximizez = 6X1 + 4Xo + 4X3 + X4 + Xs,
subject to:

2x1 + 2X2 + 3X3 + X4 + 2X5 =7,
xpi>=0 (j=12...,9),

X1 andxz integer.
14. Solve the following integer program using implicit enumeration:
Maximizez= 2x; — X2 — X3+ 10,
subject to:
2X1 + X2 — X3 <9,

2% + X3 >4,
3X1 + 3X2 + 3X3 = 6,

Xj=0 or 1 (j=1,273).

15. A college intramural four-man basketball team is trying to choose its starting line-up from a six-man roster so as to
maximize average height. The roster follows:

Player [NumberHeight*| Position
Dave 1 10 Center
John 2 9 Center
Mark 3 6 Forward
Rich 4 6 Forward
Ken 5 4 Guard
Jim 6 -1 Guard

*In inches over 56”.

The starting line-up must satisfy the following constraints:

i) Atleast one guard must start.

i) Either John or Ken must be held in reserve.
iii) Only one center can start.
iv) If John or Rich starts, then Jim cannot start.

a) Formulate this problem as an integer program.
b) Solve for the optimal starting line-up, using the implicit enumeration algorithm.

16. Suppose that one of the following constraints arises when applying the implicit enumeration algorithmlto a O
integer program:

—2X1 — 3X2 + X3 + 4x4 < —6, 1)
—2x1 — 6X2 4+ X3 + 4x4 < —5, 2)
—4X1 — 6Xp — X3 + 4X4 < —3. 3)

In each case, the variables on the lefthand side of the inequalities are free variables and the righthand-side coefficients
include the contributions of the fixed variables.



310 Integer Programming 9.8

a) Use the feasibility test to show that constraint (1) contains no feasible completion.

b) Show that, = 1 andx4 = 0 in any feasible completion to constraint (2). State a general rule that shows when a
variablex;, like xz or x4 in constraint (2), must be either 0 or 1 in any feasible solutiétintl Apply the usual
feasibility test after setting;j to 1 or 0.]

¢) Suppose that the objective function to minimize is:

Z = 6X1 + 4X2 + 5X3 + X4 + 10,

and thatz = 17 is the value of an integer solution obtained previously. Showxthat 0 in a feasible completion
to constraint (3) that is a potential improvement ugonith z < z. (Note that eithex; = 1 orxp = 1 in any
feasible solution to constraint (3) having = 1.)
d) How could the tests described in parts (b) and (c) be used to reduce the size of the enumeration tree encountered
when applying implicit enumeration?

17. Although the constraint
X1 — Xo<-1

and the constraint
X1+ 2% < -1

to a zero—one integer program both have feasible solutions, the system composed of both constraints is infeasible.
One way to exhibit the inconsistency in the system is to add the two constraints, producing the constraint

X2 < —1,

which has no feasible solution withh = 0 or 1.
More generally, suppose that we multiply ttik constraint of a system

Multipliers
a11X1 + agXe +---+ amxn < by, uy
&1X1 + ai2X2 +---+ anXn < by, U
am1X1 + amaX2 + -+ 8mpXn < bm, Um

Xj=0 or 1 (j=212,...,n),
by nonnegative constraints and add to give the composite, surrogate constraint:

<§;Uiail) X1 + (éuiam) Xo 4o+ (éuiam> Xn < iX:uibi_

a) Show that any feasible solution =0 or1(j =1, 2, ..., n) for the system of constraints must also be feasible
to the surrogate constraint.

b) How mightthe fathoming tests discussed in the previous exercise be used in conjunction with surrogate constraints
in an implicit enumeration scheme?

c) A*“best” surrogate constraint might be defined as one that eliminates as many nonoptimal sodptiofsor 1
as possible. Consider the objective value of the integer program when the system constraints are replaced by the
surrogate constraint; that is the problem:

v(U) = Min c1X1 + CoXo + -+ CnXn,

subject to:

m m m m
(Zuiail> X1 + (Zmaez) X+ -+ (Zm%) Xn < Y uiby,
i=1 i=1 i=1 i=1

Xj=0 or 1 (j=212,...,n).
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Let us say that a surrogate constraint with multipliersus, . . ., uy is strongerthan another surrogate constraint
with multipliersuy, Ua, .. ., Uy, if the valuev(u) of the surrogate constraint problem with multipliegs uy, . . . , Uy

is larger than the value af(u) with multipliersuy, Uo, ..., Un. (The larger we make(u), the more nonoptimal
solutions we might expect to eliminate.)

Suppose that we estimate the valueval) defined above by replacing; = Oor1l by 0< x; < 1 for
j =1,2,...,n. Then, to estimate the strongest surrogate constraint, we would need to find those values of the
multipliersus, ua, ..., Uy to maximizev(u), where

v(u) = Min C1X1 + CoX2 + - - - + CnXn,

subject to:
0<xj<1 1)

and the surrogate constraint.
Show that the optimal shadow prices to the linear program

MaximizeciXy + CoX2 + - - - + CpXn,
subject to:
1X1+ a2 +---+anXn<b (=12,...,m)),
0<xj=<1 (j=12,...,n),

solve the problem of maximizing(u) in (1).

The following tableau specifies the solution to the linear program associated with the integer program presented
below.

Basic Current
variables| values | x3 | Xo X3 X4
16
X = 1 2| _1
1 253 5 5
X £ 1 1 2
2 5 5 5
(-2 _ 133 _1 ) 2
5 5 5

Maximizez = 4x1 + 3xo,
subject to:

2X1 + X2 4+ X3 =11
—X1 + 2% + X4 6,

Xj >0 andinteger (j=1,234).

a) Derive cuts from each of the rows in the optimal linear-programming tableau, including the objective function.

b) Express the cuts in terms of the variabkesandx,. Graph the feasible region fo andx, and illustrate the
cuts on the graph.

¢) Append the cut derived from the objective function to the linear program, and re-solve. Does the solution to this
new linear program solve the integer program? If not, how would you proceed to find the optimal solution to the
integer program?

Given the following integer linear program:

Maximizez = 5x1 + 2xo,
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subject to:

Bx1 4+ 4xp < 21,
X1, X2 > 0 and integer,

solve, using the cutting-plane algorithm. lllustrate the cuts on a graph of the feasible region.

The following knapsack problem:
n

Maximize Z cxj,
=1
subject to:

n
Zij <n,
j=1
Xp =0 or 1 (j=212,...,n),

which has the same “contribution” for each item under consideration, has proved to be rather difficult to solve for
most general-purpose integer-programming codes whgsm@nodd number.

a) What is the optimal solution whemis even? whem is odd?
b) Comment specifically on why this problem might be difficult to solve on general integer-programming codes
whenn is odd.

Suppose that a firm haklarge rolls of paper, eadlV inches wide. It is necessary to au rolls of width W; from
these rolls of paper. We can formulate this problem by defining variables

xij = Number of smaller rolls of width; cut from large rollj.

We assume there ame different widthsWi. In order to cut all the required rolls of widi, we need constraints
of the form:

N
inj =N (i=12...,m.
=1

Further, the number of smaller rolls cut from a large roll is limited by the willtlof the large roll. Assuming no
loss due to cutting, we have constraints of the form:

m
> Wixj =W (j=1,2...,N).
i=1

a) Formulate an objective function to minimize the number of large rolls of widthsed to produce the smaller
rolls.

b) Reformulate the model to minimize the total trim loss resulting from cutting. Trim loss is defined to be that part
of a large roll that is unusable due to being smaller than any size needed.

¢) Comment on the difficulty of solving each formulation by a branch-and-bound method.

d) Reformulate the problem in terms of the collection of possible patterns that can be cut from a given large roll.
(Hint. See Exercise 25 in Chapter 1.)

e) Comment on the difficulty of solving the formulation in (d), as opposed to the formulations in (a) or (b), by a
branch-and-bound method.

The Bradford Wire Company produces wire screening woven on looms in a process essentially identical to that of
weaving cloth. Recently, Bradford has been operating at full capacity and is giving serious consideration to a major
capital investment in additional looms. They currently have a total of 43 looms, which are in production all of their
available hours. In order to justify the investment in additional looms, they must analyze the utilization of their
existing capacity.

Of Bradford’s 43 looms, 28 are 50 inches wide, and 15 are 80 inches wide. Normally, one or two widths totaling
less than the width of the loom are made on a particular loom. With the use of a “center-tucker,” up to three widths
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can be simultaneously produced on one loom; however, in this instance the effective capacities of the 50-inch and
80-inch looms are reduced to 49 inches and 79 inches, respectively. Under no circumstance is it possible to make
more than three widths simultaneously on any one loom.

Figure E9.3 gives a typical loom-loading configuration at one pointin time. Loom #1, which is 50 inches wide,
has two 24-inch widths being produced on it, leaving 2 inches of unused or “wasted” capacity. Loom #12 has
only a 31-inch width on it, leaving 19 inches of the loom unused. If there were an order for a width of 19 inches or
less, then it could be produced at zero marginal machine cost along with the 31-inch width already being produced
on this loom. Note that loom #40 has widths of 24, 26, and 28 inches, totaling 78 inches. The “waste” here is
considered to be only 1 inch, due to the reduced effective capacity from the use of the center-tucker. Note also that
the combination of widths 24, 26, and 30 is not allowed, for similar reasons.

50" Looms 80" Looms
Loom number Widths Waste Loom number Widths Waste
1 24-24 2 29 48-32 0
2 30 20 30 24-26-28 1
3 40 10 31 48-32 0
4 30% 193 32 48-32 0
5 48 2 33 36-36 8
6 32-14% 31 34 36-36 8
7 28 22 35 60-18 2
8 263 23% 36 36-36 8
9 30 20 37 42-34 4
10 30 20 38 24-26-28 1
11 35 15 39 24-26-28 1
12 31 19 40 24-26-28 1
13 34% 153 41 48-32 0
14 36 14 42 36-36 8
15 32 18 43 42-34 -
p o 03 30" Total 3
18 30 20 3373
19 36 14 Grand total 3832
20 474 21
21 30 20
22 20-30
23 48% 1%
24 28-22 0
25 30145 5%
26 42 8
27 32-18 0
28 284 214
50" Total 3373
Figure E9.3

The total of 383 inches of “wasted” loom capacity represents roughly seven and one-half 50-inch looms;
and members of Bradford’s management are sure that there must be a more efficient loom-loading configuration
that would save some of this “wasted” capacity. As there are always numerous additional orders to be produced,
any additional capacity can immediately be put to good use.

The two types of looms are run at different speeds and have different efficiencies. The 50-inch looms are
operated at 240 pics per second, while the 80-inch looms are operated at 214 pics per second. (There are 16 pics
to the inch). Further, the 50-inch looms are more efficient, since their “up time” is about 85% of the total time, as
compared to 65% for the 80-inch looms.

The problem of scheduling the various orders on the looms sequentially over time is difficult. However, as
a first cut at analyzing how efficiently the looms are currently operating, the company has decided to examine the
loom-loading configuration at one point in time as given in Fig. E9-3. If these same orders can be rearranged in
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23.

such a way as to free up one or two looms, then it would be clear that a closer look at the utilization of existing
equipment would be warranted before additional equipment is purchased.

a) Since saving an 80-inch loom is not equivalent to saving a 50-inch loom, what is an appropriate objective function
to minimize?
b) Formulate an integer program to minimize the objective function suggested in part (a).

In the export division of Lowell Textile Mills, cloth is woven in lengths that are multiples of the piece-length required
by the customer. The major demand is for 18-meter piece-lengths, and the cloth is generally woven in 54-meter
lengths.

Cloth cannot be sold in lengths greater than the stipulated piece-length. Lengths falling short are classified into
four groups. For 18-meter piece-lengths, the categories and the contribution per meter are as follows:

Length | Contribution/
Category| Technical term (Meters)| Meter
A First sort 18 1.00
B Seconds 11-17 0.90
C Short lengths | 6-10 0.75
D Rags 1-5 0.60
J Joined parts 18 0.90

x Joined parts consist of lengths obtained by joining two pieces
such that the shorter piece is at least 6 meters long.

The current cutting practice is as follows. Each woven length is inspected and defects are flagged prominently.

The cloth is cut at these defects and, since the cloth is folded in exact meter lengths, the lengths of each cut piece is
known. The cut pieces are then cut again, if necessary, to obtain as many pieces of first sort as possible. The short
lengths are joined wherever possible to make joined parts.

Since the process is continuous, it is impossible to pool all the woven lengths and then decide on a cutting
pattern. Each woven length has to be classified for cutting before it enters the cutting room.

As an example of the current practice, consider a woven length of 54 meters with two defects, one at 19 meters
and one at 44 meters. The woven length is first cut at the defects, giving three pieces of lengths 19, 25, and 10
meters each. Then further cuts are made as follows: The resulting contribution is

Piece length| Further cuts

25 18+7
19 18+1
10 10

2x18x 1.00+ (7+10) x 0.75+ 1 x 0.60= 49.35.
It is clear that this cutting procedure can be improved upon by the following alternative cutting plan: By joining 7

Piece length Further cuts

25 18+7
19 8+11
10 10

+ 11 and 8 + 10 to make two joined parts, the resulting contribution is:

18 x 1.00+ 18 x 2 x 0.90 = 50.40.
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Thus with one woven length, contribution can be increased by $1.05 by merely changing the cutting pattern. With a
daily output of 1000 such woven lengths (two defects on average), substantial savings could be realized by improved
cutting procedures.

a) Formulate an integer program to maximize the contribution from cutting the woven length described above.

b) Formulate an integer program to maximize the contribution from cutting a general woven length with no more
than four defects. Assume that the defects occur at integral numbers of meters.

¢) How does the formulation in (b) change when the defectaarat integral numbers of meters?

24. Custom Pilot Chemical Company is a chemical manufacturer that produces batches of specialty chemicals to order.
Principal equipment consists of eight interchangeable reactor vessels, five interchangeable distillation columns, four
large interchangeable centrifuges, and a network of switchable piping and storage tanks. Customer demand comes
in the form of orders for batches of one or more (usually not more than three) specialty chemicals, normally to be
delivered simultaneously for further use by the customer. Customer Pilot Chemical fills these orders by means of a
sort of pilot plant for each specialty chemical formed by inter-connecting the appropriate quantities of equipment.
Sometimes a specialty chemical requires processing by more than one of these “pilot” plants, in which case one or
more batches of intermediate products may be produced for further processing. There is no shortage of piping and
holding tanks, but the expensive equipment (reactors, distillation columns, and centrifuges) is frequently inadequate
to meet the demand.

The company’s schedules are worked out in calendar weeks, with actual production always taking an integer
multiple of weeks. Whenever a new order comes in, the schedulerimmediately makes up a precedence tree-chart for
it. The precedence tree-chart breaks down the order into “jobs.” For example, an order for two specialty chemicals,
of which one needs an intermediate stage, would be broken down into three jobs (Fig. E9.4). Each job requires
certain equipment, and each is assigned a preliminary time-in-process, or “duration.” The durations can always be
predicted with a high degree of accuracy.

(4) . (3)
Job 1 Job 2
(3)
Job 3
Figure E9.4

Currently, Custom Pilot Chemical has three orders that need to be scheduled (see the accompanying table).
Orders can be started at the beginning of their arrival week and should be completed by the endvektheine

Resource requirements

Order | Job |PrecedencgArrival |Duration|Week Distillation|Centri-
numbernumber relations | week |in weeks due |Reactors columns | fuges
AK14 1 None 15 4 22 5 3 2

2 (1) 15 3 22 0 1 1

3 None 15 3 22 2 0 2
AK15 1 None 16 3 23 1 1 1

2 None 16 2 23 2 0 0

3 (1) 16 2 23 2 2 0
AK16 1 None 17 5 23 2 1 1

2 None 17 1 23 1 3 0

For example, AK14 consists of three jobs, where Job 2 cannot be started until Job 1 has been completed.
Figure E9-4 is an appropriate precedence tree for this order. Generally, the resources required are tied up for the
entire duration of a job. Assume that Custom Pilot Chemical is just finishing week 14.

a) Formulate an integer program that minimizes the total completion time for all orders.
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b) With a more complicated list of orders, what other objective functions might be appropriate? How would these
be formulated as integer programs?

25. Alarge electronics manufacturing firm that produces a single product is faced with rapid sales growth. Its planning
group is developing an overall capacity-expansion strategy, that would balance the cost of building new capacity,
the cost of operating the new and existing facilities, and the cost associated with unmet demand (that has to be
subcontracted outside at a higher cost).

The following model has been proposed to assist in defining an appropriate strategy for the firm.

Decision variables

Yit A binary integer variable that will be 1 if a facility exists at site
i in periodt, and O otherwise.
(1Y)it A binary integer variable that will be 1 if facility is constructed
at sitei in periodt, and O otherwise.
Ait Capacity (sq ft) at site in periodt.
(1 A)jt The increase in capacity at sitén periodt.
(DA)jt The decrease in capacity at siti periodt.
Pit Total units produced at sitein periodt.
Ut Total unmet demand (subcontracted) units in petiod
Forecast parameters
D¢ Demand in units in periotl
Cost parameters—Capacity
St Cost of operating a facility at sitiein periodt.
dit Cost of building a facility at sité in periodt.
ajt Cost of occupying 1 sq ft of fully equipped capacity at site
in periodt.
bit Cost of increasing capacity by 1 sq ft at dite periodt.
Cit Cost of decreasing capacity by 1 sq ft at $ite periodt.
Cost parameters—Production
O Cost of unmet demand (subcontractigpportunity cost)
for one unit in period.
Vit Tax-adjusted variable cost (materigllabor+ taxes) of

producing one unit at sitein periodt.
Productivity parameters
(pait Capacity needed (sq ft years) at sit@ periodt to produce
one unit of the product.
Policy parameters

Fit, Fi Maximum, minimum facility size at sitein periodt (if the
site exists).
Git Maximum growth (sq ft) of sité in periodt.

Obijective function
The model’s objective function is to minimize total cost:

T

Min Z

=1

St Yit + dit (1Y)it

—

ait Ait + bit (1 A)it + Gt (D A)it

T

vit Pt + Z ot Ut
t=1

+

+
M- LM~ 1=
M= IM=

-
Il
N
Il
N
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Description of constraints

1. Demand constraint
N
Z Pt + Ut = Dy
i=1

2. Productivity constraint

(pait Pit < Ait

3. Facility-balance constraint
Yit—1 + (1Y)it = Yit {

4. Area-balance constraint

fori=1,2,..., N,
Ait—1 4+ (1 Ait — (DA)it = Ai { 19

fort=2,2,...,T,
5. Facility-size limits

Ait > YitFj¢ fori=1,2,..., N,
Ait < YitFit fort=1,2,...,T,

6. Growth constraint

fori=1,2,..., N,
(1A)it — (DAt < Git {

fort=21,2,...,T,
7. Additional constraints
0<Yyi=<1 fori=1,2,..., N,
Yit integer fort=1,2,...,T,
All variables nonnegative.
Explain the choice of decision variables, objective function, and constraints. Make a detailed discussion of the

model assumptions. Estimate the number of constraints, continuous variables, and integer variables in the model.
Is it feasible to solve the model by standard branch-and-bound procedures?

Aninvestor is considering a total bpossible investment opportunitiis= 1, 2, .. ., | ), during a planning horizon
coveringT time periods(t = 1,2,..., T). A total of b; dollars is required to initiate investmenin periodt.
Investment in project at time periodt provides an income streasj t+1, & t+2, ..., &, T in succeeding time

periods. This money is available for reinvestment in other projects. The total amount of money available to the
investor at the beginning of the planning periodisiollars.

a) Assume that the investor wants to maximize the net present value of the net stream of cast fiowse(
corresponding discount factor for peritd Formulate an integer-programming model to assist in the investor’s
decision.

b) How should the model be modified to incorporate timing restrictions of the form:

i) Projectj cannot be initiated until after projekthas been initiated; or
i) Projectsj andk cannot both be initiated in the same period?

c) If the returns to be derived from these projects are uncertain, how would you consider the risk attitudes of the
decision-maker?Hint. See Exercises 22 and 23 in Chapter 3.]

The advertising manager of a magazine faces the following problem: Fortweek 1,2...,13, she has been
allocated a maximum af; pages to use for advertising. She has received requests . . ., rg for advertising,
bid r¢ indicating:

i) the initial weekik to run the ad,
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29.

i) the durationdy of the ad (in weeks),
iii) the page allocatiory of the ad (half-, quarter-, or full-page),
iv) a price offerpy.

The manager must determine which bids to accept to maximize revenue, subject to the following restrictions:

i) Any ad that is accepted must be run in consecutive weeks throughout its duration.

ii) The manager cannot accept conflicting ads. Formally, suigetsd Tj for j = 1,2,...,n of the bids are
given, and she may not select an ad from BBtlandT; (j = 1,2, ..., n). For example, iy = {r,r2}, Ty =
{r3,r4,rs}, and bidr1 orry is accepted, then bids, r4, orrs must all be rejected; if bits, r4, orrsis accepted,
then bidsr1 andr, must both be rejected.

iii) The manager must meetthe Federal Communication Commission’s balanced advertising requirements. Formally,
subsetsS; andS; for j = 1,2, ..., mof the bids are given; if she selects a bid fr@n she must also select a
bid fromS; (j = 1,2,..., m). For example, ifS, = {r1,ra,rg} andS = {rs, re}, then either request or rg
must be accepted if any of the bids r3, orrg are accepted.

Formulate as an integer program.

Them-traveling-salesman problem is a variant of the traveling-salesman problem in mrgelesmen stationed
at a home base, city 1, are to make tours to visit other citi€3,.2., n. Each salesman must be routed through
some, but not all, of the cities and return to his (or her) home base; each city must be visited by one salesman. To
avoid redundancy, the sales coordinator requires that no city (other than the home base) be visited by more than one
salesman or that any salesman visit any city more than once.

Suppose that it cost;j dollars for any salesman to travel from cityo city j.

a) Formulate an integer program to determine the minimum-cost routing plan. Be sure that your formulation does
not permit subtour solutions for any salesman.

b) Them-traveling-salesman problem can be reformulated as a single-salesman problem as follows: We replace
the home base (city 1) by fictitious cities denoted’12’, ..., m". We link each of these fictitious cities to each
other with an arc with high cogel > " | ZT=1 |cij |, and we connect each fictitious cityto every city| at
costci/j = ¢jj. Figure E9.5 illustrates this construction for= 3.

Replacement for Original network for
home base Cities 2 through n
Figure E9.5

Suppose that we solve this reformulation as a single-traveling-salesman problem, but identify each portion of
the tour that travels from one of the fictitious citiéshrough the original network and back to another fictitious city
j’ as a tour for one of then salesmen. Show that these tours solverthgaveling-salesman problemHint. Can
the solution to the single-salesman problem ever use any of the arcs with a highZéstw many times must the
single salesman leave from and return to one of the fictitious cities?]

Many practical problems, such as fuel-oil delivery, newspaper delivery, or school-bus routing, are special cases of
the generic vehicle-routing problem. In this problem, a fleet of vehicles must be routed to deliver (or pick up) goods
from a depot, node 0, to drop-pointsj =1,2,...,n.

Let
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Qxk = Loading capacity of th& th vehicle in the fleetk = 1, 2, ..., m);

di = Number of items to be left at drop-pointi =1, 2, ..., ny;

tik = Time to unload vehicl& at drop-point (i =1,2,...n; k=1,2,...,m);

ti‘} = Time for vehiclek to travel from drop-point to drop-point

ji=0,1,....,n;j=0,1,...,n;k=1,2,...,m)
ci"j = Cost for vehicle to travel from node to nodej(i =0,1,...,n;
i=01....,mk=12...,m).
If a vehicle visits drop-point, then it fulfills the entire demand at that drop-point. As in the traveling or

m-traveling salesman problem, only one vehicle can visit any drop-point, and no vehicle can visit the same drop-

point more than once. The routing pattern must satisfy the service restriction that kehiclate take longer than
Tk time units to complete.

Define the decision variables for this problem as:

ok _ 1 if vehic_lek travels from drop-point to drop-point;j,
d 0 otherwise.

Formulate an integer program that determines the minimum-cost routing pattern to fulfill demand at the drop-points
that simultaneously meets the maximum routing-time constraints and loads no vehicle beyond its capacity. How
many constraints and variables does the model contain when there are 400 drop-points and 20 vehicles?
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10

The project described in this chapter deals with the determination of the optimal
man/machine configuration of a naval tender job shop. The approach illustrates
how to complement the strengths of two important modeling techniques: mathema-
tical programming and simulation. The problem can be characterized as one of
capacity planning, where a great deal of uncertainty exists as to the demands on the
system.

The approach taken is hierarchical in the sense that an aggregate planning
model first suggests a man/machine configuration for the job shop and then a detailed
model evaluates the performance of this configuration in a simulated environment.
The aggregate model extends over a six-month planning horizon and has a mixed-
integer programming structure. Once a proposed configuration for the job shop is
generated by the aggregate planning model, the detailed model addresses the un-
certainties and the precedence relations that affect the job-shop environment on an
hour-by-hour basis. If the detailed evaluation of the configuration is unacceptable,
constraints are modified in the aggregate model and the procedure is repeated.

This hierarchical approach, which combines optimization and simulation,
provides a viable way of eliminating the weaknesses inherent in the two modeling
approaches. The mixed-integer programming model cannot incorporate the detailed
precedence relationships among jobs or include uncertainties explicitly, without
becoming so large that it would be impossible to solve. On the other hand, the
simulation model does not generate alternative man/machine configurations, but
merely evaluates those presented to it. By using the two approaches jointly, it is
possible both to generate a reasonable set of alternative configurations and to
evaluate each one against a set of scheduling environments.

The hierarchical approach also facilitates the decision-maker’s interaction with
the models, and allows for comprehensive testing of a wide variety of options that
can result in robust and efficient solutions.

425
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10.1 THE PROBLEM DESCRIPTION

In order to support its fleet of ships, the U.S. Navy maintains a number of special-
purpose ships, called naval tenders, which are dedicated to performing maintenance
functions for the fleet. The purpose of this project is to develop an analytic approach
for determining the machine configuration and manpower allocation for a naval-
tender machine shop. Although this objective might be regarded as quite specific,
the naval-tender machine shop can be considered a typical example of an intermit-
tent-production, open job shop wherein general-purpose equipment and trained
mechanics are held ready to meet a widely fluctuating demand for repair and manu-
facturing work. In this specific case, the work is generated by the fleet of ships for
which the tender is responsible. The suggested design approach can be extended
easily to other job-shop configurations.

The principal functions of the naval-tender machine shop are to repair pumps,
valves, and similar mechanical equipment; to manufacture machinery replacement
items; to perform grinding and engraving work; and to assist other tender shops.
The typical modern naval-tender machine shop contains milling machines, drill
presses, grinders, engine lathes, a furnace, a dip tank, bandsaws, shapers, turret
lathes, boring mills, a disintegrator, an arbor press, and various other equipment.
The shop normally is supervised by three chief petty officers, and the operations
personnel include several petty officers (first-, second-, and third-class) as well as a
large number of “non-rated” machinery repairmen.

In order to reduce the scope of the study to a more manageable size, we have
excluded from our analysis the engraving and grinding sections, since there is virtually
no cross-training between these sections and the remaining part of the tender, and
their use does not overlap with the remaining activities of the naval tender. It would
be straightforward to extend our suggested approach to cover grinding and engraving
operations if proper data were available.

The Use of Numerically-Controlled Machines

A primary concern of our study is to examine the applicability of numerically-
controlled machine technology to naval tenders. Numerical control provides for
the automatic operation of machinery, using as input discrete numerical data and
instructions stored on an appropriate medium such as punched or magnetized tape.
The motions and operations of numerically-controlled machine tools are controlled
primarily, not by an operator, but by an electronic director, which interprets coded
instructions and directs a corresponding series of motions on the machine. Numeri-
cally-controlled machine tools combine the operations of several conventional
machines, such as those used in milling, drilling, boring, and cutting operations.

To evaluate the decision-making problem properly, it is important to examine
some of the advantages that numerically-controlled machines offer over conventional
machine tools.

First, the combination of many machining activities into one machine may
decrease setup losses, transportation times between machine groups, and waiting



10.1 The Problem Description 427

times in queues. Jobs then tend to spend less time in the shop, and so generally there
will be less work-in-process and less need for finished-good inventories.

Second, the programmed instructions provided to the numerically-controlled
machines can be transmitted, by conventional data lines or via a satellite system,
to tenders in any of the seas and oceans. This creates an opportunity to develop
centralized design, engineering, parts-programming, and quality-control organi-
zation, which can offer many economical, tactical, and manufacturing advantages.

Third, because numerically-controlled machines can be programmed to perform
repetitive tasks very effectively, the jobs that they complete may require less rework
and can be expected to result in less scrap. Also, superior quality control can be
gained without relying on an operator to obtain close tolerances, and significant
savings in inspection time can be realized.

Fourth, numerical control can have major impacts on tooling considerations.
Tool wear can be accounted for, at given speed and feed rates, by automatically
modifying the tooling operation to compensate for the changes in tool shape. With
this compensation, numerous stops to adjust tools are avoided, and the tool is
changed only when dull.

Finally, skills that are placed onto tape can be retained even though there are
numerous transfers and changes in shop personnel. Despite this characteristic,
inferences regarding individual skills and capabilities of operating personnel cannot
be drawn so readily. Some advocates of numerical control would say that the
personnel skill level could be lower in a numerical-control machine shop. On the
other hand, several users of numerical control (e.g., the Naval Air Rework Facility
in Quonset Point, R.I.) have indicated no change in overall skill levels when
numerically-controlled machines are used, since experienced machinists are needed
to ascertain whether the machine is producing the desired part or not.

All of these considerations suggest investigating the possibility of placing
numerically-controlled machines on board naval tenders. The justification, or lack
of justification, for the replacement of conventional machinery by numerically-
controlled machinery is one of the important questions addressed in this study.

The Hierarchical Approach

There are two distinct levels of decision in the design of a naval-tender machine
shop. The first level, which involves resource acquisition, encompasses the broad
allocation of manpower and equipment for the tender, including the capital invest-
ment required for purchasing numerically-contro