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Preface

Crystalline materials make up an estimated 80% of chemical and pharmaceu-
tical products, and their crystal size and size distribution are often important 
factors for product applications. Yet, no practical guidance has been available 
to the chemist and product engineer to achieve the precision control of the size 
and size distribution of their crystalline materials using practical and available 
control variables.

During 30 years in the precision precipitation of crystals for product applications, 
the author supervised and executed more than 1,500 controlled precipitations. In 
this work, he found that the classical models did not provide practical information to 
guide him in his experiments. Thus, he and his colleagues, Jong Wey and Ramesh 
Jagannathan, developed and published a novel science-based practical model to con-
trol crystal nucleation, and thus crystal size and size distribution. This model dis-
tinguishes itself from previous nucleation models by including both nucleation and 
growth in the nucleation process, thus the name Balanced Nucleation and Growth 
(BNG) model. He continued the development of the model and provided experimen-
tal support. The new model, which is the core of this book, gives parameter-free 
predictions for both controlled batch and continuous crystallizations.

 For the first time, the results of the nucleation process are quantitatively related 
to practical experimental control variables such as reactant addition rate, crystal 
solubility, temperature, residence time (continuous crystallizations), and the effect 
of ripening agents (crystal-supersizing) and crystal growth restrainers (crystal nano-
sizing) during nucleation. In addition, the theory predicted previously unknown phe-
nomena and corrected erroneous perceptions on the importance of reaction volume 
on the outcome of crystal nucleation. The model, its correlations with control param-
eters, and other predictions were supported by experimental results. This sets this 
model apart from many other modeling efforts.

This book offers the concepts and quantitative models that are vital to those who 
need precision control of crystal size in products. The crystal size is a function of 
both crystal nucleation and growth, where control of nucleation is the most challeng-
ing factor. Classical nucleation theories generally do not give precise guidance to 
control crystal nucleation and solutions to specific problems are generally obtained 
by trial and error.

The models and equations in this book relate the crystal number and size distribu-
tion (nucleation) to experimentally controlled reaction variables. Crystal number and 
size are quantitatively related to reactant addition rate, crystal solubility, tempera-
ture, and solvent and crystal properties. It also models the effect of other factors such 
as crystal ripening agents and crystal growth restrainers for the first time; equations 
for both controlled batch and continuous precipitations are developed using the same 
model. Unexpected predictions were experimentally confirmed.
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The new concepts have been applied to the precipitation of inorganic materials, 
such as silver halides in the photographic industry and other inorganic materials, 
and to organic systems such as latexes, dyes, and pigments. Other applications are 
for crystalline materials used as pharmaceuticals, catalysts, and imaging systems for 
separations and surface modifications.

Because this work is at the cutting edge of crystallization science and technology, 
this information has not been available from previous textbooks and academic insti-
tutions. Thus, the book provides a unique opportunity to learn up-to-date principles 
for precision controlled precipitations.

This practical information is aimed at chemical engineers, chemists, and other 
scientists who need to control precipitation processes for size control. The concepts 
have been used by those who are involved in the design of crystallization processes 
for research, quality control, product development, production processes, pilot plant 
operations, and manufacturing. The models have provided practical guidance for 
robustness in manufacturing. A deliberate effort was made to derive straightforward 
equations for understanding and application where basic knowledge of physical 
chemistry, chemical engineering, and some knowledge of calculus and of process 
fundamentals will be sufficient.

The benefits of this book will add to the understanding of the basic and practical 
principles that control crystal size in precipitations. It teaches advanced and new 
principles to solve precipitation problems in batch and continuous processes. It gives 
the principles and tools to quantitatively relate the crystal size to precipitation vari-
ables. As a special benefit, the information will teach how to minimize the number 
of experiments in precipitation R&D and product development. As a result of the 
direct correlation with manufacturing control variables, the reader will learn to pre-
dict and correct process limitations and breakdowns.
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1

1 Prior Models for 
Nucleation and Growth

The Primitive Model

A primitive model for the total number of crystals formed, Z, can be derived if one 
assumes that in a limited nucleation time, t0, a number of Z crystal nuclei of the 
(nascent) size, l0, are formed, and kv is the volume constant that converts the charac-
teristic length, l0, to crystal volume. The mass volume of crystals formed, Vz [cm3], 
is given by Equation (1.1).

	
V Zk lz v 0

3= 	 (1.1)

Vz is also equal to the mass volume added during the nucleation time, t0 
(Equation [1.2]).

	
V RV tz m 0= 	 (1.2)

Here, Vm is the molar volume (cm3/mole of the crystals). The addition rate, R 
(mole/s), is constant through the nucleation period; using the mass balance, 
Vz, between material addition rate, R, and the mass of nascent nuclei leads to 
Equation (1.3):

	
Z

RV t

k l
m 0

v 0
3= 	 (1.3)

Generally, arbitrary assumptions are made about either the nucleation period, t0, 
or the nascent crystal size, l0. For instance, it has been assumed that the nucleation 
time is the time from the start of reactant addition to the time when the turbidity 
of the reaction mixture reaches a given density. In reality, this density only reflects 
the size and number of crystals when the turbidity condition is reached. Nucleation 
might have ended substantially earlier, and the visual appearance of turbidity does 
mostly indicate the growth from a much smaller nascent to a visible crystal size.

This equation does not explicitly include important reaction variables, such as 
temperature and solubility, which control the nucleation process. Also, the nucle-
ation rate depends on the supersaturation during nucleation and is not a linear pro-
cess as assumed for Equation (1.3).

The origin of this model is obscured in history. Other models must be used for mecha-
nistic modeling. Better times for the nucleation time have been determined by stop-flow 
procedures, and high-definition laser diffraction measurements may offer another prac-
tical technology for longer nucleation rates. However, as we will show, the nucleation 
rate is not constant during the nucleation process (except for continuous processes).
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2	 Precision Crystallization: Theory and Practice of Controlling Crystal Size

The Total Crystal Number

A practical application of the mass balance of this primitive model is the calculation 
of the total crystal number formed in the nucleation process.

The total crystal number, Z, is generally determined by a variation of Equation 
(1.3). Equation (1.4) represents the mass balance from the beginning (t0) to the end 
(te) of the precipitation.

	
Z

F V Rdt

k l

n m
t

t

v e

e

=
∫
0
3 	 (1.4)

The integral is the total amount (moles) of reactants added. This approach repre-
sents the opportunity to vary the reactant addition rate, R, after the end of nucleation 
to control the growth rate of the crystals and to control the addition time needed 
to achieve a desired crystal size. The final size of the crystals, le, is analytically 
determined. Fn is the fraction of reactants converted to crystalline material and may 
vary from zero to one. The amount of unreacted reactants may also be analytically 
determined at the end of precipitation.

Equation (1.4) is the standard equation for calculating the total number of crystals 
formed at any time during the crystallization and will be used to calculate Z in the 
experimental sections.

The Classical Nucleation Model (Becker-Doering)

Model

This model is given by Equation (1.5).

	
J J

V

k T lnS
s=

-
0

3 2

3 3 2

16

3
exp

( )

γ
	 (1.5)

Here, J is the nucleation rate (number/cm3 sec); J0 is the nucleation constant (number/cm3 
sec); g is the surface energy (erg/cm2); Vs is the molecular volume (molar volume/Avogadro 
number); k is the Boltzmann constant; T is the absolute temperature (K); S is the super-
saturation, (C - Cs); C is the concentration; and Cs is the equilibrium concentration.

In Equation (1.5), the usual preexponential factor A was renamed J0, since it rep-
resents the maximum nucleation rate. The ratio of J/J0 (Equation [1.6]), which varies 
between zero and one, was modeled as a function of surface energy, g, and super-
saturation, S11 (Figure 1.1).

	

J
J

V

k T lnS
s

0

3 2

3 3 2

16

3
=

-
exp

( )

γ
	 (1.6)

For silver halide precipitations, where S is generally greater than 106, continuous 
nucleation was predicted.1 In contrast, it was experimentally found that a finite num-
ber of crystals are obtained, which then grow after the nucleation phase.
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Prior Models for Nucleation and Growth	 3

Derivation of the Classical Nucleation Model

Relatively recent derivations of this equation were given by Mutaftschiev (1993)2 and 
Katz and Donohue (1979).3 The nucleation process is modeled following the classical 
mechanism, which has been described in several books.4 This model was derived for 
the condensation of vapor to liquid. It is generally also extended to crystallization 
from melts and solutions.

The model assumes that the nucleation process proceeds through various steps until 
the size of a stable critical cluster, (AB)n, with the critical nucleus size, rc, is reached, 
which has equal probability to dissolve or grow under the reaction conditions:

	 A B AB+ ⇔ ( )

	 AB A B AB 2+ + ⇔ ( )

	
( ) ( ) , ,AB A B AB2 3+ + ⇔ sub clusters sub nuclei embryos

	
( ) ( ) /AB A B AB(n 1) n- + + → =critical cluster nucleus size rrc

The critical nucleus (or cluster) size, rc, is the initially formed cluster that has equal 
probability to grow or dissolve under the given reaction conditions. The size of this 
nucleus is given by its thermodynamic stability (see below).

The critical nucleus size must not be confused with the critical crystal size, r*, 
which is the crystal size where crystals have equal probability to grow or dissolve, 
however, in the presence of a larger stable crystal population. The size, r*, is given 
by the reaction conditions and the size of the stable crystal population, r. The BNG 
model experimentally determines the ratio r*/r. From this ratio and the knowledge of 
r, the supersaturation is calculated.

The size of the critical cluster is related to free energy changes associated with 
the process of homogeneous nucleation and may be modeled as follows: The overall 
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Figure 1.1  Relative nucleation rate, J/J0 versus log supersaturation.
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4	 Precision Crystallization: Theory and Practice of Controlling Crystal Size

excess free energy, ∆G, is equal to the sum of surface excess free energy, ∆Gs, and vol-
ume excess free energy, ∆Gv. In a supersaturated solution, ∆Gv is a negative quantity.

	
∆ = ∆ + ∆G G Gs v 	 (1.7)

The energy terms are replaced by analytical equivalents:

	
∆ = +

∆
G r

r Gv4
4

3
2

3

π γ
π

	 (1.8)

The maximum value of ∆G, ∆Gcrit, corresponds to the critical nucleus, rc. For a 
spherical cluster, one obtains:

	

d G
dr

8 r 4 r G 02
v

∆ ∆= + =π γ π 	 (1.9)

and

	
r

Gc
v

= -
∆

2γ
	 (1.10)

The formation of the critical nucleus is an undisputed assumption in the clas-
sical nucleation theory. Its size is not generally experimentally or theoretically 
obtainable.

Solving Equation (1.10) for ∆Gv and back substituting into Equation (1.8) gives:

	
∆ = ∆

G
4 r

3crit

2γ
	 (1.11)

The classical theory focuses now on the rate of nuclei formation and ignores the 
growth of the formed crystals. This leads to a third assumption that the nucleation 
rate follows the Arrhenius reaction rate equation commonly used for the rate of a 
thermally activated process:

	
J J exp

G
kT0= -∆



 	 (1.12)

At this point, the Gibbs-Thomson relationship is introduced:

	
ln

c
c*

lnS
2 V

kTr
= =

γ s
	 (1.13)

which is solved to:

	

2
r

=
kTlnS

V
γ

s
	 (1.14)
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Thus, Equations (1.15) and (1.16):

	
-∆ = =G

2
r

kTlnS
V

γ

s
	 (1.15)

Back substitution into the Arrhenius equation (1.12) gives Equation (1.16), which 
is the same as Equation (1.5):

	
J J exp

16 V

3k T lnS0

3 2

3 3 2=
- πγ s

( ) 	 (1.16)

An interesting result is obtained if J is divided by J0:1

	

J
J

exp
16 V

3k T lnS0

3 2

3 3 2=
- πγ s

( )
	 (1.17)

We obtain for S = 1.0 (no supersaturation): J/J0 = 0, and for S -> ∞ (infinite super-
saturation), J/J0 = 1.0.

Thus, at high supersaturation, J = J0, where J0 is the maximum nucleation rate 
attainable under the given reaction conditions. This condition is, for instance, pres-
ent for precipitations of silver halides, where the supersaturation at the addition 
point of silver ions may reach orders of magnitude greater than 105. The critical nucleus 
sizes have been estimated to about four AgBr or eight AgCl clusters.1 During the 
growth process, these clusters will be consumed by the growth of larger crystals.

It is important to note that growth in competition with nucleation is not included 
in the derivation of the classical nucleation model. The total number of crystals 
formed in a crystallization process is not obtainable. Further, no reference is given 
to experimental control parameters such as reaction addition rate, crystal solubility, 
and ripening and restrainer effects. The temperature effect does not relate to the total 
number of crystals formed. Further, the assumption that nucleation, J (No/cm3s), 
depends on the reaction volume has been experimentally disproved.

In industrial research, in which it is necessary to control the final crystal size and 
thus the nucleation process, the classical theory did not provide the needed practi-
cal guidance for precision crystallizations. This led to the development of two new 
approaches for modeling the crystal number as a function of reaction control vari-
ables. This will be discussed in the following sections.

The Klein-Moisar Model

Introduction

Klein and Moisar5 published a nucleation model that related the total number of 
crystals formed, Z, to the reaction addition rate, R (mole/s), crystal solubility, Cs 
(mole/cm3), and reaction temperature, T (Equation [1.18]). Unfortunately, they did 
not provide the derivation of this equation.5
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6	 Precision Crystallization: Theory and Practice of Controlling Crystal Size

Subsequently, Kharitanova, Shapiro, and Bogomolov6 and Sugimoto7 published 
derivations of equations that attempted to correlate the stable number, Z, of crystals 
formed in controlled batch precipitations as a function of precipitation conditions. 
Their equations differ from the original Klein-Moisar equation by the constant, K.6,7

	
Z

KR

DV
RT
C

g

m S

=








γ

	 (1.18)

	 K = 1.0 /8 p (Klein-Moisar) = 3.0/8 p (Kharitanova) 
                               = 1.0/5.9 p (Sugimoto)

Here, Z is the total number of stable crystals formed; R is the reactant addition rate 
(dmole/dt); Rg is the gas constant; D is the diffusion coefficient (cm2/s); Vm is the 
molar volume (cm3/mole crystal); g is the crystal surface energy (erg/cm2); and Cs 
(mole/cm3) is the solution equilibrium concentration. Equation (1.18) assumes diffusion-
controlled crystal growth and spherical morphology of the crystals.

This equation avoids the problems of the classical nucleation theory by not using 
supersaturation as a control variable.

Kharitanova Derivation

We will present the derivation by Kharitanova, Shapiro, and Bogomolov.6,9 Their 
model is based on a mass balance that equates the total crystal mass and the total 
amount of reactants added.

Equation (1.19) gives the average crystal diameter, d, at any precipitation time. 
Spherical crystal morphology is assumed.

	
d

6RV t

Z
m

1/3

= { }π
	 (1.19)

On the other hand, if Ostwald ripening of the crystals in a closed system under 
diffusion-controlled growth is considered, the Wagner equation (1.20) predicts an 
average crystal size as a function of time and other variables.8

	

d
DV C t

R T
m s

g

=












16 2
1 3

γ
/

	 (1.20)

Equating Equations (1.19) and (1.20) leads to Equation (1.18) with K = 3.0/8p.
The use of the Wagner equation, which is based on a closed system, does not appear 

justified for crystallization systems where reactants are added throughout the nucleation 
and growth phase. Thus, from fundamental considerations, a more rigorous approach 
based on an open system is required.5 Such an approach is given by the balanced nucle-
ation and growth model, which will be presented in the following sections.

Comments

Experimentally, we observed nonlinear correlations between the crystal number, Z, and 
the reaction variables R, T, and Cs. These could not be accommodated in Equation (1.18) 
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except by the introduction of arbitrary exponents to the variables. In addition, the temper-
ature dependence of the number of crystals is inconsistently predicted to increase with 
temperature or to be temperature independent, while experimentally, the crystal number 
generally decreases and size increases with increasing temperature during nucleation.

This problem was solved by the balanced nucleation and growth (BNG) model, which 
was developed by the author and coworkers.1,9 In the BNG model, the Klein-Moisar 
model (Equation [1.18]) is a limiting case and thus will not be discussed further.

Growth Rate and Maximum Growth Rate

Growth Rate below the Maximum Growth Rate

Before the BNG model can be derived, it is necessary to discuss the growth reac-
tion of a crystal population during the nucleation process. For present purposes, two 
models are chosen, the mass-balance and the maximum growth models. For more 
detailed discussions of growth mechanism, other references may be used.10 However, 
the current concept of maximum growth rate appears not to be presented.

The material balance of added material and consumption generally determines the 
growth rate. This definition is also true for the maximum growth rate (Equation [1.21]).

	

G
dr
dt

V

3.0k
R

r Z
m

v
2= =









 	 (1.21)

Here, G is the growth rate, which is defined by the change of crystal size, dr/dt. R is 
the molar addition rate (dmole/dt); Vm is the molar volume (cm3/mole); kv is the crys-
tal volume factor, which converts a characteristic crystal size into crystal volume; 
and Z is the number of crystals in the reactor. Since the growth rate, G, is derived 
from a material balance, it is independent of temperature, solubility, diffusion, con-
vection, and other reaction conditions.

In controlled double-jet precipitations, R is given by the addition rate of the reac-
tants. In systems where the material is formed by chemical reactions, R is given by 
the reaction rate. For systems where the material is provided by diffusion and con-
vection, such as formation of droplets or in monomolecular crystallization (e.g., ice 
formation), R is given by the diffusion and convection rates. If temperature variation 
is used to control the formation of reactants, then the addition rate is given by the rate 
of solubility change with temperature.

Maximum Growth Rate

Unlike the value of the growth rate, G, below maximum growth rate, the maximum 
growth rate, Gm, is a function of temperature, solubility, material, and the mecha-
nism of growth, i.e., kinetically or diffusion-controlled growth. At the same time, Gm 
is also given by Equation (1.21).

Strong and Wey developed and experimentally supported a maximum growth 
model for silver halides from first principles. This model includes the effects of 
growth mechanism and was used to derive the general BNG model and the special 
cases of nucleation under diffusion and kinetically controlled growth conditions.9–11
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8	 Precision Crystallization: Theory and Practice of Controlling Crystal Size

Their analysis shows that the theoretical maximum growth rate, g, must be modi-
fied when both kinetically and diffusion-controlled growth are present. To obtain the 
modified maximum growth rate, Gm, Equation (1.22) was derived.

	
G

dr
dt

g
1.0 r*/r
1.0 rm = = -

+ ε 	 (1.22)

The maximum growth rate, g, which is defined by kinetic-controlled growth, is 
given by Equation (1.23).

	
g K (C C )i s= - 	 (1.23)

C is the actual concentration during precipitation, and Cs is the equilibrium solubility 
concentration of the crystals. The difference (C - Cs), the supersaturation, is obtained 
from the Gibbs-Thomson effect (also known as Ostwald ripening, Equation [1.24]).

	

(C C )
2 V

r*R

C

Ts
m

g

s- =












γ
	 (1.24)

Stepwise back substitution of Equation (1.24) into (1.23) and (1.22) leads to the 
modified maximum growth rate (Equation [1.25]), which includes the ratio of kinetic- 
to diffusion-controlled growth e (Equation [1.26]).

	

G
2 V K 1.0 r*/r

R r* 1.0 r

C

Tm
m i

g

s=
-

+












γ
ε

( )

( )
	 (1.25)

	
ε =

K

DV
i

m

	 (1.26)

Here, Ki is the surface integration (reaction) constant, and e represents the relative 
resistance of bulk diffusion to surface reaction. The other variables and constants 
were defined previously. In Equation (1.25), r is the average crystal size, and r* is the 
critical crystal size, which is smaller than the average crystal size, r. Crystals with 
the size r* have equal probability to grow or dissolve in the reaction system.

Experimentally, the maximum growth rate is determined from the transition from 
mass-balance growth to renucleation. An efficient way to determine Gm is described 
in detail in Chapter 8.
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11

2 The Balanced Nucleation 
and Growth Model

The BNG Model and the Nucleation Phase

The balanced nucleation and growth (BNG) model combines nucleation and 
growth during the nucleation phase for crystallizations. The present section is 
concerned with modeling of the nucleation phase, which is defined as the ini-
tial phase of the formation of stable crystals in the controlled precipitation of 
organic and inorganic materials.1 After the nucleation phase, no more crystals are 
formed, and the formed crystals will grow. Modeled are crystal size distribution 
and number, supersaturation, nucleation rate, and maximum crystal population 
growth rate.

Assumptions for Modeling

To arrive at a model that can be numerically evaluated, certain assumptions must 
be made. They consist of assumptions for modeling the nucleation process and for 
facilitating numerical evaluation.

	 1.	During the nucleation phase, the reactant addition rate is constant.
	 2.	The first step (time interval) consists solely of nucleation, forming a number 

of crystals with the critical nucleus size, rc.
	 3.	Until the end of nucleation, formation of new crystals and growth of exist-

ing crystals compete for the available unreacted material (supersaturation).
	 4.	During the nucleation period, all crystals grow at maximum growth rate.
	 5.	At the last step of nucleation, the formation of new crystals stops, and the 

existing crystal population is at maximum growth rate.
	 6.	After the growth rate of the crystal population drops below the maximum 

growth rate, nucleation ends.

Assumptions for Calculations

For convenience of calculations, the following assumptions were made. The model 
allows changing these assumptions.

	 1.	The reactant addition rate is constant during the nucleation phase.
	 2.	 Chemical reactions leading to the crystallizing product follow first-order kinetics.
	 3.	The maximum growth rate, Gm, is constant during the nucleation phase.

A similar nucleation and growth model was developed for vapor-to-liquid 
nucleation processes within the diffusion cloud chamber.2,3 In that approach, both 
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12	 Precision Crystallization: Theory and Practice of Controlling Crystal Size

simultaneous nucleation and growth processes were considered, and the effects of 
both vapor depletion and latent heat were included. The classical nucleation model 
was used as the basis of the experiments and for the evaluation of the experimental 
results. The surface energy of the droplets was used as an adjustable parameter and 
was experimentally determined from the nucleation experiments. An important dif-
ference between the case considered here and the diffusion cloud chamber is that the 
latter permits a quantitative measurement of the nucleation rate.4 This is generally 
not possible for liquid/solid nucleation. In the cloud chamber model, the growth pro-
cess was modeled after the nucleation step, while in the present model, nucleation 
and growth compete simultaneously for added reactant.

Others followed our suggestion of adding a growth process.5–8 These authors 
failed to include significant developments of the original model2 in subsequent pub-
lications.3,4 It is the author’s assertion that those models are superseded by the model 
presented here and in previous publications. 1,12

Preliminary Considerations: Nucleation Rate

For simplicity, first-order kinetics will be assumed for the reaction rate of the rate 
determining reactant A, which reacts with B to the crystallizing product, AB. That 
is, if B is in excess, the reaction rate

	 A B AB+ ⇔ 	 (2.1)

is determined by the concentration of A and the reaction conditions in the reactor. 
For highly insoluble and rapidly reacting materials, such as silver halides, the reac-
tion can be controlled by the controlled addition of the reactants (silver and halide 
ions; controlled double-jet precipitation).

The decrease of A is given by:

	
A A exp kt0= -( ) 	 (2.2)

 The formation of product AB is given by:

	
AB A 1.0-exp kt0= -( ( )) 	 (2.3)

For two experiments that vary only in A0 (A01 and A02), the concentration of AB 
(AB1 and AB2) after a fixed time interval is given in Equation (2.4).

	

( )

( )

AB

AB

A

A
1

2

01

02

= 	 (2.4)

The modeling parameter,  Fn, is a measure of conversion of the reaction product to 
crystals and is thus a measure of nucleation efficiency during a given time interval 
(Equation [2.5]).

	
F

AB

A

AB

An
1

01

2

02

= =
( ) ( )

	 (2.5)
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The Balanced Nucleation and Growth Model	 13

The reaction A + B -> AB is controlled by the kinetics of materials present in the 
reactor.

For the nucleation reaction, the reacted material will be in the form of critical 
nuclei of size rc. Since rc is generally not known, a model parameter, Ln, was intro-
duced to replace rc. The number of crystals formed in a given time interval, i, is the 
model variable Ni.

The Balanced Nucleation and Growth Model

Modeling Variables

	 1.	Ra, reactant addition rate, dR/dt
	 2.	Fn, nucleation efficiency
	 3.	Ln, rc critical nucleus size
	 4.	Gm, maximum growth rate
	 5.	dt, time, nucleation interval

The balanced nucleation and growth model varies from the classical nucleation 
model at the point where in the classical model the Arrhenius is introduced. Instead, 
the BNG model is based on the assumption that the critical clusters (nuclei) will 
immediately after formation start growing at maximum growth rate. Due to continu-
ous reactant addition, they will take up newly formed or newly added material. The 
consumption of incoming material by growth will reduce the nucleation process. In 
other words, nucleation will decrease as nucleation proceeds and growth increases, 
and eventually nucleation will be fully replaced by growth.

The overall concept for calculations is visualized in Table 2.1. The flow chart 
represents the procedure for the calculations and provides numerical algorithms to 
calculate the progress of crystal formation and growth during the nucleation period.

For the numerical evaluation of the model, the nucleation phase is broken down 
in time elements, dt. During the nucleation interval, dt, an amount of material, Ra, 
equivalent to a volume element (cm3) of crystal material is added (Equation [2.6]).

	
R R V dta m= 	 (2.6)

Here, R is the molar addition rate (dmole/dt), and Vm is the molar volume (cm3/mole).

Initial Time Interval

During the first time interval, dt, a fraction Fn of Ra is converted into N1 crystal nuclei 
of the volume, Vc (Equation [2.7]).

	
N

F R dt

V1
n a

c

= 	 (2.7)

	
V k rc v c

3= 	 (2.8)
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14	 Precision Crystallization: Theory and Practice of Controlling Crystal Size

The nuclei volume, Vc, is given by the volume conversion factor, kv, and the critical 
nucleus size, rc (Equation [2.8]). The magnitude of dt, the nucleation interval, affects 
the outcome of the calculations and should be held constant within a set of related 
calculations. For the present modeling, a value of 0.1 was chosen for dt.

A fraction of the added material, S1, remains unreacted and is present at the begin-
ning of the following time interval (Equation [2.9]).

	
S 1.0 F R dt 1 n a= -( ) 	 (2.9)

S1 is referred to as supersaturation and generally denoted as Si (cm3 reaction mass), 
since it has the function of the classical term supersaturation (=mole/l). In the BNG 
model, the mass addition and mass reaction are modeled.

Second and Following Time Intervals

At the beginning of the second time interval, S1 (the supersaturation) is the unreacted 
mass left over from the first time interval. To this, another amount of material is 
added through the material addition, Ra. Thus, in the second interval, the amount 
available for growth and nucleation is given by the supersaturation (as defined above), 
SS2 (Equation [2.10]).

	
SS S R dt 2 1 a= + 	 (2.10)

Table 2.1
The Balanced Nucleation and Growth (BNG) Model

Time, dt
Supersaturation, 

Start, SSi

Nucleation, 
Ni Growth, Gi

Supersaturation, 
Si Comments

0 0.0 0.0 0.0 0.0 0.0

1 Ra × dt = S1 N1 0.0 S1 Only 
Nucleation

2 Ra × dt + S2 N2 G(N1) S2 Growth and 
Nucleation

3 Ra × dt + S3 N3 G(N1) + 
G(N2)

S3 “

“ “ “ “ “ “

i Ra × dt + Si Ni ∑ G(Nn)
n = 1->i-1

Si “

“ “ “ “ “ “

e Ra × dt 0.0 ∑ G(Nn)
n = 1-> e

0.0 End of 
Nucleation

Abbreviations:	 SSi, starting supersaturation; Si, ending supersaturation; Ni, number of crystals formed; 
Gi, crystal population maximum growth rate during a reaction interval dt = i.
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If one assumes first-order kinetics (see above), the nucleation efficiency Fn for this 
and the following intervals is the same as for the first time interval, and the number 
of crystals formed in this interval is (Equation [2.11]):

	
N

F SS

V2
n 2

c

= 	 (2.11)

At the same time, the crystals formed during the first time interval grow with 
maximum growth rate, Gm (Equation [2.12]). Here, it is assumed that the crystals 
have cubic shape with edge length a (kv= 1.0). Gm is used as an input variable in the 
modeling.

	
G

da
dtm = 	 (2.12)

The volume, Vc, of the stable nuclei is calculated from the mass balance of the 
first nucleation interval (Equation [2.13]):

	
V

F R

Nc
n a

1

= 	 (2.13)

The size of the nuclei is then given by Equation (2.14):

	

L
V

kn
c

v

1/3

=






	 (2.14)

The amount of SS2 taken up in interval i = 2, G2, by the crystals, N1, which formed 
in the first interval, is given by Equation (2.15). In our calculations, we assume cubic 
morphology of the crystals, and Gm is the growth rate of each surface. Thus, the edge 
length increases by 2Gmdt at each time interval. For cubic morphology, kv is equal 
to one.

Equation (2.15) can be reduced to Equation (2.16) by mathematical solution of the 
content in the outer brackets.

	
G N k (L 2G dt) L )2 1 v n m

3
n
3= + -{ } 	 (2.15)

	
G N k 3(2G )dtL2 1 v m n

2= { } 	 (2.16)

For other than cubic morphology, the maximum growth rate must be adjusted 
for each surface area of the crystals and summarized at each interval to obtain the 
overall growth rate. Similarly, the volume constant, kv, must be adjusted according to 
the crystal morphology. For spheres, kv equals 4π/3, and the crystal growth per time 
interval is (r + Gmdt).
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16	 Precision Crystallization: Theory and Practice of Controlling Crystal Size

The growth rate shown in Equation (2.16) was rewritten to calculate the amount 
of molar addition rate, Rc, taken up by a crystal population, N1, of the size, rc, under 
conditions of maximum growth rate, Gm (Equation [2.17]):

	
R V dt 3.0 N k G dt rc m 1 v m c

2= 	 (2.17)

(Ra - Rc) is the amount of input material available for nucleation.
To simplify the numerical treatment, Gm, Ra, and Fn were held constant through 

the nucleation/growth period. However, variations of these factors during the nucle-
ation phase can easily be varied in the calculations if this is desired.

Subsequent Time Intervals

In successive time intervals, the procedure used in the second time interval is 
extended. Maximum growth of the crystals formed in the previous time intervals 
continues. Nucleation is determined by the supersaturation at the beginning of the 
following time interval.

	

(R SS )dt 3.0 k G N N Va i 1 v m (i 1)

1

i 1

i c+ = +- -

-

-∑ r dti( )1
2 ++ Si 	 (2.18)

Here, the sum term is the growth material uptake of the crystals formed in the inter-
vals 1 -> i-1.

End of Nucleation, Final Time Interval for Nucleation, te

During the last interval of nucleation, the formation of crystals ends, and the exist-
ing crystals grow at maximum growth rate, consuming all incoming material for 
growth. At this point, the supersaturation, Si, and nucleation number, Ni, become 
zero (Equation [2.19]):

	

R 3.0 k G Na v m (e 1)

1

e 1

(e–1)= -

-

∑ r dt2 	 (2.19)

To facilitate further modeling of the BNG model, the sum is replaced by the inte-
gral, and (Ne-1) is replaced by crystal population, n, with the size of r and the size 
range, dr. Further, Ra is replaced using Equation (2.6), and the equation is divided by 
dt on both sides (Equation [2.20]).

	

R V k G r n drm v m
2

r 0

=
=
∫
¥

  	 (2.20)

This equation will be used as a starting point in Chapter 3 to derive the number of sta-
ble crystals formed under diffusion- and kinetically controlled growth conditions.
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An example for the calculation of the nucleation rate, supersaturation, and popu-
lation maximum growth rate is shown in Figure 2.1.

Crystal Size and Size Distribution

With the knowledge of the number of crystals formed at a given time during nucle-
ation, the assumption of maximum growth rate, and the calculated time of nucle-
ation, it is straightforward to calculate the crystal size of the crystals formed at the 
end of nucleation.5 This gives the crystal size distribution, Lt, and the maximum 
crystal size, Lm. The calculation of crystal sizes and size distribution is given by 
Equation (2.21):

	
L L t t *Gt n e n m= + -( ) 	 (2.21)

Here, tn is the time of crystal formation, Ln is the size of the crystal at formation (crit-
ical nucleus size), te is the nucleation time, and Gm is the maximum crystal growth 
rate. For the present calculations, it is assumed that Gm is size independent.

The frame has now been put together to explore the effect of varying Ra, Ln, Fn, 
and Gm on the final size distribution and maximum size, nucleation rate, supersatu-
ration, and crystal population maximum growth rate, which will be shown in the 
following section.

BNG Modeling of the Nucleation 
Phase and Size Distribution

In the previous section, the BNG model for the nucleation phase was developed. In 
this section, the parameters of the BNG model of the nucleation phase are evaluated 
for their effect on the nucleation phase and the resulting crystal population.
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Figure 2.1  Nucleation rate, supersaturation, and population growth rate vs. time.
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18	 Precision Crystallization: Theory and Practice of Controlling Crystal Size

In particular, it is the aim to model the nucleation rate and supersaturation as a 
function of reaction time. Further, as shown in the previous section, the modeling 
of the nucleation phase leads to the properties of the crystal population, such as size 
distribution, size at the maximum of crystal distribution (“maximum crystal size”), 
and total crystal number and the population (“maximum crystal number”). Let us 
review the parameters that were chosen for the calculations.

Reaction Parameters for the Calculations

Any of the parameters may be varied during the nucleation phase, either by calcula-
tion or, for long nucleation phases, during the nucleation phase. For the present mod-
eling, however, they were held constant for showing their main effects on nucleation 
and resultant crystal population.

	 1.	Gm, the maximum growth rate, was held constant throughout the nucleation 
time. The maximum growth rate may be a function of crystal size. If known, 
this dependence may be added to the calculations. Gm is also dependent on 
reaction conditions.

	 2.	Ra, the molar addition rate, is held constant throughout nucleation.
	 3.	Fn, the nucleation efficiency, is the fraction of material converted to nuclei.
	 4.	Ln (rc) is the variable used to represent the critical nucleus size.

The nucleation interval, dt, was held constant throughout the calculations. The 
magnitude of the nucleation interval, dt, as expected, affects the calculation of the 
nucleation phase and crystal population. Initial calculations show that smaller values 
of dt shorten the nucleation phase but provide more data points than larger values of 
dt. The trends shown in the following are not changed.

Ni is the number of crystals formed in a time interval. Ln (rc) and Ni are correlated 
by Equation (2.8) and can thus be used interchangeably for modeling.

	
N

F SS R dt

k ri
n i a

v c

=
+( * )

3 	 (2.22)

For the present modeling, Ln was used instead of the critical nucleus size, rc, to indi-
cate that Ln is a modeling parameter.

Results and Discussion

Time Dependence of Nucleation Rate, Growth Rate, and Supersaturation

An example of a model calculation for the nucleation phase is shown in Figure 2.2. 
The standard modeling parameters were used (Table 2.2).

Figure 2.2 shows the modeling results of the key processes during the nucleation 
phase, supersaturation, nucleation rate, and population maximum growth rate. By 
definition, changes of nucleation rate and supersaturation are related. Both nucle-
ation rate and the supersaturation initially increase and then decrease. At the end of 
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the nucleation time, te, both become zero. The supersaturation continues to decrease 
below the critical supersaturation.

Negative values of the supersaturation (relative to critical supersaturation) rep-
resent the resistance of the system to renucleation, that is, the formation of new 
crystals. The maximum growth rate of the crystal population continues to increase 
steadily beyond the end of nucleation.

Size Distribution
Figure 2.3 shows an example for the calculation of the size distribution. The same 
model parameters were used as for the calculation of the nucleation phase (Table 2.2). 
For ease of comparison, the crystal numbers for the different crystal sizes were nor-
malized relative to the maximum crystal number (100%). The plot shows that the 
modeling nucleation phase predicts the size distribution, the range of crystal sizes, 
and the size with the maximum crystal number (“maximum crystal size”). This pre-
diction is in agreement with experimental observations.

In the following it will be explored how the various reaction parameters affect the 
nucleation rate and the crystal size parameters.
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Figure 2.2  The nucleation phase.

Table 2.2
Standard Values and Ranges of Modeling Parameters

Variable Standard Value Value Range

Ra 105 0.5–2.0 × 105 Addition rate

Gm 0.06 0.0–0.1 Maximum growth rate

Ln 0.50 0.25–1.0 Model nucleus size

Fn 0.60 0.10–1.00 Nucleation efficiency

dt 0.10 0.10 Nucleation interval
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20	 Precision Crystallization: Theory and Practice of Controlling Crystal Size

Modeling the Reaction Parameters

The variables and their modeling ranges for the calculations are listed in Table 2.2. 
For each model parameter, the variation of nucleation rate with time, the size dis-
tribution, and the correlation of crystal size and maximum nucleation number will 
be shown separately in Figures 2.4–2.6. Key results are nucleation time, te, maxi-
mum crystal size, and the maximum nucleation number, Nm. The maximum crystal 
size, Lm, is the size where the highest population density is obtained. The maximum 
nucleation number, Nm, is the calculated nuclei number at this size.

Addition Rate, Ra

The addition rate, Ra, was varied from 0.5 to 2.0 × 105 while the other parameters, 
critical nucleation size, Ln, the nucleation efficiency, Fn, and the maximum growth 
rate, Gm, were at the standard condition listed in Table 2.2.

0.0

20.0

40.0

60.0

80.0

100.0

120.0

0.450 0.500 0.550 0.600 0.650
Size

% 
N

um
be

r

Figure 2.3  Crystal size distribution.
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Figure 2.4  Nucleation rate as a function of addition rate, Ra.
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Figure 2.4 shows that the nucleation rate increases with increasing addition rate, 
Ra, and that the same nucleation time, te, is obtained for all conditions. Figure 2.5 
shows that the size and size distribution are independent of addition rate. Figure 2.6 
shows that the crystal number increases linearly with addition rate, while the crystal 
size stays constant. This pattern is characteristic for the effect of reactant addition 
rate on experimental results of crystallizations.

Maximum Growth Rate, Gm

The model parameter for maximum growth rate, Gm, was varied from zero to 0.10. 
The other parameters, addition rate, Ra, critical nucleation size, Ln, and the nucle-
ation efficiency, Fn, were at the standard conditions listed in Table 2.2.

Figure 2.7 shows that for zero growth rates, the nucleation rate becomes constant 
after a short induction period. Growth rates above zero lead to limited nucleation 
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Figure 2.5  Size distribution as a function of addition rate, Ra.
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periods, which shorten with increasing growth rates. This leads to narrowing of the 
size distribution and smaller crystal sizes. For zero growth rate, the size distribution 
is zero and the size is equal to the critical nucleus size (Figure 2.8). Figure 2.9 shows 
that the crystal number decreases, and the average crystal size increases nonlinearly 
with growth rate.

Critical Nucleus Size, Ln

The critical nucleus size, Ln, molar addition rate, and nucleation efficiency determine 
the number of critical nuclei formed. Thus, the effect of Ln on the nucleation phase 
was modeled in Figures 2.10 and 2.11. The molar addition rate was held constant at 
1 × 105, the nucleation efficiency, Fn, at 0.6, and the growth rate, Gm, at 0.06.

With increasing nucleus size, Ln, the nucleation rate decreases and the nucle-
ation time increases (Figure 2.10). The crystal size increases with increasing critical 
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Figure 2.7  Nucleation rate as a function of growth rate, Gm.
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nucleus size (Figure 2.11). Figure 2.12 shows that the crystal size increases linearly 
with critical nucleus size, while the crystal number decreases nonlinearly.

Nucleation Efficiency, Fn

The nucleation efficiency, Fn, was chosen to 0.1, 0.6, and 1.0. The addition rate, Ra, maxi-
mum growth rate, Gm, and critical nucleus size, Ln, were held at the standard conditions.

Figures  2.13 to 2.15 reveal interesting patterns of nucleation and supersatura-
tion as a function of nucleation efficiency. Figure  2.13 shows that the nucleation 
rate decreases with decreasing nucleation efficiency and that the nucleation period 
increases. This leads to increasing crystal size and size distribution as the nucle-
ation efficiency decreases (Figure 2.14). Figure 2.15 shows that the crystal number 
increases linearly with nucleation efficiency. At the same time, the crystal number 
decreases nonlinearly.
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Figure 2.10  Nucleation rate as a function of nucleus size, Ln.
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Practical Considerations

What does the model suggest for experimental modifications for the outcome of the 
nucleation process?

Nucleation (Ln), growth processes (Gm), and nucleation efficiency (Fn) control the 
crystal number and size distribution. These control factors are determined by the 
molecular and crystal properties of the crystals formed, reaction environment, and 
reaction conditions. They also control the growth mechanism and thus morphology 
of the crystals.

The reactant addition rate, Ra, is a process variable that is independent of the 
others. For practical considerations, it is important that the model predicts that the 
average crystal size and the size distribution are not affected by changing addition 
rate, Ra. However, the crystal number is predicted to increase linearly with Ra. Since 
Ra is not expected to affect the reaction processes, its variation is anticipated to allow 
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practical scaling of reactions without affecting the population size distribution and 
crystal morphology.

These modeling results, as well as invariant experimental results, are based on 
the assumption that mixing of materials and uniform stirring of the reaction mixture 
are maintained during the nucleation process. Nucleation processes proceed during 
reaction conditions that sustain critical supersaturation, and thus they are antici-
pated to be independent of reaction volume. Reaction volume is, however, important 
before critical supersaturation is obtained, since it requires material that will not be 
available for nucleation and growth. This will be experimentally supported in the 
following chapters.

An important result of this model is that the growth process will codetermine the 
outcome of the nucleation process. Thus, different nucleation mechanisms and different 
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Figure 2.13  Nucleation rate as a function of nucleation efficiency, Fn.
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experimental results are expected if the growth is either diffusion or kinetically con-
trolled. Similarly, materials that adsorb on the crystal surface reduce the crystal growth 
rate. According to the present model, this enhances the nucleation process and is antici-
pated to result in an increase in the number of stable crystals at the end of the nucleation 
process. This will be modeled and experimentally supported in Chapter 7.

The BNG model predicts that if the growth process is above the maximum growth 
rate of the system, new crystals are formed to convert excess supersaturation into 
solid material. This link between growth rate and nucleation was also modeled for 
seeded systems, which represent a case of heterogeneous nucleation. This applica-
tion of the BNG model results in an improved experimental process for determining 
the maximum growth rate of crystals with improved accuracy.

The BNG process applies to batch processes, as discussed here, but was antici-
pated to also apply for continuous precipitation processes. This was confirmed for 
precipitations in the controlled continuous stirred tank reactor. New equations to 
describe the continuous crystallization process were obtained and experimentally 
confirmed.

Conclusion

The nucleation/growth phase of the balanced nucleation and growth process was 
modeled to predict crystal size and size distribution as a function of four model 
parameters. Nucleation rate, supersaturation, and population maximum growth rate 
were modeled as a function of time. The adjustable model parameters were molar 
addition rate, Ra, critical crystal size, Ln (rc), nucleation efficiency, Fn, and growth 
rate, Gm.

The model correctly describes experimental results showing that many crystal-
lization processes lead to a limited number of crystals during a nucleation period 
followed by growth. The present model adds new insights to the processes that affect 
the transient phase of the nucleation process and the properties of the resulting crys-
tal population.
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3 The Analytical BNG Model

Crystal Formation (Nucleation) under Kinetically 
and Diffusion-Controlled Growth Conditions

Derivation of the General BNG Nucleation Equation

In Chapter 2, the nucleation phase was modeled as a function of addition rate, Ra, maxi-
mum growth rate, Gm, critical crystal size, Ln, and nucleation efficiency, Fn. The results 
provided information for these factors on the course of the nucleation rate and super-
saturation, and on the size distribution, maximum crystal size, and number of crystals.
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This evaluation, however, does not provide information on the effect of practical con-
trol parameters of crystallizations on the crystal size and number after nucleation.

The crystal size, however, is a composite of the number of crystals formed, i.e., 
nucleation, and growth due to the total amount of added material converted to crys-
tals. Of these, nucleation is the critical first step of crystallization. Thus, it is desirable 
to relate the total number of crystals formed to actual precipitation control factors.

In this section, we will derive equations that correlate the final crystal number 
with the experimental addition rate, crystal solubility, and reaction temperature. This 
will be achieved by the introduction of the equation of the maximum growth rate, 
Equation (3.1), into the nucleation model (Equation [3.3]).
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For the derivation of the general nucleation model, Ki from Equation (3.2) is inserted 
into Equation (3.1), and the modified growth equation is inserted in Equation (3.3). 
After further standard manipulations, Equation (3.4) is obtained.1

	

R
(2k DV )

R

C

T

(r /r*)ndr

(r 1/ )
rndr

(
v m

g

s
2

=










 +

-
γ

ε rr 1/ )
0

+













∞

∫ ε
	 (3.4)

K10344.indb   29 8/20/09   6:39:21 PM



30	 Precision Crystallization: Theory and Practice of Controlling Crystal Size

The crystal number is implicit in the integrals. Equation (3.4) describes the nucle-
ation for the diffusion- and kinetically controlled crystal growth conditions. Since 
Equation (3.4) is difficult to evaluate, we will concentrate on the two extreme cases, 
first diffusion-controlled and then kinetically controlled growth conditions during 
the nucleation phase.

Nucleation under Diffusion-Controlled Growth Conditions

For diffusion-controlled growth, e.g., AgCl and AgBr, the diffusion coefficient is 
significantly smaller than the kinetic integration constant, and thus e is relatively 
large. If we introduce the approximation of Equation (3.5), Equation (3.4) reduces to 
Equation (3.6).2

	 (r 1/ )»r+ ε 	 (3.5)
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The values for the integrals in Equation (3.6) are replaced as indicated in Equations 
(3.7) and (3.8). The critical crystal size, r*, is a constant under defined crystallization 
conditions.
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Z is the total crystal number, and in Equation (3.8), the crystal size, r, on the left side 
represents the average number-weighted crystal size.

This leads to Equation (3.9), which relates the number of crystals formed under 
diffusion-controlled growth conditions to the fundamental experimental control 
parameters, reactant addition rate, R, crystal solubility, Cs, and temperature, T. The 
values in the square brackets are constants that are determined by independent phys-
icochemical measurements. The value of r/r* is determined from the experiment, 
where r* is used to calculate to the supersaturation. Since all values in the equation 
are defined unambiguously, no arbitrary adjustable parameters, also known as fudge 
factors, are present.
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Equation (3.9) describes well the nucleation of AgBr and AgCl in controlled double-
jet precipitations.2,3

Nucleation under Kinetically Controlled Growth Conditions

Under kinetically controlled growth conditions, the diffusion of material to the crys-
tal surface is significantly faster than its integration into the surface, i.e., D >> K. In 
this case, e becomes smaller than 1.0, and we can introduce Equation (3.10) as an 
approximation.1

	 r 1/ »1/+ ε ε 	 (3.10)

This leads to Equation (3.11):
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The second part of the integral was defined in Equation (3.8), which leaves to 
define the first part. This part of the integral presents the total surface area of the 
system and can be expressed by the total crystal number, Z, and the area-weighted 
crystal size, ra (Equation [3.12]).
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After inserting Equations (3.8) and (3.12) into (3.11), we obtain the dependence of 
the crystal number on the experimental parameters for kinetically controlled growth 
conditions during nucleation (Equation [3.13]).
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To evaluate this equation, the number- and area-weighted crystal sizes, r and ra, 
must be determined. For relative mono-disperse emulsions, which are generally 
obtained in controlled double-jet precipitations, we can use the approximation ra ~ r. 
This leads to Equation (3.14).
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This equation leads to surprising predictions:

	 1.	Nucleation under kinetically and diffusion-controlled conditions is con-
trolled by the same control parameters, R, T, and Cs.

	 2.	These control parameters provide the same fundamental correlation and 
thus cannot be used to discern between kinetically and diffusion-controlled 
nucleation.

	 3.	 Intrinsic differences between diffusion- and kinetically controlled conditions 
are the following:

	 a.	 For diffusion-controlled nucleation, the crystal number is constant after 
nucleation (Equation [3.9]).

	 b.	 For kinetically controlled nucleation, the number of crystals decreases 
with size increase, so that Z × r is constant (Equation [3.14]).

The last prediction is fully unexpected and has not been reported. Its proof will be 
an important step to support the BNG model. An example for this prediction will be 
shown in Chapter 4.

References

	 1.	 Leubner, I. H. 1987. Crystal formation (nucleation) under kinetically controlled and dif-
fusion controlled growth conditions. J Phys Chem 91:6069–73.

	 2.	 Leubner, I. H., R. Jagannathan, and J. S. Wey. 1980. Formation of silver bromide crys-
tals in double-jet precipitations. Photogr Sci Eng 24:268–72.

	 3.	 Leubner, I. H. 1985. Formation of silver halide crystals in double-jet precipitations: 
AgCl. J Imaging Sci 26:219–25.

K10344.indb   32 8/20/09   6:39:23 PM



33

4 Kinetically Controlled 
Nucleation

Experiment: Kinetically Controlled Crystal Nucleation

Theory

In Chapter 3, Equation (4.1) was derived to correlate the number of crystals formed 
under kinetically controlled experimental conditions with the experimental con-
trol parameters.
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v i s

=








 -γ 	 (4.1)

This equation predicts that the number of crystals should decrease as the crystal size 
increases, as long as kinetically controlled growth conditions dominate.

A decrease in crystal number over an extended time of precipitation was reported 
by Daubendiek for AgI under certain precipitation conditions.1 The precipitation 
conditions were given as pAg 8.0 and 35°C. The pAg is a measurement of the con-
centration of free silver ions in the reaction mixture and is defined analog to pH as 
–log[Ag+], where [Ag+] is the silver ion activity. The progress of the crystallization 
was given by the moles of AgI precipitated, which is equivalent to time. The crystal 
size (r) was given as crystal linear dimension (CLD); a relative crystal number, Z, 
was calculated by dividing the precipitate AgI volume (moles AgI × molar volume) 
by CLD.3 The experimental conditions are given in Appendix I.1 The reported results 
are listed in Table 4.1.

The data show that the crystal size, r, steadily increases throughout the experi-
ment. However, it also shows that the crystal number decreases from Experiments 1 
to 4. For Experiments 4 through 6, the crystal number is constant.

As suggested by the theory, the crystal size, r, and number, Z, were multiplied, 
and Z × r is listed in Table 4.1. As predicted by the theory, Z × r is constant from 
Experiments 1 through 4, although the crystal number decreases by a factor of 
three. For Experiments 5 and 6, Z × r is significantly higher. This is in agreement 
with a transition from kinetically to diffusion-controlled growth processes between 
Experiments 4 and 5. Crystal number and Z × r are also plotted in Figure 4.1.

The figure clearly shows the decline in crystal number and the constant value or 
Z × r during the initial phase of the precipitation.
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Determination of the Kinetic Integration Constant, Ki

The data show that the crystal number initially decreases, indicating kinetically con-
trolled nucleation, and that around 2.0 moles AgI the crystal number becomes con-
stant, indicating diffusion-controlled growth. This transition is due to the increase of 
the surface area of the crystal population beyond the critical area where the rate reac-
tant addition decreases below the rate necessary to control crystal growth. Instead, 
the addition rate is low enough that material diffusion controls the growth process. 
The transition from kinetically to diffusion-controlled growth conditions allows 
determining the kinetic integration constant, Ki.
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Figure 4.1  Kinetically controlled nucleation in a silver iodide precipitation.

Table 4.1
Effect of Precipitation Time on the Crystal Size and 
Number of an AgI Precipitation

Exp.#
Moles of AgI 

Formed r, nm Z10-7 Z × r 10 -10

1 0.255 45 26.8 1.2

2 0.860 81 12.6 l.1

3 1.37 107 11.0 1.2

4 2.04 129 9.4 1.2

5 2.91 147 9.5 1.4

6 4.00 166 9.3 1.5

Size (r) is a crystal linear dimension (nm, CLD); Z is a relative crystal num-
ber; precipitation conditions: pAg 8.0, 35°C (Appendix I)
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At the critical condition where this transition occurs, both nucleation equations 
apply, so that the equation for diffusion-controlled conditions (Equation [4.2]) can be 
set equal to the equation for kinetically controlled conditions (Equation [4.1]).
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This leads to Equation (4.3), where rt is the crystal size at the transition condition.

	
K

DV

ri
m

t

= 	 (4.3)

We can now estimate the magnitude of Ki. We estimate from Table 4.1 that rt 
is about 65 nm (CLD/2). For 35°C, the diffusion constant, D, was estimated2 to 
0.88E-05, and the molar volume of the hexagonal structure of AgI is 41.4 cm3/mole. 
These data give an estimate of Ki of about 56 cm4/(s mole). It is believed that this is 
the first time that the kinetic integration constant could be determined from precipi-
tation experiments.

Mechanism

The mechanism of the decrease of crystal number under kinetically controlled con-
ditions may be explained by the physical processes occurring during growth.

For diffusion-controlled conditions, the kinetic integration rate is greater than the 
diffusion process, and all incoming material is integrated into the crystal surface.

Under kinetically controlled growth conditions, the diffusion rate to the crystal is 
in excess of the rate of material incorporation. Thus, growth material accumulates at 
the crystal surface. In the case of iodide, this leads to the formation of AgIn

1-n species. 
These species are highly soluble and diffuse material away from the surface. This 
material can be deposited on larger crystals by Ostwald ripening. At the same time, 
small crystals will shrink below the critical crystal size and dissolve. It is an unantici-
pated prediction and experimental fact that growth and loss of crystals are related.

Conclusion

In conclusion, the surprising prediction of the BNG theory (Equation [4.1]) was 
confirmed: Under kinetically controlled growth condition, the number of crys-
tals should decrease inversely proportional to crystal size. The product Z × r was 
found to be constant over an extended time for an AgI precipitation under specific 
conditions. In addition, it was possible to calculate the kinetic integration constant 
from the transition conditions from kinetically to diffusion-controlled growth. The 
experimental support of the theoretical prediction provides significant support to 
the BNG model.
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Appendix I: Experimental Conditions 
for AgI Precipitation

All precipitations were done at 35°C, using a double-jet-controlled pAg method.1,3,4 

The pAg is a measurement of the concentration of free silver ions in the reaction 
mixture and is defined analog to pH as –log[Ag+], where [Ag+] is the silver ion activ-
ity. Apparatus and mode of reactant introduction and pAg control were similar to 
those previously described.5 Reactants were AgNO3 and NaI, which were added at 
controlled rates to an agitated solution of lime-processed gelatin in water. The silver 
ion potential was monitored with an AgI-plated silver electrode relative to an Ag/
AgCl/4.0 N KCl reference electrode. The electrode system was calibrated prior to 
each experiment with dilute NaI or AgNO3. Temperature and pAg were held constant 
throughout the experiments. Size increases during preparation and storage due to 
Ostwald ripening were minimized by adjusting to the minimum of solubility at pI5 
(-log[I-]).

The crystal size (mean CLD, crystal linear dimension) and size distribution were 
determined from direct transmission electron micrographs. Generally, 300 particles 
were sized for each mean CLD determination and size distribution measurement. 
For triangular crystals, the length of the side was taken for CLD; for hexagonal 
bipyramids, the distance between opposite basal corners was chosen; and for irreg-
ular shapes, equivalent circular diameters were recorded. The size distribution is 
given as one standard deviation.

References

	 1.	 Daubendiek, R. L. 1978. Proc Int Congr Photogr Sci 141.
	 2.	 Leubner, I. H. 1985. J Imaging Sci 29:219.
	 3.	 Klein, E., and E. Moisar. 1963. Ber Bunsenges Phys Chem 67:349.
	 4.	 Berry, C. R., and D. C. Skillman. J Phys Chem 68:1138; Berriman, R. W. 1964. 

J Photogr Sci 12:121.
	 5.	 Wey, J. S., and R. W. Strong. 1977. Photogr Sci Eng 21:14.
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5 Diffusion-Controlled 
Nucleation

Reaction Variables, Constants, Predictions

Theory

In Chapter 4, Equation (5.1) was derived to correlate the number of crystals formed under 
diffusion-controlled experimental conditions with experimental control parameters.
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Here, Z is the total number of crystals formed. The reaction control parameters are 
R, addition rate (mole/min); T, temperature (K); and Cs (mole/l), the solubility of the 
reaction-controlling reactant.

Critical Crystal Size, r*, and Supersaturation

The following constants are independently determined. Rg is the general gas con-
stant, g  is the surface energy (erg/cm2), D is the diffusion constant (cm2/s), Vm is the 
crystal molar volume (cm3/mole), and kv is the crystal volume constant that converts 
the size measurement into volume.

In the equation, r is the average, usually number-weighted, crystal size. The 
critical crystal size, r*, is the crystal size that under the given reaction conditions 
and in the presence of the average crystal size, r, has equal probability to dissolve 
or grow.

Under diffusion-controlled nucleation conditions, Z is a constant, and thus r/r* 
is also a constant, which can be determined if all other factors in Equation (5.1) are 
known. With the knowledge of the average crystal size and r/r*, r* can be deter-
mined. Using the Kelvin/Thomson/Ostwald equation, (5.2), the supersaturation, S, 
of the reaction mixture can be calculated for any time during the precipitation as 
long as the crystal number is constant.
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Here, C* is the critical supersaturation, (C-Cs), and the other variables were dis-
cussed above. Examples of the calculation of r/r* and supersaturation, S, will be 
shown in the experimental section.

Reaction Variables T, R, Cs

In Equation (5.1), reactant addition rate, R, temperature, T (K), and crystal solubil-
ity, Cs, are the only reaction variables. Of these, the reaction temperature, T, and its 
measurement control do not need further discussion since they are standard labora-
tory procedures.

Reactant Addition Rate, R
The reactant addition rate, R (mole/s), is given by two independent but interrelated 
factors, the reactant concentration, C (mole/cm3), and flow rate, F (ml/s), in Equation 
(5.3). It is important to note that the R is dependent on both C and F and not on 
reactant concentration and flow rate alone. We will show examples where the same 
reaction addition rate was obtained by varying concentration and flow rate, and the 
resulting crystal number is the same.

	 R C*F= 	 (5.3)

Solubility
Of the three experimental reaction control parameters, maintaining constant solubil-
ity provides the greatest challenge. The measurement may differ for varying crystal-
lizations. Electric conductivity or measurement of an electrode potential versus a 
reference electrode are some useful technologies for ionic crystals. We will discuss 
the solubility challenge using silver chloride in aqueous solution as an example.

The solubility of ionic crystals is given by the sum of the concentrations of all 
soluble species in solution that contain the reaction-determining ion, and which par-
ticipate in the growth of the crystals. In the case of silver chloride, the precipitation is 
generally performed with chloride excess, so that the silver ion is the reaction-determining 
ion. Under these reaction conditions, the concentration of growth-determining silver 
ion, the solubility of the AgCl crystals, Cs, is given by the concentrations of free 
silver ion of silver chloride molecules in solution, and of silver-chloride (AgClm

1-m) 
complexes in solution as shown in Equation (5.4).

	
C Ag AgCl AgCl AgCl AgCls = + + + +  

+ - - -[ ] [ ] [ ] [ ]2 3
2

4
3 	 (5.4)

The necessary constants to calculate the concentrations of these species are available 
from the literature and are compiled in Table 5.1.1,2 The constants for silver bromide, 
iodide, and other silver complexes can be found in the cited literature.

In the present experiments, the free silver ion concentration, [Ag+], is determined 
by the electrochemical potential (EMF, electromotive force) of a silver electrode in 
the reaction mixture versus a reference Ag/AgCl/4.0 N (mole/l) KCl electrode. The 
reference electrode is preferentially kept at room temperature (20°C) and connected 
to the reaction mixture via a liquid junction. Under these conditions, the free silver ion 
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concentration, [Ag+], is given by the electromotive force (vAg in mV) and the tem-
perature (T, °C) of the reaction (Equation [5.5]).

	
pAg

vAg T
T

= - - -
+

( ) . ( . )
. ( )

599 0 129 25 0
0 198 273

	 (5.5)

	
pAg Ag T C= - = °+log[ ],

With the knowledge of the solubility product and the free silver ion concentration, 
the halide concentration can be calculated. Standard physical calculations are then 
applied to calculate the concentration of the various silver halide complexes from the 
equilibrium constants and the Gibbs free energy, ΔH (Table 5.1).

In practice, the desired temperature and solubility are chosen for the experiment. 
The aim EMF is taken from the calculations, and the reaction mixture is adjusted 
to the aim EMF with a solution of the potassium or sodium salt of the halide. The 
nucleation EMF is held constant for the estimated nucleation time. After a stable 
silver halide crystal population is established, the EMF may be changed to modify 
the morphology of the crystals.

Physicochemical Constants

In the equations, physicochemical constants were presented that can be experimen-
tally determined. For experimental testing of the theoretical models, silver halide 
precipitations were used. The reason is that the author worked for the photographic 
industry, where silver halides are the basis for the manufacture of photographic 

Table 5.1
Constants for AgCI Solubility Calculation
Component Km,n ΔH

(25C) (kcal/mole)

[Ag+] 10
Ksp See belowa

[ ]AgCl 10 3 3- . -2.7

[ ]AgCl2
- 10 5 25- . -3.9

AgCl3
2-  10 5 7- . -5.8

AgCl4
3-  10 5 4- . -13.9

K Ag Clsp = + -[ ][ ] K
Ag Cl

Ag Cl
mm n

m n

m n
m n,

[ ] [ ]
;=

 
=

+ -

- 1

a	 log ( )/ ( ) ( . . )K T Ksp = - ± + ±3206 42 1 17 0 14

Errors are one standard deviation; T(K) = 273.15°C
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films. The examples shown for the silver halide precipitations shall be a guide for the 
evaluation of precipitations of other materials.

The constants used for the calculations are listed in Table 5.2.

The molar universal gas constant, R•	 g, is a tabulated standard constant.3

The volume constant, •	 kv, multiplied with the cube of the related characteris-
tic length, gives the volume of the crystal. The value of kv changes with the 
definition of the characteristic size.
The surface energy, •	 g, is that of the flat surface area. The surface energy 
has characteristics for each different type of surface, e.g., 100 (cubic) or 111 
(octahedral). In the present case, the experimentally determined surface 
area for silver halides varies from about 40 to about 160. Thus, the value of 
140 was used for the calculations and represents an arbitrary choice.
The diffusion coefficient, D, should ideally be determined for each growth •	
unit, e.g., the various silver chloride complexes. However, such data were 
not available. In agreement with the suggestion of Strong and Wey (1979), 
the diffusion constant of water solvent was chosen for the calculations. The 
diffusion constant is a function also of the temperature, and a linear correla-
tion with temperature was used.4

The molar volume, V•	 m, is the volume per mole of crystal material. It is obtained 
by multiplying the density (cm3/g) with the molecular (or formula) weight.

Reaction Volume

The reaction volume is not a factor or variable in Equation (5.1), suggesting that the 
result of a crystallization should be independent of the reaction volume if tempera-
ture, addition rate, and solubility are held constant.

This is in contradiction to the classical nucleation model, where the nucleation 
rate, J, is normalized to the reaction volume. In our first publication, the addition rate 
and crystal number were erroneously normalized to the reactor volume.5 This was 
corrected in a subsequent publication.6

Table 5.2
Physicochemical Constants

Constant Value Comment

Rg 8.314E07 Universal gas constant (erg/mole/K)

kv 1.0 (cube), 0.4714 (octahedra)
4p/3 (sphere)

Volume constant Cube/octahedra: 
edge length, Sphere: radius

g 140 Surface energy (erg/cm2)

D (0.88–2.34)E-05 Diffusion constant (cm2/s), 
35–80°C

Vm 28.8 (AgCl), 29.0 (AgBr) Molar volume (cm3/mole) 
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To test the prediction of Equation (5.1), that the crystal nucleation is independent 
of reaction volume, several experiments were performed in which the initial reac-
tion volume was varied, but Temperature, T, and solubility, Cs, were not varied. The 
reaction addition rate was varied, but was held constant throughout the experiments. 
Over time, gelatin batches had to be changed, and any variations due to chang-
ing gelatin batches are reflected in the standard errors. For larger reaction volumes, 
mixing/stirring was increased to avoid mixing artifacts. The results are compiled in 
Table 5.3 for precipitations of AgCl and AgBr. Several of these experiments were 
repeated at irregular time intervals, spanning several years. Further, reaction vessels 
of different shapes were used, such as flat-bottomed or fluted containers.

The data in Table 5.3 support the prediction of Equation (5.1) that the crystal size 
is independent of the initial reaction volume. Where repeat experiments were per-
formed, standard deviations of the sizes could be obtained. These include variability 
in preparation and size measurement. The results are clearly independent of initial 
reaction volume within the standard deviations. Moreover, it also shows that reactor 
shape did not affect the outcome of the precipitations.

Constancy of Crystal Number
The BNG model predicts that under diffusion-controlled growth conditions, forma-
tion of new crystals ends after the nucleation period. This prediction was checked 
for precipitations of AgCl, AgBr (cubic and octahedral), and AgI. The reaction con-
ditions are included in Table 5.4. Samples were taken during the precipitation. The 
crystal sizes were determined, and the crystal numbers were calculated from the 
mass balance.7 The results are shown in Table 5.4 and in Figure 5.1.

The plot of the crystal numbers versus the time into the precipitation shows that 
the number of crystals was stable after about 2 minutes. For the first sample, which 
was taken at 1 minute, the crystal number is larger than the average for AgCl and 
AgBr. This may be an indication of a transition condition from nucleation to growth, 
or due to errors to determine the very small crystal sizes.

Table 5.3
Crystal Size vs. Initial Reaction Volume

Initial Reaction 
Volume (L) Size (μm) Std. dev. (μm) # Exp.

AgBr 1.5 0.128 0.005 5

3.0 0.128 0.003 7

4.5 0.124 n. a. 1

AgCl 0.75 0.197 n. a. 1

1.50 0.195 n. a. 1

Variables:	� reaction volume, reaction addition rate; others: not varied; stirring 
adjusted
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The predictions and experimental results of the BNG model have provided impor-
tant information for practical crystallization experiments:

	 1.	Crystal size and number are independent of reaction volume.
	 2.	After a short nucleation time, the crystal number is constant.
	 3.	The crystal number is only dependent on the reaction addition rate. The 

crystal size increases with the length of reaction addition.
	 4.	Flow rate and input reaction addition rate individually are not nucleation 

controlling.
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Figure 5.1  Crystal number versus precipitation time.

TABLE 5.4
Crystal Number and Size vs. Time and Reaction Conditions

AgCl AgBr (cubic) AgBr (oct) AgI

Time 
(min)

Size 
(mm)

Cryst. no. 
(Z × E-15)

Size 
(mm)

Cryst. no. 
(Z × E-15)

Size  
(mm)

Cryst. no. 
(Z × E-15)

Size 
(mm) 

Cryst. no. 
(Z × E-15)

1.0 0.063 4.14 0.044 13.60 0.058 12.60 n.a. n.a.

2.0 0.104 1.84 0.070 6.76 0.091 6.53 n.a. n.a.

4.0 0.131 1.84 0.084 7.82 0.109 7.60 0.035 77.3

6.0 0.141 2.21 0.094 8.37 0.118 8.99 0.037 98.1

8.0 0.153 2.31 0.105 8.01 0.129 9.17 0.044 77.7

12.0 0.173 2.40 0.119 8.26 0.146 9.48 0.047 95.7

16.0 0.196 2.20 0.126 9.27 0.153 11.00 0.059 64.5

20.0 0.215 2.08 0.137 9.02 0.167 10.60 0.063 66.2

Average 2.13 8.22 9.05 79.9

Std. dev. 0.22 0.83 1.57 14.3

pAg (70°C) 5.85 6.95      8.75 9.50

Initial reactor volume:	 2.0 L; 2.5% deionized gelatin; 70°C; pAg (see above); reactant addition rate: 
0.040 mole/min, AgI: 0.020 mole/min
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Modeling: Separation of Variables R, Cs, and T

Theory

In this and the next sections, the change of crystal size and number will be experi-
mentally related to the reaction control variables addition rate, R, crystal solubility, 
Cs, and temperature, T. For this purpose, Equation (5.6) needs to be separated into 
the individual control parameters.

Let’s return to Equation (5.6), the correlation between number of stable crystals 
formed, Z, and reaction variables addition rate, R, Temperature, T, and solubility, Cs. 
The diffusion constant, D, is temperature dependent and must be included with the 
temperature as a control variable.
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Taking the logarithm of Equation (5.6) leads to Equation (5.7), where the control 
variables are separated.
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
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


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 	 (5.7)

In these equations, r/r* may depend on the addition rate, temperature, and solubility. 
The diffusion coefficient, D, and the surface energy, g, are also temperature depen-
dent, and these effects must be considered with the direct temperature effect, T, as 
indicated in Equation (5.7). In the next sections, the temperature dependence of D 
and g  will be reviewed before proceeding to the analytical derivations.

Diffusion Coefficient, D
The Einstein model for diffusion of a particle in a solvent is given by Equations (5.8) 
and (5.9).

	
D

R T

6 N r
g=

π η 	 (5.8)

	
lnD lnT ln ln

R

6 Nr
g= - +







η
π 	 (5.9)

N is the Avogadro constant, Rg the gas constant, T the temperature (K), h the vis-
cosity of the medium (solvent), and r the radius of a spherical particle that is large 
compared to the solvent molecules.
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The viscosity of the medium, h, decreases with temperature. For water, its tem-
perature dependence between 10° and 100°C can be well described by Equation 
(5.10).8

	
ln

1781
T

12.97η = - 	 (5.10)

The correlation coefficient, R2, is equal to 0.9950.

Surface Energy, g
Surface energy, g, is a function of temperature. For that reason, when a value is 
given for the surface tension of an interface, temperature must be explicitly stated. 
The general trend is that surface tension decreases with an increase of temperature, 
reaching a value of zero at a critical temperature, and that the decrease is approxi-
mately linear.9  There are only empirical equations to relate surface tension and tem-
perature, e.g., Equation (5.11).10,11

	
γ = -k(T T)/VC

2/3

m 	 (5.11)

Vm is the molar volume of that substance, TC is the critical temperature, and k is 
a constant for each substance. For example, for water k = 1.03 erg/°C (103 nJ/K), 
Vm = 18 ml/mol, and TC = 374K (100°C). For solids we will assume that the surface 
energy does not change significantly between the freezing and boiling temperatures 
of water.

The stage is now set to separate Equation (5.7) into its components to determine 
the dependence of the crystal number, Z, on the reaction variables addition rate, R, 
solubility, Cs, and temperature, T.

Addition Rate, R

When Equation (5.7) is differentiated for the addition rate, R, constant temperature, 
T, and solubility, Equation (5.12) is obtained.

	

dlnZ
dlnR

1.0
R

r/r* 1.0
*

d r/r*
dR

= -
-

( )
	 (5.12)

Whether the slope is equal or different from 1.0 is determined by the differential 
d(r/r*)/dR. For experimental conditions where r/r* is independent of addition rate, a 
linear increase of crystal number with increasing addition rate is predicted.

For a change of r/r* with addition rate, the possible effect of addition rate on 
the supersaturation during nucleation must be considered. An increase of the addi-
tion rate may increase the supersaturation, S, which is the difference between 
the actual concentration, C, and the equilibrium saturation concentration, Cs 

(Equation [5.13]).

	
R~S C Cs= - 	 (5.13)
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The critical crystal size, r*, is related to the supersaturation through the Gibbs-
Thomson equation (Equation [5.14]).

	
r* =

-
2 1 0γ V C

R T C C R
m s

g s( )
~

.
	 (5.14)

Returning to Equation (5.12), it follows that the ratio r/r* may increase with R, but 
not decrease. Thus, it can be concluded that a plot of ln Z versus ln R (or equivalent 
log/log plots) should yield a linear correlation with a slope equal or less, but not 
higher than 1.0.

In the experimental section, we will show examples in which precipitations of 
AgCl and AgBr yield a linear slope. However, it has also been reported that for AgBr 
precipitations under different conditions, slopes of 0.776, 0.942, and 0.993 have been 
obtained.12  Slopes greater than 1.0 have not been reported.

Solubility, Cs

Differentiating Equation (5.7). for lnCs yields Equation (5.15).

	

dlnZ
dlnC

1.0
C

r/r* 1.0
*

d r/r*
dCs

s

s

= - +
-







( ) 	 (5.15)

If d(r/r*)/d Cs equals zero, the plot of log Z versus log Cs will be linear and have a slope 
of minus one. Experimental plots for silver chloride show this type of correlation.

	
r*

2 V

R T(C/C 1.0)
~ Cm

g s
s=

-
γ

	 (5.16)

If r* increases with Cs, the second part in Equation (5.15) becomes negative, and the 
value in the large brackets becomes less than one. Thus, it is predicted that a plot of 
log Z versus log Cs will have a slope of -1.0 or more positive. Silver bromide will 
provide an example of this condition and predictions.

Temperature, T

Differentiating Equation (5.7). for ln T yields Equation (5.17).
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dlnD
d

= -
-

- -( ) γ
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	 (5.17)

The factor d(r/r*)/dT increases with temperature, since r* decreases with increas-
ing temperature (Equation [5.16]). For solids, it is assumed that the surface energy 
does not change significantly for the temperature range of water, and dlng/dlnT may 
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approximately set equal to zero. The factor dlnD/dlnT increases with temperature, 
and is set equal to 1.0, since the change in water viscosity probably does not signifi-
cantly change the temperature dependence of D (Equations [5.9] and [5.10]). This 
gives a correlation of the dln Z/dlnT correlation as Equation (5.18).

	

dlnZ
dlnT

T
r/r* 1.0

*
d r/r*

dT
= -

-
( )

	 (5.18)

Equation (5.18) indicates that the number of crystals formed decreases with increas-
ing temperature. This is in agreement with experimental results for silver chloride 
and bromide, and is generally observed.

Addition Rate

It is the aim of this section to test the predictions of the BNG theory with regard to 
the correlation between number of stable crystals formed and reaction addition rate 
under controlled precipitation conditions.

To separate the addition rate from the other control variables, Equations (5.6)–(5.12) 
show that the temperature and solubility must be held constant for the experiments. 
Equation (5.20) shows how to calculate the unknown, r/r*, from the experimental 
results. Preferentially, the inverse, r*/r, is tabulated and discussed, since its limiting 
values are zero and 1.0. A value of zero indicates continuous nucleation, while values 
equal to or greater than 1 are associated with a breakdown or significant change of 
the nucleation process. An example of the latter will be discussed later.
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Analysis of Equation (5.6) leads to Equation (5.21) where it was determined that 
the slope of the log Z versus log R correlation would yield a slope of one or less.
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To test the predictions, silver chloride, AgCl, and silver bromide, AgBr, were 
precipitated under conditions where the solubility, as measured by the pAg, and tem-
perature were held constant.5,6,13

Since the experiments stretched over many years, the precipitations occurred in 
reaction vessels of different sizes and shapes and with different initial reaction vol-
umes. It was shown previously that a change in initial reaction volume did not affect 
the outcome of the crystallization process. The erroneous normalization of the crys-
tal number to the initial reaction volume5 was corrected in following publications.7
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Also, certain addition rates were obtained by simultaneously changing reactant 
concentration and flow rate. This information is contained in Table  5.5 for silver 
chloride and in Table 5.6 for silver bromide. By changing the addition rate over sev-
eral orders of magnitude, high accuracy and reliability in the determination of the 
log Z/log R correlation was assured.

Table 5.5
AgCI Variation of Addition Rate and Results

No.
Addition rate 
(mmole/min)

Flow Rate 
(ml/min)

Concentr. 
(mole/l) Size (mm)

Cryst. no. 
(Z × E14) r*/r

1 2.5 10 0.25 0.190 1.8 0.55

2 10.0 40 0.25 0.200 6.5 0.53

3 10.0 10 1.00 0.190 7.6 0.56

4 20.0 20 1.00 0.200 13.1 0.53

5 40.0 40 1.00 0.190 32.0 0.58

6 40.0 10 4.00 0.200 28.0 0.54

7 80.0 20 4.00 0.200 54.0 0.54

8 160.0 40 4.00 0.200 99.0 0.51

9 240.0 60 4.00 0.200 146.0 0.51

10 320.0 80 4.00 0.200 195.0 0.51

Average 0.197 0.54

Std. dev. 0.005 0.02

Table 5.6
AgBr, Variation of Addition Rate and Results

No.
Addition Rate 
(mmole/min)

Reaction 
Volume (liter)

Concentr. 
(mole/l)

Size 
(mm)

Cryst. no. 
(Z × E16) r*/r

1 0.2 3.0 0.010 0.129 0.0054 0.53

2 1.0 3.0 0.050 0.133 0.0244 0.51

4 2.0 3.0 0.100 0.127 0.0570 0.55

5 8.0 3.0 0.400 0.128 0.2188 0.54

6 16.0 1.5 0.800 0.130 0.4229 0.53

7 16.0 3.0 0.800 0.125 0.4760 0.56

8 20.0 3.0 1.000 0.126 0.5744 0.55

9 32.0 1.5 1.600 0.121 1.0477 0.58

10 32.0 3.0 1.600 0.125 0.9500 0.61

11 32.0 4.5 1.600 0.124 0.9800 0.60

12 64.0 1.5 3.200 0.126 1.8557 0.55

13 96.0 1.5 4.800 0.131 2.4768 0.52

14 128.0 1.5 6.400 0.132 3.2486 0.52

Average 0.127 0.55

Std. dev. 0.003 0.03
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Silver Chloride

Experimental: AgCl
Precipitation Conditions
The initial reaction volume was 1.20 liter distilled water. A relatively high concen-
tration of 4% deionized bone gel was dissolved to assure that sufficient peptization 
was provided for the silver halide formed at the highest reaction addition. The reac-
tion mixture was adjusted to 60°C and pAg 6.4, which corresponds to a solubility 
of 5.4 × E-06 mole Ag+/l. The concentration and flow rate of the reactants are listed 
in Table 5.5. The reactant addition time was 20 minutes. After the end of precipita-
tion, an aqueous solution of the sodium salt of TAI (4-hydroxy-6-methyl-1,3,3a,7-
tetraazaindine) was added to restrain growth by Ostwald (= physical) ripening. The 
crystal sizes were determined from electronic imaging analysis and Joyce Loebl 
Disk Centrifuge.14  For the determination of the crystal number, Z, the different siz-
ing methods were averaged.

Stirring/Mixing
Special consideration for controlled crystallizations must be given to effective mix-
ing of the reactants with the reaction medium and with each other. Another concern 
is effective stirring of the reaction medium to avoid dead zones, and to avoid set-
tling of reactant. In our experiments, agitation was provided by a center-mounted, 
counter-acting, radial flow, double-shrouded turbine. The mixer consisted of two 
shrouded turbines separated by a spacer. The two turbines were arranged to direct 
their flow toward this center space. The two reactant solutions were separately intro-
duced below the surface of the suspension through tubes directed toward the ending 
at the mixer head. This setup provided optimum mixing of the reactants with the 
reaction medium and intimate mixing of the reactant streams at the center of the tur-
bine assembly. After mixing, the mixture streamed toward the side of the reactor and 
provided efficient stirring, i.e., reactor turnover. Stirring and mixing were further 
enhanced by adding baffles into the reactor. The baffles were provided with holes 
to provide added turbulence, and thus increased mixing of the reaction mixture. In 
addition, the baffles reduced the formation of a vortex in the center of the reactor. 
The stirring rate of the turbine was slowly increased until a vortex formed, and then 
reduced just below vortex formation. As the reaction volume increased due to reac-
tant addition, this procedure was repeated to continue to provide maximum stirring/
mixing conditions for the system.

It was experimentally determined that addition to the surface or subsurface of the 
reaction mixture provided poor mixing and led to significant variability of crystal 
sizes and size distribution.

Peptizer
In agitated systems, interaction between particles may lead to undesired agglomera-
tion. For systems like the present ones, in which ions of opposite charge are added, the 
surface of the crystals becomes charged. Thus, in the case of AgNO3 addition, crys-
tals will be positively charged, and for the halide addition, crystals will be negatively 
charged. Their interaction will lead to aggregation and agglomeration. Under further 
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growth, agglomerated/aggregated crystals will grow together at the contact site. These 
processes will lead to uncontrolled morphology of the resultant crystal population.

To prevent agglomeration, materials are added that adsorb to the crystal surface 
to reduce direct interaction and to provide steric hindrance for the interaction of the 
surfaces of neighboring crystals. In the case of silver halides, gelatin, an organic 
macromolecule, has been known to show surface protection and other desirable 
properties. For other materials, their adsorption characteristics and interactions with 
large protective molecules must be determined individually.

Calculation of r*/r
For the calculation of r*/r, the following values were used: gas constant, Rg, 8.3 × 107 
erg/°C × mole; molar volume, Vm, 25.9 and 29.0 for AgCl and AgBr, respectively; 
surface energy, g, 140 erg/cm2; for the diffusion coefficient, D, a linear increase 
from 0.88 to 2.34 × 10-5 between 35° and 80°C was used as suggested by Strong 
and Wey.4 The value of the diffusion coefficient is that of water, since the diffusion 
coefficients of halide and silver ions and their temperature dependence have not yet 
been determined.

Results
Table 5.5 summarizes the experimental results for changes in crystal number and 
size of silver chloride as a function of addition rate. The addition rate varied from 
2.5 to 320 mmole/min, which is a change of approximately two orders of magnitude. 
This wide experimental range gives high confidence to test the validity of the predic-
tions of the BNG nucleation model.

The average crystal size is 0.197 μm with a standard deviation of 0.005 μm. For 
the ratio of r*/r, an average value of 0.54 +/-0.02 is obtained. This indicates that the 
critical crystal size is about 54% of the average crystal size throughout the precipita-
tion after the nucleation phase. The consistency of these results shows high reproduc-
ibility of the experimental conditions.

Experiments 2 and 3 and 5 and 6 are replicas in which the reactant concentration 
and flow rate were varied while maintaining the reactant addition rate. The results 
of 0.20 and 0.19 and 0.19 and 0.20 μm for size variability and 0.53 and 0.56 and 
0.58 and 0.54 for r*/r are identical well within the ranges of error. This consistency 
supports the claim of the theory that the reactant addition rate, not the flow rate or 
reactant concentration, controls the nucleation process.

Figures 5.2 and 5.3 show the correlations of experimental results as a function 
of addition rate. Figure 5.2 shows that the number/addition rate correlation is linear. 
This linear correlation indicates that the ratio r*/r is a constant (as also shown by the 
discussion above) and that r* is not a function of the addition rate. Figure 5.2 also 
shows the plot of crystal size and of r*/r versus the addition rate and illustrates that 
these values are constant over the full range of addition rates.

Figure 5.3 shows a log Z/log R plot of the data, which complements the linear 
plot of Figure 5.2. The latter compresses many of the data in the lower addition rate 
range and may hide nonlinearity. The log/log plot of Figure 5.3 gives more equal 
weight to the whole ranges of crystal number and addition rate. The linearity of the 
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correlations is supported by statistical correlation of the data in Equations (5.22) 
and (5.23).
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Figure 5.2  Silver chloride crystal number, size, and r*/r versus addition rate.
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Figure 5.3  Silver chloride log crystal number versus log addition rate.
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Here, the limits of error represent one standard deviation, which will be retained 
throughout the chapter. Z is the crystal number and R is given in mole/min.

Silver Bromide

The data for silver bromide were obtained over several years and thus reflect the changes 
in precipitation technology. The control of addition rate, temperature, and solubility 
(pAg) during the experiments improved due to the availability of electronic control ver-
sus initial manual control by the experimenter. Thus, the initial data indicated a slope 
less than 1.0 for the log Z/log R correlation, which was in error due to difficult control of 
low addition rates. Such problems were overcome in the later experimental setups.

Experimental: AgBr
The experimental setup was the same for AgBr precipitations as described for the 
AgCl precipitations. For the silver bromide precipitations, initial reaction volumes 
of 1.5, 3.0, and 4.5 liters were used. As predicted by the BNG model, these differ-
ences did not significantly affect the number of crystals or final crystal sizes. The 
initial reaction mixture was composed of an aqueous solution of 4% deionized bone 
gelatin. The pAg was adjusted with sodium bromide at the aim temperature. The 
addition rate was held constant for the 20-minute reaction time. Differently from 
the AgCl precipitations, the addition flow rate was held constant at 20 ml/min.

Results
The experimental variations and results are summarized in Table 5.6. The results 
show that the crystal size did not significantly vary from the average of 0.197 μm 
between the addition rates of 2.5 to 320 mmole/min. Experiments 5 and 7 and 9 and 10 
are repeats in which the initial reaction volume was varied between 1.5 and 3.0 liter. 
The resulting crystal sizes and numbers are the same within the error of limits. Thus, 
these results confirm that reaction volume is not a determining factor for crystal size 
and number formed during nucleation.

Throughout the same set of experiments, the ratio of r*/r (0.54) indicates that the criti-
cal crystal size is about 54% of the average crystal size and does not significantly vary.

Figure 5.4 shows a linear plot of crystal number, size, and r*/r versus addition 
rate. The plot visually confirms that size and r*/r are independent from addition rate. 
The number of crystals increases linearly as predicted by theory with the variation 
of addition rate over two orders of magnitude.

The log Z/log R plot of Figure 5.5 expands the low-addition rate data versus the 
linear plot of Figure 5.4. It confirms the theoretical prediction of a linear log Z versus 
log R correlation.

Quantitative evaluation of the results gives the correlations of Equations (5.24) 
and (5.25).

	 Z (25.7 0.7)10 R (51.9 92.3)1013 13= ± + ± 	 (5.24)

	 logZ (1.01 0.01)logR (14.432 0.089)= ± + ± 	 (5.25)
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The intercept of the Z/R correlation is equal to zero, and the slope of the log Z/log R 
correlation is equal to 1.0, which are within the limits of error. The intercept of the 
log Z/log R correlation predicts the number of crystals for an addition rate of 1.0.

These experimental results are also in agreement with the prediction of the basic 
derivation of the BNG nucleation phase (Chapter 3).

Practical Applications
Practical application of these experiments predict that scaling of a precipitation with 
the aim of obtaining reaction-independent crystal sizes is optimally achieved when 
temperature, crystal solubility, and optimum mixing/stirring are maintained while 
varying the reactant addition rate and time. Under these conditions, it is shown that 
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Figure 5.5  Silver bromide log crystal number versus log addition rate.
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initial reaction volume does not change the crystal size. Included in the presented 
reaction schemes is the observation that geometric changes of the reaction vessel, 
e.g., from cone to flat-bottom, did not change the results of the precipitations.

For experiments in which the slope of the log Z/log R correlation is less than 
one, the same rules apply. However, under these conditions, which are otherwise 
identical, the crystal size will increase with addition rate while crystal morphology 
is maintained.

In conclusion, the predictions of the BNG model with respect to the dependence 
of the crystal number and size on the reactant addition rate during nucleation have 
been experimentally confirmed.

Solubility

Varying the solubility of the crystals is a simple and effective procedure to vary 
the crystal size and often also the morphology of the precipitate. The solubility is 
explicitly included in the fundamental derivation of the BNG model (Equation [5.6]). 
Separating the variables and differentiating the crystal number as a function of solu-
bility lead to Equation (5.15).

This equation predicts that the number of crystals nucleated, Z, decreases with 
increasing solubility. If r/r* is independent of Cs, then the differential d(r/r*)/dCs 
is equal to zero, and Z is predicted to decrease linearly with solubility, with a log 
Z/log Cs slope of -1.0.

However, if r/r* is dependent on Cs, Z is nonlinearly correlated with Cs. In this 
case, the theory predicts that the log Z/log Cs correlation has a slope different from 
-1.0. Theoretical predictions indicate that under such conditions, r* should increase 
with solubility, predicting a log Z/log Cs more positive than -1.0.
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We will explore these predictions for controlled precipitations of silver chloride and 
silver bromide.

Silver Chloride

Experimental
The dependence of crystal nucleation on solubility was adjusted by varying the pAg 
of the reaction mixture at aim temperature with a solution of sodium chloride. The 
solubility of silver halides is a function of pAg and temperature. The reaction tem-
perature was 60°C, and for the adjustment of solubility the pAg was varied from 4.95 
to 8.30. In this range, the solubility has a minimum around pAg 6.4; further details 
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were discussed in the previous section and are listed in Table 5.7.6 The experiment 
at pAg 8.3, the highest solubility, gave a significantly larger crystal size than indi-
cated by the other data points. This deviation may be due to experimental variability. 
However, it may also indicate a change in the mechanism of crystal nucleation and 
growth, as indicated by the change from cubic to octahedral crystal shape for silver 
bromide. Because of these uncertainties, the data point is reported, but it was not 
used for the quantitative correlations.

Results: AgCl
The results of the experiments are listed in Table 5.7 and are plotted in Figures 5.6 
through 5.10.

Equation (5.6) predicts that the number of crystals formed should be inversely 
proportional to the silver chloride solubility. Figure 5.6 shows a plot of the crystal 
number and of the solubility as a function of pAg. It is apparent that the crystal 
number has its maximum around pAg 6.4, where the solubility has its minimum. As 
the solubility increases from its minimum at lower and higher pAg, the number of 
crystals formed decreases.

Conversely, since the crystal number is proportional to 1/size,3 the crystal size is 
predicted to be proportional to the solubility. This is evident from Figure 5.7, where 
crystal size and solubility are plotted as a function of pAg, and where the crystal 

Table 5.7
Silver Chloride Nucleation Dependence on Solubility

No. Solubility (mole/l) pAg Size (mm) Number (Z) r*/r

1 1.50E-05 4.95 0.271 2.60E+14 0.55

2 1.10E-05 5.10 0.265 2.80E+14 0.49

3 7.50E-06 5.35 0.205 6.00E+14 0.59

4 6.10E-06 5.60 0.196 6.90E+14 0.57

5 5.00E-06 5.90 0.195 7.00E+14 0.53

6 5.40E-06 6.45 0.195 7.00E+14 0.54

7 6.80E-06 6.75 0.204 6.10E+14 0.57

8 1.00E-05 7.00 0.227 4.40E+14 0.61

9 1.20E-05 7.10 0.254 3.20E+14 0.55

10 1.60E-05 7.30 0.275 2.50E+14 0.56

11 2.90E-05 7.55 0.340 1.30E+14 0.54

12 5.30E-05 7.80 0.416 7.20E+13 0.55

13 2.30E-04 8.30 0.825 9.30E+12 0.40

Average 0.54

Std. dev.  +/-0.05

Temperature, 60°C; addition rate, 0.010 mole/min; initial reactor volume, 0.74 l; reactant 
flow rate, 10 ml/min; reaction time, 20 min; morphology: cubic
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number minimum coincides with minimum solubility and increases with increasing 
solubility. Figures 5.6 and 5.7 thus confirm the prediction of Equation (5.6).

Equation (5.15) predicts that the logarithm of the crystal number should decrease 
linearly with the logarithm of solubility. The plot in Figure 5.8 shows that a linear 
correlation is obtained as predicted. For silver chloride, the data fall on the same line 
independent if the solubility was below or above minimum solubility. We will see 
that this is not the case for silver bromide.

Equation (5.6) and the results of Figure 5.8 suggested that a linear correlation may 
exist between crystal number and inverse solubility, and this correlation is shown in 
Figure 5.9. The trend line gives a linear correlation within the limits of error.
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Figure 5.6  Silver chloride crystal number and solubility as a function of pAg.
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The correlations between crystal number and solubility are quantified in Equations 
(5.28) and (5.29).
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Both equations and the correlation coefficients show that the predictions of Equation 
(5.6) and (5.15) are confirmed by the experimental results.
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Crystal size and r*/r are plotted versus log solubility in Figure  5.10. The plot 
shows that r*/r is a constant and independent of solubility for the given reaction con-
ditions with an average of 0.54 and a standard deviation of 0.05.

Under the same conditions, the size increases linearly with log solubility, as con-
firmed by Equation (5.30) and the correlation coefficient.

	

logSize (0.3756 0.0130)logC (1.2534 0.0636)

R

s

2

= ± + ±

= 00.9934 	 (5.30)

The experimental results for precipitations of silver chloride at a wide range of sol-
ubility thus confirm the predictions of the balanced nucleation and growth model.

Silver Bromide

The situation for silver bromide is more complicated than that for silver chloride. The 
morphology of the crystals changes between cubic and octahedral and is related to 
the minimum solubility. Thus, the BNG model was studied for both morphologies.

Experimental
To determine the dependence of crystal number, crystal size, morphology, and r*/r as 
a function of solubility, the temperature of 70°C was chosen. The pAg and solubility 
were adjusted at aim temperature with a solution of sodium bromide. The gelatin 
concentration was 4% for the initial reaction volume of 1.5 liter. The temperature 
and the addition rate of 0.032 mole/min were held constant for the reaction time of 
20 minutes. Samples were taken at the end of the precipitation, and physical ripen-
ing of the crystals was minimized by the addition of 1-phenyl-5-mercaptotetrazole, a 
growth restrainer for silver halide.5,6
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Figure 5.10  Silver chloride crystal size and r*/r as a function of log solubility.
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Results: AgBr
The experimental results are listed in Table 5.8 and Figures 5.11 to 5.14. In addition 
to the reaction variables and results, the table also contains the information on the 
morphology of the crystals.

In Figure 5.11, the number of crystals and the solubility are plotted versus pAg. 
The solubility shows the minimum of solubility at about pAg 7.3. Cubic crystals are 
obtained up to pAg 7.6. Between pAg 7.6 and 8.0, the transition from cubic to octa-
hedral morphology occurs, accompanied by a major increase of crystal number. This 
transition signals a major shift in the growth and nucleation mechanism.

The crystal number mirrors the change of solubility, as predicted by Equation 
(5.6). A significant difference in comparison to silver chloride is the shift of the 
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Figure 5.11  Silver bromide crystal number and solubility as a function of pAg.

Table 5.8
Silver Bromide Nucleation Dependence on Solubility

AgBr No. pAg
Solubility 
(mole/l) Size (mm) Number (Z) r*/r Morphology

1 6.30 3.20E-06 0.165 4.13E+15 0.64 cubic

2 6.70 1.60E-06 0.138 7.08E+15 0.60 cubic

3 7.10 1.00E-06 0.123 9.95E+15 0.57 cubic

4 7.60 8.60E-07 0.118 1.13E+16 0.57 cubic

5 8.00 1.00E-06 0.135 1.61E+16 0.68 octahedral

6 8.40 1.60E-06 0.138 1.58E+16 0.77 octahedral

7 8.60 2.10E-06 0.146 1.28E+16 0.78 octahedral

8 8.80 3.10E-06 0.161 9.62E+15 0.80 octahedral

9 9.25 1.00E-05 0.178 6.96E+15 0.90 octahedral

Temperature, 70°C; addition rate, 0.032 mole/min; initial reactor volume, 1.5 l; reaction time, 20 min
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maximum of crystal number (pAg 8.2) to higher pAg than the minimum of solubility 
(pAg 7.6). This shift is probably associated with the change in morphology.

Figure 5.12 shows the variation of crystal size with pAg and solubility. The crys-
tal size follows the change in solubility, as already discussed for silver chloride. 
However, unlike silver chloride, silver bromide has a size-solubility correlation that 
appears less tight.

In Figure 5.13, the validity of Equation (5.15) is tested for silver bromide. The plot 
of log crystal number (Z) versus log solubility (Cs) shows two distinctly different, 
but linear, correlations for the cubic and the octahedral crystals. This indicates that 
r*/r may be dependent on solubility and affect the slope of the correlation. Equations 
(5.31) and (5.32) give the correlations between log Z and log Cs. The significantly 
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Figure 5.13  Silver bromide log crystal number as a function of log solubility.
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Figure 5.12  Silver bromide crystal size and solubility as a function of pAg.
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lower slope than the ideal -1.0 indicates that for both cubic and octahedral crystals 
r*/r has a significant effect.

	

logZ cub (0.761 0.009)logC (11.435 0.053)

R

s

2

( ) = - ± + ±

= 00.9998
	 (5.31)

	

logZ (0.397 0.058)logC (13.848 0.325)

R2

( )oct s= - ± + ±

= 00.9693
	 (5.32)

Thus, crystal size and r*/r are plotted as a function of log solubility in Figure 5.14. 
The crystal sizes vary relatively little over the solubility range. However, the correla-
tion for r*/r shows significant slope.

The correlations of r*/r versus log solubility are given in Equations (5.33) and 
(5.34) for cubic and octahedral crystals, respectively.

	

log /r (cub) (0.093 0.007)logC (0.314 0.040)r* s( ) = ± + ±

RR 0.99462 =
	 (5.33)

	

log( /r)(oct) (0.110 0.018)logC (0.511 0.103)r* s= ± + ±

RR 0.96092 =
	 (5.34)

The value of r*/r increases significantly over the solubility range for both morphol-
ogies. For cubic crystals, the solubility reaches a maximum at pAg 5.20 (solubility 
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Figure 5.14  Silver bromide crystal size and r*/r as a function of log solubility.
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4.40E-06), and an extrapolation of the r*/r correlation to higher solubilities is 
limited.

For octahedral crystals, the solubility limit for cubic crystals does not apply. 
Thus, it is possible to extrapolate to where the value of r*/r reaches 1.0, which is at 
log solubility of -4.65 and at pAg 9.7, respectively.

Under conditions where r* is equal to or greater than r, and r*/r is equal to or 
larger than 1.0, the system is unstable. Thus, it is predicted that for a log solubility 
value more positive than -4.54, which is equal to pAg of 9.7, crystals of octahedral 
morphology are no longer stable.

AgBr Morphology as a Function of Solubility

In the previous section, we have shown that the BNG model predicts that for silver 
bromide, the critical crystal size would exceed the limiting r*/r ratio of 1.0 at the 
solubility of about 10-4.5 mole/l (log-4.65). This prediction was tested by precipita-
tions increasing the solubility from about 10-6 up to 10-4 (mole/l; pAg 8.0 to 9.1).

Electron micrographs were obtained for each experiment. A representative field 
was chosen in which the number of crystals with different morphology was counted. 
These numbers are reported as a percent of the total number. The experimental con-
ditions and results are listed in Table 5.9 and plotted in Figure 5.15.

Figure 5.15 shows that at low solubility the octahedral morphology is dominat-
ing. Beginning at about the log solubility of -5.5, tetrahedral crystals appear that are 
assigned to a single-twinned morphology.

Beyond -4.5 log solubility, no more octahedra were observed. At about -5.0 log 
solubility, flat crystals of hexagonal and triangular shape were observed that are 

Table 5.9
Silver Bromide Morphology as a Function of Solubility

No. pAg
Solubility 
(mole/l) r*/r

Octahedra 
(%)

Single 
twin 
(%)

Double 
twin 
(%)

Multiple 
twin (%)

1 8.00 8.80E-07 0.68 100

2 8.37 1.30E-06 0.78 100

3 8.55 1.75E-06 0.79 100

4 8.78 2.60E-06 0.80 99 1

5 8.88 3.40E-06 0.84 97 3

6 9.03 5.00E-06 0.87 90 10

7 9.19 7.80E-06 0.90 70 27 2

8 9.32 1.02E-05 56 42 3

9 9.47 1.90E-05 33 46 20 1

10 9.62 3.10E-05 10 76 17

11 9.69 4.20E-05 76 21

12 9.76 5.50E-05 73 27

13 9.91 1.00E-04 64 36
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assigned to double-twinned morphology. This increase in the proportion of double-
twinned crystals is accompanied by the decrease of the fraction of single-twinned 
crystals. After -4.3 log solubility, no more single twins are observed.

At about -4.7 log solubility, large multifaceted tridimensional crystals appear 
whose morphology is considered representing multiple-twinning. At higher solubil-
ity, the multi-twins replace the presence of single- and dual-twin crystals.

For reference, the ratio of 100 × (r*/r), noted as % r*/r, is plotted versus log 
solubility. Extrapolation of the linear correlation shows a crossover at the limiting 
100% r*/r value at about -4.7 log solubility. This threshold is in good agreement 
with the log solubility of about -4.5 where octahedra are no longer observed. The 
small difference between -4.5 and -4.7 log solubility is within the limit of error 
of experiment as well as the uncertainty of the constants used for the calculation 
of r*/r.

This is thought to be the first time that a nucleation theory quantitatively pre-
dicted the breakdown of a crystal morphology system and the resulting replacement 
by other morphologies. It is another confirmation, together with the predictions for 
the kinetically controlled nucleation system, of the power of the BNG nucleation and 
growth model.

Temperature

Varying the reaction temperature during the nucleation of the crystals is a simple 
and effective procedure to vary the crystal size. Because the solubility is a function 
of temperature, the temperature effect has been generally confounded with solubil-
ity changes. However, as Equation (5.35) shows, there is a temperature effect in addition 
to the solubility and its temperature effect. Equation (5.35) appears to indicate that the 
number of crystals increases with temperature, which contradicts the generally observed 
decrease of crystal numbers with increasing temperature. As shown in the earlier 
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Figure 5.15  Silver bromide crystal morphology as a function of solubility.
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section (Experimental: Separation of Variables R, Cs, and T), the temperature depen-
dence of the diffusion constant D must be included.5,6,8

	

Z
R

2k DV
RT

C (r/r* 1.0)
g

v m s

=








 -γ 	 (5.35)

	

dlnZ
dlnT

T
r/r* 1.0

*
d r/r*
dlnT

= -
-

( )
	 (5.36)

To determine the temperature apart from its effect on solubility, the solubility 
must be held constant while the temperature is varied. Under these conditions, the 
balanced nucleation and growth model predicts the temperature dependence of 
nucleation as shown in Equation (5.18).

As for solubility, the two branches of the solubility curve must be considered for 
the temperature effect on nucleation. For silver bromide, this is evident by the change 
of morphology from cubic at low pAg to octahedral at pAg above the minimum of 
solubility. For silver chloride, cubic crystals are obtained throughout the full pAg 
range.

Silver Chloride

The precipitation conditions and experimental results for silver chloride are shown 
in Table 5.10. The pAg was adjusted at each temperature so that equal solubility 
was obtained.

The log number of crystals was plotted versus log temperature in Figure 5.16 as 
suggested by Equation (5.18). As predicted, the log number decreases with increas-
ing log temperature. In addition, the slope of the correlation is higher for experi-
ments at pAg lower than the minimum solubility. For pAg greater than the minimum 
solubility, the slope is significantly lower.

 These differences are significant for the crystallization of silver chloride. If a 
strong temperature effect is desired, it is preferential to choose the lower pAg range. 
If greater robustness of crystal number versus temperature effects is desired, the 
higher pAg range would be preferred.

In addition to the pure temperature effect, the temperature dependence of solubil-
ity must be considered. The plot of silver chloride crystal size versus log temperature 
in Figure 5.17 reflects the results of Figure 5.16. For the control of size at high pAg, 
the variation of solubility appears more effective than changing temperature. On the 
other hand, small temperature variations may not introduce greater size variability 
than predicted, owing to the temperature effect on solubility.

The ratio r*/r is also greater in the lower pAg range than for the higher pAg range. 
For the higher pAg range, the ratio decreases significantly with log temperature, 
while for the lower pAg range, the ratio increases somewhat with log temperature. 
As was shown in the previous section for silver bromide, higher r*/r ratios lead to 
increased instability of the precipitations.
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Table 5.10
Silver Chloride Nucleation Dependence on Temperature

No. Temperature (°C) pAg Size (mm) Number (Z) r*/r

pAg<=5.7

1 35 4.95 0.115 3.39E+15 0.88

2 40 4.96 0.129 2.44E+15 0.86

3 45 4.98 0.151 1.52E+15 0.82

4 50 5.00 0.173 1.00E+15 0.76

5 55 5.02 0.184 8.32E+14 0.74

6 60 5.10 0.217 5.06E+14 0.66

7 70 5.20 0.235 4.00E+14 0.65

pAg >5.7

1 35 8.62 0.213 5.29E+14 0.55

2 40 8.23 0.215 5.21E+14 0.57

2 45 7.97 0.211 5.55E+14 0.62

3 50 7.70 0.220 4.99E+14 0.61

3 55 7.40 0.231 4.23E+14 0.60

4 60 7.11 0.235 4.00E+14 0.60

4 70 6.60 0.235 4.00E+14 0.65

5 80 5.68 0.248 3.39E+14 0.64

Temperature, 60°C; addition rate, 0.010 mole/min; initial reactor volume, 0.75 l; reactant flow rate, 
10 ml/min; reaction time, 20 min; morphology: cubic
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Figure 5.16  Silver chloride log crystal number as a function of log temperature.
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Silver Bromide

 The experimental details and results for silver bromide are listed in Table 5.11. The 
results are ordered by temperature and by morphology of the crystals.

The plot of log crystal number as a function of log temperature indicates that the 
number of crystals decreases with temperature at approximately the same slope for 
cubic (low pAg range) and octahedral crystals (high pAg range, Figure 5.18). This is 
in agreement with the prediction of Equation (5.18).

Figure 5.19 shows that r*/r decreases with increasing temperature for both cubic and 
octahedral precipitation ranges. The slopes of the plots also show a parallel decrease.

For the silver bromide crystal sizes, the temperature dependence is somewhat 
stronger for octahedral than for cubic crystals. Altogether, these differences are rela-
tively small.
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Figure 5.17  Silver chloride size and r*/r as a function of log temperature.

Table 5.11
Silver Bromide Nucleation Dependence on Temperature

No. Temperature (°C) pAg Size (mm Number (Z) r*/r Morphology

1 40 10.2 0.090 5.39E+16 0.86 octahedra

2 50 9.6 0.107 3.23E+16 0.82 octahedra

3 60 9.1 0.126 1.97E+16 0.78 octahedra

4 70 8.4 0.136 1.58E+16 0.77 octahedra

1 40 6.5 0.097 2.04E+16 0.71 cubic

2 50 6.5 0.111 1.35E+16 0.67 cubic

3 60 6.6 0.126 9.24E+15 0.62 cubic

4 70 6.7 0.138 7.08E+15 0.60 cubic

Temperature, 70°C; addition rate, 0.032 mole/min; initial reactor volume, 1.5 l; reaction time, 20 min
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In conclusion, if the temperature effect on nucleation is determined for constant 
solubility, a decrease of crystal number with increasing temperature was predicted 
and was experimentally observed for silver chloride and bromide precipitations. The 
temperature dependence may vary significantly for different precipitation conditions 
as shown for silver chloride. The negative slope of r*/r versus log temperature is in 
agreement with a positive slope for the ratio of r/r* versus log temperature, and the pre-
dicted and observed negative slope for the log number/log temperature correlation.

For fundamental studies of the temperature effect on the results of precipitations, 
it cannot be assumed that the temperature only derives from an increase of solubil-
ity. The direct temperature effect must also be considered. For precipitations that are 
mainly directed for practical control of crystal size, the confounding of the direct 
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Figure 5.18  Silver bromide log crystal number as a function of log temperature.
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Figure 5.19  Silver bromide size and r*/r as a function of log temperature.
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effect and the solubility part of temperature may be tolerated. It still is anticipated to 
lead to a linear predicted log crystal number versus log temperature plot for precision 
control of crystallization.

In conclusion, the BNG model separates the direct effect of temperature and the 
solubility for the effect on crystal nucleation. The present chapter confirms predicted 
direct temperature effect.
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6 Supersizing with Ripeners

Crystal Formation (Nucleation) in the Presence 
of Ostwald Ripening Agents: Theory

Summary

In the presence of Ostwald ripening agents (“ripeners”), crystal nucleation yields 
fewer but larger crystals than in their absence. The balanced nucleation and growth 
model of crystal formation (nucleation) was used to predict the effect of Ostwald 
ripening agents on crystal nucleation. The model predicts that below a limiting con-
centration, nucleation is independent of ripener concentration. Above this concentra-
tion, in the active ripener range, the number of crystals, Z, decreases with increasing 
ripener concentration, R0, while the size increases. In this concentration range, a 
linear log Z/log R0 decrease is predicted and observed. For otherwise equal pre-
cipitations, this translates to a linear log size/log R0 increase. The predictions were 
experimentally verified by double-jet precipitations of cubic and octahedral silver 
bromide crystals in the presence of an Ostwald ripening agent, 1,10-dithia-4,7,13,16-
tetraoxacyclooctadecane, ammonia, and a 1,8-dihydroxy-3,6-dithiaoctane. These 
correlations allow precise enlargements (super-sizing) of crystal size.

Introduction

In silver halide precipitations, fewer crystals are formed when certain compounds 
are present during the crystal nucleation phase compared to when they are not pres-
ent. This is apparent in significantly increased crystal sizes relative to control precip-
itations without such addenda (Figure 6.1). It was also observed that these addenda 
act as silver halide solvents and Ostwald ripeners (Gibbs Thompson effect) due to 
soluble silver complex formation.1

Ostwald ripening is the growth of large crystals by dissolution and reprecipitation 
of small crystals. This effect is enhanced by certain compounds, Ostwald ripeners, 
which in the case of silver halides increase the silver halide solubility.

Ostwald ripening may also cause a decrease in crystal number after nucleation 
during the growth period and after the end of precipitation. In the present experi-
ments, the crystal number stayed constant after the first 3 minutes into the precipi-
tation when the samples were taken. This indicates that the effect of the ripener 
was restricted to the nucleation step. Until this work was published, no quantitative 
correlation between ripener properties and concentration, the resultant reduction in 
crystal number, or designed experiments had been reported.2

It was believed that the BNG theory should also be able to predict the effect of ripen-
ers on the nucleation. In this section, a quantitative model for the ripener effect on nucle-
ation will be derived. Experimental support will be shown in the following sections.3–6
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Theory

The theory of homogeneous nucleation under diffusion-controlled growth condi-
tions leads to Equation (6.1), which was experimentally verified for silver bromide 
and silver chloride precipitations.2–5

	

Z
R

2k DV
RT

C (r/r* 1.0)
g

v m s

=








 -γ

	 (6.1)

Here, Z is the number of stable crystals formed. The reaction variables are R, addi-
tion rate (moles/sec); Cs, solubility (mole/cm3); and T, absolute temperature (K). 
Independent variables are kv, volume conversion factor, which translates the crystal 
size into crystal volume; g, surface energy (erg/cm2); Rg, gas constant; D, diffusion 
coefficient (cm2/sec); Vm, molar volume (cm3/mole); r, average crystal size; and r*, 
the critical crystal size. The critical crystal size, r*, is the crystal size at which a 
crystal has equal probability of dissolving or growing to a larger size in the system 
under investigation. The factor (r/r*-1.0) is the only unknown in Equation (6.1) and 
is determined from the experiment.

We start with the hypothesis that ripeners affect the nucleation process by increas-
ing the silver halide solubility, Cs, in the system. For the condition where all other 

pAg 7.8

pAg 9.6

No Ripener

No Ripener

100 mg Ripener/L

100 mg Ripener/L

Figure 6.1  Effect of ripener on the crystal size of AgBr at pAg 7.8 and 9.6.
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variables are held constant, the dependence of crystal number, Z, on solubility is 
given by Equation (6.2).

	

dlnZ
dlnC

1.0
C

r/r* 1.0
*

d r/r*
dCs

s

s

= - +
-









( )

( )
	 (6.2)

It was experimentally determined that for the silver bromide and silver chloride 
systems, the derivative dlnZ/dlnCs was a negative constant. We can thus replace 
Equation (6.2) with Equation (6.3), where ks is a constant relating the change of crys-
tal number to a change in silver halide solubility.

	

dlnZ
dlnC

k
s

s= - 	 (6.3)

This equation can be solved for Z, and we obtain Equation (6.4) where a is integra-
tion constant.

	
Z aCs

ks= -
	 (6.4)

The constant, ks, was found to depend on the silver halide and, for silver bromide, 
also on the crystal morphology.

The silver ion solubility Cs in the presence of ripeners is the sum of the concen-
trations of the silver halide complexes, C0, and of the silver ripener complexes, CR 
(Equation [6.5]). If mixed silver halide/ripener complexes are formed, their concentra
tion, C0,R, must be included also. For the present, we will consider the concentration 
of such mixed complexes to be low versus the other concentrations. Therefore

	
C C Cs 0 R= + 	 (6.5)

The concentration of the silver halide complexes is given by Equation (6.6). The 
complexing constants necessary to calculate the silver halide solubility as a function 
of halide concentration and temperature have been published and are listed in the 
section on solubility in Chapter 5.1 The brackets in the equations represent the activi-
ties of the ions in solution, i.e., the concentrations multiplied by the activity coeffi
cients. In dilute solutions, the activity coefficients are essentially equal to 1.

	
C [Ag ] AgXo

+
n

1 n

n 1

4

= + -

=∑ [ ] 	 (6.6)

Silver ions and ripeners may form a variety of complexes that can contribute to 
the silver ion solubility (Equation [6.7]).

	
Ag nR AgR , n 1 4n

+ ++ = - [ ] 	 (6.7)

Complexes with several Ag-ions (multinuclear, AgmRn) have been indicated but 
have not been determined for common silver ion ligands for the present precipitation 
conditions.1 Thus, for the remainder of this treatment we will assume mononuclear 
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complexes (m = 1). The fundamental aspects of the theoretical development are not 
significantly affected by this simplification, and they can be added to the derivation 
if needed.

From this follows that the silver ripener complex concentration is the sum of the 
concentrations of the individual complexes (Equation [6.8]).

	
C AgRR n

n 1

4

= +

=∑ 	 (6.8)

The concentration of the individual silver ripener complexes, AgRn, can be calcu-
lated using Equation (6.9) where KR is the equilibrium constant.

	
AgR K Ag * Rn R,n

+

n 1

4

n 1

4
n+

==
= ∑∑ [ ] [ ] 	 (6.9)

Values of KR and of enthalpy changes for silver complex formation in water have 
been reported for many silver complexing compounds.1 Thus, the silver complex 
concentration, CR (= sum of AgRn), can be calculated as a function of pAg and 
temperature and can be inserted into Equations (6.4) and (6.5). However, for the 
experimental correlation of crystal number with ripener concentration, this is not 
necessary.

We will now determine in more detail how the decrease in crystal number depends 
on the ripener concentration, since this is the experimentally simplest method to test 
the effect of the ripener.

	 1.	Low ripener concentration: C0 > CR. At low ripener concentrations, where 
CR is significantly smaller than C0, the intrinsic silver halide solubility, the 
crystal number is independent of the ripener concentration. Only when CR 
becomes comparable or significantly larger than C0 will the ripener signifi-
cantly affect the crystal number.

	 2.	High ripener concentration: CR > C0. We will now derive the correlation 
between number of stable crystals and total ripener concentration, R0, when 
the silver-ripener complex concentration CR is significantly greater than the 
intrinsic silver halide solubility, C0. Equation (6.9) contains as one of the 
unknowns the concentration of noncomplexed ripener, R. We can express 
this unknown by the mass balance, Equation (6.10).

	
[ ]R R n AgR0 n

+

n 1

4

= -  =∑ 	 (6.10)

The sum of the silver-ripener complex concentrations, CR, can be calculated when 
KR,n, Ag+, and R0 are known (e.g., see Table 6.1).

To determine the concentration dependence of crystal number, Z, on ripener 
concentration, R0, the theoretical treatment can be simplified when the silver ion 
concentration, Ag+, is held constant, which simultaneously fixes the coordination 
number, n. For a given precipitation condition, i.e., constant temperature and silver 
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ion concentration, we can introduce the approximation that the ratio of complexed to 
free ripener is a constant, f (Equation [6.11]).

	
f n AgR /Rn o= +[ ] 	 (6.11)

We can now back-substitute Equation (6.11) into Equations (6.10), (6.9), (6.8), and 
(6.4) with the condition that CR >> C0, and then take the logarithm of Z to arrive at 
Equation (6.12).

	
Log Z nk log R log aKs 0= - +( ) ( ) 	 (6.12)

where

	
K K Ag 1.0-fR,n

n= +[ ]( ) 	 (6.13)

The correlation between number of crystals and ripener concentrations becomes 
now very simple when Ag+ and n are fixed. At very low ripener concentrations, the 
number of crystals is constant and does not depend on the ripener concentration. At 
high ripener concentrations, log Z decreases linearly with increasing log R0.

In the following sections, experimental results will be presented for the pre
cipitation in the presence of ripener to support the predictions of the model.

Crystal Formation (Nucleation) of Silver 
Bromide in the Presence of a Di-Thia Crown 
Ether as an Ostwald Ripening Agent

Introduction

In the presence of Ostwald ripening agents, crystal nucleation yields fewer but larger 
crystals than in their absence. The balanced nucleation and growth model of crystal 
formation (nucleation) was used to predict and quantify the effect of Ostwald ripen-
ing agents (“ripeners”) on crystal nucleation.2

Table 6.1
AgBr Crystal Number and Size as a Function of DTOD Ripener 
Concentration

Cubic Octahedral

Mg/L L (mm) N × 1015 Mg/L L (µm) N × 1015

0 0.070 54.200 0 0.137 15.400

10 0.093 23.100 10 0.139 14.700

30 0.130 8.470 30 0.137 15.400

100 0.259 1.070 100 0.236 3.010

200 0.372 0.361 300 0.392 0.657

500 0.432 0.231 500 0.460 0.406

1000 0.637 0.072
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It is known that crown ethers may act as metal complexing agents. Silver ions 
are efficiently complexed by crown ethers where the ether junctions are replaced by 
thia-bridges. Such a complex-forming di-thia crown ether was studied for its ripener 
effect during nucleation for the precipitation of silver bromide.

The model predicts that nucleation is invariant below a limiting (critical) rip-
ener concentration, CL, and is equal to that of a precipitation without ripener present 
(Equation [6.14]).

	
Z Z for C CR R L= <0 	 (6.14)

	
Z Z for C CR R L< >0 	 (6.15)

	
Log Z nk log R logs 0= - +( ) ( )aK 	 (6.16)

The model and equation predict that above this concentration, in the active ripener 
range, the number of crystals, Z, decreases with increasing ripener concentration, R0 

(Equation [6.15]). In this concentration range, a linear decrease of log Z/log R0 plots 
is predicted (Equation [6.16]). For otherwise equal precipitations, this translates to 
a linear increase of the log Size/log R0 correlation. These correlations allow precise 
enlargements (super-sizing) of crystal size.

The predictions were experimentally verified by double-jet precipitations of cubic 
and octahedral silver bromide crystals in the presence of an Ostwald ripening agent, 
1,10-dithia-4,7,13,16-tetraoxacyclooctadecane (DTOD, Figure 6.2).

The correlation between number of crystals and ripener concentrations becomes 
now very simple when Ag+ and n are fixed. At very low ripener concentrations, the 
number of crystals is constant and does not depend on the ripener concentration. At 
high ripener concentrations, log Z decreases linearly with increasing log R0.

In the following section, experimental results will be presented for the precipitation 
of AgBr in the presence of ripener to support the predictions of the model.

O

S

O

O

S

O

Figure 6.2  Molecular structure of ripener 1,10-dithia-4,7,13,16-tetraoxacyclooctadecane 
(DTOD).
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Experimental

The ripener, 1,10-dithia-4,7,13,16-tetraoxacyclooctadecane (DTOD), was chosen as 
an example to test the ripener model.7 It forms a 1:1 complex with silver ions.

The log(KR) of the silver complex was determined to 9.4 and 7.7 for 25° and 70°C, 
respectively.8 From these data a log KR value of 8.75 was calculated for the present 
precipitation temperature of 50°C.8 Silver bromide was precipitated at pAg 7.8 (cubic 
morphology, C0 = 0.23 × 10-6 mole Ag+/L) and also at pAg 9.6 (octahedral morphol-
ogy, C0 = 1.6 × 10-6 mole Ag+/L).

Sixty grams of deionized dry bone gel were dissolved in 1.5 L distilled water and 
heated to 50°C. The ripener was added, dissolved in 25 mL methanol. After the pAg 
stabilized, NaBr was added to adjust to the desired pAg. AgNO3 and NaBr solutions 
(0.032 mole/min for 20 min) were added in a controlled double-jet precipitation. The 
initial ripener concentration in the precipitations was varied from 0 to 1,000 mg/L.

The crystal sizes were determined from electron micrographs. The number of 
crystals was calculated from the crystal size and mass balance. The crystal number 
and sizes are summarized in Table 6.1.

Results and Discussion

Crystal Number
The experimental results were plotted in Figure 6.3 according to the predictions of 
the model, i.e., log (crystal number, Z) versus log (ripener concentration). The crystal 
numbers of the precipitations without ripener are indicated by lines parallel to the 
concentration axis.

The experimental results are in excellent agreement with the predictions of the model. 
Above a limiting (critical) ripener concentration, the number of crystals decreases with 
increasing ripener concentration, and the log Z/ log R0 correlation is linear.
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Figure 6.3  Log (number) versus log (R0) for AgBr precipitations at pAg 7.8 (cubic crys-
tals) and pAg 9.6 (octahedral crystals).
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The slopes of the curves (cubic: -1.27 for R0 > 5.5 mg/L; octahedral: -1.31 for 
R0 > 30 mg/L) for the octahedral and cubic AgBr precipitation conditions are essen-
tially the same. This is expected for a ripener that does not change coordination 
number as a function of silver ion concentration.

At low concentrations, a limiting ripener concentration is indicated below which 
the ripener does not affect the crystal number of the precipitation. This limiting rip-
ener concentration is lower for the cubic (pAg 7.8) than for the octahedral (pAg 9.6) 
precipitation conditions. This is in agreement with the magnitude of intrinsic silver 
halide solubilities as indicated in Equation (6.18) (pAg 7.8: C0 = 0.23 × 10-6 mole 
Ag/L; pAg 9.6: C0 = 1.6 × 10-6 mole Ag/L) and the greater silver-ripener-complex 
concentration at pAg 7.8 (0.9 R0) versus pAg 9.6 (0.124 R0). The actual offset in the 
crystal number/ripener concentration correlations (Figure 6.3) may also be affected 
by the change from cubic to octahedral morphology of the crystals, as indicated by 
the Z/C0 correlations shown in the section on solubility in Chapter 5.

Crystal Size

The crystal size is related to the number of crystals and the total mass of crystals 
formed by Equation (6.17). The constant, kv, is the volume shape factor that relates 
crystal shape to crystal volume.

	
r

Z
k V Rdtv m

3 =
∫

	 (6.17)

For identical precipitations and equal crystal shape, Equation (6.17) can be rewrit-
ten to Equation (6.18).

	
log logr Z= 1

3
	 (6.18)

Under these conditions, a plot of log r versus log ripener concentration should lead 
to a linear correlation in the active region with a slope of 1/3 of the log Z correlation 
(Equation [6.19]).

	
log r nk /3 log R log aK /3s 0= - +( ) ( ) 	 (6.19)

The results of the log r versus log R0 plot are shown in Figure 6.4. Since for the 
size the edge length of the crystals was used, the overlap of the data does not reflect 
different correlations of the crystal numbers.

Conclusions

The nucleation model for homogeneous nucleation under diffusion-controlled growth 
conditions was extended to predict the effect of ripening agents on the number of 
crystals formed.

The model predicts that above a limiting ripener concentration, the number of 
crystals will decrease. A linear correlation for a plot of log (crystal number) versus 
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log (ripener concentration) was predicted. Below the limiting ripener concentration, 
the crystal number is determined by the silver halide solubility.

The predictions of the theory were tested by silver bromide precipitations under 
fixed precipitation conditions where only the ripener concentration was changed. 
Precipitation conditions were chosen to form cubic and octahedral crystals, respec-
tively. The predicted correlations were obtained for both morphologies.

Plots of the crystal size, r, for otherwise equal precipitations, result in the pre-
dicted linear increase of the log (r)/log (R0) correlation, with, however, one-third the 
slope of the log (Z)/log (R0) correlation.

The model and the experiments results indicate that a minimum of three experi-
ments is necessary to define the ripener effect in a given system: (a) one control 
precipitation without ripener and (b) two precipitations in the active ripener concen-
tration range. Additional variations of ripener concentration will make the correla-
tion more precise and improve the predictability of the model.

In conclusion, the use of ripeners during the nucleation stage of crystallizations may 
provide a powerful method of precisely increasing the crystal size without the change 
of other precipitation conditions, and with the retention of the crystal morphology.

Crystal Formation (Nucleation) of AgClBr (15:85) in the 
Presence of Ammonia as an Ostwald Ripening Agent

Introduction

It is generally known that ammonia at high concentrations will dissolve silver halides 
and at low concentrations cause accelerated growth of small crystals to larger ones 
(Ostwald ripening). Thus, ammonia has the properties of a ripening agent. The BNG 
theory of the ripening effect predicts that during the nucleation phase ammonia 
should cause a decrease of nuclei and an increase in the crystal size. In addition, the 
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Figure 6.4  Log (size) versus log (R0) for AgBr precipitations at pAg 7.8 (cubic crystals) 
and pAg 9.6 (octahedral crystals).

K10344.indb   77 8/20/09   6:39:55 PM



78	 Precision Crystallization: Theory and Practice of Controlling Crystal Size

BNG model predicts a linear correlation of the crystal number and size as a function 
of log ripener concentration above a limiting concentration. These predictions were 
tested for precipitations of silver chlorobromide in the presence of ammonia.

Experimental

This prediction was tested by adding ammonia to the precipitation medium before 
crystallization was started. The concentration was varied from zero (reference) to 
300 mmole/l.

The precipitations were performed with a starting reaction volume of 1.5 liter of 
a 4% gelatin solution. The temperature was adjusted to 40° and 60°C, respectively. 
When these temperatures had stabilized, the pAg was adjusted with NaCl to 6.89 and 
6.44, respectively. An aliquot of aqueous ammonia was added to achieve the desired 
ammonia concentration in the reactor. The pH and pAg were measured at this point, 
and the precipitation was started.

The precipitation was begun with a reactant flow rate of 5 ml/min and held con-
stant for 5 minutes. At this time, the flow rate was increased linearly to 45 ml/min. 
The reaction was ended 45 minutes after the beginning of the precipitation. The 
ammonia was at once neutralized with diluted sulfuric acid to pH 7.0. Samples were 
taken and analyzed. Total: 1.54 mole AgClBr (15:85), corresponding to 43.87 cm3.

Results

Crystal Number and Size
The results of the precipitations are listed in Table 6.2 (40°C) and Table 6.3 (60°C). 
The log crystal numbers and sizes are plotted versus log ammonia concentration in 
Figures 6.5 and 6.6 for 40° and 60°C, respectively.

Table 6.2
Silver Chlorobromide (15:85) Precipitation with Ammonia as a 
Ripener at 40C

No. mMNH3 pH pAg Size Number

1 0.0 5.60 6.89 0.197 5.77E+15

2 4.0 7.90 6.99 0.207 4.97E+15

3 4.0 7.94 7.04 0.187 6.74E+15

4 8.0 8.73 7.20 0.295 1.70E+15

5 8.0 8.71 7.17 0.283 1.94E+15

6 15.0 9.14 7.39 0.325 1.28E+15

7 31.0 9.48 7.50 0.470 4.23E+14

8 31.0 9.48 7.50 0.352 1.01E+15

9 62.0 9.70 7.94 0.573 2.33E+14

10 124.0 9.95 8.23 0.857 6.98E+13

11 300.0 10.33 8.65 1.474 1.37E+13

12 300.0 10.30 8.60 1.378    1.68E+13
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Figure  6.5  AgClBr (15:85): 40°C, log crystal number, and size versus ammonia 
concentration.

Table 6.3
Silver Chlorobromide (15:85) Precipitation with Ammonia as a Ripener 
at 60C

No.# mMNH3 pH pAg Size Number

1 0 5.60 6.44 0.282 1.96E+15

2 0 5.60 6.44 0.300 1.62E+15

3 0 5.60 6.45 0.282 1.96E+15

4 4 7.50 6.48 0.322 1.31E+15

5 4 7.36 6.48 0.343 1.09E+15

6 8 8.22 6.27 0.479 4.00E+14

7 15 8.56 6.77 0.607 1.96E+14

8 31 8.91 6.97 0.885 6.33E+13

9 31 8.89 6.95 0.705 1.25E+14

10 31 8.89 6.95 0.717 1.19E+14

11 40 8.93 7.08 0.620 1.84E+14

12 40 8.91 7.03 0.715 1.20E+14

13 40 8.92 7.04 0.684 1.37E+14

14 41 9.03 7.08 0.768 9.67E+13

15 62 9.18 7.23 0.832 7.63E+13

16 90 9.20 7.36 1.042 3.88E+13

17 124 9.55 7.51 1.147 2.91E+13

18 300 9.82 7.94 1.683     9.20E+12
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The plots show that the predicted correlations apply to the present precipitation 
conditions. Fortuitously, for the 40°C precipitation, the crystal numbers and sizes at 
the lowest concentration (4.0 mmole NH3/l) are at the crossover point with the results 
for the control precipitation. For the 60°C precipitation, a lower crystal number and a 
larger crystal size are obtained than for the control precipitation.

In Equations (6.20), (6.21), (6.22), and (6.23), the linear least squares correlations 
are shown for the crystal numbers and sizes for 40° and 60°C, respectively. The 
standard deviations and the squares of the Pearson product moment correlation coef-
ficient indicate excellent correlations.

	
40° = - + - + + -C logZ 1.325 / 0.079 * log[NH ] 16.596 / 03( ) ( ..126) 	 (6.20)

	

Log Sze 0.442 / 0.026 *log NH – 0.985 / 0.0423= + - + -( ) [ ] ( ))

R 0.96922 =
	 (6.21)

	
60° = - + - + + -C Log Z 1.048 / 0.074 *log NH 15.664 /3( ) [ ] ( 00.116) 	 (6.22)

	

Log Sze 0.349 / 0.025 *log NH – 0.674 / 0.033= + - + -( ) [ ] ( 99

R 0.93982

)

=
	 (6.23)

The results confirm the linear correlation of the logarithm of crystal number and size with 
the logarithm of the ammonia concentration in the active ripener concentration range.

Close inspection of the plots and tables, however, shows relatively large variability 
for repeat experiments. The causes for the variability may be manifold. Pipettes were 
used to measure and apply the ammonia solutions. As one point, the exact addition 
and manipulation of the ammonia solution is difficult, because ammonia as a gas 
may evaporate from the solution or the reaction mixture at different rates. Another 
cause may be inadvertent Ostwald ripening during the precipitation and during han-
dling after the end of precipitation. Although care was taken to closely monitor the 
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Figure 6.6  AgClBr (15:85): 60°C, log crystal number, and size versus ammonia concentration.
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manipulations, variability of repeat experiments apparently could not be avoided in 
the experimental setup. The data thus suggest that the manipulation of gaseous reac-
tants in precipitations needs careful attention and control.

Ammonia Effects in the Reactor on pH
The pAg and pH of the reaction mixture directly after ammonia addition were monitored 
and recorded. The results are included in Tables 6.2 and 6.3. Correlations between pH 
and pAg and log ammonia concentration are shown in Figure 6.7 and Figure 6.8, respec-
tively. The reference values before addition of ammonia are pH 6.0 and pAg 6.44.

The plot of pH versus log NH3 shows that the lowest ammonia concentration (4.0 
mmole/l) causes a significant increase of the pH from 5.60 to 7.9 (40°C) and 7.5 
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Figure 6.8  AgClBr (15:85): pAg as a function of ammonia concentration at 40 and 60°C.
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Figure 6.7  AgClBr (15:85): pH as a function of ammonia concentration at 40° and 60°C.
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(60°C). The pAg increased less dramatically from pAg 6.89 to 7.02 for 40°C, and 
from pAg 6.44 to 6.48 at 60°C.

A linear correlation between pH and log NH3 was only observed at and above 8.0 
mmole ammonia/l. The correlations for 40° and 60°C are shown in Equations (6.24) 
(40°C) and (6.25) (60°C).

	

40° + - + -= +C pH 0.981 / 0.045 *logNH 7.921 / 0.078

R

3

2

( ) ( )

== 0.9855 	 (6.24)

	

60

2

° = + - + + -C

R

pH 1.001 / 0.045 *logNH 7.362 / 0.0753( ) ( )

== 0 9785.
	 (6.25)

The calculated slopes of about 1.0 confirm the parallel correlation in Figure  6.7. 
The nonlinearity at low concentrations is a warning that such correlations must be 
experimentally confirmed before using the pH as a reaction variable. In the present 
case, the initial nonlinearity is a function of the buffering effect of the gelatin in the 
reaction mixture.

Ammonia Effects in the Reactor on pAg
The tables show that the pAg of the reaction mixture is a function of the ammonia 
concentration. The correlation between pAg and log ammonia concentration is illus-
trated in Figure 6.8 for 40° and 60°C, respectively.

The figure shows that the pAg increases linearly with the log ammonia concen-
tration at and above 8.0 mmole/l. The 4.0 mmole data are omitted, since their pAg 
values are well below the correlation.

Correlations (Equations [6.26] and [6.27]) confirm the results in Figure 6.8 that 
the pAg is proportional to the logarithm of the ammonia concentration. Further, the 
correlations for 40° and 60°C are parallel. These correlations indicate that above a 
limiting value, the pH or pAg may be used to control the ripening effect instead of 
the ammonia concentration.

	

40° = + - + + -C pAg 0.981 / 0.045 *log NH 7.921 / 0.0783( ) ( )

RR 0.98552 =
	 (6.26)

	

60° = + - + + -C pAg 0.982 / 0.040 *logNH 5.483 / 0.067

R

3( ) ( )

22 0.9823=
	 (6.27)

Conclusion

The precipitation of silver chlorobromide (15:85 molar ratio) in the presence of 
ammonia confirms the prediction that ammonia acts as a ripener during nucleation.
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The results confirm the theoretical predictions that the logarithm of crystal num-
ber decreases and the logarithm of crystal size increases with the logarithm ammo-
nia concentration above a limiting critical concentration.

It was observed that the presence of ammonia in the reaction mixture causes an 
increase of pH and pAg. Above a critical ammonia concentration, the pAg and pH 
are linearly correlated with the logarithm of the ammonia concentration. The slope 
of these correlations is independent of temperature as determined for 40° and 60°C. 
These results indicate that for practical purposes, the monitoring of the pH and pAg 
may provide control parameters for the effect of ammonia.

Crystal Formation (Nucleation) of AgBrI (97.4:2.6) 
in the Presence of 1,8-dihydroxy-3,6-dithiaoctane 
as an Ostwald Ripening Agent

Introduction

The present experiments supplement the preceding ripener examples in a number of 
ways. In addition to the variation of ripener concentration, the effect of temperature 
and of initial pAg was studied in a statistically designed experiment. A different 
ripening molecule, 1,8-dihydroxy-3,6-dithiaoctane (DTO, CH2OH-CH2CH2-S-CH2-
CH2-S-CH2-CH2OH), is introduced. In addition to acting as a ripener dissolved in 
the reaction mixture, it adsorbs to the crystal surface. The adsorption was analyti-
cally determined. At high concentrations, the adsorption causes changes from cubic 
to rounded morphology. The crystal material, silver bromoiodide (97.4: 2.6 molar 
ratio), extends the range of crystal composition.

Experimental

A reactor was charged with 8.5 liters of a 2.4% aqueous solution of gelatin. After 
the aim temperature was reached, the pAg was adjusted with a sodium bromide 
solution. The ripener, 1,8-dihydroxy-3,6-dithiaoctane (DTO), was dissolved in 
50 ml of methanol and added to the reaction mixture. Aqueous solutions of 2.5 
mole/l silver nitrate and of 2.5 mole/l sodium bromide containing potassium 
iodide (molar ratio 97.4:2.6) were added at a rate of 85 ml/min for 35 min. Five 
minutes into the precipitation, the pAg was changed from the initial nucleation 
pAg to the growth pAg (indicated in Tables 6.4 and 6.5) to provide growth condi-
tions for cubic morphology. Nevertheless, the observed morphology varied from 
cubic (c) to rounded cubes to round, almost spherical. A total of 7.44 mole (215.7 
cm3) AgBrI (97.4:2.6) was obtained. The reaction mixture was washed using 
ultrafiltration, and the samples for the size measurements were stabilized with 
a growth restrainer. In addition to size, the amount of retained adsorbed ripener 
was determined.

For the statistical factorial design, the temperature was varied as 50°, 60°, and 
70°C; the range for the ripener concentrations was 170, 340, and 510 mg/l; the pAg 

K10344.indb   83 8/20/09   6:39:59 PM



84	 Precision Crystallization: Theory and Practice of Controlling Crystal Size

values were adjusted so that the potential difference between a silver electrode and a 
saturated potassium chloride/silver electrode varied as 40, 60, and 80 mV.

For the ripener experiments, the precipitation details and results are listed in Table 6.4. 
Results for control experiments, where no ripener was used, are compiled in Table 6.5.

Table 6.4
Ripener Experiments: Statistical Design and Results

No.
Temp.  
(C)

pAg  
Nucleation

pAg 
Growth

Ripener 
(mg/l)

Size 
(mm)

Number 
(Z)

Ripener 
(% retained) Morphology

1 50 8.06 7.91 170.0 0.266 1.15E+16 49.7 c

2 50 8.06 7.91 170.0 0.272 1.07E+16 47.3 c

3 50 8.06 7.91 510.0 0.469 2.09E+15 20.3 r

4 50 8.06 7.91 510.0 0.469 2.09E+15 15.0 r

5 50 8.69 7.91 170.0 0.186 3.35E+16 52.7 c

6 50 8.69 7.91 510.0 0.385 3.79E+15 22.1 r

7 50 8.69 7.91 510.0 0.361 4.57E+15 20.8 r

8 60 8.11 7.65 170.0 0.221 2.01E+16 49.0 c

9 60 8.11 7.65 170.0 0.224 1.91E+16 n/a c

10 60 8.11 7.65 170.0 0.235 1.67E+16 40.5 c

11 60 8.11 7.65 170.0 0.239 1.58E+16 42.9 c

12 60 8.11 7.65 170.0 0.230 1.76E+16 34.2 c

13 60 8.11 7.65 340.0 0.323 6.43E+15 27.7 cr

14 60 8.11 7.65 340.0 0.342 5.39E+15 27.5 cr

15 60 8.11 7.65 510.0 0.399 3.40E+15 19.3 r

16 60 8.11 7.65 510.0 0.399 3.40E+15 20.5 r

17 70 7.56 7.41 170.0 0.306 7.55E+15 38.0 c

18 70 7.56 7.41 510.0 0.478 1.97E+15 15.6 r

19 70 8.15 7.41 170.0 0.251 1.37E+16 46.4 c

20 70 8.15 7.41 510.0 0.402 3.31E+15 18.8 r

Table 6.5
Control Experiments without Ripener: Design and Results

No.
Temperature 

(C) 
pAg 

Nucleation pAg Growth Size (mm) Number (Z)

1 50 8.06 7.91 0.109 1.67E+17

2 50 8.69 7.91 0.095 2.53E+17

3 60 8.11 7.65 0.107 1.75E+17

4 70 7.56 7.41 0.140 7.86E+16

5 70 8.15 7.41 0.144 7.29E+16

6 70 8.15 7.41 0.161 5.14E+16
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Results

60°C Results: Crystal Size/Number with Ripener Correlation
To test for the correlation between experimental data and model, the log crystal num-
ber and log size results for the factorial center experiments (60°C, pAg 8.11) were 
plotted versus the log ripener concentration (Figure 6.9).

The figure shows that the plot is in agreement with the predicted linear correlation 
of log crystal number and size with log ripener concentration. Also shown are the 
lines parallel to the ripener axes, which represent the size and number of reference 
experiments without ripener. The quantitative correlations for number and size are 
shown in Equations (6.28) and (6.29).

	

logZ 1.540 0.084 logRip 19.682 0.199

R 0.92

= - ± + ±

=

( ) ( )

8825
	 (6.28)

	

logSze 0.5132 0.0280 logRip – 1.783 0.066

R 02

= ± ±

=

( ) ( )

..9825
	 (6.29)

These equations confirm excellent correlations and give confidence to test an overall 
correlation for all data.

All Data: Size/Number with Ripener Correlation
The statistically designed experiment was anticipated to reveal the main driving con-
trol parameters that determine crystal size and number. After the linear correlation 
for the center experiments (60°C) was established, all experimental number results 
were plotted in Figure 6.10. The reference lines (no ripener) were omitted in this plot, 
but the data are given in Table 6.5.
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Figure 6.9  AgBrI (97.4:2.6): 60°C log crystal number and size versus log ripener concentration.
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Overall linear correlations are assumed for those data sets where the center rip-
ener concentration (340 mg/l) was not determined experimentally.

A full set of multilinear calculations revealed that ripener concentration and nucle-
ation pAg (N_pAg) were the main driving forces within the experimental range. For 
temperature and growth pAg, the standard error exceeded the value of the predicted 
slopes, and these effects were neglected. The results of the calculations using only the 
ripener concentration and nucleation pAg are shown in Equations (6.30) and (6.31).

	 logZ 1.559 0.091 *logRip 0.416 0.073 *N_pAg= - ±( ) + ±( ) ++ ±( )16.299 0.609

		  (6.30)

	

logSze 0.520 0.030 *logRip 0.139 0.024 * N_pA= ± - ±( )( ) gg 0.655 0.203

R 0.94752

- ±( )

= 	 	
		

(6.31)

To visualize the correlation between calculated and experimental data, the exper-
imental and calculated (Equation [6.31]) sizes are plotted in Figure 6.11.

The observed linear correlation is quantified in Equation (6.32). These results 
indicate that the ripener effect on the resulting crystal size (and number) can be 
quantified using the proposed ripener model. For the present experiments, a rela-
tively wide range of experiments were done to confirm the correlations and provide a 
practical predictive tool. This gives confidence that reliable predictions may be made 
from a smaller exploratory experimental design.

	

Sze-exp 1.305 0.020 *Sze-calc– 0.430 0.0113

R2

= ± ±( ) ( )

== 0.9986
	 (6.32)
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Figure 6.10  AgBrI (97.4:2.6): All data, log crystal number and size versus log ripener 
concentration.
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Retained Ripener
It was determined that ripener was retained at the crystals after precipitation 
and after ultrafiltration (Table 6.4). The adsorbed ripener may interfere with sur-
face reactions that may be necessary for practical applications, such as catalytic 
activity, stabilization of the crystals, or to achieve high sensitivity for photo-
graphic films.9

For statistical evaluation of the results, additional variables were calculated. Thus, 
it appears reasonable to assume that the total of adsorbed ripener (R_ads, mg) may 
be a function of (a) the nucleation pAg (N_pAg), since the ripener interacts with 
silver ions or (b) the total of ripener added (R_add, mg), and the total surface area 
(AreaTot, m2; Table 6.6).

The results of the statistical evaluation of all experiments with ripener are shown 
in Equation (6.33). The standard deviations of the coefficients give high confidence 
in the model. The relatively low correlation coefficient (R2 ~ 0.70) is suspected to be 
due to the accumulated experimental errors.

	

R_ads 184.6 1.5 *N_pAg 0.0688 0.0008 *R_add

0

= ± + ±

-

( ) ( )

..00128 0.00009 *AreaTot- 905.7 13.3

R 0.70402

±( ) ±( )

=

	 (6.33)

In Figure 6.12, the experimentally obtained ripener is plotted versus the calcu-
lated values from Equation (6.33). The scatter of data around the correlation line 
is an indication that the analytical ripener determination and the reaction control 
variables contribute unknown errors.
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Figure 6.11  AgBrI (97.4:2.6): All experiments, experimental versus calculated crystal size.
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Figure 6.12  AgBrI (97.4:2.6): Ripener retention, plot of experimental versus calculated.

 

Table 6.6
Ripener Adsorption: Experimental Control Factors

No.
Temp. 
(C)

pAg 
Nucleation

Size 
(mm)

Surface 
Area 

(m^2)

Ripener 
Added 
(mg)

Ripener 
Retained 

(mg)

Ripener 
Calc. 
(mg)

1 50 8.06 0.266 3.44E+04 1445.0 718.2 640.8

2 50 8.06 0.272 3.52E+04 1445.0 683.5 639.7

3 50 8.69 0.186 2.41E+04 1445.0 761.5 770.5

4 60 8.11 0.221 2.86E+04 1445.0 708.1 657.5

5 60 8.11 0.224 2.90E+04 1445.0   656.9

6 60 8.11 0.235 3.04E+04 1445.0 585.2 655.2

7 60 8.11 0.239 3.10E+04 1445.0 619.9 654.4

8 60 8.11 0.230 2.98E+04 1445.0 494.2 655.9

9 70 7.56 0.306 3.96E+04 1445.0 549.1 541.7

10 70 8.15 0.251 3.24E+04 1445.0 670.5 659.9

11 60 8.11 0.323 4.17E+04 2890.0 800.5 740.3

12 60 8.11 0.342 4.43E+04 2890.0 794.8 737.1

13 50 8.06 0.469 6.07E+04 4335.0 880.0 806.6

14 50 8.06 0.469 6.07E+04 4335.0 650.3 806.6

15 50 8.69 0.385 4.98E+04 4335.0 958.0 937.1

16 50 8.69 0.361 4.68E+04 4335.0 901.7 940.9

17 60 8.11 0.399 5.16E+04 4335.0 836.7 827.4

18 60 8.11 0.399 5.16E+04 4335.0 888.7 827.4

19 70 7.56 0.478 6.19E+04 4335.0 676.3 712.5

20 70 8.15 0.402 5.21E+04 4335.0 815.0 834.2

K10344.indb   88 8/20/09   6:40:03 PM



Supersizing with Ripeners	 89

Summary

The crystal size and number of controlled AgBrI (97.4:2.6) precipitations was deter-
mined in a statistically designed experiment. The fundamental concepts and theoreti-
cal predictions of the BNG model were used as a base for the experimental design. 
Control parameters were temperature, pAg during the nucleation phase, and ripener 
concentration. To obtain crystals of comparable morphology, the pAg was adjusted to a 
common value after nucleation. Reactant addition rate and flow rates were not varied.

The statistical evaluation of the crystal size and number as a function of reaction 
control variables showed that the nucleation pAg and ripener concentration were the 
major controlling factors. Surprisingly, the reaction temperature was not a leading 
determining factor.

It was determined that the crystals adsorbed ripener, and the amount of adsorbed 
ripener could be analytically determined. Statistical evaluation showed that the 
amount of adsorbed ripener is a function of nucleation pAg, total amount of added 
ripener, and final surface area of the crystal population. The plot of experimental and 
calculated ripener retention supported the correlation. However, unknown experi-
mental errors contributed significantly to the scatter of data.

These experiments show that the BNG model provided solid guidance for the exper-
imental design and evaluation of the results. Statistical evaluation of the results allowed 
determining the controlling reaction variables. At the same time, the statistical design 
and evaluation, together with the predictions of the BNG model, allowed a significant 
reduction of the number of experiments while giving substantial information.
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7 Nanosizing with 
Restrainers

Crystal Formation (Nucleation) in the Presence 
of Growth Restrainers

When certain compounds (“restrainers”) are present during nucleation of precipita-
tions, more and thus smaller crystals are obtained than in their absence. The model 
for their mechanism in crystallization is generally applicable and gives general guid-
ance for the controlled synthesis of nano particles.1 This was experimentally con-
firmed by the effect of 1-(3-acetamidophenyl)-mercaptotetrazole on the nucleation 
of silver chloride.

Introduction

It is the purposes of this chapter to extend the BNG model of crystal nucleation to 
include the effect of crystal growth restrainers on the crystal nucleation process. 
The mechanism and quantitative model of crystal growth restrainers is based on the 
nucleation model for kinetically controlled growth conditions. Experimental results 
will be presented to support the theoretical model.

The term restrainer is used in various contexts in photographic science, e.g., crys-
tal growth or ripening restrainer, restrainer of chemical sensitization, or development 
restrainer.2 It is common to all these restrainer actions that the compound under con-
sideration adsorbs to the crystal surface and inhibits surface reactions. In the present 
context, the concept will be used to explain and model the effect of such compounds 
on crystal nucleation.

It has been observed that in silver halide precipitations, more crystals are obtained 
when certain compounds are present during nucleation than when they are absent.2,3 
In practice, the increased number of nuclei is apparent in reduced crystal sizes rela-
tive to control precipitations without such addenda (Figure 7.1).

As Figure 7.1 shows, significant changes in crystal morphology and size distribu-
tion may also be observed.3

Protective colloids, like gelatin, may act as restraining agents, and the effect of 
gelatin was studied in great detail.4 Since these compounds generally retard Ostwald 
ripening of silver halides, they have been classified as growth restrainers.

As an example, the restraining effect of adenine on the nucleation of silver halides 
was studied. The data suggested that adenine had to adsorb to the surface of the 
silver halides to be effective. Adsorption took place at the initial stages of precipita-
tion when the crystals presumably still had rather spherical shapes, and the adenine 
adsorbed preferentially to distinct surface regions that are growth centers. It was 
found that complete surface coverage of the crystals was not necessary to obtain 
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maximum restraining effects. The adsorption depended on the relation of the solu-
bility of the silver adenate to that of the silver halides. Adsorption was most efficient 
under experimental conditions where the silver adenate was less soluble than the 
silver halide.

 This suggests that adsorption of adenine to the silver halide may proceed through 
chemisorption. It was postulated that adenine decreases the surface free energy of 
the crystals and reduces material transport between solid phase and solution pro-
portional to its adsorbed quantity.3 However, this study did not lead to a quantitative 
correlation of restrainers on the crystal number and size.

The present model is based on the assumption that the adsorbed restrainer reduces 
the surface integration of growth material. Previous observations are included in the 
model to form a quantitative basis for the restrainer effect on crystal nucleation. This 

1.0 µm

(a) 	 (b)

(c)

Figure 7.1  Electron micrographs of AgCl precipitated without and with restrainer I (see 
Table 7.1), (a) 0, (b) 10, and (c) 500 mg restrainer/l.
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leads to a quantitative model that is in agreement with the observed effects of nucle-
ation and changes in crystal morphology as a function of restrainer concentration.

Model

Surface Integration Model of Nucleation and Effect 
of Crystal Growth Restrainers
Nucleation and growth of crystals may be limited either by the diffusion of mate-
rial to the surface (diffusion-controlled mechanism) or by the surface integration 
processes (kinetically controlled mechanism), as discussed in Chapters 5 and 4, 
respectively. For silver bromide and chloride, the crystal growth rates and the crystal 
nucleation in the presence of gelatin and ripeners are in agreement with diffusion-
controlled growth and nucleation models.5,6 However, in the presence of growth 
restrainers, interaction with the surface integration processes and thus kinetically 
controlled growth must be considered.

The presence of adsorbed growth restrainer reduces the crystal growth rate, as 
modeled by the fundamental BNG model. Figures  7.2 and 7.3 show the effect of 
adsorbed restrainer, and its effect on maximum growth rate, on nucleation rate and 
size distribution, respectively.

While the basic model shows the restrainer effect on the nucleation phase, the 
effect on crystal number and size after nucleation will be quantified using the nucle-
ation model under kinetically controlled growth conditions.

In the absence of restrainer, nucleation and growth of AgCl and AgBr is diffusion-
controlled. This indicates that kinetic incorporation rate is faster than the material 
supply by diffusion. Adsorption of restrainer reduces the kinetic incorporation rate, 
and eventually, transition from diffusion-controlled to kinetically controlled growth 
is anticipated during the nucleation phase. At further growth after the end of nucle-
ation, a reverse transition to diffusion-controlled growth is anticipated for partial 
surface coverage.
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Figure 7.2  Nucleation rate as a function of growth rate, Gm.
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The derivation of a kinetically controlled model for crystal nucleation leads to 
Equation (7.1).

	
Z

RR T

8 C K r(r/r* 1.0)
g

s i

=
-πγ

	 (7.1)

Here, Z is the total number of crystals, r the average crystal size, Ki the surface 
integration constant, R the addition rate (mol/s), Rg the gas constant, T the absolute 
temperature, g  the surface energy, Cs the solubility, and r* the critical crystal size. 
The critical crystal size, r*, is defined as the crystal size at which a crystal has equal 
probability to dissolve or grow in the given reaction environment.

For the case where all reaction variables (addition rate, temperature, and solubil-
ity) except the restrainer concentration are held constant, Equation (7.1) can be sim-
plified to Equation (7.2). It is assumed that changes in surface energy and r/r* due to 
adsorption are reflected in a change of Ki:

	 Zr K/Ki= 	 (7.2)

In the presence of a growth restrainer that adsorbs to the crystal surface, Ki must 
be substituted by a relative surface integration constant, Kr (Equation [7.3]).

	 Zr K/Kr= 	 (7.3)

Kr depends on the surface coverage, Sr, by the restrainer where Sr is given by 
Equation (7.4):	

	
S C /Cr ads sat= 	 (7.4)

Here, Cads = restrainer adsorbed to surface, and Csat = adsorption at saturation.
The magnitudes of Csat and Cads may not be well defined for compounds that 

chemically react with the surface (chemisorption). This might affect the absolute 
value of Sr. However, the following derivation would still be valid.
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Figure 7.3  Size and size distribution as a function of growth rate, Gm.
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Two boundary conditions, which depend on the surface coverage by the restrainer, 
Sr, must be considered for the value of Kr. The first boundary condition exists when 
no restrainer is adsorbed to the surface (Sr = 0):

	
K Kr i= 	 (7.5)

For the second boundary condition, at maximum surface coverage, the surface 
integration will be completely inhibited. Therefore, when Sr = 1.0, we obtain

	
K 0r = 	 (7.6)

Many functions may be proposed that may describe the dependence of Kr on the 
restrainer concentration and adsorption and that fulfill the boundary conditions of 
Equations (7.5) and (7.6). However, it appears reasonable to choose a simple model 
as a first approximation. Such a model is given by Equation (7.7):

	 K K (1.0 S )r i r= - 	 (7.7)

It can be easily verified that this equation fulfills the boundary conditions set forth 
in Equations (7.5) and (7.6).

Substitution of Equation (7.7) into Equation (7.3) leads to Equation (7.8), which 
relates the nucleation to the surface coverage by restrainer:

	
Zr K K Si r= -/[ ( . )]1 0 	 (7.8)

This equation predicts that with increasing restrainer adsorption, i.e., increasing Sr, 
the product of Zr increases.

The model will now be expanded to relate the surface coverage, Sr, to the 
restrainer concentration.

Surface Adsorption Model
Many cases of adsorption to silver halides can be described by Langmuir adsorp-
tion isotherms. This equation describes the adsorption of many dyes and other com-
pounds and has also been shown to be valid for the adsorption of the restrainer 
adenine to silver halides.2 Thus, the Langmuir equation (Equation [7.9]) was used to 
obtain an estimate of Sr. If different adsorption mechanisms have been determined 
for a specific case, other adsorption equations may be substituted:

	 S K C / K C 1.0r L L L L= +( ) 	 (7.9)

Here, KL is the Langmuir constant for adsorption and CL is the restrainer concentra-
tion in solution in equilibrium with the adsorbed restrainer. KL is a function of the 
adsorbent, substrate, solution composition, and temperature.

Since the silver halide surface charge depends on the pAg, (-log [Ag+]) ([Ag+] 
is the silver ion activity), and since this may affect the adsorption, KL may be pAg 
dependent. The same is the case if the adsorbent reacts with Ag+.

In cases where the adsorbent can react with hydrogen ions, KL will also be pH 
dependent. Since H+ and Ag+ effects must be considered independently for each 
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adsorbent, we will assume constant H+ and Ag+ concentrations for the continued 
discussion of the restrainer effect on nucleation.

For insertion into Equation (7.8), Equation (7.9) is transformed into Equation (7.10):

	 (1.0 S ) 1.0/ 1.0 K Cr L L- = +( )  	 (7.10)

Insertion of Equation (7.10) into Equation (7.8) leads to Equation (7.11):

	 Zr K(1.0 K C )/KL L i= + 	 (7.11)

Equation (7.11) predicts that a significant restrainer effect will only be observed 
when KL CL > 0.

Rewriting the equation and substituting Equation (7.2), we obtain Equation (7.12) 
where Z0 and r0 are the crystal number and size in the absence of growth restrainer:

	
Zr Z r KK /K C0 0 L i L= + ( ) 	 (7.12)

The factors in the bracket are constants under given precipitation conditions. Thus, 
Equation (7.12) predicts that the product Zr should increase as the restrainer concen-
tration, CL, increases.

Since CL, by definition, is equal to the solution concentration in equilibrium 
with adsorbed restrainer at the surface, it is difficult to give a precise value of CL 
throughout the nucleation stage. Before nucleation, CL is equal to the total restrainer 
concentration, Ctot. In the course of nucleation and precipitation, part of the original 
adsorbent attaches to the newly formed crystal surface. This reduces CL from the 
original value of Ctot in a way that presently cannot quantitatively be predicted.

For further discussion, we will assume that CL is not significantly different from 
Ctot during the nucleation phase precipitation.

The theoretical derivation thus far has related the change of Zr to the restrainer 
concentration. However, after the initial stages of kinetically controlled nucleation 
and crystal growth, diffusion-controlled growth dominates the growth processes. At 
this time, the number of crystals becomes constant, and Z no longer decreases with 
increasing crystal size. This was experimentally shown in Chapter 4.

At this stage, the constant number of crystals, Zc, can be substituted for Zr in 
Equation (7.12). Together with the conclusions of the discussion relating CL to Ctot, 
we obtain Equation (7.13), which relates Z to Ctot:

	
Z Z f KK /K Cc 0 L i tot= + ( ) 	 (7.13)

The factor, f, takes into account the change from kinetically controlled to diffusion-
controlled growth mechanisms, i.e., the change from the dependence on Zr to Zc = 
const. The predictions of Equation (7.13) will be experimentally tested.

Experimental

The compound 1-(3-acetamidophenyl)-mercaptotetrazole was used as restrainer 
(Table 7.1).7 Silver chloride was formed by double-jet precipitation without and in the 
presence of restrainer.
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The restrainer was added to the gelatin solution, and the temperature and pAg were 
adjusted to the desired values. The initial addition rate was 0.0032 mole Ag/min. After 
4 minutes, the addition rate was linearly accelerated over 20 min to 0.048 mole AgNO3/
min. This led to larger crystal sizes than nonaccelerated precipitations of equal time. 
The resultant larger crystal sizes allowed more accurate crystal size determinations.

The crystal size was determined by analysis of electron micrographs. For cubic 
crystals, the sizes are reported as cubic edge lengths. At high restrainer concentra-
tions, the crystals were polymorphic, which was approximated by spherical mor
phology for the calculations. Crystal numbers, Z, were calculated from the average 
crystal volume and the volume of precipitated silver halide.

The crystal sizes, numbers of crystals formed, and crystal morphology are listed 
in Table 7.2.

Results

The results in Table 7.2 show that the number of crystals increases as the restrainer 
concentration increases. Above 100 mg/l, significant changes in crystal morphology 

Table 7.1
Molecular Structure of 1-(3-acetamidophenyl)-mercaptotetrazole

N

N
N

N

S– NHCOCH3

Na+

Table 7.2
Silver Chloride Precipitation without and in the Presence of Restrainer

Restrainera Crystal sizeb

No. mg/l (mm) Zc × 1015 Morphology

1 0 0.734 0.035 Cubic

2 1 0.537 0.088 Cubic

3 3 0.465 0.137 Cubic

4 6 0.419 0.187 Cubic

5 10 0.332 0.374 Cubic

6 30 0.261 0.775 Cubic

7 100 0.211 2.780 Spheres

8 300 0.177 4.730 Spheres

9 500 0.135 10.700 Spheres

a	 2(3-acetamidophenyl)-mercaptotetrazole; bCubic: edge length, spheres: diameter; cCrystal number
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are observed as shown in Figure 7.1. The crystal morphology under these conditions 
is relatively undefined, and thus, for the calculation of the crystal number, spherical 
morphology was used.

This results in some underestimation of the crystal number. In addition to a change 
in crystal morphology, a significantly larger, mono-modal crystal size distribution is 
observed (Figure 7.1). As discussed above, these show that the restrainer adsorbs to 
the crystal surface and alters the crystal growth processes.

The decrease in crystal size and increase in crystal number is in agreement with 
the predictions of Equations (7.12) and (7.13). In Figure 7.4, the crystal number is 
plotted versus restrainer concentration as suggested by Equation (7.13). A linear plot 
is obtained in agreement with the prediction. Linear least-squares analysis of the 
data leads to Equation (7.14):

	

Z (1.91 0.12) 10 C (10.2 23.5) 1013
tot

13= ± × + ×±

Correlatiion coefficient = 0 974.
	 (7.14)

The errors in the equation represent one standard deviation. The analytical correla-
tion is in good agreement with the theoretical results of Equation (7.13): The number 
of crystals should increase linearly with restrainer concentration.

The linear correlation of Figure 7.4 limits the plot of the full range of data that 
extends over almost three orders of magnitude. The data are thus replotted in 
Figure 7.5 as a double-logarithmic plot.

Here, the linear correlation is shown over the full range of restrainer concentra-
tion and crystal numbers. The plot is linear over the full range of concentrations. The 
crystal number of the precipitation without restrainer is indicated by the line paral-
lel to the concentration axis. The effectiveness of the restrainer is indicated by the 
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Figure 7.4  Crystal number versus restrainer concentration (mg/L).
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substantially increased crystal number by as low a level as 1.0 mg/l. The analytical 
evaluation of the log/log plot in Figure 7.5 leads to Equation (7.15):

	

log Z 0.789 0.0423 log C 13.78 0.069tot= ± + ±( ) ( )

Correllation coefficient = 0 983.
	 (7.15)

Since all other precipitation conditions were held constant, a linear logarithmic cor-
relation is obtained for size versus restrainer concentration. This plot is included in 
Figure 7.5. As expected, this correlation is linear. The linear equation is given in 
Equation (7.16).

	

log(size) 0.2248*logC 0.2332

Correlation Coef

tot= - -

fficient = 0.9872
	 (7.16)

A slope of 1.0 was predicted for Equation (7.15). The experimentally observed lower 
slope of 0.789 may be the result of the approximation of spherical morphology for 
the polymorphic crystals at higher restrainer levels. This approximation overesti
mates the crystal volume and thus underestimates the crystal number, resulting in 
the experimentally observed slope of less than 1.

Conclusions

The use of restrainers provides a powerful technique to reduce crystal size, “nano-
sizing” without changing other precipitation variables. Quantitative correlations 
between crystal size and number and restrainer concentration provide efficient 
size control.

The effect of growth restrainers on the nucleation of crystals was derived from 
the general BNG theory of crystal nucleation. The effect is based on adsorption of 
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Figure 7.5  Log (crystal number) and (crystal size) versus log (restrainer concentration).
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the restrainer to the crystal surface during the nucleation phase and a proportional 
decrease in the rate of surface integration of reactant material.

The model predicts that the crystal number increases with restrainer concentration 
present during the nucleation phase of precipitation. This was confirmed for precipi-
tation of silver chloride in the presence of 1-(3-acetamidophenyl)-mercaptotetrazole 
over a range from 1 to 500 mg/l.

The present model of the restrainer effect on crystal nucleation should be gener-
ally applicable to other precipitation systems. The growth-reduction of critical nuclei 
by growth restrainers during the nucleation phase is a mechanism for the size control 
of nano particles.
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8 Crystal Growth  
and Renucleation

Crystal Growth, Renucleation, and Maximum 
Growth Rate: Theory and Experiments

Introduction

Renucleation is the formation of new crystals when the reactant addition rate exceeds 
the maximum growth rate of a growing crystal (“seed”) population. This reaction 
occurred as an unwanted result during growth of crystals where it was desired to 
grow a shell on a seed population. The desire to control this process triggered the 
current treatment and modeling.1

To address the experimental need to avoid renucleation, a quantitative theory was 
derived. It is based on the mass-balance model for crystal growth and on the BNG 
theory presented in previous chapters.

The renucleation model relates the number of renucleated crystals formed, Zn, to 
the reactant addition rate and to the seed crystal number, Zs, or total seed amount, 
Ms, the seed surface area, and the seed crystal morphology.

The theory predicts that Zn increases linearly with addition rate and decreases 
linearly with the amount or number of the seed crystals when renucleation occurs. 
The limiting reaction conditions where renucleation ends and where renucleation 
does not occur are also quantitatively given.

From the limiting condition for renucleation, the maximum growth rate of the seed 
crystals, Gm, was determined. The theory was experimentally verified by renucle
ation experiments using an octahedral silver halide dispersion in gelatin (“emul-
sion”) having a silver bromide surface. The experimental growth rate of 11.4 < 12.4 < 
13.6 (A/sec, error limit is one standard deviation) was found in reasonable agreement 
with a value of 15.3 reported for similar precipitation conditions.

The precise determination of the maximum growth rate provides a fundamental 
variable of the BNG model.

The transition from crystal growth to renucleation has been used qualitatively to 
determine the maximum growth rate of crystals.2,3,4 It is the object of this study to 
present and experimentally support a quantitative theory of renucleation.

Uncontrolled renucleation is undesirable because it leads to irreproducible 
crystal populations. An example of renucleation is shown in Figures 8.1 and 8.2, 
where crystal pictures and crystal size distributions of the seed emulsion and 
emulsions with growth only (no renucleation) and with growth and renucleation 
are shown.

In view of the technical importance of controlling renucleation and its use to 
determine maximum growth rates, it is surprising that there existed no quantitative 
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theory that correlated the onset of renucleation, the maximum growth rate, and the 
number of crystals formed in the renucleation step with the growth and renucle-
ation variables and the properties of the seed emulsions. This chapter presents a 
theory that quantitatively relates the number of renucleated crystals in seeded emul
sion precipitations to the reactant addition rate, the precipitation conditions, and 

(a) Seed emulsion (b) Crystal growth (c) Crystal growth and
renucleation

Figure 8.1  Electron microscope images for control, growth, and renucleation.
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Figure 8.2  Crystal size distribution for control, growth, and renucleation.
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the concentration and properties of the seed emulsion. The theory also allows a 
determination of the maximum growth rate, Gm, of the seeds under the experimental 
precipitation conditions and the nucleation rate without seed emulsion. This theory 
is based on the theory for crystal growth and on the nucleation theory derived by the 
author and coworkers.

General Experimental Procedures

Experimentally, the present study follows previous work in which deliberate renucle-
ation was used. The results were applied to determine the maximum growth rate and 
growth mechanism of silver chloride and silver bromide.2–8 The experimental details 
for the present experiments are given in the experimental section after the derivation 
of the theory. Two types of experiments were used.

Control of Reactant Addition Rate: Fixed Seed Concentration
In a balanced double-jet precipitation, AgNO3 and alkali halide solutions are added 
at a constant rate to an aqueous gelatin solution of silver halide (“seed”) crystals. In a 
series of experiments, the addition rate is varied, while the seed emulsion concentra-
tion is held constant. Renucleation is detected by the presence of new small crystals 
at the end of the precipitation (Figure 8.1). In previous studies, the critical addition 
rate at which renucleation begins was derived by extrapolating between addition 
rates where the transition to renucleation occurred.

Control of Crystal Seed Concentration: Fixed Addition Rate
This is the most effective approach to determine the maximum growth rate. It was 
suggested by the theoretical derivation and was reported for the first time.1 In these 
experiments, the addition rate was constant throughout the experiments, and the con-
centration of the seed emulsion was varied. The critical growth rate was determined 
from the seed concentration where renucleation ends.

Although these and previous procedures should give the same results for the criti-
cal growth rate, significant differences were reported.2 This may be due to a crowd-
ing effect on the crystal growth rate at high suspension densities.2–8 In addition, the 
precision and accuracy of the results depends on the method of interpolation used to 
determine the onset or end of renucleation.

The Renucleation Model

The model is based on these fundamental concepts:

	 1.	During renucleation the seed crystals grow at maximum growth rate.
	 2.	Material added in excess of the maximum growth rate of the system causes 

renucleation.
	 3.	The mechanism of nucleation with seeds (renucleation) is the same as with-

out seeds and is given by the BNG theory.
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Crystal Nucleation
The number of crystals formed under diffusion-controlled growth conditions, Z, is 
given by Equation (8.1), since the growth of silver chloride, bromide, and iodide 
is determined by diffusion-limited processes. For kinetically controlled growth, 
Equation (8.1) must be substituted by the nucleation equation for kinetic condi-
tions, as derived earlier. However, for most renucleation conditions in silver halide 
precipitations, the present derivation should apply.

	

Z
R

k DV
RT

C r r
g

v m s

=








 -2 1 0γ ( / * . )

	 (8.1)

Here, Z is the number of crystals formed, R the molar addition rate, Cs the solubility, 
T the temperature (K), Rg the gas constant, and D the diffusion constant. The follow-
ing are properties of the crystal population: the surface energy, g, the crystal molar 
volume, Vm, the average crystal size, r, and the critical crystal size, r*. The critical 
crystal size, r*, is the size at which a crystal has equal probability to grow or to dis-
solve by Ostwald ripening. The size, r*, represents a boundary condition and not a 
crystal population.

Crystal Growth

At and below the maximum growth rate, the crystal number, size, and total mass are 
given by the mass balance (Equation [8.2]). This mass-balance equation is not valid 
when the (nominal) growth rate exceeds the maximum growth rate, Gm.

	
Zk L MVv m

3 = 	 (8.2)

Here, Z is the number of crystals, kv is the crystal volume factor (1.0 for cubic crys-
tals, 0.4714 for octahedra, where the size, L, is given by the edge length), M is the 
number of moles of crystals, and Vm is the molar volume.

Growth Rate and Crystal Number
The crystal growth rate is derived from the mass balance (Equation [8.2]) when 
reactants are added to grow the crystal population (Equation [8.3]).

	
G

dL
dt

R V

k L Z
s m

v s

= =
3 0 2.

	 (8.3)

Here, G is the crystal growth rate, which is defined by the change in size per time 
unit, dL/dt; Rs is the fraction molar addition rate (dM/dt), which contributes to the 
growth of the seed crystals; Vm is the molar volume; and Zs is the number of seed 
crystals in the reactor.
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Growth Rate and Surface Area
At times, it is more convenient to use the total surface area of the seed crystal popu-
lation than their size to determine their growth rate. This may be a practical solution 
if the seed population is polymorph or has a diversity of surface areas. The surface 
area, S, of the seed crystal population, Zs, is given by Equations (8.4) and (8.5).

	
S k L Zs= 2

s 	 (8.4)

	
S M Ss m= 	 (8.5)

Two additional equations, (8.6) and (8.7), can be derived from Equations (8.3)–
(8.5) to give equivalent expressions for the growth rate that may be used under spe-
cific conditions.

	
G

R k Vs m= s

v s mk M S3 0.
	 (8.6)

In Equation (8.6), Ms is the moles of seed emulsion added to the reactor, Sm the sur-
face area/mol of seed crystals, and ks the crystal surface shape factor (6.0 for cubes, 
3.4641 for octahedra, when the size is given as edge length). The other variables and 
constants were given previously.

The molar surface area may be determined by adsorption methods, e.g., with 
dyes, which are independent of a knowledge of the crystal size and morphology. In 
cases in which ks and kv are not known, for instance, when the morphology of the 
crystal population is mixed or unknown, an apparent growth rate may be determined 
that includes these parameters.

Growth Rate and Crystal Size
If the mass-balance equation, (8.2), is solved for Z, and inserted in the basic growth 
equation, (8.3), Equation (8.7) is obtained:

	
G

R L

3.0M
s s= s s

s

	 (8.7)

Equation (8.7) relates the growth rate, G, to the addition rate, Rs, the crystal size of 
the seed emulsion, Ls, and the molar amount of seed crystals, Ms. When G is deter
mined by these equations, its magnitude includes the size definition of the crystal 
size measurement. G will be different if the size of a crystal is determined by edge 
length, diameter, radius, or some other characteristic size.

During renucleation, the original crystals grow at maximum growth rate, and the 
growth rate, G, in Equations (8.3), (8.6), and (8.7) must be replaced with the maxi-
mum growth rate, Gm. It is further postulated that the number of crystals formed 
during renucleation is given by Equation (8.1).
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Substitutions
To simplify the further development of the model, the substitutions a, b, and c 
are introduced.
From Equation (8.1):

	
a

R T

k V DC r r
g

v m s

=
-2 1 0γ ( / * . )

	 (8.8)

From Equation (8.3):

	
b

3.0k L G

V
v

2
m

m

= 	 (8.9)

From Equations (8.6) and (8.7) two expressions for a constant c can be derived 
(Equations [8.10] and [8.11]).

	
c

3.0k S G

k V
= v m m

s m

	 (8.10)

	
c

3.0G

L
m

s

= 	 (8.11)

Growth and Renucleation

Under renucleation conditions, the mass balance demands that the total addition rate, 
R, be equal to the sum of the addition rate fractions, Rn and Rs, which are consumed 
by renucleation and growth, respectively (Equation [8.12]):

	
R R Rs= +n 	 (8.12)

In precipitations where a significant amount of material is in solution, an additional 
term must be added for the material that stays in solution. For highly insoluble 
materials such as those considered herein, this factor is insignificantly small com-
pared with the material consumed for growth and renucleation.

Solving Equation (8.1) for Rn leads to Equation (8.13). To solve for Rs, Equations 
(8.3), (8.6), (8.7), and (8.8)–(8.11) are combined, leading to Equations (8.14) and (8.15).

	
R Z /an n= 	 (8.13)

	
R bZs s= 	 (8.14)

	
R cMs s= 	 (8.15)
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In the next step, Equations (8.13)–(8.15) are substituted into Equation (8.12), which 
is solved for the number of recrystallization crystals, Zs, which leads to Equations 
(8.16) and (8.17).

	
Z aR– abZn s= 	 (8.16)

	
Z aR– acMn s= 	 (8.17)

Equations (8.16) and (8.17) are equivalent in describing renucleation. In Equation 
(8.16) the number of seed crystals, Zs, and the constant b represent the effect of the 
seed population; in Equation (8.17) the molar amount of seed crystals, Ms, and the 
constant c do the same. In Equation (8.17), the constant c contains the molar surface 
area, Sm, or the crystal size, Ls (Equations [8.10] and [8.11]), and it can thus readily 
be rewritten for seed emulsions of different surface area or size. As can be seen from 
Equations (8.9)–(8.11), constants b and c also contain the maximum growth rate. 
Thus, Gm can be calculated once b and c have been experimentally determined.

The maximum growth rate, Gm, is also a function of temperature, solubility, pAg, 
crystal morphology, crystal composition, growth mechanism, and other features 
modifying the crystal growth processes.2–7

Aspects of the Renucleation Model

Determination of a, b, and c
Equations (8.16) and (8.17) can take on positive and negative values and the value of 
zero. Negative and zero values indicate that only growth and no renucleation occurs. 
The magnitude of the negative values may be considered as a measurement related to 
a resistance to renucleation. The equations thus reflect the experimental observation 
that, depending on reaction conditions, renucleation may or may not be observed.

To describe renucleation quantitatively, constants a, b, and c in Equations (8.16) 
and (8.17) must be determined. The values of a, b, and c can be determined only 
when Zn is positive, that is, when renucleation occurs. Conditions where no renucle-
ation is observed may be either equal to or below the maximum growth condition 
(Zn < 0.0).

The values of a, b, and c may be determined from Equations (8.16) and (8.17) by 
varying the addition rates and seed concentrations randomly in statistically designed 
experiments, and determining a, b, and/or c from the experiments where renucle-
ation is observed.

However, for the confirmation of the theoretical model, it was decided to choose 
experimental conditions where either the addition rate or the seed concentrations 
were varied independently.

Variable Seed Concentration
The seed concentration (mole) is varied and the addition rate is held constant. A 
linear correlation of Zn versus Ms with a negative slope is predicted. The intercept 
with the Zn axis (Ms = 0) represents nucleation without seeds and is equal to aR. The 
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intercept with the Ms axis gives the critical renucleation condition where the seed 
crystals are at maximum growth rate. Above this seed concentration, renucleation 
is not observed (Table 8.1). The discussion is the same when Ms is replaced with the 
seed number, Zs.

Variable Addition Rate
An alternate approach for determining a, b, and c is keeping the seed population 
(expressed as Zs or Ms) constant and varying the addition rate, R. As long as renucle-
ation is observed, a linear correlation of Zn versus R with a positive slope of “a” 
is expected. The intercept with the R-axis gives the critical renucleation condition 
where the seed crystals are at maximum growth rate. Below this addition rate, renu-
cleation is not observed (Table 8.2).

The experiments where both R and Zs or R and Ms are varied can be combined, 
and least-squares linear correlations that give constants a, b, and c, as well as an 
intercept, can be calculated. A significant value for the intercept indicates a signifi-
cant difference between changing the addition rate and the seed crystal population 
for the renucleation experiments. The experimental results will show no significant 
difference.

No Seed Crystals
If no seed crystals are present (Ms = Zs = 0), Equations (8.16) and (8.17) revert to 
Equation (8.1). This means that nucleation without seeds can be considered a limit
ing case of renucleation with seeds.

Table 8.1
Zn as a Function of Seed Crystal Concentration and Number

No.
Seed Emulsion 

Ms (mol)

Size (μm) Z × 1012

R/Ms

Inter-
Distance riSeed Ls Renucleation,Ln Zs Zn

1 0.0000 0.191 0 6111

2 0.0075 0.362 0.218 158 3478 3.98 21.0

3 0.0113 0.366 0.237 237 2404 2.65 18.3

4 0.0151 0.403 0.271 316 1165 1.99 16.6

5 0.0189 0.419 0.320 394 459 1.59 15.4

6 0.0226 0.429 0.348 473 168 1.33 14.5

7 0.0302 0.407 631 0 0.99 13.2

8 0.0603 0.337 1262 0 0.50 10.5

9 0.1207 0.274 2524 0 0.25 8.3

Constant addition rate of 0.030 mol/min. Flow rate: 10 mL/min, 3.0 N AgNO3 and NaBr. Seed emulsion: 
0.1506 μm (ecd). Size = equivalent circular diameter, disc centrifuge. Zs = number of seed crys-
tals. Z5 = number of renucleation crystals. R/Ms = ratio of addition rate to moles of seed emul-
sion. F1 = relative interparticle distance (Ref. 5).
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Maximum Growth Rate Conditions
Under the experimental conditions where renucleation ends (Zn = 0), Equations (8.16) 
and (8.17) simplify to Equations (8.18) and (8.19).

	
R/Zs b= 	 (8.18)

	
R/Ms c= 	 (8.19)

Thus, b and c can be calculated from the limiting renucleation conditions.

Renucleation Conditions
Renucleation is obtained when Zn > 0. This condition is given when Equations (8.20) 
and (8.21) are fulfilled.

	
R/Z bs > 	 (8.20)

	
R/M > cs 	 (8.21)

Thus, the renucleation conditions are uniquely defined by b and c. Once b and/or c 
have been determined, it is possible to predict the renucleation conditions as a func
tion of the ratio of addition rate to number of seed crystals (constant b, Equation 
([8.20]) or the ratio of addition rate to the molar amount of seed crystals (constant c, 
Equation [8.21]).

Table 8.2
Zn as a Function of Addition Rate

Addition rate 
(mol/min)

Size (μm) Z × 1012

R/MsNo. Seed Renucleation Zs Zn

1 0.015 0.303 0 631 0 0.50

2 0.030 0.407 0 631 0 0.99

3 0.045 0.429 0.330 631 464 1.49

4 0.053 0.408 0.286 631 1462 1.74

5 0.060 0.394 0.266 631 2637 1.99

6 0.068 0.383 0.247 631 4177 2.24

7 0.075 0.378 0.233 631 5946 2.49

8 0.083 0.375 0.225 631 7565 2.73

9 0.090 0.374 0.201 631 7972 2.98

Constant seed amount:  0.0302 mol (20.0 g), ri = 13.2. Seed emulsion: 0.1506 μm (ecd); Size = μm, 
equivalent circular diameter, disc centrifuge. Zs = number of seed crystals; Zn = number of 
renucleation crystals. R/Ms = ratio of addition rate to moles of seed emulsion.
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Experimental

Seed Emulsion
The seed emulsion was an octahedral AgBrI emulsion that was nucleated and grown 
to 50% of its volume with 10/90 mol% sodium iodide/bromide, and the outer shell 
(50% of volume) grown with sodium bromide. Thus, for the renucleation experiment, 
this emulsion was considered to have an AgBr surface. The size was determined 
by Joyce-Loebl disc centrifuge to be 0.1506 µm equivalent circular diameter (ecd), 
which corresponds to an octahedral edge length of 0.1434 µm (0.952 × ecd). The 
molar surface area of this emulsion was experimentally determined by adsorption of 
1,1′-diethy1-3,3′-cyanine dye to be 1.256 m2/mol.

It is known that the particle density can affect the maximum crystal growth rate.8 
The relative interparticle distance, ri, was calculated. For the seed-emulsion concen-
tration range where renucleation occurs (Tables 8.1 and 8.2), the value of ri is > 13.2. 
This value is in the range of noncrowded conditions where the maximum growth rate 
is independent of the seed-emulsion concentration.7

Precipitation Procedure for Growth/Renucleation Experiments
Deionized bone gel (80 g) was dissolved in 1,900 g distilled water at 40°C. Seed 
emulsion was added as indicated in Tables 8.1 and 8.2. Then the pH was adjusted to 
5.6 at 40°C. The temperature was raised to 70°C, and the pAg was adjusted to 8.50 
with 3.0 N NaBr. Then AgBr was precipitated for 20 min at pAg 8.50 with constant 
flow rates (mL/min), as indicated in Tables 8.1 and 8.2 (3.0 N AgNO3 and NaBr). At 
the end of the precipitation, 120 g of emulsion was split off, and 2.0 mL of a solu-
tion of 50 mg/mL 4-hydroxy-6-methyl-1,3,3a-tetraazaindene in water was added to 
retard Ostwald ripening. For low-emulsion concentrations, the original emulsion 
samples were concentrated by centrifuging and redispersion in water.

The crystal sizes were determined by electron image analysis (EIA) and Joyce-
Loebl disc centrifuge.3 The limit of error for the crystal sizes is ± 5%. Electron 
micrographs using shaded carbon replicas were also obtained (Figure 8.1).

Determination of the Number of Renucleation Crystals, Zn

The disk-centrifuge and EIA size determinations give relative values of the crystal 
populations that may be used for the calculations. However, at low-emulsion concen-
trations, the original emulsion sample must be concentrated by centrifuging, and part 
of the crystal populations may be lost. For this reason, and because of the feeling that 
the determination of crystal size populations is generally relatively inaccurate, this 
method was not used. Thus, the calculation of the relative crystal populations from 
the crystal sizes was preferred.

The following information is available from the experimental conditions, the 
information on the seed emulsion, and from analytical data:

Seed emulsion: moles added, M•	 s; initial crystal size, Ls; final crystal size, Lf

Added silver halide: M•	 t

Renucleated population: final size, L•	 n
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The total molar amount of the seed emulsion after precipitation, Mf, can be cal-
culated by using Equation (8.22):

	
M M L /Lf s f s

3= ( ) 	 (8.22)

From the molar mass balance, the molar amount of the renucleation population, 
Mn, is obtained from Equation (8.23):

	
M M M Mn t s f= + - 	 (8.23)

The number of renucleated crystals, Zn, can then be determined with Equation (8.24):

	
Z

M V

k Ln
3n

n m

v

= 	 (8.24)

The values of Zn are included in Tables 8.1 and 8.2. The accuracy of the Zn values 
is mainly determined by the accuracy of crystal size determinations (± 5%) and the 
effect of crystal morphology, as expressed by kv.

Results and Discussion

The experimental conditions and results are summarized in Tables 8.1 and 8.2. For 
the evaluation of the data, the addition rate is given in units of mol/min, the amount 
of seed emulsion in moles, and the number of seed crystals in units of 1012.

In Table 8.1, the amount of seed emulsion was varied from zero to 0.1207 mole, 
and the addition rate was held constant at 0.030 mol Ag/min. The data show that the 
number of renucleated crystals decreases with increasing amount of seed emulsion. 
Renucleation ends between 0.0226 and 0.0302 mol seed emulsion. The ratio of addi
tion rate and moles of seed emulsion, R/Ms, indicates that the critical ratio where 
renucleation ends is between 0.99 and 1.33.

In Table 8.2, the amount of seed emulsion was held constant at 0.0302 mol, and 
the addition rate was varied from 0.015 to 0.090 mol Ag/min. Renucleation began 
between 0.030 and 0.045 mol/min, at R/Ms ratios between 0.99 and 1.49.

In Figures 8.3 to 8.5, the experimental results (Tables 8.1 and 8.2) are plotted according 
to Equations (8.16) and (8.17) as Zn versus Zs, Zn versus Ms, and Zn versus R, respectively.

As predicted by the equations, linear correlations are obtained when the seed 
crystal number (Figure  8.3) or amount (Figure  8.4) fall below a critical limit, or 
when the addition rate exceeds a limiting value (Figure 8.5). For the ranges where 
Zn depends on the precipitation conditions, the results were quantitatively evaluated 
according to Equations (8.16) and (8.17).

From the experimental data in Table 8.1, where the seed concentration was var-
ied, Equations (8.25) and (8.26) are obtained for Zn versus Zs and Zn versus Ms.

	
Z 5.94 0.24 10 14.56 0.76 10 Zsn = ± - ±( ) ( )15 12 	 (8.25)

	

Z 5.94 0.24 10 304.7 16.2 10 Mn
15 15

s= ± - ±

=

( ) ( )

.R2 0 992
	 (8.26)
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Here Ms is given in moles. The limits of error in the equations represent one standard 
deviation. The correlation coefficient is 0.992, which confirms the linear correlations 
observed in Figures 8.3 and 8.4.

The data from Table 8.2 give the Zn versus R correlation in Equation (8.27).

	 Z Rn = + - ±( . . ) ( . . )181 1 9 6 1 7 91 38 115 150 0 0 	 (8.27)

Here, R is given in mol/min. When these equations are extrapolated to the bound-
ary conditions where renucleation begins (Zs = 0), the following critical values are 
obtained for the present precipitation conditions: Zs = 4.08 × 1017, Ms = 0.0195 (mol), 
R = 43.7 × 10-3 mol/min.
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Figure  8.4  Number of renucleated crystals Zs as a function of molar amount of seed 
crystals Ms.

–2.0E+15

0.0E+00

2.0E+15

4.0E+15

6.0E+15

8.0E+15

0.0E+00 1.0E+15 2.0E+15 3.0E+15
Zs, Number of Seed Crystals

Z n
, N

um
be

r o
f R

en
uc

le
at

ed
 C

ry
st

al
s

Figure 8.3  Number of renucleated crystals Zn as a function of the number of seed crystals Zs.
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The data in Tables 8.1 and 8.2 were combined and evaluated by linear regression 
for the correlation of Zs with R and Zs (Equation [8.28]).

	

Z 186.9 7.2 10 R 13.51 0.71 10 Z 149 254n s

15 12= + ± + ±( ) ( ) ( )110
12

R2 0 987= .
	 (8.28)

Here, Z is given in units of 1012. The intercept is within the limits of error equal to 
zero. This indicates that there is no interaction between the addition rate and the 
number of seed crystals. It also indicates that the critical growth rate is the same if it 
is determined by variation of addition rate or by seed concentration.

The correlation of Zn with R and Ms is given by Equation (8.29).

	

Z 186.9 + 7.2 10 R 281.8 14.9 10 M 141 2n s= - ± + ±( ) ( ) (15 15 556 10)

.

15

2 0 987R =
	 (8.29)

The correlation coefficient and intercept are the same as for Equation (8.28). Again, 
the intercept indicates that there is no interaction between R and M.

Equations (8.28) and (8.29) can now be evaluated for the values of a, b, and c in 
Equations (8.16) and (8.17), resulting in a = 186.9, b = 72.29 × 106, c = 1.51.

Equations (8.20) and (8.21) predict that renucleation occurs when R/Zs > b or 
R/Ms > c.

From Equations (8.9)–(8.11), the maximum growth rate, Gm, was calculated. The 
constants used in the equations are kv (oct.) = 0.4714, ks (oct.) = 3.46, Vm = 29.0 × 1012 

µm3/mol, and octahedral edge length = 0.143 µm (0.1506 μm × 0.952).
The difference of the Vm values for AgBr (29.0 cm3/M AgBr) and AgBrI (5% I, 

29.46 cm3, seed emulsion) is very small (1.6%), and the value for AgBr was used for 
all calculations. The surface area was determined to be 1.256 (m2/mol Ag). The val-
ues (and equations used) for the maximum growth rates (Gm, A/sec) are within one 
standard deviation of b and c (Table 8.3).
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Figure 8.5  Number of renucleated crystals Zn as a function of reactant addition rate.
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Differences in the average growth rates arise from the errors in determining 
b and c, and from errors in the constants and experimental variables in Equations 
(8.9)–(8.11). One type of error results from the assumption that the crystals are per-
fect octahedra. Any deviation from this assumption is reflected in the values of kv, ks, 
and the octahedral edge length, L. These errors affect all three equations. Equation 
(8.10) further depends on the experimental error of the determination of the surface 
area, Sm.

From Jagannathan’s data,7 a growth rate of 15.3 A/sec was extrapolated if one 
corrects for kv (0.4714, Equation [8.3]) of the octahedral emulsion (Ref. 7, 70°C, pBr 
2.1, pAg 8.4). Considering the different experimental conditions and the different 
methods of extrapolation, the present data (range of 11.0–14.3 A/sec) are in good 
agreement with the value of Ref. 7 (15.3 A/sec).

Summary and Conclusions

A quantitative theory of renucleation was derived on the basis of the theory of crystal 
nucleation and the mass-balance model of crystal growth. Relatively simple equa-
tions were derived to predict the renucleation conditions. The predictions of the 
theory were experimentally confirmed for renucleation studies of octahedral AgBr 
crystals. The predictions of the renucleation theory were used to determine the limit-
ing renucleation conditions and the maximum growth rate with improved precision. 
The number of renucleated crystals can be quantitatively related to the precipitation 
conditions.

The new model and theory greatly simplify the determination of the maximum 
growth rate and the renucleation conditions for any precipitation system. The model 
suggested a new efficient experimental procedure for renucleation and the determi-
nation of the maximum growth rate where nucleation conditions were held constant 
and the concentration of seed crystals was varied.
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9 Continuous Crystallization

Continuous Crystallization in the Mixed-Suspension, 
Mixed-Product-Removal (MSMPR), or Continuous 
Stirred Tank Reactor (CSTR) Crystallizer

Introduction

Continuous production of materials is an important industrial process. For continu-
ous chemical processes and crystallizations, the controlled continuous stirred tank 
reactor (CSTR), or mixed-suspension, mixed-product-removal (MSMPR) system, 
and the stop-flow system are preferred for controlled crystallizations. The present 
work concentrates on the CSTR (MSMPR) crystallizer and on the effect of varying 
crystal solubility on the crystal size. A schematic sketch of a CSTR reactor for pre-
cipitation of silver bromide is shown in Figure 9.1.

In crystallization processes and for the control of crystal size, growth, and design, 
the control of crystal nucleation is a crucial first step in research, product devel-
opment, and manufacturing. For this purpose, the balanced nucleation and growth 
model (BNG) was developed.1 The BNG model is the basis that provides a funda-
mental model to control crystal nucleation and growth in continuous crystallizations. 
Experimental results will be presented that support the model.

Experimental

The reactants, sodium bromide and silver nitrate solutions (Figure 9.1), are added 
at a controlled flow rate. A gelatin solution, which is adjusted to the aim pAg and is 
heated to aim temperature, is also added at a controlled flow rate. Gelatin concentra-
tion and dilution are adjusted to balance the loss of gelatin and water in the product 
flow. The product flow contains the silver halide, in this case silver bromide, sodium 
bromide, gelatin, and water. It also is at the aim reaction temperature and pAg.

The product yield is determined by the reactant addition rate and the residence 
time. The residence time, t, is defined as the reaction volume in the reactor divided 
by the sum of input or product flow rates, respectively. The properties of the resultant 
crystal population are determined by the reaction conditions, solubility, temperature, 
reactant addition rate, presence of restrainers2 or ripeners,3 and the residence time. 
The latter has a similar function as the length of precipitation time in batch precipi-
tations. In addition, it has been generally assumed that the steady-state suspension 
density, e.g., mole AgBr/l, in the reactor affects the crystal population properties.

It is the intent of the present and the following sections to evaluate and quantify 
the effect of these variables both theoretically and by controlled experiments.

In both batch and continuous crystallization processes and for the control of crys-
tal size, growth, and design, the control of crystal nucleation is a crucial first step 
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in research, product development, and manufacturing. For this purpose, the balanced 
nucleation and growth (BNG) model was developed for batch processes.14 We will show 
that the application of the concepts of the BNG model is the basis that provides a funda-
mental model to control crystal nucleation and growth in continuous crystallizations.

To obtain consistent crystalline products, it is important to understand the rela-
tionship between the engineering variables and the properties of the precipitate. 
Important crystallization engineering variables are reaction volume, temperature, 
crystal solubility, material flow and reactant addition rates, residence time, and the 
presence of ripeners and restrainers, suspension density, stirring/mixing, and the 
balanced withdrawal of reacted and unreacted material. The precipitate properties 
are determined by the composition of the precipitate, average crystal size, and crys-
tal size distribution (CSD).

Related to the product properties are reactions taking place in the reactor, the for-
mation of crystals (nucleation rate), their growth (growth rate), and the mechanisms 
of crystal formation, homogeneous, heterogeneous, or secondary nucleation.

Prior Models: The Randolph-Larson Model

Different but complementary steady-state theories of crystallization in the con-
tinuous stirred tank reactor (CSTR, or mixed-suspension, mixed-product-removal, 
MSMPR) crystallizer have been proposed,4–7 of which the Randolph-Larson model 
has been dominant.

Bransom, Dunning, and Millard and Randolph and Larson (R-L) modeled the 
mass-balance correlation between crystal size distribution, crystal growth rate, and 
residence time (Equation [9.1]) at steady state. While Bransom and colleagues gave 
the first derivation,5 the model is rightfully named after Randolph and Larson who 

NaBr AgNO3

Gelatin

Product:
AgBr, NaNO3,
Gelatin, water

Water, gelatin

Figure 9.1  Continuous stirred tank reactor (CSTR).
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were the main proponents and contributors to its study and who published a sum-
mary of their work.5,6

	
n n exp

L

Gx 0
x= -



τ 	 (9.1)

In Equation (9.1), nx = Zx/cm × cm3, where nx is number population density of crys-
tals of size Lx per reaction volume; Zx is the number of crystals of size Lx; and no = 
Zo/cm × cm3 (“cm” represents the crystal size, “cm3” the normalization to reaction 
volume) is the number of crystals, Z0, of size L0 nucleated per time and volume. Lx 
is the crystal size of defined crystal size populations; G = dL/dt = growth rate; and 
t = residence time, determined by the reaction volume divided by material flow 
rate (input or output). The underlying model (Equation [9.1]) is based on continuous 
nucleation of infinitely small crystals followed by growth. The model parameters are 
the residence time, t, and crystal growth rate, G.

The model (Equation [9.1]) does not relate crystal size and distribution to reaction 
variables such as temperature, crystal solubility, and suspension density. To overcome 
this restriction, additional concepts and equations were introduced.7 These include 
birth and death rates of nuclei and crystals, which represent the formation and loss 
of particles in the reaction mixture. In this model, birth (B0) and growth rates (G) 
of the crystals determine the stability of the continuous crystallizer. A supra-linear 
correlation between these rates has been proposed, as given in Equation (9.2).

	
B ~ G0 i

	 (9.2)

The exponent, i, is a proposed kinetic order. It was theoretically concluded that for 
high-yield systems (e.g., silver halides), the crystallization process would be inher-
ently stable if the kinetic order was less than 21. For silver halide systems, i was found 
to be approximately 4, and thus these systems should not be cycling at steady state.6,9

Growth

The growth rate, G, is a function of addition rate and can be expressed by the mass-
balance equation, (9.3).

	
G

dL
dt

RV

3.0k ZL
m

v
2= = 	 (9.3)

Here, L is the crystal size, R is the addition rate (mole/s), Vm is the molar volume 
(cm3/mole), kv is the volume conversion factor that converts L to the crystal volume, 
and Z is the number of crystals in the reaction mixture. For polydisperse reaction 
mixtures, Z is replaced by Zx and L by Lx, and it is necessary to integrate over x. 
G is also a function of supersaturation, which frequently cannot be experimentally 
determined or used as control variable. For further details of the Randolph-Larson 
model, it is necessary to refer to the literature.7
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Generally, nx, n0, Lx, and G (Equation [9.1]), birth and death rates, supersaturation, 
and other R-L variables are not known for continuous crystallization systems that are 
based on continuous nucleation and growth. Equation (9.1) is, however, well suited 
for the control of crystal growth and crystal size distribution of continuously seeded 
CSTR systems, in which the input of number and size of seeds (n0, birth rate) and 
the reactant addition rate for growth can be quantitatively controlled. This will be 
presented in a subsequent section.8

Example of Size Distribution in CSTR Precipitation

For controlled continuous crystallizations of silver halide in the CSTR system, a well-
defined crystal size distribution is obtained at steady state (Figure 9.2). Replotting 
the size distribution using the guidance of Equation (9.1) did not give the predicted 
linear plot (Figure 9.3).

The measurement cut-off for crystal size distribution at the time of this experi-
ment was about 0.08 mm, and thus the increase in crystal number with crystal size 
is within the experimental sizing range. The lower crystal number at small sizes is 
difficult to bring in alignment with the prediction of Equation (9.1), which predicts a 
steady decrease of crystal number with increasing crystal size.

0.0

20.0

40.0

60.0

80.0

100.0

120.0

0.00 0.20 0.40 0.60 0.80 1.00
Size, µm

Re
l. 

Cr
ys

ta
l N

um
be

r, 
%

Figure 9.2  Size distribution of silver chloride (CSTR crystallizer).
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An extensive study showed that the size distribution of continuous silver bromide 
crystallizations was not described by Equation (9.1). It was observed that only a 
small, large-sized part of the crystal population obeyed this equation.9

The practical control of crystallizations is achieved, as previously shown, by con-
trol of reactant addition rate, crystal solubility, temperature, resident time, and rip-
ener and restrainer concentration. In our studies, we found that the Randolph-Larson 
model did not explicitly address these reaction variables and did not allow relating 
our experimental results to the practical control variables.

For many product applications, e.g., photographic systems, the most numerous 
(“maximum”) crystal size population, Lm, dominates the critical product properties, e.g., 
photographic sensitivity. Thus, it became necessary to develop a model that correlates 
Lm with experimental control variables. The present BNG model predicts the maximum 
size of crystals obtained in controlled continuous crystallizations (CSTR, MSMPR) to 
the experimental control variables. The maximum crystal size is defined in this context 
as the size of the crystal population that has the highest number of crystals in the reac-
tion mixture. For systems that do not deviate too much from monodispersity, this crystal 
size generally represents the general properties of the crystal size population.

In following sections, we will show experimental size correlation with residence 
time and crystal solubility, and relate them to the BNG model. We will show that the 
BNG model is free of adjustable parameters, e.g., the kinetic order, i, and provides 
many reaction parameters not available from the Randolph-Larson model. The test 
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Figure 9.3  Randolph-Larson plot of AgCl (CSTR) size distribution.
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of the BNG model with precipitation temperature and ripener and restrainer concen-
tration will have to wait for future experiments.

Transient Behavior of Silver Bromide Precipitation 
in a Continuous Suspension Crystallizer

Summary

CSTR systems reach mass balance at about four residence times after startup. In 
contrast, steady state of crystal size distribution may take up to 12 residence times.

Thus, we chose to investigate the behavior of AgBr precipitations in a continuous 
suspension crystallizer prior to the establishment of crystallization steady state.10 
Dynamic mass balance and attenuation models for crystal number were used to 
describe the transient behavior prior to the renucleation point. Renucleation occurred 
when the crystal growth rate exceeded the critical growth rate. We observed that the 
time for the beginning of renucleation was affected by the precipitation conditions 
and was independent of the initial content of the reaction vessel. The time to renucle-
ation varied from about 2.5 to 6.5 residence times, depending on both the precip
itation conditions and the initial seeding conditions. For unseeded experiments, the 
initial crystal number was equal to that of a reference batch precipitation. It was 
observed that after the onset of renucleation, at least four additional residence times 
were needed for the continuous precipitation system to achieve a steady state.

Introduction

The precipitation of silver halide crystals in a continuous suspension crystallizer 
has been previously investigated.9,11,12 Continuous streams of reactants, silver nitrate, 
halide salt, and gelatin solutions are fed into a well-stirred precipitation vessel, while 
product is simultaneously removed to maintain a constant reaction volume. A basic 
precipitation system for continuous chemical processes and crystallizations, the con-
tinuous suspension crystallizer is also known as controlled continuous stirred tank 
reactor (CSTR), or mixed-suspension, mixed-product-removal (MSMPR) reactor. 
For silver halide precipitations, the precipitation vessel initially contains gelatin and 
halide salt, and may include silver halide seed crystals. After a transient time period, 
a steady state is reached, after which the size distribution and shape of the silver 
halide crystals removed from the precipitation vessel remain unchanged. The system 
in which seed crystals are continuously added to the reaction mixture for continuous 
growth will be discussed in a separate section (A New Crystal Nucleation Theory).8

Randolph and Larson suggested that at steady state the dynamics and stability of 
a continuous suspension crystallizer are greatly influenced by the kinetic relation-
ship between the nucleation rate (B°) and the linear growth rate (G) (Equation [9.4]), 
where i is a kinetic order relating B° to G.13

	 B G0 iα 	 (9.4)

These authors concluded theoretically that for high-yield systems (e.g., silver 
halides), the crystallization process would be inherently stable if the kinetic order i was 
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less than 21. Since i = 4 for the AgBr system, a steady state should be achieved without 
cycling of the crystal size distribution for AgBr precipitation in a continuous suspen-
sion crystallizer.14 The stability of the AgBr system was confirmed experimentally by 
Wey and colleagues, who observed a time-invariant, steady-state crystal size distribu-
tion after about eight residence times into the precipitation.9 However, before steady 
state was achieved, the crystallizer experienced non-steady-state transient behavior.

This non-steady-state transient behavior of an unseeded AgBr precipitation in a 
continuous suspension crystallizer is demonstrated in Figure 9.4, which shows typi-
cal electron micrographs of the crystallizer content taken during the first several res-
idence times. The AgBr crystals are monodisperse at least until four residence times 
after the start of precipitation. At about 4.5 residence times, a second generation of 
considerably smaller crystals suddenly appears. As time goes on, the crystal popu-
lation becomes more and more polydisperse and finally reaches a steady-state size 
distribution after about eight to nine residence times, and is shown for 15 residence 
times.

The initial transition phase was thus investigated for initially unseeded and 
seeded conditions.

Model for the Initial Transient Phase

To describe the initial transient behavior of the precipitation process in a continu-
ous suspension crystallizer, the dynamic mass balance and a dynamic population 

1 τ 2.5 τ 4 τ

4.5 τ 5 τ

1 µm

15 τ

Figure 9.4  Run 1, electron micrographs taken during the transient period of an unseeded 
continuous AgBr precipitation.
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balance were used. The dynamic population and mass-balance model of the steady 
state developed by Randolph and Larson14 is basically a number-continuity equation 
in crystal-phase space and is generally difficult to solve.

However, for the initial portion of an unseeded AgBr precipitation, before the 
generation of the second crystal population, effective nucleation occurs only at the 
very beginning of precipitation, which is a phenomenon similar to that which occurs 
in a double-jet precipitation.15 Thus, the crystals remain uniform in size distribution 
for several residence times, as illustrated in Figure 9.4. In this case, the dynamic 
population balance can be greatly simplified, and the total number of crystals (N) in 
suspension can be represented by a simple attenuation equation, (9.5).

	
N N et 0

t/= - τ 	 (9.5)

In Equation (9.5), N0 is the total number of stable nuclei generated at the very begin-
ning of precipitation. Otherwise, when monodisperse seed crystals are used in the 
initial precipitation vessel, N0 represents the total number of seeds, t is the precipita-
tion time, and t is the average residence time in the precipitation vessel and is equal 
to the reaction volume (V) divided by the total volumetric flow rate (Q).

At the same time, the suspension density, Mt, increases with time for an unseeded 
precipitation as shown in Equation (9.6), where R is given in dmole/dt.

	
M M 1.0 e

V R

V
1.0 et f

t/ m

0

t/= - = -- -( ) ( )τ ττ
	 (9.6)

A dynamic mass balance based on total silver in the continuous AgBr precipita-
tion system can be written as Equation (9.7).

	
V

d
dt

(M C ) Q C QC QMt i i t+ = - -∞ ∞ 	 (9.7)

Here, Mt represents the AgBr crystal suspension density (mole/volume), C∞ the bulk 
solute concentration, Ci the input reactant concentration, and Qi the input reactant 
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Figure 9.5  Run 1, AgBr, number, Nt, and suspension density, Mt, versus time.
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flow rate. The reactant mass addition rate, R (g/min), is equal to the product, QiCi. If 
molar addition rate (i.e., mole/min) is chosen, R is equal to VmQiCi, where Vm is the 
molar volume of the crystals (g/mole).

For the high-yield AgBr system, it is reasonable to assume that accumulation of 
the dissolved reactant material in the bulk solution is negligible (i.e., Mt >> C∞ and 
Ci >> C∞). Hence, Equation (9.7) can be simplified to (9.8).

	
V

dM

dt
R QMt

t= - 	 (9.8)

Equation (9.8) can be integrated to give

	
M M e

R
V

(1 e )t 0
t/ t/= + -- -τ ττ

	 (9.9)

M0 represents the suspension density of stable nuclei or seed crystals at the very 
beginning of the continuous precipitation.

For monodisperse crystal size distributions, Mt and M0 can be given by Equations 
(9.10) and (9.11).

	
M

k NL

Vt
v

3

=
ρ

	 (9.10)

	
M

k N L

V0
v 0=
ρ 0

3

	 (9.11)

Here, kv is the crystal volume shape factor (kv = 1 and 0.47 for cubes and octahedra, 
respectively), and r is the crystal density (moles/volume) and is equal to 1.0/Vm; L is 
the crystal edge length, and L0 is the edge length of the stable nuclei or seed crystals. 
The crystal edge length as a function of time can be determined from Equations 
(9.5), (9.9), (9.10), and (9.11).
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The total surface area (A) of the growing crystals becomes Equation (9.13).

	

A k NL

A k N e L
R

k N
(e 1)

a
2

a 0
t/

0
3

v 0

t/

2/3

=

= + -








- -τ ττ
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	 (9.13)

where ka is the crystal area shape factor (ka = 6 and 3.46 for cubes and octahedra, 
respectively). The linear growth rate (G) is inversely proportional to crystal surface 
area (A) and can be obtained from a simple mass balance equation, (9.14).

	
G

dL
dt

R
3k NL

k R

3k Av
2

a

v

= = =
ρ ρ

	 (9.14)

K10344.indb   125 8/20/09   6:40:34 PM



126	 Precision Crystallization: Theory and Practice of Controlling Crystal Size

If the stable nuclei (or seed crystals) are very small (L0 ~ 0), Equations (9.13) and 
(9.14) reduce to

	 A K e (e 1)t/ t/ 2/3= --
A

τ τ
	 (9.15)

	
G K e (e 1)g

t/ t/ 2/3= - -τ τ
	 (9.16)

where
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	 (9.17)

	
K

k R

3k Kg
a

v

=
ρ

	 (9.18)

Equations similar to (9.15)–(9.18) were also reported by Lieb and Osmers for crystal-
lizations in a continuous suspension crystallizer with an initial pulse distribution.16

The transient behavior of the total crystal surface area and the linear growth 
rate for the case where L0 = 0 is shown in Figure 9.6. The total surface area ini-
tially increases with time, reaches a maximum at 1.1 t/t (= ln 3.0), and subsequently 
decreases. The linear growth rate, which is inversely proportional to the total surface 
area, has a minimum at 1.1 t/t.

This transient behavior can be understood and explained qualitatively by con-
sidering two key factors in such systems. On one hand, the surface area per crystal 
increases continually, because the stable nuclei (generated at the very beginning of an 
unseeded precipitation) or the seed crystals grow during precipitation. On the other 
hand, the total number of crystals decreases according to Equation (9.5), because of 
continuous removal (washout) of crystals through the output stream. Initially, the 
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Figure 9.6  Run 1, total crystal surface area (A) and linear growth rate (G) versus time.
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effect of crystal growth dominates so that the total crystal surface area increases 
and the linear growth rate decreases. This is qualitatively represented by the curves 
between 0 and 1.1 t/t in Figure 9.6.

However, when the washout effect outweighs the surface area contribution from 
crystal growth, the total crystal surface area begins to decrease, and the linear 
growth rate starts to increase. This behavior is qualitatively indicated by the curves 
at t/t > 1.1 in Figure 9.6.

Finally, renucleation (formation of new nuclei) will occur at some point into the 
precipitation (at about 4.5 t/t for the example shown in Figure 9.4) when the total 
crystal surface area becomes too small to accommodate the reactant material and the 
growth rate (or the supersaturation level) exceeds the critical value. After this point, 
effective nucleation continues to occur, and a steady state is eventually reached, as 
indicated by a time-invariant, polydisperse crystal size distribution (e.g., t/t = 15).

Although the transient behavior shown in Figure 9.6 is for the case where L0 = 0, 
the same behavior is also expected for the cases where L0 ≠ 0. However, for the latter, 
Equations (9.13) and (9.14) should be used to calculate the surface area (A) and the 
growth rate (G). Furthermore, the maximum of area A and the minimum in G will 
occur at t/t values different from 1.1.

Experimental

The equipment setup and operation of the continuous suspension crystallizer for 
AgBr precipitations have been described previously and in the section.9 Two reactant 
solutions (AgNO3 and NaBr) and an inert bone-gelatin solution were simultaneously 
introduced to an agitated reaction vessel. Both unseeded and seeded experiments 
were carried out to investigate the transient behavior (Table 9.1).

The resulting AgBr suspension was continually withdrawn to maintain a constant 
suspension volume. The precipitation conditions were kept constant for a given run.

Table 9.1
Experimental Conditions

Run

Seed 
Size, L0 
(mm)

Total Seed 
Number, 

N0

Qi  

(ml/min)
Ci  

(mole/I)

Input 
Gelatina 

Flow Rate 
(ml/min)

V 
(ml)

t 

(min)
Temp. 
(C) pBr

1 --- --- 10 0.9 80 300 3.0 70 2.2

2 --- --- 10 0.9 80 300 3.0 70 3.9

3b --- --- 10 0.9 80 300 3.0 70 3.9

4 --- --- 5 4.0 50 1200 20.0 80 3.3

5 --- --- 20 4.0 200 1200 5.0 80 3.3

6 0.07 3.34 × 1015 20 4.0 200 1200 5.0 80 3.3

7 0.06 1.56 × 1017 20 4.0 200 1200 5.0 80 3.3

a	 The input gelatin concentration was 2.4% for Runs 1–3 and 2.88% for Runs 4–7.
b	 AgBr(I) (5 mole % I).
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By introducing seed crystals initially to the reaction vessel, one can indepen-
dently control the No and L0 values and adjust the relationship between G and t/t 
during the transient period for a given set of precipitation conditions. Such a tech-
nique is important for sorting out the important factor(s) responsible for controlling 
renucleation from experimental data.

 Table 9.1 lists the experimental conditions. For the unseeded experiments (Runs 
1–5), the reaction vessel was charged with a given volume of the input gelatin solu-
tion and was adjusted to the desired temperature and pBr prior to each precipitation. 
For the seeded experiments (Runs 6 and 7), cubic monodisperse AgBr seed crystals 
were added to the initial reaction vessel. Run 3 contained 5 mole% iodide in the 
halide reactant solution.

Samples were taken from the output stream at intervals of 0.5 t/t during the tran-
sient period. The number of residence times at which renucleation occurred was 
determined for each experiment by observing the presence of small nuclei in elec-
tron micrographs of the samples. Both direct electron micrographs and a Joyce-Loebl 
disc centrifuge were used to measure the average crystal size and size distribution.17 

Crystal suspension density (Mt) was determined by analyzing the amount of silver 
halide present in the sample.

Results and Discussion

The Transition Stage
The transient behavior shown in Figure 9.4 for Run 1 was examined in more detail. The 
average crystal size (L) and the crystal suspension density (Mt) for the samples taken 
up to the renucleation point were measured. Knowing L and Mt, one can calculate 
the total number of crystals (Nt) from Equation (9.10). In Figure 9.7, the number and 
size of the crystals during the start-up phase are plotted. While the number of crys-
tals follows an exponential loss curve, the crystal size increases from near zero in a 
nonexponential correlation.
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Figure 9.7  Run 1, crystal number and size versus time.
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The total crystal surface area (A) and the linear growth rate (G) were calculated 
from Equations (9.13) and (9.14), respectively. Table 9.2 lists the values of L, Mt, N, 
A, and G as a function of t/t up to the renucleation point of Run 1. Plots of the total 
crystal surface area and the linear growth rate for this run are included in Figure 9.6. 
The transient behavior obtained from Run 1 is practically identical with that of the 
theoretical results shown by the solid curve in Figure 9.6. That is, the total crystal 
surface area (A) increased with time until about 1.1t /t and then decreased.

The linear growth rate (G), whose behavior is opposite to that of A, had a mini-
mum at about 1.1 t/t. Similar transient behavior was also found for the other unseeded 
experiments, Runs 2–5. Therefore, the theoretical considerations given earlier for the 
transient behavior were experimentally confirmed. The time at which renucleation 
occurred was about 4.5 t/t. From these data, the critical growth rate for renucleation 
was calculated to be about 4.8 A/sec for Run 1.

As discussed earlier, during the initial portion of an unseeded continuous pre-
cipitation, effective nucleation occurs only at the very beginning, and the crystals 
are continuously being removed through the output stream. The total number of 
crystals (Nt) in suspension should follow the simple attenuation equation represented 
by Equation (9.5). Thus, a plot of ln N versus t/t should yield a straight line with a 
slope of -1. From the intercept of this plot, one can also determine the total number 
of stable nuclei (N0) generated from the initial nucleation step. Figure 9.8 shows such 
a plot for the experimental data obtained from Run 1.

The data correlate very well with a straight line. The slope of this line is -0.94 
(+/-0.07) with the confidence range at the 98% level, and thus statistically indis-
tinguishable from the theoretical value of -1.0. The N0 value determined from the 
intercept of this plot is 3.9 (+/-0.8) × 1015.

Initial Nucleation versus Batch Nucleation
We also carried out a double-jet precipitation under the same conditions, i.e., molar 
addition rate of reactants, reaction volume, temperature, and pBr used in Run 1. 
The total number of stable nuclei obtained from this double-jet precipitation was 

Table 9.2
Experimental Values of L and Mt and Calculated Values of N, 
A, and G as a Function of t/t for Run 1

t/t L (mm) Mt (mole/l) N A (mm2) G (A/sec)

0.5 0.063 0.0335 2.48 × 1015 3.41 × 1013 3.12

1.0 0.086 0.0577 1.68 × 1015 4.30 × 1013 2.47

1.5 0.117 0.0714 8.25 × 1014 3.90 × 1013 2.73

2.0 0.136 0.0804 5.91 × 1014 3.78 × 1013 2.82

2.5 0.162 0.0843 3.67 × 1014 3.33 × 1013 3.20

3.0 0.191 0.0888 2.36 × 1014 2.98 × 1013 3.58

3.5 0.214 0.0890 1.68 × 1014 2.66 × 1013 4.01

4.0 0.267 0.0898 8.73 × 1013 2.15 × 1013 4.96

4.5 0.314 0.0900 5.38 × 1013 1.84 × 1013 5.79
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determined to be 3.5 × 1015, which, within the limits of error, agrees with the N0 
value of 3.9 × 1015 obtained from Run 1.

The experimental values of t/t and L and the calculated values of N (from Equation 
(9.10) and G (from Equations (9.13) and (9.14) at the renucleation point are listed in 
Table 9.3 for all experimental runs.

For the unseeded precipitations (Runs 1–5), renucleation occurred at about 3.5 to 
5.5 t/t for a variety of experimental conditions, including changes in reaction vol-
ume, reactant addition rate, temperature, pBr, halide type, and residence time, t.

For the seeded precipitations (Runs 6 and 7), which had the same precipitation 
conditions, the time to reach the renucleation point varied from 2.5 to 6.5 t/t, depend-
ing on the initial seeding conditions. For the conditions used in this study, the time 
to reach renucleation was affected more by the initial seeding conditions than by the 
precipitation conditions.
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Figure 9.8  Run 1, AgBr, ln Nt versus time.

Table 9.3
Experimental Values of t/t and L, and Calculated Values  
of N, G*, and S* at Renucleation

Run t/t L (mm) N G* (A/sec) S* s*ss
1 4.5 0.31 5.38 × 1013 5.8 --- ---

2 3.5 0.25 4.94 × 1013 4.7 --- ---

3 5.5 0.27 4.33 × 1013 4.6 --- ---

4 4.0 0.64 4.14 × 1013 1.9 1.29 1.42

5 4.0 0.37 1.97 × 10’4 4.3 1.41  1.94

6 2.5 0.34 2.66 × 1014 4.2 1.37 1.94

7 6.5 0.36 2.43 × 1014 4.1 1.38 1.94

a	 Sss represents the supersaturation ratio at steady state reported in reference 3.
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Maximum Growth Rate and Critical Supersaturation
The behavior of the growth rate at renucleation (G*) is of particular interest. For the 
unseeded precipitations (Runs 1–5), G* varied from about 1.9 to 5.8 A/sec, depend-
ing on the precipitation conditions. For example, G* increased from about 4.7 to 5.8 
A/sec when pBr was decreased from 3.9 to 2.2 (Run 2 versus Run 1). On the other 
hand, the presence of iodide had no significant effect on G* (Run 2 versus Run 3). 
Finally, G* decreased from about 4.3 to 1.9 A/sec when t was increased from 5 to 
20 min (Run 5 versus Run 4). A further discussion of the above effects of pBr and 
iodide on G* was not possible at the time of the publication of the transition model, 
owing to a lack of quantitative information in the literature and a viable theory for 
the steady state. The latter was derived much later, relating average crystal size to the 
control variables, residence time, solubility, and temperature, and will be discussed 
in the following section.

The effect of t on G* can be explained qualitatively. Wey and Strong reported 
that small AgBr crystals grew faster than large ones for a given supersaturation.18 
Since the crystal size at the renucleation point is larger for Run 4 (t = 20 min) than 
for Run 5 (t = 5 min), one would expect a smaller G* value for Run 4 than for Run 
5. This consideration is qualitatively consistent with the experimental results and the 
quantitative steady-state model.

 The effects of initial seeding conditions on the critical growth rate can be studied 
from Runs 6 and 7. Both runs had practically the same G* value despite their differ-
ences in the initial seeding conditions and in the t/t value to reach the renucleation 
point. More interestingly, the G* values obtained from Runs 6 and 7 were essentially 
the same as that obtained from an unseeded precipitation (Run 5) with the same pre
cipitation conditions.

The above results for G* show that renucleation occurs when the growth rate 
exceeds a critical value. This critical value can be influenced by the precipitation 
conditions (i.e., temperature, pBr, and t) and, for a given set of precipitation condi-
tions, is independent of the initial content (i.e., seeding conditions including the pres-
ence or absence of seed crystals) of the reaction vessel. Note: This is predicted by the 
BNG model and is experimentally confirmed there.

Although the critical growth rate (G*) can be conveniently used to explain and 
correlate the renucleation points for different experimental conditions, a more funda-
mental approach to the understanding of the renucleation phenomenon is to examine 
the critical supersaturation levels at the renucleation point. The critical supersatura-
tion ratio (S*) for renucleation can be related to G* by a size-dependent growth rate 
expression for AgBr crystal growth.21

	
S* 1

(1 L)G*

K Ci e

= +
+ ε

	 (9.19)

At 70°C and pBr 3.3, the growth rate parameter, e, and the kinetic integration con-
stant, Ki, were determined to be about 16 mm-1 and 3.85 × 107 (A/sec)/(mole/1), 
respectively.21 To a first approximation, these e and Ki values may also be used for 
the conditions of 80°C and pBr 3.3. The equilibrium concentration (Ce) of AgBr 
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crystals at 80°C and pBr 3.3 was calculated to be 1.9 × 10-6 mole/1. The S* values 
determined from Equation (9.18) for Runs 4–7 are listed in Table 9.3. Similar S* 
values for Runs 1–3 could not be determined, owing to a lack of knowledge of the 
growth rate parameters under these conditions. Runs 6 and 7, which had the same 
precipitation conditions but different initial seeding conditions, had essentially the 
same S* value (S* 1.38). This is close to the value of 1.41 obtained from the unseeded 
precipitation (Run 5) with the same precipitation conditions. On the other hand, a 
change in precipitation conditions influenced the S* value (Run 4 versus Run 5). For 
example, S* decreased from 1.41 to 1.29 as t was increased from 5 to 20 min. Thus, 
the critical supersaturation ratio for renucleation appears to be influenced by the 
precipitation conditions but is independent of the initial (seeded or unseeded) content 
of the reaction vessel.

Wey et al. reported the calculated supersaturation ratio values at steady state (Sss) for 
experiments carried out under the same precipitation conditions as Runs 4 and 5.9 As 
shown in Table 9.3, the S* values are smaller than the corresponding Sss values. That 
is, for a given continuous AgBr precipitation, the supersaturation level at steady state 
(where growth and nucleation rates are invariant with time and the two processes are 
occurring simultaneously) is higher than that at the renucleation point, as expected.

After the Renucleation Point
The model developed and the experimental results analyzed here mainly address the 
transient behavior up to the renucleation point. However, it is desirable to determine the 
number of additional residence times required for the continuous AgBr precipita-
tion system to achieve a steady state after the renucleation point. Unfortunately, the 
theoretical treatment for this time period requires the solution of the complicated 
dynamic population balance equation,8 owing to the simultaneous occurrence of 
nucleation and growth and the resulting polydisperse crystal size distribution.

Therefore, we experimentally analyzed the crystal size distribution of the samples 
taken after the renucleation point to determine the residence times after which the 
crystal size distribution remained unchanged. At 6 t/t, the distribution still had two 
modes, which represent crystals generated from the initial nucleation step and the 
renucleation step. At 8 t/t, the distribution had only one mode, but it is still signifi-
cantly different from those of 9 and 15 t/t. The distributions of 9 and 15 t/t are indis-
tinguishable within the reproducibility of the measurement technique. The results 
clearly indicate that the steady state of Run 1 was approached between 8 and 9 t/t. 
Since renucleation occurred at about 4.5 t/t for Run 1, it took at least four more resi-
dence times for the system to reach steady state after the onset of renucleation. We also 
examined the crystal size distributions for the other experimental runs and obtained 
similar results. That is, at least four residence times are needed after the renucleation 
point before the continuous AgBr precipitation system reaches a steady state.

Note: After the renucleation point, the number of renucleated crystals is deter-
mined by the maximum growth rate, the number of growing crystals, and the kinetic 
of crystal removal. It is anticipated that the renucleation theory, derived in Chapter 
8, may be able to model the transition from the start of renucleation to the beginning 
of the steady state.
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Summary
A theoretical and experimental study was carried out to examine the transient 
behavior of AgBr precipitation in a continuous suspension crystallizer. The crystal 
size distribution was monodisperse until renucleation occurred at several residence 
times into the precipitation. After the renucleation point, the AgBr crystal popu-
lation became more and more polydisperse and finally reached a steady-state size 
distribution. The transient behavior prior to the renucleation point was successfully 
described by an attenuation model for crystal number and a dynamic mass balance.

For an unseeded AgBr precipitation, the total crystal surface area increased with 
time until about 1.1 t/t and then decreased. The linear growth rate behavior was 
opposite to that of the total surface area and had a minimum at about 1.1 t/t. The 
total number of crystals (Nt) followed the attenuation function, which yielded a 
straight line with a slope of about -1.0 for a plot of ln N versus t/t. The total number 
of stable nuclei generated from the initial nucleation step of the continuous precipita-
tion was experimentally determined to be equal to that obtained from a correspond-
ing double-jet precipitation.

Renucleation occurred when the growth rate (or the supersaturation level) exceeded 
a critical value, which was affected by the precipitation conditions (i.e., temperature, 
pBr, and t) and was independent of the initial content, i.e., the presence or absence 
of seed crystals of the reaction vessel. The time to reach the renucleation point was 
influenced by initial seeding conditions and to a lesser extent by precipitation condi-
tions. The supersaturation ratio at the renucleation point was estimated to be smaller 
than that at steady state.

Renucleation was modeled in Chapter 8, and that model correlates renucleation 
with the reaction control parameters.

By analyzing the crystal size distribution of the samples taken after the renucle-
ation point, we determined that at least four additional residence times are needed 
for the continuous precipitation system to achieve a steady state.

A New Crystal Nucleation Theory for Size 
Control in Continuous Precipitations

Summary

A new theory of crystallization in the continuous stirred tank reactor (CSTR, or 
mixed-suspension, mixed-product-removal, MSMPR) system was developed, which 
is based on the dynamic balance between growth and nucleation. The model is 
based on nonseeded systems with homogeneous nucleation and diffusion-controlled 
growth based on the nucleation model previously derived for such systems in con-
trolled double-jet batch precipitations.15

The model predicts the correlation between the average crystal size, residence 
time, solubility, and temperature of the reaction system. It allows the determination 
of factors that are experimentally difficult to determine, such as the ratio of average 
to critical crystal size, L/Lc, the supersaturation ratio, S*, the maximum growth rate, 
Gm, the ratio of nucleation to growth, Rn/Ri, and the size of the nascent nuclei, Ln.
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While the present model was developed for homogeneous nucleation under diffusion-
limited growth conditions and unseeded systems, it may be modified to model seeded 
systems, systems containing ripening agents or growth restrainers, and systems in 
which growth and nucleation are kinetically controlled.

Introduction

It is the object of this section to extend the previously reported model of crystal nucle-
ation for precipitation of highly insoluble compounds in controlled double-jet precipi-
tation batch processes1,15,20,21 to precipitations in continuous suspension crystallizers.

The proposed new theory of crystallization in continuous mixed-suspension, 
mixed-product-removal (MSMPR) crystallizers, here referred to as continuous 
stirred tank reactor, CSTR, differs from the previous theory for continuous pre-
cipitation by Randolph and Larson (R-L)14,22 in that it correlates the average crystal 
size of the crystal population with the reaction control parameters residence time, 
temperature, and crystal solubility. It is anticipated that the effect of ripeners and 
restrainers can be incorporated into this model.

Several aspects distinguish this model from the R-L model:

	 1.	This model is based on a dynamic balance between crystal nucleation and 
crystal growth at steady state.

	 2.	A mathematical treatment of the model is based on mass and nucleation 
balance. It shares certain concepts of mass and nucleation balance with the 
Randolph-Larson theory.

	 3.	 In addition, it introduces the concepts and equations of the crystal nucle-
ation theory previously proposed and experimentally supported by the 
author and his coworkers.

	 4.	This leads to new mathematical equations that have no arbitrary adjustable 
parameters. These new equations are significantly different from those of 
the R-L model.

	 5.	Furthermore, the new theory and the equations make distinctly new predic-
tions. Some of these were experimentally supported in the present work.

	 6.	The new theory is supported by experimental results. As in any new 
endeavor, only few predictions could be tested. The theory and the equations 
give ample suggestions for further experimental and theoretical research.

Theory

Preconditions
The Randolph-Larson model was reviewed in the first section (Continuous 
Crystallization). The second section will concentrate on the derivation of the new 
BNG-based model.

In continuous mixed-suspension, mixed-product-removal crystallizers, MSMPR, 
reactants, solvents, and other addenda are continuously added while the product is 
continuously removed. In the following, this precipitation scheme will be referred to 
as a continuously stirred tank reactor (CSTR) system.
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For the present derivation, only the reaction-controlling reactant that leads to the 
crystal population will be considered. For instance, silver halides are generally pre-
cipitated with excess halide in the reactor, which is used to control the solubility. 
Thus, the soluble silver salt, in this case AgNO3, is the reaction-controlling reactant. 
The solubility of the resultant silver halides (chloride, bromide, iodide, and mixtures) 
in the reactor is low so that their concentration in the reactor will be neglected for 
the mass balance.

Other necessary addenda for the precipitation, such as halide salt solutions, water, 
and gelatin, are included in the calculation of the residence time, t, and suspension 
density, Mt, and are important to control the silver halide solubility. The present 
model will be based on several premises. It is apparent that modifications of the pres-
ent model can be obtained by changing some of these premises.

	 1.	The reactants stoichiometrically form the crystal population, and the solu-
bility of the resultant product (in the present experiment, silver halide) is not 
significant with regard to the mass balance. Note: It is straightforward to 
expand the model to include the effect of significant solubility of the reac-
tion product.

	 2.	Homogeneous nucleation is assumed. For nonhomogeneous and other 
nucleation processes, the proper nucleation model must be substituted for 
the presently used nucleation model.

	 3.	The input reactant stream at steady state is consumed in a constant ratio for 
crystal nucleation and crystal growth.

	 4.	Crystal nucleation in the CSTR system follows the same mechanism as in 
double-jet precipitation.

	 5.	Crystal growth is given by the maximum growth rate of the crystal pop-
ulation. In the present derivation, a single maximum growth rate, Gm, is 
assumed, which can be derived from the experimental results. However, 
an analytical equation for Gm as a function of crystal size and reaction 
conditions may be substituted if it is known. This reduces the number of 
unknowns in the final equation to the ratio of average to critical crystal size, 
L/ Lc.

	 6.	For the present derivation, it is assumed that the nucleation is by a 
diffusion-controlled mechanism.25

The following approach was successfully used previously to quantitatively 
describe renucleation in batch precipitations.23

Model Derivation

The basic reaction scheme for the following derivation is shown in Figure 9.9.
A reactant stream R0 (addition rate of reactants, e.g., silver nitrate and alkali 

halide, mol/sec) is added to the reaction vessel at a steady rate. A fraction of R0, Rn,will 
be used to nucleate new crystals to replace crystals leaving in the product. Part of 
the remainder of R0, Ri, is used to sustain the maximum growth rate of the crys-
tal population (addition rate fraction used for growth = crystal size increase). For 
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precipitations where the solubility of the reaction product is significant, the solubil-
ity and unreacted material (Ru) need to be added as a rate term on the right side of 
Equation (9.20).

The simplifying assumption that Ru<< Rn + Ri is well met by the precipitation of 
highly insoluble materials such as the silver halides that perform at practically 100% 
conversion. The mass balance requires that

	
R R R R0 n i u= + + 	 (9.20)

The addition rate R0 is given by the concentration (Cr, mol/l) and flow rate (Fr, l/s) 
of the reactants.

	

R C F0 r,i r,i

i

= ∑ 	 (9.21)

The product removal rate at steady state is by definition equal to the reactant addition 
rate. In the following, Rn and Ri will be derived and finally inserted into Equation 
(9.20) to provide the new model for the crystal population at steady state.

Crystal Nucleation

The number of crystals nucleated, Zn, must be equal to the number of crystals leav-
ing in the reaction stream, and is given by the mass balance, Equation (9.22).

	
Z

R V

k Ln
0 m

v
3= 	 (9.22)

Here, Vm is the molar volume (cm3/mole of crystal mass) of the reaction product to 
convert molar addition rate into volume cm3/mol. The constant, kv, is the volume fac-
tor that converts from the characteristic average crystal size, L, to crystal volume. L 
is used instead of r (used for batch precipitations) to indicate that it is the maximum 
crystal size for continuous processes.

Rn = Nucleation

R0, Reactant addition rate Product removal rate, R0

Ri = Crystal growth

Mass balance: R0 = Rn + Ri

Rn = Fraction of R0 used for nucleation
Ri = Fraction of R0 used for size increase (Growth)

Figure 9.9  BNG Model for continuous crystallization.
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In homogeneous crystal nucleation under diffusion-controlled growth conditions, 
Equation (9.23) was derived for double-jet precipitations.1,7,15

	
Z

R R T

2 k DV Cn
n g

s m s

=
γ Ψ

	 (9.23)

	
Where Ψ = -L

L
1.0

c

	 (9.24)

Rg is the gas constant, T the temperature (K), ks the crystal surface factor, g the 
surface energy, D the diffusion coefficient of the reaction-controlling reactant, and 
Cs the sum of the solubility with regard to the reaction-controlling reactant. Lc is the 
critical crystal size at which a crystal has equal probability to grow or to dissolve by 
Ostwald ripening.

In previous papers,1,7,15 Equation (9.23) was quoted for the specific case of spheri-
cal crystal morphology (ks = 4π). For batch processes, Zn equals the total number of 
stable crystals formed during nucleation. In the present continuous precipitation, Zn 
is equal to the nucleation rate (dZ/dt) at steady state. This extrapolation is in agree-
ment with the underlying derivation of Equation (9.23).1,15

For the remainder of the derivation of the equations, the intermediate variable K 
is introduced (Equation [9.25]).

	
K

R T

2 k DV C
g

s m s

=
γ Ψ 	 (9.25)

This leads to a simplified equation for Zn:

	
Z KRn n= 	 (9.26)

Equation (9.26) is solved for Rn:

	
R

Z

Kn
n= 	 (9.27)

Substitution of Zn from Equation (9.22) into the equation for Rn (Equation [9.27]) 
leads to Equation (9.28):

	
R

R V

K k Ln
0 m

v
3= 	 (9.28)

Thus, an analytical equation for Rn has been found, which will be entered into 
Equation (9.20) (see Crystal Growth and Nucleation, below). It remains now to 
develop an analytical equation for Ri, which will be derived from the maximum 
growth rate of the crystal population.
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Crystal Growth

The maximum growth rate, Gm, is given by the mass balance between the maximum 
growth of the system and the fraction of the reactant addition rate consumed for this 
growth, Ri. The maximum growth rate is a function of crystal size, and thus the indi-
vidual size classes will grow at different absolute maximum growth rates. The maxi-
mum growth rate of the whole crystal population is then given by an average maximum 
growth rate, Gm, which is defined to be related to the average crystal size, L.

If the crystal size is difficult to determine because of a complicated crystal 
structure, for instance dendritic crystals, the specific surface area, Sm (i.e., surface 
area/mole of crystals), may be used to derive the maximum growth rate. This was not 
necessary under the present conditions. The use of Sm was discussed by Leubner23,30 
and may be transferred to the present model as desired.

Equation (9.29) results from solving this mass balance for Gm.

	
G

V R

3.0 k L Zm
m i

v
2

t

= 	 (9.29) 

Here, Zt is the total number of crystals present in the reaction vessel during steady 
state. Zt can be calculated from the average crystal size and the suspension density, 
which, in turn, is a function of reactant addition rate and residence time.

	
Zt

R V  

k L
0 m

v
3=
τ

	 (9.30)

Inserting Equation (9.30) into Equation (9.29) and solving for Ri leads to the 
desired analytical equation for Ri:

	
R

3G R

Li
m 0=

τ
	 (9.31)

At this point, both Rn and Ri have been expressed by analytical expressions that con-
tain only fully defined parameters and variables. It is now possible to continue to the 
formulation of the new theory.

Crystal Growth and Nucleation in the Continuous Crystallizer

The foundation has now been laid to combine nucleation and growth at steady state. 
For this purpose, the expressions of Rn (Equation [9.28]) and Ri (Equation [9.31]) are 
inserted into Equation (9.20). After simplifying, Equation (9.32) is obtained:

	

V

Kk L

3G

L
1.0m

v
3

m+ =
τ

	 (9.32)

Reinserting K into this equation and solving for zero leads to:

	
k L R T 2k DV C 3k G R TL 0v

3
g s s v m g

2- - =γ τm
2 Ψ 	 (9.33)
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We have now derived an equation that relates the average crystal size at steady state for 
the CSTR crystallization to the reaction control variables t, residence time, T, tempera-
ture, and Cs, solubility. Other factors in Equation (9.33) that are experimentally available 
are Rg, the gas constant; ks, the crystal surface constant, which converts the character-
istic crystal size to crystal surface; kv, the crystal volume constant, which converts the 
characteristic crystal size to crystal volume; Vm, the molar volume (cm3/mole) of the 
crystals; and D, the diffusion constant of the reaction-controlling ion or growth entity.

The only unknown factors are Gm, the maximum crystal growth rate, and Ψ, from 
which the ratio of average to critical crystal size, L/Lc, is obtained (Equation [9.24]). 
The unknown factors Gm and Ψ are experimentally obtained from Equation (9.33).

Further, the model predicts that the crystal size and number are independent of 
the reaction volume.

Practical Analyses

Solving for the average size, L, results in a very complicated solution as a function 
of residence time, which is of little immediate use. Thus, another method is used to 
determine the average size as a function of reaction control variables.

For instance, solving for the residence time, t, is relatively straightforward and is 
given by Equation (9.34). The method for variation of solubility, Cs, and temperature, 
T, follows the same procedure.

	

τ
γ

= -L
3G

2k DV C

3 k G R T Lm

s m
2

s

v m g
2

Ψ
	 (9.34)

For practical calculations and for conditions where one or the other constant is not 
known, Equation (9.34) can be simplified to Equation (9.35)

	
τ = -aL

b
L2 	 (9.35)

where

	
a

1.0
3Gm

= 	 (9.36)

	

b
2k DV C

3k G R T
s m

2
s

v m g

=
γ Ψ

	 (9.37)

	

b
a

2k DV C

k R T
s m

2
s

v g

=










γ
Ψ 	 (9.38)

Equations (9.35)–(9.38) will be used to determine Gm and Ψ from the experimen-
tal values of residence time, t, and the average crystal size, L, obtained at crystal 
population steady state. In addition, other parameters will be entered that are either 
known or can be experimentally determined.
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If Gm is known from other experiments, or an analytical equation of Gm is 
available that relates it to the crystal size and reaction conditions, this may be sub-
stituted in Equation (9.34). This would reduce the number of unknowns in deter-
mining Ψ.

From Ψ and the average crystal size, L, the critical crystal size, Lc, can be calculated 
using Equation (9.24). Lc is related to the supersaturation, S*, ratio by Equation (9.39).

	

S* C C

C
1.0

2 V

R T L
ss s

s

m

g c

=
-

= +
( ) γ

	 (9.39)

Here, Css is the actual concentration (supersaturation), and Cs is the equilibrium solu-
bility as defined above.

Special Limiting Conditions for Continuous Crystallization

Two limiting cases of Equation (9.34) are of special interest. For this purpose, 
Equation (9.34) is rewritten

	

τ
γ

= -








 

L
3G

1.0
2k DV C

k L R Tm

s s

v
3

g

m
2 Ψ

	 (9.40)

Large Average Crystal Size, L
If the average crystal size is very large as given by the definition in Equation (9.41), 
then the bracket of Equation (9.40) can be set equal to one and simplified to Equations 
(9.42) and (9.43).

	

L
2k DV C

k R T
3 s m

2
s

v g

>>
γ Ψ

	 (9.41)

	
τ = L

3Gm

	 (9.42)

	 L 3Gm= τ 	 (9.43)

Equation (9.43) indicates that for large sizes, L and t, and L are linearly related 
and that Gm, the maximum growth rate, can be determined from the linear part of 
the correlation at large crystal sizes. Gm can then be resubstituted into Equations 
(9.36)–(9.38) to determine Ψ.

Short Residence Time, Plug-Flow Reactor, t -> zero
Equations (9.34) and (9.35) indicate that when t, the residence time, approaches zero 
the average crystal size will not become zero but will reach a limiting value. Plug-
flow reactors are characterized by short residence times, t -> 0, in the nucleation zone, 
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followed by crystal growth and ripening processes. The present derivation predicts 
the minimum crystal size for the condition where t -> 0:

	

L
2k DV C

k R T
3 s m

2
s

v g

=
γ Ψ

	 (9.44)

	
V  k Lg v

3= 	 (9.45)

Substituting into Equation (9.44), where Vg is the average crystal volume of the 
crystals, leads to Equation (9.46).

	

V
2k DV

R

C

Tg
s m

2

g

s=










γ Ψ
	 (9.46)

Thus, for residence times approaching zero, the average crystal volume, Equation 
(9.46) predicts that Vg is only a function of solubility, Cs, and temperature, T. The 
factor Ψ may be a function of Cs and T.

Calculation of Reaction Processes

Nucleation versus Growth, Rn/Ri

In the model used for these derivations, the reactant addition stream R0 is separated in 
the reactor into a nucleation stream, Rn, and a growth stream, Ri (Figure 9.9). It is now 
possible to derive the ratio of the reactant streams Rn/Ri by dividing Equation (9.28) by 
(9.31). After back-substituting for K (Equation [9.25]), Equation (9.47) is obtained:

	

R

R

2k DV C

3k G R T L
n

i

s m
2

s

v m g
2=

γ
τ
Ψ

	 (9.47)

Except for t in the divisor, this is equal to the second part on the right side of 
Equation (9.34). If we simplify to (9.48) it becomes evident that the ratio Rn/Ri 

decreases with increasing residence time, t, and with the square of the average crys-
tal size at steady state.

	

R

R
~

1
L

n

i
2τ 	 (9.48)

It appears also intuitive that the nucleation should decrease relative to growth, as the resi-
dence time and the surface area of the crystal population (proportional to L2) increase.

The value of the ratio Rn/Ri was calculated from the experimental data. From the 
ratio Rn/Ri and the mass balance (Equation [9.21]), Rn and Ri were calculated as a 
fraction of the total reactant addition rate, R0.

Nascent Nuclei Size
For the present work and in agreement with common usage, the term nascent nuclei, 
Ln, is defined as the stable crystals that are newly formed during steady state and that 
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continue to grow in the reactor. The size of these crystals is larger than that of the critical 
nuclei, Lc, which have equal probability to grow or dissolve in the reaction mixture.

With the model that has been developed up to this point, it is possible to calculate 
Ln for the different precipitations. For this purpose we define Ln by

	
L

R V

k Zn
3 n m

v n

= 	 (9.49)

Here, Zn can be calculated from Equation (9.22), and Rn can be calculated from Equations 
(9.21) and (9.47). Back-substitution into Equation (9.49) leads to Equation (9.50):

	

L
R

R
Ln

3 n

0

3=






	 (9.50)

This equation was used to calculate Ln values for the different residence times.
It is now possible to back-substitute further from Equation (9.50). Equation (9.51) 

is obtained, which relates the nascent nuclei size to the precipitation conditions and 
the average crystals size at steady state:

	

L
2k DV C L

3k G R T L 2 k DV Cn
3 s m

2
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τ γ
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Ψ

	 (9.51)

The terms in this equation have been defined above. It is apparent that Ln is a com-
plicated function of the reaction conditions and of the average crystals size, which in 
itself is a complicated function of the same reaction variables (Equation [9.33]).

Conclusions

A new theory of crystallization is proposed for the continuous stirred tank reactor 
(CSTR) or mixed-suspension, mixed-product-removal (MSMPR) system. The model 
is based on nonseeded systems with homogeneous nucleation, diffusion-controlled 
growth, and the nucleation model previously derived for such systems in controlled 
double-jet batch precipitations. It does not need any assumptions about size-dependent 
growth (McCabe law).

The model predicts the correlation between the average crystal size and the resi-
dence time, solubility, and temperature of the reaction system. It allows the deter-
mination of useful factors that are experimentally difficult to determine, such as 
the ratio of average to critical crystal size, L/Lc, the supersaturation ratio, S*, the 
supersaturation, Css, the maximum growth rate, Gm, and the ratio of nucleation to 
growth, Rn/Ri.

The model predicts that the average crystal size is independent of reactant addi-
tion rate, suspension density, and reaction volume.

The model predicts that the average crystal size and residence time are linearly 
related when the average crystal size is significantly larger than a certain limiting size, 
which can be derived from the experimental correlations. At smaller crystal sizes, the 
average crystal size is larger than predicted by the linear part of the correlation. These 
predictions were supported by experimental results in the following section.
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The model further predicts that when the residence time approaches zero, the 
average crystal size approaches a limiting value larger than zero. The condition 
where the residence time approaches zero is similar to that obtained during nucle-
ation in plug-flow reactors and thus predicts a lower limit of average crystal size for 
the CSTR and plug-flow systems.

The present model may be expanded to include the effect of Ostwald ripening 
agents and growth restrainers using the formalism previously applied to precipita-
tions in batch precipitations.2,3

The present model was developed for homogeneous nucleation under diffusion-
limited growth conditions and unseeded systems. It may be modified to model sys-
tems in which growth and nucleation are kinetically controlled. Modeling of crystal 
growth in continuously seeded systems will be presented in the following section. 
Most importantly, the present work suggests many additional experiments for and 
new approaches to the evaluation of the results of continuous precipitations.

Size Dependence on Residence Time 
in Continuous Precipitations

Summary

Continuous precipitations of silver chloride with varying residence times from 0.5 
to 5.0 min were chosen to support predictions of the BNG theory of crystallizations 
in the continuous stirred tank reactor (CSTR) developed in the previous section. The 
experiments confirm the model prediction that the average crystal size is indepen-
dent of reactant addition rate, suspension density, and reaction volume. However, the 
experiments indicate that the width of the crystal size distribution increases with 
suspension density. The model confirms that the average crystal size and residence 
time are linearly related for large average crystals. The model also predicts, and is 
confirmed experimentally, that when the residence time approaches zero (plug-flow 
condition), the average crystal size approaches a positive limiting value. The condi-
tion where the residence time approaches zero (0.205 mm) is equal to that predicted 
for nucleation in plug-flow reactors, and thus predicts a lower limit of average crystal 
size for these systems. The size of the nascent (newly formed) crystals at steady state, 
Ln, was determined to be 0.205 +/- 0.012 mm for the residence time range from 0.5 to 
5.0 min. This is equal to the zero time condition. The ratio of the fraction of the input 
stream used for nucleation, Rn, to the fraction used for crystal growth, Ri (Rn/Ri), 
varied from 4.79 to 0.12 for residence time range from 0.5 min to 5.0 min. The ratio 
of average to critical crystal size, L/Lc, was determined to 5.73 × 103 (1.02–1.09), the 
supersaturation ratio, S*, to 12.2 (0.54, L = 0.5 mm), the supersaturation to 8.2 × 10-8 
(12.7 × 10-9, L = 0.5 mm), and the maximum growth rate, Gm, to 4.68 A/s.

Introduction

It is the object of this section to test the predictions of the BNG model for size control 
in precipitations in continuous suspension crystallizers for the effect of residence 
time on the average crystal size for silver chloride precipitations. The equations used 
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for the evaluation of the experimental results were presented in the previous section 
and will not be repeated in this section.

The use of continuous precipitation systems for the precipitation of silver halide 
dispersions has been investigated previously. Gutoff,11,12 Wey and Terwilliger,24 and 
Wey and colleagues9,25 investigated the crystal size distribution using the formalisms 
derived by Randolph and Larson for the mixed-suspension, mixed-product-removal 
(MSMPR) system.14,22 Wey, Leubner, and Terwilliger10 examined the crystal size 
distribution of AgBr using the population balance technique and including both the 
size-independent McCabe’s ∆L law and a size-dependent growth model. The crystal 
population distribution could not be satisfactorily modeled. Using the large grain 
population only, nucleation and maximum growth rates were determined using the 
Randolph-Larson model.

Wey and Jagannathan27 studied the transient behavior of unseeded silver bromide 
precipitations and determined that the steady state of crystal population distribu-
tion was achieved only at about six to nine residence times (t) after the start of the 
precipitations, much later than the steady state of suspension density (at about four 
residence times). Their results also showed that at steady state the crystal population 
is rather narrowly distributed around an average crystal size.

Experimental

The present experiments were done before the present theory was developed. If the 
theory had been known at the time of the experiments, a wider range of experiments 
would have been performed to determine the present results to a greater degree. 
Unfortunately, the author is no longer in a position to provide additional experi-
ments. However, the present experiments support several important predictions of 
the theory and might be the starting point for more extended work in the future.

Silver chloride, AgCl, was precipitated in a single-stage continuous stirred tank 
reactor (CSTR) system. The residence time was varied from 0.5 to 5.0 min (Table 9.4). 

Table 9.4
Effect of Residence Time on the Average Crystal Size of AgCl Precipitated 
in the CSTR System

Exp. 
no.

Residence  
Time, t 

(min)

Edge  
Length, 
L (mm)

Size 
Distribution, 

d.r.
Crystal no.  
(Zt × 1012)

Reactor 
Volume, 
V0 (ml)

Flow  
Rate, F  

(ml/min)

Addition 
Rate, R0 

(mol/min)

Suspension 
Density, Mt 

(mol/l)

1 0.5 0.207 2.69 73 300 50 0.050 0.083

2 1.0 0.263 2.64 36 300 25 0.025 0.083

3 3.0 0.337 2.58 41 600 20 0.020 0.100

4 5.0 0.413 2.22 37 1000 20 0.020 0.100

Reaction conditions: 60°C; AgNO3, NaCl 1.0 mol/l; 2.4% bone gelatin; t, residence time (min); V0, reac-
tor volume (l); F, flow rate (ml/min, AgNO3 and NaCl); R0, molar addition rate (mol/min); Mt, 
suspension density (mol AgCl/l); L (mm), cubic edge length; d.r., decade ratio (measure of size 
distribution); Zt, total crystal number in reactor.
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For the residence time of 3.0 min, the suspension density was varied from 0.05 to 
0.40 mol/l (Table 9.5).

The reactor volume, flow rates, and reactant concentrations are given in 
Tables 9.4 and 9.5. Bone gelatin was used as the peptizing agent. The temperature 
was held constant at 60°C. The free silver ion activity, {Ag+}, was controlled in the 
reactor at pAg 6.45, where pAg = -log {Ag+}. This corresponds to a solubility of 
6.2 × 10-6 mol Ag+/l.26 This solubility consists of the sum of concentrations of free 
silver ion plus complexes of silver ions with halide ions, AgCln

1-n (n = 1 - 4). The 
silver chloride precipitated in cubic morphology. A crystal growth restrainer was 
added to the output material to avoid Ostwald ripening and to preserve the crystal 
size distribution.

The crystal size distribution of the crystal suspensions was determined using the 
Joyce-Loebl disc centrifuge.17,23 The original data were determined as equivalent cir-
cular diameter (ecd) and were converted to cubic edge length (cel), where cel = 0.86 × ecd. 
The crystal size distribution curves were determined in the ecd scale. The crystal 
size distribution was fitted to the sum of two Gaussian distributions, and thus the 
distribution cannot be described by a single standard deviation. Thus, the crystal size 
distribution is given by an empirical measure, the decade ratio (d.r.), which is defined 
by the ratio of the sizes at 90% to 10% of the experimentally determined crystal size 
population.

 Electron micrographs (carbon replica) of AgCl crystals precipitated in the CSTR 
system (5 min residence time) are shown in Figure 9.10. The crystal size distributions 

Table 9.5
Effect of Suspension Density on Average Crystal Size and Number for 
Precipitations of AgCl in the CSTR System

Exp. no.

Suspension 
density, Mt 

(mol/l)

Edge 
length, 
L (mm)

Size  
distribution,  

d.r.
Crystal no. 
(Zt x 1012)

Reactant 
concentration, 

C (mol/l)

Addition 
rate, R0 

(mol/min)

1 0.05 0.327 2.45 11 0.5 0.005

2 0.10 0.350 2.59 18 1.0 0.010

3 0.10 0.337 2.58 41 1.0 0.020

4 0.20 0.331 2.79 43 2.0 0.020

5 0.30 0.333 (3.51)a 63 3.0 0.030

6 0.40 0.344 3.25 81 4.0 0.040

Reaction conditions: 60°C; pAg 6.45; residence time, t, 3.0 min; all experiments except no. 3: AgNO3, 
NaCl 10 ml/min; gelatin (2.4%) 80 ml/min; V0, 300 ml.

Experiment no. 3: AgNO3, NaCl 20 ml/min; gel (2.4%) 160 ml/min; V0, 600 ml.
C is the concentration of reactants (AgNO3 and NaCl); R0, molar addition rate (mol/min); Mt, suspension 

density (mol AgCl/l); L, average crystal size (cubic edge length, mm); d.r., decade ratio (measure 
of crystal size distribution); Zr, total crystal number in reactor.

a	 Data not reliable.
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for 0.5 to five minute residence time are shown in Figure 9.11 and the experimental 
conditions and results in Table 9.4. The suspension density effect on crystal size, 
number, and crystal size distribution was studied for the 3.0 min residence time 
(Table 9.5). The constants used for the calculations are listed in Table 9.6.

Figure 9.10  Electron micrographs of silver chloride crystals (carbon replica) obtained at steady 
state. Residence time 5.0 min, 60°C, pAg 6.45, 2.4% gelatin, suspension density 0.1 mole/l.

Reaction conditions: 60°C, 
pAg 6.45
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Figure 9.11  Silver chloride crystal size distribution for residence times varying from 0.5 
to 5.0 min. (60°C, pAg 6.45, 2.4% gelatin).
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Results and Discussion

The new model makes a number of predictions that were tested with the experimen-
tal results:

	 1.	The average crystal size is independent of addition rate and suspension 
density.

	 2.	The size-dependence of the average crystal size on residence time can be 
modeled using the equations given.

	 3.	The average crystal size has a final value at zero residence time.
	 4.	The maximum growth rate, the critical crystal size, the supersaturation 

ratio and the supersaturation, and the ratio of nucleation to growth of the 
system can be determined at steady state.

Crystal Size, Addition Rate, and Suspension Density

The model predicts that the average crystal size is independent of the reactant addi-
tion rate and by implication of the suspension density and reaction volume. This is 
supported by the results in Table 9.5 and Figure 9.12, which show that the average 
crystal size did not significantly vary over a range of addition rates from 0.005 to 
0.04 mol/min and a range of suspension density from 0.05 to 0.40 mol/l. At the same 
time, the total crystal number in the reactor, Zt, increased proportionally to the molar 
addition rate.

Experiments 2 and 3 have the same suspension density but vary by a factor of 2 
in molar addition rate; however, the average crystal size and the decade ratio are not 
significantly different. In these experiments, the doubling of the addition rate leads 
to a doubling of the total crystal number.

Similarly, Experiments 3 and 4 have the same molar addition rate but vary in the 
suspension density by a factor of 2, while producing the same average crystal size 
and total crystal number.

Table 9.6
Constants Used in the Calculations

Constant Value Comment

kv 1.0 cubic

ks 6.0 cubic

g 52.2 ergs/cm2

D 1.60 × 10-5 cm2/s

Vm 25.9 cm3/mol AgCl

Cs 6.2 × 10-9 mol/cm3

Rg 8.3 × 107 erg/deg - mol

T 333 K/60°C
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The invariance of crystal size with suspension density is confirmed by the statis-
tics in Equation (9.52). The linear correlation of crystal number versus suspension 
density is similarly supported by Equation (9.53). In summary, these results confirm 
the prediction of the theory that the crystal number is independent of suspension 
density and by implication independent of the population density.

	 Size 0.337 0.009 m= ± µ 	 (9.52)

	

Z (6.66 0.09)10 *Suspension Density(mole/l)

All

14= ±

error limits equal one standard deviation; R2 == 0 9956.
	 (9.53)

Table 9.5 shows that the width of the crystal size distribution, as measured by 
decade ratio (d.r.), increased with increasing suspension density. This is indicated 
by Experiments 2 and 3 where for Experiment 3 the molar addition rate (and reactor 
volume V0) was doubled while the suspension density was held constant. The value 
of d.r. is the same, indicating that the suspension density, not the molar addition rate, 
affects the width of the crystal size distribution.

Experiments 3 and 4 have the same addition rate, but Experiment 4 has half 
the reactor volume and flow rate, so that it has twice the suspension density of 
Experiment 3. The experiment with the higher suspension density (Experiment 4) 
has the wider crystal size distribution. This reinforces the direct relationship between 
suspension density and width of crystal size distribution. The unusually wide size distri-
bution of Experiment 5 is probably due to some undetermined experimental deviation.

The crystal size distribution is governed by two different reactions: For crystals that 
are larger than the stable crystal size, growth is dominated by the maximum growth 
rate. This part of the crystal population can probably be described by the Randolph-
Larson model, which is based on the maximum growth rate of the crystals.

The crystals that are smaller than the stable crystal size also grow at maximum 
growth rate, but also disappear at some rate by Ostwald ripening. Ostwald ripening 
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Figure 9.12  Crystal size and number as a function of suspension density.
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is the process by which larger crystals increase in size (“ripen”) at the expense of 
the dissolution of smaller ones. The critical crystal size at which a crystal has equal 
probability to grow or dissolve by Ostwald ripening can be determined by the pres-
ent model and experiments from the factor Ψ.

In addition, it was determined that in controlled double-jet precipitations, the 
maximum growth rate nonlinearly decreases with increasing crystal size.

It was shown that the maximum growth rate increases under crowded conditions 
when the crystal population density is very high and where the diffusion layers of 
the crystals overlap.23,27,28 This effect may depend on the crystal size and the state of 
supersaturation in the reactor and thus may contribute to the increase in crystal size 
distribution with increasing suspension density.

Since two different reaction mechanisms, growth and the Ostwald ripening effect, 
are differently effective for the different fractions of the crystal size populations, it 
can be anticipated that the shape of the resultant crystal population might not be 
symmetrical. 

The result that the average crystal size is independent of molar addition rate and 
suspension density allows adding the result from Table 9.5 to those of Table 9.4 for 
the correlation of crystal size with residence time.

Crystal Size and Residence Time

The results from Tables 9.4 and 9.5 were combined and plotted in Figure 9.13. A 
linear least squares evaluation using L and 1.0/L2 based on the predicted size/t cor-
relation results in Equation (9.54), where t is in minutes and L in mm.

	

τ = ±( ) - ±( )

=

11.88 0.77 L
0.1026 0.0214

L2

R2 0 984.
	 (9.54)

The error limits (one std. deviation) show that the model and experimental results are 
in agreement. Further, the results show that at low residence times, the crystal size 
does not decrease to zero.

In Figure 9.13, the solid line is given by Equation (9.54). The linear correlation 
(dashed line) represents the linear L/t correlation for large crystal sizes.

Maximum Growth Rate, Gm

From Equation (9.54), the maximum growth rate was calculated to Gm = 28.1 × 
10-3 mm/min, or 4.68 A/s. This is in good agreement with the results by Strong 
and Wey, who determined the maximum growth rate of AgCl in controlled double-
jet precipitations to between 4.25 and 1.20 A/s for grain sizes between 0.209 and 
0.700 mm.26 This suggests that the growth rate, Gm, may be obtained independently 
from continuous precipitations to be used for the calculations in the present theory. 
In the double-jet precipitations Gm can be determined as a function of crystal size, 
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since the crystal size distribution is very narrow. In the present precipitations, Gm is 
the average of the maximum growth of a relatively wide crystal size distribution.

Minimum Crystal Size (t->0)

This value of 0.205 mm is essentially the same as determined for t = 0.5 min, 
0.207 mm.

Determination of Ψ and L/Lc, Supersaturation 
Ratio, S*, and Supersaturation, Css

The parameters in Table  9.6 were used to calculate Ψ (5.73 × 103) and L/Lc 

(~5.73 × 103), the ratio of average to critical crystal size. The accuracy of the calcu-
lated results is affected by the constants in Table 9.6, especially uncertainties of the 
values of surface energy, g, diffusion coefficient, D, and solubility, Cs.

In Table  9.7, the critical crystal size, Lc, the supersaturation ratio, S*, and the 
supersaturation, Css, during steady state are listed as a function of residence time, t. 
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Figure 9.13  Crystal size of silver chloride crystals (mm cubic edge length) as a function of 
residence time (min), 60°C, pAg 6.45, 2.4% gelatin.
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The data show that the critical crystal size increases with residence time while the 
supersaturation and supersaturation ratio decrease.

If one adds 1.0 mol/l silver nitrate to a solution where the solubility is 6.2 × 10-6 
mol/l, as in the present experiments, a theoretical supersaturation ratio of 1.60 × 105 
is calculated at the silver nitrate entry point.1 In stop-flow experiments, Tanaka and 
Iwasaki estimated that the size of the primary nuclei formed in AgCl precipitations 
was about (AgCl)8.29 Thus, the difference between the theoretical (1.60 × 105) and 
actual supersaturation ratio (14.6 - 28.1) in this system indicates that Ostwald ripen-
ing involving metastable nanoclusters may play a significant role in the nucleation/
growth mechanism.

The supersaturation data, S*, for the present CSTR system are substantially 
higher than those reported for controlled batch double-jet precipitations under the 
same conditions (Table 9.8) as reported by Leubner30 and Strong and Wey,26 who 
reported values of S* of approximately 1.02 and 1.09, and values for L/Lc of 0.54 
and 4.2. For comparison of the systems, an average crystal size of 0.5 mm was 
used.

Table 9.7
Critical Crystal Size, Supersaturation, and - Ratio as a Function of 
Residence Time

Residence 
Time (min)

Cubic Edge 
Length (mm)

Critical Crystal 
Size, Lc (mm × 10-5)

Supersaturation 
Ratio, S*

Supersaturation, 
Css (mol/cm3 × 10-8)

0.5 0.207 3.61 28.1 18.0

1.0 0.263 4.59 22.3 14.5

3.0 0.337 5.88 17.6 11.6

5.0 0.413 7.21 14.6 9.65

Ψ = 5.73 × 103; for experimental conditions see Table 9.1.

Table 9.8
Calculated Experimental Constants and Variables for CSTR and Batch 
Precipitations of AgCl

Variable CSTR Batch Comment Variable Ref. no.

Max. growth rate 4.68 1.20–4.25 A/s Gm b

Aver./critical 
size ratio

5.73 × 103 0.54 --- L/Lc a

Supersaturation ratio 12.2 1.02–1.09 for L = 0.5 mm S* a, b

Supersaturation 8.2 × 10-8 12.7 × 10-9 mol/cm3 Css

Ψ = 5.73 × 103; References for batch precipitations: (a) I. H. Leubner,30 (b) R. W. Strong and J. S. Wey.26
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The higher values of L/Lc and S* for the CSTR versus the batch system indicate 
that during steady state, the balance between maximum growth and renucleation 
stabilizes much smaller critical crystal sizes than the batch double-jet precipitation. 
This is also supported by the wider crystal size distribution in the CSTR system.

However, the absence of very small crystals in the product suggests that upon 
removal of the high supersaturation in the product stream the small initial crystals 
rapidly dissolve by Ostwald ripening to produce the observed crystal size distri-
butions. This is in agreement with simulations of the effect of Ostwald ripening 
on the crystal size distribution in batch precipitations by Tavare.31 Unfortunately, 
this author did not provide experimental evidence for his simulations. The effect of 
Ostwald ripening and growth restraining agents on the crystal nucleation in batch 
precipitations was modeled and experimentally supported by the author.2,3

Nucleation versus Growth, Rn/Ri

The model was used to calculate the ratios, Rn/Ri, and the values of Rn and Ri (as a per-
cent of R0) as a function of residence time, t, and average crystal size, L. The results 
are listed in Table 9.9. The data show that at short residence times, nucleation (high Rn) 
is dominant, while at long residence times, growth (high Ri) dominates the reaction.

Nascent Nuclei Size

The sizes of the nascent nuclei, Ln, were calculated and are included in Table 9.9. The 
sizes of the nascent nuclei are independent of residence time with an average size of 
0.205 +/-0.012 mm. This size range is the same as determined for the limiting crystal 
size for the plug-flow reactor, 0.205 mm.

As a consequence of the relatively stable size of the nascent nuclei, their size 
relative to the steady-state average crystal sizes decreases with increasing residence 
time. Thus, at the 0.5 min residence time, the size of the nascent nuclei is about 

Table 9.9
AgCl Crystal Nucleation and Crystal Growth Reactant Rates, and Nascent 
Nuclei Sizes

Residence 
Time (min)

Cubic Edge 
Length, L 

(mm) Rn/Ri Rn (% of R0) Ri (% of R0) Ln (mm) % Ln (% of L)

0.5 0.207 4.79 82.7 17.3 0.194 93.9

1.0 0.263 1.48 59.7 40.3 0.221 84.2

3.0 0.337 0.30 23.1 76.9 0.207 61.4

5.0 0.413 0.12 10.7 89.3 0.196 47.5

Rn = fraction of reactant input rate consumed for crystal nucleation, Ri = fraction consumed for crystal 
growth at steady state. Ln = size of nascent nuclei, 0.205 +/- 0.012 mm, %Ln = % of nascent 
nuclei sizes versus average size. Reaction conditions: AgCl, 60°C, pAg 6.45, 2.4% gelatin.
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93.9% of the final crystal size, while for 5.0 min residence time, it is only about 
47.5% of the final crystal size.

Conclusions

The BNG theory for continuous crystallization was tested for continuous precipita-
tions of silver chloride, where the residence time was varied from 0.5 to 5.0 min-
utes. Reaction addition rates, reaction volume, and suspension density were varied. 
Solubility, temperature, and gelatin concentrations were held constant.

The BNG model predicts that the average crystal size is independent of reac-
tant addition rate, suspension density, and reaction volume. This was supported with 
experiments at 3 minute residence time where the molar addition rate was varied 
from 0.005 to 0.040 mol/min, the suspension density from 0.05 to 0.40 mol/l, and the 
reaction volume from 300 to 1,000 ml. Unexpectedly, the width of the crystal size 
distribution (given by the decade ratio) increased with suspension density from 2.45 
to 3.25, but was independent of reactant addition rate and reaction volume.

The model predicted that when the residence time approaches zero, the average crys-
tal size approaches a limiting value larger than zero. For the present AgCl precipita-
tions, the limiting value for zero minute residence time was calculated to about 0.205 
mm. Between the residence times 0.5 and 5.0 minutes, the average crystal size varied 
from 0.207 to 0.413 mm. The condition where the residence time approaches zero is 
similar to that obtained during nucleation in plug-flow reactors and thus predicts a lower 
limit of average crystal size for the CSTR and plug-flow systems of about 0.205 mm.

The model also allowed calculating the fractions of the input reactant stream, R0, that 
are used for nucleation, Rn, and for growth, Ri. The ratio, Rn/Ri, decreased with increas-
ing residence time from 4.79 to 0.12. This indicates that with increasing residence time, 
more of the reactant input stream is consumed for growth than for nucleation.

The average crystal size of the nascent (newly formed) crystals, Ln, was independent 
of all reaction conditions that were varied, with an average value of 0.205 +/ -0.012 mm. 
This size is the same as extrapolated for the plug-flow condition (t -> 0) of 0.205mm.

It should be noted that most of the information quantitatively obtained from the BNG 
model and experiments has not been available from previous models and theories.

In the following section, the BNG model will be tested for the effect of crystal 
solubility on the crystal size in continuous silver chloride precipitations.

Size Dependence on Solubility 
in Continuous Precipitations

Summary

Nano crystals of silver chloride in the range 340–520 nm were prepared by vary-
ing the crystal solubility in a controlled continuous CSTR (MSMPR) crystal-
lizer. The BNG model was used to correlate the average size with solubility. The 
solubility of silver chloride was varied from 0.81 to 8.3E-06 mol/l (60°C, 3.0 
min residence time) with a correlation coefficient of 0.9996 between model and 
crystal size.

K10344.indb   153 8/20/09   6:40:50 PM



154	 Precision Crystallization: Theory and Practice of Controlling Crystal Size

The experiment and model calculated the average maximum crystal growth rate 
(0.85 nm/s), the ratio of critical to average crystal size to 0.39, the nascent crystal 
size to 130–300 nm; critical crystal size to 130–200 nm, supersaturation ratio to 
1.0049–1.0075, and the reactant split ratio between nucleation (Rn) and growth (Ri) 
to Rn/Ri from 0.06 to 0.26.

It was shown in the previous section that the average crystal size is independent 
of reactant addition rate, suspension density, and reaction volume.

Introduction

In crystallization processes and for the control of crystal size, growth, and design, 
the control of crystal nucleation is a crucial first step in research, product devel-
opment, and manufacturing. For this purpose, the balanced nucleation and growth 
model (BNG) was developed.1 In the previous sections, we have shown how the BNG 
model provides a fundamental model to control crystal nucleation and growth in 
continuous crystallizations. The strength of the BNG model is based on engineering 
control variables and the properties of the precipitate.4,7,14,22 In this section, experi-
mental results are presented for the control of crystal size by varying the crystal 
solubility to support the model.

The BNG Model for the CSTR System

The present alternate model for size control in continuous crystallizations is based 
on the balanced nucleation and growth (BNG) model. This model quantitatively cor-
relates the maximum crystal size at steady state with the precipitation temperature, 
product solubility, and reactant addition rate (Equation [9.55]). This model was sup-
ported by experiments where the residence time, t, was varied.8

	
k R L T 2k DV C 3k R G L T 0v g

3
s m

2
s v g m

2- - =γ τΨ 	 (9.55)

Gm and Ψ may be functions of T, Cs, and t. Ψ is defined in Equation (9.56), where 
L is the average crystal size. Lc is the critical crystal size, which in the crystallization 
system has equal probability to grow or dissolve.

	
Ψ = -L

L
1.0

c

	 (9.56)

The complexity of Equation (9.55) does not allow determining both Gm and Ψ for 
a single reaction condition. The determination of Gm and Ψ for a given variable/size 
combination may be achieved if the aim condition is bracketed by the symmetrical 
condition. Average values of Gm and Ψ can be calculated for a set of adjacent deter-
minations, and trends of these parameters may be obtained. Because of the limited 
number of experiments available in the present and previous work, only average 
values of Gm and Ψ were obtained.
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Size Control by Crystal Solubility

The Solubility Model
Equation (9.55) was solved to Equation (9.57) to correlate solubility, Cs, with crystal 
size, L. The same method was previously applied to model the correlation between 
residence time and crystal size.8

	

C
k R T

2k DV
L 3G Ls

v g

s m
2

3
m

2=






-( )γ

τ
Ψ

	 (9.57)

	
Limits L L , C Cm s m≥ ≥

Equation (9.57) implies that the solubility can achieve a value of zero. However, 
Figure 9.14 shows that for AgCl, the solubility goes through a minimum, Cm, and 
does not equal zero at any condition.

In addition, the minimum size, Lm, is limited by the minimum solubility, and only 
the minimum and larger sizes will be correctly modeled. Nevertheless, Equation 
(9.57) allows the calculation of a finite solubility for the condition L = 0.

To give a meaningful correlation for the case presented for AgCl (Equation [9.57]), 
the solubility for the condition L = 0, C0, must be added (Equation [9.58]). This addi-
tion is forced by the correlation of solubility on the second and third orders of size 
and the solubility property of AgCl, which does not include Cs = 0.

	

C C
k R T

2k DV
L 3G Ls 0

v g

s m
2

3
m

2= +






-( )γ

τ
Ψ

	 (9.58)

Equation (9.58) be can simplified by introducing an intermediate constant, K 
(Equations [9.59] and [9.60]). K is related to Ψ, which may be dependent on solubil-
ity. Thus, K may vary with solubility in relationship to Ψ. As discussed above, in 
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Figure 9.14  AgCl Solubility and crystal size versus pAg (-log[Ag+]).
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the present experimental case, maximum growth rate, Gm, and Ψ values are average 
values over the solubility range, and thus K is a constant for these considerations.

	
C C KL 3G KLs 0

3
m

2= + - τ 	 (9.59)

where

	
K

k R T

2k DV
v g

s m
2=

γ Ψ 	 (9.60)

To solve Equation (9.59), a multivariate model was used to correlate crystal size 
to solubility.

	
C a a L a Ls 0 1

3
2

2= + + 	 (9.61)

Here, a0 represents the extrapolated solubility for L = 0, C0, and a1 is equal to K.
The fit of data to Equation (9.59) provides K, from which Ψ is obtained by solving 

Equation (9.60) for Ψ (Equation [9.62]).

	
Ψ =

k R T

2k DV K
v g

s m
2γ 	 (9.62)

The factors a1 and a2 were used to determine the average maximum growth rate, 
Gm (Equation [9.63]).

	
G

a

3 am
2

1

=
τ 	 (9.63)

Two limiting conditions can be derived from Equation (9.57). The first is extrapo-
lation to zero solubility (Equation [9.64]). This approximation is only allowed if Cs 
experimentally approaches zero. Under these conditions (which are not met by the 
solubility properties of AgCl), this extrapolation indicates that the size would have a 
limiting value for zero solubility.

For the AgCl system, the lowest solubility is greater than zero, and thus for the 
minimum solubility condition a size larger than L0 is predicted.

	
L L 3G0 m→ = τ 	 (9.64)

Another extrapolation is obtained for the condition given in Equation (9.65).

	 For L >> 3Gmt	 (9.65)

	

L
2k DV

k R T
*C

C

K
3 s m

2

v g
s

s= =
γ Ψ

	 (9.66)

This extrapolation (Equation [9.66]) predicts that at large crystal sizes (as defined), 
L increases linearly with solubility.
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Solubility

The solubility of crystals is given by the sum of the concentrations of all soluble spe-
cies in solution that contain the reaction-determining ion, and that participate in the 
growth of the crystals.

In the case of silver chloride, the precipitation is generally performed with chlo-
ride excess, so that the silver ion is the reaction-determining ion. Under these reac-
tion conditions, the concentration of growth-determining silver ion, the solubility 
of the AgCl crystals, Cs, is given by the concentrations of free silver ion, of silver 
chloride molecules in solution, and of silver chloride, AgClm

1-m, complexes in solu-
tion as shown in Equation (9.67).

	
C Ag AgCl AgCl AgCl Ags 2 3

2
4
3= + +   +   +  + - - -[ ] [ ]  	 (9.67)

The necessary constants to calculate the concentrations of these species are avail-
able from the literature and are compiled in Table 9.10.32,33

Experimental

The experimental design for a standard precipitation is shown in Table 9.11. Variations 
from these conditions are listed in Table 9.12. The steady state for crystal size and 
size distribution is only established after eight to 12 residence times, and the samples 
for size determination were pulled after 12 residence times.10 Longer reaction times, 

Table 9.10
Constants for AgCl Solubility Calculation

Component Km,n (25°C) ΔH (kcal/mol)

[ ]Ag+ 10-pAg

[ ]AgCl 10 3 3- . -2.7

AgCl2
-  10 5 25- . -3.9

AgCl3
2-  10 5 7- . -5.8

AgCl4
3-  10 5 4- . -13.9

K Ag Clsp = + -[ ][ ]
K

Ag Cl
Ag Clm,n

+ m n

m n
m n= =
-

-
[ ] [ ]
[ ]

;m 1

logKsp (3206 42)/T(K) (1.17 0.14)= - ± + ±

pAg
(599 mV) (T(C) 25)*0.129

(273 T(C))*0.198
= - - -

+

T(K) = 273.15 + degC; T(C) = °C, mV = EMF
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up to 50 residence times, did not show significant changes from these results. The 
experimental results are included in Table 9.12.

The solubility was varied by adjusting the pAg (-log [Ag+]) in the reactor with 
sodium chloride. The pAg, which represents the activity of free silver ions in solu-
tion, was measured via the electromotive force (EMF) versus a reference electrode as 
indicated in Table 9.12. The size and size distribution was determined using a Joyce-
Loebl disk-centrifuge system.17 The reported sizes, which are given in equivalent 
circular diameter, were converted to cubic edge length by multiplying with the geo-
metric factor 0.86.

Table 9.11
Experiment: CSTR Precipitation Procedure for AgCl

300 ml Reaction volume (CSTR crystallizer)

2.4% Gelatin in distilled water

60°C

EMF = 170 mV, silver versus silver/silver chloride (4.0 N KCl) reference electrode

3.0 min Residence time

10 ml/min Reactant flow rate (AgNO3, NaCl)

1.0 mol/L Reactant concentration

80 ml/min Gelatin flow rate

0.10 mol/L AgCl Suspension density

Samples were collected after 12 residence times

Crystal size analysis by Joyce-Loebl disc centrifuge

The solubility was adjusted with sodium chloride to aim pAg

Table 9.12
Experimental Variations, Crystal Size, and Number

pAg
Reaction 

Volume (mL)

Reactant 
Concentr. 
(Mol/L)

Reactant 
Flow Rate 
(mL/min)

Suspension 
Density 
(M/L)

Size  
(cel, mm)

Crystal no. 
(Z × E +14)

7.8 300 1.0 10 0.100 0.516 0.19

7.1 300 1.0 10 0.100 0.399 0.41

6.4 300 0.5 10 0.050 0.327 0.37

6.4 600 1.0 20 0.100 0.337 0.68

6.4 300 1.0 10 0.100 0.350 0.60

6.4 300 2.0 10 0.200 0.331 1.42

6.4 300 3.0 10 0.300 0.333 2.10

6.4 300 4.0 10 0.400 0.344 2.55

5.9 300 1.0 10 0.100 0.353 0.59

5.4 300 1.0 10 0.100 0.369 0.52
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Results

Suspension Density
It was shown in the previous section discussing the effect of residence time, t, that 
crystal size and number are independent of suspension density. The appropriate 
experiments are included in the present data.

Size-Solubility Correlation
Equation (9.57) predicts that in the CSTR crystallizer, the crystal size depends on 
the solubility, and the crystal number is varied by varying the suspension density. In 
contrast, for batch precipitations, the crystal number depends on the solubility, and 
the crystal size is a function of the amount of precipitated mass.30

In Figure  9.14, crystal size and solubility are plotted versus pAg. This plot 
shows that crystal size and solubility are related. For instance, both solubility and 
crystal size go through a minimum at about pAg 6.4, and are higher at lower and 
higher pAg.

To derive the correlation between size and solubility from the BNG model, the 
experimental data in Table 9.12 were analyzed using multivariate analysis according 
to Equation (9.61). According to Equation (9.59), a0 is equal to the condition where 
L = 0. The results of the modeling are shown in Equation (9.68). The standard devia-
tions and the correlation coefficient indicate excellent correlation of the data with 
the model.

	
C (44.4 5.53)*10 (2.607 0.155)*10 L (1.199s

6 9 3= ± + ± - ±- 00.0996)*10 L5 2

	 (9.68)
	 L (cm) cubic edge length (cel), Cs (mol/l); R2 = 0.9996

The plot of the experimental data and the modeling fit, size versus solubility, are 
shown in Figure 9.15. The plot is in agreement with the model, which predicts that 
at low concentrations the size does not approach zero (Equation [9.64]). Further, as 
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Figure 9.15  Model: Crystal size and model fit versus solubility.
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predicted by the model, the correlation approaches linearity with solubility at larger 
sizes (Equation [9.65]).

The necessary constants to calculate the derived parameters are listed in 
Table 9.13.

The coefficient of L3, a1, is equal to K, and this allowed calculating an average 
value for Ψ of 1.57 (Equation [9.62]). From Ψ, an average of Lc/L to 0.389 was 
obtained. The coefficients of L3, a1, and L2, a2, were used to calculate the average 
maximum growth rate, Gm, to 8.52 A/s (Equation [9.63]). The results of the model 
calculation, the average maximum growth rate (Gm), average stability constant (Ψ), 
S* factor, and reactant split factor (Rn/Ri), are collected in Table 9.14.

Since the average crystal size, L, is available from the experiment, the critical 
crystal size is calculated for each reaction condition according to Equation (9.69).

	 L* 0.389*L= 	 (9.69)

From Lc, the critical crystal size, S*, the supersaturation ratio, was calculated for 
each reaction condition.62 The S*- and Rn/Ri factors were used to calculate S* and 
Rn/Ri for each experiment.

Table 9.13
Constants for Model Calculations

Constant Value Comment

kv 1.0 Cubic, volume constant

ks 6.0 Cubic, surface constant

γ 52.5 erg/cm2

D 1.60E-05 cm2/s

Vm 25.9 cm3/mol, AgCl

Rg

8.31E07
1.987

erg/deg × mol
cal/deg × mol

T 333 K/60°C Temperature

Table 9.14
Calculated Model Parameters

Parameter Value Comment

Gm 8.52 (A/s) Maximum growth rate

Ψ 1.57

Lc/L 0.389 Critical/average size

Rn/Ri Factor 8.34E-6 × (Cs /L2 ) Ratio of nucleation to growth

S* Factor 1.0 + (9.83E-08)/Lc Supersaturation ratio
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The experimental and the modeling results are compiled in Table  9.15 for all 
experiments. This includes the calculated results as a function of solubility of criti-
cal, Lc, and nascent, Ln, crystal size, the supersaturation ratio, S*, and the reactant 
split ratios, Rn/Ri, Rn/R0, and Ri/R0.

Experimental, Critical, and Nascent Crystal Sizes, L, Lc, and Ln

The experimental, critical, and nascent crystal sizes, L, Lc, and Ln, are plotted ver-
sus solubility in Figure 9.16. All crystal size types increase with increasing solubil-
ity. The critical and nascent crystal sizes are significantly smaller than the average 
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Figure 9.16  Size, L, critical size, Lc, and nascent size, Ln, versus solubility.

Table 9.15
Derived Parameters: Critical, Lc, and Nascent, Ln, Crystal Size; 
Supersaturation Ratio, S*; and Reactant Split Ratios, Rn/Ri, Rn/R0, Ri/R0

pAg
Solubility 

(mol/l)
Size 

(cel, mm)
Lc 

(mm) Ln (mm) S* Rn/Ri Rn/R0 Ri/R0

7.8 8.30E-05 0.516 0.201 0.305 1.0049 0.260 0.207 0.793

7.1 2.00E-05 0.399 0.155 0.182 1.0063 0.105 0.095 0.905

6.4 8.10E-06 0.337 0.131 0.129 1.0075 0.060 0.056 0.944

6.4 8.10E-06 0.327 0.127 0.128 1.0077 0.063 0.059 0.941

6.4 8.10E-06 0.350 0.136 0.131 1.0072 0.055 0.052 0.948

6.4 8.10E-06 0.331 0.129 0.128 1.0076 0.062 0.058 0.942

6.4 8.10E-06 0.333 0.130 0.128 1.0076 0.061 0.057 0.943

6.4 8.10E-06 0.344 0.134 0.130 1.0073 0.057 0.054 0.946

5.9 9.00E-06 0.353 0.137 0.136 1.0072 0.060 0.057 0.943

5.4 1.20E-05 0.369 0.143 0.151 1.0069 0.074 0.069 0.931

pAg 6.4 Average 0.337 0.131 0.129 1.0075 0.060 0.056 0.944

Std. dev. 0.009 0.003 0.001 0.0002 0.003 0.003 0.003
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crystal size. At the lowest solubility, Lc and Ln are virtually equal. Above the mini-
mum solubility, the nascent crystal size, Ln, is larger than the critical crystal size, 
Lc, and their separation increases with increasing solubility. The critical crystal size, 
Lc, has equal probability to grow or dissolve under the reaction conditions. Thus, the 
nascent crystal size, Ln, has a higher than equal probability to grow. The modeling 
results are thus in agreement with the expectations.

Supersaturation Ratio, S*
The supersaturation ratio, S*, is plotted versus solubility in Figure 9.17. The value of 
S* decreases with increasing solubility.

The supersaturation ratio for the experiments spans a range of 1.0049 to 1.0077. 
Lower supersaturation ratios were associated with higher solubility. The range 
indicates that the supersaturation is 0.49 to 0.77 percent higher than the saturation 
solubility.

Reactant Split Ratios, Rn/Ri, Rn/R0, and Ri/R0

The reactant split ratios, Rn/Ri, Rn/R0, and Ri/R0, are shown as a function of solubil-
ity in Figure 9.18 and in Table 9.15. The plot shows that the reactant split increases 
with increasing solubility. This indicates that at higher solubility, more reactant goes 
into nucleation and less into crystal growth. This may be related to the observa-
tion that the nascent crystal size, Ln, increases with solubility, and thus more of the 
incoming reactant stream is needed for nucleation (Figure 9.18).

Conclusions
The extension of the BNG model to the CSTR crystallizer resulted in an equation 
that relates crystal size and reaction conditions and is free of arbitrary parameters.
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Figure 9.17  Supersaturation ratio, S*, versus solubility.
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In the present study, the correlation between crystal size and solubility was deter-
mined for the continuous precipitation of silver chloride. The values of two param-
eters, which are initially not known, Ψ, a factor related to the supersaturation ratio, 
and Gm, the maximum growth rate, are obtained from the combination of model and 
experiments. The value of Ψ allows calculating the supersaturation during steady 
state, and thus Ψ has a defined physical meaning. Individual values of Gm and Ψ for 
each solubility condition may be obtained by selectively designing solubility condi-
tions. In the context of the present experiments, such data were not available, and 
average values of Ψ and Gm were obtained.

For the silver chloride system, the average maximum growth rate, Gm, was deter-
mined to 8.52 A/s. The average of the parameter Ψ is 1.57. It is directly related to 
the ratio of average to critical crystal size, L/Lc, from which the critical crystal size, 
Lc, was obtained (range 0.137–0.201 mm). The critical crystal size, Lc, is related to 
the supersaturation at steady state, which was calculated to vary between 1.0049 and 
1.0075. Lc increases with solubility.

The model allows calculating the size of the nascent crystals, Ln, which are 
the initial stable crystals during the nucleation process. The size of Ln was found 
to increase with solubility from 0.129 to 0.305 mm. As anticipated, Ln is larger 
than Lc.

The reactant split ratio of incoming reactant used for nucleation and growth could 
be determined using the present model. The ratio of Rn/Ri increased from 0.060 to 
0.260 with increasing solubility. From this ratio, the fraction of Rn and Ri versus R0 
(the incoming reaction stream) could be calculated (Rn/R0 and Ri/R0).

The predicted third-order correlation between solubility and crystal size was con-
firmed (correlation coefficient R = 0.9996). Since the AgCl solubility goes through 
a minimum and does not include zero solubility, an intercept was included, which 
represents the solubility where the crystal size is extrapolated to zero (L = 0). The 
zero-size condition cannot be obtained for the precipitation of AgCl.
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Figure 9.18  Reactant split ratios, Rn/Ri, Rn/R0, and Ri/R0 versus solubility.
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The present experiments confirm the predictions of the BNG-based model for 
continuous crystallization for the correlation between crystal size and crystal solu-
bility. These results add to the previous confirmation of the predictions for the size 
dependence on residence time, t. Together, these confirmations of the BNG-based 
continuous crystallization model make it a useful model to correlate crystal size to 
variations of precipitation conditions.
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10 Crystal Growth in the 
Continuous Crystallizer

Seeded Precipitations in the Continuous 
Stirred Tank Reactor Crystallizer

Summary

Growth of crystals in a continuous stirred tank reactor (CSTR) may be used to increase 
the size and broaden the size distribution of the seed crystal population; it can also 
provide graded surface coverage of the crystals and modify their morphology. This 
chapter provides tools to achieve these aims using designed experiments, and to con-
trol growth and crystal size distribution of a seed crystal population when no sponta-
neous nucleation (renucleation) takes place. The growth of crystals in seeded CSTR 
crystallizers is modeled as a function of the addition rate of the seed crystals, seed 
crystal size and number, morphology, growth rate, and residence time.

The modeling focuses on predicting the reactant addition rate necessary for the 
controlled growth of the seed crystal population as determined by these parameters. 
To obtain constant growth rates of the crystal growth in the seeded CSTR crystal-
lizer, the results predict that the reactant addition rate must be nonlinearly adjusted 
for seed size, growth rate, and residence time, and linearly for seed number. The 
modeling thus gives information for the control of the growth process in seeded 
CSTR crystallizers. The determination of the addition rate by the present model 
gives the experimenter a tool to precisely predetermine the size and size distribution 
of the crystal population in a seeded growth CSTR crystallizer at steady state.

Introduction

Crystallization in continuous stirred tank reactor (CSTR, or mixed-suspension mixed-
product-removal, MSMPR) crystallizers is important for the production of crystalline 
materials.1 This process has generally been discussed under the assumption of sponta-
neous nucleation. In the case of spontaneous nucleation, the competition of growth and 
nucleation determines the growth rate of the crystal population. The BNG model, as 
discussed in the previous chapters, correlates the maximum crystal size with the reac-
tion conditions. In contrast, the Randolph-Larson (R-L) model focuses on the dispersity 
of the crystal population as determined by the growth rate and the residence time. The 
growth rate is determined from the crystal size distribution at steady state and the resi-
dence time. A nucleation rate is determined by extrapolation to zero crystal size. 1,2,3

The process of seeded CSTR crystallization is a variation of the CSTR crystal-
lization in which spontaneous nucleation is replaced by controlled addition of (seed) 
crystals. If spontaneous nucleation is suppressed, the seed crystals will grow during 
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steady state at constant growth rates. The growth rate of the seed crystals below the 
maximum growth rate is determined by seed addition rate, seed size and morphol-
ogy, reactant addition rate, and residence time. Due to the dispersion of residence 
time of the crystals in the reactor, the crystal size distribution will widen.

 It appeared that no model had been developed to explicitly relate the growth rate 
in the seeded CSTR crystallization to the reactant addition rate. Thus, a model was 
developed where the growth rate was explicitly related to seed addition rate, seed 
size and morphology, reactant addition rate, and residence time. The knowledge of 
the growth rate and the residence time allows predicting the crystal size distribution 
at steady state.4

An example for a seeded CSTR (MSMPR) reactor is shown in Figure 10.1 for the 
continuous growth of silver bromide, AgBr. The reactants, silver nitrate (AgNO3) and 
sodium bromide (NaBr), the AgBr crystal seeds, and an aqueous solution of gelatin 
are added at controlled flow rates to the reactor. To control the residence time, prod-
uct removal is at the same flow rate as the sum of input flow rates. The procedure will 
be discussed in greater detail under experimental considerations. Without adding 
AgBr seed crystals, the reactor will spontaneously form silver bromide crystals.5

Before presenting the proposed model for the seeded CSTR crystallizer, it may 
be useful to provide a background for the crystallization in continuous stirred tank 
reactor (CSTR) crystallizers with spontaneous nucleation.

Two independent models have been proposed by Randolph and Larson1 and 
Leubner.6 The model by Randolph and Larson (R-L model) is represented by 
Equation (10.1).1

	
n n exp

L

Gx 0
x= -



τ 	 (10.1)

NaBr

Gelatin Product: AgBr, NaNO3

AgNO3

AgBr, seeds

Figure 10.1  Schematic of seeded CSTR reactor: AgBr precipitation.
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Here, nx is the number population density of crystals (number/s cm3) with the size 
Lx, n0 is the population density of newly formed crystals (nuclei, nascent crystals) at 
steady state (birth rate, B0), G is the growth rate (dLx/dt), and t is the residence time 
of the reactor.

Nucleation rate, B0, and growth, G, are proposed to be linked by a power relation-
ship as shown in Equation (10.2). The exponent, i, determines the stability of the 
steady state, where i > 21 is predicted to cause instability.1

	 B ~ G0 i 	 (10.2)

The residence time, t, is defined as the reaction volume divided by the sum of 
the incoming (or outgoing) reaction streams. In this model, the growth rate, G, is 
determined by evaluating the slope of a plot of ln (nx/n0) versus Lx. It is assumed that 
the number density (number/cm3) is a rate-determining factor. In Equation (10.1), the 
nucleation rate, n0, is determined by extrapolation to Lx = zero. The growth rate is the 
result of the mass balance between reaction addition, nucleation, and growth. The 
R-L model does not explicitly relate the nucleation or growth rate to critical reaction 
conditions such as temperature, solubility, or reactant addition rate. In the previous 
chapters we presented an independent and different model based on the BNG model 
for the crystallization in the CSTR crystallizer for systems with homogeneous nucle-
ation.6 This model is an extension of the balanced nucleation and growth (BNG) 
model developed for semibatch precipitations.7 Equation (10.3) describes the average 
crystal size, L, as a function of the reaction conditions.

	
k L R T 2k DV C 3k G R TL 0v

3
g s m

2
s v m g

2- - =γ τΨ 	 (10.3)

Here, kv and ks are volume and surface shape factors that convert size to crystal vol-
ume and surface, respectively; L is the average crystal size of the crystal population at 
steady state; Rg is the gas constant; T (K) is the reaction temperature; g is the crystal 
surface energy; D is the diffusion constant of the reactants; Vm is the molar volume 
(cm3/mole of the crystal composition); Cs is the solubility of the crystals; Ψ is equal to 
(L/L* -1.0) where L is the average crystal size; L* is the (smaller) critical crystal size 
at which crystals have equal probability to grow or dissolve in the reaction system; 
Gm is the maximum growth rate of the crystals; and t is the residence time as defined 
under Equation (10.1). Solving Equation (10.3) for L leads to complicated third-order 
equations that are difficult to evaluate. As shown in the previous chapters, it is pref-
erentially solved for the reaction variables residence time, t, and solubility, Cs, which 
results in relatively straightforward equations that are more transparently solved.

Both the R-L and the BNG model assume spontaneous crystal nucleation.1,4 The 
present work is a continuation of the modeling of the crystallization in the CSTR 
system where spontaneous nucleation is replaced by designed continuous addition 
of seed crystals. For steady-state conditions, the crystal size distribution and growth 
rate will be related to the seeding conditions (size, morphology, number, and reac-
tion addition rate), residence time, and reactant addition rate. It will be assumed 
that growth of the seed crystals will fully repress the spontaneous formation of new 
nuclei (renucleation).8
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Seeded Crystallization in the CSTR System

Controlled crystallization in a CSTR crystallizer is a complex process in which a 
variety of variables must be closely controlled. An example is the continuous pre-
cipitation of silver halides as discussed in the previous chapters. The crystallization 
in the seeded CSTR crystallizer adds the controlled addition of the seed crystals and 
the variation of seed addition rate, seed size, and seed morphology.

In precipitations with spontaneous nucleation, continuous streams of reactants 
(silver nitrate and halide salt solutions) and an aqueous gelatin solution are fed into 
a well-stirred precipitation vessel, and product is simultaneously removed. During 
the precipitation, a constant reaction volume and constant reaction conditions (tem-
perature, solubility, and residence time) are maintained. The gelatin is a protective 
colloid that prevents agglomeration of the silver halide crystals. Silver halides have 
very low solubility, and the output stream consists of an aqueous solution of silver 
halide crystals, gelatin, and nitrate salts. The silver halide crystals have polydisperse 
size distribution but homogeneous morphology. The size is relatively symmetrically 
distributed around an average crystal size.

In the present experimental model, an additional input stream is added that con-
tains a monodisperse population of crystals with well-defined size and morphology, 
which are referred to as “seed crystals” or “seeds.” It is assumed that the seed crys-
tals will consume all incoming reactant material for growth. Their dissolution in the 
reaction mixture is suppressed by the supersaturation due to added growth material. 
The presence of the seed crystals will suppress spontaneous nucleation (renucle-
ation) until the reactant addition rate exceeds the maximum growth rate, Gm, of the 
crystal population. Renucleation was discussed, studied, and modeled for semibatch 
precipitations in Chapter 8 and may be applied when spontaneous nucleation adds to 
the growth of the seeds.

The experimental procedure for the study of seeded CSTR crystallizations is thus 
relatively straightforward. However, for the controlled precipitation and growth of 
crystals in the CSTR crystallizer, certain conditions are required:

	 1.	Reactor conditions, temperature, solubility of the crystalline material, and 
residence time must be closely controlled and held constant for the time of 
the experiment.

	 2.	Tight control of the residence time by control of input and output flow rates 
achieves constant reaction volume.

	 3.	Flow rates and reactant concentrations are tightly controlled to keep the 
suspension density constant and to provide controlled growth of the crystal 
population.

	 4.	Steady state of mass balance is reached in four to five residence times after 
the beginning of the reaction if the reaction volume is correctly adjusted at 
the start of the precipitation.

	 5.	However, steady state of growth and nucleation for unseeded crystalliza-
tions was obtained as late as eight to 12 residence times after the start of the 
precipitation, which is significantly later than that of mass balance.5
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	 6.	For seeded crystallizations, the number of added crystals, their size, and 
morphology must remain constant throughout the precipitation. This is in 
addition to tight control of the flow rate of the solution that contains the 
seed crystals. For practical purposes, the seeds may be contained in one 
of the other reaction streams, preferentially the one without reactants, for 
instance, in the case of silver halide precipitation in the stream contain-
ing gelatin. The high silver ion and halide concentrations in the reactant 
streams would dissolve seed crystals and result in uncontrolled seeding of 
the reactor (Figure 10.1).

	 7.	At steady state of mass balance, nucleation, and growth, there is a steady 
state of incoming seed crystals, and a steady-state distribution of growing 
crystals.

	 8.	For the modeling of the seeded CSTR crystallizer, the R-L model will be 
used as the starting base.

	 9.	To avoid multiple reaction zones, the shape of the reactor, stirring, and 
mixing must be controlled. Multiple reaction zones result in uncontrolled 
cycling of the system and thus non-steady-state reaction conditions, leading 
to uncontrolled dispersity of the product as a function of time.

Modeling the Seeded CSTR Crystallizer

At steady state, the number of incoming seed crystals (N0) that have not grown is 
given by their addition rate (crystal number/s, N/s). This is different from the number 
population, n0, in the Randolph-Larson model (Equation [10.1]), which is normalized 
to time and reaction volume (N0/s cm3). The number of crystals left after the time, t 
(= Nx), is given by Equation (10.4).

	
N N exp

t
t 0= -

τ 	 (10.4)

Here, t is the residence time. In Figure 10.2, the decrease of crystal number after 
seeding is shown for residence times of 1, 5, and 10t. The plots for t equal to 1 and 
5, showing that the “washout” of the seed population is complete after about five 
residence times if no new crystals are added.

During the time, t, the crystal population, Nx, has grown from the initial size L0 
to size Lx:

	
L L Gtx 0= + 	 (10.5)

This assumes size- and time-independent growth rate. If there is a known size or 
time dependence of the growth rate, this can be incorporated in Equation (10.5). The 
growth of a crystal is a function of the time that it resides in the reactor. The growth 
between addition of the crystals and their removal from the reactor thus provides a 
defined increase in crystal size. The time of growth is a function of the reactor resi-
dence time, t, as given in Equation (10.4).
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If Equation (10.5) is solved for t and inserted into Equation (10.4), then Equation 
(10.6) is obtained, which is a modified version of Equation (10.1) for seeded CSTR 
precipitations at steady state.

	
N N exp

L L

Gx 0
0 x=

-
τ 	 (10.6)

Equation (10.6) can be experimentally evaluated by plotting log Nx against Lx.
In Figure 10.3, this is modeled for residence times of 1, 3, 5, and 10t. A seed num-

ber of 20 × 109, seed size of 0.20, and growth rate of 0.050 were used.
The growth of the seed crystals is also determined by the addition rate of the reac-

tants. For monodisperse crystal systems in semibatch precipitations, the relationship 
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Figure 10.2  Decrease of seed crystal number, Nx, with time for t = 1, 5, and 10. Initial 
seed number N0 = 2.0 × 109.
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Figure 10.3  Size distribution, Ln(Nx), versus crystal size for t = 1, 3, 5, and 10 for an 
initial seed number of 20 × 109, seed size 0.20, and growth rate 0.050.
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between growth rate, G, and molar addition rate, R (mol/s), of the reactants is given 
by the mass-balance equation, (10.6), where N is the number of crystals of size L in 
the reactor.

	
G

dL
dt

RV

3.0k L N
m

v
2= = 	 (10.7)

With the assumption that the growth rate is size independent, Equation (10.6) can be 
rewritten at steady state for each size, Lx, in the seeded CSTR reactor (Equation [10.8]).

	
G

R V

3.0k L N
x m

v x
2

x

= 	 (10.8)

Here, Rx is the fraction of the incoming reactant stream (R, mole/s) consumed for 
growth by the crystal population fraction, Nx, with the size, Lx. For further modeling, 
Equation (10.8) is solved for Rx (Equation [10.9]).

	
R

3.0k GL N

Vx
v x

2
x

m

= 	 (10.9)

The total addition rate is the sum of the addition rates, Rx, for the crystal size 
range, Lx = L0 to Lx = ∞.

	

R R dLx

L0

=
∞

∫ 	 (10.10)

Equation (10.10) can be expanded by back substitution of Rx from Equation (10.9).

	

R
3.0k G

V
L N dLv

m
x
2

x

L0

=
∞

∫ 	 (10.11)

Back substitution of Equations (10.4) and (10.5) and replacing dL with dt leads to 
Equation (10.12).

	

R
3.0k N G

V
(L Gt) exp

Gt L

G
v 0

m
0

2 0

t 0

= +
-





=

∞

∫ τ
dt 	 (10.12)

For the present work, Equations (10.4), (10.5), (10.9), and (10.10) were used for 
stepwise numerical calculations using a spreadsheet. Alternatively, Equation (10.12) 
may be numerically integrated (Equation [10.13]).

	

R
3.0k N G

V
(L G(t i t) exp

G(t i t) L

G
v 0

m
0 0

2 0 0= + +
+ -


∆

∆
τ 











=

=∞

∑
i 0

i

	 (10.13)
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The starting time for the calculations is conveniently defined by t0 equal to zero. These 
equations allow the calculation of the addition rate that must be provided to sustain 
the desired growth conditions of the seed crystals. To avoid renucleation, G must be 
less than the maximum growth rate, Gm. Alternatively, Gm may be determined by 
varying the reaction rate (R, mole/s), seed addition rate (number/s), or residence time 
(s), and experimentally determining the condition under which renucleation occurs.

Mathematical Processing Steps

For the calculations for steady-state conditions, certain experimental variables must 
be given: the seeding rate of the added crystals, N/dt; the size, L0, of the seed crystals; 
volume shape factor, kv, which is determined by the morphology of the seed crystals; 
and the residence time, t. For the current calculations, cubic morphology is assumed 
for which kv is equal to 1.0. Adjustable variables for the calculations are the residence 
time, t, the growth rate, G (dL/dt), seed size, and seed addition rate (dN/dt).

It is the aim to calculate the total addition rate, R (mole/s), needed to obtain a 
desired growth rate of the crystal population as a function of seed addition rate, size, 
morphology, and residence time. In this process, the model also predicts the size 
distribution, Nx, versus Lx at steady state and the uptake rate Rx for each size class 
defined by Lx and Nx.

The following sequence of calculations was performed using a standard spreadsheet:

	 1.	A time range, t, a residence time, t, and time intervals, dt/t, were chosen. 
To provide steady-state conditions, t was generally chosen equal to 10t.

	 2.	Nx values were calculated as a function of t (Equation [10.4]). This deter-
mines the number of seed crystals remaining in the reactor after the time, t, 
of seed addition.

	 3.	Lx values were calculated for the corresponding Nx (Equation [10.5]) using 
t and the growth rate, G.

	 4.	Rx values, the fraction of the reactant input rate used, Nx, were calculated 
for the Lx (Nx) crystal population (Equation [10.9]).

	 5.	The total reactant addition rate R needed to provide the desired growth rate, 
G, for the seed crystals was calculated using Equation (10.13).

	 6.	The input parameters were changed and the calculations were repeated for 
the new input conditions. The results of the calculations were used to plot 
the curves in the figures.

The determination of the addition rate using the present model gives the experi-
menter a tool to predetermine precisely the size and size distribution of the crystal 
population at steady state.

Results and Discussion

The concepts and equations derived were used to model the dependence of crystal size 
and size distribution in a seeded CSTR crystallizer as a function of the critical reac-
tion variables seed number, N0, seed size, L0, growth rate, G, and residence time, t.
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For the initial conditions of the reaction, it is assumed that all reaction variables 
are at their steady-state conditions and that the reactor is initially not seeded. The 
calculated addition rates in the figures were determined for the time range zero to 
10t to assure that they represent steady state. Relative addition rates (% addition rate) 
were calculated with the 10t value as the 100% steady-state reference. The constants, 
variables, and their ranges used for the calculations are compiled in Table 10.1.

Addition Rate, R, as a Function of Residence 
Time, t, for Constant Growth Rate, G
In Figure 10.4, the relative molar addition rate (% addition rate, relative to addition 
rate at t = 10t) to achieve constant growth rate is shown as a function of time for the 
initial phase of the seeding/growth. The residence times were varied from 1 to 10t.

Figure 10.4 shows that the reactant addition rate must be continuously varied dur-
ing the initial stage of the reaction to assure constant crystal growth rate. Thus, the 
control of the addition rate during the initial transition phase has a significant effect 
on the establishment of the steady state. Initial addition rates that are higher than 
necessary may lead to renucleation, which will significantly modify the establish-
ment of the steady state of seed addition and growth.
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Figure 10.4  Percent addition rate versus time for t = 1, 2, 3, 5, and 10. N0 = 2.0 × 109, 
L0 = 0.200, G = 0.050.

Table 10.1
Ranges of Reaction Variables: Seed Size, L0, 
Growth Rate, G, and Residence Times, t
Seed size, L0 0.05–1.0

Growth rate, G 0.001–1.0

Residence time, t 1.0–10.0

Seed number 0.5–9.0 × 109

Fixed variables: Vm = 25.0, kv = 1.0
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Figure  10.4 also shows that about eight to 10 residence times are needed to 
achieve constant addition rate for steady-state conditions for crystal growth. This is 
about twice the time to achieve steady state of the mass balance (washout condition, 
Equation [10.4], Figure 10.2). With this in mind, the dependence of addition rate at 
steady state will be reported for the variation of the model variables.

Steady-State Addition Rate as a Function of Growth Rate, G
Addition rates at steady state vary over several orders of magnitude as a function of 
growth rate (Table 10.2). Thus, the addition rates are plotted logarithmically versus 
growth rate in Figure 10.5. It shows that the addition rate to sustain steady growth 
rate increases strongly at low growth rates. At high growth rates, the dependence of 
addition rate on growth rate becomes significantly less.
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Figure 10.5  Log addition rate at 10t (steady state) versus growth rate. N0 = 2.0 × 109,  
L0 = 0.200, t  = 5.0.

Table 10.2
Steady-State Addition Rate as a 
Function of Residence Time

Residence Time, t Addition Rate, R

1 1.30E+04

2 4.00E+04

3 8.19E+04

5 2.64E+05

7 5.44E+05

8 8.30E+05

9 1.12E+06

10 1.34E+06

N0 = 2.0 × 109, L0 = 0.200, G = 0.050, at t = 10t
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The modeling of the addition rate as a function of aim growth rate gives quan-
titative guidance to control the addition rate during the start-up time of the seeded 
CSTR crystallizer.

Steady-State Addition Rate, R, as Function of Residence Time, t
As the residence time is varied, the reactant addition rate also must be varied to 
achieve a given growth rate. The model was used to calculate the addition rates 
as a function of residence time to sustain a constant growth rate (Table 10.3). For 
Figure  10.6, the addition rate necessary to sustain constant growth rate at time 
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Figure 10.6  Addition rate versus residence time at 10t (steady state). N0 = 2.0 × 109, L0 = 
0.200, G = 0.050.

Table 10.3
Steady-State Addition Rate as a 
Function of Growth Rate

Growth Rate, G Addition Rate, R

0.001 1.61E+01

0.005 5.13E+02

0.010 2.60E+03

0.030 5.21E+04

0.050 2.64E+05

0.090 2.02E+06

0.100 2.95E+06

0.200 3.89E+07

0.300 1.85E+08

0.500 1.35E+09

0.750 6.66E+09

1.000 2.08E+10

N0 = 2.0 × 109, L0 = 0.200, t = 5.0, at t = 10.0t
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10t was plotted versus residence time. As shown in Figure 10.4, steady state is 
expected to be reached at t = 80 for 10 t. Figure 10.6 shows that the addition rate 
must be nonlinearly increased with increasing residence time to sustain a constant 
growth rate.

Steady-State Addition Rate, R, as Function of Seed Size, L0

It is anticipated that the addition rate must be varied if the size of the seed crystals is 
varied (Table 10.4). The results of this modeling show that the addition rate must be 
nonlinearly increased with seed size to sustain constant growth rate when all other 
variables are held constant (Figure 10.7).

Table 10.4
Steady-State Addition Rate 
as a Function of Seed Size

Seed Size, L0 Addition Rate, R

0.05 1.52E+05

0.10 1.84E+05

0.15 2.22E+05

0.20 2.64E+05

0.30 3.64E+05

0.40 4.84E+05

0.50 6.25E+05

0.70 9.65E+05

1.00 1.63E+06

N0 = 2.0 × 109, L0 = 0.200, G = 0.050, 
t = 5.0, at t = 10t
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Figure  10.7  Addition rate at 10t (steady state) versus seed size. N0 = 2.0 × 109,  
G = 0.050, t  = 5.0.
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Steady-State Addition Rate, R, as a Function 
of Seed Number Addition Rate, dN0/dt
If the addition rate of the crystals, dN0/dt, is varied, then the reaction addition 
rate must be varied if all other factors are to be kept constant (Table 10.5). In 
Figure 10.8, the results modeling this condition are shown. Figure 10.8 shows 
that the addition rate must be linearly increased with seed number addition rate 
when seed size, residence time, and growth rate are held constant. The linear 
correlation makes it straightforward to predict the reactant addition rate as a 
function of seed addition rate.
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Figure 10.8  Addition rate at 10t (steady state) versus seed number. L0 = 0.200, G = 0.050, 
t = 5.0.

Table 10.5
Steady-State Addition Rate as a 
Function of Seed Number

Seed Number, *109 Addition Rate, R

0.50 6.61E+04

1.00 1.32E+05

2.00 2.64E+05

4.00 5.29E+08

6.00 7.93E+05

7.00 9.25E+05

8.00 1.06E+06

9.00 1.19E+06

L0 = 0.200, G = 0.050, t = 5.0, at t = 10t

K10344.indb   179 8/20/09   6:41:07 PM



180	 Precision Crystallization: Theory and Practice of Controlling Crystal Size

Conclusion

The growth of crystals in a continuous precipitation system is different from the 
previous models by Leubner (BNG model) and Randolph-Larson (R-L model), since 
the introduction of crystal nuclei is experimentally controlled by seed addition rate 
rather than by spontaneous nucleation. To control the growth and crystal size disper-
sity in the seeded system, the growth rate of the crystals is controlled by the reactant 
addition rate, the rate of seed addition, the morphology of the seed crystals, and the 
residence time. The present work provides a model by which the precision control of 
the seed crystal growth and size dispersity is controlled. It provides equations that 
are essential to adjust the reaction parameters to obtain the desired results for prod-
uct crystal size and size distribution.

The balanced growth model for the seeded CSTR crystallizer assumes that the 
growth rate is based on the mass balance between reactant addition rate and growth of 
the available crystal surface. It is further assumed that spontaneous nucleation is sup-
pressed by the growth processes of the added seed population. Mixing is assumed to 
lead to a homogeneous reaction system. The reaction is not dependent on the volume 
of the reactor but on the residence time, which is a function of reaction volume and 
volume addition rate or equivalently by the volume removal rate. Thus, the modeling 
of the reaction need not consider the reaction volume at steady-state conditions.

The present model for seeded growth in the CSTR crystallizer predicts that for 
constant growth rate, the addition rate must be increased during the initial phase of 
the reaction to match the changing crystal population. The model also predicts that 
steady state of growth and seed addition is reached after eight to 10 residence times 
when the reactor was not precharged with seed crystals.

The reactant addition rate for balanced growth of seed crystals in CSTR crystal-
lization is modeled as a function of the number addition rate of seeds, their size, mor-
phology, growth rate, and the residence time of the reactor. The reactant addition rate 
necessary to obtain a given growth rate of the seed crystal population is predicted 
from these parameters.

The modeling shows that the reactant addition rate must be nonlinearly increased 
for increasing seed size, growth rate, and residence time, and it must be linearly 
increased for increasing seed number addition rate to control the crystal growth in a 
seeded CSTR crystallization at a given growth rate.

The crystal size distribution is a function of the product, G × t, that is, growth 
rate and residence time. Here, t is a control variable, and G can be controlled by the 
application of the presented model. The results of the balanced growth model thus 
provide quantitative information to control the growth process and size distribution 
in seeded CSTR crystallizers.
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Epilogue

Final Thoughts

Thank you for reading this far. I hope that you learned practical concepts to con-
trol your crystallization processes. You have struggled through the nucleation 
phase, batch and continuous processes, addition rate, solubility, temperature, resi-
dence time, nano- and super-sizing with restrainers and ripeners, renucleation, 
and others. May the information and models stimulate your thoughts on how to 
apply these control variables to your system. May they guide you to reduce the 
number of experiments—to as low as two or three—to define your system, lead-
ing you to quantitatively predict the experimental parameters that will lead to 
the desired crystals. Surprising predictions were experimentally confirmed and 
erroneous concepts were corrected. Best of all, the BNG model, as described here, 
may help you shorten the time needed for research and product development, and 
replace time-consuming trial and error procedures. It is my desire that this work 
may stimulate new experiments, research, and the study and teaching of crystal-
lization. It is my hope that this book may become an important part of your crys-
tallization library.

Ingo H. Leubner
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Glossary of Terms

Variable    Definition    Comment

C Concentration mol/l

C0 Solubility for L = 0 (extrapolated) mol/l

cel Cubic edge length mm

Cm Minimum solubility

Cs Solubility mol/cm3

Css Supersaturation mol/cm3

CSTR Continuous stirred tank reactor

D Diffusion constant cm2/s

ecd Equivalent circular diameter mm

F Flow rate ml/min

Ft Total flow rate (l/min) l/min

G Crystal growth rate dL/dt, dr/dt

Gm Maximum crystal growth rate cm/s, nm/s, A/s

ks Crystal surface constant

kv Crystal volume constant Cubic: 1.0

l Liter

L Average crystal size cm, mm

L* Critical crystal size cm, mm

L0 Initial size of seed crystals

Lc Critical crystal size cm, mm

Ln Nascent crystal size cm, mm

Lx Seed crystal size at time t, Crystal size (R-L model) cm

ml Milliliter

MSMPR Mixed-suspension mixed-product-removal reactor

Mt Suspension density mol/l

N population density, number/(volume-length) No/cm × cm3

n0 nuclei population density, number/(volume-length) n/s cm3

N0 Seed addition rate, crystal number/s N/s

nx Number population density of crystals (n/s cm3) n/cm × cm3

Nx Seed crystal number at time t

pAg -log [Ag+]

r Radius of crystal

R Reactant addition rate (mole/s) mol/s

R0 Addition rate of reactants (CSTR) mol/s

Rg Gas constant erg/deg mol

Ri Addition rate fraction used for growth

Rn Addition rate fraction used for nucleation

Rx Fraction reactant addition rate (mole/s)

(continued)
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Variable    Definition    Comment

S Supersaturation mol/L

S* Supersaturation ratio

Sm Characteristic surface (e.g., area/mol silver halide)

T Temperature K, °C

t Reaction time, s

V Reaction volume mL

V0 Initial reaction volume ml

Vg Average crystal volume cm3

Vm Molar volume cm3/mol, crystals

Y L/L* - 1.0

Z Number of crystals

Zn Number of crystals nucleated at steady state

Zr Number of crystals in the reactor during steady state crystals/ml

Zt Total number of crystals in reactor during steady state

g Crystal surface energy erg/cm2

t Residence time Min, sec
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Index

“f” indicates material in figures. “t” indicates material in tables.

A

1-(3-acetamidophenyl)-mercaptotetrazole, 91, 
96–100, 97t

Addition rate
in Becker-Doering model, 5
in BNG model, 29

assumptions for, 11, 18
in continuous nucleation, 135–142, 154
crystal number and, 18, 21
crystal size and, 21, 21f
growth and, 16
in nucleation phase, 13, 14, 20–21
time and, 20f
value range for, 19t

concentration and, 125, 136
in continuous nucleation

BNG model for, 135–142, 154
crystal size and, 135, 143, 147, 152, 153
growth and, 125, 135, 141, 143, 152, 154
in initial transient phase model, 124–126
residence time and, 144t, 152
in R-L model, 119, 121
suspension density and, 145t
yield and, 117

convection rate and, 7
critical/average size ratio and, 47t, 50f, 51, 

52f
crystal number and; See under Crystal 

number, addition rate and
crystal size and; See under Crystal size, 

addition rate and
CSD and, 21, 21f, 24–25
diffusion rate and, 7
in diffusion-controlled nucleation, 30, 32, 

37–38, 42, 44–53, 137
for double-jet precipitations, 7
edge length and, 125
flow rate and, 125, 136
growth and; See under Growth, addition 

rate and
in kinetically-controlled nucleation, 31–34, 94
in Klein-Moisar model, 5–6
in mass-balance model, 136
molar volume and, 13, 125
nucleation rate and, 20f, 21
nuclei volume and, 15
in primitive model, 1–2

reaction rate and, 7
reaction volume and, 125
renucleation and, 101–113, 109t, 113f, 175
of restrainers, 97
ripeners and, 76
in R-L model, 119, 121
for seeded CSTR

discussion of, 167–179
growth and, 173–177, 176f, 177t
residence time and, 176t, 177f
seed number and, 179f, 179t
seed size and, 178f, 178t
time and, 175f

for silver bromide, 45, 47t, 51–53, 52f
for silver chloride, 47t, 48–50, 50f
solubility and, 7
at steady state, 138
supersaturation and, 14, 14t, 44
surface area and, 125
suspension density and, 124–125, 145t
temperature and, 7

Adenine, 91–92, 95
Adsorption, 26, 83, 88t, 91–96
Agglomeration, 48–49, 170
Ammonia, 69, 77–83, 79f, 80f, 81f
Area-weighted crystal size, 31
Arrhenius reaction rate, 4–5, 13
Attenuation model, 122, 124, 129, 133
Average crystal size; See also Stable crystal size

addition rate and, 24, 143, 147
in BNG model, 29–30
in continuous nucleation, 133, 136–143, 144t, 

151t, 153–156, 161–162
vs. critical crystal size, 3
to critical ratio; See Average/critical size 

ratio
crystal number and, 22, 104
diameter of, 6
in diffusion-controlled nucleation, 30, 37
excess free energy and, 4–5
growth and, 7–8
in kinetically-controlled nucleation, 31, 33, 

94
modeling of, 24
Ostwald ripening and, 6
reaction volume and, 143, 147
residence time and, 128, 133, 143, 144t
in seeded CSTR, 169
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of silver chloride, 49
solubility and, 133
suspension density and, 143, 147–148
temperature and, 133

Average crystal volume, 141
Average/critical size ratio; See also 

Critical/average size ratio
addition rate and, 44–46
adsorption and, 94
in BNG model, 30
in continuous nucleation, 135, 139, 143, 

150–152, 151t, 154
crystal number and, 31, 37, 43
solubility and, 45, 53
temperature and, 45–46, 63, 66

Avogadro number, 2, 43

B

Balanced growth model, 169–180
Balanced Nucleation and Growth (BNG) model

for continuous nucleation; See under 
Continuous nucleation, BNG model for

definition of, 11
derivation of, 7
developers of, xiii
diffusion-controlled; See Diffusion-

controlled nucleation
general nucleation equation, 29–30
kinetically-controlled; See Kinetically-

controlled nucleation
Klein-Moisar model and, 7
for nucleation phase, 11–26
for renucleation; See Renucleation
for restrainers; See Restrainers
for ripener effect; See Ripening

Becker-Doering model, 2
BNG model; See Balanced Nucleation and 

Growth model
Boltzmann constant, 2, 4–5
Bulk solute concentration, 124–125

C

Classical nucleation model, 2–5, 12, 13
CLD, 33, 35, 36
Cluster size, critical; See Critical nucleus size
Concentration

addition rate and, 38, 125, 136
in Becker-Doering model, 2
bulk solute, 124–125
concentration and, 8
in continuous nucleation, 124–125, 127t, 

136, 145t, 158t
crystal number and, 6, 47t, 49

crystal size and, 45, 47t
in diffusion-controlled nucleation, 38, 49
equilibrium solution; See Solubility
growth and, 8
input reactant; See Input reactant 

concentration
reaction rate and, 12
reaction volume and, 124–125
of restrainers, 95–98, 98f, 99f
of ripeners; See under Ripeners, 

concentration of
seed, 103, 107–108, 108t, 110, 113
supersaturation and, 131–132
suspension density and, 125

Condensation, 3
Continuous nucleation

addition rate in; See under Addition rate, in 
continuous nucleation

average/critical size ratio in, 135, 139, 143, 
150–152, 151t, 154

BNG model for
addition rate in, 135–142, 154
basis of, 133
crystal size in, 26, 121
development of, 117, 118
diagram of, 136f
growth rate in, 131
preconditions for, 134–135
vs. R-L model, 134
silver chloride in, 143–144, 147–153

concentration in, 124–125, 127t, 136, 
145t, 158t

critical/average size ratio in, 46, 160, 160t
crystal number in; See under Crystal 

number, in continuous nucleation
crystal size in; See under Crystal size, in 

continuous nucleation
crystal surface shape factor in, 125–126, 

147t, 160t
CSD in

vs. batch, 152
experimental data, 120f
graph of, 146f
in initial transient phase model, 122–124
renucleation and, 132
residence time and, 132, 144t
in R-L model, 118–124, 121f, 148
silver bromide in, 144
silver chloride in, 120, 120f, 144t, 

145t, 146f
before steady state, 132
steady state of, 144
suspension density and, 145t, 148–149

CSTR for; See CSTR
diffusion-controlled, 133–143
double-jet precipitation vs., 129–130
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edge length in; See under Edge length, in 
continuous nucleation

factors affecting, 117
flow rate in, 117, 124–125, 127t, 136, 

144t, 158t
gas constant in, 147t, 160t
gelatin in, 117, 118f, 122, 127, 127t, 158t
growth in; See under Growth, in continuous 

nucleation
growth rate parameter in, 131–132
halide in, 122
initial transient phase model for, 123–127
kinetic integration constant in, 131
mass balance model for, 118–125, 133, 

135–142, 136f
micrograph of, 123f
molar volume in, 119, 147t, 160t
MSMPR system for; See MSMPR
nucleation rate in, 122, 137
pBr in, 127t, 131–132
population density in, 119, 148–149
reaction volume in; See under Reaction 

volume, in continuous nucleation
renucleation in; See under Renucleation, in 

continuous nucleation
residence time in; See Residence time
restrainers in, 117
ripening in, 117, 148–149, 151–152
R-L model for, 118–124, 121f, 144, 148
seed crystal number in, 127t
of silver bromide; See under Silver bromide, 

continuous nucleation of
of silver bromoiodide, 127t, 131
of silver chloride; See under Silver chloride, 

in continuous nucleation
solubility in; See under Solubility, in 

continuous nucleation
stability constant in, 137
studies of, 144
supersaturation in; See under 

Supersaturation, in continuous 
nucleation

surface area in, 125–127, 126f, 129, 129t
surface energy in, 147t, 150
suspension density in; See Suspension 

density
temperature in; See under Temperature, in 

continuous nucleation
total seed amount in, 124, 127t
volume conversion factor in, 119, 125–126, 

147t, 160t
Continuous stirred tank reactor (CSTR) system

vs. double-jet precipitation, 129–130, 
151–152, 151t

maximum crystal size in, 121
seeded crystallization in; See Seeded CSTR

silver bromide in; See under Silver bromide, 
in continuous nucleation

silver chloride in; See under Silver chloride, 
in continuous nucleation

Continuous suspension crystallizers, 126, 143–153
Convection, 7
Critical crystal size

addition rate and, 45, 49
vs. average crystal size, 3
in Becker-Doering model, 3
in BNG model, 29
concentration and, 45
in continuous nucleation, 149–152, 151t, 154, 

160–163, 161f, 161t
crystal number and, 104
in CSTR vs. batch, 152
definition of, 70, 94
in diffusion-controlled nucleation, 30, 37
gas constant and, 45
growth rate and, 8
in kinetically-controlled nucleation, 31, 33, 94
molar volume and, 45
Ostwald ripening and, 73t, 104, 149
residence time and, 151, 151t
in seeded CSTR, 169
of silver bromide, 51, 61
of silver chloride, 49
solubility and, 45, 53
stability constant and, 137
supersaturation and, 45, 163
surface energy and, 45
temperature and, 45

Critical nucleus size
in Becker-Doering model, 3–5
in BNG model, 11, 13–14, 16, 18, 29
crystal number and, 23, 24
crystal size and, 22–23, 24f
CSD and, 17, 24, 24f
excess free energy and, 4
growth rate and, 22
model value, 19t
nascent nuclei size and, 142
nucleation rate and, 22, 23f
for silver halides, 5

Critical supersaturation, 19, 25, 37–38
Critical/average size ratio; See also Average/

critical size ratio
addition rate and, 47t, 50f, 51, 52f
average value for, 49
in continuous nucleation, 46, 160, 160t
in diffusion-controlled nucleation, 49, 51
growth and, 8
pAg and, 63
solubility and, 54t, 57–63, 57f, 58t, 60f, 61t
temperature and, 63–66, 64t, 65f, 65t, 66f

Crystal linear dimension (CLD), 33, 35, 36
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Crystal number
addition rate and

in BNG model, 18, 21
in continuous nucleation, 147
crystal size and, 21f, 24–25, 49–50, 50f
CSD and, 24–25
in diffusion-controlled nucleation, 42, 

44–53, 137
initial, 13
in Klein-Moisar model, 5–6
renucleation and, 104
for silver bromide, 47t, 51, 52f
for silver chloride, 47t, 49–50, 50f

adsorption and, 95
ammonia and, 77
attenuation model for, 124
average/critical size ratio and, 31, 37, 43
in BNG model, 18, 21–22
concentration and, 6, 47t, 49
in continuous nucleation

addition rate and, 147
vs. double-jet precipitation, 129–130
edge length and, 128f, 129t, 130t, 144t
in initial transient phase model, 122, 

124–126, 128–129, 128f, 129t
renucleation and, 130, 130t, 132
residence time and; See under Residence 

time, crystal number and
in R-L model, 119–121
for silver bromide, 124f, 128f, 129t, 130f, 

130t
for silver chloride, 144t, 145t, 148f, 158t
before steady state, 132

critical nucleus size and, 18, 23, 24
crystal size and

addition rate and, 21f, 24–25, 49–50, 50f
average, 22, 104
in BNG model, 22
critical, 104
growth and, 23f
ripeners and, 76

diffusion and, 30, 37, 46
diffusion constant and, 37, 43, 104
in diffusion-controlled nucleation

addition rate and, 42, 44–53, 137
consistency of, 41–42
crystal size and, 104
double-jet precipitation, 137
vs. kinetically-controlled, 32
in Klein-Moisar model, 6
precipitation time and, 42f, 42t
renucleation and, 104
restrainers and, 96
ripening and, 69–86
solubility and, 45, 53–60
temperature and, 45–46, 62–66
theory of, 30, 32, 37, 43

edge length and, 128f, 129t, 130t, 144t
flow rate and, 47t, 49
growth and, 23f, 24, 94f, 104, 125, 173
in kinetically-controlled nucleation, 32–35, 

34f, 34t, 93–99
in Klein-Moisar model, 5–6
mass balance model for, 136
nucleation efficiency and, 13, 15, 18, 23, 24
nuclei volume and, 13–15
pAg and, 54, 55f
population density and, 119, 148, 168–169
precipitation time and, 34t, 42f
in primitive model, 1–2
reaction volume and, 42, 47t, 139
renucleation and, 104, 130, 130t, 132
residence time and; See under Residence 

time, crystal number and
restrainers and, 91–100, 97t, 98f, 99f
ripeners and

modeling of, 69–73
retention of, 84t
for silver bromide, 73–77, 73t, 75f
for silver bromoiodide, 83–86, 84t, 85f, 

86f, 89
for silver chlorobromide, 78–80, 78t, 79f, 

79t, 80f, 83
solubility and, 71

in R-L model, 119–120
seed; See Seed crystal number
in seeded CSTR, 168–169, 172f, 179f, 179t
in semibatch precipitations, 173
for silver bromide; See under Silver bromide, 

crystal number for
for silver bromoiodide, 83–86, 84t, 85f, 

86f, 89
for silver chloride; See under Silver chloride, 

crystal number for
for silver chlorobromide, 78–80, 78t, 79f, 

79t, 80f, 83
for silver iodine, 42f, 42t
solubility and

CSTR vs. batch, 159
in diffusion-controlled nucleation, 45, 

53–60
pAg and, 54, 55f
renucleation and, 104
ripeners and, 71
for silver bromide, 58–60, 58f, 58t, 59f
for silver chloride, 54–56, 54t, 55f, 56f

at steady state, 138
Sugimoto on, 6
supersaturation and, 15, 18
surface area and, 125
surface energy and, 104
suspension density and, 124f, 129t, 145t, 

147–148, 148f, 159
temperature and
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in diffusion-controlled nucleation, 
45–46, 62–67

modeling of, 6–7
renucleation and, 104
for silver bromide, 65–66, 65t, 66f
for silver chloride, 46, 63, 64f, 64t, 66

total renucleated, 101, 106–113, 108t, 109t, 
112f, 113f

volume constant and, 13, 18, 104
Crystal size

addition rate and
average, 24, 143, 147
in BNG model, 21, 21f
in continuous nucleation, 135, 143, 147, 

152, 153
critical, 45, 49
crystal number and, 21f, 24–25, 49–50, 

50f
in diffusion-controlled nucleation, 42, 

53
renucleation and, 109t
ripeners and, 76
of silver bromide, 47t, 51, 52f, 53
of silver chloride, 47t, 49, 50f

adsorption and, 88t, 94
ammonia and, 77
area-weighted, 31
average; See Average crystal size
average/critical ratio; See Average/critical 

size ratio
in Becker-Doering model, 3
in BNG model, 18, 21, 21f, 22, 29–30
CLD, 33, 35, 36
concentration and, 45, 47t
in continuous nucleation

addition rate and, 135, 143, 147, 152, 153
average, 133, 136–143, 144t, 151t, 

153–156, 161–162
vs. batch, 152
critical, 149–152, 151t, 154, 160–163, 

161f, 161t
crystal number and, 128f
growth and, 135, 149–150
in initial transient phase model, 128, 

128f, 129t
maximum, 121
micrograph of, 123f, 124
minimum, 155
pAg and, 155f, 159
residence time and; See under Residence 

time, crystal size and
ripeners and, 149
R-L model of, 119–121, 144
for silver chloride, 158t
solubility and, 133, 150, 154–156, 155f, 

159–163, 159f, 161f, 161t
studies of, 144

critical; See Critical crystal size
critical nucleus size and, 23, 24f
critical/average ratio; See Critical/average 

size
crystal number and

addition rate and, 21f, 24–25, 49–50, 50f
average, 22, 104
in BNG model, 22
in continuous nucleation, 128f
critical, 104
growth and, 23f
ripeners and, 76

in CSTR vs. batch, 151–152, 151t, 152
definition of, 70, 94
in diffusion-controlled nucleation

addition rate and, 42, 53
in BNG model, 30
experimental data, 41–42
reaction volume and, 41t
solubility and, 45, 53–55, 57f
theory of, 37

distribution of; See Crystal size distribution 
(CSD)

excess free energy and, 4–5
gas constant and, 45
growth and

average, 7–8
in BNG model, 18, 22
in continuous nucleation, 135, 149–150
critical, 8
crystal number and, 23f
renucleation and, 102f, 105
restrainers and, 94f

in kinetically-controlled nucleation, 31–33, 
94

at kinetic-to diffusion-controlled transition, 
35

large, 140, 143, 148
maximum, 17, 20, 121, 167
minimum, 141, 143, 150
molar volume and, 45, 76
nucleation efficiency and, 23, 26f
pAg and, 55f, 59f, 70f, 155f, 158t, 159
for plug-flow reactor, 152
population density and, 20
reaction volume and, 40–42, 41t, 53, 143, 

147, 153
renucleation and, 102f, 104–105, 107, 108t, 

109t, 110–111
residence time and; See under Residence 

time, crystal size and
restrainers and, 91–99, 94f, 97t, 99f
ripeners and

addition rate and, 76
in continuous nucleation, 149
modeling of, 69–70
pAg and, 70f
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renucleation and, 104
residence time and, 149
retention of, 84t, 88t
for silver bromide, 73–78, 73t, 76, 77f, 93
for silver bromoiodide, 83–86, 84t, 85f, 

87f, 89
for silver chloride, 93
for silver chlorobromide, 78–80, 78t, 79f, 

79t, 80f, 83
Wagner equation for, 6

in R-L model, 119–120
in seeded CSTR, 169, 172f
of silver bromide; See under Silver bromide, 

crystal size for
of silver bromoiodide, 83–86, 84t, 85f, 87f, 

89
of silver chloride; See under Silver chloride, 

crystal size for
of silver iodine, 42t
solubility and

average, 133
in continuous nucleation, 133, 150, 

154–156, 155f, 159–163, 159f, 161f, 
161t

critical, 45, 53
CSTR vs. batch, 159
in diffusion-controlled nucleation, 45, 

53–55, 57f
morphology and, 60–62, 60f, 61t
pAg and, 55f, 59f
of silver bromide, 59, 60f
of silver chloride, 54–55, 54t, 57, 57f

stability constant and, 137
supersaturation and, 45, 140, 151, 163
surface energy and, 45
suspension density and, 143, 145t, 147–148, 

148f, 153, 159
temperature and

in continuous nucleation, 133
in diffusion-controlled nucleation, 45, 

62–63
modeling of, 66–67
for silver bromide, 66f
for silver chloride, 63, 64t, 65f, 66

volume conversion factor and, 76
Crystal size distribution (CSD)

addition rate and, 21, 21f, 24–25
average, 24
in BNG model, 19, 20f
in continuous nucleation; See under 

Continuous nucleation, CSD in
critical nucleus size and, 17, 24, 24f
in double-jet precipitations, 150
formula for, 17
growth and, 17, 22, 22f, 24, 148–149
nucleation efficiency and, 23, 24, 25f
nucleation time and, 17

ripening and, 152
in R-L model, 118–124, 121f, 144, 148, 167
in seeded CSTR, 167–169, 180
of silver bromide, 123, 144
steady state of, 122–123, 127

Crystal surface shape factor
in continuous nucleation, 125–126, 147t, 

160t
for cubes, 105
edge length and, 125
for octahedra, 105, 113
renucleation and, 105, 113, 114
in seeded CSTR, 169, 174
for spheres, 137

Crystalline materials, in products, xiii, xiv
CSD; See Crystal size distribution
CSTR system; See Continuous stirred tank 

reactor system

D

Decade ratio, 144t, 145, 145t, 147–148, 153
Dendritic crystals, 138
Density

in continuous nucleation, 125–126
growth and, 103, 110
molar volume and, 40
population; See Population density
suspension; See Suspension density
turbidity and, 1

Diameter, 6, 97t
1,1′-diethy1-3,3′-cyanine dye, 110
Diffusion

addition rate and, 7
in BNG model, 29
crystal number and, 30, 37, 46
Einstein model for, 43
growth and, 8
growth rate parameter and, 8
in kinetically-controlled nucleation, 31
rate of, 35
temperature and, 45–46
viscosity and, 46

Diffusion cloud chamber, 11–12
Diffusion coefficient

Avogadro number and, 43
in continuous nucleation, 147t, 150, 160t
gas constant and, 43
kinetic incorporation rate and, 93
kinetic integration constant and, 30
in Klein-Moisar model, 6
particle radius and, 43
for silver bromide, 30
for silver chloride, 30, 40, 49
temperature and, 43–44
viscosity and, 43–44
of water, 49
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Diffusion constant
in BNG model, 40t
in continuous nucleation, 147t
crystal number and, 37, 43, 104
model value, 40
in seeded CSTR, 169
of silver iodine, 35
temperature and, 40, 40t, 63
of water, 40

Diffusion-controlled nucleation
addition rate in, 30, 32, 37–38, 42, 

44–53, 137
concentration in, 38, 49
continuous, 133–143
crystal number in; See under Crystal 

number, diffusion-controlled 
nucleation and

crystal size in; See under Crystal size, 
diffusion-controlled nucleation and

diffusion coefficient in, 30, 40
diffusion constant in, 37, 40
flow rate in, 38, 42, 49
gas constant in, 30, 37, 40
gelatin and, 93
growth and, 7–8
growth conditions for, 30–31, 32
kinetic integration rate in, 35
vs. kinetically-controlled, 32
Klein-Moisar model for, 5–6
molar volume in, 30, 37, 40
reaction volume in, 40–42
ripening in; See Ripening
solubility in, 30, 32, 37–39, 45
for spheres, 137
supersaturation and, 37–38
surface energy in, 30, 37, 40
temperature in, 30, 32, 37–38, 45–46
theory of, 37
transition from kinetically-controlled, 

34–35, 93, 96
volume constant in, 30, 37, 40
Wagner equation for, 6

1,8-dihydroxy-3,6-dithiaoctane (DTO), 69, 
83–89, 84t, 85f, 86f

1,10-dithia-4,7,13,16-tetraoxacyclooctadecane 
(DTOD), 69, 74–77, 74f

Double-jet precipitations
addition rate for, 7
BNG model of, 124
CSD in, 150
vs. CSTR, 129–130, 151–152, 151t
emulsions from, 31
growth in, 149–150
Ostwald ripening and, 152
of silver bromide, 31, 69, 129–130
of silver chloride, 31, 96, 149, 151, 151t
of silver halides, 12

of silver iodine, 36
supersaturation in, 151

Droplets, 7, 12
DTO, 69, 83–89, 84t, 85f, 86f
DTOD, 69, 74–77, 74f

E

ecd, 110, 145, 158
Edge length

addition rate and, 125
in BNG model, 40t
in CLD, 36
in continuous nucleation

crystal number and, 128f, 129t, 130t, 
144t

growth and, 129t
in initial transient phase model, 125
renucleation and, 130t
residence time and, 144t, 151t
of silver bromide, 127t
of silver chloride, 144t, 145t, 151t, 152t, 

158t, 159f, 161t
surface area and, 129t
suspension density and, 125, 145t

crystal number and, 128f, 129t, 130t, 144t
crystal surface shape factor and, 125
cubic, 145
ecd and, 110, 158
growth and, 15, 104–105, 125, 129t, 130t
in mass-balance model, 136
for octahedra, 113
in primitive model, 1
in renucleation, 104–105, 114, 130t
residence time and, 125, 144t, 151t
restrainers and, 97t
ripeners and, 76, 77f
seed surface area and, 105, 129t
supersaturation and, 131
volume and, 40

Electric conductivity, 38
Electromotive force (EMF), 38–39, 158t
Emulsion, seed, 101–114, 102f, 108t, 109t
Enthalpy, 72
Equivalent circular diameter (ecd), 110, 145, 158
Ethers, di-thia crown, 74–77
Excess free energy, 3–5

F

Flow rate
addition rate and, 125, 136
in BNG model, 136
in continuous nucleation, 117, 124–125, 127t, 

136, 144t, 158t
crystal number and, 47t, 49
in diffusion-controlled nucleation, 38, 42, 49
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input reactant, 124–125, 127t
reaction volume and, 124–125
residence time and, 117, 124
ripening and, 78
in seeded CSTR, 170–171
for silver bromide, 51, 127t
for silver chloride, 47t, 49, 144t, 158t
total volumetric, 124–125

G

Gas constant
in BNG model, 29, 40t
in continuous nucleation, 147t, 160t
crystal size and, 45
description of, 40
diffusion and, 43
in diffusion-controlled nucleation, 30, 37, 40
growth rate and, 8
in kinetically-controlled nucleation, 31, 33, 

94
in Klein-Moisar model, 6
in seeded CSTR, 169
for silver chloride, 49
supersaturation and, 8, 37

Gelatin
batch variation, 41
buffering effect of, 82
in continuous nucleation, 117, 118f, 122, 127, 

127t, 158t
as restraining agent, 91
in seed experiments, 101, 103
in seeded CSTR, 168, 168f, 170
silver halides and, 49, 91

Geometric factor, 158
Gibbs free energy, 39, 39t, 157t
Gibbs-Thomson effect, 8, 69; See also Ostwald 

ripening
Gibbs-Thomson equation, 45
Gibbs-Thomson relationship, 4
Growth

addition rate and
in continuous nucleation, 125, 135, 141, 

143, 152, 154
modeling of, 7, 16
in renucleation, 104–106
in seeded CSTR, 173–177, 176f, 177t

adsorption and, 26
in BNG model, 11–19, 17f, 19f, 19t, 21, 143
in cloud chamber model, 12
in competition with nucleation, 5
concentration and, 8
in continuous nucleation

addition rate and, 125, 135, 141, 143, 
152, 154

average, 160, 160t, 163
BNG model for, 143

CSTR vs. batch, 151t
edge length and, 129t, 130t
in initial transient phase model, 125–127, 

129, 129t
iodide and, 131
nucleation rate and, 122
pBr and, 131
renucleation and, 122, 127–131, 130t
residence time and; See under Residence 

time, growth and
in R-L model, 118–124, 121f, 148
solubility and size, 154, 156, 160
surface area and, 126f

controlling of, 2
critical nucleus size and, 22
critical/average size ratio and, 8
crowding effect on, 103, 149
crystal number and, 23f, 24, 94f, 104, 125, 

173
crystal size and; See under Crystal size, 

growth and
CSD and, 17, 22, 22f, 24, 148–149
in CSTR vs. batch, 151t, 152
of cubes, 15
definition of, 104
density and, 103, 110
diffusion layers and, 149
diffusion-controlled nucleation and, 7–8
edge length and, 15, 104–105, 125, 129t, 

130t
factors affecting, xiii, 8, 107
gas constant and, 8
in heterogeneous nucleation, 26
mass balance model for, 7, 101, 104–105, 

138, 172–173
maximum; See Maximum growth rate
molar volume and, 7, 8, 104–105
morphology and, 104
nucleation rate and, 21–22, 22f, 93f, 122, 169
nucleation time and, 17f
population density and, 149
reaction constant and, 8, 29
reaction rate and, 7
renucleation and, 101–110, 113–114, 114t, 

122, 127–131, 130t
residence time and; See under Residence 

time, growth and
restrainers and, 93, 93f
in R-L model, 118–124, 148, 167
in seeded CSTR, 167–177, 175t, 176f, 177t
in semibatch precipitations, 172–173
solubility and, 7, 8, 154, 156, 160, 163f
of spheres, 15
supersaturation and, 8, 119, 131, 149
surface area and, 125–127, 126f
surface energy and, 8
temperature and, 7, 8
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turbidity and, 1
volume conversion factor and, 7, 15, 

104–105, 125
zero, 21–22

Growth rate parameter, 8, 29, 131–132

H

Halide
in continuous nucleation, 122
diffusion coefficient for, 49
electrical charge of, 48
silver; See Silver halides
solubility and, 135

4-hydroxy-6-methyl-1,3,3a,7-tetraazaindine 
(TAI), 48, 110

I

Ice, 7
Initial pulse distribution, 126
Input reactant concentration

addition rate and, 38
in continuous nucleation, 124–125, 127t, 

145t, 158t
in diffusion-controlled nucleation, 49
in seeded CSTR, 170

Input reactant flow rate, 124–125, 127t
Interparticle distance, 110

J

Jagannathan, Ramesh, xiii, 114

K

Kelvin/Thomson/Ostwald equation, 37
Kinetic incorporation rate, 35, 93
Kinetic integration constant, 8, 29–31, 34–35, 131
Kinetic order, 119, 121, 122–123
Kinetically-controlled nucleation, 8, 31–36, 34f, 

34t, 93–99
Klein-Moisar model, 5–7

L

Langmuir equation, 95–96
Laser diffraction measurements, 1
Latent heat, 12
Leubner, Ingo, xiii

M

Mass balance model
in continuous nucleation, 118–125, 133, 

135–142, 136f
for growth, 7, 101, 104–105, 138, 172–173
Kharitanova on, 6

primitive model, 1–2
for renucleation, 101, 104–106
ripening and, 72
for semibatch precipitations, 173

Maximum crystal size, 17, 20, 121, 167
Maximum growth rate

in BNG model, 11–19, 17f, 19f, 143
in continuous nucleation

addition rate and, 135
average, 160, 160t, 163
BNG model for, 143
CSTR vs. batch, 151t
residence time and size, 149–150
solubility and size, 154, 156, 160

crowding effect on, 149
crystal number and, 23f, 104
crystal size and, 8, 18, 23f, 135, 149–150
CSD and, 17, 22f, 148–149
in CSTR vs. batch, 151t, 152
density and, 110
diffusion layers and, 149
diffusion-controlled nucleation and, 7–8
factors affecting, 8, 107
model value, 19t, 21
modeling of, 7–8
molar volume and, 8, 104
morphology and, 104
nucleation rate and, 22f
nucleation time and, 17f
renucleation and, 101–110, 113–114, 114t
restrainers and, 93, 93f
in seeded CSTR, 169–170
supersaturation and, 149

McCabe’s law, 142, 144
Methanol, 75, 83
Mixed-suspension, mixed-product-removal 

(MSMPR) system; See also 
Continuous stirred tank reactor 
(CSTR) system

vs. double-jet precipitation, 129–130, 
151–152, 151t

maximum crystal size in, 121
R-L model for, 144

Mixing of reactants, 25, 41, 48
Molar volume

addition rate and, 13, 125
in Becker-Doering model, 2, 4–5
in BNG model, 7, 16, 29, 40t
in continuous nucleation, 119, 124, 147t, 

160t
crystal size and, 45, 76
definition of, 40
in diffusion-controlled nucleation, 30, 37, 

40
growth and, 7, 8, 104–105
growth rate parameter and, 8
in kinetically-controlled nucleation, 31
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at kinetic-to diffusion-controlled transition, 35
in Klein-Moisar model, 6
in mass-balance model, 136
in primitive model, 1–2
in renucleation, 104, 111, 113
ripeners and, 70
in seeded CSTR, 169, 175t
for silver bromide, 49, 113
for silver bromoiodide, 113
for silver chloride, 49
supersaturation and, 8
surface energy and, 44
suspension density and, 124
of water, 44

Molecular weight, 40
Monodispersal, 31, 123–125, 172–173
Monomolecular crystallization, 7
MSMPR system; See Mixed-suspension, mixed-

product-removal (MSMPR) system

N

Nascent nuclei
definition of, 163
in seeded CSTR, 168–169
size of, 141–143, 152–154, 161–163, 

161f, 161t
Nucleation

continuous; See Continuous nucleation
diffusion-controlled; See Diffusion-

controlled nucleation
end of, 17f
factors affecting, xiii, 118
kinetically-controlled, 8, 31–36, 34f, 34t, 

93–99
Nucleation efficiency

in BNG model, 19t, 23
crystal number and, 13, 15, 18, 23, 24
crystal size and, 23, 26f
CSD and, 23, 24, 25f
definition of, 2, 12, 18
nucleation rate and, 23, 25f
nucleation time and, 23
nuclei volume and, 15
in primitive model, 2
supersaturation and, 14, 23

Nucleation rate
addition rate and, 20f, 21
Arrhenius reaction rate and, 4–5
in Becker-Doering model, 2
in BNG model, 19f
in continuous nucleation, 122, 137
critical nucleus size and, 22, 23f
determination of, 12–13
growth and, 21–22, 22f, 93f, 122, 169
maximum, 2, 5
nucleation efficiency and, 23, 25f

nucleation time and, 17f
in primitive model, 1
reaction volume and, 5, 40
relative, 2, 3f
in R-L model, 122, 167, 169
in seeded CSTR, 169
supersaturation and, 18–19

Nucleation time, 1–2, 13–19, 17f, 19f, 19t, 23
Nuclei size, 15, 17, 142, 151
Nuclei volume, 13–16

O

Ostwald ripening; See also Gibbs-Thomson effect
agents for; See Ripeners
colloids and, 91
in continuous nucleation, 148–149, 151–152
crystal number and; See under Crystal 

number, ripeners and
crystal size and; See under Crystal size, 

ripeners and
definition of, 69, 148–149
in diffusion-controlled nucleation, 70
equations for, 6, 8
in kinetically-controlled nucleation, 35
minimization of, 36
modeling of, 69–73
pH and, 78t, 79t, 81–83, 81f
solubility and, 69–72
TAI and, 48, 110
temperature and; See under Temperature, 

Ostwald ripening and
volume conversion factor in, 76

P

pAg
adsorption and, 88t, 95
critical/average size ratio and, 63
crystal number and, 54, 55f
crystal size and, 55f, 59f, 70f, 155f, 158t, 159
definition of, 33
EMF and, 39
renucleation and, 110, 114
ripeners and; See under Ripeners, pAg and
of silver bromide; See under Silver bromide, 

pAg of
of silver bromoiodide, 83–84, 84t, 86–87, 

86f, 89
of silver chloride; See under Silver chloride, 

pAg of
of silver chlorobromide, 78t, 79t, 81–83, 81f
of silver iodine, 33, 36, 42t
solubility and; See under Solubility, pAg and
surface charge and, 95
temperature and; See under Temperature, 

pAg and
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pBr, 114, 127t, 131–132
Peptizer, 48–49, 145
pH

adsorption and, 95
Ostwald ripening and, 78t, 79t, 81–83, 81f
renucleation and, 110

1-phenyl-5-mercaptotetrazole, 57
Plug-flow reactors, 140–141, 152
Population balance technique, 144
Population density, 20, 119, 148–149, 

168–169, 171
Potassium, 39
Potassium iodide, 83
Precipitation time, 34t, 42f, 42t, 117, 124
Primitive model, 1–2

R

Randolph-Larson (R-L) model
vs. BNG model, 134
for continuous nucleation, 118–124, 121f, 

144, 148
focus of, 167
for seeded CSTR, 168–169, 171

Reactant split factor
calculations for, 141
model value, 160t
residence time and, 152, 152t
solubility and, 160, 161t, 162–163, 163f

Reaction constant, 8, 29, 31, 33
Reaction rate, 7, 12
Reaction volume

addition rate and, 125
concentration and, 124–125
in continuous nucleation

crystal number and, 139
crystal size and, 143, 147, 153
flow rate and, 124
residence time and, 124, 144t
of silver bromide, 127t
of silver chloride, 158t

crystal number and, 42, 47t, 139
crystal size and, 40–42, 41t, 53, 143, 147, 153
in diffusion-controlled nucleation, 40–42
flow rate and, 124–125
importance of, xiii
nucleation rate and, 5, 40
residence time and, 124, 144t, 169
in R-L model, 171
in seeded CSTR, 169, 170
for silver bromide, 41t, 47t, 51, 53, 127t
for silver chloride, 41t, 48, 144t, 158t
supersaturation and, 25
suspension density and, 124–125

Reaction zones, multiple, 171
Relative interparticle distance, 110
Relative nucleation rate, 2, 3f

Relative surface integration constant, 94–95
Renucleation; See also Spontaneous nucleation

addition rate and, 101–113, 109t, 113f, 175
in continuous nucleation

vs. batch, 152
crystal number and, 130, 130t, 132
edge length and, 130t
growth and, 122, 127–131, 130t
residence time and, 122, 129, 130, 130t, 

132
supersaturation and, 130t
surface area and, 127

crystal number and, 104, 130, 130t, 132
crystal size and, 102f, 104–105, 107, 108t, 

109t, 110–111
crystal surface shape factor and, 105, 113, 

114
definition of, 101
edge length in, 104–105, 114, 130t
experiments, 103, 110–114
factors affecting, 101, 114
growth and, 101–110, 113–114, 114t, 122, 

127–131, 130t
mass balance model for, 101, 104–106
modeling of, 103–109
molar volume in, 104, 111, 113
pAg and, 110, 114
pH and, 110
residence time for, 122, 129, 130, 130t, 132
seed crystal number in, 101–112, 108t, 109t, 

112f
in seeded CSTR, 174
silver bromide and, 130–132, 130t
studies of, 101
supersaturation and, 127, 130t, 131–132
surface area and, 127
temperature and, 110, 114, 131–132
theory of, 102–103
uncontrolled, 101

Residence time
addition rate and, 144t, 152, 176t, 177f
in BNG model, 139–141
crystal number and

crystal size and, 128f
edge length and, 130t, 144t
in initial transient phase model, 128–130
linear relationship, 130f
for silver bromide, 129t
size and, 128f
suspension density and, 124f

crystal size and
average, 128, 133, 143, 144t
critical, 151, 151t
crystal number and, 128f
discussion of, 149
of silver chloride, 150f

CSD and, 132, 144t
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definition of, 117, 169
edge length and, 125, 144t, 151t
flow rate and, 117, 124
growth and

discussion of, 129–131
edge length and, 129t, 130t
maximum, 149–150
in seeded CSTR, 171
surface area and, 126, 126f

in initial transient phase model, 123–129
nascent nuclei size and, 152–153
plug-flow condition, 140–141, 143
reactant split factor and, 152, 152t
reaction volume and, 124, 144t, 169
for renucleation, 122, 129, 130, 130t, 132
in R-L model, 121, 167–169, 171
in seeded CSTR, 167–177, 172f, 175f, 175t, 

176t, 177f
short, 140–141
of silver bromide

crystal number and, 124f, 128f, 130f
crystal size and, 128f
edge length and, 130t
experimental data, 127t
growth and, 126f
micrograph of, 123f
stability of, 123
studies of, 144
surface area and, 126f
suspension density and, 124f

solubility and, 135–136
supersaturation and, 130t, 132, 151, 151t
surface area and, 126, 126f
suspension density and, 124f, 129t, 144, 144t
temperature and, 133
yield and, 117

Restrainers
1-(3-acetamidophenyl)-mercaptotetrazole, 

91, 96–100, 97t
addition rate of, 97
adenine, 91–92, 95
adsorption of, 94–96
concentration of, 95–98, 98f, 99f
in continuous nucleation, 117
crystal number and, 91–100, 97t, 98f, 99f
crystal size and, 91–99, 94f, 97t, 99f
edge length and, 97t
gelatin, 91
growth and, 93, 93f
kinetically-controlled nucleation and, 93
morphology and, 97–98, 97t
nucleation and, 93, 96
ripeners and, 57
in R-L model, 121
silver bromide and, 57
silver chloride and, 92f, 96–100, 97t, 98f, 99f
surface coverage of, 94–96

Restraining
agents for; See Restrainers
in Becker-Doering model, 5
definition of, 91
modeling of, 93–96
studies of, 91–93
surface adsorption model for, 95–96
surface integration model for, 93–95

Ripeners
addition rate and, 76
ammonia; See Ammonia
concentration of

ammonia, 77–83, 78t, 79f, 79t, 80f, 81f
DTO, 83–86, 84t, 85f, 86f, 89
DTOD, 73t, 74–77, 75f, 77f
modeling of, 69, 71–73
pAg and, 72

in continuous nucleation, 117, 148–149, 
151–152

crystal number and; See under Crystal 
number, ripeners and

crystal size of; See under Crystal size, 
ripeners and

DTO, 69, 83–89, 84t, 85f, 86f
DTOD, 69, 74–77, 74f
edge length and, 76, 77f
molar volume and, 70
pAg and

concentration of, 72
retention of, 84t, 87, 88t
of silver bromide, 69f, 75–76
silver bromoiodide and, 83–84, 84t, 

86–87, 86f, 89
silver chlorobromide and, 78t, 79t, 

81–83, 81f
retention of, 84t, 87, 88f, 88t
in R-L model, 121
silver bromide and; See under Silver 

bromide, ripeners and
silver bromoiodide and, 83–89, 84t, 85f, 

86f, 87f
silver chloride and, 93
silver chlorobromide and, 78–83, 78t, 79f, 

79t, 80f, 81f
supersaturation and, 151
surface area and, 87, 88t, 89

Ripening
in Becker-Doering model, 5
CSD and, 152
flow rate and, 78
mass balance model and, 72
Ostwald; See Ostwald ripening

S

Saturation, 94, 162; See also Supersaturation
Seed crystal number
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in continuous nucleation, 127t
in renucleation, 101–112, 108t, 109t, 112f
for seeded CSTR; See under Seeded CSTR, 

seed crystal number in
Seed size

in continuous nucleation, 127t
in seeded CSTR, 167, 172, 175t, 178, 

178f, 178t
Seed surface area, 101, 105, 110, 113, 114, 129t
Seeded CSTR

addition rate in; See under Addition rate, in 
seeded CSTR

crystal number in, 168–169, 172f, 179f, 179t
crystal size in, 169, 172f
CSD in, 167–169, 180
discussion of, 167–180
drawing of, 168f
growth in, 167–177, 175t, 176f, 177t
molar volume in, 169, 175t
range of values for, 175t
residence time in, 167–177, 172f, 175f, 175t, 

176t, 177f
seed crystal number for

addition rate and, 179f, 179t
discussion of, 167, 171–174, 179
range of values for, 175t
time and, 172f

seed size in, 167, 172, 175t, 178, 178f, 178t
silver bromide in, 168, 168f
solubility in, 169
supersaturation in, 170
surface energy in, 169
suspension density in, 170
temperature in, 169
time and, 172f, 175f
volume conversion factor in, 169, 175t

Seeded systems, 26, 101–114, 167–180
Silver, 33, 75
Silver adenate, 91–92
Silver bromide

addition rate for, 45, 47t, 51–53, 52f
concentration of, 127t
in continuous nucleation

concentration and, 127t
crystal number and, 124f, 128f, 129t, 

130f, 130t
crystal size and, 128f, 129t, 130t
CSD in, 144
description of, 117, 122–123
drawing of, 118f, 168f
experiments, 127–128, 127t
flow rate and, 127t
growth and, 126f, 129t, 130t
initial transient phase model for, 122–127
McCabe’s law and, 144
micrograph of, 123f
pBr and, 127t

population balance technique for, 144
reaction volume and, 127t
renucleation and, 130–132, 130t
residence time and; See under Residence 

time, of silver bromide
results of, 128–133
R-L model of, 144
seeds, 127t
size-dependent growth model for, 144
solubility of, 131–132
steady state, transition to, 132
supersaturation and, 130t
surface area and, 126f, 129t
suspension density in, 124f, 129t, 144
temperature and, 127t

continuous nucleation of, 117–133, 144
critical nucleus size for, 5
crystal number for

addition rate and, 47t, 51, 51–52, 52f
concentration and, 47t
in continuous nucleation, 124f, 128f, 

129t, 130f, 130t
crystal size and, 52f
morphology and, 58t, 59f
pAg and, 55f, 58f, 58t
precipitation time and, 42f, 42t
reaction volume and, 47t, 51
residence time of, 124f
ripeners and, 73–77, 73t, 75f, 93
solubility and, 58–60, 58f, 58t, 59f
temperature and, 65–66, 65t, 66f

crystal size of
addition rate and, 47t, 51, 52f, 53
concentration and, 47t
in continuous nucleation, 128f, 129t, 130t
crystal number for, 52f
gelatin and, 93
morphology of, 58t, 59f, 60f
pAg of, 58t, 59f
precipitation time and, 42t
reaction volume and, 47t, 51, 53
ripeners and, 73t, 76, 77f, 93
solubility and, 58t, 59–61, 59f, 60f
temperature and, 65, 65t

CSD of, 123, 144
diffusion coefficient for, 30
diffusion-controlled nucleation of, 30–31, 41
emulsion surface, 110
flow rate for, 51, 127t
growth rate parameter for, 131
kinetic integration constant for, 131
kinetic order of, 123
molar volume for, 49, 113
morphology of

crystal number and, 58t, 59f
crystal size of, 58t, 59f, 60f
pAg of, 58f, 58t, 59f, 61t
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ripeners and, 73t, 75–76, 75f, 77f
solubility and, 57–62, 58f, 59f, 60f, 61t, 

62f
temperature and, 63, 65, 65t, 66f

pAg of
crystal number and, 55f, 58f, 58t
crystal size of, 58t, 59f
morphology and, 58f, 58t, 59f, 61t
precipitation time and, 42t
ripeners and, 69f, 75–76
solubility and, 58–61, 58f, 58t, 59f, 61t
temperature and, 63, 65, 65t

pBr of, 131–132
reaction volume for, 41t, 47t, 51, 53, 127t
renucleation and, 130–132, 130t
residence time of; See under Residence time, 

of silver bromide
restrainers and, 57
ripeners and

crystal number of, 73–77, 73t, 75f, 93
crystal size of, 73t, 76, 77f, 93
morphology of, 73t, 75–76, 75f, 77f
pAg of, 69f, 75–76
restrainers and, 57

in seeded CSTR, 168, 168f
solubility of

in continuous nucleation, 131–132
crystal number and, 58–60, 58f, 58t, 59f
crystal size and, 58t, 59–61, 59f, 60f
in diffusion-controlled nucleation, 45, 

57–62
morphology and, 57–62, 58f, 59f, 60f, 

61t, 62f
pAg and, 58–61, 58f, 58t, 59f, 61t

supersaturation of, 130t, 131–132
temperature and, 46, 63, 65–66, 65t, 66f, 75

Silver bromoiodide
continuous nucleation of, 127t, 131
crystal size of, 83–86, 84t, 85f, 87f, 89
renucleation and, 110
ripeners and, 83–89

Silver chloride
addition rate and, 47t, 48–50, 50f
in continuous nucleation

crystal number and, 144t, 145t, 148f, 158t
in continuous nucleation

addition rate and, 144t, 145t, 152t
average/critical ratio, 151t
vs. batch, 151–152, 151t, 159
BNG model for, 143–144, 147–153
concentration and, 145t, 158t
constants for, 151t, 157t
crystal size and, 148f, 150f, 151t, 152t, 

155f, 161f, 161t
CSD in, 120, 120f, 144t, 145t, 146f
description of, 143
distribution of, 146f

edge length of, 144t, 145t, 151t, 152t, 
158t, 159f, 161t

experiments, 144–146, 157–158, 158t
flow rate and, 144t, 158t
Gibbs free energy, 157t
growth and, 151t
micrograph of, 146f
model value, 147t, 160t
nascent nuclei size, 152t, 161f, 161t
pAg of, 155f, 157t, 158t
parameters for, 160t
reactant split factor and, 152t, 161t, 163f
reaction volume and, 144t, 158t
residence time and, 144t, 146f, 150f, 

151t, 152t
results of, 146–153, 159–163
R-L model for, 120–121, 121f
solubility and, 155f, 159f, 161f, 161t, 

162f, 163f
supersaturation and, 151t
supersaturation ratio, 151t, 161t, 162f
suspension density in, 144t, 145t, 148f, 

158t
temperature and, 157t

critical nucleus size for, 5
crystal number for

addition rate and, 47t, 49–50, 50f
concentration and, 47t, 49
in continuous nucleation, 158t
flow rate and, 47t, 49
pAg of, 54, 55f, 158t
precipitation time and, 42f, 42t
restrainers and, 97–100, 97t, 98f, 99f
ripeners and, 93
solubility and, 54–56, 54t, 55f, 56f
temperature and, 46, 63, 64f, 64t, 66

crystal size of
addition rate and, 47t, 49, 50f
average, 49
in continuous nucleation, 148f, 150f, 

151t, 152t, 155f, 158t, 161f, 161t
critical, 49
in diffusion-controlled nucleation, 57
gelatin and, 93
pAg of, 54–55, 55f, 158t
precipitation time and, 42t
restrainers and, 97–99, 97t, 99f
ripeners and, 93
solubility and, 54, 54t, 55f, 57f
temperature and, 63, 64t, 65f, 66

CSD of, 120, 120f, 144t, 145t, 146f
diffusion coefficient for, 49
diffusion-controlled nucleation of, 30–31, 41
flow rate for, 47t, 49, 144t, 158t
gas constant for, 49
molar volume for, 49
morphology of, 63, 97–98, 97t
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pAg of
addition rate and, 48
in continuous nucleation, 155f, 157t, 158t
crystal number of, 54, 55f, 158t
crystal size of, 54–55, 55f, 158t
EMF and, 158
morphology and, 63
precipitation time and, 42t
solubility and, 39, 53–54, 54t, 55f, 157t
temperature and, 63, 64t, 65f

precipitation conditions for, 48
reaction volume for, 41t, 48, 144t, 158t
restrainers and, 92f, 96–100, 97t, 98f, 99f
ripeners and, 93
solubility of

addition rate and, 48
in BNG model, 39t
in continuous nucleation, 145, 153, 155f, 

159f, 161f, 161t, 162f, 163f
crystal number and, 54–56, 54t, 55f, 56f
crystal size and, 54–55, 54t, 57, 57f
in diffusion-controlled nucleation, 

38–39, 45, 53–57
pAg of, 39, 53–54, 54t, 55f, 157t

surface energy for, 49
temperature and

in continuous nucleation, 157t
crystal number and, 46, 63, 64f, 64t, 66
crystal size and, 63, 64t, 65f, 66
pAg and, 39, 63, 64t, 65f

Silver chlorobromide, 78–83, 78t, 79f, 79t, 
80f, 81f

Silver halides
ammonia and, 77
bromide; See Silver bromide
bromoiodide; See Silver bromoiodide
chloride; See Silver chloride
chlorobromide; See Silver chlorobromide
concentration of, 39
critical nucleus size for, 5
gelatin and, 49
iodide; See Silver iodide
kinetic order of, 119, 122–123
Langmuir equation for, 95
maximum growth rate model for, 7
pAg of, 53
reactions, controlling of, 12
restrainers and, 57, 91–92, 95
seed emulsion, 102f, 103
solubility of, 53, 170
solvents for, 69
supersaturation in, 2, 5
surface energy for, 40
temperature and, 53

Silver iodide
crystal number for, 42f, 42t
crystal size of, 42t

diffusion-controlled nucleation of, 41
kinetically-controlled nucleation of, 33–36, 

34f, 34t
pAg of, 42t

Silver nitrate
in continuous nucleation, 117, 118f, 122, 

127, 151
in diffusion-controlled nucleation, 36
in kinetically-controlled nucleation, 48
purpose of, 137
renucleation and, 103
restrainers and, 97
ripeners and, 75, 83
in seeded CSTR, 168, 168f

Size
crystal; See Crystal size
of nuclei, 15, 17, 142, 151
in primitive model, 1–2

Size-dependent growth model, 144
Sodium bromide

in continuous nucleation, 117, 118f, 127
renucleation and, 110
ripeners and, 75, 83
in seeded CSTR, 168, 168f

Sodium chloride, 53, 78, 158t
Sodium iodine, 36, 110
Sodium nitrate, 118f, 168f
Solubility

addition rate and, 7
adsorption and, 92
average/critical size ratio and, 45, 53
in Becker-Doering model, 5
in BNG model, 29
in continuous nucleation

in BNG model, 135–136, 154–157
crystal properties and, 117, 118
crystal size and, 133, 150, 154–156, 155f, 

159–163, 159f, 161f, 161t
minimum, 155–156
model value, 147t, 160t
pAg and, 155f
reactant split factor and, 160, 161t, 

162–163, 163f
residence time and, 133, 135–136
of silver bromide, 131–132
of silver chloride, 145, 153, 155f, 159f, 

161f, 161t, 162f, 163f
supersaturation ratio, 160, 161t, 162, 162f
temperature and, 133

critical/average size ratio and, 54t, 57–63, 
57f, 58t, 60f, 61t

crystal number and; See under Crystal 
number, solubility and

crystal size and; See under Crystal size, 
solubility and

in diffusion-controlled nucleation, 30, 32, 
37–39, 45
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growth and, 7, 8, 154, 156, 160, 163f
halide and, 135
in kinetically-controlled nucleation, 31–33, 

94
in Klein-Moisar model, 5, 6
measurement of, 38
Ostwald ripening and, 69–72
pAg and

of silver bromide, 58–61, 58f, 58t, 59f, 
61t

of silver chloride, 39, 53–54, 54t, 55f, 
157t

in primitive model, 1
residence time and, 133, 135–136
restraining and, 92
in R-L model, 121
in seeded CSTR, 169
of silver bromide; See under Silver bromide, 

solubility of
of silver chloride; See under Silver chloride, 

solubility of
supersaturation and, 8
temperature and, 39t, 62–63, 133

Spontaneous nucleation, 167–170; See also 
Renucleation

Stability constant
average, 160t, 163
in BNG model, 137–142
in continuous nucleation, 137
in double-jet precipitations, 137
residence time and size, 150
ripening and, 149
in seeded CSTR, 169
solubility and size, 154–156, 160, 163

Stable crystal size, 3–5; See also Average crystal 
size

Stop-flow experiments, 151
Sulfuric acid, 78
Supersaturation

addition rate and, 14, 14t, 44
in Becker-Doering model, 2, 4–5
in BNG model, 3, 11, 14–19, 14t, 17f, 19f
concentration and, 8, 131–132
in continuous nucleation

crystal size and, 140, 151
CSTR vs. batch, 151t
residence time and, 130t, 132, 151, 151t
ripeners and, 151
in R-L model, 120
of silver bromide, 130t, 131–132
of silver chloride, 143, 154

critical, 19, 25, 37–38
crystal number and, 15, 18
crystal size and, 45, 140, 151, 163
in CSTR vs. batch, 151–152, 151t
diffusion-controlled nucleation and, 37–38
in double-jet precipitations, 151

edge length and, 131
gas constant and, 8, 37
growth and, 8, 119, 131, 149
high, 5
Kelvin/Thomson/Ostwald equation for, 37
molar volume and, 8
none, 5
nucleation efficiency and, 14, 23
nucleation rate and, 18–19
nucleation time and, 17f
reaction volume and, 25
vs. relative nucleation rate, 3f
renucleation and, 127, 130t, 131–132
residence time and, 130t, 132, 151, 151t
ripeners and, 151
in seeded CSTR, 170
solubility and, 8
at steady state, 132
surface energy and, 8
temperature and, 8, 131–132
time and, 17f
volume excess free energy in, 4

Supersaturation ratio
in BNG model, 140, 143
CSTR vs. batch, 151, 151t
model value, 160t
renucleation and, 130t, 131–132
residence time and size, 151t, 152
of silver chloride, 162
solubility and, 160, 161t, 162, 162f

Surface area
addition rate and, 125
in continuous nucleation, 125–127, 126f, 

129, 129t
crystal number and, 125
growth and, 125–127, 126f
in kinetically-controlled nucleation, 31
nucleation type and, 34
renucleation and, 127
residence time and, 126, 126f
ripeners and, 87, 88t, 89
seed, 101, 105, 110, 113, 114, 129t
for silver halides, 40

Surface coverage, 94–96
Surface energy

adenine and, 92
adsorption and, 94
in Becker-Doering model, 2, 4–5
in BNG model, 29, 40t
in continuous nucleation, 147t, 150
crystal number and, 104
crystal size and, 45
default, 40
in diffusion-controlled nucleation, 30, 37, 40
of droplets, 12
excess free, 3–5
growth and, 8
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in kinetically-controlled nucleation, 31, 33, 
94

in Klein-Moisar model, 6
molar volume and, 44
morphology and, 40
in seeded CSTR, 169
for silver chloride, 49
for silver halides, 40
supersaturation and, 8
temperature and, 43–46
of water, 44
zero, 44

Surface integration constant, 94–96
Surface integration model, 93–95
Suspension density

addition rate and, 124–125, 145t
concentration and, 125
crystal number and, 124f, 129t, 145t, 

147–148, 148f, 159
crystal size and, 143, 145t, 147–148, 148f, 

153, 159
CSD and, 145t, 148–149
edge length and, 125, 145t
experimental data, 117, 158t
modeling of, 124–125
molar volume and, 124
reaction volume and, 124–125
residence time and, 124f, 129t, 144, 144t
in R-L model, 119
in seeded CSTR, 170

T

TAI, 48, 110
Temperature

addition rate and, 7
adsorption and, 88t
in Becker-Doering model, 2, 4–5
in BNG model, 29
in continuous nucleation

in BNG model, 154
crystal properties and, 117, 118
crystal size and, 133
of CSTR, 127t
model value, 147t, 160t
renucleation and, 131–132
residence time and, 133
R-L model on, 119
of silver chloride, 157t
solubility and, 133

critical, of water, 44
critical/average size ratio and, 63–66, 64t, 

65f, 65t, 66f
crystal number and; See under Crystal 

number, temperature and
crystal size and; See under Crystal size, 

temperature and

diffusion constant and, 40, 43, 63
in diffusion-controlled nucleation, 30, 32, 

37–38, 45–46
growth and, 7, 8
growth rate parameter and, 131
in kinetically-controlled nucleation, 31, 94
Ostwald ripening and

adsorption and, 88t
concentration and, 72
experimental data, 84t
silver bromide and, 75
silver bromoiodide and, 83, 84t, 86f, 89
silver chlorobromide and, 78, 80, 83

pAg and
of silver bromide, 63, 65, 65t
of silver chloride, 39, 63, 64t, 65f

in primitive model, 1
renucleation and, 110, 114, 131–132
residence time and, 133
in R-L model, 121
in seeded CSTR, 169
silver bromide and, 46, 63, 65–66, 65t, 66f, 75
silver bromoiodide and, 83, 84t, 86f
silver chloride and; See under Silver 

chloride, temperature and
silver chlorobromide and, 78, 80, 83
solubility and, 39t, 62–63, 133
supersaturation and, 8, 131–132
surface energy and, 43–46
viscosity and, 44

Time
nucleation; See Nucleation time
residence; See Residence time

Total renucleated crystal number, 101, 106–113, 
108t, 109t, 112f, 113f

Total seed amount, 101, 105–113, 108t, 112f, 
124, 127t

Total volumetric flow rate, 124–125
Turbidity, 1

V

Vapor depletion, 12
Vapor-to-liquid nucleation model, 11
Viscosity of the medium, 43–44, 46
Volume

molar; See Molar volume
nuclei, 13–16
reaction; See Reaction volume

Volume conversion factor
in BNG model, 13, 15–16, 29
in continuous nucleation, 119, 125–126, 147t, 

160t
crystal number and, 13, 18, 104
crystal size and, 76
for cubes, 15, 104
in diffusion-controlled nucleation, 30, 37, 40
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growth and, 7, 15, 104–105, 125
in kinetically-controlled nucleation, 31, 33
in mass-balance model, 136
nuclei size and, 15, 40
nuclei volume and, 13, 14
for octahedra, 40t, 104, 113–114
in Ostwald ripening, 76
in primitive model, 1–2
in renucleation, 104–105, 111, 114
in R-L model, 119
in seeded CSTR, 169, 175t
for spheres, 15, 40t
surface area and, 125

W

Wagner equation, 6
Washout, 127, 171, 176
Water

critical temperature of, 44
diffusion coefficient of, 49
diffusion constant of, 40
enthalpy changes in, 72
molar volume of, 44
surface energy of, 44
viscosity of, 44, 46

Wey, Jong, xiii
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